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THE FIRST ORDER NECESSARY CONDITIONS FOR NONSMOOTH
VARIATIONAL AND CONTROL PROBLEMS*

HALINA FRANKOWSKAT

Abstract. The first order necessary conditions for nonsmooth problems of Lagrange, Bolza, multiple
integral and optimal control are given. The necessary conditions are expressed in terms of differential
inclusions. We deal with some new differentials that generalize the differential of Fréchet. In particular
the Pontryagin maximum principle is proved without the assumption of continuous differentiability.
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1. Introduction. The study of nonsmooth problems in calculus of variations,
mathematical programming and control theory led to various extensions of the notion
of derivative (see for example [2], [3], [10], [13], [16] and [18]).

The generalizations of this notion are related to the method of attacking the
problem. The dual theory of Rockafellar [16], the reduction technique of Clarke [2],
[3], [4], the approximative method of Warga [18], [19], the interior mapping theorem
of Halkin [10] suggested different extensions of the usual differential.

In the present paper we apply Ekeland’s variational principle to several nonsmooth
problems. For our purposes we need to introduce some new objects, generalizing the
Fréchet differential.

The following theorem is a version of Ekeland’s variational principle and can be
proved exactly in the same way as [7, Thm. 2.2].

THEOREM 1.1. Let E be a Banach space, f: E » RU {+} be a lower semicontinuous
(Ls.c.) function, and f(vo) =inf f + &, where € >0, vo€ E. Assume that for some A >0,
fis Gdteaux differentiable on the open ball B (v, A) of centre v, and radius A. Then there
exists v € B(vo, A) such that

(1.2) fw)=f(vo),
(1.3) If'@)II* =2e/A

where ' denotes the Gateaux derivative of f and || - |[* is the (usual) norm in the dual
space E*,

From the above theorem we obtain certain ‘‘approximate’’ necessary conditions.
A limit procedure then leads to the necessary conditions in the form of inclusions.
Minimal elements in the family of sets obtained by such a process are proposed as a
generalization of the differential. In general, minimal elements are not unique. But
in the case of a Fréchet differentiable (or convex) function f: R™ - R™, our “‘derivatives”
coincide with the usual differential (subdifferential).

We generalize some results from [1], [2], [3], [5], [8] and [16]. The plan of the
paper is as follows. In § 2 preliminary results are proved and some notions are
introduced. Their application to the multiple integral problem and to the problems
of Bolza and Lagrange is given in § 3. Section 4 is devoted to the maximum principle
of Pontryagin.

2. Preliminary results. Consider a Banach space (E, || - ) and its dual (E*, || - [I*).
The canonical bilinear form on E* X E will be denoted by (-, - ); B(v, r)(B (v, r)) will
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denote the open (respectively closed) ball in E of centre v and radius r. We denote
by V a closed subset of E. _
In this paper we deal with functions f on V assuming values either in R =
R U{+} orin R™, m =1, and satisfying the following condition for a fixed voe V:
Condition 2.1. There exist A;>0, f;:E->R(R™), i=1,2,---,such that f; is
Giteaux differentiable on B (v, A;), fi(vo) =f(vo), A; > 0 and for some ¢; > 0 satisfying
€;/A; ~> 0 either
@) fE->Risls.c., fo)=fi(v)+e forve VN B (v, A;), or
(b) f; is continuous, |f;(v)—f@)|=e; on VN B (v, A;)
holds for each i.
The sets

N c U {fi(w):veBve, )NV},

N=1 i=N

N clconv U {fi(®): v € B(vo, A;) NV}
N=z=1 iZ=N

will be denoted by P.f(vo), CP.f(vo) if (a), or by Puf(ve), CPyf(ve) if (b) holds,
respectively. Clearly if m =1 then every set Puf(v0)(CPsf(vo)) is also P.f(vo)
(CP.f(vo)). The above sets depend on the particular sequences {f:}, {A;} which were
chosen.

In general it may happen that the above sets are empty. But if f: V->R™ is
F-differentiable (Fréchet differentiable) at voeInt V, then we may put f;(v)=
f(vo) +{f'(vo), v —vo) for each i and fix any A; - 0. Then {f;}, {A;} define a set P,f(vo)
equal to {f'(ve)}. This proves:

ProrosiTION 2.2, If f: V> R™ is F-differentiable at v, € Int V then {f'(vo)} is a
set Pof (v0), CPsf (vo). _

Assume f:V >R has a local minimum at v, ie. f(vo)=min{f(v):ve
B(vo, r)N V} for some r>0. Set Vi =B(vo, r/2)N V. V1 is closed and the restriction
flv, of f to V; achieves its minimum at v,,. Therefore it is enough to study the necessary
conditions for the global minimum only.

THEOREM 2.3. Assume f:V - R achieves its minimum at vo€ Int V. Then every
set P.f (vo) contains 0.

Proof. Let {f}, {A:}, {e:} be as in Condition 2.1(a). Set filv)= fi(v) for ve
VNB(ve, A;), fi(v)=+0 otherwise. Then fi(vo)=f(vo) =miny f=inf f; +¢; From
Theorem 1.1 it follows that for large i and some v; € B(vo, A;) conditions (1.2), (1.3)
hold with f, v, A, € replaced by f;, v, A;, €; respectively. Hence the result.

COROLLARY 2.3.1. If f: V>R is F-differentiable at vocInt V then f'(vo) is
contained in every set P,f (vo).

Proof. Without any loss of generality we may assume f(vo) =0, f'(vo) =0. Set
fi(v)=|f(v)| for v € V. Then f; achieves the minimum at v,. Fix {fi}, {A;}, {e;} as in
Condition 2.1(a). We may assume B (v, A;)< V for every i. Set f;(v)=fi(v) for
veB(o,A;), filv)=+0 otherwise. Then fi(v)=f@)+2|f()|=fi(v)+e+
2 sup {|f(v)|: v € B(vo, A1)}. {fi}, {A;} define a set P f1(vo) = Puf(vo). An application of
Theorem 2.3 completes the proof.

Assume V is convex, f:V >R is convex, voe V. Set subgrad f(vo)=
{peE*: f(v)—f(vo)=(p, v —vo) for ve V}.

COROLLARY 2.3.2. Assume V is convex, f: V>R is convex, vo€Int V. Then
subgrad f(vo) is contained in every set P,f (vo).

Proof. If pesubgrad f(vo) then the function ¢(v)=f(v)—f(vo)—(p, v —v0o)
achieves its minimum at v,. Fix {f;}, {A;} as in Condition 2.1(a) and set ¢;(v)=
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fi(v)=f(vo) —{p, v —vo). By Theorem 2.3, 0€ P, (vo) = P.f (vo) —p. So the proof is
complete.

The proof of Corollary 2.3.2 is similar to the proof of [19, Thm. 2.10].

Fix v e V. Every set W = W(v, V) consisting of such w € E that v +twe V for
all t€ [0, 8], where § =68 (w) >0, is called a cone of admissible directions at v.

To study the necessary conditions for minimum at a boundary point voe V we
assume

Condition 2.4. There exist a nonempty W < E and r >0 such that for every
v € B(vo, r) N V the set W is a cone of admissible directions at v.

THEOREM 2.5. Assume f:V > R achieves the minimum at v, Conditions 2.1
and 2.4 are satisfied and for every choice of v, € B(vo, M) V,i=1,2,- - -, the sequence
{fi(v:)} has a weak cluster point. Then there exist v; € B(vo, A;) NV such that {f}(v:)}
has a weak cluster point g, (g, w)=0 for all we W. Moreover g € CP.f(vo) if (a), or
g € CPy(vo) if (b) holds, respectively.

Proof. As in [7, proof of Thm. 2.2], we verify the existence of v; € B(vo, A;))NV
suchthat(fi (v:), w) = —&;2||w||/A; for w € W. By assumptions, there exists asubsequence
of indexes {i;} such that f; (v;) = g (weakly). Clearly (g, w) = 0 for w € W. An application
of Mazur’s lemma [8] completes the proof.

From now until the end of the section we assume E=R". Letf:V>R"™, voeInt V.
It follows from the definition of the Halkin screen [10] that every nonempty set 2,f (vo)
generated by f; € C'(B(vo, A;)) is a screen and the closure of any screen of f at v
contains a set ,f(vo). Hence every set Af(vo) corresponding to a derivative container
of Warga (see [19]) contains some P.f(vo). In particular, this holds for Clarke’s
generalized gradient of a locally Lipschitzian function [3].

Consider f: V->R(R™), voe V and the family of all sets P.f(vo)(Psf(vo),
CP.f(vo), CPpf(vo)) ordered by the relation of inclusion.

LEMMA 2.6. For each linearly ordered set {P.}..r of elements P, f(v,)
(Pof (v0), CPa f(vo), CPuf(v0)) there is an element Pof (Vo) Pof(vo), CPof(vo),
CPf (vo)) contained in P = N,e1 P,.

Proof. Let 7(0)eT. For all j=1 let 7(j) be such that 7(j)=7r(j—-1), . =
P, P,NBO,j)={p eE(O,j): dist (p, 7)=1/j}. (We assume dist (p, Z)=1when P =
&.) Then g’l >P;>---. It is enough to show N,.rP, =N,z P; contains some

Paf(00)(P3f (vo), af(UO) CP:f(vo)). Let {fi}, {\}}, {ei} define ?; and let i(j) be
such that &l;)/Al; <1/2,  {(fi))'(v): v e B(vo, Al;) N V}ﬂB(O HefxeR™:
dlst (x, Pif(vo) < 1/2’}03(0 /). We may assume Al =>0 as j>00 and set A; = A,(,),
& =€l fi=fl;- Then {f;}, {r;}, {€;} define the required set.

From the Kuratowski-Zorn lemma we deduce

COROLLARY 2.6.1. In the family of all sets P,f (vo)(Pyf (v0), CP.f (vo), CPsf (Vo))
there exist minimal elements.

DEFINITION. We shall denote minimal elements in the family of all sets 2,f(vo),
Pif (o), CPaf(vo), CPyf(vo) by Hf (o), Bf (vo), €f (vo), Df (vo), respectively.

In general there may be more than one such minimal element, but from Proposi-
tion 2.2 and Corollary 2.3.1. follows

CoROLLARY 2.6.2. If f:V >R is F-differentiable at vo€Int V, then f(vo)=
Bf (vo) = €f (vo) = Df (vo) = {f'(vo)}.

Let V< R" be convex, f: V>R be convex, continuous, vo€Int V. By [15,
Prop. 7.3] there exist locally uniformly Lipshitzian {f;} and {A;} generating 2,f(vo) <
subgrad f(vo). From this and Corollary 2.3.2 follows

COROLLARY 2.6.3. Under the above assumptions sf(vo) = RBf (vo) = €f(vo) =
9f (vo) = subgrad f(vo).
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Note that if a nonempty set €f(vo)(2f(vo)) is bounded then we may assume that
it is generated by {f:}, {A;} of bounded {fi(v): v € B(vo, A;) N V, i = 1}. The following
two lemmas characterize the F-differentiability.

LEMMA 2.7. Let f:V->R™, voelntV and A be an (m Xn)-matrix. Assume
Df(vo) ={A} is generated by {fi}, {A:} and Aiv1=A; =phisq for all i and some p >0.
Then A is the F-differential of f at vo.

Proof. By assumption, dist (A, {fi(v): v€B (o, A;)NV})=d;>0 as i>o0 and
lim;. £;/A;+1=0. For all large i and v € B (vo, A;)\B(v0, Ai+1) We have f(v)—f(vo) €
fi(v) = fiwo) + B(0, &) = fo f'(vo + 8(v — vo)) (v — vo) A6 + B(0, &;) = A(v — vy) + B(0,
dilv —vo]) +B(0, |[v —volei/Ai+1). Hence the result.

LeEMMA 2.8. If f: V> R™ is F-differentiable at vo€Int V, then Df (vo) ={f'(vo)}.

Proof. Assume {f:}, {A;} generate 9f(vo). From Proposition 2.2 it follows that it
is enough to show that f'(vo) € Zf(vo). We adopt the idea of [20, proof of Thm. 4].
Let A be an arbitrary (m X n)-matrix and let a; be its jth row.

Letf’ be the jth coordinate of f and set 6 =1/(1+max; |a; |) S(t)=Y"1 fl(vo+ta))
for e R'. The sequence of functions R" 3t->Y ik, fi(vo+ta]) and {A,6} define a set
Py (0). By Corollary 2.3.1, ¢'(0) = X% (a;, (') (vo)) € Py (0). Hence for every (m X
n)-matrix A A O f'(vo) = A O Pyf (vo) < A © Df (vo), where © denotes the scalar product
of two (m X n)-matrices viewed as elements of R"™. From the theorem about the
separation of disjoint convex sets it follows that f'(v,) € Df (vo).

COROLLARY 2.8.1. Let f: V->R™, voelnt V. Then the intersection of any two
bounded nonempty sets Df (vo) defined by {f:}, {A:} and {f:}, {A:} is nonempty.

Proof. Set g; =f;—f. Then {g:}, {A;} satisfy Condition 2.1(b) for f=0. Our con-
clusion follows from Lemma 2.8.

Remark 2.9. A question arises if to a given {A;} as in Condition 2.1 corresponds
at most one bounded set @f(vo). The answer is positive in the case where V<R
The proof follows from Corollary 2.8.1 by simple contradiction arguments and will
appear elsewhere. We do not know the answer in the general situation.

3. Applications to the multiple integral and other problems. Let an open set
QcR" and a function L: QX R% xR - R be given. Consider the multiple integral
problem

() minimize {F(v) = J L(x,v(x),Vo(x))dx:ve V}
Q

where V is a closed subset of the Sobolev space space Hi(Q) (see [14]). Here we
assume that F is well defined. Our tool will be certain admissible families of sets
CP.L(x,-,").

DEFINITION 3.1. Let v e H}(Q) be such that x - L(x, v(x), Vo(x)) is in L'(Q).
The family of sets {€L(x): x € Q} is called admissible along v if there exist A; >0,
integrable £;:Q>R.,, Li: OXR*xXR™ >R, i=1,2, - -, such that for some k € L'(Q)

(M) I e:(x)dx/Ai>0 asi->o00,
[0}

(ii)) L; is measurable in x, L;(x,-,-) is Lipschitzian of constant k(x) on
B((v(x), Vo(x)), A,

(iii) {L;(x,,,)},{Ar:},{e:(x)} define aset CP.L(x, v(x), Vo(x))= €L (x) for almost
every x € (). Here V of Condition 2.4 is the space R* """,

(iv) {€L(x): x € Q}isminimal, i.e. for every choice of {L;},{A;}, {e;} satisfying (i)-(iii)
that define sets CP,L(x, v(x), Vo(x)) = €L(x) we have CP.L(x,v(x)Vv(x))= €L (x)
almost everywhere in Q.
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Remark 3.2. (a) Condition (iv) makes sense. Indeed, as in § 2 it is enough to
show that, for each linearly ordered set T and the family {?.},.r of elements
{CPL(x,v(x), Vv(x)): x € O} defined by sequences {Li}, {A7}, {e7} satisfying (i)-(iii)
for all 7€ T and such that CP,L(x, v(x), Vo (x)) < CPXL(x,v(x), Vo(x)) in Q for all
T <x, there are {L}}, {A}}, {¢]} as in (i)—(iii) and

CPoU (x,v(x), Vo(x))= N CPLL(x,v(x), Vv(x)) a.e.inQ.
reT

For every integer j=1 let A;<Q, 7(j)e T, be such that the Lebesgue measure of
Aj n(Aj)<1/j and dist (N, CPLL(x, v(x), Vv(x)), CPL(x,v(x), Vv (x)))<1/j for
all x e Q\A;. Let i(j), B; = Q\A; be such that u (B;)<1/j,

[ et aaid <1 Al <1/i and
Q

(LD (x, s, w): (s, w) € B((v(x), Vo (x)), ATINCPZ Lix, v(x), Vo (x))+B(0, 1/})

for almost every x € Q\(B; UA;) . To achieve the proof it is enough to set
0 7(j 0 (j) — T
LY =L3), A7 =X, &) =ei).

(b) If L(x,-,-) has an F-differential oL(x, v(x), Vo(x)) at (v(x), Vo(x)) almost
everywhere and for some keL'(Q) and all (s, w)eB(0,r) the function x-
L(x,v(x)+s,Vo(x)+w) is measurable and |L(x,v(x)+s, Vo(x)+w)—L(x, v(x),
Vo (x))| =k (x)|(s, w)|, then {3L(x, v(x), Vo(x)): x € Q} is the only admissible family
along v.

(c) If L is measurable in x and for some r>0 and ke L'(Q), L(x, -, ) is Lip-
schitzian of constant k(x) on B((v(x), Vv(x)), r), then from the proof of (19, Thm. 25]
follows the existence of an admissible {€L(x): x € )} along v such that €L(x) is
contained in Clarke’s generalized gradient of L(x, -, - ) at (v(x), Vo (x)).

Assume (1 is bounded and denote by C 1(@) the Banach space of continuously
differentiable functions v:{1- R with the norm ||v]|=sup,ea |v ()| +supxea [Vo (x)],
where Q is the closure of Q.

If v, solves () then we may always assume that V < vo+C'({).

THEOREM 3.3. Assume Q is bounded, V < vo+C*(Q) and F(vo) =miny F <.
Suppose that Condztzon 2.4 holds and {6L(x): x € OO} is admissible along vo. Then there
exist § el Y(Q) such that

(3.4) (&°, &)(x)e BL(x) a.e.,
(3.5) f EEWHE)+€x)Vw(x) dx =0 on W
Q0

where W is the cone of admissible directions of Condition 2.4.

Proof. Without any loss of generality we may assume vo=0. Thus V = C'({).
Let {L;}, {A;} define {€L(x): x GQ} Set F;(v)=[aLi(x,v(x), Vo(x)) dx for |[v]|=A,
F;(v)=+ otherw1se Then F;: C'({})> R is Gateaux differentiable on the open ball
B(0,x)=C' (), and

(Fi(v),w)= j 8L (x, v(x), Vo (x))w(x) dx +J 03L;(x, v(x), Vo(x))Vw(x) dx

for veB(0,A;), weC(). By the Dunford-Pettis crlterlon on weak convergence in
L', Mazur’s lemma (see [8]) and Theorem 2.5 there exist £° £e LY(Q) such that (3.4)
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holds and (£° &)(x)e Nnzi clcony Uian {0L(x, s, v): (s, v) € B((0, 0), A;)} = €L (x)
almost everywhere in ().

CoROLLARY 3.3.1. Let () be an open set, V< H 1(Q), F(vo) =miny F. Suppose
that Condition 2.4 holds with E = H1 (Q), W = C5 (Q). If {6L(x): x € Q} is admissible
along v, then there exists £ € LY(Q) such that div £ L' (Q) and

divg &)(x)ebL(x) a.e.in Q.

Proof. If Q is bounded, then by Theorem 3.3 (¢°, w)—(div & w)=0 for all w e W
(in the sense of distributions). Thus ¢° = div £ almost everywhere. Otherwise consider
a sequence of bounded open sets Q;<Q,<:--such that U;=1 Q;=Q. Then
fa, L(x, vo(x), Voo(x)) dx = min {Jo, L(x, v (x), Vo(x))dx:ve@wo+Hio(Q:)NV} By
the first part of the proof there exists & € L'(€);) such that (div &, &)(x) € €L (x) almost
everywhere in (). Set &(x)=0 on Q\Q); By the Dunford-Pettis criterion, some
subsequences {£; }, {div ¢&;} converge weakly to &, div £ € L'(Q) respectively. An applica-
tion of Mazur’s lemma completes the proof.

The theorem from [5] follows from Corollary 3.3.1 and Remark 3.2(c).

CoRrROLLARY 3.3.2. Under all assumptions of Theorem 3.3 assume V=
{veve+C'(Q): (v(x), Vu(x)) e Ux) for.all x € Q}, where U is a multifunction from Q
into closed subsets of R**“". Further assume that for any open set Q'c
{x € Q: (vo(x), Vvo(x)) € Int U (x)} the set Cy (V') = W. Then the assertion of Theorem
3.3 is valid with £°(x) = div £(x) for x e Int {y € Q: (vo(y), Vvo(y)) e Int U(y)}.

[1, Thm. 1] follows from the above corollary.

Next we consider the so-called Lagrange problem. Let £ be a closed subset of
R?". Assume in (/) that ) =[0, 1]and V is the closed set {v € H1 ([0, 1]): (v(0), v(1)) e
£}

THEOREM 3.6. Assume v, solves (M), where V is as described above and {€L(x):
x€[0, 1]} is admissible along v,. Let W= W((1vy(0), vo(1)), &) be the cone of
all admissible directions for £ at (v0(0), vo(1)). Then there exists an absolutely continuous
(a.c.) function £:[0, 1]-> R" such that

(3.7) (£(x), £(x))e€L(x) a.e.,
(3.8) ((=£(0), £(1)), y)=0
forallye W.

Proof. By Theorem 3.1 relations (3.4) and (3.5) hold for some £°, £ L'([0, 1]).
Hence, in particular, [ (£°(x)w(x)+£(x)w (x)) dx =0 for all w e C§’ ([0, 1]). Integrat-
ing by parts we obtain j'(}(g(x) — 5 £%() dt) x w(x) dx = 0 for all w € CJ ([0, 1]). There-
fore £(x)=£(0)+[5 £°(¢) dt almost everywhere for some £(0)e R". We may assume
that the last equality holds everywhere and thus (3.7) is valid. Moreover I& E@x)wx)+
E)w(x)) dx =£(Mw (1) —£(0)w(0) =((—£(0), £(1)), (w(0),w(1)))=0 for all we
C'([0, 1]) with (w(0), w(1))e W.

Next we apply the above results to the Bolza problem:

1
(RB) minimize {F(v) =1(v(0), u(l))+j L(x,v(x),0(x)dx:v EA}
0

where [: R" xR" > R and A is the set of all a.c. functions.

THEOREM 3.9. Assume vy solves (B), F(vy)<+00, L has an admissible
{€L(x): x €[0, 1]} along v, defined by {L;},{A:} and | has a set Al(vo(0), vo(1)) generated
by {I.}, {\:} with bounded {I}(y): y € R* |y — (vo(0), vo(1))|= A, i = 1[}. Then for some
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a.c. £:[0,1]->R", (3.7) holds and
(3.10) (£(0), —£(1)) € Ll (v0(0), vo(1)).

Proof. We may assume that vo=0. Then F(0)=min {F(v): v € C'([0, 1])}. Set
Fi(v) =1,(v(0), v(1))+[o Li(x, v(x), 6(x)) dx for |jv||=A; and F;(v) = +o© otherwise. As
m Theorem 3.3 we verify the existence of ¢£°, ¢£eL'([0,1]) satxsfymg (3.4) and

n'eR" satisfying (n°% n")e«l(0,0) such that ((n%n"), (w(0), w(1)))+
Io (5 xX)wx)+£&x)w(x)) dx =0 for all w eC ([0,1]. As in the proof of Theorem
3. 6 we may assume that £ is a.c. and ¢&° =¢ almost everywhere Thus (n w(O))+
(', w(l))+(§(1), w (1)) —(£(0), w(0)) =0 for all (w(0), w(1)) e R*" , which implies n° =
£00), n'=—¢(1).

Using the reduction technique from the proof of [2, Thm. 2.4, case 3], and
Theorem 3.6 it is possible to prove

THEOREM 3.11. Assume vo solves (RB), F(vo)<o0, [ is ls.c. and L has an
admissible {€L(x): x €[0, 11} along vo. Then there exists an a.c. ¢ satisfying (3.7) such
that

(3.12) ((-£(0),£(1), 1), y)=0

for all y e R**" for which ((v0(0), vo(1)), I(v6(0), vo(1)))+ 8y €epi (I) (epigraph) for
all small § > 0.

Remark 3.13.(a) If, for some r >0, k € L'([0, 1]) on the ball B((vo(x), vo(x)), r),
the function L(x,-,-) is continuous and |L(x,-,-)| is bounded by k(x), then in
Theorem 3.6 the set £ need not be assumed closed. Indeed, if v, solves the problem
of Lagrange with some % then it also solves the problem with £ replaced by £. Under
such additional assumptions, the hypothesis of l.s.c. of [ in Theorem 3.11 may also
be omitted.

(b) [3, Thm. 2.4, Case 1] is covered by our results. In [3] another technique is
applied to the problem of Lagrange. In general, the transversality conditions (3.8),
(3.10), (3.12) are different from those proposed in [3].

4. The maximum principle of Pontryagin. Let U be a set valued function from
[0, 1] into subsets of R™. By a control we will mean any measurable u:[0,1]->R™
such that u(¢) € U(t) almost everywhere (measurable selector of U). On the set of all
controls % consider the metric d(u;, uz)=u{t: ui(t) # u,(t)}). Arguing as in [7,
Lemma 7.2], it is possible to verify that (%, d) is a complete metric space.

Let W e AU be closed and

(H,) For any uy, u,€ W and 0=t =t¢,=1 the function

ui(t) ifteln, ],
u,(t) otherwise

Uso) -

belongs to ¥ _
Let C<R", f:[0,1]1xR"xXR™>R", g:R" >R be given. Denote by X the set
of all solutions to the system

Xx=ft,x,u(®), ueW,
x(0)eC
defined on [0, 1]. We shall study the following problem:

(4.1)

(4.2) | minimize {g(x(1)): xe X}.
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It is well known that that the control problem of minimizing [ (¢, x (¢), u(¢)) dt
over all x € X and corresponding control u can be reduced to (4.2) (see, for example,
[3, proof of Cor. 2]).

Assume u, € W generates x, € X. Suppose

(H,) The function ¢ - f(t, s, u(¢)) is measurable for allse R" and u e ..

(Hs) There are r>0, k € L' such that, for all u € % and almost every ¢ [0, 1],
f(t, -, u(#)) is Lipschitzian of constant k(t) on B(x(¢), r).

Asin § 3 our tool will will be certain admissible families of sets along the solution.

DEeFINITION 4.3. The family of sets {2f(¢): t €[0, 1]} is called admissible along
(x4, uy) if there exist A; >0, integrable ¢;:[0, 1]> R, fi:[0, 1]XR"XR™ > R" such
that:

1
(i) J e (t)dt/A; >0 asi—>o0;
0

(ii) For some r>0, k€ L' and all i, f: satisfies (H;), (H3) and for all u € %" and
almost every ¢ €[0, 1], fi(¢, - , u(¢)) is F-differentiable on B (x,(t), A;) and |fi(¢, - , u(£))—
@ u@)=e0);

(iii) {f,(t, ) u*(t))}, {)\i}’ {8,([)} deﬁne aset

CPf(t, x4(t), uy(t)) =Df(t) a.e.with V=R"";

(iv) {Df(t): t€[0, 1]} is minimal, i.e. for every {f}, {A;}, {€:} of the above proper-
ties defining a family of sets CP,f(t, x4(t),u4(t)) = Df(t) almost everywhere we have
the equality in the last inclusion.

Remark 4.4. As in Remark 3.2, we have (a) (iv) makes sense;

(b) If f satisfies (H»), (H3) and f(t, -, uy(¢)) is F-differentiable at x.(¢), then the
family {(8/9x)f (¢, x4(¢), uy(t)): t €[0, 1]} is the only one admissible.

(c) If f satisfies (H,), (Hs), then from [19, proof of Thm. 2.5] follows the existence
of an admissible {@f(¢): t € [0, 1]} such that 2f(¢) is contained in Clarke’s generalized
gradient of f(z, -, uy(t)) at x.(¢).

THEOREM 4.5. Assume (x4, uy) solves (4.2), (H1)—(Hs) hold, and C is closed and
satisfies Condition 2.4 at x4(0). Let {Df(¢t): t €[0, 11} be admissible along (x4, uy) and
defined by {f}, {\;} and suppose that g has a set A4g(x (1)) defined by {g;}, {\:}, V=R"
with bounded {gi(y);y € B(x4(1), \;), i Z1}. Then there exist a measurable matrix-
function A(t) and a.c. p:[0, 1]-> R" such that

(4.6) pO)=-pA@), AMeDf()a.e.,

(4.7) (p(), £, x4(6), u(O)) S(p(t), f(t, x (1), ux(t))) a.e. forallueW,
(4.8) p(1)e —oAg(x4(1)),

(4.9) (p(0), w)=0 forallweW

where W is the cone referred to in Condition 2.4.

From Remark 4.4 and Corollary 2.6.2 we obtain

COROLLARY 4.5.1. Assume in Theorem 4.5 that f(t, -, uy(t)) is F-differentiable
at x4(t). Then there exists an a.c. p:[0, 1]-> R" such that (4.7)-(4.9) hold and

4.6) p(z>=—p(og(r,x*m,u*(t)) ac.
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Furthermore if g is F-differentiable at x4(1) then
(4.8 p(1)=—g'(x4(1)).

From [3, Prop. 1 and Lemma 1] follows

COROLLARY 4.5.2. Assume in Theorem 4.5 that f( -, x, - ) and the graph of U is
L X B™ measurable (see [3]) and W =U. Then the assertions of the theorem are valid
with (4.7) replaced by

(4'7') Sl:]l:()) (p(t)’ f(t’ x*(t)’ u)) = (p(t)9 f(t’ X*(t), u*(t))> a.e.
ue t
We precede the proof of the theorem with several lemmas. Note that it is not
restrictive to assume that for some K >0

(4.10) [£(t, x5(2), u(£)) = f(t, x4(t), ux ()| =K a.e.

forallu € W. Indeed let W;={u € W: |f(t, x4(t), u(t)) —f(t, x4(t), uy(t))|=j a.e.}. Then
(H1) holds for #; and u, solves (4.2) with ¥ replaced by %;. If we prove that for
each W) some p; satisfies all the assertions of the theorem, then from the Dunford—Pettis
criterion, (H;) and the Mazur lemma (see [8]), for some subsequence {p; } and a.c. p,
we have p;, - p uniformly, p;, —p (weakly in L") and p is a required function.

From now on we assume (4.10). The proof of the theorem is a slight modification
of [7, proof of Thm. 7.1].

From the generalized lemma of Gronwall [6] we deduce

PROPOSITION 4.11. For some M >0 and all large i, X € B(x,(0), \i/ M)NC, any
u € W with d(u, uy) = A/ M generates x € X with x(0) = x and a solution x; to

(4.12) x=fit, x,u(t)), x(0)=x

defined on [0, 1] and satisfying |x; — x| = Ai/2, |x; —x||= 0 (Xs).

Letue W, d(u, uy) =A;/2M and let x be the solution of (4.12) where |x — x,(0)| =
Ai/M. Fix upe W and let o€ (0, 1) be such that the function - [§ fi(s, x(s), uo(s)) ds
has the derivative f;(to, x (t0), uo(to)) at to and x(to) = fi(to, x (t0), u(to)). For 7 €[0, to],
let

uo(t) iftelto—m, to),
u.(t) = .
u(t) otherwise.

By Proposition 4.11, u, generates a solution x, of (4.12) and ||x, — x 4| <A./2, when
7€[0, A;/2M]. Denote by Z(t, t,) the (fundamental) matrix of solutions to

(4.13) Z= %(t’ x(t), u(t))z, Z (to, to) =1d.
LEMMA 4.14, The function [0, A;/2M]5 1 - x,(1) is differentiable at r =0 and
d

Ex'r(l) =Z(1’ tO)(fl (tO’ x(t0)9 uO(tO))_fi(tO’ x(tO), u(tO)))-

Proof. For 0=t =t,—7 we have x(t) =x,(t). When ¢ >t,—7 we have

x(£) = x, ()] = I_ (fi(s, x(s), u(s)) —fi(s, x.(s), u.(s))) ds

L

4[0*1-

) (fi(s, x(s), u(s))—fi(s, x(s), uo(s))) ds

lIA

+ F k(s)lx(s)—x.(s)| ds.

Jto—T
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By Gronwall’s lemma and the choice of ¢, there exists M; = M(to) >0 such that
(4.15) lx —x.|| =M.
By Taylor’s formula x (fo —7) = x (to) — 7fi(to, x (o), u (to)) +0 (7).

j " s xels), uols)) ds =j " (s x(6), uals)

+§—f(s, x(s), uo(s))(xT(S)—x(s))“"’('x*(s)_x(s)l)) ds

J,;f‘(s’ X (), u(s)) ds = I (ﬁ(s, x(s), u(s))

to
ofi
+£(s, x(s), u(S))(xT(S)~x(S))+0(|xf(s)—x(S)|)) ds.
Adding the above equalities, taking into account (4.15) and the relation x(t)=
x(to)+[i, fi(s, x (s), u(s)) ds, we obtain

ot

x:(t)=x(to—7)+ fi(s,xf(S),uT(S))ds
=x(t) —7(fi(to, x (t0), u(to)) —fi(to, x (to), uo(to)))
+ . g—f(s,x(S),u(S))(xT(S)—x(S)) ds+o(r).

The solution of (4.13) satisfying z(¢o) = —7(fi(to, X (¢0), U (to)) — fi(to, X (to), Uo(to))) is
equal to Z(t, to)z(to). Since x.(to)—x(to) —z(to) =0(r) we have |x,(t)—x(t)—z ()| <
o(r)+1;, l8fi/9x (s, x (s), u(s))l|x-(s) —x(s)—z(s)| ds. By Gronwall’s lemma x,(¢)—
x(t)=2z(t)+o(r). Hence the result.

LeMMA 4.16. For all large i there exist §;>0, % € B(x,(0), A;/2M) and u;e W
with d(u;, uy) =\;/2M generating the solution x; of (4.12) such that lim;.« 6; =0, and
forallueW,weW

(fl(t9 xl'(t)y u (t)); P:(t» § <fl(ta xi(t)a u,'(t)), pt(t)>+5l a.e.,
(pi(0), w)=6:|w|
where p;:[0, 11> R" is a.c. and

4.17) 5.0 =20 Lt 50, w0 ace,

(4.18) pi(1) = —gi (xi(1)).

Proof. Let V=CXW and d((xyu1), (x2u2)) = |x1—x2|+d (uy, us) for (x;, u;) eV,
j=1,2. Then (V, d)isa complete metric space. Let A; =A;,/M and {£;} be as in the
definition of &fg(x4(1)). Set F;(%, u) to be g;(x(1)) if d((%X, u), (x4(0), u))=A; and if
x is the solution of (4.12), and let F;(X, u) = +c0 otherwise. By Proposition 4.11, for
large i, F; is ls.c. and F;(x4(0), uy) =inf F; +£&;+0(A;). By [7, Thm. 1.1] there is
(x,-(O), u,') € V such that J((x,- (O), u,'), (x*(O), u*)) §A1/2M and

(4.19) Fi(x(0), u) = F;(x:(0), u;) = ~8id ((x (0), u), (x:(0), u:))

for some {8} converging to zero.
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Let Z(t, to) be the matrix solution to Z = (3f/ax)(t, x:(¢), ui(£))Z, Z (to, to) = Id.
Let we W. If i is large and 7 >0 is small then by Proposition 4.11, there is a solution
x, of (4.12) where x =x;(0)+ 71w, u =u;. As we did in Lemma 4.16, we verify that
4x:(1)];=0=Z (1, 0)w. Thus by (4.19), (g (x;(1)), G- (1)|-=0) =(Z T (1, 0)g} (xi(1)), w) =
(—pi(0), w)y=—8;|lw|. As in [7, proof of Thm. 7.1] we verify, using Lemma 4.14 and
(4.13), that {u;} satisfy the required property. We apply the Ascoli-Arzela theorem,
the Dunford-Pettis criterion and Mazur’s lemma to complete the proof of the theorem.

Remark 4.20. In [3], a more general problem

4.2) x(1)eFr{x(1): x e X}

(where Fr denotes the boundary) is considered. The proof is based on the reduction
of the problem through the Ekeland principle to (4.2) (see [3, p. 1087]). Exploiting
this idea and Corollary 4.2 it is possible to derive [3, Thm. 1]. To treat the problem

4.2" x(DeFri{p(x(1): xe X}

where ¢:R" > R" is locally Lipschitzian, one has to apply the same idea to a family
of problems,

x(1)eFr{g;(x(1)): x e X}

where ¢;€ C ! are locally uniformly Lipschitzian and approximate ¢ uniformly on a
ball of centre x,(1).

Acknowledgments. The author would like to thank Professor A. Cellina for
reading the manuscript and for critical comments, Professor C. Olech for many useful
suggestions and Professor R. T. Rockafellar for a discussion which stimulated this
research.
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AN INVARIANT MEASURE APPROACH TO THE
CONVERGENCE OF STOCHASTIC APPROXIMATIONS WITH
STATE DEPENDENT NOISE*

HAROLD J. KUSHNERY AND ADAM SHWARTZ#

Abstract. A new method is presented for quickly getting the ODE (ordinary differential equation)
associated with the asymptotic properties of the stochastic approximation X,,.; = X,, +a,f(X,, &) (or the
projected algorithm for the constrained problem). Either a, -0, or a, can be constant, in which case the
analysis is on the sequence obtained when a -»0. The method requires that {X,, &,_;} be Markov with a
“Feller” transition function, but little else. The simplest result requires that if X, =x, the corresponding
noise process {¢,(x), n =0} have a unique invariant measure; but the “nonunique” case can also be treated.
No mixing condition is required, nor the construction of averaged test functions, and f(-, ) need not be
continuous. A detailed analysis of the way that {¢£,} varies with {X,} is not required. For the class of
sequences treated, the conditions seem easier to verify than for other methods. There are extensions to
the non-Markov case. Two examples illustrate the power and ease of use of the approach. Aside from the
advantages of the method in treating standard problems, it seems to be particularly useful for handling the
type of iterative algorithms which arise in adaptive communication theory, where the dynamics are often
discontinuous and the “noise” is often state-dependent due to the effects of feedback. If the noise {£,} is
not ‘‘state-dependent,” then the Markov assumption can be dropped, and the method is even easier to use.

Key words. stochastic approximation, recursive algorithms, adaptive control

1. Introduction. We consider stochastic approximations of the form
(1~1) X=X, +anf(Xm gn)’

where f(+, ) might be discontinuous, and the evolution of {¢£,} depends on {X,.} in the
sense that, in general,

P{¢ieAlé,i=n}# Pt cAlX, & i=n}.

We also treat the following “projected” version of (1.1). Let G be a bounded set of
the form G ={x: q;(x)=0,i=1, - -, s}, where ¢;(+) are continuously differentiable,
and G is the closure of its interior. Let ms(y) denote any closest point in G to y.
Then the projected algorithm is

(12) Xn+1 = ”G(Xn + anf(Xm fn))-

Several so-called ordinary differential equations (ODE) methods for proving
convergence of {X,} have been developed in recent years. (See references [1]-[4], and
[5], a more polished form of [4] with weaker conditions.) The aim of these methods
is to get an ODE, which we write symbolically (for (1.1)) as

(13) £=EY(x, )= | flx, 6P @),

where (loosely speaking) P*(-) is the stationary distribution of the sequence {£,}, when
X, =x. The idea is that {X,} in (1.1) varies much more slowly (for large n) than {£,}
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by the National Science Foundation under contract NSF Eng. 77-12946-A04 and in part by the Office of
Naval Research under contract N00014-76-C-0279-P0004.

1 Division of Applied Mathematics and Engineering, Brown University, Providence, Rhode Island
02912.

1 Division of Applied Mathematics, Brown University, Providence, Rhode Island 02912.
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does and that some sort of averaging method or law of large numbers can be used to
show that the asymptotic properties of {X,} are the same as those of (1.3), with a
proper definition of P*(-).

Wenow take some notation from[2]. Define ¢, = 23"1 a;andm(t)=max{n:t, =1}.
Thus m(t,)=n. Let x°(+) denote the piecewise linear interpolation of the function
with value X,, at #,. Define the shifted function x"(+) by x"(¢) =x°t+1t,), t=0. Thus
x"(0) = X, and the asymptotic properties (as ¢ > o) of any limit (as n -» ) of {x" ()}
yield the asymptotic behavior of {X, }. The convergence of x"(-) to a limit x(-) is in
the sense of weak convergence of a sequence of probability measures (see below).
We give the differential equations which x (-) satisfies. Using this differential equation
and the properties of weak convergence, one can analyze the asymptotic behavior of
X, asin [2]. See that reference for details. Here, we concentrate on proving representa-
tions for the differential equations.

The methods in [1]-{3] are very useful, but they are often difficult to apply when
the noise is state-dependent, in the sense that the conditions are often either hard to
verify or do not hold in many important cases of interest. References [4] and [5]
present an ‘““‘averaging method” which works quite well for such problems, although
one would like to avoid the work associated with constructing the “averaged test
functions” and verifying the conditions on them. The results in [4] and [5] are for
w.p.1. convergence and also prove stability and similar properties for {X,.} sequences
which are not artificially bounded. But generally, past methods required what is often
a difficult analysis of the way {¢£,} depends on {X,}.

In this paper, the essential assumption for the validity of (1.3) is that {¢,} depends
on {X,} in such a way that if X, =x, a constant, then the corresponding {¢,} process
possesses a unique stationary measure. Such an assumption, either implicitly or
explicitly, was used in much past work on the state-dependent noise case. If the
stationary measures are not unique, then a very similar result (2.9) holds. The
conditions required here are generally weaker and much easier to check than those
in previous papers and are useful even when the noise does not depend on the state.
As amply shown by the examples, the method is easy to use. The techniques used
are new for the class of problems treated.

We concentrate on the case a, »>0. The same proofs work (even more easily)
when a, =a, a constant. Then, we get that the limit (as a > 0) of x“(+) satisfies (1.3)
or (2.12) (in the constrained case), where x“() is the piecewise linear function with
values X,, at na. This approach is advantageous for treating many standard problems
because the conditions are relatively easy to verify. They are particularly useful for
treating the type of algorithms which appear in adapative communication theory,
where the dynamics are often discontinuous and the noise is often state-dependent
owing to the role of feedback. In such cases, one normally has a, =a.

In § 2, we discuss the case where {X,, &,-1, n =1} is a Markov process, or where
the “state-noise” pair can be “Markovianized.” This is the case which is most fully
understood and easiest to use. A class of non-Markov processes is dealt with in § 3,
and in § 4 we illustrate the power and ease of use of the method via two examples.

Weak convergence: definitions [6]. Let C'[0, ) denote the space of E'-valued
continuous functions on [0, ), with the topology of uniform convergence on bounded
intervals. A sequence of measures {P,} on a topological space A is tight if for each
€ >0, there is a compact K, such that P,{K,.}=1—¢ for all n. If A is complete and
separable, then tightness is equivalent to weak compactness; i.e., for each subsequence
{P,} there are a further subsequence {P,.} and a P such that for each continuous,
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bounded and real-valued f(-), [ f(x) dP,(x)~ | f(x) dP(x). Let A = C'[0, c©) and sup-
pose that P, converges weakly to P. Let x"(-) and x(-) denote the corresponding
processes. Then, the Skorokhod imbedding theorem [7, Thm. 3.1.1] states that we
can choose an underlying probability space (€}, P, B) such that x"(+)->x(+) uniformly
on bounded intervals w.p.1. (in the sense that there are processes on (), P, B) with
the same distributions as x"(+), x (), and where the indicated convergence occurs).

2. Limit theorems with {X,, £,-1} Markov. In this section, we are concerned with
the Markov case. In very many applications the system is either Markovian or the
actual physical noise can be Markovianized, perhaps leading to an abstract-valued
process. Below, it is assumed that {X,} is either tight or lies in a compact set. This is
not a very serious restriction, since practical algorithms tend to use various truncation
devices. In any case, the use of the projection method (1.2) guarantees the compactness
when X, lies in a Euclidean space.

Some assumptions. Assumptions A2.4, A2.6 and the first part of A2.1 will be
weakened later, as will the form given for f(-, -).

A2.1. {X,, & -1,n =0} is a Markov process with a (possibly nonhomogeneous)
transition function P(x, & n, [, A) = P{(X,+1, €nv1-1) € AIX,, = x, £,-1 = €}. The X, take
values in a compact subset H of a Euclidean space E".

A2.2. {¢£.}is tight in S, a metric space.

A2.3. ForeachBorel B < S, define the one step ““transition function” P, (¢, 1, B) =
P{¢, e Blé,—1 = ¢, X, = x}, and suppose that it does not depend on n. Let P, (£, 1, -) be
weakly1 continuous in (x, £).

For each x, we now define a Markov process {£,(x), n =0} on S via the transition
function P.(¢1,-), where P.(¢1,B)=[P.(&1—k,d¢")P.(¢',k,B) is defined
recursively, starting with the given P, (¢, 1, d¢').

A2.4. For each x € H, let {£,(x), n =0} have a unique invariant measure P*(-),
and let {P*(-), x € H} be tight.

A2.5. Y, |ani1—an| <, 0<a,~0,Y,a,=c0.

A2.6. f(-) is bounded.

A2.7. There is an integer ¢ =0 such that |P.(¢ c+1,d¢)f(x, &) is contin-
wous in (x,&). It equals lim; [P(x,&j—c,c,dx',d¢)P(¢, 1, dE"f(x', €)=
lim; E[f(X], £)|X;-c = x, £&j—c—1 = €], where the limit is uniform on compact (x, £) sets.

Condition A2.8 will be discussed below: either A2.8a or A2.8b will be used.
Condition A2.8b always holds for N(K)=1 if § is compact. Let Ix(£) denote the
indicator of the set where ¢ € K.

A2.8a. Either S is compact or {¢£,} is mutually independent, or

A2.8b. For each compact K, there is an integer N (K) <oo such that for each T
the set

{P(x, & m,j—m, ) (), all compact K, all x € H, all m, §
suchthatj—m=N(K)and t,—t, =T}
is tight. (If £¢ K, then P(-)Ik (¢) is the zero measure.)
Remark on A2.7. If f(-,-) is continuous, then A2.3 implies that we can take
¢ =0. If ¢ =0, then the second sentence of A2.7 is redundant. Even if f(-, -) is not
continuous, ¢ =0 is often enough to get the required smoothing. See, for example,

the applications in § 4. Even if ¢ >0 is needed, the second sentence of A2.7 does not
seem to be particularly restrictive, since |X; — Xj_.| > 0 as j > co implies that the measure

! That is [P (& 1, dE)g (&) is continuous in (x, &) if g(+) is bounded and continuous.
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in the lim; expression is essentially P, (&, ¢ +1, -) for large j. The assumption is stated
as it is for technical reasons. In all applications that we are aware of now, if the first
sentence of A2.7 holds, so does the second sentence.

Despite its seemingly complicated structure, A2.8b is quite natural and is often
easy to verify. See, for example, the application in § 4b, and the example below. It
is motivated by the following consideration. If S is not compact, it is possible that

(*) {P{fj—l € IXm,(w), gm;—l(w)}sjgmls w}

is not tight. Suppose for example that {£,} is a stationary scalar-valued Gaussian
Markov process, not depending on {X,} (in the sense that the inequality below (1.1)
is an equality), and whose correlation function p(-) tends to zero. Then the set (*) is
not tight, since arbitrarily large initial conditions &,,-1(w) are allowed. But, if the
&m—1(w) were all confined to a bounded set, then (*) would be tight. As K increases,
with ¢&,,-1(w) taking an arbitrary value in K, it might take longer for the “future”
& (j>my) to “settle down.” This is why we allow N (K) steps for this “‘settling down,”
where N (K) increases with K. In this example, if K ={¢: |¢|=k}, then any N(K)
satisfying p (N (K)) - k =constant is satisfactory.

Notation. Some additional notation is required for the next theorem.

Let 0<é, -0 as n - oo such that lim,, sup {a;: j =n}/8, = 0. For each n choose an
increasing sequence n =m(n, 1)<m(n,2)<- - - such that Z:E:f; vt a; = §,, modulo
an “end” value of a; Thus (fmi+1)—tmwmn)/6n >1 as n—>00, uniformly in I. For
notational convenience we henceforth suppress the n in m(l,n) and write simply
m(n, ) = m,. For each w, [, n define the measure on the Borel sets of S:

my, -1
Q(w, la n, ') =:sl_ Z ar'P{gj—l S |Xml(w)s gm,—l(w)}'

Define Qg (w, I, n, ) = Q(w, I, n, *)Ix (ém—1). Thus, if &,,-1(w) € K, the measure is the
zero measure.

A remark on the proof of Theorem 1. By A2.6, there is a constant K such that
|x"(t+s)—x"(t)|=Ks for all ¢, s >0 and n. Thus, since {x"(0)}={X,}, {x"(-)} is tight
in C'[0, c0). Fix and work with a weakly convergent subsequence, also indexed by .
Let i () be a smooth function with compact supportandlet t; <t, <-: - <f, <t <t+r.
Since a, >0,

m(t, +t+7)—1 n
Eh(x"(t),i ék)[x"(t+r)—x”(t)— (Z ) a;f (X, §,~)] ->0.
m(t,+t
Divide [0, ¢ + 7] into subintervals of width §,, and let f(-, -) be continuous. By the
properties of conditional expectation, we can replace the sum above by

my =1
> 5n[lEm1 Y aif(X, ‘fi):l,
1 8,, i=m
where E,, denotes conditioning on X, &1 and [ runs over integers such that
Yaelt t+71]

Consider the I/th bracketed term, and let ¢,,, > s. The proof shows that the X; can
be replaced by x(s) and that the set (indexed by w, n, [) of (slightly altered) measures
defining the conditional expectation is tight. Then a *“continuity” argument is used to
show that the limit of any weakly convergent subsequence is actually P*®(+), the
invariant measure associated with x =x(s). This characterization of the limit is the
key point in the proof.
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THEOREM 1. Under A2.1t0 A2.8,{x"(-)}is tight and any weak limit x (-) satisfies
@1 £=E'f &)= [ f P @) wp,
where x(0) € H. The right-hand side of (2.1) is continuous in x.
Proof. The continuity is a consequence of the tightness and uniqueness A2.4.

Now, by the tightness of {£,}, we can choose 8§, » 0 and nondecreasing compact
K, such that

P{¢, €K, }»1 foranysequence{v,},

1 m+N(K,)
5 a; >0 uniformly in / (where m;=n), as n » o,
n mp
1
™ Y laj+1—aj|»0 asn->c0.
njzn

Define the piecewise constant function £, (w, ¢) by

- 1 my,y—1
fn (0), t) = 75— Z ajEm;f(X}', gj)IK,.(gm;—l) on [tmz “tny by — t")’
n my

and set E, (w, 1) = [; f. (o, 5) ds.

By A2.6, {x"(+), E.(),n =0} is tight in C*"[0, c0). Henceforth, we work with a
weakly convergent subsequence (called subsequence 1), also indexed by n, and with
limit (x(+), F( )), or with a subsequence of it. We use Skorokhod imbedding wherever
convenient with no notational change. Thus, we can assume where convenient, that
w.p.1. x"(+), E.(+)) converges to (x(-), F (+)) uniformly on bounded time intervals.
Suppose that

22) FO= [ E*fxw), &) du

and that for arbitrary &, ¢, s and 5s; <s, * - - <s; <t <t+s and bounded and continuous
h(-),

(2.3) Eh(x(s;), E(s;), j S k)[x(t +5)—x(t) = (E(t +s)—E(£)]=0.

Then M (t)=x(t)—x(0)—-1:" (¢) is a continuous martingale with M (0)=0. By A2.6,
M (-) satisfies a Lipschitz condition. Thus its quadratic variation is zero. Hence M (t) =0
w.p.1, and (2.1) holds. So, we only need to prove (2.2) and (2.3).

For smooth A (),

m(t”+t+s)—1

(2.4)  ER(x"(s)), Eu(s)), j=k) [X"(t +s)-x"(- ¥ afX, 6,-)] =én

m(t,+t)
2.5) Eh(x"(s»,ﬁ,,(si),fék)[x"(tﬂ)—x"(t)—] sf?.(s)ds]ze:.,

where ¢, and ¢, go to zero as n - .
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We now prove
(2.6) Fu(s)> E*OF(x(s), &) in probability for each s.

The limit (2.6) implies that ﬁ'n(°) converges in measure (w X¢) to the right side of
(2.2). This and the weak convergence of (x"(+), F,(+)) to (x(), F(+)) and (2.5) yield
(2.3), with F(-) defined by (2.2). So, only (2.6) needs to be proved.

Fix s and {m;} such that* s € [ti, — tpy tmpr1—1n). Let No denote the null set on
which (x"(-), 13',,( -)) does not converge uniformly to (x (), F (+)) on bounded intervals
(under the Skorokhod imbedding). It is enough to show that (for each s) each
subsequence of subsequence 1 contains a further subsequence for which the limit in
(2.6) holds in probability. Select a subsequence of subsequence 1, indexed also by n
but called subsequence 2, such that® P{¢,-1€K,, all large n}=1. Let N(s) denote
the exceptional null set. Fix w€NoUN(s), and extract a weakly convergent sub-
sequence (a subsequence of subsequence 2) of the set of measures (tight by A2.8 and
the properties of 6,) Q ={Qk, (w, [, n, ): n e subsequence 2, s fixed as above}, with
limit P, (+). The limits in (2.7) below are on this subsequence. Let g(-) be bounded
and continuous and set G(x, £)=[ P, (¢, 1, d¢")g(¢£'). Then by A2.3, A2.5, and A2.8

m -1 a:
tim 2 [ Py b1, = dEIR(E i, (6
my 1 a;
=hr1:n Z 3_]J P(Xm,, Em;—-l’ m,,j~m1 - 1, d§', dx')

Po(&', 1, d6)g (§)Ik, (ém-1)
(2.7)

= litl;n J‘ QK., (w) l’ n’ dgl)G(me §I)
_ J P, (dg)G (x(s), &)

- j‘ Pw (dg')Px (gla 1’ dg)g(g)

Similarly, the limit in the first line is | P, (d¢)g(¢). In going from the second to the
third line of (2.7), we used the facts that G (-, ¢') is uniformly continuous on compact
¢', that supm,,,=j=m |X;— Xm| >0 as n >0, that X,,, > x(s) and the tightness of the
set Q.

Due to the arbitrariness of g(-), and the uniqueness A2.4 and to the equality of
the last line of (2.7) with [ P,,(d¢)g(£), we have P, (+) = PO, Again, by the unique-
ness, the limit does not depend on the chosen subsequence of Q. Thus, if w € NoU N (s),
Qk, (w, 0 n, 2)> P*9(4) weakly as n »00, where n now indexes the second chosen
“subsequence 2 of the theorem.

2 That is, for each n, choose m; =m(l, n) such that s is in the indicated interval. Keep in mind that [
depends on n, and that we suppress the n-dependence of m(l, n) in the notation.
3 By the tightness of {¢}, we can always choose such a subsequence.
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Using A2.7 we now have (limits are on the ‘“‘subsequence 2’°)

. my -1 a:
tim 3 S [ P s =, dE', dOOPLE 1, A O, ()
m -1 a;
=lim Z 8_’ j' P(me §m1—1, my, j —m;—c, dgly dx’)
* P(x,’ ‘fla ] -GG, df, dx )Px (gy 19 d‘f”)f(x’ §”)IK" (gmz—l)
m, 1 .
= lim Z ;_1 I P(me gm,—la my, ] —m;—c, dg/’ dx)
* Px(g', c+ 1’ dg)f(x’ §)IK,.(§m|—l)
(2.8) ——

=lim Y

mp

% j P(me gm,—-ly my, j -—m;—c, dgl)IK" (gmz—l)
[Px,, (€', ¢ +1, dé)f (Ximp )]

~tim [ @, @, b n, dEVP € ¢ +1, dEFx(5), )
= [ PuderPo(, e +1, a0 (6, 0

- J POdE)f (x(s), £).

In going from the 3rd to the 4th and then to the Sth line we used the continuity in
(x, &) of [P.(& c+1,d¢)f(x', ¢') and the facts concerning convergence cited below
(2.7). In going from the next to last step to the last step, we used the fact that
P,(+)=p*®(-) is an invariant measure for the transition function P, (¢, j, -) for each
x(s). The equality of the first and last lines of (2.8) for w & NoUN (s) yields the desired
result (2.6) for ‘“‘subsequence 2.” But, since each subsequence of subsequence 1
contains a further subsequence satisfying the requirements of subsequence 2 (but with
perhaps a different N(s)) (2.6) holds for subsequence 1 also. Furthermore, the limits
for all possible subsequence 1’s differ only in the initial condition x(0). O

The proof of the theorem also implies the following corollary:

COROLLARY. Assume A2.1-A2.8 but let X, and f(-, ) take values in H, a
compact subset of a linear metric space H, with an invariant metric d(-). Then {x" ()}
is tight on C™ ([0, ) and if x(+) is the limit of any weakly convergent subsequence, for
each continuous linear functional A on H,

A () —x(0)) = j ds [ Af(x, 5), O™ ) wp.1.

Some more detail on the abstract case is in [12].
Extension. In many problems of interest (see § 4), the algorithm (1.1) takes the
form X, 11 =X, +a.f.(w), where

E[fn (0))|X,, 61'-—13 l én]""—:F'n()(m gn—-l),

and F, (x, £) > F (x, £), a continuous function, uniformly in (x, £) on compact sets. Then
Theorem 1 still holds. This extension is useful when f, () depends on variables other
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than (X, &,); for example, it might depend on a “‘choice” or ‘““logical’’ variable Z,,
where P(Z, =1|X,, &1, i =n)=q(X,, £&.-1), for some continuous function q(-).

Nonunique P*(-). A very similar result to Theorem 1 can be obtained when the
uniqueness in (A2.4) is dropped. Let 2* ={P,(-), a € some set A(x)} denote the set
of invariant measures for the transition function P,(£,j, ). Assume that P =
{2*, x € a compact set} is tight. For each x, ?” is convex and weakly compact. Define
the set

c={y:y=[ Piof(c, 8, acA).

Then C(x) is closed and convex. The sets 2 and C(x) are upper semi-continuous in
x in the Hausdorff topology (with the metrized weak topology on the space of
distributions and the metric topology on H'). This is a consequence of the fact that
under the tightness of @, if x, > x and P™(-)e 2™, then {P*(-)} is tight, and all weak
limits are in 2 by A2.3.

THEOREM 2. Assume A2.1-A2.8, with A2.4 altered as above. Then {x"(-)} is
tight and any weak limit x (+) satisfies

2.9) xeC(x) foralmostall w,t.

Remarks on the proof. The proof is essentially the same as that of Theorem 1,
and we only remark on a couple of points. By the argument of Theorem 1, if
w&€NoUN (s) is fixed and n indexes a weakly convergent subsequence of the set of
measures Q defined above (2.7), then we must have

my, =1

a.
llm Z 5—] J P(an gml—ly my, ] —my, dx,a dg,)f(xla gl)IK,. (é'ml-l)
m n

(2.10)
=lim ,(5) = [ f(x(s), PE (df) Cx(s))

for some a € A(x(s)), perhaps depending on w and s and on the selected subsequence.
Under the weak convergence of the selected subsequence and the Skorokhod imbed-
ding, E,(-)»>F ( ) (which is absolutely continuous) uniformly on bounded time inter-
vals w.p.1, but f,, (s) does not necessarily converge in probablhty to f(s) F (s) as it
did in Theorem 1. But, for each fixed w € Ny and each T <o, f,,( ) (considered as a
function on [0, T']) converges (along any ‘“‘subsequence 1) to f (+) weakly when these
functions are considered as elements of L,[0, T]. Thus for each wg N, there are
{Bni» i =n}such that 0= B, Y1 Bni=1,B.>0asn>coforeachi,and ¥, Bufi(+)>
f(+) in the norm of L,[0, T]. This convergence, together with the limit (2.10), the
convexity and closure of C(x) and the upper semi-continuity cited above Theorem 2
imply that f (s)e C(x(s)) for almost all (w, s). See [12] for more detail.

The projection algorithm (1.2). Recall the definition of 7 from § 1. Let 7 (h(+))
denote the (not necessarily unique) projection of the vector field A(-) onto G; i.e.,

[mo(x +Ah(x))—x]
A .
THeEOREM 3. Assume (1.2) and the conditions above it instead of (1.1), and

assume A2.1-A2.8. Then x"() is tight and if x(-) is the limit of a weakly convergent
subsequence, x () satisfies the “‘projected” equation

(2.12) £ =7(E*f(x,£)) foralmostall w,t.

(2.11) 7 (h(x)) = set of limits lAiflg
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Recall the extension of Theorem 1 to the algorithm X, .; = X, + a,.f,(w), cited after
Theorem 1. If 75 (X, + a,f,(w)) is used, then Theorem 3 holds with x = 7(E*F(x, £)).
Remarks on the proof. The proof is quite similar to that of Theorem 1, and only
a few remarks will be made. Use the partition of [2, (5.3.4)] to write (1.2) in the form

(2.13) Xor1=X,+ anf(Xm gn) + andn’

where a,d, = 76X, + a.f (X, &) — (X, +anf(X,, £)). In[2], a.d, is termed 7,.. Using
the notation of Theorem 1, define the piecewise constant function d, (w, t) by

- my1—1

d (w’ t) = 3_ z a]d' on [tmz —tn tm1+1 - tn),
and set D, (, 1) =} d,(o, 5) ds. Then, as in Theorem 1, {x" (), E.(+),D,(*)}is tight.
Extract a convergent subsequence with limit (x(), F(- ), D(- )) Both F(+) and D(+)

are absolutely continuous and F(-) satisfies (2.2). Write f(+) = F(+) and define d(-) by

D(t)= Jtd(s) ds.
(1]
Write
fey==(fen+ie, Ffo=fe)-=f@)),

the f(-) term being a “projection error.” By the method of Theorem 1,
x@)—x(0)-F@t)-D(@#)=0 w.p.1,,

(2.14) % =E*f(x,&)+d=f+d,
i) =7F@)+f@e)+d@e) w.p.l.

Using the ideas of [2, § 5.3], it can be shown that — [ (s) ds = D (¢). This and (2.14)
imply (2.12). We omit the rest of the details. We note only that the proof of the last
equality uses the facts that if X,,.1€9dG, then d,, is in the cone —K (X,,+1), and that if
x(t) € 3G, then f(¢) is in the cone K (x(¢)), where

K(x)= {y: y= Y Agix(x), for some set of A; 20}.
i:qi(x)=0

Unbounded f(-). We will use:

A2.9. There are a K <o and a positive-valued function d(-) such that |f(x, &)|=
Ki(1+d(¢)), and x takes values in the Euclidean space R’. For some « >0,
sup; E|d (&) <co.

THEOREM 4. Under A2.9, and the tightness of {X,}, both {x"(+)} and {F.(+)} are
tight in C'[0, 00). .

Proof. Both x"(+) and F,(:) are sums of terms of the types a;f(X], &) and
a,Enmf(X; &), for j = m, respectively. These are bounded by a;,K1(1+d(§;)) and a, K (1 +
E..d (&), respectively. Butby A2.9,both{d (¢)}and{E..d (&); [, j: j = m;} are uniformly
integrable, which implies the theorem. 0O

Given the tightness, the only further impediment to the result of Theorem 1 for
the unbounded f(-, -) case, concerns the meaning of the integrals in (2.8). A truncation
and limit argument seems the most natural. We simply take the following natural
approach.

Suppose that there is a sequence {fz(x, £),L =1, 2, - -} each member of which
satisfies A2.6, A2.7, where ¢ does not depend on L, and such that E*f; (x, £) > E*f(x, £)
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uniformly on any compact set, as L > 0. Let (see A2.9) |f(x, &)|=K(1+d(¢)), and
letfo(x, £)=f(x, &) whend (¢) = L.Foreach T <oo,letE Yo " ad(&){d (&)=L} >0
as L » oo, uniformly in n =m (¢, + T'). Then under A2.1-A2.5 and A2.8, the conclusion
of Theorems 1 and 3 hold. The condition of the next to last sentence is guaranteed
by A2.9 and also implies the tightness.

3. The non-Markov case. The ideas of the last section can be extended to some
interesting non-Markov systems where, loosely speaking, if X, = x (a constant) for all
—00<n <00, then {£,} is stationary and has certain mixing properties. We next state
some assumptions, which are modifications of some in § 2. Then a general convergence
theorem is proved. Lastly, it will be shown that the assumptions hold in many cases
of interest.

In particular, in Theorem 8 we verify A3.2, A3.3 when {¢£,} is not state-dependent
and satisfies a type of ¢-mixing condition. This case is of interest, since the non-Markov
noise and discontinuous dynamics case is usually hard and occurs frequently. In this
nonstate dependent case, the measure P, (£, 1, )= P(£, 1, -) below would not depend
on x, and would equal the stationary conditional distribution P{¢, € - |¢éo= £} provided
that this stationary measure is weakly continuous in £.

A3.1. X, € H, a compact subset of E" and f(-) is bounded.

The limits in (A3.2) and (A3.3) are in the sense of probability.

A3.2. For each x, there is a transition function P,(¢, 1, -) which is weakly con-
tinuous in (x, ¢£) and such that for each bounded and continuous g(-), with G(x, £¢) =

[P.(&1,dENg(£),

Jdim [ [ P&, &35 X sy =n)g(6)- G X, 6] =0.

n->00

A3.3. Define F(x, &) =] f(x, £)P,(£ 1, d¢'). Then F(-, -) is continuous and

lim U P(d&i|X, &-1; X €u—1, u =n)f(X,, &) —F (X, ff—l)] =0.

j—n—>o00
n->00

A3.4. For the Markov process with transition function P,(¢,j, ) (which is
obtained recursively from P, (&, 1, - ) as above A2.4), there is a unique invariant measure

P*(+). The set S is compact. (Hence, {P*(-), x € H} is tight.)
We define the measure Q(w, /, n, *) similarly to that in § 2: i.e., by

m, -1

[ Q@ indoe@)=5 5 o PgiX0tor usmg@),
n j=m

where g(-) is an arbitrary bounded measurable function. (Here, we use ¢; in the sum

Q(+); in Theorem 1, &1 was used. The choice is unimportant and is due to-notational

convenience.)

THEOREM 5. Assume A3.1-A3.4 and A2.5, A2.6. Then {x"(-)} is tight and the
limit x() of any weakly convergent subsequence satisfies (2.1). If (1.2) is used in lieu
of (1.1) and the conditions above (1.2) hold, with X, in some Euclidean space, then
{x"(+)} is tight and the limit of any weakly convergent subsequence satisfies (2.12).

Proof. The proof is close to that of Theorem 1 and we use the same terminology,
but with the measure Q(w, /, n, -) defined as above and §, satisfying the conditions
above A2.8 and in the proof of Theorem 1. Since § is compact the truncation factor
Ix used in Theorem 1 is not required. By A3.1, {x"(-), F,(-)} is tight in C*"[0, o).
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Extract a weakly convergent subsequence (also indexed by n and called subsequence
1) with limit x (), F(-). We work with this sequence or subsequences of it, henceforth.
By the Skorokhod imbedding, there is a null set N such that the limit can be taken
to be uniform on bounded intervals, for w € No.

Let g(+) be bounded and continuous.

By A3.2, in getting the limit in probability (as n > o) of an expression of the form

m -1
1+1 a,
> o j P(dg;, dX| X €u-r, u =m))g (&)
m1+1_1 a;
(3.1) -y ;jP(dg,-_l,d&lXu,gu_l,uém,)
my n

'P(d&!X]a Ei—l’ Xu’ gu—l,. u= ml)g(fi)y

we can substitute G (X, &—1)for [ P(d&|X, &1y Xy Eu—1, u =my)g(§;), when my1>j =
my. Fix s. For each n, fix m;=m(l,n) such that s €[t,, —t,, tm.,— ). Under the
Skorokhod imbedding E|G (X}, &-1)—G(x(s), &-1)|>0. Thus, by the last three
sentences

E

j Q(w, I, n, dé)[g(&)~ G(x(s), £)]| > 0.

Choose a subsequence (called subsequence 2) for which

j Q(w, I, n, d&)[g(€)~ G x(s), £)]> 0 w.p.1

for a countable dense set of bounded and continuous g ~( *), hence for all bounded and
continuous g(-). Denote the exceptional w-set by N(s). For fixed w&NoUN(s),
choose a further subsequence (termed subsequence 3) for which Q(w, /, n, - ) converges
weakly to some measure P,,(-).

Then

[ Poaerge)= [ PaerGues), - [ Pudorp.e 1, a2,

Thus, by uniqueness P, (+) = P*®)(+), a result which does not depend on the particular
subsequence 3 chosen. Hence Q(w, [, 1, ) > P**)(+) weakly along subsequence 2, for
almost all w.

Using this last result, A3.3 and a factorization similar to the one used in (2.8),
we get that

m;, -1 .
62 % L[ Pl dXiKe ury u S mf(X, ) [ PFOEO:(6), 6
in probability as n - 00 along subsequence 2. Hence (3.2) holds in probability as n » c©
along subsequence 1.

We omit the details for the projection algorithm. These use an adaptation of the
above method which is analogous to the modification of the proof of Theorem 1 which
is used in Theorem 3. 0O

Remark. Let X,.1=X, +a,f.(w) replace (1.1), and suppose that there is a con-
tinuous F(-) such that

E[ﬁ(w)LXp gj—l;Xm gu—l’ u én]—Fv(‘Xi’ g]’—l) _P; 0

as j —n > 00 and n - 0. Then the theorem continues to hold.
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We now examine A3.2, A3.3, under the following ¢-mixing condition, where
the noise does not depend on the state.

A3.5. Let S be compact. Let ¥, %, and %,, denote the o-algebras which
measure &y, {§j-1,] =m} and {§;_1, f =m}, resp. There are {¢,} such that ¢, >0 and
for each n and any A e 4, B€ Fpvm, #.P(B)Z|P(AB)—P(A)P(B)|=¢.P(A).

The following result is well known.

LEMMA 6. Let A, im € Fosm Am € Fo, and assume A3.5. Then as n - o0

P
|P{An+m|'%6"}—P{An+m}| -> 0’
P
|P{Am|g:°+m}*P{Am}| -> 0»

E|P{A|Frim}—P{AW YA, ., = GnP{Anim} and =¢,.P{A .},

n+m

E|P{A,+m|F0}—P{Ainllla,, = ¢nP{A,im} and =¢,.P{A,.}.

Let |g;| =1 with g; being ¥; measurable. Then as n - ©

P P
E[gn+m|g;6"]_Egn+m -> 0’ E[gmlg:o+m]"Egm -> 0,

where the convergences are uniform in {g;}, {Am, Apm+n} and m.

THEOREM 7. Assume A3.5. Let g; be &; measurable with lgi|=1, and let j>n.
Then E[g;|%5 U%,;_1]1-E[gj|%;-1]1 > 0 as j —n > 0, uniformly in j and {g;}.

Proof. Let G;_; € F_; and G,,, € ¥;. The v}, below are uniformly bounded and
Elvnlls,_, =2¢;-.P{G;_1}, by Lemma 6. We have

L

1

Elg|#3U % 1dP =

Gj-1

giIGO.n dP
~1NGo,n

- [ Blgte,\#-14P
Gj-1

(3.3)

L,
I

G,

L,

7

L,

Now, suppose that the theorem is false.

i

E{gEllc,,|F}-11%;-1} dP

1

E[g|%-1)(P{Go.}+vn,) dP
E[g|%-1]dg,,, +v 2)dpP

1

E[g|%;-1]dP + I v5;dP.

-1NGo,n Gj1

Then there is a sequence of sets H;, €

Fo U F;_; and an ¢ >0 such that for some sequence {g;} and j —n -» o,

(3.4)

j.n

L (Elg|FiUF]~Elg|F -]} dP=e

(and/or =—¢, we use (3.4) only for simplicity). For each 8 >0, there are sets Gj_; € %1

and Go,, € F; with {Gj_1,i=1,2, -} disjoi
U;[Gj-1 NGy, ). Now, re-do the calculation

nt and P{H;,AH;,}=8, where H;, =
(3.3) with G;_; and Gy, superscripted
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by i, and the integrals summed over i. For small enough & > 0, this yields a contradiction
to (3.4), since ¥, E|v)llst_,»0asj—n—»c0. O
THEOREM 8. Assume A3.1-A3.5. Let {¢;} not depend on {X}}; i.e., for all

P{dgjlgu——la Xus u §j}=P{d§j|§u—-l’ u §]}°

Suppose that there is a measure P(£, 1, ) on Borel sets of S such that P(-,1,B) is
measurable for each Borel B = S. For each bounded, real-valued and continuous g(-),
let

I g(&)P(dlgi-1=¢€) *J‘ g(€P(¢ 1,dl")=G(£) forallg,
3.5)

J. f(x, &)P(d¢;léi-1 =€)~ J fx, )P 1,dE")=F(x, &) foreachx and,

where F(-, ) and G(+) are continuous. Then A3.2 and A3.3 hold.
The proof follows from Theorem 7, by letting g; be either g(¢;) or f(x, &;).

4. Examples,

4a. Application to a routing problem. To illustrate the power of the method, we
consider the automata routing example described in [8, § 3]. Calls arrive at a transmit-
ting or switching terminal at random, at discrete time instants n =0, 1,2, - - -, with
P{one call arrives at nth instant} =y, u € (0, 1), P{>1 call arrives at nth instant}=0.
From the terminal, there are two possible routings to the destination, route 1 and
route 2; the ith route has N; independent lines and can thus handle up to N; calls
simultaneously. Let [n, n +1) denote the nth interval of time. The duration of each
call is a random variable with a geometric distribution: P{call completed in the (n +1)st
intervalluncompleted at end of nth interval, route i used} = A;, A; € (0, 1). The members
of the double sequence of the interarrival times and call durations are mutually
independent. In [8], the “gain” per step was a constant, and a detailed study was
made of the rate of convergence. Here, we do a stochastic approximation version;
i.e., a, - 0. But the case where a, =a >0 is handled in the same way. Let {y,} denote
a sequence of random variables with values in [0, 1]. To get an unambiguous formula-
tion, suppose that calls terminating in the nth interval actually terminate at » +3, and
arrivals and route assignments are at the instants 0, 1,2, - - - . Define £, = (¢ : {Ef,) =
route occupancy process (called X; in [8]), where £, =number of lines of route i
occupied at time n*. If a call arrives at instant n + 1, the automaton “flips a coin,”
choosing route 1 with probability y, and route 2 with probability (1—y,). If all lines
of the chosen route i are occupied at instant (n + 1), then the call is switched to route
j (j#i). If all lines of route j are also occupied at instant (n +1)~, then the call is
rejected, and disappears from the system. The model can be generalized considerably,
both in the number of lines and switching nodes, and in the input and call length
statistics. Let J;,, denote the indicator of the event {call arrives at n +1, is assigned
first to route i and is accepted by route i}. The algorithm is (4.1), where 0<a <B8 <1
are truncation points, and yo € (o, 8). The bar |% denotes truncation.

(4°1) Yn+1=[yn +an(1—)’n)]1n"an)’nj2n]lﬁ°

Here, P{¢,.1=¢£'|yn =y, & = £} is a continuous function of (y, £). The Markov chain
is {yn, £&,} not {X,, &,_1}. For each fixed y €[a, B], {¢.(y), n =0} has a unique invariant
measure P’ (-), and E[J;,|ys, &, [ =n]=F;(yn, &:), where F( -, -) isa continuous function
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of y for each (discrete) & Define y"(+) as x"(+) was defined. By Theorem 1 or 3 and
the extension cited after the statement of the theorem we immediately get the correct
ODE (which must be satisfied by all the weak limits of {y"(-)})

)) =[(1_Y)Ey]1n'—yEyJZn] fOfY G(aa ﬂ)’
4.2)
y(+) stops on first hitting « or .

Simple! No analysis of rates of convergence of n-step transition functions, etc. is
required. Also, no analysis of the x-dependence of the {£,} or {£,(x)} is required. The
model [8] upon which the analysis was based appeared in [9].

4b. An adaptive quantizer. Efficient quantization of signals in telecommunica-
tions systems is of considerable current interest (e.g., of voice signals in telephone
systems). Let the signal process z(+) be sampled at instants nA,n =0, 1, - -, and let
the samples {z(nA)} be quantized and then transmitted. Adaptive quantizers have
been studied as a means to more efficient quantization. The quantization scale for
“large” signals, should be different from that for ‘‘small” signals. An adaptive quantizer
studied in [10], [11] takes roughly the following form. We use a, =e¢, a constant. Let
O=¢o<y1 < <Yp_1<yYp=00,0=n;<7m,<- - <nr,wherethe ¢, n; are real num-
bers. For a scaling parameter y > 0, define the quantization function q(-). For z(nA) >
0, set q(z(nA))=yn; if z(nA)e[yyi_1, y¢:) and set q(—z) = —q(z). The parameter y
should vary with the signal power. To get the adaptive quantizer of concern, fix real
numbers 0 <M] <M; <. -<M] <o, where M <1, Mi >1, and set B8 (0,1].
Let 0<y, <y, <oo. Then we adapt the scale y according to

(4.3) yr+1 =(yi)’Brlyy,  where By, =M if |z(nA)|e[yithi—1, yith).

We do an asymptotic analysis of the sequence y°(-), defined as the piecewise linear
interpolation of the function with values y, at time ne. Let yo =yo€[yp, yu].

Now define 1 <l,<::-<[, [ <0, [ >0, and a >0 such that ea < 1. Then set
M; =(1+e¢l), B =1-¢ea. Then using y' ** = y[1—ea logy]+ O(e?), and (1+¢b2) =
va

Y =lyn(1+eby)—eay; logys+O(e)]):
=[yn+eF(ys, z(nA)+ O]

Assume further that Z(-) is a stationary (finite order) Gaussian Markov process
with Cov Z(¢)>0 and let z(¢t) =h'Z(t), for some vector 4 #0. In this example, the
noise does not depend on the state and so the analysis is quite simple, even though
z(+) is not a bounded process. Define EF(y, z(0))=F(y). Then F(y) has a unique
zero j on (0, 00), and F(y) is positive for y <y and negative for y >y [8,§7]. In
[8, §§ 7-9], there is a detailed investigation of the limit of [y; —i]«fe. Here, we are
only concerned with the simpler question of the limit of y°(:). For some ¢ =0,
EzoF(y, z(nA+A+cA)) is continuous in Z(0), y and tends to F(y) in the mean,
uniformly in y €[y, y, ], as ¢ > 0. This fact and the method of proof of Theorem 1 or
of Theorem 3 and the extension cited after the theorems implies immediately that
the weak limit of {y“(-)} satisfies

4.4)

(4.5) y=F(y), y0)=yo ifyely,y.l,

and if y€ [y, y.], y(+) stops on first hitting y; or y,,.
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DECOUPLING OF MULTIVARIABLE CONTROL SYSTEMS
OVER UNIQUE FACTORIZATION DOMAINS*

K. B. DATTAt AND M. L. J. HAUTUS}

Abstract. Necessary and sufficient conditions are established for the existence of a state variable
feedback decoupling of an m-input, m-output time invariant linear control system over a unique factorization
domain. An explicit computation is provided for the feedback and the feedforward gain matrix. Also
necessary and sufficient conditions for the existence of a stability-preserving state feedback decoupling are
given. The results are illustrated by some examples.

Key words. decoupling, delay systems, systems over rings, multivariable systems, state feedback

1. Introduction. The design and synthesis of noninteracting control in multivari-
able control systems by state-variable feedback were initiated by Morgan (1964) and
definitive results in this direction by establishing necessary and sufficient conditions
for the existence of a decoupling feedback, as well as an explicit construction, were
first given by Falb and Wolovich (1967). Their results were formulated for systems
with real coeflicients but they are easily seen to be extendible to systems over arbitrary
fields. The extension of these results to systems over rings, however, is less obvious.
On the other hand, systems over rings have shown to possess a wide range of potential
applications such as delay systems, 2-D systems, parametrized systems, discrete time
distributed systems, systems with integer coefficients, etc. We refer to the survey
papers E. D. Sontag (1976), (1981), E. W. Kamen (1978), and the references therein.

