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DIRECT MINIMAL BALANCED REALIZATION FROM IMPULSE
RESPONSE MATRICES USING I/O MAP DECOMPOSITION*

B. S. LEEf AND F. W. FAIRMANf

Abstract. Fundamental properties of I/O maps for linear continuous-time systems are used to formulate
a method for determining a minimal (balanced) realization directly from a given impulse response matrix.
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1. Introduction. Work on the nature and properties of balanced realizations of
finite dimensional linear time-invariant systems has been ongoing since the initial
introduction of this class of realizations by Moore [1], [2]. A minimal realization is
said to be balanced if its controllability and observability Gramians are equal and
diagonal. Recent work has generalized and extended the original concept to LQG
feedback control systems [3] and to time-varying systems [4], [5].

However, the determination of a balanced realization for a given transfer function
has not received much attention in the literature. Except for the method given in [6]
for scalar transfer functions having simple poles, to date the general methods for
obtaining a balanced realization given by Moore [1], [2] and Laub [7] require the
determination of an initial minimal realization. Starting with the system’s transfer
function matrix, Moore’s algorithm involves the minimal realization of the given
transfer function matrix, the solution of two Lyapunov equations and the singular
value decomposition of two positive definite matrices. A step-by-step description of
Moore’s algorithm is given as

(i) Determine a mininal realization.
(ii) Solve the Lyapunov equation for the controllability Gramian of the realiz-

ation determined in (i).
(iii) Singular value decompose the Gramian determined in (ii).
(iv) Calculate the realization which results from changing the coordinates through

the use of a coordinate transformation matrix made up from the matrices determined
in (iii).

(v) Solve the Lyapunov equation for the observability Gramian for the realization
determined in (iv).

(vi) Singular value decompose the Gramian determined in (v).
(vii) Calculate the balanced realization which results from changing the coordin-

ates through the use of a co-ordinate transformation matrix composed from matrices
determined in (vi).

On the other hand, Laub’s method [7] requires both the controllability and
observability Gramians of the initial realization (i.e., the solution of two Lyapunov
equations). Moreover, the requirement for two singular value decompositions in [2]
is replaced by a Cholesky decomposition and a eigenvalue-eigenvector problem for a
real symmetric matrix in [7].

Starting with the system’s transfer function matrix, the algorithm developed here
for achieving a minimal (balanced) realization involves the partial fraction expansion
of the given transfer function matrix, the Cholesky decomposition of a positive definite
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real symmetric matrix and the singular value decomposition of a real matrix. The steps
involved in the execution of this algorithm are given as

(1) Determine the poles and partial fraction coefficient matrices of the transfer
function matrix.

(2) Form three real matrices K, V and A directly from the poles and partial
fraction coefficient matrices.

(3) Perform Cholesky decomposition on the real positive definite matrix V, i.e.
9= EEL

(4) Singular value decompose

[ -T1u u.] L o loJ uJ
where Lq Iq ( L].

(5) Calculate the balanced realization (A, B, C r) as

A= T-[T1, B=

where

A=[Iq(R)A], B=[Iq(R)T(O)],

O T Ip (R) T(O) T], TI L-UIY-.-’/

and T(t) is a vector of time multiplied exponentials which are related to the poles of
the transfer function matrix and [. (R). is the Kronecker product.

Notice that an arbitrary minimal realization is not required and that there is no
need to solve any Lyapunov equations.

The development of the algorithm is carried out by considering single-input
single-output (SISO) systems first. The algorithm developed for this class of systems
is then extended to enable the balanced realization of multi-input, multi-output
(MIMO) systems.

Notation peculiar to this paper which is employed in the sequel is stated now as
follows: L is the r by r identity matrix; F denotes the ith diagonal block of some
square block diagonal matrix F; E is a parity matrix, i.e., E is a diagonal matrix with
diagonal elements {ei" 1, 2, , n} where ei {1, -1}; j is context dependent being
either a positive integer or (-1)1/2.

2. General properties of I/O maps. Let the system be specified by its transfer
function hL(s) as

n(s)
(1) hl(S)-

d(s)

where n(s), d(s) are coprime polynomials with real coefficients and all zeros of d(s)
have nonzero negative real part (stability assumption). In the sequel interest will focus
on the inverse transform of h(s) (impulse response) which is given in the general
form (for proper rational hz(s)) as

(2) h(t) E E motj-lex’’= arT(t)
i=lj=l
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where /i, mije C and /i /j when ij. Also n =Ei-"l ni and

T Ta :[aT, af,’’’, am], ari =[mil, mi2, ", mi,,],
T

3’ (t) [Tit(t), yf(t),. ., yr(t)], yf(t) =[1, t,..., ",-] e

Next recall that a minimal realization (A, b, c r) of hL(S) must satisfy

(3) h(s) cr(sI-A)-b, h(t) creatb,

where A e C"" b, c e C and n is minimal.
Then the controllability and observability Gramians We, Wo over the infinite

interval [0, oo) as well as the input.and output maps fc(t),fo(t) are defined as

(4) W f( t)fc t) dt, f( t) eAtb,

(5) Wo fo(t)f(t) dt, fo(t) ea’tc,

where W, Woe Rn" are nonsingular.
The existence of We, Wo follows from stability of hL(s) and the nonsingularity of

these matrices is a consequence ofthe minimality ofthe realization. When the realization
is balanced W, Wo are equal and diagonal, i.e., W Wo=. The I/O maps, fc(t) and
fo(t) are considered now in some detail.

Properties of a matrix F, relating the I!O maps, are given in the following theorem.
THEOREM 1. For a minimal realization (A, b, c r) ofa stable SISO system the I/O

maps are related by a constant square matrix F as

(6) fo( t) Ffc( t)

where

(7) A 7- FAF-1,

(8) c=Fb,

(9) F is nonsingular and symmetric.

Proof. Recall that a minimal realization and its dual, (A r, c, b r), are related by
a unique symmetric co-ordinate transformation matrix [8, Thm. 2.4.7 and Ex. 2.4.16].
Therefore it follows directly that (6) holds with F satisfying (7)-(9).

It should be pointed out that the foregoing result is closely related to a result
obtained in [9]. Notice that the Gramians can now be related by using (6) as

(10) Wo FWcF.
It is interesting to notice from (2), (4) that every entry of eAt is a linear combination

of exponential functions of the form exp [Apt] where Ap is a pole of the transfer
function and is due to the multiplicity of that pole. This observation leads to the
conclusion that each entry of the I/O maps must be a linear combination of the
above-mentioned exponential functions. Thus the input and output maps can be
expressed as

(11) fc( t) Gc3’( t), fo( t) Go)’(t),
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where Gc, Go C"" and y(t) was defined in (2). Moreover, the nature of y(t) implies
that there exists a constant matrix A such that

d
(12) d-- y(t) Ay(t)

where

A Diag [A A2, Am]
"hi 0 0

1 hi 0

0 2 0

0 0

/i
0 0 n-I

Next (11) enables the Gramians, (4), (5), to be rewritten as

(13) Wc GcVG, Wo GoVG,

whereV=o y(t)yT(t)dt and y(t) is defined in (2). Notice that since We, Wo are
nonsingular, therefore, Gc Go and V must be nonsingular.

Now it is readily shown by using (11), (12) and comparing the expressions obtained
for the time derivative offc(t),fo(t) obtained using (4), (5) with those obtained using
(11) that

A GcAG-, AT= GoAG1,
(14)

b Gcy(0), c Goy(0).

An expression for the impulse response involving y(t), F and Gc is developed
now. This expression will be of central importance to the realization algorithm to be
developed later in the paper. Notice that if A is scaled by a nonzero scalar k and b
and c are unchanged then h(t), y(t), and hence both maps have their time variable
scaled by k. This observation leads to the following I/O map decomposition of the
impulse response

(15) h(t) cTe(1/2A’e(1/2A’b =f(t/2)fc(t/2).
Moreover, using (6) and (11) this expression for the impulse response can be rewritten
as

(16) h(t)= yr(t/2)Ky(t/2)

where

(17) K GFGc.
The basis for the method being developed here can now be indicated. As can be

seen from (8), (14) the determination of a balanced realization is essentially complete
once appropriate values for F and Gc have been determined. In the sequel it is shown
that F can always be assumed to be a parity (sign, signature) matrix E. Therefore, the
determination of E and Gc so that the realization is balanced requires the simultaneous
satisfaction of (13), (17) with F assumed to be an unknown parity matrix and Wc an
unknown positive definite diagonal matrix.
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Before taking up the problem of determining E, Gc from (13), (17), it is shown
that V can be determined directly from the poles, that K can be determined directly
from the partial fraction expansion coefficients, and that (13), (17) can be rewritten
in terms of real matrices.

Notice that the matrix V which is needed in (13) can readily be computed from
a knowledge of the factors of the denominator polynomial as

(p+q-2)!
(18) V)pq

[-(a, + ai)]p+q-1

where V e C"," is the ijth block of V and

Ej r,j(t) e{a’+a,)’dt,

p+q-2.

Moreover it is shown in the Appendix that the matrix K which is needed in (17)
can be evaluated directly from the partial fraction expansion coefficients as

(19)

where

K Diag [K 1, K2, ", Km]

(p+ q-2)!
(K’)pq= (p-1)!(q-1)! mi,p+q-1, p+q<n,+l,

0, otherwise

Thus the K matrix is block diagonal with diagonal blocks being upper cross-diagonal
with coefficients on rays parallel to the cross diagonal being related to the coefficients
in the binomial expansion, e.g.,

(20) K

mi,1 mi,2 mi,3 mi,4 mi,5 mi,ni

mi,2 2mi,3 3 mi,4 4m,5 0

mi,3 3 mi,4 6mi,5 0
mi,4 4m,5 0
m,5 0

0 0
.m,, 0 0 0

Notice from the foregoing that the first row of K is ar, (2). Also notice that
Tr(0)K= ar and hence that yr(O)K a r. Thus it follows from this observation and
from (12) that h(t)= cTea’b when A=A, b= y(0) and cr= yr(O)K. This simple fact
will play an important role in the development of the realization algorithm.

Thus from the foregoing it is seen that the matrices K and V can be readily
determined directly from the partial fraction expansion of the transfer function.
However, these matrices are complex in general. Considerable reduction in0the compu-
tational burden would result if it were possible to modify the foregoing approach so
that all matrices involved in (13), (17) were real. It turns out that this is possible due
to the fact that the impulse response function is real. For h(t) to be real, any complex
Ai’s must occur in conjugate pairs, i.e., if Im [A] rs 0 then Im [A] =-Im [A] for i, j
integers [1, m] and i=j. Therefore, the ;t’s (2), can be arranged so that conjugate
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pairs are denoted by consecutive indices and the complex Ai’s are denoted by the
lowest indices viz.

/2i--1 / 2i,* 1, 2, ", V,
(21)

hi real scalar, i=2v+1,2u/2,. ., m.

It also follows from the realness of the impulse response that the coefficients in the
expansion of the impulse response, (2), must satisfy

i=1,2,..., v,
nhi-l, m*2i,,

j 1, 2,..., ni,
(22)

i=2v+l, 2v+2, , m,
rnij real scalar,

j=l,2,’’ ",ni,

where ni is the multiplicity of the corresponding pole. Moreover, the block diagonal
matrices A and K (12), (19) become

A Diag [A1, A 1., A2, A2*, A"*, A2"+1, A2"+2, Am],
(23)

K2.+1 2.+2 m].K Diag [K 1, K 1. K2, K2* K"*, K ,. , K
Consider next the block diagonal complex matrix J where

(24)

where

J Diag [j1, j2,.. ", j, I]

and ni is the multiplicity of the complex poles of hL(s) at /2i or/2i-1.
Then it can be seen by inspection of the matrices resulting from the indicated

matrix multiplications that

/ J-TKJ-1 real, symmetric,

(25) JAJ-1 real,

(z JvJT= real, symmetric, positive definite.

