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THE FIRST ORDER NECESSARY CONDITIONS FOR NONSMOOTH
VARIATIONAL AND CONTROL PROBLEMS*

HALINA FRANKOWSKAt

Abstract. The first order necessary conditions for nonsmooth problems of Lagrange, Bolza, multiple
integral and optimal control are given. The necessary conditions are expressed in terms of differential
inclusions. We deal with some new differentials that generalize the differential of Fr6chet. In particular
the Pontryagin maximum principle is proved without the assumption of continuous differentiability.
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1. Introduction. The study of nonsmooth problems in calculus of variations,
mathematical programming and control theory led to various extensions of the notion
of derivative (see for example [2], [3], [10], [13], [16] and [18]).

The generalizations of this notion are related to the method of attacking the
problem. The dual theory of Rockafellar [16], the reduction technique of Clarke [2],
[3], [4], the approximative method of Warga [18], [191, the interior mapping theorem
of Halkin [10] suggested different extensions of the usual differential.

In the present paper we apply Ekeland’s variational principle to several nonsmooth
problems. For our purposes we need to introduce some new objects, generalizing the
Fr6chet differential.

The following theorem is a version of Ekeland’s variational principle and can be
proved exactly in the same way as [7, Thm. 2.2].
TZORZM 1.1. LetE be a Banach space, "E --> RU {+o} be a lower semicontinuous

(1.s.c.) function, and f(vo) <- inf f + e, where e > O, Vo E. Assume that ]:or some , > O,
is Gteaux differentiable on the open ball B (Vo, A of centre Vo and radius A. Then there

exists v B (Vo, A such that

(1.2) f(v)<-f(Vo),

(1.3) IIf’(v)ll* --<
where f’ denotes the Gateaux derivative of f and I1" I1" is the (usual) norm in the dual
space E*.

From the above theorem we obtain certain "approximate" necessary conditions.
A limit procedure then leads to the necessary conditions in the form of inclusions.
Minimal elements in the family of sets obtained by such a process are proposed as a
generalization of the differential. In general, minimal elements are not unique. But
in the case of a Fr6chet differentiable (or convex) function f" R" R ", our "derivatives"
coincide with the usual differential (subditterential).

We generalize some results from [1], [2], [3], [5], [8] and [16]. The plan of the
paper is as follows. In 2 preliminary results are proved and some notions are
introduced. Their application to the multiple integral problem and to the problems
of Bolza and Lagrange is given in 3. Section 4 is devoted to the maximum principle
of Pontryagin.

2. Preliminary results. Consider a Banach space (E, I1" II) and its dual (E*, I1" I1"),
The canonical bilinear form on E.*E will be denoted by (.,.); B(v, r)((v, r)) will
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denote the open (respectively closed) ball in E of centre v and radius r. We denote
by V a closed subset of E.

In this paper we deal with functions f on V assuming values either in R
R U {+oo} or in R", m -> 1, and satisfying the following condition for a fixed Vo e V"

Condition 2.1. There exist hi > 0, /i" E --> R (R), 1, 2, , such that ]i is
Gteaux differentiable on B(vo, hi), fi(l)O)--f(VO), hi-">0 and for some ei >0 satisfying
F_,i/A -’> 0 either

(a) fi’E-->R isl.s.c.,f(v)<-fi(v)+ei for vs VI"IB(Vo, hi), or
(b) fi is continuous, Ifi(v)-f(v)l<-_ei on VB(Vo, Ai)

holds for each i.
The sets

(’1 cl U {f[(v)" v B(1)o, hi)["] V},
N>-I iNN

f’l clconv U {f[ (v)" v B (Vo, A/) f3 V}
N>=I i_N

will be denoted by lof(vo), Cof(vo) if (a), or by bf(Vo), Cbf(Vo) if (b) holds,
respectively. Clearly if m 1 then every set bf(Vo)(Cbf(Vo)) is also 9aof(vo)
(Cof(vo)). The above sets depend on the particular sequences {fi}, {hi} which were
chosen.

In general it may happen that the above sets are empty. But if f" V--> R" is
F-differentiable (Fr6chet differentiable) at VoInt V, then we may put fi(v)
f(vo)+(f’(vo), v-Vo) for each and fix any hi ---> 0. Then {fi}, {hi} define a set 9abf(Vo)
equal to {f’(vo)}. This proves"

PRoPOSn:IOr 2.2. If f" V--> R" is F-differentiable at Vo Int V then {f’(vo)} is a
set bf(Vo), Cbf(Vo).

Assume f: VR has a local minimum at Vo, i.e. f(vo)=min{f(v)’vs
B (Vo, r) f’l V} for some r > 0. Set V1 B (Vo, r/2) f-I V. V1 is closed and the restriction

flv1 of f to V1 achieves its minimum at Vo. Therefore it is enough to study the necessary
conditions for the global minimum only.

THEOREM 2.3. Assume f: V--, R achieves its minimum at Vo Int V. Then every
set of(v0) contains O.

Proof. Let {fi}, {hi}, {ei} be as in Condition 2.1(a). Set fi(v)=fi(v) for v e
V f’l B (Vo, hi), fi(v) +oo otherwise. Then fi(Vo) f(Vo) minvf <-. inf fi + ei. From
Theorem 1.1 it follows that for large and some vi sB(vo, hi) conditions (1.2), (1.3)
hold with f, v, h, e replaced by fi, vi, hi, ei respectively. Hence the result.

CoroLLAIV 2.3.1. If f: VR is F-differentiable at voslnt V then f’(vo) is
contained in every set of(vo).

Proof. Without any loss of generality we may assume f(Vo)=0, f’(Vo)=0. Set
for v V. Then fl achieves the minimum at v0. Fix {fi}, {hi}, {ei} as in

Condition 2.1(a). We may assume B(vo, hi)c V for every i. Set fi(v)=fi(v) for
v /(Vo, hi), ](v) +oo otherwise. Then
2 sup {I’(v)[" v e/i(Vo, hi)}. {}, {hi} define a set of(vo)= of(vo). An application of
Theorem 2.3 completes the proof.

Assume V is convex, ’: V-->R is convex, roe V. Set subgrad /(vo)
{p sE*" f(v)-f(Vo)>-(p, v -Vo) for v e V}.

COROLLARY 2.3.2. Assume V is convex, f: V--> R is convex, roe Int V. Then
subgrad f(vo) is contained in every set 9aof(vo).

Proof. If pesubgradf(vo) then the function (v)=f(v)-f(vo)-(p,v-vo)
achieves its minimum at Vo. Fix {fi}, {hi} as in Condition 2.1(a) and set
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fi(v)-f(Vo)-(p, V-Vo). By Theorem 2.3, Oead(Vo)=of(vo)-p. So the proof is
complete.

The proof of Corollary 2.3.2 is similar to the proof of [19, Thm. 2.101.
Fix v e V. Every set W W(v, V) consisting of such w e E that v + tw V for

all e [0, 3], where 3 6 (w) > 0, is called a cone of admissible directions at v.
To study the necessary conditions for minimum at a boundary point Voe V we

assume
Condition 2.4. There exist a noneinpty WE and r >0 such that for every

v e B (Vo, r) FI V the set W is a cone of admissible directions at v.
THZORZM 2.5. Assume f: V-R achieves the minimum at Vo, Conditions 2.1

and 2.4 are satisfied and for every choice of vi B(vo, Ai) FI V, 1, 2,. , the sequence
{f(vi)} has a weak cluster point. Then there exist vi e B(vo, Ai)f3 V such that {f(vi)}
has a weak cluster point g, (g, w)>-0 for all w W. Moreover g Caf(vo) if (a), or
g e Cg0b (Vo) tf (b) hoMs, respectively.

Proof. As in [7, proof of Thm. 2.2], we verify the existence of v B(vo, A)FI V
such that (f (v), w) => -,211wll/x, for w e W. By assumptions, there exists a subsequence
of indexes {ii} such that f’j (v,) g (weakly). Clearly (g, w) => 0 for w e W. An application
of Mazur’s lemma [8] completes the proof.

From now until the end of the section we assumeE R ". Letf V R ", Vo e Int V.
It follows from the definition of the Halkin screen 10] that every nonempty set ff(Vo)
generated by f CI(B(vo, A)) is a screen and the closure of any screen of f at Vo
contains a set bf(Vo). Hence every set A/(vo) corresponding to a derivative container
of Warga (see [19]) contains some ff(Vo). In particular, this holds for Clarke’s
generalized gradient of a locally Lipschitzian function [3].

Consider f: VR(R"), Vo V and the family of all sets af(Vo)(bf(Vo),
C:f(vo), Cbf(Vo)) ordered by the relation of inclusion.

LEMMA 2.6. For each linearly ordered set {}T of elements af(Vo)
(bf(Vo), Cf(vo), Cbf(Vo)) there is an element f(vo)(f(vo), Cf(vo),
Cf(vo)) contained in ,w,.

Proof. Let r(0) T. For all j>= 1 let r(j) be such that r(j)=>r(j-1),
i, i f3 B (0, j) {p B (0, j): dist (p, ) =< l/j}. (We assume dist (p, ) 1 when
.) Then 12.... It is enough to show f’lr=f’l__>ll contains some
0 0 0f(Vo)(f(Vo), Cf(Vo),Cf(Vo)). Let {f}, {;}, {e} define 1 and let i(/’) be
such that eii)/A i(]))(’] V}fqB(O,])c{x eRi(j) < 1/2i, ((fi(j))t(U )" U n (Uo, i
dist (x, Pf(vo) < 1/2i} f3 B (0,/’) We may assume A ii --> 0 as j --> o and set

finis. Then {fi}, {A.}, {fi} define the required set.
From the Kuratowski-Zorn lemma we deduce
COROLLARY 2.6.1. In the family of all sets Paf(Vo)(Pbf(Vo), CPaf(Vo), CPbf(vo))

there exist minimal elements.
DEFINITION. We shall denote minimal elements in the family of all sets Pf(Vo),

ibf(t0), CZaf(to), Cbf(lo) by sCf(vo), f(vo), cdf(vo), f(vo), respectively.
In general there may be more than one such minimal element, but from Proposi-

tion 2.2 and Corollary 2.3.1. follows
COROLLARY 2.6.2. If f" V-* R is F-differentiable at Vo Int V, then sCf(vo)

f(vo) W(vo)= f(vo)= {f’(vo)}.
Let V R be convex, f: V R be convex, continuous, Vo Int V. By [15,

Prop. 7.3] there exist locally uniformly Lipshitzian {fi} and {A} generating 9af(vo)c
subgrad f(vo). From this and Corollary 2.3.2 follows

COROLLARY 2.6.3. Under the above assumptions Mf(Vo)=9f(Vo)=Cf(Vo)
f(vo) subgrad f(vo).
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Note that if a nonempty set c[(Vo)([(Vo)) is bounded then we may assume that
it is generated by {f}, {A} of bounded {f(v)’v B(v0, A) f’) V, i=>1}. The following
two lemmas characterize the F-differentiability.

LEMMA 2.7. Let f: V R", Vo Int V and A be an (m n)-matrix. Assume
f(vo)={A} is generated by {fi}, {/-i} and/i+1 ip/i+l for all and some p >0.
Then A is the F-differential off at Vo.

Proof. By assumption, dist (A, {f(v)’v eB(vo, Ai)Ci V})=di->O as i-->c and
limi-oei/Ai+l--O. For all large and v EB()o, Ai)\B(1)o, Ai+l) we have f(v)-f(vo)e
fi(v)-fi(vo) + B(O, Ei) 10ft(V0 + 19(/) V0))(V V0) dO / B(0, Ei) C7. A(v Vo) + B(0,
dilv- v0l)/B(0, Iv--1)Olei/Ai+l). Hence the result.

LEMMA 2.8. If f: V --> R is F-differentiable at Vo Int V, then f(vo) {f’(v0)}.
Proofi Assume {fi}, {Ai} generate f(v0). From Proposition 2.2 it follows that it

is enough to show that f’(Vo) f(Vo). We adopt the idea of [20, proof of Thm. 4].
Let A be an arbitrary (m n)-matrix and let aj be its ]th row.

Letf be the]th coordinate off and set 0 1/(1 + max,. la[), (t) Y fl(vo / ta)i=1
for eR 1. The sequence of functions R1t-->i%lf(vo+taf) and {hi0} define a set

b(0). By Corollary 2.3.1, ’(0) i%1 (ai, (fJ)’(v0))eb(0). Hence for every (m
n)-matrixA A (S)f’(Vo) cA (S)f(Vo) A (S)f(Vo), where denotes the scalar product
of two (m n)-matrices viewed as elements of R ’’. From the theorem about the
separation of disjoint convex sets it follows that f’(vo) f(Vo).

COROLLARY 2.8.1. Let f: V--> R ", roe Int V. Then the intersection of any two
bounded nonempty sets f(vo) defined by {fi}, {hi} and {fi}, {hi} is nonempty.

Proof. Set gi =fi-fi. Then {gi}, {hi} satisfy Condition 2.1(b) for f= O. Our con-
clusion follows from Lemma 2.8.

Remark 2.9. A question arises if to a given {hi} as in Condition 2.1 corresponds
at most one bounded set f(Vo). The answer is positive in the case where V c R 1.
The proof follows from Corollary 2.8.1 by simple contradiction arguments and will
appear elsewhere. We do not know the answer in the general situation.

3. Applications to the multiple integral and other problems. Let an open set
12 c R and a function L" 12 R a R ’" -->/ be given. Consider the multiple integral
problem

(tt) minimize {F(v)= faL(x, v(x), Vv(x)) dx. v V}
where V is a closed subset of the Sobolev space space HI (fl) (see [14]). Here we
assume that F is well defined. Our tool will be certain admissible families of sets
CL(x, .,. ).

DEFIN:rON 3.1. Let v eH (fl) be such that x-->L(x, v(x), Vv(x)) is in Ll(fl).
The family of sets {CgL(x)’x e 12} is called admissible along v if there exist Ai >0,
integrable ei" fl--> R+, Li" I) R a R a" -->/, 1, 2,..., such that for some k

(i) f ei(X dx/Ai --> 0 as -->

(ii) Li is measurable in x, Li(x, "," is Lipschitzian of constant k(x) on
B((v(x), Vv(x)),

(iii) {Li(x, )}, {Ai}, {ei(x )} define a set C,,L(x, v (x ), Vv (x )) L(x for almost
every x 12. Here V of Condition 2.4 is the space R

(iv) {L(x): x D,} is minimal, i.e. for every choice of {Li}, {Ai}, {ei} satisfying (i)-(iii)
that define sets C,L(x, v(x), Vv(x)) L(x) we have C,L(x, v(x)Vv(x))= L(x)
almost everywhere in
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Remark 3.2. (a) Condition (iv) makes sense. Indeed, as in 2 it is enough to
show that, for each linearly ordered set T and the family {}7-of elements
{CL(x, v(x), Vv(x)): x I)} defined by sequences {L}, {A}, {e} satisfying (i)-(iii)
for all - T and such that CaL(x, v(x) v(x))cCaL(x, v(x), Vv(x)) in fl for all

" <X, there are {L}, {A}, {e} as in (i)-(iii) and

CL(x, v(x), v(x)) f’) CL(x, v(x), Vv(x)) a.e. in

For every integer/"-> 1 let A , () T, be such that the Lebesgue measure of

Ai g(A)< 1/[ and dist (,L(x, v(x), v(x)), L(x, v(x), v(x)))<l/f for
all x A. Let (), B A be.such that

E i(]) i(]) < 1/], h i(j) < 1/] and

t(])OLi(])(X,S, W)" (S, w)B((u(x), Vu(x)),A[/)}C(i)L(x, u(x), Vu(x))+n(0, l/j)

for almost every x (Bi UA). To achieve the proof it is enough to set

-(j) -(j) 0 -(j)

(b) If L(x, ",. has an F-differential OL(x, v(x), Vv(x)) at (v(x), Vv(x)) almost
everywhere and for some k LI(I’I) and all (s, w)sB(O,r) the function x-->
L(x,v(x)+s, Vv(x)+w) is measurable and IL(x,v(x)+s, Vv(x)+w)-L(x,v(x),
Vv (x ))l <-_ k (x )l(s, w)l, then {OL(x, v(x), Vv(x)): x sfl} is. the only admissible family
along v.

(c) If L is measurable in x and for some r >0 and k sLl(l’l), L(x, .,. is Lip-
schitzian of constant k(x) on B((v(x), Vv(x)), r), then from the proof of [19, Thm. 25]
follows the existence of an admissible {CL(x)’x s fl} along v such that L(x) is
contained in Clarke’s generalized gradient of L(x, .,. at (v(x), Vv(x)).

Assume l) is bounded and denote by C1() the Banach space of continuously
differentiable functions v" (l--> R a with the norm Ilvll- SUpx  Iv(x)l IVv(x)l,
where I is the closure of

If v0 solves (t/) then we may always assume that V c v0 + Ca().
THEOREM 3.3. Assume I) is bounded, V C vo+Cl() and F(vo)=minvF<o.

Suppose that Condition 2.4 holds and {CgL(x)" x fl} is admissible along Vo. Then there
exist o, L a(fl) such that

(3.4) (s, sC)(x s CL(x a.e.,

(3.5) fa ((x)w(x)+(x)Vw(x))dx >=0 on W

where W is the cone of admissible directions of Condition 2.4.
Proof. Without any loss of generality we may assume v0 0. Thus V = CX().

Let {Li}, {Ai} define {L(x)’xfl}. Set F(v)=L,(x,v(x),Vv(x))dx for
F,(v) + otherwise. Then Fi’ Ca(l) -> R is Gfiteaux differentiable on the open ball
B(O, Ai)CI(), and

(F (v), w)= I 02Li(x, /3 (x), V)(X))W(X) dx + In 03Li(x, /) (x), V)(X))VW(X) dx

for v sB(0, Ai), w s Ca(). By the Dunford-Pettis criterion on weak convergence in
L1, Mazur’s lemma (see [8]) and Theorem 2.5 there exist 0, . L(ll) such that (3.4)
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holds and (so, ’)(x) f"lr__> clconvt_Ji>_r{OL(x,s,v): (s,v)B((O,O),Ai)}=CL(x)
almost everywhere in fl.

COROLLARY 3.3.1. Let 12 be an open set, V cH (fD, F(vo)=minvF. Suppose
that Condition 2.4 hoMs with E =H (12), W=C (fl). If {CL(x): x 12} is admissible
along Vo then there exists L I(fl) such that div " L1(12) and

(div , )(x)CL(x) a.e. in 12.

Proof. If D, is bounded, then by Theorem 3.3 (o, w)- (div ’, w)=> 0 for all w W
(in the sense of distributions). Thus :o= div : almost everywhere. Otherwise consider
a sequence of bounded open sets D, cD,2=." .such that Lli__>a fli=fl. Then
a,L(x, Vo(X), VVo(X)) dx =min {JaiL(x, v(x), 7v(x)) dx" v (vo+H.o(12i))fq V}. By
the first part of the proof there exists i L(fli) such that (div , :)(x) CL(x) almost
everywhere in 12. Set (x)=0 on D,\fI. By the Dunford-Pettis criterion, some
subsequences {’ij}, {div j} converge weakly to ’, div : L l(fl) respectively. An applica-
tion of Mazur’s lemma completes the proof.

The theorem from 15] follows from Corollary 3.3.1 and Remark 3.2(c).
COROLLARY 3.3.2. Under all assumptions of Theorem 3.3 assume V=

{v vo+C(fi): (v(x), Vv(x)) U(x) for.all x fl}, where U is a multifunction from
into closed subsets of R d+d". Further assume that for any open set
{x el)" (Vo(X), Tvo(x)) e Int U(x)} the set C(’) W. Then the assertion of Theorem
3.3 is valid with ’(x) div sO(x) for x Int {y fl: (v0(y), Vvo(y)) Int U(y)}.

[1, Thm. 1] follows from the above corollary.
Next we consider the so-called Lagrange problem. Let . be a closed subset of

R 2n. Assume in (d/) that (l= [0, 1] and V is the closed set {v eH ([0, 1]): (v (0), v(1)) e
2’}.

TI-IEOrtEM 3.6. Assume Vo solves (l), where V is as described above and {L(x):
xe[0, 1]} is admissible along Vo. Let W= W((vo(0), Vo(1)), ) be the cone of
all admissible directions for at (v0(0), Vo(1)). Then there exists an absolutely continuous
(a.c.) function : [0, 1] --> R" such that

(3.7)

(3.8)

((x),(x))eCgL(x) a.e.,

((-(0), ()), y)_-> 0

for all y W.
Proof. By Theorem 3.1 relations (3.4) and (3.5) hold for some o, c eL a([0, 1]).

Hence, in particular, o ((x)w(x)+(x)b(x)) dx =0 for all w e C ([0, 1]). Integrat-
ing by parts we obtain ol((x)- (t) dr) W(x) dx 0 for all w e C ([0, 1]). There-
fore (x)=(0)+ (t)dt almost everywhere for some (0)eR ". We may assume
that the last equality holds everywhere and thus (3.7)is valid. Moreover ((x)w(x)+
(x)(x))dx=(1)w(1)-(O)w(O)=((-(O),(1)), (w(0),w(1)))0 for all we
Ca(f0, 1]) with (w(0), w(1)) e W.

Next we apply the above results to the Bolza problem’

Io() minimizeF(v)=l(v(O),v(1))+ L(x,v(x),(x)dx’vA

where l" R xR R and A is the set of all a.c. functions.
TOM 3.9. Assume vo solves (), F(vo)<+m, L has an admissible

{L(x): x [0, 1]} along vo defined by {L}, {} and has a setl(vo(O), vo(1)) generated
by {li}, {hi} with bounded {l(y)" y eR", [y (Vo(0), Vo(1))[ hi, e 11}. Then for some
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a.c. " [0, 1]R", (3.7) holds and

(3.10) (:(0),-(1)) e /(Vo(0), Vo(1)).

Proof. We may assume that Vo=0. Then F(O)=min{F(v)’vCl([O, 1])}. Set
F,(v)- Z,(v (0), v(1)) /o t,(x, v(x), (x)) dx for Ilvll-<_ X, and F(v)=+ otherwise. As
in Theorem 3.3 we verify the existence of o, : eLl(j0, 1]) satisfying (3.4) and
0 1) 0

ri ri eR satisfying (rl o ri 51(0, 0) such that ((ri ri), (w(0), w(1)))+
((x)w(x)+(x)ri,(x))dx >=0 for all w eCa([0, 1]). As in the proof of Theorem

3.6 we may assume that : is a.c. and :o= almost everywhere. Thus (rio, w(0))+
0(ri1, w(1))+(:(1), w(1))-((0), w(0))=>0 for all (w(0), w(1))eR2", which implies ri

(0), n =-().
Using the reduction technique from the proof of [2, Thm. 2.4, case 3], and

Theorem 3.6 it is possible to prove
THZORZM 3.11. Assume Vo solves (), F(vo)<, is 1.s.c. and L has an

admissible {L(x)’ x e [0, 1]} along Vo. Then there exists an a.c. satisfying (3.7) such
that

(3.12) ((-:(0), :(1), 1), y)=>0

for all y eR2"+ for which ((Vo(0), Vo(1)), l(vo(O), Vo(1)))+Sy eepi (l) (epigraph) for
all small 8 > O.

Remark 3.13.(a) If, for some r >0, k eLl(J0, 1]) on the ball B((vo(x), Vo(X)), r),
the function L(x, .,. is continuous and IL(x, "," )1 is bounded by k(x), then in
Theorem 3.6 the set need not be assumed closed. Indeed, if Vo solves the _problem
of Lagrange with some then it also solves the problem with. replaced by. Under
such additional assumptions, the hypothesis, of 1.s.c. of in Theorem 3.11 may also
be omitted.

(b) [3, Thm. 2.4, Case 1] is covered by our results. In [3] another technique is
applied to the problem of Lagrange. In general, the transversality conditions (3.8),
(3.10), (3.12) are different from those proposed in [3].

4. The maximum principle o| Pontryagin. Let U be a set valued function from
[0, 1] into subsets of R". By a control we will mean any measurable u’[0, 1]-->
such that u(t)e U(t) almost everywhere (measurable selector of U). On the set of all
controls 0?/ consider the metric d(u,u2)=t({t" ul(t)uz(t)}). Arguing as in [7,
Lemma 7.2], it is possible to verify that (q/, d) is a complete metric space.

Let 74# 0?/be closed and
(H) For any u 1, u2 and 0 <= tl -< t2 -< 1 the function

U3(t)={Ul(t) ifte[tl, tz],
u(t) otherwise

belongs to 74/’.
Let C c R n, f: [0, 1] R R --> R", g" R" -R be given. Denote by X the set

of all solutions to the system

2 f(t, x, u(t)), u e t/’,
(4.1)

x (0) C

defined on [0, 1]. We shall study the following problem"

(4.2) minimize {g(x(1))" x e X}.



8 HALINA FRANKOWSKA

It is well known that that the control problem of minimizing ]c(t, x(t), u(t))dt
over all x X and corresponding control u can be reduced to (4.2) (see, for example,
[3, proof of Cor. 2]).

Assume u, 7g" generates x, X. Suppose
(H2) The function --> f(t, s, u (t)) is measurable for all s R and u W.
(H3) There are r > 0, k L such that, for all u W and almost every [0, 1],

f(t, u(t)) is Lipschitzian of constant k(t) on B(x,(t), r).
As in 3 our tool will will be certain admissible families of sets along the solution.
DEFINITION 4.3. The family of sets {f(t): [0, 1]} is called admissible along

(x,,u,) if there exist hi>0, integrable ei:[0, liaR+, fi:[0, 1]RnxR"-->R such
that:

(i) J0 ei(t) dt/hi 0 as -->

(ii) For some r > 0, k L and all i, fi satisfies (H2), (H3) and for all u and
almost every [0, 1], fi(t, ", u(t)) is F-ditterentiable on B(x,(t), hi) and Ill(t, ", u(t))-
l(t, u (t))[ <-

(iii) {fi(t, ", u,(t))}, {hi}, {ei(t)} define a set

C-bf(t, x,(t), u,(t)) f(t) a.e. with V R"""

(iv) {f(t)’ s [0, 1]} is minimal, i.e. for every {/-}, {i}, {’i} of the above proper-
ties defining a family of sets Cbf(t, x,(t),u,(t))c f(t) almost everywhere we have
the equality in the last inclusion.

Remark 4.4. As in Remark 3.2, we have (a) (iv) makes sense;
(b) If f satisfies (H2), (H3) and f(t,., u,(t)) is F-ditterentiable at x,(t), then the

family {(O/Ox)f(t, x,(t), u,(t))’ts [0, 1]} is the only one admissible.
(c) If f satisfies (H2), (H3), then from [19, proof of Thm. 2.5] follows the existence

of an admissible {f(t)" [0, 1]} such that f(t) is contained in Clarke’s generalized
gradient of f(t, u,(t)) at x,(t).

THEOREM 4.5. Assume (x,, u,) solves (4.2), (H1)-(H3) hold, and C is closed and
satisfies Condition 2.4 at x,(0). Let {@f(t): s [0, 1]} be admissible along (x,, u,) and
defined by {fi}, {hi} and suppose that g has a set g(x,(1)) defined by {gi}, {hi}, V R"
with bounded {g(y); y sB(x,(1),hi),i>=l}. Then there exist a measurable matrix-

function A(t) and a.c. p’[0, 1]R"such that

(4.6) tO(t)=-p(t)A(t), A(t)f(t) a.e.,

(4.7) (p(t),f(t,x,(t), u(t)))<-_(p(t),f(t,x,(t), u,(t))) a.e. for all u

(4.8) p(1) -g(x,(1)),

(4.9) (p (0), w) <-_ 0 for all w W

where W is the cone referred to in Condition 2.4.
From Remark 4.4 and Corollary 2.6.2 we obtain
COROLLARY 4.5.1. Assume in Theorem 4.5 that f(t,., u,(t)) is F-differentiable

at x,(t). Then there exists an a.c. p:[0, 1]R" such that (4.7)-(4.9) hold and

Of (t, x,(t), u,(t)) a.e(4.6’) ,0(t) -p(t)-x
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Furthermore if g is F-differentiable at x,(1) then

(4.8’) p(1) -g’(x,(1)).

From [3, Prop. 1 and Lemma 1] follows
COROXtAR 4.5.2. Assume in Theorem 4.5 that f( x, and the graph of U is

L B measurable (see [3]) and W" ell. Then the assertions ol the theorem are valid
with (4.7) replaced by

(4.7’) sup (p(t), f(t, x,(t), u)) (p(t), f(t, x,(t), u,(t))) a.e.
uU(t)

We precede the proof of the theorem with several lemmas. Note that it is not
restrictive to assume that for some K > 0

(4.10) If(t, x.(t), u(t))-C’(t, x.(t), u.(t))l <-K a.e.

for all u e 74/’. Indeed let 7/Fj {u e 7#’: [[(t, x,(t), u(t))-[(t, x,(t), u,(t))[ <--i a.e.}. Then
(H1) holds for kV. and u, solves (4.2) with o/#. replaced by tV.. If we prove that for
each o/g.j some pj satisfies all the assertions of the theorem, then from the Dunford-Pettis
criterion, (Ha) and the Mazur lemma (see [8]), for some subsequence {PJk} and a.c. p,
we have p.k - p uniformly,/i--p (weakly in L 1) and p is a required function.

From now on we assume (4.10). The proof of the theorem is a slight modification
of [7, proof of Thm. 7.1].

From the generalized lemma of Gronwall [6] we deduce
PROPOSITION 4.11. For some M>0 and all large i, 6 B(x,(O), Ai/M) fq C, any

u 7g" with d (u, u,) <= Ai/M generates x X with x (0) , and a solution xi to

(4.12) ic f(t, x, u(t)), x(O)

defined on [0, 1] and satisfying Ilxi-x,II <-,/2, IIx-Ill o().
Let u t/’, d(u, u,) <=Ai/2M and let x be the solution of (4.12) where I$ -x,(0)l-<

A/M. Fix Uo and let toe (0, 1) be such that the function f(s,x(s), Uo(S)) ds
has the derivative fi(to, X(to), Uo(to)) at to and 2(to) =fi(to, X(to), U(to)). For - [0, to],
let

Uo(t) if [to-’, to],
u,(t)

u (t) otherwise.

By Proposition 4.11, u, generates a solution x of (4.12) and IIx-x,ll<xd2, when
r [0, A/2M]. Denote by Z(t, to) the (fundamental) matrix of solutions to

(4.13) =Of(t,x(t),u(t))z, Z(to, to)=Id.x
LZMMA 4.14. The ]unction [0,,/2M]r x(1) is differentiable at r =0 and

d
d---x(1) Z(1, to)(](to, X(to), Uo(to))-[i(to, X(to), U(to))).

Proolc. For O<=t<=to-r we have x(t)=x(t). When t>to-r we have

Ix(t)-x,(t)l ((s, x(s), u(s))-(s, x,(s), u,(s))) ds

<- (fi(s, x(s), u(s))-f(s, x(s), Uo(S))) ds

+ k(s)lx(s)-x,(s)[ ds.
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By Gronwall’s lemma and the choice of to there exists/1 Ml(to)> 0 such that

(4.15) I[x -xll <-M.
By Taylor’s formula X(to-z) X(to)-zfi(to, X(to), U(to))+o(z).

f(s, x,(s), uo(s)) ds f(s, x(s), Uo(S))
ato-- ato--z

+’ (s, x(s), uo(s))(x(x)-x(s))+o(Ix(x)-x(x)l)) ds,
8x

[(s,x,(s,u(sls= [(s,x.(sl, u(sll

+[ (s, x(s), u(s))(x,(s)-x(s))+o(Ix,(s)-x(s)l)) ds.
Ox

Adding the above equalities, taking into account (4.15) and the relation x(t)=
X(to)+J[ofi(s, x(s), u(s)) ds, we obtain

x,(t =X(to-+ (s,x,(sl, u,(sls

x(t)-r([i(to, X(to), u (to))-[i(to, x(to), Uo(to)))

+ (s, x(sl, u(sl(x,(sl-x(sll s +o(.

The solution of (4.13) satisfying z(to)=-r((to, x(to),u(to))-(to, x(to),uo(to))) is
equal to Z(t, to)z(to). Since x,(to)-x(to)-z(to)=o(r) we have
o(,+I,ollo/Ox(s,x(s,u(slllx,(s-x(s-z(slds. By 6ronwall’s lemma x,(t)-
x(t)= z(t)+o(r). Hence the result.

LEMMA 4.16. For all large there exist 8>0, i eB(x,(O),ff2M) and ue
with d(u, u,)Nff2M generating the solution x o (4.12) such that lim 8 =0, and
or all u e , w e W

{(t,x(t), u(t)),p(t)}N((t,x(t), u(t)),p(t)}+8 a.e.,

where p" [0, 1]R is a.c. and

0 (t, xi(t), u(t)) a.e.,(4.17) (t) -p(t)
(4.al p(l -gl (x(lll.

Proofi Let V=Cx and ((xu), (xu))=lx-xl+d(u,u) for (x,u)e V,
] 1, 2. Then (V, d) is a complete metric space. Let ffM and {i} be as in the
definition of g(x,(1)). Set F(,u) to be g(x(1))if ((,u),(x,(O),u))NX and if
x is the solution of (4.12), and let (, u)= +m otherwise. By Proposition 4.11, for
large i, F is 1.s.c. and F(x,(O),u,)NinfF+i+o(). By [7, Thin. 1.1] there is
(x(O), u)e V such that d((x(O), u), (x,(0), u,))Ni/2M and

(4.19) F(x(O), u)-F(x(O), u) e-8d((x(O), u), (x(0), u))

for some {} converging to zero.
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Let Z(t, to) be the matrix solution to 2 (Ofi/Ox)(t, xi(t), ui(t))Z, Z(to, to) Id.
Let w W. If is large and z > 0 is small then by Proposition 4.11, there is a solution
x of (4.12) where 2 =x(0)+rw, u =u. As we did in Lemma 4.16, we verify that

o =Z(1, 0)w. Thus by (4.19), (gl (x,(1)), dx.(1)l =0)--(z(1, 0)g(x,(1)),
(-p(0), w)-8lw. As in [7, proof of Thm. 7.1] we verify, using Lemma 4.14 and
(4.13), that {u} satisfy the required property. We apply the Ascoli-Arzela theorem,
the Dunford-Pettis criterion and Mazur’s lemma to complete the proof of the theorem.

Remark 4.20. In [3], a more general problem

x(1) Fr {x(1): x X}

(where Fr denotes the boundary) is considered. The proof is based on the reduction
of the problem through the Ekeland principle to (4.2) (see !-3, p. 1087]). Exploiting
this idea and Corollary 4.2 it is possible to derive [3, Thm. 1]. To treat the problem

x(1) e Fr {(x(1)): x eX}

where 4:RnR is locally Lipschitzian, one has to apply the same idea to a family
of problems,

x(1) Fr {bj(x (1)): x eX}

where b. C are locally uniformly Lipschitzian and approximate b uniformly on a
ball of centre x,(1).

Acknowledgments. The author would like to thank Professor A. Cellina for
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suggestions and Professor R. T. Rockafellar for a discussion which stimulated this
research.
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AN INVARIANT MEASURE APPROACH TO THE
CONVERGENCE OF STOCHASTIC APPROXIMATIONS WITH

STATE DEPENDENT NOISE*

HAROLD J. KUSHNER" AND ADAM SHWARTZ

Abstract. A new method is presented for quickly getting the ODE (ordinary differential equation)
associated with the asymptotic properties of the stochastic approximation Xn/l Xn + a,,f(Xn, ,,) (or the
projected algorithm for the constrained problem). Either an -* 0, or a, can be constant, in which case the
analysis is on the sequence obtained when a 0. The method requires that {X,,, n-1} be Markov with a
"Feller" transition function, but little else. The simplest result requires that if Xn x, the corresponding
noise process {, (x), n >= 0} have a unique invariant measure; but the "nonunique" case can also be treated.
No mixing condition is required, nor the construction of averaged test functions, and f(.,.) need not be
continuous. A detailed analysis of the way that {n} varies with {X,,} is not required. For the class of
sequences treated, the conditions seem easier to verify than for other methods. There are extensions to
the non-Markov case. Two examples illustrate the power and ease of use of the approach. Aside from the
advantages of the method in treating standard problems, it seems to be particularly useful for handling the
type of iterative algorithms which arise in adaptive communication theory, where the dynamics are often
discontinuous and the "noise" is often state-dependent due to the effects of feedback. If the noise {:,,} is
not "state-dependent," then the Markov assumption can be dropped, and the method is even easier to use.

Key words, stochastic approximation, recursive algorithms, adaptive control

1. Introduction. We consider stochastic approximations of the form

(1.1) X.+, X. + a.f(X., .),

where f(o, might be discontinuous, and the evolution of {:.} depends on {X.} in the
sense that, in general,

P{:n+l eAli, <=n} # P{n+l AlXi, i, <-n}.

We also treat the following "projected" version of (1.1). Let G be a bounded set of
the form G ={x: qg(x)<=O, i= 1,..., s}, where q(.) are continuously differentiable,
and G is the closure of its interior. Let zr(y.) denote any closest point in G to y.
Then the projected algorithm is

(1.2) X,+l zr(X,, + a,,f(X,,, ,,)).

Several so-called ordinary differential equations (ODE) methods for proving
convergence of {X,} have been developed in recent years. (See references [1]-[4], and
[5], a more polished form of [4] with weaker conditions.) The aim of these methods
is to get an ODE, which we write symbolically (for (1.1)) as

(.3) E"f(x, ) =- I f(x, )P’ (ct),

where (loosely speaking) px (.) is the stationary distribution of the sequence {,}, when
X, x. The idea is that {X,} in (1.1) varies much more slowly (for large n) than {n}
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supported in part by the Air Force Office of Scientific Research under contract AFOSR 81-0116, in part
by the National Science Foundation under contract NSF Eng. 77-12946-A04 and in part by the Office of
Naval Research under contract N00014-76-C-0279-P0004.

5" Division of Applied Mathematics and Engineering, Brown University, Providence, Rhode Island
02912.

Division of Applied Mathematics, Brown University, Providence, Rhode Island 02912.
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does and that some sort of averaging method or law of large numbers can be used to
show that the asymptotic properties of {Xn} are the same as those of (1.3), with a
proper definition of px(. ).

Wenow take some notation from [2]. Define tn 0 ai and m (t) max {n" tn <-- t}.
Thus m(tn)=n. Let x(.) denote the piecewise linear interpolation of the function
with value Xn at tn. Define the shifted function xn(.) by xn(t)=x(t +tn), >=0. Thus
x (0) X,, and the asymptotic properties (as ) of any limit (as n o) of {x (.)}
yield the asymptotic behavior of {Xn}. The convergence of x n( to a limit x(.) is in
the sense of weak convergence of a sequence of probability measures (see below).
We .give the differential equations which x (.) satisfies. Using this differential equation
and the properties of weak convergence, one can analyze the asymptotic behavior of
Xn as in [2]. See that reference for details. Here, we concentrate on proving representa-
tions for the differential equations.

The methods in [1]-[3] are very useful, but they are often difficult to apply when
the noise is state-dependent, in the sense that the conditions are often either hard to
verify or do not hold in many important cases of interest. References [4] and 15]
present an "averaging method" which works quite well for such problems, although
one would like to avoid the work associated with constructing the "averaged test
functions" and verifying the conditions on them. The results in [4] and [5] are for
w.p.1, convergence and also prove stability and similar properties for {Xn} sequences
which are not artificially bounded. But generally, past methods required.what is often
a difficult analysis of the way {n} depends on {Xn }.

In this paper, the essential assumption for the validity of (1.3) is that {:n } depends
on {Xn} in such a way that if Xn ---x, a constant, then the corresponding {n} process
possesses a unique stationary measure. Such an assumption, either implicitly or
explicitly, was used in much past work on the state-dependent noise case. If the
stationary measures are not unique, then a very similar result (2.9) holds. The
conditions required here are generally weaker and much easier to check than those
in previous papers and are useful even when the noise does not depend on the state.
As amply shown by the examples, the method is easy to use. The techniques used
are new for the class of problems treated.

We concentrate on the case an 0. The same proofs work (even more easily)
when an ---a, a constant. Then, we get that the limit (as a 0) of xa( satisfies (1.3)
or (2.12) (in the constrained case), where xa( is the piecewise linear function with
values Xn at na. This approach is advantageous for treating many standard problems
because the conditions are relatively easy to verify. They are particularly useful for
treating the type of algorithms which appear in adapative communication theory,
where the dynamics are often discontinuous and the noise is often state-dependent
owing to the role of feedback. In such cases, one normally has an a.

In 2, we discuss the case where {Xn, :n-1, n => 1} is a Markov process, or where
the "state-noise" pair can be "Markovianized." This is the case which is most fully
understood and easiest to use. A class of non-Markov processes is dealt with in 3,
and in 4 we illustrate the power and ease of use of the method via two examples.

Weak convergence: definitions [6]. Let cr[0, )) denote the space of E-valued
continuous functions on [0, ), with the topology of uniform convergence on bounded
intervals. A sequence of measures {Pn} on a topological space A is tight if for each
e > 0, there is a compact K, such that Pn{K}--> 1-e for all n. If A is complete and
separable, then tightness is equivalent to weak compactness; i.e., for each subsequence
{Pn’} there are a further subsequence {Pn,,} and a P such that for each continuous,
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bounded and real-valued f(. ), J f(x) dP, (x) f(x) dP(x). Let A C[0, oo) and sup-
pose that P, converges weakly to P. Let x "(.) and x(.) denote the corresponding
processes. Then, the Skorokhod imbedding theorem [7, Thm. 3.1.1] states that we
can choose an underlying probability space (l,/,/) such that x" (.) x (.) uniformly
on bounded intervals w.p.1. (in the sense that there are processes on ((/,/7,/) with
the same distributions as x"(. ), x (.), and where the indicated convergence occurs).

2. Limit theorems with {X., :.-1} Markov. In this section, we are concerned with
the Markov case. In very many applications the system is either Markovian or the
actual physical noise can be Markovianized, perhaps leading to an abstract-valued
process. Below, it is assumed that {Xn} is either tight or lies in a compact set. This is
not a very serious restriction, since practical algorithms tend to use various truncation
devices. In any case, the use of the projection method (1.2) guarantees the compactness
when Xn lies in a Euclidean space.

Some assumptions. Assumptions A2.4, A2.6 and the first part of A2.1 will be
weakened later, as will the form given for f(.,. ).

A2.1. {Xn, so,-1, n->_0} is a Markov process with a (possibly nonhomogeneous)
transition function P(x, , n, 1, A)= P{(X,+t, ,+t-1)E AIX, x, ,-1 }. The X, take
values in a compact subset H of a Euclidean space E’.

A2.2. {:,} is tight in S, a metric space.
A2.3. For each BorelB c $, define the one step "transition function" Px (sc, 1, B)

P{,, Bln_l--,Xn =x}, and suppose that it does not depend on n. Let Px(s, 1, .) be
weakly continuous in (x, :).

For each x, we now define a Markov process {, (x), n => 0} on S via the transition
function P (:, l,. ), where P, (, l, B) P,, (, k, d’)P (’, k, B) is defined
recursively, starting with the given Px (, 1, d’).

A2.4. For each x H, let {, (x), n >= 0} have a unique invariant measure P(. ),
and let {P (.), x H} be tight.

A2.5. Y., la,+-a,[<oo, 0<a,-0, E,a, =oo.
A2.6. f(.) is bounded.
A2.7. There is an integer c => 0 such that j" P (s, c + 1, dC’)f(x, :’) is contin-

uous in (x, ). It equals lim P(x, , -c, c, dx’, cl’)P,(’, 1, dC")f(x’, ")
lim.E[f(X., )IX.- x, s__ ], where the limit is uniform on compact (x, :) sets.

Condition A2.8 will be discussed below" either A2.Sa or A2.8b will be used.
Condition A2.Sb always holds for N(K)= 1 if S is compact. Let Ire(C) denote the
indicator of the set where 5 K.

A2.8a. Either S is compact or {:,} is mutually independent, or
A2.8b. For each compact K, there is an integer N(K)<c such that for each T

the set
{P(x, s, m,/" m,. )I (sc), all compact K, all x H, all m,/"

such that ]-m >-N(K) and tj- t,, -< T}

is tight. (If sc K, then P(. )Itc (s) is the zero measure.)
Remark on A2.7. If f(.,.) is continuous, then A2.3 implies that we can take

c 0. If c 0, then the second sentence of A2.7 is redundant. Even if f(.,.) is not
continuous, c 0 is often enough to get the required smoothing. See, for example,
the applications in 4. Even if c > 0 is needed, the second sentence of A2.7 does not
seem to be particularly restrictive, since IX. -Xj-cI 0 as/" --> c implies that the measure

That is Px(, 1, dC’)g() is continuous in (x, ) if g(. is bounded and continuous.
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in the lim. expression is essentially Px (s, c + 1, for large/’. The assumption is stated
as it is for technical reasons. In all applications that we are aware of now, if the first
sentence of A2.7 holds, so does the second sentence.

Despite its seemingly complicated structure, A2.8b is quite natural and is often
easy to verify. See, for example, the application in 4b, and the example below. It
is motivated by the following consideration. If S is not compact, it is possible that

(*) {P{s.-1 ]Xm(to), SCm,-l(to)}, f>=m,, to}

is not tight. Suppose for example that {so,} is a stationary scalar-valued Gaussian
Markov process, not depending on {X,} (in the sense that the inequality below (1.1)
is an equality), and whose correla.tion function p(. tends to zero. Then the set (*) is
not tight, since arbitrarily large initial conditions SCm,_(to) are allowed. But, if the
sc,,,_l(to) were all confined to a bounded set, then (*) would be tight. As K increases,
with ,,,_l(to) taking an arbitrary value in K, it might take longer for the "future"
sci (/’ > m) to "settle down." This is why we allow N(K) steps for this "settling down,"
where N(K) increases with K. In this example, if K ={so: [l<_-k}, then any N(K)
satisfying p(N(K)), k <= constant is satisfactory.

Notation. Some additional notation is required for the next theorem.
Let 0 < 8, -> 0 as n --> o such that lim,, sup {as: j >- n }18,, 0. For each n choose an

(n,/+l)-I
increasing sequence n m (n, 1) < m (n, 2) <. such that ,(,.t) a 8,, modulo
an "end" value of as. Thus (t,,(,.l+x)-t,,(,.t))/8,--> 1 as n-->o, uniformly in l. For
notational convenience we henceforth suppress the n in re(l, n) and write simply
m (n, l) mr. For each to, 1, n define the measure on the Borel sets of S:

1 rot+l--1
O(to, l, n,.) - Y. aP{s;_ . [X,,,(to),

ml

Define QK(to, l,n, .)= Q(to, l,n, .)I:(,,,_). Thus, if sc,,_l(to) K, the measure is the
zero measure.

A remark on the proof of Theorem 1. By A2.6, there is a constant K such that
Ix"(t +s)-x"(t)l<-_Ks for all t, s >0 and n. Thus, since {x"(0)} {X,}, {x"(.)} is tight
in Cr[0, ). Fix and work with a weakly convergent subsequence, also indexed by n.
Let h (.) be a smooth function with compact support and let t < t2 <" < tk < < + ’.

Since a, --> 0,

Eh(x"(ti), <-k) x"(t +r)-x(t) . ajf(X., -->0.
m(tn +t)

Divide [0, +r] into subintervals of width ,, and let f(.., .) be continuous. By the
properties of conditional expectation, we can replace the sum above by

E, E, E a,f(Xi,,)
1 i=ml

where Em denotes conditioning on X,, :m,- and runs over integers such that

E" ai [t, + -].
Consider the/th bracketed term, and let tm- S. The proof shows that the X can

be replaced by x (s) and that the set (indexed by ca, n, 1) of (slightly altered) measures
defining the conditional expectation is tight. Then a "continuity" argument is used to
show that the limit of any weakly convergent subsequence is actually P)(.), the
invariant measure associated with x x(s). This characterization of the limit is the
key point in the proof.
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THEOREM 1. Under A2.1 to A2.8, (x"(.)} is tight and any weak limit x(.) satisfies

(2.1) =EXf(x,f)= I f(x,f)PX(df) w.p.1,

where x (0) H. The right-hand side of (2.1) is continuous in x.
Proof. The continuity is a consequence of the tightness and uniqueness A2.4.
Now, by the tightness of {,}, we can choose 6, 0 and nondecreasing compact

K such that

P{:K} 1 for any sequence

1 mt+N(K.)
E a-,O uniformly in (where mt => n), as n o,

1
]a;+-alO as n az.

Define the piecewise constant function )Z, (w, t) by

m/+l_1

/(o, t)= E
till

on [t,, t,, t,,+ t,),

and set ft, (o, t)= i ](.w, s)ds.
By A2.6, {x"(.), F, (.), n >-0} is tight in c2r[0, ). Henceforth, we work with a

weakly convergent subsequence (called subsequence 1), also indexed by n, and with
limit (x(.), F(. )), or with a subsequence of it. We use Skorokhod imbedding wherever
convenient with no notational change. Thus, we can assume where convenient, that
w.p.1. (x"(.),i,(.)) converges to (x(.),/(.)) uniformly on bounded time intervals.
Suppose that

(2.2) P(t) Ex(")f(x(u), ) du

and that for arbitrary k, t, s and s < S2 < Sk < < + s and bounded and continuous
h(.),

(2.3) Eh(x(si),ff’(si), ] <-k)[x(t + s)-x(t)-((t + s)-P(t))]= O.

Then M(t)=x(t)-x(O)-F(t) is a continuous martingale with M(O)=O. By A2.6,
M(. satisfies a Lipschitz condition. Thus its quadratic variation is zero. HenceM(t) =- 0
w.p.1, and (2.1) holds. So, we only need to prove (2.2) and (2.3).

For smooth h(.),

m(tn+t+s)_ ](2.4) Eh(x"(s),,,(sj),]<=k) x"(t+s)-x"(t)- Z af(X.,) =-e,,
(t. + t)

(2.5) Eh(x"(sj),_,,(si),f<=k) x"(t+s)-x"(t)- ,,(s) ds =-e’,,,

where e, and e ’,, go to zero as n .
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We now prove

(2.6) , (s) Ex(s)[(x (s), ) in probability for each s.

The limit (2.6) implies that ,(.) converges in measure (to t) to the right side of
(2.2). This and the weak convergence of (x"(.),ff’,(.)) to (x(.),/(.)) and (2.5) yield
(2.3), with F(. defined by (2.2). So, only (2.6) needs to be proved.

Fix s and {rot} such that2 s [tml- tn, tm+l--t,). Let No denote the null set on
which (x" (.),/, (.)) does not converge uniformly to (x (.), aO( )) on bounded intervals
(under the Skorokhod imbedding). It is enough to show that (for each s) each
subsequence of subsequence 1 contains a further subsequence for which the limit in
(2.6) holds in probability. Select a subsequence of subsequence 1, indexed also by n
but called subsequence 2, such that3 P{se,,,_l K,, all large n}= 1. Let N(s) denote
the exceptional null set. Fix to C:NoN(s), and extract a weakly convergent sub-
sequence (a subsequence of subsequence 2) of the set of measures (tight by A2.8 and
the properties of 6,) O {O:. (to, l, n,. )’n subsequence 2, s fixed as above}, with
limit P0,(.). The limits in (2,.7) below are on this subsequence. Let g(. be bounded
and continuous and set G(x, :)= Px(, 1, d’)g(’). Then by A2.3, A2.5, and A2.8

m/+l--I
lim F

m/+l--1
lim E -, P(Xm,, m,--1, ml, ] m 1, d’, dx’)

(2.7)

li I Q:" (to, 1, n, d’)G(X,,,, ’)

e(/’)G (x (s), ’)

I P,o (d’)e, (’, , d:)g(:).

Similarly, the limit in the first line is 0,(d)g(). In going from the second to the
third line of (2.7), we used the facts that G(., s’) is uniformly continuous on compact
:’, that sup,,,+lj__>,, IX. X,, 0 as n - az, that X,,, x (s) and the tightness of the
set Q.

Due to the arbitrariness of g(. ), and the uniqueness A2.4 and to the equality of
the last line of (2.7) with /50, (d)g(), we have/50, (.) pxs)(. ). Again, by the unique-
ness, the limit does not depend on the chosen subsequence of Q. Thus, if to No UN(s),
Qz.(to, l, n,.)PXS)(.) weakly as n c, where n now indexes the second chosen
"subsequence 2" of the theorem.

That is, for each n, choose mt re(l, n) such that is in the indicated interval. Keep in mind that
depends on n, and that we suppress the n-dependence of m (l, n) in the notation.

By the tightness of {i}, we can always choose such a subsequence.
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Using A2.7 we now have (limits are on the "subsequence 2")

lim E
ml

P(X,,,, ,,,-1, mr, ]- mr, d’, dx)Px (’, 1, d)f(x, )IK.

(2.8)

ml+l--1
lim Y’.

lim

-, P(X,.,, ,.,-1, rot, ] mt c, d’, dx’)

P(x’, ’, i-c, c, d, dx)Px(, 1, d")f(x, tt)IKn(rl,tl_l)

P(X,,,,_l,m,]-m-c,d,’,dx)

P (’, c + 1, dg(x, I:o(.,-
m/+l--I

lim F a f ’I

[Px..,(’, c + 1, d)f(X,,,

li I Oz"(to’ 1, n, d’)P(s)(’, c + 1, d)f(x(s), )

&(d’)P,,(,)(’, c + 1, d)[(x(s), )

I P"(S)(dsC)f(x(s)’

In going from the 3rd to the 4th and then to the 5th line we used the continuity in
(x, :) of I Px(, c + 1, d’)f(x’, ’) and the facts concerning convergence cited below
(2.7). In going from the next to last step to the last step, we used the fact that
/5 (.) p x(s)(. is an invariant measure for the transition function Px(s)(,/’, for each
x(s). The equality of the first and last lines of (2.8) for toe:NoUN(s) yields the desired
result (2.6) for "subsequence 2." But, since each subsequence of subsequence 1
contains a further subsequence satisfying the requirements of subsequence 2 (but with
perhaps a different N(s)) (2.6) holds for subsequence 1 also. Furthermore, the limits
for all possible subsequence l’s differ only in the initial condition x(0). [3

The proof of the theorem also implies the following corollary:
COROLLARY. Assume A2.1-A2.8 but let X, and ]’(.,. take values in H, a

compact subset of a linear metric space H, with an invariant metric d (. ). Then {x (.)}
is tight on CH ([0, oo) and if x(. is the limit of any weakly convergent subsequence, ]’or
each continuous linear functional A on H,

(x(t)-x(O)) ds If(x, (s), )PX(’(d) w.p.1.

Some more detail on the abstract case is in [12].
Extension. In many problems of interest (see 4), the algorithm (1.1) takes the

form X,+1 X, + a,f, (to), where

ElL (,o)lx,. ,-. -<_ n F. (X.. ._).

and F, (x, :) F(x, :), a continuous function, uniformly in (x, ) on compact sets. Then
Theorem 1 still holds. This extension is useful when f, (.) depends on variables other
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than (Xn, G); for example, it might depend on a "choice" or "logical" variable Zn,
where P(Z, llXi, -1, <= n) q(X,, G-l), for some continuous function q(. ).

Nonunique px(.). A very similar result to Theorem 1 can be obtained when the
uniqueness in (A2.4) is dropped. Let x= {p(.), cr some set A(x)} denote the set
of invariant measures for the transition function Px(:,/’, .). Assume that =
{x, x a compact set} is tight. For each x, x is convex and weakly compact. Define
the set

C(x)= {y’y= I P(d)f(x, (),a cA(x)}.
Then C(x) is closed and convex. The sets x and C(x) are upper semi-continuous in
x in the Hausdorff topology (with the metrized weak topology on the space of
distributions and the metric topology on H). This is a consequence of the fact that
under the tightness of , if x, x and P"(. -, then {PX-(. )} is tight, and all weak
limits are in by A2.3.

THEOREM 2. Assume A2.1-A2.8, with A2.4 altered as above. Then {x"( )} is
tight and any weak limit x (. satisfies
(2.9) C(x) for almost all , t.

Remarks on the proof. The proof is essentially the same as that of Theorem 1,
and we only remark on a couple of points. By the argument of Theorem 1, if
o : No t_J N(s) is fixed and n indexes a weakly convergent subsequence of the set of
measures Q defined above (2.7), then we must have

mr+l--1 aj Ilim E P(X,,, ,,-1, m, f-mr, dx’, d’)f(x’, ’)IK, (,,,-)
(2.0)

i.rn [. s) J fix (), )t’ ), c(x ()),

for some c A(x (s)), perhaps depending on o and s and on th selected subsequence.
Under the weak convergence of the selected subsequence and the Skorokhod imbed-
ding, F, (.)- F(. (which is absolutely continuous) uniformly on bounded time inter-
vals w.p.1, but [n(s) does not necessarily converge in probability to [(s) =/(s) as it
did in Theorem 1. But, for each fixed ra No and each T < o, [,(. (considered as a
function on [0, T]) converges (along any "subsequence 1") to/r(. weakly when these
functions are considered as elements of L[0, T]. Thus for each w No there are

{/,, <= n } such that 0 <=/3,, =/, 1,/ -* 0 as n -. oo for each i, and Y=/ni (.)-
f(.) in the norm of L[0, T]. This convergence, together with the limit (2.10), the
convexity and closure of C(x) and the upper semi-continuity cited above Theorem 2
imply that f(s) C(x(s)) for almost all (o, s). See [12] for more detail.

The projection algorithm (1.2). Recall the definition of 7ra from 1. Let if(h(. ))
denote the (not necessarily unique) projection of the vector field h (.) onto G; i.e.,

[zro (x + Ah (x)) x
(2.11) (h(x)) set of limits lim

a0 A

THEOREM 3. Assume (1.2) and the conditions aboe it instead of (1.1), and
assume A2.1-A2.8. Then x( is tight and if x(. is the limit of a weakly convergent
subsequence, x (.) satisfies the "pro/ected" equation

(2.12) k r(EXf(x, )) for almost all to, t.
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Recall the extension of Theorem 1 to the algorithm X,/I X, + a,f (o9), cited after
Theorem 1. If 7r(X, + a,f(o)) is used, then Theorem 3holds with (EXF(x, )).

Remarks on the proof. The proof is quite similar to that of Theorem 1, and only
a few remarks will be made. Use the partition of [2, (5.3.4)] to write (1.2) in the form

(2.13) X,/I X, + af(X, ,) + ad,,
where a,dn rG(Xn +a,[(X, n))-(Xn +anf(X, :n)). In [2], a,d, is termed ’n. Using
the notation of Theorem 1, define the piecewise constant function dn (o, t) by

I m/+l--I

dn(o,t)=- Y. ajdi on[t,,,-t,,t,,/l-tn),
m!

and set J,(oo, t) o ,(o, s) ds. Then, as in Theorem. 1, {x."(. ),/3,(. ),/,(.. )} is tight.
Extract a convergent subsequence with limit (x(.), F(. ), D(.)).. Both F(. and D(.
are absolutely continuous and/3(. satisfies (2.2). Write )(. if’(. and define a(. by

Write

/(t) J(s) ds.

f’(t) "’(f’(t))+(t), (t) =[(t)-r(f’(t)),
the 1(. term being a "projection eror." By the method of Theorem 1,

x(t)-x(O)-F(t)-D(t)=O w.p.l.,

(2.14) 2 =EXf(x,)+g=+,
2(t)=((t))+(t)+(t) w.p. 1.

Using the ideas of [2, 5.3], it can be shown that -J/(s)ds =l(t). This and (2.14)
imply (2.12). We omit the rest of the details. We note only that the proof of the last
equality uses the facts that if X,+I OG, then dn is in the cone -K(X+x), and that if
x(t)eOG, then/(t) is in the cone K(x(t)), where

K(x)=/y’y= Aq,(x), for some set of , >-O}.
i:qi(x)=O

Unbounded f(. ). We will use"

A2.9. There are a K <m and a positive-valued function d(. such that If(x,
K(I+dQ)), and x takes values in the Euclidean space R r. For some a>0,
sup E[d(i)l+ <

THEOREM 4. Under A2.9, and the tightness of {X,}, both {x (.)} and {/ (.)} are
tight in Cr[0,

Proof. Both x n( and /,(. are sums of terms of the types af(X., ) and
ajE,,f(Xi, :.), for ] ->_ m respectively. These are bounded by a.K(1 + d(i)) and a.K(1 +
E,,d (.)), respectively. Butby A2.9, both {d (:i)} and{E,d(i); l, ]" ] >-_ mr} are uniformly
integrable, which implies the theorem.

Given the tightness, the only further impediment to the result of Theorem 1 for
the unbounded f(.,. case, concerns the meaning of the integrals in (2.8). A truncation
and limit argument seems the most natural. We simply take the following natural
approach.

Suppose that there is a sequence {/(x, :), L 1, 2,...} each member of which
satisfies A2.6, A2.7, where c does not depend on L, and such that EXfL(x,
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uniformly on any compact set, as L oo. Let (see A2.9)[f+(x, )l-<K(1 + d(:)), and
.--,m(t T)letfc(x, )=/(x, )whend()-<=L.Foreach T < oo, letE L= ad()I{d()>=L}-*O

as L --, oo, uniformly in n <= m (t, + T). Then under A2.1-A2.5 and A2.8, the conclusion
of Theorems 1 and 3 hold. The condition of the next to last sentence is guaranteed
by A2.9 and also implies the tightness.

3. The non-Markov case. The ideas of the last section can be extended to some
interesting non-Markov systems where, loosely speaking, if X, x (a constant) for all
-oo < n < oo, then {:,} is stationary and has certain mixing properties. We next state
some assumptions, which are modifications of some in 2. Then a general convergence
theorem is proved. Lastly, it will be shown that the assumptions hold in many cases
of interest.

In particular, in Theorem 8 we verify A3.2, A3.3 when {,} is not state-dependent
and satisfies a type of b-mixing condition. This case is of interest, since the non-Markov
noise and discontinuous dynamics case is usually hard and occurs frequently. In this
nonstate dependent case, the measure Px (:, 1,. )= P(, 1,. below would not depend
on x, and would equal the stationary conditional distribution P{1 I:0 } provided
that this stationary measure is weakly continuous in .

A3.1. X, H, a compact subset of E and f(. is bounded.
The limits in (A3.2) and (A3.3) are in the sense of probability.
A3.2. For each x, there is a transition functionPx (, 1,.) which is weakly con-

tinuous in (x, :) and such that for each bounded and continuous g(. ), with G(x, )=
P(, 1, d’)g(’),

lim [I P(dlx,., -; x, ,_, u <-n)g()-G(X ’._a)] 0.

A3.3. Define F(x, ) [(x, ’)P(, 1, .d’). Then F(.,. is continuous and

[ P(d,[., ’j-l; Xu, ,,_x, u Nn)f(., ,i)-F(., i_x)] 0.lim

A3.4. For the Markov process with transition function P(,], .) (which is
obtained recursively fromP(, 1, as above A2.4), there is a unique invariant measure
P(. ). The set S is compact. (Hence, {P(. ), x H} is tight.)

We define the measure O(o, l, n,.) similarly to that in 2: i.e., by

l, n,

where g(.) is an arbitrary bounded measurable function. (Here, we use i in the sum
O(" ); in Theorem 1, i- was used. The choice is unimportant and is due to-notational
convenience.)

THEOREM 5. Assume A3.1-A3.4 andA2.5, A2.6. Then {x "(.)} is tight and the
limit x(. o[ any weakly convergent subsequence satisfies (2.1). I[ (1.2) is used in
o[ (1.1) and the conditions above (1.2) hoM, with X, in some Euclidean.space, then
{x" (.)} is tight and the limit o[ any weakly convergent subsequence satisfies (2.12).

Proo[. The proof is close to that of Theorem 1 and we use the same terminology,
but with the measure O(w, L n,.) defined as above and 6, satisfying the conditions
above A2.8 and in the proof of Theorem 1. Since S is compact the truncation factor
I used in Theorem 1 is not required. By A3.1, {x"(.), ,(.)} is tight in C2[0, ).
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Extract a weakly convergent subsequence (also indexed by n and called subsequence
1) with limit x(. ), F(. ). We work with this sequence or subsequences of it, henceforth.
By the Skorokhod imbedding, there is a null set No such that the limit can be taken
to be uniform on bounded intervals, for o No.

Let g(. be bounded and continuous.
By A3.2, in getting the limit in probability (as n -> o) of an expression of the form

mr+ --I - P(d, dX.IX,, u-1, U m,)g()

ml+--I
(3.1) E

ml

we can substitute G(S., :i-1)for P(djIX., -1, X,, .-I, u <-_ mt)g(i), when mt+l >] >=
rot. Fix s. For each n, fix mt=m(1, n) such that se[t,,-t,,t,,,+l-t,). Under the
Skorokhod imbedding EIG(X.,i-1)-G(x(s),i-t)I-->O. Thus, by the last three
sentences

E 0(oo, l, n, d)[g()-O(x(s), )] --, O.

Choose a subsequence (called subsequence 2) for which

Q(w, l,n,d)[g()-G(x(s),)]-->Ow.p.1

for a countable dense set of bounded and continuous g(. ), hence for all bounded.and
continuous g (.). Denote the exceptional o)-set by N(s). For fixed o. No U N(s),
choose a further subsequence (termed subsequence 3) for which Q (o, l, n, converges
weakly to some measure P(. ).

Then

I P’(d)g()= f P.,(d,)G(x(s), so) I P.,(d)P)(,, 1, dsC’)g(sC’).

Thus, by uniqueness/5 (.) p,()(. ), a result which does not depend on the particular
subsequence 3 chosen. Hence O(o, l, n, P*()(. weakly along subsequence 2, for
almost all w.

Using this last result, A3.3 and a factorization similar to the one used in (2.8),
we get that

(3.2) Y. P(d, dX.lX, u-l, u <=m)f(X., j) PX((d)f(x(s), )
ml

in probability as n -along subsequence 1.
We omit the details for the projection algorithm. These use an adaptation of the

above method which is analogous to the modification of the. proof of Theorem 1 which
is used in Theorem 3.

Remark. Let Xn+ -’Xn +a,f,(w) replace (1.1), and suppose that there is a con-
tinuous F(. such that

P

E[l(o)lXi, esi-1; X,, ,-1, u <- n ]-F(Xi, Ji-1) - 0

as ]-n oo and n oo. Then the theorem continues to hold.
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We now examine A3.2, A3.3, under the following 0-mixing condition, where
the noise does not depend on the state.

A3.5. Let $ be compact. Let ., g’ and denote the r-algebras which
measure j-1, {-1, j <=m} and {_,j>=m}, resp. There are {,} such that &, --)0 and
for each n and any A ;’,B :,+,,, ,P(B)>=IP(AB)-P(A)P(B)I<=&,P(A).

The following result is well known.
LEMMA 6. Let A,+m ,+m, Am o, and assume A3.5. Then as n o

P
IP{A.+mI’} P{A.+m}l --> O,

P
IP{A., IS.%., } P{A., }I -. O,

and

EIP{A.+m];} P{Am+.}IIa.. <-- O.P{A.+m} and <=&.P{Am}.

Let ]gi] <- 1 with gi being . measurable. Then as n oo

P P
E[g.+m[ Eg.+m -> O, E[gm l;.+m Egm --> O,

where the convergences are uniform in {gi}, {Am, Am+.} and m.
THEOREM 7. Assume A3.5. et gi be . measurable with [gi[ =< 1, and let ] > n.

Then E[gi[ t.J ._x]-E[gi]._] 0 as ]-n, uniformly in ] and {gj}.
Proof. Let G_ e ._1 and Go,. o. The v.,. below are uniformly bounded and

Elvi.a ]lot_l <= 20-,P{G_I}, by Lemma 6. We have

(3.3)

Now, suppose that the theorem is false. Then there is a sequence of sets/-/.,
g LI ._ and an e > 0 such that for some sequence {g} and/"-n --)

(3.4) I__ {E[g[ U .._]-E[g[._l]} dP >- e

(and/or -<-e, we use (3.4) only for simplicity). For each 6 > 0, there are sets G}_ e ._t
and Go., ’g with 1, 2, and P{Hj., 6, where Hi..,{Gi_, .} dis/oint aH..,}_-<
tAi [G_ fq Go.,]. Now, re-do the calculation (3.3) with Gi_l and Go., superscripted
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by i, and the integrals summed over i. For small enough 8 > 0, this yields a contradiction
to (3.4), since Y’.i Elv3.,lI_ -->0 as/’-n --> oo.

THEOREM 8. Assume A3.1-A3.5. Let {j} not depend on {X/}; i.e., for all ]

PIdl#,-, X,, u <=f} PIdi]_t, u <-f}.

Suppose that there is a measure P(, 1,.) on Borel sets o]’ S such that P(., 1, B) is
measurable for each Borel B $. For each bounded, real-valued and continuous g(. ),
let

f g(j)P(dili-1 )-> f g(’)P(, 1, d’)= G() for all ,
J

(3.5)

If(x, 4)P(d;14:-x )--> j f(x, j’)P(, 1, ds’) F(x, ) for x s,each and

where F(., .) and G(.) are continuous. Then A3.2 and A3.3 hold.
The proof follows from Theorem 7, by letting gi be either g(i) or f(x, ).
4. Examples.
4a. Application to a routing problem. To illustrate the power of the method, we

consider the automata routing example described in [8, 3]. Calls arrive at a transmit-
ting or switching terminal at random, at discrete time instants n 0, 1, 2,..., with
P{one call arrives at nth instant} =/,/ (0, 1), P{> 1 call arrives at nth instant} 0.
From the terminal, there are two possible routings to the destination, route 1 and
route 2; the ith route has Ni independent lines and can thus handle up to Ni calls
simultaneously. Let In, n + 1) denote the nth interval of time. The duration of each
call is a random variable with a geometric distribution’ P{call completed in the (n + 1)st
interval[uncompleted at end of nth interval, route used} hi, hi (0, 1). The members
of the double sequence of the interarrival times and call durations are mutually
independent. In [8], the "gain" per step was a constant, and a detailed study was
made of the rate of convergence. Here, we do a stochastic approximation version;
i.e., a, --> 0. But the case where a, --a > 0 is handled in the same way. Let {y,} denote
a sequence of random variables with values in [0, 1]. To get an unambiguous formula-
tion, suppose that calls terminating in the nth interval actually terminate at n + , and
arrivals and route assignments are at the instants 0, 1, 2,. .. Define , (s,, )=
route occupancy process (called X, in [8]), where , number of lines of route
occupied at time n /. If a call arrives at instant n + 1, the automaton "flips a coin,"
choosing route 1 with probability y, and route 2 with probability (1- y,). If all lines
of the chosen route are occupied at instant (n + 1)-, then the call is switched to route
f (j i). If all lines of route/’ are also occupied at instant (n + 1)-, then the call is
rejected, and disappears from the system. The model can be generalized considerably,
both in the number of lines and switching nodes, and in the input and call length
statistics. Let Ji, denote the indicator of the event {call arrives at n + 1, is assigned
first to route and is accepted by route i}. The algorithm is (4.1), where 0 < a </ < 1
are truncation points, and y0 (a, ). The bar [ denotes truncation.

(4.1) y.+ [y. +a,,(1-y,,)Jl,,-a,y,J2,,][.

Here, P{:.+I ’IY. Y, :. } is a continuous function of (y, ). The Markov chain
is {y., .} not (X., ._I}. For each fixed y a [a,/ ], {. (y), n => O} has a unique invariant
measure PY (.), andE[Ji, lyt, s, =< n F(y,, ,), where Fi(’," isa continuous function
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of y for each (discrete) s. Define y"(.) as x"(.) was defined. By Theorem 1 or 3 and
the extension cited after the statement of the theorem we immediately get the correct
ODE (which must be satisfied by all the weak limits of {y"(. )})

(4.2)
[(1-y)EYJ., yEYJ2,] fory(a, fl)

y(. stops on first hitting a or/3.

Simple! No analysis of rates of convergence of n-step transition functions, etc. is
required. Also, no analysis of the x-dependence of the {,} or {so, (x)} is required. The
model [8] upon which the analysis was based appeared in [9].

4b. An adaptive quantizer. "Efficient quantization of signals in telecommunica-
tions systems is of considerable current interest (e.g., of voice signals in telephone
systems). Let the signal process z (.) be sampled at instants n A, n 0, 1, , and let
the samples {z(nA)} be quantized and then transmitted. Adaptive quantizers have
been studied as a means to more efficient quantization. The quantization scale for
"large" signals, should be different from that for "small" signals. An adaptive quantizer
studied in [10], [11] takes roughly the following form. We use a, e, a constant. Let
0 4,o < 41 <" < PL-1 <L , 0 */1 < */2 <" < r/L, where the Oi, Ti are real num-
bers. For a scaling parameter y > 0, define the quantization function q(. ). For z (n A) >
0, set q(z(nA))= yrli if z(rtA) [yi_l, yi) and set q(-z)=-q(z). The parameter y
should vary with the signal power. To get the adaptive quantizer of concern, fix real
numbers 0<M <M[ <.. <M[ < o, where M < 1, M. > 1, and set fl s (0, 1].
Let 0 < yl < yu < oo. Then we adapt the scale y according to

(4.3) y.+x (y . )ZB. yu where B. Mie if Iz (n A)I [Yni-1, Y ti).Yl

We do an asymptotic analysis of the sequence y(. ), defined as the piecewise linear
interpolation of the function with values y, at time ne. Let y y0s [y/, yu].

Now define lx,< 12 <’" < lL, ll < 0, IL >0, and a > 0 such that ea < 1. Then set
M7 =(1 +eli), fl l-ca. Then using y- =y[1-ea log y]+O(e2), and (1 +ebb)
B

Yl(4.4)
Y+I [y(l+eb eay logy,+O(e

=[y + eF(y, z(na))+O(e=)]] Yl

Assume further that Z(. is a stationary (finite order) Gaussian Markov process
with Cov Z(t)> 0 and let z(t)= h’Z(t), for some vector h 0. In this example, the
noise does not depend on the state and so the analysis is quite simple, even though
z(.) is not a bounded process. Define EF(y,z(O))=F(y). Then F(y) has a unique
zero on (0, ), and F(y) is positive for y < ] and negative for ] [8, 7]. In
[8, 7-9], there is a detailed investigation of the limit of [y-]4e. Here, we are
only concerned with the simpler question of the limit of y(.). For some c 0,
Ez(0)F(y, z (n A + A + c A)) is continuous in Z (0), y and tends to F(y) in the mean,
uniformly in y [y/, y], as c . This fact and the method of proof of Theorem 1 or
of Theorem 3 and the extension cited after the theorems implies immediately that
the weak limit of {y’(. )} satisfies

(4.5) )=F(y), y(0)=y0 if )T s [y/, y ],

and if : [yt, yu], y(" stops on first hitting Yl or yu.
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DECOUPLING OF MULTIVARIABLE CONTROL SYSTEMS
OVER UNIQUE FACTORIZATION DOMAINS*

K. B. DATTAS" AND M. L. J. HAUTUS

Abstract. Necessary and sufficient conditions are established for the existence of a state variable
feedback decoupling of an m-input, m-output time invariant linear control system over a unique factorization
domain. An explicit computation is provided for the feedback and the feedforward gain matrix. Also
necessary and sufficient conditions for the existence of a stability-preserving state feedback decoupling are
given. The results are illustrated by some examples.

Key words, decoupling, delay sygtems, systems over rings, multivariable systems, state feedback

1. Introduction. The design and synthesis of noninteracting control in multivari-
able control systems by state-variable feedback were initiated by Morgan (1964) and
definitive results in this direction by establishing necessary and sufficient conditions
for the existence of a decoupling feedback, as well as an explicit construction, were
first given by Falb and Wolovich (1967). Their results were formulated for systems
with real coefficients but they are easily seen to be extendible to systems over arbitrary
fields. The extension of these results to systems over rings, however, is less obvious.
On the other hand, systems over rings have shown to possess a wide range of potential
applications such as delay systems, 2-D systems, parametrized systems, discrete time
distributed systems, systems with integer coefficients, etc. We refer to the survey
papers E. D. Sontag (1976), (1981), E. W. Kamen (1978), and the references therein.

This abundance of control systems which can conveniently be modelled as systems
over rings is a motivation for a systematic investigation of systems over rings. This
investigation was started with the thesis Rouchaleau (1972) and the paper Rouchaleau,
Wyman and Kalman (1972) and it has received much attention recently.

The purpose of this paper is to formulate necessary and sufficient conditions for
the existence of a decoupling state feedback for a linear time-invariant system over
a unique factorization domain. This particular class of ring is wide enough to encompass
almost all the models arising from the applications mentioned before and on the other
hand, it allows a complete solution of the problem. The conditions which will be
obtained reduce to the Falb-Wolovich conditions when applied to systems over a
field. The method of proof, however, is completely different from the proof in Falb
and Wolovich (1967). It can be regarded a generalization to systems over rings of the
type of proof given in Hautus and Heymann (1980), (1983) and it is based on a
characterization of feedback transformations given in Hautus and Heymann (1978).

It is possible to axiomatize the concept of stability for systems over rings in such
a way that in each particular specification and application (delay systems, 2-D systems)
the notion of stability customary in that field accommodates conveniently in the general
framework. An example will be given in 2. The treatment is based on what we have
called "denominator set". This concept was introduced for systems over a field in
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and Khargonekar and Sontag (1981) (where the name Hurwitz set is used). In the
general framework of stability thus provided we give necessary and sufficient conditions
for the existence of a stability preserving decouplingstate feedback.

The problem formulation and the main results are given in 3. ExampIes,
illustrating the results, are given in 4, and 5 is devoted to the proof of our main result.

2. Stability of systems over rings. Throughout the paper g will denote a unique
factorization domain (= UFD) or factorial ring (see Samuel (1963), Barshay (1969)).
We use the notations g/[z and (z) to denote the rings of polynomials and rational
functions over , respectively. A polynomial q is called monic if its leading coefficient
equals 1. A rational function is call.ed causal (or proper) if .it has a representation of
the form p/q, where q is a monic polynomial and deg p _-< deg q.

A denominator set is a subset @ of [z satisfying the following conditions’
(i) is multiplicative, i.e. 1 and if p, q
(ii) Each polynomial p @ is monic (in particular 0 :).
(iii) 5 is saturated, i.e. if p and q is monic and divides p then q
(iv) There exists a g such that z-a .
Since a denominator set is multiplicative, it is possible to associate with it a ring

offractions to be denoted by [z] (see Barshay (1969, Chap. 3)). Specifically [z]
is the set of rational functions having a representation of the form p/q, where p and
q are polynomials and .q . It is well known and easily seen that [z] is a ring,
even a UFD (see Samuel (1963, Thm. 4, p. 29)). In addition, we introduce the set of
causal fractions in [z], i.e. elements of [z] that are causal rational functions.
This set is denoted by [z], or, if the denominator set does not have to be specified,
by .

LEMMA 2.1. is a UFD.
For a proof, see 5. The set of all monic polynomials, which is denoted 0,

is an example of a denominator set. The corresponding set of causal fractions is
denoted 0.

A (free) linear system is identified by a quadruple (A, B, C, D) of matrices over
of such dimensions that the following equations are well defined.

(2.2) x,+ Ax +But, y, Cxt + Du,,

where

x,:=", utq/:=,
Equations (2.2) give a discrete time interpretation of the system ,v., := (A, B, C, D).
The system is called reachable if the columns of the matrix [B, AB, , A"-IB span
the total state space ". (See Sontag (1976) for details.) To the system X a transfer
function
(2.3) W(z) := Wx(z):=C(zI-A)-IB +D

is associated. This is a matrix whose entries are causal rational functions. For a given
transfer function W(z), E (A, B, C, D) is called a realization if (2.3) holds.

Other interpretations of E can be given. Systems over rings can be used to model
systems with parameters, systems with delays, 2-D systems, neutral systems (see Eising
(1980), Hautus and Sontag (1981), E. W. Kamen (1978), Rouchaleau (1972), Sontag
(1976), (1981)). We will give an example below. By a suitable choice of (and
sometimes of g, see Eising (1980, 4.3)) one can accommodate various stability
conditions one wants to impose on the transfer function. Once the ring and the
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denominator set have been chosen, we call a rational function stable if it is in
Y[z]. A (single variable) stable transfer function is an element of [z]. An n x n
matrix A is called a stability matrix if det (z!-A) . Obviously, W(z) is stable if
A is a stability matrix. The converse is not always true, however, for any stable ti’ansfer
function matrix, there exists a (free) realization X which is stable, i.e., for which A is
a stability matrix (see Sontag (1976)).

Let us give some examples of interpretations of systems over rings and particular
choices of denominator sets.

Example 2.4. In the case that Y (the field of real numbers) stability often is
formulated in terms of pole location. Specifically, a set C-__. C is given and a monic
denominator q(z) is in itt it has no zeros outside C-. It is easily seen that , thus
defined, is a denominator set provided C-f’] . [3

Example 2.5. One can model a delay system with delays all multiple of a given
positive real number z by a system over the ring g [cr] of polynomials in or, where
o- stands for the delay operator

crx(t) x(t-r).

The system then will be of the form

(2.6) A(cr)x +B(cr)u, y C(cr)x +D(r)u

where A, B, C, D are polynomial matrices. The systemic significance of the transfer
function

(2.7) W(s, r)=D(cr)+C(cr)(sI-A(cr))-XB(cr)
is described in Sontag (1976). In particular, applying a Laplace transform to (2.6) yields

(2.8) (s) W(s, e-)a(s).

It is well known (see Hale (1977, 7.4)) that X=(A,B, C,D) is (externally) stable
iff W(s, e-) has no pole in Re s -> 0. Thus, here we define

(2.9) := (p [s, r]lp is monic with respect to s and p(s, e -) 0 for Re s => 0}.

When saying p is monic with respect to s we mean that p is of the form

p(s, r) s" +p(r)s"- +" +p,(r)

where p,..., p, R[o,]. It is easily seen that is a denominator set. In order that
the system be internally stable one must require that det (sI-A(cr)) be in . [3

Further examples demonstrating the generality of the stability concept described
here can be given. Compare Datta and Hautus (1981), Eising (1980), Hautus and
Sontag (1981), Kamen (1980).

3. Problem formulation and statement of the main results. First, we give a general
formulation of the decoupling problem. We introduce the i/s-map corresponding to
system (i.e., system (2.2)) by (see Fig. 3.1)

(3.1) W(z):=(zI-A)-B,

so that W CW +D. Let F and G be dynamical systems with dimensions such that
the formula

(3.2) u -F(z )x + G(z )y

is well defined. Then this formula defines a (combined) compensator, which transforms
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+ u

Ws x

FIG. 3.1

into a system E,6 with transfer matrix

(3.3) Wl,O(z) W(z)L,o(z),

where

(3.4) Lv,(z) (I +F(z) Ws(z))-tG(z).
We notice that the same transfer matrix is obtained if one replaces (F, G) by (0, Lv,).
A compensator in which F 0 is called a precompensator. If G is static (no dynamics
in the precompensator part) then we say that (F, G) is pure (dynamic) feedback and
if, in addition, F is static then (F, G) is called a static state feedback. Our objective
is to find a compensator of a specified class (precompensator, pure dynamic feedback,
static feedback) such that the resulting transfer matrix W, is diagonal, in which case
we call the resulting system decoupled. In order to guarantee that each output can
effectively be controlled, we require in addition that the diagonal elements of WF,
be nonzero. This is equivalent to requiring G to be nonsingular. Sometimes one wants
to impose stronger conditions, such as the invertibility (over ) of G (compare Datta
and Hautus (1981)). Finally, assuming that the original system is internally stable, we
try to find (F, G) such that the resulting system is internally stable. Such a compensator
will be called stability preserving. Notice that we do not attempt to stabilize and to
decouple the system simultaneously. Rather, we try to decouple it while maintaining
its stability. If the system is not stable at the outset, it has to be stabilized first and
afterwards one has to design the decoupling compensator. It will follow from the
results of this paper, that one cannot destroy the existence of such a decoupling
compensator when applying the stabilizing feedback. We assume that q/= , i.e., the
number of input and output variables are equal.

It turns out that the problem of decoupling by precompensation or combined
compensation (i.e., no restrictions on F, G) is very simple even if Y is an arbitrary
integral domain.

TI-IEOREM 3.5. In the situation described above, the following statements are
equivalent.

(i) There exists a (stability preserving) decoupling combined compensator (F, G).
(ii) There exists a (stability preserving) decoupling precompensator (0, G).

(iii) W is nonsingular, i.e., det W is not identieally zero.
Proof. (ii) :ff (i) is trivial.
(i) :::), (iii). According to (3.3) we have

det W det Lv,6 det WF,a 0,

since the diagonal elements of WF, are nonzero.
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(iii) =:> (ii). Let adj W denote the adjoint of W (occurring in Cram6r’s rule). Then

W adj W (det W)L

Choose a Y such that z-a @. Then, for sufficiently high k, (z-a)-k adj W G
is causal and stable since the entries of W are stable. Hence, by

W. G (z a)-k (det W)./,

G is a stable decoupling compensator, which has an internally stable realization. If
G is internally stable, then the total realization is internally stable. [3

The condition for the existence of pure feedback decoupling compensators is
more involved. To formulate it we need some notation. We write

(3.6) W(z)

where wi(z) denotes the ith row of W. Let di(z) denote a GCD over of the entries
of wi(z). Such a GCD exists because is a UFD. An explicit construction of such a
GCD is given in Lemma 3.11. We can write w dw* for suitable w* with entries
in . Hence

(3.7) W(z A(z) W*(z ),

where A(z)=diag(dl,...,d,,) and W* is the matrix consisting of the rows,
W ,’’’,Wm.

Now.. we are in the position to formulate the main result of this paper.
THEOREM 3.8. Let , be a reachable, internally stable system with respect to the

denominator set @. Then the following statements are equivalent"
(i) can be decoupled by a stability preserving static state feedback with G

invertible over .
(ii) Y_, can be decoupled by a stability preserving, stable dynamic state feedback

with G invertible over (and F(z) stable).
(iii) Y., can be decoupled by a stable precompensator L which is invertible over .
(iv) W*, as given in (3.7), is invertible over .
The proof of this result will be given in 5.
in the theorem it is assumed that the gain matrix G is invertible, although this

is not necessary in the original problem formulation: G nonsingular would do. It is
possible to generalize the theorem to this more general case, but the formulation
becomes more involved. There are two remarkable consequences of Theorem 3.8,
already noted for systems over fields in Hautus and Heymann (1980), (1983). In
the first place, if decoupling is possible by dynamic state feedback, it is also possible
by static feedback. In the second place, the condition for the existence of a decoupling
state feedback does not depend on the realization, provided the realization is reachable
(for systems over fields this latter restriction is not necessary).

The GCD’s used in defining W* are not unique and consequently so is not W*
itself. However, the invertibility of W* is independent of the particular choice of the
GCD’s, as easily can be seen. The condition on W* can be checked by computing
w(z) =det W* and checking whether (w(z))-l . Whether this condition can be
verified effectively depends on . In the particular case that @ 0, the set of all
monic polynomials, the condition (w(z))-6 o can be checked very easily. To this
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extent, expand w(z) in powers of z -x,
W (Z) WO q- WIZ

-1 -[- W2Z -2’’[-"

and (w(z))-1 o iff w0 is invertible over Y. It is even not necessary to compute w(z).
COROLLARY 3.9. If 0 in Theorem 3.8 and if W* is expanded as

W*(z) W*o + W’z- +...

then the condition (iv) of Theorem 3.8 may be replaced by" W*o is invertible over gt.

When restricted to the case that Y is a field, this is exactly the condition given
in Falb and Wolovich (1967).

Although the particular choice of the GCD’s used in the definition of W* is of
no relevance for condition (iv) of Theorem 3.8, it will turn out that for the actual
construction of a decoupling feedback it is imperative that the GCD’s satisfy an
additional condition. To express this condition we use the notation (p, q l[z]) for
the GCD’s of elements in Y[z].

DEFINITION 3.10. Let wl,’.’,w,,. A GCD d of Wl,"’,w,, is called
admissible if there exist polynomials q and p such that pd and qwi/pd, 1,..., m
are polynomials, and (p, qlY[z]) 1.

The existence and the construction of an admissible GCD is guaranteed by the
following result.

LEMMA 3.11. Let wx,’’’, Wm and let q be a least common denominator of
Wl,..’, w,,. Define fii:=qwi and let v := (,61,.." ,/,,lY[z]). Finally, write pi:=ffi/V.
Choose a e such that z-ae and define lz :=min{degq-degpili=l,...,m}.
Then

d:=v .(z-a)-*"

is an admissible GCD of Wx, ", w,,.
For a proof see 5. The lemma provides us with an actual construction of an

admissible GCD, at least if we have an algorithm for computing GCD’s in Y[z]. This
is for instance the case when Y Rio,I, see Bose (1976).

Now we can specify Theorem 3.8"
PROPOSITXON 3.12. If the elements di used in the construction of W* are admissible

GCD’s of wi then there exists a static feedback (F, G) such that Lv. W*-I.
For a proof see 5.
Once it has been proved that a given precompensator L can be implemented by

a (static) feedback (F, G), the actual computation of F and G is straightforward. Let
us start from L-1, rather than L (recall that L-1 W*). The relation L-1 Lv,-l reads

G-I(I +FWs)=L-1 =Mo+MlZ -1 +...,

where we have expanded L-1 into powers of z -1. Invertibility of L-1 over implies
that M0 is invertible. Since Ws is strictly causal we must have

(3.13) G =M1.
Then it follows that GL-I=I=: V(z) is strictly causal and the map F has to be
computed from

FW, (z V(z ).

On substitution of W (zI-A)-IB into this equation and expanding both sides as
a series in z -x, one obtains

(3.14) F[B, AB,... ,A"-IB]=[V1, V2,..., V,],
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where we have used the expansion V(z) Vlz -1 + V2z -2 +. .. Because of reachabil-
ity, the map [B, AB,...,A"-IB] has a right inverse and hence F can be solved
uniquely from (3.14).

Notice that the maps F and G are uniquely determined by L. In particular, the
stability-preservation property of (F, G) is automatically guaranteed by the invertibility
of W* over .

4. Examples.
Example 4.1. Consider the system ’= (A, B, C, D) over [cr], where

B= C
-or2+cr+1 cr

D=0.

Suppose that o. It is easily seen that E is reachable. The transfer matrix has the
following expansion

W(z CBz -1 + CABz -2 +.

--[ltr tr+ll] _1 [lz+ 2tr ] -2

cr+l 20.2+0._ 1
z

2o"
+ 2o.2+o._1

2o’2-o"+1] -3

20"3+2 z +" ’.

The system can be decoupled by state feedback since W0* [ +1] is invertible.
According to (3.13), we have

Furthermore, F has to be computed from (3.14), where V is the coefficient of z
in the expansion of W*o- W(z). (Notice that W*(z)= z -1W(z).) It follows that

F[0 1 1 tr-1] [01 tr+l tr+l o’2-1]1 tr tr 0"2+ 1 o’- 1 o’- 1 0"2-O"+2

-i-1

Equating the first two columns we obtain

The transfer function of the resulting system is z-lL
Example 4.2. The purpose of this example is to show that the reachability

condition in Theorem 3.8 is essential. Let N[o-], N No

The system is not reachable, since
2

0

and hence all reachable vectors have to be divisible by tr. The transfer function is

z(z -o’) z -o"



DECOUPLING OF MULTIVARIABLE CONTROL SYSTEMS 35

Following the procedure described at the beginning of this section we obtain

W* Wo* +...toO" Z--

0 1

where

W’ =I

is invertible. We show that, nevertheless, decoupling by dynamic state feedback is
impossible. Suppose that (F, G) is a dynamic state feedback decoupling the system.
Then W(I+FW)-IG=A for some diagonal matrix A (recall that W= Ws).
Equivalently,

(4.3) W AG-I(I +FW).

Expanding the matrices D, W, F in powers of z -1 we have

W Wlz -1 + W:zz -z +. .,
A =Do+DlZ-l+D:z-2+...,
F Fo +Flz -1 +" ,

where
2

Substitution into (4.3) yields

Wlz- + W2z-2 + (Do+Dlz- +" ")G-I(I + (Fo+’’ ")(Wlz- +" ")).

The coefficients of Zo yields: D0=0, and of z -" W1 =D:G- hence trG =D. In
particular, G is diagonal. Finally, equating the coefficients of z- we obtain

Wz DG-1FoW+D2G- o-2Fo +D2G-1.

The matrix D2G-1 is diagonal and hence 2
r F0,2 tr. which has no solution in [r].

Further examples can be found in Datta and Hautus (1981).

5. Proofs.
ProofofLemma 2.1. It is well known that [z] is a UFD if is a multiplicative

set (see Samuel (1969, Thm. 4, p. 29)). We define an isomorphism which maps
onto l[z] for some @1. The isomorphism is

q" r(z)->(z):=r a +

defined on (z), where a is chosen such that z-a , and

1 :={z(z)lp e , n degp}.

@1 is easily seen to be a multiplicative set in 9[z]. The map q is invertible, and
q r(z) r((z- a)- The homomorphism properties are readily verified. It remains

-1to be shown that q maps into l[z] and q maps [z] into .
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Let r p/q . Then

z"(z)

where n deg q. Notice that because of the causality of r, the numerator z"ff(z) is a
polynomial. Conversely, let r l[z], say

p(z)
r(z)

z 4(z)

for some q with deg q n. Then

_, (z._-__a.)"p( 1 )o r(z)=
q(z) \z-a

since (z -a)-1 and hence p((z -a)-), and q and hence (z-a)"/q(z).
Since l[z is a UFD and isomorphic to , it follows that

Remark. need not be a denominator set, in particular, the elements of
need not be monic.

Remark. The isomorphism q is a standard device for transferring properties
known about quotient rings to rings of causal quotients (Eising (1980, 4.2), Hautus
and Sontag (1980)).

ProofofLemma 3.11. Because of the assumption that g is a unique factorization
domain, the ring g[z] is also a unique factorization domain (see Barshay (1969, Thm.
4.7)). Let us denote by the set of polynomials v of the form v uw, where u is a
unit and w. If v is any polynomial in [z], we can factorize it into primes
v p Pro. As a consequence, we can decompose v into v v/v where v is the
product of the prime factors of v which are in and v

/ consists of the other factors.
Except for unit factors this decomposition is unique. If we insist on a unique decomposi-
tion we can achieve this by requiring that v- be monic. We call v- the -part and
+v the non- part of v. The following results follow easily from this definition.

PROPOSITION 5.1.
(i) (ab )/ a/b /, (ab )- a-b-

(ii) p[q (in [z ]) iff p/[q/ and p-[q-.
+(iii) (GCD (v,..., v,))/=GCD (v,..., v,).

(iv) Ifp , q lP then q .
In view of the saturation condition imposed on , property (iv) follows from the

fact that divisors of elements of are monic up to a unit factor.
After this preparation we are in the position to prove that d := v(z-a)- is an

admissible GCD of w1,. ., w,, over . In the first place d is a divisor of w,..., w,
because (recall that wi =piv/q)

Wi pit)(Z a)U
pi(z -a)",

d qv q

since q and/z +deg pi =<deg q. Now let dt be also a divisor of wt,..., Win. We
have to show that d/d1 , Let dl a/, wi/d =: a b/ci, with fl, c

We notice that

bi
Wi aidl ,c q
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and hence

qob i,Bci.

+b?Taking the non- part we obtain a /?. This shows that a/l/ in g[z]. Observing
that v is a GCD of the/i’s and hence v + is a GCD of the/’s, we conclude that
a +Iv +, say v + ya + with y g [z ]. It follows that

d flv /33,v
e[z]=a(z-a) ot-(z-a)

since the denominator is in . It remains to be shown that d/d1 is causal. Choose
such that deg q deg pi + Ix (recall the definition of Ix). Then we have that

d d wi

dl Wi dl
v q

(z-a)

is causal, since ai is. It follows that d is a GCD of wl,., ’, w,,. Finally, we show that
d is admissible. We choose p (z- a)", and q as already defined. Then pd v is a
polynomial and pd and q are coprime. In addition, qwi/pd- pi is also a polynomial.
This completes the proof.

Proof of Theorem 3.8 (and Proposition 3.12).
(i) =), (ii) is evident.

(ii) :=> (iii). If (F, G) is a stability preserving, stable dynamic state feedback and if
G is invertible, then, according to (3.3), W is decoupled also by the precompensator
LF, defined by (3.4). It remains to be shown that the entries of LF. are in and
that LF, is invertible over . It is easily seen that Lv. is invertible as a rational

--1matrix and that Lr, G-I(I +FWs) has entries in . So, only the stability of
itself has to be shown. By assumption, the resulting system is internally stable. This
implies that the matrix V WsLF, is stable. Since

it follows that

(I +FWs)-I I -FWs (I +FWs)-1

LF.C G -FV

is stable.
(iii)::> (iv). Suppose that for some nonsingular diagonal matrix E

diag (el,’’’, e,,) we have W EL, where L is a matrix invertible over . The first
row of this matrix equation reads

[w11, wlm]=el[111, 11,,,],

which implies that el is a divisor of wl =[w11, ", wl,,]. Since di is a GCD of wl it
follows that el divides dl, i.e., dl hie1 for some hi s . Similar results hold for the
other rows, so that we can write A EH where H diag (h 1, ", h,). It follows that

EL W AW* EHW*

and hence L HW*. Therefore W*-1 HL-1 is causal and stable. (The nonsingularity
of the matrices involved is obvious).

(iv) ::> (i). If W* is invertible we define L W*-1, and formula (3.7) reads

WL A.
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Hence, the system is decoupled by the precompensator L which is a matrix over ,
hence causal and stable. We have to show that F and G exist such that L LF, (see
(3.4)). To this extent, we formulate a generalization to systems over of a result
given for systems over a field in Hautus and Heymann (1978). The result in question
is:

THEOREM 5.2. Let (A, B, C, D) denote a reachable system and L be a bicausal
isomorphism (i.e., causal and with a causal inverse). Then there exists a static state

feedback compensator (F, G), with G invertible, and L LI, iff for each polynomial
u "[z] we have: If Wsu is polynomial then L-lu is polynomial.

The proof of this result is completely analogous to the proof in the field case, so
it will not be repeated here. Contrary to the field case, however, the reachability of
the system is essential. (A counterexample in the nonreachable case can be deduced
from Example 4.2.) In order to apply the theorem to our L, we have to prove that
L-lu W*u is polynomial whenever u and Wsu are polynomial. We show that the
following stronger statement: u and Wu are polynomial implies W*u is polynomial
holds, provided W* is constructed via admissible GCD’s. (This will also prove Proposi-
tion 3.12.) Let us assume that Wu is polynomial. The first entry of this vector is wlu,

which is a polynomial. Let dl be an admissible GCD of w, and let w’ d-(lw. We
have to show that W*lU is polynomial. According to Definition 3.10, there exist
polynomials p and q such that a := pd and v/a, where v := qw are polynomials and
(a, ql[z]) 1. Since wlu =q-Xvxu is polynomial we have qlv u. Also, alvxu, since
u and v x/a are polynomial. Hence qalvu, q and a being coprime. But this means
that w*u=d-Xwxu (qa)-Xvxup is polynomial. The same argument applies to each
row. This shows that L can be realized by state feedback. It remains to be shown that
the resulting system is internally stable. Since W,v., the i/s-map which results after
feedback is applied, is equal to WLF,o and hence stable, the desired result follows from:

LEMMA 5.3. Let W, (zI-A)-IB be a reachable i/s-map. Then W is stable iff
det (zI-A).

Proof. Since (zI-A)-l=adj (zI-A)/det (zI-A), the "if" part is obvious. To
prove the "only-if" part we note that because of the reachability of (A, B), there exist
polynomial matrices P(z) and Q(z) such that

(zI -A)P(z +BO(z I

(see Khargonekar and Sontag (1981, Lemma 3.2)). It follows that

(zI-A)-=P(z)+ W(z)Q(z)

is stable whenever Ws(z) is. But then also det (zI-A)-a= 1/det (zI-A) is stable,
and hence det (zI-A) (since is saturated).

Acknowledgment. K. B. Datta is grateful to the Eindhoven University of Tech-
nology, Department of Mathematics for offering him a Research Fellowship during
the tenure of which he worked on the problem reported here.
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SOLVABLE APPROXIMATIONS TO CONTROL SYSTEMS*

P. E. CROUCHt

Abstract. This paper is concerned with extending certain results of Rothschild and Stein [Acta. Math.,
137 (1976), pp. 247-320] and Goodman [Lecture Notes in Mathematics 562, Springer-Verlag, New York,
1976], in which a finite set of vector fields gl, , g,, are lifted to vector fields approximated by generators
of a free nilpotent Lie algebra. We wish to add a vector field f, to the set gl, ",g,,, and lift these vector
fields to ones on a finite dimensional vector space V, approximated by generators F, G1,..., G,, of a
solvable Lie algebra, in which adiF(G) generate a nilpotent, but not free, ideal. This procedure is
accomplished in the context of a nonlinear control system, with outputs, in which f vanishes at the initial
state, and in such a way that the output functions lift to the state space V, to define a system whose input
output map is the same as the original system. The approximating system is obtained fror a suitable
realization of a truncation of the Volterra series expansion of the input output map. Such systems, with
finite Volterra series, naturally exhibit the required Lie algebra structure.

Key words, approximation, graded Lie algebra, nilpotent, solvable, control systems, nonlinear

1. Introduction.
1.1. There have been several accounts in recent years of lifting a finite set of

vector fields on a manifold M to a manifold M x, in which the new vector fields
are approximated in a precise sense by generators of a free, and hence graded, nilpotent
Lie algebra N, whose underlying vector space is diffeomorphic, on some neighborhood
of 0 N, to some neighborhood of p 0 M l" (see Rothschild and Stein [1] and
Goodman [2]). These ideas reinforced similar ideas expressed earlier in Krener [12],
in the context of a nonlinear control system

(1) "-f(x)+ E Uigi(X), X(0)-’X0, X sM,
i=1

where f, g1," ", g,, are vector fields on a manifold M and all data is either smooth
or real analytic. However, in Krener [12], and later Hermes 13] and Sussmann [4],
approximating vector fields generating a nilpotent Lie algebra are constructed, and
the lifting procedure is ignored. Another lifting procedure will be described in
Krener [9].

The work in Hermes [3] and Sussmann I-4] is in part devoted to applying these
approximation procedures to obtain sufficient conditions for local controllability about
a state Xo for which f(xo)= 0. It seems that in this and other applications such as
optimal control, vector fields in the set S ={adf(gi) f >=O, 1 <=i <=m} (adf(g)=[f, g]
being the Lie bracket) play an equal role. The conditions for local controllability in
13] and 14] are expressed in terms of S and its brackets. On the other hand f plays
a role distinct from the vector fields in S, and can be viewed as the endomorphism
adf:S --.> S. The papers [12], 14] and [3] all ignore this distinction, and the methods of
Rothschild, Stein and Goodman do not directly apply to infinite sets of vector fields
such as S.

The goal of this paper is to present a method by which we may extend the lifting
procedure in Rothschild, Stein and Goodman to the infinite set S, and at the same
time clarify the distinct roles played by f and the set S. This is accomplished by
introducing a wider class of approximating systems, having a solvable but not

Received by the editors August 16, 1982, and in revised form February 10, 1983. This work was
supported in part by the Office of Naval Research under grant N00014-75-C-0648, while the author was
on leave in the Division of Applied Sciences, Harvard University, Cambridge, Massachusetts.

Department of Engineering, University of Warwick, Coventry, England CV4 7AL.
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necessarily nilpotent Lie algebra, and demonstrating the lifting procedure in the
context of an input-output system, (i.e. a system (1) with a finite set of outputs
yi hi(x)), as in the original paper by Krener [12]. We pay special attention to the
process by which the approximating system is constructed and related to the original
system. This enables the dimension of the state space for the approximating system
to be reduced, and allows us to define the lifted system on the same state space.
Although this does not enable the conditions for local controllability given in [3] and
[4] to be improved, it should be useful in providing insight into future problems
requiring the lifting and approximation techniques.

To be more specific we shall denote the lifted system by

(2) z" =F’(z)+ Y uiG’(z), z V, z(0)=0
i=1

where V is a finite dimensional vector space. The requirements for a lifted system,
as proposed by the author, besides the existence of a map 0" V-->M locally carrying
trajectories of (2) onto corresponding trajectories of (1), are that

F’=F+, G =Gi+i, l<=i<-m

whereF and G are approximations to F’ and G such that the Lie algebraN generated
by adJF(Gi), >=0, 1 <=i <=m is nilpotent, but not necessarily free, and transitive on
V. Further, both V and N should have compatible graded structures, so that the
gradation of N

K

N= N
i=1

is defined by Na=Span{adiF(G), j>-O,, l<=/<_-m}, Ni=Span{i-1 iterated Lie
brackets of elements in N1}, and is also described byN {X N;X is a homogeneous
vector field with polynomial coefficients on V, of degree i, with respect to the graded
structure on V}. (The precise definitions will be given in 1.2.) This latter property
ensures that in the case f(xo)--0, F(0) 0, we may express the approximating system

2 =F(z)+ uiGi(z), z V
i=1

by the system of equations

.1 V A1z1

(3) 2 [ A2z2+a2(z1). +
i=1

ui

[Agz + aK(Z 1" ZK-1

bil
biz(z)

iK (Z ZK-1
K

where the gradation of V Zi=I( V/, is expressed in the given basis, by

Zt--’(Z ZK Z e V, z e Vi

and the homogeneity conditions give for 0 <

t’a,(z Zr-a) ar(tz t-azr-a),
(4)

tr-abi,(Z Zr-1)

We now make some observations on these requirements. The transitivity and nilpotent
structure of N, ensure that N is a finite dimensional Lie algebra before any polynomial



42 P.E. CROUCH

structure is assumed,see [5, Lemma 3.3]; indeed, the polynomial structure of equations
(3) can be deduced from these facts, as in Crouch [5]. The Lie algebra L generated
by F, G1," "’, G,, is clearly solvable, since N is nilpotent. Thus, whereas Rothschild,
Stein and Goodman, lift a finite set of vector fields to ones approximated by generators
of a free nilpotent Lie algebra, here f, gl, , g,, are lifted to vector fields approxi-
mated by a solvable Lie algebra, with a codimension 1, graded, but not necessarily
free, nilpotent ideal N.

The process by which one creates such a finite dimensional nilpotent Lie algebra
N from an abstract, infinite dimensional, free nilpotent Lie algebra N, of step length
K < co, requires the introduction of linear relations, which at the same time preserve
the natural gradation on N. In this paper we will introduce these relations by
constructing particular realizations of the truncated Volterra series, obtained from
the input-output system (1), which have the desired Lie algebra structure. Clearly we
are also interested in minimizing the state space dimension of these realizations, since
this determines the dimension of the state space of the lifted system, and hence our
ability to understand the complexity of thelifting map .

The most important observation concerns the fact that we do not require the
underlying vector space of N to be isomorphic to V, as is the case in Rothschild,
Stein and Goodman. That is, if is the Lie group associated with N, and its action
on V, then V may be regarded as a homogeneous space of At, or more precisely, the
tangent space to the homogeneous space, at the point at which acts. Such actions,
and associated gradations on V, have been studied in the context of realizations of
finite Volterra series in Crouch [5].

We consider here an example where we realize a Lie algebra in three inequivalent
ways as vector fields, on particular vector spaces, demonstrating the possibilities and
complexity of the situation just described for the approximating system. Assume that
a Lie algebra consists of the independent vectors

f, g, If, g], [[f,g],g],

where all other brackets generated by and g are zero. Consider the following three
systems"

(a) =u, f=z O O

Oz--3’ g
Oz 1’

(b) 21=u, f=(z q-Zl)
19 __,

,9z--4 g
Oz 1’

,4 Z "+’Zl,

+z21 g =;(C) Z" /2, f Z 10Z2 {gZ 3’ OZ

For all three systems the Lie algebra generated by f, and g is isomorphic to the one
described above. The state space of each system has a gradation, agreeing with the
structure defined in (3) and (4) only in cases (a) and (c). The Lie algebra N generated
by g, If, g], [If, g], g] is transitive on the state space in each case; in cases (a) and (b)
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the state space is isomorphic to the tangent space of the homogeneous space obtained
from the action of the Lie transformation group corresponding to N; and only in
case (c) is the state space isomorphic to the tangent space of oK, i.e.N.

Note also that the maps

(Z1, Z2, Z3)b-’>(Z1, Z4), Z4-" Z2"I-Z3,

(Zl, Z2, Z3)-"(Zl, Z3)

enable systems (b) and (a) to be lifted to system (c), respectively. It is also apparent
from Krener [6] that the two systems (a) and (b) are not equivalent by diffeomorphism
of the state space.

Finally, in this paper we shall restrict attention to the case where f(xo)= 0, in (1),
although the methods used are capable of generalization in the case f(xo) O, under
suitably strong hypotheses.

1.2. Preliminaries. In this section we introduce some terminology concerning
graded structures; for more details see [1] or [2].

Let V =iK__l V be a finite dimensional graded vector space, and define a
dilation 6t" V V, > 0 by

,,(v, v:) (tv,

where v’= (v ],.. , v :) is the graded decomposition of v V.
Let/-/. be the space of homogeneous polynomials of order/" on V,

H,.={P,tp=po,,}, H,. n0, ’<0.
Let Ci be the space of smooth functions on V which vanish to homogeneous

order/" in some neighborhood of 0 V,

C {f, f(v) O([v]i)},
where I" [is a homogeneous norm on V, 18,(v)l tlvl, . Co for ] < O.

A differential operator and, in particular, a vector field X on V, is said to be of
(local) degree _-<m if X(h) e C_,, for each h e C., V _-> O.

A vector field X, with polynomial coefficients, on V is said to be homogeneous
of degree m, if X(h) tt_, for each h e/-/., Y. _-> O, or in other words

X(h 6,)= t"X(h )o

Let L,, denote the vector space ot vector fields of degree <_-m, and let O,, denote
the vector space of vector fields of homogeneous degree m. Then

() [Ln, L,,] c Ln+,,, [O,, O,] c On+,,, Ln On (Ln-1.
We denote by a commutator in vector fields X1,... ,X,, oo=>n->0, a finite

sequence of iterated Lie brackets of vector X,. ., Xn, in some order.
Frequently we will want to associate a pseudo degree to a collection of differential

operators, which reduces to degree for operators on a graded vector space. We do
this by introducing the notion of weight. In this paper the vector fields f(F) will be
given the weight 0, and the vector fields gi(Gi) will be given the weight 1.

A differential operator d(D) formed from a finite composition of vector fields
f(F), gi(G) will have weight w(d)(w(D)) equal to the sum of the weights of the
constituent vector fields, and a linear sum of such operators, each of weight m, will
be said to have weight m. In particular, a commutator will have weight equal to the
sum of the weights of the constituent vector fields. We say a differential operator
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d(D) has weight w (d) _<- m (w (D) _<- m in X1, , X.. if it is a linear sum of differential
operators each of weight -<_m, formed by composing the vector fields X1, ,

In this paper we shall consider the following nonlinear input-output system:

i =f(x)+ E ug(x), x(0)=x0, x" =M,
i=1

(6)
Yi hi(x), 1 <-i <=p.

We shall also assume f(Xo) 0, and that the data is smooth, or real analytic. Since
we are dealing with an input-output system, and local questions only, there is no harm
in assumingM R"; however, some of our constructions do depend on fixing a system
of coordinates for the system (unlike the lifting procedures in [1] and [2]).

The Volterra series representation of the input-output map defined by (6) is given
by the series

(t) + E w(t, rl)Ui(ra) +’."yi(t)=Wo

I Io Ior
O’K)(7) + X "(t, ...

h,""

uh()"" u()d""d+’".

For analytic data, the series converges uniformly and absolutely on arbitrary time
intervals for the L norm of u suitably small, and such that the solution of the
uncontrolled system exists; for smooth data the series may be viewed as a Taylor
series, cf. Krener and Lesiak [7] and Brockett 10].

We denote by the Kth order truncated Volterra series, the Volterra series obtained
by truncating the series (7), after terms involving K iterated integrals of the controls.
We set (t, x)T(t)(x), to be the flow of [ (restricted to a suitable domain where it
is defined) and set g()(x)= W(-).g(W()(x)). From [7] we obtain the following
structure formulas for the Volterra kernels:

o

() "(, 1,’’., )=(-0((0(Xo))(... (-t)(,)...)
()(x0)(... (1)(,o ()) .).

1.3. Results. In 2 we will use the methods of Crouch [5], [8], to construct
realizations of truncated Volterra series which have the required properties as
expressed by the following theorem.

THEOREM 1. Given a smooth (analytic) system (6) ith [(Xo) 0 and commutators
o[ eight K in [g g wanning T, then there exists a system on a graded
vector space V = , denoted by

=F(z)+ X uG(z), z V, z(0)=0, F(0)=0,
=1

H(z),

and a smooth (analytic) submemion $" U here and U are neighborhoods o[
O, and Xo in V andM respectively, satis[ying $(0) =x0, and

(a) The input-output map dened by (9) is the Kth order truncated Volterra series
obtained [rom the Vo#erra series o[ system (6).
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(b) adiF(G)j >= 0, 1 <= <- m, generates a graded nilpotent algebra, N i Ni, F
being homogeneous of degree 0 and G1,..., G,, being homogeneous of degree 1 with
respect to the graded structure on V. N is spanned by the elements of N which are
homogeneous of degree f.

(c) N acts transitively on V. If the underlying vector space ofN is not isomorphic
to V, so that dim (N)> dim (V), then we may replace system (9) by a system with the
same properties, and such that the underlying vector space ofN is isomorphic to V.

(d) D (ho @)] =o d(h)o @ ] =o,

DF(ho )1 =o df(h )o 0 [ =o

for smooth h, and a differential operator d of weight <-_K in adif(gi), />-O, 1 <-i <= m,
andD the corresponding operator obtained by replacingf,
respectively.

(e) In particular, d/.:ToV-TxoM, maps commutators (of weight <=K) in
F, G1, ", G,, onto corresponding commutators in f, gx, .,

In 3 we follow some arguments of Goodman [2] to construct the required lifted
vector fields, replacing the "partial homomorphism" of Goodman, by the map 4t of
Theorem 1 and obtain the following result.

THEOREM 2. Under the conditions and notation ofTheorem 1, them exists a smooth
(analytic) system defined on a possibly smaller neighborhood W c I, and represented
by

(lO)
" =F’(z)+ uG(z), z Wc V, z(0)=0, F’(0)=0,

i=1

’(z),yi =Hi

satisfying
(a) The input-output map defined by system (1 O) is the same as that of system (6).

(b) 4,F’ f #, #.G =gi , l<_i<=m,

HI =ho#, l<-i<-p, on W.

(c) F’=F+F, Gg Gi + (, l<-i<-m,

H =H+/-, l <- <- p, on W,

where 1 has local degree <=-1, ra, r,, have local degree <-0, and I-TI vanishes to
homogeneous order K + 1, with respect to the graded structure on V.

(d) IfX is the commutator of weight m <K in F’, G’1, G,,, and X is the
corresponding commutator obtained by replacing F’, G’I,"’,
respectively, then X Xi rood vector fields of local degrees <=m 1.

(e) In particular, commutators of weight <=K in F’, G’I, , G’ span To V.

2. Theorem 1.
2.1. Graded realizations of truncated Volterra series. In this section we use the

results of Crouch 1-8] to construct the initial realization of the Kth order truncated
Volterra series on a graded vector space.

We let e" R =M-R, be the ith coordinate function, and apply these outputs
successively to system (6), to obtain a Volterra series expansion of the state of



46 P.E. CROUCH

system (6). In particular, we set

i io io &,,(O" t)(X)( gjl(0"l t)(e)ei(z,, (t)(x ))

()
U]n(O’tl)’’" U1(O’1)do’""" dtr,,

and obtain time varying vector fields z(t)(x)e TxM, l<=i <=K. As shown in Crouch
[8], we may simultaneously realize (z(t)(x) as solutions of the partial differential
equations

(12)
Oz2/O -adf(z)+F2(x)(zl) + ui

// i=1

LOz./od L-adf(zr,)’+Fr,(x)(z, zr-, Gr,(x)(z zr_

zi(O)(x):O liK.

Here F(x), Gi(x) are multilinear maps formed from derivatives of f, and gi, and
evaluated at x. Moreover, there exist multilinear maps Hi(x):"r , formed from
derivatives of hi at x, such that the output functions

(3) i(t) Hi(Tf(t)(Xo))(z l(t)(r(t)(Xo)) Zk(t)(w(t)(Xo)))

together with the system of equations (12) realize the kth order truncated Volterra
series obtained from system (6).

We may turn the equations (12) into a set of ordinary differential equations
depending on x by setting zi =iai(t).(x), where Xi is a basis for TxM in some
neighborhood of Xo. Setting x yr(t)(Xo) we obtain a set of time varying ordinary
differential equations, which with a suitable definition of output function realize the
Kth order truncated Volterra series. However, in this paper we restrict attention to
the case where f(Xo) O, so yr(t)(x0) Xo, and -adfzi(t)(Xo) (df/dx)(xo)zi(t)(Xo).
We may now consider (12) as ordinary differential equations in the state x2

X[ (Z ,’’’, Z), zi(t) Zi(t)(Xo).

We shall write the resulting autonomous equations in the form

2=f2(X2) + uig2i(X2) X2(0)=0 X
0
2, x2g2,

i=l

4)
i =h2i(x2),

where M "r and f(0) 0, and introduce a map :M2 M, defined by

tl(X2) Xo -- Z -[-" -1" ZK.

Clearly Ol(x2(t)) is the Kth order truncated Volterra series for the state of system
(6). If we note the alternative descriptions of the Volterra kernels given in (8), it

follows that for 1 -<_ n _-< K, 1 _-</’g _-< m, tri, R.

(15)
g2i. (O’n)(g2.-t(O’n-1) g2h(’l)(ei 1 yr_(t))

gi.(o.,,l(gi._,(o.,,_).., gh(crel(e Tr(t))’’"

where g2i(tr)(X2) have the same definition as g.(tr)(x). Clearly we may replace ei by

arbitrary smooth functions on ME.
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Using the dilation 6s "M2 -> M2 defined by 6s(Z 1, ZK) ($Z 1, SKZK), $ ) 0,
on the graded space M2 ff=l@ Rn, equation (11) shows that system (14) satisfies

--dt6x2=f2(6sx2)+ g2i(6sx2)(sui), 6sx 2 =x =0.
i=1

It therefore follows that for smooth h

[(h) , =f.(h ,), sg,(h)o g,(h ).

In particular, with respect to the graded structure on M2, f2, gzl, , gz,,, are vector
fields of homogeneous degree 0 and 1 respectively. It now follows that the Lie algebra
Lz generated by fz, gz, , gzm is solvable and contains a finite dimensional nilpotent
ideal Na which has a graded structure, defined by the degree of the vector fields. This
completes the first part of the procedure for obtaining the approximating system.
Although the realization has a Lie algebra with the required structure, it may not be
transitive on its state space.

2.2. Proof of Theorem 1. In this section we restrict the system (14) to its orbit
through the initial state, to obtain a system on a homogeneous space, and then further
lift the system to one on a Lie group. We then express both systems in canonical
coordinates of the second kind using techniques of Crouch [5] to complete the proof
of Theorem 1.

Clearly we may obtain a system from that in (14), in which the Lie algebra L of
the system is transitive on the state space, by restricting the system (14) to the maximal
connected integral submanifold M3, through x 2 defined by L2, since Lz is comprised
of analytic vector fields. Let tz:M3-->M2 be the inclusion map. The induced system
on M3 will be written as

(16)
i=[(x)+ E u,g,(x),

i=1
x(O) =x, /(x) o,

i h2i 2(x3), x3 M3.
Clearly the Lie algebra L generated by f3 and g3,""", g3m is a homomorphic

image of L2 and so has a codimension one ideal N generated by adf3g3i, f>-O,
1 =< =< m. However, it is not clear that N has the graded structure of N2.

LEMMA 1. N is graded with gradation defined by the weight of commutators.
Proof. Let Nil -<-] <-K be the subspace of N spanned by commutators of weight

equal to ]. To say that N is not graded by the weight of commutators is equivalent
to postulating the existence of an element X N such that X is a linear combination
of elements in subspaces N, ] # I. We note that N(x)fqN(x)={0} for ] # i, where
N (x 3) is the subspace of ToM3 spanned by elements ofNi; since viewed as subspaces
of TM2, N (x) coincides with the span at x, of commutators of weight/’, and hence
degree/’, in f, g2x," ", g2,,.

We define a filtration on N. Let No be the subalgebra of N which vanishes at x3
and define N-1 by

N_a {X X e No, [X, N] e No}

and inductively define N_ by

N_, ={X;X e N_,+, [... IX, N]... N] e N0}

brackets
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The Jacobi identity ensures that each N-i is a subalgebra of N, and the finite dimension-
ality of N ensures that the sequence is finite

The sequence may end in either of two ways. Either N-r-1 {0}, or IN-r--l, N]
so that N-r-2 N-r-1. In the latter case N-r- is an ideal in N contained in No, and
so N-r-1 consists of zero vector fields on M3. Thus we may assume that N-t-1 {0}.
If No N_I then No is an ideal in N and M3 is a connected Lie group with Lie algebra
N. Note also that IN, N_i c N-i/xi 1, , r.

Denote the subspace of N spanned by NJf by )Q. We now have a sequence
of subspaces for each l.

l N-rlN-r+l ’" .lNol.
Let X, 1,..., n be a basis of V_, and complete this with elements

r--1X 1, , n_ to a basis for N-+I, and proceed by induction to define a
basis for t N0 by completing a basis for N_ to a basis for N_+ with
elementsX-, 1, n_x. Finally, complete this basis to a basis forl by elements
,i=l,...,n.

By assumption we may write

for suitable a ,, a $. Evaluating this expression at x gives X(x) E, a(x), since
all other terms vanish at x . If X(x) # 0, we obtain a contradiction

N (x)DX(x)= Ei(x)l(x).

us X(x)= O, and since X are linearly independent in tlNo we deduce
a O, 1,. ., n. We now take the Lie bracket of the remaining expression for X
with an element Y N, to obtain

0- 0IX, Y]=Zai [X, Y]+" "-+oli[Xi, Y].

Evaluating this expression at x 30 we obtain

[X, Y](x Z a [X, Y](x ).

If [X, Y](x) 0 then we obtain a contradiction

N’+"(x)[X, Y](x)=Y:a[X?, Y](x)l’+m(x).
o 0 ][lThus YX eN_ since YeN’%n=l,...,k, spanN. However, X are

linearly independent in r No\ N_ so a o 0, 1,. ., no. It follows that

X Ol. X t-.. -t- ol Xi"

Proceeding by a simple induction argument in which X is assumed to be a sum of
terms of weight ->K and using the same arguments as above we deduce X 0, and
that N is graded by the weight of commutators. [3

The Lie algebra L of system (16) now has the required graded Lie algebra
structure. We now show that we may view the state space as a graded vector space,
with f3 and g31,’ ", g3m being represented as vector fields of degree 0 and 1 respec-
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tively. First observe that if are the coordinate functions on the vector space M2,
then system (14), with outputs y d(x2), defines an observable system with a finite
Volterra series. Therefore systems (16), with outputs 3 2(x3), defines an observ-
able and strongly accessible system on M3, with finite Volterra series. By Crouch [5,
Lemma 4.1, Thm. 3.7] we see that the state space M3 is diffeomorphic to a vector
space V, and in fact V may be viewed as the tangent spaceTxM3.

We now outline the method originally contained in [11] but given in [5, Thms.
4.3, 4.10], in which the system is expressed in canonical coordinates of the second
kind, taking care to ensure that only the same number of coordinates as the dimension
of M3 are used. These coordinates define the vector space V. This procedure is also
given, in a slightly different setting,.in Hermes [3].

We construct by induction a linearly independent set of vectors which completes
any basis of No (definitions as in Lemma 1), to a basis of N expressed as

(17) X1,’’’, Xnl, Xnl+l,""", Xsl, Xsl+l,’’’, XnK, Xn,,+l,’’’, X,,.
Let X,_1+1,..., X,, be linearly independent elements in N: which complete any
basis, X,,,+I,..., X,,, of Nc fqNo to a basis of NK, and let Xj_I / 1,..., X,j, be
linearly independent elements of Nj, which complete any basis X,i+x,...,Xsi of
N f’)No to a basis of N for 1-</" <_-K, So-0. By Lemma 1, the set of elements
constructed in this way gives a basis for N; since No- Y.i=0)(N f3 No). Note further
that all elements X_+, , Xs have weight j, 1 _-< -<_K.

Let (t,x)--yg(t)(x) be the flow of the (complete) vector fields Xi in (17), and
define a map 3" V-M3 by

It3(Zl,"" ",Zn,, Zsx+l, ZnK ’)tl (Z l) nx(Zn) nK (ZnK )(X
where V ix@V is the grading of the vector space V, with zs,_+, , z,, defining
a set of coordinates for V. [5, Lemma 4.1] shows that 0 defines a ditteomorphism
of V onto M. Further, using the basis (17) in [5, Thms. 4.3, 4.10] shows that system
(16), expressed in the coordinates z’= (z,..., z,1, z+,..., z,,,), takes the form of
those in (3); and so the resulting vector fields F, G,. ., G,, and systems denoted by
(9) satisfy the conditions in paragraph (b) of Theorem 1. Moreover, if we define
Hi hzi it2 13, then system (9) with the outputs 37 Hg(z) satisfies the requirements
of paragraph (a) of Theorem 1.

By construction we have

(18) (2 O3),F f2 (2 I//3), (02 O3),Gi g2i (t2 03).

Defining " V-M by = 2 3 we now see that the relation (15) yields for
0 <- n =< K, 1 <- ] =< m, and h any smooth function,

(19)
G. (cry)@._(cr_l)’’’ G(r)(hoqoyz(t))[=o

gi. (o’,)gj._(o’,-x) gi(rx)(ho yr(t))

By differentiating these expressions with respect to the parameters r and t, we now
obtain the results of paragraphs (d) and (e) of Theorem 1.

It remains to prove paragraph (c). The connected Lie transformation group ,
corresponding to the Lie algebra N of system (16), acts transitively on M3, giving M3
the structure of a homogeneous space. By [5, Thm 3.9], is simply connected and
homeomorphic to a Cartesian space. We may now consider the system

(20) .4--/4(x4)/ ’ uig4i(X4), x4(O)--e, X4G.,
i=1
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where .’ is the connected Lie transformation group corresponding to the Lie algebra
L of system (16), and f4, g41,"" ", g4m, are the generators of L, considered as left
invariant vector fields on , e is the identity element in . If we let q" xM3 M3
be the smooth (analytic) map defining the action of on M3, (x4, X3)-">f(Xa)X3, it
follows that x4(x,,)(x) qY(x4) satisfies qY(e) x3

,
dp,gai g3i dp’, < m.(I),f4 f3(I)’, 1<=

We now repeat the procedure described above, in order to express the system
(20) in canonical coordinates of the second kind. In this case, however, the vector
fields in (17) can be any graded basis of N, since No {0}. Although the vector field

f4 does not vanish at e , rI,’,f4(e).= 0, so we reduce the dimension of the state space
by one in the process, and hence obtain a system on a graded vector space V, isomorphic
to the Lie algebra N. This completes the proof of Theorem 1.

We note that a process for obtaining realizations of finite Volterra series, with
the structure given in paragraphs (a) and (b) of Theorem 1 and the state space V
isomorphic to N, is given in [5, 4.4]. Basically one constructs an arbitrary accessible
realization of the finite Volterra series with Lie algebra L so that the Lie algebra N
is nilpotent and finite dimensional but the subspaces N do not necessarily satisfy
N fqNi= (0}, ]. One can construct an abstract Lie algebra L’ with the required
graded property by discarding linear relations between the spaces N. This does not
destroy the Lie algebra structure since the Jacobi identity relates commutators of
equal weights. There is clearly a homomorphism of Lie algebras which maps L’ onto
L, enabling one to construct the desired realization from the system lifted to the Lie
group , corresponding to L, as above.

The process described in this paper has two advantages; one does not have to
go to a group structure in order to find a realization with the required properties, and
one obtains without effort the submersion 4’, mapping the realization onto the system,
from which the finite (truncated) Volterra series was obtained. One further notes that
it is far from clear how to obtain realizations on homogeneous spaces from realizations
on Lie groups, if one requires a graded structure, as illustrated by the example in the
introduction.

3. Theorem 2.
3.1. In this section we prove a result which shows how closely vector fields defined

by the approximate system (9), are related to the corresponding vector fields with the
same weight for system (6), by calculating the order of vanishing of a suitable difference
vector.

We shall use the graded basis Xi of N constructed in 2.2, viewed as vector, fields
on V. We partition the set of indices I appearing in the basis by I I1H. H Ic, such
that XiN if /, and denote by vi the vector field on M, obtained from Xi by
replacing F, G1, , G,, in system (9) by f, gl, , g, in system (6) respectively. By
the assumption of Theorem 1 we may select a subset J I such that the vector fields
{v, J} form a basis for T,M, for all x U, a neighborhood.of Xo in M.

It now follows that on W, a neighborhood of 0 V, " W U,

4,,X v 4’ + Y O,v , L
(2)

O,F do O + r/v O,

(22) O,Gi gi O + Y’, ooov O, 1 <- <= rn
jeJ
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for suitable smooth (analytic). functions 0ij, rlj, toii on I. By paragraph (e) of Theorem
1, and the independence of the set vi,/" e Y, we see that allfunctions 0i, rli, wj vanish
at0e V.

In this section D() will always be a differential operator obtained by taking linear
combinations and composing vector fields adtCF(G), K >= O, 1 <= <= m, and d will be
the corresponding operator obtained by replacing F, G1," ", G,,, by f, ga," ", gin,

respectively.
LEMMA 2.
(a) DOlz =o 0 for e Is and w (D) <=K s
(b) Dol=o 0 for w (D) <=K 1;
(c) Drli [z =o for w (D) <= K.
Proof. Clearly (b) is just a special case of (a). Let h be a smooth function on

then from (21) and (22) we have

(23) X(h t)= v,(h) t + E Oiivi(h) d,

(24) F(ho O)=f(h) 4’ + E rlv(h)o O.

We first prove by induction on the weight that if D is an arbitrary differential operator,
under the restriction above,

(25) DX,(h o) =dye(h)o + E (DOi)vi(h)o + y (D,Ot.)p,

where w (D,) + r < w (D) + s, e Is,/3 e L, w (D) < w (D) for some differential operators
D, and smooth functions pv on

Clearly (25) reduces to (23) when D is the identity operator. Assume (25) is true
for operators D of weight < K, and let Xp be a basis vector field of weight 1, i.e.
p e I1. Applying Xp to (25) we obtain

XpDX,(h d/)=X,(dv,(h )o p)+ Z (XpDOo)vi(h )o

+Z (XcD,Oo.)p, +, (DOo)Xp(vi(h) o) +Z (D,Ot,/)Xr,p,.

By (23) Xp(dv,(h) o) vpdv,(h) +Yq.Opi(vjdv,(h) d/) so XpDX,(h /)
vp dye(h) tO +Yqj(XOi)v(h 0 + remainder terms.

One checks easily that all the remainder terms may be written in the form
Y,,,o,., (D,’Ot’v,)pv, where w(D,,)+r’ < w(X)+s, [3’ eL,, w(D,)< w(XpD). Thus
XpD satisfies (25) with w (XpD) -< + 1. Since the operators of the form XpD generate
all operators D’ with w (D’)=< + 1. the induction is complete.

We now prove by induction that

(26) DF(h if)= df(h)o

where w(D)+r w(D), [3 eL, and w(D)<o(D). Clearly (26) reduces to (24) when
D is the identity operator. Assume (26) is true for operators D with weight <K,
and let X be a basis vector field of weight one, as before. Applying X to (26) and
making use of (23) we obtain

XpDF(h @)=vpdf(h)o + Z (XpDni)vi(h) O

+Z o.(v af(h))o o +Z (XDOo)p +E

+Z (Dli)Xp(vi(h tO) +E (D,Ot,)Xpp, +Y (Dnn,)XpIx.
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The first line of this identity has the same form as the first line of (26), and it is easily
seen that the remaining terms have the form

o’B’/’ ’i’e’ e’

w (D,) + r’ <= w (XvD), w (D,) < w (XvD), ’ E L’.
Thus XvD satisfies (26) with n (XvD) -< + 1, and hence as before for all operators D’
with w (D’)-< + 1. The induction is therefore complete.

We now prove (a) by induction. Assume DOilz=o 0 for operators D, and
such that w (D) + s =< l < K. Apply (25) to operators D and E Is such that w (D) + s =<
+ 1. By Theorem 1, paragraph (d), DX(h @)lz=o dye(h)o @lz=0, and by hypothesis
(DO,v)p vanishes at z 0, because w (D) + r < w (D) + s, /3 E L. Hence, by the

independence of the vj, j E J, DOii all vanish at z 0 for all operators D and E Is such
that w (D) + s -< + 1. Clearly only w (D) 0, s 1 satisfies w (D) + s =< 1, since s => 1.
Since 0i all vanish at z 0, the assertion is true for 1. The induction is complete.

We now prove (c) by induction. Assume D,/i vanishes as z 0 for operators D
such that w(D)<-l <K, and apply (26) to operators D such that w(D)-< + 1. By
Theorem 1, paragraph (d), DF(h )]z=o dr(h) Iz=o. By hypothesis, and part (a)
of this lemma, Y (D0)p andY (Dn)tz, vanish at z 0, since w (D).+ r =< w (D) =<K,
/3 E L and w (D) < w (D). Thus, by the independence of the vi, j E J, D,li vanish at z 0
for all operators D satisfying w (D)-< + 1. Clearly the induction step is true for 0,
since r all vanish at z 0. The induction argument is therefore complete.

We may gain insight into this result by using expressions (21) and (22) in (9). In
particular, if we consider the pair of equations

; =F(z)+ E uG(z), z(O)=O, z E V,

=/(x)+ Y. ug,(x)+E n(z)v(x)+E uo(z)v(x), x(0)=xo,, x eM,

we see that the map @ satisfies @(z(t))=x(t) for all controls u(. ). However, since we
know that @(z(t)) is the Kth order truncated Volterra series for the state of system
(6), and that these terms are obtained entirely from the contribution of jr, g1," ",

in the second equation above we deduce that the net effect of the extra terms is to
contribute only terms in the Volterra series expansion of the state x(t) containing
more than K iterated integrals of the controls. By expressing ,/(z (t)) and (o(z (t)) as
Volterra series themselves, we see that the results (b) and (c) of Lemma 2 are
compatible with this requirement.

We note that the vanishing properties established in Lemma 2 for the functions
O and the expression (21) are identical to those obtained by Goodman [2]; however,
the method of proof used is entirely different, and our expansion (21) is not just a
formal power series identity, but is an identity between smooth, or analytic vector fields.

3.2. Proot at Theorem 2. In this section we prove Theorem 2, using a technique
of Goodman [2], which we include here due to the different context. The proof is
based on (21). Define a square matrix valued function on W, z $(z) such that Sij
for/" E J, and $ 0 for/" E I\J for all E L The matrix $(z) is smooth (analytic) and
vanishes at z 0. Consequently,

z -> E (-S(z))" T(z)
nl
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is a smooth (analytic) matrix valued function on some smaller neighborhood W c fie,
of 0 V. Clearly, (I+T(z))(I+S(z))=I on W, where I is the identity operator.
Introduce the vector notation ., (X1,’’’, Xs:), t3 (v l, , Vs,), rewrite (21) in
the form

,X (I + S)t ,
and operate by I + T to obtain

o=,X+T,X,
which may be written in coordinates as

vi O.X, + Y’. Tij.X.

We define the smooth (analytic) vector fields Z on W by Z .Tri, to obtain the
identities

(27)

We now set

(28) E n(x,. +z),

and obtain from (21) and (22)

,X +O,Z v O.

i--- E (.oi](Xj -.-Z]), 1 -<_i =<m,
iJ

t,(F +Jff) =f t, @,(r,+Gi)=gi@, l<-i<=m.

Further, if we set/ h -H and make the definitions

F’=F+F," Gi’=+Gi, l<i<m, H=IYt+H, l<i<-p=

we have proved paragraphs (a) and (b) of Theorem 2.
We now demonstrate the vanishing properties given in paragraph (c) of Theorem

2. Using the map 43" V-,M3 constructed in 2.2, or an analogous map in the case
of systems lifted to the Lie group, any function on M3 is written as a function on
V by the composition O3(Zx’’’ZnlZsl+I’’’ZnK)--O(Zx’’’Znl’’’ZnK ). Con-
sequently for rl +r +. r,,, I.

xr"" x?lz :0,Ozrl rn nKOZ z=0

where X are the elements of the graded basis viewed as vector fields on V, and X7
is X composed with itself, as a differential operator, r times. We may now use Lemma
2; and this expression to see that o, vanish to homogeneous order K, and r/i vanish
to homogeneous order K + 1. The relations (28) now show that F is a vector field of
degree _<--1, and ,. ., m are vector fields of degree <=0.

Now by construction system (9), with outputs 37 =H(z), has the Kth order
truncated Volterra series of system (6), .and by (19) the same is true for system (9)
with outputs 37 hi d.J(z). It follows that D(hi 0)[=o =D(H)[z=0 for all operators
D of degree -<K in adiF(Gi), ]>-0, l<-i<=m. Thus I-7Ii=hotk-Hg vanishes to
homogeneous order K + 1. This completes the proof of paragraph (c) of Theorem 2.

It remains to prove paragraphs (d) and (e). Note that F’ =F+/ where F has
degree _<-0 and P has degree -< -1, G Gi +t where has degree =<0 and G has
degree <= 1, and hence by (5) IF’, G] IF, G]+Z where [F, G] has degree -<1, and
Z has degree -<0. In general, one now easily shows by induction that X X +Z,
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where Xi is any basis element constructed in 2.2 of degree r, X is the corresponding
vector field of degree r obtained by replacing F, G1, , G,, by F’, G, G’,,, and
Z has degree -<r- 1. This demonstrates paragraph (d). Noting that vector fields of
degree =<0 vanish at z =0, and by (5) Span {Xilz=o; i 11 LI... LI L} Span {XIz=o;
X vector field degree -<r}, we see that

ieL, l<=r<=K

forms a triangular set of equations, showing that commutators of weight -<K in
F’, G 1, , G, span To V, proving paragraph (e).

It is instructive to write system (10) explicitly in coordinates, completing the
coordinate version of the system (9) given by the .equations (3), by using the relations
(28), and the vanishing properties of r/i, w0 and Hi. Here zi will represent the vector
comprising the coordinates zs,_,+l, ,

1 AIZ1
;/z [ A 2.z z + az(.z 1)

/, [_AKZK + aK(Z ZK-1

Ui

bil O([z IK+I)
bi2(zl)

+

biK(Z Zk-1 0 ([z’l*+l)_J

+u
i=1

-Oi(Iz

I")),
Yi Hio q- Hi (Z l) +""" -[’HiK(zl," ", ZK q- O (Iz [K+I),

where [a[ is a homogeneous norm for the dilation 6t(z 1," ", ztc) (tz 1," ", tZK), and

aj 6, tJai, bi 6t j-lba 1 <- <- m,

Hi 6t tHi, 1 <-i <-_ p.
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OPTIMAL ,CONSUMPTION FOR GENERAL DIFFUSIONS WITH
ABSORBING AND REFLECTING BARRIERS*

S. E. SHREVE,5" J. P. LEHOCZKY, AND D. P. GAVER

Abstract. Two stochastic control problems of the storage or inventory type are considered for general
diffusion processes. In the absorption problem, a diffusion process is controlled by subtracting a nondecreas-
ing withdrawal process. The controlled process is absorbed if it reaches zero. The objective function to be
maximized is the expected discounted value of the withdrawals plus a discounted penalty for absorption.
In the reflection problem, the process can be controlled by subtracting a withdrawal process and adding a
deposit process, and the controlled process must be nonnegative. One seeks to maximize an expected
discounted weighted difference in withdraffals and deposits. The value function is computed, and a necessary
and sufficient condition for the existence of an optimal policy is given. When they exist, optimal policies
are found to be the minimal processes which .keep the controlled process inside an interval.

Key words, optimal consumption, ditiusion process, reflection, absorption

1. Introduction. We consider two stochastic control problems of the storage or
inventory type. In the "absorption problem," denoted (AP), a diffusion process can
be controlled by subtracting off a nondecreasing "withdrawal" process. If the controlled
process reaches zero, it is absorbed. The objective to be maximized is the expected
discounted value of all withdrawals plus a penalty, discounted back to the initial time,
for absorption if it occurs. It is shown that an optimal policy, if it exists, is characterized
by an upper reflecting barrier U*. The optimal policy is to make the minimal amount
of withdrawals necessary to keep the controlled process below U*. Thus the controlled
process is a diffusion reflected at U* and absorbed at zero; the optimal policy is a
constant multiple of the local time of the controlled process at U*.

In the "reflection problem" (RP), a diffusion process can be controlled by
subtracting out a "withdrawal" process and adding in a "deposit" process. The utility
gained from a withdrawal is no greater and might be less than the utility forfeited by
a deposit of the same size. Sufficient deposits must be made to keep the controlled
process nonnegative. Thus there is reflection rather than absorption at zero. In this
model, the optimal policy, if it exists, is generally characterized by two barriers, L*
and U*. After an initial deposit or withdrawal to bring the wealth process to the
nearest boundary of [L*, U*], deposits should be made only when the controlled
process drops to L*, and then only in sufficient quantity to prevent dropping below
L*. Withdrawals should be made only at U*. We will give assumptions which guarantee
L* 0. In both models, we will give a necessary and sufficient condition for an optimal
policy to exist and will determine the value function even when an optimal policy
fails to exist.

Applications of diffusion models of this kind to inventory/production control and
control of dams are discussed in [8], [1], [2], [5], [6], [19], [20], [17], [16]. In the case
of constant drift and diffusion, our model (RP) is very close to models studied by
Harrison et al. [8], [10]. Harrison and Taylor [8] admit a linear holding cost, but an
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integration by parts will reduce that model to our (RP). Harrison and Taksar [10]
admit a convex, extended real-valued, holding cost. They show the optimal policy is
characterized by an interval [L*, U*] in the same way described earlier for our (RP).
Despite this similarity, there is no apparent way to reformulate one of these models
into the other. It may well be that they are both special cases of a still more general
model. Harrison, Sellke and Taylor [9] treat a model in which there is a positive cost
for each deposit and withdrawal. The optimal deposit and withdrawal functions are,
consequently, step functions rather than local times.

Our absorption problem (AP) is not in the tradition of these works. It can be
used to analyze a wide range of problems which are not terminated when the controlled
process reaches zero. In a nonterminated model, there is a value associated with the
state zero, and if we set the (AP) penalty equal to this value, the value function for
the nonterminated problem will agree with that of (AP). For example, we could
postulate a model in which, upon reaching zero, the state is set to a positive value at
a positive cost. The value function for this problem can be obtained as a value function
for (AP) with proper choice of the penalty. It is also the case that if the L* corresponding
to an optimal policy in (RP) is zero, there is an equivalent (AP) problem which can
be constructed in this way.

Excluding any initial jumps, the optimal withdrawal and/or deposit processes in
our models are constant multiples of local times for the controlled processes. Control
problems in which optimal policies involve reflection and local times have been studied
by [3], [4], [13], [14].

In 2, we compute for later use expectations of some random variables involving
hitting times and local times. In 3 we formulate our models and discuss the relevant
Hamilton-Jacobi-Bellman conditions. In 4 we determine the value functions and
give necessary and sufficient conditions for existence of optimal policies. Section 5 is
devoted to examples.

2. Integrals with respect to local times. In this section we compute the expected
values of some random variables defined in terms of hitting times and/or local times
for diffusion processes on an interval. The diffusion process may be either absorbed
or reflected at barriers. These computations will be used in the analysis in 3 and
4 of the control problem.

Let a(. and tr(. be real-valued, Lipschitz continuous functions defined on an
interval [a, b ]. We assume tr is nonvanishing. For initial x [a, b ], we wish to define
processes {xi(t), ->_ 0}, 1, 2, 3, which satisfy

(2.1) dxi(t) a (xi(t)) dt + tr(xi(r)) dw (t)

when a < xi(t) < b,

(2.2) xi(O) =x,

and x is absorbed at a and b, x2 is reflected at a and absorbed at b, and x3 is reflected
at a and b. The process {w (t), t ->0} appearing in (2.1) is a standard Brownian motion.

Corresponding to a given Brownian motion, the x l(.) process exists and is
(pathwise) unique [7, 6]. The Situation for x2(" and x3(. is somewhat more complex.
There exists a Brownian motion {w(t), =>0} and a filtration {’(t), =>0} such that
w(.) is adapted to r(.), {w(s), s =>t} is independent of r(t), and there exists a
corresponding x2(" process also adapted to (. such that up to the time of absorption
at b,

(2.3) x2(t)=x + a(x2(s)) ds + tr(x2(s))dw(s)+(s).
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The process ’(.) is adapted to (. ), nondecreasing, continuous, satisfies r(0)= 0,
and for fixed to, is constant on any interval where x2(" )> a [7, 23]. The question of
uniqueness is dealt with by Watanabe [18, Theorem 1], who showed that all pairs of
processes (x2(’), r (.)) satisfying the above conditions, even those defined on different
probability spaces relative to different Brownian motions, induce the same distribution
on the space of paths.

In regard to the doubly reflected process, there exists a Brownian motion {w (t), t >-
0} and a filtration {(t), -> 0} as before, and there exists a corresponding x3(" process
adapted to (. such that

Io(2.4) x3(t)=x + a(x3(s).)ds+ tr(x3(s))dw(s)+C(t)-C(t).

The processes r(.) and ’3 (.) are adapted to (. ), nondecreasing, continuous, and
zero at the origin. On any interval where x3(" > a, ’ (.) is constant. On any interval
where x3(" < b, ’3b (.) is constant. The triple (x3(’), ’ (’), ’3b (")) is unique in law. See
[7, 23] and [12, Chapter IV, 7].

We define stopping times

(2.5) z inf {t => 0" x,(t) y},

where z oo if x(t) never reaches y. Choose/3 >0. In this section we characterize
the four functions on [a, b ],

(2.6) qx(x Ex e-,
(2.7) o2(x) Ex e-,
(2.8) O2(x) =Ex e d’2 (t),

E | e-’d’ (t).(2.9) 0(x
Jo

All these functions will be found to satisfy the differential equation

(2.10) Sf(x) a (x)f’(x)+ 1/2o’2(x)f"(x).

They are thus characterized by their boundary behavior,, which is given as a corollary
to the following lemma.

LEMMA 2.1. Let f be a solution of (2.10). For a <= x <-b,

(2.11) f(x)=Ee-(^)f(xl(z’ ^ zb2)),

(2.12) f(x)=Ee-a’-f(b)-f’(a)E e ’2 (t)
aO

(2.13) f(x) f’(b)E e -’ dff (t)-f’(a)Ex e -’ dff(t).

Proof. We prove (2.11) and (2.13). The proof of (2.12) can be given by combining
techniques used to prove the others.

Apply Ito’s lemma to y (t) := e-t’ f(x (t)) to obtain

dyx(t) e-nf’(x a(t))tr(x l(t)) dw(t).
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Integrating from 0 to r’ ^ r2 and noting that the integrand of the stochastic integral
is bounded for a < Xl(t)=< b, so the expectation of the stochastic integral is zero, we
obtain (2.11).

Now apply the generalization of Ito’s lemma for.semimartingales [15, p. 278 or
p. 301] to y3(t):=e-’f(x3(t)) to obtain

(2.14) dy3(t) e -’f’(x3(t))[r(x3(t)) dw(t) +d((t)-d( (t)].

The measure induced on [0, oo) by sr (t) assigns zero measure to the set {t" x3(t)# a}.
Therefore,

Likewise,

f’(x3(t)) d(j (t) f’(a d( (t).

f’(x3(t)) d((t)=/’(b) d((t).
From (2.14) we have

T

(2.15) Exe-Tf(x3(T))-f(x)=Ex fo e-’ If(a) dC(t)-f’(6)d(t)].

We can let T- oo and separate the terms on the right side of (2.15) to obtain (2.13)
if we have

(2.16) E,, e-td(t)<o,

(2.17) Ex e -’ dsr3b (t) < o.

To prove (2.16), let g be a solution of (2.10) with g’(a)=-l, g’(b)=O. In place of
(2.15), we have

T

Ee-tTg(x3(T))-g(x)=-E fo e-3’ d((t).

Letting T --> , we have

-td( (t) g(x < o.

The proof of (2.17) is similar. U
COROLLARY 2.2. The functions 1, 02, 02 and 03 are solutions to the differential

equation (2.10) satisfying the boundary conditions

1(a) 0, 1(b) 1,

q (a) 0, qa(b) 1,

O2’(a) =-1

O;(a) =-1, O;(b)=O.

Proof. In each case, let f be a solution to (2.10) satisfying the specified boundary
conditions and use Lemma 2.1 to show that f satisfies the appropriate definition
(2.6)-(2.9). rq
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3. Model formulation. Let a(.) and r(.) be real-valued functions defined on
[0, ) which have Lipschitz continuous derivatives, and assume a (.) and o-(. grow
at most linearly and o-(. is nonvanishing.

In the absorption problem (AP) we are given P, a penalty for absorption. For each
x => 0, we select a Brownian motion {w (t); -> 0} relative to a right-continuous filtration
{(t); -> 0} and an adapted, nondecreasing, left-continuous, process (t) with :(0) 0.
We define x (.) by the stochastic integral equation

(3.1) x(t) =x + a(x(s)) ds + r(x(s)) dw(s)-(t),

and define stopping times

(3.2) wy inf {t -> 0: x (t) y }.

It is known that (3.1) has a unique solution for 0-< t-< Wo [7, p. 51]. Define

(3.3) Ve(x) =Ex e -t -O,op

where/3 > 0 is a discount factor. We denote by V*(x) the supremum of Ve(x) over
all (. obtained as above.

In the reflection problem (RP) we are given a constant k => 1, and for x-> 0 we
must choose a Brownian motion adapted to a right-continuous filtration {w (t), (t);
0} and two nondecreasing, left-continuous processes {-(t), ->_ 0}, {+(t), ->_ 0} adapted
to {-(t), t-<0} and satisfying :-(0)= /(0)=0. We wish to define a solution to the
integral equation

(3.4) x(t)=x + a(x(s)) ds + r(x(s)) dw(s)--(t)++(t).

Because we have placed no bounds on :-(t) and (+(t), we must do this somewhat
indirectly. Define

(3.5)

(3.6)

(3.7)

u, =inf {t ->0: c-(t) v +(t) => n},

c- (t) ,f-(t ^ u,),

+(t)=+(t^u,).

For each n, there is a unique solution ([7], p. 51) to

i0(3.8) x,(t)=x + a(xn(s))ds+ o’(x,(s))dw(s)-,f-(t)++(t).

This solution has the property that on {u, _-> t}, x, (t)= x,,(t) a.s. for m -> n. It is thus
possible to choose a left-continuous process {x (t), -> 0} such that x(t)= x, (t) a.s. on
{u, >_-t}. This process satisfies

(3.9) x(t

for every n. Since u, az a.s. as n c, we can interpret x (t) as a solution to (3.4).
We will say the pair {-(t), sc+(t), ->_0} is admissible if x(t)>=O for all ->_0. Admissible
pairs do exist. Indeed, if we let {+(t), _-> 0} correspond to reflection at zero as discussed
in 2 and take -(t) to be identically zero, the pair {:-(t),:+(t), t_>0} will be



60 S. E. SHREVE, J. P. LEHOCZKY AND D. P. GAVER

admissible. For an admissible pair, we define

(3.10) Ve-,e/(x) lim E e-’ [d-(t)-k d:+(t)].

The reflection problem is to find a Brownian motion and admissible {so-(t), sc/(t), >= 0}
such that Ve-.e/(x) is maximized. Again, we denote the value function by V*.

LEMMA 3.1. Consider the model (AP). Let F" [0, oo)R be continuous, have two
continuous derivatives, and satisfy

(3.11)

(3.2)

(3.13)

(3.14)

F(O)>=P,

F’(-x) >- 1, x>__0,

F"(x) <-O, x >-0,
2BF(x) >- a (x)F’(x +r (x)F"(x), x>-O.

Fix x >-_0 and let x(.), so( be as in (3.1). Then F(x)>-_ Ve(x), and consequently,

(3.15) F(x) >- V*(x), x >=0.

IfF(x V*(x and (. is optimal at x, then

(3.16) F(x) =E e-d(t)+e-(^)F(x(z ^ to))}
for any almost surely bounded stopping time z. If F V* and

(3.17) F’(x) > 1, x _->0,

then ]’or x > 0 there is no optimal policy.
Proof. We show first that for any x(. ), (. pair,

t^%
-t3s -t3(tW(t) := e d(s)+e ^’)F(x(t ^ to))

0

is a supermartingale relative to {(t); >- 0}. In fact, we will show directly the optional
sampling result that if rl and r2 are bounded, {(t)}-stopping times with rl <-r2 a.s.,
then E{W0")I(Zl)}--< W. We subsequently show that, as would be expected, when
so( is optimal, the {Wt, t} process is a martingale.

Let Xo(t) x(t ^ to) and sCo(t) :(t ^ to). The process {Xo(t); _-> 0} is left-continuous
with limits from the right, contrary to the usual convention. However, the filtration
{-(t), t->0} is right-continuous, so the right-continuous process {Xo(t+), >-0} is also
adapted to this filtration. Moreover,

x(t2^zo)=limxo(t+), t2>O.
t’t2

For O<-_t<-t, the differentiation formula for semi-martingales [15, p. 278 or
p. 301] implies

e -(t^) F(xo(t+)) e -t(q^) F(xo(t+))

2+ e- [-F(x(s))+a(x(s))F’(x(s))+o" (x(s))F"(x(s))]ds
1Ago

e-F’(x(s)) do(s+)+ F’(x(s))(x(s)) dw(s)
TO, TO]

+ E [F(xo(s+))-F(xo(s))-F’(xo(s))(Xo(S+)-Xo(S))].
tl ’ro<s ----< "to
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In light of (3.13) and (3.14), this leads to

e -t3(’^’) F(xo(t+)) <=e -tz(q^’) F(xo(tl+))

e-OF’(x(s)) do(s+)+ F’(x(s))o’(x(s)) dw(s).
tl "ro, "to] ’tl "to

The concavity of F also implies

0 <-e -(q^*) {F(xo(t))-F(xo(t+))-F’(xo(t))[o(t+)-o(ta)]},
and adding this to the previous inequality, we obtain

-t3(t^’o) F(xo(t+))

<= e -(’’^ F(xo(ta)) "[f(tlATO),tA’I’O] tA’O
-SF’(x(s)) do(S+)+ F’(x(s))r(x(s)) dw(s).

1^TO

If 0_-< tl < t2, we can let tt2 to obtain

e -t3(t2^ F(x (t. ^ ’o))

<-e -t(q^’) F(X(tl ^ Zo))- I e
tl A’rO,t2 A’rO)

-os F’(x(s)) d(s) + F’(x(s))r(x(s)) dw(s).
atlA’r

In other words,

(3.18) W(t2) < W(tl)+ It e- [1-F’(x(s))] d(s)
tl^ "tO, t2 "tO)

+ F’(x(s))o’(x(s)) dw(s).
,tl ^’to

Observe that because (3.18) is a pathwise inequality, we can replace t and t2 by
bounded stopping times rl and z2 which satisfy rl -<- r2 < o a.s. Making such a replace-
ment and taking conditional expectations, we obtain

V_,x{W(,l-z)[;(,F1)} W(7"l) + Ex{ f[.l^.ro,..^.o - [1 -F’(x(s))] d:(s)lo(rl)}
+Ex{ Ii[ii" F’(x (s ))o’(x (s )) dw (s )l(’)}.

By assumption, F’ is bounded between 1 and F’(0), and there is a constant K such that
]r(x)[ <=K(x + 1), x =>0. Let x(t) be the solution of

Xl(t) X + Io a(xl(S)) dS + fo o’(xl(S)) dw(s).

By a straightforward generalization of the comparison theorem of Ikeda-Watanabe
11 ], Xl(t) >- x(t), 0 <- <= Zo. Therefore,

[F’(x(s))o’(x(s))] ds-<_[F’(O)K] (x(s)+ 1 ds,
1A TO 1A
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which has finite expectation [7, p. 40]. It follows that

Ex F’(x(s))r(x(s)) dw(s)l(zl) O,

and so for any bounded stopping times Z _<-z2 a.s.,

Ex{W(7"2)[(7"l)} W(7"l) + Exlf[ e -s [1-F’(x(s))] d(s)[,(rl)}
1A TO,T2

(3.19)
<_- W(r).

By definition, W(O)=F(x), and since W(t) is a supermartingale and F>-P,

{Io’^" - -(’ ^-o)p}.F(x)>=ExW(t)>-E e dj(s)+e

Letting oo we obtain F(x)>= Ve(x), and (3.15) follows.
If F V* and (. is optimal, then for any bounded stopping time z,

F(x)= W(O)>-EW(z)>=limEW(-+t)
t--

=> lim E{f
too .tO

e -3 dsC(s) + e-((’+t)^’o)p}
v(x) v*(x) F(x),

and consequently, F(x)=ExW(z). This proves (3.16) and also shows that
{W(t), (t); _-> 0} is a martingale.

We now assume F V* and (3.17) holds. Note first of all that for all x->0,
V*(x)>-P+x,. because P+x is the return associated with an initial jump to zero.
Thus, for some ,

V*(x > E,,P e-to, x > g,

where Zo is the passage time to zero of the process

(3.20) x(t) x + a(x(s)) ds + tr(x(s)) dw(s).

(If P >_- 0, we may take to be any positive number, but if P < 0, must be sufficiently
large.) Now suppose for some x >0, there is an optimal (.). Assumption (3.17) and
inequality (3.19) imply is identically zero almost surely. Thus, Ve(x)=EPe-,
and so 0<x <. The process given by (3.20) has positive probability of arrival at
before absorption at 0, so (3.16), Fatou’s lemma, and the strong Markov property

imply

EP e-t,o V*(x

lim Ee-(’^’^’)V*(x(t ^ rx ^ ro))>-_Exe -(^V*(x(r ^ o))

E{X(o<- e --op} +E{X(,<,o) e -’V*()}
>Ex{X(,,,<,) e -’P} +Ex{x(,<,o) e-O’Ex{P e -’}}

E{x(,,<) e--"P} +Ex{X(<,,rE [P e-"l(rx)]}

E{X(,,<, e -"P} +Ex{X(<,,) e -"P}

EPe- o.
This contradiction shows there can be no optimal policy at x. [3
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For some of the later analysis, we will need to refer to auxiliary control problems
(APU) and (RPU). Let U be a positive "upper barrier." The problems (APU) and
(RPU) are like (AP) and (RP), respectively, except that in the modified problems,
the control policies must be chosen so that the x(.) process never exceeds U. The
value function V* for these problems is defined only on [0, U]. The proof of Lemma
3.1 is also a proof of the following lemma.

LEMMA 3.2. Consider the model (APU). Let F: [0, c)R have two continuous
derivatives and satisfy (3.12)-(3.14) for O<=x<=U and also satisfy (3.11). Then
F(x)>= Vr(x), O<-x<-U. If F= Vj and (.) is optimal, then (3.16) holds for any
almost surely bounded stopping time.

LEMMA 3.3. Consider the model (RP). Let F: [0, )R have two continuous
derivatives and satisfy

(3.21) 1 <-F’(x)<-k, x =>0,

(3.22) F"(x) <= 0, x => 0,

(3.23) F(x)>=a(x)F’(x)+1/2o’2(x)F"(x), x >-0.

Fix x>=O and let x(.),:-(.),+(.) be as in (3.4). Then F(x)>=Ve-.C(x), and
consequently,

(3.24) F(x) >= V*(x), x >_- 0.

ff F(x)=V*(x), and (:-(.),:+(.)) is optimal at x, and p,=inf{t>=O:x(t)v
-(t) v :+(t)=> n}, then

(3.25) F(x)=Ex e -t [d-(t)-kd+(t)]+e --](7-An) F(x(z A O,))},
for any almost surely bounded stopping time z. IfF V* and

(3.26) F’(x) > 1, x >- 0,

then for x >-_ 0, there is no optimal policy.
Proof. Define

On

W,,(t) e- [d-(s)-k d+(s)]+e -(,^o.) F(x(t A On)).

By an argument similar to the proof of Lemma 3.1, we can show that for any almost
surely bounded stopping times ’1 and z2 satisfying -1 =< z2 a.s.,

/Ex {Wn (T2)[;(7-1)}

<-_ W(r) +E e
O

-t[(1-F’(x(s))) d-(s)-(k-F’(x(s))) d+(s)]l(z)}
+ Ex F’(x(s))cr(x(s)) dw(s)l(r)

On
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Since x (s) is bounded on [- A On, ’/’2 A/0n ], the It6 integral term has conditional expecta-
tion zero. Using this fact and (3.21), we obtain

(3.27)

I I "r2 On

E{W. (z211’(z1)}_-< W.(zI+E e
Apn - [(1-F’(x(s))) d-(s)

-(k -F’(x(s)))

__--< W. (rl),

so {W.(t), -(t)} is a supermartingale.
Let r be an almost surely bounded stopping time. From (3.27) we have

EW.+q(O)>=EW.+q(r^p.)>=EW.+q((r+t)^v.,), m>=n>=O, t>=O,

In other words,

F(x)>-Ex e [d-(s)-kd+(s)]+e-t3(’^")F(x(’r Apn))

>-Ex e [d-(s)- k d+(s)]
aO

F(x((r + t) ^ v,, ^O,/o))[.
J

q>=O.

[.(-r+t)^ u,^On+, -BsFor fixed m, o e [d-(s)-k d+(s)] is uniformly bounded in t, q and to.

Thus, we can let - oo, q - oo and use the bounded convergence theorem on this term
and Fatou’s lemma on the other term in the last expectation to obtain

F(x)>=Ex e -os [d-(s)-k d+(s)]+e -(’^.)F(x O- ^ p,))}
-o [d-(s)-k d+(s)]+e-t’F(x(u,,))}
-s [de-(s)- k+(s)] + e-tV"F(0)}.

If we now take limm-, of the last term, we see that F(x)>-_ Ve-,e+(x) and (3.24)
follows. Moreover, if F(x)= V*(x)= Ve-,e+(x), then (3.25) must also hold.

Suppose now F V*. If initial wealth is x, the policy of immediately jumping to
zero and then following a nearly (within e > 0) optimal policy returns reward at least
x + V*(O)-e. Since this is positive for large x, we can choose such that V*(x)> 0
for x _->. Suppose that (3.26) holds and for some x->0, there is an optimal policy
(:-(.), ’+(. )). From (3.25) we see that EW, (0) EW, (t), n _>- 0, -> 0. In order to
achieve this equality in (3.27), we must have --= 0 a.s. Therefore, the corresponding
x(. process satisfies

(3.28) x(t) x + a(x(s)) ds + tr(x(s)) dw(s) + +(t),

and

(3.29) V*(x)=E{-k e -t’ d+(t) <-0.
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This implies x < :. Extend a (.) and o-(. to all of [-1, oo) so that they remain Lipschitz
continuous and o,(.) does not vanish. Let xl(’) be the process on (-, c) absorbed
at -1 and and satisfying

Xl(t)=x + a(xl(s))ds + r(xl(s))dw(s).

Define stopping times

r inf {t _>-0: x(t)= }, 71 =inf {t >-0" xl(t) =$}.

Corollary (2.2) implies that

ox(x) :=Exe
is a nonzero solution to (2.10) for -1-<x-<$, and pl(-1)=0, q1($) 1. Since ql

is nonnegative, any zero of ql in [0, ) would also be a zero of 0, in which case 01
would vanish identically. Therefore,

Ex e-t> O, O <_ x <_ g.

By a straightforward generalization of the comparison theorem of Ikeda and Watanabe
[11], almost surely

so

x(t)>-_xl(t), t>-O,

(3.30) Ex e-’ =>E e-’> 0, 0 =< x -< ?.

From (3.25) we have (setting r ^ r and then letting oo, n - oo)

(3.31) V*(x Et-k
A comparison of (3.29) and (3.31) shows

-0’ d+(t)} Ex{e-V*()},

which contradicts (3.30) and the fact that V*()> 0.
The proof of Lemma 3.3 is also a proof of the following results concerning the

model (RPU) defined just before Lemma 3.2.
LEMMA 3.4. Consider the model (RPU). Let F: [0, oo)R have two continuous

derivatives and satisfy (3.21)-(3.23) for O<-x <- U. Then F(x)>-_ Vr(x), O<=x <- U. If
F V and (-(.), /(. )) is optimal, then (3.25) holds for any almost surely bounded
stopping time -.

4. Determination of the value function. In this section, we determine the value
function for (AP) and (RP) under the assumption

(4.1) a’(x) =</3, x ->0.

In 5 we give examples, one of which indicates the complexity of the behavior which
can occur when this assumption in violated. We begin with some lemmas concerning
the behavior of solutions to (2.10).

LEMMn 4.1. Let k be a solution, not identically zero, to the differential equation

k"(x r(x )k (x + , (x )k’(x
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on some interval [a, b ]. Assume y(. is Lipschitz continuous and nonnegative. If, for
some e[a,b], k(f)>0 and k’(Y)<-O, then k’(x)<-O [or a<-x<-y. If k has a zero
in [a, b ], then k’ has no zero in [a, b ]. If y(x)> 0 [or all x and for some , k’()= O,
then (x-Y)k(x)k’(x)>O[orx e[a,b],x .

Proofi We consider first the case 8 =--0. Under this condition k is convex (strictly
convex when y(x) > 0) on any interval where it is positive and concave on any interval
where it is negative. Suppose for some Y e [a, b ], k (Y) > 0. Let

=inf{ys[a,b]" k(x)>=Ofory<=x<=b}.

Since k is nonnegative on [37, Y], it is convex there. If, in addition, k’()<-0, then
k’_<-0 on [],a?], which implies k (]) => k (Y) > 0. According to the definition of 37
and the continuity of k, we must have 7 a, i.e., k’(x)<= 0 for a =< x -< .

Suppose now k(z)= 0 for some z s [a, hi. We cannot also have k’(f)= 0, since
the only solution to the differential equation

k"(x v(x )k (x

satisfying k(z)=k’(zT)=0 is the identically zero solution. Assume without loss of
generality that k’(zT)> 0. Define

=sup {w s [f, b]" k’(x) >O for y. <-x <w}.
Since k’(w)>0 on [z-, if), k(w)>0 on (zT, if), and therefore k is convex on If, ].
This implies k’(ff)>=k’()>0, and so b. Therefore, k’ has no zero in [, b]. A
similar argument shows k’ has no zero in [a, z].

When 6 is not identically zero, we introduce a change of variable (x)=
[exp 6(v) dr] du, and define l(y)= kq-l(y). Then

/"(y [o ’(0 -a (y))]-23, (0- (y))l (y),

and since l’(o(x)) has the same sign as k’(x), k inherits the desired properties from l.
For the final assertion of the lemma, observe that we have already proved under

the assumption k(:)>0 and k’(2)=0 that k’(x)<=O for a<=x<=$. When /(x)>0
for a =< x -< b, we obtain the stronger conclusion k’(x)< 0 and so

(x -$)k(x)k’(x) >0, a =<x <.
When k’(y)= 0, we have seen that k(y) 0. In the case that k(:)< 0, an analogous
argument leads to the conclusion that k’(x)> 0 and k(x)< 0, a =<x <$. Analogous
arguments also show that

(x -)k(x)k’(x) >0, i <x <__b. [q

Recall our assumption that a’(. and tr’(. are Lipschitz continuous.
LEMMA 4.2. Assume (4.1). Let f be a solution, not identically constant, to (2.10)

on some interval [a, b ].
(a) Iff has a zero in [a, b ], then f’ has no zero in [a, b ].
(b) Iff’(f)=O, then (x-f)f(x)f’(x)>O forx [a,b],x .
(c) Iff’(y)>O and f"(y)<-O, then f"(x)<-O for a <-x <=.
Proof. Parts (a) and (b) follow directly from Lemma 4.1. To prove (c), differentiate

(2.10) to obtain

f’"(x)
2[/3 a’(x
i )]f’(x)- 2 [a(x)+r(x)r’(x)]f"(x).

Inequality (4.1) allows us to apply Lemma 4.1 to f’.
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We now investigate (AP). Given an "upper barrier" U > 0 and 0 =<x <= U, there
is a Brownian motion on a probability space such that there is a diffusion Xer("
reflected downward at U, absorbed at zero, and satisfying

(4.2) xte(t)=x + a(s)ds+ tr(s)dw(s)-u(t), O<=t<-’,

where

rot: min {t _-> 0: xt:(t) 0}.

Such reflected processes were discussed in 2. The reward associated with this policy
(tr of downward reflection at U is

Ex e -tt d’t (t) + e -"up 0 <= x <= U,
(4.3) Vt(x) :=

x-U+ Vt(U), x >-_ U.

The definition of Vt:(x) for x > U reflects the fact that if x > U, we understand ’ to
have a jump of size U-x at =0, and after this initial jump, xt:(’) is a diffusion
reflected at U and absorbed at zero. For 0 <= x <= U, Vet(x) is the sum of the functions

Ex e-du (t) and PEx e -g’.

These fall into the framework of 2 and 2, respectively, Corollary 2.2, except that
here reflection occurs at the right endpoint of [0, U] rather than the left endpoint of
[a, b ]. We conclude that on [0, U], Vu is a solution of (2.10) with boundary conditions

(4.4) Vt (0) P, V(U) 1.

Note that while Vj exists and is equal to one, V’(U) may not exist. The right-hand
second derivative is zero, but the left-hand second derivative may not be. To avoid
complicating the notation, we will use V(U) to denote the left-hand second derivative
at U.

THZOREM 4.3. Consider the model (AP) and assume (4.1) holds. Ira(O)<=[3P, then

(4.5) V*(x P + x, x >= O,

and the policy o] initially lumping to zero ((0+) x) is optimal, if a(O) > [3P and there
is a U*> 0 such that

(4.6) V. (U*) 0,

then V* Vt. and (tr. is optimal. I] no such U* exists, then

(4.7) V*(x) lim Vt(x), x >= O,

which limit exists and is finite for every x >= O, and there does not exist an optimal policy
lorx >O.

Proof. If a(O)<=P, Lemma 3.1 implies F(x):=P+x majorizes V*(x). Since the
policy of initially jumping to zero gives return P + x, this policy is optimal and (4.5)
holds.

Suppose a (0)>/3P and (4.6) holds. From (4.4), (4.6) and Lemma 4.2(c), we see
that Vtr. (x <= O, O<=x<=U* According to Lemma 3.1, Vet.-> V*, so Vt. V* and
’t* is optimal.
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Suppose now that a (0)> tiP and no U*> 0 satisfying (4.6) exists. Let g and h be
linearly independent solutions of (2.10), so for 0-<x -< U,

(4.8) Vu(x
g(O)h (x h (O)g(x +P[h’(U)g (x) g’(U)h (x )]

g (0)h ’(U) h (0)g’(U)

Note that g(x)h’(U)-h(x)g’(U) is a solution to (2.10), and since its first derivative
has a zero atx U, Lemma 4.2 guarantees g(O)h’(U)-h(O)g’(U) # O. Our assumption
of nonexistence of U* satisfying (4.6) is equivalent to assuming

if(U) := g (0)h "(U) h (0)g"(U) +P[h’(U)g"(U) g’(U)h "(U)]

has no zero in (0, oo). Using the fact that g and h solve (2.10), we can write

2[a (0) BP][h (0)g’(0)- g(O)h’(O)]
(o) r2(0)

The Junction h(O)g(x)-g(O)h(x) is a solution to (2.10) which has a zero at x =0, so
its derivative has no zero. Consequently,

(4.9)
h (0)g’(0)- g(0)h’(0) < 0,
g (0)h ’(U) h (0)g’(U)

and so (0) has the opposite sign of g(O)h’(U)-h(O)g’(U). Since has no zero in
(0, oo), O(U) has the same sign as (0), from which we conclude

(u)
v:(u)= <o.

g(0)h ’(U) h (0)g’(U)

Lemma 4.2(c) implies that V’(x)<-O, 0 <=x <= U. Lemma 3.2 implies Vu dominates
the value function for (APU), and since ’v is feasible in this model, Vu is the value
function for (APU). For x =< U1 and U1 =< U2, every policy feasible in (APU1) is also
feasible in (APU2), so Vul(X)<= Vu(x). Thus we can define

V(x) lim Vv(x), x >-_0.
Uoo

It is clear that V_-< V*. Choose a policy ’(.) for (AP), let x(.) be the state process
satisfying (3.1), and let ru be as in (3.2). As in (3.19), the differentiation formula for
semimartingales applied to e-tVu(x(t)) implies that for _-> 0,

f oA-rU At

Vu(X)>=E,, e
JO

>-E e
0

-Sd(s)+e -o(’"""’)Vu(x(ro ^ ru ^ t))}- d(s) + e-(^’^’)P}.
Letting first oo and then U oo, we obtain V(x)>- Ve(x). Equation (4.7) follows.

To see that V* is finite, we pose a modified control problem in which P is replaced
by a (0)//3. Let VI* be the associated value function. It is clear that V*-< VI*, and the
part of the theorem already proved states that V* (x)= a(O)/ + x.

We now show that when a(0)> tip and (4.6) does not have a solution, then for
x > 0, there is no optimal policy. Let x (.) be a process absorbed at zero and satisfying

x(t)=X / Io a(x(s)) dS + Io r(x(s)) dw(s), O<-t <-zo,
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where -y is given by (3.2). For 0 < U <- , the process x (t) induces the same distribution
on sample paths on [0, ’u A ’o] as does a process absorbed at zero and reflected at .
Lemma 3.2 implies (setting ’u, zu A and letting o)

Vo(x)=Exe-t(’^)Vo(x(zu A Zo)).

Letting - oo, we have

V*(x) PE,, lto<u e-+ V*(U)E,, lu<o e-, 0 < x < U.

According to Corollary 2.2, V*(x) is thus twice continuously differentiable and satisfies
(2.10). Since each Vet is concave, so is V*. It follows that (d2/dx2)V*(x)<=O, x <=0.
Choose x -> 0, h -> 0. Concavity implies

1 1d
V*(x) > (x + h V*(x)] lim Vt: (x + h Vtr (x)]

=> lim V’t:(x + h >= 1.
Uoo

If, for any U, (d/dx)V*(U)= 1, then V* is linear for x => U. We would have V*(x)
Vu(x) and V(U) =0, contrary to our assumption. It follows that (d/dx)V*(x)> 1
for x -> 0. Lemma 3.1 implies there exists no optimal policy. U

Remark. The fact that V*= Vu., where U* is chosen to make Vet. twice
continuously ditterentiable is a manifestation of the "heuristic principle of smooth
fit" advanced in [4] and further expounded in [13], [14]. In this model, satisfying this
principle of smooth fit is equivalent to maximizing over U the expression for Vu(x),
0-< x -<_ U, given in (4.8).

We now turn our attention to (RP). Given a "lower barrier" L >= 0 and an "upper
barrier" U >L, there is a diffusion XL,u(" reflected upward at L and downward at
U and satisfying

xL,u(t)=x + a(x(s)) ds + o’(x(s)) dw(s)-b(t)+[(t), -O.

The reward associated with (b, [) is

k(x -L)+ Ve,t:(L), O<-x <-L,

x U + V,,v(U), x U.

The definition of V.cr for x <L and x > U reflects the fact that if x [L, U], then
(:b, :[) causes an immediate iump to the nearest endpoint of [L, U]. According to
Corollary 2.2, V,e is a solution of (2.10) for L <-x <- U, Vk,e(L) k, V’(U) 1. At
L and U, V’,cr may not exist. We denote by V’,r(L) the right-hand second derivative
at L and by V",(U) the left-hand second derivative at U.

In 5 an example will be given in which V* V.*,cr* and L*> 0. However, we
will show that under assumption (4.1), we can have only L*= 0. When k 1, the
problem becomes trivial, so we dispatch that case first.

TORF.M 4.4. Consider the model (RP) and assume k 1 and (4.1) holds. Then

a(o
V*(x)=x+ x -0,
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and an optimal policy is given by

(4.10) :+(t) r(0)w -(t) + ta-(O)

(4.11) -(t) { 0, t 0,
x + r(0)w +(t) + ta /(0), t>0,

where w+/-(t)=max {0, +w (t)}, a+/-(0) max {0, +a (0)}.
Proof. Lemma 3.3 implies that F(x):=x +a(O)/fl >= V*(x), x >=0. Let :/(.) and

-(. be given by (4.10) and (4.11). It is easily verified that

x, =0,
x(t) :=

0, t>0,

satisfies (3.9), so {-(. ), :/(. ), => 0} is feasible. Moreover,

I0Ve---,e/(x)= lim x +E e-[o’(O) dw(t)+a(O) dt]

a(O)=x+.

THEOREM 4.5. Consider the model (RP) and assume k > 1 and (4.1) hold. If
there is a U* > 0 which satisfies
(4.12) V,tr. (U*) O,

then V* Vo,u. and (:.,) is optimal. If no such U* exists, then

(4.13) V*(x)= lim Vo,u(x), x >=0,
Uoo

which limit exists and is finite for every x >-_ O, and there does not exist an optimal policy
forx >=O.

Proof. If U* satisfying (4.12) exists, then Lemma 4.2(c) implies V,. (x _-< 0,
0-<x -< U*. Lemma 3.3 implies Vo.. >- V*, so V* Vo,. and (:., :) is optimal.

Suppose now there does not exist a U*> 0 satisfying (4.12). As in the proof of
Theorem 4.3, we let g and h be linearly independent solutions of (2.10), so for U > 0
and 0 _-< x _<- U,

g’(O)h (x h ’(O)g(x + k[g(x)h ’(U)- h (x)g’(U)]
(4.14) Vo,u(x)

g (O)h U) h (O)g’ U)

Define

(u) g’(0)h "(U) h’(0)g"(U) + [g"(U)h’(U) h "(U)g’(U)],

which by assumption has no zero in (0, ). Application of (2.10) results in

2/3(k- 1)
(0)= o.Z(0) [g(O)h’(O)-h(O)g’(O)],

from which we conclude that if(0) has the same sign as g(O)h’(O)-h(O)g’(O). We know
from (4.9) that this latter quantity is nonzero and has the same sign as f(0), where

f(x):= g(x )h ’(U)- h (x)g’(U).

Since f solves (2.10) and/’(U)=0, Lemma 4.2(b) guarantees f(0) and f’(0) have
opposite signs. Therefore, (0) and f’(0) have opposite signs, and since ff (U) is nonzero
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in (0, c) and (0) is also nonzero

(u)
v’d,v u) <o.

g’(O)h U) h (O)g’ U)

Lemmas 4.2(c) and 3.4 imply that Vo,u is the value function for (RPU) and
is optimal in the model. Since the class of admissible policies in (RPU) enlarges with
increasing U, Vo,v(x) is nondecreasing in U, and we can define

V(x lim Vo,u(x ), x >- O.
U-oo

We have V-< V*.
The proof that V V* is slightly more involved than in Theorem 4.3. We begin

by showing V*(x) < oo, x >-0. Let x =>0, x(. ), -(, ), +(. be as in (3.9), u, as in (3.5),
so that

tA Pn

Ex(t A v) =x +Ex a(x(s))ds-Ex[-(t A v)--:/(t ^ v)], t_-->O.

Let y. (t) satisfy the deterministic integral equation

(4.15) y(t)=x+ [a/(O)+By,(s)]ds-E[-(t^u)-+(t^u)], t-O,

where a/(O)= max {a (0), 0}. Inequality (4.1) implies

O-E,x(t^u,,)-y,(t), t-O.

The solution to (4.15) is

[
+a (0)

y.(t)=e’ x+ (1-e )- e

and so

-t3s dEx(-(s ^ u.)-+(s ^

Io’ a+(0)
e -sdEx[c-(s ^ u,)-c+(s ^ u,)]<-x 4

From definition (3.10), we see that

a+(0)

SO

a+(0)
V(x)<-_ V*(x)<-x+ x >-0.

Now let x(.) be a process with drift a(.) and diffusion o-(.) which is reflected
upward at zero. For 0-< x -< U -< , Lemma 3.4 implies (setting - ’u ^ t and letting
t, n oo)

Vo,o(x) =E -k e e o(U)

where zu inf {t >-0" x (t) U}. Letting U , we obtain

v(x - e-d(t+e-"’V(U)
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From Corollary 2.2 we conclude that V is twice continuously differentiable, is a
solution to (2.10), and V’(0)= k. Since each Vo.tr is concave and has first derivative
at least 1, V also has these properties. We conclude from Lemma 3.3 that V => V*,
so V V*. If V’(U)= 1 for any U, then V would be linear for x-> U and this U
would satisfy (4.12). Therefore, V’(x)> 1 for x =>0, and Lemma 3.3 implies that no
optimal policy can exist. [3

Remark. As in the model (AP), condition (4.12) is the principle of smooth fit.
If U* satisfies this condition, it maximizes V0.tr (cf. (4.14)) over U.

5. Examples. In this section, we give several examples to illustrate the results
of 4. The first two examples deal with ordinary Brownian motion and a general
logarithmic Brownian motion. Both satisfy the condition/ > a’(x). A third example
is designed to illustrate the many possibilities which can occur when the condition
[3 >= a (x is violated.

Example 1. Brownian motion. We take a(x) =/x andr(x) =o’,/ >0=a’(x). The
general solution of (2.10) is of the form

(5.1) f(x)=cx ex +c2 e,
where r > 0 > r2 are the roots of

2/.2(5.2) r + 2/xr 2/ 0.

We note that r >r if and only if tz > 0.
For (AP) we must select Cl, c2, and U* such that

(5.3) 1(o) P, f’(u*) , f"(u*) o.
If P </x//, the resulting value function will be given by

e rlx +c2 e r2x 0<x < U*
(5.4) V*(x)

V*(U*) + x U*, x > U*.

If P =>/x//, the value function will be given by

(5.5) V*(x x +P.

Conditions (5.3) applied to (5.4) give rise to transcendental equations. A simple special
case occurs when P 0 and/x > 0. In this case

2
r2(5.6) U*=

1
log-y,

rl r2 rl

and

erlX

(5.7) V*(x et t*,

(U*) +x U*, x > U*.

If P-</z//, then U* is the unique positive root of
2

( r (q_r=)u./(r(5.8) P= 1-e //(r-r)e
In the case of (RP), the conditions analogous to (5.3) are

0 -< x -< U*,

(5.9) f’(O)=k, f’(U*)=’l, f"(U*)=O.
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The value function will be given by (5.4) with c 1, C2, and U* appropriately chosen
to satisfy (5.9). Again transcendental equations arise. It is, however, interesting to
relate the two control problems (AP) and (RP. A simple example is afforded by the
case/x 0 and P -< 0. In this case rl -r2 x/2/3/tr and

(5.10) U* =1 log (-riP +/rP + 1).
/’1

The resulting value function for (AP) is identical to that for (RP) with k taken to be

(5.11) k =x/rP2 + 1=>1.

The results are in general agreement with those of Harrison and Taylor [8].
Example 2. General logarithmic Brownian motion. In this example, we let a (x)

ax +b, r(x)=O(ax +b), with/3>a =a’(x)>0 and b >0. Solutions of (2.10) are of
the form

(5.12) f(x)=ct(ax +b)+cE(ax +b),
where r > 0 > r2 are the roots of

(5.13) !02a2r2 102a 2
2 +r(a - )-B =0.

For (AP) one must select Cl, c2, and U* to satisfy (5.3). The resulting value
function will be of the form

lcl(ax +b)+cz(ax +b),
(5.14) V*(x)

[ V*(U*)+x-U*,

if P < b/, while it is given by (5.5) if P >-b/.
By way of illustration, when P 0 we find

C2 -C b q-rE,

u,=b((r2(r2-11)l/(r-)_ )a r1(r1-1
1

c (ra 1)/((r2 r)rza (aU* + b):-b-).
The condition/3 > a ensures r > 1.

When/3 a, there is no U*<o such that Vu. satisfies (5.3) or (5.9). The value
function is finite and given by (4.7) or (4.13). For example in (AP) with P 0

V*(x) x +-- x +
a

There is no optimal policy.
The reflecting problem (RP) involves solutions of the form (5.14) with boundary

conditions (5.9). Again transcendental equations arise. As an illustration, the value
function specified by (5.15) for P 0 arises in (RP) when k is taken to be

(5.16) k c lab q-1 (rl r2).

Example 3. This example is designed to illustrate the possible behavior which
can occur if we remove the condition/3 >-_a’(x). In the (RP) formulation we specify
k > 1. In the (AP) formulation we specify P -((k 1)/2). zr/2.
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Let

(5.17) a(x) =/3 ((k + 1)/2)x -(/3 + 1)((k 1)/2) cos x
(k + 1)/2 +((k 1)/2) sinx

The value function for (AP) and (RP) is given by

(kx- +22’
(5.18) V*(x)

k + 1 k zr

The value function corresponds to the following optimal policy. If 0<x < -/2,
an immediate jump up to r/2 is made. The region [r/2, o) is divided into intervals
of length r. If x e [’/2 + 2rn, 3’/2 + 2rrn for some n >_-0, then :/ and - are taken
to be the minimal processes which keep the x process inside this interval. If x
[3-/2 + 2rmo, 5r/2 + 2rno] for some no_->0, then / and - are taken to be 0 until
the first time x reaches 3-/2 + 2rno or 5r/2 + 2rno. At this time, / and - are the
minimal processes which keep the x process in the adjacent interval. It is easy to
check that V satisfies (3.14) (with equality for x e [’/2, oo)),

V(O) P, V’(O) k, V’(zr/2 + 27rn k, V"(Tr/2 + 2rn O,

V’(37r/2 + 2rn) 1, and V"(37r/2 + 27rn) 0.

A,eknowledgments. The approach represented by Lemmas 4.1 and 4.2 was sug-
gested by Charles Coffman. The proof of Lemma 2.1 is due to Ioannis Karatzas. We
wish to express our gratitude to them.
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RICCATI EQUATION ARISING IN A BOUNDARY CONTROL PROBLEM
WITH DISTRIBUTED PARAMETERS*

FRANCO FLANDOLI"

Abstract. Global existence is proved for the solution, of a Riccati differential equation connected with
the synthesis of a boundary control problem governed by parabolic partial differential equations.

Key words. Riccati equation, optimal control, parabolic systems, Dirichlet boundary control

1. Introduction. In this work we present a direct study of a Riccati operator
equa)ion which is connected with the synthesis of several boundary control problems
governed by parabolic partial differential equations. It may be found in this case that
the optimal control may be represented by means of an operator valued function P(.
which verifies formally the following differential equation

P’(t)+A*P(t)+P(t)A +P(t)ABR(t)B*A*P(t)=M(t), t[O, T]
(1.1)

P(0) =P0.
Here (-A) is the infinitesimal generator of an analytic semigroup of bounded linear
operators in a Hilbert space E, M(t) and P0 are bounded linear operators in E, B is
a bounded linear operator mapping an Hilbert space U (the control space) into E,
R (t) is a bounded linear operator in U, P’ denotes the derivative of P with respect
to t, A* and B* denote the adjoint operators respectively of A and B.

Note that in (1.1) the unbounded operator A also appears in the nonlinear term;
this is a new feature in comparison with the Riccati equation connected with distributed
control problems.

Equation (1.1) arises in the problem of minimizing
T

(1.2) fo {(M(T-s)y(s), y(s)) +(R-l(T-s)u(s), u(s))u} ds +(P0y(T), y(T))

under the state equation

y’(t)+A(y(t)-Bu(t))=O, y(0) yo

(see for example [1] and Proposition 3.3) where we have denoted by (., ) and (., )u
the scalar products in E and U respectively. The problem of the boundary control
of a parabolic system through a Dirichlet condition or a Newman condition (with
distributed observation) may be studied in this way (see [1] and [6]). Up to now the
synthesis of these problems has been studied using variational methods; for the case
when Po 0, A. V. Balakrishnan (see [1]) derived for the decoupling operator P the
equation

d(p(t)x, y) + (P(t)x, Ay) + (Ax, e(t)y)
dt

(1.3) +(R (t)B*A*P(t)x, B*A*P(t)y)tr (M(t)x, y),

P(O) =P0

*-Received by the editors June 15, 1982, and in revised form December 27, 1982.
t Classe di Scienze, Scuola Normale Superiore, Pisa, Italy.
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where [0, T], and x and y belong to the domain of A" in [9] and [10], M. Sorine
has studied a class of stationary and differential Riccati equations similar to (1.1),
considering also some initial values P0 # 0 (with a regularity condition a little stronger
than (2.3))’ in his works the existence of the decoupling operator P is proved using
J. L. Lions’ techniques (see [7, Chap. 3]), while a new technique is employed to derive
a Riccati equation for P and to prove the unicity of the solution.

The class of problems covered by [1] and [10] is similar to ours (apart from the
hypotheses on P0): in particular, regularity conditions on M are not required.

We present here a direct approach to equation (1.1), without using any of the
results of the control problem. In this way we are able to solve the synthesis of problem
(1.2) using the dynamic programming method. This is believed to be the first direct
study of (1.1); for the case when A does not appear in the nonlinear term, direct
studies of infinite dimensional Riccati equations maybe found in the papers of G.
Da Prato [3], L. Tartar [12], and the book of R. Curtain and A. Pritchard [2]. An
application of our techniques to stochastic problems may be found in [4].

The contents of this paper are outlined below.
In 2 the contraction principle is used to prove the local existence of a mild

solution of (1.1)" in 3 we prove the "a priori" estimation which leads to the main
result of global existence and unicity. Moreover we show in 3 that (1.3) is verified,
and that some regularity results hold: finally we use the dynamic programming
technique to solve the synthesis of problem (1.2).

We conclude this section by listing some notation.
Let U and E be two complex Hilbert spaces, with scalar products (.,.)tr and

(’,’)E respectively. We shall denote by L(U, E) the Banach space of bounded linear
operators from U to E, and we shall set L(E)=L(E, E). We shall denote by H(E)
the Banach space of hermitian linear operators in E’ we shall set H/(E) {T H(E),
such that (Tx, x)E >=0x E}. If T L(U,E)we shall denote by T* its dual operator
from E to U.

If X is a Banach space (with norm I1" IIx) and P 1, +o), a, b , a < b, then we
shall denote by Le(a,b’X) the Banach space of functions f: [a,b]-X, Bochner
measurable, such that Lb Ilflt)ll, dt < +o. We shall denote by C(a, b;X), the Banach
space of all continuous functions from [a, b to X.

We shall denote by C(a, b; L(U, E)) the set of all mappings T(. ): [a, b]L(U, E)
such that T(. )x is continuous for any x U. Moreover we shall set C(a, b;H(E))=
{TCs(a,b;L(E)), such that T(t)H(E) for any t[a,b]}, and similarly for
Cs(a, b; H/(E)). We shall set C (a, b; H/(E)) {T C(a, b; H/(E)), such that T(. )x
is continuously differentiable on [a, b for any x E}.

Let (-A) be the infinitesimal generator of an analytic semigroup in E" we shall
denote by D(A) the domain of A, by t9 (A) the resolvent set of A, by A* the adjoint
of A, by e -tA and e -tA*, >-O, the semigroups generated by (-A) and (-A*) respec-
tively. If a R, we shall denote by A the fractional powers of A (see, for-example,
11]) and by D(A) the domain of A.

2. Local solution. We study (1.1) under the following hypotheses"

(2.1) (-A) is the infinitesimal generator of an analytic semigroup in the Hilbert
space E; moreover we assume for simplicity that 0 p (A);

(2.2) B is a bounded linear operator from U to E, and there exists a 6 (0, 1) such
that B eL(U, D(A)).

These assumptions are verified in several boundary control problems (see [6]).
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We assume further that

(2.3) MCs(O, T;H(E)), R Cs(O, T;H(U)), PoH(E)f’IL(E,D(A*I-")).
Equation (1.1) is not well defined because of the unbounded operator A. In order

to study (1.1) we set O(t)= (A*)I-"P(t) and Oo (A*)-P0: then formally (2 verifies
the following integral equation:

O(t)x =e-’a*Qoe-tax + [ (A*)a-e-(’-)’*
(2.4)

(M(s) -O*(s)ABR (s)(AB)*O(s)) e-(’-)’x ds,

xE, t[0, T]. If OC(O, Ta;L(E)) is a solution of (2.4) on [0, Tx], then we say
that P(. )= (A*)"-IO(.) is a mild solution of (1.1) on [0, Tx].

We remark that the integral in (2.4) is meaningtul because from assumption (2.1)
it follows that

(2.5) CO--< Vt (0, T),

for a suitable constant Co>0 (see for instance [11]).
It is useful to introduce a family of equations, with bounded operators, which

"approximates" (1.1). Let us set A,=nA(A+n)-, A*=nA*(A*+n)-,,, for any
n N; since A,, and A,* are bounded linear operators, we may consider the analytic
functions e -tA" and e -tA*", t C. We consider the equation

P,(t)+A*,P,(t)+P,(t)A, +P,(t)A,BR(t)B*A*,P, (t) M(t), [0, T],
(2.6)

P(O)=Po.

Setting O,(t) (A*)-"n(A * + n)-Pn(t), and Oo,n (A*)I-"n(A * + n)-Po, we find
that Q, verifies the following integral equation:

O(t)=e-a*.Ooe-a.+ (A*)-"n(A*+n)-e-(t-)a*.
(2.7)

(M(s)-O* (s)a"BR(s)(a’B)*O,,(s)) e -’-s)a" ds.

It is easy to see that there exists a constant c > 0 such that

(2.8) C1I[(A*)l-’n(A*+n)-’e ’*-[lt_---- Vte(O, T),

/n N; using the contraction principle, and properties (2.5) and (2.8), we can prove
the following proposition on the local solutions of (2.4) and (2.7).

PROPOSITION 2.1. Suppose that (2.1), (2.2), (2.3) hoM. Let Qo, Qo,, eL(E) be
such that Qo,,X Qox tx E, and let mo >= sup,N Let

c sup
nN,t[O,T]

2Then for any p > c2mo there exists To >0 such that (2.4) has a unique solution O
C(O, To;L(E)) on [0, To], and (2.7) has a unique solution Q, C(O, To;L(E)) on
[0, To tn N. Moreover, Q, Q in C (0, T; L(E)). Finally, To depends only on the
numbers p, mo, c2, Co, Cl (see (2.5) and (2.8)),

sup IIM(t)lk(m, sup
t[0,T] t[0,T]
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Proof. We denote byB (0, T1; L(E)), T1 [0, T], the Banach space of applications
U:[O, TI]L(E) such that U,U*Cs(O,T;L(E)), endowed with the norm
IIull,(O.rl)=SUp,to,,llu(t)ll,(). We set B,,.rl={UB(O,T;L(E)), such that
IIUIl(o,rl) < 0}. When p > c 2_mo, using (2.5) and (2.8), we may find To > 0 such that
the contraction principle applies in Bo,r. to equations (2.4) and (2.7). The convergence
of (2. to (2 follows by the contraction principle with the same techniques of [3]. [3

By Proposition 2.1, this corollary follows immediately.
COROLLARY 2.1. Suppose that (2.1), (2.2), (2.3) hold. Then them exists Ta >0

such that (1.1) and (2.6) have unique mild solutions, P and P. respectively, on [0, Ta].
Moreover, PC(O, Ta,L(E,D(A*I-)))" P,-->P in C(O, T1,H(E))" and B*AnP,->*
(AB)A*I-P in Cs(O, T1;L(E, U.)).

In the next section we shall prove a global existence result for (1.1) using the
following lemma.

LEMMA 2.1. Suppose that the hypotheses of Proposition 2.1 hold, suppose that
there exists a unique global solution O, C(O, T: L(E)) of (2.7) tn N, and suppose
that there exists a constant c > 0 such that

(2.9) IIO. (t)lk() c Vt [0, T], Vn N.

Then there exists a unique global solution O Cs(0, T; L(E)) of (2.4) and O. O in
C(O, T; L(E)).

Proof. Let To > 0 be given by Proposition 2.1. We may write (2.4) in the form

O(t)x e-’-a*O(To) e-(t-T)ax

+ A*-’ e -(-a* (M(s)_O*(s)ABR(s)(AB)*O(s))e-(-axds;

and by Proposition 2.1, we obtain a solution on To, 2To ]. We conclude by a finite number
of steps. E

3. Global solution. We prove now the "a priori" estimate (2.9) assuming (2.1),
(2.2), (2.3), and moreover that

(3.1) PoeH+(E),M(t)H+(E),R(t)H+(E)Vt[O, T], and there exists u>0
such that (R (t)x, X)u >=  llxllu Vx u, E0, T3,

It is well known that under these hypotheses there exists a unique solution Pn
C] (0, T; H+(E)) of (2.6), n N. Note that equation (2.6) may be written in the form

(3.2)
P’,(t)+A*,P,(t)+P,(t)(A, +A,BR(t)B*A*,P,(t)) M(t),

P,(0) Po,

e [0,

or even in the form

(3.3)

P (t) + (A*, + P,, (t)A,,BR (t)B*A*,)P,, (t)

+ P, (t)(An AnBR (t)B *A* AnPn (t),,P,(t))=M(t)+P,(t)A,BR(t)B* *

P,,(0) Po.
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Denote by U,,(t,s) the evolution operator associated to
P,,A,,BR (t)B*A *, },tO.T]. We have

the family {-A,*-

U,,(t,s) I-A* P,,(t)A,BR(t)B* *A,,]U,,(t,s),
Ot

U,, (t, s U,, (t, s )[-A *,, P. (s )A,,BR (s )B*A.
Os

for 0 -< s <- -< T, and by transposition we have

(3.4) --- U.* (t, s)= -[=A,, -A,,BR (s)B*A*.P,,(s)]U*. (t, s).
Os

From (2.6)it follows that

P,, (t) e
-t/t *"Po e

(3.5)
+ e_(_a,(M(s)_P(s)A,,BR (s)B,A,p,,(s)) e_(_a ds"

From (3.3) it follows that

P,(t) U,,(t, O)PoU*, (t, O)
(3.6)

+ U,, (t, s )(M(s) +P, (s)A,,BR (s)B*A * *P(sllU (, sl cls,

and from (3.2) it follows that

i0’(3.7) P,,(t) =e-a:PoU* (, 0)+ e-(-a*M(s)U* (t, s) ds.

By multiplication on the right by U*(r, t) in (3.7) we obtain

(3.8)
P,, (t)U*, 0", t)= e-tA*"PoU*, 0", O)

+ e-(-A*M(s U*,(r,s)ds

From (3.4) we have

(3.9) U,* (r, t)= e -(,-t)a" + e

Vr_->t.

-(s-tA"A.BR (s )B*A * *.P.(s)U. (, s) ds.

Finally we set

(3.10) ,,(t, s) B’A*.P,,(s)U*.(t,s).

Hence, from (3.9) and (3.8) we have respectively

(3.11) U*n(7",t)=e-(’-t)A"+ A-n(A+n)-e-(-t)A.ABR(s)q,,(r,s)ds,

,,(r, t)= (AB)*(A*)-n(A* + n)- e-’A*"PoU*, (r, O)
(3.12)

+ (AB)*(A*)-n(A*+n)-e-"-*M(s)U*(r,s)ds.
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that
LEMMA 3.1. Let o, be defined by (3.10). Then there exists a constant c >0 such

2[[ (t, s)llL,z.u) ds <-_ c Vt [0, T], Vn N.

Proof. From (3.6) we have that ’qx E

(,,(t, s)x, R (s)qn(t, s)x)vds <-(P,,(t)x, x)z.

By (3.5) there exists a constant c1>0 such that (Pn(t)x,x)z<-cl X/t [0, T], ’n N,
x 6 E. The thesis follows from (3.1).

LEMMA 3.2. Suppose a < 1/2. Then for any e >0 sufficiently small there exists a

constant c (e such that

Proof. From (3.11) we have

(3.13) [[U (r, t)ll,, <c +c
(t-s

(we have used an inequality for Aa-n (A + n)-a e -ta" similar to (2.8), and we have
denoted by c a suitable constant independent of e [0, T] and n e N). From Lemma
3.1 and from the Young inequality (see [5, p. 290], the thesis follows.

LEMMA 3.3. Suppose PoH(E)L(E,D((A*)I-)). Let (0, l-a) and
(0, ). Then, there exists a bounded linear operator in E which extends (A *)--OP-.

Proofi Set Qo (A*)I-po, and Ro Qo + Q. Denote by e-tA- and e-ttA
0, the analytic semigroups generated by AI- and (A*)1- respectively (see for

instance 11]). Since 0 6 p (A a-) we can easily check that
+

J -t(A -tAPo e
*)’ Roe dt.

Due to the analyticity of e -’A’-" and e
-t(A*)’ the integral

(+

(A*)-- e-(A*)-RoA- e-A- dt

is meaningful (it may be verified for xample using 11, Thm. 3.3.3]), and clearly it
coincides with the closure of (A*)I--PoA-.

LEMMA 3.4. Suppose a < . Then for any e >0 suciently small there exists a

constant c2(e such that

Proof. Take a small >0. From (3.12) we have

II. (, t)lk(,u)< cll(A*)--’/2+n (A* + n )-1 e -’: (A*) 1/2-Y

where c > 0 is a suitable constant. The second term is bounded in virtue of the Young
inequality and Lemma 3.2; consider the first term. By Lemma 3.3 (with
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there exists an operator L eL(E) which extends (A*)1/2-gPoA 1-a-1/2+y/2. Using (3.11)
we have

II(A*) 1-4-/2+n (A* + n )-1 e -tA*"(A*)a/2-’PoU*, (r,

-< z-+llLIl,) c + IIA a12-12n (A + n)-I_ta__l e 4BR (s)o. (r, s)l] ds

<c3t-(1--1/2+)

by Lemma 3.1 and the H61der inequality (we have denoted by C1, C2, 173 suitable
constants independent of and n). Since (1-a-1/2+t)(2/(1-2a)-e)<l for
sufficiently small, the claim is proved.

LEMMA 3.5. There exists a constant c > 0 such that

IIu* , t)ll)<- c vn m N, V, m [0, T], with r > t.

Proof. If a > ] the conclusion follows from (1.13), the Holder inequality, and
Lemma 3.4. If a <1/4 we use Lemma 3.4 and applying the Young inequality (see [5,
p. 290] in (3.13), we obtain that IIu.* (,.)[1,,,-,o,-,o,.;,, < c(). Then we may prove
the claim of Lemma 3.4 with 4a in place of 2a. Iterating Lemmas 3.2 and 3.4, with
the new exponents, for a suitable number of times, we prove the claim.

We apply now Lemma 3.5 and (2.8) to (3.7). Recalling that Q,(t)=
(A*)-n(A * +n)-P,(t), we have finally proved the "a priori" estimate (2.9). Hence,
by Lemma (2.1), this proposition follows.

PROPOSITION 3.1. Suppose that (2.1), (2.2), (2.3), (3.1) hold, and set Oo
(A*)a-4po, Qo.,=(A*)l-4n(A*+n)-lpo. Then there exists a unique solution Q
C(O, T;L(E)) of (2.4), and Q, --,Q in C(O, T;L(E)). Moreover there exists a unique
mild solution P C(0, T; H/(E)) of (1.1), and P, P in C(0, T; H(E)).

We conclude with a regularity result connected with the interpretation of (1.3).
If a, b , a < b, and/3 (0, 1), we set

C (a, b; L(E)) {U Cs(a, b;L(E)), such that U(. )x is fl- H61der, ’qx 6 E}.

LEMMA 3.6..Assume that the hypotheses of Proposition 3.1 hold. Then for any
e (0, T) andforany [3(O,a) we have QC(e, T;L(E)).

Proof. Consider (2.4). Set

(3.14) F(s)=M(s)-Q*(s)A4BR(s)(A4B)*Q(s), s [0, T].

By Proposition 3.1 we have F C(O, T; L(E)) (note that Q* C(O, T; L(E)) by the
proof of Proposition 2.1). For any > r we have

-(t-)a*F(s --(t-)a ,)-, -,-s)a*F -(r--s)A(A *) 1-, e e ds (A e (s e ds

-(t-s )A*F-<- I1(A*)1-4 e (s) e -’-’)AI ds

+ {ll(A*)a-(e -(’-,a* -e-(’-’a*)F(s)

+ II(a*)-4 e-,-.,)a*F(s)(e-(t-s)a e-.--,)a)l]} ds

,t_s,_, ds+ 2-4
O"

c } ).(r_s)i_,, ds <Cl(t--’/"



RICCATI EQUATION IN A BOUNDARY CONTROL PROBLEM 83

We have used the equality

-(t-s)A* -(’r-s)A* -o’A*-e -A* e do’,

and the estimate [11, 3.3.3]. Since t-. e -tA*Qo e -tA is analytic for > 0 we conclude
by way of (2.4).

Let ? (0, 1). Consider the real interpolation spaces DA((, 0) in E defined by
[8]. We have

(3.15) DA(, o)- x E, Ile-’At --c Vt (0, T)

LEMMA 3.7. Suppose that (2.1), (2.2), (2.3), (3.1) hold. Suppose moreover that
PoL(E,D(A*)), and that there exists y(O,a) such that MC(O, T;L(E)), R
C(O, T;L(U)). Then /7 (0, 1), ’x 6DA(, ), /t 6 [0, T] we have P(t)x D(A*).

Proof. From (2.4) it follows that

P(t)x e-tA*po e-tAx + e-(t-s)A*F(s) e-(t-S)Ax ds,

where F(s) is given by (3.14). The first term belongs to D(A*). Moreover,

It is easy to verify that each term belongs to D(A*), using (3.15), and the equality

-t-s)A*F(s)x -ta*-A* e ds (e 1)F(t)x. [3

PROPOSITION 3.2. Assume that the hypotheses of Proposition 3.1 hold, and let P
be the mild solution of (1.1). Then Yx, y D(A), Yt [0, T], we have

(e(t)x, y) +(P(t)x, Ay) +(Ax, P(t)y)z

+(R (t)(AB)*(A*)I-P(t)x, (AB)*(A*)-P(t)y)tr (M(t)x, y)z,

P(0) =eo.
Moreover assume that the hypotheses ofLemma 3.7 hold. Then P verifies (1.3). Moreover
YX, y DA ((, 00), with t (0, 1), and /t [0, T] we have

d
-(P(t)x, y> +(A*P(t)x, y)z +(x,A*P(t)y)z

+(R (t)B*A*P(t)x, B*A*P(t)y)t (M(t)x, y),

P(0) =P0.



84 FRANCO FLANDOLI

Proof. From (2.6) it follows that

(M(t)x, y)E -(Pn(t)x, Any)z -(Anx, P,, (t)y)z

(R(t)B*A* *A* d
,P,(t)x,B ,P,(t)y)u -(P,(t)x y>m.

By Proposition 3.1 the second term converges uniformly on [0, T]; hence we have
the first part. The second part is a consequence of Lemma 3.7.

Using Proposition 3.1, we solve now the synthesis of the optimal control problem
of minimizing

T

(3.16) J(u) Jo {(M(T-t)y(t), y(t))+(R-l(T-t)u(t), u(t))} dt +ff,(y(T))

over all controls u Lz(0, T; U); where the state y is defined by the formula

-(t-s)Am(3.17) y(t)=e-’ayo+ A-e "Bu(s)ds fora.e.tE0, T],

with yoE, and where the final cost (y(T)) is defined by (3.18) below. Formula
(3.17) defines a function y L2(0, T; E) which may be considered as a mild solution
of some parabolic equations with boundary control (see for instance [6]). We consider
now the case when a <1/2, because it covers the largest class of boundary conditions
(in the Dirichlet case we have a 1/4-e). When a < 1/2, y is not always continuous, and
y(T) is not always well defined. In order to define the final cost (y(T)) we write
(3.17) in the form

y(t)=AX/2-/2z(t),
where

z(t) A/-/e-ayo + A/-/ e-(-aABu(s) ds.

Now we note that if u L(0, T; U) then z C(0, T; E) and if Po satisfies (2.3), then
by Lemma 3.3 there exists/3o L(N) which extends (A*)/-/PoA/-/. Hence we
may define

(3.18) q (y (T))= (Poz(T), z(T)).

We note that if u is so regular that the corresponding trajectory y belongs to
C(0, T; E), then we have q (y (T))= (Poy (T), y (T)).

The synthesis is solved by the following proposition.
PROPOSITION 3.3. Suppose that the hypotheses ofProposition 3.1 hold. Then there

exists a unique optimal control u for the problem (3.16), (3.17), and we have

(3.19) u(t)=-R(T-t)(AB)*A*I-p(T-t)y(t), [0, T],

where y is the unique solution of the equation

(3.20) y(t)=e-ayo- A e-(-aBR(T-s)(AB)*A*-P(T-t)y(s) ds.

Moreover the optimal cost is (P(T)yo,
Pro@ Let P be the solution of (2.6). Let u e L(0, T; U) and y be given by

(3.21) y’(t)+Any(t)=ABu(t), y(0) yo.
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We set

f,(t)=(Pn(T-t)y,(t), yn (t))E
T-It {(M(T-t)y,(s), y,(s))E+(R-l(T-s)u(s), u(s))tr}ds.

Deriving f,, in t, and using (3.21) and (2.6), we find easily

f.(t) IIR1/2(T-t)B*A *,p,(T-t)y,(t)+R-a/2(T-t)u(t)ll2.
Integrating on [0, T], we obtain
T

fo {(M(T-s)y,(s), Yn(S))E +(R-I(T-s)u(s), u(s))u} ds + (Poy.(T), yn(T))z

(3.22)
T

=(P,(r)yo, YO)E+ fo [[RI/2(T-s)B*A*"P"(T-s)yn(s)+R-a/2(T-s)u(s)II2uds"

Now, by standard arguments it may be proved that y,-- y in L2(0, T;E) and that
(Poy,,(T), y,(T))E(Poz(T), z(T))E; hence, taking the limit in (3.22), we obtain

J(u) (P(T)yo, Yo)E
(3.23) T

+ Io [[R/Z(T-s)(A’B)*(A*)a-’P(T-s)y(s)+R-1/Z(T-s)u(s)l[ds’

from which we deduce that J(u)>=(P(T)yo, y0). Using the contraction principle for
the local existence and an iteration technique for the global existence, it may be
proved immediately that equation (3.20) has a unique solution y in L(0, T; E) and
also in C(0, T;E). Then, taking u as in (3.19), we deduce by (3.23) that J(u)=
(P(T)y0, y0)r, and that (3.19) defines an optimal control. Conversely, if v L2(0, T; U)
is an optimal control, then by (3.23)it is v(t)=-R(T-t)(AB)*(A*)a-P(T-t)y(t)
for a.e. [0, T], where y is the state which correspond to v. BUt then y is-the solution
in L2(0, T; E) of (2.20), which is unique; hence v is equal to u given by (3.19). 71

Remark. It may be proved that under the hypotheses of Lemma 3.7 we may
write in (3.19) and (3.10) B*A*P(T-t)y(t) in place of (AB)*(A*)I-P(T-t)y(t).
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CONTROL OF A DIFFUSION BY SWITCHING BETWEEN TWO
DRIFT-DIFFUSION COEFFICIENT PAIRS*

J. M. McNAMARAt

Abstract. We consider the control of a particular one-dimensional diffusion process over a finite time
interval [0, T]. Two drift-diffusion pairs (tzl, trl) and (tz2, tr2) are given and the process is controlled by
switching between these pairs. The objective is to maximize the probability that the process lies in the half
line [0, oo) at final time T.

The case where/z tz2 =0 is considered first. Let the control tr0 be given by the rule: choose the
smaller diffusion coefficient if and only if the current state is nonnegative. A result is proved which, loosely
speaking, says that tro is optimal in this special case, and remains optimal even if we know the final value
of the driving Brownian motion in advance.

The general problem (with drift) is then sotved by an application of this result and the Girsanov
transformation.

Key words, optimal stochastic control, risk

1. Introduction. We consider the control of a one-dimensional diffusion process
over a finite time interval [0, T]. The process is controlled by simultaneously varying
the drift and diffusion coefficients. Two pairs of real numbers (tz, trt) and (tz2, tr2)
are given with 0 < trl < tr2, and the idea is that at any time during [0, T] we may either
choose/Zl as the drift coefficient and tr as the diffusion coefficient or choose/z2 as

2the drift and tr2 as the diffusion coefficient. The objective is to maximize the expected
value of a function of the state at final time T.

Formally, let (fl, ,P) be a probability space with filtration (t}o_-<t_-<r. Let
{B(t): 0<= =< T} be a Brownian motion which is adapted to the filtration and whose
increments after time are independent of t for each [0, T]. We further assume
B(0) 0. An admissible control is defined to be a measurable process {tr(t): 0 =< -< T},
which is adapted to the filtration {t}o__<ta and takes values in the two element set
(trl, tr2}. We denote the set of all admissible controls by M. For each x R-an admissible
control tr determines a process {:(t): 0 =< -_< T} according to the equation

i0 i0(1) (t)=x+ x(o-(A))dA + o’(A)dB(A), O<-_t<-T,

where (.) denotes the function which maps o- to , 1, 2.
The terminal reward function R is taken to be the step function

0, x<0,
R(x)=

1, x->_0.

For tr M the corresponding expected future reward function is the map :
defined by

f,(x)=E{R(,(T))},

where E" denotes the expectation given that the process {c(t). 0=<t =< T} satisfies
equation (1). In this paper we find a control in M which maximizes f, (x) for all x .

We outline two situations which provide motivation for this mathematical model.
Consider a game in which a given fixed set of lotteries (plays) are available at each

* Received by the editors June 15, 1982, and in revised form November 18, 1982.

" School of Mathematics, University of Bristol, Bristol, England B28 1TW.
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stage, and each play yields a number of points. A single player has to choose lotteries
sequentially from this set until a nonrandom number n have been chosen. The current
score is defined as the sum of the points gained on previous plays, and the player
wins the game if and only if his score after n plays exceeds some threshold level e.
If we define the state after k plays, Xk, as the current score minus e, then the objective
of the player is to maximize E{R (X,)}.

We have in mind here a game played by a single person against nature; but with
slight modification we can consider a game played against an opponent who employs
a fixed strategy. In this latter case one takes the state after k plays, Xk, to be the
difference in scores. Thus a player maximizes the probability of having the larger
score after n plays by maximizing E{R (X,)}.

In such games the number of points gained in a play will usually be random with
a variety of distributions being available. Many games involve a tradeoff between
mean gain and risk: plays with a high mean gain often having a high variance (although,
as we shall see, a high variance can be advantageous). Our model is intended to
investigate this type of situation, but for simplicity (and tractability) restricts attention
to the case where just two lotteries are available.

As a second example consider a small bird foraging for food in winter. During
cold spells birds such as goldcrests forage during almost the whole daylight period.
During the night considerable amounts of energy are needed to keep the bird warm
and unless reserves at dusk are sufficiently high the bird will be dead by morning.
Thus, as a rough approximation, a bird will maximize its probability of survival by
maximizing the probability that energy reserves at dusk exceed some critical level e.

It is clear that food sources in the wild differ in their variability as well as their
mean food yield, and several authors have been concerned with the effect of variability
on foraging strategy [1], [2], [4], [7], [9]. Our problem can be seen to give a simple
model of foraging in which a bird can choose between two such food sources and
must maximize its chances of overnight survival.

In 2 we consider the special case/Zl =/z2 0, and, loosely speaking consider
optimal control conditional on the final state B (T) of the driving Brownian motion.
We exhibit a control which is optimal uniformly over all values of B (T). Then in 3
we reduce the general case to that considered in 2 using the Girsanov transformation,
and hence solve the general problem.

2. Uniform optimality in a special case. In this section we consider the case
/z ix2 0. For this special case the control problem outlined in the introduction can
be shown to have the simple bang-bang optimal control given by the rule" if the
current state is positive use r, if negative use r2 (McNamara [5]; the result is also
outlined in McNamara [6]). We show that this control remains optimal "if we know
the final value of the driving Brownian motion in advance".

To see that this rule gives an admissible control in our sense let a0: [--> {cry, r2}
be defined by

tr ifx=>O,
(2) ao(x)

tr2 if x < 0,

and let x R. Then by Nakao [8], the stochastic differential equation

(0) x, d(t)=ao((t))dB(t), O<-t<-_T

has a unique strong solution. Thus we can define the process o-0 g by tr0(t) ao((t))
for O<=t<=T. McNamara [5] then shows that tro maximizes f(x). Of course in our
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(3)

and

terminology there is a different optimal control r0 for every initial point x. However,
since they all arise from the same feedback control ao we will sometimes just loosely
refer to r0 as the optimal control without reference to the state at time 0.

To make the idea of control conditional on B(T) rigorous we consider the control
of a two-dimensional process over [0, T]. Let (x, y) Iz and let r M. Then the vector
process {(,(t), r/(t)): 0-< t-< T} is defined by

,(l=x + o,()dB(x)

(4) r (t) y + dB (h)..

Let b" --> [0, oo) satisfy an exponential growth condition:

$(x) <=Ke 11, x ,
for constants K and k. In this section we consider the problem of maximizing the
product R(,(T))ck(q(T))" i.e. of maximizing

g,,(x, y) Ex.r{R ((T))b (rl (T))},

where Ex.y denotes the expectation given that the process {(%(t), q (t))" O <= <= T}
satisfies (3) and (4). We investigate optimality by using the familiar Bellman equations.
Let " z x [0, T]--> R, then we say that satisfies the dynamic programming equation
if the following five conditions are satisfied.

(D1) 4’ is continuous on Zx [0, T]-{(0, y, T): y R}.
(D2) satisfies an exponential growth condition in x and y uniformly over

[0, T]; i.e. there exist constants B and b such that

[(x, y, t)l <= B e b(Ixl+lyl) V(x, y, t) z [0, T].

(D3) The derivatives O/Ot, z@/OxZ, Oz/Ox Oy and 0z4,/OyZ exist and are con-
tinuous on 2x (0, T).

(D4) O@/Ot + maxa=l 2 Ga 0 on R2 x (0, T), where G denotes the differen-
tial operator a 2 02/0X 2 + 2a 2/0x 19y q" 02/0y 2.

(D5) (x, y, T)-R(x)c(y)V(x, y) z-((0, y)’y.
The following lemma gives a sufficient condition for tro to be optimal.
VERIFICATION LEMMA. Suppose. there exists a solution, , ofthe dynamic program-

ruing equation which satisfies
(5) (G)(x, y, t) >= (G)(x, y, t), x > 0

and

(6) (G,l)(x, y, t) <= (G,24,)(x, y, t), x < 0

for all (y, t) x (0, T). Then for each (x, y) Rz
g,o (x, y max go(x, y (x, y, O)

where O’o denotes the control defined for initial state x as prescribed above.
The proof is of standard type and is hence omitted. For general results of this

type see Fleming and Rishel [3]. Although these authors assume a continuous terminal
reward function their results remain valid in our case since P’(%(T)= 0)= 0 for all
(x, y) 2 and all r M.
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In the theorem given below we merely write down a solution of the dynamic
programming equation which satisfies the condition of the lemma. However, before
doing this we motivate the formula used by considering the case where 4 8, the
delta function. Our discussion will be heuristic and we make no attempt to give a
rigorous justification of the remarks made in it.

Consider the (x, y)-plane shown in Fig. 1. When b is the delta function the
objective is to steer the process so that the state at time T is on the half line OX
extended. Let P lie on the half line 0-1y x, x -> 0 and let O lie on 0-2y x, x =< 0, as
shown. We denote the open region above OOP by C1 and the open region below
OOP by C2. Whilst the diffusion coefficient has value 0- motion is restricted to a
line of slope 0-i-1, i.e., a line parallel to OP. Similarly while the diffusion coefficient
has value tr motion is restricted to a line parallel to OO. By using a combination of
0-12 and o- any point in the plane is accessible from any other point.

A (xO,YO)f
/

/
/

/
/

/ /

// Q (x2,Y2)

/
/

/P (x,y)

/
/

/

X

FIG.

First of all suppose that the process starts at point P at time 0. Since one cannot
control the y-component of the process (i.e., rt) the probability of being "at" 0 at
final time cannot exceed the density of rt(T) at 0, namely (2rT) -1/2 exp{-y2/2T}.
But by using the control 0- 0- one can achieve this maximum. Thus starting at P it
is optimal to use 0-1 for the remaining time. Similarly starting at Q it is optimal to
use 0"2.

If the initial state (x, y) is in C2 it can be seen that one can either use 0"1 or 0"2,

or alternate between these alternatives, provided control 0-1 is used while on OP and
control 0-2 is used while on OQ. In this way the process remains below or on QOP,
and lies on OX at time T if and only if rt(T)= 0.

Finally suppose that the process is at point A in C1 at time 0. If control 0-2 is
used until the process hits P, and then 0"1 is used from then on, the probability of
being "at" O at time T is (2.n’T)-l/2exp{-v2/2T} where v =(yl-y0)+yl=(0-2
0"1)-1[(0-1 +o’z)y0-2x0]. Similarly if 0"1 is used until the process hits Q and then 0"2 is
used from then on the probability of being "at" O at time T is (2zrT) -/2 exp {-v’2/2T}
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where v’= (yo- Y2) 4- (--Y2). But since OPAQ is a parallelogram, v v’. This suggests
that one can either use 0.1 or 0.2 or alternate between these while in C1 provided the
appropriate control is used if the process hits QOP.

Thus we have surmised that any control which used 0.1 on OP and 0.2 on OQ is
optimal. Furthermore, since one can express this problem in terms of time to go rather
than forward time one can immediately extend this result to processes which start at
(x, y) at time [0, T) rather than time 0. For such processes the expected reward
has a maximum of

v:(x Y)}(7) g(x, y,t)=(2zr(T-t))-l/2exp -2(T-t)

where

(0.1 + o’2)y 2x
(x, y) C1

v(x, y)= o’2- o’

lyl otherwise.

Note that g is continuous on R2x [0, T) since v is continuous on R2. The conjecture
that either of 0.1 or 0. is optimal while not on OOP is strengthened by the fact that

(8) 0g+
Ot a.g 0

in C1 C2 for both a o’1 and a 0"2. Of course g is not differentiable on QOP.
Now consider the policy of using 0"1 for x _-> 0 and using 0"2 for x < 0. This is one

of many optimal policies when -8, but possesses the additional property that it is
optimal for all of the form (x)= 8(x-Xo), Xo . Thus one expects this,policy to
be optimal for all nonnegative . This motivates the study of 0"0 and we now return
to the rigorous exposition.

THEOREM. Let be continuous and nonnegative. Then 0"0 is an optimal control.
Proof. Let "2 [0, T]- be given by

(9) O(x, y,t)= g(x, y-v,t)(v)dv, (x, y,t)eNx[0, T)

and

(lO) (x, y, T) R (x)& (y),

where g is given by (7). We show that satisfies the conditions of the verification
lemma. Conditions (D1), (D2) and (D5) of the dynamic programming equation can
be verified directly from (9) and (10) and the expression for g. By expressing 6 as

y-X/ao(X) f;6(x, y, t)= g(x, y -v, t)qb(v) dv + g(x, y -v, t)qb(v) dv,
-x/ao(x)

where ao is given by (2), and differentiating the two terms on the right-hand side of
this equation separately, one can verify that (D3) is satisfied and that

(11) O,(x, y, t)= f_ Og
o oo 57 (x’ y -v, t) (v) dv
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and

(GaO)(x, y, t)= I_ (Gag)(x, y -v, t)(v) dv

(12)
(0-2-0-1)(T t)f x, O y- 1

ao(x) ao(x) ao(x)

a 0-1 0-2.

Here Og/Ot and Gag are the appropriate derivatives of g when these exist, and are
taken to be zero when they do not exist. By (8) G0-1g =.G0-2g; thus by (12)

(13) max (GaO)(x, y, t)= Gao()ff(x, y, t)
0-1,0-2

where

(14) (Gao(x))(x, y, t)= (Gag)(x, y -v, t)&(v) dv, a =0-1, 0-2.

By (13) and the definition of a0, (5) and (6) hold. Finally by (11), (13) and (14)

+ max GaO +-Gag (v) dv
=O"1,O" (x,y,t) OO (x,y--v,t)

which equals 0 by (8); thus condition (D4) holds.
This completes the proof.
Remark. Let A be a Borel subset of R with positive measure. Then since

P(j0-(T)>=O and rI(T)A)=P(j(T)>=OIrI(T)sA)P(rl(T)A), and since e(rl(T)
A) cannot be controlled, we see that 0- maximizes P((T) >0 and rI(T)sA) if and
only if it maximizes P((T)--> 01 n(T)sA). This is the motivation behind the intuitive
remark that 0-0 is optimal conditional on B (T).

3. The general problem. We now return to the general problem defined in 1.
Note first of all that if we relabel coordinates as (x’,t’) where x’ =x-a(T-t)

and t’= t, then a drift of tz and a diffusion coefficient of 0-i becomes a drift of
2, o- in the new coordinates Thus setting].,/, i[/, q" O and diffusion coefficient of o-

(15) a

we have/-i RO’i, 1, 2, where

//,20"1 --/-/, 10"2

0"2 0-1

0"2 O"1

It is therefore sufficient to consider the case

g tzj (= K).
0-1 0"2

We will use Girsanov’s results to reduce this case to that considered in 2.
Let P denote the measure defined on (f, ) by

(16) P(A)= I, exp{-B(T)-1/2T}dP’ A.
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Then /5 is a probability measure since E{exp{-KB(T)-1/2K2T}}=I. Let {/(t)"
0 _-< =< T} be defined by

(17) B(t)=B(t)+Kt.

Then by the Cameron-Martin-Girsanov results B is a Brownian motion on (fl, , P)
which is adapted to the filtration {’t}0_-<,_-<T. Now let 0- and suppose the
0 -<_ <- T} is defined by

(t) x + 0-(A dA + 0-( dB(A ).

Then by the Girsanov transformation formula

(18) ,(t)=x + 0-(h)dB(h), O<=t<-T.

By (16) and (17)

f(x) ’{R (sc,(T)) exp {:/ (T) T+ 1/2: ZT}},

where " denotes the/5 expectation given that {(t): 0=<t <= T} satisfies equation
(18). Thus we can express f(x) as

where & is given by

f(x) E’(R((T))& (r (T))},

&(y) exp (y T+1/22T}

and the process {r (t)" 0<=t <-T} is given by

,i(t) 0+ (;)--(t).

It is thus natural to compare our present control problem with the two-dimensional
control problem considered in 2, modified so that/ rather tharf B is the driving
Brownian motion. Since is defined in terms of the filtration, and B and B are both
adapted to this filtration and their increments after time are independent of rt or
each [0, T], the two problems share the same set of admissible controls. Also the
analysis given in 2 is valid for any Brownian motion and is hence valid for B. Thus,
if we let denote the analogue of g we have

f,(x)= g,(x, 0), 0- A, x

and

f,o(X) g,o(X, 0) sup g,,(x, 0) sup f,(x) Vx .
That is 0-0 is optimal when (/x 1, O’1) and (/-/,2, 0"2) satisfy/x 1/0"1 i[/’2/0"2 Thus for general
pairs (/x 1, 0"1) and (/x2, 0"2) the optimal control is given by the rule"

use (/z, 0") if x >-a(T-t),

use (/x 2, 0"2) if x < c (T t)

where c is given by (15).
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DISCRETE APPROXIMATION METHODS
FOR PARAMETER IDENTIFICATION IN DELAY SYSTEMS*

I. GARY ROSENt

Abstract. We construct approximation schemes for parameter identification problems in which the
governing state equation is a linear functional differential equation of retarded type. The basis of the
schemes is the replacement of the parameter identification problem having an infinite dimensional state
equation by a sequence of approximating parameter identification problems in which the states are given
by finite dimensional discrete difference equations. The difference equations are constructed using linear
semigroup theory and rational function approximations to the exponential. Sufficient conditions are given
for the convergence of solutions to the approximating problems, which can be obtained using conventional
methods, to solutions to the original parameter identification problem. Finite difference and spline based
schemes using Pad6 rational function approximations to the exponential are constructed, and shown to
satisfy the sufficient conditions for convergence. A discussion and analysis of numerical results obtained
through the application of the schemes to several examples is included.

Key words, delay systems, parameter identification, approximation schemes, finite difference approxi-
mation, spline approximation

1. Introduction. The purpose of this paper is the investigation of approximation
methods for the identification of parameters in control systems where the state equation
is a linear retarded functional differential equation (LRFDE). The parameters which
we are interested in being able to estimate include system coefficients, initial conditions
and the delays themselves. The methods which we shall discuss are, based upon the
discrete approximation framework for the integration of LRFDE initial value problems
developed in [27] and [28]. The approach we take is to first replace the LRFDE which
governs the dynamics of the system by an equivalent abstract evolution equation set
in an infinite dimensional Hilbert space. The abstract evolution equation is then
approximated by a finite dimensional discrete difference equation. This in turn leads
to a totally discrete finite dimensional approximating parameter identification problem
which can then be solved using standard techniques (see for instance [30]) and software
packages which are readily available. That the solutions to these approximating
problems in some sense approximate solutions to the original parameter identification
problem is the primary result discussed in this paper.

As is pointed out in [7] there is very little literature about the parameter
identification problem for delay systems (PIDDS). This is especially true for the case
in which the delays are among the parameters to be identified. More recently, however,
research in this. area has been undertaken. Banks, Burns and Cliff [7] have extended
the approximation framework, which had previously been developed to solve optimal
control problems governed by delay differential systems [1], [4], [5],.[9], [12], [17],
[22], to the PIDDS as well. Their approach relies upon semi-discrete methods (i.e.
tfiose methods in which the LRFDE state equation is replaced by an approximating
ordinary differential equation) for the solution of the delay differential equation which
governs the dynamics of the system. The convergence arguments given by the authors
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rely heavily upon an abstract formulation of the problem which permits the use of
linear semigroup theory and the associated approximation results which have been
developed for application in such a setting. Their approximation framework is appli-
cable to an extremely wide class of problems, includes methods having an arbitrarily
high order of convergence and is capable of identifying the delays which appear in
the state equation.

Banks in [2] develops spline based semi-discrete approximation schemes which
are applicable .to PIDDS in which the delays are not among the parameters to be
estimated and in which the state equation isa nonlinear delay system satisfying global
Lipschitz and differentiability conditions. While an equivalent abstract formulation of
the problem is employed, in [2] Banks has avoided the use of semigroup theory
entirely. Instead, the convergence of the approximation schemes is argued via the
dissipativeness of the nonlinear operators involved and the Gronwall inequality. In
[8] and [14] the ideas discussed in [2] are further extended so as to be applicable to
problems in which the delays are also to be identified.

In [3] and [7] in addition to the construction of approximation schemes, a
discussion of modeling problems, arising in physiology, enzyme kinetics and unsteady
aerodynamics, which involve parameter identification and control for delay systems,
can be found.

The results which we discuss are closely related to the ideas contained in [7]. We
treat essentially the same class of problems, rely upon the same abstract formulation,
apply many of the same functional analytic techniques to argue convergence and, in
fact, incorporate the same state approximations as those discussed in [7]. The primary
difference between the two approaches, however, is that our methods result in a
complete discretization of the problem and hence require no further approximation
when implemented. The methods included in our framework are capable of identifying
delays and the integration schemes which they rely upon may be constructed with an
arbitrarily high order of convergence. In [11] Banks and Rosen provide a detailed
comparison of the performance of the semi-discrete schemes developed in [7] and
totally discrete schemes similar to those which will be discussed here, when applied
to parameter identification problems in which the delays themselves are not among
the parameters to be estimated.

An alternative treatment of the problem of approximating solutions to the PIDDS,
which is also based upon discrete approximation via difference equations, is given by
Burns and Hirsch in [13]. These authors have taken a more straightforward approach
by studying a specific scheme (as opposed to developing an approximation framework
as is done in [7] and will be done here) which can be applied to PIDDS in which the
LRFDE contains a single discrete delay term only. (The schemes developed here and
those discussed in [7] are capable of handling equations which contain multiple discrete
delay terms as well as a distributed delay term.) The approximating difference equation
is derived via a modification of standard numerical integration schemes for ordinary
differential equations (i.e. Euler’s method, fourth order Runge-Kutta, etc.) so as to
be applicable to delay differential systems, The authors are able to argue first order
convergence for the Euler based scheme directly and hence can avoid the necessity
for a functional analytic formulation of the problem. Computational evidence support-
ing the feasibility of extending these ideas to higher order schemes is also provided.
However, the authors point out that the possibility of extending the relevant conver-
gence arguments is uncertain. The Burns and Hirsch paper also addresses the difficulties
which can arise in the construction of approximation schemes for PIDDS in which
the delays are to be identified due to the.fact that solutions to delay differential systems
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may not be smooth with respect to the delays. This can pose problems since most
standard optimization packages require differentiability with respect to the parameters.

Although it does not concern itself with the PIDDS directly, the work of Banks
and Kunisch [10] should also be included in this historical outline. In this paper the
authors treat parameter identification problems in which the governing state equations
are semi-linear parabolic or hyperbolic partial differential equations. The approach
that they take is similar to the one that is taken in [7]. Indeed, the infinite dimensional
identification problem is replaced by an equivalent abstract formulation which is then
used to develop finite dimensional semi-discrete approximation schemes. In a similar
manner, the totally discrete schemes which will be developed below could easily be
modified so as to be applicable to parameter identification problems with partial
differential state equations.

We conclude this section with a brief outline of our presentation. In 2 we state
the PIDDS and show that it can be reformulated as an equivalent parameter
identification problem in which the state equation is an abstract evolution equation
set in an infinite dimensional Hilbert space. In 3 we first discuss approximation
results for abstract evolution equations and then use these results to construct the
approximating parameter identification problems and to show that under the appropri-
ate hypotheses, solutions to the approximating problems converge to solutions to the
PIDDS. In 4 we construct actual approximation schemes which satisfy the hypotheses
and conditions necessary for convergence, while in 5 we discuss and analyze numerical
results obtained through the application of these schemes to several examples.

The notation we employ is, for the most part, standard. The symbol ,, is
used to denote the space of n square matrices. We denote the space of functions defined
on (a, b) with range in R" and p continuous derivatives by C (a, b). The space of
piecewise continuous functions and the space of continuous functions on (a, b) with
range in R" are denoted by PC" (a, b) and C" (a, b) respectively. The Lebesgue spaces
of R"-valued functions on (a, b) are denoted by L,(a, b) while the Sobolev spaces of
functions b with b ("-1) absolutely continuous and b(")in L,(a, b) are denoted by
W.,(a, b). For a function b e W7.2 (a, b) we shall use the notations Db and
interchangeably to denote the derivative of 4. Finally for a linear operator if, the
symbols D(T) and R(ff) are used to denote the domain of " and therange of
respectively.

2. The PIDDS and its abstract formulation. In this section we formulate the
parameter identification problem for delay systems and show that it has an equivalent
formulation, whereby the dynamics of the governing control system in the form ofan
LRFDE are replaced by an abstract evolution equation set in an infinite dimensional
Hilbert space. Since the PIDDS and the associated approximation schemes which we
shall develop here are closely related to the problem and schemes discussed by Banks,
Burns and Cliff [7] the reader is instructed to note the similarities which exist between
the material and notation to follow in this section and that which is contained in [7,

2, 2.1] and [28, 2].
We begin with the definition of the admissible initial data/parameter set and a

formal statement of the PIDDS. Let r > 0 and 1) a compact convex subset of R ’ be
given. Define the compact convex set Q R "+ by Q =- l’l x where

{h (rl, r2,"’, r,)eR"lO<-ri<--ri/l--<r, 1, 2,..., ,-1}.

In addition let Se be a compact convex subset of R" x L’(-r, 0) and define

F=xQ =xD, x,
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to be the admissible initial data/parameter set. We further assume that we have been
provided with an input/output pair (u, ) PC" (0, T) x C (0, T) for some T > 0. We
refer to (u, () as an input/output pair since it is assumed that if given input u
PC"* (0, T) the physical system to be identified produces output " C (0, T).

With the above definitions in hand, we can state the PIDDS:
PIDDS. Given an input/output pair (u, ) PC"* (0, T) x C (0, T) for some T > 0,

find y* (*, b*, q*) (*, d*, a*, h *) F which minimizes

(2.) J(y) ly(o; y, u) g’(o)12+ly(r; 3", u)-(r)[ 2
.

w+ IV(t; y,u)-(t)lw3dt,
ao

subject to

(2.2)

(2.3)

(2.4)

(t) =L(q)x, +B(a)u(t),

x (0) n, xo ok,

y(t) C(a)x(t)+D(a)u(t),

[0, T],

where for each a fl, B(a), C(a) and D(a) are n x m, x n and x m matrices
respectively, [. [w,/" 1, 2, 3 represent appropriately weighted (application dependent)
norms on R , x, denotes the function 0 x(t + 0), -r <- 0 <=0 and the notation y(. 3", u)
is employed in order to exhibit the explicit dependence of the output y of the theoretical
system on the initial conditions and parameter values 3’ and the given input u. For
each q (a, h) (a, rl, r2, ", rv) Q the operator L(q): L’(-r, O)R" is assumed to
be of the form

0

L(q)& Ai(a)ck(-ri)+I K(a, O)qb(O) dO
=0 --rv

with ro - 0 and where for each a fl, Ai(a), 0, 1, 2, , v are n x n matrices and
0 K(a, O) is an n xn matrix-valued function in L2((-r, 0), ’,,). It is assumed that
Ai(a), =0, 1, 2,..., v, B(a), C(a), D(a), K(a, .) are continuous in a.

Before we go on to discuss the parameter identification problem, let us take a
moment to consider the LRFDE initial value problem given by (2.2)-(2.3). Given
3" (rt, 4, q) F, a solution to the initial value problem is a function x:[-r, T]R"
such that x W"1,z (0, T) x satisfies (2.2) almost everywhere on [0, T], x(0)=r/ and
x0=4. Standard arguments [24] can be used to demonstrate that for each 3’ e F
(2.2)-(2.3) has a unique solution which depends continuously upon 3" e F and the
nonhomogeneous term u (as an element o L"(0, T)). The notation x(t; y, u) (and
x,(3", u)) will be used to denote this unique solution of (2.2)-(2.3) (and its past history
on [t r, t]) corresponding to a particular choice of 3" e F and u e L(0, T).

Remark. One might be tempted to question the validity o choosing a least
squares payoff functional o the form given in (2.1) or the PIDDS since in actual
practice it is usually the case that or a given input u, output can only be measured
at discrete times 0_-< to < <’" < t,, <= T. In this instance a more appropriate choice
or a payoff unctional would be the one used in [7] which is given by

1
ly(t, ’;I =,

i=0

where the {’j}jo are the given discrete output observations obtained from the actual
system which is to be identified. Oddly enough, it is the discrete nature of the
approximation schemes to be discussed which necessitates the use of the distributed
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payoff functional given by (2.1). However, this restriction can be circumvented via
the use of an interpolation scheme applied either to the observational data provided
in order to generate a continuous observation (. C (0, T) or to the discrete output
generated by the difference-equation-based approximation schemes. The latter
approach is the one which is employed in [13] in order to overcome this very same
problem.

We next show that the PIDDS has an equivalent formulation as a parameter
identification problem in which the governing state equation is given by an abstract
evolution equation set in the Hilbert space Z

with inner product
Z =-R" x L’(-r, O)

The quantity r which appears in the definition of the space Z is as previously defined.
For q (c, h) Q and (r/, 4) Z we define the parameterized family of operators
S(t; q): ZZ for t=>0 by

S(t; q)(rl, b)= (x(t; (r/, b, q), 0), x,((rl, 4, q), 0)),

where x(., (r/, 4, q), 0) denotes the unique solution of (2.2), (2.3) corresponding to
q Q, (r/, 4)Z and u 0. In light of the existence, uniqueness and continuous
dependence results for solutions to the initial value problem (2.2)-(2.3) discussed
earlier, it is not difficult to show that for each q Q the operators {S(t; q): =>0} form
a o semigroup of bounded linear operators on Z. Furthermore, for each q Q the
infinitesimal generator ’(q): D((q)) cZ Z of the semigroup and its domain of
definition (which is independent of q) can be calculated. They are given by

D(sC(q))=D {(r/, 4) Z[4 W,2 (-r, 0), r/= 4(0)},

(q)(4, (0), 4,)= (L (q),, D4 ).

Using the fact that (q) satisfies a dissipative inequality with respect to a weighted
inner product on Z (see [29]), it can be shown that

(2.5) IS(t; q)l -<’/ e(Ot,
where

+
(2.6) to (q) |2 +]a0(a)]+1/2 Ia,(a)l+1/2a. [K(a, 0)12d0.

--rv

Turning our attention to the nonhomogeneous equation, for each a I we define the
operator/ (a)" R Z by/(a)u (B (a)u, O) and consider

(2.7) z(t; 3", u)=S(t; q)(rl, qb)+ S(t-tr; q)B(a)u(tr) dtr, O<-t<=T

for each 3’ (r/, 4, q) (r/, 4, a, h) F and u L’(0, T). Using standard results from
linear semigroup theory [20], it is easily verified that the expression for z given in
(2.7) is well defined and continuous in t. Furthermore, under the somewhat more
restrictive conditions that (rl, 4) D and u C’ (0, T) we have that (2.7) is the unique
strong solution to the initial value problem in Z given by

(2.8) 2 (t) (q)z (t) + (a )u (t),

(2.9) z (0) (n, 4).
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It can be shown (see [4], [5]) that under the same conditions

w(t)=-(x(t; 3", u),x,(3", u))

is a strong solution to the initial value problem given by (2.8)-(2.9), as well. It therefore
must follow that z(t) and w(t) coincide for O<=t<=T. By making use of standard
density and continuous dependence arguments the equivalence of z and w can be
extended so as to hold for all (r/, b)Z and u L’(0, T). We state this conclusion
in the form of a theorem.

THEOREM 2.1. Let x(’;3", u) denote the unique solution of the LRFDE initial
value problem (2.2)-(2.3) corresponding to 3" F and u L(O, T). Then for 0 <= <= T
we have

z(t; ,, u)= (x(t; v, u), x,(,, u)).

In light of Theorem 2.1 above, the equivalence which exists between solutions
of the LRFDE initial value problem (2.2)-(2.3) and the Z valued function given by
expression (2.7) permits the reformulation of the PIDDS as an equivalent (1-1
correspondence between solutions) parameter identification problem in which the
governing statue equation is now given by (2.7). Indeed, if we define for each a l)
the operator C(o)" Z .-, R by t(c)(r/, b) C(a)r/ then the PIDDS is equivalent to
the following abstract parameter identification problem.

(APIDDS): Given an input/output pair (u, ) PC (0, T) x C (0, T) for some
T > 0, find 3’* (/*, b*, q*) (r/*, b*, a *, h*) F which minimizes J(3’) given by
(2.1) subject to

z(t)=S(t; q)(l, )+ S(t-o’; q)l(a)u(o’) do,,

(2.11) y(t)=d(a)z(t)+D(a)u(t), tel0, T].

The fact that there exists a 1-1 correspondence between solutions to the APIDDS
above and solutions to the PIDDS forms the basis for the approximation schemes
which we construct in the succeeding sections.

3. Approximation results for the PIDDS. Fundamental to our approximation
schemes for the PIDDS is the construction of convergent finite dimensional discrete
approximation schemes for the state equation given by (2.10). Indeed, the approach
we take is to replace the APIDDS by a parameter identification problem in which
the governing state equation is now a finite dimensional linear nonhomogeneous
difference equation which depends upon q Q. For each q Q, the solutions to these
difference equations will, in some sense, approximate the solutions of (2.10). If we
let N represent the degree of approximation, and if the Nth approximating problem
is solved for y*, an element in the admissible initial data/parameter set F which
minimizes a discrete least squares payoff functional which approximates (2.1), then
we shall see that the compactness of F and the convergence of the state approximation

{YNk} of {3’*} and a 3’* Fare sufficient to guarantee the existence of a subsequence *
such that 3’rk 3’* as kc with 3"* a solution to the APIDDS. In light of the
equivalence established in 2, it necessarily follows that 3’* is a solution to the PIDDS
as well.

The above ideas will be made precise once we have outlined the abstract approxi-
mation results which are fundamental to the construction of convergent approximations
to the state equation. These approximation results can be considered to be discrete
analogues of the well-known Trotter-Kato theorem [20], [23] which is frequently
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employed to establish the convergence of semidiscrete approximations to semigroups
of operators. While Theorem 3.1 below is quite similar to the result given in [28,
Thm. 4.9], a direct application of [28] cannot establish the convergence of the state
approximations for the PIDDS. This is a consequence of the fact that since the delays
can appear among the unknown parameters, the largest delay, r, which plays a crucial
role in our formulation, may no longer remain fixed with respect to the degree of
approximation. With minor modifications the proof of [28, Thm. 4.9] can be employed
to verify Theorem 3.1. Therefore, we simply state the result and omit its proof.

In what is to follow we shall employ the following conventions. For a rational
function of a complex variable r(z)=p(z)/q(z) we denote the degree of r(z)= degree
of p(z)-degree of q(z) by dig r(z). For : D()cHH a linear transformation
on a Hilbert space H we say 3" E G(M, [3) if 3 is the infinitesimal generator of a C6’o
semigroup of operators {T(t)" t->0} satisfying IT(t)l<=Me ’. Furthermore, if p(ff)
denotes the resolvent set of , we denote the resolvent of , (AI-if)-1 by Rx (r),

We formulate our approximation framework in the same general setting used in
[7]. Let (Z, (.,.)), (Zt, (’,’)r), N 1, 2,... be Hilbert spaces with norms I" and
respectively. For each N= 1, 2,... let XN be a closed subspace of Zr and let
IIN’ZN XN be the orthogonal projection of ZN onto XN with respect to the (.,
inner product. Let :Z Zt be a mapping which is onto Zr and which satisfies
Iz I, --< Izl for each z E Z. Finally, we define Pr"Z -XN by Pt IIroCr, and note that
IPzI <- Izl for each z e Z.

THEOREM 3.1. Let Z, Zr, Xr and Pt be as defined above and let T be a fixed
positive real number. Supposefor some M, we have that e G(M, is the infinitesimal
generator of the o semigroup of operators on Z, {S(t)" t->0} and r e G(M, ) is the
infinitesimal generator of the o semigroup of operators on Xr, {Stc(t)’t =>0}, N
1, 2,. .. Suppose further that"

(1) There exists D(), a dense subset of Z such that Rx(.) for each
A C with Re A > 3 and ]’or each z we have

Iez PrMz [t - 0 as N .
(2) c(z) is a rational function of the complex variable z E C such that

(a) Ic(z)-el o(Izl as = -,0 with m >0;
(b) dig c (z) -< m + 1;
(c) c (z has no poles in {z C: Re z <-0}.

(3) {r }r=l is a sequence of positive real numbers satisfying 0<r <=r<= T, N
1,2,....

(4) {pU}=l is a sequence ofpositive integers determined by the following relation"
N N Np r N<-T<(p +1), N=I 2,...

Then there exists an lf such that the operators on XN given by c((r/N)N) existfor all
N >N and moreover if the infinite collection of operators

N k ON

c s N>N
kO

are uniformly bounded, then given e > O, there exists an 1Q > such that
N k

(r.fr)c Ptcz PuS z < e,
N
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k 0, 1, 2,. , pufor all N >IQ and each z Z. (Equivalently stated"
N k

c Puz-PuS z 0 asN
N

uniformly in k, k {0, 1, 2,..., p}.)
Remark 3.1. Although in Theorem 3.1 the spaces and the transformations

between them are unspecified, when actually realized for the purpose of developing
approximation schemes for the PIDDS, the constructs appearing in the theorem take
the following form. The space Z is of course R" x L(-r, 0), Zu R" xL(-r 0),
Xu is a finite dimensional subspace of Zu such as the AVE or spline subspaces
discussed in [28], u is the operator that takes (n, O) eZ into Y (n, O) in Zu where

is the restriction of O to [-r 0] and c (z) might for example be chosen from among
the Pad6 rational function approximations to the exponential (see [28], [31]). Once
a basis for Xu has been chosen,u can be represented by a matrix as can the operators
c((r/N)N)k, k O, 1, 2,...,p If the Ms are constructed and c(z) is chosen so as
to comply with the hypotheses and conditions of Theorem 3.1, for zoZ and t
kr/N [0, T], k =0, 1, 2,... ,p we have that z(t)=S(t)Zo is approximated by
z c((r/N)Mu)kpuzo. The construction of Xu and Mu and the selection of c(z) so
as to lead to convergent approximation schemes is examined in detail in 4.

Remark 3.2. Implicit in condition (1) in Theorem 3.1 is the assumption that
Pu=D(Mu), N= 1,2,.... However, in practice Xu is chosen to be finite
dimensional in which case Mu"Xu Xu is a bounded operator with D(Mu) Xu.

Remark 3.3. In what is to follow we shall frequently refer to u G(M, ) as
the spatial stability condition and the uniform boundedness of the operators
{c((r/N)Mu)k}o as the temporal stability condition.

It is not surprising that an estimate of the rate of convergence in Theorem 3.1
would depend upon both the degree to which the Mu approximate M and the degree
to which c(z) approximates e z. An application of [7, Thm. 3.2] and arguments similar
to those used to verify [28, Thm. 4.17] can be used to establish that for all z ,
a subset of Z with sufficiently well behaved elements, for which there exists aK K(z)
such that

K(z)IMuPNz PMz IN Nv

there exist constants K K(z) and K Ku(z) such that

(ru) ()[kr, r o r

k 0, 1, 2,. .,p where m is as in Theorem 3.1 condition (2).
For Z R" x L(-r, 0) let o.Z R", "Z L(-r, 0) be the canonical coor-

dinate projections of Z given by(n, O) n and (n, &) &, respectively. For {qu}
a sequence of elements in O with

qu (a, h)= (a, (rL rL’’ ", r))

let Zu Zu(qu)= R" x L’(-rvu, 0), let Xu Xu(qu) be a closed subspace of Zu, let
Hu Hu(qu) be the orthogonal projection of Zu onto Xu with respect to the Zu inner
product (., )u and let 5u u(qu)"Z Zu be the mapping which takes (r/, O) e Z
into (r/, )Zu where denotes the restriction of O to [-rv% 0]. Define Pu
Pu(qu)"Z Xu byPu(qu) IIu(qu)Su (qu) and letMu(qu) be a linear transformation
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defined on XN with range contained in Xr. Finally let c(z) and d(z) be rational
functions of the complex variable z and let 0 be a fixed positive scalar with 0 =< 0 =< 1.
With these definitions in hand, the approximating parameter identification problems
can be stated as follows.

NPIDDS. Given an input/output pair (u, ) PC" (O, T) x C (0, T) for some
T>0 find y (rl*, br, q*) (rl*, b*, a*, h*) F which minimizes

j()- lyon(y, u)- ’(0)l =
t.,, o_ (_)

2

+ --0
Y(;u)-C i ,

zi c N(q) P(q)(n, 4)

(3.1) i_rv rv ))Pr(q)l(a)u(),
(3.2) y=(a)z+D(a)u(), /=0, 1,2,’",0

where (a), (a), D(a) are as defined in 2, a=(,,q)=(,#,a,h)=
(, , a, (r, r2, r)) and p is that positive integer for which p(r/N) T <
(p + 1)(r/N).

Under reasonable continuity assumptions (which will be satisfied by the specific
schemes we construct in 4), for each N, the approximating parameter identification
problem becomes the minimization of a continuous function over a compact set, and
hence we are assured of the existence of a solution.

Remark 3.4. The inclusion of the operator d((Or/N)N(q)) in the state equation
is a consequence of the theory developed in [28, 10]. In that paper it is .shown that
if d(z) is chosen as a rational function approximation to the exponential for which
d((Or/N)(q)) satisfies the hypotheses of Theorem 3.2 below then the convergence
properties of the state approximation will be enhanced.

Remark 3.5. If for each qO and N= 1,2,..., we define the operators
B (q)" R" X and A (q)’X X by B (q)u d((#r/N)(q))P(q)(a)u
d((Or/N)(q))P(q)(B(a)u, 0) and A(q) c((r/N)(q)), respectively, and let
z()=P(q)(,) and u=u(/r/N), =0, 1,2,... ,p, then it is immediately
clear that (3.1) is the classical variation of parameters solution to the linear non-
homogeneous difference equation inX given by

(3.3) z (q)z_ +B(q)u_, f= 1, 2, ,g

with initial condition z z(y). Furthermore when the state equation is written in
the form given by (3.3) with the exception of the fact that in its most general form
the admissible initial data set is infinite dimensional, the approximating parameter
identification problems are easily recognized to be in the standard form of a finite
dimensional discrete linear-least squares parameter identification problem for which
conventional numerical methods can be used to obtain solutions (see [30, Chapt. 4]).
In practice the compact admissible initial data set (see 2) is almost always finite
dimensional. In fact, the set is usually chosen to be the span of a finite collection
of elements {, g2,..., c}Z over a bounded subset of Rc where the unknown
parameters to be determined are the coecients.

subject to
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In the theorem which follows we apply Theorem 3.1 and ideas similar to those
discussed in [28, 8, 9] to show that for a sequence of solutions y*u to the approximat-
ing parameter identification problems which converges to an element y* Q, the
solutions to the corresponding state equations converge as well. ,THEOREM 3.2. Suppose (y*}={(zON*, q*N)}={(I, qb*N, q*N)}=((Ir, ek*N, aN,
(r*, r*,. ., rY*))} = F is a sequence of solutions to the NPIDDS problems and there
exists * (z*,q*)=(n*, * q*)=(n*,*,a*, (r,. .,r))F such that*in the sense that (a) q q* in R+ and (b) z* z* in Z as N . Suppose further
that Pu =Pu(q)’Z Xu(q), M Mu(q)’Xu(q)X(q), = M(q*)"
D Z Z, c(z), {rU*}=.{(q)+}, Ou* ON*(r*) pU*(q) satisfy the conditions
and hypotheses of Theorem 3.1 and that"

(1) The infinite collection of operators
N k p*

am uniformly bounded for all N sufficiently large.
(2) For 0 [0, 1] fixed and each z Z we have that for the rational [unction d(z)

N*the operators d(O(r, /N)u(q)) exist and satisfy the condition
/ Or* )

N

Then

as N o uniformly in k, k {0, 1, 2,. , ta
N *} where z and z are given by (2.7) and

(3.1) respectively and t v,=krv /N, k=O, 1,2,. ,p
Proof. The existence of the operators c((rN*/N)CN(qr)) for all N sufficiently

large is guaranteed by Theorem 3.1. Let M0 be such that

r*C\-zT#N(q*)( <=Mo, k 0, 1, 2, ., p/V
N

for all N sufficiently large. Then

Tt +T + T.
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The term T tends to 0 as N uniformly in k, k e {0, 1, 2, , 0N*} by Theorem
3.1 while

Tf= c ----sN(q) PN(q)(z*-z*) Molz*-z*lo
N

as N m uniformly in k, k e {0, 1, 2, , oN,}. We next consider the term Tf.

T <-_ Io PN(q*)S(t-o.; q*)/(a*)u(o.) do.

Io PN(q)S(t-o’; q*)/(a*)UN(O.) do"
N

+ f PN(q)S(t-o"; q*)J(a*)UN(o") do"
Jo

r*k
N ,ZxPN(q})S(t_i;.= q*)l(a*)u

r* (,]rfI*)
1=1

r* c(r* )-1 r*"
N ,=1

"---SN(q) PN(q)(a*)U(!N’)

where UN PC (0, T) is defined by

UN(o")={ u(t)’ O" e [tr-’ tr)’
Nu(T), o" e [to,., T].

k 1, 2,’’’,oN*,

For each N sufficiently large and each e [0, T] we define the following parameterized
families of bounded linear operators with domain R" and range in Xr. For r/e R"
and e [0, T], let

(i) f’N(t)r/ Pr(q})S(t, q*)(rl, 0),

,.S.tN(ii) SN(t)r PNtqN) q*)(n, 0), te[t,t+), k=O, 1,2,.",ON*,

(iii) N(t)rl=c ---N(q*) PN(q)(rb0), t[t,t+),
k =0, 1, 2, ,ON*,

rY*(iv) dN=d(O--Slr(q))Pr(q)(rl, O),

(v) /n Pr(q*N)(n, 0).
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Using the fact that {S(t, q*): _->0} is a ego semigroup of bounded linear operators on
Z and Theorem 3.1 it is not difficult to show (see [29, Lemma 9.1]) that for each
t[0, T]

(3.5) llT(t)-(t)ll-0, as No,

(3.6) IIu (t) u (t)[[ --> 0, as N-->oo,

where the norm in (3.5), (3.6) and (3.7) above is the one which is induced by the
uniform operator topology on Yd(R",ZN), the space of all bounded linear operators
with domain R" and range in ZN.

We now turn to the terms 3"r, ] 1, 2, 3, 4, 5 and treat each one separately and
in turn. Since u PC" (0, T) it is therefore Riemann integrable on [0, T] and hence

Io PN(q*)s(tl--o.; q*)J (a *)(u (o.)-- Ur(o.)) do.

’k
l(t-cr)B (a *)(u (o.) u(o.)) do.

T

<=Me’rIB(a*)[ Io lu(cr)-u(cr)[ do-->0 as

uniformly in k, k {0, 1, 2,..., O N*}.
Using (3.5) above we have that [[f’N(T-o.)-(T-o.)l[ tends to zero for each

o.[0, r] as N. Moreover IIN(r-o.)-u(r-o.)l is dominated by g(o.)=
2Mea(r-) which is integrable on [0, T]. Therefore, by the Lebesgue dominated
convergence theorem we have

Iok N(t o’)B (a*)u(o’) do" f’ (t o’)B (a*)u(o’) do"

fN(t --o.) N(t o.))B (a *)U(o.) do"

T

--< Io 112N(T--r)--N(T--(r)II IB(c*)[ lu()l do-

as N uniformly in k, k {0, 1, 2,... ,p*}. Using (3.6), the fact that g(o.)=
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Met3(T-’r) /Mo and reasoning similar to that used above we have
N Nru PN(q*N)II(a*)U|!N

[I (Pn(q)s(t’i q*) c(n(q))
=1

T

as N - o uniformly in k, k {0, 1, 2, , pn,}. Using (3.7) we have
N. rN , k-, / Or* (q*N)))Pr r*"i=c((q)) (PN(q})I d N’ N (q})(a*)U(JN
r* ( "*)Mo ( &)B (a *)u I

1=1 N

N k

NMo
MollZ 3111B (*)1 lu Io*rY*

N

MoIB (a*)[ in ITllf &ll o as N

uniformly in k, k {0, 1, 2,..., p*}. Finally, recalling that B has been assumed to
depend continuously upon the parameters, we have

kr* d(or" (q}))Pn (a=
I(r * (Or* ) (]*)<rY* c=/=1 N(q) d (q) ]B(a*)-B(a)l u

M[B(a*)-B(a)[ lul*r

MlulTIB(*)-B()]O asN
Nuniformly in k, k {0, 1, 2, , p *}, whereM is the uniform bound on the operators

d(O(r*/N)(q)) guaranteed to exist by the strong convergence condition given
in (3.4).

Therefore
+f+f+0 as

uniformly in k, k {0, 1, 2, , p*} and the theorem is proven.
LMMA 3.1. If, under the hypotheses and conditions of Theorem 3.2 we have

0(3.8) P(q)z z

in R as N for each z Z. Then

[y(; u)-y(t; *, )l0
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as N-* oo uniformly in k, k {0, 1, 2,..., pN.} where for each 3’ F, u PC" (0, T),
k {0, 1, 2, , ta N*} and all N sufficiently large y (tr; y, u) is given by (2.11) and
yr(y; u) is given by (3.2).

Proof.

*.(y, u)+D(a)u N
8(*)z(t; y*, u)-D(a*)u(t)

l(c()-c(*))z(; u)l

+ lc(*)(z *.(, u)-Pu(q)z(t; *, u))l

+ lc(*)(e(q)z (t; *, u)- z(t; v*, u))[

+ l(D()-D(*))u
lC()-C(*)I I(;

+ IC(*)I lz(y; u)-e(q)z(; *, u)l
0+lc(*)l [e(q)z(; v* u)- z(; * u)[

+++.
In light of the convergence guaranteed by Theorem 3.2, it is easily verified that

{Iz(y*; u)[N} lie in a bounded subset of R which is independent of U for all U
sufficiently large. Therefore using the assumptions that a* -* c* in R" as N -* oo and
that C(c) and D(c) depend continuously upon the parameters we have ff -* 0 and- -* 0 as N -* oo uniformly in k, k {0, 1, 2, pN.}. The term q-N2 tends to zero
as N-* oo uniformly in k, k {0, 1, 2,..., 0N*} as a consequence of Theorem 3.2.
Finally (3.8), the fact that the set S --{z(t; y*, u)" [0, T]} is a compact subset of Z
(being the continuous image of a compact subset of R) and the uniform boundedness
of the operators ,rPN(q*N) imply rPN(qv)-**r uniformly on $ as N-*oo and hence

-* 0 as N -* oo uniformly in k, k 6 {0, 1, 2, , pN.}.
We can now state and prove the major result of this paper which is that in a

certain sense (which will be made precise in the statement of Theorem 3.3 below) a
solution y* to the Nth approximating parameter identification problem is in fact an
approximation of a solution 3’* of the PIDDS.

THEOREM 3.3. Suppose {yr}={(z*,q*)}cF is a sequence of solutions to the
problems NPIDDS. Then there exist a 3, *= (z *, q*)e F and a subsequence {Y*k} of
{yv} such that yvk-*3’* as k-*oo in the sense that (a) qvk-*q* in R’+ and (b)
o, o,zN -* z in Z as k -* oo. If in addition PN PN(q*), slN MN(q*), sl sl(q*), c(z),

Nd(z) and pN.=p .(q,) satisfy the hypotheses and conditions of Theorem 3.2 and if
Pn(q) satisfies (3.8) then y* is a solution of the APIDDS (and therefore to the PIDDS
as well).

Proof. Since 5 c Z has been assumed compact, there exists a subsequence {z*
0, 0,of {z*} such that zN -* z as/’ -* oo. Similarly O R’+ compact implies the

existence of a subsequence {q*,} of {q*} such that q*N, -* q* O as -* oo. Letting
y* =(z*,q *) and reindexing, we obtain a subsequence {y*} of {y*} such that
y* -,y* F as k
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For each 3’ (z o,q) (z o, a, (rl, r2,’’’, rv)) [’, U PC (0, T), Cl(O, T) and
all N sufficiently large we define yU, AN ruy PCl(O, T) by

N Ny (o’)=y (r;3",u)=y(t;3",u),
AN Ny (r)= 3 (o’; 3", u)= y(3’; u),

r (or)= srv (or; 3’)= sr(tr),

for tre If, k 0, 1, 2,..., p, where If I (3") [tk, tr+l), tf t,(3’) (krv/N),
k 0, 1, 2, , pN and pV is that integer for whichp(rffN) <- T < (p + 1)(rffN) and
where y(.; 3’, u) and y.N(3’; U) are given by (2.11) and (3.2) respectively.

If {3"} is a sequence of elements in F for which 3" - 3’ e F, then Lemma 3.1 implies

(3.9)

as N c uniformly in o. for r e [0, T]. Furthermore the continuity of y(., 3", u) and
’( and the fact that length (Ir) r/N <= r/N 0 as N imply

(3.0)

and

[y’(; v, u)-y(; , u)l- o,

for each cr[0, T]. The triangle inequality, (3.9) and (3.10)imply 3(tr; 3’N, U)-
y(o’; % u) for each o- [0, T] and hence by the Lebesgue dominated convergence
theorem we have for any 3" e F

T

J(y*)-ly(O; *, u)-C(O)[ z +Iy(T; * u)-ff(T)! z fo *+ [y(t; ,u)-((t)lwdt

lim I"(0 y,, u)-((0)[ z + lim IN(T Y, u)-((T)l
k

Wl
k

w2

T

+ fo k-lim [(t; y, U)--(N(t; Yk)[3 dt

lira lY(V u) (0)1 e+ lim lyo (.

T

+ k-.lim Io Ik(t" 3"’ U)--((t" yNk)l 2w3 dt

lim lyo.(y*;u) ff(0)l
k

w, + lim lyo (*" u)-((T)l z
k--,cx W2

O Nt- f(i+l)r*/Nk+ lim
kcx ]=0

I(t , u)-u(t, )l2w3 dt

Nt 2 Nk.lim lYo (V." u)-ff(0)l /]yo.(y*u." u)-’(T)l 2

k
Wl W2

ro,Y-
-\+N =

2
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lim JNk (3’k <---- lim JN (3’)
koo k-oo

lim [ly Nk 2 Nk
k-,oo

o (3’; u)--r(0)lw, +]yoN(3"; u)-sr(T)] 2
W2

ONk--1 I (]+l)r,,/N..k
+ 2

0 jrv/Nk
I(t; v,u) (N(t v)l 1

lim
k-,oo Wl

T

ly(0,

Thus J(3"*) <-J(3") for any 3’ s F and 3"* is a solution to the APIDDS.

4. Examples of convergent approximation schemes for the PIDDS. In this section
we construct specific examples of convergent approximation schemes for the PIDDS.
That is, given a sequence {qr} c with qN -> as N --> o, for each N 1, 2, ,
we define Xr a closed subspace of Z R"xL’(-rr, O) with inner product (. ),
IIr" ZN-->Xr the orthogonal projection of ZN onto Xr with respect to (.,.), linear
operatorsN(qr) Xr --> Xr, and choose rational functions c (z) and d (z) which satisfy
the hypotheses and conditions of Theorem 3.3. We require that:

(4.1) There exist constants M and fl such that ,-’N(qN) G(M [3) on Xr for all N
sufficiently large and s() G(M, fl) on Z.

(4.2) There exists a dense subset of Z, D(sg(q)) such that Rx(s4(q))@ for
each h C with Re h >/3 and for each z we have

(4.3)

1,9N(qN)PNZ--PNs(4)zlN->O as N-->o, where PN=YINSN.
0rrPNz Tr z for each z eZ where zr’{,,-*R is defined byzr(r/, )=

(4.4) c (z) is a rational function approximation to the exponential for which
(a) ]c(z)-eZ[ O([zl’+1) as z -->0 with m >0;
(b) deg c(z)<-_m + 1;
(c) c (z) has no poles in {z s C" Re z _-< 0};
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(4.5)

(d) there exists a constant M0 such that
k

k=0,1,2,...,p

for all N sufficiently large where pN is that positive integer for which
N N

Nrv rv<- T < (pr + 1).
d(z) is a rational function approximation to the exponential for which

(a) the operators d((Or/N)u(qlv)) exist for all N sufficiently large
(b) Id((OrT/N)lu(qu))euz -Pulzlu --,0 as N --,, where 0=<0 =< 1.