This abundance of control systems which can conveniently be modelled as systems
over rings is a motivation for a systematic investigation of systems over rings. This
investigation was started with the thesis Rouchaleau (1972) and the paper Rouchaleau,
Wyman and Kalman (1972) and it has received much attention recently.

The purpose of this paper is to formulate necessary and sufficient conditions for
the existence of a decoupling state feedback for a linear time-invariant system over
a unique factorization domain. This particular class of ring is wide enough to encompass
almost all the models arising from the applications mentioned before and on the other
hand, it allows a complete solution of the problem. The conditions which will be
obtained reduce to the Falb~-Wolovich conditions when applied to systems over a
field. The method of proof, however, is completely different from the proof in Falb
and Wolovich (1967). It can be regarded a generalization to systems over rings of the
type of proof given in Hautus and Heymann (1980), (1983) and it is based on a
characterization of feedback transformations given in Hautus and Heymann (1978).

It is possible to axiomatize the concept of stability for systems over rings in such
a way that in each particular specification and application (delay systems, 2-D systems)
the notion of stability customary in that field accommodates conveniently in the general
framework. An example will be given in § 2. The treatment is based on what we have
called ‘“‘denominator set”. This concept was introduced for systems over a field in

* Received by the editors May 26, 1981, and in revised form March 8, 1982. This research was partially
supported by the National Science Foundation under grant ECS-7908673 and by the National Science
Council, Taiwan under grant VE 80003.

+ Department of Electrical Engineering, 11T, Kharagpur-721302, India. Formerly of the Department
of Applied Physics, Calcutta University.

1 Department of Mathematics, University of Technology, Eindhoven, The Netherlands. This paper
was completed while this author was on leave as TRW Visiting Lecturer at the Department of Electrical
Engineering Systems, University of Southern California, Los Angeles, California 90007.

28



DECOUPLING OF MULTIVARIABLE CONTROL SYSTEMS 29

and Khargonekar and Sontag (1981) (where the name Hurwitz set is used). In the
general framework of stability thus provided we give necessary and sufficient conditions
for the existence of a stability preserving decoupling state feedback.

The problem formulation and the main results are given in § 3. Examples,
illustrating the results, are givenin § 4, and § 5 is devoted to the proof of our main result.

2. Stability of systems over rings. Throughout the paper # will denote a unique
factorization domain (= UFD) or factorial ring (see Samuel (1963), Barshay (1969)).
We use the notations #[z] and & (z) to denote the rings of polynomials and rational
functions over R, respectively. A polynomial q is called monic if its leading coefficient
equals 1. A rational function is called causal (or proper) if it has a representation of
the form p/q, where q is a monic polynomial and deg p =degq.

A denominator set is a subset @ of R[z] satisfying the following conditions:

(1) @ is multiplicative, i.e. 1€ @ and if p, q € 2 then pq € 2.

(i) Each polynomial p € @ is monic (in particular 0 & 9).

(ili) @ is saturated, i.e. if p € 2 and q is monic and divides p then q € 2.

(iv) There exists a € Z such that z —a € 2.

Since a denominator set is multiplicative, it is possible to associate with it a ring
of fractions to be denoted by Rg[z] (see Barshay (1969, Chap. 3)). Specifically Zg(z]
is the set of rational functions having a representation of the form p/q, where p and
q are polynomials and q € 9. It is well known and easily seen that &5[z] is a ring,
even a UFD (see Samuel (1963, Thm. 4, p. 29)). In addition, we introduce the set of
causal fractions in Rg[z], i.e. elements of #[z] that are causal rational functions.
This set is denoted by @@[z ], or, if the denominator set does not have to be specified,
by 2.

LemmMA 2.1. 2 is a UFD.

For a proof, see § 5. The set of all monic polynomials, which is denoted %,
is an example of a denominator set. The corresponding set of causal fractions is
denoted 2.

A (free) linear system is identified by a quadruple (A, B, C, D) of matrices over
R of such dimensions that the following equations are well defined

(2.2) X1 =Ax,+Bu,, y, = Cx,+ Du,,
where
xt6%2=@"1 u,€%2=@m,' y,e@:=%',

Equations (2.2) give a discrete time interpretation of the system X:=(A, B, C, D).
The system is called reachable if the columns of the matrix [B, AB, - - -, A" 'B] span
the total state space &". (See Sontag (1976) for details.) To the system X a transfer
function

(2.3) W(z)i=Ws(z)=C(zI-A) 'B+D

is associated. This is a matrix whose entries are causal rational functions. For a given
transfer function W(z), £ = (A, B, C, D) is called a realization if (2.3) holds.

Other interpretations of X can be given. Systems over rings can be used to model
systems with parameters, systems with delays, 2-D systems, neutral systems (see Eising
(1980), Hautus and Sontag (1981), E. W. Kamen (1978), Rouchaleau (1972), Sontag
(1976), (1981)). We will give an example below. By a suitable choice of 2 (and
sometimes of R, see Eising (1980, § 4.3)) one can accommodate various stability
conditions one wants to impose on the transfer function. Once the ring # and the
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denominator set & have been chosen, we call a rational function stable if it is in
Ra[z]. A (single variable) stable transfer function is an element of #5[z]. An nxn
matrix A is called a stability matrix if det (zI —A)e 9. Obviously, W(z) is stable if
A is a stability matrix. The converse is not always true, however, for any stable transfer
function matrix, there exists a (free) realization X which is stable, i.e., for which A is
a stability matrix (see Sontag (1976)).

Let us give some examples of interpretations of systems over rings and particular
choices of denominator sets.

Example 2.4. In the case that & = R (the field of real numbers) stability often is
formulated in terms of pole location. Specifically, a set C” < C is given and a monic
denominator q(z) is in @ iff it has no zeros outside C™. It is easily seen that 9, thus
defined, is a denominator set provided CNR# &. 0O

Example 2.5. One can model a delay system with delays all multiple of a given
positive real number = by a system over the ring # = R[o’] of polynomials in o, where
o stands for the delay operator

ox(t)=x(t—1).
The system then will be of the form
(2.6) X =A(og)x +B(o)u, y=C(a)x+D(o)u

where A, B, C, D are polynomial matrices. The systemic significance of the transfer
function

2.7 W(s,o)=D(o)+C(o)sI —A(c)) 'B(o)
is described in Sontag (1976). In particular, applying a Laplace transform to (2.6) yields
(2.8) y(s)=W(s, e ™)i(s).

It is well known (see Hale (1977, § 7.4)) that 3= (A, B, C, D) is (externally) stable
iff W(s, e ™) has no pole in Re s =0. Thus, here we define

(2.9) 2:={peR[s,o]|p is monic with respect to s and p(s,e ™) #0 for Re s =0}.
When saying p is monic with respect to s we mean that p is of the form
p(s,0)=s"+pi(@)s" '+ - +p,(o)

where py, - - -, p. € R[o]. It is easily seen that & is a denominator set. In order that
the system be internally stable one must require that det (s —A(o))bein 9. 0O

Further examples demonstrating the generality of the stability concept described
here can be given. Compare Datta and Hautus (1981), Eising (1980), Hautus and
Sontag (1981), Kamen (1980).

3. Problem formulation and statement of the main results. First, we give a general
formulation of the decoupling problem. We introduce the i/s-map corresponding to
system X (i.e., system (2.2)) by (see Fig. 3.1)

(3.1 Wi(z):=(zI -A)"'B,

so that W =CW, +D. Let F and G be dynamical systems with dimensions such that
the formula

3.2) u=-F(z)x+G(z)y

is well defined. Then this formula defines a (combined) compensator, which transforms
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+ u w y
»—| G b, - B
W x
\ F
FiG. 3.1

3 into a system 2y with transfer matrix

(3.3) Wec(z)=W(z)Lgc(2),
where
(3.4) Lrc(z) =T +F(z2)W,(2))'G(2).

We notice that the same transfer matrix is obtained if one replaces (F, G) by (0, Lg,g).
A compensator in which F =0 is called a precompensator. If G is static (no dynamics
in the precompensator part) then we say that (F, G) is pure (dynamic) feedback and
if, in addition, F is static then (F, G) is called a static state feedback. Our objective
is to find a compensator of a specified class (precompensator, pure dynamic feedback,
static feedback) such that the resulting transfer matrix W, is diagonal, in which case
we call the resulting system decoupled. In order to guarantee that each output can
effectively be controlled, we require in addition that the diagonal elements of Wgg
be nonzero. This is equivalent to requiring G to be nonsingular. Sometimes one wants
to impose stronger conditions, such as the invertibility (over ) of G (compare Datta
and Hautus (1981)). Finally, assuming that the original system is internally stable, we
try to find (F, G) such that the resulting system is internally stable. Such a compensator
will be called stability preserving. Notice that we do not attempt to stabilize and to
decouple the system simultaneously. Rather, we try to decouple it while maintaining
its stability. If the system is not stable at the outset, it has to be stabilized first and
afterwards one has to design the decoupling compensator. It will follow from the
results of this paper, that one cannot destroy the existence of such a decoupling
compensator when applying the stabilizing feedback. We assume that % = %, i.e., the
number of input and output variables are equal.

It turns out that the problem of decoupling by precompensation or combined
compensation (i.e., no restrictions on F, G) is very simple even if & is an arbitrary
integral domain.

THEOREM 3.5. In the situation described abave, the following statements are
equivalent.

(i) There exists a (stability preserving) decoupling combined compensator (F, G).
(ii) There exists a (stability preserving) decoupling precompensator (0, G).

(iii) W is nonsingular, i.e., det W is not identically zero.

Proof. (ii) = (i) is trivial.

(i) = (iii). According to (3.3) we have

det W - det LF,G = det Wp;o # 0,

since the diagonal elements of Wy are nonzero.
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(iii) = (ii). Letadj W denote the adjoint of W (occurring in Cramér’s rule). Then
W adj W = (det W)L

Choose a € Z such that z —a € @. Then, for sufficiently high k, (z — a)* adj W=G
is causal and stable since the entries of W are stable. Hence, by

W-G=(z—a) " (detW)-1,

G is a stable decoupling compensator, which has an internally stable realization. If
G is internally stable, then the total realization is internally stable. 0

The condition for the existence of pure feedback decoupling compensators is
more involved. To formulate it we need some notation. We write

wi(z)
(3.6) We)=| : |,
Wm(z)

where w;(z) denotes the ith row of W. Let d;(z) denote a GCD over 2 of the entries
of w;(z). Such a GCD exists because 2 is a UFD. An explicit construction of such a
GCD is given in Lemma 3.11. We can write w; =dw} for suitable w¥ with entries
in ?. Hence

3.7) W(z)=Az)W*(z),

where A(z)=diag(di, ' ,dn) and W¥* is the matrix consisting of the rows
% %

Wi, " Whe

Now.we are in the position to formulate the main result of this paper.

THEOREM 3.8. Let X be a reachable, internally stable system with respect to the
denominator set 9. Then the following statements are equivalent:

(i) = can be decoupled by a stability preserving static state feedback with G
invertible over R.

(i) £ can be decoupled by a stability preserving, stable dynamic state feedback

with G invertible over & (and F(z) stable).

(iii) 2 can be decoupled by a stable precompensator L which is invertible over P.

(iv) W¥*, as given in (3.7), is invertible over P.

The proof of this result will be given in § 5.

In the theorem it is assumed that the gain matrix G is invertible, although this
is not necessary in the original problem formulation: G nonsingular would do. It is
possible to generalize the theorem to this more general case, but the formulation
becomes more involved. There are two remarkable consequences of Theorem 3.8,
already noted for systems over fields in Hautus and Heymann (1980), (1983). In
the first place, if decoupling is possible by dynamic state feedback, it is also possible
by static feedback. In the second place, the condition for the existence of a decoupling
state feedback does not depend on the realization, provided the realization is reachable
(for systems over fields this latter restriction is not necessary).

The GCD’s used in defining W* are not unique and consequently so is not W*
itself. However, the invertibility of W* is independent of the particular choice of the
GCD’s, as easily can be seen. The condition on W* can be checked by computing
w(z)=det W* and checking whether (w(z))"' € 2. Whether this condition can be
verified effectively depends on &. In the particular case that & = %,, the set of all
monic polynomials, the condition (w(z))™' € P, can be checked very easily. To this
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extent, expand w(z) in powers of z ",

2

w(z)=wot+wiz THwaz P4,

and (w(z)) ' € @, iff w, is invertible over R. It is even not necessary to compute w(z).
COROLLARY 3.9. If @ =D, in Theorem 3.8 and if W* is expanded as

W*z)=WE+Wiz 1+ ..

then the condition (iv) of Theorem 3.8 may be replaced by: W§ is invertible over R.

When restricted to the case that & is a field, this is exactly the condition given
in Falb and Wolovich (1967).

Although the particular choice of the GCD’s used in the definition of W* is of
no relevance for condition (iv) of Theorem 3.8, it will turn out that for the actual
construction of a decoupling feedback it is imperative that the GCD’s satisfy an
additional condition. To express this condition we use the notation (p, qlgt[z]) for
the GCD’s of elements in &[z].

DerinITION 3.10. Let wy, -, wn€P. A GCD d of wy, -+, w,, is called
admissible if there exist polynomials q and p such that pd and qw;/pd, i=1, -, m
are polynomials, and (p, q|R[z]) = 1.

The existence and the construction of an admissible GCD is guaranteed by the
following result.

LEMMA 3.11. Let wq, -+, wn € P and let q be a least common denominator of
Wi, * s W Define p;:==qw; and let v:=(p1," -+, Pm|R[2]). Finally, write p;'=p;/v.
Choose a€ R such that z—a €D and define u'=min{degq—degpli=1,---,m}.
Then

d=v-(z—a)™*

is an admissible GCD of w1, -+, Wp.

For a proof see § 5. The lemma provides us with an actual construction of an
admissible GCD, at least if we have an algorithm for computing GCD’s in %[z ]. This
is for instance the case when # = R[o ], see Bose (1976). '

Now we can specify Theorem 3.8:

PROPOSITION 3.12. If the elements d; used in the construction of W* are admissible
GCD’s of w; then there exists a static feedback (F, G) such that Lrg = w* 1

For a proof see § 5.

Once it has been proved that a given precompensator L can be implemented by
a (static) feedback (F, G), the actual computation of F and G is straightforward. Let
us start from L", rather than L (recall that L= W*). The relation L= L;,IG reads

G 'U+FW,)=L"'=My+Myz "+ -+,

where we have expanded L' into powers of z . Invertibility of L™" over 2 implies
that M, is invertible. Since W; is strictly causal we must have

(3.13) G=M;".

Then it follows that GL™'=1=:V(z) is strictly causal and the map F has to be
computed from

FW(z)=V(z).

On substitution of W, = (zI —A)'B into this equation and expanding both sides as
a series in z ', one obtains

(3.14) F[B,AB, -+, A" 'B]=[Vy, Vs, -+, V.],
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where we have used the expansion V(z) = Vyz '+ V,z 2+ - - . Because of reachabil-
ity, the map [B, AB,---,A" 'B] has a right inverse and hence F can be solved
uniquely from (3.14).

Notice that the maps F and G are uniquely determined by L. In particular, the

stability-preservation property of (F, G) is automatically guaranteed by the invertibility
of W* over 2.

4. Examples.
Example 4.1. Consider the system = (A, B, C, D) over & = R[o ], where

[-1 1 [0 1 __[ —-o+1 1] _
A~[ 1 cr]’ B_[-l a’]’ c= ~d’+a+1 ol b=0.
Suppose that & = P,. It is easily seen that X is reachable. The transfer matrix has the
following expansion

W(z)=CBz '+CABz %+ --

—[1 1 ] __1+ 1 20' ] -2
“lo o+1 z g+l 20%+o-1 z
20 20'2—-o'+1] _3
4o
+[20'2+0'—1 207 +2 z

The system can be decoupled by state feedback since W§ =[5 ,11]is invertible.
According to (3.13), we have
G:Wg_1=[0.+1 _1].

-0 1

Furthermore, F has to be computed from (3.14), where V; is the coefficient of 27t
in the expansion of W W (z). (Notice that W*(z) =z 'W(z).) It follows that

A0 11 (r—l]_ 0 o+1 o+1 o°-1 ]
1 o o ?+11 11 -1 o-1 o*-c+2/

Equating the first two columns we obtain
o+1 0
F= [ -1 1]‘

The transfer function of the resulting system is z .
Example 4.2. The purpose of this example is to show that the reachability
condition in Theorem 3.8 is essential. Let Z =R[o], @ = %o

o 1 o 0
A“[o 0]’ B‘[o 0']’ ¢=L D=0

The system is not reachable, since
o 0 o’ 0']
0 o 0 O

and hence all reachable vectors have to be divisible by o. The transfer function is

1
W=w,=—Z [Z ]

z(z-o)l0 z-0o

[B, AB]=[
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Following the procedure described at the beginning of this section we obtain

z 1
W*: zZ—0 z—0 =W3‘+...

0 1

where
w§=1I

is invertible. We show that, nevertheless, decoupling by dynamic state feedback is
impossible. Suppose that (F, G) is a dynamic state feedback decoupling the system.
Then WU +FW )_1G =A for some diagonal matrix A (recall that W =W)).
Equivalently,

(4.3) W =AG (I +FW).

Expanding the matrices D, W, F in powers of z ' we have
W=Wiz '+ Wyz 2+,
A=Do+D1z ' +Dyz 2+ - -,
F=Fo+Fiz '+,

where

2
W.=B =dl, W2=AB=[g ‘:)]

Substitution into (4.3) yields
Wiz '+ Waz 2+ = (Do+Dyz '+ )G I+ Fot- - )(Waz 14+ ).

The coeflicients of z, yields: Do=0, and of 27 Wi=D:G ™" hence oG =D;. In
particular, G is diagonal. Finally, equating the coefficients of z > we obtain
2

[‘3 g] = W,=D,G ‘FoW;1+D,G ' =c*Fo+D,G .

The matrix D,G ' is diagonal and hence 0-2F0,12 = ¢ which has no solution in R[co].
Further examples can be found in Datta and Hautus (1981).

5. Proofs.

Proof of Lemma 2.1. It is well known that R4[2] is a UFD if & is a multiplicative
set (see Samuel (1969, Thm. 4, p. 29)). We define an isomorphism which maps 2
onto Rg,[z] for some P;. The isomorphism is

@ r(z)—>F(z)= r(a +%)
defined on R (z), where a € R is chosen such that z —a € &, and
D1:={z"p(z)|p € D, n = degp}.
9, is easily seen to be a multiplicative set in %[z]. The map ¢ is invertible, and

e 'r2)=r(z —a)™Y). The homomorphism properties are readily verified. It remains
to be shown that ¢ maps 2 into Rg,[z] and ¢ ' maps Rg,[z] into P.
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Letr=p/qe®. Then

L._D_2"p(2)
r=f=%S=———€Rqp,[z],
¢ qi z"4(z) alz]

where n = deg q. Notice that because of the causality of r, the numerator z"p(z) is a
polynomial. Conversely, let r € Rg,[z], say

p(z)
z"4(z)

r(z)=

for some q € 9 with deg q = n. Then

o _e=a) 1
o r@)= q(z) p(z-—a)eg,

since (z —a) "€ ® and hence p((z —a) e, and q €9 and hence (z —a)"/q(z)e 2.
Since Rg4,[z] is a UFD and isomorphic to &, it follows that # is a UFD. [

Remark. 9, need not be a denominator set, in particular, the elements of &,
need not be monic.

Remark. The isomorphism ¢ is a standard device for transferring properties
known about quotient rings to rings of causal quotients (Eising (1980, § 4.2), Hautus
and Sontag (1980)).

Proof of Lemma 3.11. Because of the assumption that & is a unique factorization
domain, the ring %[z ] is also a unique factorization domain (see Barshay (1969, Thm.
4.7)). Let us denote by 9 the set of polynomials v of the form v = uw, where u is a
unit and we 9. If v is any polynomial in R[z], we can factorize it into primes
v=p; - pm As a consequence, we can decompose v into v =v v, where v~ is the
product of the prime factors of v which are in & and v* consists of the other factors.
Except for unit factors this decomposition is unique. If we insist on a unique decomposi-
tion we can achieve this by requiring that v~ be monic. We call v~ the &-part and
v™ the non-@ part of v. The following results follow easily from this definition.

ProOPOSITION 5.1.

(i) (ab)"=a"b", (ab)" =a"b".
(i) plg (inR[z) iffp*lq" and p~lq".

(lil) (GCD (vb Y vn))+=GCD (UT, Tty v:)

(iv) Ifpe D, q|p then g D.

In view of the saturation condition imposed on &, property (iv) follows from the
fact that divisors of elements of & are monic up to a unit factor.

After this preparation we are in the position to prove that d :=v(z —a)™ is an
admissible GCD of wj, - - -, wn, over 2. In the first place d is a divisor of wy, * * +, wp,
because (recall that w; = pv/q)

: . . — “
Y:=M(z_a)u=uey’
d qv q
since g€ P and p +degp; =degq. Now let d; be also a divisor of wi, -+, w,,. We

have to show that d/d,e P, Let d1 =a/B, w;/d1=: a; = b;/c;, with B, ¢c; € D.
We notice that
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and hence
qabi = ﬁiBCi.

Taking the non-@ part we obtain a “b; = p; . Thisshows thata | ;" in &[z]. Observing
that v is a GCD of the p;’s and hence v* is a GCD of the p;’s, we conclude that
a’|v*, say v* =ya” with y e R[z]. It follows that

d__ By By
di az—-a) a (z—a)*

since the denominator is in 9. It remains to be shown that d/d; is causal. Choose i
such that deg q = deg p; +u (recall the definition of ). Then we have that

€Ro[z]

— e ——— . —

di wi di (z—a)* pw

is causal, since a; is. It follows that d is a GCD of wy, ' * -, w,,. Finally, we show that
d is admissible. We choose p =(z —a)", and q as already defined. Then pd =v is a
polynomial and pd and q are coprime. In addition, qw;/pd = p; is also a polynomial.
This completes the proof. [

Proof of Theorem 3.8 (and Proposition 3.12).

(i) = (ii) is evident.

(ii) = (iil). If (F, G) is a stability preserving, stable dynamic state feedback and if
G is invertible, then, according to (3.3), W is decoupled also by the precompensator
L defined by (3.4). It remains to be shown that the entries of Lr are in # and
that Lgc is invertible over 2. It is easily seen that Lgg is invertible as a rational
matrix and that L;.;IG =G~ '(I +FW,) has entries in 2. So, only the stability of Lgg
itself has to be shown. By assumption, the resulting system is internally stable. This
implies that the matrix V = W,Lr is stable. Since

(I+FW,) ' =I-FW,(I +FW,)!

it follows that
LF,G =G -FV
is stable.

(iii)=(iv). Suppose that for some nonsingular diagonal matrix E =
diag (e1, : -+, e,,) we have W = EL, where L is a matrix invertible over 2. The first
row of this matrix equation reads

[wig, - -, wlm]=e1[llla o lim]s
which implies that e; is a divisor of w; =[w11, ** *, W1, ). Since d; is a GCD of w; it
follows that e; divides d4, i.e., d; = hie; for some h; € P. Similar results hold for the
other rows, so that we can write A= EH where H =diag (h1, * * * , hy). It follows that

EL=W=AW*=EHW™*
and hence L = HW*. Therefore W* ' = HL ™" is causal and stable. (The nonsingularity
of the matrices involved is obvious).

(iv) = (i). If W* is invertible we define L = W*™!, and formula (3.7) reads

WL = A.
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Hence, the system is decoupled by the precompensator L which is a matrix over 2,
hence causal and stable. We have to show that F and G exist such that L =Lz (see
(3.4)). To this extent, we formulate a generalization to systems over % of a result
given for systems over a field in Hautus and Heymann (1978). The result in question
is:

THEOREM 5.2. Let (A, B, C, D) denote a reachable system and L be a bicausal
isomorphism (i.e., causal and with a causal inverse). Then there exists a static state
feedback compensator (F, G), with G invertible, and L = Lg, iff for each polynomial
u € R™[z] we have: If Wu is polynomial then L™ "u is polynomial.

The proof of this result is completely analogous to the proof in the field case, so
it will not be repeated here. Contrary to the field case, however, the reachability of
the system is essential. (A counterexample in the nonreachable case can be deduced
from Example 4.2.) In order to apply the theorem to our L, we have to prove that
L™'u = W*y is polynomial whenever u and W,u are polynomial. We show that the
following stronger statement: u and Wu are polynomial implies W*u is polynomial
holds, provided W* is constructed via admissible GCD’s. (This will also prove Proposi-
tion 3.12.) Let us assume that Wu is polynomial. The first entry of this vector is wiu,
which is a polynomial. Let d; be an admissible GCD of w;, and let wi =d lwi. We
have to show that w¥u is polynomial. According to Definition 3.10, there exist
polynomials p and g such that a := pd, and v,/a, where v, :=qw, are polynomials and
(a, q|R[z]) = 1. Since wiu =q 'viu is polynomial we have q|v,u. Also, a|v,u, since
u and vi/a are polynomial. Hence qa|viu, q and a being coprime. But this means
that wiu = di'wiu = (qa) ‘viup is polynomial. The same argument applies to each
row. This shows that L can be realized by state feedback. It remains to be shown that
the resulting system is internally stable. Since W, rg, the i/s-map which results after
feedback is applied, is equal to W,Lr,c and hence stable, the desired result follows from:

LEMMA 5.3. Let W, = (zI —A)™'B be a reachable i/s-map. Then W, is stable iff
det(zI-A)e .

Proof. Since (zI —A)™" =adj(zI —A)/det (zI —A), the “if” part is obvious. To
prove the “only-if”” part we note that because of the reachability of (A, B), there exist
polynomial matrices P(z) and Q(z) such that

(zI-A)P(z)+BQ(z)=1
(see Khargonekar and Sontag (1981, Lemma 3.2)). It follows that
(zZI-A)"'=P(z)+ W,(z)Q(z)

is stable whenever W,(z) is. But then also det (zI —A) ' =1/det (zI —A) is stable,
and hence det (zI —A)e 9 (since 9 is saturated). O
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SOLVABLE APPROXIMATIONS TO CONTROL SYSTEMS*
P. E. CROUCHT*

Abstract. This paper is concerned with extending certain results of Rothschild and Stein [Acta. Math.,
137 (1976), pp. 247-320] and Goodman [Lecture Notes in Mathematics 562, Springer-Verlag, New York,
1976], in which a finite set of vector fields g4, * - * , g, are lifted to vector fields approximated by generators
of a free nilpotent Lie algebra. We wish to add a vector field f, to the set gy, - * *, g, and lift these vector
fields to ones on a finite dimensional vector space V, approximated by generators F, G4, -+, G,, of a
solvable Lie algebra, in which ad’F(G;) generate a nilpotent, but not free, ideal. This procedure is
accomplished in the context of a nonlinear control system, with outputs, in which f vanishes at the initial
state, and in such a way that the output functions lift to the state space V, to define a system whose input
output map is the same as the original system. The approximating system is obtained from a suitable
realization of a truncation of the Volterra series expansion of the input output map. Such systems, with
finite Volterra series, naturally exhibit the required Lie algebra structure.

Key words. approximation, graded Lie algebra, nilpotent, solvable, control systems, nonlinear

1. Introduction.

1.1. There have been several accounts in recent years of lifting a finite set of
vector fields on a manifold M to a manifold M xR", in which the new vector fields
are approximated in a precise sense by generators of a free, and hence graded, nilpotent
Lie algebra N, whose underlying vector space is diffeomorphic, on some neighborhood
of 0e N, to some neighborhood of p x0eM xR" (see Rothschild and Stein [1] and
Goodman [2]). These ideas reinforced similar ideas expressed earlier in Krener [12],
in the context of a nonlinear control system

(1) Jé=f(x)+§u.~g:(x), x(0)=xo, xeM,
i=1

where f, g1, '+, gn are vector fields on a manifold M and all data is either smooth
or real analytic. However, in Krener [12], and later Hermes [3] and Sussmann [4],
approximating vector fields generating a nilpotent Lie algebra are constructed, and
the lifting procedure is ignored. Another lifting procedure will be described in
Krener [9].

The work in Hermes [3] and Sussmann [4] is in part devoted to applying these
approximation procedures to obtain sufficient conditions for local controllability about
a state xo for which f(xo) =0. It seems that in this and other applications such as
optimal control, vector fields in the set S ={ad’f(g;): j=0,1=i =m} (adf(g) =[f, g]
being the Lie bracket) play an equal role. The conditions for local controllability in
[3] and [4] are expressed in terms of S and its brackets. On the other hand f plays
a role distinct from the vector fields in S, and can be viewed as the endomorphism
adf:S - S. The papers [12], [4] and [3] all ignore this distinction, and the methods of
Rothschild, Stein and Goodman do not directly apply to infinite sets of vector fields
such as S.

The goal of this paper is to present a method by which we may extend the lifting
procedure in Rothschild, Stein and Goodman to the infinite set S, and at the same
time clarify the distinct roles played by f and the set S. This is accomplished by
introducing a wider class of approximating systems, having a solvable but not

* Received by the editors August 16, 1982, and in revised form February 10, 1983. This work was
supported in part by the Office of Naval Research under grant N00014-75-C-0648, while the author was

on leave in the Division of Applied Sciences, Harvard University, Cambridge, Massachusetts.
+ Department of Engineering, University of Warwick, Coventry, England CV4 7AL.
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necessarily nilpotent Lie algebra, and demonstrating the lifting procedure in the
context of an input-output system, (i.e. a system (1) with a finite set of outputs
y: = hi(x)), as in the original paper by Krener [12]. We pay special attention to the
process by which the approximating system is constructed and related to the original
system. This enables the dimension of the state space for the approximating system
to be reduced, and allows us to define the lifted system on the same state space.
Although this does not enable the conditions for local controllability given in [3] and
[4] to be improved, it should be useful in providing insight into future problems
requiring the lifting and approximation techniques.
To be more specific we shall denote the lifted system by

@) i=F(:)+ Y uGl), zeV, 2(0)=0,

where V is a finite dimensional vector space. The requirements for a lifted system,
as proposed by the author, besides the existence of a map ¢: V » M locally carrying
trajectories of (2) onto corresponding trajectories of (1), are that

F'=F+F  Gi\=G;+G, 1=i=m

where F and G; are approximations to F' and G such that the Lie algebra N generated
by ad'F(G;),j =0, 1=i =m is nilpotent, but not necessarily free, and transitive on
V. Further, both V and N should have compatible graded structures, so that the
gradation of N

K
N=Y ®N,
i=1
is defined by N;=Span{ad’F(G;), j =0, 1=i=m}, N;=Span{i—1 iterated Lie
brackets of elements in N,}, and is also described by N; ={X € N; X is a homogeneous
vector field with polynomial coefficients on V, of degree i, with respect to the graded
structure on V}. (The precise definitions will be given in § 1.2.) This latter property
ensures that in the case f(xo) =0, F(0) = 0, we may express the approximating system

F=F@)+ Y wGiz), zeV
i=1

by the system of equations

731 Alzl bil
3) 2"2 _ Az{z"‘“z(:ﬁ) + ‘2 U biz(.21)
: . : i=1 :
Zg Axzx tax(zy - zg-1) bix(z1+ " zx-1)

where the gradation of V = Z,{;(-B V, is expressed in the given basis, by
‘=(z1--zk), z€V, zeV,
and the homogeneity conditions give for 0 <t e R
trar(zl v Zr——l) =a,-(t21 e tr—-lzr—l))
4)

tr—lbir(zl e Zr—l) =bir(tzl te tr—lzr—l)-

We now make some observations on these requirements. The transitivity and nilpotent
structure of N, ensure that N is a finite dimensional Lie algebra before any polynomial
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structure is assumed, see [5, Lemma 3.3]; indeed, the polynomial structure of equations
(3) can be deduced from these facts, as in Crouch [5]. The Lie algebra L generated
by F, Gy, - - -, G, is clearly solvable, since N is nilpotent. Thus, whereas Rothschild,
Stein and Goodman, lift a finite set of vector fields to ones approximated by generators
of a free nilpotent Lie algebra, here f, g1, : * -, gm, are lifted to vector fields approxi-
mated by a solvable Lie algebra, with a codimension 1, graded, but not necessarily
free, nilpotent ideal N.

The process by which one creates such a finite dimensional nilpotent Lie algebra
N from an abstract, infinite dimensional, free nilpotent Lie algebra N, of step length
K <0, requires the introduction of linear relations, which at the same time preserve
the natural gradation on N, In this paper we will introduce these relations by
constructing particular realizations of the truncated Volterra series, obtained from
the input-output system (1), which have the desired Lie algebra structure. Clearly we
are also interested in minimizing the state space dimension of these realizations, since
this determines the dimension of the state space of the lifted system, and hence our
ability to understand the complexity of the lifting map . ‘

The most important observation concerns the fact that we do not require the
underlying vector space of N to be isomorphic to V, as is the case in Rothschild,
Stein and Goodman. That is, if A" is the Lie group associated with N, and its action
on V, then V may be regarded as a homogeneous space of A, or more precisely, the
tangent space to the homogeneous space, at the point at which A" acts. Such actions,
and associated gradations on V, have been studied in the context of realizations of
finite Volterra series in Crouch [5].

We consider here an example where we realize a Lie algebra in three inequivalent
ways as vector fields, on particular vector spaces, demonstrating the possibilities and
complexity of the situation just described for the approximating system. Assume that
a Lie algebra consists of the independent vectors

& [figl I[fglzsgl

where all other brackets generated by f and g are zero. Consider the following three
systems:

d
a) z1=Uu, =Z17 =,
(@) 2, f ' 571
2
Z23=21.
d d
b) z,:= s = 22+z —_—, =—
(b) Zi=u, [f=(z1 1)624 8=
z'4=zf+zl,
. 9 , 0 d
C) Z1=u, =z —+z1—, =)
() 1= f 1322 1323 g 9z
Zy=1zy,
. 2
Z23=21.

For all three systems the Lie algebra generated by f, and g is isomorphic to the one
described above. The state space of each system has a gradation, agreeing with the
structure defined in (3) and (4) only in cases (a) and (c). The Lie algebra N generated
by g, [f, g), [[f, g), g] is transitive on the state space in each case; in cases (a) and (b)
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the state space is isomorphic to the tangent space of the homogeneous space obtained
from the action of the Lie transformation group & corresponding to N; and only in
case (c) is the state space isomorphic to the tangent space of ¥, i.e. N.

Note also that the maps

(21, 22, 23)—> (21, 24), Z4=22%23,
(21, 22, 23) > (21, 23)

enable systems (b) and (a) to be lifted to system (c), respectively. It is also apparent
from Krener [6] that the two systems (a) and (b) are not equivalent by diffeomorphism
of the state space.

Finally, in this paper we shall restrict attention to the case where f(x,) =0, in (1),
although the methods used are capable of generalization in the case f(xo) # 0, under
suitably strong hypotheses.

1.2. Preliminaries. In this section we introduce some terminology concerning
graded structures; for more details see [1] or [2].

Let V=Z:(=1(-BV} be a finite dimensional graded vector space, and define a
dilation §;: V> V, ¢ >0 by

51(01, Y vK)=(tvla Uty tKUK)

where v’ = (v}, - - -, vk) is the graded decomposition of v € V.
Let H; be the space of homogeneous polynomials of order j on V,
H;={P,t'/P=P-8}, H;=H, j<O.

Let C; be the space of smooth functions on V which vanish to homogeneous
order j in some neighborhood of O e V,

G ={f,f)=0(lv])},

where |-| is a homogeneous norm on V, |8,(v)| =t|v|, C; = C, for j <0.

A differential operator and, in particular, a vector field X on V, is said to be of
(local) degree =m if X (h) e C;_, for each h e C;, V; =0.

A vector field X, with polynomial coefficients, on V is said to be homogeneous
of degree m, if X (k)€ H;_,, for each h € H;, V; =0, or in other words

X(ho8)=t"X(h)e8.

Let L,, denote the vector space of vector fields of degree =m, and let Q,, denote
the vector space of vector fields of homogeneous degree m. Then

(5) [Lm Lm] < Ln+m’ [Qm Qm] < On+m’ Ln = Qn @Ln—l-
We denote by a commutator in vector fields Xy, -, X, 00=n =0, a finite
sequence of iterated Lie brackets of vector X, - - -, X, in some order.

Frequently we will want to associate a pseudo degree to a collection of differential
operators, which reduces to degree for operators on a graded vector space. We do
this by introducing the notion of weight. In this paper the vector fields f(F) will be
given the weight 0, and the vector fields g;(G;) will be given the weight 1.

A differential operator d(D) formed from a finite composition of vector fields
f(F), g(G:) will have weight w(d)(w(D)) equal to the sum of the weights of the
constituent vector fields, and a linear sum of such operators, each of weight m, will
be said to have weight m. In particular, a commutator will have weight equal to the
sum of the weights of the constituent vector fields. We say a differential operator
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d(D)hasweight w(d)=m(w(D)=m)in Xy, - - -, X;n, if it is a linear sum of differential
operators each of weight =m, formed by composing the vector fields X3, « - -, X,
In this paper we shall consider the following nonlinear input-output system:

xX=flx)+ g ugi(x), x(0)=xo, xeR"'=M,

(6) ,
yi=hix), 1=si=p.

We shall also assume f(x,) =0, and that the data is smooth, or real analytic. Since
we are dealing with an input-output system, and local questions only, there is no harm
in assuming M = R"; however, some of our constructions do depend on fixing a system
of coordinates for the system (unlike the lifting procedures in [1] and [2]).

The Volterra series representation of the input-output map defined by (6) is given
by the series

3O =wh(O+ | Twlt oo+

()

(] 0 j1.eik
u,»,(o-l) e uiK(O'K) dO'l e dO'K +ee

For analytic data, the series converges uniformly and absolutely on arbitrary time
intervals for the L; norm of u; suitably small, and such that the solution of the
uncontrolled system exists; for smooth data the series may be viewed as a Taylor
series, cf. Krener and Lesiak [7] and Brockett [10].

We denote by the Kth order truncated Volterra series, the Volterra series obtained
by truncating the series (7), after terms involving K iterated integrals of the controls.
We set (¢, x)— v¢(t)(x), to be the flow of f (restricted to a suitable domain where it
is defined) and set gi(c)(x) = yf(—0) 48 (vs(c)(x)). From [7] we obtain the following
structure formulas for the Volterra kernels:

wo(t)=h;eo Y¢(t)(x0),
(8) WZ‘”.]‘K (toy, -, 0x) =g (ax =) (v () (%)) (- - - g5 (a1 —)(hi)- - )
= 8 (k) (X0) (- + » gj, (o) (Mo s (2))- - ).

1.3. Results. In § 2 we will use the methods of Crouch [5], [8], to construct
realizations of truncated Volterra series which have the required properties as
expressed by the following theorem.

THEOREM 1. Given a smooth (analytic) system (6) with f(xo) = 0 and commutators

of weight =K in f, g1 * + gm Spanning T, ;M, then there exists a system on a graded
vector space V =Y.,_,® V,, denoted by

F=F(2)+ Y wGiz), zeV, z(0)=0, F(0)=0,
i=1

9)
yi = H(Z )’
and a smooth (analytic) submersion ¢: W -» U where W and U are neighborhoods of
0, and xo in V and M respectively, satisfying ¢(0) = xo, and
(@) The input-output map defined by (9) is the Kth order truncated Volterra series
obtained from the Volterra series of system (6).
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(b) ad’F(G;)j =0, 1=i =m, generates a graded nilpotent algebra, N = zf;@Ni, F
being homogeneous of degree 0 and G, * - * , G, being homogeneous of degree 1 with
respect to the graded structure on V. N; is spanned by the elements of N which are
homogeneous of degree j.

(c) N acts transitively on V. If the underlying vector space of N is not isomorphic
to V, so that dim (N)>dim (V), then we may replace system (9) by a system with the
same properties, and such that the underlying vector space of N is isomorphic to V.

(d) D(hod)|.=o=d(h)¢|.-0,
DF(h °¢)|z=0=df(h) ° ¢|z=0

for smooth h, and a differential operator d of weight =K in ad'f(g;), j=0, 1=i=m,
and D the corresponding operator obtained by replacingf, g1, * , gms bYF, G1,* * * , Gpm,
respectively.

(e) In particular, ¢y ToV > T,,M, maps commutators (of weight =K) in
F, Gy, -+, Gy, onto corresponding commutators in f, g1, * * , §m.

In § 3 we follow some arguments of Goodman [2] to construct the required lifted
vector fields, replacing the “partial homomorphism” of Goodman, by the map ¢ of
Theorem 1 and obtain the following result.

THEOREM 2. Under the conditions and notation of Theorem 1, there exists a smooth

(analytic) system defined on a possibly smaller neighborhood W = W, and represented
by

z=F'(z)+ ¥ wGi(z), zeWcV, z(0)=0, F'(0)=0,
i=1

(10) ,
vi=Hi(z),
satisfying
(a) The input-output map defined by system (10) is the same as that of system (6).
(b) (,,*F':fo(/,, d/*Gt{:giol//’ 1§i§m’
Hi=h;°y, 1=i=p, onW.
(©) F'=F+F,  G/=G+G, 1=i=m,
H! =H,+H, 1=i=p, onW,
where F has local degree =—1, él, cee, G, have local degree =0, and I~I, vanishes to

homogeneous order K + 1, with respect to the graded structure on V.
(d) If X| is the commutator of weight m =K in F', G4, -+, G, and X; is the

corresponding commutator obtained by replacing F',G1,-++, G by F,Gy, -+, Gy,
respectively, then X | = X; mod vector fields of local degrees =m — 1.
(e) In particular, commutators of weight =K in F', G4, -+, G, span T, V.

2. Theorem 1.

2.1. Graded realizations of truncated Volterra series. In this section we use the
results of Crouch [8] to construct the initial realization of the Kth order truncated
Volterra series on a graded vector space.

We let ¢;:R" =M — R, be the ith coordinate function, and apply these outputs
successively to system (6), to obtain a Volterra series expansion of the state of
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system (6). In particular, we set

tpoy Tp1
@)= [ [7 [ g om0 gle=nte)- )
(11)
: uj"(o'n) e uil(al) doi - -do,
and obtain time varying vector fields z;(¢)(x)e T.M, 1 =i =K. As shown in Crouch

[8], we may simultaneously realize (z;(¢)(x) as solutions of the partial differential
equations

9z1/0t —adf(z1) gi(x)
(12) 322_/(” _ ‘adf(zz')+F2(Jf)(21) + g " Gzi()f)(zl) ,
: : : =1 :
0zx/dt| | —adf(zx)+Fg(x)(z1- " zk—1) Gki(x)(z1°** zx-1)

z:i(0)(x)=0, 1=i=K.

Here F;(x), G;j(x) are multilinear maps formed from derivatives of f, and g;, and
evaluated at x. Moreover, there exist multilinear maps H;(x): R >R, formed from
derivatives of A; at x, such that the output functions

13) ¥i () = Hi(ys(£)(x0))(z 1 () (y5(£)(x0)) - - - zic (£)(¢ () (x0)))

together with the system of equations (12) realize the kth order truncated Volterra
series obtained from system (6).

We may turn the equations (12) into a set of ordinary differential equations
depending on x by setting z; = a;(¢)X;(x), where X; is a basis for T.M in some
neighborhood of xo. Setting x = y;(t)(xo) we obtain a set of time varying ordinary
differential equations, which with a suitable definition of output function realize the
Kth order truncated Volterra series. However, in this paper we restrict attention to
the case where f(xo)=0, so y(t)(xo)=xo, and —adfz;(t)(xo) = (df/dx)(x0)z;(t)(x0).
We may now consider (12) as ordinary differential equations in the state x»

x2=(z1, ", zk),  zi(t)=z:i(t)(x0).

We shall write the resulting autonomous equations in the form

)é2=f2(x2)+§1 uig2i(x2), x2(0)=0=x5, X2€ M,
(14) a

yi = hi(x2),
where M, =R™™ and f2(0) =0, and introduce a map ¢1: M > M, defined by

(//1(x2)=x0+21+- o+ 2k

Clearly ¢1(x2(¢)) is the Kth order truncated Volterra series for the state of systerp
(6). If we note the alternative descriptions of the Volterra kernels given in (8), it
follows that for 1=n =K, 1=j,=m, 0, teR.

82i. (00) (825 _1(On-1) * + * G2 (T )(€i o h1oyp,(2)) - - g
(15)

= gi,.(o'n)(gin—l(a'n—l) e gh(a'l)(ei ° Yf(t)) ° ')°‘,’l‘xga

where g,;(0")(x,) have the same definition as g;(c")(x). Clearly we may replace e; by
arbitrary smooth functions on M>.
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Using the dilation §;: M, > M, defined by 8;(z4, - -+, zx) = (21, * * * s%zx), s >0,
on the graded space M, =Y~ , ®R", equation (11) shows that system (14) satisfies

d m
55&x2=f2(5sx2)+§1 g2i(8x2)(sus),  8x2=x3=0.

It therefore follows that for smooth A
fa(h)o8s=fa(h°8;),  $82i(h)o 8 =gai(h ©8).

In particular, with respect to the graded structure on My, f>, 21, * * , §2m, are vector
fields of homogeneous degree 0 and 1 respectively. It now follows that the Lie algebra
L, generated by f5, g21, * * , g2m is solvable and contains a finite dimensional nilpotent
ideal N, which has a graded structure, defined by the degree of the vector fields. This
completes the first part of the procedure for obtaining the approximating system.
Although the realization has a Lie algebra with the required structure, it may not be
transitive on its state space.

2.2. Proof of Theorem 1. In this section we restrict the system (14) to its orbit
through the initial state, to obtain a system on a homogeneous space, and then further
lift the system to one on a Lie group. We then express both systems in canonical
coordinates of the second kind using techniques of Crouch [5] to complete the proof
of Theorem 1.

Clearly we may obtain a system from that in (14), in which the Lie algebra L of
the system is transitive on the state space, by restricting the system (14) to the maximal
connected integral submanifold M3, through x9 defined by L,, since L, is comprised
of analytic vector fields. Let ¢»: M3-> M, be the inclusion map. The induced system
on M; will be written as

X3 =f3(J€3)+.‘=::t1 uigsi(x3), x3(0)=x3, f(x3)=0,

(16)
Vi = hai o Ya(x3), x3€Ms;.

Clearly the Lie algebra L generated by f3 and g1, - *, g3m is @ homomorphic
image of L, and so has a codimension one ideal N generated by ad’fsgs;,j =0,
1 =i =m. However, it is not clear that N has the graded structure of N,.

LeEMMA 1. Nis graded with gradation defined by the weight of commutators.

Proof. Let N'1=j =K be the subspace of N spanned by commutators of weight
equal to j. To say that N is not graded by the weight of commutators is equivalent
to postulating the existence of an element X € N' such that X is a linear combination
of elements in subspaces N’, j # [. We note that N’ (x3) N N*(x3) ={0} for j #i, where
N’(x3) is the subspace of T,9M5 spanned by elements of N’; since viewed as subspaces
of T,oM,, N 7(x3) coincides with the span at x3, of commutators of weight j, and hence
degree j,in f, g21,* * * , Gom-

We define a filtration on N. Let N, be the subalgebra of N which vanishes at x5,
and define N_; by

N_;={X; X € No, [X, N]e Ny}
and inductively define N_; by
N_i={X;XeN_i,[ - [X,N]---N]eNy}
———

i brackets
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The Jacobi identity ensures that each N_; is a subalgebra of N, and the finite dimension-
ality of N ensures that the sequence is finite

N>NyoN_1D:-DN_,ODN_, ;.

The sequence may end in either of two ways. Either N_,_; ={0}, or [N_,_;, N]JeN_, 4
so that N_,_, =N_,_;. In the latter case N_,_; is an ideal in N contained in N,, and
so N_,_; consists of zero vector fields on M. Thus we may assume that N_,_; = {0}.
If No=N_; then Ny is an ideal in N and M is a connected Lie group with Lie algebra
N. Note also that [N, N_;]JeN_;qi=1,---,r.

Denote the subspace of N spanned by N’j # by N'. We now have a sequence
of subspaces for each I.

N'NN_,eN'NN_,; = -=cN'NNy=N".

Let X;,i=1,---,n, be a basis of N'N V_,, and complete this with elements
X' i=1,-++,n,_; to a basis for N' NN_,+1, and proceed by induction to define a
basis for N' NN, by completing a basis for N' N\ N_; to a basis for N' N\ N_;,; with
elements X! ', i=1, -, n;—1. Finally, complete this basis to a basis for N' by elements
X,i=1,--+ n.

By assumption we may write

X=YaX +Za?X? +o Y aiX]
for suitable a’, o; € R. Evaluating this expression at x5 gives X (x3) =Y, a.X;(x3), since
all other terms vanish at x3. If X (x3) # 0, we obtain a contradiction
N'(x3)3X(x3) =¥ aXi(x3) e N'(x3).
Thus X (x3)=0, and since X; are linearly independent in N'\N'NN, we deduce

a;=0,i=1, - -,n We now take the Lie bracket of the remaining expression for X
with an element Y e N™, to obtain

[X, Y]=X ai[X7, Y]+ - -+ L ailX}, Y],

Evaluating this expression at xJ we obtain

[X, Y1(x3) =L i [X7, Y1(x3).

If [X, Y](x3) # O then we obtain a contradiction
N""(x3)3[X, YIx3) =X af[X7, YI(x3)e N x3).

Thus ¥, a;/X; eN_, ﬂl\zl sinceAYeN"‘m =1,---,k span N. However, X| are
linearly independent in N '"NNO\N'NN_;s0al = 0,i=1,- -, no It follows that

X=YaiXi+ - +YaiX.

Proceeding by a simple induction argument in which X is assumed to be a sum of
terms of weight =K and using the same arguments as above we deduce X =0, and
that N is graded by the weight of commutators. [

The Lie algebra L of system (16) now has the required graded Lie algebra
structure. We now show that we may view the state space as a graded vector space,
with f5 and g1, * +, g3 being represented as vector fields of degree 0 and 1 respec-
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tively. First observe that if €; are the coordinate functions on the vector space M,
then system (14), with outputs y; = €;(x,), defines an observable system with a finite
Volterra series. Therefore systems (16), with outputs §; = é; © ¢»(x3), defines an observ-
able and strongly accessible system on M3, with finite Volterra series. By Crouch [5,
Lemma 4.1, Thm. 3.7] we see that the state space M; is diffeomorphic to a vector
space V, and in fact V may be viewed as the tangent spaceT,9M3.

We now outline the method originally contained in [11] but given in [5, Thms.
4.3, 4.10], in which the system is expressed in canonical coordinates of the second
kind, taking care to ensure that only the same number of coordinates as the dimension
of M are used. These coordinates define the vector space V. This procedure is also
given, in a slightly different setting,.in Hermes [3].

We construct by induction a linearly independent set of vectors which completes
any basis of Ny (definitions as in Lemma 1), to a basis of N expressed as

(17) X1> Tt 7Xn17 Xn1+17 et 7Xsp Xsl+1, Tt 7XnK7 XnK+1, T XsK°

Let Xop ,+1, " < be llnearly independent elements in N¥ which complete any
basis, X, +1, * XSK, of N NN, to a basis of N¥, and let X, ,+t1,---,X,, be
linearly independent elements of N, which complete any basis X1, 00, X, of

N'NN, to a basis of N’ for 1=j=K, so=0. By Lemma 1, the set of elements
constructed in this way glves a basis for N; since No = Z, L@ (N'NN,). Note further
that all elements X, .1, - - -, X,, have weight j, 1 =j =K.

Let (t, x)— v:(t)(x) be the flow of the (complete) vector fields X; in (17), and
define a map ¢3: V > M; by

(/’3(21: C 9 Zngy Zsg4ly T T an) =71(21) ore-o0 Ynl(znl) Orrro 'Ynx(znx)(xg)

where V = Zfil@ Vi is the grading of the vector space V, with z;,_ 41, * +, z,,, defining
a set of coordinates for V. [5, Lemma 4.1] shows that ¢; defines a diffeomorphism
of V onto M. Further, using the basis (17) in [5, Thms. 4.3, 4.10] shows that system
(16), expressed in the coordinates z° = (z1, * * *, Zu,, Zs;+1, * * * » Zng )> takes the form of
those in (3); and so the resulting vector fields F, G4, - - - , G,,, and systems denoted by
(9) satisfy the conditions in paragraph (b) of Theorem 1. Moreover, if we define
H; = h,; © 5 © Y3, then system (9) with the outputs y; = H;(z) satisfies the requirements
of paragraph (a) of Theorem 1.
By construction we have

(18) W203)$F =fr° (Y2°¢3), (W2°3)xGi = ga2i ° (Y20 3).

Defining ¢: V>M by ¢ =¢;° ¢35 we now see that the relation (15) yields for
0=n=K, 1=j;=m, and h any smooth function,

Gj,,(Un)Gj,,_,(Un—1)‘ c Gj,(a'l)(h°l//°')’1=(t))|z=0
=8, (01)8ju_(0n-1)  * - g, (1) (A © ¥£(2)) © Y] =o.

By differentiating these expressions with respect to the parameters o; and ¢, we now
obtain the results of paragraphs (d) and (e) of Theorem 1.

It remains to prove paragraph (c). The connected Lie transformation group &,
corresponding to the Lie algebra N of system (16), acts transitively on M3, giving M3
the structure of a homogeneous space. By [5, Thm 3.9], & is simply connected and
homeomorphic to a Cartesian space. We may now consider the system

(19)

(20) f=fux+ L ugu(x,  x0)=e, x€2,
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where £ is the connected Lie transformation group corresponding to the Lie algebra
L of system (16), and f4, g41, * * , 8am, are the generators of L, considered as left
invariant vector fields on %, e is the identity element in Z. If we let ®: £ XM5->M;
be the smooth (analytic) map defining the action of £ on M3, (x4, x3)—>P(x4)x3, it
follows that x> ®(x4)(x3) = @' (x,4) satisfies D'(e) = x3,

Dufa=froP, ¢;g4i=g3i°¢’, l1=i=m.

We now repeat the procedure described above, in order to express the system
(20) in canonical coordinates of the second kind. In this case, however, the vector
fields in (17) can be any graded basis of N, since N,={0}. Although the vector field
fa does not vanish at e €., ®} f4(e).=0, so we reduce the dimension of the state space
by one in the process, and hence obtain a system on a graded vector space V, isomorphic
to the Lie algebra N. This completes the proof of Theorem 1.

We note that a process for obtaining realizations of finite Volterra series, with
the structure given in paragraphs (a) and (b) of Theorem 1 and the state space V
isomorphic to N, is given in [5, § 4.4]. Basically one constructs an arbitrary accessible
realization of the finite Volterra series with Lie algebra L so that the Lie algebra N
is nilpotent and finite dimensional but the subspaces N’ do not necessarily satisfy
N'NN'={0},i #j. One can construct an abstract Lie algebra L' with the required
graded property by discarding linear relations between the spaces N !, This does not
destroy the Lie algebra structure since the Jacobi identity relates commutators of
equal weights. There is clearly a homomorphism of Lie algebras which maps L' onto
L, enabling one to construct the desired realization from the system lifted to the Lie
group %, corresponding to L, as above.

The process described in this paper has two advantages; one does not have to
go to a group structure in order to find a realization with the required properties, and
one obtains without effort the submersion ¢, mapping the realization onto the system,
from which the finite (truncated) Volterra series was obtained. One further notes that
it is far from clear how to obtain realizations on homogeneous spaces from realizations
on Lie groups, if one requires a graded structure, as illustrated by the example in the
introduction.

3. Theorem 2.

3.1. In this section we prove a result which shows how closely vector fields defined
by the approximate system (9), are related to the corresponding vector fields with the
same weight for system (6), by calculating the order of vanishing of a suitable difference
vector.

We shall use the graded basis X; of N constructed in § 2.2, viewed as vector fields
on V. We partition the set of indices I appearing in the basis by I =11 - - - Il I, such
that X;eN' if i €I, and denote by v; the vector field on M, obtained from X; by
replacing F, Gy, - - * , G, in system (9) by f, g1, * * * , &m in system (6) respectively. By
the assumption of Theorem 1 we may select a subset J = I such that the vector fields
{v, i €J} form a basis for T.M, forallxeU,a neighborhood~of Xoin M.

It now follows that on W, a neighborhood of 0 V, ¢: W > U,

U Xi=vio+ Y Oiv; 0, iel,

jeJ

@1
uF =fod+ E]nivj °y,

(22) ¢*Gi=gi°l//+2wijv,~°(//, 1=i=m

jeJ
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for suitable smooth (analytic) functions 6;, nj, w; on W. By paragraph (e) of Theorem
1, and the independence of the set v;, j € J, we see that all functions 6y, n;, w; vanish
atO0e V.

In this section D, will always be a differential operator obtained by taking linear
combinations and composing vector fields ad KF(G)), K=0,1=i=m, and d will be
the corresponding operator obtained by replacing F, Gy, -+, Gm, by f, 81, * * » &m»
respectively.

LEMMA 2.

(@) DOyl,~0=0foricl,and w(D)=K —s;

(b) Dw;j|.=0=0 for w(D)=K —1,

(c) Dmnjl.=o0for w(D)=K.

Proof. Clearly (b) is just a special case of (a). Let 4 be a smooth function on
then from (21) and (22) we have

(23) )(i(h°(//)=vi(h)°'//+zjoiivj(h)”//a
(24) F(h °¢)=f(h)°t//+2]n,~v,~(h)°¢.

We first prove by induction on the weight that if D is an arbitrary differential operatoi,
under the restriction above,

(25) DXi(hoy)=dvi(h)o ¢ + ZJ (DO;)v;(h) o p + %‘, (Dabsy)py

where w (D) +r<w(D)+s,i el B €l,, w(D,) <w(D) for some differential operators
D,, and smooth functions p., on w.

Clearly (25) reduces to (23) when D is the identity operator. Assume (25) is true
for operators D of weight /[ <K, and let X, be a basis vector field of weight 1, i.e.
p €I,. Applying X,, to (25) we obtain

XoDXi(h o) =X, (dvi(h) > ¢) + ZJ (XpD0;)v;(h) ° &b

+Z (XPDaoﬂ’Y)p'y +Z (Doii)Xp(vj(h) o) +Z (DGGB‘Y)XPP‘Y'
By (23) X,(dvi(h)oy)=v,dvi(h)o+Y, ;05(vjdvi(h)o¢) so X,DXi(hoy)=
vpdvi(h) o ¢+, ; (X,D6;)v;(h) ° ¢ +remainder terms.

One checks easily that all the remainder terms may be written in the form
Yopy Dabgy)py where w(Do)+r'<w(X,D)+s, B'€ly, w(Du)<w(X,D). Thus
X,D satisfies (25) with w(X,D)=1[+1. Since the operators of the form X,D generate
all operators D' with w(D') =!+ 1. the induction is complete.

We now prove by induction that

(26) DF(h-y)=df(h)-¢+ ZJ (Dnvi(h) oy + % (Dabsy)py +Zﬁ (Dsmi)u,

where w(D,)+r=w(D), B €I, and w(D;s) <w (D). Clearly (26) reduces to (24) when
D is the identity operator. Assume (26) is true for operators D with weight | <K,
and let X, be a basis vector field of weight one, as before. Applying X, to (26) and
making use of (23) we obtain

X,DF (h o ¢)=v,df (h) ¢ +1§] (XpDmy)vj(h) e ¢
+2 6,10 df (1)) ° Y + L (XpDabgy)py + X (XpDsmi)p

+z (D‘ni)Xp(vi(h) ° (//) +Z (Daeﬁy)pry +Z (D,s‘ni)Xp[.eL.
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The first line of this identity has the same form as the first line of (26), and it is easily
seen that the remaining terms have the form
Y (Dabgy)oy+ X (Dsmi)u
a'B'y’ 8'i'e’ e’
w(Dy)+r'=w(X,D), w(Ds) <w(X,D), B'el,.

Thus X,D satisfies (26) with w (X,D)=1[+1, and hence as before for all operators D’
with w(D'") =/ + 1. The induction is therefore complete.

We now prove (a) by induction. Assume D@j;|,-o=0 for operators D, and i € I,
such that w(D)+s =I<K. Apply (25) to operators D and i € I, such that w(D)+s =
[ +1. By Theorem 1, paragraph (d), DX;(h © ¢)|, o = dvi(h) ° /|, -0, and by hypothesis
Y. (D.0gy)p, vanishes at z =0, because w(D,)+r<w(D)+s, B el,. Hence, by the
independence of the v;, j €J, D@; all vanish at z =0 for all operators D and i € I, such
that w(D)+s=1[+1.Clearlyonly w(D)=0,s = 1 satisfies w(D)+s = =1,sinces = 1.
Since 6;; all vanish at z =0, the assertion is true for / = 1. The induction is complete.

We now prove (c) by induction. Assume Dn; vanishes as z =0 for operators D
such that w(D)=I[<K, and apply (26) to operators D such that w(D)=[+1. By
Theorem 1, paragraph (d), DF (h ° ¢)|.—0 =df(h) ° /|, —0. By hypothesis, and part (a)
of thislemma, ¥, (D,6g,)p, and Y, (Dsn;)u. vanish at z = 0,since w(D,) +r =w (D) =K,
B €I, and w(D;) <w (D). Thus, by the independence of the v;, j € J, Dy, vanishat z =0
for all operators D satisfying w (D) =1[+1. Clearly the induction step is true for / =0,
since 7; all vanish at z = 0. The induction argument is therefore complete. 0

We may gain insight into this result by using expressions (21) and (22) in (9). In
particular, if we consider the pair of equations

i=F@)+ ¥ uGiz), z(0)=0, zeV,
i=1

X=fx)+ gﬁl uigi(x) + X 0;(2)v;(x) + L wiwyi(2)v;(x),  x(0)=xo, x€M,

we see that the map ¢ satisfies ¢ (z (t)) = x (¢) for all controls u; (). However, since we
know that ¢(z(¢)) is the Kth order truncated Volterra series for the state of system
(6), and that these terms are obtained entirely from the contribution of f, g1, -+, gm
in the second equation above we deduce that the net effect of the extra terms is to
contribute only terms in the Volterra series expansion of the state x(¢) containing
more than K iterated integrals of the controls. By expressing 7;(z (¢)) and w;(z (¢t)) as
Volterra series themselves, we see that the results (b) and (c) of Lemma 2 are
compatible with this requirement.

We note that the vanishing properties established in Lemma 2 for the functions
6, and the expression (21) are identical to those obtained by Goodman [2]; however,
the method of proof used is entirely different, and our expansion (21) is not just a
formal power series identity, but is an identity between smooth, or analytic vector fields.

3.2. Proof of Theorem 2. In this section we prove Theorem 2, using a technique
of Goodman [2], which we include here due to the different context. The proof is
based on (21). Define a square matrix valued function on W, z—S(z) such that Sii = 6;
for jeJ, and S;; =0 for jeI\J for all { e I. The matrix S(z) is smooth (analytic) and
vanishes at z = 0. Consequently,

ze él (=$@)"=T(2)
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is a smooth (analytic) matrix valued function on some smaller neighborhood W < W,
of 0eV. Clearly, I +T(z))I tS(z))=I on W, where I is the identity operator.
Introduce the vector notation X = (X3, * + +, X5 ), 0 =(v1, * * +, Vi), rewrite (21) in
the form

U X =T +S)i5 oy,
and operate by I + T to obtain

7oy = X + Ty, X,
which may be written in coordinates as

vio = X+ 'ZI Tih X
JE

We define the smooth (analytic) vector fields Z; on W by Z; =}, _; T;X, to obtain the
identities

27 U Xi Y Zi=vi0¢.

We now set

(28) F=-Y n(X+2), G=-Yw;X;+Z), 1si=m,
jeJ jeJ

and obtain from (21) and (22)
UuF+F)=foy,  ¢u(Gi+G)=gioy, 1=i=m.
Further, if we set H; = h; o ¢ — H; and make the definitions
F'=F+F, G}=G+G, 1<i<m, H|=H+H, 1sisp

we have proved paragraphs (a) and (b) of Theorem 2.

We now demonstrate the vanishing properties given in paragraph (c) of Theorem
2. Using the map ¢3: V - M, constructed in § 2.2, or an analogous map in the case
of systems lifted to the Lie group, any function 6 on Mj is written as a function § on

v by the COmpOSition 0 0(113(21 2 Zs41t an) =0~(Zl cr gyttt ZnK). Con-
sequently for ri+ry+- - 1y =1
|~
5 i
T =X"x - X6, -
az'il e az::‘,f 2=0 ng 1 Iz 0s

where X; are the elements of the graded basis viewed as vector fields on V, and X
is X; composed with itself, as a differential operator, r times. We may now use Lemma
2; and this expression to see that w;, vanish to homogeneous order K, and #; vanish
to homogeneous order K + 1. The relations (28) now show that F is a vector field of
degree =—1, and G, -, G, are vector fields of degree =0.

Now by construction system (9), with outputs y; = H;(z), has the Kth order
truncated Volterra series of system (6), and by (19) the same is true for system (9)
with outputs y; = k; o (z). It follows that D (h; o ¢)|,~0 =D (H;)|.-o for all operators
D of degree =K in ad’F(G,), j =0, 1=i=m. Thus H,=h; ¢ —H; vanishes to
homogeneous order K + 1. This completes the proof of paragraph (c) of Theorem 2.

It remains to prove paragraphs (d) and (e). Note that F'=F +F where F has
degree =0 and F has degree =—1, G| = G; + G; where G, has degree =0 and G has
degree =1, and hence by (5) [F', Gi]1=[F, G;]+ Z where [F, G;] has degree =1, and
Z has degree =0. In general, one now easily shows by induction that X; =X, +Z,
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where X is any basis element constructed in § 2.2 of degree r, X is the corresponding
vector field of degree r obtained by replacing F, G4, -+, G,, by F', G4, - -, G, and
Z; has degree =r—1. This demonstrates paragraph (d). Noting that vector fields of
degree =0 vanish at z =0, and by (5) Span{Xj|,—¢; i€ I; II-- -1 I} =Span{X]|,—;
X =vector field degree =r}, we see that

Xil20=Xil:20+Zil;=0, i€l, 1=r=K

forms a triangular set of equations, showing that commutators of weight =K in
F', Gy, -, G, span T,V, proving paragraph (e). 0

It is instructive to write system (10) explicitly in coordinates, completing the
coordinate version of the system (9) given by the equations (3), by using the relations
(28), and the vanishing properties of 7n;, w; and H,. Here z; will represent the vector
comprising the coordinates z;, 41, * ", Zn,

Z1 Aqzy biy 0(|ZlK+1)
2'.2 _ A2.22+a2(f21) +§ " biZ(.Zl) + 0(|Z.IK+1)
: : : i-1 : :

ik Axzg tak(z:- y ZK-1) bix(z1 . Zk-1) O(|Z|K+1)

Oi(!ZIK)

+§ U Oi(l.Z)K) ’
i=1 :
04z

yi=Hio+Hi(z)++ - -+ Hi (21, -, 2) + Oz [,
where || is a homogeneous norm for the dilation 8,(zy, - * - , zx) = (tz1, * - , t“2x), and
aj°8 =ta,  biod=t""b;, 1=i=m,

H,°8 =tH; 1=si=p.
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OPTIMAL CONSUMPTION FOR GENERAL DIFFUSIONS WITH
ABSORBING AND REFLECTING BARRIERS*

S. E. SHREVE,T J. P. LEHOCZKY} AND D. P. GAVER$

Abstract. Two stochastic control problems of the storage or inventory type are considered for general
diffusion processes. In the absorption problem, a diffusion process is controlled by subtracting a nondecreas-
ing withdrawal process. The controlled process is absorbed if it reaches zero. The objective function to be
maximized is the expected discounted value of the withdrawals plus a discounted penalty for absorption.
In the reflection problem, the process can be controlled by subtracting a withdrawal process and adding a
deposit process, and the controlled process must be nonnegative. One seeks to maximize an expected
discounted weighted difference in withdrawals and deposits. The value function is computed, and a necessary
and sufficient condition for the existence of an optimal policy is given. When they exist, optimal policies
are found to be the minimal processes which keep the controlled process inside an interval.

Key words. optimal consumption, diffusion process, reflection, absorption

1. Introduction. We consider two stochastic control problems of the storage or
inventory type. In the “absorption problem,” denoted (AP), a diffusion process can
be controlled by subtracting off a nondecreasing ‘‘withdrawal’’ process. If the controlled
process reaches zero, it is absorbed. The objective to be maximized is the expected
discounted value of all withdrawals plus a penalty, discounted back to the initial time,
for absorption if it occurs. It is shown that an optimal policy, if it exists, is characterized
by an upper reflecting barrier U*. The optimal policy is to make the minimal amount
of withdrawals necessary to keep the controlled process below U *. Thus the controlled
process is a diffusion reflected at U* and absorbed at zero; the optimal policy is a
constant multiple of the local time of the controlled process at U*.

In the “reflection problem” (RP), a diffusion process can be controlled by
subtracting out a ‘“withdrawal” process and adding in a ‘“‘deposit” process. The utility
gained from a withdrawal is no greater and might be less than the utility forfeited by
a deposit of the same size. Sufficient deposits must be made to keep the controlled
process nonnegative. Thus there is reflection rather than absorption at zero. In this
model, the optimal policy, if it exists, is generally characterized by two barriers, L*
and U*. After an initial deposit or withdrawal to bring the wealth process to the
nearest boundary of [L*, U*], deposits should be made only when the controlled
process drops to L*, and then only in sufficient quantity to prevent dropping below
L*. Withdrawals should be made only at U*. We will give assumptions which guarantee
L*=0. In both models, we will give a necessary and sufficient condition for an optimal
policy to exist and will determine the value function even when an optimal policy
fails to exist.

Apbplications of diffusion models of this kind to inventory/production control and
control of dams are discussed in [8], [1], [2], [5], [6], [19], [20], [17], [16]. In the case
of constant drift and diffusion, our model (RP) is very close to models studied by
Harrison et al. [8], [10]. Harrison and Taylor [8] admit a linear holding cost, but an
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integration by parts will reduce that model to our (RP). Harrison and Taksar [10]
admit a convex, extended real-valued, holding cost. They show the optimal policy is
characterized by an interval [L*, U*] in the same way described earlier for our (RP).
Despite this similarity, there is no apparent way to reformulate one of these models
into the other. It may well be that they are both special cases of a still more general
model. Harrison, Sellke and Taylor [9] treat a model in which there is a positive cost
for each deposit and withdrawal. The optimal deposit and withdrawal functions are,
consequently, step functions rather than local times.

Our absorption problem (AP) is not in the tradition of these works. It can be
used to analyze a wide range of problems which are not terminated when the controlled
process reaches zero. In a nonterminated model, there is a value associated with the
state zero, and if we set the (AP) penalty equal to this value, the value function for
the nonterminated problem will agree with that of (AP). For example, we could
postulate a model in which, upon reaching zero, the state is set to a positive value at
a positive cost. The value function for this problem can be obtained as a value function
for (AP) with proper choice of the penalty. Itis also the case that if the L* corresponding
to an optimal policy in (RP) is zero, there is an equivalent (AP) problem which can
be constructed in this way.

Excluding any initial jumps, the optimal withdrawal and/or deposit processes in
our models are constant multiples of local times for the controlled processes. Control
problems in which optimal policies involve reflection and local times have been studied
by [3], [4], [13], [14].

In § 2, we compute for later use expectations of some random variables involving
hitting times and local times. In § 3 we formulate our models and discuss the relevant
Hamilton-Jacobi-Bellman conditions. In § 4 we determine the value functions and
give necessary and sufficient conditions for existence of optimal policies. Section 5 is
devoted to examples.

2. Integrals with respect to local times. In this section we compute the expected
values of some random variables defined in terms of hitting times and/or local times
for diffusion processes on an interval. The diffusion process may be either absorbed
or reflected at barriers. These computations will be used in the analysis in §§ 3 and
4 of the control problem.

Let a(+) and o (-) be real-valued, Lipschitz continuous functions defined on an
interval [a, b]. We assume o is nonvanishing. For initial x € [a, 6], we wish to define
processes {x;(t), t =0}, i =1, 2, 3, which satisfy

2.1) dx;(t)=ax;(t)) dt +o(x;(r)) dw(t)
when a <x;(¢) <b,
(2.2) Xi (O) =X,

and x, is absorbed at a and b, x, is reflected at a and absorbed at b, and x; is reflected
at a and b. The process {w (¢), ¢t =0} appearing in (2.1) is a standard Brownian motion.
Corresponding to a given Brownian motion, the x;(+) process exists and is
(pathwise) unique [7, § 6]. The situation for x,(-) and x3() is somewhat more complex.
There exists a Brownian motion {w(¢), =0} and a filtration {#(¢), t =0} such that
w(+) is adapted to %(-), {w(s),s =t} is independent of %(¢), and there exists a
corresponding x,( ) process also adapted to % (- ) such that up to the time of absorption
at b,
2.3) xz(t)=x+J’

0

t

a(ea(6)) s + [ o ea(s)) dw )+ £3(6).

0
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The process ¢5(-) is adapted to %(-), nondecreasing, continuous, satisfies ¢3(0) =0,
and for fixed w, is constant on any interval where x,(:)>a [7, § 23). The question of
uniqueness is dealt with by Watanabe [18, Theorem 1], who showed that all pairs of
processes (x2(+), £5(+)) satisfying the above conditions, even those defined on different
probability spaces relative to different Brownian motions, induce the same distribution
on the space of paths.

Inregard to the doubly reflected process, there exists a Brownian motion {w (¢), t =
0} and a filtration {#(¢), ¢ = 0} as before, and there exists a corresponding x3(-) process
adapted to %(-) such that

t

(2.4) xa(t) = x +j a(xals)) ds + j o (x5(s)) dw(s) + L2 (0)—E30).

0
The processes ¢3(+) and ¢ %(+) are adapted to %(-), nondecreasing, continuous, and
zero at the origin. On any interval where x3(+)>a, {3(+) is constant. On any interval
where x3(+)<b, ¢5(+) is constant. The triple (x3(+), £5(*), g’;( -)) is unique in law. See
[7, § 23] and [12, Chapter IV, § 7].

We define stopping times

2.5) l=inf{t=0: x;(t) =y},

where 7) =00 if x;(f) never reaches y. Choose 8 > 0. In this section we characterize
the four functions on [a, b],

(2.6) @1(x) =Exe 7,
2.7) @2(x) = Eye %,
]
2.8) Ya(x)=E, L e LS (),
2.9) wa(x)=Exjo e L3 ().

All these functions will be found to satisfy the differential equation
(2.10) Bf(x) = a(x)f (x) +30° (x)f"(x).

They are thus characterized by their boundary behavior, which is given as a corollary
to the following lemma.
LeEMMA 2.1. Let f be a solution of (2.10). Fora =x =b,

2.11) f(x) = Eye P Df(xy(r8 A 72)),
2.12) f(x) = E. e "3 (6) f(a)E, j "o A,
(2.13) f(x)=f'®)E. L e dz8(6)~f (@)E, jo e dL2(0).

Proof. We prove (2.11) and (2.13). The proof of (2.12) can be given by combining
techniques used to prove the others.
Apply Ito’s lemma to y;(¢) :=e ™ f(x(t)) to obtain

dy1(t) =e P (x1())o (x1(2)) dw (¢).
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Integrating from O to 7§ A 75 and noting that the integrand of the stochastic integral
is bounded for a =x,(t) = b, so the expectation of the stochastic integral is zero, we
obtain (2.11).

Now apply the generalization of Ito’s lemma for semimartingales [15, p. 278 or
p. 301]to y3(¢):=e ® f(x3(¢)) to obtain

(2.14) dys(t) = e f'(x3(e)[o (x3(t)) dw () +d¢5 (1) — dL3 (1)),

The measure induced on [0, c©0) by ¢35 (¢) assigns zero measure to the set {¢: x3(t) #a}.
Therefore,

f'(x3(0) d¢5(8)=f'(a) d£5(2).
Likewise,

f(x3(0)) dL3(e) = f'(b) dL3(e).
From (2.14) we have

T
(2.15) E.e "Tf(xs(T)~f(x) = E, L e P [f'(a) d¢5(0)~f'(B) dL5()].

We can let T'—» o0 and separate the terms on the right side of (2.15) to obtain (2.13)
if we have

(2.16) Exj e P d¢i() <o,
0

(2.17) EXI e P drs(r) <.
0

To prove (2.16), let g be a solution of (2.10) with g'(a)=—1, g'(b)=0. In place of
(2.15), we have

T

E,e "Tg(xs(T))—g(x)=—E, J' e s o).

0

Letting T - c0, we have

Exj e L) = g (x) < .
0

The proof of (2.17) is similar. 0
COROLLARY 2.2. The functions ¢1, ¢2, 4> and 3 are solutions to the differential
equation (2.10) satisfying the boundary conditions
‘Pl(a)_—'oﬁ (Pl(b):'l’
¢2(a)=0, ea(b)=1,
Ya(a)=-1,  ¢a(b)=0,
Y3(a)=-1, y3(0)=0.
Proof. In each case, let f be a solution to (2.10) satisfying the specified boundary

conditions and use Lemma 2.1 to show that f satisfies the appropriate definition
(2.6)-(2.9). O
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3. Model formulation. Let a(-) and o () be real-valued functions defined on
[0, 00) which have Lipschitz continuous derivatives, and assume a(-) and o(-) grow
at most linearly and o (-) is nonvanishing.

In the absorption problem (AP) we are given P, a penalty for absorption. For each
x =0, we select a Brownian motion {w (¢); ¢ = 0} relative to a right-continuous filtration
{#(t); t =0} and an adapted, nondecreasing, left-continuous, process £(¢) with £(0) = 0.
We define x () by the stochastic integral equation

(3.1) () =x +I a(x(s) ds+j o (x(s)) dw(s)— £(2),
0 0

and define stopping times

(3.2) 7, =inf{t=0: x(¢t) =y}

It is known that (3.1) has a unique solution for 0=¢ =17, [7, p. 51]. Define

T,

(3.3) Ve =E |

0

" e P dE(t) +e _B’(’P},

where 8 >0 is a discount factor. We denote by V*(x) the supremum of V(x) over
all £(-) obtained as above.

In the reflection problem (RP) we are given a constant k =1, and for x =0 we
must choose a Brownian motion adapted to a right-continuous filtration {w (¢), #(¢); t =
0} and two nondecreasing, left-continuous processes {£ (¢), t = 0}, {¢ 7 (¢), t = 0} adapted
to {#(t), t =0} and satisfying £7(0)=¢7(0)=0. We wish to define a solution to the
integral equation

(3.4) x(t)=x +J'0 a(x(s))ds + J; o(x(s) dw(s)—& (t)+ &7 (2).

Because we have placed no bounds on £ () and ¢7(¢), we must do this somewhat
indirectly. Define

(3.5) v, =inf{t=0: £ () vE (t)=n),
(3.6) E()=¢& (tawn),
3.7 En(t)=E"(t Avy).

For each n, there is a unique solution ([7], p. 51) to
t

(3.8) 6 =x+ [ ales) ds+j0 o (xa(s)) dw(s)— &5 (1) + &2 (0).