The real symmetry of V follows from

(26) ’= fl(t)flT(t) dt

where

fl( t) Jy( t),

y(t) [y,(t), yl*(t),""’, y,*(t), y2,+l(t),""", %,(t)].

Moreover the block matrices in K and A are readily calculated as

(27)
/( Diag [/(1, g2,...,/,, g2,+l, g2,+2,...,/,,],

Diag [,1, 2,..., X,, h 2,+1, ,2,+2,...,
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where

X’= L I,,[A’] R,[A’]J’

i=1,2,..., v,

i=l,2,...,v,

i=2v+l, , m,
and K i, A are specified in (23).

In the sequel the positive definiteness of V will be important. This property is
given now in the following theorem.

THEOREM 2. The V matrix is real, symmetric and positive definite.
Proof. Suppose (A, b, c r) is a balanced realization. Then the controllability

Gramian, (4), is diagonal and satisfies the following Lyapunov equation [10]

(28) AY.+EAr= -bb r.
Next, pre and post multiplying this equation by G-1 and G-r, respectively, and using
(13), (14) yields

(29) AV+

Again pre- and post-multiplying (29) by J and jr, respectively, and using (25) yields

(30) A V+

where b Jy(O).
Recall that A is real. It can also be seen from the block structure of J and 3,(0)

that b must be real. Moreover, A, b are the system "A" and "b" matrices which result
from changing the co-ordinates of the balanced realization by the co-ordinate transfor-
mation matrix GcJ-1. Therefore, it follows that the controllability of (A, b)-and stability
of A guarantee the controllability of (A, b) and stability of A. Thus it follows from
these conditions and a well-known theorem [10, p. 86], that V satisfying (30) is unique,
real, symmetric and positive definite. This completes the proof of the theorem.

Before taking up the use of (18), (19), (25) in the development of a method for
solving (13), (17) as discussed following (17), it needs to be established that for any
transfer function there always exist balanced realizations with F being a parity matrix.
This task is accomplished in the next section.

3. Symmetry properties of I/O maps for balanced realizations. Recall [2] that a
minimal realization is said to be balanced if the controllability and observability
Gramians (4), (5) are diagonal and equal, i.e.

(31) Wc Wo=E
where E Diag [trl, O’2, O" with cri > 0 and real for all integers 1, n]. The cri’s
have been referred to as the second order modes of the system [2].

In order to show the properties of F which result from having the realization
balanced, a general result concerning a class of complex symmetric matrices is needed.
This result is given now in the following

LEMMA 1. IfQ C"" is symmetric and Q2= I then Q is similar to a parity matrix
with the similarity transformation matrix V C"" satisfying

vTv-- In
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Proof. The fact that Q is symmetric implies that its singular value decomposition
can be written as

Q VEVr with VTV In.
Then squaring both sides and using the fact that Q is self inverse leads to the conclusion
that E2 must be the identity matrix. Thus E must be a parity matrix and the proof is
complete.

The properties of F that result from having the realization balanced are now
stated in the following theorem.

THEOREM 3. If (A, b, T) is a minimal balanced realization ofa stable scalar transfer
function then F in Theorem 1 is

1) a parity (signature, sign) matrix if all the second-order modes are distinct,
2) similar to a parity matrix if they are not distinct with the transformation matrix

being orthogonal, i.e.

VTFV parity matrix with VrV In.
Proof. Since the realization is assumed to be balanced (31) holds and (10) becomes

(32) 5 FEF.

Now since E and F are each nonsingular it follows that

(33) F-1 E-1F.

Now let E be arranged so that any repeated second order modes appear in
succession along the diagonal, i.e.

,= Diag [rllr,, r2Ir2, trrflrm]
where there are m distinct second-order modes and tri is repeated ri times. Using this
form for E in (33) and equating like positioned blocks on either side of (33) yields

(34) (F_) =r F
O"

where F is partitioned so as to enable block multiplication in (33) and Fo refers to
the r by r block viz.

Fll F12

F= ]P?l 22 F,2m

F,.1 F,: F,
Now since F is symmetric so is F-1 and (34) implies

(35) tr_2

But F0 F (Theorem 1) and tr , tri, tr > 0 (assumed). Therefore, the off-diagonal
blocks in F must be null, i.e.

(36) F0=0, i#j.

Thus F must be a block diagonal matrix. Moreover, it is seen from (32) that the
diagonal blocks must satisfy

(37) F,2
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Then it follows from Lemma 1 and the block diagonal nature of F that F must be
similar to a parity matrix.

Finally if all the second order modes are distinct, i.e. diagonal elements of E all
different, then the foregoing shows that F must be a parity matrix. This completes the
proof of the theorem.

From the foregoing it is now possible to state the following important theorem.
THEOREM 4. It is alwayspossible to choose the co-ordinatesfor a balanced realization

such that F is a parity matrix.

Proof. Recall that if T is a co-ordinate transformation matrix which transforms
the realization (A,b, c r) to (,,/, tr) then the controllability and observability
Gramians in the original co-ordinates, namely Wc and Wo, are related to the controlla-
bility and observability Gramians in the new co-ordinates, namely ff’c and if’o, as

(38) ITV= T- WT-r, Yo TrWo T.

Moreover, the relation between Wo, W and F, (10) implies that the F-matrix for
(A, b, c r), namely F, is related to the F-matrix for (/,/, c r) namely as

(39) if’= TrFT.
Next suppose F is not a parity matrix. Then from the proof of Theorem 3, F is

a block diagonal matrix having diagonal blocks which are self-inverse, i.e. diagonal
blocks satisfying (37). Hence from Lemma 1 it follows that there exists a block diagonal
matrix T having diagonal blocks satisfying

(40) T Fi,Tii E.,
where

Eii parity matrix and TI Ti.
It follows that Tr= T- and the system obtained by transforming the co-ordinates by
T has a F-matrix, namely F, (39), which is a parity matrix. This completes the proof
of Theorem 4.

The foregoing result is of importance in that it guarantees the existence ofbalanced
realizations having the E-symmetry property corresponding to any stable transfer
function. This fact was shown recently in a quite different fashion 11]. It is used in
the next section to develop an algorithm for determining a balanced realization for a
given transfer function by using the properties of I/O maps where it is assumed that
the co-ordinates are such that F is a parity matrix.

4. Balancing algorithm: SISO case. Recall that a balanced realization has
Gramians which satisfy (31). Recall also from Theorem 4 that it is always possible for
F in Theorem 1 to be a parity matrix E. Therefore, when the realization is balanced
with F E, (13), (17) becomes

(41) E= GVGf,
(42) K Gf VGc.
Now the need for complex matrices in these equations can be eliminated by using the
results developed in 3. Solving (25) for K and V and substituting in (41), (42) yields,

(43) E GGr,
(44) .=GrEG,
where

(45) G-- Gc J-1.
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The foregoing real equations can be combined to enable G, E and E to be
determined as an eigenvalue-eigenvector problem. This is done by solving (44) for E
and using the result to multiply (43). This gives rise to the following equation.

(46) E

Notice that G diagonalizes VK and that EE and VK are real. Therefore, G must be
real. Also notice that in order for the G matrix satisfying (46) to yield a balanced
realization, G must also satisfy (43) or (44). Since V has been shown to be positive
definite, real and symmetric, (43) is used with (46) to determine G using the numerically
stable approach given in [12, pp. 337-338].

Notice that the product of the symmetric matrices V and K is symmetric only if
V and K commute. In general these matrices do not commute. Therefore, to simplify
the determination of G let the positive definite matrix V be decomposed by Cholesky
decomposition as

(47) Q= LL"
where L is real, lower triangular and nonsingular since V is positive definite (Theorem
2). Therefore, it follows from (46) that if (ci, ui) is an eigenvalue-eigenvector pair for
L’L then (a, Lug) is an eigenvalue-eigenvector pair for "l)/(. However, since LL
is real and symmetric, its eigenvalues are real and it can be diagonalized by a real
orthogonal matrix U.

From the foregoing it is seen that

(48)

(49) E Diag [Sgn [a] Sgn [42],’’’, Sgn [an]].

Moreover G-= LUS satisfies (46) with $ diagonal. However, (44) must also be
satisfied. This requirement is met by setting S E-/2. Therefore using (14), (25), (45),
it is seen that a balanced realization can be composed as

A-- ,I/2 UTL-ILU,-1/9-

(50) b r,1/ uI.,-v(O),
c= Eb.

To show that this realization is balanced, notice from (44) that the realization
(,Jy(0), yr(0)JT/() equivalent to (50) with co-ordinate transformation matrix
T ,I/2UTL-1. Moreover, assuming W E in (38) gives ff’ 17" which was shown,
(30), to be the controllability Gramian for (A, J3,(0)). The fact that Wo- follows
from (10) since F is a parity matrix. Thus the realization determined by (50) is indeed
balanced.

Finally, the realization (50) has impulse (2). This is seen by using the equivalence
just mentioned and (25) to show that

cT"eAb 3,7"(0)KeA 3,(0).

Then from the structure of 3,(0) and K, (2), (19), (20) as well as from (12) it follows
that

yr(0)K at, ea’y(0) y(t).

Thus cTeAtb is seen to have an impulse response given by (2).
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5. Balancing algorithm: MIMO case. In this section, Kronecker products 13] are
used to extend the algorithm given in the previous section to enable the balancing of
MIMO systems. This extension is not straightforward however, since F (Theorem 1)
can no longer be assumed in general, to be a parity matrix.

Let the system’s transfer function matrix be expanded in partial fractions as

(51) HL(s)= (s-A,)-JHj, r= ni
i=lj=l i=1

where Hij Cpxq and HL(s) is assumed rational. Then the impulse response matrix
(weighting matrix or pattern) is given as

(52) H(t)= E eX"E MotJ-l=ar[Y(t)(R)Iq]
i=1 j=l

where Mj (H0/(j 1)t) and [. (R) indicates Kronecker product.

T T
O [O1T, f,""", m], S= [Mil, Mi2,’’’, Mi,n,],
T tni--1]eX.ty (t):[y((t),y(t),’’ ,y(t)] y=[1, t,

Notice that r, the sum of the n’s, is the degree of the least common denominator of
H(s) and also that r is the degree of the minimal polynomial of A, where (A, B, C T)
is any minimal realization of H(s), [14, p. 108]. Moreover, since the maximal
dimension of any of the blocks of the Jordan form for A associated with A is n,
[15, p. 226], it follows that the largest power of multiplying exp (At) in any clement
of cxp (At) is n- 1. Therefore, the least common denominator of the transfer function
matrix plays the same role as the denominator polynomial of h(s) in the SISO ase
for the determination of the vector of time multiplied exponentials, 7(t). However,
since the degree of the least common denominator r is in general not the same as the
dimension of the minimal realization, it is impoant to notice that 7(t) is defined by
(2) with n replaced by r.

Next, let H(t) be written as a matrix of scalar time functions

(53) H(t)=[Ho(t)], i= 1,2,...,p, j= ,2,..., q.

Now each Hq(t) can be considered as the impulse response of a SISO system. Therefore,
from (16) it is seen that

(54) Hq(t) yr(t/2)KJy(t/2

where 7(t) is determined from the least common denominator of H(s) for reasons
given earlier and K is determined using (19). This obscation enables the impulse
response matrix to bc written in terms of onccker products as

(55)

where

H( t) I (R) /r( t/2)]K[iq (R) 7( t/ 2)]

K [K’J], K.Cprxqr"

In the sequel, the following rules for Kronecker products will be used [13],

[A(R) B][C (R) D] [AC (R) BD],
(56)

[A(R)B]r=[Ar(R)Br].
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Proceeding in a similar fashion, the relations (11) can be generalized so that maps
of a minimal realization of HL(S), (A, B, cT), having dimension n can be written as

(57)

where

eAtB F(t) G[Iq(R)T(t)],

eArtc Fo(t)= Go[Ip(R)T(t)]

G E Cnxqr,
Now it follows from these expressions that

(58) B=Gc[Iq(R)y(O)],

GO . Cnxpr.