For a given choice of XN, 1-Iv, N(qu), C(Z) and d(z), the triple {Xu, 1-lv, u(qN)}
will be referred to as the state approximation, while the collection {XN, IIu, r(qu),
c(z), d(z)} itself will be referred to as an approximation scheme. We shall consider
two particular families of state approximations which can be shown to satisfy conditions
(4.1), (4.2) and (4.3) above. The first, and more primitive of the two is the averaging
or AVE state approximation ([4], [5], [7], [28]) in which the functional component
of the subspace XN is chosen to be the span of a finite collection of piecewise constant
functions defined on [-rY, 0]. The second family of state approximations is spline
based and is known as the SPL state approximation ([7], [9], [28]). In this case the
subspace XN is chosen to be the span of a finite collection of elements in ZN having
first or higher order spline functions as their functional component. We note that in
both the AVE and SPL state approximations Xu is finite dimensional.

Once a state approximation has been set, rational functions c(z) and d(z) must
be chosen in order to complete the construction of the approximation scheme.
Although others are available, we shall restrict our attention to choices of c(z) and
d (z) from the Pad6 table of rational function approximations to the exponential ([28],
[31]). We shall demonstrate that for appropriate choices for c (z) and d(z), taken
from the Pad6 table, the AVE and SPL state approximations generate approximation
schemes which satisfy conditions (4.1) through (4.5) above and hence yield approximate
solutions to the PIDDS.

All of the ideas discussed in this section have appeared elsewhere. In particular,
since our discrete schemes are based upon the semi-discrete approximation schemes
for the PIDDS developed by Banks, Burns and Cliff [7], the AVE and SPL state
approximations are the same as those used in [7] for a similar purpose. Furthermore,
since our schemes are also based upon the discrete approximation framework for the
integration of LRFDE initial value problems developed in [28], the theory underlying
the appropriate choice of the rational functions c(z) and d(z) can be found in [28].
Therefore, the construction of the state approximations, the choosing of the rational
functions and the arguments used in the verification of conditions (4.1) through (4.5)
for the particular schemes will only be outlined and summarized here. For a detailed
explanation of the various constructs which we define and the verification of the many
results which we state without proof, the interested reader is advised to consult [7],
[28] and [29].

4.1. The AVE state approximation. Let {q} {(aN, rl, r, ,rv)}cQ be
Ngiven with qu O. Define X L2(-rv, 0) to be the characteristic function of the

interval N rrv/N), f[-Ir/N, -(f 1) 2, 3, ,N and Xv to be the characteristic
function of the interval r[-r IN, 0]. Let Xn be the closed subspaces of Zn
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NR L2(-r, O) given by

XN (rl, &)eZN rl eR", 2 N N N

j=l

and let (.,.). denote the standard inner product on Z.. With X. as above, the
orthogonal projection H. of Z. onto X. with respect to (., ). can be computed and
is given by

n(n,) n, E x where= .. (O)dO, [=l, 2,...,Y
i=1 gv d-lrv/N

In order to define the operators Mn(q) we first define the operators Ln(q) :Xn R
and Dn(qn) Xn L(-r 0) by

LN(qN) ,, VJNxjN Ao(aN)n + E A,(aN)VX(-rT) + i=E K(aN)V
i=11=1

where

and

g(a)=- :--]rNv/N
g(a, 0)d0, ]=1,2,...,N

D(q) rt, Z v (vN z,,r r

where Vo-=rt respectively. Let ,;N(qN):XN ">XN be given by

(4.6) ..d(q)(n, 0)= (L(q)(’O, ), D(q)(’O, 0)).

An elementary but rather tedious computation can be performed which demonstrates
that the operators on ZN, Mr(qN) given by (4.6) satisfy

((M(q)z, z>>N <--,o (q,,)llzll,
where o(q) is given by (2.6) and ((’,’))N and I1" I1 denote an innerproduct on Z and
its corresponding norm which satisfies

I,, <--II, I1,, I,,,
Since Xr is finite dimensional we have that D(.dN(q))=Xlv and therefore that the
operators .d(qlv)-to(q)I are maximal dissipative (see [21, Definition 4.1, p. 86]).
This fact together with (2.5) yields that (q), M(qr)G(x/-,), q, qrQ, N
1, 2,. ., where/3 maxqoto(q) and hence that (4.1) is satisfied. In addition it can
also be shown (see [25]) that

(4.7) I+-MN(qN) <= 1 +K(q)-<--_ 1+--,N

where K is a constant independent of N and q Q. The bound given in (4.7) is a
somewhat stronger result than dissipativeness in that (4.7) implies that the operators
.sg,,(q)-r.U2 are dissipative (see [28, Lemma 5.15]). The importance of condition
(4.7) will become clear when the choice of the rational function c(z) is discussed
in 4.3.

If we let {( (0.), ) Z] C (-r, 0)}, then is a dense subset of Z, cD
D(M()) and for h C with Re h > fl we have Rx(M()) c D(..’2()) .
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Moreover, it can be shown (see [7]) that for z

I,.dn(qv)Pvz -P,(4)zlO as N-->

and (4.2) is satisfied.
Finally, for (n, ) Z we have

oOpz o , z
i=1

and hence that conditions (4.1), (4.2) and (4.3) are satisfied for the AVE state
approximation.

4.2. The SPL state aooroximation. In this subsection we describe spline based
state approximations using first order or linear splines. All of the results stated below
can be modified so as to be applicable to spline based state approximations employing
higher order splines.

Once again we assume {q}= {(a, r, r2," ", r)}. We partition each of the subintervals [-r,-r_t ], k 1, 2,..., v into N equal
subintervals to define the partition {e}[ of [-r, 0] where

N N

e _(]_(k_l)N)rk rk-
+rk+xN

] (k 1)N, , kN, k 1, 2," ", , and define the finite dimensional subspace X
ofZ by

fdN}vNX {((0), )eZ[ is a first order spline with knots at w =t.

Let (., ) denote the weighted inner product onZ defined in 5 of [29] and let H
be the orthogonal projection of Z onto X with respect to (.,.). Finally we let
Ms(q) X Xs be given by

(4.8)

We note that

g(n ) {(n, )ez ln .2(-r.o)}=D(M(q))

and hence that the expression for M(q) given by (4.8) is well defined.
Using the fact thatH is the orthogonal projection ofZ ontoX it can be shown

that

for each z e X, where is as defined above. Since X is finite dimensional with
D(M(q)) X we have therefore that M(q)e G(, fl), N 1, 2,. ., and condi-
tion (4.1) is satisfied.

Next, if we define =D(Ma(4)), we have that is a dense subset of Z (see
[23]) and for A e C with Re A >, Rx(M(4)) . Using the properties of interpola-
tory spines, and the fact that H is an orthogonal projection (and he,ce has certain
minimality properties) it can be demonstrated that

as N

for each ze. Furthermore it can also be argued that for
[H5-51 0 as N . However is a dense subset of Z and the operators
{H5-} are uniformly bounded. Recalling that P HJ it follows therefore
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that ]PNZ --5NZ IN " 0 as N o for all z Z. This in turn implies that

0rc(Pz --> r z

for all z Z and the SPL state approximation defined above satisfies conditions (4.1),
(4.2) and (4.3).

4.3. Selecting the rational functions c(z) and d(z). Our primary objective in
this subsection is to summarize the theory developed in [28] for the selection of
rational functions c(z) and d(z) which satisfy conditions (4.4) and (4.5) respectively
for a given state approximation triple {XN, I-IN, N(qN)}. For a given approximation
scheme {Xr, IIN, ,;N(qN), (Z), .d(z)} the most difficult condition to verify is the tem-
poral stability condition (4.4)(d). As we shall soon see, it is the happy circumstance
that the relatively easily verified spatial stability condition (4.1) (which we already
know is satisfied by the AVE and SPL state approximations) is, under the appropriate
hypotheses, sufficient to guarantee that (4.4)(d) holds as well.

Although there are many families of rational functions which satisfy the required
exponential approximation property (4.4)(a), among the most widely studied are the
well known Pad6 approximants. The Pad6 approximations, which can be arranged in
a tableau {Pjk (Z)} commonly referred to as the Pad6 table, are defined by the following
formulae

k (j+k-l)k=nk(z) /’,k=l 2,..., wheren(z)= Yp(z) d(z)’ l=O(j+k)!l!(k-l)! z’

It is well known that

(i+k-l)!i!
d(z)= =oZ" (l + k)! l! (i 1)!

(4.9) Ipik(z)--eZl O(IZ[i+t’+’) Z -->0,

it is easily seen that

(4.10) deg pjk (z) k -i,

and Ehle [15] has demonstrated that

(4.11) ]p,(z)l <= 1, j k, k + 1, k + 2, z e {z e C" Re z _-< 0}.

Thus from (4.9), (4.10) and (4.11) it is immediately clear that if the rational function
c(z) is chosen from among the entries on the diagonal or the first two subdiagonals
of the Pad6 table the resulting approximation scheme will satisfy conditions (4.4)(a),
(b) and (c). We note further that this will also be true if c(z) is chosen from the top
row of the Pad6 table, the Maclaurin polynomials for e z.

We next turn our attention to the temporal stability condition (4.4)(d). The
dissipativeness of the operators r(q)-31 discussed above (both the AVE and SPL
constructions), von Neumann’s theory of spectral sets [26], a result due to Hersh
and Kato [18] and (4.11) can be used to demonstrate that for/" =k, k + 1, k +2,
k=l,2,...

N N,

(rsfr )1 /() 0CT
Pj, (qr) <- 1 + Y{ <- 4- e

N

where Y{ is a constant independent of N. Furthermore using the properties of the
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Pad6 approximants and (4.7) we have

N

<= x/ et3"T, k 1, 2,.

for the AVE state approximation triple. Therefore if we define 9p and (p to be the
subclasses of the Pad6 approximants given by

and

9p {Pjk (Z)), j k, k + 1, k + 2, k 1, 2,"

={po(Z)}, k= 1,2,...,

respectively, (4.4) will be satisfied for the AVE state approximation triple if c(z)
92p LI p and for the SPL state approximation triple if c (z) .

In [28] a heuristic argument is given in support of choosing d(z) as a rational
function approximation to the exponential. This argument is supported empirically
by computational results. Indeed enhanced convergence rates are observed for schemes
constructed with d(z) chosen in this way. Therefore d (z) should be chosen as a rational
function approximation to the exponential for which condition (4.5) is satisfied. It is
easily verified (see [28, Thm. 10.3]) that if d(z) satisfies condition (4.4) it will satisfy
condition (4.5) as well. For the AVE state approximation, therefore, d(z) can be
chosen from 9 U (, while for the SPL state approximation d(z) can be chosen from
p. However, it is shown in [28] that for the SPL state approximation d(z) can actually
be chosen from LI and still satisfy condition (4.5).

Finally, the results of this section can be summarized as follows: For an approxima-
tion scheme {XN, IIN,1(qr), c (z), d(z)} constructed with the AVE state approxima-
tion and c(z) and d(z) chosen from tA , conditions (4.1) through (4.5) will be
satisfied and a sequence of solutions to the resulting sequence of approximating
parameter identification problems will contain a subsequence converging to a solution
of the PIDDS. A similar statement can be made for approximation schemes constructed
with the SPL state approximation, c (z) chosen from p and d (z) chosen from 9p LI .

5. Numerical results. In this section we discuss and analyze numerical results
obtained by applying the approximation schemes developed in the previous sections
to actual parameter identification problems in which the governing control system is
a linear functional differential equation of retarded type. All of the computations for
the examples which follow were performed on an IBM 370/158 using software
packages written in Fortran. We provide no information regarding storage require-
ments or computational efficiency in that our primary objective in performing these
tests was to demonstrate the feasibility of our methods.

The approximating parameter identification problems given in 3 were construc-
ted using the AVE and SPL state approximations defined in 4, c(z)= p22(z)
d(z) p02(z)s p and 0 .5. The effect of variations in the choice of c(z), d(z) and
0 were not tested here since this was studied extensively in [28]. We have assumed
that we have been given observational data on the interval [0, 2] which resulted from
input u ut PCI(O, 2) where

0, t<l,
ut(t)

1, <- t.
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The norms [. ]w,, [" [w2, [" [w3 which appear in (2.1) have all been taken to be the standard
Euclidean norm on R . To obtain observational data ’, for each example the state
equation was integrated using the method of steps [16], a fourth order Runge-Kutta
numerical integration scheme for ordinary differential equation initial value problems
and a preselected set of true parameter values y*= (r/*, 4*, a*, h*). We emphasize
that the integration method used to obtain the observational data was completely
independent of the approximation schemes being tested and hence should not have
contaminated our results.

The resulting finite dimensional approximating parameter identification problems
were solved using a modified version of the integration package for LRFDE initial
value problems developed in [28] and the IMSL [19] routine ZXSSQ, a finite difference
Levenberg-Marquardt scheme for solving the problem of minimizing the sum of
squares of M nonlinear functions in N-unknowns. The Levenberg-Marquardt
algorithm is an iterative gradient projection scheme which must be provided with an
initial estimate of the unknown parameters.

Since among the principal advantages of our approximation schemes is their
ability to identify the delays, it is this feature which we are most interested in testing.
The examples which have been included below, therefore, all have the delays in the
problem among the parameters to be identified. A discussion of the performance of
the schemes on examples in which the delays need not be identified can be found in 11].

Two of the four examples which appear below have also been included in [6]
where they are used to test the semi-discrete schemes developed in [7]. A comparison
of the performance of the two methods (based upon the two examples below, and
others not included here) reveals that they exhibit similar behavior. The similarity

r/.Nbecomes especially apparent for the cases N 16 and 32, at which point the N

time step in the totally discrete schemes becomes comparable to the 1/32 time step
used in the integration of the resulting approximating ordinary differential equation
in the semi-discrete schemes. In addition, as N increases, the number of observational
data points, pN used by the totally discrete schemes increases and becomes-comparable
to the 101 (N independent) data points used in the testing of the semi-discrete schemes
in [6]. It is interesting to note that a reasonably good fit can be achieved using relatively
few observations.

Example 5.1 (Banks, Burns, Cliff [6, Example S 2.2]). In this example we identify
the time delay r in the scalar first order equation given by

(t) .05x(t)-4.0x(t r) + u.l(t)

with initial conditions

(5.2) x(O)= 1.0, Xo(S) 1, -r<=s <=0

and output

(5.3) y(t)=x(t).

Observational data was generated by using a true parameter value of r*= 1. The
initial estimate of the parameter was taken to be rr’= .6, In Table 5.1 for each N
and each state approximation we give the final converged value for the parameter as
returned by the routine ZXSSQ as a solution to the approximating parameter
identification problem.
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Based upon the numerical results discussed in [28], it is not surprising to find the
performance of the SPL state approximation superior to that of the AVE.

TABLE 5.1

N AVE SPL

2 .976458 .982173
4 1.11242 .984818
8 1.08012 .984677

16 1.04227 .996628
32 1.10351 1.00126

r* 1.0 r* 1.0

Example 5.2. In this example we consider the state equation (5.1), initial data
(5.2) and output (5.3) of Example 5.1

(t) .05x (t) a ix (t r) + u.1 (t),

x (0) 1, Xo(S) 1, -r <- s <- O,

y(t)=x(t),

and identify the coefficient a of the delay term and the delay r itself. The true values
of the parameters were taken to be a* =4.0 and r*= 1, respectively, with start-up
values given by a .o 3.0 and rN’= .6. Our results are summarized in Table 5.2.

TABLE 5.2

N AVE SPL

2 did not converge did not converge
4 4.59759 1.20779 4.13681 .991267
8 did not converge 4.09309 .987206

16 4.17380 1.04557 4.02157 .996570
32 4.06641 1.02561 3.99287 1.00124

a * 4.0 r* 1.0 a * 4.0 r* 1.0

Example 5.3 (Banks, Burns, Cliff [6 Example O1.2]). In this example we identify
the time delay r in the damped harmonic oscillator with delayed damping and delayed
restoring force given by

(5.4) (t) + 36x (t) + 2.5 (t- r) + 9.0x (t r) u. (t),

together with initial conditions and output given by

(5.5) x(0)= ,
(5.6) Xo(S) 1,

and

(5.7) y(t)=x(t),

(0) 0,

o(s) 0, -r<__s<_O,



118 i. GARY ROSEN

respectively. The initial value problem (5.4), (5.5), (5.6), (5.7) can be written as an
equivalent first order system:

0 0 0
X(t-r)+ U.l(t)X’(t)=

-36
X(t)+

-9.0 -2.5 1

X(0) [10], Xo(s) [;], -r<-s<-O,

y(t) [1, 0]X(t), where X(t)
i(t)J"

The true parameter value was taken to be r*- 1.0 with start-up value given by
rN’= 1.2. Our results for this example, which are given in Table 5.3 once again exhibit
the fact that the SPL schemes are superior to the AVE.

TAttLE 5.3

N AVE SPL

2 did not converge 1.05621
4 1.22407 1.18990
8 1.14306 .991904

16 1.03183 .998599

r*= 1.0 r*= 1.0

Example 5.4. Here we once again consider the state equation (5.4), initial
conditions (5.5), (5.6) and output (5.7) and identify the coefficient of the restoring
force term and the time delay. Written as an equivalent first order system, the state
quation, initial conditions and output are given by

fir(t) _to2 X(t) +
-9.0

X(0) [10] Xo(s) [10] -r<=s<_O,

y(t) [1, 0IX(t), where X(t)
(t)

The true parameter values were taken to be to* 6.0 and r* 1.0 with start-up values
N,0 rN,Ogiven by to 5.0 and 1.2 respectively. Our results for this example are

summarized in Table 5.4.

TABLE 5.4

N AVE SPL

2 4.53647 1.16643 6.26975 1.00952
4 6.28624 .895982 6.34399 .921017
8 did not converge 6.05748 .985784

16 6.07952 1.04665 6.01031 .997449

to* 6.0 r* 1.0 to* 6.0 r* 1.0
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In this example, as was the case in all multi-parameter, higher dimensional
examples we studied, the SPL schemes performed far better than the AVE. In fact,
even for large values of N, it was not uncommon for the SPL schemes to converge
while the AVE schemes did not. In all examples studied, for N sufficiently large, the
SPL based schemes would always produce a solution to the approximating parameter
identification problem. Moreover, as N increased, the solutions to the approximating
problems appeared to be converging to the true parameter values used to generate
the observational data.
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OPTIMAL STOCHASTIC SCHEDULING OF POWER GENERATION
SYSTEMS WITH SCHEDULING DELAYS AND

LARGE COST DIFFERENTIALS*

G. L. BLANKENSHIP" AND J.-L. MENALDI

Abstract. The optimal scheduling or unit commitment of power generation systems to meet a random
demand involves the solution of a class of dynamic programming inequalities for the optimal cost and
control law. We study the behavior of this optimality system in terms of two parameters: (i) a scheduling
delay, e.g., the startup time of a generation unit; and (ii) the relative magnitudes of the costs (operating
or starting) of different units. In the first case we show that under reasonable assumptions the optimality
system has a solution for all values of the "delay, and, as the delay approaches zero, that the solutions
converge uniformly to those of the corresponding system with no delays. In the second case we show that
as the cost of operating or starting a given machine increases relative to the costs of the other machines,
there is a point beyond which the expensive machine is not used, except in extreme situations. We give a
formula for the relative costs that characterize this point. Moreover, we show that as the relative cost of
the expensive machine goes to infinity the optimal cost of the system including the expensive machine
approaches the optimal cost of the systerff without the machine.

1. Introduction. Optimal scheduling of continuously evolving stochastic dynami-
cal systems admitting costly, discrete state transitions as control actions involves the
analysis of partial differential inequalities which constitute the dynamic programming
optimality conditions for the problem. These are the "quasi-variational inequalities"
(QVI’s) introduced for such problems by A. Bensoussan and J. L. Lions [1] [2]. While
there is an extensive analytical theory for the existence, uniqueness, and regularity
properties of the solutions of QVI’s, it is very difficult to describe the solutions and
the associated optim.al scheduling rules, i.e., the control laws, in any but the simplest
cases. For this reason it is useful to examine the behavior of the solutions to QVI’s
as a function of various parameters which have simple interpretations in specific
settings.

In this paper we consider the problem of scheduling a collection of power
generation machines to meet a random demand for power, that is, the "unit commit-
ment" problem. There are positive startup and operating costs associated with each
machine, and the scheduling problem is to commit the units and operate them (set
their power output levels) to meet the demand at minimum cost. The "demand" is
modeled here as a diffusion process. In 3 we study the problem including scheduling
delays in unit starting. (In power systems operations such delays correspond to the
times for boiler reheating in steam turbine generators or crew travel times in manual
start units [3].) In 4 we consider the scheduling problem when some machines are
much more expensive to start and/or operate than any of the other machines.

Under reasonable assumptions on the demand dynamics and the cost functions
we show that the optimality system (the QVI’s) has a well-defined solution, cost and
control policy, for all values of the scheduling delay, and, as the delay approaches
zero, that the optimal cost converges uniformly to that of the corresponding system
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with no delay. The results of M. Robin [4] and J.-L. Menaldi [5] [6] form the basis
for our arguments. In 4 we show that as the cost of starting and/or operating a
designated machine increases relative to the costs of the other machines there is a
point beyond which the expensive machine is not used, except in extreme situations.
We give an inequality on the relative costs that characterizes this point. Moreover,
we show that as the relative operating cost of the expensive machine goes to infinity
the optimal cost of the system including the expensive machine approaches the optimal
cost of the system excluding the machine.

Related work on the asymptotic analysis of QVI’s in general and optimal schedul-
ing problems in particular may be found in the papers [7]-[10] (among others). For
the most part these are concerned with the asymptotic behavior as the noise intensity
approaches zero, i.e., as the system dynamics reduce from stochastic to deterministic.
The QVI’s are, in such cases, singularly perturbed. The problems treated here are of
a different type, although the case of large cost differentials has an order reduction
effect in the asymptotic limit.

In [11] a result is given (Thm. 1.2, p. 192) which characterizes the optimal
switching among alternatives in terms of a simple inequality on the costs. However,
the problems considered in [11] do not include explicit costs for switching, and the
methods used are quite different.

2. Problem statement and an existence result. Let (fI, , P) be a probability
space, {t, => 0} a nondecreasing, right-continuous family of completed sub-(r-fields
of , and let w(t), >=0, be a standard R-valued Brownian motionwith respect to,, >__0.

Let m >= 1 be the number of machines. Let A {0, 1}" be the set of schedules. If
a A, and a is the ith element of a, then a 0 means machine is down, and a 1
means it is up. Let {0j,/" 1, 2, } be an increasing sequence of stopping times with
respect to t which are convergent to infinity and which satisfy 0j/1 -> 0 + h, for each
/" and some h >-0, the scheduling delay. A scheduling policy a(t), -> 0, is an A-valued
random process starting at a A and adapted to t satisfying

(2.1) a(t)= f{a’. 0__<t <01,
t a’, 0<-t<0/1, j=l,2,....

Let h.a be the set of all scheduling policies starting at a with delay h. These are
the discrete controls for our system. The components ai(t), i= 1, 2,..., m, of a(t)
are the unit commitment schedules for the individual machines. Let [/,/]c (0, ),
i=l,...,rn, be the output capacities of the machines when up, and let
P [/1,/1] x.. x [/,,,/0m] c R". Then p P is the vector of power generations
from the ensemble of machines. The system control--the power production--is

(2.2) v(t) a(t) p(t) {ai(t)pj(t), j 1,..., m}

for a(t)s h.a, p(" ): [0, ]-->P. We have used the Schur product notation in (2.2). Let
Po [0,/1]... [0,/,] be the output powers of the ensemble of machines includ-
ing the possibility of shutdowns.

Now let g(x, a), (r(x, a) be two given functions on RN A into RN and Rr (R) R u,
respectively, which are Lipschitz continuous in x for each fixed a, g (g), (r ((ri),

Ogi O(riiB(RU), i,],k l, .,N VaA(2.3)
OXk’ OXk

where B(R) is the set of R-valued, Borel measurable, bounded functions on R re.
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TThe Rr-valued diffusion y(t) yx(t, a(. )) with drift g and diffusion o-o- characterizes
the demand on the system. We permit the demand to depend on the schedule. Let
{a(t), >- 0} Mh,. and

(2.4) dy(t)=g[y(t),a(t)]dt+r[y(t),a(t)]dw(t), y(0)=xRr, t=>0.

The process y has continuous paths almost surely.
Let be a bounded subset of Rr and let lff be its closure. We denote by z ’x (a(.))

the first exit time of yx (t, a(. )) from 7. That is,

(2.5) zx (a (.)) inf {t >- 0" yx (t, a(. )) e }
for each a sA and a(. ’h,.. (Recall a s A is a(0) for a(. s h,..) Let F. be the set
of regular points of Ofrom a (cf. [12])

(2.6) F. {x 0" P(zx,. > 0) 0}

where a is a constant scheduling policy. If {05, 1, 2,...} is a sequence of stopping
times, aA a(. ) h,., and {p(t), => 0} is a P-valued process adapted to t with right
continuous trajectories (having left-hand limits), then {u(t) a(t) p(t), ->- 0} is called
an admissible control. We have

(2.7) y (z, a) Fa a.s. on {z <} Va A.

The cost functional for the problem is defined as follows: let f:R
be continuous; f is the operating cost rate. The switching cost k :A xA --> [0, o) is

(2.8) k (a, b) ki[bj aj]+, a, b A
i=1

where ki => k0 > 0 for/" 1, , m. The cost is

(2.9) Jx.() Ex. f[y(t, (.)), v()]e-" dt+ Y k[(0_), (0)]lo,<,e

where a > 0 is the discount [actor, Ex.{" } is expectation over paths y(t), (t) starting
in x e RN and e A, respectively, and 0o =0.

Problem statement. We wish to characterize the optimal cost

Uh (X, a) inf {/x.(v): v admissible}

as a function of the scheduling delay h and the relative costs f(y, p a)/f(y, p b),
k (a, b)/k (a, e) for all a, b, A.

The first question of interest is the existence of the optimal cost. Since the problem
is possibly degenerate (det o’er

r (x, a)= 0 for some x, a) and irregular (F. not closed),
this is a potentially delicate issue. However, the results of [5] and [6] adapt to the
present case with minor modifications. Since we are mainly interested in the qualitative
features of the optimal scheduling problem, we shall present a minimal treatment of
the existence question.

For each a A we associate the operators

(2.11) a -1/2 tr [rrrOxx g

with the diffusion

(2.12) dy(t) g(y(t), a) dt + o-(y(t), a) dw(t).
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(Here a plays the role of a parameter.) Following [5] and [6] we use the integral
formulation of .; that is,

if the process

.u (x, a) -< [(x, a) in 6 r.

0AT

(2.13) x,=Io (yx(S),a)e-ds+u(y(t^r),a)e-(^’)

is a t-submartingale for each x
Here

(2.14) /(x, a) man {f(x, p a), p s P}.

We shall also say that C,u _-</ in the martingale sense when (2.13) holds.
Define the operator M as

h^8

Mu (x’ a) min Exb{ f f(Y (t’ b)’ b) e-t dt

(2.15)
+k(a,b)+e-’"’)u(y(h ^ r, b), b)}.

If we set IIv II- sup {Iv (x, a)l, x 6, a A} for v (., a) continuous on , then M maps
C() into itself and

(2.16) IIMu Mv

if u (x, a) 0 v (x, a) for all x s F., a A.
The problem (2.10) can be formulated as follows.
Find a real, bounded, measurable function u (x, a) on 6 xA such that

u=0 onF., /aA,

(2.17) u <=Mu in -F., asA,

.u fl in the martingale sense on -F., Wa A.

We can reformulate the problem (2.10) or (2.17) as a quasi-variational inequality
along the lines in [6, p. 724], but this takes us somewhat away from our main line of
inquiry, and so, we will omit it.

We associate with (2.10) a sequence of stopping time problems as follows. Let

AO --t(2.18) u (x, a) Ea (y (t, a), a) e dt

Given "-(x, a), define "(x, a) by
0A

a"(x, a)= inf E,.[[ /y,(t, a), a)e -’ dt + lo<,e-Ma"-a(y,(O, a), a)(2.19)
00

Note that asA is a parameter in (2.18), (2.19). In abstract terms (2.18), (2.19) takes
the following equivalent form: let a(x, a) be the bounded, continuous, nonnegative
real function on 6 xA such that

(x,a)=0 xsF., asA,
(2.2o) 0.u ff in the martingale sense on -F. as A,
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and, given
which is the maximum solution of

un(x,a)=0 VxF, VaA,

(2.21)

.,u" -< in the martingale sense on Y- F, Va A.

The sequence of variational inequalities corresponds, in effect, to the sequence of
stopping time problemsmmake n optimal decisions, startup or shutdown, and then
stop.

LEMMA 2.1. Under the stated hypotheses on g, r, f, and k the problem (2.17)
admits a maximum solution which is upper semicontinuous and given as the optimal
cost in (2.10). Moreover,

(2.22) 0-<g"+l-<t"-<.. <1- II/ 11 Vn 1,2,

(2.23) o<a=a,<[ exp (-nah) ]1 exp (-ah) Ilt a ll,

and if the set of regular points Fa is closed, then

(2.24) a" (., a), a (., a) e C.

Proof. The first two results (2.22) and (2.23) follow from simple modifications
of the arguments in Robin [4, pp. 279-283]. The third result (2.24) follows from the
arguments in [5]. QED

THEOREM 2.1. Under the stated hypotheses on f, g, r, and k and the assumption
of regularity (Fa closed Va) there exists an optimal, admissible control policy.

Proof. First, note that t(x, a) constructed as the limit of the sequence (2.19) via
(2.23) satisfies the problem

{Io^ -,OM }.(2.25) t (x, a) inf E ](y (t, a), a) e -’t dt + lo< e (y (0, a) a)
>0

Let b (x, a) be defined by

(x’ a) arg min [k (a’ b) +Exb{ Ioh
(2.26)

+e

with b Borel measurable in 7 A.
The optimal policy fi(. is defined by

f(y (t, b), b) e dt

-h^*)u(y(h^z, b), b)}]

(2.27) fi(’ alto.,) + E a
i=1

with the values fii selected as follows. Let

(2.28) if=0,

(2.29) d(t)=g((t),a)dt+r((t),a)dw(t), 3(0) x, t_>0,
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and for 0, 1, 2,..

y inf {t>=0: 33i(t) }
(2.30)

tm if the set is empty,

(2.31)

(2.32)

(2.33)

and

(2.34)

{t [i, ?i): i(t)C:{a(o,li)<M(o,li)}}
i/1

oe if the set is empty,
ffi (i +h) ^ ", i=1,2,...,

i otherwise, 0, 1, 2,

d’(t) g(i(t), hi) dt +o’(i(t), i) dw(t),

7i(t)=;-l(t), t-<di, i=1,2,....

Using the Markov property, we have

(2.35)

where

(2.36)

>=i,

u(x, )= E ((t), (t)) e dt + k(- e
i=1

+E{e -"t ()3 (.), " )},

(t)=y(t,(.))="(t) Vt 6 [0, ,].
Since a is bounded and d-> oo (a.s.) as n oo, we obtain

(2.37) u(x,)=E ((t),(t))e-’dt+ k(- )e 1,<
i=1

V(x, a) x A.

Finally, let O(x, a) measurable be such that

(2.38) f(x, a O(x, a))= f(x, a)

Defining

(2.39) O(t) f(y (t), d), f,(t)=f(t)o(t)

completes the proof. QED
Remark. The function t"(x, a) is the optimal cost given that n switchings are

permitted.

3. Dependence of the cost on the scheduling delay. In this section we shall show
that the optimal scheduling cost depends continuously on the delay h as h --> 0, if the
hypotheses of Theorem 2.1 hold. To emphasize the dependence on h, let th (X, a) be
the optimal cost in the problem (2.10), and let t, be the costs in the sequence (2.19).
Also, let

hA’r

and

(3.2) My (x, a) min [k (a, b) + v (x, a)].
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LEMMA 3.1. Under the stated hypotheses on f, g, r and k and the assumption of
regularity we have

-ah

(3.3) IlMhv-Mvll<-(1-e )ll/ll/(1-e-)llvll
]’or all Borel measurable v such that

(3.4) v (x, a) 0 Vx e F,, Va A.

Proof. This follows immediately from (3.1) (3.2). QED
LZMMA 3.2. Under the conditions of Lemma 3.1 we have

(3,5) IlaZ all <
c

=, n=m+l, m+2,...
n--m

for some constant c independent of h and where m is the number of machines.
Proof. Let

(3.6)
N+[0, T] number of machine starts in [0, T],

N-[0, T] number of machine shutdowns in [0, T]

associated with a policy a(t), [0, T]. For each T > 0

(3.7) N+[0, T] +N-[0, T] =< 2N+[0, T] + m.

Given any policy a(. ), let a" (.) be the policy whose first n switchings coincide
with those of a(. and which is constant (at the value of the nth switching) throughout
the remainder of the interval. Using the notation t introduced earlier, we have

(3.8)

and so,

/I }0 _-< t3 th -<- sup E /(y" (t), a" (t)) e -at dt
a(. 0.

(3.9) 0 u h Uh sup E{e
a(-)

To estimate the expectation, we use (3.7) and an observation about the startup cost.
Clearly, for any T > 0

(3.10) koN+[0, T]e -at-< E k[a(t_),a(t)]e-at.
O<=t<_T

Now from (3.7) for a policy with n switching

(3.11) n <= 2N+[0, O,]+m.

Using this in (3.10) with T 0, ^ r, we have

-a(O^-r)(3.12) 1/2ko(n-m)E{e-a("^’)lo.<,}<-supE Y k[a(Oi_l),a(Oi)]e
a(. =’1

To estimate the term on the right, recall from (2.9), the form of the cost of an
admissible policy. Consider a suboptimal policy which involves no switching. The cost
of such a policy is bounded above by II/ 11/ , It follows from (2.9) that we can restrict
attention to policies in which

(3.13) E{ k[a(t-),a(t)]e
O_<t<-
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Using this on the right in (3.12), and the result in (3.9), we have the desired inequality
(3.5) with

(3.14) c 211/ll=/ko. QED

The bound (3.5) and an inequality of Robin give us the desired continuity result.
Let do(X, a) be the optimal cost in the system (2.10) with no delay, i.e., h 0.

THEOREM 3.1. Under the stated hypotheses on f, g, r, and k and the assumption
of regularity we have

(3.15) lim ah aO uniformly in Tx A.
h$0

Proof. Let tg be the optimal cost in the problem (2.10) with no delay over
admissible policies having at most n switchings. Then

(3.16) Ila aoll Ila aZII + IlaZ a;ll + Ila;

The first and third terms on the right may be bounded using Lemma 3.1. A bound
for the second term is given in Robin’s thesis [4], p. 235,

(3.17) IlaT a"ll 2nh IIll.
It follows that for any n >_-m + 1

Ila aoll-< (411flllko)l(n m + llfllnh.
Thus, taking h$0 and then n - oo leads to the desired result. QED

4. Scheduling with some expensive machines. Now suppose that one machine,
or more generally, a group o machines is much more expensive to operate and/or
start than the remaining machines. One would expect that the expensive machine
would be used only in extreme circumstances, or not at all when its cost is very high.
We show that the problem (2.10) has these properties.

Let aeeA be an "expensive" schedule. Recall the notation /(x,a)=
min {f(x, p a), p e P}.

LEMMA 4.1. Under the stated hypotheses on f, g, cr and k and the assumption of
regularity the inequality

(4.1) f(x, ae)>(x,b)+[k(a,b)-k(a, ae)] l_e_,h Vx eft, aeA, beA-{ae}

implies that the optimal policy d(t), O<=t<=, defined in Theorem 2.1 for the problem
(2.10) has the property

(4.2) P{(t) ae, 0 =< =< . h } 0,

Remark. In other words, the optimal policy (. switches to the expensive schedule
only near the boundary F, and in that case, it switches once and then stops.

Proof. Let a(. be the optimal policy. Over an interval [ffi, i/l) the optimal cost
increases by the amount

Ii+1
i)(4.3) Zk/i /(3(t), e -’ dt + k e-’.

0
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Suppose that i--1 #a and i =ae. Then by (4.1) for any bEA-{ae} we have

li
,r > f f(f (t), b) e -st dt

(4.4)

( 1 ) _#, _, 1, -1, ae4"
1 e -h

(e e /’)[k (i- b)- k (h )] + k (i )e

Since 0i/1 >- h+ 0i if 0 <- <= - h, it follows that

(4.5) AJ > f((t), b) e- dt + k(-, b) e

and this must have probability zero since (t) is optimal. QED
Note that either a large operating cost rate" f(x, ) or a large startup cost"

k(,) will cause (4.1) to be satisfied. Now suppose that the operating cost f(x,)
becomes arbitrarily large

(4.6) [(x, ae) -> 1/e, x e Y, e > 0 small.

One would expect that in the limit as e $ 0 that the expensive state a will never be
used. We shall treat the cases h > 0 and h 0 separately. Let

(4.7) Uh (x, a) inf {J,(v)" v(t) p(t) a(t), a(t) a O <= <- -, h >0},

(4.8) Uo(X, a) inf {J.(v)" v(t) p(t) a(t), a(t) a, 0 _-< _-< -, h 0}.

Let

(4.9) t, (x, a) inf {Jx.(v)" v(. admissible, (4.6) holds, h > 0},

(4.10) t; (x, a) inf {Jx,(v)" v(. admissible, (4.6) holds, h 0}.

THEOREM 4.1. Under the stated hypotheses on f, g, r and k, the assumption of
regularity then

(4.11) lim t uniformly in x , h > O.

If, in addition,

(4.12) g g(x), o" o-(x),

independent of a A then

(4.13) uniformly in x 7, h O.lim to ao
e$0

Proofof (4.11) h >0.
Suppose e > 0 is small enough so that

( )(4.14) l>(x’b)+[k(a’b)-k(a’ae)] _e-h VXSCY, aEA, b eA-{ae}.

Using (2.32) from the proof of Theorem 2.1, we have

a (x’ a) El Io P(;(t’l(t))’l(t))e-<"dt+ i=, k (i-" /) e-<’}
(4.15) +E{e-" a ," ), )).
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Now for any admissible v(. p(. a(. with a(t) a e, >= 0, we have

(4.16) (x, a)o<-ae-a <-L,(v)-aa

By Lemma 4.1 we can consider policies fi(t) which switch to a in [?-h, ?] and
(t) ae, 0 _-< < . h. It follows that

--Uh --Uh
bCa -h

Hence,

(4.18) 0 _-< t, d, <= (sup Ill(", b)ll)(e 1)/c.
b#

But this can be improved.
Let

(4.19) /’/h inf {n -> 1" 0, _-> , h }, & 0, for n nh.

Then we can replace ?- h by ffh in (4.17). Since a switching to a is assumed to occur
in [?- h, "] and since (4.6) and (4.14) hold, we have

(4.20) O<sup (E{Ig ](33(b), b)e -’dt l lf -’ a -d"})e dt-k(b, )e
ba E

This implies

1
(4.21) E e-St dt =-< sup II;(’, b)ll.

E h
O b#a

Using this in (4.17) (4.18) with h replacing ?-h leads to

1
(4.22) 0 < d, d, < (sup Ill( b)ll)2

O b#

Note that (4.22) and (4.18) hold only if e and h satisfy (4.14); that is, they are not
uniform. In any event (4.22) implies (4.11). QED

Proof of (4.13). h 0. Let a(t) be the optimal policy associated with fi). It exists
by virtue of property (3.7). Write it as

(4.23) a(t) alto.0,) + Y’. ailtff,.0,+,)
i=1

where ffi were defined in the proof of Theorem 2.1 (with h set to zero). We define
by induction

(4.24) ii if a a,
ai-1 if a a,

and if a a

(4.25) (t) alto.&) +
i=1
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If a # a, .then

J,,.(d (")> EIf /( (t>, a> e-:’ dt + f /( (t>, di> e- dt
Jo i=1 Jiffy+

(4.26)
+ (,) e-(e+ 2 (,*) e-(e*+

i=1

Since k (b, b) 0 and k (a, b) + k (b, => k (a, e) for each a, b, and c in A, we have

J:(t(" )) >-E [((t), a) e -’ dt + 2 [((t), ) e dt
i=1

(4.27)
+k(a,)e + 2 k(g’, e +

i=1

Using this and the fact that h(.) is optimal leads to

(4.28) O<-Jx,((’))-Jxa((’)) <- 2 E [((t),ti+l)-[((t),ae)]e-tdt.

Since f 0, it follows that for a ae,

(4.29) O<ao=e(X, ")-; (X, ")=< (sup [(" b)ll)( E e-:’ dt
b#ae ai= t

But using (4.6) gives

(4.30)

And

1
E e-dt <-E (t),(t))e <-uo(x,).

(4.31) 0 -< ;(x, a) =< min { 1 II/(" b)l[ + k (a, b)}bA O

It follows that if a # ae, then
(4.32)

with

(X, a)- (x, a) <0<o Uo ---CE

1
(4.33) c =--(sup IIf(., b)ll)ll/(., a)ll.

ba

This implies (4.13) in case a # ae.
If a ae, the argument is much the same. Define

(4.34) ti(t) a Vt [0, dl].
Since (4.30) and (4.31) still hold, we can deduce (4.32) by adding the term.

(4.35) E{k(ae, al)(1-e-:(6’A+))}=:k(ae, al)={ I0 e -=t dt}
to (4.29). In this case the constant in (4.32) is

(4.36) c [ sup 1(", b,II +k(, b,] [man 1 ]](, b,l,+ k(, ,]
b#a bA

This completes the argument. QED
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Remark. Using similar techniques, we can consider systems with locally bounded
coefficients in an unbounded domain 7. All the results can be extended to the associated
time-dependent problem.
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NEW RESULTS ON THE INTERPOLATION PROBLEM FOR
CONTINUOUS-TIME STATIONARY INCREMENTS PROCESSES*

MICHELE PAVON’

Abstract. Explicit solutions to the interpolation problem for continuous-time stationary increments
processes with a rational spectral density are derived. To do so we take a new approach to the problem
relying on stochastic realization theory. In particular we show that the optimal interpolator is completely
characterized by two steady-state Kalman-Bucy estimates.

Key words, interpolation problem, statignary process, stochastic realization theory

1. Introduction. Linear interpolation of continuous-time stationary processes,
first studied by Karhunen in 1952 [1], has been described as a difficult subject by
several specialists in the prediction theory of stationary processes, cf. Rozanov [2, p.
131], Masani [3, p. 1466], Dym and McKean [4, pp. 8-9] and Salehi [5, p. 841].
Indeed, the results as yet available in the literature on the problem of characterizing
the optimal interpolator and the corresponding error intensity [6]-[8], [2, pp. 129-135],
[4, 4.13, 6.13, 6.14] are nonexplicit, hard to apply and of difficult statistical
interpretation.

The purpose of this paper is to present the first explicit solution to the above
problem. Our approach is new and makes essential use of some basic results and
techniques from the recently developed stochastic realization theory [9]-[20] (see [16]
and [20] for other references). We study the case of a multivariate process with
stationary increments and rational spectral density, where the observation of the
increments is not possible on a certain finite time interval. This problem appears to
have potential applications to many diverse areas of the physical and engineering
sciences. Indeed it models the rather common situation when a blackout has occurred
in the stationary flow of information about a certain physical system, and the missing
data have to be estimated from the known increments of the process. The rational
spectral density case is of central importance for engineering applications, cf. e.g. [15],
in particular because in this case the process admits a finite dimensional Markovian
representation (see, for example, [9]). The latter fact allows us to derive a compact
expression for the optimal least-squares interpolator in terms of two Kalman-Bucy
estimates (see Theorem 4.4). These are generated by a forward and a backward
steady-state filter, respectively. This representation holds under the assumption only
that the process is purely nondeterministic.

The derivation, relying on a variant of a geometrical argument of stochastic
realization theory (see [9] and [12]), is simple and illuminating. The key step consists
in replacing a projection onto an infinite-dimensional’space by a projection onto a

finite-dimensional space which admits a nice basis (induced by the components of two
Markov processes) (see Lemmas 4.1 and 4.2). Although the latter Hilbert space
results can be easily established in the case of a general spectral density, further study
is required in order to obtain satisfactory characterizations of the interpolation estimate
in this case. Clearly our method also works for stationary processes, as we briefly
indicate in 6. Actually, it can also be applied to some nonstationary situations [33].

* Received by the editors April 29, 1982, and in revised form December 15, 1982. This research was
conducted at the Department of Statistics, Florida State University, Tallahassee, Florida 32306, with

support provided by a CNR fellowship.- LADSEB-CNR, Corso Stati Uniti 4, 35100 Padova, Italy.
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The process is assumed to have Gaussian increments, but the results hold for weakly
stationary increments processes as well. No attention is given to the algorithmic aspect
of the problem. However, we feel that our results are of computational interest since
they only involve quantities which can be efficiently calculated from the spectral
density via the deterministic and stochastic realization algorithms, cf. viz [21] and
[15]. We refer the interested reader to [22] for an application of this method to a
simple discrete-time interpolation problem. Other references on the continuous-time
problem are [23] and [24].

The contents of the paper are as follows. Section 2 is devoted to introducing the
relevant mathematical notation and to formulating the problem. In 3 we record
some basic results from stochastic realization theory. Here [10] is the main reference.
These results are then applied to the interpolation problem in 4 as means to derive
the key representation for the optimal interpolation. Several other expressions for it
are readily obtained in the following section, where we also make contact with some
smoothing results derived in [25]. In 6 we comment briefly on the case when the
process is actually assumed to be stationary.

2. Mathematical notation and problem formulation. We shall be concerned with
centered stationary (stationary increments) Gaussian processes defined on a fixed
probability space (, , P). Let {(t); R} be such a process taking values in .
ThenH(:) indicates the linear space induced by the random variables {SOl (t), , G (t)}.
We define the spaces HI (d), HI (d) and H(d) to be the Gaussian spaces [26, p.
53] induced by the increments {(t)-(s); t, s I} where I is the set (-c, t], It,
and R, respectively. If H L2(, ,P) is a Gaussian space, E{.[H} denotes the
orthogonal projection onto H. We write E{. ]sc(t)} instead of E{. IHt(:)} and E{v]H}
for the vector with components E{v[H}. LetK be another Gaussian space. We indicate
by E{KIH} the linear hull of the projections of elements in K onto H. When K H,
we write HK for the orthogonal complement of K in H. The identity matrix is
denoted by I. If R is a symmetric positive (nonnegative) definite matrix, we write
R > 0 (R _-> 0) and indicate byR 1/2 its positive (nonnegative) square root. Transposition
is denoted by a prime. Vectors without a prime are column vectors. We write var [u]
for the variance matrix E{vv’} of the vector v.

Let {y(t); t R} be a purely nondeterministic, mean-square continuous stochastic
process defined on the probability space (f, -, P) and taking values in R". We assume
that y is centered and has Gaussian stationary increments. Its increments can then
b6 represented as

i
itot itos

(2.1) y(t)-y(s)--
e -e

ito
dry(w)

[27, p. 205], where/x is a vector orthogonal stochastic measure satisfying

(io___)E{dr, (w) dr, (to)} -rr

the symbol denoting conjugation and transposition. We suppose that the spectral
density cI) is a matrix of real rational functions such that (iw)> 0 for almost all
It follows [2] that R (oo) is positive definite.

Let 0<t<T and (t)=E{y(t)]H(dy)/Hc(dy)}, where H(dy)/Hc(dy)
denotes the smallest Gaussian space containing H (dy) and H, (dy). We study the
following interpolation problem: given {y(z)-y(o-); z, o-(-c,0] or r, o-[T, o)}
determine the increments of . Clearly, because of stationarity, it is no restriction to
consider only intervals of the form (0, T).
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3. Preliminaries. Using partial fractions, we can write in the form of

(z)=S(z)+S(-z)’,

where S is a positive real function with McMillan degree equal to one-half the McMillan
degree of [28], [15]. We can then compute a minimal realization IF, G, H, R] of S
employing one of the algorithms available in the systems theory literature (see e.g.
[21]). Hence, in the sequel, we shall regard such a quadruplet as part of the data.
Also notice that under the present assumptions Re {A (F)} < 0, namely the eigenvalues
of F lie in the open left half-plane [9], [15].

In [10] it was shown that there exist two Markovian representations (stochastic
realizations) of the increments of y of the following form. The first,

(3.1a)

(3.1b)

dx, Fx, dt + B, du,,

dy Hx, dt +R 1/2 du,,

is a steady-state Kalman-Bucy filter. The innovations process u, is a standard m-
dimensional Brownian motion defined on (l-l, -, P) with H- (du,)= H- (dy), for all. Inverting (3.1) we also get

(3.2) dx, F,x, dt +B,R -1/2 dy

where the feedback matrix F,=F-B,R-1/2H satisfies Re {h (F,)} =< 0 [15]. The
second realization,

(3.3a)

(3.3b)

dY, -F’,g, dt + B, da,,

dy G’Y, dt +R 1/2 da,,

is a backward steady-state Kalman-Bucy filter. The backward innovation , is a
process of the same type as u, and satisfies HI (dti,)= H,+ (dy), for all N. We
also have

(3.4) d, -’,, dt +J,R -1/2 dy,

with ’,-F’ +,R-1/ZG’ and Re {h (’,)}-<0. There exist two other representations
of particular interest. The first one,

(3.5a) dx* =Fx* dt +B* du*,

(3.5b) dy =Hx* dt +R 1/2 du*,

corresponds to (3.3) in the sense of [10, Thm. 3.4]. The second,

(3.6a) dY*=-F’Y* dt +* da*,

(3.6b) dy G’Y* dt + R /2 da*,

is a backward model (i.e. H-(dti*) is orthogonal to H-(*)) and corresponds to
(3.1). The inputs u* and ti* are Brownian motions corresponding to ti, and u,,
respectively, according to [10, (3.35a)]. Let P,=var [x,(t)] and P* =var [x*(t)] be
the state variances in the forward models (3.1) and (3.5), respectively. Then

(3.7) P*-P,>-O,
(3.8) Y,(t) (P*)-lx *(t),

(3.9) aT*(t) Px,(t),
cf. [10], [15]. We refer the reader to [10] for further information on the correspondence
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between forward and backward realizations. The filter property of (3.1) and (3.3) in
particular gives

(3.10) E{x*(t)ln-; (dy)} x,(t),

(3.11) E{*(t)ln+, (dy)} ,(t),

for all R.

4. The main relreseatafion. Let 0 < s < t < T. We are interested in computing
(t)-(s). We shall show that the two vectors x,(0) and ,(T) contain all the
information in H (dy)VHr(dy) which is useful in estimating y(t)-y(s). To do so
we need a preliminary result.

LEMMA 4.1. The space H(dy)/Hr(dy) admits the following orthogonal
decomposition,

(4.1) H- (dy)/Hr(dy) N-[H(x,(O))/H(,(T))]O)N+,
where N-=H (dy)H(x,(O)) and N/=Hr(dy)H(,(T)).

Proof. It is well known that E{H (dy)[H (dy)} H(x,(0)), cf. for example [16].
Thus, N- is orthogonal to H (dy) However, H/ /T(dy) c Ho (dy) and therefore N-+/-

H(dy). Similarly, one can show that N/ _LH (dy) and the result is proved.
LEMMA 4.2. H((t)-(s))c H(x,(O))/H(,(T)).
Proof. Notice that E{(t)-(s)lH (dy)}=E{y(t)-y(s)[H- (dy)}=(neF

dz)x,(O). In fact the first equality follows from the law of iterated conditioning
(projecting), and the second from the integrated form of (3.1b),

(4.2) y(t)-y(s) Hx,(z) dz+Ra/2[u,(t)-u,(s)],

and the expression

(4.3) x,(z) eFx,(O) + eF(’-’)B, du,(tr)

for the solution of (3.1a). This shows that the components of (t)-(s)-
(HeF’d-)x,(O) are orthogonal to H(dy). Since N-cH-(dy), we deduce that
H((t)-(s))+/-N-. On the other hand a similar argument, using the properties of
the backward filter (3.3), yields H((t)-(s))+/-N/. The conclusion now follows from
(4.1). 13

LEMMA 4.3. The components of x*(T)-errx,(O) are orthogonal to H(x,(0)).
Moreover the variance

(4.4) H P* errp, e F’T

of x *(T) errx,(O) is positive definite.
Proof. Using iterated conditioning, formula (4.3) for x*, and (3.10) we get

E{x*(T) eZrx,(O)lH(x,(O))} E{E{x*(T) eZrx,(O)lH-(dy)}lH(x,(O))}
E{er’rx,(O)-eV’rx,(O)[H(x,(O))}=O which proves the first assertion. It follows that

FT F’TII=P -e P, e Next observe that (4.3) gives

f F(T-Cr)B,B, e F’(r-cr) do’.(4.5) -e’rP, e’ -P, + e

The controllability Gramian appearing in the right-hand side of (4.5) is positive definite
since the pair (F, B,) is controllable [21]. Inserting (4.5) into (4.4) and taking (3.7)
into account, we conclude that H )0.
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THEOREM 4.4. The interpolation estimate is differentiab’le on (0, T). Its derivative
admits the following orthogonal decomposition:

(4.6) d_ H(t)x,(O) +K(t)rl-X[x *(T) erx,(0)],
dt

where H(t)=HeFt, K(t)=G’ eF’(r-)-HeFp,e’ and II is defined by (4.4). Let
37(t) y(t)- ](t) denote the estimation error..Then

var [7(t)- ;(s)] .f, ;, or [H(z-cr)B,B’,H(z’-r)’] &r dr

(4.7) + [H(r-o-)B,R/+R/B’,H(r-o.)’]do-d-+R[t-s]

-M(t-s)II-M(t-s)’,

where z ^ r’ min (-, -’) andM(t s) IK(-) dz.
Pro@ By Lemma 4.2 and the law of iterated conditioning we have (t)-(s)

E{y(t)-y(s)IH(x,(O))VH(,(T))}. Notice that, in view of (3.8), the components of
x,(0) and x*(r) -e,(0) span the space H(x,(O))VH(,(T)).

Then Lemma 4.3 gives

(t) (s) E{y (t) y (s)lx,(0)} +E{y (t) y (s)lx *(T) errx,(0)}.

As argued in the proof of Lemma 4.2, E{y(t)-y(s)lx,(O)}=(H(z)dz)x,(O) with
H(r) HeFL Since II>0 (Lemma 4.3), we can apply a standard projection formula
and get

(t)-(s) H(z) d x,(0)

+E([y (t) y (s)][x *(T) errx,(0)]’}lI- Ix *(T) eFrX,(0)].

Employing (4.2) we readily obtain E{[y(t)-y(s)]x,(O)’eF’r)=(H(-)dz)P,e’r,
whereas the representation

(4.8) y(t)-y(s) a’,(-)d-+R/[a,(t)-a,(s)]

and (3.8) yield E{[y(t)-y(s)]x*(T)’}= I G’ e’(r-’ dr. We get

(4.9)

+( [G’ e’(r-’-H(r)P, err]d -[x*(rl-e,(0l].

Dividing both sides of (4.9) by t-s and taking the limit as s tends to t, we finally
obtain (4.6). In order to prove (4.7), first note that (4.2) and (4.3) gives

y(t)-y(s) H(r) d x,(0)
(4.0

+(i’ HeF’-’B, du,()+R/2[u,(t)-u,(s)]).
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The result is now a consequence of the orthogonality between the error increments
and the estimate increments, and the orthogonality between the two terms in the
right-hand sides of (4.10) and (4.9) respectively.

Remark 4.5. The vector (H0")d-)x,(O) in (4.9) is just the optimal predictor
of y (t) y (s) given H- (dy). Therefore the last term in (4.9) represents the modification
of the prediction estimate due to the new data H/

7- (dy) Its positive definite variance
describes how much our information on y (t)-y (s) has increased.

Remark 4.6. We shall now outline an alternative derivation of (4.6), which,
although not as simple and straightforward as the one given above, appears to be of
some interest. The idea is to use, besides stochastic realization, a corollary to J. von
Neumann’s alternating projections theorem due to Aronszajn [29, p. 375]. This result
has already been applied to the interpolation problem in [8], [30]. Let T1
E{.IH (dy)}, T2=E{’lHr(dy)} and T=E{’IH (dy)/H(dy)}. Then Aronszajn’s
theorem asserts that the sequence $1 T1, 6’2 T + T2- T2T1, $3
T1 + T2- T2T1- TI T. + TI TeT1, converges strongly to T. It follows that Sn[y(t)-
y(s)] converges to (t)-(s) in the L2 norm topology. Exploiting (4.2), (4.8), and
(3.10) and (3.11) repeatedly, we quickly get

+ (KO’) d ((P*)- eFTp, el’T)’(,(T)-(P*)- eF’rx,(O))
i=0

+ ((p,)-i F’T),- ],e’rP, e I,(T)

(Is "F)[ n-1 )]+ K0") d E ((P*)-I erp, eF’T)($,(T) (P*)- eFTX,(0)
i=0

for n => 1. Now observe that the eigenvalues of (p,)-i erp, eV’T lie in the open unit
disc. Indeed, they are in the open interval (0, 1) since (P*)-a e-’rP, e F’7" and I-
(P*)-aFP,F’= (P*)-II have positive eigenvalues being the product of two positive
definite matrices [31, p. 92]. A standard formula for geometric series, cf. for example
[31, p. 113], and (3.8) now yield (4.6).

S. Other representations. If we use the components of $,(T) and of
f*(0)-eF’,(T) as a basis for H(x,(O))/H($,(T)), we obtain an expression
similar to (4.6) but involving backward quantities:

(5.1) d
dt

G(t)’$,(T) +i(t)fi-[f*(0) eF’,(T)],
-I F’T. ,)--1 FTwhereG(t)=eFtG, l(t)=HeF’-G eF’(7"-’)(P*)-leF’randfI=P, -e (P e

From this a relation corresponding to (4.7) is also easily derived. However, the
following symmetric representation is more useful.

LEMMA 5.1. In the notation of (4.6) and (5.1) we have

d__ =/(t)fi_l,(0) +K(t)II-x *(T).
dt

Proof. A simple calculation using (4.6) and (3.11) yields the result.
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The following theorem provides several alternative expressions for d/dt, includ-
ing one in terms of the data of the problem, namely the increments {y(r)- y(r); r, r e
(-oo, 0] or r, o" e [T, oo)}. These expressions are all direct consequence of (4.6) or (5.2).

THEOREM 5.2. Under the present assumptions, we have

d-- R(t)fI-1Ple-V’B, du,(r)+ K(t)II-IP* e da,(r).

If we also assume that ap(ioo) > 0 for all o) R, then

d- /(t)lSl-P e-r*’B,R -/2 dy (’)

(ii) T

+ Ioo K(t)II-1p* er*(-T)*R-/2 dy(r);

d If -FrB* I F(T-)B*d H(t) e du,(r)+ K(t)H-1 e du,(r)
(iii)

+ K(t)H- 2 e v+(’-T)H’R-/2 du,(r),

where P* P,;

d=

_
[(t)-’P (iwI-F)-aB, W,(iw)-1

dt
(iv)

+K(t)H-P* e’(iwI +F’)-a,,(iw)-a] d(w),
where W,(iw) H(iwI-F)-B,+R /2 and (iw) G’(iwI +F’)-I, +R a/2;

d [K(t)h-’P (iwI F,)-aB,R -’/

(v)
+K(t)H-aP* er(iwI +,)-,R-/2] d();

d [(H(t)+K(t)H-(eT-e))(iwI-F)-aB,
(vi)

-g(t)n- e’(iw +F;)-H’R-/]W,(iw)- d.(w).

Pro@ Formula (i) follows from (5.2), (3.10)-(3.11) and (3.1a)-(3.3a) in view of
Re { (F)} < 0. It is well known, cf. viz. [15, p. 96], that (iw) > 0 for all real w implies
that Re {Z (F,)} < 0, Re {Z (F,)} < 0 and > 0. Expression (ii) is now a consequence of
(5.2), (3.10)-(3.11) and (3.2)-(3.4). To prove (iii) we rely on (4.6), (4.3) and the
equation

d -Fdt-H’R -/2 du,

for (t)=2-a[x*(t)-x,(t)] which was derived in [12]. The spectral results (iv)-(vi)
follow from (i)-(iii) respectively, using (2.1) and the relations

u,(t)- u,(s) I_ e

ti,(t)- ti,(s) I_ e

for the increments of the forward and backward innovations.

itot itos-e
W,(ioo )-1 dx(o),

io
itot itos-e I,,(io)--1 d(.o)
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Remark 5.3. Formula (v) agrees with a classical result of Yaglom in that the
poles of the two terms in the square bracket of (v) coincide with the poles of the
corresponding terms in [7, formula (4.9)]. In fact the poles in (v) are the eigenvalues
of F, and -F,, which are the zeros of the determinant of the outer factor W,(z) and
of the conjugate outer )actor W,(z), cf. [10], [15], [32]. These, in turn, coincide with
the zeros of the determinant of det in the left and right half-plane respectively.
This follows from the scalar factorization det (z)= det W,(z)det W,(-z)’ and the
fact that the scalar conjugate outer factor det W,(z) has the same zeros as det W,(-z)’.

The increments of u, from time zero on appearing in (iii) of the previous theorem
are not obtainable from the data. However, such a representation is of some theoretical
interest as we shall see below. Consider a Markovian representation of y of the form

dx Fx dt +B dr,

dy Hx dt +R a/2 du,

with the increments of v and u uncorrelated. This condition corresponds to the
standard assumption in the filtering literature of uncorrelated state and observation
noises. Let (t) E{Hx (t)lH(dy)} be the smoothing estimate of the observation signal
Hx (t).

PROPOSITION 5.4. The interpolation estimate d/dt converges a.s. to (0) as T
(and consequently t) tends to zero.

Proo)q Recall the formula W,(ito)-I=R-1/2-R-1/2H(itoI-F,)-IB,R -1/2 and
d(ito) W,(ito)W,(-ito)’ (see e.g. [15]). Then taking the limit in (vi), Theorem 5.2,
we get

(5.3) lim lim d Ir-,o ,-,o -= a_
[I-R(i)-a] dtx()’

which is equal to (0) because of [25, (4.7)]. Alternatively we can take the limit in
(4.6) as goes to zero and then as T goes to zero and get

lira lim d /2B
r-,o ,-,o - Hx,(O) +R ,z (0),

which is (0) in view of [25, (4.2)].
Formula (5.3) resembles a famous discrete-time formula (cf. for example [2, p.

102]), which was rederived in [22] using the discrete-time counterpart of (vi) in Theorem
5.2. For further details on smoothing, and in particular on the significance of the
assumption of independent state and observation noises, from the stochastic realization
viewpoint we refer the reader to [25, 4].

6. The stationary ease. Let y be a stationary process with rational spectral density
satisfying the assumptions of 2, and let H-(y) and H{ (y) be the Gaussian spaces
induced by the components of y(s) at times s _-<t and s->t respectively Then [13],
[17], we can compute from the spectral density matrices IF, G, H] such that there
exist two Markovian representations of y

dx, Fx, dt +B, du,, d2, -F’2, dt +B, da,,

y(t) Hx,(t), y(t) G’,(t),
with x,(t) a basis in E{H{ (y )ln- (y )} and 2,(t) a basis in E{H- (y)[n[ (y)}, for all
real t. Let P, var [x,(t)], P* (var [2,(t)])-a, and let x*(t) e*2,(t) be the state
of the forward model corresponding to the backward filter. Then the geometric
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argument of 4 gives

(6.1) E{y(t)ln (y)/nr(y)}=n(t)x,(t)+K(t)II-l[x*(T)-er’rx,(O)],
with H(. ), K(. and II defined as in 4. The variance of the interpolation error )7(t)
is given by

(6.2) var [37(t)]= H(t--)B,B’,H(t--)’ dz-K(t)H-1K(t)’.

From formula (6.1), it is then straightforward to obtain expressions for the optimal
interpolator corresponding to those of 5.

7. Final remarks. A new apiaroach to the interpolation problem has been presen-
ted. We feel that stochastic realization theory provides a natural framework for
studying this problem. The geometric argument used in the derivation of the results
appears to have applications to a variety of interpolation problems, including inter-
polation of nonstationary processes.
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OPTIMAL SWITCHING FOR ORDINARY DIFFERENTIAL EQUATIONS*

I. CAPUZZO DOLCETTA" AND L. C. EVANS:

Abstract. We consider the problem of controlling an ordinary differential equation, subject to positive
switching costs, and show in particular that the value functions form the "viscosity solution" (cf. [6], [7])
of the dynamic programming quasi-variational inequalities. This interpretation allows for a rigorous
application of various dynamic programming techniques.

Key words, optimal, control, dynamic programming, quasi-variational inequalities, viscosity solutions

1. Introduction. Consider a system whose state is modelled by the solution of
an ordinary differential equation, determined at each moment by one of m different
control settings. Suppose further we repeatedly change these control settings as the
system evolves so as to minimize a (discounted) running cost, but incur thereby a
positive switching cost each time we modify the setting. What is an optimal way to
control the system?

This problem, which we state precisely in 2, is formally amenable to dynamic
programming techniques. We first define each value function Ud(X) (X Sn, d
1,’’ ", m) to be the infimum of the costs taken over all controls with initial setting
d, given that the ODE starts at the point x. Then fairly standard procedures ( 3)
indicate the construction of an optimal control in terms of the u a (d 1,..., m).
Finally we observe ( 4) that formally the value functions solve a coupled system of
quasivariational inequalities (QVI) and that, conversely, any regular solution of (QVI)
must in fact be the value function and hence lead to the synthesis of optimal controls.
This much is all more-or-less routine.

The trouble in practice is that the value functions are generally not continuously
differentiable and hence are not classical solutions of (QVI): the dynamic programming
derivation of (QVI) is not justified. There is a further difficulty in that, on the other
hand, (QVI) does not generally have a C solution and hence standard verification
techniques cannot be employed to recover the value functions and hence the optimal
controls from a study of (QVI) by PDE methods. Such objections are, of course,
typical in various applications of dynamic programming methods in deterministic
control theory.

Our new contribution in this paper is to show that nevertheless .the full range of
formal dynamic programming techniques can in fact be made rigorous ]:or the problem
at hand: the key is an observation, that the value functions, although not C 1, do
however solve (QVI) in an appropriately weak sense. For this we modify some recent
work of Crandall-Lions [6] (cf. Crandall-Evans-Lions [7]) on scalar nonlinear first
order PDE, and, in particular, adapt to our problem the new notion of a viscosity
solution of such PDE. We will demonstrate in 4-6 that the value functions comprise
a viscosity solution of (QVI), that such solutions are unique, and that therefore PDE
techniques are applicable in constructing the value functions and so the optimal
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controls. (P. L. Lions in [12] first observed the connection between viscosity solutions
and control theory).

To our knowledge the problem we study here is the only general example in the
control of ODE for which the full extent of the dynamic programming formalism
applies rigorously. Of course dynamic programming does work for other problems
with special structure, for example the linear-quadratic regulator, as well as for discrete
time problems. (See [4], [5].) Furthermore, dynamic programming is completely
effective in stopping time problems for ODE, but this is a special case of our results:
see the remark at the end of 2.

Next we note that a control problem with zero switching costs also leads to a
dynamic programming equation which admits a (unique) viscosity solution (see 7
and also Lions [12]). Here we can also prove [12] that the value function is this
viscosity solution, but are unable to synthesize optimal controls as these in general
do not exist. Nevertheless, we will prove in 7 that the value functions with positive
switching costs do converge to the proper limit as the switching costs tend to zero.
This is an analogue of a principal assertion in Evans-Friedman [9], where we proved
similar statements for stochastic control theory.

Let us finally remark on some essential technical differences between applications
of dynamic programming in deterministic and in stochastic control. The dynamic
programming equations for the control of (nondegenerate) stochastic differential
equations are second order, uniformly elliptic (or parabolic) PDE with convex non-
linearities. Such PDE are difficult to study owing to their fully nonlinear structure, at
least when the controls affect the "noise" disturbing the system. It happens nevertheless
that such strong estimates for the solution and its first and second derivatives have
now been obtained that it is fairly easy to apply more-or-less routine analytic methods
to study the existence and uniqueness of solutions, their properties, etc. A key tool
in all this, and especially in the derivation of estimates, is the classical maximum
principle for elliptic and parabolic PDE. The reader should refer to Evans-Friedman
[9], Lions [13], Evans-Lions [10], Evans [8], etc., for elaboration of these comments.

A different situation prevails, as we have seen, in applications of the dynamic
programming method to problems of optimal control for ordinary differential
equations. There the resulting PDE again usually have a convex, badly nonlinear
structure, but are now of first order. In consequence there are usually no such strong
estimates available for the solution as in the stochastic case, and hence there are deep
analytic problems as to the existence and uniqueness of solutions and their control
theoretic interpretation. Viscosity solutions do not typically solve the dynamic program-
ming PDE in any classical sense, but are nevertheless regular enough to ensure
uniqueness of solutions and to justify rigorously many formal calculations. Our paper
is thus in part a companion piece to Evans-Friedman [9], where we investigated some
analogous questions for the control of stochastic differential equations. The principal
differences in technique and point of view between this paper and [9] are best
understood in light of the remarks above: in [9] we could derive good estimates for
the solution of the appropriate system of quasi-variational inequalities involving
uniformly elliptic operators, whereas here no such estimates are possible and we must
rely on the viscosity solution concept. Notice, in particular, the quite different technical
applications of the maximum principle. Nevertheless, there are strong heuristic and
procedural similarities underlying this paper and [9], and we invite the interested
reader to make note of this.

This work is motivated in addition by the earlier papers of Capuzzo Dolcetta-
Matzeu [4], Capuzzo Dolcetta-Matzeu-Menaldi [5], Menaldi [14], and by our desire
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to understand them in light of the new theory of viscosity solutions. Note in particular
in [5] that the rigorous application of dynamic programming methods to the discrete
approximations of the ODE allows for an interpretation of the value functions as the
(unique) maximal subsolution of (QVI). Some other papers on control with positive
switching costs are Belbas [3] and Belbas-Lenhart [3]. After this work was completed
we learned of similar results to appear in the thesis of Barles [16].

In closing, we note here that although the methods alluded to above for the
second order PDE depend strongly on the convex structure of the nonlinearity, the
viscosity solution techniques for first order PDE do not. Thus there are applications
of the latter ideas to the Isaacs equations in deterministic differential game thoery
(cf. Friedman [11]); see the forthcoming papers [1] and [15] for this.

2. Control of ODE with switching costs: statement of the problem. We will
consider in this section the problem of the optimal control of an ordinary differential
equation, whose dynamics can be modified--at the price of a positive switching
cost--into any one of m different settings. What is the best way to adjust continuously
the dynamics so as to minimize the associated cost?

More precisely let us define an admissible control a to be a sequence of switching
times 0i and control settings (or switching decisions) di:

0 {Oi, di}i=o,

where

0i ( [0, +00], 0-- 0001" Oi Oi+l : ", Oi "->00,

di {1, m}, di # di-1 if Oi <o0 (i=0,1,...).

For each d 1,. ., m we define also d, the set of all admissible controls with initial
setting d"

’d {a [a is an admissible control, do d}.

Consider now a given mapping g’ R {1, , m}- Rn satisfying

(2.1) [g(x,d)lL, [g(x,d)-g(,d)l<:Llx-l,

for some constant L and all x, I", d 1, , m. For given x s !", d {1, , m },
and a Ma, the response of the system to the control a is the unique continuous solution
yx (")= yx., (") of the differential equation

(ODE)

d+yx(t)
dt

g(y,(t), di), Oi <= <- 0i+1, 0, 1,

y(0) :x.

Corresponding to each such control and associated response we consider the cost
index

(2.2) tE -hOiJUx(a)= f(yx(s),di_l)e-XSds+k(di_l, di)e

where h is a given positive constant called the discount factor, f: {1, , m}-
is the running cost, and the constant k (d, ) is the cost of switching from setting d to
(d,= 1,..., m). We will assume
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(2.3) If(x,d)l<=D, If(x, d)-f(, d)l <DIx -1,

for some constant D and all x, 6 R", d 1, , m, and also

(2.4)
k(d, d) >0, k(d,d)=O,

k (d, 3) < k (d, d) + k (, d,d, de{1, ,m},

We interpret this assumption to mean that it is always cheaper to switch directly from
setting d to setting d, than to switch through an intermediate setting d’.

Finally for each d 1, ., m and x R" we define the value function

(2.5) Ud(X) =- infdJx (a)"

this is the minimum cost, provided we start at x with the initial control setting d.
,SaOur goal is to design for each x R", d 1, , m, an optimal control a * a

such that

(2.6) d d ] du (x) J (a minJ (a).

Remark. Notice that we can also allow stopping the (ODE) and a resultant cost
as a special case" if we incur a cost (yx(0)) should we stop (ODE) at time 0, we
merely augment the problem above by setting

g(x, m + 1)50, x

f(x, m + l)=_
(x)
h

X n.

Remark. The restriction that k (d, d) > 0 is not truly essential and can be removed
to yield results along the lines of Belbas-Lenhart [3].

3. Dynamic programming; optimal controls. Our plan is to show that the func-
tions u a (.)(d 1, , m) satisfy certain inequalities in I and can thus be regarded as
a kind of weak solution of the appropriate QVI of dynamic programming. This in
turn will lead to the design of an optimal control.

First we prove the value functions are uniformly bounded and H61der continuous.
LEMMA 3.1. (a) There exists a constant C such that

(3.1) lu (x)l c, xR", d=l,...,m.

(b) There exists for each

(3.2) 0<y <min (, 1)
a constant C. such that

(3.3)

Proof. (a) The control,

X {Oi, di}7=o
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belongs to Md provided 0o 0, 0i + (i 1,. ), do d. Thus,

ua(x)<-J(a)= f(y(s),d)e-ds<-_D

On the other hand, for any control, ={0, d}oe , we have

J(x)e (y(s),d_)e-ds e
i=1 i--1

(b) Fixd{1,...,m},x, 2. Choose e>O and thenaa, a={Og,d}=o,
such that

J()u()+.
We may assume u a (x) u a () > 0. Therefore,

lu (x)- u ()1 u (x)-s ()+ e

()+e

=,2 (/(y(s), d,_x)-[(y(s), d,_)) e-XSds +e.

Now Gronwall’s lemma, (2.1) and (ODE) imply

[y(s)-y(s)llx -1 etS (S >=0),

and thus (2.3) implies

]/(yx (s), di-1)-f(y(s), di-1)l<-2Dlx _[v eLlis.

We employ this estimate above and note

e (Lv-h )s ds <.
Remark. This proof is adapted from [4].
Next we calculate the dynamic programming optimality conditions in the next

proposition.
PROPOSITION 3.2. For each d 1, , m and x

(a) u d (x) <= min (u (x) + k (d, d)), x

(b) ud(x) <- f(yx(s),d)e-XSds+ud(y,(t))e -x’

for all >-_0, where dyx(s)/ds g(y,(s), d)(O<=s <=t).
(c) If, furthermore, for some point Xo " a strict inequality holds in (a), then there

exists to t, > 0 such that

(3.4) ua(xo) f(yo(s),d)e-Sds+ua(yxo(t))e-
for all 0 <-_ <- to.

Proof. (a) Fix any d e {1,. , m }, d d, and choose any control e M,
O {Oi, di}i=o.
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Define J sgd by

where

Then

0 0,-1, d d,_l(i l, .), fro=0, t=d.

ua(x)<-Ja()=J(a)+k(d,d).
This holds for all a sa and so

du (x)<-u(x)+k(d,d),
(b) Next choose any _>-0. Pick any

{Oi, jd.di}i=o-

Define

by

di}i=o

=O,+t, d,=di{i=l,...), fro=O, do=d.
Then

d d -s du (x)_-<J(d) [(y,(),d)e ds+J(,(o)e

(c) Assume now

(3.5) rain (u a(xo) + k (d, )) u (xo) > O.
d

Choose i=o such that

(3.6) yd (a) < U
a (Xo) + e

We claim that if e is small enough, then

(3.7) 0 to > 0

for some suitably chosen to, independent of e. To see this, suppose to the contrary

0 0 < to (for to as selected below).

Then since d d

Jo() e-Xk (d, d + e -xordd Yx0(0) ($)
" Ma, " " (i=0,1 .-.).Thuswhere,, ={ i,di} Oi =0i+-01, di =di+

e Jo(a,)k(d,d:)+u (yo(0)).

Hence, (3.6) gives

(3.8) k (d, d + u ar (yo(O )) 6 eX(u a (Xo) + e ).

But Lemma 3.1 implies

lu
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SO that (3.8) yields

k (d, d + ua (Xo) <- eA’(u a (Xo) + e + Ct,

with d # d. This contradicts (3.5) for all small e > 0, provided we first choose to small
enough. Estimate (3.7) is thus proved.

Hence for 0 =< t-< to and c as above

-Atj.d (aro (a)= f(yo(S), d) e-Xds + e yo")

for d {ff, d}safd, ff =O-t, d =d (i= 1,...), ff =0, d =d. Therefore,

d d -As -Atu du (Xo)+e ->Jxo(a)_-> f(yxo(s),d)e ds+e (yxo(t)).

Send e x0 and recall (b) to complete the proof of (c). ]
Notation. In view of this proposition it will be convenient to define

Ma[u](x)=-min (ua(x)+ k(d,
Jd

x IR", d{1,...,m}.

Remark. By standard continuation arguments we have in fact

(3.9) u a(xo) f(Yxo(S), d) e

for all

(3.10) 0 -< -< to* inf It > Olu a (yo(t)) Ma[u ](y,,o(t))}

(and to* +oo if the set in (3.10) is empty). H
Next, we exploit the optimality conditions just proved to show the existence of

optimal controls. For this fix x R", d {1,. ., m }. Let us define ce* {0,, &}=o Ma

this way:

(3.11) 80=0, do=d,

(3.12)

(3.13) di

inf {t > O,_lua’-’(y,, (t)) Ma’-’[u ](yx (t))},
Oi + oo if the set above is empty,

min {d= 1,..., m, d # d,_llMa’-l[u](y(O,))
d

U (Yx (Oi)) + k (di-1, d)}

di-1 if 0 +oo.

(Notice that the special choice of d in (3.13) (in case 0 < +oo) is made for the sake
of definiteness. Actually any d such that

Md’-l[u ](Yx (Oi)) U d’(yx (Oi)) + k (&-l, d,),

will do.)
That lim_,o Oi +m and hence a* defined above is admissible is a consequence

of the following estimate.
LEMMA 3.3. There exists a constant cr > 0 such that

(3.14) OiOi-l"[-O" fori=2,....
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Proof. If 0i-1 +, there is nothing to prove. Otherwise, assume

0i-1 0i 0i-1 +.o- (07, as selected below).

Then there exists

(3.15)

such that

Oi <- < Oi- +or

ud’-l(yx (t)) Ma’-l[u ](Yx (t)) ua’(yx (t)) + k (di-1, di),

for some di di-1. But also

u a’-(y (0-1)) Ma’-[u](y (0_)
udi-l(yx (0i-1)) -Jr- k (di-2, di-)

<= u a’(yx (Oi-)) + k (di-2,

We combine these estimates to obtain

k (di-)., di-x) +.k (di-, di) <= k (di-2, di) + ua’(yx(Oi-)) u a’ (y (t))

+ u ’-l(y (t)) u ,-(y (o,_))

<- k (di_2, di) + 2CLcrTM,

a contradiction to (2.4) if tr is small enough. [3
PROPOSITION 3.4. The control* defined by (3.11)-(3.13) is optimal"

(3.16) d d du (x)=J (a*)= minJx (a).

Proof. If Oi-1 < 00, then by the Remark after Proposition 3.2 we have. for each
0<e <o’,

u a’-l(y (0i_ +e))= f(yx (0i- +e +s, di-)) e -As ds

+ ua’-(yx(O)) e-o,-o,--).
and so

(3.17)

e-X’-lud’-(yx(Oi-)) f(y(s), di-1) e -As ds
i--1

+e-X,ua,-(yx(Oi))"
On the other hand if

ua’-l(yx (Oi)) ua’ (yx (Oi)) + k (di-1,

so that

e-XO’--lud’-l(yx(Oi-1)) f(y (S), di-1) e -xs ds
0i--1

+ k (di-1, di) e -xi + e-Xud(yx(Oi)).
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Sum this for 1 to infinity if 0i < oo for all i, and to N if 0r < oo, ON+I -[-00; in the
latter case add also (3.17) for N + 1. In either situation we obtain

IoOd -As --AOu (x) E f(yx(s), di-1) e ds + k(di-1, di) e
i=1

4. Viscosity solutions of the dynamic programming QVI. Proposition 3.4 asserts
that the control prescribed by (3.11)-(3.13) is optimal (for any x Rn, d 1, m).
In practice, however, this is not yet useful as the value functions u a are themselves
unknown. We therefore describe in this section and the next a (theoretical) construction
of u (u 1, u m) by PDE techniques.

R’The formal motivation for this is simple. If x is fixed and if the value functions
u ,..., u were C on , then Proposition 3.2(b) implies

(4.1)
Ud(X)_ud(yx(t)) <_l lot (-xt 1)--t

f(yx(s),d)e-XSds+ud(yx(t) e

for all t>0. Thus our sending t0 yields Aua(x)-g(x,d).Dua(x)<-f(x,d) for all
x n, d 1, , m. Since Proposition 3.2(c) implies an equality in (4.1) for 0 _-< _<- to
provided u a (x <Ma[u ](x), we obtain also

Aua(x)-g(x, d)’Dua(x)=f(x, d)

in that case.
We may summarize these conclusions by noting

(QVI) max{Aua-ga.Dua-fa,ua-Ma[u]}=O in", d=l,...,m,

for ga= g(., d), fa =f(., d). This is a system of rn first order differential inequalities
called the dynamic programming system of quasi-variational inequalities (QVI).

This derivation of (QVI) is, however, not justified as we do not know that the
value functions u , u" are C a’, indeed this is generally false, as simple examples
show. Now, conversely, it is not particularly difficult to show that any C .solution. of
(QVI) must in fact equal the value functions; but here again isaxproblem since (QVI)
like other nonlinear first order PDE does not usually admit a C solution.

As noted in 1, we resolve this difficulty by identifying a new motion of weak
solutions of (QVI); this is inspired by Crandall-Lions [6], Lions [12] and Crandall-
Evans-Lions [7]. It will turn out that the value functions u a, u" are such a weak
or "viscosity" solution and that these viscosity solutions are unique. Additionally, the
PDE techniques to be presented in 5 will yield a viscosity solution of (QVI),
which--owing to the uniqueness assertionmust equal the value functions.

Denote by BUC (")", the space.of bounded, uniformly continuous ’-valued
functions on

Motivated by [7], we make the following definition.
DEFINITION. A function u =(u a, u") BUC (")" is called a viscosity sol-

ution of

(QVI) max{Aud-ga.Dua-fa, ua-Ma[u]}=Oin, d= 1,. ,m,

provided for each d {1, , m } and each & C1(["),
(i) if u ’ -b attains a local maximum at x0 ", then

(4.2) max{Aua-gaDcb-fd, ua_Ma[u]}<=O atx0;
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and
(ii) if u a -ok attains a local minimum at x ", then

(4.3) max{Aua-gaD4-[a, ua-Ma[u]}>=O atx.

Note that the u a need not have derivatives in any sense.
We observe next that the optimality conditions of dynamic programming imply

that the value functions form a viscosity solution.
THEOREM 4.1. Under the hypotheses in 2, the value function u (u

(u a defined by (2.5)) is a viscosity solution of (QVI),
Proof. According to Lemma 3.1, u BUC (")". We must verify (i) and (ii) above.

Thus let b C1(") and assume for some d {1,..., m} that ua-qb attains a local
maximum at Xo . Then

(4.4) u a (Xo) (Xo) >- u a (yo(t)) b (yo(t)),

for all sufficiently small > 0. Now Proposition 3.2(b) implies

u (Xo)-U (yxo(t)) <__ ]’(yxo(S), d) e -x ds + ua(yo(t)) e 1

We employ (4.4) and then send 0 to obtain from (ODE)

AU d (Xo) gd (XO) D4 (Xo) <-fd (Xo).

Since u d <--Md[u], x ", according to Proposition 3.2(a), we have seen that (4.2) is
valid.

If, on the other hand, u d -ok attains a local minimum at x ", we have

(4.5) ua (x l) 4 (x l) <- u d (yl (t )) 4 (yl(t)),

should t > 0 be small enough. Now if

(4.6) u d (x) Md[u ](x 1),

then (4.3) clearly holds and no [urther analysis is needed. Should instead a strict
inequality obtain in (4.6) then according to Proposition 3.2(c) we have

d d -At
U (Xl)--/g (Yxx(t)) :--lI0 -Xs

U
a (e -1)]’(yxl(s), d) e dt+ (y(t))

for all sufficiently small > 0. Recall (4.5) and then send 0 to obtain

Au a (x 1) gd (X 1)" D4 (x 1) >__ fa (x 1).

This implies (4.3). 13
Remark. If A > L, then the choice y 1 is feasible in Lemma 3.1. Hence u d is

Lipschitz continuous and therefore u (u 1, u") solves (QVI) almost everywhere.
Remark. P. L. Lions in [12] has already observed the relation of dynamic

programming and viscosity solutions in a different context.

5. Uniqueness of viscosity solutions. For the following we assume for the moment
u (u, u ") is any viscosity solution of (QVI), and not necessarily the value
functions (1.5).

LEMMA 5.1. We have

(5.1) u a (x <=Ma[u ](x)

]:or each x ", d 1,. , m.
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Proof. Suppose (5.1) fails for some point Xo R and some d {1,. ., m}. Then
there exists d d such that

(5.2) u‘1(x) + k (d, a) < u a (x)

for all x contained in some small ball B centered at Xo. Now it is not difficult to show
there exists a smooth function 4 such that u a -d has a local maximum at some point
x B; hence, according to the definition of viscosity solution,

Thus

max (hua-ga.Dd-fa, ua_Ma[u])<=O atxl.

d
U (X 1) <= Ma[u ](x 1) <= u (x 1) + k (d, a),

a contradiction to (5.2). D
The principal result of this section is the following uniqueness theorem. Our proof

exploits some methods from [6], [7].
THEOREM 5.2. Suppose u (u ,..’,u )andv=(vl, ..’,v )areviscositysol-

utions of (QVI). Then u =-v.
Proof. Choose a smooth function 3" Rn - R satisfying

v(o) 5N, 0-<_y 5N, IDyl =< 0N,
(5.3)

y(x)<5N ifx 0, y(x)=0 if[xl_->l,

and set

(5.4) y(x) y(ex-) fore >0,. x II".

Here

N max (llu II, IIv II}.
Consider now the auxiliary functions a. R, x R" R,

dpd (x,, y ud (x l)
d (y + T, (X y

Next choose (x 1, y 1) R2 such that

(d=l," .,m).

(5.5) max (I)d (X 1, Y 1) sup max d(x, y) e.
ldm x,y l_dm

Now select " 2, such that

st(x1, yl) 1, 0-<’--< 1, IDffl 2,

(x, y) < 1 if (x, y) (x, y),

> 1((x,y)=0 iflx-xa +IY yx

Finally, define

a(x, y)=-a(x, y)+2e’(x, y)
d=u (X)--vd(y)+y(x--y)+2e(X, y) (d=l," .,m).
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Since

d(x, y) d(X, y) =< sup max a(x, y)
x,y l<=dm

for each d 1,... m, Ix-x1 +[y-y112_-> 1, whereas,

max a(Xl, yl) max a(Xl, yl)+2e
<_d <__m d<__m

-> sup max (x, y) + e by (5.5),
x,y l<=d<=m

there exists a finite point (Xo, Yo) (with IXo- Xl]2+ ]Yo- Yll 2 < 1) and some de (1,..., m},
say d 1, such that

(5.6) ql(Xo, yo)=max max a(x, y).
x,y l<-d<=m

The mapping x,--(x, yo)=Ux(X)-(x), for c(x)=-vi(yo)-y(x-yo)
2e(x, yo), thus attains its maximum at Xo. Therefore

max {Au a(Xo) + g l(xo). (DT (Xo- yo) + 2eD((xo, yo))-#(Xo),
(5.7)

Analogously

y ----xP’l(xo, y)= V l(y)--(y)
attains its minimum at yo for

so that

(5.8)

u (Xo)-Ma[u](xo)} <-0.

(y)=--u(xo)+’y(xo-y)+2e(Xo, y),

max {Av (yo)+ g(yo)" (Dy(Xo- yo)- 2eD(xo, yo))-fl(yo),
v l(yo) -M[v](yo)} => 0.

We will return to inequalities (5.7) and (5.8) after we pause to prove

(5.9) Ixo-yol =o(e) as e 0.

To see this, note first that if ]Xo-yo[ > e, then

X(Xo, yo) <- 2N + 2e < 3N if 2e < N,

whereas for any x

ql(x, x >- 3N.

Thus [Xo-yol -< e. We refine this estimate by observing

(Xo, yo) uX(xo)-vl(yo)+y(xo-yo)+2e(xo, yo)

>-_(Xo, Xo)

u (Xo) v (Xo) + y (0) + 2e(Xo, Xo),

whence

y(Xo-yo) y(O)+vX(yo)-V(Xo)-2e 3,(0)-o (IXo-yol)- 2e,
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to (.) denoting the modulus of continuity of v on R". Since ]Xo- yol =< e,

Xo- yo)lim 3’ lim y (Xo- Yo) 5N.
e0 E

Hence (5.3) implies (5.9).
Now return to estimates (5.7) and (5.8) and consider two possibilities.
Case 1. Suppose vl(yo)<Ml[v](yo)in (5.8). Then (5.7) and (5.8) together imply

IOLNA(ul(xo)-vl(yo))<-fl(xo)-fl(yo)+8Le+ IXo yol=O(1) ase 0.

For anyx and any d 1,..., rn
d du (x)-v (x)+.r(o)+2(x,x)=(x,x)<-C(xo, yo)

ul(xo)-vl(yo)+y(xo-Yo)+ 2esr(Xo, Yo),

and so
du (x)- (x)=<o(1) aseXa0.

This proves u d <-v d for all d 1,..., rn and the opposite inequality follows by
symmetry. Theorem 5.2 is proved should Case 1 obtain.

Case 2. Suppose vl(yo)=Ml[v](yo)in (5.8). Then there exists d{2,... ,m},
say d 2, such that

2v (yo)=V (yo)+k(1,2).(5.10)

But since

we have

However,

’kI3’2(Xo, YO) ’kI/’l(xo, YO),

ul(xo)-U2(Xo)>-v(yo)-v2(yo)= k(1, 2).

u(xo) <- u2(xo) + k (1, 2)

according to Lemma 5.1; thus

u (Xo)--uE(xo)+k(1,2).
Consequently this and (5.10) give

2(Xo, yo)- W(Xo, yo).

Now repeat the considerations above with the index 2 replacing 1. Should Case 1
hold we are done. Otherwise there exists d {1,.. , m}, d # 2, such that

v 2(yo) v 3 (yo) + k (2, d).
Since k(1, 2), k(2, )>0, the possibility d= 1 is precluded by (5.10). Hence we may
assume d 3 and prove as above

I’3(xo, yo)= I’(xo, yo)= I’(Xo, yo).

Repeat the preceding calculations with the index 3 replacing 2, etc. After finitely
many steps we reach an index =< m for which Case 1 holds. [21

Remark. The conclusion of the proof is reminiscent of [3, Prop. 1.1].
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6. Existence of viscosity solutions. In this section we construct by PDE techniques
the viscosity solution of (QVI). In light of the uniqueness assertion in 5 this procedure
must yield the value functions (2.5).

We will obtain our solution as the limit of the solution u (u ,...,u,)ofthe
penalized system (cf. [9])’

(6.1) --eAu +Aud--g "Du a + .Y 13(ua-ua-k(d, d))=/a (d 1, m),
d=l

where

(e >0, x)

for some smooth function/3" R R satisfying

/3(x)=0 ifx=<0, /3(x)>0 ifx>0,

/3">0, 0</3’<1
Standard PDE methods imply that (6.1) has a unique, smooth solution u

(u uT)(cL[9])
First we prove an estimate similar to that in Lemma 3.1.
LEMMA 6.1. (a) There exists a constant C such that

(6.2) nu (x)l<c 
(b) There exists for each

(x ", e >0, d 1,... ,m).

(6.3) 0 <’y <min (, 1)
a constant C such that

(6.4) (x ",e >0, d= 1 rn)

Proof. To simplify notation we delete the subscripts e.
(a) If there exists a finite point x0 " at which

(6.5) u a (Xo) min min u a (x),
d

then

and

Thus (6.1) implies

Du a(xo) 0, -Au a(xo) =< 0,

u (Xo)-Ua(Xo)-k(,d)<O ifdd.

1 a D
min rain u’(x) ua(xo) >.[ (Xo)
d A"

If (6.5) does not occur at any point x0, we argue as in 5 by considering
d dw =u -26r (d{1,.’.,m}),

where 6 > 0 and " is chosen to force the minimum to occur at a finite point. We apply
the reasoning above to the w a and later send 6 0.
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A proof that ua(x)<-_D/A (x R’, d 1,..., m) is similar.
(b) Define

lua(x/y)-ua(x)l(x, y)=-

and assume there exists a finite point (Xo, yo) at which

(6.6) a(Xo, yo) max maxa(x, y)
d x,y

for some index . We may assume u a (Xo + yo) u a(Xo) > 0, yo 0. Then

a a a (Xo)
(1 -<i -<n)0 0--- (Xo, yo) =ux’(x+y)-ux’

Oxi lyol

and

Hence

(6.7)

O= O---a(Xo, yo) u’a’(x+Y)-y(ua(x+Y)-ua(x))Y
Oyi lyol ]yol+=

Du a(Xo + yo) Du a(Xo),

Furthermore

(6.8)

Du a(xo + Yo) -(u a(xo + Yo) u a
lYol (Xo))Yo.

0 < -Aa(xo, yo) "(Aua(xo + yo)- Au,a (xo))
lyol

In addition, for each d d,

(6.9) u a(xo + yo) u (xo + yo) --> u a(xo) u (xo).

(1<i < n

Evaluate (6.1) for d d at Xo and Xo + yo, subtract the resulting expressions,
and then simplify using (6.7) and (6.9) to obtain

xlua(xo+ yo)-ua(xo)l<=lg(xo+ yo, d)-g(xo, d)l-lu (go+ yo)-Ua(xo)l

+ If(xo + yo, 3)-f(xo, d)l
<--L/lu a (xo + yo)-U a (xo)l + ClyolL

As Ly < A, we obtain

max max a(x, y)=a(Xo, yo)<=C(A -L-/)-a.
x,y d=l,...,m

If no point satisfying (6.6) exists, we consider

qa(x, y)= a(x, y) + 26’(x, y) (d= 1,... ,m),

where 6 > 0 and " is selected to force the maximum to occur at a finite point.
THEOREM 6.2. As e 0

(6.10) u a --> u a locally uni]ormly on ", d 1,. ., m,

where u (u u’) is the (unique) viscosity solution o[ (QVI)
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Remark. In particular

d du(x)infJx(a) as e 0.

Proofi In view of Lemma 6.1, there exists a subsequence ei N0 and bounded,
H61der continuous functions u a such that

We will prove u (u 1,
in fact

d du , u locally uniformly, d 1,. , m.

.., u’) is a viscosity solution of (QVI); by uniqueness then

d du - u as e 0.

First, we claim

(6.11) u d <-_Ma[u] x R, d= l, ,m.

If this were not so, there would exist dd in {1,..., m}, 6>0, and some
nonempty open ball B such that

du (x)>=ua(x)+k(d,)+26 xB.

As u d d a
e, U U e,- U uniformly on/, we have

(6.12) ua(x)>u(x)+k(d,d)+8, x,
i

for all sufficiently small
Next, there exists a C2 function 4 such that u a -b attains a local maximum in

B, say at Xo. We may in fact assume u d -ok to have a strict local maximum at Xo (cf.
[7]). Since u a d, u uniformly on B, u , 4 also attains a local maximum at x, B, for
all ei small enough. Now,

Du a, (x,) D4 (x,)
and

-A(u u, -)(x,)--> 0,

so that (6.1) implies

hu a a,- g D4 + . /3,(u a, u’, k(d,))<=ff+eA4 at x,.
d=l
/d

Hence (6.11) implies

/3, (8) < B,, (ua=, u a, k(d,d))<C= at x,,

for some constant C independent of e. This is a contradiction, as/3(x) + as e xa0
if x > 0. This proves (6.7).

Now we verify (4.2) and (4.3). Fix d {1,..., m} and suppose ua-4 attains a
strict local maximum at some point Xo, where b Cz(R").

dThen u e,- 4 attains a strict local maximum at some nearby point x,, whence--as
above--

Let e 0, x, Xo to find

Au a ga D4, + eiA( at x,.

hua-ga.D6-fa <-O atxo.
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This and (6.7) prove (4.2) at x0. In the general case that 4, CI(R") and Xo is not a
strict local maximum, we approximate as in [7] and apply the argument above.

Suppose now C2 and u a - attains a strict local minimum at x 1. If u a (x 1)=
Ma[u](xl), then (4.3)is valid. Otherwise

d du , < u , + k (d, d) near x

for all d 1,. , m, d, and all sufficiently small ei. Thus (6.1) implies

(6 12) _eiAu d a a d fae, + Au e, g Du , near x

for all small enough ei. Furthermore
d

Ue

attains a local minimum at some point x, in the region where (6.12) holds, and x,--> x.
Reasoning as above we have

Thus

IU d d, g Dab >-fa + eiAqb at x,.

Aua-ga.D >-_fa atxl,

and so (4.3) obtains in this case as well.
As before, we may approximate if 4’ C(R") and X is only a local minimum. ]

7. Convergence as switching costs tend to zero. If we return to our control theory
problem in 2 and now instead of (2.4) assume k (d, d)= 0, (d, d 1,..., m), then
it is not hard to check that u u 2 u" m u that is, the minimum cost does not
depend on the initial setting d of the control. (This is because we could always
immediately switch to the best setting at no cost.) Furthermore the formal calculations
of dynamic programming imply that if u were C, then it would solve the Hamilton-
Jacobi-Bellman type equation

max {Au-ga.Du-fa}=0 in"(HJB)
d=,..-.,

(cf. [9]). In general of course u is not C 1, but it is the (unique) viscosity solution of
(HJB)" see P. L. Lions [12]. This means that, for each e CI("),

(i) if u - attains a local maximum at x0, then

max {Au ga.D --fd} < 0 at Xo,(7.1)
d=l,...,,,

and
(ii) if u - attains a local minimum at xl, then

max {Au gd. De _fd} > 0(7.2)
d=l,’",m

atxl.

We prove now that as the switching costs tend to zero, the value functions (2.5)
each converge to u. This is a deterministic analogue to the principal result of Evans-
Friedman [9].

THEOREM 7.1. Suppose for each e >0, u--(U 1, U’) is the viscosity solution
of (QVI), with switching costs {k (d, a)} satisfying (2.4). If

k(d,d)o ase-->O, d,d=l,...,m.
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then
d

u--)u ase--)O, d=l,...,m,

where u is the viscosity solution of (HJB).
Proof. As in 6 there exists a subsequence ei such that

d du ,--) u locally uniformly on ", d 1, , m.

Since

we have

u , u , + k (d, ) (d d),

for all d {1,..., rn }, d d, x l". Thus
2

U --U "--U U.

We will prove that u is the viscosity solution of (HJB). Suppose b C and u -d
attains a strict local maximum at Xo. Then, for each d {1, , m} and each sufficiently
small ei, U

d d, d attains a local maximum at x , near x0. Since u, is the viscosity solution
of (QVI) with {k(d, d)}, (4.2) implies

IU d d fa, g Dqb <-0

Let eO"
Au ga Dqb fa <_ 0

for each d {1,. ., m }. Hence,

atx d

at Xo,

max {hu ga Dqb fd} <= O.
d l,...,m

Conversely, suppose u-d has a strict local minimum at some point x l. Then,
for each d e {1, m} and each e small enough, u a

", ,-d attains a strict local minimum
near xl. Choose d {1,. ., m} and x, such that

(ua’-qb)(x,)=mixn min (u,-b)(x),i a= 1,..-,m

the first minimum taken over all x in some neighborhood of x 1. Thus (4.3) implies
dmax {Aual-g a’ .Dc _fd,, U d’, -M [u,]} >0= at x,.

But

and so

Hence

(U di,- )(x,)-< (u a, )(x,),

d du,<m [u,] atx,.

iU di di,-g .Db _->0 atx,.

Passing if necessary to a further subsequence, we may assume
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Thus, if we send e - O, we deduce

Au griD. Dck fdo >= 0
Consequently

as required.

atxl.

max {Au--gd’D4--fd}>=O atxl,
d=l,...,m
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LOCAL DUALITY OF NONLINEAR PROGRAMS*

O. FUJIWARA, S.-P. HAN AND O. L. MANGASARIAN

Abstract. It is shown that the second order sufficient (necessary) optimality condition for the dual of
a nonlinear program is equivalent to the inverse of the Hessian of the Lagrangian being positive definite
(semidefinite) on the normal cone to the local primal constraint surface. This compares with the Hessian
itself being positive definite (semidefinite) on the tangent cone on the local primal constraint surface for
the corresponding second order condition for the primal problem. We also show that primal second order
sufficiency (necessity) and dual second order necessity (sufficiency) is essentially equivalent to the Hessian
of the Lagrangian being positive definite. This follows from the following interesting linear algebra result:
a necessary and sufficient condition" for a nonsingular symmetric n n matrix to be positive definite is that
for some subspace of R", the matrix must be positive definite on the subspace and its inverse be positive
semidefinite on the orthogonal complement of the subspace.

Key words: nonlinear programming, second order optimality, duality
AMS (MOS) subject classifications. 90C30, 15A03

(P)

1. Introduction. We consider the following nonlinear program

minimize f(x)

subject to g (x) -< 0,

h(x)=0,

and its Wolfe dual [1,6], [9]

maximize L (x, u, v)
(x,u,v)

(D)
subject to VxL (x, u, v) O,

u->0,

where [’R"R, g’R"R and h,’R"R are differentiable functions on
R", L(x, u, v) :=f(x)+ug(x)+v’h(x) is the standard Lagrangian and VL is the
gradient with respect to x. The relationships between the above two problems have
been extensively studied for the convex case [16], [9]. Our principal concern here is
local duality results which in the absence of convexity assumptions require the use of
second order optimality conditions.

In 2 we give a geometrically meaningful second order sufficient optimality
condition in Definition 2.1 for the dual problem (D) and prove in Theorem 2.2 that
it is equivalent to the standard second order sufficient optimality condition [8], [2]
applied to the dual problem (D). Thus, as is well known, the second order sufficient
optimality condition for the primal problem (P) is the positive definiteness of the
Hessian of the Lagrangian on the tangent cone to the local constraint surface. Our
second order sufficient (necessary) optimality condition Theorem 2.2 (Theorem 2.5)
for the dual problem (D) is that the inverse of the Hessian of the Lagrangian is positive

* Received by the editors January 20, 1982, and in revised form January 31, 1983. This research was
sponsored by the U.S. Army under contract DAAG29-80-C-0041. This material is based on work supported
by the National Science Foundation under grants ENG-7903881 and MCS-7901066.

"t Asian Institute of Technology, P.O. Box 2754, Bangkok, Thailand.
Department of Mathematics, University of Illinois, Urbana, Illinois 61801.
Computer Sciences Department, University of Wisconsin-Madison, Madison, Wisconsin 53706.
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definite (semidefinite) on the normal cone to the primal local constraint surface. It is
worthwhile to note that while positive definiteness of the Hessian of the Lagrangian
ensures the satisfaction of the second order sufficiency condition for the primal
problem, this is not the case for the dual problem where a constraint qualification is
needed (Theorem 2.3) in order to ensure that dual second order sufficiency holds
under positive definiteness of the Hessian of the Lagrangian.

In 3 we characterize Karush-Kuhn-Tucker points of the primal problem that
locally solve both the primal and dual problems simultaneously. We show (Theorems
3.2 and 3.3) that these points are essentially points where the Hessian of the Lagrangian
with respect to the primal variables is positive definite. In order to establish these
results we prove an interesting result of linear algebra (Theorem 3.1) which states
that a necessary and sufficient condition for a nonsingular symmetric n x n matrix to
be positive definite is that for some subspace S of R ", A must be positive definite on
S and A -a must be positive semidefinite on the orthogonal complement S- of S.

We briefly describe our notation now. All vectors will be column vectors unless
transposed to a row vector by the superscript T. For x in the n-dimensional real
Euclidean space R", x, 1,..., n, will denote its components. For an m n real
matrix we shall say that A R "", A will denote the ith row of A, and if I {1, , m }
then At will denote the submatrix with rows A, L For a differentiable function
g"R"R’, 7g(x) will denote the transpose of the m n Jacobian matrix of g at x.
Fora twice differentiable function L: R "+" -+ R, 7L(x, u) will denote then x 1 gradient
with respect to x, 7,L(x, u) will denote the m x 1 gradient with respect to u, VL(x, u)
will denote the (n + m) x (n + m) Hessian with respect to both x and u whose submatrix
components are denoted as follows:

[VxxL(x, u)V2L (x, u)
[VuxL (x, u)

V.L(x, u)]V,,L(x, u)

2. Geometrically meaningful second order optimality condition for the dual
problem. In order to establish local duality results without any convexity assumptions,
second order necessary and sufficient optimality conditions become essential. The
second order sufficient condition for the primal program (P) was given by McCormick
and Fiacco [8], [2] and has been extensively studied. Research on this topic
continues (see, for example, [4], [15]). In this section we formulate geometrically
meaningful second order necessary and sufficient optimality conditions for the dual
problem (D) and study the relationship to the corresponding conditions for the
primal.

Recall that an (n + m +q)-vector (f, a, t) is said to be a Karush-Kuhn-Tucker
triple of the primal program (P) if the following conditions hold"

(2.1)

(a) VL(f, a, 7) 0,

(b) g()_-< 0,

(c) h(.f) 0,

(d) a _-> 0,

(e) a,g, (x = o,

Such a triple is said to satisfy the primal second order sufficient optimality condition
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if f, g and h are twice continuously differentiable at and

(2.2)

where

Vg(y)Td =0
VgK(g)d<-O

=)> dTVxxL($, a, O)d > O,
Vh()Td :0
d0

J := {ilg(2)= 0 and ti, > 0}, K := {i [g, () 0 and ti, 0}.

We shall refer to (2.2) as McCormick’s second order sufficient optimality condition.
We now give a second order sufficient optimality condition for the dual program

(D) which we shall justify by Theorem 2.2 below.
DEFINrrION 2.1. A Karush-Kuhn-Tucker triple (, t, 0) of the primal problem

(P) is said to satisfy the dual second order sufficient optimality condition if f, g and h
are twice continuously differentiable at , if the Hessian 7xxL(Y, a, t3) is nonsingular
and

w Vg(Y)y + Vh (Y)z,

y=0, iL
(2.3) = wTVxxL(,, ti, g)-W > O,

y_->0, K,

(y, z)O

where I := {ilg() < 0} and K := {ilg() 0, ti 0}.
The geometric relationship between the primal and the dual second orc[er sufficient

conditions is an interesting one. Let T be a tangent cone of the local primal constraint
surface at the point induced by the second order optimality condition (2.2); that is,

(2.4) r := {dlVg.r()rd O, Vgr()rd <- O, Vh ()rd 0}.

Then the polar cone of T, denoted by N and called the normal cone at , is given by

(2.5) N :={wlwTd<=O, VdT}={w[w=Vg()y+Vh()z, yf=O, yK>=O}.

Therefore, the primal second order sufficient condition merely says that the Hessian
VxL(Y, a, 3) is positive definite on the tangent cone T, while the dual second order
sufficient condition says that the inverse Hessian VL(Y, a, is) -a is positive definite
on the normal cone N. It will be shown in 3 that for both conditions to hold it is
not only sufficient but also necessary that the Hessian 7xL(,a, ) be positive
definite on the whole space R". We also note here that it was proved in [4] that the
tangent cone can also be expressed as

T {dlVf(x)Td =0, Vga(.f)Td --<0, Vh(y)Td =0},

where A := {ilgi(Y)= 0} J U K; that is, A is the index set of all active inequality
constraints at . Consequently, the normal cone N can also be written as

N={wlw =/.Vf() +Vg()y +Vh ()z, YA 0, YI =0}.

These expressions contain the gradient Vf() of the objective function and treat the
index sets J and K on an equal footing.
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We now justify Definition 2.1 by showing that the dual second order sufficient
condition given in this definition is equivalent to the one derived by applying McCor-
mick’s second order sufficient optimality condition directly to the dual pro-
gram (D).

THEOREM 2.2 (equivalence of dual second order sufficient optimality condition
to McCormick’s condition). /f (, a, 7) is a Karush-Kuhn-Tucker triple of the primal
program (P) and if f, g and h are twice continuously differentiable at then (,
is a Karush-Kuhn-Tucker point of the dual program (D) with the (n +m)-vector
(0,-g()) as its Lagrange multiplier. Furthermore, the vector (,a, tL0,-g())
satisfies McCormick’s second order sufficient optimality condition for (D) if and only
if VL(, ti, t3) is nonsingutar and condition (2.3) holds.

Proof. The first statement of the theorem follows immediately by direct
verification. Notice that the Lagrangian for the dual program (D) is given by

M(x, u, v,s, t) := L(x, u, v)+srVxL(x, u, v)+tu.
Let VM and V2M denote respectively the gradient and the Hessian of M with respect
to (x, u, v) only. Thus we have

u, v t+ VxxL(x, u, v )s]VM(x,u,v,s,t)= g(x)+Vg(x)Ts+t
h(x)+Vh(x)s

Let g 0 and =-g (x). Then it follows that

(2.6)
t, t3) Vg(Y) V!(f)1V2M(., u, v, s, ) Vg()T 0

Vh()" 0

Therefore, McCormick’s second order sufficient optimality condition-[8], [2] for
problem (D) is that

VxL(, ft, 6)x + Vg()y + Vh ()z 0,

yK => 0, => (x r Y z )V2M(x, u, v, s, ) < 0,

(x, y, z)0

where as before the Hessian is with respect to (x, y, v) only,

! := {ilg()< 0} and K := (i]g,() 0, a 0}.

By (2.6) and the equality on the left-hand-side of (2.7), the inequality on the right-hand
side of (2.7) is equivalent to xrL(,a, e)x >0. Hence condition (2-.7) can be
expressed as follows:

V,,,L(.’, , 5)x +Vg()y +Vh()z =0,

(2.8) Yt 0, XVxL(, a, O)x > O,
YK => 0,
(x, y,z)0

We claim now that condition (2.8) implies the nonsingularity of the Hessian
VL(, t, t3). Suppose it is not true. Then there exists a nonzero R such that
x,L(, , t3) =0. Let (,):= (0, 0). Then (, ,) satisfies the conditions in the
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left-hand side of implication (2.8), and hence, by implication (2.8), we have
rVxxL(2, a, ) > 0. This, however, contradicts VxL(2, a, ) 0.

It now follows from the nonsingularity of VxxL(2, a, ts) that the condition
(x, y, z) # 0 in (2.8) can be replaced by (y, z) # 0, because (y, z) 0 implies x 0.
Therefore, by defining w :=-VL(2, a, 3)x, condition (2.8) again can be rewritten
as

(x)z,w Vg(2)y+Vh

(2.9)
yx =0,

YK 0,
:: w rVxL(2, a, 0)-lw > 0,

(y,z)O

which is condition (2.3) of our Definition 2.1.
Conversely, it is obvious that condition (2.9) and the nonsingularity of

V**L(2, ti, t3) imply (2.8) which is equivalent to McCormick’s condition (2.7). [3
It should be remarked here that because we used g 0 as a multiplier for the

dual problem (D) we were able to get away without assuming that f, g and h are
thrice differentiable at $ but merely twice ditterentiable.

It is important to note that unlike the situation for the primal problem, where
the second order sufficiency implication (2.2) holds automatically when V**L(2, ti, t3)
is positive definite, the second order sufficiency implication (2.3) for the dual problem
need not hold when V,xL(2, a, 7) is positive definite because w- 0 may satisfy the
conditions of the left-hand side of implication (2.3). However, under a slightly more
stringent version of the standard constraint qualification of nonlinear programming
[11], [9] we can show that positive definiteness of V**L(2, t2, 3) does indeed ensure
the satisfaction of the dual second order sufficiency implication (2.3) as follows.

THEOREM 2.3 (dual second order sufficiency under positive definiteness of the
Hessian of the Lagrangian). Let (2, , ) be a Karush-Kuhn-Tucker point of the
primal problem (P), let f, g and h be twice continuously differentiable at 2, let
**L(2, , ) be positive definite and let the following primal constraint qualification
hold at 2

(2.10)
7hi(2), 1,. , q, Vgier(2), are linearly independent and there
exists a p eR"such that Vgr (2)rp <0, Vg(2)p =0, Vh (2)Tp =0.

Then the second order sufficiency implication (2.3) holds.
Proof. Let (w, y, z) satisfy the conditions of the left-hand side of implication (2.3).

If w # 0 then implication (2.3) holds because V,xL(2, ti, 6)-1 is positive definite. We
now show that if w 0 we contradict the constraint qualification (2.10). If YK 0
then (yj, z)#0 and we contradict the linear independence of Vhi(2),i
1,..., q, Vgij(2). If YK 0 then we have the contradiction

0 yVgK (2)Tp + yTVg, (2)Tp + zTVh(2)Tp < O. [3

Remark 2.4. It can be shown that the constraint qualification (2.10) implies the
standard constraint qualification of nonlinear programming [9 (Def. 11.3.5)], [11] and
(2.10) itself is implied by the often used [14], [10] linear independence assumption
of all the active constraint gradients: Vh(2), 1,. , q, VgiA(.).

We now derive a second order necessary optimality condition for the dual problem
which, besides having a geometrically meaningful interpretation, will be useful in
characterizing simultaneous local solutions of the primal and dual problems. Recall
that McCormick’s second order necessary condition for the primal problem (P) is that
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the Hessian VxxL(,g, ti, t5) be positive semidefinite on the cone {dlVga()rd
0, Vh(Y)rd =0}, where A := {i]gg() =0}. As expected, .the second order necessary
condition for the dual problem (D) is that the inverse Hessian VxxL(, , 6)-a be
positive semidefinite on the normal cone N defined in (2.5). We give this result below.
Note that, under our assumption of nonsingularity of the Hessian VxL(, ti, t5), no
constraint qualification is required as is the case in McCormick’s second order necessary
condition.

THEOREM 2.5 (dual second order necessity). If (2, a, ) is a local maximum
point of the dual program (D), if f, g and h are twice continuously differentiable at ,
and if the Hessian VxL(, a, t5.) is nonsingular, then

(2.11)
w Vg(Y)y + Vh (f)z,’]
y =0, I, wrL(x, u, v)-aw >-0,
yi>-O,iK

where I := {ilgi(Y) < 0} and K := {ilgi(Y)= 0 and ai--0}.
Proof. Let vectors w, y and z be fixed vectors satisfying the conditions of the

left-hand side of (2.11). We consider the function F:R"+m+q+a+R "+m+q defined by

[v L x, .,
F(x, u, v, t) := / u-t2-ty

L v--tz

Clearly, we have F(JL ti, , 0)=0. Furthermore, it follows from the nonsingularity
of VL($, ti, 5) that the Jacobian Vx,u.oF(Y, ti, iS, 0) is also nonsingular. Hence, by
the implicit function theorem, ther exist a positive number e and continuously
differentiable functions x(t), u(t) and v(t) defined on (-e, e) such that x(0)= a?, u(0)=
a, v (0) 7 and

(a) VL(x(t), u(t), v(t)) O,

(2.12) (b) u(t) a +ty,

(c) v(t)=e+tz.

Differentiating (2.12a) at 0, we get that

VL($, ti, 3)x’(0) + Vg(aT)y + Vh ($)z 0,

which implies, for w Vg()y + Vh ()z, that

w -V,,L (aT, ti, tJ)x (0).

Let O(t):=L(x(t),u(t),v(t)). Notice that for sufficiently small t[0, e) the vector
(x(t),u(t),v(t)) is feasible to the dual program (D) and hence O(O)>=O(t) for all
sufficiently small nonnegative t. On the other hand, we have that

O’(O) VL(Y, ti, 3)x’(O) + g(Y)y + h (Y)z O.

Therefore it follows that 0"(0)-< 0. By direct verification, we have that

0 "(0)= -wrvL(, a,

Hence, the proof is complete. I-1

3. Characterization of simultaneous local solutions of the primal and dual
problems. In this section we characterize Karush-Kuhn-Tucker points of the primal
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problem that locally solve both the primal and dual programs simultaneously. We will
show that these points are essentially those Karush-Kuhn-Tucker points at which the
Hessian of the Lagrangian with respect to the primal variables is positive definite. To
establish this we need a preliminary fundamental result, Theorem 3.1, which appears
to be an interesting linear algebra result in its own right. Related results have appeared
in [12].

THEOREM 3.1 (geometric characterization of positive definiteness of a nonsin-
gular matrix). The nonsingular symmetric matrix A in R n" is positive definite if and
only if it is positive definite on some subspace ofR

S {x [Bx 0}, where B R ,
and A-1 is positive semidefinite on the orthogonal complement S +/- of S:

$- {YlY BTu}
Proof. The "only if" part is obvious. The "if" part follows from the facts that

A +aBTB is positive definite for all positive a sufficiently large because A is positive
definite on S [3], [1], BA-IBT is positive semidefinite because A- is positive
semidefinite on S+/-, and the Sherman-Morrison-Woodbury identity [13] is

A- (A + aBTB)- +aA-BT(I "Jr aBA-BT)-BA-.

Other proofs of this interesting theorem are also possible. For example it can be
established by using an inertia theorem for partitioned matrices [6, p. 75]. In [5] a
projection induced by the inner product x TAy is used to generalize the theorem by
replacing S by a closed convex cone in R ". A referee has also given a proof of Theorem
3.1 by projecting a general point in R" on AS using the inner product x TA-ly.

We remark here that the matrix A may not even be positive semidefinite when
A is positive definite on both the space $ and its orthogonal complement S+/-. This
can be seen from the example:

A := S := {x eRZlx2=O}.
-2

We are now ready to present our characterization results.
THEOREM 3.2 (positive definiteness of Hessian of Lagrangian under primal

second order sufficiency (necessity) and dual second order necessity (sufficiency)). Let
(2, , ) be a Karush-Kuhn-Tucker triple of the primal program (P) that satisfies the
strict complementarity condition: til>0 whenever gi(2)=0, and let the Hessian
VxxL(2, , ) be nonsingular. If (2, t2, ) satisfies the primal second order sufficient
(necessary) optimality condition and the dualsecond order necessary (sufficient) optimal-
ity condition, then VxxL(2, ti, iS) is positive definite.

Proof. Notice that when the strict complementarity condition holds, K is empty
and the tangent cone T defined in 2 is a subspace and the normal cone N is its
orthogonal complement. When the primal second order sufficient (necessary) condition
is satisfied, the Hessian VxxL(, , ) is positive definite (semidefinite) on T. While,
when the dual second order necessary (sufficient) condition holds, the inverse Hessian
VL(2, ti, t)--1 is positive semidefinite (definite) on N. Therefore, it follows from
Theorem 3.1 that the Hessian VxL(, , ) must be positive definite. U

In light of the above theorem, it is natural to expect that the Hessian would be
positive semidefinite when both the primal and the dual second order necessary
conditions hold. Curiously this turns out not to be true as can be seen from the
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following example"

min -XlX2

s.t. x =0.

The vector $= (0, 1) together with t 1 constitute a Karush-Kuhn-Tucker point.
Both the Hessian of the Lagrangian and its inverse are [_0 -]. We also have the
tangent space T {x R 2Ix 0} and the normal space N {x Rlx2 0}. Therefore,
both the primal and the dual second order necessary conditions hold. But the matrix
[_1 -] is not positive semidefinite.

The positive definiteness of the Hessian VL($, tT, t) clearly implies the primal
second order sufficient condition. By Theorem 2.3 under the constraint qualification
(2.10), the positive definiteness of VL(aL , ts) also implies the dual second order
sufficient optimality condition. Therefore, we have a converse to Theorem 3.2 which
extends and sharpens Luenberger’s local duality result [7].

TrInOz 3.3 (primal and dual second order sufficiency under positive definite-
ness of Hessian of Lagrangian and constraint qualification). Let be a local minimum
point of (P) satisfying the constraint qualification (2.10), let f, g and h be twice con-
tinuously differentiable at and let (a, ) be a Lagrange multiplier associated with. If L(,a, ) is positive definite then (,a, ) satisfies both the primal and
the dual second order sufficient optimality conditions.
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REACHABILITY, OBSERVABILITY, AND REALIZABILITY OF
CONTINUOUS-TIME POSITIVE SYSTEMS*

YOSHITO OHTA," HAJIME MAEDA" AND SHINZO KODAMA"

Abstract. This paper discusses reachability, observability, and realizability of single-input, single-output
linear time-invariant systems, in which state variables and/or input (output) functions are restricted to be
nonnegative to reflect physical constraints frequently encountered in real systems. We define a set reachable
from the origin with nonnegative inputs, and also a set observable with nonnegative outputs. We investigate
geometrical structures of the sets through convex analysis, and a duality relation between them is established.
Next we consider positive realization of a given transfer function. Using the reachable set and the observable
set, we give a necessary and sufficient condition for positive realizability. An example is given to demonstrate
that a positive realizable transfer function does not in general have a jointly controllable and observable
positive realization.

Key words, positive systems, controllability, observability, positive realization, convex analysis

1. Introduction. This paper discusses the reachability, observability, and realiza-
bility of a class of linear time-invariant systems, in which state variables and/or the
input (output) are restricted to be nonnegative to reflect physical constraints frequently
encountered in real systems in engineering, medicine and economics. For example,
in tracer kinetics in medicine, state variables may represent concentrations of certain
tracer substances and therefore take nonnegative values; the input (output) corres-
ponds to the injected (measured) tracer substance and takes also nonnegative values.
In control problems of such systems, controllability and reachability with nonnegative
input is a natural as well as a fundamental question. With regard to controllability of
linear time-invariant systems with nonnegative inputs, several authors have studied
the complete-controllability problem. It is known that a necessary and sufficient
condition for complete controllability is that the system is complete-controllable in
the usual sense, and moreover the system eigenvalues have nonzero imaginary parts
[12] [3]. Complete observability with nonnegative outputs has been considered by
Brammer and Jacobson [4] [10] in which a duality relationship between complete
controllability and complete observability is established.

In this paper we deal with single-input, single-output linear time-invariant con-
tinuous-time systems. We first examine the reachable set from the origin with nonnega-
tive inputs. Specifically we investigate the geometrical structure through convex
analysis, and derive conditions which ensure that the reachable set is pointed or
n-dimensional. We define the observable set with nonnegative output as the set of
initial states which cause nonnegative zero-input responses. From this definition, it is
shown that there is a duality relation between the reachable set and the observable set.

In the above problems, state variables are not restricted to be nonnegative. In
connection with the nonnegativity restraints on state variables, a fundamental problem
is the positive realization problem. The problem is to find, from a given transfer
function, a state equation in which state variables and the output take nonnegative
values whenever initial states and inputs are nonnegative. If there is no nonnegativity
restriction, the problem is trivial; it is well known that every proper rational function
has a realization, and the minimal dimension of realizations coincides with the McMil-
lan degree of the transfer function. There is no guarantee that these properties hold

* Received by the editors June 2, 1982, and in revised form January 20, 1983. This work was supported
in part by the Grant in Aid for Scientific Research of the Ministry of Education, Science, and Culture of
Japan under Grant (C) 00555162 (1981).
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for the positive realization problem. Related problems have been investigated in [6]
for continuous systems, and in [7], [8], [9] for discrete time systems. In this paper,
we treat the positive realization problem with the aid of the reachable and the
observable set, and give a necessary and sufficient condition for positive realizability
in terms of these sets.

The format of the paper is as follows. In 2, we define the reachable set and the
observable set, and establish a duality between them. With the aid of this duality, the
geometric structure of the sets are examined in detail. In 3, we deal with the positive
realization problem, and give a necessary and sufficient condition for positive realizabil-
ity. An example is given to show that the minimal dimension is not necessarily equal
to the McMillan degree.

Throughout the paper, R/ denotes the set of nonnegative real numbers, and R

_
denotes the nonnegative orthant, the set of all nonnegative vectors in n-dimensional
Euclidean space R". Cone X denotes the smallest convex cone containing X, i.e., the
set consisting of all finite nonnegative linear combinations of elements of X. The dual
of X, X*, is defined by X*= {y[xy >-O, Vx X}. It is known that X* is a closed set
for any X, and X** X holds if and only if X is a closed convex cone [2]. The closure
of X is denoted by cl X. The dimension of a convex cone X is that of the smallest
linear subspace containing X, i.e., that of X + (-X). An n-dimensional convex cone
in R" is often called to be solid. A solid cone, by its definition, has a topological
interior point. A convex cone is said to be pointed if and only if x X and -x X
together imply x 0. A pointed and solid cone is called proper. It is known that the
notions of solidness and pointedness are dual in the sense that a closed convex cone
X R" is solid if and only if X* is pointed [2].

2. Reachable set and observable set. Consider a single-input, single-output linear
time-invariant system

(2.1) Y =Ax +bu, y =cx,

where AR"", b Rnl, R1".
Let R(A, b) be the set of all points to whic.h the states are steered within finite

time from the origin by nonnegative inputs, i.e.,

{IotA(t-)bbl }.(2.2) R R(A, b) x x e (z) dz, > 0, u’R+-> R+, integrable

It is well known that R is a convex cone (not necessarily closed). We refer to the
reachable set R as

(2.3) R R(A, b)= el R(A, b).

Let S be the set of initial states which cause the output to be nonnegative for all => 0
if u(t)=-O, i.e.,

(2.4) S S(c, A) {xlc eAtx >= 0, /t --> 0}.

Note that S is a closed convex cone, and is called the observable set, since as will be
shown there is a duality between R and S.

To derive the duality and to obtain specific geometric features of the sets R and
S, we shall first characterize R in the following form.

LEMMA 1.

(2.5) R cl U,
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where

(2.6) U Cone {xlx eA’b, >= 0}.

Proof. A proof is easily established by applying the standard continuity argument
and by considering the piecewise constant inputs which converge to Dirac delta
functions, and details are omitted here.

From this, we can establish the following duality theorem.
THEOREM 1.

(2.7) R(A, b)* S(b T, A),

(2.8) S(c, A)* R(A T, C).

Proofi Since R R**, (2.8) follows from (2.7). Therefore we only verify (2.7).

R(A, b)* [el Cone {xlx ca’b, >- 0}]*

{x Ix cA’b, >= 0}*
={ylyTeAtb >--0, /t >_--0}

{y]b TeATty >--0, t =>0}

=S(bT, AT).
In what follows, we shall investigate geometric structures of the reachable set R

and the observable set S in detail. The duality of Theorem 1 is fully used for establishing
the following theorems.

TI-IEOREM 2. (i) R(A, b) is solid if and only if the pair (A, b) is controllable. (ii)
S(c, A) is pointed if and only if the pair (c, A) is observable.

Proof. By the duality of pointedness and solidness, and by Theorem 1, it suffices
to verify (ii). Suppose S is not pointed. Then there exists a nonzero x such that x S
and -x 6 S, which implies c eAtx >--_ 0 and c e At (-x >- O, /t >-_ O, and hence C eAtx 0,
/t >_-0. This shows that the pair (c, A) is not observable. Conversely, suppose the pair
(c, A) is not observable. Then there exists a nonzero x such that c eAtx 0, t-->0,
which implies x S and -x S, and hence $ is not pointed. 5d

By this result, we can get a geometric meaning of one of the conditions, i.e., the
rank condition, for complete controllability with nonnegative inputs derived by [12]
[3]. To get a geometric meaning of the other condition for complete controllability
with nonnegative inputs, i.e., the oscillatory condition, we further investigate the
geometric structure of R (S). We say that the maximal real eigenvalue 3’ of A (set
3’ -c if there is no real eigenvalue) is dominant if A has no eigenvalues in Re s > y
and if deg Ai <_-deg 3’ whenever Re Ai 3’, where deg Ai i the multiplicity of eigenvalue
Ai in the minimal polynomial of A.

THEOREM 3. (i) Let the pair (A, b) be controllable. Then R is pointed if and only
ifA has at least one real eigenvalue and the maximal real eigenvalue is dominant. (ii)
Let the pair (c, A) be observable. Then S is solid if and only ifA has at least one real
eigenvalue and the maximal real eigenvalue is dominant.

Proof. Necessity. Note that, by definition, R and S are invariant under e At, i.e.,

(2.9) eAtR c R, eAts C S for all _-> 0,

and by hypothesis, R and $ are proper. From [2, p. 6], it follows that e At (t_--> 0) has
the maximal real eigenvalue which is equal to I9(eAt), the spectral radius of e At, and
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the degree of an eigenvalue with modulus o(e At) is equal to or less than deg p(eAt).
Since the multiplicity of e "’t in the minimal polynomial of e At (t > 0) is equal to that
of hi in the minimal polynomial of A, the necessity part follows.

Sufficiency. To complete the sufficiency part of Theorem 3, we only show the
sufficiency of (i) because of the duality theorem (Theorem 1). Suppose R is not pointed,
i.e., suppose there is a nonzero x such that x e R and -x e R. Then by Lemma 1,
there are sequences {x } and {x } converging to x and -x respectively, such that

+/- +/- >0 >0.(2.10) xk a exp (Atg)b, =
r=l

We use the following modal decomposition of e at [13, p. 307]:
ink--1 n’

(2.11) eA’= 2 2 Yex’= 2 f(t)M,
k=l i=0 i=1

where m deg h, n’= =1 m is the degree of the minimal polynomial of A, M are
real constant matrices, and f(t) are functions of the following forms: exp (ht),
exp (Re ht) cos (Im ht), exp (Re ht) sin (Ira ht); in particular f(t) 0 (t 0) if h

is real. Noting that n n’ by controllability, and substituting (2.11) into (2.10), we have

)(2.12) x= af(t) M,b= Mb.
i=1 i=1

Since Mb (i 1,... ,n) are linearly independent by controllability, x has a
representation

(2.1) x
i=1

and it can be shown as k m. If I is real then 0 for all k, and hence
0, i.e.,

(2.14) i 0 if I is real.

If I is a complex (not a real) eigenvalue, then ]f(t){ N exp (Re At) holds for all 0,
and either Re I < or Re A = with deg A N deg holds. From these facts, we can
show that, for each complex I, [[ is dominated by at least one of the i’s corresponding
to the real eigenvalue li, and hence

(2.15) i 0 if h is complex.

From (2.14) and (2.15), it follows that x 0, which is a contradiction. [3
From this theorem, we see that the proper cones 11 and S are invariant under

eAt if e At has a dominant (in modulus) eigenvalue. A related result was obtained in
[2, p. 8], where an invariant proper cone is constructed for A (not necessarily of the
form e At) by a different procedure.

By this theorem, we see that R is not pointed if either A has no real eigenvalue
or if the maximal real eigenvalue is not dominant. In such cases, the state of (2.1)
can be freely controlled along a linear subspace by nonnegative inputs. The following
theorem shows that the dimension of such a linear subspace in 11 is determined solely
by/x, the index of A, defined by

(2.16) /x Y ni + (ni m ),
ill i12
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(summation over the empty set is considered to be zero), where ni is the multiplicity
of hi in the minimal polynomial of A, and in particular m is that of 3", and

I {il Re hi > 3"}, I2 {il Re hi 3’ and ni > m }.

THEOREM 4. (i) Ifthe pair (A, b) is controllable, then the dimension of the maximal
linear subspace contained in R is I. (ii) Ifthe pair (c, A) is observable, then the dimension
of S is n -lz (I-t is the index ofA ).

Proof. For the proof of Theorem 4, we need the following.
LEMMA 2. Let X be a closed convex cone in R n. Then the following two conditions

are equivalent. (i) The dimension of the maximal linear subspace contained in X is I.
(ii) The dimension of X* is n- Ix..

Proof ofLemma 2. Note that X f-) (-X) is the maximal linear subspace contained
in X. Since (X fq (-X))* X* + (-X)* X* + (-X*) [11, p. 146], and since the dual
operation is equivalent to the orthogonal operation when applied to a subspace, the
lemma follows.

We now return to the proof of Theorem 4. By Lemma 2 and by the duality
theorem (Theorem 1), it suffices to show that (a) the dimension of S is not greater
than n-/z and (b) R does not contain a linear subspace of dimension greater than

(a) In the modal decomposition of c e At, (2.11), n-vectors cMi’s are linearly
independent because the pair (c, A) is observable. There are exactly cMi’s such that
for the corresponding fi(t) either Re hi > 3" holds or Re hi =3" and the power of is
larger than m- 1. Hence if the dimension of S is greater than n-/z, we can choose
x S such that cMix 0 where cMi is one of the cMi’s mentioned above. With this x,

Atc e x f(t){g(t) + h (t)}, where f(t) > 0 for > 0, g(t) is an almost periodic function
with zero mean and is not identically zero, and h(t)- O, as t-. As was shown in
[12], there is an instant such that c eAtx < 0, a contradiction.

(b) If x R and -x R, then by a similar argument in the proof of Theorem 3,
we have :i =0 for the expression x=i= iMb if h is real, or if Re hi < 3’, or if
Re hi =3" and the power of in fi(t) is less than m. Thus x must be in the subspace
spanned by Mib’s, I1 Iz. Since the maximal subspace in R must be Contained in
this/x-dimensional subspace, (b) follows.

From Theorem 2 and Theorem 4, we see that the system is completely reachable
with nonnegative inputs, i.e. R R n, if and only if the pair (A, b) is controllable and
A is oscillatory (has no real eigenvalues), which was first obtained by [12]. Also we
may interpret the condition for complete observability with nonnegative outputs
proposed in [4] from the viewpoint of geometric features of $. For a single-output
system to be completely observable in the sense of [4], it is necessary and sufficient
that -S is {0}, since -S is the unobservable set in the sense of [4]. In fact, from
Theorem 2 and Theorem 4, -S {0} holds if and only if the pair (c, A) is observable
and n -ix 0, i.e., A has no real eigenvalues.

3. Positive realizability condition. In this section, we deal with the positive
realization problem through convex cone analysis; specifically we shall examine the
realizability condition via the reachable set and the observable set. A strictly proper
rational function H(s) is said to be positive realizable if there exist a matrix A with
nonnegative off-diagonal elements and nonnegative vectors b, c such that

(3.1) I2I(s) c(sI-A)-’b.

Such a realization {A, b, c} is called the positive realization, since it yields nonnegative
state (and output) responses whenever initial states and inputs are nonnegative. More
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specifically, one can show that exp (At) >- 0 for all -> 0 if and only if every off-diagonal
element is nonnegative [1, p. 172]. The realization problem of compartmental systems
is obviously in this category [6].

In usual realization problems without sign restriction, it is well known that any
proper rational function (s) has a realization {F, g, h }, i.e.,

(3.2) z" Fz + gu, y hz,

such that the pair (F, g) is controllable, the pair (h, F) is observable and the dimension
of z is equal to the McMillan degree of/-(s).

In what follows, we shall investigate the positive realization problem by using
triplet {F, g, h } rather than/-(s).

Note that the impulse response function H(t) of a positive realization is nonnega-
tive for all t-> 0, hence the condition

(3.3) H(t)>=O, t>=O,

is necessary for (s) to be positive realizable. One can show, from Lemma 1 and
a continuity argument, that (3.3) is equivalent to

(3.4) RcS,

where R and S are the reachable set and the observable set of (3.2) respectively. This
is a necegsary condition but not in general sufficient one for positive realizability. A
necessary and sufficient condition will be given in a modified form of (3.4). To this
end, we first give further properties of R and S.

LEMMA 3. R(A, b) R(A + A/, b), S(c, A) S(c, A + AI) for all real A.
Proof. This may be easily shown by definition of R and Theorem 1. 13
TEOREM 5. Let H(s) be a strictly proper rational function of degree n, and let

{F, g, h} be a minimal realization in the usual sense, i.e.,/-(s) h(sI-F)-g, where
{F, g, h} is fointly completely controllable and completely observable, Then I-I(s) is

Re s

-1

FIG. 1. Restricted area of eigenvalues of 3 x 3-matrices with nonnegative off-diagonal elements if the
maximal real eigenvalue is -1.
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positive realizable if and only if them exists a polyhedral convex cone P such that
(i) (F + AI)P c p for some A >= O,
(ii) R=P=S.
Proof. Sufficiency. A polyhedral convex cone P can be expressed as P PRN+ or

P Cone {P} where P is an n N matrix and {P} denotes the set consisting of the
column vectors of P. Since P is (F + AI)-invariant, there exists a nonnegative matrix
A satisfying (F + AI)P PA. Furthermore, from R c P it follows that g s P, and hence

Nthere exists a nonnegative vector b s R / such that Pb g. Finally, from P c S it follows
that h T s R(F, h a) S(h, F)* = P*, and hence c hP R1 is a nonnegative vector.
Let A A-AI; then A is an off-diagonally nonnegative matrix and FP PA holds.
Thus

he V,g h --. )Pb h PAi b hP A b c e
i=0

and hence {A, b, c } is a positive realization of/- (s).
Necessity. Suppose {A, b, c} is a positive realization of/-(s) of dimension N. Let

A max {-a,(i 1,..., N), 0} where aii’s are the diagonal elements of A, and let
A A + AI and F F +AL Note that A is a nonnegative matrix and both {A, b, c } and
{/, g, h } are the realizations of (s A ). Furthermore {if, g, h } is a minimal realization.
By Lemma 3, R(F, g) R(F, g) and S(h, F) S(h, F). Thus to prove the necessity, we
have only to show that there is a polyhedral convex cone P R" satisfying FP = P and
R(ff, g) c P = S(h, if). By the well-known canonical decomposition theorem, {fi, b, c} is
transformed into controllable part and observable part:

(3.5)

C (Ca
\Aba Ab b

(0r alz] b, (hoT) caAaa C2)A22]’

0),

Let K= (Cone {Ta})*, or K*= Cone {Ta}. Since fi is a nonnegative matrix, AaaK*
Cone {AaaTa} Cone {TaA}= Cone {Ta} K*, i.e., K* is Aaa-invariant, and hence Kis
TAaa-lnvarlant. Since ba Tab and b is a nonnegative vector, we have ba K*. Similarly

from caTa c, we have ca K**= K. Since K is a polyhedral convex cone, K can be
expressed as K Cone {K} for some K Rr’r’. Let

(3.6) K=(P,), PR"r’’, P=Cone{P}.

Then AaaK K, c T K, and ba K* imply ffP c P, g P, and h T p, respectively.
From/P= Pandg P, we have/0ig P(i 0, 1, 2,...).ThusePtg i=0 (t/i.!)ig P,
for all =>0. Hence R(/, g) P. From/0P = p,/Tp, p,. This, together with h T p,,
implies (T)h T p, (i 0, 1, 2, ). Thus by the same argument, R(ffT, h T) = p,.
Hence S(h,/) R(/T, h T), = p** p.

Remark 1. Whether or not (s) is positive realizable does not depend on the
initial choice of minimal realization {F, g, h } of (s) since the minimal realization is
unique within a nonsingular transformation.
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Remark 2. The polyhedral cone satisfying (ii) is proper since R is solid and S is
pointed, and hence the edge vectors of P are unique within positive factors and the
renumbering. The number of edges gives the dimension of realization.

It seems difficult at the present stage to obtain a necessary and sufficient condition
for positive realizability in terms of the input-output function, say H(s) or the impulse
response H(t). However, it is possible to give a partial answer. If 11 (or S) was a
polyhedral and R(S) was (F + AI)-invariant then the positive realizability condition
(i) and (ii) would be reduced to a simple condition (3.4). Unfortunately, although R
(S) is eF-invariant, they are not necessarily (F + AI)-invariant. The following lemma
gives a condition for R (S) to be (F + AI)-invariant.

LEMMA 4. Let P be a polyhedral cone in R and F R". Then eP P for any
>= 0 if and only if (F + AI)P P for some A >= O.

Proof. We first show the sufficiency. We need only prove eFp P for > 0. Note
that if (F + AI)P P for some A >= 0, then (F + r/I)P P for all r/_>- A. Now let x P
and define Xk =(I+Ft/k)gx. Then for sufficiently large k satisfying k/t>=A, Xk--
(t/k)k{F +(k/t)I}kx P. Hence limk_,o X =eFx P, which shows that eFp P for
any >0. To prove the necessity, denote P-Cone {P}, PR"n, P (pl,""", pv),
P* Cone {Q}, Q R nr’, Q (ql, qr’). Note that by the definition of dual cone
Tqjpi>-O (i= 1,...,N,]= 1,...,N’), and note also that, by assumption, aij(t)=
T Ftq e Pi->-0 (i 1,...,N,/’= 1,...,N’), hold for any t>-0. By Taylor expansion,

we have a(t) qfp + qfFpit + O(t2); thus qfpi 0 implies qfFpi >= O. Define A so that
r 7. Fp <0 and let A maxi..Aq. ThenA0.=0, if qFpi>-_O, and h0 -qiFpi/qipi, if q

qf(hI +F)p >= O, (i 1,. , N, f 1,. , N’), hold, hence (F + AI)P c P** P. [3

By Theorem 5 and by Lemma 4, we can obtain a positive realizability condition
when the degree of/- (s) is two.

COROLLARY. Let 12I(s) be a strictly proper rational function of degree 2. I2I (s) is
positive realizable if and only if the impulse response function H(t) is nonnegative for
all >-_ O.

Pro@ Let {F, g, h} be a jointly controllable and observable realization of H(s)
and R, S be its reachable and observable set, respectively. The condition that H(t) >- 0,

>_- 0, is equivalent to the condition R c S. R is a closed convex cone in R, and hence
it is a polyhedral cone, being (F + AI)-invariant for some h ->_ 0 by Lemma 4. Regarding
R as P in Theorem 5, it follows that H(s) is positive realizable. [3

When the degree of a transfer function is less than or equal to two, we know
that a positive realizable transfer function always has a jointly controllable and
observable positive realization. But if the degree is larger than two, i.e, deg/(s)_>-3,
then the minimal dimension of realizations is not necessarily equal to the degree of
(s), as in the case of compartmental systems [6]. To illustrate this and to see how
Theorem 5 works out, we give an example.

Example. Consider

R(s) 2s2 + 7s + 8
(s+l)(s2+4s+5)

whose poles are -1, -2 +/’. It is remarked that (s) does not have three-dimensional
positive realizations, since the eigenvalues of 3 x3-matrices with nonnegative off-
diagonal elements are restricted in the area D {s[Im s -_>[tan (r/6)](Re s + 1),
Im s -<_-[tan (r/6)](Re s + 1)} [5].
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Let {F, g, h } be the controllable companion form of/- (s), i.e.,

F- 0 0 1 g= 0, h=(8 7 2).
-5 -9 -5 1

Let A 2 and P Cone {pl, P2, P3, P4}, where p( (-1, 1, 2), p (-1, 4, 10), p3

(2,-2,-1) and pr (2,-5, 11). Then (F+,I)piP (i= 1,...,4), hence P is (F+
,I)-invariant. Moreover one can show eF’g P, >-- 0, and h eF’pi >-- 0, >-- O, 1, , 4,
from which R c pc S. Thus by Theorem 5,/-(s) has a positive realization. In fact,

-2 1 0 0 1

A= R -2 1
b=

0
0-2 0’ c=(1 1 0 1)

1 0 0 1

is a positive realization of/-(s).
Remark 3. It should be emphasized that a positive realizable transfer function

does not in general have a jointly controllable and observable positive realization as
shown by this example; it means that the dimension greater than the McMillan degree
may be required for realization to satisfy the nonnegativity restraints.

Remark 4. At this stage, a systematic way to find a polyhedral cone satisfying
the condition of Theorem 5 is not known except in the two-dimensional case.

4. Conclusion. We have studied problems concerning reachability, observability,
and realizability for a class of single-input, single-output linear time-invariant systems
in which input (output) and/or state variables are restricted to be nonnegative. We
first introduced a reachable and an observable set and showed that there is a duality
relation between them in the sense that those two sets are dual cones each other.
Using this duality, we derived necessary and sufficient conditions for the reachable
set to be pointed or solid. We then derived a necessary and sufficient condition for
positive realizability in terms of these sets. Although it is preferable to derive realizabil-
ity conditions directly from an input-output relation, the problem remains an open
question.

5. Acknowledgment. The authors are grateful to the reviewer for valuable
comments.
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LOCAL STABILITY AND OPTIMALITY IN CONTINUOUS GAMES*

D. J. GATES? AND M. WESTCOTTf

Abstract. We study games with continuous payoff functions Ji(O’l,... oN) 1,..., N, where a
strategy for player is to choose a real number tri and is pure. Small adjustments by coalitions and responses
by other coalitions are analyzed on the basis that one coalition may discipline another if the latter makes
an adjustment which is favorable to itself. This concept provides a natural definition for defensive coalitions
and for optimality based on a pair of coalitions which are both defensible. More general optimal states for
the whole game, under limited information conditions, contain all the well-known optima and are closely
related to the limiting states of an explicit time-dependent adjustment process. The optima are supported
by the data of Fouraker and Siegel and the sequences of adjustments in their experiments are clarified.

Key words, game theory, optimality, stability, coalition, adjustment process, Perron-Frobenius
theorem, competition, economic theory

1. Introduction. The extended optima for continuous games introduced by us
recently (Gates and Westcott (1981a, b, c), henceforth referred to as GW.I, GW.II
and GW.III respectively) were based on a new bargaining concept which was inter-
preted intuitively as discipline. Roughly speaking, this concept accounts for the ultimate
reduction in payoff that a player, who makes a payoff-increasing adjustment, may
suffer due to a subsequent joint adjustment by some coalition which excludes that
player, the joint adjustment restoring the payoff of that coalition. Four optima were
defined in terms of this concept and represent various information conditions. These
optima and an associated dynamical process were designed to include the behavior
of players who are less sophisticated and less well informed than those usually
considered in game theory. They were aimed at modelling existing competition in
markets, rather than providing improved strategies for firms or modelling ideal
competition.

The new optima comprise sets of strategies which contain, and are relatively large
compared to, those of previous game-theory solutions. Consequently they include
specialized bargaining behavior, but are much easier to achieve in practice.

The new optima agree with the experimental results of Fouraker and Siegel
(1961) more satisfactorily than existing game theory solutions, and in particular
provide a simple and reasonable description of the adjustment sequence in the
experiments, as shown in GW.III.

The present paper extends the concept of discipline to include the possibility that
a coalition, rather than a player, might be disciplined by another coalition. This leads
to the concept of two balanced coalitions, which provides a new solution for a duopoly
game between those two coalitions within the n-person game. More general optima
are also defined and evaluated. The most significant set of optima defined in GW.I,
called Oi, has a natural extension here, called Oi*, which is shown to essentially
coincide with Oi for an important class of games. Thus Oi* inherits the properties of
Oi established in GW.I and GW.II" principally, (i) it is given by a set of simple
constraints on the signs of the Jacobian determinant and principal minor determinants
of the payoff functions; (ii) it coincides with the set of solutions of some matrix

* Received by the editors October 1, 1982, and in revised form March 8, 1983.

" Commonwealth Scientific and Industrial Research Organization, Division of Mathematics and Statis-
tics, Canberra, A.C.T., Australia.

Gates, Rickard and Wilson (1977). See also Gates, Rickard and Wilson (1978) and Gates, Rickard
and Westcott (1981).
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equations for the payoff functions which in turn (iii) contain the equilibrium solutions
of the dynamical adjustment process of Gates et al. (1977), and (iv) it agrees with the
data of Fouraker and Siegel.

The results (ii) and (iii) are mathematically surprising, as pointed out after
Theorem 6, because the adjustment process involves no strategic concepts.

The results are stronger and deeper for O, and require rather different methods
of proof. In particular, the Perron-Frobenius theorem for positive matrices now,
surprisingly, plays a fundamental role in the determination of the set O*I. Normally
this deep and powerful theorem is relevant only to dynamic models or asymptotic
results, so that our application of the theorem offers new insights into optimality. We
emphasize that these results are not minor generalizations of Gates and Westcott
(1981a, b, c). By analogy, the results of Lucas (1966) and Owen (1968) on (N-1)-
person coalitions do not generalize in a minor way to general coalitions.

To further motivate these developments, we consider experiment 10 of Fouraker
and Siegel which involves a quantity variation duopoly with complete information.
The payoffs were

(1.1) Ji(O’l, o2 0.04o’i(60-o-1- o’2), 1, 2,

which were known, in effect, to both players from tables of the functions. There were
16 pairs of players and 25 transactions between every pair. The quantity choices
(rl, o’2) for all 400 transactions are plotted on Fig. 1’ here the size of dot indicates

60

30

0 30 - 60

FIG.

the number of times the point occurs. We have superimposed all the data because
this reveals properties of the "average behavior" of players which are not so clear
from data on individual transactions or individual players. Outputs were confined by
law to integer values 8, 9,. , 32 and hence to the square in Fig. 1.

The well-known game theory solutions--or "presolutions"--the Pareto optima,
Edgeworth contract curve, imputations, core, stable set, bargaining set, nucleolis,
kernel, cooperative solutions of von Neumann and Morgenstern with or without side
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paymentsnlie on the line

(1.2) trl +tr2 30.

The efficient point, and the threat solutions of Nash with and without side payments,
lie on the line

(1.3) rl+tr2 60.

The Cournot solution is the point

(1.4) o"1=o"2=20.
The inadequacy of all these solutions in explaining the spread of points in Fig. 1 is
evident, and a little analysis (GW.III) supports this observation.

Although this is a complete information game, rather few players seem to have
used the information, so that our limited information optima are appropriate. Perhaps
the players were confused by the sheer volume of information, as concluded by
Fouraker and Siegel. Our extended optima comprise two triangles,

(1.5)
{o’1 + o’2 => 30, o’1 + 2o’2 <-- 60, 2o’1+ o’2 --< 60} and

{0"1 -F" 0"2 < 60, t3"1 + 20"2 -> 60, 2o"1 -+- o’2 > 60}.

The agreement with the data in Fig. 1 is fairly clear and a statistical comparison
(GW.III) confirms this. GW.III also shows that several alternative theories are less
satisfactory in explaining the data. Similar conclusions can be drawn for the other
quantity variation experiments of Fouraker and Siegel which include triopoly games.
The latter admit the possibility that a coalition of 2 players be disciplined by the third,
so that a more complete analysis of such games involves the developments in this paper.

Our work makes little contact with popular developments in N-person game
theory, which largely concentrate on discrete games in characteristic function form
inspired by the early, celebrated work of von Neumann and Morgenstern. Thus the
analytical richness of pure, continuous games has been largely overlooked. Solution
concepts such as the bargaining set (Aumann and Maschler (1964)) degenerate into
less interesting sets, such as (1.2), in the continuous case and comprise much smaller
sets than our extended optima.

Popular solution concepts are more restrictive than Pareto optima, and arose
from various philosophical considerations. To quote Aubin (1979, p. 293), "Since our
aim is to devise procedures yielding as small a subset of strategies as possible, the
problem of selecting Pareto strategies arises." In our case, the data demand an
extension or weakening of the Pareto concept. In fact our aims are rather different
from much of mainstream game theory epitomized by Jones (1980, p. 16): "The
question asked by a game theorist is very different. It is" what would each player do,
if all the players were doing as well for themselves as they possibly could." By contrast,
we are more interested in asking, "What do real competitors do, and why?"’. A similar
point of view has been taken by Case (1979) and others.

There are. numerous dynamical models in the literature, most of them artificially
contrived to achieve a particular equilibrium solution, such as the models of Stearns
(1968), Billera (1972) and Kalai, Maschler and Owen (1975) whose equilibria are
bargaining sets. These models have little resemblance to ours. In our case the dynamics
(Gates et al. (1977)) came first and were based on a realistic adjustment process
(Weinberg (1961)). The extended optima arose from attempts to characterize the
resulting equilibrium.
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Section 2 gives definitions and basic results for the discipline concept. Section 3
discusses the resulting extended optima for general payoffs. Section 4 relates these
optima to the time-dependent adjustment process mentioned above. Section 5 gives
a more complete description of the optima for an important class of payoffs; 6
discusses alternative definitions of discipline, and the remaining sections contain proofs
of theorems.

Our sharpest results and consequently those most relevant in applications, such
as Fouraker and Siegel (1960), are contained in 5.

2. Discipline and balanced coalitions. We consider general games in strategic
form among N players, where player i’s strategy is to choose a real number trg,

receiving a payoff Jg(tr), where tr (trl,’’’, trN). The Jg are assumed continuously
differentiable with respect to each tri and not constant in any neighborhood of any
point r. The set of all players {1,..., N} will be denoted by A.

For nonnegative trg, this game is equivalent to quantity variation competition
among N firms where ri and Jg are the output and profit respectively of firm i. We
normally think of outputs and profits as applying to one business period (a month
perhaps) while adjustmentsmsmall changes in trg’smare made at the beginning of each
business period.

We consider only pure strategies tr since we are aiming at modelling existing
competition among firms. Although there may be random elements in the behavior
of firms, we know of no examples where firms deliberately randomize their activities
for strategic advantages of the game-theory type. Besides this, we have no need, in
our case, for the mathematical tractability endowed on discrete games by the introduc-
tion of mixed strategies. Mixed strategies are clearly artificial, as pointed out by their
inventor von Neumann (1928).

We assume that payoffs are not transferrable among players so that side payments
in the economics context are excluded. This is the case in the experiments of Fouraker
and Siegel.

For any set S A, let Js be the vector with components Ji(i S), and es be the
N-vector with components eg(iS) and 0 elsewhere. Throughout this paper,
inequalities between vectors and matrices are taken to hold componentwise.

DEFINrrION 2.1. The game is said to be in state tr when the strategies are
DEFINITION 2.2. A coalition is a subset of A.
DEFINITION 2.3. In state r, coalition B is said to be disciplinable by coalition

C, where C fq B , if

(2.1) J (o + es) <J (r) for at least one B

for every sufficiently small es 0; or if, for every sufficiently small es 0, such that

(2.2) Js(r +

with strict inequality in at least one component, there exists ec 0 such that

(2.3) ]B(O’+EB

with strict inequality in at least one component,

(2.4) Ic(a +B + ec) Ic (r),

and ec 0 as maxin ei --> O.
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In other words, a small adjustment by players in B either results directly in a
reduction in payoff for at least one of them or can be countered by coalition C from
the other players whose members can restore their original payoffs and leave no player
in B with a net gain in payoff and at least one player in B with a net reduction in
payoff. We denote the set of such states tr by DB,c. It is a direct extension of the case
B {i} in GW.I.

Note that (2.1) is just the statement that tr is Pareto optimal for the coalition B.
Thus (2.2) to (2.4) are a natural extension of this familiar type of optimality. Actually
(2.1) is mathematically redundant but we include it for clarity.

One might argue that it would be more natural to allow C to "at least restore
its payoff", i.e. to admit the possibility of gains in payoffs for C. Such a definition is
in fact less useful, as shown in 6.

Our notion of players forming a defensive coalition seems to be new in game
theory. Previously, coalitions which give a benefit to the partners have been widely
studied following the basic work of J. von Neumann and O. Morgenstern. The work
of Vickrey (1959) involves some defensive or "policing" notions, but there is no
technical similarity.

If C is also disciplinable by B there is a deadlock in which neither coalition can
safely make payoff-increasing adjustments. Thus adjustments would tend not to be
made, resulting in a kind of stable state or optimum, with states comprising a set

(2.5) On,c =- Oc,n Dn,c f-) Dc,n.

In such a state both coalitions are protected by their disciplining power, that is, they
are both defendable. We refer to them as balanced coalitions. For unsophisticated
players (as in the Fouraker and Siegel experiments) or players with inadequate
information, each coalition can be held in On,c over successive transactions through
being accidentally disciplined by the others for unfavorable adjustments, just as players
are attracted to O1,2 in Fig. 1.

We now look for conditions for disciplinability which are independent of the e’s
and 6’s. Let

Jij i,/" 6 A.

For S, T
_
A, let JsT" denote the matrix of the elements Jii, S, j T, while det (Jss)

As. Thus Ai J. while AA is the determinant of the whole Ji matrix. Let ISI denote
the cardinality of S.

Define

provided the inverses exist, where Inn is the IBIx IBI unit matrix. Finally, 0 represents
a zero vector or matrix throughout, with dimensions clear from context.

THEOREM 1. (a) If r Dn,c then An Ac 0 or

(2.6) AnAc0 and O < O.

(b) ff (2.6) holds then tr Dn,o
(A proof is given in 7.)
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COROLLARY 1.1. /fB {i},

(2.6)=--AiAcAcui<O.

The corollary follows from the general result

det O BUC
ABAC

(Rao (1973, p. 32, Ex. 2.4)). It is proved, by a rather different method, in GW.I.
We note here that, in general, (2.6) implies nothing about sgn (Anuc); in particular

it can be zero or nonzero. When IBI 1, Corollary 1.1 shows that more can be said,
and further examples may be found in Theorems 3 and 7.

Ideally one would like a one-to-one characterization of Dn,c in terms of the J’s,
but such a characterization would be extremely cumbersome in the ensuing applications
(one would need to continually keep account of the vanishing of higher-order deriva-
tives of the Ji’s). The set where AnAc 0 which is not wholly identified with Dn,c has,
in any case, dimension <N.

With this limitation we therefore have explicit algebraic constraints on the J0"s
and hence on or, defining Dn,c. Theorem 7 below gives more explicit conditions for
an important class of Ji’s.

To sidestep this limitation and emphasize the central role of (2.6), we follow
GW.I in introducing weak and strong versions of Dn,c.

DEFINITION 2.4. Coalition B is said to be weakly disciplinable by C if AnAc 0
or AnAc # 0 and Q < 0.

DEFINITION 2.5. Coalition B is said to be strongly disciplinable by C if An Ac # 0
and Q < 0.

Because of Corollary 1.1, these definitions agree with those of GW.I when B {i}.
w sThe corresponding sets of states tr are denoted by Dn,c and D n,c, so that

(2.7)

We also define

DS w
n,c - Dn,c D n,c.

(2.8) 0 W w w
n,C ---- D B,c ["] D c,B.

WTypically, D n,c consists of Dn,c and its boundary points, which gives added appeal
sto the notion of weak discipline. Similarly, Dn,c usually comprises Dn,c without its

boundary points. Unfortunately, this correspondence is not always valid, as shown in
GW.I. We can, however, equate Ds

n,c to a set of linear constraints.
sTrJEOREM 2. r Dn,c ifand only if, given any IB I-vector Ix >= O, Ix O, with which

there is associated a unique IBI-vector an defined by

(2.9) JBBOB =Ix,

them exists a unique [C[-vector Otc such that

(2.10) JnBO,B t_ JnCOC < O,

(2.11) JBc"n +Jccc O.

(A proof is given in 8.)
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Despite this pleasing equivalence, it turns out that weak discipline is the more
useful concept. This will become especially apparent when we meet the generalized
optima in the next section; for the present, we give one property of DB,c.W

THEOREM 3. For any C c A and e A-C,
w wDc, _Di,c.

(The theorem is proved in 9.)
COROLLARY 3.1.

0 c,w w=Oi,o

Theorem 3 is an extension of the property

D1,2 D2,1

for N 2, proved by Gates et al. (1977). It describes the limitedpower ofan individual;
a single player who has power to discipline a coalition is automatically subject to the
discipline of that coalition.

Corollary 3.1 follows directly from Theorem 3 and (2.7) and identifies O, with
the set {Ai ACActdi <-- 0}.

3. The generalized optima. In GW.I we introduced four new optima based on
the concept of discipline. They all have natural analogues in the present setting.
However, since almost all our results concern the least restrictive optimum (Type I),
we state formal definitions and properties only for this type. The other types are
briefly defined as they occur.

DEFINITION 3.1. A state tr is a generalized type I optimum if at least one coalition
can be disciplined by another.

One can see that idealized players in a bargaining situation, knowing only that
tr is type I, would be reluctant to make adjustments. Each coalition (including the
single players) settles for this optimum in order to avoid the risk that it might be the
susceptible coalition.

Such states are "optimal" only in the weak sense that every coalition is getting
the best it can expect (locally) without risking what it has. The concept is perhaps
somewhere between conventional "stability" (in a kinetic sense) and traditonal "opti-
mality".

Unsophisticated or inadequately informed players can be attracted to generalized
type I optima through accidental discipline, as described for 0,o

The other types of optima are more appropriate when players have more informa-
tion (see the discussion in GW.I).

We denote the set of states tr corresponding to a generalized type I optimum by
0I*, so that

(3.1) Oi* LI I,.J DB,o
CcA B_A-C

Similarly there is a set of weak generalized type I optima 0"w, defined by
W(3.2) O*i w 13 13 D,c;

CcA B_A-C

we shall not be concerned with the strong version in this paper. It follows from (2.7)
that

(3.3) Oi* __. O,*w.
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Further, the type I and weak type I optima of GW.I, defined as in (3.1), (3.2) only
for [BI 1, clearly satisfy

(3.4) OI OI, OIW OtW.
An important property of the weak and weak generalized type I optima is their

connection with the adjustment process of Gates et al. (1977). This is covered in 4
and 5 of the paper. We now give a few other properties of the new optima. Let PO’
denote the set of r’s which are Pareto optimal and for which rank (JAA)= N-1. It
is clear that

O* =O,, o*W=ov for N=2.

THEOREM 4. (a) For N 3,

(b) The Cournot and PO’ optima belong to O*i
(c) The Cournot and Pareto optima belong to 0" w.
Proof. The proof of part (a) follows from the observation that, for N 3,

O 0I, OtW=O for N 2.

together with Theorem 3. To prove (b), note that GW.I (Theorem 4) proved that the
Cournot and PO’ optima belong to Oi and use (3.4). Since the Cournot and Pareto
optima belong to Oiw (GW.I, Theorem 3), (3.4) also establishes (c).

Note that there are a number of explicit results about Ow for N 2 and 3 in
GW.II, which transfer directly to the generalized optima by Theorem 4(a) and the
remark preceding it. In particular, (a) shows that, in a 3-player game, weak generalized
optimality is determined entirely by the susceptibility of individual players to discipline.
This equivalence of OIw and O*Iw does not extend to N > 3.

Parts (b) and (c) relate the new generalized optima to the traditional optima of
game theory, (b) being the deeper result. Note that the points tr which are Pareto
optimal but not in PO’ have relatively zero measure, since they belong to the sets
where AA_ 0 for at least one i, which have an (N-2)-dimensional intersection with
the set of Pareto optimal states, where AA 0. For example, they comprise only points
in the 2-player case.

4. Equilibrium states oi an adjustment process. In Gates et al. (1977) (see also
GW.II) an explicit dynamic adjustment process of the form

(4.1) tr(t + 1)= F(tr(1), tr(2),..., tr(t))
was analyzed. Here tr(t) denotes the strategies chosen by the N players at time t, or
transaction t, where t- 1, 2,. . In this process each player attempted to maximize
a least squares estimate of his payoff function which he constructed entirely from his
past tr’s and payoffs. Thus each player had no direct knowledge (or made no use) of
the payoff functions Ji(tr) (even his own) nor of the trj’s chosen nor payoffs received
by his competitors. The process models an accounting procedure actually used by
small firms (see for example Weinberg (1961)).

The main result of Gates et al. (1977) was to prove for a substantial class of
functions Ji(tr) that any equilibrium solution (i.e. limiting solution as t) of (3.1)
satisfies the condition:

There exists a nonzero, positive semidefinite, symmetric matrix Aij such that

(4.2) , AiiJii 0 for all A.
jA
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Thus it was proved that the set E of equilibrium states r of (4.1) belongs to the set
M of states tr defined by (4.2):

(4.3) E
___
M.

Some exact solutions of (4.1) were obtained. A numerical study of (4.1) also strongly
indicated that E M for N 2. Further numerical study in GW.II likewise indicated
that E M for N 3. Convergence properties of a special case of (4.1) were derived
in Gates et al. (1978), (1981), but the general case of (4.1) is unresolved.

In GW.I (Thm. 5) we provided a link between M and the weak optima, namely

(4.4) Oiw ___M,

so that the numerical studies mentioned above suggest the relation Ov
_
E. We can

now establish the following much deeper result.
THEOREM 5.

(4.5) Ow _M.

The proof, given in 10, requires the Perron-Frobenius theorem applied to the
positive matrix (-Q). Theorem 5, of course, implies (4.4) via (3.4), and it also suggests
that OTM

_
E, i.e. all weak generalized optimum states are equilibrium states. Such

relationships are discussed further after Theorem 6 in the next section.
While (4.2) defines M precisely it is very inexplicit, and Theorem 5 does not help

in providing an exact delineation. It is known (Gates et al. (1977, Thm. 2)) that, for
N 2, M is equivalent to the condition

(4.6) AIA2A12 0

involving only the J’s; that is, M Ov and hence, by Theorem 4(a), M OI*w. For
general payoff functions no similar result is available if N 2, though there are some
useful but incomplete constraints onM given in Theorems 7 and 8 of GW.I. However,
for an important class of payoff functions (see (5.1) following), the identity M O*w
continues to hold, and this is the content of the next section.

5. A class of payoff functions. Following GW.II we shall consider payoff functions
of the form

(5.1) J,(r) =f,{r,, (a)}, i= 1,... ,N.

They generalize widely studied models of competing firms in quantity-variation
markets without product differentiation, which assume

Ji(a)-o’i(a)-Ci(o’i), i= 1,... ,N.

In these formulae, is the common price per unit of output o’i and Ci is the cost to
firm of producing try. Results much stronger than the preceding can be obtained for
payoffs of the form (5.1).

THEOREM 6. For Ji of the form (5.1), and ]’or all N,

(5.2) oW=O=M.
Proof. The theorem follows from Theorem 5 and (3.4), which give

(5.3) Oiw O*i wM,
together with Theorem 1 of GW.II which states that, for these Ji,

(5.4) oiw M.
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Since E_M we have E
___
Oi*w, although this is weaker than the known result

E
_
Ov, which states that every equilibrium state of the adjustment process outlined

in 4 is a generalized optimum. This is remarkable because identification by players
of a state in Ow requires at least a knowledge of all the payoff functions, while
players can arrive at a state in E without such knowledge. There is presumably a
hidden learning process implied by the adjustment process, but we are unable to
clarify this. It does, however, support the kind of belief, which is common in much
of economic theory, that firms acting independently with no knowledge of the profit
functions can arrive at an optimal solution of the underlying market game (Day
(1975)).

Note that if the conjecture E M mentioned in 4 is valid, then for payoff
functions of the form (5.1) we have 0{w= Ov =E, that is, complete identification
of the equilibria with weak optima.

COROLLARY 6.1. For Ji of the form (5.1) and N 3,

(5.5) o,*" o,Tu w0111
where

w
(5.6) O U D i,A-i

iA

and

(5.7) 0 w w
III-"- ("] U Di,c.

iaA C_A-i

Proof. The corollary is an immediate consequence of Theorem 6 and Theorem
2 of GW.II which states that Ow Off U Oix for N 3. The corollary shows that
although 0{w includes all weak disciplining sets for N 3, it nevertheless contains
no more than those states where either (O) at least one player can be weakly
disciplined by all the rest or (O whi) every player can be weakly disciplined.

Another bonus of Theorem 6 is that it completely identifies M, for this class of
Ji, since Theorem 4 of GW.II provides an explicit description of Ow in terms of
constraints on the yi’s defined in (5.8) below. This description is also valid for Ow,

w
of course. In GW.II we derived this description from another explicit formula for D

Da,c.in terms of the yi, and it is of interest to provide an analogous result for w

We define the new variables

hii(5.8) yi =-, 1,...,N,
gi

for gi # 0, where

gi() ai{o’i, (tl")},
(5.9)

hi(g) Hi{o’i,

,#,(,,) a u, ,,)=
of u ,’_____2) n, u ,,)=

of u

Oo’i Ou Ov

and fi and 4 are the functions defining Z in (5.1). In (GW.II, Thm. 3) we showed that
Dwi,c is essentially equivalent to the condition

(5.10) (1 yi)(1 yc)(1 Yco) <= O,
where

(5.11) yc
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This simple form makes the optimum OV relatively simple to specify in the y-space
rather than the r-space (GW.II, Thm. 4). To deal with wDB.c we define

Fs {r: g 0 V/ S}

and

Z,.s {r" g, O, h,4, O(i $), gi 0 Vj S i}

with the remaining set of r’s conditioning gj and hi for / S denoted by Es(S
_

A).
We write E EB tA Ec and E for its complement.

wTHEOREM 7. For Ji of the form (5.1), D n.c is the union of E and the following
disjoint sets"

(i) those r (F LJFc)fqE for which either (1-ya)(1-yc) 0 or

(5.12) and

YiYc
(1- yn)(1- yc)

> 1 YiB,

(ii) those r (FB t.JkcZk.c) fqE for which either (1-ya) =0 or

(5.13) and

Y---2-- <1 ViB,
1-yn

gigb:b/>O Vi,/B, i#/;

(iii) those r (Fc [.JknZ.n)f’lE for which either (1-yc)=0 or

(1-yc)<0 and Inl- ,

(A proof is given in 11.) Although this description may appear formidable, it
is effectively (i) plus constraints which apply only to a set of zero N-dimensional
measure in the g-space.

The theorem provides a relatively simple explicit specification of the set OwB,c of
(2.8) where B and C are balanced. It also in principle specifies 0"w via (3.2), though
of course we already know this specification through O’.

Some observations on Theorem 7 follow.
(a) If IB[= 1, say B={i}, then (i) AAcAcu <= 0, (ii) l--yi<--0, and (iii)-----

1 Yc =< 0 and E =- Ecui, which is GW.II [Thm. 3].
(b) In many applications b and b. will have the same sign (cf. (1.1)), in which

cases gigi4i4/> 0 reduces to gig/> 0. This in turn is always satisfied by payoffs like (1.1).
(c) The first condition in (5.12) implies the constraint

to prove this, sum the inequalities over B as in the proof of Theorem 3. Thus there
is a definite connection between the Q < 0 part of the definition of Dws,c and the
"naive" generalization of Dw,c to AAcauc=<O. Unfortunately, this connection
appears to have few applications. Note that the proof of Theorem 3 shows that this
implication is true for arbitrary J when [CI 1.

(d) It is easy to see that Ds
s,c is specified precisely by the ’or" parts of (i)-(iii)

of the theorem.
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6. Alternative definitions of Dn,c. As mentioned in 2, an alternative to DB,c
which might appear more natural is the set Dn,c defined like Da,c except that (2.4) is
replaced by

(6.1) J(o" + +) ->J (o.).

For such states, C can discipline B and at least restore its own payoffs. However, we
shall show below that, perhaps paradoxically, Ds,c is in fact less conceptually attractive,
and less mathematically and practically relevant, than Ds,c.

First, Ds,c is less relevant in practice because the optima derived from it do not
share the properties of O*w vhich are central to this work. In particular, they do
not agree so well with the data of Fouraker and Siegel nor coincide with the set M
defining the equilibrium states of our dynamical model. To see this, note that the set
of type I optimum points based on 3s,c must at least contain Oi*w, and hence, for Ji
of the form (5.1), must contain M as well. That the inclusion is strict follows from
Theorem 10 below, and it can be easily examined directly in simple cases. For example,
for J of the form (1.1) (i 1, 2) the set O*iw is given by (1.5), while the set of type
I optima based on Ds,c includes the region {rl + r2-< 30} as well.

Second, there is a trio of mathematical results which supports the theoretical and
conceptual attractiveness of Ds,c. In all three theorems, we assume AsAc # 0 for ease
of presentation; the conclusions still apply almost everywhere in N-space. The proofs
are in 12.

THEOREM 8. If rDs.cand AsAc #0, then (2.1), (2.2), (2.3) and

(6.2) Jc(r + es +ec) > Jc(o)

apply for some ec differing from that in the Dn.c definition.
Thus if C can discipline B in our original sense, it can also benefit while disciplining

B. This shows the apparent extra flexibility in Ds,c is unnecessary.
THEOREM 9. Suppose r Ds.c, As Ac 0 and there exist es and ec such that

(6.3) Js(o + es) --> J(o),

with strict inequality in at least one component, and

(6.4) lc(r+e + ec) Jc(r)

for sufficiently small e, e c. Then necessarily

(6.5) ls(r+ es +ec) <Is(o).

Thus C need only restore its payoffs, in response to a payoff-increasing adjustment
by B, in order to be certain that it will strictly discipline B. In a game with limited
information, this gives extra security to C and consequently stability to Oi*. Again,
this shows that our original definition is conceptually and mathematically adequate.

THEOREM 10. If (r Ds,c Ds,c and AsAc # 0 then for any es such that

with strict inequality in at least one component, there exists ec such that

Ji(r+es +ec)>Ji(r) for at least one B

and

lc(ly f- EB -[- EC)
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Thus states tr in Dn,c but not in Dn,c have the undesirable property that restoration
of payoff by C does not guarantee that it has disciplined B. This can easily be checked
directly for the example of 1, when the region Dn,c -Dn,c is {trl + tr2 -< 30}.

Less radical alternative definitions can also be derived by modifying the other
inequalities in the definition of Dn,c. For example, (2.3) could either have a strict <
in all components or permit equality in all components. These would lead to new D’s
and Oi’s which bracket Dn,c and Oi*. Further, various intermediate steps between
Dn,c and wDn,c in the proof of Theorem 1, involving linear equations like (2.9)-(2.11),
could be considered as definitions, though these would not be as intuitively appealing.
However, it is worth noting that, on the set AnAc # O, all these definitions will coincide,

s wby Theorem 1, since then Dn,c-" Dn,c. That is, all these definitions agree almost
everywhere in N-space, so we can reasonably take whichever we find most natural.
From all points of view, we feel this is Dn,c.

7. Proof of Theorem 1. From the definition of Dn,c there are two possibilities.
One is that (2.1) holds, so that An 0 (see for example GW.I [Thm. 3]), in agreement
with Theorem 1. The other is that (2.2), (2.3) and (2.4) hold. Let ts denote a real-valued
[Sl-vector. Then for any an # 0 such that

(7.1) Jnntn _>- 0

there exists tc # 0 such that

(7.2) rBBOB -Jr" ]BCOIC O,

(7.3) JcnotB +Jccotc O.

If either of An or Ac is zero then Theorem 1 is satisfied. If both are nonzero then
inequalities (7.1) and (7.2) must be strict and J], Jbac must exist. From (7.3) we have

(7.4) ac jlc Jcntn
which reduces (7.2) to

(7.5) (J- OrbbJc)ao < 0.

Putting

(7.6) IX Jnnctn > 0

reduces this to

(7.7) (IBB --JBCJCJCBJB)< 0

for any Ix > 0, since an is arbitrary subject to the positivity of Ix. It is clear from (7.7)
that Q can have no nonnegative elements, which completes the proof of (a).

Conversely, suppose that (2.6) holds. Given any Ix > 0 define tn by (7.6) and
by (7.4). Then (7.1) with strict inequality and (7.3) are recovered, while Q < 0 implies
(7.7), which in turn implies (7.2) with strict inequality. The statements (22) to (2.4)
defining Dn,c are then deduced from the implicit function theorem following the
argument in GW.I [Thm. 1]. This completes the proof of (b).

s8. Proof of Theorem 2. The implication from tr Dn,c to the linear equations
is effectively proved in the course of proving Theorem l(b); the uniqueness of
tc comes directly from An and Ac nonzero. Conversely, if. (2.9)-(2.11) hold, the
uniqueness assumptions imply An and Ac are nonzero and then the argument in

$Theorem 1 (a) proves that (2.6) holds, that is, tr D
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W9. Proof of Theorem 3. Take C_ A-i. Suppose tr Dc, and AcAi 0; then,
wautomatically tr Di,c. Otherwise, Q is well defined and

(9 1) Q -{AcAdcc [Jk][cof ]},

T(cd)where J,b is the (a, b)th element of Jcui,cu omitting row c and column d, col
denotes cofactor and ] and k run over C in the matrices.

Now [.i][cof r") has (f, k)th element

(9.2) ’, E J,, col J).
lC

But

so (9.2) becomes

r(ki)cof J’) (- 1)i+k-1 cof j,

(9.3) r(ki) i+k-1 i+k-1 i+kJ, Y J,, cof .,,, (-1) J,(-1) (-1) cof J, -J, col Jk,.
leC

So from (9.1) and (9.3)

X
AcAi

where X [Xjk and, for ], k C,

/ J/i cof Jii "Jr" Jl’i cof Jji (j k ),
Xjk

[Jji cof Jki (i # k ).
wSince tr D c,i and AcAi # 0, we must have Q < 0. Summing the diagonal elements

of Q gives

0> ACUi1
Y -(IcI-cAc AcA

which implies

hcu------A < -([Ci- 1) _-< O;
AcAi

wthat is, tr D i.c, and the theorem is proved.
w10. Proof of Theorem 5. If rO*w, then rDn,c for at least one pair of

coalitions B, C. If As 0 for $ one of B and C, chooses

], k S,
A.k 0, otherwise,

where the x are a nonzero solution of the equations

Y, Xkk 0 for all ] e S.
ks

Clearly A [a]k is positive semidefinite and satisfies (4.2). If Aa 0 and Ac 0 hold
simultaneously, one has a choice of the corresponding Aik.
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It remains to consider hshc # 0, when O <0 by (2.6). Write Q+ (-O), so Q+
is a positive matrix. Hence, by the Perron-Frobenius theorem (Gantmacher (1974,
p. 53)) there is a unique, real, positive eigenvalue r/of Q+ with associated eigenvector
> 0, i.e.,

(10.1)

Defining t by (7.6) and (c by (7.4) leads as before to (7.3), while

which, with (10,1) and (7.6), becomes

(10.2) J(1 + r/)a +Jc(c =O.

Multiplying the ith indexed equation in the set of equations (10.2) and (7.3) by
reduces them to the form (4.2) with

(l+n)ai ifi,]eB,
Aq aia if i,/" e B U C but i,/" not both in B,

0 otherwise.

Now note that, for real ui(i A),
2 2

id ieBC
Wwhich verifies that Aii is positive-semidefinite. Thus Da,c -M for any B and C, which

establishes Theorem 5.

11. Proo| o| Theorem 7. With the definitions (5.8) and (5.9) we have

(i =/’)’
i,/" A.(11.1) J"i

Consider any set $
_
A. It can be shown, by routine calculations, that

(11.2) As s gi + , ( 1-I g)hiqbi
ieS ieS-i

and, if As O, that

(11 3) Js
where

(11.4) .. [i], i
II gk+ Z (I-I g)hkChk (i=/’),

keS-i keS-i leS-i-k

keS-i-j

Thus, if ABAc # 0, we find from (11.4) that

(11.5) -1- 1 ( )JocJcc c hici I-I gk
kC-j ieB,jeC

1( )(11.6) Jc.jl - h,h I-[ gk
keB-i ieC,jB
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whence

Now for any S
_
A, by definition,

(11.8) {r} Fs U UZ,.sUEs.
ts

We must consider all possible combinations of the sets in (11.8), for S B and C, in
wspecifying DB,c.

First, using (11.2), we ha.ve

(11.9) {r: As # 0}CI Fs {(1-ys) # 0} f’l Fs,

(11.10) {r" As O}CIZ,.s Z.s Vt S,

(11.11) {r: As O}fqEs .
Case 1. r E. This implies AB Ac 0, by (11.11), so that

w(11.12) E fqDn.c=E.

Case 2. r (Fn fqFc)fqE. In this case, either AnAc =0, which is equivalent to
(1 yn)(1 Yc) 0 by (11.9), or, from (11.7), for i,/" e B,

(11.13) Q0

1
yiyc

(i =j),
(1-y)(1-yc)

yiyc gii
(i # j),

(1 yB)(l Yc) gbi

wprovided bi#0. From (11.13), the subset of these r’s which is in Dn,c is given
precisely by (1 yn)(1 yc)(1 ynuc) 0 or by (5.12); the constraint bi 0 disappears
since it is implied by the requirement O, < 0.

Case 3. r (Fn fqZt,c)fqE for some C. In this case, either ABAc 0, which
is equivalent to (1 yn) 0 by (11.9), (11.10), or, from (11.7), for i, j B,

Y-------L- (i --/),l+l_y
(11.14) Oq

Yi gi)j
(i j),

1 y g/d/)i

provided i # 0.
WFrom (11.14), the subset of these r’s which is in Dn.c is given precisely by

(1 yB) 0 or by (5.13). Again, bi 0 is necessarily satisfied when Qii < O.
Case 4. o’ (Zt,n f3 Fc)fqE for some B. In this case, either AnAc 0, which

is equivalent to 1 yc 0 by (11.9), (11.10), or, from (11.7), for i,/" s. B,

(11.15) Oq
1 r- it

yC’
(i j),

1-yc

YC hi (i # j)air 1 Yc ht
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Here 8ab is the Kronecker delta, and division by ht is allowed since, in Zt,n, h, # 0.
wSince Q, 1 for # t, it is clear that the intersection of this set of a’s with Dn,c is

empty unless [B] 1, when Q, < 0 1 yc < 0.
Case 5. o (Zt,n (q Zu,c) f3 E for some B, u C. In this case, AnAc # 0 by

(11.10), while from (11.7), for i, ] B,

1-6,t (i =j),

(11 16) Oij
(i i).

wSince O, 1 for t, this set of r’s also has.a null intersection with D
Because the conclusions drawn in Cases 3-5 are true irrespective of the values

of and u, a e E follows from Case 1, (i) from Case 2, (ii) from Case 3 and (iii) from
Case 4. This proves the theorem.

12. Proofs oI Theorems 8, 9, 10. We begin by proving Theorem 9. This follows
directly from Theorem 1, since if Anhc 0 at then Dn,c {O < 0} which automati-
cally makes the inequality in (2.3) strict.

To prove Theorem 8, put

(12.1) to J(o)-J(r +e +ec)>0

subject to the definition of Dn,c. That to > 0 follows from Theorem 9. If Ac 0 at r
then, by the implicit function theorem, we can choose a [CI-vector />0, and an
N-vector , with 8i 0 unless C, such that

(12.2) Ic(a+e. +ec +a) Ic(a)+/,

where 8 0 as O. Choosing small enough therefore ensures that i is small enough
so that

(12.3) ln(o +en + I’C +8) <lB(tt + en

by continuity. We deduce from (12.1) and (12.3) that

(12.4)

where ec=ec+Ii, while lc(r+en+ec)>lc(a) from (12.2), which proves
Theorem 8.

For Theorem 10, if oDn.c-Dn,c then for any en such that (2.2) holds there
exists an ec such that (2.3) and

(12.5) Ic(a+e +ec)>Ic(a)

hold, but no e c such that (2.3) and

(12.6) Ic(a+e + e) Ic(a)

hold. Thus varying ec to reduce (12.5) to an equality must result in violation of (2.3),
thus proving Theorem 10.
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AFFINE INCENTIVE SCHEMES FOR STOCHASTIC
SYSTEMS WITH DYNAMIC INFORMATION*

TAMER BASARt

Abstract. In this paper we study the derivation of optimal incentive schemes in two-agent stochastic
decision problems with a hierarchical decision structure, in a general Hilbert space setting. The agent at
the top of the hierarchy is assumed to have access to the value of other agent’s decision variable as well
as to some common and private information, and the second agent’s loss function is taken to be strictly
convex. In this set-up, it is shown that there exists, under some fairly mild structural restrictions, an optimal
incentive policy for the first agent, which is affine in the dynamic information and generally nonlinear in
the static (common and private) information. Certain special cases are also discussed and a numerical
example is solved.

Key words, stochastic systems, decision problems with multiple decision makers, incentive schemes,
hierarchical information patterns, stochastic nonzero-sum games, Stackelberg solution

1. Introduction. Consider the general class of two-agent stochastic dynamic
decision problems with a hierarchical decision structure, wherein one of the agents
(called the leader) has access to both the decision value and observation of the other
agent (called the follower), and the objective is verification of existence and derivation
of optimal strategies for the leader under which the follower’s optimal response (based
on the minimization of his expected cost function) leads to a desired "optimal"
performance for the leader. Such problems are known as Stackelberg problems [1]-[5]
or incentive design problems [8], [20]-[23] and have recently attracted considerable
attention in the literature, because of the nonstandard nature of the optimization
problem faced by the leader, when he has access to dynamic information [6]-[18];
for a survey and unification of some of the available results in the literature on
deterministic and stochastic dynamic Stackelberg problems we refer to [8], [12] and
[19], and also to [26] for a general discussion.

A recent reference [15] has shown that in deterministic dynamic incentive prob-
lems with perfect or partial dynamic information, and when the follower’s cost function
is strictly convex (but not necessarily quadratic), there exists an optimal incentive
strategy for the leader which is affine in the dynamic information. The object of this
paper is to provide a nontrivial extension of this result to stochastic decision problems
in which there is available some common information on the unknown state of Nature
to both agents as well as some private information to the leader; the leader has also
access to the value of the follower’s decision variable. The problem is formulated in
general Hilbert spaces with the follower’s loss function taken to be strictly convex in
both agents’ decision variables. In this general framework, we establish existence of
an optimal incentive strategy for the leader, which is affine in the dynamic information,
and in general nonlinear in the static (common and private) information; we also
obtain an analytic expression for the optimal solution and consider some special cases
of the general problem.
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Arlington, Virginia, June 14-16, 1982.
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Section 2 provides a precise problem formulation for the case when only common
information is available to the leader, whose solution is obtained in 3 (cf. Proposition
1). Section 4 extends the formulation and results of 2 and 3 to the more general
case when the leader has also access to some private information, and a characterization
of the complete affine solution is provided in Proposition 2. Section 5 contains a
numerical example that serves to illustrate some salient aspects of the solution, and
the paper ends with the concluding remarks of 6.

2. Problem formulation. Let (f, -, ) be an underlying probability space, on
which are defined two random variables x and z taking values in R and R’ respectively.
Let U and V be given Hilbert spaces, denoting the decision spaces of DM1 (the
leader) and DM2 (the follower) respectively, and let F1 and F2 be the corresponding
strategy spaces defined as

(1) F2 {measurable ya" " -, V, such that E {(yz(z), y2(Z))} ( 0},

(2) {measurable yl" V x " - U, such that
E {(yl[y2(z ), z ], yl[y2(z), z ])u} < cx Y2 F2}.

Furthermore let F] c F1 denote the set of all static policies for the leader, i.e.

(3) F] {measurable yl’ N"- U, such that E{(yl(Z), yl(Z)),}< ee}.

Here, (., )u (respectively, (., )v) denotes the inner product associated with the Hilbert
space U (respectively, V), and the measurable transformations are restricted by the
further (implicit) condition that the expectations of the related expressions are well
defined. Withthis construction, F1, F], and F2 become Hilbert spaces under the natural
inner products derived from those defined on U, V, and V, respectively. Note that,
to each pair (Yl, "Y2) in FIx 1-’2, there corresponds an unique element/31 F], defined
by fit(z)= "YI[Y2(Z),

We now introduce two functions, LI’ " U V -, R, L2 U V , as the
loss functions of DM1 and DM2 respectively, and further introduce

as

(4) J(z, "Y1, y2)-{Ll(X,U,V)lu a/l(V, z), V a/2(Z)},

where Exlz denotes expectation over the statistics of x with conditioning on the
observed value of z. Finally, we let Ji(yl, yz), 1, 2, defined by

(5) ,/("Y1, ]/2)= E {Ji(z, "Y1, ]/2)},

denote the expected cost of DMi, under the policy pair "Y1 E El, Y2 [’2. We assume
at this point that the follower’s loss functional LE(X, it, v) is strictly convex on U V,
for every x I".

The problem faced by the leader is to find a strategy.(syn0nymously, an incentive
scheme) which, by also taking into account rational (ixpected-cost minimizing)
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responses of the follower, leads to a most favorable performance for the leader. This
performance may be defined as the global minimum value of Jl(yl, y2) over
or equivalently over F F2 [assuming that it exists]"

(6) f min J-(yl, y2)=J(y,
(-/,3,)F xF

which corresponds to some specific choices of 3’ e F and 72 e F2 (in this case, 3/a 3’
and y2 yz); or, more generally, there may exist some pair in F]x F2 (denoted again
(y, y)) which is chosen according to some criterion and is considered to be most
favorable to the leader. The question we address, in the next section, is the existence
and derivation of an "optimal" incentive scheme 3,10 e Fa for the leader, under which
the best (Jz-minimizing) policy for the follower is 2 e F2, and a corresponding element
in F for the leader is y y[y. (z), z]. Note that this is a meaningful problem
because, given a pair (y, y)e F x F2, there exists a plethora of elements , in F1
with the property yl[y. (z), z] y (z). Furthermore, y F1, in this case, is clearly a
Stackelberg strategy for the leader [12].

3. Optimal afline incentive schemes or the leader. Let us first introduce, for
each z ’, the set

ux v’)}(7)

where

and (u, v) are taken as (deterministic) elements in U V. Since L2(x, ",’) was taken
to be strictly convex on U V, I),(z) is also strictly convex for each z R", with
U y(z), vz y.(z)} being a boundary point. This implies that, for each z s R
there exists a hyperplane passing through (u tz, v tz), and if, further, ]2(z, ", is Fr6chet
differentiable on U V, for each z N", the equation of this supporting hyperplane
can be written as

J2(9) (V,Jz(z,u,,v),u-u,,),+(V, (z,u,v),v-v),=O

where 7,,,.]2(z, u t,:, v tz) U* is the Fr6ehet derivative of ]2 with respect to u, evaluated
at the point (u’, v t), and U* is the Hilbert space adjoint to U; V]2 is analogously
defined as an element of the adjoint space V*. Now, assuming that, for every z
V,]2(z, U tz, Vtz) O, it follows by utilizing the Hahn-Banaeh theorem [25] (see also
[15, Lemma 1]) that there exists a bounded linear operator O*" U* V*
satisfying

L( L((10) O*V. z,u’,v’)=V, z,u,v),

so that

(11) u =u t-Qz(v-vt)z

lies, for each z [’, on the hyperplane described by (9) and passes through the point
(U v). Here, Q" V- U is the bounded linear operator that is adjoint to Q*, for
each fixed z

The next question is whether (11) is a well-defined strategy for the leader, i.e.
whether it belongs to 1-’1, which requires Qz to be a measurable function of z. We
now establish an even stronger regularity property for Qz under some regularity
conditions on J2, u and v t.
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L( L(LEMMA 1. Let u z,u, Vz) and o Z, Uz, Vz) be weakly continuous tn z.
Then, there exists a linear bounded operator Oz" V -> U, weakly continuous in z, whose
adjoint satisfies the linear equation (10).

J2( A , J2( A ~,Proo[. For brevity in notation, let z, u , v) and z, u, u)
For each fixed z ’, introduce a bounded linear operator P" U* V* by

7" withu U*,(12) Pzu* ( u ), ,

which clearly satisfies (10), when substituted for Q*. Now, for any u* U* and v V,

and the latter expression is a continuous functional of z by virtue of the weak continuity
of "* "*u and v This then implies that P is weakly continuous in z, and thereby P* is
also weakly continuous in z [24]. Now, taking O P*, it readily follows that there
exists a version of O (satisfying (10)) that is weakly continuous in z. [1

The following proposition now summarizes the solution to the incentive problem
formulated in 2.

PROPOSITION 1. For the incentive problem of 2, if (i) Jz(z, u, v) is Frgchet

differentiable on U x V, (ii) for every z ", $r,.z(Z u’,. v) O, and (iii) 7,2(z, u v)
and 7v.:(z, U’z, Vtz are weakly continuous: in z, there exists an optimal incentive strategy
(/ (v, z for the leader, in the form

(13) u= 10V (v, z)= u-Oz(V-Vz),

where the linear operator Oz V Uis chosen according to (1 O) and is weakly continuous
in z.

Remark 1. If U and V are finite-dimensional spaces, U* U and V* V, and
consequently 7,J2 and Tvar: are (column) vectors of appropriate dimensions for each
z I". Then Oz becomes a matrix-valued function of z, and can be chosen as

(14) "( ’)[vL( ’)]’/llvL( ’)11:Oz=V.Jz Z, Uz, Vz z,u,vz z,u,vz

Note that, under the hypotheses of Proposition 1, every element of Q will be a
continuous function of z.

As a special class of problems, let us consider now the case when Ll(z, u, v) is
quadratic on n x U x V:

(15) L2(x, U, t)=1/2(U, AllU)u +(u, A12v)u +1/2(v, A22v)v +(u, C1X>u +(/2, C2x>v,

where Aij and Ci are linear bounded operators, A22 is strongly positive, and A 11-

A x2(A22)-aA’1 is also strongly positive. Then,

]:(z, u, v)=1/2(u,Axu). +(u, AI:v). +1/2(v,A::v> +(u, C) +(v, C2)

See [24] for a definition of weak continuity.
A set of sufficient conditions for this is that i) ]2(z, u, v) be continuously Fr6chet differentiable in u

and v, and be continuous in z, and ii) u and v be weakly continuous in z.
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where E[xlz]. Given a point (u’ v z) e U x V, for each z R the Fr6chet deriva-
tives at this operating point can easily be determined to be (., tT)u and (., tT)v, where
tT e U and Tz e V are

(16a) Uz --AllUz +Azv +C,
(16b) A’2uz +Azzvz + Cz.
This then leads to the following Corollary (to Proposition 1) in view of (12).

COROLLARY 1. Let L2 be given by (15), and tz and z be defined by (16a) and
(16b), respectively. If u’, v are weakly continuous in z, E[xlz is continuous in z,
and, for every z ", t # O, there exists an optimal incentive strategy for the leader
which is affine in v and weakly continuous in z, and is given by

(17) /ol (v, z) ut az (Sz, V -V’

Proof. In view of the discussion preceding Corollary 1, the proof will be complete
if we show that Oz’V U in (13) (and (10)) is given by [(Sz, .)o/lla ll ]a . Towards
this end, we first observe from (12) that a possible solution of (10) is given by

~, ,
O* * (uz, u ).. .,
zU "’- Vz with u* e U*,

where tTz* and tTz* are the Fr6chet derivatives belonging to U* and V*, respectively.
Since U* and V* are Hilbert spaces, corresponding to u and tTz there are unique
elements az U and tT e V, with the property (tz*, u*)u. (tT, u*), and (3z*, v*).
(tTz, v*) for all u* U*, v* V* and every fixed z e N,n (see [25]). These elements
and 5z can explicitly be determined in our case (because of the specific structure of
L2) and are given by (16a) and (16b), respectively. Hence, we have

whereby

which establishes the desired results.

4. A more general formulation: Leader acquires private information. We now
extend the analysis and results of the previous section to a more general class of
incentive problems wherein the leader observes, in addition to z, the output of a
second random variable 37 (taking values in P). This random variable will in general
be correlated with x and z; however, we assume (for technical reasons) existence of
a measurable transformation f: ’ x N P, so that the random variables y f(37, z)
and z are statistically independent, and the sigma fields generated by (17, z) and (y, z)
are the same. (For example, if y and z have a joint Gaussian distribution, f(17, z) __a 37
E[)rlz].) Therefore, we henceforth assume that u y(v, z, y), v 3,2(z), and z and
y are statistically independent.
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For this problem, we now first modify the definitions of the strategy sets (2) and
(3) to read

(18)
F1 {measurable yl" V x Nm x N" - U, such that

{<v[w(z), z, y], Vl[W(z), z, y]>}< oo
Z,y

and

(19) F] {measurable yl" N" x [o U, such that E {(yl(z, y), yl(Z, Y))u} < 00}.
z,y

Furthermore, we redefine J and J/as

(20) Ji(z, "Y1, 2) E {Li(x, u, v)[u l(V, z, ),’) v V2(z)},
x,y[z

(21) (1, "Y2)-E{Ji(Z, "Y1, 2)},

and let {u y](z, y), v y(z)} denote a pair in F] xF2 that (globally) minimizesZ,y

J1. For each fixed z e ’, we let

(22) B (z) {measurable/3z" U, so that {(/3 (y),/3 (y))} < oo},

and note that to each 71 17’ and for fixed z " there will correspond a unique
eB(z) such that yx(Z, ") =fl(’).
Now utilizing the statistical independence of z and y, let us introduce as a

cotmterpart (7), and for each z e ’, the set

(23) fl,(z) {(/3, v)eB(z) Vl]2(z,, v)<-_]2(z,’z, v’z)},

where

(24) ]2(z, , v)= E {Lz(x, /3(y), v)lz},
x,y[z

and/3tz is the restriction of 3/] Y’ to B (z). It is worth to note, at this point, that

E {]2(z’’z U )} zE{zx,ylzE {Lz(x,/3’, <y), y (z >)[z}}
(25)

E {L2(x, y (x, y (z, ), y(z)))}=]2(y, y).
X, y,

We can now proceed with the derivation of an optimal incentive scheme by following
the analysis of 3, with U replaced by B (z), where the latter can be made a Hilbert
space under the inner product

(1, 2)/3 E {(/31(y), flE(y))}, flic=B(z).

It is easy to see that strict convexity of L2(x, ",’) on U x V implies strict convexity
of J2(z, ", on B (z) x V, for each z N", and hence assuming that the latter is Fr6chet
diiferentiable on B(z) x V, the equation of the hyperplane supporting fit(z) at (/3t, v’)
is

(26) (V]z(Z, /3 ’z, V’z), (V,]z(Z,/3’’z),+ v ),v-vz)=o



INCENTIVE SCHEMES FOR STOCHASTIC SYSTEMS 205

where Vof2(z,tz, vtz)eB(z)* is the Fr6chet derivative of ]2 with respect to/3, and
evaluated at the point (fitz, v’)z Since there is a natural counterpart of Lemma 1 in
this framework, validity of the following counterpart of Proposition 1 can readily be
established’

PROPOSITION 2. For the incentive problemformulated in this section, if (i) ]2(z, , v)
is Frdchet differentiable on B (z) x V, (ii) for every z m, V/312(Z, tz, 13 tz) O, and (iii)
VoJ2(z, z, v z) and Vf2(z, , v) are weakly continuous in z, there exists an optimal
incentive strategy 3/ (v, z, y) for the leader, given by

(27) u z,y / (v, z, y Uz.y Oz (v v )(y),

where Oz" V--> B (z is a linear bounded operator which is weakly continuous in z, and
whose adfoint satisfies the linear equation

(28)

which is defined on V*.
For the special case when L2 is quadratic, as given by (15), J2(z,/3, v) can be

written as

(29)

where

fiz {flz Y Z } E {flz Y

(z) a- E {xlZ}=xEiz{xlz}.X, ylZ

For fixed z Im, the Fr6chet (or Gateaux) differential [25] of ]2 with respect to fl,
and at the point (fit v z) is

t,hz) E{(flt8t3]2(z, flz, vz" z(y),A11hz(y))u}

+(A12vtz, l?tz), + E {(ClX,
x,ylz

where hz e B (z) is an admissible variation and ng’z A Ev {hz (y)}. Since

x,YlZ y,

this expression can be written as

81312(Z’ tz’ l)tz hz E {(A1[3tz (y +A12v -b Cl hz (y ))u}

where

ff(z,y) --a E {xly, z},
xlY,Z
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and it readily follows from this .expression that the Fr6chet derivative of J2 with respect
to/3z 6 B (z) is (., flz)t where/3 6 B (z) is given by

(30) z "-A ll[tz q"A12vtz "[-C1)(Z, ").

The Fr6chet derivative with respect to v 6 V, on the other hand, readily follows from
(29) to be (., z)v where tz V is given by

(31) z A*lz E {fl’z (y )} +A22v’z + C2(z).

In view of these relations, a possible solution for Q, whose adjoint satisfies (28), is

(’,z)
(32) Oz(’)= IItzll
which follows by following the arguments used in the proof of Corollary 1 in 3. This
then leads to the following corollary (to Proposition,2)"

COROLLARY 2. Let L2 be given by (15), and flz and ff be defined by (30) and
(31), respectively. If 3/’ (z, y is weakly continuous in z and y, y 2 (z is weakly continuous
in z, ’(z, y) is continuous in z and y, (z) is continuous in z, and, for every z ’, fi # O,
there exists an optimal incentive strategy for the leader which is affine in v, and weakly
continuous in z and y, and is given by

(33) / (v, z, y)=
E{llz (y)ll}

Remark 2. An important observation that can be made from (33) is that the
dynamic part of the leader’s optimal policy depends not only on the common informa-
tion z (about x) but also on the leader’s "private" information y.

5. A scalar example. To illustrate Corollary 2, and especially the structural
dependence of y on the common and private information (z and y), we consider in
this section a structurally simple numerical example. Let n m p 1, and U V .
Let x, Wl and WE be independent zero-mean Gaussian random variables with variance
1. Define z x + w and 37 x + W2, in which case

y =-z[lz]=i-z.
(z, andAssume that 3’1 y y2(y) are in the structural form (where al, a2, a3 are known

scalars)

] (Z, y)’- IZ "[" 2Y,

which would constitute a globally minimizing solution to a quadratic cost function for
the leader.

Now let L2 be given as

Lz(X, u, v 1/2(u )2 + uv + 2(v)2 + ux + 2vx,

which is strictly convex in the pair (u, v). Then/3 (y) and tTz can be computed to be
[from (30) and (31), respectively]

dz(y) aaz +a2y +az +E[xlz, y] (a +a +1/2)z + (a2+1/2)y az + c2y,

z y-Ez [OlZ q- o2y] q-4o3z q-2E[xlz]= (1 +4a3 + 1)z a-- c/3z.
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Under the parametric restriction a2 --31-, all the hypotheses of Corollary 2 are satisfied;
and since

an optimal incentive scheme for the leader is

(34) V(v,z, y)=az +ay- az+3a/
Note that this policy is nonlinear in the common information z, and the private
information y also enters the gain term multiplying v. We show in Appendix 1, by
direct verification, that (34) indeed constitutes an optimal incentive scheme for the
leader, forcing the follower to the desired solution y(z)

An important question that can be raised at this point is whether (34) constitutes
a unique solution to the problem under consideration within the class of incentive
schemes that are ane in v, or equivalently, whether the gain term in (34) solves (28)
uniquely. We address this question in the sequel and show that the ane solution is
not unique.

Towards this end, let us first assume that there is no private information for the
leader, and (z)= a z. Then, an optimal solution can be obtained from Corollary 1
as

(35) y(v,z)=az- [v-a3z]

which is in fact the unique one in the class of ane policies, and is linear also in the
static information z, thus corroborating a result obtained in [16] for linear-quadratic
problems with hierarchical decision structure. Now, if an additional information y
comes in to the leader, which is statistically independent of the random variable z
characterizing the common information, there seems, at the outset, no particular
reason for the gain term in (35) to change, since v is measurable only with respect
to the sigma field generated by z. Hence, intuitively, one expects the policy

(3) (V,Z,y)=lZ+y-- [V--3Z]

to constitute an optimal incentive scheme when both z and y are acquired by the
leader. This is indeed true, and the validity of this intuitive result has been established
in Appendix 1 by showing that

x,ylz

Hence, the conclusion is that the scalar example of this section admits at least two
ane optimal incentive schemes one of which is also linear in the static-information
(z, y).

6. Concluding remarks. By adopting a functional analytic framework, we have
obtained optimal incentive strategies (for the leader) in a general class of hierarchical
two-agent stochastic Stackelberg problems in which the leader has access to the
follower’s decision, to some common information, and also to some private informa-
tion. The main conclusion of this analysis is that, under some fairly mild structural
restrictions, there exists an optimal incentive policy for the leader, which is ane in
the dynamic information and generally nonlinear in the static (common and private)
information.
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Even though we have used a general Hilbert space setting for the control (decision)
spaces, we have assumed the random variables to take values in finite-dimensional
spaces. We have chosen this framework in order to display salient features of the
derivation without being distracted by the additional technical restrictions that would
be required otherwise. However, our results (embodied in Propositions 1 and 2) are
valid in a more general framework which allows the random variables to be weak
random variables (cf. [24])defined on (infinite-dimensional) Hilbert spaces, which
includes, for example, the case of stochastic processes.

Appendix. In this appendix we show, by direct verification, that both yo and
0o

yi given by (34) and (35), respectively, solve the stochastic incentive problem of
5.

Starting with the functional form

U =atZ +azy-Q(z,

which is clearly a dynamic representation of the static policy y (z, y) at the desired
equilibrium (y, y), we substitute this into Lz(X, u, v) and take the expected value
conditioned on z, with Q being an arbitrary function measurable in z and y. The
result is the function

J(v,z)= E {[u’-O(v-v’)]:+[u’-O(v-v’)](v +x)+2vz+2vxlz}

2 Olz2+{u, Iz}+olzv +-
-E{Olz}(v -vr)v -E{Oxlz}(v -v’) + 2v 2 + vz,

where u (z, v--’Y1 y
Since E{OZlz}-E{OIz}+2>O a.e. .,J(v,z) is strictly convex in v a.e.

and hence v v’ constitutes the unique minimizing solution to Y if and only if
O.l(v t, z)/Ov 0 a.e. z. This leads to the following equation to be satisfied by O(y, z)"

(A1)
[al- E[O(y, z)lz](a3 + at) + 4a3 + 1]z

a2 E[yO(y, z)lz]- E[xO(y, z)lz] O.

Let us now consider the following two choices for Q"

1) O(y, z)

2) O(y, z)=(lZ +ffzy)ff3z/[21z+ 3c/2].

In the former case, (A1) reads

t3(O3 ._ O 1)
O1

O1

which can easily be shown to be an identity, by making use of the definitions of 6

and if3. Hence yo given by (35) is indeed an optimal incentive scheme.
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In the latter case, (A-l) reads

[ 13Z2 ] 3a2ff2c3Z
3 (ffl 1/2)

1Z -1- OCe2/2 2ci 12z z + 3c22 -- -::, z E[xO(y, z)] z 0

3162Z .+. C xZ
3 3

O30 1Z 23Z
:> 2c1z+3c -2cz2+36-2cz2+3c =0

since E[x z 1/2z and E[xylz 1/2. The latter equation is an identity, thus corroborating
the optimality of the incentive strategy 3 given by (34).
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A SYSTEMATIC APPROACH TO HIGHER-ORDER
NECESSARY CONDITIONS IN OPTIMIZATION THEORY*

DENNIS S. BERNSTEIN"

Abstract. Necessary conditions for an abstract optimization problem are derived under weak assump-
tions. The presence of a generalized critical direction in these conditions is the basis for deriving necessary
conditions of arbitrary order for various concrete problems. Two applications are considered in detail. The
first concerns first- and second-order necessary conditions for a constrained optimization problem in an
infinite-dimensional vector space where the cost, equality and inequality functions possess differentials of
a finite-dimensional one-sided character. The second application concerns first-, second- and third-order
necessary conditions for a constrained optimization problem in a Banach space with Fr6chet differentiability
hypotheses. In both applications normality conditions are not required. Several well-known results are
generalized.

Key words, higher-order necessary conditions, normality condition, convex constraint set, mathemati-
cal programming

1. Introduction. We consider the following optimization problem (OP). Minimize
bo(e) subject to

(1.1)

(.2)

(1.3)

e E,

d(e)-< 0,

O(e)=0,

where" is a set, E , k {1, 2, ..}, & ’ Rk, o and are topological vector
spaces, do: ’ -o and " ’ e. Let Zo co and be closed convex cones with
nonempty interior such that Z0 o and Z . For z, z e-o, z < z means z- e
int Zo and z _<-z means z- Zo. Identical notation applies if z, e. The vector
spaces are defined over the real field. The element e is feasible if (1.1)-(1.3) are
satisfied and a feasible element solves OP if there is no feasible element e such
that bo(e) < b0(e).

The purpose of this paper is to present a systematic approach for deriving
higher-order necessary conditions for a solution of OP. By first deriving necessary
conditions for OP under weak assumptions, we obtain results for more specialized
problems by successively incorporating stronger hypotheses. New results are obtained
and several well-known results are generalized.

This work was motivated by two factors. The first of these was the appearance
in the literature of second-order necessary conditions with significantly different
assumptions. In particular, [35, Thm. 2.3] involves an infinite-dimensional constraint
space without a topology, a convex constraint set, directional differentials and a
full-range normality assumption. On the other hand, [28, Thm. 6] involves a
finite-dimensional Euclidean constraint space, a conical approximation to the con-
straint set, continuous ditterentiability and no normality assumption. The second
motivating factor was the series of papers [34], [35] and [36] which are based entirely

* Received by the editors November 30, 1981, and in revised form December 20, 1982. This research
was performed at the University of Michigan, Ann Arbor, Michigan, Program in Computer, Information
and Control Engineering. Support was provided by the Air Force Office of Scientific Research, Air Force
Systems Command, USAF, under grant AFOSR-77-3158.

" Control Systems Engineering Group, Lincoln Laboratory, Massachusetts Institute of Technology,
Lexington, Massachusetts 02173.
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on [35, Thm. 2.3]. Weak, strong and "hybrid" variations are systematically exploited
in these papers to derive a trio of second-order necessary conditions for optimal
control. Thus, the usefulness of [35, Thm. 2.3] for optimal control and the possibility
of its being generalized were evident.

The approach of the present paper follows in the spirit of [29]. [29, Thm. 3.1]
contains the essential features of a wide variety of optimization problems and yields
several well-known first-order necessary conditions as special cases. In the present
paper, the formulation of [29] is expanded in the Main Theorem ( 2) to include a
generalized critical direction. Although the Main Theorem itself involves no ditteren-
tiability hypotheses, this extra feature is the key ingredient for obtaining necessary
conditions of arbitrary order when differentiability assumptions are present.
Specifically, the generalized critical direction Y and accompanying convex set K
correspond respectively to the intermediate- and highest-order terms in a power series
expansion.

To illustrate the role of Y and K in deriving higher-order necessary conditions,
let 8’ be a subset of R, o R, 0 ,-, Zo - and Z R_, where

_
denotes the

nonpositive real numbers. Also, let E, y E- and define (b0, b, 4). Then
in the second-order expansion

2
2
X ._ T(+ay +a )(e)+a’()y + [2’()x +y "(e)y],

where x E- and a > 0, Y and K are given by

Y (,o, 6)’(e)y,

K {’()x +1/2yT"()y" X E-e}.

Since we seek directions y which have inferior cost and which approximately satisfy
(1.2), we require that Y _’2+1. Also, because of (1.3) the term $’(g)y is required
to be zero and thus does not appear in the definition of Y. As will be seen, Y leads
to the generalized complementary slackness condition l, (Y)= 0, where (l,, l,) is
the Lagrange multiplier, and K yields the Lagrangian condition l(h)>= O, h K. Note
that first-order necessary conditions are obtained by setting y 0 (and hence Y 0).
Third- and higher-order conditions can be obtained in a straightforward manner. For
example, we can consider a pair of directions y and 7 in E -g to obtain the third-order
expansion

2
3x -(+ay+a2;+a ()+a’(e)y+ [2’(e)37+y (e)y]

3

+-[6’(g)x + 6y w"(g))$ + ’"(g)(y)].

Now Y and K are given by

Y (60, )’()Y + (60, )’(): + 1/2Yr (60, )"()Y,

K {’(e)x + y "(,): + 6a-’"(e)(y)3" x E-g,}.
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In the Main Theorem b0, b and are assumed to possess weak approximation-like
properties (see the Main Condition in 2). As in [10, Thm. 13.1], these properties
are stated solely in terms of the elements of the image spaces of bo, 4; and , and
hence the set E requires neither topological nor algebraic structure. Because of this
fundamental setting, the proof of the Main Theorem given in 3 is quite simple and
succinct. Further simplification is obtained by utilizing a refined separation theorem
from 19].

By imposing additional structure (but still no differentiability hypotheses), our
next result, Theorem 4.1, follows from the Main Theorem. In the hypotheses for
Theorem 4.1 (Condition 4.1), an auxiliary vector space is introduced and the cost and
constraint functions are assumedo possess nth-order polynomial expansions. Because
Condition 4.1 retains much of the generality of the Main Condition, results from the
literature involving conical approximations (see, e.g., [7], [28]) can be obtained as
corollaries. In our development, Theorem 4.1 serves as a convenient intermediate
step to the results of 5 and 6. For example, the polynomial expansions of Condition
4.1 are given concrete realizations in terms of directional differentials in 5 and in
terms of Frechet derivatives in 6.

Section 5 begins with a generalization of the Fr6chet derivative (the F-derivative)
due to Warga (Definition 5.1). This definition allows us to work with one-sided
directional differentials when several directions appear simultaneously. Theorems 5.1
and 5.2 contain first- and second-order necessary conditions, respectively. The
relationship between these results can be rather complex. Examples are given to
illustrate the following points: 1) the first-order conditions of Theorem 5.1 may not
follow from the second-order conditions of Theorem 5.2, and 2) Theorem 5.2 may
yield necessary conditions that have the appearance of first-order necessary conditions
but which are unobtainable from Theorem 5.1. The discussion generalizes and clarifies
some remarks made in [28]. Further specialization leads to Theorem 5.4 which
generalizes [35, Thm. 2.3]. It is shown that for each critical direction y there exists
a multiplier satisfying both the first-order necessary conditions and an additional
second-order condition.

In 6, E is a subset of Banach space and bo, b and are assumed to be Fr6chet
differentiable. OP now closely resembles a nonlinear programming problem (NP).
First-, second- and third-order necessary conditions for this problem are given in
Theorem 6.1. The third-order conditions are derived directly from Theorem 4.1 to
illustrate the usefulness of the Main Theorem in obtaining higher-order necessary
conditions. The relationship between Theorem 6.1 and various higher-order necessary
conditions in the literature is discussed.

The appendix contains notation and results pertaining to Fr6chet and F-deriva-
tives. We state a version of Taylor’s theorem for F-derivatives and a result on
converting a multivariable expansion into a one-parameter expansion with remainder
satisfying a uniform convergence condition. These results allow nth-order generaliz-
ations of the results of 5 and 6.

It is important to point out that neither normality assumptions nor constraint
qualifications appear in the statements of the necessary conditions. The absence of
these hypotheses leads to nonuniqueness of the multiplier and hence dependence
of on the critical direction y (or critical directions y, , for third- and higher-order
conditions). This idea seems to have first appeared (without proof) in [27] and was
apparently rediscovered (in a more general version) in [28]. Subsequent related results
can be found in [3], [4], [5], [14], [16], [18], [22], [23], [24], [32].
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Before continuing, it is convenient to collect here general notation and definitions
and some results concerning vector spaces and topological vector spaces. The empty
set is denoted by . If $1 and $2 are sets, then $1/$2 A {s $1" s : $2}. If A and B are
sets, AICA, B1CB and f:AB then f(A1)-a{f(a)’aA1} and f-l(B1)___a
{aA’f(a)B1}. Let -a{1,2,...}, RAreal field, I/-a{al:c>0},
{a : a < 0}, / A / U {0} and

_
___a R_ U {0}. The results obtained here do not depend

on the choice of norm for ,n; for convenience, the norm of at-3-(a 1,""’, a,n) t is
taken to be For /3>0, and

I ,1 Define A A{lx--a (/Xl,...,/z,,+l) I)’+1’ I l= a. When not implied
by context, the origin of " is denoted by 0,.

Let 7/" be a vector space ind V, V = T’. Define co V a__ convex hull of V, cone
VA{ov’a>O,vV} and cocoVa-coconeV. V is a cone if V=coneV and a
convex cone if V coco V. If v V and V cone {v} then V is a ray. Let c V =.a
{av" v V}, where a , V + Q a__ {v + t" v V, t3 I7"} and V I9 A V + (- 1) I7". For
v 7/’, cone v ____a cone {v }, V + v A V + {v } and V-v A V + (-v). If V is a cone then
a V V, a > 0; if V is a convex cone then a V + fl V V, a > 0, fl > 0. If V is convex
the dimension of V is dim V.

Let and/4/" be vector spaces, V 7/" and f: V /4/. The vectors v 1,’ , v,,
are linearly independent if at R" and Yi-- aivi 0 imply that at 0; they are atfinely
independent if at ",i av 0 and Y7’= ai 0 imply that at 0. V is an m-simplex
if m{0,1,2,...} and V=co{vl,...,v,,+l}, where vl,"’,v,,/l are affinely
independent. The points vl,’", v,/l are the (unique) vertices of V and, for v -a--
__+11 [d,iVi E W where IE A", the numbers/xl,""",/x,+l are the (unique) barycentric
coordinates of v. f is positively homogeneous if V is a cone and f(av)= af(v), a > O,
v V; f is affine if V is convex and for every rn N, It A"-I and Vl,’’’, v,, V it
follows that f(Y."i=l ’il)i) Eim= txif(v). Let W be a cone and for w 1, w2 W’ let w <-- W2
denote wl- w2 W. f is W-convex if V is convex and for every m N, tt A"-I and
vl,’", Vm V it follows that f(Yn= 1/XgVg) <_-- Yi=l If(vi).

Suppose that 7/’, V’I,..., 7/’, and are topological vector spaces and V c 7/’.
The closure of V is cl V, the interior of V is int V and the boundary of V is
bd V a___ (cl V)/(int V). V is solid if int V # . Yd (1, , 7/’,; /’) denotes the vector
space of all continuous multilinear mappings from 7/’1 x.. x T’, into/4/’. If 7/’1
T’, then we write @, (7/’;/4/’) for @ (1, ,/r, ///.). Recall (see, e.g., [11, p. 318])
that if T’I,." ", 7/’, and ///’ are Banach spaces with norms 1. I,,’" ", 1" I. and].
respectively, then @(7/’1,’", 7/,;/3 is a Banach space with norm IFI
sup {IF(v1,..., 13n)1"14"" i [/’i, I/)il T’, 1, 1,..., n}. Define the dual space *
Yd (7/’; [) and the conjugate cone Ve a-- {l 7/’*" (v <= O, v V}.

If 7/’1 and //’2 are topological vector spaces, then //" X 0//2 is assumed to be the
topological vector space possessing the product topology. (7/’1 x 0//2)* and 7/’1" x V’2*
are in one-to-one correspondence in the sense that (1 x 7/’2)* if and_ only if there
exist 117/’* and 12s7/’2" such that l(v)=ll(vl)+12(v2),
Specifically, ll(vl) a-l(v, 0), vls 1rl, and 12(v2) a--l(O, v2), v2s 7/’2. We denote this
correspondence by (ll, 12). If fl (7/’1 x T’)* and fl 7/’* x 7/’* then the relations
fl c h, fl l, etc., can be interpreted in this sense. Analogous remarks apply to
(7/’1 x.. x 7/’,)* and 7/’* x... x T’*, where 7/’1, , 7/’, are topological vector spaces.

For the following results let T and be vector spaces, M T and f: M --> /4/’.
PROPOSITION 1.1. Assume M is a convex cone, f is positively homogeneous and

affine and x 1, ", x,, M. Iff(x 1), ", f(x, are linearly independent then x 1," ",

are linearly independent.
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PROPOSITION 1.2. Assume M is convex, f is affine and xl,"’,x, M. If
f(x 1)," ", f(xm are affinely independent then x , ., x,, are anely independent.

Now let , and 2 be topological vector spaces, V, V = , V1 = and V2 = 2.
PROPOSITION 1.3. ff V is an m-simplex with vertices Vl," ", v+x, then the map
i= iOi V is a homeomorphism
PROPOSITION 1.4. If V is solid and convex, then cl int V cl V and int cl V

int V.
PROPOSITION 1.5. V= (cl V)= (co V)= (cone V).
PROPOSITION 1.6. If V is solid and convex, then V= (int V).
PROPOSITION 1.7. If V is a solid closed convex cone, then V + int V int V.
PROPOSITIO 1.8. I[ V is open, V and 0 V), then O.
PROPOSITION 1.9. V Q= (V + cone Q).
PROPOSITION 1.10. V x V (V x cone V2).
Proofs. Propositions 1.1 and 1.2 follow from the definitions of linear and ane

independence. Propositions 1.3 and 1.4 can be found in [30, pp. 25, 27] and [17, p.
59], respectively. Proposition 1.5 follows from the linearity and continuity of the
elements of V. Using Propositions 1.4 and 1.5 we have V= (cl V)= (cl int V)=
(int V), which proves Proposition 1.6. Proposition 1.7 is a consequence of [30, p.
28], and Proposition 1.4. Proposition 1.8 follows from [30, p. 34], Proposition 1.5
and the fact that cone V is open. To prove Proposition 1.9, let (V + cone Q) and
suppose l V, i.e., there exists v V such that l(v)> 0. For each Q there exists
a > 0 (suciently small) such that l(Vl + a) > 0, which is a contradiction. Now suppose
l Q, i.e., there exists v: Q such that l(v:)> 0. Then, for each v V there exists
a >0 (suciently large) such that l(v +av2)>0, which is also a contradiction. The
reverse inclusion follows from Proposition 1.5 and the obvious fact VQ
(V+ ). Identical arguments can be used to prove Proposition 1.10.

We conclude this section with some comments about the orderings and < on
0 (similar remarks apply to ). Clearly, is reflexive and both orderings are transitive.
The ordering is antisymmetric only when Z0 (-Z0)= {0}, i.e., when Z0 contains
no lines. Because int Z0 does not contain any lines, the relations z < and < z are
never both satisfied.

Note that both orderings are compatible with the linear structure on 0 in the
sense that if z then az a, a 0, and if z and z’’ then z +z’+’
(and similarly for < with a 0 excluded). Finally, Proposition 1.7 leads to the fact
that z 0 and z < 0 imply z + < 0.

2. The Main Theorem. First, we introduce some notation and conventions for
OP which simplify the statement of the necessary conditions in this and subsequent
sections. Without loss of generality we assume in this section and in 4 and 5 that
the solution of OP satisfies qo()= 0. This convention, which simplifies the notation
considerably, can be removed by replacing b0 by bo-b0() wherever it appears. In
order to deal efficiently with various special cases of OP we adopt the convention that
Lr and k =0 denote the absence of, respectively, (1.2) and (1.3). For the case
e (i.e., (1.2) is present) define ’ALro, ZAZo and b a--(bo,); when

letLr a__ fo, Z A Zo and b a__ bo. For k 0 (i.e., (1.3) is present) define’ A
and for k 0 let ’ __a. For h k let 7r,h A component of h in
component of k. If H c Lr k then 7rt-/and 7r,/-/are defined in the obvious way.

The assumptions required for the Main Theorem are contained in the Main
Condition (MC) which follows. Roughly speaking, this condition involves: a rep-
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resentation of E (through a set K and a map 19) "near" the feasible point ?, a
generalized "critical direction" Y, which is the basis for higher-order nece.ssary
conditions, and some differentiability-like conditions ((2.4) and (2.6)) on 40, 4 and. It is shown in later sections that MC includes as special cases conditions commonly
satisfied in optimization problems. The paper [29] contains closely related assumptions
and considerable comment about them.

MAIN CONDITION (MC). There exist a feasible element & Y Z and a nonempty
convex set K c" such that the following property is satisfied. (Let cr and r/be positive
real numbers, y be a nonzero real number, S be a k-simplex in K, N be a neighborhood
of the origin in, A" ’ and 19" S - E.) For all N and r/and for all S and tr satisfying

0 int r,S’ (omit if k 0),

(2.2) r(b () + Y) + rrS int Z

there exist 3’, A and 19 satisfying

(2.3) A-l(int Z) cint Z,

(2.4) A ob o(R)(h) o-(b(() + Y)+rt6S +Z +N, h S,

(2.5) o19: S Rk is continuous (omit if k -0),

(2.6) lyo(R)(h)-rthl<q, h S (omit if k =0).

MAIN THEOREM (MT). Suppose MC is satisfied. If solves OP then there exists
a__ (14, l,)*Rk when k > 0 and A 16 * when k 0 such that

(2.7) # 0,

(2.8) 16 Z,
(2.9) 16 (& (e) + Y) O,

(2.10) l(h)>=O,hK.

Remark 2.1. When k 0 the simplex $ in MC consists of a single element h. In
this case the role of 19 and S can be handled by a single element e A O(h)E and
(2.4) can be replaced by

(2.4)’ A ob(e) tr(&(e) + Y)+h +Z +N.

The distinction between (2.4) and (2.4)’ accounts for the pair of conditions [29, 3.1
and 3.2].

Remark 2.2. The focus in [29] is on first-order necessary conditions for a very
general extremal problem which includes OP as a special case. MC and MT can be
reformulated to apply to this problem although this is not pursued here. In the context
of OP, MC both weakens and generalizes [29, conditions 3.1 and 3.2]. These conditions
involve the introduction of an auxiliary vector space , a convex set M and a
map f: M ’. Necessary conditions are then stated in terms of the elements of M.
MC is weaker since does not appear. Instead MC involves elements of the set K
which corresponds to the image of M under f. A similar idea appears in [10, Thm.
13.1], p. 46, which follows from MT with 0 [, , Y 0 and K a cone. The
term Y, which leads to higher-order necessary conditions, has no counterpart in either
[10] or [29].
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Remark 2.3. Because b (g) Z, Y Z and 16 Ze, it follows that (2.9) is
equivalent to the pair of conditions

(2.) t(e,(e)) =0,

(2.12) /(Y) 0.

Note that (2.11) is a complementary slackness condition in that it yields additional
information concerning 16. By virtue of the additional condition (2.12), (2.9) may be
viewed as a generalized complementary slackness condition.

Sometimes MC is verified with a qualification of $ which is weaker than (2.1)
and (2.2). Although this results in a stronger version of MC it may be more suitable
for applications. For example, either or both of the conditions (2.1) and (2.2) may be
omitted. A common situation is the subject of the following easily proved result.

PROPOSITION 2.1. Suppose MC is satisfied and

(2.13) 4(g)+ Y bdZ.

Then (2.1) and (2.2) imply

(2.14) The vertices of S are linearly independent.

Remark 2.4. Because 40()=0, (2.13) is satisfied when Y=0. This is the
situation in [10, Thm. 13.1]. There (2.1) and (2.2) are omitted and the (weaker) linear
independence condition (2.14) appears.

Remark 2.5. The set g plays no role in the Main Theorem or its proof. In 5
and 6, is used to define differentiability properties which cannot be stated solely in
terms of the elements of E.

3. Proof of the Main Theorem. The following notation and definitions are
needed. Let 7# be a vector space and V 7/’. If V + v is a subspace of 7/" for some
v 7/" then V is an affine subset of 7/’. The codimension of an affine subset V, codim V,
is the dimension of a subspace I7" such that the direct sum of I7" andthe subspace
V + v is 7#. The affine hull of an arbitrary set V, aff V, is the smallest affine subset
containing V.

Suppose now that 7/" is a topological vector space and V, A, B 7/. The interior
of V relative to aft V is denoted by ri V. 7/’* separates A and B if 0 and there
exists a such that l(a)-<_ a <_-l(b), a A, b B. If either A or B is a cone then
can be chosen to be zero without loss of generality and thus e Aef’l (-B).

We will also require the following easily verified results. If 7/’ and 7/’2 are vector
spaces, V c o//. and V2 c 7/’9. then aft (V x V2) (aft V) x (aft V2). If in addition
and //’2 are topological vector spaces then ri (V x V2) (ri V) x (ri V2).

The proof of MT rests upon the following separation lemma. This result is a
generalization of a well-known theorem which follows when int A (see, e.g., [7,
p. 63], or [31, p. 243).

LEMMA 3.1. Let A and B be convex subsets of a topological vector space 7# such
that aft A is closed and has finite codimension, ri A ( and (ri A)fqB . Then
them exists * separating A and B.

Lemma 3.1 is a corollary of an algebraic separation theorem stated without proof
in the survey paper [19, p. 253]. In the algebraic setting 7# is assumed to be a vector
space and the "intrinsic core" of A plays the role of ri A. The additional assumption
that aft A is closed implies that is continuous (see [19, pp. 240-1]). A proof of the
algebraic separation theorem can be obtained by means of induction on n codim aft A
using a method similar to that used in [31, proof of Thm. 2.9].
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We consider the full proof of the Main Theorem only for the case # and
k >0 since the proofs of the remaining cases involve similar arguments. A large
portion of the proof is contained in the following two lemmas. Suppose MC is satisfied
and define A (int Z)-cone (O(g) + Y). Note that is an open convex cone.

LEMMA 3.2. IfK and {0} are separated by a continuous linear functional then
there exists (l+, 2)* k satisfying (2.7)-(2.10).

Proof. Since Z {0} is a cone there exists (l, l,) * k satisfying (2.7) and
such that (-K) fq ( {0}). Thus satisfies (2.10). By Proposition 1.10, 16 ’and, by Proposition 1.9, 16 (int Z) and l (& (g) + Y) ->_ 0. By Proposition 1.6
(int Z) Z and thus (2.8) holds. Since O () + Y Z, 16 (O () + Y) -<- 0, which
implies (2.9).

LEMMA 3.3. If K and {0} are not separated by a continuous linear functional
then them exist a k-simplex S Kand a positive real number tr satisfying (2.1) and (2.2).

Proof. We first show that 0 int rr(. If this is not true, then it follows (see, e.g.,
[30, Thm. 1.5.19] that there exists sck, 0, such that . v_>0, v rr. Then

(0, :) 6 Y’* k separates K and {0}, which is a contradiction. Since 0 int zrr
there exists a k-simplex U &co {u 1,’’ ", Uk+l} 7r+K such that 0 int U. For each

{1, , k + 1} let s 6 K satisfy r u.
Since att ( {0}) (aft ) (aft {0}) {0} is closed and has finite codimension

k and since ri ( {0}) (ri 2) (ri {0}) {0} , Lemma 3.1 implies that (2
{0}) 71K . Thus, there exists s a__ ( tr’(O (g) + Y), 0) K, where int Z and
o-’> 0. Since int Z we can choose A (0, 1) sufficiently close to 1 so that A +
(1 A )Tr6s int Z, 6 {1, , k + 1}. Define h A As + (1 A )s, 6 {1, , k + 1}, and
SAco{h,...,hk+l}. Letting o’a-Atr ’, and zTAtr(O()+Y) it is easy to see that
hi (A + (1 A )Trs zT, (1 A )ui) K, S K and r6hi (int Z) z’. Since 7rS
(1 A U and 0 int U, (2.1) must hold. Since u , , Uk+l are affinely independent
and (1-A)-r,h u it follows from Proposition 1.2 that h,... ,hk+ are attinely
independent and hence S is a k-simplex. Finally, since Y.+Tr6hiintZ, i
{1,. ., k + 1}, (2.2) is satisfied.

We can now proceed with the proof of MT. Suppose that the theorem is false.
By Lemmas 3.2 and 3.3 there exist a k-simplex S =co{h,..., hg+l}K and a
positive real number tr satisfying (2.1) and (2.2). Since tr(&(g)+ Y)+rhintZ,
{1,..., k + 1}, the open set N ___a 71/k=+l ((int Z)-tr(&() + Y)-Tr6h) is a neighbor-
hood of the origin in . It follows easily that tr(O (g) + Y) + zrS +N = int Z. Because
of (2.1) we can choose rt > 0 so that [k (rt) zrS. For S, tr, N and r/ thus defined
there exist y, A and 19 with the properties specified in MC.

From (2.3), (2.4), Proposition 1.7 and the choice of N we have

O O(S) A-l(o’(O(?) + Y)+zr,S +Z +N)

A-l((int Z) +Z) A-a(int Z) int Z.

This implies that, for all h S, OooO(h)< 0 and oO(h)< 0.
Let ,k,:S -> zroS be defined by 6-,(h)= zr,h. Since S and roS’ are k-simplexes, ,k,

associates points with the same barycentric coordinates. Proposition 1.3 implies that
-1 Rkzr, zroS->S is continuous. Define G’rog--> byG(u)=-yOoOor-l(u)+u. From

(2.5) it follows that G is continuous and, from (2.6) and the choice of /, G: ro9 --> rog.
Since zro9 is compact and convex, the Brouwer fixed point theorem implies that there
exists u*6 rS’ such that G(u*)= u*. Since "y # 0 it follows that $(e*)= 0, where
e* &O(h*)6E and h* &ff’,(u*)eS. Since e* also satisfies O0(e*) <0 and (e*) <0,
does not solve OP, which is a contradiction.
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The proof for is almost identical to the above proof. It is only necessary
to, delete the details pertaining to O. In the case k 0 the proof is considerably shorter.
Z plays the role of Z {0} in Lemma 3.2 and, in Lemma 3.3, the k-simplex S is a
singleton. The remainder of the proof proceeds along the same lines as the above
proof except now the development relating to is not needed.

4. A specialization of the Main Theorem. In this section we specialize the Main
Theorem to obtain Theorem 4.1. For our purposes here, Theorem 4.1 may be regarded
as a convenient intermediate step to the results of 5 and 6. It may have independent
interest, however, in other applications.

Theorem 4.1 is obtained by imposing additional structure on MT in three ways.
First, we introduce an auxiliary vector space as discussed in Remark 2.2. This com-
pensates for the lack of assumptions on ft. Second, we assume that the cost and
constraint functions possess one-parameter polynomial expansions. These expansions
may be regarded as a primitive form of the variational and power series required for
the derivation of higher-order necessary conditions in 5 and 6. Third, we impose
additional structure on the inequality constraint (1.2). Specifically, we assume that
there exists / N and, for each {1, .,/’}, there exist a topological vector space
a mapping Oi:’ ’i and a solid closed convex cone Zi cf not equal to such that
o ’ ... ,,a], --((1,""", )]) and 2 Zl ’’’xZ]. For e{1,... ,j} and z,
’i we define z -< and z <. in the obvious way. Now (1.2) becomes

(1.2)’ Oi(e) < 0, s{1,... ,/’}.

As discussed below, writing (1.2) in the form (1.2)’ extends the applicability of the
Main Theorem.

Condition 4.1, which is used in Theorem 4.1, incorporates the above aspects.
This rather complex condition may be motivated by the following comments. Roughly
speaking, we assume that &o," ", &j have expansions of the form

(4.1) qbi(e):ti()+ E Ogryir’"O(Olmi),
r=l

", -"’o )0asa-where m N (_J {0}, Ygr Zi for all r {1, mi}, a > 0 and a (a "’ 0/

In the proof of Theorem 4.1 it turns out that if for all a > 0 sufficiently small

(4.2) Oi(6)- E olrrir < 0,
r=l

then the term o(a ’) plays no role in the higher-order necessary conditions. This is
advantageous if either: (1) &i possesses an expansion of order mg and not of order
m + 1, or (2) the term Yi.,,,/l is not an element of Z. The form of the constraint (1.2)’
is used so that the order m of the expansion can depend on i.

By adding "’ r)r=l (1-a Yir to the left side of (4.2) (assuming a < 1) and using
Proposition 1.7 it follows that (4.2) implies

(4.3) ti(e) + E Fir < O.
r=l

Similarly, it can be seen that the reverse implication is true. The equivalence of (4.2)
and (4.3) accounts for the appearance of (4.3) in Condition 4.1 (via the set I’ defined
below). In the proof of Theorem 4.1 the ith component of Y in MT is given by Y.r Yir.
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Additional aspects of Condition 4.1 are" the "auxiliary" vector space , a convex
set of "variations" M =, a mapping V:M ’ which provides a representation for
K in MC (specifically, K-co V(M)) and, for each k-simplex X =M, a mapping
sr:x -+ E which corresponds to 0 in MC.

In what follows we use the conventions {ai}= , EiO- ai 0 and let / 0 when
the inequality constraints (1.2)’ are absent. As in 2 we assume for convenience that
b0() 0. For e E define the index sets I’-a {i e {0,. ., }: bi(e) +ra Yir < 0}
and I" A {0,. ., f}/I’. Finally, let e (’* denote (lo," ", li, l) e o* " r Rk

when k > 0 and (lo,. ", lj) e o* ’ ’ when k 0.
Condition 4.1. There exist a feasible element , a vector space , a nonempty

convex set M , n e , mi e’{0, ", n 1} and {Yir}rm2_l c Zi for all e {0,. .,/}, and
V a__ Vo," , V., V,):M ’ (omit V when k 0) such that Vi :M :i is Z-convex
for all e I", Vo:M Rk is affine and such that the following property is satisfied. (Let
X =CO{Xl,’’’,Xk+I}
for all
and r there exist a and " satisfying

--ttli(4.4)
r---1

--(mi+l) o"(4.5) a c, (X)-ti(_,)- otryir : (co V,(X))+Zi +N,, el",

(4.6)
[k+l

.l,-l[Ioi=l [.l, iX "Ak--k

(4.7) Ic -4o sr (x) V(x)l < r/, x e X (omit if k 0).

is continuous (omit if k 0),

THEOREM 4.1. Suppose Condition 4.1 is satisfied. If g solves OP then there exists
e ’* such that

(4.8)

(4.9)

(4.1o)

10,

l eZ, e{O,...,f},

li=O, ieI’,

(4.11) li qbi(e) + Yi 0,

(4.12) l(V(x))>=O, xeM.

Remark 4.1. The additional structure of (1.2)’ accounts for the form of (4.10)
and (4.11). Condition (4.10) generalizes the "complementary slackness" condition
pertaining to the "inactive" inequality constraints (4i()< 0) in first-order necessary
conditions. Note that 4()+rl Yr 0 for e I" is possible when dim Z > 1. In this
way (4.11) may yield information regarding l.

Remark 4.2. By setting n 1 in Condition 4.1 it is easy to see that Theorem 4.1
implies [29, Thm. 3.1] when this result is specialized to OP. Note that in Condition
4.1,X is a k-simplex whereas in [29, cond. 3.1], X is an/-simplex, where e {1, ., k}.
Furthermore, because inactive inequality constraints require only a trivial expansion
of the form (4.4) (since m 0), (4.4) and (4.5) allow a more general treatment of the
inequality constraints than is possible by [29, (3.2)].
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Proof of Theorem 4.1. We give the details for the case k > 0 only since the proof
for k 0 is similar. Since the functions Vi, I’, play no role in Condition 4.1 or the
results of the theorem, we define Vi(x) 0, x M, el’. The main idea of the proof
is to show that MC holds with

(4.13) Y= Y’. Y0r,"’, Y.

and

(4.14) K co V(M).

To show that (2.7)-(2.10) imply (4:8)-(4.12), note that (4.9) is merely a rewriting of
(2.8) and that (4.11) and (4.12) follow from (2.9) and (2.10), respectively. Also, (4.10)
follows from (2.9), (4.9) and Propositions 1.6 and 1.8.

We now show that Condition 4.1 implies MC. Let S co {hi,." ", hk/}, tr, N
and rt have the properties specified in MC. Since hi K, {1, ., k + 1}, and K
co V(M), we have hi=Y’, v’

r=l l’irV(Xir), where /i , (/’/’il, d,i,vi) AVi-1 and
xi, ", xi. M. Define xi a-A ,r [d, irXir, {1,. ., k + 1}, and X a-co {x,. ., x+}.
Since V is affine,

(4.15) W(xi) Try,hi, {1,. ., k + 1}.

From (2.1) it follows that zrh 1, , zrhk/1 are affinely independent. Proposition 1.2
and (4.15) thus imply that X is a k-simplex. For each s {0,...,/’} choose Ni to be
a neighborhood of the origin in i so that

(4.16)

Also, let r
a -1

With X, No,’", Ni, and - now specified Condition 4.1 implies that there exist
a s (0, -) and r.X-->E satisfying (4.4)-(4.7). We now exhibit y, A and(R) so that
(2.3)-(2.6) are satisfied.

k+l ALet 19" S->E be defined by (R)=fog where g" S->Ak, f: Ak->E, g(i= t’ihi)--ix
and f(tt) a .--,k+l Rk=’Li=l/zixi). From (4.6) it follows that of: Ak is continuous. Since,
by Proposition 1.3, g is continuous, oO=ofog. Sk is continuous. This proves
(2.5). For use below note that

(4.17) 0 ihi ixi e Ak

=’1

(4.18) o(s) (x).

For h s Zo X Zi x , H Zo X xZ x k and is{0,...,f} let ih
component of h in Zi and iH {ih" h H}.

Since V is Zi-convex, s [", we have

(4.19) Vi(x,) <- ., Izprgi(xpr) ’rriho, p {1,..., k + 1},
r=l

which implies that, for all Ix Ak,

(4.20)
[ k+l p) kl k+l

Vi

__
[d,pX N l,p Vi (Xp t.t,pTrihp ’71"iS.

p p=l p=l
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Consequently,

(4.21) co V(X) zrS + Z, I".

To simplify what follows we assume without loss of generality that tr > 1. To see
that this is possible note that if tr <= 1 then we can add 0(b ()+ Y), where 0 > 1-r,
to each side of (2.2). Since p(b()+ Y) Z, Proposition 1.7 can be used to replace
(int Z)+p(b()+ Y) by intZ. Then o, +p can be relabelled as tr to yield the desired
result. Note that tr > 1 implies c < 1.

Since Zi is a convex cone it follows that, for all {0,...,/’},

(4.22)
r=l

From (4.13) it follows that

(4.23) 7riY Y. Yi, {0, ., ]},
r=l

and, since V/(x)= 0, I’, we have

(4.24) 7riS {0}, I’.

Since trc ->tr, r 6 {0, 1, .}, (4.4), (4.18), (4.22), (4.23) and (4.24) imply

(4.25)

Since c >or, r s , (4.5), (4.18), (4.21), (4.22) and (4.23) imply

--(mi + ))(4.26) a oO(S)r(ti(g)+TriY)+TriS +Zi+Ni, I"

For z _a_ (Zo," , zj) Z define A(z) A (aozo," ajz), where ai
a_

-(mi+l) I’,and aiA i which satisfies (2.3). Condition (2.4) follows from (4.16)
(4.25), (4.26) and the fact that Ni trNi. Since V is affine, (4.15) implies

{k+l ) k+l

Ak.(4.27) Vi=l ld,ix 7"t’, . i.l, ihi, i1,
i=1

Letting 3’---a c-", (4.7), (4.17) and (4.27) imply (2.6), which completes the proof. [3
Remark 4.3. If k > 0 and dimM < k then M does not contain a k-simplex and

Condition 4.1 holds trivially. In this case the necessary conditions (4.8)-(4.12) can be
satisfied by choosing (0,. , 0, l0) where l0 s (-V(M))e and l 0. Such l, exists
since by Proposition 1.2 dim Vo(M)< k.

Remark 4.4. Suppose Condition 4.1 is satisfied and, in addition, I" , M is a
cone and V is positively homogeneous and affine. Then Theorem 4.1 remains valid
with a slightly weakened version of Condition 4.1 in which xl,. ", Xk+ are assumed
to be linearly independent. To see this, note first that I" is equivalent to (2.13)
with (4.13). By (2.14) h,... ,hk/l are linearly independent. Thus Proposition 1.2
and the fact that V(xi) hi, s {1, .., k + 1}, imply that Xl, , Xk+ are linearly
independent. This weakened version of Condition 4.1 is thus satisfied trivially when
M does not contain k + 1 linearly independent elements.
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5. Applications involving directional differentials. We now assume that the map-
pings b0, , bj and q satisfy certain first- and second-order one-sided differentiability
conditions. These assumptions lead to the principal results of this section, Theorems
5.1 and 5.2, which contain the first- and second-order necessary conditions for OP.
A rather extensive investigation of the relationship between these results leads to
Theorem 5.4 which generalizes [35, Thm. 2.3]. The proof of Theorem 5.2 is then
given along with remarks pointing out how the results of this section can be generalized.

In order to state the differentiability assumptions for the cost and constraint
functions, it is necessary to introduce a generalization of the Fr6chet derivative. This
definition, which is due to Warga [33, p. 167] allows a function to have a derivative
at a point which is not in the i.nterior of its domain. Some consequences of this
definition needed in the proofs of this section are discussed in the Appendix.

DEFINITION 5.1. Let be a Banach space with norm 1. [, be a topological
vector space, { and f:{-* . f is /-differentiable at :{ and has the
derivative f($)Af’($)(; ) if $ is contained in a solid convex subset of
and

(5.1) lim Ix -$l-[f(x)-f($)-f’($)(x -,)] 0.
X-

xAl{}

If f’(x) exists for all x then f is/-differentiable.
The second derivative requires a topology on (; ). This is handled by

assuming that is a Banach space and defining a norm on (; ) as in 1.
DEFINITION 5.2. Let , {, and f be as in Definition 5.1 and assume further

that is a Banach space, f is twice/-differentiable at and has the second
/-derivative f2)()a_f,,() (;(; )) if f is/-differentiable and the mapping
x -f’(x)" - (; ) is/-differentiable at .

First- and second-order one-sided directional differentials appear in the theorem
statements. Their definition is a simple application of the preceding definitions.

DEFINITION 5.3. Let be a vector space, be a topological vector space, A
F’A , A and h . Suppose that there exists / > 0 such that +h A,
c [0, 8), and define f:[0,/) by f(c) =F( +ch). If f’(0) exists then DF(; h)&
f’(0) is the one-sided directional differential of f at in the direction h. If is a
Banach space and f"(O) exists, then D2F(2; h) a-f"(O) is the second-order one-sided
directional differential of F at in the direction h.

Note that in Definition 5.1 is given by [0, B) in Definition 5.3. It can be seen
that if DF(;h) exists then DF(;h) exists for all c > 0. Thus, although DF(2;h)
as defined is an element of (; ), we regard DF(g; .) as a map from cone h
into

The following notation concerning a feasible element simplifies the statement
of what follows. If ] > 0 let I __a {i {1,. ., ]}: $i() < 0}, IA a__ {1,. ., ]}liar and
Iaoa--IA U{0}; if ]=0 let Ir a--I __a and I0-a-{0}. Note that if ]>0 and dimZ > 1
for some {1,... ,]}, then I does not necessarily coincide with the set {i
{1,. ., ]}: b,() 0}. We define

&J(eo,..., $;, ,), k>0,(5.2)
(bo, b.), k=0.

Finally, we recall from 4 the meaning of the notation Z’* and the convention
o() 0.

Condition 5.1. E is a subset of a vector space and there exist a feasible element
and a nonempty convex subset M of ,T such that the following property is satisfied.
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For each X co {x 1, Xk+l} CM there exists fl > 0 such that

(5.3) e+xE, [o,/3),

(5.4) I-" 0 + c tzix --> is continuous, a e (0, B)
i=1

(omit if k 0),

(5.5) x--, e + ax
i=1

Furthermore, if k 0 then

is/-differentiable at x 0:

(5.6) x "> Dqi(e; x)"M Zi is Zi-convex, s {0,. ",/’}.

THEOREM 5.1. Suppose Condition 5.1 is satisfied. If solves OP then there exists

’* such that

(5.7) # 0,

(5.8) Z.t {0,.’’, f},

(5.9)

(5.10) 1,(,(e))=O, etA,

(5.11) l(DO((.;x))>-_O, x M.

Condition 5.2. Zo,"’,’i are Banach spaces, g is a subset of a vector
space and there exist a feasible element & a vector y and a nonempty
convex set M’c such that the following property is satisfied. For each X
co {x 1, , Xg + 1} c M’ there exists fl > 0 such that

(5.12) +Oly +o:2X c ’, (O 1, O2) [12(),
2X 2)(5.13) +ay+a cE, (a,a

( +2 )’P+(B(5.14) a-O +aly + OliXi-1 )’>Z’
i=2

is twice F-differentiable at x 0.

Furthermore,

(5.15) Di(; y)<_-0, Iao,

(5.16) D$(; y) 0 (omit if k 0)

and, if k -0, (5.6) is satisfied with M replaced by M’.
THEOREM 5.2. Suppose Condition 5.2 is satisfied. If solves OP then there exists

’* such that

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

l#0,

I, Z, {0,.’’, ]},

li O, I &I U {i Iao: $i(g) +D(g.; y) < 0},

li(i(g)+D,(e; y)) 0, ieI’ a--{O, ,/}/I’o,
l(DO(g;x)+1/2DO(g; y)) =>0, x eM’.
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The proofs of Theorems 5.1 and 5.2, given at the end of this section, are based
on Theorem 4.1. In brief, the reasons for Conditions 5.1 and 5.2 are as follows. Items
(5.3) and (5.12) set up the differentiability domains for . Theorem A.1 (see Appen-
dix), a version of Taylor’s theorem, is used with (5.5) and (5.14) to obtain expansions
for . These expansions in the variable t can be reduced to one-parameter expansions
by means of Proposition A.1. The correct properties for the intermediate terms of
these expansions follow from (5.15) and (5.16). In this way (4.4), (4.5), and (4.7) are
obtained. The purpose of (5.4) is to guarantee (4.6). In Theorem 5.2, (5.14) implies
(4.6). Condition (5.6) is required so that when k =0 the map V in Condition 4.1,
which is given by V(x)AD(; x), is Z-convex. No assumption analogous to (5.6)
is needed when k > 0 since (5.5)-and Theorem A.2 imply that V in Condition 4.1 is
affine. Similar remarks apply to Condition 5.2. In the proof of Theorem 5.1 ’(x)=
e +cx which, by (5.3), is an element of E. Theorem 5.2 involves feasible elements of

2
Xthe form ’(x) = +ay +a which, according to (5.13), are in E.

Remark 5.1. Because the origin of R" does not lie in the interior of [" (/), (5.5)
and (5.14) rely on Definitions 5.1 and 5.2 instead of the classical definition of the
Fr6chet derivatives. Since P"(/3)c B" (fl), weaker versions of Theorems 5.1 and 5.2
are obtained by replacing "P" by "[" in (5.5) and (5.14). Proofs of these weaker
results depend on the classical definition of the Fr6chet derivative along with a classical
Taylor theorem result. In this case, Theorem A.1 is not needed and a weakened
version of Proposition A.1 suffices.

The necessary conditions of Theorems 5.1 and 5.2 are not necessarily satisfied
by a common I. Thus, one should not jump to conclusions about the relationship
between the first- and second-order results. Much of the development in the remainder
of this section involves an examination of this issue. Of particular importance is the
relationship betweenM and E in Theorem 5.1 and among y, M’, E and g’ in Theorem
5.2. The latter case is more complex because of the "quadratic" nature of (5.13). For
example, y and M’ may be chosen to characterize features of E such as a curved
boundary.

The following two examples will be useful for illustrative purposes. It is easy to
see that (5.12) and (5.13) are satisfied in both cases.

Example 5.1. =g=R, k, =(0,0), y=(1,0), M’={0}x[1,2], E=
{($1, $2) 2. 0S1 1, s <_-s2_-< 2s}.

Example 5.2. , ge, k, , y as in Example 5.1, M’ {(s, s2) I2: s =< 0, 1 s <-

s2-<- 2- 2Sl}, E {($1, 82) 21 S21 S2, S22 Sl}.
Remark 5.2. Note that if Condition 5.1 holds then it remains valid if M is

replaced by cone M. Thus, without loss of generality, M can be assumed to be a
convex cone. Examples 5.1 and 5.2 show that it is not always possible to replace M’
by cone M’ in Condition 5.2 since (5.13) may not be satisfied.

Example 5.1 shows that Condition 5.2 does not imply that Condition 5.1 is
meaningfully satisfied. For this example the only set M satisfying (5.3) is M {(0, 0)}
which yields trivial necessary conditions. Even when Conditions 5.1 and 5.2 are both
meaningfully satisfied, M and M’ may be disjoint as in Example 5.2 where M must
be a subset of Rz+ LI {(0, 0)}. Thus, it is not surprising that there may be no satisfying
both (5.7)-(5.11) and (5.17)-(5.21). The following assumption about the structure of
M’ leads to the existence of a common I. Consider

(5.22) M’= Q +R, Q convex, R a convex cone.

We use (5.22) to obtain the following result.
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PROPOSITION 5.1. Suppose the assumptions of Theorem 5.2 are valid with M’
given by (5.22). Ilk >0 then (5.21) is equivalent to

(5.23) l(D(;x))>-_O, x R,
(5.24) l(D(e;x)+1/2D2(g; y))-> 0, x Q.

ff k =0 then (5.21) implies (5.23) and (5.24). The converse in this case is valid ijCeither
Q {0} or the map x D(; x) :M’ is affine.

Proof. Define VxA-(D(e; Q)+1/2D2(e; y)), Vza---(D(e;R)) and V3 A
-(D(g;M’)+1/2D2(g; y)) and note that (5.24), (5.23) and (5.21) are equivalent
to V, V2 and V3, respectively. For the case k > 0 we have Vx + V2 V3
since D(;.) is positively homogeneous and affine (see Theorem A.2). Since V2
is a cone, Proposition 1.9 implies V 71 Vz V3, as desired. For the case k 0 it
can be shown that (5.6) with M replaced by M’ implies V1 + V2 = V3 +Z. Thus,
(V3--Z)) (V1- V2)) and, by Proposition 1.9, V3 fqZe= VI f’) V2. Since (5.18)
is satisfied, (5.21) implies (5.23) and (5.24). If either Q ={0} or D(; .) is affine,
V1 + V2 V3 and thus V 71 V2 V3, which completes the proof.

Notice that (5.22) can be satisfied trivially with Q-M’ and R {0}. However,
this does not produce new results. Situations of general interest are: Q {0}, R -M’
(i.e., when M’ is a cone) and Q {0}, R {0} (e.g., Example 5.2, where Q {0} 1, 2]
and R--{(s1,$2)R2:-Sl =<SE--<----2S1}). The following result is a consequence of
Theorem 5.2 and Proposition 5.1.

THEOREM 5.3. Suppose Condition 5.2 is satisfied with M’ given by (5.22) and
let M R. If solves OP then each satisfying (5.17)-(5.21) also satisfies (5.7)-
(5.11).

Proof. By Proposition 5.1, (5.21) implies (5.23) and (5.24). Since M = R, (5.23)
implies (5.11). Condition (5.9) follows immediately from (5.19); (5.10) follows from
(5.19) and (5.20) using (5.15) and (5.18).

Theorem 5.3 shows that if the set M’ in Condition 5.2 is given by (5.22) and M
is an arbitrary convex subset of R, then the second-order necessary conditions (5.17)-
(5.20), (5.23) and (5.24) imply the first-order necessary conditions (5.7)-(5.11). The
strongest version of (5.7)-(5.11) is obtained whenM R. However, these "first-order
necessary conditions" may be unobtainable from Theorem 5.1 because Condition 5.1
may not hold for certain choices ofM = R. For instance, in Example 5.2 it is necessary
to choose M {(0, 0)} in order to satisfy both (5.3) and the requirement M = R. The
reason Theorem 5.2 gives stronger "first-order necessary conditions" than Theorem
5.1 is that (5.13) takes the curvature of E into account while (5.3) does not. Note
that y must be nonzero since otherwise (5.13) and (5.3) are equivalent.

Remark 5.3. The observation that second-order necessary conditions may contain
"first-order necessary conditions" that are stronger than actual first-order necessary
conditions has been made previously in [28, Remark 2, p. 278]. In their treatment
of OP/" 0, R, bo and are continuously differentiable and it is assumed from
the outset that (5.22) holds with Q {q}.

Remark 5.4. The relationship between the first-, and second-order necessary
conditions can be thought of in the following way. If Condition 5.1 is satisfied, then
the first-order necessary conditions involve finding an element in Lr’* satisfying
(5.7)-(5.11). If, in addition, Condition 5.2 is satisfied with (5.22) and M =R, then
the second-order necessary conditions are equivalent to the existence of an element
in ’* satisfying both (5.7)-(5.11) and the additional conditions (5.19), (5.20), (5.23)

and (5.24). In this case, Theorem 5.2 supplements Theorem 5.1 and verification of
the necessary conditions can be thought of as a two-stage process.
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Remark 5.5. Suppose Conditions 5.1 and 5.2 are satisfied with (5.22) and
M R and define

F-a-{/’*: satisfies (5.7)-(5.11)}.

Remark 5.4 shows that it is of particular interest to determine whether F is a
ray. Specifically, if F is a ray then the search for satisfying the second-order necessary
conditions is simplified since is determined uniquely to within a scalar multiple by
the first-order necessary conditions alone.

We now consider a subset of M that is useful in verifying the first-order necessary
conditions and understanding the relationship between Theorems 5.1 and 5.2. Define

_a{y M: y satisfies (5.15) and (5.16)},

(y) __a {i IAO: di () +Dd, (e; y) < 0},

(5.26)

(5.27)

where y , and

(5.8) U (y).
y

PROPOSITION 5.2. Ill satisfies (5.7)-(5.11) then also satisfies
(5.29) l 0, IN US,
and

(5.30) l(c(e)+Dd,(;y))=O, ie(O,’’’,f}/(INUS), ye.

Proof. Since cM, setx =y in (5.11). From (5.16) we obtain

(5.31) E /,(D,(e; y))0.
ilo

It follows from (.1), (5.8) and (5.15) that/(D&(; y))= 0, [0. The result now
follows from (5.10) and Proposition 1.8.

Remark 5.6. Proposition 5.2 sharpens Remark .4 in the ollowin way. Suppose
Conditions 5.1 and .2 arc satisfied with (5.22) and M R. If y in Condition 5.2 is
an element of M (which implies y) then (5.19) and (5.20) are a consequence o
(5.29) and (5.0) and thus do not strengthen (.7)-(5.11).

Remar .7. The ideas used in the proof of Proposition 5.2 could also be used
in other contexts in the optimization literature to show that additional multiplier
components arc zero. However, this approach does not appear to have been used
before.

We now consider some consequences of strcnthenin Condition 5.1. Sometimes
the set is sucicntly "large" near so that

(.) +ay+aX, (a, a) ().
This strengthening of Condition 5.2 is formalized in Condition 5..

Condition .. Condition 5.2 is satisfied with (5.12) replaced by (5.) and with
(5.1) omitted.

The following results are easily verified.
PaOPOSTO 5.. If Condition . is satisfied then it is also satisfied ith M’

replaced by cone M’.
PaOPOSITON 5.4. If Condition . is satisfied, then Condition .1 is satisfied

#h M M’.
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The importance of Condition 5.3 lies in Proposition 5.4 which guarantees that
nontrivial first-order necessary conditions can be obtained independently of the
second-order necessary conditions. Proposition 5.3 shows that (5.22) is satisfied with
R cone M’ and Q {0}.

Sometimes Conditions 5.2 and 5.3 are equivalent. For example, this occurs if
either 8’ E or y 0. A more interesting case is contained in the following proposition
which leads ultimately to Theorem 5.4, a simply stated specialization of Theorem 5.1
and 5.2.

PROPOSITION 5.5. Suppose Condition 5.2 is satisfied with (5.13) deleted and with
the additional conditions

(5.33) 0M’,

(5.34) yM’,

(5.35) (q (M’ +) m E.

Then Condition 5.3 is satisfied.
Proof. It suffices to show that (5.33)-(5.35) and (5.12) imply (5.32). Let/3 (0, 1)

and X=cO{Xl,’.’,Xk/}mM’. From (5.33) and (5.34) it follows that {&+/3y,
+flXl," -t-flXk+}c M’+& Thus CO{., .-bfly, +flX," q-flXk+}c M’+
which is equivalent to +Oly+CeEXM’-t-, (cel, O2)[E(fl). The desired result
now follows from (5.12) and (5.35). Iq

It is easy to verify that the following conditions imply Conditions 5.1 and 5.2,
respectively.

Condition 5.4. E is a subset of a vector space and there exist a feasible element
and a nonempty convex subset M of such that 0 M and 8’ f’)(M +)E and

such that the following property is satisfied. For each X co {x 1, , Xk /1} mM there
exists/3 > 0 such that

(5.36) +aX m 8’, c [0,/3),

and (5.4) and (5.5) are satisfied. Furthermore, if k 0 then (5.6) holds.
Condition 5.5. Condition 5.4 is satisfied, 0,"" ", are Banach spaces and the

following property is satisfied. For each X co {x 1, ’, Xk /2} M there exists/3 > 0
satisfying (5.36) and such that

( k2 ) pk+2(]{ 0’(5.37) at -+ g + x -+
i=1

is twice F-differentiable at a 0.
TIaEOREM 5.4. Suppose g solves OP. If Condition 5.4 is satisfied then there exists

o,, satisfying (5.7)-(5.11). If, furthermore, Condition 5.5 is satisfied, then for each
y there exists ’* satisfying (5.7)-(5.11) and

(5.38) l(D2(e; y)) >- O.

Proof. Arguments similar to those used to prove Proposition 55 show that the
conditions on M and (5.36) imply (5.3). Thus, the first part of the theorem follows
from Theorem 5.1. To prove the second part of the theorem let X=
CO{Xl,’’’,Xk/I, y}cM, where y, and note that (5.36) with this choice of X is
equivalent to (5.12). Thus, Condition 5.2 is satisfied with (5.13) deleted. Since also
(5.33)-(5.35) (with M’ =M) are satisfied, Proposition 5.5 implies that Condition 5.3
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must hold with M’= M. By Proposition 5.3, Condition 5.3 is satisfied withM replaced
by cone M. Since Condition 5.3 implies Condition 5.2, it follows from Theorem 5.2
and Proposition 5.1 (with R coneM and Q {0}) that there exists ’* satisfying
(5.17)-(5.20), (5.11) and (5.38). Finally, Proposition 5.2 implies that satisfying
(5.7)-(5.11) must also satisfy (5.19) and (5.20). Thus, these last two conditions have
been omitted.

Remark 5.8. Remark 5.5 takes on added importance in the context of
Theorem 5.4. This is because when F is a ray, no longer depends on y . In this
case Theorem 5.4 can be strengthened by deleting the phrase "for each y " and
replacing (5.38) by

(5.39) l(DZdp(g; y))_-> 0, y 6.

Remark 5.9. Theorem 5.4 generalizes Warga [35, Thm. 2.3]. To obtain his result,
specialize OP by setting/" 0, Z0 R and Zo R-. The hypotheses of Theorem 5.4
are weaker than those of [35, Thm. 2.3] in several important ways. In [35],
(M+g)cE is replaced by $’(M+g)=E, P is replaced by in (5.37) (see
Remark 5.1), the map in (5.37) is assumed to be twice continuously differentiable in
a neighborhood of the origin and an additional normality-like condition is assumed.
It is shown in [13] that this normality condition implies that F (specialized to the
problem of [35]) is a ray.

We now prove Theorem 5.2. For brevity, we assume k > 0; the case k 0 follows
from similar arguments. For I c {0, ,/’} let , a__ (4o, ’, ., ,), where i &, /,
and $i & 0, {0,..., f}/L We will show that Condition 4.1 is satisfied with ( and

as specified, M M’, n 2, m 0 for IN, m 1 for Iao, YI D$i((; y) for
iIao, and V(x)=DdPt6((;x)+1/2D2dpt6((; y). Since I’=I’o and I"=I, (5.19) and
(5.20) follow from (4.10) and (4.11). Also, (4.12) and (5.19) imply (5.21).

We now show that Condition 5.2 implies Condition 4.1. Note that from (5.14)
and Theorem A.2 (with 2) it follows that V" M’ " is affine. Thus (see Condition
4.1 for notation), V, is affine and V is Zi-convex, I. LetX co {x 1, ’, Xk / 1} c M’
be a k-simplex and define f’Pk/2([3)’ by

[() e + y + E x_x
i=2

Also, let/o>0 satisfy/0 +/2o </. From (5.14), Proposition A.I.III, Remark A.1 and
-.k+lTheorem A.2, it follows that for a e [0, Bo), p e Ak and x z.= px,

2
X

2 2dpt(p. + ay + a f(a, a Ix 1, Ol [.tk + 1)

(5.40)
i=l

2(P.) + aDcb(g.; y) + a V(x) +R (a, Ix),

where a-2R(a,p) 0uniformlyforp e h.From (5 14) it follows that the mappingO+

+y + Y. x_ )o
i=2

is continuous at 0, IN, and -ditterentiable at 0, I’O/IN. Thus, Proposition
A. 1.I implies

2X 1’ 0(5.41) ,(e + ay + a ,(e)
,-.o
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uniformly for Ak, IN, and Proposition A. 1.II yields

2X 0(5.42) a l[i(e +oy + )-ck,(e)-aDck,(e" y)] -uniformly for W Ak, I’o/IN. For No, , Ni, B and r as specified in Condition 4.1,
it is now easy to see from (5.40)-(5.42) that there exists a 6 (0, r) such that (4.4),
(4.5) (without need for Zi) and (4.7) are satisfied with r(x)=8+ay +a2x. Finally,
(4.6) is a consequence of (5.14).

To prove Theorem 5.1, let n 1, rni 0 for IN, mi 1 for Ia0, and V(x)=
DcI)xAo((; x). Since I’=IN andI"=IAo, (5.9) and (5.10) follow from (4.10) and (4.11).
Also, (5.11) follows from (4.12) and (5.9). The remainder of the proof follows from
arguments that should by now be clear.

We now point out several ways in which the results of this section can be
generalized. First, it is possible to take advantage of the presence of Zi in (4.4) and
(4.5) by replacing continuity and differentiability conditions such as (5.51) and (5.52)
by conditions involving semicontinuity and semidifferentiability. This approach
appears in [20] for first-order necessary conditions but apparently has not been
extended to higher-order necessary conditions.

Another approach to generalizing Theorems 5.1 and 5.2 is based on the concept
of a conical approximation. This involves the existence of a map 0 depending on X
such that, instead of (5.3), (5.12) and (5.13), the following conditions hold:

(5.3)* 0( + aX) E, a [0, fl),

(5.12)* 0(ff+aly +a2X) , (O 1, O2) P2(),

2) 2(5.13)* 0(e+ay+a2X)E, (a,a (fl).

Moreover, in (5.5) and (5.14), o0 plays the role of . Additional assumptions such
as the following are then required" if X and J have corresponding maps 0 and , then

(5.43) Do0(g; x)=Dod(g; x), x X (3.

A closely related approach appears in [7, Def. B.1.3]. See [28] for a related notion
of conical approximation in the context of second-order necessary conditions for a
nonlinear programming problem.

6. Applications to nonlinear programming. In this section we further illustrate
the use of Theorem 4.1 by deriving first-, second- and third-order necessary conditions
for a nonlinear programming problem. The third-order conditions are new while the
first- and second-order conditions sharpen results from the previous literature. To
keep the conditions reasonably simple, the hypotheses of this section are considerably
stronger than those of 5.

To derive nth-order necessary conditions, the strengthened assumptions for OP
are’

(6.1)

(6.2)

is a Banach space,

(6.3) bo,""", i and 0 are
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A mapping from ’ into r is C" if it is n-times Fr6chet differentiable and its first-
through nth-order derivatives are continuous. Let NP denote OP in the presence of
(6.1)-(6.3). As before, let/’=0 and k =0 denote the absence of (1.2)’ and (1.3),
respectively. Define the (Lagrangian) function L: ff Rl+j+k --> I by

E 1,4,(e)+l6(e), l=(lo,...,l,l,), k>0,
i=0

(6.4) L(e,l)=

li,(e), l=(lo,...,lj), k=0.
i=0

Notation for the Fr6chet derivative and partial Fr6chet derivative, such as in

TLee(e,/)(y, )=
i=0

is made precise in the Appendix. We require some notation pertaining to a feasible
element 6. Recall that if/" > 0 then IN {i S {1, ,/’}: bi(6) < 0} and, because of
(6.2), IAO {0} LI {i s {1, , }: bi(6) 0}. If/" 0 then IN and Iao {0}. Let the
set of variations M be chosen to satisfy

(6.5) 0 sM =E 6, M is convex.