0
This solution has the property that on {v, =¢}, x,.(t) = x,.(¢t) a.s. for m Zn. It is thus
possible to choose a left-continuous process {x (¢), t Z0} such that x(¢) =x,(¢) a.s. on
{v,, = t}. This process satisfies

tAY,

" a(x(s)) ds +j "o (s)) dw(s)— £t Avn)+ET(E Avn)

0

tAY,

3.9 x(tAv,)=x +J

0
for every n. Since v, > % a.s. as n > 00, we can interpret x(f) as a solution to (3.4).
We will say the pair {£7(¢), £*(¢), t =0} is admissible if x (¢) = 0 for all r = 0. Admissible
pairs do exist. Indeed, if we let {¢*(¢), t = 0} correspond to reflection at zero as discussed
in §2 and take £ (¢) to be identically zero, the pair {£7(¢), &7 (¢), t =0} will be
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admissible. For an admissible pair, we define

(3.10) Ve e+(x) = lim E, j " P dE ()~ k dET (1)),
n-»o00 0
The reflection problem is to find a Brownian motion and admissible {£7(¢), £*(¢), t = 0}
such that V- .+(x) is maximized. Again, we denote the value function by V*.
LEMMA 3.1. Consider the model (AP). Let F: [0, c0)-> R be continuous, have two
continuous derivatives, and satisfy

(3.11) F0)=zP,

(3.12) F'x)z1l, x=z=0,

(3.13) F'(x)=0, x=0,

(3.14) BF (x)Z a(x)F'(x)+30%(x)F"(x),  xZ0.

Fix x=0and let x(-), £(+) be as in (3.1). Then F(x)= V¢(x), and consequently,
(3.15) F(x)=zV*x), x=0.

IfF(x)= V*(x) and £(-) is optimal at x, then

(3.16) F(x)= EUO e dE () +e* VR (x(r a70) )

for any almost surely bounded stopping time 7. If F = V* and
(3.17) F'(x)>1, x =0,

then for x >0 there is no optimal policy.
Proof. We show first that for any x (- ), £(+) pair,

W)= L K e P de(s)+e PR (x (f ATo))

is a supermartingale relative to {#(¢); ¢t = 0}. In fact, we will show directly the optional
sampling result that if 7, and 7, are bounded, {%(¢)}-stopping times with 7, =7, a.s.,
then E{W (7,)|% (1)} = W,,. We subsequently show that, as would be expected, when
&(+) is optimal, the {W,, %} process is a martingale.

Let xo(t) = x (t A 7o) and &o(¢) = £(¢ A To). The process {xo(¢); ¢ = 0} is left-continuous
with limits from the right, contrary to the usual convention. However, the filtration
{#(¢), t = 0} is right-continuous, so the right-continuous process {x(¢+), ¢ =0} is also
adapted to this filtration. Moreover,

x(t2 A 7o) =lim xo(¢+), t,>0.
11tz
For 0=t =¢, the differentiation formula for semi-martingales [15, p. 278 or
p. 301] implies

e-a(mrﬂ) F(xo(t+)) = e"B(tlAro) F(xo(t:+))

+J- " e85 [—BF (x(s)) +a(x(s))F'(x s)) + 2o (x (s)F"(x (s))] ds

—j( & (x(s)) duls )+ j "Fx(s)o(x(s) dw(s)

+ X [F(xo(s+)) = F (xo(s)) = F'(x0(s))(xo(s +) = x0(s))].

HATO<S=tATo
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In light of (3.13) and (3.14), this leads to

e—B(tA‘rO) F(xo(t+)) ge—ﬁ(tl/\fo) F(xo(t1+))

—J: : e P F'(x(s)) déo(s+) +J- ’ F'(x(s))o(x(s)) dw(s).

The concavity of F also implies
0=e P (F(xo(t1)) = F (xo(t:+)) — F' (xo(t1))[€o(t1+) — £o(t1)T},

and adding this to the previous inequality, we obtain
e PN F(xo(t+))

ée_ﬁ("ATO)F(xo(tl))—j

[(t1ATo).tATo]

e P F'(x(s)) déo(s+)+ j 0F'(x (8)o(x(s)) dw(s).

If 0=t¢, <t,, we can let £7¢, to obtain

e—B(f2/\'ro) F(x (t2 A TO))

=B B(x (£, A 7o) —j ¢~ F'(x(s)) d&(s) +j " B () (x(5)) dws).
[t1A70,t2AT0) tiATo
In other words,
(3.18) W)= W)+ | e~ [1-F'(x(s))] de(s)
t1ATQt2ATQ)

+J:2 0F’(x(s))a'(x(S)) dw(s).

1ATO

Observe that because (3.18) is a pathwise inequality, we can replace ¢; and ¢, by
bounded stopping times 71 and 7, which satisfy 7, = 7, <00 a.s. Making such a replace-
ment and taking conditional expectations, we obtain

EAW (52| F(r)} = W(ry) +Ex{j

[T1AT0,72AT0)

e [1-F'(x(s))] df(s)l%o}

+EX{J' " E () (x(s)) dw (S)W(’rl)}.

By assumption, F' is bounded between 1 and F'(0), and there is a constant K such that
|o-(x)| =K (x+1), x =0. Let x4(¢) be the solution of

t

a(x:(s)) ds+I o (xa(s)) dw (s).

0

x1(t)=x +J.

0

By a straightforward generalization of the comparison theorem of Ikeda—Watanabe
[11], x,(t) = x(t), 0=t = 7o. Therefore,

[t e o) dsstFOKT [ 7wy as,
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which has finite expectation [7, p. 40]. It follows that

E{[ " P as)rre) dvsiFe | =0,
and so for any bounded stopping times 7, =7, a.s.,

EAW(r)|F(r)} = W<n>+Ex{j

e [1-F'(x(s))] dg(s)|g:(1—l)}
(3.19) [T1AT0,T2AT0)

=W(n).
By definition, W(0) = F(x), and since W (¢) is a supermartingale and F =P,

tATg

F(x);ExW(t)zEx{L e‘ﬂ”dg(s)+e"3““o>P}.

Letting ¢ » c0 we obtain F(x) = V,(x), and (3.15) follows.
If F=V*and £(+) is optimal, then for any bounded stopping time 7,
F(x)=W(O)=E,W(r)=lim E,W(r +1)

t—=>00

(r+t)aTg
= lim Ex{J e—ﬁs dg(s)+e—B((r+t)MO)P}

t—=>00 0
= Vi(x)=V*(x)=F(x),
and consequently, F(x)=E.W(r). This proves (3.16) and also shows that
{W(t),%(t); t =0} is a martingale.

We now assume F = V* and (3.17) holds. Note first of all that for all x =0,
V*(x)Z P +x, because P+x is the return associated with an initial jump to zero.
Thus, for some x,

V¥*x)>EPe P, X=X,

where 7¢ is the passage time to zero of the process
t t

(3.20) x(t)=x +J a(x(s)) ds+J a(x(s)) dwi(s).
0 0

(If P =0, we may take & to be any positive number, but if P <0, ¥ must be sufficiently
large.) Now suppose for some x >0, there is an optimal £(-). Assumption (3.17) and
inequality (3.19) imply ¢ is identically zero almost surely. Thus, V,(x)=E,Pe *™,
and so 0<x <x. The process given by (3.20) has positive probability of arrival at
X before absorption at 0, so (3.16), Fatou’s lemma, and the strong Markov property
imply

EPe Po=V*(x)

=1lim E, e P OV*(x (t A T2 ATo)) ZEx e POV (x (12 A To))

o0
=E{Xirp<rg € PP} +Eo{X(rp<rp € “VH(X)}
>E{Xtro<rg € POPY+ E{X(re<roy ¢ PFE£{P e ")}
=E{X(rrg € "OP}+ EdXire<rpEx[Pe 7 F ()]}
=Ex{X(o<rg € P} +EclX(re<ri ¢ P}

=EPe P,

This contradiction shows there can be no optimal policy at x. O
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For some of the later analysis, we will need to refer to auxiliary control problems
(APU) and (RPU). Let U be a positive “‘upper barrier.” The problems (APU) and
(RPU) are like (AP) and (RP), respectively, except that in the modified problems,
the control policies must be chosen so that the x () process never exceeds U. The
value function V' for these problems is defined only on [0, U]. The proof of Lemma
3.1 is also a proof of the following lemma.

LeEmMMA 3.2. Consider the model (APU). Let F: [0, 0)> R have two continuous
derivatives and satisfy (3.12)-(3.14) for 0=x=U and also satisfy (3.11). Then
Fx)z2V¥Hx), 0=sx=U. If F=V¥ and £(+) is optimal, then (3.16) holds for any
almost surely bounded stopping time.

LEMMA 3.3. Consider the model (RP). Let F:[0,00)-> R have two continuous
derivatives and satisfy

(3.21) 1=F'(x)=k, x=0,
(3.22) F"(x)=0, x =0,
(3.23) BF(x)=a(x)F'(x)+30*(x)F"(x), x=0.

Fix x=20 and let x(+), € (+), €7 (+) be as in (3.4). Then F(x)=V, (x), and
consequently,

(3.24) F(x)=V*(x), x=0.

If F(x)=V*x), and (¢7(-),¢7(")) is optimal at x, and p,=inf{r=0:x(f)v
E () VET(t) = n), then

TAP,

(325  F@)=E j B [dE~ (1)~ k dE™* ()] +e *) F(x(r Apn»},

(4]
for any almost surely bounded stopping time 7. If F = V* and
(3.26) F'(x)>1, x =0,

then for x = 0, there is no optimal policy.
Proof. Define

W () = J; " [dE(s)—k dg ()] + e P F(x(t npy)).

By an argument similar to the proof of Lemma 3.1, we can show that for any almost
surely bounded stopping times 7, and 7, satisfying 7, =7, a.s.,

Ex{Wn (72)|g(71)}

= W,(m) +Ex“ | TP F(x(s)) de~(s)~ (k —F'(x(s)) d€+(S)]|97(71)}

T1APn

+E, { j F'(x(s)) o (x(s)) dw(s>|5»*<n)}.

T1APn
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Since x (s) is bounded on [71 A p,,, T2 A p,.], the Itd integral term has conditional expecta-
tion zero. Using this fact and (3.21), we obtain

E{W, (r)|F ()} = Wa(r1) +Ex{j T e (1= F(x(s)) dE(s)

(3.27) —(k—=F'(x(s)) d§+(S)]|97(1'1)}
= Wn (TI)’

so {W, (¢), #(¢)} is a supermartingale.
Let 7 be an almost surely bounded stopping time. From (3.27) we have
EW, q(O)ZEW,iq(t App) ZEW, i q((r+t)Avy), mZnz=0, t=0, gq=0.

In other words,

Fix) zEx{jof "o [d )k d ()] +e P F(x(r npa))|

(T+1)Avml\pn+q
éEx{ j e [de™(s)—k ™ (5)]

0

e BTN F(x (74 1) A v AP"+q))}‘

For fixed m, [ """ ""?n+a ¢ ™ [d¢™(s) — k d&™(s)] is uniformly bounded in f, ¢ and w.
Thus, we can let ¢ » 00, ¢ » o and use the bounded convergence theorem on this term
and Fatou’s lemma on the other term in the last expectation to obtain

TAP,

F(x)zEx{J.

0

e [dE~(s) —k dE*(s)]+ e P (x (r A pn»}

v

E{j " e ()~ kg (6)]+ e FF (x(v))
0

v

E L”m e [dg™(5)— k" (5)]+e P F ()],

If we now take lim,,.. of the last term, we see that F(x)= V- ,+(x) and (3.24)
follows. Moreover, if F(x) = V*(x) = V- +(x), then (3.25) must also hold.

Suppose now F = V*_ If initial wealth is x, the policy of immediately jumping to
zero and then following a nearly (within € > 0) optimal policy returns reward at least
x + V*(0)—e. Since this is positive for large x, we can choose ¥ such that V*(x)>0
for x =x. Suppose that (3.26) holds and for some x =0, there is an optimal policy
(€7(+), £7(+)). From (3.25) we see that E,W,(0)=E,W,(t),n=0,¢=0. In order to
achieve this equality in (3.27), we must have ¢~ =0 a.s. Therefore, the corresponding
x(+) process satisfies

(3.28) x(6) =x +Ita(x(s)) ds +Ita'(x(s)) dw(s)+£ (),
0 0
and

(3.29) V*(x)= Ex{—k Lw e ® dg*(r)} =0.
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This implies x <. Extend a(-) and o(+) to all of [—1, 00) so that they remain Lipschitz
continuous and o (-) does not vanish. Let x;(-) be the process on (—0c0, o) absorbed
at —1 and X and satisfying

t t

a(xi(s)) ds +J a(x1(s)) dw(s).

0

x1(t)=x +I

0

Define stopping times
F=inf{t=0:x(t)=x}, i =inf{t=0: x,(t) =%}.

Corollary (2.2) implies that
@1(x)=E et

is a nonzero solution to (2.10) for —1=x =%, and ¢:(—1)=0, ¢;(x)=1. Since ¢;
is nonnegative, any zero of ¢; in [0, £) would also be a zero of ¢}, in which case ¢,
would vanish identically. Therefore,

E,e P>, 0=x==x.
By a straightforward generalization of the comparison theorem of Ikeda and Watanabe
[11], almost surely
x@®)=x1(t), t=0,
$O
(3.30) E.e ® zE,e™®i>0, 0=x=&

From (3.25) we have (setting 7 =¢ A 7* and then letting ¢ - 00, n - 00)
(3.31) V*(x) =Ex{—k I e Pder(e) +e“"*v*(f)}.

0
A comparison of (3.29) and (3.31) shows

Ef-k[ ear 0} =Bl v,
which contradicts (3.30) and the fact that V*(£)>0. O

The proof of Lemma 3.3 is also a proof of the following results concerning the
model (RPU) defined just before Lemma 3.2.

LEMMA 3.4. Consider the model (RPU). Let F: [0, 00)> R have two continuous
derivatives and satisfy (3.21)-(3.23) for 0=x =U. Then F(x)= V¥ (x), 0=x =U. If
F=V¥§and (¢(+), £5(+)) is optimal, then (3.25) holds for any almost surely bounded
stopping time .

4. Determination of the value function. In this section, we determine the value
function for (AP) and (RP) under the assumption

4.1) a'(x)=8, x=0.

In § 5 we give examples, one of which indicates the complexity of the behavior which
can occur when this assumption in violated. We begin with some lemmas concerning
the behavior of solutions to (2.10).

LEMMA 4.1. Let k be a solution, not identically zero, to the differential equation

k"(x)=y(x)k(x)+8(x)k'(x)
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on some interval [a, b]. Assume y(-) is Lipschitz continuous and nonnegative. If, for
some X €la,b], k(¥)>0 and k'(x)=0, then k'(x)=0 for a=x =x. If k has a zero
in [a, b], then k' has no zero in [a, b]. If y(x)>0 for all x and for some %, k'(X) =0,
then (x —%)k(x)k'(x)>0 forx €[a, b], x #%.

Proof. We consider first the case § =0. Under this condition k is convex (strictly
convex when vy(x) > 0) on any interval where it is positive and concave on any interval
where it is negative. Suppose for some % €[a, b], k(x)>0. Let

y=inf{y€la,b]: k(x)=0fory =x =b}.

Since k is nonnegative on [y, x], it is convex there. If, in addition, k'(£) =0, then
k'=0 on [y, ], which implies k(y)=k(£)>0. According to the definition of y
and the continuity of k£, we must have y =aq, i.e., k'(x)=0fora=x =x.

Suppose now k(Z)=0 for some z €[a, b]. We cannot also have k'(Z) =0, since
the only solution to the differential equation

k"(x)=vyx)k(x)

satisfying k(Z)=k'(£)=0 is the identically zero solution. Assume without loss of
generality that k'(Z) > 0. Define

w=sup{welz,b]: k'(x)>0forz =x <w}.

Since k'(w)>0 on [Z,w), k(w)>0 on (Z, w), and therefore k is convex on [z, w].
This implies k'(W)=k'(Z) >0, and so w =b. Therefore, k' has no zero in [Z,56]. A
similar argument shows k' has no zero in [a, 7 ].

When 6 is not identically zero, we introduce a change of variable ¢(x)=
fo [exp [y 8 (v) dv] du, and define [(y) = ke '(y). Then

I'y)=[e'(¢ " YN y(e " WD),

and since /'(¢ (x)) has the same sign as k'(x), k inherits the desired properties from /.

For the final assertion of the lemma, observe that we have already proved under
the assumption k(¥)>0 and k'(¥)=0 that k'(x)=0 for a =x =x%. When y(x)>0
for a =x = b, we obtain the stronger conclusion £'(x) <0 and so

(x =Xk (x)k'(x)>0, a=x<x.

When k'(x) =0, we have seen that k(x)# 0. In the case that k(x) <0, an analogous
argument leads to the conclusion that k'(x)>0 and k(x) <0, a =x <x. Analogous
arguments also show that

(x —X)k(x)k'(x)>0, i<x=b 10O

Recall our assumption that a'(-) and o’(+) are Lipschitz continuous.

LEMMA 4.2. Assume (4.1). Let f be a solution, not identically constant, to (2.10)
on some interval [a, b].

(@) If f has a zero in [a, b], then f' has no zero in [a, b].

(b) If f'(x) =0, then (x —x)f(x)f'(x)>0 forx €[a, b], x #x.

() Iff(£)>0and f"(x)=0, then f"(x)=0 fora=x =x.

Proof. Parts (a) and (b) follow directly from Lemma 4.1. To prove (c), differentiate
(2.10) to obtain

—g' 2
f”’(x)=z[ﬁazgc;x)]f’(x)—Uz(x)[a(x)+a(x)a’(x)]f”(x).

Inequality (4.1) allows us to apply Lemma 4.1 to f'. 0O
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We now investigate (AP). Given an “upper barrier” U >0 and 0=x = U, there
is a Brownian motion on a probability space such that there is a diffusion xy(*)
reflected downward at U, absorbed at zero, and satisfying

t

4.2) xu(t)=x +L a(s)ds+L o(s)dw(s)—&u(t), 0=t=1y,

where
Y =min{t = 0: xy (¢) = O}.

Such reflected processes were discussed in § 2. The reward associated with this policy

{u of downward reflection at U is

E“ e dgv(t)+e"3’3p}, 0=x=U,

4.3) Vulx)= ¢
x-U+Vy(U), xzU.

The definition of Vi, (x) for x > U reflects the fact that if x > U, we understand {y; to
have a jump of size U —x at ¢t =0, and after this initial jump, xy(+) is a diffusion
reflected at U and absorbed at zero. For 0=x = U, Vy (x) is the sum of the functions

EU e_B'd{U(t)} and PE,e ®70,
0

These fall into the framework of ¢, and ¢», respectively, Corollary 2.2, except that
here reflection occurs at the right endpoint of [0, U] rather than the left endpoint of
[a, b]. We conclude that on [0, U], V7 is a solution of (2.10) with boundary conditions

4.4) Vu(0)=P, Vu(U)=1.

Note that while Vi, exists and is equal to one, V{,(U) may not exist. The right-hand
second derivative is zero, but the left-hand second derivative may not be. To avoid
complicating the notation, we willuse V{,(U) to denote the left-hand second derivative
at U.

THEOREM 4.3. Consider the model (AP) and assume (4.1) holds. If a (0) = BP, then

4.5) V¥x)=P+x, x=0,

and the policy of initially jumping to zero (£(07) =x) is optimal. If a(0) > BP and there
is a U*>0 such that

(4.6) Vi (U*) =0,

then V* = Vy» and {y~ is optimal. If no such U* exists, then

4.7 V*x)= lim Vy(x), x=0,

U-»c©
which limit exists and is finite for every x =0, and there does not exist an optimal policy
for x >0.

Proof. If a(0)=BP, Lemma 3.1 implies F(x) := P+ x majorizes V*(x). Since the
policy of initially jumping to zero gives return P +x, this policy is optimal and (4.5)
holds.

Suppose a(0)>BP and (4.6) holds. From (4.4), (4.6) and Lemma 4.2(c), we see
that V{«(x)=0, 0=x = U*. According to Lemma 3.1, V«= V*, so Vy«=V* and
{u~ is optimal.
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Suppose now that a(0) >8P and no U* > 0 satisfying (4.6) exists. Let g and & be
linearly independent solutions of (2.10), so for 0=x = U,

)=g(0)h(x)—h(O)g(x)+P[h’(U)g(x)~g’(U)h(x)]
g(0)hr'(U)—-h(0)g'(U) '
Note that g(x)h'(U)—h(x)g'(U) is a solution to (2.10), and since its first derivative

has a zero at x = U, Lemma 4.2 guarantees g(0)4'(U)—h(0)g'(U) # 0. Our assumption
of nonexistence of U* satisfying (4.6) is equivalent to assuming

4.8) Vulx

Y(U)=g0)r"(U)-h(0)g"(U)+P[h'(U)g"(U)—-g'(U)h"(U)]

has no zero in (0, ). Using the fact that g and A solve (2.10), we can write

2[a(0)—BP][A(0)g'(0)—g(0)A'(0)]
2
a“(0)
The function A (0)g(x)—g(0)h(x) is a solution to (2.10) which has a zero at x =0, so
its derivative has no zero. Consequently,

4.9) h(0)g'(0)—g(0)A'(0)
g(O)n'(U)—h(0)g'(U)

and so (0) has the opposite sign of g(0)h'(U)—h(0)g'(U). Since ¢ has no zero in
(0, ), ¢ (U) has the same sign as ¢(0), from which we conclude

" Yy U)

VoU)= <0.

0= OR(©)-h(0)g @)
Lemma 4.2(c) implies that V{;(x)=0, 0=x =U. Lemma 3.2 implies Vi, dominates
the value function for (APU), and since {y is feasible in this model, Vi is the value
function for (APU). For x = U, and U, = U,, every policy feasible in (APU,) is also
feasible in (APU,), so Vy,(x)= Vy,(x). Thus we can define

V(x)= lim Vy(x), x=0.

U-»c

$(0)=

It is clear that V = V*, Choose a policy £(-) for (AP), let x(-) be the state process
satisfying (3.1), and let 7, be as in (3.2). As in (3.19), the differentiation formula for
semimartingales applied to e "V (x (¢)) implies that for ¢ =0,

ToATU AL

VU(X)éEx{J

e P de(s)+e PNV (x (o ATU A t))}
0

TOI\ ‘rul\t
;E” e d§(s)+e_3(’°”u”)P}.
0
Letting first ¢ » 00 and then U - 00, we obtain V(x)= V,(x). Equation (4.7) follows.
To see that V* is finite, we pose a modified control problem in which P is replaced
by a(0)/B. Let V¥ be the associated value function. It is clear that V*= V¥, and the
part of the theorem already proved states that V¥ (x) =a(0)/8 +x.
We now show that when a(0) >8P and (4.6) does not have a solution, then for
x >0, there is no optimal policy. Let x (- ) be a process absorbed at zero and satisfying

t t

a(x(s)) ds+J a(x(s)) dw(s), O0=st=r,,

0

x(t)=x‘+I

0
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where 7, is given by (3.2). ForO< U = U, the process x (t) induces the same dlstnbutlon
on sample paths on [0, 7y A 7] as does a process absorbed at zero and reflected at U.
Lemma 3.2 implies (setting £ = {y, 7 =7y At and letting ¢ - 00)

Vo(x)=E,e ?"" Vg (x(ru A 10)).
Letting U - o, we have

V*(x)=PE;lip<ry € PO+ V¥U)E lipyamye 7Y, 0=xs=U.

According to Corollary 2.2, V*(x) is thus twice continuously differentiable and satisfies
(2.10). Since each Vy is concave, so is V*. It follows that (d*/dx*)V*(x)=0, x =0.
Choose x =0, A =0. Concavity implies

d

— V*(x) él[V*(x +h)— V*x)]= lim l[Vu(x +h)— Vyx)]
dx h Usoco B

= lim Vyx+h)=1.
U >

If, for any U, (d/dx)V*(U) =1, then V* is linear for x = U. We would have V*(x) =
Vu(x) and V{,(U) =0, contrary to our assumption. It follows that (d/dx)V*(x)>1
for x =0. Lemma 3.1 implies there exists no optimal policy. O

Remark. The fact that V*=Vy«, where U* is chosen to make Vy+ twice
continuously differentiable is a manifestation of the “heuristic principle of smooth
fit” advanced in [4] and further expounded in [13], [14]. In this model, satisfying this
principle of smooth fit is equivalent to maximizing over U the expression for Vi (x),
0=x=U, given in (4.8).

We now turn our attention to (RP). Given a “lower barrier’” L= 0 and an “upper
barrier” U > L, there is a diffusion x. (-) reflected upward at L and downward at
U and satisfying

xeut)=x+ L a(x(s))ds + L o (x(s)) dw(s)—&u(t) +EL (1), t=0.

The reward associated with (£g, £1) is

k(x "’L)"I‘ VL,U(L), 0=x §L,
Veux)= Ex{ L e P [dev(t)—k df{(t)]}, L=x=U,

x-U+VuyU), xz=U

The definition of V. for x <L and x > U reflects the fact that if x¢[L, U], then
(£u, £€1) causes an immediate jump to the nearest endpoint of [L, U]. According to
Corollary 2.2, V. y is a solution of (2.10) for L=x=U, V(L) =k, V'(U)=1. At
L and U, Vi y may not exist. We denote by V7 (L) the right-hand second derivative
at L and by V7 y(U) the left-hand second derivative at U.

In§5 an example will be given in which V*= V.« and L*>0. However, we
will show that under assumption (4.1), we can have only L*=0. When k =1, the
problem becomes trivial, so we dispatch that case first.

THEOREM 4.4, Consider the model (RP) and assume k =1 and (4.1) holds. Then

a(0)

V*x)=x +——, x =0,
B
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and an optimal policy is given by

(4.10) £5() = (O)w(6)+ta~(0)
_ . qo, =0,
“.11) ¢ (’)_{x+a(0)w+(t)+m+(0), >0,

where w™*(t) = max {0, £w(¢)}, a*(0) = max {0, a (0)}.
Proof. Lemma 3.3 implies that F(x):=x +a(0)/8 = V*(x), x =0. Let £*(-) and
& (-) be given by (4.10) and (4.11). It is easily verified that
X, t=0,
0, t>0,

satisfies (3.9), so {£7(+), £(+), t = 0} is feasible. Moreover,

x(t)= {
Ve er(x) = lim {x +E, J' " e ®'[a(0) dw(t)+a(0) dt]}
n—->00 0

a(0)
= _— D
X+ 3

THEOREM 4.5. Consider the model (RP) and assume k >1 and (4.1) hold. If
there is a U* >0 which satisfies

(4.12) Voo (U*)=0,
then V* =V, ux and (€5~ £5) is optimal. If no such U* exists, then
4.13) V*x)= lim Voy(x), x =0,

U -0

which limit exists and is finite for every x Z0, and there does not exist an optimal policy
for x =0.

Proof. If U™ satisfying (4.12) exists, then Lemma 4.2(c) implies Vg u+(x)=0,
0=x =U*. Lemma 3.3 implies Vo, y+=ZV*, so V*=V, y+ and (£y+, &6 ) is optimal.

Suppose now there does not exist a U* >0 satisfying (4.12). As in the proof of
Theorem 4.3, we let g and 4 be linearly independent solutions of (2.10), so for U >0
and0=x=U,

8'(0h(x)~h'(0)g(x) + k[g()h'(U) ~h(x)g"(U)]

(4.14) Vou ()= g'(0)n'(U)—h'(0)g'(U)

Define
Y(U)=g'(0O)n"(U)—h'0)g"(U)+k[g"(U)h'(U)-h"(U)g'(U)],
which by assumption has no zero in (0, ). Application of (2.10) results in

_2B(k-1)

from which we conclude that ¢ (0) has the same sign as g(0)4'(0)— A (0)g'(0). We know
from (4.9) that this latter quantity is nonzero and has the same sign as f(0), where

flx)=gx)h'(U)—h(x)g'(U).

Since f solves (2.10) and f'(U)=0, Lemma 4.2(b) guarantees f(0) and f'(0) have
opposite signs. Therefore, ¢ (0) and f'(0) have opposite signs, and since ¢ (U) is nonzero

[g(0)A'(0)—h(0)g'(0)],
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in (0, ) and ¢ (0) is also nonzero
y(U)
g'On'(U)~h'0)'U)
Lemmas 4.2(c) and 3.4 imply that Vj  is the value function for (RPU) and (£7, £5)
is optimal in the model. Since the class of admissible policies in (RPU) enlarges with
increasing U, Vs (x) is nondecreasing in U, and we can define
V(X)z lim VO,U(X), x=0.

U->o©

V(,;,U(U) =

We have V = V*,

The proof that V = V* is slightly more involved than in Theorem 4.3. We begin
by showing V*(x)<o0, x=0.Letx =0, x(+), £(+), £(-) be as in (3.9), v, as in (3.5),
so that

tAY,

Ex(tav,)=x +E,,J’ na(x(s)) ds —E.[¢ (t nvy)—E7(t Awy)), t=0.

0

Let y, (¢) satisfy the deterministic integral equation
t
(4.15) ya()=x +J [a™(0)+Byn(s)]ds —Ex[¢ (tAva)—€T(tAw)], 20,
0

where a *(0) = max {a (0), 0}. Inequality (4.1) implies
0=Ex(tArv,)=y.0), t=0.
The solution to (4.15) is

=[x+ 1)~ [ e B, (s nr) - Am)],
0

and so

J- e P dE[¢n (sAvy)—ET (s Av,)]=x +a—%, t=0.

(1]
From definition (3.10), we see that

fo,5+(x) =x +—a 3(0),
SO
V)= V*x)=x +g—g, x=0.

Now let x(-) be a process with drift a(-) and diffusion o (-) which is reflected
upward at zero. For 0=x =U = U, Lemma 3.4 implies (setting 7 =7y A ¢ and letting
t > 00, n > 00)

Voo ) =Ef—k [ e degy+e * Voo,
0

where 7y =inf {t =0: x(t) = U}. Letting U - o, we obtain

V) =Ex{ —k Lfve"" de; (1) +e"’3’UV(U)}.
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From Corollary 2.2 we conclude that V is twice continuously differentiable, is a
solution to (2.10), and V'(0) = k. Since each V) ; is concave and has first derivative
at least 1, V also has these properties. We conclude from Lemma 3.3 that V= V¥,
so V=V* If V'(U)=1 for any U, then V would be linear for x =U and this U
would satisfy (4.12). Therefore, V'(x)>1 for x =0, and Lemma 3.3 implies that no
optimal policy can exist. 0

Remark. As in the model (AP), condition (4.12) is the principle of smooth fit.
If U* satisfies this condition, it maximizes Vs (cf. (4.14)) over U.

5. Examples. In this section, we give several examples to illustrate the results
of §4. The first two examples deal with ordinary Brownian motion and a general
logarithmic Brownian motion. Both satisfy the condition 8 >a'(x). A third example
is designed to illustrate the many possibilities which can occur when the condition
B = a'(x) is violated.

Example 1. Brownian motion. Wetakea(x)=u ando(x)=0,8>0=a'(x). The
general solution of (2.10) is of the form

(5.1) fx)=cie™ +cye™,
where ry >0>r, are the roots of
(5.2) a*r* +2ur—28 =0.

We note that r2 > 2 if and only if u > 0.
For (AP) we must select ¢4, ¢2, and U* such that

(5.3) f(0)=P, f{Uu*=1,  (u*=0.
If P <u/B, the resulting value function will be given by

cire+cye? O=s=x=U*
54 -] ’ ’
54 VIO=\yxu+x-v*, xzU*
If P = u/B, the value function will be given by
(5.5) V*(x)=x+P.

Conditions (5.3) applied to (5.4) give rise to transcendental equations. A simple special
case occurs when P =0 and u > 0. In this case

1 r%
* _ log -2
(5.6) U*=——log 3,
and
erlx_erzx
= - o=x=U*
rnU r,U™> ’
(5.7) V*(x)= rpe —re

V¥ U*+x-U* x>U*
If P =u/B, then U* is the unique positive root of

2
(5.8) P= (1 _% e(rF’Z)U*)/(?—(rz —r) erlu*)’
2

ra

In the case of (RP), the conditions analogous to (5.3) are

(5.9) fO=k fU*=1, fU*=0.
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The value function will be given by (5.4) with c;, ¢,, and U* appropriately chosen
to satisfy (5.9). Again transcendental equations arise. It is, however, interesting to
relate the two control problems (AP) and (I\I/BL A simple example is afforded by the
case u =0 and P =0. In this case ry =—r, =v28/o and

(5.10) U* =rllog (—rP +~/r21P2+1).
1

The resulting value function for (AP) is identical to that for (RP) with k taken to be
(5.11) k=vriP?+1=1.

The results are in general agreement with those of Harrison and Taylor [8].

Example 2. General logarithmic Brownian motion. In this example, we leta(x) =
ax +b, o(x)=6(ax +b), with B>a =a'(x)>0 and b >0. Solutions of (2.10) are of
the form

(5.12) fx)=ci(ax +b)*+cy(ax +b)2,
where r, >0>r, are the roots of
(5.13) 36%a’r’ +r(a—36%a*)—B =0.

For (AP) one must select ¢y, ¢,, and U¥* to satisfy (5.3). The resulting value
function will be of the form

cilax +b) +cy(ax +b)2, 0=sx=U*,
V¥ U*+x—U?¥, xzU¥,

if P <b/B, while it is given by (5.5) if P=5/B.
By way of illustration, when P =0 we find

(5.14) V*(x) ={

Cr= _Clbrl—rz,

(5.15) U* = 9((M) R 1),

Ta\\r(r-1)
c1=(ri—1)/((rz—r)ra@U*+b)>"'p"""),

The condition 8 >a ensures r; > 1.
When B8 = a, there is no U* <0 such that Vi satisfies (5.3) or (5.9). The value
function is finite and given by (4.7) or (4.13). For example in (AP) with P =0

1-r, ry
V*x)=x +2—(2) (x +2) .
a a a

There is no optimal policy.

The reflecting problem (RP) involves solutions of the form (5.14) with boundary
conditions (5.9). Again transcendental equations arise. As an illustration, the value
function specified by (5.15) for P =0 arises in (RP) when k is taken to be

(5.16) k=ciab"  (ri—rp).

Example 3. This example is designed to illustrate the possible behavior which
can occur if we remove the condition 8 =a'(x). In the (RP) formulation we specify
k >1. In the (AP) formulation we specify P = —((k —1)/2) - w/2.
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Let

_B(k+1)/2)x —(B+1)((k —1)/2) cos x
(k+1)/2+((k—1)/2) sinx

o(x)=V2.
The value function for (AP) and (RP) is given by

(5.17) a(x)

k(x——g)+k—;ig, Oéxég,
5.1 *(x) =
o JA L5 W\ O,
2 2 - =y

The value function corresponds to the following optimal policy. If 0 <x </2,
an immediate jump up to /2 is made. The region [7/2, ©) is divided into intervals
of length . If x € [#w/2+2mn, 37/2+27n] for some n =0, then ¢ and ¢ are taken
to be the minimal processes which keep the x process inside this interval. If x e
[3m/2+2mno, Smw/2+2mn,] for some ny=0, then ¢ and ¢ are taken to be 0 until
the first time x reaches 3/2+ 2mno or S7/2+2mn,. At this time, ¢ and £ are the
minimal processes which keep the x process in the adjacent interval. It is easy to
check that V satisfies (3.14) (with equality for x € [m/2, o)),

vV(0)=P, V'(0)=k, V'(m/2+2wn)=k, V"(m/2+2mn)=0,
V'3m/2+2mn)=1, and V"(w/2+2mn)=0.
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RICCATI EQUATION ARISING IN A BOUNDARY CONTROL PROBLEM
WITH DISTRIBUTED PARAMETERS*

FRANCO FLANDOLIt

Abstract. Global existence is proved for the solution of a Riccati differential equation connected with
the synthesis of a boundary control problem governed by parabolic partial differential equations.

Key words. Riccati equation, optimal control, parabolic systems, Dirichlet boundary control

1. Introduction. In this work we present a direct study of a Riccati operator
equapon which is connected with the synthesis of several boundary control problems
governed by parabolic partial differential equations. It may be found in this case that
the optimal control may be represented by means of an operator valued function P(-)
which verifies formally the following differential equation

P'(t)+A*P(t)+P(t)A+P(t)ABR (t) B*A*P(t)=M (1), tel0, T]
P(0)=P,.

Here (—A) is the infinitesimal generator of an analytic semigroup of bounded linear
operators in a Hilbert space E, M (t) and Po are bounded linear operators in E, B is
a bounded linear operator mapping an Hilbert space U (the control space) into E,
R(¢) is a bounded linear operator in U, P' denotes the derivative of P with respect
to t, A* and B* denote the adjoint operators respectively of A and B.

Note that in (1.1) the unbounded operator A also appears in the nonlinear term;
this is a new feature in comparison with the Riccati equation connected with distributed
control problems.

Equation (1.1) arises in the problem of minimizing

(1.1)

T
(1.2) L {M(T —5)y(s), y(s)e +{(R™HT —s)u(s), u(s))u} ds +(Poy(T), y(T))e

under the state equation
(O +A @) =Bu()=0, y(0)=yo

(see for example [1] and Proposition 3.3) where we have denoted by (-, - )z and (-, *)u
the scalar products in E and U respectively. The problem of the boundary control
of a parabolic system through a Dirichlet condition or a Newman condition (with
distributed observation) may be studied in this way (see [1] and [6]). Up to now the
synthesis of these problems has been studied using variational methods; for the case
when P, =0, A. V. Balakrishnan (see [1]) derived for the decoupling operator P the
equation

L P, )i+ PO, Ay)e +(Ax, POV

(1.3) +(R(1)B*A*P(t)x, B*A*P(t)y)u = (M (t)x, y)E,
P(0)=P,

* Received by the editors June 15, 1982, and in revised form December 27, 1982.
+ Classe di Scienze, Scuola Normale Superiore, Pisa, Italy.

76



RICCATI EQUATION IN A BOUNDARY CONTROL PROBLEM 77

where t€[0, T'], and x and y belong to the domain of A: in [9] and [10], M. Sorine
has studied a class of stationary and differential Riccati equations similar to (1.1),
considering also some initial values Py # 0 (with a regularity condition a little stronger
than (2.3)): in his works the existence of the decoupling operator P is proved using
J. L. Lions’ techniques (see [7, Chap. 3]), while a new technique is employed to derive
a Riccati equation for P and to prove the unicity of the solution.

The class of problems covered by [1] and [10] is similar to ours (apart from the
hypotheses on Py): in particular, regularity conditions on M are not required.

We present here a direct approach to equation (1.1), without using any of the
results of the control problem. In this way we are able to solve the synthesis of problem
(1.2) using the dynamic programming method. This is believed to be the first direct
study of (1.1); for the case when A does not appear in the nonlinear term, direct
studies of infinite dimensional Riccati equations may be found in the papers of G.
Da Prato [3], L. Tartar [12], and the book of R. Curtain and A. Pritchard [2]. An
application of our techniques to stochastic problems may be found in [4].

The contents of this paper are outlined below.

In § 2 the contraction principle is used to prove the local existence of a mild
solution of (1.1): in § 3 we prove the “a priori” estimation which leads to the main
result of global existence and unicity. Moreover we show in § 3 that (1.3) is verified,
and that some regularity results hold: finally we use the dynamic programming
technique to solve the synthesis of problem (1.2).

We conclude this section by listing some notation.

Let U and E be two complex Hilbert spaces, with scalar products (-, - )y and
(-, -)e respectively. We shall denote by L(U, E) the Banach space of bounded linear
operators from U to E, and we shall set L(E)=L(E, E). We shall denote by H(E)
the Banach space of hermitian linear operators in E: we shall set H " (E)={T e H(E),
such that (Tx, x)e =0 Vx € E}. If T e L(U, E) we shall denote by T* its dual operator
from E to U.

If X is a Banach space (with norm ||-|x) and P€[1, +), a, b € R, a <b, then we
shall denote by L%(a, b: X) the Banach space of functions f:[a, b]-> X, Bochner
measurable, such that L’: £ (@)% dt < +00. We shall denote by C(a, b; X), the Banach
space of all continuous functions from [a, 6] to X.

We shall denote by C(a, b; L(U, E)) the set of all mappings T'(+): [a, b]-> L(U, E)
such that T'(-)x is continuous for any x € U. Moreover we shall set C,(a, b; H(E)) =
{TeC(a,b;L(E)), such that T(t)e H(E) for any te[a,b]}, and similarly for
Cy(a,b; H*(E)). Weshallset CL (a, b; H(E))={T € Cy(a, b; H*(E)), such that T'(-)x
is continuously differentiable on [a, ] for any x € E}.

Let (—A) be the infinitesimal generator of an analytic semigroup in E: we shall
denote by D(A) the domain of A, by p(A) the resolvent set of A, by A* the adjoint
of A, by e ™ and e""“, t =0, the semigroups generated by (—A) and (—A*) respec-
tively. If « € R, we shall denote by A* the fractional powers of A (see, for example,
[11]) and by D(A“*) the domain of A“,

2. Local solution. We study (1.1) under the following hypotheses:

(2.1) (—A) is the infinitesimal generator of an analytic semigroup in the Hilbert
space E; moreover we assume for simplicity that 0€ p(A);

(2.2) B is a bounded linear operator from U to E, and there exists a € (0, 1) such
that Be L(U, D(A®)).

These assumptions are verified in several boundary control problems (see [6]).
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We assume further that
2.3) MeC,(0,T;H(E)), ReC0,T;H(U)), PoeH(E)ﬂL(E,D(A*l"")).

Equation (1.1) is not well defined because of the unbounded operator A. In order
to study (1.1) we set Q(r) = (A*)' *P(¢) and Qo = (A*)' "*Py: then formally Q verifies
the following integral equation:

t
Q(t)x - e——tA*QO e—tAx +J (A*)l—a e—(t—s)A*
0
2.4) —(t-5)A
“(M(s)—Q*(s)A°BR (s)(A“B)*Q(s)) e """“x ds,
x€E, te[0,T]. If QeC,(0, Ty;L(E)) is a solution of (2.4) on [0, T;], then we say
that P(-) = (A*)*"'Q(-) is a mild solution of (1.1) on [0, T}].
We remark that the integral in (2.4) is meaningful because from assumption (2.1)
it follows that

2.5) lAn' e hm= s Ve, T),

for a suitable constant co>0 (see for instance [11]).

It is useful to introduce a family of equations, with bounded operators, which
“approximates” (1.1). Let us set A, =nA(A+n)"", A¥=nA*A*+n)"", for any
neN;since A, and A} are bounded linear operators, we may consider the analytic
functions e "« and e "%

", t € C. We consider the equation
P.(t)+ARP. (1) + P ()A, + P, (t)A.BR(t)B*AZP, (1) =M (),  t€[0,T],
P(0) = P,.

Setting Q,(t) =(A*)' " *n(A*+n)"'P,(t), and Qo= (A*)" " *n(A*+n)"'P,, we find
that Q, verifies the following integral equation:

(2.6)

t
Q. (t)=e"""Qq e +I (AN n(A*+n) e A
0

2.7)
- (M(s)— Q¥ (s)A“BR (s)(A"B)*Q,(s)) e "% ds.

It is easy to see that there exists a constant ¢; >0 such that

C1
1—
t

(2.8) A% n(A*+n) " e =15z Ve (O, T),
Vn € N ; using the contraction principle, and properties (2.5) and (2.8), we can prove
the following proposition on the local solutions of (2.4) and (2.7).

PROPOSITION 2.1. Suppose that (2.1), (2.2), (2.3) hold. Let Qo, Qo€ L(E) be
such that Qo .x > Qox Vx € E, and let mo=Zsup,en |QonllLE). Let

2= sup {le ey le et
neN,te[0,T)

Then for any p >c3my there exists T, >0 such that (2.4) has a unique solution Q €
Ci(0, T,; L(E)) on [0, T,], and (2.7) has a unique solution Q, € C,(0, T,; L(E)) on
[0, T,]1Vn € N. Moreover, Q, > Q in C,(0, T; L(E)). Finally, T, depends only on the
numbers p, mo, ¢2, Co, 1 (see (2.5) and (2.8)), a, |A*B||Lw.E)

sup [M(®)leE), sup [ROlcw)
te[0,T] te[0,T]
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Proof. We denote by B(0, T; L(E)), Ty €[0, T], the Banach space of applications
U:[0, T;]->L(E) such that U,U*eC(0, Ty; L(E)), endowed with the norm
"U"B(O,Tl) = SUPe[0,T;] "U([)'lL(E). We set B,r, ={U€B(0, Ty; L(E)), such that
|Ullsw,r,)=p}. When p >csmy, using (2.5) and (2.8), we may find T, >0 such that
the contraction principle applies in B, 7, to equations (2.4) and (2.7). The convergence
of Q, to Q follows by the contraction principle with the same techniques of [3]. 0

By Proposition 2.1, this corollary follows immediately.

CoOROLLARY 2.1. Suppose that (2.1), (2.2), (2.3) hold. Then there exists T1>0
such that (1.1) and (2.6) have unique mild solutions, P and P, respectively, on [0, T1].
Moreover, Pe C,(0, Ty; L(E,D(A*'"™))), P,>P in C,(0, Ty; H(E)) and B*A}P,~>
(A“B)A*' P in C,(0, Ty; L(E, U)).

In the next section we shall prove a global existence result for (1.1) using the
following lemma.

LEMMA 2.1. Suppose that the hypotheses of Proposition 2.1 hold, suppose that
there exists a unique global solution Q, € C;(0, T: L(E)) of (2.7) Vn € N, and suppose
that there exists a constant ¢ >0 such that

(29) "Qn (t)"L(E) =c Ve [0, T], VneN.

Then there exists a unique global solution Q € C;(0, T; L(E)) of (2.4) and Q,>Q in
Cs(0, T; L(E)).
Proof. Let T, >0 be given by Proposition 2.1. We may write (2.4) in the form

Q(t)x = e*(t—TD)A*Q(Tp) e—(!—-Tp)Ax

+j AFT O (A (5)— Q*(s)A®BR (s)(A®B)*Q(s)) e " x ds;

TB

and by Proposition 2.1, we obtain asolutionon[7T,, 2T, ]. We conclude by a finite number
of steps. 0

3. Global solution. We prove now the “a priori”’ estimate (2.9) assuming (2.1),
(2.2), (2.3), and moreover that

PoceH*(E),M(t)e H'(E),R(t)e H'(E)Vt€[0, T], and there exists » >0

3.1) such that (R (¢)x, x)u Zv|x|ly Vx € U, Vet [0, T].

It is well known that under these hypotheses there exists a unique solution P, €
CL0, T; H*(E)) of (2.6), Yn € N. Note that equation (2.6) may be written in the form

P,(t)+AXP,(t)+P,(t)(A, +ABR(t)B*A}P,(t))=M(t), te[0,T],
Pn(O) =P03

(3.2)

or even in the form
P,(t)+(AY +P,(t)A,BR(t)B*A7)P,(t)

(3.3) +P,(t)(A,—A,BR(t)B*A%P,(t))=M(t)+P,(t)A,BR(t)B*A}P,(¢),
P,,(O) = Po.
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Denote by U,(t,s) the evolution operator associated to the family {—A}—
P,A.BR(t)B*A}}icr0.m We have

%Un(t,s)=[—A:':—P,,(oA,.BR(r)B*At]U,.(t,s>,

J

g Un (t’ S) = _Un(t, S)["'Af _Pn(s)AnBR (S)B*A:’:]a
for 0=s =t =T, and by transposition we have
(3.4) LU (,5) =~ Au— ABR()B*AIPA(5)IU (,9).
From (2.6) it follows that

P.(t)=e "*"Pye
(3'5) ' —(t—s)A% % A % —(t—s)A
+1] e (M(s)—P,(s)A.BR(s) B*A,P,(s)) e nds.
0

From (3.3) it follows that

P, (t) = U,(t, 0)P U (1, 0)

(3.6) ¢

+J U, (t,s)(M(s)+P.(s)A.BR(s)B*A¥P,(s) Uk (t,5) ds,
0

and from (3.2) it follows that
t
(3.7) P,(t)=e P U (t, 0)+J e T TINM()U* (1, 5) ds.
0
By multiplication on the right by U;X(r, t) in (3.7) we obtain
P.(OU (7, 1) =€ ""PoU¥ (r, 0)
(3.8) : .
+I e TONM () U (r,s)ds Vr=t.
0
From (3.4) we have
(3.9) U¥(r,t)=¢ "% +I e ¢7Y4A BR(s)B*A*P,(s)U* (r, s) ds.

t

Finally we set

(3.10) onlt,s)=B*AXP,(s)UX(t, s).

Hence, from (3.9) and (3.8) we have respectively

(B.11) Uk(r,t)=e "%+ j "A (A+n)" e CT"ABR(5)@a(r, 5) ds,
Ou(r, 1) = (A°B)*(A*)' ™ n(A* +n) ' e P, U¥ (1, 0)

(3.12) ,
+j (AB) (A" n (A% +n) " e “OCM(s)U* (1, 5) ds.
0
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LEMMA 3.1. Let ¢, be defined by (3.10). Then there exists a constant ¢ >0 such
that

t
j low(t, B euyds ¢ Vee[0,T], VneN.
0
Proof. From (3.6) we have that Vx € E

[ €outt 15, R(s)put, 51200 ds =CPa(o)x, )
0

By (3.5) there exists a constant ¢, >0 such that (P, (¢)x, x)g =c, Vt€[0, T], VneN,
Vx € E. The thesis follows from (3.1). 0O

LEMMA 3.2. Suppose a <3. Then for any € >0 sufficiently small there exists a
constant c1(e) such that

”U:l: (7, ')||L2/”_2°"_‘(0,T;L(E))§C1(5) VneN, Vre [Oa T]'
Proof. From (3.11) we have

”‘pn (79 N ))”1[;15,U) ds

(3.13) "Ui(‘l',t)“L<E)<C+CJ' (t—s
(we have used an inequality for A (A +n) ' e " similar to (2.8), and we have
denoted by ¢ a suitable constant independent of ¢ € [0, T'] and n € N). From Lemma
3.1 and from the Young inequality (see [5, p. 290], the thesis follows. O

LEMMA 3.3. Suppose Poc H(E)NL(E,D((A*)'™)). Let Be(0,1—a) and ¢ <
(0, B). Then, there exists a bounded linear operator in E which extends (A*)' " Pp,APe

Proof. Set Qo=(A*)""*P,, and Ro= Qo+ Q. Denote by e ' and e AT
¢t =0, the analytic semigroups generated by A'™* and (A*)'™* respectively (see for
instance [11]). Since 0€p(A'™*) we can easily check that

+00
—H(A%)1-a _tAl-a
P0=j e "V Ry e T L.
0

tAl- —f(A¥)1-

Due to the analyticity of e " and e ", the integral

+oo
—a— — 1-a — — 1—a
j (A%)! 7o B e ADTIR AP e dr
(

)

is meaningful (it may be verified for example using [11, Thm. 3.3.3]), and clearly it
coincides with the closure of (A*)' " #P,A° ™. O
LEMMA 3.4. Suppose a <3. Then for any € >0 sufficiently small there exists a

constant c,(g) such that
l@n(r, Nr2-20-c0rrEvy=c2le) VneN, Vrel0,T]
Proof. Take a small £ >0. From (3.12) we have
lon(r, Ollee.o) <clA®) T2 n (A% +0) e (A% 2

‘ ”Un (7, S)"
)1—-01

POUE (7, O)e +c j

ds,
o (t—s S

where ¢ >0 is a suitable constant. The second term is bounded in virtue of the Young
inequality and Lemma 3.2; consider the first term. By Lemma 3.3 (with g8 = 3—a—F£)
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there exists an operator L € L(E) which extends (A*)/2Ep A1 a1 /2rE2 Using (3.11)
we have

[(A*)' 2 o (A% 4+ n) 7 e TANAR) PEPUE (7, 0)|

C T —§, - —(s— a
sl feat [ A0 (A 1) O MATBR ()gu 1, )] ds
0

—(l—a— =
§C3t (1—a—1/2+§)

by Lemma 3.1 and the Holder inequality (we have denoted by c1, ¢», ¢3 suitable
constants independent of ¢ and n). Since (1-a—1/2+4+£)2/(1-2a)-¢)<1 for ¢
sufficiently small, the claim is proved.

LEMMA 3.5. There exists a constant ¢ >0 such that

”U?: (7, t)“L(E)§C VYneN, Vr,te [0, T], withr =1t

Proof. 1f a >} the conclusion follows from (1.13), the Holder inequality, and
Lemma 3.4. If a <j we use Lemma 3.4 and applying the Young inequality (see [S,
p. 290]in (3.13), we obtain that [|[U X (7, - )|| L2/-40 (0 ».L&) < (€). Then we may prove
the claim of Lemma 3.4 with 4« in place of 2a. Iterating Lemmas 3.2 and 3.4, with
the new exponents, for a suitable number of times, we prove the claim. 0

We apply now Lemma 3.5 and (2.8) to (3.7). Recalling that Q,(t)=
(A*)' " *n(A* +n) " 'P,(t), we have finally proved the “‘a priori” estimate (2.9). Hence,
by Lemma (2.1), this proposition follows.

PropPoOSITION 3.1. Suppose that (2.1), (2.2), (2.3), (3.1) hold, and set Qo=
(A% 2P, Qo = (A*)!' " *n(A*+n)"'Po. Then there exists a unique solution Q€
C,(0, T; L(E)) of 2.4), and Q,,~> Q in C,;(0, T; L(E)). Moreover there exists a unique
mild solution P € C,(0, T; H*(E)) of (1.1), and P, > P in C,(0, T; H(E)).

We conclude with a regularity result connected with the interpretation of (1.3).
Ifa,beR, a<b,and B (0, 1), we set

C?(a,b; L(E))={U € C,(a, b; L(E)), such that U (- )x is B-Holder, Vx € E}.

LEMMA 3.6. Assume that the hypotheses of Proposition 3.1 hold. Then for any
e €(0, T) and for any B € (0, a) we have Q € C% (¢, T; L(E)).
Proof. Consider (2.4). Set

(3.14) F(s)=M(s)—Q*(s)A“BR(s)(A*B)*Q(s), sel[0,T].

By Proposition 3.1 we have F € C,(0, T'; L(E)) (note that Q* € C,(0, T'; L(E)) by the
proof of Proposition 2.1). For any ¢ > we have

t T
J- (A*)l-a e—(!—s)A*F(s) e——(t—s)A ds _I (A*)l—a e-(‘r~s)A*F(s) e—('r—s)A ds
0 0

t
gj u(A*)l-ae—(r—s)A*F(s)e-—(t—s)A" ds

+J‘ {"(A*)l-—a (e —(t—s)A* __e—(1'~s)A*)F(s) e—(t—s)A”
0

+“(A*)1-a e~(‘r—-s)A*F(s)(e—(t—s)A _e-(‘r~s)A)"} ds

t T t—s d
J ——_(t—:)l_“ ds +L U ) 0—0——21 +_——(r—§)1“°‘} ds =cq(t—1)°

IIA
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We have used the equality
t—s
—(t—s)A* —(r— * —oA*
e TN _gmlrmaA =J -A*e™ ™ do,
T—S

and the estimate [11, 3.3.3]. Since t>¢ “*"Qp e ™ is analytic for >0 we conclude
by way of (2.4). 0O

Let O € (0, 1). Consider the real interpolation spaces D4 (0, ) in E defined by
[8]. We have

le~*x — x|l

(3.15) DA(O, 00)={x eE,t—oéc Vie (0, T)}.

LEMMA 3.7. Suppose that (2.1), (2.2), (2.3), (3.1) hold. Suppose moreover that
Poe L(E,D(A%)), and that there exists y € (0, ) such that MeCY(0,T;L(E)), Re
CY(0,T; L(U)). Then YO €(0,1),Yx € Ds(0, ), Vt [0, T] we have P(t)x e D(A*).

Proof. From (2.4) it follows that

t

P(t)x =e A" Pye x +J e IOV (s) e TV ds,

0

where F(s) is given by (3.14). The first term belongs to D (A*). Moreover,

t
—(t—s)A* —(t-5)A
Je CHAE) e T ds
0
t

t
=J e*(t—s)A*F(s)(e*(t—s)Ax_x)ds+J' e—(t—s)A*F(t)xds
0

0

t

t/2
+I e VAN ()~ F(1)x ds +J' e TIN(F(s)=F(t))x ds.
0

t/2

It is easy to verify that each term belongs to D (A*), using (3.15), and the equality
j —A*e “TIVE(s)xds = (e~ 1)F(0)x. 0
0

PROPOSITION 3.2. Assume that the hypotheses of Proposition 3.1 hold, and let P
be the mild solution of (1.1). Then Vx,y e D(A), Vt€[0, T], we have

L PO,y + (PO, Ay +{Ax, PO)y)e

+(R(O(AB)*(A*)' P (1)x, (A“B)*(A*) “P(t)y)u = (M (0)x, y)r,
P(0)=P,.

Moreover assume that the hypotheses of Lemma 3.7 hold. Then P verifies (1.3). Moreover
Vx,y €D4(0, ), with @€ (0, 1), and Yt €[0, T] we have

%(P(t)x, Ve HA*P(t)x, y)E +{(x, A*P(t)y)E

+(R()B*A*P(t)x, B*A*P(t)y)u =M ()x, y)E,
P(O) =P0.
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Proof. From (2.6) it follows that
(M(t)x, y)E - (Pn (t)x; AnY)E - (Anx; Pn (t))’ >E

—(R()B*ALP,(1)x, B* AP, (t y)u=—<Pn(t ' ¥)E

By Proposition 3.1 the second term converges uniformly on [0, T']; hence we have
the first part. The second part is a consequence of Lemma 3.7. O

Using Proposition 3.1, we solve now the synthesis of the optimal control problem
of minimizing

T
(3.16)  J(u) J {M(T —0)y(1), y(O)) +(R (T = )u(e), u(t)} dt + ¢ (y(T))
over all controls u € L*(0, T; U); where the state y is defined by the formula
t
(3.17) y(t) =e_'Ay0+J AT e A BY(s)ds  fora.e.te[0, T,
0

with yoe E, and where the final cost ¢ (y(T)) is defined by (3.18) below. Formula
(3.17) defines a function y e L*(0, T; E) which may be considered as a mild solution
of some parabolic equations with boundary control (see for instance [6]). We consider
now the case when a <3, because it covers the largest class of boundary conditions
(in the Dirichlet case we have & =—¢). When a <3, y is not always continuous, and
y(T) is not always well defined. In order to define the final cost ¢ (y(7T')) we write
(3.17) in the form

y(e)=A"*""z(1),

where
¢
Z(t)=Aa/2_1/2€_'AYO+J Al/z—a/ze_(t—S)AAaBu(S)dS.
0

Now we note that if u eLz(Q, T, U)then zeC(0, T; E) and if P, satisfies (2.3), then
by Lemma 3.3 there exists Pye L(E) which extends (A*)1/2722p  AV/?7*/2 Hence we
may define

(3.18) e(y(T))=(Poz(T), z(T))e.

We note that if u is so regular that the corresponding trajectory y belongs to
C(0, T; E), then we have ¢ (y(T)) =(Poy(T), y(T ).

The synthesis is solved by the following proposition.

PROPOSITION 3.3. Suppose that the hypotheses of Proposition 3.1 hold. Then there
exists a unique optimal control u for the problem (3.16), (3.17), and we have

(3.19) u(t)=—R(T —t)(A°B)*A*' *P(T - )y (1), tel0, T],

where y is the unique solution of the equation
t

(3.20) y(t)= e_'Ayo—J Ae “IABR(T —s)(A*B)*A*' *P(T —1)y(s) ds
0

Moreover the optimal cost is (P(T)yo, yo)E-
Proof. Let P, be the solution of (2.6). Let u € L*0, T;U) and y. be given by

(3.21) Ya()+Auya()=ABu(t),  ya(0)=yo.
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We set
fa @) =(Pu(T —t)yn(t), yn(t))E

T

-j UM (T = )ya(s), yu(s e +(R T ~s)uls), u(s))u} ds.

Deriving f,, in ¢, and using (3.21) and (2.6), we find easily
fu@)=|RY*(T —)B*A¥P,(T — )y, (t)+ R V(T - )u(0)|P.

Integrating on [0, T'], we obtain

T
L {M(T =5)yn(s), yu(sNe +(R T =s)u(s), u(s))u} ds +{(Poya(T), ya(T)&

(3.22) T
=<Pn(T>yo,yo>E+j IRY*(T —$)B*A%P,(T —5)yn(s)+ RV (T —s)u(s)|? ds.
0

Now, by standard arguments it may be proved that y, >y in L*0,T;E ) and that
(Poyn(T), yu(T))E = (Poz(T), z(T))g; hence, taking the limit in (3.22), we obtain

J(u)=(P(T)yo, yo)e
(3.23)

T

+J IRY>(T = s)(A®B)*(A*)! P(T —s)y(s) + R V(T —s)u(s)|uds,
0

from which we deduce that J(u)=(P(T)yo, yo)e. Using the contraction principle for
the local existence and an iteration technique for the global existence, it may be
proved immediately that equation (3.20) has a unique solution y in L*0, T; E) and
also in C(0, T; E). Then, taking u as in (3.19), we deduce by (3.23) that J(u) =
(P(T)yo, yo)e, and that (3.19) defines an optimal control. Conversely, if v € L*0,T; U)
is an optimal control, then by (3.23) it is v(t) = —R(T —t)(A*B)*(A*)' *P(T — 1)y (¢)
for a.e. t €[0, T], where y is the state which correspond to v. But then y is the solution
in L*(0, T; E) of (2.20), which is unique; hence v is equal to u given by (3.19). O
Remark. It may be proved that under the hypotheses of Lemma 3.7 we may
write in (3.19) and (3.10) B*A*P(T —t)y(¢) in place of (A*B)*(A*)' *P(T —1)y(¢).
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CONTROL OF A DIFFUSION BY SWITCHING BETWEEN TWO
DRIFT-DIFFUSION COEFFICIENT PAIRS*

J. M. MCNAMARAT

Abstract. We consider the control of a particular one-dimensional diffusion process over a finite time
interval [0, T]. Two drift-diffusion pairs (u, o1) and (w5, o) are given and the process is controlled by
switching between these pairs. The objective is to maximize the probability that the process lies in the half
line [0, o©) at final time T.

The case where pu; =u, =0 is considered first. Let the control o be given by the rule: choose the
smaller diffusion coefficient if and only if the current state is nonnegative. A result is proved which, loosely
speaking, says that o is optimal in this special case, and remains optimal even if we know the final value
of the driving Brownian motion in advance.

The general problem (with drift) is then solved by an application of this result and the Girsanov
transformation.

Key words. optimal stochastic control, risk

1. Introduction. We consider the control of a one-dimensional diffusion process
over a finite time interval [0, T']. The process is controlled by simultaneously varying
the drift and diffusion coefficients. Two pairs of real numbers (w1, 1) and (w2, 02)
are given with 0 <o; <o, and the idea is that at any time during [0, 7] we may either
choose w; as the drift coefficient and o? as the diffusion coefficient or choose ., as
the drift and o5 as the diffusion coefficient. The objective is to maximize the expected
value of a function of the state at final time 7.

Formally, let (Q, &%, P) be a probability space with filtration {%}o=.<7. Let
{B(t): 0=t =T} be a Brownian motion which is adapted to the filtration and whose
increments after time ¢ are independent of %, for each ¢ €[0, T']. We further assume
B(0)=0. An admissible control is defined to be a measurable process {o(¢): 0=t =T},
which is adapted to the filtration {#,}o=.=T and takes values in the two element set
{01, 02}. We denote the set of all admissible controls by . For each x € Ran admissible
control o determines a process {£,(¢): 0=t = T} according to the equation

t

1) §(,(t)=x+‘|’0 ulo(r)) dr +L o(A)dB(A), 0=t=T,

where () denotes the function which maps o; to u;, i =1, 2.

The terminal reward function R is taken to be the step function
0, x <0,
1, x=0.

R(x)={

For o € o the corresponding expected future reward function is the map f,:R->R
defined by

fo(x)=EZ{R(&(T)},

where E5 denotes the expectation given that the process {£,(t): 0=t =T} satisfies
equation (1). In this paper we find a control in & which maximizes f,(x) for all x e R.

We outline two situations which provide motivation for this mathematical model.
Consider a game in which a given fixed set of lotteries (plays) are available at each

* Received by the editors June 15, 1982, and in revised form November 18, 1982.
t School of Mathematics, University of Bristol, Bristol, England B28 1TW.

87



88 J. M. McNAMARA

stage, and each play yields a number of points. A single player has to choose lotteries
sequentially from this set until a nonrandom number n have been chosen. The current
score is defined as the sum of the points gained on previous plays, and the player
wins the game if and only if his score after n plays exceeds some threshold level e.
If we define the state after k plays, X, as the current score minus ¢, then the objective
of the player is to maximize E{R (X,)}.

We have in mind here a game played by a single person against nature; but with
slight modification we can consider a game played against an opponent who employs
a fixed strategy. In this latter case one takes the state after k£ plays, X, to be the
difference in scores. Thus a player maximizes the probability of having the larger
score after n plays by maximizing E{R (X,)}.

In such games the number of points gained in a play will usually be random with
a variety of distributions being available. Many games involve a tradeoff between
mean gain and risk: plays with a high mean gain often having a high variance (although,
as we shall see, a high variance can be advantageous). Our model is intended to
investigate this type of situation, but for simplicity (and tractability) restricts attention
to the case where just two lotteries are available.

As a second example consider a small bird foraging for food in winter. During
cold spells birds such as goldcrests forage during almost the whole daylight period.
During the night considerable amounts of energy are needed to keep the bird warm
and unless reserves at dusk are sufficiently high the bird will be dead by morning.
Thus, as a rough approximation, a bird will maximize its probability of survival by
maximizing the probability that energy reserves at dusk exceed some critical level e.

It is clear that food sources in the wild differ in their variability as well as their
mean food yield, and several authors have been concerned with the effect of variability
on foraging strategy [1], [2], [4], [7], [9]. Our problem can be seen to give a simple
model of foraging in which a bird can choose between two such food sources and
must maximize its chances of overnight survival.

In § 2 we consider the special case w; =, =0, and, loosely speaking consider
optimal control conditional on the final state B(T) of the driving Brownian motion.
We exhibit a control which is optimal uniformly over all values of B(T'). Then in § 3
we reduce the general case to that considered in § 2 using the Girsanov transformation,
and hence solve the general problem.

2. Uniform optimality in a special case. In this section we consider the case
1= 2= 0. For this special case the control problem outlined in the introduction can
be shown to have the simple bang-bang optimal control given by the rule: if the
current state is positive use o, if negative use o, (McNamara [5]; the result is also
outlined in McNamara [6]). We show that this control remains optimal ““if we know
the final value of the driving Brownian motion in advance”.

To see that this rule gives an admissible control in our sense let ao : R> {01, o2}
be defined by

g1 ifx 20,
o, ifx <0,

@) aolx) =
and let x € R. Then by Nakao [8], the stochastic differential equation
£(0)=x, dé(t) =ao((t)) dB(2), 0=t=T

has a unique strong solution. Thus we can define the process ao € & by ao(t) = ao(£(2))
for 0=¢=T. McNamara [5] then shows that oo maximizes f,(x). Of course in our
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terminology there is a different optimal control o, for every initial point x. However,
since they all arise from the same feedback control a, we will sometimes just loosely
refer to o as the optimal control without reference to the state at time 0.

To make the idea of control conditional on B(T') rigorous we consider the control
of a two-dimensional process over [0, T]. Let (x, y) € R* and let o € &. Then the vector
process {(£,(¢), n(¢)): 0=¢ =T} is defined by

3) (1) =x +j0 o) dB()
and
@) n(t)=y+J dB(A).

0

Let ¢: R-[0, c0) satisfy an exponential growth condition:
¢(x)§Kek|"', x €R,

for constants K and k. In this section we consider the problem of maximizing the
product R (&,(T))¢ (n(T)): i.e. of maximizing

8o (x, ) =EL,{R(&(T))¢ (n(T))},

where E5, denotes the expectation given that the process {(&,(¢), n(1)): 0=t =T}
satisfies (3) and (4). We investigate optimality by using the familiar Bellman equations.
Let ¢: R*x [0, T]~ R, then we say that ¢ satisfies the dynamic programming equation
if the following five conditions are satisfied.

(D1) ¢ is continuous on R*x [0, T]—{(0, y, T): y €R}.

(D2) ¢ satisfies an exponential growth condition in x and y uniformly over
te[0, T]; i.e. there exist constants B and b such that

[0 (x,y, )|=Be* ™™V ¥(x,y, neRx[0, T].

(D3) The derivatives ay/at, °¢/ax>, 8°¢/ax dy and 8°y/dy” exist and are con-
tinuous on R*x (0, T).

(D4) ay/ot+3 max,-o,,0, Ga =0 0n R>X (0, T), where G, denotes the differen-
tial operator a’ 8%/ox>+2a 9°/ox dy +93°/dy>.

(D5) ¢(x,y, T)=R(x)b(y) V(x,y) e R ~{(0,y): y e R}.

The following lemma gives a sufficient condition for o to be optimal.

VERIFICATION LEMMA. Suppose there exists a solution, , of the dynamic program-
ming equation which satisfies

(5) (Go¥)(x,y, ) 2(Gotp)(x,y,8), x>0
and
(6) (Goh)(x, ¥, ) =(Go,¥0)(x, y,8), x<0

for all (y, t)e RX (0, T). Then for each (x,y)€ R’
8o (X, y) = max go(x, y) =4 (x, y, 0)

where o denotes the control defined for initial state x as prescribed above.

The proof is of standard type and is hence omitted. For general results of this
type see Fleming and Rishel [3]. Although these authors assume a continuous terminal
reward function their results remain valid in our case since P° (£,(T)=0) =0 for all
(x,y)e R*and all o € .
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In the theorem given below we merely write down a solution of the dynamic
programming equation which satisfies the condition of the lemma. However, before
doing this we motivate the formula used by considering the case where ¢ =46, the
delta function. Our discussion will be heuristic and we make no attempt to give a
rigorous justification of the remarks made in it.

Consider the (x,y)-plane shown in Fig. 1. When ¢ is the delta function the
objective is to steer the process so that the state at time 7 is on the half line OX
extended. Let P lie on the half line o1y =x, x =0 and let Q lie on o,y =x, x =0, as
shown. We denote the open region above QOP by C; and the open region below
QOP by C,. Whilst the diffusion coefficient has value o1 motion is restricted to a
line of slope o1, ie., a line parallel to OP. Similarly while the diffusion coefficient
has value o3 motion is restricted to a line parallel to OQ. By using a combination of
o} and o3 any point in the plane is accessible from any other point.

y /
//
P (x4.y4)
“/

/ X
/’ // 0 X
—
/ —
—~
[~
///O(Xz,yz)
F1G. 1

First of all suppose that the process starts at point P at time 0. Since one cannot
control the y-component of the process (i.e., ) the probability of being “at”” 0 at
final time cannot exceed the density of n(T) at 0, namely (2mwT)™"/? exp {~y3/2T}.
But by using the control o =0 one can achieve this maximum. Thus starting at P it
is optimal to use o; for the remaining time. Similarly starting at Q it is optimal to
use o;.

If the initial state (x, y) is in C; it can be seen that one can either use o, or o3,
or alternate between these alternatives, provided control o is used while on OP and
control o5 is used while on OQ. In this way the process remains below or on QOP,
and lies on OX at time T if and only if n(7T") =0.

Finally suppose that the process is at point A in C; at time 0. If control o is
used until the process hits P, and then o is used from then on, the probability of
being “at” O at time T is (27rT)_1/2 exp {~v?/2T} where v =(y1—yo)+yi1=(o2—
o) [(o1 +03)y0—2x0). Similarly if o, is used until the process hits Q and then o is
used from then on the probability of being “at” O at time T is 2#T) ™ "/? exp {~0v'*/2T}
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where v' = (yo—y2) +(—y2). But since OPAQ is a parallelogram, v = v’. This suggests
that one can either use o1 or o, or alternate between these while in C; provided the
appropriate control is used if the process hits QOP.

Thus we have surmised that any control which used o; on OP and o, on OQ is
optimal. Furthermore, since one can express this problem in terms of time to go rather
than forward time one can immediately extend this result to processes which start at
(x, y) at time ¢t €[0, T) rather than time 0. For such processes the expected reward
has a maximum of

2
7 = (T =) V2 {_v (x, y)}
(7) glx,y, 6)=Q2m(T—1)) "“exp 2T-n)’
where
+ —_—
(01 UZ)y 2x7 (x’ )’) € Cl)
vixy)=y 7279
lyl otherwise.

Note that g is continuous on R* %[0, T') since v is continuous on R’. The conjecture
that either of o1 or o, is optimal while not on QOP is strengthened by the fact that

og 1
=+-Gg=
8) o 2Gg 0

in C;U C; for both a =01 and a = o,. Of course g is not differentiable on QOP.
Now consider the policy of using o for x =0 and using o, for x <0. This is one
of many optimal policies when ¢ =8, but possesses the additional property that it is
optimal for all ¢ of the form ¢ (x) =8 (x —xo), xo € R. Thus one expects this policy to
be optimal for all nonnegative ¢. This motivates the study of oo and we now return
to the rigorous exposition.
THEOREM. Let ¢ be continuous and nonnegative. Then oy is an optimal control.
Proof. Let ¢:R*x[0, T]- R be given by

©) oy 0= gy-v,06@ds  (5y,0e®X[0,T)
and
(10) ¢(x,y, T)=R(x)(y),

where g is given by (7). We show that ¢ satisfies the conditions of the verification
lemma. Conditions (D1), (D2) and (DS5) of the dynamic programming equation can
be verified directly from (9) and (10) and the expression for g. By expressing ¢ as

s o]

gy -0 080 do+ [ glny—v,060)do,

y—x/ao(x)

y—x/ag(x)

Y(x,y, t)=I

—00

where ao is given by (2), and differentiating the two terms on the right-hand side of
this equation separately, one can verify that (D3) is satisfied and that
" og

an Y y0=] By-vne@do
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and
G 1,0= | (Gag)x,y =0, 08) do
_ 2xsgnx X _x_a__2
(12) (0'2—0'1)(T—t)f(x’a0(x)’t)¢(y ao(x)) (ao(x) 1)’

a=0o1,03.

Here dg/at and G,g are the appropriate derivatives of g when these exist, and are
taken to be zero when they do not exist. By (8) G,,g = G,,g; thus by (12)

(13) max (Gah)(x, y,t) =G g (%, y, 1)
where
14 Guwhoy0=[ (Gay-0080)ds, a=oi02

By (13) and the definition of ao, (5) and (6) hold. Finally by (11), (13) and (14)
o 1 ] J"" [ag 1 ]
—+- max Gq = —+-G,
[ X Y (xoyst) _o Lot 2 J

ot a=01,02
which equals 0 by (8); thus condition (D4) holds.

This completes the proof.

Remark. Let A be a Borel subset of R with positive measure. Then since
P, (T)z0and n(T)e A)=P(£,(T)=0|n(T)e A)P(n(T)e A), and since P(n(T) e
A) cannot be controlled, we see that o maximizes P(£,(T)>0 and n(T)€ A) if and
only if it maximizes P(£,(T)=0|n(T) € A). This is the motivation behind the intuitive
remark that o is optimal conditional on B(T).

¢ (v) dv,

(x,y—v,t)

3. The general problem. We now return to the general problem defined in § 1.
Note first of all that if we relabel coordinates as (x’, t') where x'=x —a(T —t)
and ¢'=¢, then a drift of u; and a diffusion coefficient of o7 becomes a drift of
w!=w;+a and diffusion coefficient of o>’ =7 in the new coordinates. Thus setting

(15) a___#za'x‘lld(fz
g~ 01

we have u; =«koi, i =1, 2, where

M2 M1

K=—""—

gy~ 01 ’
It is therefore sufficient to consider the case

M1 M2
=== (=«).
gy O3

We will use Girsanov’s results to reduce this case to that considered in § 2.
Let P denote the measure defined on (2, ) by

(16) PA)= L exp {—«B(T)—’T}dP, Aec%.
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Then P is a probability measure since Ef{exp {—«B(T)—3«°T}}=1. Let {B(t):
0=t =T} be defined by
17 B(t)=B(t) +«t.

Then by the Cameron-Martin—-Girsanov results B is a Brownian motion on Q, %, ﬁ)
which is adapted to the filtration {#}o=;=1. Now let o € & and suppose the {£(¢):
0=¢=T}is defined by

() =x +Kj o) dr +j o(A)dB(A).
0 0

Then by the Girsanov transformation formula

t

(18) &) =x +I oA)dB(A), O0=t=T
0

By (16) and (17)
fo(x)=E{R(&,(T)) exp {«B(T) - «T + 3T},

where E? denotes the P expectation given that {&,(¢): 0=t =T} satisfies equation
(18). Thus we can express f,(x) as

fo(x)=E{R(&(T)é (H(T))},
where ¢ is given by

& (y)=exp{ky —«T +3«°T}
and the process {17(¢): 0=t =T} is given by
t
ﬁ(t)=0+J dB(\)=B(1).
0

It is thus natural to compare our present control problem with the two-dimensional
control problem considered in § 2, modified so that B rather than B is the driving
Brownian motion. Since & is defined in terms of the filtration, and B and B are both
adapted to this filtration and their increments after time ¢ are independent of %, for
each t €[0, T'], the two problems share the same set of admissible controls. Also the
analysis given in § 2 is valid for any Brownian motion and is hence valid for B. Thus,
if we let g, denote the analogue of g, we have

f-(x)=g,(x,0), og€eA, xeR,
and
fro®) = £oo(x, 0) = sup £-(x,0)= supfo(x) VxeR
That is o is optimal when (u 1, 1) and (w2, 02) satisfy w1/01 = u2/0». Thus for general
pairs (w1, o) and (w2, o2) the optimal control is given by the rule:
use (w1, 01) ifx = a (T —1),

use ([.Lz, o) ifx <a(T —1t)

where « is given by (15).



94 J. M. McNAMARA

REFERENCES

[1] T. CARACO, On foraging time allocation in a stochastic environment, Ecology, 61 (1980), pp. 119-128.

[2] T. CARACO, S. MARTINDALE AND T. S, WHITTAM, An empirical demonstration of risk sensitive
foraging preferences, Anim. Behav., 28 (1980), pp. 820-830.

[3] W. H. FLEMING AND R. W. RISHEL, Deterministic and Stochastic Optimal Control, Springer-Verlag,
Berlin, 1975.

[4] A. 1. HOUSTON AND J. M. MCNAMARA, A sequential approach to risk taking, Anim. Behav., 30
(1982), pp. 1260-1261.

[5] J. M. MCNAMARA, Sequential choice between high risk and safe alternatives, Univ. Bristol School of
Mathematics Rep. No. S-82-04, 1982.

[6] , Control of the diffusion coefficient of a simple diffusion process, Math. Oper. Res. (1983), to appear.

[7] J. M. MCNAMARA AND A. I. HOUSTON, Short-term behaviour and life-time fitness, in Functional
Ontogeny, D. J. McFarland, ed., Pitman, London, 1982.

[8] S. NAKAO, On pathwise uniqueness of solutions of one-dimensional stochastic differential equations,
Osaka J. Math., 9 (1972), pp. 513-518.

[9] D. W. STEPHENS, The logic of risk sensitive foraging preferences, Anim. Behav., 29 (1981), pp. 628-629.