C Go[Iv(R) y(O)].

Moreover, proceeding in the same manner as was used to show (14) it follows that

(59) A= Gc[Iq(R)A]Gc, AT= Go[Ip(R)A]G
where G and G’ are right inverses of Gc and Go respectively. The fact that Gc and

Go are each full row rank will become evident in what follows.
Notice at this point that once appropriate values for Gc and Go are obtained a

realization, (A, B, C r), can be calculated from (58), (59).
Next, using the factorization, (15), and the expressions, (57), for the I/O maps it

is seen from (55) that

(60) K=GG.
Next, following the same procedure used to obtain (13) enables the Gramians to

be expressed as

(61) W= G[Iq@ V]G,

(62) Wo Go[Ip@ V]G

where V is given in (13) with C.
Note that the nonsingularity of W and Wo due to the fact that (A, B, C r) is a

minimal realization implies that Go and G are full (row) rank.
The method to be developed for determining G(Go) depends on (60), (61) ((60),

(62)). However, the need for working with complex matrices in connection with these
equations can be eliminated in a manner similar to that used earlier in the SISO case.
Ordering the poles in the manner specified in (21) it follows that

g =[Ip@j-T]K[Iq@j-1],
(63)

where K is defined in (55) and J is defined in (24) with n replaced by r.
A minimal balanced realization can now be determined in the manner specified

in the following
THEORE 5. A minimal balanced realization can be obtained as

where

A= T-’,T, B= T-’;, CT= TT

A=[Iq(R)A],

T=[ T,’ T2],

B=[Iq(R)Jy(O)],

T L-qUI-. -1/2, T2 LqU
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and U1, U2, , are determined using singular value decomposition on a real symmetric
matrix viz.

and Lq is determined using Cholesky decomposition as

[ Iq (R) ’] -rLqLq L I (R) L], ,r V.

Proof. Proceeding in a manner similar to the end of the previous section, it can
be shown that H(t)-re". Moreover, using (63), (12) it can be shown that the
controllability Gramian, (4), for this realization is I (R) V]. Since this Gramian is full
rank, the realization (, B-, r) must be controllable. Moreover, from (5"7) it is seen
that G for this realization is a qr dimension identity matrix and from (60), (o K r.
Hence, from (62) it is seen that the observability Gramian for this realization is
g r[ Ip (R) Q]R.

Let T be a co-ordinate transformation matrix which transforms (,/, (r) to
(,,/, tr).and if’o, ff’c to if’o, ffc respectively viz.

.,= T-’,T, - T-1B, T= CTT,
V T- IYCT T V’o TTIYo T.

Let T be chosen so that llYo is diagonal, i.e.,

LO lOJ"
Now since Wo and Wc are each symmetric and Wc is positive definite, T can be
determined using the numerically stable approach given in 12, pp. 337-338] by deter-
mining U1, U2 as indicated in the statement of the theorem. Notice the T matrix which
results yield

e=[e,
n rq- n

with 2 0, t2 0.

Thus it follows from "o, and z and the zero block structure of (,/, r) that
(11,/1, dr) is a minimal balanced realization of H(t). Moreover, A=11,
B B1, Cr= 1 follows by direct calculation.

The fact that A12 and C_ are each null can be shown as follows. From the singular
value decomposition indicated in the theorem it follows that

T -T TU2 Lq K Ip (R) 17]/I7,qU2=0
and since lip (R) V] is nonsingular it follows that

Range Lq U2] c Null K

which from the dependency of Wo on K implies that

Range LU] Null Wo].
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Next it is easily shown directly from the Lyapunov equation governing W0 that

Range [L-qU2] c Null [T], Range [L-qU2] c Null

Thus it follows that Range [L-qU2]c Null [1)o] which implies that ,12 and (2 must
each be null.

An analysis ofthe foregoing theorem reveals that use ofthe co-ordinate transforma-
tion matrix T simultaneously diagonalizes both Gramians and puts the original control-
lable realization (., B-, t 7") in a form (observability decomposed form, [8, p. 362])
which enables the immediate extraction of the observable part.

Finally notice that U2 need not be computed as it is not needed in the formulation
of the balanced realization. In addition the singular value decomposition mentioned
in Theorem 5 can be replaced by the computationally less demanding task of determin-
ing the nonzero eigenvalues and corresponding orthonormal eigenvectors of real
symmetrix/SqT"/ T[ Ip (R) Q]ffq.

This completes the proof of the theorem.

6. Conclusion. A method for determining a minimal balanced realization from a
given transfer function matrix has been developed. The method requires the Laplace
inversion of the transfer function matrix, the Cholesky decomposition of a real,
symmetric, positive definite matrix and the determination of the nonzero eigenvalues
and corresponding eigenvectors of a real, symmetric matrix. Unlike Moore’s method
[2], and Laub’s modification [7], the determination of a minimal realization is not
required at the outset and no Lyapunov equations need to be solved. Moreover, in
[2], [7] the extent to which the controllability Gramian of the initial realization is ill
conditioned, depends on that realization. Thus there is no guarantee in [2], [7] that a
bad choice for the initial realization will not be made causing numerical instability in
subsequent calculations. Any ill conditioning that occurs in the proposed method arises
directly from the nature of the given transfer function matrix and not from any choice
involved in the execution of the algorithm.

Finally, the problem of obtaining an arbitrary minimal realization of a transfer
function matrix is often quite difficult and has engaged the attention ofmany researchers
in the past. The apparent numerically beneficial features of the present algorithm for
determining balanced realizations would seem to argue well for its use in determining
a minimal realization even when balancing is not required.

Appendix. Determination of K from impulse response coefficients. Since F is sym-
metric and nonsingular (Theorem 1) and Gc is nonsingular, (13), it follows from (17)
that K must be symmetric and nonsingular. Moreover, it can be seen from a comparison
of the expression (2), (16) for the impulse response that K can always be assumed to
be a block diagonal matrix, i.e.

(A1) K Diag [K 1, K2, ., Km], K C",n,.

Now it turns out that K is related to A in the manner specified in the following
theorem.

THEOREM A1. KA ArK where A is defined by (12).
Proofi Differentiating the impulse response as given in (16) and using (12) yields

(A2)
d 1 T

d---t h(t)=- 3, (t/2)[AT"K + KA]/(t/2).
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Alternatively, differentiating the first expression for the impulse response given
in (15) and using (6), (11) yields

d
(A3) d-- h(t)= yT(t/2)GFAGcT(t/2).

Then using (14) and the relation for K, F and Go, (17) enables (A3) to be rewritten as

d
(A4) d- h(t)= yr(t/2)KAy(t/2).

Finally, the desired relation (A1) results from the comparison of the right-hand
sides of (A2) and (A4). This completes the proof of the theorem.

The foregoing theorem, togelher with the structure of A, implies that the elements
of the diagonal blocks of K must satisfy a number of rather specific properties. These
properties are given now in the following corollary.

COROLLARY A1. Each diagonal block of K, say KPE Cnpxnp for any integer p E

1, m has elements {K: i, j 1, np ]} satisfying

j
K/P_ld+l

i=2, 3,. np,(A5) K= i_ 1 j= l, 2, np-1,

i= l,2, np-1,
K/v+,j_(A6)

j-1 j---2,3,..., np,
and

(A7) KP%.j 0 j 2, 3,..., np,
(A8) Ke =0 i=2,3,.., netip

Proof. From Theorem 1 it follows that

(A9) KPAp (Ap) TKP p 1, 2,..., m.

Then the relations given in the corollary are obtained by equating like positioned
entries on either side of (A9).

The foregoing properties of K are now used to show that all entries below (to
the right of) the cross diagonal in each diagonal block of K must be zero while the
entries on and to the left of the cross diagonal are each a scalar multiple of a coefficient
in the expression for the impulse response (2).

COROLLARY A2. gp is upper cross triangular. Furthermore, nonzero (ij)th elements
ofKp are related to the first row element Pg

1,i+j-1 as

(A10) K.p. (i+j-2)! p

(i- 1)t (j- 1)t K,,+_ i+j <np + 1.

In addition, the sums Sr ofelements along rays parallel to the cross diagonal are given as

(All) Sr= Ke,._i+l --2-lKtr r= 1,2,..., np.
i=1

Proof. From recursion on (A5) and using (A7), it can be seen easily that Kp is
upper cross triangular. Furthermore, recursion on (A6) yields (A10). Now, substitution
of (A10) with j r- + 1 into (A11) yields

1 (r-l)!
S=K, 1,r.=oi!(r-i+l)!

K’r(I+I)-I=2r-IKp

This completes the proof.
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COROLLARY A3. If KP C"p"p is a typical diagonal block of K, then its entries
KPo must satisfy the following property

(/+j-E)!
K +j < np + 1,

(ALE) (i- 1) (j- 1)!
=0 i+j> np+ l,

where {mp.j: j- 1, 2,..., np- 1} are the coefficients in the impulse response h(t), (2).
Proof Recall that the portion of the impulse response arising from the transfer

function pole at hp of multiplicity np is given as

(A13) hp( t) e;tpt[mpl + mpEt + mpat2 + d- mp,,,ptnp-].
Now from (16) with y(t) and K, partitioned as in (2) and (19) it is seen that

(A14) hp(t)= ,(t/2)K’3,,(t/2).
Then with K/ indicating the/jth element of Kp it is seen comparing (A13) and (A14)
that

(A15) kp E P (1/2)-K i,j+l-i j 1, 2,’’’, np,
i=1

--1--1

(A16) 0= ’. P I=0, 1, 2.Kj+l+l,np+l_j l’lp
j=l

Now, referring to Corollary A2 and the expression for St, (All), it is seen that

(AI7) m= K) j 1, 2, , np.

This completes the proof of Corollary A3 and the formula, (19), for determining the
elements of K directly from the coefficients of the impulse response has been validated.

Acknowledgment. The authors wish to thank the referees for suggesting several
improvements for the presentation of this work.
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ESTIMATION OF DISCONTINUOUS COEFFICIENTS IN
PARABOLIC SYSTEMS:

APPLICATIONS TO RESERVOIR SIMULATION*

PATRICIA K. LAMMt

Abstract. We present spline-based techniques for estimating spatially varying parameters that appear
in parabolic distributed systems (typical of those found in reservoir simulation problems). In particular, we
discuss the problem of determining discontinuous coefficients, estimating both the functional shape and
points of discontinuity for such parameters. In addition, our ideas may also be applied to problems with
unknown initial conditions and unknown parameters appearing in terms representing external forces.
Convergence results and a summary of numerical performance of the resulting algorithms are given.

Key words, parameter estimation, discontinuous coefficients, parabolic distributed systems, spline
approximations
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1. Introduction. We present here our efforts related to the estimation of discon-
tinuous spatially varying coefficients in parabolic distributed systems. Although our
ideas are applicable to a wide class of problems in which the determination of
discontinuous coefficients is of importance (e.g., the propagation of waves through
layered media; the dynamics of beams with "discontinuous" elastic properties), our
work here is motivated by an inverse problem in reservoir simulation commonly referred
to as "history matching". The problem in this case is to determine unknown parameters
(such as permeability, porosity) that appear as coefficients in model reservoir equations.
"Optimal" choices of these parameters should provide the best match between the
observed and simulated production history at one or more wells. Information about
these coefficients (functional shape and location of discontinuities) provides insight
into physical properties ofthe reservoir and can indicate the location of abrupt structural
changes; in addition, precise determination of these parameters is essential to the
process of accurately simulating and predicting reservoir behavior.