For the following definitions let 0 when k 0. If n 1 define
a (e)(y) < O, Iao, 4,’(e)(y) 0},(6.6) l={y sg’ i

(6.7)

where y s x, and

(6.8)

.-x (y) _a_. {i s Iao: 6 (e)(y) < 0},

A= U (y).

If n 2, then let

(6.9)
2(Y) &{ M: 1/2 6,’ (’)(Y)2 + 61 (’)() --< O,

Iao/oCl(y), 1/2 4,"()(y)2 + 4,’(’)(33) 0},

where y 1,

(6.10)

and

(6.11)

where g e 2(y).

2 A {(Y, 37) sM2" y sl, s :z(y)}

o2(y, 3)a--{i I,,to/..,Cl(y)"

satisfying

(6.12) Il 1,

(6.13) lg _-> 0, e {0, , j},

(6.14) lg 0, e IN,

(6.15) L(& l)(x)>--O, x eM.

THEOREM 6.1. Suppose solves NP. I. ff n 1 then them exists la+i+k
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II. If n 2, then for each y @1 them exists g+i+ksatisfying (6.12)-(6.15) and

(6.16) Lee (e, l)(y )Z >__ O.

III. Ifn 3, then for each (y, )@2 there exists R+i+ksatisfying (6.12)-(6.15)
and

(6.17)

(6.18) Lee(e, l)(y, )+eee(e, l)(Y)O.
Remark 6.1. From Proposition 5.2 it follows that satisfying (6.12)-(6.15) must

also satisfy

(6.19) li =0, .
Remark 6.2. If 0 intM then (6.15) is clearly equivalent to the condition

(6.20) Le(, l) O.

Part I of Theorem 6.1 with
see, e.g., [25, Thm. 1]; when 0intM see, e.g., [7, Thm. 2.3.12]. Second-order
necessary conditions similar to those of part II can also be found in the literature.
For example, part II follows from [4, Thm. 3.2] when E ff ". There the condition
l =0, l(y), is included. Remark 6.1 shows, however, that this adds no new
information. After some manipulation, part II with and ] 0 can be obtained
from [28, Thm. 6]. The only third-order necessary conditions from the literature which
appear to be related to part III are [14, Thm. 2.5], [16, Thm. 5.1] and [22, Thin.
2.5]. Because of differing hypotheses, however, these results cannot be compared
directly.

Note that depends on y in part II and on (y, )2 in part III. Specific
examples of second-order necessary conditions where this dependence actually occurs
have been given in [4] and [22]. Note that for both parts II and III, must belong to
the set

(6.21) &{l a+i+" satisfies (6.12)-(6.15)}.

Using , Theorem 6.1 can be written more compactly. This equivalent version of the
theorem will help establish further connections with results from the literature.

COROttARV 6.1. Suppose g solves NP. I. If n 1, then

(6.22) .
II. If n 2, then

(6.23) for each y them exists satisfying (6.16).

III. If n 3, then

(6.24) for each (y, )2 them exists satisfying (6.17) and (6.18).

Remark 6.3. As shown in Remark 5.10, (6.23) can be expressed in the equivalent
form

(6.25) max Lee (g, /)(y )2

which is similar to [18, Thin. 6]. His result is valid for infinite-dimensional equality
constraints when ’(g) has full range. A similar result was also obtained in [23].

Remark 6.4. Condition (6.19) clarifies some second-order necessary conditions
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from the prior literature which involve a constraint qualification. In [26, p. 29] and
[24, p. 102], for example, the element satisfying the first-order necessary conditions
(6.12)-(6.14) and (6.20) (since M 8’) is used to determine a set of critical directions

’(e)(y) 0 if is Io and li > O,(/)__a {y s ,. (i

(6.26) b (e)(y) <- 0 if IAo and li O,

6’(e)(y) o}.

This definition gives the impression that 1(1) depends on l. However, using (6.19)
it is easy to show that 1(/)=1 for all satisfying (6.12)-(6.14) and (6.20). Thus
1(l) is independent of l.

Remark 6.5. Sometimes NP satisfies a constraint qualification which implies that
(6.23) can be replaced by a stronger condition such as

There exists F such that

(6.27)
Lee (,/)(Y)2 O, y 1,

or

(6.28) Lee(g, l)(y)=>0, !e, Y ex.
See [3], [4] for details of specific constraint qualifications in this context. Note that
(6.28) implies (6.27) and (6.27) implies (6.23). If is a singleton then (6.23), (6.27)
and (6.28) are equivalent.

We now present an example illustrating the use of Theorem 6.1. Let ] 3, k 0,
M=E ’ 2, g-(l, 0), o(tl, t2)=tx, x(t1, t2)=--(1--tx)3+t2, 2(tx, t2)=--tx and
b3(tl, t2)---t2. This example is often discussed in connection with the Kuhn-Tucker
constraint qualification (see, e.g., [9, p. 20]) which fails to hold at . Note that Iu {2},
Ia0 {0,1, 3}, 4(C’)=[10] and 4()=-b(’)=[01]. Thus, part I is satisfied
uniquely with /=(0,1/2,0,1/2). Because =_{0} and 47()=4()=[ ], also
satisfies (6.16) for all y @a. Thus, part II is satisfied. Define y (-1, 0) and, since
2(y) x{0}, let 3 (0, 0). Note that 2(y, 3) . Since 4’’() 0, (41),,,() 6
and all other components of b7() are zero, (6.18) implies that 11 _-< 0, which contradicts
ll . Thus, part III is not satisfied and g is not optimal.

If in this example 4o is redefined to be bo(tl, t2)=-t, then is optimal and the
necessary conditions are satisfied with as given above. These examples show that
even when l0 0 (and thus 4,o is absent from the Lagrangian) the higher-order necessary
conditions yield useful information. The reason for this is that bo still plays a role in
the necessary conditions because of its appearance in the definition of 1.

We now prove Theorem 6.1. Parts I and II follow most easily from Theorem
5.4, but Theorem 4.1 can also be used without great difficulty. When n 1, it is easy
to see that (6.1)-(6.3) and (6.5) imply Condition 5.4 with = . Note that: (5.8) and
(6.2) imply (6.13); (5.9) implies (6.14); and (5.11) implies (6.15). Note that (5.10) can
be ignored since it yields no useful information. When n 2, (6.1)-(6.3) imply Condi-
tion 5.5 with as just defined. It remains only to note that (5.38) implies (6.16).

Part III follows from Theorem 4.1. The arguments used in the proof of Proposition
5.5 show thatM can be replaced by cone M. We define n 3, I’ IN I,.J (Y) J o2(y, ),
I"={O,...,f}/I’, mi=O for iIN, m=l for i51(y), m=2 for iI"[.Jz(y,),
Yl=4(e)(y) for iIao, Yz=1/24’[(e)(y)2+4()() for iI"Uz(Y, 3) and

m 3V(x)=gwr,te)(y +r,(e)(y,)+’r,(g)(x). (See the proof of Theorem 5.2 for
the definition of r,.)
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Arguments similar to those used to prove Proposition 5.1 show that (4.12) yields
(6.15) and (6.18). Conditions (6.14) and (6.17) follow from (4.10). The arguments
required to show that Condition 4.1 is satisfied are a simple extension of those used

23 3in the proof of Theorem 5.2. We note only that r(x) + ay + a + a x and, because
of (6.3), the only result needed from the Appendix is a weakened version of Proposition
A.1.

7. Concluding remarks. It has been shown that various higher-order necessary
conditions can be obtained systematically from a single result. Specific cases examined
in detail include first- and second-order necessary conditions involving directional
differentials and first-, second- and third-order necessary conditions for a nonlinear
programming problem. With only minor extensions of the arguments used to obtain
these results it is possible in both cases to obtain necessary conditions of arbitrary order.

Theorem 5.4, which generalizes [35, Thm. 2.31, contributes in several ways to
generalizing the results of [34], [35] and [36]. First, since Theorem 5.4 involves finite-
and infinite-dimensional inequality constraints, it allows the handling of both endpoint
and state-space inequality constraints. Secondly, the cost criterion 40 in OP may be
nonscalar (e.g., Pareto-type). And thirdly, Theorem 5.4 does not require a normality
condition which is difficult to verify in practice. The results of [34] and [35] have been
extended in this direction in [13]. Other second-order necessary conditions from the
literature requiring such an assumption (e.g., [6] and [15]) can also benefit from this
generalization. Finally, the third- and higher-order necessary conditions mentioned
above lead to necessary conditions in optimal control theory of still higher order. It
is hoped that these conditions will be useful in treating singular optimal control
problems for which there is an extensive body of literature containing specialized
higher-order necessary conditions (see, e.g., [1], [2], [12], [201, [21] and the references
therein).

While this paper was being revised a theory of higher-order optimality conditions
appeared in [22]. Although a direct comparison of their results to the present paper
is rather complex because of differing assumptions, one interesting aspect of their
development appears to be more general. In Condition 4 1 it is assumed that { Yir} "’r_=l C
Zi so that Y as given by (4.13) is an element of Z. Their conditions require that mi n
for all yet allow for a more general situation in which Yil," , Yi.,,, satisfy

r-1

YiZi+ Y NY/q, r=l,...,mi,
q=0

where Yio ci(. ).

Appendix. This section collects together differentiation results needed for the
proofs of Theorems 5.1, 5.2 and 6.1. Some of them concern the notion of
differentiability given in Definitions 5.1 and 5.2 and extend well-known results from
the literature. Also included is a restatement of a result from [33].

Let be a Banach space with norm I" I, be a topological vector space, A
and f:A. When is a Banach space higher-order 10-derivatives fn)(y)
(; (T; ., 3(; 0))...), n => 2, may be defined inductively in the manner of

Definition 5.2. Following others (e.g., [11, p. 192]) we view fn)(Y), n =>2, as an
element of 5,,(T; ). Specifically, the values of fn)(f) on " are given by f")(f)
(hl,...,h,)A(...((f")(y)(hx))(h2))...)(hn). For notational simplicity
(h)na--f")(f)(h, ,h). The following is an extension of Taylor’s Theorem. Its
proof is a slight modification of the proof of [11, Thm. 3.6.2].
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THEOREM A.1. Let and be Banach spaces with the norm on denoted by
I" [, A c and f: A- . If f is m-times -differentiable at A, where m N, and
A’ is a convex set satisfying g A’ c A then

(A.1) lim Ix- l f(x)-f()-Y, (i!)-lf(i)(,)(X--.) :0.
xg i=1
A’/

Partial/-derivatives are introduced as follows (see [33, p. 168], and [30, pp.
58:59]).

DEFINITION A.1. Let a,"" ", F, be Banach spaces, be a topological vector
space, AcF-a--Yax’.’x,, f’A---> and a---(Ya,"’,,)A. For i{1,...,r}
define the set Ai() a__ {xi F" (a, , :-1, x, +a, , ,) A} and the mapping
xi’->fi(xi)’Ai()-’> by fi(Xi)Af(.l,’’’,.i_l, Xi, .i+l,’’’,.r). If fg(Xi) is /-
differentiabl at )i then fx,(Y) a=f(i)6Y3(Wi;) is the partial /-derivative of f
with respect to xi at .

Note that ([33, p. 169]) if f is iff-differentiable at , then fx,(Y) exists for all
6{1,. , r} and

(A.2) ft(x)(h)= fxi()(hi), h a-(ha,..., hr)l ’’" Xr.
i=1

If is a Banach space then for n N and ul,..., u, {1,..., r} the higher-order
ff’-partial derivative L..... (Y) (T., -, T1; ) can be defined inductively. If
Vl v, v, then x)-(g) =f...x.( If )(g) exists, then the following
relation is valid [11, p. 197]

(A.3) f<")(Y)(h)"=EL....x..(Y)(h,.,’",h,), h A(ha,.’’, hr) El X’’" X ’r,

where the summation is over all (Pl, Pn) {1, ", r}".
The following proposition concerns a one-parameter expansion of a mapping

defined on "(/3). The result, which follows from Theorem A.1, shows that the
remainder term satisfies a uniform convergence condition.

PROPOSITION A.1. Let , n N, /3 >0, be a topological vector space and
< ->byf:P+ (/3) . Forflo>O satisfying Ei=IO--- define F [0,/3o) xA"

(A.4) F(a, [1,) If(a, a 2
", an-I, an/. a n/d:+l), n > 2

I. Iff is continuous at x 0 then

0(A.5) F(a )-f(0)
-.o

uniformly for Ix A.
II. Iff is -differentiable at x 0, then

(A.6) -1[F(, )-f(0)-Vo(0, )] 0
--0

uniformly for g A.
III. /f is a Banach space, n >- 2 and f is m-times -differentiable at x 0, where

m {2,. ., n}, then

(A.7) -" F(a, )-f(O)- Y (i!)-l’F,(O, --------0
i=1 cO+

uniformly for Ix A.
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Proof. We prove part III only, since similar arguments apply in the other cases.
Since f("(0) exists, Theorem A.1 can be applied with =0A’=A =F/"(/3) to
obtain

(A.8) lim [,,1-" (i!)-’f(i)(o)(ot) =0.
t0 i=1

2 n-1Specialize (A.8) by replacing a by (a, a ,..., a a tza,"" ", a Ix,+1), where
(0,/30) and Ix h". Then (A.8) implies

(A.9) lim a -’[F(a Ix) -f(O) 0,, (a Ix)] 0
0

uniformly for all Ix E A, where

2 n-1(A.10) O,,,(a, Ix) A , (i!)-l[(i)(o)(a, O ", O O [J, 1,""", O /J,n+l)
i=1

Using the chain rule [33,p. 172] to express F, (0, Ix) in terms of the partial/L derivatives
of]" and applying (A.3) to (A.10) it can be shown that

(A.11) lim a 0,(a, Ix) (i!)-1a F,(0, =0
’0+ i=1

uniformly for all IxA. The desired result (A.7) now follows from (A.9) and
(A.11).

Remark A.1. The F-partial derivative F,(O, Ix) can be written explicitly in terms
of the -partial derivatives of f. For example’

x+l

n 1" F,, (0, Ix) Y txif,, (0);
i=1

n 2" F. (0, Ix) fl(0),
+1

F,,,(0, Ix)=/,,,I(0)+2 E /z,f,+,(0);
i=1

n 3" F, (0, Ix) f,(0),

F(0, Ix) f,,(0) + 2f(o),
+1

F(0, Ix) f,,,,(0) + 6f,(0) + 6 E /z,/,+(0).
i=1

The following result follows from [33, Thm. II.3.3].
THEOREM A.2. Let be a vector space, be a topological vector space, A ,

F"A --> , A, v and X a__ co {x 1, , x,} . Suppose there exists 13 > 0 such
that +aX cA, a [0,/3), and define/: "()--> by f(a) F(g +Y.--1 ax). If f’(O)
exists then DF($ x) exists for all x cone X and the mapping x --> DF(g x cone X -21 is positively homogeneous and affine.

Note that/, (0)=DF(2; x). Also, if if(0) exists then/,,, (0)=D2F(2; x).

Acknowledgment. I wish to thank Elmer G. Gilbert for providing numerous
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STABILITY IN MATHEMATICAL PROGRAMMING WITH
NONDIFFERENTIABLE DATA*

ALFRED AUSLENDERt

Abstract. We study the variation under perturbation of isolated local minimizers of a nonlinear and
nondifferentiable optimization problem. For this we extend to the Lipschitzian case a fundamental result
concerning regular points. Then we introduce the notion of lower second-order directional derivative, from
which we obtain a second-order sufficiency theorem. These two results are finally used for obtaining bounds
for the variations of some classes of isolated minimizers.

Key words, mathematical programming, stability theory, second-order directional derivative, sufficient
conditions, locally Lipschitzian functions

Introduction. Let n be the usual vector space of N-tuples with the usual inner
product denoted by (.,.), and let m, p be positive integers. We denote by (1, p) the
set of integers included in 1, p ]. Let W be an open set in and let fg, gi (0, m), ]
(1, p) be real-valued locally Lipschitzian functions defined on n W. Let

C(w) (x RN" fi(x, w) <=O, Vi (1, rn), gj(x, w)=0 /f (1, p)}.

The purpose of this paper is to study the behavior of some classes of stationary points
of the optimization problem

P(w)" min fo(X, w) subject to x C(w),

when the parameter w belongs to a neighborhood of a point # W. More precisely
we want to generalize for nondifferentiable data some results obtained by Robinson
in [22]. It follows that the object of this paper is not the same as in the other studies
in stability theory with nondifferentiable data: Rockafellar [24], [25], Golan [13] and
others. The first part of this paper deals with regular points as they were defined by
Robinson [21] for the differentiable case and by Iotte in [17]. The main result of this
part is the following"

A point C() is regular if an extended Mangasarian-Fromovitz condition is
satisfied at the point.

In order to obtain stability results about stationary points in the differentiable
case it is necessary to use second-order sufficient conditions.

Then 2 is devoted to second-order sufficiency theorems for the locally Lipschit-
zian case. This leads, in particular, to the notion of a lower second-order directional
derivative for locally Lipschitzian functions, a notion which seems to be interesting
when used with lower-C2 functions, a new class of functions introduced by Rockafellar
[3].

Second-order sufficient conditions for certain classes of nondifferentiable func-
tions were given recently by several authors, for example, Ioffe [18], Fletcher and
Watson [12], Demjanov and Malozemov [10], Ben-Tal and Zowe [5], Spingarn [26]
and Chaney [6], [7]. All these authors with the exception of Chaney, study only certain
particular classes of locally Lipschitzian functions.

Finally, as an application of 1, 2 we give in 3 bounds for the distance between
local minimizers of problem P(w) and the local minimizers of the original problem.

* Received by the editors June 29, 1981, and in revised form October 10, 1982.

" D6partement de Math6matiques Appliqu6es, Universit6 de Clermont II, B.P. 45, 63170 Aubiere,
France.
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1. Regular points for locally Lipschitzian functions. Let E, be the set in W
of points where . is differentiable. From Rademacher’s theorem the complement of
E, is a set of measure zero. Let us denote by 0*/(x, w) the partial generalized gradient
of/ at (x, w) introduced by Hiriart-Urruty in [16]

0 )=co[ lim x.(xi, wi)l(xi, wi)f}w

Here V.(x,w) denotes the gradient of the function .(., w) at x and co (A) the
convex hull of A. This nonempty compact convex set may not coincide with the
generalized gradient of .(., w) at x introduced by Clarke and which we denote by

w)

0,.(x, w):co {limx,x V(xi, w)lxi sE,,(., w)}.
In this formula Er (., w) is the set of points in where . (., w) is differentiable.

The reason we sometimes use 0.(., .) instead of 0.(., .) is that the former is
a multi-valued map which is upper semi-continuous in both variables, which is not
always the case for 0x(’," ). Let us remark that we always have

(1.0) 0(.,. c 0(’," ), Oxgi(’," O gi(’," Vi, j.

This is a consequence of the following inequality:

h(Xi @ aO, W)--’(Xi, W) ’(Xi @ XO, Wi @ X O)--h(Xi, Wi)
lim sup lim sup
AO wiw

0

and of the fundamental theorem of Clarke ([9, Prop. 5, see also (2.0) below).
Now we give a condition that generalizes the Mangasarian-Fromovitz condition

to the nondifferentiable case and which is close to the condition given by Hiriart-Urruty
in [16].

DZFNTON 1.1. Let C(ff) and let I(,)={is(1, m)’f(,)=O}. The
point is said to satisfy the extended Mangasarian-Fromovitz condition for the set

C() if:
1) For each set {ci, dilisI(,ff),/s(1,p)} with csOfi(,), dsOg(,)

there exists a vector h such that

(c,, h) <0 isI(,), (d, h) 0

2) Each set {d If s (1, p)} with d 0g(, if) is composed of linearly independent
vectors.

The following definition of regularity is an extension of that given by Robinson
in the differentiable case, and given by Ioffe in the nonperturbed case.

DEFiNITiON 1.2. The point s C(ff) is called regular at ff if there exists an
open neighborhood V of , an open neighborhood W* of if(W* W) and a constant
c such that for each x s V, each w s W* we have

(1.1) dcw)(X)C max (f?(x, w), [g(x, w)l

In this formula dcw)(X) denotes the distance of x to C(w) and f max (fi, 0).
T8EOgEM 1.1. Suppose that sC() satisfies the extended Mangasarian-

Fromovitz condition for the set C() and that C(w) is nonempty for each w Wo,
where Wo is an open neighborhood of
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Proof. a) Let a (a 1, a2," am) with a 1, set I I(, ) and

T(x, w)=co(O*xf(x, w),aiO*g(x, w),isL f(1,p)).

We claim that for each a 0,g T,, (,f, if). Indeed in the contrary case there would exist
Ot Ai O, i O*f(a?, if) with iL&>-O,dO*g(, v) f (1,p) such that

p p

0= , Aici+ ajpid withEAi+ Y’. &=l,
iI(2,,) /=1 il ]=1

which contradicts the extended Mangasarian-Fromovitz condition. Let B(a?, fi) be
the closed ball centered at with radius ft. Since the convex hull and the union of
a finite number of multi-valued maps which are upper semi-continuous at a point is
again upper semi-continuous at this point T is upper semi-continuous at (, ),
and there exists fi > 0 such that B (if, fi) Wo and such that

Og (.J T,(x, w) Vx EB(Y,p) Vw EB(&,p).

Consequently there exists c > 0 such that

>i Vy E T(x, w) Vx EB(.,) VwEB(ff, fi)(1.2) Ilyll- -
Note that by I1" II, we mean the usual Euclidean norm.

b) Now we set

(1.3) F(x, w)=max (f-(x, w), ]g/(x, w)l [ie (1, m),/" E (1, p))
so that F(x, w) is always_>-0. Moreover, since the functions f are continuous we can
also choose t such that for x B (, t), w e B (if, 15) we have

max fi (x, w) < 0,

(1.4)
F(x, w)= max (f?(x, w), Igj(x, w)[ li eLIe(a,p)).

Now for p e [0, fi], w B(, tS) set

H(p, w)= max c{F(x, w)lx E B(Y, p)}.

Since F(Y, )=0 we have H(0, #)=0. Now by the "maximum theorem" H is
continuous. It follows then that there exists p* < fi such that

P *] *(1.5) H(p, w)<-_- Vp E[0,.p Vw EB(ge, p ).

c) Now we claim that the theorem is true with V=B($,p*/4) and W*=
B(,p*). Indeed, in the contrary case, there would exist uB($,p*/4),
w e B(, p*) such that

dc(w)(U) > cF(u, w),

and there would exist E ]1, [ such that

dc(w)(U) > tF(u, w)c.
Let 3’ tF(u, w)c. Since F(u, w) is->0, dcw)(U) is>0 and then F(u, w) is>0, so that
it follows that 3" is > 0. Moreover we have from (1.5) that

<tO 3(1.6) 3’ =<p.



242 ALFRED AUSLENDER

Then since y/t =F(u, w)c and since F(v, w)>=O we have

F(u, w)-<inf (F(v, w)lv IN)+ 7--.
tc

From [11, Chapt. I, Thm. 6.1 and (6.11)] there then exists u(w) such that

(1.7) Ilu
1

(1.8) uv(w) minimizes the functional v +F(v, w)/ llv-u (w)ll on

From (1.6) and (1.7)it follows that Since dc(w)(U)>y it follows from
(1.7) that uv(w)gC(w), and then

F(u(w), w)>0.

Set J(w)= {/" e (1,p): Igj(u,(w), w)l=F(u,/(w), w)}. This set of indices may be empty.
Now let

1 if gi(u,(w),w)>O,
ei(w) -1 if gi(u,(w), w)<O.

Since F(u./(w), w) is>0 then there exists a neighborhood X(w) of u,(w) such that
for each x X(w) we have

F(x, w)= max {fi(x,.w),gi(x, w)ei(w)li L.iJ(w)}

from which it follows, when using (1.0), that

tO w).

Now from relation (1.8) it follows that there exists yv(w) such that

1
Ily (w)ll a, yv(w)OxF(uv(w), w).

Then from (1.2) we have

1 1
c tc

1 ji1y (w) ->--c
which is a contradiction.

Remark 1.1. In the differentiable case Theorem 1.1 was given by Robinson in
[21 ]. When w is a fixed parameter a sufficient condition to obtain regularity was given
in. [17] by Ioffe. But even in the differentiable case Ioffe did not obtain a regularity
theorem under the classical Mangasarian-Fromovitz condition. Regularity theorems
were only obtained as corollaries in the linear case (Hoffman estimates) or for equality
constraints. In any event, his way of proving his main theorem was quite different
than the one used by Robinson. The proof given by Iotte was based upon the variational
principle of Ekeland, and this idea is used again in our proof.

Remark 1.2. Let L(x, A,/z, w)=fo(x, w)+Yi1(.)Ai(x, w)+j=llzigi(x, w)and
let OxL(x,a, lx, w) denote the generalized gradient of L(’,A, lz, w) at x. Now if
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2 s C() satisfies the extended Mangasarian-Fromovitz condition at for the set
C(ff) and if is a local minimum of f0(’, if) on C(ff) then by [16, Thm. 4.2] the
set fl(Y, if), defined by

(, l)={(Ai, t.6i)’OcgxL(,A, , 1,),Ai>-O Vi[(, if’)},

is a nonempty set.
Remark 1.3. One can ask if it is really necessary to assume in Theorem 1.1 that

C(w) f for all w in a neighborhood W0. Could not this be shown to follow from
the extended Mangasarian-Fromovitz condition? In [3, Thm. 2.1] this was proved for
vertical perturbations

L.x, w)=h(x) + w;, g(x, w) g(x) + w+.,

with the additional assumption that the functions gi are continuously differentiable.
In any event, the question remains open for the general case.

2. Second-order sufficient conditions.
2.1. Preliminaries. When f is a real-valued locally Lipschitzian function defined

on r, recall that f is almost everywhere differentiable, that Of(x) is the generalized
gradient off at x defined as the convex hull of the set of limits of the form lim f(x + hi),
where hi -> 0 as -> +oo, and that the generalized directional derivative f(x v) defined
by

f(x +h +Av)-f(x +h)
(2.0) f(x v) lim sup

AO
h-O

satisfies

(2.1) f(x; v)= max ((v,z)lz sOl(x)).

For the following we shall also use the upper and the lower Dini directional derivatives

f(x + ,v -f(x)D v) lim sup’+f(x
A-O

D’f(x; v)= lim inf/(x +Av)-f(x)
A-O

Since f is locally Lipschitzian these quantities are finite. If D’+f(x v) D’_f(x v) then
the common value denoted by f’(x;v) is the usual directional derivative of f at x in
direction v. Let be a function defined on In\0 with values in [. For d 0 one can
define

ql(d) lim inf q (h), q2(d) limsup q (h)
d
hO h->O

as follows:

limainf rp (h)= sup (inf {q (h)
e>O

h0

limsup(h)=inf(sup{q(h)a>o
h-}O

h
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Let us now introduce the notion of a lower second-order directional derivative
f’_’ (x d; d) of f at x in direction d 0 by setting

1 f(x+h)-f(x) D’_f x"(2.2) f" (x d; d) 2 lirnainf [[h
hO

Remark 2.1. f" (x; is lower-semicontinuous and

f’_’ (x; d; d) =f’_’ (x; Ad; Ad) VA # 0

Remark 2.2. If. f is twice differentiable at x then

f"_ d; d)

where V2f(x) is the Hessian matrix of f at x.

Vd#0.

In 2.3 we shall give some additional properties of this notion in the case of
lower-C2 functions, but before that let us use this notion for obtaining second-order
sufficient conditions.

2.2 Second-order sufficient conditions. Let C be a nonempty closed set in
and P the optimization problem

P: inf (f(x)[x C).

DEFINITION 2.1. A point g C is said to be an isolated local minimum with
order (i 1 or 2) of problem P if there exists a real m > 0 and a neighborhood V of
such that

(2.3) f(x) >f(g) + 1/2m ]]x 11i Vx V f’3 C, x .
For the following we shall assume that C; then let us denote by T(C; )

the usual tangent cone of C at g, that is

T(C;Y)={d RN: :lp,O,d, +d with g +o,d,C for all n}.
Recall that T(C; ) Rr if C [N. In order to state the results, set

(2.4) L/() {d # 0: D’+f(; d) <- 0}, L() {d # 0: D’_f(; d) <- 0},

(2.5) K+(g) T(C;g)fqL+(Y), K(g)= T(C;x)fqL(g)

and set (. [C) to be the usual indicator function of C

0 ifuC,6(u[C)= +m ifuC.
For functions whose directional derivatives exist, ihe sets K/($) and K(g) coincide
and the following proposition then gives a characterization of isolated local minimums
with order of problem P.

PROPOSITION 2.1. a) Let be an isolated local minimum with order of problem
P. If 1 then K+(g) is empty, else if 2 we have

(2.6) f*(; d) > 0 Vd Iu,
where f* is defined by

(2.7) [ 1 [f($+h)-]:($)]+8($+h[C)]f*(Y; d)= 2 lirninf [[hll
h-+O
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b) Conversely if K() is empty then is an isolated local minimum with order
1 ofproblem P. IfK() is nonempty and if we have

(2.8) f*(2; d)>0 VdeK(y),

then is an isolated local minimum with order 2 ofproblem P.
Proof. A) a) Suppose that Y is an isolated local minimum with order 1 and that

K+(2) is nonempty. Then there would exist d e L+(Y) with d 0, and p,+0, d, o d
with Y + p,d, C for all n. Since (2.3) is satisfied we have for n sufficiently large

mf(X +o.d.)-f(Y +p.d) +f(Y +p.d)-f(Y) >_
o.lld.II o.lld.II 2"

Since [ is locally Lipschitzian, as n m, we obtain

V(x d) > dll>o,

which contradicts (2.4).
b) If 2 is an isolated local minimum with order 2 then (2.6) is obtained immediately

from (2.3).
B) Suppose now that (2.3) is not satisfied for some (i 1 or 2). Then there

would exist a sequence of positive reals {m.} converging to 0, a sequence {x.} converging
to Y with x. Y such that

(2.9) f(x)<-f(Y)+m[[x-[[, xjC.

Let vi (xi-y)/][x -11; without loss of generality, we can suppose that the sequence
{vj} converges to some v, with [[v]l 1. Let a [[xi-[[ it follows from (2.9) that

(2.10) + aivi C, aj 0+,

(2.11) f(; +aivi)-f(; +air) +f(; +aiv)-f(;) < 1 -1

From (2.10) it follows that v T(C; 2) and from (2.11), since f is locally Lipschitzian,
as j --> oo we obtain

D’_f(g; v) _-< O.

Finally, v belongs to K(). This implies in particular, that (2.3) is satisfied for 1
when K() is empty. Now suppose that K(Y) is nonempty and that (2.3) is not
satisfied for 2. Then from (2.9) we obtain

(2.12) f(xi)-f([2) + 8 (xi C) <
1

IIx;- l =mi.

Passing to the limit as j - 0o it follows that

f*(x; v)-<O,

which contradicts (2.8).
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In general it is not easy to compute/*(2?; d). In order to obtain (2.8) one can
try to obtain lower bounds of/*(f; .) which are strictly positive on K(f). Consider,
for example, the unconstrained case C=RN’, then T(C,Y)=RlV, K(Y)-
L(27),8(. C)-0 and an obvious necessary condition for a point x to be a local
minimum is that

(2.13) D’_f(x;d)>-O Vd6Niv.
Points that satisfy (2.13) will be called stationary points for f. Let be such a point,
then it follows from (2.13) that

f*(.f;d).>__f!’_(.f;d;d) Vd’v.
Then we easily obtain"

COROLLARY 2.2. Let C . Suppose that is a stationary point, that L() is
nonempty and that

(2.14) f"(.f; d; d)>0 Vd 6L(,).

Then is an isolated local minimum with order 2 ofproblem P.
Remark 2.3. When f is twice continuously differentiable at 2? Corollary 2.2 is

a generalization of the standard second-order sufficiency theorem.
To show that assumption (2.14) is "suitable" we shall prove now that under the

conditions given by Demjanov and Malozemov 10] for the discrete minimax case (2.13)
and (2.14) are satisfied. Let us first recall that a locally Lipschitzian function f: --> R is
subdifferentially regular if for every x I, v the ordinary directional derivative
f’(x; v) exists and satisfies

f’(x v) =f(x; v).

For such functions, introduced by Clarke [8], (2.13) is equivalent to

and for such points we have

0/(x)

L(x) {d 0: f’(x; d) 0}.

Let now ti, (1, m) be real-valued functions defined on N and twice continuously
differentiable, and let

t(x) max (ti(x)]i (1, m)).

Set I(x) {i: ti(x) t(x)}; then it is well known that is subdifferentially regular and that

t’(x; d) =max ((Vti(x), d)li I(x)).
Furthermore:

COROLLARY 2.3. Suppose (assumptions ofDemjanov and Malozemov [10]) that
0 Ot (.), that L() is nonempty and that ]:or some 3’ > O, O > 0 we have

min max (V2ti(2?)d, d) >=p,
dG iI(2;d)(2.15)

where

I(; d)={i s I(aT): (Vti(.f), d)= t’(; d)},

{d: Ildll 1, 0 <- t’(; d) <-- /}.
Then (2.14) is satisfied.
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Proof. Since the functions t. are twice continuously differentiable we have for
each/"

(2.16) tj(+h)=tj()+(Vt(),h)+1/2(V2tj()h,h)+llhl[Zej(,h),
where lim,_.o ej(, h) 0.

Let I(;h;h)={iEI(;h)’(vZti(Y)h,h)=maxjt(;)(Vt($)h,h)}. Since
2t(Y+h)>=max(ti($+h)lfEI(Y;h;h)) and since tj()+(Vti(Y),h)+(V ti(x)h,h)

is constant for/" I(g; h; h), it follows from (2.16) that for/" I(a?; h; h) we have

1 (t(+h)-t(g)(2.17) [- Ilhl[
t’ . => 72t.()77- + min e.(, h).

j(1,m)

Since L() let now d 0 such that

t’(; d) O.

Since OOt(Y), t’(; h) is ->_0 for each h; then since t’(g;.) is continuous there
exists e > 0 such that

O<llhlle,
h d

From (2.15) it follows that

<--e O<-t’(Y,; lhl) <= y.

and (2.17) becomes

which implies

VfEI(y;h;h)

1 (t(+h)-t() t’ " _->+ min ei(’h),
j(1,rn)

t" (; d; d)>-p >0.

In fact we can give an improved version of corollary 2.2.
COROLLARY 2.4. Let C . Suppose that g is another real-valued locally Lip-

schitzian function for which

(2.18) g(g)=f(), g(x)<-f(x) Vx V,

where V is a neighborhood of. Suppose also that L() is nonempty and that

(2.19) D’_g(;d)>=O VdE,
(2.20) g’-’ (; d; d) > 0 Vd L().

Then is an isolated local minimum with order 2 of problem P.
Proof. From (2.18) and (2.19) we obtain

f*(x d) => g’_’_ (x d; d).

Then the result follows when using Proposition 2.1 and (2.20).
Remark 2.4. We shall see in 2.3 that Corollary 2.4 is really an improved version

of Corollary 2.2, but this can be seen immediately by means of the following example.
Let f(x, y) max {x + y2, 4x x z yZ}. We have

(o, o) of(o, o).
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Let C be the circle defined by

C {x" ti(x) <=0 Vi (1, p}, sj(x) 0 (1, m)}.

Outside this circle we have )(x, y)= x2+ y2, while inside the circle we have [(x, y)=
4x -x2- y2. Let d (0, 1). Then with z* (0, 0),/"(z*’, d) 0. Pick zk (xk, y) in
the interior of the circle so that {z} converges to z* in direction d. Now we have

l[f(zk)-f(z*)-f’(*zllll)][[Zk Ilkll

1
z ,,z,,[nx, -x y -4x,] -1.

Hence (2.14) is not satisfied but (2.18), (2.19) and (2.20) are satisfied for g(x, y)=
x2+y 2.

Let us consider now the usual constrained case where C is given by

C ={x: ti(x) <_-0 Vi (1, p), si(x) =0 Vj (1, m)}

and suppose that ti, s. are real-valued locally Lipschitzian functions defined on Iu.
Let I() {i (1, p): ti()= 0}. For given real A->0, I07),/i,/" (1, m) set

J($)={i6I(Y)" Ai>O},Lx,.(x)=f(x)+ Z Aiti(x)+ isi(x).
iJ(2) /=1

COROLLARY 2.5. Suppose that K() is nonempty and that them exist (A, tz) such
that

(2.21) D ’_Lx., (; d) => 0 Vd [r,

(2.22) (L.,)"_(Y;d;d)>O VdK(Y.).

Then is an isolated local minimum with order 2 ofproblem P.
Proof. By definition of Lx., we have

L,. (X) f(X), L,. (x) -<_ [(x) Vx C.

Then by (2.21) we obtain

[]h[l[f(+h)-f()] ] I [Lx,.(Y. +h)-Lx..()[Ihll /hie) >= Ilhll
from which it follows, when passing to the limit, that

]’*(aT; d)>_-(La.,)"(.f; d; d)>O Vd K(.f),

and the theorem is proved by using Proposition 2.1.
Remark 2.5. When the data functions are twice continuously differentiable it is

obvious that Corollary 2.5 coincides with Hestenes [15, Thm. 10.3], from which we
can obtain easily the usual classical second-order sufficiency theorem (see for example
Han and Mangasarian [14]).

Second-order sufficient conditions for certain classes of nondifferentiable func-
tions were given recently by several authors: Ioffe [18], Fletcher and Watson [12],
Demjanov and Malozemov [10], Ben-Tal and Zowe [5], Spingarn [26] and Chaney
[6], [7]. All these authors with the exception of Chaney study only certain particular
kinds of locally Lipschitzian functions. In [10] Demjanov and Malozemov are inter-
ested in the discrete minimax problem. In [5] Ben-Tal and Zowe are concerned with
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three particularly important topics: /x-approximation, the minimization of the exact
penalty function and the minimization of the classical penalty function. In [12] Fletcher
and Watson consider the problem

minimize f(x) (x) + IIr(x)lla

subject to ]lc(x)l]n-<_ h, where f, r, c are twice continuously differentiable functions and
I1" IIa, I1" I1 are any norms on R. In [18] Ioffe minimizes functions of the form

f(x)=g(G(x)),

where g is a sublinear function and G is assumed to be twice continuously differenti-
able. In [26] Spingarn proves another kind of theorem: if is a local minimizer and
0f-1 is Lipschitz continuous at (0, g) then one has a relation like (2.3). In Chaney’s
paper [6], if we consider for example the unconstrained case, condition (2.3) is satisfied
under assumptions other than (2.13) and (2.14). The point of view adopted here is
not the same. Corollary 2.2 is centered on the notion of lower second-order directional
derivatives, and this corollary is useful if it is possible to easily obtain lower bounds
for f’_’.

2.. Some additional lrOlerties for lower-C functions. If we restrict ourselves
to lower-C functions more can be said about the lower second-order directional
derivative and about sufficient conditions. These functions were introduced by
Rockafellar in [23] as follows:

DEFINITION 2.2. A real-valued function f defined on is lower-C2 if for each
point g R there is for some open neighborhood X of g a representation

(2.23) f(x)=maxF(x,s)ss for all x X,

where S is a compact topological space and F"X S --> [ is a function which has partial
derivative and about sufficient conditions. These functions were introduced by
continuous not just in x but jointly in (x, s) X S.

Now we recall the fundamental theorem given by Rockafellar [23, Thm. 6].
THEOREM 2.6. For a locally Lipschitzian function f: Rr - R thefollowingproperties

are equivalent"
a) f is lower-C
b) Of is strictly hypomonotone, that is:

(2.24) lim inf
(x’- x", y’l y’’)

x’-.x,y’orCx’ x-;-x 7’ >-oo for all x.
x"x,y ,gf(x")

c) For every Rr there is a convex neighborhood X of on which f has a
representation

f g h on X with g convex and finite, h quadratic convex.

d) For every g there is a neighborhood X of g and a representation of f as
in (2.23) with S a compact topological space, F(x, s) quadratic in x and continuous
in s.
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Remark 2.6. From (2.24) and (2.25) it follows that these functions coincide with
those introduced by Malivert in [19].

Let us now remark that, whenf is a lower-C2 function, f is sub-differentially regular
and then let us introduce the quantities"

D"_f(x; d; d)= lim inf
f’(x + h;h/llh[I)-f’(x;

hO

D/f(x d; d) lim sup f’(x + h; h/llh II) f’(x h/llh

1 [f(x + h) -f(x)
f (x d; d) 2 limsup IIh

h0

Now remark with Rockafellar [23] that formula (2.25) is crucial since it implies that

local properties of convex functions will be carried over to general lower-C2 functions.
Hence we have:

PROPOSrrION 2.7. Suppose that f is a lower-C2 function. Then

(2.26) -oo<O"f <-f" <=f_ <=D_f.

Proof. Following (2.24), we have

-oo<D"f(x;d;d) x Vd#O.

Now, following (2.25), we have

f
llhll

f, ( Oh h)f(x + h) -f(x) x +" dO
0 IIh II’ IIh II

so that

0
f ’’"" f’ x +

IIh [l’ IIh
x; de + Ilhllf’ x;

1 [f(x+h)-f(x)-f’(x Ilhll;llll f x; dO

f(x + ullhllh/llhll; h/llhll)-f(x h/llhll)
du,U

u[Ihll
which obviously implies (2.26).

Proposition 2.7 shows that f’_’ is finite and gives a lower bound for f’_’ which can
be easier to compute in some cases. Now recall from Mignot’s theorem [20] and
representation (2.25) that there exists a set Ef in X of measure zero such that Of is
differentiable at each point of Ef X\Ef in the following sense"

Of is differentiable at x if Of(x)= {T’f(x)} and there is a linear transformation
denoted by D"f(x) such that

or, in other words,

II(z (x D"f(x )(z x )11 0 (llZ x II)

v > O " Vz with llz- xll , Vz* Of(z)

IIz * (x -D"f(x )(z x )ll I1 xll,
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From this property and from Proposition 2.7 follows:
COROLLARY 2.8. Suppose that is a lower-C2 ]:unction. Then we have

f"(x;d;d)= D"f(x)[[, Vd#O VxeE.

Finally we shall now prove a sufficiency proposition for lower-C2 functions which
can also be obtained by using Chancy [6, Corollary 2.18]. This proposition requires
"knowledge" of the function F(., which appears in the definition.

PROPOSITION 2.9. Suppose that f is lower-C2 and is defined by (2.23). Let
I()={sS:f()=F(,s)}. Suppose that them exist indices si, i(1, m) in I()
and reals ai such that

aiVxF(Y, si)=O, ai=l, ai>=O Vi(1, m).
i=1 i=1

Suppose also that L(Y) is nonempty and that

2d 0, f’(a?; d) 0=> E ai(VxxF(Y, si)d, d) > O.
i=1

Then, for C NN, y is an isolated local minimum with order 2 of problem P.
Proof. Use Corollary 2.4. Choose the auxiliary function g(. to be ia aiF(’, si).

3. Stability of perturbed systems. In this section the notation is the same as in
1. Let r > 0 and set

C(w)=C(w)fqB(Y,r),

where B (, r) is the closed ball centered at with radius r. Also let

(3.0) cr(w)=min{f0(x, w)lx G(w)}, M(w) {x e G(w): [o(X, w) (w)}.

The following theorem now gives, as was announced in the introduction, bounds for
the distance between the local minimizers of perturbed problems and the local
minimizers of the original problem. This theorem is a generalization of Alt [2, Thm.
4.6] given for differentiable data.

THEOREM 3.1. Let C rF ). Suppose that Y, satisfies the extended
Mangasarian-Fromovitz condition for the set C() and that for each s (0, ] there
exists a real t(s)>0 such that C(w) is nonempty for each w6B(,t(s)). Suppose
furthermore that , is an isolated local minimum with order (i 1 or 2) of problem
P(). Then there exist constants r, rl, L strictly positive such that

(3.1) IIx-.elliLIIw-ll VxM,(w) VwB(,ra).

Proof. This proof is similar to Alt’s proof given for differentiable data.
A) Since $ is an isolated local minimum with order of problem P(ff), there

exists s > 0, e > 0 such that

(3.2) fo(x, ,) >foCe, ,) + 1/2, IIx ell’ Vx e G(,), x # :e.

Since C() satisfies the extended Mangasarian-Fromovitz condition for the set
C(ff), a? belongs to Cs(ff) and satisfies the same condition but for the set Cs(ff).
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Furthermore, since Cs(w)# for w sB(#, t(s)) it follows from Theorem 1.1 that
there exist r e ]0, min (s, t(s))] and a constant c such that

Cs(w)f VweB(ff,r),

dc,(w(X)<=c ma.x(f[(x, w),lg(x, w)l) VxB($,r) VwB(,r).

Let /(r)=min (r,t(r)). For each w, w’B(,l(r)), C(w’) is nonempty and for each
x C(w’) this inequality is equivalent to:

dc,(w(X) c max (f (x, w) -f[ (x, w’), g(x, w)l- Igi(x, w’)l).

Now for each x B($, r) and each w B(#, l(r)) let Xw(X) be such that

(3.3) Xw(X)C(w), IIx-xw(x)ll=dc,(w)(X).
Since the functions f and gi are locally Lipschitzian it follows that there exist Lo>
0, L > 0 such that

(3.4) IIx-xw(x)llLollw-w’[[ xC(w’) w,w’B(,l(r)),

I0(x, w’)-o(Xw(), wl Z(llx w(1 + IIw w’[l)
Vx e C(w’) Vw, w’ eB(, l(r)),

from which it follows that if we set 6 (1 +Lo)L then

(3.5) Io(x,w’)-o(Xw(X),W)lllw-w’ll xeC(w’) w,w’eB(,l(r)).

B) Now let rl min (l(r), l(r)/Lo); if x and w’= it follows from (3.3) and
(3.4) that for w B(, rl) we have

and then from (3.5) it follows that

(3.6) (w)o(Xw(), w)()+llw-ll Vw eB(,rl).

C) If we set w we obtain, from (3.2) and (3.5), for each w’ e B(#, rl) and
for each x e C(w’)

(3.7) o(, )+llx(x)-ll’ o(x(x), )o(x, w’)+llw’- 1.
Since a(#)=[o(, if), taking x eM(w’) then we obtain

(3.8) ()-(w’)llw’-ll Vw’ eB(,r),

(3.9) (w’)e()+llx(x)-ll’-llw’-ll Vw’ eB(,ra).

From (3.6) and (3.8) we obtain

Now, since we have

IIx 112 [Ix x (x)11= + 21Ix x (x)1111x (x) 11 + I1 x (x)11=,
then it follows from (3.4) and (3.9) that there exists a constant L2 such that

(w)e()+llx-ll’-(L2+)llw-ll w(,r) x Mr(w),

and (3.1) follows from (3.10).
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Remark 3.1. Let us return to Remark 1.3 with vertical perturbations and assume
that y satisfies the extended Mangasarian-Fromovitz condition for the set C().
Then since YC(), for each s(0,] the point satisfies the extended
Mangasarian-Fromovitz condition for the set Cs() and it follows from [3, Thm. 2.1]
that there exists t(s)>0 such that Cs(w) is nonempty for each w B(a,, t(s)).
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Remark 2.4 which were suggested by one of the referees.

REFERENCES

[1] A. D. ALEXANDROFF, Almost everywhere existence of the second differential of a convex function
and some properties of convex surfaces connected with it, Leningrad State Univ. Ann. Math., Ser.
6 (1939), pp. 3-35. (In Russian.)

[2] W. ALT, Lipschitzian perturbations of infinite optimization problems, Proc. Second International
Symposium Concerning Stability in Mathematical Programming, A. V. Fiacco, ed., Marcel Dekker,
New York, to appear.

[3] A. AUSLENDER, Differentiable stability in nonconvex and nondifferentiable programming, Mathemati-
cal Programming Study, 10 (1979), pp. 29-41.

[4] A. BEN-TAL, Second-order and related extremality conditions in nonlinear programming, J. Optim.
Theory Appl., 31 (1980), pp. 143-167.

[5] A. BEN-TAL AND J. ZOWE, Discrete ll approximation and related nonlinear nondifferentiable problems,
contributed paper, Mathematical Programming Symposium, Confolant, 1981.

[6] R. W. CHANEY, Second-order sufficiency conditions for nondifferentiable programming problems, this
Journal, 20 (1982), pp. 20-33.

[7] ., A general sufficiency theorem for nonsmooth nonlinear programming, Tech. Rep., Western
Washington University, Bellingham, WA, 1982.

[8] F. H. CLARKE, Generalized gradients ofLipschitz functionals, Madison M.R.C. Tech. Rept., University
of Wisconsin, 1976.

[9],A new approach to Lagrange multipliers, Math. Oper. Res., (1976), pp. 165-174.
[10] V. F. DEMJANOV AND V. N. MALOZEMOV, Introduction to Minimax Theory, John Wiley, New

York, 1974.
[11] I. EKELAND AND R. TEMAN, Analyse convexe et problmes variationnels, Dunod, Paris, 1974.
[12] R. FLETCHER AND G. A. WATSON, First and second-order conditions for a class of nondifferentiable

optimization problems, Math. Programming, 18 (1980), pp. 286-291.
[13] B. GOLAN, Perturbation theory for abstract optimization problems, J. Optim. Theory Appl., 35 (1981),

pp. 417-442.
[14] S. P. HAN AND O. L. MANGASARIAN, Exact penalty functions in nonlinear programming, Math.

Programming, 17 (1979), pp. 251-259.
[15] M. R. HESTENES, Calculus of Variations and Optimal Control Theory, John Wiley, New York, 1966.
16] J. B. HIRIART-URRUTY, Refinements of necessary optimality conditions in nondifferentiable program-

ming I, Appl. Math. Opt., 5 (1979), pp. 63-82.
[17] A. D. IOFFE, Regular points of Lipschitz functions, Trans. Amer. Math. Soc., 251 (1979), pp. 61-69.
[18],Necessary and sufficient conditions for a local minimum, this Journal, 17 (1979), pp. 245-289.
[19] C. MALIVERT, Mthode de descente sur un ferm non convexe, analyse non convexe, Bull. Soc. Mat.

France, 60 (1979), pp. 113-124.
[20] F. MIGNOT, Contrdle dans les in Equations variationnelles elliptiques, J. Funct. Anal., 22 (1976), pp.

130-185.
[21] S. M. ROBINSON, Stability theory for systems of inequalities, Part II: Differentiable nonlinear systems,

SIAM J. Numer. Anal., 13 (1976), pp. 497-512.

[22], Generalized equations and their solutions, Part II: Applications to nonlinear programming,
Tech. Rep. 2048, Mathematics Research Center, Univers[ty of Wisconsin, Madison, 1980.

[23] R. T. ROCKAFELLAR, Favorable classes ofLipschitz continuous functions in subgradient optimization,
Tech. Rept., I.A.A.S.A., 1980.

[24], Lagrange multipliers and subderivatives of optimal value functions in nonlinear programming,
Math. Programming Study, 15, to appear.



254 ALFRED AUSLENDER

[25] .,Proximal subgradients, marginal values and augmentedLagrangians in nonconvex optimization,
Math. Oper. Res., to appear.

[26] J. E. SPNGARN, Submonotone mappings and the proximal point algorithm, Tech. Rept., School of
Mathematics, Georgia Inst. Technology, Atlanta, 1981.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 22, No. 2, March 1984

984 Society for Industrial and Applied Mathematics
0363-0129/84/2202-0006 $01.25/0

FINITE DIMENSIONAL COMPENSATORS FOR PARABOLIC
DISTRIBUTED SYSTEMS WITH UNBOUNDED CONTROL

AND OBSERVATION*

RUTH F. CURTAINt

Abstract. It is proved that for a class of parabolic distributed parameter systems with unbounded
control and observation there exists a finite dimensional compensator using dynamic output feedback.
Finite dimensional means here that the dynamics relating the input to the output is finite dimensional. A
constructive design algorithm is presented and several examples are considered.

Key words, parabolic systems, compensators, unbounded control, dynamic output feedback

1. Introduction. The important problem of stabilizing infinite dimensional sys-
tems has received much attention in the literature. Although state feedback stabiliz-
ation is an interesting theoretical problem, in infinite dimensions one can never observe
the whole state and so it is necessary to stabilize by output feedback. Static output
feedback via either distributed or boundary control and/or observations has been
considered by Nambu [19] and Triggiani [30], [31] for second order parabolic systems.
Stabilization by dynamic output feedback (often called compensation in the literature)
has been considered by Curtain [6], Fujii [15] and Nambu [20] for classes of parabolic
systems, including boundary control and observations at points or on the boundary.
All these approaches share the common disadvantage that the stabilization scheme
is infinite-dimensional.

A major advance was made by Schumacher [26], [27], when he gave a theory
for designing finite dimensional compensators for a large class of systems, including
parabolic and delay systems. However, in his theory it must be assumed that the
control and observation operators are bounded, which for distributed systems means
that point and boundary action are excluded.

It is the purpose of this paper to develop a theory for finite dimensional com-
pensator design for distributed parameter systems, where the control and observation
may be implemented pointwise or at the boundary of the domain. Although this paper
borrows much from Schumacher [26], it is not clear how one could extend his design
to unbounded control operators B, as his design is given in terms of eigenfunctions
of A +BF. What is presented here is an alternative compensator design which does
extend to the unbounded case, and proves to be a simpler approach for the bounded
case as well 53.

The design is outlined in 2 for the bounded case to clarify the connections with
Schumacher’s work and to clarify the ideas underlying the sequel. In 3 a theoretical
existence theorem is proved under technical assumptions reminiscent of earlier work
[6], [7]. These assumptions are fairly general and guarantee the existence of a finite
dimensional compensator, but, as in [27], there is no upper bound on the order. To
ensure an implementable compensator design, Schumacher gave a test for the stability
of the compensator in terms of zeros of a Weinstein-Aronzajn determinant and we
extend this result in 4, but here we are forced to assume that the control is bounded.
One way out of this dilemma is to reformulate the problem so as to obtain a bounded

* Received by the editors March 30, 1982, and in revised form November 20, 1982. This paper was
written while the author was visiting the Mathematics Department of the University of Melbourne, Australia.

Rijksuniversiteit Groningen, Mathematisch Instituut, Postbus 800, 9700 Av Groningen, The
Netherlands.
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B as in [11], [21] and this is followed up in 5, together with some examples of a
diffusion system with point or boundary observation and control for both Neumann
and Dirichlet conditions. In the conclusions in 6 the scope of this approach is
discussed in more detail together with comparisons to related recent work in [9], [10],

2. Motivation o| the compensator design. In view of the complicated technical
assumptions needed to establish a rigorous theory, it seems useful to motivate the
compensator design by considering a very special class of systems"

(2.1) 2 =Az +Bu, y =Cz.

We assume that A is a self-adjoint operator on a real, separable Hilbert space Z and,
furthermore, that A has compact resolvent. This implies that A has a point spectrum
and, for simplicity, we suppose that the eigenvalues {h} are simple and h >h>
h3 >’". The corresponding eigenfunctions then generate a complete orthonormal
basis {ei} --1 for Z. Using this basis for Z, we have that A =diag (h, h2, .) and A
generates the analytic semigroup Tt diag (e x’’, eX’, .) (see [7, p. 46]). We assume
that B q(R ", Z) and C (Z, R k).

Now the problem is to design a finite dimensional compensator for (2.1) to
stabilize the system

(2.2) ff Mw + Ly, u Qw.

Combining (2.1) and (2.2) we obtain the extended operator A on Z W, WR"
for some n > 0.

(2.3, A=(LAC BMQ).
If the unstable eigenvalues of A are hi,.. ", h, then it is known [29], [25], how to
choose Fo (R ", R) and Go &(R , R k) SO thatA +B (F00) andA + ()C are stable
with eigenvalues A,+x,A,/2,..., determined and r arbitrarily assignable ones. Let
F (Fo0) and G (o) and define

Z=span{ea,’’’,e},

and let R be the isomorphism between Z" and R".
For our compensator we let W =R" for n >-r and choose O=FR-a,L =-RG

and M R (A + 1-I,,BF + GC)R-, where 1-I, is the projection from Z to Z". Then O,
L and M are well defined matrices of appropriate sizes, and are calculable in terms
of A , ., A,, Fo, Go and II,B and C/Z". We proceed to show that the corresponding
extended matrix Ae on ZR" is asymptotically stable for n sufficiently large. Now

(2.4) A -RGC R (A + II,,BF + GC)R- HH-’
where

(2.5) H
R II,, -T- H-

TR l-I,,

and

(2.6)
R-1 w)T: w-* maps W R" to M,
w
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the n-dimensional subspace of Z R defined by

x

Thus T and H are isomorphisms and since BFH, BF,

(2.8) Z.x (A +oBF -BFR -1T-a 0 0
TR(A +GC)R-T-) +(TRG(C-CI-I.) 0)"

The spectrum of

A +BF
0

-BFR -1 T-1 ,
TR (A + GC)R-aT-a

is cr(A +BF)CJcr(TR(A +GC)R-aT-1) and we have seen that this can be made to
be in Re h =< h+x for arbitrary r. Ae is a degenerate perturbation of this operator since
the range of G is finite-dimensional and so its spectrum is also discrete. Bounded
perturbations of analytic semigroups are also analytic and so the spectrum of the
generator determines the stab.ility of the semigroup, and we have as an estimate for
the semigroup generated by Ae,

11 711-<-rn e xr+l’

and m does not depend on n. So for IIc-cH.II sufficiently small, or n sufficiently
large, f’ will be asymptotically, stable. The stability can also be directly checked by
calculating the eigenvalues of Ae from the Weinstein-Aronszajn method [16, p. 244].

The above approach is applicable to a large class of systems, for example the
parabolic and delay systems considered by Schumacher in [26] and [27]. In fact, the
only difference lies in our different choices of the Ae operator. He uses the isomorphism

H=
0 T

to show that his Ae is similar to one of a simpler form and he later perturbs the G
operator. Under the H isomorphism, our Ae is similar to

A+GC
TRGC

o
TR (A + II,BF)R-1T-1 +

(B H,B)FR T-I’
0 ]

which indicates the lack of bias of our design with respect to either the B or C
components. It is difficult to compare these two approaches from a theoretical point
of view, as neither gives an upper bound for n, the compensator order; it is more
appropriately done via numerical studies e.g. [5]. Our interest here and the motivation
for deriving an alternative approach is to extend the theory to allow for unbounded
B and C operators. The theory of Schumacher assumed that B and C were bounded,
and in particular relied on eigenfunctions of A +BF, which for unbounded B seems
difficult to interpret.

We proceed in 3 to show how Ae in (2.4) can be interpreted for unbounded B
and C for a class of parabolic type systems.
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3. A theoretical existence result. We shall use the mathematical formulation for
unbounded B and C operators outlined in [7, Chapt. 8], and it shall be necessary to
develop some further results. Consider the following abstract systems

(3.1) z(t) Tzo+ T_Bu(s) ds,

(3.2) y (t) CStxo,

where Tt is a strongly continuous semigroup with infinitesimal generator A on the
Banach space Z, zosZ; B" U-->Z is a linear map on the Banach space U and
u s LP[0, tl; U]. St is a strongly continuous semigroup on the Banach space X, Xo sX
and C"X --> Y is a linear map onto the Banach space Y. B and C will not be bounded
in general, but satisfy.the following hypotheses’

HI(B, Tt, Z, U, W, gl). There exists a Banach space I/with Z dense in 1/such
that"

(a) ff/=Z, ff/=R(B);
(b) B (U, W);
(c) Tt .f’(W, Z), >0;
(d) IIT,wllz <--g(t)llw[l, Vw if" for t(o, tl), where gl L(0, tl), 1 <q <o0.

H2(C, St, X, Y, .W, g2). There exists a Banach space .W dense in X such that:

(a) .W c X, .W c D(C);
(b) C (.W, Y);
(c) St .(X, .IV), < 0;
(d) IlS, xllc<-g=(t)llxll,, VxS for (O, tl), where g2sLr(O, tx), 1 <r <oo.
Whenever we write Ilnll and IIcII, the norms refer to those in(U, I/) andS( .W, Y),

respectively.
We remark that the semigroup property of Tt implies that the (d) of HI holds

for all t>0, where on [tl, OO), g(t)<-_mg(tl)ewt’-t)=mle wt. Similarly for St with
g(t)= mEe

-wt on [tl, o3) where the exponents refer to the growth constant of the
respective semigroup.

As we shall see in the examples in 5, the B operator will be typically identifiable
as AD for some D s (U, Z) and the operator C will be A-bounded. The assumptions
H1 and H2 are in fact more general and allow us to deduce more about successive
perturbations and growth rates of semigroups (Lemma 3.2) and the spectrum deter-
mined growth assumption (Lemma 3.3).

We shall be concerned with two types of perturbed semigroups, which arise
naturally in the case of state feedback u -Fz(t) for an F (Z, U) and in the case
of output injection u Gy(t) for a G (Y,Z). The first case leads to the integral
equation

(3.3) Vtz Ttz + Tt_BFVz ds, z Z

and the second to the equation

(3.4) Utx =Stx + Ut_GCSx ds, x X.

Equations (3.3) and (3.4) are duals it we suppose that X is reflexive and we identify
Z X*, T $,*, Y*= U, B C* and F G*. If we let .W*= then we see that
H2(C, St, X, Y, .W, g2),HI(B, Tt, Z, U, I,/, gl). We shall use this duality in the sequel
to deduce results about C perturbations from corresponding ones about B perturba-
tions.
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The existence of solutions of (3.3) and (3.4) was established in [7] essentially
using the following results on Volterra integral equations.

LEMMA 3.1 [7, pp. 224--226]. Consider the integral equation

(3.5) f(t) h(t)+ k(t-s)f(s) ds,

where h eLe(O, T),k La(O, T) and are both positive. Equation (3.5) has a unique
solution f LP (0, T) and

aTe
(3.6) [IfI[LP(0’T) <=

1_--[[h [[LPO,T1,

where a is chosen so thatM e-k (s) ds < 1. If instead of equality in (3.5) we have
inequality, then the estimate (3.6) remains valid.

We now proceed to extend the results on V proved in [7].
LEMMA 3.2. If HI(B, T, Z, U, W, gl) is satisfied, then"
(a) Equation (3.3) has a unique solution V which is a strongly continuous semigroup

on Z.
(b) The growth constant of V is bounded by

(3.7) a W1 + IIBII IIFIl([Igl[l"(0.. + m),

where w is the growth constant of T.
(c) There exists gl eL"(O, ta) such that HI(B, V, Z, U, , gl) is satisfied.
(d) If H2(C, T,Z, Y, W, g2) is satisfied with ggzeLx(O, tl), then there exists a

g2 L (0, tx) such that H2(C, Vt, Z, Y, , g2) is satisfied.
Proof. (a) This assertion is proved in [7] by first establishing a solution of (3.3)

in Le[(0, t2); (Z)] analogously to the proof of Lemma 3.1. That the solution Vt is a
strongly continuous semigroup is then proved directly using (3.3).

(b) We now proceed to show that (3.3) has a solution Le[(0, T); (Z)] for all
T by showing that a in Lemma 3.1 can be chosen to be independent of T. The
corresponding k(t)=[[BllllF[lgl(t)where gl(t) satisfies (d)of H1. This follows from
taking estimates of (3.3)

W.z T.z + gl(t s)llB Ell Wz as

and identifying f(t)= Ilw, z[I, h(t)= IIT, zll, Now
T

kM e (s) ds

[IBII Ilfl[ gl(S) e ds + g(s) e ds

T

( 2m1111fll ,2 11+ choosing > w.

(3.8) M =< 211nil IIFIl(llg[i + m,).
( --W1

So
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A suitable choice for c is given by

(3.9) a W1 + 2IIBll IIFIl(llg[I + ml).

This ensures an Ms < 1 and independent of T and so (3.3) has a unique solution in
Le[O, T; (Z)] for all finite T. You can prove that itis a strongly continuous semigroup
on [0, T] as in [7]. We now proceed to estimate IIW, zll from (3.3).

V,z -<-II T,z / T,_BFVz ds

<--m e.’llzll + gl(t-s)[IBll llfl[ llvll llzll ds,

so for all > 0, we have

me

(Wl--O)t’4- e-(’-’g(t-s)llBIIIIFIIIle-=Wllds

(1-, /M sup [le-Wll from (3.8).
Ost

Now c > w 1, and Ms < 1 is independent of and so

or, in other words,

m
oSP Ile-wll <

(3.10) IIW, <=em
1-Ms

and c given by (3.9) represents a bound for the growth constant of Vt.
(c) From (3.3) and (d) of H1 we obtain the estimate for w

IIW,wllz g(t)[Iwll+ g(t-s)llBIIIIFIIIIWwllds.

Now for 0 =< <- tl, letting f(t) IIW,wllz, we have

e ttl
<- g(t)llwll /llll IIFII IIgllo

-M
IIgllallwll from Lemma 3.1.

Thus we can define gl(t)= gl(t)+[[B[I [IFI[ Ilgl[Iq(eq/(1 -M))llgalla on (0, t,).
(d) From (3.3) (d) of H1 and (d) of H2, we obtain the following estimate

Ilgtz[l <- gz(t)llzllz / g2 g IlBll llFII IIgzllzds

<=g2(t)llZllz + ge gl ge*llzllzds by (b)

z(t)llzllz,
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where
t/2

g2(t)=g2(t)+K L gl(u)g2(u)ea(t-2U)du

t/2

<-_g2(t)+Ke ’’ gl(u)g2(u) du
aO

and so if gxg2 LI(0, tl), g2 Lq(0,
Using the duality referred to after (3.4), one can deduce obvious dual versions

of this lemma for C perturbations.
The stability estimate obtained in (3.7) is not very sharp; if B is bounded we

obtain an upper estimate of W1 + m IIIBI] IIF[[, m m 1. In fact a better way of examining
the stability of perturbations of a semigroup is to examine the spectrum of its
infinitestimal generator. As is well known [29] a necessary and sufficient condition
for this is

A1. The spectrum determined growth assumption. The following condition.

sup Re o-(A) lim
log IIT,

holds for analytic semigroups as was recently shown in [8], also for our class of
unbounded perturbations.

LEMMA 3.3 [8]. Let Tt be a strongly continuous semigroup with infinitesimal
generator A and .suppose that Vt is the perturbed semigroup by an F (Z, U) under
HI(B, Tt, Z, U, W, gl).

(a) For Re A greater than the maximum growth constant of Tt and Vt, R (A, A)B
is bounded and

R (A, A 1)z R (A, A)z +R (A, A)BR (A, A 1)z, z e Z,

where A is the infinitesimal generator of
(b) If Tt is analytic, then Vt is analytic and Vt satisfies A1.
The dual result for C perturbations under H2(C, Tt, Z, U, W, g2) also holds.
We now prove a generalization of [25, Prop. 4.7] to the unbounded case.
LEMMA 3.4. Let St be a strongly continuous semigroup on a Banach space X with

generator Ao and. suppose that the semigroup Vt is defined by (3.3) under assumption
H1 (B, Tt, Z, U, W, gl) with F (Z, U) and that Vt has the generator A

Consider the following integral equation on Z

Iot (OBoD)(3.11) Uth ’th + :t-s
0 Ush ds,

where L (’ ,) is the strongly continuous semigroup generated by (,1 go).
Then (3.11) has a unique solution Ut (Z O)X) which is a strongly continuous

semigroup on Z O)Xfor all D Lt(X, U).
Ii the growth rates of Vt and St are bounded by a and w2 respectively, then the

growth rate of Ut is bounded by tz max (a, w2).
Proof. The growth rate of Tt is clearly bounded by z. From Lemma 3.2(c),

satisfies HI(B, V,Z, U, ff/, gl) and it is readily verified that HI(/,
X, ) holds for if(t)= k,l(t) on (0, tl) for some k >0. So by Lemma 3.2(a), (3.11) has
a unique solution Ut which is a strongly continuous semigroup. Let

gt-- U21 g
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with respect to ZX and substitute in (3.11), giving

( o o)(ou,’ u h=
0 S, 0

and equating components yields

Now

Now

U, V, + V_BDUZsds V, U21t

cr s, cr v_gds V_m)& ds.

Ut <- max {11W,z + u, x II, IIS,x II}

<-max im eeilzii+iiU2xi[, m2 eW2tllxll} by assumption.

12u, x v,/2 gs/2BDS,_sx ds

<- m es/f, [IBIIIIOllll&sXll ds by Lemma 3.2(c)

t/2

<--mmdlBII IIDII (s) e-+dllxll

mm211BllllDIl(ca[[gl[[,o.t)+ aeW’zs-W’ds IIx]l fort>2tl
atl

(ka e’ + kz e ’)11 x for all t.

So the growth rate is bounded by max (, w).
We now consider stabilizability by unbounded feedback.
Dzyioy 3.5. We say that (3.1) under HI(B, T,, Z, U, W, ga) is stabilizable if

there exists an F (U, Z) such that the strongly continuous semigroup V, defined
by (3.3) is exponentially stable, i.e., [Iw, m e -’ for some m, > 0.

A key assumption in feedback stabilizability is the following assumption on the
generator:

A2. The spectrum decomposition assumption. For every 6 >0, define ,(A)=
(A) {X" Re X -6}, (A)= (A){X" Re X <-6}.

We assume that ,(A) is bounded and separated from (A), so that a simple
rectifiable closed curve F can be drawn so as to enclose an open set containing , (A)
in its interior and (A) in its exterior.

This induces a natural state space decomposition

Z Z" (R)Z, where Z" IIZ, Z (I II)Z

and II (1/2rri) 5r (AI-A)-1 da is a bounded projection in Z. A A[Z is bounded,
A A]Z s, and tr (A s) trs (A), tr (A u) tru (A). Furthermore, H reduces T,, by which
we mean that II and (I- 11) commute with A and T,, and T’ HT, is the semigroup
generated by A.(T eA"’). T (I-H)Ts is the semigroup generated by As.
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The major result in stabilizability by bounded feedback of Triggiani in [29] can
be extended to the unbounded case ([16], [7]). As the latter results are incomplete,
we include a simpler proof here.

THEOREM 3.6. Suppose that A sati.sfies assumption A2, A satisfies assumption
A1, and suppose that HI(B, Tt, Z, U, W, ga) is satisfied. Then i[ lib is bounded and
(A u, liB) is stabilizable on Z, (3.1) is stabilizable by the feedback u BFz ]:or some
F (U, Z). (By H here we mean the extension of the profection II" Z Z to I.)

Proof. We note first that if liB is bounded and F FII, then V’ IIVt is a
strongly continuous semigroup on Z" defined by

(3.12) V7 T7 + Tt_s IIBFVs ds exp (A + 1-IBF)t.

Since (A", liB) is stabilizable there exists an Fo(U, Z"), such that V’ is stable,
with F (Fo 0). We are now in the situation of Lemma 3.4:

A + HBFo 0 )0 A

generates a strongly continuous semigroup, as does its perturbation by

0

and H (1/27ri) r (AI-A)-1 dA is a bounded projection in Z. A AIZ is bounded,
T and that of Vt. Since A satisfies A1, the growth rate of T is <-6 and so Vt is
exponentially stable with F (F0 0).

It is tempting to try to replace assumption A1 on As with the requirement that
A have compact resolvent and that A generate an analytic semigroup. Then by Lemma
3.3, we know that the stability of Vt is determined by the spectrum of its infinitesimal
generator. The problem here is that we do not have an explicit representation for the
generator at this stage; we need further assumptions concerning B.

We now merely state the dual results for detectability as the proofs are analogous
to those of Theorem 3.6.

DEFINITION 3.7. We say that y CTtzo under H2(C, Tt, Z, Y, .W, g2) is detectable
if there exists ,a C 5(Z, Y), so that the strongly continuous semigroup Ut defined
by (3.4) with St Tt is exponentially stable.

THEOREM 3.8. Suppose that A satisfies assumption A2, AS satisfies assumption
A1 and that H2(C, Tt, Z, Y, W. g2) is satisfied. Then if C= C[Z" is bounded and
(A, C) is detectable on Z, y CTtzo is detectable via a G s 5( Y, Z).

Proof. If Go s A(Y, Zu) makes A" + GoC" stable, then we choose G (o). The
resulting decay rate is bounded by the maximum of -6 and that of exp ((A" + GoC")t).
We note that U’ UtIZ exp (A + GoC)t.

We are now in a position to establish some results about our general extended
operator for our compensated system. We consider (3.1) and (3.2) with..St Tt and
X Z under assumptions HI(B, Tt, Z, U, W, gl) and H2(C, Tt, Z, Y, .W, g2) and con-
sider the auxiliary system

(3.13) ff Mw + Ly, u Qw

with state space W R" and M (W), L (Y, W), Q L(W, U).
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The extended system operator is then given "formally" by

A BD)A LC M

although in general Ae will not be a generator of a strongly continuous semigroup,
as B maps out of Z. Firstly we note that as a consequence of Lemma 3.4 (A0 )
generates the strongly continuous semigroup

M onZ@ W.
e

It is easily seen that Hl((o), t,Z@ W, U, if/@ W, 1) will be satisfied for a gl(t)
Kgl(t) on [0, tl) for a suitable constant K and w the growth constant of Tt. So under
the perturbation (o)(Q 0), we obtain a well defined semigroup t on Z@ W given by

(3.14t V,h f’th + f’,-s
0

From Lemma 3.2(c), it follows that there exists a suitable 1 such that
Hl((o), ’t,Z@W, U, IW, gl)is satisfied. If furthermore, glg2L(O, tl) then by
Lemma 3.2(d), there exists a suitable g2 such that H2((C 0), Vt, Z.W, Y,
if/@ W, g2) is satisfied. This means that the perturbation of lT"t by (c o) also generates
a strongly continuous semigroup T7 on Z W, which is defined as the unique solution
of

Io (O)("shds(3.15) Th ,h + Tet-s LC
and the infinitesimal generator of T is the desired "interpretation" of Ae. We collect
our results in the following lemma.

LEMMA 3.9. Under the assumptions HI(B, T,Z, U, W, g) and H2(C, Tt, Z, Y,
.Vv’, g2), /f glg2GLl(O, tl), then the following extended system is well-defined on the
extended state space Z@ W, W R "):

z(t) Tzo + T_Bu(s) ds, y(t) Cz(t),

=Mw +Ly, u Ow

for allM (W), L (Y, W), O e(W, U), and

(3.17)
w Wo

where T is defined by (3.15).
We define the useful isomorphisms first introduced by Schumacher in [26]. Let

Z" be an n-dimensional subspace of Z and let R be the isomorphism between Z"
and W R".

Then M ={(fix)IXZ"} is an n-dimensional subspace of Z@ W which induces
the isomorphism

T:w(R-aw)w between W and M.
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It is readily verified that H is an isomorphism on Z W

H=
RH, -T-1 H

TRH,

where II, is the projection from Z onto Z", (or its extension to 1), and fllx ()
for x e Z".

If A has a discrete spectrum, then by increasing 8 in the decomposition in A2,
we obtain a sequence of finite dimensional subspaces {Z"} of Z, with corresponding
projection operator 1-I, we choose n to correspond to the dimension of the subspace
Zn"

LEMMA 3.10. Suppose that HI(B, Tt, Z, U, , gl) and H2(C, Tt, Z, Y, .W, g2) are

satisfied and that gtg2Ll(0, tl). Supposing that A has a discrete spectrum and that
II,B, CIZ" are bounded, we choose n >= p and let

O=FoIIoR -1 L =-RII-1Go, M=R(A +II,BFol-Io +II-,IGoC)r--1

where Fo (Zp, U), Go (Y, Z), then the extended semigroup ’ is well defined
on Z Wand is similar to the semigroup T on Z Mvia

(3.18) T H’H-1.
is defined by the following integral equations"

I, "e ( 0 )Tlshds, h c=Z(M,(3.19) 7h Th + Tt-s TRII_IGo(C_CII,)

(3.20) T (Vt T2

)0 TRUtR-1T-1

Tt h Vt_sBFolIoUR-1T-lh ds, hM(3.21) 12

and Vt and Ut are defined by (3.3) and (3.4) with F F01Io, G I-loG0, St Tt.
Proof. That T7 is well defined follows from Lemma 3.9 and the fact that O, L

andM map into the right spaces: A’Z" Z"Vn. We now consider ’ TRUtR-1T-1

will be a well defined semigroup, if the restriction of U, to Z" is well defined semigroup.
Now Ut is given by

Ux Tx + U_II2GoCTx ds.

Thus

UII.x T.II.x + U_II.IISIGoCTII.x ds,

and this says that UtlI, =exp{A" +II-IGoCIZ"}t, a finite dimensional semigroup
(TtII, exp {Ant}). Thus

0 TRUtR-IT-1

is a well defined strongly continuous semigroup, with

0
,l(t) =K,l(t) on (0,
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where gl(t) is as in Lemma 3.2(c), we see that HI(/, t,Z W, U, IW, gl) is
satisfied and so T defined by (3.20), (3.21) is a well defined semigroup on Z@ W
by Lemma 3.2(a). 7 will be well-defined if we can find a suitable ,2(t) such that
H2(, T, Z W, Y, W. W, g2) is satisfied for

C= TRII_IGo(C_CI_I, 0

Consider

Y ww
=max{[lV,z +T, yll., [ITRUtR T- yllw} from (3.20)

---max {l[ V,z w. + T -y w,

_-<max {g=(t)llzIlw+llT, yll , Ilyllw}

since H2(Q V, Z, Y, W, g2) is satisfied by Lemma 3.2(d). Now

< I]V,_BFoHoUsR-1T

g2 [[V(t-)/zBFoHpUsR-XT-Xy[[zds by H2(C Vt, Z, Y,

by H1 (B, V, Z, U, , g), Lemma 3.2(c).

Now from Lemma 3.2(c), (d), we see that we can take and to be

gl(t)=gl(t)+K1 e’ g:(t)=g2(t)+K:et

Thus gl2 E L 1(0, tl) and the required g2 exists.
So both T and are well-defined strongly continuous semigroups, and if B

and C were also bounded, we would be able to write the generators Ae and Ae

(3.22)

(3.23)

Ae ( m BFR-1 )-RGC R (A + 1-I.BF + GC)R-1

( A +BF -BFRT-1

)Ae TRG(C-CI-I,) TR(A +GC)R-1T-1

with F Follo, G IIpGo. Using (3.22) and (3.22) it is trivial to verify that

Ae HteH-1

from which would follow (3.18).
However, we are not justified in writing the infinitesimal generators by (3.22),

(3.23) at this stage, which means that (3.18) must be verified using the integral
formulas, which is incredibly tedious, and is therefore omitted. We stress that we have
proved the important fact that every intermediate semigroup is well defined by its
integral equations.

Combining the results of this section we state our existence result concerning
finite dimensional compensators which generalizes 2.
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THEOREM 3.11. We consider the system (3.1) and (3.2) with St Tt, X Z. Under
the following assumptions, there exists a finite dimensional compensator"

(a) HI(B, Tt, Z, U, W, gl) and H2(C, Tt, Z, Y, .W, g2) are satisfied with glg:
LI(0, t).

(b) A satisfies the spectrum decomposition assumption A2 and A satisfies the
spectrum determined growth asumption A1.

(c) U and Y are finite dimensional and HoB, C[Z are bounded.
(d) lim,_,o [IC CIIl[e .w, v O.
(el) A has a discrete spectrum and (AP, HoB, C[Z) is minimal for all p. (We

shall call this modal minimality.)
(e2) For a p > O, Z is finite dimensional and A is exponentially stable and (AP,

HpB, CIZ’) is minimal.
Proof. Under both sets of assumptions we choose a 6 > 0, so that Z=Z and

A is exponentially stable.Then from (d) and (el) or (e2), we can find an Fo (Zp, U)
and Go ( Y, Zp) so that Ap + BFoHp and Ap + GoCIZp are exponentially stable.
Under assumptions (a)-(d) we may apply Theorems 3.6 and 3.8 to deduce that V,

-1Go aregiven by (3.3) and U, given by (3.4) with St Tt, F FolI and G (o):= IIp
exponentially stable with decay rate 6. Note that the gain operators G and F are now
fixed, and depend only on p.

We now construct the compensator (3.16) as in Lemma 3.10 choosing W =R ",
’en _->p. We examine the stability of T,, as it is similar to Tt by (5.18). Now is a

perturbation of T defined by (3.19) and by Lemma 3.4, we see that the growth rate
of T is the maximum of that of Vt and TRUtR-T-, which is just -6. We can now
apply Lemma 3.2(b) to ascertain the effect of the perturbation

0

The new growth rate is bounded by

where K depends on the norm of 2(t) used in Lemma 3.10 and thus depends on p.
Since the norms of T and R are independent of n in our construction, we see that
2(t) and K are also independent of n; they do depend on p, or course. With p fixed,
assumption (d) shows us that for a sufficiently large n, the new growth rate will be
negative. If assumption (el) holds, then by initially choosing p large enough, we can
improve the stability by then increasing n.

The above result is constructive, but we have no a priori way of knowing the
values of p and n needed to achieve stability. One might try to check the stability of
T by calculating the eigenvalues of its infinitesimal generator as done by Schumacher
in [26] for the bounded case. Some initial results in this direction are’

LEMMA 3.12. Under assumptions (a), (c), (el) or (e2) of Theorem 3.11, if A
generates an analytic semigroup, then A and T satisfy the spectrum determined growth
assumption.

Proof. (a) A is a projection ofA which generates a strongly continuous semigroup
and so A also generates an analytic semigroup.

(b) Let
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Q,M as in Lemma 3.10. Now since (Ao t) will generate an analytic semigroup
H1 (t, ,, Z W, U, v’, Cgl) is satisfied for some constant C and so by Lemma 3.3(b),
Q, is analytic. ’t is the perturbation of L under ( u0). Now there exists a suitable if2
such that H2((C0), ,Z W, Y, I/03 W, if2) is satisfied since glg2Ll(O, tl) and so
by the dual to Lemma 3.3(b), T7 defined by (3.15) satisfies the spectrum growth
assumption.

LEMMA 3.13. Under the assumptions of Theorem 3.11, irA has compact resolvent,
then so does the infinitesimal generator of T, Ae.

Proo)c. If is the infinitesimal generator of Q defined by (3.14) then by Lemma
3.3(a), for Re sufficiently large, R (, ( t))( o) is bounded and

(3.24) R(A,)x =R(,,( M0))x+R(A, (A0 o o0) R (, X)x,

where Q and M are as in Lemma 3.10. Now R (A (’ o)) is compact, since R (A, A)
is, and W is finite dimensional. The range of the operator in (3.24) is finite dimensional
since Q FolIpR-1. Thus R (A, .) is compact.

T7 is the perturbation of t by (c o) with the finite range operator L -II21G0.
By the dual of lemma 3.3(a), for sufficiently large A, (c 0)R(A,) is bounded and
R (A., Ae) is compact since

(3.25) R(,,Ae)x =R(A z)x +R(A, Ae)( 0 )R(1 .)x.
LC

We remark finally if A has compact resolvent, then o-(A) is discrete and A2 is
automatically satisfied.

4. Verifiable criteria for stability. In order to test the stability of a finite
dimensional compensator designed according to Theorem 3.11, we need to have an
explicit representation for the infinitesimal generator of the extended semigroup T

’eor Tt. Although the rather weak assumptions H1 and H2 guarantee that the perturbed
semigroups exist, we do not know what the resulting infinitesimal generator looks
like. To overcome this problem we introduce some (provisional) stronger assumptions.

Assumptions A3.

(4.1) A has compact resolvent.
(4.2) A generates an analytic semigroup.
(4.3) C is A-bounded, that is D(C)D(A) and there exist constants ml ->0, m2>-0

such that

ICzl mllzll/m=llAzll forz eD(A).

(4.4) U and Y are finite dimensional and B is bounded. (That CIZp is bounded
follows from (4.3) and the fact that A[Z is bounded.)

Now B bounded implies HI, but (4.3) does not necessarily imply H2, although
the two conditions are very close in spirit. Nonetheless the construction of the
compensator outlined in Theorem 3.11 can be carried out under the above assump-
tions, noting that A-bounded perturbations of analytic semigroups generate strongly
continuous semigroups. In fact A-degenerate perturbations (A-bounded and finite
range) of analytic semigroups generate analytic semigroups [33]. Thus from (4.2), we
see that A, A +BF and A + GC all generate analytic semigroups. Since W is finite
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dimensional, for any Q (W), A (’ t) generates an analytic semigroup and since
(_RC o) is A 1-degenerate, (-RAc t) generates an analytic semigroup. Finally, (o o-1)
is a bounded, finite-rank perturbation and so Ae generates an analytic semigroup, where

(4.5) Ae RGC R(A + II,BF + GC)R-1
Thus Ae given by (4.5) is the infinitesimal generator of T and D(Ae)=D(A)O)W.
Moreover, Ae satisfies the spectrum determined growth assumption. Similarly, the
infinitesimal generator Ae of/ is given by

( A +BF -BFR-1T-1

)(4.6) e TRG(C-CII,) TR(A +GC)R-1T-1

with D(e) D(A)O)M.
Thus under Assumptions A3, we can determine the stability of our compensator

by determining tr(e). As in Schumacher [26] we can appeal to the perturbation result
of Weinstein-Aronzajn in Kato [16]. since e generates a strongly continuous semi-
group, the degenerate case (tr(e) C) is excluded and since e is an Ao-degenerate
perturbation of A0 ( RAg-l), we may conclude that r() is discrete and can be
determined via the formula

(4.7)

where

u(A,A)=v(A, A1)+P(A,f) forAC,

A +BF -BFR--aT-1

)A
0 TR (A + GC)R-1T-1

and the multiplicity functions v (h, A) and 7 (h, f) are defined by

0 if h o(A),
(4.8) v(h, A)

dimension of the eigenspace if h tr(A),

{ ! ifhisazerooffoforderk,
(4.9) 7(h, f) if h is a pole of f of order k,

otherwise,

where f is the following W-A determinant

/(h det (I + Q(A hi)-1) det ((/e AI)(A h/)-l),(4.10)

where

( 0 0)Q=
TRG(G-CII,) 0

is the A 1-degenerate perturbation. We note that tr(A 1) cr(A + BF) (.3 o’(TR (A +
GC)R T-1) o" (A ’ + IIpBFo) t_J o’s (A t.J o" (A + II- GoCIZ, andf(A reduces to the
following determinant of an n n matrix

f(h) det [I + G(C-CII,)(A -A -BF)-aBF(A -A" I-I-IGCIZn)-1]
(4.11)

det [I + (C II,,)(h -A -BF)-XBF(A -A" II2aGCIZ,,)-IG]
by a result on determinants of degenerate operators [16, p. 244], since the dual of
Lemma 3.3(a) guarantees that (C- CII,)(A -A-BF)- is bounded. Equation (4.11)
can be evaluated as an infinite series in Fourier coefficients with respect to the
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eigenvectors of A. It is interesting to compare this with the analogous formula for
/r(h) obtained by Schumacher in [26]’

(4.12) f’(h) det (I-C(h -A)-I(),
which may seem simpler at first glance, but it is not, because ( must be calculated.
In (4.10) all the operators are either known a priori or can be chosen, like F0 and Go.

In this section we have shown that under assumptions A3, H2(C, Tt, Z, Y, W., g2)
and if either (A, B, C) is modal minimal or (e2) of Theorem 3.11 is satisfied, then we
can construct a finite dimensional compensator, whose stability we can check by using
(4.11) to determine the eigenvalues of the extended system operator.

We remark that (4.3) is usually satisfied together with H2, as the conditions are
very close. Equations (4.1) and (4.2) are quite reasonable and H1 or H2 usually mean
that A is analytic. If (A,B) is approximately controllable and (C, A) is initially
observable then (A u, IIpB, C[Zp) will be minimal for all p >0. Alternatively, (e2)
often holds in applications. The only restrictive assumption is that B be bounded and
in 5 we proceed to circumvent this.

5. Examples. The conditions in 3 are fairly general and are satisfied by all the
examples considered in [6], so there do exist finite dimensional compensators for
sufficiently large n. These examples also satisfy all the extra assumptions needed in
4, except that B is not bounded for boundary control. So here the W-A theory is

not applicable, and we have no proven method of knowing when n is sufficiently
large. A way around this is to reformulate the problem using different function spaces,
as was done by Fattorini in [11] and by Pohjolainen in [22] and we shall outline the
main results we shall need.

Let Z be a real separable Hilbert space with inner product (-,. }0 and norm II, II0,
Suppose that -A is an unbounded, positive self-adjoint operator in H0, such that
(-Ax, x )o >= a IIx 112o for some a > 0. Then for all real r, (-A)r is defined on Dr D((-A)r)
and Dr is dense in Z. This induces a Hilbert space Hr, via the inner product

(5.1) X, Y)r--((-A)x, (-A)ry}o, X, y D.
If r > 0, Dr H is complete with respect to the induced norm and if r < 0, we define
H to be the completion of Ho with respect to the norm.

The restriction of -A to H/I, r >_-0 is denoted by -Ar G ’(nr+l, nr). -Ar is also
self-adjoint and >_-0 for all r >=0. For r <0, we define -Ar tO be the self-adjoint
extension of -A to Hr. Again -At (Hr/l, Hr) and is _->0. Ar generates an analytic
semigroup T(t) on Hr for all r and Tr(t) coincides with the restriction on extension
in Hr of Tt, the analytic semigroup generated by A. We have IIT(t)ll <-Me’ for all
r, where 0 >/3 > -a.

We consider the following class of partial differential equations on the real separate
Hilbert space Z

(5.2) . =Aoz, z(0)=z0Z, SbZ(t)=Fu(t), t>0,

where Ao is a formal differential operator in Z and Sb" D (Sb) -E is a linear boundary
operator with D(Sb)=D(Ao), u(t)6 U -R is the control and we assume that u(t) is
C and F(U, E).

We let D(A)= {x D(Ao)ISx --0} and Ax =Aox for x D(A)and suppose that
A satisfies all the aforementioned assumptions on Z, and we define Hr, etc. Finally
we suppose that there exists an r >0 and D (U, Hr) such that

(5.3) Sb (Du) Fu and AD O.
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Then it can be shown that (5.2) has a unique mild solution in Z if and only if
the following transformed equation has a unique mild solution in Hr-l:

(5.4) Y, =Ar-lZ-Ar-aDu, z(O)=zoHr-.

We remark th’at we do need to assume that u is C but this is always the case in our
applications and that this enables us to pose our problem on Hr-1 with B -Ar_aD e
(U, Hr-a), a bounded B operator. This solution of (5.4) is

(5.5) z(t) Tr-a(t)Zo- Ar_iTr_l(t-s)Du(s) ds eD(A_I)=H,

since T(t) is analytic. We now consider some examples adapted from [7] and [22].
Example 5.5. Control and observation atpoints or on the boundary underNeumann

boundary conditions.

Oz 1 O2z Oz- ---5, O, at x O, x 1.(5.6)
Ot 7r Ox Ox

(5.7) -, (t), [z(x, t)] 0, 0:1 <: 1,

(5.8) y z(sC2, t), 0 <___so2 <- 1.

We remark that 1 and (2 may also be on the boundary in this example, as in the
case considered by Fujii in [15]. In contrast to [15], we obtain a finite dimensional
compensator. Now from [6], we see that with state space Z L2(0, 1) and

1 d2

(5.9) A =- ----5, D(A)={hZ" hx, hxxZ and hx(0) 0 h(1)}
,r dx

if we choose I, o3fl/2+(0, 1), the usual L2-Sobolev space [18], then C f(l/, R)
and the semigroup T generated by A satisfies

(5.a0) IIT, a

Thus H2(C, Tt, L2(0, 1), R, ol/z+(0, 1),g) is satisfied with g=a/(ta/4+). B can be
interpreted as heat injection at the point :1 by recognizing that B =-6 C* in Z,
and Tt T*, we see that HI(B, T,, L(0, 1), R, I*, g) is satisfied, and furthermore
g e L 1(0, tl). So assumption (a) of Theorem 3.11 is satisfied. A satisfies the assumptions
of Lemma 3.12 and 3.13 and thus assumption (b) of Theorem 3.11. Assumption (c)
is obvious and to examine (d) we note that the eigenvalues of A are An =-n, n
0, 1, and the eigenfunctions are 1, bn / cos nTrx; n 1, 2,. . Thus

Zp span { bn; n 0, 1,. , p- 1 },

ap=diag[O, 1,...,-(p-1)2],

IIB (1, 4 cos zrx, , 4 cos rr (p 1 )sq 1,

cIz -(1, 4 cos zrsCe, 4 cos 7r(p 1)sc).

So (Ap, IIpB, CIZp) will be minimal for all p for irrational SOl or so2 or even with SOl 0
or 1 (boundary action). Thus all the assumptions of Theorem 3.11 are easily satisfied
and there exists a finite dimensional compensator on L2(0, 1) for sufficiently large p.
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In order to choose p we must reformulate (5.6) so as to obtain a bounded B. To
do this we let w e-tz to obtain the equivalent system

(5.11)
0w 1 02w 0--w=0 atx =0, 1Cq- 7/.20X 2 W,

OX

(5.12) [0-_w.] -t 0, 0<<1-a(t), [w(x, t)]
LOXJ

(5.13) (t)= w(C2, t),

where a(t) e-’u(t); ;(t) e-’y (t).
2)d2/dj2Then A (1 /r 1, with D(A) D (A), is self-adjoint with the complete

eigenset -1- n 2, b. is as before and the/-L spaces are well defined with

Ilfll X n2+ 1)2l(f, en)012,
n=0

where (.,.) is the inner product in L2(0, 1). For the case 0, an appropriate D is
given by

Du
e
(e +e2e

1-e

and for other values of 1, see [22] or [5].
The Fourier coefficients are O(1/(1 + n2)). So fi,D e(R,H_) for any a >0. We

consider the following system on the state space H--1/2/ for any e, 0 < e < 1/2:

(5.14) Oz=fiz +Bu, O--Z=o atx =0, 1,
Ot Ox

(5.15) y(t)=z(2, t)

where =/t_1/2+ + 1 andB fl-l/2+D (R, H-1/2+,,). now satisfies our assump-
tions (4.1), (4.2), (4.4) and from [14] we see that C is A-bounded on H-/2+e, since
for h eD(A)

(5.16) ]Chl <-const ll.z(h]l_l/2 <=const [[hl[_l/2+.
It is easily verified that H2(C, T-1/.+ (t), H-1/2+e, R, .W, g2) is satisfied with .W HI/_
and g2(t)=const/t-. So by Theorem 3.11, there exists a finite dimensional com-
pensator on H-/2+ O)R, and its stability is determined by the eigenvalues of A via
the W-A formula (4.11). In [5] this construction was carried out for several values
of 1 and so2, with similar results; namely, it was possible to stabilize the system
(5.6)-(5.8) by means of a second order compensator: the gains were of order 2 and
the decay rate was -1. The theory in 4 tells us that the combined system is
exponentially stable on H-/2+R with decay rate -1. However, T is also defined
on L2(0, 1)0)R 2 and its infinitesimal generator, Ae, will be the restriction of the
generator on H-1/2+e @)R 2 to L2(0, 1)Rz. By Lemma 3.13, we know that cr(A e) is
discrete on LZ(0, 1)Rz and so it remains the same and Lemma 3.12 ensures that
the stability of T on L2(0, 1)R 2 is determined by r(Ae). Thus the combined system
is exponentially stable on L2(0, 1) 0)R with decay rate 1.

The following example can be developed in an analogous way and similar numeri-
cal calculations for compensators can also be found in [5].
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Example 5.2. Control and observation in points under Dirichlet boundary con-
ditions.

Oz 10z
2 2 +4z,Ot zr Ox

z(O,t)=O=z(1, t),
(5.17)

[xx ] ’=0 0<,<1,
Oz

(x, t) -u (t) [z (x, t)]

y z(C2, t) 0<=2<= 1.

We choose the same state space Z L2(0, 1) and define A to be

1 d2

(5.18) A --- ---- + 4,
zr dx

D(A) {h e z; hx, h eZ and h(O) O= h (1)}.

Then as in Example 5.1, Hl(6, Tt, Z, R, W, g) and H2(C, Tt, Z, R, .W, g) are satisfied
with I/*= W ,,a/+(0, 1) and g aet/t a/4+. Tt is the semigroup generated by A
given by (5.18). A has the complete eigenset A,=(4-nZ),,,=/-sinn’x;n
1, 2,. and

Zp =span {1,"’,

Ap -diag [3, 0,-5,..., (4-p2)],

IIoB -(/ sin rscl, / sin 2zra, ", / sin pTrsCl),

CIZ’ -(/- sin zrCz, , 4 sin prsC2).

If we choose ca 1/2, :2 1/4, say, then we see that (A", HoB, CIZ") is minimal for p 2,
but not for p 3. So (el) of Theorem 3.11 is not satisfied, and we check (e2); this is
satisfied, since in [22], we have the estimates

3zri x/ sin 7fix.with c Y 4 sin
i=1

Thus

IIC-CII.II(,=const 22 sin
i=n+l

0 as n.

So again by Theorem 3.11, there exists a finite dimensional compensator using p 2
and sufficiently large n. To choose n, however, (5.17) must be reformulated to obtain
a bounded B. This can be done on H-a/2/, as in Example 5.1, and one can finally
show that a constructed compensator will be stable on the original LZ(0, 1)R n.

Finally we consider the more difficult case of boundary control under Dirichlet
conditions.

Example 5.3. Boundary control under Dirichlet boundary conditions. We consider
Example 5.2 with the boundary control

z(O,t)=-ua(t).
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In [6] it is shown that this problem can be formulated with B 6’. B is the dual of
the observation operator Ch =hx(0) and thus one can show that
HI(B, T,, L2(0, 1), if/, R, g,) is satisfied with

3tconst e1/=3/2+(0, 1)* and t3/4+/2 from [6].

We see then that with point observations as in Examples 5.1 and 5.2 we will not have
gg eL 1(0, tl). so Theorem 3.11 is only justified for bounded observations, for example,

h(x)dx.Ch -g
In [22] it is shown that one can formulate the problem with a bounded B on the state
space H-3/4-, but here again the point observations will not be A-bounded. So we
can design finite dimensional compensators for boundary control under Dirichlet
conditions, but at the expense of using bounded observations. Unfortunately we have
to report that even for the case of bounded observations, we encountered numerical
problems in designing a compensator for this example [5], [6].

6. Conclusions. The main result of this paper Theorem 3.11 is the existence of
a finite dimensional compensator for a class of parabolic systems, generated by an
operator A satisfying various assumptions. In 4 assumptions A3 require that A have
compact resolvent and generate an analytic semigroup and that C be A-bounded and
B be bounded, which apart from the bounded B assumption are quite reasonable. In
5 it was shown how one can get around the unbounded B assumption for self-adjoint

A. The question remains what one can achieve for the nonself-adjoint case and this
hinges around assumption (d) of Theorem 3.11. For the self-adjoint case we know
that the eigenfunctions of A are complete and orthogonal and this together with C
being A-bounded satisfies (d). For the general nonself-adjoint case one often has
completeness of the eigenfunctions, but not orthogonality. An analysis of the proof
of Theorem 3.11 reveals that if one can find a subset of the eigenfunctions, which
approximate C in the L(W, Y) norm closely enough, then the result holds. So the
existence theorem is quite general, but the implementation is a story apart and that
is the reason that we have elaborated on this for self-adjoint systems in 5.

Although the emphasis in this paper has been on parabolic systems, the com-
pensator design is also applicable to more general distributed systems, for example,
the "flexible" distributed systems, which have been proposed as prototypes for large
space flexible structures. These are not pure hyperbolic systems as the eigenvalues
do not asymptote vertically; see [9] for an example which satisfies our assumptions here.

Since this paper was written, another method has been proposed to accommodate
boundary control in [9] and [10]. This results in a compensator of order one greater
than the scheme here, but the implementation of the control is via a smoother map
and it may produce better results for Dirichlet boundary conditions (cf. Example 5.3).

It is interesting to note that we have been able to design a finite dimensional
compensator for the heat equation with boundary control and/or observations,
contrary to the expectations of Fujii in [15].

It has recently come to our attention that in the report [25] by Sakawa an almost
identical scheme to ours was proposed for self-ad]oint systems with bounded B and
C. The notation is different and the work was done quite independently but the
construction used is essentially the same.

Acknowledgments. Finally I would like to thank the referees for their painstaking
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ASYMPTOTIC CONVERGENCE ANALYSIS OF THE
PROXIMAL POINT ALGORITHM*

FERNANDO JAVIER LUQUEt

Abstract. The asymptotic convergence of the proximal point algorithm (PPA), for the solution of
equations of type 0 Tz, where T is a multivalued maximal monotone operator in a real Hilbert space, is
analyzed. When 0 Tz has a nonempty solution set , convergence rates are shown to depend on how
rapidly T-1 grows away from in a neighbourhood of 0. When this growth is bounded by a power function
with exponent s, then for a sequence {z k} generated by the PPA, {Iz -1} converges to zero, like o(k--/2),
linearly, superlinearly, or in a finite number of steps according to whether s e (0, 1), s 1, s e(1, +), or
$ +00o

Key words, monotone maps, algorithms, asymptotic convergence, multiplier methods, convex pro-
gramming.

1. Introduction. Let H be a real Hilbert space with inner product (.,.), and
induced norm ]. I, where for all z H, ]zl (z, z) 1/2. Let us consider a multivalued
mapping T’H - 2H. Its domain D(T) is defined by

D(T)={z H" Tz },

its range by

R(T)= U{Tz" z 6H}

and its graph by

G(T)={(z, w)eH xH" w e Tz}.

The inverse point-to-set mapping T-1 is defined by T-lw {z H" w Tz } if w R (T)
and T-lw otherwise. It is an elementary fact that D(T-I)=R(T), R(T-1)=
D(T), and G(T-a)={(w,z)HH (z, w)G(T)}.

Such a mapping T is said to be a monotone operator if and only if

Vz, z’ D(T), Vw Tz, Vw’ Tz’ (z-z’, w-w’)>=O.

If, in addition, its graph is not properly contained in the graph of any other monotone
operator, then T is maximal monotone. For a detailed treatment of the theory and
applications of such mappings, the reader may consult the works by Br6zis (1973),
Browder (1976), Pascali and Sburlan (1978) and the references cited therein.

A fundamental problem is to find a vector z /4 such that 0 Tz. Some of the
most important problems in the area of convex programming and related fields can
be cast into this general framework.

If f is a closed proper convex function, then T Of is maximal monotone (Moreau
(1965)). Thus solving the equation 0 Tz is equivalent to minimizing the convex
function f, since f attains its minimum at if and only if 0 Of().

* Received by the editors September 21, 1981, and in revised form November 2, 1982. This research
is part of the author’s Ph.D. thesis written under the supervision of Professor D. P. Bertsekas of the
Massachusetts Institute of Technology. It was supported by the ITP Foundation of Madrid and the National
Science Foundation under grant 79-20834.

t Laboratory for Information and Decision Systems and Operations Research Center, Massachusetts
Institute of Technology, Cambridge, Massachusetts 02139.
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Let Ha, H2 be real Hilbert spaces and let K be a closed proper saddle function
on H Ha x H2, which is convex in the first argument and concave in the second, and
let the subdifferential of K at (x, y) e Ha x H2, OK (x, y), be defined as the set of vectors
(u, v) Ha x Hz satisfying

V(x’, y’)H1 xH2 K(x’, y)-(x’-x,u)>-_K(x, y)_>-K(x, y’)-(y’-y, v),

then the multifunction

T(x, y)= {(u,-v)eHa xH2" (u, v)6OK(x, y)}

is a maximal monotone operator (Rockafellar (1970a)). The solutions (2, 37) of the
equation (0, 0)e T(x, y) are the saddle points of K.

A variational inequality problem is to find a vector 5 C satisfying

::i # e AS Vv e C a g,, 5 v >- O

where C H is a nonempty closed convex set, A"H 2H is a multivalued monotone
mapping with D (A) C, and a is a given vector in H. Equivalently, it can be expressed
by: Find a vector 5 e C such that

a Af +Nc(5),

where Nc(z) is the normal cone to C at z. Its expression valid for all u e H is
(Rockafellar (1970b, p. 15))

Nc (u) {x H" (x, u v >- 0 for all v e C}.

When C is a cone and C denotes its polar, the variational inequality problem
above is reduced to the complementarity problem of finding a vector e C such that

::I , e AS. a C, (a-,5)=O.

These last two problems can be reduced to solving 0e Tz for the operator T
defined by (Rockafellar (1976a))

Tz {-a +Az +Nc(z),

Conditions for the maximal monotonicity of such operators, T were given by Rockafel-
lar (1970c, Thm. 5). Further results are contained in papers by Rockafellar (1978),
(1980) and McLinden (1980).

We will now introduce the Proximal Point Algorithm (PPA). Most of the notation
has been borrowed from Rockafellar (1976a).

Minty (1962) proved that if T is a maximal monotone operator and c is a positive
constant, for any u eH there is a unique z such that u (I +cT)z. The operator
P (I + cT)-a (the proximal mapping associated with cT in the terminology of Moreau
(1965)) is thus single-valued from all of H into H. The monotonicity of T is a necessary
and sufficient condition for the nonexpansiveness of P wherever P is defined (Br6zis
(1973, Prop. 2.1, p. 21)). Thus

fz, z’ H Iez Pz’l <- [z z’l.
The PPA generates, for any starting point z ell, a sequence {z k} according to

the rule
k+l kz P,z

where P, (I +c,T)-a and {c} is some sequence of positive real numbers.
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The criterion for the approximate computation of Z
k+l used in this analysis will

be

(At)

where r and ek satisfy

[z ’+1 P,z’l =< ek min {1, Iz ’+1 -z ’

r->_0, Vk ek 20, ek <
k=0

It has been shown by Rockafellar (1976a, Thm. 1) that when 0e Tz has at least one
solution, the condition is a sufficient condition for Izk+l--zk]-O.
Therefore when the PPA is implemented with criterion (A) r >_-1, there exists some
k’ e 7/+ such that for all k _-> k’, Iz k+l Z

k i, __< IZ k+l Z
k < 1, and thus the larger r is,

the more accurate the computation of Z
k/l will be. In previous papers dealing with

the PPA (Rockafellar (1976a), (1978), (1980)), the value of r was always taken equal
to 1, but as will be shown below, one takes r strictly greater than one in order to
achieve superlinear convergence of order greater than one.

As shown by Rockafellar (1976a, Prop. 3), the estimate [zk+l--pkzk] <=
Ck dist (O, Skz k/l) holds for all k, where SkZ Tz +C{I(z--zk). Therefore criterion
(A) is implied by

(A’) dist(O,Sz+)<-emin{1, lz+-zl}.

The set of solutions (possibly empty) of the equation 0 Tz, will be denoted by
{z H" 0 Tz}. When T is maximal monotone, for every u H, T-lu

{z H’u Tz} is a, possibly empty, closed, convex set (Minty (1964, Thm. 1)).
Therefore r-10 is closed and convex. If is nonempty, the vector in closest
to z will be denoted by f. We will use the notation

Iz -21 min {IT -z’l" z’ 2} Iz
Our analysis will focus on the convergence properties of the sequence
corresponding to any sequence {z } generated by the PPA.

In addition to the proximal mappings P (I +cT)-1 where c >0 and T is a
maximal monotone operator, use will also be made of the mappings O defined by

Ok I --Pk.

Clearly 0 Tz PkZ Z QkZ O.
Rockafellar (1976a, Prop. 1) proved the following facts"

(1.1) Vk ->0, tz H c-lOkz k TPkz k,

(1.2) Vz, z’ H IP z-P z’l +lO z-Q z’l=<-Iz-z’l

In the same paper, the following theorem was also proved.
THEOREM 1.1 (Rockafellar (1976a, Thm. 1)). Let T-10 , andlet {z k} be

any sequence generated by the PPA with stopping criterion (A), r >-O, and a sequence

ofpositive numbers {Ck} such that lim infk-,oo Ck > O. Then {z k } is bounded and converges
in the weak topology to a unique pointz. Also

lim Io z l lim [zk+l--zk[(1 3) 0= k-.oolim [-l(kzkl--koo ko
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This paper addresses the issue of the speed of convergence of the PPA, in both
its exact and approximate versions. Under various hypotheses, we show linear conver-
gence, superlinear convergence, convergence in a finite number of steps and conver-
gence in one step. A condition that implies sublinear convergence is given, and an
estimate of the convergence rate in this case is also provided. The results previously
available on the speed of convergence of the PPA have been reported by Rockafellar
(1976a) for the case in which ={}. If T-1 is Lipschitz continuous at 0 with
modulus a =>0, then the approximate algorithm with {Ck} nondecreasing converges
linearly at a rate bounded by a/(a2+c)1/2, which becomes superlinear if {Ck} is
unbounded (Rockafellar (1976a, Thm. 2, p. 883)). If 0 int T, the exact algorithm
with lim infk-,o Ck >0 converges in a finite number of steps, while the approximate
one with {ck} nondecreasing achieves superlinear convergence without requiring that
{Ck} be unbounded (Rockafellar (1976a, Thm. 3, p. 888)).

The hypotheses used are of a geometric nature and concern the growth properties
of the multivalued mapping T-1 in a neighbourhood of 0, away from the solution set.
The general form of these growth conditions is

where B (0, 8) {x H" Ix < 8 }, and f" [0, +oo) [0, +oo) is a continuous function such
that f(0)= 0. This type of assumption was suggested to the author by Professor D.
Bertsekas of the Massachusetts Institute of Technology. The characterizations of
Rockafellar (1976a) discussed above are special cases of this one.

When f is linear with slope a > 0, we are able to guarantee linear convergence
at a rate bounded by a/(a 2 +c)/2. This is valid for both the exact and the approximate
versions of the PPA with r _>-1 in criterion (At). By means of an example we show
that this bound is tight. The extension to general solution sets Z, and the proof of
tightness of the bound, are new.

As shown by Rockafellar (1976b), the quadratic method of multipliers for convex
programming is a realization of the PPA in which T =-ag, g being the essential
objective function of the ordinary dual program. Taking this into account, our Theorem
2.1 allows some extensions of the circumstances under which the quadratic method
of multipliers achieves linear convergence as reported in Kort and Bertsekas (1973),
(1976) and Rockafellar (1976b).

When f is a power function with exponent s >= 1, we show in Theorem 3.1 that
superlinear convergence of order at least s is obtained for the exact algorithm. For
the approximate implementation, with criterion (At) and r => 1, the order of conver-
gence is at least min {r, s}. This result is entirely new. A comparison is made with
results on the superlinear convergence of the quadratic method of multipliers reported
by Kort and Bertsekas (1973), (1976).

If f is flat in some neighbourhood of 0 in [0, +oo), i.e., if there is some 8 > 0 such
that f(x)--0 for all x [0, 8), then the exact algorithm converges in a finite number
of steps. The approximate version of the algorithm, with stopping criterion (A), r => 1,
achieves superlinear convergence of order r at least. A sufficient condition for the
convergence of the exact algorithm in a single step is also given.

When T-1 is such that its growth exceeds any linear bounding in any neighbour-
hood, however small, of zero, it is proved in Theorem 4.1 that then the PPA will
converge sublinearly when the penalty sequence {ck} remains bounded. This result is
valid for both the exact and approximate versions. To the best of our knowledge this
is the first result dealing with sublinear convergence of the PPA.
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Finally, if is a power function with exponent s e (0, 1), we give a conservative
estimate of the speed of convergence. It is shown that Iz k -[ decreases to zero faster
than k -sly. This result is also new.

This section ends with a proposition on the global convergence of the PPA which
will be used repeatedly in what follows.

PROPOSITION 1.2. Let ; (, and let {z k } be any sequence generated by the PPA
with stopping criterion (A), r >-0, and a sequence of positive numbers {Ck} such that
lim infk-oo Ck > O. Let us also assume that

(1.4) ::!8>0: VwB(O, 8), VzT--lw Iz-2l_-<f(Iwl),
where B(O, 8)={z H" Iz[<8} itnd /’[0, +00)4[0, +oo) is such that/(0) 0 and is
upper semicontinuous at 0 (in this case equivalent to continuity at 0). Then Iz k -,1 --> O.

Proof. By Theorem 1.1, (1.3), we have There exists, then, some
kl Z+ such that for all k =kl. By (1.1) and assumption (1.4),

Vk >-_k Iez-l<-f(IcQzl).
Using the continuity of f,

lim sup IPkZ k 1_<- lim/(Ic-Qkz k I) O,
koo koo

from which it follows that ]PkZ k _,1 --> O.
Also the definition of ]z-1, the triangle inequality and criterion (Ar) yield for

all k

Since ek --)O, the result follows.
Remark. Condition (1.4) is not necessary. To see this consider in /2() the

quadratic function q(x)= Y’.=oX/(i + 1). The PPA for T=Oq converges strongly to
the unique solution x 0 (Kryanev (1973)). Nonetheless, the graph of T is as flat as
we may want in any neighbourhood of zero, and such an f does not exist.

2. Linear convergence. In this section a sufficient condition for the linear conver-
gence of {Iz k -l} to zero when the PPA is operated in an approximate manner is
provided. The upper bound on the rate of convergence is shown to be tight. Implications
for the quadratic method of multipliers are pointed out, and comparisons with previous
results are made. The main result of this section is embodied in the following theorem.

THEOREM 2.1. Let (, and let {z k} be any sequence generated by the PPA
with stopping criterion (A), r _-> 1, and a nondecreasing sequence of positive numbers
{Ck} such that O<Ck Coo <- +. Let us also assume that

(2.1) =ia>0, ::16>0" VweB(0,6), YzT-lw Iz-21<_-alwl.
Then Izk-,[-->O linearly with a rate bounded from above by a/(a2+cL)I/2<l.

If coo +, the convergence is superlinear.
Proof. The hypothesis implies that of Theorem 1.1, thus its conclusion is in force.

By (1.3) there exists some kl ;7+ such that [C-IQkzk <8 for all k ->k. Using formula
(1.1) and assumption (2.1),

(2.2) Vk k, IP z -21<=a I.
Ck
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Equation (_1.21 with z =zk, z’= z-e (thus Pkz’=z’, Oz’= 0), together with the
fact IPkz k [Pz- ], yields
(2.3) Vk 0 lOz[:lz-[:-IPz
Using (2.3) to eliminate IOzl in (2.2) and rearranging, we obtain

vk => kl p 21<lc+=a -2 .
Introducing # a/(a 2 +c)/z < 1 we obtain

(2.4) Vk mk., [Pz-2[#]z-2].
From (2.3)we have

(2.5) Vk m0 lOll-21.
The triangle inequality gives

Vk o z-zlz-]+l-#.
Projection onto a nonempty closed convex set (Z in our case) is a nonexpansive

oAeration (in act it is a proximal mapping; see Moreau (1965, p. 279)). us
l-Pz = lz -Pz, a.d i.g (2.5),

(2.6) Vk m 0 [ -PI 21 -21.
By Theorem I.I, ]z +t -z ] 0, and therefore there exists an index kz Z+ such

that for all kk2 ]z+’-zl<l. If rl, then for all kink2
lz+- zl, and criterion (A,) can be used to obtain the estimate

[= +’-p[ +I -P=[ +=-2.
st i+’-Plm]=+’-2l. By riterio. (A,), 0; ths there is some keZ+

-z lIzthat or a, k mk= Iz+’-z l<a. I rma, then or a, k >k= Iz +’ ’ -z I,
obtain

(2.7) Vk# lPz-2lm(;-e)]z+’-2l-2eIz-2].
Let # max {k , #}. Combining (2.4) and (2.7),

Vk > fi I+’-21<---+2i -2.

Thus the rate of linear convergence/3 satisfies

Iz +1 -] tz, +2e a
(2.8) /3 < lim sup <

k- [#’--i lim 2 1/2 < 1.
-oo 1-e (a=+c)

Example. We will show by means of an example that the bound for the rate of
linear convergence obtained in Theorem 2.1 is achieved.

Let us consider in H [2 the linear transformation A" R2 R2, where A is given
by the matrix
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(Its effect is to rotate vectors counterclockwise by an angle of r/2.) Let us consider
the quadratic form (z, Az). It is obvious that (z, Az)= 0 for all z R2. The mapping
T" R)- 2 R2, given by Tz {Az }, is monotone because

Vz, z’ e 2 (z z’, Az -Az’) (z z’, A (z z’)) O.

Clearly T is single valued and is continuous in 2. Therefore it is maximal monotone
(Pascali and Sbhrlan (1978, Cor. 2.3, p. 106)). T is not the subdifferential mapping
of any proper lower semicontinuous convex function f" 2...)(--00, /0C], as A is not
selfadjoint (Rockafellar (1970b, p. 240)).

It is easy to see that [az [= [z[ for all z e N2. Therefore 2 {0}, the constants a,
6 appearing in assumption (2.4) are a 1, 6 +o, and the inequality [z-21<-alwl
becomes Iz[ [w[, valid for all w e R2 and all z T-lw, i.e., z a-lw.

When the PPA is implemented in its exact form, i.e., ek =0, it becomes z k+l=
(I +CkT)-lz k, and in our case we obtain ]zk+l[- [(I +CkA)-lzk[.

Elementary computations show that

and also that

Therefore the convergence rate is

Iz +11 1 1
/3 lim lim =---.Iz l /1/c, /1

Since in this example a 1, we have a/(a :+c 2 a/2) and the bound is achieved.
Let us consider the following convex programming problem"

(2.9)
min fo(X
s.t. fi(x)<=O, i=l,2,...,m, xeC,

where C is a nonempty closed convex subset of " and fi" C is a lower semicon-
tinuous convex function for O, 1,. ., m.

Its ordinary dual problem is

(2.10) max go(y) s.t. y _-> 0

where go" ’+ is the concave function defined by

go(Y inf {fo(x) + Y lfl(X / / Ymfm (X)}.
xC

The quadratic method of multipliers involves a sequence of minimizations of the
augmented Lagrangian function

fo(x)+ [(max {0 yi+cfi(x)})2--y],
L(x, y,c)= c c>0, xeC,

xC.
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The method of multipliers can thus be expressed as

k kx =argminL(x,y Ck),

(2.11)
k+l

Yi =max {0, y/k +Ckfi(xk)}, 1, 2,’" ", m.

Rockafellar (1976b) has shown that the quadratic method of multipliers (2.11)
for the solution of (2.9) is a realization of the PPA, in which T =-Og, where g is the
essential objective function of the dual problem (2.10) defined by

go(y) ify
g / -oo if y R,

assuming that g is proper, i.e. sup g > -oo, so that T is maximal monotone. He assumes
that T-1 is Lipschitz continuous at the origin--which implies that there is only one
Lagrange multiplier vector )7--and that the minimization to determine x k in (2.11)
is carried out only approximately with stopping criterion.

L(xk+ yk Ck)--inf L(x, yk, ck)<(e2k/2C)lyk+l--yk[2

where y+l is given as in (2.11), e _->0 for all k, and Yk=o ek < +00. He concludes that
the sequences {yk} generated by the algorithm converge towards 37 linearly, at a rate
bounded as in (2.8). He also shows that

lyk+a_pkykl2/2Ck <_L(xk+, yk, Ck)--inf L(x, yk, Ck),

and thus the stopping criterion implies (At) with r 1.
Kort and Bertsekas (1973), (1976) have also studied the convergence for this

method of multipliers. In their analysis they assume"

(i) Problem (2.9) has a nonempty compact solution set X, and a nonempty
compact set of Lagrange multipliers Y.

(ii) f0 is strongly convex with modulus/, > O. This implies that X {}.
(iii) The following growth condition on the dual function:

1
:lb>0, ::la>0" /yB(r,a) g(y)<-g--ly-I?l2

where

g max g,

and

lY I71 min {lY Y’I" Y’ e I?},
which is well defined, as Y is closed and convex.

The strong convexity assumption (ii) allows them to develop an implementable
criterion which implies the following"

(2.12) ly -PY <=- lY -Y

where rk is a prespecified sequence such that r/k < 2/, for all k large enough. When
minimization of the augmented Lagrangian is carried out exactly, (ii) need not be
assumed. The growth condition (iii) implies (2.1) with a b. Linear convergence is
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guaranteed if < 4tx?/b where lim SUpk-.oo T/k, lim SUpk-,oo Ck. If r/k --> 0, the rate
of linear convergence is bounded (as in the case of exact implementation of (2.11))
bya/(a+?).

When interpreted in the framework of the method of multipliers, Theorem 2.1
gives a sufficient condition for its linear convergence under still weaker assumptions
than those discussed above. First, both X and Y are required to be only nonempty
(they will always be closed and convex by the lower semicontinuity and convexity of
the functions fi, 0, 1,..., m), and no assumption is made on their compactness.
Secondly, the strong convexity assumption on fo is not made.

3. Superlinear convergence and convergence in a finite number of iterations. The
(Q-) order of convergence (Ortega and Rheinboldt (1970)) of {Izk--,I}, assuming
that Iz k -217 0 for all k, is the supremum of the numbers - _-> 1 such that

lim sup Iz-21
THEOREM 3.1. Let , # , and let {Z k} be any sequence generated by the PPA

with stopping criterion (At), r _-> 1, and a nondecreasing sequence of positive numbers
{Ck}, such that 0 < Ck Co <-- +o0. Let us also assume that

(3.1) :la>0, =ls=>l, ::18>0" Vw eB(0, 8), Vz e T-lw Iz -2I <-aIw[.
Then Iz-2l-0, and its (O-) order of convergence satisfies t->min {r,s}.
Proof. The hypothesis of the theorem subsumes that of Theorem 1.1, and there-

fore Ic  O z l-, 0, By (1.1) and assumption (3.1), there is some kl. 7// such that

(3.2) Vk _-> k
a Is

Using (2.3) to eliminate IOkzkl in (3.2), we obtain

Vk
2cIPz 21+-d

from which

(3.3) Vk >=k IPz -2j <-
(c + a2/sJpkzk --212U-1)/)/2"

The triangle inequality and criterion (At) yield the following estimate for all k"

iz ’+’-e%-zl <_-Iz ’+-Pz k + IP,,z ’ Pzl
-z +lPz-21

Rearranging and using the fact that ]z k -ezl-<_-21z -21 (cf. (2.6)), we have that

Vk _->0 [Pz -21--> (1- eklZ k+l zklr-1)lzk+’ -PzI
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By Theorem 1.1, [zk+a--zk[-+ 0, and therefore there is some k277+ such that [z k+l-
z k < 1, and Iz +1 -z it-1 _-< 1 for all k >-k2 as r _>-1. Also, by criterion (At), e +0,
and thus there is some k3 7/+ such that e < 1 for all k k3. Hence for all k ->_k
max {k2, k3}, 1--,,Iz"+’---Z"Ir-I>= :t-- >0, and being Iz’+l-e-zl>-_lz"+l-21,
(3.4) Vlc>-Ig IP,z"-21>-_(1-e,,)lz"+l-2l-2e,lz"+l-z"l-llz"- I.

From (2.5), the triangle inequality and the fact that r _-> 1,

]z ’ -2[ >-IO,z " ]z ’ -P,z’[ >-[z ’ z ’ +a[ [zk+l
-z (1 -e -z ),

which can be transformed int6 the following estimate valid for all k ->_/"

(3.5) [z -z+l <- -27
Combining (3.4) and (3.5) gives

(3.6) Vk

Let k7 max {kl, }=max {k, ka, k3}. The combination of (3.3) and (3.6) yields
for all k _-> k

(3.7)
(1- e)(c +a/SiPz-2i(’-)/’)/+

(1-e

Assumption (3.1) implies the hypothesis of Proposition (1.2) with f(l" l)= a l" ’, and
thus [z-2[0. Also, by criterion (Ar), e 0, and therefore from (3.7) it clearly
follows that the (O-) order of convergence of {lz -1} is at least min {r, s} 1.

Remark. An alternative proof can be obtained by using (2.5) instead of (2.3) (to
eliminate ]Oz in (3.2)), and then (3.6) to obtain

2e i.=(1--ek)C (1--ek

The proof chosen has the advantage of clearly showing the connection in (3.7) with
the linear convergence case (take s 1 to obtain (2.8)).

In the context of the quadratic method of multipliers, Kort and Bertsekas (1973),
(1976) have also specified conditions for the superlinear convergence to zero of the
sequences {lyk_ 1}. The assumptions under which this result is obtained include (i)
and (ii) as in } 2 above for the case of inexact minimization of the augmented
Lagrangian, while (iii) takes the form

:lb >0, :lq(1,2), ::16>0: Vy eB(Y, 6)
1

g(y)-<g- 137- I7"

With the help of the subgradient inequality for the concave function g,

Vy*eOg(y), V)TeI7 g-<--g(Y)+{f-Y,Y*)-<g(Y)+IY-YIlY*I,

the assumption above becomes

=lb>0, ::1q(1,2), :la>0" VyB(IP, 6), Vy*0g(y)[y-f’l<-_bly*l 1/(q-x).
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Clearly when q (1, 2), s 1/(q 1) (1, +), thus obtaining a growth condition on
0g -1 analogous to the assumption (3.1) used in the proof of our theorem. When the
algorithm is implemented in exact form (the strong convexity of fo is not needed in
this case), the (Q-) order of convergence is at least 1/(q-1), which coincides with
our result (3.7). When the algorithm is implemented only approximately (see (2.12)),
the (Q-) order of convergence obtained is 2/q (Kort and Bertsekas (1976, Prop. 7,
p. 286)). Taking into account that 1/(q-1)=s, this order becomes 2s/(1 +s) in our
notation and satisfies

2s
/s>l 1 <<s.

l+s
In order to achieve the same order of convergence as with the exact algorithm, the
sequence nk in (2.12) has to be replaced by min {k, cly+a- yl=}, where 0, c >0,
and a =>s-1 (Kort and Bertsekas (1976, Cor. 7.1, p. 288)). With this modification
the actual criterion for the approximate implementation implies

ly+l_eyl2 <_cly+l_ yl+1.
This is less stringent than criterion (At) with r->s which implies that for all k large
enough (after lY +

Y
k < 1)

<
k=O

The difference in orders of convergence might be accounted for by the following:
a) the presence in the method of multipliers of subgradient inequalities which

are not available for a general monotone operator;
b) the assumptions made on/Co, X and Y.
We analyze now the conditions under which finite convergence is obtained.
THEOREM 3.2. Let , f, and let {z k} be any sequence generated by the PPA

either in exact form (e =-0), or with stopping criterion (At), with r 0 or r >= 1, and a
sequence of positive numbers {c}, such that lim inf_,oo c > 0. Let us also assume that

(3.8) 6 > 0" tw B (0, 6 ), tz T-w z .
Then ]:or all k large enough

(3.9) [Z k+l --2[ < Ek k"--(l__c,k)r[Z --21"

If the PPA is operated in exactform (e 0), convergence is achieved in a finite number
of iterations. Otherwise, if r >- 1, superlinear convergence oforder at least r is guaranteed.

Proof. Theorem 1.1 applies, and by (1.3), [c-aOkz[O, so there is some k 7/+
such that [c-aOkzl<6 for all k _->k. By (1.1) and assumption (3.8),

(3.10) Vk >=k Iez-2l=O.
Equation (1.3) implies that [z +a-zl 0, so there is some k2 Z+ such that

Iz+-zl 1 for all k k2, and the inequality min {1, lZ+I--zIr} [Z+I--z is
valid for all k kz for r 0 or r 1. Letting k max {k a, k}, the triangle inequality,
criterion (A,) and (3.10) yield

(3.11)
emin{1, lz -z <e -z 1,

valid for r 0 or r ->_ 1.
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By criterion (At), ek -- O, thus there is some k3 7/+ such that ek < 1 for all k _-> k3.
When r 1 and k _->/ =max {kl, k2, k3} ], (3.5) holds, and (3.11) can be transformed
into

(3.12) Vk >/ Iz k+l-l <- e________k IZ k_[r.--(l_ek)r

The theorem follows because it is clear that (3.10), (3.11) and (3.12) are equivalent
to (3.9) when the PPA is implemented in exact form (ek ----0), with (A) and r 0, and
with (A) and r ->- 1 respectively.

Remark. A condition for the convergence of the exact PPA in a single step can
be easily obtained as follows. By (1.1) c-dIQoz TPoz so if [c -1o Qoz <8 then

0z =Poz e Z. Qo is the proximal mapping for the maximal monotone operator
(coT)-, and thus it is nonexpansive. Hence for any z, z’e I- IQoz _7__Qoz’l <= Iz-z’l.
We know that if z’ 2, then Qoz’=0. Let us choose z =z z’ =z . Then the
estimate IOozl-<-Iz-, l is obtained. Thus a sufficient condition for ]c-dQoz < 8 is
Co> A condition of this type appeared for the first time in Bertsekas (1975).

Rockafellar (1976a, Thm. 3, p. 888) showed the finite convergence of the PPA
under the assumption that 0 int T for some s H. This assumption implies that
z? is the unique solution of 0 s Tz. On the other hand, our result applies in the general
case in which Z need not be a ingleton or even compact.

Viewed in the context of the quadratic method of multipliers, Theorem 3.2
guarantees finite convergence without the need of making compactness assumptions
on X (Bertsekas (1975)) or uniqueness of the Lagrange multipliers, i.e. Y ={37}
(Rockafellar (1976b)).

The generalization of Rockafellar’s criterion 0sint T, for some s H, to a
general nonempty Z would be

(3.13) B8 >0" B(0,8)_ TZ.

Instead we have used (cf. (3.8))

(3.14) ::18 >0: T-1B(O, 8),

which is the obvious limiting case of (3.1) when s and 8 < 1 (this last condition
can be arranged by taking some 8’< min {1, 8}).

It is interesting to explore the relationship between (3.13) and (3.14). From our
analysis (see Prop. 3.5 below), it follows not only that (3.13) implies (3.14) but also
that Z is bounded. On the other hand there are instances in which (3.14) holds but
(3.13) does not. For example, if ,, is unbounded, as it happens for H= R, when the
graph of T is given by G(T) R_ x {0} [.J {0} [0, 1 ] [.J + {1}. To show this relationship
we will first prove two technical lemmas.

LEMMA 3.3. Let T be a maximal monotone operator such that T-O is
nonempty.

Then Tz
_
N(z) for all z H, where N(z) denotes the normal cone to at z.

In particular if z int Z, the interior ofZ in the strong topology of H, Tz {0}.
Proof. For all z H, the cone normal to Z at z is given by (Rockafellar (1970b,

p. 15))

(3.15) N(z)={x 6H" Vu 2 (z- u, x)_->0}.
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If z D (T), then Tz and the inclusion Tz
_
N2 (z) is trivial. Let z D(T), and

w Tz. Then the monotonicity of T implies

/z’Z (z-z’,w)_->0

and it follows that w N2 (z). If z e int Z then N2 (z) {0} Tz f, so Tz {0}.
LrMMA 3.4. Let C be a nonempty closed convex and bounded subset of a real

Hilbert space H. Let Nc(z denote the normal cone to C at z.

If z
_
C, then Nc(z has a nonempty interior in the strong topology which is also a

convex cone.
Proof. Since C is nonempty closed and convex, for any z eH there is a unique

vector z? e C which is closest at z. This vector is characterized by Luenberger (1969,
Thm. 1, p. 69) (z-z,z-u)>=O for all u eC. But (z-z,z-u)=(z-, z-u)-
[z 12 which clearly shows that for all u C (z , z u) -> [z 12 => 0, and there-
fore z- Nc(z) (see (3.15)).

It will now be shown that if C is bounded and z C, then z- int Nc(z). Let
us suppose that z int Nc(z). Then for any 6 > 0 there is some v B (0, 6) such
that z - + v Nc(z). By the definition of Nc(z), this implies that there is some vector
p C such that (z p, z 2 + v) < 0, or (z p, z 2) < (p z, v). But (z p, z 2)
(z , z ) + (z? -p, z 5) _-> [z 12 > 0, because p C and is the projection
of z onto C.

Using successively the Cauchy-Bunyakovsky and triangle inequalities, and
boundedness of C (i.e., there exists M R such that C

_
B(0, M)), we get

0<lz -el= < <p-z, v>_-< Ip-z[ Ivl
--< (Ipl / iz [)Iv I--< (M / [z I)lv I.

a us I l>lz-el=/(M/lzl)>o, Let us choose O< <lz-elZ/(M/lzl to obtain a
contradiction with v B(0, 6), and therefore z- intNc(z). It is easy to prove that
if K is a convex cone so is int K, and therefore int Nc(z) is a convex cone.

PROPOSITION 3.5. Let T and Z be as above. Then 0 int TZ implies that Z is
bounded. Moreover, there is some 6 > 0 such that for all w B(0, 6), z T-lw
In particular, if w B (0, 6)\{0} and z T-lw then z 0 \int, or more sugges-
tively, T-(B (0, 6)\{0})

Proof. 2 is closed, therefore it contains its boundary 0, and
We also have by Lemma 3.3

TZ {Tz" z Z} Tint Z LIT 0Z {0} T 0Z T OZ.

By the hypothesis, there is some 6>0 such that B(O, 6)_TZ, and thus
B(O, 6) T OZ.

Let N(z) be the cone normal to Z at z. The hypothesis, Lemma 3.3, and the
fact thatN(z) is a cone imply

(3.16) B(0, 3) CI {Tz" z e0Z}___ U {N2(z): z eOZ}=H.

Let q denote the indicator function of . For all z in ,,, Ne(z)=Oq(z), thus
R (Off) H, and q*, the support function of Z, is everywhere finite. The boundedness of Z
follows from a result of Rockafellar (1966, Thin. 5B, p. 57).

To prove the second part of the proposition, let us assume that for some z s
D(T)\ there is some w Tz such that Iwl< , Since is convex and bounded, by
Lemma 3.4, for any z Z, the interior of N2(z) is a nonempty convex cone. Let
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p intN(z)OB(O, a-lwl) Clearly, 0<lpl <a-lw[, and

/u Z (z-u,p+w)=(z-u,p)+(z-u, w)>-O,

because p e intN(z) N(z), and w Tz N(z). The triangle inequality yields
Ip+wl lpl+lwl< -Iwl+lwl= , and p+weB(O, 8). By (3.16), there is some z’e
OZ such that p+weTz’N(z’). The monotonicity of T implies 0
(z -z’, w- + w))= -(z -z’, p). But p eNd(z) and z’e imply that (z -z’, p)0,
thus (z-z’,p)=O. As peintN(z), there is some r>0 such that B@, r)N(z).
For any e(0, r), p+(z’-z)/[z’-zleN(z). By the definition of N(z) given in
(3.15), this implies that

,p+ 0.

Since >0 and (z-z’,p) 0 we obtain 0(z-z’, z’-z)<0 a contradiction. There-
fore we cannot assume that for some z D(T)Z there exists some w Tz with
[w l< . It follows that w I< a implies z .

4. Sublinear convergence. is section starts with a partial converse to Theorem
2.1.

THEOREM 4.1. Let , and let {z k} be any sequence generated by the PPA
with stopping criterion (A), with r 1, and a nondecreasing sequence ofpositive numbers
{cg}, such that 0 < cg c < +. Let us also assume that

(4.1) a >0, a >0: w B(O, a), z T-lw ]z-l  alwl.
Then g {z} does not converge to in a finite number of steps (i.e., zk for all

k)

lim inf Iz k + 2[
Iz -21 ’

and {[z k -l} cannot converge to zero faster than sublinearly.
Proof. Let us choose some fixed a >0. Theorem 1.1 applies and by (1.3)

[c-lOkz k[ 0. Therefore there is some k 7/+ such that [c ;1OkZ k < 8 for all k k l.

By (1.1) and assumption (4.1),

(4.2) Vk >-kl Iez-21a lQzl.
Ck

By the triangle inequality

(4.3) I.
The triangle inequality, and the fact that projection onto a nonempty closed convex
set is a nonexpansive mapping (Moreau (1965, p. 279)) yield

Ipkz k __,1 [pkZ k z k + 11 _[_ [Z k +1__ Z--k--l-[ ..[_ iz- _
(4.4)

k+ k+l<-2lPz-z I+[z -2[.
Using (4.3) and (4.4), we see that (4.2) can be transformed into

(4.5) Yk_->k (2c I.
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By (1.3) there is some k27/+ such that Iz"+-z"l =<[z+’-zl<l for all k _->k2.
Hence criterion (At) yields

(4.6) Vk k2 [PkZ k --zk+llEk min {1, Izk+--zklr}<--eklz’+l--zkl.
We also have that

(4.7) Iz " -z’+’l>>-lz " --Z’fI--Izk+I--zI’T[IZk
By combining (4.5)-(4.7) we obtain for all k -> k max {k 1, k2}

(c,, +a)lz"+’-2l>-alz"-21-(2c,,
Criterion (At) implies that ek - 0. Thus there is some k3 7/+ such that ek < 1 for all
k ->k3. If k ->k =max {k3, k}, the above inequality and (3.5) are valid, and using the
latter to substitute for [z +l-z lin the former, we arrive at

Vk >-E, (c +a)lz+-21>=a[z-21 -(2c +a)elz-2[.
1

From this expression, taking into account that e 0, we obtain

 +1-21lim inf >
-,o i --] lim

Since a can be arbitrarily large, the theorem follows.
The preceding theorem provides an essentially negative result. In the next theorem

we try to quantify the speed of convergence. Since the convergence may be sublinear,
we will have to look for an estimate of the form [z k -1 O(k-) for some r > 0.

THZORZM 4.2. Let , , and let {z } be any sequence generated by the PPA
in exact form with a nondecreasing sequence of positive numbers {c}, such that 0 <
c coo < +oo. Let us also assume that

(4.8) a>0, ]s(0,1), !6>0: Vw B(O, 6), Vz T-w Iz -2l <=alwl.
Then Iz -21 0 as o(k-/), i.e., lim_,o Iz -2[/k O.
Proof. By Theorem 1.1, 1c-10z10, thus there exists some kl 7/+ such that

Ic 10z 1 < 6 for all k ->_ k 1. Also by (1.1) c {1Oz TPkz Tz +1. Using these facts
and assumption (4.8) gives

a
isvk Iz IO z

Using (2.3) eliminate IOzkl and rearranging, we come to

from which we obtain the following inequality for all n _-> kl"

which reduces to

’q’n _->kl
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Taking the limit as n c, [z n+l -,,1 "- 0, by Proposition 1.2

+oo.
k =kl

For the series to converge, its terms have to decrease to zero faster than the terms
of the harmonic series, thus

lim sup clz +1 -[/k 0.

Obviously, any speed of decrease can be obtained by making Ck O fast enough. If
Ck ’l’ Coo < +o then it follows that [z k -7[ o(k-/2).

Remark. This estimate seems conservative, at least when s ’1’ 1 because for s 1
linear convergence is achieved and then [z k -1 =o(k-) for all tr >0 (Ortega and
Rheinboldt (1970)).
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EXTENDED JACOBI SUFFICIENCY CRITERION
FOR OPTIMAL CONTROL*

VERA ZEIDAN

Abstract. In this paper we present sufficient conditions for strong local minimality in optimal control.
We do not require the dynamic f to be linear nor the control set U to be open. Moreover, these conditions
extend a known sufficiency criterion in the calculus of variations involving the Jacobi condition.

Key words, sufficient conditions, strong local minimality, optimal control problem, extended Jacobi
condition

1. Introduction. Let f, g and be given functions"

f:[a,b]RnR’Rn, g. Ea, b]RnR",
let U be a subset of ", and let A be a point of [. The optimal control problem is
defined to be:

b

minimize l(x(b))+Ia g(t,x(t),u(t))dt

over all absolutely continuous functions x from [a, b to [" with derivative (almost
everywhere), and over all measurable functions u from [a, b to " satisfying:

(t) f(t, x (t), u (t)) a.e., x (a) A, u (t) U a.e.

The Hamiltonian H of this problem is defined as follows"

H(t, x, p)= sup {(p, f(t, x, u))-g(t, x, u)" u e U}.

There are two main sufficiency criteria existing in the literature for optimal control
problems. The first requires the Hamiltonian H to be concave in x and convex in p
[9]. The second criterion involves the Hamilton-Jacobi inequality [1], [4], [5] and
[10]. Also, there are other criteria which apply in simplified contexts. For instance,
when the control function t is assumed to lie in the interior of the control set U, or
when the differential equation is linear in x and u.

In this paper we develop a new sufficiency criterion for autonomous optimal
control problems where the Hamiltonian is not necessarily concave-convex. Our
sufficient conditions are obtained by considering the optimal control problem as being
a generalized Bolza problem, and then by applying the sufficiency criterion developed
in [11]. Thus, our conditions extend known sufficient conditions in the calculus of
variations involving the Jacobi condition.

If we consider the special case of optimal control problems treated by Mayne in
[6], that is the case when the control a(t) belongs to the interior of the control set
U, then we see that our conditions reduce to his result in [6, Thm. 3.2].

2. Statement of the sufficiency theorem. Consider the autonomous optimal con-
trol problem:

b

(C) minimize J(x, u)= l(x(b))+ | g(x(t), u(t)) dt

* Received by the editors November 5, 1982, and in revised form February 15, 1983. This research was
supported by a grant from Fonds FCAC.

" Centre de Recherche de Math6matiques Appliqu6es, Universit6 de Montr6al, Montreal, Qu6bec,
Canada H3C 3J7.
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subject to"

(2.1) 2(t) =f(x(t), u(t)) a.e.,

(2.2) x(a)=A,

(2.3) u(t)6 U a.e.,

where u" [a, b " is measurable, and x’ [a, b n is absolutely continuous. Such a
function x is called an arc.

The Hamiltonian corresponding to the Problem (C) is

(2.4) H(x, p) sup {(p, f(x, u )) g (x, u )" u U}.

DEFINITION. Let x be an arc from [a, b] to n and u be a measurable function
from [a, b] to ’. The pair (x, u) is admissible if it satisfies (2.1)-(2.3).

DEFINITION. An admissible pair (, t) is a strong local minimum for (C) if there
exists a positive number y such that (, t) minimizes J(x, u) over all admissible pairs
(x, u) satisfying

Ix(t)-(t)l<y forallt[a,b].

Let be a given arc. The following hypothesis will be made:

(H) There exists a positive number e such that f(x, u) and g(x, u) are C2 on
{(x, u) U" Ix-(t)l <e for some [a, b ]} and l(x is C2 on {x Ix-

Suppose we are given arcs ,/3 from [a, b] to " and a positive number ft. For
(,/3) we define

N() {z " x gO". Iz-(t)l<t for some [a, b ]}.
DEFINITION. The Hamiltonian H is said to be C1+ near (,/3) if there exists

a positive number/3 such that H(.,. is C with locally Lipschitz gradient on N().
If the Hamiltonian H(z) is C 1+ near then VH(.) is Lipschitz near . Hence,

by [2], the generalized Jacobian OVH(.) exists and it is defined at a point z as being
the convex hull of all matrices of the form

M lim {V2H(zi)},

where Zi ’’) Z and the usual Jacobian 72H(zi) exists for each i.
DEFINITION. Suppose that the Hamiltonian H is C 1/ near a given arc , (,/3).

We say that the extended Jacobi condition is satisfied at if there exists a Lipschitz
matrix function Q(. on [a, b such that, for all in [a, b ], Q(t) is symmetric and satisfies

rl (t) Q(t)y(t)Q(t) + O(t) (t) + 6 (t)Q(t) a (t) > 0

for all in [a, b ], for all matrices

.(t) (t)
(t) "y(t)]

e OVH((t))

and for all rl(t)eOO(t).
Remark. If the Hamiltonian H is C2 near and if H is concave in x, then the

extended Jacobi condition is satisfied. In fact, in this case, the function 0 0 satisfies
this condition, where the strict inequality is replaced by inequality. But, using the
embedding theorem for differential equations, we conclude that there exists a function
O0 (which is even C 1) satisfying the extended Jacobi condition.
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THEOREM. Let (, ) be an admissible pair ]or (C). Assume that Hypothesis (H)
holds for some e > O, and

(1) U is a nonempty convex compact polyhedron in
(2) there exists an arc from [a, b to " satisfying

-/(t) =[x((t), t(t))(t)-gx((t), (t)) a.e.,

with

(3) for all [a, b and for all u U such that u (t),

(/(t), f((t), t(t)))-g((t), g (t))> ((t), f((t), u))-g((t), u);

(4) guu((t), a(t))-Du((fu((t), u))(t))l,=a(o>O for all [a, b];
(5) the extended Jacobi condition is satisfied by a matrix function Q such that

Then the pair (, provides a strong local minimum for (C).
Remark. Condition (2) is the adjoint equation and condition (3) is a strengthening

of the maximum principle of Pontryagin.
Remark. As we shall soon see, conditions (1), (3) and (4) of the theorem imply

that the Hamiltonian H is C1+ near (,/). Hence, the use of the generalized
Jacobian aVH((t)) in condition (5) is justified.

Remark. In the classical setting, it is shown in [11] that the extended Jacobi
condition reduces to the Jacobi condition.

3. Proof of the theorem. The proof of the sufficiency theorem is based on
converting the optimal control problem (C) to a generalized Bolza problem (Pc) and
then applying the sufficiency criterion given in [11, Thm. 2].

Define

(3.1) l(x 1, X2)=/t{A}(X 1)"4-/0(X2)
where A(’ is the indicator function of the set {A}, and

(3.2) L(x, v) inf {g(x, u)" v =[(x, u), u U}.

Then the functions and L are extended real-valued.
Now, consider the generalized Bolza problem corresponding to (C)"

b

minimize Jc(x)=l(x(a),x(b))+ Ja L(x(t),A(t)) dt(Pc)

over all arcs x from [a, b to [", where the functions and L are defined by (3.1) and
(3.2), respectively.

Problems (Pc) and (C) have the same Hamiltonian. In fact, (3.1) and (3.2) imply
that

tTI(x,p)=sup{(p, v)-L(x, v)" v "}=sup{(p,f(x, u))-g(x, u): u U}=H(x,p).

Condition (3) and (3.2) yield

(3.3) L(:(t),.(t))- g((t), a(t)) a.e.,

and hence Jc() is finite. From the compactness of U and [8, Thm. 6] we conclude
that L, defined in (3.2), is measurable and that (, t) is a strong local minimum for
(C) whenever provides a strong local minimum for (Pc).
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To prove the optimality of for the generalized Bolza problem (Pc) we will
apply [11, Thm. (2)].

We first observe that the compactness of U and condition (3) imply that t is
continuous on [a, b]. Hence, from (2.1) it follows that is C and therefore, the arc
/3 in condition (2) is C and (3.3) holds for all in [a, b].

Define

A(t, v)={u U" (t)+v =/((t), u)}.

Let e [a, b and v e R". If A (t, v) is not empty, (3.2) and the compactness of U yield
that there exists u e A (t, v) such that

L( (t), (t) + v) g( (t), u ).

Then, from (3.3) and condition (3) it follows that

L( (t), (t) + v -L( (t), , (t)) g( (t), u g( (t), a (t))

>-(,8(t), [( (t), u -[( (t), a (t))) (O(t), v ).

On the other hand, if A (t, v) is empty, then

L(:(t), (t) + v) +oo,

and hence the above inequality remains valid. Thus [11, Thin. 2(a)] is satisfied.
To show that our Hamiltonian H is C/ near we need to establish the following

result.
LEMMA 3.1. Assume Hypothesis (H) and conditions (1), (3) and (4) ofthe theorem.

Then there exists a positive number [3 such that, for all z in N3(), the supremum in
(2.4) is attained at an unique point u(z). Furthermore, the function u(. is .Lipschitz
and satisfies

u((t))=t(t), forallt[a,b].

Proof. Condition (4) and Hypothesis (H) imply that there exists a positive number
8 (8 =<e) such that for all (x,p)sN() and for all u {u s U" lu-tT(t)l<8} we have

(3.4) g, (x, u) D((f (x, u ))Tp) > 0.

The compactness of U and the continuity of the functions f(x, and g(x, yield that
the supremum in (2.4) is always attained for any z N(). However, arguing by
contradiction, (3.4) and condition (3) imply that there exist a positive number ( _-< 8)
and a unique function u (x, p) such that, for all (x, p)s Nr(),
(3.5) H(x,p)=sup{(p,f(x,u))-g(x,u)’uU}=(p,f(x,u(x,p)))-g(x,u(x,p)).

Since u(x, p) is unique (3.5) implies that u(.,.) is in fact continuous. Moreover, by
condition (3)we have

u((t),(t))=d(t).

It remains to show that u(., .) is Lipschitz. From (3.5) it follows that, for
(x,p)eN,,,(),

(3.6) O g,(x, u(x, p))-(p, f,(x, u(x, p)))+Ov(U(X, p)),

where OOv(Uo) is the normal cone to U at Uo, that is

(y m. (y, U UO) -< 0 for u U} if uo U,
O,u (Uo) ; if u0 U.
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Let A I(Z), ,/m (Z) be the eigenvalues of the matrix function

gu, (x, u(z))-Du((f,(x, u(z)))r)p,
and define

X (z) min {h,(z)}.
i=1

Using (3.4), we conclude that, for all z N() and for all h R",
h [g,,(x, u(z))-o,((L,(x, u(z)))p)]h >-A (z)llhll2.

Since the function Az(. is continuous for each i, so is the function A (.). Hence, there
exist positive numbers/z and/3 (/3 <= 8) such that, for all z N() and for all h

(3.7) h [g,,(x, u(z))-O,((f,(x, u(z)))rp)]h ->ullhll:.
We have that U is a convex compact polyhedron, that Hypothesis (H) holds, and that
relations (3.6) and (3.7) are satisfied for all z No(). Then, by [7, Thm. 4.2 and
Corollary 4.3] we conclude the following:

There exists a positive number A such that for each yoN0(z?) we can find a
neighborhood N(yo) of yo with

lu(z)-u(yo)l<=Alz-yol forallz N(yo),

which proves that u (.) is uniformly point-wise Lipschitz. As we have shown in the
proof of [11, Thm. 3], the uniformly point-wise Lipschitz condition implies in this
case that u(.) is Lipschitz.

By Lemma 3.1, there exists a positive number/3 (/3 <-e) and a unique Lipschitz
function u (.) on No () such that

H(x, p) (p,f(x, u(z)))-g(x, u(z)) and u((t)) d(t).

Moreover, from [2, Thm. (2.1)] it follows that H(.,.) is C on No() with gradient

(3.8) VH(x, p)= (pfx(X, u(z))-gx(x, u(z)), f(x, u(z))).

Thus, (3.8) implies that H(., .) is Ca+ near . The admissibility of (, t), condition
(2) and (3.8) imply that (,/3) satisfies the Hamiltonian equations, i.e. [11, Thm.
2(b)]. From the last remark given in [11], [11, Thin. (2)] remains valid if [11, Thm.
2(c)] is replaced by the extended Jacobi condition. Hence, our proof here is complete
when we show that [11, condition (d) of Theorem 2] is satisfied.

Since 10(.) is Cz near (b), and (b)=-l((b)), then for x {x" Ix-(b)l<e}
we have

(3.9)

where

l(x l((b )) ( (b ), x (b )) + 1/2(x (6), lx( (b ))(x (b )))

+ IIx ;(b)llo (x e (b

o(x
x) Ilx-(b)ll

=0.

Let A mini"-_a {Ai}, where A a," ", A, are the eigenvalues of the matrix l;((b))
O(b). By Theorem 2.1 (5), we deduce that, for all d

(a, (zL ((z,))- O(b ))a) ->_ x Ila[I:.
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Choose a positive number a such that for all d satisfying Iid[[ < a we have

o(d)>--- 0o

Thus, using (3.9), we obtain for all such d

l((b)+d)-l((b))+((b), d)- (d, O(b)d)=-(d, (t((b))-O(b))d)+lldllo(d)

Therefore, the function l(.,.), defined by (3.1), satisfies [11, condition (d), Theorem
2]. Q.E.D.

Remark. Consider the nonautonomous optimal control problem. If we assume
that t(t) is in the interior of U, then the Hamiltonian H(t,z) is C2 in z. For this
special case, our theorem here remains valid, where the assumption that U is a convex
polyhedron (which was needed to prove that H is C a/) can be omitted. If, in addition,
we assume that O is C 1, our conditions here reduce to the result of Mayne [6, Thm.
3.2]. Moreover, our result improves on [6], since our notion of local solution (optimal
with respect to arcs in an L-ball about (.)) is less restrictive than that in [6] (optimal
with respect to controls in an L 1-ball about t (.)).

Remark. For the case where both boundary values are fixed (x (a) A, x (b) B),
Theorem 2.1 remains valid when the boundary conditions

fi(b) -lx (:(b)) and O(b)<lxx((b))
are removed.

4. Example. Consider the optimal control problem"

(C’) minimize 2u2 +2u22 -- dt

subject to

(t) u l(t)x2(t) +u (t)x4(t),
x(O) =x(1) 1,

(u(t),u2(t))E U=[-1, 0]x[-1, 0] for all E [0, 1].

We have
3

f(x, u)=uax2+uzx g(x, u)=2u +2u x
24

and U [-1, 0] x [-1, 0], which is a convex compact polyhedron in R2.
Take (t)= 1, t(t)= (0, 0) and O(t)=(l-t)/8. The pair (, t) is admissible for

our problem, and, for all e [0, 1],

-/(t) =f((t), a(t))(t)-gx((t), a(t)).

Now, observe that the function
3

X
Pf(X’ u)-g(x’ u)=p(ulx2+ux4)-2u-2u + 2-
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is strictly concave in u if (x, p) are such that

(4.1) -3u2px4+2>O forallu2[-1, 0].

Since (t)= 1 and/3(t) (l-t)/8 satisfy (4.1), we can find a neighborhood N,() of
(,/3) such that (4.1) is satisfied for all (x, p) N (). For all such z (x, p), we

have that the maximum of pf(x, )-g (x, taken over U is attained at

0) if px 2 >= O,

(4.2) u(z) =J(-, 0) if -4 <=px2 <= 0,

(-1,0) ifpx2<=-4.
Hence, from (2.4) it follows that

(4.3) H(x,p)=

3
X

24
ifpx2=>0,

2 4 3p x x
PX

2+-- if -4 _-< -< 0,
8 24

3
2 X 2,-px 2-- if px <-_-4.

Equation (4.2) implies that ,/3 and t satisfy Theorem 2.1 (3). Also, we have

gu,((t), d(t))-fuu((t), t7 (t))/3(t)= (
To show that the pair (, t2) is optimal for (C’), by the previous remark, it suffices

to apply our theorem where the boundary conditions are removed. Thus, it remains
to prove that the extended Jacobi condition holds.

From (4.3) it follows that for z N (), H(. is C with gradient

(4.4) VH(x, p)
p x x
2 +---’

X
2

if px 2 O,

if -4 -< px 2 <_ 0,

if px 2 <=-4.

Equation (4.4) implies

Hxx((t),(t))=1/4, Hxp((t),(t))=Hpx((t),(t))=O,

0 ift 1,
H,((t),/3(t))

does not exist if 1.

In this case our Hamiltonian is not concave in x. Also, His not C2 near , but from
Lemma 3.1, the Hamiltonian is C/ near .

From [3, 1], the following generalized gradient inclusion holds:

(O,,H,(z)OVH(z A (z
\O,Hp(z
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Thus, to check the extended Jacobi condition for the elements of OVH((t)) it suffices
to check this condition for the elements of A ((t)).

From (4.4)we deduce that 0fl-/p((1))= [0, 41-], and hence

A((t))=
00oHp(.(t))

where

0 ift 1,
aff/.((t)) [0, 1/4] if 1.

Take Oo(t) t. Then for (t v) 6 A (2 (t)) we have

(o(t) yQ20 (t) + Qo(t) + 3Oo(t) a =1/4-yt 2.
Since 3’ [0, 1/4] and [0, 1 ], we obtain

-yt2 >_1/2 > O.

Thus, satisfies the extended Jacobi condition, and therefore, by the theorem, (, t)
provides a strong local minimum for (C’).

Remark. Since our control function (0, 0) is on the boundary of the control
set U, the sufficiency theorem of [6] cannot be applied to our problem.
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DIFFERENCE EQUATION STATE APPROXIMATIONS
FOR NONLINEAR HEREDITARY CONTROL PROBLEMS*

I. G. ROSENt

Abstract. Discrete approximation schemes for the solution of nonlinear hereditary control problems
are constructed. The methods involve approximation by a sequence of optimal control problems in which
the original infinite dimensional state equation has been approximated by a finite dimensional discrete
difference equation. Convergence of the state approximations is argued using linear semigroup theory and
is then used to demonstrate that solutions to the approximating optimal control problems in some sense
approximate solutions to the original control problem. Two schemes, one based upon piecewise constant
approximation and the other involving spline functions, are discussed. Numerical results are presented and
used to compare the schemes to other available approximation methods for the solution of hereditary
control problems.

Key words, approximation, nonlinear, delay systems, hereditary systems, control

1. Introduction. The purpose of this paper is two-fold. It first serves to describe
how the abstract approximation framework developed for the integration of linear
functional differential equation (FDE) initial value problems in [25] can be extended
so as to be applicable to certain nonlinear problems as well. Secondly, the application
of the resulting approximation schemes to the generation of approximate solutions
to optimal control problems in which the dynamics of the underlying system are
governed by nonlinear FDE is discussed.

The approach we take is not new. We consider the nonlinear FDE in an equivalent
form, i.e., as an implicit abstract evolution equation in an infinite dimensional Hilbert
space Z. We then construct a sequence of finite dimensional approximating discrete
difference equations by approximating the solution semigroup of operators (and its
infinitesimal generator) defined by the linear part of the equation using piecewise
constant or spline based subspaces of Z. Linear semigroup theory and discrete analogues
of the Trotter-Kato theorem [18] and the well-known Gronwall inequality are then
used to argue convergence. Approximate solutions to the optimal control problem
are generated by considering a sequence of approximating optimal control problems
in each of which the infinite dimensional FDE state equation has been approximated
in the spirit of the discussions above. Using the fact that the state approximations
converge, we are then able to demonstrate that solutions to the approximating optimal
control problems (which can be solved by conventional methods) in some sense
approximate solutions to the original control problem. The application of our approxi-
mation framework to the integration of nonlinear FDE is based largely upon results
which first appeared in [24]. The idea of approximating the infinite dimensional optimal
control problem by a sequence of finite dimensional discrete optimal control problems
closely parallels the approach taken in [26] where similar methods are used to obtain
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approximate solutions to parameter identification problems involving FDE state
equations.

Banks and Burns [3], [4] were among the first to propose the idea of approximating
hereditary control problems by a sequence of finite dimensional approximating control
problems. The semidiscrete methods for problems with linear state equations which
they developed were later extended by Banks [2] so as to be applicable to nonlinear
problems as well. Using similar approaches, Reber [21] and Rockey [23] developed
fully discrete schemes for the approximation of FDE which they then applied to the
solution of control problems. Reber developed first order convergent schemes for
linear nonautonomous equations. In the constant coefficient case, his work becomes
a special case of the more general theory to be presented below. In [23], the linear
or nonlinear FDE is first recast as an equivalent Volterra integral equation in L., and
is then discretized using piecewise constant or spline subspaces. An algebraic system
for the Fourier coefficients of the solution results, which is then solved using standard
methods. Recently, within the context of the framework developed in [3], Gibson
[13] and Kunisch [20] have formulated semidiscrete approximation schemes which
yield approximating closed loop solutions to the linear quadratic control problem with
hereditary system dynamics.

The discussion of our results below closely parallels the presentation in [2]. The
treatment in [2] relies heavily upon the linear theory developed in [3] and [4] by
considering the nonlinearities (which are assumed to satisfy local Lipschitz and affine
growth conditions) to be a perturbation of the linear part of the equation. Since the
basis for our approximation schemes involves the approximation of the solution
semigroup et using rational function approximations to the exponential and finite
dimensional approximation of , we too depend heavily upon the linear theory, and
hence consider precisely the same class of equations which are studied in [2]. An
unfortunate consequence, however, is that this precludes the inclusion of nonlinearities
in the discrete delay terms (i.e. terms of the form x(t-r)). This is in contrast to the
work of Kappel and Schappacher 17] and Kappel [16] and the recent paper by Daniel
[10] in which the nonlinearities in the equation are handled more directly and which
do permit discrete delay terms to enter into the equation in a nonlinear fashion. The
convergence arguments for the approximation schemes developed in [16] and [17]
are based largely on ideas from nonlinear semigroup theory and approximation results
analogous to those used in the linear case. Daniel on the other hand, avoids the
semigroup approach entirely and relies instead, directly upon the dissipative properties
of the nonlinear operators arising in the abstract formulation of the FDE in order to
argue the convergence of spline based semidiscrete approximation schemes. These
results are obtained, however, at the expense of requiring somewhat stronger assump-
tions (global Lipschitz and additional smoothness) on the nonlinearities in the equation
and the placement of additional restrictions on the class of admissible controls.

We conclude this section with an outline of the rest of the paper and a brief
description of our notation. In 2 we define the nonlinear FDE with which we shall
be concerned and state the hypotheses it must satisfy in order for us to carry out our
analysis. We also state fundamental existence and uniqueness results and describe the
equivalent formulation of the FDE as an abstract evolution equation in the Hilbert
space Z. In 3 we first recall the abstract approximation results for linear equations
discussed in [25]. We then extend them so that they are applicable to the nonlinear
equation as well and state and prove the fundamental convergence result. In 4 we
briefly describe the details involved in the construction of actual schemes to which
our general convergence results apply. We also outline two specific schemes, one using
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piecewise constant functions and the other using splines. Section 5 contains the results
pertaining to the application of the approximation schemes to the solution of optimal
control problems while in 6 we demonstrate the feasibility of our methods by
presenting several numerical examples.

The notation we use, is, for the most part, standard. The superscripts on the
Lebesgue spaces L(a, b), the space of functions with p continuous derivatives C (a, b)
and the Sobolev spacesH (a, b) denote that they consist of functions (or equivalence
classes of functions) defined on (a, b) with range in R". The symbol L is used to
denote the class of functions which are locally essentially bounded. The space of
continuous functions from an interval (a, b) with range in the abstract space Z is
denoted by ([a,b],Z). We" assume that this space is endowed with the usual
supremum norm. For a linear operator ’ and a complex number h contained in the
resolvent set of d we denote the resolvent of 4 at h by R (h 4).

2. Nonlinear hereditary control systems and their abstract formulation. In this
paper we consider nonlinear hereditary control systems which are governed by
functional differential state equations of retarded type of the form

(2.1) 2(t) Lxt +f(t, x(t), xt, u(t)), [0, T],

with initial conditions given by

(2.2) x (0) r, Xo

where r eR", eL(-r, 0) and xt denotes the function on [-r, 0] defined by xt(O)
x(t +0), -r_-< 0 _-<0. The linear part of the equation, given by the linear operator
L" L(-r, 0)--> R" will be assumed to be of the form

o

L Ai(-5.)+ | A(O)&(O) dO
1=0 J-r

where the A. are n x n matrices, A(. is a square integrable n x n matrix valued
function defined on the interval (-r, 0) and 0 ro < ’ <r <. < z. r.

In addition, we assume that the nonlinear perturbation term f’RxR"x
L(-r, 0) x R --> R satisfies the following hypotheses"

(H1) The mapping (t, r/, , v)->f(t, , , v)iscontinuousonRxR xL’(-r, 0)x
R m"

/-loc(H2) For any bounded subset@ ofR x L2 (-r, 0) there exist mi mi(@), mi e -o,
1, 2, such that for v e R ’, e R and (, ), (:, ) e @ one has

If(t, 7, , v)-f(t, , , v)[ <= {ml(t) + m2(t)lv}{l- ,[ +l- @[}.

(H3) There exists a continuous n x m matrix valued mapping t--> B(t) such that
m. /- locf(t, O, O, v) B (t)v for all e R and v e R In addition there exist functions mi

1, 2, such that

If( t, 7, b, v)[<-_{rl(t)+r2(t)[vl}{[rl[+[dp[}+[B(t)][v]

for all e R 1, v e R and all (, ) e R L(-r, 0) with I(?, )12 [ [2 + ] [2 sufficiently
large.

(H4) There exists a continuous function g’ R x R" L(-r, 0) --> R such that

If(t, 1, , v)-f(t, vt, , w)]<-g(t, , )lv
for all R q eR eL’(-r, O) and v, w eR
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Hypotheses (H2) and (H3) together yield the following growth condition satisfied by

loc(G) There exist functions rfia, rfi2 ( Lo such that

If(t, 1, , v)l {rfi l(t) + rfiz(t)lvl}{[[ + lOl} + lB(t)[ lvl
for all R rl R L2(-r, 0) and v R ".

Asolutionx(t)=x(t; ’1, , u)to (2.1), (2.2) is defined to be a functionx L(-r, T)
such that the mapping t->x(t) is absolutely continuous on (0, T), (2.1) is satisfied
almost everywhere on (0, T) and for which x (0) r/, Xo . Using standard arguments,
the following existence, uniquene.ss and continuous dependence result for solutions
to the initial value problem (2.1), (2.2) can be established.

THEOREM 2.1. Under hypotheses (H1)-(H4), given u eL’(O, T) and (rt,)e
R x H’; (-r, O) with ’1 ck (0), there exists a unique solution to the initial value problem
(2.1), (2.2) on [0, T]. Moreover, the mapping (, u)+(x(t; (0), , u), x,((0), , u))
from H’; (-r, O) L’(O, T) into R"L’(-r, O) where x is the unique solution to (2.1),
(2.2) corresponding to u eL’(O, T) and x(0)= (0), x0=, is continuous with respect
to the topology on H’ (-r, O)L(O, T) induced by the supremum norm on H’ (-r, O)
and the standard.L2 norm on L’(O, T).

Fundamental to the development of our approximation schemes below will be
the equivalence which exists between the FDE initial value problem (2.1), (2.2) above
and an abstract evolution equation set in the Hilbert space Z RL(-r, 0) with
inner product (., )z (’, )R" + (’, )L(--r.0). For each => 0 let S (t) :Z -+Z denote the
solution operator for the associated linear homogeneous initial value problem
corresponding to (2.1), (2.2). That is, for (rt,)Z we have

S(t)(7, )= (x(t), x,)

where x is the unique solution to (2.1), (2.2) with f=0. Based upon existence,
uniqueness and continuous dependence results for the linear homogeneous problem
(see [3], [4], [25]), one may conclude that {S(t): =>0} represents a parameterized
family of well defined bounded linear transformations forming a o-semigroup of
operators on Z. The infinitesimal generator of {S(t): t->0}, M, and its domain of
definition D(d) may be computed and are given by

D (M) {(?, O) e Z" ? & (0), O e [t7 (-r, 0)}, M(O (0), ) (L&, 6).

If we define the inner product (.,.)g on Z by

0

((rt, O), (:, g,))g =rtT+I_ cb(O)rg,(O)g(O)dO

where

1, -r <. 0 < Tv-1,

g(O)
2, --r--1 -<- 0 < r-2,

v, rl ----<0--<--0,

then it clearly follows that for (rt,)Z
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Furthermore, it can be shown that the operator s satisfies the following dissipative
inequality with respect to the g inner product"

(2.3)

with

(zo, zo). -<_ o(zo, zo)

u+l 1 [A[: 1I_o)
2 /lAol/ i=1 - IA(0)I2 dO,

and hence s G(/,w)that is, the semigroup of operators {S(t)" N0} satisfies
the exponential bound given by

IS(t)[4Fe ’.

Let I"ZR" and 2"Z L(-r, O) denote the two coordinate projections of Z
onto R" and L(-r, O) respectively. That is, for (, O) Z, we have

Let the mapping F" R xZ xR Z be defined by

F(t, z, v)= (f(t, vz, vez, v), 0).

Hypotheses (H1)-(H4) imposed upon f naturally imply that the mapping F defined
above will have the following properties:

(P1) For any z e ([0, T],Z) and u eL(0, T), the mapping t[F(t,z(t),u(t))]
is in L(0,

(P2) For any bounded subset of Z, there exist M1,M (depending on ) in
L such that ]F(t,z, v)-F(t, w, v)[{M(t)+Me(t)]v}z-w] for all z, w e, eR
and v e R .
For ZoeZ and u eL(0, T), let the mapping z’[0, T]Z be defined implicitly by
the following expression

(2.4) z(t)=z(t;zo, u)=S(t)zo+ S(t-)F(,z(),u())d.

Using hypotheses (H1)-(H4) and properties (P1) and (P2) above, together with
standard arguments involving Picard iterates and the Gronwall inequality, Banks [2]
is able to establish the following lemma.

LEMMA 2.1. Under hypotheses (H1)-(H4), (2.4) above defines or each zo e Z and
u L(O, T) a unique [unction z(t; zo, u)e([O, T],Z). Moreover, the mapping
((0), , u)z(t, ((0), ), u) is continuous on D() xL(0, T) with respect o the
Z xL and R x C xL topologies.

Finally, using the above results, the equivalence which we desire between the
FDE initial value problem (2.1), (2.2) and an abstract evolution equation-set in Z, in
particular the system given by (2.4), can be established. The details of the proof can
be found in [2].
Toa 2.2. Forsatisying hypotheses (H1)-(H4), z0 ((0), ) eD() and

u L(O, T) we have

z(t;zo, u)=(x(t;(O),,u),x((O),,u)), tel0, T],

where z(t; Zo, u) is the unique solution to (2.4) guaranteed to exist by Lemma 2.1, and
x(t; (0), , u) is the unique solution to the FDE initial value problem (2.1), (2.2)
guaranwed to exist by Theorem 2.1.
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3. An abstract approximation framework. In this section we develop an abstract
approximation framework under which approximation schemes applicable to the
abstract evolution equation given by (2.4) can be constructed. In addition, we establish
conditions which are sufficient to conclude convergence of schemes constructed within
the framework. The approach we take is based upon, and an extension of, the discrete
approximation framework for the integration of linear FDE initial value problems
described in [25]. Indeed our schemes will be based upon the approximation of the
semigroup of operators {S(t): _>-0} defined on Z by a sequence of discrete semigroups
(see [18]) which are defined on finite dimensional approximating subspaces of Z and
which are constructed using rational function approximations to the exponential and
finite dimensional approximationsto the infinitesimal generator s of {S(t): _-> 0}. The
fundamental convergence results for these constructions are given in Theorem 3.1 to
follow and are used extensively throughout our discussions below.

For each N 1, 2, let ZN be a finite dimensional subspace of Z of dimension
kN and let PN:Z ZN be the associated orthogonal (not necessarily with respect to
the standard inner product on Z) projection of Z onto ZN. Define SeN" ZN-Z to
be a bounded linear operator on Zu and let SN(t) e’ for all => O.

THEOREM 3.1. Suppose
(1) PNZ --> Z as N --> c for each z Z.
(2) There exist constants M, , independent of N for which ,N G(M, ),

N 1, 2,..., (i.e. Is(t)[ <-Me ’, [S(t)l <-Me ’, N 1, 2,...).
(3) There existsD D(), a dense subset ofZfor which

[vPzvz z o 0 as N - o ]:or each z D1.

(4) There exist A C with Reh>/3 and D2 a dense subset of Z for which
R(A;)D2D1.

(5) C(z) is a rational function of the complex variable z for which
(a) IC(z)-ez[ o(lzl+1) as Izl--,o with q >0;
(b) IfC(z)=n(z)/d(z) then degree C(z) =-degree n(z)-degreed(z)<=q + 1;
(c) C (z has no poles in {z C: Re z _-< 0}.
Then the operators C((r/N)IN)=n((r/N)gN)d((r/N)IN)-1 exist for all N

sufficiently large. If, in addition, for ON, that positive integer for which ON(r/N)<----T <
(ON + 1)r/N, we have that the infinite collection of operators on ZN, {C((r/N)SCN)k}k=O
are uniformly bounded with respect to N then

k

Psz -S(t)z -->0

as N-c for each z Z uniformly in k, k =0, 1,2,...,Or, where t=k(r/N),
k =0, 1, 2,. , pr.

Theorem 3.1 is based primarily upon a result due to Hersh and Kato [14] and
is in fact a fully discrete analogue of the well-known Trotter-Kato results which are
commonly used in establishing the convergence of semidiscrete approximations to
semigroups of operators (see [18]). That it is possible to actually construct schemes
(i.e. Zu, PN, ’9N, C(Z)) which satisfy the hypotheses of Theorem 3.1 is exhibited
in4.

Remark 3.1. As a corollary to Theorem 3.1, it is possible to estimate the rate
of convergence in (3.1). Indeed, if for z , a particular subset of Z which is defined
in [25, Thm. 4.17] we have that the convergence in hypothesis (3) is O(r/N) for
some p > 0, then the rate of convergence in (3.1) will be O(r/N)’ + O(r/N)q O(r/N)
for z 5 where min (p, q).
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Before we can proceed to apply the results of Theorem 3.1 in the development
of approximation schemes for the nonlinear system (2.4), we must first consider the
linear nonhomogeneous problem. We shall require the following result from [25]. For
f 6 L(0, T) and z0 Z, let z ([0, T], Z) be given by

z(t)=S(t)Zo+ S(t-r)(f(cr), O)

and let {z k x=o Zu be given by

(N) r (N)k-i ( rN)z=C r

Puzo+ C D P,(f, O)

where f (N/r)/Ji-1)r/UIt) d, D(z) is a rational function of the complex variable
z and0Al.

THEOREM 3.2. Suppose that Zu, Pu, , C(z satisfy the hypotheses of Theorem
3.1. Suppose further that

(1) The infinite collection of perators on Zu, {C((r/N)u)}o are uniformly
bounded with respect to N and

(2) The operators D(A(r/N)u) exist for all N sufficiently large and satisfy
]D(A(r/N)u)Puz-z[O asN for each zZ.

Then

as N for each Zo Z uniformly in k, k O, 1, 2, , pu and uniformly in ffor f in
bounded subsets ofL(O, T).

Several of our arguments below rely upon an application of the following lemma.
The result given in Lemma 3.1 is a discrete analogue of the well-known generalized
Gronwall differential inequality. The proof, which is not difficult, has been omitted but
can be found in [24].

LEMMA 3.1. Suppose that {ai}io and {i}io are sequences of nonnegative real
numbers and that {i}io is a sequence of real numbers which satisfy

nl, a, + , n 1,2,....
k=0

Then we have that

_-< + exp
1=0 k +1

n=l,2,...

If in addition aj a >- O, ] O, 1, 2, , then. _-< a exp /k
k=O

n=l, 2,...

For ZN, PN, egN, C(Z), D(z) and ON as described above, zoZ, u eL’(0, T) and
f satisfying hypotheses (H1)-(H4), we define the collection {z}‘=o c ZN by

(3.2) (_,.g,N) ’ rz=z(zo, u)=C
r

PNZo+j=a
k-i

k =0, 1, 2, ,
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where

N [
i(r/N)

(f I(i(r/N)F F(o-, z/N-l, H (O’)) do- f(cr, TFIZ/N._I, 7r2Z/N_I, H (O’)) do-,
F a(i_l)r/N i-1)r/N

1, 2,...,pu.

LEMMA 3.2. For Zu, PN, sou, C(z), D(z) and pu satisfying the hypotheses of
Theorem 3.2 and u , a bounded subset of L’(O, T), the collection {z ua’k k=o defined
by (3.2) above are bounded in (Z, 1. 1[) uniformly in Nfor all U sufficiently large
and uniformly in u where [[{z

Proof. Let Ko denote the uniform bound on the operators {C((r/N)u)}o for
all N sufficiently large, which is assumed to exist in hypothesis (1) of Theorem 3.2,
and let K1 denote the uniform bound on the operators D(h(r/N)u) for all N
sufficiently large, whose existence can be argued using hypothesis (2) of Theorem 3.2
and the uniform boundedness principle. Then, for k 0, 1, 2,..., pu,

F k

[zl Kolzol +-KoKI
Ko]Zo] + KoKa ]f(, az i_a, 2zi-, u ())] d.

Applying the growth condition (G) satisfied by f, we find

j=l d(j--l’)r/N,

Kolol +KoKIB
ON [j(r/N)

golzo] +goglB
ON [

j(r/N)

and hence by Lemma 3.1

]z 1 (Ko[zo] +KoKx]B
T

THEOREM 3.3. For Zu, PN, Mu, C(z), D (z and ON satis])ing the hypotheses of
Theorem 3 2 u , a bounded subset ofL(O, T) {zNak g=o given by (3.2), and z given
by (2.4) we have

]z(zo, u)-z(t; Zo, u)l-O

asN --> oo for each z o Z uniformly in k, k 0, 1, 2, , ON and uniformly in u for u .
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Proof. For z e ([0, T], Z), the unique solution to (2.4) guaranteed to exist by
Lemma 2.1, and e [0, T] define the function h by

h(t) h(t, u)=f(t, raz(t), rzz(t), u(t)).
Then

z(t)=S(t)Zo+ $(t-o’)(h(o’), O) d

and using hypotheses (H1)-(H4) it is easily verified that for u e , h lies in a bounded
subset of L2 (0, r). If we define {}o=o c Zu by

C
r r

C D P(h, O)PNZO+i=I
where h =(N/r) h(q)dq, then it follows that

le-z(tl+ 0 [(, z u
]=1 dtl

1Z/-1, /-1,

-(, lZ (), z(), u ())1
k i+

=leT-(tl+ oxj, IF(,?,u(-F(,(,u(
/=0

where Ko and Ka are as they were defined in the proof of Lemma 3.2. Since
{z(t; Zo, u): e [0, T], u e g’} lies in a bounded subset of Z (see [2]), as does {z(Zo, u),
k 0, 1, 2,. ., p,, u g’} uniformly in N for all N sufficiently large, property (P2)
implies

Iz-z(t’2)l<-i-z(t)l/ goK1 f (Ml()+M2()]u()])]z-z()] d
=o

(3.3) N[Y-z(t)l+gog (Ml()+Mz()lu()l)lz(t)-z()[ d
i=o

+ gogl (MI()+M2()lu()[)
i=o

Let e >0 be given. Theorem 3.2 implies that I-z(t)l <e for all N sufficiently
large uniformly in k, k 0, 1, 2, , pu and uniformly in u for u e .-Furthermore
by [3, Thm. 3.2], the operator :L(0, T) ([0, T],Z) defined by

([)(t) s(t)Zo+ s(t-)((), o)

is a compact affine operator. Since u e a bounded subset of L(0, T) implies h (., u)
lies in a bounded subset of L(0, T), it follows that {z(. zou)" u e if} is a relatively
compact subset of ([0, T],Z). Therefore, the mappings z(t; zo, u), u , are
uniformly equicontinuous on [0, r] and Iz(t)-z()l<, [t,tL1] for all N
sufficiently large uniformly in k, k 0, 1, 2,. , Ou, and uniformly in u, u e . The
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above arguments together with the inequalities given by (3.3) imply

T

kl tjN+-- KoK1 (MI()+M2()lu()]) dlz-z(tT)l
=o

(.4)
1/2

+ KoK (M()+M2()Iu()I) dlz-z(t)l

for all N sufficiently large. If we now apply Lemma 3.1 to (3.4), it then follows that

T

Ne(1 +) exp ()

for all N suciently large, where

and the theorem is proven.
CoaoA 3 1 For{z}=0 generated by an approximation scheme satisfying

the hypotheses o Theorem 3.3, it [ollows that

as N uniformly in k, k O, 1, 2, , 0, and uniformly in u, u , where x denows
the unique solution to the initial value problem (2.1), (2.2).

4. refi t eegefisecedes. In this section we con-
struct approximation schemes which are based upon the framework described in 3
and which satisfy the hypotheses of Theorem 3.3. Since the schemes described below
and the verification of the fact that they satisfy the hypotheses of Theorem 3.3 have
appeared elsewhere [2], [4], [8], [25], the relevant results are outlined and the details
omitted. A similar description and outline of these methods appears in [26]. However,
so as to make our presentation complete and self-contained and, more importantly,
since the formulation of the schemes which is required here is somewhat simpler than
that which is required for the parameter estimation problem, we have included the
following brief summary.

Each of our approximation schemes is composed of two interrelated components"
the state discretization, as is characterized by the choice of Z, P, and , and the
temporal discretization, which is determined by the rational functions C(z) and D (z).
The interrelation which exists between the two components is a consequence of the
conditions under which our fundamental convergence result, Theorem 3.3, applies.
We begin with a description of two state approximations and then discuss and
characterize families of rational functions which, when coupled with these state
approximations, lead to convergent approximation schemes.
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The averaging state approximation (AVE), the more primitive of the two state
approximations to be discussed, is based upon finite difference approximations and
is defined as follows. For each N 1, 2, let X,/" 1, 2, ., N, denote the charac-
teristic function on the interval [-!"(r/N),-(- 1)r/N) and let

NZ (n, 4))Z" 4) Z vx vR
j=l

We note that dim ZN n (N + 1), and that the orthogonal (with respect to the standard
Z inner product) projections PN"Z --* ZN are given by

( i jN,,, iN)P(n, 6) n,.=
where & (N/r) -(/N) O(O) dO. It is not dicult to show that Pz z as N
for each z Z. Let the operators LN’ZN R and DN’ZN L(-r, 0) be given by

N N

+2 E AVLn , vX =Ao +g=l=E AgvX(--7)
N=

where A= (N/r) J-(r/N) A(O) dO, / 1, 2,. ., N, and

j=l j=l F

where Vo B, respectively. Define N’ZN ZN by

(n, 0) (L (n, 6), D(n, 0)),

and for 0 let SN(t)=eMt. A sequence of inner products on Z, (’,’)N, can be
constructed for which there exists an M > 0, independent of N, such that

for all (, &) Zn. Furthermore, there exists a fl >0 independent of N, for all N
suciently large, for which the operatorsN flI are maximal dissipative with respect
to the (’,’)N inner product on ZN. It follows therefore that N G(M, fl) and
Sn(t)[ NMe ot for all N suciently large. It is in fact the case that the N as defined
above satisfy a somewhat stronger condition. It can be shown that there exists an
a > 0 for which

(4.2) I N 1 +,
N

for all N suciently large. The significance of (4.2) will become apparent when we
discuss the choice of the rational function component of the approximation scheme
below.

If we let D D(a) and Da D(), then D cD() is a dense subset of Z,
and for all C with Re I >, R (I )D D. Moreover, it can be shown that for
each z D

as Nm.
We shall next describe a spline based state approximation. The discussions which

follow will be restricted to constructions involving linear or first order spline functions.
However, the results given below are easily generalized so as to be applicable to state
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approximations employing higher order spline functions. For each N 1, 2,... and
0 6 I-r, 0] let

0N(0) I(0 tf), t _--< 0 ----< 0,

[o otherwise;

7(t-_1-0),
N(O N-t+), N

tj+x <=O<-tr, ]= l,2, ,N-1,

0 otherwise;

CNN(0) f!(t-a 0), otherwise,_r<=0<=tl_a,
where t -](r/N), ] O, 1, 2,. , N, and define Zu by

4, 2 v;e 
/’=0

It is immediately clear that dim Zu n (N + 1), Zu cD (s), and Zu consists of all those
elements (r, ) e Z for which r (0) and is a first order spline function with knots
at {t};o. Let Pu"Z -Zu denote the orthogonal projection fromZ onto Zu computed
with respect to the weighted inner product on Z, {.,. }g, defined in 2. Finally we
define the operators su :Zu Z by

P.
Using the fact that the P are orthogonal projections, it follows from (2.3) that for

zZ

(4.3) (uz, ZN)g (PNZN, ZN)g (ZN, PNZN)g (ZN, ZN)g (ZN, ZN)g,

and hence that N e G(4, w). Furthermore, using the properties of interpolatory
splines, it is not difficult to show that Pz z as N for each z e Z, and that

(4.4) I uP z - zl= O(N
for each z eD D(3). If we choose D2 D(2), then R (A )D2 Da and all of
the hypotheses and conditions of Theorem 3.3 concerning the state approximation
only hold for the linear spline scheme defined above. We note that for state approxima-
tions employing higher order spline functions, the order of convergence in (4.4) and
therefore in the integration method itself (see Remark 3.1) can be increased.

For either the AVE or the spline based state approximations, a rational function
C(z) satisfying the conditions of Theorem 3.1 must be chosen for which the operators
{C((r/N)Mu)t}=0 are uniformly bounded in N for all N sufficiently large. It is clear
from condition (5a) that we are seeking rational function approximations to the
exponential. While there are many families of approximating rational functions from
which to choose, we have restricted our attention to the well-known Pad6 approximants
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[28] which are given by Pi (z) 1V. (z)/Di (z) where

5 (j+k-i)!k!
(4.5) N,.(z) =oL (] + k)!i! (k -i)!

z

and

(4.6) Di,(z)= L (j+k-i)!j! (_z).
,=o(j+k)!i!(j-i)!

It can be shown that

IP;()-el- O(Izl;++’) as Izl-0,
and hence the Pad6 approximants satisfy condition (5b) since degP.(z)= k-f_-<
k +] + 1. It is immediately clear from (4.5), (4.6) that {Po(Z)}--0 are the Maclaurin
polynomials for e and therefore satisfy condition (5c). Furthermore, Ehle [11], in his
study of the use of the Pad6 approximants in the construction of A-stable integration
schemes for stiff systems of ordinary differential equations, has shown that for z
{z C: Rez =<0}

(4.7) a, f=k,k+l,k+2, k=0,1,2,....

Consequently, from the standpoint of the constraint that condition 5 of Theorem 3.1
be satisfied, C(z) can be chosen from among the entries in the top row, the principal
diagonal and the first two subdiagonals of the Pad6 table. However, the convergence
of approximation schemes constructed using these rational functions and the AVE or
spline based state approximations defined above is guaranteed by Theorem 3.3 only
if the uniform boundedness of the operators {Pi((r/N)u)}=o can be demonstrated.

Using the yon Neumann theory of spectral sets [22] and a result due to Hersh
and Kato [14], the following result can be obtained.

THEOREM 4.1. Let T be a bounded linear operator on a Hilbert space Hfor which
there exists a [3 >0 such that (Tx, x)<=[3(x,x) for all x eH, and let r(z) be a rational

function satisfying condition (5) of Theorem 3.1. Then if Ir(z)[<_-i for all z
{z e C: Re z _-< 0} we have

]r(hZ)l <- 1 +tgh

where K is a positive constant independent of h and T.
It follows immediately from the dissipative properties of the operators ’u defined

as a part of the AVE state approximation, (4.1), (4.7) and Theorem 4.1 that for/" k,
k+l,k+2, k=l,2,...and/=0,!,2,...,pu

Similarly, for the spline based state approximations, it follows from (4.3) that

P s <,e

In addition, for the AVE state approximation which satisfies (4.2), it can be shown
independently of Theorem 4.1 that for k l, 2, and 0, 1, 2, , p

Po <-Me
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Although, as far as the convergence of the approximation scheme is concerned,
it would suffice to choose D(z)-- 1, and hence D(A (r/N)s4s)= I (see Theorem 3.2),
empirical evidence can be given, and an intuitive argument can be made for choosing
D (z) as a rational function approximation to the exponential. It is easily verified that
any rational function approximation to the exponential which is a suitable choice for
C(z) is a suitable choice for D(z) as well. In addition, for the spline based state
approximations and k 1, 2, it can be shown that [Pok (h (r/N)ss)PNz z 0 as
N-* oo for each z Z. A more detailed description of the role played by the rational
function D (z) and its effect upon the overall performance of the approximation scheme
can be found in [25].

The results in this section are summarized in the following theorem.
THEOREM 4.2. For {ZN, PN, SgN, C(z), D (z)} an approximation scheme for the

initial value problem (2.1), (2.2), the hypotheses and conditions of Theorem 3.3 are

satisfied if
(1) ZN, PN, 2S iS an AVE state approximation and C(z ), D (z p Alp or
(2) ZN, PN, Sgs is a spline based state approximation, C(z pandD (z

where p {Pig (z)}, f k, k + 1, k + 2, k 1, 2,. and ///p {P0k (z)}, k 1, 2,. .
5. Application to optimal control problems. In this section we consider the

application of the approximation results discussed above to the solution of optimal
control problems in which the state is governed by a nonlinear hereditary system of
the form (2.1). In particular let I"R"-R 1, &.’L(O, T)-R be continuous and let
ba’Ln(0, T)--)R be continuous and convex. Let U be a closed convex subset of
L’(0, T) and define problem (P) as follows’

(P) Minimize (u)=&l(X(T; rl, &, u)) +2(x(" r/, &, u))+&3(u)
over all u U where x(. r/, , u) denotes the unique solution to (2.1),
(2.2) corresponding to u U.

The approach we take is to consider a sequence of approximating optimal control
problems {(Pr)}, in each of which the governing state equation is a finite dimensional
discrete difference equation constructed in accordance with the approximation
framework developed in 3. Let {ZN, PN,N, C(z),D(z)} be an approximation
scheme for (2.1), (2.2) which satisfies the hypotheses of Theorem 3.3 and for Zo (r/, ),
u 6 L(0, T) and k 0, 1, 2, , PN let

z’:(zo, u)= (xY(zo, u), y (zo, u))

where {zr(Zo, u)}=o are given by (3.2) with x(zo, u)eR" and yr(Zo, u)eL(O, T).
Define xN eL.(0, T) by

X (O)--X (0; T/,, /A)-- XT(Zo, U)X[I(r/N),(I+I)r/N](O
1=0

and for each N 1, 2,.. let problem (PN) be given by

(PN) Minimize (N(U)--I(XNoN(ZO, U))"[-2(xN(" T1, , U))’-[’-3(U
over all u U.

Remark 5.1. While it is true that for each N 1, 2, problem (PN) is not fully
discrete in that the minimization of is being considered over a function space, it is
in fact possible to define the problem in a form which is directly suitable for solution
on the computer. Indeed, if we consider the minimization over the set Ur
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QNU c Xo R where QN’L2 (0, T)-> Xo’-1R" is defined by

(Oru )j
N f u(-c) d’, /’=0, 1,2,’",0 -1,
F a](r/N)

then by placing relatively minor restrictions on the choice of the set U, all of the
convergence results for the solutions to the sequence of problems {(Pu)} to be discussed
below can be shown to hold for the fully discrete problems as well. In order to simplify
the presentation, however, we shall restrict our attention to the approximating
problems as given.

It is our ultimate goal to demonstrate that in some sense, solutions to problem
(Pr) approximate solutions to problem (P). However, before this can be accomplished,
the existence of solutions to problems (P) and (Pu) must be considered. In order to
insure the convexity of and Or with respect to u, it is necessary that we restrict ]’,
the nonlinear part of the state equation, to being affine in the controls. Following
Banks [2], henceforth we shall assume that/e:R x R x L(-r, 0)xR"R is of the
form

(5.1) f(t, rt, Oh, v)=f,(t, rt, b) + (fz(t, rt, qb)+B(t))v

where B is continuous and f R xR xL’ (-r, O) -> R and fz R xR xL’(-r, 0)->
R"" satisfy the following hypotheses:

(1) The mappings (t,r,cb)--,f(t, rt, ck), i=1,2, are continuous on RlxR"x
L(-r,O).

/-loc(2) For any bounded subset @ of R xLe(-r, 0) there exist m mi(@), m
1, 2, such that for e R and (rt, ), (, O) e @ one has

If(t, , qb fi(t, j, d/)l <- mi(t){lrl
o such that for(3) For 1 2, f(t, 0 0) 0 and there exist functions rfi

[fi(t, rt, 4))1--< tfii(t){[rt + ]b [}
for (rt, 4) e R" xL(-r, 0) with [rt]+ ]q5[ sufficiently large.

It is immediately clear that any function f of the form (5.1) satisfying (1)-(3)
above will also satisfy hypotheses (H1)-(H4).

In addition, it is necessary that we make either one or the other of the following
two assumptions"

(A1) The set U is bounded.
(A2) The mappings 4i, 1, 2, 3, satisfy
(i) 4i--> 0, 1, 2,
(ii) b3(u) oo if [u I->
We note that problem (P) is most commonly stated with U L(0, T) and a

quadratic of the form

(P(u) x(t; rt, qb, u)rGx(T; rl, qb, u)

+ x(s; n, O, u)rOx(s; n, c, u) ds + u(s)rRu(s) ds

where G and O are positive semidefinite n x n matrices and R is a positive definite
m x m matrix. In this case, assumption (A2) holds.

LEMMA 5.1. Forlof the ]orm (5.1) satis[ying hypotheses (1)-(3), zoeZ and ut u
weakly in L(O, T) we have

(5.3) Iz(t; zo, u)-z(t; zo, u)l-, 0
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as oo uni[ormly in for [0, T], and [or N 1, 2,... fixed we have

(5.4) [z(z0, ut)-z(zo, u)l--> 0
as --> uniformly in k for k =0, 1, 2,.. ,pN where z(t; Zo, u) and z(zo, u) are given
by (2.4) and (3.2), respectively.

The proof of (5.3) follows from [2, Thm. 3.2] while similar arguments and
Lemma 3.1 can be used to verify (5.4).

COROLLARY 5.1. Under the hypotheses of Lemma 5.1, tf {uN} is a sequence in
L’(O, T) ]:or which UN U weakly, then

as N --> c uniformly in k, k 0, 1, 2, , 0N.
Pro@ Since

zo, u)l
(5.5)

u ,)-z(tU zo, u,,)[ + Iz(t ’; Zo, u ,)-z(tU zo, u)l
and uN u weakly implies that {uN} lies in a bounded subset of L’(0, T), the first
term on the right-hand side of (5.5) tends toward zero as Nc uniformly in k,
k 0, 1, 2,. ., pN, as a consequence of Theorem 3.3, while Lemma 5.1 insures that
the second term tends toward zero in the stated manner as well.

THZORZM 5.1. If either assumption (A1) or (A2) holds and if f is of the form
(5.1) sathfying hypotheses (1)-(3), then problems (P) and (PN) have solutions.

Proof. Lemma 5.1, i continuous, 1, 2, 3 and 3 convex imply that cp and cpu
are weakly semicontinuous from below. Therefore, if U is bounded, q) and cpu will
assume their infimum on U (see 19, Existence Thm, p. 90]), and the theorem is proven.

On the other hand, suppose assumption (A2) holds, and let {ui} e U be such that

f(Ui) "-’> Ol inf {CP(u): u e U}.

Note that _-> 0, 1, 2, 3, implies that 0 <_-a < oo. Since U is closed and convex (and
therefore weakly sequentially closed) and {ui} is bounded (assumption (A2)), {ug} must
contain a weakly convergent subsequence {ugj}, ugj - t U, weakly. However, weakly
semicontinuous from below implies that

a -< (a =< lim inf O(uij) a

and hence (tT)= a, and t7 is a solution to problem (P). A similar argument may be
used to demonstrate the existence of a solution t2N e U to problem (PN).

THEOREM 5.2. Suppose that the hypotheses of Theorem 5.1 hold and for each
N 1, 2, ., ON denotes a solution to problem (PN). Then {t2N} contains a subsequence
{riNk} for which aNk --> U weakly. Moreover, is a solution to problem (P) and
N(7r) (ff) as k c.

Proof. Under either assumption (A1) or (A2), the sequence {tiN} is bounded. It
therefore must contain a weakly convergent subsequence {ti}. If a e U is such that
an--> weakly as k-->, then Corollary 3.1, Corollary 5.1 and the weak semi-
continuity from below of 3 (it being continuous and convex) imply that

(I)(/7) ql(X (T; r/, q, a)) +b2(x(" r/, q, iT)) q- b3(tT)
N=< lim (I(XoN((’, (), aNk))-[- lim 2(xN (.; rt, , UN)) + lim inf

k-,oo k--*

lim infN(tiS.) _--< lim sup Nk(ti)
k--,eo k--,oo

lim supN(u) lim PN (u) (u)



318 . G. ROSEN

for arbitrary u 6 U, and hence that ti is a solution to problem (P). The fact that
(t)--> (t) as k - oo follows from

(ti) -< lim inf (as) -< lim sups(aN)

-< lim sup sk (a) lim sk (a) (a).

Remark 5.2. Since it is dicult to determine the convexity properties of the
functional , it is not possible to say anything about the uniqueness of solutions to
problem (P). However, if in fact problem (P) has a unique solution, then the sequence
itself, {a} will converge to ff weakly as N .

Remark 5.3. If is of the form (5.2), then it is possible to show that la[
as well, and hence that aN g strongly as k . Once again if problem (P) admits
a unique solution a, then g strongly as N .

6. Numerical results. In this section we present numerical results obtained
through the implementation of the approximation schemes described above. The
schemes employed have been constructed using the AVE and spline based (SPL) state
approximations together with the Pad6 rational function approximations to the
exponential. In all of the examples below, however, we have chosen C(z)= D(z)=
P22(z) and A 1/2. The effect of varying the choice of the rational function components
of the approximation scheme (from among those in the Pad6 table for which the
hypotheses of Theorem 3.3 are satisfied) was studied extensively in [25].

We have included one example involving the integration of an initial value problem
of the form (2.1), (2.2) only, and three other examples which involve the solution of
an optimal control problem of the form given by problem (P) in 5. We have
deliberately chosen to include examples which have been used by other authors to
test other approximation schemes for the integration of FDE and the solution of FDE
control problems so that our methods can be compared to theirs. The other places
where each example has appeared have been noted.

All programming was done in FORTRAN and implemented on the Digital
Equipment Corporation DEC system 10 computer at Bowdoin College. The optimiz-
ation in each of the approximating problems (Ps) was carried out using the IMSL
[15] routine ZXMIN, an iterative quasi-Newton algorithm for finding the minimum
of a scalar valued function of several variables. The discretization of the admissible
control space U in the approximating optimal control problems (Ps) was done in two
different ways. One involved the use of the space Us XR as an approximation
to L’(0, T) (see Remark 5.1). In this case the number of parameters over which the
minimization takes place increases with the .degree of approximation N. The second
approach was to minimize over the space U XR" where L is a fixed constant
independent of N. A cubic spline interpolation scheme was then used to obtain the
values of the control which are required to evaluate (3.2). The approximate solutions
resulting from the two methods were virtually indistinguishable. However, the number
of iterations required to obtain the minimizing control increased like O(N) for the
first method, while the iteration count remained essentially constant for all values of
N for the second method.

Since, with the exception of Example 6.2 which has a linear state equation, it is
impossible to obtain exact solutions to the optimal control problems below, we have
included approximate solutions which were obtained using methods independent from
our own. These alternate approximate solutions, which can be used for comparison,
were computed by Daniel [10] using a fourth order integration scheme for FDE
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developed by Tavernini [27] to solve the mixed retarded/advanced two-point boundary
value problem which results from the application of the necessary conditions for
optimality (see [6]) to problem (P).

Example 6.1 (Banks [2, Example 4.1]). We consider the integration of the
equation

k (t) 1.5x (t) 1.25x (t 1) + x (t) sin x (t)
on the interval 0-< =< 5 with initial data

x(O)= l, Xo(s)= lOs + l, -l_-<s_-<0.

The approximate solutions generated by the AVE and SPL state approximations are
given in Tables 6.1 and 6.2, respectively. The values in the last column of each of the
tables were computed using the method of steps [12] together with a fourth order
Runge-Kutta routine for ordinary differential equations, and may be used for
comparison purposes.

TABLE 6.1

0.0
.5

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

AVE
X4 (t)

1.0
3.0954
2.1375
.9759

-.2258
-.5984
-.3491
-.0573
.1024

1.2229
.0634

AVE
x8 (t)

1.0
3.1924
2.2051
.7151

-.6233
.6920

-.2599
.1091
.2389
.1598
.0150

1.0
3.2531
2.2522
.5163

-.8116
-.7221
-.1715
.2409
.3244
.1532

-.O469

VE(tX32

1.0
3.2840
2.2841
.3877
.9020

-.7331
-.1073
.3251
.3711
.1370

-.0919

x(t)

1.0
3.3142
2.3317
.2294

-.9909
-.7399
-.0245
.4259
.4195
.1081

-.1480

TABLE 6.2

0.0
.5

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

x]P(t)

1.0038
3.5036
2.1694
.3642

-1.0308
-.7248
-.0612
.4055
.4180
.1572

-.1124

xa(t)

1.0010
3.3623
2.2636
.2834

-.9972
-.7332
-.0218
.4166
.4145
.1187

-.1391

SPL(tX16

1.0003
3.3344
2.2992
.2538

-.9929
-.7345
-.0188
.4230
.4157
.1099

-.1454

s(t)X32

1.0001
3.3236
2.3157
.2405

-.9919
-.7367
-.0205
.4251
.4173
.1081

-.1473

x(t)

1.0
3.3142
2.3317
.2294
.9909

-.7399
-.0245.
.4259
.4195
.1081

-.1480

Example 6.2 (Banks, Burns and Cliff [5, Example C7], Rockey [23, Test
Problem 5.6]). In this example we consider an optimal control problem whose state
equation is a linear harmonic oscillator with delayed damping"
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Minimize (u) 5y(2)z+ u(s)z ds

over u 6 U LI(0, 2) subject to

(6.1) ’(t) + )(t- 1)+ y(t)= u(t)

with initial conditions

(6.2) y(O) 10, yo(s)= 10, -l_-<s_-<O,

(6.3) 3(0) 0, 3o(S) 0, -l=<s=<0.

For this problem, the true optimal control t7 may be computed, and is given by

sin (2-t)+ (l-t) sin (t- 1)
t(t)

sin (2 t),

O--<t--<l,

l_<t=<2,

where 8 2.5599, with (t)=3.3991. This example may be put in the form of
problem (P) by transforming (6.1), (6.2), (6.3) into an equivalent first order system,
which is given by

(t)=
-1 0

x(t)+
0 _01Ix (t-1) + []u(t),

where

3 (t).i"

The payoff functional would now take the form

(u)=x (2)
0 0

x(2)+ u(s)2ds.

Tables 6.3 and 6.4 contain the resulting approximating optimal controls.

TABLE 6.3

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.0

AVE
U4 (t)

1.2757
1.4515
1.7195
1.8076
1.7070
1.4333
1.0255
.5324
.2708

2.1705

1.2797
1.6358
1.9506
2.0427
1.9094
1.5844
1.1216
.5794
.1473

2.6781

1.2746
1.7463
2.0888
2.1827
2.0263
1.6641
1.1718
.6043
.0776

3.0054

1.2336
1.8024
2.1706
2.2642
2.0911
1.7075
1.2018
.6164
.0337

3.1931

if(t)

1.2506
1.8645
2.2467
2.3501
2.1541
1.7449
1.2273
.6333

0.0000

3.3991
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TABLE 6.4

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.0

On(an)

1.6887
1.9415
2.3024
2.3675
2.1634
1.7592
1.2238
.61496
.2999

3.5664

SPL
Us (t)

1.4468
1.8856
2.2635
2.3570
2.1573
1.7489
1.2269
.6301
.1548

3.4438

1.3456
1.8748
2.2553
2.3583
2.1482
1.7458
1.2261
.6285
.0798

3.411

1.2776
1.8686
2.2501
2.3521
2.1539
1.7443
1.2276
.6339
.0392

3.4021

a(t)

1.2506
1.8645
2.2467
2.3501
2.1541
1.7449
1.2273
.6333

0.000

3.3991

Example 6.3 (Banks [2, Example 4.4], Banks, Burns and Cliff [5, Example C11],
Daniel [10, Example 4.5], Rockey [23, Test Problem 5.10]). In this example we
consider an optimal control problem with a one-dimensional nonlinear state equation

Minimize (u) x(2)z+ x(s)z + u(s)2 ds

over u L2(0, 2) subject to

k (t) x (t 1) + x (t) sin x (t) + u (t)

with initial conditions given by

x(O)=O, Xo(S)
lO(s + 1), -l_-<s-<

The approximating minimizing controls for the AVE and SPL state approximations
are given in Tables 6.5 and 6.6 respectively, while Tables 6.7 and 6.8 contain the
corresponding optimal trajectories.

TABLE 6.5

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.0

ON(aN)

a4AVE(t)

-2.1967
-2.0860
-1.8082
-1.4605
-1.1242
-.8467
-.6332
-.4665
-.3921

1.9914

-2.2417
-2.1699
-1.9655
-1.5635
-1.1470
-.8273
-.6072
-.4484
-.3477

2.1673

-AVE(tU16

-2.2681
-2.2295
-2.0971
-1.6386
-1.1443
-.7972
-.5838
-.4376
-.3282

2.3020

-AVE(t/g32

-2.2817
-2.2662
-2.1893
-1.6853
-1.1333
-.7747
-.5708
-.4349
-.3223

2.3953

a(t)

-2.3028
-2.3164
-2.3189
-1.7470
-1.1031
-.7483
-.5619
-.4440
-.3230

2.5334
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TABLE 6.6

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.0

fN(aN)

SPL
U 4 (t)

-2.2389
-2.3139
-2.1999
-1.6929
1.1384
.7830

-.6151
.5032

-.4417

2.5119

SPL
u8 (t)

-2.2372
-2.3019
-2.2596
-1.7129
-1.1198
-.7702
-.5874
-.4643
-.3676

2.4996

-SPL(tU16

-2.2596
-2.3023
-2.2908
-1.7295
-1.1117
-.7610
-.5749
-.4531
-.3461

2.5103

SPLu 32 (t)

-2.2741
-2.3041
-2.3022
-1.7364
-1.1070
-.7569
-.5682
-.4469
-.3351

2.5133

ti(t)

-2.3028
-2.3164
-2.3189
-1.7470
-1.1031
-.7483
-.5619
-.4440
-.3230

2.5334

TABLE 6.7

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.00

0.0
-.0087
.1537
.2757
.3282
.3368
.3314
.3337
.3486

0.0
-.1034
.1434
.3540
.4199
.3901
.3393
.3139
.3264

0.0
-.1672
.1357
.4329
.5009
.4182
3233
.2886
.3165

0.0
-.2051
.1271
.4931
.5562
.4259
.3O06
.2687
.3159

2(t)

0.0
-.2473
.1078
.5663
.6186
.4127
.2474
.2272
.3053

TABLE 6.8

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.0

-.0034
-.2538
.1721
.6O48
.6607
.4115
.2005
.2398
.4021

-SPL
x8 (t)

-.0010
-.2415
.1259
.5994
.6234
.4222
.2599
.2617
.3485

-SPL
X 16

-.0003
-.2425
.1155
.5749
.6257
.4222
.2665
.2494
.3359

-SPL
X 32 (t)

-.0001
-.2440
.1136
.5737
.6278
.4231
.2629
.2456
.3282

(t)

0.0
-.2473
.1078
.5663
.6186
.4127
.2474
.2272
.3053

Example 6.4 (Daniel [10, Example 4.2]). In this example we consider an inertial
control problem (see [9])

Minimize (u) y(2)+ ti(s) ds

over u U={u HI(0, 2)" u(0)= 0} subject to

(t)=y(t-1)+tsin y(t)+u(t)

with initial conditions

y(O)=l, yo(s)=l, -l_-<s-<O.
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Although this example is not in the form of problem (P), it can be transformed into
an equivalent optimal control problem to which the theory developed above applies.
If we let

x(t)=[y(t)]
u(tlJ’

v (t) tJ (t),

then the problem becomes

Minimize (v) x (2)T[0
over v e L(0, 2) subject to

2(t) [00 10Ix(t) + [;
with initial conditions

x(2)+ v(s)Z ds

0
x(t-1)+

v(t)

x (O) Xo(S
O

The approximating optimal controls aN (2N)2 are given in Tables 6.9 and 6.10,
and the corresponding optimal trajectories 37N (YN)I are given in Tables 6.11 and
6.12.

TABLE 6.9

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.00

ti2VE (t)

0.0
-.6687

-1.2308
-1.6634
-1.9840
-2.2085
-2.3520
-2.4293
-2.4644

2.5484

0.0
-.6836

-1.2329
-1.6569
-1.9723
-2.1937
-2.3349
-2.4095
-2.4342

2.4804

-AVE(tU16

0.0
-.6870

-1.2332
-1.6555
-1.9707
-2.1932
-2.3352
-2.4098
-2.4320

2.4617

0.0
-.6880

-1.2336
-1.6558
-1.9714
-2.1950
-2.3382
-2.4132
-2.4349

2.4570

7(t)

0.0
-.6858

-1.2291
1.6494
1.9645

-2.1891
-2.3332
-2.4087
-2.4303

2.4649

TABLE 6.10

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.00

4SPL(t)

0.0
-.6491

-1.2161
-1.6506
-1.9727
-2.2070
-2.3639
-2.4483
-2.4816

2.5826

0.0
-.6799

-1.2282
-1.6524
-1.9692
-2.1957
-2.3436
-2.4207
-2.4447

2.4986

-SPL(tU16

0.0
-.6860

-1.2319
-1.6539
-1.9699
-2.1950
-2.3404
-2.4157
-2.4382

2.4719

SPL/32 it)

0.0
.6877

-1.2331
-1.6553
-1.9716
-2.1966
-2.3411
-2.4167
-2.4388

2.4624

0.0
.6858

-1.2291
1.6494
1.9645

-2.1891
-2.3332
-2.4087
-2.4303

2.4649
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TABLE 6.11

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.00

1.0000
1.1698
1.2019
1.1454
1.0462
.9371
.8376
.7590
.7103

]sAVE(t)

1.0000
1.1654
1.1911
1.1273
1.0208
.9066
.8031
.7178
.6561

-AVE(tY16

1.0000
1.1638
1.1881
1.1213
1.0095
.8919
.7878
.7008
.6315

-AVE
y32 (t)

1.0000
1.1633
1.1873
1.1193
1.0034
.8835
.7805
.6932
.6195

)7(t)

1.0000
1.1636
1.1889
1.1228
1.0041
.8862
.7927
.7167
.6564

TABLE 6.12

0.0
.25
.50
.75

1.00
1.25
1.50
1.75
2.00

1.0000
1.1703
1.2102
1.1500
1.0418
.934O
.8507
.7949
.7674

1.0000
1.1662
1.1932
1.1279
1.0111
.8944
.8O55
.7332
.6820

-SPL(t

1.0000
1.1639
1.1887
1.1214
1.0017
.8824
.7875
.7084
.6440

-SPL
Y 32 (t)

1.0000
1.1633
1.1875
1.1195
.9984
.8775
.7799
.6968
.6252

;(t)

1.0000
1.1636
1.1889
1.1228
1.0041
.8862
.7927
.7162
.6564

Based upon the examples presented here, and several others which we have
looked at, the following observations can be made:

(1) The schemes which we have proposed represent feasible and relatively efficient
approximation methods for solving certain classes of nonlinear hereditary control
problems.

(2) Since the resulting approximating problems are governed by discrete
difference equations, the programming required is relatively simple. Moreover, since
no additional discretization is necessary when the schemes are implemented on the
computer, no further stability analysis is required in order to guarantee convergence
of the approximating solutions.

(3) The spline based schemes, although somewhat more difficult to program and
costlier to run, outperform the averaging schemes. However, the difference appears
to be more pronounced in the case of simple integration of initial value problems as
opposed to the solution of optimal control problems.

(4) The accuracy of the approximating optimal controls and trajectories is quite
good even for relatively small values of N. This is especially true for the schemes
employing the spline based state approximation.

(5) Our results are comparable to those obtained by Rockey [23] and to those
obtained via the semidiscrete schemes developed by Banks [2], [5] and Daniel [10].

We have also applied our schemes to the design of an open loop controller for
the mach number-guide vane angle control loop of the National Transonic Wind
Tunnel Facility (NTF) at the NASA Langley Research Center in Hampton, Virginia
(see [1], [10]). Although the operation of the NTF is best described by a complex
system of nonlinear partial differential equations, the dynamics of the system near
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steady state operating conditions can be modeled by a linear hereditary system in
which either the guide vane angle actuator or the guide vane angle actuator rate acts
as a control. If we assume that a disturbance has occurred at time t- 0, the problem
is to choose the control so as to drive the system back to equilibrium as quickly as
possible without exceeding the physical limitations of the components of the system.
This leads to a linear quadratic optimal control problem in which the dynamics are
governed by a linear FDE of the form (2.1) with f(t, ,1, 4, u Bu. While an approxima-
tion to the closed loop solution to this problem (in the form of approximating feedback
gains matrices) would be more desirable (and is accessible through the techniques
discussed in [7], [13] and [20]), we have generated approximating open loop solutions
using the schemes developed above. This permitted us to test our methods on systems
of higher dimension (n 3 and 4) with the optimization being carried out over an
extended time interval (T 30). Both the averaging and spline based state approxima-
tions were employed with values of N as large as 24. We compared our results to the
open loop solutions to this problem which appear in [10] and to the open loop form
of the closed loop solutions computed in [1] and [7]. Our schemes performed compar-
ably, both qualitatively and quantitatively, and provided acceptable approximating
solutions for all values of N >= 4.
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A COMPLETE OPTIMALITY CONDITION IN THE
INVERSE PROBLEM OF OPTIMAL CONTROL*

TAKAO FUJIIt AND MASARU NARAZAKI*

Abstract. A complete optimality condition in the standard inverse problem of optimal control for the
multi-input case is established. The optimality of a feedback control law is characterized completely in
terms of a new geometric condition as well as the well-known return difference condition. The new condition
not only provides a better insight into the well-known sensitivity reduction property of optimal control for
the multi-input case, but also indicates an essential difference between the solutions of the single- and
multi-input inverse problem.

Key words, linear system, optimal control, sensitivity reduction, linear matrix inequality, geometric
approach

1. Introduction. This paper treats the most familiar type of inverse optimal
control problem for a linear time-invariant system

(1.1) Ax + Bu, x(O) Xo,

and a quadratic cost of the form"

(1.2) J (x rQx + u 7"u dt.

Here x is an n-vector of states and u is an r-vector of piecewise-continuous controls;
A, B and Q are real matrices of appropriate dimensions with Q symmetric nonnegative
definite (Q _->0). As is well known, this problem is stated as follows: Given a linear
constant feedback control law

(1.3) u -Kx,

which is assumed to be a stabilizing control (i.e., such that the corresponding trajectory
of (1.1) is asymptotically stable):

(I) Find necessary and sufficient conditions on the matrices A, B and K such
that the control law (1.3) minimizes a cost of the form (1.2) for some Q _-> 0.

(II) Determine all such costs (i.e., all such Q).
This problem was first posed by Kalman [12], who gave a complete solution to

Problem (I) for the single-input case" that is the so-called "return difference condition",
which provides a beautiful link between classical and modern control theory. This
result was generalized later to the multi-input case by Anderson 1], [2], who obtained
both a necessary condition and a sufficient condition (but not a necessary and sufficient
condition) for optimality, which are expressed as follows.

C.1. (Necessary condition). (iw >- 0 for all real to.

C.2. (Sufficient condition). (iw)> 0 for all real to. Equivalently, (s) satisfies
C.1 as well as the rank condition:

rank (iw) r for all real to,
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where

(1.4)

(1.5)

(s)= T(-s)rT(s)-I,
T(s)=I+K(sI-A)-IB (return difference matrix).

It should be noted here that Condition C.2 is, of course, important from the system
sensitivity aspect [1], but theoretically this is rather strong as a sufficient condition
for optimality particularly in the multi-input case. This situation does not change even
if we replace C.2 by just a little weaker sufficient condition.

C.3. rb(iw) >= 0 for all real o) normal rank (s) r.
(See Remark 4.1 for sufficiency of this condition.) In fact, there exists an essential
gap between Conditions C.1 and C.3 in the multi-input case (r > 1) as will be shown
in 2. It is thus theoretically interesting to reduce this gap.

This paper is concerned with Problem (I) and provides a first significant complete
solution in terms of Condition C.1 and an additional condition of geometric type ( 4).
A similar solution has been obtained also in the first version of this paper 10] together
with some basic solutions to Problem (II), but it is just a technical one which is hard
to interpret physically. On the contrary, the solution obtained here has a nice physical
interpretation related to the sensitivity reduction of the optimal closed-loop system,
which provides some additional insight into the inverse problem for the multi-input
case. From this result, we also obtain a practically important observation that the
necessary Condition C. 1 itself is a sufficient condition for optimality in a generic sense,
in addition to some useful sufficient conditions for optimality including Condition C.2.

The inverse problems of other types for the linear time-invariant case have been
studied by several authors 11 ], 16]. First, in the "inverse problem of stable regulator"
16], admissible controls are restricted to stabilizing controls, and under this restriction,
C.1 is shown to be a solution to Problem (I). On the other hand, in [11] they remove
the nonnegative definiteness requirement on the weighting matrix Q, in addition to
the preceding restriction on admissible controls. It should be noted that such
modifications of the problem make the inverse problem fairly easy to solve. It is thus
important to note that no simplifying assumptions at all are made in our paper on
both admissible controls and the weighting matrix O. In summary, this paper studies
the original inverse problem of optimal control posed by Kalman and provides a
complete optimality condition without any assumptions.

2. Review of optimal control and its inverse problems. Throughout the paper
the pair (A, B) is assumed to be controllable as usual. In view of => 0, it will be
convenient to express the cost (1.2) in the form

(2.1) J= (xrCrCx +uru) dt

where C is an rn x n real matrix of rank m (m rank Q) such that O CrC. Following
[1], [12] we often refer to the feedback control law (1.3) simply as a ’"control law"
K, and we say that the control law K is stable if all the eigenvalues of A-BK have
negative real parts, denoted by Re A(A-BK)<O, and optimal or optimal for some
C (or CrC) if it minimizes the cost (2.1) for some C. Moreover, the adjectives maximal
(minimal) qualifying real symmetric matrices mean 1.u.b. (g.l.b.) with respect to their
usual partial ordering by nonnegative definiteness.

In this section, we state some useful results of optimal control and its inverse
problem, which are pertinent to our development. The first one is a less known result
in optimal control problem.
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FACT 2.1. The optimal control ]’or the cost (2.1) always exists and is given in the
form of state leedback control law (1.3) with the following properties.

P.1. The optimal control law K is uniquely given by

(2.2) K =BP,
where P is the minimal nonnegative definite solution of the Riccati equation

(2.3) PA +AP-PBBP+CTC O,

and it always exists.
P.2. The optimal control law K is stable, or equivalently, the minimal solution P >- 0

of (2.3) satisfies
(2.4) Re h (A -BBT) < O,

if and only if (C, A) is detectable; moreover, in this case P is the unique nonnegative
definite solution of (2.3).

Proof. The first part is well known (see e.g. [2]). Property P.1, except uniqueness
of K, is due to Mhrtensson [15]; for the uniqueness proof, see [19, Appendix A] and
use the observable canonical form (see [19, p. 625]) of the triple (A, B, C).

The "if" and the latter part of P.2 follows directly from [14, Thm. 3]. The "only
if" part also follows from this by combining the maximality of a real symmetric
solution P satisfying (2.4) [20, Lemma 3] with its minimality just defined. This
completes the proof.

The second result is the one about the optimality of a control law K for the given
cost (2.1), which is a straightforward generalization of [1] where (C, A) was assumed
to be observable.

FACT 2.2. Let K be a control law for the system (1.1), and the pair (C, A) be
detectable. Then the following statements are equivalent.

(a) K is optimal for the cost (2.1).
(b) There exists a solution P >= 0 of (2.3) such that

(2.5) K B TP.

(c) K is stable, and moreover,

(2.6) gP(s B 7" (-sI A T)-ICT"C (sI A )-IB.

Proof. (a)=), (b). Immediate from P.1 of Fact 2.1. (b)=), (c). By P.2 of Fact 2.1
detectability of (C, A)implies P P and (2.4), so that stability of K follows from (2.5);
(2.6) follows from (2.3) and (2.5) as in [1, p. 15]. (c) ::> (a). See the proof of [1, Thm.
6] or [3, 6].

It is observed from the implication (a)=), (c) that the optimal control law K for
the cost (2.1) satisfies Condition C.1 in general, but can satisfy Condition C.3 only
when m -> r. Consequently there exists an essential gap between these two conditions
in the multi-input case (r > 1). In the single-input case, however, it follows from (2.6)
and controllability of (A,B) that C.3 fails only in the trivial case of C =0, or
equivalently, K 0. This observation leads to the well-known result by Kalman for
the single-input case [12, Thm. 6]" Condition C.3 is a necessary and sufficient condition
for optimality of a stable control law K with (K, A) observable.

Note that this is true even if (C, A) is not detectable (see the proof of Fact 2.2).
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As the third result, we give a precise statement of Anderson’s result on the inverse
problem [1, Thm. 8] described in 1.

FAC: 2.3. Let K be a stable control law for the system (1.1), and the pair (K, A)
be observable. Then K is optimal for some C if Condition C.2 holds.

Remark 2.1. It should be noted that some authors [8], [18] misquote this result
or that of [16] as mentioned in 1. They state that the necessary Condition C.1 is
also a sufficient condition for optimality of a stable control law K in the class of
piecewise-continuous controls. This statement is, however, false as the following
counterexample shows.

Let A, B and K in (1.1) and (1.3) be given by

(2.7) A= B=/, K=2I.

It is then obvious that (A, B) is controllable, (K, A) is observable, and the control
law K is stable; moreover, (s) defined by (1.4) becomes

(2.8) (s) 1 +s)(1-s)
0

which implies Condition C.1. But the control law K is not optimal as we shall show
in the following. Suppose to the contrary that K is optimal for some C. Then by P.1
of Fact 2.1, K is uniquely given by (2.2), and moreover, B is nonsingular. Consequently,
from (2.2),/5 is uniquely determined by/5 (BT")-IK 2L and thus, the associated
weighting matrix cTc for which K is optimal is uniquely given by

(2.9)

so that C must be either

(2.10) C=[x/ 0] or 0].

It is then easy to see that (C, A) is not detectable. This contradicts the "only if" part
of P.2 in Fact 2.1, since K is both stable and optimal; more directly, the optimality
of K for C given by (2.10) contradicts the existence of another control law K1
diag (2, 0) which gives a lower value of J than K for the same C and x0 [0 1]7".
Consequently, K is not optimal for any C, although this is optimal for C given by
(2.10) in the limited class of stabilizing controls (see [16]).

The final result of this section is an important and new observation about the
optimality of a stable control law K for some C.

FACT 2.4. Let K be a stable control law. Then the following statements are
equivalent"

i) K is optimal for some C.
ii) (a) There exist matrices P >- 0 and C satisfying (2.3) and (2.5).

(b) The pair (C, A) is detectable.
iii) K is optimal for some C with (C, A) detectable.
Proof. The implications i):=), ii) and ii)=), iii) are ensured respectively by Facts

2.1 and 2.2, and finally iii) :::> i) is obvious.
Remark 2.2. It is observed from this result that the optimality of a stable control

law K is related essentially to detectability of (C, A) for the associated weighting
matrix CTC. This is in striking contrast to the inverse problem of stable regulator
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[16], where such detectability condition is not required at all, but in some case, there
is an irrelevant optimality of K for those C with (C, A) undetectable, as in the case
of the counterexample shown in Remark 2.1; the optimality of this type may be
irrelevant from the practical viewpoint, since no penalties are attached to some unstable
modes in this case. It is this detectability requirement of (C, A) that makes the inverse
problem treated here considerably difficult to solve, as compared with the inverse
problem of stable ,regulator. In later sections our efforts will be devoted mainly to
find conditions on A, B and K such that (C, A) is detectable when condition iia) of
Fact 2.4 holds.

3. Preliminaries. In this section we obtain some basic optimality characterization
of the control law together with its related system properties.

3.1. Basic characterization of optimality. In connection with the optimality
criterion (a), (b) of Fact 2.4, we introduce the following matrix for a real symmetric
matrix P"

(31) F(P)= [PA +ATP-KTK PB -KT]BrP-K 0

Then we observe that (2.3) and (2.5) are equivalent to

(3.2) F(P)=-[co"][C 0],

and note that the matrix P satisfying (2.3) and (2.5) for some C is always a solution
of the linear matrix inequality (LMI)"

(3.3) r(P)=<o.

Conversely, a solution P of (3.3) always satisfies (2.3) and (2.5) for some C. As we
shall see later, LMI plays a key role in the inverse problem, which is in contrast to
the regulator problem where the Riccati equation plays the same role.

First, we need the following result about LMI for basic characterization of
optimality.

LEMMA 3.1. Let K be stable and Condition C.1 be satisfied. Then the following
are true.

(a) There exist the minimal solution P>=O of LMI, as well as the rh x n real
matrix C such that

(3.4a) m rank (s),

(3.4b) F(P)=-
0

[d 0],

(3.4c): rank[A-sI BOO]( =n +rh, Res >0,

(3.4d) (s)=Br(-sI-Ar)-r(sI-A)-B.
(b) Let C be any matrix obtained by factoring F(P) as in (3.2) for some solution

P of (3.3). Then if (C, A) is detectable, so is (, A).
Proof. (a) Let F A-BK and P0 be a unique real symmetric matrix such that

PoF +FTpo -KTK.
Equivalently, (d, A, B) is right invertible and minimum phase.
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Then Po_>-0 by Re h(F)<0, and C.1 is shown [1, p. 22] to be equivalent to

(3.5) (iw) >- 0 for all real

where (s) is defined by

(s) B T (-sI -FT)-I(K -B Tpo)T + (K -B Tpo)(SI -F)-IB
and is related to (s) via

(3.6) qts) [rt-s)r]-’Cb(s)Tts)-’.
Moreover, it is easy to show that P is the minimal solution to LMI iff X P-Po is
the minimal solution to a linear’matrix inequality of the form,

[ XF+FTX XB-(K-BTpo)T]<_O,(3.7) (X)
BTX (K B Tpo) 0

and in addition, these two solutions satisfy

(3.8) r(P).
By the assumed stability of F and Anderson’s results [3, Thms. 1 and 3] (see also
[5], [6]), Condition (3.5) ensures the existence of the minimal solution X >_-0 to (3.7)
(and hence that of P>-Po>= 0) as well as the r x n matrix C such that

(3.9a) m rank (s),

(3.9b) P(J) _[(To ][d o],

(3.9c) rank (sI-F)-IB th, Re s > 0.

By (3.6) and (3.8), it follows (3.9a) :> (3.4a) and (3.9b) => (3.4b); (3.9c) :> (3.4c)
follows immediately from the definition of F; (3.4d) follows immediately by pre- and
post-multiplyi_ng (3.4b) respectively by [Br(_ sI Ar)--1 I] and [Br(si AT)-a I]T.

(b) Let (C, A) be undetectable, so that there exist a scalar h and a vector x 0
such that

(3.10) Ax =hx, Cx =0, Reh_->0.

Post- and pre-multiplying (3.2) respectively by [x r 0]r and [x* 0] (where x* denotes
the conjugate transpose of x), we have by (3.10)

(3.11) 2(Re A )x*Px -[Igx + IlCx 2 o.

Similarly, from (3.4b) and (3.10), we have

(3.12) 2(Re A)x*Px [Igxll= 0.

Subtracting (3.12) from (3.11) yields

(3.13) 2(Re , )x*(P-P)x / IlCxll= o.

Since P->P and Re A => 0 by assumption, this implies Cx 0, so that from (3.10) the
pair (C, A) is also undetectable.

Combining this lemma with Facts 2.2 and 2.4 yields a basic characterization of
optimality, which is a basis for our later development.
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PROPOSITION 3.1. LetK be a stable control law for the system (1.1), and Condition
C.1 be satisfied. Then K is optimal if and only if the pair (C, A) is detectable, where C
is the matrix defined in Lemma 3.1 for matrices A, B and K. Moreover, K is always
optimal for C, if it is optimal for some C.

Proof. By Fact 2.4, optimality of K for C implies existence of P satisfying (3.2)
as well as detectability of (C, A), which implies detectability of (C, A) by Lemma 3.1.
Conversely, detectability of (C, A) implies optimality of K for C by Fact 2.2, since by
Lemma 3.1 there exist P=/5=>0 and C ( satisfying (3.2), namely (2.3) and (2.5).

3.2. System properties. In this section, we derive some important properties of
the linear time-invariant system

(3.14) 2 Ax + Bu, y Cx,

where x and u are the state and control vectors as defined in 1, and y is the m-vector
of outputs. These properties will be used in the next section for expressing the
optimality condition of Proposition 3.1 in terms of A, B and K. Below we write
S =(C,A,B) for the system (3.14), and x(t;,u), y(t; , u) respectively for its state
and output forced by u (t) with the initial state x(0)= .

In the sequel, we use the standard notation of linear algebra in connection with
the system (3.14): R is the real n-dimensional vector space; ImA, Ker A and r(A)
are the image, the kernel and the spectrum of a map A, respectively, and A (A) is an
arbitrary element of r(A)--i.e. eigenvalue of A; A17/" is the restriction of A to a
subspace . We write 7/’* for the largest (A, B)-invariant subspace contained in Ker C,
and Y * for the largest (A, B)-controllability subspace contained in Ker C. It is assumed
that the reader is familiar with the basic concepts and properties of (A, B)-invariant
and controllability subspace as well as those of 7/’* and Y* [22]. We note that these
subspaces are initially real, but we shall introduce their complexifications without
comment. For example, for any complex A, we consider Ker (A-hi) as a complex
subspace of the complexification of R n. Finally, let a (s) and b (s) be any polynomials
in s with coefficients in the real or complex field, then a [b means that a (s) divides b (s).

With these notations, we are now ready to state a useful result on a canonical
representation for (C, A, B).

LEMMA 3.2 [7]. Let F* be any matrix such that

(3.15) (A + BF*)7/’*

and decompose R" as

(3.16a) R" *@07/V

where 5 and W are any subspaces such that

(3.16b) R" 7#* @ 7/V, 7#* *@,

and choose the coordinate basis ofR such that

(3.16c) Y* Im [0[}n=, o Im
LOJ},,

}/’/2
}n3

7g’= Im }n2.
}n3
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Then A +BF* has a representation of the form
nl gl2 n3

A011
A lZ A 131}nl

(3.17) A +BF* azz a23/}n
I_ 0 0 A33J}n3

Moreover, the invariant polynomials o] sI-Az2 (or A22), together with a number
equal to 1, constitute the invariant polynomials ol the system matrix of (C, A, B) defined
by

(318) P(s)= [A-sI BO]C

From this lemma we obtain the following result.
PRor’osITION 3.2. Let tt be any subspace such that

(3.19) A///c c *,

and ai(s) (1 <=i <=k), pi(s) (1 <=i <-l) be respectively the invariant polynomials of A,,
Altt and the system matrix P(s) of (3.18), which are ordered so that ailai-1 and pi[pi-1.
Then ff * if a (S and p (S are coprime.

Proof. Let M be a matrix composed of a basis for . By (A, B)-invariance of
V* and (3.19) there exists a matrix F* such that

(3.20) (A +BF*)V* V*, F*[/= 0,

(set F* =F-F for any F with (A +BF)V* 7/’* and F with F[M/r] [FM 0],
where r is a full column rank matrix with Im [M 21r] V*). Now we apply Lemma
3.2 to the triple (C, A, B) and F* so defined. First, we decompose R as (3.16) and
partition M as

(3.21) M=[MT Mf M]r

in accordance with this decomposition. Then, by (3.19) and (3.16) M3 0; hence by
(3.16c) we have

(3.22) /Y* itt M2 0,

and also, by (3.20b) and (3.17), as well as the definition of

(3.23)
1M1 +A 12M2]

=AM =(A +BF*) M2 A2

0

so that we have the key relation,

(3.24) Az2M2 =M2Am.

Also, we note that p(s), 1,. ., are the invariant polynomials of A22 by Lemma
3.2. By definition, a x(s) and p l(S) are the minimal polynomials of A, and A22
respectively, so that by assumption tr(A,,) 0 0"(A22 0 in (3.24). This implies M2 0
as is well known, so the result follows by (3.22).



COMPLETE OPTIMALITY CONDITION IN THE INVERSE PROBLEM 335

COROLLARY 3.1. Let (C, A, B) be minimum phase, that is, its system matrix P(s)
of (3.18) satisfies
(3.25) rank P(s) normal rank P(s), Res >0.

Then

(3.26) Ker (A -AI) f3 Ker C c Yt *, Re h > 0.

Proof. This follows immediately from Proposition 3.2, since A/-
Ker(A-hI)3KerC satisfies (3.19); and moreover ax(s)=s-A with ReA >0 by
definition, while pl(s) has all zeros in Re s _-<0 by (3.25).

The following is a useful characterization of Yt*, which is a slight modification
of [17, Thm. 6.1] derived in a less transparent way than the one shown below.

PROPOSITION 3.3. The subspace 9* equals to the set of states reachable from the
origin by such control inputs that the resulting outputs are identically zero, that is,

(3.27) *={x Rnlx(T; O,u)=x, y(t; O,u)=-O forsome finite T>-O and u}.

Proof. This is almost obvious from the definition of Yt* as well as the two
equivalent definitions of an (A, B)-controllability subspace [21], [22], that is, a sub-
space t cR is an (A, B)-controllability subspace iff (C.1) Yt is the controllable
subspace of (A +BF, BG) for some real matrices F and G, or equivalently, (C.2)
every state x Yt can be reached at a finite time from the origin along a controlled
trajectory that is wholly contained in gt. In fact, let Yt be the subspace on the right
side of (3.27). Then Yt*c is obvious from Definition 1 and *Ker C, while
gt c gt* is obvious from Definition 2 and the definition of Yt*, since gt satisfies
Condition C.2 and Yt Ker C by definition.

4. Main results. In this section, we first derive a complete set of optimality
conditions of a control law K (i.e. a complete solution of Problem (I)) as well as some
useful sufficient conditions for optimality of K ( 4.1), and then give its nice physical
interpretation ( 4.2).

4.1. Optimality conditions. To begin with, it may be convenient to state the
following result before deriving the complete optimality conditions.

PROPOSITION 4.1. Let K be a stable control law for the system (1.1), and C. 1 be
satisfied. Then K is optimal if and only if
(4.1) Ker (A sI) f’)0 0, Re s > 0.

Here o is the set of states of (1.1) reachable from the origin by such control inputs u(t)
that

(4.2) (s)U(s)=-O,

where U(s) is the Laplace transform of u(t).
Proof. First note that (3.4) holds by Lemma 3.1 and the assumption made above.

By Proposition 3.1, it is enough to show that (4.1) is equivalent to detectability of
(C, a), i.e.,

(4.3) tt(s)AKer(A-sI)fqKer’=O, Res_->0.

Note here that

(4.4) (s) 0, Re s 0,
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since otherwise post- and pre-multiplying a nonzero x ///(h) (Re h =0) and its
conjugate transpose x* respectively on both sides of (1.1) block in (3.4b) and then
substituting Ax hx, Cx 0 would yield Kx 0, implying that A-BK has an eigen-
value h with Re h 0, a contradiction to stability assumption of K.

Let Y* be the largest (A, B)-controllability subspace contained in Ker C. Since
(,A,B) is minimum phase by (3.4c), (s)c*cKer by Corollary 3.1 and the
definition of Y*, so that

(4.5) /(s) ///(s) f3* Ker (A -sI)

Moreover, by (3.4c),

normal rank [(-s[-A)-B]T
fit,

SO that by (3.4d)

(s)U(s) =- 0 (sI -A)-IBU(s) =- O.

Noting this relation and applying Proposition 3.3 to (, A, B) yields o=., and
hence by (4.5)

M(s) Ker (A sI) (3 o.
Combining this with (4.4) establishes (4.1):> (4.3) as claimed.

We have assumed C.1 in Proposition 4.1 for simplicity. Since this is a necessary
condition for optimality of K as shown in 2, it is possible to remove this assumption.
As a result, we obtain the following result, which is a complete solution to Problem (I).

THEOREM 4.1. LetK be a stable control law for the system (1.1). Then K is optimal
ifand only if Conditions C. 1 and (4.1) are both satisfied. Moreover, K is always optimal,
if it is, with respect to the cost (2.1) for some C such that (C, A) is detectable and
(C, A, B) is right invertible and minimum phase.

Proof. The former part is obvious from the preceding observation and Proposition
4.1. The latter part is due to Proposition 3.1 and (a) of Lemma 3.1 (set C C).

Remark 4.1. Let det (s) 0. This obviously implies T 0 by definition, so that
it follows from Theorem 4.1 that C.3 in 1 ensures the optimality of a stable control
law K. Hence, Anderson’s result (Fact 2.3) is recovered easily.

Remark 4.2. Let (s)-= 0; for example,

A=
_1

B= K=[0 2].

Then the input u (t) satisfying (4.2) is arbitrary and (A, B) is controllable by assumption,
so that o is the whole state space. In this case, therefore, Theorem 4.1 reveals that
a stable control law K is optimal iff A is stable. Furthermore, combining this fact
with P.1 of Fact 2.1 and (a) of Lemma 3.1 yields another fact that K 0 is the only
stable optimal control law in this case. Hence, the foregoing stable control law is not
optimal.

Remark 4.3. It is important to note that under C.1 and stability of K, Condition
(4.1) fails only in a very rare case where

(4.6) -A tr(A-BK) for some A r(A).
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In fact, suppose (4.1) fails or, equivalently, there exists a nonzero x
Ker (A-hi) fq Ker C for some h tr(A) with Re A > 0 (see the proof of Proposition
4.1). Since, by (3.4b),

(4.7) P(A-hI)+(A-BK
we obviously obtain (A BK +hI)Tpx 0, SO that det (A BK +hi) 0. Otherwise
Px 0, and hence, by (3.4b), (A-BK)x (A-BBTp)x =Ax hx, a contradiction to
stability of K. Consequently, h or(A) and -h tr(A-BK). Note also that this proof
also shows Ker (A-hI)f’)g=O for all h co-(A) with Re h >0 and -ho-(A-BK)
under the same condition. Therefore, in checking (4.1), it is enough to check it only
for those s r(A) with -s tr(A-BK).

From Remarks 4.1 and 4.3, we obtain the following corollary.
COROLLARY 4.1. Let Condition C.1 hold. Then a stable control law K is optimal

if either of the following conditions holds.
(a) normal rank(s)=r.
(b) h (A + h (A BK O.
Remark 4.4. As we have shown in 2, (a) holds only for the limited class of

optimal control laws K, while (b) holds generically for all control laws K. In this
respect Condition (b) is definitely superior to Condition (a) as a sufficient condition
for optimality; and what is more, this condition together with the necessity of Condition
C.1 for optimality implies a practically important observation.

COROLLARY 4.2. Condition C. 1 is a necessary and sufficient condition for a stable
control law K to be generically optimal.

Now it may be helpful for better understanding of the results obtained above to
show how these results can be used to check the optimality of a given control law K.
Let us consider the example system and control law given by (2.7). First, it is apparent
from (2.7) and (2.8) that Condition C.1 holds, but neither sufficient condition (a)
nor (b) of Corollary 4.1 holds. It thus remains to check if Condition (4.1) holds or
not. By (2.8) all control inputs u(t) satisfying (4.2) are given in the form

u(t)

where u2(t) is an arbitrary piecewise-continuous function, so that by the particular
form of A, B and the definition of wo

W Im [01] Ker (A -I),

implying that Condition (4.1) does not hold. We thus conclude from Theorem 4.1
that K is not optimal in this case, which is the same conclusion as drawn in a different
way in Remark 2.1.

Up to this point we have assumed the stability of a control law K. This assumption,
though it is a fundamental one in the inverse problem, can also be removed in return
for restricting the cost matrix. As a result, we obtain the following optimality condition
of a general (not necessarily stable) control law K for some restricted type of C.

THEOREM 4.2. Let K be a control law for the system (1.1). Then K is optimal for
some C such that (C, A) is detectable if and only ifK is stable and satisfies Conditions
C.1 and (4.1).

Proof. By Theorem 4.1, it suffices to show the stability of K in the "only if" part,
which is a direct consequence of Fact 2.2.
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Remark 4.5. Note that the detectability of (C, A) is known as the most general
constraint on the cost matrix appearing in the standard optimal regulator problem,
and the optimal control law is stable only for this type of cost matrix, as shown in
Fact 2.1. We also note that Theorem 4.2 corresponds to the result in the inverse
problem of stable regulator [16, Corollary 6.2], where the first two conditions in the
theorem are shown to be the optimality conditions.

4.2. Interpretation of the optimality condition. In the previous section, we have
obtained two types of conditions as a complete set of optimality conditions: one is
the frequency domain condition C.1 (as often called the return difference condition),
and the other is a new condition (4.1) of geometric type. The former condition has
been well known as a condition on sensitivity reduction of the closed-loop system
(1.1), (1.3) to system parameter variations as compared to the equivalent open-loop
system. It may thus be interesting if we can interpret the latter one as some condition
related to the sensitivity of the closed-loop system. This is indeed what we shall do
in the sequel. For this purpose we need to take the comparison sensitivity approach
developed by Cruz and Perkins [9] and applied to optimal control system by Kreindler
[13], which is as follows (see [2, 7.1, 7.2], [13], [18]).

Consider two different configurations of the optimal control system, namely pure
closed-loop and pure open-loop configurations (see Fig. 1). The basic idea of the
approach is to compare the effects of parameter variations in the system matrices A,

1A

(a) Closed-loop configuration (uc is a feedback signal).

(b) Open-loop configuration (Uo is a fixed function of time).

FIG. 1. Two configurations of the optimal control system.

B on the responses for these two configurations that produce identical responses for
nominal parameter values (hence, they are called nominally equivalent). Let A and
B depend on a parameter vector q, and subscripts o and c refer to the open- and
closed-loop configurations, respectively. Then the equations for the first order trajec-
tory changes 6Xo(t) and 6x(t) due to small variations 6q of q are described by using
the corresponding first-order changes d;A, 6B of A and B as follows:

(4.8) 6o A6xo + 6A.o + 6Bao, 6xo(O) O,
(4.9) 6.ic A6xc + 8AYc + 6Bac BK6xc, 6Xc (0) O,
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where the bars refer to their nominal values. Hence, by definition,

(4.10) Yo(t)=-Yc(t), ao(t)-- ac(t) -Ky(t).

Note here that Uo does not depend on q, while Uc depends on q through the feedback
(1.3), which is reflected in the last term on the right side of (4.9); the presence of this
term--the only difference between (4.8) and (4.9)--leads to reduction of the effect
of 6q on Xc as compared to Xo. Now, a simple calculation shows [2, 7.1], [9], [13],

-Io Io6J A 8X oKTKXo dt- 8x KrK6xc dt

(4.11)
/ xY;-i,o)KiKxi)

2

_
where 8X(s) is the Laplace transform of gxc(t). Obviously, by this relation Condition
C.1 ensures a well-known property contained in [2], [13], that the optimal closed-loop
configuration has lower sensitivity (in Kx) than the equivalent open-loop one in the
sense of M-> 0.3 It should be noted, however, that this sense of sensitivity reduction
includes the special case of no sensitivity reduction (i.e. 6J 0); namely, there are
some cases where no sensitivity reduction at all can be achieved by optimal feedback.
The new condition (4.1) will prove to be closely related to this fact.

Let 6xa 6x-Xo, or equivalently, express 6Xc as

(4.12) 6Xc 6Xo + 6xd,

and write the input by feedback in (4.9) as 6u(t)=-KSxc(t) and 6Uc(s)=-K6Xc(s).
Then, by (4.8) to (4.11),

(4.13) 82a =A6xd+B6uc, 6xa(O)=O,

(4.14) (s)U (s) -= o o.
Hence, we can characterize gxa as that component of 8xc due to feedback which
compensates for the other component change 6Xo due directly to the variations of A
and B, while o is characterized as the maximal (1.u.b.) set of Xd reachable by those
feedbacks that achieve no sensitivity reduction. In other words, there is indeed a
sensitivity reduction at least for that 6xc with Xd go. These characterizations of 6xa
and 0 yield the following interpretation of (4.1) in connection with the sensitivity
reduction of the optimal closed-loop configuration.

THEOREM 4.3. In the optimal closed-loop configuration, there is always .a strict
sense of sensitivity reduction (i.e. M > O) for such trafectory change 6x that its compen-
sating component 3Xd by feedback contains an unstable mode ofA in the sense that

(4.15) 8xd(t)eKer (A-A/) for all t>0 and some A o’+(A),

where tr+(A) is the set o]:h r(A) with ReA >0.
Remark 4.6. Let dim Ker (A -hi)= 1 for simplicity. Then it follows easily from

the constraint (4.13) on 6xa that (4.15) restricts the form of 6xa as 6xa(t)= eXth(t)v
where h tr+(A), v Ker (A -hi) and h(t) is some continuous function with h(0)= 0.
This obviously justifies the use of the above expression "contains an unstable mode
of A".

Strictly speaking, the sensitivity measure 6J here is a bit weaker than that in [2], [13], but used here
for simplifying the development.
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Note that 6x(t) contains no unstable modes of A in general, since F =A-BK
is stable by assumption and 6Xc(s)=(sI-F)-I(6A-6BK)(sI-F)-lx(O) by (4.9),
(4.10). Hence, by (4.12), whenever 6xd contains an unstable mode of A, 6Xo must also
contain the same mode so that these two same modes of A cancel in 6xc as a
consequence of their summation. In other words, if some parameter variation excites
an unstable mode of A in 8Xo according to the constraint (4.8), then this mode is
automatically cancelled in 8x by such prompt reaction of feedback control that excites
the same mode in 6xd according to the constraint (4.13); hence such a mode may be
called a hidden mode of A. This is considered as the way of control in which the
optimal feedback control law controls an unstable hidden mode of A excited in the
response due to parameter variation. As is checked easily, this is actually a common
feature of all (not necessarily optimal) stable feedback controls. Theorem 4.3 shows,
however, that as far as an optimal one is concerned, its process of control for unstable
hidden modes of A mentioned above leads inevitably to sensitivity reduction in the
strict sense. In other words, under the presence of parameter variations, the optimal
]eedback control always controls any unstable hidden mode oj A in such a way that
the sensitivity oi the resulting closed-loop response is reduced strictly. This is a new
additional sensitivity reduction property of the optimal feedback control, which pro-
vides not only a better insight into the well-known sensitivity reduction property
derived from the return difference condition C. 1 alone, but also a better understanding
of how optimal stable feedback controls differ from other ones from the sensitivity
point of view.

Another interesting feature of the new sensitivity property as related to unstable
modes of A alone is its significance peculiar essentially to the multi-input case. In the
single-input case, there proves to be a sensitivity reduction for all modes of A as in
the multi-input case of det (s) 0, and hence there is no essential distinction between
stable and unstable modes of A from the sensitivity point of view. Consequently, the
intrinsic value of this property lies only in the case of multi-input and particularly
det (s)= 0, which obviously makes an essential difference between the solutions of
the single- and multi-input inverse problem. The point is: unstable modes o) A play
no particular role in sensitivity reduction (or optimality property), provided that there is
a full degree o] sensitivity reduction in the sense of normal rank (s) r.

In summary, Condition C.1 ensures sensitivity reduction of the optimal closed-
loop response of any type (but in the broad sense of 6J >= 0)--a well-known property;
Condition (4.1) ensures, on the assumption of C.1, the strict sense of sensitivity
reduction (6J > 0) for that particular type of optimal closed-loop response containing
an unstable hidden mode of A--a new property which certainly provides an additional
and better insight into the well-known sensitivity reduction property of optimal control
mentioned above.

5. Concluding remarks. A new geometric condition as well as the known return
difference condition has been obtained as a complete set of optimality conditions in
the inverse optimal control problem. The principal contribution of the new condition
to the inverse problem is that it provides a better insight into the well-known sensitivity
reduction property of optimal control, by revealing an additional sensitivity reduction
property of optimal control related to unstable modes of A. Another interesting
contribution of practical importance is that it provides a new characterization of the
return difference condition as a necessary and sufficient condition for generic optimality
of a feedback control. Finally, although we have treated only the case where the
weighting matrix R for the control input is I (the unit matrix), other cases with R I
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can also be treated similarly if R is known, by replacing B with BR -1/2. However,
the inverse problem for the case with R being unknown is a different problem which
remains to be solved in the future.
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FEEDBACK CONTROL OF SECOND ORDER EVOLUTION
EQUATIONS WITH DAMPING*

YOSHIYUKI SAKAWAS

Abstract. Feedback control is developed for a class of distributed systems described by second
order evolution equations with slight damping. In order to increase the degree of stability of the system,
a dynamic compensator is designed on the basis of a finite-dimensional model of the system, and a feedback
control system is constructed by using sensor outputs. It is shown that the degree of stability of the whole
system including the compensator is improved by "modal control" based on a finite-dimensional modal
model. This proves the mathematical validity of the modal control of distributed systems.

Key words, feedback stabilization, second order evolution equation, finite-dimensional dynamic com-
pensator, observer

1. Introduction. We consider feedback control of a class of distributed systems
described by second order evolution equations with slight damping. The damping
term in the equation reflects the dissipation of energy which is empirically observed
in nature. We are given a finite number of control inputs to the system and a finite
number of outputs from sensors. In order to increase the degree of stability of the
system, we construct a finite-dimensional dynamic compensator using the sensor
outputs. Our formulation includes the active control of vibrations in mechanically
flexible systems, which has application to attitude control of flexible spacecraft and
active tendon control of structures, for example [3], [19].

First, it will be proved that the solution of the evolution equation can be represen-
ted by an analytic semigroup, and spectral properties of the semigroup will be
examined. Then, on the basis of a finite-dimensional modal model of the system,
finite-dimensional observers are constructed as a dynamic compensator. It will be
shown that the degree of stability of the whole system including the compensator is
improved by the modal control, in spite of the undesirable effects of control and
observation "spillovers" [2]. Thus, this paper gives mathematical validity to modal
control on the basis of a finite-dimensional model of distributed systems.

2. Damped evolution equations. Let 1 be a bounded open domain in a finite-
dimensional Euclidean space, and let L2(fl) denote the Hilbert space of all square-
integrable functions with the inner product

(u, u)= I. u(x)a(x) dx,

where r7 denotes the complex conjugate of u.
We consider control systems described by the second order (in t) damped evolution

equation in L2(f)

dZu(t_____)) +2aA du(t)
+Au(t)=Bf(t)= bkfk(t), t>0,(2.1)

dt2 dt k=x

where u(t) E L2(), b k
E L2(),), fk(t) are scalar functions H61der-continuous on [0, ),

a is a small positive constant, A is an unbounded operator and

B [bl, br], f(t) =Ill(t),""", fr(t)]T.

* Received by the editors April 21, 1982, and in final revised form February 15, 1983.
t Department of Control Engineering, Faculty of Engineering Science, Osaka University, Toyonaka,

Osaka 560, Japan.
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We assume that A is a selfad[oint positive-definite operator with domain D(A) dense
in L2(I)), and that A -1 exists and is compact.

The state of the system is measured by p averaging sensors, whose outputs are
expressed as

(2.2) yk(t)=(Ck, U(t)), k= 1, ,p,

where the c k are sensor influence functions in L2(I)). We introduce the output vector
function y(t)= [yl(t),..., yP(t)]TRp, which can be written as

(2.3) y(t) Cu(t),

where C is a bounded operator mapping L2(I)) into R defined by

Cu =[(c’, u), (c", u)].
By the solution of (2.1) we mean a function u(t)L2(l’) satisfying the following

conditions 11]"
(i) u(t) and ti(t)=du(t)/dt are continuous on [0, T], where T>0 is an arbitrary

number.
(ii) u(t)mD(A) for any t_>0, and Au(t) is continuous on [0, T]. (t)mD(A)

for any > 0 and Aft (t) is continuous on (0, T].
(iii) u(t) is twice continuously ditterentiable and satisfies (2.1) on (0, T].
(iv) u(t) and t(t) satisfy the initial condition

(2.4) u (0) u0, ti (0) Uto,

where uomD(A) and dt0fi L2(’)).
From the assumption that A has a bounded inverse, it is easy to see that A is

closed. Also, from the Hilbert-Schmidt theory for compact selfadjoint operators, it is
well known that there exist eigenvalues Ai and corresponding eigenfunctions bij(x) of
the operator A satisfying the following conditions [13], [17]:

(i)

(2.5) 0</1 <2 <’’ "<Ai<’", lim Ai .
(ii)

(2.6) AOij Aidpij, j 1," , mi, 1, 2,.

where mi < for each i.

(iii) The set {(ij(" )} of the eigenfunctions forms a complete orthonormal system
in L2(Iq).

Since u L2(I)) has the unique expression

(2.7) u(’)= Y (u, b0.)b0.(’),
i=1/=1

D(A) consists of all elements u 6 L(I’I) such that

(2.8) ’ A/2l(u, 0.)12 < 00.
i=11=1

Here mi is the multiplicity of the eigenvalue Ai.
We assume that

(2.9) a --Ai 0, i=1,2,""
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and that a > 0 is so small that

(2.10)

Now let us introduce a function

(2.11)

2/2ff a < 0, then

1
oA

2

g(a) ,/ax2 x.

g(a) i4.
Since A is a selfadjoint operator, it. is possible to define an operator g(A) by [6]

(2.13) g(A)u
i=1 j=l

Let n be a sufficiently large number. Then the inequality

holds for any n. Hence, in view of (2.8) and (2.12), we see that

(2.1.4) D(g(A))=D(A).

In the same way, we can define the inverse operator g-(A) and its domain
D(g-(A)) by replacing g(Ai) by g-(A) in (2.12) and (2.13), respectively. It is easily
seen that g (A) is a bounded operator, because the sequence {[g a(A)[2} converges
to zero, and that

-1g (a)g(a)=I inO(a), g(A)g-(a)=I inL2(fl).
Suppose a solution u(t) of (2.1) exists. Let us introduce a new function v(t), 0,

by

(2.15) v(t) g-l(A)(fi(t)+aau(t)).

Since v (t) D (g (A)) D(A), we obtain

(2.16) (t)= -aau(t)+g(A)v(t), 0.

Also, since A is closed, we see that

d(au(t))
=aa(t).

dt

Differentiating (2.15) with respect to and using the relation (2.1) yields

(2.17) (t)=g-a(A)[-a(t)-au(t)+Bf(t)], t>0.

Furthermore, substituting (2.16) into (2.17) gives

(t) g-(a)[(a2a2-a)u(t)-aag(a)v(t)+Bf(t)].
2A2Since gZ(A)= a -A, we finally obtain

(2.18) (t)=g(a)u(t)-aAv(t)+g-a(A)Bf(t), t>0.

(2.12) D(g(A)) u eLZ(fI): E [g(ai)(u, 4i)12 < oo
i=1/=1
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Now let us introduce the new functions

(2.19) (t) u(t)+v(t), l(t) u(t)-v(t).

We see from (2.16) and (2.18) that these functions satisfy the equations

(2.20) (t)=a+(t)+g-a(a)Bf(t), l(t)=a-rt(t)-g-a(a)Bf(t),
where

(2.21) a+=-aa +g(a), a-=-aa-g(a).

Equation (2.20) can be rewritten as

(2.22) (i) sCsr (t)+ f(t), > O,

where

(2.23) ’(t)
lr/(t)j,

r g-I(A)B
I -g-(a)BJ"

t>0,

3. Spectral property o z and existence o solutions. We consider spectral
property of the operators A +/- -aA + g(A). Let u D (A). Then

(3.1) A U E (--O/ "1" g(i))(U, (ij)(ii.
i=1 /’=1

Setting

(3.2) L/’i --O/i-+’g(/i), .Z

from (3.1) we obtain

(3.3) A qb [l., ( j 1," ", m 1, 2,. .
Thus we see that/x and/zg are the eigenvalues of A + and A respectively, and
that b0 are the corresponding eigenfunctions of both A/ and A-.

From assumption (2.10), we see that

a 12 hi<---<0.
2

Therefore there is an integer v => 1 such that

2A2 2/2(3.4) a hv < 0, a v+ --/ v+ > O.
+If <= v,/zg and/zg are complex conjugates of each other. Since

1
(3.5) lim - lim - -o.

i-o 2a ioo

A-Also, it is easily seen that, if =< v,/zi and/zi are located in the complex plane on
the circle of radius (1/2a) with center at -(1/2a)+ x/--- 0, and that/z? and/z- are
on the negative real axis, if > v. Thus/z - and/x - are distributed as shown in Fig. 1.
It is clear that A+ is a bounded operator.

LEMMA 3.1. The operators A + and A- generate analytic semigroups. Thus the
operator also generates an analytic semigroup et, and the solution of (2.22) satisfying
the initial condition

(3.6) lim ’(t) ’o [o, no],
t+0
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FIG. 1. Distribution of eigenvalues of sg.

where :o, r/o 6 L2(I)), can be uniquely expressed as

(3.7) r(t)=e’sro+ e’-’)f(s) ds.

Proof. Since A + is a bounded operator, it is clear that A + generates an analytic
semigroup. A necessary and sufficient condition for A- to generate an analytic semi-
group is that for each 3’ > 0 the half-plane Pv {A: Re A > 3’} is contained in the
resolvent set of A-, and there exists a constant C such that the relation

(3.8) II(A -m-)-lll C(1 +IA 3"j)-1

holds for any A Pv [16, Remark 3.3.2]. In view of Fig. 1, since the spectrum of A-
is contained in the left half-plane {A: Re A < 0}, it is clear that Pv is contained in the
resolvent set of A-.

To prove (3.8), assume that u D(A) and set v (A -A-)u. Since u L2(I)) can
be expressed as in (2.7), we see that

(3.9) v Z (. -)(u, 4i)o.
i=1i=1

From (3.9) we obtain

Thus, we see that

(3.10) sup ,11-/--infg IA -l"
Therefore,-what we have to prove is that

(3.11) C inflA -F]-(1 +IA
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In view of Fig. 1 and (3.5), infi ]h-tx-[ is attained on the circle or at the point
z ;-+1. Let infi [h-z-[= [h-z[. In view of Fig. 1, there is a constant/ such that
[z y[-</. Consequently,

(3.12)

It is clear that

(3.13)

Thus, if

(3.14) C->I+

then we see that

1+/3

(3.5) (c-

Using (3.12) and (3.15), we obtain (3.11) for any A ePv. Therefore, if we choose a
constant C satisfying (3.14), then (3.8) holds. Thus, it has been proved that the
operator s generates an analytic semigroup.

Since the function f(t) is assumed to be H61der continuous, there is a unique
solution of (2.22) satisfying the initial condition (3.6) which is expressed as in (3.7)
[13], [16].

On the basis of Lemma 3.1, we obtain
TzozM 3.1. Given any uoD(A) and u,o L(), there exists a unique solution

of (2.1) satisfying the initial condition (2.4).
Proof. Following (2.15), set

(3.16) Vo g-l(A)(u,o+aAuo).

It is clear that voeD(A). Let (t) and (t), 0, be the solution of (2:20) satisfying
the initial conditions

(O)=uo+voeD(A), (O)=uo-voeD(A),

respectively. From (2.19), u(t) and v(t), 0, can be defined by

(3.17) u(t)
:(t) + r/(t)

v(t)
:(t)- r/(t)

2 2

It is clear that the functions u(t) and v(t) thus defined satisfy (2.16) and (2.18),
respectively, and that (2.15) is obtained from (2.16).

Since the functions u(t) and v(t), >0, are analytic, differentiating (2.16), sub-
stituting (2.18) into it, and using (2.15) gives (2.1). Thus, we see that-the function
u(t) [(t)+q(t)]/2 is the unique solution of (2.1)satisfying the initial conditions

u(0) uo, a(0) u,o,

where uoeD(A), U,oeL2(fl).
4. A finite-dimensional system, controllability and observability. Equation (2.1)

is clearly stable, because it has a dissipative term 2aAti(t). However, since the damping
coefficient a is usually very small, it is desirable to increase the degree of stability by
feedback control.
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Let us introduce the orthogonal projection operators P. and Q. in L2([) by

(4.1) P,u ’ (u, dq)cbii, O,u (1-P,)u Y’. ’ (u,
i=1 ]=1 i=n+l

Set

L=

Applying these operators to (2.22) gives

(4.2)

(4.3) (.:(t) 4(.r(t) + O.gdf(t).

The solution of the finite-dimensional equation (4.2) with the initial condition
/n’(0) =/nro =/,[o, rio]T can be expressed as

(4.4) /5"’(t) "-i=l j=l llii(t)J
tii,

where o, rio L2(f), and ii(t) and rtii(t) are solutions of

(4.5)
ij(t) tz]ij + g-l(hi)biif(t),

lii(t) tz rli- g-l(hi)bif(t),

satisfying the initial conditions %.(0) (o, b0), /i](O)= (no, &o), respectively. In (4.5),
b0 is a row vector defined by

hi] [b , b it1 ],
k k kwhere b i] is given by b i]

Now suppose _-< t,. Since/x and - and /](0) and r/i](0) are pairs of complex
conjugates, ’i](t) and r/0.(t) are also complex conjugates. Let

i](t) aii(t) + ii](t).

Then (4.5) can be written in real form as

(4.6) &i](t) -aAiaii(t)-wifi](t), li](t)=wia](t)-aAiii(t)-bi-2f(t),

where

OO x/A a
2

Equation (4.6) is equivalent to

(4.7) 4/q(t)=MiYii(t)-l[ 0 ] f(t),
O)i bi]

where

Fai’(t)] M,Yi](t)--
kii(t O)
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By introducing the following vectors and matrices

w(t) M block diag IMp,. ., M],

(4.7) is rewritten as

(4.8) 1, (t) liTi(t)_L ,f(t).

Next, suppose i->_ v + 1. Since x are real numbers in this case, by introducing
the following vectors and matrix

:,(t)=
Li-,’.(t)_l

rl,(t)
Ln,,(t)_J

(4.5) can be written as

(4.9)

ii Limi

-i(t) tx ?ji(t) + g-’ (Ai)if(t),

li(t) lzi rli(t)- g (X,)f(t).
Let tr be any number such that

\Lee/

and let be an integer such that -< u, and such that

(4.11) Re jU, t+ <-cr=<Re

Let n > 1, and let L m --" + ml, N rn "--" + m,. It is clear that N > L. Further-
more, let us define a 2L-dimensional vector Xl(t), a 2L r matrix B1 and a 2L 2L
block diagonal matrix A by

X l(t)
L1/lit)-J L,)o,J(4.12)

B

A, block diag [/1,""", 1/].
Then from (4.8) we obtain

(4.13) J, (t) A lX l(t) + Bif(t).
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Similarly, let us define a 2(N-L)-dimensional vector xz(t), a 2(N-L) r matrix
and a 2(N-L) 2(N-L) block diagonal matrix A2 by

-Tl+l. (t)1w’(t) [
+l(t)/(4.14) x2(t)
r/+l(t) B2

/
’nit)/

g- (/v+llJu+l
--g- (av+1)/v+l

-g-l(hnl/n

(4.15) A2 block diag [///+,, ]I, / I +,, Idb-/llm+, /

+,

where Im denotes an m x m unit matrix. Then from (4.8) and (4.9) we obtain

(4.16) 2(t) A2x2(t) + B2f(t).

Since u(t)=[j(t)+rl(t)]/2, P.u(t) can be expressed as

mi 1
P.u(t) E [i/(t) + rlij(t)]dpij.

i=l j=l

In view of Fig. 1 and (4.5), the damping characteristic of zero-input response of (2.1)
will be determined by the first finite number of eigenvalues/x - and 7 of A/ and
A-, respectively. In the case where the damping coefficient a is very small, the damping
characteristic of (2.1) will be poor. Thus, our problem is to provide enough damping
to the system by the feedback control. To be concrete, our problem is to place the
closed-loop eigenvalues of (4.13) in some desirable way by using pole assignment
theory [18]. Since the state vector Xl(t) is not directly measurable, observers using the
sensor outputs will be constructed to estimate the state variables.

Using the relation

P((t)+rl(t)) O,((t)+rl(t))
u(t) +

2 2

the sensor output functions (2.2) are expressed as

’, .(jii(t) + (t)) (Q.c k,k C rlij O.(j(t)+rl(t)))
y (t)= 2" Y’. +

i=1]=1 2 2

where c . (c k, &gi). By defining the matrices

(4.17)

Cil 0 Cim Cil

Ci Ci
c11 0 Cm Cfl

C "--[C1, C2,... Cl]

(4.18) C2 "-[/+1 C

c/P. J

,P,

the output vector function can be expressed as

(4.19) y(t) ClXl(t) + C2x2(l) +
S.O.(j(t)+rl(t))
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where S,O,((t)+rt(t))/2 is called the observation spillover [2], and the operator S,
mapping Q,L2(fl) into R p is defined by

(4.20) Snu u OnL-(f).
L(O. .

LEMMA 4.1. The linear system (C1,A1, B1) is controllable and observable if and
only if
(4.21) rank Ji rank ti mi, 1,. , l.

Proof. The linear system (4.13) is controllable if and only if the rows of
exp (-A it)B1 are linearly independent on [0, o) [4, p. 177]. We see that

[exp (--/lt)/ 1/to1].(4.22) -exp (-A at)B1
Lexp (-/r,t)/, J

Since

we obtain

eX,,[ cos toil sin toil]!exp (-Mt [ -sin toit COS toitJ

bil sin oit 1
bi COS toit |

(4.23) exp (-flit)i e x’’ [
[bi,, sin toit[
Lb,m. cos toiq

Therefore, (A1, B1) is controllable if and only if the rows bil,’", bim, are linearly
independent for each i. In other words, (A 1, B1) is controllable if and only if the first
equality of (4.21) holds for 1,..., l.

In the same way, (C1, A a) is observable if and only if the columns of C1 exp (A it)
are linearly independent on [0, o) [4, p. 188]. We see that

(4.24) C1 exp (A it) [a exp (AT/at), ., ’t exp (/lrtt)],
(4.25) i exp (l’lit) e-aX’t[Cil cos toit, --Cil sin toil,’" ", Cim, COS toit, --Cimi sin toit],

where
Ci] C i], C

Clearly, all columns of Ca exp (A at) are linearly independent on [0, oo) if and only if
the columns cil,"’, cim, are linearly independent for each i. Therefore, (C1, Aa) is
observable if and only if the second equality of (4.21) holds for 1,. ., l.

Remark 4.1. In order that the rank conditions (4.21) hold, the number r of
control inputs and the number p of sensors should satisfy

r, p -> max {ml,.. ", m}.

Remark 4.2. It can be easily seen that the infinite-dimensional system (2.1) is
controllable if and only if

rank/i mi, 1, 2," .
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Similarly, (2.1) is observable by the observation (2.3) if and only if

rank (e me, 1, 2,. .
These controllability and observability conditions coincide with the controllability and
observability conditions for the first order diffusion system

du(t)
+Au(t) Bf(t), y(t) Cu(t),
dt

respectively, where the operators B and C are as defined above [14], [15].

5. Feedback control using observers. Let us construct two kinds of finite-
dimensional observers defined b
(5.1) 2 (t) (A 1-alCl)Z (t) + G[y (t)-C2z2(t)]+ Blf(t),

(5.2) 2(t) Az(t) +Bf(t),

where z (t) is a 2L- dimensional vector estimating x (t), z(t) is a 2(N-L)- dimensional
vector estimating x(t), and G1 is a 2L xp matrix to be determined.

It is clear from (4.16) and (5.2) that

(5.3) x2(t) z2(t) e a2t (X2o- Z2o),

where X2o x:(0), and Z_o z_(0). Let us define a 4L-dimensional vector ql(t) by

1(5.4) q(t)=kz(t)j.