SIAM J. CONTROL AND OPTIMIZATION © 1984 Society for Industrial and Applied Mathematics
Vol. 22, No. 1, January 1984 0363-0129/84/2201-0008 $01.25/0

DISCRETE APPROXIMATION METHODS
FOR PARAMETER IDENTIFICATION IN DELAY SYSTEMS*

I. GARY ROSENt

Abstract. We construct approximation schemes for parameter identification problems in which the
governing state equation is a linear functional differential equation of retarded type. The basis of the
schemes is the replacement of the parameter identification problem having an infinite dimensional state
equation by a sequence of approximating parameter identification problems in which the states are given
by finite dimensional discrete difference equations. The difference equations are constructed using linear
semigroup theory and rational function approximations to the exponential. Sufficient conditions are given
for the convergence of solutions to the approximating problems, which can be obtained using conventional
methods, to solutions to the original parameter identification problem. Finite difference and spline based
schemes using Padé rational function approximations to the exponential are constructed, and shown to
satisfy the sufficient conditions for convergence. A discussion and analysis of numerical results obtained
through the application of the schemes to several examples is included.

Key words. delay systems, parameter identification, approximation schemes, finite difference approxi-
mation, spline approximation

1. Introduction. The purpose of this paper is the investigation of approximation
methods for the identification of parameters in control systems where the state equation
is a linear retarded functional differential equation (LRFDE). The parameters which
we are interested in being able to estimate include system coefficients, initial conditions
and the delays themselves. The methods which we shall discuss are based upon the
discrete approximation framework for the integration of LRFDE initial value problems
developed in [27] and [28]. The approach we take is to first replace the LRFDE which
governs the dynamics of the system by an equivalent abstract evolution equation set
in an infinite dimensional Hilbert space. The abstract evolution equation is then
approximated by a finite dimensional discrete difference equation. This in turn leads
to a totally discrete finite dimensional approximating parameter identification problem
which can then be solved using standard techniques (see for instance [30]) and software
packages which are readily available. That the solutions to these approximating
problems in some sense approximate solutions to the original parameter identification
problem is the primary result discussed in this paper.

As is pointed out in [7] there is very little literature about the parameter
identification problem for delay systems (PIDDS). This is especially true for the case
in which the delays are among the parameters to be identified. More recently, however,
research in this area has been undertaken. Banks, Burns and Cliff [7] have extended
the approximation framework, which had previously been developed to solve optimal
control problems governed by delay differential systems [1], [4], [5],.[9], [12], [17],
[22], to the PIDDS as well. Their approach relies upon semi-discrete methods (i.e.
those methods in which the LRFDE state equation is replaced by an approximating
ordinary differential equation) for the solution of the delay differential equation which
governs the dynamics of the system. The convergence arguments given by the authors
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was supported in part by the Air Force Office of Scientific Research under contract AFOSR 76-3092D,
in part by the National Science Foundation under grant NSF-MCS 7905774-02, and in part by the U.S.
Army Research Office under contract ARO-DAAG29-79-C-0161. Additional research was carried out
while the author was in residence at the Institute for Computer Applications in Science and Engineering,
NASA Langley Research Center, Hampton, VA under NASA Contract Nos. NAS1-15810 and NAS1-
16394.

‘+ Department of Mathematics, Bowdoin College, Brunswick, Maine 04011.
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rely heavily upon an abstract formulation of the problem which permits the use of
linear semigroup theory and the associated approximation results which have been
developed for application in such a setting. Their approximation framework is appli-
cable to an extremely wide class of problems, includes methods having an arbitrarily
high order of convergence and is capable of identifying the delays which appear in
the state equation.

Banks in [2] develops spline based semi-discrete approximation schemes which
are applicable to PIDDS in which the delays are not among the parameters to be
estimated and in which the state equation is a nonlinear delay system satisfying global
Lipschitz and differentiability conditions. While an equivalent abstract formulation of
the problem is employed, in [2] Banks has avoided the use of semigroup theory
entirely. Instead, the convergence of the approximation schemes is argued via the
dissipativeness of the nonlinear operators involved and the Gronwall inequality. In
[8] and [14] the ideas discussed in [2] are further extended so as to be applicable to
problems in which the delays are also to be identified.

In [3] and [7] in addition to the construction of approximation schemes, a
discussion of modeling problems, arising in physiology, enzyme kinetics and unsteady
aerodynamics, which involve parameter identification and control for delay systems,
can be found.

The results which we discuss are closely related to the ideas contained in [7]. We
treat essentially the same class of problems, rely upon the same abstract formulation,
apply many of the same functional analytic techniques to argue convergence and, in
fact, incorporate the same state approximations as those discussed in [7]. The primary
difference between the two approaches, however, is that our methods result in a
complete discretization of the problem and hence require no further approximation
when implemented. The methods included in our framework are capable of identifying
delays and the integration schemes which they rely upon may be constructed with an
arbitrarily high order of convergence. In [11] Banks and Rosen provide a detailed
comparison of the performance of the semi-discrete schemes developed in [7] and
totally discrete schemes similar to those which will be discussed here, when applied
to parameter identification problems in which the delays themselves are not among
the parameters to be estimated.

An alternative treatment of the problem of approximating solutions to the PIDDS,
which is also based upon discrete approximation via difference equations, is given by
Burns and Hirsch in [13]. These authors have taken a more straightforward approach
by studying a specific scheme (as opposed to developing an approximation framework
as is done in [7] and will be done here) which can be applied to PIDDS in which the
LRFDE contains a single discrete delay term only. (The schemes developed here and
those discussed in [7] are capable of handling equations which contain multiple discrete
delay terms as well as a distributed delay term.) The approximating difference equation
is derived via a modification of standard numerical integration schemes for ordinary
differential equations (i.e. Euler’s method, fourth order Runge-Kutta, etc.) so as to
be applicable to delay differential systems. The authors are able to argue first order
convergence for the Euler based scheme directly and hence can avoid the necessity
for a functional analytic formulation of the problem. Computational evidence support-
ing the feasibility of extending these ideas to higher order schemes is also provided.
However, the authors point out that the possibility of extending the relevant conver-
gence arguments is uncertain. The Burns and Hirsch paper also addresses the difficulties
which can arise in the construction of approximation schemes for PIDDS in which
the delays are to be identified due to the fact that solutions to delay differential systems
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may not be smooth with respect to the delays. This can pose problems since most
standard optimization packages require differentiability with respect to the parameters.

Although it does not concern itself with the PIDDS directly, the work of Banks
and Kunisch [10] should also be included in this historical outline. In this paper the
authors treat parameter identification problems in which the governing state equations
are semi-linear parabolic or hyperbolic partial differential equations. The approach
that they take is similar to the one that is taken in [7]. Indeed, the infinite dimensional
identification problem is replaced by an equivalent abstract formulation which is then
used to develop finite dimensional semi-discrete approximation schemes. In a similar
manner, the totally discrete schemes which will be developed below could easily be
modified so as to be applicable to parameter identification problems with partial
differential state equations.

We conclude this section with a brief outline of our presentation. In § 2 we state
the PIDDS and show that it can be reformulated as an equivalent parameter
identification problem in which the state equation is an abstract evolution equation
set in an infinite dimensional Hilbert space. In § 3 we first discuss approximation
results for abstract evolution equations and then use these results to construct the
approximating parameter identification problems and to show that under the appropri-
ate hypotheses, solutions to the approximating problems converge to solutions to the
PIDDS. In § 4 we construct actual approximation schemes which satisfy the hypotheses
and conditions necessary for convergence, while in § 5 we discuss and analyze numerical
results obtained through the application of these schemes to several examples.

The notation we employ is, for the most part, standard. The symbol Z,., is
used to denote the space of n square matrices. We denote the space of functions defined
on (a, b) with range in R" and p continuous derivatives by C(a, b). The space of
piecewise continuous functions and the space of continuous functions on (a, b) with
range in R" are denoted by PC"(a, b) and C" (a, b) respectively. The Lebesgue spaces
of R"-valued functions on (a, b) are denoted by L,(a, b) while the Sobolev spaces of
functions ¢ with ¢™ " absolutely continuous and ¢ ™ in L} (a, b) are denoted by
Wh.p(a,b). For a function ¢ € Wi, (a,b) we shall use the notations D¢ and qS
interchangeably to denote the derivative of ¢. Finally for a linear operator 7, the
symbols D(J) and R(J) are used to denote the domain of J and the range of
respectively.

2. The PIDDS and its abstract formulation. In this section we formulate the
parameter identification problem for delay systems and show that it has an equivalent
formulation, whereby the dynamics of the governing control system in the form of an
LRFDE are replaced by an abstract evolution equation set in an infinite dimensional
Hilbert space. Since the PIDDS and the associated approximation schemes which we
shall develop here are closely related to the problem and schemes discussed by Banks,
Burns and CIiff [7] the reader is instructed to note the similarities which exist between
the material and notation to follow in this section and that which is contained in [7,
§82,2.1]and [28, § 2].

We begin with the definition of the admissible initial data/parameter set and a
formal statement of the PIDDS. Let r >0 and Q a compact convex subset of R* be
given. Define the compact convex set Q < R*™ by Q =Q X ¥ where

H={h=(ri,r2 -+ ,n)eR"|0=ri=r=ri=12,---,v—1}L
In addition let & be a compact convex subset of R" X L3(—r, 0) and define
r=¢xQ=¥¢xQx%
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to be the admissible initial data/parameter set. We further assume that we have been
provided with an input/output pair (u, ¢)e PC™(0, T)x C'(0, T) for some T >0. We
refer to (u,{) as an input/output pair since it is assumed that if given input u ¢
PC™ (0, T) the physical system to be identified produces output £ € C'(0, T).

With the above definitions in hand, we can state the PIDDS:

PIDDS. Given an input/output pair (4, ¢) € PC™(0, T) x C'(0, T) for some T >0,
find y* = (n*, ¢*, q*) =(n*, ¢*, a*, h*)eT which minimizes

T
@21 T =ly©; v w)=LO+Iy(Ts 7, u)—{(T)vaﬁL @ v w =L@, dt,

subject to

(2.2) £(t)=L(q)x.+B(a)u(?), te[0, T,
(2.3) x(0)=n, x0=¢,

(2.4) y()=Cla)x(t)+D(a)u(t),

where for each a €}, B(a), C(a) and D(a) are n Xm, [ Xn and [ X m matrices
respectively, |- |, j = 1, 2, 3 represent appropriately weighted (application dependent)
norms on R', x, denotes the function § > x (f +6), —r = =0 and the notation y( 5y u)
is employed in order to exhibit the explicit dependence of the output y of the theoretical
system on the initial conditions and parameter values y and the given input u. For
eachq =(a, h)=(a,r1, 12+ +, 1) € Q the operator L(q): L3(—r, 0)> R" is assumed to
be of the form

v 0
L@é =% Atsn+| K016 ds
with ro=0 and where for each a €, A;(a),i=0,1,2, :+, v are n X n matrices and
0 > K (a, 6) is an n X n matrix-valued function in L,((—r, 0), £, ). It is assumed that
Aia),i=0,1,2, -+, v, B(a), C(a), D(a), K(, -) are continuous in a.

Before we go on to discuss the parameter identification problem, let us take a
moment to consider the LRFDE initial value problem given by (2.2)-(2.3). Given
v=(n,®,q)eT, asolution to the initial value problem is a function x:[—-r, T]>R"
such that x e Wi, (0, T), x satisfies (2.2) almost everywhere on [0, T'], x(0)=7n and
Xxo=¢. Standard arguments [24] can be used to demonstrate that for each yeT
(2.2)-(2.3) has a unique solution which depends continuously upon y eI" and the
nonhomogeneous term u (as an element of L3'(0, T)). The notation x(¢; v, u) (and
x:(7v, u)) will be used to denote this unique solution of (2.2)-(2.3) (and its past history
on [t —r, t]) corresponding to a particular choice of yeI" and u € L3'(0, T).

Remark. One might be tempted to question the validity of choosing a least
squares payoff functional of the form given in (2.1) for the PIDDS since in actual
practice it is usually the case that for a given input u, output can only be measured
at discrete times 0=1,<t;<---<t, =T. In this instance a more appropriate choice
for a payoff functional would be the one used in [7] which is given by

1m
I =3 X vyt vw-4f,
j=0
where the {¢;}/~o are the given discrete output observations obtained from the actual

system which is to be identified. Oddly enough, it is the discrete nature of the
approximation schemes to be discussed which necessitates the use of the distributed
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payoff functional given by (2.1). However, this restriction can be circumvented via
the use of an interpolation scheme applied either to the observational data provided
in order to generate a continuous observation f (+)e CY(0, T) or to the discrete output
generated by the difference-equation-based approximation schemes. The latter
approach is the one which is employed in [13] in order to overcome this very same
problem.

We next show that the PIDDS has an equivalent formulation as a parameter
identification problem in which the governing state equation is given by an abstract
evolution equation set in the Hilbert space Z

Z=R"XL3(-r,0)
with inner product
<'a ')Z =<°’ °>R"+<" ')Lz'
The quantity r which appears in the definition of the space Z is as previously defined.

For g=(a, h)eQ and (1, ¢)€Z we define the parameterized family of operators
S(t;q): Z > Z for t =0 by

S(t; q)(n, @)= (x(t; (n, 6, 9), 0), x.((n, ¢, q), 0)),

where x (-, (n, ¢, q), 0) denotes the unique solution of (2.2), (2.3) corresponding to
qeQ, (n,¢)eZ and u=0. In light of the existence, uniqueness and continuous
dependence results for solutions to the initial value problem (2.2)-(2.3) discussed
earlier, it is not difficult to show that for each q € Q the operators {S(¢; q): ¢t =0} form
a €, semigroup of bounded linear operators on Z. Furthermore, for each q € Q the
infinitesimal generator &(q): D((q))<=Z -» Z of the semigroup and its domain of
definition (which is independent of q) can be calculated. They are given by

D(#(q))=D ={(n, ¢)e Z|$p € Wi2(-1,0),n =¢(0)},
H(q)(¢(0), ¢)=(L(q)¢, D).

Using the fact that &f/(q) satisfies a dissipative inequality with respect to a weighted
inner product on Z (see [29]), it can be shown that

(2.5) 1S(t; @) =Vve“ @,
where

2.6) w(g)=221

2

Turning our attention to the nonhomogeneous equation, for each « € () we define the
operator B(a):R™ - Z by B(a)u = (B(a)u, 0) and consider

Y 0
+Ao@) +1 £ A@P+3 [ [K(e, o) do.
i=1

—r,

@7zt u)=S0;q)n, ¢)+J'0 S(t-0;q)B(a)u(o)do, 0=t=T

for each y=(n, ¢,q)=(n, ¢, @, h)eT and u € L3 (0, T). Using standard results from
linear semigroup theory [20], it is easily verified that the expression for z given in
(2.7) is well defined and continuous in t. Furthermore, under the somewhat more
restrictive conditions that (n, ¢) e D and u € C7 (0, T') we have that (2.7) is the unique
strong solution to the initial value problem in Z given by

(2.8) 2(6)=s4(q)z(t)+ B(a)u(t),
(2.9) z(0)=(n, ¢).
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It can be shown (see [4], [5]) that under the same conditions

w(t)=(x(t;y, u), x.(y, u))

is a strong solution to the initial value problem given by (2.8)-(2.9), as well. It therefore
must follow that z(¢#) and w(¢) coincide for 0=¢=T. By making use of standard
density and continuous dependence arguments the equivalence of z and w can be
extended so as to hold for all (n,¢)eZ and u € L3 (0, T). We state this conclusion
in the form of a theorem.

THEOREM 2.1. Let x(-; v, u) denote the unique solution of the LRFDE initial
value problem (2.2)-(2.3) corresponding to y el and ue L3 (0, T). Then for 0=t=T
we have

z(t; v, u)=(x(t; v, u), x.(y, u)).

In light of Theorem 2.1 above, the equivalence which exists between solutions
of the LRFDE initial value problem (2.2)-(2.3) and the Z valued function given by
expression (2.7) permits the reformulation of the PIDDS as an equivalent (1-1
correspondence between solutions) parameter identification problem in which the
governing state equation is now given by (2.7). Indeed, if we define for each a €}
the operator C(a):Z »R' by C(a)(n, ¢) = C(a)n then the PIDDS is equivalent to
the following abstract parameter identification problem.

(APIDDS): Given an input/output pair (&, ¢) e PC™(0, T)xC'(0, T) for some
T>0, find y*=(n* ¢%* q*)=(n* ¢* a* h*) el which minimizes J(y) given by
(2.1) subject to

(2.10) 2(6)=S(t;q)(m, ¢)+j0 S(t-0; @)B(e)u(o) do,

(2.11) y()=Cl@)z(t)+D(a)u(t), tel0,T]

The fact that there exists a 1-1 correspondence between solutions to the APIDDS
above and solutions to the PIDDS forms the basis for the approximation schemes
which we construct in the succeeding sections.

3. Approximation results for the PIDDS. Fundamental to our approximation
schemes for the PIDDS is the construction of convergent finite dimensional discrete
approximation schemes for the state equation given by (2.10). Indeed, the approach
we take is to replace the APIDDS by a parameter identification problem in which
the governing state equation is now a finite dimensional linear nonhomogeneous
difference equation which depends upon q € Q. For each q € Q, the solutions to these
difference equations will, in some sense, approximate the solutions of (2.10). If we
let N represent the degree of approximation, and if the N'th approximating problem
is solved for y¥, an element in the admissible initial data/parameter set I" which
minimizes a discrete least squares payoff functional which approximates (2.1), then
we shall see that the compactness of I and the convergence of the state approximation
are sufficient to guarantee the existence of a subsequence {y%,} of {y%} and a y*eT
such that yn, > y* as k>0 with ¥* a solution to the APIDDS. In light of the
equivalence established in § 2, it necessarily follows that y* is a solution to the PIDDS
as well.

The above ideas will be made precise once we have outlined the abstract approxi-
mation results which are fundamental to the construction of convergent approximations
to the state equation. These approximation results can be considered to be discrete
analogues of the well-known Trotter-Kato theorem [20], [23] which is frequently
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employed to establish the convergence of semidiscrete approximations to semigroups
of operators. While Theorem 3.1 below is quite similar to the result given in [28,
Thm. 4.9), a direct application of [28] cannot establish the convergence of the state
approximations for the PIDDS. This is a consequence of the fact that since the delays
can appear among the unknown parameters, the largest delay, r,, which plays a crucial
role in our formulation, may no longer remain fixed with respect to the degree of
approximation. With minor modifications the proof of [28, Thm. 4.9] can be employed
to verify Theorem 3.1. Therefore, we simply state the result and omit its proof.

In what is to follow we shall employ the following conventions. For a rational
function of a complex variable r(z) =p(z)/q(z) we denote the degree of r(z) = degree
of p(z)—degree of q(z) by degr(z). For 7: D(¥)<=H -> H a linear transformation
on a Hilbert space H we say 7 € G(M, B) if T is the infinitesimal generator of a €,
semigroup of operators {7'(¢): t =0} satisfying |T'(t)|=Me®. Furthermore, if p(7)
denotes the resolvent set of 7, we denote the resolvent of 7, (A —.7')_1 by R, (9),
Aep(T). '

We formulate our approximation framework in the same general setting used in
[7]. Let (Z,{:, ")), (Zns (", *)n), N =1,2, - - - be Hilbert spaces with norms || and | |x
respectively. For each N=1,2,--- let Xy be a closed subspace of Zy and let
IIn:Zn - Xn be the orthogonal projection of Zy onto Xy with respect to the (-, *)x
inner product. Let $3:Z > Zx be a mapping which is onto Zx and which satisfies
|#nz|n =|z| for each z € Z. Finally, we define Py : Z - Xy by Py =IIn$n, and note that
|Pnz|n =|z]| for each z € Z.

THEOREM 3.1. Let Z, Zn, X and Py be as defined above and let T be a fixed
positive real number. Suppose for some M, B we have that s € G (M, B) is the infinitesimal
generator of the €, semigroup of operators on Z, {S(t): t =0} and dn € G(M, B) is the
infinitesimal generator of the €, semigroup of operators on Xy, {Sn(t): t=0}, N =
1,2, - -. Suppose further that:

(1) There exists @ < D(HA), a dense subset of Z such that R\(€4)D <D for each
A € C with Re A > and for each z € D we have

|nPnz — Pnsdz|n >0 as N - co.

(2) c(z) is a rational function of the complex variable z € C such that
(@) lc(z)—e*|=0(z|"*") as z » 0 with m >0;
(b) degc(z)=m+1;
(¢) ¢(z) has no poles in {z € C: Re z =0}.
(3) {r)}N=1 is a sequence of positive real numbers satisfying 0<ry =r=T, N =
1,2, --.
(4) {pN}%=1 is a sequence of positive integers determined by the following relation:
erN rN
~—=T<(EV+1)=%, N=1,2,---.
N (o ) N 1,2
Then there exists an N such that the operators on Xy given by ¢ ((rv/N)sfx) exist for all
N > N and moreover if the infinite collection of operators

rN ky pN
= , N>N
{C(N”d”> }k=0

are uniformly bounded, then given ¢ >0, there exists an N > N such that

N k N,
r, kr,
c(-ﬁdN> Pnz —PNS( N )z N<e,
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k=0,1,2,- -, p" for all N >N and each z € Z. (Equivalently stated:

ry k krY
c(I—V—dN) Pnz —PNS( N )z N—)O as N » o0

uniformly in k, k€{0,1,2,---,p"})

Remark 3.1. Although in Theorem 3.1 the spaces and the transformations
between them are unspecified, when actually realized for the purpose of developing
approximation schemes for the PIDDS, the constructs appearing in the theorem take
the following form. The space Z is of course R" XL5(—r,0), Zy =R" xL3(-rY, 0),
Xn is a finite dimensional subspace of Zy such as the AVE or spline subspaces
discussed in [28], #y is the operator that takes (1, ¢) € Z into Z =(n, ¢) in Zx where
& is the restriction of ¢ to [—rY, 0] and ¢ (z) might for example be chosen from among
the Padé rational function approximations to the exponential (see [28], [31]). Once
a basis for Xy has been chosen, &y can be represented by a matrix as can the operators
c((r',f’/N).sﬂN)k, k=0,1,2,---, pN. If the o/ are constructed and c(z) is chosen so as
to comply with the hypotheses and conditions of Theorem 3.1, for zo€ Z and ¢} =
krY/N e[0,T], k=0,1,2,---,p" we have that z(¢f )= S(t% )z, is approximated by
2k =c((rY/N)sfn ) Pnzo. The construction of Xx and & and the selection of ¢(z) so
as to lead to convergent approximation schemes is examined in detail in § 4.

Remark 3.2. Implicit in condition (1) in Theorem 3.1 is the assumption that
Pn@<D(HAn), N=1,2,---. However, in practice Xy is chosen to be finite
dimensional in which case &fN ~ = X is a bounded operator with D («#n) = Xn.

Remark 3.3. In what is to follow we shall frequently refer to x € G(M, B) as
the spatlal stablhty condition and the uniform boundedness of the operators
{c((rN/N)stn)<}e as the temporal stability condition.

It is not surprising that an estimate of the rate of convergence in Theorem 3.1
would depend upon both the degree to which the /5 approximate o and the degree
to which ¢ (z) approximates e*. An application of [7, Thm. 3.2] and arguments similar
to those used to verify [28, Thm. 4.17] can be used to establish that for all z € B, B
asubset of Z with sufficiently well behaved elements, for which there existsa K = K (z)
such that

_KG)
N°*

there exist constants K; = K;(z) and K, = K,(z) such that

k N,
ry k v
(—-—.ssz) Pnz — PNS( 1:/. )z

l&fNPNZ PN&¢Z|N =

=xi(3) +&()
N“K‘(N +Ka\y) -

k=0,1,2,---,p", where m is as in Theorem 3.1 condition (2).

For Z=R"xL3(~r,0) let #°:Z >R", #':Z > L3(~r, 0) be the canonical coor-
dinate projections of Z given by 7°(n, ¢) =7 and 7' (1, ¢) = ¢, respectively. For {gn}
a sequence of elements in Q with

qN=(aNth)=(aN’(rllv,r12V,"',r:]))

let Zn =Zn(qn) =R" X L5(=rY, 0), let Xy = Xn(qn) be a closed subspace of Zy, let
IIx =1In(gn) be the orthogonal projection of Zy onto X with respect to the Zy inner
product (:, )y and let Sy =Fn(qn):Z > Zy be the mapping which takes (n, ¢)e Z
into (n, )€ Zy where ¢ denotes the restriction of ¢ to [—rY, 0]. Define Py =
Pn(gn):Z » Xn by Pn(gn) =TI (gn)#n (gn) and let (g ) be alinear transformation
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defined on Xy with range contained in Xy. Finally let c(z) and d(z) be rational
functions of the complex variable z and let 8 be a fixed positive scalar with 0=6 =1.
With these definitions in hand, the approximating parameter identification problems
can be stated as follows.

NPIDDS. Given an input/output pair (u,¢)e PC™(0, T) % c'(o, T) for some
T>0 find y% = (nk, ¢%, qf) = (n¥, ¢%, a¥, h¥)eT which minimizes

In(y)=yo (y; u) = )%, +|ym(ys w) = L(T)[3,
2

r, Lk N . . rv)
N ,-go ly; (ysu) £(1N .

subject to

r i

2 = (7 stn @) Py@)n, 9)
3.1) , o
4Ly c(iﬂ ( )) d(ai&f ( ))P ( )é(a)u(’i”)

Nl=1 N N\q N N q N\qg N s
62 =l +p@u(R), =012 0"
where B(a), C(a), D(a) are as defined in §2, a=(n,¢,9)=(n,d,a,h)=
(m, @, a, (i, 72 - -+, 1) and p” is that positive integer for which oNr/N)=T <
(e~ +1)(r/N).

Under reasonable continuity assumptions (which will be satisfied by the specific
schemes we construct in § 4), for each N, the approximating parameter identification
problem becomes the minimization of a continuous function over a compact set, and
hence we are assured of the existence of a solution.

Remark 3.4. The inclusion of the operator d ((6r,/N)sfx(q)) in the state equation
is a consequence of the theory developed in [28, § 10]. In that paper it is shown that
if d(z) is chosen as a rational function approximation to the exponential for which
d((0r,/N)sfn(q)) satisfies the hypotheses of Theorem 3.2 below then the convergence
properties of the state approximation will be enhanced.

Remark 3.5. If for each qeQ and N=1,2, -+, we define the operators
BY(q):R™ > Xy and A" (q): Xn > Xn by B (q)u = d((6r./N)n(q))Pn(q)B(a)u =
d((6r,/N)n(q))Pn(q)(B()u, 0) and A™(q) = c((r./N)#n(q)), respectively, and let
zN(y)=Pn(q)(m, #) and uY =u(jr,/N), j=0,1,2,---,p", then it is immediately
clear that (3.1) is the classical variation of parameters solution to the linear non-
homogeneous difference equation in Xy given by

(3.3) 2N =A@z +BY @uls,  j=1,2,--,0"

with initial condition z5 = zN(y). Furthermore when the state equation is written in
the form given by (3.3) with the exception of the fact that in its most general form
the admissible initial data set is infinite dimensional, the approximating parameter
identification problems are easily recognized to be in the standard form of a finite
dimensional discrete linear-least squares parameter identification problem for which
conventional numerical methods can be used to obtain solutions (see [30, Chapt. 4]).
In practice the compact admissible initial data set & (see § 2) is almost always finite
dimensional. In fact, the set & is usually chosen to be the span of a finite collection
of elements {1, Y2, - * *, Y1} = Z over a bounded subset of R" where the unknown
parameters to be determined are the coefficients.
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In the theorem which follows we apply Theorem 3.1 and ideas similar to those
discussed in [28, §§ 8, 9] to show that for a sequence of solutions y# to the approximat-
ing parameter identification problems which converges to an element y* € Q, the
solutions to the corresponding state equations converge as well.

THEOREM  3.2. Suppose  {y%}={z¥, q¥)}={nk ¢% a5} ={(n% ¢% ok,

(N *, <o r*)YeT is a sequence of solutions to the NPIDDS problems and there
exists v*= (2%, q%) = (n*, ¢*, %)= (n*, ¢*, a*, (r’lk, o, ) el such that v - y*

in the sense that (a) g% >q* in R** and (b) 23 >z in Z as N » . Suppose further
that Pn=Pn(q¥%):Z->Xn@N), sIn= ~9¢N(QN) XN(qN) >Xn(qR), A=q*):
DcZ->2Z c(z), {r’,f’*} {gX) s}, oV =pN* (Y *) =pN*(q¥) satisfy the conditions
and hypotheses of Theorem 3.1 and that:
(1) The infinite collection of operators
{ r’,:’* drlat k}pN*
C( N N(‘IN)) ‘o
are uniformly bounded for all N sufficiently large.
(2) For6¢€]0, l] fixed and each z € Z we have that for the rational function d(z)
the operators d (0 (ry " IN)stn () exist and satisfy the condition

or*
(3.4) |d( " (a) | PrlaR)z - Pulatz i
Then

>0 as N-oo,

|Pn(a®)z (68 v*, u)— 28 (v w)ln > 0
as N - oo uniformly in k, k €{0,1,2, -+, p™"*} where z and z¥ are given by (2.7) and
(3.1) respectively and ti, = krY*/N, k=0,1,2, -+, p"*.
Proof. The existence of the operators c((ry */N)sn(q¥)) for all N sufficiently
large is guaranteed by Theorem 3.1. Let M, be such that

Nx k
o otwia®)
N

for all N sufficiently large. Then

é1‘40, k=0,1,2a”"pN*
N

|Pn(@8)z (R 5 v*, w)— 2R (v u)|

- |PN(q:5)S(t’: . 4*)2% + Py(q) j * SN -0 qMB (M u(o) do

o (o)

. d(a%dn(q"&))PN(q%)é (a m“(jrzg*)

Nx

k
—c(’T”V—azN(q;*s)) Pu(qt)z% -~

N

Nx k
= 'PN(qz"f:)S(tff ; *)2°*—C(r—”—dn(qz’5)) Pn(q¥)z®™
(%

. IPN(q?s)j * SN -3 qMB (@ (o) do

+

) Pu(a®)(z* —2%)
N

Nx [ Nx k—j Nx R . Nk
L Zc(C—dN(qN)) d( 6= *)PN(qz)B(a*ﬁ)u(”;, )4N

ET’{’+T2 +T7%.
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The term T tends to 0 as N - oo uniformly in k, k €{0, 1,2, - - -, p"* *} by Theorem

3.1 while
o
AN

as N - oo uniformly in k, k €{0, 1,2, - - -, p™ *}. We next consider the term T3

TY =

k
8) Pu@) - 2%

§MOIZO*—ZN |")O
N

TN = j Pu(@)S(Y —a; g B (@u(o) do
0

- j Pu@i)S(Y — o3 B (aun (o) da|
(0] N

N IL " Pu@)S(Y — o3 HB (aMun (o) do

PN —,’ *)B(a*)u(lr;] )lN
rf,q Z Pn(qa%)S(th-i3 q *)B(a*)u(ll:/)
_'I’V:[* ]:_21 (%—wN(qﬁ))k_lev(qN)B @i’ ;*> N
N rg’* ii C(fﬁ&qN(qﬁf,))k ,PN(qN)B(a*)u(];/ )
_:,Z (—?d~<qx>)k_id( e )Pt B’ ;)
¥ ; Z c(%jm(qm)kﬁd( = )P~<q~>3(“*>“('" )
(N* )k_jd( ' )PN(qN)B(aN)u( lg*)

N
=9¥+72 +9§’+m +7%,

where un € PC™(0, T) is defined by

u (0_)_{”([11:])’ a'e[tfcvv—-ly tfcvv)) k=1a 2:"‘:PN*,

N w(T), oelthhs T)

For each N sufficiently large and each ¢ € [0, T'] we define the following parameterized

families of bounded linear operators with domain R" and range in Xy. For neR"
and t€[0, T], let

() Twn()n=Pn(q)S{ q*)(n,0),

(li) §N(t)7l =PN(¢11"~<J)SU£I;¢I*)(7I, 0)1 te[t;cva tﬁt—l)) k=0’ 13 2: v 'apN*’
Nx k
i) énlom =c(Zstn(@®) Pu@in 0, reldd e,

k=0,1,2,---,pN*,

N*

(v) dun = d( )PN(qN)(n, 0),

v) Inm=Pn(g¥)(m, 0).
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Using the fact that {S(t, ¢*): t = 0} is a €, semigroup of bounded linear operators on
Z and Theorem 3.1 it is not difficult to show (see [29, Lemma 9.1]) that for each
tel0, T]

3.5) I T () —Sn (1) >0, as N > oo,
(3.6) ISn (1) —én ()| >0, as N oo,
(3.7 ldn — In|l> 0 as N o,

where the norm in (3.5), (3.6) and (3.7) above is the one which is induced by the
uniform operator topology on % (R", Zy), the space of all bounded linear operators
with domain R" and range in Zy.

We now turn to the terms I }V, j=1,2,3,4,5 and treat each one separately and
in turn. Since u € PC™(0, T) it is therefore Riemann integrable on [0, 7] and hence

7¥ =] Putais et -3 B @(0) - u(o) do]

=" et - oIBl@*) (o) un o) do]
0 N

lIA

T (Y = )| |B(a®)| (o) — un (@)] dor
= BTlB(a*)Ij |u(o)—un(o)do>0 as N->oo

uniformly in k, k€{0,1,2,- -+, p"*}.

Using (3.5) above we have that | T (T~ o)- Sn(T —0o)| tends to zero for each
o €[0,T] as N ->o. Moreover |Tx(T —a)—Sx(T —0)|| is dominated by g(o)=
2M T which is integrable on [0, T']. Therefore, by the Lebesgue dominated
convergence theorem we have

tkN “ k t;v n
Ty = j T (e —)B(a*)un (o) do — ¥ j Sn(e¥ —)B(a*)un (o) dor
0 j=1J:N N

tie1

HO (Y~ o) ~Sn Y ~ ) B (o) do]
N
T A A
= L 1 Tn(T —0)—Sn(T — o)l |B(a*)| |un (o) do

T
=B luls [ 10 (T-0)=8u(T =) dor >0
0

as N-oo uniformly in k, k€{0,1,2,---,p"*}. Using (3.6), the fact that g(c)=
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M ePT™? + M, and reasoning similar to that used above we have
Nx

. j; (Pelats @ siam—c(mstn(a®y)  Pulato)Bla®( 22)

I3 =

N

k
zj Sn (e ~ )= e (X o) B (@ ux (o) do|
t N

i=1

-1

= L et =) ew el — o |B ) ) dor

T
<|B(™) |u|wJ ISn (T =)= én(T =) do >0
0

as N - oo uniformly in k, k€{0,1,2, -+, p"~ *} Using (3.7) we have

g4 Ig_* ‘f c(r’:* . )"""(PN(qW_d(0’7*wN(q~)))PN(qN)B(a*)u(’ ~ ) .
_S_Mor;*: (In - dN>B<a*>u(’ A", ) N

Nx

rV A A
=Mo— .Zl In —dn ]l B (@*)| [ulw
P

Nk
A oA r,
=Mo|Ix —dn| |B(a*)| IqupN*—N—

=My|B(a*)| |u|oT |y —dn||>0 as N>

uniformly in &, k€{0, 1,2, - - -, p" *}. Finally, recalling that B has been assumed to
depend continuously upon the parameters, we have
Nx k- Nx

o fc(—m(qm) d(orl”v*.ozN(qN))PN(qN)(Bw*) B<a~”“( N)

o ) - )

Nx
N
=MoMi|u|oT|B(a*)~B(a¥)|>0 as N->oo

uniformly in k, k €{0, 1, 2, - - -, p™*}, where M, is the uniform bound on the operators
d@OYN*/N) sty (qX)) guaranteed to exist by the strong convergence condition given
in (3.4).

Therefore

IY¥=

N
Nx g

r,
=Y
- N jgl

N k—j

(- tniat)

= MoMi|B(a*)~ B ()| lulop™*

TY =Y+ T+ TV +TV+TY >0 asN->oo

uniformly in k, k €{0, 1,2, - - -, pN*} and the theorem is proven.
LEMMA 3.1. If, under the hypotheses and conditions of Theorem 3.2 we have

(3.8) 7°Pn(q¥)z » 72
in R" as N > oo for each z € Z. Then
ly% (s w) =y (s v*, w)| >0
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as N » oo umformly ink, ke{0,1,2,- -, p"*} where for each yeT', ue PC™(0,T),
k e{O 1,2,---,pV*} and all N sujfﬁczently large y(ti ; v, u) is given by (2.11) and
Vi (7, u) is given by (3.2).

Proof.

kr*
)
~Cla®)z(ty; v*, u)—D(@®)u(ty)

=[(Cla®) - Cla*)m’zR (v; u)|

lyk (vE; w)—y (s v*, u)| = é(aﬁ)Z’:(vﬁ;u)+D(a”z&)u(

+|Cla*)(r 2 (v u) —7°Pa (@%)z (175 v*, )|
+|Cla*) (7 Pn @)z (68 v*, u) =72 (1} v*, w))|
+|(D(a%) =D (a*)u(t)|

=|CaX) = Cla™)| [z (v&; w)ln

+|C(a*)| 2% (v&; u)—Pn(@R)z (8 v*, win
+|C@*)| |r°Pn @)z (R v*, ) =702 (1 v, u)]
+|ulo|D (@)~ D (a*)]

=T+ Ty +TY+T%.

In light of the convergence guaranteed by Theorem 3.2, it is easily verified that
{z¥(v%; w)|n}eNo lie in a bounded subset of R which is independent of N for all N
sufficiently large. Therefore using the assumptions that a¥ > a* in R* as N - o and
that C(a) and D(a) depend continuously upon the parameters we have 77 -0 and
IV >0as N> uniformly in k, k €{0,1,2, -+, p"~*}. The term T tends to zero
as N - 00 uniformly in k, k€{0,1,2, - ,pN *} as a consequence of Theorem 3.2.
Finally (3.8), the fact that the set S ={z(¢; ¥*, u): t € [0, T]} is a compact subset of Z
(being the continuous image of a compact subset of R) and the uniform boundedness
of the operators 7Py (q%) imply 7°Px(q %)~ 7° uniformly on S as N - oo and hence
TY >0 as N oo uniformly in k, k€{0,1,2, -+, pN*}.

We can now state and prove the major result of this paper which is that in a
certain sense (which will be made precise in the statement of Theorem 3.3 below) a
solution y to the Nth approximating parameter identification problem is in fact an
approximation of a solution y* of the PIDDS.

THEOREM 3.3. Suppose {y§}={z%, q¥)}<T is a sequence of solutions to the
problems NPIDDS. Then there exist a v* = (z°*,q*)eT and a subsequence {v¥&.} of
{y%} such that y%,_->vy* as k>0 in the sense that (a) q¥, >q* in R*™ and (b)
2% > 2% in Z as k > . If in addition Py = Pn(q%), n = An(q%), o = 4(q*), c(2),
d(z) and p"* =p"~*(q¥) satisfy the hypotheses and conditions of Theorem 3.2 and if
Pn(q7%) satisfies (3.8) then v* is a solution of the APIDDS (and therefore to the PIDDS
as well).

Proof Since ¥ < Z has been assumed compact, there exists a subsequence {z% N}
of {z%¥} such that 23 >z e ¥ as j > 0. Similarly Q = R*"™ compact implies the
exxstence of a subsequence {q N,} of {g%,} such that g% N, >4 *eQ as [ >0, Letting
y (zo*, *) and reindexing, we obtain a subsequence {y¥%.} of {yX} such that
yN, > v¥el as k>0,
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For each y=(z°% q) = (z% a, (r1i, 12, - -+, 1)) €T, ue PC™(0, T), { € C'(0, T) and
all N sufficiently large we define y", $~, ¢~ e PC'(0, T) by
yYW)=yN;y, u) =yt ; v, u),
N@)=7N(o; v, u)=yk (y; u),
Ny =N o y) =¢R),

for eIy, k=0,1,2,---,p", where I =I% (y)=[t&, ti+1), tk =t (y)=(kr,/N),
k=0,1,2,-++,p" andp" is that integerforwhichpN(r,,/N)§ T <" +1)(r,/N)and

where y(-; v, u) and yN (y; u) are given by (2.11) and (3.2) respectively.
If {y~} is a sequence of elements in I" for which yy - y €T, then Lemma 3.1 implies

3.9) 5N (o3 yno u)—y" (075 v, u)| >0

as N - co uniformly in o for o €[0, T']. Furthermore the continuity of y(-, vy, u) and
£(+) and the fact that length Ivy= rl,:'/N =r/N -0 as N - 0o imply

(3.10) lyN(o; v, u)—y(o;y, u)| =0,
and
€@ yn)=(@)| >0 as N >co
for each o €[0, T]. The triangle inequality, (3.9) and (3.10) imply $" (o'; yn, u)~>

y(o; v, u) for each o €[0, T] and hence by the Lebesgue dominated convergence
theorem we have for any yeT’

T
J(y"‘)=|y(0;~y"‘,u)—£(0)|§1+|y(T;v*,u)—{(T)vaﬁJ0 ly (s v*, u)— ()3, dt

= lim |§™(0; y%,, ) =L O3, + Jim [§™(T; y&, w) = (T[S,
T
+I klim l§Ne(t; v u)— N (s v &2, dt
0 - 00
. H N *
= lim |yo* (v&; ) =), + lim [y, (v&,; w) = (TS,
T
+,!im‘[ 9N (t5 Yo ) = Nt YIS, at
—>00 0
. . N,
= lim |y5* (v&; w) = L)%, + lim |y & (v&; w) = (T,

+lim )

k ->00 i=0

oNE—1 (G+DIN*/N,
AN, N, 2
[ 9% 65 v 1) — (6 v L2, d
1

vV */Nic
. Nk
= lim [Iy’ovk(v”ka; W) =L ON% +lypRelr ke w) = LTI,

rc’: pN;:-l

)) yfv“(vz"ék;u)—{(ﬁ)

+
Nk j=0 Nk

2
W3]
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= lim Jy, (y&)= Jim Jx, ()

= Jim [ 3+ 0= £ O, + bbby )= (DI,

r, pNi—1

)

+
Nk j=0

yik(y; u)—((%)

2
W3]

= tim [ 3+ (0= L O,y (30— 2D,

ANk

+ Y 1y

oNe—1 J(m)r,wk
j=0 Jj

(t5 9 )= LNt )3, dt]

7/ Nic
= lim [19"(0; v, 1)~ LOR, +15™(T; 3w -£(T,

T
+L %5 3w £ V)2,

=1y (0; v, u)—LO)%, +|y(T; vy, u)—¢(T)|2,

T
+j tim (565 7, 1) £ (0, )2, de
o ko

T
=|Y(0;%u)-((0)|%v,+|Y(T;%u)—Z(T)lﬁﬁL ly(t; v, u)—£ (@), dt
=J(y).

Thus J(y*)=J(y) for any y €T and y* is a solution to the APIDDS.

4. Examples of convergent approximation schemes for the PIDDS. In thissection
we construct specific examples of convergent approximation schemes for the PIDDS.
That is, given a sequence {gn} = Q withgy >GeQ as N> o0, foreach N=1,2,-- -,
we define X a closed subspace of Zy =R" x L5(—r>, 0) with inner product (-, *)n,
Ix: Zn > Xn the orthogonal projection of Zy onto Xy with respect to (-, - )n, linear
operators & (gn) : Xn = X, and choose rational functions ¢ (z) and d(z) which satisfy
the hypotheses and conditions of Theorem 3.3. We require that:

(4.1) There exist constants M and B such that o/n(gn)e G(M, B) on Xy for all N
sufficiently large and & = #(4) e G(M, B) on Z.

(4.2) There exists a dense subset of Z, 2 < D(s£(q)) such that R, (£ ({))D =D for
each A € C with Re A > and for each z € 2 we have
ldN(qN)PNZ _PNﬂ(q-)le -0 as N > 00, where Py = HNfN.

(4.3) 7°Pnz > w°z for each z € Z where w°:{%, > R" is defined by 7°(n, ¢) = 1.
(4.4) c(z) is a rational function approximation to the exponential for which

(@) lc(z)—e’|=0(z|™*") as z » 0 with m >0;

(b) degc(z)=m +1;

(c) c¢(z) has no poles in {z € C: Re z =0};
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(d) there exists a constant M, such that

N k
[e(Btntan) |=Mo,  k=0,1,2,,0"
for all N sufficiently large where p" is that positive integer for which
r ry
NZ=T<(E"+1)=.
PN (p N

(4.5) d(z) is a rational function approximation to the exponential for which
(a) the operators d ((Orf," /N)n(qn)) exist for all N sufficiently large
(b) |d((6ry/N)stn(qn))Pnz —Pnlz|n -0 as N >0, where 0=6 =1.

For a given choice of Xy, IIn, $n(qn), c(z) and d(z), the triple {Xn, [In, &n(gn)}
will be referred to as the state approximation, while the collection {Xn, I, &~ (gn),
¢(z), d(z)} itself will be referred to as an approximation scheme. We shall consider
two particular families of state approximations which can be shown to satisfy conditions
(4.1), (4.2) and (4.3) above. The first, and more primitive of the two is the averaging
or AVE state approximation ([4], [5], [7], [28]) in which the functional component
of the subspace Xy is chosen to be the span of a finite collection of piecewise constant
functions defined on [—rY, 0]. The second family of state approximations is spline
based and is known as the SPL state approximation ([7], [9], [28]). In this case the
subspace Xy is chosen to be the span of a finite collection of elements in Zx having
first or higher order spline functions as their functional component. We note that in
both the AVE and SPL state approximations Xy is finite dimensional.

Once a state approximation has been set, rational functions ¢(z) and d(z) must
be chosen in order to complete the construction of the approximation scheme.
Although others are available, we shall restrict our attention to choices of ¢(z) and
d(z) from the Padé table of rational function approximations to the exponential ([28],
[31]). We shall demonstrate that for appropriate choices for c(z) and d(z), taken
from the Padé table, the AVE and SPL state approximations generate approximation
schemes which satisfy conditions (4.1) through (4.5) above and hence yield approximate
solutions to the PIDDS.

All of the ideas discussed in this section have appeared elsewhere. In particular,
since our discrete schemes are based upon the semi-discrete approximation schemes
for the PIDDS developed by Banks, Burns and Cliff [7], the AVE and SPL state
approximations are the same as those used in [7] for a similar purpose. Furthermore,
since our schemes are also based upon the discrete approximation framework for the
integration of LRFDE initial value problems developed in [28], the theory underlying
the appropriate choice of the rational functions c¢(z) and d(z) can be found in [28].
Therefore, the construction of the state approximations, the choosing of the rational
functions and the arguments used in the verification of conditions (4.1) through (4.5)
for the particular schemes will only be outlined and summarized here. For a detailed
explanation of the various constructs which we define and the verification of the many
results which we state without proof, the interested reader is advised to consult [7],
[28] and [29].

4.1. The AVE state approximation. Let {qn}={(an, 7,73, *,r))}=Q be
given with gx -G € Q. Define x| € L3(—r}, 0) to be the characteristic function of the
interval [—jrY/N, —(j—1)rY/N), j=2,3,---,N and x! to be the characteristic
function of the interval [-r)/N,0]. Let Xy be the closed subspaces of Zy =
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R"xL3(—r", 0) given by
N
={(n,¢)eann€R",¢=Z vix;.v; €R }
i=1

and let (-, -)n denote the standard inner product on Zy. With Xy as above, the
orthogonal projection Iy of Zx onto Xy with respect to (-, - )x can be computed and
is given by

N \ N [UDEN
HN("’¢)=("’ .Zl¢iXi)’ where ¢; =r—ﬁj - $@)de, j=1,2,---,N.
7= v J—jry

In order to define the operators $fn (qx) We first define the operators Ly (qn): Xy > R"
and Dy (qn): Xy > L3(-r3, 0) by

N
Lnta)(m T oMxY) =Aclaxin+ £ T Aden)ofi )+—N— I K (ol
1= i j=1 j
where
N (U /N
KJN(OI)‘—"WJ K(aao)doa i=192""9N
ry —irl,:l/N
and
N N_ N N N N N\_ N
Dn(QN)<"I, ~Z1 Ui X ) = ~Z1 N (-1 =0
j= ji=1Ty

where vo=n respectively. Let &n(qn): Xn > XN be given by

(4.6) An(an)(n, ¢) = (La(qn)(m, ¢), Dn(gn)(n, 8)).

An elementary but rather tedious computation can be performed which demonstrates
that the operators on Zy, /x(gqn) given by (4.6) satisfy

(An(qn)z, 2N Sw(gn)lz ||%1,
where w(q) is given by (2.6) and (-, - )~ and || ||v denote an innerproduct on Z and
its corresponding norm which satisfies
| In =] lv =Vo| - |ne

Since X is finite dimensional we have that D (#/n(qn)) = Xn and therefore that the
operators &/n(qn) —w(qn)I are maximal dissipative (see [21, Definition 4.1, p. 86]).
This fact together with (2.5) yields that &/(q), .sziN(qN)eG(x/ v,B), ¢ qgneQ, N =
1,2, -+, where B =max,c.o w(q) and hence that (4.1) is satisfied. In addition it can
also be shown (see [25]) that

N
ry K
=1+ —=1+—,
N 1+K(gn) N 1 N
where « is a constant independent of N and q € Q. The bound given in (4.7) is a
somewhat stronger result than dissipativeness in that (4.7) implies that the operators
A, (qn)—I/2 are dissipative (see [28, Lemma 5.15]). The importance of condition
(4.7) will become clear when the choice of the rational function c(z) is discussed

in §4.3.

If welet 2 ={(¢(0), ¢)e Z|¢p € C1(—r, 0)}, then P is a dense subset of Z, P = D =
D(«4(q)) and for AeC with ReA>8 we have R,(H(q)? CD(dz(q))C@

N
@.7) |11+%a¢N(q~)
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Moreover, it can be shown (see [7]) that for z € &
| N (qn)Pnz — Pnst(@)z|n >0 as N >oo

and (4.2) is satisfied.
Finally, for (n, ¢) € Z we have

N
7°Pnz = 1r°(n, z ¢7Xf~v> =n=7’z
-

and hence that conditions (4.1), (4.2) and (4.3) are satisfied for the AVE state
approximation.

4.2. The SPL state approximation. In this subsection we describe spline based
state approximations using first order or linear splines. All of the results stated below
can be modified so as to be applicable to spline based state approximations employing
higher order splines.

Once again we assume {qn} = {(an, oy e Q with qn>4dcQ as N>
co. We partition each of the subintervals [-rk, —ri-1), k=1,2,- -+, v into N equal
subintervals to define the partition {¢ ' };X; of [—r2, 0] where

N , rlkv‘rlkv—l N
gj = —(]—(k—l)N)—N +ri+1

j=(k—-1N,: -, kN, k=1,2, -, v, and define the finite dimensional subspace Xy
of ZN by

Xn ={(®(0), ¢) € Zx|¢ is a first order spline with knots at {8} }/2;}.

Let (-, - )x denote the weighted inner product on Zy defined in § 5 of [29] and let [T
be the orthogonal projection of Zy onto Xn with respect to (-, - )n. Finally we let
An(gn): Xn = Xn be given by

(4.8) An(gn) = HN&g(QN)HN'
We note that

R(Ix)=Xn<{(n, ®)eZn|n=¢(0), ¢ € Wi, (—r o)} =D(H(qn))

and hence that the expression for &/n(qn) given by (4.8) is well defined.
Using the fact that [Ty is the orthogonal projection of Zy onto Xy it can be shown
that

(In(qn)z, 2)n =Bz|n

for each z € Xy, where B is as defined above. Since Xy is finite dimensional with
D (dn(qn)) = Xn We have therefore that #n(qn) € G(\/z—/, B),N=1,2,---, andcondi-
tion (4.1) is satisfied.

Next, if we define @ =D (s£%(3)), we have that & is a dense subset of Z (see
[23]) and for A € C with Re A >, R, (£(§))? = 9. Using the properties of interpola-
tory spines, and the fact that IIy is an orthogonal projection (and heuce has certain
minimality properties) it can be demonstrated that

| N (qn)Pnz — Pnst(§)z|n >0 as N>

for eqch z€e 9. Furthermore it can also be argued that for $ €9,
TInFnd —FInd|n > 0 as N > 0. However 9 is a dense subset of Z and the operators
{lIn$n — #n} are uniformly bounded. Recalling that Py =IIn$y it follows therefore
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that |Pnz —#nz|n = 0 as N > oo for all z € Z. This in turn implies that
w°(Pnz)~> m°z

for all z € Z and the SPL state approximation defined above satisfies conditions (4.1),
(4.2) and (4.3).

4.3. Selecting the rational functions c(z) and d(z). Our primary objective in
this subsection is to summarize the theory developed in [28] for the selection of
rational functions ¢(z) and d(z) which satisfy conditions (4.4) and (4.5) respectively
for a given state approximation triple {Xn, IIn, &n(qn)}. For a given approximation
scheme {Xn, [In, &N (qn), c(2), d(z)} the most difficult condition to verify is the tem-
poral stability condition (4.4)(d). As we shall soon see, it is the happy circumstance
that the relatively easily verified spatial stability condition (4.1) (which we already
know is satisfied by the AVE and SPL state approximations) is, under the appropriate
hypotheses, sufficient to guarantee that (4.4)(d) holds as well.

Although there are many families of rational functions which satisfy the required
exponential approximation property (4.4)(a), among the most widely studied are the
well known Padé approximants. The Padé approximations, which can be arranged in
a tableau {p;x (z)} commonly referred to as the Padé table, are defined by the following
formulae

_nik(z) 1 k(G +k=Dk!

pix(z) de(z)’ k=12, ’Wheren’k(z)_z‘:‘o—(j+k)!l!(k—l)!z’
(k=D

dn(e)= § LR oy

o (JHENI(G=D)!
It is well known that

(4.9) lpi(z)—e*|=0(z™*™) 20,

it is easily seen that

(4.10) degpi(z)=k —j,

and Ehle [15] has demonstrated that

(4.11) lpi(2)| =1, j=k,k+1,k+2, ze{zeC:Rez=0}.

Thus from (4.9), (4.10) and (4.11) it is immediately clear that if the rational function
¢(z) is chosen from among the entries on the diagonal or the first two subdiagonals
of the Padé table the resulting approximation scheme will satisfy conditions (4.4)(a),
(b) and (c). We note further that this will also be true if ¢(z) is chosen from the top
row of the Padé table, the Maclaurin polynomials for e”.

We next turn our attention to the temporal stability condition (4.4)(d). The
dissipativeness of the operators &/n(qn)—BI discussed above (both the AVE and SPL
constructions), von Neumann’s theory of spectral sets [26], a result due to Hersh
and Kato [18] and (4.11) can be used to demonstrate that for j=k, k+1, k+2,
k=1,2,---

r ! - MNP
pik(‘ﬁdzv(qzv)) ,Né\/u<1 +‘%ﬁ) =Vv T,

where 9 is a constant independent of N. Furthermore using the properties of the
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Padé approximants and (4.7) we have

r : ‘
p0k<1v&¢N(qN)) ’ é‘/l—/e[3 T, k= 1, 2, N
N

for the AVE state approximation triple. Therefore if we define %, and €, to be the
subclasses of the Padé approximants given by

A, ={pi(2)}, =k, k+1,k+2, k=1,2,-
and

@p={p0k(z)}’ k=1,2""a

respectively, (4.4) will be satisfied for the AVE state approximation triple if c¢(z) e
A, UE, and for the SPL state approximation triple if c(z) e %,,.

In [28] a heuristic argument is given in support of choosing d(z) as a rational
function approximation to the exponential. This argument is supported empirically
by computational results. Indeed enhanced convergence rates are observed for schemes
constructed with d(z) chosen in this way. Therefore d(z) should be chosen as a rational
function approximation to the exponential for which condition (4.5) is satisfied. It is
easily verified (see [28, Thm. 10.3]) that if d(z) satisfies condition (4.4) it will satisfy
condition (4.5) as well. For the AVE state approximation, therefore, d(z) can be
chosen from %, U &,, while for the SPL state approximation d(z) can be chosen from
A,. However, it is shown in [28] that for the SPL state approximation d(z) can actually
be chosen from A, U €, and still satisfy condition (4.5).

Finally, the results of this section can be summarized as follows: For an approxima-
tion scheme {Xn, IIn, & (gn), ¢(2), d(2)} constructed with the AVE state approxima-
tion and c(z) and d(z) chosen from %, U €,, conditions (4.1) through (4.5) will be
satisfied and a sequence of solutions to the resulting sequence of approximating
parameter identification problems will contain a subsequence converging to a solution
of the PIDDS. A similar statement can be made for approximation schemes constructed
with the SPL state approximation, c(z) chosen from %, and d(z) chosen from %, U €,.

5. Numerical results. In this section we discuss and analyze numerical results
obtained by applying the approximation schemes developed in the previous sections
to actual parameter identification problems in which the governing control system is
a linear functional differential equation of retarded type. All of the computations for
the examples which follow were performed on an IBM 370/158 using software
packages written in Fortran. We provide no information regarding storage require-
ments or computational efficiency in that our primary objective in performing these
tests was to demonstrate the feasibility of our methods.

The approximating parameter identification problems given in § 3 were construc-
ted using the AVE and SPL state approximations defined in § 4, c(z) =p22(z) e U,
d(z)=po:(z)e &, and 6 =.5. The effect of variations in the choice of c¢(z), d(z) and
@ were not tested here since this was studied extensively in [28). We have assumed
that we have been given observational data on the interval [0, 2] which resulted from
input u = u; € PC*(0, 2) where

0, <l
1, =t

ul(t)={
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The norms ||, | lw,» | - |w, Which appear in (2.1) have all been taken to be the standard
Euclidean norm on R’ To obtain observational data {, for each example the state
equation was integrated using the method of steps [16], a fourth order Runge-Kutta
numerical integration scheme for ordinary differential equation initial value problems
and a preselected set of true parameter values y* = (n*, ¢*, a*, h*). We emphasize
that the integration method used to obtain the observational data was completely
independent of the approximation schemes being tested and hence should not have
contaminated our results.

The resulting finite dimensional approximating parameter identification problems
were solved using a modified version of the integration package for LRFDE initial
value problems developed in [28] and the IMSL [19] routine ZXSSQ, a finite difference
Levenberg-Marquardt scheme for solving the problem of minimizing the sum of
squares of M nonlinear functions in N-unknowns. The Levenberg-Marquardt
algorithm is an iterative gradient projection scheme which must be provided with an
initial estimate of the unknown parameters.

Since among the principal advantages of our approximation schemes is their
ability to identify the delays, it is this feature which we are most interested in testing.
The examples which have been included below, therefore, all have the delays in the
problem among the parameters to be identified. A discussion of the performance of
the schemes on examples in which the delays need not be identified can be found in [11].

Two of the four examples which appear below have also been included in [6]
where they are used to test the semi-discrete schemes developed in [7]. A comparison
of the performance of the two methods (based upon the two examples below, and
others not included here) reveals that they exhibit similar behavior. The similarity
becomes especially apparent for the cases N =16 and 32, at which point the /N
time step in the totally discrete schemes becomes comparable to the 1/32 time step
used in the integration of the resulting approximating ordinary differential equation
in the semi-discrete schemes. In addition, as N increases, the number of observational
data points, p" used by the totally discrete schemes increases and becomes comparable
to the 101 (N independent) data points used in the testing of the semi-discrete schemes
in [6]. It is interesting to note that a reasonably good fit can be achieved using relatively
few observations.

Example 5.1 (Banks, Burns, Cliff [6, Example S 2.2]). In this example we identify
the time delay r in the scalar first order equation given by

(5.1) X()=.05x(t)—4.0x(t —r)+u1(t)

with initial conditions

(5.2) x(0)=1.0, xo(s)=1, —-r=s=0
and output

(5.3) y(O)=x(2).

Observational data was generated by using a true parameter value of r*=1. The
initial estimate of the parameter was taken to be r*°=.6. In Table 5.1 for each N
and each state approximation we give the final converged value for the parameter as
returned by the routine ZXSSQ as a solution to the approximating parameter
identification problem.
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Based upon the numerical results discussed in [28], it is not surprising to find the
performance of the SPL state approximation superior to that of the AVE.

TABLE 5.1
N AVE SPL
2 976458 982173
4 1.11242 984818
8 1.08012 984677
16 1.04227 996628
32 1.10351 1.00126
r*=1.0 r*=1.0

Example 5.2. In this example we consider the state equation (5.1), initial data
(5.2) and output (5.3) of Example 5.1

X()=.05x(t)—ax(t—r)+u(t),
x(0)=1, xo(s)=1, —-r=s=0,
y(®)=x(),
and identify the coefficient a, of the delay term and the delay r itself. The true values

of the parameters were taken to be a¥ =4.0 and r* =1, respectively, with start-up
values given by a1*° =3.0 and r™° = .6. Our results are summarized in Table 5.2.

TABLE 5.2

N AVE SPL

2 did not converge did not converge

4 4.59759 1.20779 4.13681 991267

8 did not converge 4.09309 987206
16 4.17380 1.04557 4.02157 996570
32 4.06641 1.02561 3.99287 1.00124

a¥=4.0 r*=1.0 a¥f=4.0 r*=1.0

Example 5.3 (Banks, Burns, Cliff [6 Example O1.2]). In this example we identify
the time delay r in the damped harmonic oscillator with delayed damping and delayed
restoring force given by

(5.4) X()+36x (1) +2.5x(t=r)+9.0x(t —r)=u1(t),
together with initial conditions and output given by

(5.5) x(0)=1, %(0)=0,

(5.6) xo(s)=1, xo(s)=0, —-r=s=0,

and

(5.7) y(t)=x(t),
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respectively. The initial value problem (5.4), (5.5), (5.6), (5.7) can be written as an
equivalent first order system:

2 Sl Sy S
X(O)=[(1)], Xo(s)=[(1]], —-r=s=0,
y()=[1, 01X (1), where X (f)= [;‘ g;]

The true parameter value was taken to be r* =1.0 with start-up value given by
r™°=1.2. Our results for this example, which are given in Table 5.3 once again exhibit
the fact that the SPL schemes are superior to the AVE.

TABLE 5.3
N AVE SPL
2 did not converge 1.05621
4 1.22407 1.18990
8 1.14306 991904
16 1.03183 .998599
r*=1.0 r¥*=1.0

Example 5.4. Here we once again consider the state equation (5.4), initial
conditions (5.5), (5.6) and output (5.7) and identify the coefficient of the restoring
force term and the time delay. Written as an equivalent first order system, the state
equation, initial conditions and output are given by

RO M S P
X(O)=[(1)], Xo(s)=[(1)], —-r=s=0,

x (t)]
()]

The true parameter values were taken to be w* = 6.0 and r* = 1.0 with start-up values
given by »™°=5.0 and r™®=1.2 respectively. Our results for this example are
summarized in Table 5.4.

y()=[1,01X(s), where X(r)= [

TABLE 5.4
N AVE SPL
2 4.53647 1.16643 6.26975 1.00952
4 6.28624 .895982 6.34399 921017
8 did not converge 6.05748 985784
16 6.07952 1.04665 6.01031 997449

w*=6.0 r*=1.0 w*¥=6.0 r¥=1.0
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In this example, as was the case in all multi-parameter, higher dimensional
examples we studied, the SPL schemes performed far better than the AVE. In fact,
even for large values of N, it was not uncommon for the SPL schemes to converge
while the AVE schemes did not. In all examples studied, for N sufficiently large, the
SPL based schemes would always produce a solution to the approximating parameter
identification problem. Moreover, as N increased, the solutions to the approximating
problems appeared to be converging to the true parameter values used to generate
the observational data.

Acknowledgments. The author would like to thank the referees for their careful
review of the manuscript and for the helpful comments and suggestions which they
provided. The author would also like to thank Professor H. T. Banks for the time he
found to discuss the results contained in this paper throughout their development.

REFERENCES

[1] H. T. BANKS, Approximation of nonlinear functional differential equation control systems, J. Optim.
Theory Appl., 29 (1979), pp. 383-408.

[2] , Identification of nonlinear delay systems using spline methods, Proc. International Conference
on Nonlinear Phenomena in the Mathematical Sciences, Univ. Texas, Arlington, June 16-20,
1980, Academic Press, to appear.

[3] , Parameter identification techniques for physiological control systems, Lectures in Applied Math.,

19, American Mathematical Society, Providence, RI, 1981.

[4] H. T. BANKS AND J. A. BURNS, An abstract framework for approximate solutions to optimal control
problems governed by hereditary systems, International Conference on Differential Equations,
H. Antosiewicz, ed., Academic Press, New York, 1975, pp. 10-25.

, Hereditary control problems: numerical methods based on averaging approximations, this
Journal, 16 (1978), pp. 169-208.

[6] H. T. BANKS, J. A. BURNS AND E. M. CLIFF, A comparison of numerical methods for identification
and optimization problems involving control systems with delays, Brown Univ. LCDS Tech. Rep.
79-7, 1979, Providence, RI.

, Parameter estimation and identification for systems with delays, this Journal, 19 (1981), pp.
791-828.

[8] H. T. BANKS AND P. K. DANIEL LAMM, Estimation of delays and other parameters in nonlinear
functional differential equations, this Journal, 21 (1983), pp. 895-915.

[9] H.T.BANKS AND F. KAPPEL, Spline approximations for functional differential equations, J. Differential
Equations, 34 (1979), pp. 496-522.

[10] H. T. BANKS AND K. KUNISCH, An approximation theory for nonlinear partial differential equations
with applications to identification and control, Institute for Computer Applications in Science and
Engineering Rep. 81-16, 1981, Hampton, VA, this Journal, 20 (1982), pp. 815-849.

[11] H. T. BANKS AND I. G. ROSEN, Approximation techniques for parameter estimation in hereditary
control systems, Proc. IEEE Conference on Decision and Control, Albuquerque, NM, December,
1980, pp. 741-743.

[12] J. A. BURNs AND E. M. CLIFF, Methods for approximating solutions to linear hereditary quadratic
optimal control problems, IEEE Trans. Automatic Control, 23 (1978), pp. 21-36.

[13] J. A. BURNS AND P. D. HIRSCH, A difference equation approach to parameter estimation for
differential-delay equations, Appl. Math. Comp., 7 (1980), pp. 281-311.

[14] P. L. DANIEL, Spline-based approximation methods for the identification and control of nonlinear
functional differential equations, Ph.D. thesis, Brown Univ., Providence, RI, June, 1981.

[15] R. L. EHLE, A-stable methods and Padé approximations to the exponential, SIAM J. Math. Anal., 4
(1973), pp. 671-680.

[16] L. E. EL’SGOL’TS, Introduction to the Theory of Differential Equations with Deviating Arguments,
Holden-Day, San Francisco, 1966.

[17] J. S. GIBSON, Linear quadratic optimal control of hereditary differential systems: infinite dimensional
Riccati equations and numerical approximations, this Journal, 21 (1983), pp. 95-139.

[18] R. HERSH AND T. KATO, High-accuracy stable difference schemes for well-posed initial-value problems,
SIAM J. Numer. Anal., 16 (1979), pp. 670-682.

(5]

(71




120 I. GARY ROSEN

[19] International Mathematical and Statistical Libraries, Library 1, Edition 6, 1977, ZXSSQ-1-6.

[20] T.KATO, Perturbation Theory for Linear Operators, second edition, Springer-Verlag, New York, 1976.

[21] S. G. KREIN, Linear differential equations in Banach space, Trans. Math. Monographs, 29, American
Mathematical Society, Providence, RI, 1971.

[22] K. KUNISCH, Approximation schemes for the linear quadratic optimal control problem associated with
delay equations, this Journal, to appear.

[23] A. PAzY, Semigroups of linear operators and applications to partial differential equations, Lecture
Notes, 10, Mathematics Dept., Univ. Maryland, College Park, 1974.

[24] D. REBER, Approximation and optimal control of linear hereditary systems, Ph.D. thesis, Brown Univ.,
Providence, RI, November, 1977.

[25]) , A finite difference technique for solving optimization problems governed by linear functional
differential equations, J. Differential Equations, 32 (1979), pp. 192-232.

[26] F. REISZ AND B. Sz.-NAGY, Functional Analysis, Ungar, New York, 1975.

[27] 1. G. ROSEN, A discrete approximation framework for hereditary systems, Ph.D. thesis, Brown Univ.,
Providence, RI, June 1980.

[28] , A discrete approximation framework for hereditary systems, J. Differential Equations, 40 (1981),
pp. 377-449.
[29] , Discrete approximation methods for parameter identification in delay systems, Institute for

Computer Applications in Science and Engineering, Rep. 81-36, 1981, Hampton, VA.
[30] A.P.SAGE AND J. L. MELSA, System Identification, Academic Press, New York, 1971.
[31] R. S. VARGA, Matrix Iterative Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1962, Chapt. 8.3.



SIAM J. CONTROL AND OPTIMIZATION © 1984 Society for Industrial and Applied Mathematics
Vol. 22, No. 1, January 1984 0363-0129/84/2201-0009 $01.25/0

OPTIMAL STOCHASTIC SCHEDULING OF POWER GENERATION
SYSTEMS WITH SCHEDULING DELAYS AND
LARGE COST DIFFERENTIALS*

G. L. BLANKENSHIPt AND J.-L. MENALDI}

Abstract. The optimal scheduling or unit commitment of power generation systems to meet a random
demand involves the solution of a class of dynamic programming inequalities for the optimal cost and
control law. We study the behavior of this optimality system in terms of two parameters: (i) a scheduling
delay, e.g., the startup time of a generation unit; and (ii) the relative magnitudes of the costs (operating
or starting) of different units. In the first case we show that under reasonable assumptions the optimality
system has a solution for all values of the delay, and, as the delay approaches zero, that the solutions
converge uniformly to those of the corresponding system with no delays. In the second case we show that
as the cost of operating or starting a given machine increases relative to the costs of the other machines,
there is a point beyond which the expensive machine is not used, except in extreme situations. We give a
formula for the relative costs that characterize this point. Moreover, we show that as the relative cost of
the expensive machine goes to infinity the optimal cost of the system including the expensive machine
approaches the optimal cost of the system without the machine.

1. Introduction. Optimal scheduling of continuously evolving stochastic dynami-
cal systems admitting costly, discrete state transitions as control actions involves the
analysis of partial differential inequalities which constitute the dynamic programming
optimality conditions for the problem. These are the ‘‘quasi-variational inequalities’
(QVT’s) introduced for such problems by A. Bensoussan and J. L. Lions [1] [2]. While
there is an extensive analytical theory for the existence, uniqueness, and regularity
properties of the solutions of QVTI’s, it is very difficult to describe the solutions and
the associated optimal scheduling rules, i.e., the control laws, in any but the simplest
cases. For this reason it is useful to examine the behavior of the solutions to QVI’s
as a function of various parameters which have simple interpretations in specific
settings.

In this paper we consider the problem of scheduling a collection of power
generation machines to meet a random demand for power, that is, the ‘‘unit commit-
ment” problem. There are positive startup and operating costs associated with each
machine, and the scheduling problem is to commit the units and operate them (set
their power output levels) to meet the demand at minimum cost. The ‘“‘demand” is
modeled here as a diffusion process. In § 3 we study the problem including scheduling
delays in unit starting. (In power systems operations such delays correspond to the
times for boiler reheating in steam turbine generators or crew travel times in manual
start units [3].) In § 4 we consider the scheduling problem when some machines are
much more expensive to start and/or operate than any of the other machines.

Under reasonable assumptions on the demand dynamics and the cost functions
we show that the optimality system (the QVTI’s) has a well-defined solution, cost and
control policy, for all values of the scheduling delay, and, as the delay approaches
zero, that the optimal cost converges uniformly to that of the corresponding system
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with no delay. The results of M. Robin [4] and J.-L. Menaldi [5] [6] form the basis
for our arguments. In § 4 we show that as the cost of starting and/or operating a
designated machine increases relative to the costs of the other machines there is a
point beyond which the expensive machine is not used, except in extreme situations.
We give an inequality on the relative costs that characterizes this point. Moreover,
we show that as the relative operating cost of the expensive machine goes to infinity
the optimal cost of the system including the expensive machine approaches the optimal
cost of the system excluding the machine.

Related work on the asymptotic analysis of QVI’s in general and optimal schedul-
ing problems in particular may be found in the papers [7]-[10] (among others). For
the most part these are concerned with the asymptotic behavior as the noise intensity
approaches zero, i.e., as the system dynamics reduce from stochastic to deterministic.
The QVT’s are, in such cases, singularly perturbed. The problems treated here are of
a different type, although the case of large cost differentials has an order reduction
effect in the asymptotic limit.

In [11] a result is given (Thm. 1.2, p. 192) which characterizes the optimal
switching among alternatives in terms of a simple inequality on the costs. However,
the problems considered in [11] do not include explicit costs for switching, and the
methods used are quite different.

2. Problem statement and an existence result. Let (), %, P) be a probability
space, {#, t =0} a nondecreasing, right-continuous family of completed sub-o-fields
of %, and let w(¢), t =0, be a standard R"-valued Brownian motion with respect to
F., t=0.

Let m =1 be the number of machines. Let A ={0, 1} be the set of schedules. If
ac A, and q; is the ith element of a, then a; =0 means machine i is down, and a; =1
means it is up. Let {6;,j =1, 2, - - - } be an increasing sequence of stopping times with
respect to %, which are convergent to infinity and which satisfy 6,.1= 6; + h, for each
j and some h =0, the scheduling delay. A scheduling policy a(t), t =0, is an A-valued
random process starting at ac A and adapted to &, satisfying

a, 0=r<6 1,
2.1 a(t ={
@.1) ® a, 0;=t<6;11, j=1,2, .
Let s, be the set of all scheduling policies starting at a with delay h. These are
the discrete controls for our system. The components a;(t), i=1,2, -, m, of a(t)
are the unit commitment schedules for the individual machines. Let [g;, ;] < (0, o),
i=1,---,m, be the output capacities of the machines when up, and let

P=[py, 11X+ *X[Pm Pm]<R™. Then peP is the vector of power generations
from the ensemble of machines. The system control—the power production—is

(2.2) v(t)=a() o p(t) ={a;()p;(®),j =1, -, m}

for a(t) € A0, p(-): [0, 0] > P. We have used the Schur product notation in (2.2). Let
Po=[0,p1]x" - - X[0, pm] be the output powers of the ensemble of machines includ-
ing the possibility of shutdowns.

Now let g(x, a), o (x, a) be two given functions on R™ x A into RN and RN @ R™,
respectively, which are Lipschitz continuous in x for each fixed a, g =(g;), o = (73),

98: 90y

3 ,
(2 ) axk axk

eB(R"Y), ijk=1,---,N VacA

where B(R") is the set of R-valued, Borel measurable, bounded functions on R™.



POWER GENERATION SYSTEMS WITH SCHEDULING DELAYS 123

The R" -valued diffusion y (t) = y,(t, a(+)) with drift g and diffusion oo T characterizes
the demand on the system. We permit the demand to depend on the schedule. Let
{a(t), t =0}e oA}, 2 and

2.4)  dy@®)=gly@®),a@®)]dt+oly(),a)]dw(t), y(0)=xeR", t=0.

The process y has continuous paths almost surely.

Let O be a bounded subset of R™ andlet @ be its closure. We denote by 7 = 7, (a(+))
the first exit time of y, (¢, a(-)) from 0. That is,
(2.5) m.(a(-))=inf {t =0: y,(t,a(-)) ¢ O}

for each ac A and a(-)e . (Recall ae A is a(0) for a(-) € of;,a.) Let I'y be the set
of regular points of 30 from a (cf. [12])
(2.6) Ta={x€00: P(1,,>0)=0}

where a is a constant scheduling policy. If {6;,i =1, 2, - - -} is a sequence of stopping
times, ac€ A a(-) € oy, o, and {p(¢), ¢ =0} is a P-valued process adapted to &, with right
continuous trajectories (having left-hand limits), then {v(¢) = a(¢) o p(¢), t = 0} is called
an admissible control. We have

2.7 y(r,a)el, as.on{r<oo} VaecA.

The cost functional for the problem is defined as follows: let f :RY x Py~ (0, )
be continuous; f is the operating cost rate. The switching cost k: A X A - [0, ©) is

(2.8) k(a, b) b z kj[bj —a,~]+, a, beA
j=1
where kj=ko>0forj=1,---, m. The cost is

29) Jul¥)=Eu| j Fly (6 a(-), w0l dr+ ¥ K{a@-), a0 M are ™)

where a >0 is the discount factor, E,.{ -} is expectation over paths y(¢), a(t) starting
in x e R and a€ A, respectively, and 6, =0.
Problem statement. We wish to characterize the optimal cost

(2.10) un(x, a) =inf {J,.(v): v admissible}

as a function of the scheduling delay 4 and the relative costs f(y, pca)/f(y,pe°b),
k(a,b)/k(a,c) for alla, b, ce A.

The first question of interest is the existence of the optimal cost. Since the problem
is possibly degenerate (det oo " (x,a) =0 for some x, a) and irregular (T, not closed),
this is a potentially delicate issue. However, the results of [5] and [6] adapt to the
present case with minor modifications. Since we are mainly interested in the qualitative
features of the optimal scheduling problem, we shall present a minimal treatment of
the existence question.

For each a€ A we associate the operators

(2.11) La=—2tr[o0T0x]—8 0, Fa=Lata,
with the diffusion

(2.12) dy°(t) = g(y°(t), a) dt + o (y°(t), a) dw (2).
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(Here a plays the role of a parameter.) Following [5] and [6] we use the integral
formulation of £,; that is,
Zau(x,8)=f(x,a) in0-T,

if the process

OATO
(2.13) X = J' Fy2(s), ) e ds +u(y2 (¢ A 7°), 2) e <A™
0
is a %;-submartingale for each x € @ —T,.
Here
(2.14) f(x, @) =min {f(x,pa),pe P}.

We shall also say that L= f in the martingale sense when (2.13) holds.
Define the operator M as

hAS
Mu(x, ) =min Eaf [ £, 1), )¢ d
(2.15) ’
+k(@b)+e " uyk at,b), b)}.

If we set ||o]|=sup {jv(x,a)|, x € §,ae A} for v(-,a) continuous on @, then M maps
C(0) into itself and

(2.16) IMu —Mo||<e™"|lu —vl|,

if u(x,a)=0=v(x,a)for allxel',,ac A.
The problem (2.10) can be formulated as follows. _
Find a real, bounded, measurable function u(x, a) on & X A such that

u=0 onl, VaeA,
(2.17) Uu=Mu in0G-T, VacA,
Fau=f inthe martingale sense on & —T',, VacA.

We can reformulate the problem (2.10) or (2.17) as a quasi-variational inequality
along the lines in [6, p. 724], but this takes us somewhat away from our main line of
inquiry, and so, we will omit it.

We associate with (2.10) a sequence of stopping time problems as follows. Let

2.18) 8% 0= Euf [ 7060, 0 ¢},
0
Given 4" '(x, a), define @" (x, a) by
AT
(2.19) @"(x,a)= m Ex-U Fly(t,0),2) e ' dt +1g<, e °Mi" " (y,(6, a), a)}.
= 0

Note that ac A is a parameter in (2.18), (2.19). In abstract terms (2.18), (2.19) takes
the following equ_ivalent form: let @°(x, a) be the bounded, continuous, nonnegative
real function on 0 X A such that

i°(x,a)=0 Vxel, VacA,
i’ =f in the martingale sense on 0 —I', VacA,
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and, given 4", let #" be the bounded, continuous, nonnegative real function on @
which is the maximum solution of

u"(x,a)=0 Vxel, VacA,
(2.21) u"=Mi""' in OT,,
Fau" =f in the martingale sense on @ —T, VacA.

The sequence of variational inequalities corresponds, in effect, to the sequence of
stopping time problems—make n optimal decisions, startup or shutdown, and then
stop.