The governing reservoir equations describe mathematically the physical and
chemical processes occurring during primary hydrocarbon recovery or during enhanced
recovery efforts (secondary or tertiary forms of recovery). Mathematical models vary
widely depending on the physical process being described (miscible or immiscible
fluid flow, thermal or fluid injection, etc.) and the types of observations available.
Common to each model however is a system of rate equations (derived from Darcy’s
law, which relates flow rate to fluid pressure gradients) as well as appropriate conserva-
tion laws and equations of state. The resulting dynamical system is typically distributed
in nature and of parabolic type [22], [23]; unknown parameters quite often include
the porosity of surrounding rock, or the ratio of pore volume to total volume, and
(relative) permeability, which is the ability of the rock to transmit fluid [23]. Due to
spatial changes in underground structure, it is highly likely that these parameters will
vary spatially and contain numerous discontinuities.

* Received by the editors February 7, 1984, and in revised form June 6, 1985. This research was supported
in part by National Science Foundation grant MCS-8200883 and National Aeronautics and Space Administra-
tion grant NAG-I-258. Part of the research was carried out while the author was a visitor at the Institute
for Computer Applications in Science and Engineering (ICASE), NASA Langley Research Center, Hampton,
Virginia, which is operated under NASA contract nos. NASI-17130 and NAS1-16394.

" Department of Mathematics, Southern Methodist University, Dallas, Texas 75275.
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In order to solve the inverse problem, data in the form of fluid pressure (or flow
rate) is collected at the wells and used in a numerical parameter estimation process.
There have been a large number of substantial contributors to the development of
theoretical concepts and numerical algorithms for the history matching problem. An
exhaustive list of related references would be too lengthy to include here; instead we
refer the reader to [23] for an excellent survey of the outstanding efforts in this area.
One numerical approach commonly taken involves subdividing the reservoir into a
grid of smaller blocks; constant-valued parameters (which are allowed to vary indepen-
dently from block to block) are then estimated. Unfortunately, if accurate solutions
are desired, the grid size often must be quite small and thus the number of unknown
parameters, as well as the dimension of the state space, can be very largemas many
as 50,000 parameters or more [22]. (This is an unfortunate consequence of the fact
that the parameters of interest--as well as state variablesmare infinite-dimensional yet
computations must be performed in a finite-dimensional setting.) Our goal here is to
avoid some ofthe difficulties associated with the approach described above. Specifically,
our ideas involve separating the order of state approximation from that of parameter
estimation, so that the need for an approximate state space of high dimension does
not impose the same requirements on the dimension of an approximate parameter
space; this is accomplished by searching for parameters in classes of functions with
quite general spatially varying representations. In order to focus attention on the
problems associated with estimating spatially varying discontinuous coefficients in this
context, we consider an archetypical model of (parabolic) distributed type that admit-
tedly is a simplified version of the fluid pressure equations associated with reservoir
simulation (see [22], [23], and the references therein); nevertheless the model selected
here is a prototype that contains the essential parameter-dependent terms for which
we may begin our investigations. In the sections that follow we define the model
equations of interest and construct an approximation framework in which we wish to
consider the parameter estimation problem. Convergence results are presented for
problems associated with either spatially distributed or "discrete" sample data. Finally,
we discuss numerical implementation in general, and in the context of particular
examples. It is our intent in this report to examine convergence properties and
implementation problems associated with these methods; we do not address such
important questions as identifiability, observability, or general underlying properties
of the governing partial differential equation system.

The notation used throughout is standard: For I___ R (the real line), we shall
denote by C(I; X) the space of continuous functions f: I - X with uniform norm [. 1;
by L2(I; X) we mean the usual space of square-integrable "functions" f: I X with
L: norm 1. It(;x) and inner product (., ")(;x). The Sobolev spaces HP(I X) and
Hg(I; X) are defined as usual (see, for example, [1]). Whenever X R, we shall
simplify notation by writing C(I) and L2(I), respectively, and, where no confusion
results, by writing I’1 (and (., .)) for the norm (and inner product) on-L2(0, 1). In
addition, no notational distinction will be made between a function f: I--> R and its
restriction to I c_ I.

2. The parameter estimation problem. As our fundamental state system we consider
the scalar parabolic distributed system

(2.1)
O-(t’x)- p(x) Ox

q(x) x(t’x) +f(t,x’, r(x)), (t,x)e (0, T)x(0, 1),

u(t,O)=u(t, 1)=O,
u(O,x)=uo(x).
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Here q and p are discontinuous (positive) functions representing the permeability and
porosity properties, respectively, of the fluid and surrounding rock; the points of
discontinuity in these functions correspond to abrupt spatial changes in the physical
flow region (such as might be associated with layered media). Both q and p are typically
unknown so we shall consider the problem of estimating these parameters, as well as
the function r, r(x) Rp, and the initial condition Uo, from observations of the state
variable u.

To simplify notation, we assume that q is discontinuous at one point only, x- :,
and that q is represented by

q b, +H2
where bl and 2 are continuous on [0, 1]; here He is the usual Heaviside function on
[0, 1] given by He- 1 on [:, 1], He- 0 otherwise. There is a straightforward extension
of our ideas to the case where

q=l q- E
i=2

0 o < sl < 2 <" "< , 1, except that notational difficulties become excessive. (We
later demonstrate our approximation and estimation techniques for multiple discon-
tinuity problems in the section on numerical findings.) In addition, we simplify our
presentation by assuming p 1 and note that there is no difficulty in extending our
ideas to the case p K1 +E=2 H,_,K, where KI," ", //x are unknown [30]. Given the
parameterization chosen for q we define the parameter vector y (:, thl, thE, r, uo)=
(s, Uo) as an element of the parameter set F

_
[" x L2(0 1), where, for m, r fixed,

9(m, r) =- {s (, 4’1, 4’2, r) R x C[O, 1] x C[0, 1] x L2((0, 1); RP)I (0, 1),

b C1[0, 1 ], and 0 < m -< q(x) -< r for 1, 2, and x [0, 1 ]}.

Concerning F and the applied force f, we make the following (standing) hypotheses"
(H1) The parameter set F is compact;
(H2) For every rLE((O, 1);RP), the map t->f(t,.;r(.))’[O,T]-->L2(O, 1) is

H61der continuous with exponent a, 0< a < 1.
(H3) The map r->f(., .; r(.)) is continuous from L2((0, 1); Rp) to L2((0, T)

(0, 1)).
The parameter estimation problem associated with (2.1) consists of finding a

parameter y* F that is "optimal" in the sense of providing the best match between
observed data and model solutions to (2.1). Although a number of criteria may be
used to measure "fit to data," we consider first a least squares criterion J that is defined
in conjunction with distributed data: That is, given distributed observations ti L2(0, 1)
at discrete times t s (0, T), 1, , n, we seek y* F that minimizes

(2.2) I(t,, x; y)u(ti, x; y)- ai(x)l2 dx
i=1

over all y F. For each (t, x), the output map c(t, x; T):R-> R is assumed to be
continuous in y and such that the mapping x -> c(t, x; y),(x) is in L2(0 1) whenever
@ L2(0 1). We note that data generally is not available in the distributed form given
here; often this difficulty can be handled by fitting a curve (using linear interpolation,
for example) to discrete data.
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We also treat the problem of truly discrete data, i.e., aij R is observed sample
data at (ti, xj), j 1, , ti. In this case the parameter estimation problem consists of
determining 3* F that minimizes a "pointwise" fit-to-data criterion,

(2.3) -(7) Y I(t,, x; 7)u(t,, xj; 3/)- ajl2
i=1 j=l

over 3’ F. The use of discrete sample data leads to increased technical detail and
additional smoothness hypotheses on Uo and f We consider this particular estimation
problem in 3.1.

The parameter estimation problems described above are examples of a large class
of problems ("inverse" problems’) that are widely known to be ill-posed (see, for
example, [26] and [31]) from both a theoretical and computational standpoint. The
difficulties arise from several sources: a lack of continuous dependence of parameter
estimates 3’ on observed data t, t; the fact that one cannot, in general, assume the
existence of a unique parameter y* that provides a perfect match of model to data
(i.e., J(3,*)- 0) due to noise typically present in observed data and the inability of the
model to exactly describe the physical problem 19], [20]; and the numerical instabilities
(for example, the problem of "highly oscillatory" parameter estimates [26]) that often
appear in parameter estimation schemes when the infinite-dimensional parameter space
is replaced by a space of (fairly large) finite dimension. A number of approaches have
been studied in an effort to alleviate some of these difficulties and restore a type of
problem stability. Among these are regularization techniques (see, for example, [26],
[27]), imbedding techniques (e.g., [2]), and the parameter set compactness criteria
taken here and in a number of related papers (e.g., [4]-[18], [21]). Compactness alone
however is not sufficient to avoid the before-mentioned highly oscillatory behavior
sometimes seen in parameter approximations; we do not observe such behavior in
examples presented here (and in related efforts) due to the fact that we use higher
order (cubic, quintic) spline approximations for parameters and thus feel justified in
practice in keeping the dimension of the parameter approximation space relatively
low. Indeed, we have successfully used this approach in a number of applications and
in problems using "real" collected data [12], [13], [14]. It is easy to envision a number
of applications, in particular the large oil reservoir problems of interest here, where
it is possible that one will need to increase the dimension of the approximate parameter
space and thus potentially have to confront such numerical instability problems. In
this situation it seems appropriate to add a regularization term to the least squares
functionals J (or J).

We turn now to consideration of the parameter estimation problem of interest
here (where y F is unknown and to be determined,) and first consider the existence
of solutions u of (2.1) for a given parameter y (:, bl, t2, /’, U0)l-. Defining u(t)--
u(t," E L2(0 1), we may rewrite (2.1) as an initial value problem in u,

ut M(q)u(t)+ F(t; r), (0, T),
(2.4)

u(0) Uo.

Here q bl + Hb2, F(t; r) =f(t, .; r(. )) and the operator M(q) is defined by M(q)d/=
(q$) for $dom M(q)= Vq, where Vq={d/ H(O, 1)[q, Ha(0, 1)} (throughout
we shall use to denote the spatial differentiation operator O/Ox). We note that
solutions u satisfy the continuity equation

(qu)(-) (qu)(+),
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which represents continuity of stress across a transition point, :, between distinct
spatial regions (layers of porous media, for example).

Our first result is a statement of existence, uniqueness, and regularity properties
of solutions of (2.1). In [30] we provide details for a proof of this theorem that uses
properties of (q) (a self-adjoint, densely defined operator with tr((q)) (-, 0))
to argue that (q) generates an analytic semigroup [25], [35] on L2(0, 1).

THEOREM 2.1. Let y (, bl, D2, r, Uo) be given in F and let q )1 "[- Hgt2. There
exists a unique (classical) solution u to (2.1) with the property that u(t) Vq for any
t>0. In addition, if uo Vq, then the map t-> M(q)u(t) is in C([0, T]; L2(0, 1)).

We note that if u is a solution of (2.1) then u also satisfies (2.1) in a weak sense;
i.e., u satisfies

(2.6)
(u,(t), v)=-(qu(t), v)+(F(t; r), v),

u(O) Uo

t(0, T),

for every v H(0, 1). Applying the Gronwall inequality directly to this formulation,
we may argue the continuous dependence of solutions on (possibly unknown) initial
data (see [31]) to obtain the following.

COROLLARY 2.1. The mapping Uo-> u(t; sr, tl t2 r,/,/0) L2(0, 1)--> L2(0 1) is con-
tinuous, uniform in (, dpl, dp2, r) b and (0, T).

3. A spline-based approximation scheme. Standard numerical optimization schemes
applied to the problem of minimizing J (or J) over F typically generate a minimizing
sequence of parameter iterates, starting from an initial guess, 3,

0 However, schemes
of this type generally require that u(3,) (the solution of (2.1)) be evaluated as the
parameter 3, is updated; it is therefore desirable to combine estimation of an optimal
parameter 3,* with approximation techniques for solving (2.1). With this goal in mind,
we describe a spline-based state/parameter approximation scheme in the same spirit
of the ideas found in [7], [11]-[15], [17], [29] to name a few of the related references
in this area for (continuous coefficient) parabolic problems.