Let the control input vector function f(t) be given by

(5.5) f(t) =Fz(t),

where F is an r x2L matrix to be determined. Substituting (5.5) into (4.3), (4.13)
and (5.1), and using (4.19) and (5.3) yields

d[ ql(t)] 11 A12] ql(t)](5.6) dtlO.((t)j=[[ + [t)]
21 A22J t(t)J

where

(5.7)

(5.8)

We see that

(5.9)

A1 BFI ]All-- GIC1 A1-GICI+B1FlJ’

[ o ]A2 GS(I, I)/2

A21 [0, (.F,], A22

O(t)=
GC2 ea2t(x2o-z2o)

IL 0 A B11 IL
--IL ILl[ale1 A1 G1CI+B1F1][

_-[AI+B1FI B1F1 ].0 A1-G1C1

0 -1
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Suppose the rank conditions (4.21) hold. Then the finite-dimensional system
(C1, A1, BI) is controllable and observable. Consequently, there exist matrices F1
and G1 such that all the eigenvalues of the matrices Al+ B1F1 and A1-G1C1 take
arbitrarily the preassigned values {-/Xl,-/x2,’’’ ,-/z4/} [12], [18]. Here, the real
numbers/zi > 0 are selected in such a way that

(5.10) -/xaL <" <-tz2 <-tZl _-<Re

Combining (4.11), and (5.10) yields

(5.11) --itl, -<Re itL ?+1
Let us construct the matrices F and G as stated above. In view of (5.7) and

(5.9), we see that the matrix A 11 is similar to the diagonal matrix
diag [-/xl, -/x2, , -/z4/], and the matrix e is also similar to the diagonal matrix
diag [e-"’, e-"’, e-"4’]. In other words, there is a nonsingular matrix T such
that [1], [8]

(5.12) T1 eA11tT- =diag [e-lt, ,
From (5.12) we obtain

(5.13) IIeA’II<=M1 e -’t t>o

where M1 is the so-called condition number of the nonsingular matrix T1 defined by

(5.14) M1 IITII lIT; I1->- 1.

Suppose that the integer n is selected in such a way that

(5.15) Re x/

]rLet (n" [O’, Or OL(f) x OL(D). Since

for => 0 we obtain

(5.16) eAtOn y e

i=n+l j=l 0

From this equation, wc scc that

IleA’ll--< max { eRe z:t, ere g;-t, > n + 1}.

In view of (3.5), (5.15) and Fig. 1, it follows that

(5.17) [[eA:’[l<=e -/’’, t =>0.

Let us define the operators

A A
where A is unbounded, whereas B is bounded. Then

A A
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Let us introduce the vectors

(,r(t)_l’ 0

with the norm IIw (t)ll [llql(t)ll +llO.(t)ll]1/. Then (5.6)can be rewritten as

(t) (g +J)w(t)+g(t).(5.20)

It is clear that

t [e Alt 0 ]e
0 e A22t

and that

max

Since M1 -> 1 and -/a _-<Re :/1, we see from (5.13) and (5.17) that

(5.21) Ile’’ll _<-Ma e -v’, t>0,=

where

(5.22) max Re tz :+1

From (5.18) we see that

11/11--< max (lla 1211, [IA21[[)-< max (liOn,Fill, [[Gill [ln____[___l).
\ /2/

Also from (2.23) we obtain

i>=n+l k=l

1/2

From (4.20) we obtain
1/2

k=l

Therefore, we see that

(5.23) [I/ll -< max {/ IIFlll sup Ig-l(Ai)l ( IlOnbkll2) 1/2, Ilaa[I PEk=I lionck 112)1/2}
Now, applying the perturbation theory of semigroups [10, p. 495], [16, p. 71],

we obtain

I[e(a+a),ll_<_M e-t, t>0(5.24)

where

-3 -3’ +MIlI/ II.
Since b k L2(I)) (k 1,..., r), c k L2(f) (k 1,... ,p), and since M1 is indepen-
dent of n, for any small e > 0 there is an integer n (> l) such that

(5.25) MxlIBII<e.
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By choosing n properly, we see from (5.11) that

(5.26) --ill, -- --1 < --O’.

The solution of (5.20) is clearly written as

Io(5.27) w(t) =ea+a)’Wo+ ea+’-s)(s) ds.

By using (5.24), IIw(t)ll can be estimated as

(5.28) Ilw(t)llMl e -’’ Ilwoll+ e II(s)llds

Let us estimate II(s)ll, From (4.15) we see that

(5 29) Ilea=’ll < e -v’ < e -ot > 0

where -2 is any number such that

(5.30)

Using (5.8) and (5.29), we obtain

(5.3 a) II(t)ll IIall IIC211 e-=’[Ix20- z2011.
Substituting (5.31) into (5.28) yields

(5.32) [Iw(t)llM2 e -’, 0,

where

M2 M[llwoll + I11111C211( 2)-llxzo- z2011].
Let us introduce a 4(N-L)-dimensional vector q2(t) defined by

q(t)=[x(t)]
From (4.16) and (5.2) we obtain

(5.33)

where

Integrating (5.33) gives

gl2(t) Aq_(t) +lz l(t),

/
A2 2F1

(5.34) q2(t) eatq20+ ea(’-S)zl(s)ds,

where q20 q2(0). Using the estimates

(5.35) I1 --< ,/llva IIn211,

Ilz l(t)ll <- IIw (t)l[ <-M2 e -2’,
we obtain

(5.36)

t>=0,

t>=O,

[Iq2(t)l[ <- e-’[l[q2oll + 4-M21[Fa[[ I[B211(/2- o’)-].
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Putting (5.32) and (5.36) together, we finally obtain

(5.37) Ilw (t)H <-- M[llwoil + 4lla,II Ilczll(fl f12)-’llq2011] e

(5.38)
IIq=(t)ll M,NIiFlll IIB=ll(fl=- o)-’llw011

/{ / 211F, IIG,II IIB=II IIC=11(3).-o)-’(t3,- 3=)-’}llq)olll e-"

for >-0. Define an infinite-dimensional vector if(t) by

q,(t)
if(t)= /q2(,)/ Q.L2(fD Q,,L2(Iq).

It is obvious that if(t) represents the state of the distributed system as well as the
state of the dynamic controller. From (5.37) and (5.38) we see that

(5.39) IIW(t)ll<-ge-=’llW(O)ll, >=0,

where K is a constant dependent on l, n, etc.
Thus we can summarize what we have discussed so far as follows:
THEOREM 5.1. Given an arbitrary damping constant o" such that 0 < eA < tr <

(1/2c), suppose that the rank conditions (4.21) hoM, where is an integer satisfying
(4.11). Then a finite-dimensional feedback dynamic controller described by (5.1), (5.2)
and (5.5) can be constructed in such a way that the state (t) of the overall system
satisfies (5.39), where K is a constant dependent on l, n, etc.

Remark 5.1. If we know the eigenvalues Ai and the eigenfunctions bii(’) of the
operator A, the control influence functions b k (.)e L2(f), k 1, , r, and the sensor
influence functions c k (.) eL-(fD, k 1,..., p, then by specifying the integers and
n, we can calculate the matrices A a, B a, Ca and A2, B2, C2. Therefore, it is possible
to construct the observers Oa and 02 governed by (5.1) and (5.2), respectively. The
structure of the dynamic compensator for the distributed parameter system (D.P.S.)
is as shown in Fig. 2, where the matrices G and Fa are selected in such a way that
the matrices A +BaFa and A G1Ca have the preassigned eigenvalues.

f
D. ES.

!I- ]""’ [2

Y

FIG. 2. Block diagram of dynamic compensator.

Remark 5.2. An algorithm for determining the matrix Fa such that the matrix
A +BIF1 has the preassigned eigenvalues {-/xa,’’’,-/x2L}, where/zi #/xj (i #j) and
each/zi does not coincide with the eigenvalues of A a, is as follows.

1. Seek a set of r-dimensional vectors {:i} such that the vectors

(5.40) /)i =-(iiI +A 1)-1/1:i, 1,..., 2L,

are linearly independent. It has been proved that such a set of vectors {:i} exists [20].
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2. The matrix F1 is given by

(5.41) Vl [SOl, sCzL][Vl, v2L]-.
It is clear that the vectors vi are eigenvectors of A +B F1 corresponding to the

eigenvalues -/xi, because from (5.40) and (5.41) we obtain

(txiI +A +B1F1)vi O.

The matrix G1 such that the matrix At-GIC has the preassigned eigenvalues can
be determined by using the same algorithm.

Remark 5.3. The solutions u(t) and v(t) of (2.16) and (2.18) are expressed as

u(t) (t) + 2 ((t) + (t)),
i=1 i=1 i=v+l i=1

(5.42) , 1 i (ii(t)--ii(t))iJ,(t) ii(t)ii+
where aid(t) and flip(t) are solutions of (4.6), and i(t) and nil(t) are solutions of (4.5).
From (5.42) we see that

(.43) m m 1 2Ilut)ll:+llvt)ll= 2 [.t)+t]+ 2 2
i=1 /=1 i=u+l /=1

Therefore,

(.44)
II  t)[I  o)11.

Remark 5.4. The bounded operator B defined by (5.18) results from the control
and observation spillovers [2]. If

b k pnL2(l)), k l, r,

c (.)P,LZ(f), k 1,. .,p,

for some integer n, then/ 0.
Remark 5.5. If n, (5.25) does not hold. Because in this case the constant M

depends on n and Ma (1 ), in general. Thus, boundedness of MIIII with
respect to n is not clear. The key point of this paper lies in the introduction of two
kinds of observers. In the first observer equation (5.1), since the output y(t) contains
the observation spillover, its effect has been reduced by subtracting C_z2(t) from y(t),
where z2(t) is the output of the second observer (5.2).

Remark 5.6. In this paper, an identity observer has been used for estimating the
state of the first L modes of the distributed system. It is also possible to construct a
feedback dynamic controller by use of a reduced order observer [12].

Remark 5.7. From (4.10) we see that the upper limit of the decay rate tr by the
feedback control is (1/2a). Therefore, the smaller the damping constant a of the
original distributed system is, the larger is the decay ratetr which can be obtained by
the feedback.

6. Examples.
6.1. Active tendon control of structures. We consider a slender structure that

can be modeled as a uniform cantilever beam. The equation of motion of slender and
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flexible structures with internal viscous damping of the Voigt type can be written as [19]

(6.1)
02u(t’x)

+2a
OSu(t’x) O4U(t’X)

Ot--T--- OtOx 4 + b(x)f(t)
OX 4

where 0<x < L. The structure is clamped at x 0, and it is free at the other end
x =L, where the bending moment and the shearing force vanish. Therefore, the
boundary conditions are given by

au(t, O)
u(t, 0) 0,

Ox

02U(t,L) 03u(t,L)
(6.2)

Ox 2 +2a 2 =0,
0x Ot

03u(t,L) 04u(t,L)
Ox 3 + 2aOx Ot

O.

The output from a sensor is given by
L

(6.3) y(t)= Io c(x)u(t,x) dx.

Now we define an operator A in L2(0, L) by

(6.4) D(A)={u: u 6Ha(O,L),u(O)=u’(O)=O,u"(L)=u’"(L)=O},
4u

(6.5) Au -x4,
where H4(0, L) denotes the fourth order $obolev space on (0, L), and a prime denotes
the derivative with respect to x. All the derivatives in (6.4) and (6.5) are taken in the
sense of distribution on (0, L). Thus (6.1) together with (6.2) can be expressed as
(2.1). If u, v D(A), then we see that

(Au, v (u", v") (u, Av ).

Therefore, A is a symmetric operator.
Let us consider the eigenvalue problem

(6.6) (A-hI)u =0, u D(A).

By the elementary computation [7], we see that (6.6) has a nonzero solution if and
only if A ([3/L)4, where/3 is a positive solution of

(6.7) cosh/3 cos/3 + 1 0.

Let/3i be the solutions of (6.7) such that 0 <1 <2<"’. Then the eigenvalues of
A are given by

(6.8) A, i=1,2,....

It is easy to see that the corresponding normalized eigenfunctions are given by

(6.9) tDi(x)--[cosh (O_f)-cos (-f)-yi (sinh (-f)-sin (-f))]/x/,
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where
cosh/3g + cos/,

/
sinh/3 + sin/3

Since all the eigenvalues of A are positive, A is clearly a selfadjoint positive-
definite operator with the domain D(A) dense in L2(0, L). Also, because of the
existence of the Green’s function [6, p. 1330], A-1 is compact. If

(6.10) bi=(b, qbi)O, Ci-’(C,)i)O, i= 1, 2,... ,l,

then the result of Theorem 5.1 can be applied to the system (6.1).
In this example, mg= 1 for all i. The solution of (6.1) is expressed as

(6.11) u(t, x)= ai(t)i(x)+ Y’, -g[i(t)+rli(t)]qbi(x).
i=1 i=u+l

In (6.11), ai(t) are the solutions of

(6.12) [ai(t)]_[ o 7d-- l_Bg(t)J =Mi /3g(t)J biloJi
f(t),

where

2A [ -Olhi -O)i ]O)i--4Ai--Ol 2 and M/=
O) --OAi

and i(t), li(t) are the solutions of

i t{i + g-l(Ai)bif(t),
(6.13)

i [’1 7i g- (hi )bif(t),
=1=where g(h) /aA-h and L/, --XAi +/- g(hi) The matrices are given as follows:

A1 blockdiag[gl, MI],B [0, bl
0, b//]

r

C1-" [C1, 0,""", Cl, 0],
o)1

A 2 block diag [M+I, ", M, Ix +1, tX+l, ", Ix,, Ix, ].

[0, bt+l 0 b
B2 ---,’" ,---,g

(.01+ O)

T

-g-l(/,+l)b+l, g-l(ln)bn,-g-l(ln)b ]
C2--[CI+I, 0,’’’, C,, O, 1/2 Cu+l, 1/2C,+I,""" 1/2Cn, 1/2Cn].

By using these matrices, the observers O1 and 02 governed by (5.1) and (5.2) can be
constructed, respectively.

6.2. Strongly damped wave equation. Our next example is the strongly damped
wave equation

(6.14) u,-2aAut-Au= b(x)f(t),
k=l

where A denotes the Laplacian on a bounded domain O,. The boundary condition is
assumed to be of the Dirichlet type

(6.15) u(t,x)=O, xF,
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where F is a sufficiently smooth boundary of lq. In this example, the operator A is
defined by

(6.16) D(A)={u’u H0 (12)},

(6.17) Au -Au.

Here H (tq) is the closure of C (fl) in the Sobolev space H(I)), C (fl) being the
space of infinitely differentiable functions with compact support on tq. It is well-known
that A is a selfadjoint positive-definite operator with the dense domain in L2(O) and
that A -1 is compact [13, p. 152]. Thus, (6.14) together with (6.15) can be expressed
as (2.1).

Acknowledgment. The author wishes to thank Dr. N. Fujii for his valuable
discussions.
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OUTPUT FEEDBACK AND GENERIC STABILIZABILITY*

C. I. BYRNESS" AND B. D. O. ANDERSON*

Abstract. We consider questions of pole placement and stabilization for generic linear systems with
prescribed state, input and output dimensions, where the controller must be implemented by linear
memoryless output feedback. We present a criterion, in terms of a special pole placement property, for
generic stabilizability and apply this to describe constraints on the dimensions which are consistent with
generic stabilizability. We also discuss the rationality and solvability by radicals of stabilizing or pole
positioning gains, and we describe how decision algebra can theoretically handle existence questions for
generic systems.

Key words, multivariable control, output feedback, stabilizability of multivariable systems, decision
algebra, Galois theory, solvability of pole placement equations by radicals

1. Introduction. In this paper, we are concerned with questions of pole assignabil-
ity and stabilizability for real linear input-output systems

(1.1) --=Fx +Gu, y =Hx,
dt

or

(1.1)’ x(t + 1)=Fx(t)+Gu(t), y(t)=Hx(t)

where we allow constant gains u Ky as feedback. The equations of pole assignability
are real polynomials, and it is natural to attempt to solve these equations by eliminating
the unknown variable K. Similar remarks apply to the equations of stabilizability
which include, however, algebraic inequalities arising for example from the Routh-
Hurwitz criteria. In what follows, we shall use various results from classical algebraic
geometry, including elimination theory and the Schubert calculus of enumerative
geometry, which apply to the equations of pole placement.

Put geometrically, elimination theory consists in the study of a projection

(1.2) pl:X YK

restricted to an algebraic, or semialgebraic, set Z cX Y, where X and Y can be
taken to real or complex vector spaces, e.g. X , Y . The main problem in
elimination theory consists in finding a description of the set

pl(z)={x: =ly such that (x, y)Z}

in terms of Z. A basic example is given by

(1.3) Z {(x, y): x y2},
which is algebraic but for which pl(Z) is only semialgebraic if we take real coefficients.
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National Science Foundation grant ENG-79-09459 and the Australian Research Grants Committee.
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2308, Australia. Current address: Department of Systems Engineering, Institute of Advanced Studies,
Australian National University, Canberra, A.C.T. 2600, Australia.

Semialgebraic sets are defined in (3.4), 3.
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In relation to the pole assignability question for a prescribed F, G, H, we can
identify the entries of K with the space Y and the coefficients of the closed loop
characteristic polynomial, call them p l, ’, pn, with X. Then

Z---{(Pl,""", p.,K)" det (sI-F-GKH)=s" + pisn-i},
i=1

and pole assignability of a generic closed-loop polynomial holds if and only if pl(Z)
coincides with all of R save a proper subvariety.

Among the results we obtain using classical algebraic geometry is: the condition
mp <-n is necessary for the stabilizability of the generic (F, G, H). This condition is
well known to be necessary for pole assignability of the generic (F, G, H), and our
result raises the question as to whether or not, in terms of the values m, n, p, these
two questions might not be equivalent. As unlikely as this may be, at the time we
write there is no counterexample (although there is evidence in this direction for
rn 2, n 9, and p 6, see [5]). We also show that if a stabilizing gain exists, then
such a gain can be found by a rational procedure. On the other hand, we show that
if mp n, a rational procedure for finding a gain K which assigns a given characteristic
polynomial (assuming such a K exists) does not exist unless min (m, p)= 1, in which
case a linear formula can be found. Moreover, using square roots as well as rational
operations only helps if min (m, p) max (m, p) 2. This is of course in contrast with
pole assignment by state feedback, and answers in the negative a question raised in [1].

We also argue that one can in principle determine by rational calculations whether,
given m, n, p, generic F, G, H are pole assignable, generically pole assignable, or
stabilizable. We say "in principle" since the number of calculations required is
enormous.

We use several tools to prove the results. One of the theorems, due to Tarski-
Seidenberg, asserts that ifZ is semialgebraic, then pl(Z) is semialgebraic. This theorem
can be used iteratively to reduce the question of the existence of a solution x R to
a set of semialgebraic equations to the question of existence of a solution to another
set of semialgebraic equations in, for example, the unknown xl R. Such existence
can be decided by a rational procedure in the coefficients of the resulting semialgebraic
equations. The Tarski-Seidenberg theorem is extremely qualitative, and "worst-case"
analysis [7] shows that such a decision procedure takes at least 2k" steps, where k > 0
is a constant and n is the length of the input formula.

We also use a classical form of elimination theory, over C" if Z c CN Ct is
defined by equations which are homogeneous in y, then px(Z)c CN is definable by
polynomial equations. In particular, px(Z) is closed.

A topological form of this elimination theorem also holds over and is crucial
in showing that (for mp <-n) the image of the pole-placement map is Euclidean closed
in n for the generic system [4]. Our proof of Theorem 1 relies on this result.

We must also use rather explicit elimination arguments which have appeared in
the literature. Among these are the works by Willems-Hesselink [23] and, more
recently, Morse-Wolovich-Anderson [19] which treat the case m =p 2, and m 2,
p 3. These authors, after considerable calculation, obtain a single explicit equation
in a single unknown, and it is possible to obtain some quantitative and qualitative
results from the form of the equations. Finally, we use the results of Brockett-Byrnes
[3] who determined the degree of this equation, for general m, p, using methods of
the Schubert calculus. This calculus was developed in the 19th century in order to
deduce the degree of the final equation one would obtain in certain problems of
enumerative geometry, without going through the elimination theory first. It is a
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fortunate fact that the return difference equation corresponds to a classical equation
of enumerative geometry, enabling one to determine this degree as a function of m
and p.

2. Statements of the main results. Let us suppose that (F, G, H) is a triple of
matrices which correspond to either a discrete or a continuous time system having rn
inputs, n states and p outputs. We consider the questions, for m, n, p fixed:

Question 1. Is it true that for all (F, G, H), except perhaps those Contained in a
proper algebraic set, one can arbitrarily assign the (closed-loop) eigenvalues of F +
GKH by suitable choice of output feedback K?

Question 2. Is it true that one can stabilize all (F, G, H), except perhaps those
contained in a proper algebraic set, by some output feedback K .9

Concerning Question 1, it is known [13], [23] that mp >-_ n is a necessary condition
on the parameters m, n, p. In 3 we derive a stabilizability criterion as a limiting
form of the equivalence of generic stabilizability for continuous and for discrete time
systems. This can be thought of as an equivalence between generic stabilizability and
the generic existence to an output feedback deadbeat control problem for nondegener-
ate systems (in the sense of [3], [4]):

TI-IEOREM 1. I] mp <= n, the following statements are equivalent:
(i) m, n, p are such that the generic (F, G, H) is stabilizable
(ii) m, n, p are such that for any nondegenerate (F, G, H) there exists a gain K

such that the closed loop polynomial is s n.
This result holds for mp > n as well, with "nondegenerate" replaced by the weaker

term "generic". Since we do not need the general result here, we shall only prove it
in the case mp <= n. From Theorem 1 we obtain

THEOREM 2. mp >--n is necessary ]eor generic stability.
This result of course implies that mp >= n is necessary for Question 1 as well, but

also raises the question as to whether the answers to Questions 1 and 2 might not
agree, as functions of the parameters m, n, and p. On the one hand, if max (m, p)=> n
then generically either G or H is of rank n so that one is in the state feedback
situation where the answer to Question 1, and therefore to Question 2, is well known
to be in the affirmative under the generic hypothesis of reachability. On the other
extreme, Theorem 2 shows that for mp <n the answer to both questions is in the
negative, so that explicit calculations for mp .n are therefore quite interesting.
However, aside from a few special cases, our knowledge is incomplete.

Example 1. (m =p 2). If n 4, it has been shown by Willems-Hesselink [23]
that pole placement does not hold for an open subset of (F, G, H). In [3] it is shown
that pole placement does not hold unless the transfer function T(s)= H(sI-F)-G
has rank 1. In particular, pole placement does not hold for (F, G, H) in an open,
dense set. In [19], necessary and sufficient conditions for generic pole placement for
a particular system of this dimension are derived.

Thus, by Kimura’s theorem [16] and the Willems-Hesselink counterexample, the
answer to Question 1 is yes if, and only if, n <= 3. In [23] it is asserted that a modification
by P. Molander of the techniques in [23] shows that the answer to Question 2 is in
the negative if n 4. Thus, the answer to both Questions 1 and 2, if m =p 2, is yes
if, and only if, n =< 3. Since this result is unpublished, in 4 we present a verification
of Molander’s conclusion as a corollary to our generic stabilizability criterion. This
of course gives another proof of the Willems-Hesselink theorem.

TI-IEOREM 3 (Molander). There is a nonempty open set of (nondegenerate) 2 2
systems of degree 4 which are not stabilizable by constant output gain feedback.
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Example 2. (m 2, p 2k- 1). It is known in this case that the answer to
Question 1, and therefore to Question 2, is in the affirmative 13] provided mp >=n.
By Theorem 2, the answer to both questions, for these values of m, p, is therefore
yes if, and only if, mp >-n.

Example 3. (m 2, p 4). At present, one is able to deduce from the results
proved in [3] and more refined topological methods that the answer to Question 1,
and therefore to Question 2, is in the affirmative whenever n-< 7. Theorem 2 then
asserts that the only case which remains to be analyzed is n 8, where it has been
conjectured [6] that the answer to Question 1 is in the negative.

We should mention, however, that there are cases (e.g. m 2, p 6, n 9) where
generic stabilizability is known to kold, but where Question 1 remains unanswered [5].

Until now, we have only discussed the existence of solutions to the problem of
pole positioning and stabilization. Equally important is the consideration of what kind
of algorithm might exist for finding a gain K which places the poles, or stabilizes the
system, provided such a gain exists. In 5 and 6 we analyze each of these questions
and prove

THEOREM 4. Suppose there exists a gain which stabilizes the system (F, G, H).
Then, one can find such a K by an algorithm which is rational in the coecients of
(F, G,H).

In [1] the question was raised as to whether rational formulae exist for a gain K
which places the closed loop characteristic polynomial at p(s)= s +pasn-l+"’+p,.
That is, provided such a gain K exists, can one find K as a rational function of
(F, G, H, p 1,’" ", P,)? This holds for the case of state feedback and, in particular,
where min (m, p)= 1 and max (m, p)=> n. In this case, a linear formula for K follows
from consideration of the phase-variable canonical form. However, as the equation
obtained by Willems-Hesselink (see also [3], [19]) shows for the case m p 2, n 4,
there exist precisely 2 gains (possibly a complex conjugate pair) counted with multi-
plicity which place a given real monic polynomial

snq"Pl$3+" "+P4.

Moreover, the coefficients of such a 2 2 gain K are given by the solution formula
for a quadratic equation. Thus, in general, a rational formula does not exist. If mp n,
we can give a more precise answer to the question raised in [1]:

THEOREM 5. If mp n, the following statements are equivalent for the generic
(F, G, H) and monic polynomial p(s):

(a) There exists a rational formula, in the coefficients of p(s) and entries of
(F, G, H), for some K which places the closed loop polynomial at p (s);

(b) There exists a linearformula, in the coefficients ofp(s) and entries of (F, G, H),
for such a K;

(c) min (m, p) 1 and max (m, p) n.
THEORZM 6. If mp- n, the following statements are equivalent for the generic

(F, G, H) and monic polynomial p(s):
(a) There exists a formula, involving rational expressions and square roots, for some

K which places the closed loop polynomial at p (s);
(b) Either min (m, p) 1 or min (m, p) max (m, p) 2.
Indeed, if mp n we conjecture that the only cases for which there exists formulae

for K involving rational operations and radicals are
(i) min (m, p) 1 and max (m, p) n; or

(ii) min (m, p) max (m, p) 2.
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This conjecture appears natural in the light of our techniques ( 6), which are an
application of Galois theory and of the methods used in [3-1 enabling one to express
the number d,,,p of (perhaps complex) gains K which place the poles of a given generic
(= nondegenerate) system at a given monic polynomial if mp n. In fact

d,,p
1!... (p 1)!(mp)!
rn (rn +p -1)

This agrees with the Willems-Hesselink calculation [20] that d2,2 2, and with the
recent calculation made by Morse-Wolovich-Anderson [19] that2 d2.3 d3,2 5.

Our methods for proving Theorem 4 rely quite heavily on the Tarski-Seidenberg
theorem (Prop. 3.2). In the course of the proof we need several other results from
"decision algebra". With these results in hand, it only requires modest additional
effort to show that the question raised in this paper, i.e. whether or not Questions 1
and 2 are equivalent for any fixed rn, n, p triple, can in fact be answered by decision
algebra. This is shown in the Appendix.

The actual application of a decision-algebra-based checking procedure is of course
extremely impractical to implement, but we should emphasize that, at present, this is
the only method which is even in principle capable of answering this equivalence
question for arbitrary rn, n, p. For this reason, we feel it is worthwhile to give a proof
of this statement.

3. Proof of Theorems 1 and 2. We shall begin by proving that, for rn, n, p fixed,
stabilizability for the generic (F, G, H) Rn2/n"/" is equivalent to the property that
(s-p)", p R, may be assigned as the closed loop characteristic polynomial for the
generic (F, G, H) "2/""/. It is intuitively clear that Question 2 should not distin-
guish between continuous time and discrete time stabilizability. This follows from the
first lemma where e 1 and p 0"

LEMMA 3.1. The following statements are equivalent"
(i) m, n, p are such that for all (F, G, H)--except perhaps those contained in a

proper algebraic set--there exists a stabilizing gain K;
(ii) m, n, p are such that for all (F, G, H)--except perhaps those contained in a

proper algebraic set--for all real p and all e > O, there exists a gain K such that the
eigenvalues ofF + GKH are contained in an e-disc centered about p.

Proof. We first note that to say (1.1) is stabilizable is to say the system

(3.1) =Fx +Gu, y =Hx +Ju,

with J arbitrary but fixed, is stabilizable. For, if K is a stabilizing gain for (1.1), and
I +JK is nonsingular, then the.gain u =/(y, where K(I +JK)-1 stabilizes_ (3.1). I +JK
is singular; we may choose K sufficiently close to K so that K is a well-defined
stabilizing gain for (3.1).

Now consider the conformal transformation
-1

and define the rational matrix valued function

(3.2) V(z) w( (z)) (zt _tr)-, +]

Based on our techniques and those in [12], the authors of [6] have confirmed our conjecture in the
case m 2, p 3 by showing that the Galois group of the output feedback problem is the full symmetric
group, S5.
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where W(z) is the open loop transfer function,

(3.3) W(z) H(zI-F)-IG +J.

Now let K be a gain such that the closed-loop poles of

W(z)(I +KW(z))-a

are at Zl," ’, Zn. Then, generically., the poles (Zl), ’, )(Zn) of V(z)(I +KV(z))-1

will be finite. Since

Re [z] < 0 if and only if I (z)-pl< e,

K stabilizes W(z) with respect to Re [z l< 0 if, and only if, it stabilizes V(z) with
respect to the e-disc centered about p. We claim that, consequently, a generic
(F, G,H,J) is stabilizable with respect to Re[z1<0 if, and only if, a generic
(/0, , , ]) is stabilizable with respect to the e-disc B (p;e). Assuming the claim, by
our first observation the "direct part" J may be omitted, and the lemma is proved.3

To verify the claim, we first develop W(z) in a Laurent series

W(z J + Liz-i
i=l

and form the n n, p m block Hankel matrix

hw =[Li+i-1].
Then W(z) determines, and is determined by, a point in the set

g,,p {(J, L 1, L2.)" rank hw n }.

,,p is, by definition, an open subset of an algebraic set of matrices. Moreover,
is the image of the rational map

defined on the open dense set / of minimal systems by

where of course

H(F, G, H, J) (J, L 1, L2,)

H(sI-F)-IG +J J + , Liz -i.
i=l

Therefore, 7.,p is irreducible, as the image of an irreducible algebraic set [21]. In
this language, we have"

(i) b induces, via (3.2), a rational map

with singularities on the algebraic set {hw: W has a pole at 1}, since V(z) dP(W(z))
W(ck(z)) is proper if, and only if, W(1) is finite.

(ii) Image = ,p-{hv" V has a pole at e +p} for similar reasonsto those
in (i).

Furthermore, since stability of minimal systems is an input-output property, if @
is a self-conjugate subset of C, then

(iii) The set

U {o. (F, G, H, J):o, is stabilizable with respect to @}

Argument along these lines has been developed independently by J. C. Willems.
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is open and dense in d/l, if and only if,

II(U) ,,
is open and dense in "m,p

The claim then follows from (i), (ii) and (iii). O.E.D.
Remark. A similar, perhaps well-known, result is that for fixed m, n, p stabilizabil-

ity is generic if, and only if, for generic (F, G, H) there exists a gain K such that the
closed-loop spectrum lies in Re Is] < cr or Re [s > , with arbitrary.

The next proof relies on the following result which is stated in the notation of
(1.2). For [, g polynomials, set:

U{fi} {x n. fi(x) > 0,
(3.4)

v{g,} {x " g(x o, vi}.

A subset Z " is called semialgebraic if it is a finite union of finite intersections of
sets of the form (3.4). For example, the algebraic set

Z {x e ": g(x) 0}

is semialgebraic. A subset of the form U{f} is called a basic open semialgebraic set,
and those of the form V{g} are called basic closed semialgebraic sets.

PROPOSITION 3.2. IfZ X x Y is a semialgebraic set, then pl(Z)X iS a semi-
algebraic set. Thus, the existence of Y such that

pl(xo, y) x0

can be checked by a finite number of rational operations in Xo.
This theorem is of course a version of the Tarski-Seidenberg theorem. It is worth

noting that a recent improvement on this result has been made [8], [9], viz. if it is
known that pl(Z) is Euclidean closed (or open), then pl(Z) is a finite union of basic
closed (or open) semialgebraic sets. Of course, pl(Z) is not necessarily closed, even
if Z is closed.

LEMMA 3.3. If mp <= n, then the following statements are equivalent:
(i) m, n, p are such that the generic (F, G, H) is stabilizable
(ii) m, n, p are such that for all real p and ]’or the generic (F, G, H), there exists a

gain K such that the closed loop characteristic polynomial is (s -p)n.
Proof. Statement (ii) obviously implies (i). For the converse, consider the function,

for cr (F, G, H),

(3.5)

where

X" R"P -> Rn, defined via x(K) (pl," , p,),

n--1s +pis +. .+p,, =det (sI-F-GKH).

If statement (i) holds, then for each r there exists an open dense subset Ur c ,2
nm Xnp ._.N such that for (F, G, H) U

(pl,..., p,) image (X)
n--1 +...+pn lie in an 1/r-disc centered about p. By thewhere the roots of s +pls

Baire category theorem,

u=fqu
r=l
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is a dense subset of lr such that for (F, G, H) U,

where

(Pl," ", i0,) image (X)

Sn +Plsn-l + +pn (S --[9) n.
Now, according to [4, 4, Thm.] provided mp <= n there exists an open dense subset
W c Rr--the set of nondegenerate systems--such that image (g,) is Euclidean closed
for (F, G, H) W. Thus, if

then

(F, G,H) U= U’fq W,

(P 1," ",/0,) image (X,).

Now, any real gain K may be regarded as a point in R"v, and we may consider the
real algebraic set

(3.6) V={(F, G,H,K)" det (sI-F-GKH)=(s-o)"}=u ".

By the Tarski-Seidenberg theorem (Prop. 3.2),

p(V) ,
the projection onto the first factor, is a semialgebraic set in Nr’, i.e., pa(V) is defined
by a finite set of equations and inequations as in (3.4). Since

U cp(V) g

is dense, it follows that pl(V") may be defined by algebraic conditions (perhaps
disjunctive)

fl(F, G, H) > 0, ..., fr(F, G, H) > O,

from which it follows that pl(V) is open and dense. Since (F, G,H)pl(V) if, and
only if, there exists a K such that the closed-loop characteristic polynomial is (s -p)",
the lemma is proved. Q.E.D.

For the more precise assertion in part (ii) of Theorem 1, we need the following:
LEMMA 3.4. For any p (p, , p,) N", the subset

Vo {r (F, G, H) W" x(K) p for some K}
is closed in W.

Remark. The corresponding assertion for (f, G, H) minimal can be false. This
is quite analogous to the fact that the set

{x e N: :ly e N such that xy 1}

is not closed in R, while the set

{x e N-{0}: ::ly e N such that xy 1}

is closed in the open dense subset W N-{0} c N.
Proof. As in [4], we may think of K e N" as a point in Grass (p, m +p)the set

of p-planes in N"+Pvia the assignment

Kgraph (K) {(y, Ky)} NP @R".
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It is known (see e.g. [4] and references cited therein) that Grass (p, m +p) may be
regarded as a compact manifold of dimension rap. Moreover,

Grass (p, rn +p) I"p IJ cr (oo)

where cr(oO) is the closed subset defined by

r(oo) {II Grass (p,m +p)" dim (II FIN") => 1}.

That is, II r(o) if, and only if, II is not complementary to U. Thus, II cr(oO) if, and
only if,

II graph (K), for some linear K" NP --)".

On the other hand, one may regard the monic polynomial

p(s)=sn+plsn-l+. ,+pn

as a point (Pl,"" ", P,)6" and therefore [4] as a point, via the homogeneous co-
ordinates

[pl," ", p,, 1] p",

in real projective n-space. Of course, NP"= Grass (1, n + 1) by definition. According
to [4, Remarks, p. 103], for nondegenerate r the map X extends continuously to a
map

X" Grass (p, rn + p) -> NP",

satisfying

(3.7a)

if, and only if,

x(n) [p,, ., p,, 0]

(3.7b) II o’(oo).

Matters being so, consider the continuous function

X: W x Grass (p, m +p)--)IRP"

defined via

X (F, G, H, II) ,t’ (o-, II) ,t’, (II).

Therefore, if/ [1, 0, , 0, 1] corresponds to p (s)= s",

Z =X-1(/7) c WxGrass(p,m +p)

is a closed subset. Since Grass (p, m +p) is compact,

p(Z) c W

is closed and, by virtue of (3.6),

pl(Z)={r=(F, G,H): x(K)=/, for some K}= V:. O.E.D.

On the other hand, U I"l W c V0 is dense in W by the Baire category theorem,
and therefore

vo= w,
from which (ii), and Theorem 1, follow. I.E.D.
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We now turn to a proof of Theorem 2. Clearly, it suffices to consider the case
mp <- n thus, the preceding lemmata and Theorem 1 are applicable.

Consider, then, the algebraic set of nilpotent n n real matrices

r {N:Nk 0, for some k}

and the algebraic set V V obtained by setting O =0 in (3.6). We define the
polynomial mapping

(3.8)

(N, G, H, K) (N GKH, G, H).

From Theorem 1, we have"
LEMMA 3.5. If mp <--n and if the generic system is stabilizable, then the image of

contains an open, dense set.
Denote by Wc the algebraic set of nilpotent n n complex matrices. It is known

(see e.g. [17], [20]) that Wc is an irreducible algebraic set. Therefore there exists an
open dense subset U of W’c which is itself a complex manifold and therefore has a
dimension. Indeed [17], [20],

dimc (U) n 2 n.

The points of U are called simple, and one of the thorny points in real algebraic
geometry [18] is that in general an irreducible real algebraic set Va may contain none
of the simple points of Vc. This, for example, is the reason for the failure of the
Hilbert Nullstellensatz over R, and the best-known example of this phenomenon is

w {(x, y)" x
) +y 0}.

If Va contains a simple point of Vc, then for example dima (Va) is defined as above
and

(3.9) dima (Va) =dimc (Vc).

It is an elementary computation to check that the real matrix

0 1

is a simple point of c. Thus, dimaN satisfies (3.9). We will now give a self-contained
proof of

LEMMA 3.6. dimc (c) n n.

Proof. Since the matrix N consists of a single Jordan block, the dimension of the
centralizer

Z(N) {T GL(n, C): TN NT}

is n, according to the Frobenius dimension formula ([15, Vol. II, Thm. 19, p. 111]).
Now consider the orbit of N under GL(n, C)"

(N) {TNT-1" T GL(n, C)}-
GL(n, C)
Z(N)
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In particular,

dimc (N) =dim GL(n, C)- dim Z(N) n2-n.
We claim (N)=, from which follows:

(i) is irreducible, since 7(N) is irreducible; and
(ii) dimc (N) =dimc (c), by the closed orbit lemma [14] and (3.9).
Following [20], note that if Ni is any nilpotent Jordan canonical form, then clearly

there is a 1-parameter diagonal subgroup Tx GL(n, C) such that

lim TxNT- =Ni.

Therefore, (N) =c. Q.E.D.
Now suppose that m, n and p are such that the generic system is stabilizable,

and mp <= n. By Lemma 3.5 and [21, Thm. 7, p. 60] one has

(3.10) dim, +n(m +p)+mp >=n2+n(m +p).

In the light of Lemma 3.6 and (3.10),
2 2n -n+mp>--_n

yielding

mp >=n.

In conclusion, if mp <-n then mp= n is necessary for generic stabilizability, whence
Theorem 2. Q.E.D.

4. Proof of Theorem 3. In the proof of Theorem 1 (cf. Lemma 3.2), we made
use of certain facts concerning p x rn systems of degree n which also allow us to show,
together with Theorem 1, that for n =4, rn =p 2, generic stabilizability is not
possible. Specifically"

(i) if mp <-n, then the class W of nondegenerate systems is open and dense in
I" x I"" x I"p; and

(ii) for any monic polynomial p (s) of degree n, the set

Vp {(F, G, H) s W" det (s! F GKH) p (s), for some K}

is closed in W (Lemma 3.4).
In light of Theorem 1, if/(s) s n, then generic stabilizability implies that V is

dense and closed in W, hence coincides with W. Therefore, to find one nondegenerate
system for which/(s) is not assignable as a closed-loop polynomial is to prove that
stabilizability is not generic.

We shall now give a "frequency domain" criterion [3] (which can be taken as a
definition, compare [4]) for nondegeneracy. If T(s) is the transfer function

(4.1) T(s)=H(sI-F)-IG
of the system, denote by ti(s) the ith column of the (p + rn) x rn matrix

(s)=[T(s)]I

If 4(Y, u) is a complex linear functional on Cp 0)C", then we can form the scalar
rational function

(t(s)) fori=l,...,m.
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Now suppose {tl,""", tp} is any linearly independent set of linear functionals
on (m +p)- space, and form the determinant

(4.2) (s) det [(i(ti(s ))].

(F, G, H) is said to be nondegenerate provided

(4.3) (s) 0 in s

for any choice of .
Remarks 1. If (F, G, H) is scalar, then (F, G, H) is nondegenerate since (4.2)-

(4.3) reduces, for 4 (u, y) au + by, to ag (s) + b 0 in s.
2. The zeros of the set {4-1,""", b,,} defines a p-plane in (u, y)-space which

is the graph either of a linear function u Ky, i.e. a finite constant gain, or of a linear
relation between u and y, i.e. an infinite constant gain. The zeros of (4.2) are then,
modulo pole-zero cancellation, the closed-loop poles at this gain, and (4.3) just asks
that these zeros be finite in number, i.e. that the root-locus map X be defined and
continuous at this gain.

Example 4. Suppose m =p 2, n 4 and consider

and

0 0 0 1

F=
0 1
0 0

-1 0

We claim (F, G, H) is nondegenerate; to this end we compute (clearing denominators)

S3--1 --S

(s)
s s 3

4+S--1 0

0 s4/s

and consider 2 linear functionals

Thus,

ql(Y, U) alYl -[- a2Y2 -[- a3ul q- a4u2, t2(u, y)=blyl +b2y2+b3Ul +b4u2.

a ll(S) a3s
4 -4- a is

3 + (a2 + a3)s a3 a 1,

o 12(s) a4s
4 q- a2s

3 -t- (a4- a 1)s + a4,
(4.5)

4 3 -b3)s/b3-bot21(s)=b3s +bls +(bz 1,

422(S) b4s 4 + b2s 3 + (b4- bl)s + b4.

Now, (4.4) vanishes just in case there exists cs--a priori depending on s--such that

(4.6) csa11(s) a21(s), ca12(s) 422(s)

where

(4.4) dp(s)=det[qb(ti(s))]=det[ all(s) 012(S) ](s) (s)
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for all but finitely many s C. Comparing coefficients shows that c is constant for all
but finitely many, and hence all, s and therefore an inspection of (4.5)-(4.6) shows that

c=,
contradicting linear independence of the functionals i.

Recall that in the proof of Lemma 3.3, the fact that image (X) is closed for all
nondegenerate (F, G, H) was lased rather crucially. If

K=[X x].X3 X4

it is readily verified that

-det (sI F GKH) s4 -[- (-X X4)S 3 -[- (X lX4 X2X3 )S 2
(4.7)

+(1-x2+x3)s +(1 +Xl).

By the quadratic formula, it is easily verified that image (X) is a closed semialgebraic
set. Furthermore, if (4.7) is to be s 4, we require

XI"[-X4"--X1X4--X2X3"- 1--x2+x3 1 +Xl =0,

whence

whence
x2x3 =-1, x2 1 + x3,

(4.8) X ,-t-X3 + 1 =0.

This equation (4.8) cannot be satisfied by any real x3, i.e. there is no real gain producing
closed-loop poles at s 0. Since (F, G, H) is nondegenerate, our previous remarks
imply Theorem 3, thereby verifying Molander’s conclusion.

5. Proof of Theorem 4. In addition to the Tarski-Seidenberg theorem (Prop.
3.2), we shall also need a somewhat different result from decision algebra, which deals
with the question of describing the set of Xo for which p (x0)f’)Z {x0} Y, i.e. for
which (x0, y)Z for all y. In the course of deriving this result we also will state the
Tarski-Seidenberg theorem in what is perhaps a more familiar form [15, Vol. III], [22].

Notational conventions are as follows: x, y, z denote collections of indeterminates,
with each of x, y, z considered to be shorthand for a number of indeterminates
x 1,’", xn etc. Particular real values taken by these quantities will be denoted by, 37, ; p, q, r, s, perhaps with subscripts will denote polynomials in x, y, z with real
coefficients. We shall regard p(x, y)= 0 or q(x, y)_->0 as examples of equations or
inequations, (i.e. descriptions of problems for which solutions are sought, should they
exist), and we shall regard p(, )=0 or q(, )->0 as examples of equalities or
inequalities (i.e. statements of fact that can be verified by arithmetic, and which show
that , are solutions of p(x, y)= 0 or q(x, y)>-_ 0).

We shall reserve script letters 5e, Y, etc. to denote collections of a finite number
of equations and inequations or inequalities and inequalities of the following type.
5(x) is an abbreviation for"

either {Pil(X)-’O and qjl(x)>0
or {Pi2(x 0 and qj2(x > 0
or

or {pit(x) 0 and qit(x) > 0

and rill(X) # 0 and $/1(J)-->0}
and rk2(x 0 and $12(X) >- O}

and rkt(x) 0 and su(x) >= 0},
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where it is understood that Pi,, (x)= 0 is shorthand for pl (x)= 0 and P2, (x)= 0 and
and pi(x)= 0, .and similarly for qj etc. Naturally, ow() is an abbreviation for

the associated set of equalities and inequalities. We can talk of the problem of solving
5’(x) and of 6e() holding, or of being a solution of (x).

The above type of Y’(x) is more or less standard in decision algebra. However,
we shall sometimes use a simPle modification. Each st >= 0 is a disjunction" se > 0
or s,, 0. This means that any St(x) and thus any 9(,f) can be rewritten to exclude
inequations or inequalities of the -> type.

LEMMA 5.1. The statement () does not hold is equivalent to a statement 9()
holds where #(x), termed the negator o] 9, is itself a collection o] equations and
inequations o) the standard form.

Prool. "6e() holds" is a disjunction ("or" statement) of conjunctions ("and"
statements) of formulas of the type p()=0, q()>0, r()#O and s()>-0. Hence
"9() does not hold" is a conjunction of disjunctions of negations of these formulas,
i.e. of p()#0, -q()=>0, r()=0 and -s(,f)>0. Any conjunction of disjunctions
can be rearranged as a disjunction of conjunctions, and in this way, 6e(x) is defined.

Obviously,
Next, we recall the main result of decision algebra, the Tarski-Seidenberg

theorem. We break it into two parts.
PROPOSITION 5.2. (A) Consider an equation/inequation set (x, y). Then one can

determine by a finite number of rational calculations a second such set ,Y-(y) such that
Y() holds if and only if there exists at least one such that (, ) holds.

(B) The solvability ol any equation/inequation set if(y) is determinable by a finite
number o] rational calculations.

We remark that the set (y) in part A may be empty’ this would imply that
there are no pairs , for which (, 3) holds.

PROPOSIa’ION 5.3. Consider an equation/inequation set 9(x, y). Then the set of
values of y such that for all , 5(, ) holds, is definable by an equation/inequation
set ,Y(y).

Proof. Let St(x, y) be the negator of (x, y), existing by Lemma 5.1. By Proposi-
tion 5.2A, we can find Y(y) such that ff() holds if and only if there exists at least
one such that 6e(x, 37) holds. Let ,Y- be the negator of Y. Then -(7) holds if and
only if there exists no such that Y’(x, ) holds, i.e. if and only if for all x, 6(,f, )9) holds.

The following algorithm, in conjunction with Propositions 5.2 and 5.3, gives a
proof of Theorem 4. We find it convenient to break this into two parts.

Part I. Find a cube containing a stabilizing gain K.
I. 1. Choose N > 0, and consider the semialgebraic set

Z

defined by Z Z1 (] Z2, with

Z1 {K" det (sI-F-GKH) is Hurwitz},

Z2 {K" Y. (kij)2 < N}.

From the Routh-Hurwitz criterion, it follows that Z1 is a (basic open) semi-
algebraic set and it is then clear that Z is semialgebraic. Using Proposition 5.2
inducti;ely, we can decide by rational operations whether there exists a gain K Z.
If Z , go to Step II.1. Otherwise, go to Step 1.2.

1.2 Replace N by 2N and go to Step 1.1. Since a stabilizing gain exists by
hypothesis, we will eventually move to Part II.
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Part II. Find a cube contained in the set of stabilizing gains K.
II.1. We suppose there is a stabilizing gain K in the cube ]IKII<N. Using
Proposition 5.3 inductively, we can decide by rational operations whether all such
K are stabilizing. If so, choose any K such that IIKII <N. If not, go to Step 11.2.
11.2. Divide the cube into 2mp cubes with sides of length N. Return to Step 1.1
with this list of cubes.

This algorithm will stop at some stage, since the set of stabilizing gains is open
and therefore contains a cube of sufficiently small size. Q.E.D.

Example 5. One might ask whether one can bound the number of steps in this
program simply in terms of m, n, p. The answer is no, as we now illustrate. Consider
the open loop system with transter function

1
w(s)=

s +as2+bs
where a, b >0. For negative feedback with gain k, the closed loop characteristic
polynomial is s 3 + as 2 + bs + k and therefore is Hurwitz if, and only if, k (0, ab). It
follows that the size of a cube (here, an interval) contained in the open set of stabilizing
gains can be made arbitrarily small by suitable choice of ab. In turn, the number of
steps in Part II of the algorithm can be made arbitrarily large, though for fixed (a, b)
it is of course finite.

6. Proof of Theorems 5 and 6. Since we have already demonstrated the existence
of linear formulae for the appropriate values of m, n, p, it is enough to show that
these are the only values for which such formulae can exist. Moreover, it suffices to
prove this last assertion over C R (x/). Consider the closed loop characteristic
coefficient map X, defined in (3.4), extended to gains with complex coefficients

(6.1) Xc: C
"p C

where (F, G, H) is understood to be a generic, but fixed, system with n rap. We first
analyze the question as to whether there exists a formula for (kij)X-t(p) which is
rational in the coordinates of p (pt) Cn. Thus, we consider the field K1 of all rational
expressions (or functions) in the p, and the field K2 of all rational functions in the (kij):

(6.2) K1 C(p), K2 C,(kij).

Since Xc is polynomial, if fK then fxcK2. For generic (F, G,H), image Xc
contains an open set [13] so that

(6.3) foxc=O f=O.
By virtue of (6.3), we can think of K1 as a subfield of K2, i.e.

(6.4) K1 xK1 K2

where x*cf=f Xc, and an easy dimension argument shows that (6.4) is a finite field
extension. That is, K2, as a vector space over the field of scalars Ka, is finite dimensional.
For example to say rational formulae for (kii) X (pt) exist is to say the dimension
of this vector space

(6.5) 5 [K2 :K1] dimr (Kz)

is equal to 1, i.e. K -K2. We shall now give a formula for 5, in terms of m, p. In [4]
it was shown that Xc is proper and it follows from the proof in [4] that

RI-XRR2
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is an integral ring extension, where

RI=C[pt], R2 C[kij].

In this case (since the field C has characteristic zero), 8 is given by the number d of
solutions, counted with multiplicity, to the equation [18, pp. 116-117]

Xc(K) =p.

On the other hand, d has been computed using methods of the Schubert calculus in
[3] to be

1!... (p-1)!(mp)!
(6.6) d

m!... (m +p-l)!

Thus, Theorem 5 follows from the following elementary observation:
LEMMA 6.1. In (6.6), d 1 min (m, p) 1.
As for Theorem 6, from the explicit form of the solution to the pole-placement

equations, derived via elimination methods by Willems-Hesselink [23], it is clear that
(over I or C) quadratic formulae and rational expressions are sufficient to express K
as a function of (p1,"" ", p,) for generic (F, G, H) when m =p 2, and n 4. We
shall now prove that, except for the linear cases min (m, p)= 1, this is the only case
when formulae--involving square roots and rational operations--for K in terms of
(pl,. ., p,) exist.

To this end, we consider a Galois extension

(6.7) K1 c K,

that is, a minimal normal extension of K C(p) which contains all of the roots to
the equation

(6.8) Xc(K) (p).

If a solution expressible by square roots and rational operations alone exists, then

’=[K:K]

is a power of 2 [2]. On the other hand, by Artin’s theorem of the primitive element
[2], we may regard K2 cK and therefore

6 [K2:K] divides [K:K],

from which it follows that

5 d,,, 2r, for some r.

Theorem 6 therefore follows from the following result:
LEMMA 6.2. If min (m, p) _--> 2 and m +p >- 5, then d,,,v is divisible by an oddprime.
Remark. The proof we present here is based on an application of the strong form

of Bertrand’s postulate [11, p. 373] shown to us by W. H. Gustafson.
Proof. By the strong form of Bertrand’s postulate, there is a prime q satisfying

(6.9) m +p- 1 <q <2(m +p)-4,

under the hypothesis rn + p->_ 5. Clearly, q does not divide the denominator of d,,,,.
On the other hand, if rain (m, p)_-> 2, then

mp > q,

so that q divides the numerator of d,,v. Hence, q ld,,,v. Q.E.D.
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Appendix. "In principle" answers to Questions 1 and 2 by decision algebra. In
[1], indications of the applicability of decision algebra to problems of systems theory
were given. In particular, it was shown that one can determine, at least in principle,
by rational operations whether a given system (F, G, H) can be stabilized. We shall
extend these results to show that one can answer Questions 1 and 2 by rational
operations using decision theoretic techniques, but we emphasize that such results are
very qualitative. In fact, a "worst’case" analysis [7] shows that any decision procedure
takes at least 2k" steps, where k > 0 is a constant and n is the length of the input formula.

However, in the absence of any other technique which allows one, for example,
even in principle to distinguish between Questions 1 and 2, we thought it worthwhile
to point out that this is a question which can be answered by the Tarski-Seidenberg
theory. An interesting special case is whether or not we can place poles for generic
2 2 systems with McMillan degree 8. One does know that there exist 14 complex
solutions to the pole-placement equations, but at present one does not know whether
any of these are real.

The new ingredient here is the consideration of the generic system (F, G, H)
rather than a particular choice of system (Fo, Go, Ho), and we shall need to present
some further results from decision algebra. The notation is as in 5.

LEMMA A.1. Consider an equation/inequation set (x, y, z). Then there exists a
set ’(y) such that () holds if and only if for all , there exists depending on ,
with 5(, , ) holding.

Proof. By Proposition 5.1’, there exists (y, z) such that (, ) holds if and
only if 5e(x, , ) is solvable, i.e. if and only if there exists at least one , depending
on and , such that (, 37, ) holds. By Proposition 5.3, there exists ’(y) such that
’(37) holds if and only if (3, ) holds for all z. Then clearly, (3) holds if and only
if, for all , there exists such that 6e(, , ) holds.

In Proposition 5.3 and Lemma A.1, the set -(y) may be empty. The following
lemma replaces the "all " in Proposition 5.3 by "almost all", and in this sense may
enable one to get a practical result when the 8r(y) of this proposition is empty.

LEMMA A.2. Consider an equation/inequation set 5(x, y). Then there exists an

equation/inequation set ’(y) such that () holds if and only if S/’(, ) holds for all
save a set contained in a proper variety depending on .

Proof. Given a polynomial p(x, y), it is clear that there exists a possibly empty
(y) such that () holds if and only if p (x, ) is the zero polynomial, i.e. p (, )= 0
for all . Further, if p (, ) 0 for all save those lying in a proper variety, p (, ) 0
for all .

Given a polynomial r(x, y), it is clear that there exists (y) such that () holds
if and only if r(x,) 0 is solved by all x save those on a proper variety depending

Given a polynomial s(x, y), it is clear that there exists 5e(y) such that 5(y) holds
if and only if s(, )< 0 for some . Hence () holds if and only if s (, 33)=> 0 for
all . Further, if s(, )_>-0 for all save those in a proper variety, s(, )0
for all .

Given a polynomial q (x, y), it is clear that there exists (37) such that q (, 37)->-0
for all and 2(3) such that q(,) 0 for all save those in a proper variety. Let
(y) denote the conjunction of (y) and z(y). Then (3) holds if and only if
q (, 37)> 0 for all save those in a proper variety depending on .

Suppose now that 6e(x, y) is the disjunction of equation/inequation sets 5i(x, y)
where each 6e(x, y) is a conjunction of

p, (x, y) 0, q(x, y) > 0, r (x, y) rs 0, ss (x, y) => 0.
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By the discussion above, it is clear that there exists (y) such that ()) holds if and
only if Se(, 3) holds for all save those in a proper variety depending on . (y)
is obtained as the disjunction of the (y).

Now consider the system (1.1), subject to output feedback u Ky. The coefficients
of the closed-loop characteristic polynomial, as a function of K, give rise to the
polynomial mapping (3.4)

X" -w -,
and we wrote X,o,u) to emphasize the dependence on the open loop system (1.1).
Then, Question 1 asks whether X’,o,u) is surjective for the generic (F, G, H) and we
claim that this question can be answered within the scope of decision algebra. To this
end, let X ’P, Y "+""+"P and Z ", so that (K, (F, G, H), (p)) X x Y Z,
and consider the algebraic subset W X Y Z defined by the equations

(A.1) 5f(x, y, z)" Xv..u)(K) (pt).

By Lemma A.1, there exists an equation/inequation set in y {F, G, H} such
that -() holds if and only if for all , i.e. for all pt, there exists ;, i.e. a value of K,
such that 5’(, )7, ) holds, i.e. such that (A.1) holds.

Let Y(y) denote the negator of T, and write T(y) as a disjuntion of conjunctions
r. As observed in 4, we can assume without loss of generality that each T contains
equations p,(y)= 0, and inequations qo(y)> 0 and rv(y) O, without inequations of
the type sn(y)_->0. We can determine (see Prop. 5.2B) whether any defines an
empty set of solutions; if so, we discard it.

Now with ffi of the form just noted, and with each possessing a solution, we can
readily answer Question 1.

If ff-(a6, (,/-it) holds for any i, pole positionability for all a via choice of K is
not possible, andconversely. It follows that if each includes one or more equalities,
then the set of F, G, H for which pole positonability is not possible lies within a
proper variety, and that for almost all F, G, H, pole positionability for all pt can be
achieved.

On the other hand, if ,. contains no equalities then it is clear that there exists a
neighborhood of any one solution of (y) which consists entirely of solutions. (The
fact that ffi contains no inequations of the type sn(y)_->0 is crucial.) In this case, it
cannot be true that for almost all/O, (, , pole positionability can be achieved for
all pt.

This analysis of the answers Question 1.
Now one can also ask whether image (X) is almost all of ", for almost all (F, G, H).

Let is identify K with x and F, G, H and thept with y. Equations (A.1) yield a
collection 5e(x, y) of polynomial equations. By Proposition 5.2A, there exists (y)=
(F, G, H, pt) such that ,Y(7) holds if and only if 5e(x, ) is solvable. Using arguments
like those above, it is easy to check whether or not the set of for which ’() is
true is contained in a proper variety. If it is, then and only then will it be true that
for almost all F, G, H, the map , is almost onto R".

We shall now turn to an analysis of Question 2.
If the closed-loop characteristic polynomial has all roots in the half plane Re [s <

0, certain polynomial inequalities in the p obtainable from the Hurwitz determinants
(see [4]) must hold, and conversely. Accordingly, we have

(A.2)
p(F, G, H, K) p, 1,..., n,

qi(p) > O, 1,. ., n.
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Identify K and p with x and F, G, H, with y. Regard (A.2) as an equation/inequation
set Se(x, y). By Tarski-Seidenberg-A, there exists -(y) such that -())= (/, t,/-)
holds if and only if (A.2) can be satisfied by some K, pi. If the set of such that ()
holds is contained in a proper variety, then and only then Question 2 has an aftirmative
answer. The discussion of Question 1 described how one could check whether the set
of ), such that ()7) holds, is or is not contained in a proper variety.

Acknowledgments. We would like to thank the referees for several helpful sugges-
tions, especially leading to a simplification of the proof of Theorem 2. We also thank
Professor W. H. Gustafson for showing us Bertrand’s postulate on which the proof
of Lemma 6.2 reposes.
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CALCULUS RULES ON THE APPROXIMATE SECOND-ORDER
DIRECTIONAL DERIVATIVE OF A CONVEX FUNCTION*

J.-B. HIRIART-URRUTYI"

Abstract. Given a real-valued convex function f, the approximate second-order directional derivative

f (Xo; d, d) of f at Xo in the direction d is an object which is defined whenever the parameter e is chosen
strictly positive. The aim of this work is to derive expressions of the approximate second-order directional
derivative of a function f which has been constructed from other functions fi whose properties are better
known; we address ourselves to the problem of calculating f, having the (fi), r >0, at our disposal.
Calculus rules are given for the main functional operations preserving convexity: composition with an affine
mapping, sum of functions, image of a function under a linear mapping, maximum of functions.

Key words, convex functions, approximate first-order directional derivative, approximate second-order
directional derivative

Introduction. Given a convex function f: Rn-’ R, X and d in n, the approximate
first-order directional derivative f’ (x;d) of f at x in the direction d is defined for all
e -> 0 by:

(0.1) f’ (x; d)= inf {[f(x+Ad)-f(x)+e]A-1}.
A>0

When e 0, the infimurn of the difference quotient [f(x +Ad)-f(x)]A -1 over *+ is
+also its limit when A and the resulting fo(X" d) which is denoted simply by-

f’(x d), is what is called the first-order directional derivative of f at x in the d direction.
As a general rule, the function x f’(x;d) is not expected to be differentiable at all
points Xo of n. However, as explained in our earlier work [5], it is not a tough
condition on the behavior of f on the half-line Xo + /d to assume that [/’(Xo + ad; d)
/’(Xo; d)]a -1 has a limit when a 0/. This limit, denoted by f"(Xo; d, d), is called the
second-order directional derivative off at Xo in the direction d. Nevertheless, it remains
that f"(Xo; d, d) cannot be defined for all Xo and d. With regard to this problem, to
have "perturbed by e" the definition of f’(x; d) has wrought good effects. Among
them, we retain that, given e > 0, the function x f’ (x, d) admits a directional deriva-
tive at all Xo and in all directions . For reasons which will be sketched later, we only
consider the "diagonal case", i.e., when 8 d. The difference quotient [f’ (xo + ad; d)
f’ (Xo; d)]a -1 does have a limit when a 0/, a limit which we denote by f (Xo; d, d).
That is precisely what is called the approximate second-order directional derivative of
f at Xo in the direction d. f (Xo; d, d) indeed plays the role of an approximation of
f"(Xo; d, d) when the latter exists; we proved earlier (cf. [5, III]) that:

(0.2) lim f (x0; d, d)= f"(Xo; d, d)
-_.0

whenever the second-order directional derivative f"(Xo; d, d) is defined. The charm
of f lies in the fact that it is defined for all e >0 and therefore could serve as a
substitute for f" in devising second-order minimization methods. Minimization pro-
cedures are called second-order ones if the definition of xn/l from xn requires us to
calculate a direction d, by means of the functions d f’n (x ;d) and d -f. (x d, d).
Considerations from the point of view of algorithms suggest that the directional
derivative of f’. (. d) at x in the direction d is of main interest, which is the reason

* Received by the editors October 5, 1982, and in final form July 13, 1983.
I Universit6 Paul Sabatier (Toulouse III), 118, route de Narbonne, 31062 Toulouse C6dex, France.
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why we focused our attention on calculus rules on f (Xo; d, d) rather than f (xo; d, 3).
The main features of f (x; d, d) as a function of the parameters x, e or d are portrayed
in the author’s survey paper [6].

Even having at our disposal the chain rules on the approximate first-order
directional derivatives [3], the direct definition off (Xo; d, d) as the directional deriva-
tive of f’(. ;d) at Xo in the d direction is not easily amenable to calculus. Instead, we
shall use the expression for f (x0; d, d) such as worked out by Lemar6chal and
Nurminskii initially [11] and generalized by Auslender [1]. We have that:

(0.3) f (Xo; d, d) min {/x [f’ (Xo; d)-f’(xo; d)][/x Mr(e )},

where Mr(e) stands for the set of _->0 minimizing the function -tx[f(xo+d/)-f(xo)+e] on R+. It is clear that calculus rules on f’ r a necessary
ingredient in deriving calculus rules on f. Nevertheless, the key-ingredient remains
the set Mr(e), and for all the functional operations we shall consider, our first task
will be to express Mr(e) in terms of the M’(r/), where the fi are the functions from
which f has been constructed. For that purpose, duality results, especially the one
relating f’ (x0; d) and MS(e) (cf. 1), will be of constant use.

The paper is divided as follows. A first section contains all the necessary background
on f’ (x0; d), MS(e) and f (Xo; d, d). Each of the further sections is devoted to a
particular functional operation preserving convexity, namely: composition with an
affine mapping, sum of functions, image of a function under a linear mapping, infimal
convolution of functions and maximum of functions. Typically, a section devoted to a
given functional operation contains"

(i) a recall of the corresponding chain rule on f’ this "first-order" calculus rule
allows us to settle some parameters which are necessary for the calculation of f

(ii) a calculus rule on the intervals Mf(e), which is the key-result in the section;
(iii) a general calculus rule on f, usually followed by a sharper result in the case

where the fi involved in the construction of f are strictly convex;
(iv) a look at the limiting case e 0, when this case offers some interest.

All the operations considered except one "preserve smoothness" in a certain sense.
By that we mean that if the involved fg are C2 and convex, the new function constructed
from them is again C2 and convex (at least under suitable assumptions). So, in such
cases, one can reasonably expect to express f exactly in terms of (f), for appropriate
values of parameters r/g. As for the last operation which consists of taking the maximum
of functions (f max, fi), it is typically a nonsmooth operation. As a result, there is
no hope to be able to express exactly f in terms of the (fg),, the difficulty being due
to the fairly complicated expression of Mr(e).The last section is devoted to this
functional operation which is by far the most difficult to handle, but also one of the
most useful for applications.

1. Preliminary results. All the necessary background on convex analysis can be
found in Rockafellar’s book [12] which we refer to for basic definitions. Let f be a
real-valued convex function on N". Given a nonnegative e, we denote by f’ (x0; d) the
approximate directional derivative (or e-directional derivative) of f at x0 in the direction
d, that is,

(1.1) f’ (Xo; d)= inf {[f(xo+Ad)-f(xo)+e]A-a}.
A>O

As e$O, f’(xo;d) decreases to f’(xo;d)=lim_o+{[f(Xo+Ad)-f(xo)]A-}. The
recession function (or asymptotic function) fo of f is the positively homogeneous closed
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proper convex function defined by:

(1.2) Vd" fo(d)=sup{[f(Xo+Ad)-f(xo)]A-1}.

r (or simply rrFor fixed Xo and d, we denote by ro,a if the context clearly indicates
what the Xo and d are) the function defined on [ as follows"

f Xo+ -f(xo) if t > O,

rxo,a(l =//(d) if O,

[+oo if/x <0.

/ is a closed proper convex function [12, p. 35] and, by definition, f’ (Xo; d)=
inf {r (/x) + eg Ig [}.

The conjugate function of r can be expressed in terms of [’ (Xo; d). For that, let
to,a (or ) be defined on as

J-f’ (Xo; d) if e -> 0,txo,d e
+ ife <0.

It comes from the definition of f’(Xo; d) that r is a decreasing convex function.
Moreover, the functions and r are related as follows (cf. [5, II])"

(1.3) tf(8
(1.4) rf(tx)=sup[f’.(xo;d)-etx] for all/x =>0.

Also we note that , (Xo, d) increases to fo(d) sup>o f’ (Xo; d) as e T +oo.
If f and g are two convex functions which coincide at Xo (i.e., f(xo)= g(xo)), we

derive from (1.1) and (1.4) the following comparison result:

f(xo+Ad)<=g(xo+Ad)forallA >Oifandonlyiff’(Xo; d)<=g’(Xo; d)foralle >0.

The concept of approximate second-order directional derivative f of f is defined by
means of the e-directional derivative of f. Given Xo, e > 0 and d, we set

f (Xo; d, d) 2i_.T+ {[f’ (Xo +d; d)-f’. (Xo; d)]a-}.

This limit does exist and can be expressed in terms of ’ (xo,’d), f’(Xo; d) and a set
fMo,a (e) defined as:

(1.5) Mxo,a(e)={tx -> 0]rZ(u) +etx =f(xo; d)}.

Since/(/x)+etx goes to +oo as/x -+ (because e >0), the set M,,,a(e) (or simply
M(e)) is a nonempty compact interval of +./Xxo,(e) (or/x(e)) denotes the unique
element of Mxo,a(e) whenever it is single-valued. We now can recall the formulation
of f: (Xo; d, d) [11], [1].

THEOREM 1.1. For all e > O,

(1 6) f (Xo; d, d) fit (e)[/’(Xo; d)-f’(xo" d)]xo,d

where ftfxo a(e) stands for min {/xltz e Mxo,a(e)}.
It is onvenient to define Mr(0) by extending the definition given in (1.5) to e 0.

For that, let a (Xo, d) (or simply a’) denote the supremum of all a _-> 0 for which

f(xo+Ad)=f(Xo)+Af’(xo;d) forallA e[0, a].
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If 0 < af < +c, that means that f restricted to the segment Xo + [0, af ]d is an affine
function. Having af 0 means that

[f(xo+Ad)-f(xo)]h-l>f’(xo; d) for all >0,

while af +c corresponds precisely to the case where f is affine on the half-line
Xo+R+d. Mr(0) can be described as the segment [1/af, +c[ (1/+c =0 and 1/0 +oc
by convention).

Mr(0) is nonempty if and only if af >0. In such a case, the formula (1.6) written
for e 0 yields thatf (Xo; d, d) 0. This is consistent with the fact that [f’(Xo + ad; d)
f’(xo; d)]a -1 is null for a > 0 small enough. More generally, under mild assumptions
on the behavior of f on Xo +R+d, the limit of f (Xo; d, d) when e- 0+ does exist and
coincides with what is expected, namely the second-order (directional) derivative of f
at Xo in the d direction. We recall that f is said to have a second-order derivative at Xo
in the direction d if

(1.7) lim {[f’(xo + ad" d)-f’(xo; d)]a-1}
--)0

(1.8) =.li(m)+ 2 f(Xo+cd)-f(xo)_f (xo;d) a

exists in N+. The common limit, denoted by f’(Xo; d, d), is called the second-order
derivative of f at Xo in the d direction. For calculus rules on f", one can indifferently
use Dini’s formulation (i.e., (1.7)) or that of de la Vall6e-Poussin (i.e., (1.8)). The
following result on the behavior of f (Xo; d, d) when e --> 0+ is from [5, III].

THEOREM 1.2. Suppose f has a second-order derivative at Xo in the direction d.
0+"Then f (Xo, d, d) converges to f"(Xo, d, d) as e -->

The following characterization of Mr(e) turns out to be a key-duality result for
calculus rules on M

THFORFM 1.3 [5]. For all e >-_0, the subdifferential of I at e is exactly-MI(e).
As verified in 1 ], a sufficient condition for M;(e) to be single-valued for all e > 0

is that f be strictly convex on the half-line Xo ++d. This assumption also implies that

af is null. f is affine on Xo+gC+d if and only if M(e)={0} for all e >0. If af <
there then exists g > 0 satisfying:

:IA >0 [f(xo+Ad)-f(xo)+g]h-’<f(d).

Define ef (Xo, d) (or simply el) as the supremum of all the g >0 for which the above
holds. Clearly, ef takes into account the behavior of f(Xo+Ad) when A --)+oc, and
e f +c if and only if f is coercive in the d direction (i.e., f(d) +c). It is convenient
to extend the definition of ef to cover the case where f is affine on Xo + E+d by posing
e f 0. We proved earlier [4], [5] that for e R*+:

(i) MZ(e) {0}We > e z
(ii) 0 Mf(e )*f (Xo; d) <foo(d):f (Xo; d, d) > 0Ve < e.

Finally, observe that the definition itself of Mx,,, (e) and the continuity.of f make the
f fmultifunctions e Mx,,,a(e and d -,M,).a(e upper-semicontinuous.

2. Composition with an affine mapping. Given a convex function f:’ and
an affine mapping A’ n_.> rn, let f A denote the convex function defined on Rn by

VX n (f A)(x) f(Ax).
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For all e _-> 0 we have that

(fo A)’(x d) inf {[(fo A )(x + Ad) (fo A)(x + e ]A -1}
A>0

inf {[f(Ax + AAod)-f(Ax) + e ]A -},
A>O

where Ao is the linear mapping associated with A. Thus

(2.1) (foA)’(x;d)=[’(Ax;Aod) foralle _->0.

The following results from the definition itself of (f A)(Xo; d, d).
THEOREM 2.1. For all e > 0

(2.2) (foA)(Xo; d, d)=f (Axo; Aod, Aod).

As for the limiting case e =0, the expression of (foA)"(Xo; d, d) readily comes
from its definition and is of the same kind as (2.2).

PROPOSITION 2.2. Assume f has a second-order derivative at Axo in the direction
Aod. Then f A has a second-order derivative at Xo in the direction d and

(2.3) (foA)"(Xo; d, d)=f"(Axo; Aod, Aod).

The next example illustrates the utilization of the calculus rule (2.2).
Example. Given Xo and d, let be defined on the real line by

(A) f(xo + Ad) for all A R.

For a fixed Ao R we denote by q. (Ao) what should strictly be q (Ao; 1, 1). We then
have

(2.4) q(Ao) =f(xo+ Aod; d, d).

3. Sum of functions. Given two convex functions f and g defined on [", we
consider their sum f+ g. We know from [3, Theorem 2.1] that for all e _-> 0:

(3.1) (f+g) o d)= max {f’.,(xo;d)+g (xo;d)}.
elO,e2O

So, given e-> O, there are nonnegative gl and g2 adding up to e for which

(3.2) (f + g)’(Xo; d)=f, (Xo; d)+g (Xo; d).

Such a pair (ffl, 2) is called an admissible pair.
The expressions of (f+g)’.(xo;d)and (f+ g)(xo; d, d) look pretty much alike.

Recall that h (e) min {tx ]tz Mh (e)}.
THEOREM 3.1. Given e > O, let (gl, 2) be an admissible pair. Then

(3.3)

so that

(3.4)

t2
e+g (e) max [t2

(f + g)(Xo; d, d) max [/2(gl), fi,
g (f2)]

{[f, (Xo; d)-f’(xo; d)] +[g (Xo; d)-g’(xo; d)]}.
In particular

(3.5) , >t’" (Xo; d, d)+g (Xo; d, d).(f +g).(xo; d, d)=,e,
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It may happen that (f+g)’(Xo; d)=f’(xo; d)+g’(Xo; d), that is to say (0, e) is an
admissible pair. What this result implicitly says is that a > 0 in such a case and

(3.6) (f +g)(xo;d,d)=max[1/a,g(e)].[g’.(xo;d)-g’(xo;d)].

In particular, if f is affine on Xo++d (i.e., a +oo), we get that

(3.7) (f+g)(xo;d,d)=g(xo;d,d) for all e>0.

Only the relation (3.3) in Theorem 3.1 needs to be proved. It will be derived from
the next key-result which relates Mr+g(e) to Mr(e) and Mg(e2).

THEORE 3.2. Given e >0, let el and e2 be nonnegative real numbers adding
up to e. Then (el, e2) is an admissible pair if and only if Mr(el) f3 Mg(e2) is nonempty.
In such a case,

(3.8) Mf+g(8) Mf(g 1)f’l Mg (e2).

Proof. Consider convex functions *+g, and g such as defined in 1. The formula
(3.1) can be rephrased as follows:

tY+g(e) inf {tY(el)+tg(e2)} for alle.
el+e2=e

In other words, f+g is the infimal convolution tfVtg of r and [12, p. 34]. This infimal
convolution is exact at e _-> 0 if there are nonnegative e and e a adding up to e for which

t’+g (e) f

They are precisely the e and e. for which

(Xo; d),’(Xo, d (xo; d) + g(f +g)

i.e., the admissible pairs (e 1, e).
Now, since the subditterential of at egO is --Mh(e) (see Theorem 1.3), it

remains to apply the results on the subdifferential of an infimal convolution [10, p.
368] to get that" Otr(e 1)(’] 0tg(e2) is nonempty if and only if the infimal convolution of
r and g is exact at e e + e2 and, in such a case,

(3.9) O(trVtg )(e Otr (e 1) Ot g (e 2).

Hence the announced result is proved.
Remark 1. The calculus rule (3.9) is also valid for e 0 [10, p. 367] so that"

Mr+g (0) Mr(0) 71Mg (0).

Since Mh(O) is [1/a, +oo[ (see 1), we therefore have"

(3.10) a+g =min (a, a’g) N+.-
Along the same lines, one easily checks that

(3.11) e+g ef +e*g in +.
Remark 2. If (0, e) is an admissible pair and if Mg is single-valued at e, we

necessarily have that ix g(e)>= 1/a. Thus the relationship (3.6) is made more precise
in such a case with

(3.12) (f + g)(x0; d, d)= g (Xo; d, d).

It is clear that if one can find an admissible pair (gx,/2) for which

Mf(g) {/zf(ga)} and mg(g2)= {/.g(g2)},
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equality then holds in (3.5). A sufficient condition for that is to assume that and g
are strictly convex on Xo + R/d.

COROLLARY 3.3. Suppose f and g are strictly convex on Xo + R+d. Then, for every
e > O, the gl and 2 of any admissible pair are positive and"

/() () (&),
(3.13)

(f + g)(Xo; d, d) =fl(xo; d, d)+ g2 (Xo; d, d).

Proof. Since f and g are assumed strictly convex on Xo+N/d, Mr(0) =Mg(0) 4
and both Ms and M are single-valued at all e > 0. So, given e > 0, the 1 and 2 of
any admissible pair are positive. The rest follows from (3.8).

Example. Let and g be defined on N by

Vx e N f(x) max (-2x, -x 2, x 8), g(x) x 2.
We consider the case where Xo =0 and d 1. The calculationof (f+ g)(Xo; d, d) will
be illustrated for various values of e. We observe that

Mr(O) E1/2, +c[,

Mr(e)={} if0<e<2, [1/2,1/2] ire=2,
{1/2} if2<e<8, [0,] ire=8,

M(0)=4, M(e)={e -1/2} if e >0.

{0} if e >8;

Given e > 0, the key-point is to find admissible pairs (1, g2). That will be done by
using the characterization given in Theorem 3.2. First let e 1. The only admissible
pair is (0, 1) so that

and

Mr+g(1) =[1/2, +oo[n{1} {1}

(f+g)(Xo; d, d)= g (Xo; d, d)= 2.

This is an illustration of what has been said in Remark 2. Now let e 5. The only
admissible pair is (1, 4) so that

Mr+g(5) MS(l) mg(4) {1/2}
and

(f + g)(Xo; d, d) f (Xo; d, d) +g (Xo; d, d) 1/4 + 2 49-.

Finally let e 10. One easily checks that (2, 8) is the unique admissible pair (e 1, 82).
This is an example where

and

(f + g)"(Xo; d, d) >f:, (Xo; d, d) + g"2(xo;d,d)
Formula (3.4) yields the exact value of (f+ g)o(Xo; d, d), namely

1
(f+g)o(xo;d,d)= {[- 1 + 2] + [24g]} --+ 2.

g as a quadratic function in the above displayed example, so that g actually did
not depend on e. The formula giving (f+g) can be somewhat simplified when g
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turns out to be quadratic. To see this, consider a quadratic function g defined on
n as

fx" g(x)=1/2(Ax, x)+(b,x)+c,
where A is a symmetric positive semidefinite n n matrix, b a vector in " and c a
real number. An easy calculation shows that

M(e’={ ((Ad’d))\ 2e

/2

and

g(xo;d,d)=(Ad, d) foralle>0.

If Ad=O, g is affine on Xo++d and, as already pointed out (cf. (3.7)), we have
that

(f +g)(xo;d,d)=f(xo;d,d) foralle>0.

When Ad is nonnull, the search for admissible pairs (e-g, g) reduces to solving the
equation

(3.14) ((Ad’d))\ 2g
M(e-g)’ g ]0’e]"

COROllARY 3.4. Given a direction d such that Ad # 0 and e >0, there is one
and only one solving the equation (3.14) and

((Ad, d))
’/z

(3.15) (+g)(xo;d,d)=
k 2

{[’-(x;d)-{’(x;d)+(2g(Ad’d))’/2}"

if, moreover, M is single-valued at e -g, we have that

(3.16) ([+g)(xo;d,d)=f_e(xo;d,d)+(Ad, d).

Pro& Since (Ad, d)>O, Mg(O) is empty so that g >0 for any admissible pair
(e-g, g). Such admissible pairs do exist and are necessarily of the form (e-g, g),
with g solving the equation (3.14) (cf. Theorem 3.2). It remains to be shown that there
is only one g solving (3.14). Assuming that g and g solve (3.14), the monotonicity of
the multifunction M(ff) (cf. Theorem 1.3) gives

[((Ad, d)]l/2
k 2g ] _((a [d) .)](g_[)=0.

Hence
To get the expression (3.15) of ([+ g)(xo; d, d), it suffices to apply (3.4) knowing

that

g’ (Xo; d)= (Tg(xo), d)+ (2g(Ad, d)) /2.

Concerning the limiting case e 0, we have the following easy to prove result.
PROPOSITION 3.5. Assume [ and g have a second-order derivative at Xo in the

direction d. Then [ + g has a second-order derivative in the same direction with

(3.17) ([+g)"(xo;d,d)=["(xo;d,d)+g"(xo;d,d).

4. Image
and a surjective linear mapping A from " to , we denote by A[ the function
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defined on R by:

YyeR" (Af)(y)=inf {f(x)lAx=y}.
Such a function is sometimes called image o] ]’ under A [12, p. 38]. Aj is clearly
convex on [" and assumptions will be made on ]" to ensure that

(4.1) X(y) {x e N" lAx y and/(x (A/e)(y)}

is nonempty for all y
Our aim is to have an expression of (A/e) in terms of )e which is valid for all

e > 0. To do that, the following is assumed throughout on [ and A:

(H) f(d) > 0 for all nonnull d satisfying Ad O.

This assumption is not necessary for deriving the next results. We however retain it for
the sake of simplicity.

PROPOSITION 4.1. Al is an everywhere finite convex ]unction and

(4.2) (Af)o(3 min {f(d)lAd 3}.

Moreover, for each y, the set X(y) is nonempty and compact.
Proof. The only thing to show is that X(y) is compact; the rest follows from

[12, Theorem 9].
Let 0:R" x JR" - (-, +o] be defined by

O(x, y) f(x) + (x, y),

where denotes the graph of the mapping A. Clearly A/can be defined as:

/y " (Al)(y) inf O(x, y).
x

For each y, the partial function 0y: x 0y(x)= O(x, y) is closed, proper and convex,
and it results from calculus rules on the recession function [12, p. 66-67] that

(Oy)(d) O(d, O)=f(d)+d/(d, 0).

Thus (0y)(d) > 0 for all nonnull d so that there is no nonnull direction d in which 0y
recedes [12, p. 69-70]. Hence the infimum of 0 over [" is attained on a nonempty
compact set. [3

Given y0" and Xo X(yo), it comes from the e-subgradient inequality that

(4.3) O(Af)(yo)={y*R’[A*y*Of(xo)},
where A* denotes the adjoint linear mapping.

Therefore, to get (A/’)’(yo; 3), one has to express the support function of the
inverse image of 0/’(xo) under A*.

THEOREM 4.2. Given any Xo X(yo), the lollowing holds true lor all e >0:

(4.4) (af)’(yo; 3)= amdi=n ]" (Xo; d).

Proof. According to [12, Corollary 16.3.1], the formula (4.4) holds, true if the
image of A* meets the relative interior of O](Xo), i.e.,

(4.5) Im A* f) ri (O[(Xo)) (.

Likewise, A is assumed surjective to secure that (A/)(y)< +o for all y. If not, the Y0 considered in
the next results have to be taken in the interior of dom (Af).
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It comes from dual operations (cf. [12, Corollary 16.2.1]) that the condition above is
equivalent to the following one"

(4.6) f’(xo;d)>Oorf’E(Xo;-d)<-O forall dkerA.

Since xo X(yo), we note that

f’(xo; d) ->_ 0 for all d ker A.

We therefore have

(4.7) fo(d)>=f’(xo; d)>=O for all dkerA.

Consider first a nonnull direct.ion d ker A for which f(d) >f’(Xo; d). We know that

f(d)>=f’,(xo;d)>f’(xo;d) foralle >0.

Consequently, f’ (Xo; d) > 0 for e > 0.
Now let d be a nonnull direction d ker A satisfying f(d)=f’(Xo; d). In such a

case we have that

f’(xo; d) f’ (Xo; d) f(d) for all e > 0.

But, since f(d) > 0 (assumption (H)), f’E (Xo; d) > 0 for all e > 0. Hence (4.6)
is satisfied for all e > 0 and the announced result is proved. 71

Given e >0, xo6X(yo) and 8 6", we denote by D(6) the (nonempty) set of
directions d 6 " satisfying

Ad 6, (Af)’E(Yo, 8) f(xo, d)

THEOREM 4.3. DE (6) is a compact convex set and

(4.8) (Af)(yo; 6, 6) _>- f (Xo; d, d)

for those d D. (8) for which

(4.9) t2 y,,,8 (e) t2 x,,,a

A Mxo,aBefore proving this result, we begin with the comparison of Mro,8(e) to (e)
for d

THEOREM 4.4. We have that

(4.10) AMyo,8(e)= U Mxo,d(e).
dDe(8)

Proof. We firstly show that DE (8) is a compact convex set. To see that, we mimic
the proof of Proposition 4.1. Let 0:[" x [" (-o, +oo] be defined by:

0 (d, 6) f’. (Xo; d) + 0(d, 6).
We have that

(Af)’E(yo; 6)= inf O(d, 8).
dl"

Given 8, the function 08:d - O(d, 6) is a closed proper function and

(08)oo(d)=f’E(Xo; d)+a(d, 0).

As we have already seen (cf. proof of Theorem 4.2), f’E (Xo; d)> 0 for all nonnull d
in the kernel of A. Thus (Oa)(d) > 0 for all d # 0 so that there is no nonnull direction
of recession for 08. Hence the infimum of 08 over " is attained on a (nonempty
convex) compact set. Due to the definition itself of DE (6), as also the continuity of the
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function e -f’e (x0; d) on *+, it is easy to check that the multifunction e=De(6) is
upper-semicontinuous on +*. From that (or from reasoning similar to that displayed
above) we deduce that U eE De(3) is compact whenever E is a compact subset of *

Now fix e > 0 and let E =[_e, g]c R+* be a compact neighborhood of e. Posing
D(6) UeEDe(6), we clearly have that

(4.11)

In other words,

min f’e (Xo; d) for all e e E.(Af)(yo, (3
dD()

Af f/yo,8 max x,,,d in a neighborhood of s.
dD(8)

It then remains to apply the Rockafellar-Valadier theorem [10, p. 355] to get that

(4.12) Af { fM,o, (s) =--6 U Mo,d (s)
deD(6)

But the multifunction d--Mxo,a(e) is upper-semicontinuous and De((3) is a compact
convex set; thus the image of De ((3) by this multifunction is a compact interval of [*+.
Hence the "Ud" is unnecessary in (4.12) and the desired equality is proved.

Proof of Theorem 4.3. For any d e De (3) we have that

(4.13) Ad =(3 and (Af)’(yo; (3)=f’e(Xo; d).

If Ad (3, one easily verifies that

(Af)’(yo; (3)<=f’(xo; d).
Thus

(4.14) (AY)’(yo; )-(Af)’(yo; )>_-f’(Xo; d)-f’(xo; d) or an d,D(a).

According to (4.10), there exists d e De ((3) such that

At(e) t r,,,, o,a(e ).

The inequality (4.14) holds true for such d so that

(Af)(yo; (3, (3)=f (Xo; d, d).

Hence the theorem is proved.
COROLLARY 4.5. Assume f is strictly convex. Then Af is strictly convex and the

multifunction X is single-valued so that

(4.15 (Af)(y o) f(x (yo)),

where X(yo) denotes the unique element ofX(yo).
Moreover, there exists e*> 0 such that De(6) is reduced to one element

whenever s ]0, e*[. Consequently, for e small enough, we have"

(4.16) (Af)’e(yo; d)= f’e (X (y0);

(4.17) (Af)(yo;6,6)>=f(x(yo);d(6),d(6)).

Proof. By considering the definition itself of Af, it is easy to see that Af is strictly
Afconvex and X single-valued. Since Af is strictly convex, Myo, (e) contains only one

Ar (e) and it results from (4.10) thatelement tx o,a

()(4.18) /yo, x(yo),(e), for all d in De(6).
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This will allow us to show that De is single-valued. Consider do and dl in D(6), do # dl,
and suppose that e is small enough, namely 0 < e < e*Af (Yo, 6). We have that

A (e) > 0,/Z 0 =/

[)(yo, 8)=o [ X(yo)+ -/(x(yo))+e

Let d d + (1 )do for some ]0, 1[. The relations above and the strict convexity
of give

Ad =,
and

This contradicts the fact that d D (6). Thus D; (6) contains only one element de (6)
and

A () ()..L yo,8 x(yo),d(8)

Thus (4.16) and (4.17) follow.
Example. Let f: [" x q --> be a convex function and denote by the marginal

function defined on " by

VI [P (:1)-- inf f(:l, 2).

If A:W’ x W’ is defined by A(:, s2) :, it is dear that p is nothing else than Af.
The assumption (H) is written here as

f(0, d2)> 0 for all nonnull d2.(H)

We then have

(4.19)

(4.20)

q9 (61; d)= min f’ (cl, c2; dl, d2),
d2

qge (1; dl, dl) => min f (1, 2; dl, d2; dl, d2),
dzD(d)

where f(1,2)=qg(l) and D(dl) denotes the set of d2 for which ’(1; dl)
fr (1, 2; dl, d2). The case of marginal functions is studied in full detail in [7] where
assumptions weaker than (H) are considered.

Remark 1. The limiting case e =0 offers less interest in the present situation.
Firstly, observe that even the assumption (H) does not ensure that

(4.21) (Af)’(yo; 6) Amai=n f’(xo; d).

A sufficient condition for that is"

f’(xo; d)>0 or f’(Xo;-d)<-_O for all dkerA.

Assuming that (4.21) holds true, denote by Do(6) the set of d for which Ad 6 and
(Af)’(yo; 6)=f’(xo; d). The comparison result between the second-order directional
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derivatives of Af and f is as follows" if f has a second-order derivative at Xo in the
direction d for all d Do(6) and if Af has a second-order derivative at yo in the
direction , then

(4.22) (af)"(yo; , )<= inf f"(Xo; d, d).
dDo(8)

This can easily be proved by considering the de la Valle-Poussin formulation of
second-order directional derivatives. As far as we can prove it, equality in (4.22)
requires stronger assumptions (like twice differentiability) be made on f.

Remark 2. As already noticed, it comes from Theorem 4.3 that

(4.23) (Af)(yo;8,6)>= min f(xo;d,d).
dD,..(6)

Equality holds if, for example, f is differentiable at xoX(yo). In such a case, Af is
ditterentiable at Yo with V(Af)(yo) as the unique element y* "’ satisfying A’y*=
Vf(xo). Thus, Do(3)= {dlAd 3} and a look at the proof of Theorem 4.3 shows that

(Af)(yo; 3, 3)= rain f (Xo, d, d).
dD,(3)

Af (e)= -fMoreover, the minimum is attained for those d D. (8) for which yo, tX,,o,a(e).

5. Infimal convolution of functions. Given two convex functions f and g defined
on , we recall that the infimal convolution f7g of f and g is defined in the following
way:

VFn (fVg)(y)= inf {f(x)+g(xa)}.
X1,X2[J
Xl+x2=y

Of course, fVg can be viewed as an image of a function under a linear mapping so
that results of the previous section apply. Nevertheless, due to its importance in convex
analysis and optimization, the infimal convolution deserves that we linger on it.

As we will see by writing f7g in the form Ah, the assumption which corresponds
to (H) in the previous section is:

(H) f(d) + go(-d) > 0 for all nonnull d.

We assume (H) throughout this section.
Recall that the infimal convolution of f and g is said to be exact at yo x+x2

if one has

(5.1) (f7g)(yo) f(x 1) + g (X2).

THEOREM 5.1. Let e >0 and let (Xl, x2) be a pair such that the infimal convolution
off and g is exact at yo X + x2. Then

(fVg)’ (X2; d2)}.(Yo, 8) rain max {f’, (x
dl+d2=8 1 0,2->0

1+2=.

max inf {/tl(Xl; dl)+gre2(x2; d2)}.
l-->0,e2-->0 dl+d2=8
1+82=

Proof. Let h" " x " and A " x " -, " be defined as follows:

(XI, X2) X h(Xl, X2)=f(xl)+g(x2),

A(x1, x2)=Xl+X2.
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It is clear that fVg Ah. We therefore obtain the first expression in (5.2) by applying
Theorem 4.2 and (3.1).

For the second expression, we recall that

O(fVg)(yo) U {O,f(xl)f302g(x2)} [3, Theorem 3.1].
:>0,2>0
1+2

Therefore, it results from calculus rules on support functions [12, p. 146-150] that

(fTg)’(yo; 6)= max q* (x,)no2g(x)(),
elO,e20
el+e2=e

if/#oli(xl)Cog(x2)(6)<-_ inf {f’ (xl, dl)+g’2(x2, d2)}.
d+d2=6

Thus

(X2" d2)},(fVg)’,(yo; 3) < max inf {f;, (x dl) q" g82
=>O,e2O d+d2=8
FI+2=F

and the desired equality follows from the first expression in (5.2). [3
Remark 1. Calculating (fVg)’(yo; 6) actually consists of performing two convo-

lutions successively. Firstly we have that

max {fl (xl, dl)+g2(x2, d2)} =-( I 7 gtxl,d tx2,d )"
el >O,e2-O
l+2----e

PerfOrming this partial convolution (with respect to the variable e) yields

(5.3) fl(dl) + :(dE) f (Xl; dl) +g (x2; da).

Performing now the infimal convolution of)l and yields (fVg) (Yo; 6). In other words,
the relations (5.2) say that, in order to get (fVg)(yo; "), one is led to performing a
convolution of ff(Xl; ") and g(x2; ’) with respect to one variable followed by a
convolution with respect to the other variable.

Remark 2. The function K" (e , e:, dl d)--)f (xl" dl) + g’ (x:; d.) is concave ase2

a function of (el, e) and convex as a function of (dl, de) so that (fVg)’(yo; ) can be
viewed as the saddle-value of K (with respect to maximizing over C {(e 1, e)lel => 0,
e e_->0, e l+e=e} and minimizing over D =N"xN"). Therefore, saddle-points
(t?l, , dl, de) of K are such that

(X "d2)(5 4) (fVg) o 8)=f,te(y (Xl, dl)+ge: ,
In accordance with our earlier notations, let De (5) denote the set of (dl, d2) satisfying:

dl +d2 =5,

(5.5) (/Vg)’ (x2; d2)}.(y0, 5)= max {f’.,(Xl, dl)+g
=>(),e2O
el+F2=

=h’(xl, x2;dl, d2),

where h is the function introduced in the proof of Theorem 5.1. According to Theorem
4.4 and Theorem 4.3, we have that"

(5.6) "i/tfVgyo,, (6)= U Mh(x,,x2),(dl,d2) (F.)
(dd2)D(6)

(5.7) (ffg)"(yo, 5, 5)_-> min h(xl, x2, (dl, d2), (dl, d2)).
(d,d2)D(8)
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To conclude, it remains now to apply the calculus rules of 3. Recall that, given
(dl, de) D.(8), (el, e2) is dubbed an admissible pair when

h te(Xl X2; dl, d2) fe.a (Xl; da) + g’2 (X2; d2).

It then results from Theorem 3.2 and Theorem 3.1 that
h (e) M (e)NM,d (e 2),

(5.8) h"(Xl x2;(dl, d2) (da, d2))=max[.u(el), g (e2)],x2,d

{[f’, (X ;dl)-f’(x, ;dl)] + [g ’2 (X2 d2)- g’(x2; d2)]}.

Hence we have an estimate of (fVg)(yo; 6, 6) via the formula (5.7).
This somewhat complicated estimate of (fVg)(yo; 6, 6) is made simpler when

both f and g are strictly convex. Performing the infimal convolution of f and g yields
a strictly convex function in such a case and, for all yoe ", there exists a unique Xo
for which

(fVg )(yo) f(xo) + g(yo- Xo).

Concerning (fVg)’(yo; 8) and (fVg)(yo; 8, 6), we derive the following from Corollary
4.5.

COROLLARY 5.2. There is e*>0 such that, for all e ]0, e*[, there exists a
unique element d(8), an element ea(6)e [0, e], such that;

(5.9) (fVg)’(yo; 6)=f’,(a)(Xo; d(a))+g’_,(a)(yo-xo; 6-d(6)),

(5.10) (fVg)(yo; 6, 6)f,(a)(Xo; d(8), d(a))+g-,a)(yo-xo; 8-d(6), 8-d(8)).

Example. A way of regularizing f consists in performing f f V(r/2)]]. ]]2 for any
r > 0, that is to say

(5.11) VxN" f,(x)=if f(u)+llx- u[I2

The minimum in the definition of Jr(X) above is achieved at an unique point which
we denote by x, The following results on [r are well known"

(i) L(x)N[(x) and limr+L(x)=flx) for all x;
(ii) x minimizes [ on N"x =XrL(X)=f(X);

(iii) [r is differentiable and its gradient mapping is Lipschitz throughout
The results of Theorem 5.1 allow us to obtain the exact expression of ([r)’(X 8). From
it are derived the following inequalities"

(5.2) (f)’(x; .)’ (Xr; .)V{r<x--x," )+4[[" II},

(5.3)
(L)’(x; ")e ’, (x; ")V{r<x--x,

for all nonnegative e and e2 adding up to e.

If we consider the particular case where [r coincides with at x, we then have that"

(5.14) ’ (x;. )e[’ (x;. )V4ll’lle(r)’(x;" ),

t(5.15) (L)(x,)= (x,)742r(e el)ll forallee[0, e].

To illustrate these formulae, take fix [x on N and the point x 0. Since [’ (0;.)
for all e 0, the inequalities (5.14) and (5.15) imply that

([r)’(0;") I" IV4[" I.
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Hence (fi)’(0;.) min (1, /-re)[. [without further calculus, fi and Xr can be calculated
explicitly for this particular f, so that the inequalities (5.12) and (5.13) are easily
checked.

As for the calculus of (fr), we suppose for the sake of simplicity that f is strictly
convex. Then, for e small enough, there exists an unique element d (8) and an unique
element e 1(8) such that"

(5.16) (fr)’(x; 6)=f’l(a)(Xr; d(6))+r(x-x, -d(,))+,/2r(e-el())ll,-d(,)ll,
(5.17) (fr)(X; , )>=f,() (Xr; d(,5), d(,5))/ rll6-d(,)ll2.

6. Maximum of functions. Let {/’1i 1,..., m} be a collection of convex func-
tions on [" and set f maxi=l,...,,fi. It is known that the directional derivative of f
at xo is the maximum of directional derivatives at Xo of those f which satisfy fi(Xo)=
f(Xo). The situation is different for the approximate directional derivative; due to its
nonlocal nature, the formula giving f’ (Xo; d) may require us to know ()])’,(Xo; d) for
all 1,..., m. More precisely, the following expansion holds for all e -->0 (see [3],
[8], [9])"

(6.1) /’ (xo; d) max 2 (ci/i) 2,(xo; d)
i=1

where the maximum is taken over the (o ,. ., m) and (e ,..., era) satisfying:

ci_->O for alli, ci=l,
i=1

(6.2)

Note that

e, >=0 for all i, E Fi-4c-f(XO)-- Z O[.ifi(X())"- F.
i=1 i---1

I ai(fi),/,,(Xo, d) when ai>O,
(afi)’,(Xo; d)= 0 if a =0.

Given Xo, d and e >-0, we deduce from the above that there exist (if1,"" ", ft,,) and
((,..., Y) satisfying the conditions (6.2) and for which

f(xo; d)= (6f),(Xo; d)= 6i(fi),/a,(Xo; d).
i=1 i>0

(,..., ff) and (,..., ) form what we call an admissible pair of vectors. Only
the z {1, .., m} for which >0 are relevant for the calculation of f’(Xo; d). The
other are however of importance for determining Mr(e). As a general rule, it is not
possible to express (Xo" d, d) in terms of the ()" 1 m Imagine for examplei

that [ is the polyhedral function defined as the maximum of the m ane functions

" x fi(x)=<ai, x)+ b, i=1,... ,m.

As already seen, ([),(Xo; d, d) is null for all > 0 while

J{0} if>0,M,() + if 0.

So, the expression off (Xo; d, d) cannot be directly derived from those of (f) (Xo; d, d).
The same example shows that expressingM(e in terms of theM’ () is not straightfor-
ward. That will precisely be our first task in this section.
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For everything that follows, the key-functions are the functions 0i:l
defined for all 1,. ., m as:

(afi) 0;d) ire >0anda >0,
(6.3) Oi(e, a)= + if not.

For example, 0i(8, 0) 0 for all e 0 and 0(0, a -a ([i)’(x0; d) for all a 0. Actually,
0i is of a very special structure, as we show now.

PROPOSiTiON 6.1. 0 is the support function of the set

(6.4) Gi -epi (r’ ).

Proof. We define i:R (-, +] as

(6.5) (e,a)E i(e,a)=sup[-e-ar()].
>0

By definition, we have that

Oi(e,a)=i(e,a) forall (e,a).
Therefore,

(6.6) Oi i + i +.
Thus, 0i is a positively homogeneous closed proper convex function with as domain.
If G denotes the set the support function of which is i (i.e., G 0i(0, 0)), we infer
from (6.6) that 0i is the support function of

(6.7) Gi=G+.

According to its definition (see (6.5)), i is the support function of

G,= (-,,-r’(,))}.
In other words, -G is the closed convex hull of the graph of r’. No.w, by the properties
of the function r’ (see 1), we have that

(6.8) -G + epi r’.

Note incidentally that the addition of to -G’ is unnecessary when [(d)= +. In
such a case, Oi i and Gi Gi. If [(d)< +, adding to -Gi affects -Oi and
yields epi r’ precisely. Hence the announced result is proved.

G is the subdifferential of 0 at (0, 0). To get 00(e, a) for the other points (e,
of , we observe that

The simplest way to determine ooi(e, a) is to solve the equation ee* +
graphically; see Fig. 1.

We obtain that

OOi(O, a) -Me’(0) {-/’(x0; d)} for a > 0,

O0(e, ) -, -f’/ (xo; d) e M if e > 0 and > O,

fOi(E, 0)--- {0} X ]--00, -/o(d)] if e > 0.
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Gi

-f’(xo; d)

FIG.

Knowing an admissible pair of vectors (81,"-, 8n) and (gl,""", gin) enables us to
calculate f’ (x0; d) since

(6.9) -f’.(Xo; d)= Y 0,(g,, 8,).
i=1

Knowing OOi(gi, 8i) for all 1, , m will now allow us to determine Mr(e).
THEOREM 6.2. Given e >-_ O, let (81, , 8,.) and (1, , g,.) form an admissible

pair of vectors. Then I Mr(e) if and only if there exists a * such that

(6.10) (-l,-tx[f(xo)-f(Xo)]+a*)OOi(gi, Si) forall i=l,...-,m.

Proof. Let " R2-> (-co, +oo] be defined as follows"

(e, a) min Oi(ei, Oli)
i=1

20li Ol, E [Ei Jr-ai(f(Xo)--(Xo))] e
i=1 i=1

Clearly, can be written as the image o"H under A, where H" R2,. --) (--0121, +(30] and
A" 2,. ---) 2 are defined as

A (e l, E,., Ol l, ,O,.) Z [ei+Oti(f(Xo)--fi(Xo))], Oli
=’1

Now, since (81," , 8,.) and (gl," g,.) form an admissible pair of vectors, we have
that

(e, 1)-- Oi(Si, g:i).
i-1

Consequently, it results from calculus rules on subdifferentials that

(6.11) o,p(e, 1) {(e*, a*)lA*(e*, a*) OH(g,, g,,, a, ,,)}.
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Due to the special structure of A* and H, we deduce from the relation above that
(e *, a *) 6 0(e, 1) if and only if

(e*, e*[f(xo)-fi(xo)]+o*) Oi(gi, 6zi) for all/= 1,..., m.

has been defined precisely in such a way that tt’(e) (e, 1). Therefore

Otf (e) {e *13a * such that (e *, a *) 6 0(e, 1)}

and the announced result is proved since -Mf(e) Ot(e). I
Let ffi and gi be the ith components of an admissible pair of vectors. According

to the different formulations of OOi(gi, i) for 1,..., m, the ith condition on Ix in
(6.10) becomes:

(6.12) rf’(ix)<=ix[f(xo)-fi(xo)]-a * if gi =6i =0,

(6.13)

(6.14)

(6.15)

Ix 0 and a * =< -(fi)(d) if t?i > 0 and ffi 0,

Ix[f(Xo)-fi(Xo)]-a* =f(x0; d) and tx Mf’(O)
there exists Ixi Mfi(zi/ffi) such that Ix Ixi and

Ixi[f(Xo) fi(Xo)] O * (f ,/a,(Xo; d
gi

Oli

if gi 0 and i > O,

if both/i and t are >0.

These various conditions call for some comments:
(a) g; > 0 and 6i 0 cannot occur if fi is coercive in the direction d; if it occurs,

Mr(e) is fully determined by this ith condition alone since it implies Mr(0)={0}.
(b) gi 0 and 6i >0 cannot happen if at, 0; if it happens, this ith condition

provides the estimate M(e c M,(O).
(c) If both gi and 6i are >0, the corresponding condition implies that M(e)

Mf’(gi/di).
It might happen that all the gi are null while there necessarily exists such that i > 0.
It thus results from (b) and (c) above that

(6.16) M(e)=fq M’ (g).
To illustrate the foregoing, consider again the case of a polyhedral function f defined
as the maximum of the m affine functions fi(x)= (a, x)+ bi. We have:

(6.17)
f’ (Xo; d) =max oti(ai, d)lcei>=O for i, Y ti 1 and

i=l i=l

E Oi(f(Xo)--fi(Xo)) <= e
i=1

If e > maxi (f(Xo)-fi(x0)), the last constraint is irrelevant and solving the maximization
problem above yields (ff 1, , ft,,)= ei, where ei is the ith unit vector of R" and an
index that

(ai, d) max (ai, d) =f’ (Xo; d).

(gl," gin) can be chosen so that gi >0 for all i. It then results from (6.13) or (6.15)
that Mr(e) {0}.
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If e <- maxi (f(Xo) -fi(Xo)), (61, tl,m) is obtained by solving the linear program-
ming problem (6.17) while the i are chosen so that they verify"

gg->O for alli=l,...,m,
(6.18)

E F:i + Y’. i(f(xo)-fi(xo))= e.
i=1 i=1

Usually the conditions above yield that ? 0 for all i. If so,/z Mr(e) if and only if
there is a* such that (/z, a*) belongs to the polyhedron H of 2 defined as follows"

a* <=tx[f(xo)-f(xo)]-(ai, d) for those for which ai O,
(6.19)

/x _-> 0 and a* z[f(xo)-fi(Xo)]-(a, d) for those for which 6i > O.

It might be easier to solve (6.17) in its dual form. Indeed,

f’. (Xo; d) f’(xo; d) + p(e ),

where p(e) is the optimal value of the dual program:

Minimize -(/31 -}- 2E subject to 32 -<- 0 and
(6.17)

+ 2(f(xo)-f(xo)) <= -(ai, d) +f’(xo; d) for all 1,. ., m.

In particular, if e <d rain {f(xo)-fg(xo)]f(xo)>fg(xo)}, the program (6.17) can easily
be solved graphically and a solution is/:

31--’0,

/32- min tf’(xif(xo)d-)-=(ai’-fi(xo)d) f(x0) >fi(Xo)and (ai, d)>f’(xo; d)}.
Consequently, we have for all e ]0, ?["

f’ (Xo; d)= f’(xo; d)-fl2e,
(6.20)

Mr(e) {--2} and f(xo; d, d)= (2)2e.
Take for instance f, f2 and f3 defined on [ as"

fl(X) -2x, f2(x) X, f3(x) 2X 1.

We consider Xo 0 and d 1. If e > 1 or <1, we know from the above that Mr(e)
and f (Xo; d, d) are fully determined without further calculus. If e 1, M(e) has to
be calculated following the scheme we have drawn. Solving the linear program (6.17)
yields (81, 2, 3) (0, 0, 1) while (gl, g2, g3) is necessarily the null vector. The polyhe-
dron II determined by the linear equalities or inequalities in (6.20) is then

_>_0, a* <_--1, a* =/z -2}.

Thus Mr(l) is [0, 1].
To know whether or not ’i and i are strictly positive is of main importance since

it determines which inequalities in (6.12)-(6.15) have to be used in calculating Mr(e).
Some indications a priori can be given in that respect.

COROLLARY 6.3. Suppose that a, 0 for all 1,..., m and consider e <-_ e.
Then, for any admissible pair of vectors (1," ", ,,) and (g,. ., g,,), we have that
either both 6i and g:i are null or both 6i and gi are strictly positive.

Of course it is assumed there exists such that f(xo)>fi(xo) and (ai, d)>f’(xo; d). Otherwise, it is
clear that Mt’(e {0} and f’’ (Xo; d, d) O.
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This result is a direct consequence of the remarks following conditions (6.12)-
(6.15). To have assumed that e -<e secures that MS(e) is not reduced to {0}.

COROIIARY 6.4. Suppose that fi is strictly convex on Xo + R+d for all 1,. , m
and let e <-e. Then, for any admissible pair of vectors (a, ,) and (t?l,’"’,
we have that:

(6.21) for all such that gi" cii> 0.

Pro@ It is clear that f itself is strictly convex on Xo +[+d. According to the
previous corollary, there are only two possibilities on the g and " either both are
null or both are strictly positive. In the latter case, the equality (6.21) derives from
the inclusion (6.16). [-]

The equality (6.21) combined with the expression of f’. (Xo; d) asserts a remarkable
"equilibrium property" whose geometrical interpretation is meaningful. Under the
assumptions of Corollary 6.4, we have that"

f;(xo; d)= 2 ff,(fi),/,(Xo; d),
:>O

a -Jr-(f(xo)-fi(xo)) e,
"oti>O

So, f’ (Xo, d) is a convex combination of the (f) e,/a,(xo, d) where the ’dummy indices"
(i.e., those for which 6 g 0) are omitted, e itself is a convex combination of the
g/6 +/(Xo)-/(Xo); is exactly the quantity by which one has to move down from

the point (Xo,/(xo)) to calculate ([i),/a,(Xo; d). Finally, the equality
is a nice relationship between the "points of contact" of the epigraphs of f and
Figure 2 is an illustration of that situation.

Before going into the problem of expressing fJ (Xo; d, d), let us fix some notation.
We set

I(xo) {i 1,..., mlf(Xo)=/(Xo)},

I(xo; d)= {i _r(Xo)lf’(Xo; d)=f (Xo; d)}.

Moreover, given 6 (Cl, m) from an admissible pair of vectors, we define the
support of c7 to be the set 6e(6) of indices such that i > 0. ,.(I’) depends on 6 and
thereby on e.

Due to the constraint

i + i(f(Xo)--fi(Xo)) e,
i= iI(xo)

it is easy to see that (6)I(xo) is nonempty whenever e<g=
min {f(Xo)-fi(Xo)liI(Xo)}. In fact,

(6.22) i e gi N e/,
iI(xo)

so that the smaller the e, the smaller are the ffi for i I(xo).
The mathematical program (P) described in (6.1)-(6.2) and whose optimal value

is f’ (xo; d) is an "approximation" of the program (Po) whose optimal value is f’(xo; d),
i.e. f’(xo; d)= max fl (Xo; d)=f[ (Xo; d) for any e I(xo; d)

il(xo)

max fi(xo; d)li 0 for all i, 2 ai 1
iI(xo) iI(xo)
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f(Xo)
/

/

/
/

FIG. 2

Any admissible pair of vectors for (Po) is of the form (o7, 0) where 5(o7)cI(xo; d). It
is not hard to verify that (P,) "converges" to (Po) in the sense that the limit points of
the solutions of (P:) [resp. the limit of the optimal value of (P)] are solutions of (Po)
[resp. is the optimal value of (Po)]. Consequently, 5’(o7)CII(Xo; d) is nonempty for e

small enough and any o7 from an admissible pair of vectors for (P).
THEOREM 6.5. Given an admissible pair ofvectors (o7 , , 6,,) and (g, , g,, ),

we have that

(6.23)

:Xf (Xo; d, d) > E oTi(fi)gda,, 0 d, d)
SP(& )fqI xo;d

-Jr" E Ogi[fi ffTi [(fi)gi/6i(Xo, d) (Xo; d)].
5(c )\I(xo; d)

Equality holds if[or example e <-e ’ and the fi are strictly convex on Xo + It+d.
Pro@ The general formulation of f (xo; d, d) is as follows’

(6.24) fJ (Xo; d, d)= E oT,t2f(e)[(f,);,/a,(Xo; d)-f’(xo; d)].
iSP(,)

From the inclusion (6.16) we infer that

(6.25) /.Z:(e) > max

Hence the inequality (6.22) is derived.
The case where equality holds follows from Corollary 6.4.
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In an alternate formulation involving all the (fi)’,/a,(Xo; d, d) for (6), the
inequality (6.22) can be rewritten as follows"

f (Xo; d, d)>= E 6i(fi)td6,(Xo; d, d)

(6.26)

+ Z it’(i)[f’(xo;d)-f’(xo;d)].5’(& )\l (x ;d

Example. Let f be defined as the maximum of m quadratic functions

fi’X ->fi(x)=1/2(Aix, x)@(bi, x)+ci, i: 1, ,m,

where the Ai are supposed symmetric positive definite.
Given Xo, d and e, the calculation of f’ (Xo; d) requires us to solve the following

maximization problem:

Maximize 2 ti(Aixo4- bi, d)+ , (2eiai(Aid, d)) 1/2
i=1 i=1

subject to" ai _-> 0 for all i, . ai 1,
i=1

ei >- 0 for all i, , ei + , ai(f(xo)-fi(xo))= e.
i=1 i=1

Due to the strict concavity of the objective function on the constraint set, the problem
above has only one solution (one admissible pair of vectors) formed by
and (gl," ", gin). The set {1,..., m} of indices can be divided into two: the set 6e(6)
of for which both 6g and gi are >0, and the set of dummy indices for which both
6i and gi are null. We then have that

f (Xo; d, d)= Y, 6i(mid d)

(6.27)
6i(Aid, d) )

1/2

Z 6i [(aixo 4- bi, d) f’(xo; d)]
,9(&)\Z(xo;d 2 gi

where f’(xo; d)=max {(Aixo4- bi, d)lf/(Xo)= f(Xo)}.
The next result concerns the limiting case e 0 and generalizes what is known

when all the fi are C2 [2, Chap. III].
PROPOSITION 6.6. Suppose that all the fi, /(Xo; d), have a second-order deriva-

tive at Xo in the direction d. Then f has a second-order derivative in the same direction
with

max fl’ (Xo; d, d).(6.28) f (Xo; d, d)
il(xo;d)

Proofi Since f/(xo) f(xo) and fl (Xo; d) =f’(xo; d) whenever I(xo; d), we have
that

(6.29) liminf,_.,o {2[]:(x+d)-[(x’’) -f’(xo; d) a >- max (Xo; d, d)
iI(xo;d)

Due to the continuity of the fi, there is ao>O such that I(xo+ad)cI(xo) for all
a [0, ao]. Now, due to the convexity of the fi, the functions a -->f (Xo + ad;d) and
a ->f’(xo + ad;d) are increasing and upper-semicontinuous. Consequently, one easily
verifies there exists aa]O, ao] such that I(xo+ad;d)cI(xo;d) for all a [O, aa].
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Hence

(6.30) lim sup {[/’(Xo + ad; d)-.f’(Xo; d)]a -1}-< max f’ (Xo; d, d).
_0 I xo;d

Combining the inequalities (6.29) and (6.30) yields the desired result.
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CONTROLLABILITY PROPERTIES OF LINEAR
AND SEMILINEAR ABSTRACT CONTROL SYSTEMS*

HONG XING ZHOU]"

Abstract. We consider control systems described by a semilinear abstract equation y’+Ay
F(y, u)+Bu in Hilbert space. General conditions for exact reachability and approximate controllability
are given which are related with two families of associated quadratic optimal control problems. The minimum
norm optimal control and the construction of the reachable set of the corresponding linear system
y’ +Ay Bu are characterized respectively. Exact reachability for a class of semilinear control systems is
obtained under some assumptions on the range of a nonlinear operator to,7") (see definition in 4)
generated by the nonlinear function F.

Key words, linear and semilinear control systems, exact reachability

1. Introduction. We consider in this paper the semilinear abstract control system

(1.1) dy(t---)--Ay(t)=F(y(t), u(t))/Bu(t), O<t < T,
dt

where the state y(t), O_-<t_<-T, takes values in a Hilbert space X and satisfies the
initial value condition

(1.2) y(0) r/X,

and the control u(t), 0<= <= T, is in another Hilbert space U. Assume the operator
-A generates a strongly continuous semigroup S(t) on X for =>0. For a given T>0
denote

(1.3) Mr= sup IlS(t)ll.tx-,x.
Ot<--T

In (1.1) B is a bounded linear operator from U into X satisfying the following
assumption"

(1.4) Ilull , <-g llBull for each u U,

where Kb is some positive constant independent on u e U (11" denotes the norm in
X, i.e. I1" II- I1" Ilx). Assumption (1.4) is very general (see 4 in detail).

In [8], [9] some special cases with F F(y) of approximate controllability of a
semilinear control system described by (1.1) are considered. If X L2(0, 1), U R
and (1.1) is a one-dimensional heat equation with F =F(y) and Bu b(x)u(t), then
it is proved [8] that the semilinear control system (1.1) is approximately controllable
under a uniform boundedness assumption on F(y). In [9] the author gives a sufficient
condition of approximate controllability for (1.1) which can be applied to both infinite
dimensional semilinear control systems or finite dimensional semilinear control systems
described by an equation of the form (1.1). In general, approximate controllability
for semilinear systems is related with both the linear operator B and the nonlinear
function F and also with the relationship between B and F.

We study here exact reachability of semilinear abstract control systems described
by (1.1). Some necessary preliminaries on abstract differential equations will be given
later in this section. In 2, some general conclusions on approximate controllability
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5" Department of Mathematics, Shandong University, Jinan, Shandong Province, The People’s Republic

of China.
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and exact reachability are introduced which are connected with two families of
associated quadratic optimal control problems. In 3, an abstract linear control system

(1 5) dy(t---)+Ay(t)=Bu, t>0,
dt

is independently considered which is called the linear system corresponding to the
semilinear control system (1.1). The minimum norm optimal control and the construc-
tion of the reachable set Ko.a,) of the linear system are characterized respectively.
We discuss in 4 exact reachability for a class of semilinear control systems by using
an inclusion relation between the reachable set Ko.a) of the linear control system
corresponding to (1.1) and the reachable set Ko.) (F) of (1.1) under some assumption
on the ranges of the linear operator B and the nonlinear function F.

Before discussing reachability problem and controllability problem for the semi-
linear control system (1.1), we need some preliminary knowledge on existence,
uniqueness and continuous dependence of the solution of the abstract semilinear
differential equation (1.1).

Assume that the nonlinear function F in (1.1) is defined onX U and is uniformly
Lipschitz on y and u"

(1.6)
IlF(y, Ul)-F(y2, u)ll<-gltly- y=ll+ gllu-u=llu

for Yl, Ye in X and u, u2 in U,

where K1 and K2 are positive constants independent on y l, y2 and u , u2.
As in [6], [9], under adequate assumptions on A, B and F it is well known that:
LEMMA 1.1. Let to be any given positive number in [0, T). Then for each u(. in

L2(to, T; U) and rio in X the semilinear abstract differential equation (1.1) has a unique
(miM) solution y(t)=y(t; u)=y(t; U;to, no), to<=t<=T with initial value no at time to
satisfying

(1.7)

The unique solution y (.) in C ([to, T]; X) satisfies the ollowing estimates:

Ily (t)ll--< M[llnoll / (t- to)liE(0, 0)ll
(1.8)

+ 4t to(liB + g)llu (’)ll,=,o.r;u], to _-< _-< T,

Ily(" )]l(,o.r;x--< 4Mlllnoll(T to) a/2 + 4]MIF(O, 0)[[(T to)3/2
(1.9)

+M1(T to)(llB + K=)llu (’)ll,,o,T;,,
where Ma =MTet:’T. Let Ul(’) and u.(.) be in LZ(to, T; U). Then

[]y(t; u)-y(t; u=)ll
(1.10)

<-Ux4t-to([lBll+g)llu(.)-u(.)ll,,o.;t:), to<-t<--T
and

Ily(" u 1)- y(’; u
(1.11)

_-<M(r to)(liB / K=)llu (’) u=(.

LnMMA 1.2. The solution mappings y(. ;.) and y(T; .) are continuous from
L(to, T; U) into C([to, T];X) andX respectively.
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In order to establish weak compactness of the solution mapping y (T; u) in control
u a supplementary assumption on weak continuity of the function F is needed in the
future.

Supplementary Assumption (F). The nonlinear function F in (1.1) is weakly
continuous from L2(to, T; X) xL2(to, T; U) into L2(to, T; X). That is, if Yn(’)
L2(to, T; X) and un(. LE(to, T; U), n 1, 2,. ., and

w-lim y,(.)=)7(.) in L2(to, T;X),

w-lim un(.)=a(.) in L2(to, T; U),

where 37(.) and a(.) are some elements in L2(to, T; X) and in L2(to, T; U) respec-
tively, then there exist some subsequences {y,(. ); m 1, 2,. .} c {Yn(" ); n 1, 2,. .}
and {urn(’); m 1, 2,. .}c{u,(.); n 1, 2,. .} such that

w- lim F(ym(’), Urn(" )) F()7(. ), ti(.)) in L2(to, T; X).

LEMMA 1.3. The solution mappings y(t;.) for each (to, T] and y(.;.) are
weakly compact from LE(to, T; U) into X and L2(to, T; X) respectively, under Supple-
mentary Assumption (F).

Remark 1.4. If we assume that the operator -A in (1.1) is the infinitesimal
generator of a compact semigroup S(. ), then the mapping y(t; ), to < _<- T, is compact
from LE(to, T; U) into X and the mapping y(.;.) is compact from LE(to, T; U) into
C([to, T]; X), without Supplementary Assumption (F).

2. General conclusions. In this section, we are going to give-some general
conclusions on both approximate controllability and exact reachability. Firstly some
definitions are introduced.

DEFINITION. Assume r/o 0 in Lemma 1.1. The nonempty subset Kto,T (F) in
X consisting of all terminal states of (1.1) at time T is called the reachable set at T
of the semilinear system (1.1) starting at to:

(2.1) K,o,T(F)={y(T)=y(T; u; to, O) for some u(.)L(to, T; U)}.

DEFINITION. The control system (1.1) is called approximately controllable on
[to, T] if

(2.2) K(,o.r(F)=X.
DEFINITION. For each h X define

(2.3) V(,,,.r[h]--{u(.)lu(.)t(to, T; U) with y(T; u; to, 0) h}.

If V(,o.r [h (empty set in L2(to, T; U)), then the semilinear control system (1.1)
is called h-exactly reachable from the origin on [to, T].

For the sake of brevity we usually call K(,o.r (F) the reachable set and omit
[to, T] when mentioning approximate controllability or h-exact reachability.

While discussing approximate controllability and exact reachability for the semi-
linear abstract control system (1.1), we consider two families of associated quadratic
optimal control problems

(2.4)

and

(2.5)

2(Inf) J(u; h)--Ily(T; u)-hll-/llu(.)ll for e > 0

(Inf) I (u," h) _1 Ily (T; u) h = + Ilu for e > 0,
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where y (T; u) y (T; u to, 0) is the terminal state of the nonlinear system (1.1) at
time T. It is easy to verify by Lemma 1.3 that for any given h X and e > 0 there
exists some control u(. L2(t0, T; U) such that

(2.6) J, (u h) Inf J (u h)
u(.)Lg(to,T;U)

and

(2.7) / (u h) Inf / (u h ).
u(’)L2(to,T;U)

The control u (.) is called mini.mization element of the nonlinear functions J (u;h)
and I (u h).

The following two theorems establish general relations between controllability
properties and the families (2.4) and (2.5) of associated quadratic optimal control
problems.

THEOREM 2.1. (1). Assume h X. Then h is in K(to,r)(F) if and only if

(2.8) lim J (u h) 0.

(2). The semilinear abstract control system (1.1) is approximately controllable if
and only if (2.8) holds for every h X.

Proof. (1). Let h be an arbitrary element in K,o.T (F). Then for any given
integer N >0 there exists some control Vlv(.)L2(to, T; U) such that

1
IIy(T; vN)-hll <-, N 1, 2,....

Thus

limJ(uh)<limj(vN,h)<lim(_ 2: ) 1
e-0 e0 e0

Taking N --> in above we obtain (2.8). Conversely, if (2.8) holds for some h s X, then

lim Ily (T; u) h 2 lim J, (u" h) 0,
e-0 e-O

and, equivalently, h K(to.T)(F). The statement (2) follows directly from (1). 1
TIEOREM 2.2. (1). The abstract control system (1.1) is h-exactly reachable if and

only if
(2.9) I (u; h) is uniformly bounded for 0 < e <,
or equivalently

(2.10) h K(to,T)(F) and is uniformly bounded for 0<e
(2). If (1.1) is h-exactly reachable then there exists some control u*(. ) V,o.a) [hi

with minimum norm, i.e.

(2.11) min
V(to,T)[h]

and

(2.12) lim I (u" h) lim Ilu (,)11 = Ilu* (’)11 L2(to,T;U)
e-O O
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Pro@ (1). Suppose the abstract control system (1.1) is h-exactly reachable and
v(. is an arbitrary control in V(,o,r)[h ]. Then for any e > 0

L(u; h)<L(v h)--IIv("

On the other hand, if (2.9) holds for some h X, then

lim J (u h) lim eL (u h) 0.
t-O

Moreover, there exists some constant M(h) independent of e > 0 such that

22 <h(u.h)<M(h)Ilu(’)ll (,o,;)=

Thus there exists some monotone sequence {en ;n 1, 2,...} with
such that

(2.14) w-lim u.(.)=u*(.) in LZ(to, T; U),

where u*(. is some element in L2(t0, T; U). By Lemma 1.3 and the lower semicon-
tinuity of the norm, we have

Ily (T; u *) h z -<_ lirn Ily (T; u.) h 2 <_- lim J. (u.; h 0.

Thus, u*(. )e V(o,r) [h] and the system (1.1) is h-exactly reachable.
The equivalent relation with (2.10) is obvious from the above.
(2). Let the system (1.1) be h-exactly reachable and u*(. e V(o,r)[h be obtained

by (2.14). Then

z2 < lira Ilu.(’)ll =Ilu*(.)ll,. (,o.;)=_

It implies

2 < lim/ (u" h) < lim/ (u*; h)-< limo Ilu(’)ll (,o.r;g) o o

Since L2(to, T; U) is a Hilbert space we have

(2.16) lim u.(.) u*(.) in L(to, T; U).

By using (2.13) we have

Ilu*(.)ll = -c2(,o.r;cr)- lim Ilu.(

2_-< lim L. (u.; h) =< lim L. (v; h) [Iv(" )lie

where v(. is an arbitrary control in V(,,,,r[h]. Hence (2.11) holds.
Since u*(.)e V(,o.r [hi we have from (2.17)

(2.18) lim h.(u.; h)--Ilu*(,
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It is easy to see that /(u; h) is monotonically decreasing in e>0. In fact, for
0 < el < e2 < oe, one has

L(u; h)<-L(u,; h)= 1--Ily(T; u,,)-hl12+llu,(’)llL22
E2

<-L,(u;h).

Thus (2.12) follows from (2.15) and monotonicity of/(u ;h) in e immediately.

3. Linear systems. We now are going to discuss construction of the reachable
set K(o,r) of the linear control system (1.5) by using Theorems 2.1 and 2.2. Before
the discussion, some notations are introduced.

Define a bounded linear operator (5rB) mapping L2(0, T; U) into X as

(3.1) (re)u S(T-t)Bu(t) dt.

Consequently, the dual operator (S’TB)* is bounded from X into L2(0, T; U). The
range of the dual operator (St’rB)* is a subspace in L2(0, T; U) which is denoted by

(3.2) ll={v(.)[v(.)=(fCrB)*(.)p with some 0 X}.

The closure of 0?/ in L2(0, T; U), in general, is a proper subspace, i.e.
L(0, T; U)[1].

Since the system (1.5) is linear it is known that, for each h K(o.w), there exists
a unique optimal control u*(.) with minimum norm in V(o.r)[h] which is called
minimum norm optimal control corresponding to h. If a system (1.5) is finite
dimensional" 0 < dim U _-< dimX < +oo, then the minimum norm optimal control u*(.
has an explicit form [5]

(3.3)

(3.4)

u *(. )= (9TB)*(’)q,

q9 5TB 5TB)*]-lh.
If considering a time-optimal control problem, then the time-optimal control has the
same expression (3.3) with some 0 [2]. Differing from the finite dimensional case and
time-optimal control problem, the minimum norm optimal control u*(. corresponding
to h K(O,T) no longer has the same formula (3.3). In this case we claim the next
theorem.

THEOREM 3.1. Assume h K(O,T. Then the corresponding minimum norm optimal
control

(3.5) u*(’) .
Moreover, the reachable set K(O.T) may be characterized by

(3.6) K(0,T) (,TB)?I.

Proof. Suppose h is an arbitrary element in K(O,T), and u*(. is the unique
minimum norm optimal control corresponding to h. By Theorem 2.2, there exists a
sequence of positive numbers {e, ;n 1, 2,...} which goes to 0 as n - oo such that

(3.7) lim u.(.)=u*(.) in L2(0, T; U).

In the linear case the minimization element u(. for each e > 0 has the following
explicit formula

(3.8) u(" )= (e +r)-l(5"TB)*h,
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where t is a bounded linear operator mapping L2(0, T; U) into L2(0, T; U), defined
as

(3.9) ( (SfTB)*(SfrB).

Obviously, the range of the operator

5TB *K o, o11.

Hence the minimization element u (.) for any e > 0 may be rewritten as

(3.10)
u (e + d)-(5%B)*h (e +d)-(TB)*(5TB)u *

( + d)-’du* d( + d)-’u *,
i.e. u 0?/for any e >0. Therefore, (3.5) follows from (3.7) and (3.10).

The characterization (3.6) of the reachable set KO.T) is a direct result of (3.5). I-1
Theorem 3.1 shows that even though the formula (3.3) for some minimum norm

optimal control u*(. does not hold but may be approximated by a control sequence
{ u, (.); n 1, 2,. }, each control in it still has the formula (3.3). The characterization
(3.6) also makes it known that as a definition the reachable set KO.T) is
(TB)Le(O, T; U), but we may use a subspace (usually a proper subspace) in
L2(0, T; U) instead of the whole space Le(0, T; U).

In the rest a subset of the reachable set KO,T) is discussed; for each element
belonging to it the corresponding minimum norm optimal control has the formula (3.3).

Suppose q is an arbitrarily given element in X. Then (6eTB)*q 0?/ and (6eTB)
(6eTB)*q X. Define

(3.11) G (TB)(TB )*.

Then it is a bounded linear operator from X into X and the range (G)= GX
(6eTB)q/ of the operator G is a subset of the reachable set KO.T). It is known that an
abstract linear control system (1.5) is approximately controllable if and only if 3C(G)
{0}, where 3C(G) is the null space of the operator G. In this case G-1 is an (unbounded)
one-to-one operator from (G) into X. If a system does not have approximate
controllability, then 3C(G) # 0. If it happens then h =G(q +z), for any z 3C(G), as
h =Go and G-lh is not uniquely defined for any h (G). But the element
arg mina=h ]lqll is uniquely defined for any h eg(G) since the set {olGq, =h} is a
closed linear manifold in X. Thus we may define a one-to-one mapping from (G)
into X"

(3.12) G-h =arg min I111,
G h

THEOREM 3.2. Let h (G), u*(. be the corresponding minimum norm optimal
control and u (.) (e > O) be the corresponding minimization element. Then

u*(.)(3.13)

and

(3.14) lim u(.) u*(.) in L2(0, T" U).
e0

Proof. Assume that h e (G), q G-lh is an element in X defined by (3.12).
Thus, h Gq; (S/’rB)(6erB)*o and (6erB)*q e V(o,T) [h ]. We claim

(3.15) u*(. )= (ff’rB)*(")q.
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Suppose u(.) is an arbitrary control in V(o.T)[h] and its projection on the closed
subspace q/is denoted by up(. ). For each in X one has

(u,(.), (erB)*(.)0),o,; (u(.), (erB)*(.)),o.r;
(h, ff)x (Gq, ff)x

((STB)* )q, (OqTB)*( )I[])L2(O,T;U),
or

(up(.)--(TB)*(" )o, (TB)*(" )b)L2(0,T;t)=0.

Since 0// is dense in 0 and [up(.)-(6erB)*(.)q] , we have

u(.)=(B)*(.) for each u(.) Vo.r)[h].

Therefore

I(TB)*(" )IIO,T;U)=IlUo(" )IIO,T;U)IlU(" )II=O,T;U) for each u(. e V(o,T)[h].

By uniqueness of the minimum norm optimal control of the linear system (1.5), (3.15)
holds and u*(. .

Since u u*-e(e +)-au* (see (3.10)), (3.14) is equivalent to

(3.16) lim e(e +d)-u* =0 in Lz(0, T; U).
0

If we consider another family with parameter e > 0 of associated quadratic optimal
control problems,

2L(v; )= II(TB)v -112 + IIv(’)ll o,T,u,

then J(v; ) takes its minimum at v v defined by

If we can show

(3.17)

then

v (e + d)-(rB)*o =(e + d)-u *.

lim ellv(. o,I1o,;

lime IIv (’)11,.(o,;) lim max {e e
e-O e-O

< lim max {e e IIv (.)11 =L2(O,T;U)}--O.
0

The last equation just is (3.16). The rest is to show (3.17) holds for o eX. (Notice, if
o eK(o.r) then (3.17) holds. Here we may show (3.17) holds for any given q eX.)

Suppose 0 is arbitrarily given in X and

q9 =q9 +o
where b e K(o,r) and pl e K(o,r)Jthe orthogonal complement of K(o,r). Since X
g(O,T)@K -(0,T), one has

Denote

(e +()-(6erB)*q5 and

Then

for any e X.

v=(e+d (en

V 3 +V.
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It is not difficult to verify that

(3.18) lim J(, ) -I1 11=
and

(3.19) lim

In fact, since [(YrB)-ff]K(o.r, one has

(3.20)
II(u)
II(u)o = + Ile + II)llL=o,;u 11=

By Theorem 2.1,

(3.21) !im II(SeTB)O -,P = lim J, (b,’ qs) o.
"-0

Equation (3.18) follows from (3.20) and (3.21). Similarly, since
one has

I1 "11 --< (SeTB)V , I1" / I1, 11"

and (3.19) holds by (3.18).
Thus (3.17) follows immediately from (3.19). [3
Remark 3.3. Assume h e K(o.T). Then the corresponding minimum norm optimal

control u*(. has the explicit formula (3.3) if and only if h (G).
Remark 3.4. It is known that h K(O,T) if and only if that. Ilu (.)11 is uniformly

bounded for 0< e <oo or there is strong convergence of some sequence {u,(.);
n 1, 2,...} in L2(0, T; U) under assumption of approximate controllability of the
linear system (1.5). It is asked whether the strong convergence of the family {u(.);
e > 0} with the parameter e is a necessary and sufficient condition under assumption
of approximate controllability of the linear system (1.5). It is a pity that the strong
convergence of the family {u(.); e > 0} is only necessary and need not be sufficient
even under assumption of approximate controllability. (See the example in the
Appendix.)

4. Semilinear systems. In this section, we study exact reachability for a class of
semilinear control systems described by (1.1) in which there exists some relation
between the range of the nonlinear operator ’to,T) (see the definition (4.2)) generated
by the nonlinear function F and the range of the linear operator B.

Notation. We use B(to,tl) to denote the linear bounded operator mapping
L(to, tl; U) into L2(to, tl; X) generated by B’

(4.1) (B(,o.,u)(t)=Bu(t) for to<-_t<-_t <=T.

A nonlinear operator ’(to,tl) mapping L2(to, t; U) into L2(to, t; X) is defined by

(4.2) ((,o.t,)u)(t)=F(y(t; u), u(t)) for to <-t<-_tl <- T,

where y(.; u) is the solution mapping of (1.1) with y(to; u)=0 defined by Lemma 1.1.
The ranges in.L2(to, tl; X) of the linear operator B(to.tl) and the nonlinear operator

(to.t,) are denoted by [B (,o.tl) and g [(to.,,) respectively.
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Define a linear operator ct(to,tl)B and a nonlinear operator o,O(to,tl),.’ both mapping
L2(to, t; U) into X as follows:

(4.3) 6V(to,tl)Bu S(tl-s)Bu(s) ds

and

for u(.)LZ(to, t; U)

(4.4) 5%o,t);u S(tl-S)F(y(s;u),u(s))ds for u(.)sLZ(to, tl; U).

The ranges in X of the linear operator 5%o,tt)B and the nonlinear operator
are denoted by [6%o,ta)B and [9<to,t,)"] respectively.

DzvxyITIOy. The subset Kto,tl) in X defined by

(4.5) K(to,t) l [St’(to,ta)B
is called the reachable set at ta starting from to of the linear control system (1.5)
corresponding to the semilinear control system (1.1), where O<=to<=t <-T.

We need to make some basic assumptions on the reachable set K(to,tl of the linear
control system (1.5) in order to study the exact reachability of the semilinear system
(1.1) later.

Assumption (L). The linear control system (1.5) is [to, tl]-null controllable for
every pair 0=<t0 < t =< T, i.e.

(4.6) ? S o C ? ,cl(to, )B for O <= o < <= T.

THEOREM 4.1. Assume ]:or some to [0, T)

(4.7) [9,o,r] c [9,o,r)B ].

Then

(4.8) K,,r) (F) =K<to,T)

hoMs ]:or every r [0, to] under Assumption (L). If
(4.9) [(to,T)’] ? [SI(to,T)B ],

then

(4.1 O) K(,.w) (F) K(to, T)

holds for r [0, to] under Assumption (L).
Proof. Let T be an arbitrary element in K(,T) (F) and v(. be the corresponding

control in L2(-, T; U), such that

T ,
(’,T);13 -t- ,.(r,T)Bt

(4.11)
S(T to)[Sv(,,to;v + 9,,toBv + ]tg(to,T);I.) -" ,v’(to,T)Bt).

According to Assumption (L) there exists some u(.)L2(to, T; U)such that

S(T to)[Sv,,torv + 5vt,,toBv 5Vto,TBU.

Thus

(4.12) :T ,.g(,o,T)B (U + V + (,o,T);V.

Therefore (4.8) holds under Assumption (4.7) and (4.10) holds under Assumption
(4.9). 1
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THEOREM 4.2. Assume that the constants Kb andK2 in (1.4) and (1.6) respectively
satisfy the following restriction:

(4.13) x/KbK2 < 1.

Assume that there exists some time to close enough to T satisfying

1-4-K(4.14) T-to<4-KrM(liB /

and

(4.15) [ff.to, T>] c [B(to,T>1.
Then, for every r [0, to],

(4.16) K(to,T) C K(,) (F)

holds under Assumption (L ).
Proof. Let to [0, T) satisfy (4.14) and (4.15). Assume that is arbitrarily given

in K(,o, and let v(. be an arbitrary control in L2(0, to; U). By Assumption (L) there
exists some (.) in L2(to, T; U) such that

(4.17) S (T to)[(,.toV +(,to)Bv (,o,BO.

Suppose u(.) is any given control in L2(to, T; U). By Assumption (4.15) there
exists some a(.) in L2(to, T; U) such that

(4.18) (to,T)U +B (to,r)a e ,
where e(.) is in L2(to, T;X) and

(4.19) lie1(" ;x) O.
Here Q is the positive constant defined by

(4.20) Q 4K2+4(T to)KlM(liB + g=),

By inequality (4.14), Q<I. Once ,(.)L2(to, T;U), n=l, 2,..., has been
obtained, define

(4.21) u,+(.) a,(.)+e(.), n 1, 2, ,
and determine t,/l(" in L2(to, T; U), n 1, 2, , by Assumption (4.15) as follows.

(4.22) ,-’(to,T)Un+l +B(to,T)l.+l en+l, n 1, 2,.

(4.23) e+L2(to, T;X) and ....lle,+x(’)ll=(,o,;x)<(n+l)-----, n=l, 2,....

By Lemma 1.1 and Assumptions (1.4) and (1.6), we have

2KbO
n

2KbQ"
2 + 4KrCllly (. u.+1) y (" Un)[IL2(to,T;X)
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2

2KbO
n

)-an-l(" )IIL2(to,T;U)

[1 1 ]<= 2KbO" -+ (n 1)----+" "+ 1

--<(2"(2, n=l,2,...,

where rio(. )= u x(" )-iT(. and

O =4gb +lla(’)-ao("
By Assumption (4.14) one has O < 1; therefore the sequence { u, (.); n 1, 2,. "} is
a Cauchy sequence in L2(to, T; U) and there exists some control u(. in L2(to, T; U)
such that

lim u,(.) u(.) in L2(to, T; U).

Due to the strong continuity of both the linear operator 9,o,r)B and the nonlinear
operator 6,o,r)" mapping LZ(to, T; U) into X one has

0 lim 5,o,r)e. lim [9.o,r)u. + 5(,o,r)Bt;.

(4.24) ,(to,T),.;U + ,-g(to,T)Bt ,-St’(to,r),-’U + ,.(to,T)BU ,c(to,T)BO

S(T to)[6e(.,o)v + 9(,to)Bv +

Define a control w(. in L2(-, T; U) as follows:

(4.25) w(t)= { v(t)’ r <=t <t’
u(t), to<-_t<-_T.

Then y (T; w) ’r follows immediately from (4.24) and (4.25), i.e.

:r e K(,r) (F) for every Cr e K(to,r).

This is (4.16). 13
Remark. Since (4.15) implies (4.7), one has

(4.26) K (to,T) K (.r.T) (F) K(to, T) (r e [0, to]),

under conditions of Theorem 4.2.
COROLLARY 4.3. (1). Assume that]or each u(’)eL2(0, T; U)

(4.27) F(y(t;u),u(t))eg[B], O<-t<-_T.

Then there exists some toe[0, T) such that (4.16) holds under Assumptions (4.13) and
(L).

(2). Assume that the nonlinear function F is independent of u i.e. F(y, u)= F(y).
Then there exists some toe [0, T) such that (4.16) holds under Assumptions (L) and
(4.27).

Proof. (1). We claim that for any given to e [0, T) and u(. e C([0, T]; U) one has

o%(,o,r)u e [B (,o.r)
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under Assumption (4.27). In fact, for any given toe [0, T) and u(.)e C([0, T]; U)
one has F(y(. u), u(. )) e C([to, T]; X) by Lemma 1.2. Let e > 0 be arbitrarily given;
then there exists 6 > 0 such that

IIF(y (t; u), U(tl))-F(y(t2; u), u (t:))ll-<
24T-to

uniformly holds for any pair tl, t2 in [to, T] with It1 t21 < B. Denote

6
Zo to Ti + Ti -[" , 1, 2, .

Then there exists some positive integer N such that zN -< T < rt+ 1. By Assumption
(4.27), there exist Vo, v l, vu in U such that

i=0,1,...N.

Define

v(t) vi, for e [-i, ri+l), 0, 1,. N.

Then v(.)eLZ(to, T; U) and

[[V(y (t; u), u(t))-Bv(t)ll

=< I[F(y(t; u), u(t))-F(y(z,; u), u (,,))ll + IIF(y(,,; u), u(,))-Bv,ll<

holds for e [% ri+l), O, 1, , N. Thus

I’(y (" u), u(. ))-v (.)l[,.(,o.;x <,

(4.28) [-(,o,r [B (,o,r)

holds for some toe [0, T) satisfying (4.14). Then

(4.29) K(,r) (F) K(,o.7-)

holds for every z [0, to] under Assumption (L).
Proof. Since all conditions in Theorem 4.2 are satisfied under Assumptions (4.13),

(4.14) and stronger Assumption (4.28), (4.16) holds. Because (4.28) implies (4.9),
(4.10) holds. Combining (4.6) and (4.10) gives (4.29). [-i

In the rest of this paper, we are going to discuss Assumption (1.4) in 1 and
other assumptions of corollaries in this section with some examples.

i.e., F(y(. u), u(. ))e [B(,o.r)] for any u(. )e C([to, T]; U).
Since - continuously maps L2(to, T; U) into L2(to, T;X) and C([to, T]; U) is

dense in L2(to, T; U), the inclusion relation (4.15) holds for any toe[0, T) under
Assumption (4.27). Taking to close enough to T such that (4.14) is satisfied we have
immediately (4.16) from Theorem 4.2.

(2). Let the nonlinear function F be independent on u; then Kz 0. Thus (4.13)
is naturally satisfied and (4.16) holds by part (1). U

COROLLARY 4.4. Assume F(y, u) F(y) and (B) X in (1.1). Then (4.26)
holds and K(,(F)=X (-e[0, to]), i.e., not only is the system (1.1) approximately
controllable but it also has the exact teachability property for K(to,. (There are no
restrictions on the range (F) or [:T(to,] because of the assumption (B)= X.)

COROLLARY 4.5. Assume that (4.13) holds and
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Example 1. Consider the finite-dimensional control system (1.1) with X R
and U=R" (0<m-<n<+m). Thus B is an nxm matrix. If rankB=m, then
Assumption (1.4) is satisfied. Without loss of generality assume IB I 0 where

Since the m x m matrix B,, is invertible we have

Ilu I1 -liB lBmul[t’<-lIB 7 IlB,,u I[ liB 1 IIBu I1-.
If F(y, u) is in g[B] for any y dR" and u eR", then K(,7-)(F)=K(o,T) by Corollary
4.5.

An interesting example is such a control system with m-dimensional nonlinear
disturbance of the control:

dY+Ay =B[P(y,u)+u],(4.30) d--
where F(y, u) with m components Fl(y,u),.’’ ,F,,(y, u) is an arbitrary nonlinear
function from R" xR into R" satisfying (1.6). Obviously it has the same form (1.1)
withF BF and satisfies conditions of Corollary 4.5. ThusK(,,r) (F) K(o,r, 0 -< z < T,
i.e. the reachable set of the linear control system (1.5) is an invariant subset in the
state space R" about any nonlinear disturbance of the control u. I-1

For the arbitrary control system (1.1) one of the most typical cases is that there
exists a closed subspace X, in X such that U is isometric to X,,. Denote P,, as the
orthogonal projection of X on X,,. Then P,,B is a bounded linear operator mapping
U into X,,. Assume that

(4.31) the operator PmB has a bounded inverse (P,,B)-I mapping Xm onto U.

Then Assumption (1.4) holds under Assumption (4.31). In fact,

Ilu IIu --< II(P,.B)- (P,.B)ulIu --< IIe nullx IIBullx
holds for any given u U. Obviously Assumption (4.31) is a ,generalization of the
condition rank B m in finite dimensional control systems.

Example 2. [9, Example 1]. Let X=La(0, 7r), A =-d2/dx with D(A) consist-
ing of all y X with d2y/dx X and y (0) y (or) 0. Then X {e, n 1, 2, .}
where en (x)= x//zr sin nx, 0 <= x <= 7r, is the eigenfunction corresponding to the eigen-
value -n of the operator -A, n 1, 2,.... Define U ={e, e3," "}. For any u

En=2 u,,e,, in U define

Bu ue + Y, u.e,,,
n=2

where is some fixed integer larger than 1. In this case, X,, U and P,,B is the
identity operator in U. Hence Assumption (1.4) is satisfied. 71

Example 3. Let X j--1 0)X. where X. is rj-dimensional subspace of X(r, < o)
6

Denote Pi as the orthogonal projection of X on X.,/" 1, 2,.... Thus B Y’,i=l 0)Bi
where Bi PjB maps U into Xi,/" 1, 2,. . Assume that ,Y is a subset of positive
integer set {1, 2,. .} and

(4.32) U Y, Ui, where Ui, is isometric to Xi,, /" .
j,-
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Hence the operator B is able to be rewritten as

B= BrBcom where Boom Br,.

The restriction of each B, on Ui, defines a finite-dimensional map/., mapping Ur
into Xr, J’ -. Assume that each/r is invertible, i.e./, is equivalent to an invertible
rr by ri, matrix,/" if, and

j’

Then

P,,,B= Z Bi,

has a bounded inverse (P,B)-1 and

II(P,.B)-II= Z IIt  , =.
j,

Thus (1.4) holds.
Similar to Example 1 the reachable set K(0,T) of the linear control system (1.5)

is invariant for any nonlinear disturbance of the control u under suitable assumptions,
i.e. K(O,T)--KO.,T)(F) where K (.,.,T) (F) is the reachable set of (4.30) in which the
nonlinear function F maps X x U into U. [3

Example 4. Assume U =X and B =/, the identity operator in X. Then
Kt,,T) (F)= KO.T holds for every r [0, T)under Assumption (4.13). IfF(y, u)= F(y)
then it holds for every r [0, T). [-1

Appendix. Consider the one-dimensional heat equation with homogeneous
boundary condition

(A.1) 0Y(t’x----’-02y(t’x---------’+u(t,x), 0<t<T, 0<x <l.
Ot Ox 2

(A.2) y(t, O)= y(t, l)=0, 0 -< t=< T,

(A.3) y(0, x) =0, O<=x<-l.

Denote X L2(0, 1), U X. Suppose A. n2, n 1, 2,..., are the eigenvalues of
the heat equation (A.1) with the boundary condition (A.2) and e,(x)=
///sin (nrx/l), n 1, 2,..., are the corresponding eigenfunctions which form a
normalized orthogonal base of the space X.

Assume v(. L2(0, T; U) L2((0, T) (0, I)) has the Fourier expansion

v(t)= Z v,(t)e,,
n=l

Z v2(t) d
n=l

and q X L2(O, l) has the Fourier expansion

n=l n=l
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Then

(,S’TB)t y’. e-an(T-t)
n=l

v.(t) dte,,

(S’rB)*o Y e-"(r-,)

n=l

T

JO= Y. --An(T--t) f e-An(T-s)
Jon=l

1 e-2A"T
G E .e..

n=l

We now consider such an element h in X"

(A.4) g= E he., h.
1--e-ZX"T

.= 21.
It can be verified that

(1) h sK<o.) and

v.(s) ds e.,

n=1,2,...

(A.5) a(t) Y’. a.(t)e., a.(t) e-A.(r-t), n 1, 2,...,

is the minimum norm optimal control corresponding to h.
(2) lim_.oU(.)=a(.) inL(0, T; U).
(3). hgY(G) and a(.)gq/.
Proof of (1). It is obvious that/7 (SPTn)ti E K(O,T). Suppose u (.) L2(0, T; U)

is an arbitrary control in V(O,T) [h

u (t) Y’. u. (t)e,,, 7 u2 (t) dt < +oo.
n=l =1

Since h (brB)u, thus

and

T

h". Io e-X"(T-t)u"(t) dt

a (t) dt h. < Ilu.(,
2A.

i.e., [[a. (.)ll=<o,r)_-< [[u. (.)l]=o.r), n 1, 2, . Hence

for any u(.)s V(o.T)[h] and ti(.) is the unique minimum norm optimal control
corresponding to h.

Proof of (2). Suppose e >0 and v (e + ()-lt with the Fourier expansion

v(t)= Vn(t)e..
n=l

Then (e +()v a is equivalent to that each component v.(t) (n 1, 2,...) of v
satisfies

1 rT --A (T-t)

(A.6) v.(t)+ Jo e_An(T_t) e_An(T_s)vn(s)ds e
=, e>0, n=1,2,....

8 8
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It is easy to verify that each Fredholm equation (A.6) has a unique solution

2Ane-X.(T-t)
v.(t)=l+2eh._e_2X.r, n=l, 2,....

Thus

2 2 2 (t) dtII(’)IIL (0.T= Y,

-2XnT -2ANT2eh.(1-e 1-e
E -r)

-< .E -r, ( > 0).
.=l(l+2eh.-e l+2eh.-e

For each e > 0 we may uniquely define a positive integer N(e) such that

eN2(e)<- l <e[N(e)+ l]2 fore>0.

Thus, by definition of N(e), we have

N()

22 <lime +lim_.o e IIv (’)11, (o.;-o ,.

Thus (2) is proved.
Proof of (3). If h eX and

\ 1 --e -2’x"T

).=N()+I 1 +2eh. --e -2x"T

1 1 1
<-limii+ lim Y - O.
eO - e-->O n=N(e)+l l

h=Eh.e., Eh < +00,
n=l n=l

2then h (G) if and only if that there exists some Y.. .e. with .__ . < +o
such that

1 --e -2x"T
h. ., n 1, 2,. ..

2A.
Obviously, the element h in K(o,T) defined by (A.4) does not have to be in (G).
Similarly, a(. q/. I3
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Abstract. We analyze a dual approximation for the solution to an optimal control problem. The
differential equation is handled with a Lagrange multiplier while other constraints are treated explicitly.
An algorithm for solving the dual problem is presented.
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1. Introduction. In computing the solution to an optimal control problem, most
of the difficulty centers around the differential equation. In this paper, we consider a
dual approach where the differential equation is handled with a Lagrange multiplier,
while other constraints are treated explicitly. This scheme was first studied by Rockafel-
lar [47], who establishes existence results and optimality conditions for primal and
dual solutions. We now analyze the following numerical aspects of the dual procedure:

(1) Existence of finite dimensional approximations.
(2) Regularity of dual solutions.
(3) Relations between dual multipliers and primal solutions.
(4) Error estimates for piecewise polynomial approximation.
(5) Techniques for solving the dual problem.
The first error estimate for a dual approximation to a control problem is given

by Bosarge and Johnson [5], who study unconstrained problems with quadratic cost
and linear system dynamics. For piecewise polynomials of degree k, they show that
the ,Q92 error in the approximating control and state is order k. In [14] we introduce
linear inequality state and control constraints, and analyze a full dual scheme where
multipliers are attached to each constraint. The dual optimization is related to an
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was supported partly by the National Science Foundation under grants MCS 8101892 and MCS 7825526,
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Ford Foundation. The analysis of the dual scheme and the algorithm for solving the dual problem are
contributed by the first author. The four numerical examples are contributed by the second author.
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Jet Propulsion Laboratory, Pasadena, California 91109.
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energy projection, and the error is at best order 1.5 due to discontinuities in the
control’s derivative, Later 16] our estimates are extended to general convex problems,
and examples are analyzed in [20]. Mathis and Reddien [32] notice that Bosarge and
Johnson’s estimate for the control error is not optimal, and sharpen this bound using
a duality argument [37]. Some dual approximations to systems described by partial
differential equations are developed by Mossino [35], [36] and Bosarge, Johnson and
Smith [6].

Other techniques for constrained control problems are contained in [54], [25],
[3], [10], [24], [56] and [39]. Penalty methods for variational problems were introduced
by Courant [9], and applied to control problems by Russell [54], Lasdon, Warren and
Rice [25], and others [3], [10]. These methods have wide applicability, although the
penalized problem is ill-conditioned as the penalty growsnsee Luenberger [29].
Jacobson and Lele [24] note that some state constraints can be removed by Valentine’s
device [57]. Thompson and Volz [56] show that control problems with linear dynamics,
quadratic cost and a single linear inequality state constraint can be solved using a
nonsymmetric Riccati equation. Pironneau and Polak [39] present a dual method of
centers for problems with inequality endpoint constraints and affine inequality control
constraints.

Advantages of the dual scheme are its speed and generality; problems with
endpoint, control and state constraints can be handled. Although our convergence
theory assumes that the system dynamics is linear, the scheme applies to nonlinear
systems. Unfortunately, there are cases [31], [46] where the dual does not solve the
primal. A cure for "duality gaps" is the multiplier methods [4], [21], [41], [48], [49]
which combine penalty and duality techniques.

2. The method. A control problem is the constrained minimization of a functional
C(x, u) over a collection of controls

u:R
and a collection of states

x: -R
where R denotes the real numbers and R is the n-fold Cartesian product R x R .
R. For convenience, let us assume that ff is the interval [0, 1]c R. Throughout this
paper, Lebesgue measure is used for if, and measurable functions are equal if they
are equal almost everywhere. Let denote the set of pairs (x, u) where x is absolutely
continuous and u is summable.

The admissible set for the control problem is described by two types of constraints.
First there is the system dynamics M(x,u)=O where M:- is a differential
operator which we assume is linear"

M(x, u)(t):= x’(t)-A(t)x(t)-B(t)u(t);

here w is the space of summable functions f: ff R n, A(t) is an n x n matrix for each- whose individual elements are summable, and B(t) is an n x rn matrix for every
whose elements are essentially bounded. Second, there may be constraints such

as

x(0) a (initial condition),

x(1) b (target),

u(t)l--< 2 (control constraint), or

x(t) >= 0 (state constraint).
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We assume these conditions are embedded in the cost functional by setting C(x, u)
when the constraint is violated. This convention is discussed in Rockafellar’s paper
[52]. Hence C" Y--> R where R is the extended reals R t3 {oo}, and the control problem
takes the form

minimize C(z)
(1)

subject to M(z)=0, z

Of course, z denotes the pair (x, u). Since the cost is minimized, we are only concerned
with those z for which C(z) is finite. The effective domain of C is given by

dom C := {z

It is assumed that C proper and there exists a feasible function for (P); that is, the
effective domain of C is nonempty and there exists z e dom C such that M(z)= O.

Now we formulate the dual of (P). Letting oo be the space of essentially bounded
functions f: ---> R n, the dual functional L" G--> R t.J {-oo} is defined by

L(p) inf {C(z)+(p,M(z))" z

where (.,.) is the usual 2 inner product"

(f, g):= f f(t) g(t) dt

for all measurable f, g" ---> R n. Here is the Euclidean dot product. The dual problem
becomes"

maximize L(p)
(D)

subject to P o.
Since L is maximized, the effective domain of the dual functional is given by

dom L {p: L(p) > -oo}.

Clearly, from the definition of L,

(2.1) sup {L(p): p }<=inf {C(z): zY,M(z)=O}.

This inequality is sometimes called weak duality [31]. The stronger statement, "There
exists a solution to (D) and (2.1) is an equality," follows from the

BOUNDEDNESS ASSUMPTION. There exists p > 0 such that

inf C(z) < oosup
wGt, z

Ilwllel--<p M(z)=w

where

Ilwl]l I w(t)[ dt

and l" is the Euclidean norm.
THEOREM 2.1. If C is convex and the boundedness hypothesis is satisfied, then

there exists a solution p to the dual problem, and

L(p) =inf {C(z)" z ,M(z)=0}.
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Notice that the dual problem has a solution even though the primal problem may have
no solution. Theorem 2.1 is an elementary application of general duality principles
(see Theorem A.3 in Appendix 1).

If p solves the dual problem, any solution to the primal problem minimizes

(2.2) C(z)+(p,M(z))

over z Lr. Thus, to solve the primal problem, we can first solve the dual and then
find those z which attain the minimum in (2.2). This procedure is modified for
numerical computations. We replace the dual feasible set by a closed subset 6eh Of a
finite dimensional space giving us the approximation:

maximize L(p)
(Dh)

subject to p 6eh.
An important issue is whether there exists a solution to (Dh). By Theorem 2.2 below,
the boundedness hypothesis assures existence. If Ph solves (Dh), we take as an approxi-
mation to a primal solution any Zh for which

L( ph) C( Zh) + p, M(z)).

The paper’s main focus is the second issue" Is Zh "close" to a primal solution? Under
a uniform convexity hypothesis, the answer is yes.

These convergence properties are related to the smoothness of dual solutions. If
an optimal p lies just in , the dual problem may be hard since the approximation
of essentially bounded functions using standard 6eh is not easy. In the following sections,
we observe that p has some smoothness. This section concludes with an existence
theorem for (Dh). Appendix 1 proves a more general result.

THEOREM 2.2. Suppose that h C .x where h is also a closed subset of a finite
dimensional space. If the boundedness hypothesis holds, then (Dh) has a solution.

3. Bounded variation. Under appropriate assumptions, the classical minimum
principle [40], [26] for the control problem

minimize f f x u t) dt

subjectto M(x,u)=O, (x,u)eY, x(O)=a,

u(t) U c R almost everywhere,

states that an optimal solution satisfies

where

and

h(u(t), t) =min {h(v, t): ve U} almost everywhere

h(v, t)=f(x(t), v, t)+q(t)B(t)v

q’(t)=-A(t)Tq(t)-Vxf(X(t), u(t), t) T almost everywhere,

q(1) =0.

Above, T denotes transpose, V is the gradient with respect to the state argument,
and q is called the costate.
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We expect that dual solutions are related to the costate, but observe that q is
ditterentiable while dom L . However, a fairly weak hypothesis guarantees some
smoothness for elements in dom L. Let c be the subspace of infinitely ditterenti-
able functions. We introduce the sets

’=(y**:llYll_-<y}, g={y:y(O)=y(1)=O},
where

Ilyll =sup {lY(t)l: if},
and the

INTERIORITY ASSUMPTION. There exist 2 ($, ft) Y{ and y > 0 such that

sup {C(g’+ q, a): q, } < c.

Finally, recall that elements of oo are equivalence classes of functions equal
almost everywhere, and let denote the subspace of functions with bounded
variation that are right continuous on (0, 1).

THEOREM 3.1. If p dom L and the interiority assumption holds, then p f’) is
nonempty.

Proof. Inserting z (-q, a) into the relation

C(z) +(p, M(z)) >- L(p)

and utilizing the interiority hypothesis, we have

(3.1) sup {(p, q/): q e ’v} < o.

Given 5 and f e 1, let us define

f*(5) sup {(f, 0’>: q 5}.

Hence, p+(+)< by (3.1). Any fi0 can be written as

=q+6

where 6 is the linear function agreeing with 4(t) at t=0 and 1, and

q (6-) .
Since ll6’ll--< 2, it follows that

(P, ’) -< (P,

and taking the supremum over fia yields

p+( 1)__< p,( ,z)+ 211 pll:e

The next lemma completes the proof.
LZMMA 3.2. If f and f+(fiOa) <, then f f3 is nonempty.
Proof. Let c be the space of continuous functions y" R" and define A: c R

by A() (f, ’). Since

a() <= f*( 1)11 11
A can be extended to a continuous linear functional A" c R. By the Riesz representa-
tion theorem, there exists g e such that g(1)= 0 and

/() (t). dg(t) V e c.
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In particular, if b c and 4(0)= 0, integration by parts gives us

(6) =-(g, 6’)= A(6)=(f, 6’).

Therefore, f(t) -g(t) almost everywhere.

4. Absolute continuity, I. Although there exist dual solutions with bounded
variation, the following example, called the obstacle problem, shows that a continuous
dual solution may not exist:

minimize

subject to

u(t) dt

x’(t) u(t) almost everywhere

x(t)>=a(t) for all teff,

x(O)--x(1)--O, (x, u)Y,

where a s is given data. It turns out that the optimal state is the profile of an elastic
string lying in the (t, x) plane with ends fastened at (0, 0) and (1, 0) and stretched
over the obstacle a(t); moreover, a solution to the dual problem is the derivative of
the optimal state. Hence, a dual solution can be discontinuous when the obstacle has
discontinuous derivatives.

For problems with "smooth" data, we have already established the existence of
a Lipschitz continuous dual solution [15]. On the other hand, the next section refines
our earlier work [19] and shows that combinations of multipliers are absolutely
continuous even if the data is rough. In this section, the existence of absolutely
continuous solutions is established for control constrained problems. We say that the
sequence {qk} c converges pointwise to q if

lim qk (t) q(t) almost everywhere
k

and the essential supremum of qk over - is bounded independently of k. In particular,
the sequence is called a O-sequence if q- 0. A functional F defined on c is
O-stable on if there exists N < oo such that

lim F(q) <N
k

for each 0-sequence {qk}C . Here limk is an abbreviation for lim SUpk-. Finally,
let us introduce the

0-STABILrrv ASSt3MPTION. For some 2 (, ) , C( +., ) is O-stable on .
Letting be the subspace of functions that are continuous .at 0 and 1,

we have"
THEOREM 4.1. If p 3 fq dom L and the O-stability hypothesis is satisfied, then

p is absolutely continuous.
By Remark 1 in 8, absolute continuity for a dual solution is also deduced from

[47, Thm. 4] in some cases. In his proof of [47, Thm. 4], Rockafellar uses both an
"attainability" and an "integrability" assumption. Attainability is related to, but weaker
than, our boundedness condition, while integrability implies that the cost functional
satisfies a growth condition, a requirement not present in our analysis.
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Now let us prove the theorem. Inserting z (2-Ok, a) into the relation

C(z) +(p, M(z)) >= L(p)
and invoking the 0-stability hypothesis,

(4.1) lim (p, q’)<=N-L(p)-(p,M())
k

for all 0-sequences { qk} c . Moreover, if c is a scalar, { C6k} is a 0-sequence satisfying
(4.1). Since c is arbitrary,

(4.2) lim (p, q,) 0.
k

For convenience, let us assume that n 1 and let A be the regular Borel measure
corresponding to p [53, Thm. 8.14]. We show that A is absolutely continuous with
respect to Lebesgue measure/x; that is, A (E)= 0 for every Lebesgue measurable set
E such that tz(E) =0. Given a closed set E c (0, 1), it is well known [22, p. 4] that
there exists a sequence {6k} C g such that 0-<_ qk--<--1 and

lim k(X) KE(X)
k

for every x - where KE is the characteristic function of E. Of course, {qk} is a
0-sequence if tz (E) 0. By the dominated convergence theorem,

lim / ,(t) dA(t)= A(E).

On the other hand, integrating (4.2) by parts,

(4.3) lim f qk(t) dh(t)=0
k ,

for all 0-sequences {q,k} c . Since , is a regular Borel measure, we conclude that
is absolutely continuous with respect to z and hence p is absolutely continuous [53,
Thm. 8.16]. [3

Defining the Stieltjes integral

(p, f) [ f(t) dp(t)
d

for f e and p e 3, observe that (4.3) is equivalent to the statement, "(p, ) is 0-stable
on ," so we have"

COROLLARY 4.2. If peY3 and (p,.) is O-stable on g, then p is absolutely
continuous.

5. Absolute continuity, II. Now let us characterize the feasible dual functions for
state constrained problems. If D:’ R and 5e is a set of states, we say that (Se, D) is
an extension of C if C D on dom C and

dom C {(x, u) dom D" x

For example, in the obstacle problem,

6f {x " x(t) >= a(t) lt ’}
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where 1 c is the subspace of absolutely continuous functions and

[(u, u) if x(O)= x(1)=0,
D(x, U)

oo otherwise

is an extension of C.
The following theorem introduces a multiplier for 5e. Defining the norm

Ilxll -Ix(0)l / [ [x’(t)l dt for x ,
observe that and R nx1 are isomorphic with elements in the respective spaces
related by the rule

x -, (x(O), x’).

Hence, any f *, the space of bounded linear functionals on , can be expressed in
the form

f(x) c. x(0) +(,0, x’):= ((c, ,o),

where c R" and w w.
THEOREM 5.1. Suppose that p dom L, and (, D) is an extension of C where S

and D are convex, and ol has nonempty interior. Then there exists y (c, w)
R" such that

(5.1) D(z)+(p,M(z))+(y,x-y)>=L(p)

for all z (x, u) and y . Furthermore, if D satisfies the O-stability hypothesis and
p + w) , then p + oo is absolutely continuous.

Since D(z)<= C(z) for all z , (5.1) implies that

(5.2) C(z)+(p, M(z))+(r, x- y)a >- L(p)

for all z (x, u) Y and y 5e. The existence of 3’ satisfying (5.1) follows directly from
Fenchel’s duality theorem [46], [28] and the fact that

L(p) =inf {D(z)+(p, M(z)): z (x, u) , x }.

If D satisfies the 0-stability hypothesis and (p+w), it is easy to deduce from
(5.1) that (p + w,. is 0-stable on . By Corollary 4.2, p + o is absolutely continuous.

If x" - R", we write x <= 0 if xi(t) -<_ 0 for every and i. Similarly, x is nondecreas-
ing if x( t) x( s) <= 0 for all t-< s. Recall that spaces like and M consist of functions

f: ff R". To denote the corresponding space of functions f: -R s, we attach the
subscript s to the space.

LEMMA 5.2. Suppose that K M is convex and define the set

5={x C: K(x)<=O}.

If there exists sg such that K()i(t) < 0 for every and i, then ]:or each 3’ *, them
is a nondecreasing u Yd such that

(5.3) (u, K(x)) inf {(y, x-y): y S}

for all x
Combining Theorem 5.1 and Lemma 5.2,

(5.4) C(z) +(p, M(z))+(u, K(x)) >= L(p)
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for all z (x, u) ’. To prove the lemma, we apply Theorem A.3 from Appendix 1
to the problem

maximize (y, y)

subject to K(y) =<6, yM.

Hence, there exists u s satisfying (5.3) and

(5.5)

for all nonnegative f cos. If A is the regular Borel measure corresponding to ,, (5.5)
implies that A is positive or

In the last lemma, we generated u for given y. Now, let us produce y for given ,.
PROPOSITION 5.3. Assume that K: M % is convex and differentiable, C is convex,

is nondecreasing, and (5.4) holds for some p dom L. If (, a) has the
property that C() + (p, M()) L(p) and

then the y M* defined by

6:= {x M" K(x) <-O},

satisfies (5.2).
Proof. Under our hypotheses, the functional f(. := (u, K(. )) is differentiable on

M and

f’[x](y) ,, K’[x]y).
Since 5e and , is nondecreasing, it also follows that f()-<_ 0. The inequality (5.4)
and the relations C()+(p,M())=L(p) and f()-<_0 imply that f()=0 and
minimizes C(z) + (p, M(z)) +f(x) over z (x, u) ’. Applying Lions’ characterization
[27, p. 12] for the minimizer of the sum of convex and differentiable functions gives us:

(5.6) C(z)+(p,M(z))+f’[](x-)>-L(p)

for all z (x, u) . Since , is nondecreasing, f is convex and we have the standard
inequality [31, p. 84]"

(5.7) f(y) >- f(x) +f’[x](y- x)

for all x, y M. Inserting x= and recalling that f()=0, (5.7) yields

f’[](y ) -<_ 0 Vy St.

Relation (5.6) completes the proof.
In some cases, the y produced by Proposition 5.3 can be described more precisely.

Suppose that G(t) is an s n matrix for each e if, and define Gx" R by

(Gx)(t) G(t)x(t)

where x" 3- R n.
LEMMA 5.4. If the elements of G are absolutely continuous and , , then

(u, Gx)=(GTI, x)e-(G’x, ’)

for every x M. Hence, for suitable b and c R , we have

(,, Gx) c. x(O)+(a,, x’) Vx
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where

o)(t) b-G(t)Tv(t)+ G’(cr)Tv(r) dcr.

These identities are left for exercises. Given more information about the con-
straints, feasible dual functions can be described more precisely. For example, if the
states are unconstrained at 1, then p(1) + w(1) 0 under the hypotheses of Theorem
5.1. Of course, a dual solution may be smoother than a typical feasible element. In
an earlier paper [15] we show that when the cost is strictly convex in the control and
constraints are smooth enough, there exist optimal Lipschitz continuous functions p,
w, u, x and u. Moreover, x and p+ w have Lipschitz continuous derivatives. (To be
more precise, u is only Lipschitz continuous on the open interval (0, 1).)

The analysis of primal and dual solutions is different from the arguments in. 3-5.
In 15] we start with the control minimum principal and adjoint equation, and use the
implicit function theorem to estimate Iv(tl)-v(t2)l and [tt(tl)-u(t2)l in terms of
smoother variables, x and p+ w. Greater smoothness for v and u implies better
regularity for x and p+ o. Malanowski [30] extends these results to problems with
nonlinear system dynamics. Returning to the question concerning the relation between
p and the costate, we show in [19] that p+ w corresponds to the usual costate.

Interiority. Suppose that

5e={x : x(t)X(t) Vt 3-}

where X(t)c R for each 3-. A map such as X from 3- to subsets of another space
is called a multifunction [51]. If X(t) is convex for every 3-, we say that X is
convex-valued. In this section, properties of b are studied under the

POINTWISE INTERIORITY ASSUMPTION. The interior ofX( t) is nonempty for every
3- and the set

’:= {(t, x)" t 3-, xintX(t)}c 3-xR

is open.
Above, "int" denotes interior.
Rockafellar [45, Lemma 2] shows that X is lower semicontinuous when X is

convex-valued and pointwise interiority holds, and in proving [45, Thm. 5], it is seen
that has nonempty interior. Rockafellar’s development utilizes a continuous selection
theorem of Michael [34, Thm. 3.2]. The fact that 5e has nonempty interior is also
deduced from an appropriate partition of unity, as we now demonstrate.

The support of a function f: 3- R is defined by

supp f closure { 3-: f(t) # 0}.

Given a collection 6 of open sets whose union is 3-, there exists [1, p. 51] a finite set
c q of nonnegative functions such that

and for every

E b(t)=l vte3-,

supp 4’ U
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for some U (7. The set is called an infinitely differentiable partition of unity subordin-
ate to 6. Defining the set

57={x : (t, x(t))Vt },

we have:
LEMMA 6.1. If X is convex-valued and pointwise interiority holds, then 5? is

nonempty.
Proof Given f: E R", define

6i {t : f(t) int X(t)}.

By pointwise interiority, 6I is open when f is continuous. If cg is the collection
of constant functions, then

f

Let be a partition of unity subordinate to {6: f }. For each q , there exists
f(q) such that

Observe that x given by

supp ,
x(t)= Y f(d/)(t)

is a convex combination of points in the interior of X(t) for every
LEMMA 6.2. If pointwise interiority holds, x c, and x( t) int X( t) for each 5r,

then there exists p > 0 such that

{ye g": ]y-x(t)l<=p}= X(t)

for every ft.
X, the complement of , and {(t, x(t))" .t if} are disjoint closedProof. Since "c

sets, the distance between them is positive.
Lemmas 6.1 and 6.2 and the inequality

imply that 5e has nonempty interior when X is convex-valued and pointwise interiority
holds. Defining the set

5e {x e: x(t) e X(t) almost everywhere},

we have:
THEOREM 6.3. If pointwise interiority holds and X is convex-valued, then for each

x b, there exists a sequence {Xk} converging pointwise to x. Moreover, for any
finite set {(tj, aj)} where the ti are distinct, it can be arranged so that Xk(t) a for
every ] and k. (Pointwise convergence is defined in 4.)

Proof. Given x e and e > 0, we exhibit w e S such that

(6.1) /z{t : Iw(t)-x(t)l>

where/x is Lebesgue measure and IIw[l is bounded independently of e. To simplify
notation, let x also denote a particular element in its equivalence class for which

x(t)X(t) Vt ,-
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and Ilxll is finite. By Lusin’s theorem and regularity properties of Borel measure [53,
Thms. 2.23 and 2.17], there exist y and a closed set K c 3- such that z(K c) _<- e,
IlYll --< Ilxll, and

x(t)=y(t) VtK.

Recalling Lemmas 6.1 and 6.2 and the fact that is a dense subset of % there
is z o such that

IlY- zl[ _-< e,

and z(t) int X(t) for every K. By pointwise interiority, the set

={t : z(t)intX(t)}

is open. Let {1, ’2} be a partition of unity subordinate to {, K c} and define

w(t) i]/l(t)z(t) + b2(t)2(t)

where . Since z(t) int X(t) on supp ’1, and I]/1 "- I]/2 is identically 1, it follows
that w 5. Since ’1 1 on K, (6.1) is established.

Next, given (or, a), let cff be an open interval containing r such that
/x() _-< e and

x{a}c J.
Letting { 4, 42} be a partition of unity subordinate to {if, {o’}C}, define

V(t) abl (t) + w(t) 2(t).

Observe that v 6, v(o-)= a, and v(t)= w(t) except on a set of measure <=e. The
second part of the theorem follows almost immediately.

7. Pointwise minimization. The next section provides a convenient representation
for the dual functional when the cost and the constraints assume a special form. Here
we review some theorems on measurability, drawing on Rockafellar’s work [51], and
develop preliminary results. Let us consider the following problem:

inf {I(x): x

where I: --> R is defined by

I(x) | f(x(t), t) dt
d

for some f:Rnx 3---> R. We assume that I is proper, and the integrand is measurable
and majorizes a summable function whenever x e.

Classically, f(x(. ),. is measurable when x(. is measurable if the Carathodory
conditions hold; that is, f(., t) is continuous for each fixed t e 3- and f(x,. is measurable
for each fixed x e R n. On the other hand, we may wish to embed constraints in the
cost functional. For example, the constraint

x(t)X(t)

almost everywhere can be incorporated in the cost through the definition

f(x, t)=c ifxC_X(t).

The normal integrand, introduced by Rockafellar [51], is a natural one-sided extension
of the Carath6odory integrand. The integrand f’Rnx 3---> R is normal if f(x, t) is
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lower semicontinuous in x for each fixed if, and f is measurable on Rn 8- with
respect to the it-algebra generated by products of Borel sets in R and Lebesgue sets
in ft. Therefore, it follows that f(x(. ),. is measurable whenever x(. is measurable.
An important property of normal integrands is contained in the following lemma, an
immediate consequence of [51, Thm. 2K]:

LEMMA 7.1. If f is a normal integrand on R x , then

inf {I(x)" x } f inf {f(x, t)" x R} dt

and the integrand above is measurable. Furthermore, there exists a measurable function
x" 8- R such that

x(t) arg min {f(x, t)" x R}

wherever the minimum is attained.
As noted earlier, constraints can be embedded in the cost. Given X: 8- 2Rn, let

us define

(x, t) {x, t) if x X(t),otherwise.
By [51, Props., 2H and 2L], f is normal provided f is normal and X is closed-valued
and measurable; that is, X(t) is closed for each 5r and for all closed sets K c R n,

{ 8": X(t) f3 K is nonempty}

is measurable. If X is closed-valued and convex-valued, then X is measurable under
the pointwise interiority hypothesis. This follows from Theorem 6.3 and Castaing’s
characterization of a closed-valued measurable multifunction in terms of the closure
of a countable collection of measurable functions [7], [51].

Now consider the problem

=inf {E(x)+I(x)" x

where E"cR and for some finite set f c -,
E(x)=E(y)

whenever x, y c and x(t)=y(t) for each tf. For example, E(x) might be
expressed in terms of x(1). Let us define

X(t) (x R". f(x, t) < },

and let S? and 0 be the sets defined in 6.
LEMMA 7.2. Suppose that X is convex-valued, pointwise interiority holds,

(7.1) inf {E(x)" x S?} inf {E(x)" x 5ef"1 c},

and

(7.2) I(x) likm I(xk)
for each sequence {x k} c 5 converging pointwise to some x dom L Then

t =inf {E(x)" x S?} +inf {I(x)’ x }.

Proof. Since l(x)=o if x 5e,
=inf {E(x) + I(x)" x SC f3 }.
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Given x 6 and y 5, Theorem 6.3 provides a sequence {xk} c fie converging point-
wise to x and

If x dom L
(7.3)

xk(t)=y(t) Vtf.

E(y) + I(x) likm {E(xk) + I(xk)} >= inf {E(x) + I(x)" x fie}.

Combining (7.1) and (7.3),

inf {E(y)" y 5fq }+inf {I(x)" x 5}

=inf {E(y)" y 5}+inf {I(x)"x}

=>inf {E(x)+I(x)" x fie}

>=inf{E(x)+Z(x)" x5f3} t.
Since the reverse inequalities are trivial, the proof is complete.

If E(y)=e(y(1)) where e:R-R, then (7.1) is satisfied if domecintX(1).
Moreover, under these hypotheses,

inf {E(x)" x 5} inf {e(a)" a R}.

Relation (7.2) holds if f(., t) is continuous on X(t) and if for each/9 > 0 there is a
summable function g" ff- R such that

g(t)>=lf(x,t)[

whenever x X(t) and Ix] -< p. If f is a normal integrand on R x , Lemma 7.1 gives
us

inf {I(x)" x } f inf {f(x, t)" x Rn}.dt.
./

8. Dual formulations. Let us evaluate the dual functional when the primal cost
has the form

C(x, u)=e(x(O),x(l))+ f(x(t), u(t), t) dt

where e’RZ" and f’R"+’x- is a normal integrand which majorizes a
summable function whenever x is essentially bounded and u is summable, and the
integral is finite for some (x, u) x. We define

H(a, q, z)= e(x(O), x(1))-ao x(0)-al x(1)+ f [f(z(t), t)-q(t), z(t)] dt

where z (x, u) lm, q wl,, m, and a (a0, a) R" R ". Corresponding
to e and f, we have the conjugate functions e*(a)-inf {e(b)-a. b" bR+’} and

f*(q) f inf {f(z, t) q(t). z" z R "+"} dt.

The integrand of f* is measurable by Lemma 7.1 and the fact that the sum of normal
and Carath6odory integrands is normal [51, Prop. 2M]. By these definitions, the
following inequalities are clearly satisfied"

e*(a) +f*(q) <- inf {H(a, q, z)" z Y} _-<inf {H(a, q, x, u)" x c, u }.
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Now set E(x)=e(x(O),x(1))-ao. x(0)-al, x(1) and for fixedu define

I(x) f f(x(t), u(t), t) at.
J

We assume that for each fixed u where the domain of I in is nonempty,
there exists an element of u’s equivalence class such that the hypotheses of Lemma
7.2 are satisfied. Referring to the discussion after Lemma 7.2, it is also assumed that
for this element of u’s equivalence class, we have the identity inf {E(x)" x 5?} e*(a).
Then Lemmas 7.1 and 7.2 give us:

inf {H(a, q, x, u)" x c, u }= e*(a) +inf {H(a, q, x, u)" x &eT, u }

=e*(a)+f*(q).

Combining these relations, it follows that

e*(a)+f*(q)=inf {H(a,q, z)" zY}.

We say that (P) has a pointwise representation if this equality holds for every a R2n

and q ,1 x.
LEMMA 8.1. If (P) has a pointwise representation, then for all p ,

L(p)=e*(a)+f*(q)(8.1)

where

(8.2)

and

q(t) (P’(t) + A(t) rp(t))B(t)rp(t)

p(0)a=
-p(1)]

Proof. Starting with the definition of L and integrating by parts,

L(p) =inf {H(a, q, z)" z 9f}

where a and q are given above. The conclusion follows immediately.
Remark 1. Rockafellar [47] uses (8.1) to define L(p) when p is absolutely

continuous. Since the dual solution may be discontinuous, he shows that the dual
function can be extended to the space of functions with bounded variation.

We now examine four problems which will be solved in 11.
Problem I.

minimize [x(t)2 + u( t) 2] dt

subject to

x’(t) u(t), u(t)<- a almost everywhere,

x(0)=c, (x, u)Y.

Here a and c are given scalars. Defining the functions f:R2 ff/ and e:R2 by

f(x, u, t)= {1/2(x2+ u2) if u =< a,
ifu>a
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and

we can write Problem I as

minimize

subject to

j0 if x c,
e(x, Y)

ifxc,

e(x(O), x(1))+ I f(x(t), u(t), t) dt

x’(t) u(t) almost everywhere.

If ao and a are given scalars and u is a fixed element of , let us define

E(x)=e(x(O),x(1))-ao. x(O)-a,, x(1),
and

I(x) | f(x(t), u(t), t) dr.
3-

If the domain of I is nonempty, then there exists an element of u’s equivalence class
such that X(t)= R for every e ff where X(t) is introduced in 7. Hence (7.1) and
the pointwise interiority assumption are satisfied trivially. Likewise, (7.2) holds since
f(.,., t) is continuous on its effective domain. Finally, it is easy to check that
inf {E(x): x e 5}=e*(a). Therefore, by the discussion at the start of this section,
Problem I has a pointwise representation, and by Lemma 8.1, the dual function is

L(p) e*(p(O),-p(1))+ f*(p’, p)

for every p s. The conjugate functions e* and f* are easily evaluated"

e*(x, y)= {-cx if Y 0- if y s 0,

f*(p’, p) f l(p’(t), p(t), t) dt,
.I

l(x, y, t) 1/2[x2 + y2] if y =< a,
[-[x2+ a(2y- a)] if y > a.

Although the dual problem is to maximize L(p) over pc, Theorems 3.1 and 4.1
tell us that we only need consider p . Since e*(x, y) =- when y 0, we can also
impose the explicit dual constraint p(1)= 0. In summary, the dual of Problem I can
be written

maximize -{cp(0)+ I l(p’(t),p(t),t)dt}
Next let us consider

Problem II.

minimize

subject to

subject to p(1) 0, p e .
Ix(t)2 + u(t) 2] dt

x’(t) u(t), u(t) <- a almost everywhere,

x(t)<=b forallte-,x(O)=c,(x,u)eY;
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where c < b. Again, defining the functions f" R 2 X ff" --/ and e" R 2 ...)/ by

f(x, U, t) !!X2+ if u <-_ a and x <= b,
if u> a or x> b

and

e(x, y) {O if x c and y <= b,
if x c or y> b,

we can cast Problem II in the form

minimize e(x(O), x.(1))+ f f(x(t), u(t), t) dt
,I

subject to x’(t) u(t) almost everywhere.

Let us define E and I as we did for Problem I. If the domain of I is nonempty,
then there exists an element of u’s equivalence class such that X(t) ={x R: x=< b}
for every t. Since ={(t,x)SrR’x<b} is an open subset of -xR, the
pointwise interiority assumption holds. To verify (7.1), suppose that x , x(0)= c,
and x(t)<= b for each . Then the sequence {Xk} defined by

(t) x(t)

lies in 5z and lim E(Xk)= E(x). Hence (7.1) holds. Since f(.,., t) is continuous on
its effective domain, (7.2) is satisfied. Again, it is easy to see that inf {E(x)’x 5}
e*(a). By the discussion at the start of this section, Problem II has a pointwise
representation. Applying Lemma 8.1, the dual function can be expressed

L(p) e*( p(O), -p(1)) +f*(p’, p)
for each p 1 where

y)=-(cx+by) if y=>0,e*(x,
if y<O,

f*(p’, p) f [lx(p’(t), p(t), t)+ lu(p’(t), p(t), t)] dt,
.I

1/2X
lx(x, y, t)= 1/2b(2x- b)

l,(x, y, t) 1/2a(2y- a)

if x _-< b,
ifx> b,

if y<-a,
if y>a.

Although the dual maximization is over p o, it follows from our regularity analysis
15] that there exists a Lipschitz continuous dual solution to Problem II. Consequently,
the dual problem reduces to

maximize -{cp(0)- bp(1)+ f [Ix(p’(t), p(t), t)+ l=(p’(t), p(t), t)] dt}
.I

subject to p(1)_-<0 p

The derivation of the dual for the final two examples is similar to Problems I and
II so we just summarize the conclusions. The primal version of the next problem is
found in [24] and [33].
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Problem III.

minimize

subject to

o’
[X t) + x(t) + .OOS u( t)]

x (t)= x2(t), x(t) =-xz(t)+ u(t) almost everywhere,

xl(0) =0, xz(0) =-1, (xl, x2, u) E Y.

In addition, two different state constraints are considered:

Case A. Xz(t) _-<

Case B. x.( t) <=
where a(t)--2(1-2t)2-1/2 (see Figs. 1 and 2). In Case A the dual is

maximize (p2(O)+p2(1)- f l(p’(t), p(t), t) dt}
subject to pa(1) 0, p2(1) =< 0, p (pl, P2)

where

50z2+ +a(t)(fl-a(t))

and/3 x + y-z. In Case B the dual is

where

if/3 <= 2a(t),
if/3 > 2a(t)

maximize

subject to

{p2(O)+p(1)- f l(p’(t), p(t), t)dt}
Pa(1) =<0, p2(1) =0, P=(Pl, P2)

l(w,x, y, z, t)= {50z2+-](w2+2)50z +1/4t + (t)(w- (t))

and =x+ y-z.

if w -< 2a (t),
if w > 2a(t)

b.i

_.i B’0

4-0

b.l

,5.,, II ,’.,. ,’ ," .’.o
..i \

-.2 ’ t</i- ’,, /
’)

I-- -.6

i!

FIG. 1. Solution to Problem IIIA. FIG. 2. Solution to Problem IIIB.



DUAL APPROXIMATIONS IN OPTIMAL CONTROL 441

The primal version of the following problem is found in [56] (see Fig. 3).
Problem IV.

1{ )2 fOrminimize X2(1 + [Xl(t)2+ U(I)2] dt

subject to x (t) Xz(t), x. (t) u(t) almost everywhere,

x,(O) =-1, x(O) o,
x2(t)=<o forallt, (x,x2, u).

The dual is

maximize

subject to

-{b(p2( 1))-pl(O) + fz" l(p’(t), p(t), t) dr}
pl(1) O, Pa (t) +p (t) -> 0 almost everywhere,

P (Pa, P2)

where

l(w, x, y, z, t)=1/2[w2+ z2+.O5(x + y)],

1/2x2 if X > 20,6(x) [-o(X+o) if x< 20"

FIG. 3. Solution to Problem IV.

To conclude this section, let us examine the relations between solutions to the
primal and the dual problems. If q is related to pc through (8.2), and z:
is a measurable function such that

f(z(t), t)-q(t) z(t)=rain {f(z, t)-q(t) z: z e R "+m}

almost everywhere, we say that (p, z) is a rain-pair.
THEOREM 8.2. Ifp,Z=(X,U) is feasible in (P), and L(p)=C(z), then p is

optimal in the dual problem and z is optimal in the primal problem. Moreover, if p sg
and (P) has a pointwise representation, then (p, z) is a rain-pair and

(8.3)
-p(1) x(1)
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Proof. The first part of the theorem, the optimality of p and z, is a standard
property of the dual functional. Let us consider the second half. Since M(z)= 0 and
(P) has a pointwise representation, Lemma 8.1 gives us:

e*(a)+f*(q) L(p) C(z) C(z)+(p, M(z)) H(a, q, z)

where the last equality comes from integrating by parts. Examining the definition of
H, (p, z) in a min-pair and (8.3) is satisfied. [3

If z is optimal in the primal problem, p is optimal in the dual problem, and
L(p)= C(z), then we say that (p, z) is an optimal pair. Hence the preceding theorem
states that an optimal pair (p, z) with pc M is a min-pair when (P) has a pointwise
representation. For p and w e M, 16t us define

q’(t) =q(t)+(w’(t))0
where q is given by (8.2).

THEOREM 8.3. If (P) has a pointwise representation, p and w M, and

(8.4) z=argmin{C()+(p,M())+((c,w),x): sc (x, u) e }

for some c R ", then

(8.5) f(z(t), t)-q’(t) z(t) =inf {f(, t)-q’(t) : R "+m}
almost everywhere.

Proof. Since (P) has a pointwise representation, we integrate by parts to get

min {C()+(p,M())+((c,w),x)a" sc (x, u)eY}=e*(a)+f*(q)

for some a R 2n. Since z attains the minimum, (8.5) holds.

9. Fundamental inequalities. Observe that estimating the error in Zh, the approxi-
mation to a primal solution introduced in 2, is essentially a parametric programming
problem in the parameter p . Defining

O(p) ={z e " L(p)=C(z)+(p,M(z))},

we hope that f(p) approaches a primal solution as p approaches a dual solution.
Fiacco and Hutzler 11 and Guddat 13] give good surveys of recent work on parametric
programs. Exploiting the structure of the dual functional, we now obtain an estimate
for the ,.2 error in Zh when the cost is strictly convex.

First, let us consider parametric programs in finite dimensions. We say that a
functional h:R .. R is uniformly convex if h is convex and there is an a > 0 with the
following property" For each x dom h, there exists z R such that

(9.1) h(w+x)>=h(x)+z w+ lwl2 VwR"

and

h(x+sw)-h(x)(9.2) lim z. w
s,O S

whenever (x + w) dom h. The scalar a is called the modulus of convexity, and we let
h’(x) denote any z satisfying the relations above. Suppose that {g" h A} is a collection
of lower semicontinuous proper functions where g’R

_
is uniformly convex with
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modulus of convexity a independent of A A. Under these hypotheses, there is a
unique so(A) R" for which

g,(sc(A)) inf {g, (so): seeR "}

whenever A A.
LEMMA 9.1. Assume that A and I A. If x :- so(A), then

(9.3) alx- yl 2 -<_ g (y)- g (x)

for every y R". Conversely, if y := s() e dom ga, then

1
(9.4) gx (y)- ga(x) <--alg’ (y)- g (y)l 2

for each x dom g,.
Proof. Taking w y x, (9.1) implies that

(9.5) g(y)-g(x)>-_g’ (x) w+alwl2.

Let us assume that y e dom gx since (9.3) is trivial otherwise. Recalling that x minimizes
gx(. ), we have the standard inequality [28, p. 178]:

g, (x). (y- x) ->_ 0.

Hence (9.3) follows from (9.5).
Now consider (9.4). Since y minimizes g,(.) and xdom g,, we also have the

relation

g’(y)(x-y)>-O,

or equivalently,

(9.6) g (y). w-<_ (g, (y)-g (y)). w

where w- y-x. Interchanging y and x in (9.5) and combining with (9.6)gives us

g,(y)-gx(x)<- g’ (y) w-,lwl(g’ (y)-g’(y)) w-lwl.
Finally, utilizing the inequality

we get (9.4).

a. b <llal=/ lbl =,
=4a

Let us return to the cost functional defined at the start of 8, and impose the
following condition on the integrand:

UNIFORM CONVEXITY ASSUMPTION. For each -, f(., t) is uniformly convex
with modulus of convexity a independent of t.

We define a function g:Re(n/m) x -/ by the rule

(9.7) g(, A, t)= f(, t)- A .
Lemma 7.1 and the uniform convexity hypothesis imply that for each q 1,+,,, there
is a measurable function z" ff R"/" such that

g(z(t), q(t), t) =min {g(z, q(t), t): z R "+"}
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almost everywhere. If II" denotes the 2 norm defined by

Ilzll <z, z>1/2,
we have:

THEOREM 9.2. Suppose that (P) has a pointwise representation, the uniform con-
vexity hypothesis is satisfied, and (p, z) is an optimal pair where p 1. Then

llz-z[I=--<L(p)-L(

for all rain-pairs (p, z).
Proof. Since (P) has a pointwise representation, Lemma 8.1 yields

L(p) e*(a)+f*(q) and L(p)= e*(a)+f*(q).

Holding fixed, we apply Lemma 9.1 to g from (9.7) taking it =q(t) and/z =q(t).
Integrating (9.3) over and utilizing Theorem 8.2,

OgIIZ--ZhII2 f [g(z(t), qh(t), t)--g(zh(t), qh(t), t)] at
.I

f [g(z(t), q(t), t)--g(zh(t), qh(t), t)] dr+ f z(t). (q(t)--qh(t)) dt
.I

f*(q)-- f*(qh) +<Z, q--qh>.

Integrating the last term by parts,

(z, q--qh) x(O)" (ph(O)--p(O))--X(1)" (ph(1)--p(1))

since M(z) 0. By Theorem 8.2,

(Z, q--qh> <- e*(a)- e*(ah).

Combining these relations, the proof is complete. [-1

THEOREM 9.3. Under the hypotheses of Theorem 9.2, we have"

1
L(p) L(p) <- --a q qi[]2

for all p which agree with p(t) at 0 and 1 where q is given by (8.2) and

(9.8) ql(t)=(p(t)+A(t)Tp(t))B(t)Tp,(t)

Pro@ As in the last theorem’s proof, we hold fixed and apply Lemma 9.1 to
g(.,., t) taking ql(t) and/x q(t). Integrating (9.4) over 3- and utilizing Theorem
8.2,

1
4--gllq-q, ll2_> [g(z(t), ql(t), t)-g(zl(t), q(t), t)] dt

f*(q)-f*(qi) + (z, q- qi) f*(q)-f*(qi) g(p)- L(p).

The last step comes from Lemma 8.1 and the fact that p =p at the ends of 5r. The
preceding step utilizes the relation (Z, q-qt>=0, which is deduced from the identity
M(z) O. [q

Unfortunately, this upper bound from L(p)-L(p) is too coarse for the error
estimates in 10. Since p’ appears in the first component of q, and the derivative of
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the optimal dual multiplier is often discontinuous for state constrained problems,

Ilq q, ll o(1)

when P1 lies in typical piecewise polynomial spaces. Hence the upper bound is expressed
in terms of the smoother variable q,O introduced in 8. Given K" R"x $-R and
x 0-- R ", let K(x) $- R be defined by

K(x)(t)=K(x(t),t).

THEOREM 9.4. Suppose that (P) has a pointwise representation, the uniform con-
vexity hypothesis holds, K is twice continuously differentiable onR if, and for each-, K(., t) is convex and

dom f(., t) c {y R: K(y, t) <- 0} x R".

If (p, z) is an optimal pair with p sg.and (8.4) holds for some to sg, then

1
(9.9) L(p)-L(pl)<--a llq-qTll2-(,,K(x))

for all PI that agree with p at the ends of if, and for all nondecreasing where

(9.10) q t) ql( t) ( G( t) ru’t t))0

G(t) VxK(x(t), t), and qi is defined in (9.8).
Proof. By Theorem 8.3,

(9.11) f(z(t),t)-q(t) z(t)=inf {f(,t)-q’(t) so: sCaR "+m}
almost everywhere. If (Pi, zi) is a min-pair, we have the trivial relation

(9.12) f(z,(t),t)-qT(t), z(t)>=inf{f(,t)-q"/(t) :: R"+"}

almost everywhere. Lemma 9.1 with , q’(t) and/z q’(t) gives us

inf {f(:, t)-qT(t), so: : Rn+"}-inf {f(, t)-q(t) :: :Rn+"}

1 12(9.13) >= (q’(t)-q"/ (t)) z(t)---4-dalq’(t)-q7 (t)

1 q 2=(q(t)-q,(t)). z(t)--a (t)-q, (t)l +(to (t)-to’(t)) x(t)

where to (t) := -G(t)7u (t). If 0 R" R is convex and differentiable and (y) -<_ 0
for some y R", the convexity inequality

(y) _-> (x) + ’[x](y- x)

implies that

(9.14) q(x) <= q’[x](x- y).

Subtracting (9.11) from (9.12), utilizing (9.13) and (9.14) and integrating over if, we
get

1
f*(q, )-f*(q) >= (q q,, z)+(uz, K x)) -dIIq q’ 2.
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Integrating by parts, (q-qi, Z)"-0 since M(z)= 0 and Pl =P at the ends of 3-. Finally,
by Lemma 8.1,

L(p) L(pl) f*(q) f*(qz).

Collecting results, the proof is complete.
If Ph 5h eg and

we have the trivial relation

L(ph) =maximum {L(p): pc 5h},

L( i)) L( ph) <- L( p) L( pI

for all p1 9h and p e dom L. Therefore, if (p, z) is an optimal pair, and the hypotheses
of Theorems 9.2 and 9.4 hold,

(9.15)  llz- z ll2 L(p)- L(ph) _<-- 4-llq q’ 2- (,, K(x))

for all p1 e 5h which agree with p at the ends of 3-, and for all nondecreasing u1 e sgs.
Moreover, if

then

(9.16)

where

q" q( t) ( G( t) Tu’( t))0

{ 6q’(t) + G’(t) T 6u(t) + A(t) T 3p(t)q() q
B(t) T p( t)

6p(t)=p(t)--p(t), 6u(t)=u(t)--v,(t), 6q(t)=6p(t)--G(t)T6u(t).

10. Error estimates. We now estimate the error in piecewise polynomial approxi-
mation. Given an interval J c R, let k(j) be the space of polynomials defined on J
with degree at most k. Associated with a collection of points from fir:

0 t0< tl <’’’<iN’- 1,

we have the spacing parameter

h maximum { tj tj_l: ] 1, 2,. ., N},

and we let h denote the n-fold Cartesian product of sets of functions f" 3- R whose
restriction to each interval J=(t-l, t) lies in k(j). The points {to, fi,’", tu} are
called the mesh.

For any interval J c R, we let W’(J) denote the set of essentially bounded
functions f: J - R", and for k _-> 1, Wk’(J) W’(J) is the subspace of functions with
k-1 Lipschitz continuous derivatives. The space WS’(3-) is abbreviated W’. The
main results in this section are stated below:

THEOREM 10.1. Suppose that (p, z) is an optimal pair, u satisfies (5.4), and (9.15)
holds. If c f-) 1h 6fh, we have

llz- zll= L(p)-L(ph) O(h2)
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provided the following conditions hold:
(i) x and p- GTu)
(ii) p W1’, u W1’ is nondecreasing;
(iii) K(x)e W2’ and K(x)<-O.
Earlier 14] we observe that an optimal pair is often quite smooth except at points

where constraints change between binding and nonbinding. Let I"k’ denote the
collection of functions f Wk-l’ for which there isM > 0 and scalars 0 So < sl <" <
SM 1 such that the restriction of f to each interval (sj-l, sj) has k-1 Lipschitz
continuous derivatives.

THEOREM 10.2. Suppose that (p, z) is an optimal pair, , satisfies (5.4) and (9.15)
holds. If c fq 2h c h, we have:

llz- ZhlI2<=L(p)--L(ph) O(h3)
provided the following conditions hold:

(i) x and p GT,) I7V3,, G V3’, A ;
(ii) p e ff2,, u is nondecreasing;
(iii) K(x)e W2’ and K(x)=<0;
(iv) the sets

T { 6 -: Ki(x(t), t) < 0}, j=l,2,...,s,

are each composed of a finite number of intervals, and there exists > 0 such that

u(t)>/3 VteTi, j=l,2,’",s.

These theorems are based on Lemmas 10.3, 10.4 and 10.5 appearing below. First,
let us recall a result concerning polynomial interpolation. For any interval J c R and
any f e W’(J), let Ifb denote the essential supremum of If(t)l over eJ. Then [8]
and [55] exhibit various linear maps I: W’ (J) k(j) for which

(10.1) <= ctx(J)s-mlf(s)b
J

whenever m<=s<=k+l and fe W’(J) where /./,(J) is the measure of J and c is a
constant independent of f and J. (Remember that the subscript 1 on the space WI’ (J)
means that the elements of the space map J to R .) Throughout this section, J is an
interval and c denotes a generic constant. The operator I is usually called the interpola-
tion operator, and we write fx rather than I( f); the function fi is called the interpolant
of f. For illustration, the following operator satisfies (10.1) when s >= 1: Let fx be the
unique polynomial of degree at most k that agrees with f at k + 1 evenly spaced points
on J.

Suppose that 0 to < 81 <" < tN 1 is a mesh on - and f: - R, and the
restriction of f to each interval J=[tj_, tj] lies in W’ (J). If I is an interpolation
operator satisfying (10.1), we let fI :3 R be the function composed of interpolants
of f over each interval J [t-l, t]. If fz W’’, (10.1) implies that

d
(10.2) -(f-f) <- ch-mlf()l-

whenever m < s < k + 1 and f W Finally, defining

(f, g),( _f, g(t) dr(t)

for g c and f , we have:
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LEMMA 10.3. Suppose that J c R is an interval, f WI’ (J), g e W’ (J), g <- O,
and

(10.3) f’(t)g(t) =0 almost everywhere.

If the interpolation operator I satisfies (10.1), then

(f,, g)) <- clz(j)alf’)blg2b.
Moreover, if f W’ (J) and k 1,

(fz, g)(J) c(j)41f2)blg2)b.

Proof. If g(t) > 0 almost everywhere, (10.3) implies that f is constant. Thus, f f
by (10.1) and

(fl, g)(J)=O.

Now, let us suppose that g vanishes at in the interior of Z The relation g 0 implies
that g’()= 0. Expanding in a Taylor series about yields:

IglJ (J)21g2)lj.

Utilizing (10.3), we get"

(fz, g)J (fz f, g)J) (J)lf f’lJIglJ (J)31g2)lJIf f’lJ.
Relation (10.1) completes the proof.

LEMMA 10.4. Suppose that J R is an interval, and the interpolation operator I
acts on f J R to produce the polynomial of degree at most k that agrees with f at k + 1
distinct points on Z Then we have:

d k

Ifk+ldt[(fg)I-fg,] c(J) k+a- E -)lJIg )lJ
J i=0

whenever 0 <= m <= k + 1 and f’, g WI’ (J).
Proof Since the interpolant is expressed in terms of function values,

Hence (10.1) gives us:

t fgI fg,

By Leibniz’s formula

we see that

ct(J)+’-l(fg,)+’)b.
J

(fg)(m)
m!

f(i)
i=o i!(m- i)!"

g(m-i),

k+l

I(fg,)(+)lj <- c Y If(k+l-i)g]i)lj.
i=0

Since g W’, (10.1) implies that

Igi)b <= clg(i)b

for all O<=i=< k. Furthermore, gk+l) is identically zero since g is a polynomial of
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degree at most k. These relations and the inequality

Ifgb <- If high
complete the proof, l

LMMA 10.5. If J R is a closed interal and f WI’ (J), then the quadratic
agreeing with f at the two ends and the midpoint of J is nondecreasing if

(J)lf"b2 minimum {f’(t): t6J}.

Proof Since a nontrivial interval can be mapped by an affine transformation onto

if, there is no loss of generality in assuming that J ft. Let I be the interpolation
operator described by the lemma. Since I is linear and g =g if g is constant, we can

also assume that f(0)= 0. In this case, observe that

ft (t) 4f()t(1 t) + f(1)t(Zt- 1).

The derivative of this quadratic is linear and nonnegative on ff if and only if it is

nonnegative at 0 and 1. Omitting the arithmetic, f; is nondecreasing if and only if

(10.4) f(1) f() f(1).
Since f is continuously differentiable, there exists e ff such that

f’() f(1).

Suppose that (the case > is treated in a similar manner). The identity
/

f,,(y()=ky()+ t) dtd,
d0

and the bound

I/2 I()r If"(t)l dt d <- lf I

imply that

(10.5) If(1/2)-1/2f( 1 )l < -1 f"l
Combining (10.4) and (10.5), fl is nondecreasing if

If"l<=2f(1)= 2f’(r),

a condition clearly satisfied under the lemma’s hypothesis. E]

Now, let us prove Theorem 10.1. Let (pl, ui) be the continuous piecewise linear
function which agrees with (p, ) at each mesh point (except that ui(0)= u(0/) and
ui(1)= u(1-)msee the remarks at the end of 5). Relation (5.4) and the identity

L(p) C(z) + (p, M(z))

imply that (u,K(x))>-_O. Since z, is nondecreasing and K(x)<=O, we conclude that

z,’(t). K (x(t), t) 0 almost everywhere.

Therefore, by Lemma 10.3 and the assumed smoothness properties,

(u,,K(x))<--O(he).
Furthermore, by (10.1),

Ipl O(h) la’l.
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Finally, observe that q can be expressed as follows:

(10.6) 8q (p- GTu)--(p-- GT"v)z + GTvz -(GT"v)z.
Since the operator I is linear, Lemma 10.4 and the assumed regularity give us

16q’l O(h).

Relations (9.15) and (9.16) complete the proof. [-1

The proof of Theorem 10.2 is similar. Recall that the sets T defined earlier are
each composed of a finite number of intervals. Let {rl, r2," , rk} denote the union
over ] of boundary points in T, and let {rk/l, , rl} be the points separating intervals
where x3), (p- G)3), G3), p2) and v2) are essentially bounded. We form an inter-
polant (Pz, vI) by pasting together local interpolants of (p, u) over each grid interval
J where the local interpolants are defined as follows:

(1) If J f3 {rj} is nonempty, interpolate linearly between function values at the
ends of J.

(2) If J fq {rj} is empty, use quadratic interpolation based on function values at
the ends and middle of J.

By assumption,
uj(t) >fl >0 Vt

j=l,2,"" ,s. Hence, when h is small enough, Lemma 10.5 asserts that (vI)j is
nondecreasing on all mesh intervals which intersect the complement of T. On the
other hand, we observed in the proof of Theorem 10.1 that (v, K(x)) =0. Since v is
nondecreasing and K(x)=< 0, it follows that vj is constant on intervals contained in T.
Therefore, (uI)j vj on all mesh intervals contained in T, and vz is nondecreasing if h
is smallenough.

By (10.1) and the assumed smoothness properties,

16Pb O(h2) 16vb
for all mesh intervals J such that J f){rj} is empty, and

Ipb O(h) 181
otherwise. Similarly, the identity (10.6) and Lemma 10.4 give us

16q’b O(h2)
if J f3 {rj} is empty, and

18q’b O(h)

otherwise. And by Lemma 10.3,

if J f3 {rj} is empty, and

(//i, K(X)),(j) " ]j,(j)4

(vz, K(x))a) <- Cla,(J)

otherwise. Since the measure of mesh intervals intersecting {o)} is at most lh, relations
(9.15) and (9.16) complete the proof. 13

For problems without state constraints, the analysis is much easier. In [18] we
give a simple treatmeflt of quadratic cost problems with control constraints. Although
smoothness considerations limit the f2 convergence rate to 1.5, higher rates are
achieved when the grid points are free parameters in the optimization process--see 14].
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11. Algorithms. Section 10 establishes the convergence of dual finite element
approximations to constrained control problems. We now consider the practical side:
How is the dual problem solved? When the dual optimization is unconstrained, steepest
descent, conjugate gradient and quasi-Newton methods can be applied, but the cost
functional is ill-conditioned, and computing time on an IBM 370 computer can be one
hour for simple problems! Our main objective in this section is to present a new
algorithm which quickly solves the dual problem. We also examine the tightness of
the error estimates that were established in 10.

To illustrate the conditioning problems that can arise when standard optimization
techniques are applied to the dual problem, the following experiment is cited: Consider
the approximation (Dh) to the dual of Problem II from 8 where the approximating
space 5h is a space of linear splines on a uniform mesh (see [8], [38], or [55] for a
discussion of piecewise polynomial spaces). The time needed to solve this dual problem
using" 1000 basis elements (which gives 5-place accuracy), an IBM 370 model 3033
computer, the IMSL conjugate gradient routine, the FORTRAN IV (H) optimizing
compiler and the initial guess zero, is 1 hour. We now develop an algorithm which
solves this dual problem in 1 second.

For the dual problems in 8, observe that the dual integrand at time is chosen
from a finite set. For example, the dual integrand in Problem I is l(x, y, t)=1/2[x2+ y2]
if y =< a and l(x, y, t) 1/2Ix 2-- a(2y- a)] if y > a. In general the dual integrand is
expressed in terms of a partition {1,"’ ", k} of R2"X or and integrands 11,’’ ", lk
defined on R2nx Or. And the integrand l(p’(t), p(t), t) of the dual functional satisfies

(11.1) l(x, y, t)= l(x, y, t)

whenever (x, y, t) i. For Problem I, we have:

ll(X, y, t) 1/2Ix2 + y2], 12(x, y, t) 1/2Ix2 + a(2y- a)],

l {(x,.y, t) 6 R R Or: y_<a}, l12 {(x, y, t) e R x R x Or: y>a}.

In formulating our algorithm for the dual problem, we assume that the dual
function has the form

f l(p’(t),p(t),t) dt

where 4"sR U {-m} and satisfies (11.1) for some partition {1," "’, k} of
Rznx Or and integrands 11,"’, Ik defined on Rznx Or. Now, given a partition T=
{T1," , Tk} of Or into measurable sets, let us define the functional

(11.2) M(p, T)= b(p)+ f li(p’(t), p(t), t) at.
i=1 Ti

Any p induces a partition { T1," , Tk} of Or where T/if and only if

(p’(t), p(t), t) e .
Let S be the map that acts on p to produce the associated partition of Or. From these
definitions, we see that

L(p)=M(p,S(p)).

For the examples in 8, observe that the elements of S(p) are measurable for each
pc . More generally, it can be shown that the elements of S(p) are measurable if
"the multifunctions YI,""", Ytk are measurable--see [51]. Henceforth, we assume that
the elements of S(p) are measurable for every p
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Letting K c denote a convex set of dual feasible functions which contains a
solution to the dual problem, our algorithm for solving (D) is the following: Starting
from some pe K, we generate a sequence pl, p2,... (we hope) converging to a dual
solution where

pj+l arg max {M(p, TJ): pK}, TJ: S(pJ).

There is an analogous scheme for the dual approximation (Dh). If {1,""", 6N} is a
basis for the finite element space Yh C d, we define

Mh (a, T) M , ai6i, r and g h a e R1. 2 lili e g
i=1 i=1

Our scheme for solving (Dh) starts from some a Kh, and constructs iterations
al, a2,.., by the rule

(11.3) aJ+l=argmax{Mh(a, TJ): ozegh}, TJ:=S OlJll
i=1

We remark that if Mh( Tj) is Gateaux differentiable and a/1 satisfies (11.3), then
the following standard inequality holds [27, Thm. 1.1.3]:

OMh

[oj+1, T](a a+1) _<_ 0 /a K h.

This algorithm has been tested on the problems presented in 8. Experimentally,
the convergence is fast; moreover, the iterations seem to converge from any starting
point a. For example, starting from the initial guess a= 0 in Problem I and using
the linear spline basis mentioned earlier, the relative change IOj+l- Ol.’il/lOl’il is reduced
to 10-1 after 5 iterations, independent of the number of basis elements; each iteration
involves solving a symmetric, tridiagonal system and is easy to implement. The
FORTAN code for Problem I has about 60 statements. Later we show under appropri-
ate hypotheses that the scheme (11.3) is quadratically convergent near a solution to
the dual problem (Dh).

First we observe that any fixed point for the iterations (11.3) solves the dual
maximization problem (Dh). This result is based on the rule for differentiating under
the integral sign. Below, W1’ denotes the space of Lipschitz continuous functions
p: ff R with the norm

Ilpllw.= essential supremum {Ip(t)l+lP’(t)l: }.

LEMMA 11.1. Suppose that T -is measurable and g: RTM R is continuously
differentiable in its first 2n arguments on R2 . If G: WI’- R is defined by

G(p) f g(p’(t), p(t), t) dt,
T

then the Frdchet derivative of G is

-P P](q)= 7-[Vlg(p’(t)’p(t)’t)q (t)+V2g(p’(t),p(t),t)q(t)]dt

where V g and V.g denote g’s gradient with respect to its first n and second n arguments
respectively.

Note that every dual integrand presented in 8 is continuously differentiable. In
Appendix 2 we show that this continuity property holds for a broad class of problems.
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To prove that any fixed point of the iterations (11.3) solves the dual maximization
problem (Dh), let us assume that both the integrands li and the composite integrand
are continuously ditterentiable in their first 2n arguments on Ran and the function

b in (11.2) is differentiable. Defining the sets

li(t {r R 2n" (r, t) r’i}

we assume moreoVer that

closure i(t) closure (interior i(t))

for each -. Hence, if r i(t), there exists a sequence {r} interior i(t) converging
to r, and since l(., t)= l(., t) near r, we have

Vli(r, t) V/(r, t).

Taking the limit as k goes to infinity, the continuous differentiability assumption implies
that

(11.4) Vii(r, t)=VI(I, t)

for every r i(t). Now, let us define

Lh(ce) L olil]l

If each q’i lies in W1’, then Lemma 11.1 and (11.4) yield

oth-=cgMh-[/3] ---a[/3, T] where T=S /3,q,
i=1

This observation, the concavity of the dual function and the following result combine
to show that any fixed point of the iterations (11.3) solves (D,).

TI-IZorzM 11.2. Suppose that G" K x K --> R where K is a convex subset of a vector
space, y K, and G(x, x) and G(x, y) are Gateaux differentiable functions of x at x y
which satisfy

oG(x, x) oG(x, y)
OX x=y OX x=y

If G(x, x) is a convex function of x K and y minimizes G(x, y) over x K, then y
minimizes G(x, x) over x K. Conversely, i]’ G(x, y) is a convex function of x K and
y minimizes G(x, x) over x K, then y minimizes G(x, y) over x K.

Proof. First assume that G(x, x) is a convex function of x K and y minimizes
G(x, y) over x K. Since G(., y) is Gateaux differentiable at y and K is convex, we
have the standard variational inequality [27, Thm. 1.1.3]:

(11.5)
OG(x, y)

(x- y) >= 0 fx K.
OX x=y

The hypotheses for the gradient and (11.5) imply that

(11.6)
OG(x,x)

(x-y)>=O lxK.
OX x=y

Since G(x, x) is convex, it follows from (11.6) and [27, Thm. 1.1.3] that y minimizes
G(x, x) over x K. Conversely, let us assume that y minimizes G(x, x) over x K
and G(x, y) is a convex function of x s K. Again, by [27, Thm. 1.1.3], the variational
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inequality (11.6) holds, and by the hypotheses for the gradient, we conclude that (11.5)
is satisfied. Since G(., y) is convex on K, (11.5) implies that y minimizes G(x, y) over
xK. [3

Before giving a convergence proof for the iterative scheme (11.3), let us examine
Problems I and II to help motivate our theorem’s hypotheses. Let h be the space of
linear splines defined on a uniform mesh where h I!N is the distance between grid
points, and let {qo,""", qN} be the usual basis for h sketched in Fig. 4. Applying
Lemma 11.1 to the dual functional for Problem I, we have

(11.7) --oLh(p)= IoP’(t)@,(t) dt+ f p(t)Oi(t) dt+a f @i(t) dt
0ti Tl(a TE(a)

for i= 1,...,N where

N

p( t) Y aiOi( t),
i=0

Tl(a) {t 6 -: p(t)<=a}, Tz(a) { if: p(t) > a }.

The partial derivative of -Lh with respect to a0 is c plus the terms on the right side
of (11.7) where c is the state’s initial value in Problem I. If p(t) equals a at just a
finite set of (0, 1) and 0 tl(a) < h+l(a) <" < tr(a) 1 denote these where p(t)
is a union {0, 1}, then we can write

fT p( t)d/i( t) dt + a fr
Thus for/3 in a neighborhood of the fixed coefficients {ao,’’’, aN}, the gradient of
Lh evaluated at/3 has the form g(/3, T(/3)) where T(/3) is a vector with components
tl(),’", tr(). Our main observation is the following: Since the q(t) are continuous
functions of and p(ti(a))=a for j=/+l,... ,r-l, we have:

Og,(a, T())

More compactly, this result can be stated

(11.8)
Og(a, T(B))

=0.
0/3 =

This identity also holds for state constrained problems, but the argument is a little
different. For Problem II, the terms in the gradient of the dual function corresponding
to the state constraint are

f tj+l(X) f tj+l(C)
(11.9) Y p’(t)O;(t) dt+ , b d/(t) dt

jeven dt( ]odd dt](

where the two sums above correspond to intervals where p’(t) b and p’(t)> b
respectively. Since p is a linear spline, p’ is piecewise constant. Hence, if p’(t) b for

1.0 N@

o t ti. ti+ tN_ N

FIG. 4. Linear spline basis.
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every 9-, then tj(/3) is independent of/3 in a neighborhood of a. In summary, even
though the integrands in (11.9) are discontinuous functions of t, the identity (11.8)
still holds since tj(/3) is independent of/3 in a neighborhood of a. With this motivation,
we now present our local quadratic convergence result:

THEOREM 11.3. Suppose that g R x R -> R andK is a nonempty, closed convex
subset of R, and consider the problem of finding a K such that

(11.10) g(a, a). (/3- a) >_-0

for all fl K. We assume that there exists a solution a* to (11.10) and that the following
conditions are satisfied:

(1) g(a, ) is a continuous function of a and fl near a*, and og(a, fl)/Oa exists
and is a continuous function of a and fl near a*.

(2) g(a*,. is twice continuously differentiable near a* and the first derivative
vanishes at a*.

(3) EitherK R and og(a, a*)/Oa[=, is nonsingular, orK is an arbitrary closed
convex subset of R and og(a, a*)/Oal=, is positive definite.
Then there exists a neighborhood of a* with the following properties: For each
there is a unique sequence {a 1, ct 2, } K f’) aV such that

(11.11) g(a+1, ai) (/3-a+1)>_-0

for all K and j O, 1,.. , and for some constant c independent of j and ao J’, we
have:

[tj+l t *l cl ).

Proof. By Robinson [43, Thins. 2.1 and 3.1], there exist neighborhoods V/l and
2 of a* such that the following problem has a unique solution a d for each y
find c K such that

(11.12) g(a, y) (fl-a)>-O

for all/3 K. Shrink 3/’2 so it is contained in a bounded region where g(a*,. is twice
continuously differentiable, and let O(y)e d denote the solution of (11.12) corres-
ponding to y aY2. By [43, Thm. 2.1] there also exists a constant/x such that

(11.13) I(y)-(a*)[-< lg(c *, y)-g(a*,

for all y 2. Expanding g(a*,.) to first order about a* and using the integral form
for the remainder term, our second hypothesis implies that

(11.14) Ig(a*, y)-g(a*, c*)l <_- c[y- a*[2

for some constant c independent of y 2. Combining (11.13) and (11.14), we have
for a 2:
(11.15)  *12
Thus if a is sufficiently close to a*, the entire sequence {ay} given by aj+l=

lies in W’I ff2 and (11.15) holds.
Observe that the inequality (11.10) is essentially the relation (11.6) characterizing

the solution to the dual approximation (Dh) while the iterations defined by (11.11)
correspond to our scheme (11.3). The inequality (11.13) is a crucial step in our proof
of Theorem 11.3. In Robinson’s study [43] of the implicit function theorem for
inequalities, he establishes this relation in a very general setting whenever the "strong
regularity" assumption is satisfied. Moreover, in finite dimensions it follows from his
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Theorem 3.1 that the strong regularity assumption holds under hypothesis 3 of our
theorem. Hence a more general version of Theorem 11.3 can be established where
R is replaced by a normed linear space and hypothesis 3 is replaced by the strong
regularity assumption.

Now let us study the tightness of the error estimates established in 10. Since
the solutions to Problems I and II from 8 can be determined analytically (see Appendix
3), the error in finite element approximations can be computed precisely. Taking a 1
and c=(1 +3e)/2(1-e) in Problem I, the optimal control is 1 for te[0,1/2]. Thus the
constraint u(t)<= a is binding for the optimal control when 0 -< t-<_1/2. Taking a 1,
b=2/-/(1-e), and c=(5e+3)/4(1-e) in Problem II, the optimal control is a for
e [0, 1/4] and the optimal state is b for e[-, 1]. The solutions for these choices of

parameters are shown in Figs. 5 and 6.
In 10 we give the estimates

O(h)IIx-x"ll+llu- u ll 0(h3/2)
where (x, u) solves the primal problem, (x h, u

for linear elements,
for quadratic elements,

h) is the finite element approximation,
and I1" is the 2 norm. Comparing the exact solution of Problems I and II to the
finite element approximations, these estimates are tight. That is, there exists a constant
C > 0 such that

Ch
IIx-x ll+llu-uall Ch /=

for linear elements,
for quadratic elements.

Problem IV was solved using linear splines, and we obtained the solution reported in
[56]; moreover, the error IIx-xll/llu- u ll was proportional to h. Since Problem IV
is not strictly convex, it appears that the convexity assumptions in 9 can be mildly
relaxed.

Although the estimate for IIx-x ll/llu u ll is tight, we also observe in Figs. 7
and 8 that the control converges faster than the state. For linear elements,

IlU- Uhll O( h3/:z),

-2. -I.5

-2.5 -2.

o -z.5
0 .5 Ii0

FIG. 5. Solution to Problem I. FIG. 6. Solution to Problem II.
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-log (error) ,- grid and contact
points coincide

O- contact between12’ grid pay
8-

6-

4- Yx’"state

FIG. 7. 2 error for Problem and linear elements.

-log(error)

14,

12.

A grid and contact

O-cPo:itnat:’ c:i:tc:::n/

Io1 (N)

FIG. 8. 2 error for Problem II and linear elements.

and putting grid points at the contact points (where constraints in the primal problem
change between binding and nonbinding) gives us the better result"

Ilu- uh]]-- O(he).

For unconstrained problems, Mathis and Reddien [32] use a duality argument to show
that the control convergence rate is h times the state rate. The extension of this result
to constrained optimization is open. The convergence rate for quadratic elements also
improves when the contacts are members of the grid:

IIx- xll / Ilu ull- O(he).

This property of the total error is established in [14] for a full dual scheme.
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In summary better approximations to the primal solution are obtained as follows:
Solve the dual problem on a fixed mesh and estimate the contacts; then insert grid
points at the approximate contacts, and repeat the process. After the contacts converge,
generate a better state by integrating forward the system dynamics with the approximate
control as input.

Appendix 1. Existence. Suppose that f:X [-oo, +oo) and g :X Y where X
is a set and Y is a normed vector space that is ordered by a convex cone N c Y with
vertex at the origin; that is, given a and b Y, we write a b if b-a N. If Y*
denotes the space of bounded linear functionals on Y, N induces an ordering on Y*
relative to the convex cone

N* {y* Y*: (y*, y) _-> 0 for all y N}.

Above (.,.) denotes the usual pairing between Y* and Y. Associated with the primal
problem,

(P’)

is the dual problem,

maximize f(x)

subject to g(x) >= O, x X,

minimize L(A)
(D’)

subject to A=>0, &Y*,

where

L(A) supremum (f(x)+(Z, g(x)): x X}.

Although equality constraints are not explicitly stated in the primal problem, the
inequality g(x) => 0 becomes equality when N {0}.

Under certain convexity hypotheses and constraint qualifications, a "typical duality
theorem" asserts that there exists a solution to the dual problem and

L(A) supremum {f(x): g(x) >- O, x X}.

For example, see [28], [50], or Theorem A3 below. First, we observe that dual
approximations exist without the convexity hypothesis. If S is a subset of -N*, we
consider the following approximation to the dual problem:

(D) minimize {L(A ): A S}.

Let us define the set

and the ball

A(y) {x e X: g(x) >= y},

and let us introduce the following assumption for (P’):
BOUNOZONZSS ASSUMr’TON. There exists p > 0 such that A(y) is nonempty for all

yP and

M:= inf sup f(x)>-.
yt, xA(y)

THEOREM A.1. If S is a closed subset of a finite dimensional space and the
boundedness hypothesis is satisfied, there exists a solution to (D).
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Proof. If L(A) is o for all A s S, the theorem is trivial, so let us assume that
S f3 dom L is nonempty. Beginning with the definition of the dual functional and
utilizing the boundedness assumption,

L(A)=sup{f(x)+(A,g(x))" xX}>=sup{f(x)+(A, y): xA(y)}>-M+(A, y)

fqr each y P. Maximizing over y P, it follows that

(A.1) II;11. :-- sup {<x, Y): Y6 31}<--(L(h)-M)/p.

By the next lemma, L is lower semicontinuous. Since S is a closed subset of a finite
dimensional space, (A.1) implies that the level sets

{, S: L(A) _-< a}

are compact. Hence, there exists a solution to (D). lq

LEMMA A.2. L is lower semicontinuous with respect to both the norm topology of
Y* and the weak topology induced on Y* by Y.

Proof. This result is essentially contained in Rockafellar’s work [50, Thm. 5] or
[46, p. 104]. Consider the epigraph set

epi L= {(a, h R x Y*: a >- L(h )}.

Alternatively, we can view this set as the intersection of half spaces which are closed
in the weak topology induced on Y* by Y; in particular,

epiL= f’1 {(a,h)R Y*" a>-f(x)+(h,g(x))}.
xX

Therefore, epi L is closed in both the norm and the weak topologies. Since lower
semicontinuity of L is equivalent to the epigraph being closed, the proof is complete, l-1

Suppose that X is a convex subset of a vector space. We say that g is concave if

g(oX -[- (1 a)X2) --> egg(x1) q- (1 a)g(x2)

for all Xl, x2 X and 0_-< a _-< 1.
THEOREM A.3. Suppose that X is a convex subset of a vector space and both f and

g are concave. Under the boundedness hypothesis, there exists a solution h to (D’) and

L(X) v := supremum {f(x)’g(x) _->0, x X}.

Moreover, for any solution x of (P’), we have (h, g(x)) 0.
(This last result is called the complementary slackness condition.)
Proof. If v=c, the result is trivial. Since v>=M>-o by the boundedness

hypothesis, assume that v is finite. Let us define the convex sets:

E {(a, y) R x Y: :Ix A(y) with a =< f(x)}
and

D ={(a, y)Rx Y: a=v, y>-0}.

By the boundedness assumption, (M- 1, 0) R x Y is an interior point of E. Separating
D from E with a hyperplane gives us r R and/z Y* such that

(A.2) rv +(/x, z) >= ra + (tx, y)

for all (v, z) D and (a, y) E. Clearly,/z => 0. Since (M-1, 0) lies in the interior of
E and (a, 0) E for all a < M, we see that r > 0. Dividing by r, setting h =/z/r, and



460 WILLIAM W. HAGER AND GEORGE D. IANCULESCU

inserting (a, y)=(f(x), g(x)) and z=0, (A.2) gives us

v>-f(x)+(A,g(x))

for all x e X, or equivalently, L(,)=< v. Since L(,)_-> v by weak duality, it follows that
L(,) v. Finally, if (P) has a solution x e X, then the inequality v>=f(x)+(,X, g(x))
v+(,,g(x)) implies that (,,g(x))<-O. Since _->0 and g(x)>=O, we conclude that
(;, g(x))=0.

Allendix 2. Integrand regularity. In 11, we note that the dual integrands
l(x, y, t) for Problems I-IV are continuously differentiable in x and y. In these examples,
this result amounts to showing that the optimal cost of the quadratic program

minimize xQx+ qrx
subject to Ax <-_ a, x e R

depends smoothly on q. Here Q and A are matrices and q and a are vectors of the
appropriate dimensions. Let us study the more general class of problems

(A.3) minimize {f(x, so) g(x, s) <-O, h(x, ) =0, xeR "}

where f" R" Rp
") R, g" R" Rp "> R’, and h" R" Rp R I. Above, : e Rp is a fixed

parameter, and the minimization is over x . R". Our development is based on Lipschitz
properties established earlier for the solution and the multiplier of (A.3). In [15] these
properties are verified for quadratic programs, and in [15, Appendix], we indicate that
these results extend to more general programs. This extension is now presented; as a
corollary, we show that the optimal cost of (A.3) depends smoothly on se.

Suppose that (A.3) has a unique solution x() for near 0. Under fairly weak
assumptions, it has been shown [42] that the feasible set

{x R"" g(x, ) <-O, h(x, ) =O}

is stable with respect to perturbations in : and hence by [44] x(:) is a continuous
function of :. Defining z=x(0), we assume that f(x, ), g(x, ), and h(x, ) are
continuously Fr6chet differentiable in x near (x, :)= (z, 0). If g(x, ) is the vector
composed of g’s components satisfying g(x, )=0, we also assume that the rows of

Vlh(X(), :)

are linearly independent for : near 0. Under these hypotheses, there exist unique
multipliers (s) e R" and/ (:) e R satisfying the Kuhn-Tucker conditions [29, p. 233]:

where

(x, s) f(x, ) + A () 7"g(x, ) + I() 7"h(x, ).
LEMMA A.4. If x() is a continuous function of near zero and the differentiability

and independence assumptions stated above hold, then A () and tz() are continuous

functions of near zero.

Proof. Let : be a fixed parameter near zero, let Ic {1,..., m} be the set of
indices for which gi(x(), :)= 0, and let g1 be the vector with components gi, e L
Consider the system

(A.5) Vlf(x, r/)+Vlgi(x, r/)7"X, +Vlh(X,



DUAL APPROXIMATIONS IN OPTIMAL CONTROL 461

in the unknowns x, hi, and tz. Since x(rt) depends continuously on rt, gi(x(q), q)<0
if i:I and rt is near . Assume that I,-1 is so small that gi(x(q), r/)<0 if iL By
the Kuhn-Tucker conditions (A.4), h(rt) =0 if i I and (x(r/), hl(rt),/z(r/)) satisfies
(A.5). Since the rows of VlgB(x(:), :) and Vlh(x(), ) are linearly independent and
x(rt) is a continuous function of rt near zero, it follows that the rows of 71gi(x(rt),
and 7lh(x(q), ,1) are uniformly independent of r/ near :. Hence (A.5) implies that
hi(rt) and /z(r/) are continuous functions of r/ near s. Since h(rt)=0 if i_I, we
conclude that

lim (x(r/), A (rt), z (rt)) (x(:), , (),/x (:)).

THEOREM A.5. In addition to the hypotheses of Lemma A.4, we assume:
(i) f, g and h havepartial derivatives oZ/Oxz, 02/ox Oand 0/0 whichare continuous

near (z, 0), and
(ii) for each near zero, we have

(A.6) yTVxx(X(), )y > 0

for every nonzero vector y such that

71gB(x(s:), se)y 0 Vlh(X(s), sC)y.

Then (x(), A(sc),/.(sc)) is a Lipschitz continuous function of near zero.

Proof. Again, let : be a fixed parameter near zero, let I c {1,..., m} be the set
of indices for which g(x(s), ) 0, and let gz be the vector with components gi, e/.

Consider the system

(A.7)
Vf(x, ’q)+VlgI(x, rl)TA, +7,h(x, rl)Ttx =0,
g,(x, n) =o,
h(x, rl) =0,

in the unknowns x, Zi, and ix. Since (A.6) holds and the rows of VlgB(X(), ) and
V h(x(), ) are linearly independent, it follows from 15, Lemma 3.2] that the Jacobian
of the system (A.7) with respect to (x, Az,/x) is nonsingular at s and (x, Az,/z)
(x(), Az(sc),/z(s)). By the implicit function theorem, (A.7) has a unique solution
(x, AI,/z)(r/) for 7 in a neighborhood of s which is a continuously differentiable function
of r/. Now, as : ranges over a neighborhood of zero, the solution x(:) and the multipliers
A (sc) and/z(:) for the program (A.3) satisfy (A.7) for different choices of L As in [15,

3], it follows from [15, Thm. 2.3] that (x(), Z(sc), (sc)) is a Lipschitz continuous
function of near zero. [3

In a related paper [43], Robinson shows that the Kuhn-Tucker conditions (A.4)
have a solution depending Lipschitz continuously on a parameter. His assumptions are
similar to ours except that (A.6) is strengthened slightly while the assumption that
(A.3) has a unique solution is dropped. Now consider the optimal cost f(x(), ). Since
x() depends Lipschitz continuously on sc, we might expect that f(x(), ) depends
just Lipschitz continuously on s. But the cost is smoother than expected:

COROLLARY A.6. Under the hypotheses of Theorem A.5, f(x(), ) is a con-
tinuously differentiable function of near O. Moreover, if f, g and h have continuous
second partial derivatives near (z, 0), then the derivative of f(x(), ) is Lipschitz
continuous.
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Proof. Since x(. is ditterentiable almost everywhere, the chain rule gives us

0
)=(x(),

ox()
Vl(X(), ) + g(x(so), sc) 7"OA

(so) + h(x(:), sc)
O/x (so)

+-{/(x, ) + g(x, ) + gh(x, x=x().
x =x(), =t(#)

By the Kuhn-Tucker conditions, 7a(X(:), )=0, and since x(s) is feasible in (A.3),
h(x(), :)=0. Suppose that gi(x(s),)<O. Since x(r/) depends continuously on
gi(x(rt), rt)<0 for r/ near s. Hence the Kuhn-Tucker conditions also tell us that
Ai(rt) =0 for rt near , and

Combining these observations,

(A.8) --; x
o ;-u; { f x’ s + A 7"g x, + tx T"h x, x=x()

x =x(#)
=(#)

Theorem A.5 completes the proof.
Gauvin and Tolle [12] obtain (A.8) under weaker assumptions, although the

feasible set is required to satisfy a uniform compactness condition. Also Armacost and
Fiacco [2] give (A.8), but require the so-called strict complementary slackness condition
which is not satisfied in our applications to the dual integrand.

Appendix 3. Exact solutions. Consider the problem

minimize [x(t)2 + u( t) 2] dt

subject to x’(t) u(t), u(t)<= 1 almost everywhere,

l+3e
x(0)

2(1 e)’ (x, u) Y.

This problem’s solution, computed in [23], is given below.
Region 1. 0 <= <= 1/2.

l+3e 2 (l+3e)
t+’--x(t)= t+Z(l_e-------, u(t)= 1, p(t)=-+z(a_e--------

Region 2. 1/2 <- <- 1.

The optimal cost is

e + e2-t
X( t) /-(1 e)

e e2-t
u(t) p(t) =,-_

)"4e( 1

55e2-2e-5
48(e_ 1)2

13e-5
8(e- 1)"
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Next, consider the problem

lI0’minimize x(t): + u (t) z] dt

subjectto x’(t) u(t), u(t) <= 1 almost everywhere,

2/7
x(t)<= forall te[o, 171,

1-e

5e+3
x(0) (x,u).

4(1- e)’

This problem’s solution, computed in [23], is given below.
Region 1. 0 <- <-_ 1/4.

1 l+e 33, u(t)= l p(t)
32
+x(t)=t 4+l_e

Region 2. 1/4<- <-_ . t- + t(2t-1).

t--l t--l

x( t)
e

1 + e3/2-2t), u( t) p( t)
e

1--e 1-e

Region 3. 1/4 <- <- 1.

(1 e3/2-2t).

, u(t) =p(t)=0.x(t)=l_ e

The optimal cost is

where b 247/(1 e).

e+l x(O) q_x(O)2q-b24___9++384 2(e-1) 32 8
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OPTIMAL CONTROL IN SOME VARIATIONAL INEQUALITIES*

F. MIGNOT5. AND J. P. PUELS.

Abstract. We study a nonconvex, nondifferentiable problem of optimal control where the state of the
system is defined by an elliptic variational inequality with obstacle, and where the cost function is quadratic
with respect to the state and the control. We show the existence of an optimal control u with which is
associated a state y(u). When there is no constraint on the control variable, we give necessary conditions
of first order satisfied by the triple (u, y (u), p) where p is an adjoint state associated with the problem.

Key words, optimal control, nonlinear optimality system, conical derivative, variational inequalities

Introduction. We are going to consider an optimal control problem in which the
state of the system is defined as the (unique) solution of a stationary variational
inequality.

The main difficulty comes from the fact that the mapping between the control
and the state is not differentiable but only Lipschitz-continuous and so it is not easy
to get optimality conditions of first order which make sense and which correctly
describe the situation.

This problem has been already considered from both the theoretical and numerical
points of view by many people, for example Yvon [9], Mignot [6], Barbu [1], [2],
Saguez [7] and Zrikem 10]. They have used either an approximation of the variational
inequality by penalization, or the ditferentiability almost everywhere for Lipschitz
continuous mappings or the generalized gradient. Here, using the conical derivative
(cf. Mignot [6]), in the case where there is no constraint on the control, we shall obtain
necessary conditions of first order including strictly the ones obtained by Barbu [2]
for example.

In 1 we describe the problem; the main results are given in 2; in 3 we give
auxiliary results and prove the main theorems; in 4 we make some complementary
remarks and state some open problems.

1. Statement of the problem. In the interests of clarity, we shall not consider
the most general abstract situation, and we leave to the reader the possibility of
adapting the proofs to some connected problems.

Let fl be a bounded domain of R" and let F be its boundary.
We consider a Hilbert space V such that

and such that if u V, u+ V.
We denote by ((.,.)) and II" the scalar product and the associated norm in V.
Let us consider the bilinear form a(., defined on V V by

(1.1) a(b, O)= a,-- dx + bi xiO dx + C** dx,
i,j= OXj OXi i=

where a0, bi, c belong to L(fl). The bilinear form a(.,.) is continuous on V V
and we shall assume it is coercive, i.e.,

(1.2) :ia>O, Vd v, z.
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4 place Jussieu, 75230 Paris Cedex 05, France.
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If (.,.) is the duality between V’ and V, we have

(1.3) b, 6 V, a(&, 0)= (Ab, ), where A 6’(V, V’).

Now define

(1.4) K {blb V, b >-0 a.e. in D,}.

The set K is closed, convex and nonempty in V.
We are now able to define correctly the control problem. Let f be given in V’,

and let Uad be a closed convex subset of L2(12). For each v Uao we define y y(v)
(the state of the system) as the solution of the variational inequality

(1.5) a(y,b-y)=>(f+v,b-y) ’b K, y K.

We can interpret (1.5) as follows:

(1.6) Ay=f+v+, y>=O, >=0, (sO, y)=0.

We know by classical arguments [3], [5] that (1.5) has a unique solution.
Now, for Zd L:(12) and N > 0, we define the cost function J by

l fa +N Ifl (v )2 dx(1.7) J(V) - (y(v)--Zd)2 dx
2

and we look for Vo (optimal control) such that

(1.8) Vo Uaa, J(vo) min J(v).
Uad

Remark 1.1. We could have considered various examples of convex sets, of
control and of cost functions in which we can obtain analogous results without
additional difficulty in the proofs.

In particular we can consider the following examples.
Example 1.1.

V =H(f), g {blb V, b _->0 a.e. on r}.

Then for the same type of bilinear form and the same control, we get the Signorini
problem, and we may consider the following cost function (with za L2(F)):

lfr NIn(1.9) J(v)= (y(v)-ze)dr+5 (v dx.

Example 1.2. If y (v) is defined as in Example 1.1 we can consider another cost
function (with Zd H-/(F))

1 O__y 2 Nf(1.10) J(1)) - OPA
1.))- Zd "-- Ja

v)2 dx,
H-I/2(F)

where 0/0u, denotes the conormal derivative associated with A.
Example 1.3. If 1 is a bounded regular open set of R" such that its boundary

F is the union of two connected components Fo and F1, for v LZ(F1) we consider
y (v) the solution of

Ay(v)=f in f,

(1.11) y(v)> 0 Oy(v)>0, 0y(v)
.y(v)=0 onFo,

y(v)=v onF1,
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and the cost function (za H-I/2(Fo))
2 NIr )21 0y(V)_za +-- (v dF.(1.12) J(v) - OVA H-a/a(Fo) 2

In this case, we have to define carefully what we mean by a solution of (1.11)
with v LZ(F1).

Example 1.4. For f R, v R, ze R, we consider

(1.13) y(v)= (f +v)+,
1 )2 N )2(1.14) ](v) (y(v) za

All that follows can be adapted to this very simple interesting situation, which
contains the main difficulties and which will give rise to some counterexamples.

2. Main reslts. First we get a simple existence result for an optimal control.
THeOReM 2.1. Them exists an optimal control roe Ua (and, in general, there is

no uniqueness).
In order to get optimality conditions of first order, we shall assume that U,d

La().
If y is solution of (1.5) we can define:

(2.1) Zy {x Ix , y (x) 0} (defined up to a set of zero capacity).

(2.2) Sy (I V, 0 on Zy, (, ) 0},

where Ay-f-v is given by (1.6).
THeOReM 2.2. An optimal control Vo satisfies the following:
(i) Vo W.

(ii) Ifyo y(vo), there exists po such that:

po Syo,

(2.3) V6 Syo, a (, po) a dx,

po +NVo O.

a’)0 (polar cone of Syo with respect to the adjointRemark 2.1. If we define (Syo
form a*(.,. )) by

a* )0(2.4) (Sy0 ={1 V,Syo, a(,)O},

we can write (2.3) as follows"

(2.5) p0Sy0, po-A*-l(yo-za)(Sy*), po+Nvo=O.

Now, eliminating the adjoint state po we obtain"
COROLLARY 2.3. There exists at least one solution (y, v) of the following system:

a(y, 4-Y)=> [, (f +v)(ek-y) dx Vek K, y GK,

(2.6)
a(O, v) >--- (y- za)6 dx Vt) e sy, -v e Sy,

and (yo, Vo) is one such solution.
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3. Proofs of the results.
3.1. Proof of Theorem 2.1. We know that J (/)) >_- 0 V/) e Uad.
Let/’ be the infimum value of J(v) for v e Uad and let (v,),N be a minimizing

sequence. We then have

limJ(v,,)=]= inf J(v).
Uad

As N is strictly positive, (v,),N is a bounded sequence in UadC L2(I) and we
can extract a weakly convergent subsequence (v,k)ku such that

v,k v0 in LZ(fl) weakly, as k +o.

Then/)o Uad because Uad is losed and convex.
As fl is bounded, the injection from LZ(f) into V’ is compact and so

v, Vo in V’ strongly, as k - +.Then we have

y(v,)y(vo)=yo in V, as k

Using the lower semicontinuity for the weak topology of L2(fl) of/) -. a (v)z dx,
we get

/’= lim infJ(v,,,)>=J(vo) and J(vo) min J(v).
k I) Uad

3.2. Proof of Theorem 2.2. We first give the results obtained by approximating
the variational inequality by a penalized equation. This method has been used by
Barbu [1], [2] and Mignot and Tartar [8], but as we shall see, it does not give the
result of Theorem 2.2. Nevertheless it shows the important fact that the optimal
control Vo belongs to V.

For > 0, let us consider

3r+ if r<=-6,

1 2--r if -3 -< r -< 0,

0 if r=>O.

For e >0, we denote by y(v) the unique solution (which does exist) of the
penalized equation

(3.1) Ay(v)+ll3(y(v))=f+v, y, (v) e V.

Using a trick of Barbu [2], we define an adapted cost function

(3.2) J(v) "-’- (ye(/))--Zd)2 dx nt- (/))2 dx q--- (/)-/)0)2 dx,

where Vo is a solution of (1.8), given by Theorem 2.1.
We can now obtain easily the following result (the proof is classical)"
THEOREM 3.1. For each e >0, there exists v L2(f) such that

(3.3) J(v) min J(v).
L2 ’
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Moreover we have

Ay, +-/3 (y)=f+v, y V,

(3.4) A*p +- ’(y) "p (y -za), p V,

p +Nv + (v -Vo) O.

Using Theorem 3.1 we can derive some estimates and convergence results when
e-0.

THEOREM 3.2. When e 0, we have

(3.5) v Vo in L2() strongly, Y - Yo in Vstrongly, P Po in V weakly,

with

(3.6) po +Nvo 0

and

(3.7)

Ayo=f+vo+o,

Yo-->0, so-->0, (:o, yo)=0,

A*po (Yo-- zd) + qo,

(no, yo)= (o, po)= o,

(rto, po)-< o.

Remarks 3.1. 1) In the following we shall not use (3.7) directly, but we shall use
(3.6) which shows that Vo e V.

2) In fact we shall obtain directly strictly more than (3.7) as will be shown in 4
via a counterexample.

Proof. We know that for v fixed in L2(I)), when e -0, y(v) y(v)in V strongly
(because (1/e)B( is a penalization adapted to the convex set K).

From (3.3), we have

L(v)<-L(vo)=- (y(Vo)-Z dx +- (Vo) dx.

Then, J (Vo) J (Vo) when e - 0, and

(3.8) lim sup J (v) <-J(vo).
e-0

Moreover (v)>o is bounded in L2(fl) (independently of e) and we can extract
a subsequence (still denoted by v) such that

v in L2() weakly if e 0.

Then v - Vo in V’ strongly, if e - O, and we could easily show that

y(v)y(b--do) in V if e 0.
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Therefore,

lim inf J (v) >
-0 = (Y (0) Zd)2 dx "-["’ (0)2 dx .---. (0- Vo)2 dx

J (b-o)+ (b--o- Vo)2 dx

eJ(Vo) -+- (o-Uo)2 dx from (1.8).

From (3.8) and (3.2) we obtain

J (v) J(vo) if e 0, Vo,

v - Vo in L2(’) strongly if e 0.

Then y y(v) yo y(vo) in V strongly, if e 0. Multiplying the second equation
of (3.4) by p, and using the fact that/3S’(y) _>-0, we obtain that p is bounded in V,
independently of e. After extraction of a subsequence, we have

ppo in Vweakly ife0.

From the last equation of (3.4) we get

po + Nvo 0,

and then the whole sequence p converges to po =-Nvo.
This gives the first part of Theorem 3.2. As already mentioned, the second part

of Theorem 3.2 will be a consequence of our general result, but we shall prove it
directly here, assuming that f L2(fD.

Let us call

1 1
=--8 (y)=Ay-(f+v), "0 =--fl’(Y)’P =A*p -(y-za).

E E

From (3.5), we know that if e 0,

sc-o in V’,

in V’ weakly,

+We have (r/, y )= O, because of the definition of
When e - O,

+
r/ - r/o in V’ weakly, y y o yo
+Then (n, Y )- (r/o, yo) in R, and

(no, yo) 0.

Now we have

where o=Ayo-(f+vo),

where "oo A*po- (yo- za ).

in V strongly.
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and

(,/, y)=-1 In/3’(y) p ydx =-l[I
Then

1 I ypdxpy dx --
and

1 1 I{ (y +)pdx,(, p)-(,, y)=
,-

1 1(I{. )2 )1/2 (f{ )2 )1/2(&, p)-(n, y) <--- ((y + 6 z) dx (p dx
8 =<-B} y-6}

Multiplying the first equation of (3.4) by (1/e)(y), we see that (1/e)[(y)a2(m is
bounded, and so is (1/e)({y=_} ((y)z + 8 z) dx)/z.

As V c L (fl) with q > 2, we have
1/2 1/q

(/{ (p)2 dx) (/{ (p)q dx) [meas {y -}]q/2(q-2)

y-8} y--8}

As I[P]] is bounded, if we show that [meas {y -6}] 0 when e 0, we have

(G,p)-(n,y)0 and (G,p)0 ires0,

because (, y) 0 if e 0.
We know that

So

so we have

11 2-- y dx M.
E y_-<-8}

t2I{ O

M 2dx<=M and [meas{y-<_-6}]-<_-e
E y-}

(&, p) 0 if e 0 and therefore (sCo, po)= 0.

Multiplying the second equation in (3.4) by p, we get

a p p fa y zd p dx ----el I fl ’(Y) p 2 d --<0.

When e O, p Po in V weakly, and y yo in V strongly. Then

a(p’P)-Ia(Y-Zl)pdx<-liminf[a(p’P)-Ia(Y-Zl)pdxl <-0

and

(,/o, po)_-< 0.

This finishes the proof of Theorem 3.2.
Now, using the information Vo V which is a regularity result on the optimal

control, we are going to give a direct proof.of Theorem 2.2.
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We know (cf. Mignot [6]) that the mapping v- y(v) possesses at each point
a conical derivative w - Dye(w) such that, for all w V’, we have

(3.9)
Dyo(w)Sy(o),

V Sy(o), a(Dy(w), O -Dyo(w))>-_(w, O -Dyo(w)),

where Sy( is defined by (2.2).
Therefore, the mapping v J(v) possesses at each point v a conical derivative

w -DJ(w) defined by

(3.10) DJv(w)=Ia(y(v)-zd)Dy(w) dx+N Iav. wdx.

LEMMA 3.1. If VO is an optimal control, we have

(3.11) Vw V’, DJoo(W >= O.

Proof. It is evident that

Vw L2(f), DJo(W)>=O.
Then it is easy to prove (3.11), because LZ(l) is dense in V’ and because w DJoo(W)
is continuous from V’ into R.

Remark 3.2. The condition DJoo(W)>= 0 means that at the point v0 in each half
direction w, the functional J(. does not decrease strictly, up to the first order. So it
seems to be a "good" optimality condition.

THEOREM 3.3. If Vo V, the optimality condition (3.11) holds at the point Vo if
and only if there exists po such that

a*(3.12) po6Sy(oo), po-A*-l(y(vo)-Za)(Sy(o)), po+Nvo=O.

Remarks 3.3. 1)Theorem 2.2 follows immediately from Theorem 3.3 and
Lemma 3.1.

2) Equation (3.12) and the definition of y(vo) include (3.7).
Proof of Theorem 3.3. For V and y K, let us call P (sc) the solution of

(3.13) a(Py(), O -P()) _-> a (, O -py (c))

and Py* (c) the solution of

(3.14) a(&-P* (),P* ())>-a(&-P* (),)
Then we have, for all sc V,

(3.15) Py()+ Qy (),

(3.16) sc P* (:)+ 0* (so),

where

V& S, P* ()e$y.

Qy () (Sya) (polar cone of S with respect to a ),

O* (:) (S*) (polar cone of S with respect to a*),
with

(3.17)

Notice that we have

(3.18)

(3.19)

a (Oy (), Py ()) O, a (P* (), 0" ()) O.

V@ e Sy V@ e (S), a (0, ) <-- O,
VO F_. Sy VO* F_ (S* ), a (, 0") <- O.
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Now from (3.9) we have, if y y (v)

Dr, (w P, (A-’w),
and, if Nvo V, we can write

DJ,,o(W In (yo- zl)D,,,o (W dx +NIc vow dx

a (Po(A-w), A*-’(yo- Zd)) + a (A-’w, Nvo)

a (Pyo(A-’w), A*-’(yo- za) + Nvo) + a (Qyo(A-lw), Nvo).
Set

We have

and therefore

o -A*-I(yo-za)-Nvo, 1 --"-Nvo.

DJ,.,o( W) -a(Pyo(A-’w), o)- a( Qyo(A-lw),

DJoo(W) -a(Pyo(A-lw), P* w), Oyo (sCo))yo (sCo))- a (Pro(A-’ *
(3.20)

a (Q,o(A-’w), Qyo(SCl)) a (Qro(A-lw),
Suppose that (3.11) holds at the point Vo V, so that

DJ,o(W)>=O Vw V’.

Take Wo Ae,*o (sCo), so that A-lwo P,*o (sCo) S,o, and

eo(A-wo) P*o (o), Qo(A-wo) O.

Then

DJoo(Wo) -a (Py*o (o), Py*o (o)) a (Py*o (o), O*o(O))
-a (Pr*o (Co), Pr*o (Co)) -> O,

and we must have

(3.21) P*o(O) 0.

Now take w AOo(,), so that A-w, Oro(,), and

Pyo(A-lw 1) 0, Oyo(A-’w 1) lyo(l)"

Then

DJ,o(W,) -a (Oyo(SC,), Oyo(S,)) a ((yo(l),

-a (Oyo(:l), Oyo(l)) -> 0,

and we must have

(3.22) Oyo(C,) 0.

We have shown that (3.11) implies :oe (SS), sc, eSyo, which is equivalent to (3.12).
Suppose now that we have (3 12) and so that P* (Co)= 0, Oyo(SC,)= 0 Then fromYo

(3.20), (3.18) and (3.19), we have, for all w e V’,

DJo(W -a (Pyo(A-iw ), Qy*o (o))- a (Oyo(A-lw ), Pyo(,)) --> 0
and this finishes the proofs of Theorems 2.2 and 3.3.
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4. Some comments and open problems. Let us show briefly that once we know
that the optimal control Vo belongs to V, Theorem 2.2 implies Theorem 3.2, and, in
fact, that (2.3) together with the definition of y(vo) implies (3.7).

If we set

no =A*po-(Yo-Za),

we get from (2.3)

PoSGo, (no, O) <o

So, (no, Po) -<- 0 and (o, po) 0. Now yo Syo and -yo Syo, so (no, yo) 0, and this
proves (3.7).

We are now going to show by means of a simple counterexample that Theorem
2.2 is strictly stronger than Theorem 3.2.

Take V R and for v R,

(4.1) y(v) (-1 +v)+

(y (v) is solution of a variational inequality in R), with the cost function

(4.2) J(v) (y (V)-- 1)2 +V 2.

Then

J (v { 2v:z 4v +
v +1

if v=>l,
if v-<l.

The optimal control Vo is here unique, and we have v0 0. But it is easy to show that
the point Vl= 1, to which y(vl)=0 and p(vl)=-i correspond, satisfies (3.7), but
does not satisfy (2.3). Here the only solution of (2.3) is v0=0, with y(v0)=0 and
p(v0) 0.

So we see that (2.3) is strictly stronger than (3.7). Notice also that, in our case,
0 belongs to the generalized gradient of J at the point V l.

We therefore see that in our type of problem, the optimality condition

DJ,o(W) >= 0 lw V’

appears as a "good" optimality condition.
Unfortunately we have not been able, till now, to say exactly what this condition

means when the set Uad is not the whole space L2(II) and this is an open problem.
Let us mention three other important open problems"
How can we solve directly the optimality system (2.6)? This would be important

for numerical applications.
What can we say when we replace the convex set K by more general convex

sets such as for example.

K’= {vlv H(f), IOrad v(x)l 1 a.e. in l}.

In this situation we do not know that the mapping v-> y(v) admits at each point v a
conical derivative.

What can we say for the evolution case, even with the convex set K? Here
again we do not know whether v--> y(v) has a conical derivative at each point v.
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RITZ-GALERKIN APPROXIMATION OF THE TIME OPTIMAL
BOUNDARY CONTROL PROBLEM FOR PARABOLIC SYSTEMS

WITH DIRICHLET BOUNDARY CONDITIONS*

IRENA LASIECKA’

Abstract. This paper deals with Ritz-Galerkin approximations of the following two problems:
(i) boundary-value problems with L2-boundary data given in the form of Dirichlet boundary conditions;
(ii) time optimal control problems for parabolic systems with control acting on the boundary.
In both cases, optimal rates of convergence of approximation are obtained. Also, the specialization is

considered to approximating with nonconformal elements which are not required to satisfy boundary
conditions. Corresponding rates of convergence are also proved.

Key words. Ritz-Galerkin approximations, finite element approximations, bang-bang principle, analytic
semigroups, Dirichlet map

1. Introduction.
1.1. Formulation of the problem. Let A(:, 0) be a second order uniformly elliptic

operator

j,k=l -j aj() bj()-jj c()u

with real, smooth coefficients ajk, bj, c defined on : f, f a bounded open domain in
R with a sufficiently smooth boundary F. Consider the following parabolic equation"

0y(t,
=-A(sr, O)y(t, ) on (0, T]xf,

Ot

(1.1.1) y(0, )- Yo(),

Yir u(t, r) on (0, T] x r
with control function (boundary input) u(t, r) acting within the Dirichlet boundary
conditions (B.C. ).

Define the following sets:

UA {[g LooEOr; Z2(r)]; Ilu(t)ll/:(r <_ 1 a.e.},

s {u e L[OT; t(r)]; lu(x, t)l--< a.e. in x, t}.

We shall indicate by y(u, t) the solution y(t,.) in t,(a) of problem (1.1.1) at time t.
Suppose that the point y e La(I) is approximately controllable in the following sense:
Given r>O, there exist T>O and u UA (resp. u u) in UA (resp. U) such that
the solution y(u, T) of (1.1.1) at time T, due to the control function u, satisfies

(1.1.2) [[y(u, T)- YlIIm)
We can now formulate the two time optimal control problems of interest in the present
paper.

Problem PA. Find TA =min{T>0; :iue Ua with Ily(u, T)-yI[--< t.
Problem PB has the same formulation except that UA is now replaced by UB.

* Received by the editors June 29, 1981, and in revised form March 22, 1983. This research was
supported in part by the National Science Foundation under grant MCS81-02-837.

" Mathematics Department, University of Florida, Gainesville, Florida 32611.
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As is well known [F1], [$1], the above control problems admit unique solutions
ua, T (resp. u, T) with the following bang-bang property:

[[u, (t)ll(r 1 a.e. in e [0, TA ],

[U(x,t)l=--i a.e. xeF, te[O,T],
o 0(1.1.5) Ily(u, T= )- Yl]](r)-- o’, ce A or B.

The major goal of the present paper is to introduce a Galerkin approximation (in
particular, a finite element approximation) of the above time optimal control problems,
and to prove convergence of the resulting schemes. This will require the following two
preliminary steps: (i) an approximation of the parabolic equation with nonhomogeneous
(Dirichlet type) boundary conditions; and (ii) an estimate of the rate of convergence
of the approximating solutions in the L(0, T; Lz(l)))-norm, for boundary inputs u
in L(0T; Lz(F)]. As to (i), a standard method of approximating nonhomogeneous
Dirichlet boundary problems is to subtract the boundary data and to consider the
resulting homogeneous equation [D1]. This technique, however, requires a regularity
of the boundary data higher than the one available here (i.e., it requires u(t) HI/Z(F)
instead of u(t) Lz(F)). Therefore it fails in our present situation.

In order to overcome this difficulty, we propose a radically different approach.
This is baset on replacing the parabolic problem (1.1.1) with a functional analytic
model (see 1.2), which gives an effective input-solution formula: u --> y. This formula,
recently introduced in the study of nonhomogeneous parabolic problems, is expressed
in terms of three quantities: (i) the generator -A of the differential operator -A(:, )
with zero Dirichlet B.C.; (ii) its corresponding C0-analytic semigroup S(t); and (iii)
the Dirichlet map D of the corresponding elliptic problem, responsible for the action
of u into the interior 1). Our approach, therefore, will consist in approximating this
functional analytic model of (1.1.1), i.e., in approximating A, S(t) and D. We have
already applied with success this approach to a quadratic cost optimal control problem
in [L1], where we have obtained error estimates in the L2((0, T)(R)l))-norm. In the
present case, however, estimates in the L(0, T; Lz(F))-norm are needed. Thus the
arguments of [L1] cannot be applied directly, as different technical difficulties now
arise. In short, the present problem requires a new, ad hoc treatment. As a matter of
fact, a major portion of the paper ( 2) is devoted to the approximation, in the way
described, of the nonhomogeneous (Dirichlet type) parabolic problem per se, with no
reference at all to the control problems. This will provide the desired rates of conver-
gence in terms of the L(0, T; Lz(F))-norm for u, which are not available in the
literature and which are needed in completing the study of the control problems (in
3 for problem PA and in 4 for problem PB). In fact, the way of choosing an

approximation to the Dirichlet map D will depend on the type of control problem
under consideration. More precisely, in the case of the control problem PA, in order
to obtain an optimal rate of convergence, it will suffice to restrict our-attention to
approximation schemes based on piecewise linear splines. This technique fails, however,
in the case of control problem PB: Here, by contrast, different techniques based on
the Rayleigh-Ritz method [B2] will be used to approximate the Dirichlet map. This
way we shall still obtain an optimal rate of convergence for problem PB; however, to
this end, cubic splines, rather than linear splines, will be needed.

In the general study of (Dirichlet) nonhomogeneous parabolic problems of 2,
two approximating strategies will be pursued. The first ( 2.1) will be based on finite
dimensional subspaces of H (), with r> 1, whereby the approximating elements
have low differentiability requirements, but must also satisfy zero boundary conditions.
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This last condition is, however, stringent and not easy to accomplish, particularly for
nonpolygonal domains (it is implemented in practice by the use of elements [Z1],
[Z2]). Thus, there is the need for different discretization schemes possessing the
desirable feature of being based on nonconforming elements which are not required to
vanish on the boundary. A study of such a scheme is then presented in 2.2, and the
price we pay is that the approximating elements possess higher differentiability proper-
ties (i.e. are in Hr(l)), r-> 2). We will extend to the parabolic case some results from
elliptic theory given in IN1] (see also [B3]). Sections 2.1 and 2.2 are each organized
as follows: A general statement of the main result is given first, in terms of some
"abstract conditions" (part A); this is followed by technical proofs (in part B), and
by examples of approximations (for the operators A and D) which do satisfy the
abstract conditions (part C). It should be also pointed out that, in contrast with much
of the literature [B4], [D1], [ZI], etc., our approach on the input-solution formula
described above does not require the operator A (A(:, 0) plus zero Dirichlet B.C.) to
be selfadjoint.

Notation. In the sequel we shall use the following notation:

norms in L2(), L2(F), respectively,

I1"11, I" norms in H’(I)), Hs(r), respectively,

where H is the usual Sobolev space of order s;

(.;.)

e(x-, Y)

scalar product in L2({),

scalar product in Le(F),

space of linear bounded transformation from X into Y,

Sobolev space of order s with zero boundary conditions.

1.2. Semigroup model for the parabolic problem (1.1.1). Let A: Le() (A)
Le(ll) be the operator Af A(, O)f for f e (A) where (A) {y e L2(II); Ay
L(O); ylr 0}.

It is well known that -A generates a strongly continuous, analytic semigroup $(t)
on L(a), such that IIS(t)ll--< C e w, for some w, _-> 0, where C will stand for the generic
constant.

Let D be the Dirichlet map defined by

(1.2.1) v =Du itt -A(,O)v =0 in a, Vlr u on r.

It is well known [L3] that

(1.2.2) D (H(F) H+1/2(12)), s real,

and we shall be concerned mostly with the case s 0. Without loss of generality, we
can assume that the spectrum of A is on the right of the complex plane, so that the
fractional powers of A are well defined [P1]. By analyticity of the semigroup, we have

(1 2.3) IIAS(t)xll--< _C.ll_x_ll 0 < t, x e Z2(f) 0 < a < 1
tl-,

The following identification (set theoretical and topological) will be freely used in the
sequel:

(1.2.4) D(A’) n2o (fl), a < , a # 1/4,
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(where of course H (f)= HS(f)s < 1/2) with topology given by:

(1.2.5a) IxloA IIAxl[, < 1/4
(see [F2], [L2]). Moreover, in general

(a.2.5b) Ilxll2 <- CIIAxll, xD(At), /3>0.

By (1.2.2) with s =0 and by (1.2.4), we then have

(1.2.6) range of D DL2(F) D(A1/4-), p>0.

With this preliminary background, we can now give the abstract semigroup model ILl
for the parabolic problem (1.1.t). It is given by

(1.2.7)
y( u, t) y( t) S(t) Yo + (Lu)( t),

(Lu)(t) A S(t- z)Du(z) dz A/4+S(t z)A/4-Du(z) dz.

It follows directly (or by the convolution theorem) that the operator

(1.2.8) L" L(OT;L2(F))C([OT];H1/2-(f)), e>0,

is linear and bounded. In fact, by (1.2.5) and (1.2.3), we get from (1.2.7)

II(gu)(t)ll/2- A1/4-/2A S(t-z)Du(z) dz

A1-e/4S( t-- z)n1/4-e/4Ou(z) dz

<= C (t__’)i_e/4IbllL(OT;Lz(F))

Thus, yoH1/2-(l’) implies, via (1.2.6), yC([OT];H1/2-()). Moreover, the
operator

Lru A S( T- z)Du(z) dz

is linear and bounded: Loo[OT; L(F)]

2. Approximation of solutions to parabolic equations with nonhomogeneous
boundary data of Dirichlet type. In this section, we present a general approach for
approximating solutions y(u,.) to parabolic equations like (1.1.1) with Dirichlet
boundary input u. It is based on the (input-solution) functional analytic formula (1.2.7)
and consists, therefore, in providing appropriate approximations for the generator -A,
its semigroup S(t) and the Dirichlet map D. We shall establish in this way optimal
rates of convergence of solutions.

This section is divided into two subsections. Subsection 2.1 deals with approximat-
ing spaces which are subspaces of H (f), r> 1. Thus, the approximating elements
have the advantage of low differentiability requirements combined with the disadvan-
tage of their vanishing on the boundary. This situation is corrected and reversed in
2.2, where the approximating elements will not be required to satisfy zero boundary

conditions. However, they will have to possess higher differentiability properties, as
members, in fact, of Hr(f), r => 2. Each subsection contains the general statement of
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results (in part A) in terms of some "abstract assumptions", followed by their proofs
(in part B), while part C provides specific approximating schemes for the operators
A and D, which fulfill those abstract assumptions.