LEMMA 2.1. Under the stated hypotheses on g, o, f, and k the problem (2.17)
admits a maximum solution @i which is upper semicontinuous and given as the optimal
cost in (2.10). Moreover,

(2.22) Ogﬁ"”gﬁ"g---gﬁ"_s_c%llf|| Vn=1,2,--,
<A=ft< exp(—nah) ] 4l 0
(2.23) O=i=4a _[———1_exp -l

and if the set of regular points T, is closed, then
(2.24) i"(-,a),4(-,a)eC.

Proof. The first two results (2.22) and (2.23) follow from simple modifications
of the arguments in Robin [4, pp. 279-283]. The third result (2.24) follows from the
arguments in [5]. QED

THEOREM 2.1. Under the stated hypotheses on f, g, o, and k and the assumption
of regularity (I', closed V) there exists an optimal, admissible control policy.

Proof. First, note that ii(x, a) constructed as the limit of the sequence (2.19) via
(2.23) satisfies the problem
OAT

225) d(ca)=jnf Eua{ [ FO(a,m) e drt 1, e MG (0,0), ).

0

Let b (x, a) be defined by

har
b(x, a) = arg min [k(a, b) +Ex.,“ Fly(t,b), by e "tdt
(226) b>*a 0

+e Iy (T, b),b)}]

with 4 Borel measurable in G X A.
The optimal policy &(-) is defined by

(2.27) 8() =alogy+ X 816,60
with the values &' selected as follows. Let
(2.28) 6°=0,

(2.29) dj°(6)=g(§°(), ) dt +o(§°(), ) dw (),  $°0)=x, =0,
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andfori=0,1,2,---

inf{t=0: y'(t)e O}
(2.30) ={ y
oo if the set is empty,
. inf {re[8', 7'): (1) 2 {d(c, ') < Mi(~, a")}}
(2.31) 0,41 _{
oo if the set is empty,
(2.32) 6 =6 +h)n7,  i=1,2,--,
i 5(§i(éi+1), ah), if éi+1 <00
A+l
233 A _{ a', otherwise, i=0,1,2,:--,
and
dy'(t)=g(§'(1), ") dt + (5" (1), &' aw(t), 124,
(2.34)

go=9"", =6, i=1,2,---.
Using the Markov property, we have

Onntr I" A —at Ai—1 Ai —af.
u(x,a)=E{J f@),a) e *de+ Z k@ “,a)e '16.-<?}

2.35 )
(239 +E{e *™i(§(6,), 4"},

where
(2.36) y&) =y a(-)=y"@) VeelO, 6, 1.

Since 4 is bounded and § > o (a.s.) as n - 0, we obtain
(2.37) u(x, a) =EU fE@),a@) e dr+ Z k@' a) e_""'le<f}
0

Finally, let p(x, a) measurable be such that

(2.38) flx,acp(x,a))=f(x,a) V(x,a)elXA.
Defining
(2.39) PO =py@),d), v()=p)a(r)

completes the proof. QED
Remark. The function 4" (x,a) is the optimal cost given that n switchings are
permitted.

3. Dependence of the cost on the scheduling delay. In this section we shall show
that the optimal scheduling cost depends continuously on the delay 4 as & -0, if the
hypotheses of Theorem 2.1 hold. To emphasize the dependence on h, let i, (x, a) be
the optimal cost in the problem (2.10), and let i} be the costs in the sequence (2.19).
Also, let

hAat
(3.1) M,v(x,a)=min [k(a, b)+Exb{I Fy@b),b) e dt+e " "u(y(t, b), b)}]
b#a )
and

(3.2) My (x,a)= 1;1;:1 [k(a,b)+v(x, a)].
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LeEmMMA 3.1. Under the stated hypotheses on f, g, o and k and the assumption of
regularity we have

1_e—ah

a

(63) Mo ~ Mol (“——)If+ (1-~*)lo]

for all Borel measurable v such that
(3.4) v(x,a)=0 Vxel, VaecA.

Proof. This follows immediately from (3.1) (3.2). QED
LEMMA 3.2. Under the conditions of Lemma 3.1 we have
c

(3.5) : @ —dnl|l= , o n=m+1, m+2,---
n—m

for some constant c independent of h and where m is the number of machines.
Proof. Let

(3.6) N[0, T]=number of machine starts in [0, T],
’ N[0, T]=number of machine shutdowns in [0, T']

associated with a policy a(¢), t € [0, T]. For each T >0
3.7 N[0, T]+N [0, T]=2N"[0, T]+m.

Given any policy a(-), let a"(+) be the policy whose first n switchings coincide
with those of a(-) and which is constant (at the value of the nth switching) throughout
the remainder of the interval. Using the notation @} introduced earlier, we have

(3.8) 0=dy—in=sup E{j Foy" @), a"(t))e_“'dt},
a(-) Op AT
and so,
(3.9) 0=i} — i, =|fllsup E{e *“""1, -.}.
a(-)

To estimate the expectation, we use (3.7) and an observation about the startup cost.
Clearly, for any T'>0

(3.10) koN*[0,T]e ™ *T= ¥ kla(t-),a(t)]e ¢
0=t=T

Now from (3.7) for a policy with n switching

(3.11) n=2N"0, 6,]+m.

Using this in (3.10) with T'= 6, A 7, we have

(3.12)  Heoln —m)Bfe "L, }Ssup E{ ¥ k[a(6i-1),a(6)] e‘““"’“”}.

a(-) i=1
To estimate the term on the right, recall from (2.9), the form of the cost of an
admissible policy. Consider a suboptimgl policy which involves no switching. The cost
of such a policy is bounded above by ||f||/a. It follows from (2.9) that we can restrict
attention to policies in which

3.13) Bl 3 k@), a01e ) =1,

O=t=7
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Using this on the right in (3.12), and the result in (3.9), we have the desired inequality
(3.5) with

(3.14) ¢ =2|fIP/ako. QED

The bound (3.5) and an inequality of Robin give us the desired continuity result.
Let @o(x, a) be the optimal cost in the system (2.10) with no delay, i.e., A = 0.

THEOREM 3.1. Under the stated hypotheses on f, g, o, and k and the assumption
of regularity we have

(3.15) l’}{rg dn=1o uniformly in GXA.

Proof. Let iig be the optimal cost in the problem (2.10) with no delay over
admissible policies having at most # switchings. Then

(3.16) léth — dholl = Nl — d7ll+ i 7 — doll+ 16 — doll.

The first and third terms on the right may be bounded using Lemma 3.1. A bound
for the second term is given in Robin’s thesis [4], p. 235,

(3.17) @5 — " || = 2nhl|f).
It follows that for any n =m +1
(3.18) lén = @oll= @IFIP/ako)/ (n —m) +2| fllnk.

Thus, taking #{0 and then n - o leads to the desired result. QED

4. Scheduling with some expensive machines. Now suppose that one machine,
or more generally, a group of machines is much more expensive to operate and/or
start than the remaining machines. One would expect that the expensive machine
would be used only in extreme circumstances, or not at all when its cost is very high.
We show that the problem (2.10) has these properties. .

Let a°c A be an ‘“expensive” schedule. Recall the notation f(x,a)=
min {f(x, p°a), pe P}.

LeEMMA 4.1. Under the stated hypotheses on f, g, o and k and the assumption of
regularity the inequality

4.1) f(x,a%)>F(x,b)+[k(a,b)—k(a, ae)](l_;%) Vxe® acA, beA—{a}

implies that the optimal policy 4(t), 0=t =7, defined in Theorem 2.1 for the problem
(2.10) has the property

4.2) Pla(t)=a%,0=t=7—-h}=0.

Remark. Inother words, the optimal policy (- ) switches to the expensive schedule
only near the boundary I', and in that case, it switches once and then stops.

Proof. Let a(-) be the optimal policy. Over an interval [éi, 6;+1) the optimal cost
increases by the amount

0i+1 ~ ) . . .
“3) ar= [ 50,80 e de k@ 8 e



POWER GENERATION SYSTEMS WITH SCHEDULING DELAYS 129

Suppose that 4 #a° and 4’ =a°. Then by (4.1) for any be A —{a°} we have
é‘i-i—l
AJ; >'[A f@@),b) e dt
@4 " 1
* (1—7')(" —e k@, b) k@, )]+ k@, a%)e %

Since 6.1 Zh +6; if 0=¢=7—h, it follows that
61 ” . A
(@.5) &> [ w0, by e e+ k@ by e,
9;
and this must have probability zero since a(¢) is optitpal. QED

Note that either a large “‘operating cost rate” f(x, a°) or a large “startup cost”
k(a,a®) will cause (4.1) to be satisfied. Now suppose that the operating cost f(x, a%)
becomes arbitrarily large

(4.6) fx,a)=1/e, x€@ &>0small

One would expect that in the limit as € | 0 that the expensive state a° will never be
used. We shall treat the cases 4 >0 and h = 0 separately. Let

4.7) Un(x,a)=inf {Jo(@): v(t)=p@)oa(t),a(t) #a°, 0=t =7, h >0},
(4.8) io(x,a)=inf {J . (w): v(t)=p@)oa(t),alt) #a’, 0=t =7, h =0}.
Let

(4.9) in(x,a) =inf {J,o(v): v(-) admissible, (4.6) holds, 4 > 0},
(4.10) @o(x, a)=inf {J,,(v): v(-) admissible, (4.6) holds, & = 0}.

THEOREM 4.1. Under the stated hypotheses on f, g, o and k, the assumption of
regularity then
(4.11) limd%=4a% uniformlyinxe@, h>0.
el0
If, in addition,

(4.12) g=gkx), o=ak),
independent of ac A then

(4.13) lifrg de=0¢ uniformlyinxe0, h=0.
Proof of (4.11) h >0.
Suppose € >0 is small enough so that

(4.14) §>f(x,b)+[k(a,b)—k(a,ae)](l__(:ﬁ) Vxe@ acA, beA-fa°).

Using (2.32) from the proof of Theorem 2.1, we have
é‘”/\-?"'”

@i (x, a) =E{ L f5 (e, 4(e)), a()) e dt + 21 k(@' &) e—«é.-}

(4.15)

A

+E{e "5 ($(6,,a"), a")}.
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Now for any admissible v(-) =p(-)  a(-) with a(¢) #a®, t =0, we have

AE

(4.16) 0= —i5n=Jav)—in(x, a).

By Lemma 4.1 we can consider policies 4(t) which switch to a° in [f—h, 7] and
at)#a°, 0=t <7 —h. It follows that

(4.17) Oéﬁi—ﬁﬁésggE{fhf()?(b),b)e_“'dt}.
Hence,
(4.18) 0=dj —ii = (sup |-, blhe™" ~ /e
But this can be improved.
Let
(4.19) np=inf {n =1: 6, =7— h}, éh=§n for n =ny,.

Then we can replace 7 —h by 6, in (4.17). Since a switching to a° is assumed to occur
in [f —h, 7] and since (4.6) and (4.14) hold, we have

F

(4.20) 0=sup (E{ J: F$®),b) e ™ dt —% L e “dt—k(b,a)e _“é“}).

b#a®

This implies

i 1 .
4.21) lEJ e “dt=—sup|f(-,b)|.
€ on a b#a®

Using this in (4.17) (4.18) with O replacing 7 —h leads to

(4.22) 0

A

dh—dn=— (SUPllf( ,b)l)e.

Note that (4.22) and (4.18) hold only if € and A satisfy (4.14); that is, they are not
uniform. In any event (4.22) implies (4.11). QED

Proof of (4.13). h =0. Let a(¢) be the optimal policy associated with @ 5. It exists
by virtue of property (3.7). Write it as

(423) a(t) = a1[0,01) + ‘gl ail[éi,éwl)

where é were defined in the proof of Theorem 2.1 (with A set to zero). We define
by induction
{ai ifa' #a°

i-1

(4.24) i'= o,
a ifa'=a°

and if a# a°

(4.25) a0 =alosyt ¥ AL
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If a# a° then

a
6,A7

o pOant . .
fomea+ 3 [ fw,ah e dr

i=1J6;a%

Ta@)=Ef|

0

(4.26) ‘
+k(a, 51) e—a(01A$)+ Z k(ﬁi, §i+1) e—“(ain/\‘f’)}'
i=1
Since k (b, b) =0 and k(a, b) +k(b,¢) =k (a, ¢) for each a,b, and ¢ in A, we have
61/\1‘- a

. o O .
ra@zE{[ " fowmeart ¥ [ o0, 4 e

0 i=1Jg;a%

(4.27) .
+k(a,ﬁl)e—a(8m?)+ y k(ﬁi, ﬁ‘“)e_“‘("w:"?)}.
i=1

i=

Using this and the fact that () is optimal leads to

N . . .
428)  0=J.GC)-Tu@)= T E{[ T 00,8 -f50, a0 e arl

6;n7

Since f =0, it follows that for a# a®,
éi+l/‘71
@29) 050w -dima=cuplfCm( T B{[ T e ard)
b#a® a'=a° Gint
But using (4.6) gives

(4.30) %; E{ Jﬁémﬁe‘“' dt} §E{ LT f(§ (), 4(0) e *“‘} =15(x, a).
And

6;n?

(4.31) 0=4#5(x,a)=min {lllf(',b)||+k(a, b)}.
beA
It follows that if a #a°, then
(4.32) 0=ido(x,a)—do(x, a)=ce
with
1 o
(4.33) ¢ =—(sup [£(-, bIDIFC-, a)ll.
A p#a®

This implies (4.13) in case a# a°.
If a=a° the argument is much the same. Define

(4.34) i(t)=a' Vrel0, 6]
Since (4.30) and (4.31) still hold, we can deduce (4.32) by adding the term.

. (31/\-7-
(4.35) E{k@‘,a")(1—e *“"")}=ak(a® al)E”

0

e_"'dt}
to (4.29). In this case the constant in (4.32) is
A . 1 7 e
(4.36) c= a[ sup |/(-, b)[|+ak(a’, b)] [mm =7, )l +k (@, b)].
b#a‘ bA «

This completes the argument. QED
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Remark. Using similar techniques, we can consider systems with locally bounded
coefficients in an unbounded domain 0. All the results can be extended to the associated
time-dependent problem.

Acknowledgment. The first named author would like to thank J. S. Baras for
useful discussions related to this work.
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NEW RESULTS ON THE INTERPOLATION PROBLEM FOR
CONTINUOUS-TIME STATIONARY INCREMENTS PROCESSES*

MICHELE PAVONY

Abstract. Explicit solutions to the interpolation problem for continuous-time stationary increments
processes with a rational spectral density are derived. To do so we take a new approach to the problem
relying on stochastic realization theory. In particular we show that the optimal interpolator is completely
characterized by two steady-state Kalman-Bucy estimates.

Key words. interpolation problem, stationary process, stochastic realization theory

1. Introduction. Linear interpolation of continuous-time stationary processes,
first studied by Karhunen in 1952 [1], has been described as a difficult subject by
several specialists in the prediction theory of stationary processes, cf. Rozanov [2, p.
131], Masani [3, p. 1466], Dym and McKean [4, pp. 8-9] and Salehi [5, p. 841].
Indeed, the results as yet available in the literature on the problem of characterizing
the optimal interpolator and the corresponding error intensity [6]-[8], [2, pp. 129-135],
[4, §§4.13, 6.13, 6.14] are nonexplicit, hard to apply and of difficult statistical
interpretation.

The purpose of this paper is to present the first explicit solution to the above
problem. Our approach is new and makes essential use of some basic results and
techniques from the recently developed stochastic realization theory [9]-[20] (see [16]
and [20] for other references). We study the case of a multivariate process with
stationary increments and rational spectral density, where the observation of the
increments is not possible on a certain finite time interval. This problem appears to
have potential applications to many diverse areas of the physical and engineering
sciences. Indeed it models the rather common situation when a blackout has occurred
in the stationary flow of information about a certain physical system, and the missing
data have to be estimated from the known increments of the process. The rational
spectral density case is of central importance for engineering applications, cf. e.g. [15],
in particular because in this case the process admits a finite dimensional Markovian
representation (see, for example, [9]). The latter fact allows us to derive a compact
expression for the optimal least-squares interpolator in terms of two Kalman-Bucy
estimates (see Theorem 4.4). These are generated by a forward and a backward
steady-state filter, respectively. This representation holds under the assumption only
that the process is purely nondeterministic.

The derivation, relying on a variant of a geometrical argument of stochastic
realization theory (see [9] and [12]), is simple and illuminating. The key step consists
in replacing a projection onto an infinite-dimensional’space by a projection onto a
finite-dimensional space which admits a nice basis (induced by the components of two
Markov processes) (see Lemmas 4.1 and 4.2). Although the latter Hilbert space
results can be easily established in the case of a general spectral density, further study
is required in order to obtain satisfactory characterizations of the interpolation estimate
in this case. Clearly our method also works for stationary processes, as we briefly
indicate in § 6. Actually, it can also be applied to some nonstationary situations [33].

* Received by the editors April 29, 1982, and in revised form December 15, 1982. This research was
conducted at the Department of Statistics, Florida State University, Tallahassee, Florida 32306, with
support provided by a CNR fellowship.

+ LADSEB-CNR, Corso Stati Uniti 4, 35100 Padova, Italy.
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The process is assumed to have Gaussian increments, but the results hold for weakly
stationary increments processes as well. No attention is given to the algorithmic aspect
of the problem. However, we feel that our results are of computational interest since
they only involve quantities which can be efficiently calculated from the spectral
density via the deterministic and stochastic realization algorithms, cf. viz [21] and
[15]. We refer the interested reader to [22] for an application of this method to a
simple discrete-time interpolation problem. Other references on the continuous-time
problem are [23] and [24].

The contents of the paper are as follows. Section 2 is devoted to introducing the
relevant mathematical notation and to formulating the problem. In § 3 we record
some basic results from stochastic realization theory. Here [10] is the main reference.
These results are then applied to the interpolation problem in § 4 as means to derive
the key representation for the optimal interpolation. Several other expressions for it
are readily obtained in the following section, where we also make contact with some
smoothing results derived in [25]. In § 6 we comment briefly on the case when the
process is actually assumed to be stationary.

2. Mathematical notation and problem formulation. We shall be concerned with
centered stationary (stationary increments) Gaussian processes defined on a fixed
probability space (), %, P). Let {£(¢); t € R} be such a process taking values in R’
Then H,(¢) indicates the linear space induced by the random variables {¢:(¢), - - -, &(¢)}.
We define the spaces H, (d¢), H, (d¢) and H (d¢) to be the Gaussian spaces [26, p.
53] induced by the increments {£(¢) — £(s); t, s € I} where I is the set (—o0, t], [¢, +0)
and R, respectively. If H cL*(Q, %, P) is a Gaussian space, E{-|H} denotes the
orthogonal projection onto H. We write E{-|£(¢)} instead of E{-|H,(¢)} and E{v|H}
for the vector with components E{v;|H}. Let K be another Gaussian space. We indicate
by E{K|H} the linear hull of the projections of elements in K onto H. When K < H,
we write HOK for the orthogonal complement of K in H. The identity matrix is
denoted by I. If R is a symmetric positive (nonnegative) definite matrix, we write
R >0 (R =0) and indicate by R '/? its positive (nonnegative) square root. Transposition
is denoted by a prime. Vectors without a prime are column vectors. We write var [v]
for the variance matrix E{vv'} of the vector v.

Let {y(¢); t € R} be a purely nondeterministic, mean-square continuous stochastic
process defined on the probability space ({2, %, P) and taking values in R™. We assume
that y is centered and has Gaussian stationary increments. Its increments can then
be represented as

) eiwt __eiws
@1 y0-y)= [ ——duw)
R 1)
[27, p. 205], where u is a vector orthogonal stochastic measure satisfying
(i
Eldu ) du @)1= 22 do,

the symbol 1 denoting conjugation and transposition. We suppose that the spectral
density ® is a matrix of real rational functions such that ®(iw)>0 for almost all w.
It follows [2] that R = ®(00) is positive definite.

Let 0<t<T and §(t)=E{y(t)|Hq (dy)VH7r(dy)}, where Hg (dy)VHr(dy)
denotes the smallest Gaussian space containing H o (dy) and H1(dy). We study the
following interpolation problem: given {y(r)—y(o); 7, o €(—,0] or 7, o €[T, )}
determine the increments of j. Clearly, because of stationarity, it is no restriction to
consider only intervals of the form (0, T').
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3. Preliminaries. Using partial fractions, we can write ® in the form of
D(z)=8(z)+S(-2),

where S is a positive real function with McMillan degree equal to one-half the McMillan
degree of ® [28], [15]. We can then compute a minimal realization [F, G, H,5R] of §
employing one of the algorithms available in the systems theory literature (see e.g.
[21]). Hence, in the sequel, we shall regard such a quadruplet as part of the data.
Also notice that under the present assumptions Re {A (F)} <0, namely the eigenvalues
of F lie in the open left half-plane [9], [15].

In [10] it was shown that there exist two Markovian representations (stochastic
realizations) of the increments of y of the following form. The first,

(3.1a) dx,.=Fx, dt + B, du,,
(3.1b) dy = Hx, dt+R"? du,,

is a steady-state Kalman—Bucy filter. The innovations process u, is a standard m-
dimensional Brownian motion defined on (£, %, P) with H, (duy)=H, (dy), for all
t € R. Inverting (3.1) we also get

(3.2) dx,=T,x, dt +B,R " dy,

where the feedback matrix T,,=F —B,R '>H satisfies Re {A (I',)}=0 [15]. The
second realization,

(3.3a) diiy=—F'%y dt + B, dii,
(3.3b) dy =G'%,dt+R"? diy,

is a backward steady-state Kalman-Bucy filter. The backward innovation ii, is a
process of the same type as u, and satisfies H, (dii,)=H/ (dy), for all teR. We
also have

(3.4) di,=—Ty%, dt +B, R dy,

with T, =F'+B,R >*G' and Re {A (T',)} =0. There exist two other representations
of particular interest. The first one,

(3.5a) dx*=Fx*dt+B* du*,

(3.5b) dy =Hx*dt +R"? du*,
corresponds to (3.3) in the sense of [10, Thm. 3.4]. The second,
(3.62) di* = —F's* dt + B* di*,

(3.6b) dy =G's*dt+R"” da*,

is a backward model (i.e. H, (di*) is orthogonal to H; (¥*)) and corresponds to
(3.1). The inputs u* and a* are Brownian motions corresponding to i, and u,,
respectively, according to [10, (3.35a)]. Let P, =var [x,(t)] and P*=var [x*(t)] be
the state variances in the forward models (3.1) and (3.5), respectively. Then

(3.7 P*—P,=0,
(3.8) Te(O) =P x*(0),
(3.9) THE) =Py x4 (),

cf.[10], [15]. We refer the reader to [10] for further information on the correspondence
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between forward and backward realizations. The filter property of (3.1) and (3.3) in
particular gives

(3.10) E{x*(t)|H (dy)}=x4(1),
(3.11) E{x*(0)|H{ (dy)}=740),
for all teR.

4. The main representation. Let 0 <s <t<T. We are interested in computing
y()—7(s). We shall show that the two vectors x,(0) and x.(7) contain all the
information in Hg (dy)VH ¥ (dy) which is useful in estimating y(¢)—y(s). To do so
we need a preliminary result.

LEMMA 4.1. The space Hg (dy)\VHT(dy) admits the following orthogonal
decomposition,

4.1) H, (dy)VH71(dy)=N"®[H (x4(0)VH (£4(T))I®N",

where N~ =H (dy)©OH (x4(0)) and N* = H1(dy)OH (%4(T)).

Proof. Tt is well known that E{H 5 (dy)|H (dy)}= H (x,(0)), cf. for example [16].
Thus, N~ is orthogonal to H{ (dy). However, H1(dy) < Hg (dy) and therefore N~ L
H7(dy). Similarly, one can show that N* L H (dy) and the result is proved. 0

LEMMA 4.2. H(§(t)—§(s)) = H (x4(0))VH (%4(T)).

Proof. Notice that E{j(t)—§(s)|Ho (dy)y=E{y(t)—y(s)[Hs (dy)}= (|, He" x
dr)x4(0). In fact the first equality follows from the law of iterated conditioning
(projecting), and the second from the integrated form of (3.1b),

“2) V(0= y(5)= | Healr) dr-+ RV uy (0= a5}

and the expression

T

4.3) x*(r)=e”x*(0)+j "B, duy(o)
0

for the solution of (3.1a). This shows that the components of ¥(¢)—7j(s)—
(]:H e d7)x,(0) are orthogonal to H, (dy). Since N” = H, (dy), we deduce that
H(()—7(s)) LN". On the other hand a similar argument, using the properties of
the backward filter (3.3), yields H($(t)—$(s)) LN". The conclusion now follows from
4.1. 0O

LEMMA 4.3. The components of x*(T)—e" " x4(0) are orthogonal to H (x(0)).
Moreover the variance

(4.4) M=P*—¢ P, e

of x*(T)—e"x,(0) is positive definite.

Proof. Using iterated conditioning, formula (4.3) for x*, and (3.10) we get
E{x*(T) — eTx0)H(x,(0)} = E{Ex*(T) — e 7x.(0)|Ho (dy)}|H (x,(0))} =
E{e”x*(O)—-e”x*(OHH (x4(0)} =0 which proves the first assertion. It follows that
I1=P*—e""P, "7, Next observe that (4.3) gives

T
@.5) —e"P, e T =-P, +j e" T BBl e" " do.

0
The controllability Gramian appearing in the right-hand side of (4.5) is positive definite
since the pair (F, By) is controllable [21]. Inserting (4.5) into (4.4) and taking (3.7)
into account, we conclude that I1>0. 0O
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THEOREM 4.4. The interpolation estimate § is differentiable on (0, T). Its derivative
admits the following orthogonal decomposition :

A

(4.6) %=H(t)x*(0)+K(t)H_1[x*(T)—e”x*(O)],

where H(t)=He"™, K(t)=G' """ ~He"™P,e" " and 11 is defined by (4.4). Let
y () =y(t)—7(t) denote the estimation error. Then

TAT'
0

varl50-361=[ [ [ (He-0)B.BHE -0V do drar
4.7) +thf[H(7—o-)B*R”2+R1/2B§kH(7—o-)’]dad~r+R[t-s]
~M(@—-s)IT'M(t—s),

where T A 7' =min (7, 7') and M (t —s) = [, K (7) d.

Proof. By Lemma 4.2 and the law of iterated conditioning we have 7 (t)—§(s) =
E{y(t)—y(s)|H (x4(0))VH (%4(T))}. Notice that, in view of (3.8), the components of
x4(0) and x*(T) — e "x,(0) span the space H (x4(0))\VH (£,(T)).

Then Lemma 4.3 gives

§() =5 (s)=E{y(6) — y (s)lx 0} + E{y (t) — y (s)|x *(T) — e "x 4 (0)}.
As argued in the proof of Lemma 4.2, E{y(t)— y(s)|x4(0)} = (f; H (t) d7)x(0) with

H(r)=He"™. Since I1>0 (Lemma 4.3), we can apply a standard projection formula
and get

JO -5 = (J:H(T) d'r)x*(O)

+E{ly(®) —y()Ix*(T) — e x(O) I '[x*(T) — e Tx(0)].

Employing (4.2) we readily obtain E{[y(t)—y(s)]xx(0) e" "} =(; H(r) dr)Py e" ",
whereas the representation

4.8) YO-y(©)= [ GEulr) dr + RV [y (1)~ )]
and (3.8) yield E{[y(t)—y(s)x*(T)'} = . G' ¢" """ dr. We get

50-56)=([ HE dr)x,00
(4.9) .y
+ (I [G'e" TP —H(r)P,eF ] dT)II_l[x *(T)—e x,.(0)].

Dividing both sides of (4.9) by ¢ —s and taking the limit as s tends to ¢, we finally
obtain (4.6). In order to prove (4.7), first note that (4.2) and (4.3) gives

y(O)—y(s) = (J:H(f) ) 14(0)
(4.10) .
+ (L I He ™ B, duy(o)+R" [u(t)— u*(s)]).

0
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The result is now a consequence of the orthogonality between the error increments
and the estimate increments, and the orthogonality between the two terms in the
right-hand sides of (4.10) and (4.9) respectively. 0

Remark 4.5. The vector (L'H (7) d7)x4(0) in (4.9) is just the optimal predictor
of y(t)~y(s) given H, (dy). Therefore the last term in (4.9) represents the modification
of the prediction estimate due to the new data H 1 (dy). Its positive definite variance
describes how much our information on y(¢) —y(s) has increased.

Remark 4.6. We shall now outline an alternative derivation of (4.6), which,
although not as simple and straightforward as the one given above, appears to be of
some interest. The idea is to use, besides stochastic realization, a corollary to J. von
Neumann’s alternating projections theorem due to Aronszajn [29, p. 375]. This result
has already been applied to the interpolation problem in [8], [30]. Let T, =
E{-|H, (dy)}, T.=E{-|Hr(dy)} and T = E{-|H, (dy)\VH 1 (dy)}. Then Aronszajn’s
theorem asserts that the sequence S;=T;, S,=T1+T,—T,T;, S3=
T+ T,-T,T1—T 1T+ T,T,T, - - - converges strongly to T. It follows that S,[y(¢)—
y(s)] converges to §(t)—7(s) in the L> norm topology. Exploiting (4.2), (4.8), and
(3.10) and (3.11) repeatedly, we quickly get

Sty -yl =([ HE) )20

+ (j K(7) d7>["i2 (P*) eFTP, eF T (£,(T) — (P*) ™" €FTx,(0)
s i=0
(P TP T (D))

Sovly©-y(6)1=([ H dr) 5,0

+(j:1<(7) df)[g (P*)" e"TP,, ™ T)(#4(T) — (P*)"! eFrx*(O))]

for n = 1. Now observe that the eigenvalues of (P*) ™" e P, e lie in the; open unit
disc. Indeed, they are in the open interval (0, 1) since (P*)™'e™, P, T and I—
(P*)"'FP,F' = (P*)"'II have positive eigenvalues being the product of two positive
definite matrices [31, p. 92]. A standard formula for geometric series, cf. for example
[31, p. 113], and (3.8) now yield (4.6).

S. Other representations. If we use the components of #.(7) and of
$*(0)—e” Ti*(T) as a basis for H(x.(0))VH (x.(T)), we obtain an expression
similar to (4.6) but involving backward quantities:

(5.1) Y G+ RO [£0) ™ T8,(T))

where G(t) =e"'G,K(t)=He™ —G' e" 7" (P*) ' " and [I=P;' —e" " (P*) ™.
From this a relation corresponding to (4.7) is also easily derived. However, the
following symmetric representation is more useful.

LEMMA 5.1. In the notation of (4.6) and (5.1) we have

(5.2) ‘;—f =K O 's*0)+ K )M 'x*(T).

Proof. A simple calculation using (4.6) and (3.11) yields the result. 0
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The following theorem provides several alternative expressions for dy/dt, includ-
ing one in terms of the data of the problem, namely the increments {y(7) —y(o); 7,0 €
(—00, 0] or 7, o €[ T, 0)}. These expressions are all direct consequence of (4.6) or (5.2).

THEOREM 5.2. Under the present assumptions, we have

A 0 T

@) ‘g- = j K@ 'P,' e B, duy(r) +j KO 'P*e" "B, di(r).
If we also assume that ®(iw) >0 for all w € R, then
A 0
%= j KOO P e ™" B R dy(r)
(i) . ]
+I K@ 'P*e™~""TB.R ' dy(r);
d9 0 —Fr T -1 F(T-71)
zi?‘—' —OOH(t)e B* du*('r)+ , K(t)n e B* du*(T)
(iii)

+I KOO 'Y e™""TH'R ™V duy(r),
T

where Y, =P*—P,;

% =| KOOI Py (iwl —F) 'B,W,(iw)™"
(iv) -1 iwT /. 15 iy [+ .\—1
+K (@I P*e™ (iwl +F') B, W,(iw)  ]du(w),

where W (iw) = H (iwl —F) 'B,+R"? and W (iv) = G'(iwl +F') 'B,+R"?,

dj (% 5 nm-1p-1,: - -
Zif' N L,o [K (6)[17'P5' (il -T,) "B, R~
V) +K(OT'P* " (iwl +T,) ' B,R ™1 du (w);
dd_f - J [(H()+K @O (T —e™))(iwl —F) "B,
(v) h

—K@OO 'L e (iwl +T5) "H'R VW (iw) " du (w).

Proof. Formula (i) follows from (5.2), (3.10)-(3.11) and (3.1a)-(3.3a) in view of
Re {A (F)}<0. It is well known, cf. viz. [15, p. 96], that ®(iw)> 0 for all real w implies
that Re {A (T,)} <0, Re {A (I'y)} <0 and ¥ >0. Expression (ii) is now a consequence of
(5.2), (3.10)—(3.11) and (3.2)-(3.4). To prove (iii) we rely on (4.6), (4.3) and the
equation

dz =-T,zdt—H'R™"*du,

for z(t) =Y '[x*(t) —x4(¢)] which was derived in [12]. The spectral results (iv)-(vi)
follow from (i)—(iii) respectively, using (2.1) and the relations

iws

(1) — t(s) = j e Wylie) ™ dulo),

iws

Uy () — iy (s) = L ¢ —¢ Wolio) ' du(w)

lw

for the increments of the forward and backward innovations. [
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Remark 5.3. Formula (v) agrees with a classical result of Yaglom in that the
poles of the two terms in the square bracket of (v) coincide with the poles of the
corresponding terms in [7, formula (4.9)]. In fact the poles in (v) are the eigenvalues
of T’y and —T',, which are the zeros of the determinant of the outer factor W(z) and
of the conjugate outer factor W(z), cf. [10], [15], [32]. These, in turn, coincide with
the zeros of the determinant of ® det ® in the left and right half-plane respectively.
This follows from the scalar factorization det ®(z) =det W(z) det W,(—z)' and the
fact that the scalar conjugate outer factor det W, (z) has the same zeros as det W (—z)'.

The increments of u, from time zero on appearing in (iii) of the previous theorem
are not obtainable from the data. However, such a representation is of some theoretical
interest as we shall see below. Consider a Markovian representation of y of the form

dx =Fx dt+Bdv,
dy =Hx dt+R"* du,

with the increments of v and u uncorrelated. This condition corresponds to the
standard assumption in the filtering literature of uncorrelated state and observation
noises. Let f (t)=E{Hx(t)|H (dy)} be the smoothing estimate of the observation signal
Hx ().

PROPOSITION 5.4. The interpolation estimate d§/dt converges a.s. to £€(0) as T
(and consequently t) tends to zero.

Proof. Recall the formula W, (iw) ' =R >*~R™"?*H(iwl ~T,) 'B,R"/? and
D(iw) = Wy (iw)Wy(—iw)' (see e.g. [15]). Then taking the limit in (vi), Theorem 5.2,
we get

(5.3) lim gglg——j [ — Rd(iw) ] dip (@),
which is equal to é (0) because of [25, (4.7)]. Alternatively we can take the limit in
(4.6) as ¢ goes to zero and then as T goes to zero and get

lim lim Z——Hx*(O) +R'?’Bz(0),
which is £(0) in view of [25, (4.2)]. O

Formula (5.3) resembles a famous discrete-time formula (cf. for example [2, p.
102]), which was rederived in [22] using the discrete-time counterpart of (vi) in Theorem
5.2. For further details on smoothing, and in particular on the significance of the
assumption of independent state and observation noises, from the stochastic realization
viewpoint we refer the reader to [25, § 4].

6. The stationary case. Let y be a stationary process with rational spectral density
satisfying the assumptions of § 2, and let H, (y) and H; (y) be the Gaussian spaces
induced by the components of y(s) at times s =¢ and s =¢ respectively. Then [13],
[17], we can compute from the spectral density matrices [F, G, H] such that there
exist two Markovian representations of y

y(#) = Hx (1), y(6) = G y(0),

with x,(¢f) a basis in E{H; (y)|H (y)} and %,(¢) a basis in E{H (y)|H; (y)}, for all
real t. Let Py =var [x,(t)], P* = (var [£,(t)]) ", and let x*(t) = P*7.(¢) be the state
of the forward model corresponding to the backward filter. Then the geometric
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argument of § 4 gives
6.1)  E{y®)|Ho (y)VHT ()} =H®)x.(t) +K (O [x*(T) —e " x,(0)],

with H(-), K () and I1 defined as in § 4. The variance of the interpolation error y(¢)
is given by

6.2) var [§(6)] = L H(t—7)BBLH(t—7) dr—K O K (¢).

From formula (6.1), it is then straightforward to obtain expressions for the optimal
interpolator corresponding to those of § 5.

7. Final remarks. A new approach to the interpolation problem has been presen-
ted. We feel that stochastic realization theory provides a natural framework for
studying this problem. The geometric argument used in the derivation of the results
appears to have applications to a variety of interpolation problems, including inter-
polation of nonstationary processes.
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OPTIMAL SWITCHING FOR ORDINARY DIFFERENTIAL EQUATIONS*
I. CAPUZZO DOLCETTA} AND L. C. EVANS}

Abstract. We consider the problem of controlling an ordinary differential equation, subject to positive
switching costs, and show in particular that the value functions form the “viscosity solution” (cf. [6], [7])
of the dynamic programming quasi-variational inequalities. This interpretation allows for a rigorous
application of various dynamic programming techniques.

Key words. optimal control, dynamic programming, quasi-variational inequalities, viscosity solutions

1. Introduction. Consider a system whose state is modelled by the solution of
an ordinary differential equation, determined at each moment by one of m different
control settings. Suppose further we repeatedly change these control settings as the
system evolves so as to minimize a (discounted) running cost, but incur thereby a
positive switching cost each time we modify the setting. What is an optimal way to
control the system?

This problem, which we state precisely in § 2, is formally amenable to dynamic
programming techniques. We first define each value function u“(x) (xeR", d =
1,---,m) to be the infimum of the costs taken over all controls with initial setting
d, given that the ODE starts at the point x. Then fairly standard procedures (§ 3)
indicate the construction of an optimal control in terms of the u? (d=1, -+, m).
Finally we observe (§ 4) that formally the value functions solve a coupled system of
quasivariational inequalities (QVI) and that, conversely, any regular solution of (QVI)
must in fact be the value function and hence lead to the synthesis of optimal controls.
This much is all more-or-less routine.

The trouble in practice is that the value functions are generally not continuously
differentiable and hence are not classical solutions of (QVI): the dynamic programming
derivation of (QVI) is not justified. There is a further difficulty in that, on the other
hand, (QVI) does not generally have a C ! solution and hence standard verification
techniques cannot be employed to recover the value functions and hence the optimal
controls from a study of (QVI) by PDE methods. Such objections are, of course,
typical in various applications of dynamic programming methods in deterministic
control theory.

Our new contribution in this paper is to show that nevertheless the full range of
formal dynamic programming techniques can in fact be made rigorous for the problem
at hand: the key is an observation that the value functions, although not C', do
however solve (QVI) in an appropriately weak sense. For this we modify some recent
work of Crandall-Lions [6] (cf. Crandall-Evans-Lions [7]) on scalar nonlinear first
order PDE, and, in particular, adapt to our problem the new notion of a viscosity
solution of such PDE. We will demonstrate in §§ 46 that the value functions comprise
a viscosity solution of (QVI), that such solutions are unique, and that therefore PDE
techniques are applicable in constructing the value functions and so the optimal

* Received by the editors July 20, 1982.

T Istituto Matematico, G. Castelnuovo, Universita di Roma, 00100 Roma, Italy. The research of this
author was supported in part by a NATO-CNR grant during a visit to the Department of Mathematics,
University of Maryland.

1 Department of Mathematics, University of Maryland, College Park, Maryalnd 20742. The research
of this author was supported in part by the Alfred P. Sloan Foundation and the National Science Foundation
under grant MCS-81-02846. The author was a part-time member of the Institute for Physical Science and
Technology while this work was begun.

143



144 I. CAPUZZO DOLCETTA AND L. C. EVANS

controls. (P. L. Lions in [12] first observed the connection between viscosity solutions
and control theory).

To our knowledge the problem we study here is the only general example in the
control of ODE for which the full extent of the dynamic programming formalism
applies rigorously. Of course dynamic programming does work for other problems
with special structure, for example the linear-quadratic regulator, as well as for discrete
time problems. (See [4], [5].) Furthermore, dynamic programming is completely
effective in stopping time problems for ODE, but this is a special case of our results:
see the remark at the end of § 2.

Next we note that a control problem with zero switching costs also leads to a
dynamic programming equation which admits a (unique) viscosity solution (see § 7
and also Lions [12]). Here we can also prove [12] that the value function is this
viscosity solution, but are unable to synthesize optimal controls as these in general
do not exist. Nevertheless, we will prove in § 7 that the value functions with positive
switching costs do converge to the proper limit as the switching costs tend to zero.
This is an analogue of a principal assertion in Evans-Friedman [9], where we proved
similar statements for stochastic control theory.

Let us finally remark on some essential technical differences between applications
of dynamic programming in deterministic and in stochastic control. The dynamic
programming equations for the control of (nondegenerate) stochastic differential
equations are second order, uniformly elliptic (or parabolic) PDE with convex non-
linearities. Such PDE are difficult to study owing to their fully nonlinear structure, at
least when the controls affect the ““‘noise” disturbing the system. It happens nevertheless
that such strong estimates for the solution and its first and second derivatives have
now been obtained that it is fairly easy to apply more-or-less routine analytic methods
to study the existence and uniqueness of solutions, their properties, etc. A key tool
in all this, and especially in the derivation of estimates, is the classical maximum
principle for elliptic and parabolic PDE. The reader should refer to Evans-Friedman
[9], Lions [13], Evans-Lions [10], Evans [8], etc., for elaboration of these comments.

A different situation prevails, as we have seen, in applications of the dynamic
programming method to problems of optimal control for ordinary differential
equations. There the resulting PDE again usually have a convex, badly nonlinear
structure, but are now of first order. In consequence there are usually no such strong
estimates available for the solution as in the stochastic case, and hence there are deep
analytic problems as to the existence and uniqueness of solutions and their control
theoreticinterpretation. Viscosity solutions do not typically solve the dynamic program-
ming PDE in any classical sense, but are nevertheless regular enough to ensure
uniqueness of solutions and to justify rigorously many formal calculations. Our paper
is thus in part a companion piece to Evans—-Friedman [9], where we investigated some
analogous questions for the control of stochastic differential equations. The principal
differences in technique and point of view between this paper and [9] are best
understood in light of the remarks above: in [9] we could derive good estimates for
the solution of the appropriate system of quasi-variational inequalities involving
uniformly elliptic operators, whereas here no such estimates are possible and we must
rely on the viscosity solution concept. Notice, in particular, the quite different technical
applications of the maximum principle. Nevertheless, there are strong heuristic and
procedural similarities underlying this paper and [9], and we invite the interested
reader to make note of this.

This work is motivated in addition by the earlier papers of Capuzzo Dolcetta-
Matzeu [4], Capuzzo Dolcetta-Matzeu-Menaldi [5], Menaldi [14], and by our desire
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to understand them in light of the new theory of viscosity solutions. Note in particular
in [5] that the rigorous application of dynamic programming methods to the discrete
approximations of the ODE allows for an interpretation of the value functions as the
(unique) maximal subsolution of (QVI). Some other papers on control with positive
switching costs are Belbas [3] and Belbas-Lenhart [3]. After this work was completed
we learned of similar results to appear in the thesis of Barles [16].

In closing, we note here that although the methods alluded to above for the
second order PDE depend strongly on the convex structure of the nonlinearity, the
viscosity solution techniques for first order PDE do not. Thus there are applications
of the latter ideas to the Isaacs equations in deterministic differential game thoery
(cf. Friedman [11]); see the forthcoming papers [1] and [15] for this.

2. Control of ODE with switching costs: statement of the problem. We will
consider in this section the problem of the optimal control of an ordinary differential
equation, whose dynamics can be modified—at the price of a positive switching
cost—into any one of m different settings. What is the best way to adjust continuously
the dynamics so as to minimize the associated cost?

More precisely let us define an admissible control a to be a sequence of switching
times 6; and control settings (or switching decisions) d;:

a =16, d:}i2o,

where

6;€[0,+], 0=60p=60,=-"=6;=60;.1=""", 6;>0,

die{l,- -, m}, di#di-, if6;<0 (i=0,1,--").
Foreachd =1, -, m we define also £, the set of all admissible controls with initial
setting d:

o4 ={a|a is an admissible control, do = d}.
Consider now a given mapping g: R" x{1, - - - , m}>R" satisfying

(2.1) lgx, d)I=L, |gx,d)—g(& d)=L|x-%],
for some constant L and all x, eR",d =1, -, m. For givenxeR", de{l, -+, m},

and a € f°, the response of the system to the control a is the unique continuous solution
¥x(*) =yxa(+) of the differential equation

d'y.(t)
dt

yx(0) =x.

=g(Yx(t)’ di)’ 0i§t§0i+l’ i=0’ 1’ te
(ODE)

Corresponding to each such control and associated response we consider the cost
index

© 6;
(2‘2) Jﬁ (a) = Z (Jrs f(YX(s)’ di—l) e_)‘sds +k(di-—1, dl) e_)‘Oi);

i=1 i1

where A is a given positive constant called the discount factor, f: R"x{1,:--:,m}->R
i§ the running cost, and the constant &k (d, d) is the cost of switching from setting d to
dd,d=1,---,m). We will assume
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(2.3) lfx,d)l=D,  |f(x,d)—f(& d)=Dlx-Z|,
for some constant D and all x, £ eR",d =1, - -, m, and also
k(d,d)>0, k(d,d)=0,
k(d,d)<k(d,d)+k(d,d), ddde{l,--,m}, d#d#d.

We interpret this assumptlon to mean that it is always cheaper to switch directly from
setting d to setting d, than to switch through an intermediate setting d.

Finally for eachd =1, - - -, m and x € R" we define the value function
(2.5) ul(x)= inagdlf(a);
this is the minimum cost, provided we start at x with the initial control setting d.
Our goal is to design for eachx € R",d =1, - - -, m, an optimal controla* = a ¥ € f*
such that
(2.6) u’(x)=J5 (@*) = min J%(a).

Remark. Notice that we can also allow stopping the (ODE) and a resultant cost
as a special case: if we incur a cost ¢(y,(@)) should we stop (ODE) at time 6, we
merely augment the problem above by setting

glx,m+1)=0, xeR",

fx, m+1)_‘“x) eR".

Remark. The restriction that k (d, d)> 0 is not truly essential and can be removed
to yield results along the lines of Belbas-Lenhart [3].

3. Dynamic programming; optimal controls. Our plan is to show that the func-
tions u?(- )d =1, - -, m)satisfy certain inequalities in R" and can thus be regarded as
a kind of weak solution of the appropriate QVI of dynamic programming. This in
turn will lead to the design of an optimal control.

First we prove the value functions are uniformly bounded and Holder continuous.

LEMMA 3.1. (a) There exists a constant C such that

(3.1) ux)l=C, xeR', d=1,---,m
(b) There exists for each
. (A
(3.2) 0<y <min (Z’ 1)
a constant C,, such that
(3.3) @) —u@|=Cx %", x,£eR", d=1,---,m.

Proof. (a) The control,
a = {01', di}??—'o
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belongs to «* provided 6,=0, 6, =+ (i =1, - - - ), do=d. Thus,
© D
w0=78@ = [ o) de M ds =2,
0
On the other hand, for any control, & = {6, d;}i~o € &%, we have

FHOED j f3e(s), i) e M ds = -2,

i=1Jg_, A

(b) Fix de{l,- -, m}, x, £ eR". Choose £ >0 and then a e L%, a ={6;, d:}0,
such that

Jia)=u(®)+e.
We may assume u“ (x) —u“(£)> 0. Therefore,
lu(x)—u@)|=u(x)-J4(a)+e

=J4a)-T¢(a)+e

=.~§ U:i (F(yx(s), dict) —f(y 2 (s), di—1))e‘“ds]+€,

=1 i—1

Now Gronwall’s lemma, (2.1) and (ODE) imply

ly(s)—yz()=|x —£le™  (s=0),
and thus (2.3) implies
|f(yx(s), di-1) = f(y(s), di—1)| =2D|x — £[" e™™.

We employ this estimate above and note

0
J’ e(L'y—/\)Sds <00, D
0

Remark. This proof is adapted from [4].
Next we calculate the dynamic programming optimality conditions in the next

proposition.
ProrosITION 3.2. Foreachd=1, -+, mand x eR",
(a) w!(x)=min Wix)+k(d, d), xeR".
d#d
t
(b) W)= fuls),d)e ™ ds +udly ) e ™
0

for all t =0, where dy,(s)/ds =g (y.(s), d)(0=s =¢t).
(c) If, furthermore, for some point xo€ R" a strict inequality holds in (a), then there
exists to=t,,>0 such that

(3.4) u(xo) = L Fxo(8), d) e ™ ds +u (ye,(t) e ™

forall 0=t=t,. 3 }
Proof. (a) Fixanyde{l,---,m}, d #d, and choose any control a € #*,

a={6, di}?°=o-
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Define & € £* by

where
=61, di=dia(i=1,--"), 6,=0, do=d.
Then
ul(x)=J4(@) =T () +k(d, d).
This holds for all « € % and so
wx)=ulx)+k(d, d), d#d.
(b) Next choose any ¢ =0. Pick any
a ={6, d}>oe L.

Define
@ =1{6,d}>oesd’
by
6=6,+t, di=di(i=1,--), 6o=0, do=d.
Then

W)@ = [ fe(s),d) e ™ ds 4TS ofa) e
0

(c) Assume now

(3.5) min (u?(xo) + k(d, d)) —u (x0) = o >0.
d#d

Choose a. ={6%, df}i~oe & such that

(3.6) T (@)= u(xo) +e.

We claim that if ¢ is small enough, then

(3.7) 91=t,>0

for some suitably chosen ¢, independent of €. To see this, suppose to the contrary

0=01<to (fortoasselected below).
Then since di #d

Tio(a)=e %k (d, d) +e U] 1) (de),

where &, ={6,d}e s, 65 =051 —05,dS =diry (i=0,1,---). Thus

eI %, () Zk(d, di) +u” (ye(67)).
Hence, (3.6) gives
(3.8) k(d, d)+ut (ye(67)) = " (xo) +¢).
But Lemma 3.1 implies

Ju " (yxo(07)) — u T (x0)| = Ce3 5
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so that (3.8) yields
k(d,d$)+u? (xo) =e*(u?(xo) +¢)+Cts,
with di #d. This contradicts (3.5) for all small € >0, provided we first choose ¢, small
enough. Estimate (3.7) is thus proved.
Hence for 0=t =t¢, and a, as above
t
Tho (@) = L fxo(s), d) e ds +e 7T, (&),
for &, ={6;,d{}ed®, 6 =6 —t,di=d (i=1,---),05=0, d =d. Therefore,
t
w0+ 2T @) 2 [ frals), d) e ds +e™u ().
0

Send £ \y0 and recall (b) to complete the proof of (c). 0
Notation. In view of this proposition it will be convenient to define

M°[u](x)=min u?(x)+k(d, d)), xeR", de{l, --,m}.
d#d

Remark. By standard continuation arguments we have in fact

(3.9 w500 = [ F(yaos), d) e ds +u (ot e
0

for all

(3.10) 0= ¢ =1k =int {r >0l (y(1) = MLy (0)}

(and t§ = +oo if the set in (3.10) is empty). O

Next, we exploit the optimality conditions just proved to show the existence of
optimal controls. For this fix x e R", d € {1, - - -, m}. Let us define a* ={6;, d;}i~o € A*
this way:

(3.11) 60=0, do=d,
(3.12) g, = {i"f {t>6,_1lu“1(y. (£) = M [u](y, (1))},
. " l+00 if the set above is empty,

min{d=1, -+, m,d #d;_1|M*[u](y.(6:))
(3.13) di= =u’(y(6) +k(di-1,d)} if ;<o
di—y if 6;=+00,
(Notice that the special choice of d; in (3.13) (in case §; <+00) is made for the sake
of definiteness. Actually any d; such that
M1 [u)(yx(00) = u ™ (yx(8.) + k (di-s, i),

will do.)
That lim;. 6; = + and hence a* defined above is admissible is a consequence

of the following estimate.
LEMMA 3.3. There exists a constant o >0 such that

(3.14) 6:=0;-1+0o fori=2,~- ‘.
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Proof. 1f 6;,_1 = +00, there is nothing to prove. Otherwise, assume
0,_1=60;=60;_1+0 (o as selected below).
Then there exists
(3.19) 0:=t<6i1+o
such that

w1y (1) = M [y () = u (9 () + k (di-1, i),

for some d; # d;_;. But also

w2y (61-1)) = M*2[u)(yx (6:-1)
= udi~1(yx (6:-1) +k(di—2, di-1)
=u% (yx(6;21)) + k(d;—2, di).

We combine these estimates to obtain

k(diz, di1) +k(di1, d) Sk (di-2, di) +u (y(6:-1)) —u (y(£)
+ Uty () —u = (yx(8i-1))
=k(di-2,di)+2C,La”,
a contradiction to (2.4) if o is small enough. 0O
PROPOSITION 3.4. The control a* defined by (3.11)-(3.13) is optimal:
(3.16) ud(x)=1:(a*)=£gld1f(a).

Proof. If 6,1 <0, then by the Remark after Proposition 3.2 we have for each
0<e <o,

6,—-6,_,—¢
GOt = ] fuOae tsdi)e N ds
0

+ut-1(y,(8,) e 17,

and so
6,

e M-y dia (yx(6:-1)) = i f(y«(s), di-1) e Mds

6i-1

3.17
G17 +e Mut-1(y,(6))).

On the other hand if 6; <o,

w1y (00) = yx (6)) +k (dioa, di);

so that

e My dioi(y (6iy) =J i Fly<(s), di_1) e ™ ds

+k(di-1,di) e ™" +e_wiud'(}’x (6:).



OPTIMAL SWITCHING FOR ORDINARY DIFFERENTIAL EQUATIONS 151

Sum this for i =1 to infinity if §; <oo for all i, and to N if 5 <00, On.41=+%; in the
latter case add also (3.17) for i =N + 1. In either situation we obtain

W)= ¥ L" Fe(5), di-g) e~ ds +k (di_y, di) e

i=1J6;_4

=J%(a®). ]

4. Viscosity solutions of the dynamic programming QVI. Proposition 3.4 asserts
that the control prescribed by (3.11)-(3.13) is optimal (for any x eR", d =1, - -, m).
In practice, however, this is not yet useful as the value functions u? are themselves
unknown. We therefore describe in this section and the next a (theoretical) construction
of u=(u', -+,u™) by PDE techniques.

The formal motivation for this is simple. If x € R" is fixed and if the value functions

u', -, u™ were C' on R", then Proposition 3.2(b) implies
d _,,4d t —At __
@n WO (0,0 e ds +uta0)( )
0

for all ¢t >0. Thus our sending O yields Aud(x)—g(x,d)-Dud(x)éf(x,d) for all
x€R",d=1, -, m. Since Proposition 3.2(c) implies an equality in (4.1) for 0=¢ =+,
provided u“(x) <M*[u](x), we obtain also

Aud(x)—g(x,d)-Du’(x)=f(x,d)

in that case.
We may summarize these conclusions by noting

(QVD) max{ru’—g? Du’—f,u*-Mul}=0 inR", d=1,---,m,

for gd =g(-,d), fd =f(-,d). This is a system of m first order differential inequalities
called the dynamic programming system of quasi-variational inequalities (QVI).

This derivation of (QVI) is, however, not justified as we do not know that the
value functions u', - - -, u™ are C'; indeed this is generally false, as simple examples
show. Now, conversely, it is not particularly difficult to show that any C' solution of
(QVI) must in fact equal the value functions; but here again is a problem since (QVI)
like other nonlinear first order PDE does not usually admit a C' solution.

As noted in § 1, we resolve this difficulty by identifying a new motion of weak
solutions of (QVI); this is inspired by Crandall-Lions [6], Lions [12] and Crandall-
Evans-Lions [7]. It will turn out that the value functions u ", - - -, u™ are such a weak
or “viscosity” solution and that these viscosity solutions are unique. Additionally, the
PDE techniques to be presented in §5 will yield a viscosity solution of (QVI),
which—owing to the uniqueness assertion—must equal the value functions.

Denote by BUC (R")™, the space of bounded, uniformly continuous R™-valued
functions on R".

Motivated by [7], we make the following definition.

DEFINITION. A function u =(u', -+, u™)e BUC (R")™ is called a viscosity sol-
ution of

QVD)  max{au’-g* Du’—fu'-Mu}}=0inR", d=1,---,m,

provided for each d € {1, - - -, m} and each ¢ € C'(R"),
(i) if u® — ¢ attains a local maximum at xo € R", then

4.2) max {Au’ —g?D¢ —f*, u® —~M*[uT}=0 atxo;
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and
(ii) if u? — ¢ attains a local minimum at x € R", then

4.3) max {Au’—g*Dep —f*, u* —M*[u}=0 atx,.

Note that the u® need not have derivatives in any sense.

We observe next that the optimality conditions of dynamic programming imply
that the value functions form a viscosity solution.

THEOREM 4.1. Under the hypotheses in § 2, the value function u= (", -+, u™)
(u? defined by (2.5)) is a viscosity solution of (QVI).

Proof. Accordingto Lemma 3.1, u e BUC (R")™. We must verify (i) and (ii) above.

Thus let ¢ € C'(R") and assume for some d e{l, -, m} that u? —¢ attains a local
maximum at xo€ R". Then
4.4) u?(x0) =@ (x0) Zu (yxo(t) — & (¥ (1)),

for all sufficiently small ¢ > 0. Now Proposition 3.2(b) implies

u”(xo) —u (yxo®) _1
t Tt

J:: Fyxo(s), d) e ™ ds + ud(y’m(t))(e q:‘ - 1).

We employ (4.4) and then send ¢ 0 to obtain from (ODE)
Au®(x0) — g% (x0) - D (x0) = f* (x0).

Since u? =M*%[u], x eR", according to Proposition 3.2(a), we have seen that (4.2) is
valid.
If, on the other hand, u® — ¢ attains a local minimum at x; € R", we have

(4.5) u?(x1) =@ (x1) Su” (y5,(6) — ¢ (yu, (1)),
should ¢ > 0 be small enough. Now if
(4.6) u® (x1) = M“[ul(xy),

then (4.3) clearly holds and no further analysis is needed. Should instead a strict
inequality obtain in (4.6) then according to Proposition 3.2(c) we have

u (k) —u(y,(0) _1
t t

Ltf (xy(5), d) e ™ dt +u (y,, (¢ ))(C_A;_ 1)

for all sufficiently small ¢ > 0. Recall (4.5) and then send ¢\ 0 to obtain

Aut(x1)— g% (x1) - D (x1) Zf*(x1).

This implies (4.3). O
Remark. If A > L, then the choice y =1 is feasible in Lemma 3.1. Hence u?is
Lipschitz continuous and therefore u = (4 1 ..., u™)solves (QVI) almost everywhere.
Remark. P. L. Lions in [12] has already observed the relation of dynamic
programming and viscosity solutions in a different context.

5. Uniqueness of viscosity solutions. For the following we assume for the moment
u=@w' -, u™)is any viscosity solution of (QVI), and not necessarily the value
functions (1.5).

LEMMA 5.1. We have

(5.1) u’(x) =M[ulx)

foreachxeR",d=1,:--+,m.
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Proof. Suppose (5.1) fails for some point xo€ R" and some d€{l, - - -, m}. Then
there exists d # d such that

(5.2) wlx)+k(d, d)y<u’(x)

for all x contained in some small ball B centered at xo. Now it is not difficult to show
there exists a smooth function ¢ such that u¢ —¢ has a local maximum at some point
x1€ B; hence, according to the definition of viscosity solution,

max Au?—g% D¢ —f%, u® ~M*[u])=0 atx,.
Thus
u(x) SM [ulx) < u’(x1) +k(d, d),
a contradiction to (5.2). 0O
The principal result of this section is the following uniqueness theorem. Our proof
exploits some methods from [6], [7].
THEOREM 5.2. Suppose u=u", -, u™) andv =", -+,v™) are viscosity sol-

utions of (QVI). Then u=v.
Proof. Choose a smooth function y: R" - R satisfying

y(0)=5N, 0=y=5N, |Dy|=10N,

G-3) y(x)<5N ifx#0, yx)=0 iflx|=1,
and set

(5.4) ye(x)=y(§) fore >0, xeR"
Here

N = max {lul, lo[[}

Consider now the auxiliary functions ®*: R" XxR" - R,
4, y)=u(x) -0 () +r.(x—y)  d=1,---,m).
Next choose (x1, y1) € R*" such that
(5.5) max &% (x1,y1) Zsup max o4(x,y)—e.

Now select £: R*" > R such that
(xLy)=1, 0=¢=1, |D¢|=2,
$Gey)<1 if (x, y) # (x1, y1)s
{6, y)=0 iflx—xi+]y -yl =1.
Finally, define
¥ (x, y)=0"(x, y) +2e{ (x, y)
=u’(x)—v () +ry.(x —y)+2e{(x,y) @d=1,---,m).
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Since
T (x, y) =d%(x, y)Ssup max D’(x,y)
x,y 1=d=m
foreachd =1, -+, m, |x —x1[*+|y —y1[*= 1, whereas,
d _ d
,max ¥(xy, y1) = max & (x1, y1)+2¢

> d

=s’\cﬂ) lg&aéxm<1> (x,y)+e by(5.5),
there exists a finite point (xo, yo) (wWith |xo— x;|*+|yo— y:1|*<1) andsome d {1, - - -, m},

say d =1, such that
(5.6) ¥ (xo, yo) = max max T (x, y).
The mapping x—>¥'(x,yo)=u'(x)=¢(x), for ¢(x)=0"(yo)=v.(x—yo)-
2¢e{(x, yo), thus attains its maximum at x,. Therefore
5y Tl '(x0) +g" (x0) * (D¥e (o= yo) +26D¢ (xo, yo) =f' (x0),
u'(xo) =M '[ul(xo)} =0.
Analogously
y=>—¥'(xo, y)=v"(y)~¢(y)
attains its minimum at y, for
Y (y)=u'(xo) +ve(xo—y) +26{ (xo, ),
so that
sy {Av'(yo) + &' (yo) - (D (x0—yo) — 2eD¢ (X0, y0)) " (yo),
v'(yo) =M '[v](yo)} =0.
We will return to inequalities (5.7) and (5.8) after we pause to prove

(5.9) |xo—yol=0(e) ase\O0.

To see this, note first that if |xo—yo|> ¢, then
V'(xo, yo) =2N +2¢ <3N if 2¢ <N,
whereas for any x
¥'(x,x)Z3N.
Thus |xo—yo| = e. We refine this estimate by observing
W' (xo, yo) =t (x0) = 0" (yo) + ¥e (xo = yo) +2&¢ (xo, Yo)
=¥ (xo, Xo)
=1’ (x0) ="' (x0) + 7. (0) +26¢ (x0, x0),

whence

Ye(X0=Y0) Z ¥ (0) + v (yo) —v " (x0) — 26 = ¥(0)—w ([xo—yo|) — 2,
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o (+) denoting the modulus of continuity of »' on R". Since |xo— yo| e,

lim y(xO;y ") =lim . (o= yo) = 5N.

-0

Hence (5.3) implies (5.9).
Now return to estimates (5.7) and (5.8) and consider two possibilities.

Case 1. Suppose v Y(yo) <M '[v](yo) in (5.8). Then (5.7) and (5.8) together imply
10
A(u'(xo) =0 (yo) = (x0) —f*(yo) +8Le +—€——LN|xo—y0| =0(1) ase\O.

Forany x andanyd =1,---,m
u?(x) =0 (x) + 7 (0) +26£ (x, x) = ¢* (x, x) = ¢ (x0, yo)
=u'(x0) =" (yo) + ¥e (xo—yo) + 26 (X0, yo),
and so
ud(x)—-vd(x)éo(l) as e \y0.

This proves u®=v? for all d=1,---,m and the opposite inequality follows by
symmetry. Theorem 5.2 is proved should Case 1 obtain.

Case 2. Suppose vl(yo)=M1[v](yo) in (5.8). Then there exists d €{2, - - -, m},
say d =2, such that

(5.10) v'(yo) =v*(yo) +k(1,2).
But since

V2(xo, yo) S ¥ (x0, yo),
we have

u' (xo) —u*(xo) Z v (yo) —0*(yo) = k(1, 2).

However,

u'(xo) S u(xo) +k(1,2)
according to Lemma 5.1; thus

u'(xo) =u’(xo) +k(1,2).
Consequently this and (5.10) give

V2 (xo, yo) = ¥ (x0, yo).

Now repeat the considerations above with the index 2 replacing 1. Should Case 1
hold we are done. Otherwise there exists d €{1, - - -, m}, d # 2, such that

v’ (yo) =0 (yo) +k(2,d).
Since k(}, 2), k(2,d)>0, the possibility d=1is precluded by (5.10). Hence we may
assume d =3 and prove as above
‘I’s(xo, yo) = lI’2()60, yo) = lpl(xo, yo)-

Repeat the preceding calculations with the index 3 replacing 2, etc. After finitely
many steps we reach an index d =m for which Case 1 holds. 0
Remark. The conclusion of the proof is reminiscent of [3, Prop. 1.1]. O
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6. Existence of viscosity solutions. In thissection we construct by PDE techniques
the viscosity solution of (QVI). In light of the uniqueness assertion in § 5 this procedure
must yield the value functions (2.5).

We will obtain our solution as the limit of the solution u, = (ul, - -, u) of the
penalized system (cf. [9]):

6.1) —edul+rui—g? Dul+ S Boul-ul—k(d,d)=f" (@d=1,---,m),

=1
#d

At

where
B.)=8(Y)  (>0xeR)
for some smooth function B: R- R satisfying
B(x)=0 ifx=0, Bx)>0 ifx>0,

B"z0, 0=g'sl.

Standard PDE methods imply that (6.1). has a unique, smooth solution u, =
(uel:a Yy u:n) (Cf [9])

First we prove an estimate similar to that in Lemma 3.1.

LEMMA 6.1. (a) There exists a constant C such that

(6.2) ulx)=C (xeR%e>0,d=1,-++,m).
(b) There exists for each

6.3) 0<y <min (% 1)

a constant C,, such that
(6.4) ul@x)-ul@|=C,lx-£" (xeR,e>0,d=1,---,m).

Proof. To simplify notation we delete the subscripts &.
(a) If there exists a finite point xo€ R" at which

(6.5) u?(xo) = min min u* (x),
then

Dul(xe)=0, —Aul(x)=0,
and

ul(xo)—u(xo)—k(d,d)<0 ifd#d.
Thus (6.1), implies
. 1 D
min min ut(x)= ua(xo) zxf‘i(xo) = -
If (6.5) does not occur at any point xo, we argue as in § 5 by considering
Wdzud_28{ (de{la”'am})a

where § >0 and ¢ is chosen to force the minimum to occur at a finite point. We apply
the reasoning above to the w* and later send & \J0.
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A proof that u?x)=D/A (xeR", d=1,---,m)is similar.
(b) Define

®(x y)=lu"(x +y)—u’(x)|
e Iyl

and assume there exists a finite point (x, yo) at which

(6.6) ®7(xo, yo) = max max (¥, y)
X,y

for some index d. We may assume u‘i(xo +yo0)— u‘i(xo) >0, yo#0. Then

ufi(xo+yo)—uf,(xo)

d .4 ,
0=—®%xo, yo) = 1sis
ox, (x0, o) e (1=i=n)
and
i a d i
3 g us(xo+yo) v’ (xo+yo)—u’(xo)yo |
0=—®%xo, yo)=— - (1=i=n).
oy, D Foy) =T lyol”
Hence
Du?(xo+yo) = Du’ (xo),
6.7)
Du?(xo+yo) = ﬁ(ua(xo+yo)—ua(xo))yo.
0
Furthermore
i ad Ad
(6.8) Og_Ax(Dd(xo’ yO) = (Au (x0+y0‘)y Au (xo)).
')’0'
In addition, for each d # :f,
(6.9) ud(xo+yo) —u’(xo+yo) Zu (xo) —u® (xo).

Evaluate (6.1), for d =d at xo and Xo+yo, subtract the resulting expressions,
and then simplify using (6.7) and (6.9) to obtain

Aud (o +yo) —u? (xo)| = g (xo+ yo, d) — g (xo, J)Iﬁo-llu‘i(xoﬂo) —u (xo)|

+|f(xo+yo, d)—f(xo0, d)|
=Lylu?(xo+ yo)—u? (xo)| + Clyol".
As Ly <A, we obtain
max max &(x,y)= ®(xo, y)) =C(A —Ly)™".
If no point satisfying (6.6) exists, we consider
Ve, y)=0'(x,y)+28{(x,y) (d=1,-"",m),

where 8 >0 and ¢ is selected to force the maximum to occur at a finite point. 0
THEOREM 6.2. As e \0

(6.10) ud > u®locally uniformlyon R*,d =1, - -, m,

where u =", -, u™) is the (unique) viscosity solution of (QVI).
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Remark. In particular
d . d
ue(x)>infJ3 (@) ase\0.
Proof. In view of Lemma 6.1, there exists a subsequence £;\\0 and bounded,
Holder continuous functions u such that

ul - u locally uniformly, d =1, - - -, m.

We will prove u = (u',---,u™) is a viscosity solution of (QVI); by uniqueness then
in fact

ufeud as ¢ \O.
First, we claim
(6.11) u'=MMu] xeR, d=1,--,m.

If this were not so, there would exist d #d in {1, -+, m}, §>0, and some
nonempty open ball B such that

w0 )zul(x)+kd, d)+26  xeB.
As ul >u®, ul > u? uniformly on B, we have
(6.12) ul@)zul(x)+kd, d)+s, xeB,

for all sufficiently small ;.

Next, there exists a C? function ¢ such that u? —¢ attains a local maximum in
B, say at xo. We may in fact assume u“ —¢ to have a strict local maximum at xo (cf.
[7]). Since u‘:,. - u* uniformly on B, ul — ¢ also attains a local maximum at x,, € B, for
all ¢; small enough. Now,

Dul (x.,)=Dé(x.,)
and
—A(u :g —¢)(x81) g O,
so that (6.1), implies
Aul=g? Do+ 3 Boul—ul—k(d, d)Sf+edd  atx,,

=1
#d

Al

Hence (6.11) implies
B.(8) =Bl —ul—k(d d)=C atx.,
for some constant C independent of ;. This is a contradiction, as B, (x) > +00 as ¢ \\0
if x > 0. This proves (6.7).
Now we verify (4.2) and (4.3). Fix de {1, - - -, m} and suppose u®—¢ attains a
strict local maximum at some point xo, where ¢ € C*(R").

Then uf,. — ¢ attains a strict local maximum at some nearby point x., whence—as
above—

Al —g? Dp=f'+eAp atx..
Let € O, x, = xo to find
Aud—gd~D¢ —fdéo at xo.
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This and (6.7) prove (4.2) at xo. In the general case that ¢ € C Y(R") and x, is not a
strict local maximum, we approximate as in [7] and apply the argument above.

Suppose now ¢ € C? and u® — ¢ attains a strict local minimum at x;. If «®(x,) =
M“[u](x1), then (4.3) is valid. Otherwise

ul <ul+kdd) nearx,
foralld=1, -+, m,d #d, and all sufficiently small €;. Thus (6.1), implies
(6.12) —&Aul +Aul —g? -Dul =f* nearx,
for all small enough ¢;. Furthermore
d
Ueg,— P

attains a local minimum at some point x., in the region where (6.12) holds, and x,, - x1.
Reasoning as above we have

Aul—g? Do =f"+e,A¢p at Xe;
Thus
Au? —g”’ ‘D¢ éfd atx,,

and so (4.3) obtains in this case as well.
As before, we may approximate if ¢ € C Y(R") and x, is only a local minimum. 0O

7. Convergence as switching costs tend to zero. If we return to our control theory
problem in § 2 and now instead of (2.4) assume k(d,d)=0, (d,d=1,---,m), then
it is not hard to check that u' =u®=- - - =u™ =u; that is, the minimum cost does not
depend on the initial setting d of the control. (This is because we could always
immediately switch to the best setting at no cost.) Furthermore the formal calculations
of dynamic programming imply that if u were C, then it would solve the Hamilton—
Jacobi-Bellman type equation

(HJB)  max {Au—g*-Du-f}=0 inR'
(cf. [9]). In general of course u is not C', but it is the (unique) viscosity solution of

(HJB): see P. L. Lions [12]. This means that, for each ¢ € C'(R"),
(i) if u — ¢ attains a local maximum at xo, then

(7.1) ,Max {Au —gd ‘D¢ —fd}é 0 atx,,
and

(ii) if u — ¢ attains a local minimum at x,, then
(7.2) ,max {Au—g? Do —f}=0 atx,.

We prove now that as the switching costs tend to zero, the value functions (2.5)
each converge to u. This is a deterministic analogue to the principal result of Evans—
Friedman [9].

THEOREM 7.1. Suppose for each € >0, u, = (ul, - -+, ul) is the viscosity solution
of (QVI), with switching costs {k°(d, d)} satisfying (2.4). If

k°d,d)»0 ase~>0, d,d=1,--,m.
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then
d
u;>u ase->0, d=1,---,m,

where u is the viscosity solution of (HIB).
Proof. As in § 6 there exists a subsequence ¢; such that

ul > u?locally uniformlyon R",d =1, - - -, m.
Since
ul =M, )sul +k%d,d) d#d),
we have
ulsu?
forallde{l,---,m}, d #d, x €R". Thus
u'=u’=- . =y"=u

We will prove that u is the viscosity solution of (HIB). Suppose ¢ € C' and u —¢
attains a strict local maximum at x,. Then, for eachd €{1, - - -, m} and each sufficiently
small €, u, — ¢ attains a local maximum at xZ near x,. Since u., is the viscosity solution
of (QVI) with {k°(d, d)}, (4.2) implies

Auf, —gd ‘D¢ —fd =0 atxfi.
Let &, \0:
Au—g%-Dp—f*=0 atxo,
for eachd e{l, - - -, m}. Hence,
Jmax {Au—-g% D¢ —f}=0.
Conversely, suppose u —¢ has a strict local minimum at some point x1. Then,

foreachd e {l, - - -, m}and each ¢; small enough, uf_. — ¢ attains a strict local minimum
near x;. Choose d; {1, - - - , m} and x., such that

(ué—¢)(x) =min  min (u,~¢)(x),

the first minimum taken over all x in some neighborhood of x;. Thus (4.3) implies
max {Auf} - gd‘ ‘D¢ —fd‘, uf;' —Md‘[ue,]} =0 atx,,

But
W) ) Sl -)xe),  d=1,--,m,
and so
uli<m®u,] atx,,.
Hence

Au‘;‘ —gd" ‘D¢ —fd‘ =0 atx,,
Passing if necessary to a further subsequence, we may assume
di >d 0-
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Thus, if we send ¢; > 0, we deduce
Au—g% D¢ —f*=0 atx,.
Consequently
Jmax Au—-g? Do —f}=0 atx,,

asrequired. O

REFERENCES

[1] N. E. BARRON, L. C. EVANS AND R. JENSEN, Viscosity solution of Isaacs’ equations and differential
games with Lipschitz controls, to appear.
[2] S. A. BELBAS, Optimal switching control of large scale energy generation systems: the method of
quasi-variational inequalities, to appear.
[3] S. A. BELBAS AND S. LENHART, A system of nonlinear partial differential equations arising in the
optimal control of stochastic systems with swtiching costs, to appear.
[4] 1. CAPUZZO DOLCETTA AND M. MATZEU, On the dynamic programming inequalities associated
with the optimal stopping problem in discrete and continuous time, Num. Funct. Anal. and Optim.,
(1981), pp. 425-450.
[5] 1. CApuZzZO DOLCETTA, M. MATZEU AND J. L. MENALDI, On a system of first order quasi-
variational inequalities connected with the optimal switching problem, to appear.
[6] M. G. CRANDALL AND P. L. LIONS, Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer.
Math. Soc., to appear.
[7] M. G. CRANDALL, L. C. EVANS AND P. L. LIONS, Some properties of viscosity solutions of Hamilton—
Jacobi equations, Trans. Amer. Math. Soc., to appear.
[8] L. C. EvANSs, Classical solutions of the Hamilton-Jacobi—Bellman equations for uniformly elliptic
operators, to appear in Trans. Amer. Math. Soc.
[9] L. C. EvANS AND A. FRIEDMAN, Optimal stochastic switching and the Dirichlet problem for the
Bellman equation, Trans. Amer. Math. Soc., 253 (1979), pp. 365-389.
[10] L. C. EVANS AND P. L. LIONS, Deux résultats de régularité pour le probléme de Bellman-Dirichlet,
C. R. Acad. Sci. Paris, 286 (1978), pp. 587-589.
[11] A. FRIEDMAN, Differential Games, John Wiley, New York, 1971.
[12] P. L. L1ONS, Generalized Solutions of Hamilton-Jacobi Equations, Pitman, London, 1982.
[13] , Resolution analytique des problémes de Bellman—Dirichlet, Acta. Math., 146 (1981), pp. 151-
166.
[14] J. L. MENALDI, Le probléme de temps d’arrét optimal déterministe et I’inéquation variationnelle du
premier ordre associée, Appl. Math. and Opt., 8 (1982), pp. 131-158.
[15] P. E. SOUGANIDIS, to appear.
[16] G. BARLES, Thése de 3° cycle, Univ. Paris IX—Dauphine, Paris, 1982-83.




SIAM J. CONTROL AND OPTIMIZATION © 1984 Society for Industrial and Applied Mathematics
Vol. 22, No. 1, January 1984 0363-0129/84/2201-0012 $01.25/0

LOCAL DUALITY OF NONLINEAR PROGRAMS*
O. FUJIWARAY, S.-P. HAN} AND O. L. MANGASARIAN$

Abstract. It is shown that the second order sufficient (necessary) optimality condition for the dual of
a nonlinear program is equivalent to the inverse of the Hessian of the Lagrangian being positive definite
(semidefinite) on the normal cone to the local primal constraint surface. This compares with the Hessian
itself being positive definite (semidefinite) on the tangent cone on the local primal constraint surface for
the corresponding second order condition for the primal problem. We also show that primal second order
sufficiency (necessity) and dual second order necessity (sufficiency) is essentially equivalent to the Hessian
of the Lagrangian being positive definite. This follows from the following interesting linear algebra result:
a necessary and sufficient condition for a nonsingular symmetric n X n matrix to be positive definite is that
for some subspace of R", the matrix must be positive definite on the subspace and its inverse be positive
semidefinite on the orthogonal complement of the subspace.

Key words: nonlinear programming, second order optimality, duality
AMS (MOS) subject classifications. 90C30, 15A03

1. Introduction. We consider the following nonlinear program

minimize fx)
(P) )
subject to g(x)=0,
h(x)=0,
and its Wolfe dual [16], [9]
mz}ﬂl‘lvl)ize L(x,u,v)

(D) .
subject to V.L(x,u,v)=0,

u=0,

where f:R"->R, g:R">R™ and h:R"->R? are differentiable functions on
R", L(x,u,v):= f(x)+uTg(x)+vTh (x) is the standard Lagrangian and V,L is the
gradient with respect to x. The relationships between the above two problems have
been extensively studied for the convex case [16], [9]. Our principal concern here is
local duality results which in the absence of convexity assumptions require the use of
second order optimality conditions.