The convergence arguments developed below are similar to standard variational-
type estimates often used in association with finite element approximations (see, for
example, [35, p. 129]; [3], [24], [36]) although the estimates given here are complicated
somewhat by the presence of unknown parameters. This variational approach was
taken in [12], [13], [14] for the problem of estimating continuous coefficients in
parabolic systems; we require a somewhat different treatment here primarily due to
the fact that we allow discontinuous coefficients, where the points of discontinuity are
unknown (necessitating parameter-dependent approximation spaces XV(q)). Thus,
an interesting aspect of our approach (and often a source of difficulties) involves the
fact that our approximation spaces change with every choice of parameter iterate. We
note that although the theoretical problems are quite different, our construction of
approximating spaces XV(q) is somewhat similar to the ideas found in [4], [16], [21];
there the problem was to estimate unknown delays appearing in functional differential
equations (there is a correspondence between our treatment of an unknown point of
discontinuity and the approach taken in those references to handle an unknown delay,
at least from the standpoint of numerical approximation schemes). We turn now to a
precise statement of the approximation scheme under consideration.

For any 3, (, bl, b_, r, Uo) F, we construct parameter-dependent spaces and
operators as follows: For q=b+Heb2 and N=l,2,..., we define XN(q)
span {B(q), 1,. , 2N- 1}, where B(q) denotes the ith continuous piecewise-
linear B-spline basis element (satisfying homogeneous boundary conditions) with knots



ESTIMATION OF DISCONTINUOUS COEFFICIENTS 23

at {xV(q), k=0,...,2N}. Here x(q)=lff/N, k=O,...,N, and xV(q)
: + (k N)(1 :)/N, for k N+ 1,. , 2N. The piecewise linear elements are charac-
terized by B(q)(x)=(,k for i, k= 1,... ,2N-1 (B(q)(O)=BN(q)(1)=O); see
Figs. 1-3. We remark that in general, for y, 3; F and q (hi + Hed)2, 4 (1 / H(2,.
we do not have XN(q)c_ XN(), nor do we have XV(q)c_ Vq (note that although an
element XV(q) does have a discontinuity in its first derivative at :, Ov does not
satisfy the continuity equation (2.5) associated with q). As will be illustrated in 4,
this particular :-dependent structure for XN(q) has been chosen in order to minimize
computational difficulties that arise when : is unknown (and : is thus changing
throughout an iterative estimation scheme). We take a general Galerkin approach to
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1.0

define approximating state systems and then obtain convergence findings by working
directly with the weak form of these equations. As an alternative approach to that
taken here one could define approximating operators S(q) for (q) and investigate
the sense in which S(q) "converges" to (q) (see, for example, Example 2.2 of
[28], or [29], for approximating operators that might be used in this context).

For 3’ F fixed and N 1, 2,..., we seek an approximation to u(t; 3’) of the
2N-1 WiN(t; y)B(q) where the coefficients w are determined byform u(t; y) =Y,=

the system of ordinary differential equations (ODE),

(u(t; 3/), B(q)) -(qu(t; /), B(q))+(F(t; r), B(q)), (0, T),
(3.1)

(uN(0; T), BN(q))=(Uo, BN(q)),
for 1, , 2N- 1. Alternatively, uN satisfies

(u(t, "y), v)= -(quV(t; /), v)+(F(t; r), v), (0, W),
(3.2)

uS(0; y)= PrV(q)uo
for all vXV(q); here PV(q):L2(O, 1)XV(q) denotes the orthogonal projection
(with respect to the usual L2 topology) along XN(q)+/-. Associated with (3.1) is an
approximate estimation problem, namely that of finding 7 that minimizes

(3.3) JS(3,)
i=1

over F, where u(y) is the solution of (3.1) corresponding to F.
Our initial findings concerning the Nth approximate problem (3.i), (3.3) are

immediate consequences of the fact that (3.1) is an ODE on X(q) and that the basis
elements B(q) (and their spatial derivatives) are continuous in : (see 4 for a more
detailed examination of (3.1)).

THEOREM 3.1. For each N and any 3/ F, there exists a unique solution u v(),) of
(3.1), utV(t; /) X(q) with theproperty that the mapping /- u(t; 7) :F- L2(0, 1) is
continuous for each t(O, T). In addition, the mapping Uo urV(t; (s, Uo)): L2(0, 1)-
L2(0, 1) is continuous, uniform in N, s , c ekE, r) 9, and (0, 1).
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COROLLARY 3.1. For each N, there exists a solution /v F for the problem of
minimizing JS over F.

An essential step in the process of correlating state variable approximation with
the problem of estimating an optimal parameter y*F (for the original parameter
identification problem) is the establishment of the convergence of u(t; ys) to u(t; /)
for any sequence {y} in F that converges to F. In what follows we assume that
{ys} is given in F, yv= (: b, bv, r uV), with yv /= ( d, t2, , frO) ( I" (in
the usual product topology on F); in addition, we assume that 0 < : < 1 (and, in the
case of multiple discontinuities,
we shall henceforth simplify notation and abbreviate P =- p(qs), XV XV(q),
and x=x(qs), k=0,...,2N.

LEMA 3.1. Let O be given in Vo, where (t qb + Hc2. There exist constants Cl
and c2, independent of N, such that

(3.4) l0 P’I--< cN-=l()’l
and, for N sufficiently large,

(3.5) I(d/- PN) <= c2N-11C(t]) qJl.

The proof of these basic linear spline estimates is detailed in [30, pp. 17, 18] where
standard arguments (see, for example, [35, pp. 16, 17, 78]) are modified to take into
account that @, qJ V0, is discontinuous at s. We note that since V0 is dense in both
L.(0, 1) and H(0, 1) (in the respective topologies), we may actually weaken the
assumptions on and obtain

(3.6) It/, Pq,I- 0 as N-c for L2(0, 1),

(3.7) 19(q, PSqJ) --> 0 as N--> c for qJ H(0, 1)

where the rates of convergence depend on ,. Spline estimates (3.4)-(3.7) are used to
establish the convergence of state variable approximations in the result that follows.

THEOREM 3.2. Assume {yr} is given in F such that ys_.> / in F. Then for each
te(O, T),

ur (t; yr) ._> u(t; /) in L2(0, 1)

as N--> oo, where us is the solution of (3.1) associated with ),z and u is the solution of
(2.1) associated with

Proof. Due to the dense inclusions of Vo ;.n L2(0, 1), and the continuous depen-
dence of u, us on initial data (Corollary 2.1 and Theorem 3.1), it suffices to argue
convergence for the case that (s, bl, b2, f, no) satisfies to V so that u(t; /) V,
t (0, 1).

Denoting u(t) -= u(t; /), us (t) us (t; ys), we note that

u(t) u(t)l-<-lu (t) eu(t)l + IPu(t) u(t)l
where the second term is (N-2) from (3.4). To consider the first term, we observe
that solutions u, us of (2.1), (3.1), respectively, satisfy (2.6) and (3.2) for v XN so
that these latter equations may be used to establish that

-tt (uN(t)-- PNu(t)), V -(qrV(urV(t)- Pru(t)), v)+ -’-ft (u(t)- pru(t)), v

+(qu(t)-qPu(t), v)+(FS(t)-F(t), v),
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for vX, F(t)=-F(t;?), FN(t)=-F(t, rN), and q
u (t) PVu(t) X, we argue that

1 d lid 2

2 dtlU(t)-PNu(t)12<-- [-(u(t)-Pu(t))

N b +Hb. Letting v

1 1 FS 124m[lU(t)-qi(Pu(t))[2+-[ (t)-F(t)

+ lu t) Pu( t)l,
where we have repeatedly used the inequality ab <=1/2(a2+ b). An application of the
Gronwall inequality thus yields

where
lu (t) PNu(t)l <= eT{-+-+-+ -4}

rff lu (0, /N)- Pu(O; /)1,
N

’ ao (u(s; $)-Pu(s; )) ds,

= Iqu(s,)-q(u(s;))lds,

f= I(; -(; 1e.
We obtain 0 as N from hypothesis (H3) and note that 0 since =Ig-a.I -aol. Fuher , may be rewritten [301

lu,(s)- Pu,(s)l as,

so that dominated convergence of the integrand is guaranteed from Theorem 2.1
(s+ ut(s) is in L2((0, T), L2(0, 1)) since Uo V).

Finally, for N sufficiently large,

m
2

+4 l(-fu(sl+

+2l-l
where we have used (3.5) in the last inequality. Fuher,

so that0 as
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Finally, we turn to parameter convergence (a compactness result) and the param-
eter estimation problem.

THEOREM 3.3. For each N let /N denote a solution for the problem of minimizing
JN over F. There exists y* F and a subsequence {v} of {/v} such that

(i) vk -> 3t* in the product topology on I’,
(ii) uk(t; /v)--> u(t; 3’*)for each t(O, T),
(iii) jv(C/v)_.> j(),,),
(iv) y* is a solution to the original parameter estimation problem, namely that of

minimizing J( y) over F.
Proof. Parts (i)-(iii) are immediate consequences ofhypothesis (H1), and Theorem

3.2. To prove part (iv), it suffices to note that

J(3/*) lim J(/k) <_- lim jv(/) j(/) for any , F
Nk->OO Nk->OO

(/ is a minimizer for jN over F), so that 3’* is a solution for the problem of
minimizing J over F.

Remark 3.1. Our efforts to this point have been focused on state variable approxi-
mation only; we must also consider discretization ofthe infinite-dimensional parameter
space F in order to implement numerical optimization algorithms. The problem of
further approximating parameter sets has been the subject of recent studies (see 12],
[17], and [29]); we shall summarize, in particular, the results of [17] as they pertain
to the problem at hand. For ease of presentation we shall assume that r, Uo, are known
(there is an easy extension of these ideas to the case where these functional parameters
are unknown) so that y (:, bl, b2) is the vector of parameters to be estimated. Since
we use cubic B-spline approximations to approximate the functional parameters in
our numerical examples ( 4), we shall restrict our attention to a theory based on cubic
splines only; a more general theory may be found in 17]. To this end, we assume the
(more regular) parameter set F satisfies the following additional hypothesis"

(H4) F
_
6(m, ) is compact in the R x CI[0, 1] x C1[0, 1] topology,

where S(m, nS)--- {s (s, bl, thE) [8, 1 t] x C1[0, 1] x C1[0, 1]10< m <- b,(x) <_- for
x[0, 1], b, HE(0, 1), and ]2tp, l-< i= 1,2}, (t (0, 1)is fixed).

For each M we define the finite-dimensional (approximate) parameter sets FM

by FM -= M (F); here M" R x C1[0, 1] x CI[0, 1]--> R x C2[0, 1] x C2[0, 1] is given by
M(, bl (2) (, 1, #M’b2) where ,,*M’b is defined to be the (unique) cubic
spline function b(x) satisfying (x)=b(x), k=0, 1,... ,2M, and (Xo)
b(Xo), (x2M) tP(XEM) (see, for example, [35, Chap. 4]). The knots Xk are
the sO-dependent knots described earlier in this section. As is true with the approximation
of state variables, the resulting numerical scheme is greatly simplified if the mesh
depends on :, as well as on M. We shall defer to 4 a more detailed discussion on
computational features of the resulting algorithm.

Numerical implementation of our scheme to estimate functional parameters thus
amounts to an optimization problem in the setting of a "double approximation"
(approximation of the state variable and parameter spaces) framework, namely the
problem of minimizing jv over FM. Theoretical findings relevant to this task are
summarized in the theorem below, the proof of which may be found in [30, pp. 26, 27].