2.1. Approximation by subspaces with zero boundary conditions.
2.1.A. Statement of results. Henceforth, h will denote the parameter of discretiz-

ation, with h $ 0.
Assumptions.
Approximation of A. Let V, be an N(h)-dimensional subspace of H (fl), r> 1

such that:

(i) V is an S,’1 (12)-system (see [B1]),

(2.1.1) (ii) V, satisfies the so-called "inverse assumption"

I1 .111 - Ch-l[ll)h][, Vh E vOh.
As a consequence of (i) and (ii), one can prove that

(2.1.2) IIRhy-yllCh’-SllYllo,, 0_-<s-<_l, o<-_2, o-s>-O, yeH’(a)

where R is the orthogonal projection of L)(I)) onto V,, orthogonality being in the
Le(lI)-inner product 1. Let Ah" Vh - Vh be a finite dimensional positive operator
(for each h > 0) which approximates the positive operator A in the following sense:

(H1)
xE(A/2),

for all 0_-</3-<1, 1-<a-<2.

Assume, furthermore3, that

(i) either A, is also positive,

(H2) (ii) or else

((Ah A’ vh, Yh <= C(AhVh, vh)l/211Yh I[, Vh Vh, Yh Vh.
Approximation of S(t). Naturally enough, we take

(2.1.3) Sh(t) e-Aht, R, on V
as the corresponding approximation of S(t) on

Approximation ofD. Let U, c L2(F) be an approximation subspace of L2(F) with
the property that

(2.1.4) ]PhU- U[--1/2+e - Chl/2-’[u], u e L2(F), e > 0,

where Ph is the orthogonal projection of L).(F) onto U],. Let Dh" Ulh -> gh Hol(a)
be an approximation of the Dirichlet map D (see (1.2.1)), which satisfies the following
properties (approximation and stability) for all Uh

(2.1.5) [[(D--Dh)Uh[[e <= Chl/2-lUh[,
(2.1.6)4 IlOhUhll /2- <---- Clu l.

There are many examples of spaces satisfying this condition (see [$3], [Z1], [Z2]), e.g., the space of
piecewise linear functions for polygonal domains, and that of curvilinear splines for arbitrary domains.

A is positive iff (Ax, x) > 0 for x e D(Ai.
This assumption, which automatically holds in the selfadjoint case, is needed only in the proof of

Lemma 2.1.B.1. Assumption (H2)(ii) is of the same nature as in [H1].
(2.1.6) follows from (2.1.5) and (1.2.2).
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Having introduced approximation for A, S(t) and D, we can now define a natural
approximation of the solution to the parabolic problem (1.1.1) given by (1.2.7).

Approximation of parabolic solutions. We take

yh(Uh, t)=yh(t)=Sh(t)Rhy+(LnUh)(t), y L2(I)),
(2.1.7)

(LhUh)(t) Ah Sh(t-- Z)DhUh(Z)

Notice that (2.1.7) corresponds to an N(h)-dimensional system of linear ordinary
differential equations.

Main results.
THEOREM 2.1.1. Let Ah satisfy hypotheses (H1)-(H2), and let Dh satisfy (2.1.5)-

(2.1.6). Then for Yo nl/2-() and every Uh L(0T; ulh we have

Ily(u, t)- yh uh, t)ll-<- Cha/2- {llyol]l/2- / u.It0;=}+ flu
for all [0, T] where e > 0 is arbitrarily small and where y( u, t) and Yh Uh, t) are given
by (1.2.7) and (2.1.7) respectively. Here C is a constant which does not depend on h.

From this, if Uh(t) are approximations in U, of u(t), we shall derive
COROLLARY 2.1.2. If Uh(l Ulh approximates u(t) L2(F) in the sense described

by (2.1.4) with uh(t)=PhU(t), then

Ily(u, t) yh (Uh, t)ll. -<_ Ch l/2-[llyolla/2_ /

2.1.B. Proof ol Theorem 2.1.1 and Corollary 2.1.2. This is achieved through a
series of lemmas.

LZMMA 2.1.B. 1. Let xh Vh. Then

cIIAgSh(t)xall<--llxhll, 0=</3_-<1, O<t<=r.

Proof. By interpolation, it is enough to prove the two cases/3 0 and/3 1. If
we take the inner product with Sh(t)Xh on the identity (from (2.1.3)),

(2.1.8)
dSh(t)
Xh -[-mhSh(t)xh 0,

dt

and integrate, we arrive at

(2.1.9) II&(t)x.ll2+ 2 (AhSh(Z)Zh, Sh(Z)Xh) dz 2llxhll2.

This proves the case/3 0, since Ah is positive. Next, if we differentiate in identity
(2.1.8) and take the inner product with (dldt)Sh(t)Xh, we arrive at

1 dllAhS,(t)xhll2 + nh__tSh(t)Xh,__tSh(t)xh =--0.
2 dt

Multiplying this identity by 2t2 and integrating by parts the result from 0 to tl gives
(we replace tl with t)

tZllAnSh(t)Xhl]2+2 z2(A2hSh(Z)xh, AhSh(Z)Xh) dz

(2.1.1o)
=2 zllAh&(z)x.l[2 dz.
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Also, if we apply to (2.1.8) the inner product with t. (d/dt)Sh(t)Xh, we obtain

tllAhS (t)xll + AS(t)x, -S(t)x O,

which can be rewritten equivalently as

d
tllAhSh( t)Xhll +-t{t(AhSh( t)Xh, Sh( t)Xh)]

(2.1.11)
+ t[(a2hSh( t)Xh, Sh(t)Xh)] (ahSh( t)Xh, Sh(t)Xh).

NOW, if A, is positive (assumption (H2)(i)), then we drop the third term and get

(2.1.12)(i) zllAhSh(Z)yhll2 dzN (ehSh(Z)Xh, Sh(Z)Xh) dz.

On the other hand, if Ah satisfies assumption (H2)(ii), we add and subtract the same
quantity to (2.1.11) and write

zIIAhS.(Z)xhll dz+t(AhSh(t)Xh, Sh(t)Xh)+ z(AhSh(Z)Xh, AhSh(Z)Xh) dz

z((Ah--A)Sh(Z)Xh, ehSh(Z)Xh) dz + (AhSh(Z)Xh, Sh(Z)Xh) dz.

On the left-hand side of the above equality, we drop the second and third terms, which
are positive, while on the first term on the right-hand side we use assumption (H2)(ii).
We obtain

fo’ Zllm.S.(z)x.llZ dz

C z’/e(AS(z)x. S,(z)x,)’/z’/lln,S,(z)x, dz

+ (AhSh(Z)Xh, Sh(Z)Xh) dz

z(es(zx, S(zx dz+- zllAS(zx dz

+ (AhSh(Z)Xh, Sh(Z)Xh) dz.

Thus, choosing suitably large yields the inequality

Io I0"(2.1.12)(ii) zlleS(z)xl dz CT (AS(z)x, S(z)x dz, Ot T,

which is of the same form as (2.1.12)(i). The statementin the lemma for 1 now
follows from (2.1.10), (2.1.12)(i)-(ii), and (2.1.9) after dropping the (positive) second
term in (2.1.10) (since Ah is positive) and the first term in (2.1.9). The proof of Lemma
2.1.B. 1 is now complete.

LEMMA 2.1.B.2. For any x e L() we have

Sh(t)Rx-RS(t)x=- AhSh(t-z)[RA--A;R]AS(z)xdz.
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Proof. For > 0 and be V, we subtract the identity

-t hS(t)x’ ’;bh + (AhRhS(t)x’ 4)h (AhRhS(t)x-AS(t)x’

from the identity

--t Sh ehx, dp h + nhSh ehX, dph =-- O

and we integrate the result, using RhAh Ah. We thus obtain

S(t)Rx-RS(t)x.-- S(t-z)R[ARS(z)-AS(z)lxdz,

which is equivalent to the desired assertion in the lemma.
The next lemma deals with some specific approximation properties of Sh(t).
LEMMA 2.1.B.3. For y e N(As/2) we have:

(i) IlSh(t)ehy-RhS(t)yll<=ChSllAS/2y]l, 0=<s<2,

Ch-(ii) IIAhSh(t)Rhy-RhAS(t)Yll<= t-(=7--_ IIA/eyll for l<<-_2, t>0.

Here C is a constant which does not depend on h.
Proof. (i) By Lemma 2.1.B.2 and Lemma 2.1.B.1 applied with/3 1- e, we have

IlSh(t)ehy--ehS(t)yll<-- IInL-S,(t-z)nh[en--ne]nS(z)Yll dz

<- IlAh[RhA-1- A-1eh ]AS( z) yll dz(t_z)-
(by (HI) with/3 e and 1 =< a =< 2)

<-Ch’-2 fo (t-
1
z)_llA/eS(z)Yll dz

<- Ch- IIns(z)n/=-Yll dz
(t_z)-

Io<- Ch-2
(- z)- z

dzllA/=-Yll"

Let/3(p, q)=I zP-(1-z)q- dz. Then

(2.1.13) IIS(t)Ry-RhS(t)Yll<-_ Ch-=llA/=-Yll(-, ) for all l-<a=<2.

Since we also have (by Lemma 2.1.B.1)

(2..4 IIs(ty-,s(t yll <=
then by interpolating between (2.1.13) and (2.1.14) we arrive at the desired conclusion
for part (i).

(ii) To prove (ii), we differentiate in the identity of Lemma 2.1.B.2 to get for
ye(A)

AhSh t)Rhy R,AS( t) y AhSh t)[RhA- A-Rh]Ay

(2.1.5) + AhSh(t-z)[RhA--A-R]AS(z)ydz.
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We now estimate the two terms (let us call them (i)and (2)) on the right of (2.1.15).
As to the first, we have, from Lemma 2.1.B.1 with/3 1-e, and assumption (H1) for
l=<a=<2 and fl=e,

(2.1.16)
(!) -[[A, Sh t)AT,[RhA-1- A-1Rh ]Ayll

<__ t__i=7_llA[ROhA_,_A_1ROh]Ayll<=
Crh-2e
tl_ IIA/ylI.

As to the second term, we have similarly, with (H1) applied with /3 e/2 and a
replaced by a ,

@<- (t_z)_/zIIAT,/2[RA--ARh]AS(z)yll dz

<= ChO_2
1 +a/2_e/2S

(t- z) 1-/211A z)Yll dz

< ChO,_2 1
(t- z) -/21la-/2s(z)ll IIA/2yII dz

<_ Ch-2 dzlln/2yl[
(t z)-/2 z-/2

=Ch,_2 1 IIA/2YlI e/ 2, e / 2).

This inequality, with (2.1.16), once applied to (2.1.15), yields the desired part (ii).
Lemma 2.1.B.3 is thus proved. Cl

We are now in a position to proceed with the proof of Theorem 2.1.1.
By (1.2.7) and (2.1.7), the difference between y and Yh can be written as

(2.1.17)

y(u, t)- yh(Uh, t) S(t)yo- Sh(t)RhYo @

q- [AS(t--z)--AhSh(t--z)]OhUh(Z) dz

AS(t-z)[Dhuh(z)-Du(z)] dz (.

(!), (2) and () denote the three different terms in (2.1.17). We now estimate the first
difference (i) by means of (2.1.2) with a =1/2 and s=0, and Lemma 2.1.B.3(i) with
$ ---12 Eo

(2.1.18)
[[S(t)yo-RS(t)yoll+l[RS(t)yo S(t)Rhyo[[

<= Ch ’/.- eW’[[yo[[/._.

The second difference (2) can be estimated as follows:

<= II[RAS(t- z)-AS(t- z)]Du(z)l[ dz

+ II[RhAS(t-z)-AhSh(t--z)]DhUh(Z)ll dz
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(by (2.1.2) with a =1/2-4e, s =0, and Lemma 2.1.B.3(ii) with a 1 + e)

Io"Ch 1/2-4e IlA-S(t z)Aa/-Dhuh(z)ll dz

(2.1.19a)
Ch- fa" Ila+

u+ (a)=(A/+/) (see (1 2.4)) so thatWe now use the fact that DhUh e V co
IlA/2*/DhUhJl CIIO"ll,.. Then by the inverse property enjoyed by the space V
(assumption (2.1.1)) we finally have

where in the last step we have used (2.1.6). From here and (2.1.19a) it is then easy
to conclude via (1.2.3) that

As to the third difference @ in (2.1.17), we have by (1.2.3) and (1.2.5a)

@= A-S(t-z)A[DhUh(Z)-Du(z)] dz

’ C

o (t-z)-We now use property (1.2.2) with s=-+2e, and inequality (2.1.5) to get finally

Using now inequalities (2.1.18)-(2.1.20) in (2.1.17) yields the desired conclusion and
proves Theorem 2.1.1.

Corollary 2.1.2 follows from Theorem 2.1.1 via (2.1.4).

.1.. Eles. Approximations nh and Dh which satisfy assumptions (H1)-
(H2), and (2.1.5)-(2.1.6), respectively.

We now provide examples of specific approximation schemes for A and D, which
fulfill the requirement postulated in 2.I.A.

Approximation Ah which satisfies assumptions (H1)-(H2). Define the (positive)
operator nh approximating the (positive) operator A on V by

(2.1.21a) (AhYh, Vh)= a(yh, Vh) Vyh, Vh e V
where a(y, v) (Ay, v) is the bilinear form associated with A, continuous on
H(a). Now let R be the orthogonal projection of H(a) onto V (orthogonality
in the H()-inner product), defined by

(2.1.21b) a(Ry, Vh)a(y, Vh) VyeH(a), VheV.
It is well known [B1] that R satisfies the inequality

(2.1.22) [ley-yllCh-’llyll, 12, 0sl, -se0,

which is analogous to (2.1.2) (but is more restricted in the -range). By virtue of its
definition, (Ry, vh)= (y, Vh), y e La(a), Vh e V c H(a), the projection R can be
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extended to act on H-l(f)-[(A1/2)] (by (1.2.4)) where X’ denotes the dual of X,
and thus RhA acts on H(O)= N(A1/2).

CLAIM. For the approximation Ah defined in (2.1.21a) we have

A-IRhA Rib on (A1/2) H01(fl).

In fact, if y e (A1/2) and Vh Vh, we have from (2.1.21a)

a(A-IRhAy, Vh)= (AhA-IRhAy, Vh)= (RhAy, Vh)= (Ay, Vh)= a(y, Vh),

and the claim follows from the definition of R in (2.1.21b). Thus, in view of the
claim, assumption (H1) in 2.1.A can be equivalently rewritten in our present example
as

(HI’) IlAh (Rh Rlh )Xll <= Ch-ZllA/2xll, x e (A/2),
for all 0 -<_/3 =< 1, 1 <= a 2.

We now want to show that Ah defined in (2.1.21a) satisfies (HI’). To this end, we
need the following

LZMMA 2.1.C.1. For Yh VOh and mh as in (2.1.21a) we have

[IA Yh[[ <= Ch-llA/2Yhl[, 0 <-- <-- 1.

Proof. We compute directly

[[Ahya[[2= AhYh, AhYh a yh, AhYh <= C[[A a/Zyh[[ {[A1/2Ahyhl[ <= Ch-a[IA1/y.II IIA y.II

where in the last step we have used the "inverse assumption" on V,. Hence the case

/3 1 follows and by interpolation the lemma is proved.
Now, for x (A/2) for 1 -< a =< 2 (so that R is well defined on x) and 0 <=/3 < 1/2,

the above lemma gives via identification (1.2.5a)"

IIA(R R L)xII--< Ch-t3[IAt3/2(Rh R h )x[[ Ch-t3l]Rx- x + x-R Lxll 
(by the approximating properties (2.1.2) for R and (2.1.22) for R,)

<_ Ch-llx[[ <_ Ch-llm/x[[
where in the last step we have used (1.2.5b)" thus assumption (HI’) (equivalently
(H1)) is proved in the present example.

As to assumption (H2), this can be satisfied by simply requiring aij aji for the
coefficients of the principal part of the differential operator A(s, 0). (See [H1].)5

Approximation Dh which satisfies assumptions (2.1.5)-(2.1.6). We shall first pro-
vide an approximating subspace U, c L(F) which satisfies the required property
(2.1.4). Dh will then be defined as U V c Hol(l).

Let Vh Vh be the ](h)-dimensional subspace of H (12) with the usual approxi-
mation properties that guarantee that Vh is an S,’1 (12) system (see [B1]) (example"
subspace of piecewise linear functions). Construct the M(h)-dimensional subspace
U c L2(F) as follows (M(h)<ll(h))"

(2.1.23) U, span { bh Iv; bh e Vh}

where Ch is a local basis in Vh. By [B1, Thm. 4.2.1, p. 101] we know that such

Assumption (H2) was used only to prove Lemma 2.1.B.1. However, the result of Lemma 2.1.B.1
remains true provided that: (Anun, vn) <= Cllunll, IIvll and (A,u,, u) >= Pllull, IIvll, which conditions do not

require that aii= aii. (For details see I. Lasiecka, "Convergence estimates for nonselfadjoint parabolic
equations", SIAM J. Numer. Anal., 21 (1984), to appear.)
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can be viewed as an S3h/2"1/2 (F)-system. Hence by virtue of [B1, Thm. 4.1.1, p. 84] we
have in particular that

le,u- ,I-,,=+= <= ch’/=-=lul for e e [0, 1/21,

Pa being the orthogonal projection of L2(1-’) onto U,, as postulated in (2.1.4). In the
sequel, we shall also assume that U, satisfies the inverse property in the following form"

(2.1.24) lUhll/2 Ch-’/zluhl, Uh e Uh
Now let U, ua b. balv, for some vector b e RMa), where is the dot product, and
define an extension operator ’q" U, Va by ’qua b. ba. Next, define the operator
D" U, V, + Va by Dluh C’h + "qUa, where Ch a- (A(x, a)"quh) is determined
via the bilinear form" a(Ca, 4)=-a(’qua, 4), 4 e V,. We can see that D, can be
identified with the finite dimensional operator (matrix) from R
given by

DUh =(t(u)M-
where Ma a o o4)a,,4)h,i)], i,j=l," ’’,N(h), --l(Uh)=[a("qUh, 4)Oh,)], j=
1,"" ", (h). We observe also that since "quhlr-ua we have

(2.1.25) a Dh Uh, 4h O, bh V

(2.1.26) DhUhl, Uh.

(2.1.25) and (2.1.26) indicate in which sense the operator D, is an approximation of
the Dirichlet map D. In fact, recall that D satisfies

(2.1.27) a(Du, b) =0, 4 Ho(f),
(2.1.28) Dulr u.

Therefore (2.1.25) and (2.1.26) can be viewed as a discrete version of (2.1.27), (2.1.28).
We prove now that the following estimates hold:

(2.1.29) II(D-Dh)Uhll<-Ch/Z-lUhl
(2.a,30) IIDlhulll/2- <-- Clul,

Proof of (2.1.29) and (2.1.30). It can be readily seen that

(D- Dh )Uh A-I(A(x, O)"quh)-A- (A(x, cg)"qUh).

Now by [B1, Thm. 6.3.3, p. 195] with a e, 1,/x 1- e, by (2.1.22) and by [L3,
Propos. 12.1 ], we obtain

II(O- D,) ull
(2.1.31)

<_ Ch-llwu.ll <__ Ch’-luhl,/2 < Ch’/2-lUhl
(since "q can be viewed as a right inverse of the trace operator). As for (2.1.30), by
(1.2.2) and [B1, Thm. 6.3.3, p. 195] with a 1/2-e, l= 1 we have"

IID ull,/2- -< II(D- D)Uhlll/2_ / IlOull/2-
<-]IA-(A(x, O)"qu,)- A-’ (A(x, ) u)ll,/2- / final
<- Ch ’/2+llA(x, O)WUhll- + Clul
<- Ch’/2+lul./2 + Clu, <- clu,.I.

which completes the proof of (2.1.30).
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Finally, as an approximation Dh of the Dirichlet map we take

(2.1.32) Dhuh RDUh.
It is readily seen that in view of (2.1.29) and (2.1.30)mor D, and the approximation
properties of R, in (2.1.2)--map Dh" V, - VT, complies with all the requirements
postulated by (2.1.5) and (2.1.6).

2.2. Approximation by nonconforming elements, which are not required to satisfy
homogeneous Dirichlet B.C. In the previous subsection, an approximating scheme for
the generator -A and its semigroup S(t) was given by means of the subspaces
V H (1), r > 1. In the analysis, use of these was crucial on the level of estimates
(2.1.19a) and (2.1.19b). Thus the aproximating elements were required to satisfy
homogeneous Dirichlet B.C. Generally, this requirement is not easy to meet, and its
implementation in practice is achieved by use of curvilinear elements (see [Z1], [Z2]).
It is precisely this difficulty that has stimulated research in the area of elliptic equations
with the aim of approximating elliptic (Dirichlet) problems by means of spaces which
do not satisfy zero B.C. (see [B1], [N1], [B2]). Our goal in this subsection is two-fold:

(i) we wish to extend the aforementioned elliptic results to parabolic equations
with nonhomogeneous (Dirichlet) boundary conditions; and

(ii) we wish to find an estimate in the C([0, T]; L2(t))-norm on the rate of
convergence of the solutions subject to boundary inputs u L(0, T; L2(F)).

Remark. Note that the question of using spaces with (or without) boundary
conditions becomes irrelevant in the Neumann case. In fact, in order to approximate
the generator corresponding to zero Neumann boundary condition, we use subspaces
of H(l)) (no boundary conditions).

2.2.A. Statement of results.
Assumptions. Let Vh be a finite dimensional approximating subspace of H(f)

for some k => 1 such that

(a) Vh is an S (f) system;

(2.2.1) (b) Vh satisfies the inverse property

<-- ch-’[[ vhll, Vh
As a consequence of (2.2.1) we have:

(2.2.2) [[Rhy-- yll-<- Ch-Sllyll., s >= 0 for all 0 <= s <= k, a <= r,

where Rh is the orthogonal projection of L2(12) on Vh. We explicitly note that elements
of Vh are not required to satisfy zero Dirichlet B.C.

Let Ah: Vh Vh be a family of approximations of A having the following
properties"

(El) IlAhXhl] <- Ch-llxhll, 0 <_-/3 _-< 1;

(F2) II(RhA-1-A-’Rh)Xll <- Ch2+llA"/Zxll, x D(A’/2);

and for 0_-<a+2-<r, 0_<-a_-<1/2

(F3)
(i) either A, is positive

(ii) or else ((Ah-A)Vh, yh)<=C(AhVh,
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As an approximation of a parabolic equation we take as before

(2.2.3) yh(t) Sh(t)RhYo--Ah Sh(t-- Z)DhUh(Z)

where

Sh( t) e-Aht, e R, on Vh

and Dh" Ulh Wh is an approximation of the Dirichlet map while possessing properties
(2.1.5) and (2.1.6).

We shall prove the following, result:
TI-IZOREM 2.2.1. Let Ah satisfy hypothesis (F1)-(F3), and let Dh satisfy (2.1.5)-

(2.1.6). Then for yoe H1/2-() and for any Uh Ulh we have"

Ily(u, t)- yh(Uh,/)11 -< Ch  /2- {11yo11 /2_ + + flu-
As in 2.1 for uh(t)= Phu(t), we have similarly Corollary 2.1.2.

2.2.B. Proot of Theorem 2.2.1. Similarly as in the case of Theorem 2.2.1, we
formulate a series of lemmas which are conceptual counterparts of Lemmas 2.1.B.1,
2.1.B.2 and 2.1.B.3.

LEMMA 2.2.B.1. Let Xh Vh. Then

IIAh Sh (t)x.II tllxll, 0_-</3_-<1.

LEMMA 2.2.B.2. For any x L2() we have:

Sh(t)RhX-RhS(t)x AhSh(t-z)[RhA-1-A-1Rh]AS(z)xdz.

The proofs of Lemmas 2.2.B.1 and 2.2.B.2 go along the same lines as the proofs
of Lemmas 2.1.B. 1 and 2.1.B.2.

The next lemma deals with the approximation properties of S(t). Its proof is a
somewhat technical variation of the proof of Lemma 2.1.B.3.

LEMMA 2.2.B.3. For x D(A/2), we have

(i) [ISh(t)RhX--RhS(t)xl[<=ChSlla/2xl[, 0_-<s<a+2,

C
(ii) [[AhSh t)RhX RhAS( t)x[[ =< h-2[[A=/2x[[

for 0 < a <= 1/2 and e arbitrarily small.
Proof. First let us notice that due to (F1) and the inverse property (F2) implies that:

(F2)’ IIA[RhA--A-;,1R]xlI<-Ch2+-2IIA/2xll for 0 -<_ fl -<_ l, 0 -<_ a --<_ 1/2.

In fact by (F1) and inverse approximation property

IIAh[RhA-’ A-’Rh]XII <= Ch-2OI[(RhA-’ A-’Rh)XII

Ch2+-2llA/2xll.
Now we proceed with the proof of Lemma 2.2.B.3.

(by F2)
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1
<- h-2IIAh[RhA-’ A-’RhJAS(z)xll dz(t_z),-

(by (F2’) applied with/3 1 and a a- 2e)

<_ Ch,_4 1 IIA"/Z-AS(z)xll dz
(t_z)-

<__ Ch_4 1 1 dzllA/2(t- z)- z- xll

Ch -t_2 IIA=/2xl[(- , 1- ),

which completes the proof of part (ii).

(by Lemma 2.2.B.1 and (F1))
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Part (i). By Lemma 2.2.B.2,

IISh(t)RhX--ehS(t)xll<= IlAhSh(t-z)[RhA-l--A-1Rh] AS(z)xll dz

IIeL-s(t z)e,[RA--n-e3AS(z)xll dz

(by Lemma 2.2.B.1 and (F2)’ with e e (0, 1))

Io-< Ch2+-2 IIe’+/2S(z)x[[ dz(t_z),-
(by analytic estimates of S(t))_

Ch2+a-2e lo" (t--z)1-el d_llal+/2_xll
Ch2+-2llAa+/2-x]](1 e, e).

Letting e go from 0 to 1 we obtain part (i).
Proof ofpart (ii). To prove (ii) we differentiate in the identity of Lemma 2.2.B.2

to get for x e D(A)

ASh(t)RhX- RhAS(t)x A[RhA-- A-aRh]AS(t)x

(2.2.4) + AhSh(t-Z)Ah[RhA-1-A-1Rh]AS(z)xdz.

We now estimate the two terms in (2.2.4). As for the first term we apply (F2’) with
/3=1 anda=a-2etoget

Cho-2e

Ilah[Rha- a-Rh]aS( t)xll <-_ Ch-ZIIA/2-AS t)xll <-_

As for the second term, we have similarly

fo’ llahSh t-- Z)Ah[RhA- A-1Rh]AS( z)xII dz

<-_ IIAL-s(t -zA+[RA--A;,R]As(zxlI ez
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We are now in a position to proceed with the proof of Theorem 2.2.1.
By (1.2.7) and (2.2.3) the difference between y and yh can be written as

y(u,t)--yh(Uh, t)=S(t)yo--Sh(t)RhYo [AS(t--z)--AhSh(t--z)]DhUh(Z) dz

(2.2.5)
+ AS(t-z)[DhUh(Z)-Du(z)] dz.

The estimates of the first and the third terms on the right-hand side of (2.2.5) follow
along the same lines as for the proof of Theorem 2.1, with the use of Lemma 2.2.B.3
part (i) and the properties of Dh" postulated by (2.1.5) and (2.1.6).

As for the second term in (2.2.5) we have:

(AS(t--z)--AhSh(t--z))DhUh(Z) dz

<- II(eh--I)nS(t--z)OhUh(Z)ll dz

+ II(ehAS(t-z)--A&(t--z)eh)OhUh(Z)lIdz

(by (2.2.2) and Lemma 2.2.B.3 (ii))

(2.2.6) <=Ch 1/2-4e I[AS(l--Z)OhUh(Z)lll/2_4edz

+ Ch 1/2-4 1
t- z) ’- lie l/4-*OhUh (z)ll dz

<- Ch a/z-4 1
(t- Z)1- IlDhUh (Z)111/2-2

which completes the proof of the theorem.

(by 2.1.6)

Remark 2.2. Notice that assumption (F2) requires that 0-< a =< 1/2; hence r must
be greater than 21/2. Thus one has to use a higher order method than in 2.1. As a
consequence of this we obtain Lemma 2.2.B.3 part (ii), valid for all 0 a < 1/2 (compare
with Lemma 2.1.B.3 where a => 1), and in the proof of the major estimate, we are in
a position to apply the term DhUh with a =1/2-2e. This fact constitutes the main
difference between the approaches in 2.1 and 2.2. Using lower (say second) order
methods, we had an estimate in Lemma 2.1.B.3(ii) valid for a > 1 and hence we needed
to estimate the term IIA1/2+e/2DhUhll, which makes sense only for conforming elements.

To conclude, at the expenses of using a higher order method, we can use elements
which do not satisfy zero boundary conditions.

2.2.C. Examples. Approximations Ah and Dh which satisfy assumptions (F1)-
(F3) and (2.1.5), (2.1.6) respectively. We will provide examples of approximations Ah
and Dh which comply with the requirements (F1)-(F3) and (2.1.5) and (2.1.6).

Approximations of Ah. An obvious example of an approximation to Ah which
satisfies assumptions (F1)-(F3) is an already considered standard Galerkin approxima-
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tion Ah" Vh - V,"
(2.2.7) (AhYh, Vh)= a(yh, Vh) /Yh, Vh E VOh
with V,, this time, being the system Sr’k for r_>-21/2 (in order to satisfy condition (F2)).
This requirement (r => 21/2) precludes the use of piecewise linear functions. However,
the advantage of the approach in 2.2 is that these techniques do not require subspaces
Vh to satisfy boundary conditions. As an example of such discretization we quote
approximation Ah provided by Nitsche IN1].

Let Vh HI(O) be a family of finite dimensional subspaces with the following
properties:

(a)

(b)

(2.2.8)
(c) <- Ch-

(d) IVhl < Ch/=llvhll, v Vh,

(e) Ilvll <-- Ch-llvll.
Let mh" Wh "-> Vh be defined as follows:

(2.2.9) (mhUh, Vh) a(blhOh)-- Uh,- Vh \-- Oh "21" ih-l(lgh, Vh) Uh, Vh Vh.

It is readily seen that for a suitable choice of/3 > 0 the approximation Ah is positive,
and moreover,

IIAhUhll2= a(Uh, AhUh) Uh,-AhUh AhUh,-- Uh +h-<Uh, AhUh>

(by (2.2.8c, d))

+ Ch-h/llullh

(by (2.2.8e))

Hence IIAhu, Ch-’llull which by interpolation yields (F1).
As for condition (F2), this is a standard error estimate claimed to h01d in IN1].

The validity of hypothesis (F3)(ii) can be asserted as in [HI].
Therefore all the requirements (F1)-(F3) are satisfied and Theorem 2.2 applies.
Other examples of an approximation Ah which can be applied to nonconforming

elements and can satisfy our requirements are Babuska’s method formulated in [B2],
[HI and the method of interpolated boundary conditions (see [$5]). Both methods are
formally defined through relation (2.2.6); therefore, justification of hypothesis (F1)
goes as for the standard Galerkin method; condition (F2) is a result of error estimates
given in [B2] and IS1] respectively. As for verification of condition (F3)(ii) we refer
to [H1].
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Now, let us turn to approximations of Dh.
Approximations of Dh. As an example of approximation Dh" U Vh one can

obviously take Dh RhDlh with D}, defined as in 2.1.C. This construction requires
however that V, =span {traces of Vh}. In order to be able to define Dh on a larger
subspace of L2(F) (say, piecewise constant functions defined on F, used later in the
approximation of our control problem), we resort to another technique introduced in
[B3] and referred to as the Rayleigh-Ritz-Galerkin method:

Let U space of piecewise constant functions on F.
Let Vh be an $4’2(") system (for example cubic splines). Define Dh" U Wh by

(2.2.10) (--A(x, cg)Dhtth, A(x, c3)lh)q-h-3(uh--Dhuh, th)r 0, l)h E Wh.
It was shown in [B3, Thm. 4.1 with r =4 and y ] that

IIDhUh- Duhlll Ch O<=l<=1/2.
Hence in particular we obtain

IIDhUh--Duhll Chl/2-lUh and IIDhUhll,/=- clu.I for e [0, 1/2].
Remark. Note that the space Vh is not required to satisfy zero boundary condi-

tions, and the algorithm (2.9) can be applied to anyfunction Uh L2(F). On the negative
side, in order to obtain the optimal rate of convergence, we have to use higher order
splines (say cubic). Observe also that Dh no longer has the property of being a harmonic
function on a finite dimensional subspace (i.e. (AhDhUh, dpOh)--0) and D’u.lr- u., as
opposed to the definition of D given in 2.1.C.

3. Approximation of control problem P,t. In the present section we formulate a
discrete version of our control problem, and we prove the corresponding optimal rate
of convergence. To accomplish this, we shall apply the theoretical results of the
approximation of nonhomogeneous (boundary) parabolic equations obtained in 2.

3.1. Statement of results. In order to formulate a discrete version of control
problem PA, let us define:

(3.1.1) U U N U
where Uh =Lo[0T; U with U as in 2.1.C. An approximation of the control
problem PA can now be stated as follows:

P. Find min {Th; :Uh UA llYh(Uh, Th)--ROyII <- }

with Yh given by (2.1.7), with Ah defined by (2.1.21) and Dh by (2.1.32). Since the
assumptions (H1), (H2), (2.1.5) and (2.1.6) are satisfied by the aforementioned
approximations Ah and Dh, Theorem 2.1 and its corollary apply. As a consequence
of assumption (1.1.2), we have the following:

CLAIM 3.1. There exist T> 0 and Uh U such that

IlYh(Uh, T)-RhYllI &

Proof Let T and tTA beas in (1.1.2). Let Uh(t)=ehaA(t)G U where Ph is defined
as in 2.1.C. By the triangle inequality

(3.1.2) IlYh(Uh, T)--RYalI<--IIY(aA, T)--YaII/IlYh(Uh, T)--y(aA, T)II/IlY-RyllI.
Since the last two terms on the right-hand side of (3.1.2) go to zero via (2.1.4),
Theorem 2.1 and (2.1.2) combined with (1.1.2), Claim 3.1 follows. Since P is a
standard time optimal control problem for o.d.e.’s, it possesses, in view of Claim 3.1,
the unique solution u 0

h,A, Th,A with a bang-bang property, i.e.,
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(3.1.3) Uh,A(t)l 1 t[0, oTh,A ],

(3.1.4) Ily. (Uh.,,. r,)- RhYll-
The major goal of this section is to establish convergence properties of the control
problem P2. Toward this end, we have

THEOREM 3.1. Let UA, TA (resp. UhA, rOhA be an optimal solution of the control
problem PA (resp. PhA)" Then for Yl, yoe H1/2-(f) we have

(i) Ily(UOhA, TOhA) yll-<_ / O(h/=-),

(if) TOhA - T,(iii) UhA uOA in L.[0T x F] and Yh (UOhA, TOha "- y(uO, Z) in L.

Remark 1. Observe that the rate of convergence in (i) is optimal, in view of the
regularity of y(u) (see (1.2.7)).

Remark 2. Notice, that in order to approximate the control problem PA, we use
linear (curvilinear) splines (spaces V and Vh introduced in 2).

3.2. Proof of Theorem 3.1. Observe first that by optimality of TOha, and by Claim
3.1 we have:

(3.2.1) TA <-- T for all h 0.

We proceed now with a proof of (i), which in fact is almost an immediate consequence
of Theorem 2.1. For, by the triangle inequality, we estimate

I[Y( l’lOhA TOhA ylll =< Ily(u o
h,a, Zh,a )-- yh(UOhA, ZOha)ll

(3.2.2)
+IIY-- ROhyII+IIyh(UOhA, ZOhA )- RyI].

By Theorem 2.1, (3.2.1), and (2.1.2), the first two terms on the right-hand side of
(3.2.2) can be estimated by

Ch 1/2-[llyolll/2_ + IlYllll/2-e q- ]UOha IL[OT,L2(F)]] O( h ’/2-),
which in view of (3.1.4) completes the proof of (i). In order to prove (if), we shall
first show that:

(3.2.3) re>0 IH, Vh > H ThA TA < e.

For, since ]IY(UA, TA) YII- , due to the approximate controllability of the system,
we can extend u for e ITS,, T + e] in such a way that o

Uxt e UA and that

(3.2.4) Ily(next, TOA + e)

Now we shall show that PhUext e U steers RhYo to the ball [lyh-Rhyll<= in time
T + e. In fact

IlYh(Ph Next,0 TOA + e)-- RhYll]
o o ZOA +e)ll+llYl_ROyll(3.2.5) <--IlYh(PhUext, TOA q- e)-- y(Uext,

/ IlY( next, Z + ) YllI"
By Theorem 2.1, (2.1.4) and (2.1.2), the first two terms on the right-hand side of
(3.2.5) tend to zero. Therefore, by virtue of (3.2.4), we have

(3.2.6) IlYh( 0PhUext, TA + e)- ehYll <-

which together with the optimality of T proves (3.2.3).
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Let us now show that for all e > 0 there is an H such that for all h > H

(3.2.7) TOhA TOA >--e.

As before, using (3.1.4), we extend u for t[Th, Th +e]c ITS,, T+e] (by 3.2.1), in
such a way that u ext UA and

(3.2.8) [[yh(UOhext, TOhA + e)-RYll[ < .
Since u ext is uniformly bounded in L[0, T+ e, L2(F)], we can subtract a weakly star
convergent subsequence, say u ext U* weak star, where u* by the Algoulu theorem
[D2, p. 424] belongs to UA. We prove that u* steers Yo to the ball ]IY-Yl]]-<- in time
TOhA + e for h small enough. In fact, let us write

Ily(u*, rOhA + e)-- ylll<--lly(u *, rOhA + e)-- y(uOhxt, rOhA +e)]l
(3.2.9) /llyh(UOhext, rOhA / e)-- Y(U ext, rOhA / )11

+]]Ryl- ylll/llyh(Uhext, rOhA + e)-Ryl[[.

By Theorem 2.1 and by (3.2.1) and (2.1.2), the second and the third terms on the
right-hand side of (3.2.9) go to zero. The first term goes to zero by virtue of Uxt - u*
weak star and by compactness of the map Lr (see the Appendix). Hence, due to
(3.2.8), we have Ily(u*, rOhA + e)-yll --< for h small, which in view of the optimality
of T, implies (3.2.7). Thus, (3.2.3) together with (3.2.7) implies (ii).

The proof of Theorem 3.1 will be completed as soon as we prove (iii).
As before, by the uniform boundedness of UA in L[0T; L2(F)] we have u u*

weak star. By the Algoulu theorem, u*e UA. We shall show that

(3.2.10) y(u*, T)-yl= lhirn (yh(UOhA, Tha)--RhYl).

Let us write

yh(UOhA, TOhA)--gOhYl--y(u*, T)+yl
=[yh(UOhA, TOhA)--y(UhA, TOhA)]/[yl--ROhYl]+[y(UOhA, T)-y(u*, T)]

/[y(UOhA, ZOhA )-- y(UOhA, T)J.
By virtue of Theorem 2.1, (3.2.1), (2.1.2) and the Appendix, the expressions in the
first three brackets go to zero in the L2() norm. As for the fourth term, we have

IlY(U0hA, rOhA Y( UOhA, r ll
TO,,

IIAS(ThA --z)DUOhA(Z)II + IIA(S(z) S(T ZOhA +z))DUOhA(Z)I] dz.
dTA dTOhA-- rO

Both integrals go to zero, since TOhA -- TOA and the integrands are in L[0T] ([D2, p.
632]). Thus (3.2.10) is established.

Since IlYh(UOhA, r,)-R,Yll_--< , by closedness of the ball we get

(3.2.11 Ily( u.*, T, y[] _-< 3.

Therefore, by uniqueness of the optimal control u and by (3.2.11), u*= u. Since
]u(t)] 1; e [0, TA and ]u] (t)] 1, e [0, T2a ], then

(3.2.12) lul 2
L2tOTA,L2(F)] TA,

(3.2.13) lull =L2tOTA,L2(F)] TOhA
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Consequently, weak convergence of UOhA to u implies strong convergence in
L2[0T; L2(F)]. In fact, after extending u to zero for t> TA and UhA for t> TOhA,
we obtain:

[uOA UOhA [Lz[OT;Lz(F)] uOA uOhA, blOA uOhA Lz[OT;L2(I-,)]

[U [2t0T;L2(F)] - lUOhA [LtOT;L:,(r)J-- 2( UOha, uOA ).

By weak convergence of UOha to U and by (ii), lUA- UOhAIZLtOT;LW)j converges to

Ta + im TOhA 2 TOA lirn TA Ta O,

which proves that Uha --> UOA.
Thus by virtue of Theorem 2.1.1 we also have

(3.2.14) y uOA, T) Yh UOhA, TOha --> O, h "-> 0 in L2(II).

which completes the proof of (iii).

4. Approximation of the control problem P. Recall that the optimal control
corresponding to problem Pn is bang-bang in space and time; i.e.,

[u(x, t)[ 1 a.e. x, Fx[0, T ].

In order to make the discrete problem well posed, the space of approximating controls
Uh must contain bang-bang functions (in space and time). This is certainly not the
case with U, traces Vh, as defined in the previous section. Therefore, for the control
problem Pn, we are forced to redefine the space of discrete controls in such a way that
it still contains the functions u(x, t) + 1. The most natural way of proceeding is to set:

U, piecewise constant functions on F L2(F),

(4.1) Uh L[0T; U, ].

However, in this case, we can no longer applythe definition of Dh given by (2.2.5)
(since its construction relies on selecting U, space of traces). In order to cope with
the above difficulty we apply the Rayleigh-Ritz method to approximating the Dirichlet
map. Since this method requires the use of higher order subspaces (say S’2), it is
advantageous to also approximate Ah with Vh S’2 without requiring zero boundary
conditions.

Therefore, let Vh Sah"2 be such that conditions (2.2.1) and (2.2.8) are satisfied
with r=4 and k 2. Let Ah" Vh Vh be defined as in (2.2.9) and let Dh: Ulh --) Vh be
defined by (2.2.10). As an approximation of the trajectory, we take as usual

(4.2) yh(t)=Sh(t)ROhYo+Ah Sh(t--Z)DhUh(Z dz.

In this case, we have shown that all the assumptions (F1)-(F3) and (2.1.5) and (2.1.6)
are satisfied. Thus Theorem 2.2 applies and gives, for y0 H1/2-([I), [0, T],

(4.3) [[y(u, t) Yh Uh, /)1[ -< Ch /2-[llyoll/_ + + flu
where y(u, t) is a solution of (1.!.1), Yh is given by (4.2) and constant C does not
depend on h.

Now we are in a position to formulate an approximation of the control problem
PB, say P

P. Find min {Th; Uh Uh UB Uff llYh(Uh, Th)--RhYll[
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with Yh defined by (4.2). Let Ph be an orthogonal projection on U,. In particular we
have

Iehu- YI-,/2- Chl/2-lul.
Note also that Ph(UB)c UB, hence Ph(Un)c U. As in the previous case, we have

CLMM 4.1. There exist T > 0 and Uh U such that

The proof goes the same way as that of Claim 3.1, after setting Uh PhU with u

given in (1.1.2) and using (4.3) instead of Theorem 2.1.
Therefore, by applying standard separation arguments, we can establish the

existence of an optimal solution to problem P ff, say uB, TT,B, such that

(4.4) lUh(X,t)l=l, x, tr[0, T],

(4.5) Ily (u, ZT, )-Rylll &

Finally, we have the following convergence result:
THZORZM 4.1. Let Yo, Yl H1/2-’(f), u, (resp. Uhn) be the optimal solution of

the problem Pn resp. Phn ). Then

(i) Ily(u,, T,n)-Rylll_<- + O(hl/2-e),
(ii) T,B - T,(iii) UOhu -* UOU in L2[0T; L(r)] and yOhu(UOhu, TOhu )-- y(uu,T) in L(a).

A proof of Theorem 4.1 parallels the treatment given in 3.2, but instead of
Theorem 2.1 we now use Theorem 2.2.

Remarks. 1. Notice that in the case of control problem PB we still obtain the
optimal rate of convergence, at the expense, however, of using higher order (cubic)
splines.

2. Observe that the scheme (4.2) can also be applied to approximating problem
Pn.

Conclusions. 1. The approach of approximating the semigroup model allows us
to treat separately the approximation of the semigroup and that of the Dirichlet map
(responsible for the elliptic part of the problem). This enables us to combine indepen-
dently the desirable features of both approximations in order to best fit our needs. In
fact,

(i) An approximation of the control problem PA can be accomplished using only
first order splines (curvilinear to approximate both the Dirichlet map and the semi-
group), with an optimal rate of convergence 0(hl/2-).

(ii) Approximation of the problem Pn with the same (optimal) rate of conver-
gence can be obtained using cubic polynomials for the Dirichlet map and linear
(curvilinear) functions for the semigroup.

(iii) For nonpolygonal shaped domains, the best strategy is to use subspaces which
are not required to satisfy zero boundary conditions. To obtain in these cases the
optimal rate of convergence, we approximate the Dirichlet map with Cubic splines.

2. Another advantage of using semigroup methods is that they do not require the
operator A(x, O) to be selfadjoint.

3. It is natural to consider the above control problems with 3 0 (i.e., y(u, T)=
Yl). Under some technical conditions on Yl it was proved in [$4] that the optimal
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controls for such problems are unique and possess the bang-bang property. There is,
however, one major difference between those two cases: namely, the optimal solution
of a control problem with 3 =0 does not depend continuously on the final state y.
Therefore, any attempt to discretize does not have to produce a convergent algorithm.
The way to overcome this difficulty is through a r’egularization approach (i.e., we first
consider the problems Pa (resp. PB) with 3> 0 and then let 6 0). It was proved in
[$2] that the optimal solution (u, T) for 3 0 is a limit of the regularized solutions.
Therefore, by combining these two procedures (regularization and approximation of
a control problem with 6 0), we also produce a convergence algorithm for a control
problem with 6 0.

(A.1)

Appendix.
CLAIM A.1. If Uh U weak star then LTUh --) LT-u in L2(’ strongly.
Proof By the definition of weak star convergence, we have

Therefore

(A.2)

In fact,

Since

r(f(z),u,(z)-u(z))dzO, feL,[OT, L2(F)].

(A (LTUh LTu), w) O, w e L2().

(A(LT-uh-Lru), w) A3/4+2eS( T- z)A1/4-eD(Uh U)(Z) dz, w

(A/4+zs(r-z)A/4-D(uh-u)(z), If) dz.

C
[tA3/4+2S(T- z)A1/4-eDu(z)[ N 1/4--2e lU(

T- z)
(by (1.2.3), (1.2.4)),

then by (A.1) (with f(z)=(Al+’S(T-z)D)*w) we obtain (A.2). Since A is a
compact operator, (A.2) implies that LTUh LTU strongly in L2(f).

Note added in proof.
After this paper was submitted for publication, an article entitled, Finite element

approximation of parabolic time optimal control problems by Greg Knowles appeared
in SIAM J. Control and Optimization, 20 (1982), pp. 414-4,27. This article treats the
companion problem of approximation of the time optimal control in the case where
the control enters Neumann boundary conditions and A is selfadjoint. It should be
emphasized that there is a substantial difference between Neumann boundary condi-
tions and Dirichlet boundary conditions (considered in the present paper) particularly
on the level of approximation of boundary value problems with L2(F) boundary terms.
While the standard Galerkin method is perfectly suitable for Neumann problems and
provides the optimal notes of convergence with H’(I) elements, this is not the case
for Dirichlet problems as explained in the introduction of this paper. For this reason,
the major part of the present paper is devoted to the proof of the optimal rate
of convergence for several schemes approximating Dirichlet L2-nonhomogeneous
boundary conditions (modified Galerkin methods) including those which allow the
use of nonconformal elements.
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CONTROLLABILITY PROPERTIES OF AFFINE SYSTEMS*

VELIMIR JURDJEVIC’I" AND GAUTHIER SALLET:I:

Abstract. This paper deals with transitivity (controllability) of affine families of vector fields on a finite
dimensional vector space V. In particular we focus on affine families whose corresponding families of linear
fields are transitive on V-{0}, and which in addition have no fixed points in V. We show that such families
are necessarily transitive on V, and we also show that they remain transitive under small perturbations. In
general, however, affine families need not remain transitive under small perturbationsmfor example, small
affine perturbations of transitive linear systems are not necessarily transitive. Since any affine system ff
naturally defines a system r of right-invariant vector fields on the semi-direct product of V with GL(V)
we also investigate transitivity properties )f r. Our result is that if is an affine family satisfying the
preceding conditions then ff generates the full Lie algebra on the semi-direct product.

Key words, controllability, transitivity, aftine fields, Lie algebras, semi-direct products, Lie groups,
convexity

Introduction. In essence this paper gives transitivity (controllability) conditions
for control systems of the form:

dx_ (Aox + ao) + Y ui(t)(Aix + ai),(1)
dt i=1

where Ao,’", Am are n n matrices with real entries and where ao,"’, am are
vectors in R n. The controls ul,’", Um are real valued functions of time defined on
the interval [0, o), while the state vector x belongs to R n.

A vector field X(x) Ax + a, where A is an n n matrix and where a is a vector
on R", is an affine vector field. Rather than working directly with the differential system
(1), we consider arbitrary families of affine vector fields in V ", as is commonly
done in the literature, and we call such families ff affine.

If X(x)= Ax + a is an affine field, then X denotes the corresponding linear field
x Ax for all x V. Any affine family defines the corresponding linear family

{" X }. At the risk of adding yet another name to the already existing melange
of terminology in the literature we will refer to systems of the form

(2) m=dx Ax + Y ui(t)ai,
dt i=1

where A is an n n matrix and where al, , a,, are vectors in R", as Kalman systems.
Our main results then are the following"
(A) If is an affine family on a vector space V such that the corresponding linear

family is transitive on V-{0}, and if has no fixed points in V, then o is transitive
on V. , is said to have no fixed points in V if for each x V there exists X such
that X(x)0 (Theorems 1 and 2). This result generalizes a result of B. Bonnard
contained in [B].

(B) Aftine systems considered in (A) constitute an open subset of transitive affine
systems" i.e., they remain transitive under small perturbations (Theorem 4).

(C) Transitive affine systems in general need not remain transitive under small
perturbations (Example 2). In fact, we show that in every neighborhood of a transitive
Kalman system there exists an affine system which is not transitive.
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(D) Finally, we make a connection between these results and those obtained in
our previous paper [BJKS]. Any affine system on a vector space V naturally defines
a system fir Of right-invariant vector fields on a semi-direct product of V and a Lie
sub-group G of GL(V). G is defined as the group generated by LIx{exp t3" },
and an element X(x)= Ax + a in : defines a right-invariant vector field Xr whose
value at the identity is equal to (a, A). If we denote by V G the semi-direct product
of V and G then we have the following (Theorem 3)"

Suppose that is an affine system which has no fixed points in V and such that
the corresponding linear system is transitive on V-{0}. Then, the right-invariant
system 5r is such that the Lie algebra which it generates is equal to the Lie algebra
of all right-invariant vector fields on V G. Equivalently, if F is the subset of the Lie
algebra of V G defined by the values of the elements of r at the identity, then the
Lie algebra generated by F is equal to the Lie algebra of V G.

This result is a generalization of [B, Prop. 4.2] and [BJKS, Thm. 2].
Finally we give an example _,showing an affine system , which has no fixed points

in n and whose linear part is transitive on Rn-{0} but for which the set of
accessibility of the corresponding right-invariant system is a proper semi-group of

" SL,,(R) (Example 1).

1. Definitions and basic concepts. Throughout this paper V will denote an n-
dimensional real vector space, End (V) and GL (V) will respectively denote the set
of all linear endomorphisms on V and the set of all linear automorphisms of V. A
vector field X on V is an affine vector field if X(x)= Ax+ a for all x V, where
A End (V) and where a V. In general, if X is any (complete) vector field on V
we will write exp tX for the one parameter group of diffeomorphisms generated by
X. If X is affine, then, as is well known,

( I0(exp tX)x exp tA x + exp (-zA)a dz for all x e V.

We will denote by Att(V) the set of all affine vector fields on V. Since the Lie bracket
of affine vector fields is atIine, it follows that Att (V) is a finite dimensional Lie
sub-algebra of the set of analytic vector fields on V. Alternatively, Att (V) can be
viewed as the algebra of vector fields generated by the action of the semi-direct product
of GL (V) and V on V. If G is any Lie group which acts on V, then we write V G
for the semi-direct product of V and G. As described in [BJKS], V G is a Lie group.
If L(G) is the Lie algebra of G, then we denote by V L(G) the Lie algebra of V G.
The connection between Att(V) and V GL (V) is as follows" V GL (V) acts on
V by (v,g)x=gx+v for all xeV and all (v,g) eV,GL(V). If L=(a,A) and
L e V, End (V) then the action of exp tL on V gives a one-parameter group of
ditteomorphisms on V. Its infinitesimal generator is the afline field X defined by
X(x) Ax + a for all x e V. If X(x)= Ax + a for all x e V, then we will denote by Xr
the right-invariant vector field on V GL (V) whose value at the identity is L (a, A).
The orbit of Xr through the identity is {exp tL: e N}. We will also denote by X the
linear field corresponding to X, i.e., X(x)= Ax for all x e V.

If is any family of (complete) vector fields on a manifold M then as usual $()
will stand for the semi-group generated by Ux {exp tX" t_->0}. or each x e M,
S()(x) will denote the orbit of S() through x. is said to be transitive if S()(x) M
for all x M.

In particular if c Aft (V), then r is the family of right-invariant fields on
V GL(V), where r is defined by r {Xr: X }. Similarly, (: X }. The
connection between the various semi-groups associated with is as follows: the
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projection of S(r) on GL(V) is equal to S(), while the action of S(r) through
x is equal to the orbit S(;)(x). Naturally, is transitive on V if r is transitive on
V GL (V). As we mentioned in the introduction, in [BJKS] we studied transitivity
properties of r on a semi-direct product of V with a Lie group G and, as a by-product,
we obtained transitivity results on V. To study the converse it is necessary to consider
the restriction of r to a sub-group of V GL (V). The most natural way is as follows:
Let G be the group generated by S(). We call G the integral group of . G is a
connected Lie sub-group of GL (V). The orbit of r through the identity is contained
in V. G, and in the sequel we will examine the connection between transitivity
properties of on V and r on V * G.

We conclude this section with a few elementary facts from affine geometry which
we use in the next section. If Q c V, then A(Q) will stand for the affine hull of Q.
That is, v A(Q) if and only if v -’iL1 Aiqi for some points ql," qp in Q and some

"i=1 }[i-" 1. We shall denote by A(Q) the tangent spacescalars A1, .,.Ap such that P

of A(Q). A(Q) is the vector space spanned by all the differences of elements in Q.
Alternatively, vA(Q if and only if v =Y/P=I Aiqi for some points ql,"" ,qp in Q
and some scalars A1,."", Ap with iP--i A 0.

2. The main results. In this section we assume that V is an inner product
space. (.,.) denotes this inner product. Then, S" stands for the unit sphere in V. If
A End (V), sp (A) is the spectrum of A, and A* is the adjoint of A relative to (.,.).

Our first result concerns the transitivity properties of linear vector fields and is
as follows"

THEOREM 1. Let " be a family of linear vector fields on V which is transitive on
V-{0}. Then there exists a finite sub-family :0 of which is also transitive on V-{0}.

Before provingthis theorem we give several lemmas which are of relevance.
LEMMA 1. If ; is a family of linear vector fields on V, then : is transitive on

V-{0}/f and only if the following conditions hold"
a) S S()(x) for each x Sn, and
b) there exist X1 and X2 in such that

Sin sp (1/2(Sl + X* )) < 0 and Max sp (1/2(X2 + X2* )) > 0.

Proof. If is transitive on V-{0} we need to show on that condition b) holds
for condition a) is evidently satisfied. There exists X1 and Xl S such that
(Xaxl, Xl)< 0. For if not, then the exterior of S would be invariant under which
is contrary to the transitivity assumption. Then, the minimum value of the map
F: x-->(Xx, x) from S into R is less than zero. It is well known that this minimum
value is equal to Min sp (1/2(X1 + X* )). The argument concerning the existence of X2
such that Max sp (1/2(X2 + X2* ))> 0 is similar (where the exterior of S is replaced by
the interior of S), and will therefore be omitted.

Conversely, assume now that conditions a) and b) are satisfied. It follows from
the preceding paragraph that there exist Xl and x2 on S such that (XlXl, x)< 0 and
(X2x:, xe)> 0. Hence, the same holds for all Ax and AX2 with A positive. If S’ denotes
the sphere in V of radius r, then the above implies that, for each r > 0 there exists
e>0 such that {exptXl((r+e)Xl):t<-O} and {exptX2((r-e)x2)’t>-O} cut each
sphere S for all A with r-e<-_A<-r+e. Since for each x V and each A>0,
S()(Ax)= AS()x, it follows from condition a) that S S(:)(x) for each x $7.
Thus, for each r > 0 there exists e > 0 such that the annulus Ar {x" r e -<_ [Ixll -<_ r + e }
is contained in S()(x) for each x Ar, This shows that 9 is transitive on V-{0},
and our proof is now complete.
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Before stating the next lemma, it will be convenient to recall the notion of normal
accessibility of H. J. Sussmann [SU]. If is any family of smooth vector fields on a
manifold M then y is said to be normally accessible from x if there exists a finite set
X1,"’’, Xk of vector fields in o such that"

A). The mapping F from 1+ {(q,. , tk)" ti > 0, 1, 2,. , k} into M defined
by (q,..., t) exp tX exp qXl(x) contains y in its image.

B). If F(’I,’’’, ’) y, then the rank of F at (’1,""", ’k) is equal to dim (M).
It will be convenient for the next lemma to denote the above finite sub-family

{X1 X} by xr. It is clear that y belongs to the interior of S(x,y)(x)
LEMMA 2. Let be a family of linear vector fields which is transitive on V-{0}.

IfK is any compact subset of V--{0}, then there exists a finite sub-family o of such
that K c S(o)(X) for any x K.

Proof. Since is transitive on V-{0}, it follows from [SU] that for any x K
every point y of K is normally accessible from x by the elements of ft. We let : be
a fixed point in K. Since K is compact there exist points Yl,"’, Ym in K such that

-_ It is clear that -ff is also transitive onK c S(U i=1 #.yi)(’) We let #1 1,3 i=1 x, yi"

V-{0}. By an argument identical to the preceding one, but applied to - instead of
to , we conclude that there exists a finite sub-family 2 of such that K S(-2)().
If 0 U 2, then K S(o)(X) for each x K. The proof of the lemma is therefore
finished.

Remark. The statement of Lemma 1 remains true if ff is replaced by an arbitrary
family of smooth vector fields and V-{0} by a smooth manifold M in which is
transitive.

We now turn to the proof of Theorem 1.
Proof. Let be transitive on V-{0}. By Lemma 1 this is equivalent to conditions

A) and B). Let #1 be a finite sub-family of such that S" c S($;1)(x) for each x S.
The existence of such a set follows from Lemma 2. Let X1 and X2 be the elements
of which satisfy condition b) of Lemma 1. Then, 0 ffl U {X, X2} satisfies condi-
tions a) and b) of Lemma 1 and hence is transitive on -{0}. Our proof is therefore
complete.

COROLLARY 1. Let be a family of affine vector fields on V such that a) is
transitive on V-{0} and b) there exists no x V such that X(x) 0 for all X . Then,
there exists a finite sub-family o of which satisfies properties a) and b).

Proof. The set of all affine vector fields Aft (V) is a finite dimensional vector
space. Hence, if 1 is a basis for the vector space spanned by , then 1 is a finite
set. Moreover, for each x V there exists an element X in such that X(x) 0.
Hence, has no fixed point in ’.

Let 52 c be such that 2 is a finite sub-family of ’ which is transitive on
V-(0}. Then 0 1 U 2 is a finite sub-family which satisfies conditions a) and b).
The proof is now complete.

If o is any family of affine fields on V which satisfies condition b) Of Corollary
1 then we say that has no fixed points in V. Our next result is an improvement on
a result in [B].

THEOREM 2. Let be an affine family of vector fields on V such that
a) ff is transitive on V- {0}; and,
b) ff has no fixed points in V.

Then, is transitive on V.
Before we give a proof of this theorem it will be convenient to recall certain basic

facts from affine geometry which we assemble in several lemmas.
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LEMMA 3. Let be a family of affine transformations which leaves a subset O c V
invariant. Then,

a) A(Q) is invariant under -;
b) A(Qt is invariant under -.
The proof is elementary and we omit it.
LEMMA 4. Let - be a family of affine transformations, and let K be a compact

subset of V with a nonempty interior. If -(K) K, then there exists a number B
depending on K) such that 11 <- B(g) for all

Proof. Let w be a point in the interior of K. Then, K-w contains the origin in
its interior. Let Be be the ball of radius e centered at the origin which is contained in
K- w. If T e - then for any x e K.

T(x- w) T(x)- T(w) e K T(w).

In particular, (B) c K T(w). If A sup {llx- yl[" x K, y e K} then let B(K)
A! e. The statement of Lemma 4 now follows.

The next lemma concerns orbits of affine vector fields, and is interesting in its
own right.

LEMMA 5. Let be a family of affine vector fields such that
a) o is transitive on V- {0}; and,
b) o has no fixed points in V.

Then, for each x e V, S o) x is unbounded.
Proof. Let x e V be fixed, and assume that S()(x) is bounded. Let K be the

closure of S(o)(x). Then K is compact and invariant under the semi-group S(:T). By
Lemma 3, A(K is invariant under S()’. Since S(ff= S(o), and since A(K is a
vector space, it follows from our transitivity assumption on ’ that either A(K V
or that A(K)’={0}. Since A(K=A(K)-x, the latter assumption implies that
S()(x) {x} which is contrary to assumption b) of Lemma 5. Therefore, A(K is V
and hence CO (K), the convex hull of K, has a nonempty interior in V. But then by
Lemma 5 the elements of S() are uniformly bounded in the norm which would
exclude the transitivity of ’ on V- {0}. Thus, in either case it is impossible for S(o)(x)
to be bounded, and our proof is finished.

Remark 2. It is evident that under the assumptions of Lemma 5 the orbits of
S(-o) are also unbounded.

We are now ready to give a proof of Theorem 2.

Proof. We assume that o satisfies conditions a) and b) of Theorem 2 and we will
next prove that these assumptions imply that all orbits of S() are open in V. Let
we V be a fixed point. For each A > 0 we define the mapping hx.w by ha,w(X)= w+
A(x w) forallxeV, hA, (w) wand ha,w(X) w+(1/,)(x-w) for all x e V.

ha,w is a one-parameter group of diffeomorphisms.IfXethen hA,w exptXo -1

Its infinitesimal generator is dha X h for each xa-,w(X) e V. If X(x) Ax + a
for all xeV, then dha,woXo -1ha,w(X) , (A(w + 1/A (x- w))+ a)= A(x- w)+
A (A(w) + a) X(x- w) + AX(w).

Let k be a k-finite sub-family of such that ok is transitive on V-{0}, and
such that :Tk has no fixed points in V. (That this is possible follows from Corollary

k -’k1.) If we denote by a, the family dha ’ h-,, then, lima_,o a, (x)-, where
3 is defined by (x)-- (x- w). is transitive on V-{w}. Hence, i[ S is the
sphere of radius one centered at w, then S S(k0,w)(X) for each x

It now follows from [SU] that for sufficiently small S S(a,wk )(x) for x
We let )t > 0 be such a number which we subsequently regard as fixed.
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If X e , then dha,w X --1 ha,w(X)) =0. Hence a,w hasha,w(X) 0 implies that X( -1

no fixed points in V whenever has no fixed points. Moreover, 3%w is equal to
centered at w. Therefore, Lemma 5 is applicable, and we conclude that the orbits of
S(a,w) and S(-a,w) cannot be bounded.

It now easily follows that for each x and y in Bw ={x: ]Ix- w]] -< 1}, y S(a,w)(X).
For, then S(a,w)(X), being unbounded, intersects S. By the same argument
S(-a,w)(y) also intersects S. Since S c S(a,w)(X) for each xSw, we get that
y S( a,w)(X). Equivalently, Bw S( a,w)( W) f3 S(-a,w)( W).

The final step in our proof is to reinterpret this last fact in terms of S().

hence

S(a,w) ha,w S() hA,w,-1

a,wBw hA,w(w) S()( w) f-) S(-)( w).

But -1 =ha,woBw=(1/A)Bw. Thus, (1/A)Bw =S()(w)fqha,w Bw hA,w(W) -1

S(-)(w). Thus, the orbits of S(ff) and S(-) are all open and this implies transitivity.
Our proof is now finished.

3. Related results and applications.
3.1. Connection with the semi-direct product. In our previous paper [BJKS] we

gave transitivity conditions for a family r Of right-invariant vector fields to be transitive
on a semi-direct product of a Lie group G and the vector space V on which this group
acts. As we mentioned in 1, any such family r defines an affine family ff on V. If
r is transitive on V. G then necessarily is transitive on V. Our first example
shows that the converse need not be true, and hence it shows that the results in 2
are different from those in [BJKS].

Example 1. Let V =R2 and let G GL(V) be the group of all nonsingular
transformations of V with a positive determinant. We let

If

A=(10 _02)and B=(?1 10).

then define {(a, A), b, B)}.
It is evident that 9 has no fixed points in V, and moreover, it is equally evident

that is transitive on V-{0}. Thus, by Theorem 2, is transitive on V. However,
r is not transitive on V G because the semi-group generated by {exp tA: >- 0} and
{exp tB: >-0} is contained in the set of elements in G with determinant less than or
equal to one.

The connection between the affine systems considered in this paper and the
associated right-invariant systems on the semi-direct product is explained by the
following theorem.

THEOREM 3. Let ; be an affine family of vector fields on a real vector space V.
If is such that is transitive on V-{0} and has no fixed points in V, then the
corresponding right-invariant system r generates the Lie algebra of V G, where G is
the integral group of .

Proof. Let G be the integral group of , i.e., G is the group generated by
LJA{exptA" tR}. G acts transitively on V-{0}, hence its Lie algebra I_,(G) is
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irreducible. Thus, L(G) L’ , where L’ is the derived algebra of L(G), and where
is the center of L(G) [J, p. 46].
Let F {(a, A)" x Ax + a belongs to }. We want to show that Lie (F)

V L(G). Let r" Lie (F) L(G) be the projection (a,A)- A. Since G is the integral
group of the projection of Lie (F) is onto L(G). If we identify ker 7r with a subspace
of V then such a subspace is invariant under L(G). Since L(V) acts irreducibly on V
it follows that ker r is either V or {0}.

In the first case it immediately follows that Lie (F)= V L(G), which yields the
conclusion of our theorem, and so we assume the second. In such a case 7r is an
isomorphism. If Lie (F) then ’% where ’ =[, ] and, where is the
center of .

We first show that ’ exp voL’ exp (-Vo) for some Vo V. This fact follows from
the Levi theorem [J, p. 91] and the conjugacy of Levi factors [J, p. 93]. We first note
that V is a commutative ideal of V. L’. Thus, V c Rad (V. L’) where the latter
stands for the radical of V L’. On the other hand, 7r(Rad V * L’)) c Rad L’ {0}.
Thus, V is the radical of V L’, and hence L’ is a Levi factor of V L’. Since 3f’ is
isomorphic to L’ it follows that ’ is also a Levi factor of V L’. It now follows that

’ exp voL’ exp (-Vo). Let E ={v" ’(v)= 0}. ’(v0)= (exp voL’ exp (-Vo))(Vo) 0.
Thus Vo E. If Vl E and vl v0 then L’(Vl-Vo)=0. Since V is an irreducible L’
module it follows that this is impossible. Thus E { Vo}.

Now let z qg. Then z w, M) for some R and some w V. For any (a, A) ’,
(a, A), w, AI) 0. Thus, Aw ha. But (a, A) Vo 0 and so AVo a. Hence, A w +
,Vo)=0, or L’(w+vo)=O. This implies that w=-Vo. We have thus shown that

{(-;tVo, ;I). ;t }.
This shows that ker r {0} is not possible; for then Lie F(vo)= 0 which would be

contrary to our hypothesis concerning the fixed points of F. This concludes the proof
of the theorem.

3.2. Stability of transitivity under small perturbations. We first show by an
example that transitivity of affine systems is not stable under small perturbations. As
before we regard V as a metric space with norm I1" II, and hence Aft (V) has a natural
metric induced by V End (V). For simplicity of exposition we restrict our consider-
ations to finite systems. If 1 Aff (V) then we say that 2 Aff (V) is in an e-

neighbourhood of 1 if card card 2 and if when 1 {X1,""", Xm} and 92
{ Y,. , Y,} then Ilxi- Y II < for each i= 1, 2,..., m.

Example 2. Let V R2, and let ={X, Y,-Y} Aft (V), where X(x)=Ax and
where Y(x) b for all x V. Such a family is induced by a linear, scalar control system
of the form dx! dt Ax + u(t) b, where the control u is not constrained in magnitude.

As is well known, is transitive on V if and only if b and Ab are linearly
independent. We assume that A is a diagonal matrix with negative eigenvalues a and
O2 with a O2, and we assume that the vector b has unequal coordinates, neither of
which is zero. Then , is certainly transitive on V.

However, we next show that in every e-neighbourhood of there exists ff =
Aff (V) which is not transitive on V. Let e > 0 be fixed. Let B be a diagonal matrix
with distinct eigenvalues. Let Y(x) eBx + b for all x V. The trajectories of Y are
the same as those of xBx, except that they are centered at the new origin
c=-l/eB-lb. If C-’-(Cl,C2) then the line l={(r, cz):r} is invariant under
Y. Moreover, the strip {(Xl, x2): 0--< x2 -< Ic21} is positively invariant under X. Hence,
such a strip is invariant under o {X, Y,- Y}, and hence is not transitive (see
Fig. 1).
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FIG.

On the other hand, the affine systems considered in this paper are stable under
small perturbations. We express this more precisely in the following:

THEOREM 4. Let r be a family of affine vector fields on V such that is transitive
on V-{0} and such that ; has no fixed points in V. Then, for sufficiently small
perturbations of the elements of the perturbed system remains transitive.

Proof. Let o be the finite sub-family of : such that o is transitive on V-{0}
and such that o has no fixed points in V (Corollary 1). It then follows by Lemma 1
and by standard normal accessibility arguments that any small perturbation o of o
will be such that o remains transitive on V-{0}. The claim of the theorem is now
evident, since for sufficiently small e, does not have a fixed point in V.
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Professor I. Kupka. We are grateful that we have been able to use it, rather than to
use a somewhat lengthy argument involving the Boothby list of groups which act
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FEEDBACK STABILIZATION OF PARABOLIC DISTRIBUTED
PARAMETER SYSTEMS BY DISCRETE-TIME

INPUT-OUTPUT DATA*

TOSHIHIRO KOBAYASHI’t

Abstract. In this paper we investigate feedback stabilizability of continuous-time parabolic distributed
parameter systems by discrete-time input-output data. We construct a stabilizer using the concepts of state
feedback and output feedback through an observer. The design procedure is basically a modal approach
which is realized in finite-dimensional theories and algorithms. It is shown that any initial state is reduced
with an arbitrary decay rate. Explicit sufficient conditions are given for the convergence of the design scheme.

Key words, feedback stabilization, parabolic distributed parameter system, discrete-time data, finite-
dimensional algorithm, finite-dimensional observer

1. Introduction. Many control components deliver their outputs in discrete, or
sampled-data, form. Whenever a digital computer or a micro-computer constitutes a
part of a control system, continuous signals must be discretized in order to be digestible
by the computer. Discrete-time control theory is of great interest because of its
application in computer control.

There have been several articles on stabilization of distributed parameter systems
by continuous-time input-output data [2], [3], [4], [5], [8], [9], [10], 11]. Stabilizability
only by discrete-time input-output data for continuous-time distributed parameter
systems is an interesting problem.

In this paper we investigate stabilizability of parabolic distributed parameter
systems by discrete-time input-output data. We construct a stabilizer using the concepts
of a state feedback and a state observer. The key to stabilizability for parabolic systems
is a decomposition of the state space based on the modes of the system. We present
a design procedure which can be realized in finite-dimensional theories and techniques
from a practical point of view. Explicit sufficient conditions are given for state feedback
stabilizability and output feedback stabilizability through a finite-dimensional discrete-
time obeserver. We show that any initial state is reduced with an arbitrary decay rate.

2. System description. Boundary or pointwise controls must first be formulated
as a state equation. In this chapter the system description is following Lions [7].

Let V and H be Hilbert spaces with V, H and V’ (the dual space of V) satisfying
the inclusion relation

(2.1) Vc Hc V’

with each space dense in the following with continuous injection.
We consider the system described by

du(t)
(2.2) dt-Au(t)+Bf(t), O<t<fi=jT, u(O)=uoeH,

where B is a bounded linear operator from a p-dimensional Euclidean space Ep to
V’ (we denote B L(Ep, V’)), T is a sampling period and j is any positive integer.
The control function f(t) Ep is assumed to be constant between each sampling period

* Received by the editors December 22, 1982, and in revised form May 30, 1983.
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[kT, (k + 1)T), that is,

(2.3) f(t)=fk, kT<=t<(k+l)T, k=0,1,... ,j-1

j-1such that Z =0 Then fLz(O, tl;Ep) for tl=jT. The operator A is a
bounded linear operator from V into V’ and -A is coercive; that is,

(2.4)
there exist/3 and a > 0 such that

uV.

In this case the operator A is the generator of a strongly continuous semigroup U(t)
on H.

There exists the unique solution u(t) of the system (2.2) such that

(2.5) u(0= U(Ouo+ U(t-s)Sf(s) as

and u L2(0, tl; V) C(0, q; H). Moreover the solution u depends continuously on
Uo and f [7, p. 102].

In physical situations, the output space is finite-dimensional. Suppose that outputs
of the system are given at discrete times in the form

(2.6) y, Cu(kT), k O, 1,. ,
where C L(H, E r).

Since U(t) is a strongly continuous semigroup on H, we can obtain the system
state at each instant as follows;

(2.7)
u(k + 1 T) U(T)u(kT)+ {(,+lr

dkT
U(k+lT-s)Bf,ds

U(T)u(kT) + U( T- s)Bf, ds.

Defining an operator D L(E, H) by

(2.8) Df U(T- s)Bf, ds for fk e EP,

we have the discrete-time system

(2.9) u(k+lT)=U(T)u(kT)+Dfk, k=O, 1,..., u(O)=uo

(2.10) y Cu( kT), k O, 1,....

Moreover we can obtain the system state between each sampling period as follows.
For 0 =< m _<- 1

kT+mT

u(kr+ mr)= U(mr)u(kr)+ U(kr+ mr-s)Bfkds
dkT

IO T

(2.1) U(mT)u(kT)+ U(mT-s)Bhds

U(mr)u(kr)+Dmf, k-O, 1," ,
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where the operator D,n e L(EP, H) is defined by

(2.12) Dmfk U(mr- s)Bfk ds for f

In the next chapter we shall investigate stabilization of the system (2.2) by
discrete-time state feedback.

3. Stabilization by discrete-time state feedback. In this chapter we investigate
stabilization of the continuous-time system (2.2) and of the discrete-time system (2.9)
using discrete-time state feedback.

We shall be interested in bounded feedback controls

(3.1) f =-Fu(kT), k=0, 1,. ,
that is,

(3.2) f(t)=-Vu(kT), kT<-t<(k+a)T, k=l,2,...,

where F L(H, EP). This results in the closed-loop systems

(3.3) u(+T)=(U(T)-DI:)u(gT), g=0,,...

and

(3.4) u(kT+ roT)=(U(mT)-DF)u(kT), k=0, 1,...

for the system (2.9) and the system (2.11), respectively. Then we have

(3.) u(g) U( T) DV)Uo, 1, 2,...

and

(3.6) u(kT+mT)=(U(mT)-DF)(U(T)-DF)uo, 0ml, k=l,2,....

Now we define stabilizability of the system (2.2) and of the system (2.9).
DEFINITION 1. The system (2.2) is stabilizable if there exists a feedback control

(3.2) such that lim, ][u(t)[[, =0.
DEFINITION 2. The system (2.9) is stabilizable if there exists a feedback control

(3.1) such that lim llu(kT)[[,=O.
It follows from (3.5) and (3.6) that u(kT) and u(kT+ roT) have the same decay

rate. Thus if the discrete-time system (2.9) is stabilizable by a feedback control (3.1),
then the continuous-time system (2.2) is also stabilizable by a feedback control (3.2).
We obtain the following theorem.

TzozM 1. The continuous-time system (2.2) is stabilized by a feedback control
(3.2) if and only if the discrete-time system (2.9) is stabilized by a feedback control (3.1).

The key to stabilization of the discrete-time system (2.9) is a decomposition of
the state space H. We assume that the operator A satisfies the spectrum decomposition
assumption [2, p. 75]; then there exists the orthogonal projection P such that

(3.7) H=PH+QH, Q=I-P

and PH, OH form A invariant subspaces of H. From the viewpoints of system analysis
and synthesis, it is practical and interesting to take PH as a finite-dimensional space.
We shall assume henceforth that PH is an N-dimensional subspace.

Let Ae and Ao be the restrictions of A on PH and OH, respectively. We denote
by Ue(t) and Uo(t) the strongly continuous semigroups on PH and OH generated
by Ae and Ao, respectively. Actually Ae is bounded on PH and Ue(t) is a uniformly
continuous analytic semigroup.
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In this case we obtain from (2.9) and (2.10)

(3.8)

(3.9)

(3.10)

(3.11)

Pu( k + 1 T) ge( T)Pu( kT) + Defk, Pu(O) Puo,

Ou(k+lT)= Uo(T)Ou(kT)+Dofk, Ou(0) Ou0,

Yk CePu( kT) + CoOu( kT), k O, 1,"

u( kT) Pu( kr) + Ou( kT),

where De, Do are the restrictions of D on PH and OH, respectively. Ce, Co are the
restrictions of C on PH and OH.

We also assume that the semigroup Uo(t) satisfies the condition

(3.12) IlUo(kT)ll<=Lq, k= 1, 2,

for constants L-> 1 and 0<q < 1. Then the system (3.9) is stable without feedback
controls.

We refer to the state Pu governed by the N-dimensional system (3.8) as the
stabilized modes of the system (2.9) and the state Ou governed by the infinite-
dimensional system (3.9) as the residual modes of the system (2.9).

Remark 1. If A is a symmetric operator with compact resolvent and lower
semibounded spectrum, then there exists a sequence {An, bn; n- 1, 2,...} of eigen-
values and corresponding orthonormal eigenfunctions such that for a constant c

c>A1 >A2 >.. ">An >. lim A,, =-c

and

A4n A,4n, n=l,2,....

Every vector u in H has a unique representation

u Y u.., u. (u, .).
n=l

The semigroup U(t) is given by

U(t)u Y u, exp (A,t)4, if u e H.
n=l

If we define the orthogonal projections P and O by
N

Pu= Y undpn, Ou un, ifuH,
n=l n=N+l

then P and O decompose the space H as H PH+ OH. Here N% chosen such that
hn+l < 0 and An An+l. The subspace PH is N-dimensional. The semigroup Uo(t)
is given by

Uo(t)u= Y un exp(Ant)4n if
=N+I

In this case the eigenvalues of Uo(T) are exp (An+iT), exp (Au+2 T),. , and Uo(T)
satisfies Uo(T)II <=exp (An+iT) < 1, since 0> An+l >-- An+z>- We get

(3.13) ]lUo(kT)]l<-(exp(An+lT)) , k=l,2,....

Thus we can take L 1 and q =exp (An+1 T) in (3.12).
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Now we shall construct a stabilizing feedback operator F for the decomposed
subsystem (3.8). Let us consider a feedback operator F FoP, Foe L(PH, Ee); that
is, we use the feedback

(3.14) fk =-FoPu(kT), k=0, 1," ’.

Then from (3.8) and (3.9) we have the closed-loop system

Pu( k + 1 T) Up( T)- DpFo)Pu( kT),

(3.16) Ou( k + 1 T) Uo( T) Ou(kT) DoFoPu( kT).

The eigenvalues of Uev Ue( T)- DeFo can be arbitrarily located in the complex
plane (within the restriction that cimplex eigenvalues occur in complex conjugate
pairs) by choosing Fo suitably if and only if the N-dimensional system (3.8) is
controllable [6, p. 488]. Thus if the system (3.8) is controllable, the system is stabilizable
by Fo; that is, all the eigenvalues of UeF have moduli strictly less than 1.

A case of special interest occurs when all closed-loop eigenvalues are assigned to
the origin. According to the Cayley-Hamilton theorem we have UF 0. The state
Pu(kT) can be expressed as

(3.17) Pu( kT) UpvPuo.

If UpNv 0, any initial state Puo is reduced to the zero state at or before the instant
NT, that is, in N step or less. Thus we have at least

(3.18) Pu(kr)=o, k=N,N+I,.

Next let us estimate Ou(kT). From (3.16)
k-1

(3.19) Ou(kT) U(T)Ouo- Uo( T))k-l-DoFoPu( iT).
i=0

Moreover from (3.18) we obtain for k N+ 1, N+ 2,.
N-1

(3.20) Ou(kr)= u(r)Ouo- (uo(r))k-l-DoFoPu(iT).
i=0

Using (3.12) we can estimate Qu(kT) for k N+ 1, N+ 2,.
N--1

IIQu(kZ)ll <- g,( z)Ouoll + Y II( go( z))-l-*DoFoPu(ir)ll
i=0

(3.21)
N--1

<= Lqkll Ouoll + LIIDoll llFoll qk--illPu( iT)[[
i=0

(since there exists a constant LN such that IIPu(iT)II<-LN, i=0,... ,N-I)

<-gllQuollq ’ + ggNIIOoll Ilfoll
1-qN k-N

l_qq
From (3.11), (3.18) and (3.21) we .have for k N+ 1, N+ 2,.

u (iT) _-< Pu(iT) + Ou(iT) Ou(iT) --< Nqk,(3.22)

where

L-N Zll Ouoll + ZZllDoll IIF011
q-N_ 1
1-q
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However, the control law that assigns all the eigenvalues of UpF to the origin may
lead to excessively large input amplitudes or to an undesirable transient behavior [6,
p. 489].

If a feedback operator Fo is chosen such that

(3.23) UkpFI[ <- K, 7 k, k 1, 2,’"

for constants K1 --> I and 0 < y < 1; then we can estimate Pu(kT) and Qu(kT) as follows.

(3.24) IIPu(kr)[[ <=K,[lPuo[[y k, k 1, 2,...,
k-1

Ou(kZ)ll <- Lqkll Ouol] + El]Doll ]lF0l] qk-’-illPu(iT)l]
i=0

k-1

(3.25) <=gllOuollq k+LKII[Doll IIFoll ]]Puol] E qk-l-,),
i=0

L[[ Quollq k + LKx[IDo[I IlFol] IIPuoI[
qk_ ,yk, k 1, 2, ,

since we can choose y such that 3’ # q. Estimates (3.24) and (3.25) give

(3.26)

u (kT)II <= Pu (kT)11 + Qu(kT)I[

<- KlllPuoll y k + LllQuollq k + LKIIIDoII IlFoll IIPuoll
qk_ yk

<- g +g+ggllOoll Ilfolllq IlUoll ,
glluoll, =max (q, ,/), k 1, 2,...

from which we have

(3.27) ]I(U(T)-DF)kII<=K.3, k=1,2,....

The estimate (3.22) and (3.27) show that any initial state will be reduced with an
arbitrary decay rate.

Consequently we have obtained
THEOREM 2. Suppose that A satisfies the spectrum decomposition assumption and

(3.12) holds. Then the discrete-time system (2.9) is stabilizable by a feedback control
F FoP, Fo L(PH, EP), if the N-dimensional system (3.8) is controllable.

Remark 2. The feedback operator F0 can be determined by pole allocation or
by optimal regulator design using known finite-dimensional algorithms [6, p. 490].

Theorem 1 and Theorem 2 say that the continuous-time system (2.2) is stabilizable
by a feedback control (3.2), if the N-dimensional system (3.8) is controllable.

4. Stabilization by discrete-time output feedback. Theorem 2 gives the basic
solution for stabilizability of the system (2.9). However we assumed the knowledge
of Pu(kT) in the feedback control law (3.14). In this chapter we shall show that the
system (2.2) can be stabilized by discrete-time output feedback, if we construct a
finite-dimensional discrete-time observer.

First we construct a discrete-time identity observer

(4.1) v(k+l)=U(T)v(k)+Dfk+G(yk-Cv(k)), v(0) =0
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where G L(Fr,H). From (2.9), (2.10) and (4.1) we have the error system

(4.2) e(k+l)=(U(T)-GC)e(k), e(0) =-Uo

where e( k) v( k) u( kT).
We can prove the following theorem.
THEOREM 3. Suppose that A satisfies the spectrum decomposition assumption and

(3.12). Then the error system (4.2) is stabilized by a feedback G L(E r, H) if the N-
dimensional system ue( r), Cp) is observable.

Proof. Let us choose G such that OG 0, that is,

Goy onPH,
(4.3) Gy

0 on QH,
for y E r,

where Go L(F r, PH). Decomposing e by Pe and Oe, we have

(4.4)

(4.5)

Pe(k+ l)=(Up(T)-GoCp)Pe(k)-GoCoOe(k), Pe(O)=-Puo,

Oe(k + 1)= Uo(T)Oe(k), Oe(O) =-OUo.

From the finite-dimensional theory, the eigenvalues of We Ue(T)-GoCe can be
arbitrarily located in the complex plane by choosing Go suitably, if the N-dimensional
system (Ue(T), Ce) is observable. Thus there are constants K3 --> 1 and 0 < r < 1 such
that

(4.6) wll gr k 1, 2,. .
(4.7)

From (4.4)

In this case from (4.5) and (3.12)

Oe k)ll g(T) Oe0 --< Z Oe0 q k.

k-1

(4.8) Pe(k)= WePeo ., We-l-iGoCoOe(i).
i=0

Equations (4.6) and (4.7) imply
k-1

[[Pe(k)ll <- g3llPeollO’ + ggallaoll [IColl IIOe011 Y crk-’-iq ’
i=0

(4.9)
gllPeollO’ / gg31laoll Coil Oeoll

qk--cr
q--or

since we can choose cr such that r q. It follows from (4.7) and (4.9) that

e(/)ll--< IIPe(k)ll / IIQe(k)ll

(4.10) <-- g+ggllaoll llColllq_l+g Ileoll

g4lle(0)l] k=1,2,...,

where/x =max (q, r)< 1. From (4.10) the following estimate holds.

(4.11) II(g(z)-ac)llg4, k= 1, 2,. .
Thus we have proved the theorem.
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Remark 3. If we specially choose Go such that all the eigenvalues of We are
assigned to the origin, we have WpN 0. In this case (4.8) becomes for k N, N+ 1,.

k-1

(4.12) Pe(k)=- 2 Wkp-l-iGofoQe(i)
i=k-N

Estimating Ilee(k)ll, we have Ilee(k)ll =<Const. qk[[eo[[: Thus
(4.13) e( k)ll =< Const. q k e (0)

is obtained from (4.7).
Remark 4. Although the feedback operator G in (4.1) can be determined using

finite-dimensional algorithms, the infinite-dimensional observer (4.1) is not so easy to
realize. If D has its range in PH, we can construct an N-dimensional observer

(4.14) Pv k + 1 Up(T)Pv k + Dnfk + GoYk GoCpPv k),

since CoQv(k) 0, k 1, 2,. are implied from Or(O) O.
Now we investigate stabilization of the system by output feedback through an

observer (4.1). In place of a feedback control law (3.14), let us use the feedback

(4.15) fk=-FoPv(k), k=O, 1,....

Then we get the following closed-loop system

u(k + 1 T)= U(T)u(kT)-DFoPv(k),
(4.16)

v(k + 1)= U(T)v(k)-DFoPv(k)+G(yk-Cv(k)),

that is,

u( k + 1 T) U( T)- DF)u(kT)- DFe( k),
(4.17)

e( k + 1) U(T) GC)e( k).

If the N-dimensional system (3.8) is controllable and the N-dimensional system
(Up(T), Cp) is observable, there exist operators F and G such that the estimates
(3.27) and (4.11) hold. Then we have

Ilu(kr)l[- (U(T)-OF)kuo+ Y (U(T)-DF)k-I-iDFe(i)
i=0

(4.18)
k-1

-<-g2[luo[[6 k +KalIDII [IFII [[e(0)ll E k-,-,,
i=0

(since we can choose y and r such that 6 /z)

t k
[Z

k

--< K=II uoll " + K411DII IIFoll Ileoll [_ [
-<- Ksll Uoll, k 1, 2,. ,

where Ks=K:+K4IIDIIIIFolI/IS-zl and r/=max(&/z)=max(q,y, cr)<l. Fur-
thermore

v( k)ll e(k) + u kT)II
Ile(k)ll + Ilu(kT)ll K41klleoll

< (K4 +K)n uoll.
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From this and (4.18) we get

(4.19)
k k<=/KZ+(K4+Ks)2 Ilu011=K6rt IlUoll, k=1,2,’".

The estimate (4.19) shows that we can obtain an arbitrary decay rate by suitable choice
of q, y and r. Therefore we have

THEOREM 4. Suppose that A satisfies the spectrum decomposition assumption and
(3.12) holds. Then the discrete-time system (2.9) is stabilizable by a feedback law (4.15),
if the system (3.8) is controllable and the system Ue( T), Ce) is observable.

From (2.11), (4.15) and (4.19) Theorem 4 says that the continuous-time system
(2.2) is stabilizable by discrete-time output feedback through an identity observer
(4.1), if the system (3.8) is controllable and the system (Ue(T), Ce) is observable.

However, the infinite-dimensional observer (4.1) is not so easy to realize. Unfortu-
nately, the assumption that D has its range in PH excludes boundary or pointwise
controls. This assumption is also unrealistic and one could not expect to be so lucky
in practice.

In the case where A satisfies the conditions of Remark 1, we can show that the
system (2.2) is stabilized by discrete-time output feedback through a finite-dimensional
observer.

Define the other orthogonal projections PM and OM by
M

Pu= u,,, Otu uncb, ifueH,
n=l n=M+l

where M _-> N. Let us consider the following system:

u( k + 1 T) U(T)u(kT) DFoPv( k),
(4.20)

v(k + 1) U(T) GC v k etDFoPv k + Gy.
This system adds a bounded perturbation

(4.21 0
OtDFoP

to the system (4.16).
For a bounded perturbation the following lemma holds.
LEMMA 1. If A is a linear bounded operator on a Banach space X such that for

0 < r/< 1, C => 1 IIA k <= Crl k, k 1, 2,... and B is a bounded linear operator on X,
then A + B is bounded with

(4.22) II(n/B)ll<-_ C(w/llBll) ,
W + CIIBII (

+ CIIUll) k 1, 2,....

To show Lemma 1, the next lemma is necessary.
LEMMA 2. If the sequence {u} --o ofpositive reals satisfies the recurrent inequality

k

uk+<-b+a u, k=O, 1,.
i=0

where a, b > 0 and Uo 1, then

b+au<- (l+a), k 1, 2,. ..
l+a
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kProof of Lemma 2. If we define Hk a i=o uk, then

Hk+l- Hk auk+ <- ab + aHk.
Hence

Hk+<=ab+(l +a)H.

Let {yk}k=0 be the solution of the difference equation

Yk+ ab + (1 + a) Yk with Yo Ho.
By induction we get that Hk-<-y for all k. The solution Yk is easily obtained

Yk (1 + a)kyo + {(1 + a) 1}b.

Thus we get

b+a
Uk+l<__b+Hk <=b+(l+a)ka+{(l+a)k--1}b=(l+a)k(a+b)= (l+a) k+.

l+a

Proof of Lemma 1. Consider the difference equation

Uk+ AUk + BUk, k O, 1, .
Then Uk (A + B)kuo, k 1, 2," . An alternative representation for the solution is

k-1

Uk Akuo + , Ak-l-iBbli, k 1, 2, .
i=0

Thus (A + B) k must satisfy
k-1

(4.23) (A + B) k Ak + Y A-I-iB(A + B) , k 1, 2,. .,
i=0

from which we get
k-1

II(n + B)"ll--< IInll + E IIn"-’-’ll IIBII II(A + U)ll
i=0

k-1
<- cw + E cn--’llull II(J +

i=0

Therefore

II+(A + B) k _-< C +-- IIB[[ (A + B)

From Lemma 2 we have

c C(/IIBII), 1(A+B)k <C+(C/)IIBII I+--IIBII B
l/(C/n)llu[[ w n/CllUll n

so that

Now for any small e > 0 there exists some large M such that OII OMDFoPII <
elK6. Lemma 1 says that for any small e > 0 there exists sufficiently large M such
that the perturbed system (4.20) has a decay rate (r/+ e) .
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Moreover restricting the system (4.20) to H x PMH, we have

(4.24)

(4.25)

u( k + 1 T) U( T)u( kT) DFoPv( k),

PMv( k + 1) U( T)- GC)MPMV( k) PMDFoPv( k) + PMGyk,

where (U(T)-GC)M is the restriction of U(T)-GC to PMH. The system (4.25) is
M-dimensional observer. For the system (4.24) and (4.25) the estimate:

PMv(k)
_-< Const. (r/+ g6 QMDFoP II) Uo k=1,2,....

holds corresponding to the estimate (4.19).
The estimate (4.26) says that if we choose an appropriately large M, we can

stabilize the system (2.9) (moreover the system (2.2)) by output feedback through an
M-dimensional observer (4.25). Thus for a finite-dimensional observer (4.25) it has
been shown that Theorem 4 still holds.

5. Example. In this chapter we will give a simple example to illustrate the
presented theory.

Let us consider the system

(5.1)

ou(t, x) o:u(t, x)
Ot OX2+57r2u(t, x)+ 6(x-O.3)f t) on0-<x=<l,

u(t, O)= u(t, 1)=0, u(O, x)= Uo(X).

For this system we take H--L2(0, 1) and Au Au+ 57r2U. Here A is the Laplacian
with Dirichlet conditions at x 0 and x 1. For a pointwise control f the operator B
becomes B=6(x-0.3). Thus we can take V=H(O, 1)={v6L2(0,1) such that
dv/dxL2(O, 1) and v(0)=v(1)=0}. Then V’=H-I(0,1) [7] and Be
L(E,H-I(O, 1)).

In this case since

fo d2u x---) fo(-Au, u)=-
dx2 u(x) dx-57r2 u2(x) dx

Io’( Io’dx /
dx- 57r2 u x) dx,

we have A L(H(O, 1), H-l(0, 1)) and we can take a 1,/3 1 + 5rr2 in (2.4).
The discrete-time output Yk is given

(5.2) Yk Cu(kT)= c(x)u(kT, x) dx, k =0, 1,...

where c L2(0, 1). Then the operator C e L(L2(0, 1), E).
The eigenvalues of A are

An (5- rt2) 7r2, t/= 1, 2,"

with the eigenfunctions ,(x) x/ sin (nTrx), n 1, 2,...
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which constitute an orthonormal basis for L2(0, 1). Thus the operator A satisfies the
spectrum decomposition assumption. The semigroup U(t) is given by

(U(t)Uo)(X) Y eX"tch,(x) uo(y)ch,(y) dy.
n=l

Choose

PH span {b,(x); n 1,2},

then N 2 and

In this case

QH span {b,(x); n 3, 4,...},

(Up(t)Uo)(X) eX"’d,(x) uo(y)qb,(y) dy,
n=l

(Uo(t)Uo)(X) E eX"’,(x) uo(y)qb,(y) dy.
n=3

(5.3) Uo(T)II ex3T= e-42T

which implies that L 1 and q e-4"2r in (3.12).
Relative to the basis 41, 4. for PH, we have

( exaT 0 ) f0"Up(T)=
0 eXiT, Cp=[cl c2], c,= c(x)4),(x)dx,

Moreover since
r eA"T 1

Dr= U(T- s)3(x-O.3)f ds ,
n=l

we have

b, (0.3) b, (x)f,

relative to the basis (1, I]12 for PH.

n=1,2.

v(k + 1) U( T)v( k) + Dfk + Gyk GCv( k),

Vl(k))FoPv(k) [Fo, t7o2]
v2(k)

v,(k) v(k, x)qb,(x) dx,

)GCv(k) g, c(y)v(k, y) dy
n=l

2 ()Gyk E g,,Yk4). (X), Go
g2

(5.4)

(5.5)

where

fk -FoPv(k), k 0, 1, ,

It is easily checked that the system (Up(T), Dp) is controllable. The system
Up(T), Cp) is observable, if cn 0, n 1, 2.

So an output feedback through an identity observer for our system is given by
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If we construct the matrices Fo and Go such that the eigenvalues of Up( T)- DpFo and
--27r2TUp(T)-GoCp are distinct and contained in ]A] _-< e-22T, then from (4.18) r/= e

and the reduced rate of ]]u(kT)]] is of the order of e-2"2Tk.
Moreover restricting the system (5.5) to Pull =span {$n(x); n 1,... ,M} and

constructing an M-dimensional observer (4.25), we get

(5.6) Puv( k + 1) u(T))uPuv(k) + PuDFoPv( k) +PuGyk GC)uPuv( k)

where

(U(T))MPMV(k) E e’"Tek.(x) v,(k)ek,(y) 6.(Y) dy,
n=l i=1

PuDFoPv(k)= 2 4)(0.3) Fours(k)
n=l ’n i=1

2

PuGyk Gyk g,,ykdpn (X),
n=l

(ac)uPuv(k)= g, c(y) .. v,(k)6,(y) dy ck,,(x).
n=l i=1

Then, relative to the basis t])l, 2,""", CM for PMH, we have for (5.6)

Vl(k-I- 1) 1
1)2( k.+ 1) )_
VM(+I)/ 0

eh2T
0 //’)l(k) /

e*MT/ \VMik)/
(exlT- 1)61(0.3)/A \

(5.7) + (eX2r-1).2(O’3)/A2)[foi No2 0 O]

e’’T --1)ekM(O.3)/ AM/
gl gl

g g2

 i, -i ClC 
/tl(k) \

Next estimate the constants Ka, Kz, , K6. Let the eigenvalues of Ue(T) DeFo
and Ue(T) GoCe be :a, :z, :3 and 4 such that 1 > :a > :z > :3 > :4 > q e-4ZT. Then
we take Ka K 1 in (3.24) and (4.6). Thus the constant K2 in (3.26) is given

Do Fo Do Fo
Kz=2+ =2+

since y sea. The constant K4 is (4.10) is given

K4=2+ =2-4
Iq-rl :3-q
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since r :3. Moreover we have

Ks K2 +

since 8 max (q, y) :1 and z max (q, o-) :3.
On the other hand the feedback matrices Fo and Go are obtained as follows:

(31- :3)(1- :4) (2-- :3) (2-- 4)
gl g2

c(/3’-/) c(/2-/)

where/3i e ;’’r, di (De)i for i= 1, 2.
Let us consider the case where T- 0.02, sol e-4’2, :2--e

4 e-77r2 and
--0"057r2, :3 e--O’O6r2,

c(x)={O, O<=x<=0.6,
1, 0.6-< x =< 0.8.

0.8<=x_<l

Then we have the following numerical results.

Fo=[70.9507-11.3034], G=[12.6667 1.92562],
IIDII 2.25021 x a0-, IICII 2,

IIDoI[ 1.51439 x 10-4, IIColl 8.58104 x 10-2,

K2 6.02272, K4 39.8793, Ks 1132.02, K6 1629.36,

’’-"1 =0.673824.

In this case, if M is larger than 667, the sufficient condition for stability r/+
K6]IOMD[I IIFoll < a holds. For example when M=800,. that is, we construct 800-
dimensional observer, we have r + K6I[ OD[[ IIFoi[ 0.885238. In the numerical simu-
lation we approximated the space L2(0, 1) by span {bn(x); n 1, 2,. ., 1000}.

6. Conclusions. In this paper we have investigated feedback stabilizability of
continuous-time distributed parameter systems by discrete-time input-output data.
First we have shown that the continuous-time system is stabilizable by discrete-time
input-output data if the corresponding discrete-time system is stabilizable. The key to
stabilizability for parabolic systems is a decomposition of the state space based on the
modes of the system. We have assumed that the spectrum of A can be decomposed
into two parts, a finite, possibly unstable part, and an infinite stable part. In this case
we have constructed a stabilizer and a state observer in discrete-time form using
finite-dimensional theories and algorithms. We have given explicit sufficient conditions
for state feedback stabilizability and output feedback stabilizability through a finite-
dimensional observer. We have also shown that any initial state is reduced with an
arbitrary decay rate.
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SECOND ORDER NECESSARY CONDITIONS IN OP?IMIZATION*

J. WARGA

Abstract. It is known that if a restricted minimization problem satisfies first order necessary conditions
for minimum at some point with multiple choices of Lagrange multiplier vectors (or linear functionals) then,
in general, second order conditions for different critical variations may require different Lagrange multipliers.
We present here a relatively simple derivation of new second order necessary conditions in which different
critical variations share a common Lagrange multiplier if they are "pairwise critical". The problems that
we consider contain restrictions in the form of finitely many equalities and of (possibly infinite-dimensional)
inclusions involving arbitrary convex bodies. These new conditions generalize in some respects previous
results of Dennis S. Bernstein (A systematic approach to higher-order necessary conditions in optimization
theory, SIAM J. Control Optim., 22 (1984), pp. 211-238).

Key words, equality restrictions, infinite-dimensional inclusion restrictions, nonunique Lagrange multi-

pliers, nonlinear programming, optimal control

The purpose of the present note is to provide a rather simple and self-contained
derivation of new second order conditions for optimization problems, more general
than those of [4, Thm. 2.3, p. 294]. These new conditions also generalize certain recent
results of Bernstein [2] (specifically 1-2, Thm. 5.2] which is an improvement of [4, Thm.
2.3, p. 294]) in two respects. The set C defining the infinite-dimensional restrictions
may be an arbitrary convex body and not only a cone; and the Lagrange "multiplier"
may be common to all elements of a set Y of "critical variations" satisfying certain

conditions [(a) and (b) of Theorem A below] and need not be chosen separately for
each critical variational direction. For a listing of other related work we refer the
reader to the extensive bibliography in Bernstein’s paper [2].

We might add that our proof (closely patterned after a derivation of first-order
conditions [3, Lemma V.2.2, pp. 301-303]) can be simply adapted to derive thirdmand
higher-order conditions (such as [2, Thm. 6.1]) for problems with an ar-bitrary convex
body C but with the Lagrange multiplier possibly dependent on individual critical
variations.

Let O be a convex subset of a real vector space, a normed vector space with
its topological dual denoted by *, C a convex body in (i.e. a closed convex set
with a nonempty interior), and 4 __a (4o, I)1, 2) 1) -’> R X Rm X c. Let- = {(01,..., 0) nl_->0,Y 0_-< },

and assume that q yields the minimum of 4o(q) on the set {q e O[bl(q) =0, bz(q) e C}
and that, for every choice of a positive integer k and of ql," ",qk e Q, the function

o ---> ,( o) ,/, ,:/+ y O(q-cl) .-,,-.,mxm-’x
./=1

admits first derivatives-relative to -k in some neighborhood of 0 in - and admits a
second derivative relative to - at 0. (Here, and in the sequel, we define the derivative
q/(0) relative to of a function 0 on - by the relation

limlhl-’[(ff+h)-O(ff)-4/()h]=O as hO while he -k-O-

* Received by the editors March 28, 1983, and in revised form June 13, 1983. This research was
supported in part by the National Science Foundation under grant MCS 8102079.

" Department of Mathematics, Northeastern University, Boston, Massachusetts 02115.
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The second derivative is similarly defined.) We observe that (I)’(0)(0a,’’’, 0k) and
"(0)(0a,. , 0k) (wa," , wk) depend only on the choice of qj corresponding to 0j 0

or w # 0. We can write, therefore,

for ’(0)(1, 0,..., 0);

4"(c)(qa-c)(ql-q) or 4"(q)(qa-c)2 for cI)"(0)(1,0,..., 0)(1,0,..., 0);

"()(ql- q)(q2-q) for (I)"(0)(1, 0,..., 0)(0, 1,..., 0),

where the "Gteaux derivatives" 4’(q) and 4"(q) are linear respectively bilinear
operators restricted to Q-q.

THEOREM A. Let Y c Q-t be.such that
a y Y implies

and

O6(q)y_-< 0, 6(q)y 0,

(b) Yl, Y2 Y, Yl Y2 implies

b(q)YlY2----<0, t(q)YlY2=0, d’(q)ylY26C-d2(gl).

Then there exists lo, 11,/2) e [0, 00) [" * such that

(c) lO, 14’(q)h>-O heO-q, 1242(q)=maxc12c
and

(d) /4"(q)y2_->0 rye Y.

Example. There are examples (see e.g. Ben-Tal’s Example 2.1 [1, p. 150]) showing
that Theorem A is not valid without assumption (b). In such examples there exists no
Lagrange multiplier satisfying conditions (c) and (d) of Theorem A with Y replaced
by the set of all y satisfying assumption (a) alone. However, the following simple
example shows that Theorem A, involving a set Y with possibly several elements, may
yield useful information in some cases when other second order conditions fail.

We first observe that if the optimization problem involves no restriction of the
form )2(q) C then Theorem A is applicable with (lo, 11). This can be verified by
adding the "restriction" 2(q) a___ 0 C __.a [ which, together with the last relation in (c),
yields 12 0.

Let

Qa__2, q(xl, x2), 4o(q)=x2, Cl(q)-XaX2, q=(0,0).

Then (lo,/1) is a "first order" Lagrange multiplier for the problem if it satisfies
condition (c), i.e. if

0, to_-> 0, ’(q) (0, to) (0, 0);

hence lo 0, 11 0. Now let y (a, b) be a "critical variation" i.e. let y satisfy condition
(a). Then we have

14"(q)y2= llCk(q)y2= 21ab.
Thus, by choosing 11 =ab if abO and otherwise 11 1, we have lb"(c)y2->0. This
shows that the "old" second order conditions (with Y a singlet) can be satisfied, leaving
open the possibility that (0, 0) yields a minimum.

Now we apply Theorem A with

Y={Yl, Y2}, y,=(-1,-1), y2=(1,-1).
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We verify that Y satisfies assumptions (a) and (b). If (0, 0) yields a restricted minimum
then, by Theorem A, there exists (lo,/1) 0 satisfying (c) and (d). As we have seen
above, (c) implies lo =0, 11 0 and therefore (d) implies

14/’(t]) yl2 2/1 -> 0 and 14/’(1) y22 -211 _-> 0.

This contradicts 11 0, thus showing that (0, 0) does not yield a restricted minimum.
In proving Theorem A we shall use the following lemma which is a slight extension

of the classical theorem on the separation of convex sets.
LEMMA [3, Lemma V.2.1, p. 299]. Let__W be a convex subset of xmX , C’

an open convex subset of T, 0 e W, and 0 e C’. Then either there exists a___ lo, I, 12)e
[0, oo) x Nm x f* such that O

lW lo Wo + ll W +12 W2 >= O Vw a-- Wo, W1, W2) e W

and

12<0 Ce--S

or there exist points i _& , , ) e W and numbers fli > 0 0,..., m) such that
Y=o 1, C’, the set {(, :),..., (:o, ’)} is linearly independent, o < 0 and

i=0 /i1 --0.
Proof of Theorem A. Let C denote the interior of C,

and

c’ c-6()

W =A {b"(]) 2’ ’2y2+24)’(q)hlye Y, r e [0, 1], he O-q},

where Y/ denotes finite sums in which different terms contain distinct elements y.
Clearly, W is convex and 0 e W and 0 e C’. Thus, by the lemma above, either there
exists =a (lo, 11, 12) e [0, cx3) m X c* such that

SO, lw>-O Vwe W, 12(C)<0 ’qCe C’

or there exist i ___a (, sc, :)e W and/3i (i=0,..., m) such that the set {(, :)1i
0,..., m} is linearly independent, < 0, : e C’,/3 > 0, Y i=o/3i 1 and Y=o/3: 0.
If the first alternative holds then

/2q2() max 12c
cC

and
2 ,,( y2lw=l(’ ’y4, ) +24, (q)h)=>0 Vwe W and heO-q.

Then relation (c) is obtained by setting w=2b’()h and relation (d) by setting
w 4,"()y2

Now assume, by way of contradiction, that the second alternative holds, and let

,/.2 2 tc"(t) Y ,jy,j+2 (t)hi (i=O,... m).
j=l

If we represent all the distinct y,j as Yl," , Yk and redefine r,j appropriately, we can
write that

k

i "()2 2 2
’,y. + 24’(q) h.

y=l
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a 10.] and forWe observe that for 1011

0,1 (()0, )1), E [0, 1 ],

0a(0o,’’ ", 0),
we have

and

j= i=0

o,=>o, Iol,- 1,

(rn )1/2q a_ gt + a Y’. Od’i2,j Yi + a2 20ihi 0
./=1 i=o i=o

,/,o,,(q) 4,o,,(q) + ,,/,;,,(q) o,-,
1 2

+2 a 6o,,(q) Oi’i2, Yj +26o,,(0) Oih, +JO,l(,
]=1 i=0 i=

where (),1(O, 0)’-’O(a 2) uniformly for all 0 as a0+. (This last assertion can be
verified by expanding 4o.1() as a function of (a, u, v) about (0, 0, 0), where u=
(ul,’", Uk), V=(Vl,’’’, Vm), U is the coefficient of y in and vicOi). Since

we have

and

4,;(q)y__<o, 4,(q)y=O, 6’(q)y,y<=O, 4,(q)y,y=O if i#j,

j=l i=0

1 a2d(q) E Oi’ri,p 20i"l’i,r YpYr < 0+
2 p,r=l,p#r i= i=0

a bo.l(t) Oi’r,d Y + 24o,,(q) Y.
2 j=l i=0 i=0

+ Oo,,(, o)+(ao, o)

i,jYj(1) 0o,(q)+ o, 6o,(q) + 20o.()h
i= j=l

+ o,(, o) + (o, o)

6o,1(q) +2H0 + o,(, 0)+ (o, 0),

where H is the (nonsingular) (m + 1) (m + 1)-matrix with columns (, [) (i
0,... ,m).

Let Pmax(Pmin) denote the maximum (minimum) of {Po," "", Pro}. We observe that
there exists > 0 such that

2

(2) 12H-10o,l(a, 0)1 < "-/3rain if ]0]1-- 1 and 0-< a =< c7.

We shall choose c7 sufficiently small so that

c7 r.2.
j=l i=0
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Let

y--6, X={x-(xo," ,Xm)m/lllxi-yil<=1/2ymin(i-O,. ,m)}.

The set X is compact and convex and

(3) xX implies 0<1/23min Xi, Ix[1 _-< &

Furthermore, the function

X -> T-2H-1lxl-(lOo,I(lX[1, IxlTlx)’X-->[m+l

is continuous and, by (2) and (3), this function maps X into itself. Therefore this
function has a fixed point 2= d. e X, where d 1211.

We have
2rr-,v + o,, (a, ) 1/2yH3

and therefore, if we define O, o the same way as O, o but with d, replacing , O,
we have, by (1),

o,(0) o,(O)+HO+ o,(, & + (o, O)

bo,l(O) +1/2cyHfl +(o, 0).
Thus

i=0

1

i=O

Furthermore, for all a and 0 with a 6, an expansion similar to the one in (1) yields

1 2 ),
i=0

where 2 iS defined like do but with 2 replacing o and where 2(a, 0):O(a 2)
uniformly for all 0 as 0+. We may choose 6 small enough so that 6 and

ff2+ 2(a, Vi=0,’’"

Since, by assumption, (q)y and O(q)Y,Yr belong to C-2(q) if pC r, it follows
that e [C-2(q)] if is chosen sufficiently small and then

(4) e c.
Thus

o(4)<o(q), (4)=0, (4)ec,

contrary to the assumption that q minimizes o(q) subject to (q)-=0, 2(q)
C. Q.E.D.
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DIFFERENTIABILITY OF RELATIONS AND DIFFERENTIAL
STABILITY OF PERTURBED OPTIMIZATION PROBLEMS*

JEAN-PAUL PENOT

Abstract. Several new concepts of differentiability of multifunctions are introduced. Special attention
is paid to relations given by perturbed inequalities. Applications are given to the study of the value (or
marginal) function of a perturbed nonlinear program.

Key words, correspondence, relation, multifunction differentiability, Dini derivatives, perturbation,
sensitivity, stability, value function, marginal function, variation

Introduction. Several concepts of differentiability of relations have been proposed
with various aims [8], [18], [22], [23], [34], [38], [42], [43], [59]. Our purpose here is
to study the marginal function (or value function)

re(w) inf {f(w, x)lx A(w)}

of a perturbed optimization problem. We wish to relate the (generalized) derivative
of m at a given point (taken to be 0 for simplicity) to the derivatives of f and A.

Even for mappings, a whole spectrum of definitions of differentiability can be
given (see [6], [45], [46], [66], [71], for instance) due to the different kinds of
approximations one can choose (and, secondarily, to the choice of topologies). Here
we focus our attention to the specific difficulties which appear with multivaluedness.

The derivatives we introduce are strongly related to the subditterential calculus
introduced in [47], [48], [50], [51] (see also [9], [60]). In the same way that continuity
has to be split into upper and lower semi-continuity when applied to multifunctions,
we get here two Dini derivatives. We define F to be directionally ditterentiable at a
if these two derivatives coincide.

We show that under standard assumptions convex relations are directionally
ditterentiable. In 3 we especially focus our attention on relations given by para-
metrized inequalities or equalities using regularity conditions of [54], [55], [62], [69].

In 5 we derive some estimates on the Dini derivatives of the marginal function
and some inclusions on its generalized subditterential ([47]) somewhat in the spirit of
[24]-[28]. Equality is shown to occur in these estimates in two important cases; one
of them involves a kind of first order sufficient optimality condition while the other
one uses another concept of directional derivative of a relation A called the variation
of A developed in 4.

The Dini derivatives of the marginal function m or more precisely the radial Dini
derivative of m, have been estimated by a number of authors [5], [20], [24]-[27], [31],
[36], [37], [39], [41]; the novelty here lies in the interpretation in terms of the
subditIerential of rn and in the connection we establish with the derivative, of the
relation which defines the constraints. The first point is also considered in [24], [28]
and in the papers [27], [58], [63], [64], [65] we received during the preparation of this
paper. However, as we have a special interest in the initial problem

(P0) minimize (f(0, x)[x A(0)}

* Received by the editors February 19, 1982, and in revised form December 6, 1982.

" D6partement de Mathematiques, Universit6 de Pau, France.
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the subdifferential of rn we introduced in [47] seems to be more adapted than the
strict subdifferential (or peridifferential or Clarke’s subdifferential) of [15] or its
variants.

After the results of this paper were completed, the references [2], [10], [44] were
pointed out to us. The definitions used in 10] and [44] are different from ours, although
[10, Definition 1] seems to be close to the concept of variation of a relation. While
sections [2, 10-21] deal with applications to dynamical systems and [2, 1-5] are
contained in [47], [48], [50], part of our Definition 3.1 and the obvious Propositions
3.9, 3.11 of the present paper are given in [2, 3, 6 and 7]. Let us observe that 8
and [2, 8, 9] are devoted to nice results, attributed to I. Ekeland, dealing with
Newton method and an inverse function theorem; these results enhance the versatility
and the simplicity of Dini derivatives and show they can be applied to other problems.

1. Notation and preliminaries. In all the sequel W, X and Y are Banach spaces
(in most cases normed spaces would be enough); their norms are denoted by I" I. The
ball with center a and radius r in X is denoted by B(a, r).

The set of continuous linear mappings from X into Y is denoted by L(X, Y).
For two subsets A and B of X we set

d(x,A)=inf {d(x,a)laA} and e(A,B)=sup{d(a,B)laA}.

e(A,B) is the excess of A over B; d(A,B)-max(e(A,B), e(B,A)) is the Hausdorff
distance of A and B. Let/ be the closure of A, or int A be its interior and AC X\A.

We identify a multifunction (or relation) F’X-Y with its graph F-
{(x, y) X YlY F(x)}; this is of common use in the theory of monotone operators
and is quite convenient here too.

The following definition was introduced in [56] where we showed its wide appli-
cability. In particular it can be used to give a lower semi-continuity result on the
marginal function rn ([57]).

DEFINITION 1.1. The relation F" X-Y is compact at some point a in the closure
of its domain D if each sequence ((xn, Yn)) in F has a converging subsequence as soon
as (xn) converges to a.

The following definition is the simplest and the most widely used concept of
tangent cone. For other notions and their connections see for instance [53] and its
references.

DEFINITION 1.2. The tangent cone TaA at a point a A to a subset A of X is
lim supt-o+ t-l(A a). In other words, v TaA if and only if there exists a sequence
(tn, an) in (0, +)A such that

v lim t-l(an- a).

We can characterize TaA as the set of v such that

lim inf t- d a + tv, A) O.
t-0+

The set of v such that this limit inferior can be replaced by a limit is denoted by TaA.
If A is convex TA TA is the closure of TA =[0, +c)(A-a). The set of

interiorly tangent vectors IA to A at a is given by

IaA (TaAC) c, where A X\A.

2. Dini derivatives of a relation. Most definitions of the derivative of a relation
F involve the behavior of F around all the image F(a) of the considered point. This
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is not the case with the following concept, which depends only on the behavior of F
around one point c of F.

DEFINITION 2.1. The Dini upper and lower derivatives of a relation F" X--- Y at
c (a, b) X Y in the direction x e X are given respectively by

F(c)(x) lim sup t-l(F(a + tv)- b), D_ F(c)(x) lim inf t-(F(a + tv)- b).
t,v)->(O+,x) t,b)-}(O+,x)

The following characterizations will be useful:

yDF(c)(x)=>( liminf d(y,t-l(F(a+tv)-b))=O)
t,v)-(O+,x)

<::>( liminf t-ad(b+ty, F(a+tv))=O)
(t,v)(O+,x)

<=> (:l(t., x., y.)--> (0+, x, y)" Vn, c+ t.(x., y.) F),

yz _DF(c)(x)<:>( lim d(y,t-l(F(a+tv)-b))=O)
(t,v)-(O+,x)

<:>(V(t.,x.)-->(O+,x)5t(y.)--> y, :Ira : Vn>=mc+t.(x., y,,) F).

Obviously, _DF(c)(x) DF(c)(x) and these sets are closed. Moreover, identifying
the relations _DF(c) and DF(c) with their graphs, the equivalences above show that

IcF c OF(c) DF(c)= TcF.
It is possible to give several variants of the preceding definition. In particular, if

the convergence of v towards x is taken in the discrete topology, we speak of radial
Dini derivatives and we write DrF(c) and _DrF(c) respectively. Other convergences
could be used. It is also useful to restrict the convergence of (t, v) towards (0, x) in
imposing that a/tvD, the domain of F; we then write (t, x)(O+, x). The corre-
sponding Dini derivatives are D+F(c) DF(c) and D+ F(c) _DF(c). Obviously,
OF(c) is the restriction to lad of D+F(c), while the domain of D+F(c) is contained
in TaD.

DEFINITION 2.2. The relation F is said to be semi-differentiable at c if DF(c)=
OF(c). If DF(c)= D+F(c), F is said to be semi-differentiable on its domain. Then
DF(c) is simply denoted by DF(c).

The preceding definitions are motivated by the following examples.
Examples 2.3. a) Suppose f: X-> Y is semi-differentiable at a in Hadamard’s

sense (i.e., s(x)=lim<,,>_,<o+,x)t-l(f(a+tv)-f(a)) exists for each xX). Then the
relation F given by the graph of f(F(x) {f(x))) is semi-differentiable at c (a, f(a))
and DF(c)= s (identified with its graph). Conversely, if _DF(c) is the graph of a
mapping s, then f is semi-differentiable at a.

If Y is finite dimensional, and if DF(c) is the graph of a mapping s, then f is
semi-differentiable at a with f’(a)= s (cf. [49]; for a slightly weaker statement, see
[21]).

b) Let f" x - R U {-c, +} be a function on X, finite at a e X. We introduced
in [47], [48], [50], [51] the Dini derivatives of f at a in the direction x, given by

dr(a, x) lim sup t-l[f(a + tv)-f(a)], _dr(a, x) lim inf t-l[f(a + tv)-f(a)].
(t, v)--, (O+,x) (t,v)- (O+,x)

Let E(f) and H(f) be the epigraph and hypograph relations associated with f"
E(f) {(x, y) e X xR: y => f(x)}, H(f) {(x, y) X R" y -< f(x)}.
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Then, with c (a, f(a)) we have

DE(f)(c) E(_df(a, .)),

_DE(f)(c) E(df(a, .)),

O+E(f)(c) E(d+f(a, .)),

DH(f)(c) H(df(a, .)),

_DH(f)(c) H(_df(a, .)),

D+H(f)(c) H(d+f(a, .)),

where d+f(a, x) +oe if x 1 TaD. with D {x: f(x) < +oe},

d/f(a, x) lim sup t-l[f(a + tv)-f(a)] if x TaD,
(t,v)R(O+,x)

and d+f(a,x)=-d+(-f)(a,x). These modified Dini derivatives coincide with those
introduced by R. Janin [37] and have proved to be quite useful. Let us observe that
the use of the epigraph and the hypograph relations enables one to consider the case
in which f takes its values in an ordered vector space without using any notion of
inferior or superior limit, although these notions do exist [48], [56].

c) If F is constant on a neighborhood W of c (i.e., F f) W (X B)fq W for
some B Y), then F is semi-differentiable at c and DF(c)= X TbB.

The following results give important examples which occur in optimization theory.
PROPOSITION 2.4. Suppose F is a convex relation (i.e., that F is a convex subset

ofX x Y) or, more generally that F is starlike at c. Then F is radially semidifferentiable
at c.

Proofi If y DrF(c)(x) there exists (tn, yn) in (0, +oo) Y with limit (0, y) such
that c+t(x, yn)F for each n. Then, if (sn) converges to 0+, and if k(n)=
sup{k]s,<=tk} we have lim k(n)= +oo. Then

c+ s(x, yk,)) (1- st-))(c + tk()(x, y()) + snt-mc F

and as (y) converges to y we get y
A stronger result holds under openness assumptions.
PROPOSITION 2.5. Let F be a convex relation with domain D and let c (a, b) F.

If (i) F has a nonvoid interior or (ii) F is closed, D has a nonvoid interior and X and
Y are Banach spaces, then for any x int TaD

_DF( c)( x) DF( c)( x).

In particular, if (i) or (ii) holds and a int D, then F is semi-differentiable at c.

Proof. Without loss of generality we suppose c =0. As int D is nonvoid under
both assumptions, we have int TaD (0, +oe) int D and, by positive homogeneity, we
may suppose x e int D. Let y F(x) be such that p" F- D given by p((u, v)) u is
open at y" if int F # , we take y e Y such that (x, y)e int F, while under the other
assumption, any y e F(x) is suitable as a result due to P. C. Duong-H. Tuy, S. Robinson,
C. Ursescu (see also [54, Thm. 3.5]) shows. Let y e DF(c)(x) and let (t,, x,) with limit
(0, x) in (0,+oe)xX. We can find a sequence (u,,v,) in F such that (x,)=
lim t-l(un, Vn). Let (sn) be a sequence in (0, 1) such that (s,)->0, (S-IlXn--XI)’->O,
(s-llt-lu-xl)->O. Then w=x+s-l(x-x)+s-l(1-sn)(x-t-lu) has limit x and

As p is open at y, we can find a sequence (y,) in Y with limit y such that (w,, Yn)e F
for each n. Then . (1- s.)t-1v. + s.yn

converges to y and (tx., tny.)= (1--S)(U, V.)+ s.(tnw, t.y.) F by convexity, so that
y e _DF(c)(x).
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COROLLARY 2.6. If f" X -* " LJ {+oo} is a convex function which is finite and
continuous at some point, then for each a in D dom f and each x LD (in particular
for each x X if a int D)

_df(a, x) inf [f(a + tx)-(a)] df(a, x).

This follows from Proposition 2.5 and Example 2.3b by introducing F given by
F(x) =f(x) ++ for x e D.

DEFINITION 2.7. If F is a relation from X into Y, if c F, then

OF(c)={uL(X, Y)[VxX u(x)DF(c)(x)},

OF(c) {u L(X, Y)lVx X u(x) _DF(c)(x)}.

If F is a differentiable mapping (in Hadamard’s sense) we find for F(c) and
OF(c) the usual derivative at a, with c=(a,F(a)). If F is the hypograph relation
associated with f’X- as in Example 2.3b, for c=(a,f(a)) we find for _F(c) and
F(c) the subdifferentials Of(a) and f(a) defined in [9], [47], [48], [50], [51]. If F is
any relation from X into Y, then F(c) is nonvoid if and only if TcF\{0} Y is a
nonpointed cone, or in other words, if and only if DF(c)(1) (-DE(c)(-1)) ; a
similar result holds for OF(c). If Z is any set and f" X Z- Y is a mapping, differenti-
able at (a, zo)XZ, with respect to x, then for F given by F(x)=f(x,Z) and
c (a, f(a, Zo)) we have Dlf(a, zo) OF(c).

The comparison of our definitions with known concepts of differentiability of
relations will be given elsewhere [23]. Let us point out an easy connection with H.
Methlouthi’s definition [43] of a lower derivative of F at c F (or rather an equivalent
definition)" u eL(X, Y) is a lower derivative of F’X--Y at c=(a, b) F if there
exists a neighborhood U of a in X and a selection f" U- Y of F] U, Fr6chet differenti-
able at a, with f(a) b, f’(a) u. Even if Fr6chet differentiability of f is replaced with
Hadamard differentiability, this condition is more stringent than the conditions of the
following proposition, whose proof is an immediate consequence of the equivalences
following Definition 2.1.

PROPOSITION 2.8. For u L(X, Y) the following conditions are equivalent:
1) u _0F(c);
2) for each x X lim(t,)_(0+,x) t-ld(b+ u(tv), F(a + tv)) =0.
Although these conditions are stringent, H. Methlouthi’s definition has proved to

be quite useful (see [43] and [7]).
Demanding that the Dini derivatives of F be nonvoid is a much weaker require-

ment. For instance, the following lemma shows that Lipschitzian relations with finite
dimensional image space have nonvoid Dini upper derivatives. The relation F" X=Y
is said to be B-tangentially compact at c (a, b) F in the direction x X if for any
sequence (tn, xn) with limit (0, x) in (0, +00) X and any bounded sequence (y,) in Y
with c + t,(x,, y,) F for each n, the set of cluster points of (yn) is nonvoid. This is
obviously the case if Y is finite dimensional or if F is a finite dimensional submanifold
or convex subset of X Y, or if F takes its values in such a subset of Y.

LEMMA 2.9. Let F" X-- Y be B-tangentially compact at c (a, b) F in the direc-
tion x X and such that lim sup,_0+ - d(b,F(a + tx)) < +00. Then OF(c)(x) .

Proof. By assumption, there exist k > 0 and e > 0 with d(b, F(a + tx)) < kt for
each t(0, e). Hence we can choose z,F(a+tx) such that ]b-z,l<=kt. As y,=
t-l(zt b) is bounded, we can find a sequence (t,) with limit 0 in (0, e) such that
has a limit y in Y. Then y DrF(c)(x)c DF(c)(x).
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Under some further requirements we get that F is semi-differentiable at c.
LEMMA 2.10. Let F" X--- Y be B-tangentially compact at c a, b) in the direction

x and l.s.c, at (a, b) on its domain D. If DF(c)(x)c {y} and if DF(c)(O)={O} then
D+F(c)(x) DF(c), hence _DF(c)(x) DF(c)(x) if x IcD.

Proof. Let (tn, xn) (0, x). By assumption there exists a sequence zn F(a + t,xn)
with limit b. Let r, ]z,- bl. If (t-r,) is not bounded, we can find an infinite subset
K of N with rk >0, lim tkr- =0, limK tr-x =0. As F is B-tangentially compact at
c, and as (r-l(zk-b)) is bounded, and b+rr-(zk-b)eF(a+rktr-lx) we have
(r- (Zh b)) he I --> V for some infinite subset H of K and some v e Y with vl 1. Then
v DF(c)(O) so that v 0, a contradiction with vl- 1,

As (tlr,) and (r-l(z,-b)) are bounded, for any infinite subset I of N we can
find an infinite subset J of I with limjejt-rj=q, limjjr-/l(z-b)= v for some q e
[0, +oo) and some ve Y with Iv[= 1. Then (t-l(z-b))-->qv, so that qveF(c)(x)=
{y}. This shows that the whole sequence (t-l(z,-b)) converges to y, thus ye
D/F(c)(x). [3

It is not our purpose here to develop a complete list of differential calculus rules
for relations. Most of these rules are as trivial as the following ones in which f-1 (b, a)
if f= (a, b), F-1 {f-lf F}, FC(x) F(x) (X x Y\F)(x)"

jF-l(f-1) (JF(f))-l,
DFC(z) _DF(z)) c, _DFC(z) (DE(z)) c,
_DF(z) f-) _DF,(z), DF(z) c (q DF,(z)

il iel

_DF(z) U _DF,(z), DF(z) U DF,(z)
iel iel

if F f’) Fi,
ieI

ifF=U F
ieI

with equality in this last inclusion when I is finite.
Moreover, if Y Y1 Y2 and F (F, F2) is given by F(x) F(x) Fz(x) with

dom F dom F2 dom F, for c (a, ba, b2) G F, c (a, hi) G El, c2 (a, b2) G F we
have

OF(c) (_DFI(C,), _D2F2(c2)), (DFI(Cl), _DF2(c2)) DF(c) c (DFI(Cl), DF2(c2)).

The proofs of these assertions (and analogous ones with D+F instead of _DF) are
similar to the proof of Lemma 2.11.

LEMMA 2.11. Let F:X---Y, G: Y=ZZ, f =(a, b)F, g=(b, c) G, h =(a, c)6
H=GoF.

1) If xX is such that D/F(f)(x)tqdom D/G(g)= Ib dom G then

D+G(g)(D+F(f)(x))c D+H(h)(x).

2) If x X is such that DF(f) (x) (q dom D/G(g) c I, dom G then

O+G(g)(DF(f)(x))= DH(h)(x).

In particular, if dom G is a neighborhood of b we have

D+G(g)oD+F(f)= D+H(h), D+G(g)oDF(f)c DH(h).

Proof. 1) Let yD/F(f)(x)fqdomD+G(g) and let zD/G(g)(y). Let
(t,,xn)--.(O+,x), where D=dom H. Then a+tnx,F-l(dom G) for each nN and
we can find (y,)= Y with lim(yn)=y, b+t,y,F(a+t,x,) for each nN. As y
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Ib dom G we have b + tnYn dom G for n large enough, hence there exists a sequence
(zn) in Z with limit z such that c+tnz, G(b+t,y,) for n large enough. Thus
c + tz, G(F(a + t,xn)) H(a + t,x,) for n large enough and z D/H(h)(x).

2) The proof is similar, starting from a particular sequence (t,, xn, yn) in (0, +oe) x
X x with limit (0, x, y) and such that f+ t,(x,, y,)e 1: for each n, the assumption
yeDF(f)(x)fldomD+G(g)ClbdomG yielding b+t,ynedomG for n large
enough.

Example 2.12. The inclusion DG(g)oD+F(f)c DH(h) is not true, even for
single-valued relations with X Y Z R and dom G R. To see that, let S be a
subset of [0, +oe) such that 0 is an accumulation point of S and [0, +oe)\S, let dom F S,
with F(x)_={x} for x S, let G(y) ={x/}, if y S, G(y) ={y} if y\S, so that
H(x)={/x}, for xS, H(x)= if xe!S. Then/H(0)(1) =, but D/F(0)(1) ={1},
DG(0)(1) ={1}.

PROPOSITION 2.13. 1:or F" X--- Y, G" YZ and H G F as above we have

_DG(g)o _DF(f) OH(h), D_ G(g)o DF(f) DH(f).

Proof. This is a consequence of Lemma 2.11 and of the equality dom D_G(g)=
dom D/G(g) f’l Ib dom G. A direct proof is also quite simple. [3

PROPOSITION 2.14. Let FI XY, F2" X--- Y be two relations with domain D and
let F3=F +F2 be given by F3(x)={y + Y2[Y F(x), y2 1:2(x)}. Then, for (a, bl)6 F1,
(a, b2) F2 and b b + b2 we have, for any x X,

_D1:l(a b,)(x) + _DF2(a, b2)(x) _DF3(a, b)(x),

DFI(a, bl)(X)+ _DF2(a, b2)(x)= DF3(a, b)(x).

Proof. A direct proof is easy. Let us observe that the first inclusion is also a
consequence of the relation _D(F1, F2)(a, b, b2)(x) _DF(a, b)(x) x _DF2(a, b2)(x)
and of Proposition 2.12 defining G" Y x Y__. Y by G(y, Y2)-Yl + Y2 and F" X--
Y x Y by F (F1, F2). Both inclusions can also be deduced from Proposition 2.12 by
considering the relations F: x={x} xF(x) and G: (x, y)--F2(x)+ y. l-1

3. Relations given by inequalities. In this section we consider the important case
of a relation given by implicit and explicit constraints, for instance inequalities. This
is of fundamental importance for mathematical programming. More precisely, we
suppose W, X, Y are Banach spaces, f:WX- Y is a mapping, G:W,X and
H" W--- Y are relations and we set F G f’l jr-l(H) with )r( w, x) w, f( w, x))"

F(w) {x Xlx G(w), f(w, x) H(w)}.

Of special interest to us will be the case where G and H are constant relations with
values B and C respectively. Then we set

A(w) {x e XIx B, f(w, x) C}.

Here B represents a basic constraint while f( w, x) C represents an implicit constraint.
Following S. Robinson [62] and A. Ioffe [35] we define 1: to be metrically regular

at (Wo, Xo) F if there exists k > 0, neighborhoods Wo, Xo of Wo, Xo such that

(Rm) d(x, F(w)) <- kd(f( w, x), H(w))

for every w e W0, x X0 f? G(w). Given , 2) in W X, if there exists a neighborhood
$/ x J of if, 2) and e > 0 such that (Rm) holds for w, x)
G, we call F metrically regular at (w0, Xo) in the direction (, 2). In the sequel we
suppose w0 0 for simplicity.
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THEOREM 3.1. Let F be given as above and let a F(O). Suppose f is Hadamard
semi-differentiable at (0, a); let c f(O, a). Then"

1) F(O,a)(w) {xG(O,a)(w)lf’(O,a)(w,x)H(O, c)}.
2) If G and H are semi-differentiable at (0, a) and (0, c) respectively, and if F is

metrically regular at (0, a) in any direction, then F is semi-differentiable at (0, a) and

DF(O, a) DG(O, a) ’(0, a)-I(DH(O, c)).

3) In particular, if the relation A above is metrically regular at (0, a) and TaB
TB, TcC Ticc (in particular if B and C are convex), then A is semi-differentiable
at (0, a) and

DA(O, a)(v) {x TaBIf’(O, a)( w, x) TC}.

Proof. 1) As F= G fq ]r-a(H), T(o,o)F c T(o,a)G ]’(0, a)-a(T(o,a)n).
2) Let (if, 2)/)G(0, a) fq 4-1(/)H(0, c)), with q =f’(0, a); we have to show that

(if, 2) _DF(0, a). Let (tn, wn) be a sequence in (0, +c) W with limit (0, if). As G
and H are semi-differentiable at (0, a) and (0, c) respectively, there exist sequences
(x) in X and (y,) in Y with limits 2 and q(r0, 2) respectively such that for n large
enough a + tx G(tnw,,), c+ ty H(tw,). For n still larger we have t (0, e) and
(w, x)e x ’, where e, if’, are given as above, so that, setting

z, =(t,w,, a + t,,x,,)- f(O, a)- t,f’(O, a)( ri,,,, 2n)
we have (t1Zn) - 0 and

t-ld(a + tnx,, F(tnw,)) <= t- kd(c + tq( ri,,, 2) + zn, H(tnw,))

<= t: kd( c + ty,,, H( tnw,)) + klq( ro, yc) y,[ + t:llzl- o,
since the first term is 0. Hence (, 2) OF(0, a).

3) If T’aB TaB, TC TiC then the constant relations G and H with values
B and C respectively are semi-differentiable at (0, a) and (0, c) respectively with
derivatives W TaB and W x TC respectively. 1

Remark 3.2. The equality/)F(0, a) =/)G(0, a) f’) )r’(0, a)-l(/)H(0, a)) holds if
f is of class C around (0, a), if G and H are closed convex and

’(0, a)(To,aG)- To, cn Wx Y,

from [55, Corollary 5.8]. This relation, which is weaker than relation (Rr) below when
G W B, H W C, does not imply metrical regularity of F.

Now we give a criterion for F to be metrically regular at (0, a) in any direction.
We suppose f satisfies the following differentiability assumption for some positively
homogeneous mapping s:

(H) For each W,

lim Ix-x’l-lf(tw, x)-f(tw, x’)-(s(x-a)-s(x’-a))l=o.
(t,w)-,(0+,)
x,x’ a,x’

This assumption is satisfied if the derivative Dff exists and is continuous at (0, a).
PROPOSITION 3.3. With the preceding notations, suppose Y is ordered by some

closed convex cone P, suppose B and C are closed convex subsets with C-P C (for
instance C =-P), suppose (H) holds with some continuous sublinear map s. If the
following regularity assumption holds:

(Rr) s( TaB)- TC Y

then A is metrically regular at (0, a) in any direction (i,, 2) WX.
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Proof When C =-P, s L(X, Y) and D2f exists and is continuous, this is [62,
Thm. 1]. The general case relies on [55, Thm. 5.5 and Corollary 5.8]. Let rO, ) W X.
We choose the map g of this theorem to be given by g(x)= s(x,a)+f(O, a). Then
assumption a) of this theorem follows from (Rr) which can be written

(0, +)(s(B-a)+f(O, a)-C)= Y,

while assumption b) is a consequence of the inclusion C-Pc C and the sublinearity
of s. Taking y as given by [55, Thm. 5.5], we choose (0, 3,-1) and then e > 0 and
neighborhoods Bo of a in B, W of small enough, for having d, given by

d(x) f(tw, x)-f(tw, a)- s(x- a)

-Lipschitzian on Bo for each (t, w) (0, e) if’. Then [55, Thm. 5.5 and Corollary
5.8] give some k > 0 and some neighborhood X0 of a in X such that

d(x,A(w))<=kd(f(tw, x), C)

for (t, w) (0, e) W and x X0f3 B, a slightly stronger result than previously stated
(take e > 0 and small enough for having a + (0, e)

The following result was stated in [12] without any other proof than a reference
to [17, Thm. 2.2, p. 539]. We recast it in our formulation and present a simple direct
proof which does not suppose C is polyhedral.

PROPOSITION 3.4. Let F {(w, x) GIf(w, x) H( w)} be as above. Suppose X is

finite dimensional and F is I.s.c. at (0, a) F. Suppose DG(0, a) and DH(O, c) are
convex, with c =f(0, a). If for some we W the inclusions

xDG(O,a)(w), f’(O,a)(w,x)eDH(O,c)(w)

have exactly one solution x then F is semi-differentiable at (0, a) in the direction w and
DF(O, a)(w) {x}.

For G W B, H W C the inclusions above reduce to

x TaB, f’(O, a)( w, x) TcC.
Furthermore, if B X, Y =Rp and C =RP+ the inclusions are equivalent to the

following system, in which I={i= 1,..., plf(0, a) =0}"

fl(O,a)(w,x)<-O, i6I.

Proof. F is B-tangentially compact at (0, a) since X is finite dimensional. Moreover
if DF(O, a)() there exists a sequence (tn, wn, x,) in (0, +) WxX with limit
(0, ff,) such that f(t,w,,a+t,xn)H(t,w,), a+t,x,
DG(O,a)(), f’(O,a)(,)DH(O,c)(). In particular DF(O,a)(w)c{x}.
Moreover if DF(O, a)(0) we have DG(O, a)(0), f’(0, a)(0, ) DH(O, c)(0)
hence

x+2DG(O,a)(w), f’(O,a)(w,x+2)DH(O,c)(w)

hence x+2 x and 2-0. The assumptions of Lemma 2.10 are satisfied and 0e
int dom F, hence the result follows, l-I

Now we consider the case of a relation A defined by equalities: B X and C {0}
above. The following example shows that even when f’(0, a) is surjective A may not
be semi-ditterentiable at (0, a).

Example 3.5. X=N, W-N2, f(wl, w2, x)=wl-x2(1-x2), a=0. As
f’(O,a) is surjective, we have DA(O,a)=Kerf’(O,a)={O}xNxN. However
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(0, 1, 1) _DA(0, a)" if (tn) is any sequence with limit 0 in (0, +) and if w, (-t2, t,),
then t,w, dom A for n large enough but there is no x, A(tnw,) with (x,)* 0.

Of course, when f is C and D2f(0, a)(X)= Y, A is semi-differentiable at (0, a)
by Theorem 3.1 and Proposition 3.3. Here is another instance:

PROPOSITION 3.6. LetA =f-l(0) where f: WxX Yis of class C around (0, a).
Under one of the following assumptionsA is semi-differentiable at (0, a) and DA(O, a)=
Ker f’(0, a).

1) Ker D2f(w, x) and Im D2f(w, x) vary continuously with (w, x) in the sets of
complemented subspaces of X and Y respectively.

2) dim X < +o, dim Y <+ and the rank of D2f(w, x) is constant around (0, a).
Proof. Both assumptions ensure that there exist open subsets U and V in W x X

and W x Y respectively with (0, a) e U, 0 e V and diffeomorphisms U (U),
: V O(V) onto open subsets of WxX and Wx Y with (0, a) =0, (0) =0,
q’(O,a)=Iwx, d/’(O)=IwxY, q(w,x)=(w,qx(W,X)) for (w,x)eU, O(w,y)=
(w, qy(W, y)), qyOfO q-(w, x) Def(O, a)x. Let r e L( Y, X) be a right inverse of
s Def(O, a). Then

p( w, x) w, x- r(f’(O, a)( w, x)))

defines a continuous projector of WxX onto N=Kerf’(0, a). Let
N DA(O, a) and let (t,, w,) be a sequence in (0, +) x W with limit (0, r0). Then
tnp(wn, 2)eN so that -l(tnp(w,,2))eA. As t-l(-l(tnp(w,,2))--l(o,o))
p(, 2) (if, 2), we can write -(tnp( w,, 2)) (t,w,, a + t,xn) for some (x,) satisfying
lim (x,) 2. We have shown that

Finally, we extract from Janin [36], [37] the following deep result obtained for
the case of equalities and inequalities.

THEOREM 3.7 (R. Janin [37]). Let g’R xR NP be of class C around a and let

A(w) ={x eN"lgi(w, x) <=O, <=q, gi(w, x) =0, i> q, Np}

with q<-_ p. If the following condition is satisfied for some a X such that a
lim sup(t.v)-(o..w) A(tv) then D/A(O, a)(w)= DA(O, a)(w).

(J) For each subset I ofI(a) { 1,. , plgi(O, a) 0} there exists a neighborhood
of (0, a) on which the rank of the family {Dgili 1} is constant.

4. Variation of a relation. Let us observe that the contribution to DF(c) by those
vectors (0, y) which are tangent to the image F(a) of F at a does not reflect properly
the way F varies around a. The following definition seems to capture more adequately
this variation as an application to perturbed mathematical programming problems will
show in the next section.

DEFINITION 4.1. A subset V of Y is said to be a variation of the relation F" X-Y
at c=(a, b) in the direction xX if for each sequence ((t, x, z)) in (0, +oe) xXx Y
with limit (0, x, b) and z, F(a + t,xn) for each n e N there exists a sequence (b) of
F(a) with limit b such that d(t-1(zn b), V) converges to 0. If one can take b, b,
V is said to be a b-variation of F at c in the direction x. If one can take (b) so that
(tl(zn b,)) is bounded V is said to be a strong variation of F at c in the direction x.

If V satisfies this requirement whenever (x) is the constant sequence with value
x, then V is called a radial variation of F at c in the direction x. If for each b e F(a)
the set V is a variation of F at (a, b) in the direction x, then V is simply called a
variation of F at a in the direction x.

As Y itself is a variation of F at any c e F in any direction, it is natural to look
for a variation V as small as possible. On the other hand, it is easy to see that the
closure of any b-variation V of F at c in the direction x contains DF(c)(x).
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The following examples show it is useful to allow the sequence (bn) to be a
nonconstant sequence.

Examples 4.2. a) Suppose f" X Y has a derivative at a in the direction x" y :=
limt,)_.0/,x) t-l(f(a + tv)-f(a)) exists. Then for any nonvoid subset C of Y and any
bf(a)+C, the relation F’X::.Y given by F(x)={f(x)}+C has V={y} as a vari-
ation at (a,b) in the direction x. In fact, one can take bn=f(a)+zn-f(a+tx) in
Definition 4.1.

b) In particular, if Y is an ordered topological vector space, with positive cone
P, the epigraph relation F EI obtained by taking C P in the preceding example
has the derivative of f at a in the direction x as a variation at (a, f(a)) in this direction
when this derivative exists. Wherr this is not the case but f is continuous and for some
bF(a), _DF(a,b)(x) is nonvoid, then for any y_DF(a,b)(x), V={y}-P is a
variation of F at (a, b) in the direction x. In fact, if (t, x, zn) are as in Definition 4.1,
and if y=lim tl[f(a+tnx)+q-b] for some q P, we take b= b+z-f(a+tnx)
so that t-m(zn-b)-(y-t-iqn)-O and y-t-iqn V.

b’) When Y is a topological vector lattice whose positive cone P has a nonvoid
interior, and when F(x) If(x), g(x)] with g(a)-f(a) /5, a variation V of F at (a, b)
in the direction x can be given when f and g have a derivative at a in the direction
x" for b=f(a), take V={f’(a)x},for b=g(a) take V={g’(a)x} and for bintF(a)
take V {0}, as follows from the next example.

c) If F is constant on a neighborhood of c or if b belongs to int F(a) then V {0}
is a variation of F at c in any direction.

d) If F is pseudo-convex at c, i.e., if F c c + TcF, in particular if F is starlike at
c or convex, then for each xX, DF(c)(x) is a radial b-variation of F at c in the
direction x. In fact, if (t, zn) (0, +oo) Y has limit (0, b) and is such that z F(a + tx)
for each n, then

(x, t-l(z b)) t-l(F c) TcF

so that d(t-l(zn b), DF(c)(x))=O.
e) If F is convex and if the assumptions of Proposition 2.5 are satisfied, then for

each xint TaD, with D=domF, V=DrF(c)(x) is a b-variation of F at c in the
direction x provided it is bounded.

To prove this assertion, we may suppose c 0, and, by positive homogeneity, we
may suppose x e int D. Let y e Y be such that (x, y) e F or int F. Then, using the open-
ness of p as in the proof of Proposition 2.5, we can find r, s > 0 such that B(x, r)
F-I(B(y,s))D. Let (t,xn, z) be as in Definition 4.1 and let r=lx-x]. Then
lim r=0, lim sn=0, where s. := r.(r.+r)-1. Moreover we have x= s.x’.+(1-s.)xn
where x’. is given by x’:=s-l(x-xn)+x., so that Ix’.-xl-(s-l-1)lx.-x[-r. Let
y’.B(y,s) with (x’.,y’.)F. Then, s.(tnx’.,t.y’.)+(1-sn)(t.xn, z.)F, so that
v.:=sny’.+(1-sn)t-lz.t-lF(tx) hence (x,v.)TF and vnOrF(C)(X). As
lim t-(z.- b)- v. lim (-s.y’.)= 0, since (v.), hence (t-lzn) is bounded lrF(C)(X) is
a b-variation of F at c in the direction x.

The following result gives a characterization of bounded variations and facilitates
the comparison with other concepts.

PROPOSITION 4.3. Each one of the following properties is necessary, and, when V
is bounded is also sufficient, for a subset V of Y to be a variation of F at a, b) in the
direction x:

-1 (F(a+tx’)fqB(b,r),(1 t)F(a)+t(V+b)) O.1) lim(,t,x,)-,(o+,o+,x) e
2) limr,t,x,)-,o+,o+,x) t-le(F(a + tx’) fq B(b, r), F(a) + tV) =0.
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Proof. Suppose V is a variation of F at (a, b) in the direction x and 1) does not
hold: there exists some a >0, a sequence (rn, tn, x,) with limit (0, 0, x) and z,
F(a + t,x,) f3 B(b, rn) with

t-l d(z,, (1- t,)F(a) + t,( V + b)) >- a.

Taking (b,) as in Definition 4.1, we obtain

t-d(zn- b, tV) >- t-d(z, (1- t)bn + tV+ tb) >- a-[b- b[,
a contradiction as lim bn b.

Conversely, if 1) holds true, for any sequence (t,, x, z,) as in Definition 4.1 we have

limt d(z,,(1-tn)V(a)+t,(V+b))=O

so that there exists (b,, v,)F(a)+ V with

lim tl[(1 t)b, + tn(v, + b)-z,I =0.

As V is bounded t,(v,+b)O and we have limbn=lim(1-t,)b,=limz,=b.
Moreover lim t d(z,-bn, t,V)=<lim tSlb-z+tvl=O and V is a variation of F
at (a, b) in the direction x. The proof of the other assertion is similar.

COROLLARY 4.4. IfA X--- Y is an upper derivative off at a in the direction x X,
[23], i.e., /f dom A = a + (0, +)x and A satisfies

lim t-le(F(a+tx’), (1-t)A(a)+tA(a+x))=O,
t,x’)-(O+,x)

if A(a) F(a) and if A(a + x) is bounded, then A(a + x) b is a variation of F at
a, b) in the direction x.

CorOLLAR 4.5. IfL X-,Y is an upper differential ofF at a in the (generalized)
sense of Lasom and Strauss [38], i.e., if L is u.s.c., homogeneous and there exists r > 0
such that

F(a+x)=F(a)+L(x) iflxl<r
then L(x)-b is a variation of F at (a, b) in the direction x when L(x) is bounded.

Proof. As L is u.s.c, in the metric sense of [18], for each e > 0 there exists 6 > 0
with L(x’) = L(x) + B(O, e) when x’ B(x, ) thus, for 0 < < r(]xl + e)-1, x’ B(x, 6)
we have

e(F(a + tx’), F(a) + tL(x)) <= te

and Proposition 4.3 condition 2 holds.
The proof of the following result is similar.
COROLLARY 4.6. IfF X-Y is differentiable at a X in the De Blasi’s sense [18]

with differential B, i.e., if limlhl_.0 Ih1-1 d(F(a+h), F(a)+B(h))=O for some u.s.c.,
homogeneous, bounded closed convex valued relation B then B(x) is a variation of F
at a, b) in the direction x.

Finally we present a connection with the upper Dini derivative.
PROPOSITION 4.7. Suppose Y is finite dimensional and F has a bounded rate of

expansion at a in the direction x in the following sense: there exist e > O, k >- 0 such that
e(F(a + tx’), F(a)) <= ktlx’l for (0, e), x’ B(x, e). Then for each b F(a), V given
as follows is a strong variation of F at (a, b) in the direction x:

V lira sup t-l(F(a + tx’)- b’).
t,x’,b’)-(O+,x,b

b’F(a)



DIFFERENTIABILITY OF RELATIONS 541

In particular, if F(a)= {b}, DF(a, b)(x) is a variation of F at (a, b) in the direc-
tion x.

Proof. For any sequence (tn, xn, zn) as in Definition 4.1 there exists bn F(a) such
that Izn-bnl <--ktn[xnl+ t2,. The conclusion follows by a compactness argument, each
subsequence of (t-l(zn-bn)) having a cluster point.

Now we consider the case of multifunctions given by implicit constraints as in 3
(we change f to g for the sake of clarity in the next section)"

A( w) {x Big(w, x) C}.

Given a A(0) and w W we introduce the following condition, in which c g(0, a):
(C) There exist e > 0, k => 0, a 61osed cone K in Y and neighborhoods Wo of w,

Xo of a such that for each w’, x’) (0, e) Wo Xo with x’ A(w’) there exists a’ A(0)
satisfying Ix’- a’l-<- kl w’l,

g(w’,x’)-g(O,a’)K.

Typically K will be TcC or {0}.
THEOREM 4.8. LetA be given as above. SupposeX is finite dimensional, g is strictly

differentiable at (0, a), condition (C) is satisfied for w W with some closed cone K,
and TaB=limsup,,x)_.o+,a)t-(B-x). Then V={xTaBlg’(O,a)(w,x)K} is a
strong variation of A at (0, a) in the direction w.

Proof. Suppose this is not true: there exists a sequence (tn, w,, x,) in (0, +oe) W
X with limit (0, w, a) and xn A(tnwn) such that for any sequence (a,) in A(0) with
limit a we have l=limsupd(t(xn-an), V)>0.

Let no N be such that tn (0, e), xn Xo, wn Wo for n no and let an A(0)
be such that Ix,- an] <-- klt,wn], g(tnwn, Xn)-- g(O, an) K. Let M be an infinite
subset of such that m>-no for mM and l=limsupnd(t-l(x,-a,),V)
limmd(t(x,,-am), V). Let N be an an infinite subset of M such that the bounded
sequence (t-l(xn--an))nN converges to some veX with Ivl<=k]w]. As g is strictly
differentiable at (0, a) and K is a closed cone we have

g’(O, a)(w, v)= lim t-l(g(tnw,, Xn)-g(O, an))K.
nN

Hence v e V, a contradiction with d(v, V) > 0. l-]

PROPOSITION 4.9. Suppose g is strictly differentiable at (0, a), B =X and C is
arbitrary. Then, if Dzg(0, a) is surjective, for any w W condition (C) holds true with
K ={0}.

The proof relies on the following lemma which is an easy modification of [52,
Thm. 1 ].

LEMMA 4.10. Suppose g: W xX--> Y is strictly differentiable at (0, a), with
Dzg(0, a) surjective (or is differentiable at (0, a) and satisfies the differentiability assump-
tion (H) with s Dzg(0, a) surjective). Then for each w W there exist 3/>=0, e > O,
neighborhoods Wo of w, Xo of a and Yo of c= g(O, a) and a continuous mapping
h (O, e) WoXo Yo-> X such that for each (w’, x, y) (O, e) Wo+Xo Yo

1) h(w’, x, g(w’, x)) x;
2) g(w’, h(w’, x, y)) y;
3) Ih(w’, x, y)- xl -< y[y- g(w’, x)l.
Proof of Proposition 4.9. We take y, e, Wo, Xo, Yo as in Lemma 4.10 and for

(w’, x’) e (0, e) Wo Xo satisfying x’ e A(w’), we take a’ h(0, x’, g(w’, x’)) so that,
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by 2) of Lemma 4.10 g(0, a’)= g(w’, x’)e C, hence a’e A(0) and by 3) of the same
lemma

la’- x’[ _-< Ylg(w’, x’) g(0, x’)l-<- kl w’l
with k > ,/Ig’(0, a)l, provided e, Wo, X0 are small enough. [3

The following criteria motivated the introduction of condition (C).
THEOREM 4.11 (R. Janin [37, Props. 2 and 3]). Suppose W=Rm, B=X=Rn,

Y RP, C -Nq+ x {0}, f is of class C around (0, a), the restriction of A to its domain
D is l.s.c, at (0, a) and condition (J) holds. Then for each we W condition (C) is

satisfied with K TcC, c g O a
Hence, combining Theorems 3.7, 4.8 and 4.11 we get that

DA(O, a)( w) D+A(O, a)( w) {x e Xlg’(O, a)( w, x) e TcC}

is a variation of A at (0, a) under the conditions of these theorems.

5. Application to perturbed optimization problems. We apply the preceding
concepts and results to the study of the perturbed optimization problem

(Pw) minimize f w, x) as x e A(w)

with value re(w). Here and in the sequel m(0) is finite, W, X, Y are Banach spaces,
f" W x X- N U {+oe} is an arbitrary function (possibly with value +oe outside

Wo x X, where Wo is a neighborhood of 0 in W) and A" W--X is a relation with
0e dom A (A(w) is the set of admissible solutions to (Pw)). Let

S( w) {x e A( w)lf( w, x) re(w)}

be the set of optimal solutions. For e > 0 we define the set of e-approximate solutions
to (Pw) as

S(w) {x e A(w)lf(w, x) < re(w) + e} if re(w) >

S(w)-{xA(w)lf(w,x)<-e-} if re(w) --o.

The following estimates (in which in[= +o) are trivial consequences of the
definitions.

PROPOSITION 5.1. The following estimate holds for each w e W:

d-m(0, w)-<inf {af(0, a; w, v)la e S(O), ve D_ A(O, a)(w)}.

Proof. It suffices to show that for each w e W, each a e S(0), each v e _DA(0, a)(w)
and each sequence (tn, wn) in (0, oe) W with limit (0, w) we have

lim sup t-l[m(tw,) m(0)] -< af(0, a; w, v).

By definition of _DA(O, a)(w), we can find a sequence (v) with limit v in X and no e N
such that for every n>=no, (O,a)+tn(w, v,)eA, so that m(t,wn)<-f(t,w,a+t,v),
hence

lim sup t-1[m(tnw,) m(O)] <_- lim sup t-a[f(t,wn, a + tnVn)-- f(O, a)]
<- dr(O, a; w, v).

Remark 5.2. Similarly one has

d/m(O, w) -< inf {af(0, a; w, v)la S(O), ve D/A(O, a)(w)}.
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PROPOSITION 5.3. If fA is the extension of flA by + on Ac, then

_din(0, w)<--_inf{_dfA(O,a; w,v)laS(O),veX}, _0m(0){0}c O_fA(O,a).
aS(O)

Proof. Let a e S(O), we W, veX. It suffices to show that for any sequence
(t, w, v) in (0, o)x W xX with limit (0, w, v) we have

lim inf t-l[m(twn) m(0)] <- lim inf t-l[fA(tW, a + tv)--f(O, a)].

As fA(O, a)=f(0, a)= m(0), and as m(tw)<--fA(tw,, a+tv) for each n, the result
is obvious.

Let us note that the inequality _din(0, w)=< _df(0, a; w, v) is obvious and useless
if v DA(O, a)(w). Thus it is more convenient to have an estimate using f itself instead
of fA. As fA f + ILIA, where I//A is the indicator function of A( d,IAIA O, d,IA[A
we always have

_dfA(O,a; w, v)<=df(O,a; w, v)wd_A(O,a; W, V).

As _dA(O, a; w, v)=0 if and only if (w, v)e T(o,aA, we get the following estimate.
COROLLARY 5.4. For each w e W we have

_dm(0, w) =<inf {dr(0, a; w, v)la S(0), v DA(0, a)(w)}.

If for each a e S(O) the cone T(o,A is convex and dr(O, a;.,.) is a convex function,
finite at some point of T(o,aA, then, if N(o,aA T(o,aA) is the normal cone to A at

(O,a)"

_0m(0) {0}c [0f(0, a)+N(o,a)A].
aS(O)

This last formula follows from _dPA(0, a; w, v)= T(o.aA(W, V), from _0m(0)x {0}
_0rfi(0, a) if fit(w, x)= re(w) and a subditterentiation formula ([48, Thm. 3.16]).

Under some vertical Lipschitzian property on f, which is satisfied if f is strictly
Hadamard differentiable at (0, a), the upper Dini derivatives of f and A can be replaced
by the lower Dini derivatives in the above estimate.

PROPOSITION 5.5. If for some a e S(O), w e W, v e D_A(O, a)(w) there exist e > O,
c > 0 and neighborhoods W’ of w and V’ of v such that

x’)l <-- clx-x’l
for any w’ e (0, e) W’, x, x’ e a + (0, e) V’, then

_din(O, w) <- _dr(O, a; w, v).

Moreover if f satisfies the above condition for every a e S(0), w, v) e _DA(0, a), if for
each a e S(O) the relation A is differentiable at (0, a), the cone T(o,A is convex and
_dr(O, a ., is convex, finite and continuous at some point of T(o,aA, then

_0m(0) x {0} c [_0f(0, a) +N(o.aA].
aS(O)

Proof. Let ((t, w, v,)) be a sequence with limit (0/, w, v) such that

_df(O, a; w, v) =lim t-(f(tw, a+tv)-f(O, a)).

Since v e _DA(O, a)(w) there exists a sequence (v’) with limit v such that (tw, a +
Vtv’) e A for n large enough For n still larger t e (0, e) w e W’, v, v e so that

[f(tnwn, a + tnv)-f(tw, a + tv’)[ <-- ctn[v- v’[
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and

_dr(0, a; w, v) lim tl(f(tnWn, a + tnv’,)--f(O, a))

-->lim inf t-1(m(t,wn)-- m(O)) >= _dm(O, w).

The last inclusion follows as above.
Setting g =-f, p =-m and observing that _dg=-dr, we get the following version

of Propositions 5.1 and 5.4 in which

M(w) {x e A(w)lg(w, x) p(w)}.

PROPOSITIOr 5.6. If p( w) sup {g( w, x)lx A( w)}, and if p(O) is finite then

_dp(O, w) >=sup {_dg(O, a; w, v)la e M(O), ve D_ A(O, a)(w)},

p(O, w)>=sup {_dg(O, a; w, v)la e M(O), ve ;OA(O, a)(w)},

hence for each (w*,x*)eOg(O, a) and each ueOA(O, a) (resp. OA(O, a)) we have

w* + x*o u Op(O) (resp. 0-p(0)).

We shall show that under a first order sufficient optimality condition the preceding
estimates give the exact value of the Dini derivative of m.

We define a subset A0 of X to be tangentially compact at a . A0 if the relation
A {0} x A0 is B-tangentially compact at (0, a). In other words any bounded sequence
(v,) of X such that a + tnv, Ao for some sequence (tn) of (0, +oo) with limit 0 has a
cluster point.

PROPOSITION 5.7 (First order sufficient optimality condition). Suppose Ao c X is
tangentially compact at a Ao and one of the following conditions holds on fo: X --> R’,
finite at a"

a) For each v TaAo, v O, _dfo( a, v) > O.
b) There exists c > 0 with _dfo(a, v)>= clv[ for each v e TaAo.
c) 0 e int (Ofo(a) + NaAo).

Then a is a local strict minimum of f0]Ao.
Proof. First, let us show the conclusion under assumption a). Suppose on the

contrary there exists a sequence (an) in A0 with limit a such that fo(a,)<-fo(a) for
each n e N. Taking a subsequence if necessary, we may suppose (x,) given by x,
t-l(an a), tn la. al converges to some limit x with Ixl- 1, and, obviously, x TAo.
But _dfo(a, x) -<_lim inf t-1[fo(a + t,x,)-fo(a)]<=O gives a contradiction.

As b) implies a), it remains to show that c) implies b). Let r > 0 be such that any
x* in the ball X* of center 0 and radius r in X* belongs to Ofo(a) + NAo. Let v TAo
and let x* e Xr*. We can find y* NAo and z* Ofo(a) such that x* y* + z*, so that

_dfo(a, v)>-<z*, v>=<x*-y*, v>>-<x*, v>.
Hence

_dfo(a, v)>- sup (x*, v)= rlvl. rq
Ix*l-<_r

Remark 5.8. In fact under our assumption on Ao, a) and b) are equivalent since

TaAo is locally compact as one can easily show. If T,Ao and _dfo(A," are convex and
if

dom _dfo(a, )- TaAo X
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then b) and c) are equivalent. In fact, any x*e Xc* belongs to

o(_dfo(a, )+ oAo)(O) O(_dfo(a, ))(0)+ 0oo(0)

Ofo(a) + NaAo

by [48, Thm. 3.6], bs being the indicator function of the set S ($s(S)=0 for s e S,
Ss(X) +m for x X\S).

Example 5.9. The condition c) of Proposition 5.7 occurs quite often. For instance,
suppose A0={x e X[gi(x) _-<0, e I}, where I is a finite set and f0 and gi are differenti-
able at a. Let K={ieI[gi(a)=O}, and suppose the linear forms {g’k(a)[keK} are
linearly independent and that there exists Yk e (0, +o), for k e K, with

f(a)+ , ykg’k(a)=O.
kK

Then if card K dim X, condition c) holds because NaAo is the convex cone generated
by {g’k(a)[k e K} and -f;(a) belongs to the interior of this cone as one can see by
taking {g’k(a)[k e K} as a basis of X*.

We need the following definition in order to state our main result; it is variant of
[56, 3A and 3C] and [57, Definition 3.1].

DEFINITION 5.10. The perturbation (f, A) of the problem (P0) is well-set at 0 in
the direction w, if for each sequence (en) in (0, +) with limit 0 and each sequence
tn, w) in (0, +) + W with limit (0, w) and tnwn dom A for each n, there exists an

infinite subsetK of N and a sequence (Xk) in X with limit in S(0), such that Xk e S (tkWk)
for each k e K.

THEOREM 5.11. Under the following three conditions"
a) A is B-tangentially compact in the direction w;
b) the perturbation (f, A) is well-set in the direction w at 0;
c) for each a e S(O) and each v 0 in DA(0, a)(0), _dr(0, a; 0, v) > 0;

the following inequality holds"

din(0, w) ->inf {_dr(0, a; w, x)[a S(0), x DA(O, a)(w)}.

Comparing with the estimate of Corollary 5.4 we get the following equality.
COROLLARY 5.12. Iff is directionally differentiable at each point of {0} + S(0) and

if the assumptions a), b), c), of Theorem 5.11 hold, then

_dm(0, w) =inf {_df(0,.a; w,x)[aeS(O),xeA(O,a)(w)}.

COROLLARY 5.13. If f is directionally differentiable at each point of {0} x S(0)
with a sublinear derivative, if assumptions a), b), c) of Theorem 5.11 hold, if T(o,a)A
is convex, and if re(O) is finite, then

w*O_m(O)CC,(w*,O) f"l
aS(O)

[Of(O, a)+N(o,)A].

In particular, if f is differentiable at each point of {0} S(O) then

w*60_m(O)ce;,(w*,O)6 [q [f’(O,a)+N(o,aA].
aS(O)

Proof. If w* _Ore(O), for each w W, each a S(O) and each x /)A(O, a)(w),
we have

(W*, W) <-- _dfA(O, a; w, x) <-- f’(O, a; w, x)+ d_d/A(O, a; w, x),
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and this also holds true if x DA(O, a)(w), i.e., if (w, x)= T(o,a)A. Thus

w*, O) O_(f + Oa)(O, a) Of(O, a) + O_qa(O, a) of(O, a) + N(o.aA

as /’(0, a;.,.) and _dga(0, a;’,’)=O-o,o)a are sublinear mappings and
dom f’(0, a; .,.)= WX.

Conversely, if w* W* is such that for any aS(O) we have (w*,0)
Of(O, a)+ N(o,aA, then for each w W and each x DA(O, a)(w) we get

(w*, w) <= f’(O, a; w, x)

as (w, x) T(o,aA, hence (w*, w)-_< _din(0, w) by the preceding corollary. I3

Remark 5.14. Suppose (f)ii is a finite set of mappings on W and m =infiIfi.
We can embed I in X =R as a discrete subset and take A W/, f(w, x)= fi(w) if
x and f(w, x)=+ if x L Then assumptions a), b) and c) of Theorem 5.11 are
satisfied so that

_dm(0, w) => inf {_dj(0, w)li S(0)}

with S(O)={i6IIf(O)=m(O)}, as )A(O, i)( w) {O} and _dr(0, i; w, 0)= _df(0, w) if
i S(0). This result was obtained more directly in [48].

Proof of Theorem 5.11. Let (t., w.) be a sequence of (0, +o) W with limit (0, w)
such that _dm(0, w) lim t-l(m(t.w.) m(0)). We may suppose m(t.w.) <+ for each
n hence tnw. dom A.

First we consider the case m(tnw.) > -o for each n t. We can choose a sequence
(x.) with limit a in S(0) such that x.A(t.w.), f(tnw.,x.)<-m(tnw.)+t2 and such
that the sequence (v.)= (r-l(x.-a)), with r. Ix.-al, converges to a vector v in X,
and (r.t- 1) converges to s in [0, +c]. Then

_din(O, w) > lim inf t-l[f(t.w., x.)-f(O, a)-t2]
=> lim inf (r,,t-l)r-l[f(rtr-lw., a + rnv.)- f(O, a)].

If s + we get _din(O, w) >= s_df(O, a; O, v) + as (0, v) lim r-l((tnw., a + r.v.)-
(0, a)) T<o,)A and _dr(O, a; O, v)>O, so that the inequality is satisfied. If s[O,
we have (w, sv)=lim t-l((t.w., a + r.v.)-(O, a))=lim t-l((tnw, x)-(O, a)) T<o,)A
and

_din(O, w) => lim inf t-l[f(t.wn, x.)-f(O, a)]=> _dr(O, a; w, sv),

and the inequality is again satisfied.
Now we consider the case in which m(t.w.)=- for n in an infinite subset N of

N. Then we can find an infinite subset K of N and a sequence (Xk)kK with limit a in
S(0) such that Xk A(tkWk), f(tkWk, Xk)<--f(O, a)--k. Furthermore, we can suppose
(Vk) r-l(Xk a)) has limit v in X and (rkt- 1) has a limit s in [0, /c], with rk

If S +,. then as above (0, v) To,a)A and _din(0, w) +, a contradiction with
m(t.wn) =- for n N. Thus s [0, +c) and again (w, sv) is in To,)A and

_dr(O, a; w, sv <_- lim inf t- l[f tk Wk, a + tkrkt- vk f O a)]_-< lim --tlx/k=--
and the inequality holds in each case.

Now we present another result giving a lower bound to _dm(0, w). It uses the
concept of variation introduced in 4 and the following differentiability assumptions
on f" WxX-. Y:
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(H1) For each a S(0), f(0,. has a strict semi-derivative s at (0, a) which is
sublinear and continuous:

lim [x-x’l-l[f(O,x)-f(O,x’)-s(x-a)+s(x’-a)]=O.
x,x’
XX’

(H2) For each a S(0) the following limit exists:

1
lim -[f(tw’ x)-f(O x)].

(t,w’,x)-(o+,w,a)

These assumptions are satisfied if f is strictly differentiable at (0, a), in par-
ticular if f is of class C around (0, a), for each a S(0). On the other hand, (H1)
and (H2) imply that for each a S(0) and each v X, f has a directional derivative
dr(O, a)(w, v)= y+ s(v) in the direction (w, v) at (0, a).

THEOREM 5.15. Under the following assumptions:
a) the perturbed problem (P) is well-set in the direction w at 0;
b) f satisfies assumptions (H1) and (H2);
c) for each a S(0), A has a strong variation Va at (0, a) in the direction w;

the following estimate holds:

_din(0, w) -> inf {dr(0, a)(w, 0)- dr(O, a)(O,-v)la S(O), v V}.

If moreover f(O,. is differentiable at a, for each a S(0), then

_dm(O, w)>=inf {f’(O,a)(w, v)laS(O), v W,}.

Proof. Let ((t., w.)) be a sequence in (0, +oe)x W with limit (0, w) such that
_dm(O, w)=lim t-Al(m(t.w.)-m(O)). We may suppose m(t.w.)< +oe, hence
dom A for each neN. Assumption a) gives a point a e S(0) and a sequence (Xk)ki
with limit a such that Xk St(tkWk) for each k in the infinite subset K of N. Using c)
we can find sequences (ak) and (Vk) in A(0) and Va respectively such that (ak)
converges to a and

Let

lim [t-a(Xk ak)-- vkl =0.
k

qk t-a[f(tkWk, Xk)--f(0, ak)].

AS Xk S,(tkWk) and as (H2) holds we cannot have m(tkWk)=--, SO that

t-a[m(tkWk) m(0)] > qk-- tk

hence _dm(0, w) => lim inf qk. Now

qk t-a[f( tkWk, Xk)--f(O, Xk)]+ tl[f(0, Xk)--f(O, ak)],

where q := t-l[f(tkWk, Xk)--f(O, Xk)] converges to dr(0; a; w, 0) and

q, := tl[f(0, Xk)-- f(O, ak)] t-l[S(Xk a)- S(ak- a)]+ rk

with lim rk=O, as lim sup t-lx-al<+o. Let us set V’:=t-l(xk--ak), SO that
lim (V’--Vk)=0. Then as s= dr(O, a; 0,. is sublinear

s(xk a)- s(ak a) s(ak + tkv’- a)- s(ak a) >= -s(-tkv’).
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Thus

lim inf q, lim inf t-l[S(Xk a)- S(ak- a)]
--> lim inf --s(-v,)

=>inf {-s(-v)[v Va},

since s is continuous. The result follows by addition:

_din(0, w) >= lim inf qk lim inf q’k + dr(O, a; w, 0),

taking the infimum over a
Combining Theorems 4.8, 5.15 and Corollary 5.4, we get the following result:
COROLLARY 5.16. Suppose A is given by A(w)={xBIg(w,x) C}, where B

and C are subsets ofX and Y respectively, f" W X and g" W X Y are of class
C 1, X is finite dimensional. Suppose the perturbed problem is well-set at 0 in the direction
w, Condition (C) of Theorem 4.8 holds for each a s(O) with K Tgo.a)C and
TaB=lim supt,x)-,0+.a t-l(B-x), A(O, a)(w) ={v TBIg’(O, a)(w, v) K}. Then

_din(0, w) =inf {f’(0, a)(w, v)la S(O), v TB, g’(O, a)(w, v) C}.

Using Remark 5.2 and Theorem 4.11, we get the main result of [37].
COROLLARY 5.17. Suppose A is given by A(w)={xnlg(w, x) C}, where C

-Eq+ {0}, and g’"-P is of class C1. Suppose f is of class C and condition
(J) holds at each (0, a) with a S(O). Then if the perturbed problem is well-set at 0 in
some direction w, the marginal function m is differentiable on D dom A in the direction
w and

dm(O, w) lim t-[m(tw’) m(0)]
(t,w’)(O,w)

=inf {f’(0, a)(w, v)la S(O), g’(O, a)(w, v) Tg(o,a)C}.

Let us compare the preceding results with the completely convex case.
THEOREM 5.18 ([31, Thm. 3]). Suppose A is given by A(w)={xXIg(w, x) C}

where X =n, C =-P+. Suppose f and g are convex on Wo X, where Wo is a
neighborhood of 0 in W and re(O) is finite. Then for each a S(O)

drm(O, w) inf {dr/(0, a)(w, x)lx DrA(O, a)(w)}.

Here the subscript r indicates that radial derivatives are taken. We observe that
DA(O, a)(w) {xl(w, x) To,aA} is a radial variation of A at (0, a) in the direction
w (Example 4.2.d). The fact that no infimum on a S(0) has to be taken is explained
in [31, Thm. 4].

Finally, we consider [26, Ex. 3.1]:

and for x (x, x2), w wl, w2, w3)
B=X=2,

g(w, x) (x2 + Xl2- w, x2- Xl2- w2,-x2-1 w3),

f(w, x) -x.
Then it is easy to see that for w (1, 0, 0) the set V =E x (-, 1/2] is a variation of A
at (0, 0) in the direction w, and

din(O, w)=inf {f’(0, 0)(w, v)lv V} =-1/2,
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although the estimates of [26] present gaps for this direction. Variations for other
directions .are easily found, yielding the value of the directional derivative of m.
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ON THE CONTROL CANONICAL STRUCTURE OF A
CLASS OF SCALAR INPUT SYSTEMS*

RUSSELL G. TEGLAS"

Abstract. In this paper, we demonstrate the equivalence of a scalar input system Mx + du, for which
the eigenvalues of the generator M coincide with the roots of the entire function

p(o) e"r +a e(r-+...+a,+ a(O) e"(r- dO,

with the controlled scalar functional equation

y(t)+ay(t-O1)+. .+ a,y(t- T)+ a(O)y(t-O) dO=u(t).

The theory of nonharmonic Fourier series is then employed to investigate the placement of eigenvalues in
the closed-loop system with continuous state feedback.

Key words, canonical form, control theory, feedback, nonharmonic Fourier series, pole assignment

0. Introduction. Let M be a generator of a strongly continuous group of operators
{d(t): } on a Hilbert space , and suppose that the spectrum of M consists of an
infinite sequence of simple eigenvalues {ok} which forms the zero set of an entire
function having the form

(0.1) p(to) e07" + al e(7"-1 +" a, + a(O) e(7"- dO.

In this paper, we will analyze in detail the transformation which carries the scalar input
system

(0.2) x(t) Mx( t) +u(t)

to the scalar functional equation

(0.3) y( t) + ay(t- 01) + + a,y( t- r) + a( O) y( t- O) dO u( t).

The latter constitutes the causal control canonical form for the pair (M, ). The adjective
causal" is used here because a feedback law of the form

(0.4) u( t) /’, x( t))e

will be shown to transform to a feedback law of the form

(0.5) u( t) g(O) y( t- O) dO,

i.e., the input u depends only upon past values of y. The expression "control canonical
form" refers to the fact that the above-mentioned transformation has a structure quite
similar to its well-known finite dimensional counterpart as well as to the fact that the
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National Aeronautics and Space Administration under contract NASl-15810.

" Institute for Computer Applications in Science and Engineering, NASA Langley Research Center,
Hampton, Virginia 23665. Current address: Department of Mathematics, University of Vermont, Burlington,
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effect of linear feedback (0.4) in the original system (0.2) can be readily analyzed in
terms of the system (0.3) with corresponding feedback (0.5).

Before proceeding, we present an example of a system which possesses the structure
indicated above. Consider the linear hyperbolic system in characteristic normal form
[3]:

Ot w+ 0

with boundary conditions

w-(O, t) Dow+(O, t),
Here

A-(x) =diag (Aa(x),..., A,(x)),

are diagonal n n matrices with

Also,

+A(x)
A+ x w w+

w+(1, t)=Dw-(1, t).

A+(x) =diag (A,+l(x),’’’, Az,(X)),

x(x) <_-..._-< x.(x) < 0 < x.+(x)-<...-<_ x.(x).

[ A-(x) Alz(X)]A(x)
[.Az(X) A+(x)

and Do and Da are both n x n matrices which determine the manner in which "informa-
tion" is reflected at the boundaries x 0 and x 1. Such systems arise in the study of
counterflow heat exchangers [9] and in the study of multiconductor transmission lines
[6].

If A12 A210 and the off-diagonal components of both A- and A+ vanish
identically, then the characteristic frequencies are the roots of

r(w) det [exp (wA++M+)-D exp (oA_ + M_)Do],

where

A+-- (A+(x)- dx and M+=- (A+(x)-IA+(x) dx.

The roots of r will coincide with those of a function p having the form displayed in (0.1)"

r(w)=eO,(eO,r +aa eO,(r-ol)+. .+am)=_eO,. p(w).

In the case where A has nonzero off-diagonal components,, one can show [19], under
the assumption that both Do and D1 are invertible, that p remains the same except
for the addition of an integral term with a(. E L2(0, T), as in (0.1).

In the above example, one may consider control problems wherein one introduces
a forcing term proportional to a scalar function u(t) in the differential equations
(distributed control)

(0.6)
ow

A(x) Ow+0--- -x a(x)w+ b(x)u(t)

or in the boundary conditions (point control), e.g.,

(0.7) w+(1, T) D w-(1, T) + bu( t).
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Either way, one is led to consider a system of the form

:(t) x(t) + u(t),

where the element , in the former case, lies in the state space o but, in the latter
case, must be interpreted as a distribution. We will discuss this point in greater detail
in 2.

Of central interest in this paper is the spectral synthesis problem: given a set of
"desired" eigenvalues {vk}, can one construct a feedback law of the form (0.4) such
that the eigenvalues of the closed-loop system

x+(,,, x)=- (+,(R)/)x
coincide precisely with {vk}? Russell [14] has carried out a study of this question in
the case corresponding to m 1 above for a class of linear hyperbolic systems consisting
of a pair of equations. In his study, the theory of nonharmonic Fourier series is used
to study the canonical equation (0.3) and to conclude that any sequence { Vk} for which

(0.8) { (tOk /k) }bk
E 12,

where bk) iS the sequence of expansion coefficients of the control distribution element
with respect to the eigenfunctions of , may be synthesized by continuous linear

state feedback. An alternative approach, which apparently avoids an appeal to the
theory of nonharmonic Fourier series, has been offered by Clarke and Williamson [2].
Perturbation theorems for spectral operators have been employed by Sun 18] to show
that (0.8) is both a necessary.and sufficient condition for a class of systems that would
include the one studied in this paper. The main contributions of this paper include a
representation of the transformation carrying (0.2) into (0.3) more explicit than that
given in [14] as well as a formula for the expansion coefficients of (0.8) in terms of
the desired set of eigenvalues (Vk}.

1. A discrete finite dimensional system. For the sake of motivation, we will review
briefly the reduction of the finite dimensional discrete syst6m, where A E Rnn and
b Rn,

(1.1) xk AXk-1 + bu,

to its causal canonical scalar equation

(1.2) Yk + alyk-1 +" + a,,yk-, Uk,

where det (AI-A) A"+alA-I+. +a.
Forr=l,...,n, wehave

(1.3) Xk/r ArXk + A"-lbUk+l.
/=1

In particular, if Xo O,

(1.4) x,, [A"-l b Ab b] =- Cu.

It is well known that the pair (A, b) is controllable only when the n n matrix C is
invertible.
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With ao 1, we find

n--1

Xk+n "t" alXk+n_ "at- "b anXk amXk+n-m "[- anXk
m=0

(1.5) am An-mxk + 2 An-m-lbUk+l + anxk
m=0 /=1

n-I

p(A)Xk + Y X a,A"-m-lbuk+t,
/=1 m=0

where p(A) A + aA- +. + aft 0 by the Cayley-Hamilton theorem, and where
we have interchanged the order gf summation in obtaining the last line. The remaining
double sum may be rewritten as

where

(1.6) M= a..:l
an-1 al 1

Equation (1.5) now reads

[Uk+l 1(1.7) x++ax+_+. .+ax=CM
[Uk+n

It is important to note that the coefficients appearing on the left-hand side of
(1.7) are scalars. Assuming the pair (A, b) to be controllable, or equivalently, the
matrix C to be invertible, we define the variable r/by

(1 8) M-1C-1
Xk+n"

kk,,,J

It is also important that rtk,, depends only on k + r. This may be demonstrated as
follows. Let er denote the rth standard unit vector in N"; thus

k,r er M-1C-1Xk+n"

According to (1.8),

M-1C-lXk+p+n"
L’rlk+p,

Suppose p+ q r. We wish to show that

i.e., that

T]k, Tlk+p,q

efM-1C-lXk+n eM-1C-lXk+p+n"
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Since

p

Xk+p+n APXk+n’t- ., AP-tbUk+l+n,
/=1

we must have:

() eT T --1eq M C-1APCM=-
p

(ii) eM=1C-1 AP-lbuk+n_l O.
/=1

That (i) is true follows from the well-known fact (see e.g., [10, pp. 199-201] or [16,
p. 126]) that fi, is the companion matrix of A"

M-IC-1ACM

0 1
0

0 0 1

an a2 -al

That (ii) holds true follows from the observation that

C-1Ap-lb en-p+l,

and the fact that span {en-p+l,’’’, e} is invariant under M-1.
We now define the sequence {Yk} c R by

Equation (1.8) now reads

Yk+l k,l"

M-1 C-1Xk+n"
LY+

Multiplying (1.7) on the left by M-1C-, we find that {Yk} satisfies (1.2).
Let us now see how linear feedback in (1.1) manifests itself in (1.2). If

Uk fTxk-1, fT row vector,

then, by (1.8),

(1.9) Uk fTCM =_ g r

l_Yk- _l [_Yk-]

where g 7- _= (g,,..., g). Thus, the closed-loop system

Xk=(A+bfT)xk-,
goes over to the closed-loop system

(1.10) Yk +(al--g)Yk-l +" "+(a,--g,)Yk-, =0.

Let ;t 1,’’’, ;t, denote the (not necessarily distinct) eigenvalues of A. We are

assuming that the entries in A are all real; hence {, 1, ",A,} is symmetric with respect
to the real axis in the complex plane. Given any likewise symmetric set of complex
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numbers { Pl, Pn}, it.is now an easy matter to construct a feedback gain f En for
which the eigenvalues of A + bf7" are precisely {Ul,’’’, un}. Indeed, if

h + Clh n-l-- -J- Cn
i=l

then c for i= 1,..., n and hence, referring to (1.10), we must have

gi ai- Ci, 1, , n

or

g 7" a c 7-, where a 7- (an,. , al), etc.

Referring to (1.9), we arrive at the Bass-Gura formula [10, pp. 199-201] for f:
(1.11) f=(a-c)M-aC-.
We will show that the same formula holds true for the class of infinite dimensional
systems mentioned above, under appropriate assumptions.

2. Nonharmonic Fourier series and controllability. In this section, we discuss the
nature of the transformation which corresponds to the matrix C of the.previous section.
Before doing so, it is first necessary to recall some definitions which concern the scalar
input system

(2.1) it(t) Mx(t)+#u(t).

Let M generate a strongly-continuous group { (t)" E} on the Hilbert space ,
and denote the action of a conjugate linear functional x on q, Yg by (q,, x). As with
the inner product (.,.) on Y(, the bracket (.,.) is understood to be conjugate linear
in the first argument and linear in the second. It is also understood that (.,.) has the
property that (q,, x)=($,x) if x . Let us define the weak solution x(.) to (2.1)
satisfying x(0) x0 Yg by requiring

(2.2) (q,,x(t))=(ud(t)*$,Xo)+ ((t-s)*q,,d)u(s) ds,

for all q, @(M*). Here, {qd(t)*" tR} denotes the adjoint group generated by M*
with domain (M*) c y, and d is understood to represent a conjugate linear functional
on Y.

DEFINITION 2.1 [4]. The control distribution element d is said to be admissible
with respect to M if d can be identified with a conjugate linear functional, also denoted
by d, for which

(i) (d)_ (d*).
(ii) For any initial state x(0) Y( and any locally square integrable input u, the

weak solution x(t) of (2.1) lies in X for each => 0.
We note that if d Y in (2.1), then the weak solution coincides with the mild

solution

(2.3) x(t)= (t)Xo+ (t-s)du(s) ds.

Since x(t) for each t=>0 [5, p. 159], in this case is admissible.
To make (2.2) somewhat more constructive, we introduce the sequence {$} of

eigenfunctions of M with corresponding eigenvalues {to}. We will assume that each
Wk is simple and that {bk} forms a Riesz basis for .
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DEFINTION 2.2 ([7], [11]). A sequence {k} of elements of a Hilbert space is said
to form a Riesz basis for Y( if there exist constants d, D with 0 < d _-< D < such that
every x Y may be expanded uniquely in a series

(2.4) x Y xk4 with d2 IXk] 2 [[XI] D2 IXkl 2.
k k k

Equivalently (see, e.g., [7]), a Riesz basis may be thought of as the image of an
orthonormal basis { ek} of under a bounded and boundedly invertible transformation

(k () ek.

With every Riesz basis {b}, there is associated a unique "dual" Riesz basis {0k}
defined by

with the biorthonormality property (llk, (l)( kl" The expansion coefficients of x Y(

with respect to { bk }, { 6k } are (0k, X), (X, bk), respectively.
Let us denote by {qk} the sequence of eigenfunctions of sO*; i.e., sC*0k gkOk.

Suitably normalized, {qk} is easily seen to be dual to {4k}. Now let 6= 6k in (2.2)
and set Xk(t)=(6k, X(t)) and bk=(Ok,). Then

(2.5) Xk(t) e’k’Xk(O)+ bk e’k(’-S)u(s) ds,

and hence, weak solutions may be represented as

x( t) E Xk t)
k

with the x’s given by (2.5). If sup [Re w[ <, admissibility reduces, via (2.4), to
whether or not, for each => 0, the sequence

bk e’(t-S)u(s) ds e 12,

for every u L2(0, t).
In the course of reducing (2.1) to canonical form, we will carry out manipulations

similar to those employed in the previous section and which involve the expression

r(T- s)u(s) ds.

The whole point of the above discussion is that the latter expression may, even if 3 ;,
be interpreted rigorously if the eigenfunctions {4} of M form a Riesz basis for and
3 is admissible with respect to M:

(t-s)u(s) ds=- bk e’<t-Su(s) ds

In particular, if x0 0, we may write

(2.6) x(T) fg( T- s)u(s) ds c( T)u.

This is the analogue of (1.4). Conversely, if x , the problem of constructing a control
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u E L2(0, T), which takes the origin to x at time T, is characterized by a moment problem

CS( T)u x,

or, with x Yk xkb,

(2.7) bk e(T-Su(s) ds x,.

DEFINITION 2.3 [15]. The pair (4, ) is said to be approximately (exactly) control-
lable in time T if CS(T) :L2(0, T) is densely (boundedly) invertible.

Referring to (2.7), it is obvious that approximate controllability requires b 0
for all k. But controllability also depends upon properties of the sequence of exponen-
tials {ek’}. This paper is concerned with a very special class of 4’s, namely those
whose spectrum coincides with the zero set {w} of a function having the form

io(2.8) p(w) er+a e(r-+ .+a+ a(O) e(r- dO.

It is assumed that ai E , 1, , m with a, 0, that a(. e L2(0, T) is real-valued,
and that

Let us write

O< 01 <" < Orn T,

p(w)=po(w)+ a(O) e(T-) dO,

and let {gk} denote the zero set of the exponential polynomial Po. It is easy to see
that the set {cre} as well as the set {w} must lie in a vertical strip of finite width in
the complex plane. It has been shown [1 ], using the argument principle, that an infinite
number of r’s do exist and that the number of cr’s in any horizontal strip of fixed
height is bounded.

The prototype in this situation is po(w)= e2’- 1 which has for its set of zeros
{rk} {kri}. It can also be shown [17], [19], using the above properties of {r} together
with the Fourier transform in the complex domain, that the sequence of exponentials
{ek’} forms a Riesz basis for L2(0, T) if, in addition, inf [p(r)l>0. The latter
condition ensures the bounded invertibility of the map discussed after Definition
2.2. One can also demonstrate using Rouch6’s theorem that the sequence {w} of zeros
of p may be indexed in such a way that {ok-cr} 2 and that inf [p’(w)[>0 is
sufficient to yield the Riesz basis property for the sequence {eW}.

We omit the somewhat detailed proof of these statements [19] and return to their
relationship with the notion of controllability.

Let us denote the sequence biorthonormal to {ew} by {q(. )}:

qt( s) e" ds 6kl.
T

0

The construction of the sequence {qt(’)} goes back to the work of Paley and Wiener
[12] and is carried out as follows. One forms the function

4(,o)
p(,o)

p’(,o)(,o-,o)’

and notes that q(o)= 6k. The Paley-Wiener theorem ([12], [13, Chapt. 19]) then
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asserts that l is the Laplace transform of a square integrable function l(" whose
support supp (ql) [0, T]:

T

tslI(0)-- e (s) ds.

Thus, l may be represented via the inverse Laplace transform

1 I_ e-swl(tO) dto.(2.9) ql(s)
oo

The sequence {ql(’)} so constructed is biorthonormal to {e’’}, since

0r
t]l(s) e’ks ds 4t(tok) 6kl.

However, in the next section, we shall derive an explicit formula for each ql without
any mention of the Paley-Wiener theory. In effect, the inverse transform (2.9) can be
computed explicitly in closed form.

Assuming bk 0 for any k, we may now invert relationship (2.7) with the aid of
the sequence {qk(’)}. Indeed, the control

Xku k k lk T

satisfies (2.7). Here, T is understood to be the quantity appearing in the definition
(2.8) of p. Thus c _= CO(T) has the properties

(2.10) c: q(T-.)- b,
(2.11) c-1: Ok - b-l gtk( T- "),

which will be used throughout the remainder of the paper.
We conclude this section with a summary of the various assumptions made and

a brief discussion of their significance.
ASSUMPTION 2.4.
(i) generates a strongly-continuous group { cg(t):t } on a Hilbert space .
(ii) The sequence of eigenfunctions {b} of M forms a Riesz basis for .
(iii) The eigenvalues {to} of M are the roots of p(to) given by (2.8) and p’(w) 0

for any k.
(iv) The control distribution element is admissible with respect to M and has

coefficients bk (Ok, ) 0 for any k (M* 0k tt)kl]tk).
Since finite linear combinations of the bk’S are dense in , the pair (M, ), under

the above assumption, is approximately controllable in time T (cf. [15]). If infk lbk[ > 0
and infk [p’(tOk)l > 0, exact controllability in time T may be established as well [15].

Part (iii) of the above assumption essentially limits the scope of our results to the
class of linear hyperbolic systems described in the introduction. For such systems,
p’(tOk) 0 [or all k does not hold true in general. We make this hypothesis here only
to simplify our presentationnotwithstanding a good dose of tedium, it can be shown
by introducing generalized exponentials (i.e. te) in the case of multiple roots to
that the canonical form presented in this paper remains valid.

The case of boundary control (see (0.7)), where b", does correspond to an
admissible distribution 15, Thm. 3.1]

b (0, d) O(1)*A+(1)b,
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and, if no component of b vanishes, approximate controllability may be established
[19]. We do not wish to emphasize the abstract character of the above assumptions.
However, the development of a canonical form is carried out most transparently in
this setting.

3. Reduction to canonical form. In this section, we will derive the transformation
which carries the system (0.2) to its canonical form (0.3), and in order to pursue as
closely as possible the analogy between the pair (A, b) of the discrete system above
with the pair (se, 6) at hand, we will proceed somewhat formally. Assumption 2.4 will
be understood to be in force throughout. We begin with an analogue of the Cayley-
Hamilton theory.

LEMMA 3.1. Under (i), (ii) and’(iii) of Assumption 2.4,

cg(t)+al(t-01)+. .+a,Cg(t-T)+ a(O)(t-O) dO=O.

Proof Given an arbitrary initial state x Y k Xk4)k Yg, the solution to (t) sex(t)
is given formally by x(t)= ud(t)x and concretely by

Thus

X(t)

(t)+alCg(t-01)+. .+a,Cg(t-T)+ a(O)Cg(t-O) dO x

Y p(o e ’- xcb =0.
k

This completes the proof of the lemma.
Formally, solutions to 2(t) sex(t) + Cu(t) satisfy

(3.1)

Thus,

x(t+r)= Ud(r)x(t)+ (r-s)du(s) ds.

x(t+ T)+alX(t+ T-01)+" .+a.x(t)+ a(O)x(t+ T-O) dO

(t)+a(t-01)+. .+a,,,(t-T)+ a(O)C(t-O) dO x(T)

(3.2) c( T- s)#u(t + s) ds + al for-l (T- 01 S)u(t + S) ds

+" "+am-I fO (T- Om-a S)u( + S) ds

+ a(O) C(T-O-s)u(t+s) dsdO.

The first term is zero by Lemma 3.1. Changing the inner variable of integration from
s to s + 0 and then interchanging the order of integration, the last term may be written
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as

Cg(T-s) a(O)u(t+s-O) dOds.

Likewise,

d(r-O-s)u(t+s) ds= (T-O-s)xfo,r-o(s)u(t+s) ds

(T-s)xo,r-o(s-O)u(t+ s-O) ds

g(r-s)Xfo,r(s)u(t+s-O) ds,

where X,?(" is the characteristic function of the interval [a, b]. The right-hand side
of (3.2) may now be written as

or
cg(r-s)(u(t+.))(s) ds=- u(t+’),

where is as before and : L(0, T)- L(0, T) is the transformation defined by

(y)(s) y(s)+alXto,,rl(s)y(s-01)+."
(3.3)

+a,-iXom_,,r(s)y(s-O,-)+ a(O)y(s-O) dO.

Equation (3.2) now reads

(3.4) x(t+ T)+alx(t+ r-01)+" "+amx(t)+ a(O)x(t+ T-O) dO= rCu(t+.).

Equations (3.3) and (3.4) should be compared with (1.6) and (1.7), respectively. To
proceed further, the nature of the transformation must be analyzed.

LEMMA 3.2. (i) is bounded and boundedly invertible.
(ii) If geL2(O, r) with supp(g) c[r-0, r] for some O(O, r), then

supp (d/l- g) T O, T] as well.
Proof. That is bounded is clear from (3.3). Referring to the latter, let us write

./

with ()’2y)(s)---5 a()y(s-8)d0. A standard theorem from integral equations [8,
p. 33] yields the fact that (-3c2)- exists and is bounded with

k=l

It is easily established that supp(gV’2g) and hence ((.-X2)-lg)c_.[T-O,T] if
supp (g)_[T-0, T]. Moreover, 3q is nilpotent since supp (3c, g)c_[T-O+O, T] if
supp (g)c_[T-O, T]. Thus (-X2)-3q is nilpotent and

/--1 "-("- X2)--l("- (’- X2)-1X1)-1- (’- X2)-I (’- k=l ((’ X2)-Ix1)k)
for some n < oo, which shows that M-1 is bounded and satisfies (ii). This completes
the proof.
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We remark that Lemma 3.2(ii) is the analogue of the fact that span {en-p,"’, en}
is invariant under the matrix M-1 discussed in 1. We next Fourier analyze the action
of on the exponentials ek’.

LEMMA 3.3.

e’(-s( e’ )(s) ds-
p(o)

o (.0 (.ok

Proof. In forming the expression on the left, we find terms of the form

and the term

T

e(T-s)" ",(s-i)
/Eo,, Tj( S) e ds,

0

e",(T-s) a(O) e"(s-) dO ds.

Standard manipulations reduce the former to

eo( T-Oi) eo% T-Oi)

fO (.Ok

and the latter to
/" e ,o( T-O) O)

a( O)
e’(T-

dO.
o0 (.ok

It follows that

e’(T-)( e’’)(s) ds e’T- e"T + a(e"(T-)- e"(T-l))

+" + a,n-l(e"(T-"-l)- e"k(T-"-l))

+ a(O)(e’(T-)-e’"(T-)) dO (w--OOk)
o

(p(w)--p(wk)) p(w)
(,o-,o) (o-,o)’

since wk is a zero of p. This completes the proof.
Recall that the basis { ew} c L2(0, T) has a unique biorthonormal sequence which

we denote by {qk(" )}c L2(0, T). The key property which possesses is the following"
LEMMA 3.4.

t" e’’p’(w)q(T-.).

Proof. According to Lemma 3.3,
’T

e"(T-s)( j/l e’’)(s) ds=p’(w,)6j,.
0

Since the sequence {qj(T-. )} is biorthonormal to {e’J(T-)} and unique, we conclude
that

e’’)( s) p’ oo,)gl, T- s),

which completes the proof.
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Remark. The preceding lemma allows us to construct the biorthonormal sequence
explicitly

1
qk(s)=(e’k’)( T- s).

p’(w,)

Under Assumption 2.4 (iv), the .map possesses a densely defined inverse
(see (2.11)). If x(.) is a solution of 2= sgx+6u with sufficiently regular initial state
Xo and input u(.), we may define

(t, .) (J//-’-lx(t+ T))(.) e L2(0, T).

Let us assume that r/is defined for every and s. Then
LEMMA 3.5. 7(t, S) is a function of s + t.

Proof. Suppose p + s r < T. We wish to show that r/(t, r) r/(t + p, s). According
to (3.5),

q(t, r) (t-lqg-lx(t + T))(r).

If we let x(t+ T)=Y’.k Xk(t+ T)qbk and use (2.11) and Lemma 3.4, we have

Likewise,

Since

we have

l(t, r)= p’(O)k)-lb-1Xk(t+ T) e’kr.
k

q(t+p, s)=Y.p’(w)-Ib-1Xk(t+p+ T) e"s.
k

Xk(t+p+ T)=e’PXk(t+ T)+bk e’k(P-)u(t+O+ T) dO,

r/(t+p, s)-r/(t, r)= p’(w)- e’k(P-)u(t+ O+ T) dO e’’.

If we use the change of variable p-0- T-- and invoke Lemma 3.4, the right-hand
side becomes

(-1 e’(r-’)u(t+p+r) d’q(T-’) (s).
T-p

But the function on which /-x operates is nothing but Xtr-p,rj(" )u(t +p+. expanded
in terms of the sequence {](T-.)}. Hence

Xtr_p.r](.)u(t+p+.))(s)(elt-g)(s).

Clearly, supp (g) c T- p, T], and since 0 -< p + s r < T implies s e [0, T- p], we
conclude from Lemma 3.2 that (-lg)(s) 0. Thus, r/(t + p, s) r/(t, r). This completes
the proof.

Lemma 3.5 may be shown to hold true in the case where r/(t,.) is merely a
square-integrable function for each t, by approximating everything with continuous
functions and then passing to the limit. We may now define the scalar variable

(3.6) y(t+. )= r/(t,. (a-I -lx(t + T))(" ).
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We conclude this section with:
THEOREM 3.6. Under Assumption 2.4, the variable y defined by (3.6) satisfies the

functional equation

(3.7) y(t)+ay(t-O)+. "+amy(t-T)+ a(O)y(t-O) dO=u(t).

Pro@ Apply -- on the left to both sides of (3.4).

4. Speel syflesis. Let us first examine how continuous state feedback

u( t) ;g, x( t))e

in the original system (2.1) manifests itself in the canonical system (3.7). Let ;e have
the expansion

where {qj} denotes the sequence of eigenfunctions of s*. Let x(t) and y(t +. have
the expansions

(4.1) x(t) =Y x(t)6, y(t+.) =Y yk(t) ek’.
k k

Referring to (3.6), we have

Thus,

xk(t+ T)= bkp’(wg)yk(t).

u(t) (;, x(t))e= , fkbp’(to)y(t T).
k

Again denoting the sequence biorthonormal to {e’k’} by {qj(-)}, the right-hand side
of the last equation may be written as

fbiP’(ti)gb(s) k yk(t--T)es ds.

By (4.1),

Y yk(t-- T) es= y(t- T+ s).
k

If we change the variable of integration via s T-0, and define

(4.2) g( O) =- Z fbP’(Wi)b( T- 0),

we obtain

u(t)= g(O)y(t-O) dO.

The resulting closed-loop canonical system is simply

(4.3) y(t)+ay(t-O)+. .+a,y(t-r)+ (a(O)-g(O))y(t-O) dO=O.

Thus, the eigenvalues of the closed-loop system

x( t) sg + d (R) /’) x( t)
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are roots of

(4.4) pg(o) =po(O) + (a(O)-g(O)) e’(T- dO.

As we have already mentioned in 2, one can show using Rouch6’s theorem that
the sequence {,} of roots of p differs from the sequence {o-} of roots of P0 in the
sense that u- r} e 12. This suggests that any sequence {u} with this property can
be synthesized with a certain feedback gain ,’ W.

LEMMA 4.1. If { ’k is a sequence of distinct complex numbers for which {, cr}
12, then there exists a unique c(. L2(0, T) for which the zero set of

pc(w) po(tO) + c( O) e’(T-) dO

coincides with { ,}.
Proof. c is characterized by the moment problem

Pc(’) 0= c( O) e(T-) dO -Po( u).

Using the properties of the exponential polynomial Po discussed in 2 together with
the assumption that {,,- o-} 12, it is readily established that {Po( u)} 12. Moreover,
it has been shown [17] that the sequence {e ’} forms a basis for L2(0, T). Denoting
the sequence biorthonormal to {e’} by {h(.)}, the unique solution to the above
moment problem is given by

c(’)=-Ypo(,)h(T-’),

which completes the proof.
We now come to our main theorem.

TrORrM 4.2. Let u} be any sequence of distinct complex numbers for which

and let Assumption 2.4 hold true. Then there exists a unique ,g 9ffor which the spectrum
of sg + (R)/’ coincides with Uk }.

Proof. By Lemma 4.1, we may express the desired closed-loop characteristic
function uniquely as

iopc(W) po(oO) + c( O) e(T-) dO.

Referring to (4.2) and (4.4), the desired feedback gain element

k

must be such that

;0pg(to)=-po(w)+ (a(O)-g(O)) e- dO=p(to),

or g a- c. Let a and c have the expansions

a( 2 aq(T- ), c( Y c,gt,( T- ).
k k
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Referring to (4.2), we must have

fkbkp’(Wk) a,- Ck,

or

(4.) a c)p’(o)-’ b-.
This should be compared with (1.11). It remains only to show that our hypotheses
ensure that {fk} 12. The expansion coefficients ak and ck are given by

;0ak a (O) e (r-o dO p(ok) Po(ok) -Po(ok),

ck c(O) e(r- dO=pc(Wk)--po(wk).
o

Thus, by the mean value theorem,

ak ck -pc OOk -Pc(vk)-P’c(

for some 3 on the line segment connecting vk and wk. Since supk Ip’c()l < o, we
conclude that

pS-w--)bk just in the case

This completes the proof.
For linear hyperbolic systems of the type described in the introduction, s is the

real operator

dsg= A(x) -x+ A(x)

with domain

@(.if) {& HI,[0, 1]" 4-(0)-D0&+(0) 0 4+(1)-DI&-(1)},

where Hn is the Sobolev space of square integrable I2n-valued functions possessing
a square integrable derivative. As such the eigenfunctions of s4 as well as those of .’*
will have the property that 4k 4-k. Likewise, if { vk} is a sequence of complex numbers
with k v-k, then any biorthogonal set of functions {hk(’)} associated with the
exponentials {e k’} will have the property that hk h_. Thus, for any such sequence
vk} satisfying the hypothesis of Lemma 4.1, the function c(. will be real-valued with

expansion coefficients satisfying gk c-k, and hence the feedback gain element

ak Ck

constructed above will have each of its 2n component functions real-valued.
We conclude this section with a brief discussion of how to use the above theory

to construct a feedback gain which shifts a finite number of eigenvalues. Suppose we
wish to shift wl, a2," ", w, to v,. , v,. The desired closed-loop characteristic
function is thus

v(’) t(o)v(’)’
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where a((9)--I-[k=l (60--/k) and/3((9) =I-I"k=l ((9 (gk)" Thus

Pc((9) p((9) 4 p((9).
()

Since the degree of a-/3 is strictly less than n, (a-/3)/fl admits a partial fractions
decomposition

(4.6)
a((9)-/3((9) rk

(,o) =, ,o o"
According to Lemma 3.3,

p(o)
(9 (.Ok

( e’’)(O) e"(r-) dO.

Thus

)Pc((9) P((9) + rk e" (0) e"(r- dO.
k=l

By Lemma 3.4, this is

ioPc((9)=P((9)+ rkp’((gk)glk(T--O) e(r-) dO=p((9)+ c(O) e
k=l

oo(T--O) dO.

Thus, the desired expansion coefficients of c are given simply by Ck rkp’((gk),
with the residues rk being determined by (4.6).

5. Concluding remarks. In this paper, we have demonstrated precisely to what
extent the eigenvalues associated with a controllable pair (sO, ) of a certain type may
be modified via continuous linear state feedback. Our results parallel those of Russell
[14] for the case m 1, as explained in the introduction. Our main contributions here
include a more detailed analysis of the canonical transformation and a-direct method
for computing feedback gains in the case of shifting a finite number of eigenvalues.
All of this requires, of course, a rather detailed knowledge of the spectral structure
of . In practice, one can only obtain this information approximately by numerical
computation. In this regard, our results might prove useful in providing exact solutions
in special cases which could then be used to determine the accuracy of numerical
computations in more general cases. It should be pointed out that it is unrealistic to
assume the availability of state feedback in systems of the type discussed in this paper.
Nevertheless, we feel that the results herein obtained should play a role in the
development of an observer or asymptotic state estimator theory for such systems.

Acknowledgments. I wish to thank the referees for their valuable criticisms and
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A GENERAL APPROACH TO LOWER SEMICONTINUITY AND LOWER
CLOSURE IN OPTIMAL CONTROL THEORY*

E. J. BALDER

Abstract. A self-contained approach to lower semicontinuity and lower closure evolves from an
extension of relaxed control theory, which is based on a central relative weak compactness criterion (called
tightness) and relaxation in all but one variable. Two lower closure results for outer integral functionals
with variable abstract time domain are developed. The first of these has a convexity condition for the
integrand and generalizes all similar results in the literature. The second lower closure result is of a new
kind; among other things, it implies a quite general version of Fatou’s lemma in several dimensions.

Key words, relaxed control theory, tightness, normal integrands, outer integral functionals, lower
semicontinuity, lower closure, Fatou’s lemma in several dimensions

1. Introduction. This paper presents a rather self-contained approach to lower
closure--and lower semicontinuitymin optimal control theory. (An excellent descrip-
tion of the role of lower closure in the existence theory for optimal control has been
given in [27a].) Quite similar approaches lead to existence results in other areas of
the decision sciences, notably in economics (competitive equilibria, optimal growth
theory) and statistics (statistical decision theory); cf. e.g. [3d, h,i, 1]. Essentially, this
approach is an extension of relaxed control theory [33], [23], [32], [6], [3]. Thus, in
our approach the subjects of relaxed control theory and lower closure are brought
together.

We shall obtain here essentially two quite general lower closure results. The first
step in either proof is the same; it depends on relaxation in all but one variable (cf.
[22]) and an associated relative weak compactness criterion, called tightness, for sets
of measurable functions (considered as parametrized measures); cf. [3]. It turns out
that tightness can hold naturally for the trajectories, time domains (variable), "deriva-
tive functions", "singular component functions" and control functions of a control
problem; cf. Examples 2.1-2.5. To facilitate the presentation of our results, central
results of relaxed control theory have been concentrated in Theorem I, which can be
regarded as an extension of the classical theorem by Yu. V. Prokhorov in topological
measure theory [7]; cf. [3i].

After this common step the proofs are quickly finished by two quite different
continuations. Theorem 3.1 follows by an application of Jensen’s inequality, and
Theorem 3.7 by applying Lyapunov’s theorem. These results are then expanded by
the consideration of variable time domains (as introduced in [3g]) and nonmeasurable
integrands (by means of Lemma II, first formulated in [3k]). This leads to Theorems
3.3 and 3.8. The former result is a generalization of a well-known lower semicontinuity
result (e.g. [16]); cf. Corollary 3.5. In 4 it is shown to be equivalent to a lower closure
result for abstract finite-dimensional orientor fields (Theorem 4.3). As such it general-
izes all similar lower closure results in the literature (e.g. [10d, (6.i)], [30a, Thm. 3.1],
11 b, Thm. 4.1 ], 11 c, Thin. 3.1 ], 11d, Thin. 3.1 ], [3e, Thin. 5]). For a more concrete
orientor field it leads to Theorem 4.6, a lower closure result of Lagrange type; this,
too, subsumes all similar results in the literature, such as [10d, (6.ii)], [llb, Thm. 4.2],
[3e, Thms. 7, 8, 10, Prop. 9]. The other main lower closure result, Theorem 3.8, is
more general than Corollary 3.9, the multidimensional Fatou lemma of [31], which in

* Received by the editors July 31, 1982, and in revised form April 25, 1983.
? Mathematical Institute, University of Utrecht, Utrecht, The Netherlands.
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turn subsumes all previous versions of this lemma ([29], [11c], [lb]) as well as certain
existence results for allocation problems ([2], [6, Prop. III.2.1], [la], [3a]).

In our presentation of the major results on the subject of lower closure we have
tried to keep the principal results as uncluttered as possible. In subsequent remarks
we then present alternative formulations, "extension modules", etc. We hope that this
enables the reader to see the main lines of thought more clearly.

Let us now introduce some conventions and definitions concerning (outer) integra-
tion. Let (T, -,/x) be a finite measure space. The set of all --measurable functions
from T into [-, +c] will be denoted by 5/(T; [-, +oo]). For any nonnegative
b 5/(T; [-c, +c]) the integral w b d/xmpossibly equal to +cmis defined in the
classical sense [26]. For any b (T; [-c, +c]) we define

fTChd=--fwch+d--fwCh-d,
where b+ max (b, 0), b--- max (-b, 0), with the convention (+c)-(+)-- +. For
any q: T [-, +], possibly not 3--measurable, the outer integral of over T with
respect to/z is defined by

fTOdlz=--inf{fTChdP" 4 5/(T; [-, +]), 4 --> q a.e. in T};
it is easy to see that this infimum is attained for some b 5/(T; [-, +c]), 4 => a.e.
in T. Also, it is obvious that outer and ordinary integration coincide on
5/(T; E-D, +]).

2. Tightness. Let (T, -,/z) be a finite measure space and S a standard Borel
space (alias metrizable Lusin space [12]). Let (S) stand for the Borel r-algebra on
S, and M-(S) for the set of all probability measures on (S, (S)); equipped with the
usual weak (alias narrow) topology, M-(S) is also standard Borel [12, III.60].

The set of all (S)-measurable functions from T into S will be denoted by
5/(T; S). Instead of 5/(T; M(S)) we shall write (T; S); the elements of this set
are frequently referred to as "parametrized measures", "relaxed controls", etc. [23],
[32], [6].

An integrand on T S is a function from T S into (-c, +]. An integrand g
on T S is said to be lower semicontinuous if g(t,. ): -g(t, s) is lower semicontinuous
on S for every T and it is said to be normal if it is lower semicontinuous and
3- (S)-measurable. Let (T; S) denote the set of all normal integrands on T S;
+(T; S) will then stand for the set of all nonnegative normal integrands on T S.
The subset (T; S) of +(T; S) is defined to consist of all h +(T; S) such that for
every tT, y

{s S: h(t, s) -< 7} is compact.

For So5/(T; S), g (T; S) we shall frequently denote the function tg(t, So(t))
by g(., So). A sequence {s}] = 5/(T; S) is defined to be tight if there exists h W( T; S)
such that

sup f h(t, sk(t)) l(dt) < +c.
k 3T

When formulated in terms of Yt(T; S), this concept is a generalization of tightness in
topological measure theory [7], [3i]; cf. Appendix A and Remark 2.6 below.
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The following examples illustrate the various forms in which tightness can manifest
itself in the existence theory for optimal control. Let X and V be standard Borel
spaces and r, ? given dimensions.

Example 2.1. Let {xk} c eg T; X) be such that

(2.1) Xk(t)--> Xo(t) a.e. in T.

Then {Xk} is tight, as we can see as follows. Let N stand for the exceptional null set
in (2.1). For e T\N we define

For e N we define

h(t’x)={ 0+ if xe{xk(t)}(’else.
0 if x x0(t)

h(t,x)= + else.

Then h e Y((T; X), as is easy to see. Also,

sup f h Xk dl O.
k JT

Example 2.2. Let { SCk} c 1( T; r) be such that

(2.2) {SCk}] converges weakly in r(, L) to

Then {SCk}] is tight, as can be seen, for instance, by applying de la Vall6e-Poussin’s
theorem [12, 11.22, 25]. By this result there exists a lower semicontinuous function
h’ + -* + such that h’ (3,)/y -* +oe as 3’ --> +ee and

sup f h’(lk(t)[)tx(dt) < +o,
k dT

where ].[ indicates the usual Euclidean norm. Now take h(t, )= h’(ll).
Example 2.3. Let {r/k}]c I(T; ) be such that

(2.3) sup f [r/kl d/x <
k ,1T

Then {rt}] is tight, as is evident from setting h(t, q)=-1’11.
Example 2.4. Let {v}]c d//(T; V). Then we shall have

(2.4) { v}] is tight,

when, for instance,

{vk(t)}] is relatively compact a.e. in T.

This is seen by introducing

v)__f0 if vecl{v(t)" keN},
h(t, +oe else.

The above examples will play roles further on. So as to illustrate the connection
of tightness with topological measure theory, we consider one more example.

Example 2.5. Let Z be a Polish space and let {zk} d(T; Z) be such that

{/x}] converges weakly to
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where jlJ,k stands for the image of the measure/z under Zk. Then {Zk}7 is tight, as seen
by applying Prokhorov’s theorem [7, Thm. 6.2]. By this result there exists for every
p N a compact subset Kp of Z such that

Setting

sup tz,(Z\Kp) <-_ 3-p.

2p

h(t,z)= j<=p--1

we see that h belongs to (T; Z) and

sup f h(" :zk) d/z-<2/x(T)+4.
k T

Remark 2.6. It is easy to see from the previous example that a subset 12 of M[(Z)
is tight in the sense of topological measure theory [7, p. 37] if and only if there exists
a function h Z [0, +] such that { z e Z: h(z) <= ),} is compact for every ), e and

sup 1- h du < +o.
dz

This shows that our definition of tightness is a generalization of the classical one.
Good reasons for considering the tightness property will be produced now (and

in later proofs). In Appendix A it is shown that tightness implies relative sequential
compactness in some suitable topology on t (T; S); this actually generalizes one half
of Prokhorov’s theorem [7, Thms. 6.1, 6.2]. (Generalization of the other half is almost
trivial; cf. Example 2.5.) The gist of this can be formulated as follows.

THEOREM I. Suppose that {Sk} (T; S) is tight. Then there exist a subsequence
{} of {k} and a parametrized measure 6, (T; S) such that for every g (T; S)

(2.5) limf,
T fT g(’,6.)dlX= fT [fsg(t’s)6*(t)(ds)] tz(dt)’

provided that

(2.6) {g-(’, st)} is uniformly integrable.

Moreover, for a.e. T the measure 6,(t) is carried by the set

cl {st(t)" -> p}
p=l

of all linit points of { st(t) }.
Remark 2.7. The following obvious addition can be made in Theorem I: the

generalized limit 6, of the subsequence {st} satisfies

(2.7) I h(’, ,) dl, <=sup f h(’, Sk) dl < +,
T k T

where h (T; S) is as in the definition of tightness for {Sk} 7.
An important property of tightness is the following. Let S’ be another standard

Borel space. Then marginal tightness implies joint tightness, as is expressed more
formally below.
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{Sk} C (T; S are tight.PROPOSITION 2.8. Suppose that {Sk} (T; S) and ,)
then {(Sk, S,)}] is tight in (T; S x S’).

Proof It is enough to remark that for h e Y(T; S), h’e (T; S’) an integrand
/ N(T; S x S’) is defined by

h(t, (s, s’))=- h(t, s)+ h’(t, s’). QED

Let us see what more can be said about the "generalized limits" of a tight sequence
by considering again the above examples.

Example 2.1 (continued). Every generalized limit 6, of {x} can be identified
with Xo, in that

(2.8) 6,(t) is the Dirac (or point) measure at Xo(t) a.e. in T.

This follows from Theorem I by observing that for a.e. T the only limit point of
{x(t)} is Xo(t).

Example 2.2 (continued). Every generalized limit 6, of {} is such that

(2.9) bar 6,(t)=- [r 6,(t)(d) exists and equals 0(t) a.e. in T.

To see this connection, note first that for a.e. T

by (2.7) and the properties of h’. These same properties imply that for every :
B e 3- the sequences {g-(., )} and {g+(., )} are uniformly integrable, where

)=_(,) iftB,
g( t, [o else.

Here (.,.) stands for the usual inner product. Hence, we may invoke Theorem I for
both g and -g. By (2.2) it follows that

(, o(t))Iz(dt)= (, bar 6,(t))tz(dt).

Since and B were arbitrary, the result follows.
Example 2.3 (continued). Every generalized limit 6, of {7} is such that

(2.10) 7,(t) bar 6,(t) exists a.e. in T,

(2.11) 7,(t) clco{7(t)" =>p}a.e. in T,
p=l

(2.12) , I(T; e).
To prove this, let us first note that by (2.7)

Iliar- ,q[,(t)(dq)]l(dt)<+oo;
therefore (2.10) and (2.12) hold. By Theorem I we also have that the probability
measure 6,(t) is carried by the set (v=l cl {7(t)" --> p} a.e. in T; hence, the barycenter
of 6,(t) belongs to the closed convex hull of that same set. This proves (2.11).

Example 2.3 (variant). In addition to the usual suppositions in Example 2.3,
suppose that T is the unit interval, 3- the Lebesgue r-algebra and the Lebesgue
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measure on T. Suppose now also that there exists F’T--> R e+, componentwise non-
decreasing and right-continuous on T, such that for every T

io(2.13) lim r(’) dr= F(t),
k

where (r) -= max (r{, 0) defines r in terms of its component functions, ] 1,. , f.
Then we have in addition to (2.10)-(2.12) that

dF
(2 14) r(t) < (t)a.e. in T,

dt

where F stands for the absolutely continuous part (componentwise) of F with respect
to the Lebesgue measure x (Lebesgue decomposition). This is demonstrated by an
application of Theorem I to

/)__Imax(/,0) if a<=t<-_,
g( t,

else,

for arbitrary a,/3 T, j 1,..., . In view of (2.13) it follows then that

UF((a,/3])--= Fi(fl)- fi(a) >= (/2)(t) dt.

Since the collection of finite disjoint unions of intervals (a,/3] forms an algebra
generating the Borel tr-algebra on T, it follows by Carath6odory’s extension theorem
that for every Borel set B in T

’F(B) >- l,(t) dt.

Augmenting B by a negligible set can only increase the left side of this inequality.
Therefore the inequality also holds for B 6 -. Now (2.14) follows from a well-known
property of Lebesgue decomposition [26, IV.1.3].

Example 2.4 (continued). There exists a subsequence of {Vk} of which every
generalized limit 6, is such that

,(t) is a Dirac measure a.e. in Tpa,

where Tpa denotes the purely atomic part of T. (For the sake of clarity we remark
that this statement is made under the mere assumption (2.4) of tightness.) We prove
this by fixing a collection of atoms Ap of which Tpa is the union; of course, this
collection can be taken so as to be at most countable. Let h Yg(T; V) be as in the
definition of tightness; it follows from Lemma A.1 (Appendix A) that for every atom
Ap there is hp:V-[O, +oo] such that h(t,.)= hp a.e. on Ap. Also, since a standard
Borel space is isomorphic to a Borel set in [12, III.20], every function Vk-iS equal
to a constant a.e. on Ap; this constant will be denoted by vk,p. It is now easy to see
from the definition of tightness that for every atom Ap the sequence { Vk,p} is relatively
compact. Hence, by a diagonal extraction argument we can find a subsequence {k’}
of {k} such that for every p the sequence { vk,,p} converges. We conclude that on Tpa,
with {k} replaced by {k’}, the situation of Example 2.1 prevails. The proof is now
easily finished.

Example 2.5 (continued). Every generalized limit 6, of {z} is such that the
marginal on Z of the product measure of tx and 6, equals z0. This is seen as follows.
Let c b(Z) be arbitrary, where b(Z) stands for the set of all bounded continuous
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functions on Z. We can apply Theorem I to c and -c. This gives

and since c is arbitrary the result has been proven.

3. Lower closure for outer integral functionals. The first in a series of lower
closure results for integral functionals will now be formulated.

THZOREM 3.1. Suppose that {xk}, {sck}, {n,}7 satisfy (2.1)-(2.3). Then there
exist a subsequence {t} of {k} and 7, I(T; R) such that

(3.1) lim f g(.,x,, :,, r/,)d=> [ g(’,Xo,o, q,)dl
/’ JT JT

for every normal integrand g on Tx (XR R) satisfying

(3.2) g(t, Xo(t), "," is convex on R a.e. in T,

(3.3) {g-(., x, , r/)} is uniformly integrable.

Moreover, rl, is such that

(3.4) r/,(t) f3 clco {r/(t)" =>p} a.e. in T.
p=l

Proof. By what was proven for Examples 2.1-2.3 the sequence {(Xk, ,
(T; XR Re) is tight (Proposition 2.8). It follows from Theorem I that there exist
a subsequence {g} of {k} and 6,(T;XXRrR) such that for every normal
integrand g satisfying (3.3)

(3.5)
T

where a denotes the left side of (3.1). Moreover, we know that for_ a.e. t T the
measure 6,(t) is carried by the set of limit points of {(x(t), sc(t), r/(t))}, i.e., by the
Cartesian product of {x0(t)} and the set of limit points of {(:(t), r/(t))}, in view of
(2.1). Denote by 6*(t) the marginal probability measure of 6,(t) on RrxRe and the
submarginals on R and R by 6*(t) and 62"(t) respectively. For g as in (3.5) it now
follows that

(3.6) a _>- f g(., x0, 3*) d/.
JT

A fortiori, we now have for every g’ 3(T; Rr) for which {g’-(., )} is uniformly
integrable, that marginally

lim I g’(’, ) dz >-- f g’(’, 6*l) di., T T

A similar situation is found for 32*. Thus, marginally we find precisely the situations
investigated in Examples 2.2-2.3. this means

o(t) bar 31"(t) a.e. in T,

r/,(t) bar 32"(t) exists a.e. in T,

with r/, satisfying (2.11)-(2.12). Hence, by definition of barycenter

(3.7) bar 6*(t)=(o(t), rt,(t)) a.e. in T.
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We finish the proof by applying Jensen’s inequality. Suppose for a moment that g is
bounded from below by a constant. Then for a.e. T the function g(t, Xo(t), ",’) is
proper convex, unless it is identically equal to +. The latter possiblity is trivial to
deal with, so let us only look at the former. By applying a well-known result about
proper convex functions and their affine minorants [9,1.4] and using (3.7) it follows that

g(t, Xo(t), *(t)) _-> g(t, Xo(t), o(t), r/,(t)) a.e. in T.

In view of (3.6) the desired inequality (3.1) then follows. Thus far, we worked under
the extra assumption that g .is bounded from below. For general g it follows easily
from (3.3)--cf. [16]wthat for every e > 0 there exists y> 0 such that

I g(’,x,,)dlz>=f max(-%g(’,x,,))dtz-e
T T

for all . By the inequality (3.1) for the normal integrand max (-% g) established
above, by the inequality max (-y, g)->_ g and the arbitrary choice of e, the inequality
(3.1) must now also hold for g. QED

This is essentially our main lower closure result "with convexity". Its relation to
other results in the literature will be discussed after Theorem 4.3. Next we shall derive
more general and useful versions of this result; these apply to general integrands,
whether measurable or not. The following lemma is instrumental [3k]; its proof can
be found in Appendix A.

LEMMA II. Suppose that is a lower semicontinuous integrand on T x (X x R X R)
with

(3.8) (t, Xo(t), .,. is convex on R XR a.e. in T.

Then there exists a normal integrand g on T (X XR XR) such that

(3.9) g->,

(3.10) g(t, Xo(t), "," is convex on R R a.e. in T

and for every x J/l( T; X), ( T; Rr), T ,if T; Re)

(3.11) f (t, x(t), (t), q(t))lz(dt) f g(t, x(t), (t), q(t))tx(dt),
.IT T

where outer integration and integration are subject to conventions introduced in 1.
THEOREM 3.2. Suppose that {Xk}, {SCk}, {r/k}] satisfy (2.1)-(2.3). Then there

exist a subsequence {} of { k} and 1, 1 T; R 5) such that

(3.12) lim l(., x, , r) dx >- l(., Xo, :o, r,) dx, T

for every integrand on T x X x R x R satisfying

(3.13)

(3.14)

(3.15)

l(t, ", .,. is lower semicontinuous at every point in {Xo(t)} R a.e. in T,

l(t, Xo(t), "," is convex on R R a.e. in T,

there is a uniformly integrable sequence {h} c 1( T; R) with
l( x, ,q) >- h for all .

Moreover, , satisfies (3.4).
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Proof. Suppose first that is bounded from below by a constant. The lower
semicontinuous integrand /- on T (X R Rf) is defined by

(3.16) l(t, x, , r/)= lim l(t, x’, ’, 7’).
x, , "O rt

By (3.13), (3.16) we have

(3.17) l(t, Xo(t), "," l(t, Xo(t), "," a.e. in T.

Clearly, (3.8) now holds for k, in view of (3.14). Applying Lemma II to ,= gives
that there exists a normal integrand g on T (X .R Re) such that (3.9)-(3.11) hold.
We can now apply Theorem 3.1 to g, since (3.2) holds by (3.10) and (3.3) by (3.9),
(3.16) and the extra suppositiorr. Thus, (3.1) holds for g. By using successively the
inequality -> g, (3.11), (3.1) and (3.17), the inequality (3.12) follows. Secondly,
consider the general case. By elementary properties of outer integration it follows
easily from (3.15) that for every e > 0 there exists y > 0 such that for all

l(., x, sc, r/) d/x >-_ max (-3’, l(., x, sc, r/)) d/. e.
T

(Let ba M(T; (-, +]) correspond to l(., xa, sea, r/a) as in the attainment property
for outer integrals mentioned in 1, ba->-l(., xa, sea, r/a) a.e. in T, and consider the
identity

fT l(" Xa, a, *L) dtx f 4)a dlz + I4,->_-v}

From this the above inequality follows quickly.) Just as in the proof of Theorem 3.1,
the inequality (3.12) now follows by the previous step. QED

It is easy to convert Theorem 3.2 into a more useful result by "recombination of
variables" [3e, g]. In particular, this will lead to closure results for models with variable
time domain.

Let { Tk} - be such that

(3.18) 1Tk(t) 1To(t) a.e. in T,

where 1Tk stands for the characteristic function of the set Tk. Note that this is
equivalent to saying that the set To lim T exists modulo a null set; cf. [26, 1.4].
Further, {x}M(T;X),{}I(T;Rr) and {n}7=(T;) are now also
allowed to satisfy

(3.19) xk (t) --> Xo(t) a.e. in To,

(3.20) {1TSCk}] converges weakly in o-(w,) to 1ToSC0,

(3.21) sup f 1Tkl d/x <+.
k 3r

Note that (3.20) is already implied by (2.2) and (3.18); this follows by a simple
imitation of the proof of Theorem 3.3 below. Further, let (dg (T;
(T;R) and (k)C I(T; R) be such that

(3.22) dk (t) 0 a.e. in To,

(3.23) dk (t) - 0 a.e. in To,

(3.24) (1Tk) converges weakly in r(,) toO.
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THEOREM 3.3. Suppose that {Tk}, {Xk}, {k}, {r/k} satisfy (3.18)-(3.21) and
that {dk}, {dk}l, {’k}l satisfy (3.22)-(3.24). Then there exist a subsequence {’} of
{k} and r/.e I(T; Re) such that

1(3.25) lim l(., x, +d, rl+ d+) dtx >- l(’, Xo, o, q,) dlx,
r

for every integrand on T x X x x satisfying

(3.26) l(t,., .,. is lower semicontinuous at every point in
{Xo(t)}xx a.e. in To,

(3.27) l(t, Xo(t), "," is convex on r a.e. in To,

(3.28) there is a uniformly integrable sequence {h}c ’I(T; [) with
1 T,l(’, X, -t- d,, q, + d, +) >- h, for all .

Moreover, 7, satisfies

(3.29) r/,(t) e fq clco{r/(t)" #->p} a.e. in To.
p=l

Proof. Let 2 e X be arbitrary but fixed. Let 2k e T; X) be such that it coincides
with xk on T and has the constant value 2 on T\T; then 2(t) 2o(t) a.e. in T by
(3.18)-(3.19). Let us now define e (T; X x {0, 1} xR xR) by (2, 1 r, 1 rdk,
1rkd--t:) for ken and 20-=(20, 1To, 0, 0) for k=0. Also, we define {k}c gfl(r; Rr+)
by k=--(1Tk, 1Tk) and o--(1ToS%,0), and finally {k} by k=--lTqk. By (3.18)-
(3.24) and the above we have

2k(t)- 2o(t) a.e. in T,

{k} converges weakly in O’tY;lrr+, o+e) to o,
sup f d/x < +oo.
k ,/T

Given with (3.26)-(3.28), we define the integrand by

’(t, 5, , q)=- yl(t, x, + d, rl+d+)

for 5-= (x, y, d, d) e X {0, 1}r, _= (, ,) err. By (3.26)

’(t, ", "," is lower semicontinuous at every point in {;o(t)}+a.e. in T.

Also, in the same notation, we have

Xo(t),, q+) ifte To,’(t, Yo(t), , r/)
0 else.

This shows that by (3.27)

’(t, Yo(t), .,. is convex on+ e a.e. in T.

Finally, it follows rom (3.28) by definition o that or all

;,, a,.
Hence the situation found in the statement of this theorem has been reduced completely
to that of Theorem 3.2. It remains to invoke this result. [3
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Remark 3.4. Suppose that instead of the suppositions (2.1), (3.18)-(3.19) regard-
ing convergence a.e. we make the following weaker suppositions about convergence
in measure"

(2.1’) /x({t e T: dist (xk(t), Xo(t)) > e}) - 0 for every e > 0,

(3.18’) z((Tk\To)U(To\Tk))-Oforevery e>0,

(3.19’) /x({t e To: dist (xk(t), Xo(t)) > e}) 0 for every e > 0,

to be used instead of (2.1), (3.18) and (3.19) respectively. Then our previous results
will remain valid, since we will now have (2.1), (3.18) and (3.19) respectively for
suitable subsequences of {x} and {T}. The same can be said if instead of (2.2),
(3.20) we suppose

(2.2’) {}] is uniformly integrable,

(3.20’) {1Tk}7 is uniformly integrable,

provided that we denote any weak limit point in either case by sCo; here we use the
Dunford-Pettis theorem [12, II.25] (or, alternatively, Theorem I and Example 2.2).

COROLLARY 3.5. Suppose that {Tk}, {Xk}, {:k} satisfy (3.18)-(3.20). Then

lim fT l(’, Xk, k) d >= f l(’, Xo, o) dlx
To

for every integrand on T X satisfying

l(t, .,. is lower semicontinuous at every point in {Xo(t)} X a.e. in To,

l(t, Xo(t), is convex on a.e. To,

there is a uniformly integrable sequence { ;t k }o T; ) with 1 TI(’, X, k) >= ’for all k .
This generalizes a classical lower semicontinuity result for integral functionals to

outer integral functionals with variable time domain [13, VIII.2.2], [17, 9.1.4], [10d,
(1.iii)], [27c, d], [16], [3c, f].

Necessary conditions for lower semicontinuity in similar setups have been obtained
in e.g. [16], [27d]; they indicate that the conditions of Corollary 3.5--and Theorem
3.3 by implication--are quite sharp.

COROLLARY 3.6. Suppose that (T, -, tx) is as in the variant of Example 2.3, that
{ak}, {flk} C T are such that

and that ]’or Tk =--[ak, k] the sequences {Xk}, {k}, {rtk}] satisfy (3.18)-(3.21) and
(2.13). Then

)lim g(’, Xk, k, qk) dlx >- g t, xo(t), o(t),
dt

(t) dt
k

for every normal integrand g on T x (X x N x N*) satisfying

g( t, Xo( t), .,. is convex on Nr X a.e. in To,

g(t, Xo(t), o(t), is nonincreasing on a.e. in To,

{g-(., x, sc, r/)}] is uniformly integrable.
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It would seem that this corollary is a new result; it can also be derived from
[3c, Thm. 5], as was already argued in [3f, Thm. 3.2] for a slightly less general version.

Let us return to the proof of Theorem 3.1, which has been essential for the
developments thus far. We can see that in deriving the inequality (3.6) the convexity
property (3.2) was not used. Therefore (3.6) suggests a radically different way to
obtain a lower closure result for integral functionals; namely, we can try to trade the
convexity condition (3.2) for "extreme point considerations and Lyapunov’s theorem".
Thus, we enter the domain of "existence without convexity", explored for the first
time in optimal control theory by L. W. Neustadt [25], from a completely new angle.
The following lemma, proven in Appendix A by extreme point considerations and
Lyapunov’s theorem, will bring us the desired results.

LEMMA III. Suppose that (T, 3, I) is nonatornic and that 6" (T; V) is tight
with respect to h g(( T; V), i.e.,

h(’, 8*) dtx <
T

Suppose that the normal integrands gl," ", g. on T x V satisfy the following growth
condition with respect to h" for every e > 0 there is c 1(T; R) with

(3.30) g-;(t,v)<=eh(t,v)+d(t), ]=l,...,m.

Then there exists v* J/l (T; V) such that

f &(.,v*)dtz<f &(’,8*)dp,,
T T

THEOREM 3.7. Suppose that {xk}, {Vk} satisfy (2.1), (2.4). Then there exists a
subsequence {g} of { k} such that to every finite collection gl," ", gm ofnormal integrands
on Tx (X x V) there corresponds v, A/(T; V) with

(3.31) limf gj(., x,, v,) dlx >-_ I gj(’, Xo, V,) dlx, j= l, m,
T T

provided that

(3.32) {g-(., x, v)} is uniformly integrable, j 1,. ., m.

Moreover, v, satisfies

(3.33) v,(t)e f-I cl {v(t)" g_>p} a.e. in T.
p=l

Proof. We start by considering a preliminary subsequence {k’} of {k} which is
such that {vk,(t)} converges a.e. on Tpa (Example 2.4). It is left to the reader to see
that the proof of Theorem 3.1 can now be imitated up to formula (3.6). Here Rr XNe
is replaced by V and {:, r} by v,; also we use tightness of {x,}, {vk,} and condition
(3.32). Hence, there exist a subsequence {g} of {k’} and v* J/(rpa; g), *
(rna; V) such that for all j

(3.34) I g("x"v*)d>-I g("x’v*)d+I g(.,Xo,*)d,
T T T
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where Tna--= T\ Tpa denotes the nonatomic part of T and where the pointwise conver-
gence on Tpa has been taken into account (cf. Example 2.1). Moreover, we have that

(3.35) v*(t) Vl(t) (l cl{v(t)" g>-p}a.e, in Tpa,
p=l

(3.36) 6*(0 is carried by Vl(t) a.e. in Tna,

h(.,6*) d/x<
T

where h is as in Example 2.4. Momentarily we shall make an extra assumption: we
assume that for every e > 0 there exists b e (T; ) with

(3.37) g-[(t, Xo(t),v)<=eh(t,v)T4)(t), j=l,...,m.

This allows us to invoke Lemma III: there exists v**e (Tna; V) such that

(3.38) f g(., Xo, V**) d <-_ f g(., Xo, 6*) dz, j= l, m,
T T

(3.39) f g,,+,(., v**) d/x =<0,
Z

where gm+l e cg+(T; V) is defined by

0 if v V(t)
g,.+(t, v)=- +oe else.

Defining v, v* on rpa, v, V** on rna, we see that (3.34) and (3.38) imply (3.31).
Also, (3.35), (3.36) and (3.39) imply (3.33). Let us now see how the extra assumption
(3.37) can be revoked. We shall apply the result established under (3.37) to the normal
integrands if1," , m on T x (X x V x) defined by

(3.40) j(t, x, v, A) max (gj(t, x, v), A).

We define also

Ak(t)=-Ig-(t, xk(t), v(t))l,
where (g-) (g)-. By de la Vall6e-Poussin’s theorem there exists h"N// with
with h’(y)! y - +oe as y - +oe and

sup f h’(IA(t)l)tz(dt)
k dT

in view of (3.32); cf. Example 2.2. Hence, by (2.4) the sequence {(v, ,)} satisfies

(3.41) sup f /(., v,,)
k dT

where (t, v, )= h(t, v)+ h’(I,l), and

(3.42) ff(., xk, v, I) g(., x, v) for all k and j.

We may now apply the result established above. Note that (3.41) replaces (2.4) and
that (3.37) obviously holds for }- with respect to/" in view of (3.40) and the properties
of h’, we have for every e > 0 that there exists y > 0 with

ff-(t,x, v,)<-max(-,O)<=eh’(I,l)+,<-_et(t, v, )+ 7.



LOWER SEMICONTINUITY AND LOWER CLOSURE 583

Thus, we find that there exists (v,, 1,) e (T; Vx) with

limf ff(., x,, v,, ;t,) ag _-> I ff(’’ Xo, v,, ;t,)
T

In view of (3.40), (3.42), this amounts to (3.31). Moreover, we have

(v,(t), h,(t))isa limit point of {(vt(t), At(t))} a.e. in T,

and this implies (3.33). QED
Theorem 3.7 is a quite new result. Just as Theorem 3.1 was upgraded by using

Lemma II and recombination of variables, so can this be done with Theorem 3.7.
Let {Tk} be as in (3.18) ft. We shall now also consider a sequence {vk} of

measurable functions, v (T; V), such that there exists he Y(T; V) with

(3.43) sup f h(., Vk) d/x <
g .r

THEOREM 3.8. Suppose that {Tk}, {Xk}, {Vk} satisfy (3.18), (3.19), (3.43).
Then there exists a subsequence {g} of { k} such that to every finite collection la,. ,
of integrands on Tx (X x V) there corresponds v, A/(T0; V) with

lim i l(., xt, vt) dtx >- i l(’, Xo, V,) dtz, j= l, m,
t r To

provided that

there is a uniformly integrable sequence {At}c I(T; ) with lj(., xt, vt) >= At
for all,C, j= 1,..., m,

where 1 is defined by

l(t,x,v)= lim li(t,x’,v’).
XP-- X,D.-.

Moreover, v, satisfies

v,(t) 6 f3 cl {v(t)" ->p} a.e. in To.
p=l

Proof. The proof is quite similar to the argument by which Theorem 3.1 was
transformedmvia Theorem 3.2minto Theorem 3.3. It will be left to the reader, except
for the following point. Define/" T- [0, +oo] by/(t) inf {h(t, v)" v e V}. Then/ is
measurable with respect to the completion - of ff [9, 111.39]. By Fatou’s lemma it
follows from (3.18) that

(3.44) f h(’, vk) dtz.
To Tk

By inf-compactness of h(t,.) there exists for every e T an element vte V with
h(t, vt)=(t). Since the set of all (t,v) eTxV for which h(t,v)=/(t) is x
@( V)-measurable, it follows from Aumann’s theorem [14] that there exists t" T V,
--measurable, such that h(t, J(t))=/(t) a.e. in T. Since V is isomorphic to a Borel
subset of N [12], it follows that there exists a --measurable modification J e d//(T; V)
of 3. In view of (3.44) we conclude that

f h(.,,)d,<-_supf h(.,v,,)d.
To k Tk
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Hence we obtain a tight sequence {G}]c d//(T0; V) by defining G vk on T0f3
and G on T0\ Tk. As explained above, the rest of the proof is quite simple. QED

COROLLARY 3.9 (Fatou’s lemma in several dimensions). Suppose that
I(T; R") is such that

(3.45) lim f chk dlx exists (in m),
k ,J T

(3.46) {b}]o is uniformly integrable.

Then there exists qb. I(T; Era) such that

I b*d/z--<likml dpkdtx’
T T

49,(t) isa limitpointof {bk(t)} a.e. in T.

Proof. We define the normal integrands gl,"’, gain on T x V by g(t, v)=-
max (v, 0), g,+(t, v) max (-v, 0) and g2m+i(t, v) -= min (vi, 0), j 1,. ., m. Also,
we set vk G. Note that (3.45)-(3.46) imply

sup f d/z <

Hence (2.4) holds. Since (3.46) implies that (3.32) is fulfilled, we have by Theorem
3.7 the desired result, as is seen at once. QED

The above corollary was given in [31], where it was shown to be equivalent to
slightly weaker form of Theorem 3.7. It generalizes the multidimensional Fatou lemmas
of [29], [1 l c] and [lb], as well as a number of existence results for allocation problems
arising in economics ([2], [6, Prop. III.2.1], [la], [3a]). Corollary 3.9 can also be used
directly to obtain existence results "without convexity conditions" for the optimal
control of certain linear dynamical systems. In this way an existence result has been
derived in [3m] for the optimal control of a linear integral equation having singular
components; this generalizes the existence results of [25], [19], [4], [10b] and essentially
also that of [30b].

4. Lower closure for orientor fields. It turns out that each of the main lower
closure results of the previous section can be expressed in an alternative form, involving
multifunctions. Here we shall only work out such a procedure for the lower closure
result "with convexity", i.e. Theorem 3.3. It will lead us to the so-called lower closure
results for orientor fields.

For a multifunction Q:T X we define dom O to be the set of those
(t, x) T X for which the set Q(t, x) is nonempty. We shall say that Q has property
(K) at a point (t, x) TX if

(4.1) O(t, x) f’) cl U {O(t, x’): x’ X, dist (x’, x) < y},

where "dist" refers to any compatible metric on X. Note that x’ runs effectively in
the section at of dom O.

LFMMA 4.1. Suppose Q: TXrR and (t,x)eTxX are given. Let
ll, , l be integrands on T xX xr X ff’g, defined by

qJ if (, q) Q(t, x),
(4.2) l(t, x, , q)=-

+oo else.
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(a) The following are equivalent:

(4.3) O has property (K) at t, x),

(4.4) lt/( t, .,. is lower semicontinuous at every point of {x} x r X f,
j=l,... ,.

(b) The following are also equivalent:

O(t, x) is convex,

l(t, x, .,. is convex on Er , j 1, F.

Proof Suppose first that (4.3) lolds. Let {(x k, k, r/k)}] be arbitrary and such
that xk X, :k_ :o, r/k r/ for certain sc, r/. Without loss of generality we may
assume that ’--limk l is finite, where l=-l(t, x k, k r/k). Further, we can assume
that sr limk l, instead of restricting ourselves to a suitable subsequence. It now follows
that keventually lj is finite, so without loss of generality we can suppose that (k, r/k)
Q(t, x k) and (r/k) l for all k N. Also, it follows that sr (r/). For every y > 0 we
have now evidently

(sco, r/o) cl U (Q(t, x): x X, dist (x, x) < y,

so it follows from (4.3) that (:o, r/o) O(t, xO). By (4.2) we find l(t,x, o, r/o)=
(r/o) .. This shows that (4.4) holds.

Conversely, suppose that (4.4) holds. One inclusion in (4.1) is always trivial (take
x’= x). To prove the other inclusion, let (:o, r/o) belong to the right side in (4.1) (with
x x). This is easily seen to be equivalent to the following: for every k N there exist
x k X, (k, r/k) Q(t, x k) such that dist (xk,’x), and are all smaller
than k-1. Hence xk- X, k_ 0 and r/k_ r/o. By (4.4) we have for any j

:o o).(r/o) lim l)(t, x k, sok, r/k) __> l)(t, X, r/
k

Since the left side is finite, (4.2) gives that (o, r/o) Q(t, x).
(b) The demonstration of this part is trivial. OED
Remark 4.2. From the final step in the proof of Lemma 4.1(a) it appears clearly

that (4.3)-(4.4) are also equivalent to

(4.4’) l(t, ",., ") is lower semicontinuous at every point of {x} XJ]rxJ] for
some j, 1 <_-j-<_ F.

A similar remark holds with regard to part (b) of Lemma 4.1.
We shall now state our main lower closure result for orientor fields and show that

it is equivalent to Theorem 3.3.
THEOREM 4.3. Suppose that {Tk}, {Xk}, {k}, {r/k}] satisfy (3.18)-(3.21) and

that {d}7, {d\}7, {e}7 satisfy (3.22)-(3.24). Then there exist a subsequence {g} of
{k} and r/,e I(T, N) such that

(4.5) (sCo(t), r/,(t)) Q(t, Xo(t)) a.e. in To,

(4.6) limf r/ dlx >-_ f r/ . d
t T To

for every multifunction Q" T x X :: r X and every j, 1 <- j <- g such that

(4.7) Q has property (K) at (t, Xo(t)) a.e. in To,
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(4.8) Q(t, Xo(t)) is a convex subset of a.e. in To,

(4.9) ((t)/d(t), q(t)/d(t)/(t))e Q(t,x(t)) a.e. in T,

(4.10) {(1T?)-} is uniformly integrable.

Moreover, q, satisfies (3.29).
Proof. Suppose Q and ] satisfy (4.7)-(4.10). Define 2 (Xk, dk) for ke and

x (Xo, 0). Then by (3.19), (3.22)

2k (t) 0(t) a.e. in To.
We shall apply Theorem 3.3 to l defined by

ly( t, , , l t, x, , + ) d

for (x, d). Hence, in view of (4.2), (4.9),

Further, by Lemma 4.1 it follows from (4.7)-(4.8) that

l(t, ", ",. is lower semicontinuous at every point in {o(t)}x
l(t, o(t), .,. is convex on E xE

Hence we conclude that the conditions of Theorem 3.3 are fulfilled. We find therefore

(4.11) lim f (+)d li(., o, o, .)d.

In view of (3.21) (3.2) and elementary properties of he omer imegral i follows

l( o() 0() (t)) <+ a.e. i To.
This gives (.5) by definition of l. Finally (4.11) implies now (.6). QED

Remark .. Evidefly ir follows from (.5) rha

(.12) ( Xo()) dora Q a.e. in To.
In he literature oe usually considers oly he restriction O’ of O o dora Q. Let A(
deoe the se of all x’ X wih ( x’) dora Q. The mulfifuncfion Q" dora Q

is said o have proper (K) ih repec o A(O a ( x) dora Q if

QD(t, x) f3 cl [3 {OD(t, X’)" X’ A(t), dist (x’, x) < y}.
y>0

To connect the formulation of results in the literature with that employed here, it is
enough to observe that Q has property (K) at a point (t, x) T x X)\dom Q if (but
not only if!) A(t) is closed, whereas Q has property (K) at (t, x) dom Q if and only
if Qo has property (K) with respect to A(t) at (t, x). This explains also why (4.12) is a
final conclusion in our somewhat more general approach, while it is a necessary
preliminary step for the usual approach in the literature.

Before discussing Theorem 4.3, we show that Theorems 3.2, 3.3 are in fact
equivalent to it.

PROPOSITION 4.5. The lower closure results obtained in Theorems 3.2, 3.3 and 4.3
are equivalent.

Proof. Theorem 3.3 was shown to follow from Theorem 3.2 by "recombination
of variables". Theorem 4.3 was derived from Theorem 3.3. Hence it ig enough to show
that Theorem 4.3 implies Theorem 3.2.
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Suppose that satisfies (3.13)-(3.15). If the left side in (3.12) equals +, there
is nothing left to prove. Thus, we shall assume that this is not the case. We shall apply
Theorem 4.3 to Q: T xX r x Be+l, defined by

(4.13) O(t,x)={(, , y) Erxx: 7>=l(t,x,, r/)};

in particular, we shall look at the coordinate j ? + 1. In the present case (4.2) gives

y)=[y if y>- l(t, x, , q),
ll(t,x,, q, +c else.

Hence, (3.13)-(3.14) imply (4.7)-(4.8), as follows by Lemma 4.1 and Remark 4.2.
By the elementary properties of outer integrals, established in 1, there exists for
every k E N a function Yk E (T; (-, +c]) with

(4.14)

(4.15)

yk(t) >= l(t, Xk(t), k(t), ?k(t)) a.e. in T,

T T

Since we work under the assumption that the left side in (3.12) is not equal to +,
we can suppose without loss of generality that

sup f I1 d/z < +,
k dT

in view of (3.15). A fortiori, we have 3/k(t)<-k- a.e. in T for all kEN. Thus,
(4.13)-(4.14) entail that for all k E N

(k(t), nk(t), yk(t)) E Q(t, Xk(t)) a.e. in T.

Hence, condition (4.9)mwith Tk T, dk--0, dk 0, k 0mis also satisfied. Further,
(3.15) and (4.14) imply that (4.10) holds. Application of Theorem 4.3 gives the
existence of a subsequence {} of {k} and of (r/,, y,)E I(T; e+l) such that

y,(t) >= l(t, Xo(t), o(t), r/,(t)) a.e. in T,

T T

In view of (4.15) this establishes the inequality (3.12). Note that the subsequence {}
and the function r/, would seem to depend upon the choice of the integrand/. Although
this certainly applies to y,, it is easy to see from Example 2.3 and formula (3.7) that
{} and r/, can indeed be chosen independently from/. QED

A result which is very closely related to Theorem 4.3 is due to Cesari and
Suryanarayana 11 c, Thm. 3.1 (rather similar results already figure in 10a]). In several
respects this result is generalized by our present result. In [1 l c] the orientor field O
has to have the following property:

r/’_-> r/and (sc, n)EQ(t,x)imply(, n’) E Q( t, x).

Also, it is assumed there that for all k Tk T, dk "-0, dk 0, ’k 0. Other restrictions
are that T, -,/z) must be nonatomic, complete and that X must be finite-dimensional.
There are other, less significant differences; with respect to each of these Theorem
4.3 is the more general result. (Apart from this, it should be pointed out that the
argument in [11c] is incomplete: the proof of [11c, 2.2] is not given, even though this
concerns a quite nontrivial extension of Fatou’s lemma in several dimensions.)
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Further, Theorem 4.3 generalizes [3e, Thm. 5], which has f= 1. Therefore we
can refer the reader to a number of comparisons with other results in the literature
made in [3el. (Note that the measurability conditions for the orientor field there are
superfluous in the light of Theorem 4.3.)

The main point made in [3e] is that when f 1 a large number of lower closure
results follows from the lower semicontinuity result in Corollary 3.5. Conversely, it is
well known that such lower semicontinuity results follow from lower closure results.
Needless to say, the equivalence result of Proposition 4.5 advances such insights.
Interestingly enough, by making use of R. V. Chacon’s "biting lemma" [8] one can
also obtain Theorem 4.3 from Corollary 3.5 (this has been observed independently
by the referee and the author). From the above it will be clear that the necessary
conditions for lower semicontinuity of e.g. [16], [27d] can also be converted into
necessary conditions for lower closure in certain problems.

Let us now look at more concrete orientor fields. Similar fields figure in many
existence problems of optimal control theory.

Let q" TxXx V->R and gl" TxXx V(-oe,+oo] be -x(XxV)-
measurable functions. We shall consider the multifunction O" T xX R x R defined
by

O(t,x)=-{(q(t,x, v), r/)e Rr xRe" ve V, n>-ct(t,x, v)}.

In what follows we shall consider the sequence { Vk}, Vk (Tk V), of the previous
section. Let us agree to set q(., Xk, Vk)= O, gt(’, Xk, Vk)= 0 on T\ Tk.

THEOREM 4.6. Suppose that {Tk}, {Xk} satisfy (3.18)-(3.19), that

(4.16)

(4.17)

{q(’, Xk, Vk)}] converges weakly in tr(l,) to

{gl- (’, Xk, Vk)} is uniformly integrable,

(4.18) lim | ](’, Xk, Vk) dlx exists (in Re),
JTk

and that

(4.19)

(4.20)

Q has property (K) at (t, Xo(t)) a.e. in To,

O(t, Xo(t)) is a convex subset Of R XR a.e. in To.

Then there exists v, ( To; V) such that

(4.21) :0 q( Xo, v,) a.e. in To,

(4.22) lim I Ct(’, Xk, Vk) dtx >= I gl(’, Xo, v,) dlx.
k Tk To

Moreover, condition (4.19) can be lifted altogether either: if (3.43) holds and a.e. in To

(4.23) q(t, is continuous at every point of {Xo(t)} x V,

(4.24) q( t, "," is lower semicontinuous at every point of {Xo(t)} x V,

or under the following set of conditions

(4.25) q(t, Xk(t), Vk(t))--q(t, Xo(t), Vk(t))O a.e. in To,

(4.26) (t, Xk(t), Vk(t))--t(t, Xo(t), Vk(t))--O a.e. in To.
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Proof. It follows from (4.17)-(4.18) that

sup
.I rk

Also, by definition of Q

(q(t, Xk(t), Vk(t)), gt(t, Xk(t), Vk(t))) e O(t, Xk(t)) a.e. in Tk.

Applying Theorem 4.3 (with d-0, d-0,
(T; N*) such that for a.e. e To there is v e V with

(4.27) s%(t)=q(t, Xo(t), v), rt.(t)>-gl(t, Xo(t), v),

(4.28) limf gl(.,xk, vk) dtx >-- y , d.
k Tk To

The set of all (t, v) To x V for which (4.27) holds is 3-x N(V)-measurable. Hence,
by Aumann’s measurable selection theorem [14] there exists v, (To; V) such that

:o- q(’, Xo, v,), r/, => t](., Xo, v,) a.e. in To.
Together with (4.28) this shows that (4.21)-(4.22) hold.

Next, we show that in the specified special cases condition (4.19) can be omitted.
In the first case we define ---(q, h), where h is as in (3.43). We then consider the
multifunction ("T x X-- r XY+l defined as follows

)(t, Xo(t)) xN if x Xo(t),O’(t, X)
{(q(t,x, v), r)eNrxN+1" ve V, r->_(t, x, v)} else.

From the inf-compactness property of h(t,. and (4.23)-(4.24) it follows by elementary
reasoning that (’ has property (K) at (t, x0(t)), irrespective of condition (4.19). We
now have

(q(t, xk(t), Vk(t)), (t, Xk(t), Vk(t))) E O’(t, Xk(t)) a.e. in Tk,

and the remaining conditions of the previously established part of the theorem are
easily seen to hold (with 0’, instead of 0, t]; note that in view of (3.43), condition
(4.18) is fulfilled without loss of generality). Hence, there exists v. E (To; V) such
that (4.21) holds and

limf q(’,Xk, Vk) dl >= f q(’,Xo, V.) d/x.
k Tk To

By definition of this entails (4.22).
For the second case we define

d q(’, Xo, v)- q(’, x, v),

dk =- gl Xo, Vk gl Xk,

I"( t, X) =-- O( t, XO( t) ).

Then (3.22)-(3.23) hold by (4.25)-(4.26). Evidently

0" has property (K) at every (t, x)e Tx X,

(q(t, xk(t), v.k(t)) + dk(t), gt(t, xk(t), vk(t))+ d(t))e O"(t, xk(t)) a.e. in

It is now easy to verify that we may invoke Theorem 4.3 and Aumann’s theorem as
before to arrive at (4.21)-(4.22). QED
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Remark 4.7. Define domq to be the set of all (t,x, v)e T xXx V with
CtJ(t,x, v)<+oe (dom 0 is precisely the projection of =ldOm on TxX;
cf. Remark 4.4). It is easy to verify that (4.23) can be replaced by the weaker
condition

(4.23’) q(t, .,.) is continuous at every point of {Xo(t)} V relative to the section
at of f-I t]=ldOm a.e. in To.

Remark 4.8. In the literature one usually restricts the considerations from the
beginning to a -x (X V)-measurable subset D of T X V. One introduces
functions qo" D’->Rr, D" D’->R and the multifunction (o" Do:==gr given by

OD(t,x)=--{(qD(t,x,’v), "l’])r" (t,x, v) 6D, rI>--D(t,x,

where Do stands for the projection of D on T X. The present setup is regained by
introducing the integrand q/l on TX V, given by

0 if (t, x, v) D,t+l(t, x,
+oo else,

by letting q" TX V-->r be the extension of qo, obtained by setting q =0 on
(T X V)\D, and by letting qJ be the extension of c] with qY +on (T X V)\D.
As for (4.19), Remark 4.4 holds. Concerning the use of (4.23’)-(4.24), we note that
these are satisfied if a.e. in To

qo(t, ",. is continuous at every point of ({x0(t)} V) fl Dr,

q(t, "," is lower semicontinuous at every point of ({Xo(t)} x V) f’l Dr,
]=1,... ,L

q+l(t, ", ") is lower semicontinuous at every point of {x0(t)} x V;

here Dt stands for the section at of D. As for (4.25)-(4.26), note that they are
equivalent to having a.e. in To

qo(t, xk(t), Vk(t))--qo(t, Xo(t), Vk(t))-->O,

glo(t, Xk(t), Vk(t))--qo(t, Xo(t), Vk(t))-->O,

t, Xk (t), Vk (t)) D, t, Xo(t), Vk (t)) D for large enough k.

Remark 4.9. Conditions (3.43), (4.23)-(4.24) suggest that this special case of
Theorem 4.6 can also be proven directly, in the style of 3. Indeed, this is true. We
shall leave it to the reader to work out the details for the integrands g on T X r W
defined by

l(t, x, v) if q(t, x, v)= :,
g( t, x I.+oe else.

Remark 4.10. An obvious extension of (3.43), (4.23)-(4.24) is obtained by letting
h also depend on the x-variable: Suppose instead of (3.43) that there exists a nonnega-
tive -x (X x V)-measurable integrand h on TX V such that a.e. in To

(3.43’) h(t, .,. is lower semicontinuous at every point of {Xo(t)} V,

(3.43") suph(t,x, vk) <+eo implies that {v} has a limit point for every
{xk}7 X, {vk} V with x k -> Xo(t).
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Suppose further that

(3.43’") sup [ h(., xk, vk) d/z < +.
k dTk

Then the conclusions of Theorem 4.6 regarding (3.43), (4.23)-(4.24) remain valid.
This is seen by noting that the multifunction 0’ in the proof of Theorem 4.6 then still
has property (K) at (t,Xo(t)) a.e. in To.

Remark 4.11. Note that the graph of the multifunction O is the projection on
TXXXrX- of a ’x(xxrxFX V)-measurable set. In itself this does not
bestow any useful sort of measurability on Q. Hence, our consideration of nonmeasur-
able integrands in 3 is justified. Note also that conditions like (4.25)-(4.26) warrant
the use of the perturbations d, d in 3-4.

By taking into account our Remarks 4.4, 4.8 it is easy to see that Theorem 4.6
generalizes [3e, Thms. 7, 10] (where - 1 among other things). This also means that
a large number of lower closure results in the literature (e.g. [5], [10c, d], [11a, b, d])
follow from our result.

In conclusion, we wish to remark that a large number of existence results can be
obtained as follows (applications include the optimal control of ordinary differential
equations, functional-differential equations, nonlinear integral equations and elliptic
boundary value problems)" One applies Corollary 3.5 to the dynamical system and
Theorem 4.6 to the orientor field Q, where 1 may stand for the usual cost functional
(for instance). Details can be found in [3g] and in forthcoming work by the author.

Appendix A. In this appendix we shall gather some facts about relaxed control
theory that were established in [3]. In particular, we shall prove Theorem I and Lemmas
II, III.

Since S is a standard Borel space, we may identify it with a Borel subset of a
compact metric space S, the metric of which will be denoted by p [12, III]. Hence
M(T; S) and (T; S) are subsets of A/(T; ) and (T; ) respectively.

Define e() c () as follows:

Ce( =-- {--rlp S) W rI" r/G[,SG,

LEMMA A.1. For every g +( T; S) there exist a null set N c T and sequences
Tp} -, {cp} e() such that

(a.1) g(t,s)=sup 17-,(t)Cp(S) on (T\N)S.
p

Proof. Let {si}] be a countable dense sequence in S and let {7}] be an enumer-
ation of the rationals. For , k, m we define Ckm e() by Cm =- 7- mp(s,
and B, =-{t T: Cim(S) <- g(t, S) on S}. Then Bi,, is the projection of the set of all
(t, s) T x S such that cik, (s) > g(t, s) onto T. Hence, B,, belongs to the completion
of 3- with respect to/z [9, III.23]; this implies that there exists Tm 3-, Tm
such that Bi,,\ Tk,, is contained in a null set N,. Using nonnegativity and lower
semicontinuity of g(t, it is entirely elementary to prove that sup,,,, 1nk (t)c,,(s)
g(t, s) on T x S. By taking N to be the union of all N.,, the result now follows. QED

A 3- x S)-measurable integrand g on T S is said to be a Carathgodory integrand
if g(t,.) is continuous on S for every t T and there exists 4 I(T; ) such that

Ig(t, s) _-< (t) on T S.

The set of all Carath6odory integrands on T x S will be denoted by dc(T; S).
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We shall equip Yt(T; ) with the coarsest topology for which all functions
6 g(., 6) d are continuous on Yt(T; ;), g Cc(T; ). Its relative topology on
Yt(T; S) will be denoted .

LEMMA A.2. The topology is the coarsest topology for which all functions
6--r g(., 6) dl are lower semicontinuous on (T; S), g +(T; S).

Proof Call the topology that figures in the statement above ’. Given g
c(T; ), its restriction to T S is easily seen to belong to c(T; S). It follows easily
that 6r g(., 6) d/x is ’-continuous on 5(T; S). Conversely, given g +(T; S),
let {Tp} and {cp}] be as in Lemma A.1. Define Kp’E-[0, p] by Kp(7)
max (min (y, p), 0) and set

gp(t, s)=- Kp(sup 1Tj(t)c(s)).
j<-_p

Then it follows by the monotone convergence theorem and (a.1) that for every
6(T;S)

I g(’,6) dtx=supl gp(’,6) dla..
T p T

Hence, 6Irg(.,6) d/z is if-lower semicontinuous on Y(T;S) for every g e
+(T; S). This finishes the proof. QED

Let M/() denote the set of all bounded nonnegative measures on ; set M()
M/(g)-M/(g). It is well known that the usual L-space L(T, 3-, x; M()) of
essentially bounded 3--measurable functions from T into M() has as its dual the
usual Ll-space LI(T, -, x; (g)) of integrable functions from T into () [18, VII.7];
cf. [24,,p. 301] for a short proof. (For a good understanding we note that L(T, -,
Ix; M(S)) consists of (equivalence classes of) functions o-" T- M() that are Borel
measurable with respect to the usual weak topology on M() and have ess supt [r(t)l
+oo, where I. ] stands for the total variation norm.) Let : be the set of all r e Loo(T,-, Ix; M()) for which r(t)eM(() a.e. in T. It will be equipped with the relative
r(Loo, L)-topology.

LEMMA A.3. E is compact and sequentially compact for the topology cr(Loo, L1).
Proof. Compactness of E is well known; it follows from the above by a simple

application of the Alaoglu-Bourbaki theorem [9, V.2], [32, IV]. Further, it is well
known that is metrizable if the r-algebra 3- is countably generated, since in that
case LI(T, 9-,/x; ()) is separable [15, 12.F]; cf. [32, IV]. Sequential compactness
is proven next (cf. [20]). Let {rk}] c E be arbitrary and let 3-0 stand for the r-algebra
generated by this sequence; it is countably generated, since M-() is metrizable and
separable for the weak topology. Hence, it follows from the above that there exist a
subsequence {} of {k} and a -0-measurable r. e E such that {o-} converges to
in the topology r(L(T, -o, Ix; M(g)), L(T, -o,/x; (g))). Since each element of
L(T, N,/x; c()) has a conditional expectation in L(T, -o, ; c()) [9, VIII.32],
it follows directly that {r,} also converges to r. in cr(Loo, La). QED

LEMMA A.4. (T; ) is compact and sequentially compact for the topology
Proof. Denote by X the usual quotient mapping from the set of all 6 e (T;,M())

such that sup,T 16(t)l < +ce into L(T, 9-, x; M()). It is easy to see that 7 is the
coarsest topology for which X is continuous with respect to r(Loo, La). Since , is a
surjection from Yt (T; ) into , the desired result now follows directly from Lemma
A.3. QED

Proof of Theorem I. By supposition there exists h eW(T;S) such that
sup IT h(., s) dx < +o. For every k a parametrized measure 6 e (T; ) is defined
b, taking 6(t) to be the Dirac measure (point mass) at s(t). By Lemma A.4 there
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exist a subsequence {} of {k} and 6, e (T; :) such that {6} converges to 6, in the
topology ft. We shall show that in fact 6, e (T; S), which would mean that {6}
converges to 6, in the relative topology 7. To see this, we define/" T x --> [0, +oo] by

(t,s)={h(t,s) onTxS,
+c on T x (g\S).

Since S is Borel in , is 3-x Yd ()-measurable. Also, the topological homeomorphism
that makes S into a subset of turns compact subsets of S into compact subsets of

"Hence, for every T, 3’ the set {s ./(t, s) _-< 3’} is compact. We conclude
that/ Y( T; ). By compactness of the latter set is precisely d+( T; ;q), so it follows
from the above that

By definition of/ this implies that for a.e. e T the probability measure 6,(t) is carried
by S. Of course, we can modify 6,(0 on the exceptional set, and this does not affect
the values of integrals. Thus we may conclude that 6, e (T; S) without loss of
generality. By definition of ff we have now for every g e J/(T; S) that (2.5) holds.
For g e (T; S) such that there exists b e I(T; ) with

g(t, s) _-> b(c) on T S,

(2.5) is also valid, as is easily seen by working with g-b 3+(T; S). Further, for
g 3(T; S) with (2.6) there exists for every e > 0 a constant 3’ > 0 such that

I g(’,s)dlx>-f max(-y,g(’,s))dl-e forall.
T T

In view of the above, (2.5) is now easy to derive.
Finally, we shall demonstrate that for a.e. T the measure 6,(t) is carried by

the limit points of {s(t)}. Let --t_J {} be the usual Alexandrov compactification
of the natural numbers; this is a metrizable compact space. We define if: Tt S-
[0, +oo] as follows:

0 if s cl {s(t)" >= p},
g(t, p, S) + else,

for p e N. For p oe we define

0 if s f’l cl { s(t)" >_- p},
(t, oe, s) =-

+oo else.