In §2 we give a geometrically meaningful second order sufficient optimality
condition in Definition 2.1 for the dual problem (D) and prove in Theorem 2.2 that
it is equivalent to the standard second order sufficient optimality condition [8], [2]
applied to the dual problem (D). Thus, as is well known, the second order sufficient
optimality condition for the primal problem (P) is the positive definiteness of the
Hessian of the Lagrangian on the tangent cone to the local constraint surface. Our
second order sufficient (necessary) optimality condition Theorem 2.2 (Theorem 2.5)
for the dual problem (D) is that the inverse of the Hessian of the Lagrangian is positive
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definite (semidefinite) on the normal cone to the primal local constraint surface. It is
worthwhile to note that while positive definiteness of the Hessian of the Lagrangian
ensures the satisfaction of the second order sufficiency condition for the primal
problem, this is not the case for the dual problem where a constraint qualification is
needed (Theorem 2.3) in order to ensure that dual second order sufficiency holds
under positive definiteness of the Hessian of the Lagrangian.

In § 3 we characterize Karush-Kuhn-Tucker points of the primal problem that
locally solve both the primal and dual problems simultaneously. We show (Theorems
3.2 and 3.3) that these points are essentially points where the Hessian of the Lagrangian
with respect to the primal variables is positive definite. In order to establish these
results we prove an interesting result of linear algebra (Theorem 3.1) which states
that a necessary and sufficient condition for a nonsingular symmetric n X n matrix to
be positive definite is that for some subspace S of R", A must be positive definite on
S and A~" must be positive semidefinite on the orthogonal complement S of S.

We briefly describe our notation now. All vectors will be column vectors unless
transposed to a row vector by the superscript T. For x in the n-dimensional real
Euclidean space R", x;,i =1, - -, n, will denote its components. For an m X n real
matrix we shall say that A e R™™", A; will denote the ithrowof A, andif I ={1, - -, m}
then A; will denote the submatrix with rows A; i € I. For a differentiable function
g:R" > R"™ Vg(x) will denote the transpose of the m X n Jacobian matrix of g at x.
For a twice differentiable function L: R" "™ -» R, V,L(x, u) will denote the n X 1 gradient
with respect to x, V,L(x, u) will denote the m X 1 gradient with respect to u, V2L(x, u)
will denote the (n +m) X (n + m) Hessian with respect to both x and u whose submatrix
components are denoted as follows:

2 VxxL(x’ u) quL(X, u)
ViGu [VuxL(x, W) Val(x, u)]‘

2. Geometrically meaningful second order optimality condition for the dual
problem. In order to establish local duality results without any convexity assumptions,
second order necessary and sufficient optimality conditions become essential. The
second order sufficient condition for the primal program (P) was given by McCormick
and Fiacco [8], [2] and has been extensively studied. Research on this topic
continues (see, for example, [4], [15]). In this section we formulate geometrically
meaningful second order necessary and sufficient optimality conditions for the dual
problem (D) and study the relationship to the corresponding conditions for the
primal.

Recall that an (n +m +q)-vector (X, i, 0) is said to be a Karush-Kuhn-Tucker
triple of the primal program (P) if the following conditions hold:

(a) V.L(x,ua,0)=0,
(b) gx)=0,
2.1 (o h(x)=0,
(d) az0,
(e) ;g (x)=0, i=1,--,m.

Such a triple is said to satisfy the primal second order sufficient optimality condition
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if f, g and h are twice continuously differentiable at ¥ and

Vg, (%)'d =0

Vg (%)'d=0

(2.2) >d"V,, L%, a,v)d>0,
Vh(x)d=0 ( )
d#0

where
J={ilg{(¥)=0and 7; >0}, K = {i|lg:(¥)=0and i =0}

We shall refer to (2.2) as McCormick’s second order sufficient optimality condition.
We now give a second order sufficient optimality condition for the dual program
(D) which we shall justify by Theorem 2.2 below.
DEeFINITION 2.1. A Karush—-Kuhn-Tucker triple (x, &, ©) of the primal problem
(P) is said to satisfy the dual second order sufficient optimality condition if f, g and h
are twice continuously differentiable at x, if the Hessian V,,L(x, &, ) is nonsingular
and

w =Vg(®)y +Vh(F)z,

yi=0, i€l T 4

(2.3) >w V. L& ia,0) w>0,
y,'éO, iGK,
(y,2)#0

where I = {i|g;(¥) <0} and K := {i|g:(x) =0, a; = 0}.

The geometric relationship between the primal and the dual second order sufficient
conditions is an interesting one. Let T be a tangent cone of the local primal constraint
surface at the point X induced by the second order optimality condition (2.2); that is,

(2.4) T = {d|Vg;(¥)"d =0, Vgx (¥)"d =0, Vi (x)"d = O}.
Then the polar cone of T, denoted by N and called the normal cone at %, is given by

(2.5) N:={wlw'd=0,VdeT}={w|w=Vg(&)y +Vh(%)z, y1 =0, yx =0}

Therefore, the primal second order sufficient condition merely says that the Hessian
VL (X, &, 0) is positive definite on the tangent cone T, while the dual second order
sufficient condition says that the inverse Hessian VL (%, d,5) " is positive definite
on the normal cone N. It will be shown in § 3 that for both conditions to hold it is
not only sufficient but also necessary that the Hessian V,L(%, &, 0) be positive
definite on the whole space R". We also note here that it was proved in [4] that the
tangent cone can also be expressed as

T ={d|Vf(x)"d =0, Vga(x)"d =0, VA (%)"d = 0},

where A = {i|g:(x)=0}=J UK ; that is, A is the index set of all active inequality
constraints at x. Consequently, the normal cone N can also be written as

N ={wlw =uVf(x)+Vg(x)y +VA(X)z,ya =0, y; =0}.

These expressions contain the gradient Vf (%) of the objective function and treat the
index sets J and K on an equal footing.
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We now justify Definition 2.1 by showing that the dual second order sufficient
condition given in this definition is equivalent to the one derived by applying McCor-
mick’s second order sufficient optimality condition directly to the dual pro-
gram (D).

THEOREM 2.2 (equivalence of dual second order sufficient optimality condition
to McCormick’s condition). If (x, &, 0) is a Karush—-Kuhn—Tucker triple of the primal
program (P) and if f, g and h are twice continuously differentiable at % then (X, i, 0)
is a Karush-Kuhn-Tucker point of the dual program (D) with the (n+m)-vector
(0, —g(x)) as its Lagrange multiplier. Furthermore, the vector (%, u,d,0,—g(x))
satisfies McCormick’s second order sufficient optimality condition for (D) if and only
if Vi.L(x, i, D) is nonsingular and condition (2.3) holds.

Proof. The first statement of the theorem follows immediately by direct
verification. Notice that the Lagrangian for the dual program (D) is given by

M(x,u,v,s,t)=Lx,u, v)+sTV.L(x,u, v)+tTu.

Let VM and V’M denote respectively the gradient and the Hessian of M with respect
to (x, u, v) only. Thus we have
VL (x, u, v)+ VL (x, u, v)s
VM (x,u,0,s,t)= gx)+Vg(x)Ts +t
h(x)+Vh(x)"s

Let § =0 and f = —g(x). Then it follows that
Vol (X, 4,7) Vg(x) Vh(X)
(2.6) VM (%, 4, 5,5, 0= Vg&E)T 0 0
Vh(x)" 0 0
Therefore, McCormick’s second order sufficient optimality condition 8], [2] for
problem (D) is that
VL(x, a4, 0)x +Vg(x)y +Vh(x)z =0,

X
en » 70 Gy VM 5,6,51) |y | <0,
yK= )
(x,y,2)#0 ¢

where as before the Hessian is with respect to (x, y, v) only,
I={ilg:(x)<0} and K :={ilg:(¥)=0,a =0}

By (2.6) and the equality on the left-hand-side of (2.7), the inequality on the right-hand
side of (2.7) is equivalent to xTV2L(%, i, 5)x >0. Hence condition (2.7) can be
expressed as follows:

VL%, @, 0)x +Vg(x)y +Vh(x)z =0,
yI = 0,

Yk = 0,

(x,y,2)#0

(2.8) >xTV,,L(x, d,d)x >0.

We claim now that condition (2.8) implies the nonsingularity of the Hessian
V..L (%, i, 7). Suppose it is not true. Then there exists a nonzero £ € R" such that
Vol (X, @, 0)X =0. Let (§,%) = (0,0). Then (£, 7, %) satisfies the conditions in the
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left-hand side of implication (2.8), and hence, by implication (2.8), we have
£TV . L(x, i, 5)% >0. This, however, contradicts V,.L (%, i, 7)£ = 0.

It now follows from the nonsingularity of V,.[ (X, 4, o) that the condition
(x, y,z)#0 in (2.8) can be replaced by (y, z) #0, because (y,z)=0 implies x =0.
Therefore, by defining w = -V, L(%, &, 0)x, condition (2.8) again can be rewritten
as

w=Vg(&)y +Vh(x)z,
= O, _
(2.9) yr >wIV L, i 5) " 'w>0,

yKéo,
(y,z)#0

which is condition (2.3) of our Definition 2.1.

Conversely, it is obvious that condition (2.9) and the nonsingularity of
VL (%, @, 0) imply (2.8) which is equivalent to McCormick’s condition (2.7). 0

It should be remarked here that because we used § =0 as a multiplier for the
dual problem (D) we were able to get away without assuming that f, g and h are
thrice differentiable at ¥ but merely twice differentiable.

It is important to note that unlike the situation for the primal problem, where
the second order sufficiency implication (2.2) holds automatically when V,,L(x, &, 0)
is positive definite, the second order sufficiency implication (2.3) for the dual problem
need not hold when V,L(%, i, ©) is positive definite because w =0 may satisfy the
conditions of the left-hand side of implication (2.3). However, under a slightly more
stringent version of the standard constraint qualification of nonlinear programming
[11], [9] we can show that positive definiteness of V,,L(%, &, ©) does indeed ensure
the satisfaction of the dual second order sufficiency implication (2.3) as follows.

THEOREM 2.3 (dual second order sufficiency under positive definiteness of the
Hessian of the Lagrangian). Let (X, u,0) be a Karush—-Kuhn—Tucker point of the
primal problem (P), let f, g and h be twice continuously differentiable at %, let
VL(X, @, 0) be positive definite and let the following primal constraint qualification
hold at x;

(2.10) Vhi(%),i=1,:-,q,Vgics(X), are linearly independent and there
’ exists ap € R" such that Vgg (i)Tp <0, Vg,(f)Tp =0,Vh (f)Tp =0.

Then the second order sufficiency implication (2.3) holds.

Proof. Let (w, y, z) satisfy the conditions of the left-hand side of implication (2.3).
If w # 0 then implication (2.3) holds because VL (%, i, © ) tis positive definite. We
now show that if w =0 we contradict the constraint qualification (2.10). If yx =0
then (y;,z)#0 and we contradict the linear independence of Vh;(xX),i=
1, +,4,Vgics(%). If yx # 0 then we have the contradiction

0=yxVex (%) p+y; Vg (%) p+2"Vh(%)p <0. a

Remark 2.4. It can be shown that the constraint qualification (2.10) implies the
standard constraint qualification of nonlinear programming [9 (Def. 11.3.5)],[11] and
(2.10) itself is implied by the often used [14], [10] linear independence assumption
of all the active constraint gradients: Vh;(x),i=1,"-,q, Vgica(X).

We now derive a second order necessary optimality condition for the dual problem
which, besides having a geometrically meaningful interpretation, will be useful in
characterizing simultaneous local solutions of the primal and dual problems. Recall
that McCormick’s second order necessary condition for the primal problem (P) is that
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the Hessian VL (%, a,7) be positive semidefinite on the cone {d |VgA()E)Td =
0, Vh(%)"d =0}, where A = {i|g;(¥) =0}. As expected, the second order necessary
condition for the dual problem (D) is that the inverse Hessian VL (X, ﬁ,ﬁ)_l be
positive semidefinite on the normal cone N defined in (2.5). We give this result below.
Note that, under our assumption of nonsingularity of the Hessian V,,L(X, i, ©), no
constraint qualification is required as is the case in McCormick’s second order necessary
condition.

THEOREM 2.5 (dual second order necessity). If (X, i, 7) is a local maximum
point of the dual program (D), if f, g and h are twice continuously differentiable at x,
and if the Hessian V,,L (X, i, 0) is nonsingular, then

w=Vg(x)y +Vh(x)z,
(2.11) yi=0,iel >wIV, Lx,u,v) 'w=0,
yi =0,1 ek

where I = {i|g;(¥) <0} and K = {i|g;(¥) =0 and i; = 0}.
Proof. Let vectors w, y and z be fixed vectors satisfying the conditions of the
left-hand side of (2.11). We consider the function F:R"*™*9*!1 5 R"*™*4 defined by

V.L(x, u,v)
Fx,u,v,t) = u—ua-—ty
v—0—1z

Clearly, we have F(%, @, §,0)=0. Furthermore, it follows from the nonsingularity
of V.. L(x,u, o) that the Jacobian V,, F(X, i, 0, 0) is also nonsingular. Hence, by
the implicit function theorem, ther exist a positive number ¢ and continuously
differentiable functions x (¢), u(¢) and v (¢) defined on (—e¢, €) such that x (0) = x, u(0) =
i, v(0)=10 and

(a) V.L(x(t), u(t),v(t)=0,
(2.12) (b) u(t)=u+ty,
() v(t)=7+1z.

Differentiating (2.12a) at ¢ =0, we get that
VLl (%, @, 0)x'(0)+ Vg (x)y +VA(X)z =0,
which implies, for w = Vg(%)y + VA (x)z, that
w ==V, L(x, i, 0)x'(0).

Let 6(t) = L(x(¢), u(t), v(t)). Notice that for sufficiently small ¢ [0, ) the vector
(x(t), u(®),v()) is feasible to the dual program (D) and hence 6(0)=6(¢) for all
sufficiently small nonnegative z. On the other hand, we have that

6'(0)=V,L(%, @, 5)x'(0)+gx) Ty +h(x)z=0.
Therefore it follows that §”(0) =0. By direct verification, we have that
6"(0)=—w"V, L%, d5) 'w.
Hence, the proof is complete. O

3. Characterization of simultaneous local solutions of the primal and dual
problems. In this section we characterize Karush-Kuhn-Tucker points of the primal
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problem that locally solve both the primal and dual programs simultaneously. We will
show that these points are essentially those Karush—-Kuhn-Tucker points at which the
Hessian of the Lagrangian with respect to the primal variables is positive definite. To
establish this we need a preliminary fundamental result, Theorem 3.1, which appears
to be an interesting linear algebra result in its own right. Related results have appeared
in [12].

THEOREM 3.1 (geometric characterization of positive definiteness of a nonsin-
gular matrix). The nonsingular symmetric matrix A in R"™" is positive definite if and
only if it is positive definite on some subspace of R"

S ={x|Bx =0}, whereBeR™",
and A™" is positive semidefinite on the orthogonal complement S* of S:
S*={yly=Bu}.

Proof. The “only if” part is obvious. The “if” part follows from the facts that
A +aB"B is positive definite for all positive a sufficiently large because A is positive
definite on S [3], [1], BA™'B” is positive semidefinite because A" is positive
semidefinite on S, and the Sherman-Morrison-Woodbury identity [13] is

A'=(A+aB™B) ' +aA'BT(I +aBA'BT)'BA". g

Other proofs of this interesting theorem are also possible. For example it can be
established by using an inertia theorem for partitioned matrices [6, p. 75]. In [5] a
projection induced by the inner product x "Ay is used to generalize the theorem by
replacing S by a closed convex cone in R". A referee has also given a proof of Theorem
3.1 by projecting a general point in R” on AS using the inner product xTA ™'y,

We remark here that the matrix A may not even be positive semidefinite when
A is positive definite on both the space S and its orthogonal complement S*. This
can be seen from the example:

— 1 -2 — 21 _
A [_2 1], S ={xeR"x,=0}.

We are now ready to present our characterization results.

THEOREM 3.2 (positive definiteness of Hessian of Lagrangian under primal
second order sufficiency (necessity) and dual second order necessity (sufficiency)). Let
(%, @, 0) be a Karush—-Kuhn-Tucker triple of the primal program (P) that satisfies the
strict complementarity condition: >0 whenever g;(X)=0, and let the Hessian
V.L(X, @i, ) be nonsingular. If (%, i, D) satisfies the primal second order sufficient
(necessary) optimality condition and the dual second order necessary (sufficient) optimal -
ity condition, then V,,L(X, i, 0) is positive definite.

Proof. Notice that when the strict complementarity condition holds, K is empty
and the tangent cone T defined in § 2 is a subspace and the normal cone N is its
orthogonal complement. When the primal second order sufficient (necessary) condition
is satisfied, the Hessian V,,L(X, &, 0) is positive definite (semidefinite) on 7. While,
when the dual second order necessary (sufficient) condition holds, the inverse Hessian
VoL (% a,5)" is positive semidefinite (definite) on N. Therefore, it follows from
Theorem 3.1 that the Hessian V,,L (%, &, ©) must be positive definite. 0

In light of the above theorem, it is natural to expect that the Hessian would be
positive semidefinite when both the primal and the dual second order necessary
conditions hold. Curiously this turns out not to be true as can be seen from the
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following example:
min  —xix,
s.t. X1= 0.

The vector £7 = (0, 1) together with & =1 constitute a Karush—-Kuhn-Tucker point.
Both the Hessian of the Lagrangian and its inverse are [% ']. We also have the
tangent space T = {x € R*|x, = 0} and the normal space N = {x € R*|x, = 0}. Therefore,
both the primal and the dual second order necessary conditions hold. But the matrix
[% ©]is not positive semidefinite.

The positive definiteness of the Hessian V,,L(x, @i, §) clearly implies the primal
second order sufficient condition. By Theorem 2.3 under the constraint qualification
(2.10), the positive definiteness of V,.L(X, &, 0) also implies the dual second order
sufficient optimality condition. Therefore, we have a converse to Theorem 3.2 which
extends and sharpens Luenberger’s local duality result [7].

THEOREM 3.3 (primal and dual second order sufficiency under positive definite-
ness of Hessian of Lagrangian and constraint qualification). Let X be a local minimum
point of (P) satisfying the constraint qualification (2.10), let f, g and h be twice con-
tinuously differentiable at ¥ and let (i, 0) be a Lagrange multiplier associated with
x. If VL(x,u,0) is positive definite then (%,u,0) satisfies both the primal and
the dual second order sufficient optimality conditions.
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REACHABILITY, OBSERVABILITY, AND REALIZABILITY OF
CONTINUOUS-TIME POSITIVE SYSTEMS*

YOSHITO OHTA,t HAJIME MAEDA+t AND SHINZO KODAMAT

Abstract. This paper discusses reachability, observability, and realizability of single-input, single-output
linear time-invariant systems, in which state variables and/or input (output) functions are restricted to be
nonnegative to reflect physical constraints frequently encountered in real systems. We define a set reachable
from the origin with nonnegative inputs, and also a set observable with nonnegative outputs. We investigate
geometrical structures of the sets through convex analysis, and a duality relation between them is established.
Next we consider positive realization of a given transfer function. Using the reachable set and the observable
set, we give a necessary and sufficient condition for positive realizability. An example is given to demonstrate
that a positive realizable transfer function does not in general have a jointly controllable and observable
positive realization.

Key words. positive systems, controllability, observability, positive realization, convex analysis

1. Introduction. This paper discusses the reachability, observability, and realiza-
bility of a class of linear time-invariant systems, in which state variables and/or the
input (output) are restricted to be nonnegative to reflect physical constraints frequently
encountered in real systems in engineering, medicine and economics. For example,
in tracer kinetics in medicine, state variables may represent concentrations of certain
tracer substances and therefore take nonnegative values; the input (output) corres-
ponds to the injected (measured) tracer substance and takes also nonnegative values.
In control problems of such systems, controllability and reachability with nonnegative
input is a natural as well as a fundamental question. With regard to controllability of
linear time-invariant systems with nonnegative inputs, several authors have studied
the complete-controllability problem. It is known that a necessary and sufficient
condition for complete controllability is that the system is complete-controllable in
the usual sense, and moreover the system eigenvalues have nonzero imaginary parts
[12] [3]. Complete observability with nonnegative outputs has been considered by
Brammer and Jacobson [4] [10] in which a duality relationship between complete
controllability and complete observability is established.

In this paper we deal with single-input, single-output linear time-invariant con-
tinuous-time systems. We first examine the reachable set from the origin with nonnega-
tive inputs. Specifically we investigate the geometrical structure through convex
analysis, and derive conditions which ensure that the reachable set is pointed or
n-dimensional. We define the observable set with nonnegative output as the set of
initial states which cause nonnegative zero-input responses. From this definition, it is
shown that there is a duality relation between the reachable set and the observable set.

In the above problems, state variables are not restricted to be nonnegative. In
connection with the nonnegativity restraints on state variables, a fundamental problem
is the positive realization problem. The problem is to find, from a given transfer
function, a state equation in which state variables and the output take nonnegative
values whenever initial states and inputs are nonnegative. If there is no nonnegativity
restriction, the problem is trivial; it is well known that every proper rational function
has a realization, and the minimal dimension of realizations coincides with the McMil-
lan degree of the transfer function. There is no guarantee that these properties hold

* Received by the editors June 2, 1982, and in revised form January 20, 1983. This work was supported
in part by the Grant in Aid for Scientific Research of the Ministry of Education, Science, and Culture of
Japan under Grant (C) 00555162 (1981).
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for the positive realization problem. Related problems have been investigated in [6]
for continuous systems, and in [7], [8], [9] for discrete time systems. In this paper,
we treat the positive realization problem with the aid of the reachable and the
observable set, and give a necessary and sufficient condition for positive realizability
in terms of these sets.

The format of the paper is as follows. In § 2, we define the reachable set and the
observable set, and establish a duality between them. With the aid of this duality, the
geometric structure of the sets are examined in detail. In § 3, we deal with the positive
realization problem, and give a necessary and sufficient condition for positive realizabil-
ity. An example is given to show that the minimal dimension is not necessarily equal
to the McMillan degree.

Throughout the paper, R, denotes the set of nonnegative real numbers, and R}
denotes the nonnegative orthant, the set of all nonnegative vectors in n-dimensional
Euclidean space R". Cone X denotes the smallest convex cone containing X, i.e., the
set consisting of all finite nonnegative linear combinations of elements of X. The dual
of X, X*, is defined by X*={y|x"y =0, Vx € X}. It is known that X* is a closed set
for any X, and X** = X holds if and only if X is a closed convex cone [2]. The closure
of X is denoted by cl X. The dimension of a convex cone X is that of the smallest
linear subspace containing X, i.e., that of X+(—~X). An n-dimensional convex cone
in R" is often called to be solid. A solid cone, by its definition, has a topological
interior point. A convex cone is said to be pointed if and only if x€eX and —x e X
together imply x = 0. A pointed and solid cone is called proper. It is known that the
notions of solidness and pointedness are dual in the sense that a closed convex cone
X < R" is solid if and only if X* is pointed [2].

2. Reachable set and observable set. Consider a single-input, single-output linear
time-invariant system

(2.1) X =Ax +bu, y =cx,
where AeR™", be R™!, ce R"".

Let R(A, b) be the set of all points to which the states are steered within finite
time from the origin by nonnegative inputs, i.e.,

(22 Ra=Ru(4,b)={x

t
x= I e " bu(r)dr,t=z0,u:R,>R,, integrable}.
(0]

It is well known that R, is a convex cone (not necessarily closed). We refer to the
reachable set R as

(2.3) R=R(A, b)=clR(A, b).
Let S be the set of initial states which cause the output to be nonnegative for all ¢ =0
ifu(t)=0,ie.,
(2.4) S=8(c, A)={x|ce*x =0,V =0}.
Note that S is a closed convex cone, and is called the observable set, since as will be
shown there is a duality between R and S.

To derive the duality and to obtain specific geometric features of the sets R and

S, we shall first characterize R in the following form.
LEMMA 1.

(2.5) R=clU,
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where
(2.6) U= Cone {x|x =e*p, t =0}

Proof. A proof is easily established by applying the standard continuity argument
and by considering the piecewise constant inputs which converge to Dirac delta
functions, and details are omitted here. 0O

From this, we can establish the following duality theorem.

THEOREM 1.

(2.7 R(A, b)*=8S(®", A"),
(2.8) S(c, A)*=R(AT,c").
Proof. Since R=R**, (2.8) follows from (2.7). Therefore we only verify (2.7).

R(A, b)* =[cl Cone {x|x = e™'b, t = 0}]*
={x|x =e™b, t = 0}*
={ylyTe*p =0, ¥Vt =0}
={y|6Te*"y =0, ¥t =0}
=87, A"). 0

In what follows, we shall investigate geometric structures of the reachable set R
and the observable set S in detail. The duality of Theorem 1 is fully used for establishing
the following theorems.

THEOREM 2. (i) R(A, b) is solid if and only if the pair (A, b) is controllable. (ii)
S(c, A) is pointed if and only if the pair (c, A) is observable.

Proof. By the duality of pointedness and solidness, and by Theorem 1, it suffices
to verify (ii). Suppose S is not pointed. Then there exists a nonzero x such that x €S
and —x €S, which implies ¢ e”*x =0 and ce™ (—x)=0, V¢ =0, and hence ¢ e*x =0,
Vt = 0. This shows that the pair (c, A) is not observable. Conversely, suppose the pair
(c, A) is not observable. Then there exists a nonzero x such that ¢ e*'x =0, V1 =0,
which implies x € S and —x €8, and hence S is not pointed. [J

By this result, we can get a geometric meaning of one of the conditions, i.e., the
rank condition, for complete controllability with nonnegative inputs derived by [12]
[3]. To get a geometric meaning of the other condition for complete controllability
with nonnegative inputs, i.e., the oscillatory condition, we further investigate the
geometric structure of R (S). We say that the maximal real eigenvalue y of A (set
vy = —0 if there is no real eigenvalue) is dominant if A has no eigenvalues in Re s >y
and if deg A; =deg y whenever Re A; =y, where deg A; i$ the multiplicity of eigenvalue
A; in the minimal polynomial of A.

THEOREM 3. (i) Let the pair (A, b) be controllable. Then R is pointed if and only
if A has at least one real eigenvalue and the maximal real eigenvalue is dominant. (ii)
Let the pair (c, A) be observable. Then S is solid if and only if A has at least one real
eigenvalue and the maximal real eigenvalue is dominant.

Proof. Necessity. Note that, by definition, R and S are invariant under e e,

(2.9) e*RcR,e*ScS forall =0,

and by hypothesis, R and § are proper. From [2, p. 6], it follows that e** (= 0) has
the maximal real eigenvalue which is equal to p(e?), the spectral radius of e? and
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the degree of an eigenvalue with modulus p(e™') is equal to or less than deg p(e®’).
Since the multiplicity of ¢ in the minimal polynomial of e** (¢ >0) is equal to that
of A; in the minimal polynomial of A, the necessity part follows.

Sufficiency. To complete the sufficiency part of Theorem 3, we only show the
sufficiency of (i) because of the duality theorem (Theorem 1). Suppose R is not pointed,
i.e., suppose there is a nonzero x such that x €R and —x € R. Then by Lemma 1,
there are sequences {x } and {x } converging to x and —x respectively, such that

(2.10) Xt = \:; £ exp(ArE)h,  af =0, (&=0.

We use the following modal decomposition of ¢’ [13, p. 307]:

(2.11) e=3% Y Yig e Z fi(e)

where m; =degA;, n' =Y.;_; m; is the degree of the minimal polynomial of A, M; are
real constant matrices, and f;(t) are functions of the following forms: ' exp (Ait),

t' exp (Re Ait) cos (Im Ait), ¢’ exp (Re Ait) sin (Im A;t); in particular f;(¢) =0 (¢ =0) if A,
is real. Noting that n = n' by controllability, and substituting (2.11) into (2.10), we have

(2.12) xi= % (% abfii)Mb= ¥ etiMp.
i=1 \r=1 i=1
Since M6 (i=1,--,n) are linearly independent by controllability, x has a
representation
(2.13) x= Y &Mb,

i=1

and it can be shown £; > £§ as k> oo, If A, is real then &%; =0 for all k, and hence
+&=0,i.e.,

(2.14) & =0 if A; is real.

If A; is a complex (not a real) eigenvalue, then |f;(¢)| =t exp (Re A;t) holds for all £ =0,
and either Re A; <y or Re A; =y with deg A; =deg y holds. From these facts, we can
show that, for each complex A, |¢;| is dominated by at least one of the ¢;’s corresponding
to the real eigenvalue A;, and hence

(2.15) & =0 if A; is complex.

From (2.14) and (2.15), it follows that x =0, which is a contradiction. O
From this theorem, we see that the proper cones R and $ are invariant under
if e* has a dominant (in modulus) eigenvalue. A related result was obtained in
[2, p. 8], where an invariant proper cone is constructed for A (not necessarily of the
form e*) by a different procedure.

By this theorem, we see that R is not pointed if either A has no real eigenvalue
or if the maximal real eigenvalue is not dominant. In such cases, the state of (2.1)
can be freely controlled along a linear subspace by nonnegative inputs. The following
theorem shows that the dimension of such a linear subspace in R is determined solely
by w, the index of A, defined by

At

(2.16) p=2 n+ Y (n,—m),

iely iely
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(summation over the empty set is considered to be zero), where n; is the multiplicity
of A; in the minimal polynomial of A, and in particular m is that of y, and

Li={i|ReA;>v}, L,={i|Re A,=v and n; >m}.

THEOREM 4. (i) If the pair (A, b) is controllable, then the dimension of the maximal
linear subspace contained in R is u. (ii) If the pair (c, A) is observable, then the dimension
of Sisn—u (uis the index of A).

Proof. For the proof of Theorem 4, we need the following.

LEMMA 2. Let X be a closed convex cone in R". Then the following two conditions
are equivalent. (i) The dimension of the maximal linear subspace contained in X is .
(ii) The dimension of X* isn—pu. .

Proof of Lemma 2. Note that XN (—X) is the maximal linear subspace contained
in X. Since (XN (-X))* =X*+(—X)*=X*+(—X*) [11, p. 146], and since the dual
operation is equivalent to the orthogonal operation when applied to a subspace, the
lemma follows. []

We now return to the proof of Theorem 4. By Lemma 2 and by the duality
theorem (Theorem 1), it suffices to show that (a) the dimension of S is not greater
than n —u and (b) R does not contain a linear subspace of dimension greater than wu.

(a) In the modal decomposition of ce™, (2.11), n-vectors cM;’s are linearly
independent because the pair (c, A) is observable. There are exactly u cM;’s such that
for the corresponding f;(t) either Re A; >+ holds or Re A; =y and the power of ¢ is
larger than m — 1. Hence if the dimension of § is greater than n —u, we can choose
x € S such that cMix # 0 where cM; is one of the cM;’s mentioned above. With this x,
ce®x = f(e){g(t)+h ()}, where f(£)>0 for t>0, g(¢) is an almost periodic function
with zero mean and is not identically zero, and A (¢) >0, as ¢ >00. As was shown in
[12], there is an instant ¢ such that ¢ e”*'x <0, a contradiction.

(b) If x e R and —x € R, then by a similar argument in the proof of Theorem 3,
we have & =0 for the expression x =Y, &M;b if A; is real, or if Re A; <4, or if
Re A; =y and the power of ¢ in f;(¢) is less than m. Thus x must be in the subspace
spanned by Mb’s, i € I, U I,. Since the maximal subspace in R must be contained in
this w-dimensional subspace, (b) follows. []

From Theorem 2 and Theorem 4, we see that the system is completely reachable
with nonnegative inputs, i.e. R=R", if and only if the pair (A, b) is controllable and
A is oscillatory (has no real eigenvalues), which was first obtained by [12]. Also we
may interpret the condition for complete observability with nonnegative outputs
proposed in [4] from the viewpoint of geometric features of S. For a single-output
system to be completely observable in the sense of [4], it is necessary and sufficient
that —S is {0}, since —S is the unobservable set in the sense of [4]. In fact, from
Theorem 2 and Theorem 4, —S = {0} holds if and only if the pair (c, A) is observable
and n —u =0, i.e., A has no real eigenvalues.

3. Positive realizability condition. In this section, we deal with the positive
realization problem through convex cone analysis; specifically we shall examine the
realizability condition via the reachable set and the observable set. A strictly proper
rational function & (s) is said to be positive realizable if there exist a matrix A with
nonnegative off-diagonal elements and nonnegative vectors b, ¢ such that

(3.1) H(s)=c(sI-A)'b.

Such a realization {A, b, c} is called the positive realization, since it yields nonnegative
state (and output) responses whenever initial states and inputs are nonnegative. More
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specifically, one can show that exp (A¢) =0 for all ¢ = 0 if and only if every off-diagonal
element is nonnegative [1, p. 172]. The realization problem of compartmental systems
is obviously in this category [6].

In usual realization problems without sign restriction, it is well known that any
proper rational function H (s) has a realization {F, g, &}, i.e.,

(3.2) Z=Fz+gu, y =hz,

such that the pair (F, g) is controllable, the pair (k, F') is observable and the dimension
of z is equal to the McMillan degree of )24 (s).

In what follows, we shall investigate the positive realization problem by using
triplet {F, g, h} rather than H (s).

Note that the impulse response function H (¢) of a positive realization is nonnega-
tive for all t =0, hence the condition

(3.3) H(t)=0, =0,

is necessary for )24 (s) to be positive realizable. One can show, from Lemma 1 and
a continuity argument, that (3.3) is equivalent to

(3.4) RcS,

where R and S are the reachable set and the observable set of (3.2) respectively. This
is a necessary condition but not in general sufficient one for positive realizability. A
necessary and sufficient condition will be given in a modified form of (3.4). To this
end, we first give further properties of R and S.

LemMA 3. R(A, b)=R(A+AL b), S(c, A) =S(c, A+AlI) for all real A.

Proof. This may be easily shown by definition of R and Theorem 1. [

THEOREM 5. Let H(s) be a strictly proper rational function of degree , and let
{F, g, h} be a minimal realization in the usual sense, i.e., H (s)=h(sI-F )7 ! [ where
{F, g, h} is jointly completely controllable and completely observable. Then H(s) is

AIms

/ ,&///,.- 0o
/ Re s

FIG. 1. Restricted area of eigenvalues of 3 X 3-matrices with nonnegative off-diagonal elements if the
maximal real eigenvalue is —1.
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positive realizable if and only if there exists a polyhedral convex cone P such that

(i) F+ALPcP for some A =0,

(i) RePcS.

Proof. Sufficiency. A polyhedral convex cone P can be expressed as P = PRY or
P = Cone {P} where P is an n XN matrix and {P} denotes the set consisting of the
column vectors of P. Since P is (F + Al)-invariant, there exists a nonnegative matrix
A satisfying (F +AIP = PA. Furthermore, from R =P it follows that g € P, and hence
there exists a nonnegative vector b € RY such that Pb =g. Finally, from P = § it follows
thath” e R(F hT)=S(h, F)* < P* and hence ¢ = hP € R™™" is a nonnegative vector.

Let A=A —AI; then A is an off-diagonally nonnegative matrix and FP = PA holds.
Thus
Ft Ft o i i i At
he®'g = h( 207—)1% h(; PA )b hp(z A'D)b=ce*s,

and hence {A, b, c} is a positive realization of H(s).

Necessity. Suppose {A, b, c} is a positive realization of H (s) of dimension N. Let
A =max{-a;(i=1,---,N), 0} where a;’s are the diagonal elements of A, and let
A=A+AMand F = F + AI Note that Aisa nonnegative matrix and both {A, b, c}and
{F, g, h} are the realizations of H (s —A ). Furthermore {F, g, h} is a minimal realization.
By Lemma 3, R(F, g) = R(F, g) and S(h, F) =S(h, F). Thus to prove the necessity, we
have only to show that there is a polyhedral convex cone P<= R" satisfying FP < P and
R(F, g) = P<S(h, F). By the well-known canonical decomposition theorem, {A, b, c} is
transformed into controllable part and observable part:

. (Am 0 )
TAT1=( ) Th = (b) T '=(c. 0),

Aba Abb bb
FT Ay, R
35 Aaaz( ), a=( ) a = T
(3.5) 0 A, b 0) ¢ (g" c2),

m=(7)

Let K= (Cone {T,})*, or K* = Cone {T,}. Since A is a nonnegative matrix, A,,K*=
Cone {A,,T,} = Cone {T,A} <= Cone {T,} = K*, i.e., K* is A .-invariant, and hence K is
AT -invariant. Since b, = T,b and b is a nonnegative vector, we have b, € K*. Similarly
from ¢,T, = c, we have ¢, e K** =K. Since K is a polyhedral convex cone, K can be
expressed as K= Cone {K} for some K e RN™N'. Let

p

*

(3.6) K= ( ) PeR™N, P=Cone{P}.
Then A, K< K, caeK, and b, cK* imply FPcP, geP, and 1" € P* respectively.
From FP<Pandg e P, wehavng eP(i=0,1, 2 <) ThuseF'g Yoo (£'/iNF! '8¢ P,
forallt=0. Hence R(F, g) = P. From FP < P, FTP* c P*. This, together with 47 € P¥,
implies (F")ATeP* (i=0,1,2, - -). Thus by the same argument, R(F", 1T) = P*.
Hence S(h, F)=R(F", h )*DP**—P 0

Remark 1. Whether or not H (s) is positive realizable does not depend on the
initial choice of minimal realization {F, g, 4} of H (s) since the minimal realization is
unique within a nonsingular transformation.
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Remark 2. The polyhedral cone satisfying (ii) is proper since R is solid and S is
pointed, and hence the edge vectors of P are unique within positive factors and the
renumbering. The number of edges gives the dimension of realization.

It seems difficult at the present stage to obtain a necessary and sufficient condition
for positive realizability in terms of the input-output function, say H (s) or the impulse
response H (¢). However, it is possible to give a partial answer. If R (or S) was a
polyhedral and R(S) was (F +Al)-invariant then the positive realizability condition
(i) and (ii) would be reduced to a simple condition (3.4). Unfortunately, although R
(S) is e™-invariant, they are not necessarily (F + AI)-invariant. The following lemma
gives a condition for R (S) to be (¥ + Al)-invariant.

LEMMA 4. Let P be a polyhedral cone in R" and F € R"*". Then ¢™P <P for any
t=0 if and only if (F+AI)P<P for some A =0.

Proof. We first show the sufficiency. We need only prove e "P < P for ¢ >0. Note
that if (F+AI)P<P for some A =0, then (F+nI)P<P for all n=A. Now let x e P
and deﬁne Xk =(I +Ft/k)*x. Then for sufﬁciently large k satisfying k/té)t, X =
(t/k) {F+(k/t)I} x € P. Hence limy.« xx =e’'x € P, which shows that e”P<P for
any ¢t >0. To prove the necess1ty, denote P=Cone {P}, PeR™N, P=(p1,* -+, pn),
P* =Cone {Q} Q eR"™, Q=(q1," - ,qn). Note that by the deﬁmtlon of dual cone
q, p, >O i= SN, j=1,--+, N’), and note also that, by assumption, a;(t)=
q; ep:i=0 (z = 1 N] 1,---,N'), hold for any t=0. By Taylor expansion,
we have a,,(t) q;pi +q, TFpit + O(t ) thus q, pi =0 implies q; Fp; = 0. Define A;; so that
A,, 0, if q,Fp,__O and /\,, = q,Fp,/q,p,, if quFp,-<0 and let A =max;;A;. Then
qf M +F)p;=0, i=1,---,N,j=1,---,N’), hold, hence (F+AI)P<P**=P. 0O

By Theorem 5 and by Lemma 4, we can obtain a positive realizability condition
when the degree of ja¢ (s) is two.

COROLLARY. Let H(s) be a strictly proper rational function of degree 2. H(s) is
positive realizable if and only if the impulse response function H (t) is nonnegative for
allt=0.

Proof. Let {F, g, h} be a jointly controllable and observable realization of H (s)
and R, S be its reachable and observable set, respectively. The condition that H (t) =0,
t =0, is equivalent to the condition R<S. R is a closed convex cone in R?, and hence
it is a polyhedral cone, being (F + Al )-invariant for some A =0 by Lemma 4. Regarding
R as P in Theorem 5, it follows that H (s) is positive realizable. O

‘When the degree of a transfer function is less than or equal to two, we know
that a positive realizable transfer function always has a jointly controllable and
observable positive realization. But if the degree is larger than two, i.e, deg H(s)z3,
then the minimal dimension of realizations is not necessarily equal to the degree of
A (s), as in the case of compartmental systems [6]. To illustrate this and to see how
Theorem S works out, we give an example.

Example. Consider

252 +7s+8
(s+1)(s*+4s+5)

H(s)=

whose poles are —1, —2 +j. It is remarked that H (s) does not have three-dimensional
positive realizations, since the eigenvalues of 3 x 3-matrices with nonnegative off-
diagonal elements are restricted in the area D ={s|Ims =[tan (7/6)](Res +1),
Im s = —[tan (7w/6)](Re s + 1)} [5].
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Let {F, g, h} be the controllable companion form of H(s), ie.,

0 1 0 0
F=[0 0 1), g=0], =8 7 2.
-5 -9 -5 1

Let A =2 and P=Cone {pl) P2, D3, P4}’ where pf = (—1’ 1’ 2)’ Pg = (_1’ 4’ 10)’ Pg =
(2,-2,-1) and p4T= (2,-5,11). Then (F+Al)p;eP (i=1,---,4), hence P is (F+
Al )-invariant. Moreover one can show e "'g € P,1=0,andh e"pi=0,t=0,i=1,---,4,
from which R=P<S. Thus by Theorem 5, H(s) has a positive realization. In fact,

-2 1 0 0 1
0 -2 1 0 0

A=\ 0 o o 1] t=lgp ;a1 0
1 0 0 -2 1

is a positive realization of H (s).

Remark 3. It should be emphasized that a positive realizable transfer function
does not in general have a jointly controllable and observable positive realization as
shown by this example; it means that the dimension greater than the McMillan degree
may be required for realization to satisfy the nonnegativity restraints.

Remark 4. At this stage, a systematic way to find a polyhedral cone satisfying
the condition of Theorem 5 is not known except in the two-dimensional case.

4. Conclusion. We have studied problems concerning reachability, observability,
and realizability for a class of single-input, single-output linear time-invariant systems
in which input (output) and/or state variables are restricted to be nonnegative. We
first introduced a reachable and an observable set and showed that there is a duality
relation between them in the sense that those two sets are dual cones each other.
Using this duality, we derived necessary and sufficient conditions for the reachable
set to be pointed or solid. We then derived a necessary and sufficient condition for
positive realizability in terms of these sets. Although it is preferable to derive realizabil-
ity conditions directly from an input-output relation, the problem remains an open
question.

5. Acknowledgment. The authors are grateful to the reviewer for valuable
comments.
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LOCAL STABILITY AND OPTIMALITY IN CONTINUOUS GAMES*
D. J. GATESt AND M. WESTCOTT*

Abstract. We study games with continuous payoff functions J;(oy, -, 0on), =1, -, N, where a
strategy for player i is to choose a real number o; and is pure. Small adjustments by coalitions and responses
by other coalitions are analyzed on the basis that one coalition may discipline another if the latter makes
an adjustment which is favorable to itself. This concept provides a natural definition for defensive coalitions
and for optimality based on a pair of coalitions which are both defensible. More general optimal states for
the whole game, under limited information conditions, contain all the well-known optima and are closely
related to the limiting states of an explicit time-dependent adjustment process. The optima are supported
by the data of Fouraker and Siegel and the sequences of adjustments in their experiments are clarified.

Key words. game theory, optimality, stability, coalition, adjustment process, Perron-Frobenius
theorem, competition, economic theory

1. Introduction. The extended optima for continuous games introduced by us
recently (Gates and Westcott (1981a, b, c¢), henceforth referred to as GW.I, GW.II
and GW.III respectively) were based on a new bargaining concept which was inter-
preted intuitively as discipline. Roughly speaking, this concept accounts for the ultimate
reduction in payoff that a player, who makes a payoff-increasing adjustment, may
suffer due to a subsequent joint adjustment by some coalition which excludes that
player, the joint adjustment restoring the payoft of that coalition. Four optima were
defined in terms of this concept and represent various information conditions. These
optima and an associated dynamical process' were designed to include the behavior
of players who are less sophisticated and less well informed than those usually
considered in game theory. They were aimed at modelling existing competition in
markets, rather than providing improved strategies for firms or modelling ideal
competition.

The new optima comprise sets of strategies which contain, and are relatively large
compared to, those of previous game-theory solutions. Consequently they include
specialized bargaining behavior, but are much easier to achieve in practice.

The new optima agree with the experimental results of Fouraker and Siegel
(1961) more satisfactorily than existing game theory solutions, and in particular
provide a simple and reasonable description of the adjustment sequence in the
experiments, as shown in GW.III.

The present paper extends the concept of discipline to include the possibility that
a coalition, rather than a player, might be disciplined by another coalition. This leads
to the concept of two balanced coalitions, which provides a new solution for a duopoly
game between those two coalitions within the n-person game. More general optima
are also defined and evaluated. The most significant set of optima defined in GW.],
called O, has a natural extension here, called Of, which is shown to essentially
coincide with O for an important class of games. Thus Of inherits the properties of
O established in GW.I and GW.II: principally, (i) it is given by a set of simple
constraints on the signs of the Jacobian determinant and principal minor determinants
of the payoff functions; (ii) it coincides with the set of solutions of some matrix

* Received by the editors October 1, 1982, and in revised form March 8, 1983.

+ Commonwealth Scientific and Industrial Research Organization, Division of Mathematics and Statis-
tics, Canberra, A.C.T., Australia.

! Gates, Rickard and Wilson (1977). See also Gates, Rickard and Wilson (1978) and Gates, Rickard
and Westcott (1981).
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equations for the payoff functions which in turn (iii) contain the equilibrium solutions
of the dynamical adjustment process of Gates et al. (1977), and (iv) it agrees with the
data of Fouraker and Siegel.

The results (ii) and (iii) are mathematically surprising, as pointed out after
Theorem 6, because the adjustment process involves no strategic concepts.

The results are stronger and deeper for O%, and require rather different methods
of proof. In particular, the Perron-Frobenius theorem for positive matrices now,
surprisingly, plays a fundamental role in the determination of the set OF. Normally
this deep and powerful theorem is relevant only to dynamic models or asymptotic
results, so that our application of the theorem offers new insights into optimality. We
emphasize that these results are not minor generalizations of Gates and Westcott
(1981a, b, c). By analogy, the results of Lucas (1966) and Owen (1968) on (N—1)-
person coalitions do not generalize in a minor way to general coalitions.

To further motivate these developments, we consider experiment 10 of Fouraker
and Siegel which involves a quantity variation duopoly with complete information.
The payoffs were

(1.1) Ji(o1,02)=0.040,(60 — 01— 02), i=1,2,

which were known, in effect, to both players from tables of the functions. There were
16 pairs of players and 25 transactions between every pair. The quantity choices
(01, 02) for all 400 transactions are plotted on Fig. 1: here the size of dot indicates

60

30

0 30 - 60
FiG. 1

the number of times the point occurs. We have superimposed all the data because
this reveals properties of the ‘“‘average behavior” of players which are not so clear
from data on individual transactions or individual players. Outputs were confined by
law to integer values 8,9, - - -, 32 and hence to the square in Fig. 1.

The well-known game theory solutions—or ‘‘presolutions”’—the Pareto optima,
Edgeworth contract curve, imputations, core, stable set, bargaining set, nucleolis,
kernel, cooperative solutions of von Neumann and Morgenstern with or without side
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payments—Ilie on the line
1.2) o1+o2=30.

The efficient point, and the threat solutions of Nash with and without side payments,
lie on the line

(13) 0'1+02=60.
The Cournot solution is the point
(1.4) o1=0,=20.

The inadequacy of all these solutions in explaining the spread of points in Fig. 1 is
evident, and a little analysis (GW.III) supports this observation.

Although this is a complete information game, rather few players seem to have
used the information, so that our limited information optima are appropriate. Perhaps
the players were confused by the sheer volume of information, as concluded by
Fouraker and Siegel. Our extended optima comprise two triangles,

{0'1+02§30,0'1+20'2§60, 201+0’2§60} and

(1.5)
{o14+02:=60,0,+20,=60,20,+0,=60}.

The agreement with the data in Fig. 1 is fairly clear and a statistical comparison
(GW.III) confirms this. GW.III also shows that several alternative theories are less
satisfactory in explaining the data. Similar conclusions can be drawn for the other
quantity variation experiments of Fouraker and Siegel which include triopoly games.
The latter admit the possibility that a coalition of 2 players be disciplined by the third,
so that a more complete analysis of such games involves the developments in this paper.

Our work makes little contact with popular developments in N-person game
theory, which largely concentrate on discrete games in characteristic function form
inspired by the early, celebrated work of von Neumann and Morgenstern. Thus the
analytical richness of pure, continuous games has been largely overlooked. Solution
concepts such as the bargaining set (Aumann and Maschler (1964)) degenerate into
less interesting sets, such as (1.2), in the continuous case and comprise much smaller
sets than our extended optima.

Popular solution concepts are more restrictive than Pareto optima, and arose
from various philosophical considerations. To quote Aubin (1979, p. 293), “Since our
aim is to devise procedures yielding as small a subset of strategies as possible, the
problem of selecting Pareto strategies arises.” In our case, the data demand an
extension or weakening of the Pareto concept. In fact our aims are rather different
from much of mainstream game theory epitomized by Jones (1980, p. 16): “The
question asked by a game theorist is very different. It is: what would each player do,
if all the players were doing as well for themselves as they possibly could.”” By contrast,
we are more interested in asking, “‘What do real competitors do, and why?”’. A similar
point of view has been taken by Case (1979) and others.

There are. numerous dynamical models in the literature, most of them artificially
contrived to achieve a particular equilibrium solution, such as the models of Stearns
(1968), Billera (1972) and Kalai, Maschler and Owen (1975) whose equilibria are
bargaining sets. These models have little resemblance to ours. In our case the dynamics
(Gates et al. (1977)) came first and were based on a realistic adjustment process
(Weinberg (1961)). The extended optima arose from attempts to characterize the
resulting equilibrium.



184 D. J. GATES AND M. WESTCOTT

Section 2 gives definitions and basic results for the discipline concept. Section 3
discusses the resulting extended optima for general payoffs. Section 4 relates these
optima to the time-dependent adjustment process mentioned above. Section 5 gives
a more complete description of the optima for an important class of payoffs; § 6
discusses alternative definitions of discipline, and the remaining sections contain proofs
of theorems.

Our sharpest results and consequently those most relevant in applications, such
as Fouraker and Siegel (1960), are contained in § 5.

2. Discipline and balanced coalitions. We consider general games in strategic
form among N players, where player i’s strategy is to choose a real number o,
receiving a payoff J;(¢), where ¢ = (o1, '+, on). The J; are assumed continuously
differentiable with respect to each o; and not constant in any neighborhood of any
point . The set of all players {1, - - - , N} will be denoted by A.

For nonnegative o, this game is equivalent to quantity variation competition
among N firms where o; and J; are the output and profit respectively of firm i. We
normally think of outputs and profits as applying to one business period (a month
perhaps) while adjustments—small changes in o;’s—are made at the beginning of each
business period.

We consider only pure strategies @ since we are aiming at modelling existing
competition among firms. Although there may be random elements in the behavior
of firms, we know of no examples where firms deliberately randomize their activities
for strategic advantages of the game-theory type. Besides this, we have no need, in
our case, for the mathematical tractability endowed on discrete games by the introduc-
tion of mixed strategies. Mixed strategies are clearly artificial, as pointed out by their
inventor von Neumann (1928).

We assume that payoffs are not transferrable among players so that side payments
in the economics context are excluded. This is the case in the experiments of Fouraker
and Siegel.

For any set S < A, let Js be the vector with components J;(i € S), and €5 be the
N-vector with components ¢;(i€S) and 0 elsewhere. Throughout this paper,
inequalities between vectors and matrices are taken to hold componentwise.

DEeFINITION 2.1. The game is said to be in state & when the strategies are o.

DEFINITION 2.2. A coalition is a subset of A.

DEeFINITION 2.3. In state o, coalition B is said to be disciplinable by coalition
C, where CNB =, if

(2.1) Ji(o+ep)<Ji(o) foratleastoneicB

for every sufficiently small €5 # 0; or if, for every sufficiently small €5 # 0, such that
2.2) Js(o+ep)=dp(0),

with strict inequality in at least one component, there exists ec # 0 such that

(2.3) Jp(oteptec)=Ix(0),

with strict inequality in at least one component,

2.4) Je(o+egtec)=Jc(o),

and ec > 0 as max;.g¢; > 0.
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In other words, a small adjustment by players in B either results directly in a
reduction in payoff for at least one of them or can be countered by coalition C from
the other players whose members can restore their original payoffs and leave no player
in B with a net gain in payoff and at least one player in B with a net reduction in
payoff. We denote the set of such states & by Dp . It is a direct extension of the case
B ={i}in GW.L

Note that (2.1) is just the statement that o is Pareto optimal for the coalition B.
Thus (2.2) to (2.4) are a natural extension of this familiar type of optimality. Actually
(2.1) is mathematically redundant but we include it for clarity.

One might argue that it would be more natural to allow C to ‘“at least restore
its payoff”, i.e. to admit the possibility of gains in payoffs for C. Such a definition is
in fact less useful, as shown in § 6.

Our notion of players forming a defensive coalition seems to be new in game
theory. Previously, coalitions which give a benefit to the partners have been widely
studied following the basic work of J. von Neumann and O. Morgenstern. The work
of Vickrey (1959) involves some defensive or “policing” notions, but there is no
technical similarity.

If C is also disciplinable by B there is a deadlock in which neither coalition can
safely make payoff-increasing adjustments. Thus adjustments would tend not to be
made, resulting in a kind of stable state or optimum, with states comprising a set

(2.5) Opc=0c¢p=Dgc NDcp.

In such a state both coalitions are protected by their disciplining power, that is, they
are both defendable. We refer to them as balanced coalitions. For unsophisticated
players (as in the Fouraker and Siegel experiments) or players with inadequate
information, each coalition can be held in Op ¢ over successive transactions through
being accidentally disciplined by the others for unfavorable adjustments, just as players
are attracted to O, in Fig. 1.

We now look for conditions for disciplinability which are 1ndependent of the ¢’s
and §’s. Let

Ji=—, ,jEA.
i a0, L]

For S, T < A, let Jor denote the matrix of the elements J;, i € S, j € T, while det (Jss) =
As. Thus A; =J; while A, is the determinant of the whole J; matrix. Let |S | denote
the cardinality of S.

Define

Q=1Ips—JpcJccJcat s,
provided the inverses exist, where Igp is the |B| x|B| unit matrix. Finally, 0 represents
a zero vector or matrix throughout, with dimensions clear from context.
THEOREM 1. (a) If ¢ € Dpthen AgAc =0 or

(2.6) AgAc#0 and Q<0.

(b) If (2.6) holds then o€ Dg .
(A proof is given in § 7.)
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CoroLLARY 1.1, If B ={i},
(26) = AiACACUi <0.
The corollary follows from the general result

Apuc
AgAc

(Rao (1973, p. 32, Ex. 2.4)). It is proved, by a rather different method, in GW.I.

We note here that, in general, (2.6) implies nothing about sgn (Agy¢); in particular
it can be zero or nonzero. When |B|= 1, Corollary 1.1 shows that more can be said,
and further examples may be found in Theorems 3 and 7.

Ideally one would like a one-to-one characterization of Dp ¢ in terms of the J’s,
but such a characterization would be extremely cumbersome in the ensuing applications
(one would need to continually keep account of the vanishing of higher-order deriva-
tives of the J;’s). The set where AgAc = 0 which is not wholly identified with Dg ¢ has,
in any case, dimension <N.

With this limitation we therefore have explicit algebraic constraints on the J;’s
and hence on o, defining D . Theorem 7 below gives more explicit conditions for
an important class of J;’s.

To sidestep this limitation and emphasize the central role of (2.6), we follow
GW.I in introducing weak and strong versions of Dp c.

DEFINITION 2.4, Coalition B is said to be weakly disciplinable by C if AgAc =0
or AgAc #0 and Q <0.

DerINITION 2.5. Coalition B is said to be strongly disciplinable by C if AgAc #0
and Q <0.

Because of Corollary 1.1, these definitions agree with those of GW.I when B = {i}.
The corresponding sets of states o are denoted by Dgfc and Df;,c, so that

detQ =

(27) Dlsg,c.gDB,c QD‘.?,/(;.
We also define
(2.8) Opc=DgcND&.

Typically, D} consists of D, ¢ and its boundary points, which gives added appeal
to the notion of weak discipline. Similarly, D} ¢ usually comprises Dy c without its
boundary points. Unfortunately, this correspondence is not always valid, as shown in
GW.I. We can, however, equate Dﬁ,c to a set of linear constraints.

THEOREM 2. o € D3 ¢ if and only if, given any |B|-vector p. =0, p 20, with which
there is associated a unique |B|-vector ag defined by

(2.9) Jepap = W,
there exists a unique |C|-vector ac such that
(2.10) Jeg*B +Jpcoc <0,

(211) ]BC“B +Jcc°‘c=0.
(A proof is given in § 8.)
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Despite this pleasing equivalence, it turns out that weak discipline is the more
useful concept. This will become especially apparent when we meet the generalized
optima in the next section; for the present, we give one property of D g c.

THEOREM 3. Forany C<AandieA—-C,

w w
DC,i e D,;C.

(The theorem is proved in § 9.)
COROLLARY 3.1.

w w
OC,i = Di,C-

Theorem 3 is an extension of the property

for N =2, proved by Gates et al. (1977). It describes the limited power of an individual ;
a single player who has power to discipline a coalition is automatically subject to the
discipline of that coalition.

Corollary 3.1 follows directly from Theorem 3 and (2.7) and identifies O;¢ with
the set {AiACACUi = 0}

3. The generalized optima. In GW.I we introduced four new optima based on
the concept of discipline. They all have natural analogues in the present setting.
However, since almost all our results concern the least restrictive optimum (Type I),
we state formal definitions and properties only for this type. The other types are
briefly defined as they occur.

DEFINITION 3.1. A state o is a generalized type 1 optimum if at least one coalition
can be disciplined by another.

One can see that idealized players in a bargaining situation, knowing only that
o is type I, would be reluctant to make adjustments. Each coalition (including the
single players) settles for this optimum in order to avoid the risk that it might be the
susceptible coalition.

Such states are “optimal” only in the weak sense that every coalition is getting
the best it can expect (locally) without risking what it has. The concept is perhaps
somewhere between conventional ‘“stability” (in a kinetic sense) and traditonal “opti-
mality”’.

Unsophisticated or inadequately informed players can be attracted to generalized
type I optima through accidental discipline, as described for Op c.

The other types of optima are more appropriate when players have more informa-
tion (see the discussion in GW.I).

We denote the set of states o corresponding to a generalized type I optimum by
Of, so that

3.1 of=U Dg,c.
CcA

BcA-C
Similarly there is a set of weak generalized type 1 optima OF", defined by

(3.2) or'Y=U U D¥¢

C<A BSA-C

we shall not be concerned with the strong version in this paper. It follows from (2.7)
that

(3.3) o cof".
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Further, the type I and weak type I optima of GW.I, defined as in (3.1), (3.2) only
for |B| =1, clearly satisfy

(3.4 0,c 0¥, oYcor".

An important property of the weak and weak generalized type I optima is their
connection with the adjustment process of Gates et al. (1977). This is covered in §§ 4
and 5 of the paper. We now give a few other properties of the new optima. Let PO’
denote the set of ¢’s which are Pareto optimal and for which rank (J,,)=N —1. It
is clear that

Of=0, Of"=0! forN=2.
THEOREM 4. (a) For N =3,
orV=o0/.

(b) The Cournot and PO’ optima belong to OF.
(c) The Cournot and Pareto optima belong to oF%.
Proof. The proof of part (a) follows from the observation that, for N =3,

of=0, 0f=0! forN=2.

together with Theorem 3. To prove (b), note that GW.I (Theorem 4) proved that the
Cournot and PO’ optima belong to O; and use (3.4). Since the Cournot and Pareto
optima belong to Oy (GW.1, Theorem 3), (3.4) also establishes (c).

Note that there are a number of explicit results about O" for N =2 and 3 in
GW.II, which transfer directly to the generalized optima by Theorem 4(a) and the
remark preceding it. In particular, (a) shows that, in a 3-player game, weak generalized
optimality is determined entirely by the susceptibility of individual players to discipline.
This equivalence of 0/ and Of " does not extend to N >3.

Parts (b) and (c) relate the new generalized optima to the traditional optima of
game theory, (b) being the deeper result. Note that the points ¢ which are Pareto
optimal but not in PO’ have relatively zero measure, since they belong to the sets
where A,_; =0 for at least one i, which have an (N —2)-dimensional intersection with
the set of Pareto optimal states, where A, = 0. For example, they comprise only points
in the 2-player case.

4. Equilibrium states of an adjustment process. In Gates et al. (1977) (see also
GW.II) an explicit dynamic adjustment process of the form

(4.1) o(t+1)=F(o(1),0Q2), -, 0(1))
was analyzed. Here o(¢) denotes the strategies chosen by the N players at time ¢, or
transaction ¢, where t =1, 2, - - - . In this process each player attempted to maximize

a least squares estimate of his payoff function which he constructed entirely from his
past o;’s and payoffs. Thus each player had no direct knowledge (or made no use) of
the payoff functions J;(o) (even his own) nor of the o;’s chosen nor payoffs received
by his competitors. The process models an accounting procedure actually used by
small firms (see for example Weinberg (1961)).

The main result of Gates et al. (1977) was to prove for a substantial class of
functions J;(o) that any equilibrium solution (i.e. limiting solution as - ) of (3.1)
satisfies the condition:

There exists a nonzero, positive semidefinite, symmetric matrix A; such that
(4.2) Y A;J;=0 forallieA.

jeA
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Thus it was proved that the set E of equilibrium states & of (4.1) belongs to the set
M of states o defined by (4.2):

4.3) EcM.

Some exact solutions of (4.1) were obtained. A numerical study of (4.1) also strongly
indicated that E = M for N = 2. Further numerical study in GW.II likewise indicated
that E =M for N =3. Convergence properties of a special case of (4.1) were derived
in Gates et al. (1978), (1981), but the general case of (4.1) is unresolved.

In GW.I (Thm. 5) we provided a link between M and the weak optima, namely

(4.4) o' eM,

so that the numerical studies mentioned above suggest the relation Of' = E. We can
now establish the following much deeper result.
THEOREM 5.

(4.5) oV M.

The proof, given in § 10, requires the Perron-Frobenius theorem applied to the
positive matrix (—Q). Theorem 5, of course, implies (4.4) via (3.4), and it also suggests
that OFY c E, i.e. all weak generalized optimum states are equilibrium states. Such
relationships are discussed further after Theorem 6 in the next section.

While (4.2) defines M precisely it is very inexplicit, and Theorem 5 does not help
in providing an exact delineation. It is known (Gates et al. (1977, Thm. 2)) that, for
N =2, M is equivalent to the condition

(4.6) A1AAL=0

involving only the J;;’s; that is, M = O { and hence, by Theorem 4(a), M = O, For
general payoff functions no similar result is available if N >2, though there are some
useful but incomplete constraints on M given in Theorems 7 and 8 of GW.1. However,
for an important class of payoff functions (see (5.1) following), the identity M = OF"
continues to hold, and this is the content of the next section.

5. A class of payoff functions. Following GW.II we shall consider payoftf functions
of the form

(51) Jc(a)::fl{cru ¢(0)}’ i= 13 co, N

They generalize widely studied models of competing firms in quantity-variation
markets without product differentiation, which assume

J,~(0‘)=0’,<z5(0')—C,~(cr,~), i=1a"'aN'

In these formulae, ¢ is the common price per unit of output ¢; and C; is the cost to
firm i of producing o;. Results much stronger than the preceding can be obtained for
payoffs of the form (5.1).

THEOREM 6. For J; of the form (5.1), and for all N,

(5.2) of¥=0!"=M.
Proof. The theorem follows from Theorem 5 and (3.4), which give
(5.3) ocotVeMm,

together with Theorem 1 of GW.II which states that, for these J;,
(5.4) o =M.
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Since E <M we have E < Of", although this is weaker than the known result
E < OY", which states that every equlllbrlum state of the adjustment process outlined
in § 4 is a generalized optimum. This is remarkable because identification by players
of a state in OF" requires at least a knowledge of all the payoff functions, while
players can arrive at a state in E without such knowledge. There is presumably a
hidden learning process implied by the adjustment process, but we are unable to
clarify this. It does, however, support the kind of belief, which is common in much
of economic theory, that firms acting independently with no knowledge of the profit
functions can arrive at an optimal solution of the underlying market game (Day
(1975)).

Note that if the conjecture E =M mentloned in §4 is valid, then for payoft
functions of the form (5.1) we have OF" = 0" =E, that is, complete identification
of the equilibria with weak optima.

COROLLARY 6.1. For J; of the form (5.1) and N =3,

(5.5) of% =0 Uom,

where

(5.6) oy =iL€JAD,.,WA_,~

and

(5.7) om=Nn U D
ieA CcA—i

Proof. The corollary is an immediate consequence of Theorem 6 and Theorem
2 of GW.II which states that O]" = Off UOJji for N =3. The corollary shows that
although OF"Y includes all weak disciplining sets for N = 3, it nevertheless contains
no more than those states where either (O}7) at least one player can be weakly
disciplined by all the rest or (O) every player can be weakly disciplined.

Another bonus of Theorem 6 is that it completely identifies M, for this class of
J;, since Theorem 4 of GW.II provides an explicit description of 0! in terms of
constraints on the y,’s defined in (5.8) below. This description is also valid for oF” o
of course. In GW.II we derived this description from another explicit formula for D¢
in terms of the y; and it is of interest to provide an analogous result for DYec.

We define the new variables

(5.8) y,-=—hé—<.bi, i=1,---,N,

for g; # 0, where
8i(@)=Gio, ¢ (o)},  hi(o)=Ho, ¢(0)},

$i(o )—""“"), Gi(u,v)="f“g#b;”), Hi(w, v)

(]

(5.9)
_ dfi(u, v)
T

and f; and ¢ are the functions defining J; in (5.1). In (GW.II, Thm. 3) we showed that
D¢ is essentially equivalent to the condition

(5.10) 1-y)(A-yc)1-ycui) =0,
where

(5.11) yce=2X yj
JjES
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This simple form makes the optimum O7" relatively simple to specify in the y-space
rather than the o-space (GW.II, Thm. 4). To deal with D ,‘;‘,’ c we define
I's={0:g#0VjeS}
and
Zis={0:8=0,h¢;#0(i€S), g #0VjeS—i}

with the remaining set of ¢’s conditioning g; and h;¢; for j € S denoted by Es(S < A).
We write E = Eg U Ec and E for its complement.
THEOREM 7. For J; of the form (5.1), D:{c is the union of E and the following
disjoint sets:
(i) those o€ (Tg UT¢)NE for which either (1—yg)(1—yc)=0 or

Yiyc
(1-ys)1—yc)

gig]¢l¢f>0 Vi,jGB, l;é]a

>1 VieB,
(5.12) and

(ii) those @€ (T NUiecc Zi.c) N E for which either (1—yg) =0 or

<1 vies,
1-yg

g8igdp; >0 Vi,jeB, i#j;

(5.13) and

(iii) those o € (Tc NUkep Zi.s) NE for which either (1—yc) =0 or
(1-yc)<0 and |B| =1.

(A proof is given in § 11.) Although this description may appear formidable, it
is effectively (i) plus constraints which apply only to a set of zero N -dimensional
measure in the @-space.

The theorem provides a relatively simple explicit specification of the set O Bc of
(2.8) where B and C are balanced. It also in principle specifies OF " via (3.2), though
of course we already know this specification through oY

Some observations on Theorem 7 follow.

(a) If |B|=1, say B ={i}, then (i)=A;AcAcu;i=0, (i)=1-y;=0, and (iii))=
1—yc =0 and E = Ey;, which is GW.II [Thm. 3].

(b) In many applications ¢; and ¢; will have the same sign (cf. (1.1)), in which
cases g;g;d:¢; > 0 reduces to g;g; > 0. This in turn is always satisfied by payoffs like (1.1).

(c) The first condition in (5.12) implies the constraint

ApAcApuc <1-|B|=0;

to prove this, sum the inequalities over i € B as in the proof of Theorem 3. Thus there
is a definite connection between the Q <0 part of the definition of Dgf c and the
“naive” generalization of D¢ to AgAcApyc=0. Unfortunately, this connection
appears to have few applications. Note that the proof of Theorem 3 shows that this
implication is true for arbitrary J; when |C|=1.

(d) It is easy to see that D3 ¢ is specified precisely by the “or” parts of (i)—(iii)
of the theorem.
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6. Alternative definitions of Dpc. As mentioned in § 2, an alternative to Dpc
which might appear more natural is the set Dp ¢ defined like Dp c except that (2.4) is
replaced by

(6.1) Je(o+teg+ec)=c (o).

For such states, C can discipline B and at least restore its own payoffs. However, we
shall show below that, perhaps paradoxically, EB,C is in fact less conceptually attractive,
and less mathematically and practically relevant, than Dg c.

First, ljg,c is less relevant in practice because the optima derived from it do not
share the properties of OF" which are central to this work. In particular, they do
not agree so well with the data of Fouraker and Siegel nor coincide with the set M
defining the equilibrium states of our dynamical model. To see this, note that the set
of type I optimum points based on Dy must at least contain OF ", and hence, for J;
of the form (5.1), must contain M as well. That the inclusion is strict follows from
Theorem 10 below, and it can be easily examined directly in simple cases. For example,
for J; of the form (1.1) (i =1, 2) the set OF" is given by (1.5), while the set of type
I optima based on Djg ¢ includes the region {o-; + o, =30} as well.

Second, there is a trio of mathematical results which supports the theoretical and
conceptual attractiveness of Dg c. In all three theorems, we assume AgAc # 0 for ease
of presentation; the conclusions still apply almost everywhere in N -space. The proofs
arein § 12.

THEOREM 8. If 0 € Dgcand AgAc #0, then (2.1), (2.2), (2.3) and

(6.2) Je(o+eg+ec)>Tc (o)

apply for some €c differing from that in the Dg c definition.

Thus if C can discipline B in our original sense, it can also benefit while disciplining
B. This shows the apparent extra flexibility in D ¢ is unnecessary.

THEOREM 9. Suppose o € Dg c, AgAc # 0 and there exist €5 and €c such that

(6.3) Jp(o+ep)=dp(o),
with strict inequality in at least one component, and
(6.4) Je(otepgtec)=Ic(o)
for sufficiently small €, €. Then necessarily

(6.5) Je(o+eg+ec)<Ig(o).

Thus C need only restore its payoffs, in response to a payoff-increasing adjustment
by B, in order to be certain that it will strictly discipline B. In a game with limited
information, this gives extra security to C and consequently stability to OF. Again,
this shows that our original definition is conceptually and mathematically adequate.

THEOREM 10. If 0 € Dg,c —Dp,c and AgAc #0 then for any €p such that

Ip(o+ep)=dp(0),
with strict inequality in at least one component, there exists €c such that
J(oc+eg+ec)>J (o) foratleastoneicB
and

Jo(o+eg+ec)=Jc (o).
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Thus states & in D ¢ but notin D ¢ have the undesirable property that restoration
of payoff by C does not guarantee that it has disciplined B. This can easily be checked
directly for the example of § 1, when the region Dg c —Dp ¢ is {01+ 0> =30}.

Less radical alternative definitions can also be derived by modifying the other
inequalities in the definition of Dp . For example, (2.3) could either have a strict <
in all components or permit equality in all components. These would lead to new D’s
and Oy’s which bracket Dg and Of. Further, various intermediate steps between
Dgcand D p.c in the proof of Theorem 1, involving linear equations like (2.9)-(2.11),
could be considered as definitions, though these would not be as intuitively appealing.
However, it is worth noting that, on the set AgAc # 0, all these definitions will coincide,
by Theorem 1, since then Dﬁ,c =D ;‘f c That is, all these definitions agree almost
everywhere in N-space, so we can reasonably take whichever we find most natural.
From all points of view, we feel this is Dg c.

7. Proof of Theorem 1. From the definition of Dp ¢ there are two possibilities.
One is that (2.1) holds, so that Ag = 0 (see for example GW.I [Thm. 3]), in agreement
with Theorem 1. The other is that (2.2), (2.3) and (2.4) hold. Let a5 denote a real-valued
|S|-vector. Then for any ag # 0 such that

(7.1) Jepog =0
there exists ac # 0 such that

(7.2) Jegog +Jgcoc =0,
(7.3) Jegog +Jccoc =0.

If either of Ag or Ac is zero then Theorem 1 is satisfied. If both are nonzero then
inequalities (7.1) and (7.2) must be strict and J g, J c must exist. From (7.3) we have

(7.4) ac=JctJcpap
which reduces (7.2) to

(7.5) (Uss —Jsdl cilcp)as <O0.
Putting

(7.6) p=Jpgop >0
reduces this to

(7.7) (Isp —Jscd ccJcsd ) <0

for any p >0, since ap is arbitrary subject to the positivity of w. It is clear from (7.7)
that Q can have no nonnegative elements, which completes the proof of (a).

Conversely, suppose that (2.6) holds. Given any w >0 define ez by (7.6) and e
by (7.4). Then (7.1) with strict inequality and (7.3) are recovered, while Q < 0 implies
(7.7), which in turn implies (7.2) with strict inequality. The statements (2.2) to (2.4)
defining Dpc are then deduced from the implicit function theorem following the
argument in GW.I [Thm. 1). This completes the proof of (b).

8. Proof of Theorem 2. The implication from o€ D c to the linear equations
is effectively proved in the course of proving Theorem 1(b); the uniqueness of ag,
ac comes directly from Ag and Ac nonzero. Conversely, if (2.9)-(2.11) hold, the
uniqueness assumptions imply Ag and Ac are nonzero and then the argument in
Theorem 1(a) proves that (2.6) holds, that is, ¢ € D c.
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9. Proof of Theorem 3. Take C = A—i. Suppose o€ D&; and AcA; = 0; then,
automatically o € D ,“é Otherwise, Q is well defined and

9.1) Q= {AcAdcc —[Jullcof T3 Th,

AcA

where J5 is the (a, b)th element of Jcuicui omitting row ¢ and column d, cof
denotes cofactor and j and k run over C in the [ ] matrices.
Now [JiJu Jlcof J& ] has (j, k)th element

9.2) J; z Jy cof J§7.

But
cof J§ = (=1)"**! cof J i,

so (9.2) becomes

9.3) J; z Jy cof JYP (=1) %1 = J(=1) ¥ (=1)** cof Jiy =—J; cof Ty
J J

So from (9.1) and (9.3)

X

Q=1

where X =[x;] and, for j, k € C,
Yo = {Jii cof Ji; +Jj; cof J; (j=k),
%=y cof T (j #k).

Since 0 € D&; and AcA; # 0, we must have Q < 0. Summing the diagonal elements
of Q gives

ACUl
D+—
ACA,,EZ X =(Cl=D+Z -1
which implies
ACU:
—n e —
AA, -(cl-1=0;

that is, o € D,-,“é, and the theorem is proved.

10. Proof of Theorem 5. If oc O}", then o D} for at least one pair of
coalitions B, C. If A¢ =0 for S one of B and C, chooses

A= {x,»xk, keSS,
k= 0, otherwise,

where the x; are a nonzero solution of the equations

Y xJue=0 foralljeS.

kes

Clearly A =[A] is positive semidefinite and satisfies (4.2). If Az =0 and Ac =0 hold
simultaneously, one has a choice of the corresponding A .



LOCAL STABILITY AND OPTIMALITY IN CONTINUOUS GAMES 195

It remains to consider AgAc # 0, when Q <0 by (2.6). Write Q. =(—Q), so Q.
is a positive matrix. Hence, by the Perron-Frobenius theorem (Gantmacher (1974,
p. 53)) there is a unique, real, positive eigenvalue n of Q. with associated eigenvector
r>0,ie.,
(10.1) Q.p=np.
Defining ag by (7.6) and ec by (7.4) leads as before to (7.3), while
Jegag +Jgcoc =-Q.p,
which, with (10.1) and (7.6), becomes
(10.2) ]BB(1+TI)aB +Jecoc =0.
Multiplying the ith indexed equation in the set of equations (10.2) and (7.3) by a;
reduces them to the form (4.2) with
(1+n)aw; ifi,jeB,
Ay ={ a;a; if i,je BUC but i, j not both in B,
0 otherwise.

Now note that, for real u;(i € A),
2 2

%usAijuj=< P aiui) +n(Z aiui) ,

ieBUC ieB

which verifies that A, is positive-semidefinite. Thus D 5 ¢ € M for any B and C, which
establishes Theorem 5.

11. Proof of Theorem 7. With the definitions (5.8) and (5.9) we have

i +hip; i=J), ..
(11.1) J,~={:l¢j ¢ E#ﬁ i,jeA.
Consider any set S < A. It can be shown, by routine calculations, that
(11.2) d=Ta+ % (1 )k,
ieS ieS \jes—i
and, if As # 0, that
(11.3) Jss =A'E,

where

IT &+ E,( I1 g:)hm (i =j),
keS—i keS—i \leS—i—k

(11.4) E=[&), &=
(1 g hey (i)

keS—i—j

Thus, if AgAc #0, we find from (11.4) that

_ 1
(11.5) JscT ce =K-(hx¢i I1 gk) )
C k j ieB,jeC

_ 1
(11.6) Teal5h == (hity T1 gk) ,
AB k ieC,jeB

e€eB-j
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whence
1
R s L A [ A
ABAC peC keC—-p keB—j i,jeB
Now for any § < A, by definition,
(11.8) {0'}=F5U UZt,S UEs
teS

We must consider all possible combinations of the sets in (11.8), for S =B and C, in
specifying D 5 c.
First, using (11.2), we have

(11.9) {o: As #0}NTs ={(1-ys) #0}NTs,
(11.10) {o:As #0}NZ,s=2Z,5s VteS,
(11.11) {o: As #0}NEs = .

Case 1. o€ E. This implies Ag =Ac =0, by (11.11), so that
(11.12) ENDYc=E.

Case 2. o€ (TgNTc)NE. In this case, either AgAc =0, which is equivalent to
(1-ys)(1—yc)=0by (11.9), or, from (11.7), for i, j € B,

_ yiYc
(1-ys)1—yc)

___ Y¥e 8:%;
(1-ys)1—yc) gubi

1 @i=,

(11.13) Qij=
@ #J),

provided ¢; #0. From (11.13), the subset of these &’s which is in D ,v;‘f c is given
precisely by (1 —yg)(1 —yc)(1—ysuc) =0 or by (5.12); the constraint ¢; # 0 disappears
since it is implied by the requirement Q; <0.

Case 3. o€ (' NZ,c)NE for some t e C. In this case, either AgAc =0, which
is equivalent to (1—-yg)=0 by (11.9), (11.10), or, from (11.7), for i, j € B,

1+ @@=,
1-yp
(11.14) Q= .
yi 8i9; ..
S (R i #)),
1-ys gdi el

provided ¢; # 0.

From (11.14), the subset of these o’s which is in D¢ is given precisely by
(1-ys)=0 or by (5.13). Again, ¢; # 0 is necessarily satisfied when Q;; <0.