THEOREM 3.4. Let FM=- iM(F), where F satisfies (H4), and let /v.M denote a
solution to the problem of minimizing jv over 1 ’M. Then there is a subsequence {’r/rc,,’M}
of { /t,,M} such that /vk,M__> 3’*, where 3/* is a solution to the problem of minimizing J
over F. In fact, any convergent subsequence has as its limit a solution to the original
estimation problem.
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3.1. Approximate estimation problems associated with "discrete" data. It is possible,
under additional smoothness assumptions on solutions, to use variational-type esti-
mates (similar to those found above or in [12], [37]) to argue H convergence of state
variables. Results of this type lead naturally to a statement about the approxim,ation
of a solution for the problem of minimizing the "pointwise" fit-to-data criterion J (see
(2.3)) over F.

For this formulation we follow the ideas of [37] and add an assumption (which
in general may impose additional conditions on parameters and the applied force f)
to the hypotheses (H1)-(H3) already assumed:

(H5) For any yF, the mapping s u,(s; y) is in L2((0 T); H(0, 1)).

Although we define approximate state spaces Xv(q) as before, we now seek approxima-
tions us to u that satisfy

(u(t), v)=-(qulV(t), v)+(F(t; r), v), t (0, T),
(3.8)

uS(O) lV(q)uo

for all vXlV(q); here v differs from pv defined in (3.2) in that s" H(0, 1)
XS(q) is the orthogonal projection in the H(0, 1) (rather than L2(0, 1)) topology.^In
addition, the parameter set F is taken to be a subset of 5x H(0, 1), where

r) sel < i= 1, 2}.
It is easily shown that there exists a unique solution us(y) to (3.8) that depends

continuously on parameters; in addition, we obtain convergence findings that are H
analogues of earlier approximation results. We state only these results and refer the
reader to [30, pp. 29-35] for proofs. Extensions of these findings are also possible in
order to include t9 as a parameter or to prove a "double approximation" theorem
similar to Theorem 3.4.

THEOREM 3.5. Let { yv} be given in F with yv / F in the x H(0, 1) topology.
Then, for each [0, T),

u(t; y)u(t; /) in H(O, 1) as N.

THEOREM 3.6. For each N, let /lV denote a solution for the problem of minimizing. over F, where

i=1 j=l

and us is the solution of (3.8) associated with F. Then there exists * F and a

subsequence {v} of {3;} such that "*, (’)(*), and ,* is a solution

for the problem of minimizing J over F.

4. Implementation and numerical findings. A desirable feature of the spline-based
scheme developed in preceding sections is the ease ofimplementation ofthe approxima-
tion ideas, especially when the points of discontinuity sc, i= 1,... ,/z-l, for
coefficients are unknown and to be estimated. In what follows we describe how the
particular state approximation framework chosen here serves to facilitate (from a
computational standpoint) the parameter estimation/approximation process. We con-
clude the section by presenting our findings for some representative test examples.

We begin by examining the approximating ordinary differential equation (3.1)
rewritten here in terms of wU(t; y)=-(w(t; y), WE(t; y),..., w2NN_I(t )t)) T, where
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the w, defined in 3, are the coefficients in the expansion uS(t; y)=
=1 w(t; y)B(q). Using this notation, the ODE may be written

QwV t) -KSw t) +G t), (O, T),
(4.1)

w(0) Wo;
here the (2N- 1)-square matrices Q QS(7) and Ks K (T) have entries

Q,,=(BV(q) BY(q)), K, (qB(q), B(q)),
while the perturbation term and initial condition satisfy

Gs(t) GN(t; T) ((F(t; r), B(q)),..., (F(t; r), Bv_,(q)>)

and

Wor’r= w(y) (Q)-((Uo, B(q)),..., (Uo, Bv-l(q))) ,
respectively.

In order to best indicate some of the advantages of the chosen approximation
framework, we first consider the special case where only q is unknown, where q
41 + H2, and 41 and t2 are constants. First, it is easy to see how our choice of a
linear spline approximation scheme yields matrices Kv and QV that are quite simple
in structure: For a given value of q, the inner products appearing in these matrices
may be determined from explicit formulas (depending on N and so), a few of which
are given here. For example, diagonal entries in the (tridiagonal) matrices QV and
KN are given by

(4.2)

(4.3)

(4.4)

N 2:/3N, i=1,’’. N-l,Q

Q 1/3N,

Qv=2(1-)/aN, i=N/I 2N-l,i,i

V 2Ndp / , l N -1K i,i

NK, Nbl/+ N(p + 2)/(1

Ki.iN 2N(1 + 2)/(1 ), i=N+I, ,2N-l,

with similar representations for off-diagonal elements. We note that we are able to
avoid time-consuming and error-producing numerical quadratures; in addition, our
approach is more desirable (from a computational point of view) than a method based
on a uniform mesh size. For example, if for each N we simply subdivide [0, 1] into
units of length 1/N (so that position of s is not taken into account) the matrix QN
will be fixed throughout the estimation process; this however is at the expense of
considerable added difficulties associated with evaluating entries in K N. Using a
uniform mesh, some of the inner products must be "broken up" at the point :, e.g.,

(qBfC,B>=dl BVBN+ (1 +) BBN

requiring (multiple) numerical quadratures every time that q (and thus s) is updated.
In contrast, with the sO-dependent structure chosen here we need only recombine simple
algebraic expressions (such as those given in (4.2)-(4.4)) to obtain the elements of K.

Many of these computational advantages are still present in the case where the
thi are not assumed to be constant. If, for example, M and N are fixed and FM consists



30 PATRICIA K. LAMM

of cubic spline element approximations for bi, 2 (defined on a st-dependent mesh
of points xt) many of the quadratures may still be performed in advance of the

k(M) M Miterative process. In particular, if we let b(x)-Em=l ’)ln,mm (X), for n 1, 2, where
are the usual cubic B-spline basis elements defined using the mesh points

{x, k=0,... 2M}, we find that K i.j= (qtB, B) may now be written as

(4.5)
k(M) k(M)

i,j E ")/1,m(m )L2(O,) "+- E (l,m’31-’2,m)((’m

q3m, theSince simple explicit algebraic expressions (in terms of and M) exist for M

quadrature in (4.5) may also be evaluated analytically (yielding expressions involving
:, M, and N), avoiding numeribal integration.

We consider here numerical examples where y is known and we have generated
synthetic data for use in testing our ideas. In all examples presented here, we assume
that r and Uo are known and fixed at their true values so that only q bl + Heb2 is
unknown (i.e., y (s, bl, b2)) and to be determined. The special problems associated
with estimating this discontinuous coefficient have been the focus of our efforts
throughout; the problem of identifying continuous functional parameters and initial
conditions has been considered elsewhere [16], [17], [21]. For each example that
follows, both y* and u(y*) are selected in advance while the appropriate forcing
function f is artificially determined by substituting y*, u(y*) into (2.1). For chosen
sample times ti, 1,. , n, and sampling locations xj, j 1,. , r (discrete data is
used for these examples), data is generated by setting ; u(t, x;; y*), with random
noise added in some cases. We note that the sample data is not generated using our
spline-based scheme; rather, the data is constructed from an analytic expression for
the solution and thus is independent of the methods we illustrate here.

We begin the parameter estimation process by supplying an initial guess of yo to
IMSL’s minimization routine ZXSSQ (a Levenberg-Marquardt algorithm) which
numerically attempts to determine a minimum, for given N, to J (using c 1 in
(2.3)) over a fixed constraint set FM. Here uC(y) is the solution to (3.1) calculated
using IMSL’s DGEAR, an ODE solver, where the known values of Uo and f are used
in the equations. We note that although we are actually using the cost functional
assodiated with discrete observations t;, the approximating equations (4.1) differ
somewhat from those given in (3.8) (where an H projection is used instead of
the usual L2 projection P). Indeed it is not surprising that, in practice, we obtain
pointwise convergence of the approximating states under hypotheses more general
than those needed in 3.1 so that we may, in fact, relax some of the restrictions on
the approximating system.

Example 4.1. In our first example we take

15, O<-x <.6,
q*(x)

50, .6=<x_< 1,

and define u(t, .; y*) dom M(q*) by

x(70- lOOx)(t2 + 2),
u(t, x; y*)

(15 15x)(t2 + 2),

In Examples 4.1(a)-4.1(c) below we seek to estimate y (, bl, bz) F R (with true
value y* (.6, 15, 50)) using an initial guess of yo (.8, 30, 30). In each case we obtain
the converged values /v for N 4, 8, 16, and 24, using yo to start the iterative scheme
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for N 4, and previous converged values as start-up for N 8, 16, 24 (e.g., ,4 is used
as initial guess for the N 8 run). We note that convergence was also obtained (in
this and other examples) for other choices of start-up values yo. In the present example
we were also able to obtain similar findings using yo= (.99, 30, 30) (so that s is far
from the true value, :*).

Example 4.1(a). Data is generated for this example using ao=u(ti, xj; y*) for
ti =.5i, 1,. ., 4, and xj =.lj, j 1,. ., 9. Our findings are reported in Table 4.1(a).

Example 4.1(b). We repeat the last example except that spatial sampling locations
are now given by x .lj + .05, j 0, 1,. , 9 (so that there is no spatial observation
point at *, the point of discontinuity). We summarize our results in Table 4.1(b) and
note there is little change between this example and Example 4.1(a).

Example 4.1(c). We repeat Example 4.1(a), but add noise to the data. In this case
we define t0 u(ti, x; y*)+ ro where {r0} are Gaussian random numbers which (with
98% certainty) fall in the range [-.06ff, .06a], Y, ao/(n). Our findings for this
example are summarized in Table 4.1(c).

In the examples that follow we shall shorten our discussion by abbreviating the
length (and number) of tables and by displaying some results graphically. The rather
detailed presentation given for Example 4.1 was provided simply for the purpose of
observing if noise in the data or changes in the placement of data affected the outcome.

TABLE 4.1(a)
Example 4.1 a).

CP time No. of
N v N (secs) iterates

4 .623 14.669 51.950 1.5 x 102 28 13
8 .602 14.845 50.672 1.5 x 10 54 7
16 .600 14.961 50.095 8.8 x 10-2 202 7
24 .600 15.000 50.000 5.6 x 10-9 141 4

TABLE 4.1(b)
Example 4.1(b).

CP time No. of
N v v . (secs) iterates

4 .621 14.956 48.494 9.0 x 101 32 20
8 .607 15.009 50.063 3.8 x 101 35 7
16 .601 14.991 49.728 1.2 x 10-1 355 13
24 .600 15.000 50.000 5.7 x 10-9 239 5

TABLE 4.1(C)
Example 4.1(c) (noisy data).

CP time No. of
N 4 4v . (secs) iterates

4 .621 14.730 51.573 1.6 x 102 27 10
8 .599 14.887 50.434 8.1 x 10 68 10
16 .598 14.991 50.296 8.0 x 10 178 5
24 .597 15.006 50.149 8.3 x 10 733 8



32 PATRICIA K. LAMM

In Example 4.2 below, we illustrate the use of our methods in problems with two
discontinuities s1, s2, in q; the example also serves to illustrate that we are able to
accurately estimate sci even when the forcing functionf does not contain discontinuities
at each of those points.

Example 4.2. We seek here the "true" value of q given by
l.0, 0-< x < .2,

q* 6.0, .2 -< x < .6,
0.5, .6-<x=< 1.

In this case, y*= (:*, so2*, bl*, b2*, b3*)= (.2,.6, 1, 6,.5) and the true solution corre-
sponding to y* is

0 -< x < .2,
u(t, x; y*) 5x + 5, .2-< x < .6,

-200xz + 300x 100, .6 _-< x -<_ 1,

with data available at ti .5i, 1, , 4, and x .lj, j 1, , 9. For an initial guess
of 3,0= (.3, .7, 5, 5, 5) we determined 8= (.200, .600, 1.000, 6.000, .5000) after 501 CP
seconds, with .8 8.3 x 10-6.