It is easy to check that belong.s to d+(T; x S). Let p’ be a compatible metric on; we shall equipx with the metric p’+p. Let {T,}c 3-and {Cm}C (X)
correspond to as asserted in Lemma A.1. Define dm -= ,(sup=,, lc), where m
is as in the proof of Lemma A.2. Note that for every m there exists a Lipschitz constant
3% such that

I,.(t, p, s)-,,(t, p’, s’)l <- Ym(P’(P, p’)+p(s, s’)).

It follows that for every m

lim(I m(’,’,s)dtx- I m(’,oe, s)dtz):O.
T T
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Hence we find for every m

limf ff,,(.,g,s)d/z=linf ,,(.,o,s)dl>-f ,m(’,cx3, t,)dtz,
T T T

since {} converges in to ,. Also, we have by the monotone convergence theorem
for every e T; 1 x S)

f (’,6) dl.=supl ,,(’,)dlx.
T T

Combined with the above this gives

I ,(.,,6,)dl<-linf (.,,s)d/x=0,
T T

where the latter equality follows by definition of . The desired conclusion now also
follows from the definition of ft. QED

LEMMA A.5. For every lower semicontinuous integrand on T S there exists a
normal integrand g ( T; S), g >- l, such that for every u (T; S), 4

T; [-c, +c])

l( t, u( t)) <= oh(t) a.e. in T implies that g( t, u( t)) <= oh(t) a.e. in T.

Proof. Suppose first that => 0. Although need not be - (S) -measurable, the
proof of Lemma A.1 shows that there exist a sequence {Bp} of subsets of T and
{ Cp}7 C R () such that

(a.2) l(t, s) =sup 1Bp(t)cp(s) on TS.
p

For every p there exists Tp , Tp Bp, such that/z (Tp) equals the outer measure of
Bp [26, 1.4]. Define on T S

g(t, s) sup lrp(t)Cp(S);
p

then g -> and g /(T; S). Let u (T; S), 4’ (T; [0, +]) be arbitrary with

l(t, u(t)) <= c(t) for all T.

(Evidently, it is enough to prove the desired implication in this case.) We now have
by (a.2) that for every p the set Bp is contained in Ap=-{t T: cp(u(t))<= b(t)}. By
--measurability of u, Ap is if-measurable. By definition of Tp it follows that Tp\Ap
is a null set; in other words, we must have

lr(t)Cp(U(t))<-ck(t) a.e. in T.

Thus, the desired implication holds if l-> 0. For general we define l’= exp (1). From
the previous step the desired conclusion then follows easily by monotonicity and
continuity of the transformation involved. QED

LEMMA A.6. For every (S)-measurable lower semicontinuous integrand g
on T S there exist a null set N c T and g’ C( T; S) such that

g’(t,s)=g(t,s) on(T\N)S;

here stands for the completion of - with respect to

Proof. Suppose first that g >= 0. From the proof given for Lemma A.1 it follows
cthat there exist sequences {Bp} -, {cp}l c(S) with

g(t, s)=sup lB(t)cp(s) on TxS.
p
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For every p N there exists Tp -, Bp c Tp, such that Tp\Bp is a null set. Defining on
TS

g’(t, s)-= sup lrp(t)Cp(S),
p

we see that g’ _-> g _-> 0 and that g’ has the required properties. For general g we apply
the previous step to exp (g). QED

Proof of Lemma II. Let be as given. By Lemma A.5 there exists
q3( T; X xN xRe), ff => , such that for every x e d/t( T; X), e d//( T; Rr), r/e d/( T;
(T; [-c, +c])

(a.3) g(., x, , /) =< a.e. io T implies (., x, , /) _-< a.e. in T.

We define the following Fenchel conjugate functions"

o*(t, :, r/) sup {(, :’)+ (r/, 7’)-if(t, Xo(t), ’, rl’)" ’Rr, rl’
o**(t, sc, r/) -= sup {(:, ’> + (r/, r/’>-o*(t, ’, r/’)’ sc’ Rr, n’ [}"

Since (t, , r/) (t, Xo(t), , r/) is certainly -x ([r R)_measurable, it follows by
[9, III.39] that o*, o** are also - (R [)-measurable. It is well known that for
every T, o**(t, ",’) is the lower semieontinuous convex hull of (t, Xo(t), ",’). By
(3.8) and => this implies that for every T

(a.4) o(t, Xo(t), .,. _-> o**(t, .,. _-> (t, Xo(t), .,. ).

Also, by Lemma A.6 the above imply that there exist a null set N c T and
C#(T; r X R) such that for every T\N

(a.5) o(t, ", ")= o**(t, ", ").

For T\N we now define

g(t, x, , rt) =- o(t, ,
and for tN we set g(t,x,:,rt)=+o.

if x # Xo(t),
if x Xo(t),

Then g_-> and g is -N(XxN xR)-measurable. From the first inequality in (a.4), (a.5) and lower semi-
continuity of (t,., .,. it follows now by elementary reasoning that g(t,., .,. is lower
semicontinuous. Hence g 3(T; XxRxR) and (3.9)-(3.10) hold. To prove (3.11),
let x, sc, r/ be as in (a.3) and arbitrary. As remarked in 1, there exists C e
(T; [-oe, +oe]), _> ,(., x, :, r/) a.e. in T, such that

Note that (t,., .,. => g(t,., .,. for T\N, by definition of g. Hence, it follows from
(a.3) that -> g(., x, sc, rt) a.e. in T and so

,(’, x, :, n) d_-> f g(’, x, , rt) dlz.
T

The converse inequality holds trivially. QED
Proof of Lemma III. We may work with S-- V, so that we can use the results

obtained in this appendix. We shall have to work with E rather than (T; ), since



596 E.J. BALDER

X lies in the locally convex Hausdorff space L(T, -, ; M(;)). For this purpose we
define, by abuse of notation, for any o- E, g Ca(T; S)

g(., ) d, f g(., ,) d,
T T

where 6 stands for any 6 e (T; ;) with X(6)= r; cf. the proof of Lemma A.4. This
definition makes sense and from what was said in proving Lemma A.4 it follows that
lower semicontinuity of r +-> IT g(’, r) d/x with respect to o-(Loo, L1) follows from lower
semicontinuity of 6 -I. g(., 8) d2 with respect to (and conversely). Let h 6 W( T; S)
be as given; we define Yg(T;-S) to be its extension defined in the proof of Theorem
I. Define X(/) to be the (compact) set of all r e X with IT/(’, r) d/ _-< IT h(’, 8*)
Note that by definition of/ every cre X(/) has r(t) carried by S a.e. in T. As follows
from Theorem I (or at least its obvious nonsequential analogue), the functions
o-T g(’, r) d/x are lower semicontinuous on X(/); note that uniform integrability
as in (2.6)mis guaranteed by (3.30). Hence, the set of all o-e X(/) with

f gi(., o-) dl <= I g(’’ 8*) d, j 1,
T T

is compact; therefore it has an extreme point 0% by the Krein-Milman theorem. By
[6, Prop. II.2]a consequence of Carath6odory’s theorem; cf. [21]it follows that, is a convex combination of at most m + 1 extreme points of X(’). By the same
result every extreme point of X(/) is a convex combination of at most two extreme
points of X. We thus conclude that r, is a convex combination of at most 2m + 2
extreme points cr,..., O’2m+2 of X. By [14, Thms. 5.2, 9.3] there corresponds an
se(T; ) to each r such that X(e) er, where e(t) is the Dirac measure at s(t);
in fact, we have that se(T; S), as follows easily by or. eX(/). We now find that

2m+2for certain a,. , O2m+2 > 0, Ei-1 O 1,

fl =- Y. a, g(., s,) dl. <= g(., 8*) dp., j-- 1,
i=1 T T

By a well-known extension of Lyapunov’s theorem [9, IV.17] there exists, in view of
the nonatomicity supposition, a function s* (T; S) with

/3 I &(’’ s*) d/x, j 1,..., m,
T

and the proof is thereby finished. QED
A different proof of Lemma II, based on [31, Prop. 14], has been given in [3k].

(In turn, the above result from [31] has been generalized in [3j].)
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A STUDY OF MINIMIZING SEQUENCES*

E. POLAK" AND Y. Y. WARDI$

Abstract. Differentiable and nondifferentiable optimization problems .in normed spaces may fail to

have solutions. Even when they have solutions, optimization algorithms may produce minimizing sequences
that have no accumulation points. To deal with this difficulty, this paper examines optimization problems
as problems on sequences, in an extended normed space, and derives first and second order optimality
conditions for them.

Key words, optimality conditions, extension of spaces, nondifferentiable optimization, nonlinear pro-
gramming, optimal control

1. Introduction. Engineering design periodically produces new classes of optimiz-
ation problems in normed spaces. Among the earliest of such problems were those of
optimal control. More recently design centering and tuning [1, 2] has produced prob-
lems with maxminmax functions in the constraints, and the design of wings, turbine
blades and bridges has produced problems with eigenvalue inequalities [3], [4], [5].
Thus, in designing the profile of a seismically resistant bridge, one may wish to minimize
the weight of the structure, while considering both its low amplitude linear behavior
and large amplitude nonlinear behavior. As a linear structure, the lowest natural
frequency of the bridge must lie above a specified value; while as a nonlinear structure,
its excursions, with respect to time, produced by a set of earthquakes, must be
maintained within prescribed limits so as to avoid destruction. Of course, there are
also constraints on the profile of the bridge itself.

Abstractly, such problems can be viewed as being of the form

(1.1) P: min {f(x)lx X}

where X is a subset of , a "convenient" topological space, in which P may or may
not have a solution, and f:--> R is continuous and bounded on X. is convenient
in the sense that it is reasonably easy to construct and analyse an optimization algorithm
in its topology. If X is a finite dimensional space, then the algorithm is usually
accompanied by a convergence theorem which states that if a sequence {xi} i=o construc-
ted by the algorithm has accumulation points, then all these accumulation points are
in X and satisfy some condition of optimality. Now, even when X is closed and
bounded, a sequence {xi}i=o, constructed by an optimization algorithm, may fail to
have accumulation points either because (1.1) has no solution in the topology of or
because of the particular process used by the algorithm in constructing the xi. As an
example of the latter, consider the case where L[0, 1], the xi are all continuous
functions, but all the local minima x* are only piecewise continuous. Obviously, such
phenomena are disturbing since they lead to the conclusion that the convergence
theorems in question are vacuous.

A standard approach in dealing with the above described difficulties is to replace
the space with a suitable extension, e.g., as in the case when ordinary controls are
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replaced by relaxed controls in optimal control problems [17]. Unfortunately, by and
large, the construction of minimal extensions can be quite difficult, as was the case
with relaxed controls, for example. Consequently, the question arises whether there
may not be an easier approach, one based on the concept of minimizing sequences in
the original space f and of utilizing elements of optimization algorithm theory. This
paper explores this question.

In constructing a theory of optimality conditions for minimizing sequences, we
felt it was important to take into account the following facts and goals. Firstly,
optimization algorithms construct sequences {xi} which may not be Cauchy and along
which the cost f(xi) may not be monotonically decreasing. Secondly, by and large, any
subsequence of a locally minimizing sequence, constructed by an optimization
algorithm, is a locally minimizing sequence. Thirdly, in computing a search direction,
many algorithms solve a relatively simple program whose value can be viewed as an
optimality function O(x). These optimality functions vanish only at stationary points.
When an optimality function is continuous, it can be used loosly as an e-solution
detector.

We show that a natural extension of the space in (1.1) is to an extended norm
space s of sequences in ,T and that many of the well known optimality functions can
be used to provide both first and second order optimality conditions for characterizing
minimizing sequences of P.

2. The space of minimizing sequences. Consider the problem

(2.1) P: inf {f(x)lx X)

where X is a subset of a normed space and f:R is continuous and bounded
from below on X.

Our definitions of global and local minimizing sequences reflect the fact that when
an optimization algorithm is applied to P, it may produce a sequence {x}0 which is
not Cauchy and for which {f(x)}i_-o is not monotonically decreasing. However, any
accumulation point x*, that such a sequence {x} i=0 may have will be a local minimum,
or at least a stationary point.

DEFINITION 2.1. {Xi}%0, X , i=0, 1, 2,"" ", is an eventually feasible sequence
(for P) if

(2.2) lim inf {11 x x III x xI o,

DEFINITION 2.2. A bounded eventually feasible sequence {)i}7=0 is a globally
minimizing sequence (for P) if for all bounded eventually feasible sequences {x}io

(2.3) lim f() =< lim f(x).

The following result is obvious.
PROPOSITION 2.1. Suppose that {}i%o is a globally minimizing sequence. Then
a) limi_o f() exists;
b) every infinite subsequence of {i}i=o is a globally minimizing sequence.
Our definition of a locally minimizing sequence, below, ensures the property that

every subsequence of a locally minimizing sequence, constructed by an algorithm, is
also a locally minimizing sequence.

DEFINITION 2.3. A bounded eventually feasible sequence {.’ilie_--0 is a locally
minimizing sequence (for P) if there exists a p > 0 such that for all eventually feasible
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sequences {xi}i%o satisfying

(2.4)

We have

lim x xi .
(2.5) limK f(i)--< liKm f(xi)

K

for all infinite subsets K c N+ =a {0, 1, 2,. .}, with i-- denoting: K, i--*.
PROPOSITION 2.2. Suppose that {i}i%o is a locally minimizing sequence. Then for

every infinite subset K N+, {i}iK i’s a locally minimizing sequence.
Proof Let p > 0 be as specified in Definition (2.3) and suppose that there is a

subsequence {i}iK’ for some infinite K’ =N/ which is not a minimizing sequence.
Then there must exist an infinite K"c K’ and a sequence {$i}in,, such that

(2.6) lim I1 ,- x ll p
K"

and

(2.7) limK,, f(,i) < liKm f(i).

Let xi $i for all i K" and let xi i otherwise; then {xi}i=o satisfies (2.4) but fails
to satisfy (2.5) for K =K", contradicting the assumption that {i}i%o is a locally
minimizing sequence. This completes our proof.

Remark. Note that for a locally minimizing sequence {xi} i%o, the bounded sequence
{f(xi)}i%o may have more than one accumulation point. This can be seen from the
following example: Let and $ be two local minimizers for f (with l-I ), such that
f(2) #f(). Let X2i--2 and X2i+l--., i=0, 1,2,. ..

We are now ready to put the problem P into one-to-one correspondence with a
problem ps defined in a space of sequences and thus remove the need for determining
whether minimizing sequences do or do not have accumulation points in

DEFINITION 2.4. a) We define to be the class of infinite sequences {xi}io, with

b) We define {xi}i=0, {Yi}7=o in to be equivalent if limi__,, Ilxi- yill =0. We shall
denote this equivalence relation by the symbol

c) We define the vector space s to be /---, with addition and scalar (real)
multiplication defined as follows:

(2.8)

(2.9)

{Xi} i%0 + {Yi}=o {Xi -- Yi} i%0,

i=0 i=0"Ol {X { OXi}Cx3

PROPOSITION 2.3. The operations of addition and scalar multiplication in , as
given by (2.8) and (2.9), are well defined, i.e. if Sx, S’x, sy, s’y are such that Sx "-s’
and sy sy; then (Sx + Sy) (Sx + sy) and for any a R, aSx aS’x.

Next, we define the concepts of an extended norm and of an extended normed
vector space.

DEFINITION 2.5. a) Let Lr be a real vector space and let Ill" Ill be a functional on
Lr which can take on the value oo. We say that II1" [[1 is an extended norm if it has all
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the properties of a norm on any subset B Y with the property that B is closed under
addition and scalar multiplication, on which ]11" III is finite, viz:

i) IIlzlll_>0, Vz
ii) ]][z]l] 0 z 0;

iii) Ill-rill- Illllzlll, Vz B, ;
iv) Illz / zlll<-IIIzllll/lllz=lll, Vz, z= B.
b) With II1" III an extended norm, we say that (, II1" III) is an extended normed space

if the vector addition operation is bicontinuous (i.e. it is continuous in both operands)
and the scalar multiplication is continuous on B R (with respect to [[[. III), where B is
any set in Lr, such that for all b B, IIIblll < , and B is closed under addition and scalar
multiplication.

We note that the scalar multiplication operator cannot be continuous at any z
Y an extended normed space, at which IIIzlll- , since for any ai- 0 as i- , ai > 0,
IIl,zlll for all N+, while Ill0. zlll 0.

To make s an extended normed space, we define II1" III on by

(2.10) IIIz[[I - IIx,

where {xi}%0 is any sequence in the equivalence class z. We shall use the notation
{x}%o to refer to an element in

The following result is obvious in view of the definition of the equivalence relation
and the properties of the norm
POPOSITION 2.a. The functional II1" Ill defined by (2.10) is a well defined extended

norm on , and , II1" III) is an extended normed space.
For the problem P to make sense in the context of , it is necessary that the

asymptotic behavior of f(.) on z s be independent of the particular choice of a
sequence {x}%o in the equivalence class defined by z. Consequently we postulate as
follows.

Assumption 2.1. The function f(. is uniformly continuous on bounded sets. We
obtain immediately

PROPOSITION 2.5. If {xi}io{X}iGo and [ll{xi}ioll[<, then limif(xi)
{xi}i=o.lii,f(xi) Furthermore, if {x}i=o is eventually feasible, then so is

Let X= be defined by

(2.11) X & {z sl[[zl < and z is eventually feasible}

and let the extended function fs. be defined by

(2.12) f(z) lina f(xi)
where z {xi}ic__ O. We now define the problem ps as follows"

(2.13) pS’min{fS(z)lzXS}

PROPOSITION 2.6. Problem ps has a solution if and only if P admits a bounded
globally minimizing sequence. Furthermore, the values of P and ps are the same.

We note that if solves ps and {}o, a sequence in the equivalence class f, has
an accumulation point ;, then is a feasible minimizer for P. Similarly, if is a global
minimizer for P, then {2i}=0, x/= ;, is a solution to ps.

The introduction of the function f makes the formalism (2.13) very appealing
with respect to global solutions. However, it fails with respect to local solutions. Thus,
if we define, as is customary, X, to be a local minimizer of ps if for some p > 0,



A STUDY OF MINIMIZING SEQUENCES 603

(2.14) fs() <- fS(z) Yz e B(., p)

with B(, p)____a {zllllz- lll }, we find that is not a locally minimizing sequence, as
defined in Definition 2.3. Consequently, we use the following.

DEFINITION 2.6. We say that eX is a local minimizer for ps if {;i}io is a
locally minimizing sequence for P, where {;i}io is any sequence in the equivalence
class .

Quite clearly, because of Assumption 2.1, local minimizers for P are well defined.
Furthermore, if is a solution to ps and {x}i0 is any sequence in the equivalence
class defined by , then {;i}--0 is a minimizing sequence for P.

We are now ready to proceed to the next task: the development of necessary and
sufficient conditions for characterizing local minimizers of

3. Unconstrained minimization. We begin by assuming that X o in P, so that
X fs in ps. We shall consider both differentiable and nondifferentiable cost functions
y(.).

We shall characterize optimality of minimizing sequences by means of first and
second order optimality functions which tend to zero along minimizing sequences.
Since we will be dealing with bounded sequences which are not necessarily Cauchy,
we will have to require that various properties hold uniformly on bounded sets.

We shall denote the first Fr6chet derivative of f(. by fx (") and the second Fr6chet
derivative by fxx(" ). We note that fx maps into ’, the dual of and that fxx maps
2 into o,, the dual of ’.

PrtOPOSITION 3.1. Suppose thatf(. is uniformly, continuouslyFrdchet differentiable
on bounded sets in g. Let 0 s.,c s

_
R be defined on bounded z gs by

(3 1) O lim inf {(fx(Xi), h)l Ilhll 1}

where {xi}0 is any sequence in the equivalence class z. If 2 is a local minimizer for
=o.P, then 0 is

Proof. First we note that, because of the assumption on fx(’), the function
O luc --> R defined by

(3.2) O() inf {(fx(2),h)h 1}

is uniformly continuous on bounded sets and hence Ou( is well defined. Also,
O(z) < 0 for any z e s. Hence suppose that 2( {xi} i=0) is a local minimizer for ps,
with associated radius fi> 0, and that O(2)< 0. Then there exists a > 0 and an
infinite subsequence {2i}i: such that O luc(2i) < - for all e K. For e K, let hi e ,
be such that [Ih, <--1 and (fx(Ri), h)<--/2. Then, because f,(.) is uniformly con-
tinuous on bounded sets, there exists a e (0, fi] such that, with si e (0, 1), by the mean
value theorem,

f(2, + Xhi)-f(2i) ](fx(2i + si]hi), hi) --<-X/4 for all e K.

Consider now the sequence {x*}=o defined by x* 2i for all i K and x*= 2+,hi
for all e K. Clearly, (2.5) fails for xi x/*, e N/ and hence we get a contradiction, rq

PROPOSITION 3.2. Suppose thatf(. is twice uniformly, continuously Frg.chet differ-
entiable on bounded sets in g. Let O 2s’.c gs be defined on bounded z gT by

(3.3) 2s AOuc(z)=lim inf {(fx(xi)(h), h)l Ilhll <-- 1}
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where {xi}i0 is any sequence in the class z. If gs is a local minimizer for Ps, then
o()_>- o.

Proof. Let 0 2,.. o__> be defined by

(3.4) ,(x) inf {(f,(E)(h), h)[ Ilhll-- 1}.

Since O2,c( is uniformly continuous on bounded sets, O2,( is well defined. Now
suppose that {gi}io is a local minimizer for P, with associated radius t;, and that
O2s,tz =- < 0. Then there exists an infinite subsequence {i}i: and a corresponding
sequence {hi}i:, such that IIhll_-<l and (f(), hi) <= O, satisfying (f(i)(hi), hi) <-

-/2 for all i K. Hence, making use of the uniform continuity of f(.) and the
Taylor formula with remainder, we find that there exist a (0, ] such that

f(i+Xhi)-f(i)=X(fx(i),hi)+X2 (1-s)(fxx(2i+shi)(hi),hi) ds

<-2/8 VieK.

Setting x* i for i K and x* xi + ]hi for i K, we get a contradiction of the fact
that is a local minimizer. This completes the proof. [3

It is also quite easy to prove the following result.
PROPOSITION 3.3. Suppose thatf(. is twice uniformly, continuously Frdchet differ-

entiable on bounded sets in T. Suppose that g is such that (i)IIllll<, (ii)
limi_oof(i)>-, for {xi}io in the equivalence class , (iii) ol()=0uc and (iv)
02() > O. Then is a local minimizer for P.

Thus, for the case where f(. is differentiable, we see that the standard optimality
conditions for P lead directly to corresponding optimality conditions for PS. As we
shall shortly see, this is not true for the nondifferentiable case: when f(. is assumed
to be only uniformly Lipschitz continuous on bounded sets in . We recall [6] that,
the generalized gradient of(. of f(. ), is defined as the subset of :T’ satisfying for every
x, h in the relation

(3.6) f(x; h) a--limf(X+y+hh)-f(x+Y)=sup{(, h)lof(x)}
o h
y-0

where f(x; h) is called the generalized directional derivative of f(. at x, in the direction
h. The sets Of(x) are bounded on bounded sets in and upper semi-continuous. The
standard first order optimality condition for P, see [6], [7], is that if is a local minimizer
for P, then 0 f(). A first attempt to convert this statement into an optimality
function produces the following candidate 19"- defined by

(3.7) O(x) =sup {inf {(, h)l of(x)}l llhll <__ l},

which is recognized as being a generalization of the function min {llhl[lhof(x)} in
". Since Of(.) is only u.s.c., O(.) is not continuous and it is very easy to construct
functions f(. and sequences {xi} such that xi , a local minimizer, so that 0 Of()
and hence O() 0, but O(xi) -1 for all i. Clearly, 19(. cannot be used to characterize
minimizing sequences for P. However, referring to [2], [8], we find that there are other
functions that can. For example, following [2], [8], for any e => 0, and x , let

(3.8) off(x) - of(x’)
x’B(x,e)
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where B(x, e) A {x’ gl x’ x -<- e } and

(3.9) O(x)&sup{inf {(,h)[Of(x)}l[lh[[<-_l}.

It can be shown [2], [8] that of(.) is u.s.c, and closed and bounded on bounded sets.
Next, with/3 (0, 1), let

(3.10) --a {0, 1,/3, f12,...}
and let e: -* be defined by

(3.11) e(x) =max {e [(R)(x) -> e}.

The following result can be found in [2], [8].
PROPOSITION 3.4. 0 Of(x):> O(X) =0:> e(X) =0.
However, while { 0(xi)} i0 generally will not converge to zero for {xi} i0, a locally

minimizing sequence for P, {e(xi)}i=0 must converge to zero along such a sequence,
as we shall shortly see. Consequently, we define O ucna by

(3.12) O,a(z) & lim e(x),

with {x}0 any sequence in the equivalence class z.
Poeoswioy 3.5. If is a bounded local minimizer for P, then 0,a() O.
Proposition 3.5 is a special case of a result to follow (Proposition 3.8), and hence

its proof will not be given.
We now proceed formally.
DEFINITION 3.1. Let G(’) be a map from into 2’ (i.e. the class of subsets of

’). We shall say that G(. is uniformly u.s.c, on bounded sets, with respect to of(. ),
if for any bounded set B c and any > 0, there exists a p > 0 such that for all x,
y B satisfying IIx- yll and any V(Y), there exists a G(x) such that

<
It is easily seen that if G(. is any map which is uniformly u.s.c, on bounded sets

w.r.t. f(.), then (i) Of(x)= G(x), and (ii) for any 3>0, there exists an e > 0 such
that Of(x) N(G(x)) & {x’linfr<x IIx’- Yll ). In fact, we have the following
result.

PROPOSITION 3.6. For any e > O, the map Of(. is uniformly u.s.c, on bounded
sets, w.r.t, of(. ).

Proof. Let x be arbitrary and let 6 > 0. Then, setting p e > 0, we get for any
y B(x, p) that Of(y) Of(x) by definition. Hence the proposition holds.

PROPOSITION 3.7. Let G: 2’ be uniformly u.s.c, on bounded sets with respect
to of(. ). If is a local minimizer for P, then O() =0, where

0() & lim

and for x e

(3.13) O,(x) A sup {inf {(:, h)lsc e G(x)}lh g, [[h[[-<_ 1}.
h

Proof. Clearly, O(. is well defined. Now suppose that is a local minimizer
for ps, with associated radius t;>0, and that O(f)=6>0. (Clearly O(z)_->0 for
all bounded z e os.) Then there exists an infinite subset K c N+ such that OG(i) -> g/2
for all e K, with {2i}o any sequence in the class f. Let g/4 > 0 and a corresponding
p > 0 satisfy the requirements of Definition 3.1. For e K, let hi be such that (:, hi) --> 6/2
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for all s e G(i). Then, by the mean value theorem [9],

(3.14) f(i- hhi)- f(2i) --t(ih, hi)

with ih (f(2i-si,hi) for some sic (0, 1). Now let =min (/, p), then (i) [[(i-Xhi)-
l]-<f for all iK, (ii) with Tli G(i) such that IIT]i--iX[[<=g/4, we get from (3.14)

f(i- hi)-f(i) -(i, hi)----(Tit-(i--Tli), hi)

_-< 2(-(rh, hi)+
(3.15)

_-< X(-(, h)+ g/4)

-<_-A8/4.

Clearly, the sequence x/* 2i for
_
K, x*i i X hi, violates (2.5) for the local minimizer, and hence we have a contradiction.

Referring to Proposition 3.7, we note that since Of(x)c G(x) is always true,
0 e Of(x)=>O e G(x), hence optimal for P:=>Oe G(). However, 0 e G(,) is obviously
a weaker optimality condition than OeOf(). The condition OeG() can be
strengthened when G(.), can be parametrized, as follows.

PROPOSXIO 3.8 For e >= O, let G" g 2’ be a family of maps that are uniformly
u.s.c. on bounded sets w.r.t of(.), such that for all x

(i) Go(x) Of(x),
(ii) O<=e<e’G(x) G,(x),
(iii) G(x) is convex and weak * compact.
Next, let (R)" g--> be defined by

(3.16) O(x) __a max {e g[(R)(x) _-> e}

(with g as in (3.10)) and Os’s- (with z ={xi}i0) by

(3.17) OS(z) lim O(x).

If is a local minimizer for P, then 6)()= O.
Proof. Suppose that is a local minimizer for ps, but Os()=

Then there must exist an infinite K N+ such that O(x) g for all
for all e K. But by Proposition 3.7, this contradicts the local minimality of
and hence the proof is complete.

The maps Of(.) are not the only known examples of maps that are uniformly
u.s.c, with respect to Of(. and satisfy the assumptions of Proposition 3.8. In [10], [11]
we find very different maps in this class that are used for optimization problems with
eigenvalue constraints.

4. Constrained minimization. In this section we shall propose a set of optimality
functions for a variety of constrained problems of the form ps. Since the proofs
associated with these optimality functions are either quite straightforward, or follow
directly from existing results, they will be omitted.

We begin with equality constrained problems (cf. [12, Chap. 8]).
PROPOSITION 4.1. Suppose thatf(. is uniformly continuously Frchet differentiable

on bounded sets in T and that

(4.1) X {xlh(x) O, j _I}

where _1--a{1,2,... ,I} and h1"-->N are uniformly continuously differentiable on
bounded sets. Furthermore, suppose that the functionals hx(2), j l_, are linearly
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independent for all . If is a local minimizer for ps, then, with {i} io,

(4.2) XS =a {z llim hJ(xi)=O,j!},

(4.3)

ls AOce (Z) lim inf {(fx (2i), 1)) -Jr- 11/.) 1121(h(2i) ,/)) 0, j e 1}
i-m

=0

where {i}i0 is any sequence in the equivalence class .
When R", the inf in (4.3) can be replaced by min and in that case the Lagrange

conditions give for the "inner" problem in (4.3)

(4.4) Vf(2) + v+ 0
Ox

where h(.) is the constraints vector and vi solves the inner problem.
When x solves P, v =0 and (4.4) reduces to the standard Lagrange condition.

Thus, (4.4) is in one-to-one correspondence with the usual first order conditions for
P. We can also obtain a second order condition as follows:

PROPOSITION 4.2. Suppose that the assumptions of Proposition 4.1 hold and that
in addition f(. and hJ( ), j _l, are all twice uniformly continuously differentiable on

bounded sets. For any . , let tz" g-> R be defined by

(4.5) /x(:)Aargmin {[[fx()+ Y /zh()ll }
Let L: x R .. be defined by

(4.6) L($,/.Z) __a f($)+(, h($)).

ce(Z) 0 andIf solves P, then (i) X, (ii) O1

(4.7) 02s Ae(Z) lim inf {(Lx(,/z (x)(v)), v)l(h(), v) O, j e !, vii 1} >-_ 0

where {}__o is any sequence in the equivalence class k
It is also quite easy to establish a second order sufficient condition for PS under

s, lc 2sthe assumptions of Proposition 4.2 viz. if X and O ) 0 and O ce() > 0, then
is a local minimizer for P.
When inequalities are present, it is possible to deduce a broad family of optimality

functions for P from the literature on algorithms (see e.g. [13, 14]). We shall state
the simplest (see [13], [14], [15]).

PROPOSITION 4.3. Suppose that f(. is uniformly continuously differentiable on
bounded sets in and that

(4.8) X&{xlh(x)=O,j_l;gk(x)<-O,k _m),

where the h: -->g and gk. c--> are all uniformly continuously differentiable on
bounded sets. Furthermore suppose that the functionals hx($), ] _l, are linearly
independent for all . .

Let "-i be defined by

(4.9) O(x)+ a__ max {0, gk(x)}.
ke_m
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If is a local minimizer for ps, then

(4.10) X a__ {zl hi(x,)-0, j ], lirn gk(xi)_-<0, k m}

and for y => 1, (with {xi} i=o z)

O lceS,(z?) =a lim inf {(1/2ll vii2 + max {(fx(2i), v)- yq()+; gk()
(4.11)

"k-(gx(:i), t))--I//(2i) k_m})[(hJ(xi), v)=O,jl}=O.
Next we turn to a class of nondifferentiable problems (see [8]).
PROPOSITION 4.4. Suppose that f(. is uniformly locally Lipschitz continuous on

bounded sets and that

(4.12) X- {xlg(x) <-o, k _m}

where the g k: are all uniformly locally Lipschitz continuous on bounded sets.
Furthermore, suppose that of(. and all the ogk( are weak compact and uniformly
u.s.c, on bounded sets. For any e >= O, and ;T let

(4.13) I() _a {k e _m[g’(:) _-> q(:)+- e},

(4.14) vg($)a-argmin{llv[[[ve co ogk($)},
kl()

(4.15) v($) a-argmin{llv[llveco{Of($) U ogk($)}},
keL()

y($) __a max {e-(+[] v($) [1, (1- e(/) v(:) [[}(4.16)

and

(4.17) ,(x) =max {e 13,(X)--> e}.

If is a local minimizer for Ps, then, with z {x}o,

(4.18) ,XS a={zS[ji,._mgk(xi)<=O,km_ }

and

(4.19) .(x) 0

where {i}icx0 is any sequence in the equivalence class .
To conclude this section we state an optimality function for a simple optimal

control problem, based on the maximum principle and first used in [6].
Consider the dynamical system

(4.20) (t) h(x(t), u(t)), t6[0, 1]

with x(0)=Xo and h:[nxm twice uniformly continuously differentiable on
bounded sets. We shall denote by x"(.) the solution of (4.20) corresponding to the
control u(. ). Let f be a compact subset of m and let 4:n-* be twice uniformly
continuously differentiable on bounded sets. We now define

(4.21a) AL[O, 1],

(4.21b) f(u) a_ 4(x,(1)),

(4.21c) X _a__ {u Lo[O, 1][u(t) fWt [0, 1]}.
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(4.23)

where

Finally, let A"(. denote the solution of the adjoint equation

oh
(4.22a) ,(t) --x(X"(t), u(t))’A(t),

(4.22b) A (1) V 4(x" (1)).

PROPOSITION 4.5. Suppose is a local minimizer for ps, with f, and X defined
as in (4.21a-b). Then

Os Aoc() lim Ooc(i) 0,

Oo(U) min{((h(x(t), v)-h(x"(t), u(t))),A"(t)>]v}dt.

The proof of Proposition 4.5 follows from the facts that f(. is uniformly locally
Lipschitz continuous on bounded sets (see [16]), the necessary optimality condition
for u being a local minimum (see [6], [16], [17]) and the discussion in this paper.

5. Conclusions. We have shown that it is quite straightforward to construct
optimality conditions for minimizing sequences by reinterpreting or modifying existing
results. We hope that this work will lead to a better understanding of the behavior of
optimization algorithms.
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ON OPTIMALITY CONDITIONS
IN QUASIDIFFERENTIABLE OPTIMIZATION*

ALEXANDER SHAPIROt

Abstract. A class of quasidifferentiable functions, whose directional derivatives are representable as a
difference of two sublinear functions, is introduced. An optimization problem subject to quasidifferentiable
equality and inequality constraints is studied. Optimality conditions for this problem are given in terms of
sets inclusion. This refines the results of Demyanov, Rubinov and co-workers.

Key words, nonsmooth optimization, optimality conditions, quasidifferentiable functions

1. Introduction. First-order optimality conditions for extremal problems have
been discussed in numerous studies. Some of the most important recent advances in
this direction have come as a result of the systematic replacement of smoothness
assumptions by convexity. Starting from subditIerential theory in convex analysis this
approach has been found suitable to handle many nondifferentiable optimization
problems.

Pshenichnyi [11] suggested the concept of quasidifferentiability where the con-
vexity of a considered function is replaced by the convexity of its directional derivative.
Introduction by Clarke [5], [6] of the generalized gradient allowed further extension
of Lagrange type optimality conditions for locally Lipschitz functions. The generalized
gradient method has been shown to be a powerful tool in many problems of nonsmooth
and nonconvex optimization. However, in some cases the generalized gradient is too
rough to give an adequate presentation of the situation. In particular it does not
distinguish between maximum, minimum or saddle points and does not make use of
the directional derivatives if they exist. On the other hand the class of quasidifferentiable
functions in the sense of Pshenichnyi is insufficient to describe many actual situations.
This motivated Demyanov and Rubinov 1 to extend the concept of quasidifferentiabil-
ity to functions whose directional derivative is representable as a sum of.two positively
homogeneous functions, one convex and one concave. Quasidifferential calculus and
optimality conditions for unconstrained and constrained quasidifferentiable problems
has been presented in [1], [2], [3], [4], [9], [10].

The aim of this paper is to refine the optimality conditions presented by Demyanov
and Polyakova [2] and Polyakova [9], [10]. In 2 we introduce the class of quasidiffer-
entiable functions in the sense of Demyanov and Rubinov [1]. Our principal tool will
be the theory of support functions and we briefly describe the required definitions and
results. In 3 we prove a version of the reduction theorem of Ioffe [7] which allows
us to formulate optimality conditions in 4.

The following notation will be used. The scalar product of two vectors x, y R
is denoted by x. y, Ixl- <x, x)1/2 and I1" denotes a certain specified norm. By conv {. }
we denote the convex hull of a subset of R and f(x) denotes the gradient of f: R -> R
at x.

2. Quasidifferential calculus. A function h :R _> R is said to be sublinear if it is
positively homogeneous and subadditive, i.e. h(tx) th(x) and h(x + y) <= h(x)+ h(y)
for all x, y R and t>-0. There exists a dual correspondence between sublinear

* Received by the editors April 21, 1981, and in revised form July 26, 1983.
t Department of Mathematics and Applied Mathematics, University of South Africa, PO Box 392,

Pretoria 0001, South Africa.
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functions and the class 12 of convex, compact subsets of R n. This duality is carried out
by the so-called support functions. In the following proposition we summarize some
well-known results from convex analysis about the support functions (see, e.g.,
Rockafellar 13]).

PROPOSITION 2.1.
(a) The support function

o(xIA) =sup{x" z: zA}

of a bounded set A c R is a sublinear function from R to R. Conversely, if h R --> R
is a sublinear function, then it is the support function of a certain set A 12. This set is
unique and given by

A ={y: x" y<= h(x) for all xR}.

(b) For any A1, A2 12 and a, >= 0:

o(" [aA1 + flA2) ego(" [A1)+ flo( IA2).
(c) For A1, A2 12 the inequality

o(. IA1)_>-o(. IA2)
holds iff

AI_A2.

(d) If {Ai}, L is a family of sets such that IJ ii Ai is bounded, then

sup{o(’lai)" iI}=o(’[conv{iiai}).
Let us consider the class of positively homogeneous functions h :R" --> R represent-

able as a difference of two sublinear functions. This class with natural algebraic
operations and the sup-norm

Ilhll-a-sup {[h(x)l: x

on the sphere S"-1= {x R": Ix[ 1} becomes a normed linear space denoted below
by DSL(R") or simply DSL. By Proposition 2.1(a) to every h DSL corresponds a
pair of sets A1, A2 f such that

(2.1) h(. (. IA1)-(. [A).

Consider an equivalence relation defined on 12 x12 by stating that (A1, A2)
(B1, B2) iff A1 + B2 A2 + B1, i.e. the pairs (A1, A2) and (B1, B2) are equivalent iff
they represent the same function h in (2.1). The equivalence class containing (A 1, A2)
will be denoted by [A1, A2]. The linear space (1 is taken to be the quotient space
12 x 12/--- where the algebraic operations in (1 are imposed by the linear space DSL, i.e.,

and if a => 0 then

while if a < 0 then

[A,, A2] + [B,, B-I =[A + B1, A: + Bf],

a[A1, A2]=- [aA1, aA2],

a[A1, A2]=[-aA2,-aA1].
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The space ( with the norm

II[Aa, A2]II - p(Aa, A2),

where p(A1, A2) is the Hausdorff distance between A1 and m2, becomes a normed
space, which has been introduced by Radstr6m [12]. It can be shown that the correspon-
dence

(2.2) [A1, Az] *- o (" [A1)- o("

between the Radstr6m’s space 1 and DSL is isometric (cf. Demyanov and Rubinov [1]).
Consider a function f’R R. We say that f is directionally differentiable at x if

the directional derivative

l’(x+ty)-f(x)
(2.3) f’(y) =lim

to

exists for every y R". If convergence in (2.3) is uniform in y, i.e.

f(x+y)-f(x)-f’(y)
lim 0
y-o lyl

then it will be said that f is uniformly directionally differentiable at x.
Now we are prepared to introduce the basic concept of quasiditterentiability (see

[1], [2], [3] and [4]).
DEFINITION 2.1. A function f" R" R is said to be (uniformly) quasiditterentiable

at x if it is (uniformly) directionally differentiable at x and f’(. belongs to the space
DSL, i.e.,

f’(’ )= (" Ial)-O(" [Az).
The corresponding class [A1, A2] e 1 is called the quasidifferential of f at x and denoted

f(x) [af(x), 0f(x)].

Note that the pair of sets (Of(x), Of(x)) is not unique and can be any representative
of the corresponding class f(x).

Remark 2.1. We use notations slightly different from those proposed in [1] and
[4]. There f’x(’) has been considered representable in the form

f’(y) =max {y" v" vaf(x)}+min{y, w" waf(x)}.

Clearly two approaches are equivalent except that our Of(x) is -Of(x) in their notations.
Remark 2.2. If the directional derivative f’x(Y) is sublinear in y, then @f(x)=-

(If(x), {0}). Here the set Of(x)1 is uniquely defined and called the subditterential
of f at x. Correspondingly the function f is said to be subdifferentiable at x. The class
of subditterentiable functions has been introduced by Pshenichnyi [11] under the
name of quasiditterentiable functions.

The following theorem shows that the class of quasiditterentiable functions is
closed under superposition and therefore is much wider than the class of subdifferenti-
able functions. This result is due to Demyanov and Rubinov [3] and we propose a
short proof of it.

THEOREM 2.1. Let F (fl," fm) R" -> R" and g R -> R. If the functions
fl, , f,, are quasidifferentiable at x and g is uniformly quasidifferentiable at y F(x),
then the superposition h g F is quasidifferentiable at x. Moreover if the sets 0g(y) and
Og(y) are chosen in such a way that 0 <- t <-_ M, 0 < fl <-M, i= 1,..., m, for some
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M >= 0 and all a (al," , am) Og(y),/3 (ill," ", tim) e ag(y), then

(2.4)
[ { }[Oh(x),Oh(x)]=- conv U Y (aiOfi(x)+(M-ai)Ofi(x))

aeag(y) i=1

{conv U____ E (BiOfi(x)+(M-Bi)Ofi(x))
/3 ag(y) i=1

Proof. First we note that a representative of the quasidifferential @g(y) can be
always chosen in such a way that every vector from og(y) and og(y) has nonnegative
coordinates. Therefore we can assume without loss of generality that Og(y) and Og(y)
satisfy the conditions above.

By the chain rule for directional derivatives we have that h is directionally
differentiable at x and

(2.5) h’x(’)=sup E aifl(" )" a e Og(Y) -sup Y ifx(" )" e Og(Y)
i=1 i=1

The sum in the first term of (2.5) can be represented in the following way

Z fx(’) Z ,[(" [o/(x))-(. [V(x))]
i=1 i=1

y [aio(’lOfi(x))+(M-ai)o(’lOf(x))-Mo(’lOf(x))].
i=1

Since ai and M-ai are all nonnegative, we obtain by Proposition 2.1(b)

(E oiflx(’)--O
i=1

)E [ciOfi(x)+(M-ai)Of(x)] -o(’]B)
i=1

where B M Ei=I ofi(x) is independent of a. Now by Proposition 2.1(d) the supremum
in the first term of (2.5) is given by

where

)]}A1 conv U E [oziOfi(x)+(m-oi)Ofi(x
ag(y)

Similarly the second term in (2.5) is

where

Finally we obtain

(. IA)-o(. IB)

{ }A2=conv U E [iOfi(x)W(M-i)Ofi(x)]
/3e 0g(y) i=1

which proves (2.4).

h’x(" o(. IA1)-o(. IA2)
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If the function g is Fr6chet difterentiable at y, then expression (2.4) takes the
following simple form (see [1, Thin. 3] and [4, p. 197]):

@h(x)= 2 aifi(x)
i=1

where c (al,’’’, am) is the gradient of g at y.
Another important example is the max-function

g(y) =max{yi: i= 1,..., m}.

COROLLARY 2.1 (see [3] and [4, Lemma 2.2]). g Nnctions , i= 1,..., m, are
quasidifferentiable at x, then the max-function

f(x) max {f(x): 1N N m}

is quasidifferentiable at x and

(2.6) f(x)= conv Ofi(x)+ Z O(x) Z O(x)
ieI(x) ]i ]I(x)

ieI(x)

where I(x) {i: f(x) fi(x), i= 1,..., m}.
A similar result holds for the min-function.

(P1)

3. The reduction theorem. Consider the following optimization problem:

minimize f(x)
subject to g(x)<-O and F(x) =0

(3.1) h(x) max {f(x)-f(x*), g(x)}.

TlaEOREM 3.1. If the function
h(x) + rilE(x)[[

attains a strict local minimum at x* for some r, then x* is an isolated local solution of
Problem (P1).

The other part (necessity) is more tricky and requires a sort of regularity conditions.
The regularity conditions we use here are slightly different from those proposed by
Ioffe and will be formulated in terms of quasiditIerentials only.

By A(ylA) we denote the set of contact points of a bounded set A corresponding
to a direction y

Z(ylA) __a {z e A: o(y[A)= y. z}.

where all functions f, g:R" R and F (f, f,) :R" R are supposed to be
quasidifferentiable at points considered.

Note that a number of inequality constraints g(x) <-0, 1,. , p, can be always
replaced by g(x) -< 0 where g(x) max {gi(x): 1,. , p}. Since the max-function g
is quasidifferentiable if g, 1,. , p, are (see Corollary 2.1), it is not really restrictive
to impose only one inequality constraint in Problem (P1).

Under some regularity conditions on the mapping F(x) the constrained problem
(P1) is locally reducible to a certain unconstrained problem. We use here a version of
the reduction theorem proposed by Ioffe [7]. The second part (sufficiency) of this
theorem is simple and does not require any regularity conditions. We formulate it
first. In what follows it will be assumed that x* is a feasible point of Problem (P1)
lying on the boundary of the feasible region, i.e. g(x*) 0 and F(x*) 0, and we define
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Note that 6(. IA) is differentiable at y iff the set A(ylA) is singleton.
DEFINIaION 3.1. A point x is said to be regular for F if for every y such that

F’x(y) =0 it follows that
(a) The sets A(y[Ofi(x))={ai} and A(ylOfi(x))= {bi}, i- 1,..., m, are singletons.
(b) The vectors al- bl," , a,- b,,, are linearly independent.
Note that condition (a), which clearly depends on a choice of representatives

(Of(x), Ofi(x)), is not too restrictive since the contact set A(ylA) of a set A l) is a
singleton for almost every y.

If A(ylA)= {a} is a singleton then the corresponding support function 6(. [A) is
ditterentiable at y and its gradient at y is given by a. Therefore Definition 3.1 means
that x is regular if F’(. is differentiable and the corresponding Jacobian matrix is of
full rank m at every point y such that F’x(y)=0. If the mapping F is Fr6chet
differentiable at x, then it becomes a familiar condition for the Jacobian matrix of F
to be of full rank m.

It is simple to verify the following assertion (see Ioffe [7]): If x* is a local solution
of Problem (P1), then x* is a local solution of the following problem

(P2)
minimize h(x)
subject to F(x) 0

where h is defined by (3.1).
Now we show that Problem (P2) can be linearized as follows.
TrtEOIEM 2.2. Let h and F be uniformly directionally differentiable at x* and let

x* be a regular point for F. If x* is a local solution of Problem (P2), then y 0 is the
solution of the following problem

minimize h ’x.(Y)
(P3)

subject to F’x.(y)=0.

Proof. First we need to show that if F’.(y) 0, 37 0, then 97 is a feasible direction
in the sense that there exists a curve y(t) :[0, e] R such that y(0) 0, F(x* + y(t)) 0
and

lim II; t-1 Y(t)II O.
t$o

The proof of this is rather standard and is based on Brouwer’s fixed point theorem.
For example one may proceed precisely as in [11], pp. 114-119. (Note that since x*
is regular, F’. is differentiable in a neighborhood of y.)

Nowwe have that if x* is a local solution of Problem (P2), then h(x* + y(t)) _-> h(x*)
and consequently h’.(y) >_- 0. We have shown that h’.(y) >_- 0 whenever F’x.(y) 0 and
the proof is complete.

Now we are prepared to formulate the reduction theorem with respect to Problem

TrtzorzM 3.3. Let x* be a regular point for F. If y 0 is the solution of Problem
(P3), then for all sufficiently large r >-O, the function

Mr(y) h’.(y)+ rllf’.(y)ll

attains an unconstrained minimum at y O.
Proof. Let y =0 be the solution of Problem (P3) and thus h’.(y)>-0 whenever

y , where {y Sn-l: F’.(y) 0}. Since h’. and F’. are positively homogeneous,
it is sufficient to show that there exists r> 0 such that Mr(y)>= 0 whenever y S-1.
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Consider a point y e . Since x* is a regular point for F, it follows that F’x* is
differentiable in a neighborhood of y and the Jacobian matrix of F’x. at y is of full
rank m. Now we have from the results of Iotte [7], [8] that there exist r> 0 and a

neighborhood of y such that Mr is nonnegative in this neighborhood. Since the set
is compact, it can be covered by a finite number of such neighborhoods and r can be
chosen independently of y e . It remains to note that outside the union of these
neighborhoods the function IIF’x.(.)II is greater than a certain positive number and
that the continuous function h’x* is bounded below on S

4. Optimality conditions. In this section we apply quasidifferential calculus and
the reduction theorem to give optimality conditions for Problem (P1). Optimality
conditions for the unconstrained problem are easily obtainable from the result of
Proposition 2.1(c) (see Demyanov and Polyakova [2]).

THEOREM 4.1. If a quasidifferentiable function f(x) attains local minimum at x*,
then

(4.1) of(x*) c__ Of(x*).
Conversely, if of(x*) is included in the interior of the set of(x*) and f is uniformly
quasidifferentiable at x*, then x* is a strict local minimizer of f.

It is worthwhile to note that Theorem 4.1 expresses the fact that f’x*(’)=> 0 is a

necessary and f’.(. )> 0 is a sufficient condition for a (uniformly) quasidifferentiable
function f to attain local minimum at x*.

Now we formulate the main result.
THEOREM 4.2. Let f, g and F be uniformly quasidifferentiable at x* and F(x*) O,

g(x*) =0. If x is a local solution of Problem (P1) and x* is a regular point for F, then,
for all sufficiently large r > O,

(4.2) Oh(x*) + rOIIF(x*)ll oh(x*)+ rollF(x*)ll
where the max-function h is defined by (3.1) with

Oh(x*) =conv {Of(x*)+Og(x*), Of(x*)+og(x*)}

and

oh(x*) Of(x*) + Og(x*).

Conversely, if for some r > 0 the left side set is included in the interior of the right side
set of (4.2), then x* is a strict local solution of Problem (P1).

Proof. First we observe that if x* is a local solution of Problem (P1) and is a
regular point for F, then, by Theorem 3.2, y =0 is the solution of Problem (P3).
Moreover, by the reduction theorem 3.3, for all sufficiently large r> 0 the function

Mr attains an unconstrained minimum at y 0 and consequently

oM(O) =_ oM(O),

which is equivalent to (4.2).
Similarly, the reduction theorem 3.1 together with the second part of Theorem

4.1 implies the sufficiency part of Theorem 4.2. [3

Remark 4.1. It follows from Theorem 2.1 that the function IIF(" )ll is quasidiffer-
entiable at x* for any norm I1" [[. It is convenient to use the/1-norm. Then llF(x*)ll
becomes

(4.3) llf(x*)ll G lf(x*)l
i=1
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where the quasidifferential of the absolute value of a function f is given at x,.f(x)= 0,
by

(4.4) lf(x)l [2 conv {0f(x), 0f(x)}, Of(x) + 0f(x)].

If Problem (P1) is only inequality constrained, then necessary conditions become

(4.5) Of(x*) + Og(x*) c__. conv {Of(x*) + Og(x*), Of(x*) + 0g(x*)}.

These conditions are related to the necessary conditions (for inequality constrained
problems) proposed by Demyanov and Polyakova [2]; (see also [4, Thm. 7.1]).
However, unlike in [2], here no regularity assumptions are required and condition
(4.5) is seemingly easier to verify (compare with the examples in [4, pp. 224-227]).

If f and g are subditterentiable at x*, then (4.5) takes the form

0 conv {Of(x*), Og(x*)},

which is equivalent to the familiar condition: There exist nonnegative numbers a,/3,
not both zero, such that

O aOf(x*)+Og(x*).

If the mapping F is Fr6chet differentiable at x*, then by (4.3) and (4.4) we have

llf(x*)ll- Y conv {Vfi(x*),-Tfi(x*)}, {0}
i=1

In this case the optimality conditions of Theorem 4.2 can be formulated in the following
form (under the regularity assumption that the gradient vectors Vfl(x*)," , Vf,, (x*),
are linearly independent)7_._

For every vector b oh(x*) there exist numbers (multipliers) al, , a,, such that

(4.6) b Oh(x*) + aVf(x*).
i=1
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OPTIMAL INTERPOLATION FOR LINEAR STOCHASTIC SYSTEMS*

MICHELE PAVON?

Abstract. Let y, satisfying dy Cx dt + D dw, y(0)= 0, represent the noisy observation of the Gauss-
Markov process x generated by dx Ax dt + B dw, x(O)= Xo, on the finite interval [0, T]. In this paper we
solve the following interpolation problem: determine the best least-squares estimate of x(t), [0, T], given
the increments of y on the intervals [0, T1] and T2, T], where 0 < T1 < T2 < T, and the statistics of Xo.
Several alternative expressions for the optimal interpolator are derived, some of which are phrased in terms
of two Kalman-Bucy estimates. As a by-product, we also solve the interpolation problem for the missing
increments of y.

Key words, nonstationary interpolation, Kalman-Bucy model, stochastic realization theory

1. Introduction. Let (, , P) be a probability space and {w(t); 0<=t<= T} a
standard p-dimensional Brownian motion defined on it. Let Xo be a Gaussian centered
n-dimensional random vector independent of w and {t; 0 <= <= T} be the nondecreas-
ing family of sub- tr- fields of given by t:=r(xo, w(s); O<=s<=t). Consider the
vector processes {x(t); 0 <- t<= T} and {y(t); 0<= <- T} of dimension n and m <-p,
respectively, defined as the solution to the system of stochastic differential equations

(1.1a) dx=A(t)x(t) dt+B(t) dw, x(0) Xo,

(1.1b) dy=C(t)x(t) dt+D(t) dw, y(0) =0.

Here A(.), B(.), C(.) and D(.) are continuous matrix functions of appropriate
dimensions defined on [0, T]. It is well known [5] that the processes x and y are
zero-mean, jointly Gaussian and nonanticipative with respect to the family {t}. We
think of y as representing the noisy observation of the state--modeled by x--of a

dynamical system.
The purpose of this paper is to solve the following interpolation problem: find the

best least-squares estimate (t) of x(t) 0<= t<= T, given the increments of y on the
intervals [0, T1] and T2, T], where 0 < T1 < T2 < T, and the variance of x0. This problem
appears to be of considerable importance in many diverse areas of engineering, natural
and social sciences, in that it represents the common physical situation in which a
black-out has occurred concerning the flow of information about the state of a linear
system. To the best of the author’s knowledge this problem is tackled and solved here
for the first time. As a by-product, we solve the interpolation problem for the missing
increments of y.

Our approach hinges on some basic concepts and results from the stochastic
realization theory (see e.g. [7] and [13] for a bibliography) and on our previous work
[1], [9], [10] on the smoothing and interpolation problems. Indeed this paper can be
regarded as the natural continuation of the study initiated in [1] and [10] which we
take as main references. Some of our results have a compact form, being phrased in
terms of Kalman-Bucy estimates, and bear a strong analogy to the smoothing formulas.
The derivation, relying on elementary geometry in Hilbert space, is direct and
illuminating.

* Received by the editors December 14, 1982, and in revised form June 3, 1983. This research was
supported in part by a CNR fellowship at the Department of Statistics, The Florida State University,
Tallahassee, Florida and in part by a NATO fellowship at the Mathematisch Instituut, Rijksuniversiteit
Groningen, Groningen, the Netherlands.

? LADSEB-CNR, Corso Stati Uniti 4, 35100 Padova, Italy.
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The outline of the paper is as follows. In 2 we introduce the relevant mathematical
notation and formulate the problem. In 3 we construct a stochastic realization
framework about (1.1) in order to facilitate the solution of the interpolation problem.
This is done much along the same lines as in [1 ]. In the following section we determine
the optimal interpolation estimate for the missing increments of y. We then proceed
to derive a representation for . 5 is devoted to establishing several other formulas
for . Some of these representations are particularly attractive in that they allow to
get by an economical updating of previously computed smoothing or filtering
estimates. Differential equations for are also derived. The paper concludes with some
remarks on the convergence properties of and on how it changes as new information
becomes available.

2. Basic notation and problem formulation. The mathematical notation is, with
a few exceptions, the same as in [1]. This is in order to aid the reader, since we shall
quote a number of preliminary results from the latter paper. In particular, if {z(t);

[0, T]} is a centered vector Gaussian process defined on (1), , P), we denote by
H(z(t)), H-(dz), H(dz) and H(dz) the Gaussian spaces [8] induced by the com-
ponents of z(t) and by the components of the increments {z(r)- z(s); r, s I}, where
1 is the interval [0, t], [t, T] and [0, T], respectively. If H = L2(, , P) is a Gaussian
space, {. IH} denotes the orthogonal projection onto H. We write/{vlI-I} for the
vector with components { vi[H}. If K is a Gaussian space contained in H, we indicate
by HK the orthogonal complement of K in H. When R is a symmetric positive
definite matrix we write R > 0 and indicate by R a/2 its positive square root. Transposi-
tion is denoted by prime. All vectors without prime are column vectors.

In view of the Gaussian assumption, the interpolation problem can be formulated
as follows. Given {y(t)-y(s); t, s6[O, T1] or t,s[T2, T]} and the statistics of x0,
determine (t) := E{x(t)lH(T1, T2)}, where H(T1, Tz):=H:rl(dy)v Hr2(dy), i.e. the
smallest Hilbert space containing HZrl(dY) and Hr2(dy).

3. Preliminaries. Let R (t) := D(t)D(t)’. We assume that R (t) > 0 for all [0, T].
Moreover we assume that the matrix functions A(. ), B(. ), C(. and D(. are analytic
on [0, T] and that the representation (1.1) of y is minimal in the sense that there is
no other Markovian representation of y on [0, T] with a state process x of dimension
less than n. The latter assumption can be easily seen to be equivalent to deterministic
minimality of the system (1.1) with respect to the input-output map [2, p. 94] plus
minimality of the state spaces H(x(t)), [0, T] in the sense of geometric stochastic
realization theory, see e.g. [6]. While we refer the reader to [1, 1] for a complete
justification of the above assumptions, we remark here that they allow us to develop
a stochastic realization framework for the interpolation problem without obscuring
the key ideas by technicalities and without sacrificing mathematical rigor.

We start by associating to (1.1) the Kalman-Bucy filter

(3.1a) dx,=Ax, dr+B, dw,, x,(0) 0,

(3.1b) dy=Cx, dt+R 1/2 dw,, y(O)=O,

where the gain B, is given by

(3.2a) B, O,C’ + BD’)R -1/2,
the error covariance matrix

(3.2b) Q,(t) E{[x(t)- x,(t)][x( t)- x,(t)]’}
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solving the matrix differential equation

(3.2c)
O, AO, + O,A’-(O,C’ + BD’)R-I(CO, + DB’) + BB’,

O,(0) Po := E{xox’o}.

Here the innovations process { w, t) 0 <- <- T} is a standard m-dimensional Brownian
motion satisfying H-f(dw,)= H-f(dy) for all e[0, T].

We now embed the models (1.1) and (3.1) in the class 5e of all Markovian
representations of y on [0, T) which are minimal, have analytic system matrices and
have (3.1) as Kalman-Bucy filter. Hence, if x is the state process of any such model,
we have the filter property

(3.3) E{x(t)[H-f(dy)I=x,(t), t[0, T).

Shortly we shall see that there is an important realization in 5e (see (3.10) below)
whose state variance tends to infinity as T. This explains why we do not require
the elements of ow to be defined on the closed interval [0, T]. Let G := P,C’ + B,R 1/2

with P,(t):= E{x,(t)x,(t)’}. Then it can be seen [1] that G PC’+ BR 1/2, tel0, T)
for any realization in 5, where P is the state variance matrix generated by

(3.4) / AP+PA’ + BB’

with initial condition P(0)= P0. The matrices A, C, G and R are invariant over the
class 9 (indeed they determine the covariance of y [4]), whereas B, D, P, w, x and
the dimension p-> m of w vary with different representations in ow. As shown in [1],
to each model (1.1) in 5 there corresponds a backward realization of y defined on
(0, T] of the form

(3.5a) d2 -A’ dt + B d, (T) T,

(3.5b) dy=G’2dt+Dd#,

where 2r=limt_,rP(t)-lx(t) is orthogonal to H(d#), =P-1B, 2=P-ix and d#=
dw-B’P-lx dt. The invertibility of the state variance P on (0, T) is ensured by the
analyticity assumption [1]. It can be seen that, for each realization in , B and 2,
which are defined on (0, T), can be extended by continuity to all of (0, T], see [1].
Note that while the Markov property of x is reflected by the orthogonal decomposition

(3.6) x(t) =(t, s)x(s)+ (t, r)B(r) dw, s < t,

its counterpart for 2 is given by

(3.7) 2(s) (t, s)’ 2(t) + (r, s)’ B(r) d#,

where is the transition matrix defined by

(t, s) A(t)(t, s), (s, s) 1.
3t

Among models (3.5) there is their (backward) Kalman-Bucy filter

(3.8a) d2, =-A’2, dt+B, d,, 2,(T) 0,

(3.8b) dy G’2, dt + R 1/2 d#,
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driven by the backward innovations process , satisfying H+(d,)=H(dy) for all
[0, T]. The filter property is here expressed by

(3.9) E{(t)lH](dy)}= ,(t), (0, T],

for any of the type (3.5a). This realization is actually defined on all of [0, T], see
[1]. To (3.8) there corresponds a unique forward representation in ow given by

(3.10a) dx* Ax* dt + B* dw*, x*(0) =/5,(0)-1,(0),
(3.10b) dy=Cx* dt+R 1/2 dw*, y(0) 0,

where P,(t)=E{,(t),(t)’}. Thus, for t[0, T), we have

(3.1 la) E{x*(t)x+(t) ’} := P*(t) P,(t)-,
(3.11b) X,(t) P*(t)-lx*(t).

We remark that (3.1) and (3.10) are the minimum and maximum variance
realizations in ow respectively and that, under the present assumptions, O(t):=
P*( t) P,( t) is positive definite for all te[0, T), see [1]. This is due to the fact that
the time interval is finite and it contrasts the stationary infinite-interval case where
further assumptions on the process y are needed in order to ensure such property, see
e.g. [4]. We now like to derive a representation for x,(t) in terms of the past increments
of y and a representation for ,(t) in terms of the future increments of y. To do so
we first invert the systems (3.1) and (3.8) and get

(3.12) dx, F,x, dt + B,R -1/2 dy, x,(0) 0,

(3.13) dg, -P,g, dt +/,R-1/2 dy, ,( T) O,

where the feedback matrices F, and P, are given by F,=A-B,R-1/2C and f’,=
A’+ J,R-1/ZG’. Integrating (3.12) and (3.13), we then obtain

(3.14) x,(t)=(t,s)x,(s)+ (t,r)B,(r)R(r)-1/2 dy, s<--t,

I(3.15) ,(s)=(t,s),(t)+ (r,s),(r)R(r)-1/2 dy, s<-t.

Here and are transition matrices satisfying

(3.16) O--(t, s) r,(t)(t, s), (s, s) I,
ot

(3.17) ---(t,s)=(t,s)P,(t), (s,s)=I.
ot

Let us also recall [1] that 2(0: O(t)-l(x*(t)-x,(t)) is a Markov process generated
by

(3.18) d2=-r’,2 dt-C’R -1/2 dw,, 2(T) =0,

and therefore Q-1 satisfies

0-1- Q-1F, C’R-1C, Q-l(T) 0(3.19) (0-1 -r,
Finally we like to stress the fact that from the knowledge of P0, A, B, C and D we
can compute such quantities as P,(t), P*(t), B,(t), ,(t), r,(t), P,(t), O,(t) and
O*(t) := P*( t) P( t), see [1, 3] for details. This should be understood when we call
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solutions to the interpolation problem various expressions in 4 and 5 which we involve
the above mentioned quantities.

4. A solution to the interpolation problem. In this we solve the interpolation
problem for y, which is of independent interest, computing 2f(t)-(s):
E{y(t)-y(s)[H(T1, T2)} for T1 <= s=< t-<- T2. Next we show that yields a representa-
tion for (t), [0, T]. Other, more compact, expressions for (t) will be derived in
5 without resorting to . The proofs of the three lemmas and of the theorem below

are trivial modifications of the proofs of the equally numbered results in [10] and are
therefore deleted. Let us just remark here that the key step in the derivation consists
in showing that the two vectors {x.(T1), g,(T2)} represent a "sufficient statistic" for
the estimation problem (Lemma 4.2).

LEMMA 4.1. The space H( T1, T2) admits the following orthogonal decomposition:

(4.1) H(T,, T2)=N-[H(x,(Ta)) v H(g,(T2))]@N+,
where N-:= Hr(dy)(g(x,(T)) and N+: Hr(dy)(H(2,(T2)).

LEMMA 4.2. g((t)-(s))c[H(x,(T1))v H(2,(T2))].
LEMMA 4.3. The components ofthe vector x*( T2)-q( T2, T1)x,(T) are orthogonal

to H(x,(T)). Moreover its variance

(4.2) II e*(r2)-( r2, rl)e,(r)( Tz, rl)’

is positive definite.
THEORFM 4.4. The interpolation estimate is differentiable on (0, T). Its derivative

admits the following orthogonal decomposition:

(4.3) d__= H( t)x,( TI) +K t)II_I[x,( T2)_( T2, T)x,( Ta)],
dt

where H(t):=C(t)(t, T1), K(t)=G(t)’ai,(T2, t)’-C(t)(t, T)P,(Ta)(T2, TI)’
and H is defined by (4.2). Let )(t)= y(t)-(t) denote the estimation error. Then

E{[(t) (s)][(t) ( s)]’}

(4.4)

[H(7.-cr)B,(o’)B,(r)’H(r’-cr)’] dcrd7.d7.’
T1

+ [H(r-r)B,(cr)R(o’)a/2+R(r)’/2B,(cr)’H(7.-cr)’] dcrdr

+ R(r) &r-M(t- s)II-’M(t- s)’

where 7. ^ 7’’ := min (7", 7’’) and M(t s) K (7") dT’.
Observe that the last term in (4.3) represents a modification of the prediction

estimate due to the extra information Hr2(dy). It is easy to derive from (4.3) the
following symmetric expression:

(4.5) d___=/ t)l_1P, T1)_ x,(T1) +K t)l-[-1P*(T2)2,(T2)dt

where I(t) := C(t)cI,(t, T)-G(t)’(T2, t)’P*(T2)(T2, T) and 1]:=P,(T)-a-
(T2, T)’P*(T2)-(T2, T). Then (3.14) and (3.15) yield the following result.
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THEOREM 4.5. The derivative of the interpolation estimate is given by

=d Ir’
K(t)H_P,(T)_(T1,- r)B,(r)R(r)-1/2 dydt

(4.6)
+ K(t)II-1p*(T)(r, Tz),(r)R(r)-1/ dy.

T

This solves the interpolation problem for y. Other representations for ) can also
be easily derived from (4.3) and (4.5) along the lines of [10].

We now turn to the problem of estimating x(t), re[0, T]. Let 2(t):=
E{x(t)lH(dy)} be the smoothing estimate. Then

(4.7) 2,(t) O*(t)O(t)-x,(t) + O,(t)O(t)-1P*(t),(t),
see [1: Thm. 4.1]. Using (3.14) and (3.15) again, we get

(4.8a)

where

(4.8b)

(4.8c)

x(t) T(t, s) dy(s)

T(t, s)= O*(t)O(t)-l(t, s)B.(s)R(s)-1/2 for s-_< t,

T(t, s)=-Q.(t)Q(t)-lp*(t)(s, t).(s)R(s)-/2 for s> t.

Notice that the kernel T(t, is in general discontinuous at s t.
THEOREM 4.6. The interpolation estimate is given by

T,
+ T( t, s) d( s) + T( t, s) dy( s)(4.9) ( t) T( t, s) dy( s

T1 T2

where T is as in (4.8) and d as in (4.6).
Proof. Since 2(t) is just the orthogonal projection of x(t) onto/4(T1,T2) and the

right-hand side of (4.9) clearly belongs to such space, it suffices to show that x(t) (t),
with defined by (4.9), is indeed orthogonal to H(T, T2). Note that, in view of (4.8a)
we can write x(t)-(t)=x(t)-s(t)+JT(t,s)dy(s)-T(t,s)d(s). It only
remains to observe that x(t)-s(t) is orthogonal to H(dy) which contains H(T1, T2)
and the difference between the two integrals is orthogonal to H(T, T2).

Now inserting (4.6) into (4.9), we can readily obtain an expression for 2 in terms
of the available increments of y. Such a representation, however, is not compact and
it takes long and tedious calculations to turn it into a more manageable one. On the
other hand we would like to have formulas for in terms of x, and g,. This because
in some situations it might be possible to compute by simple updating of previous
estimates phrased in terms of the two filters. We also like, whenever possible, to get
a differential equation for .f. All of this motivates our study in the next section.

5. Main results. We first consider the case when T, T2].
THEOREM 5.1. The interpolation estimate ,(t) is given by

(5.1) (t) =(t, T,)x.(T,)+ U(t)(T2, t)’H-’[x*(T2)-cb(T2, T,)x.(T,)]

for all e TI, T2], where

(5.2) U(T) := P(t)-dp(t, T,)P.(T,)(t, T,)’
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and II is defined by (4.2). Let E(t):= E{[x(t)-(t)][x(t)-(t)]’} be the error variance

function. Then

(5.3) Z(t) U(t)- U(t)(T2, t)’I-I-aq(T2, t)U(t).

Proof. The proof is very similar to that of Theorem 4.4 and is outlined here
for the sake of continuity in exposition. The components of (t)-(t, T1)x,(T1)
are orthogonal to Hrl(dy) =N- since E{2(t)lHCr(dy)}=E{x(t)tHTr(dy)}=
d(t, T1)x,(T1). Hence H(2(t))_I_N-. Similarly it is seen that H(2(t))_I_N+. It then
follows from Lemma 4.1 that H(2(t))c[H(x,(TI))v H($,(T2))]. Next observe that,
in view of (3.11b), the components of x,(T1) and x*(Tz)-(T2, T1)x,(T1) span the
latter space. Expression (5.1) is now a consequence of Lemma 4.3 and of a standard
projection formula. Finally, the orthogonality between the estimation error x(t)- (t)
and the estimate (t) quickly yields (5.3). S

Formula (5.1) can be written in a symmetric form. Define

(5.4) V(t):=O(t, T2)P*(T2)O(t, T2)’-P(t)

and Z( t) := cb( T2, t)’l-I-lcI)(T2, t). Then (5.1) becomes

(5.5) (t)= V(t)Z(t)O(t, T)x,(T)+ U(t)Z(t)O(t, T2)x*(T2).

Here and in the sequel it should be understood that the vectors x,(Ta) and x*(T2)
can be computed from the data via (3.12), (3.13) and (3.11b). Also U can be easily
seen to satisfy (3.4) on [Ta, T2] with initial condition U(Ta)= Q,(Ta), whereas V is
given by

(5.6) (/= AV+ VA’- BB’, V(T2) O*(T2).

It is not difficult to derive other representations for the optimal estimate from Theorem
5.1.

COROLLARY 5.2. Let t(T1, T2). Then U(t) and V(t), as given by (5.2) and
(5.4) respectively, are positive definite and the interpolation estimate is given by

(5.7) (t)=Z(t)[U(t)-l(t; T1)x,(T1)+ V(t)-l(t, T2)x*(T2)]

with the error variance satisfying

(5.8) (t)-1= U(t)-l+ V(t)-1.

Before proving this result let us remark here that it brings to light a striking
analogy between the interpolation problem for x when T1, T2] and the smoothing
problem. Indeed equations (5.7) and (5.8) are quite analogous to the Mayne-Frazer
smoothing results, see e.g. (4.14) and (4.15) in [1], with (t, T1)x,(T1) and

(t, Tz)x*(T2) playing the roles of x,(t) and x*(t), respectively. Also notice that U
and V act here a O, and O*. Relating quantities as above also exposes-the similarity
between (5.1), (5.3) and (5.4)--here (5.1) can be rewritten as :(t) (t, Ta)x,(T)+
U(t)Z(t)[rb(t, Tz)x*(Tz)-(t, T1)x,(T1)]--and equations (4.13), (4.8) and (4.7) in
[1] where Z corresponds to 0-1. All of this is hardly surprising since the Hilbert space
geometry of the two problems is quite similar.

Proof of Corollary 5.2. Integrating the downstar version of (3.4) between T1 and
yields U(t)= O,(t) h-rl (t, s)B,(s)B,(s)’(t, s)’ ds. The controllability Gramian

is positive definite because of total controllability [1, Lemma 2.2]. Thus U(t)>0
for all t(T1, T2). Similarly, integration of (3.4) on It, T2] gives V(t)=

(t, T2)[Q*(T2)+f (T2, s)B(s)B(s)’(T2, s)’ ds](t, T2)’ from which the positive
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definiteness of V(t) follows. Given the analogy with the smoothing problem, it is clear
that the rest can be proven by following the same lines as in [1, Corollary 4.1] or,
alternatively, by employing a standard formula [3] for optimal weighting of two
estimates with orthogonal errors. In fact, in view of (3.3), (3.11b) and (3.9), we have
E{[x(t)-(t, T1)x,(Ta)][x(t)-(t, T2)x*(T2)]’}=P(t)-(t, T1)P,(T1)(t, T1)’+
(I)(t, T1)P,( T1)di)( T2, T1)’(I)(t, T2)’- P( t) O.

COROLLARY 5.3. The interpolation estimate( t) satisfies on T1, T2] the differential
equation

d
(5.9) d--= A+BB’U-I[-(t, rl)x,(T1)]

with boundary condition (T2) Q*( T2)II-( T2, T1)x,(T1) + U( T2)II-lx*(T2).
Proof. Multiplying U(t) by (T2, t)’ in (5.1) and then differentiating, we get

d [d-- a(t)*(t, T1)x,(Tx) + P(t)*( T2, t)’ + P(t)-07 T2, t)

-A(t)(t, T1)P,( T1)( T2,

n-[x*(r-(r, rx,(r].
Now, using (3.4) and the adjoint equation for , the above equation becomes

d2
(5.10) d---=A(t)(t)+B(t)B(t)’(T, )’II-[x*(T)-(Ta, T)x,(T)].

Since U is positive definite on (T1, T), we can solve (5.1) for (T, t)’II-l[x*(T.)
T, T)x,( T1)]. Thus (5.10) reduces to (5.9). The boundary condition follows directly

from (5.5).
Again we notice a similarity between (5.9) and a classical smoothing formula due

to Rauch, Tung and Striebel [11]. It is worthwhile remembering, however, that a
rigorous derivation of the Mayne-Frazer and Rauch, Tung and Striebel formulas
requires further assumptions on the model (1.1), see [1, 4] for details.

We now turn to the case when (T1, T). We shall need a preliminary result
Theorem 5.5 belowwhich is of interest in its own. Let us introduce F*:=
A_B,R-1/.C.

LEMMA 5.4. On the interval [0, T) we have

(5.11) ., (p,)-lp, (P*)-F*P*,

(5.12) , p,)-lp, (p,)-i O0-1p, + (p,)-i OF’, O-1P*.

Proof. Since /,=(P*)-IB* and G=P*C’+B*R 1/2, we have that ,=
A’+(P*)-IB*B*’+(P*)-IB*R-1/ZcP*. Now use (3.4) for the maximum variance
realization to get (5.11). Next observe that because of the invariance of G over 5e we
have F* =F,+OH’R-1H. It can be easily seen, for example from (3.19), that
satisfies 0 F,Q+ OF+ OH’R-1HO. We conclude that

(5.13) F* Oo-1 OF,
Inserting (5.13) into (5.11) yields (5.12).

Let * be the transition matrix satisfying

(5.14) O---*(t, s) F*(t)q*(t, s), **(s, s) I.
Ot
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THEOREM 5.5. Let s and belong to [0, T). Then

(5.15) (s, t) P*(t)-l*( t, s)P*(s),

(5.16) *(t, s)= Q(t)(s, t)’Q(s) -1,

(5.17) CIt( s, t) P*( t)-I Q(t)( s, t)’ Q( s)-lp*( s).

Proof. Taking the partial derivative of the right-hand side of (5.15) with respect
to s, we get P*( t)-l*( t, s)[-r*(s)P*(s)+P*(s)] which, in view of (5.11), is equal
to P*(t)-l*( t, s)P*(s)f’,(s). By uniqueness of the solution to (3.16) we conclude
that (5.15) must hold. Differentiating the right-hand side of (5.16) with respect to t,
we get [O(t)-Q(t)F,(t)’](s, t)’Q(s)- which is F*(t)Q(t)(s, t)’Q(s)- because of
(5.13). Uniqueness in (5.14) now gives (5.16). Inserting (5.16) into (5.15), we get
(5.17). D

This result, together with Lemma 5.4, can be regarded as a generalization to the
nonstationary setting of 14, Lemma 8], which is key to the classification of all solutions
to the algebraic Riccati equation, and of a related result of stochastic realization theory
[12, p. 53].

THEOREM 5.6. Let [0, T1]. The interpolation estimate (t) is given by

2(t)= x,(t)+Q,(t)2(t; T1)
(5.18)

+ Q,(t)xIt( T,, t)’( T2, T,)’II-l[x*( T)-( Ta, T1)x,( T1)]

where 2(. ;T1) is defined as the solution to equation (3.18) on [0, El] with initial
condition 2(T1; T)= 0. The error variance matrix is given by

E(t) O,(t) O,(t)[ Q(t)-1- xIt( T1, t)’
(5.19) O( T1)-I -dP( T2, T1)’II-I(T2, T1))*(T1, t)]Q,(t).

Proof First observe that 2(t) E{L(t)IH(T, T2)}- Q*(t)Q(t)-x,(t)+
Q,(t)Q(t)-Ip*(t)E{,(t)IH(T1, T2)} because of (4.7) and (3.3). Next notice that, in
view of (3.15), the components of ,(t)-(T1, t):,(T1) belong to H(T1, T2). Thus

(t) Q*(t)Q(t) -1 x,(t) + Q,(t)Q(t)-l[x*(t) P*(t)CIt( T, t)P*(T1)-1 x*( T1)]

(5.20) +O,(t)Q(t)-P*(t)(T,t)E{,(T)IH(T, T2)},

where we have used (3.11b) twice. It should be clear that one can argue along the
same lines as in Theorem 5.1 that x,(T1) and ,(T2) represent a "sufficient statistic"
for the projection E{,(T1)IH(T1, T2)}. By Lemma 4.3 the latter then becomes

E{(T1)IH( T1, T2)}
(5.21)

P*( T,)-’[x,( T,)+ Q( T1)aP( T)., T,)’II-(x*( T)-( T2, T,)x,( T1))].

Inserting (5.21) into (5.20) and taking (5.17) into account, we get

2( t) x,( t) + Q,( t)[2( t) ( T,, t)’ 2( T1)]

+ Q,(t)xtt( T1, t)’( T2, T)’II-[x*(T2)-( T2, T1)x,( T1)].

Expression (5.18) now follows from the fact that 2(t)-xlt( T1, t)’2(T) satisfies (3.18)
on [0, T1] and is zero at T1. The expression (5.19) for E finally follows from the
usual orthogonality condition, l

COROLLARY 5.7. Let te[0, T] and 2(t; T1): E{x(t)lHTr,(dy)}. Then

(5.22) 22(t) (t; T1)+Q,(t)(TI, t)’(T2, T1)II-I[x*(T2)-(T2, rl)x,(rl)].
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Proof. The result is an immediate consequence of (5.18) and of [1, Thm 4.2]. [3

The usefulness of the decomposition (5.18) is now apparent. Not only are the
three terms on the right-hand side pairwise orthogonal--corresponding to the decompo-
sition H( T1, T2) H-(dy) Hct,rlj(dw,)[H( T1, T2) f’l (H(dy)( Hrl(dy))] with the
obvious significance of the symbols--but we also have the orthogonal decomposition
(5.22). Hence, in the case that the smoothing estimate s(t; T1) has already been
computed and the new information Hr2(dy) becomes available, the estimate can be
optimally updated according to (5.22).

Let us introduce (:=pl_(p,)-l, (,:=p-l_(p,)-l, g,:=p-lx, and
2b(’; T2) as the solution on [T2, T] to the equation

(5.23) d2b=f’,2bdt-GR-1/2 dCv,, 2b(T2; T2) 0.

It can be shown, as done for 2(t; T) in Theorem 5.6, that the variance Ob of b is
given by

(5.24) 0b(/) t(t)-l--x(t, T2)’0-xlt(/, T2).

THEOREM 5.8. Let T2, T]. The interpolation estimate ( t) is given by

(t) P(t)[$,(t)+ O,(t)2b(t; T2)+ (,(t)CIr(t, T2)’(T2, T1)

I]-112"*(T1)- (T2, T1)’$,(T2)]]

where b satisfies (5.23). The error variance matrix is given by

Y(t)=P(t)[O,(t)-O,(t)[O(t)-l-(t, T2)’(0(t)-1

(5.26) -I’(T2, T)I]-(T2, T)’)(t, T2)]O,(t)]P(t).
Proof. Following exactly the same argument as in [1, 4], but employ-

ing backward quantities, one can readily establish the result 2s(t)=
P(t)[O*(t)O(t)-l$,(t)+O,(t)O(t)-l$*(t)] where 0": P;’-P-’. The proof is now
completely analogous to that of Theorem 5.6. [3

Although the structure of (5.25) is the same as (5.18), this representation does
not appear to be as useful as the previous one except in the case when the "old"
information HYrx(dY) becomes available after the smoothing estimate corresponding
to Hr2(dy), represented here by P(t)[g.(t)+ O,(t)2b(t; T2)], has been computed. The
following expression, phrased in terms of forward quantities, can alternatively be
employed.

PROPOSITION 5.9. Let [Tz, T]. The interpolation estimate ( t) is given by

(5.27)

2(t)= O*(t)O(t)-lqt(t, T2)Q( T2)II-( T2, T)x,( T1)

+ O*(t)O(t)-W(t, s)B,(s)R(s)-/ dy+ O,(t)O(t)-Ix*(t)
re

+ O*(t)O(t)-(t, re)(I-O(re)II-)x*(r.).

Proof. By (4.7) we have 2(t)=Q,(t)Q(t)-lx*(t)+E{Q*(t)Q(t)-lx,(t)lH(T1,
T2)}. Observing that the components of x,(t)-(t, T2)x,(T2) belong to H(T1, T2)
and that x,(T1) and $,(T2) represent a sufficient statistic for the projection
E x,(T2) IH( T1, T2) }, we get

(t) Q,(t)Q(t)-lx*(t)+ Q*(t)Q(t)-l[x,(t)-(t, T2)x,(T2)]
+O*(t)O(t)-l(t, T2)[(T2, T1)x,(T1)

+ (I- O( Tz)H-1)(x*( Tz)-( T2, T)x,( T))].
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Taking (3.14) into account, we get (5.27). El
The following result is a corollary to Theorems 5.6 and 5.8.
PROPOSITION 5.10. The interpolation estimate ( t) satisfies on [0, T] the stochastic

differential equation

(5.28) d=A,dt+B(I-D’R-D)B’dt+BD’R-/2(dy-Cdt),
with initial condition(T) x,( T) + O,( Ta)( T2, T)’I-I- (x*(T2)-( T2, T,)x,( T))
and on T2, T] the stochastic differential equation

(5.29) d=(A’+BB’P-)dt+(I-D’R-D)B’dt+D’R-’/Z(dy-G’P-dt)
with initial condition ,( T2) x*(.T2) O*( Tz)II-[x*(T2)-( T2, Ta)x,( T)]. The vec-
tor pocesses and are given by

so(t) := 2(t; T,) +( T,, t)’( T2, T,)’n-’[x*(T2)-( T2, T1) x,( T1)],

:(t) := e(t; T)+,t,(t, T)’(T, T,)fl-[*(T,)-(T, T,)’Z.(T2)].

Proof Differentiating (5.22), we get

d;(t) ds(t; T1)/[O,(t)-F,(t)’O,(t)](T1, t)’

x (T:, T)’n-{x*(T2)-(T, T1)x.(T)].

Rewriting (3.2c), we see lhat Q,-F’,Q,=F,O,+Q,C’R-ICO,+B(1-DR-1D’)B’.
By (3.2a) we also have F, + O,C’R-C A-BD’R-/2. Taking (5.22) and [1, Corol-
lary 4.2] into account, we conclude that (5.28) must hold. In a completely dual way
one can argue that :=P- satisfies d=-A’fcdt+(I-D’R-1D)’((t)+
D’R-/2(dy-G’fcdt) from which (5.29) quickly follows using (3.4). l1

Once more the analogy with the smoothing problem [1, Corollary 4.2] is apparent
and it carries over to some special cases. First let BD’ 0, which corresponds to the
standard assumption in the filtering literature of uncorrected state and observation
noises. Then is ditterentiable and (5.28) reads

(5.30) d_=A+ BB’s.dt

Under the extra assumption that Q,(t)>0, (5.30) reduces to

d;
(5.31) dt-A.+BB Ql(.- x,).

Secondly, suppose that D is a square matrix. Then D’R-D I and (5.28) reduces to

(5.32) d; A; dt + BD’R-1/2(dy-C. dt).

Equation (5.30) should be compared to (4.30) in [1], whereas (5.31) and (5..32) coincide
with (4.30) and (4.31) in the same paper except for the initial conditions which differ
by the amount Q,(T)(T2, T)’I’I-[x*(T2)-(T2, T)x*(T1)]. Similarly, (5.29)
reduces to simpler equations in the cases considered above.

6. Closing comments. Theorems 5.1, 5.6 and 5.8, together with Corollary 5.2,
Corollary 5.3, Proposition 5.9 and Proposition 5.10, furnish several procedures to
calculate ;(t), t[0, T]. It is apparent from these results that, as expected, is
continuous on [0, T] in L2,(f/, , P) and that it converges to the smoothing estimate
as ITs-T2] tends to zero. It also converges to the prediction estimate for (T, T)
and to s(t; T1) for [0, T1] as T2 tends to T.
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Finally we like to remark that the expressions obtained for are easy to update
as T increases. Indeed, as new information is acquired, it suffices to change x* and
related quantities in the formulas. This should be done considering how the backward
filter changes. For instance, if $,(t; T+h) denotes such a filter for the interval
[0, T+ h], we simply have ,(t; T+ h) ,(t)-Fl-+h alP(s, t)’,(s) d,. In particular,
if t[0, T2], only x*(T2) and P*(T2) need to be changed in (5.18) and (5.1).
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STATE DEADBEAT RESPONSE AND OBSERVABILITY
IN MULTI-MODAL SYSTEMS*

LUTHER T. CONNER, JR.? AND DAVID P. STANFORD?

Abstract. This paper deals with two aspects of multi-modal systems. First we show that any completely
controllable multi-modal system, with state dimension n not exceeding 3, is capable, through feedback, of
state deadbeat response. We conjecture that the result holds for all n, as is the case for the classical
single-mode system.

Certain properties of multi-modal systems indicate that they differ significantly from the single-mode
systems. For example, the controllable set is not in general a subspace, and furthermore, the number of
steps necessary to reach all states in the controllable set is not bounded by the state dimension. In this
paper, we obtain bounds for this number in the case of a completely controllable system with n =< 3, and
use them to establish state deadbeat response.

The second portion of this paper refines the controllability canonical form for a multi-modal system.
This is accomplished through the introduction of a notion of observability, dual to controllability for these
systems.

Key words, multi-modal system, controllability, state deadbeat response, observability, controllability
canonical form

Introduction. This paper discusses linear discrete-time systems of the form

x+ Gx +Du,
where the pair (Cp, Dp) is selected from a finite set {(G, Di)}=l of pairs, with C a
real n x n matrix and Di a real n x m matrix. We will refer to such a system as a
multi-modal system. In contrast to the usual time-varying discrete-time system xk+l
Ckx +Du, the pair (Cp, Dp) employed at time k is not, in general, determined by k
or dependent upon the control u selected. In fact, the basic problem studied in this
paper, and in the authors’ previous papers on this system, can be stated as follows.
Given a system L {(C, D)}=I, what effects can be produced by various choices of
control laws for the system? We assume feedback controls of the form uk Fpx, so
that the choice of the pair (Cp, Dp) at time k also determines the feedback matrix Fp.
Thus, a control law would consist of a scheme for selecting an index p for each time k.

Multi-modal systems arise naturally in the study of multi-rate sampled-data
systems (see [3]), and ,may have applications in variable structure systems and in
switched capacitor circuits.

The stabilizability of multi-modal systems through feedback has been investigated
in 1 ]. Pre-contractiveness and contractiveness of the closed-loop system are introduced
and the selection of feedbacks is discussed. In [3] and [4], the concept of controllability
is extended to these systems, and the set of points reachable from zero (the "controllable
set") is investigated. It is shown that the controllable set is a subspace under certain
hypotheses, but not always. When this is the case, an extended version of the controlla-
bility canonical form is obtained, and it is applied to the study of state deadbeat
response and more general forms of stabilizability.

This paper deals with two aspects of multi-modal systems. First, we place in the
standard literature results which previously appeared only in technical reports, but
which are referred to extensively in [3]. We show that any completely controllable

* Received by the editors April 1, 1981, and in revised form March 15, 1983. This research was
supported by NASA-Langley Research Center under grants NAS1-14972 and NAS1-16042.

? Department of Mathematics and Computer Science, College of William and Mary, Williamsburg,
Virginia 23185.
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system, with n _-< 3, allows a choice of feedback matrices resulting in a state deadbeat
response. Some parts of our work are valid for arbitrary n, and we conjecture that
for all n the state deadbeat response can be obtained under the hypothesis of complete
controllability. Although this fact follows easily from the pole-placement theorem for
a single-node system, we have been unable to prove it for general n in a multi-modal
system. Our work, which includes the determination of a bound on the number of
iterations necessary to reach an arbitrary state, is very cumbersome. The fact that the
bound is in general greater than n indicates the need for an entirely different approach
to the problem from that used in the single-mode case.

The second portion of the paper refines the controllability canonical form for a
multi-modal system (see [3]). This is-accomplished through the introduction of a notion
of observability, dual to controllability, for these systems.

2. Controllability in multi-modal systems. We list here for convenience the defini-
tions, notation and results from [3] which will be used in this paper. Throughout the
paper, n, m and N denote positive integers, with m < n.

A multi-modal system is an indexed set of pairs L--{(Ci, Di)}=I, in which Ci
and Di are real n x n and n m matrices respectively. L represents a discrete-time
control system of the form Xk+l Cpxk + Dpu, as described in the introduction. We
will denote by

EO(n, m, N)

the set of all such systems L. Those systems in which all G’s are nonsingular and all
Di’s are of full column rank are of particular importance in our work, and this subset
of E(n, m, N) will be denoted by

E(n, m,N).

Multi-modal systems arising from multi-rate sampled-data systems belong to
E(n, m,N).

For each positive integer k we let k {1, 2,..., k}. A control law for a system
L in Z(n, re, N) consists of a selection of mn feedback matrices {Fi}=I and a
sequence of indices from N. In this paper we will be concerned with finite sequences
of indices, and so we let Fk denote the collection of all k-termed sequences with terms
in N.

For any LE(n, re, N) and any index-sequence y 13 kl’k, we denote by S(L, y)
the set of states reachable from 0 using y; that is,

S(L, y) contains provided there is a sequence {Ui}S=l from R such that Xk+I X,
where Xl =0 and Xi+l Cv(ixi + Dv(i)ui, k.

We let S(L) denote the set of all states reachable from 0; that is

s() u u s(, v).
k yF

For L={(Ci, Di)}i=lE(n,m,N) and yFk, S(L, y) can be described as the
column space of a controllability matrix as follows. Given i, j k with i_-< j, we define

C( y, j, i)= Cy(j)Cy(j_I) Cy(i).

C(y,i) will denote C(y, k,i), C(y; i) will denote C(y,i, 1), and C(y) will denote
C(y, k, 1). We define the n km controllability matrix

P(L, y)= [Dr(k), C(% k)D,(k-1), C(% k-1)Dv(,_2),’’’, C(y, 2)D.(1)].
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Then S(L, y)=CS(P(L, y)), where CS denotes column space, so that S(L)=
U k U ,rk CS(P(L, 3’)).

The set of reachable states S(L) is not, in general, a subspace of R" (see the
example in [3]). If, however, each C is nonsingular (as is the case when L Z(n, m, N)),
then S(L) is a subspace of R". Furthermore, whenever S(L) is a subspace, there is a
finite index-sequence y such that S(L)= S(L, y).

A system L 5:(n, m, N) is completely controllable provided S(L)= R". It follows
that L is completely controllable if and only if there is a finite index-sequence y such
that rank (P(L, y))= n.

3. Bounds on the minimal length of a controlling index-sequence. In this section
we derive bounds for the number of steps required to control a completely controllable
multi-modal system in which n _-< 3, and we provide some information for general n.
The problem of determining whether or not a multi-modal system is completely
controllable is made finite by these bounds. Furthermore, these bounds will be used
to establish our results on state deadbeat response.

We will employ the following notation. If L 5:0(n, m, N), then b(L) is the smallest
number of steps which is sufficient to reach any reachable state. If no such number
exists, then b(L)= +c. More precisely,

b(L) min { k]x S(L) implies there is e/ and 3’ e 1-’i such that x S(L, y)}.

It is not known whether L e 5:(n, m, N) implies b(L) finite. However, it is shown in
[3], that b(L) is finite if and only if S(L) is the union of finitely many subspaces of R n.

Restricting our attention to completely controllable systems in 5:(n, m, N), we
will denote by B(n, m, N) the maximum value of b(L) overall completely controllable
L e 5:(n, m, N). Thus for any completely controllable system in 5:(n, m, N), any state
can be reached in /3(n, m, N) or fewer steps. Thus for the classical system (N 1),
we have B(n, m, 1) _-< n.

Many of the arguments in this section and the next require knowledge of the rank
of the matrix [D1, D2,’’’, DN] formed from L-{(Ci, Di)}l. We define, therefore,
for m <- p _-< n,

5:p(n, m, N) {L 5:(n, m, N)[rank ([D1, D2,’" ", DN]) p},

Bp(n, m, N) max b(L)IL 5:n(n, m, N) is completely controllable}.

THEOREM 1. If LeYn(n,m,N), then L is completely controllable and b(L)<=
n- m + l. Thus B(n, m, N) <-_ n- m + l.

Proof. A controlling index-sequence will be constructed inductively. Let/31- 1,
so that

m rank (D) < n.

Suppose ill, f12,""",/3 have been chosen so that

m + r- 1 <= rank ([Dth, Ct1Dt2,
,, C[31 C[32 C[3r_1Dr]) < n.

Since rank (C,C2... Cr[DI, O2,’’’, DN])"-n, there is a /3r+1 such that

m + r <_- rank ([D,, C,Dt2,
,, Ct C2... C,D,+,]) <_- n.

Clearly, for some k _-< n- m + 1,

rank ([D,, C,D, ,, CC C_D]) n,

and so y (/3k,/3k-1, ",/31) Fk is a controlling index-sequence.
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THEOREM 2. If L E(n, n 1, N) is completely controllable, then b(L) 2, and
thus B n, n- 1, N) 2.

Proof. Let L {(Ci, Di)}S=l E(n, n-- 1, N) be completely controllable. Certainly
b(L) 1. Assume b(L) > 2. Then for all/3 (i, j) F2,

rank (P(L,/3)) =rank ([Dj, CD,]) n- 1,

which implies CS(CjD)=CS(Dj). It follows that, for any 3’1-"k with k>2,
CS(C(y, 2)De(l)) CS(De(k)), and so rank (P(L, y)) n- 1, which contradicts the
complete controllability of L. Hence b(L)= 2.

Since we are concerned here primarily with n =< 3, we observe that, in particular,
B(2, 1, N) 2 and B(3, 2, N) 2.

LEMMA 1. If L E(3, 1, N) is completely controllable, b(L) k, and 3" Fk with
rank (P(L, 3"))= 3, then all interior columns of P(L, 3’) are multiples of some fixed
nonzero vector

Proof. Deleting the last column of P(L, 3") results in P(L, r), where rFk-1.
Alternatively, deleting the first column of P(L, 3") results in Crk)P(L, ), where
’Fk-1. Since each of P(L, r) and CekP(L, r) has rank less than 3, the lemma
follows.

THEOREM 3. B(3, 1, N) 4 for N >= 2.
Proof. Theorem 1 implies B3(3, 1, N) 3.
We next prove that B2(3, 1, N)= 4 for N-> 2.
Let L {(C, d)}__ E2(3, 1, N) be completely controllable with N >= 2. Assume

b(L) k -> 5. Then for each o- Ft with < k, rank (P(L, r)) < 3. Let 3’ Fk with

rank (P(L, 3’))= rank ([dr(k) Ce(k)de(k_l) * * *, Ce(k) Ce(2)de(1)])= 3.

It follows, using Lemma 1, that
(1) Ce(i)d/(i_l) Zde(i) for any , e R, for i= k and i=2;
(2) Ce()de(i_l aide( for some nonzero ai R, 2 < < k;
(3) Ce(k)Ce(k_l) Ce(z)de(1) T=span {Ce(k)de(k_l) dr(k)}.
We will obtain a contradiction to (3), thus proving that b(L)<_-4. Let S=

span {dl, d2,""", dN}. We will prove that:
a) S is invariant under Cei), 2 < < k;
b) Ce(z)de(1) S;
c) Cek)Cek_l maps S into T.

Once these have been established, it follows that Cek)Cek_l Ce(z)de(1) G T, contra-
dicting (3).

To prove a), let 2 <i< k and select pc N so that rank ([de_l, dp])= 2. Then
using (2), rank ([de), Ce)dp])= 2.

For j N, since b(L) _-> 5, rank ([dei), Cei)dp, Cei)Cpdj]) 2, which implies
Cv(i)Cpdj=t.J,1Ce(i)dp’k-1.1,zde(i) for some p,1,/.t,2 G R. Using (2), Cpdj

-1 de S. Hence, S is invariant under Cp and so S is also invariant underI dp q- [ub2 0l i--1)

C.
Again for j N

rank ([dei, Cei)dp, Cei)Cpdei, Cei)CpCi)di])= 2,

and so Cei)CpCei)d tzaCeidp + tz4dei
S. Since S is invariant under C1, Cei)d S, and so a) is proved.

We next prove b). First suppose there is an i, 2 < < k, with rank ([dei), dez]) 2.
Then using (2), we see that de(3) and Ce3)de are linearly independent. Since b(L) >= 5,

rank ([de(3), Cv(3)de(i), G(3)G(i)de(2, Cv(3)Cv(i)Cv(2)de(l)])= 2,
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and so Cv(3)f.,/(i)f.e(2)d.e(1)
/xsdri) +/z6ced,(2) E S. By a), S is invariant under C), and so Cr2)dv) S.

Next, suppose rank ([dr), dr2)]) 1 for 2 < < k. Then each of d2) and d(3) is
a multiple of de(-l), and, using (1), rank ([dr), C)d)])= 2 for i= 2, 3. Select q
so that rank([do, dv2)])=2. Then rk ([d, C)d3), C)Ce3)dq])=2, and
SO Cy()Cy(3)dq 7C()dr(3)+ 8d() with 8 0. Hence, dq

--1 --1 C37adr(2) + 8C(3)C()d(), and so C)dr) S. Since S is invariant under
C3), Cdr) S. Now rank ([dr, Crdr2), CrCr2)da)]) =2, and so
Cv()Cv(z)dy(1) 9Cy()de(2)
and b) is established.

For N, rank ([d), Cd_, CC_ad]) 2, and so Cr)C_)d
This proves c), so b(L)4 and thus B2(3, 1, N) 4.

On the other hand, let L={(Q, d)}= 2(3, 1, N) be defined by

C 0 d
0

0 0 1 0

G 1 0 di i=2,3,... ,N.
0 0

Computation shows that rank (P(L, )) < 3 ffor F3 and rank (P(L, y)) 3 for y
(1,2, 1, 1). Thus L is completely controllable and b(L) =4. Hence B2(3, 1, N) =4.

It can be shown in a similar manner (see [2]) that B(3, 1, N) =4 for N2, and
the theorem follows.

The following discussion shows that B(n, 1, 2) 2n-3 for 4 n 8. It is trivial
to extend these examples to N> 2, and we conjecture that B(n, 1, N) 2n-3 for all
n,N>l.

Suppose n Z, n 6, and {el, e2," , e,} is the standard basis for R". Let C and
C2 be the n n matrices defined by

Cle el, C1 e2 e_, C1 e3 en,

Ce e-i+2 for 4 ] n 2,

Cle,-1 e2, Cle, e3, and

C2ej en-j+l for 1 j n.

Then L {(C1, el), (Cz, e2)} Z(n, 1, 2), and computation shows that b(L) 2n-3 for
6 n 8. In fact, y (1, 2, 1, 2,. , 1, 2, 1, 1, 2) F2n-3 implies rank (P(L, y)) n for
all n 6. Similar examples produce b(L) 2n 3 for 4 n 5.

4. State deadbeat response. In this section we will show that every completely
controllable multi-modal system with n 3 is capable through feedback of a state
deadbeat response; that is, each state vector can be brought to zero in finitely many
steps. Results of this type are first obtained for arbitrary n under certain restrictive
hypotheses.

When feedback controls are to be applied to a system L={(C,D)}=a, a fixed
set {F, F2,’", Fu} of n x m feedback matrices is selected at the outset. When state

Xp is reached, the choice of the next index determines not only the pair (C, D) to
be applied, but also the control Up Fxp. Thus Xp+ Cxp + DUp C + Dii)xp.
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DEFINITION. L {(C/, Di)}/N=I E (n, m, N) has a state deadbeat response provided
there are feedback matrices Fi, a positive integer k and a y E Fk such that

H( y) H()H(_I) H(1)= 0,

where H C + DF/, N.
If L has a state deadbeat response and ? satisfies H(y)=0 for some choice of

F’s, we write L SDR (y). It will be shown that if n -< (or other restrictive hypotheses
are assumed), complete controllability of L implies the existence of an index-sequence
T satisfying both rank (P(L, y))= n and L SDR(?).

We will need to transform systems in E(n, m, N) in the following way.
DEFINITION. Let L={(Ci, Di)}iN=.IE(n, re, N). Let G be an nn nonsingular

matrix, and let Ji be an m m nonsingular matrix for E N. Then

L,j {(GCG-1, GDiJi) } N=I and

L { GCiG-1, GDi } N= L,j with each Ji L

THEOREM 4. Let L {(C/, Di)}=I E(n, m, N), k be a positive integer, and y Fk.
Then

rank (P(L, y))=rank (P(L,j, y)) and

rank ([D1, D2,’’’, DN])=rank ([GDIJ1, GDzJ2," GDNJN]).

Hence, L e Ep(n, m, N) is completely controllable if and only if L,j is completely
controllable, and in this case b(L)= b(L,j). Furthermore, Le SDR(y) if and only if
L, SDR y).

Theorem 4 is a natural extension cf [5, Prop. 1.1] and will not be proved.
LEMMA 2. If L E,m(n, m,N) is completely controllable and b(L)=2, then L

contains a completely controllable pair (Ci, Di) with rank ([Di, C/Di]) n.

Proof Since CS(Di)= CS(Dj) for all i, j N, the lemma follows.
THEOREM 5. If L Z( n, n 1, N) is completely controllable, then there is a y F2

such that rank (P(L, y)) n and L SDR(y).
Proof. First suppose that L contains a completely controllable pair (Ct, Dr). Let

G be n n and nonsingular such that

GDt =lea, e2,""", en-1] E,

where {e, e2," ", e,} is the standard basis for R". Let GCtG-I=K =[aq], so that
(K, E) is completely controllable.

Then rank ([E, KE]) n, and so there is an n- 1 such that a,l # O. Define the
(n- 1) x n matrix F by

--Oij 1,
fij

OlnjOg
-aj-, 1.

Onl

Computation then shows that (K + EF)2 0. Thus L SDR (y), where y (t, t), and
so by Theorem 4, LSDR(y). Also since rank(P(La, y))=n, we have
rank (P(L, y))= n.

On the other hand, suppose L does not contain a completely controllable pair.
Usin_g Theorem 2 and Lemma 2, we see that L Z,(n, n-1, N), and so there is a
N such that rank ([D1, Dr]) n. Select G n x n and nonsingular, and select Jt

(n- 1) x (n- 1) and nonsingular, so that GD1 =[el, e2," e,-l] E1 and the first
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column of GDflt Et is en. Let Ji I for / and t. We now have L,j {(GCiG-1,
GDfl)}iN_I ={(Ki, Ei)}il. Since L,j contains no completely controllable pair, rank
([E1, KIE1])<n which implies entnj (KI)=0 for jn-1. Let F1 be the (n-1)xn
matrix satisfying Row/(F) -Row/(K) for n- 1, to obtain H1 K1 + ElF1 with

ent (H) =0 for (i, j) (n, n). Let F be the (n- 1) x n matrix satisfying Row1 (F)
-Row, (Kt), and Row (Ft) 0 for 2, 3,. , n- 1. Then Ht K, + EtFt satisfies
Row,(H)=0. Hence HHt=O, so L,jSDR(y) where y=(t, 1). Since
rank ([EI, KIE1])= n-1, each of the first n-1 columns of K1 is in CS(E1). Thus
Col, (K) CS(E1) and so rank ([El, KE,])= n. Hence rank (P(L3, y))= n and by
Theorem 4 the desired result is obtained.

Since we are primarily interested in the case n 3, we observe for L completely
controllable in E(2, 1, N) or in E(3, 2, N), there is a y F2 such that P(L, y) has full
rank and L SDR y).

DZVNTION. Let LeE(n, m,N) be completely controllable. L is reducible if
some pair (C, D) may be discarded to produce a completely controllable system.
Otherwise, L is irreducible.

Clearly, if L’ is a reduction of L and 7’e F for some k, then
(i) rank (P(L’, 7’))= n if and only if rank (P(L, 7))= n;
(ii) L’ SDR (7’) if and only if L SDR (7), where 7 is appropriately formed

from ’.
TzoRzM 6. IfL E(n, 1, n) is completely controllable and irreducible, then there

is 7F such that rank (P(L, T))=n and LSDR(7).
Proof. Let L ={(C, d)}% eE,(n, 1, n) be completely controllable and irreduc-

ible. Let Gd e for each e g. Then Lo {(K, e)}% is completely controllable and
irreducible.

We claim that for each e a all off-diagonal entries in K are 0 except possibly
those in the ith row. To establish this, fix e a and let j e fi with j i. Assume
ent(K) 0. Then rank ([e, Ke])= 2. Since any product of Kt’s is nonsingular, we
may choose t, re,. tn_e e so that

rank ([ e, Ke, KKetl, * * *, KiKKtl Kt._3et"_2]) n.

This contradicts the irreducibility of Lo, and thus the claim is established.
For each e , select F =-Row (K) to obtain H K + eF, with H diagonal

and enti (Hi) 0. We see that if g is any permutation of a thenH(H(_ H(
0. Thus, since L is irreducible, there is a e F which is a permutation of , and for
which rank (P(Lo, 7)) n. Then Lo SDR() and this establishes the theorem.

For the remainder of this article whenever K and Ke are 3 x 3 matrices, we will
use the notation

1 4 7 1 4
(4) K a2 as a8 and K2 2 5

The following computational lemma will be employed several times. Its proof
consists of eight computations, each of which is straightforward. We need the following
notation:

Illfor x x2 R 3, xtt(x) =[0 -x3 x2] and 2(x) =Ix3 0 -xl].
3
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LEMMA 3. If each of i, j and k is 1 or 2, and A and B are 3 x 3, then

det ([ei, Aej, ABek]) det (M),

where Rowp(M) Rowp(A) for p and Rowi(M) j(Colk (B)).
LEMMA 4. If LZI(3, 1,2) is completely controllable and irreducible, then there

is a 3’ Fk, with k b(L), such that rank (P(L, y)) 3 and L SDR y).
Proof. Using Theorem 4, we may assume L {(C1, d), (C2, d)}. Furthermore, in

view of Theorem 3, b(L) is 3 or 4.
First we consider the case b(L)= 3. We may select G 3 x 3 and nonsingular with

Gd el. Let Ki GCiG-1 for i= 1, 2, so that

Lo =’{(K,, e,), (K2, e,)}.

Using Lemma 3 and the fact that L contains no completely controllable pair we obtain
(in the notation of (4)),

(5) det a2 as a8 =det /2 /35 /38 =0.

Either rank ([el, Kel, KK2el]) 3 or else rank ([e, K2el, K2Kel]) 3. By
renumbering pairs, if necessary, we obtain rank ([e, K2el, K2Klel]) 3, which implies

(6)

0 --a

det /32 /35 /38
3 6 9

From (6) we see that rank ([el, Ke])=rank ([e,K2el])=2. Thus, we assume G
satisfies the additional condition GCld e2, so that Klel e2 which implies a2 1 and
al a3=0. Condition (5) now implies a6=0. Let

O=[d, C,d, C2d].

We see that rank (O) rank (GO) rank ([e, e2, K2ea]) >= 2. Suppose rank (O) 2.
Then K2e Ae +/xe2, for some A, /x e R, with /x 0. Thus /33 =0 and /32 =/x 0.
Using (5), we obtain/36=0, which contradicts (6). Thus rank (O)= 3. We may thus
assume that G satisfies the further condition GC2d e3, so we have selected G 0-1.
It follows that K2e- e3 which implies /31 =/2 =0 and/33 1. From (6) fl5 0, and
from (5) /38 0. If we select

F1 [0 --a4 --a7- a99] and F2 I-a8 --4-- a55 a86 --7-- a89],
we find that H2HIH2=O, where Hi =Ki+ elfi. Thus rank (P(LG, y))= 3 and LG
SDR (3,), where y (2, 1, 2). This concludes the proof for b(L) 3.

Now suppose b(L) 4. Let 3’ e F4 with rank (P(L, 3’)) 3. Clearly we may assume
3’(1) 1, and, renumbering pairs if necessary so that 7(2) 1, we obtain y e {(1, 1, 1, 2),
(1, 1,2,2), (1, 1,2, 1)}. Using Lemma 1, we see that y{(1, 1, 1,2), (1, 1,2,2)}, and
so y=(1, 1,2, 1).

In a manner similar to the case b(L)= 3, we find that O=[d, C2Cd, Cld] has
rank 3, and we select G= O-1 to produce L- {(K1, el), (K2, el)}. Employing the
notation of (4) we choose

F1--[-a9 -a4-a525-asa6-a6a9 -a7-a29] and F2--[-/3, -4-a96 0],
and we find that HIH2HIH1--0, where Hi Ki +.eFi. Thus L, and hence L, is in
SDR(y). [3
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LEMMA 5. If L 2(3, 1, 2) is completely controllable and irreducible, then there
is a )’eFk, with k= b(L), such that rank (P(L, ),))=3 and LeSDR(),).

Proof. Let L-{(C1, dl), (C2, d2)}. Again we have b(L) is 3 or 4.
Suppose b(L) 3. For some nonconstant ), e F3, rank (P(L,),)) 3. By renumber-

ing if necessary, we assume ),(1)= 1, and hence

),e {(1, 2, 1), (1, 2, 2), (1, 1, 2)}.

Let G be 3 3 and nonsingular such that Gdl el and Gd2- e2, to produce L
{(Ki, ei)} 2= 1. Using Lemma 3 and the irreducibility of L, we obtain

(7) det t2 t5 a8 =det 6 0 --4 --0"

We consider separately the three possible sequences ),.
Assume ), (1, 2, 1), so that rank ([el, Kle2, K1K2el]) 3. By Lemma 3,

(8) det ca a.s ca 0.

3 O6 C9

If all of Klel, Kle and Kel belong to span {el, e}, (8) is contradicted. Hence
not all of Cd, Cd and Cdl belong to span {dl, d}.

First suppose C1 dl span {dl, d}. Then we may assume G satisfies the additional
condition GCldl e, so that Klel e. Thus c -0 and a 1, so that (7) implies
a=0. Hence (8) implies/31 +a30. If we select

F 7 "- 9J9 5/4 "- a6J7 "-t59f16 "+- a609j9 O9J7--O29/9]
F1 l

and

F2 [-J2 -5 -8],

we find that H1H2H1 0, where Hi Ki + eiFi.
Next suppose Cldl span {dl, d2} and Cld2 span {dl, d2}. In this case, a3 =0 and

we may assume that G satisfies the additional condition GCld2 e3, so that K1 e2 e3,

which implies a4 as=0 and a6 1. Hence (7) implies a2=0 and (8) implies f13 # 0.
Selecting

F1 -1
3 3 J

we find that HIH2H1--0, where Hi Ki + eiFi.
Finally, suppose Cldl, C1 d2 E span {dl, d2}. Then C2dl - span {dl, d2}. In this case

a3 "-O6 =0 and we may assume that G satisfies the additional condition GCzdl e3,
so that Kzel=e3, which implies /31=/32=0 and /33=1. Hence (8) implies as0.
Selecting

F, I-a1 26 -4- {::g5J6 -7-86- 9J19]
and

a5 a5 I

we find that HIH2H1 0, where Hi Ki 4-eiFi, and we have shown L SDR(),) for
),=(1,2,1).
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Now assume y (1, 2, 2), so that rank ([e2, Kze2, KzK2el]) 3. By Lemma 3,

-Jl /4
(9) det J3 0 --1 0.

_3 6

We first show that C2d2 : span {dl, d2}. If K2e2 span {el, e2} and
K2el

_
span {el, e2}, then /36=0, and we may require that G satisfy the condition

GC2d e3. Then K2e e3, which implies 1 --0 and/33 1. Thus (7) implies/34 0.
But/34- J6--0 contradicts (9), and so K2e2 span {e, e2} implies K2e span {el, e2}.
But this, in turn, implies /3--J6--0 contradicting (9). Thus K2e2span {el, e2} and
SO C2d2 span {dl, d2}.

We may now assume GCzd2 e3, so that Kze2---e3 which implies/34 =/35 0 and
/6--- 1. NOW (7) implies/37 0, and so the selection

Fl--[-c -4 -a7] and F2=[-/32 --9 --/8--j92]

leads to H2H2H1 0, where Hi Ki + eiF, and L SDR (3’) for 3’ (1, 2, 2).
Finally assume 3’ (1, 1, 2), so that rank ([e2, K2e, K2Klel]) 3. By Lemma 3

(10)
det --a3 2 y 0.

L3 6 9

We first show that not both of Cldl and C2d2 are in span {dl, d2}. For suppose
Kel, K2eee span {el, e2}, so that O3--- 6--’0. If 3=0, then (10) is contradicted, so

3 0. Thus C2d1 span {d, d2} so we may require GC2dl e3. Then K2el e3, so

1 0 and 3 1. Now (7) implies 4 0, and (10) is contradicted. Hence at least one
of Cd and C2d is not in span {d, d2}.

We will now show that rank. (P(L, )) 3 for (1, 2, 2) (in one case a renumber-
ing of pairs being necessary), and so by the previous argument, the lemma is proved.

If C2d2 span {dl, de} we may require GC2d2 e3, SO that K2e2 e3 and we have
4 0 and 6 1. Thus (7) implies 7 0, and so (10) implies 0. Hence

l 4
det 3 0 - =0,
L3 6 9

which by Lemma 3 implies rank (P(L, ))= 3 with =(1, 2,2).
If C2d2span {dl, de}, then Cldlspan {dl, de}. In this case we may require

GCdl e3, so that Ke e3, and we have 2 =0 and 3 1. Then (7) implies 8 =0,
and so by the nonsingularity of K1, 5 0. Hence

det a2 as _a2a8 0,

3 6 9

and by Lemma 3, rank (P(L, r)) 3 for r (2, 1, 1). Thus a renumbering of the pairs
gives rank (P(L, )) 3 for (1, 2, 2). This concludes the proof for b(L) 3.

The case b(L)= 4 is handled in a similar fashion. It is shown in [2] that the only
possible EF4 with y(1)= 1 and rank (P(L, 7))=3 are (1,2, 1, 1) and (1,2, 1,2). For
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either of these cases, we may transform by Gdl el, Gd2 e2, GC2dl e3 and select

F,=[-Crl --C[4 --7--C[99] and F2=[0 -/35 -/38]

to obtain the desired result. [3
THEOREM 7. IfL E(3, 1, N) is completely controllable, then there is a 7 Fk, with

k b(L), such that rank (P(L, 7)) 3 and L SDR (7).
Proof. Let L {(C/, di)}N= E(3, 1,N) be completely controllable.
First suppose L Ea(3, 1, N) with b(L)= 3. We may assume L {(Ci, d)}N= using

Theorem 4. Since b(L)= 3, L is reducible when N_-> 3. Thus either L contains a
completely controllable pair, or else Lemma 4 applies to some reduction of L. In either
case, the theorem holds.

Now suppose L E(3, 1, N) with b(L)=4. Clearly L is reducible for N => 4, and
we now show that if N 3, L is reducible. By assuming L irreducible, and renumbering
pairs if necessary, we obtain

(11) rank ([d, C3d, C3C2d, C3C2Cld])--3.

If rank([Cld, C3d])=l, then Cld=AC3d with A C0, and so using (11),
rank ([d, C3d, C3C2d, C3C2C3d])= 3, contradicting the irreducibility of L. Thus
rank ([Cld, C3d])= 2, SO that rank ([d, Cd, C3d])_-> 2. If this rank is 3, it follows that

CC3d span {Cd, C1Cd}. By (11), rank ([d, Cld]) 2, so rank ([d, Cd, CiCad])
2, and span {Cd, C1Cld} =span {d, Cld}. Thus, rank ([d, C1, C1C3d]) 3, which
contradicts b(L)=4. Hence rank ([d,Cd, C3d])=2, so that C3d=AICd+A2d.
By Lemma 1, rank ([d, C3d]) 2, so A1 y(: 0. Therefore, using (11),
rank ([d, C3d, C3C2d, C3C2C3d])= 3, contradicting the irreducibility of L. Hence L is
reducible for N => 3. Either L contains a completely controllable pair, or else Lemma
4 applies to some reduction of L. In either case, the theorem holds.

Next suppose LEZ2(3, 1, N) with b(L) =3. Clearly L is reducible when N=>4,
and we now show that L is reducible when N- 3. By assuming L is-irreducible and
renumbering pairs if necessary, we obtain

(12) rank ([dl, Cld2, CIC2d3])= 3.

If rank([dl, d2])=2, then CiC2d3Espan{CiC2dl, CiC2d2}. However, CaC2dj
span {dl, Cld2} for = 1, 2, since L is irreducible. Hence CiC2d3Espan {dl, Cld2}
which contradicts (12). Thus rank ([dl, d2]) 1. Suppose rank ([dl, Cld2, d3]) 3, so
that rank ([dl, Cldl, d3]) 3. Then CICld3V: span {CICldl, CICICldl}
span {dl, Cldl}, and so rank ([dl, Cld, CClda])= 3, contradicting the irreducibility
of L. Thus rank ([d,Cld2, d3])=2, and so C1C2daspan{C1C2dl, C1C2Cld2}
span{d, Cd2}, which contradicts (12). Hence L is reducible for N=>3. Either L
contains a completely controllable pair, or else one of Lemmas 4 and 5may be applied
to some reduction of L. In either case, the theorem holds.

Now suppose L Z2(3, 1, N) with b(L)= 4. Clearly L is reducible for N_-> 5, and
we now show that L is reducible for 3 _-< N _-< 4. By assuming L irreducible, we obtain
yF4 satisfying {y(1), y(2), y(3), y(4)}=N and rank (P(L; y))=3. Since
rank ([d4), C4d,3, C.4)C,3)di])< 3 for i N we obtain, by applying Lemma 1 to
P(L, y), C2d1- span {da, d2," ", ds}. Choose ] N so that rank ([dv2), dj]) 2,
which implies rank ([C2)d1), d2), di])= 3; it follows that

CT(2)C.),(1)d span { C,2)C.1)d,2), C,(2)C,/(,)C,/(2)d,()} span {d,(2), C,(2)d,()}.
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The last equality follows from the irreducibility of L. Thus rank([dv(2), C/(2)d,(1),
C,(2)C,(1)dj]) 3 which contradicts b(L)=4. Hence L is reducible for N -> 3. As in
the previous case, the theorem holds.

Finally suppose LE3(3,1, N). By Theorem 1, b(L)<_-3, and so there is an
irreducible reduction L1 of L with L1 G j(3, 1, k) with j, k { 1, 2, 3}. If ] < 3, previous
cases show k < 3 and the theorem follows. If j 3, then k 3 and Theorem 6 applies. [3

In the preceding proofs, feedback matrices producing state deadbeat response for
the transformed system L,j were constructed. Since it may be useful to construct
feedback matrices for the original system L, we note that the feedback Fi for the
system L,j corresponds to the feeedback JiFiG for the original system L.

In most cases delineated in the proofs of our theorems, L e SDR(y) followed
from the assumption that rank (P(L, y))= n. However, this did not occur for L
E2(3, 1, 2) with y=(1, 1, 2), and for this 3’, the following example is an instance in
which rank (P(L, 3’))= 3 and L SDR(3").

C1-- 2 0 dl C2 0 0 d2
0 0 0 1

5. Observability and controllability canonical form. In this section, we introduce
observability for multi-modal systems and use it to refine the controllability form
presented in [3]. For this purpose, we need to expand the multi-modal system to one
of the form

I xk+ CiXk 4- DiUk,
L"

Yk EiXk
with Xk, C, D, Uk as before, E a real p n matrix, and Yk R P. Hence we define

E(n, m, p, N) {L {(Ci, Di, Ei)}/S=ll Ci real n n, Di real n m, Ei real p n }.

Throughout this paper Uk denotes the set of all k-termed sequences with terms in
R m, and F denotes U {FklkZ+}. Suppose LeE(n,m,p,N), ue Uk and aeFk. For
x e R , the trajectory of x under u and a, denoted T(L, x, u, a), is the sequence {x} =+l,
where x=x, and X+l=C()x+D(u for ek. For ek+l, the ith term of
T(L, x, u, a) is denoted by T(L, x, u, a). The output trajectory Y(L, x, u, a) is defined
by Yi(L, x, u, a) E(i)T/(L, x, u, a), e k.

DEFINITION. For L eE(n, m,p,N) and 3’l-’k, L is T-observable provided for
each u Uk the map

x- Y(L, x, u, 3’)

is one-to-one on R". That is L is T-observable provided each x R" can be discerned
as the initial state from knowledge of the input u Uk and the corresponding output
Y(L, x, u, 3").

We observe that for any x R", u Uk and 3’ Fk, Y(L, x, u, 3") is given by

YI(L, x, u, 3’) Ev(1)x,

(,) Y(L, x, u, 3’) E,/(C(3"; j- 1)x 4- Ev(j)Dv(j_l)Uj_
j-2

+ E,(C(3",j-l,t+l)D,/(tut forj=2,3,...,k.
t=l

Thus, for any subspace V of R n, the map x Y(L, x, u, 3") can be viewed as an afline
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transformation from R into Rpk, and hence is one-to-one on V, if and only if the
map x Y(L, x, O, 3’) is one-to-one on V, where O denotes the sequence of zero inputs.

For L E(n, m, p, N) and y Fk, we define the observability matrix

W(L, y)=[E T T T T T T( Ty(k)],y(1),C (, 1)E2), C (y;2)E3) C 7 k-1)E

where cT(’)I; i) is the transpose of C(7;i).
The following two theorems parallel the standard theory for single-mode systems

and we state them without proof.
THEOREM 8. If LeZ(n,m,p,N) and yeF, then the map x Y(L,x,), y) is

one-to-one on CS(W(L, y)).
THEOREM 9. Suppose L zo(n, m, p, N) and y F. L is y-observable if and only

if rank (W(L, y))= n.
For L e Z0(n, m, p, N) we define

Z(L)= U {CS(W(L,

We will see that, in general, Z(L) is not a subspace of R n. In case it is, it follows from
Theorem 8 and the forthcoming discussion that for each x R ", the orthogonal
projection of x on Z(L) can be determined from the knowledge of Y(L, x, O, y) for
some % and that y may be chosen independently of x.

DEFINITION. For L Z(n, m, p, N), L is completely observable provided Z(L)=
R n"

We wish to demonstrate the duality of controllability and observability for our
systems.

DEFINITION. For L {(C, Di, Ei)}N=I Z(n, m, p,N), the dual ofL is the system
L*={(C,E.T,,D.T,)}N=I, which belongs to Z(n, p, m, N).

THEOREM 10. IfL Z(n, m, p, N), then Z(L) S(L*) andS(L)= Z(L*). In par-
ticular a system is completely observable if and only if its dual is completely controllable.

Proof. The theorem follows, since for each kZ+ and each y Fk, W(L, y)=
P(L*, ), where 3 Fk with 3(i) y(k + 1) for

Using this duality theorem and the results concerning the controllability set in
[3], we now see that, in general, Z(L) is not a subspace of R ". The following theorems
are the duals of [3, Thm. 1] and part of [3, Thm. 2].

THEOREM 11. Suppose L {(C/, Di, Ei)}iN-_l E(n, m, p,N). If each Ci is nonsin-
gular, then Z(L) is a subspace of R .

THEOREM 12. IfLE(n, m, p,N) and Z(L) is a subspace ofR , then there exists
y F such that Z(L) CS( W(L, y)). Thus L is completely observable if and only if L
is y-observable for some 7 F.

DEFINITION. For L EO(n, m, p, N) and y F, the y-unobservable space of L is
defined by

T(L, y)=(CS(W(L, T)))+/-=NS(WT(L, y)).

The unobservable space of L is defined by

T(L) f3 { T(L, T)IY F}.

We note that for each L Z(n, m, p, N), T(L) (Z(L))-. In the case when Z(L)
is a subspace of R ", R" Z(L)O T(L), and we see that L is completely observable if
and only if T(L) {0}.

We now apply duality to obtain information about the controllability canonical
form. We must first extend the transformation of Theorem 4 to L Z(n, m, p, N). If
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L {(C, Di, Ei)}= 1, then L {(GCG-1, GDi, EiG-1)}= 1. Using Theorem 4 and
duality, we obtain:

THEOREM 13. Suppose LeE(n,m,p,N). Then, for each 3‘eF, Z(L,3‘)=
(G-) rZ(L, 3‘) so that Z(L) (G-1) rZ(L). Thus L is 3‘-observable if and only if L
is 3,-observable.

THEOREM 14. If L E(n, m, p, N), then, for each 3‘ F, T(L, 3’) GT(L, 3‘),
and so T(L6)- GT(L).

Proof. For each 3’ e F, W(L, 3") (G-1) rW(L, 3"), and so Wr(L,
Wr(L, 3’)G-1. The theorem follows.

We need the following lemma to prove Theorems 15 and 16, dealing with the
controllability canonical form.

LEMMA 6. If L E(n, m, p, N), then T(L) is Ci-invariant and Z(L) is
Cf-invariant for each l.

Proof Suppose xe T(L) and eN. For y eFk, let (i, 3‘) denote the sequence
(i, 3‘(1), 3‘(2),..., 3’(k)). For each 3"eF, xe T(L,(i, 3"))=NS(Wr(L,(i, 3’))) and thus
Cix T(L, 3"). Hence Cix T(L). Z(L)= S(L*) which is Cf-invariant for each
as shown in [3].

The following theorem and its proof are obvious extensions of the discussion of
the case N 1 found in [6, Chapt. 11].

THEOREM 15. Suppose L={(Ci, D, Ei)}=l e E(n, m, p,N) with S(L) a subspace
of R n. Let MI(L)= S(L) f’l T(L). Let M2(L), M3(L) and Mn(L) be subspaces of R
such that S(L) MI(L)fM2(L), T(L) MI(L)@M3(L), and R MI(L)fM2(L)@
M3(L)fMa(L). If rj=dim (M.(L)) > 0, j= 1, 2, 3, 4, then there is an n x n nonsingular
matrix G such that

LG

G11 6i12 G13 G14 Di

i Ci22 0 Ci24 D ’[O Ei2 O F-i4]
Ci33 Ci34

0 0 Ci44

where Cijj is rj x ry for j 1, 2, 3, 4, Dij is ri x m for j 1, 2, and Eiy is p x ry for j 2, 4.
The system

G12 Dil [0 Ji2](L)I
C/22 Di2 i=1

is completely controllable.
Proof. Let B {/311,/31e,""", jlr1, J21, j2r2, J31,""", 3r3, J{41,""", Jl4r4} be

a basis for R with {fljl,/3e, ",/3rj} a basis for M.(L) for j 1, 2, 3, 4. Let G be the
matrix of transition from the standard basis of R to B. Since MI(L), S(L) and T(L)
are all Ci-invariant and CS(Di) c S(L) for each e N,

and GT(L)=

and the theorem follows.
THEOREM 1 6. Suppose L { Ei)}_-I Y(n, m, p, N) with S(L) a subspace

ofR and with each C symmetric. Let V(L) f-I {NS(Pr (L, ’/))l ’ e r}. If dim (V(L))
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r < n, then there is a nonsingular G such that

L G1 0
[Eil Ei2]

0 Ci2 i=1

with each Cil(n- r) X (n- r) and each Dil(n- r) x m. The system (L)I
{(C 1, Dil, Ei l) } i= is completely controllable.

Proof. In [3] we showed that S(L) is C-invariant for each e N. Now V(L)=
f’l {NS(Pr(L, Y))IY e F} {NS( W(L*, Y))IY e F} T(L*) and thus, by Lemma 6,
V(L) is C-invariant, and hence Q-invariant for each e N. Also, since Z(L*) S(L)
is a subspace of R", R" Z(L*) T(L*) S(L) V(L). Let B {a, 2," , ,} be
a basis for R" with {, 32,"" ", 3,-} a basis for S(L) and {3,_+a,..., 3,} a basis
for V(L). If G is the matrix of transition from the standard basis of R" to B, then
L has the required form.
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EXISTENCE AND UNIQUENESS OF MINIMAL
REALIZATIONS FOR A CLASS OF C SYSTEMS*

J. P. GAUTHIER? AND G. BORNARD?

Abstract. The main result is relative to the quotient of a manifold M by a closed discrete equivalence
relation when the first homotopy group of M has no infinite order element.

As a direct consequence of the main theorem, the existence and uniqueness of minimal realizations is
proved for a class of C completely controllable weakly observable systems.

This extends:
Some results of Sussmann available in the analytic or symmetric cases.
Some results of the authors obtainei in the compact case.

Key words, nonlinear, manifold, quotient, homotopy, realization

1. Introduction. In a previous work (Gauthier and Bornard [4]) the following
result was proved:

THEOREM 1. Let M be a C connected compact manifold of dimension n, and let
R be a closed discrete equivalence relation on M. Then the following properties are
equivalent:

(i) R is regular.
(ii) There exists a (completely) controllable set of C vector fields on M which are

positive symmetry vector fields for R.
(iii) M is a covering space of M/R with 7rn (the canonical mapping from M to

M/R as covering mapping.
A vector field X is called a symmetry vector field for R if xRy Xt(x)RXt(y),

V e E, where Xt is the one parameter subgroup generated by X. If is restricted to
be positive in the preceding definition, X becomes a positive symmetry vector field.

From now on, condition (ii) of Theorem 1 will be referred to as the property (P)
for R. The same condition when the manifold M is analytic and the vector fields are
complete analytic will be called the property (P)-analytic for R.

In Gauthier and Bornard [4], some interesting consequences in terms of realization
theory were derived, extending to the C compact case some results obtained by
Sussmann [8], [9], [11] for the symmetric or analytic cases.

The purpose of the present paper is to extend Theorem 1 to a class of noncompact
cases, and to derive the consequences for realization theory.

Most of the ideas developed here come from the following example:
Example 1. Let N E2, and consider the analytic vector fields X1 and X2 given

by

o o o log 2
X ----- ox2 X2 with a

OX OX2 OX2 2"n"

Consider, on N, the equivalence relation

[Xl]’"[ xtl] iff { x’l=xl+2kr’x I. x’ x’ x,
KZ,
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and let M be the quotient cylinder N/---. From now on we shall consider it as the
product M [0, 27r[ E.

Clearly X1 and X2 are symmetry vector fields for -. They induce on M, through
the canonical projection 7r_, two analytic complete vector fields X1 and X2. More-
over, the family F {Jl, +J2} is completely controllable on M.

Let us consider on M the equivalence relation R given by

X2 X
iff 0 X < 2

Xz-Xz=Ke’xl, K Z,

One can check that we now have the following situation"
(i) M is analytic.
(ii) R is a closed discrete equivalence relation on M.
(iii) F is a controllable family of analytic complete vector fields that are positive

symmetry vector fields for R. Then R has the property (P)-analytic.
However, M is not compact and Theorem 1 fails to apply, because of the following

remarks"
(i) -Ja does not comply with R. Then Jl is not a symmetry vector field.

(Moreover, if it were, R would be regular from Sussmann’s theorem [9], [11].)
(ii) R is not regular since the quotient space M/R (see Fig. 1) is not a manifold.
M/R can be obtained as follows: Take a cylinder with the boundaries C

[0, 27r[ x [0, 1]. The two boundaries are circles Ca and C2. Move C in such a way that
C2 becomes a two-fold covering of Ca, and patch Ca and C2.

FIG.

This is an analytic counterexample of Theorem 1 in the noncompact case.
The main result of this paper is the following theorem"
TI4EOREM 2 (main result). Let M be an analytic connected manifold whose first

homotopy group ra(M) has no infinite order element.
Assume that R is a closed discrete equivalence relation on M and has the property

(P)-analytic. Then R is regular.
Remark. In Example 1, Theorem 2 fails to apply because ra(M)=Z. This fact

points out the importance of the topological assumption made in this theorem.
In 2 the proof of Theorem 2 will be given. The consequences in terms of C

realization theory are discussed in 3, and Example 1 is completed in this context.
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2. Proof of the main result. The following lemma will be necessary to achieve
the proof of Theorem 2.

LiZMMA 1. Let M be an analytic manifold of dimension n and let R be a closed
discrete equivalence relation on M meeting the property (P)-analytic.

Consider on M a controllable family F of complete analytic positive symmetry
vector fields for R. F induces in M M the family of analytic vector fields of the form
X(R)X,XF.

Let r be the orbit in M M of F through some point (Xo, Yo) such that xoRyo, and
let Pl be the canonical mapping from M M to M" x, y) -> p x.

Then r is a covering space ofM with Pl (restricted to r) as covering mapping.
The proof of the lemma will-be given later.
Proof of Theorem 2. We shall prove that complete positive symmetry vector fields

for R are also symmetry vector fields for R. Then from the fact that F is analytic and
controllable, and from the results of Sussmann [9], [11], R will be regular.

Consider Xo, yo M such that xoRyo, X F, and xl X-t(Xo), Yl X-t(Yo) for
some t> 0. We have to show that xRyl.

F being controllable, there exists a triple (1, , To) such that ,(Xo, To) xl where

--" {Xi, i= 1,’", 11 xi F},

Toe(R*)

I]/ (x, T) --XtlO. .OXtl(X).

Consider now the triple ), (I+ 1, ’, T1) obtained by concatenating (1, , To) and
(1, X, t)"

’--{X1, ,XI, X},
Zl "-(tl,""", tt, t)( T (R:)/+I).

One has ,(Xo, T)= Xo.
Clearly 3/defines a loop in M from Xo to Xo. Let us denote by ,i the loop obtained

by concatenating times the loop %
Since the first homotopy group Try(M) has no infinite order element, there exists

a positive integer k such that the loop ),k is in the homotopy class of the zero loop.
Let r be the orbit of [" in M xM through (Xo, Yo). Any loop in M through Xo

which is the concatenation of pieces of integral curves of elements of F can be lifted
in r in a unique way, through the lifting of F, with (Xo, Yo) as initial point. Let us call

this lift of ), in r. (Note that the elements of F and " are complete.)
The initial point of 3 k is (Xo, Yo). The lift in cr of the zero loop I at Xo is (Xo, Yo),

and then it has the same initial point as 3.
From Lemma 1, r is a covering space for M, and all the lifts were made through

the covering mapping.
Then, I and / being in the same homotopy class, and becauSe of Boothby [2,

Thm. 9.3, p.288], and 3k also have the same end point, which is (Xo, Yo).
One therefore has the following relations:

$’,(Yo, T1)= Yo,

k-1,,(,., (Xo, T1), To) x,

O(O’-(Yo, T1), To)= Yl.
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The elements of F being positive symmetry vector fields for R, then xlRyl. The
result is obtained.

Proof of Lemma 1. From Sussmann [12], tr is an analytic submanifold of M M.
We shall first show that dim tr n (dimension of M).

Let L be the Lie algebra of vector fields on M generated by F, and the Lie
algebra of vector fields on M M generated by F. Since F is controllable, L is of rank
n on M. This implies that has rank at least n on r. Then dim tr-> n.

Let D/(xo, Yo) be the accessibility set by " from (x0, Y0) r, xoRyo. One has
D/(xo, Yo)c tr, and since the situation is analytic, D/(xo, Yo) has a nonempty interior
in tr. Moreover, D/(xo, Yo)c Gn, the graph of R in M M.

Assume that dim tr > n, and cQnsider the set J(x, y)= p-(x)f)Int D/(xo, Yo) for
(x, y) Int D/(xo, Yo). The connected component of J(x, y) containing (x, y) is locally
a manifold of dimension >0 for almost every (x, y) Int D/(xo, Yo). To show this, one
can write the expression of tr in some coordinate neighborhood of (x, y) in M M,
and apply the implicit function theorem (Auslander and Mackenzie [1, pp. 29, 30]).

This property of J(x, y), with the fact that J(x, y) Gn, is clearly not compatible
with the assumption that R is discrete. Then dim r n.

Now, consider on tr the equivalence relation R defined by" xRy iff p(x)= pa(y).
R is closed.

Let us assume that the following property (S) is true:
(S)" There exists a set of complete analytic symmetry vector fields for R which

is transitive on o-.
With property (S) and R being closed, Sussmann [9, Thm. 11] implies that pa,

restricted to r, is a fiber mapping. Since dim r n, tr is a covering space for M with
p as covering mapping.

To achieve the proof it is now sufficient to prove (S).
Consider on M the saturated family F’ of vector fields defined by F’=

{d.. XI F, X F}, where

(X 6F) tieR.x’,,o. .ox, 
Clearly, since the elements of F are complete and analytic, the same is true for

the elements of F’. One has also F c F’.
Consider on M xM the family I’ of complete analytic vector fields of the form

Y03 Y, Y F’. Clearly, the orbit of " through (x, y) is tr, and from the arguments
developed by Sussmann [12], [" is transitive on r. In fact, tr is an integral submanifold
of the distribution generated by [" in M x M.

By construction, the elements of ’ are symmetry vector fields for /, and the
proof of (S) is achieved.

3. Consequences for realization theory. A direct consequence of the main result
is the following theorem:

THEOREM 3. Consider the system E {M,H {X, u U}, h} where"
(i) M is an analytic manifold whose first homotopy group has no infinite order

elements,
(ii) H. is a family of complete analytic vector fields on M,
(iii) h is a C mapping from M to ffP.
Assume that E is completely controllable, weakly observable (in the sense of

Hermann and Krener [5]).
Then there exists a system E’ unique up to a diffeomorphism, having the same

input-output properties as F, and which is controllable and observable.
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Proof. Consider R J, the indistinguishability relation for E. J is closed because
of the completeness of the elements of Hx, and discrete because E is weakly observable.

The conditions of Theorem 2 are satisfied, and J is then regular. The quotient
M’= M/J is a manifold, and the canonical mapping pj is a submersion from M on
M’. Moreover, the elements of Hx and the function h pass to the quotient, resulting
in a quotient system ;’ on M’, which is controllable, observable and has the same
input-output properties as E.

The uniqueness of E’ comes from Gauthier and Bornard [4, Thm. 3], for which
the compactness property was not assumed.

Example 1 (continued). Consider the system E (M, F, h), where M, F are defined
as in the first part of the example, h being a C function defined by:

27rx2)h(xl, x2) f(Xl) sin
\ eaxl

with
1/(2-rr--x)

f(x)
e if0<x<27r,

if x=0.

E is controllable on M and weakly observable (however, the observability rank
condition is not satisfied at any x such that Xl 0).

One can check that the indistinguishability relation J of E is exactly the equivalence
relation R taken in the first part of the example.

This constitutes a counterexample of Theorem 3, since rl(M)=Z has all its
nonzero elements of infinite order.
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Abstract. In this paper (e-)equilibrium point theorems for finitely additive and tr-additive mixed

extensions of noncooperative two-person games are derived. Especially, some well-known minimax theorems
of Fenstad, Teh Tjoe-Tie, Wald, Young, and others are generalized to the nonzero-sum case.
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extension, double limit condition

1. Introduction. In the following, let F (X, Y, al, a2) denote a (noncooperative
two-person) game: X and Y are the (nonvoid) strategy sets of player 1 and player
2, and ai: X Y- E are the bounded payoff functions: If both players choose strategies
x X and y Y, respectively, then player receives the (possibly negative) amount
ai( x, y).

A game F’ (S, T, a , a) is called a subgam of F if S and T are nonvoid subsets
of X and Y and if the functions a" S T are the restrictions of the ai. Sometimes
it is convenient to write (S, T, al, a2) instead of (S, T, a, a).

For e => 0 a pair (, :) X Y is called an e-equilibrium point if for every x Y
and y Y we have

and

al(,)>-a,(x,;)-e

a2(, ) >= a2(, y)- e.

0-equilibrium points are usually called (Nash) equilibrium points. e-)equilibrium points
are characterized by the fact that neither player can increase his payoff (up to e) by
a unilateral deviation.

Example 1.1. A strategy x* X (y* Y) is called an equalizer if the function
aa(x*," (al(., Y*)) is constant. Of course, every pair (x*, y*) of equalizers is an
equilibrium point. Pairs of equalizers are called simple equilibrium points.

In the present paper some theorems on the existence of (e-)equilibrium points
are derived. Our starting point is the following fundamental theorem due to Nikaido
and Isoda [43]:

THEOREM 1.1. LetX and Y be two convex and compact subsets of two topological
vector spaces. Assume that the functions al(’, y), y Y and a2(x, ), X X are concave
and the functions al(x,’), x X and a2(’, y), y 6 Y are continuous. If, moreover, the
function al + a2 is continuous then the game F (X, Y, al, a2) has an equilibrium point.

Remark 1.2. Nikaido and Isoda [43] used Brouwer’s fixed point theorem to prove
Theorem 1.1. On the other hand, this fixed point theorem is an easy consequence
of Theorem 1.1. Let X be a compact and convex subset of n and g:XX a
continuous function. Consider the game F (X, X, al, a2) with al(x, y)
Y,= lY-g(Y)I-Y= [x-g(y)landaE(x, y)=-Y,=a Ix-yl,x-(xa,’", x)and y-
(Yl," ", Y,,). By Theorem 1.1, F has an equilibrium point (x", 33). It is easily seen that
33 g() must hold.

* Received by the editors October 5, 1982, and in revised form September 15, 1983.
? Department of Mathematics, Technische Hochschule, 6100 Darmstadt, Federal Republic of Germany.

In the following, products of topological spaces will always be endowed with the product topology.
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This observation, which is in essence due to Fan [15], illustrates the philosophy
that various problems can be transformed into a game such that an (e-)equilibrium
point of the game provides a (e-)solution of the original problem. Compare 6 in the
book of Part.hasarathy and Raghavan [45] and the papers [9], [14], [29], [30], [31],
[36], [41], [52] for further examples of this type.

Of course, there are also more practical applications. Suppose that two decision
makers with (partially) conflicting interests can take influence into the realisation of
a process. If their preference of possible results can be expressed in terms of a real
function, then such a situation may be interpreted as a two-person game. Let us sketch
some characteristic examples.

a) Duopoly. In a competitive economy two firms try to maximize their gain. A
typical example due to Wald is described in Burger’s book [11, 5]. Further interrela-
tions between game theory and economic situations can also be found in the books of
Aubin [1], Friedman [17], Marshak and Selten [35], Nikaido [42], and Rosenm/iller

[49].
b) Bargaining. Two individuals, whose interests are neither completely opposed

nor completely coincident, may either agree on cooperation for mutual benefit or they
may choose noncooperative actions if cooperation fails. In [37], [40] Nash proposed
a solution concept for such situations where the cooperative "bargaining game" is
reduced to a noncooperative "threat game." We refer to the book of Rauhut, Schmitz
and Zachow [48] and the survey paper of Jansen and Tijs [23] for further information.

c) Inspection. An inspection authority tries to prevent an operator, a firm, or a
country from an illegal action. A typical example is the development of nuclear
safeguards methods. A game theoretic treatment of such problems was first proposed
by Bierlein [7], [8] and developed further by Avenhaus, Frick, H/Springer and others
[23, [33, [43, [213, [223.

d) Decision making under uncertainty. The classical example is the general statis-
tical decision problem which, according to Wald [60], may be interpreted as a game
between the statistician and "nature," a second fictive player.

Other examples are search problems such as the repair of a complex system where
"nature hides" a defect, inventory problems where a quantity of a specific item has
to be stocked without knowing future demand [47], [50], or the problem of choosing
optimal insurance contracts [5], [10].

If a game does not satisfy such concavity conditions as in Theorem 1.1, then one
usually passes to a mixed extension, where the players use probability measures or,
more generally, probability contents as "mixed strategies." It is a fundamental result
in game theory that the mixed extension of a game with finite strategy sets does always
have an equilibrium point. This theorem, which is due to Nash [38], [39], is an immediate
consequence of Theorem 1.1.

Because the set of probability contents is compact, it will prove useful to derive
first an equilibrium point theorem for finitely additive mixed extensions. By combining
this theorem with an appropriate integral representation theorem or with an approxima-
tion theorem, we are able to formulate various (e-)equilibrium point theorems. (A
similar technique was used by the author [28] in the zero-sum case.)

For other proof techniques compare the survey paper [57].
If S is a nonvoid set, then let Ms denote the set of all probability contents on the

power set (S), i.e. the set of all additive p:(S) [0, 1] with p(S)= 1. We embed
Ms into [0, 1]{s). Then, by Tikhonov’s theorem, Ms is compact and for every
f B(S):= {fs: ]]f]] := SUpxx If(x)] < oo} the integral p s f(s)p(ds)is continuous
on Ms.
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As usual, we embed S into Ms by identifying s with the Dirac measure es. The
convex hull of the set of Dirac measures, i.e. the set of all probability measures on
(S) with finite support, will be denoted by Ps.

For every game F (X, Y, al, a2) we define a game [" (Mx, My, A1, A2) accord-
ing to

Al(’v)=ffxal(x’Y)tz(clx)v(dY)y
and

A2(l.t,v).-’fxIy a2(x, y)v(dy)lz(dx)

for/x Mx, v My. Then F is a subgame of F. The elements of Mx and My are called
finitely additive mixed strategies and [" is called the (asymmetric) finitely additive mixed
extension of F. The subgame Fa (Px, PY, A1, A2) of [" is the discrete mixed extension
of F. The elements of Px and Py are called discrete mixed strategies.

To every game F (X, Y, al, a2) we associate two pseudometrics on Y and X,
respectively, according to

d,(F)(y,, Y2)= sup lal(x, Yl)--al(x, Y2)I,
xX

d2(F)(Xl, x2) sup la2(x, y)- a2(x2, Y)I.
yY

dl (F) and d2(F) are known as intrinsic, Helly, or naturalpseudometrics ([60], [34], [59]).

2. Zero-sum games. In this section we consider (two-person) zero-sum games,
i.e. games F (X, Y, al, a2) with al + a2 0. It is convenient to write (X, Y, a) with
a := al =-a2 instead of (X, Y, al, a2).

A pair (;, )X Y is an equilibrium point in (X, Y, a) if and 0nly if it is a
saddle point, i.e.

max a(x, )=min a(x, y),
xX y Y

and (X, Y, a) has an e-equilibrium point for every e > 0 if and only if it is strictly
determined, i.e.

inf sup a(x, y)= sup inf a(x, y).
y Y xX xX y Y

e-equilibrium point theorems for zero-sum games (commonly called "minimax
theorems") have been studied extensively. For details, the reader may consult
Parthasarathy and Raghavan [45, Chap. 5] and Yanovskaya’s survey papers [62], [63].

The sets of functions a(X,. {a(x,. ): x X} and a(., Y) {a(., y): y Y} are
the risk sets of player 1 and player 2, respectively.

If X and Y are topological spaces and if a(., Y) c C(X) := {f B(X): f con-
tinuous} and a(X,.) C(Y) holds, then a will be called bicontinuous.

For a zero-sum game F (X, Y, a) we have

Al(tX’v)=IIxa(X’Y)tx(dx)v(dY)y
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and

A2(IX, t) =-fx IY a(x,y),(dy)ix(dx)

for the finitely additive mixed extension P (Mx, My, A1, Az). Of course, we have

A1--Az=: A on Mx x Pv and on Px x.Mv. However, the finitely additive mixed
extension of a zero-sum game need not be zero-sum as the following example shows.

Example 2.1. The game "More Money". The zero-sum game F (X, Y, a) with
X Y =N and a(x, y) 1, 0, -1 for x > y, x-- y, x < y has been introduced by Wald
[60]. Related versions of this game were studied by Ville [58] and Bierlein [6] (compare
[32]). Simple calculation shows tha.t for 0 <= e < 1 the set of e-equilibrium points in Fd

is empty.
For t2 e Mx with/2({x}) =0 for all x e X we get

A1 (t2, 9) 1 for all , e My,
and for 9 e My with 9({y})=0 for all y e Y we have

A2(IX, ) 1 for all Ix e Mx.
Therefore, each such pair (/2, ) is a simple equilibrium point in P. Now, let us show
that there are no other equilibrium points in P. Assume that (Ix*, ,*) is an equilibrium
point in [" with u*({n}) 6 > 0 for some neN. Then we have A(Ix*, 9*) ->_ AI(I2, ,*)
1. This implies

0=I-AI(Ix*,p*)

I [tz*({y})+2tx*({1,..., y-1})],*(dy)
Y

_>- [Ix *({ n}) + 2Ix*({ 1, , n 1})]6 _>- 0.

In particular, we have Ix*({1,..., n})= 0. Now we distinguish two cases.
Case 1. There is an men with Ix*({m})>0. As above, we can show

u*({ 1,. , m}) 0. But Ix*({ 1,. , n}) 0 and Ix*({m}) > 0 imply m > n in contradic-
tion to ,*({1,..., m})=0 and ,*({n})> 0.

Case 2. Ix*({m}) 0 for all m e N. From Az(Ix*, 9*) -> Az(Ix*, t)) 1 we conclude:

0=I-A2(Ix*,,*)

=f [,*({1,..., x})+ ,*({1,’’’ ,x-lI)]Ix*(dx)
n,n+l ,...}

>_- ,*({n})Ix({n, n + 1,...}) 3,
a contradiction.

So we have shown ,*({n}) =0 for all n eN. By symmetry we get Ix*({n}) =0 for
all n e N.

DEFINITION. Let X and Y be nonvoid sets. Then
a) SDLC (X x Y) denotes the set of all a e B (X x Y) which satisfy the following

strong double limit condition (SDLC)"
For all sequences (x,,) in X and (y,) in Y

lim lima (Xm, Yn) lim lim a (Xm, yn)
rnoo noo n-oo m-oo

holds whenever the iterated limits exist.
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b) ULC (X Y) denotes the set of all a B (X x Y) which satisfy the uniform
limit condition (ULC):

For all sequences (x,,) in X and (Yn) in Y such that an := lim,,_. a(x,,, Yn) exists

for every n N we have

lim sup [a(x,, yn) al O.

c) SEP (X Y) denotes the set of all a B (X Y) of the form

k

a(x,y)= E fj(x)gj(y), fjB(X), gjB(Y), ]<=kN.
j=l

Zero-sum games (X, Y, a) with a SEP (X Y) are called separable or poly-
nomial-like [12], [13], [18], [25].

Remark 2.1.
a) SEP (X Y) ULC (X x Y) SDLC (X x Y).
b) SEP (X Y) B (X Y) for X (or Y) finite.
c) a SDLC (X x Y) if and only if a’ SDLC (S x T) for every subgame (S, T, a’)

of (X, Y, a).
d) The same as c) for ULC.
In the following, SDLC and ULC play a fundamental role. Therefore, it is desirable

to have some equivalent definitions which are easy to handle in applications. We first
recall some topological notions.

DEFINITION. Let U be a topological space and F C(U).
a) F is called equicontinuous if for every e > 0 and every Uo U there exists a

neighbourhood W of u0 such that ]f(u)-f(uo)] < e for all u W, f F.
b) F is called quasi-equicontinuous if for every net (u:i I) in U, for every

cluster point u0 of this net, and for every e > 0 there is a finite K I such that
sup/F mini/ ]f(ui)-- f(Uo)] < e.

c) If U is endowed with a pseudometric d, then F is called uniformly equicontinuous
if for every e>0 there is a 6>0 such that supfF ]f(u)-f(u2)[<e for all ul, u2 U
with d(Ul, u2) < 6.

DEFINITXON. Let U be a topological space. Then
a) U is called pseudocompact if every zero-sum game (U, , b) with b(., 1)>=

b(., 2) >=. and b(., ) c C(U) is strictly determined.
b) U is called countably compact if every zero-sum game U, N, b) with b(., 1) =>

b(., 2) =>. and upper-semicontinuous b(., n), n is strictly determined.
c) U is called compact if every zero-sum game (U, V, b) for which b(., V) is

filtering downwards (i.e. for Vl, v2 V there is a v0 V such that b(., v0) -<

min {b(., Vl), b(., v2)}) and the functions b(., v), v V are upper-semicontinous, is
strictly determined.

The well-known ([19], [28], [33], [54]) fact that our "game theoretic" definitions
are equivalent with the usual ones is commonly called "Dini’s theorem. ’

PROPOSITION 2.1. For a zero-sum game F (X, Y, a) the following conditions are
equivalent"

(a) a e ULC (X x Y).
(b) X is totally bounded with respect to the pseudometric d2(F).
(c) There exists a pseudometric on X such that X is totally bounded and a(., Y)

is uniformly equicontinuous.
(d) A1 is continuous.
(e) a(., Y) is a relatively compact subset of B(X) in the norm topology.
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(f) F is a subgame of a zero-sum game U, V, b) such that U is a pseudocompact
topological space and b(., V) is equicontinuous.

(g) F is a subgame of a zero-sum game U, V, b) such that U is a pseudocompact
and V is a compact topological space and b is continuous.

(h) a is the uniform limit of a sequence an SEP (X Y).
(*) Further conditions (a)*-(g)* with the roles of the players reversed.
Zero-sum games which satisfy condition (b) have been studied by Wald [60],

Fenstad [16], and by Kretkowski and Telgfirski [34] who called these games "totally
bounded." In [34, Thm. 2] a further equivalent condition can be found.

Proof. We shall show that Proposition 2.1 is a reformulation of well-known results.
If X and Y are endowed with the discrete topology, then a is continuous on X Y.
Furthermore X, say, is completely regular, C(X) B(X), and the topological dual
C(X)’ of C(X) is the linear hull of Mx. Hence, the assumptions of [46, Thm. (6.2)]
are satisfied. Our conditions (a), (b), (e), and (h) coincide with Ptfik’s conditions 6,
2, 5 and 11 in the above-mentioned theorem and therefore are equivalent. For
the proof of (g)=(f) compare [46, p. 575]. Applying Glicksberg’s version of Ascoli’s
theorem [19, p. 259], we may conclude from (f) that b(., V) is relatively compact in
C(U) or in B(U), respectively, and by (e)=(a) we have b e ULC U V). But this
implies a e ULC (X Y) by Remark 2.1d). Thus we have shown (f)=(a). As (b)=(c)
and (h)=(d)=(g) is trivial, everything is proved.

Remark 2.2. Let F (X, Y, a) be a zero-sum game with a e ULC (X x Y). For
I Mx, u My we define a precontent/@u on the semialgebra of all rectangles in
X Y according to

@u(A x B) =/x(A) u(B), A e (X), Be?8(Y).

Then we have

IXxY s(x’Y)l@u(d(x’Y))=fl s(x,y)u(dy)
xY

y)l(dx)u(dy)

for every s e SEP(X x Y). From (a)=(h) we conclude that the same is true for s- a.
This is Fenstad’s "Fubini-theorem" [16].

The following characterization of SDLC summarizes, among others, results of
Ptfik [46], Simons [51], Young [64] and the author [29], [30].

PROPOSITION 2.2. For a zero-sum game F (X, Y, a) the following conditions are
equivalent.

(i) a e SDLC (X xY).
(k) Px is d2()-dense in Mx.
(1) A1 is bicontinuous.

(m) a( Y) is a relatively compact subset orB(X) in the tr(B(X), B(X)’)-topology.
(n) F is a subgame of a zero-sum game U, V, b) such that U is a countably

compact topological space and b(., V) is quasi-equicontinuous.
(o) F is a subgame of a zero-sum game U, V, b) such that U is a pseudocompact

and V is a countably compact topological space and b is bicontinuous.
(p) f" is a zero-sum game.
(q) For every subgarne (S, T, a) of r the games (Ps, Pr, A), {1, 2}, are strictly

determined.
(.) Further conditions (i)*-(o)* with the roles of the players reversed.
Another equivalent condition was given by Young [64, Thm. 7].
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Proof. The equivalence of conditions (i), (m), (p), and (q) was shown in [30,
Corollary).

(o)=>(i) is true by [29, 3, 12]. (Compare [46], [51], [64] for related results.)
(i)=>(k). By [30, Corollary] (i) implies

(1)

and

(2)

Ye>OYtzeMx =ipePx Yye Y: [A(p, y)-A(Iz, y)l<e

Ve > 0 Vv E My 3q e Py Vx X" IA(x, q)-A(x, v) < e.

But (2) implies

d2(P)(, z2)- sup In(tzl, q)-A(tz2, q)l, tz, z:eMx.
qePy

If for e > 0,/z e Mx we choose a p e Px according to (1), then we have

d2(f’)(tz, p)- sup IA(tz, q)-A(p, q)l < sup Y q({y})lA(z, y)-A(p, y)l_-<e.
qPy qPy y Y

(k)=>(p). For/. e Mx and pePx we have

sup IA(z, v)+Ae(, p).
My

(n)=>(i). Let (Xm) and (y,) be sequences with existing double limits a=

limm_. limn_. a (x,, y,) and/3 limn_. lim,,_. a (x,, y,), and let e > 0. Without loss
of generality we may assume

(3) la- lim a(Xm, Y)I < e for all m E N.

As U is countably compact, the sequence (x,,) has a cluster point u0 e U, and we get
/3 lim_.o b(u0, y,). As b(., V) is quasi-equicontinuous, there exist natural numbers
rnl, ", mr such that

sup min Ib(x.,o, v)- b(uo, v)[ < e.
V

Hence

min la(x,o, y,)- b(uo, y,)[ < e for all n

In particular, we have

min [lim a (Xmo, Y,) -/31 < e,
pr

i.e., there is an s E N such that

(4) !irn a(xs, y,)-/3l < e.

From (3), (4), and e-0 we get a =/3.
(o)=>(n)*. Choose (U, V, b) according to (o). Let (Vo) be a cluster point of a net

(vi" ieI) in V. For the zero-sum game (U, L c) with c(u,i)=[b(u, vi)-b(u, v0)[ we
have

(5) sup inf C(p,q)= sup inf Z p({u})c(u,i)=O.
PPu qP/ PPu iI uU
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By (o) =>(i) we get b SDLC U x V). This implies c SDLC U x I). From (i) =:>(q)
and (5) we conclude

inf sup C(p, q) =0;
qPl PPu

i.e. for each e > 0 there is a q PI with (finite) support K c I such that

e >_- sup Y q({i})c(u, i) >= sup min Ib(u, l)i)- b(u, Vo)l.
U iK U iK

Thus we have shown that b(U,. is quasi-equicontinuous.
(n)*=>(i). Compare the proof of (n)=>(i). Now, as (p) => (1) ==> (o) and (i):>(i)*

are trivially satisfied, everything is proved.
Remark 2.3. ULC (X x Y) and SDLC (X x Y) are closed vector sublattices of

B (X x Y), and SEP (X x Y) is dense in ULC (X Y).
This follows from (a) :> (d) :> (g) :> (h) and (i) :> (1) :> (o).

3. The main results. The following equilibrium point theorem for the (asym-
metric) finitely additive mixed extension of a game is fundamental for our further
investigations.

THEOREM 3.1. Let F (X, Y, al, a2) be a game such that al SDLC (X x Y) and
(al + a2) 6 ULC (X Y). Then the finitely additive mixed extension ["
Mx, My, At, A2) has an equilibrium point.

Proof. From (i)(p), applied to the zero-sum game (X, Y, al), we get AI(, ’)
x r al(x, y)u(dy)tx(dx), tx Mx, My. Hence, by (a)(d)*, A1 + A2 is continuous,
and Theorem 1.1 may be applied to .

Remark 3.1. In the zero-sum case al / a2 0 in Theorem 3.1 the set of equilibrium
points of " coincides with the set of "finitely additive solutions" which were defined
in [32] for every two-person zero-sum game. Moreover, this special case is a generaliz-
ation of Fenstad’s saddle point theorem [16, Thm. II]; a related result is due to Karlin
[24, Thm. 10]).

LEMMA 3.1. Let F-(X, Y, al, az) be a game with aiSDLC (X Y), i{1,2},
and let 6 > O. Then:

a) For each 12 Mx there exists a Px such that

sup IA(2, ) A,(/3, )1 <-- 6, 6 1, 2}.
My

b) For each My there exists a Py such that

sup IA(z, )- Ai(/x, )[ _-< 6, {1, 2}.
txMx

Proof. a) Consider the zero-sum game F’=(X,Z, a) with Z= Y x{1,2} and
a(x, (y, i)) a(x, y). a SDLC (X Y), {1, 2} implies a SDLC (X Z). By
applying (i)==>(k) to F’ we conclude that for each/2 Mx there exists a/ Px such
that d2(I’)(/2,/)-< 6. In particular, we have

IA(2, y) A(/3, Y)I--< 6 for all y Y, { 1, 2}.

Together with (i)=>(p) the assertion follows. The proof of b) is similar.
The following theorem generalizes Young’s minimax theorem [64, Thm. 14].

Further generalizations of Young’s minimax theorem can be found in [26], [30], and
[31].
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THEOREM 3.2. Let F (X, Y, al, a2) be a game such that al SDLC (X x Y) and
(al+a2)6ULC(X Y). Then, for every e>0, the discrete mixed extension I"d=
(Px, PY, A1, A2) has an e-equilibrium point.

Proof By Theorem 3.1, " has an equilibrium point (/2, 3). From Remarks 2.1a)
and 2.3 we conclude a2 SDLC (X Y). Now, for 3 e/3, choose/3 and according
to Lemma 3.1. Then

AI(,4)>-Aa(12,4)-6>-_A(12, P)-26 >-Aa(p, P)-26>-A(p, 4)-e

for all p Px, and

A2(, 4)>-A2(fi, )-6>-Az(12, P)-26>-Az(12, q)-26>-A2(, q)-e

for all q Py.

4. Examples. We now present some consequences of the foregoing results. It is
obvious that, by combining Propositions 2.1 and 2.2 with Theorems 3.1 and 3.2, a
great variety of (e-)equilibrium point theorems may be constructed for games with
(quasi-)equicontinuous or with (bi-)continuous payoffs. We list some characteristic
examples, and we invite the reader to derive further results by the same method.

Example 4.1. Let the game F (U, V, ba, b2) satisfy the following conditions:
(a) U is a countably compact topological space.
(/3) bl(., V) is quasi-equicontinuous.
(3’) {bl(’, v)+ bz(’, v): v V} is equicontinuous.
Then, for every e > 0, the discrete mixed extension (Px, PY, A1, A2) of every

subgame (X, Y, al, a2) of 1-’ has an e-equilibrium point.
Proof. Let (X, Y, al, az) be a subgame of (U, V, bl, bE). From (a) and (/3) we

conclude via (n) (i) that al SDLC (X Y), and from (a) and (3,) we get via (f) (a)
that (al + a2) ULC (X Y). Hence Theorem 3.2 may be applied.

Example 4.2. (Tijs [56]). Let F (X, Y, a, a2) be a game with finite X. Then,
for every e > 0, Fa has an e-equilibrium point.

Proof. By Remark 2.1 we have ai ULC (X Y), and we may apply Theorem 3.2.
Example 4.3. Let F (X, Y, a, az) be a game such that, for every e > 0, X has

a finite e-complete subset. (A subset S c X is called e-complete if for each x X there
exists an sS such that al(s, y) --> al(x, y)- e for all y6 Y.) Then Fa has an e-

equilibrium point for every e > 0.
Similar results were obtained by Teh Tjoe-Tie [53] and the author [29] in the

zero-sum case.
Proof. For e >0 choose an e/2-complete finite subset S c X. According to

Example 4.2, (Ps, PY, A1, A2) has an e/2-equilibrium point (p, 4). This point is an
e-equilibrium point of I’d.

In the above proof we implicitly used an observation of Tijs [56, (2.6)].
The following "Fubini-type" theorem is, in essence, well known ([30], [46], [51],

[55]). It is an easy consequence of the implications (o)(k) and (o)(p).
Example 4.4. Let F U, V, bl, b2) be a game. Assume that U is a pseudocompact

and V is a countably compact topological space and that bl and bE are bicontinuous.
Let Pg (Pnv) denote the set of all Baire probability measures on U(V). Then, for all

P P, q Pv, {1, 2} we have
(a) u bi(u, )p(du) C(V).
(fl) v bi(., v)q(dv) C(U).
(3’) t v b(u, v)q(dv)p(du)=v g b,(u, v)p(du)q(dv)=: Bi(p, q).
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The game FB (Pg, P/, B1, B2) is called the Baire mixed extension of F. Observe
that by the Hahn-Banach theorem every p Pg can be extended to a/ Mt. Hence,
FB may be considered as a subgame of .

Example 4.5. Let the assumptions of Example 4.4 be satisfied. Moreover, let V
be compact and let bl / b2 be continuous. Then:

a) The Baire mixed extension Fn has an equilibrium point.
b) For every nonvoid Y V there exists a/ Pt, and for every e > 0 there exists

a Py such that (/3, ) is an e-equilibrium point in the subgame (P,P,, B1, B2)
of F.

c) The discrete mixed extension of every subgame of (U, V, b, b2) has an e-

equilibrium point for every e > 0.
Special cases of this result are due to Glicksberg [20] and Owen [44].
Proof. Let q # Y V and F’ =(U, Y, b, b2). From (o)=>(i) and (g)=>(a) we

obtain b SDLC U Y), { 1, 2}, and (bl + b2) ULC U Y).
By Theorem 3.1, ’ has an equilibrum point (/2, ). For and e/2, choose

zPy according to Lemma 3.1b). Then (/2,) is an e-equilibrium point of ’. By
Glicksberg’s integral representation theorem [19] for every Mt, U pseudocompact,
there is a /3Pt such that ufdi2=ufd for all fC(U). Hence, (/3, q) is an
e-equilibrium point of (Pg, Py, B1, B2). In case Y V, 9 does also have a representing
measure 4Pv and, in combination with Example 4.4, we see that (p, ) is an
equilibrium point of F. Thus, a) and b) are proved.

For the proof of c) apply Theorem 3.2.
We note a converse to the above result:
Example 4.6. Assume that U is a topological space such that for every zero-sum

game F (U, V, b) in which V is a compact topological space and b is bicontinuous
either assertion a), b) or c) of Example 4.5 hold. Then U must be pseudocompact.

Proo]’. We have to show that every zero-sum game (U,N, b) with b(., 1) >-

b(., 2)->... and b(., 1)c C(U) is strictly determined. Without loss of generality we
may assume inf n b(u, n)=0 for every u U. (Otherwise consider (U,N, c) with
c(u, n)=max {b(u, n)-8, 0}, 8 > supuu infn b(u, n).) Now we apply assertion c) to
the zero-sum game U, V, b) where V is the one point compactification N t3 {oo} of ,
N endowed with the discrete topology, and b is the extension of b to U x V with
b(u, oo)=0 for every u U. According to c), for every e >0 there exists an e-

equilibrium point (p,, q) of (Pu, P, B), the discrete mixed extension of U, N, b). For
k => max {n N: n support (q)} we have

sup b(u,k)<=sup B(u,q)<- inf B(p,n)+2e= lim f b(u,n)p(du)+2e=2e.
U U n noo .]U

From e 0 we infer

inf sup b(u, n) =< 0 sup inf b(u, n),
n U U nlM

i.e. U, M, b) is strictly determined.
Secondly, for arbitrary f C(U) we apply a) or b) to the zero-sum game U, V, b),

V={f} and b(u,f)=f(u). For/3Pg chosen according to a) or b) we get fd=
suputf(u). In particular, every f C(X) attains its supremum. But this implies [19]
that U must be pseudocompact.

Example 4.7. Let F (X, Y, al, a2) be a game such that X and Y are topological
spaces. If a and a2 are continuous with compact support, then Fa has an e-equilibrium
point for every e > 0.
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Proof. Apply Example 4.5c) to the game (U, V, bl, b2), where U X LJ {o} and
V= YLJ{} are the one point compactifications, bi=ai on X Y and bi=0 on
U V-X Y for i{1, 2}.

Next, we note a generalization of Theorm 3.1:
Example 4.8. Let the game F (X, Y, al, a2) satisfy the assumptions of Theorem

3.1. Let F’ U, V, A1, A2) be a subgame of [" (Mx, My, A1, A2). If U and V are
convex, then F’ has an e-equilibrium point for every e > 0. If furthermore U and V
are closed, then F’ has an equilibrium point.

Proof As was shown in the proof of Theorem 3.1 A1 is bicontinuous and A1 +A2
is continuous. Hence, we may apply Example 4.5c) to the game to conclude that
(U, V, A1, A2) (Per, Pv, A1, A2) has an e-equilibrium point for every e > 0. If,
moreover, U and V are closed, then we may apply Theorem 1.1 to F’.

Example 4.9. Let F (X, Y, al, a2) be a game. Let 9/and be r-algebras on X
and Y, respectively, such that a is 9/(R) -measurable. Assume that

al(x, y) + a2(x, y) E fi(x)g,(y), x X, y Y
i=1

where the f’s (g’s) are bounded -measurable (8-measurable) real functions. Further-
more, let/z]9 and 1 be finite measures. For c > 0 we denote by P the set of all
probability measures on 2l which have a/z-density f such that f(x)<-c for all x X.
For d > 0 define Py similarly. Write

A(p,q)=f aidp(R)q, PPx, qP4v, i{1,2}.
dxxy

Then, for all nonvoid convex subsets U =P and V pay, the game (U, V, A1, A2)
has an e-equilibrium point for every e >0. If P and Py are nonvoid, then
(p, pay, A1, A2) has an equilibrium point.

This example generalizes results of Wald [61] and the author [27, Satz 9]. In
applications, X and Y often are time intervals and the value of the density at time
may be interpreted as intensity of the activities of the corresponding player at time t.

Proof. Let L1 (X, 92,/z) and the topological dual Lc(X, 21,/z) be defined as usual.
By identifying each p U with the equivalence class of its densities we embed U into
the ball

L (X, Iloo__< c},

which is r(L, L1)-compact by Alaoglu’s theorem. Let a be defined similarly. Put

B,(q, q)= f a,(x, y)q(x)q(y),(dy)(dx), e c, q, e’I’a, e {1, 2}.
dX dY

Then B1 is bicontinuous and B1 + B2 is continuous. Now, as U, V, A1, A2) is a subgame
of (, ,, B1, B2), Example 4.5c) implies that U, V, A1, A2) (Per, Pv, A1, A2) has
an e-equilibrium point for every e > 0. As P: and P are closed (convex) subsets of

and a, respectively, we may apply Theorem 1.1 to the game (P, P., A1, A2).
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THE LINEAR REGULATOR PROBLEM FOR PARABOLIC SYSTEMS*

H. T. BANKS," AND K. KUNISCH$

Abstract. We present an approximation framework for computation (in finite dimensional spaces) of
Riccati operators that can be guaranteed to converge to the Riccati operator in feedback controls for abstract
evolution systems in a Hilbert space. It is shown how these results may be used in the linear optimal regulator
problem for a large class of parabolic systems.

Key words, parabolic systems, feedback controls, approximation schemes

1. Introduction. In this note we consider feedback controls for parabolic partial
differential equations and the related Riccati operator theory when an infinite horizon
integral quadratic cost functional is optimized. A general convergence framework for
approximation ideas which can be used in computational techniques is developed in
the context of the regulator problem theory pursued by Gibson in several recent
investigations [8], [9], [10]. To illustrate our ideas we shall consider a specific model
problem: The infinite horizon regulator problem for the parabolic control system

(1.1)
Ot i,j=l x/ ai(x) +i=’ bi(x)-o-xi + cy+Bu(t),

for t> 0, x f c R n, with Dirichlet boundary conditions y]o =0 and known initial
data yl,=o-. Consideration of this model problem is motivated by our desire to
develop efficient computational schemes for optimal control problems in connection
with the insect dispersal investigations detailed in [1], [2]. These problems (involving
parabolic partial differential equations) will entail distributed controls (e.g., spraying
of pesticides over a region with frequency and intensity of spraying constituting
important control variables). We expect the theoretical results presented in this paper
to form a sound foundation for the development in the near future of computational
procedures for feedback controls in such problems.

In 2, we state carefully a convergence theory for approximate Riccati operators
that is essentially a modification and refinement of the theory presented by Gibson in
[8]. (In an appendix, we indicate details as to how our framework follows from the
results of Gibson.) We then in 3 state precisely our control problem for the system
(1.1) and show that under reasonable assumptions (which imply a certain "preservation
of exponential stability under approximation" condition) the abstract framework of
2 can be used to guarantee convergence of approximate solutions in the event the

basic approximation scheme enjoys rather fundamental convergence properties. These
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are sufficiently relaxed to allow a generous number of practical schemes (modal, splines
of several types and orders) to fall within our treatment.

A concluding section contains remarks on the potential usefulness of the results
in this presentation.

2. Approximation of an abstract linear regulator problem. In this section we
summarize approximation results for an abstract linear optimal regulator problem that
we shall subsequently employ in our treatment of parabolic systems. The results given
here involve an important practical modification of the abstract theory developed by
Gibson in [8]. Specifically our presentation is formulated so as to facilitate approxima-
tion of the regulator problem by a sequence of finite dimensional state space problems,
each defined on a subspace of the state space of the original problem. Gibson’s
presentation [8] requires the approximating problems each be defined on the entire
original state space and as we shall explain below, this can lead to some tedious technical
considerations. Our modified framework of this section really follows directly from
that of Gibson, but we shall defer to an appendix a detailed explanation of this aspect
of our considerations.

We suppose throughout that H and U are Hilbert spaces, that A: dom A c H-H
is the infinitesimal generator of a strongly continuous or Co semigroup T(t) on H and
that B ( U, H). We consider a control system in H given by

(2.1)
)(t) Ay(t)+ Bu(t),

y(O) Yo,

t>0,

and an associated performance measure

(2.2) J(Yo, u)= {(Dy(t), y(t))+(Qu(t), u(t))} dt,

where D (H), O w(U) are selfadjoint and satisfy D >= 0, O > 0. Our fundamental
abstract linear optimal regulator problem can then be stated as

() Minimize J(Yo, u) over u L2(0, ; U) subject to y y(.; u) satisfying (2.1).

We shall say that a function u L2(0, ; U) is an admissible control for the initial
state Y0 H if J(Yo, u) is finite. As usual, a certain algebraic Riccati equation will play
a fundamental role in our analysis and an operator H ’(H) is called a solution of
the algebraic Riccati equation (A.R.E) if II maps dom A into dom A* and satisfies on
H the equation

(2.3) A*H +HA-HBQ-1B*H + D 0.

Here A* is the Hilbert space adjoint of A and we recall [4, p. 51] that it is the generator
of the Co semigroup T(t)* which is adjoint to T(t). We note that if II satisfies (2.3)
on domA then (2.3) can be taken as an equation on H since IIBQ-1B*I-I-D is

bounded so that A*II +HA has a bounded extension to all of H.
The following result is taken from [8, Thms. 4.11, 4.6].
THEOREM 2.1. Let A, B, O, D be as given above. Then there exists a nonnegative

selfadjoint solution II of the algebraic Riccati equation (2.3) if and only if for each

Yo H, there exists an admissible control. If this latter holds, then the unique optimal
control and corresponding trajectory for ( are given by

(2.4) ( t) -o-lB*IIy( t),

(2.5) y(t) S(t)yo,
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where II is the minimal nonnegative selfadjoint solution of the A.R.E. (2.3) and S(t)
is the Co semigroup generated by A-BQ-1B*II. If ly(t; u)]-0 as t for any
admissible control (this is guaranteed for example by the condition D > 0), then II is
the unique nonnegative selfadjoint solution of the A.R.E. If D > O, then we also have
that S(t) is uniformly exponentially stable.

In this theorem the term minimal for a selfadjoint operator is in reference to the
usual ordering of selfadjoint nonnegative operators on a Hilbert space. We note that
the minimal solution II of (2.3) can be obtained as the limit of a sequence of Riccati
operators for associated finite interval regulator problems (see [8, Thms. 4.10, 4.11])
in a manner analogous to the usual procedure for finite dimensional state space regulator
problems [13].

We next formulate a sequence of approximate regulator problems and present a
convergence result for the corresponding Riccati operators. Let HN, N 1, 2, , be
a sequence of finite dimensional linear subspaces of H and pN. H --> HN be the canonical
orthogonal projections. Assume that Ts(t) is a sequence of Co semigroups on HN

with infinitesimal generators AN e (HN). Given operators BN ( U, HN) and DN e
(HN) we consider the family of regulator problems:

(N) Minimize jN(yN(0), u) over u e L2(0, o; U),

where

(2.6)
yN t) ANyN t) + BNu( t),

yN(0)= yV pNy0,

t>O,

and

(2.7) jN(yN(O), U) {(DNyN(t), yN(t))+(Qu(t), u(t))} dt.

We note that since BN" U-HN, the trajectories of (2.6) evolve in HN and
consequently (Yt N) is a linear regulator problem in the finite dimensional state space
HN so that finite dimensional control theory is applicable here. We shall need several
assumptions in a convergence statement regarding solutions of (Yt N) and ().

(H1). For each yV e HN there exists an admissible control uN L2(0, m; U) for
(Yt N) and any admissible control for (2.6), (2.7) drives the state of (2.6)
to zero asymptotically.

(H2). (i) For each z eH, we have TN(t)pNz T(t)z with the convergence
uniform in on bounded subsets of [0, ).

(ii) For each z eH, we have TN(t)*PNz T(t)*z with the convergence
uniform in on bounded subsets of [0, m).

(iii) For each ve U, BNvBv and for each zeH, BN*z-B*z.
(iv) For each z H, DNpNz DZ.

We remark that (H2)(i) implies in particular (take t=0) that PNz z for each
z e H and in this sense we have the subspaces HN approximate H.

If assumption (H1) holds, then the optimal control aN for (s) is given in
feedback form by

(2.8) aN (t) -0-1BN*IIN)7N (t)

where IIN(HN) is the unique nonnegative selfadjoint solution of the algebraic
Riccati equation on HN

(2.9) AN*[IN +HNAN --I-INBNQ-1BN*I-IN +DN =0,
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and yN is the corresponding solution of (2.6) with u t7. Moreover

jN(y, aN)= (nyo, y).
We also have the following fundamental convergence results.

THEOREM 2.2. Suppose (H1), (H2) hold, Q>0, D>=0 and DN>=o and let IIN

denote the unique nonnegative selfadjoint Riccati operators on HN for the problems
(N). Further assume that a unique nonnegative selfadjoint Riccati operator on H for
theproblem exists. Let S(t) and SN (t) be the semigroups generated byA BQ-1B*II
and AN- BNQ-1BN*IIN on H and HN, respectively and suppose [S( t)z]- O, t--> , for
all z H. If there are positive constants M1, M2 and w independent ofN and such that

IsN(t)In<--_M e-’ for t>=O, N= 1,2,...,(2.10)

and

(2.11)

then

(2.12)

(2.13)

IIUPNz - IIz for every z H,

SN(t)pNz --> S(t)z for every z H,

where the convergence is uniform in on bounded subsets of [0, ), and

(2.14) [S(t)[<=MI e-’ for t>=O.

We present a proof of Theorem 2.2 in the Appendix. Meanwhile we remark that
under the hypotheses of this theorem, IIPu is an extension of IIN e Le(HN) to all of
H. If DN, AN are replaced by DNpN, ANPN, respectively and (2.9) is considered as
an equation on H, then IINPN is its unique minimal nonnegative selfadjoint solution.

Theorem 2.2 is essentially contained in [8]. The main difference between the
theorem here and the result in [8] is, as stated earlier, that here each of the finite
dimensional state problems (Y2 N) is defined in the subspace HN only, whereas in [8],
Gibson requires that the approximate regulator problems be defined on the entire
space H. This causes some unnecessary technical difficulties: First note that if D > 0
and DN-- pND (as an operator in HN), then DN> 0 on HN. But DN =0 on HN-L.
This difficulty can be circumvented by considering instead /N= pND d-!--pN as an
operator on Hsee [9, p. 698].

To explain a second disadvantage to the formulation of (N) on all of H, let us
assume that [TN(t)IH <= Me-t for positive constants M and a. This allows one to
infer existence of Riccati operators 1-IN on HN; however, if the semigroups TN(t) are
extended to H by taking TN(t)PN + I-pN, then these extensions are not uniformly
exponentially stable and the existence of feedback solutions to (N) on H is not
guaranteed. However there is a more subtle difficulty regarding verification of the
analogue of (2.10) on H (e.g., see [8, Thm. 4.3, condition (5.17)] if the approximate
problems are defined on H. Even if one has the condition TN(t)IH <= Me-t with
TN(t) extended to H as mentioned above, the feedback operators sN(t) on H satisfy
sN(t)Z=Z for zH- and hence it is not possible to satisfy directly the stability
requirement (2.10) on H. In [9] this difficulty is handled by taking TN(t)Z e-tz for
z HN+/-. But then T(t) and TN (t) are essentially unrelated on HN’.

Remark 2.1. We point out that the requirement Hu H is not essential to the
development of an approximation framework and theory such as that culminating in
Theorem 2.2. Of course in this case the hypotheses (H2) must be modified. More
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precisely, suppose that (H, I’1), H v, I’1 ) are Hilbert spaces (in general HN 7/H)
with T(t), TN(t) strongly continuous semigroups on H,H respectively, and assume
that the following hypotheses hold:

(H2’). (0) There exist bounded linear operators PN: H-HN satisfying [PUz[v
[z[ as N--> c for all z H.

(i) There exist constants M, o such that T(t)[ <-M e’t for all N and
for each zH, ITl(t)plz-plT(t)z[-->O as N--> c, uniformly in
on bounded subsets of [0, c).

(ii) For each z H, IT(t)*Pz-PNT(t)*zl-->O as N--> c, uniformly in
on bounded subsets of [0, c).

(iii) For each v U, the operators B ( U, H), B ( U, H) satisfy
IBlv-PBvlvO. For each z e H we have IB*pIz-B*zIvO.

(iv) There exist operators De(HN) with IDI, N=l,2,..’,
bounded and for each z H, IDPz-PDzI O.

(v) There exist operators G e (Hv) with IGI bounded and for each
z H, lOoP%-PGzI - O.

(vi) For each N, the operators DN, G are nonnegative selfadjoint.
Under these assumptions, Theorem 2.2 is valid where the convergences in (2.12),
(2.13) are replaced by [IIlplz-PIIz[N-O for every zH and [sN(t)Pz
plUs(t)zl - 0 for z H, uniformly in on bounded subintervals of [0, oo). This version
of the approximation results follows from modifications of arguments in the Appendix
once one has proven an analogue to Theorem A.2 which permits H z/H. Such a
version is useful in developing certain types of approximation schemese.g., finite
differences, spectral methods.

In the next two sections we shall see that the version of approximation results
given in our Theorem 2.2 lends itself to easy verification for certain classes of approxi-
mation schemes for parabolic systems.

3. Convergence of approximate Riccati operators for parabolic systems. We use
the framework summarized in the previous section to treat the optimization of integral
quadratic cost functionals for parabolic systems of the form given in (1.1). We shall
follow the notation introduced in 2 and for our state space H we choose H(fl) with
f a bounded domain in R possessing a piecewise C boundary 0fl. Unless otherwise
indicated, all of the function spaces below are to be understood as spaces of functions
with domain 12 and range R 1.

For B, D, and Q as given in defining problem () of 2, with D > 0 and Q > 0,
we consider the regulator problem () with the system (2.1) for the state y(t) y(t,.
in H H(I1) taken as the parabolic system

Yt Di(aijDJY) + biDiy + cy + Bu, > O,
i,j=l i=1

(3.1)
y(0,. b, y(t,. )Ion 0,

where u L(0, oo; U).and D= ,9/Ox denotes differentiation, with respect to the /th

spatial variable x.
We make the following standing assumptions on the coefficients in (3.1)"
There exist positive constants 3’ and tz such that

i,]

for every sc e R n; ai a, and a L(II), bi L(II), c L(fl) for every i, j
1,...,n.
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Throughout our discussions the concept of a solution of (3.1) will be that of a weak
solution (i.e., in the sense of distributional derivatives).

We introduce the sesquilinear form r" H0(f)x H(I)- C defined by

o’(z, v) aDzD bDz + z dx,
i,j=l i=1

where

(x)=c(x)-k,

with the constant k k(l), y)> 0 determined so that the inequality

(3.2) Re o-(z, z) CllZ[12
holds for some positive constant Cl independent of z (see [14, p. 144]). Here and
throughout]. [1 and l" [denote the H(f) and H(I)) norms respectively. Furthermore,
to allow use of the theory of sectorial operators and sesquilinear forms in discussing
the spectra of various operators, we assume in defining r that the functions in Ho(l))
are complex valued. For the sesquilinear form o- it can be shown (see [14, p. 143])
that there is also a constant c2 C2(’ /,) SO that

(3.3) Ir(z, v)l<-_c2lzlllVll
for all z, v e H(O). Furthermore, it follows from the bounds (3.2), (3.3) and well-
known results on sesquilinear forms (see, e.g., [12, p. 101]) that there exist operators
A, A* in H(O) such that

(3.4) o’(z, V)-(--AkZ, v) for zedomAk,

and

(3.5) o-(z, v)=(-A’v,z) for vedomA,zeH(f).

In addition dom Ak and domA are dense in H(12), and we have Ak dom A
H(a), A* dom A* H(I)).

From (3.2), (3.4) and (3.5), we find that

Re (Az, z) <= -CllZl, z e dom A,
(3.6)

Re (A* z, z) <- -c,lz121, z dom A*.
In view of (3.6) and the range statements above for A and A*, we may invoke
standard results from linear semigroup theory [15, p. 16, Thm. 4.5] to assert that A
and A* are the infinitesimal generators of linear C0-semigroups T(t) and T*(t),
respectively. (As we have noted above, in fact T*(t)= T(t)*.)

We note that the solution semigroup T(t) for (3.1) is given by

(3.7) T(t)= etT(t)

with the infinitesimal generator A of T(t) given by A A + kI and dom A dom A.
Similarly, we have

(3.8) T(t)* ektT*k(t)

with the infinitesimal generator A* of T(t)* given by A* =A+ kI and domA*=
dom Ak*. We also have IT(t)l<-ek-c)t for t=>0.

Turning next to approximations for (), we suppose we have a sequence of
finite dimensional (real) subspaces HN= H(f), N= 1,2,’’’, which satisfy the
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approximation condition"
(C1). For each z H(fl), there exists an element N in HN such that Iz- NI1 <--_

e (N), where e (N) - 0 as N --> oo.
We remark that this condition is fulfilled in the event HN is chosen as in many

classes of finite element approximation schemes [5, Chap. III, 3.2]. In particular, (C1)
holds for the case where fl is a rectangle in/{2 and the HN are the usual linear spans
of tensor products of standard one dimensional piecewise linear splines [16] with mesh
size approaching zero as N-.

Proceeding in standard fashion, we observe that the restriction of cr to HN HN

defines, in a unique manner, bounded linear operators A,A*N on HN such that

(3.9) a(.z, v)=(-Alz, v), z, v HN,
and

(3.10) or(z, V)=(--A’Nv, z), Z, veHN.

Here A’N= a*, We let AN a+ kI, AN* a*+ kI with domains HN and note
that AN, AN* generate C0-semigroups TN(t), TN(t) * on H, with TN(t)* the adjoint
of TN(t). For the finite dimensional approximating problems (N) we choose

(3.11 BN pNB, DN pND

where pN. HO(f)_> HN is, as in 2, the canonical orthogonal projection. We have
thus specified all of the needed entities for the problem () of 2. As we noted
previously the trajectories of this problem evolve in HN and hence it is a finite
dimensional regulator problem for which computational techniques are readily avail-
able (assuming of course that one has made an appropriate decision in defining the H).

We turn to a verification of (H2) of 2 for the approximations at hand. Since it
is a trivial matter to see that (C1) implies that

(3.12) PNz z as Nc, for z e H(f),
the conditions (H2) (iii), (H2) (iv) follow at once from (3.11). We next argue that

(3.13) T(t)pNz -> T(t)z,

(3.14) T(t)*pNz --> Tk(t)*z,

for z H(), with the convergence uniform in on bounded subsets of [0, oo). This
taken with (3.7), (3.8) will imply conditions (H2)-(i), (H2)-(ii). First we note that
from (3.2), (3.9), (3.10) and the fact that HN c H(fl), we have

(3.15) Re (Alz, z)<=--C1[Z[21,
(3.16) Re (AT*z, z)<-_-Cl[Z[
for all z HN. Moreover, we shall demonstrate that the following convergence state-
ments hold:

(3.17) (I-AI)-IpNz-(I-Ak)-z, z6H(f),

(3.18) (I-al*)-lpNz-(I-a’)-’z, zH(12).
We then may use the Trotter-Kato theorem (see, e.g., the version given in [18]) to
conclude that (3.15)-(3.18) imply at once the statements (3.13), (3.14).

Thus we turn to establish (3.17) and (3.18). We shall employ a result given in [7,
p. 756, Lemma 3.3], which we state without proof here.
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LEMMA 3.1. There exist a positive constant t and a constant 01 in (0, r/2) such
that

(3.19)

for all z H() and A { C" 01 <--larg 1 <= r}.
We use this to show that (3.17) holds. For z H(fl), define w=(I--Ak)-lz and

ws= (I-A)-lpSz. Then we have for all zs Hs

<w, z>+ (w, z) =<z, z>,
w’, z’ + (w z z, z’ >.

Consequently, defining eN= w-wN, we find

es, zs + o’( e, zs 0

for all zs Hs. Taking A -1 and z eN in (3.19)note that eN H(t2)we obtain
using this last equation

]eS[2 + leS[ 2__< (, [- [eS[2--o-(es, eS)[= 6,[--<es, es + zS>-- o-( es, es + zS)[
for all zS Hs. Let zs= ws- ffs, where ffs is an approximation for w chosen
according to (C1). (Here we again use the fact that w e dom A c H(II).) We thus
obtain the estimate

lel+lel a,l(e, w- s)+ o’(eS, w- CvS)l cs(N)81{!eNl+leS11},

where we have, without loss of generality, assumed that c2_-> 1. This last estimate
implies eN - 0 in H1 (fl) and, in particular, (3.17) holds.

Turning to (3.18), we recall that r(z,v)=(-Av,z) and define z:H(l)
H(fl)C by z(z, v)= tr(z, v). Then z satisfies the same inequalities (3.2), (3.3) as
tr. We may therefore verify (3.18) by referring to the analysis for (3.17). We summarize
our discussions to this point.

LEMMA 3.2. Let (C1) hold. Then (H2) obtains with BN, Ds, TN(t), and TN(t)*
defined as in and just above (3.11).
To use Theorems 2.1, 2.2 of 2, we shall make the following stabilizability hypothesis.

(C2). The pair (A, B) is exponentially stabilizable, i.e., there exists a bounded
linear operator K’H(I))- U such that the semigroup Ts(t) generated by
A +BK satisfies [Ts(t)[<:M1 e-’,t for some positive constants M1 and w,.

For a discussion of (C2), we refer the reader to [17] and the references given there.
To make use of the theory of 2, we need to verify that a certain preservation of

exponential stabilizability under approximation condition holds for our problem. This
condition can be stated as"

(POES). Suppose that condition (C2) holds. Then there exists an integer No such
that for all N>-_No the pairs (AN, PUB) are uniformly exponentially
stabilizable by the operator K of (C2), i.e., there exist positive constants
(independent of N) Ms and ws such that the semigroups Ts(t) generated
by AN +pNBK satisfy ITs (t)l<-Mse-’t for all N>-_No and’ t=>0.

Before returning to the theoretical results of 2, we argue that the class of
approximations for our system (3.1) does indeed satisfy the preservation of stabilizabil-
ity condition (POES).

LEMMA 3.3. Let (C1), (C2) hold. Then the approximations defined through (3.9),
(3.10), (3.11) yield systems that satisfy (POES).
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Proof. We define a sesquilinea.r form trn" H(I2) H(12) --> C by trn(z, v)
tr(z, v) + (-BKz, v) + (fez, v), where k is chosen so that

(3.20)

and

(3.21)

Re r(z, z) >= c3lzl,

Ir(z, V)l c41zl,lVl, z, veH(a),

for some positive constants c3, C4 (recall (3.2), (3.3)). Then arguments similar to those
in [7, p. 756, Lemmas 3.2, 3.3] can be used to establish that the numerical range of
rn is contained in a right sector So.v {A C" larg (A Y)I =< 0} where 0 < 0 < 7r/2,
real.

We next consider the restriction of trn to HNHN and, in a manner already
^N N, HNdiscussed, this gives rise to bounded linear operators An,n on such that

fil AN +pNBK c, where/ k +/ (see the definition of k in r,/ in rn). Indeed
trn(z, v)-’(-z, v), trn(z, v) (-fi,* v, z) for z, veilN, with n the adjoint of
fi. Furthermore, the numerical range of fi.B (and fi’*) is contained in the left sector
S,v {A" -A So.v}, uniformly in N. Thus the numerical range and hence the spectrum
(see [11, p. 280]) of AI AN +pNBK fi.B+/ are contained in a left sector

S.v +/, uniformly in N. It follows that the set of all eigenvalues A ofA with Re A > -6
is bounded, uniformly in N, for any fixed 6.

Using arguments similar to those behind (3.17), (3.18)--see Lemma 3.1 and the
proof of Lemma 3.2--it is easily shown that for some r e R 1, sr > 0 sufficiently large,
we have " in all the resolvent sets p(Al), p(A + BK), N 1, 2,..., and

(3.22) (-AI*)-IPNz--> (-(A + Bg)*)-lz for z e H(I).

Next we claim that for some positive integer No, U =No cr(A) is contained in a
left half plane Re (z)=<-e, e >0, and hence in the interior of a left sector S with
vertex-e/2. If not then there exists a sequence N with N oo and A Nj an eigenvalue
of A satisfying Re A > 1/]. From our findings on the spectrum of A, N 1, 2,. ,
we know there exists a limit point , of {A} with Re . => 0, . We shall argue that

is an eigenvalue of A + BK, which is a contradiction since (C2) implies Re
for A in the spectrum of A + BK (see [4, p. 32]).

For convenience, we relabel and drop the subsequential notation, assuming hence-
forth that AN , with ,N an eigenvalue of A. Let 4N be an eigenvector with

[N 1 and ABe&N ANN for all N sufficiently large. Then we have

A NdpN N ANB CN )N

and hence

(A- ’)- (A NCN ,N) CN.
Let X in dom A* be arbitrary and put 0 (A + BK-)*X. Then

(3.23) (ANN- ,N, ((AI_)-I),pNqo=(N, pNo)"

Using (3.2), one can readily show that the set {N} is a bounded set in H(12).
Consequently, there exists a subsequence, again denoted by {N}, converging strongly
in H(f) to some nontrivial w H(lq). Thus from (3.22), (3.23) and (3.12)--a result
of (C1)--we have

((-)w, ((A+BK-)-I)*q,)=(w,
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or

((- r)w, X) (w, (A + BK-

for all 2’ in dom A*. Thus w dom A and

(( ) w, X) ((A + BK ) w, X)

or

((A + BK-)w, 2")=O

for all 2" in dom A*. It follows that w is an eigenvector corresponding to the eigenvalue
for A +BK and this yields th6 desired contradiction.

Having established existence of the sector , the uniform exponential bound in
(POES) now follows from the representation

TY(t) Iv e;t(h +ABN)-I dh

where F is the positvely oriented boundary of . To see this, note that an estimate
like (3.19) for trB yields I(A +a)-ll--< 8llA[-1 and that furthermore we have
e t. Thus an estimate of the contour integral for [1, co) along with the observation
that ITN(t)I <= e r’ for [0, 1] yields the bound and completes the proof of Lemma 3.3.

We return finally to a discussion of the convergence theory of 2 as it is applied
to the specific parabolic system control problem that is the focus of the present section.
We assume (C1) and (C2) hold. Then (POES) along with Theorem 2.1 yields the
existence of nonnegative selfadjoint Riccati operators H and HN (for N sufficiently
large) associated with the problems (Y) and (N) in H() and HN, respectively.
Since D>0 and DN =pND>O on HN, these Riccati operators are unique and
furthermore (H1) obtains.

Turning to Theorem 2.2, we first verify that (2.11) holds.
Recall that

(3.24) [IINIH =sup {(HNz, Z)IZ HN, Izl 1}-- sup J(z,/N),

where aN is the optimal feedback control (2.8) of (N). Define, for zN e Hu with
[zNl=l, the control u(t)=KT(t)zN where TN(t) is the semigroup defined in
(POES). Then

J(z, a) (DT(t)z, T(t)z> dt+ <OKT(t)z,KT(t)z> dt

< {ID[ + IQI IKl}M;-M,

so that from (3.24) we may infer (2.11). To establish (2.10), we first note that
ISN(t)IH" <--K1 em for some constants K1 and/3 independent of N. This follows from
(3.15), (3.16), (2.11) and the fact that SN(t) is generated by AN-pNBQ-1B*PNHN.
Moreover we have

(DSN(t)zN, SN (t)zN dt <- (HNzN, zN) <--_ M2[zN[.
Since D > 0, a theorem of Datko (see [6], [8, p. 540, Thm. 2.2]) implies existence of



694 iq. T. BANKS AND K. KUNISCH

positive constants M1 and to, independent of N, such that

ISN (t)[H ----< M1 e-t.
Hence (2.10) of Theorem 2.2 holds.

Using the convergence results of (2.12), (2.13) it is easy to argue that the optimal
feedback controls for (N) converge to that of (). We summarize our findings for
the regulator problems for (3.1) in the following theorem.

THEOREM 3.1. Assume that the subspace approximation condition (C1) holds for
H H(f), that the stabilizability condition (C2) holds for (3.1), and that Q> O, D>
O. Then there exist unique Riccati operators II and II associated with the regulator
problems (:) and () on H(f) and HN for (3.1) and

and

IIPz --> IIz for z e H(f),
sS(t)PNz--> S(t)z for zeH(a),

ti
rq (t) ti(t),

with these last two statements holding uniformly in on compact subsets of [0, c). Here
slY(t) and S(t) are the semigroups generated by AN-pBQ-1B*pNII1 and A-
BQ-1B*II, and S and are the optimal feedback controls for () and (),
respectively. Moreover, IS( t)l <= M1 e-t with to > O.

Remark 3.1. We note that the techniques of this section lead easily and directly
to implementable approximation schemes. Given the approximation subspaces HN,
one does not need to construct the operators Av of (3.9) to consider the resulting
approximating systems. Indeed the usual Galerkin type formulation for the approximate
system leads to only the need to evaluate r(B/, B), where {B} is a set of basis
elements for HN.

4. Concluding remarks. The conclusions in Theorem 3.1, especially (3.26) and
(3.27), are important since they reveal that the finite dimensional control laws when
employed in the systems that we can compute (i.e., the approximate systems) allow us
to anticipate what might happen qualitatively if we used the infinite dimensional
feedback controls in the original distributed system. However of equal importance are
findings (which are simple corollaries to the results of section 3) that indicate that use
of the approximate (readily computed and usually easily implemented) controls in the
actual distributed system can be expected to produce satisfactory performance. More
precisely, let ulV=Q-1B*HlVpiv and consider the sequence N=A-BU1 of
operators in H(f). Then the operators v generate semigroups gN(t) which are
uniformly exponentially stable and gs(t)z-->S(t)z, uniformly on compact sets in
[0, oe), zH(12), provided, of course, that the assumptions of Theorem 3.1 are
fulfilled. The uniform exponential stability can be established using arguments similar
to those in the proof of Lemma 3.3. The significance of results for such finite dimensional
feedback into the original distributed system was noted by Gibson in [9, p. 699].

We note that although the techniques employed in 3 pertain in a fundamental
way to stabilizable equations of parabolic type, the techniques described in that section
are not restricted to equations of the form (1.1) with distributed control. Indeed as
can be seen from the arguments in 3, the essential property required for application
of these ideas is that the differential equation operator in (2.1) be sectorial or, more
precisely, that the systems (including feedback) generate sesquilinear forms with
numerical range in some sector (e.g., see the arguments behind Lemmas 3.1, 3.3).
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Indeed, even though our treatment here is concerned with the practically important
(ln view of the applications mentioned in 1) case of distributed controls, we recognize
th,at there are important applications where boundary control problems for parabolic
equations are of primary interest. In some of these applications our treatment and
techniques are readily used. (We note that the only restriction on B is that it be
bounded and some boundary control problems are readily transformed to the form
(2.1)). Furthermore, certain control problems for higher order equations can also
sucCessfully be treated with the ideas presented in this paper.

Finally, we note that our approximation approach involves almost no restrictions
on the subspaces H so that we again can treat a large variety of problems. For
example, we specifically do not require that HN be contained in dom A (or dom Ak)
about which we may have only partial information in some cases. Thus we may readily
employ linear spline approximations with second order operators in the framework of
our results. Based on our previous efforts with spline based approximations in parameter
estimation [1 ], [2] and control problems [3], we were confident that optimism concern-
ing use of splines in the present framework was justified. In the period since we wrote
our first report [Banks and Kunisch, The linear regulator problem for parabolic systems,
LCDS Rep. 83-18, Brown Univ., May, 1983] on this work, we have, in collaboration
with K. Ito, successfully carried out test computations using spline and spectral (tau-
Legendre) methods with our expectations fully realized. Details of this and other
numerical work presently being pursued will be reported elsewhere. We gratefully
acknowledge K. Ito for his efforts on these numerical calculations and for his comments
and questions concerning the present manuscript.

Appendix. We give here a proof for Theorem 2.2 using in a fundamental way
some of the results of Gibson. As we have already mentioned, Theorem 2.2 in its
present form is not given in [8].

To make our arguments, we need to consider regulator problems on the finite
intervals [s, tt],-oe< s< t, with a weighting operator G for the final state y(t). We
assume throughout that A generates the Co semigroup T(t) on H, that D, Q, G are
selfadjoint with D >_- 0, Q > 0, G _-> 0, and B e ( U, H). The finite interval problems
are given by:

(, tr) Minimize

J(s, y(s), u)=(Gy(t,), y(t)}+ {{Dy(t), y(t)}+{Ou(t), u(t)}} dt

subject to

y(t)= r(t-s)y(s)+ T(t-o’)Bu(o’) do for s<-t<-t.
Under our assumptions a unique nonnegative selfadjoint Riccati operator II can

be associated with (, t). That is, IIs is the unique nonnegative selfadjoint solution
of the integral Riccati equation for z e H

IIs(t)z r(t-t)*Gr(tf-t)z+ T(r-t)*[D-IIs(rl)BO-1B*II,(rl)]T(rl-t)zdrl

with II,(:)e (H) for s_-< :_-< t, (see [8, Thms., 3.1, 3.2 and eq. (3.28)]). We then
have the following limit results.

TqEOREM A.1. Assume that the unique nonnegative selfadjoint solution II of the
A.R.E. (2.3) exists. Let IIs be the unique Riccati operator function associated with the
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problem (, 0). If limt_,oo IS(t) z 0 for all z H, where S(t) is generated by A
BQ-1B*II, then

lim IIs(s) z IIz for all z H.(A.1) s-,-

If moreover G >- II and there exist positive constants M and such that

(1.2) Is(t)l<-_Me-’, >-O,

then

(A.3) II_<-II(s)_-<II+m2 eZ’SlG for s<0.

Proof. If II is the unique nonnegative, selfadjoint solution of (2.3), then by the
calculations in [8, pp. 557-558], it is also the unique solution of the first integral Riccati
equation of [8] on the infinite interval and corresponds to the operator Poo of that
paper. Theorem A.1 then follows directly from [8, Thm. 4.10].

We note that if in addition to the above hypotheses we have D> 0, then (A.2)
is satisfied (see [8, Thm. 4.8]).

We next recall an approximation result for the finite horizon regulator problem
(, tt) in H. Let (H2) hold with operators as in (Yu) given; in addition assume
Gu e (HU), GU_-> 0, are given. To consider a related finite horizon problem in H,
we define N-’GNpN and )N--DNpN on H. Consider for-oe<s<t and y(s)H
given the problem:

(N, re) Minimize

JN(s, yN(s), U)= ((NyN(t,), yN(t))

+ {(ff)y (t), y(t)) + (Ou(t), u(t))} dt

subject to

yN(t)= TN(t-s)PNy(S)+ rN(t-r)BNu(r) dr for s<-_t<-t.

The problem (N, re) is considered as a problem in H even though we note that
yN(t) eHN for each so that ff)NyN(t)=DNyN(t) and dNyN(t)=GNyN(t). We
denote the unique nonnegative selfadjoint Ric,cati operator function associated with
(N, 0) by H (see [8, Thm. 3.2]). The following is a consequence of [8, Thm. 5.1].

TI-IZORFM A.2. Let (H2) hold and assume that GNpNz -- Gz for z e H. Then for
s < 0 we have

aN - a uniformly on Is, 0],

yN y uniformly on [s, 0],

IIs(:)z - IIs(:)z for z e H, uniformly in on [s, 0].

Here aN, t, yN, y denote optimal controls and trajectories of the problems N, 0) and, 0), respectively.
With these preliminaries, we are now prepared to prove Theorem 2.2.
Proof of Theorem 2.2. Denote by Hs and H, s _-< 0, the Riccati operator functions

associated with (, 0) and (N, 0) in H where we take G MaL GN= M.PN with
Me the constant in inequality (2.11). From Theorem A.1 applied to each of the
problems (N, 0) on H with (2.10) (and hence (A.2) with M= M,/3 w) holding
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we conclude that for s < 0 one has on Hzv

rI -< ny(s) _-< rI" +M eZ’SM2.
This implies that on H we have for s < 0 and each N

(A.4) IIP -< H(s)P <=HP +M2 e2SM2
Since HrP is selfadjoint in H, we conclude from (A.4) and (A.1) that for each e > 0
and z H, there exists ’= st(z, e) in (-oe, 0) such that

(A.) Irl ’(c)e -rI e l < e for every N= 1, 2,...,

and

(A.6) IIIz- II(’)zl < .
Therefore we have

IIINpNz rI zl <= IIINpNz IIU(’)PNz + IrI )PNz II )z

(5.7) + [II(’)z II(’)z[ + [II (’)z IIzl
<-- zl / In f’(c)I PNz zl + In tiC(c) 1 +

But by Theorem A.2 and the uniform boundedness principle we have ]II (’)[ uniformly
bounded in N and II(’)z II(’)z. Finally from (H2)(ii) we have PNz- z and thus
(A.7) implies IINPNz --> IIz for every z H. Hence (2.12) is established.

From (H2)(iii) and (2.11)it follows that IBNO-BN*IINIH is uniformly bounded
and moreover BNO-BN*IINpNz BO-B*IIz for each z /4. Therefore (2.13) fol-
lows from use of the variation of parameters representations for yN(t)= SN(t)z and
y(t) S(t)z and the Gronwall inequality along with (2.8), (2.10) and (H2)(i). Finally
(2.14) is a consequence of (2.13) and (2.10).

REFERENCES

H.T. BANKS AND P. KAREIVA, Parameter estimation techniques for transport equations with application
to population dispersal and tissue bulk flow models, LCDS Tech. Rep. 82-13, Brown Univ.,
Providence, RI, July 1982; J. Math. Biol., 17 (1983), pp. 253-273.

[2] H. T. BANKS, P. L. DANIEL AND P. KAREIVA, Estimation of temporally and spatially varying

coefficients in models for insect dispersal, LCDS Tech. Rep. 83-14, Brown Univ., Providence, RI,
June, 1983.

[3] H. T. BANKS, I. G. ROSEN AND K. ITO, A spline based technique for computing Riccati operators and

feedback controls in regulator problems for delay equations, ICASE Rep. 82-31, Sept. 1982; SIAM
J. Sci. Stat. Comput., 5 (1984), to appear.

[4] P. L. BUTZER AND H. BERENS, Semigroups of Operators and Approximation, Springer, Berlin-

Heidelberg-New York, 1967.
[5] P. G. CIARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.
[6] R. DATKO, Uniform asymptotic stability of evolutionary processes in a Banach space, SIAM J. Math.

Anal., 3 (1972), 428-445.
[7] H. FUJITA AND A. MIZUTANI, On the finite element method for parabolic equations,I: Approximation

of holomorphic semi-groups, J. Math. Soc. Japan, 28 (1976), pp. 749-771.
[8] J. S. GIBSON, The Riccati integral equations for optimal control problems on Hilbert spaces, this Journal,

17 (1979), pp. 537-565.
[9], An analysis of optimal model regulation: convergence and stability, this Journal, 19 (1981),

pp. 686-707.
[10], Linear-quadratic optimal control of hereditary differential systems: infinite dimensional Riccati

equations and numerical approximations, this Journal, 21 (1983), pp. 95-139.
[11 T. KATO, Perturbation Theory ]’or Linear Operators, Springer-Verlag, New York, 1966.



698 H. T. BANKS AND K. KUNISCH

[12] S. G. KREIN, Linear Differential Equations in Banach Spaces, Transl. Math. Mono., 29, American
Mathematical Society, Providence, RI, 1971.

[13] H. KWAKERNAAK AND R. SIVAN, Linear Optimal Control Systems, John Wiley, New York, 1972.
[14] O. A. LADYZHENSKAYA AND N. N. URAL’TSEVA, Linear and Quasilinear Elliptic Equations,

Academic Press, New York, 1968.
15] A. PAZY, Semigroups of linear operators and applications to partial differential equations, Lecture Notes,

10, Univ. Maryland, College Park, 1974.
[16] M. H. SCHULTZ, Spline Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1973.
[17] R. TRIGGIANI, On the stabilizability problem in Banach space, J. Math. Anal. Appl., 52 (1975), pp.

383-403.
[18] T. USHIJIMA, On the finite element approximation of parabolic equationsconsistency, boundedness

and convergence, Mem. Numer. Math., 2 (1975), pp. 21-23.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 22, No. 5, September 1984

1984 Society for Industrial and Applied Mathematics

003

MORE STATES REACHABLE BY BOUNDARY CONTROL OF
THE HEAT EQUATION*

N. WECK?

Abstract. Which temperatures can be reached in time T from given initial temperatures y by controlling
the boundary temperature? It is known that the answer to this question is independent of T and y. Partial
answers have been given using moment methods. In this paper we use a new method (which constructs the
controls in the form of a series) and obtain a class of temperatures which can be reached exactly.
Generalizations to general parabolic boundary control problems are indicated.

Key words, boundary control, parabolic equations, exact controllability

Introduction. Given T R/ consider the following initial boundary value problem
in some bounded region O c N.
(IBVP) Given y L2(f), u U (to be specified later) find v: [0, T] ( E satisfying

(1) (o,-ax)V(t,x)=O,

(2) vlr u, r := (0, T) x ,90,

(3) v(0,.) y.

This has a unique solution if (1)-(3) are interpreted properly (e.g., as in Definition 3
below). Consider a pair of functions y, z L2(O). Which conditions will guarantee that
z can be attained from y by some boundary control u? To make this more precise
we introduce the next definition.

DEFINITION 1. A state z is called reachable from y in time T if there exists u U
such that the corresponding solution v of (IBVP) satisfies

v(T,’)=z.

We shall write this symbolically as

yO-T z

or in short

and define the set of reachable states by

R(U, T; y):={z]y%-rzforsomeue U}.

Let use review some pertinent results from the literature.
a) Null-controllability.
THEORZM 1 ([4], [3]). We have null-controllability, i.e. 0 R U, T; y) for all > 0

and all y L2(f).
As a direct consequence one obtains the following theorem.
THEOREM 2 ([1], [11]). The set R := R(U, T; y) does not depend on either Tory.
b) D. L. Russell’s results. Put D(L) :-- { w Ho(l)IAw L2(O)} and let L: D(L)

L2(O)- L2(O) be defined by LW=-Aw. Then L is selfadjoint and positive. Viewing

* Received by the editors August 10, 1981, and in revised form June 25, 1983.

" Universitfit Essen, Gesamthochschule, Postfach 103764, 4300 Essen 1, West Germany.
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the controllability problem as a moment problem D. L. Russell has shown the next
theorem.

THEOREM 3 ([4]) There exists y R+ such that D := D(evL’/2)
Since L has a compact resolvent we have a sequence of eigenpairs (Ak, Wk) and

Russell’s reachability criterion z D can be written as

Y }<z, w>(L2(f))l2 e < o.

c) A remark of Seidman [i0]. If some extension 5 of z defined in a region i 12
is reachable in then z is reachable in fl" Just restrict the process in [0, T] to
[0,

d) G. Schmidt’s "holdable targets".
DEFiNiTiON 2. Consider weH’(l)) satisfying Aw=0 and put g:=

wla( e H’/e(OI)) by the trace theorem [12, p. 237]). We say that w is holdable (by g).
The reason for this terminology is the fact that

v(t, x) := w(x)

defines a solution to (IBVP) with y := w and u(t, :):= g(sC), i.e.

W O--Tw.
Thus we have the next theorem.

THEOREM 4 [8]. Holdable targets are reachable.
Results c) and d) are rather easily obtained compared to D. L. Russell’s rather

deep considerations which (as he points out [5, p. 709]) cannot be improved if one
insists that the constructed series converge absolutely. Nevertheless Seidman’s and
Schmidt’s remarks exhibit reachable states not in D! This is because the examples in
c) need not and nontrivial holdable targets cannot satisfy homogeneous boundary
conditions whereas z e D(ev/l/) implies z D(Lk) hence even mkz[o[l 0 for all k e :=
{0, 1, 2,...}. Thus apparently there are reachable states that cannot be characterized
by growth conditions on their Fourier coefficients. Rather the rapidly convergent series
of rapidly oscillating functions obtained by moment methods should be Complemented
by spaces of slowly varying reachable functions. In the present paper we want to
describe such spaces.

Notation. We shall follow the notation in [12] with one exception" the Sobolev
spaces Hk’2 will be denoted just by Hk.

Regularity assumption. We assume that 01) is an (N-1)-dimensional Co_

submanifold of and that lI "lies on one side of it."
Remark. In the regularity assumption C could be replaced by some finite degree

of smoothnessexcept in 5 where we use [7] and hence indirectly a unique continu-
ation result of G. Schmidt and N. Weck [9] which really needs C.

1. Some facts about parabolic mixed boundary value problems. We now introduce
a space of boundary controls:

u II(u):= .i=n,,. t I1(

U:= teL2((0, T),H’(f)) -taeLe((O, T),H-’(fl))

Ilall(0):= Ila(t)ll2gl(a)+ a(t) (H-’(O)) dt
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DEFINITION 3. V 0 is called a solution of (IBVP) if

d
(1’) d-- v Axv 0 for almost all [0, T],

(2’) v(t, )[oa u(t,

in the sense of the trace theorem for almost all t,

(3’) v(t,.)-y (in L(f)) for 0.

This notion of solution is described in [12, pp. 391-407], e.g. where the following is
proved.

LEMMA 1. For any u U there exists a unique solution v, and this belongs to
C([0, T],

Since we shall need Theorem 2 (which is a direct consequence of Theorem 1) we
should indicate how Theorem 1 can be proved for our choice of the space U of
boundary controls" for any e > 0 W. Littman [3] has constructed a fundamental solution
g of the operator 0t- Ax with the following properties.

(i) gl(0, e C,
(ii) gl(z,o)x 0,
(iii) For < e g coincides with the classical fundamental solution g+ defined by

(47rt)-u/2 exp (-[xlZ/4t) > O,
g+(t,x):=

O, t<-O.

So in order to prove null-controllability he can use Russell’s trick invented for the
wave equation" Extend y by zero to the whole of Iu and put

( t, x) := JN g( t, x x’)f(x’) dx’

Then by ii) 7(t, x)= 0 for > 2e. So by Seidman’s remark

y%-T 0

provided 2e<T and u:= lr. So all we have to prove is u e U i.e. v:= ]oe
L2(0, T; Ha(O)) and (d/dt)veL2(O, T; H-a(fl)). But this holds true since

a) v e C(Q) by (i),
b) in (0, e)xRu (by (iii)) coincides with the solution to the Cauchy problem

which belongs to L2(0, T; Ha(Ru)) and (d/dt)eL-(O, T; H-a(Ru)) (cf. [12, Remark
40.4, p. 398]).

2. Some facts about elliptic boundary value problems. We shall also need some
information on the solution theory of elliptic boundary value problems associated with
the operator L. The well-known results (formulated to fit our needs) can be read off
from [12, pp. 189-209], for example. We consider the inhomogeneous Dirichlet boun-
dary value problem:

(DBVP) Given f E L2() and g H/2(O) find w e HI(f) such that

(4) w:=--Aw=f
(5) w[,, g

(in the sense of distributions),

(in the sense of the trace theorem).
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LEMMA 2.
(i) (DBVP) has a unique solution w for all (f, g) L2(I)) H1/2(OI)).
(ii) There exist bounded linear operators

G: L2(fl) L2(fl), B: H1/2(0,) .--> HI(),

such that w Gf+ Bg.
(iii) IIGII A]-a, where A1 is the smallest eigenvalue of L.
For k =2, 3,.-. consider the following more general elliptic boundary value

problem:

(EBVP) Given f L2() and gj Hl/2(O) (j J :-- {0," k- 1} find w e W :=
{weH(fl)lJweHl(12) for ]eJ} such that

(6) kw =f

(7) Jwloa gj

(in the sense of distributions),

(in the sense of the trace theorem for all ] e J).

LEMMA 3. For all f L2() and gj H1/2(O)
k-1

w:=Gkf+ E GiBgi
i=0

is the unique solution of (EBVP).
Proof. We note the identities

(8) JGi=Gi-j, j<=i,

(9) GJ/loa 0, j>0,

(10) =’JB 0, j>0,

(11) Bgla g.

These show that w is indeed a solution to (EBVP). On the other hand let w be a
solution and wj := zk-Jw. Then the wj solve the following DBVPs:

w f, w+ w,
and

Wllf gk-1, Wj+l[00 gk-j-l"

Hence by the unique solvability of (DBVP) we find w 0 and in particular w wk 0
if f=0 and g=0.

Remark. We might replace W by HZk-l(). But as we need Lemma 3 for all
kN this simplification would make our proofs invalid if 01l has only some finite
degree of smoothness.

3. Slowly varying reachable states, We start with a lemma which is both a
generalization and a quantitative version of Theorem 4. (In the first version of this
paper this was proved by independently establishing a lemma which turned out to be
the same result (though in different function spaces and with a different proof) as [6,
Thm. 1] which appeared after the submission of this paper.) The following proof is
more elementary.

LEMMA 4. For T R+ and k Z+ consider z HI() satisfying
(i) z e H’(O) [or , k- 1,
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(ii) kz 0,

(iii)

Then z R. In particular

(iv) y o_r z for

g, i=k-1,"izloII O, < k- 1.

T
y:= Gk-l-i

i=o -. Bg,

(T-t)k-
u(t, ) := g(), (t, ) F.

(k-l)!

There exist C1, C2 (independent of k and z) such that

(vi) [lull(u) <= Cak

Proof. Define

Then by (ii)

Therefore

and hence

where

rk-1
(k-l)!

(T-t)w(t,x):- iz(x).
i=O i!

2 T_ t)
xW( t, x) z.

i=o i!

l(T-t)i-1O,w(t,x)=-
i=l (i- 1)!

oiz(x).

(o, + 2ex) W( t, x) O

y(x):=w(O,x), xea,
u(t, :) := w(t, :), (t, :) e r.

For the quantitative results v) and vi) we note that z is a solution to a special EBVP.
Hence by Lemma 3

z=Gk-lBg.

Thus from (8) and (9) we find

k-l(r--t)
W(t, X)= ’. Gk-l-iBg(x),

i=0 i!

(T-t)k-
u(t, )

(k-l)!
g()’

T
y l.ak-l-iBg.

i=o
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This proves (iv). Now

T
Ilyll--< IIBgllt2() <= e

__o

proves (v) with C1 :=
Finally for

(T-t)k-t(t, x) :=
(k-)!

we have

/"" -’ IIBg H1

IlallL((0, T) Hi(a))=
IIBgllHl(lI) [Ior ]1/2(k- 1)!

(T-t) 2k-2 dt

= IIBll T/2 T-(2k- 1) 1/2 (k- 1).
Ilglln/2(m)

and (for k > 1)

-a L:((O T) g-l(a)) =llBgllg-l(a) T

(k-2)l
(T-I) 2k-4 dt

<IIBII (k-) TllgllH1/=(m).=T1/2 (2k-3) 1/2 (k-1)l

(For k 1 we have da/dt 0.) Now

with some computable C.
We are now ready to prove the next theorem.
To 5. z e C(a) is reachable g
(i) z e H(a) or all k e N,- "first eigenvalue of L.)(ii) 2k=O h IIzllg (a)<
Proof. Define

and solve the EBVP

It is clear that

(12)

=kz--: qgk, Ok :-- qgk-lla,

[0, i<k-1,
kzk =O, izklm= Ok, i= k- l.

Zk O, >= k,

[ qk, i=k-1,
"iZklrga

tO, N\{ k 1 }.

We define

K

Z,,:=z- Y z.
k=l
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By Theorem 2 all we have to prove is that there exist some y and some u such that
y z. But this is implied by the following three assertions:

(A) There exist Yk, Uk such that y z.
(B) Y y u are convergent.
(C) ZO (Koo).
Proving, (A). This follows directly from Lemma 4(iv). We have

T
Yk := Gk-l-i

,=o
B,

u(t, s):=
(T-t)-1

(k- 1)!

Proving (B).

ull(u) C2kl/2
Tk-1

(k-l)!
IIllH/2(m)

Tk-1<= Gk/ll-’zllH’(a
(k-l)!

by the trace theorem. Thus we get absolute convergence of Uk from (ii). (Actually
at this point it would be enough that 115kzllH(l)) <-- A" B for some constants a and
B.) Similarly

yk IlLZ(tl)-<_ ClllOllk-llq,kllH’/2(aa)
a

and (ii) show that 2 Yk is convergent.
Proving (C). From (12) we find

K

k=l

Furthermore

K

iZK iz-- E iZk HI()
k=l

Thus ZK e W is the solution of a special (EBVP) and by Lemma 3 (since gj O)

ZK GK (Kz).
We find

Ilz, IIL2(a) <- Nil K ’z IILZ(a) =< ; ;’ ’zIIH’(a) - o.
This proves Theorem 5.

Let us introduce

X:: zeCo(fl) kzeHl(ll)forall keNand E ,;llzllg,<><oo
k=O
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Remark 1. Given y L2() and z X the preceding proof (when combined with
W. Littman’s constructive proof of null-controllability) actually constructs a control
u U such that y z.

Remark 2. An inspection of the preceding proof shows that Theorem 5(ii) can
be replaced by

and

k

Remark 3. If z has an extension 2 to some region l’l then (by interior a
priori estimates) we can replace Theorem 5(ii) by

Theorem 5 has the following simple corollary.
COROLLARY. All polynomials are inXand hence in the space R ofreachable states.
This result (also obtained in [6]) is not contained in [4]. In fact we have the next

theorem.
THEOREM 6. X D {0}.
Proof. Let

z Z (z, wi)(m wi e D{0}.
1=1

We have (z, w,) 0 for some ]1 and

2A2kIIW zll L (a) I(z,
Therefore

-k/-1 II  zllZ2( ) I<z, Wjl)l

which implies z e X. Q.E.D.
Let us introduce

Do := { zlY[(z, wk)] 2 e2k < for some , R+}.

This is the space of states that can be followed backward for some time % In still
another formulation"

Do {z] y0 z for some 7 + and some y L2()}.
o

Let us also introduce Rk and R as the set of those states that are reachable by controls
which (considered as maps from [0, T] into H1/2(Ofl)) are C (resp. Co) in some
interval [T-% T]. We find:

THEOREM 7. Let z R+I and in particular

where , (t- T)
z U()(T)+pk(t),
=o j!

p(t) O((t- T) ’+’) (in H1/2(0)).
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Then z Zo + z + zp where Zo Do, z1 X and zo can be reached by a control which

O(( T- t) k+) at t= T.

COROLLARY. Let z R. Then for arbitrary k N z can be decomposed as follows:
Z Zo+Z-t-Zo

where Zo Do, z X and zo can be reached by a control having a zero of order k at T.

4. Generalizalions. Our choice of control space U and notion of a solution is by
no means essential in order to carry out the construction of slowly varying reachable
states. In fact mutatis mutandis Lemmas 4 and 5 and Theorem 5 can be proved for

a) other choices of control spaces,
b) other boundary conditions,
c) other parabolic differential operators (even of higher order) provided null-

controllability is available (cf. the announcements in [3, p. 569]). To illustrate this
remark let us write down without proofs the corresponding results in a C-framework:
We put U := C(F) c L(F) and for y L2() define the generalized solution of (IBVP)
as in [7, Thm. 1], for example.

Let R(C(F), T; y)(c C0(l))) be the corresponding set of reachable states. Using
W. Littman’s fundamental solution we can prove null-controllability hence

R :-- R (C(F), T; y)

is independent of T and y. Define:

(DBVP) Given f e C(l)) and g C(Ol)) find w C(fi) such that

(4) w f (in the sense of distributions),

(5) wl,,, g.

LZA 20 (cf. [12; pp. 268 ff]).
(i) (DBVP) has a unique solution w.
(ii) There exist bounded linear operators

G" C(fi) --, C(fi), B" C(OSa) -, C(fi),

such that w Gf + Bg.
(iii) G , and B 1 where

/x :=max {w,,(x)lx(}, 5fWo 1, woln 0.

Remark. There is an elementary explicit estimate for if N->_ 3: Let g(x, y)=
(1/(N-2))o’lx-yl-+2+ h(x, y) be Green’s function for the above boundary value
problem. (tou := 1/2(TrS/Z/l’(N/2)) is the area of the unit sphere S-.) By the maximum
principle we have h =< 0. Thus

wo(x)= g(x’y) dy<= g to [x-yl dy.

Let B(0, r) be a ball satisfying (B(0, r))=z(f) (f: Lebesgue-measure), i.e. r=

(Nz(f)w) /. By symmetrization

Ix yl -+= dy <= lyl -+- dy -wur.B(O,r)
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Thus

(EBVP)

1
max Wo(X) <

2(N-2)
(N/x (f) to1)2/N

Given fC(() and gjC(O) (jJ:={O,...,k-1}) find wW:=
{w C(()lJw Co(() or ] J} such that

(6) kw =f
(70

(in the sense of distributions)

wln g j J).

LEMMA 3. For all f C(() and g C(Of)(j J)
k-1

w := Gkf+ Y GiBgk_i_l
i=0

is the unique solution of (EBVP).
LEMMA 4o. For T R+ and k Z+ consider z C(() satisfying

(i) .iz C(fi) for i-- 1,..., k- 1,
(ii) kz O,

g, /=k-l,
(iii) izla 0, < k- 1.

Then z R. In particular

(iv) y oT
Z for

T
y:= Gk-1-

i=o
Bg’

(T-t)k-
u(t, ) :=

(k-l)!
g(:)’ (t, :) T.

There exists C (independent of k and z) such that

(v) IlyllC(fi)_-< cllOll-lllgllC(a),

(vi) II.II c(r)<-:1) IlgllC(aO’)’(k-
THEOREM 50. Z C(ff) is reachable if z X where

x:= z E ll%llC(fi)<oo
k=0

Similarly the corollary and the remarks of Theorem 5 can be adapted to the
present situation.

5. Time-optimal control. One of the advantages of Russell’s space D has been
its inherent topology which made it easy to prove bang-bang-theorems for time-optimal
controls using duality methods. Recently G. Schmidt [7] has proved bang-bang-
theorems more directly by introducing to R the topology of U via the control operator.
In this final section we would like to show that Schmidt’s results may be applied to D
as well as to X. Consider the time-optimal problem

y o_>T Z, T Min
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where y, z are given and u is to be chosen optimally from

Uaa := {u e L((0, ) x a)[ In(t, )1-<M a.e.}.
Put

RM(y) := LJ R (Ua,, T; y).
T>0

It is well-known that a time-optimal a exists provided z RM(y). The problem is to
show that a is unique and bang-bang, i.e. u(t, )= +/-M almost everywhere.

G. Schmidt defines

Ilzll :=inf {ll.u IIL((O, 1)x o)1o 0...>1 Z}

and proves the next theorem.
THEOREM 8 [7, Thm. 3]. If z RM(y) and if

inf {llz-zoll Izo Do}<M
then there exists a unique time-optimal control and +M almost everywhere.

This result can be applied directly if z D because in this case z Do (closure
with respect to I1" I1) by Russell’s construction. If z X recall that we constructed u

(and some initial state y) such that y z where, u Zk_-i uk and

Uk(t, ) :=
T-- t)k-l.k-lz(),
(k-l)!

(t, ) [0, T]xoO

this series converging C(F). (We now use the results of 4 which are closer to
G. Schmidt’s framework.) For 6 > 0 define X by

and define z/, z by

1 fort<T-6,X(t, ):=
0 fort>T-6,

y-T z, 0 o__ z.
gu (1-X)

Then z/ e Do, z/ + z z and

IIz’ll=< sup lu(t,g)l.
te[T--&T]

Letting 6 01 we obtain

inf IIz- zoll, inf IIz- zll,
Zoe Do

=< inf sup lu(t, g)l sup lu( T, )1
8 ea

sup lul(T, )1 sup Iz()l.

We just proved the next theorem.
THEOREM 9. Consider z R( Uaa, T; y) belonging toXD. If supoa Iz()l <M

then the time-optimal control is unique and satisfies +M almost everywhere.
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CONTROLLABILITE DE SYSTEME S
MECANIQUES SUR LES GROUPES DE LIE *

BERNARD BONNARDt

Abstract . In the attitude control problem of a rigid satellite governed by reaction jets, the motion of
the free system can be interpreted as the motion on a geodesic of a left invariant Riemannian structure on
the group of rotations in W . We set in this article the general problem of the control of the dynamic system
describing the motion on a geodesic of a left invariant Riemannian structure on a Lie group G . When G
is compact, we give an algebraic necessary and sufficient controllability condition . Moreover we describe
control laws using the property that on a complete Riemannian manifold two points can be joined by a
geodesic .

Résumé . Dans le problème de contrôle de l ' attitude d'un satellite rigide gouverné par des rétrofusée s
le déplacement du système libre peut s ' interpréter comme le mouvement sur une géodésique d ' une structur e
riemannienne invariante à gauche sur le groupe de rotations de W . On pose dans cet article le problèm e
plus général de contrôle d ' un système dynamique décrivant le mouvement sur une géodésique d 'une structur e
riemannienne invariante à gauche sur un groupe de Lie G. On donne une condition algébrique nécessair e
et suffisante de controlabilité dans le cas où G est compact . On décrit des politiques de commande exploitan t
le fait que sur une variété riemannienne complète deux points peuvent être joints par une géodésique .

1 . Introduction. Cet article fait suite à un travail, proposé par l'Agence Spatial e
Européenne, sur le problème de contrôle de l'attitude d'une satellite réalisé par P . E .
Crouch et moi-même et dans lequel j'ai assuré l'étude du problème de contrôlabilité ,
le rapport final rédigé par P . E . Crouch [28] contenant par ailleurs de nombreux
résultats complémentaires obtenus par ce dernier principalement dans le problème de
stabilisation .

L 'objet de cet article est de présenter et de généraliser à toute un classe d e
systèmes non linéaires les résultats de contrôlabilité que j 'ai obtenus dans le problèm e
de contrôle de l'attitude d'un satellite rigide gouverné par des rétrofusées, en utilisan t
d 'une part les propriétés du système libre et d 'autre part les techniques développées
ces dernières années pour l'étude de la contrôlabilité des systèmes non linéaires [3] ,
[15], [19], [24] .

Dans cet article on étudie donc la contrôlabilité des systèmes décrits par le s
équations :

n

(C)
dg( t= E wi(t)Xi(g(t)) ,

dt

	

i-1

p

(D)

dw t=

Q(w (t)) +

	

u k t)b k .
dt

	

(
k= 1

g(t) E G groupe de Lie connexe de dimension n et représente la position (ou attitude )
du système à l ' instant t, {Xi , i = 1, • • • , nl est une famille de champs de vecteurs
invariants à gauche sur G et linéairement indépendants en tout point, w(t) =

(w 1 (t), • • • , w n(t)) E Rn et s'appelle la vitesse angulaire du système à l'instant t . Le
champ de vecteurs Q est un champ quadratique qui s'écrit (Q 1 , • • • , On ) où

n Ik
k

Qi

	

_,

	

C ji wj w k ,
j,k=1 Ii

* Received by the editors September 15, 1982, and in revised form April 25, 1983 .
t Laboratoire d ' Automatique de Grenoble, Ecole Nationale Supérieure d ' Ingénieurs Electriciens d e

Grenoble, Saint Martin D ' Hères, France .
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ci(i désignant les constantes de structure de l'algèbre de Lie de G et Il sont des constantes
réelles non nulles . Les contrôles u k sont des applications constantes par morceau x
définies sur [0 + oo[, b k désigne un vecteur constant de li n .

Si on pose
n

	

n

L

	

wiXi(g) --

	

Ii(,Z
i=1

	

2 i= 1

la partie libre du système (C), (D) est l'équation différentielle du second ordre sur G
décrivant la loi d'évolution d'une géodésique g(t) de la structure pseudo-riemannienn e
invariante à gauche définie par L [2] .

Trois résultats de contrôlabilité sont présentés dans cet article sous forme de troi s
théorèmes .

Le premier résultat démontré en utilisant une approche non constructive est une
caractérisation algébrique de la contrôlabilité dans le cas où G est compact et u k (t) E

[-1, + 1 ]V k = 1, . • • , n. Il s'énonce ainsi : si on note DA .L. l ' algèbre de Lie engendré e
par la famille de champs de vecteurs de [fi n , D = {Q, b ' , • • • , b k }, le système (C), (D )
est contrôlable si et seulement si le système (D) satisfait la condition suivante appelé e
condition du rang : la dimension de DA,L . (x) est n Vx E n .

Ce résultat est prouvé 'en remarquant d'une part que la partie libre du système
(C), (D) est une système hamiltonien sur G x ib n [13], d'autre part que la partie libr e
du système (D) est un système hamiltonien sur chaque orbite d'une représentatio n
équivalente à la représentation coadjointe de G [2] . On utilise alors un résultat d e
Hopf [13] : si un champ de vecteurs X complet laisse invariant une forme volume alors
presque tous les états sont soit fuyants soit stables au sens de Poisson . Le résultat de
contrôlabilité est alors une conséquence de [7] : un système asservi dont la partie libr e
admet un ensemble de points stables au sens de Poisson est contrôlable si et seulemen t
si il satisfait la condition du rang .

Les deux autres résultats de contrôlabilité concernent le cas où G est semi-simpl e
et Ii > 0 c'est-à-dire que L définit une structure riemannienne sur G. Le problème de
contrôlabilité étant abordé de façon constructive en ce sens que l'on indique de s
politiques de commande .

Les lois de commande sont fondées sur un résultat classique de géométrie rieman-
nienne [14] : Vg, g ' E G il existe une géodésique joignant g à g ' . En d'autres terme s
dg, g ' C G 3 cw E R n de sorte que la géodésique g(t) issue en t = 0 de g avec la vitess e
angulaire initiale cv passe par la position g ' avec une vitesse ci . D'où l'idée pou r
transférer le système de g à g ' de chercher à atteindre cette géodésique joignant g à
g ' puis ensuite d'appliquer simplement le contrôle nul .

On montre que, avec l'hypothèse u k (t) E [-1, +1], il est possible de placer l e
système à partir de l 'état (g, 0) sur une géodésique joignant g à n'importe quelle
position g ' si le système (D) est localement contrôlable en 0, c'est à dire que en u n
temps arbitrairement petit on peut toujours transférer 0 sur toutes les vitesses suffisam-
ment voisines de 0 . D'où le théorème 2 que l'on peut résumer ainsi : le système (C) ,
(D) est contrôlable si le système (D) est localement contrôlable en 0 .

Si u k (t) E R tout entier la politique de commande proposée pour transférer l'éta t
(g, w) en (g ' , w ' ) est la suivante . On transfère l'état (g, w) sur (g, (v ), puis on applique
le contrôle nul le temps nécessaire pour arriver en (g ' , CO, ensuite on transfère l'état
(g ' , (w) en l'état final désiré (g ' , w' ) . Dans le théorème 3 on donne des conditions
suffisante sur le système (D), ceci en utilisant un résultat de Kunita [19] qui permetten t
de décrire une loi de commande assurant le transfert de (g, w) en (g, 3) et (g ' , (w) en
(g ' , w' ) . Par ailleurs avec ces conditions le système est aussi fortement contrôlable
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c 'est-à-dire que l 'état (g ' , w ' ) est accessible à partir de l'état (g, w) en un temps
arbitrairement petit.

L 'organisation de l 'article est la suivante : Dans la section 2 on rappelle certaine s
définitions et résultats, concernant les géodésiques, d 'une structure pseudo-rieman-
nienne invariante à gauche sur un group de Lie, ceci dans le but de faciliter la lecture
de cet article, les références utilisées étant [2], [13] . Dans la section 3 on présente le s
résultats de contrôlabilité . Dans la section 4 ces résultats sont discutés dans le problèm e
de contrôle d'attitude d'un satellite rigide .

2 . Géodésiques d'une structure pseudo-riemannienne invariante à gauche sur un
groupe de Lie.

DEFINITIONS 2 .1 . Soit G un groupe de Lie connexe de dimension n, d'élémen t
neutre e. On note TG et T * G respectivement le fibré tangent et cotangent . Soit
X1 , • • • , Xi une famille de champs de vecteurs invariants à gauche sur G et linéairemen t
indépendants en e. On note [ • , • ] le crochet de Lie et c lic; les constantes de structur e
de G définies par

n

[Xi, Xj] = E ctjXk •
k= 1

Une structure pseudo-riemannienne invariante à gauche sur G est définie en posan t

n

	

1 n

w iXi (g )

	

E Ii w ?,

	

Ii ~ 0 .
ï=1

	

2 i= 1

Si Ii > 0, L définit une structure riemannienne .
Soit go, g 1 E G et soit I, l 'ensemble des courbes y de G définies sur [to, t1 ] et

vérifiant y ( to) = go, y ( t 1) = g1 . Considérons la fonctionnelle cl) définie sur F pa r

LI dy(t)
/
I dt.

~ dt

Une géodésique joignant go à g1 est par définition une courbe g(t) E F telle que

~(g ) = inf,,Er 0 (y) .
PROPOSITION 2 .2 [13, p . 171] . Une géodésique g(t) satisfait l'équation différentiell e

du second ordre sur G appellée équation de Lagrange dont l'expression en termes d e
coordonnées locales (q, 4) de TG est :

d aL aL
---= O .

dt 04 aq

PROPOSITION 2.3 [13, p . 170] . L'équation de lagrange est un système hamiltonie n
sur TG, de hamiltonien L, muni de la forme symplectique A . = d dz ,L où d t, désigne la
dérivation verticale.

PROPOSITION 2.4 [25] . L'équation de Lagrange peut s'écrire :

dt

	

i= 1

dcvi (t)

	

n
(E)

	

Ii

	

= E Ik C;wj( t ) w k( t ),

	

i=l, . .,n.
dt

	

j,k = 1

L'équation (E) s 'appelle l'équation d'Euler et le vecteur w (t) _
(co l (t), • • • , w n (t)) E R n le vecteur vitesse angulaire (par rapport au solide généralisé) .

I tl

to

dg( t ) _
~ L~

ǹ
(C)

	

—

	

Wi(t)Xi(g(t)),
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Remarque 2 .5 . Si on note e i la base canonique de Ili n, on identifie R n avec Te G
en identifiant e' avec Xi (e) . L'équation (C) peut s 'écrire

co(t) = dL -1

	

dg(t)
E TeG = R n

g (t)

	

dt

	

~

Lg désignant la translation à gauche . L'équation (E) généralise l'équation d'Euler dan s
le mouvement d 'un solide libre autour d 'un point fixe et exprime la conservation au
cours du mouvement d'une quantité qui s'interprète comme le moment cinétique d u
solide généralisé .

On peut définir une représentation de G dans Té G appellée représentation
coadjointe (cf . [2, p . 320]) . Soit V une orbite de cette représentation . Kirillov a montré
que l'on peut munir V d 'une structure symplectique naturelle notée A [2, p . 322] .
Considérons l ' isomorphisme A de TeC dans TeG représenté dans la base Xi (e) et sa
base duale par la matrice diagonale

(1 1 ,

	

0 )

.

0

L'équation d'Euler (E) sur Te G peut être transportée à l'aide de A en une équation
également dite d'Euler sur TeG. Définissons par ailleurs la fonction H: Te G -> R par
H = L0A-1 . On rappelle le résultat suivant (cf . [2, p. 328]) .

PROPOSITION 2.6 . L'orbite V est invariante par le flot défini par l'équation d'Eule r
sur T'eG. Sur V l'équation d'Euler est un système hamiltonien pour la structure symplec-
tique A, de fonction de Hamilton H.

3. Contrôlabilité . Rappelons un certain nombre de définitions .
On considère sur une variété M, analytique réelle, paracompacte et connexe u n

système asservi :

dx t

	

P

(S)

	

= X x t +

	

u k t Yk x t
k= 1

où X, Y1, • • • , YP désignent des champs de vecteurs analytiques réels sur M et u k
une application constante par morceaux définie sur [0, +oo[ et à valeurs dans u n
sous-ensemble d ' intérieur non vide de R .

Soit u = (u 1,
• • • , uP ) un contrôle, on note x u (t, xo) la solution du système asservi

(S) associée à u et issue en t = 0 de xo E M. On dit que l'état x i est accessible (en un
temps T) à partir de l 'état xo s ' il existe un contrôle u et T 0 non fixé tel que
xu (T, xo) = x 1 . On note A+(xo, T) l 'ensemble des états accessibles à xo en un temps T
et A+(xo) = U T,O A+ (xo, T) l'ensemble des états accessibles à xo .

Le système (S) est dit contrôlable si Vxo E M, A +(xo) = M. Le système est dit
fortement contrôlable si V T > 0, Vxo E M, A+ (xo, T) = M. Let système est dit locale -
ment contrôlable en xo si VT> 0, A+(xo, T) est un voisinage de xo .

Le crochet de Lie de deux champs de vecteurs analytiques réels est le champ d e
vecteurs noté [X, Y] et défini en coordonnées locales par [X, Y] (x) _
8X (x)/axY(x) — a Y(x)/axX(x) . On note DA .L l'algèbre de Lie engendrée par un e
famille D de champs de vecteurs. On dit que la famille D satisfait la conditions du
rang en x E M si la dimension du sous-espace vectoriel de TMM, DA .L. (x) =
{ V(x) ; V E DA .L. } est égale à la dimension de M. On dit que D satisfait la condition
du rang si elle est satisfaite V x E M.

Soit X un champ de vecteurs analytique réel sur M et suppose que X est complet
c 'est-à-dire que ses courbes intégrables sont définies V t E R. On note (exp tX) (x) la
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courbe intégrable de X issue en t = 0 de x E M. Le point x est dit stable dans le sen s
de Poisson si VU voisinage de x et d T 0 3 4, t2 T tels que (exp t 1 X) (x) E U et
(exp —t2X)(x) E U.

On rappelle le résultat suivant qui est une conséquence directe d'un théorème d e
Hopf [13, p . 143] .

PROPOSITION 3 .1 . Soit X un champ de vecteurs hamiltonien sur une variété symplec-
tique M non forcément compacte. Si toutes les trajectoires de X sont bornées, alors
l'ensemble des points stables dans le sens de Poisson de X est dense dans M.

D'après la proposition 2 .6 l 'équation d 'Euler définie un système hamiltonien de
hamiltonien L(w) = 1Z:2=i IiW4 sur chaque orbite V d'une représentation équivalent e
à la représentation coadjointe de G. Si une orbite V est ouverte toutes les trajectoire s
de l'équation d'Euler peuvent être non bornées au sens de la topologie de V . D'où
l ' intérêt des deux lemmes suivants .

LEMME 3 .2 [26, p . 81] . Si G est compact, toutes les orbites de la représentatio n
coadjointe de G sont des sous-variétés compactes régulières de T*e G.

LEMME 3 .3 . Si G est semi-simple, alors pour un sous-ensemble dense de TeG les
orbites de la représentation coadjointe de G sont des sous-variétés fermées régulières .

Preuve. Si G est semi-simple alors la représentation adjointe et coadjointe sont
équivalentes . L'orbite d ' un élément semi-simple de Te G sous l'action de la représenta -
tion adjointe est fermée [27, p. 106] et donc régulière . Les éléments semi-simple s
forment un sous-ensemble dense de Te G.

On va maintenant donner des conditions de contrôlabilité pour les systèmes (D )
et (C), (D), mais rappelons le résultat suivant .

PROPOSITION 3 .4 [7] . On considère sur M le système :

dx(t)_

	

p	 — X(x(t )) +

	

uk ( t ) Yk(x(t)) ,dt

	

k= 1

ku est une application constante par morceaux définie sur [0, +ao[ et à valeur dan s
l 'ensemble {-1, 11 . On suppose que l'ensemble des points stables dans le sens de Poisso n
de X est dense dans M. Alors le système est contrôlable si et seulement si la famill e
{X, Y 1 , • • • , Yp } satisfait la condition du rang.

PROPOSITION 3.5 . Si G est compact alors le systèm e

p
(D)

	

dw(t) = W t +

	

u k t b k

	

u 1
dt

	

k= 1

est contrôlable si et seulement si la famille de champ de vecteurs de ll n { Q, b 1 , • • • , b k
}

satisfait la condition du rang.
Preuve. Puisque G est compact, d 'après le lemme 3 .2 chaque orbite de la rep-

résentation coadjointe est compacte. D'après la proposition 3 .1 l'ensemble des point s
stables dans le sens de Poisson de l'équation d'Euler dw(t)/dt = Q(W (t)) est dense sur
chaque orbite et donc dans fi n . Le résultat est donc une conséquence de la proposition
3.4 .

PROPOSITION 3 .6 . On suppose que G est semi-simple et que L définit une structur e
riemannienne sur G. Alors le système :

dW ( t) _

	

p
(D)

	

— Q( W(t)) +

	

uk ( t ) bk ,

	

I

	

ç 1
dt

	

k= 1

est contrôlable si et seulement si la famille de champs de vecteurs de R n { Q, h. % • • • , b' }
satisfait la condition du rang.

(S)
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Preuve. Soit V une orbite fermée invariante par le flot défini par l 'équation
d'Euler (cf . la proposition 2 .6) . Soit co E V, la trajectoire de l'équation d'Euler issue
en t = 0 de w est donc contenue dans l'ensemble compact de V, V (1 L(w), où
L(w) =117_, Iiw puisque L est une intégrale première de l'équation d'Euler .
L 'ensemble des points stables au sens de Poisson de l'équation d'Euler est donc dense
dans V d'après la proposition 3 .1 . Puisque l'ensemble des orbites fermées V est dense
dans Rn d'après le lemme 3.3, l'ensemble des points stables au sens de Poisson d e
l'équation d'Euler est donc aussi dense dans Or . L'assertion est une conséquence de
la proposition 3 .4 .

Avant d'énoncer le théorème 1 on va présenter deux résultats concernant l a
condition du rang. Le premier est un algorithme pour calculer la condition du ran g
dans le cas du système (D) exploitant la nature quadratique du champ de vecteurs Q
et a été démontré dans un cadre plus général par Baillieul [6], cf . aussi [10] pour une
interprétation géométrique de cette condition . Le second résultat est la remarque qu e
la condition du rang du système (C), (D) équivaut à la condition du rang du systèm e
(D) et généralise [8, 3 .5] .

LEMME 3 .7 . Soit E le plus petit sous-espace vectorial de R n tel que :
1) {b', . . .,bP}EE ,
2) si v 1 , v 2 E E alors [[Q, v l ], v 2 ] E E.
Alors la famile de champs de vecteurs de R n {Q, b ' , • • • , b P} satisfait la conditio n

du rang si et seulement si E est tout R n.
LEMME 3 .8 . La famille de champs de vecteurs G x Rn,

n

H = 1( E wiXi, Q), (0, b 1),
. . .

,
(0, b P )

i= 1

satisfait la condition du rang si et seulement si la famille de champs de vecteurs d e
R n {Q, b l , . . . , hi)} satisfait la condition du rang.

Preuve. Notons X le champs de vecteurs (E7_ 1 w 1X1, Q) et soit v l , v 2 e R n . On
remarque que [[X, (0, v i )], (0, v 2 )] = (0, [[Q, v l ], v 2 ]) .

L'algèbre de Lie HA,I_ . contient donc (0, E) où E est défini dans le lemme 3 .7 .
Si la famille {Q, b 1,

• . . , b P } satisfait la condition du rang il résulte du lemme 3 . 7
que HA .L. contient (0, R n ) . Notons e' la base canonique de R n , HA .L . contient donc
[X, (0, e l )] = (X1 , 0) V i = 1, . • • , n . Donc la famille H satisfait la condition du rang si
la famille {Q, b', . . • , bP} satisfait la condition du rang . La réciproque est claire .

THÉORÈME 1 . On suppose que G est un groupe de Lie compact. Alors le système :

dg(t)

	

n
= E wi(t)Xi(g(t)) ,

dt

	

i= 1

do(t)

	

P_

— Q( w ( t))+ E u k (t)bk ,

	

uk ( t ) ~dt

	

k= 1

est contrôlable si et seulement si la famille de champs de vecteurs de ll n { Q, b 1, • • • , b" }
satisfait la condition du rang .

Preuve. Puisque G est compact, toutes les orbites de la représentation coad joint e
sont donc compactes d'apres le lemme 3 .2 . La partie libre de (C), (D) est donc un
système hamiltonien (cf . la proposition 2 .3) dont toutes les trajectoires sont bornées .
Le système est donc contrôlable d'après les propositions 3 .1 et 3 .4 si et seulement si
H satisfait la condition du rang . Cette condition du rang équivaut d'après le lemm e
3.8 à la condition du rang de la famille {Q, b 1 ,

. • • , b P } .

(C )

(D)
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Des conditions nécessaires et suffisantes de contrôlabilité ont été obtenues dan s
le cas où G est compact . Le problème de contrôlabilité va maintenant être abordé ,
de façon plus constructive, dans le cas où G est semi-simple, mais en faisant l'hypothèse
que L définit une structure riemannienne .

THÉORÈME 2 . On suppose que G est un groupe de Lie semi-simple et que L défini t
une structure riemannienne sur G. On considère le système :

dg (t)

	

n
_ E wi(t)Xi(g(t)) ,

dt

	

i= 1

dw t
=

P

Q((o( t )) + E uk(t)bk,

	

I

	

1 .
dt

	

k= 1

Si le système (D) est localement contrôlable en 0, alors le système (C), (D) est contrôlable .
Preuve. Notons gu(t, go, wo), wu (t, wo), la solution de (C), (D) associée au contrôl e

u = (u 1 , • • • , up ) issue en t = 0 de go, wo et g(t, go, w 0 ), w(t, wo) la solution associée au
contrôle u = 0, g(t, (0o, go) est donc la géodésique issue en t = 0 de go avec la vitess e
angulaire initiale wo .

LEMME 1 . VA E R, bi t E R, w(t, Aw0) = Aw(At, w0 ) et g(t, g0 , 'Iwo) = g(At, go, w 0 ) .
Preuve. C'est un résultat classique qui exprime le fait que la géodésique parcouru e

ne dépend que de la direction du vecteur vitesse initiale et non de son intensité . C 'est
clairement une conséquence immédiate de la nature homogène de l 'équation différen-
tielle géodésique.

LEMME 2 . Vg1 , g2 E G il existe w 1 E
Rn tel que g(1, g1, w1) = g2 .

Preuve. Les géodésiques de la structure riemannienne sont définies Vt E R. On
applique alors un autre résultat classique de géométrie riemannienne Vg 1 , g2 E G i l
existe une géodésique joignant g 1 à g2 [14, p . 56] . En d'autres terms Vg 1 , g2 E G 3w 1 E
R n, T E R tel que g (T, g 1, (51) = g2 . Posons w 1 = Tc5 1 , alors d'après le lemme 1
g( 1 , g1, w1) = g2 •

LEMME 3 . Vg 1 , g 2 e G il existe une suite de contrôles v n définis sur [0, T] tels que
la suite g, n (T n , g 1 , 0) converge vers g 2 et w v n (T

n,
0) converge vers O .

Preuve. Soit g 1 , g2 E G d'après le lemme 2 il existe w 1 E
Rn tel que g(1, g1, w1) = g2 ,

posons par ailleurs w 2 = w (l, co l ) .

Puisque (D) est localement contrôlable en 0, Vn E N il existe, par définition, A n > 0
et un contrôle u n défini sur [0, 1/n] tel que w u n (1 / n, 0) = A nw 1 .

Posons T" = 1/ n + 1/ A n , le contrôle v n est défini par

vn= u n sur [o,

	

v n 0 sur 1 > T n .>
n

	

n

(C )

(D)

Posons

n = n 1

	

0g l

	

gu

	

~ g1>

	

>

n

n

	

1

	

n

	

n
g 2 =g

~ '

g 1

'

w 1

A n

w n= w n (—, 0u

	

>

n

un =w
1

w n .2

	

A n , 1

Puisque la structure riemannienne est invariante à gauche et puisque w = A nw 1
on peut en utilisant le lemme 1 écrire g2 = g ig (1, e, w 1 ) où e désigne l 'élément neutr e
de G. Lorsque n -~ +oo, g7 converge vers g1 et donc g'2' converge vers g2 = g1 g (1, e, co l ) .

Par ailleurs w7 = A nw1 et donc co = A nw 2 d'après le lemme 1 . Lorsque n -> +oo ,
w 7 converge vers 0 et donc co i; converge également vers 0 .
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On a donc montré que lorsque n -> +oo, gv n ( T n , g1, 0) = g2 g2 et wvn (T n , 0) -4 0 ,

d'où l 'assertion du lemme .
LEMME 4 . La famille de champs de vecteurs H = {(E

n i (oX, Q), (0, b 1 ) ,
• • • , (0, b")} satisfait la condition du rang.

Preuve. D 'après le lemme 3 .8 il suffit de montrer que la famille {Q, b i , • • • , b" }
satisfait la condition du rang. Or (D) est localement contrôlable en 0, donc la conditio n
du rang est satisfaite en 0 d'après [24] . Puisque Q est homogène, il résulte de [10 ]
qu 'elle est satisfaite partout .

Démontrons maintenant le théoréme .
Soit (g' , w I ), (gF, (.oF) E G x ll n , montrons que (gF, cW F ) est accessible à (g' , wI) .

D'après le lemme 4 et [24] il suffit de montrer qu'il existe une suite u n de contrôle s
définis sur [0, Tn ] tels que gu n (Tn , gI, wl) converge vers gF et cou n (Tn ,, col) vers (OF.

D'après la proposition 3 .6 et le lemme 4 le système (D) est contrôlable . Donc

ag i, g2 E G et des contrôles u 1 , u2 définis respectivement sur [0, Ti ], [0, T2] tels que
gui ( ,

	

1 co l ) = gi, w u 1 ( TI, WI) = 0 et g u2 ( T2, g2, 0) = gF, w u2 ( T2, 0) = wF.

D'après le lemme 3 il existe une suite v n de contrôles définis sur [0, T] tels que
gv n (Tn, g i , 0) converge vers g2 et w v n (T n , 0) vers O .

La suite de contrôles u n recherchée est définie en posant u n = u 1 sur [0, T1 ] ,
N

	

Tin = v n sur [ T1 , Ti + Ta], u n = u 2 sur [ T1 + Tn, Tn ] avec n = Ti + T2 + L.

On va rappeller une condition pour que le système (D) soit localement contrôlable
en O. Il faut remarquer que puisque est quadratique le comportement local du systèm e
ne peut, à moins que p = n, être analysé en utilisant la linéarisation classique de [20] .

La condition de locale contrôlabilité présentée est extraite de [15] et est obtenu e
en utilisant les techniques de linéarisation d'ordre supérieur de l'ensemble des état s
accessibles le long d 'une trajectoire, ici un point .

LEMME 3 .9 . On note B l'espace vectoriel engendré par lb' , • • • , b"} . Le système
(D) est localement contrôlable en 0 si le cône convexe engendré par la famille de vecteur s
{b, [b, [b, Q]] ; b E B} est tout R n.

Remarques 3 .10 . Si on note (C-), (D-) le système décrit par les équations (C) ,
(D) mais avec t 0 on peut remarquer que sous les hypothèses sur (D) du lemme 3 . 9
non seulement (D) est localement contrôlable en 0 mais aussi (D -). Par ailleurs il
résulte de [15] que Vg E G les systèmes (C), (D) et (C-), (D-) sont localement
:ontrôlables en (g, 0) . Cela permet, par une application de [16], de construire un e
synthèse locale et une loi de stabilisation locale autour de n'importe quel état d'équilibr e
du système (C), (D) .

Si la condition de locale contrôlabilité du système (D) en 0 est bien plus fort e
que la condition de contrôlabilité, à moins que la structure riemannienne soit auss i
invariante à droite, d 'un point de vue pratique la possibilité de stabiliser localemen t
un système autour de l'état final désiré apparaît indispensable .

Le problème de décrire une loi de commande pour mettre le vecteur vitess e
angulaire à 0 peut être résolu, sous les hypothèses du lemme 3 .9, en s'inspirant de la
technique de stabilisation de [17] ou en réalisant une synthèse de l 'équation (D), le
problème d 'atteindre à partir de 0 une vitesse quelconque se résolvant par les même s
techniques appliquées au système (D-) .

La loi de commande décrite dans le théorème 2 nécessite la détermination d'une
géodésique. En fait ce n'est pas nécessaire, on peut remplacer cette géodésique par
une trajectoire sur G qui est par exemple la concaténation de géodésiques qui son t
aussi des trajectoires de champs de vecteurs invariants à gauche cf [28, p. 162] . D 'un
point de vue pratique d'ailleurs il n'est pas recommandé d'utiliser les géodésique s
instables, cette instabilité étant liée à la courbure sectionnelle de G [2, p . 300] .
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On va présenter maintenant un résultat de contrôlabilité forte . C 'est la notion d e
contrôlabilité adaptée au problème de contrôle en temps fixé avec minimisation de la
consommation d 'énergie .

THÉORÈME 3 . On suppose que G est une groupe de Lie semi-simple et que L défini t
une structure riemannienne sur G. On considère le systèm e

dg(t)_
E wi(t)Xi(g(t)) ,dt

	

i= 1

dw(t)

	

p
Q( w ( t)) + E u k (t)bk ,

	

u k (t) E D .
dt --

	

k= 1

On note B le sous espace vectoriel de Rn engendré par lb ' , • • • , b"} et on suppose
que le cône convexe engendré par {b, [b, [b, Q]] ; b B} est tout R n. Alors le système es t
fortement contrôlable.

Preuve. On rappelle que l 'on note A+ (x, T) l'ensemble des états accessibles à
x E G x Rn en un temps T. Démontrons le lemme préliminaire :

LEMME . Soit (g, w) E G x ll n , alors VT > 0 l'adhérence de A +((g, w), T) contien t
( g , Rn ) .

Preuve. Soit b E B, on remarque que le champ de vecteurs (adk (0, b))
( =E n

1 wiXi , Q) est nul si k 3 et égal au champ de vecteurs constant (0, [b, [b, Q]]) s i
k = 2. L 'assertion du lemme est alors une simple application de [19, 2 .2 et 3 .3] .

Soit (gl, wl), (gF, WF) E G x :n et T > 0 montrons que (gF, (F) appartient à

A+((gl, wl), T).
Il suffit d'après [24] de montrer que (gF, wF) appartient à l'adhérence d e

A+((gl, col ), T), en effet d ' après les lemmes 3.7 et 3 .8 (H étant défini en 3 .8) l'idéa l
engendré par (0, B) dans HA .L . coincide avec HA .L. .

D'après le lemme 2 du théorème 2 il existe w E ll n tel que g(l, gl, w) = gF, poson s
par ailleurs w = w (l, w) .

D' après le lemme préliminaire il existe deux suites u n , a n de contrôles définis sur
[0, T/3] tels que lorsque n -* +oo

3w
p û n

3'
gF, n,

	

gF,

	

co û "
_
3 ' T
T

Définissons la suite de contrôles v n sur [0, T] par v n = un sur [0, T/3], v n = 0 sur
[T/3, 2T/3], v n = un sur [2T/3, T] .

Clairement gv n (T, gl , w l ) converge vers gF et w v n (T, wl ) vers wF lorsque n --* +oc ,
d'où l 'assertion du théorème .

Remarques 3.11 . La politique de commande utilisant [19] pour à partir d'un éta t
obtenir une vitesse angulaire quelconque sans changer la position est constructive e t
le vecteur [b, [b, Q]] est colinéaire au champ Q évalué le long de la droite engendré
par b [10] .

La loi de commande proposée dans le théorème 3 nécessite pour être mise en
oeuvre la détermination d'une géodésique soit l ' intégration d'une équation différentiell e
sur G x R n avec condition initiale et finale . D'un point de vue de consommation
d'énergie elle est en un sens satisfaisante puisque l'on utilise au maximum le contrôl e
nul . Cette remarque est importante si l'on considère le fait que la commande optimal e
donnée par le principle du maximum de Pontriaguine nécessite l'intégration d'un e

(C )

(D)

g u n (
T

	

T

	

3 w
3 ~ ô~l, wl

,
gl~

	

w u " 3
'

wl

	

j '

T

	

3 cv"

-~ wF
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équation différentielle avec condition initiale et finale sur T* (G x ff n ) soit avec deu x
fois plus de paramètres ce qui interdit par exemple dans le problème de contrôl e
d 'attitude toute mise en oeuvre numérique, les calculs devant être conduits en temp s
réel [11] .

On peut comme dans le théorème 2 ne pas suivre la géodésique mais emprunter
un chemin dans G constitué de portions de géodésique qui sont aussi des trajectoires
de champs de vecteurs invariants à gauche, ceci notamment pour éviter le calcul d e
la géodésique et le problème posé par son instabilité . Cependant il est alors nécessaire
de fournir plus d'énergie au système car il faut lui donner de l'énergie pour saute r
d'une géodésique du chemin choisi à la suivante .

4. Application au problème de contrôle d'attitude . Dans le cas particulier du
contrôle de l'attitude d 'un satellite rigide gouverné par des rétrofusées l'équation (D )
s 'écrit :

d( )

	

p	 _
W1

t
– a 1 W 2( t) W 3( t ) + E uk(t)bl ,

dt

	

k= 1

p
"2(0= a W t

	

t+

	

u k t b k
dt

	

2 1( ) W 3( )

	

~

	

() 2 ~
k-1

dû) 3 ( t)

	

p= a

	

t) W t)+ E l.tk ( t ) 3 ~b k
dt

	

3 W 1(

	

2(
k- 1

avec

I2 —I3

	

I3 —I1

	

I1 —I2a 1 =

	

, a2

	

, a3 =
I l

	

I2

	

13

I 1 > 12 > 12 > 0 désignent les moments d'inertie principaux du satellite supposés tous
distincts. Le groupe G est SO(3) bien que pour les calculs numériques il est judicieu x
de représenter le système sur le groupe des quaternions Sp(1), en effet le plongemen t
naturel de SO(3) est dans le et celui de son revêtement universel dans R4 puisque
Sp(1) — S 3 , d'où une économie sensible sur le nombre des paramètres à conserver e n
mémoire .

Le dispositif de commande est constitué par p couples de rétrofusées, les rétro -
fusées étant couplées pour émettre du gaz dans deux directions opposées .

Le système libre possède 4 intégrales premières qui expriment la conservation d e
l 'énergie cinétique et du vecteur moment cinétique au cours du mouvement . Les orbites
invariantes par le flot défini par les équations d 'Euler (cf . le remarque 2.5) sont le s
surfaces 11(4: + IZW 2 + licol = constante qui expriment la conservation au cours du
mouvement de la norme du moment cinétique .