Case 4. 0€(Z,5gNTc)NE for some ¢ € B. In this case, either AgAc =0, which
is equivalent to 1 —yc =0 by (11.9), (11.10), or, from (11.7), for i, j € B,

148,25 (i=j),
1—yc

(11.15) Q=
ye hi

8—r— [ #]).
= ye i #7)
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Here 8., is the Kronecker delta, and division by 4, is allowed since, in Z, 5, h, # 0.
Since Q; =1 for i #¢, it is clear that the intersection of this set of ¢’s with D ¢ is
empty unless |B| =1, when Q; <0=1-y<0.

Case 5. 0€(Z,zNZ,c)NE for some teB, ueC. In this case, AgAc #0 by
(11.10), while from (11.7), for i, j € B,

1-8,  (i=))
(11.16) Qi={ n
G

Since Q; =1 for i #¢, this set of ¢’s also has a null intersection with DXC.

Because the conclusions drawn in Cases 3-5 are true irrespective of the values
of t and u, o € E follows from Case 1, (i) from Case 2, (ii) from Case 3 and (iii) from
Case 4. This proves the theorem.

12. Proofs of Theorems 8, 9, 10. We begin by proving Theorem 9. This follows
directly from Theorem 1, since if AgAc # 0 at o then Dg - ={Q < 0} which automati-
cally makes the inequality in (2.3) strict.

To prove Theorem 8, put

(12.1) w=Jg(0)-Jg(oc+eg+ec)>0

subject to the definition of Dp ¢. That w> 0 follows from Theorem 9. If A¢c #0 at &
then, by the implicit function theorem, we can choose a |C|-vector y>0, and an
N -vector 8, with §; = 0 unless i € C, such that

(12.2) Jec(e+eptec+d)=Jc(o)+y,

where 8 - 0 as y » 0. Choosing vy small enough therefore ensures that § is small enough
so that

(12.3) Jg(o+ep+ec+8)<Jg(o+eg+ec)+tm
by continuity. We deduce from (12.1) and (12.3) that
(12.4) Jpg(o+eg+er)<Ip(o)
where €r-=¢€c+8, while Jo(o+ept+er)>I-(o) from (12.2), which proves
Theorem 8. _
For Theorem 10, if o€ Dg c —Dg then for any €5 such that (2.2) holds there
exists an € such that (2.3) and
(12.5) Jec(o+eptec)>Ic(o)
hold, but no € ¢ such that (2.3) and

(12.6) Je(o+eg+eg)=Ic(o)

hold. Thus varying €¢ to reduce (12.5) to an equality must result in violation of (2.3),
thus proving Theorem 10.
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AFFINE INCENTIVE SCHEMES FOR STOCHASTIC
SYSTEMS WITH DYNAMIC INFORMATION*

TAMER BASARf

Abstract. In this paper we study the derivation of optimal incentive schemes in two-agent stochastic
decision problems with a hierarchical decision structure, in a general Hilbert space setting. The agent at
the top of the hierarchy is assumed to have access to the value of other agent’s decision variable as well
as to some common and private information, and the second agent’s loss function is taken to be strictly
convex. In this set-up, it is shown that there exists, under some fairly mild structural restrictions, an optimal
incentive policy for the first agent, which is affine in the dynamic information and generally nonlinear in
the static (common and private) information. Certain special cases are also discussed and a numerical
example is solved.

Key words. stochastic systems, decision problems with multiple decision makers, incentive schemes,
hierarchical information patterns, stochastic nonzero-sum games, Stackelberg solution

1. Introduction. Consider the general class of two-agent stochastic dynamic
decision problems with a hierarchical decision structure, wherein one of the agents
(called the leader) has access to both the decision value and observation of the other
agent (called the follower), and the objective is verification of existence and derivation
of optimal strategies for the leader under which the follower’s optimal response (based
on the minimization of his expected cost function) leads to a desired ‘“‘optimal”
performance for the leader. Such problems are known as Stackelberg problems [1]-{5]
or incentive design problems [8], [20]-[23] and have recently attracted considerable
attention in the literature, because of the nonstandard nature of the optimization
problem faced by the leader, when he has access to dynamic information [6]-[18];
for a survey and unification of some of the available results in the literature on
deterministic and stochastic dynamic Stackelberg problems we refer to [8], [12] and
[19], and also to [26] for a general discussion.

A recent reference [15] has shown that in deterministic dynamic incentive prob-
lems with perfect or partial dynamic information, and when the follower’s cost function
is strictly convex (but not necessarily quadratic), there exists an optimal incentive
strategy for the leader which is affine in the dynamic information. The object of this
paper is to provide a nontrivial extension of this result to stochastic decision problems
in which there is available some common information on the unknown state of Nature
to both agents as well as some private information to the leader; the leader has also
access to the value of the follower’s decision variable. The problem is formulated in
general Hilbert spaces with the follower’s loss function taken to be strictly convex in
both agents’ decision variables. In this general framework, we establish existence of
an optimal incentive strategy for the leader, which is affine in the dynamic information,
and in general nonlinear in the static (common and private) information; we also
obtain an analytic expression for the optimal solution and consider some special cases
of the general problem.

* Received by the editors May 28, 1982, and in revised form January 20, 1983. This work was supported
in part by the Joint Services Electronics Program under contract N00014-79-C-0424 and in part by the
Electric Energy Systems Division, Department of Energy under contract DE-ACO01-81RA-50658 with
Dynamic Systems, Urbana, Illinois 61801. It was presented at the American Automatic Control Conference,
Arlington, Virginia, June 14-16, 1982.

t Department of Electrical Engineering and Coordinated Science Laboratory, University of Illinois,
Urbana, Illinois 61801.
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Section 2 provides a precise problem formulation for the case when only common
information is available to the leader, whose solution is obtained in § 3 (cf. Proposition
1). Section 4 extends the formulation and results of §§ 2 and 3 to the more general
case when the leader has also access to some private information, and a characterization
of the complete affine solution is provided in Proposition 2. Section 5 contains a
numerical example that serves to illustrate some salient aspects of the solution, and
the paper ends with the concluding remarks of § 6.

2. Problem formulation. Let (), #, ) be an underlying probability space, on
which are defined two random variables x and z taking valuesin R" and R™ respectively.
Let U and V be given Hilbert spaces, denoting the decision spaces of DM1 (the
leader) and DM2 (the follower) respectively, and let T'; and I'; be the corresponding
strategy spaces defined as

1 ', = {measurable y,:R™ - V, such that E {(y2(z), y2(z))} <},

@) I'; = {measurable y,: V X R™ > U, such that
E {{v1lv2(2), 2], yaly2(2), 2D} <0 Yy, € Ta}.

Furthermore let I'] = I'; denote the set of all static policies for the leader, i.e.

(3) I'l ={measurable y; : R™ - U, such that E {{y1(z), y1(z)).} <0}.

Here, (-, - ). (respectively, (-, + ),) denotes the inner product associated with the Hilbert
space U (respectively, V), and the measurable transformations are restricted by the
further (implicit) condition that the expectations of the related expressions are well
defined. With this construction, I'y, I'}, and I'; become Hilbert spaces under the natural
inner products derived from those defined on U, V, and V, respectively. Note that,
to each pair (y1, y2) in I'; XTI, there corresponds an unique element B3, € I'}, defined
by B1(z) = vi[v2(2), z].

We now introduce two functions, L;:R" XU XV >R, L,:R" XU X V >R, as the
loss functions of DM1 and DM2 respectively, and further introduce

JuR™" xT i xIh»R,  i=1,2,
as

4) Ji(z,y1,72)= E {L1(x, u,v)|u=v1(v, 2), v =72(2)},

where E,|, denotes expectation over the statistics of x with conditioning on the
observed value of z. Finally, we let J;(y1, v2), i =1, 2, defined by

(5) j-i('yl, 72) =€{.’,(Z, Y1, 72)}’

denote the expected cost of DM, under the policy pair y; €Iy, y,€T'2. We assume
at this point that the follower’s loss functional L,(x, u, v) is strictly convex on U X'V,
for every x e R".

The problem faced by the leader is to find a strategy (synonymously, an incentive
scheme) which, by also taking into account rational (expected-cost minimizing)
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responses of the follower, leads to a most favorable performance for the leader. This
performance may be defined as the global minimum value of J;(y1, y2) over I’y XI5,
or equivalently over I'] XT'; [assuming that it exists]:

(6) Ji= Wmlzl)lglth Ji(v1, v2) =J1(v1, v2)

which corresponds to some specific choices of y; € I'] and y, €T, (in this case, y; =y}
and vy, = y5); or, more generally, there may exist some pair in '] XTI, (denoted again
(71, ¥2)) which is chosen according to some criterion and is considered to be most
favorable to the leader. The question we address, in the next section, is the existence
and derivation of an “optimal” incentive scheme 'y(l) €T for the leader, under which
the best (J>-minimizing) policy for the follower is y5 € I', and a corresponding element
in T for the leader is vy} =y}[y5(z), z]. Note that this is a meaningful problem
because, given a pair (y1, y3)€e '] XI5, there exists a plethora of elements y; in 'y
with the property yi[v5(z), z]= v!(z). Furthermore, v} € T'y, in this case, is clearly a
Stackelberg strategy for the leader [12].

3. Optimal affine incentive schemes for the leader. Let us first introduce, for
each z e R™, the set

(7) Q(2) ={(u, v) € U X V|Ja(z, u, v) = Jo(z, ut, v)}
where
8) Tz, u,v) 2 E{Lax, u, v)|z}

and (u, v) are taken as (deterministic) elements in U X V. Since L,(x, +, - ) was taken
to be strictly convex on U XV, Q,(z) is also strictly convex for each z ¢ R™, with
{u; =v1(z),v; =v5(2)} being a boundary point. This implies that, for each z € R",
there exists a hyperplane passing through (u’, v%), and if, further, J5(z, -, - ) is Fréchet
differentiable on U X V, for each z € R, the equation of this supporting hyperplane
can be written as

) (VuTa(z, ul, v8), u—ubdy +(V,Jolz, ub, v1), v —0), =0

where V,J5(z, ut, v.) € U* is the Fréchet derivative of J, with respect to u, evaluated
at the point (u,v%), and U* is the Hilbert space adjoint to U; V,J, is analogously
defined as an element of the adjoint space V*. Now, assuming that, for every z € R™,
VuJa(z, ul,vt) #0, it follows by utilizing the Hahn-Banach theorem [25] (see also
[15, Lemma 1]) that there exists a bounded linear operator Q¥: U*- V*
satisfying

(10) Q¥V, Ja(z, uby v8) =Vodalz, uly vh),
so that
(11) uz=u;_Qz(U-‘v;)

lies, for each z € R™, on the hyperplane described by (9) and passes through the point
(u%, v3). Here, Q.: V> U is the bounded linear operator that is adjoint to QF, for
each fixed z e R™.

The next question is whether (11) is a well-defined strategy for the leader, i.e.
whether it belongs to I'1, which requires Q, to be a measurable function of z. We
now establish an even stronger regularity property for Q, under some regularity
conditions on J,, u’ and v’ :
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LEMMA 1. Let V,Ja(z,ut, vt) and VoJa(z, u', v’) be weakly continuous® in z.
Then, there exists a linear bounded operator Q,: V - U, weakly continuous in z, whose
adjoint satisfies the linear equation (10).

Proof. For brevity in notation, let V,J5(z, u’, v.)2 i¥, and V,J5(z, ul, v') 2 5%,
For each fixed z € R™, introduce a bounded linear operator P,: U* > V* by

~ *
12) Pu* =<””u+"2>v* with u*e U*,
which clearly satisfies (10), when substituted for QF. Now, for any u*e U* andv e V,

(v, T%),

(v, Pu™), =(a%, u™),» ”ﬂf”ﬁ* ’

and the latter expression is a continuous functional of z by virtue of the weak continuity
of 4¥ and ¥, This then implies that P, is weakly continuous in z, and thereby P¥ is
also weakly continuous in z [24]. Now, taking Q, = P¥, it readily follows that there
exists a version of Q, (satisfying (10)) that is weakly continuous in z. 0

The following proposition now summarizes the solution to the incentive problem
formulated in § 2.

PROPOSITION 1. For the incentive problem of §2, if (i) Ja(z, u, v)_is Fréchet
differentiable on U X V, (ii) for every z € R™, V., Ja(z, uz, v3;) # 0, and (iii) V. J2(z, uz, v3)
and Vo Jy(z, ut, v') are weakly continuous® in z, there exists an optimal incentive strategy
(v (v, 2) for the leader, in the form

(13) ug =y (v, z)=u} - Q.(v—v}),

where the linear operator Q,: V - U is chosen according to (10) and is weakly continuous
in z.

Remark 1. If U and V are finite-dimensional spaces, U* = U and V* =V, and
consequently V,J, and V,J, are (column) vectors of appropriate dimensions for each
z € R™. Then Q, becomes a matrix-valued function of z, and can be chosen as

(14) Q. =V Jo(z, ul, vV a(z, us, v /N2, s, v
Note that, under the hypotheses of Proposition 1, every element of Q, will be a
continuous function of z.

As a special class of problems, let us consider now the case when L(z, u, v) is
quadraticon R" XU X V:

(15)  La(x, u, v) =5, A1)y + Uy A120 )y +3(0, App0)y +{ut, C1x )y + (v, CaX )

where A;; and C; are linear bounded operators, A, is strongly positive, and A;;—
A12(Ay) 'A% is also strongly positive. Then,

Tz, u, v) =Ky Ayau)y +{u, A1), + 50, Asg)y + U, C1), +(v, Caf),

! See [24] for a definition of weak continuity.
2 A set of sufficient conditions for this is that i) J,(z, u, v) be continuously Fréchet differentiable in u
and v, and be continuous in z, and ii) u} and v} be weakly continuous in z.
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where £ = E[x|z]. Given a point (u}, v3) € U X V, for each z € R™, the Fréchet deriva-
tives at this operating point can easily be determined to be (-, &,), and (-, ©,),, where
u,eU and 0,€ V are

(163) ziz =A11u;+A1202+le,
(16b) 131 =A’1"2u'z +A221)i + Cz)?:

This then leads to the following Corollary (to Proposition 1) in view of (12).

COROLLARY 1. Let L, be given by (15), and U, and 0, be defined by (16a) and
(16b), respectively. If uy, v are weakly continuous in z, ¥ = E[x|z] is continuous in z,
and, for every z e R™, i, #0, there exists an optimal incentive strategy for the leader
which is affine in v and weakly continuous in z, and is given by

~

A, . .
(17) 7?(U,Z)=ui—m(vz,v—vz>w

Proof. In view of the discussion preceding Corollary 1, the proof will be complete
if we show that Q,: V - U in (13) (and (10)) is given by [(5, - )o/|lii;|2]i,. Towards
this end, we first observe from (12) that a possible solution of (10) is given by

%k
Qrur =SB W o iy e e,

”uz ”u*
where @} and 97 are the Fréchet derivatives belonging to U* and V*, respectively.
Since U* and V* are Hilbert spaces, corresponding to #i¥ and ¥ there are unique
elements i, € U and ¢, € V, with the property (¥, u*),«=(ii,, u*), and (85, v*),«=
(6., v*), for all u* e U*, v* e V* and every fixed z ¢ R™ (see [25]). These elements i,
and 0, can explicitly be determined in our case (because of the specific structure of
L,) and are given by (16a) and (16b), respectively. Hence, we have

(s, U

(U, qu*% - W(Ua 62)0 = (sza u*>u
zllu

whereby

(0, 0z)o ~
Qv = u
A

which establishes the desired results. 0

4. A more general formulation: Leader acquires private information. We now
extend the analysis and results of the previous section to a more general class of
incentive problems wherein the leader observes, in addition to z, the output of a
second random variable y (taking values in R”). This random variable will in general
be correlated with x and z; however, we assume (for technical reasons) existence of
a measurable transformation f: R™ X R® > RP, so that the random variables y =f(y, z)
and z are statistically independent, and the sigma fields generated by (y, z) and (y, z)
are the same. (For example, if y and z have a joint Gaussian distribution, f(§, z) 2 j —
E[y]|z].) Therefore, we henceforth assume that u =y(v, z, y), v = y2(z), and z and
y are statistically independent.
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For this problem, we now first modify the definitions of the strategy sets (2) and
(3) to read

I'; = {measurable y,: V XxR™ xR” - U, such that

(18) Ey {(valy2(2), 2, y], valv2(2), z, y Du} <0 Vy, €T3}

and
(19) T'{={measurable y;:R™ xR’ - U, such that ZEy {{yi(z, y), vi(z, y))u} < oo}

Furthermore, we redefine J; and J; as
(20) Ji(z y1, v2)= E {Li(x u, o)lu =1, 2z, y), v =y2(2)}
(21) Ji(y1, v2) = Ag{]i(Z, Y1, v2)h
and let {u’,, =7vi(z, y), v = y2(z)} denote a pair in I'{ XT’, that (globally) minimizes
J1. For each fixed z ¢ R™, we let
(22) B(z) ={measurable B8.: R’ - U, so that E {(B:(y), Bz(y))u} <0},
ylz
and note that to each y,€I'] and for fixed z € R™ there will correspond a unique
B: € B(z) such that yi(z, ) =8.(+).

Now utilizing the statistical independence of z and y, let us introduce as a
counterpart (7), and for each z € R™, the set

(23) Qu(2)={(B, v) e B(z) x V|Js(z, B, v) = Jo(z, B, v},
where
(24) Iz, 8,0)= E {Ls(x,B(y), v)lz},

and B is the restriction of v} €I'{ to B(z). It is worth to note, at this point, that

iz, 8 v} =E{ E {La(x, 820, v @)z}
@5)

=E {LZ(x’ 7; (x’ 'ytl(za 7), 75(2)))}5‘72()’;, ‘Yé)
X, ¥,z
We can now proceed with the derivation of an optimal incentive scheme by following
the analysis of § 3, with U replaced by B(z), where the latter can be made a Hilbert
space under the inner product

(B1, B2)s =€{<BI(Y)’BZ(Y)>u}, Bi€B(z).

It i§ easy to see that strict convexity of L,(x, -, ) on U X V implies strict convexity
of J5(z, -, -) on B(z) X V, for each z € R™, and hence assuming that the latter is Fréchet
differentiable on B(z) X V,, the equation of the hyperplane supporting (,(z) at (85, v%)
is

(26) <Vﬁf2(z’ B;’ vtz), B _B;)B +<ij2(2, Btz, vi), v —vtz>v =0
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where V,;fz(z, B, v:)eB(z)* is the Fréchet derivative of J, with respect to 3, and
evaluated at the point (8%, v;). Since there is a natural counterpart of Lemma 1 in
this framework, validity of the following counterpart of Proposition 1 can readily be
established:

ProOPOSITION 2. For the incentive problem formulated in t/y's section, if (i) 5(z, B, v)
is Fréchet differentiable on B(z) X V, (ii) for every z € R™, VgJo(z, B2, v2) #0, and (iii)
VeJa(z, Bs, v2) and V,J5(z, B, v%) are weakly continuous in z, there exists an optimal
incentive strategy v$ (v, z, y) for the leader, given by

(27 uly,=yi,z,y)=ul,—Q.(v—vi)y),

where Q,:V - B(z) is a linear bounded operator which is weakly continuous in z, and
whose adjoint satisfies the linear equation

(28) QfVBfZ(Z’ Btz’ U;)=Vui2(z, Btz’ vtz)’

which is defined on V*, 3
For the special case when L, is quadratic, as given by (15), J»(z, B, v) can be
written as

12z, 8,0)= E {(B(y), AuB(Y)u+(B W), Azl

+3(v, A20), +(B(Y), C1x)u + (v, Cax)o}
(29)

=3E{(B(y), AuB(y)u}+ (B, Ar20)u

y
+ %(U, Apv), + xgz {B(y), C1x)u +(v, Ca%),}
where

BAZ zﬁ{ﬂz(})”z}:?{ﬂz(y»,

f(z)éxgy:"lz{xlz}=£{xlz}.

For fixed z € R™, the Fréchet (or Gateaux) differential [25] of J, with respect to B,
and at the point (8%, v}) is

8aJa(z, Bl vis he) =1y5{</3;(y), Aqih, (¥}
+{Anh At E {Cix, b (),

where h, € B(z) is an admissible variation and 4, 2 E, {h.(y)}. Since

AR R AT

y Uxly.z

this expression can be written as

8aJa(z, B, vis ) =E{(A11BL(y) + Ao} + Cof, hu(y))

where

£z, y)2 E fxly.z}
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and it readily follows from this expression that the Fréchet derivative of J, with respect
toB.€B(z)is (-, B.)g where B, € B(z) is given by

(30) B.=AnBL+ ALV, +Cik(z, ).

The Fréchet derivative with respect to v € V, on the other hand, readily follows from
(29) to be (-, 0,), where ¥, € V is given by

(31) b, =AL E{B,(y)}+Axnv; +Cok(2).
y
In view of these relations, a possible solution for Q,, whose adjoint satisfies (28), is
(L0200 5
(32) Q.()= B.,
||Bz||2

which follows by following the arguments used in the proof of Corollary 1 in § 3. This
then leads to the following corollary (to Proposition 2):

COROLLARY 2. Let L, be given by (15), and B, and vz be defined by (30) and
(31), respectively. If vi(z,y) is weakly continuous in z and y, v3 (z) is weakly continuous
inz,x (z y) is continuous in z and y, £ (z) is continuous in z, and, for every z € R™ Bz #0,
there exists an optimal incentive strategy for the leader which is affine in v, and weakly
continuous in z and y, and is given by

B.(y)

33) 0 , , — t s T~ . A_
( Y@, 2, ) =71 ) E{IA.(I

(075 0 = ¥2(2))o-

Remark 2. An important observation that can be made from (33) is that the
dynamic part of the leader’s optimal policy depends not only on the common informa-
tion z (about x) but also on the leader’s ““private” information y.

5. A scalar example. To illustrate Corollary 2, and especially the structural
dependence of y{ on the common and private information (z and y), we consider in
this section a structurally simple numerical example. Letn =m =p=1,and U = V =R.
Let x, w; and w, be independent zero-mean Gaussian random variables with variance
1. Define z =x +w; and y = x + w,, in which case

y=J-E[jlz]=y-2

Assume that ¥ (z, y) and y5 (y) are in the structural form (where a1, a,, a3 are known
scalars)

Yi(z,y)=aiz +azy,  y2(z)=aszz,  ajaa3zER,

which would constitute a globally minimizing solution to a quadratic cost function for
the leader.
Now let L, be given as

La(x, u, v) =3u)*+uv +2(v)*+ux +20x,

which is strictly convex in the pair (i, v). Then ﬁz(y) and 0, can be computed to be
[from (30) and (31), respectively]

ﬁz(y)=alz +a,y+asz +E[x!z, y]=(a1+a3+%)z +(a2+%)y LAz +a,y,

= E' [alz +a2y]+4a3z +2E[xlz]=(a1+4a3+l)z éd3z.
ylz
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Under the parametric restriction a, # —1, allthe hypotheses of Corollary 2 are satisfied;
and since

E{[B.0) =iz +3a5,
an optimal incentive scheme for the leader is

X1z +@ry)a3z
(34) V20, 2, y) = sz +aagy — Z S Gay)Esz

@iz’ +3a3/2 [o=asz]

Note that this policy is nonlinear in the common information z, and the private
information y also enters the gain term multiplying v. We show in Appendix 1, by
direct verification, that (34) indeed constitutes an optimal incentive scheme for the
leader, forcing the follower to the desired solution v5(z) = asz.

An important question that can be raised at this point is whether (34) constitutes
a unique solution to the problem under consideration within the class of incentive
schemes that are affine in v, or equivalently, whether the gain term in (34) solves (28)
uniquely. We address this question in the sequel and show that the affine solution is
not unique.

Towards this end, let us first assume that there is no private information for the
leader, and v} (z) =a;z. Then, an optimal solution can be obtained from Corollary 1
as

(35) v?(v,2)=alz~(g—:)[v—asz]

which is in fact the unique one in the class of affine policies, and is linear also in the
static information z, thus corroborating a result obtained in [16] for linear-quadratic
problems with hierarchical decision structure. Now, if an additional information y
comes in to the leader, which is statistically independent of the random variable z
characterizing the common information, there seems, at the outset, no particular
reason for the gain term in (35) to change, since v is measurable only with respect
to the sigma field generated by z. Hence, intuitively, one expects the policy

(36) Y1° (v, z,y) = aiz +a2y-(§) [v—asz]
1

to constitute an optimal incentive scheme when both z and y are acquired by the
leader. This is indeed true, and the validity of this intuitive result has been established
in Appendix 1 by showing that

arggnin xl;?Iz {L(x, y?o (0,2, y),0)|z}=v5(2).

Hence, the conclusion is that the scalar example of this section admits at least two
affine optimal incentive schemes one of which is also linear in the static information
(z,y).

6. Concluding remarks. By adopting a functional analytic framework, we have
obtained optimal incentive strategies (for the leader) in a general class of hierarchical
two-agent stochastic Stackelberg problems in which the leader has access to the
follower’s decision, to some common information, and also to some private informa-
tion. The main conclusion of this analysis is that, under some fairly mild structural
restrictions, there exists an optimal incentive policy for the leader, which is affine in
the dynamic information and generally nonlinear in the static (common and private)
information.
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Even though we have used a general Hilbert space setting for the control (decision)
spaces, we have assumed the random variables to take values in finite-dimensional
spaces. We have chosen this framework in order to display salient features of the
derivation without being distracted by the additional technical restrictions that would
be required otherwise. However, our results (embodied in Propositions 1 and 2) are
valid in a more general framework which allows the random variables to be weak
random variables (cf. [24]) defined on (infinite-dimensional) Hilbert spaces, which
includes, for example, the case of stochastic processes.

Appendix. In this appendix we show, by direct verification, that both y{ and
y?o, given by (34) and (35), respectively, solve the stochastic incentive problem of
§5.

Starting with the functional form

U=a1z +a2y _0(29 Y)[U "C¥3Z],
which is clearly a dynamic representation of the static policy v](z, y) at the desired
equilibrium (y}, y3), we substitute this into L,(x, u, v) and take the expected value

conditioned on z, with Q being an arbitrary function measurable in z and y. The
result is the function

J(v,z)= E‘ Blu' —Q—-v")P+[u'—Qw—v")]w+x)+2v°+2vx|z}
x,y|z
=3E{Q%|z}(v —v" ) -E[u'Q|z](v —v")

+3E{u? |z} +a;zv +%22+E{a2yx|z}

~E{Q|z}(v—v")v —E{Qx|z}(v —v") + 20> + 0z,
where u' =vi(z,y), v =y32(2).

Since 3E{Q*|z}-E{Q|z}+2>0 a.e. ?.,J(v, z) is strictly convex in v a.e. ?,,

and hence v =v’ constitutes the unique minimizing solution to J if and only if

aJ (v', z)/8v =0 a.e. ?,. This leads to the following equation to be satisfied by Q(y, z):

[a;— E[OQ(y, 2)|z](as+ a;) +das+1]z

(A1) — ay E[yQ(y, 2)|2]- E[xQ(y, 2)|2]=0.

Let us now consider the following two choices for Q:

1) Q(y, z)=as/dy;
2) Q(y, z) = (@1z +@ry)dsz/[@iz’ +3a3/2].

In the former case, (A1) reads

- ]
[al———‘“(“i “1)+4a3+1—“—3]z=0,
aq 20[1

which can easily be shown to be an identity, by making use of the definitions of &;
and a@,. Hence y{° given by (35) is indeed an optimal incentive scheme.
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In the latter case, (A-1) reads

- - 2 - -
_ _ 1 a103z ] 30,032
as—(@1—3 z—— ——E[xQ(y, z)|z]=0
e T e e e ]
d3[&22 +&123] d3d123 &2&32

—_ —_ — :0
2a2z2%+3a5  2aiz°+3as 2aiz*+3a;

since E[x|z]= 3z and E[xy |z]= 3. The latter equation is an identity, thus corroborating
the optimality of the incentive strategy y| given by (34).
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A SYSTEMATIC APPROACH TO HIGHER-ORDER
NECESSARY CONDITIONS IN OPTIMIZATION THEORY*

DENNIS S. BERNSTEINT

Abstract. Necessary conditions for an abstract optimization problem are derived under weak assump-
tions. The presence of a generalized critical direction in these conditions is the basis for deriving necessary
conditions of arbitrary order for various concrete problems. Two applications are considered in detail. The
first concerns first- and second-order necessary conditions for a constrained optimization problem in an
infinite-dimensional vector space where the cost, equality and inequality functions possess differentials of
a finite-dimensional one-sided character. The second application concerns first-, second- and third-order
necessary conditions for a constrained optimization problem in a Banach space with Fréchet differentiability
hypotheses. In both applications normality conditions are not required. Several well-known results are
generalized.

Key words. higher-order necessary conditions, normality condition, convex constraint set, mathemati-
cal programming

1. Introduction. We consider the following optimization problem (OP). Minimize
dole) subject to

(1.1) ecE,
(1.2) $(e)=0,
(1.3) Yle)=0,

where: & is a set, EC &, ke{l,2, -}, ¢: € >R*, Z, and & are topological vector
spaces, ¢o: E>Zoand ¢: & >% Let Zoc %, and Z < F be closed convex cones with
nonempty interior such that Zo# %, and Z #%. For z,5€%,, z <z means z—% €
int Z, and z =z means z —# € Z,. Identical notation applies if z, 7 € #. The vector
spaces are defined over the real field. The element e is feasible if (1.1)—(1.3) are
satisfied and a feasible element ¢ solves OP if there is no feasible element e such
that ¢ole) <ole).

The purpose of this paper is to present a systematic approach for deriving
higher-order necessary conditions for a solution of OP. By first deriving necessary
conditions for OP under weak assumptions, we obtain results for more specialized
problems by successively incorporating stronger hypotheses. New results are obtained
and several well-known results are generalized.

This work was motivated by two factors. The first of these was the appearance
in the literature of second-order necessary conditions with significantly different
assumptions. In particular, [35, Thm. 2.3] involves an infinite-dimensional constraint
space without a topology, a convex constraint set, directional differentials and a
full-range normality assumption. On the other hand, [28, Thm. 6] involves a
finite-dimensional Euclidean constraint space, a conical approximation to the con-
straint set, continuous differentiability and no normality assumption. The second
motivating factor was the series of papers [34], [35] and [36] which are based entirely

* Received by the editors November 30, 1981, and in revised form December 20, 1982. This research
was performed at the University of Michigan, Ann Arbor, Michigan, Program in Computer, Information
and Control Engineering. Support was provided by the Air Force Office of Scientific Research, Air Force
Systems Command, USAF, under grant AFOSR-77-3158.

T Control Systems Engineering Group, Lincoln Laboratory, Massachusetts Institute of Technology,
Lexington, Massachusetts 02173.
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on [35, Thm. 2.3]. Weak, strong and ‘‘hybrid” variations are systematically exploited
in these papers to derive a trio of second-order necessary conditions for optimal
control. Thus, the usefulness of [35, Thm. 2.3] for optimal control and the possibility
of its being generalized were evident.

The approach of the present paper follows in the spirit of [29]. [29, Thm. 3.1]
contains the essential features of a wide variety of optimization problems and yields
several well-known first-order necessary conditions as special cases. In the present
paper, the formulation of [29] is expanded in the Main Theorem (§ 2) to include a
generalized critical direction. Although the Main Theorem itself involves no differen-
tiability hypotheses, this extra feature is the key ingredient for obtaining necessary
conditions of arbitrary order when differentiability assumptions are present.
Specifically, the generalized critical direction Y and accompanying convex set K
correspond respectively to the intermediate- and highest-order terms in a power series
expansion.

To illustrate the role of Y and K in deriving higher-order necessary conditions,
let € be a subset of R”, Fo=R, #=R™, Z,=R_ and Z =R™, where R_ denotes the
nonpositive real numbers. Also, let €€ E, y € E —¢ and define ® = (4o, ¢, ). Then
in the second-order expansion

2

D@ +ay +a’c)=~D@E)+ad'(@)y +9‘2—[2c1>'(é)x +yTd"(@)y],

where x e E—¢ and a >0, Y and K are given by
Y =(¢0, 4) @)y,
K ={®'@)x +3y " ®"@€)y: x € E —¢&)}.

Since we seek directions y which have inferior cost and which approximately satisfy
(1.2), we require that Y € R™*!. Also, because of (1.3) the term ¢'(¢)y is required
to be zero and thus does not appear in the definition of Y. As will be seen, Y leads
to the generalized complementary slackness condition [4(Y) =0, where [ = (I, l,) is
the Lagrange multiplier, and K yields the Lagrangian condition [(h) =0, & € K. Note
that first-order necessary conditions are obtained by setting y =0 (and hence Y =0).
Third- and higher-order conditions can be obtained in a straightforward manner. For
example, we can consider a pair of directions y and § in E — ¢ to obtain the third-order
expansion

2
D@ +ay +a’f +a’x) =D@E)+ad'(@)y +‘-’~‘2—[2<b'(e-)y‘ +yT®"@)y]
3
+%[6<b’(e')x +6yT@"(@)§ +D"(@)(y)’].
Now Y and K are given by
Y = (¢0’ é)l(é)y + (¢0’ (5),(5)9 +%y T(¢0’ (5)”(6))),
K ={®'@)x +y T ®"(@)] +50"(€)(y)*: x e E—¢&)}.
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In the Main Theorem ¢, ¢ and ¢ are assumed to possess weak approximation-like
properties (see the Main Condition in § 2). As in [10, Thm. 13.1], these properties
are stated solely in terms of the elements of the image spaces of ¢o, ¢ and ¢, and
hence the set E requires neither topological nor algebraic structure. Because of this
fundamental setting, the proof of the Main Theorem given in § 3 is quite simple and
succinct. Further simplification is obtained by utilizing a refined separation theorem
from [19].

By imposing additional structure (but still no differentiability hypotheses), our
next result, Theorem 4.1, follows from the Main Theorem. In the hypotheses for
Theorem 4.1 (Condition 4.1), an auxiliary vector space is introduced and the cost and
constraint functions are assumed to possess nth-order polynomial expansions. Because
Condition 4.1 retains much of the generality of the Main Condition, results from the
literature involving conical approximations (see, e.g., [7], [28]) can be obtained as
corollaries. In our development, Theorem 4.1 serves as a convenient intermediate
step to the results of §§ 5 and 6. For example, the polynomial expansions of Condition
4.1 are given concrete realizations in terms of directional differentials in § 5 and in
terms of Frechet derivatives in § 6.

Section 5 begins with a generalization of the Fréchet derivative (the F-derivative)
due to Warga (Definition 5.1). This definition allows us to work with one-sided
directional differentials when several directions appear simultaneously. Theorems 5.1
and 5.2 contain first- and second-order necessary conditions, respectively. The
relationship between these results can be rather complex. Examples are given to
illustrate the following points: 1) the first-order conditions of Theorem 5.1 may not
follow from the second-order conditions of Theorem 5.2, and 2) Theorem 5.2 may
yield necessary conditions that have the appearance of first-order necessary conditions
but which are unobtainable from Theorem 5.1. The discussion generalizes and clarifies
some remarks made in [28]. Further specialization leads to Theorem 5.4 which
generalizes [35, Thm. 2.3]. It is shown that for each critical direction y there exists
a multiplier / satisfying both the first-order necessary conditions and an additional
second-order condition.

In § 6, E is a subset of Banach space and ¢, ¢ and ¢ are assumed to be Fréchet
differentiable. OP now closely resembles a nonlinear programming problem (NP).
First-, second- and third-order necessary conditions for this problem are given in
Theorem 6.1. The third-order conditions are derived directly from Theorem 4.1 to
illustrate the usefulness of the Main Theorem in obtaining higher-order necessary
conditions. The relationship between Theorem 6.1 and various higher-order necessary
conditions in the literature is discussed.

The appendix contains notation and results pertaining to Fréchet and F-deriva-
tives. We state a version of Taylor’s theorem for F-derivatives and a result on
converting a multivariable expansion into a one-parameter expansion with remainder
satisfying a uniform convergence condition. These results allow nth-order generaliz-
ations of the results of §§ 5 and 6.

It is important to point out that neither normality assumptions nor constraint
qualifications appear in the statements of the necessary conditions. The absence of
these hypotheses leads to nonuniqueness of the multiplier / and hence dependence
of [ on the critical direction y (or critical directions y, y, - - - for third- and higher-order
conditions). This idea seems to have first appeared (without proof) in [27] and was
apparently rediscovered (in a more general version) in [28]. Subsequent related results
can be found in [3], [4], [5], [14], [16], [18], [22], [23], [24], [32].
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Before continuing, it is convenient to collect here general notation and definitions
and some results concerning vector spaces and topological vector spaces. The empty
set is denoted by &. If §; and S, are sets, then §;/S,2 {s €S,: s¢S,}. If A and B are
sets, A;cA, BycB and f:A->B then f(A))2{f(a):acA,} and f"l(Bl)é
{acA:f(a)eB;}. Let N£{1,2,--:}, R2real field, R,2{aecR:a>0}, R 2
{a eR:a <0}, R, 2R, U{0} and R_ £ R_U{0}. The results obtained here do not depend

on the choice of norm for R™; for convenience, the norm of a2 (ay, *,am)eR”
taken to be |a|=Y[, |ai. or B>0, B"(B)2{acR™: a|<B} and P" (B)A
{aeRT: |a|<B}. Define A™ 2 {2 (w1, -+, thm+1) € RT*": || = 1}. When not implied

by context, the origin of R™ is denoted by 0.

Let ¥" be a vector space and V, V < ¥. Define co V £ convex hull of V, cone
VA&{av:a>0,ve V} and coco V4A&cocone V. V is a cone if V=coneV and a
convex cone if V=cocoV. If veV and V =cone{v} then V is a ray. Let aV £
{av:ve V), where aeR, V+V&2{v+5:veV,fe ‘7} and V-V 2V +(-1)V. For
veY, conev2cone{v}, V+v2V+{v}and V-v2& V+(-v). If V is a cone then
aV =V,a>0;if V is a convex cone then aV+BV =V, a >0, 8>0. If V is convex
the dimension of V is dim V.

Let ¥ and %" be vector spaces, V< ¥ and f: V > W The vectors vy, , 0, €V’
are linearly independent if @€ R™ and Y|~ , a;v; = 0 imply that & = 0; they are affinely
independentif e R™, Y-, a;v; =0and Y|, a; = 0 imply that « = 0. V isan m-simplex
if me{0,1,2,--+} and V=co{vy, ", Um+1}, Where vy, --:,v,4+1 are affinely
independent. The points vy, - -, v,,4; are the (unique) vertices of V and, for v&

m*l u,v;€ V, where pe A™, the numbers u;, -+, um+1 are the (unique) barycentric
coordinates of v. f is positively homogeneous if V is a cone and f(av) = af v), a >0,
ve V; fis affine if V is convex and for every meN, peA™ ' and vy, -, v, € Vit
follows that f(Y/~, wiv;) =Y, wif (v;). Let W be a cone and for wi, w, € ’W let W= W,
denote wi;—w, € W. fis W-convex if V is convex and for every m e N, pe A" ' and
V1 , U € V it follows that f(¥;0, ww;) =Y, wif(v:).

Suppose that ¥, ¥4, -+, ¥, and W are topological vector spaces and V < ¥.
The closure of V is clV, the interior of V is int V and the boundary of V is
bd VAl V)/(int V). Vissolidifint V#J. BV, -+, V.; W) denotes the vector
space of all continuous multilinear mappings from ¥y X -+ - X ¥, into W. If V', =-.-=
¥, then we write B, (V; W) for B(V1,- -+, Va; W). Recall (see, e.g., [11, p. 318])

that if ¥, -+, ¥, and W are Banach spaces with norms |-|v,,- - -, ||, and |-|x,
respectively, then RB(¥1,--+,¥.; W) is a Banach space with norm |F|&
sup {{F (v, "+, vn)lw: v:€ ¥y, oily, =1, i=1,- -, n}. Define the dual space ¥*=

% (V'; R) and the conjugate cone VeA{leV*: I(v)=0,ve V}.

If ¥'; and ¥, are topological vector spaces, then "1 X ¥, is assumed to be the
topological vector space possessing the product topology. (¥ X ¥2)* and ¥'§ x V5
are in one-to-one correspondence in the sense that [ € (¥ X ¥,)* if and only if there
exist [1e¥F and L,e¥% such that [(v)= ll(vl)+lz(vz) V& (01, 02)EVIX Y.
Specifically, [;(v1)21(v1,0), v1€ ¥, and lz(vz)——l(O V1), v2€ ¥>. We denote this
correspondence by =1, ). If Q< (V' x¥V,)* and Qc V* x V% then the relations
Qcf, O=0, etc., can be interpreted in this sense. Analogous remarks apply to
(ViX- - xV)*and V¥ x- - -x V¥, where V1, - -, ¥, are topological vector spaces.

For the following results let Z and %" be vector spaces, M =& and f: M > W.

PrOPOSITION 1.1. Assume M is a convex cone, f is positively homogeneous and
affineand x1, -+, xm € M. If f(x1), - * + , f(xn) are linearly independent then x1, - - + , X,
are linearly independent.
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ProPOSITION 1.2. Assume M is convex, f is affine and x1, -, xmeM. If
f(x1), -, f(xm) are affinely independent then x1, * * , X, are affinely independent.

Now let ¥, ¥'1 and 7', be topological vector spaces, V, V < ¥, V1 cViand V< 7.

PROPOSITION 1.3. If V is an m-simplex with vertices v1, * * , Um+1, then the map
p.—-)Z, 1 wivi: A™ > Vis a homeomorphism.

ProrosITION 1.4, If V is solid and convex, then clint V =cl V and intcl V =
int V.

PrROPOSITION 1.5. V= (cl V)°=(co V)® = (cone V)°.

PROPOSITION 1.6. If V is solid and convex, then V° = (int V)°,

ProrosiTION 1.7. If Vis a solid closed convex cone, then V +int V =int V.

PROPOSITION 1.8. If Vis open, [ € V° and 0e1(V), then [ = 0.

PROPOSITION 1.9. VON V= (V +cone V)e.

PrOPOSITION 1.10. V$ X VS = (VX cone V,)°.

Proofs. Propositions 1.1 and 1.2 follow from the definitions of linear and affine
independence. Propositions 1.3 and 1.4 can be found in [30, pp. 25, 27] and [17, p.
59], respectively. Proposition 1.5 follows from the linearity and continuity of the
elements of V. Using Propositions 1.4 and 1.5 we have Vo= (cl V)° = (clint V)° =
(int V)°, which proves Proposition 1.6. Proposition 1.7 is a consequence of [30, p.
28], and Proposition 1.4. Proposition 1.8 follows from [30, p. 34], Proposmon 1.5
and the fact that cone V is open. To prove Proposition 1.9, let [ € (V +cone V)® and
suppose /¢ V©, i.e., there exists v, € V such that [(v;) > 0. For each ¢ € V there exists
a>0 (suﬂic1ently small) such that /(v; + a?)>0, which is a contradiction. Now suppose
Ir3 V i.e., there exists v, € V such that {(v2)>0. Then, for each v € V there exists
a>0 (suﬂic1ently large) such that /(v +av;) >0, which is also a contradiction. The
reverse inclusion follows from Proposition 1.5 and the obvious fact venvec
(V + V). Identical arguments can be used to prove Proposition 1.10. 0

We conclude this section with some comments about the orderings = and < on
%, (similar remarks apply to ). Clearly, = is reflexive and both orderings are transitive.
The ordering = is antisymmetric only when Z, N (—Z,) ={0}, i.e., when Z, contains
no lines. Because int Z;, does not contain any lines, the relations z <7 and Z <z are
never both satisfied.

Note that both orderings are compatible with the linear structure on %, in the
sense that if z =7 then az=aZ, « =0, and if z=7 and z'=%' then z+z'=Z +7'
(and similarly for < with @ =0 excluded). Finally, Proposition 1.7 leads to the fact
that z =0 and z <0 imply z +Z <O0.

2. The Main Theorem. First, we introduce some notation and conventions for
OP which simplify the statement of the necessary conditions in this and subsequent
sections. Without loss of generality we assume in this section and in §§ 4 and 5 that
the solution € of OP satisfies ¢o(€) = 0. This convention, which simplifies the notation
considerably, can be removed by replacing ¢o by ¢o—do(€) wherever it appears. In
order to deal efficiently with various special cases of OP we adopt the convention that
%= and k =0 denote the absence of, respectively, (1.2) and (1.3). For the case
F#J (e, (1.2) is present) define FLY xF ZAZ,xZ and ¢ 2 (o, $); when
F=Dlet¥2%, ZLZyand ¢ 2 ¢o.Fork #0 (i.e., (1.3) is present) define ' & Q’XR
and for k=0 let Z'A%. For h € Z xR let msh £ component of 4 in Z and 4 2
component of R If H « % xR" then wsH and 7, ,H are defined in the obvious way.

The assumptions required for the Main Theorem are contained in the Main
Condition (MC) which follows. Roughly speaking, this condition involves: a rep-
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resentation of E (through a set K and a map ©) ‘“near” the feasible point ¢, a
generalized ‘“‘critical direction” Y, which is the basis for higher-order necessary
conditions, and some differentiability-like conditions ((2.4) and (2.6)) on ¢o, ¢ and
¢. It is shown in later sections that MC includes as special cases conditions commonly
satisfied in optimization problems. The paper [29] contains closely related assumptions
and considerable comment about them.

MaiN ConpitioN (MC). There exist a feasible element €, Y € Z and a nonempty
convex set K = Z' such that the following property is satisfied. (Let o and n be positive
real numbers, y be a nonzero real number, S be a k-simplex in K, N be a neighborhood
of theoriginin%, A: & >% and ®: S > E.) For all N and n and for all § and o satisfying

(2.1) Oeint 7S (omit if £k =0),
(2.2) og@@)+Y)+mgS<intZ

there exist y, A and @ satisfying

2.3) A7\(intZ)cintZ,

(2.4) AcpoBh)ea(d(@)+Y)+meS+Z +N, heS,
(2.5) PYo®: 5> R* is continuous (omit if k = 0),
(2.6) Iy o®(h)—myh|<m, h €S (omit if k =0).

MAIN THEOREM (MT). Suppose MC is satisfied. If & solves OP then there exists
lé(ld,, l)eZx* X R* when k >0 and | &1y € &* when k =0 such that

2.7) 1#0,

(2.8) 1,eZ°,

2.9) ls(¢@)+Y)=0,
(2.10) I(h)=0, heK.

Remark 2.1. When k =0 the simplex § in MC consists of a single element 4. In
this case the role of ® and § can be handled by a single element ¢ 2 ®(h)e E and
(2.4) can be replaced by

(2.4) Acple)ea(d(@)+Y)+h+Z +N.

The distinction between (2.4) and (2.4)' accounts for the pair of conditions [29, 3.1
and 3.2].

Remark 2.2. The focus in [29] is on first-order necessary conditions for a very
general extremal problem which includes OP as a special case. MC and MT can be
reformulated to apply to this problem although this is not pursued here. In the context
of OP, MC both weakens and generalizes [29, conditions 3.1 and 3.2]. These conditions
involve the introduction of an auxiliary vector space %, a convex set M =% and a
map f: M >%'. Necessary conditions are then stated in terms of the elements of M.
MC is weaker since % does not appear. Instead MC involves elements of the set K
which corresponds to the image of M under f. A similar idea appears in [10, Thm.
13.1], p. 46, which follows from MT with Z, =R, #=@,Y=0and K a cone. The
term Y, which leads to higher-order necessary conditions, has no counterpart in either
[10] or [29].
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Remark 2.3. Because ¢(€)eZ, YeZ and I, € Z®, it follows that (2.9) is
equivalent to the pair of conditions

(2.11) ly(p(&))=0,
(2.12) I,(Y)=0.

Note that (2.11) is a complementary slackness condition in that it yields additional
information concerning /4. By virtue of the additional condition (2.12), (2.9) may be
viewed as a generalized complementary slackness condition.

Sometimes MC is verified with a qualification of § which is weaker than (2.1)
and (2.2). Although this results in a stronger version of MC it may be more suitable
for applications. For example, either or both of the conditions (2.1) and (2.2) may be
omitted. A common situation is the subject of the following easily proved result.

PROPOSITION 2.1. Suppose MC is satisfied and

(2.13) $(€E)+YebdZ
Then (2.1) and (2.2) imply
(2.14) The vertices of S are linearly independent.

Remark 2.4. Because ¢o(€)=0, (2.13) is satisfied when Y =0. This is the
situation in [10, Thm. 13.1]. There (2.1) and (2.2) are omitted and the (weaker) linear
independence condition (2.14) appears.

Remark 2.5. The set € plays no role in the Main Theorem or its proof. In §§ 5
and 6, € is used to define differentiability properties which cannot be stated solely in
terms of the elements of E.

3. Proof of the Main Theorem. The following notation and definitions are
needed. Let ¥ be a vector space and V< 7. If V +uv is a subspace of ¥ for some
v € ¥ then V is an affine subset of 7. The codimension of an affine subset V, codim V,
is the dimension of a subspace V = %" such that the direct sum of V and the subspace
V +v is 7. The affine hull of an arbitrary set V, aff V, is the smallest affine subset
containing V.

Suppose now that ¥ is a topological vector space and V, A, B = 7. The interior
of V relative to aff V is denoted by ri V. /€ ¥™ separates A and B if [ # 0 and there
exists @ € R such that [(a)=a =[(b), a€ A, b €B. If either A or B is a cone then «
can be chosen to be zero without loss of generality and thus / € A°N(-B)°.

We will also require the following easily verified results. If "; and 7", are vector
spaces, Vi< ¥ and V,< ¥, then aff (VX V,) = (aff V)X (aff V). If in addition 7",
and ¥, are topological vector spaces then ri (VX V,) = (ri V1) X (ri V).

The proof of MT rests upon the following separation lemma. This result is a
generalization of a well-known theorem which follows when int A # J (see, e.g., [7,
p. 63], or [31, p. 24)).

LEMMA 3.1. Let A and B be convex subsets of a topological vector space V" such
that aff A is closed and has finite codimension, i A # & and (i A)NB = . Then
there exists | € V* separating A and B.

Lemma 3.1 is a corollary of an algebraic separation theorem stated without proof
in the survey paper [19, p. 253]. In the algebraic setting 7" is assumed to be a vector
space and the “intrinsic core’” of A plays the role of ri A. The additional assumption
that aff A is closed implies that / is continuous (see [19, pp. 240-1]). A proof of the
algebraic separation theorem can be obtained by means of induction on n = codim aff A
using a method similar to that used in [31, proof of Thm. 2.9].
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We consider the full proof of the Main Theorem only for the case & # & and
k >0 since the proofs of the remaining cases involve similar arguments. A large
portion of the proof is contained in the following two lemmas. Suppose MC is satisfied
and define Z & (int Z )—cone (¢ (¢)+ Y). Note that Z isan open convex cone.

LEmMA 3.2. If K and Z x {0} are separated by a continuous linear functional then
there exists | = (ly, ly) € Z* X R* satisfying (2.7)-(2.10).

Proof. Since Z % {O} is a cone there exists [ = (I, l,) € E* X R* satisfying (2.7) and
such that [ e (-K)°N(Z x {0})®. Thus [ satisfies (2.10). By Proposition 1.10, I, eZ®
and, by Proposition 1.9, Iy (int Z)° and l4(¢(é)+Y)=0. By Proposition 1.6
(intZ)@ =Z° and thus (2.8) holds. Since ¢(€)+Y eZ, I4(¢(@E)+Y)=0, which
implies (2.9). O

LeMMA 3.3. If K and Z x{0} are not separated by a continuous linear functional
then there exist a k-simplex S = K and a positive real number o satisfying (2.1) and (2.2).

Proof. We first show that 0 € int 7,K. If this is not true, then it follows (see, e.g.,
[30, Thm. 1.5.19] that there exists & € R*, £ #0, such that £ -v =0, v e myK. Then
1=(0, &) e Z* xR separates K and Z x {0}, which is a contradiction. Since 0 € int 7,K
there exists a k-simplex U £co{uy, - - -, ux+1} < m,K such that Oeint U. For each
ie{l, -, k+1}lets;eK satisty mys; = u;.

Smce aff (Z x{0}) = (aff Z ) X (aff {0}) = Z x {0} is closed and has finite codlmensmn
k and since i (Z x{0}) = (ri Z) x (ri {O}) Z x{0}# &, Lemma 3.1 1mp11es that (Z x
{OH)NK # . Thus, there exists s 2 (5 —o'(¢(€)+Y),0)e K, where 7 eintZ and
o'>0. Since Z €int Z we can choose A € (0, 1) sufficiently close to 1 so that AZ +
(1=MN)mgsieint Z, ie{l, -+, k+1}. Define h;2As+(1—A)s;, ie{l, -,k +1}, and
S2co{hy, ", hes1}. Letting o2 A0, and Z20(h(é)+Y) it is easy to see that
hi=AZ+(1=AN)mesi—Z, 1-Nu;)eK, ScK and mgh;e(intZ)—Z. Since m,S =
(1—=A)U and O€int U, (2.1) must hold. Since uy, - * -, U+ are aﬂinely independent
and (1- A)'lm,h =y; it follows from Proposition 1.2 that Ay, - - -, Ay are affinely
mdependent and hence S is a k-simplex. Finally, since 2 +1-r¢h eintZ, ie
{1, -, k+1}, (2.2) is satisfied. O

We can now proceed with the proof of MT. Suppose that the theorem is false.
By Lemmas 3.2 and 3.3 there exist a k-simplex S$ =co{hi, - ,h+1}<K and a
positive real number o satisfying (2.1) and (2.2). Since o (¢(€)+ Y)+msh;€int Z,
ie{l, -+, k+1}, the openset N 2 N ] ((int Z)—o (¢ (€) + Y) — m,h;) is a neighbor-
hood of the origin in Z. It follows easily that (¢ (€)+ Y)+ 7S + N cint Z. Because
of (2.1) we can choose 1 >0 so that B (n)<cmS. For S, o, N and 7 thus defined
there exist y, A and © with the properties specified in MC.

From (2.3), (2.4), Proposition 1.7 and the choice of N we have

$°0)cA (o (¢(@)+Y)+meS+Z +N)
cA N ((intZ)+Z)=A"int Z)<int Z.

This implies that, for all A € S, ¢o°O(h) <0 and ¢ -O(h) <0.
Let 7y: S - myS be defined by 7, (h) = m4h. Since S and 7,S are k-simplexes, 7,
assoc1ates points with the same barycentric coordmates Proposition 1. 3 implies that
myS > S is continuous. Define G: 7,S >R by G(u) = —yo@omy" (u)+u. From
(2 5) it follows that G is continuous and, from (2.6) and the choice of 0, G: m,S > m,S.
Since 7r.,,S is compact and convex, the Brouwer fixed point theorem implies that there
exists u*e m,S such that G(u *)=u*. Since y #0 it follows that ¢ (e*)=0, where
e*20(h*) eE and h*2 7,  (u*)€S. Since e* also satisfies ¢ole*) <0 and ¢ (e*) <0,

¢ does not solve OP, which is a contradiction.
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The proof for F=0is almost identical to the above proof. It is only necessary
to delete the details pertaining to é. In the case k = 0 the proof is considerably shorter.
zZ plays the role of Z x{0} in Lemma 3.2 and, in Lemma 3.3, the k-simplex S is a
singleton. The remainder of the proof proceeds along the same lines as the above
proof except now the development relating to ¢ is not needed.

4. A specialization of the Main Theorem. In this section we specialize the Main
Theorem to obtain Theorem 4.1. For our purposes here, Theorem 4.1 may be regarded
as a convenient intermediate step to the results of §§ 5 and 6. It may have independent
interest, however, in other applications.

Theorem 4.1 is obtained by imposing additional structure on MT in three ways.
First, we introduce an auxiliary vector space as discussed in Remark 2.2. This com-
pensates for the lack of assumptions on &. Second, we assume that the cost and
constraint functions possess one-parameter polynomial expansions. These expansions
may be regarded as a primitive form of the variational and power series required for
the derivation of higher-order necessary conditions in §§ 5 and 6. Third, we impose
additional structure on the inequality constraint (1.2). Specifically, we assume that
there exists j € N and, for each i € {1, - - -, j}, there exist a topological vector space %,
a mappmg ¢;: € > %, and a solid closed convex cone Z; = Z; not equal to &, such that
F=% x X%’,,qﬁ (1, ,¢))and Z =2Z,x-+-xZ. Forie{l, --,jland z,Z €
%: we define z =7 and z <Z in the obvious way. Now (1.2) becomes

(L.2y ¢ie)=0, ie{l,---,j}

As discussed below, writing (1.2) in the form (1.2)" extends the applicability of the
Main Theorem.

Condition 4.1, which is used in Theorem 4.1, incorporates the above aspects.
This rather complex condition may be motivated by the following comments. Roughly

speaking, we assume that ¢, - - -, ¢; have expansions of the form
(4.1) dile) =¢i(@)+ ‘_Lla'Yir+0(a'"‘),
where m;eNU{0}, Y, e Z forallre{l, - -,m},a>0and a ™o(a@™)>0asa->0".

In the proof of Theorem 4.1 it turns out that if for all « > 0 sufficiently small
(4.2) $:(@)+ ¥ a'¥, <0,
r=1

then the term o(a™) plays no role in the higher-order necessary conditions. This is
advantageous if either: (1) ¢; possesses an expansion of order m; and not of order
m;+1, or (2) the term Y ,+1 is not an element of Z;. The form of the constraint (1.2)'
is used so that the order m; of the expansion can depend on i.

By adding Z:";l (1-a")Y; to the left side of (4.2) (assuming a <1) and using
Proposition 1.7 it follows that (4.2) implies

4.3) ¢i(e)+ gl Y, <O.

Similarly, it can be seen that the reverse implication is true. The equivalence of (4.2)
and (4.3) accounts for the appearance of (4.3) in Condition 4.1 (via the set I' defined
below). In the proof of Theorem 4.1 the ith component of Y in MTis givenby Y =, Y.
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Additional aspects of Condition 4.1 are: the ‘“‘auxiliary” vector space &, a convex
set of “‘variations” M < &, a mapping V:M - %' which provides a representation for
K in MC (specifically, K =co V(M)) and, for each k-simplex X <M, a mapping
{: X - E which corresponds to ® in MC.

In what follows we use the conventions {a;}}-1 = &, Z?=1 a; =0andletj =0 when
the inequality constraints (1.2)" are absent. As in § 2 we assume for convenience that
¢0(€)=0. For ¢cE define the index sets I'2{ic{0, - ,j}: ¢:(€)+Y =, Y, <0}
andI"2{0,- - -, j}/I'. Finally, let[ e Z"* denote [ = (o, * - * , [;, [,) e ¥ x -+ - X FF x R*
when k>0and [ =(ly, -+, [)eZ§ x- - - xZ¥ when k =0.

Condition 4.1. There exist a feasible element ¢, a vector space &, a nonempty
convexsetM =¥, neN, m;€{0,---,n—1}and {Y,};i, = Z; forallie{0, - -,j},and
V&V, V, Vy):M->Z (omit V, when k =0) such that V;: M > %, is Z;-convex
foralliel", Vy: M > R* is affine and such that the following property is satisfied. (Let
X =co{xy, *,xk+1} =M be a k-simplex, N; be a neighborhood of the origin in Z;
for all ie{0, --,j}, n>0, 7>0, a€(0,7) and {: X > E.) For all X, Ny, --,N;, n
and 7 there exist & and ¢ satisfying

4.4) o |4t -6@)- L o'V ]cz+N,  ier,

r=1

m;

(4.5) a“""-*”[cbio:(X)—«zsi(e')— T a'Y.-,]c<co ViX)+Z;+N, i€l
1

r=

k+1

(4.6) > L//°{( Y ,u,»x,) :A¥ > R* is continuous (omit if k = 0),
i=1

4.7 la "ol (x)— Vy(x)|<m, xeX (omitif k=0).

THEOREM 4.1. Suppose Condition 4.1 is satisfied. If é solves OP then there exists
leZ'"™ such that

(4.8) 1#0,

(4.9) Lez?, i€{0,---,j},

(4.10) =0, iel,

(4.11) o)+ X vi)=0, iel’,
r=1

(4.12) I(V(x)=0, xeM.

Remark 4.1. The additional structure of (1.2) accounts for the form of (4.10)
and (4.11). Condition (4.10) generalizes the ‘“‘complementary slackness” condition
pertaining to the “‘inactive” inequality constraints (¢;(€) <O0) in first-order necessary
conditions. Note that ¢;(&) +Z:"=‘1 Y. #0 for i e I" is possible when dim Z; > 1. In this
way (4.11) may yield information regarding /;.

Remark 4.2. By setting n =1 in Condition 4.1 it is easy to see that Theorem 4.1
implies [29, Thm. 3.1] when this result is specialized to OP. Note that in Condition
4.1, X is a k-simplex whereas in [29, cond. 3.1], X is an i-simplex, where i €{1, - - -, k}.
Furthermore, because inactive inequality constraints require only a trivial expansion
of the form (4.4) (since m; = 0), (4.4) and (4.5) allow a more general treatment of the
inequality constraints than is possible by [29, (3.2)].
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Proof of Theorem 4.1. We give the details for the case k >0 only since the proof
for k = 0 is similar. Since the functions V,, i e I', play no role in Condition 4.1 or the
results of the theorem, we define V;(x) =0, x e M, i € I'. The main idea of the proof
is to show that MC holds with

@.13) v=(% Yoo, T Vi)
r=1 r=1

and

(4.14) K =co V(M).

To show that (2.7)-(2.10) imply (4.8)-(4.12), note that (4.9) is merely a rewriting of
(2.8) and that (4.11) and (4.12) follow from (2.9) and (2.10), respectively. Also, (4.10)
follows from (2.9), (4.9) and Propositions 1.6 and 1.8.

We now show that Condition 4.1 implies MC. Let S =co{hy1, ", hx+1}, 0, N
and n have the properties specified in MC. Since h; €K, ie{l, - -,k +1},and K =
Cco V(M), we have hi =Z:‘=1 [L,'rV(x,‘,), where Vi € N, ([Lil, e, p,i,,,‘)e Avi_l and

Xi1, "+, Xy € M. Define x; 2Y, ) pikir, i €{1, -+ -,k +1},and X £cof{xy, - -, xpr1}-
Since V, is affine,

(415) V./,(x,')=7T¢hi, iE{l,‘ s ,k+1}

From (2.1) it follows that wyhy, - - -, myhe 1 are affinely independent. Proposition 1.2

and (4.15) thus imply that X is a k-simplex. For each i €{0, - - -, j} choose N; to be
a neighborhood of the origin in Z; so that

(4.16) o(NoX-+-xNj;)cN.
Also, let 257,

With X, Ny, - - -, N, { and 7 now specified Condition 4.1 implies that there exist
a€(0,7) and ¢: X > E satisfying (4.4)—(4.7). We now exhibit y, A and ® so that
(2.3)-(2.6) are satisfied.

Let ©: S > E be defined by ®=fog where g: S A¥, S A"—>E g wh) A p
and f(u)2¢ (Z, 1 wix;). From (4.6) it follows that ¢ of: A* > R* is continuous. Since,

by Proposition 1.3, g is continuous, ¢°® =y ofog: § > R" is continuous. This proves
(2.5). For use below note that

k+1 k+1
(4.17) @( 5 ,w,.h,.)=g( 5 /.Lix,-), peAX
i=1 i=1
(4.18) 0(S) = ¢ (X).
For heZox-uxZ,.le", HcZOx-‘-xZ,xR" and i€{0, - -,j} let mh2

component of 4 in Z; and mH 2 {mh: he H}.
Since V; is Z;-convex, i € ", we have

(4.19) Vi)=Y ppVilew) =mhy,  pefl,-- -, k+1},
r=1
which implies that, for all p e Ak,

k+1 k+1
(4.20) V{ L wots) = z upVils)S 3 by €S,
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Consequently,
(4.21) coViX)cmS+2Z, iel"

To simplify what follows we assume without loss of generality that o > 1. To see
that this is possible note that if o =1 then we can add p(¢(€)+Y), where p >1—o,
to each side of (2.2). Since p(¢(€)+ Y)e Z, Proposition 1.7 can be used to replace
(int Z)+p(p(€)+Y) by int Z. Then o +p can be relabelled as o to yield the desired
result. Note that o > 1 implies « <1.

Since Z; is a convex cone it follows that, for all i €{0, - - -, j},

(4.22) aod;(€)+ Z' oY, €Z;, ag, ', A, >0,
r=1
From (4.13) it follows that

(4.23) mY = i Yo, i€{0,---,j},
r=1

and, since V;(x)=0, iel’, we have

(4.24) mS={0}, el

Since ca " =a, re{0,1, - - -}, (4.4), (4.18), (4.22), (4.23) and (4.24) imply
(4.25) oo Mg o0S) o (@) +mY)+mS+Zi+oN, iel.
Since a " >0, reN, (4.5), (4.18), (4.21), (4.22) and (4.23) imply

(4.26) a "V o0(S) o (¢i(€)+mY)+mS+Zi+N, iel

For z 2 (2o, + +,2;)€ Z define A(z)2 (aozo, - * , a;z;), where a;20a ™™, iel’,
and aiéa"(""’“), i eI", which satisfies (2.3). Condition (2.4) follows from (4.16),
(4.25), (4.26) and the fact that N; = oN,. Since V, is affine, (4.15) implies

k+1 k+1
4.27) vw( y p,ix,-)=1r.,, Y why  medk
i=1 i=1

Letting y 2a ", (4.7), (4.17) and (4.27) imply (2.6), which completes the proof. 0

Remark 4.3. If k>0 and dim M <k then M does not contain a k-simplex and
Condition 4.1 holds trivially. In this case the necessary conditions (4.8)-(4.12) can be
satisfied by choosing [ = (0, - - -, 0, [,) where I, € (—V,(M))° and I, #0. Such I, exists
since by Proposition 1.2 dim V(M) <k.

Remark 4.4. Suppose Condition 4.1 is satisfied and, in addition, I"# J, M is a
cone and V is positively homogeneous and affine. Then Theorem 4.1 remains valid
with a slightly weakened version of Condition 4.1 in which x1, - -+, xx+1 are assumed
to be linearly independent. To see this, note first that I" # J is equivalent to (2.13)
with (4.13). By (2.14) hy, - -, hes1 are linearly independent. Thus Proposition 1.2
and the fact that V(x;)=h;, i€{l, -,k +1}, imply that xq, - -, x.4; are linearly
independent. This weakened version of Condition 4.1 is thus satisfied trivially when
M does not contain k +1 linearly independent elements.
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5. Applications involving directional differentials. We now assume that the map-
pings ¢, * - + , ¢; and ¢ satisfy certain first- and second-order one-sided differentiability
conditions. These assumptions lead to the principal results of this section, Theorems
5.1 and 5.2, which contain the first- and second-order necessary conditions for OP.
A rather extensive investigation of the relationship between these results leads to
Theorem 5.4 which generalizes [35, Thm. 2.3]. The proof of Theorem 5.2 is then
given along with remarks pointing out how the results of this section can be generalized.

In ordér to state the differentiability assumptions for the cost and constraint
functions, it is necessary to introduce a generalization of the Fréchet derivative. This
definition, which is due to Warga [33, p. 167] allows a function to have a derivative
at a point which is not in the interior of its domain. Some consequences of this
definition needed in the proofs of this section are discussed in the Appendix.

DEFINITION 5. 1. Let £ be a Banach _space with norm |-|, ¥ be a topological
vector space, Ac® and f: A—>03/ f is F-differentiable at x €A and has the F-
derivative f( (%) 4 f (x)e%(% %) if ¥ is contained in a solid convex subset of A
and

(5.1) lim |x —%|"'[f () = f(0) £ ()(x = )] =0.

xeA/{x}

If f'(x) exists for all x € A then f is F-differentiable.

The second derivative requires a topology on B(&;¥). This is handled by
assuming that % is a Banach space and defining a norm on B&;Y)asin§ 1.

DEFINITION 5.2. Let £, A, % and f be as in Definition 5.1 and assume further
that & is a Banach  space. f is twice F- differentiable at % €A and has the second
F- derlvatlve fm(x) f”(x)e %(Z BE; %)) if fis F -differentiable and the mapping
x->f'(x): A->R(P; %) is F-differentiable at %.

First- and second-order one-sided directional differentials appear in the theorem
statements. Their definition is a simple application of the preceding definitions.

DEFINITION 5.3. Let & be a vector space, % be a topological vector space, A = %,
F:A->%, €A and heZ. Suppose that there exists 8 >0 such that ¥ +ah e A,
a €[0, B), and define f:[0, B) > ¥ by f(a) =F (x +ah). If f'(0) exists then DF (%; h) £
f'(0) is the one-sided directional differential of f at X in the direction 4. If ¥ is a
Banach space and f"(0) exists, then D*F (x; h) 2 f"(0) is the second-order one-sided
directional differential of F' at % in the direction A.

Note that A in Definition 5.1 is given by [0, 8) in Definition 5.3. It can be seen
that if DF(x; h) exists then DF (X ; ah) exists for all « > 0. Thus, although DF(%; k)
as defined is an element of B(R; %), we regard DF(%;-) as a map from cone h
into ¥.

The following notation concerning a feasible element & simplifies the statement
of what follows. If j>0 let In2{ic{l,---,j}: ¢:(@)<0}, Ia2{1, - -,j}/In and
Lao2 T, U{0}; if j=0let Iy 21, 2 & and I, 2{0}. Note that if j >0 and dim Z; > 1

for some ie€{l,---,j}, then I, does not necessarily coincide with the set {ie
{1, -, j}: ¢:(€) =0}. We define
(5.2) (bé{((ﬁO) Y ¢}" (//)’ k >0,

(o, "+ * 5 b)), k=0.

Finally, we recall from § 4 the meaning of the notation /€ Z'* and the convention
¢o(€)=0.

Condition 5.1. E is a subset of a vector space & and there exist a feasible element
¢ and a nonempty convex subset M of Z such that the following property is satisfied.
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For each X =co {xy, : - -, xx+1} © M there exists 8 >0 such that
(5.3) é+aX<E, «€l0,B),

k+1

(5.4) p.—>l//(e_+a y M,.x,.) :A* >R is continuous, a€(0,8) (omitif k =0),
i=1

k+1 -
(5.5) a—>®(5+ Y a;xi):Pk+1(B)->;‘3f’ is F-differentiable at o= 0.
i=1

i=

Furthermore, if kK =0 then
(5.6) x>Do¢i(e;x):M->%; isZ;-convex, ie€{0, --,j}

THEOREM 5.1. Suppose Condition 5.1 is satisfied. If € solves OP then there exists
1 e &' such that

(5.7) 1#0,

(5.8) Lez®, iefo,- -,
(5.9) =0, iely,
(5.10) li(¢:i(@)=0, iela,
(5.11) I(D®@E;x)20, xeM.

Condition 5.2. %o, -,%; are Banach spaces, &€ is a subset of a vector
space & and there exist a feasible element &, a vector ye & and a nonempty
convex set M'<Z such that the following property is satisfied. For each X =
co{xy, *,xk+11 < M’ there exists 8 >0 such that

(5.12) E+ay+aX<¥,  (ai,a)eP’P),
(5.13) E+ay+a’X cE, (a,a’)eP?@),

k+2
(5.14) a—><1>(e'+a1y + 3 oaxi_l) PB) >

i=2

is twice F-differentiable at a = 0.

Furthermore,
(5.15) D¢i(é; y)=0, i €la0,
(5.16) Dy(é;y)=0 (omitif k =0)

and, if k =0, (5.6) is satisfied with M replaced by M.
THEOREM 5.2. Suppose Condition 5.2 is satisfied. If € solves OP then there exists
leZ'™* such that

(5.17) 1#0,

(5.18) Lez?, ie{0,---,j}

(5.19) =0, iely2IyU{ielao: ¢:i(€)+Dei(e;y)<0},
(5.20) li(¢:i(€)+De¢i(e;y) =0, ielz2{0,---,j}/I0,

(5.21) (D x)+3D*®(E;y)=0, xeM'



HIGHER-ORDER NECESSARY CONDITIONS 225

The proofs of Theorems 5.1 and 5.2, given at the end of this section, are based
on Theorem 4.1. In brief, the reasons for Conditions 5.1 and 5.2 are as follows. Items
(5.3) and (5.12) set up the differentiability domains for ®. Theorem A.1 (see Appen-
dix), a version of Taylor’s theorem, is used with (5.5) and (5.14) to obtain expansions
for ®. These expansions in the variable a can be reduced to one-parameter expansions
by means of Proposition A.1. The correct properties for the intermediate terms of
these expansions follow from (5.15) and (5.16). In this way (4.4), (4.5), and (4.7) are
obtained. The purpose of (5.4) is to guarantee (4.6). In Theorem 5.2, (5.14) implies
(4.6). Condition (5.6) is required so that when k =0 the map V in Condition 4.1,
which is given by V(x)2D®(¢; x), is Z-convex. No assumption analogous to (5.6)
is needed when k >0 since (5.5) and Theorem A.2 imply that V in Condition 4.1 is
affine. Similar remarks apply to Condition 5.2. In the proof of Theorem 5.1 {(x)=
e +ax which, by (5.3), is an element of E. Theorem 5.2 involves feasible elements of
the form {(x) =é +ay +a?x which, according to (5.13), are in E.

Remark 5.1. Because the origin of R" does not lie in the interior of P"(8), (5.5)
and (5.14) rely on Definitions 5.1 and 5.2 instead of the classical definition of the
Fréchet derivatives. Since P"(8) =B"(8), weaker versions of Theorems 5.1 and 5.2
are obtained by replacing “P” by “B” in (5.5) and (5.14). Proofs of these weaker
results depend on the classical definition of the Fréchet derivative along with a classical
Taylor theorem result. In this case, Theorem A.l is not needed and a weakened
version of Proposition A.1 suffices.

The necessary conditions of Theorems 5.1 and 5.2 are not necessarily satisfied
by a common /. Thus, one should not jump to conclusions about the relationship
between the first- and second-order results. Much of the development in the remainder
of this section involves an examination of this issue. Of particular importance is the
relationship between M and E in Theorem 5.1 and among y, M, E and & in Theorem
5.2. The latter case is more complex because of the ‘““‘quadratic”’ nature of (5.13). For
example, y and M' may be chosen to characterize features of E such as a curved
boundary.

The following two examples will be useful for illustrative purposes. It is easy to
see that (5.12) and (5.13) are satisfied in both cases.

Example 51. =€=R’, keN, ¢=(0,0), y=(1,0), M'={0}x[1,2], E=
{(s1,52)€R*: 0=s5,=1, s3=s5,=2s3}.

Example 5.2. Z, &, k, é, y as in Example 5.1, M’ ={(s1, s2) e R*: 5, =0, 1—s; =
$2=2—-2s1}, E ={(s1, 52) e R*: s1 =12, s3=s1}.

Remark 5.2. Note that if Condition 5.1 holds then it remains valid if M is
replaced by cone M. Thus, without loss of generality, M can be assumed to be a
convex cone. Examples 5.1 and 5.2 show that it is not always possible to replace M’
by cone M’ in Condition 5.2 since (5.13) may not be satisfied.

Example 5.1 shows that Condition 5.2 does not imply that Condition 5.1 is
meaningfully satisfied. For this example the only set M satisfying (5.3) is M ={(0, 0)}
which yields trivial necessary conditions. Even when Conditions 5.1 and 5.2 are both
meaningfully satisfied, M and M' may be disjoint as in Example 5.2 where M must
be a subset of R U{(0, 0)}. Thus, it is not surprising that there may be no [ satisfying
both (5.7)-(5.11) and (5.17)-(5.21). The following assumption about the structure of
M’ leads to the existence of a common /. Consider

(5.22) M'=Q+R, Q convex, R aconvex cone.

We use (5.22) to obtain the following result.
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PROPOSITION 5.1. Suppose the assumptions of Theorem 5.2 are valid with M’
given by (5.22). If k >0 then (5.21) is equivalent to
(5.23) I((D®(e;x))=0, X€R,

(5.24) I[(D®@E; x)+3D*®(@E;y)=0, x€Q.
If k =0 then (5.21) implies (5.23) and (5.24). The converse in this case is valid if either
Q ={0} or the map x >D®(é; x):M'>Z is affine.

Proof. Define V2 —(D®(e; Q)+3D*d(E;y)), Vo, 2—(DdE;R)) and V32
~(D®(€; M')+3D*®(é;y)) and note that (5.24), (5.23) and (5.21) are equivalent
to [e VS, 1e VS and [ e V¥, respectively. For the case k >0 we have Vi+ Vo=V,
since D®(e; -) is positively homogeneous and affine (see Theorem A.2). Since V,
is a cone, Proposition 1.9 implies Ve N VS =V$, as desired. For the case k =0 it
can be shown that (5.6) with M replaced by M’ implies V1+ V,< V3;+Z. Thus,
(V3+2Z)°<(V1+ V,)° and, by Proposition 1.9, V¥ NZ°<= vP N VY. Since (5.18)
is satisfied, (5.21) implies (5.23) and (5.24). If either Q ={0} or D®(e; -) is affine,
Vi+ Vo= Vjand thus Vo N VS = VS, which completes the proof. 0O

Notice that (5.22) can be satisfied trivially with Q =M’ and R = {0}. However,
this does not produce new results. Situations of general interest are: Q ={0}, R =M"'
(i.e., when M’ is a cone) and Q # {0}, R # {0} (e.g., Example 5.2, where Q ={0}x[1, 2]
and R ={(s1,s2)eIR2: —51=5,=-251}). The following result is a consequence of
Theorem 5.2 and Proposition 5.1.

THEOREM 5.3. Suppose Condition 5.2 is satisfied with M' given by (5.22) and
let M < R. If € solves OP then each [ satisfying (5.17)-(5.21) also satisfies (5.7)-
(5.11).

Proof. By Proposition 5.1, (5.21) implies (5.23) and (5.24). Since M =R, (5.23)
implies (5.11). Condition (5.9) follows immediately from (5.19); (5.10) follows from
(5.19) and (5.20) using (5.15) and (5.18). O

Theorem 5.3 shows that if the set M’ in Condition 5.2 is given by (5.22) and M
is an arbitrary convex subset of R, then the second-order necessary conditions (5.17)-
(5.20), (5.23) and (5.24) imply the first-order necessary conditions (5.7)—(5.11). The
strongest version of (5.7)—(5.11) is obtained when M = R. However, these “first-order
necessary conditions” may be unobtainable from Theorem 5.1 because Condition 5.1
may not hold for certain choices of M < R. For instance, in Example 5.2 it is necessary
to choose M ={(0, 0)} in order to satisfy both (5.3) and the requirement M < R. The
reason Theorem 5.2 gives stronger ‘first-order necessary conditions’ than Theorem
5.1 is that (5.13) takes the curvature of E into account while (5.3) does not. Note
that y must be nonzero since otherwise (5.13) and (5.3) are equivalent.

Remark 5.3. The observation that second-order necessary conditions may contain
“first-order necessary conditions” that are stronger than actual first-order necessary
conditions has been made previously in [28, Remark 2, p. 278]. In their treatment
of OP j =0, Z=R", ¢o and ¢ are continuously differentiable and it is assumed from
the outset that (5.22) holds with Q ={q}.

Remark 5.4. The relationship between the first- and second-order necessary
conditions can be thought of in the following way. If Condition 5.1 is satisfied, then
the first-order necessary conditions involve finding an element [ in &'* satisfying
(5.7)-(5.11). If, in addition, Condition 5.2 is satisfied with (5.22) and M <R, then
the second-order necessary conditions are equivalent to the existence of an element
[ in Z'* satisfying both (5.7)-(5.11) and the additional conditions (5.19), (5.20), (5.23)
and (5.24). In this case, Theorem 5.2 supplements Theorem 5.1 and verification of
the necessary conditions can be thought of as a two-stage process.
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Remark 5.5. Suppose Conditions 5.1 and 5.2 are satisfied with (5.22) and
M < R and define

(5.25) T2 {le%™: [ satisfies (5.7)-(5.11)}.