We consider now two examples where the "true" q* b* + H.b2* involves non-
constant values of bl* and b2*. In each case we search for approximate bl and b in
the cubic spline space constructed using an M 1 level of approximation (see 3).

Example 4.3. Here we seek to estimate the "true" parameter

q. 2x + 12, 0 =< x < .6,
( 1100x2/9, .6 _-< x < 1,

starting from the initial guess for q of qO= 3 on [0, 1] (with start-up value for sc of
: .5). The solution

(70x- 100X2)(t2 + 2), 0--<_X <.6,
u(t,x;y*)=

15(l_x)(t2+2), .6 <-- x --< l,

is used to generate data at t .5i, 1, , 4, and xj .lj, j 1, , 9. In Fig. 4a we
compare the estimated t]N’4=I’t+H,’M (N=16, M=I) with the "true"
coefficient q*. Figure 4b is the same graph that has been enlarged and restricted to
the interval [.4, .63] in order to better distinguish between "true" and approximate
curves.

Example 4.4. Again we estimate a functional parameter with true representation
given by

q. 27.424 40x, 0 -< x < .3,

I. 90(x .3 )2 + 18, .3 =< x =< 1.

Data is generated as in Example 4.3, using instead the solution

200Xt2(.5 x), 0 --< X < .3,
u( t, x; )’*) 17.143tE(l_x), .3_--<x_--<l.

The start-up guess of

qO=[18, 0 --<x<.2,
1.48, .2 _-< x _-< 1,

is depicted in Fig. 2, along with the "converged" value of t] v’4 for N 24, M 1. In
this particular example, b and b2 were estimated easily but we were unable, at the
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outset, to move s from its initial guess of s= .2. The results displayed in Fig. 5 are
actually the outcome of a multistep process whereby the bi were held fixed while we
iterated on sc and then the process was repeated with : fixed and bi changing (see
[30] for a full discussion of this example). This somewhat adaptive algorithm is a
common approach taken, often of necessity, when real data is used in connection with
model-building applications, e.g. [13], [14]. The difficulties experienced in this par-
ticular example may be due to some well-known limitations of the optimization scheme
(Levenberg-Marquardt) we chose to use with our approximation ideas. It has been
our experience that difficulties sometimes arise when this scheme is used in conjunction
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FIG. 5. Example 4.4.

with more than 7 or 8 unknown parameters (there are 9 degrees of freedom in this
example). We note that we did not experience such difficulties in the last example
(also with 9 degrees of freedom) possibly due to the fact that the difference between
q(:+) and q(:-) is much greater in that example, making the problem more sensitive
to the placement of :.

Finally, we remark that a drawback of our approximation framework is that we
must specify the number of discontinuities in advance of the estimation process.
Fortunately, it is possible to overestimate and underestimate this number and still
obtain useful information. This will be the focus of our last two examples.

Example 4.5. We repeat Example 4.2 except that we assume throughout that q is
discontinuous at only one point (while two discontinuities are actually present in q*);
we also allow spatial variation in b and 2 and approximate using cubic splines. An
initial guess for q and a converged estimate tN’M (N 24, M 1) are depicted in Fig.
6 where it is interesting to note that the initial guess of :o= .4 converges to a value
close to that of the true (second) discontinuity, :2" --.6. In addition, to the right of this
point the estimated shape of q begins to approximate the constant function b3*, while
to the left of that point the rapidly increasing estimated shape gives an indication that
we have underestimated the number of discontinuities present.

Example 4.6. We repeat Example 4.1, except that now we overestimate the number
of discontinuities in q. We assume throughout that q b + H,2 "" H23 where b,
42, and 3 are constants. For an initial guess of

O<=x<.5,
qO= 5, .5<-x<.7,

20, .7 -<_ x -< 1,

we obtained (N 8, 291 CP seconds)

q8= 14.99,
50.05,

0 -< x <- .503,
.503 -< x <= .600,
.600 -< x <_- 1;
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Legend
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FIG. 6. Example 4.5.

repeating the same example but with a different initial guess,

0 <- x < .333,
qO= .001, .333 =< x < .667,

L.OOl, .667 _-< x <_- 1,

we observed the following converged values (N 16)

15.05,
49.88,

0 _-< x < .0001,
.0001 =< x < .6001,
.6001 =< x _-< 1.

A close inspection of either result reveals that we were, in fact, able to accurately
estimate q* (as defined in Example 4.1), even though a two-discontinuity approximation
structure was incorrectly used throughout.

Remark 4.1. We note that our success in numerical examples given here is not
due to the fact that "true" parameters happen to lie in the approximating spaces FM.
We have also observed equally good results in examples where the parameters cannot
be fit exactly by elements of FM for any M (e.g., see Example 4.2 of [17], or see [6],
[9], [32] for a number of examples in the context of several applications).

Remark 4.2. We recognize that some of the success seen in our test examples is
due to our choice of approximate parameter spaces F, where M is small. Indeed, an
advantage of our approach from a computational standpoint is that the choice of M
need not depend on the size (i.e., N) of the approximate state space. Because M is
small (and thus the number of unknowns is kept small) we are able to achieve success
with an optimization scheme like the Levenberg-Marquardt algorithm. In applications
where one might desire to increase the size of the parameter space, it is likely that a
direct gradient algorithm will be required to handle the larger number of parameter
degrees of freedom.

5. Concluding remarks. In conclusion, we have developed a spline-based approxi-
mation framework for the problem of estimating discontinuous functional coefficients
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(including locations of discontinuities) in one-dimensional parabolic equations. We
feel that some positive aspects of our approach include the separate treatment of
approximations for state variables and for parameters. Computational advantages of
this framework are seen in the combination of approximate state spaces of large
dimension with parameter spaces of small dimension; when such an approach is
justified, the latter often facilitates the numerical parameter search. In addition, our
scheme has been developed specifically to minimize any computational difficulties
associated with unknown points of discontinuity that are continually being updated
throughout an iterative estimation algorithm.

We are currently working to further develop these ideas and to extend the theory
to other applications, e.g., hyperbolic (seismic) equations and higher order (elastic
beam) systems. We are also working to develop a related theory for two-dimensional
domains, although for obvious reasons this is not simply a trivial extension of the
ideas presented thus far.

Acknowledgment. The author would like to express appreciation to Professor
H. T. Banks for numerous insightful discussions during the course of this work.
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AN APPROACH TO DISCRETE-TIME STOCHASTIC
CONTROL PROBLEMS UNDER PARTIAL OBSERVATION*

GIOVANNI B. DI MASI’ AND WOLFGANG J. RUNGGALDIER*

Abstract. We consider a general class of discrete-time nonlinear stochastic control problems with partial
observation, for which in general only e-optimal controls exist, and provide a method for explicitly computing
them. Transforming, as usual, these problems into equivalent ones with complete observation leads to various
difficulties, in particular to a nonlinear filtering problem. We first define a subclass of the given problems
such that the associated nonlinear filtering problem can be explicitly solved and, for each g > O, a g-optimal
control computed. We then show that, ulder suitable assumptions, for each original problem and each given
e > O, a problem in the particular class and a g > 0 can be found, such that a g-optimal control for the latter
is e-optimal for the former.

Key words, stochastic control, nonlinear filtering, e-optimal controls, approximate dynamic pro-
gramming

AMS(MOS) subject classifications. 93E26, 93E11, 93E25

1. Introduction. Consider the following discrete-time stochastic control problem:
a partially observable process {xt, yt}, xt, yt R, with x, the unobservable and yt the
observable components, is given for O, 1, , T on some probability space (fl, 9, P)
by

(1.1a) x,+,=a(x,,.ut)+o(x,)v,+l, Xo Vo,

(1.1b) yt c(xt) + wt, Yo Wo,

where {vt} and {wt} are independent standard white Gaussian noises and {u,} is a
sequence of admissible controls, namely such that u, takes values in a given set U c R
and depends only on past and present observations yt := {Yo, yt} and past controls
u t-1 := {Uo,"’’, ut-1}. Defining the value function

(1.2) v(u) := E r(xt, ut)+b(xr)
t=O

where r(x, u) and b(x) are given cost functions, it is desired to find, for any given
e >0, an e-optimal control {u}, i.e. an admissible control such that

v(u) <=inf v(u)+ e

where the inf is over all admissible controls u.
The usual first step in approaching a stochastic control problem with partial

observation as (1.1)-(1.2) is (see e.g. [2], [4]) to transform it into an "equivalent"
problem with complete observation by taking as new state at time the conditional
density of x given y’. The equivalence is in the sense that to each optimal (e-optimal)
control in one problem there corresponds an optimal (e-optimal) control in the other.
The major difficulty that arises with this approach is that the new state takes values

* Received by the editors October 15, 1983, and in revised form February 15, 1985.
f LADSEB-CNR and Istituto di Elettrotecnica, Universit di Padova, 1-35100 Padova, Italy.
Seminario Matematico, Universit di Padova, 1-35100 Padova, Italy.
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in an infinite-dimensional space, namely the Borel space [4, App. 5.2] of all probability
densities over the real line.

Our approach here consists of two steps. First, in analogy to an approach used
by the authors [3] to obtain approximate solutions to discrete-time nonlinear filtering
problems in additive white Gaussian noise, we define a particular class of problems
of the type (1.1)-(1.2) such that, given any 6 > 0, a 6-optimal control can be explicitly
computed. Second, we show under suitable assumptions that for each problem (1.1)-
(1.2) and each e > 0, it is possible to construct a problem in the particular class so
that a 6-optimal control for the latter is e-optimal for the former. This second step is
the main subject of 2, where we also describe the particular class of problems of
type (1.1)-(1.2). A method for actually obtaining a 6-optimal control for the problems
in the particular class is then presented in 3.

2. e-optimal control for the original problem. In this section we shall consider a
particular class of problems of the type (1.1)-(1.2) and show that, given e > 0, it is
possible to obtain an e-optimal control for the original problem (1.1)-(1.2) provided
that for a suitable 6, a 6-optimal control for a problem in the particular class has been
obtained.

The procedure followed here consists of constructing for each problem (1.1)-(1.2)
a corresponding problem in the particular class and in showing that a 6-optimal control
for the latter is e-optimal for the former. The problem in the particular class will be
called the approximating problem and a 6-optimal control for it will be called a solution
to the approximating problem.

2.1. The particular class. Consider the following particular case of problem (1.1)-
(1.2):

(2.1a) Xt+l-- ai(k)Io,(Xt)Iuk(Ut)+ o’ilDi(Xt)Dt+l,
i,k=l i=1

(2.1b) Yt C,ID,(Xt)+ Wt,
i=1

(2.2) v(ur-1)=E r,(k)ID,(Xt)Iu(Ut) + b,ID,(Xr)
t=o i,k=l i=l

where ai(k), ri(k), try, b, c (i, k= 1,..., n) are given real numbers, {Di} is a finite
partition of the real line into intervals, { Uk} is a class of disjoint intervals on and
the admissible control set is given by U LJ k Uk. In other words, this class consists
of problems (1.1)-(1.2) with a, r, tr, b, c step functions, and U a finite union of intervals.

It is clear from the particular structure of (2.1)-(2.2) that the conditional prob-
t t--1}abilities 7rt: P{xt Dily u i= 1,... n contain all the information on the past

history (yt, t/t-l) which is relevant for control purposes so that the vector rt=
,rrlt,’’’, rt] can be taken as state variable of the equivalent complete-observation

control problem.
It is also clear from (2..1)-(2.2) that the choice of a particular value for the control

ut reduces to the choice of a k 1,. ., n, so that in this subsection we shall consider
U={1,...,n}.