L 'équation est complètement intégrable, toutes les trajectoires sont périodiques
de période non nulle excepté les trois axes de Be notés e 1 . e 2 , e 3 qui sont des ensembles
de positions d'équilibre et une famille de trajectoires constituées de demi-ellipses e t
qui sont toutes situées dans deux plans notés H1 et H2 définis par l'équation a 3 Wi —

a 1 W 3 = 0 (cf. [2] et [8]) .
Les trois axes et ces deux plans sont les seuls sous-espaces vectoriels de le invariants

par le flot défini par les équations d 'Euler et l'on peut en utilisant le théorème 1 e t
[10] carâctériser géométriquement la contrôlabilité du système . Si on note B l 'espace
vectoriel engendré par les vecteurs f b k k = 1, • • • , p}, le système est contrôlable à
moins que B soit contenu dans un des sous-espaces invariants de l'équations d 'Euler .
En particulier le système est contrôlable avec un seul couple de rétrofusées à moins
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que le vecteur b = (b 1 , b2 , b 3 ) soit orienté le long d'un axe de R 3 ou appartienne à l 'un
des plans invariants, H1 , H2 c 'est-à-dire a 3 b— a l b3 = 0 . Si l'on dispose non pas d'un
couple de rétrofusées mais d 'une seule rétrofusée et même en supposant que la poussé e
de celle-ci est aussi grande que l 'on veut, i .e ., u(t) R + , le système (D) n 'est plus
contrôlable, en effet on met en évidence l'existence d 'une région invariante limité e
par un des dièdres formées par les plans H1 et H2 .

Si l'on dispose de deux couples de rétrofusées ou plus la condition de local e
contrôlabilité de l'équation (D) en 0 du lemme 3 .9, qui implique aussi que le système
(C), (D) est fortement contrôlable si uk(t) E B tout entier d'après le théorème 3 ,
équivaut à la condition du rang, c 'est-à-dire que l'espace vectoriel B doit être distinc t

de H1 et 112 . Cela résulte directement du fait que le champ de vecteurs [b, [b, Q]] est
colinéaire à Q évalué le long de la droite engendrée par b [10] . Par ailleurs comm e
il est noté dans la remarque 3 .10 cela permet de construire pour le système un e
synthèse locale et une loi de stabilisation locale autour de chaque état d'équilibre, c e
qui d 'un point pratique est fondamental . Il faut remarquer que d 'un point de vue
physique cette locale contrôlabilité avec seulement deux couples de rétrofusées n ' est
pas évidente . En effet considérons le dispositif de commande suivant : p = 2, b 1 = e 1 ,

b 2 = e 2 , c 'est-à-dire que l'on peut opérer à l'aide de ce dispositif des rotations du
système autour des deux axes d'inertie principaux e 1 et e 2 du satellite . Supposons que
l'on veuille faire tourner le satellite dont la vitesse initiale est nulle autour de e 3 d'un
angle E petit . La loi de commande en termes d'angles d 'Euler consiste à réaliser l e
changement d'attitude en trois rotations successives, une rotation de 1r/2 par rapport
à e l , une rotation de E par rapport à e 2 , une rotation de 7r/2 par rapport à e 1 (cf .
[9], [11]) . La loi de commande donnée par [16] permet de réaliser le même changemen t
d 'attitude mais sans imposer de faire deux fois basculer le satellite d'un angle de 7r/2 .
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OPTIMALITY OF PIECEWISE-CONSTANT POLICIES
IN SEMI-MARKOV DECISION CHAINS*

LAURENT CANTALUPPH"

Abstract. The control of a finite-state semi-Markov process is investigated. In each state, a finite number
of actions is available. Each action determines reward rates and transition rates to the other states. These
rates depend on the holding time in the state and the actions can be changed at any point in time--not just
at transition times. The goal is to find a policy that maximizes the expected total or discounted reward.

In the infinite-horizon case, necessary and sufficient conditions for the optimality of a stationary policy
in the class of nonstationary policies is given. A stationary policy is shown to be optimal in that class, and
this policy can be chosen piecewise-constant in the holding time in each state if the rates are piecewise-analytic
in the holding time. Several applications are examined in the domains of queueing, inventory and reliability.

In the finite-horizon case, necessary and sufficient conditions for optimality are given.

1. Introduction. We study herein the problem of controlling a finite-state semi-
Markov process to maximize the infinite-horizon (expected) present value. Finitely
many actions are available in each state, and each such action determines uniformly
bounded holding-time-dependent reward and transition rates. Because these rates
depend on the holding time, higher present values can be achieved if actions are
allowed to be holding-time-dependent than would otherwise be so. For this reason,
we allow actions to be changed at any values of the holding times, not just at transition
times. Our goal is to characterize and establish the existence of stationary optimal
policies.

(inlar [4] gives a definitive work on Markov renewal theory. The control problem
has previously been studied under the assumption that actions cannot be changed
between transitions by Howard [10], Jewell [11], Denardo and Fox [7] and Osaka and
Mine [18]. Chitgopekar [3] considers policies that permit actions to change at a single
value of the holding time and Stone [20] allows stationary policies that are piecewise-
constant (in the holding time).

Stone [20] shows that in the case of a piecewise-constant stationary policy, the
process consisting of the state of the system and the holding time in that state is
Markovian and he computes its infinitesimal generator. In 3-5 we generalize these
results to the case of measurable nonstationary policies and derive several properties
of the associated Markov process. In 6 some applications are examined in the domains
of reliability, queueing, production and inventory.

Stone [20] gave necessary and sufficient conditions for optimality of a piecewise-
constant stationary policy among that same class of policies. We generalize this result
in 7 to give necessary and sufficient conditions for optimality of a stationary policy
among the class of measurable nonstationary policies. Moreover, we establish the
existence of a stationary optimal policy in 8. When the reward and transition rates
are piecewise-analytic in the holding times, we also demonstrate the existence of a
piecewise-constant stationary optimal policy. We show in [2] how to approximate
piecewise-analytic by piecewise-constant rates. In the last case we also show in [2] that
an e-optimal policy can be computed in polynomial time for each fixed instantaneous
interest rate. In 9 we examine the finite-horizon case and give necessary and sufficient
conditions for optimality. Our methods are analytic and follow closely the ideas of

* Received by the editors May 5, 1982, and in revised form August 11, 1983.
Institut fiir Operations Research, Federal Institute of Technology, Ziirich, Switzerland.
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Miller [15], [16] and Veinott [21] in the case of finite-state continuous-time-parameter
Markov decision chains.

2. Formulation and definitions. Consider a system which is observed continuously
in time. At each point in time the system is in one of n states labeled 1,..-, n. The
system operates from time 0 to time T, where T-< m. When the system is in state
with a holding time s, i.e., the system has been in state for s units of time since the
last transition into that state, an action is chosen from a finite set A(i, s) of possible
actions. The cardinality of the sets A(i, s) is uniformly bounded and A(i,. is piecewise-
constant. (A function L:[0, c)B is called piecewise-constant if there exists an
unbounded sequence 0 to < tl <" and a sequence {bj: j-> 1} of elements of B such
that

L(t) bj ift_l<-_t<t
for j 1, 2,....) A reward rate ra(i, s) is received that depends on the state i, the
action a and the holding time s in state i. The reward rates are uniformly bounded
by a constant R and ra (i, s) is Lebesgue-measurable in s on each interval where A(i, s)
is constant, for all a A(i, s), 1 <= <- n and s >= 0. The evolution of the system from
state to state is described by a probability law determined by the transition rates
qa(j]i,s) of the system. The transition rates are assumed to have the following
properties:
(la) there exists a number Q< such that O <- -qa i] i, s) <= Q for all aA(i,s),

l<-i<-n, s_>O;
(lb) O<--qa(jli, s) for allaA(i,s),ji, l<-i,j<=n, s_>-0;
(lc) Y=lqa(jli, s)=0forallaA(i,s),l<-_i<-_n,s>=0;and
(ld) q,(jli, s) is Lebesgue-measurable in s on each interval where A(i, s) is constant,

for all aA(i,s), l<=i<-n, s>=O.
The interpretation of the transition rates is the following. Suppose that qa(jli, s)

is continuous in s. Then if the system is in state with a holding time s at clock time
t, then the probability of being in state j at time + At (knowing that-action a was
used in the interval [t, t+At) while in state i) is qa(jli, s)At+ o(At), the probability
that the system is still in state at time t+At is l+qa(ili, s)At+o(At).

We now define the decisions available to control the process. Let N-{1,..., n}
be the set of states of the process, S N [0, ) be the set of ordered pairs (i, s)
representing the state and the holding time of the process and A(S) t_J . A(i, s). The
decisions taken at each point in time are given by policies 7r [0, T) N [0, ) - A(S),
i.e., for each point in time t, state and holding time s, the policy 7r--(Try) specifies
the action used at that time. We consider three classes of policies. A policy 7r is called
measurable if Try(i, s) is jointly Lebesgue-measurable in s and t. The policy 7r is called
stationary if it is independent of the clock time, i.e., 7r- 7r for all 0-< < T. These
policies are not stationary with respect to the process representing the state of the
system, but they are stationary with respect to the process consisting of the state and
the holding time. Since we will work with the latter process rather than the former,
this terminology is appropriate. A piecewise-constant stationary policy is a stationary
policy that is piecewise-constant in the holding time for each state. Using policy
the probability of being in state at time / u, knowing that the process is in state
with a holding time s at time u is given by exp {0 q.... (i[i, s+ v) dv}.

3. The Markov transition function. We now show that to each policy corresponds
a semi-Markov process and an associated reward. Let {X: 0 <_- <} be the stochastic
process representing the state of the system at time t. The holding time in the state of
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the process at time => 0 is defined by

Yt t-sup {u: 0 _-< u =< and Xu # Xt}.

Let Z, (Xt, Yt) for => 0 and Z be the process Z determined by
Stone [20] gives a path-by-path construction of the process Z in the case of a

piecewise-constant stationary policy 7r and computes its infinitesimal generator G,.
We use his results to show the existence of a right-continuous Markov process Z in
the more general case of a measurable policy 7r using the reverse approach, i.e., we
define a generator and show that it determines the process ZT. This analytic approach
has the advantage of giving us immediately some properties of the transition function
which are used to derive the optimality equation of the process.

THEOREM 1 (Stone). If 7r is a piecewise-constant stationary policy, then {X: >_- 0}
is a semi-Markov process and {Z" >-_ 0} is a strong Markov process.

Since Z7 is a strong Markov process, it is often easier to work with Z than X7
in order to derive properties of the semi-Markov process. Therefore in the sequel
when we talk about the state of the process, we will generally mean a value of the
process ZT, i.e., an ordered pair (i, s). This should not cause any confusion. In this
augmented state space, the various policies we are considering are all Markovian, i.e.,
they depend only on the present state of the process and are independent of its past
history.

Suppose now that 7r is a piecewise-constant stationary policy. Then the process
{ZT" t->0} is a two-dimensional right-continuous Markov process with stationary
transition probabilities. Thus we may define G=, the infinitesimal generator of this
process in the following manner, see for example Lamperti [13, p. 138]. For g: S R
bounded and measurable, define

and

Ilgll sup Ig(i,s)l
(i,s)eS

(Pg)(i, s)121= g(j, r)P(], drli, s),

where P(], drli, s) is the transition function from time 0 to time t, starting in state
(i, s) and using policy 7r. The infinitesimal generator G= is defined for bounded
measurable g by

Gg lim t-l(pg- g),
t$o

wherever the limit of the right-hand side exists pointwise and is bounded. Stone [20]
has computed this infinitesimal generator and its domain. Let Dg(i,s)=
d/ d’)g( i, s + ’)l,=0.

LEMMA 2 (Stone). Suppose that 7r is a piecewise-constant stationary policy. Then
the domain of G, is the set of all g S - R such that Dg( i, exists and is bounded for
each N and G= is given by

(G,g)(i,s)=Dg(i,s)+ Y q=(jli, s)g(j,O)+q,(ili, s)g(i,s),

with q=(jli, s)= qa(jli, s), when 7r(i, s) a.
We now use this result to define a similar operator in the case of the more general

measurable policies. We will show that the operator G, corresponding to a measurable
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policy 7r generates a nonhomogeneous Markov process having the given transition
rates in the sense given in (5) below,

For each real-valued function gt(i, s) of the clock time and state (i, s) that is
jointly measurable in and s and diagonally absolutely continuous, i.e., gt+,(i, s + z)
is absolutely continuous in z, let Dg,(i,s)=-(d/dz)g,+,(i,s+z)l,=o and define the
operator G= by

(1) (G=g),(i, s) Dg,(i, s) + E q=,(Jl i, s)g,(j, 0) + q,,(ili, s)gt(i, s).
ji

It should be noted that G, is an extension to a larger domain of the operator G,
defined in Lemma 2. We now in.troduce the operator p,u and the measure P’u(L dr[i, s)
related to it via (2). For each bounded measurable function g: [0, T)xSR the
operator P’" defines a function (P’"g)t S R by

(2) (P’g),(i, s)= g,(j, r)P’(j, drli, s).
j=l

The operator pu is called a complete Markov transition function (Dynkin [9, p. 96]) if:

(3a)

(3b)

(3c)

(3d)

(3e)

(P’Ug),(i,.) is Lebesgue-measurable;

PUg>=O if g=>0;

P"g= l if g= l;

(P"g),(i, s) 0 if gt(i, s) 0; and

p,puv pv.

The objective of the remainder of this and the following section is to show that to
each measurable policy 7r there exists a unique solution to

(4) G,Ptu 0 and PU I

that is a complete Markov transition function and to which corresponds a right-
continuous process {Z’[’t >= 0} satisfying

(5) Pr{XT+a,=ylZT=(i,s)}=q=,(jli, s)at+o(At)

for j in N and almost every s and t, i.e., having the desired transition rates.
Existence of a Markov transition function.
THEOREM 3. If 7r is a measurable policy, then there is a unique transition function

P’"= P" satisfying (4) for all 0 <= <-u. Moreover, P is Markov and complete.
Proof. Consider a particular function g,(i, s) that is measurable and diagonally

absolutely continuous, let u>0 and set F,(i, s)=(P’"g)(i, s). Rewrite (4) in this
particular case as

(6) (G,F)(i, s) =0 and Fu(i, s) g,(i, s).

We now show that if we replace the F(i, 0) in (6) by parameters fi(t), then (6) has a
unique solution in terms of those parameters. Moreover, we show that the parameters
may be uniquely chosen so that F(i, 0) =f(t) for all eN and O<=t<=u, whence (6)
has a unique solution. To this end, let /3, ,i q.... (jli, s + z)f.(t + z), a,--
q.... (ili, s+z) and 4,-= Ft+,(i,s+z). Then the first equation in (6) becomes

&+6+t=0,
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which has the unique solution

(7) b,=(exp(I-tawdw))(K+I-tflwexp(-I-tavdv) dw)
in terms of a parameter K. The initial condition b,_t gu(i, s + u- t) determines the
parameter as

(8) K =gu(i,s+u-t).

Equations (7) and (8) express Ft(i, s) as a function of the parameters fi(t). It remains
to show that those parameters may be chosen uniquely to satisfy F(i, 0)=fi(t). To
this end, on setting s 0 we have from (7) and (8) with z 0 and using the definition
of f(t) that

(9) fi(t)=gi(t)+ f(t+v)Qij(t, v) dr,
j#i

where

gi(t)= g,(i, u-t) exp avdv and Qq(t, v)=q.... (jli, v)exp cewdw

Let L be the space of n-tuples f (fl,""", fn) of real-valued Lebesgue-measurable
functions defined on [0, u] with finite norm Ilfll-=sup,,,)If,(t)[, Define the operator
T’L-->L so that (Tf)i(t) equals the right-hand side of (9). From (lc) and (la) we
have

Therefore we have Tf-Tf’ll c IIf-f’ll, so Z is a contraction. Thus since L is
complete, it follows from the Banach fixed-point theorem that T has a unique fixed
point f*. Thus f* is the unique solution to (9), establishing that (6) has a unique solution.

It remains to show that Pt defines a complete Markov transition function, i.e.,
has the properties (3a)-(3e). Observe first that since Ft(i," is Lebesgue-measurable,
(3a) holds.

Next we establish (3b), or equivalently that g =>0 implies F=>0. It is clear that T
is a nonnegative operator, i.e., f => 0 implies Tf >= O. Therefore Tn0 => 0 and since T0
converges to f*, f*-> 0. Hence by (7) and the nonnegativity of g we have F => 0.

In order to verify (3c) we must show that g 1 implies F 1. Using the conditions
(la)-(lc) on the transition rates, it is easy to verify that F 1 is a solution of (6) when
g 1. Hence by the uniqueness of the solution, (3c) is proved. Condition (3d) is obvious
from (7) and (8), which imply that Ft(i, s)=0, whenever gt(i, s)=0.

It remains to establish (3e). We have for 0 <= <= u _<- v that 0 Gt’’" and .P’ L
and 0 G=P and PV= L Let /sty= pt,p,. We have to show that /5= pv. Now

t L Hence by the unique-Gfiw GyP P 0 for all 0 =< =< u -< v and Po PvP
hess of the solution to (4) we have/5 _ptv and (3e) is proved, completing the proof.
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4. The Markov process. We know that P defines a complete Markov transition
function and the existence of a corresponding Markov process {Z: => 0} is a direct
consequence of Dynkin [9, Thm. 4.1, p. 99]. We will show that (Z: t_>0} has
right-continuous paths with left limits and that it satisfies condition (5). To do so we
need the following result from Natanson [17, p. 255].

LEMMA 4. If f is integrable on [a, b], then

[f(t)--f(x)[ dt= o(h) for almost every x (a, b).

LMMA 5. If g is measurable and diagonally absolutely continuous, and 7r is a
measurable policy, then for almost every t,

(10) P"g g + G=g)(u t) + o(u t).

Proof. Using the notation of Theorem 3 we have

(ptUg)t(i,s)=dpo=ff)u_t+ (a,t, + fl,) dr

-+ [(, o),+ (, o)] + (o,+ o) d-.

Applying Lemma 4 with f(t)= a, + the first integral is o(u-t) for almost every
and

o

’-t

(ao, + flo) (aoo+ flo)( u t) + o(u t),

since is absolutely continuous in r. Moreover, since g is measurable and diagonally
absolutely continuous we have

dp_t g(i, s+ u-t)= gt(i, s)+(Dgt(i, s))(u- t)+ o(u- t);

and this together with Theorem 3 proves the lemma.
The following result shows that for a suitable class of functions g, the Markov

transition function P satisfies the forward equations.
THEOREM 6. If g is measurable and diagonally absolutely continuous, and 7r is a

measurable policy, then for almost every u,

d
duPg P G=g.

Proof. From Lemma 5 we have for almost every u,

p;,.+Ug_ g Gg) Au + o(Au).

Multiplying on the left by the operator P and dividing by Au we get

p,+Ug_p;,g o(Au)P"G=.g+.
Au Au

Taking the limit as Au goes to zero gives the theorem.
We now show that the process {Z: => 0} satisfies (5).
THZOZM 7. If 7r is a measurable policy, then

Pr {XT+A jlz7 i, s)} q,,(jli, s) At + o(At)
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for all j and almost every s and t, and

Pr {X+at ilZ’=(i, s)}= 1 +q,,(ili, s) At+ o(At)

for almost every s and t.

Proof. In Lemma 5 let g(.)(],.)= 1 and g=0 elsewhere. Then (10) gives the first
assertion of Theorem 7 which is exactly (5). The second assertion follows from the
first and (lc).

COROLLARY 8. If r is a measurable policy, then

{Io }Pr{ZT+,=(i,s+t)lZ=(i,s)}=exp q.... (i[i,s+v) dv e-.
Pro@ Let h(t) be the left-hand side of the above equality. On letting g+,(i, s +

r)=l for r0 and g(.)(.,.)=0 otherwise, we have that h(t)=(P’"+g),(i,s), so,
from Theorem 6,

(t) q.... (ill, s+ t)h(t)

for almost every t. Solving this differential equation with the initial condition h(0)= 1
gives

h(t) exp q.... (ill, s + v) dv e-,
the inequality being obvious from (la).

We now show that the process {ZT: 0} has paths which are right-continuous
and have left limits. Since the probability of a jump during It, + u) starting in state
(i, s) at time is bounded by Qu+o(u) uniformly in i, s and t, we can apply Dynkin
[9, Thm. 6.3, p. 150] to obtain the result that {ZT: 0} has right-continuous paths
with left limits. Therefore the process {XT’t 0} has sample paths which are step-
functions. We can take the sample space as the set of all functions w:[0, T)N x
[0, m) such that the restriction of w to its first component is a right-continuous step
function and the second component is the holding time in the corresponding state. Let
F be the -agebra of sets in the space generated by the sets

{wea: w(t)e(i,B) for all te[0, r), ieN, Borel sets B of R}.

The process {ZT: 0} is defined on (O, F).

5. The objective function. It remains to define the objective function of the
semi-Markov decision chain. In the case of a finite-horizon the value V= of the
measurable policy is defined by

v=(i, s) Ei r=,(ZT) at

where Ei is the expectation operator starting in state (i, s). In the case of an infinite
horizon, i.e., T , we discount rewards earned with the instantaneous interest rate
p > 0, i.e., a reward earned at time is discounted by a factor e-t. The present value
V= of the policy is therefore defined by

v=(i, s)i e-’r=,(z7) t

Our objective is to find a policy, called optimal, with maximum value if T < m and
maximum present value if T m.
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It is desirable to interchange the integral and the expectation. In order to do so
we must show that r=,(ZT) satisfies the hypotheses of Fubini’s theorem. We first need
the measurability of r=,(ZT) with respect to (F x 9), where 0 represents the Lebesgue-
measurable sets of [0, T). It follows easily from the definition (Chung [5, p. 143]) that
the sample paths of the process are separable with respect to any dense set. This
implies (Chung [5, p. 143]) that the process is well separable. Since each sample path
has only a finite number of discontinuities, the stochastic process is continuous almost
everywhere almost surely. These properties imply (Doob [8, p. 60]) that the process
Z is measurable with respect to (F c9). But then r,,(Z) is measurable with respect
to (F ) since for each action a A(i, s), state and Borel subset B of the real line,
the set

{(w, t)" Z(w) (i, B) and rt(Z(o)) a}

is (F x O)-measurable.
Since the reward rates are uniformly bounded by R, we can apply Fubini’s theorem

and get the objective function

ioV= ptr=, dt

in the finite-horizon case and

V e-tpr, dt

in the infinite-horizon case, where P pO=t.

6. Applications. Semi-Markov decision chains offer an interesting generalization
of Markov decision chains. One of the drawbacks of using a Markov decision chain
to model a real process (economic, physical, biological, etc.) is that the transition rates
have to be constant, i.e., the distributions of the holding times in each state are
exponential. In many cases it is much more realistic to consider other types of
distributions. In reliability, for example, one can face "increasing failure rate" dis-
tributions or "bathtub shaped" distributions. A semi-Markov decision chain allows
one to consider such possibilities.

Even when the holding-time distributions are exponential, semi-Markov decision
chains allow consideration of reward rates that depend on the holding time in the state
of the system. For example, this may occur where the output of a machine diminishes
with its age. We now examine several applications of semi-Markov decision chains.

Control of an M/G/1 queueing system. Consider an M/G/1 queueing system
with a finite waiting room of n customers (including the one being served). The queue
length is observed only at departure times. The state of the process is the number of
customers left in the queue just after the last departure time. A customer who finds
a full waiting room does not wait. The actions are the available service rates of the
system to which correspond different cost rates. There is also a penalty rate depending
on the state and the holding time in that state, i.e., on the expected number of arrivals
since the last observation of the queue length. The goal is to select state and holding-time
dependent service rates to minimize expected costs. This model has previously been
studied only in the case where the service rate cannot be changed between departures,
see for example Lippman [14].

Maintenance of a deteriorating system. Consider a system whose performance can
be represented by classifying it in one of n states labeled 1,. ., n. State 1 represents
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a new system and state n represents a system that has failed. The intermediate states
2,..., n-1 represent different degrees of deterioration. The system is observed
continuously and the transitions always occur from one state to a higher labeled state,
reflecting the increasing deterioration of the system. The system is controlled by
selecting an output rate depending on its condition, i.e., its state of deterioration, and
the sojourn time in that condition. The output rate determines reward rates and
transition rates.

At any point in time one can decide to repair the system. After a random time,
reflecting the availability of a repair shop, the repair is started. The repair time is
random and depends on the condition of the system. When the system is repaired, it
is restored to an as-new condition, i.e., the system is in state 1. The goal is to maximize
the expected return of the system by choosing the appropriate output rates and repair
schedules. This application is a modification of a replacement model proposed by Kao
[12].

Maintenance of a two-unit system. Consider a system of two identical units, one
in standby and the other operating. Two decisions are available for the operating unit,
viz., do nothing or have the unit serviced, the second being available only if the standby
unit is not being serviced or repaired, since otherwise the system would go down. After
a random time the operating unit fails or is serviced. The standby unit is instantaneously
put into operation. We assume that a unit recovers its function perfectly after repair
or service. When a unit completes service or repair it is immediately put into operation
and the operating unit is serviced. We therefore have the four states:

(1) one unit begins to be operative and the other is in standby;
(2) one unit begins to be operative in place of the other failed unit and the failed

unit undergoes repair;
(3) one unit begins to be operative while service of the other unit begins;
(4) the operating unit fails while the standby unit is being serviced or repaired,

bringing the system down.
The goal is to maximize the expected return to the system by scheduling service

at appropriate values of the holding time in state 1. This model is described and studied
in a special case by Asakura and Shunji [1].

Production and inventory. We have a product in inventory which can be produced
at finitely many different rates. The demand for this product is random and the size
of an order is correlated with the length of time since the last order. This is so where
there is only one customer who buys the product at a constant average rate and thus
the longer the time between two consecutive orders, the higher the probability that
the second order is large. Orders have to be delivered instantaneously. The state of
the system is the number of items left after an order is filled. There is a carrying cost
rate when some items are left on hand after an order is filled and there is a shortage
cost rate when there are not enough units on hand to fill an order. Backorders are
lost. The goal is to minimize the expected production and inventory cost.

7. Infinite-horizon: optimality conditions. In this section we consider the case
where the horizon is infinite and the criterion to be maximized is the present value.
The optimal policy obviously depends on the instantaneous interest rate p, but this
dependence will be suppressed in the sequel. If ,r is a policy, denote by ,r its restriction
to the interval [0, t) and by tTr the policy rr truncated and shifted to the left by t, i.e.,
tTr is the policy ,r’ defined by "n,+u for u-> 0. If 7r and ,r* are policies, let ,rtzr*

7r* for u > t, i.e.denote the policy ,r’ defined by rr, ,ru for 0<= u < and ,r’u
replaces ,r* during the first units of time. Let G=,Vt(i, s)= GaVt(i, s)=(G=V),(i, s),
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if 7rt(i, s)= a. We have the following comparison lemma which is similar to Veinott
[21, Lemma 11] in the case of continuous-time Markov decision chains.

LEMMA 9 (Comparison lemma). If zr and r* are measurable policies, then

V,- V,. e-PtP C’ dt,

where C,=. r=, + G=, pI) Vt..
Proof. We have for t_-> O,

(11)

Since Vt=.= I e-(u-’)P’=U.r,, du, the function Vt=.(i, s) is measurable and diagonally
absolutely continuous by Theorem 3, and we can use Theorem 6 to differentiate (11)
with respect to yielding

d
=e PC;.(12) dtV_t=" -pt

for almost every >-0. Integrating over the nonnegative halfline completes the proof.
We now characterize Vv, the present value of the stationary measurable policy

3’. Equation (13) below is the differential version of the renewal equation of (inlar [4].
THEOREM 10. The present value Vr of the measurable stationary policy 3" is the

unique bounded absolutely continuous solution V to

(13) rr + Gv pI) V O.

Proof. On replacing rr and 7r* by 3’ in (12), we get

almost everywhere -> 0,

where Cvv =-Cv. On letting t$0 and using Lemma 5 we have Cvv =0 and thus, Vv
satisfies (13). We now show that (13) has a unique bounded solution. Let q(t)=
exp [0 (%(ili, u) p) du] and Vi V(i, 0). In a manner similar to the proof of Theorem
3, we will solve (13) for V(i, s) as a function of V., 1 =<j-< n. We then show that there
exists a unique n-tuple V =(V1," , Vn)such that the solution to (13) is bounded.
On integrating (13) we have

V(i, s) =- Vi rr(i, t) + E Vjqr(j]i, t) q(t) dt

Since lims_, q(s)= 0, for V(i, s) to remain bounded as s goes to , we must have

(14) Vi r,(i, t)q(t) dt+ Y V %(jli, t)q(t) dt.
]ei

On setting

ri rv(i, t)q(t) dt, r =- (r), pq =- qv(jli, t)q(t) dt

for j i, Pii 0, and P (Pi), (14) can be rewritten as V r /PV. By (lb), Pij >- O.
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Also by (lc),

Y Pij qv(ili, t)q(t) at <- [qv(ili, t)-p]q(t) at
ji

o --q(t) at= 1.

Thus P is the transition matrix of a transient Markov chain, so (14) has a unique
solution, proving the theorem.

It should be noted that (14) is the system whose solution gives the present value
of 3’ in the embedded Markov chain associated with the semi-Markov chain X, where
pij is the probability of a transitiofi from state to state j and r is the reward earned
in state i.

The following result gives necessary and sufficient conditions for optimality of a
stationary policy. It was first proved by Stone [20] in a different manner for the class
of piecewise-constant policies.

THEOREM 11. The stationary measurable policy 3’ is optimal if and only if

(15) 0= max [ra +(Ga-pI) Vv](i, s)
aeA(i,s)

almost everywhere.
Proof sufficiency. First note that since 3’ is stationary, Vt Vv and so C C,

say, for all t->0. Suppose y(i, s) maximizes the right-hand side of (15) for almost
every s. Then from Lemma 9 we have V=- Vv =< 0 for every measurable policy 7r and
therefore y is optimal.

Necessity. Suppose y(i, s) does not maximize the right-hand side of (15) almost
everywhere. Let 6 be a stationary measurable policy such that a 6(i, s) maximizes
the right-hand side of (15) almost everywhere. The existence of is guaranteed since
the expression is measurable and the ties can be broken by an arbitrary enumeration
of the actions. But we know from Theorem 3 that PC >= 0 if Cv => 0. Moreover, for
some i N and subset B of the nonnegative halfline with positive Lebesgue measure,
Cv(i,.) is positive on B. Also from Corollary 8 we have

Pr {Z i, t)lZ i, 0)} -> e-’,

so P(i, tli, 0) > 0. Thus for each B,

(PCv)( i, O) >= P( i, tli, O)Cv( i, t) > O.

Hence by Lemma 9, V(i, 0)> V,(i, 0) and 3’ is not optimal. The equality in (15) is
a direct consequence of Theorem 10, completing the proof.

8. Infinite horizon: existence of stationary measurable and piecewise-constant
optimal policies. We now show the existence of an optimal stationary policy 3’* whose
present value Vv. is the unique solution to (15). To do so we look at the embedded
Markov decision chain in which the system is observed only at times when the state
changes. In this framework the state space N {1,. ., n} is kept finite but the action
space becomes infinite since a decision in state must specify the action taken for each
value of the holding time in state i. To avoid confusion, we will keep the terminology
defined earlier. On this embedded Markov decision chain we define the optimal return
operator R: R R in the following way. For V R, let (R V) V(i, 0), where
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V(i, 0) is the value at s =0 of the unique bounded absolutely continuous solution to

(16)
dV(i,s)

ds
max {ra(i, s)+ q,,(jli, s) V+(q.(ili, s)-p) V(i, s)}.aA(i,s) j#i

We can interpret (R V)i as the maximum present value starting in state (i, 0) if the
terminal reward when the process jumps to state j is Vj. We need the following result.

LEMMA 12. For each and V (V), the differential equation (16) has a unique
bounded absolutely continuous solution.

Proof. Consider the following single-state semi-Markov decision chain. The action
space in this state at holding time s is A(i, s); the reward rates are

ra(s)= ra(i, s)+ qa(jli, S) V;

and the transition rates to an external "stopped state" are qa(s)= qa(ili, s). Once in
the stopped state the process stays there and earns no rewards. From Theorem 11 the
optimality equation for this problem is

(17) -Q(s)= max {r,,(s)+(q,(s)-p)V(s)},
aa(i,s)

which is the same equation as (16).
Let V(s) be the present value of policy 3’ starting in state with a holding time

s. Let V,(s)= supa V(s) and So>0. Since (17) satisfies a Lipschitz condition, it has
a unique solution for each initial value V(so). Let V be that solution with V(so)=
V,(so). There exists 6 such that V(s0)> V,(so)- e. We solve (17) on 0 =< s =< So with
the end condition V(so)= V(so). Let 3’ be a policy maximizing the right-hand side
of (17) for 0 =< s =< So and equaling 6 for So -< s. Since (17) satisfies a Lipschitz condition
with Lipschitz factor O + p we have (see, for example, Coddington and Levinson 16,
Thm. 2.1, p. 8])

(18) Vv(O) > 9(0) e e(+)o.

Since for every e > 0 there exists 3’ such that (18) is satisfied, we have V,(0)_-> V(0).
Suppose that V,(0)> V(0). Then there exists 0 such that Vo(O)> V(0). Since from
Theorem 10, Vo satisfies

dVo(s)
ds

ro(s)+(qo(s)-p) Vo(s)

=< max [ra(S)+(qa(s)-p)Vo(s)],
aA(i,s)

we have that Vo(so)> ff’(So) V,(so), which is a contradiction. Therefore if’(0)
V,(0). By the uniqueness of the solution to (17) with a given initial condition, we also
have that V(s)= V,(s) for 0=< s_< So. Since So is arbitrary, V,(s) satisfies (17) almost
everywhere. Also V, is bounded. Moreover the argmax of (17) determines a measur-
able policy 3’* and by Theorem 10 V, satisfies (17) and therefore is optimal by
Theorem 11.

We next establish the uniqueness of a bounded solution to (17). By Theorem 10
such a solution is the present value of a policy and by Theorem 11 that policy is
optimal. Hence, since the optimal return is unique, the claim follows, completing the
proof.

LEMMA 13. The operator R is an isotone contraction with modulus O/(O+ p).
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Proof. The isotonicity of R follows from the fact that increasing the terminal
reward vector V increases R V. It remains to show that R is a contraction. To this end
let U and V be any vectors in R n. We must show that

O
Rv-Ru v- uII,

where VII =maxl__<i__<, Vi[. Since the roles of U and V can be interchanged, it is
enough to show that

O
RV-RU -< v- u II.Q+p

Let y be the policy defined by (16), Rv the total reward earned in state before
a transition occurs, T the time of the first transition and S the state the process
jumps to at the first transition. We have

(RV)=E[R+e-PVs,] and (RU)>=E[R+e-PUs,],
which gives

RV-RU<=E[e-(Vs, Us,)] <- O
[IV- UII,

O+p

since E[e-] <= o e-’O e-’ dt Q Q+ p), completing the proof.
It follows from Lemma 12 that each V R" has a unique bounded absolutely

continuous extension V(i, s) satisfying (16) for each i N and almost everywhere.
Existence of an optimal policy.
THEOREM 14. The operator R has a unique fixed point V, R and its extension

V,(.,.) to S is the unique bounded absolutely continuous function V(.,. satisfying

0= max [r +(Ga-pI) V](i, s)
aeA(i,s)

almost everywhere. Moreover, them is a measurable 6 such that a 6(i, s) achieves the
above maximum almost everywhere, 6 is optimal and V V,.

Proof. It is well known that since R is a contraction mapping, it has a unique fixed
point V, say. The vector V, has a unique extension V,(., .) and there is a stationary
policy 3’* such that V, satisfies (16). Therefore 3’* is an optimal policy for the
semi-Markov decision chain and V, is its optimal present value.

Optimality of piecewise-constant policies. We have shown the existence of an
optimal policy 3’* and therefore the uniqueness of a solution to (15). We now give
sufficient conditions for the optimality of a piecewise-constant stationary policy. This
result was conjectured by Veinott [22].

Let I be an interval of the real line. We say that the function L’I- R is analytic
at g if it has an absolutely convergent power series expansion L(s)= j=l aJs in some
neighborhood of g. The function L(s) is analytic on the interval 11 c I if there exists
an open interval I2 11 such that L(s) is analytic at each s I2. The function L(s) is
piecewise-analytic on I if there exists an unbounded sequence { t} such that L is analytic
on Ifq(t,ti+l) for all i>=0. A function L:SR is piecewise-analytic if L(i,.) is
piecewise-analytic for all N. The following proof is similar to that of Pliska [19] in
the case of controlled diffusions.

THEOREM 15. If the reward rates ra(i, s) and the transition rates qa(jli, s) are
piecewise-analytic in s >-_ 0 for all a A(i, s) and i N, then them exists a piecewise-
constant stationary optimal policy.
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Proof. The optimality equation is

max r(i, s)+ q(]li, s) V(], O)+(q(ili, s)-o) V(i, s)
ds aA(i,s) ji

To prove the existence of a piecewise-constant stationary optimal policy it is sufficient
to show that for each (i, ) S there exists an e 0 such that

(19a) an action a+ is optimal on {(i, s)" s(,/e)}

and

(19b) an action a_ is optimal on {(i, s)" s(g-e, g)},

since from (19a) we can find for each state an increasing sequence of holding times

(t) and a sequence of actions (a) such that the action a is optimal in state on Its, t+),
and from (19b) the sequence (t) does not accumulate.

We discuss only (19a), the proof of (19b) being similar. Let V,(i, s) be the optimal
present value starting in state (i, s). For each action aA(i, s) let V(i, s) be the
unique solution to

(20) -DV(i, s)= R(i, s)+ O,(i, s)V(i, s)

satisfying the initial condition V(i, g)= V,(i, g), where

Ra(i, s) ra(i, s)+ E qa(jli, S) V,(j, 0)
ji

and
O(i,s)=qa(ili, s)-p.

From differential-equation theory, Va(i, S) is analytic at g whenever the coefficients
of (20) are analytic at g (see for example Coddington and Levinson [6, p. 90]) and
thus is piecewise-analytic. Therefore Va(i,s) is analytic on (g, g+e) for some e>0.
Hence, for some e > 0, there exists an action a+ A(i, s) such that

(21) Va+(i, s) >= V,(i, s)

for all a A(i, g) and all s (L g+ e). We now show that the action a/ is optimal on
{(i, s)" s (g, g+ e)}. For each aA(i,g) let

(i, s)= R,(i, s)-R,+(i, s)+[O(i, s)-O+(i, s)]V,+(i, s)

and note that ,(i, s) is analytic in s on (L g+ e). If we let I7" V- V+, then 17"a is
the unique absolutely continuous solution to

(22) -DV( i, s)= ,( i, s)+ Oa( i, s) V( i, s)

satisfying the initial condition V(i, g) 0.
Since from (21) (za(i,s)<=O for s(g,g+e), we must have -D,(i,s)>-O for

s(Lg+e) for some e>0 and thus from (22) we have XIta(i,s)>=O for s(Lg+e)
for some e > 0. Therefore

-DVa+(i, s)= R(i, s)+ (a(i, S) Wa+(i, S)--XIta(i, S)

max {Ra(i, S)+ Oa(i, s) Va+(i, S)}
aA(i, g)

for s (g, g+ e) for some e > 0. Because of the uniqueness of the solution to this
equation, we must have that V,(i,s)= V,+(i,s) for s(Lg+e) and therefore a/ is
optimal for these values of s and the theorem is proved.
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In the case of a Markov decision chain with a finite number of states and actions
and infinite planning horizon, Miller [15] shows that a policy that is independent of
the holding time is optimal. In the semi-Markov case it is easy to give an example
where this is not so.

Example. Consider a two-state semi-Markov decision chain with states 1, 2. There
are three actions a, b, c in state 1 with transition and reward rates given below"

action a. ra(1 s)=.41(2 for s5,
l for s _>- 5,

qa(2ll S) (.5 for s< 5,
for s >= 5;

action b. rb( a S)--{ ll’47frs<5’for s >_- 5,

action c.

.1 for s < 5,
qb(2ll, s)=

15 fors5;

re(1 s)={ .5 fors<5,
2.5 for s >-- 5,

J0.15 for s < 5,
qc(211 S)

for s >_- 5.

In state 2 we have a single action a with ra(2, s)=5 for all s=>0 and qa(2ll, S)=0
for all s->_ 0. The interest rate p is .1.

It is easy to verify that the optimal policy in state 1 uses:

action 1 for 0 =< s < 1.47,
action 2 for 1.47-<_ s < 3.57,
action 3 for 3.57 <- s < 5,
action 1 for 5 -<_ s.

9. Finite horizon: optimality conditions. In this section we consider the finite-
horizon problem in which the system operates from time 0 to time T, where T
The total T-period expected reward using policy 7r is given by

V, Pr,dt.

Moreover we define
T

(23) V’= P"r, du,

i.e., the expected reward earned under policy 7r during the interval [t, T). The following
lemma is a direct consequence of Theorem 3.

LEMMA 16. For each measurable policy r, V’= V is the unique measurable
diagonally absolutely continuous solution to

(24)

satisfying the end condition Vr O.
Proof. Using Theorem 3 we differentiate (23) and get (24), proving the existence

part of the theorem. Let
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satisfies G,,(/’ 0 and 17"I= 0, which is exactly (6). Therefore, from Theorem 3, 12 0
is its unique solution, proving the uniqueness of a solution to (24) and VT=0.

The following result is a generalization of a theorem of Miller [16].
LrM,MA 17 (comparison lemma). If rr and rr’ are measurable policies, then

(25) V,- V,, PC,=, dt,

where C,,=,=-r,+G,V,.
Proof. We have

Differentiating with respect to and using Theorem 6 gives

d
dt
V,,

almost everywhere. Integrating over the interval [0, T] completes the proof.
Necessary and sucient conditions for optimality.
THEOREM 18. A measurable policy is optimal for the T-period problem if and

only if
(26) 0= max [ro+GoV](i, s)

aeA(i,s)

diagonally almost everywhere.
Pro@ From (25) it is obvious that if maximizes (26), then V=-V,0 for

every measurable policy ’ and therefore is optimal. This proves the sufficiency of
the condition.

Now suppose that there exists such that does not maximize (26) diagonally
almost everywhere, i.e., a ,(i, s) does not maximize ro + Go V(i, s+ t) for almost
every t. Let ’ be a policy that maximizes this expression almost everywhere; we can
choose ’ measurable by breaking the ties according to an arbitrary enumeration of
the actions, since (26) is jointly measurable in s and t. Consider a T-period problem
starting in state (i, s). From (25) we have

(27) V=,- V=)(i, s) (P,[r=, + G=,V])(i, s) dt.

From Corollary 8 we have that P,(i, s+ t[i, s) e- and from (24) the expression
in brackets in (27) is nonnegative and positive on a subset of {(i, s+ t): 0 N T} of
positive Lebesgue measure. Therefore V=(i, s)< V=,(i, s) and is not optimal, com-
pleting the proof.

Aeknowledgmenls. The author is indebted to Professor Arthur F. Veinott, Jr.
for suggesting and guiding the development of this work and for considerably improving
the exposition.
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THE LAGRANGE MULTIPLIER RULE ON MANIFOLDS
AND OPTIMAL CONTROL OF NONLINEAR SYSTEMS*

J. C. P. BUSt

Abstract. In this paper we present a differential geometric approach to the Lagrange problem and the
fixed time optimal control problem for nonlinear time-invariant control systems. We restrict attention to
first order conditions for optimality and present a generalized Lagrange multiplier rule for restricted
variational problems. Our treatment of the optimal control problem uses a recently proposed fibre bundle
approach for the definition of nonlinear systems.

Key words. Lagrange problem, nonl.inear optimal control, differential geometric approach, first order
conditions

1. Introduction. The classical problem of the calculus of variations is the Lagrange
problem: find a curve b" [0, T]-> R from some class of curves, e.g. piecewise con-
tinuous, which satisfies certain end point conditions and minimizes an integral of the
form

&e( 4( t), c( t), t) dt.

In addition, one might impose restrictions on the curves of the form

F(b(t), (t), t) 0.

Such problems were already studied by Euler and Lagrange at the end of the eighteenth
century. A comprehensive treatment of the calculus of variations and its use to solve
the (restricted) Lagrange problem is given by Carath6odory in [8]. It includes references
to classical work. An important difficulty using variational techniques for solving the
restricted Lagrange problem is caused by the end point conditions. It may occur that
restrictions and end point conditions are such that no admissible variations of an
admissible curve exist (except for the trivial one). So, such an admissible curve is
extremal. Carath6odory studies this phenomenon by introducing the concept "class of
the problem;" no problems arise when the class equals zero. In another general
reference on the calculus of variations [3], Bliss introduces the concept "abnormality
of certain order." He calls a problem normal (abnormal of order zero), if there exist
nontrivial admissible variations. Both Carath6odory and Bliss need the definition and
existence of Lagrange multipliers as a prerequisite for defining "class" and "normality."
In this paper, which is based on unpublished course notes of Takens [20], we consider
the generalized variational problem on manifolds, restricting attention to first order
conditions (we speak of stationarity rather than optimality). We introduce the concept
of formal stationarity for restricted problems. This is stationarity with respect to
formally admissible (i.e., admissible up to first order in the variation parameter)
variations. This concept is stronger than stationarity. We then define restricted vari-
ational problems to be "normal" if stationary curves are also formally stationary.
Normal as we use it, means not quite the same as for Bliss. In our terminology it might
occur that in normal problems there exist neither formally admissible nor admissible
variations of a stationary admissible curve. It is the same for those problems which

* Received by the editors January 31, 1983, and in final revised form September 12, 1983.
t Department of Operations Research and System Theory, Mathematical Centre, Amsterdam, the

Netherlands.
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allow nontrivial formally admissible variations. Our approach to normality does not
rely upon the definition of Lagrange multipliers. The Lagrange multiplier rule is given
in 3 expressing that a necessary and sufficient condition for formal stationarity for
a restricted variational problem, is the existence of a stationary curve for a related
unrestricted problem on a higher dimensional manifold. Then the theory of integral
invariants of Cartan [7] can be used tO express stationary curves for the latter problem
as characteristic curves of a certain differential 2-form. The problem of normality is
postponed to 4 and 5 where the unrestricted Lagrange problem and the nonlinear
optimal control problem are formulated as restricted variational problems. The former
is merely given as an example and normality is proven, as to be expected. In our
opinion the latter has value in itself. Moreover, it incorporates a recently introduced
formulation of nonlinear control syst’ems on fibre bundles (see [14], [18] and [21]).
We shall see that the variational problem associated with an optimal control problem
with clamped end points, will not always be normal as was already clear from the
results in the books of Carath6odory and Bliss.

Variational problems on manifolds, using differential geometric concepts and
Cartan’s characterization for unrestricted problems, are also treated in various other
papers, e.g. [10], [11], [12], [13], [15] and [17]. The restrictions considered in these
references are induced by exterior differential systems or Pfaffian systems. They place
more emphasis on the generalized Euler-Lagrange equation as a necessary condition
for stationarity, treating the normality problem in about the same way as Bliss, except
for their use of modern differential geometric results and formulations. In our approach
the multiplier rule plays a natural role and normality is treated differently. Together
with the linkage to the fibre bundle approach to nonlinear control systems, we expect
that the given formulation of optimal control problems will be useful for studying
optimal feedback control laws. It can be extended to infinite horizon problems (see
[6]) in which case it might be particularly useful. The given approach is coordinate-free
and does not presuppose any regularity conditions on the cost function.

Finally, in this paper we shall use the notation given in [19]. For instance, if M
is a smooth manifold, TM is its tangent bundle (TxM is the tangent space at x M)
and T*M is the cotangent bundle. If f: M N is a smooth mapping between smooth
manifolds M and N then f.:TM- TN is its lift to the tangent bundles and for any
k-form w on N, f*o is a k-form on Mwhich is defined by (f*w)(v)=o(f.v) for all
v TM. Some minor deviations from Spivak’s notation occur. The set of smooth vector
fields on a smooth manifold is denoted by (M). Furthermore, given a k-form w and
a vector field X on M, we define the contraction xW of w with respect to X, to be
the (k- 1)-form on M defined by

for
x,o(x,,..., x_,) ,o(x, x,,...,

Xie(M) (i=1,..., k-l).

Unless stated otherwise all manifolds, mappings, forms and vector fields are
assumed to be smooth, i.e. C.

2. The unrestricted variational problem. Let M be a smooth manifold with
dim M m, a a smooth (differential) 1-form on M and h: MR a function. Denote
I [0, T]c R. Let x0 M, the initial point, be given and S c M be a connected smooth
submanifold of M, called the target set. Define for smooth curves 4:I M the action

(2.1)
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The variational problem w.r.t, this data, denoted by VP (M, c, Xo, h, S) is the problem
to find curves with b(0)= x0, 4)(T) S, which are locally optimal w.r.t. , i.e. which
produce an optimal value for to small variations of the curves. We shall restrict
attention to first order conditions, hence to stationarity rather than optimality.

We distinguish two cases:
1. Clamped end point (CE) problem. S {roT}, i.e. just one point mT M, and

2. Free end point (FE) problem. S a connected smooth submanifold of M of
dimension -> 1.

The following definitions are standard (see [10], [11] and [19]).
DEFINITION 2.1. A mapping ." (-6, 6) I--) M (for some 6 > 0) is called a vari-

ation of oh" I --) M if:
(i) ( is C in each variable;
(ii) 4(0, t) 4)(t) for all I;
(iii) (e, 0)= 4)(0), ((e, T)S for all

The set of variations of 4) is denoted by V, and for short we write 4)(t)= (e, t).
Depending on S we speak of CE or FE variations.

Stationary curves for the action are curves which make the first variation formula
vanish. The following definition makes this precise.

DEFINITION 2.2. A curve 4):I--)M is stationary for VP (M, a, x0, h, S) if for all

d
P(4,) =o.

de e=o

For given variation b 7/’, we can choose 4 such that is identically equal to
4) in some neighbourhood of x0 and t (4)*-4*)a is arbitrarily close to zero (see [22,

6, 7]). The same holds for the end point in the CE case. Therefore we may assume
that variations in 7/’ are identically equal to 4) in neighbourhoods of the initial point
and the end point (except of course for the free directions in the FE problem).

From now on we shall assume that the curves we consider are injective immersions.
This is a rather natural assumption as curves with double points are usually not optimal,
because of occurrence of a loop. In such cases we can formulate the variational problem
for piecewise injective curves as a sum of variational problems for each piece (see also
[19]).

We can give another, equivalent, definition of stationarity in terms of vector fields
along b. By a vectorfield along a curve b: I -M we mean a smooth function V: I TM
which satisfies V(t) T(,)M. Clearly, each variation b V defines a vector field V
along b by the formula

(2.2) V( t) =--e
with

e=0

(e,t), tI,

(2.3) V(0) 0, V(T) 0 (CE) or V(T) T,(7-)S (FE).

We shall denote the set of vector fields along b satisfying (2.3) by . Conversely,
given any vector field V , we can extend it (as 4) is an injective immersion) to a
vector field X (M) and construct a variation of b by

(2.4) 4)(t) yx(e)(ch(t)),
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where yx(e) denotes the flow of X over e. Let now w be an arbitrary 1-form on M
and let Lxo) denote its Lie derivative w.r.t.X. Then

c*Lxw Cb*( lim l[( yx(e))*w-(
e

d
[(,,,,. () 4,)*o.,]

(2.5)
d

We also have the well-known relation

(2.6) Lxw txdo) + dtxo).

Given V along 4, we have for an arbitrary smooth extension X of V:

(2.7) b*Lxw do) V(t), 49, + d(o)(V(t)))
O 0

(By O/Ot we mean the tangent vector evaluated at t.) Then, for all extensions X of V
and induced variations cf. (2.4) we have the equality

d
(2.8) b*Lvw =ee e-O

So any V 6 defines a class of variations b of b satisfying (2.8). These relations
between vector fields along b and variations of b show that we can equivalently define
stationarity by:

DEFINITION 2.2’. 4 is stationary for VP (M, a, x0, h, S), if for all V 6:

(2.9) dh(V(T))+ f *Lva =0.
31

This definition easily leads to a useful and well-known characterization of stationary
curves.

PROPOSITION 2.3. b is stationary for VP (M, a, Xo, h, S) if and only if
0

(2.10) 4, t) ekerda VteL

with ker da={ve TMIda(v, w) =O, Vwe T=(v)M}, and

(2.11) (dh + a)ls(qb( T)) =0,
where Is denotes restriction to S.

Proof. Using Stokes’ theorem we have for V 6

f dp*Lva II dP * ’v da + a( V( T)).

So sufficiency is trivial.
Now suppose 4 is stationary and (2.10) is not satisfied for some L Then by

the smoothness wecan construct a V along 4 with V(0) =0, V(T) =0 (hence T6(T)S)
and

dp*,vdot 0.

However, this contradicts the stationarity of b. Hence (2.10), and therefore (2.11), is
satisfied.
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Condition (2.10) expresses that da is an integral invariant for stationary curves
(see [7]). b is called a characteristic curve of dO. Another way of looking to (2.10) is
to say that b is an integral curve of the Cartan system C(da) (i.e. the Pfaffian system
generated by all 1-forms xda, X (M) arbitrary) (see [11]). Condition (2.11) is
the so-called transversality condition at the end point. It is interpreted as to disappear,
or be trivially satisfied, in the CE problem (h =-0 and S consists of one point).

3. The restricted variational problem. We may introduce restrictions on curves
in M via smooth codistributions on M. In 4 and 5 it is shown that the classical
Lagrange problem and the nonlinear optimal control problem can be formulated as
variational problems with such restrictions. Let E be a given codistribution on M.
Denote the variational problem VP(M,a, xo, h,S) with restriction E by
VP (M, a, Xo, h, S, E). We call a curve b: I - M admissible for this problem if

(3.1) d*fl=-O VfleE.
We shall assume throughout that E is smooth and of fixed dimension p, spanned locally
by 1-forms /31," ,/3p. So locally (3.1) has to be satisfied for /3 =/3i (i= 1,... ,p)
only. We denote the class of admissible variations of b by

(3.2) o/,r (: o//. 1.,/3 O, V/3 e E).

In the vector field terminology we consider the set of admissible vector fields V :
(3.3) { V ,[/3(V) =0, E}.

The following definition is then natural.
DEFINITION 3.1. An admissible curve b: I M is stationary for

VP (M, a, Xo, h, S, E) if one of the following two equivalent conditions is satisfied:

(i) d/del=o(b)-0, for all

(ii) dh(V(T))+Ii 4*Lva=O, for all Ve.
Note that this definition implies that isolated admissible curves, i.e. admissible

curves for which there exist no admissible variations, are stationary. Such situations
may occur as shows the following example.

Example 3.2. We consider on M T2xR the restricted variational problem
VP (M, a, mo, O, {roT}, E) with mo, mT M and E spanned by:

1 dx-x/1 + y2 dt, 2 dy- y dt,

where (x, y, , 3), t) are coordinates for TR2. Now let b" [0, T]- TimEx, given by

dp dpx, dpy, b dp

be admissible. Then

, r=6.
So bx(t) is the length of the curve by from 0 to t. Hence, any variation of by with
fixed end point yields a change of the x-coordinate of the end point. Therefore there
are no nontrivial admissible variations of b.

Clearly, the situation of isolated admissible curves requires careful attention and
its occurrence depends on both the restrictions and the end point conditions. The way
we shall handle this difficulty is suggested by Takens [20]. First observe that admissible
variations satisfy the codistribution constraints for all small lel. We may consider
variations of the unrestricted problem which satisfy the restrictions to first order only.
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To do so denote

(3.4)

d

e=O
*t =o, vt, E},

and define:
DEFINITION 3.3. An admissible curve d:IM is formally stationary for

VP (M, a, x0, h, S, E), if one of the conditions of Definition 3.1 is satisfied with
replaced by o/g, and by .

We call elements of W formal variations of 4,. Note that 7 S W, so that
formal stationarity implies stationarity, but not necessarily the converse. Example 3.2
can be used to show that. We define

DEFINITION 3.4. VP (M, a, x0, h, S, E) is normal for an admissible curve 4, if
stationarity of 4 implies formal stationarity of 4.

We defer the problem of normality to 5, where it is studied for the special classes
of variational problems which are of concern to us here. For historic reasons we use
the terminology of [3]. However, our notion is weaker in the sense that it also allows
the situation that neither formally admissible nor admissible variations exist.

Before giving the main result of this section we shall dwell some time upon the
global character of the results to be obtained. In fact, a global problem can easily be
broken up in finitely many local problems.

PROPOSITION 3.5. Let cb: I-+ M be an injective curve. Let {I’}(I’ =[a’, b’]) be
a finite collection of closed subintervals of I such that {int I’} is an open covering of
int L Define cb’= bl1,, the restriction of cb to IC Then, cb is (formally) stationary for
the CE problem VP (M, a, Xo, O, {IT}) (or its restricted variant) if and only if cb " is
(formally) stationaryfor VP (M, a, 4 a" ), 0, {4 b" }) or restricted), for all I. Similarly
for the FE problem VP (M, a, Xo, h, S) with local problems VP (M, a, b(a’), h*, S
where h" O, S" M if b" T and h" h, S" S, otherwise.

Proof. Recall that variations are identically equal to b at some neighbourhood
of the clamped begin (and end) point, according to the remark after Definition 2.2.

First consider stationarity for CE problems. If 4 is stationary then any variation
of a subproblem on I’ can be considered to be a variation of 4 on I (equal to
outside I’). So stationarity holds for the subproblem. To prove the converse choose
a partition of unity {f} (f I ) and write

(3 5)

As 4 4" +f"r/E is a variation of b" the result follows immediately. For formal
stationarity we need the additional observation that

d
(3.6)

de e=O

d
(6*/3) f’* 7-e e=0

d

e=0

so that global formal variations yields local formal variations and vice versa. In the
case of an FE problem we note that a variation of a subproblem (both for b" T or
b" T) can be approximated arbitrarily close by an FE variation of b on I which
equals b outside I". Hence stationarity of b yields stationarity of b". Conversely,
note that if b" is FE stationary (b" T) then b" is also CE stationary. Hence we
can again use a partition of unity argument as above. Iq



746 J.c.P. BUS

After this intermezzo we return to the development of the main theorem. Let
r" T*M M denote natural projection and recall from [11] the definition of the
canonical 1-form 0 on T’M"
(3.7) O()(v)=(r.(v)) for all sc T’M, v TcT*M.
We need one more important 1-form.

DEvIrqITION 3.6. Let M be a manifold with 1-form a and codistribution E of
fixed dimension. Let 7rE: E M denote the natural projection and let 0E be the
canonical 1-form on T*M restricted to E. Then the Cartan form O on E associated
with a is defined by

(3.8) "O Tr*a + O.
Now we are ready to formulate the generalized Lagrange multiplier rule.
THEOrZM 3.7. An injective curve qb’IM is formally stationary for

VP M, a, Xo, h, S, E) ifand only if there exists an injective curve rl I E with 7re *1 4)
which is stationary for VP(E, 0, eo, h rz, x(S)), for some eo 7rl(x0) and some
section X: M E.

Proof. We first give the proof for the CE problem. Let r/: I E be given with
7re r/= b and r/stationary for the problem on E. By Proposition 3.5 we can restrict
attention to curves in a coordinate neighbourhood such that E is spanned by forms
/31,...,/3p on this neighbourhood. Furthermore, note that an arbitrary vector field
along r/yields a projected vector field along b as b and r/ are injective immersions.

To prove that b is formally stationary we first have to prove that b is admissible.
Therefore choose local coordinates x for M and let/3a,. ,/3p be a local basis for E.

p
Then we can give coordinates (x, y) for E; that is, an element (x, Yi= yii(x)) E has
coordinates (x, y)(y (ya,..., yp)). By definition of the canonical form on E c T*M
we have for v T(x.y)E:

(" ) "(3.9) OE(x, y)(v)= 2 Yii(x) (71"E * /))-" E Yi(’lT"Ei)(l))
i=1 i=1

Therefore, given an arbitrary vector field X on E,

(3.10)

we obtain

(3.11)

p

(LxOe)(x, y)= ., Lx(yi’rr*,Si)(x, y)
i=1

P P

E Yi(r*Bi)(x, y)+ Y yiLx(r*Bi)(x, y).
i=1 i=l

Now let in these coordinates r/ be given by

(3.12) r/(t) (6(t), A (t))

(b and A are x and y coordinates, respectively) and define

Wi( t) wi( t)-y i=l,...,p,

where wi is arbitrary on I with wi(0) wi(T) 0. Clearly W (i= 1,..., p) are vector
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fields along r/with projection r. W/= 0. Then with use of (3.11)

(3.13) rl*Lw,O= wi(t)rl*Tr*#i+ , Ai(t)n w,(fli)
i=1

Moreover, use of (2.7) shows that the last term equals zero. As the stationarity of
makes the left-hand side of (3.13) equal to zero, we have

for arbitrary wi. This proves that *i 0 (i= 1,..., p), hence is admissible.
To prove the formal stationarity of let a vector field V along with V(0)=

V(T) =0 be given in coordinates:

v(t) vi(t)
i= 6(t)"

Define a vector field W along by

w(t) v,(t)
i= n(t)"

Then ,W= V and the 0/yi-components of W are zero. So use of (3.11) yields"

(3.14)

Moreover, use of (2.7) shows that

’o*Lw (’rr*/3,)

Substituting this in (3.14) yields

n*LOo 4)*L, + 2
i=1

Stationarity of r/ makes the left-hand side zero. So t*Lvi "-0 (i 1," "’, p) yields
I dp*Lva =0. This implies formal stationarity.

To prove the converse, let b be formally stationary. Given any vector field W
along r/ with W(0)= W(T) =0 we obtain, using (3.11),

rt*LwO,,= rl*Lw(zC*a)+ 2 Wyi*i dl- Airl*Lw(Tr*Ei),
i=1 i=1

with Wr, the O/Oyi-component of W. As b is admissible (1*i--’0) we obtain, with
V Try. W:

(3.15) rl*LwO 6*Lva + E Ai6*Lv]i
i=1

Hence, we have to prove that we can find Ai: I-->R (i 1,..., p) such that for all
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V the following equality is satisfied

(3.16) *Lva------- ., Ait*Lvi.
i=1

Note that we then have r/(t)=P__l Ai(t)i((t)) satisfying the conditions of the
theorem. For simplicity we assume that p 1, i.e. E is spanned by one 1-form. We
omit the subscripts for A and ft. To find an appropriate A in this case define a vector
field Z along such that fl(Z)= 1 along . Let

1 { VI V vector field along , *Lvfl 0, V(0) 0},

2 { VI V vector field along , V $Z, $(0) 0}.

Then, any vector field V 6 can be written uniquely as the sum

V=V+V:, V, V:.
This is shown by the following argument. Given V, the differential equation:

+ dff
(3.17)

(0) =0

defines : I uniquely. Now define

v: z v 6z.
Then we have the appropriate splitting as V2 2 by choice and V1 1 because (use
(2.7) and (3.17))

+d =0.

Note that VI(T)=- VE(T)=-(T)Z(T) is not necessarily equal to zero. Now let V
be arbitrary with V(0)= V(T) =0 and V V1 + V2 V + 0Z its unique splitting.
Then (2.7) and Stokes’ theorem yield

where *vda(/ot) da(V(t), .(0/t)), by definition.
If 0(T) 0 (V(T) 0) we define a constant Co such that

(318). f *Lv Ii * d-Co(b).

If (T)= 0 then *Lva *v da by the formal stationarity of , so that we
can choose Co arbitrarily and (3.18) still holds. Then define 1,z:I by

(3.19) 1 dt=*zdfl, 2 dt=*zda
and A:I by

(3.20) *+*X, (r) Co.
Then we have with use of (3.18)-(3.20)

-I, *Lv I *dt-C(T)=I *Lv.
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So the chosen X satisfies (3.16) for p= 1. Hence r/, given by rl(t)=A(t)(&(t)), is
stationary w.r.t. 0 and rEr/= &. For p > 1 the proof is similar. For the FE problem
there is only a slight difference where we use Stokes’ theorem in the definition of Co.
Here we choose Co such that

(3.21) dh(V(T))+ f qb*Lva I oh* da+Cod/(T)t,v

which is fine for q(T) #0. If q(T) =0, then V2(T)=O(T)Z(T)=O T4,(T)S and as
V= V2+ V T6(T)S we also have VI(T) T6(T)S. Then formal stationarity with
V2(T)=0 shows that (3.21) holds for arbitrary choice of Co if q(T) =0. Then the
proof is valid for the FE case. Note that the section X defining the target set in the
problem on E is given locally by X(x)=(x, Co) with Co as in (3.18) or (3.21).

Note that the Lagrange multipliers are hidden in the formulation of Theorem 3.7.
They appear in the coordinate representation as A(t) (i= 1,..., n). Theorem 3.7
forms the heart of this paper. It enables us to formulate the Lagrange problem and
the optimal control problem as a problem of finding characteristic curves of the
differential of a certain Cartan form (recall Proposition 2.3), provided the associated
restricted variational problem is normal for admissible curves. The most significant
examples of the use of Theorem 3.7 are the unrestricted Lagrange problem and the
optimal control problem. We discuss these in the next sections.

4. The Lagrange lroblem. Consider a smooth manifold Q (the configuration
space) with dim Q= n, together with its 1-jet manifold jl(I, Q) (see [11]), we should
in fact write jl(, Q) but to express that is restricted to I we use the above notation).
Note that a point in jl(I, Q) consists of a point I together with a point (q, v) TQ.
Thus

(4.1) jl(I, Q) TQ x I,

and moreover, given a curve q: I Q there exists a naturally associated curve &:I
jI(L Q) defined by

(4.2) 4)(t) q, e I.

We denote 4 q. Now suppose we have been given:

(4.3) : jl(I, Q) , h: Q ,
called the Lagrangian and the end cost, respectively. Then the (unrestricted) Lagrange
problem is to find curves : I Q, with q(0) q0, @(T) S = Q, which minimize the
action

(4.4) (q) h(d/(T))+ I (d/l(t)) dr.

We can formulate this as a variational problem on M jI(L Q) with restriction on
curves in M to be naturally associated el. (4.2) with curves in Q. Using [11, 0.b],
this restriction is defined by a codistribution E on M, which is a canonical subbundle
of T*M T*(jI(I, Q)). Moreover, in local coordinates (q, , q,, 1,’" ", n, t) for
M, this subbundle E is spanned by 1-forms:

(4.5) fl dq,- (t, dt, i= 1,..., n.

We shall call E the canonical (restriction) codistribution of the Lagrange problem and
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the variational problem so obtained the Lagrange variational problem. We already
noted that we may restrict attention to variations which are identical to b on a

neighbourhood of clamped end points. So, CE conditions for " I O yield CE
conditions for b:I- JI(L O). Moreover, a target set S c O gives rise to a target set
TSx {T} in J(L Q) with end cost h (’J(L O) O natural projection). The
following result is important.

PgoeosIxIO 4.1. The Lagrange variational problem is a normal restricted vari-
ational problem for every admissible curve.

Proo Given any admissible curve 6 fit (:1 O). We have to prove that if
is stationary, then is formally stationary. We may restrict attention to vector fields
V 6 which can be given in canonical coordinates by

+ VO(t)(4.6) V(t)= Vq(t) 6, 6,

Suppose such a vector field satisfies:

(4.7) 6*Lv =0 Vspan{dq-4, dt}.

(Note that we may work locally, by Proposition 3.5.) We first assume that O is
1 -dimensional, so E is spanned by the form dq 4 dr. Thus (4.7) implies, using (2.7):

0 $*gvfl
O

=-do A dt V(t), , + d(Vq(t))
O

So

(4.8) dVq(t)= V4(t).
dt

Now choose 4 by

b(t) ($(t) + eVq(t), b(t) + eVC(t), t).

Then b is a CE variation of $ according to Definition 2.1 with

(4.9) $(t) (vq(t), VO(t), 0),
Oe e=0

and

d* - (O( t) + e (/q t) (O( t) + eV( t) O,

using (4.8). So b is an admissible CE variation of 4, so that by stationarity and (4.9)

d

This proves the theorem for dim Q 1. For dim Q > 1 the proof is similar. [3

A direct consequence of Proposition 4.1 and Theorem 3.7 is the following corollary.
COROLLARY 4.2. A.n in]ective curve q" I Q is a stationary curve for the Lagrange

problem, if and only if there exists an in]ective curve 7"1 E, with E the canonical
codistribution, such that rE oft rt and rl stationary ]:or an unrestricted variational
problem VP E, Oe, I[t l(o), , ) with Cartan form

Oe r*( dt) + OE



LAGRANGE MULTIPLIER RULE 751

and

/=ho ,to rz, S X( TS x { T}),

where 7rE" E M, 7r" M Q are natural projections, OE is the canonical 1 -form restricted
to E and x’M E is some section.

Using Proposition 2.3 the stationary curves for the given unrestricted variational
problem are characteristic curves of dose satisfying the transversality conditions. If we
choose canonical coordinates q, , for jI(Q, I) and A for the fibres of E (/3 e E"/3
i=l Aii, i given by (4.5)), then

Ose= Aii + dt.
i=1

Then " (q(t), 4(t), A (t), t) is a characteristic curve of dO if

d 0 0 d
dA(t)=(q, 4, t), A(t)=(q,o,t), q(t)=O(t),

with given initial and end point conditions for q, . This yields the Euler-Lagrange
equation:

q, 4, t) -(q, 4, t)= 0

as a necessary condition on optimal curves. The transversality condition yields

oh
,n.

Remark 4.3. It is easily seen that we may also choose dt + for any e N
in the formulation of the Lagrange variational problem. Indeed, we then also have

* *(dt), for all admissible . Such a choice does not change the solution of
the Lagrange problem but only induces a translation of the canonical coordinates I
in N.

5. The nonlinear optimal control problem. We shall first recall the notion of a
general nonlinear control system as given in [4] and [21] and worked out in [18].

DEFINITION 5.1. A nonlinear (time-invariant) control system E=E(O, B, f) is
defined by a smooth manifold O, a fibre bundle r: B O and a smooth map f: B -. TO
such that the following diagram commutes

(5.1)

O

We call E affine if B is a vector bundle and f restricted to the fibres of/3 is an affine
map into the fibres of TO.

E is called analytic if B and O are analytic manifolds and f is an analytic map.
We say that f,: I- O is a trajectory of E if f, is absolutely continuous and

almost everywhere on I. With each trajectory q we can associate a state-input trajectory
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sr" I - B such that

(5.2) z((t))=tp(t), 0.(t ) f(’(t)), tI.

Q is called the configuration space cf. the Lagrange context. The fibres of B
represent the (state dependent) input spaces. In local coordinates q for Q and u for
the fibres .-l(q) we obtain the familiar equation =f(q, u) (with abuse of notation

f" (q, u)-> (q, f(q, u))). A state-input trajectory ff will in such coordinates be denoted
by: ’(t)= (O(t), ,(t)), O and , denoting the q and u coordinates respectively. In the
sequel we will use f in both ways, how it is used will be clear from the context. If E
is affine then, in coordinates, f has the form

(5.3) f(q, u)=f0(q)+ Y utf(q),
i=1

with u e N, f0 and j vector fields on O (i= 1,..., m).
We shall assume in the rest of’this paper that f is an injective immersion.
Now, an optimal control problem can be interpreted as a certain variational

problem on the space of states and inputs, i.e. B, under certain restrictions, one of
these being the restriction to curves in B which are state-input trajectories of the
system. In fact, the approach to the Lagrangian problem for curves in O can be
followed here with respect to curves in B. Therefore, let us first assume to be given
a function " J(L B)-, in analogy with the Lagrangian Za in 4 and an end cost

function h" O N. We restrict attention to two cases:
CE optimal control problem" h =-0, clamped end point;
FE optimal control problem" S O.

The optimal control problem OP (E, d, q0, h, S) is to find ’: I B of E with z ’(0)
qo, " ’(T) S and which are optimal w.r.t, the action

(5.4) J(’) h(r st(T)) + , (l(t)) dt.

As before we restrict attention to stationarity rather than optimality. The optimal
control problem can be defined as a variational problem on J (/, B) where the curves

are restricted to be naturally associated (cf. (4.2)) with curves in B which are state-input

trajectories of E. This implies restriction to a submanifold M J(I, B) defined by

(5.5) M {( W, t) jl(i, n)lf 7/’( w, t) 7",( w)},

with r:J(L B)- B natural projection, together with restriction to the canonical

restriction codistribution on jl(I, B), similar as in the Lagrange problem. Therefore
the given optimal control problem can be defined as a restricted variational problem
VP (M, a, x0,/, S’, E), with E the canonical codistribution on J(L B) restricted to

M, a (g] dt, r 7r(Xo)= qo and / =-0, one point in the CE case, or 7-o rr h
and (TQ x { T})f’l M in the FE case. If we choose local coordinates q on Q, u on

the fibres r-l(q), then canonical coordinates on J(L B) are given by (q, u, , ti, t).
Elements of M are then given by (q, u,f(q, u), ft, t), so that as f is an injective
immersion, natural coordinates on M are given by (q, u, ti, t). Then E, the canonical

codistribution restricted to M, is locally spanned by the 1-forms

(5.6)
fl, dq, + f(q, u) dt, i= 1,..., n,

fl,+ du- ti dt, j 1,. , m,

where f(q, u) denotes the/th coordinate of f(q, u) TqQ.
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The question arises whether this variational problem is normal. The answer to
this question appears to be relatively easy for the important class of affine analytic
control systems, if we use some recent geometric techniques (see e.g. [14] and [15]).
Let the system be given by (5.3), let 2(E) denote the Lie algebra generated by
(i=0, 1, m) and (qo) the maximal integral submanifold of 52(E) containing

the trajectory under consideration which initiates at qo. Define ado (fo, fi)=f,
adk+l (fo, fi)=[fo, adk (fo, fi)]for k=0, 1,... ,and 1 ={adk (fo, fi); k=0, 1,..., i=
1,..., m}. Then we can give the following proposition.

PROPOSITION 5.2. Let , be analytic and affine. Then:
The FE variational problems associated with OP (E, , qo, h, Q) are normal.
If rank l(qo) dim (qo), then the CE variational problems associated with

OP (E, , qo, 0, {ql}) are normal."
Remark 5.3. The condition in the CE case implies that the system restricted to

(qo) has a controllable linear variational equation along the trajectory initiating at
q0, or this restricted system is locally controllable of first order along this trajectory
(see [2], [15] and [16]).

Proof. We assume that (qo) n. The other cases are proved similarly by restricting
the system to the lower dimensional manifold (qo). The manifold appearing in the
variational problem may be given coordinates such that b(t)= (bq(t), 0, 0, t) (trajec-
tory q in Q for input u-= 0). By breaking up the global problem in a series of local
problems we may assume that b(t) belongs to this coordinate neighbourhood for all

I. Let a formal variation in these coordinates be given by

(5.7) (e, t)=(q(e, t), (e, t), a(e, t), t).

We shall prove that under the given conditions we can find an admissible variation
of b which is an order e e perturbation of :. As stationarity involves first order conditions
in e only, the proof then follows immediately. Working out the conditions for formal
variations we see that

q( e, t)= dpq( t) + en( t) + cq( e, t),

(5.8) CU(e, t)= etz(t)+CU(e, t),

:a(e, t) et2(t)+(?a(e, t),

where q(e, t), u(e, t) and (a(e, t) are all of order e 2 and equal to zero for t=0
and arbitrary e. Moreover, r/(t) satisfies the linear equation of variations with input
/z(t) (/xl(t),...,/z,, (t)) r"

d0l(t)=-5-/(dpq(t)) rl(t)+ , fi(qbq(t)) Ii(t),
(5.9)

"’t i=l

(o) =0.

Now consider for arbitrary C"(e, t) (C(e, t),’.., C(e, t))7" of order e 2 and satisfy-
ing CU(e, 0) (?"(e, 0) =0 (arbitrary e) the equation

ft(t)=fo(q(t))+ , f(q(t))(eli(t)+C(e, t)),
i=1

(5.10)
q(0) =qo.

Then from [5, Thm. 6] and [9], we know that for e small enough any solution of (5.17)
can be written as a unique convergent Volterra series. Working out this series and
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using the facts that q is a trajectory of (5.10) for/ =0 and satisfies (5.9), we see
that any solution of (5.10) can be written as q(e,t)=bq(t)+e(t)+cq(e,t), with
cq(e, 0) =0, cq(e, t) O(e2). Hence,

(5.11) q(e, t)=(q(e, t), etx(t)+CU(e, t), eti(t)+(u(e, t), t)

is an admissible variation and an e 2 perturbation of a formal variation. This proves
the assertion for FE problems. For CE problems we still have to show that we can
choose CU(e,t) such that the solution q(e,t) satisfies q(e, 1)=ql=cbq(1) (i.e.
Co (e, 1) 0). By the local controllability of the system we can find C (e, t) such that
elxi(t) + C(e, t)/ u(e, t) yields a trajectory of (5.10) terminating in ql. Moreover,
the fact that the linear equation of variations (5.9) is controllable assures that we can
choose t (e, t) of the same order in e as Cq (e, 1), i.e. O(e2). This completes the
proof of the proposition.

The restriction to affine systems does not seem to be essential. The results of
Brockett and Crouch yielding the Volterra series solution for (5.10) can also be given
for nonatiine systems.

As controllable linear systems are first order controllable, the condition rank
l(qo) =dim (q0) is satisfied for all (also noncontrollable) linear systems.

We give one example of a system which is controllable but not first order locally
controllable and which may give nonnormal variational problems.

Example 5.4. Let I=[0, 1],q =(0,0) T and

Then

However

41=u, 02=q2+1.

(0)[fo, fa]
2ql

ad (fo, f,) 0 for k _-> 2.

so that the system is locally controllable, but

For u =0 we have the trajectory 4(t)=(0, t) T and qa =(0, 1) T. Any formal variation
4)(t)+ err(t) for control elf(t) satisfies the linear equation of variations

,(t) =/z(t), r2(t) 2bl(t)r/,(t)=0,

with r/(0) r/(1) =0; /x(0) (1)= (0)= (1)=0. Hence

n(t) (g) dg, n:(t) 0.

Therefore, any formal variation is of the form"

e (g) d, + O(e2).
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We consider the formal variations with order e terms only. If these are to be e 2

perturbations of an admissible variation (e, t) we should have, for some control
(t)+ c(, t)(cu(, t)= o()),

l(e, t) e/z (t) + C" (e, t), 2(e, t) (e, t) + 1,

with :(e, 0) q0, :(e, 1) ql. Hence

I0l(e, t)= erl(t)+ C(e, o’) dr - erl(t)+C(e, t),

(e,t)=t+ (e’l(o’)+C(e,o’)) do’,

with the conditions :l(e, 1)=0, :a(e, 1)= 1, for all lel small. As rl(1)=0 the first
condition is satisfied for all cq(e, t) such that cq(e, 1)= 0, which can be obtained by
an appropriate choice of C"(e, t). The second condition implies that

(n(l a+o(-0.

So the choice of C (i.e. Cq) does not influence the e term. Therefore if rl(t) is such
that Io (rl (o’)) do" 0, then (e, 1) 1. Such a choice can be made. With x (t) rl (t)
we have a formal variation which is no e perturbation of an admissible variation.

The final conclusion of this section is a consequence of Theorem 3.7 and the given
formulation of an optimal control problem as a variational problem.

COROLLARY 5.5. Let OP (, , qo, h, S) be a given optimal control problem.
Assume that the associated variational problem is normal or a given trajectory-input
I- B. Then is stationary if and only i there exists an in]ective curve r I-

the canonical codistribution such that - r r ’ M- B, r -M natural
projections),

(5.12) r. e ker dO

and, in case of a FE problem,

(d/7+ O)[((T))=0,

where O=Tr*(lMdt)+OE is the Cartan form, fl--rOTrMOTrEOh and =
X(( TQ x { T}) f-I M) for some section X" M --> E.

Formula (5.12) defines a Cartan system. In fact one can use the intrinsic reduction
procedure given in [11, I.e.1.] to study existence and uniqueness of solutions (see [6]).

In many practical optimal control problems d depends on q and u only. We can
work out such a situation in coordinates as we did for the Lagrange problem. Choose
natural coordinates (q,u, ti, t) on M and on E" (q,u,a,X, lx, t) (E::fl’-i=
X/3 +Y+1/z/3,+ with fig, cf. (5.6)). Then

(5.14) Oe (q, u) dt+ Ai(dqi-f(q, u) dt)+ Y txj(duj-tijdt).
i=1 ]=1

Some computation shows that condition (5.12) on a stationary curve r/(t)=
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(q(t), u(t), ((t), A(t),/x(t), t) yields the equations

d
-t q f(q, u),

d- A qq(q’ u)- (q, u) ,
(af )u(q, u)- uu(q, u) )t =o,

d
/z =0, -u a.

With the definition

Yg(q, , u)= Ud(q, u)-, Tf(q, U)

we obtain the familiar equations of Pontryagin’s maximum principle (smooth case)"

(5.15) =--(q, ;t, u), ,(
rgq (q’ ’’ u), -u (q, ,, u)=0.

The transversality condition (5.13) yields:

dh
(5.16) A(T) qq (q(T)).

Remark 5.6. The Lagrange multiplier theorem 3.7 gives a necessary and sufficient
condition for formal stationarity. Therefore, these conditions are necessary for optimal-
ity. If the problem is not normal, then the conditions of Corollary 5.5 only are sufficient
for stationarity. Hence, for nonnormal problems 4 may be stationary (although not
necessarily optimal) without being a projection of a stationary r/ in E. Higher order
theory provides better insight here. That means that we consider kth order conditions:

d
de

(b) 0 (j=l,... ,k)

and "k-formal variations" (variations which satisfy restrictions up to kth order). A
Lagrange multiplier theorem similar to 3.7 should then be formulated for "k-formal
optimality." Obviously we speak of "k-normality" in that case and in the CE case kth
order local controllability will actually ensure k-normality cf. Proposition 5.2 for k 1.
Other approaches to higher order conditions can be found in the literature. [17] in
particular is closely related to the approach suggested here.

Examples of practical optimal control problems to illustrate the given set up would
easily lead to complicated calculations in coordinates, which do not essentially differ
from the normal approach on R except for possible lower dimension and less con-
straints (e.g. we can use the two-dimensional sphere instead of R3 with a restriction
to the sphere). We did not search for examples where the coordinate-free approach
might be profitable. Some may be found in [11 ]. The given approach can be generalized
to the infinite horizon optimal control problem (see [6]). We expect that our approach
might be particularly profitable there, for instance to obtain methods for computation
of optimal feedback controls in infinite horizon problems.
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RECURSIVE SYSTEM IDENTIFICATION AND ADAPTIVE CONTROL
BY USE OF THE MODIFIED LEAST SQUARES ALGORITHM*

H. F. CHEN

Abstract. In this paper we first use a weaker than persistent excitation condition to establish the strong
consistency of MLS for MIMO stochastic systems without monitoring, and give a comparison between
various conditions for consistency. Then we show the global convergence for adaptive tracking based on
MLS and finally the adaptive tracking and strong consistency results are combined.

Key words, system identification, strong consistency, least squares, adaptive tracking

1. Introduction. Because of its potential for applications and its theoretical inter-
est, recursive system identification and adaptive control of stochastic linear systems
has been studied for many years. For a tracking problem for stochastic systems,
Goodwin, Ramadge and Caines [12] have proved the global convergence and the
asymptotic optimality of adaptive control by using a stochastic gradient (SG) algorithm.
This is the stochastic analogue of their results for deterministic systems (see Goodwin
et al [11]). Instead of the stochastic gradient algorithm, Sin and Goodwin [20] intro-
duced an estimation algorithm called modified least squares (MLS) and obtained results
similar to those in [12].

Concerning the strong consistency of recursive parameter estimation when the
system noise is uncorrelated, most work has concentrated on least squares (LS) methods
(Ljung [16], Moore [18], Chen [3, 4], Lai and Wei [15]). As far as the author knows,
for strong consistency of LS, the conditions in Chen [4] and Lai and Wei [15] may be
the weakest, although they are different from each other in both conditions and
assertions. When the system noise is correlated, Solo [21] and Sin [19] have given
conditions to guarantee the strong consistency of the approximate maximum likelihood
(AML) algorithm under persistent excitation condition. By using conditions weaker
than the persistent excitation condition, the author has obtained the strong consistency
for LS (Chen [4]), for SG (Chen [6]), for MLS (Chen [5]) and for the stochastic
approximation type algorithm (Chen [7]).

Probably, the weakest conditions are given in Chen [5], where we have introduced
a new method for consistency proofs, namely, a method which combines the probabilis-
tic method with the ordinary differential equation treatment (Ljung [17], Kushner and
Clark [14]). It is worth noting that this combined method is also very successful in
dealing with stochastic approximation problems (Chen [8], [10]).

There are some problems involved with the use of the persistent excitation
conditions on the system input-output variables in consistency proofs, these include
the difficulty of verification and the issue of the incompatibility of the conditions with
control laws designed for a specific purpose. Caines [1 proposed to introduce a "dither"
in controls to guarantee the persistent excitation condition and he called such controls
"continually disturbed controls (CDC)". This plan, later on, has been realized by
Caines and Lafortune [2]. They used the SG algorithm to obtain the value of CDC,
then they apply the AML algorithm to give the strong consistency estimates for
parameters.

* Received by the editors December 27, 1982, and in revised form September 26, 1983.

" Institute of Systems Science, Academia Sinica and Department of Electrical Engineering, McGill
University, Montreal, Quebec, Canada H3A 2A7.
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In Chen [9] we have used only one estimation algorithm to give both the adaptive
control and the strongly consistent estimate of the parameters. But the conditions used
there are still not easy to verify.

In thi,s paper we first prove a strong consistency theorem for MLS without
monitoring, this is done by use of a weaker than persistent condition (numbered (28)
below) which is compared with various persistent excitation-like conditions. Then we
establish results similar to Goodwin, Ramadge and Caines [12] and Sin and Goodwin
[20] for stochastic adaptive control. Finally, following Caines and Lafortune [2] we
apply their suboptimal adaptive tracking control to guarantee the validity of (28) and
hence the strong consistency. In contrast to [2], which uses two algorithms, we use
only the MLS algorithm for both tracking and estimation purposes and this is done
with generally weaker conditions.

We consider MIMO systems of the form

(1) ynqrAlYn_l-b."q-Apyn_p--Bltln_ld-’"d-Bqun_qq-Wn-bClWn-ld-’"q-Crwn-r,

where y., u., w. are m-, l- and m-dimensional respectively.
Set

(2) A(z-1) I + A,z-’ +. + Apz-p,

(3) B(z-’) B, + B2z-’ +’" "Bqz-q+’,

(4) C(z--’) I + C,z-’ +. + C,.z-r,

where z-’ is the shift-back operator and A, B1, C are unknown matrices.
Let . be the (r-field generated by the random variables { w, _-< n} which we write

as

n a__ Cr{Wi, i<= n}

and assume that

w.l._,) < 0<w,=0, n<0, E(w,l._,)=0, E(w, kor,_,, =e<l

where and henceforth ki denotes a constant independent of n and rn defined later by
(9) can increase unboundedly as n.

Assume that u is n-measurable, an assumption which includes the case of
feedback, i.e., y-dependent controls.

We write

(6) 0 7, =[-A,...-ApB,... BC,... Cr],

(7) f r T T T T T T T T[Y. Yn-1 Yn-p+lUn Un--q+lYn --n--lOn Yn-r+l--fn-rOn--r+l],
0 T T T T T T T(8) bn =[y Yn--l’..Y,--p+lU.’..Un--q+lWn’’’Wn--r+l]"

=4,4- is any deterministic vector, where 0n is the estimate for 0 and is given by
the MLS algorithm as follows:

Define rn and Rn recursively by

(9) rn Yn--1- I1 ,.112 ro= 1 i.e. rn 1 + IIbll 2
i=1

and

(10) Ro dI with d mp + lq + mr.
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If Rn-1 has been defined, then calculate the matrix R’.,

(11) R’ Rn-1 (I+(TnRn-lbn)-IRn-ln TnRn-I,
and its maximum and minimum eigenvalues /dmax [dmin,

If

(12) max(min) T.R. k2<l
then define

(13) R.=R’ a. 1,

but if the inequalities in (12) are not satisfied simultaneously, then define

T )--1(14) R. r.-1R._, a.=(l+.R..
r.

Finally the estimate 0. for 0 is given by
T T(1) 0.+, 0. + a.R..(y.+l-. 0.)

with any deterministic 0o.
We first establish some properties of the algorithm.
1) We note at once that

(16) ax(in)-l= kl,

where A" and A"mn are maximum and minimum eigenvalues of R. respectively since
if (14) takes place the ratio of eigenvalues for R. and R.-1 is the same.

2) Set

(7) ,-
r

By use of Theorem 162 in Hardy et al. [13] it is immediate that

(18) r. Z =.
i=0

We have to distinguish r. from lim.or. <. If p 1 for the latter case, y. O,
u. O, C(z-1) w. 0 and 0. converges to a limit which may be shown to depend upon
0o. Besides, if

u or lim -1 w, > 0,
=0 nm

and the zeros of det C(z) are outside the closed unit disk, then r m. In Theorem
4, where controls are designed with a prescribed purpose, this property will be proved.

3
(19) r =trR.

We prove this fact inductively. From (9), (10) we have r0=trR. Assume (19)
is true for n- 1. If R is defined by (13) then by the matrix inversion formula

R [R+]-
it follows that

tr R =tr R’- =tr (R; +)=trR;+l}= r.
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If Rn is defined by (14), then

tr R -1 /’n
tr R1=rn.

rn-1

Therefore (19) holds for any n.
4) There exists a constant k3 > 0 such that

(20) 1 anb rRnb. _-> k3,

since, if (14) holds, then

1 anb T T -1ngnbn (1 + bnRnbn) => (1 / / tn 2)-1

>= (1 / klAinll bn Ilz)-1= (1 + klllRlll-111 bn 112) -1

dll.ll] -’
_>- 1 + kl ----j >- [1 + kid]-1 > 0

tr

while if (12) holds then (20) is immediate.
5) Set

(21) 0n=0-0n
and

(22)

Then since

n yn--Wn--O

7) The last property we should mention is the following:

(26)

We shall prove it inductively. Since 0o is deterministic (26) holds for n 0. Assume,
it is true for n, i.e. Ell 0.11=< ..

Noticing that 0 < an -< 1 and

(27) Rn < klAinI <-- kl tr "-ln
I= I,

rn
(15) yields

E 0./111 z 2E 0. + 4E 2t"

C(z-1)(yn Wn--O6,,-1)={(yn C(z-1)wn)+(c(z-1) I)(yn 0ff6n-1)}--0ff6n
On_l OTn Dn_l Tn n_

we obtain the important relation

(23) C(z-1)n "T0.4.-.
6) From (15) (21)-(23) we have

(24) Yn OTtn_l l an_l b T Tn-lRn-14n-1)(Yn- 0 n--1

(25) n+l n an(1- an4) T -1nRnbn) Rnbn(:n+l+ wn+l) .
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By (9) II.ll< r, so if we can prove Elly.+ll2/r <c we will have

EII0+,II2-< 2EllOllz+akZldZ(E IIY+lll z

rn
+E 0 2) <

by use of the induction assumption.
Expressing Y,/I via its driving terms given by (1) we find that

since

and

rn
+ IInll Ilu.-+,ll + w.+,ll +""" + IIC11 IIw.-.+ll)Vr.<

<1, <1, i=n,. ,n-p+l, j=n,. ,n-q+l
rn rn

<= E <= E E (ll Wk ;k-1) < koE < ko
r.

by (5), k= n+l,..., n-r+l.

2. Strong consistency. The proof of Theorem 1 below is similar to that in Chen
[5] but here we have weakened the conditions and the definitions for 4n and 0 are
modified. Because of its importance in our analysis, and the difficulty in obtaining [5],
we present the complete proof of the following theorem in the interests of a self-
contained exposition"

THEOREM 1. For the system and algorithm (1)-(15) let conditions a) and b) be
satisfied.

a) Either r=0, or r>= 1 and the transfer matrix C-l(z-1)-1/2I is strictly positive real
(i.e. zeros of det C(z) are outside the closed unit disk and c-l(ei)+ C-l(e-’)-I > O,
0e[0, 2 r]).

b) There exist random variables 0 < a < az, 0 < < o and T> 0 such that

(28) E _->/3I Vt > T, Vtoe[to’rn-ee]
i=m(t) ri

where
n-1

(29) m(t)=max[n; t,<-t], t>=O,
i=0

Then for almost all

(30) On O.

Proof. The proof divides into two parts. First we prove the boundedness of On
and the convergence of the stochastic Lyapunov function Vn

tr rR-1n
(31) Vn

rn-1

by a probabilistic method, and then, by a treatment using the ODE method, we establish
the strong consistency of { On; n ->_ 1}.
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then

and hence

(32)

Part 1. By (19), (26) we have EV, <oo, Vn. If R, is calculated according to (13),

T T1 4.R4 (l+b.R._

(l+b TR.-l C.)R.dp. R.- dn,

n+l=n--Rn-ln(n+l+Wn+,) T,
~r 1 .TR- .--2({.+1+ r~rtr O,+IR

nRn-lnlln+lT
tr 3R,3. 26 3.+, (.+, + w.+ 1) +".On+16. .

From this we obtain immediately

(33) V.+ V.-
2 ff.+l(.+ + W.+l)+

-v 2.
If R. is calculated according to (14), then

(34) a.(1-a.v

and
Ttr o.+,n." -13.+1 =tr 3R’3.-2 tr (.+, + w.+,)6.[0.+, +n.6.(.+, + W.+l)]

Ttr 3R’.- 2 tr (.+1+ w.+,)6.0.+1
T 2tr 3R-3.. -26.0.+1(.+1+w.+1)+11 "o.+,6.1

By using (14) from here we again obtain (33).
All Y.+I-W.+l, R., ft., . and r. are ft.-measurable and so

+(0 -(y+-

an T

From this and (5), (33) we find that

(35)

Since C-(z-)-}I is strictly positive real there exist k, ks such that

(36)
i=1 ]2

where :i is given by (23). Introduce

(37)
rn- i=l ri

__-]’Z-;-e TeiPi d- k4
,/,,-,

i= ri i=1 r/-1
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where

i=1 rir- 1-

by (27) and Hardy et al. [13].
By using (35), (36) it is easy to see that (M, ) is a nonnegative super martingale

which converges to a finite limit a.s., hence

i= ri-

and for any fixed , V is bounded. But by (27) and (31)

tr
V.

I - _
g.>.=tr 8,R,_

r,_ d
hence for any ]],]] is uniformly bounded in n. We now prove that V, is
convergent a.s. on [to’r. ]. Set

-C1 I
-G 0

(39) F

-G 0

r>O,

(40)
F [0]}m, F I, r 0,

m

[/O]}m, r>O,

I r=O.

It is easy to see that there exists a random mr-dimensional vector r/0 depending on
initial values of {:i} such that

(41)

hence

(42)

"rln+ F’rln -l- G TTn+ bn,

&+l G Fn-i’’TT n+l
i+ bi Jl" GF qo.

i=O

By using the expression of a determinant by blocks it is directly verified that the
eigenvalues of F coincide with the reciprocals of the zeros of det C(z). Hence there
exists a/9 (0, 1) such that

(43) IIF’ k6p i.

Assume [" r ].
From (37) it is easy to see that for the convergence of V. we only need to prove

S
(44) 0.

rn_
By (38) and the Kronecker lemma it is sucient to show that

(45)
1

--1 ii > 0
In-1 i=1 n
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for this by using (38) and the Schwarz inequality it is sufficient to prove that

(46)
1

i1,11___0"
In--1 i=1

Taking notice of (42), (43) we have

_-<2klloll Y. /2k E ’-ll-lll
i=1 i--1 i=1 i--1 i=1 Fi j=l

0,_+ ,_11
i=lri =1 =1

1--P2 bl--p=l =y r_

From here, by the Kronecker lemma and (46) the convergence of V follows immedi-
ately.

Part 2. By using a probabilistic method we have succeeded in proving that

(47) V.. * V<o a.s. on [to’r.-->],

but we do not know whether V vanishes. Now we use the ODE method to show that
on [to’r.--> o] V 0 and from here it will follow that 0.--> 0.

From (25), (42) we have

(48) .+, o- oqRfi) cb.r, ,+,GFT"(i-G 7" + nFT"(i+’)G + wi+,
i=o =o

where
1

(49) 1 -<_ a, a,(1 a,(b "T,Rii)-I <= -i-"

by (20). Assume to [to’r.--> ].
Let Xi be matrices and denote by X(t) and X(t) the linear and the constant

interpolations of {Xi} respectively with interpolating length equal to/3i given by (17),
i.e.

(50) X(t)=t"+l-tx.+t-tnX.+l,
X(t)=X., te[t., t.+).

Denote the last two terms in (48) by J./l, H./I respectively and write

1 aiRfi)fi)3i+ ,nGF7"(-i)G 7", G. O.(51) G.+ 1.i /3i i=i

Then from (48) it follows that

(52) On+l t90-}- Z [iGn+l,i "+" Jn+l + Hn+l.
=0

Let Gt. denote the linear interpolation of { G.,} with the interpolating length {/3.} for
>ti if is fixed. When tk, then Go Gk. Now for fixed denote by G-t.s thetk,i
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constant interpolation for { Gt.i} on [0, t] with interpolating length {/3i}. Thus for t.+l

(53) -0Gt.s ds= E ajRj6j6i+lGFr(/-i)G.
i=o i=i

Define an interpolating function if(t) for >= 0 as follows:

(54) (t) 0+ (,,sds + J( t) + g( t),

where J(t) and H(t) are defined according to (50). From (18) we know that (t) is
defined for all -> 0. Clearly,

(55) (t) ,,.
Define a family of matrix functions {0 (t)} by shifting the argument of if(t) to the left"

(56) O(t)=(t+n), t>=O.

In order to use the Arzela-Ascoli theorem we prove the following.
LZMMn. For any fixed o[o’r,] {,(t)} is uniformly bounded and equi-

continuous.

Proof. Let t, <= < &+. Then for s [&, t]

t.+- (t- t.)GO =GO & G,+ + G, a,R,, 7",+.
Hence

T" 1 t--&(57) k7 I1-II I1- 0.+111 / }}a.R.qb.bfi+lGFT(.-i)GTii
/’n =0 n

(n-O/2

Yn i=o tn

o.+,.11+< k7 " k6k74 "
.1/ 1 r, 2i=0 i=N+IIn

where k7 kid/k3. Letting n and then N , and noticing (38) we conclude that
for e [&, t.+l)

(58) dLds- d.,,ds o.

J, is clearly convergent a.s. while the convergence of H, follows from the martin-
gale convergence theorem since

kokd2 I111 =
E(ll/e/w/ll21) k /or]=0
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Hence both J(t) and H(t) are bounded uniformly continuous functions on [0, 00)
which, in addition, converge to limits as t--> oo. Thus

(59) sup ]]n(t)-n(s)[[ O, sup [IJ(t)-J(s)l] o.

For any [0, oo) we can find n satisfying t. =< < &+ since & as n . Hence

(60) if(t) < G,sds -oa,.,dsll + IlJ(t)-J(t=)ll + Ilg(t)-g(t)ll.

By taking account of l(t)ll I111 and (58)-(60) it follows that (t) is uniformly
bounded for e [0, ) and hence ff(t) is uniformly bounded for n 0 and 0. For
any n, ft,(t) is continuous, hence in order to prove equicontinuity of {ft,(t)} we only
need to prove it for n N with suNciently large N.

Let A>0, tel0, m).

Ilff.(t+a) .(t) < -oGt ,,ds- Gt,+.,sds
dO dO

+ Gt++a.sds- t,. .sds
0 do

(6)
+ G+,.ds dsatm(t+n),

do

+ IlJ(t + n + A)- J(t + n)[[ + [H(t + n + A)- H(t+ n).
By (58), (59) all terms except the first one on the right-hand side of (61) tend to zero
as n.

By use of (53)

dO 9

E E jRj6j6 i+1 GFT(j-i)GT
j=m(t+n) i=0

k6k7
]=m(t+n) i=0

(62)
j=m(t+n) i=0

N k6k7

Ji=0 j=m(t+n)

k67i +
i=m(t+n)

since (38) and 0 < p < 1.

_]..m(tn)--I "T 2 1/2

---N+I
-----,0
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A similar result is true for A < 0. Thus the equicontinuity of {0n(t)} has been
established. 13

According to the Arzela-Ascoli theorem for any fixed to [to" r, ] there exists
a subsequence Onk(t) of {0n(t)} and a continuous matrix O(t) which is the uniform limit
of Onk (t) in any finite interval.

From (58), (59), (61), (62) it follows that

IlO(t/A)-O(t)ll--lim Ilff.(t/A)- i.(t)ll-0.

Thus 0(t) is a constant matrix:

(63) O(t) =- 0.
Now we show that 0= 0; for a fixed [0, ) we have

(t+,,,,+,) bib < 4’2 + a lim 2(64) lim 2 ffi+l
k i=m(t+nk) ri kc i=m(t+nk) ri

Notice that for all

(65) i[0, 1,... ,m(t+nk+a)-m(t+nk)]A--S,
m(t+nk)+i

< tm(t+nk)+ lelk tm(t+nk)+l+ nk tm(t+nk) "- ,
j=m(t+nk)

m(t+nk +ot)

--< tm(,+nk) + flj- nk ----< + a + 2,
j=m(t+nk)

in other words,

(66) tm(t+nk)+i+l- nk [/, + a + 2] Vi S.

flj nk

Hence

n(tm(t+n)+i+l-- rlk) 00

and by (55), (56)

00(67) t,,,(t+ n,,)+i+l
k-->

uniformly in S. Consequently, we assert

m(t+nk+a)
--0o(68) lim fli i/1 [I-0.

koo i=m(t+nk)

From (64), (67) it is easy to conclude that

"’+"+’) 4’4’ oo(69) 0r lim O.
k i=m(t+nk) ri

It is worth remarking that until this point all results have been obtained without
invoking condition b).

By using (28) from (69) it follows immediately that

(70) 0 =0,

and (t+ nk)->0 uniformly in [a, b], where [a, b] is any finite interval. By paying
attention to ff(t,)= fin it is easy to see that for any fixed to [to" r, -> ] there exists a
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subsequence

(71)

From here by (27), (31), (47) we conclude that

1
lim tr 0 0n < kid lim Vn kid lim mk_

n--, k--, rink--1

Hence

"r ff-k 0--< kid lim tr O,k

At first glance condition b) is rather complicated, but indeed it is weaker than the
persistent excitation condition, which means that

(72)
1 , dOdOT RO"r’i "f’i > 0 a.s.
n i= noo

or

(73)
1

4’i4’ R>O a.s.
n i= n

Denote the maximum and minimum eigenvalues of

b$OT 11 On+ d- and X i T -I" d-11 by /max,
i=1 i=l

On
Vmin, Vmax and min respectively, we introduce conditions c) and c).

c) There exists a random variable 0 < y <, such that
On Onmax/ <Pmin: Vn O.

c) There exists a random variable 0 < 7 < such that

Pmin: n 0.

It is clear that c) is weaker than (72) and c) weaker than (73).
THZOZM 2. For the MLS algorithm under condition a) of Theorem 1, Conditions

c) and c) are equivalent on [w’r, ] and they imply condition b).
Proof. Let be of the same dimension as "[o 0 -+1]

From (7), (8), (22) it is seen that

(4) o
_.

Assume to [to" rn ]. Set

(75) rn-- 1+ X I1,11
i=1

By (19), (46), (74) we have
0r,, rn-2 Xi=l t#/Tf+ff’i=l II fll =(76)
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Thus

(77)

since by (46) and the Schwarz inequality

i=1 i=1

and

v.’i’v"i--__0 (Oitl)OiT< r 1
r, --\--, 1 hi

i=1

Now suppose that co is true. Then

(78)

From here and (76), (77) we conclude that for any fixed to [to’rn->oo] we can find
a positive number 8 > 0 such that

(79) 81__<
1

qbip+-dI <=I Vn.
r. i=1

Hence We have

Prax/ < 8r,<1/8Pmin Prax/

and this shows that c) implies c). The proof for the converse inclusion is completely
similar.

Now assume that condition c) or c) is fulfilled, then, by summation by parts

i=m(t) i i=m(t) i j=l j=l

T

m(t+a) j=l tin(t) j=l

(8o) + Z 66
i=m(t)+l j=l

m(t+a)

i=m(t)+l j=l i-li

i=m(t)+l ri

where c) or c) yields the last inequality via (79).
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Since rn --> oe there exists T > 0, such that

(81) Vi>-_m(T).

Then we take

2
(82) /3,’,

6
=(a-11-1>0

and from (80)-(82) we obtain condition b)"

k+ (3 m(k+’)I]b,]] 2 1)i>[(a 1) 1]I /31 t>T. l"!" > 6,,/’
>

i=m(t) ri -- i=m(t)+l ri

3. Adaptive tracking. We still consiler the system and algorithm described by
(1)-(15) but with l<=m and p=>l. Let {y*} be a bounded deterministic reference
sequence. We need the following condition d).

d) B is of full rank, the zeros of B;B(z) are outside the closed unit disk and
the .n-measurable control un is selected such that

(83) O r *n Yn+l"

THEOREM 3. Assume that ]’or system and algorithm (1)-(15) conditions a) and
d) are satisfied, and that w satisfies

(84) lim .1 wiwf R > O.
n.-,oo gl i=

Then rn --> oe and

(85) lim
1

u, 2 < oe, lim
1

Y, = <,
n-. n i=1 no n i=1

(86) lim
1

(y,_ y,)(y,_ y/,)7- R.
n-’ /1 i=1

If, in addition, condition b) (or c) or c)) is satisfied, then

(87)
On 0 a.s.

Proof. First of all we note that r,-->ee a.s. follows from (84) immediately as
mentioned in the Introduction. Since C(z) and BfB(z) are asymptotically stable, then
from (1), (22), (23), (84) it can be seen that there exist constants ks, k9, ko, kll
(which may depend on w if R so does) such that

(88)
1

ilu, ll2k ily,/lll=+kg,
/’/ i=l g/ i=1

(89)
g/ i=1 r/ i=1

By (83), (24) we have

1
(90) (Y,,+I-Y*+,)(Yn+,-Y*"+’)

(1 an4)nRn6n)
(Yn+l l(n)(Yn+ 0 T Tn+16n)
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By using the boundedness of {y*} and (20), (89), (90) we conclude that there are
constants k12, k13 such that

(91) kl21
y,+l 2-<- "O,+a,ll2+ k13,

n i=1 n i=1

combining (88), (89), (91) we have

r.__<k14 II~T 2 =k,
5,1

0,+lb, +k,5 4---- 11ff,,l12/kls,
n n i=o n rn i=o

and by (38) have

Hence

r_.N kl 1- k14-- E Ilfflb, e kl.
F/ t’n i=0 n--,

(92) lim r_.< oo a.s.,
n

and from (46)

(93)
1

i1,11 0
n n-oo

By (84), (93), (22) we have

aoSo

(94) lim
n n n 1
--_-<lim =lim

n-oo E i=1
.-.oo r. ,,-.ooEi=l lie, 0,-lll 2 I1, + w,[[ z tr g

n-1 1 n-1

,Z w, ’- o.
n n-l.=

and by (84)

(95) III w,
1
E w,

n F/i=I

Similarly, from (93) we have

(96) 111811 .0 aSo

Hence from (22) we see

T 2(97)
1

IlYn- On dt)n--l[[ 0 aoSo

By (20) and the boundedness of {y*} from (90) it follows that

(98)
Ily"II=

0 a.s.,
n .-.oo

and hence

(99) [[u.II o a.s.
n

From (97)-(99) we obtain

(100) I1"11 0 a.s.
n

00,
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Denoting

b. A ant TnRnn
and using (27), (94), (100), we have

(101) Ibl [IR,,II I111 = kldllbll=n-<- =< ----* O.
rnn n-,oo

From (90), (22) we have

E (Y,- Y*)(Y,- y*)
ni=l

(102) =! i (, + w,)(e, + w,)
n i=1 (1 bi-1)

_1 i +
n i=1 1-bi_l 1-bi_i ( b-._.__L_l

wi + wi 1 bi’ +
1 bi-

By (84), (96), (101) it is easy to see

(103) 1 l-b,_,/
;0,

/ i=1 noo n i=l 1-bi_l

thus (86) immediately follows from (102), and (85) follows from (86) since the
boundedness of {y*} and the asymptotical stability of BB(z).

Strong consistency follows from Theorems 1 and 2.
Remark. Theorem 3 in a certain sense is a multidimensional version of the result

in Sin and Goodwin [20], but here we have stronger results; namely in (86) the
predicted error is unconditioned. The conditions imposed on { wi} differ slightly from
those in Sin and Goodwin [20], namely, we use condition (84) rather then

lim
1 wwf<o,

n-, n i=1

but the sequence of conditional covariances of wi need not be bounded (see condition
(5)).

4. Adaptive tracking and parameter estimation. For the strong consistency of
MLS in Theorems 1 and 3 we imposed condition b), which is weaker than the persistent
excitation condition as shown in Theorem 2, but it still is inconvenient to verify. Now
for adaptive tracking and consistency of estimates we apply the CDC used in Caines
[1] and Caines and Lafortune [2], to obtain conditions imposed on coefficients of the
system only.

Let {w}, {v}-oc< < be two m-dimensional iid random processes which are
mutually independent with

(104) Evi Ewi O, Ewiwf R1, E)ivf R2, Vi

and let n tr{ w, v, =< n}. With such a strengthening of our hypotheses let us consider
(1)-(15).

The essentials of CDC are that n-measurable controls {un} are defined by

(105) 0 nT(f)n Yn+ -[-

rather than (83). We need conditions e), f) on the coefficients of the system.
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e). The same condition as d)--with (83) replaced by (105)--is assumed to hold.
f). B-A(z) and B(B(z) are left coprime and B-Ap and B(Bq are of full rank.
THEOREM 4. Let {y*} be a bounded deterministic sequence. If for the system and

algorithm (1)-(15), with {wi}{vi} being iid and (104) holding, conditions a), e) and f)
are satisfied, then

(106) lim
noo /’1 i= nx M i=

(107) lim
1

y,_ y.,, y,_ y.,, 7‘ R, + RE
noo /’1 i=1

and

On 0 a.s.

Proof. Everything up to and including (89) is still valid for the present case. Now
at the right-hand side of (90.) instead of (Y,,+a 7- 7‘0.+1.) will be Yn+m-- On+,n + )n" But
v. is ergodic, so for fixed o (91)-(101) remain valid.

Denote

(108) z,,=+w,,.
1 b,,-1 1 b,,_l

Then instead of (102) we have, by (22), (24), (105),

(109) y,, zn + y* + wn +

By (103) it is clear that

(110)
1

iiz, 2 0 a.s.,
n i= noo

and from here, (109) and the independence of {w} and {vi} we obtain (107) and also
(106).

To complete the proof of the theorem we proceed to show that condition co is
satisfied for the present case.

Notice

(111) u,, [B-(B( z-l)]-1B-A(Z
-1

Yn+l [B-B(z-a)]-’B-C(z-’) w.+1"

Denoting

(112)
Hl(Z-1) [B-B(z-1)]-IB-A(z-1),
HE(z-’) HI(z-X)-[B-B(z-1)]-’B-C(z-’),

from (8), (109), (111) we obtain

0 [y,7‘ ,T --1) 1) ,Ty._p+aHa(z ,7"
Yn+l Ha(z- Yn-q+20 0" 0]T

T+[ZT Zn_p+IHI(z-1)zT H1 -1 T
Z )Zn_q+20" 0]Tn+l

(113)
+[wnT T 1H2(z-1 T H2(z-1 T T T T

Wn--p+ Wn--r+1]Wn+ )Wn-q+2Wn
T T

0n "’’HI(Z-1) T+[Vn_l.. Vn_pHI(Z-1) Y Vn_q+lO 0IT
A----" 1 + )2n + )3 + )4n"
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Under our assumptions it is easy to prove that for any p (0, 1)

p I-1, . p w-l,
j=o j=o

are all ergodic processes, by ergodicity of which in Gaines and Lafortune [2] it is shown
that

(114) Y (b+b)(b3+b)T R>0 a.s.
n noo

By using (110) and the boundedness of {y/*} in a completely similar way as in Gaines
and Lafortune [2] we can prove that

(115)
lim

1 4,(b/3 + 4)/4)T lim
1 blbr

no /’1 n=l n-o FI i=1

lim
I y 4)/2(4,/3+

n--)oo /1

Since {y*} is a bounded sequence there exists a constant k16 such that

(116) IILII= k6
and hence

1 1T < kl6L(117) 0 <-- 4) bi
ni=l

From (110), (114)-(117) it is known that for any to there exist (2 61 > 0 and N> 0
such that

tli =<-- ())(])0Ti < (2I Vn > N,

and hence for all n

tlA I N E t/0t/0T+ I _-< 62"- I,
i=1

which means condition co is fulfilled, and the strong consistency of 0/1 follows from
Theorems 1 and 2.

Remark. In comparison with Gaines and Lafortune [2] in Theorem 4 we only
apply one algorithm for both adaptive control and parameter identification. In addition,
no further condition on y* beyond boundedness is required and (107) is given in an
unconditional form by using the ergodicity only.

Acknowledgment. The author would like to thank Professor P. E. Caines for his
helpful discussions.
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THE CANONICAL DIOPHANTINE EQUATIONS WITH APPLICATIONS*

W. A. WOLOVICH’f AND P. J. ANTSAKLISt

Abstract. A fundamental relationship between appropriate pairs of polynomial matrices is presented.
This relationship, termed canonical Diophantine equations, can be used to resolve a number of standard
polynomial matrix problems. Here, the general Diophantine equation is constructively resolved in a unique
minimal way; in addition, prime canonical factorizations of a system transfer matrix are derived from
knowledge of any dual factorization.

Key words, multivariable control systems, linear systems, algebraic system theory, polynomial matrix
algebra

1. Introduction. Polynomial matrices play an important role in many different
aspects of linear system theory, especially when one describes the dynamical behavior
of a given system in terms of either a right or left polynomial matrix factorization of
the transfer matrix which defines the system; i.e. T(s)=R(s)pl(s)=pl(s)Q(s).
Questions such as obtaining state-space realizations of T(s), or state observers associ-
ated with T(s), or stabilizing compensators, which perform one or several simultaneous
control functions, have been constructively resolved through the manipulation of
polynomial matrices, and such results are cited in various texts and papers too numerous
to delineate.

Generally speaking, there are certain "standard problems" (SP) involving poly-
nomial matrix pairs, such as {R(s),PR(S)} or {PL(S), Q(s)}, which underlie most of
the polynomial matrix manipulations required to obtain solutions to questions such as
those posed above. Some of these are the following:

(SP1) Solve the general Diophantine equation, H(s)R(s)+K(s)PR(s)=F(s),
for an appropriate polynomial matrix pair, {H(s), K(s)} given any arbitrary F(s).
The Bezout equation, when F(s)= I, would represent a special case of the general
Diophantine equation.

(SP2) Obtain a dual, prime factorization, Pl(s)Q(s), of T(s) fromany given
(not necessarily prime) factorization, R (s)P(s).

(SP3) Divide one polynomial matrix by another nonsingular one to obtain the
unique strictly proper part and quotient.

(SP4) Determine a greatest common right or left divisor of a given pair of
polynomial matrices.

Clearly, all of these "standard problems" are interrelated, and various solutions
to all of them have been documented in numerous references, and this report will not
even attempt to judge the merits of one solution relative to another.

It is important to note however that there is a fundamental, underlying relationship
common to all of these standard polynomial matrix problems, which can be used to
solve them all. In this paper, we will develop such a relationship which we-will term
"canonical Diophantine equations" because the solutions to such equations can be
uniquely determined from canonical state-space representations.

* Received by the editors March 15, 1983, and in revised form August 22, 1983. This work was

supported in part by the National Science Foundation under grant ECS79-16584 and by the Air Force
Office of Scientific Research under grant AFOSR-82-0034.

Division of Engineering and the Lefschetz Center for Dynamical Systems, Brown University,
Providence, Rhode Island 02912.

t Department of Electrical Engineering, University of Notre Dame, Notre Dame, Indiana 46556.
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In 2, we formally establish both types of canonical Diophantine equations. The
general Diophantine equation (SP1) is then constructively resolved in 3 in a unique,
minimal way. In 4, we again employ the canonical Diophantine equation, along with
the algorithm of 3, to solve (SP2); i.e. to obtain canonical, dual prime factorizations
of a given transfer matrix from knowledge of any matrix fraction description, and we
conclude with some final remarks in 5. It might be noted that solutions to (SP3) and
(SP4), as well as other "standard polynomial matrix problems," will be addressed in
subsequent reports using the canonical Diophantine formulation developed here.

2. The canonical Diophantine equations. Consider a pair {R (s), PR (s)} of poly-
nomial matrices in the Laplace operator s with R(s) p m and PR(s) rn m and
column proper; i.e. the m m constant matrix, Fc[P(s)], consisting of the coefficients
of the highest degree terms in each column of P (s) is nonsingular. If1/zi denotes the
degree of each (ith) column of PR(S), a relation we denote as

() o,[P,(s)] m,

it follows [1] that IPn (s)l, the determinant of PR (S), will be a polynomial of degree n,
where

(2) n Z txi.

If the pair {R(s), P(s)} is used to denote a right transfer matrix factorization of
some multivariable system, so that the transfer matrix of the system

(3) T(s) R(s)pl(s),

then a state-space realization {A,B, C, E(s)} of T(s) can readily be determined by
the well-known "structure theorem" for linear multivariable systems [1], [2]. In par-
ticular, if we apply the polynomial matrix division algorithm to (3) to separate T(s)
into its strictly proper part, (s)P-RI(S), and quotient, E(s), i.e.

(4) T(s) (s)Pl(s) + E(s),

then a real triple {A, B, C} of dimensions n x n, n x rn, and p x n, respectively, can be
found such that

(5) C(sI-A)-IB (s)P’(s).
More specifically, following the development in [1], if the (n x m) polynomial

matrix S(s) is defined by the relation

1

(6)
S(s) block diagonal

s

Si

then there exists a real pair of matrices {A, B} in multi-input controllable companion
form [1] such that

(7) (sI-A)S(s) BPR(S).

1We will assume throughout for convenience, and without much loss of generality, that each txi-->
and, later, that each uj >-1.
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Furthermore, the/x defined by (1) will represent the controllability indices of {A, B}
in the sense that the following n n "column ordered controllability matrix" associated
with the pair, namely

(8) [ba, Aba," Au-lbl, b2, Ab2," Atz-1 b2," A"-b.],

will be nonsingular. In (8), b denotes the ith column of B..
Since (s)Pl(s) is strictly proper, it can be shown [1] that

(9) R(s)=CS(s)

for some constant (p n) matrix C, so that (7) and (9) together imply that

(10) CS(s)Pl(s) (s)P(s) C(sI-A)-B,

thus verifying (5).
Now consider the "total observability matrix", , associated with the pair { C, A},

i.e., the np x n real matrix

(11)

C

y= CA

Let a denote the rank of , a relation we represent as

(12) p[’] t <-- n,

and select from top to bottom the first ri linearly independent rows of . If these r
rows are then reordered so that all rows containing the kth row of C, Ck, precede
those containing Ck+, in increasing powers of A, we will obtain a set of observability
indices,_u., associated with the pair { C, A) as well as an a n real matrix M, analogous
to the L of (8), which we will call a "row ordered observability matrix" of {C, A}. In
particular,

(13) M=

a real matrix of full rank , where

(14)
p
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In view of this observation, a (axp) polynomial matrix, S,(s), can be defined

by the relation

(15) S,(s) block diagonal

1

S-1

In view of these preliminaries, we can now state the main result of this section.
THEOREM 1. Consider a polynomial matrix pair, {R(s), PR(S)}, with R(S) p X m

and PR(S) m rn and column proper. Let S(s) be given by (6), ]r by (13), and SR(S)
by (15). There exists another u’nique (fi m) polynomial matrix, 21(s), such that

SR(S)R s) II( s)PR S) ]lS(s).

Proof. Using the results in [1], we first note that the given polynomial matrix pair
{R (s), PR (s)} directly defines a Laplace transformed differential operator representa-
tion of a system which is equivalent to the state-space realization of the T(s) given
by (3), namely

(16a) PR S) Z( S) U( S),

(16b) y(s) R(s)z(s),

where the relationship between the partial state, z(s), of (16) and the state, x(s), of
the state-space realization is given by

(17) S(s)z(s) x(s).

By repeated "differentiation" of the (Laplace transformed) state-space output
equation

(18a) y(s) Cx( s) + E s) u( s),

while substituting the state equation,

(18b) sx( s) Ax( s) + Bu( s),

we obtain the relation

(19)

y(s) -] c

s,-y(s)J ,-

E(s) o o

CiB E s) O sI
x(s)+ u(s).

CA -2B CA"-3B i. E s s" "--l I

We next observe that the M of (13) can be directly obtained from the of (11) by
premultiplying t9 by a real (a np) "row selector matrix" which contains only O’s and
(a)l’s. If we now premultiply (19) by exactly the same row selector matrix, we obtain
the relation

(20) SR( S) y( s) 2(IX(S)+ ]I( s) u( s),
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where

(21)

with each

(22)
L_CjA-2B Ej s) s J-IA

In (22), Ei(s) and C denote the jth rows of E(s) and C, respectively.
If we now use (16) and (17) to substitute into (20), we obtain

(23) SR(S)R (s)z(s) f4S(s)z(s) + f4(s)Pn(s)z(s),
or since (23) must hold for arbitrary z(s), that (*). must hold.

Finally, by right dividing (*) by PR(S), we note that

(24) SR(S)R(s)el(s)=JS(s)P’(s)+f-l(s).
Since f/IS(s)P(s) is strictly proper, it thus follows that the polynomial matrix 2/(s)
re,presents the unique quotient of S(s)R(s)P(s); i.e. given the pair {R(s), PR(S)},
M(s) is uniquely specified via (24) by the choice for SR(S). Theorem 1 is therefore
established. We call (*) a right canonical Diophantine equation of the pair {R s), Pn s)}.

As we have now shown, (*) can be solved by first determining S(s) by inspection
of the column degrees of the column proper Pn(s). The structure theorem of [1] can
then be used to determine a state-space realization {A,B, C,E(s)} of T(s)=
R(s)P(s). The pair {C, A} then defines the total observability matrix via (11), from
which M and Sn(s) are derived. Finally, M(s) can be obtained directly via (21) and
(22).

We next note that nothing has been said, thus far, regarding the "primeness" of
lack thereof of R (s) and PR (s). In particular, (*) holds whether or not R(s) and P (s)
are relatively right prime (rrp). We observe, moreover, that in light of the results given
in [1], the zeros of the determinant of any greatest common right divisor, Gn(s), of
R (s) and PR (S) will represent all of the unobservable modes of the system defined by
(10). In view of this observation, it follows that

(25) pie]= n-oIdl(S)[,
and, as a result, that gt n if and only if R s) and PR S) are rrp. In such cases, the M
given by (13) will be n x n and nonsingular.

It is of interest to note that once the full rank matrix M has been determined,
premultiplication of R(s)Pl(s) by any polynomial matrix H(s), followed by a separ-
ation of the resulting rational matrix into its spp and quotient, will .always yield a
constant premultiplier of S(s)P(s) in the span of 2, i.e. for any q x tn polynomial
matrix, H(s),

(26) H(s)R(s)P’(s) HMS(s)P;’(s)+ l(s)
for some constant matrix H. If this were not true, M would not represent the full rank
row ordered observability matrix it is. The relationship represented by (26) is a useful
one, as we will later show.
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A dual result, analogous to (*), can now be readily established by considering any
left matrix factorization Pl(s)O(s) of a (s); i.e. consider a pair of polynomial
matrices {PL(s), O(s)}, with PL(s) p p and row proper, and O(s) p m, which define
the (p m) rational transfer matrix,

p

(29) d Y

and the (p d) polynomial matrix

(30) S[(s) block diagonal [1 s s5-1].
Let i denote an ordered set of controllability indices of any minimal state-space
realization of the system defined by (27). Define

(31)

and the (m d) polynomial matrix

(32) S(s) =block diagonal [1 s

In view of (30) and (32), a left canonical Diophantine equation of the polynomial matrix
pair {PL(S), Q(s)} could then be written as

(. T) O(s)S( s) PL(S)(s)

where (s) is the quotient of P(s)O(s)S(s) and (d d) is a real, full rank (d),
column ordered controllability matrix of the system defined by (27).

It is of interest to note that if T(s) given by (27) is equal to the T(s) given by
(3), then R(s)pl(s) and Pa(s)O(s) will represent "dual factorizations" of the same
transfer matrix which thus satisfy the relation:

(33) O(S)PR(S) PL(S)R(s).

Furthermore, if the Tj given by (28) correspond to the , defined by (13), so that

p p

(34) d=Y ff=E ’= /,

then PL(S) and O(s) will be relatively left prime, and Pc(s)O(s) will represent a
minimal order, left prime factorization of T(s) R (s)P(s). It is well known [3] that
such a factorization of T(s) can always be found such that PL(S) is both row proper
and column proper with

(35) Or[P,(s)] Oo[Pc(s) ,,
and

(36) F[P,.(s)]= Iz
A new constructive procedure for obtaining such canonical, dual, prime factorizations
of T(s) via (*) will be presented in 4.

(27) (s) PI s) O( s).

Define

(28) i 0ri[P(s)]
for ]= 1, 2,...p,
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3. General Diophantine equations. Polynomial matrix Diophantine equations of
the form

(37) H(s)R(s) + K(s)PR(s) F(s)

play an important role in many aspects of linear system theory, and numerous references
can be cited to substantiate this observation; e.g. see [4]-[12], a nonexhaustive list. It
is well known that if, in general, R (s), PR (s), and F(s) are of dimensions p x m, k x m,
and q x m, respectively, and if the rank (over the field of rational functions in s) of
the composite (p + k) x m matrix

L.(]) J
is m, i.e. if

(38)
Le(s)J

=m,

then (37) has a solution {H( s), K s)} if and only if any gcrd, (R(s), of R(s) and
PR(s) is a right divisor of F(s). A variety of different techniques have been devised
to solve (37) when solutions do exist. In this section, a new constructive proof of
sufficiency will be given, based on (*), which directly yields a unique, solution
{H(s),K(s)} to (37) with H(s) of minimum column degree modulo the choice for
S,(s).

To obtain this general result, first consider (37) when PR (s) is m m and column
proper, so that (*) holds, and right divide F(s) by P(s), i.e.,

(39) F(s)Pl( s) S(s)PI( s) +(s)

to obtainthe (q n) real matrix ff and the polynomial matrix quotient, (s).
TI-IZOrtZM 2. Consider the Diophantine equation (37) with P(s) mm and

column proper. If (37) is solvable, there exists a real (q gt) matrix 171 such that

(40) /-Aqt j

where F is given by (39). Furthermore, the polynomial matrix pair

(41) H(s) HS(s)

and

(42) K (s) j6(s) //(s)
solves (37) with H(s), as given by (41), a unique (q p) polynomial matrix of minimum
column degree in the sense that

(43) 0cj[H(s)] < uj

forj=l,2,. ..p.
Proof. First, recall that (26) holds for any polynomial matrix, H(s); i.e.

(44) H(s)R s) ISIlS( s) + 1 S)PR S)

for some real matrix, H. Since

(45) F( s) PSi(s)+(S)PR S)

in light of (39), the solvability of (37) now implies that

(46) [/Q-]S(s)=[ff’(s)--K(s)--I(s)]PR(S).
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or that

(47) [tTtf4-]S(s)Pl(s) =(s)-K(s)-l(s).
Since the left side of (47) is either a strictly proper rational matrix or zero, while the
right side is either a polynomial matrix or zero, both sides must be zero, thus establishing
(4O).

If the right canonical Diophantine equation (*) is now premultiplied by H and
F(s)--(S)PR(S) is substituted for ISIfIS(s)=.S(s) in light of (45), the general
Diophantine equation, (37), is satisfied with H(s) given by (41) and K(s) given by (42).

To establish Theorem 2, we must finally show that the particular H(s) given by
(41) uniquely satisfies (43). To do this, consider any dual, relatively left prime factoriz-
ation, P(s)O(s), of T(s)=’R(s)P;(s), such that (33) through (35) hold. The
composite p (p + m) matrix

[P,(s) O(s)]

represents a prime basis for the null space of the composite (p+ m) m matrix [4]

R(s)]

Therefore, if {H(s), K (s)} represents any particular solution to (37), any other solution
to (37), {(s),/(s)}, can be written as

(48) /-(s) H(s)+ J(S)PL(S)

and

(49) K(s) K(s)-J(s)O(s),

for some polynomial matrix J(s). In particular,

[H s) + J(s)PL(S)]R (s) + [K (s) J(s) O(s)]P (s)
(50)

H(s)R(s)+ K(S)PR(S)+ J(s)[PL(s)R(s)- O(S)PR(S)] F(s)

in light of (33). In light of (41), (35), and (36), however,

(:51) Ocj[H( s)] < ,j Oci[PL( S)],

with F[PL(S)]= Ip. It therefore follows from (48) that the unique

(52) spp{IY-I(s)pl(s)} H(s)pl(s),

or that the H(s) given by (41) represents a unique solution to (37) of minimum column
degree ,, for ] 1, 2,. p. Theorem 2 is thus established.

It might be noted that if PR(S) of (37) is nonsingular but not column proper, (37)
can be postmultiplied by any unimodular matrix, UR (s), which reduces PR (S) UR (S)
to column proper form. The results of this section can then be directly employed to
obtain the unique solution {H(s), K(s)} to (37) with It(s) of minimum column degree
in the sense of (43).

We finally note that PR(S) need not be square or nonsingular in order to utilize
(*) to solve (37). In particular, note that (37) can be written in composite form as

(53) [H(s)’ K(S)]kP(s)j
Therefore, if (38) holds, (37) has a solution if and only if any gcrd, (s), of (the
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rows of)

(s)j

is a right divisor of F(s). If this condition holds, a new "P(s)" can be defined as any
m linearly independent rows of

with the new "R(s)" given by the remaining rows. With these new definitions, (53)
can then be solved for "H(s)" and "K(s)" using the results presented in this section.
Finally, the actual H(s) and K(s), consistent with their original definitions, can be
obtained by repositioning the columns of "H(s)" and "K(s)".

4. Canonical dual prime actorizations. At the conclusion of 2, we noted that
given a right matrix factorization, R (s)Pl(s), of T($), a dual, left matrix factorization,
PE(s)O(s), can always be found which satisfies properties (35) and (36). In this
section, we will present a new algorithm for obtaining such dual, canonical factorizations
via the right canonical Diophantine equation (*), of 2. In particular we will now
constructively establish the following known result [3] in a new, direct way using (*).

THEOREM 3. Consider any polynomial matrix pair {R(s), PR(S)} with R(s) p x m
and PR(S) m X m and column proper. There exists a "dual" relatively left prime pair
{P/(s), Q(s)} of polynomial matrices with

(54) a[P(s)] Oi{PL(S)] ,,
forj=l,2,. .,p,

(55) r[e(s)]= i.,

and F[PL(S)] nonsingular with l’s along the diagonal such that T(s)= R(s)pl(s)=
PI(s)Q(s), or

(56) PL(S)R(s) Q(S)PR(S).

Proof. In light of (*) define the p p diagonal polynomial matrix

(57) D (s) diagonal s ],

and set

(58) Fc(s) D(s)R(s)

in the general Diophantine equation (37), so that (39) implies that

(59) FL(S)=D(s)R(s)=PLS(s)+PL(S)PR(S).
Equation (37) is clearly solvable in that any gcrd of R(s) and PR(S) will be a right
divisor of the particular Ft(s)=D(s)R(s) given by (59). In light of Theorem 2,
therefore, a constant HE exists such that

(60) HEM FL.
It thus follows that the polynomial matrix pair

(61) HL(S)=HSR(S),
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and

(62) KL( S) PL( S) IL/I(s)

solves (37) i.e., that

(63) IYlLS(s)R(s) +[Pc(s)--tTIL4(s)]PR(s) D(s)R(s),

or that

(64) [D(s)-tTtcS(s)]R(s) =[L(s)--tYlcI(s)]PR(s),
SO that (56) holds with

(65) O(s) Pc( s) IZlcf/l( s)
and

(66) Pc(s) D(s)-H,S(s).

Note that the P(s) thus defined will be both column proper and row proper. In
particular, in light of (66), it is clear that

(67) Ocj[Pc(s)]= r,j

for ] 1, 2,. , p, and that

(68) Fc[Pc(s)]=Iz
Since the ,j represent an appropriately ordered set of observability indices of the
system, Pc(s) will be row proper as well [3] with l’s along the diagonal of Fr[Pc(s)].
We finally observe that since a P u represents the order of a minimal realization
of T(s) R(s)Pl(s) Pl(s)Q(s), and OlPc(s)] t, Pc(s) and O(s) will be relatively
left prime. Theorem 3 is thus established.

5. Concluding remarks. A new, fundamental relationship between appropriate
pairs of polynomial matrices has now been presented and employed_ to resolve some
"standard (polynomial matrix) problems" in a new and direct manner. In particular,
the utility of the dual, canonical Diophantine equations (*) and (*"), has now been
thoroughly demonstrated with respect to (SP1) obtaining unique minimal degree
solutions to general Diophantine equations, and (SP2) determining canonical, prime,
transfer matrix factorizations of a given system from knowledge of any dual factoriz-
ation.

It is of interest to note that the dimension of the largest matrix, M, which need
be inverted in order to solve a general matrix Diophantine equation of the form (3)
is n, the system order, unlike earlier algorithms which require the inversion of a matrix
of generic dimension 2n. This could significantly reduce the computations necessary
to implement a variety of adaptive control algorithms.

Finally, it should be noted that additional implications of (*) and (*’) do exist
with respect to other polynomial matrix problems, and that some of these will be
addressed in subsequent reports.
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COMPLETE CONTROLLABILITY OF ONE-DIMENSIONAL
VIBRATING SYSTEMS WITH BANG-BANG CONTROLS*

KIMIAKI NARUKAWA"

Abstract. This paper deals with the problem of controllability for one-dimensional vibrating systems
with controls which are scalar valued functions of time only. We give some constraint sets of controls and
prove exact controllability of vibrations in those constraint sets by studying the moment problem attached
to this control problem precisely. Using these results, and Lyapunov’s convexity theorem for vector measures,
we obtain complete controllability only with bang-bang controls.

Key words, vibrating systems, constraint set of controls, complete controllability, bang-bang controls

1. Introduction. In our previous paper [11], we discussed admissible controllabil-
ity of vibrations of a vibrating string by constrained controls. The control functions
which were considered there are functions both in space and time variables (x, t), and
are therefore difficult to realize practically. In [13], Russell considered the case where
a control is exercised by means of a force whose spacial distribution is fixed but whose
sign and amplitude are variable with time t. And he obtained exact controllability by
studying the moment problem attached to this control problem.

The control system considered by Russell is described by the equation

(1.1) O(X)-(x,t)--x c(xl-x(X,t =g(xlf(t), O<x<l, t>O,

with the Dirichlet boundary condition

(1.2) u(0, t) u(1, t) 0, > 0,

which describes forced motion of a string with density p(x) and modulus of elasticity
c(x). Let us assume p(x) and c(x) are sufficiently smooth, bounded and strictly positive
and g(x) belongs to L2(0, 1). The function g(x) is called a force distribution function.
For this control system a function f(t) is considered as a control. In this paper, we
will give admissible controllability of a higher order Sobolev space by continuous
controls f(t) constrained as 0 -< f(t) -< 1.

Next we will study controllability of (1.1), (1.2) with bang-bang controls, that is,
controls assuming only the values 0 or 1. The control problem with bang-bang controls
is closely related to the optimal time control problem. For finite-dimensional control
systems, various constraint sets of controls and admissible controllability in those
constraint sets have been considered by many authors (see e.g. [1], [17], [18]).
Furthermore, assuming a certain normality condition is satisfied, they have shown that
time optimal controls are necessarily bang-bang. Consequently the attainable set in
the constraint set is controllable with bang-bang controls. In the infinite-dimensional
case, the relation between the optimal time control problem and the bang-bang principle
has been studied for some control systems (see e.g. [3], [4], [5], [8], [19]), but little
attention appears to have been given to the problem of controllability using bang-bang
controls.

* Received by the editors March 8, 1983, and in revised form September 26, 1983.
? Department of Mathematics, Faculty of Integrated Arts and Sciences, Hiroshima University, Hiroshima

730, Japan.

788



ONE-DIMENSIONAL VIBRATING SYSTEMS 789

This problem is closely related to the study of Lyapunov vector measures. Knowles
[7], [8] investigated Lyapunov vector measures and the relation to the bang-bang
control problems for both finite- and infinite-dimensional control systems. But here
we use only Lyapunov’s convexity theorem for finite-dimensional vector measures and
obtain complete controllability of the control system (1.1) with (1.2).

2. Definitions and fundamental notions. For a real number m and interval (a, b),
we denote by Hm(a, b) the usual Sobolev space of order m on (a, b). The usual norm
of H’(a, b) and the inner product of LZ(a, b) are denoted by I1" I1. and (. ,. respec-
tively. Further we denote by H(a, b) and Hip(a, b) the spaces of all functions f(t) in
Hi(a, b) satisfying f(a) f(b) =0 and f(a) f(b) respectively.

By putting V(t)=[u(t), (Ou/Ot)(t)],

and

(0 0’) lu o-x)-d-x cx)

( o )(Bf)(x,t)= p- (x)g(x)f(t)

the equation (1.1) is reduced to the first order equation

(2.1) Vd____( t) A V( t) + Bf t).
dt

As in [11], we put [u, v]= () and introduce the inner products which define the norms
.equivalent to those of H(0, 1) and L2(O, 1) respectively as

and

((u,,u))c= c(x)
dU du2
dx dx

dx for Ul, U2 E H(0, 1)

(vl, va)o p(x)v(x)vz(x) dx for va, v2EL2(0, 1).
0

Further let be the Hilbert space Ho(0, 1) x L2(0, 1) endowed with the inner product

([Ul’ D1]’ [b/2’ U2])Y(-" ((b/l’ U2))c’t’(UI’ /)2)0"
Attached to the boundary condition (1.2), we define the domain of A as (H2(0, 1)f’l
H(0, 1)) x Hol(0, 1). Then A generates the unitary group U(t) on Y(. For any Voe
and locally summable function f(t), we define

(2.2) V(t) U(t) Vo + U(t- s)Bf(s) ds

to be a mild solution of (2.1) with the initial state V(0)= Vo. It is well known that if
f(t) is continuously ditterentiable in > 0 and Vo [u0, v0] is in the domain of A, then
the mild solution V( t) [u( t), (u/t)(t)] is a strong solution of (1.1) with (1.2) and
[u(0), (Ou/Ot)(O)]=[Uo, Vo]. When, for the mild solution V(t) of (2.2), V(0) =[u0, Vo]
and V(T)= [u, v] hold, we say that the control f(t) steers [Uo, Vo] to [u, vii at T.

For a subset of Loc[0, ), we define the attainable set Rr() at T of the
control system (2.1) (or (1.1) with (1.2)) in the constraint set of controls ff as

RT() U(T-s)Bf(s) dslf
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We now recall definitions of various types of controllability.
DEFINITION 2.1. Let be a subset of Lloc[0, o).
1) A subset D of is said to be exactly controllable at T in if D c RT().
2) A subset D of is said to be exactly controllable in 5 if D c T>0RT().
3) The control system (2.1) (or (1.1) with (1.2)) is said to be completely controllable

in if U T>oRT(..;).
In the following we consider several constraint sets of controls and investigate

controllability of the control system (1.1) with (1.2) in those constraint sets.

3. Exact controllability oI D(A) in some constraint sets. In 13 Russell obtained
exact controllability at some time T> 0 of the space D(A) (=(H2(0, 1)f’} H01(0, 1))x
Hol(0, 1)) in the set L2(0, T) by solving the moment problem attached to this control
problem. This moment problem is equivalent to the problem of constructing the
biorthogonal system {pk(t), qk(t)} in L2(0, T) of the system {sin (tOkt), COS (tOkt)} with
the square roots {tOk} of the eigenvalues of the Sturm-Liouville operator which is
stated below precisely, namely the system satisfying the equations

r
sin (tojt)Pk (t) dt 8jk,

r

COS (toit)Pk (t) dt O,

"
sin (tot)qk t) dt 0 and

r

cos (tot)qk( t) dt 8ik.

Taking T > 0 appropriately, we can show that there exists a bounded linear operator
F on L2(0, T) such that F[sin(tokt)]=sin[2(k+l)Trt/T] and F[cos(tokt)]=
cos [2(k + 1) rt/T], k 0, 1, 2," ". Taking Pk F*[sin [2(k + 1) 7rt/T]] and qk

F*[cos [2(k + 1) rt/T]] with the adjoint operator F* of F with respect to the L2(0, T)-
inner product, we obtain the biorthogonal system {pk(t), qk(t)}. For details see [13],
[16]. Although the operator F is also bounded on Hi(0, T), it is not clear that F* is
bounded on Hi(0, T). Hence it is not obvious that the domain of A2 is exactly
controllable in the set Hi(0, T).

Now we show exact controllability of D(A) in the set Hip(0, T) for some T> 0
under a certain assumption on g(x).

By Liouville’s transformation, that is,

(3.1) u* [(X)p(X)]I/4u, X*
1" [" {h’l
[ [p_.ffx[

1/2

d:,
Jo LCtg)J

we obtain the simple control system in u* involving derivatives with respect to x* and
t. Reverting to the use of u and x rather than u* and x*, we have

02/,/ 02//.
(3.2) Ot-’-(x, t)-x2(X, t)-r(x)u(x, t)= y(x)f(t),

(3.3) u(0, t)= u(l, t)=0,

where

r(x) is a continuous function on [0, l] and y(x) L2(0, l).
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Put

A= p P=x2+r(x),
D(,) (H2(0, l) fq Hol(0, 1)) H0(0, l) c Hol(0, l) L2(0, l),

D(P) H2(0, l) fq H(0, l) c L2(0, 1),

and {--Ak} and {bk}, k=0, 1,2,..’, be the eigenvalues and eigenfunctions of P
respectively. Further let {bk} form an orthonormal basis in L2(0, l).

In his proof of exact controllability, Russell [13] made the following basic assump-
tion on 3’(x).

Assumption (A). The coefficients 3’k, which are defined as

3"k 3" X t)k X dx k O, 1, 2,. ,
satisfy lim inf kc kl3"kl > 0, and 3"k O, k O, 1, 2," .

Then we have the next theorem.
THEOREM 3.1. Let y(x), which is the function obtained by Liouville’s transforma-

tion (3.1) of the distributed function g(x), satisfy Assumption (A) Then D(A2) (=-the
domain ofA) is exactly controllable at 21 in the control set Hip(O, 2/) for the control
system (1.1) with (1.2).

Proof. The control system (3.2) with (3.3) is equivalent to the system (1.1) with
(1.2). Hence it is sufficient to give controllability for (3.2) with (3.3). Let us set
tOg A /2. Russell showed that there exists a control function f(t) L2(0, 2/) satisfying

3"k(3.4) /Xk sin (tOk(2/-- s))f(s) ds,
tOk

fo
’l

(3.5) lk 3"k COS (tOk(21-- s))f(s) ds, k=0,1,2,...,

for any given [Hi, Vl] D(A) with the expansions

u,(x)= y ,(x), v,(x)= Y ,(x),
k=0 k =0

and he obtained exact controllability of the space D(A) in Le(0, 2/). For the details
of the proof and further results see [13].

Now we construct a function f(t) in HIp(0, 2/) satisfying (3.4) and (3.5) for any
given [ul, vl] D(A). Then, by the same way as in [13], we have the result.

For any nonnegative real number m, let us define the Hilbert space I) as the
space of all sequences c- (Ck) with

k=l

endowed with the norm Then, noting tOk (k + 1)r/1 + O(1/k), we easily see
that the mapping which maps u kO Ck4)k to C (Ck) is an isomorphism from D(P"/-)
to Im. And hence the spaces D(A") and I"+1 x t are isomorphic. Now let us rearrange
an element (a, c, d) (a, (Ck), (dk)) e R xl xI (respectively (c, d) ((Ck), (dk)) e
b Xb’) as (a, c, d)=(a, Co, do, Cl, dl,’" ") (respectively (c, d)= (c0, do, Cl, d,...))
and denote this space by R x I (respectively lm). From now we consider an element
in R x I or I as a column vector and represent a linear operator on R x [" or bm
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by a matrix with infinite components. By [13], [16], there exists an isomorphism F on
L2(0, 2/) which maps 1, sin[(k+l)Trt/l] and cos[(k+l)Trt/l] to 21, 2/sin (Wkt) and
21 cos (wkt), k =0, 1, 2,. , respectively. Put

sCa(t) 1, r/_a(t) 1,

:2k+l (t) =COS

rt2k(t) =sin (okt), r/2k+l(t =COS (ogkt), k =0, 1, 2,"

Then this implies that the matrix

F ((:i,
i=>-i
j--1

defines an isomorphism on R o. Now for a fixed integer N, let us define a linear
operator HN on R x I as HN- ((hNq )) where

h (rh, scj) when-l_<- i<_- 2N

and

hNq 216q wheni>_-2N+l

with the functions sc, rb defined by (3.6). Put GN-F*-HN, where F* means
the adjoint operator of F in the space R x I, i.e., the transposed matrix of F. Let the
operator GN maps (a, c, d)= (a, (Ck) (dk)) to (& ?, )= (c, (?k), (dk)), then we have

=c\=d=O, O<-_k<-_N,

(3.7)

k=21a(q2k, -)+ E (q2,, 2j)cj+ E (rlZk, 2j+a)dj+[(r/zk, :2)- 13c,
j=O j=O
j#k

dk 21a(r/zk+,, SO-,)+ E (r/zk+,, 2j)Cj
y=O

+ E (n2k+l, 2j+l)dj +[(n2k+l, 2k+l)-- 1]dk,
j=O
jk

Noting Wk=(k+l)/l+O(1/k), we have

Io2/ [(J+l)t]dtlsin (wt) sin

= w +(]+ l)/l-w-(]+ l)/l
sin(2/w)

k>-N+l.

for k -> N+ 1, k # j. Here and hereafter we denote by Mn, n 0, 1, 2, , constants
independent of j, k and N. Hence we have

fork=>N+l, k#j.
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Similarly we have

for k >-N+ 1, k # j. Further we have

I( "o=,,, -,)1 -< M,/k’,
I(:,,, :,,,)- 1--< ,/k,
I(’O:z, 2+,)I--< M,/k,

I( ’r/2+,, -,)1 =< M,/k2,

1(’02+,, :,.+,)- 11 -< M,/k2,

](’O:z+,, ’:z)I <= M,/k

for k => N+ 1. Hence, by Schwarz’s inequality, we have

:2M12{1/4--(2/2) E (l/j2l/IJ-12)--1/2}
j#k

x a+ c+ d
j=O j=

for k N/ 1. Similarly we have

Hence we have

k =0 k =0

(3.8)
k=N+l k=N+l k =N+I

for any (a, c, d) R xo. This inequality (3.8) means

Taking No so large that

Ma/No 1/(4F*-1 [[2),
we see that there exists (I-F*-IG)- and the estimate

holds for N No. Since Hs F*- GN F*(I-F*-G), there exists H
(I-F*-IG)-IF*-1 and

(3.9) nl ilF*-ll ()

holds for N No.
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Now we define bounded linear operators KN, /N from [2q_ [1 to R X I), J from
R D to L2(O, 2/), RN from L(0, 2/) to R x I) and/ from L2(O, 2/) to 12 x I) as

KN(/x, v)=(0, (Ck),

where

ck tzktok/ Tk, dk vk/ k, 0 <= k <= N,

ck =d =0, k->_N+l,

g,,(, v) (o, (,o/r), (/r))-KN(/x, v)

for (, v) ((), (Vk)) 2XO1,

+ F sin
(k + 1)t (k + 1)t

(J(, d))(t) a + X d cos
=o =o

for (a, c, d) (, (c), (d)) e R x bo,

where

Ck (f(t), sin (wkt)), dk (f(t), cos (wkt)),

Ck dk =0, k >- N+ l,

and

for f L2(0, 2/), respectively. And consider the operator

TN =- [JIN + JH’(KN RJg)]- I.

By Assumption (A) and ok =(k+l)Tr/l+O(l/k), we have

(o,Oo/o): + X k(/)+ (o/o) + X a(/)a
k=l k=l

(3.10) M5 + E k6#+v+ k4v
k=l =1

=MII(,, )13

with a constant M5 independent of N for any (, v)eb3xb2. This implies that the
operators K and RN are bounded from 3X2 tO R x 1 and the operator norms,
which are denoted by IIIKNIII and ]IIRlll respectively, are estimated by a constant
independent of N. Next, integrating by parts, we have

zl 1
f(t) sin (tokt) dt=

tok

1
-cos (2lwk)f(21)+lf(o)+ (t) cos (okt) dt,

(.Ok (.Ok

2/ 1 f0’f(t) COS (tOkt) dt sin (2hok)f(21) -1-- f’(t) sin (tokt) dt
0 OAk (-Ok

for any f(t)eHp(0,21). Noting wk=(k+l)Tr/l+O(1/k), f(O)=f(21) and
supo<,<2,}f(t)l-<const. [[fll, we see that there exists a constant M6 independent of k
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such that

I(f(t), sin (ot))l < (M6/k2)llfll, +l--I(f’(t), cos

+1 ,I(f(t) cos (ot))l<(M6/k2)llfll, l( (t),sin (ot))[,

k =0, 1,2,".. If a function f’(t) L2(0, 2/) is represented as

f’(t)= a + , Ck Sin
(k+l)rt + dk COS

(k+l)rrt
k =o -0

then we easily see that F* maps (a,(Ck),(dk)) to (21a,((f’(t),sin(tokt))),
((f’(t), COS (tOkt)))). Noting L2(0, 2/) and R xl) are isomorphic and F* is bounded on

R x b, we have , (f’(t), sin (tokt)) 2 + E (f’(t), COS (tokt))2
k =0 k =0

2 7-< ll(2/a, ((f’(t), sin (okt))), ((f’(t), cos (Okt))))llR
<- IIF* I1=11<, c, d)ll -< MTII f’ =

Hence we have

IlRfl[ 2-7 <= I(f(t), sin (Wot))l 2 + I(f(t), cos (Wot))l2

+ E k2l(f(t), sin (okt))l2+ E k2[(f(t), cos (eot))l2
k=l k=l

(3.11) <-Ms Ilfll+llfll E (1/k2)
k=l

/ Y (I(F(), sin (t))l+l(’(), cos (t))l)
k=l

M91I f]l .
Therefore R is a bounded operator from H(0, ) to R b with the operator norm
estimated by a constant independent of N. Further it is clear to see that J and R are
bounded operators from R x b to H(0,2/) and H(0,2to b3x2 respectively.
Hence if Hl(KN RNJN) is bounded from b3Xb2 to R x b, then Tn is a bounded
operator on b3x 2. Now we show the boundedness of H(KN-RNJ) and give
the estimate of the operator norm. For (, )m ((), (u))b3xb2, put (, c d)
((, (), (d,)))= H;’(K-R#R)(, ). If we put (, , d) ((, (), (d)))=
(KN RNJN)(, u), then

== =0, kN+l,

(3.12) ? w/-(hN(t) sin (wt)),

k V/ )’k hN (t), COS (t0kt)), O<-k<=N,

where hN(I)=(JIN(tZ, v))(t). By the definition of HN, we easily see

(3.13) ==0, C"=6k=O, dk=k=O, k>-N+l.
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Hence we have

11(, c, a)ll d2+ co+ a02+ E e,+ E k2,
k=l k-1

N N

=’o2+do2+ Y k2+ E k2d,
k=l

(3.14)
<=N2II<&
MN2I[<, , >11
MXN2IIIKN UJlll2[[(, )2 M,0N211(, )112

where IllK-RJIII denotes the operator norm from x2 to R x b, which is
independent of N by (3.11). Thus Tu is bounded on x2.

Finally we give the estimate of the norm of TN. Let (, p) ((), ()) be any
element in bxb2 and (,
Further let us put

hN(t) (Jgu(, u))(t)

E (]dbkOOk/")/k sin
(k + 1) rt

k=N+,
+ E (Uk/T)COS
k=N+l

g(t) [jHI(Ks RNJN)(, )](t)
u [(k + 1)t] [(k + 1)vt]sin + 3 cos
=o =o

k + 1) rt’]
J

Then

(3.15)

and

(gs(t), sin (wkt))

/=o
+ y d/cos sin (Okt)
=o

sin (wt) sin
(] + 1) (] + 1)t

=o ci + sin (wd), cos
i=o

(3.16)
(gN(t), COS (Wkt)) Y’, COS (tOkt) sin

(j+ 1)rt
=o d

N ( [(/+l)rt])+Z cos (,ot) co d,
j=o

Noting the definition of HN and putting

a=G dk =0, k >=N+ l,

(.k (gN(t), sin (okt)), dk (g(t), COS (tOkt)), O<=k<=N,

we see that (3.15) and (3.16) imply

(d, g, d-) Htq(d, ?, d)= HNHI(ff, a, d)= (, a, d),
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where (c/, , d) is the element defined by (3.12). Hence, for O<=k<-N, we have

12k
Yk (ht(t) + gN(t), sin (Wkt))

(3.17)
Wk

Yk[(ht(t), sin (Wkt))+
tok

(3.18) k yk[(hu(t), COS (Wkt))+]= Uk.

Put fu(t)=gu(t)+hu(t). Then, for kN+l,

k=(Yk/k)(fu(t)" sin [ (k + 1)t])l
and

(Yk/Wk)(fN(t), sin (Wkt)).

Hence

Ik--k[= (Yk/k)(fN(t)’sin (kt)--sin [(k+
for k N+ 1. Integrating by parts and noting f(0)= fs(2/), we have

(t) sin (t)-sin
(k+l)t

dt

1
={1-cos (21wg)Ifu(O)
k

fO
l

f(t){COS [(k + 1)/] }+ cos dr.(okt)--(k + 1)
Since

and

111 -cos (2/Wk)[ IICOS [2(k + 1) 7r]- cos (2/Wk)[ <_-- Mll/ k3,
(.ok t0k

cos (tokt) COS
t0k (k+l)Tr

we have

Hence

(3.19)

1 1 [(k+ 1)Trt]cos (wkt) COS
Ok Ok

<- Ml l/ k3

1

Wk (kW1)vr
(k + 1) rrt]cos

If’fN(t){sin (wt)-sin [(k + l)rt] } dt <=M13[[&ll,/k3.

Y-- (fN(t), sin (ot)-sin [ook

for k >_-N+ 1.
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Similarly we have

Irk kl Yk fr(t), cos.(to,t)--COS
(3.20)

<= M4IIf,II/k4 for k-> N+ 1.

By (3.17), (3.18), (3.19) and (3.20), the inequality

rN(z, ’)l]x, I[(, )-(, )11

k=N+I

k=N+l

holds. Further we have, by (3.10) and (3.14),

IIf,,, I1,: hu II, / g,,, ,
_-< IIIJIII2{llgN(, )11 + [IHI(K-RNJN)(,
lllJIIl={llllll2 + IIIH (K RJ)[II=} (, )II

M-t7N21[(, ) 113x
where I[Jlll and II1111 denote the operator norm of J and Ku from R x O to H(0, 2/)
and b3x b to Rx respectively. Therefore

IIT(, )ll3e<(MdN)ll(,= )113= for any (, u)e3x02.
Thus the operator norm of Tu on 0x 02 is estimated as

IIIT III (M,s/N) 1/2.

Take N large so that [IITIII 1. Then there exists (I-Tu)-a. For any given [u,
D(2) with the expansions

u,(x)= E 6(x), v,(x)= E 6(x),
k=0 k =0

let us define f(t) H(0, 2/) as

(t) [(Ju +JH(Ku-RuJu))(I+ TN)-’(, u)](t).

Then, by the definition of T, we have

(3.21) Rf (,

If we put f(t)= f(21-t), then (3.21) implies

Io Ioe
Ysin [(2/- s)]f(s) ds , y cos [k(2/-- s)]f(s) ds Vk,
k

k 0, 1, 2, This completes the proof.
We denote by (0,) the space of all real valued functions defined on 0

such that f(t), 2klNt<2(k+l)l, belong to H(2kl, 2(k+l)l), k=0, 1,2,..., and

=0
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For any r/> 0 let us take a constraint set of controls as

Then we have
THEOREM 3.2. Let Assumption (A) be satisfied. Then, for any r/> 0, the space

D(A2) is exactly controllable in the constraint set {re/-]rlp(0, o )lllfll, go, )_-< ,}.
Proof. The proof is similar to that of [10, Thm. 1]. Hence we omit the details of

the proof. Note, by Theorem 3.1, D(Az) is exactly controllable in Hpl(0, 2/). Further
as is mentioned in 3, A generates a unitary group on Y(, and hence on D(A2). And
consider the space H(0, 2/) and the constraint set {f /-]r(0, 0o)111fll,go,)-<- n} in
place of LP(0, To; Y) and P, in [10]. Then we obtain null controllability of D(A2)
in {f /-)(0, )] Ilfll,Lo,)<_-,). Since the control system (1.1)with (1.2)is invariant
under time reversal, we obtain the result.

Next we define the space ff"/2(0, 0o) as the space of all functions which are
H61der continuous of order 1/2 on each interval (2kl, 2(k+l)/), k=0, 1,2,...,
endowed with the norm

IlfJl ’,1/2(0,cx3) sup Ilfll c’l/2(2kl,2(k+l)l),
k

where

sup If(t)l+ sup
If(t)-f()l

t(2kl,2( k+ )l) t It_ ,/.11/2
t,’(2kl,2(k+l)l)

Then, by Sobolev’s inequality, (0, 0o)c ,1/2(0 0o) and

Ilfll c’l/2(2kl,2( k+ )l)

for any fHp(2kl, 2(k+ 1)/), with a constant A independent of f and k. Hence, by
Theorem 3.2, we easily have the following corollary.

COROLLARY 3.1. Let Assumption (A) be satisfied. Then, for any 7q > O, the space
D(A2) is exactly controllable in the constraint set {f 0’1/2(0, 0o)l f[] ’1/2(o,oo) <- r/}.

4. Complete controllability with bang-bang controls. In this section we are con-
cerned with the control problem with bang-bang controls, i.e., the control problem in
the constraint set

{f(t) xE(t)IE; measurable set in (0, 0o)},

where XE(t) is a characteristic function of E.
First we begin with this lemma.
LEMMA 4.1. Let Assumption (A) be satisfied. Then the control system (1.1) with

(1.2) is completely controllable in the constraint set

{f 0"/2(0, oo)111fll <_- 1 and O<=f(t)<= 1 for all t->_0}.

Proof. Let w(x,t) be the mild solution of (2.1) with f(t)=1/2 and initial data
w(x,O)=(cgw/cgt)(x,O)=O. Then, by Lemma 4.1 in [11], w(x, t) w( t) satisfies the
inequality

II[w(t), (aw/at)(t)]lloA) <= ro
with a constant ro independent of t. For the proof, see [11]. If we denote by 7- the
attainable set at T in {f ’1/2(0, )l Ilfllo.,(0,)_-<1/2}, then the attainable set at T
in {f+1/2lf ’1/2(0, 0o), fll _<_ 1/2} is equal to [w(T), (Ow/Ot)(T)]+Y7-. Taking
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rt =1/2 in Corollary 3.1 and noting that D(A2) is dense in Y, we have U T>OT "-.
Since IIEw(T), (ow/ot)(T)]ll =< r0 for any T> 0, we have

U T>o{[w(T), (OW/Ot)(T)]}+YtT=
Clearly

{f /-[f ’/a(O, ), Ilfll c,"(o,) -< 1/2}
c {f ’/:(0, c)[ fll e’/:(o, ) <-- 1 and 0 <_- f(t) <_- 1 for all ->_ 0}.

Hence the attainable set in

{f e O’/(0, )1 fll o,"(o, -< 1 and 0 <_- f(t) _<- 1 for all _-> 0}

contains U T>o {[w(T), (Ow/Ot)(T)]+ T}" Thus we complete the proof.
LEMMA 4.2. Let y( t) be an integrable m-dimensional vector valued function on a

compact interval J. For each measurable subset E c J consider the m-dimensional vector

x Ix y( t) dt.

Let K be the set of all such points x as E varies over the collection of all measurable
subsets of J. Then K is convex in R m.

This lemma is a corollary of the following lemma which is usually called Lyapunov’s
convexity theorem.

LEMMA 4.3. Let E be a r-field of subsets of l’l, X be a finite-dimensional Banach
space and G ;E --> X be a countably additive vector measure. If G is nonatomic, then the
range of G is a compact convex subset of X.

For the proof, see e.g. Diestel and Uhl [2].
Now we have complete controllability with bang-bang controls.
TrtEOREM 4.1. Let Assumption (A) be satisfied. Then the control system (1.1)

with (1.2) is completely controllable in the constraint set

{f(t) x(t)lE; measurable set in (0, c)}.

Proof. By Lemma 4.1, for any [Ul, Vl] e o and e > 0, there exist a state [ill,
in , a control f(t) in d’1/2(0, oo) satisfying fll o,2o,) -<- 1 and 0_<- f(t) <_- 1 and a
positive integer N such that I[[Ul, Vl]-[al, ,]11 < and

U(2NI- t)Bf(t) dt.
o

Here U(t) and B are the operators defined in 2. For any e > 0, we subdivide the
intervals [2kl, 2(k + 1)/), k =0, 1,. , N- 1, into finite union of semi-open intervals
as[2kl, 2(k+l)l)=Z"j= Kkj with IKkil < ez/(411BIINl) 2 where IKI is the length of the
interval K. We rearrange the suffix and denote these intervals by {J,},=,z,...,M---
{[am, b,,)},,=,z,...,M. Since IIf11o,1/2(o,oo) <-_ 1,

If(t)-f(am)l<-_lt-aml/z<-IJ,,I/2 forany teJ,,.

Hence putting

we have

M

f(t)= E sCmXJ,,(t) with CSm=f(am)
m=l

[f(t)- f(t)[<-lJ,l/< e/(4llBllNl) on [0, 2Nl).
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Thus, noting that U(t) is unitary, we have

U(2NI- t)Bf(t) dr- U(2NI- t)Bf (t) dt
,Io do

2Nl

(4.1) --<-- IIBII [f(t)-(t)l dt
dO

<--IIB[I Z [f(t)- f(t)l dt

<-e/2.

Next, for any r/> 0, let us take an integer K such that the inequality (ET=K+I ]/c) 1/2 < ’0
holds. We denote by 0/ the orthogonal projection from Y( onto the closed subspace
spanned by {[4k, 0],[0, bk]}o__<_<_K, where {4}=o,1,2,..., are eigenfunctions of the
operator L which form an orthonormal basis in L2(0, l). Namely

for an element [u, v]= [Z=o cbk, Y--o d&] Y(. Then, since OKU(2NI- t)Bf(t) is
a summable K-dimensional vector valued function on each Jm, by Lemma 4.2, there
exists a measurable subset Era( c Jm) such that

(4.2)

OU(2NI- t)Bf(t) dt= OU(2NI- t)B, dt

OKU(2NI- t)B1 dt

I’ OIU(2NI-t)Bx(t) dt

holds.
For any aR and t_>0, putting [u(t), v(t)]= U(t)Ba, we easily see

(4.3) u(t) E aYksin (tOkt)6k(X), v(t) E ayk COS (Wkt)6k(X).
k=O O)k k=O

Further

(4.4)

(I-OK)U(t)Ba=(I--OK)(U(t))V(t)

ayksin (tOkt)dPk tk=K+l Wk =U(t)(I-QK)Ba foranyaR.

E aTk COS
k =K+I



802 KIMIAKI NARUKAWA

Therefore we have, by (4.3) and (4.4),

]]fj (I-QK)U(2Nl-t)Bf(t) dt- f (I-QK)U(2NI-t)Bxm(t)

U(2Nl-t)(I-Ol<)B[f(t)-Xm(t)] dt

(4.5) --< dt

-<2 Z Il2 IJl -<2lJ[.
k =N+I

Putting jr(t) ,= X(t), we have, by (4.2) and (4.5),

U(N-
dO dO

<- Y’. U(2NI- t)Bf(t) dt- U(2NI- t)Bx(t) dt
m=l

(4.6) <_- Y’. oi<g(2Nl- t)Bf(t) dt- oig(2Nl- t)BxEm(t) dt
m=l

+ (I-O:)U(2Nl-t)Bf(t) dt

M

2 E IJmI--4NI.
m=l

Taking K so large that 4rlNl < e/2, we have, by (4.1) and (4.6),

g(2Nl- t)Bf(t) dt- U(2NZ- t)Bf(t) dt < e.
,o ,o

Consequently, for any [Ul, Vl] e N and e > O, we have obtained a control

(t)= Y’. XE,,(t)=xE(t) E U E

and have shown the inequality

[u,, v,]- u(eNl-tnJ(t at <.
dO

This shows complete controllability with bang-bang controls.
Remark 4.1. For simplicity we have considered the Dirichlet boundary condition.

But we can obtain similar results for the control systems with more general boundary
conditions, as were considered by Russell [13],

3u 3u
Aou(O,t)+BoG(O,t)=O, Au(1, t)+BaG(,t)=O,

where Ao, Bo, A and B are real constants with A+B # 0, A+B 0.
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Remark 4.2. Fattorini and Russell [6], Krabs [9] considered some one-dimensional
vibrating systems with boundary controls, and obtained exact controllability of those
systems. We can obtain also complete controllability with bang-bang controls of those
systems in the same manner.

Remark 4.3. Fattorini [5] considered a control system described by the wave
equation as

02U 02U
t2 (x, t) (x, t) f(x, t) in 1 (0 ),

i=1 X/
u(x,t)=O on 0f (0, oo),

where a function f(x, t) is regarded as a control. There he showed that exact controllabil-
ity holds for this system and that optimal time controls fo(X, t) under the constraint

f. lf(x, t)l 2 <-- 1 almostdx all

satisfy the bang-bang principle, i.e.,

I If0(x, t)l 2 dx- 1 almost all t.

Hence, for this control system, complete (even exact) controllability with bang-bang
controls holds.

For control systems described by the wave equation with boundary controls, or
more generally, elastodynamic systems, exact controllability has been obtained (see
[14], [15], [12]), but the question of controllability with bang-bang controls appears
to be open.

Remark 4.4. For the control system (1.1) with (1.2), it is well known that an
optimal time control does not generally satisfy the bang-bang principle. Hence Theorem
4.1 is not trivial. Here we showed only complete controllability, i.e., approximate
controllability, with bang-bang controls. We do not know whether D(A2) is exactly
controllable or not with bang-bang controls. For the control system described by the
heat equation, there exist temperature distributions attainable by constrained controls
but not attainable by bang-bang controls. But Knowles [8] defined normal systems
and showed that, for the problem of approximate controllability, the optimal time
control for the normal system is unique and bang-bang. Namely, in any neighborhood
of an element w0 steered by constrained controls, there exists an element Wl which is
steered by a bang-bang control. For details see [8]. Thus for normal systems the
statement in Theorem 4.1 is obvious as far as the result in Lemma 4.1 is valid. Knowles
showed that the control system described by the parabolic equation is a normal system,
under appropriate conditions, using the fact that it generates the analytic semigroup.
But it seems to us that the control system (1.1) with (1.2) is not normal.

In [8], it is proven that the above-mentioned element Wl can be steered by means
of a bang-bang control in a time no larger than the optimal time for w0. Considering
the optimal time in place of 2Nl in the proof of Theorem 4.1, we obtain a similar
result also for the control system (1.1) with (1.2).

Acknowledgments. The author would like to express his hearty thanks to Pro-
fessors A. Inoue, F-Y. Maeda and T. Miyakawa for their constant encouragement and
kind discussions. Thanks are also due to the referees for their helpful comments and
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NONLINEAR OPTIMAL CONTROL PROBLEMS FOR
PARABOLIC EQUATIONS*

AVNER FRIEDMANt

Abstract. Let u be the solution of the heat equation with diffusion coefficient k(x)(-1 < x < 1), initial
values h(x) and boundary values 0 on x + 1. The function k(x) is a control variable to be chosen from a

suitable class so as to minimize 1 u2(x, T)dx for some given T>0. An explicit characterization of the
optimal k is given. Other related problems are considered.

Key words, parabolic equations, optimal control, heat equation, Green’s function

Introduction. The mathematical theory of optimal control for partial differential
equations has been dealing almost exclusively with linear models, that is, with controls
appearing either in the inhomogeneous term of the equation or in the initial or boundary
data; see [1]-[4], [8].

In this paper we deal with control problems for which the control k(x) appears
as a coefficient in a parabolic equation for an unknown function u(x, t). This is then
a nonlinear control problem, and the objective is to find a control k which minimizes
a certain given functional of u(x, t) at time T. The functionals we consider are either

(0.1) h(x)u(x, T) dx

or

(0.2) I u2(x’ T) dx.

The parabolic equations we shall work with are either

(0.3) u,=(Ux)x

or

(0.4) u, aU,,x + bug- ku,

with suitable initial and boundary conditions.
In a recent paper Friedman and Jiang [5] considered a nonlinear control problem

for the Stefan problem as well as a special case of (0.4) with a functional (0.1) and
characterized the optimal control. Their method is based on "linearization", i.e., on
small perturbations about the optimal control. This method requires quite a bit of
regularity and therefore does not extend to models like (0.3) in which the control
appears in higher derivatives of u. The method of the present paper is based on direct
comparison of functionals corresponding to two controls.

The physical motivation for the control problem corresponding to (0.3) is as
follows. Suppose an inhomogeneous rod of length 1 is to be constructed with some
specifications for the conductivity coefficient k(x) (O<=x<= 1). We wish to design the
rod in such a way that, with prescribed initial temperature u 4(x) and boundary
conditions ux(0, t) 0, u(1, t) 0, the rod "cools off" as much as possible after T units

* Received by the editors January 14, 1983, and in revised form September 15, 1983. This paper was
partially supported by the National Science Foundation under grant MCS-8300293.

t Department of Mathematics, Northwestern University, Evanston, Illinois 60201.
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of time. The "cooling off" is measured either by (0.1) or by (0.2). The specifications
on the conductivity are

(0.5) a <= k(x) <= , k(x) dx % kh’+ if x’

in case (0.1) (it is assumed that h>0, h’-<0); for case (0.2) we replace the last
condition in (0.5) by k’ if x’.

In the model corresponding to (0.4) the control k appears as a dissipation
coefficient and the physical motivation is similar.

In this paper we shall obtain explicit description of the optimal control k(x). For
instance, for the problems associated with (0.3) and (0.1) or (0.2) the optimal control
is given by

ifO-<x<O,
k(x)=

/3 if0<x<=l,
for suitable constant 0.

In 1 we state the main results for (0.3); proofs are given in 2 (for the functional
(0.1)) and 3 (for the functional (0.2)). In 4 we study the optimal control problem
for (0.4); we also consider problems in which the control appears as a coefficient of
u in the boundary condition.

1. Control problems for u, = (kux)x. Consider the parabolic problem

u,=(k(x)Ux)x in QT={(x,t);O<x<l,O<t<T},

(1.1)
u(x, O) b(x) if0<x<l,

ux(O, t) =0 if 0< -< T,

u(1, t)=0 if 0< t=< T.

The initial values 4(x) are assumed to satisfy:

(1.2)

either b= 1,

or 4 C2[0, 1 ], 4 -> O,

4,’--<0, "-<0,

b(O) > O, b’(O) -0, b(1) --0.

The conductivity coefficient k(x) will belong to the class

K k(x) measurable, a <- k(x) <- , k(x) dx y

where a,/3, 3’ are positive and a < 3’ </3. [If 3’ [a,/3 then K is empty, and if y a

or y-/3 then K consists of the single function k-= 3’.]
The solution of (1.1) is understood in the usual weak sense [7]; recall that

uxLZ(Q7-) and uC(O-) for some6>0.

Let h(x) be a function satisfying:

either h const. > 0

(1.3)
or he C2[0, 1], h_->0,

h"-<_0in[0, 1], h’(x)<0 in (0, 1],

h(0)>0, h’(0)=0, h(l)=0.
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We define

Kh ={k eK; (kh’)’ <-0 in ’(0, 1)}.

Notice that if h-- const, then Kh K. Notice also that if k K and k(x) is increasing
then k Kh since, for smooth k,

(kh’)’ k’h’ + kh’’<- kh"<-O;

for nonsmooth k, we approximate by mollification k,.
Similarly (k4’)’ _-<0 if k e K and k(x) are increasing.
For any k gh we denote by Uk the unique solution of (1.1) and consider the

functional

(1.4) Jh( k) h(X)Uk(X, T) dx.

Problem (Jh). Find ko such that

(1.5) ko Kh, Jh (ko) min Jh (k).
kK

Since a<),<fl, there is a unique number 0(0, 1) such that Oct+(1-O)fl=%
The function

a if 0-< x-< 0,
(1.6) k0(x)=

fl if0<x<-_l,

is monotone increasing and in K; hence it belongs to Kh.
THEOREM 1.1. There exists a unique solution of problem (1.5), given by (1.6).
For any control function e K set

(1.7) gh, { k Kh k is a rearrangement of l};

by rearrangement k of we mean that

meas { k A} meas {l A} V Borel set A.

We introduce the following problem.
Problem (Jh,l). Find kl such that

(1.8) kleKh,, Jh(kl)-- min Jh(k).
kgh.l

THEOREM 1.2. There exists a solution of problem (1.8), given by l*, the monotone
increasing rearrangement of I.

Observe that the parabolic problem (1.1) is equivalent to the problem

u, (k(x)u,)x in {(x, t); -1 < x < 1, 0 < < T},

(1.9) u(x, 0) 4(x) if -1 < x < 1,

u(+l, t) =0 if 0<t<T

provided k(x) k(-x), 4(x) 4(-x). The optimal control problem we considered is
that of optimizing the cooling of a rod -1 <-x-< 1, with symmetric conductivity and
initial temperature about its center, when its endpoints are kept at zero temperature.
Theorems 1.1, 1.2 show that the best design is to take the conductivity coefficient "as
large as possible" near the endpoints and "as small as possible" near the center. The
amount of cooling at time T was measured by (1.4).
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Let us now measure the amount of cooling by the functional

io(1.10) Y(k) u2(x, T) dx

and take the control set to be

/ {k e K; k(x) is increasing}.

Problem (.). Find ko such that

1.11 ko e/, .(ko) mio .(k).
kK

THEOREM 1.3. There exists a unique solution of problem (1.11), given by the
function in (1.6).

Theorems 1.1, 1.2 are proved in 2 and Theorem 1.3 is proved in 3.
Joel Friedman [6] considered problem (Jh) and proved that Uko =< UO where

k(x)=/3 ifO<=x<=l-O, k(x)=a if 1-0<x=<l;

this implies that

Jh(ko)<=Jh(k) Vh, h>-O.

His proof works for any two piecewise-constant functions ko, k such that ko is an
increasing rearrangement of k and k is monotone decreasing.

2. Proof of Theorems 1.1, 1.2.
LEMMA 2.1. If k K, (kcb’)’ <=0 in @’(0, 1)and u Uk, then

(2.1) Ux <=0 a.e.,

(2.2) u,<-O in@’(OT).

Proof Consider first the case 4, 1 and k(x) is smooth. Applying k(x)(o/Ox) to
the first equation in (1.1), we get

(ku),=k(ku,),x.

Since u(1, t)=0, u(x, t)>=O, we have Ux(1, t)<=O. Also ux(O, t)=0 and kux kc’ <=0
at t=0. Hence, by the maximum principle, Ux <0 in QT (Notice that due to the

consistency conditions 4’(0) =0, 4(1)=0, ux is continuous in QT.)
To prove that ut =<0, we represent u by means of Green’s function G(x, t; y, s)

of (0.1)"

Then

(2.3)

u(x, t)= G(x, t; y, 0)b(y) dy.

u,(x,t) Gt(x, t; y, 0)th(y) dy

G,(x, t; y, 0)b(y) dy
o

(k(y)G,(x, t; y, O)),4(y) dy
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k(y) Gy(x, t; y, 0)’(y) dy
o

(since Gy(x, t; O, s)=0, (1)=0)

G(x, t; y, O)(k6’)’ dy

(since G(x, t; 1, s) 0, ’(0) 0)

_-< 0 (since k’)’ =< 0).

We next consider the case where k is not assumed to be smooth.
We shall need the fact that

Io(2.4) k’">_-0 V’C"[0,1], ’->_0, ’(1)-0.

Since (k’)’ =< 0 in ’(0, 1), (2.4) is satisfied for any " e C(0, 1) and, by approximation,
for any ’e C’[0, 1] with ’(0)=0, ’(1)=0. In case ’(0)#0, we apply (2.4) to
’(x) min {rex, 1} and take m; since ’(0) =0, the assertion (2.4) follows.

To prove (2.1), (2.2) for general k, we use mollifications

k,(x) f pro(X-- y)k(y) dy,

where supp pro-- [0, I/m]. For any ’e C’[0, 1], ’_->0 with ’(1)- 0, we have (taking
st(x) 0 if x> 1)

k’’ dx dy p,,(y)k(x- y)’(x)’(x) dx

Io I0<=- p,(y) k(x- y)’(x- y)C’(x) dx + C-C-
m

(2.5)
<-- p.,(y) k(z)’(z)f’(z+ y)+C IC’(x)[+--

m

<_- c I’(x)l/- (x)l by (2.4).
m

Denote by Um the solution u corresponding to k,,.
By (2.3) (applied to u,,) and (2.5),

j--u,,,(x,t)<=C
Ot

t/m o
--y Gm(X, t; y, O) dy

0

-y G.(x, t; y, O) dy

where Gm is Green’s function corresponding to kin. Replacing 0 by any s, 0_<- s=< 6
(with 0 < 6 < t) and integrating with respect to s, we get

(2.6)
dy ds

dy ds <=
C

since [oG/oyl2 dy ds<= C, C independent of m. Since urn-> u uniformly in QT as
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m-ee, we conclude from (2.6) that (2.2) holds. Next, the proof that OUm/OX<=O is
the same as before, and (2.1) follows by letting m oo.

In case b-= 1, the proof of (2.1) is obtained by approximating (b by functions Sm
as in (1.2) with b,(1)=0. The proof of (2.2) can be obtained by showing (using the
maximum principle) that u(x, + e)- u(x, t) < 0 for any e > 0.

We now proceed to prove Theorems 1.1, 1.2. We take any smooth control functions
k, / in Kh with / monotone increasing and compare Jh(/) with Jh(k). Denoting by
u and a the solutions of (1.1) corresponding to k and k, respectively, we can write

a, ka)x + (( F- k)ax)x.

Then, in terms of Green’s function G(y, s; x, t) of (1.1) (t < s), we have

u(y, T)= G(y, T; x, O)4(x) dx,

a(y, T) G(y,T;x,O)(x)dx+ G(y,T;x,t)((c-k)tx)(x,t)dxdt.

It follows that

Jh()-Jn(k) h(y)a(y, T) dy- h(y)u(y, T) dy

Then

It satisfies"

(2.8)
k(x)

1 T dt] dx.

Since / is monotone increasing, (/b’)’ >- 0 and thus, by Lemma 2.1,

(2.9) 1 <0,
0/1 0

ox ox (ax) a, --< O.

Consider the function

V(x, t)= G(y, T; x, t)h(y) dy.

V,+(k(x)Vx)x=O

V(x, T)= h(x)

Vx(O, t) O, V(1, t) 0

in QT,

if O<x<l,

if O<t< T.

(2.7)
T=Io h(y) dYlo Io G(y,T;x,t)((c-k)x)x(x,t) dxdt=-d"

By integration by parts,

Io Io Ioh(y) dy Gx(y, T; x, t)(c- k)(x)Vtx(X, t) dx dt

since G(1, T; x, t) 0, tx(0, t) 0. Set

ql(X, t)= ffc(X)x(X, t),

(x, t)= [k(x)G(y, T; x, t)]h(y) dy.
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Since h’=< 0 and (kh’)’<= 0, the proof of Lemma 2.1 can be applied; it yields

Consequently

Vx<=O, (kV,),=-V,<-_O.

(2.10)

From (2.7)-(2.10) we see that

(.1 h(-J(l-

where

(2.12)

satisfies

(2.13)

I]/(X) I]/l(X, t)q2(X, t) at

q,(x)_-< 0, q,’(x) -<_ 0.

Approximating general k,/ by smooth functions k,, k,, we deduce that (2.11)-(2.13)
hold for general k, k in Kh with/ monotone increasing; more precisely, q, LI(0, 1),
and

q_-<0 a.e., q/=<0 in @’(0, 1).

It follows that if/ is a monotone increasing rearrangement of k then

Jh(c) <-_Jh(k),

and Theorem 1.2 follows. Similarly

(2.14) Jh(ko)<=Jh(k) VkKh.
Thus, in order to complete the proof of Theorem 1.1, it remains to prove uniqueness
of the minimizer.

Suppose equality holds in (2.14) for some k ko. It is easy to see that if k ko
then the strong maximum principle holds for/7, tT. Hence
(2.15) qq <0, ,x < 0 in lT.

Next, approximating 4’ by mollifications we see that 0 has a version which is a monotone
increasing function. Let

b inf {x; q(x) is strictly increasing in (x, 1)}.

Since equality holds in (2.14), b must be strictly positive. Further, by (2.9)-(2.13),

(2.16) ko(x) k(x) if b < x < 1.

In view of (2.15) we then have

q’2(x, t) 0 in rectangles (ai, hi) (0, T)

with a > b_, blab; since 02.x-<0 we also have

k(x)Vx(x,t)=q2(x,t)=O ifa<x<b, 0<t<T.

Hence k(x)h’(x)=O if al <x<b and, in view of (1.3), h=const. c>0.
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Since Vt 0 if a < x < b, 0 < < T, we deduce that

V(b, t) c
and, by uniqueness,

(2.17) V(x,t)=c i0<x<b, 0<t<T.

If b_-< 3’ then (2.16) and k= k0 imply that k(x)=- ko(x). Thus we may suppose
that b > 3’ and, then, V is a smooth function in { b =< x < 1}; in particular, V is bounded.
We conclude that

(2.18) KVx is Lipschitz continuous in a neighborhood of {x- b}.

Further, by the strong maximum principle (in {b<x<l}) V(b+O,t)<O. Since, by
(2.17), Vx(b-O, t)=0, we get a contradiction to (2.18).

Remark 2.1. If l* C2’[0, 1] and/ l* then the strong maximum principle can
be applied to conclude that I]/1 0 in QT". But then the proof of uniqueness for Theorem
1.1 applies also to Theorem 1.2; thus l* is the unique minimizer.

Remark 2.2. Theorems 1.1, 1.2 remain valid also in case h C[0, 1] (instead of
h C2[0, 1]) provided h is concave. Indeed, we simply approximate h by smooth
functions hm for which (2.9)-(2.13) hold, and thus derive (as m) these formulas
for h. The rest of the proof is the same as before.

Remark 2.3. Theorems 1.1, 1.2 extend to the case of

(2.19) Ux(1, t)+tzu(1, t)=O if0<t<T (/x>0)

instead of u(1, t)= 0. Indeed by the maximum principle we easily deduce that u > 0,
Ux < 0 in QT. The proof that u _-< 0 is the same, using the appropriate Green function.
Theorem 1.3 (to be proved in 3) also extends to the boundary condition (2.19).

3. Proot o| Theorem 1.3. Consider first the case where k is an increasing step
function, and set h(x)= a(x, T). By Lemma 2.1

h’_-<0 a.e., (kh’)’_-<0 in ’(0, 1).

Since /’ =0 everywhere except at the points of discontinuity x of /(x), and since
k ->_ a > 0, we get h"(x) <-0 if x x. Further, by the strong maximum principle we can
deduce that h’(x) < 0 if 0 < x < 1. Also, h(0) > 0, h(1) 0, h’(0) 0. Hence, by Remark
2.2, Theorem 1.1 is valid for this function h. Since k K = K, we conclude that, if
k= ko,

(3.1) (x, T)(x, T) dx <- (x, T)u(x, T) dx

with equality if and only if k ko.
Similarly, if k is an increasing step function then Theorem 1.1 is valid for

h(x) u(x, T). Thus, if k ko,

(3.2) u(x, T)(x, T) dx<= u(x, T)u(x T) dx.

By approximation we find that (3.2) is valid for any k /. Combining (3.1) with (3.2)
we deduce that

(3.3) ](ko)<-J(k) Vkg.

Finally, if equality holds in (3.3) for some k ko, then equality must also hold in (3.1),
a contradiction.
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(4.1)

4. Other control problems. Consider the parabolic problem

u, a(x)Uxx + b(x)Ux- k(x)u in QT,

u(x, 0) b(x) if 0 < x < 1,

ux(0, t) =0 if 0< < T,

u(1, t)=0 if0< t< T

where a, b are C1/ functions in 0=< x=< 1, a(x)>= ao> 0, and k(x) is a control variable
belonging to the set

K, k(x) monotone increasing, 0 <-_ k (x) <- M, k(x) dx 0

M and 0 are given positive numbers, and M> 0.
We define the functional Jh(k) as i.n (1.4) and set

(4.2) Jm(k) u’ff(x, T) dx, m positive integer.

We replace the conditions (1.2), (1.3) by the conditions:

(4.3) 4 C1[0, 1], 4(x) > 0, 4’(x) < 0 if 0 < x < 1,

(4.4) heCl[0,1], h(0)>0, h(x)>-O

Consider the following problems.
Problem (J). Find k, such that

(4.5) k, e K,,

Problem (J). Find k, such that

(4.6) k. e K.,

and h’(x)<-O if0<x<l.

Jh( k,) min Jh( k).
kK,

ira(k,) min J,.(k).
kK,

(4.7)

where

THEOREM 4.1. There exists a unique solution ofproblem (4.5), given by k,(x) =- O.
THEOREM 4.2. There exists a unique solution ofproblem (4.6), given by k,(x)=- O.
Proof of Theorem 4.1. For any k, k in K, we compute (cf. (2.7))

Io’Jh()-Jh(k)-- k(y) dy G(y, T; x, t)(k(x)-c(x))ft(x, t) dxdt

6(x)(k(x)- k(x)) dx

4(x) 6(x, t)(x, t) at,

(x,t)=a(x,t).

fie(x, t)= G(y, T; x, t)h(y) dy.

01]
<-0, <-_0.
Ox Ox

Using (4.3), (4.4) and k’=> 0,/’=> 0, we deduce, by the proof of Lemma 2.1, that
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Hence,

q>O, q/<-O.

Taking/ k. and recalling (4.7) we see that

J,(k,)<=J(k).

The proof of uniqueness is similar to the proof in Theorem 1.1. Indeed, since 02 > 0
in 07, if k is another minimizer then Oq,1/Ox =0 for a < x < b, 0< < T and some
0< a < b< 0. This implies that 4’(x)=0 if a < x < b, a contradiction to (4.3).

The proof of Theorem 4.2 is similar to the proof of Theorem 1.3. In fact, it follows
by repeated application of Theorem 4.1 with

h(x) tm-’(X, T),

h u"-l(x, T).

h(x) am-2(x, T)u(x, T),.

Remark 4.1. Theorems 4.1, 4.2 extend to the case of the boundary condition
(2.19).

Remark 4.2. If we consider the problem of maximizing Jh(k) or J,,(k), then the
same method yields the unique solution

k*(x)

0
M ifl--z-:<x-1,

0
0 if0-<x=<l

M
We shall now consider another parabolic problem

(4.8)

ut Uxx in QT,

u(x, 0) 4,(x) if 0 < x < 1,

u(0, t) 1 if 0 < < T,

ux(1, t)+k(t)u(1, t)=0 if0<t<T

where the control k(t) appears in one boundary condition as a coefficient of u. We
take the cost functional to be Jh(k), as in (1.4), and assume that h and b satisfy:

(4.9)
b(0) h(0)= 1, 4"(0)= h"(0)= 0,

b>O, b"_->O, h>O, h"-<_O.

We also assume that

’.__ h’(1)(4.10) /3= b (1)>__=a>O
b(1) h(1)

and take the control set

I.= k(t)L(O,T),k(O)=fl, k(T)=a,-M<-k’(t)<-O, k(t) dt=yT

where a < 3’ </3. If M is large enough then / and, in fact, there is a unique
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toe (0, T) such that the function

(4.11) /(t)

belongs to/.

if 0=< t< t0,

fl M to) if to <= < tl

a if <t<l,

Consider the problem" Find such that

(4.12) c /, Jh(c)=ma.x Jh(k).
kK

THEOREM 4.3. There exists a unique solution of problem (4.12), given by (4.11).
Proof Proceeding as in previous theorems, we write, for a control/,

ax(1, t)+ k(t)a(1, t)=(k(t)-fc(t))a(1, t)

and then compute that

Jh()-Jh(k)= dy h(y)G(y, T; 1, t)(k(t)-c(t))tJ(1, t) dt

where G is Green’s function for the parabolic problem (4.8). Setting

V(x, t)= h(y)G(y, T; x, t) dy

and using (4.9) and the facts that k’ <_-0, k’-<0, we find that

>0, tO, V>O, V 0.
Thus

Jh(ffc)-Jh(k) (k(t)- ffc(t))d/(t) dt

with 4’ > 0, ’_-> 0, and the proof is easily completed by familiar arguments.
Remark 4.3. One can establish a similar result for the problem of minimizing

Jh(k), k e I.
Remark 4.4. The results of this paper extend to some elliptic control problems.

Consider, for instance,

Uxx + /yy-- k(x)u =0

u(x,O)=6(x)

uy(x, 1)=0

ux(O,y)=u(1, y)=O

in O={O<x<l,O< y<l},

if 0<x<l,

if 0<x<l,

if 0<y<l,

with control k(x) and cost functional

Io’Jh(k) h(x)u(x, 1) dx,

or

Y(k) u’(x, 1) dx (m positive integer).
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Then

A()-A(k) (k(x)- (x))C,(x) dx

with , > 0, ’ _-<0 (provided k’_-> 0,/’_-> 0). We can thus obtain results analogous to
Theorems 4.1, 4.2.
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ALGEBRAIC AND GEOMETRIC METHODS IN
NONLINEAR FILTERING*

STEVEN I. MARCUS’

Abstract. The purpose of this paper is to show how the structure of the recursive nonlinear filtering
problem leads naturally to the use of methods from nonlinear system theory and the theory of Lie algebras,
and to illustrate the application of these methods to a number of specific nonlinear filtering problems. The
paper is expository in nature and provides sufficient review of the requisite background in nonlinear systems
and Lie algebras and enough examples of the application of tools from these fields to nonlinear filtering
problems, so that the value of these methods in nonlinear filtering can be understood by researchers in all
of these fields. The application of these methods to nonlinear filtering problems has led to a number of new
results concerning finite dimensional filters and to a deeper understanding of the structure of nonlinear
filtering problems in general. In particular, new finite dimensional and lower dimensional filters have been
obtained; it has been shown that certain problems are inherently infinite dimensional; the understanding
of some known filters has been enhanced; and these methods, along with asymptotic methods, have led to
new interesting suboptimal filters. We conclude by outlining a procedure for using these tools and by posing
some open problems.

Key words, nonlinear filtering, Lie algebras, nonlinear system theory, finite dimensional filters

1. Introduction. The nonlinear filtering problem involves the estimation of a
stochastic process x {xt} (called the signal or state process) which cannot be observed
directly. Information concerning x is obtained from observations of a related process
Y {Yt} (the observation process). The goal is the computation, for each t, of least-
squares estimates of functions of the signal x given the observation history {Ys, 0 =<
s-< t}--i.e., the computation of conditional expectations of the form E[d(xt)]ys, 0 <= s <-

t], or perhaps even the computation of the entire conditional distribution of x given
the observation history. When the observations are received sequentially, as in many
engineering applications, it is preferable that this computation be performed recursively
in terms of a statistic 0 { 0} which can be updated using only the latest observations:

(1) Ot/ a(t, ’, Or, {Ys, <= s <= + ’}),

and from which estimates can be calculated in a "pointwise" or "memoryless" manner"

(2) E[4,(x,)Iy, 0<= s<= t]=/3(t, y,, 0).

In general, 0 is related to the conditional distribution of x given {ys, 0 =< s <- t}, but in
certain special cases 0, is computable with a finite set of stochastic differential equations
driven by y. In these special cases, the practical implication of recursiveness is the
possible implementation of the filter (1)-(2) in real time: a and/3 can be thought of
as the description of the filter in terms of hardware or a program that does not depend
upon that data; 0t, the state of the filter, is the only quantity which must be stored in
memory; and {y, _<-s =< + -} or dy is the new observation that is fed into the filter
at each time increment.

The purpose of this paper is to show how the structure of the recursive nonlinear
filtering problem leads naturally to the use of methods from nonlinear system theory

* Received by the editors September 14, 1.9.83. This is a special expository paper written at the invitation
of the editors. This research was supported in part by the National Science Foundation under grant
ECS-8022033, in part by the Air Force Office of Scientific Research under grant AFOSR-79-0025, and in
part by the Joint Services Electronics Program under contract F49620-82-C-0033.

" Department of Electrical Engineering, University of Texas at Austin, Austin, Texas 78712.
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and the theory of Lie algebras, and to illustrate the application of these methods to a
number of specific nonlinear filtering problems. The paper is expository in nature and
is intended to provide sufficient review of the requisite background in nonlinear systems
and Lie algebras and enough examples of the application of tools from these fields to
nonlinear filtering problems, so that the value of these methods in nonlinear filtering
can be understood by researchers in all of these fields. In this section we present the
basic equations of nonlinear filtering which will be used in the sequel; the relevant
concepts of nonlinear systems and Lie algebras will be reviewed in 2; and these
concepts will be applied to nonlinear filtering problems in 3 through 6.

It is not the purpose of this paper to give a historical overview of nonlinear
filtering; instead, the reader is-referred to the books [12], [18], [23], [30], and the
papers [11], [34] for up-to-date accounts and derivations of the nonlinear filtering
equations. The basic model is the following (all stochastic processes are defined on a
probability space (12, , P) and a finite time interval [0, T], on which there is defined
a filtration {, 0 _-< _<- T}).

The signal or state process is assumed to be a homogeneous Markov process with
generator L; thus for 4 in the domain D(L) of L, m= 4(xt)-4(x0)-0 Lc(x) ds
is a martingale, or 4 (x,) satisfies

( 4,(x,l 4,(x0+ g4,(x s+m
(e.g., m 4’ will be a stochastic integral of Brownian motion if the state equation is
corrupted by Gaussian white noise"). We assume that m 4’ is a square-integrable
martingale for all 4 e D(L). The observation process y, which is intended to model
nonlinear state observations in Gaussian white noise, is assumed to be a scalar valued
process satisfying

(4) y,= h(xs) ds+ w,
0

where w is a standard ,-Wiener process. More generally, vector-valued observations
can easily be treated [12]. It is assumed throughout this paper that e{o hZ ds < o} 1.
Finally, we assume for simplicity that {xt} and {wt} are independent. The problem
of nonlinear filtering is then to recursively compute E[4(x)l], where =tr{ys, 0-< s =< t} is the or-field generated by {y, 0 -< s=< t}.

The solution to this problem can be obtained by the "measure transformation
method" (see, e.g., [34], [51]). First a new measure P0 is defined on (12, o) by

dPo_ exp h(xs) dy
2dP

h(x) ds

Under this new measure, {y,} is a standard Brownian motion process, {xt} and {y,} are
independent, and the distributions of {x} remain invariant. It is easily shown that
conditional expectations under P, which we desire to compute, are related to those
under Po by a version of Bayes’ formula:

(5)

where E0 is the expectation with respect to P0 and

[- ] (fo lfo’A, Eo
d/z

exp h(x) dy-- h2(xs) ds).
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Since tr, satisfies much simpler equations which are more amenable to analysis,
we will concentrate on these throughout the paper. Under some weak additional
integrability conditions on 4 and h, it can be shown that trt satisfies the It6 equation

(6) rt(b) O’o(b) + o’(Ld) ds+ o’(dh) dy

or the corresponding Fisk-Stratonovich equation

(7) cr,(b) tr0(b) + trs(b) ds+ trs(chh) dys

where , L-1/2h2 and denotes the Fisk-Stratonovich integral.
Since {tr,(b), b D(L)} determines a measure-valued stochastic process 4,, (6)

can be regarded as a recursive (infinite dimensional) stochastic differential equation
for an unnormalized conditional measure tr, of x, given 0,. In addition, trt(4) and
r,(4) are .conditional statistics computed from tr, in a memoryless fashion (see (1)-
(2))-recall that m(b)= tr,(b)/tr,(1). In general, however, it is not possible to derive
finite dimensional recursive filters, even for the conditional (normalized or unnormal-
ized) moments; some special cases in which finite dimensional filters exist will be
discussed later in this paper. Notice also that the stochastic differential equation (6)
is linear in tr,; this fact greatly facilitates its analysis and is one of the major reasons
why more progress has been made recently in the analysis of this equation than in the
analysis of the equation for the (normalized) conditional measure r,, which can be
computed by Ito’s rule from (5) and (6).

If we assume that x is a diffusion process and the unnormalized conditional measure
has a sufficiently smooth density p(t,x) (i.e., cr,(b)= d(x)p(t,x)dx), then under
appropriate hypotheses one can derive from (6) and (7) stochastic partial differential
equations for p (see, e.g., [4], [23], [29], [30], [44]). In this case, we assume that x
satisfies

(8) x,= Xo+ f(x) ds+ g(x)

where x, Rn; if, R is a vector of independent standard Brownian motion processes
independent of x0; and { if,} and x0 are independent of { w,}. The generator of x is

020 1
biJ(x)(9) L= fi(x)-zS_. +-g

Ox Oxi=1 i,j=l

where B(x)=[bi(x)]=g(x)g(x). Then

(10) dp(t, x)=L*p(t, x) dt+p(t, x)h(x) dy,,

(11) dp(t, x)=[L*-1/2hE(x)]p(t, x) dt+p(t, x)h(x) dy

where L* is the formal adjoint of L. Notice that (10) and (11) are linear in pi.e.,
they are "bilinear" stochastic partial differential equations. This equation ((10) or
(11)) was derived by Duncan [13], Mortensen [39], and Zakai [54], and we will refer
to it as the Duncan-Mortensen-Zakai (D-M-Z) equation. Notice that

(12) r,(b) f_ d(x)p(t,x)dx/I_op(t,x)dx.
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Another case of interest to us is that in which x is a finite state Markov process
Ttaking values in S={s}=. Let p’t=P(xt=s), and assume that /St=[/t, ,p’]

satisfies

d.
d---t p, Aft,.

(A is the intensity matrix or the transpose o the generator o x; the columns o A
each sum to zero.) Then taking, in (6) and (7), b(x) as the indicator unction
1=, p,= o-,(b ), B diag (s,..., s,), and p, =[p,,..., O, ], yields [11], [34], [53]

(13) p po +" Aps ds + Bp dye,

(14) P, Po + A B2
Ps ds + Bps dye.

Here (13) and (14) are finite (n-) dimensional bilinear stochastic differential equations
for the unnormalized conditional probabilities p,, and

(15)

In fact, the equations [53] for the normalized conditional probability vector, although
more highly nonlinear, are generically (n- 1)-dimensional, since the probabilities sum
to 1.

The role of nonlinear system theory becomes clear if one notices (as did Brockett
[7]) that the D-M-Z equation (10) for the unnormalized conditional density O, together
with the "output" equation (12) can be viewed as an infinite dimensional realization
(with state Pt) of an input-output map from "input" functions y to outputs zrt(b). It
is thus natural to investigate conditions under which finite dimensional realizations of
this input-output map do or do not existi.e., conditions under which finite dimensional
filters for the computation of zrt(4) do or do not exist; these conditions could then
be used to classify estimation problems according to their inherent "level of difficulty".

A finite dimensional recursive filter which computes 7r(b) is a filter of the form

(16) Tt r/o+ a(rls) ds+ b(rls) dys,

(17)

where rt evolves on a finite dimensional Euclidean space " (or on an analytic manifold)
and a, b, and /are analytic (for example, (13) and (15) represent a finite dimensional
recursive filter for the computation of 7r,(b) for any b). If the estimation problem
(4), (8) has a finite dimensional recursive filter for the computation of zr,(4) then
(10), (12) and (16), (17) represent two realizations of the same input-output map; in
this case, certain results from nonlinear realization theory suggest that (if (16), (17)
is observable) there should be a smooth map from the reachable part of (10) to the
reachable part of (16), which generates a map from a certain algebraic object (a Lie
algebra) associated with (10) to the corresponding object associated with (16). It is
this point of view that will be exploited in the remainder of this paper, in order to
shed new light on the nonlinear estimation problem.

2. Lie algebras and nonlinear systems. This section provides an introduction to
Lie algebras and nonlinear systems along the lines of [9] and [12].
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2.1. Lie algebras.
DEFINITION 2.1. A Lie algebra over a field k ( or C in this paper) is a triple

V, +, [.,-]), where V, +) is a vector space over k and [.,. is a bilinear map (called
the Lie bracket) from V x V into V such that, for vl, Va, v3 e V,

(i) [Vl, v2] -[v2, v] (anticommutativity);
(ii) [vl, [/’)2, /)3]]+[/)2, [/)3, /)1]]+[/)3, [/)1, /)2]] ’-0 (Jacobi identity).

The Lie algebra will be denoted by V if the bracket is understood.
Example 2.1. Let C(M) be the vector space of all infinitely ditterentiable

real-valued functions defined on an n-dimensional differentiable manifold M. The
vector space of all differential ope.rators (with C coefficients) A: Coo(M) Coo(M)
can be regarded as a Lie algebra with the Lie bracket defined by [A, B] AB-BA,
where AB denotes the ordinary composition of differential operators.

Example 2.2. The vector space gl(n) of all nn matrices over a field with
[A, B] AB-BA is a Lie algebra.

Example 2.3. A subclass of all differential operators on Coo(M) is the vector
space V(M) of all vector fields on M, described locally as first order differential

fioperators i (x) UOx. With the Lie bracket defined as in Example 2.1, the bracket
of two vector fields is again a vector field (a first, not second order, differential operator)"

(18) fi(x) OX---, 2 (X)" -’i f’i(x)
OX OX-’-’ OX"-’-7"

fiIf we locally represent a vector field Yi (x) UOx by the column vector
Ill(x),..., f"(x)]" of Coo functions on M, then the Lie bracket (18) can equivalently
be defined by If, g]=(Og/Ox)f-(Of/Ox)g, where Of/ox and Og/ox are the Jacobian
matrices of f and g, respectively. However, in the remainder of this paper we will
define the Lie bracket of vector fields with the opposite sign"

(19) [f, g]=-xg-
V(M) with this bracket is still a Lie algebra (in fact it is isomorphic to V(M) with
the previous bracket); this bracket has been defined so that the bracket of two linear
vector fields f(x)=Ax, g(x)= Bx is [Ax, Bx]=(AB-BA)x, which agrees with the
usual Lie bracket of the matrices A and B defined in Example 2.2.

DEFINITION 2.2. Let L be a Lie algebra. A Lie subalgebra V of L is a vector
subspace of L that is closed under the Lie bracket of Li.e., [u,/)] e V for all u,/) e V.
A Lie subalgebra I of L is an ideal of L if for all u e I and all/) e L, [u,/)] e/. If I is
an ideal, the quotient algebra of L by I is the quotient vector space L/I with the
induced Lie bracket [u+I, v+I]=[u,/)]+I.

DEFINITION 2.3. Let L and L be Lie algebras over k. A Lie algebra homomor-
phism 4’L L is a linear map that preserves Lie brackets: 4([u, v])= [4-(u), 4(/))]
for all u,/) e L. The homomorphism is an isomorphism if it is both iniective and
surjective. The kernel of a homomorphism 4" L-La is the set Ker(4)
{u e L[4(u) =0}. Then Ker (4) is an ideal of L, and L1/Ker (4) is isomorphic to the
image of b, Im (b) q(L1) ={u EZ2lb(/)) u for some veLi}.

2.2. Nonlinear systems. Consider a control system of the form

(20) .t= f(x,)+
i=1

where x, M, an n-dimensional differentiable manifold, Xo is given, f and {gi} ’= are
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vector fields on M, U 1, u" are externally applied input or control functions, and
re[0, T].

DEFINITION 2.4. The controllability Lie algebra of (20) is the Lie algebra __a
{f, gl," "’, g,}LA generated by ]’, {gi} i--1-i.e., it is the smallest Lie algebra of vector
fields on M containing f, {gi}--1. We denote by &e(x) the space of tangent vectors
spanned by the vector fields of at x.

gives some indication as to the structure of the reachable set of (20) (cf. [6],
[19]). If dim (x) n (its maximum value) for all x e M, we say that (20) satisfies the
controllability rank condition. If (20) is a linear system and rank [B" AB An-1B]
n, then dim (x)= n for all x e Nn, and the system is in fact controllable.

Example 2.4. Consider the bilinear system

(21) 2, Ax, + uBx,, x, e
i=1

Here f(x)=Ax, gi(x)= Bx, and [f, gi](x)=(ABi-BiA)x. Each vector field in is
thus of the form Dx or some n x n matrix D; since the set of all n x n matrices is an
nZ-dimensional vector space, we have dim -<_ n2. Also is isomorphic to the matrix
Lie algebra generated by A, {Bi}"=l.

Example 2.5. 2,= U(Xt)2-t U2t(Xt) 3, XtER1. Here f=0, gl(x) X2, gz(X) X3; it is
easy to see that gl and g2 generate the infinite dimensional Lie algebra of vector fields
of the form x2p(x), where p is a polynomial. Thus it is possible for to be infinite
dimensional, even on a one-dimensional manifold.

DEFINn:ION 2.5. Consider the control system (20), together with the scalar
observation

(22) y,=h(x,)

where h is a C function from M to R. The system (20), (22) is said to be observable
if, given any two initial states x0, Xl E M, there exists an input function u such that the
output from x0 differs from the output from Xl.

The following "state space isomorphism" theorem is a special case of the results
of [6], [9], [19], [46].

THEOREM 2.1. In addition to (20), (22), consider the system

ibi(z,)(23) 2,= a(z,)+ 2 u,
i=1

(24) y, c(z,)

with z, e M’. Assume that M, M’ are analytic manifolds and that f, {g} ’= 1, a, { b}%
are complete analytic vector fields a vector field f is complete if the solution of, f x,)
with Xo x exists for all -< <). Assume also that (20), (22) is observable and
satisfies the controllability rank condition. If (20), (22) and (23), (24) realize the same
input-output map, then there is an analytic mapping " M’--> M that preserves tra]ec-
tories--i, e., (z,) x, for every input u.

A related result, which is useful in its own right, is used in the proof of Theorem
2.1. This theorem proves the existence of "minimal" realizations.

TI-IEORZM 2.2. Assume that M’ is an analytic manifold and that a, {bi}=l are
complete analytic vector fields. Then there exists a realization (on a manifold M") of
the input-output map generated by (23), (24) which is observable and satisfies the
controllability rank condition (and is thus minimal [19]); moreover, there is an analytic
mapping " M’--> M" which preserves trajectories.



METHODS IN NONLINEAR FILTERING 823

Under the conditions of Theorem 2.1, the differential db maps a to f and bi to
gi, i=l,...,m; in fact, d$ extends to a homomorphism of Lie algebras
d$: {a, bl,’", b,}LA {f, gl,’’’, g,}LA. In general, db is not an isomorphism and
may have a nontrivial kernel. The existence of such a homomorphism between the
controllability algebras of systems with the same input-output map has motivated
the application of Lie algebraic methods to the study of finite dimensional filters, for
the reasons given previously. Notice, however, that the observability hypothesis in
Theorem 2.1 is in general difficult to check. Also of potential interest in filtering are
results which, given a homomorphism between the controllability algebras of two
systems, imply the existence of maps between the state spaces which preserve trajec-
tories. One such result is the following (a special case of [25], [45]). First, for any Lie
algebra of vector fields on a manifold M, we define the isotropy subalgebra -x of

at x by x {f : f(x) 0}.
THEOREM 2.3. Let M, M’ be analytic manifolds, of dimension n, n’, respectively,

and assume that a, { b}’f= 1, f, {g} ’= are analytic. Assume that the controllability algebras
and’ of (20) and (23) satisfy the controllability rank condition at Xo, Zo, respectively.

Then there exists a Lie algebra homomorphism a: ’--> which maps ’o into o if
and only if there exist neighborhoods U of Zo and V of Xo and an analytic map qb U-> V
that preserves trajectories. That is, if x, and zt are the solutions of (20) and (23) for the
same input u and z, U for tl < , then x, b(z,) V for [tl < .

Global results of this type are also discussed in the preceding references.

2.3. The Wei-Norman equations. Lie algebraic methods can also be used, in
certain cases, to obtain explicit representations of solutions of bilinear equations, even
if the state space is infinite dimensional (as is the case with the D-M-Z equation). This
representation was explicitly computed by Wei and Norman [50] in the following
manner. Consider the bilinear system (21); its controllability algebra is finite
dimensional and isomorphic to the matrix Lie algebra generated by A, {Bi}im-_l, which
we also denote by .; let A1,’’’, Ad be a basis for . Wei and Norman assumed that
the solution of (21) can be written in the form

(25) xt egtAa egatA2" ega’Aaxo
where {g}--1 are real-valued functions of to be determined. The representation (25)
is then substituted into (21); the left-hand side of (21) is computed by (omitting explicit
time-dependence)

d (eglAa egaAa)= 1A al egaAa eglA ee,2Az eg
d-- e + 12A2 dAd

+. + egxA ega-Ad_ldAa egaAd.

We would like to collect the common factor egA.., e*A on the right so as to
be able to equate coefficients of the basis elements {Ai}-_l on both sides of (21);
however, this is complicated by the fact that the A do not in general commute
([A, Aj] # 0 for i# ]). In order to achieve this, we employ a variation of the Baker-
Campbell-Hausdorff formula:

(26)

where

(27)

etA’A,=__o-.adiA, etAi

adaB=B, ad+IB=[A, adB]=[A,[A,[A [A,B]]. .]] (k+ltimes).
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Since 2e is finite dimensional, (26) can be rewritten as
d

(28) e ’A, Aj E hiJAl e’A’
/=1

where the h7 are computed from (26). This formula allows us to move the Ai’s past
the eaj’s and collect the common product of exponentials on the right. Equating
coefficients of {A}d= in (21) yields a set of differential equations for {gi}/d= (the
Wei-Norman equations), which have the form

,’(t)=f,(g,,u,),
(29)

u,)

where {fi}/d= are nonlinear functions of g, (g,..., gta) and u, (u,,..., u, ), and
g0 g0 0. It can be shown that the Wei-Norman equations can be solved on
some interval Itl--< e, but in most cases the solution cannot be continued for all time.
An important fact is that the functions {]} =1 .dep.end only on the structure of the Lie
algebra generated by A, {Bi}im_-l; that is, if A, {Bi}’=l are matrices of any.dimension.
which generate a Lie algebra isomorphic to (and the isomorphism takes A A,B
B), then the Wei-Norman equations for the corresponding bilinear system would be
exactly the same. In fact, these results will later be applied to the D-M-Z equation,
in which A, Bi are differential operators on an infinite dimensional vector space, but
some care is necessary in order to make these results rigorous in that case.

In certain circumstances, the Wei-Norman representation holds globally for all t.
DEFINITION 2.6. A Lie algebra L is solvable if the derived series of ideals: L() L;

L(n+a &_ [L(n), L(n)]__a {[u, v]" u, v e L("}, n -> 0, is the trivial ideal {0} for some n. L is
nilpotent if the lower central series of ideals: L L; L"+a ___a [L", L"] & {[u, v]: u e L",
v e L"}, n >_- 0, is {0} for some n. L is abelian if [u, v] 0 for all u, v e L. L abelian=>L
nilpotent=>L solvable.

THEORFM 2.4. If is solvable, then there is a basis of, and an ordering of this
basis, for which the Wei-Norman representation (25) is valid for all t.

A number of examples of solvable Lie algebras arise naturally in nonlinear filtering,
as we shall see in this paper. For a detailed finite dimensional example, see [9].

3. Lie algebras and filtering: Introduction and a first example. The application
of the methods of nonlinear systems and Lie algebras to nonlinear filtering problems
has led to a number of new results concerning finite dimensional filters and to a deeper
understanding of the structure of nonlinear filtering problems in general. Except for
problems in which the state is a finite state Markov process, these results rely in part
on generalizations of the results of the previous section to an infinite dimensional
bilinear equation" the D-M-Z equation. Some such generalizations have been proved,
but for the most part they remain conjecture; however, they have already provided
considerable motivation and guidance in the search for finite dimensional filters, the
classification of filtering problems, and the design of useful approximate filters.

Brockett and Clark [10] and Brockett [7]-[9] began the application of nonlinear
system theory and Lie algebras to nonlinear estimation problems, and Mitter [37],
[38] has emphasized the importance of functional integration and group representations
and has shown the connection between certain Lie algebras arising in estimation and
those arising in mathematical physics.

The fundamental objects in the approach of Brockett [7]-[9] to nonlinear filtering
problems are the equations for the unnormalized conditional distributions--the D-M-Z
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equations (10)-(11) and the equations (13)-(14) for filtering a finite state Markov
process. For the purpose of using results from nonlinear system theory, we will use
the Fisk-Stratonovich equations (11) and (14), since these satisfy the ordinary differen-
tial rule. As discussed in 1, these are bilinear equations, (10)-(11) being infinite
dimensional and (13)-(14) being finite dimensional. Also, (11)-(12) and (14)-(15)
can be viewed as realizations of the input-output map which takes input functions {Yt}
into output functions { 7rt( 4)}. However, these realizations may be high (or even infinite)
dimensional, and it is of considerable interest from the point of view of implementation
to determine when low dimensional realizations of this map---i.e., low dimensional
recursive filters of the form (16)-(17)--exist.

Given the results of 2, it is reasonable to expect that Lie algebraic conditions
can be related to the existence of low dimensional filters. Notice that, for filtering
finite state Markov processes, the controllability algebra of (14) is isomorphic to the
matrix Lie algebra {A-1/2B2, B}LA (cf. Example 2.4), and the input-output map
will have a low dimensional minimal realization if the dimension of is small. This
is due to Theorem 2.2 and the fact that dim >_-dim Le(x) for all x, and thus dim w
is an upper bound on the dimension of a minimal realization (i.e., on the dimension
of a minimal sufficient statistic). In the filtering of diffusion processes, we do not even
know whether finite dimensional filters exist, since the D-M-Z equation is an infinite
dimensional realization of the input-output map, and we are interested in conditions
under which finite dimensional filters do or do not exist. We must also be careful in
attempting to apply the results of 2 to the D-M-Z equation, because they are (as
stated there) only for valid finite dimensional systems.

This point of view leads naturally to the following questions which can be analyzed
by the methods of the previous section:

(I) For a given nonlinear filtering problem, do there existlow (or even finite)
dimensional filters which compute some statistics 7r,(4) (or which compute the entire
conditional distribution) ?

(II) Does there exist a classification of filtering problems which are of
"equivalent" complexity in some sense? Are there useful invariants associated with
each equivalence class?

(III) Do there exist interesting filtering problems for which the controllability
algebra of (14) (or a similar algebra which will be associated with (11)) is low
dimensional, thus ensuring the existence of low dimensional minimal filters?

As we indicated above, (I) and (III) are studied most naturally by means of
Theorems 2.1 and 2.2 and the resulting homomorphisms of Lie algebras discussed in

2. We shall see that the same Lie algebras are also useful in classifying estimation
problems and thus providing a partial answer to (II). In the remainder of this paper
we will provide partial answers to these questions and conclude with a discussion of
the utility and limitations of this approach.

As a first example of the answer to (III), we discuss a class of examples of finite
state Markov process filtering problems in which the controllability algebra =
{A-1/2B2, B}IA of (14) is low dimensional; will henceforth be called the estimation
(Lie) algebra. As mentioned in 1, the computation of the conditional probability
vector is generically (n- 1)-dimensional; however, in the following development, we
will see that, given any n _-> 2, there exist n-state Markov processes such that the
conditional probability vector can be computed with a 2-dimensional filter. Although
not generic, this type of result can obviously represent a significant savings in terms
of implementation for certain classes of problems.
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In the class of examples to be constructed (due to Brockett and Clark [8]-[10]),
is isomorphic to the Lie algebra g/(2), the 4-dimensional Lie algebra with basis

{[01 ]’[00 10],[10 _],[; ]}"
We desire an intensity matrix A and a diagonal matrix B such that {A-Ba, B}LA
g/(2). Notice first that

-(n-l) 1
n-1 -(n-l) 2

A= n-2 -(n- l)

0 1

0

-(n-l)

is obviously an intensity matrix; it is also easily verified that if we define B=
diag (n- 1, n- 3,. , -(n- 3), -(n- 1)), then {A- aln, B}LA g/(2) for any a _--> 0.
We next introduce a diagonal change of basis defined by a matrix R =diag (rl," rn)
with positive entries, which takes ft. Rfi,R-1, but RR-1= and RInR-1= In; the
change of basis does not change the Lie algebraic structure, so we still have {RR-1-

aI,, }tA g/(2) (the transformation A-RR- with R diagonal and ri >0 is the
finite dimensional analogue of the gauge transformation to be discussed in 4). Since
we desire A,B such that {A-1/2B2, B}LAgl(2), we define A=RR-I+1/2B2-
aln, B B, and investigate whether we can find R, a such that A is an intensity matrix.
The condition for A to be an intensity matrix is that its columns sum to zero--i.e.,
cA 0, where c (1,. , 1), or

(30) cR(fi, +1/2B2- rein) =0.

It is a consequence of the Perron-Frobenius theorem on positive matrices that we can
find positive {ri}’=a and a >=0 that solve (30).

Example 3.1. Let A RR-1 +1/2B2- aln, B =/ be defined as above. Then (14)
becomes

(31) dpt (Rfi,R-- aI,)pt dt + Bpt dyt.

Consider the 2-dimensional system with controllability algebra g/(2)"

:,,_ 1

[ ] [10 ][],,.wt dt + dyt.(32)
L dqstJ

1
1 n- qst qst
n-1

Then define the n-vector

COin_l] [(n-1)0 to n--l, (n-l)nlto -21, (n 2
to qs "’’ n 1 n-1

(where () is the binomial coefficient); this vector of (n-1)st order homogeneous
polynomials in to and is essentially a normalized symmetric tensor. It is easy to see
that Rton- satisfies (31) if tot satisfies (32). Hence if the initial distribution Po is of
the form Po =,C-lj for some two-vector , (a binomial distribution), the solution of
(31) can be obtained by solving the 2-dimensional equation (32) with initial condition
/, and then setting pt R-,.ttn-. Hence, for this class of examples, all conditional
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statistics can be computed in terms of a 2-dimensional sufficient statistic by using the
2-dimensional filter (32), for any n; for example, once pt is obtained we can obtain
rt(b) for any b from (15).

In addition to providing classes of examples which have low dimensional filters,
Brockett and Clark [10] provided some necessary conditions on Lie algebras that can
arise as estimation algebras for the estimation of finite state Markov processes. Con-
versely, Baillieul [1] has characterized the class of finite state Markov process that can
give rise to g/(2) (or, more generally, other 4-dimensional) estimation algebras. An
analogous class of examples for jump process observations is discussed in [33].

4. Diffusion processes, Weyl algebras, and nonexistence of finite dimensional
filters. In the estimation of finite state Markov processes, we are able (after converting
to Fisk-Stratonovich form) to directly apply the results from nonlinear systems and
Lie algebras, because the unnormalized conditional probability vector satisfies the finite
dimensional bilinear equation (14). On the other hand, the unnormalized conditional
density of a diffusion process satisfies the infinite dimensional bilinear stochastic partial
differential equation (11). Rigorous analogues of the results of 2 are difficult to obtain
for infinite dimensional systems, for they require much more subtle techniques from
analysis (some limited results along these lines will be discussed in this section).
However, the same philosophy can be applied and will lead, as we shall see, to a
number of new results and insights concerning the structure of finite dimensional filters
and the structure of the filtering problem.

By analogy with the finite dimensional case, we can associate with (11) the Lie

algebra generated by the operators L*-1/2h2 and h; these operators are thought of as
operating on C functions, with h acting by multiplication. This algebra =
{L*-1/2h2, h}LA, which is in some sense the controllability algebra of (11), will be called
the estimation algebra associated with (11); its structure will help us to provide partial
answers to the questions posed in 3.

First, the estimation algebra can be useful in recognizing "equivalent" filtering
problems; that is, is invariant under certain transformations of a filtering problem.
First, notice that if we perform a "change of scale" on the unnormalized conditional
density function, multiplying it by a nonnegative function 0 taking p-->/ ,p, the
D-M-Z equation becomes

d(t, x) d/(x)(L*-1/2h2(x))qt-l(x)(t, x) dt + (t, x)h(x) dy,
(33)

(O(x)L*g/-l(x)-1/2hZ(x))(t, x) dt / (t, x)h(x) dyt.

This transformation takes L*-1/2h2 q(L*-1/2hE)P-1 L*-l-h2 and hh-1

h, and the Lie algebras are isomorphic.
THEOREM 4.1. If .RIR1 is smooth and positive then the Lie algebras =

{L*-h2, h}A and ={L*-l-hz, h}A are isomorphic with an isomorphism

" A A-1 for all A .
Proof We let xt 1 for simplicity. Any A is a sum of differential operators

of the form f(x) O/Ox =f(x)O. To show that this mapping is a Lie algebra homomor-
phism, we compute, for any smooth function q,

[6(f, 0), 6(f20)]q(x)= [flOi-1, fzOi-’]q(x)

(fl0i-1f201-1- f2ol-lfOi-)q(x)
[flOi, f2oj]-lq(x)
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Hence b is a homomorphism by Definition 2.3; Ker (b) is clearly the zero operator
since q is positive, so b is a Lie algebra isomorphism.

The transformation of the previous theorem is the so-called gauge transformation
[37]. A related phenomenon occurs when one performs a smooth nonsingular change
of variables z=a(x) with inverse x=fl(z) (here again we assume x,). If, for
example, a is strictly increasing, then the unnormalized conditional densities of x and
z are related by

px(X)=(pzoa)(x)a’(x)
or

(p )(x) px(X)/’(x).

Hence, this is a particular example of a gauge transformation, with q(x)= 1/a’(x).
Thus from (33)

(34) d(Pz a)(x)=( 1 )[h(x)]2 (pz a)(x) dt+(pz a)(x)h(x)o

and the resulting estimation algebras are isomorphic. The formulas become more
complicated if the results are expressed in the z-coordinates and if a is not strictly
increasing, but the results are the same [8], [12]. In fact, we have the following
theorem [8].

TI-IZORZM 4.2. If the estimation problem (4), (8) is transformed by a smooth
nonsingular change of coordinates z, a(x,), so that {z,} has generator Lz, then the
mapping

6.L,_1/2h2_+L,_1/2(h )2, " h-h fl
extends to an isomorphism of the Lie algebras {L*-1/2h2, h}LA and {L*z-
1/2(h fl)2, ho fl}.A.

Since the set of all transformations consisting of Successive applications of the two
types of transformations described in Theorems 4.1 and 4.2 forms a group under
composition, Brockett [8] has called this the estimation equivalence group, and he has
termed two estimation problems equivalent if their estimation algebras can be trans-
formed into one another by elements of this group. This group is called the (stochastic)
invariance group by Hijab [20], who further analyzes its properties. Baras [2] has
studied nonlinear filtering via group invariance methods and has introduced a third
type of transformation involving the solution of a finite set of ordinary differential
equations. The utility of the estimation equivalence group is demonstrated by a filtering
problem which is merely a linear filtering problem after a change of coordinates. For
example, if f 0, g 1, and h(x)= x, the transformed problem for z, a(x,) is

dz,=1/2a"(fl(z,)) at+ ’(fl(z,)) aft,,
(35)

dy,= h(fl(z,)) dt+ dw,.

The estimation algebra of (35) is a 4-dimensional Lie algebra isomorphic to that of
the linear filtering problem for any isomorphism a (we will study this Lie algebra
later), and the conditional density of z can also be computed with the finite dimensional
Kalman-Bucy filter. It may be difficult to recognize (35) as a solvable estimation
problem directly, but computation of the estimation algebra gives useful information
which points in this direction. Thus, assuming that Theorem 2.3 could be generalized
to infinite dimensional systems (i.e., the D-M-Z equations for (35) and the linear
filtering problem), the isomorphism of the estimation algebras Could be used to conclude
that the conditional densities of (35) could be computed from the conditional density



METHODS IN NONLINEAR FILTERING 829

of the linear filtering problem (and hence from the Kalman-Bucy filter). However,
we must be very careful here. First, notice that the isotropy subalgebra condition of
Theorem 2.3 must be checked. Second, and more importantly, we should point out
that there are difficulties in making Theorem 2.3 rigorous in the infinite dimensional
case. Therefore, a reasonable approach is to use Lie algebraic techniques to suggest a
relationship between the conditional densities, but then to use rigorous analytical
results from nonlinear filtering to prove this and to show the relationship between the
conditional densities.

Since the D-M-Z equation is infinite dimensional, possibly the most important
application of the concepts of nonlinear systems and Lie algebras in filtering is to the
question of the existence of rectrsive finite dimensional filters. For the computation
of a given statistic 7rt(b), this is equivalent to the question of the existence of a finite
dimensional realization of the input-output map/3: {Ye} { 7r(4)} generated by (11)-
(12). Suppose that, for some given initial density, some statistic r(4) can be calculated
with a minimal finite dimensional recursive filter of the form (16)-(17). Since (16)-(17)
is a finite dimensional realization of the same input-output map/3, Brockett [7] observed
that results analogous to Theorem 2.1 (and the resulting Lie algebra homomorphism)
should hold. That is, under appropriate hypotheses, the controllability algebra
{a, b}LA of (16) (with Lie bracket (19)) should be a homomorphic image (quotient)
of the estimation algebra ; we call this the homomorphism principle (recall that
may be infinite dimensional, even though (16) is a finite dimensional filtercf. Example
2.5). On the other hand, if there is a homomorphism tb of into a Lie algebra
generated by two complete analytic vector fields on a finite dimensional manifold M,
and if b maps the isotropy subalgebra at the initial density into the isotropy subalgebra
at a point of M, then this is an indication (possibly via an appropriate infinite dimensional
generalization of Theorem 2.3, as mentioned above), that some conditional statistic
may be computable by an estimator of the form (16)-(17) (i.e., the statistic is finite
dimensionally computable). It is not known in what generality such results are valid,
especially for cases in which is infinite dimensional; some particularresults have
been proved, and we will return to this and related questions later. However, it is
clear (in part, from the examples discussed in this paper) that there is a strong
relationship in general between the structure of and the existence of finite dimensional
filters, and that this point of view gives new insights into the structure of nonlinear
filtering problems and guidance in the search for finite dimensional filters.

There is one class of (infinite dimensional) Lie algebras, the Weyl algebras, from
which there are no nonconstant homomorphisms into Lie algebras of C or analytic
vector fields; hence if a Weyl algebra arises as the estimation algebra of a filtering
problem, then (modulo the infinite dimensional proof of the homomorphism principle)
no nonconstant statistic of the conditional density can be computed with a recursive
finite dimensional filter. Although it has long been accepted that the nonlinear filtering
problem is generically infinite dimensional, the homomorphism principle and Lie
algebraic methods have made possible the first proofs that some filtering problems are
truly infinite dimensional (for example, the homomorphism principle has been proved
for the cubic sensor problem, Example 4.1cf. [17], [47], [48]).

The Weyl algebra Wn is the algebra of all polynomial differential operators; i.e.,
Wn--Xl,’’ ",Xn;O/OXl," "’,O/OXn). A basis for W consists of all monomial
expressions
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where a, /3 range over all multi-indices
LI {0} (the nonnegative integers). W, is a Lie algebra under the Lie bracket; as an
example, we state the general formula for W:

Xt X I i+k-r

Ox’ oxlJ r=l
.x Ox+l_

(37)

s!xi+k--SoxJ+l_
where

(j-r)!r!

is the binomial coefficient and we have used the convention that () 0 if r < 0 or j < r.
As is easily checked, the center of Wn (i.e., the ideal of all elements Z Wn such that
IX, Z] 0 for all X W,) is the one-dimensional space R. 1 with basis { 1 }. It is shown
in [16] that the Lie algebra W/R. 1 is simplemi.e., it has no ideals other than {0}
and W,/. 1 itself. Thus we have the algebraic part of a proof that if W, occurs as
the Lie algebra 3f for some estimation problem, then either the unnormalized condi-
tional density itself is finite dimensionally computable or no statistic at all is finite
dimensionally computable. The next two theorems [16] complete the algebraic part
of the argument by showing that in fact neither Wn nor its quotients can be realized
by vector fields on a finite dimensional manifold.

Let V, be the Lie algebra of vector fields

Vm Z fi(x1, Xm)
O

i=1

with (formal) power series coefficients fi R[[Xl,’’’, x,]], and let V(M) be the Lie
algebra of C-vector fields on a C-manifold M.

THEOREM 4.3. Fix n rs O. Then there are no nonconstant homomorphisms from Wn
to or from W/E. 1 to for any m.

THEOREM 4.4. Fix n # O. Then there are no nonconsmnt homomorphisms from W,
to V(M) or from W,/ 1 to V(M) for any finite dimensional C-manifoM M.

These results suggest (assuming the appropriate homomorphism principle) that if
a system has estimation algebra W, for some n, then neither the conditional
density nor any nonconstant statistic of the conditional density can be computed with
a finite dimensional filter of the form (16)-(17) with a and b C or analytic. This is
indeed the case for the cubic sensor problem (Example 4.1 below), as was mentioned
before. We will give some examples of such systems, but first we present a general
method for showing that W,.

THEOREM 4.5 [16]. The Lie algebra W, is generated by the elements x,
x2 8/Ox,i=l, n and i=l,.., n-1XiXi+l

Proof. Let be the Lie algebra generated by these elements. Since [x /Oxi, x]
kx+1, contains x, k 1. Now, [O/Ox, xi] O/Oxi and [O/Oxi, xi] = 1. Also,

(38) x O
=2kx-

O
/+1

+ (__ 1)X_2 0
>2"

with /=0, (38) implies that x a/ax, kO. Then by induction (38) implies that
x(a/ax) for all k, 0. Notice that [xi a2/ax, xixi+] 2xixi+ a/axi, and commut-
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ing this with xki(O/OXi) gives Xi+l’R(xi, O/Oxi)E.. Repeated commutation with
z O/Oxi and (O/OXi+l)2 yields (as above) R(x, X+l, O/Ox, O/Ox+l). By induction, weXi+l +1

have that Wn.
Theorem 4.5 provides a relatively systematic method for showing that W,

for a particular estimation problem; one need only show that by taking repeated Lie
brackets of L-1/2h2 and h, the generating elements of W, given in Theorem 4.5 are
obtained. Notice that if n 1, the generating elements are x, oZ/ox2, and xZ(O/Ox).
Some interesting examples, which illustrate the computations involved, are the
following.

Example 4.1 [16] (the cubic sensor problem). Consider the system

dxt dt, dyt X3t dt+ dwt.
The Lie algebra E’ is generated by the operators

10z 1
X6, e x3"Co=2 Ox2 2

We can compute a sequence of Lie brackets to obtain a sequence of elements
eventually obtaining the desired generators of Wn"

leo, el] 3X2--0 q 3xz=>e2 X2 0
--+ X,

Ox Ox

ade2el=3.4...(k+2)xk+3xkGe, k>=3.

Combined with e0, x6 implies that e3 02/0x2 . Continuing,

02 0 02
[e3, ez]=4x+4-e4 x

OX2 OX OX2 "
02 02

[e4, e2] 3x2+ 6x--3+ 1e5 3x2+6x--+ 1
0X2 0X 0X2 0X

[e4, el] 6x30 +9x2=e6 2x30 + 3x2,
Ox Ox

02 0
[e3, e6] 12xZ_---+24x+ 6,

Ox

which combined with e5 implies that e7 1 and e8 x202/Ox2q- 2XO/OX are in . A
few more calculations will complete the demonstration:

03 d2 03
[e3, es] 4x+60x3 -X2 :=> e9 x ---x[el, es] =--6X4"’-0 12x3=> el =X

4,0
Ox Ox

03 02 03 02
[e2, e9] =-5xz-9x:=e11 5x2- 9x

OX3 OX2 OX
3q-

OX2’

02 0 02
[e3, el0] 8X3x2+ 12xZ m==>elz0x 2x30x2+ 3xZ----00x’

03 02 03 02 0
el2] 12x25+24Xx2+60=e13=2x2+4x+.OX OX OX3 OX2 OX
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Now el3, ell, and e4 are all linear combinations of the elements xa 03/0X3, X 02/0X2,
and O/Ox, and the coefficient matrix

5 9
2 4

is nonsingular. It follows that contains el4 "-O/OX, elS-" X 02/OX2, and el6- x
2 03/Ox3.

Finally,

[e14, el] 3x2== e17 x2,

[e14,’e17]= 2xz=>e18= x,

which combined with e2 gives X20/OX E .’ thus by Theorem 4.5, W1.
Analogous computation of selected Lie brackets and the use of Theorem 4.5 yield

similar results for the following examples.
Example 4.2 (mixed linear-bilinear type). Consider the system with state

equations

dxt 2dw,, dt xt dt + xt

with observations

dy, t dt + dw,.

is generated by

20X2 and ;

it is shown in [16] that W2. The same result is obtained if the x, dt term is absent
in the : equation; in that case we have a multiple Wiener integral of Brownian motion
observed in Brownian motion noise.

Example 4.3 [16]. Consider the system with state equations
2dx, d,’t, d x dt

and observations

dy xt dt + dwt, 2dy2t , dt + dw,.

is generated by

1 02 O 1 1
X
2- X

2

20x2 : -so2’ x, and :;

it is easily shown that W2.
Example 4.4 (the quadratic sensor problem). For the system

2dxt dWlt, dyt xt dt + dwt,

is generated by 1/2 O2/Ox2-1/2x4 and x2, and is equal to the subalgebra W of W
spanned by all operators x O/Ox with i-] even. Although E’ is not the entire Weyl
algebra, results analogous to Theorems 4.3 and 4.4 can be proved for W; thus, for
this problem, the algebraic computations indicate that no nonconstant statistics can
be computed with finite dimensional filters.

The rigorous proof that, for problems in which W,, no nontrivial statistics
can be computed with finite dimensional filters, depends upon proofs of the
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homomorphism principle for these cases. This was done for the cubic sensor in [47]
and [48]; proofs for more general problems may result from the method of [48] or
from that of [21].

Despite the fact that, for this class of estimation problems, no statistics appear to
be exactly computable with finite dimensional filters, we shall see in 6 that the
structure of the estimation algebra can also lead to the design of reasonable finite
dimensional suboptimal filters for such problems.

5. Examples of Lie algebras and finite dimensional filters. In the previous section,
Lie algebraic methods were used to indicate the nonexistence of finite dimensional
filters for certain classes of filteri.ng problems. In this section, we present a number of
examples in which finite dimensional filters do exist, and in which Lie algebraic methods
and the homomorphism principle can be used to enhance our understanding of the
structure of filtering problems. From another point of view, in each of these examples
we verify the homomorphism principle. Notice that is finite dimensional in 5.1-5.3,
while is infinite dimensional in 5.4-5.6; in all cases, however, at least some
statistics are finite dimensionally computablemthe results are highly dependent upon
the particular structure of .

5.1. The linear filtering problem. We only consider a simple scalar example (for
the general vector case, see [7], [9])"

(39) dx, dff,, dyt xt dt + dwt.
The estimation algebra is 4-dimensional with basis

1 02 1
eo- 20x2 2

x2, x,-x ,1"

This algebra is well known in physics, and is called the oscillator algebra. Its importance
in the estimation problem was first pointed out by Brockett [7] and Mitter [37]. The
nonzero commutation relations are

leo, x] =x, e0, =x, x, =-1.

The oscillator algebra is thus the semi-direct sum of . 1 and the Heisenberg algebra
spanned by eo, x, and O/Ox.

If the density of Xo is Gaussian, then the conditional mean x, E[xtlt] can be
computed with the Kalman-Bucy filter [24]:

(40) dt -Ptt dt + Pt dyt,

(41) P,= 1-Pz

where Pt is the (deterministic) error covariance. Notice that the Kalman-Bucy filter,
being linear, has the same form in terms of either the It6 or Fisk-Stratonovich integral.
Now, (40)-(41) can be thought of as a 2-dimensional time-invariant system (note that
we need a time-invariant realization in order to compute the controllability algebra
as in 2). The controllability algebra ; of the Kalman-Bucy filter (viewed as a
2-dimensional control system with input y) is a 3-dimensional Lie algebra with Lie
bracket given by (19) and basis

f0= l_p2, fl f2
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It can easily be verified that there is a Lie algebra homomorphism (see Definition 2.3)
from to that takes eofo, xfl, O/Oxf2, 1 0. That the homomorphism has
the one-dimensional kernel {1} (corresponding to multiplication by a constant) is due
to the fact that p is an unnormalized density; one point of view is that, since the
normalization factor err(l) (see (5)) can be computed from p by a memoryless operation
but must be computed from xt via a dynamic equation, this dynamic equation must
be appended to the 2 equation for the controllability algebras to be isomorphic. This
is indeed the case, for if we append the equation (set b(x)= 1. x in (7))

(42) dr,(1) az ^2
--l, xt + Pt)o’t(1) dt + xttrt(1) dyt

to (40)-(41), this set of equations has a controllability algebra isomorphic to
For linear filtering problems with Gaussian initial conditions, the conditional

density is also Gaussian and the Kalman-Bucy filter conditional mean estimate provides
a sufficient statistic for the conditional density; also the conditional mean together
with the normalization factor provides a sufficient statistic for the unnormalized
conditional density. However, from another point of view, since is finite dimensional
and solvable for linear filtering problems, it is natural to attempt to solve the D-M-Z
equation via the Wei-Norman representation; this is an alternative method for deriving
finite dimensional recursive filters for sufficient statistics, even for non-Gaussian initial
conditions. The calculation, which can be rigorously justified [40], proceeds as follows
for our example (see 2.3). Assume that the solution of the D-M-Z equation has the
form

(43) p(t, x)=(eg,eo eg,x eg,/ox eg4,po)(X),
where {e re, >= 0} is the semigroup defined by solving Ou/Ot eou, on L2(E)

(etef)(X) I G(X, y, t)dp(y) dy,

(44)
G(x, y, t) (2r sinh t) -1/2 exp [- 1/2(coth t)(x2 + y2) + (sinh t)-lxy].

Similarly, (etude) e’Xd(x) and (e’</x)d)(x) 4(x + t). The commutation relations
and the Baker-Campbell-Hausdorff formula (26) yield

0 teetex (cosh t)X ere+ (sinh t)xx e

(45)
te 0 eteo c9

e (sinh t)x + (cosh t) et.
Ox Ox

Utilizing these identities, the Wei-Norman equations (29) are calculated to be

(46)
g t, dgZt cosh dyt,

dg=-sinh to dyt, dg4t -(sinh t)g2 dyt.

Finally, by substituting these expressions into (43) and using the explicit form of
exp (teo) given in (44), we obtain (for the initial density po(X)= 6(x---Xo)):

(47) o(t,x) k(t,z) exp --(tanh t)-[x-(cosh t)-(z-g3)] Oo(z) dz,

1
exp -(tanh t)(z g3) + g(z g) + g4(48) k(t, x)

/2- sinh
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Let p(t, x; z) denote the unnormalized conditional transition density starting at x0 z
(i.e., the integrand of (47) exclusive of po(Z)). Then the normalized version of p(t, x; z)
is obviously Gaussian with covariance Pt =tanh and mean x*t (cosh t)-l(z-g3t), and
this ; satisfies the Kalman-Bucy filter equation (40).

Notice that a 2-dimensional minimal sufficient statistic for p(t, x; z) (i.e., a minimal
realization of the input-output map from {Yt} to the transition density {p(t, x; z)})
consists of the conditional mean ;t and the normalization factor rt(1) of (42). An
alternative 2-dimensional realization based on the {gi} of the Wei-Norman representa-
tion is obtained by noticing that if we define, in (48),

(49) :t =. gt2(z gt3) + gt
4

then from (46)

(50) d:t (cosh t)(z-g3) dyt;

hence (gt3, set) obviously comprises a 2-dimensional sufficient statistic for p(t, x; z).
Finally, we note that an alternative method for deriving sufficient statistics, based upon
the recognition that the unnormalized conditional transition density is the exponential
of a quadratic form for this problem, is given in [9].

5.2. The Bene problem [3]. Consider the scalar problem

(51) dxt=f(xt) dt+ dfft, dy, xtdt+ dwt
where f satisfies

(52) f’(x) +f2(x) ax2 + bx + c

for some a, b, c e R. It is assumed that the Riccati equation (52) has a global solution
on R (this implies [40] that either a > 0 or a b =0, c > 0). Then an unnormalized
conditional transition density of xt given , and x0 z is given by

p(t,x;O,z)=/rexp xy+ [f(u)+ku]du-mrv

1 (x+(Rtv)l-ml)2 ( +1 ) }+- vWRtv-- 2r1 k 2c
where k=(a+ 1)1/2; Rt=[rlq is the 33 matrix solution of R0=0; t Yt+RtAtT+
AtRt; mt3 is the solution of tht=Atmt; mro=(Z, O, 0); //W ---(0, 1,-1);

At 0 0 Yt Yt Y2t [1 Yt 0].
kyt-1/2b 0 0 0

A finite dimensional recursive filter for the unnormalized conditional transition
density consists of the equations for mt and Rt (along with Yt); thus we have a
10-dimensional sufficient statistic r/, and p(t, x; 0, z)= 3’(r/t; x, z) with 3’ given above.
This leads, of course, to a 10-dimensional recursive filter for the computation of the
normalized conditional density, since

p(t, x) I_oo 3"(rlt; x, z)po(Z) dz/f y(W,; x, z)Oo(Z) dz dx

is again only a unction of rtt. The same is true or all conditional moments o x, given
t. In act, Beneg [3] shows that a 2-dimensional filter is sufficient, and the equations



836 STEVEN I. MARCUS

are similar to those of the Kalman-Bucy filter. Examples of functions f satisfying (52)
are (i) f(x)=(AeX-Be-X)/(AeX+Be-X); for which a=b=O,c=l; and (ii) the
linear case f(x)= ax + . Thus, this class of problems provides a generalization of the
linear filtering problem.

The close relationship between the Bene problem and the linear problem is
further elucidated by an analysis of the estimation algebras. The estimation algebra
n of the Beneg problem (51) is generated by eo=1/2 02/OX2--(O/Ox)f--1/2X2 and x, and
has the basis { co, x, OOx f, 1 } with commutation relations

[eo, x]=x-/’, eo,x-/’ =(a+l)x+, x,-x-f =-1.

Hence, as in 5.1, wB is 4-dimensional and solvable, and (39) is a special case of the
Bene problem with f 0. In another sense, the Bene problem is essentially equivalent
to a linear problem. This is due to the fact that if we define the gauge transformation
[3], [37], [38], [40], F(x)=jof(u)du, q(x)=exp(-F(x)), and define (t,x)=
q(x)p(t, x), then the D-M-Z equation for the Bene problem is transformed according
to (33) into

(53) d(t,x)= [(a+l)x2+bx+c] (t,x)+x(t,x)ody,
OX2 2

which is essentially of the same form as the D-M-Z equation for (39). wB is, by
Theorem 4.1, isomorphic to the controllability algebra of (53), which has the basis

1 02 1
20X2 2

[(a + 1)x2 + bx + c], x,-x’ 1

with the same commutation relations as w of 5.1. Hence the unnormalized conditional
density of the Beneg problem can be obtained by solving an essentially linear problem
and multiplying by 0(x). Therefore, sufficient statistics for this problem can be obtained
by functional integration [3], solution of a linear problem and multiplication by O(x),
or by solving the D-M-Z equation for this problem directly via a Wei-Norman
calculation. Details on reduction of the number of sufficient statistics, verification of
the homomorphism principle, and extensions to the multi-dimensional case can be
found in [3].

5.3. Some negative results [401, [41]. Although the finite dimensionality of Ae
(as in the two previous examples) is not necessary for the existence of finite dimension-
ally computable statistics, this property certainly simplifies the situation; this is because

can then always be realized by a Lie algebra of vector fields on a finite dimensional
manifold, and (if is solvable) Wei-Norman techniques can often be justified.
However, it is shown by Ocone in [40], [41] that, in the scalar case, the linear and
Bene problems are in some sense the only estimation problems in which the Wei-
Norman technique can be used to produce finite dimensional filters for the conditional
density. More precisely, the following is proved.

THEOREM 5.1. Consider the estimation problem (4), (8).
(a) Suppose dim < oe. If a function , then is a polynomial of degree <- 2.
(b) Let n m 1 and g 1 in (8). Then dim 2 < oo only in the following three

cases:
(i) h(x)= ax and (52) is satisfied;
(ii) h(x) olx

2 -t- [3x, ol # O, and

(54) f’(x) +f2(x)=-h2(x) + a(2tx +/3)2+ b+ c(2ax +/3)-2
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or

(55) f’(x) +f2(x) -h2(x) + ax2 + bx + c.

(c) If f satisfies (52) with a <0, (54), or (55), then f has a singularity on any
unbounded interval In this case, the D-M-Z-equation contains boundary conditions
which prevent the Wei-Norman method from producing a finite dimensional filter for
the conditional density.

This result has two important consequences. First, even if is formally finite
dimensional, the Wei-Norman method may not yield a finite dimensional filter, because
of singularities in f and boundary conditions associated with the differential operators.
Second, the linear and Bene problems are the only scalar problems in which is
finite dimensional and the Wei-Norman technique does produce such a filter. On the
other hand, it appears that the scalar case is not typical, and that many more examples
in which is finite dimensional can be found in the case in which x, is not a scalar.

5.4. A 2-dimensional example [52]. In [52], W. Wong has begun to expose the
possibilities inherent in the multi-dimensional case by employing Lie algebraic methods.
The general class of (2-dimensional) filtering problems considered is given by

dt + dwtx2) dt + dfft, dx2 g(x) dt, dyt xt(56) dx, =f(x,,

The class includes as a special case the problem of identification of some linear systems
discussed in 5.5 (but for which is in general infinite dimensional). Wong iaas given
two sets of sufficient conditions under which the estimation algebra Le of (56) is finite
dimensional; we consider here only the second condition, which is a generalization of
(51)-(52)" if there exist constants c and/3 and a C function 3’ such that 1/202f+f Of+
g Ozf +x + 3"(x2) (where Oi O/Ox) and G {g. 02, 3’}LA is finite dimensional,
then is finite dimensional. Based on this condition, it is shown that the following
class of examples has a finite dimensional estimation algebra:

dx=[ ( -Io2r/x 23’(r)+12g(r) dr)+3"(x2)] dt+dff’

dx2t g(x2t dt,

dt + dwtdyt x

where rl(x)= c eX(1 + c eX)- and g and 3’ satisfy certain conditions. In addition, is
solvable, so the unnormalized conditional density can be found via Wei-Norman
methods, which are rigorously justified in [52]. All of this can also be extended to
dimensions greater than two.

5.5. Recursive estimation of iunctionals o Gaussian processes. Since is in
general infinite dimensional, it is of considerable interest to investigate estimation
problems with infinite dimensional, but for which finite dimensionally computable
statistics exist. This is the case for the class of problems studied in [32], [35], [36], in
which it is desired to recursively estimate a polynomial functional of the state of a
linear system, given noisy linear observations of the state. The simplest example is one
in which the state equations are

dxt dfft, dt (Xt) 2 dt

and the observations are

dyt xt dt + dwt
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with x0 Gaussian. The computation of x*, is of course straightforward by means of the
Kalman-Bucy filter; however, as shown in [35], [36], all conditional moments
E[(:t)nlt] of t can also be computed recursively with finite dimensional filters. is
generated by

A0 -x2+ and B0=x"
O 20X2 2

its structure is given in the next theorem.
THEOREM 5.2.

(i) The estimation algebra generated by Ao and Bo has as basis the elements

Ao, Bi x’-, Ci
Ox Oi’ Di ---, i=0, 1,2,’".

(ii) The nonzero commutation relations between basis elements are given by
[a0, B] C, [ao, C] B + 2B,+1, [B, C] -D,+.

(iii) The center of is {D, O, 1, 2,. .}.
(iv) Every ideal of has finite codimension; i.e., for any ideal L the quotient /I

is finite dimensional.
(v) Let

and (3/ ={0}, so is "pro-finite dimensional" [16].
(vi) is solvable.
The Lie algebras of the, finite dimensional filters for the conditional moments of

x and : are analyzed in detail in [32], and the homomorphism principle is verified for
this example. In particular, realizations of the quotients /Ii are given in terms of a

sequence of recursive finite dimensional filters for the conditional moments.
It is interesting to compare this example with Example 4.3, which is the same

except for the additional observation dyZt dt + dwZ; in that case W2 (the Weyl
algebra), so that no conditional statistic can be computed exactly with a finite
dimensional filter. However, it is probable that, due to the additional-observation, a

suboptimal approximate filter (such as the extended Kalman filter) for the conditional
mean of :, will result in a lower mean-square error than the optimal filter which
computes :, in the present example. Thus some care must be taken in interpreting the
Lie algebraic structure of a nonlinear estimation problem; this structure has direct
implications on the exact computation of conditional statistics; its implications on
approximate filtering will be discussed later.

As shown by Ocone [42], the Lie algebraic structure for the problem of recursively
estimating polynomial functionals of the state of the Bene system (51) [43] is almost
identical to that of the problems discussed in this section. Other examples having
properties (iv) and (v) of Theorem 5.2, the so-called pro-finite dimensional Lie algebras,
are discussed in [16]. In fact, all known filtering problems which admit finite dimension-
ally computable statistics have estimation algebras of this type. Another interesting
example of such an algebra is that of the next section.

5.6. Linear systems with unknown parameters. The recursive estimation of states
and parameters in linear systems with unknown parameters has been. treated from a
Lie algebraic point of view in [26]-[28]. Problems with and without noise in the state

equations, and both constant and jumping parameters are discussed in these references,
but we treat here only a simple scalar example which has many of the characteristics
of the general problem [27], [28]:

(57) dx, 0
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(58) dyt xt dt + dwt

where 0 is a random variable taking values in a smooth manifold 19 (0 is to be thought
of as an additional state variable obtained by augmenting (57) with the state equation
dot 0). Although suboptimal filters have been used, little is known about the existence
of finite dimensionally computable statistics for this problem, and Lie algebraic tech-
niques can produce some limited results in this direction.

For this problem, ={(02/2)02/tgX2--X2/2, X}LA is an infinite dimensional Lie
algebra spanned by the set of operators: (02/2) 02/tgx2- x2/2, {02nX}noo-_O, { 02n c/tgX} noo=l,
and { 02". 1}=1. Notice that is simply a Lie subalgebra with two generators of the
infinite dimensional Lie algebra obtained by tensoring the polynomial ring [02] with
the six dimensional Lie algebra of operators st (1) {02/Ox2, x OOx, oOx, x2, x, 1 }; i.e.,

R[0Z]@st (1). From a slightly different point of view, we know from 5.1 that if
0 is a known constant, then we have a linear filtering problem in which st (n). In
the present problem, however, 0 is treated as a variable, each element of is a
function of 0, and for each 0, each element of takes values in st (1). Indeed, it is
shown in [28] that w is a solvable Lie subalgebra of the "current algebra" C (19; st (1))
of Coo maps from 19 to st (1). If 19 is a finite set, then clearly Coo((R), st (1)) is finite
dimensional, and so is ; thus finite dimensional recursive filters (consisting essentially
of a Kalman filter for each value of 0) which compute t and P(O= i[,) can be
constructed for this problem [22].

For the more interesting problem in which 19 is a general smooth manifold (such
as Rn), the homomorphism principle suggests that the existence of finite dimensional
recursive filters is related to the representation of by a Lie algebra of vector fields
on a finite dimensional manifold. With this motivation, it is shown in [27]-[28] that

can be realized by such a Lie algebra of vector fields arising from a finite dimensional
filter which, for a particular 0o O, computes E[xtl’l-Jt, 0o] and the density of 0 given
t evaluated at 0o. Although this density can be computed finite dimensionally for
each Oo O, the computation of the entire posterior density function appears not to
admit a finite dimensional filter in general (unless 0 is finite). Despite the intrinsic
infinite dimensionality of this problem, it does have considerable structure which can
be exploited via Lie algebraic methods. For example, the unnormalized joint conditional
density p(t, x, 0) of xt and 0 given t is computed in [27]-[28] via a generalization of
the Wei-Norman method; in this generalization, the ordinary differential equations
(29) are replaced by first-order partial differential equations (which cannot be computed
on-line, of course), and p(t, x, 0) is computed explicitly in terms of the {gi} in a formula
similar to (47). By expanding the solutions of the equations for the {gi}, it is easily
seen that a sufficient statistic for p(t, x, O) is given by the sequence {Jr0 (o’k/k!) dye},
thus further elucidating the structure of the problem.

6. Lie algebras and asymptotic expansions. The Lie algebraic results of 4 on
the nonexistence of exact finite dimensional filters do not address the issue of nonexact
but high-performance suboptimal filters, which is much more important from a practical
point of view. This problem is considered from both Lie algebraic and analytical points
of view in [5] for linear systems with small nonlinear perturbations. A typical such
system has the form

dxt axt dt + dlt,

dy [xt + e(xt)] dt + dwt,

y 0 p0(x) Gaussian
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where e is a small positive parameter; as e $0, we recover the linear problem of 5.1.
Let the estimation algebra for this problem, with fixed k, e, be denoted k.

As a particular case, consider the "weak cubic sensor" when k 3. It can be
shown [14] that, just as with the cubic sensor (Example 4.1), the estimation algebra
3 for e # 0 is isomorphic to the Weyl algebra W, and that no nontrivial statistics
can be computed exactly with finite dimensional filters. Of course, for e 0, the Lie
algebra 30 is just the 4-dimensional algebra of the linear problem ( 5.1); in this
case, there is a 2-dimensional sufficient statistic which can be evaluated recursively.
Thus, as e passes from zero to e # 0, the filtering problem moves from the simplest
to the most difficult class.

To treat the case e 0 small, it is natural to consider expansions, of the conditional
density and statistics in powers of e. From a Lie algebraic point of view, this was
considered in [14]. Let W(e)=N(x,e,d/dx) be the Lie algebra of differential
operators with coefficients that are polynomials in x and e. Thus, Wl(e) has basis
{eijl eixdl/dxl; i, ], =0, 1," "} (here we regard e as a "variable"). The estimation
algebra k may be regarded as a subalgebra of W(e). Define k mode as the Lie
algebra obtained from k by setting e= 0 for i_-> n. It is shown that mod e is
finite dimensional for each k, n (thus giving some reason to believe this procedure
may lead to finite dimensional filters); for instance, 3 mod e is 0, and 3 mod e2
is 14 dimensional.

This development is related to asymptotic expansions in the following way. The
unnormalized conditional density p (t, x) of xt given , satisfies (10)-(11) with L*p
1/202pe/Ox2--aO(xpe)/OX. We assume that p has a formal expansion in powers of e

(59) o(t, x)= oo(t, x)+ o,(t, x)+ eo(t, x)+. .
Substituting this in (10) and equating coefficients of powers of e gives

(60)
dpo( t, x) L*po( t, x) dt + Xpo( t, x) dyT,

po(O,x)=po(x),

(61)
dpl(t,x)=L*pl(t,x) dt+xp,(t,x) dyT+Xkpl_(t,x) dye,

p,(O, x) =0.

/=1,2,

Writing (60)-(61) in Fisk-Stratonovich form and truncating after l-n gives

Po r L* 1/2x2 0 Po

Pl ] --X
+1 L*-1/2x2 0 Pl

d P2 I x2k --xk+l Z*-1/2x2 P2 dt

Pn -1/2x2 -x+l L*-1/2x2 On

(62)

X Po
X 0 Pl

+ dyT.

xk Pn
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The controllability Lie algebra of (62) is isomorphic to k mod en+l; thus the
Lie algebraic construction discussed above corresponds to the approximation (59) to
n + 1 terms. This is important, because using the additional fact that k mod en/l is
solvable, it is shown in [5] that (62) can be solved by the Wei-Norman method, and
the resulting {gi} constitute a finite dimensional recursive filter for the approximate
conditional density up to n + 1 terms. To justify the use of this expansion and the
resulting approximate filters, it is proved in [5] that the formal expansion (59)-(61)
is in fact a true asymptotic expansion; i.e., it is shown that, in an appropriate norm,
the error p(t, x)-Yi=0 eipi(t, x) is of the order of e n+l for e small. The corresponding
results and filters are also presented for the approximations to the conditional mean,
and the mean-square errors of the zeroth and first order filters are compared by
simulation in [5] to the extended Kalman filter (EKF); in general, the zeroth order
filter performs worse than the EKF, while the first order filter performs better than
the EKF. Similar results were obtained by other methods in [49].

7. Conclusions. In this paper we have attempted to demonstrate that methods
from nonlinear systems and Lie algebras can provide useful tools for the solution and
understanding of nonlinear filtering problems. Equivalent filtering problems can be
recognized via their estimation Lie algebras. Some new finite dimensional (or lower
dimensional) filters have been constructed via Lie algebraic techniques; these may not
all be filtering problems that arise in practice, but these results aid in the understanding
of the structure of the filtering problem from a different point of view. In a similar
fashion, these methods have provided new insights into known finite dimensional filters,
such as the Kalman filter. The Lie algebraic and system theoretic approach has, for
the first time, rigorously shown the inherent infinite dimensionality of certain filtering
problems. Finally, these methods have aided in the construction of filters which arise
in asymptic expansions of the conditional density.

If one is approaching a particular nonlinear filtering problem, how can these tools
be used? First an attempt should be made to compute the Lie algebra; if it is finite
dimensional and solvable, finite dimensional filters can usually be computed via the
Wei-Norman technique. However, one must be careful to take into account the domain
of the differential operators and boundary conditions in computing the Lie algebra if
the state is not defined on (cf. [41]). The unnormalized density obtained by the
Wei-Norman technique can be plugged back into the D-M-Z equation to determine
if it is a solution. In most cases, the Lie algebra will not be finite dimensional; if it is
infinite dimensional, this still does not exclude finite dimensional filters (cf. 5.5). If
one can show that is a Weyl algebra, then (modulo a rigorous homomorphism
theorem), there are no exact finite dimensional recursive filters for conditional statistics.
If is infinite dimensional but not a Weyl algebra, the Lie algebraic information is
often not of great use, since even if there are homomorphisms from to Lie algebras
of vector fields on finite dimensional manifolds, it is difficult to determine precisely
which conditional statistic the corresponding filter computes. In the infinite dimensional
case, it is sometimes possible to gain insight into suboptimal filters through the
estimation algebra and its properties (cf. 6).

There are still a number of open problems which deserve attention. Rigorous
versions of the homomorphism theorem (particularly in higher dimensions) are
necessary for concluding the nonexistence of finite dimensional filters. In addition,
Ocone [42] has proposed formal conditions that a finite dimensionally computable
statistic must satisfy; if this were made rigorous, it would become a powerful tool.
Along these lines, we note also the Lie algebraic necessary condition presented in [55]
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for the existence of a finite dimensional filter which computes all conditional statistics.
It also appears that if other examples with finite dimensional are to be found, they
will occur in higher dimensions (cf. [41] and 5.4); the search for these should be
continued and will certainly lead to new insights. A number of purely algebraic problems
concerning the structure of are posed in [15], including the structure of subalgebras
of the Weyl algebra and the investigation of how changes if the observation structure
is changed (e.g., when an observation is added, when the output is processed through
another system before being observed, etc.). Possibly the most promising and potentially
applicable direction is the further study of the uses of the estimation algebra in the
design of suboptimal estimators, either along the lines of 6 or through some type of
study of the extended Kalman filter.
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A NEW PROCEDURE FOR STOCHASTIC REALIZATION
OF SPECTRAL DENSITY MATRICES*

A. J. VAN DER SCHAFT’, AND J. C. WILLEMSt

Abstract. In this paper we consider the problem of obtaining a state space realization of a zero mean
gaussian vector process. A new algorithm is presented for the case in which the process is given in terms
of its spectral density function. Contrary to the usual procedure followed, which requires a partial fraction
expansion, the algorithm presented starts with a (deterministic) realization of the spectral density function
itself.

Key words. Spectral densities, stochastic realization, Hamiltonian systems, spectral factorization, Riccati
equation

1. Introduction. One of the basic problems in mathematical system theory is the
question of obtaining an "internal" state space realization of a system given in "exter-
nal" form. In the stochastic case the main problem studied in this context may be
formulated as follows: Given a stationary zero mean gaussian vector process y, construct
a stationary zero mean Gauss-Markov vector process x and a matrix C such that Cx
has the same statistical properties as y.

The basic formulation of this problem is due to Kalman [6] about fifteen years
ago and since that time numerous publications have appeared on it. A good account
of the existing theory may be found in the book by Faurre et al. [5]. The existing
algorithms assume that the process y is given by its (matrix) autocorrelation function.
However, in many applications the process y will be given by its spectral density
function and in order to apply the existing algorithms it is then necessary to factor
(e.g., by means of a partial fraction expansion) the spectral density into a part which
is analytic in Re s > 0 and a part which is analytic in Re s < 0. This is however a
nontrivial step in the application of these methods, and more often than not this
difficulty is glossed over. Indeed this requires the factorization of a high order poly-
nomial. From a numerical point of view this is a nonlinear problem of the same level
of difficulty as solving an algebraic Riccati equation. This difficulty motivates the
approach followed in the present paper. We will propose a different solution of the
problem of stochastically realizing a spectral density. Our approach is based on the
observation that a spectral density matrix (s) is always Hamiltonian (cb(s) T(--S))
and passive ((]o)+T(--j0)>---0). Exploiting this structure, one may obtain a special
"deterministic" realization of (s) (viewed itself as a rational function in s) which
then yields an algebraic Riccati equation from which a stochastic realization (or a
white noise representation) of the original process is readily derived.

2. Realization of autocorrelation functions. In this section we will introduce the
problem and review some of the main results previously obtained on it.

Let y := {Yt, E} be a real p-dimensional vector process defined on a probability
space {f, , P}. We assume that y is gaussian, zero mean and stationary. In the
stochastic realization problem for such processes we look for a real n-dimensional
zero mean stationary Gauss-Markov process x := {xt, R}, defined on a probability
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space {f’, ’, P’}, and a matrix C :R --> Rp such that Cx y. Here denotes (stochas-
tic) equivalence, i.e. the probability distributions of the vectors (Ytl, Yt2,""", Ytk) and
(Cx,1, Cxt2,. , Cxtk) should be equal for all choices of tl, t2," tk. Obviously if (x, C)
realizes y, then so does (Px, CP-1) for any nonsingular matrix P. We will say that
(x, C) defines a minimal realization of y if the only matrices P:Rn-->E" such that
(Px, C’) also realizes y for some C’ are actually the nonsingular matrices.

Note that we do not require that y and x are defined on the same probability
space. Often this problem is therefore called the weak realization problem in order
to distinguish it from the strong version in which {fY, ’, P’} {12, , P}. Other than
in Remark 6 we will in this paper deal exclusively with the weak version.

The marginal probability distributions of y (and thus of all processes which are
equivalent to it) are completely specified by its autocorrelation function R:R--> PP
defined by R(t):= E{y(t)yT(O)}. The restriction of R to [0, ) will be denoted by R /.
Of course, R / specifies R completely since R(t)= R T(--t). The following basic result
from deterministic realization theory is well known:

PROPOSITION 1. The following conditions are equivalent:
(i) R+ is Bohl (i.e., every entry of R/ is a finite sum of products of a polynomial,

an exponential, and a trigonometric function).
(ii) There exists matrices (F, G,H) such that R+(t)=HeFtG, with FEnn, G

nP, and H P.
In addition:
(iii) There is a minimal n, r/rnin, for which the factorization in (ii) is possible. This

nmi is called the McMillan degree of R +, and n nmin iff (F, G) is controllable and
(F, H) is observable. The triple (F, G, H) is then called minimal.

(iv) All triples (F, G, H) with n nmin are obtainablefrom one by the transformation
group

s
(F, G,H)

det S0
(SFS-1, SG, HS-1).

Assume that x is an n-dimensional zero mean stationary Gauss-Markov process
with E{x(t)xT‘(t)}= O> 0 (obviously O> 0 whenever (x, C) is a minimal realization
of y). We call such Markov processes nonsingular. Then E{x(t)lx(O)} for =>0 is of
the form eatx(0) for some A. Moreover it is easily seen that O and A completely
specify the marginal distributions of the Markov process x. It is in fact not difficult to
see that this way any pair of matrices {O, A} will define a zero mean stationary
nonsingular Gauss-Markov process x with E{x(0)xT‘(0)} > 0 iff O 07‘ > 0 and AQ+
OAT‘<= O. We will call O the covariance and A the infinitesimal generator of x. Now
the marginal distributions of the process Cx are completely specified by (A, O, C) and
it thus makes sense to talk about this triple as defining a realization. Since in our
context minimality as defined previously corresponds also to taking the dimension of
x as small as possible we will call a realization (x, C) with x n-dimensional and n as
small as possible a minimal realization.

Two processes Xl and x2 will be called linearly equivalent if there exists a nonsin-
gular matrix S such that x2"-’Sxl. Following this we will call two realizations
(A1, O1, C1) and (A2, 02, C2) linearly equivalent if there exists a nonsingular matrix

$-1 S01S 7-, CIS-1) The following theorem is the basicS such that (A2, 02, C2) (SA1
result in this area. It follows from the basic work by Kalman [6] and Faurre [4] and
has later been studied further by Anderson [2], Lindquist and Picci [8], Ruckebush
[11] and many others.
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THEOREM 2.
(i) There exists a finite dimensional realization of y iff its autocorrelation function

R is Bohl.
(ii) All minimal realizations (A, O, C) can, up to linear equivalence, be obtained

from a minimal factorization triple (F, G, H) ofR / by taking A F, C H, and solving
the relations

FG + OFT O, OHT G

for Q=Or.
The problem thus becomes one of solving this combination of matrix

inequalities/equalities. Actually, it may be shown [4], [5], [13] that there exist solutions
Q_, Q+ such that for every other solution Q, there holds 0< Q__<-Q=< Q+<
Moreover the solution set is convex and compact. A great deal of additional information
on the structure of the solution set of these equations may be found in the above
references. Note that choosing A F and C H in the above theorem corresponds
to fixing the basis in the state space (since (F, H) is observable). Once the basis has
been picked, it is only the covariance of x, Q, which remains to be chosen.

The above results are the well-known basic facts of stochastic realization theory.
They yield a minimal stochastic realization by the following procedure. This procedure
inputs as the

Data. The autocorrelation R/ of y.
Then it computes as

Step 1. Determine a minimal realization (F, G, H) of R +.
Subsequently it proceeds with

Step 2. Solve the linear matrix inequality

Q=QT, FQ+QFT<_o, QHT=G.