Remark 5.4 shows that it is of particular interest to determine whether I' is a
ray. Specifically, if T is a ray then the search for / satisfying the second-order necessary
conditions is simplified since [ is determined uniquely to within a scalar multiple by
the first-order necessary conditions alone.

We now consider a subset of M that is useful in verifying the first-order necessary
conditions and understanding the relationship between Theorems 5.1 and 5.2. Define

(5.26) P4{yeM:y satisfies (5.15) and (5.16)},
(5.27) F(y)&{i € Lao: #:1(€) + Depi(€; y) <0},
where y € 9, and
(5.28) FL U S(y).
yED
PROPOSITION 5.2. If I satisfies (5.7)-(5.11) then | also satisfies
(5.29) i =0, ielyUJ,
and
(5.30) li¢i@)+De¢i(€;y) =0, i€{0, - -,j}/UnUF), yeD.
Proof. Since @ =M, set x =y €D in (5.11). From (5.16) we obtain
(5.31) ie%‘o li(D¢;i(e;y))=0.

It follows from (5.31), (5.8) and (5.15) that [;(D¢;(€; y)) =0, i € L4o. The result now
follows from (5.10) and Proposition 1.8. O

Remark 5.6. Proposition 5.2 sharpens Remark 5.4 in the following way. Suppose
Conditions 5.1 and 5.2 are satisfied with (5.22) and M <= R. If y in Condition 5.2 is
an element of M (which implies y € @) then (5.19) and (5.20) are a consequence of
(5.29) and (5.30) and thus do not strengthen (5.7)-(5.11).

Remark 5.7. The ideas used in the proof of Proposition 5.2 could also be used
in other contexts in the optimization literature to show that additional multiplier
components are zero. However, this approach does not appear to have been used
before.

We now consider some consequences of strengthening Condition 5.1. Sometimes
the set E is sufficiently “large’ near ¢ so that

(5.32) E+ary+arX CE, (a1, a;)eP*(B).

This strengthening of Condition 5.2 is formalized in Condition 5.3.

Condition 5.3. Condition 5.2 is satisfied with (5.12) replaced by (5.32) and with
(5.13) omitted.

The following results are easily verified.

ProrosITION 5.3. If Condition 5.3 is satisfied then it is also satisfied with M’
replaced by cone M'.

ProvrosITION 5.4. If Condition 5.3 is satisfied, then Condition 5.1 is satisfied
with M =M'.
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The importance of Condition 5.3 lies in Proposition 5.4 which guarantees that
nontrivial first-order necessary conditions can be obtained independently of the
second-order necessary conditions. Proposition 5.3 shows that (5.22) is satisfied with
R =cone M’ and Q ={0}.

Sometimes Conditions 5.2 and 5.3 are equivalent. For example, this occurs if
either & = E or y = 0. A more interesting case is contained in the following proposition
which leads ultimately to Theorem 5.4, a simply stated specialization of Theorem 5.1
and 5.2.

PROPOSITION 5.5. Suppose Condition 5.2 is satisfied with (5.13) deleted and with
the additional conditions

(5.33) 0eM’,
(5.34) yeM',
(5.35) €N(M'+é)<E.

Then Condition 5.3 is satisfied.

Proof. 1t suffices to show that (5.33)—(5.35) and (5.12) imply (5.32). Let 8 € (0, 1)
and X =co{xy, -, xkr1}=M’. From (5.33) and (5.34) it follows that {¢, ¢ +By,
e+pxy, -+, é+Px }cM'+é Thus coi{e e+By,e+Bx, -, e+Bx =M +e
which is equivalent to é+a1y +a X cM'+é, (a;, az)e[P’z(B). The desired result
now follows from (5.12) and (5.35). O

It is easy to verify that the following conditions imply Conditions 5.1 and 5.2,
respectively.

Condition 5.4. E is a subset of a vector space & and there exist a feasible element
¢ and a nonempty convex subset M of & such that 0e M and €N (M +¢)<E and
such that the following property is satisfied. For each X =co {x1, - * -, ¢ +1} =M there
exists B8 > 0 such that

(5.36) e+taXc¥, a €[0,B),

and (5.4) and (5.5) are satisfied. Furthermore, if kK =0 then (5.6) holds.

Condition 5.5. Condition 5.4 is satisfied, Z,, - + - , Z; are Banach spaces and the
following property is satisfied. For each X =co{xy, - * +, xx12} = M there exists 8 >0
satisfying (5.36) and such that

k+2
(5.37) as®(e+ 3 a,-xi):u)"+2<ﬁ)—>sx'
i=1

is twice F-differentiable at a = 0.

THEOREM 5.4. Suppose € solves OP. If Condition 5.4 is satisfied then there exists
1 eZ'™ satisfying (5.7)-(5.11). If, furthermore, Condition 5.5 is satisfied, then for each
y € D there exists | € X'* satisfying (5.7)-(5.11) and

(5.38) I(D*®(e; y))=0.

Proof. Arguments similar to those used to prove Proposition 5.5 show that the
conditions on M and (5.36) imply (5.3). Thus, the first part of the theorem follows
from Theorem S5.1. To prove the second part of the theorem let X =
co{xy, "+, x+1, y} =M, where y € 9, and note that (5.36) with this choice of X is
equivalent to (5.12). Thus, Condition 5.2 is satisfied with (5.13) deleted. Since also
(5.33)—(5.35) (with M' = M) are satisfied, Proposition 5.5 implies that Condition 5.3
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must hold with M’ = M. By Proposition 5.3, Condition 5.3 is satisfied with M replaced
by cone M. Since Condition 5.3 implies Condition 5.2, it follows from Theorem 5.2
and Proposition 5.1 (with R =cone M and Q ={0}) that there exists [/ € Z'* satisfying
(5.17)-(5.20), (5.11) and (5.38). Finally, Proposition 5.2 implies that [/ satisfying
(5.7)-(5.11) must also satisfy (5.19) and (5.20). Thus, these last two conditions have
been omitted. O

Remark 5.8. Remark 5.5 takes on added importance in the context of
Theorem 5.4. This is because when T is a ray, / no longer depends on y € 9. In this
case Theorem 5.4 can be strengthened by deleting the phrase “for each y € 2> and
replacing (5.38) by

(5.39) I(D*®@E;y)=0, ye.

Remark 5.9. Theorem 5.4 generalizes Warga [35, Thm. 2.3]. To obtain his result,
specialize OP by setting j =0, Z, =R and Z,=R_. The hypotheses of Theorem 5.4
are weaker than those of [35, Thm. 2.3] in several important ways. In [35], €N
(M +é)<E is replaced by €N(M+é)=E, P is replaced by B in (5.37) (see
Remark 5.1), the map in (5.37) is assumed to be twice continuously differentiable in
a neighborhood of the origin and an additional normality-like condition is assumed.
It is shown in [13] that this normality condition implies that I" (specialized to the
problem of [35]) is a ray.

We now prove Theorem 5.2. For brevity, we assume k > 0; the case k£ = 0 follows
from similar arguments. For I <{0, - - -, j}let &; £ (o, - - -, $,~, ¢), where g: L ¢, i€l
and ¢; 20, i€{0, - -,/}/I. We will show that Condition 4.1 is satisfied with ¢ and
& as specified, M =M', n =2, m; =0 for i€ In, m; =1 for i € L4y, Y;1=D¢;(¢; y) for
i €lag, and V(x)=D®yé;x)+3D>®4e; y). Since I' =1 and I"=1}, (5.19) and
(5.20) follow from (4.10) and (4.11). Also, (4.12) and (5.19) imply (5.21).

We now show that Condition 5.2 implies Condition 4.1. Note that from (5.14)
and Theorem A.2 (with » =2) it follows that V: M'-> %' is affine. Thus (see Condition
4.1 for notation), V,, is affine and V; is Z;-convex, i e I §. Let X =co {xy, - - -, xxs1} S M’
be a k-simplex and define f:P***(8) > Z' by

k+2
fla) = q)lﬁ(e_+a1y + X aixi—l)-
i=2

Also, let o> 0 satisfy 8o+ B5<B. From (5.14), Proposition A.1.III, Remark A.1 and
Theorem A.2, it follows that, for « €[0, Bo), pe A* and x = Z,k;l WiX;,

D +ay +a’x)=fla,a’uy, -, apis1)
(5.40) = f(0)+afa1(0)+-;-a2[ Faran(0)+2 kil ,L,.fam(O)] +R(a, )
i=1

=dy@)+aDdryé;y)+a’V(x)+R(a, p),

where a °R(a,p) — 0 uniformly for p € A*. From (5.14) it follows that the mapping
k+2

ot—>¢,~(é+a1y + z a,‘x,'_l) :Pk+2(B)—>gi
i=2

is continuous at @ =0, { € In, and F-differentiable at o = 0, i € Iy/In. Thus, Proposition
A.1.I implies

(5.41) ¢i(&+ay +a’x) = ¢(E) —0
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uniformly for pe A*, i € Iy, and Proposition A.1.II yields

(5.42) a '[¢i(e +ay +a’x)=¢i(@€)—aDdile; y)]——0
uniformly for me A%, iely/Iy. For N, - - - , Nj, n and 7 as specified in Condition 4.1,

it is now easy to see from (5.40)—(5.42) that there exists a € (0, 7) such that (4.4),
(4.5) (without need for Z;) and (4.7) are satisfied with {(x)=¢é +ay +a’x. Finally,
(4.6) is a consequence of (5.14).

To prove Theorem S.1,letn =1, m; =0 forieln, m;=1forie€ls, and V(x)=
D®,, (é;x). Since I' =In and I" = L 40, (5.9) and (5.10) follow from (4.10) and (4.11).
Also, (5.11) follows from (4.12) and (5.9). The remainder of the proof follows from
arguments that should by now be clear. 0

We now point out several ways in which the results of this section can be
generalized. First, it is possible to take advantage of the presence of Z; in (4.4) and
(4.5) by replacing continuity and differentiability conditions such as (5.51) and (5.52)
by conditions involving semicontinuity and semidifferentiability. This approach
appears in [20] for first-order necessary conditions but apparently has not been
extended to higher-order necessary conditions.

Another approach to generalizing Theorems 5.1 and 5.2 is based on the concept
of a conical approximation. This involves the existence of a map 6 depending on X
such that, instead of (5.3), (5.12) and (5.13), the following conditions hold:

(5.3)* € +aX)<E, «acl0,B),
(5.12)* 0@ +ary +axX)<¥, (a1, ar)eP*(B),
(5.13)* 0@ +ay+a’X)cE, (a,a’)eP?B).

Moreover, in (5.5) and (5.14), ®<6 plays the: role of ®. Additional assumptions such
as the following are then required: if X and X have corresponding maps # and 6, then

(5.43) D®<g(é;x)=Dd4;x), xeXNX.

A closely related approach appears in [7, Def. B.1.3]. See [28] for a related notion
of conical approximation in the context of second-order necessary conditions for a
nonlinear programming problem.

6. Applications to nonlinear programming. In this section we further illustrate
the use of Theorem 4.1 by deriving first-, second- and third-order necessary conditions
for a nonlinear programming problem. The third-order conditions are new while the
first- and second-order conditions sharpen results from the previous literature. To
keep the conditions reasonably simple, the hypotheses of this section are considerably
stronger than those of § S.

To derive nth-order necessary conditions, the strengthened assumptions for OP
are:

6.1) & is a Banach space,
62) Zi=R Z=R_,ie{0, -,j}

(6.3) b0, *+,¢; and ¢ are C".
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A mapping from & into R" is C" if it is n-times Fréchet differentiable and its first-
through nth-order derivatives are continuous. Let NP denote OP in the presence of
(6.1)-(6.3). As before, let j =0 and k =0 denote the absence of (1.2)" and (1.3),
respectively. Define the (Lagrangian) function L: € xR'*7/** 5 R by

i
Y ldie)+igpe),  1=Uo, ,ly L), k>0,
i=0
(6.4) L(e,l)=1
]
‘Z'o lipi(e), I=(o,--+,0), k=0.
Notation for the Fréchet derivative and partial Fréchet derivative, such as in
i
Le.(e, 1)y, ¥) = 'go lipi(e)(y, §)+1g0"(€)y, §),
is made precise in the Appendix. We require some notation pertaining to a feasible
element é. Recall that if j>0 then Iyn={ie{l, -, j}: ¢:(€)<0} and, because of

(62), IA():{O}U{I G{l, tee ,j}: ¢,(é) =0} If ] =0 then Iy = & and IA0={0}. Let the
set of variations M be chosen to satisfy

(6.5) OeMcE—eé, M is convex.

For the following definitions let ¢ =0 when k = 0. If n = 1 define
(6.6) D12{yeM:$;(€)(y)=0,iclao ¢'(€)(y)=0},
(6.7) F1(y) £ {i € Lao: ¢i(€)(y) <O},

where y € 9, and

(6.8) fléye%l.ﬁl(y).

If n =2, then let

Do(y)2{§e M:3¢7(&)(y)*+$i(e)(§) =0,
(6.9)

i€ Lo/ 51(y), 39"(@) () +y¢'(&)(§) =0},

where y € 9,

(6.10) D:2{(y, ))eM* ye D, ) € Da(y)}
and
(6.11) Iy, §)2{i € Lao/F1(y): 301(€)(y)* + 1 (€)([F) <0},

where ¥ € D,(y).
THEOREM 6.1. Suppose & solves NP. 1. If n =1 then there exists |eR
satisfying

1+j+k

(6.12) l1l=1,

(6.13) =0, ie{0,---,j},
(6.14) L,=0, iely,
(6.15) L.(&D(x)=0, xeM.
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IL Ifn =2, then for each y € @, there exists | € R*** satisfying (6.12)-(6.15) and
(6.16) Le.(& D(y)*=0.

II1. Ifn =3, then foreach (y, §) € D, there exists | € R*"** satisfying (6.12)-(6.15)
and

(6.17) L=0, iefy,?),
(6.18) Lee (&, 1)(y, §) +6Leee (€, D(y)* 0.

Remark 6.1. From Proposition 5.2 it follows that [ satisfying (6.12)-(6.15) must
also satisfy

(6.19) =0, ied.
Remark 6.2. If Oeint M then (6.15) is clearly equivalent to the condition
(6.20) L.(e,1)=0.

Part I of Theorem 6.1 with € =R is well known. When E = & (and thus M = &)
see, e.g., [25, Thm. 1]; when Ogint M see, e.g., [7, Thm. 2.3.12]. Second-order
necessary conditions similar to those of part II can also be found in the literature.
For example, part II follows from [4, Thm. 3.2] when E = & = R". There the condition
[;=0, ie $1(y), is included. Remark 6.1 shows, however, that this adds no new
information. After some manipulation, part II with & =R” and j =0 can be obtained
from [28, Thm. 6]. The only third-order necessary conditions from the literature which
appear to be related to part III are [14, Thm. 2.5], [16, Thm. 5.1] and [22, Thm.
2.5]. Because of differing hypotheses, however, these results cannot be compared
directly.

Note that [ depends on y € 9 in part II and on (y, )€ 9, in part III. Specific
examples of second-order necessary conditions where this dependence actually occurs
have been given in [4] and [22]. Note that for both parts II and III, / must belong to
the set

(6.21) 2 {eR"™*: [ satisfies (6.12)~(6.15)}.

Using [', Theorem 6.1 can be written more compactly. This equivalent version of the
theorem will help establish further connections with results from the literature.
COROLLARY 6.1. Suppose é solves NP. 1. If n = 1, then

(6.22) f=2.
II. If n =2, then
(6.23) for each y € 9 there exists | € " satisfying (6.16).
III. If n =3, then
(6.24) for each (y, §) € D, there exists | € " satisfying (6.17) and (6.18).

Remark 6.3. Asshown in Remark 5.10, (6.23) can be expressed in the equivalent
form

(6'25) maf‘x Lee(é’ l)()’)z—Z—O, y 6@11
le

which is similar to [18, Thm. 6]. His result is valid for infinite-dimensional equality
constraints when ¢'(¢) has full range. A similar result was also obtained in [23].
Remark 6.4. Condition (6.19) clarifies some second-order necessary conditions
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from the prior literature which involve a constraint qualification. In [26, p. 29] and
[24, p. 102], for example, the element [ satisfying the first-order necessary conditions
(6.12)-(6.14) and (6.20) (since M = &) is used to determine a set of critical directions

D1 2{ye&: ¢! @) (y)=0if il and [;>0,
(6.26) ¢! (@) (y)=0if ielsoand ; =0,
y'@)(y) =0}

This definition gives the impression that 21(/) depends on /. However, using (6.19)
it is easy to show that &,(I) = 9, for all [ satisfying (6.12)~(6.14) and (6.20). Thus
21(1) is independent of /.

Remark 6.5. Sometimes NP satisfies a constraint qualification which implies that
(6.23) can be replaced by a stronger condition such as

There exists [ € [ such that

6.27
(627 L. D(y)}’=z0, yed,
or
(6.28) L. D(y)?=z0, lef, yead,.

See [3], [4] for details of specific constraint qualifications in this context. Note that
(6.28) implies (6.27) and (6.27) implies (6.23). If [isa singleton then (6.23), (6.27)
and (6.28) are equivalent.

We now present an example illustrating the use of Theorem 6.1. Letj =3, k =0,
M=E=¢=R’&=(1,0), dolts, t2) =t1, $1(t1, t2) = —(1—11)* + 1, $2(t1, t2) = —t, and
&5(t1, t2) = —t,. This example is often discussed in connection with the Kuhn-Tucker
constraint qualification (see, e.g., [9, p. 20]) which fails to hold at €. Note that Iy = {2},
Lio=1{0,1,3}, ¢5(&)=[10] and ¢i(&)=—¢5(&)=[01]. Thus, part I is satisfied
uniquely with /=(0,3,0,3). Because @, =R_x{0} and ¢%(&)=¢4@E)=[0 0], [ also
satisfies (6.16) for all y € 9. Thus, part II is satisfied. Define y = (-1, 0) and, since
Dy(y) =Rx{0}, let § = (0, 0). Note that F,(y, §) = . Since ¢%(€) =0, (d1)e,1,(€) =6
and all other components of ¢/ (€) are zero, (6.18) implies that /; = 0, which contradicts
I, =3. Thus, part III is not satisfied and ¢é is not optimal.

If in this example ¢ is redefined to be @o(t1, t2) = —¢1, then € is optimal and the
necessary conditions are satisfied with / as given above. These examples show that
even when [, = 0 (and thus ¢, is absent from the Lagrangian) the higher-order necessary
conditions yield useful information. The reason for this is that ¢, still plays a role in
the necessary conditions because of its appearance in the definition of 9;.

We now prove Theorem 6.1. Parts I and II follow most easily from Theorem
5.4, but Theorem 4.1 can also be used without great difficulty. When n = 1, it is easy
to see that (6.1)—(6.3) and (6.5) imply Condition 5.4 with & = &. Note that: (5.8) and
(6.2) imply (6.13); (5.9) implies (6.14); and (5.11) implies (6.15). Note that (5.10) can
be ignored since it yields no useful information. When n =2, (6.1)~(6.3) imply Condi-
tion 5.5 with & as just defined. It remains only to note that (5.38) implies (6.16).

Part III follows from Theorem 4.1. The arguments used in the proof of Proposition
5.5 show that M can be replaced by cone M. Wedefinen =3,1I' = Iy U£1(y) U £2(y, 7),
I"'={0,---,j}/I', m;=0 for icly, m;=1 for i e F1(y), m; =2 for ie["ULs(y, ¥),
Yu=9¢!@y) for i€l Yi=3¢%)y)+¢i@)F) for iel"Uds(y,§) and
V(x)=¢71(@)(y)> + ®r(€)(y, §)+ ®r(€)(x). (See the proof of Theorem 5.2 for
the definition of ®;-.)
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Arguments similar to those used to prove Proposition 5.1 show that (4.12) yields
(6.15) and (6.18). Conditions (6.14) and (6.17) follow from (4.10). The arguments
required to show that Condition 4.1 is satisfied are a simple extension of those used
in the proof of Theorem 5.2. We note only that {(x) =é& +ay +a’§ +a’x and, because
of (6.3), the only result needed from the Appendix is a weakened version of Proposition
A.l.

7. Concluding remarks. It has been shown that various higher-order necessary
conditions can be obtained systematically from a single result. Specific cases examined
in detail include first- and second-order necessary conditions involving directional
differentials and first-, second- and third-order necessary conditions for a nonlinear
programming problem. With only minor extensions of the arguments used to obtain
these results it is possible in both cases to obtain necessary conditions of arbitrary order.

Theorem 5.4, which generalizes [35, Thm. 2.3], contributes in several ways to
generalizing the results of [34], [35] and [36]. First, since Theorem 5.4 involves finite-
and infinite-dimensional inequality constraints, it allows the handling of both endpoint
and state-space inequality constraints. Secondly, the cost criterion ¢, in OP may be
nonscalar (e.g., Pareto-type). And thirdly, Theorem 5.4 does not require a normality
condition which is difficult to verify in practice. The results of [34] and [35] have been
extended in this direction in [13]. Other second-order necessary conditions from the
literature requiring such an assumption (e.g., [6] and [15]) can also benefit from this
generalization. Finally, the third- and higher-order necessary conditions mentioned
above lead to necessary conditions in optimal control theory of still higher order. It
is hoped that these conditions will be useful in treating singular optimal control
problems for which there is an extensive body of literature containing specialized
higher-order necessary conditions (see, e.g., [1],[2], [12],[20], [21] and the references
therein).

While this paper was being revised a theory of higher-order optimality conditions
appeared in [22]. Although a direct comparison of their results to the present paper
is rather complex because of differing assumptions, one interesting aspect of their
development appears to be more general. In Condition 4.1 it is assumed that {Y;,};%; <
Z; so that Y as given by (4.13) is an element of Z. Their conditions require that m; =n
for all i yet allow for a more general situation in which Y;i, - - -, Y}, satisfy

r—1
YirEZi+Z RY,'q, r=1;"',mi;
q=0

where Yo = ¢;(€).

Appendix. This section collects together differentiation results needed for the
proofs of Theorems 5.1, 5.2 and 6.1. Some of them concern the notion of F-
differentiability given in Definitions 5.1 and 5.2 and extend well-known results from
the literature. Also included is a restatement of a result from [33].

Let Z be a Banach space with norm |-|, % be a topological vector space, A = x
and f: A—>@ When % is a Banach space higher-order F-derivatives f"(%)e
B, BXL;, -, BX;%))- ), n=2, may be defined inductively in the manner of
Definition 5.2. Following others (e.g., [11, p. 192]) we view f™(%), n =2, as an
element of B.(Z; ¥). Specifically, the values of f™(¥) on " are given by f™(¥)
(B, h) 2 (F™F)h))(h2) - - *)(h,). For notational simplicity f™(%)
(B)" 2f"(%)(h, -+, h). The following is an extension of Taylor’s Theorem. Its
proof is a slight modification of the proof of [11, Thm. 3.6.2].
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THEOREM A.1. Let & and ¥ be Banach spaces with the norm on & denoted by
||, Ac % and f: A> ¥. If f is m-times F-differentiable at X< A, where meN, and
A’ is a convex set satisfying x € A' < A then

(A1) lim h-ﬂﬂ{fuyf@%—gﬁufvmﬁﬂx—ﬂq=0
xeA'/xX -

Partial F-derivatives are introduced as follows (see [33, p. 168], and [30, pp.
58-59]).

DEFINITION A.l1. Let &4, -+, %, be Banach spaces, % be a topological vector
space, ACZ AL, X+ x%, ftA>% and & (%, -,%5)eA. For ie{l,---,r}
define the set A;( x) e (xl, Ce Ly Xis1y Xiy Xit1s 't s Xr) eA} and the mapping
xi~>fi(x):Ai(X)>% by fi(x:) f(x,, ce L Kil1, X Xiw1, s X0 I fi(x;) s F-

differentiable at %; then f (¥)2f](X;)e B(%:; ¥) is the partial F derivative of f
with respect to x; at x.

Note that ([33, p. 169]) if f is F -differentiable at %, then f., (%) exists for all
ie{l, -+, r}and

(A2) f(x M—Zﬂ Yh),  hE(hy, - h)eZix X,

If % is a Banach space then for neN and vy, -, v,€{l, -, r} the higher-order
F- partlal derivative fxv . (x )e%(%,, ;oo &,,; %) can be defined inductively. If
vy = =y, =, then f(xv) f,c ~x, (). If f™(x) exists, then the following

relation is valid [11, p. 197]

(A3) @) =T fe s, @), REG, - h) e XXX,

where the summation is over all (v, -+, »,)€{l, - -, r}"

The following proposition concerns a one-parameter expansion of a mapping
defined on P“(B). The result, which follows from Theorem A.1l, shows that the
remainder term satisfies a uniform convergence condition.

ProprosITION A.l. Let «, neN, B>0, ¥ be a topological vector space and
P (B)>¥. For Bo>0 satisfying ¥;_, Bo =B define F:[0, Bo) X A > ¥ by

f(a#fla T, aMK+l), n = 1,
A4 Flaw-=|{ o .
(A4) (e 1) f(a,aZ,---,a La Wi, 0y O fet1)s n=2.

I. If f is continuous at o =0 then
(A.5) F(a, p)—£(0) —mr)o

uniformly for p € A",
I1. If f is F-differentiable at o= 0, then

(A.6) o "'[F (@, p) ~f(0)—aF, (0, W)]———0
uniformly for pe A"

I11. If % is a Banach space, n =2 and f is m-times E-differentiable at o= 0, where
mei{2,: -, n}, then

(A7) o[ F w10~ § () a0, w)] ——0

i=1 -0

uniformly for p € A~
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Proof. We prove part III only, since similar arguments apply in the other cases.
Since f"(0) exists, Theorem A.1 can be applied with £=0€A'=A =P*“*"(B) to
obtain

(A-8) lim Ial‘"‘[f(a)—f(O)aﬁ (i!)"‘f“"(O)(a)‘] =0.
acP* " (8)/{0} =t

Specialize (A.8) by replacing a by (a, a?, -+, a" ", a"uy, **, @ "er1), Where a €
(0, Bo) and p e A“. Then (A.8) implies

(A.9) lim, a ™" [F (e, p) = f(0) = 6 (cr, W)] =0

uniformly for all pe A, where

(A10)  bmla, W& T (7O 0’0" a @ )’

Using the chain rule [33,p.172] to express F,: (0, p)in terms of the partial F- derivatives
of f and applying (A.3) to (A.10) it can be shown that

(A.11) 1irg+a"'"[am(a, w- 3 () 'a'Fa(0, p.)] =0
a- i=1

uniformly for all peA". The desired result (A.7) now follows from (A.9) and
(A11). O

Remark A.1. The F-partial derivative F,:(0, ) can be written explicitly in terms
of the F'-partial derivatives of f. For example:

k+1

n=1: F,0,p)= _g.l wife (0);

n=2: F,(0, p) =£,,(0),
k+1

Faa (0) p') =fa1u1(0)+2 ‘§1 I'LifaHl(O);

n =3: Fa(o, "’)=fat1(0))
Foo (0, ) = fa,a,(0) +2£,,(0),

k+1
Faaa (O’ ll) =fa1a1a1(0)+6fa1a2(0)+6 _;l #l'fa,'+2(0)-

The following result follows from [33, Thm. 11.3.3].

THEOREM A.2. Let & be a vector space, ¥ be a topological vector space, A <,
F:A->%, icA, veN and X2co{xy,  +,x,}=&. Suppose there exists B >0 such
that X +aX < A, a €[0, B), and define f:P"(B)> ¥ by f(a)=F (X +Y;_, ax;). If f'(0)
exists then DF (x; x) exists for all x € cone X and the mapping x > DF (% ; x) : cone X -
¥ is positively homogeneous and affine.

Note that f,,(0) = DF (x; x;). Also, if f"(0) exists then f,,4,(0) =D?F(%; x:).
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STABILITY IN MATHEMATICAL PROGRAMMING WITH
NONDIFFERENTIABLE DATA*

ALFRED AUSLENDERT

Abstract. We study the variation under perturbation of isolated local minimizers of a nonlinear and
nondifferentiable optimization problem. For this we extend to the Lipschitzian case a fundamental result
concerning regular points. Then we introduce the notion of lower second-order directional derivative, from
which we obtain a second-order sufficiency theorem. These two results are finally used for obtaining bounds
for the variations of some classes of isolated minimizers.

Key words. mathematical programming, stability theory, second-order directional derivative, sufficient
conditions, locally Lipschitzian functions

Introduction. Let R" be the usual vector space of N-tuples with the usual inner
product denoted by (-, -), and let m, p be positive integers. We denote by (1, p) the
set of integers included in [1, p]. Let W be an open set in R* and let f;, gji € (0, m),j €
(1, p) be real-valued locally Lipschitzian functions defined on RN x W. Let

Cw)={xeR":fi(x,w)=0,VYie(l, m),gx,w)=0Vje(l, p).

The purpose of this paper is to study the behavior of some classes of stationary points
of the optimization problem

P(w): min fo(x, w) subject to x € C(w),

when the parameter w belongs to a neighborhood of a point w € W. More precisely
we want to generalize for nondifferentiable data some results obtained by Robinson
in [22]. It follows that the object of this paper is not the same as in the other studies
in stability theory with nondifferentiable data: Rockafellar [24], [25], Golan [13] and
others. The first part of this paper deals with regular points as they were defined by
Robinson [21] for the differentiable case and by Ioffe in [17]. The main result of this
part is the following:

A point x € C(W) is regular if an extended Mangasarian—Fromovitz condition is
satisfied at the point.

In order to obtain stability results about stationary points in the differentiable
case it is necessary to use second-order sufficient conditions.

Then § 2 is devoted to second-order sufficiency theorems for the locally Lipschit-
zian case. This leads, in particular, to the notion of a lower second-order directional
derivative for locally Lipschitzian functions, a notion which seems to be interesting
when used with lower-C? functions, a new class of functions introduced by Rockafellar
[23].

Second-order sufficient conditions for certain classes of nondifferentiable func-
tions were given recently by several authors, for example, Ioffe [18], Fletcher and
Watson [12], Demjanov and Malozemov [10], Ben-Tal and Zowe [5], Spingarn [26]
and Chaney [6], [7]. All these authors with the exception of Chaney, study only certain
particular classes of locally Lipschitzian functions.

Finally, as an application of §§ 1, 2 we give in § 3 bounds for the distance between
local minimizers of problem P(w) and the local minimizers of the original problem.

* Received by the editors June 29, 1981, and in revised form October 10, 1982.
+ Département de Mathématiques Appliquées, Université de Clermont II, B.P. 45, 63170 Aubiere,
France.
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1. Regular points for locally Lipschitzian functions. Let E;, be the set in RY xwW
of points where f; is differentiable. From Rademacher’s theorem the complement of
Ej, is a set of measure zero. Let us denote by 35f;(x, w) the partial generalized gradient
of f; at (x, w) introduced by Hiriart-Urruty in [16]

it wy=co | tim | Vafie, wl(x, w) € By .

Xiswi)=>(x,w)

Here V,f;(x;,w;) denotes the gradient of the function f;(-, w;) at x; and co (A) the
convex hull of A. This nonempty compact convex set may not coincide with the
generalized gradient of f;(-, w) at x introduced by Clarke and which we denote by
3xfi(x, w)

a0, w) = co { lim V.fxi Wl € g ]

In this formula Ej, (-, w) is the set of points in R" where fi (-, w) is differentiable.

The reason we sometimes use d%f;(-, -) instead of d,f;(-, *) is that the former is
a multi-valued map which is upper semi-continuous in both variables, which is not
always the case for 3,f;(-, -). Let us remark that we always have

(1.0) aufi(-, )<t fi(-, ), Bxgi(e, )= 3%, 0) Vi
This is a consequence of the following inequality:

pf,(x,- +Av, w)—fi(x;, w) pf,-(x,- +Av, w; +A0) = fi(x;, wy)

lim su =limsu

Xi>X A X;i=>Xx A
A->0" wi>w
A->0"

and of the fundamental theorem of Clarke ([9, Prop. 5, see also (2.0) below).

Now we give a condition that generalizes the Mangasarian-Fromovitz condition
to the nondifferentiable case and which is close to the condition given by Hiriart-Urruty
in [16].

DerFINITION 1.1. Let xe C(w) and let I(x, w)={ie(1, m): fi(x, w)=0}. The
point X is said to satisfy the extended Mangasarian—Fromovitz condition for the set
C(w) if:

1) For each set {c,d;|ieI(%, w),je(l,p)} with c;€d¥fi(x, W), d; €d¥gi(x,w)
there exists a vector A such that

(e h)<0 Viel(x,w), (di,h)=0 Vje(l,p).

2) Eachset{d;|je(1, p)} with d; € 3} g;(x, w) is composed of linearly independent
vectors.

The following definition of regularity is an extension of that given by Robinson
in the differentiable case, and given by Ioffe in the nonperturbed case.

DEFINITION 1.2. The point ¥ € C(w) is called regular at w if there exists an
open neighborhood V of %, an open neighborhood W* of w(W* < W) and a constant
¢ such that for each x € V, each w € W* we have

(1'1) dC(w)(x)éc max (f:.(x’ W), |gf(xa W)I |i€<1, m),jE(l, p))'

In this formula dc¢,(x) denotes the distance of x to C(w) and f;” = max (f;, 0).

THEOREM 1.1. Suppose that x € C(w) satisfies the extended Mangasarian—
Fromovitz condition for the set C(w) and that C(w) is nonempty for each w € Wy,
where W, is an open neighborhood of w in W. Then X is regular at w.
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Proof. a) Leta = (a1, a2, '+, a,,) wWitha; =x1,set I =I(x, w) and
T (x, w)=co (3% fi(x, w), ;3% g;(x, w), i € I, j € (1, p)).

We claim that for each @ 0€ T, (x, w). Indeed in the contrary case there would exist
a,A;Z0,c;€d¥fi(x, w) with i e I, p; 20, d; € 8% g;(x, W), j € (1, p) such that

p p
0= Y A+ Y apd; withy 4+ Y pi=1,
iel(x,w) j=1 iel j=1

which contradicts the extended Mangasarian—-Fromovitz condition. Let B(x, ) be
the closed ball centered at ¥ with radius g. Since the convex hull and the union of
a finite number of multi-valued maps which are upper semi-continuous at a point is
again upper semi-continuous at this point U, T, is upper semi-continuous at (¥, w),
and there exists p > 0 such that B(w, g) = W, and such that

0g UT,(x,w) VxeB(x,p) VYweB(w,p).

Consequently there exists ¢ >0 such that
(1.2) ")’“3% VyeT,(x,w) VxeB(%,p) VYVweB(w,p) Va.

Note that by |- ||, we mean the usual Euclidean norm.
b) Now we set

(1.3) F(x, w)=max (f{ (x, w), |g(x, w)| [i € (1, m), j (1, p))

so that F'(x, w) is always = 0. Moreover, since the functions f; are continuous we can
also choose g such that for x e B(%, p), w € B(w, p) we have

: <
Iglgg(f.(x, w)<0,

(1.4) X
F(x, w)=max (fi (x, w), |g(x, w)| i, j (1, p)).

Now for p €[0, ], w e B(w, p) set
H(p,w)=max c{F(x, w)|x € B(%, p)}.

Since F(x,w)=0 we have H(0,w)=0. Now by the “maximum theorem” H is
continuous. It follows then that there exists p* < such that

(1.5) H(p,w)=7 VYpel[0,p*] VYweBWw,p%).

N

c) Now we claim that the theorem is true with V =B(%,p*/4) and W*=
B(w,p*). Indeed, in the contrary case, there would exist ueB(%,p*/4),
w € B(w, p*) such that

dcow)(u)>cF(u, w),
and there would exist ¢ € ]1, 3[ such that

dewy(u)>tF (u, wc.
Let vy =tF(u, w)c. Since F(u, w) is=0, dc (1) is> 0 and then F(u, w) is> 0, so that
it follows that y is>0. Moreover we have from (1.5) that

B 3.
1.6 _S__.<_ 3



242 ALFRED AUSLENDER
Then since y/¢t = F(u, w)c and since F (v, w)=0 we have
F(u, w)<inf (F(v, w)|ve RN)+%.

From [11, Chapt. I, Thm. 6.1 and (6.11)] there then exists u,,(w) such that
(1.7) lloe =, (W=,

(1.8) u,(w) minimizes the functional v - F (v, w)+%||v ~u,(w)| on RY.

From (1.6) and (1.7) it follows that ||u, (w)— || <p. Since dc(w)(u) >y it follows from
(1.7) that u, (w) € C(w), and then

F(u,(w),w)>0.

Set J(w)={je(1,p): |gj(u,(w), w)|=F(u,(w), w)}. This set of indices may be empty.
Now let

1 if gi(uy(w), w)>0,

e,.(w)={_1 if g (e, (w), w)<0.

Since F(u,(w), w) is>0 then there exists a neighborhood X (w) of u,(w) such that
for each x € X (w) we have

F(x,w)=max {fi(x, w), g(x, w)e;(w)|i € L, j e J(w)}

from which it follows, when using (1.0), that
0 F (uy(w), w)e L&J To(uy(w), w).
Now from relation (1.8) it follows that there exists y, (w) such that
lyy(wll=1, %yV(W)eaxF(uy(W),W)-

Then from (1.2) we have

S>—z=
c Ic

1 1
— ==
tc yy(w)“_c

which is a contradiction.

Remark 1.1. In the differentiable case Theorem 1.1 was given by Robinson in
[21]. When w is a fixed parameter a sufficient condition to obtain regularity was given
in [17] by Ioffe. But even in the differentiable case Ioffe did not obtain a regularity
theorem under the classical Mangasarian-Fromovitz condition. Regularity theorems
were only obtained as corollaries in the linear case (Hoffman estimates) or for equality
constraints. In any event, his way of proving his main theorem was quite different
than the one used by Robinson. The proof given by Ioffe was based upon the variational
principle of Ekeland, and this idea is used again in our proof.

Remark 1.2. Let L(x, A, u, w) = folx, W) + L icrzm Afi (x, w)+ 2,2, nigi(x, w) and
let 3,L(x,A, u, w) denote the generalized gradient of L(-,A, u,w) at x. Now if
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x € C(w) satisfies the extended Mangasarian-Fromovitz condition at w for the set
C(w) and if £ is a local minimum of fo(+, w) on C(w) then by [16, Thm. 4.2] the
set Q)(x, w), defined by

Q(x_’ w) ={(Ai7 Mj): OeaxL(x-9 A’ M, W)’ Ai éOVi GI(X-:, W)},

is a nonempty set.

Remark 1.3. One can ask if it is really necessary to assume in Theorem 1.1 that
C(w)# J for all w in a neighborhood W,. Could not this be shown to follow from
the extended Mangasarian-Fromovitz condition? In [3, Thm. 2.1] this was proved for
vertical perturbations

i, w)=fix)+w,  gx, w)=gx)+Wiim

with the additional assumption that the functions g; are continuously differentiable.
In any event, the question remains open for the general case.

2. Second-order sufficient conditions.

2.1. Preliminaries. When f is a real-valued locally Lipschitzian function defined
on RY, recall that f is almost everywhere differentiable, that df(x) is the generalized
gradient of f at x defined as the convex hull of the set of limits of the form lim V£ (x + A;),
where h; > 0 as { > +00, and that the generalized directional derivative f‘) (x; v) defined
by

fx+h+Av)—f(x +h)

(2.0) £°(x; v)=lim sup
A-0" A
h->0
satisfies
(2.1) f%x; v) =max (v, z)|z € 6f (x)).

For the following we shall also use the upper and the lower Dini directional derivatives

fx +Av)—f(x)
P

flx +Av)—f(x)
—

D' f(x;v)=Ilimsu
A-0"

D.f(x;v) =11){1_1)(%pf

Since f is locally Lipschitzian these quantities are finite. If D',f(x; v) = D_f(x; v) then
the common value denoted by f'(x; v) is the usual directional derivative of f at x in
direction v. Let ¢ be a function defined on RV\0 with values in R. For d # 0 one can
define

eid)=liminfe(h),  @2(d)=limsup ¢(h)

h-0 h->0

as follows:

>0

lim inf @ (k) = sup (inf {¢(h) | "f—'——iwgs, 0<||h||§e}),
KA il

h d]
lim su h)=inf (su { (h)”l————lée,0< h és}).

->
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Let us now introduce the notion of a lower second-order directional derivative
2 (x;d;d)of f at x in direction d # 0 by setting

” f(x + h f(X) ( h )]
2.2 "(x;d;d)=2 11m nf — [——————D
22 | T s
Remark 2.1. f”(x; ;") is lower-semicontinuous and

flix;d;d)=f"(x;Ad;Ad) VA #0 Vd#0.
Remark 2.2. If f is twice differentiable at x then
d d
"(x;d;d (V X )
f =V fai)

where Vf(x) is the Hessian matrix of f at x.
In § 2.3 we shall give some additional properties of this notion in the case of

lower-C? functions, but before that let us use this notion for obtaining second-order
sufficient conditions.

2.2 Second-order sufficient conditions. Let C be a nonempty closed set in RY
and P the optimization problem

P:inf (f(x)|x € C).

DEFINITION 2.1. A point £ € C is said to be an isolated local minimum with

order i (i =1 or 2) of problem P if there exists a real m >0 and a neighborhood V of
X such that

(2.3) fx)>f@)+amlx -z VYxeVNC, x#x.

For the following we shall assume that X € C; then let us denote by T(C; %)
the usual tangent cone of C at x, that is

T(C;%)={deR": 3p,|0, d, »>d with i +p,d, € C for all n}.
Recall that T(C; ) =R if C =R". In order to state the results, set
(2.4) L(x)={d #0: D'f(x;d)=0}, L(x)={d#0: D.f(x;d)=0},
(2.5) K.(x)=T(C;x)NL.(x), K(x)=T(C;x)NL(x)
and set 8 (- | C) to be the usual indicator function of C

0 ifuedC,
+00 ifugC.
For functions whose directional derivatives exist, the sets K, (¥) and K (¥) coincide

and the following proposition then gives a characterization of isolated local minimums
with order i of problem P.

PrROPOSITION 2.1. a) Let X be an isolated local minimum with order i of problem
P.If i =1 then K.(X) is empty, else if i =2 we have

(2.6) f*&x;d)>0 VYdeR",
where f* is defined by

5(uIC)={

(2.7) f*(#;d) =2 lim inf [”h” [ﬂ—x%"—] +8(F+h |C)] .
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b) Conversely if K(X) is empty then X is an isolated local minimum with order
1 of problem P. If K (X) is nonempty and if we have

(2.8) FAE;d)>0 VYdeK (%),

then X is an isolated local minimum with order 2 of problem P.

Proof. A) a) Suppose that X is an isolated local minimum with order 1 and that
K.(x) is nonempty. Then there would exist d € L . (¥) with d #0, and p,|0,d, >d
with x +p,d, € C for all n. Since (2.3) is satisfied we have for n sufficiently large

pnldnl palldall T 2°

Since f is locally Lipschitzian, as n - 00, we obtain

f - m
D.f(x;d)=—|d|>0,

which contradicts (2.4).

b) If X is an isolated local minimum with order 2 then (2.6) is obtained immediately
from (2.3).

B) Suppose now that (2.3) is not satisfied for some i (i =1 or 2). Then there
would exist a sequence of positive reals {m;} converging to 0, a sequence {x;} converging
to ¥ with x; # X such that

(2.9) f)=f@) +imlx -z, xeC

Let v; = (x; — X)/||x; — x||; without loss of generality, we can suppose that the sequence
{v;} converges to some v, with ||lv|| = 1. Let o; =|x; — x| it follows from (2.9) that

(210) X +(1,'U]' € C, Cl]-—)0+,
(2.11) fG&+ap)-f(x +afv)+f(5c‘ +ajv)—f(f)§lma,:_1
aj aj 2 fhad¥ |

From (2.10) it follows that v € T(C; X) and from (2.11), since f is locally Lipschitzian,
as j > 00 we obtain

D' f(%;v)=0.

Finally, v belongs to K (x). This implies in particular, that (2.3) is satisfied for i =1
when K (¥) is empty. Now suppose that K(x) is nonempty and that (2.3) is not
satisfied for i =2. Then from (2.9) we obtain

) —F®) 1
(2.12) o +8(x|C)=m,.

Passing to the limit as j - o0 it follows that
f*(x;0)=0,

which contradicts (2.8).
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In general it is not easy to compute f*(x; d). In order to obtain (2.8) one can
try to obtain lower bounds of f*(x; -) which are strictly positive on K (). Consider,
for example, the unconstrained case C=R"; then T(C %)=R", K%)=
L(%),8(-|C)=0 and an obvious necessary condition for a point x to be a local
minimum is that

(2.13) D' f(x;d)=0 VdeR".

Points that satisfy (2.13) will be called stationary points for f. Let X be such a point,
then it follows from (2.13) that

A& d)=f(5;d;d) VdeR.

Then we easily obtain:
COROLLARY 2.2. Let C =R". Suppose that X is a stationary point, that L(X) is
nonempty and that

(2.14) fl(x;d;d)>0 VdeL(x).

Then X is an isolated local minimum with order 2 of problem P.

Remark 2.3. When f is twice continuously differentiable at ¥ Corollary 2.2 is
a generalization of the standard second-order sufficiency theorem.

To show that assumption (2.14) is ‘“‘suitable” we shall prove now that under the
conditions given by Demjanov and Malozemov [10]for the discrete minimax case (2.13)
and (2.14) are satisfied. Let us first recall that a locally Lipschitzian function f : R™ - Ris
subdifferentially regular if for every x € RY, v € R" the ordinary directional derivative
f'(x; v) exists and satisfies

f(x;0)=f"(x; 0).
For such functions, introduced by Clarke [8], (2.13) is equivalent to
0edf(x)
and for such points we have
Lx)={d#0:f'(x;d)=0}.

Let now f;, i € (1, m) be real-valued functions defined on R" and twice continuously
differentiable, and let

t(x) =max (t;(x)|i e (1, m)).
SetI(x)={i: t;(x)=t(x)}; thenitis well known that ¢ is subdifferentially regular and that
t'(x;d)=max (V& (x), d)|i e I(x)).

Furthermore:
COROLLARY 2.3. Suppose (assumptions of Demjanov and Malozemov [10)) that
0€9dt(x), that L(X) is nonempty and that for some y >0, p >0 we have

2.15) min max (V*4(x)d,d)=p,

deG, icl(%:d)
where
I(x;d)={iel(x): (Vu(x),d)=t'(%;d)},
G,={d:|d|=1,0=¢(x;d)=v}.
Then (2.14) is satisfied.
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Proof. Since the functions ¢; are twice continuously differentiable we have for
each j
(2.16) 4 +h)=4)+ (V5E), ) +5(V24(E)h, b))+ |k e; (%, h),

where lim,, o €;(%X, h) = 0.

Let I(x;h;h)={iel(%;h):(V’t,(X)h, h)=max,cre.n (V] (E)h, h)}. Since
t(EF+h)zmax (t;(x+h)|jel(X;h;h)) and since £ (x)+(Ve(x), h) +5(V2t,(%)h, h)
is constant for jeI(x; h; h), it follows from (2.16) that for je I(x; h; h) we have

1 (tE+h) 1) (. h
e gl I /(s nhn)) (7 (")uhn nhu) j2in, &% ).
Since L(x) # & let now d # 0 such that

t'(x;d)=0.

Since 0€dt(x), t'(x; h) is =0 for each h; then since t'(xX;-) is continuous there
exists ¢ > 0 such that

0<|h|=e,

h
= :>0_z( )g
nhn ndn" ¢ el =Y

From (2.15) it follows that

V(% ) Viel(Z;h;h
( ’nhn ) = VieIxshih)
and (2.17) becomes

L t(f+h)—t(f)_, _h
nhn( ‘( |

P . _
L (%5
Tl )) 2+, min &% h),

Xy
Al

which implies

t’(x;d;d)=zp>0.

In fact we can give an improved version of corollary 2.2.
COROLLARY 2.4. Let C =R". Suppose that g is another real-valued locally Lip-
schitzian function for which

(2.18) gx)=f(x), gx)=flx) VxeV,

where V is a neighborhood of x. Suppose also that L(X) is nonempty and that
(2.19) D'g(%;d)=0 VdeRY,

(2.20) gl(x;d;d)>0 VdeL(x).

Then X is an isolated local minimum with order 2 of problem P.
Proof. From (2.18) and (2.19) we obtain

frx;d)zg”(x;d; d).
Then the result follows when using Proposition 2.1 and (2.20).
Remark 2.4. We shall see in § 2.3 that Corollary 2.4 is really an improved version

of Corollary 2.2, but this can be seen immediately by means of the following example.
Let f(x, y)=max {x>+y>, 4x —x>—y?}. We have

(0, 0) € 5£(0, 0).
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Let C be the circle defined by
C={x:t(x)=0Vie(l,p),s(x)=0Vje(l, m)}.

Outside this circle we have f(x, y) =x2+y2, while inside the circle we have f(x, y)=
4x —x>—y>. Let d =(0,1). Then with z*=(0,0), f'(z*; d)=0. Pick zx = (xi, y&) in
the interior of the circle so that {z,} converges to z* in direction d. Now we have

B LR (Ch PSR 70N F S S SR
o] i e A G| e R T R

Hence2 (2.14) is not satisfied but (2.18), (2.19) and (2.20) are satisfied for g(x, y) =
2
x“+y°.

Let us consider now the usual constrained case where C is given by

C={x:t;(x)=0Vie(l,p), s(x)=0Vje(l, m)}
and suppose that #;, s; are real-valued locally Lipschitzian functions defined on RY.
Let I(x)={ie(1,p):t;(x)=0}. For given real A; =0, i € [ (X), u;, j €(1, m) set
JE)={iel(x): A;>0} Lyu(x)=f(x)+ JZ( ) Aii(x)+ Zl wis; (x).
ieJ(x i=

COROLLARY 2.5. Suppose that K (X) is nonempty and that there exist (A, u) such
that
(2.21) D'L,,.(%;d)=0 VYdeR",
(2.22) (Lan)2(x;d;d)>0 VdeK(X).
Then % is an isolated local minimum with order 2 of problem P.

Proof. By definition of L, , we have

L,,x)=fx), Ly,.x)=fx) VxeC

Then by (2.21) we obtain

[”%ﬂ[f(i +ﬁth)”—f(f)]+6()z +h|C)] 2”}11_”[14,”(1? +ﬁlh)”—LA.u(f) —D’_LA,,L(JE; ”_Zﬂ)]

from which it follows, when passing to the limit, that

A& d)=(La,) (%;d;d)>0 VdeK(%),

and the theorem is proved by using Proposition 2.1.

Remark 2.5. When the data functions are twice continuously differentiable it is
obvious that Corollary 2.5 coincides with Hestenes [15, Thm. 10.3], from which we
can obtain easily the usual classical second-order sufficiency theorem (see for example
Han and Mangasarian [14]).

Second-order sufficient conditions for certain classes of nondifferentiable func-
tions were given recently by several authors: Ioffe [18], Fletcher and Watson [12],
Demjanov and Malozemov [10], Ben-Tal and Zowe [5], Spingarn [26] and Chaney
[6], [7]. All these authors with the exception of Chaney study only certain particular
kinds of locally Lipschitzian functions. In [10] Demjanov and Malozemov are inter-
ested in the discrete minimax problem. In [5] Ben-Tal and Zowe are concerned with
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three particularly important topics: /;-approximation, the minimization of the exact
penalty function and the minimization of the classical penalty function. In [12] Fletcher
and Watson consider the problem

minimize f(x) = ®(x)+|r(x)||a

subject to |c(x)||p = h, where f, r, ¢ are twice continuously differentiable functions and
Illas |- |z are any norms on R™. In [18] Ioffe minimizes functions of the form

f(x)=g(Gx)),

where g is a sublinear function and G is assumed to be twice continuously differenti-
able. In [26] Spingarn proves another kind of theorem: if x is a local minimizer and
af“ is Lipschitz continuous at (0, ¥) then one has a relation like (2.3). In Chaney’s
paper [6], if we consider for example the unconstrained case, condition (2.3) is satisfied
under assumptions other than (2.13) and (2.14). The point of view adopted here is
not the same. Corollary 2.2 is centered on the notion of lower second-order directional
derivatives, and this corollary is useful if it is possible to easily obtain lower bounds
for f”.

2.3. Some additional properties for lower-C? functions. If we restrict ourselves
to lower-C? functions more can be said about the lower second-order directional
derivative and about sufficient conditions. These functions were introduced by
Rockafellar in [23] as follows:

DEFINITION 2.2. A real-valued function f defined on RY is lower-C? if for each
point ¥ € RN there is for some open neighborhood X of # a representation

(2.23) flx)= max F(x,s) forall xelX,

where § is a compact topological space and F: X X § - R is a function which has partial
derivative and about sufficient conditions. These functions were introduced by
continuous not just in x but jointly in (x, s)€ X X S.

Now we recall the fundamental theorem given by Rockafellar [23, Thm. 6].

THEOREM 2.6. Fora locally Lipschitzian function f:R" - R the following properties
are equivalent:

a) fis lower-C*

b) df is strictly hypomonotone, that is:

) ) x/ _x// [,

(2.24) Jliminf | L#> ~00  for all x.
X =X,y € X -
x”-»x,);eaf(x”) x *

c) For every 7 €R" there is a convex neighborhood X of % on which f has a
representation

(2.25) f=g—h on X with g convex and finite, h quadratic convex.
d) For every % R there is a neighborhood X of % and a representation of f as

in (2.23) with S a compact topological space, F(x, s) quadratic in x and continuous
ins.
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Remark 2.6. From (2.24) and (2.25) it follows that these functions coincide with
those introduced by Malivert in [19].

Let us now remark that, when f is a lower-C? function, f is sub-differentially regular
and then let us introduce the quantities:

f'c+hs b/l —f'Gx; h/llhll)
]

D’f(x;d;d)=liminf

h50

f'oc+h;h/|RID—f(x; h/||h||)
i

le(x;d;d)=lims

h—>0

T(x;d;d)= 211msup"h”[]M f’( —h—)]

x;
Il Al

Now remark with Rockafellar [23] that formula (2.25) is crucial since it 1mp11es that
local properties of convex functions will be carried over to general lower- C? functions.
Hence we have:

PROPOSITION 2.7. Suppose that fis a lower-C? function. Then

(2.26) —o<D'f=fl =fI =D}
Proof. Following (2.24), we have
—0<D"f(x;d;d) Vx Vd#0.

Now, following (2.25), we have

IRl bk
flx +h)—f(x)=L f'(x +”f;l—”; W> d9

IRl
=L f'("+ﬁ;||“:ﬂ)‘f'(’“||:||) 4o +|lr (x’nZn)
so that

— (]
)l wel, [ f'(xﬁ)]dﬁ

I [ +ulhlb/IBl; A/IRD = f'Ges B/IRD
0 ulla|

which obviously implies (2.26).

Proposition 2.7 shows that f” is finite and gives a lower bound for f” which can
be easier to compute in some cases. Now recall from Mignot’s theorem [20] and
representation (2.25) that there exists a set E; in X of measure zero such that 3f is
differentiable at each point of E§ = X\E; in the following sense:

of is differentiable at x if of(x) ={Vf(x)} and there is a linear transformation
denoted by D"f(x) such that

lof(z) = Vf(x)—D"f(x)(z = x)| = o (|z — x[)
or, in other words,
Ve>038: Vz with||z—x||= 8 Vz*eof(z)
lz*=Vf(x)=D"f(x)(z —x)|=ellz = x|.
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From this property and from Proposition 2.7 follows:
COROLLARY 2.8. Suppose that f is a lower-C* function. Then we have

d d =
||d||’||d||) Vd#0 VxeEj.

Finally we shall now prove a sufficiency proposition for lower-C? functions which
can also be obtained by using Chaney [6, Corollary 2.18]. This proposition requires
‘“knowledge” of the function F(-, -) which appears in the definition.

PROPOSITION 2.9. Suppose that f is lower-C* and is defined by (2.23). Let
I(x)={seS:f(x)=F(x,s)}. Suppose that there exist indices s,ic{l,m) in I(%)
and reals a; such that

frw; dsd) = (Dfw)

Y a;V.F(x,s)=0, Y a;=1, a;z0 Viel(l, m).
i=1 =

Suppose also that L(X) is nonempty and that
d#0,f(%;d)=0> ¥ ai(ViF (% s:)d, d)>0.
i=1

Then, for C =R", % is an isolated local minimum with order 2 of problem P.
Proof. Use Corollary 2.4. Choose the auxiliary function g(+) tobe ¥/~ , a.F (-, s;).

3. Stability of perturbed systems. In this section the notation is the same as in
§ 1. Let r >0 and set

C(w)=Cw)NB(x,r),
where B (%, r) is the closed ball centered at x with radius r. Also let
(3.0) a,(w)=min{fo(x,w)|xeC,(w)}, M, (w)={x € C,(w): folx, w) =a,(w)}.

The following theorem now gives, as was announced in the introduction, bounds for
the distance between the local minimizers of perturbed problems and the local
minimizers of the original problem. This theorem is a generalization of Alt [2, Thm.
4.6] given for differentiable data.

THEOREM 3.1. Let xe€C(w). Suppose that X satisfies the extended
Mangasarian—Fromovitz condition for the set C(w) and that for each s € (0, 0] there
exists a real t(s)>0 such that Cs(w) is nonempty for each we B (w, t(s)). Suppose
furthermore that X is an isolated local minimum with order i (i =1 or 2) of problem
P(w). Then there exist constants r, r1, L strictly positive such that

(3.1) lx—%|'=L|w-w| VxeM,(w) VYweB(Ww,r).
Proof. This proof is similar to Alt’s proof given for differentiable data.

A) Since % is an isolated local minimum with order i of problem P(w), there
exists § >0, € >0 such that

(3.2) folx, W)>fo(%, w)+3elx —%|| VxeCy(W), x#%.

Since ¥ € C(w) satisfies the extended Mangasarian-Fromovitz condition for the set
C(w), X belongs to Cs(w) and satisfies the same condition but for the set C,(w).
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Furthermore, since Ci(w)# & for w e B(w, t(s)) it follows from Theorem 1.1 that
there exist r € ]0, min (s, (s))] and a constant ¢ such that

Cw)#3 VYweBW,r),
de,on(x) = max (ff x,w), |gi(x, w)]) VxeB(%,r) VYweB(W,r).

Let I(r) =min (r, t(r)). For each w, w'e B(w, I(r)), C,(w') is nonempty and for each
x € C,(w') this inequality is equivalent to:

de,on(x) = ¢ max (f7 e, w)—f7 (x, w"), |gi(x, w)| —|gi(x, w")).

Now for each x € B(x, r) and each w € B(w, I(r)) let x,,(x) be such that
(3.3) xw(x)eCi(w),  |x —xw(x)|=dc,um(x).

Since the functions f; and g; are locally Lipschitzian it follows that there exist Lo >
0, L;>0 such that

(3.4) lx —xu ()= Lollw —w'll VxeC(w) Vw,w'eB(W,I(r)),

[folx, w") = folxw (x), ) = Li(lx = x. ()l +[lw —w'l))
VxeC,(w')Vw,w' eB(w,I(r)),
from which it follows that if we set § = (1+ L)L, then
(3.5)  |folx, w) =folxw(x), w)|=8|w—w'| VxeC,(w) Yw,w'eB(,I(r)).

B) Now let ry =min (I(r), {(r)/Lo); if x =% and w'=w it follows from (3.3) and
(3.4) that for w € B(w, r1) we have

xw(.f)EC,(W), ||f-—xw(f)||=dc,(w)(f),
and then from (3.5) it follows that
(3.6) a, (W)= folxw (%), w) =a,(w)+8|w —w| YweB(W,r).

C) If we set w=w we obtain, from (3.2) and (3.5), for each w'e B(w, r;) and
for each x e C,(w")

(3.7) fol®, W) +3¢lx s (x) = 2 =folx s (x), W) = folx, w) +8llw’ =]l
Since a,(w) =fo(x, w), taking x € M,(w') then we obtain

(3.8) a,(W)—a,(w)=8|w'—w| Vw'eB(W,ry),

(3.9 a,(w)Za,(W)+3elx s (x)—%|| —8l|w' —w| VYw'eB(w,ry).
From (3.6) and (3.8) we obtain

(3.10) la,(W)—a,(w)|=6|w—w| VYweBW,r).

Now, since we have
"x —f||§||x —xW(x)||+||xW(x)—-f||,
lbe =2l = lbe =2 0P+ 2l —x.0 0l e () = £+ 18 =2 ()P,
then it follows from (3.4) and (3.9) that there exists a constant L, such that
a,(w)=a,(w)+3ellx — x| — (L, +8)|lw—-w|| YweB(W,r) VxeM,(w),
and (3.1) follows from (3.10).
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Remark 3.1. Let us return to Remark 1.3 with vertical perturbations and assume
that £ satisfies the extended Mangasarian-Fromovitz condition for the set C(w).
Then since i€ C(w), for each se€(0,00] the point % satisfies the extended
Mangasarian—-Fromovitz condition for the set C(w) and it follows from [3, Thm. 2.1]
that there exists ¢(s) > 0 such that C,(w) is nonempty for each w € B(w, t(s)).

Acknowledgments. The author wishes to thank the two referees for many impor-
tant suggestions and help on this paper. In particular, the introduction of the tangent
cone in § 2, the improvement of Corollary 2.2 by Corollary 2.4 and the example in
Remark 2.4 which were suggested by one of the referees.
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FINITE DIMENSIONAL COMPENSATORS FOR PARABOLIC
DISTRIBUTED SYSTEMS WITH UNBOUNDED CONTROL
AND OBSERVATION*

RUTH F. CURTAINTY

Abstract. It is proved that for a class of parabolic distributed parameter systems with unbounded
control and observation there exists a finite dimensional compensator using dynamic output feedback.
Finite dimensional means here that the dynamics relating the input to the output is finite dimensional. A
constructive design algorithm is presented and several examples are considered.

Key words. parabolic systems, compensators, unbounded control, dynamic output feedback

1. Introduction. The important problem of stabilizing infinite dimensional sys-
tems has received much attention in the literature. Although state feedback stabiliz-
ation is an interesting theoretical problem, in infinite dimensions one can never observe
the whole state and so it is necessary to stabilize by output feedback. Static output
feedback via either distributed or boundary control and/or observations has been
considered by Nambu [19] and Triggiani [30], [31] for second order parabolic systems.
Stabilization by dyramic output feedback (often called compensation in the literature)
has been considered by Curtain [6], Fujii [15] and Nambu [20] for classes of parabolic
systems, including boundary control and observations at points or on the boundary.
All these approaches share the common disadvantage that the stabilization scheme
is infinite-dimensional.

A major advance was made by Schumacher [26], [27], when he gave a theory
for designing finite dimensional compensators for a large class of systems, including
parabolic and delay systems. However, in his theory it must be assumed that the
control and observation operators are bounded, which for distributed systems means
that point and boundary action are excluded.

It is the purpose of this paper to develop a theory for finite dimensional com-
pensator design for distributed parameter systems, where the control and observation
may be implemented pointwise or at the boundary of the domain. Although this paper
borrows much from Schumacher [26], it is not clear how one could extend his design
to unbounded control operators B, as his design is given in terms of eigenfunctions
of A+ BF. What is presented here is an alternative compensator design which does
extend to the unbounded case, and proves to be a simpler approach for the bounded
case as well [5].

The design is outlined in § 2 for the bounded case to clarify the connections with
Schumacher’s work and to clarify the ideas underlying the sequel. In § 3 a theoretical
existence theorem is proved under technical assumptions reminiscent of earlier work
[6], [7]. These assumptions are fairly general and guarantee the existence of a finite
dimensional compensator, but, as in [27], there is no upper bound on the order. To
ensure an implementable compensator design, Schumacher gave a test for the stability
of the compensator in terms of zeros of a Weinstein—-Aronzajn determinant and we
extend this result in § 4, but here we are forced to assume that the control is bounded.
One way out of this dilemma is to reformulate the problem so as to obtain a bounded

* Received by the editors March 30, 1982, and in revised form November 20, 1982. This paper was
written while the author was visiting the Mathematics Department of the University of Melbourne, Australia.

t Rijksuniversiteit Groningen, Mathematisch Instituut, Postbus 800, 9700 Av Groningen, The
Netherlands.
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B as in [11], [21] and this is followed up in § 5, together with some examples of a
diffusion system with point or boundary observation and control for both Neumann
and Dirichlet conditions. In the conclusions in § 6 the scope of this approach is
discussed in more detail together with comparisons to related recent work in [9], [10],
[25].

2. Motivation of the compensator design. In view of the complicated technical
assumptions needed to establish a rigorous theory, it seems useful to motivate the
compensator design by considering a very special class of systems:

(2.1) z=Az +Bu, y =Cz.

We assume that A is a self-adjoint operator on a real, separable Hilbert space Z and,
furthermore, that A has compact resolvent. This implies that A has a point spectrum
and, for simplicity, we suppose that the eigenvalues {A;} are simple and A;>A,>
A3>- .-, The corresponding eigenfunctions then generate a complete orthonormal
basis {e;};~; for Z. Using this basis for Z, we have that A =diag (A, A2, **) and A
generates the analytic semigroup T, =diag (e, "', - - +) (see [7, p. 46]). We assume
that Be Z(R™, Z) and C e #(Z, R").

Now the problem is to design a finite dimensional compensator for (2.1) to
stabilize the system

2.2) w=Mw+Ly, u =Qw.

Combining (2.1) and (2.2) we obtain the extended operator A, on Z® W, W=R"
for some n >0.

2.3) A, =( A BQ).

LC M

If the unstable eigenvalues of A are Ay, -+, A,, then it is known [29], [25], how to
choose Foe (R™, R") and Goe Z(R’, R*)so that A + B(Fo0) and A + ($°)C are stable
with eigenvalues A,.q, A,+2,* * -, determined and r arbitrarily assignable ones. Let
F = (F,0) and G = (%) and define

Z =spaniey, ', e},

and let R be the isomorphism between Z" and R".

For our compensator we let W =R" for n =Zr and choose Q =FR 1, L=-RG
and M = R(A +11,BF + GC)R ', where I1,, is the projection from Z to Z". Then Q,
L and M are well defined matrices of appropriate sizes, and are calculable in terms
of A1, -+, An Fo, Goand I1,B and C/Z". We proceed to show that the corresponding
extended matrix A, on Z@R" is asymptotically stable for n sufficiently large. Now

(A BFR™' )_ R
2.4 A‘-"(—RGC R(A+T1,BF +GC)R™! =HAH ",
where

A 0 hl_( I 0)
2.5 H—(Rl'l,, —T“)’ H = TRN, -T
and

-1
(2.6) T:w»(wa)maps W=R"to M,
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the n-dimensional subspace of Z@®R" defined by

()

Thus T and H are isomorphisms and since BFII,, = BF,

2.7) M

er"}.

. (A+BF —-BFR'T™ ( 0 0)
. e = P .
2.8) A ( 0 TR(A+GC)R™'T 1) TRG(C-CIl,) 0

The spectrum of

(A+BF —-BFR'T™! )
0 TR(A+GC)R™'T™

is 0(A+BF)Uo(TR(A+GC)R'T™") and we have seen that this can be made to
be in Re A =A,., for arbitrary r. A, is a degenerate perturbation of this operator since
the range of G is finite-dimensional and so its spectrum is also discrete. Bounded
perturbations of analytic semigroups are also analytic and so the spectrum of the
generator determines the stability of the semigroup, and we have as an estimate for
the semigroup generated by Ae,

”7'—.;: “ =m e)\rHH-mHG(C—Cﬂn)Ht

and m does not depend on n. So for |C — CTl,| sufficiently small, or n sufficiently
large, T¢ will be asymptotically stable. The stability can also be directly checked by
calculating the eigenvalues of A, from the Weinstein-Aronszajn method [16, p. 244].

The above approach is applicable to a large class of systems, for example the
parabolic and delay systems considered by Schumacher in [26] and [27]. In fact, the
only difference lies in our different choices of the A, operator. He uses the isomorphism

~ (I -R7!
a=(, 7 )
0 T

to show that his A, is similar to one of a simpler form and he later perturbs the G
operator. Under the H isomorphism, our A, is similar to

<A+GC 0 ) (0 (B~H,,B)FR_1T“1>
~TRGC TR(A+I1,BF)R'T') " \o 0 ’

which indicates the lack of bias of our design with respect to either the B or C
components. It is difficult to compare these two approaches from a theoretical point
of view, as neither gives an upper bound for n, the compensator order; it is more
appropriately done via numerical studies e.g. [S]. Our interest here and the motivation
for deriving an alternative approach is to extend the theory to allow for unbounded
B and C operators. The theory of Schumacher assumed that B and C were bounded,
and in particular relied on eigenfunctions of A + BF, which for unbounded B seems
difficult to interpret.

We proceed in § 3 to show how A, in (2.4) can be interpreted for unbounded B
and C for a class of parabolic type systems.
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3. A theoretical existence result. We shall use the mathematical formulation for
unbounded B and C operators outlined in [7, Chapt. 8], and it shall be necessary to
develop some further results. Consider the following abstract systems

3.1) 2(0)=Tizo+ | To.Bu(s) ds
0

3.2) y(#) = CS:xo,

where T, is a strongly continuous semigroup with infinitesimal generator A on the
Banach space Z,zo€Z; B:U—>Z is a linear map on the Banach space U and
uelL®[0,t; U). S, is a strongly continuous semigroup on the Banach space X, xoe X
and C: X - Y is a linear map onto the Banach space Y. B and C will not be bounded
in general, but satisfy the following hypotheses:

H1(B, T, Z, U, W, g1). There exists a Banach space W with Z dense in W such
that:
a) W>Z, W>oR(B);
b) Be Z(U, W),
¢) T.e£(W,Z),t>0;
d) |Twllz =g1()lwllw Yw e W for 1€ (0, t;), where g€ LI(0, t;), 1 <q <.

H2(C, S, X, Y, W, g.). There exists a Banach space W dense in X such that:

(a) WeX, WeD(C);

(b) CeZLW,Y);

() S eZ(X,W),t<0;

(d) |IS; x[lw=g2(t)llx|lx Vx € X for t € (0, t;), where g€ L'(0, t1), 1 <r <00,
Whenever we write |B||and||C|, the norms refer to those in (U, W)and (W, Y),

PPy

respectively.
We remark that the semigroup property of T, 1mplies that the (d) of H1 holds
for all £>0, where on [, ), gi(t) S mgi(t1) e =m,e™’. Similarly for S, with

g(t)=mae ™" on [t;,©) where the exponents refer to the growth constant of the
respective semigroup.

As we shall see in the examples in § 5, the B operator will be typically identifiable
as AD for some D € £(U, Z) and the operator C will be A-bounded. The assumptions
H1 and H2 are in fact more general and allow us to deduce more about successive
perturbations and growth rates of semigroups (Lemma 3.2) and the spectrum deter-
mined growth assumption (Lemma 3.3).

We shall be concerned with two types of perturbed semigroups, which arise
naturally in the case of state feedback u = Fz(t) for an F € £(Z, U) and in the case
of output injection u = Gy(t) for a G € £(Y, Z). The first case leads to the integral
equation

(3.3) Viz=T,z +I T._.BFVz ds, zeZ
0
and the second to the equation

(3.4) Ux=8x +J. U,-sGCS;x ds, xeX.

Equations (3.3) and (3.4) are duals if we suppose that X is reflexive and we identify
Z=X*T,=S}, Y*=U, B=C* and F=G*. If we let W*= W then we see that
H2(C, S, X, Y, W, g, )oH1(B, T, Z, U, W g1). We shall use this duality in the sequel
to deduce results about C perturbations from corresponding ones about B perturba-
tions.
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The existence of solutions of (3.3) and (3.4) was established in [7] essentially
using the following results on Volterra integral equations.
LeMmMA 3.1 [7, pp. 224-226]. Consider the integral equation

3.5) £(0) =h<z>+j0 k(t-)f(s) ds,

where he L¥(0, T), ke L'(0, T) and are both positive. Equation (3.5) has a unique
solution fe L¥(0, T) and
aT

e
(3.6) IfllPo,1) = m”h”LPEO,T]’

where a is chosen so that M, = L,T e *k(s) ds <1. If instead of equality in (3.5) we have
inequality, then the estimate (3.6) remains valid.

We now proceed to extend the results on V, proved in [7].

Lemma 3.2. If HI(B, T, Z, U, w, g1) is satisfied, then:

(a) Equation (3.3) has a unique solution V, which is a strongly continuous semigroup
onZ.

(b) The growth constant of V, is bounded by

(3.7 a = w1 +|B|| |Fl(lg1llzeo,q) + m1),

where w is the growth constant of T.. .
(c) There exists g1€ L(0, t1) such that H1(B, V,, Z, U, W, g1) is satisfied.
d) If H2(C, T, Z, Y, W, g») is satisfied with glgzeLl(O, t1), then there exists a

~

g.€L’(0, ty) such that H2(C, V, Z, Y, W, g,) is satisfied.

Proof. (a) This assertion is proved in [7] by first establishing a solution of (3.3)
in LF[(0, t,); £(Z)] analogously to the proof of Lemma 3.1. That the solution V, is a
strongly continuous semigroup is then proved directly using (3.3).

(b) We now proceed to show that (3.3) has a solution L”[(0, T"); £(Z)] for all
T by showing that « in Lemma 3.1 can be chosen to be independent of 7. The
corresponding k(¢t) =|B| ||F|lgi(¢) where g(¢) satisfies (d) of H1. This follows from
taking estimates of (3.3)

t
Wil =ITell+ [ ge=sNBIIFIV.el ds
and identifying f(¢) = | V.2, & () = | T,z|. Now
T
M, =I e “k(s)ds
0

t T
~IBIIFI[ | " gts e ds+ [ eutreas]

2 T w;—a)s
=IBIENZlgilnont [ mie®™ ™ ds) by @ of H1
t

<1511 (20 27 hoosing a >,
a a— Wi
So
2|B|||F
3. m, =2 g s,
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A suitable choice for « is given by
(3.9) a =w1+2||B[||F|(lg:ll+my).

This ensures an M, <1 and independent of T and so (3.3) has a unique solution in
LP[0, T; £(Z)]for all finite T. You can prove that it is a strongly continuous semigroup
on [0, T'] as in [7]. We now proceed to estimate ||V, z|| from (3.3).

t
IVel=ITzl+ [ 17, BFV.zl ds
0

<melel [ - oNBINFIIVA 2] ds
so for all t >0, we have
e vil=m e+ [ e g, =s)BIIFlle V.l s
=me™ '+ M, Sup. le *Vi|| from (3.8).

Now a >wj, and M, <1 is independent of ¢ and so

m
1-M,

—Qas
sup [le™*Vi[|=

or, in other words,

m eal
1-M,

and & given by (3.9) represents a bound for the growth constant of V.
(c) From (3.3) and (d) of H1 we obtain the estimate for w e W

(3.10) IVill=

t
[Viwlle =albwlha + [ g1t =sBIIF IVl ds.
0
Now for 0=t =1, letting f(¢t) =|V.w|z, we have

fO=glwlw +IBINFIlgillal Al o,

at

e 1
=i Olwlw +IBIIEl gl leililwhy ~ from Lemma 3.1.

Thus we can define g1(¢) = g1(t) + | B|| | Fll lgilla(e*"* /(1 = M,))|gall: on (0, £,).
(d) From (3.3) (d) of H1 and (d) of H2, we obtain the following estimate

"o(t—s t—s
Wizl =g0lzlle + | &2(5) es(5)1BUNFIIV.z ds

Cot— t— .
=e:0lzlz+ [ g:(5) () Kelelods by ®

=50)|zlz
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where

t/2
gZ(t)=gz(t)+KIO gl(u)gz(u)ea(t—zu)du

t/2
=g +Ke" | giu)galu) du
0

and so if g1g2€ L' (0, 11), §2€ L(0, 1,).

Using the duality referred to after (3.4), one can deduce obvious dual versions
of this lemma for C perturbations.

The stability estimate obtained in (3.7) is not very sharp; if B is bounded we
obtain an upper estimate of w; + m|| B|| | F||, m = m,. In fact a better way of examining
the stability of perturbations of a semigroup is to examine the spectrum of its
infinitestimal generator. As is well known [29] a necessary and sufficient condition
for this is

Al. The spectrum determined growth assumption. The following condition:

sup Re o(A) =lim log—||T,||
t—>00 t
holds for analytic semigroups as was recently shown in [8], also for our class of
unbounded perturbations.

LEMMA 3.3 [8]. Let T, be a strongly continuous semigroup with infinitesimal
generator A and suppose that V. is the perturbed semigroup by an F € £(Z, U) under
Hl(Ba Tt, Z9 Ua u/a g1)~

(a) For Re A greater than the maximum growth constant of T, and V,, R(A, A)B
is bounded and

R(A,A)z=R(,A)z+R(A,A)BR(A, A1)z, zeZ,

where A is the infinitesimal generator of V,.

(b) If T is analytic, then V. is analytic and V, satisfies Al. _

The dual result for C perturbations under H2(C, T, Z, U, W, g») also holds.

We now prove a generalization of [25, Prop. 4.7] to the unbounded case.

LEMMA 3.4. Let S, be a strongly continuous semigroup on a Banach space X with
generator Ao and suppose that the semigroup V. is defined by (3.3) under assumption
H1(B, T, Z, U, W, g1) with F € £(Z, U) and that V, has the generator A.

Consider the following integral equation on Z ® X

0 BD
0 O

where T, = (' 8.) is the strongly continuous semigroup generated by (‘o' 4.).

Then (3.11) has a unique solution U, € £(Z ® X ) which is a strongly continuous
semigroup on Z®X for all D e Z(X, U).

If the growth rates of V, and S, are bounded by o and w, respectively, then the
growth rate of U, is bounded by u = max (&, w»).

Proof. The growth rate of T, is clearly bounded by u. From Lemma 3.2(c), V,
satisfies H1(B, V,, Z, U, W, £1) and it is readily verified that H1B, T, Z®X, U W®
X, £) holds for g(t) =kg,(¢) on (0, t;) for some k >0. So by Lemma 3.2(a), (3.11) has
a unique solution U, which is a strongly continuous semigroup. Let

Ul U12
U= (U?‘1 U2>

(3.11) Uh=Th +I T_( )Ush ds,
0
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with respect to Z @ X and substitute in (3.11), giving

U! U,”) (V, 0) J"(V,_s 0 )(0 BD)( U, U?)
= + hd’
(U?‘ v2)t o s)t ) Lo s o o Npz 2 )i
and equating components yields

t
Ul = V,+I V,..BDU® ds=V, U? =0,
0

t t
ui=s, U? =J V._.BDU? ds =I V._<BDS, ds.
0 0
Now

" UC) " =max {|Viz + U ], [S.x[}

=max {me®||z||+|U x|, m2e**| x|} by assumption.

Now

U] = [ V.2 Vs BDS, x| ds
0

t
= [ me™g, (;) IBIIDIIIS—sx]| ds by Lemma 3.2(c)
0

t/2
=mmalBIIDN [ gi(s) €27 ds]]

0

t/2
=mmy| B|||D|| (Cl||§1||L“(0,z1)+ j My 22T ds) lxll  fore>2t
t

=(kie" +kye™)|x| forallt

So the growth rate is bounded by u = max (a, w»).