The procedure then returns (F, O, H) which defines a minimal realization (x, H) of
y, where x is a Gauss-Markov process with convariance O and infinitesimal generator
F. For the algorithmic implementation of Step 1 we can use any of the realization
theory algorithms of linear systems theory. Also Step 2 has received much attention
and may be reduced to solving linear matrix equations and a suitably defined reduced
order algebraic Riccati equation.

Remark 1. Some readers may be more familiar with the problem .of generating
a spectral density function by passing white noise through a linear system (which is
called the shaping filter). In fact, this problem is solved by a simple extension of the
result of Theorem 2. Indeed, let (A, O, C) be a minimal stochastic realization and let
B be such that AO+OAr =-BBr. Consider now the system described by the
stochastic differential equation

dx Ax dt + B dw, x(0) x0,

=Cx
with x0 zero mean gaussian, and E{x0x0r} Q, and with w := { w,, e [0, ee)} a normalized
Wiener process, independent of x0. This defines a white noise driven model which
generates a process 17-- y.

In the present paper we will develop an algorithm which starts from and proceeds
by determining a minimal realization of (considered as a rational function in s).
Since in very many applications the spectral density is a more basic design specification
than the autocorrelation function, it may be of interest to have this alternative algorithm
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available (even though we do not claim any superiority of our algorithm above the
previously mentioned one which uses the partial fraction expansion followed by an
implementation of Theorem 2).

3. Realization of spectral density matrices. Let y {y,, t} be a real gaussian
p-dimensional vector process and assume that its autocorrelation function R is
integrable. Let (s) denote the (two-sided) Laplace transform of R. is called the
spectral density of y [10], [16]. Obviously (I) is well-defined in a strip containing the
imaginary axis. The existence of a finite dimensional realization of y may of course
also be deduced from its spectral density :

PROPOSITION 3. Assume.that R is integrable. Then the following conditions are
equivalent:

(i) R / is Bohl.
(ii) is rational.
We remark that the assumption that R is integrable is in our context equivalent

to assuming that the process y is ergodic.
In applications of stochastic realization theory it happens more often than not

that one starts with a rational spectral density matrix. Of course, in this case one may
proceed by computing a partial fraction expansion of (s)

(s)=Z(s)+Z(-s)
with Z(s) analytic in Re s-> 0, realizing Z(s) minimally as Z(s)= H(sI-F)-1G, and
using the theory of 2. However, the problem of factoring (s) into the above form
is a highly nontrivial one. It requires factoring a polynomial which may be of high
degree, and all together this may very well be the most difficult step in this whole
realization procedure.

Our purpose in the present paper is to outline a procedure which proceeds by
using a realization of the spectral density (s) directly (and not of its "causal" part
Z(s)). It is well known that a rational (p p) matrix (s) is a spectral density matrix
of a process y with integrable R if and only if it has the following properties:

(i) (s) Cr(-s),
(ii) (s) has no poles on the imaginary axis
(iii) (j) >_- 0
(iv) lims (s) 0.
In the sequel we will show how by constructing a special minimal realization of

(s), initially seen as a transfer function, we can solve the stochastic realization
problem. The key observation for our procedure is that (s) is a Hamiltonian transfer
matrix, i.e. (s) r(- s) (in the literature this property is also called para-hermitian).
It is well known (cf. [3]) that a minimal realization (A, B, C) of (I)(s) will then satisfy

(1) fivJ+J =0,

(2) BrJ=
for some unique nonsingular matrix J satisfying J =-J. It follows from the nonsingu-
larity of J that the dimension of the state space is even, say 2n. Basis free, J is an
anti-symmetric bilinear form on R2n, and is called a symplectic form. By Darboux’s

0 -.) (cf. [1]).theorem there exist bases of 2n in which Jhas the matrix form (In
The second observation which we make is that (]to)>= 0 implies the passivity of

the system with transfer matrix . (Note that is not asymptotically stable. Passivity
here means that for any input/output pair which corresponds to a closed path in state
space, the Z2 inner product of input and output is nonnegative (see (14])). In fact
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(jw) >-0 is equivalent to the existence of a nonsingular symmetric matrix E, which
is not necessarily positive definite (basis free, E is a nondegenerate quadratic form),
such that (see [13])

(3) firE+Efi<=0,

(4) /rG .
We emphasize that the solution E of (3) and (4) is in general not unique. The facts
that the realizations satisfy the symmetry conditions (1), (2) and the passivity conditions
(3), (4) may be combined to yield:

LEMMA 4. There exists a solution E of (3, 4) such that

(5) =j,-1j,

Proof. Notice that if E satisfies (3) and (4), then also JE-1J does, because of (1)
and (2). Furthermore it is well known that the set of all E’s satisfying (3) and (4) is
convex and compact. Since the map E--> JZ.-1J, considered as a map on the space of
nonsingular symmetric matrices, is continuous it therefore follows from Brouwer’s
fixed point theorem that there exist E’s satisfying (3) and (4) and E JE-1J. lq

Remark 2. The proof of Lemma 4 is Completely analogous to the existence of
reciprocal passive realizations [15].

Now consider for a solution E of (3), (4) which satisfies (5), the matrix j-iN (this
is the Hamiltonian matrix corresponding to the energy function xrEx). Because of
(5) and E Er, J _jr it follows that

(6) (j-l.)rj(j-l.,) ___j

(7)

In [9] (see also [12]) it is proven that therefore there exist bases of 2n in which

or equivalently

J=
I, -I,

(8) j=(/0, ;I,)and Z=(, ).
Roughly, this may be seen as follows. From (6) and (7) it follows that the eigenvalues
of j-l are +1 (multiplicity n) and -1 (multiplicity n). Define E+: ker (I-j-1E)
and -:= ker (I +J-1E). Take an arbitrary basis ql,""", qn of E/. It can be proven
that there exists a basis Pl," , Pn of E- such that q[Jpj= 6q, i, ] 1,. , n. Further-
more it can be seen that after having fixed ql,"’, qn, the vectors Pi as above are
uniquely determined. Then in such a basis {ql,""", q,, Pa,""", P,}, J and E have the
required form (8). (Notice that the transformations which leave J and in the form
(8) are exactly the transformations of the form

0 (sT)-1

with det S 0.)
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Proceeding with a basis as explained it follows from (1) and (2) that A, B and C
have the form

-R -fT’
J-

HT’
C=(H --GT)

with P pr and R R T.
Then (3) is equivalent to P->0 and R >_-0, while (4) gives G =0.

We sum this up in
THEOREM 5. Let O( s) be a matrix of rational functions satisfying

(i) O(s) T(--S),
(ii) has no poles on the imaginary axis,
(iii) (fio)_->O Vw ,
(iv) lims_oo (s) 0.

Then there exists a minimal realization (A, B, C) of O(s) such that

(10)

B= HT

-P ) pT
_FT P= >- O, R R T >__ O,

C=(H 0).

(11)

The next step is to consider the following (n-dimensional) Riccati equation

FTK +KF-KPK + R O.

We first state
LEMMA 6. Controllability of (A, B) implies controllability of (F, P).
Proof. Write x (,) corresponding to (_ ;veT), with Xl e X1, x2 e X2 (with X1

X2- N"). Suppose that (F, P) is not controllable. Then there exists a subspace 5f c X1,
and L# # X1, such that Im pc 2# and is F-invariant. Then it can be easily checked
that X2 is invariant with respect to (_ _-veT) and contains lm (T). Therefore it
follows that

(_i
is not controllable, lq

Remark 3. In general, observability of (A, C) does not imply observability of
(F,R).

Consider now the Riccati equation (11). By Lemma 6 P-pW >=0 is such that
(F, P) is controllable. Since also R RW 0, and/ does not have purely imaginary
eigenvalues, this implies [7], [13] that there exists a symmetric nonnegative definite
matrix K satisfying (11) and such that F-PK is asymptotically stable. In fact, we
have to take the maximal K K W satisfying (11) [13].

Applying now the symplectic transformation/- (_ t) to ,/ and ( yields

0 _(F_PK)T, KB= HT, /’-l=(g 0).

Now define A := F-PK, C := H, and let O be the symmetric positive definite matrix
satisfying

(13) AO+OAT=-P.
(O is uniquely determined by (13) since Re or(A)<0 and O is positive definite since
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(A, P) is controllable.) Then (A, Q, C) is a minimal realization of the process with
spectral density (s). We summarize this as

THEOREM 7. Let (s) be a rational spectral density matrix. Then (s) has, as a

transfer matrix, a minimal realization (A, B, C) of the form

0 -(F-PK)r gr C=(H O)

with P pr >__ 0, and F-PK asymptotically stable. Now let A := F- PK, C := H and
let 0 Or > 0 be the unique solution ofAO+ OAr =-P. Then (A, O, C) is a minimal
realization of the process with spectral density (s).

Proof. The existence of a minimal realization (A, B, C) as above follows from the
previous considerations (Theorem 5 and Lemma 6). Then it is easy to see that

(14) (Is-)-=H(Is-A)-Ip(-Is-Ar)-H.
Write P=BB and define W(s)=H(Is-A)-B; then it follows that (I)(s)=
W(s)wT(-s). Furthermore W(s) is analytic in Re s_->0 and (A,B,H) is a minimal
triple. So we have given a spectral factorization of (I)(s), which is known to be equivalent
tO the stochastic realization problem (see for instance [2], [5]). It is well known that
in terms of this factorization the covariance O of the associated Markov process is
given as the solution of AQ + QAT _BBT _p.

Remark 4. Hence we have constructed a spectral factorization (s)=
W(s) wT(--S) directly from (s), instead of first taking a partial fraction expansion
(s)=Z(s)+Z(-s).

Remark 5. Write P BB T’, then Theorem 7 gives us immediately a white noise
representation of the process

dx Ax dt + B dw, x(O) Xo,

=Cx
with Xo zero mean gaussian, E{XoXr} Q and w := { wt, [0, c)}a normalized Wiener
process independent of Xo (see Remark 1). In this case, since A is asymptotically stable,
we can equivalently define x, by

xt= 1’ eA(t-S)B dw(s).
d-

Remark 6. It is well known (cf [4]) that a strong realization corresponds to a P
of minimal rank. In our construction we obtain a strong realization by taking E ET
satisfying (3), (4) and (5) such that fiTE + Efi restricted to E/ has minimal rank.

Remhrk 7. Take Q= QT>0 as the solution of AQ+QAT =-P. Applying the
(symplectic) transformation 0 ( to

A=
_AT-P /=

CT C=(C 0)

yields

QAQ_I=(A 0 ) --(QcCr)0 --AT OB= (-’=(C -CO).

Then (A, OCT, C) is a minimal triple with A asymptotically stable. When we define
Z(s) C(Is-A)-loc T, it follows that we have obtained a partial fraction expansion
of (s) since (s) Z( s) +ZT(-s).
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Recapitulating we have obtained the following

ALGORITHM
Data (s), the spectral density matrix of the process y.
Step 1. Construct a minimal realization (A, B, C) of (s). Find the unique

nonsingular J satisfying fiTj + jfi, =0,/Tj ,. Then also J _jT.

Step 2. Find a nonsingular X satisfying /tTx+xt<0, /TE=, X=JX-lJ,

Step 3. Compute E+=ker (I-J-E) and E- =ker(I+J-E). Take a basis
(q,. , q,) for E+ and construct the basis (p,..., p,) for E- such that
q.T, jpj= tij i, j= l, n.
In this basis we can write

A=
-R _FT HT C (H 0)

Step 4.
and we will have P pT >= 0 and R R T 0
Find the maximal symmetric nonnegative definite solution K of

FTK +KF-KPK +R O.

Step 5. Define A := F-PK, C := H, and O OT> 0 as the unique solution of
OAT +AO =-P. Then (A, O, C) is a minimal realization of y.

Step 6. Let P BBT. Then
dx Ax dt + B dw, x(O) Xo, E{xoxr} Q,

= Cx

is a white noise representation of y.

Remark 8. With respect to the actual calculation of E in Step 2 we can be more
specific. Recall that the signature triple of a symmetric matrix consists of the number
of positive, negative, respectively zero eigenvalues. We make use of the following

LEMMA 8. Let (A, B, C) be a minimal triple (not necessarily satisfying (1) and
(2)). Denote the set of symmetric solutions of (3) and (4) by S(E). Then every element
of S(E) is nonsingular and has the same signature triple. If (A, B, C) also satisfies (1)
and (2) then every element ofS(E) has n negative eigenvalues and n positive eigenvalues.

Proof. Let fiE +Efi =-LL. First suppose that (fi,L) is observable. Now let
x Ker E. Then xEx+ xrEfi,x -xLLx implies Lx 0. Furthermore Ex+
Ex -LLx implies Efix 0. Therefore Ker E is fi-invariant and contained in Ker L.
By observability of (A, L) it follows that Ker E =0. If (A, L) is not observable we
proceed as follows. By (3) and (4)

(15) (fi-/)TE + X(fi--/) -LTL 2T.
Then" {(fi, )observable} => {(fi, T)observable}:> {(ft.-/, 2T)observable}
{(ft-,-LTL-2T)"observable}. Therefore as above we can conclude that X
satisfying (15) is nonsingular.

Because S(E) is convex and consists of nonsingular matrices every element of S(E)
has the same signature triple. By Lemma 4 it follows that there exists a X S(E)
satisfying (5). This X has n negative and n positive eigenvalues as can be seen from
(8).

Consider now the following algorithm-(see also [15]).
Let 5;1 be a solution of (3) and (4). Then define

(16) Z/I 1/2(Z +ZI), n->l.
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If E S(E), then also j,-1j S(,). Therefore since every element of $(E) is nonsin-
gular and S(E) is convex, E,+l S(E) for every n 1. From the compactness of S(E)
it follows that Iim,E,S(E). Denote E:=limE,. Then E satisfies E=
(+JELaJ), or equivalently, E JELaZ Furthermore note that we can rewrite (16)
as

(17) x.+ J  (x.J +
Since lim (X,J+ (X,J)-) equals sign (X,J) (see e.g. [15]), X may be written as (sign
(XnJ))J-1. Concluding, a solution X satisfying (3), (4) and (5) may be computed as
follows. Take any solution X of (3) and (4) (this is a standard problem, see [5]).
Compute X:= (sign (XJ))J-. Theh X satisfies (3), (4) and (5).

Remark 9. The covariance O in Step 5, uniquely determined by OA +AO -P,
can also be computed directly from the Riccati equation of Step 4. in fact"

LEMMA. 9. Let

-R -FT HT C (H O)

be a minimal realization of a spectral density (s), withP 0, R 0 (such a realization
exists by Theorem 5). From Theorem 7 it follows that (, , ) determines a minimal
stochastic realization denoted by (A, O, C). Denote by K+ and K- respectively the
maximal and minimal symmetric solutions of the Riccati equation associated to (11)"

FTK +KF+KPF-R 0.

Then O (K+- K-)-1 (under the conditions of Theorem 7, K+-K- is necessarily >0,
c [13]).

Proof. After the basis transformation (_+ ), is given by

_(F+) T
with F-PK+.

Let ( x be a vector in Im (. Then, since F+O+ OF+=-P (see (13))"

(0 x=, +, x.

Therefore, in this new basis, Im (o) equals the positive eigenspace of since F+ is
asymptotically stable. Hence in the original basis the positive eigenspace of A is given
by

(KI+ )Im(O)=Im(_K+O+
On the other hand we know that the positive eigenspace of is also given by Im (-).
Therefore

(-O) im (_)Im _K+O+I

or (K+-K-)O= I.
Remark 10. After having fixed a E satisfying (3), (4) and (5), the stochastic

realization (A, O, C) obtained in our algorithm is uniquely determined (up to basis
transformations). The freedom in the choice of the covariance O as appearing in
Theorem 2 (or alternatively the freedom in the choice of a spectral factorization of
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the spectral density, cf. [2] and Remark 7) is therefore equivalent to the freedom in
the choice of a E satisfying (3), (4) and (5).

Remark 11. Consider a stochastic vector process y with autocorrelation function
R which admits a minimal white noise representation dx Ax dt + B dw, Cx, as
explained in Remark 1. Then it is easy to see that the following equivalences hold: {y
is ergodic}:> {liml,l_. R(t) 0}:>{(A, B) is controllable} :> {Re or(A) < 0}.

As we have seen in Theorem 7, if we start from a rational spectral density (s)
we always arrive at a controllable, asymptotically stable white noise representation.
Therefore a rational spectral density always corresponds to an ergodic process. On
the other hand to give a stochastic realization of an autocorrelation function it is not
necessary to assume that the proess is ergodic. In some sense this is disadvantage of
our approach. However the theory of 3 may be extended to cover the nonergodic
case as well. It can be easily seen that the following is true. Let (F, G, H) be a realization
of R, i.e. R/(t)= HeVtG. Define the Hamiltonian system (fi,/, ) by

0 /=
Hr C=(H -Gr).(18) A

_Fr

Then"

{R is the autocorrelation function of an ergodic process y}:> {(A, B, C) is a minimal
triple}. If the process is ergodic (or (A, B, C) is minimal) then it has spectral density
(I)( s) (IS )-lJ.

Finally we note that the spectral density of a nonergodic process is in a certain sense
k 7r(6(w--Wi)+6(o+wi)) with{jw}thespectrumirrational. It is in fact of the form Y=

of the generator of the nonergodic part (cf. [10]).

4. Conclusions. In this paper we have given a procedure for the stochastic realiz-
ation of a spectral density matrix which starts by treating the spectral density as a
(fictitious) transfer function. As such this transfer function has a symplectic structure
and is passive. This structure is then exploited to arrive at a stochastic realization.

In comparison with the usual approach our method avoids having to factor the
spectral density additively into its analytic and co-analytic part. However which of the
two approaches would algorithmically be the most advantageous remains a matter of
study.
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CONNECTIONS BETWEEN OPTIMAL STOPPING AND SINGULAR
STOCHASTIC CONTROL I. MONOTONE FOLLOWER PROBLEMS*

IOANNIS KARATZAS]" AND STEVEN E. SHREVE*

Abstract. The stochastic control problem of tracking a Brownian motion by a nondecreasing process
(Monotone Follower) is related to a question of Optimal Stopping. Direct probabilistic arguments are

employed to show that the two problems are equivalent, and that both admit optimal solutions.

Key words. Brownian motion, optimal stopping, stochastic control, uniform integrability, weak L1-

convergence

1. Introduction. This article establishes an equivalence between a problem of
stochastic control and a problem of optimal stopping for Brownian motion. The control
problem has the state process

X,=x+ W,-,, O<-_t<--,
where W { Wt; _-> O} is a standard Brownian motion and : {t; _-> O} is an adapted,
nondecreasing and left-continuous process with :o O. It is desired to choose : so as
to minimize the expected cost

E h(t, X,) dt + f(t) dt + g(X,)
O,’r)

where h(t,.) and g(.) are convex functions. We call this problem the Monotone
Follower Stochastic Control Problem and denote its value function by V(-, x). Special
cases of this problem have been studied in [4], [13].

The optimal processes in these works can be characterized by two regions in (t, x)
space: an open region of inaction and its complement, the region of action. If the
initial time-state pair is in the latter region, the optimal control process causes the state
to jump immediately to the closest point on the boundary demarcating the two regions;
it acts thereafter only when the state is on the boundary, and pushes only enough to
prevent a crossing of this boundary into the interior of the region of action. Thus, it
acts like the local time of the (optimally controlled) state process at the boundary.
Control problems whose optimal processes exhibit this behaviour have been called
"singular" and have been studied, first by Bather and Chernoff [3], and recently by
Bene, Shepp and Witsenhausen [4], Karatzas [13], [14], Shreve, Lehoczky and Gaver
[23], Harrison and Taylor [12], Harrison and Taksar [11].

Using the data of the Monotone Follower Problem, we pose a question of Optimal
Stopping: to find a stopping time r-< " which minimizes the risk

E hx(t,x+ Wt) dt+f(cr)l<,+g’(x+ W,)lt=,

We denote by u(-, x) the optimal risk for this problem.
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Questions of optimal stopping arise in many sequential decision problems and
have been studied extensively (a very partial list of references includes [1], [2], [5],
[8]-[10], [18], [21], [22], [24]). The optimal stopping rule can usually be described by
two regions in the (t, x) plane: an (open) optimal continuation set and its complement,
the optimal stopping set. Determination of these regions leads to very interesting
analytical (variational inequality and ree boundary) problems.

Bather and ChernotI [3] were the first to notice the connection between Singular
Stochastic Control and Optimal Stopping. These authors posed a specific control
problem, introduced a related stopping problem, and argued on heuristic grounds that
the optimal risk of the latter ought to be the gradient of the value function of the
former" u Vx. Furthermore, the optimal continuation region in the stopping problem
ought to be the region of inaction in the control problem. Additional special cases of
the relationship between singular control and optimal stopping were developed
(rigorously) by Karatzas [14], albeit again in a mostly analytical way.

In the present article we show by purely probabilistic arguments that, under
continuity and growth conditions on h, f and g, the Monotone Follower and Optimal
Stopping problems are equivalent in the sense described above. Again by probabilistic
means, we establish existence of an optimal process in the control problem. The
above-mentioned equivalence then allows us to deduce the existence of an optimal
stopping time. General results concerning the existence ot optimal stopping rules have
been established heretofore mainly by analytical methods (Van Moerbeke [24], Fried-
man [8], [9], Grigelionis and Shiryaev [10]).

One benefit of the equivalence between stochastic control and optimal stopping
problems is that bounds on the continuation region of the stopping problem, obtained
by posing and "solving" more favourable and less favourable problems, translate into
bounds on the region of inaction in the control problem. This comparison idea goes
back to Bather [1] and was carried out in the realm of singular stochastic control by
Bather and Chernoff [3], [5] and Karatzas [14].

A second benefit of the equivalence between control and stopping problems is
that it sheds light on the heuristic "principle o smooth fit" advanced in [4], which
suggests that Vx,(’r, x) should be continuous across the boundary that demarcates the
regions of action and inaction. Although no formal justification of this principle seems
to have been offered, it has been observed to hold in numerous examples and to play
a fundamental role in determining the value function V(-, x). Our results suggest
that this principle is a manifestation of the better understood fact that the optimal risk
u(-, x) for any "reasonable" optimal stopping problem has a continuous gradient; see
Grigelionis and Shiryaev [10], Bather [2], Van Moerbeke [24], Friedman [8], [9] and
Shiryaev [22] for proofs of this result under various conditions.

A third advantage concerns the fact that control policies are more easily topolog-
ized than stopping times, and thus more amenable to the continuity and compactness
arguments frequently used in existence proofs. We exploit this fact in our proot of
existence of an optimal control process, which leads immediately to the existence of
an optimal stopping time.

In the sequel [15] to this paper we establish by similar methods the equivalence
between Reflected Follower Problems and Optimal Stopping for a Brownian motion
with absorption at the origin, a much more delicate matter than the one treated here.
The original pair of problems studied by Bather and Chernoff [3] was of this type.

2. Summary. Section 3 establishes the relation u Vx under the assumption that
the control problem admits an optimal process (Theorem 3.4). A recurrent, constructive
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element in our approach, which appears in different guises both here and in the sequel
[15], is the principle of tracking, at some distance, an optimal or nearly optimal path
up to a certain stopping time, and then jumping on it. This technique enables us to
make very effective comparisons of expected costs at nearby points in the control
problem, and is thus essential in computing Vx(r, x).

We broach the question of existence of optimal processes for the Monotone
Follower Problem in 4, under stronger conditions on the cost functions (Theorem
4.1). These conditions enable us to establish the uniform integrability of a minimizing
sequence of processes (Proposition 4.2), and to construct an optimal process by a weak
compactness argument.

Instrumental in this approach is a sufficient condition for uniform integrability,
as well as a Fatou lemma for weak L1-convergence. Both are of a certain independent
interest, and appear in 5 (Appendix). A second Appendix ( 6) deals with the nature
of the optimal control process and the optimal stopping rule, under even stronger
conditions on the cost functions; it is independent of the rest of the work, and is
included for the sake of completeness.

3. The Monotone Follower Problem. Let us consider a probability space
(1, ,P: fit) where the family of -fields (t; 0=<t<=-) is increasing, with ;= ,
and satisfies the "usual conditions": right-continuity and completion by P-negligible
sets. We suppose that this space is rich enough to accommodate a Brownian motion
process W { W; 0 =< -< -), and we consider the class of admissible control processes,
consisting of all (}-adapted, nondecreasing and left-continuous processes sc=

{:; 0 =< =< -} with sCo 0, a.s.P. Corresponding to such a process sc, and to an initial
position x R, the state process is

(3.1) X=x+ W-t, O<-t<=z.

We formulate now an optimal control problem. The ingredients are:

(3.2) (i)

(3.2) (ii)

(3.2) (iii)

a real-valued, continuous function f(t) on [0, r], representing the running
cost of controlling effort per unit time;

a real-valued, continuous and continuously differentiable function g(x)
on R such that g’(x) is nondecreasing, representing a terminal cost on the
state;

a function h(t, x):[0, r]x--> which is continuous on its domain, with
gradient hx(t, x) continuous on [0, r]x and nondecreasing in the space
variable x, representing a running cost per unit time on the state.

It will be assumed that the functions g’(x) and hx(t, x) satisfy a polynomial growth
condition in the space variable: for some m-> 1, K > 0,

(3.2) (iv) Ihx(t,x)l+lg’(x)l<=g(l+lxl ") on[0,

The Monotone Follower Stochastic Control Problem is to choose a control process
in such a way as to minimize the expected total cost

(3.3) V(-,x)=infE h(t,X) dr+ f(t) d+g(X,)
io,’)

Similarly, we can formulate a Problem of Optimal Stopping for the Brownian
motion W, where we impose a terminal cost g’(x) and a continuation cost h(t, x) per
unit time on the state, as well as a cost f(t) f6r premature termination. The problem
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is then to select an {fft}-stopping time or: {tr=< t} ,, VO-< t_-< " and P(O-< tr <- z) 1,
so as to minimize the risk

(3.4) u(z,x)= inf E hx(t,x+ Wt) dt+f(tr)l<+g’(x+ W)I=

It will be shown that these two problems are intimately connected. The basic
result of this section (Theorem 3.4 below) asserts that, if there exists an optimal process
for the Control Problem, then the relationship u Vx holds, and the stopping time
o-* given by (3.18) is optimal for the Stopping Problem. Conditions which guarantee
the existence of an optimal process are imposed in 4.

The equivalence u Vx hag been presaged by the works of Bather and Chernoff
[3] and Karatzas [14]; it was used there in the opposite direction, to construct the
optimal process for the Bounded Variation Follower from the solution of an Optimal
Stopping Problem with Absorption. The equivalence between these two problems is
taken up in the sequel [15] to this paper.

Throughout this work, we shall use the following notation for the four derivatives
of the function V(z,.) at x:

A+/-V(, X) -- -- V(,x+a)--V(,x)

A+ V(z, x) A lim
60+

6

v(z,x+a)-v(-,x)

PROPOSITION 3.1. A+V(z, x) <- u(z, x).
Proof. For each e > O, there exists a control process sc {so7; 0 _-< _-< z} in , such

that, with X x + W,- seT, 0 _-< -< z,

(3.5) V(z,x)+e>-_E h(t,X) dr+ (t) d+g(X;)
i0,’)

Let us fix a stopping time tr with P(O_-< tr-<_-r)= 1; for each > O, we construct the
process

YT’6 Xt +6, 0<=t--<_o",

=X7 O’ < ’r,

according to the principle of "tracking the X path at a distance 3 > 0 apart, and then
jumping on it at time r". The new process can be expressed in the form (3.1) as"

YT’ x + 6 + W, rt ’, O < < with

n7,= 7, O<- t<=r,

6+:7, r< t-<- r,

a control process in sg" left-continuous, nondecreasing, null at zero. The performance
of this process is certainly suboptimal for the control problem at (z, x + 6), so

(3.6)

V(z,x+6)<-E h(t, XT+6) dt+ h(t, XT) dt+ f(t)
O,’r)

+ 6f(er)1{<,} + g(X;)1{<,} + g(X; +

Combining (3.5) and (3.6), and using the fact that X7 + 6 =<x + 3+ Wt, for all t->O,
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along with the properties of h and g, we get

V(r,x+8)-V(,x) [/o<-E hx(t,x+8+ W) dt+f(tr)l,<}
(3.7)

One can now pass successively to the limit in (3.7), as e$0 and 850. The polynomial
growth of hx(t, ") and g’(.), together with dominated convergence, guarantee that

(3.8) A+V(’,x)<-E h(t,x+ W) dt+f(o’)l<,+g’(x+ W,)I_-,

for any stopping time tr, P(0-<_ tr <- r) 1. The result follows by taking the infimum of
the right-hand side in (3.8) over such stopping times.

PROPOSITION 3.2. Suppose there exists an optimal process sc*= *(r, x) for the
control problem at r, x ). Then:

a_v(,x)>-u(r,x).

Proof. Let the optimal state process be: Xt x + W,-; 0 <= <_ r, where sc sc*

is the optimal control process whose existence is being assumed (we omit the stars);

(3.9) V(r,x)=E h(t, Xt) dt+

For 8 > 0, we consider the random variables

r =inf {0-< t-< z; set > 0},

O,z)
f t) d, + g(X) ].

ra =inf {0-< t-< r; :, } =inf {0 -< t-< r; x-+ W,->_ X,},

with the convention inf 0 z. We observe that {tra -<_ t} {:(t+)-> 8} t+ t, so the
tra’s are indeed stopping times for the family of fields {t; 0 <= t_<-r}. On the other
hand, it is clear that:

tra=tr forall0<8_-__s(tr+), on the event {:(tr+) > 0},
(3.0)

cr$tr as 850, on the event {:(tr+)= 0}.

Consequently" tr$tr as 850, a.s.P. Now we construct the new state process
y =x-8+ Wt, O<=t<=tr,

(3.11)
Xt, cr <- r,

according to the principle: "[ollow the Brownian path starting at x- 8 until an amount
8 of controlling effort has already been spent on the neighbouring optimal trajectory
for (r, x), and then switch to the X path." Putting Y in the standard form (3.1)"

with

Y=x-8+ W-nt,

=0 0 < < tr,’]’/t - 8, tr < <= r,

we observe that the switching of paths might involve a leftward jump of size :(tr +)- 8,
which is a nonnegative number.
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Clearly, the performance of the new process is suboptimal for (r, x-6), so

6 + Wt) dt + h(t’X) dtV(r,x-6)<-E h(t,x-
(3.12)

+ (t) dry, + g(X,)1<+g(x + W,)1,

Combining (3.9) with (3.12), and using the fact that

we obtain

V(r,x)- V(r,x-)e {h(t,X)-h(t,x-+ W)} dt

(3.13) + ()1<,+{ min f(t)-f()}()l<,OtN

+

We proceed to obtain lower bounds for the two quantities in braces on the right-hand
side of (3.13). On {0 ta}, one has OE. Coupled with the fact that h(t,.),
g’(. are increasing, this yields

h(t,x+ W,-,)-(t,x-Z+ )(-,)h(t,x-+ W,) on {Ota}
and

Substituting these estimates in (3.13) and rearranging terms, we obtain

v(,x)-W(,x-)

(3.)

eE hx(t,x+ W) dt+f()le<,+g’(x+ W,)I=, + EI(6),
j=l

where

and

11(6) - {hx(t, x- 6 + Wt)- hx(t, x + Wt)} dt,

I2(6) hx(t,x-

13(6) [g’(x- 6 + W,)- g’(x + W)]I=),

I6(6) { rain f(t)-f(tr)} :t.tcr,. 1,<..crt5o’a 6
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The next step is to check that E/(6)- 0, as 6+0, for each 1-<j-<_6. Verification
is straightforward; it rests on the continuity and growth properties of the functions
hx(t, x), g’(x) and f(t), on the dominated convergence theorem, as well as on the fact

as 350, which is a direct consequence of (3.10). The details are omitted.
Finally, a passage to the limit as 650 in (3.14) yields the desired result.
We shall need the following property of the value function V(-, x).
LEMMA 3.3. The function V( r, is convex.

Proof. Let us introduce the notation

(3.15) J(r,x; )=E h(t,x+ W-,) dt+ f(t) d,+g(x+ W-)
0,’)

For any Xl, X2 E R, any processes sol, :2 E M and 0 -<_ h -<_ 1, we have by virtue of convexity
of the cost functions h(t,.), g(.)"

V(T x)J(’7", X; ) ---/.J(T, X1; ,) + (1-A)J(’r, x2;

where x =/x! + (1 A)X2, : /:1 + (1 A)2 ,5. Taking the infimum of the right-hand
side successively over s1 M, :2 M, we obtain

(3.16) V(’,x)AV(7",x1)+(1-A)V(7",x2). [

THEOREM 3.4. Under conditions (3.2) on the cost functions, let us suppose that
there exists an optimal process * *(z, x) for the Monotone Follower Control problem
at (, x). Then the gradient of the value function V(-, x) exists at (z, x), and

(3.17)

Besides, the stopping time

(3.18)

Vx(,x)=u(,x).

or* inf {0 -< =< z; t* > O}
=z if{’’’}=

is then optimal for the stopping problem.
Proof. The results of Propositions 3.1 and 3.2 imply a fortiori that

A+ V(r, x) <_- ZX+ V(z, x) <_- u(z, x)

(3.19) <-E h(t,x+ W) dt+f(o*)l.<,+g’(x+ W,)I._-,

Now for any x e R and positive numbers , we have from (3.16) with x- x-1,
x x + and /(+)"

V(T, X)-- V(T, X--l) V(T, x+2)-- V(T, x)

whence

(3.20) -v(, x) +v(, x).

The two inequalities (3.19), (3.20) establish the existence o V,(, x), the fact that it
is equal to the optimal risk u(r, x) for the stopping problem, and the optimality of the
time *.
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COROLLARY 3.5. If there is no optimal stopping time for the stopping problem, then
there is no optimal process in for the control problem.

It is well known in the theory of Optimal Stopping (cf. Grigelionis and Shiryaev
[10], Bather [2], Van Moerbeke [24], Friedman [8], [9]) that the gradient Ux(Z, x) of
the optimal risk is continuous on + x N, under appropriate conditions on the cost
functions hx(t, x), f(t) and g’(x) (see Remark at the end of this section). This is called
the "principle of smooth fit" for the Optimal Stopping Problem; in view of relation
(3.17), it implies a "principle of smooth fit" for the Monotone Follower Stochastic
Control Problem, namely continuity of the second derivative Vxx(r, x) on + x. Such
a principle was advanced on heuristic grounds by Beneg, Shepp and Witsenhausen in
[4], and was employed in solving explicitly the Monotone Follower Problem with
h(t, x)= x2, f(t)= g(x)=-O.

These authors showed that the optimal process for their problem is of the form

*=max[0, max {x+ Wu-6(z-u)l/2}], 0<t-7"

where 6 is a positive constant characterized in terms of an integral equation. Theorem
3.4 above shows that the stopping time

o-* =inf {0=< -< z; set* > O} inf {0=< <- z; x + Wt >- 6(z- t) 1/2}
is optimal for the problem of minimizing the risk

E (x + W,) dt

over stopping times tr such that P(0-< or_<_ r)= 1. This question was posed by Shepp
in [21] and was answered by Miroshnichenko in [18]. Bene et al. [4] noted the
similarity of their solution to that provided by Miroshnichenko. Theorem 3.4 and the
existence of an optimal control process for the monotone follower problem of [4] show
that these two problems are actually equivalent.

Remark. Sufficient conditions for the existence of an optimal stopping time and
for the continuity of the gradient Ux(r, x) of the optimal risk are derived by Friedman
in [9]. In addition to (3.2), these would entail, in our context, that:

(3.21)

(3.22)

(3.23)

the derivatives htx(t,x) and g’"(x) exist and satisfy a polynomial growth
condition on [0, z] x N and N, respectively;

f(t) is nondecreasing on [0, z], with supxa g’(x)<-f(O); and

SUpxa Ig’(x)l const. <.
Condition (3.22) is unnecessarily strong for existence; it should be compared with

condition (4.2) of the next section.

4. Existence of optimal processes. The main result of 3, Theorem 3.4, was
based on the assumption that an optimal admissible process exists for the Monotone
Follower Problem. One cannot expect this to be the case, however, in the general
setting of 3; for example, the control problem with h(t, x) =0, f(t) 1 and g(x) x2

admits no optimal process. Indeed, one can check rather easily (see also the discussion
on condition (4.2) below) that the stopping problem with hx(t, x)=0, f(t)= 1 and
g’(x) 2x has no optimal solution; this example was suggested by S. P. Lalley. By
Corollary 3.5, no optimal process exists for the control problem.
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In this section we shall deal with the question of existence of optimal processes
under the following additional assumptions:

(4.1) O<c<=f(t)<-C /t[0, r] for some constants c, C;

(4.2) sup g’(x)<-f(’);
x

(4.3) h(t, x)_>-0, g(x)>-O V(t, x)[0, z]x.

Condition (4.2) was violated in the above counter-example. To understand its
function, let us assume that (4.1) and (4.3) hold, but (4.2) fails; then, both sets
So={X; g’(x)<c} and SI={XR; g’(x)>f(z)} are nonempty, indeed, if So=,
then g(O)-g(a)>=-ca for a <0, which means that for sufficiently negative a, g(a)
would be negative, contradicting (4.3). In the stopping problem it would then be
profitable to .terminate in So (i.e., to take cr - if x + W, m So) and to stop before time
z rather than terminate in $1. However, stopping strictly prior to foregoes a chance
of terminating in So. Thus there can exist admissible stopping rules approaching
optimality which mandate stopping at time -- 1! n if x + W,-l/n $1, but their "limit"
has r if x + W, m $1, which is suboptimal. Under such circumstances, an optimal
stopping rule can fail to exist, in the control problem, condition (4.2) ensures that the
cost of a leftward jump near the final time is at least as big as the reduction in terminal
cost expected as a consequence of the jump.

Condition (4.1) amounts to imposing a nontrivial penalty for the use of controlling
effort. It is instrumental in establishing our uniform integrability result (Proposition
4.2 below); the rest of the argument does not depend on it.

In this section, we shall take as our sample space [l C[0, z] the set of continuous
functions o on [0, z] with w(0)=0, W(oo) a--w(t) for all O<-t<-z, and PWiener
measure on C[0, -]. For each 0=<t_-<-, we define = r{w(s); 0=<s-t}; 9 is the
smallest r-field which makes all projections measurable, and coincides with the Borel
r-field generated by the sup-norm topology (Parthasarathy [19, p. 212,-Thm, 2.1]).
We shall denote by t the completion t of by events of P-measure zero, for all
0 -< t<-_ -, and put =- . It is known (cf. Liptser and Shiryaev [16, Thm. 4.3, p. 87])
that the family { if,; _-> 0} is right-continuous, and so the "usual conditions" are satisfied.

Our probability space is now (f, 9, P: 9) as above. We recall also the definition
of the class s of admissible control processes: a process : {:,(o); 0 <- t<= -, o)el2}
is in sO, if :o 0 a.s. P and

(i) :t(’) is an ot-measurable random variable for every 0=<t_<- (i.e., : is
{ fft}-adapted),

(ii) for P-a.e. w, st.(w) is nondecreasing and left-continuous.
It follows (cf. Dellacherie [6, Chap. IV]) that a process : e s is progressively measur-
able, hence jointly measurable:

(4.4) : is Borelto.,l(R) ,-measurable.

In this section we shall prove the following result.
THEOREM 4.1. Under conditions (3.2) and (4.1)-(4.3) on the cost functions, there

exists an optimal process for the Monotone Follower Control Problem.
The proof of the theorem will be accomplished in a series of propositions and

lemmata. In order to set the stage, let us consider a fixed pair (-, x) e N+ x and select
a minimizing sequence { s"}= c_. .
(4.5) e,J(’,x;")-V(’,x),O as n.
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The definitions (3.15), (4.5) and condition (4.1) imply that

V(r,x)+e
(4.6) sup EG"

nl C

One can actually establish a stronger result as follows.
PROVOSITION 4.2. The sequence {:7},=x is uniformly integrable.
We introduce first the required notation. For each integer n-> 1 and A > 0, we

define the stopping time

(4.7)
T,,(A) inf {t>=O;

=+ if{. .}=,

as well as the process

(4.8)
T,(,) < t<= r on {T,(X) < r},

with associated expected cost

(4,9) J(r, x; r/"(,)) = V(r, x)+ e,(A),

where e.(,) is a nonnegative number.
LEMMA 4.3. For every n >= 1, limA_.o e, (A) e..
Proof. From (4.5), (4.8) and (4.9) we obtain

(4.10) =Ix(n, A)-I2(n, A)+I3(n, A),

where

(4.11)
II(n,A)AE f"Tn A

[h(t, x + Wt- r.(x))- h(t, x + Wt- :’)] dt

(4.12)

(4.13) I3(n, A) a E([g(x+ W-r.(a))-g(x+
As ,’o, we have T.()t), P-a.s., and the integrand in (4.11) converges to zero
(meas P)-a.e., where "meas" means "Lebesgue measure". The convexity and non-
negativity of h imply

(4.14) h(t,x+ W-r.(x))<-_h(t,x+ W-’)+h(t,x+ W), >- Tn(h),

and therefore the integrand in (4.11) is bounded in modulus by: 2h(t, x + Wt-’)+
h(t, x+ W), a (meas P)-integrable function, since by (3.2)(iv)

E h(t,x+ Wr) dt< and E h(t,x+ W-’]) dt<= V(’/’, x) q- 61.

By dominated convergence, limx_Ii(n,A)=0, and a similar argument yields
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lim_ I3(n, A)= 0. As for I2(n, A), we have the bounds

. [r.(x )A

E Ito,, f(t) d’<= V(r,x)+el

f(t) d’ <- fo,) f(t) d:7 a.s. P,

and O=< It f(t) d’;<=C[7-r,(a)^,].
Tn(X r, r)

The latter converges to zero, P-a.s. as A-oo, and again dominated convergence
completes the proof that lim_.oo I2(n, A)= O. lq

Proof of Proposition 4.2. The quantity 12(n, A) admits the lower bound

c [ (7-) dP.

On the other hand, the Markov inequality gives, in conjunction with (4.1),

1 [ V(r,x)+e
Vn >1, X>O,AP( A) E-E f(t) dg7

C J[O,r) C

and we obtain (with the help of (4.14) and of the Cauchy inequality) the upper bound

I(n,)NE le:>, h(t,x+ W) dt

g(r,x)+e
N z. E h2(t, x + Wt) dt

Ac

A similar argument applied to I3(n, A) gives

I3(n, ) N (g(x + W,))/.
Ic

The identity (4.10) implies then

(4.10)’ c (-) dPNe-e(1)+
O(r’x)

{>A} h 1/
Vn 1, A > 0,

where

O(r,x)g V(,x)+ (Eg(x+ W,))/+ rE h(t,x+ W) dt
c

Now we choose > 0; since e0, we can select an integer N> 1 such that for all
n N, we have en < c/2. By virtue of Lemma 4.3, we can also choose A > 0 in such
a way that for all I A we have

C
n=l,2,...,N-1

and

O(T, X)/-l/2 8.

It follows that, for all h -> A, supn>= (e e, (h)) <= c8/2 and

sup (7- h) dP <
n_-->l .]{n>h}
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Uniform integrability of the sequence of random variables {seT}= is now a consequence
of Lemma 5.1 in the Appendix.

Proposition 4.2 implies that the minimizing sequence of processes {:’(
is (meas x P)-uniformly integrable"

sup/j ?()dtdP.supfnl {(t,);7()>X} nl w;(w)>X}

By the Dunford-Pettis compactness criterion (Dunford and Schwartz [7, p. 294],
Meyer [17, p. 20]) there exists a jointly measurable and integrable process
{(w); 0tr, wO} such that {"}=1 converges weakly to , possibly along a
(relabelled) subsequence, in the. sense that

(4.15) (w)n(t, w) dP dt ,(w)n(t, w) dP at

holds for any bounded, jointl measurable {(t, w); 0t r, w }.
DEFINITION 4.4. Let , be two jointly measurable processes. The process is

called a modification of (and vice-versa), if

(4.16) P[w 1 meas {0t r; t(w) # t(w)} 0] 1.

LEMMA 4.5. The process in (4.15) admits a modification which is nondecreasing.
Proof. Consider the jointly measurable set

N= (t,)e[O r]xa. lim k () ds ()
k

and its sections N() {0N tN r; (t, ) e N}. By the fundamental theorem of calculus,
measN() =0 for P-a.e. eO, so N has product measure zero. Let us choose two
rational numbers te in [0, r] and an integer k N 1, and define the event

A{AI.r,k w ; (w) dt > (w) dt
dt d

Relation (4.15) with
n(t, w) l[,.t+/]xa,,.,z.(t W), 1, 2,

yields

7(w) dt dR , t(w) dt dP
tl,t2,k tl,t2,k

for i= 1, 2. Subtracting the resulting two relations memberwise, and recalling that
each 7(w) is P-a.s. nondecreasing, we obtain

Im ( t2W1/k
#,(w) dt- ,(w) dt aPO,

,t2,k dr2

whence P(A,,t.k)= 0. Now we define the event

A & A,,
0t<t2r
tl, rational

kl

and the process

(4.17)
t(to) 0, toeA,

,(to), to A, [0, ’)\N(to),
limt, (,) s(to), to A, N(to).
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For any to A, any rational numbers tl < t2 in [0, z] and any integer k _-> I, we have

(4.18) k t(to) dt >- k t(to) dt.
dt

t+l/kBy continuity in the time argument of t :(to) ds for all k >_-1, to f, (4.18) can
be extended to hold for all tl, t in [0, r] such that h < t, not necessarily rational. In
particular, if we require that q, tN(to), we obtain from (4.18) by a passage to the
limit as k: :(to)=< :(to). It follows that the path .(to) is nondecreasing, for any
to A. It is easily checked from (4.17) that ( is a modification of :, i.e. that (4.16)
holds, since obviously P(A) 0.

Let us observe that the process : has been modified only on ([0, r]A}U
{([0, r]A)N}, a jointly measurable set of product measure zero, and that (4.15)
holds if is replaced by its modification :.
LM 4.6. The process
Proof. For every o fl, we define

:*(to) -a 1} g(to), 0<t<r,
(4.19)

0, t--0.

It is easily verified that :* is a left-continuous, nondecreasing process with :J 0.
To prove that sc* , it thus remains to show that :* is {t}-adapted.

Let us fix (0, ], and denote by Clto,,j, lto,,j the restrictions of s", , respectively,
to [0, t]f. Because each so"; n>= 1 is {t}-progressively measurable, sc"lto,,j is
Borelto,(R) -measurable, but ([to,t is only known to be Borelto,tj(R) ,-measurable;
cf. (4.4).

On the other hand, it is not hard to see from (4.15)with : replaced by C-that
the sequence {sc"lto,,j},_-a is weakly convergent to ]o,tj. Lemma 3.4, p. 72 in Liptser
and Shiryaev [16] shOws then that

[eo,tl is Boreleo,t(R) t-measurable,

and it follows from Royden [20, Chap. 12, 4] that, for a.e. s el0, t], : is t-
measurable. Since we can let s approach from below in such a way that ( is
,-measurable for every s, we see that :* lim,, is ,-measurable. It follows that
:* is jointly measurable (cf. (4.4)). According to Lemma 5.4 in the Appendix, it is a
inodification of .

So far we have chosen a minimizing sequence {:"},=1 - /and shown that there
is a subsequence {:"}=1 and a :*e d such that :" converges weakly to :*. For
convenience of notation, we have relabelled the weakly convergent subsequence
{:"}=a, so the weak convergence condition becomes

(4.15)’ ’(to)n(t, o) aPdt .,oo" *t (w)rt(t, to) dPdt

for any bounded, jointly measurable r/= {r/(t, to); 0=< t_ r, to e 1)}. The process sc* in
(4.19) is our candidate optimal process for the control problem.

Note that the weak convergence in (4.15)’ is for the processes regarded as L
functions on [0, r]xl). We do not know that for fixed t, the sequence of random
variables {sc’}_-i converges weakly to the random variable t*. The next lcmma
addresses this issue.

LEMMA 4.7. For almost every
is uniformly integrable and converges weakly to the random variable *,.
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Proof. Since 0 =< sc =< so, holds P-a.s. for every [0, 7.], Proposition 4.2 implies
{:’}n- is uniformly integrable for every t.

To prove {’}n--1 converges weakly to t*, it suffices to show

(4.20) lim E(IA)= E(t*IA) VA

Toward that end, choose A , and define q,(t)=E(’]IA), p(t)= E(t*IA). Since
:t* is left-continuous, so is q, and the set of continuity points of q on [0, 7.] has full
measure. Let be a continuity point of q, and h >0. Taking rt(s, co)= l[t,t+h]xA(S, co)
in (4.15)’ and using the fact that q, and q are nondecreasing, we obtain

lim q(t) <
1 f,+h lft+h q(s) ds<=q(t+h).

Letting h$0, we see that 1-1-,_, co,(t) _-<

Taking r/(s, co)= l[t_h,t]xA(S, CO), we obtain by a similar argument li___m,_,o 0,(t)
co(t), and (4.20) is established.

The following Proposition concludes the proof of Theorem 4.1,
PROPOSITION 4.8. The process * of Lemma 4.5 is optimal for the Monotone

Follower Control Problem.
Proof. Let G be the set of points in [0, 7.] for which {’}=1 is uniformly integrable

and converges weakly to :,*. Note that 0 is in G, but z may not be. According to
Lemma 4.7, G has full measure. For G, Lemma 5.2 in the Appendix implies

Eh( t, x + Wt- *t <= lim Eh( t, x + W, ’),

and from Fubini and Fatou we obtain

io(4.21) E h t, x + W- * dt<= li_._m E h t, x + W,- ’ dt.

On the other hand, given any e>0, one can find a step function 0(t)=
m--1Ei=O cil[ai,a,+l)(t) such that:

0 ao < al <" "< am 7.,

aiG ’qi=0, 1,. , m-l,

ci->0 /i=0,1,...,m-1,

[f(t)-q(t)l<=e /t[0, 7-].

From

Io,) f(t) dt I[o,,r) [f(t)- q(t)] dt + f[o,.) qg(t)dt,

with " =- and " =-’*, and with the interpretation of integrals as in Remark 5.3 of
the Appendix, we have

Ef[o,, f(t) dj’-E f[o.) f(t) d*t

m-1 m-1

=> -e(sup E:7 + E:*) + E c,[E:,+- E:a*,/]- E ci[E,- E:*,].
nl i=0 i=0
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Letting n oo, we obtain

lim E I f t) d,’; E I f t) d,*t
n--,o 0,-) O,z)

(4.22)
>-- -(sup E:," + E:*) + c,,_a[lim E-E:*].

n_>_ noo

Recalling (4.6), we can let tTr, with t G for every ]>- 1, and obtain

E: lim E: lim E:7 --< M,

SO

(4.23) sup EsC7 +E* <- 2M <

As e$0" cm-lf(r) and so, using (4.23), (4.22) becomes

(4.24) ,-.olim E Io,,)
f(t) d’>=Ef

Combining this with (4.21) and using the inequality

(4.25) lim x. + y.) -> lim x. + lim y.,

we obtain

lim E h(t, x + W-’) dt+ f(t) d,’
no O,r)

(4.26)
e()[liE-]+ h(t,x+-) dr+ (t) d
n 0,)

Let us consider, as before, a strictly increasing sequence {t} G, such that limo t
For each ] 1, n 1 we have, by virtue of condition (4.2):

g(x+ W-)-g(x+ W-)f()(-), P-a.s.,

whence

(4.27) lim [Eg(x+ W,-(t)-Eg(x+ W-:)]<f(z) lim (E(7-Et) V.i > 1

From (4.25) in the form: lim (y,,-x,,)_->lirn y,-lim x,, the left-hand side of (4.27) is
seen to dominate

Eg(x + W-)- lirn Eg(x + W,-)

by virtue of Lemma 5.2, since g(.) is nonnegative and convex. On the other hand,
from (4.25) in the form: li--- (z,-x,)_-<lim z,,-li___mx,,, the right-hand side of (4.27) is
bounded above by

f(z)[ lim EsC Eel].

We have shown, therefore, that

(4.28) Eg(x+ W-)-lirn Eg(x+ W- 7)_-<f(z)[lim E7-E]
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holds for any ] -> 1. Passing to the limit as ]- c in (4.28) we obtain the crucial inequality

(4.29) Eg(x+ W-*)-lirn Eg(x+ W-)<=f(r)[E7-E**].

In conjunction with (4.25) and (4.26), inequality (4.29) yields

lim J(z, x; n) >= J(r, x; *),

and because {n}n=l is a minimizing sequence for (r, x), * is optimal.
As a corollary of Theorems 3.4 and 4.1 we obtain the following existence result

for the Optimal Stopping problem.
THEOREM 4.9. Under conditiigns (3.2) and (4.1)-(4.3) on the cost functions, there

exists a stopping time tr* which is optimal for the Stopping Problem (3.4).
It is noteworthy that this result has been established by purely probabilistic argu-

ments, using the control problem as an intermediary.

5. Appendix: On uniform integrability and weak Ll-convergence. This section
contains an (apparently novel) sufficient condition for uniform integrability and a Fatou
lemma for weak Ll-convergence; both results are of some independent interest. We
conclude with a remark on Riemann-Stieltjes integration and a real variable Lemma.

LEMMA 5.1. On uniform integrability.
Let {Xn} oo= be a sequence of nonnegative random variables on the probability space

(f, , P), satisfying

(5.1) sup/ (X,-A) dPO asA
n_--_.l ./{Xn>A

The sequence {Xn} --1 is then uniformly integrable.
Proof. First, we show that condition (5.1) implies

(5.2) ,X sup P(X > ;t)-->0 as ,
n__>l

Suppose not; then there exists a number e > 0 and two sequences {Ak}kl and {nk}kl
Of positive integers, increasing strictly to infinity, such that

XkP(Xn > Xk) => e > 0 k-> 1.

For a fixed integer k*_-> 1, and any k-> k*, we have

n>>_l (Xn> Ak. Xnk> Ak} Ak

Letting k--> oo on the right-hand side we obtain

f (Xn Ak.) dP >- e Vk* >-sup 1,
n>--_l .J {Xn> Ak.}

a contradiction to (5.1).
With (5.2) established, uniform integrability is a consequence of (5.1) and of the

obvious inequality

sup f X,,dP<-sup f (X,,-,) dP+,X sup P(X > A).
-->1 *]{Xn>A} nl ./{Xn>A nl

The Dunford-Pettis compactness criterion (see Dunford and Schwartz [7, p. 294]
or Meyer [17, p. 20]) asserts that every uniformly integrable sequence of random
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variables {Xn}n= contains a subsequence {Xnk}k--_l which converges to an integrable
random variable X weakly in L1, i.e., limk-oo E(X.Y)= E(XY), for any bounded
random variable Y.

LEMMA 5.2. A Fatou lemma for weak L1-convergence.
Let {X.}.%l be a uniformly integrable sequence of random variables on (fl, ;, P)

and X be an integrable random variable, such that {X.}.=I converges to X weakly in
L1. We have then

(5.3) Eh(X) <= lim Eh(X,)

for any nonnegative, convex function h on

Proof. We start with the special case

h(x)=0v max (akX+k),
l<__k<__m

where { Cek} kin_-1, (k} km=l are finite sets of real numbers and m is an integer. The sequence

{Z. a--- h(X,,); n >- l}

is obviously uniformly integrable. Let {Znj}j= be a subsequence such that

lim EZ.j = lim Eh X.).

By the Dunford-Pettis compactness criterion, there exists an integrable random vari-
L1"able Z and a further subsequence {Z,,}--1 which converges to Z weakly in It

follows that

and it remains to show

(5.4)

lim EZ EZ,

Eh(X)EZ.

For notational simplicity, the subsequence which converges weakly to Z will be denoted
by {Zn}n=x. Using weak convergence of {X}=I to X, we have for any fixed integer
k,l<=k<=m

E(akX + fl) I(Z<x+0) lim E OlkX -J- k)l(z<x+o)

lirn EZ.

EZlz<kx+3
-<_ E(aX+/3)lz<x+0,

and so the last inequality must be an equality. This implies akX+ flk <= Z, a.s. P, for
any 1 <= k _<--m. Besides, lim,_.o EZlz<o EZlz<o yields Z=> 0 and therefore Z-
h(X), a.s. P; relation (5.4) follows.

A general nonnegative, convex function h can be written as the supremum of
countably many linear functions"

h(x)=sup h,(x) where hm(x)=Ov max (akX+flk).
m>-- lkrn

By what has already been shown,

Eh.,(X) <- lim Eh,(X.) <- lim Eh(X)
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holds for every m >= 1. Now let m- and use monotone convergence to obtain (5.3)
in the general case. [3

Remark 5.3. Integration with respect to nondecreasing functions.
Let so(t) be a nondecreasing function on [0, z), with :(0) 0, and k(t) be bounded,

continuous on [0, 7.). The Riemann-Stieltjes integral to,,) k(t) d(t) is defined by

lim k(bi){s(ai+l)-S(ci)}+ k(b,,_l){(Otm-)-(Otm_l)}(5.5)
,llo =0

where et is a partition 0= a0< a <"" < a, 7. of the interval [0, 7.] with mesh

I111 maxo_,<=,,-110i+l- oi and a-< b-<_ a,+i; i=0, 1,..., m-1.
If k(. is right continuous with finitely many points of discontinuity, the above

limit still exists and can be taken as the definition of Ito.,)k(t)d(t), provided the
partitions t are chosen to include the discontinuities of k(. ).

If k(. is continuous and sl(t)= 2(t) for a.e. tel0, 7.], then

(5.6) k(t) d(t)= It k(t) d:2(t).
0,r) 0,)

LEMMA 5.4. Let q’[0, 7.)- be bounded and nondecreasing, and extend it by

Then the function

p(t) #(0), t_<0, #(t) q(7.),

is left-continuous, the function

is right-continuous, and

(5.7)

qt.(t) a__ lim q(s)
st

PL( t) <-- ( t) <-- PR t) Vt[0, 7"].

Besides, L and (R have the same set of continuity points, and equality holds in (5.7)
on this set. In particular,

qL(t) q(t) qR(t) a.e. on [0, r].

The proof is left to the diligent reader.

6. Appendix: On the nature ot the optimal control process. Theorem 4.1 guaran-
tees the existence of an optimal process s* for the control problem but provides
no information about its nature. We shall address this question by pursuing the
equivalence between the problems of control and stopping in the opposite direction.
Namely, strong conditions are imposed in this section on the data h, f and g to ensure
that the optimal stopping rule is expressible in terms of a monotone moving boundary
s(t); 0<= -< z:

tr* =inf {0=< t<= 7.; x + Wt >- s(t)}
(6.1)

=r if{’"}=.
Suitable arguments are then employed to show that the process * given by

(6.2) s,*=max[O, max {x+ W,-s(u)}], t>O
O<_u<_t
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is optimal for the control problem. This is the approach taken in [3], [14]; it relies
heavily on the powerful analytical tools which have been developed for the stopping
problem, and is presented here for completeness. It shows, in particular, that almost
all sample functions of the optimal process (* are singular with respect to Lebesgue
measure and flat off {0 <- -<_ r; Xt* _-> s(t)}, where

(6.3) X*t x + Wt- *t O <= <= z,

is the optimal state process: a Brownian motion reflected leftwards along the moving
boundary for > 0 and with a possible jump at 0, so that" Xo*/ min {x, s(0)}. Thus,

* can be viewed as the local time of X* at the moving boundary, for > 0.
Let us suppose with Van" Moerbeke [24] that, in addition to (3.2), the functions

h, f and g satisfy the following conditions:

(6.4)

(6.5)

there exists a function H(t, x) which is continuous on [0, z]xR, with partial
derivatives of the form (Os+r/ot oXr)H(t, X) which are continuous on [0, z) x R
whenever 2s+ r_<-5. The gradient Hx(t, x)=(O/Ox)H(t, x) obeys a polynomial
growth condition in the space variable x, and we have

Hi(t, x)+1/2Hxx(t, x)= hx(t, x) on [0, z);
f(t) is twice continuously differentiable on [0, z);

(6.6) htx( t, x) + f"( t) >- O onE0, z)R;

(6.7) there exists a number b > 0 such that

hx(t,x)+f’(t)>O on[0, z)(b,c);

(6.8) the function g(x) is four times continuously ditterentiable on (-o, b), and
satisfies"
(i) g"(b-) O;
(ii) g’(x) < f(z), x < b;
(iii) -1/2g’"(b-) hx(z, b) +f’(z-) > 0;
(iv) 1/2g’"(x)+hx(t,x)+f’(z-)<-O,x<b.

For any [0, ’] and any stopping time r such that P(0 =< r =< z- t) 1, we have
by an application of It6’s rule:

io h(t+O,x+ Wo) dO=EH(t+o-,x+ W)-H(t,x).

We define the optimal risk for a stopping problem as in (3.4), but now on the interval
It, z], by

,(t,x; z) a= inf E[H(t+r,x+ W)+f(t+r)l{<,-t
Or’--t

(6.9)
+ g’(x + W)l{=,_t}]-H(t, x),

for 0-<_t=<z, x. Obviously, u(0, x; z)-= u(r, x). Under conditions (3.2) and (6.4)-
(6.8), Theorem 3 and its corollary in Van Moerbeke [24] guarantee the existence of
a decreasing, continuously differentiable function s(t), 0 <- <_- z with s(r) b, such that
the stopping time:

r*t inf {O <= O <= z- t; x + Wo >= s( O)}

=z-t if{’’’}=,
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is optimal for the stopping problem in (6.9). In addition, the moving boundary s(t)
and the optimal risk ,(t, x)- u(t, x; 7.) solve the following Free Boundary Problem:

(6.10) 1/2’xx(t, x)+ u,(t, x)+ hx(t, x) =0, 0_-< < r, x < s(t),

(6.11) =>0, 0_-<t< r, x>s(t),

(6.12) u(7., x) g’(x), x R,

(6.13) u(t,x)<](t), O<=t<=7., x<s(t),

(6.14) v(t,x)=f(t), O<=t<=7., x>=s(t),

(6.15) Vx(t, s(t))=0, 0<= -< 7-.

It is then not hard to see that the function M(t, x) =- M(t, x; 7.) defined on [0, 7.]xN by

If(t)

(6.16) M(t, x; 7.) a___ g(b)+ {h(u, s(u))-f(u)s’(u)} du- ,(t, y) dy,

is continuous along with its gradient Mx(t, x) on [0, 7.]x[R, has derivatives Mr(t, x),
Mx,(t, x) which are continuous on [0, )xR, and satisfies the relations:

(6.17) 1/2Mx(t,x)+Mt(t,x)+h(t,x)=O, 0-<_ < 7., x<=s(t),

(6.18) >0, 0<=t<7., x>s(t),

(6.19) m(7.,x)=g(x), x,
(6.20) Mx(t,x)<f(t), O<-t<-7., x<s(t),

(6.21) Mx(t,x)=f(t), O<-_t<=7., x>=s(t),

(6.22) Mxx(t,x)>-_O, O<=t<-_7., x.

With M(t, x) defined as in (6.16), relations (6.17)-(6.21) can be verified directly, in
conjunction with conditions (6.10)-(6.15) and the monotonicity of s(t). In order to
check (6.22) we observe (Van Moerbeke [24, Lemma 5]) that the function m(t, x)a=
Mx( t, x)= ux( t, x) satisfies

(a) the differential equation:

1/2mxx( t, x)+ mr(t, x)+ hxx( t, x)= O, O<- < 7., x < s(t);

(b) the terminal condition: m(7., x) g"(x) >=0; x <- b;
(c) the lateral condition: m(t, s(t)) =0; 0_<- t<_- 7..

Condition (6.22) follows then from the stochastic representation

m(t,x)=E hx(t+O,x+ Wo) dO+g"(x+ W,-t)l,;=,-ti
dO

O<= t<- 7., x < s(t),

because the functions h(t,.), g(.) are convex.
We can now show the relevance of the function M(t, x) to our control problem.

With : an arbitrary, admissible control process, apply the Dol6ans Dade-Meyer
change of variable formula (see, for instance, [14, 9]) to the function M(t, X) of
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the semimartingale Xt x + Wt-set; 0 _<-t =< to obtain, P-almost surely:

g(X.) M(O, x) {1/2Mxx( t, Xt) + M,( t, X,)} at

(6.23) + Mx(t,
O,r)

+ E {M(t, X,+)-M(t, X,)-(X,+-X,)Mx(t, X,)}.
0t<z

From (6.17)-(6.22) we have the almost sure bounds

(.4

whereas the last (summation) term in (6.23) is nonnegative, by convexity of M(t,.
(relation (6.22)). Therefore, by taking expectations on both sides of (6.23), we obtain

(6.e) M(0, x;

For the special choice * and X X* as in (6.2), (6.3), the inequalities (6.24) hold
as identities, and (6.23) becomes:

M(O, xl h(t, XI at + (tl + g(Xl
O,r)

(.a*
+ M(t,X) dW-[M(O,X+)-M(O,x)-(X+-x)M(O,x)],

P-almost surely. It is not hard to see that the last term (in brackets) is zero, and thus
by taking expectations on both sides of (6.23)*"

(.5* M(O, x; , J(,, x; *).

It follows from the last relation and (6.25) that M(O, x; )= V(, x) and that the
process * in (6.2) is optimal for the control problem. We have established the following
result.

Paoeoso 6.1. Suppose that the cost functions h, and g satisfy conditions (3.2)
and (6.4)-(6.8). Then there exists a decreasing, continuously differentiable function s( t)
0 with s(r) b, such that the process * given by (6.2) is optimalor the Monotone
Follower Control Problem, and the stopping time * given by (6.1) (or, equivalently, by
(3.18) in terms o *) is optimal or the Stopping Problem.
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APPROXIMATION OF ITS) INTEGRALS ARISING IN
STOCHASTIC TIME-DELAYED SYSTEMS*

ARUNABHA BAGCHI?

Abstract. Likelihood functional for stochastic linear time-delayed systems involve It& integrals with
respect to the observed data. Since the Wiener process appearing in the standard observation process model
for such systems is not realizable and the physically observed process is smooth, one needs to study
approximation of such integrals by means of a smooth process; e.g., a band-limited process with no frequency
components outside a finite, although large, band. This approximation is studied in the present paper.

Key words. It6 integral, band limited process, white noise, time-delayed systems

1. Introduction. Approximation of a stochastic integral in the "time domain"
and its limiting behavior has been extensively studied in the recent book of Ikeda and
Watanabe [1 ]. From the physical point of view, however, "band-limited" (or "frequency
domain") approximation is often more appropriate. One such approximation has been
studied by Balakrishnan [2]. The basic limiting result in that paper motivated
Mackeviius in [3] to define a symmetric stochastic integral and study its approxima-
tions. One practical motivation for introducing band-limited approximation arises in
the identification problem for a stochastic linear dynamical system with un.known
parameters. The likelihood functional for such problems involves It6 integrals with
respect to observations and this It6 integral can be shown to be the limit of an
appropriate band-limited approximation with an additional "correction" term. In
processing real data, one has to use the approximated integral together with the
"correction" term in place of the It6 integral appearing in the likelihood functional.
A similar situation arises if one studies the parameter identification problem for a
stochastic linear time-delayed system, except that the "correction" term does not
follow from the corresponding result in systems without time-delays. The filtered state
is now given by a stochastic partial differential equation and obtaining the limiting
behavior of band-limited approximation becomes complicated. The correct formula
for the limit of band limited approximation in this situation is derived in the present
paper.

2. Mathematical preliminaries. Let us consider the following linear stochastic
time-delayed system

;ox(t; o)= Ax(o’-h; w) &r+ B dW(cr; w),
i=0

(2.1)
x(t;w)=O for t-<-0,

(2.2) Y(t; w)= Cx(cr-h,; o) &r+ D dW(cr; o),
i=O

where x(t; o) and Y(t; o) are n- and m-dimensional "state" and "observation"
respectively; W(t; w) is a p-dimensional Wiener process; 0 ho < h <. < h b are
the time-delays and A, B, C, D, 0,. ., k are appropriate dimensional matrices.
Assume that BD* =0 (state and observation noises independent) and DD*>0 is
known which, without loss of generality, may be taken to be the identity matrix. A,

* Received by the editors March 22, 1983, and in revised form October 5, 1983.
? Department of Applied Mathematics, Twente University of Technology, P.O. Box 2i7, 7500 AE

Enschede, the Netherlands.
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B, Ci, =0,..., k, have some unknown components. To estimate these unknown
parameters by the method of maximum likelihood, based on the data Y(t; w), 0 <- <= T,
one has to first evaluate the likelihood functional for the problem. The likelihood
functional is the Radon-Nikodym derivative of the measure induced by the process
Y(. ;o) on the space of R"-valued continuous functions on [0, T] with respect to
Wiener measure thereon, evaluated at the actual sample trajectory of the observation.
Let /3(t) denote the smallest or-algebra generated by Y(cr; w), 0<=o<- t, completed
with respect to the sets of measure zero and define

(2.3) (t, 01r) E[x(t-

We denote (t, O[t) by (t, 0). With this notation, the likelihood functional for the
problem is given by

Y Ci2(t, hi) dt-2 2 G(t, hi), dY(t; o9)Lr(Y(’,w)) exp
i=0 i=o

(2.4)

The smoothed estimates (t, 0) for the present model have been obtained in [4] and
for a somewhat more general hereditary system model in [5]. They are given by

(2.5a) d,(t, 0)+

(2.5b)

ox(t, o)
o0

dr= K(t, O, t) dZo(t;

k

d,2(t, 0)- A,2(t, hi) dt= K(t, O, t) dZo(t; w),
i=0

:(o, o)=o, o>_-o.

k

(2.6) K(t, O, r)= E P(r, z-(t-0), hi)C*
i=0

(2.7) Zo(t;
i=0

and P(t, 0, 02) satisfies

(2.8a)

OP(t, 01, 02) Oe(t, 01, 02) c]P(t, 01, 02)+ +
Ot 00 002

k

E P(t, 01, hi)C* CiP(t, hi, 02),
i,] =O

01 0, 02--0

in the domain [0, T] x (0, b]x (0, b];

(2.8b)

OP(t, Ol, O) OP(t, 0, O) k- E P(t, O,, hi)A*
Ot 00 i=o

k

P(t, 0,, hi) C* CiP(t, hi, 0),
i,j =0

191-->-0,

(2.8c)

OP(t, 0, 02) OP(t, 0, 02) k

+ Y, AiP(t, hi, 02)
Ot 002 i=0

Y P(t, 0, hi)C* CT(t, hi, 0z),
i,j=O

020

in the domains [0, T] (0, b];
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(2.8d)

k kdP( t, O, O) E AiP( t, hi, O) + 2 P( t, O, hi)A*i + BB*
dt i=0 i=0

k

2 P(t, O, h)C*C(t, h, 0),
id=O

P(0, 01, 02)=0 for (01, 02)6[0 b][0, b].

Two other related results proved in [4] will be useful in the sequel. We put them
together in the following lemma.

LEMMA 1.

(a) CR(t, hi; to)= h(t, s) dY(s; to),
i=0

where o h(t, s)II ds dt < c.

(b) (t, 0)= g(t, O, ’) dZo(r;

O<_t<_T

where K(t, O, r) is given by [4, eq. (4.4)].
Remark. The results mentioned above remain unchanged if Ai, B, Ci, D, i=

0,. , k are taken as time-varying matrices. Nonzero initial condition x(t; to), --hk <-

<= 0, introduces only minor modification into the smoothing equations.
Going back to the likelihood functional, (2.4), we see that it involves It8 integrals

with respect to the observation Y(t; to), 0<= t<= T. Unfortunately, what is observed in
practice is not Y(.; to) given by (2.2) but a band-limited version thereof. Of course,
the band-width must be very large to justify the use of (2.2) in theory and obtain the
smoothing equations (2.5). However, the It8 integral appearing in (2.4) is not the limit
of the integral corresponding to the band-limited version of the observation process
as the band-width increases without bound. One needs an additional correction term
and this will be explicitly determined in this paper.

To obtain this correction term, we need to use the central result in [2] which we
state without proof in the following theorem.

THEOREM 1 ([2, Thm. 2.1]). Let H be the real separable Hilbert space of n x 1
square integrable matrices Lz =- L2([0, T]; [n). Let L(t, s) be a n n matrix-valued
function, Lebesgue measurable in and s, such that

for fo "L(t, s)l’2 ds dt < c.

Define the linear operator mapping H into itself by

f g, g(t) L(t, s)f(s) ds, 0 <- <= T.

Suppose that (+*) is nuclear (or, trace class). See [6] for details. Then

lim L(t, s)wm(s; to) ds, Win(t; to) dt

L(t,s) dW(s;to),dW(t;to) +Tr (+*),
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where

w’(t; to)= I_oo M(t-s) dW(s; to),

M(s) I, e2=s df I

In n n identity matrix,

and the limit is taken in the Le-sense.

(sin 2rms)
S

3. Main result. Our previous discussion shows that in evaluating the likelihood
functional, (2.4), using real data, one is confronted with studying the limiting behavior
of

(3.1) C2’(t, hi; to), y’(t; to) dt
i=0

as m, where ym(t; to)=J_ooM(t-s) dY(s; to) with M(.) as defined in Theorem
1 and ’(t, 0) satisfies

o"(t, o) o’(t, o)--+=K(t, O, t)z’(t, to),
ot o0

d.f’(t, O) k

E A;( t, h) K(t, O, t)z’(t; to),
dt =o

(3.2)
)m(0, 0) 0, 0e0,

k

Zn(t; to)= ym(t; )-- E ci;m( t, hi; w),
i=o

and K(t, O, r) is given by (2.6).
T,zoz 2 (main result). With the same notation as above,

lim 2 Gm( t, h; ), ym(t; ) dt

]IoC(, h; ), dY(t; ) + Tr E CP(t, h, hi)C dt.
i=o id=o

The proof is based on the following lemmas.
CK(t, h, ) and , [ be operators mapping L intoLZMMa 2. Let K (t, ) Ei=o

itself, defined by

f g; g(t) Jo h(t, s)f(s) ds, the kernel h(t, s) being as given in Lemma la,

Then + *) is nuclear ifand only if (+ [*) is nuclear and they have the same trace.

Proof From Lemma la and (2.7), we get

G2(t, h; )= h(t, s) dY(s; )
i=0

h(t, s) dZo(s; )- G(s, h; ) ds
i=0
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so that

(3.4) C,2(t, h,; oo)+ h(t, s)C,(s, h,; o)) ds h(t, s) dZo(s; w).
i=0

Using Lemma lb, one gets

C2(t, h; o)+ h(t, s)G(s, h; ) ds

I0" /oC,K(t, h,, r) dZ0(r; o)+ h(t, s) CK(s, h,, r) dZ0(r; ) as

Gg(t, h, )+ h(t, s)Gg(s, h, ) ds dZo(; ),

GK(t, h, r) yieldsand (3.4) together with K(t,

Io [ /,(t, )+ h(t, s)(s, ) as dZo(; )= h(, ) dZo(; ).

This implies that

h(t, r)=K(t, z)+ h(t, s)K(s, r) ds

then is nuclear

such that

Io
IIM(t, c)ll dc dt <,

Proof. See the theorem in [7, p. 228].
LEMMA 4. Let be the operator as defined in Theorem 1. If L( t, s) has the form

L(t, s)= M(r, s) dr

or, in operator form.

(3.5) (! + )-1= I-’ (note that (1+ f) always has a bounded inverse).

Suppose that (’’+ ’’*) is nuclear. Then from the theorem in [7, p. 232],

(3.6) log det [(I ’/’) (I ’’*)] -Wr (Y/" + ’/’*),

and using (3.5),

(3.7) log det [(I + *)(I + N)] -log det [(I- ’() (I- (*)] <

implying that (+ *) is also nuclear. Similarly, (N+ *) nuclear implies that (’{+
3’*) is also nuclear. Finally, it readily follows from (3.6) and (3.7) that

Tr (N+ N*) Tr (’’+ ’’*).

LFMMA 3. Let be the operator as defined in Theorem 1. If L( t, s) has the form

L(t, s)= M(t, o-) do"
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such that

then is nuclear.

Iol lo IIM(t, s)II ds at <

Proof. Define operators and 6e as follows:

f g, g(t) M(t, s)f(s) ds,

ff’f g, g( t) f s) as.

Then it is easy to verify that Se. 5 and being both Hilbert-Schmidt, the result
follows.

LEMMA 5. Let ij be the operator mapping L into itself, defined by

of=g, g(t) Ko(t, r)f(r) dr,

where Ko(t, r)=E[(x(t-hi)-E(x(t-hi)l(r)))(x(r-h)-E(x(r-h)l(r)))*].
Then (o +) is nuclear and

(3.8) Tr (0+) Tr P(t, hi, h) dr.

Proof. As shown in [4, p. 204], we may write, for r <-t,

Ko(t, -) E O(t, tr)B dW(tr)-E O(t, tr)B dW(r)13(r)

where the transition matrix O(t, r) satisfies

(x(,-h)-E(x(,-h)l(,)))*]

0(, ) I,

O(t,r)=O for t<’.

Using the result that for any random vector x,

(see [8], for example), the formula for covariance of Wiener integrals and the fact
that q(t, r) is differentiable in for _-> r, it is easy to verify that Ko(t, r) and OKo(t, r)/Ot
are continuous in 0 _-< " _-< t-< T. Therefore g(t) is ditterentiable w.r.t, and

, t) Ko( t, t) + fo OKO(ott’ ’)
f(’) dr.

d k

d--tO(t, r)= E AiO(t-hi, r) for t_-> r,
i=0
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Note that Kij( t, t)= P( t, hi, hj) and thus,

Io’g(t) P(s, hi, h)f(s) as+ aKin(s, z)
f(r) dr ds

Os

fo’ Io ( f’ OKi(s’ r) ds) f(r) dre(s, h,, h)f(s) ds+

Io’ )P(t, hi, hj) f(s) ds-
OP(r, hi, h) dr f(s) ds

0"

fo (f, oK*(r’S) dr) f(s) ds.+

Thus

and

2i q+ q, where

jf g, g(t) P(t, hi, h) f(s) ds,

g(t)=-fo’ (fst OP(r’ hi’ hJ) dr) f(s)

fo’ (f’ OKi(r’ S) dr) f(s) ds.

2 is nuclear and being a Volterra operator, has zero trace.From Lemmas 3 and 4, i
Thus, (/*) also has zero trace. It is easy to see that (.+ *) is trace class and

Tr + *) Tr P(t, hi, hj) dt.

It follows that (q +) is trace class and

;oTr (i +) Tr P(t, hi, h) dr.

Proof of the theorem. Lemma 5 readily implies that with Yf as defined in Lemma
2, (Yf + Yf*) is nuclear and

( )Tr (Yf+ Yf*)= Tr 2 CiP( t, hi, h)C dr.
i,j=O

It follows from Lemma 2 that (Y(+ *) is also nuclear and has the same trace as
above. The theorem then follows by proceeding analogously as the proof of [2, Thm.
2.2].

Example. Let us illustrate, by means of a simple scalar example, how we can use
the result of Theorem 2 for the problem of estimating parameters of a time-delayed
system. Consider the following one-dimensional system

x(t; w)= ax(r; w) &r+ bWl(t; w),

(3.9)

(3.10)

x(t;w)=O, t<=O,

Y(t; w) [x(cr;w)+x(cr-1;oo)]dcr+W2(t;w),
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where { W1 t; o)} and { W2( t; w } are two scalar independent Wiener processes. Writing

W(t;w)=
W2(t;o)

B=[b 0], D=[0 1],

we may express (3.9)-(3.10) exactly in the form (2.1)-(2.2). Suppose that a and b
are unknown system parameters which have to be estimated on the basis of the observed
data Y(t;o), 0-<_t-<_T. We first determine P(t, 01,02) for (t, 01,02)
[0, T]x (0, 1Ix(0, 1] which is scalar and independent of the observed data. This can
be done by solving the set of equations (2.8a)-(2.8d) with k 1, hi 1, Ao a, A1 =0,
Co 1, C1 1 and B =[b 0]. We write the solution as P(t, 01, 02; a, b) to denote
explicit dependence on the parameters a and b.

Now the observation equation (3.10) is only a mathematical idealization. In
practice, one never observes Y(t; o), 0<= t<= T, but a band-limited version of Ik(t; w),
O<-t<-_T; that is, one really observes ym(t;w)=_oM(t-s)dY(s;w) with some
M(. as defined in Theorem 1, albeit with m large enough to justify, in theory, the
use of (3.10). In practical identification problems, one has to use this real observation
to calculate the filter and the likelihood functional. What Theorem 2 implies is that
the expression (approximation of the true likelihood functional) that one has to
maximize to determine the unknown parameters a and b for this problem is given by

L’(a,b)=exp -- [m(t,O;a,b)+"(t, 1;a,b)]2dt

--2 [m(t, O; a, b)+.m(, 1; a, b)]ym(t) dt
o

+2 [P(t, O, 0; a, b)+P(t, O, 1; a, b)

+P(t, 1, 0; a, b)+P(t, 1, 1; a, b)] dt)),
where m(t, 0; a, b), 0 [0, 1] is determined from

oxm(t, O; a, b) O(t, O; a, b)+
ot

d;m(t, O; a, b)

O0

dt

;m (0, 0) 0 for 0 [0, 1],

K(t, O, t; a, b)z’(t; a, b),

--a.m(t, O; a, b)= K(t, O, t; a, b)z’(t; a, b),

z(t; a, b)= y"(t)-["(t, O; a, b)+m(t, 1; a, b)],

K(t, O,t)=P(t, O,O)+P(t, 0,1).

In fact, what Theorem 2 really asserts is that

lim L’(a, b)= L.r(a, b)

where LT-(a, b) is the idealized likelihood functional given by (2.4). We must also note
that, in practice, ym(t; W), 0<= t<= T, only means the real observation available to us
which is used to calculate all the terms in the approximate likelihood functional.
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4. Relation with "white noise model". If, instead of the standard model for linear
time delayed systems described by equations (2.1) and (2.2), one uses the white noise
model of Balakrishnan (see [6] for details), stochastic integrals in the smoothing
equations and likelihood functional disappear, while the correction term appears in
the expression for the likelihood functional. This is not surprising, since physically the
white noise model is indeed the true limiting form (idealization) of band-limited
approximate noise models. We outline briefly the steps involved in evaluating the
.smoothing equations and the likelihood functional in the white noise model.

The, state and observation equations are given by
k

(t; n)’: Aix(t-hi; n)+Bn(t),
i=0

(4.1)
x(t; n)=0, --hk <= t<=O,

k

(4.2) y(t; n)= Y Cix(t-hi; n)+Dn(t),
i=0

where n(. is "white noise" on L2p as defined in [6]. Assume, as before, that BD*= 0
and DD* =I. c(t) is the bounded linear transformation from 2p into -=L2([O, t]; ’)"

c(t)n y, y(s; n) G (s- h, o’)Bn(r) do’, 0 <- s <- t,
i=0

where the transition matrix (t, r) satisfies

Let @ be defined by

d k

d-- ( t’ z) Y Ai(t- hi, 7"), >= z,
i=0

(t, ’) 0 for < ’.

(n)(t)=D(t)n(t).

Then r/(t; n)6L2, and the weak random variable (see [6]) y(s; n), 0<= s<= t, has the
nonsingular covariance operator c(t)c(t)* + I. Let Y{(t) I-(I + c(t)&c(t)*)-1

which can be shown to be an integral operator with kernel K (t, s, r). Let (t) be the
bounded linear operator from L2p into

io(t)n x, x (t, s)Bn(s) ds,

and let

,,(t, s) E[x(t; n)x(s; n)*].

Then one can show that

2(t, Ol’)=E[x(t-O; n)ln(r; n)]

d/l(t- O)(c(Z) + )*(I + c(Z)c(-)*)-l l(-; n)

M(t-O)c(r)*(I-Y{(r))rt(r; n).
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Some calculations yield

(4.3) ., Ci(t-.hi)c(t)*(I-Y(t))f K(t, t, s)f(s) ds.
i=0

Define

k

Zo(t; n)= y(t; n)- C(t, hi; n).
i=0

One can show that

ioE ([Zo(t; n), f(t)]) dt ([Zo(t; n), g(t)]) dt [f(t), g(t)] dt
0

so that Zo(" n) is a white noise process in L and furthermore, one gets from (4.3) that

zo(t; n)= y(t; n)- K(t, t, s)y(s; n) ds.

Thus one can write

y(.; n)= (I-J)zo(" n),

and therefore one has the integral representation

(4.4) (t, 0)= K(t, O, r)Zo(r; n) dr.

If P(s, 01, 02)=E[(x(s-O1)-(s, 01))(x(s-O2)-;(s, 02))*], P(s, 01, 02) satisfies the
same set of equations as (2.8). While using the representation (4.4) and whiteness of
Zo(’; n), one gets

k

K(t, O, r)= , P(r, -(t-O), h,)C*,
i=0

the same expression as (2.6). Direct differentiation and (2.8) yield

O;(t, O) O(t, O)+=K(t, 0, t)Zo(t; n),
Ot 0

d;(t,O)
Ai;(t, hi)= K(t, O, t)Zo(t; n),

i=Odt

the precise limiting form of (3.1) and (3.2). To evaluate the likelihood functional, note
that

k

y(t; n)= E C(t, hi; n)+ Zo(t; n)
i=0

Ci K (t, hi, ’) dzo(’; n) + Zo(t; n).
i=0

Thus, with Y" as defined in Lemma 2,

y(.; n) =(I+X)Zo(.; n)

and

Zo(’; n) =(I-)y(.; n),
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where from the defining relation for Zo(t; n), it is obvious that

k

(Xy(. n))(t)= E G(t, h,; n).
i=0

The Radon-Nikodym derivative of the weak distribution induced by y(t; n), 0- <- T,
on L with respect to normal distribution thereon is given by ([6, pp. 300-302])

L(o) exp (- 1/2(ll(I- )o 2- o = +Tr (X+ Y{*))),

so that the likelihood functional is

(1Lr(y(’ n))= exp -(lly("; n)llz- 2[y(. n), y(.; n)]+Tr (9’/’+

( l(Ior( II=exp - =o
C(t, h) -2

=o
C(t, h), y(t; n) dt

+ ff Tr(,,=oCP(t, h,, h)C) dt))
so that the "correction" term appears naturally in the likelihood functional in the
white noise model.

5. Conclusion. We have studied band-limited approximation of It6 integrals
arising in the expression for likelihood functional in stochastic linear time-delayed
systems. It is shown that the "correction" term that one has to take into account while
working with the approximate model appears naturally in the alternate formulation
of the problem via the white noise model.
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H-CONTROLLABILITY AND OBSERVABILITY
OF LINEAR PERIODIC SYSTEMS*

SERGIO BITTANTI’, PATRIZIO COLANERI: AND GUIDO GUARDABASSI’

Abstract. With reference to linear periodic systems, the classical notion of controllability introduced
by Kalman (K-controllability) is shown to be equivalent to the characterization of controllability (H-
controllability) first proposed by Hewer as a natural extension to the periodic case of an eigenvalue-
eigenvector controllability condition independently introduced by several authors for time-invariant systems
only. The proof of such an equivalence also leads to the conclusion that if a T-periodic system S is
K-controllable and k is the degree of the minimal polynomial of the monodromy matrix associated with $,
then, at any time t, S is controllable over (t, t+ kT). Since k is lower than or equal to the system order, a
well-known result due to Brunovsky is slightly strengthened. By duality, the corresponding observability
results follow.

Key words, continuous-time linear systems, periodic systems, controllability and observability, modal
controllability conditions, periodic Riccati equation

1. Introduction. This paper deals with the controllability of linear periodic sys-
tems. Since the corresponding observability results are readily obtained by duality, no
specific attention will further be given to them in the sequel.

For the linear time-invariant case, an eigenvalue-eigenvector characterization of
controllability, equivalent to the classical one due to Kalman, was introduced by many
authors, such as Johnson [1], Popov [2], Belevitch [3], Hautus [4]. A first extension
to the periodic case of this notion, henceforth referred to as H-controllability, was
made by Hewer [5, 2], who also developed some arguments to prove that H-
controllability is equivalent to Kalman controllability (K-controllability) in the periodic
case as well. Unfortunately, Hewer’s arguments were not technically sound since his
Theorem 2.15, on which they were essentially based, has subsequently been proved
to be false [6]. A slightly different concept of H-controllability for periodic systems,
totally equivalent to the one proposed by Hewer, has been adopted by Kano and
Nishimura [7] to study the existence of periodic solutions to periodic Riccati differential
equations.

The main purpose of the present paper is to prove that, for linear periodic systems,
H-controllability as defined by Hewer, Kano and Nishimura is in fact equivalent to
standard K-controllability. The paper is organized as follows. In 2 some preliminary
definitions and results are briefly recalled. The main result is proposed in 3, while
some concluding remarks are collected in the last section.

2. Preliminaries. Consider the linear periodic system

(1) (t) A(t)x(t)+ B(t)u(t),

where A: R R"", B: R R "’’ and u: R - R" are piecewise continuous functions.
Furthermore, A and B are by assumption periodic functions of period T. Denoting
by (t, -) the system transition matrix, it is apparent that

(2) O(t+ T, ’+ T) O(t, -).
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The matrix do(T, 0), which plays a major role in the machinery of linear periodic
systems, is usually named monodromy matrix. For easy reference, the definition of
K-controllability is first recalled.

DEFINITION 1. System (1) is K-controllable over a time interval (t, r) if, for any
$ R n, there exists an input ut,,)(. such as to carry the state x(t)--$ into the origin
at time r.

System (1) is K-controllable if, for any t, there exists > such that (1) is
K-controllable over (t, ).

Contrary to what is stated in [5, 2] and in [8, Prop. 2.26], if system (1) is
K-controllable, it may’not be controllable over (0, T). A counterexample is given in
[6]. Instead, it is true that, if system (1) is K-controllable, then it is controllable over
(0, nT), where n is the system order. This fact is an obvious corollary of the following
result, proved by Brunovsky in [9].

THEOREM 1. System (1) is K-controllable if and only if the matrix

(3)
T

W dO(O, t)B(t)B(t)’do(O, t)’ dt

is positive definite for i= n.
As for H-controllability, the following characterization is given in [7].
DEFINITION 2. System (1) is H-controllable if, for each eigenvalue A of the

monodromy matrix, do(T, 0)’,/= A/and B(t)’(do-l(t, 0))’/=0 for a.e. t[0, T] imply
7=0. [3

This definition is equivalent to the one considered in [5]. In fact, consider the
Floquet representation [10] of the transition matrix

do( t, 0) F(t) eJ’.

where F is periodic of period T and J is a constant matrix. Then, _system (1) is
apparently H-controllable if and only if, for each eigenvalue v of J, J’r/= vr/ and
B(t)’(F-l(t))’r/=O for a.e. t[0, T] imply r/=0.

In the case of time invariant systems, A(t)= A, B(t)= B, it can be taken F(t)= I
and J A. This leads to the conclusion that an invariant system is H-controllable if
and only if for each eigenvector of A’, B’r/=0 implies r/=0. In other words, when
specialized to the time-invariant case, Definition 2 is consistent with the characterization
of controllability given in [1]-[4].

3. H-controllability of linear periodic systems. The main result of this paper is
that, for periodic systems, H and K-controllability are equivalent (see Theorem 2
below). To prove this, three lemmas are first introduced, which make the proofs of
the subsequent Theorems 2 and 3 straightforward.

LEMMA 1. The matrix (3) can be given the following expression:

(4)

where

()

(6)

W/+ W/-Jf-doiWldo

i:=(O, iT).

Pro@ From (3) it is apparent that
(i+llT

W+I W + do(O, t)B(t)B(t)’do(O, t)’ at.
.liT
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Let ? t-iT. Then, in view of (2) and (5),

(7) (0, t) (0, iT)alP(iT, t) i(0, ?).

Since B(t)= B(?), from (3), (6) and (7), (4) follows.
Remark 1 In view of (2) and (5) i=1. Hence (4) can be equivalently written

as follows

(8) w/+ w/+w’1"
LZMMA 2. If system (1) is K-controllable, then it is H-controllable.
Proof. By contradiction, let 0 be an eigenvector of (T, 0)’ associated with

eigenvalue A such that

(9) B(t)’(0, t)’ 0 for a.e. [0, T].

We then prove that matrix defined by (3) is singular for any positive integer i.

Precisely, by induction, we show that *W =0, Vi, where * denotes conjugate
transpose.

Since

n’Win IlB(t)’(0, t)’nl] z dt,

from (9) the conclusion that

(10) n*wn =0

follows.
Now assume that*=0. Then (8) entails that

*+ *i wi’1"
As n is an eigenvector of the transpose of the monodromy matrix, the inverse of which
is matrix ,

i’ -i.=A
Therefore

W/+I T I-="W* =0.

By induction, the singularity of W is proved for each integer i, and this contradicts
the assumed K-controllability. E1

The converse of the above lemma is stated as follows.
LEMMA 3. If system (1) is H-controllable, then it is K-controllable over (0, kT)

where k is the degree of the minimal polynomial of the monodromy matrix.

Proof. By contradiction, assume that the matrix Wk is singular. Then, since the
null space of Wk, i< k, is a subspace of the null space of W/, there exists a : 0 such
that

W/: 0, i=1,2,...,k.

As 1 is nonsingular, from (8) it then follows that

(11) W1’ O, i=0, 1,...,k-1.

Now, let a(z) be a polynomial of minimal degree such that

(12) a()=O.



892 S. BITTANTI, P. COLANERI AND G. GUARDABASSI

Obviously, such a polynomial has degree not greater than the one of the minimal
polynomial of 1. Notice that, since (T, 0)= -1, such a degree is equal to k. Let ,
be a zero of a(z) and let

(3) (z) /3(z)(z- ).

Define also

(14) r/=/3().

The degree of polynomial ]3(z) is lower than the one of a(z). Had r/=0 held true,
c(z) would not have been a polynomial of minimal degree satisfying (12). Thus -q # 0.

Equations (12)-(14) entail that r/ is an eigenvector of . Moreover, (11) and
(14) lead to the conclusion that

(5) w,, =0.

In turn, (15) is equivalent to

B(t)’(0, t)’r/= 0 for a.e. [0, T].

This contradicts the assumption of H-controllability.
THEORFM 2. System (1) is H-controllable if and only if it is K-controllable.
THFORFM 3. If system (1) is K-controllable, it is K-controllable over (0, kT), where

k is the degree of the minimal polynomial of the monodromy matrix.

4. Concluding remarks. In this paper the equivalence between K-controllability
and H-controllability for periodic systems has been established (Theorem 2) and a
well-known result of Brunovsky has been slightly strengthened (Theorem 3).

The results of 3 and, in particular, Theorem 2 combined with previous results
by Kano and Nishimura [7, Thm. 6] provide in fact an indirect proof of an important
result first implicitly stated but incorrectly proved by Hewer [5, Thm. 1.3]. The result
is as follows. Consider the T-periodic matrix Riccati differential equation

P(t) -A(t)’P(t)-P(t)A(t) + P(t)B(t)R-(t)B(t)’P(t)- C(t)’ C(t)

where R(t) is positive definite for all t. If (A,/3) is K-controllable and (A, C) is
K-observable, then i) there exists a unique positive definite T-periodic solution P of
the Riccati equation above, and ii) the system

(t) [A( t)- B( t)R-l( t)B( t)’P( t)]x(t)
is asymptotically stable.
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EXISTENCE OF VALUE IN
GENERALIZED PURSUIT-EVASION GAMES*

L. S. ZAREMBAf

Abstract. The results presented here relate both to a pursuit-evasion game and to a game of fixed time
duration. The dynamics of both games is governed by a system of differential inclusions, and the state
variables x, y have to satisfy some general type constraints. Player can apply any lower 17-strategy [15,
p. 400] and player II can apply any strategy in the Varaiya-Lin sense. The main result is the existence of
a value (in both the games) and an optimal strategy for player II. The key assumption is the condition that
from any sequence of player II’s trajectories emanating from a convergent sequence of points one can
choose a subsequence convergent on a fixed .segment [to, T] to some player II’s trajectory. The condition
holds when the set F2(t, y) is convex for any (t, y) R l/k. This paper is an outgrowth of work conducted
by the author [14]-[17]; it extends the results obtained in [14], [16].

Key words; pursuit-evasion game, value of a game, strategy, nonanticipating operator, lower strategy

1. Introduction. The paper is concerned with both a generalized pursuit-evasion
game (G1) and a game of fixed time duration (G2) in which the dynamics of both
players is modeled by a system of differential inclusions

(1.1) (t)Fi(t,x(t)), x(t.)=x., xRn,
(1.2) (t)F2(t, y(t)), y(t,)=y,, yR.
Similarly as in [14]-[17], we investigate the case where the state variables x, y are
restricted in the sense that

(1.3) x(t)Nl(t), y(t)N2(t),

where N ((N(t), t): R} and N2= {(N2(t), t): R} are closed subsets in suitable
Euclidean spaces. Game G ends when, for some T[x(.), y(.)], the triplet
(t, x(t), y(t)) hits a fixed target set M R/"/. Player II strives to minimize the amount

(1.4) P= P[t,, x(. ), y(.)]= h(t, x(t), y(t)) dr, h >-O,

of energy" consumed in forcing (t, (t), y(t)) into the terminal set M, while player I
is purposeful in maximizing (1.4). In game G. is concerned, player II minimizes

(1.5) P=P[t,,x(.), y(.)]=g(T,x(T), y(T))+ h(t,x(t), y(t)) dr,

contrary to player I who makes the payoff function (1.5) as large as possible (T is a
fixed number greater than t,).

The problem of the existence of a value in generalized pursuit-evasion differential
games, as well as in more general differential games of survival, has received rather
scant attention in the literature. Some existence theorems for differential games of
survival without restricted phase coordinates have been obtained in [1], [2], [5], [6],
[11] and [7, pp. 37-38].

Differential games with restricted phase coordinates were also investigated in the
literature. Games of fixed time duration were examined in [5], [6], [10], pursuit-evasion
games in [3], [4] (see also [12], where the dynamics was governed by a general system
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satisfying some axioms) and generalized pursuit-evasion differential games in [5, pp.
243-244].

The present paper is an outgrowth of work conducted by the author [14]-[17].
It extends the results obtained in [14], [16], where the payoffs are of the form

P[t,, x(. ), y(. )]= dr, P[t,, x(. ), y(. )]= h(t, x(t), y(t)) dt,
t, t,

respectively, and the dynamics is governed by a system of ordinary differential
equations.

In 2, we make assumptions on games GI, G2. The key assumption (condition
(2.7)) states that from every sequence of player II’s trajectories emanating from a
convergent sequence of points one can choose a subsequence convergent on [to, T] to
some player II’s trajectory. This assumption is fulfilled unless the set FE(t, y) is convex
for any (t, y)[t., T]R k. The sets of admissible strategies are defined as in the
author’s previous works [14]-[17]. The existence of a value and an optimal strategy
for player II having complete information is proved for both game GI (Theorem 5.1)
and game G2 (Theorem 5.2).

2. Assumptions and preliminary conclusions. Throughout this paper, t., x., y.
and T are specified values with t. < T; (t., x., y.) is the initial point. We assume that
all points to, x0, Y0) occurring in the paper are admissible, that is, Xo NI (to), Y0 NE(to).
Below, we make the following assumptions on games G1, G2.
(2.1) The sets N1, N2, M are closed in R n+l, R k+l, R n+k+l, respectively.

It is plain that the following two assumptions refer to game G1 whereas the third
one concerns game G2.
(2.2) The target set M contains the hyperplane P-{(t, x, y): t= T}.

(2.3) The function h appearing in (1.4) is nonnegative and continuous with respect
to all its arguments.

(2.4) The functions g and h occurring in (1.5) are continuous with respect to all
their arguments.

Both F1 and F2 are required to satisfy the following condition; it is stated in terms
of F1 only.

(i) For each (t, x)[t,, T]xR n, the set Fl(t,x) is compact;
(ii) for each x R n, Fl(t, x) is measurable in t;
(iii) h(Fl(t, Xa), Fl(t,x))<-_KliXl-X[I, t,<=t<-T, where h is the Hausdorff

metric;
(iv) there exist x* R and a positive number M such that, for all It,, T],

h(Fl(t, x*), {0}) _-<M.

It is known [8, p. 163] that the system (1.1), (1.2) has a solution defined on [t., T].
For each bounded set D in R" and to satisfying t. _-< to_-< T, denote by X(to, D) the
space of all admissible (satisfying (1.3)) trajectories of player I defined on [to, T] and
emanating from a set D. We consider X(to, D) as a subset of C"[to, T], the Banach
space of all continuous mappings from [to, T] into R". In case D {Xo}, we simply
write X(to, Xo); dual notations.apply to player II with X(to, D) replaced by Y(to, E).

COROLLARY 2.1. For each bounded set D(E) in R"(Rk), the space X(to, D) (resp.
Y (to, E)) is bounded and equicontinuous subset of C"[to, T]. Therefore, the closures
of X( to, D), Y( to, E) are nonempty compact subsets in suitable Banach spaces.
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Proof. For each (t, x)e [t,, T]x R", we have (below, IFI h(F, {0}))

(2.6) Ifl(t,x)l<-lfx(t,x*)l/gllx-x*ll/Ml(l+llxll), xe",

with Ml-max (K,M+K[[x*II). Let x(.) be a trajectory of player I emanating from
a set D. Taking into account that

IIx(t)ll <- llX(to)ll+Ml(t-to)+ IIx(s)ll ds
to

we infer from the Gronwall-Bellman inequality that X(to, D) is bounded if D is
bounded in R". Finally, Ilx(t)-x(t’)ll<-_M2(t-t’), where M=MI(I+M3), M3
sup{llx(t)ll: to<=t’<=t<=T, x(.)X(to, D)}. [3

COROLLARY 2.2. The ]’ollowing inequalities hold: (i) (x,y)<=L(l+llxll), ye
F(t, x); (ii) (x, y)=<L(1 + IlYl12), x F2(t, y), where (x, y> stands ]’or the scalar product
of vectors x, y.

Proof. We recall from (2.6) that IFa(t,x)l<-Ma(l+llxll); hence IFl(t,x)l <-

M,(IIxlI-1)/2M, i.e., [Fa(t, x)l<-2M llxll if Ilxll > 1 and IFa(t, x)l<=2Ma otherwise.
Therefore, for each yeF(t,x), we have (x, y> <-_ 2Mxllxll if Ilxl[->_ 1 and (x, y)<=2M
if Ilxll--< 1. Finally, (x, y)=<2Ma(1 / Ilxl12), yF(t, x), which completes the proof. [3

The following condition is the key assumption in our approach (cf. Comment 5.1).

(2.7) Every sequence of trajectories y,(.)e Y(to, y,) for which y,(to) converge to
some point Y0 contains a subsequence convergent to a certain y(. ) Y(to, Yo).

This condition is fulfilled if the set F2(t, y) is convex for any (t, y) e It,, T]xR .
In fact, it is known that, for each compact set E in R , the space Y(to, E) is nonempty
[9, Thm. 2] and compact [9, Thm. 3] in C[to, T] whenever conditions (i)-(iv), are
met: (i) For each (t, y)eft,, T]x R , the set F2(t, y)is compact and convex; (ii) F2(t, y)
is measurable in and upper semicontinuous in y; (iii) F2(t, y) carries bounded sets
into bounded sets (this condition follows from (2.6)); (iv) (y, z) <- C(1 + Ilyl12), c> 0,
for any z e F2(t, y).

3. Strategies. Following [12, p. 157], [13, p. 143] an operator

fl fl(to, Xo, Yo): X(to, Xo)’-> Y(to, Yo)

is said to be a strategy for player II if/3 is a nonanticipating operator, that is, x(t) x2(t),
to -< =< tl, implies that

fl[Xl(" )](t)= fl[Xz(" )](t), to<- t<= tl.

An operator a =a(to, Xo, Yo): Y(to, yo)-X(to, Xo) is called a player I’s strategy (cf.
[15]-[17]) if it is a lower 7r-strategy for some partition 7r (6) of the segment [to, T],
which means that from the equality

y(t) Ye(t), to <= <_- < T,

where h -< < h+ =< T, it follows

c[y(.)](t) c[ya(.)](t) in to <- -< t+.

The set of such defined strategies (or varies over all partitions of [to, T]) are designated
by B(to, Xo, Yo), A(to, Xo, Yo), respectively.

Remark 3.1. The concepts of a strategy defined above coincide with those given
in [16], [17]. However, there is a little difference between them and those given in
[15] since in [15] by X(to, Xo) (resp. Y(to, Yo)) is meant the space of all player I’s (II’s)
trajectories defined on [to, oo).
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It is clear that from each pair of strategies, a unique outcome Ix(. ), y(. )] results
satisfying [15, p. 400]

(3.1) c[y(. )]= x(. ), /3[x(. )]= y(. ).

The notions of lower and upper values as well as value for games G1, G2 are defined
in a standard way [15, p. 400], namely

(3.2)

(3.3)

where

(3.4)

(3.5)

V_ V_ (to, Xo, yo)=sup{P-(a)" a A(to, Xo, Yo)},

17"= 12(to, Xo, Yo)=inf {P+(/3)"/3 e B(to, Xo, Yo)},

P-(a) =inf {P[to, a[y(. )], y(. )]: y(. Y(to, Yo)},
P+(fl) =sup {P(to, x(. ), fl[x(. )])" x(. X(to, Xo)}.

We say that game GI(G2) has a value V if V _V V. Similarly as in [15]-[17], by
a global lower strategy az(to, x0, Yo),

(3.6) c1" Y(to, E)= t_l Y(to, y)-X(to, Xo), yoE,
yeE

is understood a family of lower r-strategies ay A(to, Xo, y), y E, indexed by elements
of some open ball E R k which as a rule is not the same (although it may be) for
different global lower strategies. The set of all global lower or-strategies (r varies over
all partitions of [to, T]) is designated by Al(to, Xo, Yo).

4. Auxiliary considerations. The remaining part of the paper is built up as follows.
We start by defining a set valued function WN(" ), N R 1, and next prove some
stability properties of WN(" ). The main results of this paper easily follow from these
properties.

If it is not otherwise stated, the consideration below concern games G1, G2
simultaneously. Below, and elsewhere we designate by P P[to, x(. ), y(. )] the payoff
given by (1.4) or (1.5). The Euclidean distance of a point z from a set K is denoted
by p[z,K]. For a given (admissible) state (to, Xo, Yo) and a global lower strategy
a (to, Xo, Yo), by

Z to, Xo, Yo, az
is understood the set of all (finite) limits p of the form

(4.1) p lim P[to, a[y,(. )], y,(.)], y,(. Y(to, E), lim y,(to) Yo.

The following proposition is a consequence of (2.2)-(2.4) and Corollary 2.1.
PROPOSITION 4.1. Let a strategy a A(to, Xo, Yo) and a closed subset N of the

real line be given. If p C_N for pZ(t, Xo, Yo, ae) then, for some e>O, we have
p(P[to, c[y(. )], y(. )], N) >= e, y(. Y(to, E’) where E’ c E is a ball in R k containing
Yo.

Put

(xo, Yo, ro) WN (to), t.<= to<- T

if and only if Xo Nl(to), Yo N2(to) and to each global lower strategy a A (to, Xo, Yo)
there exists a point p Z(to, Xo, Yo, aE) satisfying r0 + p N. The proof of Lemma 4.1
is modeled after the proof of [16, Lemma 5.1].



898 L.S. ZAREMBA

LEMMA 4.1. To each (Xo, Yo, to) Wzv(to), each trajectory Xo(" X(to, Xo), and
6>0, there corresponds yo(’) Y(to, Yo) such that either TM[xo(’), yo(’)]--<--to+6 or
(Xo(to+o’), yo(to+6), r6) WN(to+ 6), where

(4.2)
ro+6

r ro + h(t, Xo(t), yo(t)) dt.
dto

Proof. Assuming the contrary, put

(4.3)

where

K={(y,r): y=y(to+6),r=r(to+6), y(.) Y(to, Yo)},

to+8
r(to+ 6) ro+ h(t, Xo(t), y(t)) dt.

,I

It is plain that T4[Xo(’), y(’)]> to+6, y(’) Y(to, Yo) and, by the definition ot K,

(Xo(to+6),z): WN(to+6) for z=(y(to+6),r(to+6))K.

By the definition of WN(. and Proposition 4.1, there exists a global lower strategy
azAl(to+6, Xo(to+6), y(to+6)), an open ball Ez containing y(to+6) and an open
set Rz r, such that the inequality

p(r+ P[to + 6, az[y(" )], y(" )], N) >- ez > 0

holds for y(.)e Y(to+6, Ez) and reRz. By virtue of (2.3), (2.4) and (2.7), the set K
is compact in R n+l. It is well known from elementary topology that K is contained
in a finite number, say m, of open sets E, R, Ei Ri, 1 <= <- m; here denotes
the Cartesian product. Besides, there exist rn global strategies az, ai
Al(to+ 6, Xo(to+ 6), yi(to+6)), zi (yi(to+ 6), ri) e Ei x Ri, such that

(4.4) p(r+P[to+8, a[y(.)], y(.)],N)>=ei

for all y(.)e Y(to+6, Ei) and reRi, l<-i<=m. By invoking (2.7) we infer that, for
some ball Eo Yo,

(4.5) (y(to+6),r(to+6))e LJ EixR, y(’) Y(to, Eo).
i=1

Now, it is easy to define a global strategy ao e Al(to, Xo, Yo) with the property

(4.6) p(ro + P[to, ao[y(" )], y(" )], N) ->_ min ei > 0
l<=i<=m

for all y(.) Y(to, Eo) [16, pp. 588-589]. In this way we have completed the proof
of the lemma because the inequality (4.6) is contradictory to the assumption (Xo, Yo, to)
Wv(to). [3

The concept of a global lower strategy is used in the proof of the proposition below.
PROPOSITION 4.2. If (X, y,, rn)e Wu(’i), n 1, 2,..., with t.<=, and the sequence

(yn, r,) converges to (y, r), then (x, y, r) Wu(), too.
For the proof, it suffices to assume the contrary, apply Proposition 4.1 and observe

that if a e AI(, x, y), then a e AI(, x, y,) whenever n is a sufficiently large number.
LEM4A 4.2. Let (Xo, Yo, ro) Wi(to) and a motion (. X(to, Xo) be given. Then,

for some trajectory (. Y(to, Yo) and

(4.7) (t) ro+ h(s, $(s), y(s)) ds, t>= to,

we have ($(t), y(t), ?(t)) e Wu(t) for to<=t<= T4[$(’), y(’)].
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Proof. Similarly as in [15, p. 402], we apply Lemma 4.1 k time with 6 2 and
make use of (2.7) with yn Yo, n 1, 2,. , arriving at (by virtue of Proposition 4.2)

(,(tk), y(t), ?(tk)) WN(t)
whenever to -< k to+ k2 < TM[$(" ), Y(" )]. Assume that the assertion of the lemma
is false, i.e., for a certain T1 e [to, TM], we have ($(T1), Y(T1), f(T1)) WN(T). By
virtue of Proposition 4.1, there exists a global strategy 3E e AI(T1, $(T1), Y(T)) with
the property that

(4.8) p(f(TI)+P[TI, UE[y(’)], y(’)],N)>-e>O, y(.)e Y(T,E)

with E being a ball containing Y(T1).
Let now T1 < T[$(.), y(.)]. It follows from (2.1) that the distance between a

point (t, $(t), y(t)), to <--t <= T1, and the terminal set M is greater than some number
e > 0. Based on (2.7) and the proof of Corollary 2.1, one can select such number
t’e[to, T1] and an open ball E’ containing y(t’) that y’(T1)eE whenever y’(.)e
Y(t’, E’); also T[(. ), y(. )]> T1, y(" Y(t’, E’). Let y(. designates the portion
of y’(. on the ray It’+ T1, oe); putting

f $(s),
cE,[y’(. )](s) / a[y(.)](s),

t’<_s<__ T1,
TI<=S<- T

we get a global strategy ae, e Aa(t’, ,(t’), y(t’)) guaranteeing, by virtue of (2.3), (2.4),
(4.8) and Corollary 2.1,

(4.9) p(f(t’)+P[t’, ae,[y’(. )], y’(.)],N)>1/2e= y’(.) Y(t’,E’),

which is impossible because t’ may be equal to one of the numbers t to + k. 2-n.
The argument presented above is not valid in the case T[$(. ), y(. )] T1 since

then it may happen (for game G only) that Tu[:(. ), y’(. )] < T1 TM[$(. ), 37(. )] for
some trajectory y’(.) Y(t’, E’). In the first part of the proof, we have-shown that
($(t), y(t), f(t)) e Wu(t), to =< < T[:(. ), y(. )]= T4. Therefore, to each t, to -< < T,
and an arbitrary global strategy a’e AI(t, .(t), y(t)), there corresponds pt e Z(t, ,(t),
y(t), a t) such that

(4.10) ?(t)+pteN,

where p lim Pit, a’[yn(" )], y,(" )], lim y,(t) y(t), n --> oe. Taking into account (4.10)
and (4.8) with T T and setting

$(s), t<-s<=T,,
ab[y(’)](s)

I, ae[y(.)](s), T-< s-<_ T,

where D is a ball containing y(t) (t is temporarily fixed) such that y(T)e E for all
y(.)e Y(t, D) and y(.) means the portion of y(.) on It+ 8 T, oe), we conclude
(taking a subsequence of yn(.) if necessary) that lim T[ato[yn(.)],yn(.)] <-

TM[$( ), y(" )] T unless the difference T is sufficiently small. Hence f(T) e N
since N is closed and the difference f(t) + P[t, a)[y(. )], y(. )]- (T4) is0a sufficiently
small number. On the other hand, it follows from (4.8) that O(f(TM), N)>= e because
P[T, ae[y(. )], y(. )]=0 for y(. ) Y(T, y(T)). This contradiction completes the
proof. V1

5. Basic results. The arguments employed in the proof of the lemma below are
borrowed from [14, Thm. 5.1 and [16, Thm. 6.1 ].
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LEMMA 5.1. If (Xo, Yo, to) WN(to), with N (-c, z], then there exists a strategy
/30 e B (to, Xo, Yo) ensuring

(5.1) ro+P(to, X(’),o[X(’)])<=z, x(’)eX(to, Xo).

Proof. First, we are going to show that, for some strategy flo B( to, Xo, Yo),

(5.2) (x(t),flo[X(’)](t),r(t)) WN(t), x(’)eX(to, Xo), to<-t<- TM(X(’),o[X(’)])

where

r(t)=ro+ h(s,x(s),flo[x(’)](s)) ds.
o

To this end, denote by H the family of such pairs (3’, C) for which C c X(to, xo),
3": C- Y.(to, Yo) and

(i) (x(t), 3’[x(. )](t), r(t)) WN(t), tO <- t<- TM(X(" ),/30[X(" )]), X(" )e C,
(ii) 3’ is a nonanticipating operator.

The set H (nonempty by Lemma 4.2) is partially ordered by the relation a:
(3’1, C1)0(3’2, C2) if and only if C c C2 and 3’2[X( )] 3’1[X( )], X(" C1. Denote by
(3’o, Co) a maximal element in H (existing by the Kuratowski-Zorn lemma). To show
(5.2), it suffices to prove that Co=X(to, Xo). Assuming that there exists Xo(’)
X(to, Xo)\Co, set

Ta sup { -> to: :Ix(. Co, x(t) Xo(t), to <- <- }.

Similarly as in [16, p. 592], we arrive at

(5.3) (Xo(t), yo(t), to(t)) Ws(t), to<- < T1
with Yo(" e Y(to, Yo) and

ro(t) ro + h(s, Xo(S), yo(s)) ds,
to

t>-to.

Besides [14, p. 143], T1 < TM[Xo(" ), Yo(" )]. To show

(5.4) (Xo(T1), Yo(T1), ro(T1)) e WN(T1),

assume the contrary and repeat the same arguments as those given in the first part of
the proof of Lemma 4.2 obtaining (4.9) for those t’ for which the difference T1-t’ is
a sufficiently small number. It means that (xo(t’), yo(t’), ro(t’))-WN(t’), which is
impossible in view of (5.3). Applying Lemma 4.2 with (xo, Yo, to) replaced by (xo(T1),
yo(T1), ro(T1)) and g(. X(to, Xo) replaced by Xo(" e X(T1, xo(T1)) one can easily
show [14, p. 143] that (3’0, Co) is not a maximal element in H.

In this way we have proved (5.2) with /30 3’0. Let x(. be a fixed trajectory
belonging to X(to, Xo). In the case of game G1, we apply (5.2) with t----
TM(X(" ), fl0[X( )]) TM obtaining r(TM) + p <- z for some p -> 0 since h => 0. In the case
of game G2, we also apply (5.2) with TM T, arriving at

r(T) + g( T, x(T), flo[X(" )](T)) ro + P(to, x(. ), flo[X(" )]) <- z

since for an arbitrary global strategy a AI(T, x(T),/3o[X(" )](T)) we have

Z( T, x(T),/3o[X(" )](T), a) g( T, x(T),/3o[X(" )](T)).

THEOREM 5.1. For the game (1.1)-(1.4) let assumptions (2.1)-(2.3) and (2.5),
(2.7) be met. The game (G1) then has a value and there exists an optimal strategy for
the pursuer (having complete information).
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THEOREM 5.2. For the game (1.1)-(1.3), (1.5) let assumptions (2.1), (2.4), (2.5),
(2.7) be satisfied. The game (G2) then has a value and there exists an optimal strategy
for player II (having complete information).

Proof of theorems. Observe that _V _V(t,, x,, y,)<_- V(t,, x,, y,)= V since from
every pair of strategies a,/3 it uniquely results an outcome (cf. (3.1)). Note that

(x,, y,, 0) WN(t,) if N (-oo, _V];

otherwise, we would get a contradiction with the definition of the number _V. By
invoking (5.5) and Lemma 4.2, we obtain an optimal player II’s strategy and the
desired inequality V =< _V. lq

Comment 5.1. In our approach we need the powerful assumption (2.7). We feel
that assumption (2.7) or its slightly weaker version is necessary to prove the existence
of an optimal strategy for player II. If we are interested in proving the existence of a
value only, condition (2.7) seems to be a little artificial.
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AN O(N3) ALGORITHM FOR OPTIMAL REPLACEMENT PROBLEMS*

SHMUEL GALf

Abstract. This paper considers the general replacement problem of an item which can be in any one
of N operating states. At the beginning of each period, one can either keep the item for (at least) one more
period or sell it and get a new item. The change of state during each period is assumed to be Markovian.
In contrast to most of the previous works, we assume that the state of the item is determined by several
measurable parameters and not only by its age. In this case the optimal replacement rule is much more
complicated than the usual simple rule of replacing the item at a fixed critical age.

The above mentioned replacement.problem can be formulated in terms of dynamic programming. In
general, however, the usual methods for obtaining the optimal policy, such as the policy iteration method,
could require many iterations. In our paper we present an algorithm which requires a number of iterations
not exceeding the number of states in which a replacement decision has to be taken. We show that the
overall number of arithmetic operations needed is O(N3) and is actually less than twice the effort needed
for solving a set of N linear equations with N variables. Using this fact it is demonstrated that the algorithm
is optimal from the complexity point of view.

This algorithm is also applicable for optimal stopping problems.

Key words, optimal replacement, Markov decision process, policy iterations, computational complexity

1. Introduction. Consider the following decision problem: At the beginning of
each time period 1, 2, , a certain item is inspected. The state of this item depends
on some measurable parameters. It is assumed that the number of these states is finite.
Thus, each state can be associated with an integer i, 0, 1,... N. At the beginning
of each period the decision maker has two options: The first option is to keep the item
for (at least) one more period. In this case the change of state during this period is
Markovian, i.e., for each there is a probability Ptj j 0, 1,. , N of transition from
state to state j. The expected gain from the item during this period is denoted by

The other option (in case that 0) is to sell the item at price st and immediately
get a new item. (It is convenient to deduct from the selling price the cost of the new
item; thus st may be negative.) It can either be assumed that the new item is a standard
one, or that the new item is chosen randomly from a known population of new items.
The state of a new item is chosen as 0 and the net gain from this item during the
first period is denoted by q0. The probabilities of transitions of a new item are Poj,
j=O, 1,. N.

If the item is at any state other than 0 (which can happen in case the item
broke down during the previous period), one has to decide whether to replace it or
not. The objective of the decision maker is to maximize the expected total profit for
an infinite horizon.

In 2-4 a discount factor/3 (0 </3 < 1) will be assumed while in 5 the case of
no discounting will be considered.

Finding an optimal decision policy for the problem described above Was discussed
in several papers (see e.g. Derman [1] and Luss [3]). Most of these papers, however,
assume that the item progresses stochastically through increasingly bad levels of
deterioration. Under this assumption there is a natural ranking of the states and this
special structure usually leads to a simple optimal policy (i.e., replace the item at a
certain critical age). In this work no such structure is assumed. The situation to be
considered is the case when the state of the item is determined by several crucial
parameters and not only by its age. Such a situation, which motivated the present
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work, occurs, for example, in a dairy cow replacement problem. Here the state of each
cow is determined not only its age but also by some other important traits such as its
expected milk yield, weight, etc. In this problem there is no simple ranking of the
states, and the optimal policy may have a complicated structure.

The above optimal replacement problem can be formulated in terms of dynamic
programming. In general, however, the usual methods for obtaining the optimal
solutions, such as the policy iteration method, could use many iterations. (In principle,
the number of iterations needed can grow exponentially with the number of states.)
In this work we present an algorithm which requires a number of iterations not
exceeding the number of states in which a replacement decision has to be made.
Furthermore, all these iterations except the first require a relatively small number of
computations so that the overall number of arithmetic operations needed is O(N3).
Actually, the total computational effort needed by the algorithm is less than twice the
effort needed for solving a set of linear equations with N variables. Thus, it is expected
that this algorithm should be efficient.

2. The basic idea. The model described in the introduction falls into the class of
classical Markovian decision processes. For these problems a stationary policy is
optimal. Thus, the problem of finding the optimal replacement policy is equivalent to
identifying an optimal set of "replacement states" R*c {1, 2,..., N} such that the
item is replaced if i R*, and is kept for at least one more period if i R*. (This
definition implies that the "new item" state 0 does not belong to R*.) The expected
discounted profit vector (the "value vector")

no

for this policy satisfies the following set of linear equations:
N

qi + , Pijuj for i R*,
--0(1) ui

u0+ si for R*

where/3 is the discount factor (0 </3 < 1).
The optimality condition that the value vector determined by (1) also satisfies for

the above policy is (see, e.g. Howard [2])

ui > u0 + si for R*
(2) u

UO "11" Si qi q- Pijuj for R*.
j=0

Our algorithm for finding the optimal set of replacement states is based on the
following principle: Start with the policy R , i.e., the item is kept for all 0. The
value vector v of this policy satisfies

N

13i qi + eijl)j, i:0, 1,’’" ,N.
i=O

Then, rank vi-si 1,... N by their magnitude"

Uil- Si 1)i2- Si,2 Di SiN.
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If vii-Si ’)0 then condition (2) is satisfied and thus R* =. Otherwise, there exist
some states il, i2, , ij with vh sh _-< v2- s2 _-< vij sj < v0.

It does not always follow that the optimal decision for all these states is to replace
the item (see the example in 4). It is true, however, that in state il the optimal
decision is to replace the item. Thus an element of R* has been identified. The algorithm
then continues making this type of iteration until v-> v0 + s for all states which do
not belong to R. Thus, the number of iterations of this algorithm is (at most) equal
to the number of states in R*. A rigorous presentation of this algorithm and a proof
that it leads to the optimal policy is given in the next section.

3. Presentation of the algorithm. The algorithm is based on the following theorem
which is used in order to identify states belonging to the optimal replacement set R*.

THEOREM 1. Let R be a set of integers (possibly empty) satisfying R R*. Deter-
mine the value vector v corresponding to R by

(3)

Denote

(4)

N

qi+ o Pqvi forie!R,
I.)

]=

Vo + si for R.

vI sz min V Si).
ie! R

where

and

(7)

bi <- C and c > 0

N

qi+ E
Ui

]=0

U0 + S

If vt < Vo + st, then I R*.
Using Theorem 1, the following iterative scheme for finding the optimal replace-

ment set, R*, is now described: Start using Theorem 1 with R and obtain a state

I1 (or several such states if the minimum in (4) is not unique) where I1 is the index I
at the left-hand side of (4). Then use Theorem 1 with R {I1} and obtain another
state G.; then use Theorem 1 with R- {11, I2}, etc. At a certain stage, say when
R {I1, I2," Ik}, 1)i I.)0-1" Si for all R. At this state R R* (and u v) because
of the following argument" It is already known that the optimal decision for states
11, I2,’", Ik is to replace the item. Thus, one can consider only the subfamily of
replacement policies in which there is only the replacement option for states
11, I2,’", Ik. Within this subfamily there exists no improvement to the policy which
replaces the item if and only if the state belongs to the present replacement set R.
Thus, the present policy has to be optimal.

The proof of Theorem 1 is based on the following lemma:
LEMMA 1. Let R’ be any subset of {1, 2,..., N} and consider the following two

sets of equations
N

qi + fl Z Pijvj fori C: R’,
(5) Vi--.

j=O

Vo + s- bi for R’
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Define
(8)

and assume that

(9)

Then

(10)

(11)

and

(12)

Wi Ui 1)

Wi >: O for all O, 1,... ,N.

W W0 r" C for all 1,. , N,

wi < wo+ c for all R’.

Proof Subtract (5) from (7) and obtain

N

wi= , Pijwj for i:R’,
j=0

wi wo + bi fori6R’.

It immediately follows from (6) and (12) that (10) holds for e R’. We now show
that (10) holds for e R’. Denote

WL max wi.
i:R’

Now, if (10) were not true, then one would have wL => w0 + c but this would contradict
(11) because the equation

N

wL= E Pw
j=O

would imply that w(wt. >0) is equal to/3(0</3 < 1) multiplied by a convex combina-
tion of nonnegative numbers not exceeding w, which is clearly impossible. Thus
wL < Wo+ c. Q.E.D.

The proof of Theorem 1 now follows:
Proof of Theorem 1. Denote

(13) c= Vo + si vz >0
(see (4)). Note that for any i, and in particular for i R*

(14) v0 + si- vi -< Vo + sz vz c.

Let R* be the optimal replacement set. Since R c R* then it follows from (3) and
(14) that the value vector v which corresponds to the replacement set R satisfies

N

qi+ 0 Pifl)j, iR*,
(15) vi =

I)0-" Si- bi, R*,
where bi-<_ c and c > 0.

Denote the value vector which corresponds to the optimal replacement set R*
by u. Obviously, u-> v and u satisfies

N

qi +jo Pijuj, i R*,
(16) ui

[.Uo+ s, R*.
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Using Lemma 1 it follows that u-v < Uo-Vo+ c for all i R*. Now, if I R*
then, by (13)

blI riO "" )I 1)O t- C U0 ""
which would contradict the optimality condition (2). Thus, I R*. Q.E.D.

The algorithm can be concisely described by the flow chart in Fig. 1.

Calculate v by

vi qi + fl =o pvj R

vi Vo + si

Calculate

vt sl min (vi- si)

i:R

no

yes

R*=R

FIG.

It should be noted that in each iteration of the algorithm, except for the first one,
the set of linear equations to be solved is different from the previous one only by one
equation. Thus, using the calculations of the previous iteration, e.g., the inverse of the
matrix of coefficients of vi, makes it possible to obtain the new solution by only O(N2)
arithmetic operations, rather than O(N3) operations practically needed for solving a
set of N linear equations. (Such an idea for updating the inverse of a matrix which is
changed by one column is used in the simplex method of linear programming, see e.g.,
Simmonard [4, p. 78].) Thus, the overall number of arithmetic operations required by
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our algorithm is O(N3). Since any algorithm has to determine the value of at least
one policy, which involves solving a set of N linear equations, it follows that our
algorithm is the best one achievable from the complexity point of view.

4. Examples and remarks. The application of the algorithm described in the
previous chapter to a simple example is now presented. In this example N 3,

40
10

q= 10’
55

/3 .9 and si 0, i= 1, 2, 3.

0 1 0 0
0 0 .5 .5
0 .9 .1 0
.1 0 0 .9

Starting with R the corresponding value vector is

379.5

v=[ 377.2

346.7
\469.2

and I= 2. Since vz < Vo the algorithm proceeds with R 2. The corresponding value
vector is now

412.3\
413.7|
412.3l
484.8/

Since I 1 and V > /20 it follows that R*= {2} so that the optimal policy is to replace
the item only at state 2.

Note that starting with the policy R , the usual policy iteration algorithm
would next choose R {1, 2} and would arrive at the optimal replacement set R* {2}
only at the next iteration.

Remark 1. It should be noted that, in general, a small value of v1- Vo-SI does
not imply that there exists a policy with I R which is "close" to the optimum. In
order to demonstrate this fact consider the following simple example

q=
1 0 1 sl =0.

Starting with R yields

1 1
D1 1 -/3’ v0 e -t

1 -/3’
thus V DO E.

On the other hand R { 1} yields a value vector with vl (1 + e)/(1 -/3) and Vo
(1 + e)/(1-/3). Thus, the gain over the initial policy is e/(1-/3) which can be large
if/3 is close to 1.

It follows that, in general, one has to continue the iterations until vl vo- sa -<_ 0.
Remark 2. The optimal stopping time problem is a special case of the replacement

problem considered in this paper. In this problem qo- 0 and Poo 1. For all the other
states i- 1,..., N the decision maker can either stop the process and obtain a profit
of si, or continue for at least one more time period. All the results that we obtained
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remain valid with Vo replaced by 0 and the same algorithm (in a simpler version)
described in Fig. 1 leads to the optimal stopping rule.

In the case of optimal stopping with no discounting: assuming that the value vector
u is finite then it satisfies (1) with/3 1 and the optimality condition is (2) with/3 1.
Thus, the same algorithm can be used. (Only a slight modification in the proof of
Theorem 1 is needed.)

Remark 3. Our algorithm is a modification of Howard’s policy iteration method.
It is easy to show (using, for example, a proof similar to the one presented by Howard
[2]) that our algorithm improves the value vector at each iteration.

Remark 4. Theorem 1 can be improved as follows: Let vj-sj<
VI SI + U-- V)(1-- fl )/ fl. Then j R*.

Proof It can actually be obtained from Lemma 1 that w-</3(Wo+ c). Thus if
j_R* then u-v<=(Uo-Vo+C)=(Uo+Sz-V), hence v-s<(u-v)(1-)/
-t-1), S, <= (1-- Uo + S, --1)I d- I, S, Uo [ Uo 3r- SI VI Uo -- V] l,l V] S].
O.E.D.

5. The replacement problem with no discounting. It is now shown that a simple
modification to the algorithm yields the optimal replacement policy in the case that the
goal is to maximize the long-run average gain per unit time, denoted by g. For
convenience of presentation it is assumed that the process is completely ergodic. In
this case the benefit of a policy which corresponds to the replacement set R* is
determined by the following set of equations:

(1’)

N

g*+ui=qi + , Pqu foriR*,
j=0

ui u0 + si for e R*.

Here uii= O, 1,..., N denote the relative value of state i. Equations (1’) can be
solved for g*, Ul,’’’, ur by setting a fixed value for u0 (e.g., u0 0). The optimality
condition of the above policy is

(2’)

(3’)

ui => Uo + si for R*,
N

g*-t- Uo + Si >= qi "t Piju foriR*.

The modified algorithm is based on the following theorem.
THEOREM 1’. Let R c R*. Determine g, vl, v2," vrq by

setting Vo O.
Denote

(4’)

N

g-t- vi qi -t- Z Pifl)] for C_ R,
j=o

I) I)0 " S for R,

1.) SI min V Si).
i=R

If v1 < Vo + sl then I belongs to the optimal replacement set R*.
Using Theorem 1’ yields an iterative algorithm of the same type described in 3.
The proof of Theorem 1’ is based on the following lemma:
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LEMMA 1’. Let R’ be any subset of {1, 2,..., N} and consider the following two
sets of equations

N

g 4- vi qi 4" Pijt)j for C: R’,
j=O(5’)

where

(6’)

and

(7’)

Define
(8’)

Assume that

(9’)

then

vi Vo + si- bi for R’

bi <= c and c > O

N

g* + u q + 2 Pu for ! R’,
]=0

ui Uo + si for R’.

Wi Ui I.)i"

g*-g>0;

wi <- wo+c foralli=l,. .,N,
(10’)

wi < wo+ c for R’.

Proof. Subtract (5’) from (7’) and obtain

N

(11’) g*-g+ w= Pjwj foriR’,

(12’) wi WO 4" bi for R ’.

It immediately follows that (10’) holds for R’. Denote

WE max wi.
i: R’

Then (11’) implies that
N

w 2 Pw- (g*- g).
]=0

Now, WL >- Wo + C would lead to a contradiction because w <- Wo + c for e R’, wi <= WL
for R’, and g*- g > 0. Thus, WL < Wo + C Q.E.D.

Proof of Theorem 1’. Denote

(13’) c= Vo+ si-vx >0.

For any e R*

(14’) Vo 4" si l.)i 1.)o 4" sI vi c.

Since R c R* it follows from (3’) and (14’) that
N

g 4" vi qi 4" Pijvy for e! R*’,
(15’) =o

v Vo + si- b for R*
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where

bi<=c and c>0.

Denote the average gain per step of the optimal policy by g* and the relative
value vector by u. Then

N

g* + ui qi + Pi]u] foriR*,
(16’)

ui Uo + s for R*.

Since g* > g one can use Eemma 1 and obtain" u- v < Uo- v0 + c for all R*.
Now, if I R* then by (13’) u1 < Uo + s which would contradict the optimality condition
(2’). Thus I R*. O.E.D.

Acknowledgment. The author is grateful to Dr. Dieter Kadelka for the improved
version of Theorem 1 as appearing in 4 Remark 4.
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HYPERCAUSAL LINEAR OPERATORS*

ALAN HOPENWASSER?

Abstract. Several different classes of hypercausal operators are useful in linear system theory. It is the
purpose of this note to provide, for each pair of classes of hypercausal operators, necessary and sufficient
conditions on the Hilbert resolution space to guarantee equality of the classes. In addition, the effect of
similarity transforms on each class is discussed.

Key words, causal operator, hypercausal operator, nest algebra

In linear system theory the concept of physical realizability, or causality, of an
operator corresponds to the mathematical concept of a nest algebra. The reader is
referred to [4] and to the bibliography cited therein for a detailed account of the
rationale behind the identification of the causal operators as the operators in a nest
algebra. Three separate hypercausality concepts are discussed in [4], each expressing
in some fashion the notion that the present output of a system does not depend upon
the present input. The strongest, strict causality, coincides with the Jacobson radical
of the nest algebra. The other two are, in order of strength, strong causality (introduced
in [3]) and strong strict causality. In between these two lies Larson’s ideal . We
shall define all four of these concepts below, using a single coherent scheme, and
give necessary and sufficient conditions on the nest for each pair of concepts to
coincide.

Throughout this paper will denote a separable Hilbert space. A nest (or
resolution of the identity) is a subset of the set of orthogonal projections on which
contains 0 and/, is totally ordered under the usual ordering for projections, and is
closed in the strong operator topology. The pair (, V) is called a Hilbert resolution
space and the causal operators are, by definition, just the operators in nest algebra,
Alg { T ()ITP PTP, for all P }.

A projection E in (ff) is called an interval from V if E can be written as
E P-Q, where P, O and Q < P. If E is an interval, then the projections P and
O are uniquely determined. They are called the upper and lower endpoints of E. There
is a natural partial order << on the set of intervals from if: we say that E << F if the
upper endpoint of E is a subprojection of (or equal to) the lower endpoint of F. A
partition ={Ei}ia is a family of pairwise orthogonal intervals from such that
Yiy Ei L (The sum converges in the strong operator topology over the net of finite
subsets of the index set 5.) Since the Hilbert space is separable, the index set # is
always finite or countably infinite. If E and F are two orthogonal intervals from ,
then either E << F or F << E; consequently, each partition is totally ordered by <<.
It is easy to construct an example of a partition with any given countable order type.
If (, << is order isomorphic to a subset of the integers, with the usual ordering, then
we say that is an integer-ordered partition. If ’={F}j and ={E} are
partitions, we say that ’ is a refinement of and write < ’ if each F is a
subprojection of some Ei. This gives a partial order on the family of all partitions.
Each of the three families, the set of all partitions of , the set of integer-ordered

* Received by the editors February 8, 1983, and in revised form March 1, 1983. This research was
partially supported by grants from the National Science Foundation and the United States Educational
Foundation (Norway).
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partitions, and the set of finite partitions becomes a directed set under ordering by
refinement. Each of these directed sets will serve as the index set for convergent nets
used in the definition of distinct notions of hypercausality.

For finite partitions, the more customary definition of partition can be obtained
by replacing the intervals in the partition by the endpoints of the intervals. For
integer-ordered partitions, the endpoints of the intervals form a generalized partition,
as defined in [4, Chap. 2, C]. In each case the two approaches are equivalent; it is
more convenient for us to define partitions in terms of intervals so that we can
accommodate arbitrary partitions without change of notation.

If {Ei}i is a partition of and A Alg X is a causal operator, let A
Yy EAE. (When infinite, the sum converges in the strong operator topology over
the net of finite partial sums.) For each causal operator A we thereby obtain three
distinct nets of operators, depending on whether we take as the index set the finite
partitions, the integer-ordered partitions, or the arbitrary partitions. A class of hyper-
causal operators is obtained by considering all causal operators A such that A 0
with respect to one of these index sets with convergence in one of the five natural
topologies on Alg . Fortunately (at least from the point of view of reducing the
tedium), the a priori possibility that there are 15 distinct notions of hypercausality
does not, in fact, occur. Indeed, there are at most five (and at least four) separate
notions.

In what follows, lim will denote convergence with respect to the norm topology
and (fin)-, (int)-, or (arb)- preceding the word lim will indicate whether the index set
is the directed set of finite partitions, integer-ordered partitions or arbitrary partitions.
Convergence in the strong operator topology will be denoted by s-lim and in the weak
operator topology (which we shall have little cause to discuss) by w-lim. The remaining
two topologies, the ultrastrong and the ultraweak, yield nothing new: indeed, the
strong and ultrastrong (respectively, weak and ultraweak) topologies agree on bounded
sets and each of the nets A is bounded. The following proposition further limits the
number of hypercausality concepts"

PROPOSITION 1. Let A Alg X. Then the following are equivalent:
(i) (fin)-s-lim Ae, 0.
(ii) (int)-s-limA 0.
(iii) (arb)-s-limA 0.
Remark. The basic facts in Proposition 1 are alluded to in [2, 3]. Since no proof

is given there, a full proof will be given here.
Proof. Let @ denote either the directed set of integer-ordered partitions or the

directed set of arbitrary partitions. We shall show (i) (ii) and (i) (iii) simultaneously;
the two arguments are identical and each implication is obtained by giving @ the
appropriate interpretation. Assume that (i) holds and let e > 0 and x be given.
We must prove that there exists a partition in b such that if is a partition in
which refines then AIIAxll 2 < e.

Let 6 e(1 + [[AIIZ) -1. Let {El," ", E,} be a finite partition such that for any
finite refinement ’ of , we have IIA,xll2< . Now suppose that ={Fj}je is a
partition in fi which refines . We will show that IIAxll 2 < e. Since je Fj L there
is a finite subset oo c_p such that (Y,0  )xll 2 < For each j e 0, Fj is a subprojection
of some Ei in , hence there exists a finite partition cg={G1,..., Gn} such that
{Fj]j e o} C_ cg and cg refines . Therefore,

jeNo i=1
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Consequently, we have

IlAxll2- Y IIFAFxll2- Y. IIF,.AF,.xlIZ+ Y [[FAFxll 2

je jeo

<+ IlAll=llxll==+ IIAII=II xl[=
Jo

This completes the proof that (i)(ii) and (i)(iii).
The converses, (ii)(i) and (iii)(i) will also be proven simultaneously. So

assume either (ii) or (iii), i.e. assume s-limA =0, where e N. We must prove
that (fin)-s-limA 0. Let e > and x e N be given. We must find a finite partition

such that IlA,xll2< e for any finite partition ’ which refines .
Let {G}y be a partition in such that for any refinement ’ in , [A, xll = <

8. There exists a finite subset o such that

E, x 2 IE,xl2<3.
o

Let be the finite partition obtained by arranging in order the right and left endpoints
of the intervals E, e o and taking successive differences. is, in fact, the smallest
finite partition such that {Eie o}G . Let ’ ={O,..., O,} be any finite partition
which refines . We shall prove that ]]A,x2< e.

Now, every projection U) is either a subprojection of some E with i o or is
orthogonal to each E with i o. Let

and
o { j[ Gj <= Ei, for some #o}

#1 {j] GjEi O, for all #o} {j
Then of’11= and oU1={1,2, ,n}. Let ’ be a partition in which is a
common refinement of and ’ and has the property that {Giljo}C’. (Such
refinements exist since every Gi with ] ,,o is a subprojection of some Ei in .) Since
5/’ refines , we have [IA,xll < 6. But {GIj 1o} c_ ’; so we obtain*o IIGAGjxll2 <
6. Therefore,

IIA,xll-- IlOjAOjxll
]--1

E IIGjAGjxI124- X IIGAG,xI]
Jo

<+ IIAII = 22 IIOxll =

+ llAII

This ends the proof of the proposition.
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Remark. Essentially the same argument as the one given above, with a few fairly
routine modifications, proves the equivalence of the three conditions (fin)- w-lime, Ae,
0, (int)- w-lime, Ae, 0, and (arb)- w-lime, Ae, 0, for A e Alg W. It is also immediate
that, for A e Alg W, s-lime, Ae, =0 implies w-lime,Ae, =0. It is not known if, and
perhaps not likely that, the converse holds. The three possible limits in the uniform
topology are, in general, distinct. They are however easier to work with than the strong
or weak topology limits. The reason is that if is any partition which refines , .then
IIAII -< IIAII. Thus, for each of the three nets, to prove lime, Ae, =0, it is sufficient
to find, for e > 0 given, an appropriate partition such that IIAI[ < e.

DEFINITION. Let W be a nest. Define the following families of causal operators:

x {A Alg al(fin)-l Ae, 0},

imx {A Alg Arl(int)-I Ae, 0},

{A Alg rl(arb)-I Ae, 0},

{A Alg Arl(fin)-s-lim Ae, 0}.

In view of the remark above, x consists of exactly those causal operators which
satisfy Ringrose’s criterion for membership in the radical of Alg W [6], thus x is
precisely the Jacobson radical of Alg W. t is exactly the set of strongly strictly causal

0intoperators, as defined in [4 Chap. 2, B]. As shown in [4], ,a is a uniformly closed
two-sided ideal in Alg W. , another uniformly closed two-sided ideal, was introduced
by Larson in [5] and plays an mportant role in the study of similarities of nest algebras.
x is the uniformly closed left ideal of strongly causal operators, as defined in [3] or
[4]. With the aid of Proposition 1, the relation between the strongly strictly causal
operators and the strongly causal operators now becomes clear: int. Indeed, in
view of the remark above, the following relations are evident:

These relations, the further fact that each one may be proper, and information about
several related ideals can all be found in [2].

Propositions 2, 3 and 5 below will provide appropriate necessary and sufficient
conditions on the nest W to ensure that each containment is, in fact, an equality.

Each of the four ideals above can be viewed as the operators which have, in an
appropriate sense, zero diagonal part. The diagonal of a nest algebra is the subalgebra
Alg W fl (Alg W)*; the operators in the diagonal are the memoryless operators. If
A e Alg W and the net Ae, is convergent in any of the senses above, then the limit, D,
commutes with each projection in N. Thus the limit, when it exists, is in the diagonal
and may be thought of as the diagonal (or memoryless) part of A. In this case, of
course, A-D belongs to the ideal which corresponds to the sense in which the net
converges.

It is instructive to look, in particular, at the behavior "at atoms". An atom is an
interval E P-O from N where O is the immediate predecessor of P in the order
of the nest. Suppose that E is an atom and that A e 9’N. Let x be any vector in E. If

is any partition which contains E, then Ae,x EAEx. Since every partition has a
refinement which contains E, we see that EAEx < e, for every e > 0. Thus EAE O.
We may view EAE as the part of the diagonal of A corresponding to the atom E. In
particular, suppose that N is purely atomic, i.e. that I E, where {E} is
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the set of atoms from 3r. In the net of arbitrary partitions of ;, is the terminal
element. Therefore, (arb)-lime,A and (arb)-s-limeA always exist and both are
equal to iy EiAE. Thus, for a totally atomic nest , )=ar and each consists of
the causal operators with diagonal part zero, i.e. A e 5ear if, and only if, EAE 0
for every atom E from . We now proceed to the propositions which classify when
the various ideals of hypercausal operators are equal.

PROPOSITION 2. Let be a nest. The following are equivalent:
(i) 0 has an immediate successor and I has an immediate predecessor.
(ii) tar int
Proof. Assume (i) holds. It is then clear that any partition of ; must have a

first and a last element with respect to the order <<. If is integer-ordered, then
is necessarily finite. Thus the directed set of finite partitions coincides with the directed
set of integer ordered partitions and so ar intar.

Now assume that (i) does not hold. Suppose, for example, that I has no immediate
predecessor (the argument is essentially the same if 0 has no immediate successor).
Then there is an increasing sequence 0<PI<P2<... of projections in N which
converges strongly to I. Let E1 P1 and E P-P-I, for i=> 2. Then {Ei}N is
an integer-ordered partition. Let x be a unit vector in E, for each i, and let A= x(R)x_. (The rank one operator xi(R)x_ is defined by (xi(R)x_)y=(y,x}x_.
It is easy to check that the infinite sum converges in the strong operator topology.)
Since any integer-ordered partition possesses an integer-ordered refinement which is
also a refinement of and since Ae, 0, it is clear that A /intar. On the other hand,
if is a finite partition and if E is the last interval in (namely, the interval which
has 1 as its upper endpoint), then EEi= E for all greater than some integer i0.
Therefore IIEAEII 1 and so IIAII 1 Thus A ar and so ar# intd’o

PROPOSITION 3. Let d be a nest. The following are equivalent"
(i) Each element of excepting 0 and I has an immediate predecessor and an

immediate successor
(ii) t .
Proof. Condition (i) is equivalent to the statement that is order isomorphic to

a subset of the extended integers, {-oo}t3Z U {oo}. When this holds c is totally atomic
and the set of atoms, , forms an integer-ordered partition. Furthermore, is the
terminal element in the directed net of arbitrary partitions; in particular, every partition

07)int oo whenever (i) holds.is integer-ordered. Therefore ,,ar ar
The proof that (ii) implies (i) is, in spirit, similar to the proof of the preceding

proposition. Suppose that P 0, I is an element of $/" with no immediate successor.
(An analogous argument works if P has no immediate predecessor.) Then there is a
sequence P of projections in V such that P1 =/, P > P+I, for all n, and lim_, P P.
Let En=Pn-Pn+l, for all n. Let x, be a unit vector in E and let A ---En=l Xn@Xn+1.

Then A e Alg and IIAII 1. Also note that if Q is any projection in N which is
greater than P, then II(Q P)A(Q P)II 1.

The set of intervals - {E, In 1, 2,...} U {P} is a partition of ag and it is easy
to check thatA 0. Thus A e r. On the other hand, if Q {F} is an integer-ordered
partition, then there is an integer k such that Fk Qk--Rk with Q,, Rk -,/f and
gk <--P < Qk. Therefore IIFAFII--- 1, hence IIA II- a. Since 2 is an arbitrary integer-
ordered partition, we see that A t. Thus (ii)(i).

Remark. The known fact that ar=) if, and only if is a finite nest also
follows from Propositions 2 and 3.

Proposition 5 will characterize the nests for which N SCar. The most essential
ingredient is contained in the lemma below. This lemma was proven by Erdos in [2].
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For the sake of self-containment, we will provide a (variant) proof. A continuous nest
is a nest which has no atoms. Every continuous nest is order isomorphic to the interval
[0, 1 ]. (Indeed, if x is a separating vector for the abelian von Neumann algebra generated
by , then the mapping P-> (Px, x) is an order isomorphism of onto [0, 1].) Thus
when is continuous, we may use [0, 1] as in index set for the elements of .

LEMMA 4 (Erdos). If is a continuous nest, then is a proper subset of
Proof. Let r {Pr[r e [0, 1 ]} be a continuous nest. Enumerate the rational numbers

in (0, 1), i.e. write O(0, 1) as a sequence {rklk= l, 2, 3, .}. We will choose by
induction two sequences, (tn).=l,2,... and (en)n=l,2,... with the following properties:

(i) 0 < e. < 1/2+1, for all n.
(ii) The intervals It. e., t + e.], n 1, 2, 3,.. are pairwise disjoint subintervals

of [0, 1].
(iii) Each t. e Q f’) (0, 1). If t. rh and j < h, then

rye [,.J [ti--ei, ti+ei].

Indeed, let tl ra and let e < 1/4 be sufficiently small that [ta- el, tl-t- e][0, 1].
Suppose tl,’’ ", tn-1 and el,’’’, en-1 have been chosen satisfying (1)-(3). Let h be

r--Ithe smallest integer such that rh i=l [ti- ei, ti + ei] and let tn r. Since the comple-
ment of [_J i=ln--1 [ti ei, ti q-ei] in [0, 1] is open and tn 0, 1, there is a number e, such

n-1
[ti ei, ti-I- ei].that 0 < e, < 1/2"+1 and [t, en, t, + e,] is disjoint from U i=a

For each pair of numbers r, s el0, 1] with r < s, let E[r, s]= Ps--Pr. For each
n 1, 2,..., let x, be a unit vector in E[t,, tn+en] and let y, be a unit vector in
/[t,-e,, t,]. Let A n__l X ()Yn" It is easy to check that the sum converges in the
strong operator topology, that A e Alg 3/" and that IlAll 1. We shall finish the proof
by showing that A e Ox and A .

To prove that Ae 0%, let we Y( and e >0 be given. Since the projections
[t-e,, t, + en] are pairwise orthogonal, there is an integer m such that

Y IIE[t.- e., t. + .]wll 2 < ,

Let P Y.>m E[t. e., t. + e.] and Q Y.<-_m E[t. e., t. + e.]. Then P and Q are
disjoint projections and A A(P+ Q). Now let ’ be a partition which contains the
intervals E[t.- e., t.] and E[t., t. + e.], n 1, 2, , m among its elements. Let

{Fi}is be any refinement of ’. We need merely show that I[awll2< e.
If Fi <- E[t. e., t.] or Fi <- E[t., t. + e.], then FiAFi O. Let J

{i e 3[Fi -< I- Q}. Then we have:

IlAwl] 2 Y IIFiAFiwl[ 2 Y IIFiA(P+ O)(I- Q)FiwI] 2

II iAFiPwll2<= IIF Pwll 2

-<- Ilew 2 <

To show that A, we shall prove that IIAll- l for any partition . So let
{Fi} be a partition. Each element Fk in is of the form E[l, h], for uniquely

determined elements I, h in [0, 1 ]. By the choice of the e,, the set
has Lebesgue measure strictly smaller than 1. On the other hand, since Yk=l F I,
the set [_J =a (1, h) has measure 1. Therefore, there exists a number q e [0, 1] and an
index k such that q belongs to the open interval (lk, h), but does not belong to
[,_Jeff= [t.-e,t.+e.]. Since qhk, there is a 6>0 so that (q,q+t3) c__[lk, hk]. Let r
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be a rational number in the interval (q, q + 6). Since Q f’l (0, 1) c_ LJ= [t,- e,, tn + e,],
r lies in some interval [t,-e,, t,+e,]. But q C:[t,-e,, t,+e,], so we must have
q < t,- en < r < q + 3. We would like to have t, + e, < q + 3, but this may not be true.
The situation is easily rectified by repeating the procedure once again: let s be a
rational number in the interval (q, t, en) and let m be such that s [t,,- em, t,, + e,,].
This time we obtain

q < t,- em < S < tm +era < t,-- e, < q + 6.

In particular, E[tm- e,n, t,, + e,,]<= E[q, q + 6]<--_Fk. Therefore, FkAFkXm y,,; in par-
ticular, [[FkaFk[I 1. Thus IIAI[ l and A.

PROPOSITION 5. Let bb a nest. The following are equivalent"
(i) W" is totally atomic.
(ii) =Proof. The easy implication (i)=:>(ii) has already been given in the paragraph

immediately preceding Proposition 2. So suppose that dr" is not totally atomic; we must
show Sx.

Let {Ei}is be the (possibly empty) set of atoms from W’. Let E I-Yis Ei. By
hypothesis, E 0. Let Y/" be the range of the projection E. Define a nest W’E on the
Hilbert space Y{ by E {PEIxlP }. Observe that is a continuous nest. Each
operator A in (Y{) has a unique bounded linear extension to Y/" which vanishes on
the orthogonal complement, y{l, of Y/’. We denote this extension by . Note that
A Alg 2’z if, and only if, A

Since W’ is a continuous nest, is a proper subset of Seu. Fix an element A
of owx which is not in x. We shall show that , Sex and e Y2 x.

To prove that A Sx, let x Y( and e > 0 be given. If Q is a projection in aV’,
then one can, by adding appropriate atoms of to Q, obtain a projection P in so
that Q PEIx. If Q0 0 < Q1 <"" < Q, Ic is a finite subnest of E, then we can
obtain .projections P0 0 < P1 <" "< P, Ie in so that Qi PiE Ix, 1,. , n.
Since Ax EAEx, we have

II(Pi-Pi-1).’(Pi-Pi-1)xll2= II(Q,-Q,=I)A(Q,-Q-I)EXll 2.
i=1 i=1

From these remarks it is clear that A Sex.
Finally, we need to show that . Assume the contrary; i.e. assume that

A x. Let e >0 be given. Then there is a partition ={Fi}is of dr" such that
F,’Fi < e, for all i. The set {FiE]i and FiE 0} is a partition of 2’ and
FEAFE iAft] < e, for all i. Thus

contrary to hypothesis. This completes the proof of the proposition.
Remark. From Propositions 3 and 5 and the first sentence of the proof of

Proposition 3, we see that the strongly strictly causal operators and the strongly causal
operators on a nest coincide if, and only if, is order isomorphic to a subset of
the extended integers {-oo}UZ U

We conclude this note with a discussion of the effect of similarities on each of the
classes of hypercausal operators considered above. The significance of similarities for
system theory is indicated by the fact in Larson’s theorem [5] that any two continuous
nests are similar implies that there exist positive definite hermitian operators which
do not admit spectral factorization. (See [4] for a discussion of factorization problems.)
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If is a nest and T is an invertible operator in
TPT-1 is an idempotent (not necessarily self-adjoint). Let thT-(P) be the orthogonal
projection on the range of TPT-1. Thus, T maps the range space of P onto the range
space of bT-(P). Let T denote the nest {47,(P)IP }. We say that two nests and

are similar if T for some invertible T (Y(). The map bT-"- induced
by T is an order isomorphism of onto . If b is any order isomorphism of onto, then b has a natural extension to a map from the set of intervals from to the
set of intervals from /" define b(P- O) to be b(P) b(Q). (We denote the extension
by the same symbol.) In particular, atoms from correspond to atoms from . If
corresponding atoms have the same dimension, we say that b preserves dimension. It
is evident that each order isomorphism of the form bT- preserves dimension. Recently,
Davidson [1] has proven the converse to this: if b is an order isomorphism of onto

which preserves dimension, then there is an invertible operator T such that T
and b

Fix a nest and an invertible operator T and let T. Then the two nest
algebras Alg V and Alg are similar: Alg T-1 (Alg )T. Furthermore, x
T-lyttT and t T-llint,-r,, i.e. the strictly causal operators and the strongly strictly
causal operators are preserved by similarities. The first of these two facts is completely
trivialmit follows immediately from the definition of the radical as the intersection of
the kernels of all the irreducible representations of the algebra. It follows equally
rapidly from the characterization of the radical as the largest ideal consisting entirely
of quasi-nilpotent elements. Yet a third proof is available: both similarity results stated
above follow from a lemma of Larson [5] which asserts that if E is any interval from

and K IITIIIIT-I[[, then for any A Alg , IIEAEII <--KIIChT(E)TAT-ldpT(E)I[
and 114T(E)TAT-16T(E)II <--KIIEAEII. To obtain the two similarity results one need
merely observe that if {E}y is a finite or integer-ordered partition of , then
{4T(E)} is a finite or integer-ordered partition of t.

If isan arbitrary partition, then it is not necessarily the case that {4T(E,)} is
a partition. As a consequence, need not be preserved by similarities. A detailed
discussion of this may be found in [5].

Finally, we turn to Sex. In light of Larson’s results on , it is not surprising that
we find that 5x need not be preserved by similarities.

Example. We use the following standard construction to produce a pair of similar
nests. If z is a finite Borel measure on [0, 1 ], let Y(, L2([0, 1 ],/z). For each [0, 1 ],
we let P (respectively, P,_) denote the multiplication operator by the characteristic
function of [0, t] (respectively, [0, t)). Let " denote nest consisting of all the projec-
tions Pt and Pt_.

Let u be a purely atomic measure on [0, 1] with support equal to Q f3 (0, 1). So,
in the nest , we find that P’ P’_ if, and only if Q fq (0, 1). The nest is totally
atomic and the atoms are the intervals E ’ P’- PtL, Q (q (0, 1). Let _m be Lebesgue
measure on [0, 1] and let m + u. In the nest Xa the atoms are once again the
intervals E,=P,-P,_, t Qf’)(0,1), but this time the nest is not totally atomic.
Indeed, Y(x Y(,, 03 Y( and the sum of the atoms from x is the projection on Y(, not
the identity on the whole Hilbert space Ygx. The map b" x given by 4(P’)=P
and b(P’-)= P,--, for all t, is an order isomorphism which preserves dimension (all
atoms are one-dimensional). By Davidson’s theorem [1], 4 4T for some invertible
operator T. So
T-SxT.

Let A be a nonzero operator in (Alg x)fq (Alg Wx)* with the property that
EAE 0 for every atom from x. (A is simply a multiplication operator by a function
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f L([0, 1], )t) with the property that f(r)=0, for all re O f3 (0, 1).) Since A is
memoryless, it commutes with each projection in Wa; therefore A A for any
partition . Thus A Ox.

Let B=T-1AT. Then BAlg. By Larson’s lemma [5], IIFBFII<-_
IlZll liT-ill 114T(F)TBT-a4T(F)II IITII lIT-111114,T(F)A4,T(F)II =0, for every atom
F from . Since is totally atomic B Sex-. But B T-1AT : T-15fwaT, SO oc,cw #
T-15exT as desired.
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Abstract. This paper considers an infinite horizon stochastic production planning problem with the
constraint that production rate must be nonnegative. It is shown that an optimal feedback solution exists
for the problem. Moreover, this solution is characterized and is then compared with the solution of the
unconstrained problem. Also obtained, by using a policy iteration procedure, are computational solutions
to the related problems with upper bounds on the production rate.

Key words, production-inventory model, aggregate planning, stochastic optimal control, control con-
straints, policy iteration

1. Introduction. Thompson and Sethi [12] consider a production-inventory model
which determines production rates over time to minimize an integral representing a
discounted quadratic loss function. The loss function is defined in terms of the deviations
of production and inventory levels from their rated or factory-optimal values. The
model is solved both with and without nonnegative production constraints. A stochastic
extension of this paper involving a white noise process [1] is analyzed by Sethi and
Thompson [9], [10]. Closed-form solutions for optimal feedback production policy for
both finite and infinite horizon versions of the model without production constraints
are obtained. In particular, the model must allow negative production rates or disposals.

In this paper, we consider the stochastic production planning problem with the
constraint that production rates must be nonnegative. Only the infinite horizon problem
is treated. It is shown that an optimal feedback solution exists for the problem. This
solution is characterized. Also obtained, by using a policy iteration procedure, are
computational solutions to the related problems with upper bounds on the production
rate.

2. The model. Consider a factory producing a homogeneous good and having an
inventory warehouse. Define the following quantities:

y(t) inventory level at time (state variable)
p(t) production rate at time (control variable); p => 0
: the constant demand rate at time t; :_-> 0
Yl factory-optimal inventory level
Pl factory-optimal production rate

Y0 initial inventory level
h inventory holding cost coefficient
c production cost coefficient
a the constant discount rate; a > 0
w(t) the standard Wiener process; see [1]
r the constant diffusion coefficient; see [1]
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We now state the conditions of the model. The first condition is the stockflow
equation stated as an It6 stochastic differential equation (see [1], [4]):

1 dy p- st) dt + r dw, y(O) Yo.
We note that process dw(t) can be formally expressed as z(t)dt, where z(t) is

considered to be the white noise process [1]. It can be interpreted as "sales returns,"
"inventory spoilage," etc. which are random in nature. The second is the objective
function:

(2) min E e-’[c(p-p)+ h(y- y)] dt
pO

3. The ltl-el-Bellelfim The solution of the above model will
be carried out via the development of the Hamilton-Jacobi-Bellman equation satisfied
by a certain value function." To simplify the notation, we assume that

(3) y=p=0 and h=c=l.

This assumption results in no loss of generality as the following analysis can be extended
in a parallel manner for the case without (3). With (3), we restate the stochastic
production planning problem:

(4) min p+ y) e-’ dt
p0

subject to the It6 equation

(5) dy (p- ) dt + dw, y(O) Yo.

Let u u(x) denote the expected current-valued value of the control problem
(4), (5) with initial value x in (5) so that U(yo) represents the value of the objective
function in (4) subject to the state-equation (5). Then, it can be shown that u(x) is
a and satisfies the following Hamilton-Jacobi-Bellman equation; see [-2], [4]:

(6) -u"+u’+u xa+ inf (u’p+p).
pO

This equation can be simplified by noting that the infimum of the infimand is attained
at

(7) p=max 0,-
2

so that equation (6) can be written as

(8) -u"+u’ +(u’-)+u x.
Equation (8) is known as the Hamilton-Jacobi-Bellman equation. It is this

equation that we are interested in solving. In the next section, we prove that there
exists a unique solution u 0 in 2 with quadratic growth.

4. Existence and uniqueness. In order to solve (8), we define a function
satisfying the linear equation

(9) -6"+’+ x

and a function u satisfying

(10) -2u+u+au x + inf (up +p2)
ONpNM
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for Me[0, oe). From Ladyzhenskaya and Uraltseva [8] (see also, for instance
Bensoussan [2]), we know that there exists unique 4 and UM in e with quadratic
growth. We remark that 4, and UM are the value functions of (4), (5) with p-0 and
p e [0, M], respectively. Note also that uo- b and it is easily shown that

(11) 49(x)=(1/a)xZ-(2laZ)x+(lla2)[2z/a+o’2].
LEMMA 1. 0--< Ut -< b.
Proof. Define M ut-4. Clearly t4 is (2 with quadratic growth. Also,

-1/2r2tt+a+at4 inf (up+p2)<=O.
O<=pNM

This implies that tt -< 0, which completes the proof.
LEMMA 2. LetM> N [0, oe). Then ut <= us. Furthermore, ut $ u with 0 <- u <- 49.
Proof. By definition,

(12) -1/2tr2u + :uv + cus x2 + inf (uvp + p2).
O<_p<=N

Let Ps e [0, N] denote the value of p for which the infimum in (12) is attained. Clearly,
0<= Ps =<N < M. Define t ut-us. From (10) and (12), we have

-1/2r2a"+t’+at= inf (up+p2) inf (U’Np+p2)
O<__p<=M O<--_p<=N

<- uPs +p2 u’Ps P
I’pN.

Thus,

-1/2tr2t" + (:-ps) t’ + at <- 0,

which implies that t -<_ 0. By the monotone convergence theorem, ut has a limit u => 0.
For reference, we write

(13) ut,u and 0-<u<-b.

This completes the proof.
We now have a candidate u for a solution of (8). The rest of the section is devoted

to proving that u of (13) atisfies (8).
Since u is the solution of (10!, we know from Bensoussan [2] that it is the value

function for the following optimal control problem.

inf E e-t(p2+ y2) dtUM(X)
O<=p(.)<=M

(14)
inf Jl,x[P(" )]

O<--_p(.)<=M

where Yx is defined as the solution of

(15) dy=(p-) dt+trdw, y(0) x.

Furthermore, the optimal feedback policy Pt for problem (14), (15) is given by

(16) Pt /2 if -2M < ut < 0,
if ut --<-2M.
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To obtain a uniform bound for u in M, we examine the following difference for
a given p(. ).

ioJ,x[P(" )]-J,,[P(" )] E e-[y(t)- y,(t)] dt

ioE e-t[y(t) y,(t)][yx(t) + y,(t)] dt

(17) =(x-x’)N e-t x+x’+2 (p-) ds dt

=+2(x- x’)E e- (p- ) ds dt

[ ;o2(x-x’) - e-t dt + E e-t p ds dt

To be able to perform the integration in (17) by parts, we prove the following
lemma.

LEMMA 3. For a given x, p(. can be restricted to satisfy

a) e-’p t C(x + )

or some given C Furthermore,

(19) e- p ds 0 as .
Pro@ Since p=0 is feasible, it is clear from (14) and (15) that any optimal

trajectory p(.) will satisfy

(p2 + y) dt e- x- t+ dw .
We can now establish (18) as follows"

Io Io [atp2E e- dtE e x-t+ dw dt

e-(x_t)2+ e-, 2 ds dt

C(x+l).
Using the Cauchy-Schwarz inequality since p 0, and then the Jensen’s inequality

since the square root function is a concave function, we have

e- p ds N e- p ds

e-’/ e-’ p ds

e-’/ e- p ds

Ne-’/ e ds
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From (18), the right-hand side goes to zero as tee and, therefore, we have
established (19).

LEMMA 4. There exists a constant C independent of M, such that

(20) lu(x)l--< C(Ixl/ 1),

(21) luSt(x)] <- C([x[2+ 1).

Proof. In view of (19), we can integrate by parts to obtain

Io () Io1 ’p l loe-,/ae-,/2pdt.E e-st p ds dt E e- dt E

By using the Schwarz inequality and (18), we have

1
e-’tE e-’t pds dt <-- dt e-’tp2dt

(22)
<- C/x2-- 1 <- C(Ixl + 1)<- C([xl + Ix’I+ 1).

Using (22) in (17), we have

J,,xEp< )]- J,,,[p( )] - Clx x’l<lxl / Ix’l + 1).
Thus,

lUM(X)- UM(X’)l <---- fix- x’l(Ixl + Ix’l + 1),

which implies (20).
To establish (21), we observe from (16) that

upM+p2>_ U.
4

From the above and from (20), we have

0e inf (u p+p2)>=-u’v" 1),
O.<=p<_M 4

which is independent of M. Thus, from (10),

__1/20.2UM + U’M + aUM X2- hM(x),
where

o<-_ h,(x) <- C(Ixl/ ).

This, with Lemma 1 and (20), implies (21).1
From (13), (20), and (21), it is easy to establish the following result.
LZMMA 5. For all x, u(x) converges to u’(x) pointwise as

Proof. Indeed, use the formula

u’(x) ffou’;,(z) az L u’(z) az
1 + Ixl2 (1 + [z[-4

(1 + [z2[) 3

IX_ u"(z) az I u’(z) az
--,

(1/ izl:,):-4 (1.-; [z I:)
u’(x)
l+lxl="

This estimate is not very sharp but it is sufficient for the remainder.
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In the following lemma, we show that the optimal feedback control (16) for
problem (14), (15) converges to the optimal feedback control (7) of the problem
under consideration.

LEMMA 6. For all x, inf0_<__p_<_t (UM p+ pZ)-->--(U’-) 2 pointwise as M- oo.
Proof. Fix x and select

M>1/2C(Ixl/l).
From (20), we have

2M>]u(x)l.
Let PM denote the unique value for which

inf u’ p + p2) u’ p4 +p.
()p<=M

Then from (16), it is easily seen that

+ pL u’ l

which converges to --(u’-) 2 in view of Lemma 5. This completes the proof.
We can now state the main result of this section.
THEOREM 1. The function u obtained in (13) is the value function of the optimal

control problem (4, 5). Furthermore, u is the unique positive solution of the Hamilton-
Jacobi equation (8) with quadratic growth.

Proof. In Lemmas 1-6, we have obtained a function u as in (13) and have shown
that it is a 2-function with quadratic growth (i.e., 0 -< u=< 4) and is a solution of (8).

From Bensoussan [2], it follows that u is the value function of the problem (4),
(5). Moreover, u is the unique 2-solution of (8) with quadratic growth since any
such solution will coincide with the value function of the stochastic optimal control
problem.

In the next section, we characterize the solution u.

5. Characterization of the solution. Although we are not able to obtain a closed-
form for u, we can characterize its behavior.

THFORFM 2. The value function u(x) is strictly convex.

Proof First, we prove that Jx[P(" )] is strictly convex in x and p(. ). Let 0 (0, 1).
Let xl and x2 and pt(.) and P2(’) be arbitrarily chosen. Define

Ox + (1 O)x2 and /3 Op + (1 O)p2,

and the solutions of (5) with different initial conditions:

y + -) dt + cr dw,

Yx x + p j) dt + o" dw,

Yx2 x2 + P2- ,) dt + o" dw.

Then, we have

y= Oyxl+(1-O)Yx2,
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and

Similarly,

y= 02y2+(1-O)2y2x+20(1-O)yxyx
< [02 + 0(1 0)]y2 + [(1 0) 2 + 0(1 0)]y2X2

Oy2x,+(1-0) Yx2.2

< opl + (1 O)p.
Now, we have

J[/3(. )] E e-t[y2 +/32] dt

<-E_ e-’[Oy2xl +(1-O)y2x2+OP+(1-O)p2] dt

OJx,[pl(" )]+(1 O)Jx2[P2(" )].

This proves the convexity of Jx[P(’)].
Now, we let p*(. and P2*(" denote the optimal controls for initial conditions Xa

and x2, respectively. Therefore,

u[OXl + (1- 0)x2]-- inf Joxl+(-o)x2(P(" ))
p>_-o

<= Joxl+(1-O)xz[Op*l + (1 O)p*2 )]

< OJx(p*l(’))+(1-O)Jx(p*2(’))
OU(Xl)+(a-O)u(x2).

This proves the strict convexity of u(x).
COROLLARY 1. :! a unique such that u’(Y)= 0 and that u satisfies

-u"+ u’ +1/4u’ + u x, x <= ,
1/2 0"2 b -" U "Jr" OI N X2, X ,.

Also, the optimal production

P* -u’/2 x<-- 2,

0 ifx>-
Proof. The proof follows from the strict convexity of u(x). The point is the

minimum point of u(x) and, therefore, it satisfies u’(g)-0.
We now turn to obtaining the asymptotic behavior of u(x). For this, we first define

4M (X) 1 / a X
2 + [2(M )/ aZ]x + 1 / a )[2(M se)2/a 2 + r2/a + M2],

which is the value function for the production planning problem with p--- M. We note
that OhM(X) is the unique c2 solution with quadratic growth of

-1/2.24t + M) 4’t + )M x2 -[-M2.

Moreover, 4o 4 defined in (11).
From the quadratic growth property of UM, which we now write as UO,M?, CkO, and

4M, we can infer that (see Fig. 1)

/[O,M] 110 as x - +,and
U[O,M] (M as x
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I)O M U[O,M]

bl

X

FIG. 1. Asymptotic behavior of uM UEo,a4 3.

The intuitive justification of this result is that for large inventory levels, it is clearly
optimal to produce nothing, i.e., set p =0. Likewise, for large stockout levels, it is
optimal to produce at the highest rate possible, i.e., set p M.

To obtain the asymptotic behavior of u(x), we recall that u(x) is the limit of
Uo,M3 as M-* ee; we rewrite u(x) as Uo,oo). It can be easily shown (see Appendix) that

U[o,) 4o as x

In the other direction, however,

4 lim sup
M-oo

and is, therefore, of no help in concluding the behavior of Uo,) as x--o.
At this point, it seems reasonable to examine the possibility of Uto, approaching

u*, also written as u(_,), as x--c, where

u*(x) mx2 + nx + q

with

4"O 2 + 4- a o’2m m22(m2- 2)
m >0, n =-2mZsc<-0, q=

2 c

is the solution of the unconstrained problem obtained in Sethi and Thompson [9]. The
result of this analysis, which appears in the Appendix is the following theorem; see
Fig. 2.

THEOREM 3. The asymptotic behavior of the value function u(x) is characterized
as follows:

u(x) Uo,(x)"-- 4,o(X)=- (x) as x ,
u(x) Uo,(x) u_,(x)= u*(x) as x-.

Before concluding this section, we would like to remark that the analysis of the
problem considered in this paper started out with the statement of Theorem 3 as a
conjecture. Intuitively, when there is a very large amount of shortage, it should be
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b0 U U*

FIG. 2. Asymptotic behavior of u.

optimal to produce at a very high rate in both the constrained as well as the uncon-
strained problem. We had therefore thought that a solution of (8) satisfying the
asymptotic boundary conditions given above in Theorem 3 should supply us with the
value function u (x).

In the next section, we present our computational results.

6. Numerical results for bounded control. By an argument similar to the proof
of Theorem 2 and Corollary 1, it follows that for given M> 0, u is strictly convex
and the optimal feedback control plvt(x) is (from (16)):

(23) {)pM(x) (x)/2
if x _>- Xo,

if xM < x < Xo,

if x _-< xa4,

where Xo and x are the unique roots of UM(Xo) 0 and U’M(XI) =-2M, respectively.
(The M-dependence of the switching point x0 is suppressed for notational simplicity.)
We employ a stable finite-difference technique to approximate the derivatives of u
and we use policy iteration to determine approximate policy switching points x0 and
xM, as well as the form of the control p =--U’M/2 between the switching points. In
the following we denote an admissible control as p and the optimal control as p.
Furthermore, we denote the optimal value function for the unconstrained problem
with p(. ) (-, ) as u* and the corresponding optimal feedback control as p*(x).
Sethi and Thompson [9] compute u* and p* explicitly. Arguments similar to Lemma
1 imply 0 < u*(x) <= u(x) for all x and all finite M > 0.

For x > Xo the general solution of (10) having quadratic growth is

(24) u x aox2/ 2 + box + co + Ao e-rx,
where

(25) ao 2/a, bo -2so/a 2
Co 0"2/O 2 + 2(2/ce 3

and

(26) rO [( :2 + 20.20 )1/2 :]/0.2.
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Since U’M(Xo+)=0 the constant A0 is determined as

(27) Ao (aoXo+ bo) erX/ro

Similarly, for x < XM we have

UM(X) alx2/2 + blX + c -t- A1 eqx,(28)

where

(29)

(30)

and

(31)

al 2/c, bl 2(M- so)/a 2, 1 0"20 -I-- 2(M- :)2 _. M2ce 2]/03,
r, [((M- )2+ 20.2Ce),/2__ (M )]/0.2,

A,=(2M-aaXM-b,) e-q’’/rl.

In the finite-difference approximation we follow Kushner 1-7] and Smith [11],
replacing u’(x) and u’(x) by

(32)
u "--[UM(X + h)- u(x- h)]/2h,

u(x) [uv(x + h) + uv(x- h)- 2uM(x)]/ h 2,

for step-size h > 0. Letting V(x) denote the finite-difference approximation to UM (X)
on a countable set of grid points G spaced h apart, (10) and (32) yield

(33) xeG,

where

(34)

and

(35)

V(x) min Jr(x, p) + q+(p) V(x + h) + q-(p) V(x- h)],
pe[O, M]

r(x, p) h2(x2 q- p2)/(0.2 q_ oh2), 0.2/( 0-2 de- ah2),

q:(p)=(1/2)[1 +(p-)h/r2].

Note that if h -<_ rain [o’Z/(M :), o-2/:] then q+/-(p) >- 0 for all p [0, M], and (33)
is the dynamic programming functional equation for a discrete "time," discounted cost
Markovian decision problem having countable state space G and uncountable action
space [0, M]: the cost in state x under action p is r(x, p), the discount rate is fl < 1
and the transition probabilities are q+(p). The condition that (33) be a Markov decision
problem is the same as the condition that the numerical method be stable. If h exceeds
the upper bound given above, the solution of (33) may involve highly oscillatory
behavior that renders it totally useless as an approximation to UM; see, e.g., Smith
[11]. This implies that the problem will be increasingly difficult to solve numerically
as M becomes very large because a very small grid spacing h <-_ o’2/(m ) will be
needed. In the limit M o the finite difference scheme cannot be used at all. This is
corroborated by our early experiences in attempting to solve the unbounded case
directly, by solving (8) backward from x $ (for various $) using available codes for
numerical solution of ordinary differential equations. Even a highly developed code
based on the work of Gear [6]--involving automatic step-size adjustmerit, internal
convergence tests, stiffness tests, A-stability checks and automatic truncation error
reduction--was unable to deal with (8). Equation (8) seems to be unstable with respect
to arbitrarily small perturbations and might not be solvable directly by any numerical
method on a digital computer having finite word length. This suspicion was our original
motivation for dealing with the case of bounded control. A fortuitous dividend of this
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decision is our relatively concrete proof of existence and uniqueness of an optimal
feedback policy for the unbounded control case as given in 4. Although the bounded
case is probably more relevant than the unbounded case in modelling real production
systems, the unbounded case presents a theoretically challenging problem of numerical
analysis.

In practice we must solve (10) on a truncated, compact state space [L, U], where
L < xt and U> x0. Equation (10) then describes an optimally controlled process in
the presence of reflecting barriers. We choose boundary conditions at L and U so as
to ensure that the optimal control laws and the optimal value functions in the bounded
and unbounded state space problems agree on (L, U). As shown in Kushner [7], the
solution of (33) for x[L, U]c G converges as h-0 to a (weak) solution of (10) on
[L, U]. Furthermore, the corresponding sequence of discrete time-controlled Markov
processes converges weakly to the optimal continuous time process on [L, U], the
discrete time control laws converge weakly to the optimal continuous time control
law, and limh_0 V is the expected discounted cost of this process.

We solve (33) on the finite set F c G, where F {L, L + h,. , U- h, U}. Given
a control law p(. such that p(L) M and p(U) 0, we use (24) and (28) to evaluate
V( U + h) and V(L- h) in (33) as V( U + h) 2 V( U)- V(x- h) +ft and V(L- h)
2V(L)-V(L+h)+fL, where ft and fL are computable explicitly from (24), (27),
(28) and (31). These boundary conditions uniquely determine the solution of (33) on
F, which we obtain by a recursive method that is numerically stable against roundoff
errors for any candidate control law p(.) on F.

We solve (33) by policy iteration, starting with the truncated unconstrained optimal
control law p(x) =max [0, min [p*(x), M]]. In iteration n =0, 1,. we determine
the value function Vn on F corresponding to control law Pt as outlined above, then
obtain a new control law as p(x)=max[O, min[M, (V,,(x-h)-Vn(x+h))/4h]],
which minimizes the right-hand side in (33) with V V,.

It can be shown that the mapping T: V, V,+ is a contraction mapping (see,
e.g., Denardo [3] or Van Nunen [13] for a proof), so lim,_ V, V, where V solves
(33). In this case the action space is not a finite set, so the policy iteration procedure
does not converge in a finite number of steps. We terminate the calculations at iteration
n if maxv Ip-l(x)-pt(x)l < 10-1, as this proves to yield adequate accuracy.

We illustrate our results for an example in which s 2, O"2 9, t 0.2 with M 16
and 32. The results for this case are typical, in the sense that the general solution
properties shown are robust with respect to broad input parameter variations.

In this example we have p*(x)=0 for x=1.81, while p*(x)=16 or 32 for
x -15.87 or x -33.55, respectively. The policy iteration procedure yields: x0 1.15,
x16 =-15.90 for M 16; and x0 1.15, x32 =-33.575 for M 32. The main effect of
policy iteration is to shift x0 down from p*-l(0)= 1.81, reducing the magnitude of
p(x) for all x. Although p(x) is not a good approximation to p(x), the value
functions for these two control laws are not very different. Figure 3 shows the worst-case
difference between the value function Vo corresponding to the truncated unconstrained
optimal control and the optimal value function V-" ut. This occurs for M 32 near
x =0, in which case the two value functions differ by less than 0.8%. Thus, in this
example (and many others as well) the controller can achieve surprisingly good
performance using the very easily implemented control law p(x).

Figure 4 shows the value functions u16, u32 and u* for x [-25, 15]. Detailed
examination of results reveals that for x->-15, convergence to u(x) is practically
attained for M 16:u16 and u32 agree to six digits and their seventh digits differ by
at most three for all x in this region. As x decreases from -15 to -30, u6-u32> 0
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10

97.80,

92.40

87.00

76.20

U32

-3.00 -1.00 X 1.00 3.00 5.00

FIG. 3. Computer plots of U32 and Vo.

increases, while u32-U*> 0 is nearly a constant, decreasing very slowly. See Fig. 5
for a magnified view of the behavior of u16, u32 and u* for x e [-30,-25].

These results suggest that for moderate values of M (M 16 in our example) the
value function u is practically attained for x > xt by setting u--uM. However, for
x << xM, u-ut is large, and we cannot achieve a good approximation to u in this
region. As noted already, a direct solution to the M oe problem does not appear to
be feasible, and even finding u for large M is impractical because the step-length
h > 0 needed in solving (33) would be so small that roundott errors would invalidate
the approximation of derivatives by finite differences (Smith [1969]).

In the Appendix we show that u(x)-u*(x)O as x-ee, but the numerical
evidence for this asymptotic behavior is inconclusive. Given the convergence, however,
the numerical evidence supports the conclusion that it is extremely slow, as it is in this
case.

7. Extensions and concluding remarks. In this paper we have proved the existence
of an optimal solution to a production planning problem with nonnegative production
rates. We have characterized the value function u(x) and have obtained computa-
tionally a very good approximation to it.

As an important aside, we point out that the introduction of a simple restriction
on the production rates complicates enormously the stochastic production planning
problem. This is not so in its deterministic counterpart.
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8.00-
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-32.00 -24.00 -16.00 -8.00 X-0.00 8.00 16.00

FIG. 4. Computer plots of u16 u32 and u*.

Future extensions of our production planning problem should deal with constraints
on inventory levels. These would complicate the problem substantially by requiring
additional state variables.

Appendix: asymptotic behavior o[ u(x) as x-_+oo. From corollary 1, u(x)
satisfies

(A.1) 1/20"2 bl "i- bl -- 1/4 U 2 -t- OgU X
2

X <

(A.2) -1/2rZu"+ sou’ + cu x2, x > g,

(A.3) u’($) =0.

To study what happens as x +oo, we can assume that g is known.
For x-+ +oo, the task is easy since (A2) is a linear equation. Boundary conditions

are (A3) and a quadratic growth as x oo.
Case: x >= 2.

(A.4) u(x) ch(x) +K e-’’,

where (x) is given in (11),

and K satisfies
y [-so +x/so2 + 2ccr2]/r2,

(2/a)g-(2/cz)-yK e-’z 0.
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FIG. 5. Magnified view of U16 U32 and u*.

It follows that

(A.5) lu(x) ch(x)l o as x-

We also note that

(A.6) u()=(1/a)z-(2/az)+(1/az)[2z/a+oZ]+(1/y)[(2/a)g-2/a2].

Case" x <-. To obtain the behavior of u(x) as x -oe, we first observe that the
solution u*(x)= mx2+ rtx + q of the unconstrained problem specified in 5 satisfies
(A1); see also Sethi and Thompson [9]. Therefore, we have the following situation, u
and u* are solutions of the same nonlinear equation (A1) for x _-< g, they have quadratic
growth, and it is easily seen that u() u*(g). Setting

we get

(A.7)

It--V--Z,

l_,2+1/2z,(2mx+n)+az O,--1/20"2 Zn-[ Z -’["Z

z() u()- u*() > o.
Note that m and n are specified in 5. From (A7), it follows that

O<-z(x)<=.
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More precisely, we have

(A.8) O<=z(x)<=(x)

where " is the solution of

-1/20-2st" + :sr’ + 1/2"(2mx + n) + a" 0,
(A.9)

() &
But

(A.10) (x) 6rt(x)

where,

,(n)-10-2rt"+rt2 m++: +art=0,

(A.11)
rt(,) 1.

We shall now obtain the following estimate

1
(A.12) rt(x) <- =0(x)

(1+ (,-- X)2)
where s > 0 is conveniently chosen.

We need only to show that it is possible to choose s such that

---0"+0’ m++: +c0=>0,

(A.13)
0(22) rt (.,,2) 1.

For this, we observe that

and

-2s(x-,)
(1 + (X--.)2) s+l

-2s 4s(s+l)(x-Y,)2

0" +
(1 "+-(X--.,)2) s+l (1 +(X--))2) s+2"

-0"+0’ m++ +c0

-20-2s(s+1)(x-)2

(1 +(X--)2)s+2

0-2S
(1 + (X-- X’)2) s+l

2s(x-$)(m+n/2+)
(1 + (X-- 3)2) s+l (1+ (x- :,z)2)

>_
1 [ 2s(x-$)(m+n/2+)

(l+(x-,)) - 1+(x-.1)2

Thus, we have

0
-2

But

2(x-Y,)(mx+n/2+)
1+(x-x)

<- 2m +lm, + n/2 + sl,
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and, therefore, we can choose s such that s < 1 and

(a. 14) a _-> 2s[2m + ImZ + n/2 + 1+223
to imply (A.13).

We have, therefore, proved the estimate

(A.15) u*(x) <- u(x) <- u*(x) +
(u()- v())
1 + (x $)2)s

where $ is the minimum of u. This completes the proof of Theorem 3.
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TWO-METRIC PROJECTION METHODS FOR
CONSTRAINED OPTIMIZATION*

ELI M. GAFNI? AND DIMITRI P. BERTSEKAS$

Abstract. This paper is concerned with the problem min {f(x)lx X} where X is a convex subset of a

linear space H, and f is a smooth real-valued function on H. We propose the class of methods Xk+l
P(xk- akgk), where P denotes projection on X with respect to a Hilbert space norm II’ [I, gk denotes the
Frechet derivative of f at xk with respect to another Hilbert space norm I" on H, and ak is a positive
scalar stepsize. We thus remove an important restriction in the original proposal of Goldstein and Levitin
and Pofjak [2], where the norms arid II’ II must be the same. It is therefore possible to match the norm

II" with the structure of X so that the projection operation is simplified while at the same time reserving
the option to choose 1. Ik on the basis of approximations to the Hessian of f so as to attain a typically
superlinear rate of convergence. The resulting methods are particularly attractive for large-scale problems
with specially structured constraint sets such as optimal control and nonlinear multi-commodity network
flow problems. The latter class of problems is discussed in some detail.

Key words, constrained optimization, gradient projection, convergence analysis, multicommodity flow
problems, large-scale optimization

1. Introduction. Projection methods stemming from the original proposal of
Goldstein [1], and Levitin and Poljak [2] are often very useful for solving the problem

minimize f(x)
(1)

subject to x X

where f: H--> R and X is a convex subset of a linear space H. They take the form

(2) x+ P(x ag)

where Ok is a positive scalar stepsize, Pk(’) denotes projection on X with respect to
some Hilbert space norm I1" Ilk on H and gk denotes the Frechet derivative off with
respect to [1" Ilk, i.e., gk is the vector in H satisfying

(3) f(x) f(xk) +(gk, X Xg)k + O([IX-

where <.,. >k denotes the inner product corresponding to II" I1.
As an example let H R", and Bk be an n n positive definite symmetric matrix.

Consider the inner product and norm corresponding to Bk

(4) (x, y)k= X’Bky, lixll (<x, X)k) 1/2 VX, y H,

where all vectors above are considered to be column vectors and prime denotes
transposition. With respect to this norm we have (cf. (3))

(5) gk B{Vf(Xk),
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where Vf(Xk) is the vector of first partial derivatives of f

-Of(Xk)-]
Ox

(6) Vf(xk) i"

Of(x)
3X

_
When problem (1) is unconstrained (X H), iteration (2) takes the familiar form

Otherwise the vector

is the solution of the problem

Xk’+l Xk akB-lVf(Xk).

x+ P(x ag)

minimize x xk + akgk

subject to x c X.

A straightforward computation using (4) and (5) shows that the problem above is
equivalent to the problem

(7)
minimize Vf(Xk)’(X Xk) +-akZ
subject to x c X.

--(x-x)’B(x-x)

When X is a polyhedral set and Bk is a quasi-Newton approximation of the Hessian
off, the resulting method is closely related to recursive quadratic programming methods
which currently enjoy a great deal of popularity (e.g., Garcia-Palomares [3], Gill et al.
[4]).

It is generally recognized that in order for the methods above to be effective it is
essential that the computational overhead for solving the quadratic programming
problem (7) should not be excessive. For large-scale problems this overhead can be
greatly reduced if the matrix Bk is chosen in a way that matches the structure of the
constraint set. For example if X is the Cartesian product I]i=l Xi of m simpler sets
X, the matrix Bk can be chosen to be block diagonal with one block corresponding
to each set X, in which case the projection problem (7) decomposes naturally. Unfortu-
nately, such a choice of Bk precludes the possibility of superlinear convergence of the
algorithm, which typically cannot be achieved unless Bk is chosen to be a suitable
approximation of the Hessian matrix of f [3], [5].

The purpose of this paper is to propose projection methods of the form

(8) Xk+ P(Xk- akgk)

where the norms and II corresponding to the projection and the differentiation
operators respectively can be different. This allows the option to choose tl" to match
the structure of X, thereby making the projection operation computationally efficient,
while reserving the option to choose 11. on the basis of second derivatives off thereby
making the algorithm capable of superlinear convergence. When H Rn, the projection
norm II" is the standard Euclidean norm

(9) ]]x]l-- (XtX) 1/2 121,
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and the derivative norm [1" k is specified by an n n positive definite symmetric matrix
B,

(1 O) Ilxllk (x’B,x) ’/2,
the vector X+l of (8) is obtained by solving the quadratic programming subproblem

(11)
minimize g’(x x,) +2a Ix xkl2

subject to x c X

where

(12) g B-1Vf(x,).
The quadratic programming problem (11) may be very easy to solve if X has

special structure. As an example consider the case of an orthant constraint

(13) X={xlO<=xi, i=l,...,n}.

Then, the iteration takes the form

(14) x+1 [Xk oo,B-1Vf(xk)]+

where for any vector vc R" with coordinates v i, i= 1,..., n we denote by v + the
vector with coordinates

(v’) + max {0, vi}.

Iteration (14) was first proposed in Bertsekas [6], and served as the starting point for
the present paper. It was originally developed for use in a practical application reported
in [18]. The computational overhead involved in (14) is much smaller than the one
involved in solving the corresponding quadratic program (7) particularly for problems
of large dimension. Indeed large optimal control problems have been solved using
(14) (see [6]) that, in our view, would be impossible to solve by setting up the
corresponding quadratic programming (7) and using standard pivoting techniques.
Similarly (14) holds an important advantage over active set methods [4] where only
one constraint is allowed to enter the active set at each iteration. Such methods require
at least as many iterations as the number of active constraints at the optimal solution
which are not active at the starting vector, and are in our view a poor choice for
problems of very large dimension.

An important point is that it is not true in general that for an arbitrary positive
definite choice B, iteration (14) is a descent iteration (in the sense that if x is not a
critical point, then for a sufficiently small we have f(x,+l)<f(x,)). Indeed this is the
main difficulty in constructing two-metric extensions of the Goldstein-Levitin-Poljak
method. It was shown, however, in [6] (see also [19]) that if B is chosen to be partially
diagonal with respect to a suitable subset of coordinates, then (14) becomes a descent
iteration. We give a nontrivial extension of this result in the next section (Proposition 1).
The construction of the "scaled gradient" g satisfying the descent condition

(15) (g,, Vf(xt,)) > 0

is based on a decomposition of the negative gradient into two orthogonal components
by projection on an appropriate pair of cones that are dual to each other. One of the
two components is then "scaled" by multiplication with a positive definite self-adjoint
operator (which may incorporate second derivative information) and added to the first
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component to yield gk. The method of construction is such that gk, in addition to (15),
also satisfies

f[P(x, cg)] </(x)

for all c in an interval (0, 5], 5k > 0.
Section 3 describes the main algorithm and proves its convergence. While other

stepsize rules are possible, we restrict attention to an Armijo-like stepsize rule for
selecting c on the arc

P(x - > 0}

which is patterned after similar riales proposed in Bertsekas [6], [7]. Variations of the
basic algorithm are considered in 5, while in 4 we consider rate of convergence
aspects of algorithm (8), (11), (12) as applied to finite dimensional problems. We show
that the descent direction g can be constructed on the basis of second derivatives of
f so that the method has a typically superlinear rate of convergence. Here we restrict
attention to Newton-like versions of the algorithm. Quasi-Newton, and approximate
Newton implementations based on successive overrelaxation or conjugate gradient
methods are also possible. A superlinearly convergent conjugate gradient-based
implementation is applied to a large-scale multicommodity flow problem in the last
section of the paper.

While the algorithm is stated and analyzed in general terms, we pay special
attention to the case where X is a finite dimensional polyhedral set with a decomposable
structure since we believe that this is the case where the algorithm of this paper is
most likely to find application.

2. The algorithmic map and its descent properties. Consider the problem

minimize f(x)
(16)

subject to x X

where f is a real-valued function on a Hilbert space H, and X is a nonempty, closed,
convex subset of H. The inner product and norm on H will be denoted by (.,.) and
[1" respectively. We say that two vectors x, y H are orthogonal if (x, y)= 0. For any
z H we denote by P(z) the unique projection of z on X, i.e.,

(17) P(z) arg min {[Ix- z[[]x X}.

We assume that f is continuously Frechet differentiable on H. The Frechet derivative
at a vector x H will be denoted by 7f(x). It is the unique vector in H satisfying

f(z) :f(x) +(7f(x), z x) + o([[z xll
where o(llz- xll)/II z- xil- 0 as x. We say that a vector x* X is critical with respect
to problem (16) if

(18) (Vf(x*),x-x*)>-O VxX,

or equivalently, if x*= P[x*-Tf(x*)].
It will be convenient for our purposes to represent the set X as an intersection

of half spaces

(19) X {x[(ai, x) <-- bi, / I},

where I is a, possibly infinite, index set and, for each i I, ai is a nonzero vector in
H and b is a scalar. For each closed convex set X there exists at least one such
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representation. We will assume that the set I is nonempty--the case where I is empty
corresponds to an unconstrained problem which is not the subject of this paper. Our
algorithm will be defined in terms of a specific collection {(ai, bi)li I} satisfying (19)
which will be assumed given. This is not an important restriction for many problems of
interest including, of course, the case where X is a polyhedron in R n.

We now describe the algorithmic mapping on which our method is based. For a
given vector x X we will define an arc of points {x(a)la >-0} which depends on an
index set Ix c I and an operator Dx which will be described further shortly. The index
set Ix is required to satisfy

(20) Ix
where e is some positive scalar. Let Cx be the cone defined by

(21) Cx
and C+ be the dual cone of Cx
(22) C+ {z[(y, z) <- O, Vy Cx}.

For orientation purposes we mention that if X is a polyhedral subset of R" (or
more generally if the index set I is finite), and e is sufficiently small, then lx can consist
of the indexes of the active constraints at x, i.e., we may take Ix {i[(a, x)= b, I}.
In that case Cx is the cone of feasible directions at x, while C+x is the cone generated
by the vectors a corresponding to the active constraints at x. More generally Cx is a
(possibly empty) subset of the set of feasible directions at x, and for any Ax Cx with
[[Ax[[ _--< e the vector x +Ax belongs to X.

Let dx be the projection of [-Vf(x)] on Cx, i.e.,

(23) dx arg min {[[z +Vf(x)][Iz
Define

(24) d+ -[Vf(x) + dx].

It can be easily seen that the vectors dx and d +x are orthogonal and that d +x is the
projection of [-Vf(x)] on Cx+, i.e.,

(25) d= arg min {[]z +Vf(x)]llz C+}.

Note that if the norm [[. on H is such that projection on the set X is relatively simple,
then typically the same is true for the projection (23), required to compute dx and d.

Let F be the subspace spanned by the elements of Cx which are orthogonal to
d / i.e.

(26) Fx span { Cx fq {z[(z, d+) 0}}.

Note that

(27) dx Fx
since dx belongs to Cx and is orthogonal to d+. Let Dx’Fx Fx be a po.sitive definite
self-adjoint operator mapping Fx into itself. Consider the projection dx of Dxdx on
the closed cone Cx f’) {zl(z, d+) 0}, i.e.

(28) rx arg min (llz Ddxlllz Cx, (z, d+) 0}.

Consider also the direction vector

(29) g -(d / +
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-?f(x)

Cx
dx

FIG. 1. A case where both C, and C+x have nonempty interior in R and -Tf lies outside Cx.

Given x, Ix, and Dx, our algorithm chooses the next iterate along the arc

(30) x(a) P(x- ag), a >-_ O.

The stepsize a will be chosen by an Armijo-like stepsize rule that will be described in
the next section.

The process by means of which the direction g is obtained is illustrated in Figs.
1-4. The crucial fact that will be shown in Proposition below is that, if x is not
critical, then for sufficiently small a > 0 we have fix(a)] <f(x), i.e., by moving along
the arc x(a) of (30) we can decrease the value of the objective. Furthermore we have
(Vf(x), g) > 0 which means that g can be viewed as a "scaled" gradient, i.e., the product
of Vf(x) with a positive definite self-adjoint operator. We now demonstrate the process
of calculating the direction g for some interesting specially structured constraint sets.

Example 1. Let H R", (x, y)= x’y, and X be the positive orthant

X ={zlxi>=O, i= 1,. ., n}.

Then X consists of the intersection of the n halfspaces {x[xi>-_ 0} 1,. ., n and is
of the form (19). The set Ix must contain all indices such that 0 =< x_-< e (cf. (20)).
The cones Cx and C +x are given by

Cx-{lzi>-_O, Vi6Ix}, C+-{zlzi<=o, ViIx, z=0,
The vector dx, and d+ (cf. (23), (24)) have coordinates given by

Of(x)
if i ix, 0 if i x,

d
Ox di+=x

0 if i L, Of(x) L,
Ox

if
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g

-?f(x)//// /
// /

+

FIG. 2. Obtaining g for a case where C+ lies on a two-dimensional manifold in R3.

where

,={i iIxand
Of(x) }OX

> 0

If , is empty then F R and we have d, =-Vf(x), d+=, O. In this case g
-D.d DVf(x) where D is any n x n positive definite symmetric matrix. If/ is
not empty, by rearranging indices if necessary assume that for some integer p with
0_-< p _-< n we have / {p + 1,. , n}. Partition Vf(x) as

where v? Rp and w R"-p. The vector g is given by

where D is a p xp positive definite symmetric matrix, (Dr?)* denotes projection of
Dff on C, i.e., (Dff)* is obtained from D,ff by setting to zero those coordinates of
D,ff which are negative and whose indices belong to/.

Example 2. Let H R ", and X be the unit simplex

(31) X={xixi=l’xi>-o’i=l"’"n}"i=1
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-Vf(x) |/fix

FIG. 3. Obtaining g for a case where Cx lies on a two-dimensional manifold in R3.

Suppose the inner product on R" is taken to be

(32) (x, y)= sixiy
i=1

where s, 1,..., n are some positive scalars. Let x be a set of indices including
those indices such that O<-xi<_-e//7 Then the cone Cx can be taken tobe

(33) Cx={ z i=1 zi=O’zi>--O’Cix}"
The vector d is obtained as the solution of the projection problem

minimize z +
i=l S OX

(34)
subjectto z’=O, ziO, i.

i=1

The solution of this problem is very simple. By introducing a Lagrange multiplier
for the equality constraint= z= O, we obtain that , is the solution of the piecewise
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/
\/

\\dx

I
I

I

Cx

FIG. 4. Obtaining g for a case where both C+x and Cx have nonempty interior in R3.

linear equation

(35) ’[ + ’,[A- + A- =0.
x s’ ax’.! s ax’ j

This equation fan be solved by the well-known method of sorting the breakpoints
Of(x)/Ox i, e L, in decreasing order, and testing the values of the left side at the
breakpoints until two successive values bracket zero. Once A is obtained, the coordinates
of dx are given by

-5 h-ax, j
(36) d

The vector d2 is then obtained from the equation

Let

(37)

a;= -[Vf(x)+a].

ie/ andA<
ax’ j"
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It is easily verified that the subspace Fx is given by

(38) Fx={z i=lZi=O’zi=O’Vi}"
The vector tJ is obtained as the solution of the simple projection problem.

minimize ,21= si[zi -(Dxdx)i]2
(39)

subject to z O, z >- O ViL, z O Vj L
i=1

where (Dd) is the ith coordinate of the vector Dxdx obtained by multiplying dx with
an n x n symmetric matrix D which maps F into Fx and is positive definite on F.
We will comment further on the choice of D in the last section of the paper. The
vector g is given now by g =-(tJx +d+). Note that the solution of both projection
problems (34) and (39), as well as the problem of projection on the simplex X of (31)
is greatly simplified by the choice of the "diagonal" metric specified by (32).

Proposition below is the main result regarding the algorithmic map specified by
(20)-(24), (28)-(30). For its proof we will need the following lemma, the proof of which
is given in Appendix A.

LEMMA 1. Let Ft be a closed convex subset of a Hilbert space H, and let Pa(’)
denote projection on Ft. For every x 12 and z H:

a) The function h:(O, o)-> R defined by

h(c) Va>O

is monotonically nonincreasing.
b) Ify is any direction of recession of Ft (i.e., (x + ay) Ft for all a >-_ 0), then

(40) (y, x + z)<= (y, Pa(x + z)).

PROPOSrrION 1. For x X let e > 0 and Ix satisfy (20), and let D:F F be a
positive definite self-adjoint operator on the subspace F defined by (21)-(26). Consider
the arc {x(a)la >-0} defined by (23), (24), (28)-(30).

a) If x is critical, then

b) If x is not critical, then

x(a)= x Va >-O.

(41) (Vf(x), g) > 0,

and

(42) (Vf(x), x x(a)) >= a(dx, D,d) +--IIx()-(x + = > o

Furthermore there exists ff > 0 such that

(43)

(44)

f(x) >f[x()] v (o, ].

Proof a)It is easily seen that for every z Cx we have

x+ z X
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in view of the definitions (19)-(21). Since x is critical, we have (Vf(x), y- x)>_-0 for
all y X. Therefore using (44) we have

(45) (Vf(x), z) >= 0 Vz Cx.
From the definitions of C+, dx and d+ (cf. (21)-(24)) and (45) it follows that

Vf(x) 6 C+
and

d+ -Vf(x), dx 0.

Using (28)-(30), we obtain x(a)= P[x-aVf(x)]. Since x is critical, we have that
x P[x- aVf(x)] for all a->_ 0 and the conclusion follows.

b) We have by using the facts Vf(x)=-(d +d+) and (aJ, d+) 0

(46) (a, Vf(x)) -(a, dx + d+) -(, d).

Now is the projection of Ddx on the cone C, (3 {zl(z d+) 0}, d belongs to this
cone and therefore is a direction of recession. Using Lemma b), it follows that

(47) dx, x) >-- dx, Ddx).

Combining (46) and (47), we obtain

(48) (ax, Vf(x)) <-_ -(dx, Dxd,) <= 0
where the second inequality is strict if and only if dx 0. Also d + is the projection of
-Vf(x) on C +

SO

(49) (d + Vf(x)) <= 0

with strict inequality if and only if d+ O. Combining (48) and (49) and using the fact
g -(d + + ), we obtain

(50) (g, Vf(x)) _-> 0

with equality if and only if dx 0 and d+ 0, or, equivalently Vf(x)= 0. Since x is not
critical, we must have Vf(x)# 0, so strict inequality holds in (50) and (41) is proved.

Take any a (0, e/II g [[). Since projection on a closed convex set is a nonexpansive
operator (see e.g. [8] or use the Cauchy-Schwarz inequality to strengthen (B.16) in
Appendix B), we have

]Ix(a) xl] <-[Ix-ag-x[[ c Ilg[[ < e.(51)

Therefore we have

and as a result

(a,x)<b-ellaill<b,-(a,,x(o)-x) Vi_I

(ai, X(O)) < b Vi : I.
It follows that x(a) is also the projection of the vector x- ag on the set Ox X given
by

(52)

lx {zl(a,, z) <= b,, I},

x(a) arg min {llz-(x- cg)lllz ax}.
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Now the vector dx is easily seen to be a direction of recession of the set fx, so by
Lemma b) we have

(dx, x(o,)) >= (dx, x o,g) (d,,, x + od+x + O,dx).

Since (dx, d)= 0, the relation above is written by using also (47)

(53) -(dx, x x(o)) >-_ ,(dx, Dxd).

In view of the fact x Cx we have (x + ax) Ox, and since x(a) is the projection
on of (x + ad[ +a) (cf. (52)), we have

<x +d +x x(3, x +x x()> 0.

Equivalently, using the fact (d, )= 0,

(54) -(d;, x x()> e IIx()- (x + x)ll =.

(55)

By combining (53) and (54) and using the fact Vf(x)=-(dx + dx+), we obtain

(Vf(x), x-x(a))>- ,(ax, Dxd)
IIx()-(x + x)ll

which is the left inequality in (42). To show that the right side of (55) cannot be zero,
note that if it were, then we would have both dx=0 (implying ax =0, x(a)=
P(x- oVf(x)) and x(a) x + arx (implying P(x aVf(x)) x). Since x is not critical,
we arrive at a contradiction. Therefore the right inequality in (42) is also proved.

By using the mean value theorem, we have

(56) f(x)-f[x(a)] (Vf(x), x x(a)) + (Vf(sr,) Vf(x), x- x(a))

where ’ lies on the line segment joining x and x(a). Using (55) and (56), we obtain
for all c (0, e/II g II)

(57)

x(,)- (x + )11
{f(x)-fix(a)]} >-- (d, Dxdx) - 2

Using (51) and the Cauchy-Schwarz inequality, we see that

(58) (Vf()-Vf(x), )>--]]Vf()-Vf(x)]l.,,g]].
Since IIVf(,)-Vf(x)][-0 as a->0, we see from (57) and (58) that if dx # 0 then for
all positive but sufficiently small a we have f(x)>f[x(a)]. If dx =0 then ax=O and
using Lemma la)

(59)
IIx(a)-(x +ax)ll 2 Ilx(a)-xll > [Ix(1)-xi[ 2 Vc (o, 1].2 2

From (57), (58) and (59) we see again that when dx =0, then for all positive but
sufficiently small a we have f(x)>f[x(a)]. Therefore, there exists c7 > 0 such that (43)
holds in both cases where dx 0 and dx # O. Q.E.D.
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3. Convergence analysis. The previous section has shown how a vector x X, a
scalar e > 0, an index set Ix satisfying

I {i I[(a,, x)>= b,- e Ila, l[},

and a positive definite self-adjoint operator Dx:Fx->Fx where Fx is the subspace
defined by (21)-(26), uniquely define an arc of points x(a) X, a >-0 where

x(a) P(x ag), a >= 0

and g is defined via (23), (24), (28)-(30). Furthermore for each x X which is not
critical, Proposition b) shows-that by choosing a sufficiently small, we can obtain a
point of lower cost on this arc. Therefore any procedure that, for any given x X,
chooses Ix, e, and Dx satisfying the above requirements, coupled with a rule for selecting
a point of lower cost on the corresponding arc x(a) leads to a descent algorithm. There
is a large variety of possibilities along these lines but we will focus attention on the
following broad class of methods:

We assume that we are given a continuous function e" X R such that

(60) e(x) >-_ 0 Vx X,

(61) e(x) 0 := x is critical

(for example e(x)= min {e, ]Ix-P[x-Vf(x)][[} where e > 0 is a given constant). We
are also given scalars/3 (0, 1), r (0, / 2), A > 0 and A2 > 0 with A =< A2.

At the beginning of the kth iteration of the algorithm we have a vector Xk X. If
Xk is critical, we set Xk+l Xk. Else we obtain the next vector Xk+ as follows"

Step 1. Choose an index set Ik c I satisfying

(62)

and compute

(63)

(64)

where

(65)

Ik ={i I[(ai, Xk) bi- e(x)llaill},

dk arg min {ll z + Vf(Xk)[llz L
+dk --[Vf(Xk)+dk]

C {zl<a,, z) < 0, Ik}.

Step 2. Choose a positive definite self-adjoint operator Dk’Fk--> Fk, where

(66) Fk =span {Ck fq{zl(z, d) 0}},

and Dk satisfies

(67) IIDll-<_x= and XlllZII2<-_(z,Oz)
Compute k given by

(68)

Define

(69)

and

(7o)

tk arg min {llz- Ddlllz C, <z, d;) 0}.

gk --(d - +kXk(a) P(Xk agk) Va >-- O.
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Step 3. Set

(71) Xk+l=Xk(ak)

where

(72) ak=/3 "k

and mk is the first nonnegative integer m satisfying

tim
Proposition lb) shows that x+l is well defined via the stepsize rule (71)-(73) in

the sense that mk is a (finite) integer and furthermore

f(Xk) >f(Xk+l)

for all k for which x is not critical. The following proposition is our main convergence
result.

PROPOSITION 2. Every limit point of a sequence {xg} generated by the algorithm
above is a critical point.

Proof Let {xg}K be a subsequence of {xk} converging to a point which is not
critical. We will arrive at a contradiction. Since {a} is bounded, we assume without
loss of generality that

lim Olk
kc
kK

where 8 [0, 1]. Since {f(x)} decreases monotonically to f(ff), it follows from the
form of the stepsize rule that

(74) lim ak(dk, D,d,) O,
k-
kK

lim
[[xk(a)-(x + a)[[2

0.(75)
k--, tk
kK

We consider two cases"

Case (c >0). It follows from (74) and the fact (dk, Dkdk)>A,I]dk[[ 2 (cf. (67)) that
limk_oo,: d--O, and therefore also

lim d O, lim d-=-Vf().
kK kK

By taking the limit as k oz, k K, in the equation Xk(Olk) P(Xk A- akd- -4- Olkak) using
the continuity of the P operator, we obtain

lim Xk(ak)= P[X- cVf(X)].
k-cx
kK

Therefore (75) yields

X P[2- cVf(X)].

Since c > 0 this implies that is critical, thereby contradicting our earlier assumption.
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Case 2 (6 0). It follows that for all k K which are sufficiently large

(76) f(Xk)--f [Xk ()] <O’{(dk, Dkdk) q-IlXk(Ol’k/fl)-(Xk-b(Ol’k/fl)k)ll2}
i.e., the test (73) of the stepsize rule will be failed at least once for all k K sufficiently
large.

Since gk -(d +k), (d +k, k)= 0, we have

(77) IIgll= IIdll = + =.
Since d is the projection of Dk on C {zl(z, d> 0}, we must have Dd
and, using (67), IIIIA=IIdI. Therefore from (77) and the fact IIdllllf(x)ll,
IIdll IIf(x)ll we obtain

IIgll= (1 + A)llf(x)ll =,
It follows that

(78) lim sup IIgll
kK

We also have

(79) lim e(Xk) e(2) > O.
ko
kK

It follows from (78), (79) and the fact 6 =0 that for all k e K sufficiently large
/ (o, (x)/llgll) and therefore using Proposition lb) (cf. (42)), we obtain

(80) 7f(Xk), Xk Xk <dk, Dkdk> + ak/

Using the mean value theorem, we have

(81, f(x)-f[x ()] :(Vf(x,,X-X ())+(Vf()-Vf(x,,x-x
where lies on the line segment connecting x and x(a/). From (76), (80), and
(81) we obtain for all k e K suciently large

(1-) {(dk, Okdk) d
IIXk(ak/fl)--(Xk W(ak/)k)l]2}(/)

(82)

<- [Vf(xg) Vf(’),
Xk Xk(ak/)

\ / /"

Since (cf. (51), (78)) we have

lim sup
IIx-x(,,/)ll

_-<lim sup IIgll < o
+ .//3 -kK kK

and

lim [IVf(x)- vf(’)ll 0,
k-oo
keK
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it follows that the right side of (82) tends to zero as k-, k K. Therefore so does
the left side which implies that

(83) lim d 0, lim 0
kK kK

and

(84) lim
IIx(,/)-(x +(/)d’)ll=

0,

Since it follows from (79) and (83) that there exists kS such that

+Jx
we obtain using Lemma la)

(85)
’lXk(Olk/[)--(Xk’q-(Olk/[)k)[[2(akIn)2 [] p [(Xk +--ak +dk+] (-- Xk +ak

From (84) and (85) it follows that

i P [(x+)-(Tf(x)+d)]-(xg+kK

Using (83), we obtain

liP[X- VT(:)] ll- 0,

which contradicts the assumption that is not critical. Q.E.D.
We mention that some of the requirements on the sequences {S(Xk)} and {Dk} can

be relaxed without affecting the result of Proposition 2. In place of continuity of e(.)
and assumption (67) it is sufficient to require that if {Xk}K is a subsequence converging
to a noncritical point , then

lim inf e(xk) > 0,
ko
kK

lim infinf ((z, Dz)lllzll , z r} > o
kK

lim sup Dk <.
kc
kK

This can be verified by inspection of the proof of Proposition 2.
A practically important generalization of the algorithm results if we allow the

norm on the Hilbert space H to change from one iteration to the next. By this we
mean that at each iteration k a new inner product (.,.)k and corresponding norm I1" k

on H are considered. The statement of the algorithm and corresponding assumptions
must be modified as follows:

a) The gradient 7f(Xk) will be with respect to the current inner product (.,.)k
(cf. (3)).

b) The projection defining dk, d, k and the arc Xk(’) should be with respect to
the current norm I1" Ilk.
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c) The assumptions on Ik, and Dk, and the stepsize rule should be restated in
terms of the current inner product and norm.

There is no difficulty in reworking the proof of Proposition 2 for this generalized
version of the algorithm provided we assume that all the norms II" Ilk, k 0, 1,’’" are
"equivalent" to the original norm I1" on H in the sense that for some m > 0 and
M > 0 we have

mllzll <--Ilzll =< Mllzll H, k=0, 1,....

Naturally the norms II" Ilk should be such that projection on X with respect to any
one of them is relatively easy, for otherwise the purpose of the methodology of this
paper is defeated. The motivation for considering a different inner product at each
iteration stems from the fact that it is often desirable in nonlinear programming
algorithms to introduce iteration-dependent scaling on the optimization variables. This
is sometimes referred to as "preconditioning." The use of the operator Dk fulfills that
need to a great extent but while this operator scales the component d of the negative
gradient, it does not affect at all the second component d +. The role of an iteration-
dependent norm can be understood by considering situations where the index set Ik
is SO large that the cone Ck is empty. In this case d =--Vf(Xk), k =0 and the kth
iteration reduces to an iteration of the original Goldstein-Levitin-Poljak method, for
which practical experience shows that simple, for example diagonal, scaling at each
iteration can sometimes result in spectacular computational savings.

4. Rate of convergence. In this section we will analyze the rate of convergence of
algorithm (62)-(73) for the case where X is polyhedral and H is finite dimensional.
An important property of the Goldstein-Levitin-Poljak method (cf. [7]) is that if it
generates a sequence {Xk} converging to a strict local minimum ff satisfying certain
sufficiency conditions (compare with [7]), then after some index k the vectors Xk lie
on the manifold of active constraints at , i.e., Xk +N where

(86) Nz {zl(a,, z)= 0, Vi6 a}

and where

(87) a { il 6 I, (a, )= b}.

Our algorithm preserves this important characteristic. Indeed, we will see that, under
mild assumptions, our algorithm "identifies" the set of active constraints at the limit
point in a finite number of iterations, and subsequently reduces to an unconstrained
optimization method on this subspace. This brings to bear the rate of convergence
results available from unconstrained optimization.

The rate of convergence analysis will be carried out under the following assump-
tions:

(A) H is finite dimensional, X is polyhedral, f is continuously Frechet differenti-
able, and Vf is Lipschitz continuous on bounded sets, i.e., for every bounded set there
exists L > 0 such that for every x and y in X we have

(88) IlVf(x) V/(y)II--< LIIx yll.

(B) 2 is a strict local minimum and there exists > 0 such that

(89) P(y)e +N Yy such that l]2-Vf()-yll <_- 6.

(C) The function e(x) in the algorithm has the form

(90) e(x) min { e, IIx P[x Vf(x)]ll},
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where e > 0 is a given scalar. Furthermore the set Ik in the algorithm is chosen to be
(cf. (62))

(91) Ik {i II(a, Xk) b,- e(x)[I a, 1[}.
The Lipschitz condition (88) is satisfied in particular if f is twice continuously

differentiable. Condition (89) is a weakened version of an often employed regularity
and strict complementarity assumption which requires that the set of vectors {aili A}
is linearly independent and all Lagrange multipliers corresponding to the active
constraints are strictly positive. The form (90) for e(x) is required for technical purposes
in our subsequent proof. The reader can verify that there are other forms of e(x) that
are equally suitable. Finally the choice (91) for the set I is natural and is ordinarily
the one that is best for algorithmic purposes.

The following proposition allows us to transfer rate of convergence results from
unconstrained minimization to algorithm (62)-(73).

PROPOSITION 3. Let be a limit point of the sequence {Xk} generated by iteration

(62)-(73), and let Assumptions (A)-(C) hold. Then

(92) lim Xk

and there exists k such that for all k >= k we have

(93) Xk + N,

(94) F span {Cfq{zl(z, d) 0}} N,

(95) dk arg min {llVf(Xk) + zlllz N},

(96) x+1 Xk d- OtkOkdk,

where ak-- fl mk and mk is the first nonnegative integer m for which

(97) f(Xk) f[x(fl’)] >- trflm(dg, Dkdk).

The proof of Proposition 3 is given in Appendix B. From (96) and (97) we see
that eventually the method reduces to an unconstrained minimization method on the
manifold + N. The proposition shows that if the matrix Ok is chosen so that for all
k sufficiently large it is equal to the inverse Hessian of f restricted on the manifold
+ N, then the method essentially reduces to the unconstrained Newton method and

attains a superlinear rate of convergence.

5. Algorithmic variations. Many variations on iteration (62)-(73) are possible. One
of them, changing the metric on the Hilbert space H from iteration to iteration, was
discussed at the end of 3. In this section we discuss other variations. These will
include the use, in various cases, of a pseudometric on H instead of a metric, variations
on the step size rules and finally variations on the various projections in (62)-(73). We
will state the variations without a convergence proof. In each case, the reworking of
the proofs of 2-3 to show that the variation is valid, poses no difficulty.

Singular transformation of variables through a pseudometric. Here we address the
case where X is not a solid body in H, i.e., for some linear manifold M we have
X M H. In this case we observe that (42) is the only place where a metric as
opposed to a pseudometric is needed. Noticing that if X M, then all quantities in
(42) belong to M, one can conclude that all that is necessary is to have a metric on
M. This leads us to consider the use of pseudometric on H provided it induces a
metric on M. Furthermore, we can change the pseudometric on H from iteration to
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iteration, as we can change the metric, provided that the metrics induced on M are
equivalent in the sense described in 3. In some cases the introduction ofa pseudometric
serves to facilitate the projection further (see [17, Chap. 4]).

Stepsize rules. The Armijo-like rule (73) can be viewed as a combination of the
Armijo rule used in unconstrained minimization [9], and an Armijo-like rule for
constrained optimization proposed by Bertsekas in [7, cf. eq. (12)]. Corresponding to
an alternate suggestion made there [7, cf. eq. (22)], we can replace (73) by

(98) f(Xk)--f(Xk(flm))>= Cr{flm(dk, Dkdk) +(Vf(Xk), (Xk "+’[3rnk)--Xk(f3m))}.
Also, a variation of the Gold.stein stepsize rule [9] can be employed, in which o- < 0.5
and a is chosen such that

(99)

(1 cr){a(d, Ddk) + (Vf(Xk), (X + a)-- Xk(a))}

>--f(Xk)--f(Xk(a))

=> o’{a(dk, Dkdk) +(Vf(Xk), (Xk + adk)-- Xk(t))}.

The rule (99) is the counterpart of (98). The reader can easily construct the
counterpart to (73).

Variations on the projections. There is one central observation in the paper, namely,
+the projections of Dkdk and dk on any closed convex set for which dk is a direction

of recession, result in descent directions. By employing different sets with this property,
variations on the algorithm result since different directions may be obtained and
different arcs may be searched.

The first variation is to replace Ck in (68) by (l)k- xk), i.e.

k arg min {[[z- Dkdk[[[Z -k Xk, (Z, d-)= 0}(100)

where

Evidently

k { zl(ai, z) <-- bi, V Ik}.-k Xk Ck
and as a result dk is a direction of recession of lk- Xk, which implies that dk defined
by (lO0) is a descent direction.

Interestingly, this variation gives rise to a variation in the stepsize search. Since
the set {zlz Ck, (z, d -)= 0} is a cone, the vector dk of (68) satisfies

ak --arg min {[[ aDkdk- z[[[zG Ck, (Z, d-) 0}.

Thus, (70) can be interpreted as

xk(a) P[xk +adk +qk(a)]

where

qk(a) arg min {l[aDkdk- Zll[Z Ck, (Z, d-) 0}.

When Ck is replaced by fk- x, a new algorithm results by searching along the arc

x() P[x +d +()]

where

(a) arg rain {llaDkdk ZlllZ fk Xk, (Z, d) 0}.
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Indeed, the particular algorithm suggested in [6] can be considered to be an implementa-
tion of the last variation for an orthant constraint.

6. Multicommodity network flow lroblems. In this last section we apply algorithm
(62)-(73) to a classical nonlinear multicommodity network flow problem and present
some computational results. In vew of the typically very large number of variables and
constraints of this problem, active set methods of the type presented in [4] are in our
view entirely unsuitable.

We consider a network consisting of N nodes, 1, 2,. ., N, and a set of directed
links denoted by . We assume that the network is connected in the sense that for
any two nodes rn, n, there is a.directed path from rn to n. We are given a set W of
ordered node pairs referred to as origin-destination (or OD) pairs. For each OD pair
w W, we are given a set of directed paths Pw that begin at the origin node and
terminate at the destination node. For each w W we are also given a positive scalar
rw referred to as the input of OD pair w. This input must be optimally divided among
the paths in Pw so as to minimize a certain objective function.

For every path p Pw corresponding to an OD pair w W we denote by X
p the

flow travelling on p. These flows must satisfy

(10) Y x rw Vw W,
Pa Pw

(102) xP>-O Vp Pw, we W.

Equations (101), (102) define the constraint set of the optimization problem--a Car-
tesian product of simplices.

In Example 2 we discussed the application of our method to the case of a simplex
constraint. It is not difficult to see that if we take a "diagonal" metric on the space,
the multicommodity flow problem decomposes in the sense explained below.

Let x denote the vector of variables Xp, p Pw, w W, and let x denote the vector
of variables xp, p Pw. Let C,(xw) and F(xw) denote the cone and subspace, respec-
tively, in RIl, generated at x, when all variables aside from those in x are considered
fixed and e e(x). Then

C, 1-I C,(xW), Vf(x)=(...,V,wf(x),...), Fx H Fx(xW)
I,V

Thus all projections decompose and therefore in many respects the multicommodity
flow problem is not different from the problem with a single simplex constraint. The
only points where the "interaction" among the simplices appears is in computing ek,
and in computing Dkdk.

To every set of path flows {xPlp Pw, w W} satisfying (101), (102) there corre-
sponds a flow f for every link a . It is defined by the relation

(103) f= Y E lp(a)xp Va
WpPw

where lp(a) if the path p contains the link a and lp(a)--- 0 otherwise. If we denote
by f the vector of link flows, we can write relation (103) as

(104) f= Ex

where E is the arc-chain matrix of the network.
For each link a we are given a convex, twice continuously differentiable scalar

function Da(f") with strictly positive second derivative for all fa_-> 0. The objective
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function is given by

(105) D(f) E D,(fa)

By using (104), we can write the problem in terms of the path flow variables xp as

minimize J(x)= D(Ex)

subject to:

xt’=rw lw6W,
pPw

x >= O lp Pw, we W.

In communication network applications the function D may express, for example,
average delay per message 10], 11 or a flow control objective 12], while in transporta-
tion networks it may arise via a user or system optimization principle formulation [13],
[14], [15]. We concentrate on the separable form of D given by (105), although what
follows admits an extension to the nonseparable case.

A Newton-like method will be obtained if we chose Dkdk so that xk +Dd is the
minimum of the quadratic approximation to f on x +F. For this we must find
where solves

(106) minimize (VJ(x,), Av) +1/2(Av, V2j(xt,)Av)

and where A is a matrix such that its columns are linearly independent and span Fk-

The particular structure of the objective function (105) gives rise to a Hessian
matrix which makes the solution of (106) relatively easy to obtain. Indeed, using (105)
we can rewrite (106) as

(107) minimize (E’V D(fk), Av) +1/2(Av, E’V2D(fk)EAv),

where fk EXk and prime denotes transposition. A key fact (described in detail in
Bertsekas and Gafni [16]) is that problem (107), in light of V2D(fk) being diagonal,
can be solved by the Conjugate Gradient (C-G) method using graph type operations
without explicitly storing the matrix

A’E’V2D(f)EA.
Note that a solution to (107) exists since E’VD(fk) is in the range of the nonnegative
definite matrix E’V2D(fk)E.

Computational results. A version of the algorithm was run on an example of the
multicommodity flow problem: The network is shown in Fig. 5. Each OD pair was
restricted to use only two prespecified paths. This reduced the programming load
significantly, yet captured the essence of the algorithm. It is conjectured-that the results
we obtained are representative of the behavior of the algorithm when applied to more
complex multicommodity flow problems.

The algorithm was operated in three modes distinguished by the other rules
according towhich the C-G method was stopped. In the first mode (denoted by Newton)
the C-G iteration was run to the exact solution of problem (107). In the second mode,
(denoted by approximate Newton) the C-G iteration was run until its residual was
reduced by a factor of over the starting residual (this factor was chosen on a heuristic
basis). Finally, in the third mode the C-G method was allowed to perform only one
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12
19

6 7 8 9 tO

FIG. 5. The network; initially all flows traverse link 21.

step (denoted by 1-stepmthis results in a diagonally scaled version of the original
Goldstein-Levitin-Poljak method). In all these modes, in addition to their particular
stopping rule, the C-G method was stopped whenever for any OD pair w the flow on
the path with the smallest partial derivative of cost became negative. Each time this
happened, the last point in the sequence of points generated by the C-G method
subiteration was connected by a line to the point preceding it. The point on the line
at which the particular path flow became zero was taken as the result of the C-G
iteration. We used different values ek for different OD pairs, according to a variation
of (60) (with e 0.2).

We used two types of objective functions. The first is

Da(fa) Va
C,, -f"

where Ca is a given positive scalar expressing the "capacity" of link a. This function
is typically used to express queueing delay in communication networks. The second
type was taken to be quadratic. We used two sets of inputs, one to simulate heavy
loading and one to simulate light loading. For each combination of cost function and
input we present the results corresponding to the three versions in Table 1.

Our main observation from the results ofTable 3 as well as additional experimenta-
tion with multicommodity flow problems is that in the early iterations the 1-step method
makes almost as much progress as the other two more sophisticated methods but tends
to slow down considerably after reaching the vicinity of the optimum. Also the
approximate Newton method does almost as well as Newton’s method in terms of
number of iterations. However the computational overhead per iteration for Newton’s
method is considerably larger. This is reflected in the results of Table 3 which show
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TABLE
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20 7.5

5 9

15 6

6 10

35 x
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7.5
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14

C,=mi.i, i=+l.j=a-5(i-l)

TABLE 2
Low input. High input low input 1.75.

7 8 96
ongn

0.5 1.5 2

2

3 0.5 0.5 1.5

4 0.25 0.25 2

5 0.75 0.75 0.75 0

1.5

0.25

TABLE 3

10

2.5

3.5

0.25

0

Low load

Nonquadratic objective
Newton
Approximate Newton
-step

Quadratic objective
Newton
Approximate Newton
1-step

High load

Nonquadratic objective
Newton
Approximate Newton
1-step

Quadratic objective
Newton
Approximate Newton
-step

Initial value

1.600616" 10

1.866326’ 10

9.759996" 106

9.759996" 10

Final value

8.743550
8.758665
8.758665

7.255231
7.255231
7.255231

3.737092" 10
3.737745" 10
3.747400" 101

1.521299" 10
1.521299" 10
1.521301" 101

No. of
iterations

16
16
16

14
15
15

5
13
16

Total no.
of C-G

subiterations

29
16
16

17
13
12

117
30
15

24
27
16
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in three cases out of four a larger number of conjugate gradient subiterations for
Newton’s method. Throughout our computational experiments (see also [17]) the
approximate Newton method based on conjugate gradient subiterations has performed
very well and, together with its variations, is in our view the most powerful class of
methods available at present for nonlinear multicommodity network flow problems.

Appendix A.
Proof of Lemma 1. a) Fix x X, z H and y > 1. Denote

(A.1) a=x+z, b=x+yz.

Let a and b be the projections on X of a and b respectively. It will suffice to show that

(A.2) II-xll lla-xll.
If a x then clearly b x, so (A.2) holds. Also if a e X then i a x + z so (A.2)
becomes IIb-xll<-llzll-IIb-xll which again holds by the contraction property of
the projection. Finally if b then (A.2) also holds. Therefore it will suffice to show
(A.2) in the case where a b, a x, b x, i X, b X shown in Fig. (A. 1).

Let Ha and Hb be the two hyperplanes that are orthogonal to (b- i) and pass
through a and b respectively. Since (b-i, b-b}>= 0 and (b-i, a- i)=0, we have
that neither a nor b lie strictly between the two hyperplanes Ha and Hb. Furthermore
x lies on the same side of Ha as a, and x Ha. Denote the intersections of the line
{x + a(b- x)la R} with Ha and Hb by Sa and Sb respectively. Denote the intersection
of the line {x +a(d-x)la R} with Hb by w. We have

(A.3)

r;
a x Sa X a X a X- a + a x

> -x
a x a x

Ha Hb

FIG. A.I
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where the third equality is by similarity of triangles, the next to last inequality follows
from the orthogonality relation (w-b, b- 4)= 0, and the last inequality is obtained
from the triangle inequality. From (A.3) we obtain (A.2) which was to be proved.

b) Since y is a direction of recession of , we have

(A.4) Pa(x + z) +y a.
Thus by definition of projection on a closed convex set

(A.5)

or equivalently

((x + z) Pa(x + z), (Pa(x + z) + y) Pa(x + z)) <- 0

((x + z)- Va(x + z), y) _-< 0,

and (40) follows. Q.E.D.

Appendix B. We develop the main arguments for the proof of Proposition 3
through a sequence of lemmas. I what follows we use the word "eventually" to mean
"there exists k such that for all k >_-k," where k may be different for each case.

LEMMA B.1. Under the conditions of Proposition 3, limk_o Xk "-- and eventually

(B.1) Ik 32.

Proof. By relation (73), since is a limit point and the algorithm decreases the
value of the objective function at each iteration, we have

lim x/, x 0,
k->oo

which implies, again by the descent property and the fact that is a strict local minimum

lim Xk .(B.2)

Therefore from (90)

(B.3) lim e(xk) e(X) O.
k--->

Since the set I is finite, it follows from (87), (91) and (B.3) that eventually

(B.4) Ik c A.
To show the reverse inclusion we must show that eventually

(B.5) (a,, Xk) >- b,- (x)lla, ’i 32.

By the Cauchy-Schwarz inequality, (B.3) and (90) we have eventually

e(x,,)lla, IIx,, P[xk Vf(x)]ll. Ila,[[ >--(PEXk- Vf(xk)]- xk, a,>.
Therefore in order to show (B.5) it suffices to show that eventually

(a,, P[Xk Vf(xk)]) b, V A
or equivalently

P[x Vf(x)]s + S.
Since Xk this follows from Assumption (B). Q.E.D.

LEMMA B.2. Under the conditions ofProposition 3 for each (0, ], eventually we
have

(B.6) Xk(a)e +N Va e [6, 1].
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Proof. From LemmaB.1 we have xk- ) and eventually Ck C where

(B.7) C { zl(z, a,) _-< 0, /i A}.

Since the projection of-Vf() on C is the zero vector and dk is eventually the projection
of--Vf(Xk) on C it follows that

(B.8) lim dk O.
koo

Since ak is the projection of Ddk on a subset of Ck, and {IIDII} is bounded above
(cf. (67), (68)), it follows that

(B.9) lim k 0.
k

Since --Vf(Xk) d + dk and gk =-(d + k)
(B. 10) lim gk Vf().

k

A simple argument shows that Assumption (B) implies that for all a [0, 1]

(B.11) P(y)6X+N y such that

For any 6 (0, 1], equation (B.10) shows that we have eventually

Therefore from (B.11) we have eventually

x(a)=P(x-ag)Eg+N Va[6,1]. Q.E.D.

LEMMA B.3. Under the conditions of Proposition 3

lim inf a > 0.

Proo From Lemma B.1 we have eventually I A and x #, while-from (B.8)
we have [[g[- ]]Vf(#)l]. Therefore from Proposition lb) [cf. (42)] it follows that there
exists > 0 such that eventually

(Vf(xg), xk- Xk(a)) a(dg, Ddk)+L IIx()-(x + dk)[[ 2 V (0, a].

Using this relation, we get that eventually

L
f(x)-f[x(a)] e (Vf(xk), Xk X(a)) --a(d, Ddk} +--]]Xk(a)--(Xk + ak)]] 2 L- IIx()- xll

a<d, Dd> +--Ilxk(a)--(Xk +

Zll11=- tllx()-(x
e (1 (d,d>+ e

where the third inequality follows from

IIx +ll211xll
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the last inequality follows from (67) and L is a Lipschitz constant that corresponds to
any nonempty bounded neighborhood of :. Taking any 6 > 0 satisfying

ti’--<_, 1-ti’LA2>o’, 5(al--_-L)>tr
we obtain, using (73) that

lim inf ak > 5

and the Lemma is proved. Q.E.D.
Proof of Proposition 3. The fact limk_,Xk is part of Lemma B.1, while (93)

follows from Lemmas B.2 ahd B.3.
In order to show (94) we note that from Lemma B.1 and (B.8) we have eventually

(B.12) Ck=, C- t+

and

(B.13) lim d;=-Vf().

Equation (B.13) implies that eventually assumption (B) holds with d- replacing -Vf(:)
and 6/2 replacing 6. Therefore for all As and pi > 0 such that [Ipia[I < 6/2 we have

(B. 14) P(X + d- + p,a,) 6 2 + Nz,

(B. 15) P(X + d -) + N.
For any z, z: H we have from a general property of projection on X

(z, n(z,), P(z2)- n(z,)) <= O,

(z:- n(z:), n(z,)- n(z:)) <= O.

By adding these two inequalities, we obtain

(B.16) IIP(z,)-n(z2)ll:<=(z,-z2, P(z,)-n(z2)) Yz,, z2 H.

By applying (B.16), we obtain

(B.17) IlP(Y+d-+pia)-P(X+d-)ll2<-(+pai, n(X+d-+pa)-P(.+d-)).

Since (a, z)= 0 for all z N, i As it follows from (B.14), (B.15) that the right
side of (B.17) is zero and therefore eventually

P( + d - + p,a,) P( + d -) f
+Since from (B.12) we have eventually dk/, it follows that P(+d-)= and

therefore also

Hence eventually

which implies that

(B.18)

Let

P( + d- + pa,) X V

/d k =l= piai E
__, + f 6 A

(d-+piai, y)<=O ly,iA.

y 6 {zlz C, (z, d-) 0}.
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From (B.12) and (B.18) we have eventually

(ai, y) 0 ViA,

or equivalently y N. Hence eventually

= {zlz c, (z, d) 0}

and it follows that

span N= N = span {C,f’l{z[(z, d[) 0}} F.
To show the reverse inclusion, note that if y N then by Assumption (B) and (B.12)
we have eventually

(y, d-) 0.

Since N c and eventually Ck (, it follows that eventually y Ck f’) {zl(z, d) 0}
and afortiori y span { Ck fq {zl(z, d) 0}} Fk. Therefore eventually

NcFk
and the proof of (94) is complete.

Since d is the projection of-Tf(x) on C fq {zl(z, d-)= 0}, equation (95) follows
easily from (94).

Also from (93) and (94) we have eventually x + N, dk N, N and d-
is o.rthogonal to N, while by Lemma B.2 the vector x/ is the projection of x +
ak(dk + d-) on ff + N. Therefore (96) and (97) follow. Q.E.D.
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ON MINIMUM COST PER UNIT TIME CONTROL OF MARKOV CHAINS*

VIVEK S. BORKAR’{"

Abstract. The "minimum cost per unit time" control problem is studied for a class of Markov chains
that, though important in applications, does not fit the conventional framework for this problem. Existence
of optimal stationary strategies and necessary and sufficient conditions for optimality are established.

Key words. Optimal control, cost per unit time, stationary strategy, stable strategy, empirical measures,
invariant probabilities

1. Introduction. This paper studies the minimum cost per unit time control problem
for a class of Markov chains. This class is characterised by the fact that the chain can
move from any given state to at most finitely many neighbouring states. Though this
class arises often in practice, it fails to fall within the conventional framework for this
problem, as will be explained later. Thus the traditional approach of treating this
problem as a limiting case of the discounted cost problem fails in this case. (A concrete
example of such a failure occurs in the control of two queues in tandem. See [6].)
Here, a different and more direct method is employed to establish the existence of
optimal stationary strategies.

2. Problem description. Suppose {X, n 1, 2,... } is a controlled Markov chain
on the state space S { 1, 2,... }. Associated with it is a transition matrix P indexed
by the "control vector" u =[Ul, u:,...], such that: For each i, j S, u belongs to a
compact metric space D(i) and the (i,j)th element of P is p(i,A ug) [0, 1] with

p(i,j, u)= 1, i S.
jS

The functions p(i,j,. ) are assumed to be continuous. Let L l-Is D(i) with the product
topology suitably metrized. Throughout this paper, for any Polish space Z, M(Z) will
denote the Polish space of probability measures on Z with the metric topology of the
Prokhorov metric [1]. Let M(L) denote the closed subset of M(L) such that M(L)
has the form

= H (i)

where (i) is a probability measure on D(i) for each i.
A control strategy (CS) is a sequence {:,} of L-valued random variables such that

for each n, the law of : is in M(L) and :, [:,(1), :,(2),..-] satisfies:

(*) P(X,+I i/ G,) p(X,, i, ,(X,)), S,

where Gn is the smallest r-field with respect to which Xm, :m, m =< n, are measurable.
Remarks. (i) More generally, we may consider {sen} as above without the restriction

that the law of so, should be in M(L) for each n. However, (.) shows that the transition
mechanism of the Markov chain at time n depends only on :,(X,). Hence the above
restriction entails no loss of generality.

(ii) This notation is in the spirit of [2]. It differs from the more conventional
notations, but seems better suited for the purposes of this paper.

* Received by the editors August 16, 1982, and in revised form November 21, 1983.

" Tata Institute of Fundamental Research, P.O. Box 1234, Bangalore 560 012, India.
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The following subclasses of control strategies will be of interest:
(1) If {:,} are i.i.d, with common law e M(L), call it a stationary randomized

strategy (SRS) and denote it by y[].
(2) If above is a point mass concentrated at e L, call it a stationary strategy

(SS) and denote it by y{}.
Under either of these, the chain has stationary transition probabilities given

respectively by Ea,[p(i, j, ’(i))] and p(i, j, so(i)), i, j S. (Here, sc’= [s’(1), :’(2), .] is
an L-valued random variable with law , E.[. being the expectation with respect to

.) Let PIll, P{:} P denote the corresponding transition probability matrices. We
shall assume that the chain has a single communicating class under any SRS.

(iii) If the chain is positive recurrent under y[], call y[] a stable SRS (write
SSRS).

(iv) If the chain is positive recurrent under y{}, call 3’{} a stable SS (write SSS).
Under an SSRS y[(I)] or an SSS y{:}, the chain will have a unique invariant

probability, denoted 7r[(I)], 7r{:} resp.
Let k: S--)[0, ) be a given cost function and let

Ikcx3-- lim sup I]lkm

O lim inf

The "minimum cost per unit time" control problem consists of finding a CS that a.s.
minimizes 0koo. In general, such a CS need not exist [7]. If it does, call it an optimal
CS. Under an SSRS y[] or SSS y{}, 0k a.s. equals the expectation of k w.r.t.
(Tr{} resp.) denoted by Ck[] (Ck{sc} resp.). (This expectation can be /.) Let c be
the infimum of Ck{} over all SSS and /3 the infimum of Ck[] over all SSRS. We
assume that at least one SSS exists and thus a,/3 are well-defined. Since each SSS is
an SSRS,/3 =< a. Let

r/= lim inf k(i).

We shall assume that r/< . (The case r/= oo has already been studied in [2].) If k is
monotone increasing, r/>/3. With this in mind, we call k "almost monotone" when

We introduce another weaker concept of optimality for a SSS. We shall say that
an SSS y{sCo} is weak sense optimal if C{sCo} a and under any arbitrary CS,

limP(d/,,,<=a-e)=0 We>0.

This concept of optimality is the one that we shall be using in 5.
Before stating our main assumptions, some further notation is necessary. For S,

let

’(i) min {n > llX. it.

Let the chain be governed by an SSRS y[] and let f be a bounded map S-- R. Define
a[]- [a[](1), a[](2),. .], b[] IbiS](1), b[](2),,. .] and gf[] [gf[](1),
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gf[](2),’’ "] as follows"

a[O](i) E[r(1)/X, i]- 1,

b[O](i) E[r(i)/X, 1]- 1,

gf[P](i) E f(X,,,) X1- u
=1

It is well known that a[](i), b[](i) and hence gf[](i) are finite. Let Cf[] denote
the expectation of f w.r.t. r[]. (This is consistent with our definition of Ck[].)
Define the column vector Vf[][Vy[](1), Vf[](2),...]T by V[](i)=gy[](i)-
Cf[]a[](i), i S. If is a point mass concentrated at L, denote a[], b[],
gf[], Cf[], Vy[] by a{}, b{}, gf{} Cf{}, Vf{} resp. These quantities can also
be defined for arbitrary f: S + R as long as Cifl[ (or Cifl{}) is finite. (See Lemma
3.1 below.) We shall use the convention that C[] =f(oo) (Cf{}=f(oo)) when y[]
(y{}) is not an SSRS (SSS) and f(o)- limu+oof(i) exists and is finite.

Our main assumptions are as follows.
A1. For all S, there exists a finite subset Ri of S such that p(i, l, ) =- 0 for all Ri.
A2. For each finite subset A of S and integer M, there exists a finite integer N

such that the minimum path length from to any state in A exceeds M under any
SRS whenever i_-> N.

Remarks. (i) By A1, all conditional expectations of the form E[f(X,,+,)/X,,] or

E[f(X,,+,)/G,,] for finite m, n, arbitrary f: S + R, and arbitrary CS, can be written as
finite sums of real random variables and thus make perfect sense even when E[f(X,,+,)]
is either undefined or unbounded.

(ii) A standard assumption in the classical treatment of the minimum cost per
unit time control problem is that for some j S,

sup E[’r(j)/Xl-- i]
ieS

is uniformly bounded for all SSS. Many other assumptions arising in literature can be
shown to be equivalent to this assumption (See [3], [7].) By A2,

lim E[r(j)/X1 i] oo,

violating the above condition. Thus this set-up does not fit the classical framework.

3. Preliminary results. Let f: S R. If Clyl[]< oo, we have the following two
lemmas.

LEMMA 3.1. Igf[](i)[ < for S and Vf[](1)= gf[@](1)- Cf[]a[@](1)= O.
Proof Fix S. Let rl min {miX i}, T2n min {m > TEn_llXm 1}, TEn+l

min{m> rz, IX,, i}, n 1,2,.... Then

Letting

0 _-< glfl[O](i)/(a [O](i) + b[O](i)) _-< Cifl[O].

The first claim follows on noting that

IgsEO](i)[ glf[[O](i)
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For 1,

I( )/I/lim f(Xm) n (’./n) lim f(X,,) "r,,.
n+oo L\j= m=rj

n+m =1

Hence gy[](1)/a[](1) Cy[]. Q.E.D.
Let 1,, U, Qy denote, respectively, the infinite column vector with all elements

equal to l, the infinite-dimensional identity matrix and the infinite column vector whose
ith element is f(i).

LEMMA 3.2. For each SSRS TIll, [] satisfies

(3.2) Cy[]l (P[]- U)[] + Qy.

Moreover, any solution W of (3.2) satisfying w(i)- %[](i) K for some K <,
differs from [] by at most a scalar multiple of 1. (Note that (3.2) is unaltered if
[] is changed by a scalar multiple of l.)

Proo Consider the chain controlled by y[]. Since [](1)= 0, we have

[](i) E Z (f(Xm)-G[ Xl
m=l

=/(0- G[*]+ 2 (f(xl- G[ Xl

for e S, where (P[]) is the ith row of P[]. The first claim follows. Suppose
W= W(1), W(2), .]r satisfies (3.2) and Y W- [] satisfies" {(i)} are uniformly
bounded. Let P[], n 1, 2,..., be the n-times matrix product of P[] with itself
and P[] the matrix each row of which is [[](1), [](2), .]. Then P[]Y Y
P[] Since the chain is positive recurrent,

m=l

termwise. By Scheffe’s theorem [1], the rows of the left-hand side converge to the
corresponding rows of the right-hand side in 1. Therefore,

Y P[]YP[]
m=l

Thus

Y(i) Z r[O](j) Y(j) for all S.
jeS

The claim follows. Q.E.D.
The rest of this section is devoted to the discussion of certain spaces of probability

measures and random variables taking values in the same. From now on, we assume
without any loss of generality that D(i)’s are replicas of a fixed compact metric space
D. (If not, take D L and replace p(i, j,. )" D(i) [0, by p(i, j, pri(" ))" D - [0, where
pri’D D(i) is the projection onto the ith coordinate space.) Let S S LJ {oo} be the
one point compactification of $ suitably metrized.

LEMMA 3.3. Each , M(S x D) has a decomposition

,(A) 8,’(Af-)(S x D))+(1- t)"(A f’) ({oo} xD)),

for A Borel in S x D, where ,’ M(S x D), ," M({oo} x D) and 0 <= <- 1. If we use
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the convention that v’=vo (v"=v) when 5=0 (5= 1) for arbitrarily fixed roe
M(S x D)(Vl e M({oo} x D)), this decomposition is unique.

The proof is trivial. For v M(S x D), let m M(S) be defined by

m(A) v’(A x D), A Borel in S. Q.E.D.

LEMMA 3.4. There exists a measurable map h" S- M(D) such thatfor all bounded
continuous f: S x D --> R,

fdv’ f(wl, w2) dh(Wl) dm
SxD S D

where w, w2 are dummy variables of integration for the outer and the inner integral
respectively.

Proof. Take h to be a version of the appropriate regular conditional distri-
bution. Q.E.D.

Let denote the product measure I-Iis h(i) on L. For each n 1, 2,. ., define

for A x B e {A’x B’JA’, B’ Borel sets in q, D resp.}. For each sample path/z’ is a
prObability measure on the field e. Since e generates the product g-field of S x D,/x’
has a unique extension/xn e M(S x D). Then/zn, m,. are simply the empirical measures
for processes {(X,,, sc,(X,))} ({X,,} resp.) at time n.

LEMMA 3.5. For each sample path, {/x,} converges to a sample path-dependent
compact set in M(S x D).

Proof. By Prokhorov’s theorem [1], M(S x D) is compact. The claim follows
easily. Q.E.D.

Denote by Cb, (Cb resp.) the Banach space of bounded continuous maps So R
and the Banach space of bounded maps f: S R such that f(c)- limi_.f(i) exists,
each endowed with the supremum norm. Let r’Cb Cb map fe Cb to its restriction
to S. Then r is an isometric isomorphism between Cb, Cb.

We are now ready to state the main result of this section.
LEMMA 3.6. Suppose the chain is governed by an arbitrary CS. Then there exists a

null set N such that for all sample paths outside N and each limit point v of {/xn} in

M(S x D) for which tS > 0, m r[].
Proof. Let G be a countable dense set in Cb. Then G r(G) is countable dense

in Cb. For each fe G, the martingale stability theorem [4, p. 53] yields

Let N be the null set outside which (3.3) holds for all f G. Consider a fixed sample
path outside N. Define f" $ D - R, f": S x D - R by

f’(i, u)--f(i), iS, ueD,

f"(i, u)= 2 p(i,j, u)f(j), e S, u D,
jS

f"(oo, u) =f(oo).
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Using A1 and A2, one can easily verify that f’ is bounded continuous. Note that

By (3.3), we conclude that

If’dv=Iffdv
for each limit point v of {/,,}’. If 8 > 0, we have

E m(i)f(i)= Y m(i)Y Ea,[p(i,j, u)]f(j)
iS iS jS

for all f G and hence for all f Cb. (Here, {u are dummy variables of integration
and E,[. the expectation w.r.t, cI)). Hence for all i S,

m(i)-- m(j)E[p(j, i, uj)],
jS

implying m- 7r[CI)]. Q.E.D.

4. Existence result for almost monotone cost functions. Throughout this section,
we assume that k is almost monotone.

Let {cI)} be a sequence of probability measures in/(L) such that Ck[d], ft. For
each n, let q be the unique element of M(S D) such that - l, mq r[CI)] and. =".

LEMMA 4.1. For any limit point v of {q,} in M(S x D), 6 and Ck[fv]
Proof. Define k,," $- R, m 1, 2, , by

k(i) ifi<-m,
kin(i)

w(i)[(k( i) r/) v 0]-(r/- k(0)) v 0 + r/ if i> m,

where {w(i)} are positive numbers in (0, 1] satisfying w(i)$ 0 and w(i)k(i)
Note that k,(i) r/as - do for each m, implying k,, Cb. Also, k,, ’ k as m - oo. Define
k-,," x D - R, m l, 2,..., by k-,,(i, u) r-(k,,)(i), , u D. Then/,, is bounded
continuous. For each m, /,, dq,- m dr along a subsequence. But

k,, dq,, km dm. <= k dmq. k dTr[cI)"] C[cI)"]-->/3.

Hence 5/7= dv <= ft. Since/7=(00, u)= r/for all u e D,

(4.1) k dv k, dm +(1

Since r > fl and I m dv <_-fl, we must have & > 0 and I km dm <-. Let fe , and f’,
f" as in the proof of Lemma 3.6. Then for n 1, 2,...,

by the definition of q. and hence
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Since 6 > 0, argue as in Lemma 3.6 to conclude that my 7r[]. Recall that k,, dm,, <=
/3. By the monotone convergence theorem,

Ikdmf kdm=f kdr[]=Ck[]

as m oe. Hence Ck[,,] <= ft. But Ck[] ->/3 by the definition of/3. Hence Ck[,,] .
From (4.1),

>=6 f kmdm+(1-3)l.

Since r/>/3 and km dm ’/3, we must have 6 1. Q.E.D.
LEMMA 4.2. An optimal SSRS exists.

Proof Pick {"} as before and let v be as in the preceding lemma. Then Ck[] =/3.
Consider {X,} governed by an arbitrary CS {,}. Let N be the null set in Lemma 3.6.
Consider a fixed sample path outside N. Define k,, k, as in the preceding lemma. Let
k’S x D- R be defined by k(i, u)= k(i) for S, u D and k(oo, u)= r/ for u D.
Then k-> km termwise for each m. Let {n,} be a subsequence of {n} such that Ok,- ’for some 0’. Let 4 be a limit point of {,,} in M(S x D). Then

d/’--lim;’dtzn’limI"dtzn’--Ik-dqb--6f1-oo

Letting m- c on the right-hand side, we get

d/’>-66 _I kdm6 +(1 66)r/.

But r/>/3 and whenever 66 > 0,

Ikdm=fkdr[a]=Ck[a]>--13.
Hence outside the null set N,

Thus y[] is an optimal SSRS. Q.E.D.
THEOREM 4.1. An optimal SSS exists.

Proof. Let y[] be an optimal SSRS. By A1, for each i S,, p(i,j, u) Vk[CP](j), u e D,
jeS

is a finite sum. By the usual compactness-continuity arguments, it attains its minimum
w.r.t, u at some :(i) D. Let

[(1), (2),... ].

Let l(i) denote the ith element of (PIll-U)Vk[]. Consider the chain governed by
y{:}. Then for n 1,2,...,

Thus

l(Xn)+k(X,) >- Z p(X,,j, (X,,))VkECb](j)- Vk[@](X,)+k(Xn).
jS

Vk[(D](X1)I n - I]lkn.
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Taking expectations conditioned on X on both sides,

>= [v[b](x+)/x]/n V[](x)/n +E[/X].
Since > fl, there exists an e > 0 such that k(i) fl + e from some onwards. Hence
from A2 and the definition of Vk[], it is easily verified that Vk[](i) as i.
Thus the set

B { S Vk[](i) < 0}

is at most finite and hence V[](X,+)I{X+ B} is bounded uniformly. Now,

E[Vk[](X+,)I{X.+, B}/XI]/n- Vk[](X)/n + E[k/Xl].
By Fatou’s lemma, we have

[lim,inf kn/Xl].fl lim,sup E[,/X] Ek
If y{} is not an SSS, then {X,} is either null recurrent or transient. In either case,
the following holds for every finite F S"

lim-1 I{XF}=0 a.s.
n m=l

From this, it is easily seen that

lim inf k, n a.s.,

contradicting > ft. Hence y{} is an SSS. Thus

flE[lifIX,][lif((l (k(X)A K))/n)/X,]
C{}

where K < is arbitrary. Letting K, the monotone convergence theorem yields
Ck{} a. Thus a fl Ck{} and hence is an optimal SSS. Q.E.D.
THeOReM 4.2. Let 7{} be an optimal SSS. en

a 1 (P{} U) Vk{} + Qk min (P U)V{} +Q

where the minimum is termwise. Conversely, any SSS 7{} satisfying the above is optimal.
Proofi Consider an optimal SSS 7{}. Then the first equality above is immediate.

Suppose the second equality is false. By viue of the first equality, there exists a

o [o(1), o(2), "] L, distinct from , such that

c (Po- u)v{} + Y +Q

where Y [y(1), y(2), .It satisfies

sup y(i) > 0, if y(i) 0.

Proceeding as in the proof of the preceding theorem, we can show that 7{o} is an
SSS and a C{o}+Cv{o}> C(o), contradicting the definition of a. Hence the
second equality must hold. Conversely, let the above equalities hold for some SSS
7{}. Consider the chain governed by 7{}. Then for n 1, 2,. .,

E[V{}(X+)/X]- V{}(X) + g(X.).
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As in the proof of the preceding theorem,

Ol E[Vk{}(Xn+I)I{ Vk{}(Xn+l) < O}/Xl]/II Vk{}(Xl)/ l’l - E[lkn/Xl].

Letting n-, proceed as in the proof of Theorem 4.1 to conclude that a >= Ck{} >-
a. Q.E.D.

Remarks. We have proved that ko => a Ck{sc} a.s. This is a stronger result than
the one orginally sought, viz. ffk_--> a Ck{} a.s.

5. Existence result for the stable case. By "stable case" we mean that all SS are
SSS and the set E {r{:}[:s L}-is tight. In addition, we assume that k is bounded.
Let s denote the map L--> M(S) mapping : into r{:}. For each bounded f: S-> R, let
es: L-> R be the map that maps s into

LEMMA 5.1. The maps s, ef defined above are continuous and E is compact.
Proof Let :, -> soo in L. By hypothesis, r{s,}, n 1, 2,. ., is tight. Let roo be a

limit point of {r{s,}, n 1,2,...} in M(S). Without any loss of generality, assume
that r{s}- r. By Scheffe’s Theorem [1], r{:,}-> roo in total variation. Note that
P{:,}--> e{soo} termwise. Since r{:,} zr{:}P{s,}, n 1, 2," ", we have,

r- rP{s} (r- zr{s,}) +(r{s,}- zr)P{s,} + r(P{:}-

From the foregoing, it follows that each of the three terms on the right tend to zero
as k--> o. Hence ro r{oo}. By [5, problem 9, p. 172], it follows that the map s is
continuous. Continuity of e for f: S--> R bounded, is immediate. E is a continuous
image of a compact set and hence compact. Q.E.D.

COROLLARY 5.1. For any bounded f: S--> R, there exists a s L such that

G{Cs} min Cs{:} & as.:eL

Let h be any function in Cb such that hl is bounded by one. By the preceding
corollary, there exists a :o L such that

Clearly,

C{:0} min C(:).

Ch{o} lc (P{o} U) Vh{O} -b Qh.

LEMMA 5.2. Let L satisfy (j) o(j) for allj S exceptj 1. Consider the chain
governed by 3,{s}. Then

EELS=)2 ( Vh{o}(Xm) E[ Vh{o}(Xm)/Xm_l])/Xl 1] =0.

Proof Let

M =0,

M, (Vh{sco}(X,,) E[Vh{o}(Xm)/Xm_l]), I 2, 3,’, ..
m=2

Consider the chain starting at X with probability one. {M,} is a martingale with
respect to the natural filtration of {X,}. By optional sampling theorem, E[M()^,] 0
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for each n. Thus

E[M(,)] E[M(,)-
v{o}()- E[V{o}(X.,^.)]

([Vh{o}(X)/X_I]- Vh{o}(X-l))

Note that

1-(1)

(E[V{o}(X)/X_,]- V{o}(X_,))

Also

-<_2(r(1)-r(1)^ n),l,O a.s. as nl’oo.

E[Vh{o}(X.(1)^.)] Vh{s%}(1)P(’(1) n) + E[V{o}(X.)I{z(1)> n}].

Thus it suffices to show that

lim E[Vh{o}(X,,)I{z(1)> n}]=O.

From our choice of :, it can be easily verified that for i# 1,

,r(1)--

Vh {o}(i) E E
m=l

(h(Xm)- Ch{O})/X, i]
where the expectation is under 7{:}. Thus

[()- ]IE[Vh{o}(X,,)I{r(1)> n}]l= E =,, (h(X,,,)-Ch{O})I{r(1)> n}

<-2E[l’r(1)-nlI{r(1)>n}]-O as ntc. Q.E.D.

LEMMA 5.3. Ch {o} min, [(Pu U) Vh {:o} + Qh], where the minimum is termwise.

Proof Suppose not. Then there exist io S, Uo D and 6 > 0 such that

Ch{O}-- 6 p(io, Uo) Vh{o}(j) Vh {o}(io) + h( io).
jeS

Suppose io 1. Let e L be such that so(i)= o(i) for # and sO(l)= Uo. Consider the
chain starting at X and governed by y{:}. Let ro and ri denote the ith return
time to for i= 1,2,.... Routine arguments show that for n 1,2,....

Ch{:O}-- n,51r, E[V{fo}(X..+,)IX..]I ’. V{o}(1)/’r,,

2 (Vh{o}(X)--[Vh{o}(X)/X-I]) n [r/n]

Letting n m and noting that

n
E (V(o}(X)-E[V(o}(X)/X_]), n=O, 1,2,...

m=rn+l



MINIMUM COST PER UNIT TIME CONTROL 975

are i.i.d, by virtue of the strong Markov property, we get

Ch{oI-6/E[z(1)]

=-E (Vh{o}(X,,)-E[Vh{o}(X,,)/Xm-1]) E[z(1)] + Ch{:}

c.{}.

(The last equality follows from the preceding lemma.) Thus C{so} > Cs{s}, a contradic-
tion. The claim follows for the case io 1. Suppose io 1. Define

V,{so}=[V,{so}(1), V,{so}(2), .] by

V{o}(i) E (h(X)- Ch{o})/X1
U m=l

where the expectation is according to P{o}. As in Lemma 3.2, one can show that

c{o} (e{o}- u)v{o} + Q.

By the foregoing argument,

Ch{o}l rain (P,- U) V{o} +Qh.

By the second half of Lemma 3.2, the claim will follow if we show that

for some K < o. But

V{so}(i) Vh { o}(i)l

[V{:o}(i) Vh { So}(i)[ -< K

’r(i--E (h(Xm)-Ch{O})
m=l

E (h(Xm)- Ch{O X
m=l

.r(l)v .r(i0)_

m=r(1)^ z(io)+l

<= 2(E[’r(1)/X, io]+ E[’r(io)/X, 1])< oo,

where all the expectations are according to P{:o}. The claim follows.
The converse of this lemma (i.e., every :o e L satisfying

Ch {so} min (P. U) Vh {So} + Qh

Q.E.D.

satisfies Ch{o} mine Ch{:}) can be proved in a similar way.
Now consider the chain governed by an arbitrary CS. Define M(S)-valued random

variables v,, n-- 1,2,..., by

u.(A) 1_ I{X, A}(= m.,,(A)),

for A Borel in S. Without any loss of generality, we may assume that the chain starts
at a given state io e S with probability one.

LEMMA 5.4. For each e, > O, there exists afinite integer Nsuch that P(v,(A(N)) >
e) < for all n, where A(N) denotes the subset {N + 1, N +2,. } of S.
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Proof Suppose not. Then there exist e, 8>0 such that for all N=
1, 2,. , P(v,(A(N)) > e)_ 6 for infinitely many n. Since E is tight, we can pick N
large enough so that r{}(A(N))<ei/2 for all :L. Let f(i)=I{i> N}, iS. Pick

o L such that

Cf{:o) max Cf{

Then the following holds by virtue of Lemma 5.3.

C{:o} max (Pu U) Vf{so} + Qy r{sCo}(A(N)).

Routine arguments show that

> Cf{seo} -> lim sup E f(Xm)

->lira sup eE[I{v,(A(N))> e}]-> e,

a contradiction. The claim follows. Q.E.D.
LEMMA 5.5. Let B be a set of maps S- R such that Ifl, f e B, has a common

uniform bound K < oo. For each fe B,, let 49: E-> R be the map that maps Iz e E to

Ifdl e R. Then { ckylf e BI} is an equicontinuous family.
Proof Let e > 0. Pick N < oo large enough so that

I(i)<e/4K for/xeE.
i>N

(Since E is tight, such an N exists.) Let d(., .) be the Prokhorov metric on M(S).
From its definition, it follows that d(/z,/z2)<e’ for some e’>0 small enough will
imply I(i)- =(i)[ < e’ for =< N. Take e’ < e/4NK. Then

16(.,- 6A.)[ < .
The claim follows. Q.E.D.

COROLLARY 5.2. The map Cb -) R mappingf Cb to

ay __4 min Cy{s} e R

is continuous.

Proof Let f,f in Cb. Then {y,, n l, 2,..., c} is an equicontinuous family
by the above lemma. Let e > 0. Pick > 0 such that d(/x,/2)< implies

< e/a, i= 1, 2,. ,
for/,/2 e E. Cover E by finitely many open d-spheres of radius 8 and centers (say)
l, 2," ’, Zm. Since If, d --> fo d/z for/. e E, we can find a finite integer N such that

If, d,,-Ifdl, <el3 forl<--i<-m, n>--N.

It follows that

implying

eE, n>-_N,

lim sup Ic.(/x) qco(tz)l O.
n-.oo p,E
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Then, as n az,
[as. asoo[ < sup 0. Q.E.D.

THEOREM 5,1. A weak sense optimal SSS exists. Moreover, an SSS y{:} is weak
sense optimal if and only if the following hold"

Ck{} min (Pu U) Vk{} + Qk,

where the minimum is termwise.

Proof Define kN Cb, N 1, 2,. ., by

kN(i)= k(i)I{i <= N} + KI{i> N)
where K (0, )satisfies ]k(i)]-< K for all i S. Choose o, :N, N 1, 2,’’" such that
Ck{O} a and CkN { } akr Let e, 8 > 0. Consider the chain governed by an arbitrary
CS. Choose N large enough so that

1-1</2
and

P(u,(A(N)) => e’) < 6 for all n,

where e’ is chosen so that 0 < e’< e/8K. Clearly,

on the set {,,(A(N))< e’}. Thus

P q,,, < ak e) < P(lllkn < ak e/2)

=< P(k,, <= ak, --el2, u,,(A(N))< e’) + P(qk,, <= ak, -el2, u,,(A(N)) >= e’)

< P(qO,,,,,, <=ak-e/4)+6.
Recalling the remark following Theorem 4.2, we have lim inf,_.oo I]lkNn > akN a.s. for all
N. Hence, letting n oo in the above, we get lira sup,_oo P(tPk,, <---- ak e) <= ,. Since 6 > 0
was arbitrary,

lim sup P(qk, < ak e) O.

Hence y{:} is weak sense optimal. The second claim can be proved by arguments
analogous to those used to prove Lemmas 5.2 and 5.3. Q.E.D.

6. The case when at least one SS is not an SSS. In this section, we assume that
there exists at least one SS, say Y{:o}, which is not an SSS, and also that k Cb.

THEOREM 6.1. An optimal SS exists.

Proof. If r/= k()>/3, the claim follows from Theorem 4.1. If n<=/3, then
Ck{O} =r/ implies r/=/3 and

Ck{o} min Ck{:} min Ck[].

For L, define 7{:} M(S) by

’{ r{}(A $)
"k{ sC}(A)

I{c A}
when y{:} is an SSS,
otherwise,

for A Borel in q. For an SRS y[@], we can .define [@] in an analogous manner. Let
F= {,k{}1 6 L}. We claim that for any SRS y[@], 77-[] is in the closed convex hull
of F. This is obvious when y[] is not an SSRS, because ,k[] ’{so} for this case.
Let y[] be an SSRS. Suppose the claim is false. Identifying F with a subset of 11
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(identify v M(S) with [v(oo), v(1), v(2),...]e/1), an application of the Hahn-Banach
theorem shows that there exists a bounded f: S- R such that

(6.1) fd[q] < mien f fdr{}.
Without any loss of generality, we can take f to be nonnegative. Pick K < such that
f(i) <= K for S {}. Define fn, n l, 2,. , by

f,,(i)=lf(i), i= 1,2,’’’, n,
otherwise.

Then by virtue of Theorem 4.1,

f f,, d’[]>=rnien l f,, dr{}.

Letting n- oe, the dominated convergence thoerem yields,

f fd’[rb]>= lim S min l
It is easily verified that the right-hand side exceeds mine fd-{}. This contradicts
(6.1), proving our claim. It now follows from Lemma 3.6 that under any CS, there
exists a null set outside which every limit point of {v,} lies in the closed convex null
of F. Recalling the observations at the beginning of this proof, the result
follows. Q.E.D.

7. Some open problems. In conclusion, we list some unsolved problems related
to the present work.

(i) Is the assumption that E is tight really necessary in 5? It seems quite likely
that the situation "all SS are SSS and E is not tight" does not occur at all.

(ii) Can "weak sense optimality" in Theorem 5.1 be strengthened to "optimality"?
In the light of Theorem 6.1, the following may be true under the set-up of 5" Outside
a null set, all limit points of {v,} in M(S) belong to the closed convex hull of E.

(iii) How do the recurrence properties of the Markov chain governed by an SSS
),(s} depend on s? A conjecture in this direction is as follows: There exist disjoint
open sets O1 and 02 in L such that Ox U 02 is dense in L and the chain is positive
recurrent, transient or null recurrent according to whether
(O U O2)c, respectively.

(iv) It would be interesting to extend these results to continuous time Markov
chains, as these will have important applications to the control of queueing networks
(see, e.g., [2]).
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