Furthermore, exploiting the particular structure of (2.1), it is possible to determine
the transition law for r, in fact, using the recursive Bayes formula, it is easily seen that

(2.3) /’J+l G(’n’t, Yt+I, ut):= 2 "a’,p(u,)f(y,+) (u,)A(y,+l)"IT Pih
i=1 i=1 h=l
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where

1 fexp[(X-a,(u,))2]o,2cr2(2.4) p,. u ,--cr
dx,

(2.5) f(y,+)=-exp -(y+l- c)

and the initial condition is given by

(2.6) 7r= P{xo e D.t, j 1,..., n.

Notice that the denominator in (2.3) is the conditional density g(Y,/IY’, u’).
The equivalent complete-observation problem is characterized by the state space

H {Tr[ 7r [0, 1], i= 1,..., n; 7r= 1} by the state-transition law

(2.7) 7r,+ G(Tr,, Y,+I, u,)

as given in (2.3), by admissible control sequences {u,} such that u, U depends only
on r, and cost functions given, with abuse of notation, by

(2.8a) r(r, u,) E{r(xt, ut)ly t, u t-l} "IT
i=1

(2.8b) b(rr) E{b(x,)ly r, u-} 7rb,.
i=1

2.2. Construction of the approximating problem. The main purpose of this subsec-
tion is to construct for each problem (1.1)-(1.2) a corresponding problem in the
particular class (2.1)-(2.2) such that a 6-optimal control for the latter is e-optimal for
the former. We shall use the following assumptions (where it is implicit that U can
be partitioned into intervals)"

A.1. There exist sequences of step functions a(")(x, u), cr(")(x), c(")(x), r(")(x, u),
b(")(x) such that Ila(")(x, u)-a(x, u)ll, IIr(")(x)-cr(x)ll, IIc(")(x)-c(x)l[, IIr(")(x, u)-
r(x, u)ll, IIb(")(x) b(x)l 0 as n-oo where I1" denotes the sup norm.

A.2. The functions r(x), c(x) and b(x) are Lipschitz continuous with Lipschitz
constants L, L and L respectively. Furthermore, a(x, u) and r(x, u) are Lipschitz
continuous in x, uniformly in u, with Lipschitz constants L, and Lb respectively.

Furthermore, let B, C, B"), C") denote constants such that b(x)ll -< B, b")(x)II-<
B, IIr(x, u)ll <-- B, I[r")(x, u)ll--< B, Ilc(x)ll-<- C, IIc)(x)ll =< C, IIb")(x)- b(x)ll-<- n),
r")(x, u)- r(x, u)ll <- n’), IIc’)(x)-c(x)ll <- c’).

The approximating problem is constructed by first approximating the process {x,},
defined for a given admissible control u in (1.1a), by a process {x")} satisfying (2.1a)
for the same control u. For this purpose, given n e , let a")(x, u) and cr’)(x) be step
functions according to assumption A.1. The approximating process is then defined by

(2.9) "(") )(x"))vt+,, Xo Vo..,+, a "(x" u,)+o"" Xo")
Furthermore, since the original observation process {y,} defined in (1.1b) provides

the only available data, we want the approximating problem to generate this same
observation process. To this end we use an absolutely continuous transformation of
probability measures. Given n [, let c")(x) be a step function according to assumption
A.1 and consider the processes

(2.10) h, lI exp [c(x)y-1/2cZ(x)], Ao 1,
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(2.11) X") I exp [c(")(x(,"))y "("’"("’ A(o"
Letting , {’, vr}, define the probability measures Po and P(I by

dp(
(2.12) dPo -1 A

dP , dPo
and denote by Eo and E(" the corresponding expectations. We have the following.

PROPOSITION 2.1. e process y defined in (1.1b) is under Po standaM white
Gaussian noise independent of {v,}, while under P("I it satisfies
(2.13) y, c("(x")+ w
where w is a P("-standard white Gaussian noise independent of {v}. Furthermore the
process v, has the same distribution under P, Po and P(’.
oo It is easily seen that for an -adapted process z,

Then, using (1.1b) and the fact that x, is _-measurable, we have for a e N

Eo{exp [iy,] -} E{exp [iay] exp [c(x)y,

exp [iac(x,) -c2(x,)]E{exp [w(ia

exp [-a2],
which shows that y, is a (Po, ,)-standard white Gaussian noise and is therefore
independent of {v,}. Fuahermore, since Xo 1, v, presees its distribution under Po.

In an analogous way it is possible to show that under P(") (2.13) holds and v
again presees its distribution.

For each n e N we now have an approximating problem defined on (, , P(")) by
(2.14a) (")= (")(x"), ( x")

’+1 a ,) + n)(x )0,+1, XO

(2.4b) y, c")(x")+ ."
0

(2.15) v("(u) E" r("(x", u,)+ b("(x)
t=0

where {v} and {w")} are independent P(")-standard Gaussian white noises and r
and b(") are step functions according to assumption A.1.

2.3. e-optimali of the solution of the approximating proMem. In this subsection
we assume that for every 8>0 a &optimal control for problem (2.14)-(2.15) has
already been obtained. Such control, hereafter denoted by u’, can then be applied
to the original problem (1.1)-(1.2) and we shall show that for e > 0 given, an n
and a 8 > 0 can be found such that

(2.16) v(u "’) N inf v(u)+ e.

In Proposition 2.2 below we shall first give a sucient condition for (2.16) to hold.
PROPOSITION 2.2. Iffor all admissible controls u

(2.17) Iv(n)(u)-v(u)l=- 0<6<
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then

(2.18) v(u "’) <- inf v(u) + e.

Proof. Denoting by usa 6-optimal control for the original problem (1.1)-(1.2) and
using (2.17) we have

e V(n) e
(2.19) inf u)--

n,8>- vn(u"’)---5-- ’ >- v(u .
Using Proposition 2.2, our problem now reduces to that of finding for e > 0 given,

an n and a 6(0< 8 < e/2) such that for any admissible control (2.17) holds. This
will follow from Theorem 2.1 below, which shows that for each n we can explicitly
construct a bound K(") such that [v(")(u)-v(u)[ <- K() for all u and lim,_,oo K(") =0.
In what follows we shall assume that an admissible control sequence u has been fixed;
the results then hold for any such u. In order to prove the main Theorem 2.1 we need
some preliminary results.

LEMMA 2.1. Under A.1 and A.2 we have for >- 1

(2.20)
where

(2.21) A")=(lla(")-all+ 24-/ll(")-r[[) E (L+7rL=)
s=O

is independent of the control u and --> 0 as n .
oof From (1.1a) and (2.14a)

IXt+l Xt+I] n)(Xn u,) a(x"), ut)l + la(x"), ut) a(x,, ut)l
+ (")(x")) (x"))I ,+ll + [(x=)) (x,)[

Ila()- all + Lalx)- xl + I1()- 111 v,+,l + LIx)- x[ I,+ll
and, taking into account that ElVt+ll , we have

Ix X+ll (L + L)lx)- x,I + a() + all +11
from which the result follows.

Remark 2.1. From the proof of Lemma 2.1 it follows immediately using Proposi-
tion 2.1 that (2.20) holds also when the expectation there is computed with respect to

Po or
LEMMA 2.2. Under A.1 and A.2 we have

(2.22) EolAr A")1N A
where

(2.23) A(")=2T(L")+C("))(2C+/)
with A") given by (2.21), so that A(") 0 as n .

Proof Using the assumptions and the inequality e eY[ N (e + eY)lx-y[ we have

T
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Then, using (1.1b), (2.14b), the independence of (x-x(,")) and w, Lemma 2.1
and Remark 2.1,

+E") E (Llx-x("l+C("))(2C

=< 2T(L4") + c(n))(2C +47r).

Finally, the following Theorem 2.1 provides the sufficient condition in Proposition
2.2.

THEOREM 2.1. Under A.1 and A.2 we have for all admissible controls u

(2.24) Iv(u)- v(n)(u)l <-- K (n)

where

(2.25) K(") T+ 1 )(BA(") + LbA(r") + B("))
with A(r") and A(") given by (2.21) and (2.23), so that K(")O as n.

Proof Using Lemmas 2.1 and 2.2 we have

IV(U)--vn(u)I

Eo Ar Z r(x,u)+b(XT) -A-) 2 r"(x"),u)+b")(x?))
s=0 s=0

Eo IA-AI Z Ir(x,u)l+lb(x)l
s=O

+ Eo ) Z Ir(x, u)- r(x"), u)[ + Ib(XT)--

+ Eo Ir(x, u)- )(x2,
Ls=0

(T+ )(A"n + + n").
3. -optimal control for the approximating problem. The purpose of this section

is to determine a g-optimal control for the approximating problem (2.14)-(2.15) or,
equivalently, for the corresponding complete-observation problem described in 2.1,
which in the sequel will be referred to as problem (P) and is given by

(3.1) r,+1 G(crt, 1,Yt+ u,), ,rr=P{xoD.i}, j= 1 n,
(P)

(3.2) v"(u) E’ r(rr,, u,)+ b(rr)
k t=0

Problem (P) has the states taking values in a finite dimensional space, but its
possible values are still infinite. The approach used here to obtain a 8-optimal control
for problem (P) consists in approximating it by a problem (P) whose state space is
finite and for which, as the control set is already finite, an optimal control can be
actually computed. This latter control, when suitably extended, will then be shown to
be 8-optimal for (P). In this sense the approach to be presented here can be considered
an extension of some recent approaches concerning "approximate dynamic programs"
which have been proposed for complete-observation problems, in particular Markovian
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decision problems (see e.g. [1], [5], [6]). The main idea in [1], [5], [6] is to partition
the state space into a finite number of subsets, each characterized by a representative
element, and to approximate the original problem by one whose state space is given
by the representative elements. A direct application of these methods to our problem
(P) leads to various difficulties, in particular that of determining the transition law of
the approximating finite state problem. It therefore appears more convenient to exploit
the partially observable nature of the original problem (2.14)-(2.15) and to first
discretize the observation process y,.

For Q, q 1 given, consider the following partition { Y" 1,. ., q; q 2Qq + 2}
of :

[Y, (-,-Q),

(3.3) Y=[-a+(i-2)/q,-a+(i-1)/q), i=2,..., -1,
!

[ Yo [ Q, +),
and let {r/i" r/i e Y; 1,. ., } be a set of representative elements of the partition.
Then, defining the projection

q
(3.4) y(y)= Y n,I.,(y),

i=1

consider the finite valued process {Yt} (discretized observation process) given by

(3.5) fit Y(Yt)
and set, with abuse of notation,

(3.6) y(y’) := 37’.
Furthermore, let

1
exp --(y cj) :z dy.(3.7)

It is clear that the vector #, [-’r,, ...,
P"{x" D, IY’, u ‘-1} is a sufficient statistic for the problem with the discretized
observation process {37,} and it satisfies, analogously to (2.3), the recursive relation

(3.8) 7’t)+l J(’l’t, Yt+l, U,)"-’-" 7r,pq(ttt)fj(Yt+l) "a’,
i=1 i=1 h=l

where pj(u,) and f()7,+1) are given by (2.4) and (3.7), and the initial condition is
o P){Xo o .

The finite state problem (P) approximating (P) is now given by

(3.9) t+ G ’rr Yt+l, U 71"0 ’TTo
(P)

(3.10) (n)(u) E (n) r(r, us)+ b(#T)
s=0

Let

(3.1 1) at("/’t) t/t(yt, t/t--l)
be an optimal control for problem () and extend it to all the histories of problem (P)
by setting

(3.12) t/,(y,,‘ t/,(y(y,), t/,-).
It remains to show that by choosing Q and q sufficiently large, the control

defined in (3.12) is &optimal for problem (P), i.e. for the original problem (2.14)-(2.15).
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This is the purpose of the rest of this section, where the main result is given in the
final Theorem 3.1.

LEMMA 3.1. Letting

(3.13) p := min pih(U) > 0, L:= nip2,
h,

we have for all 7rl, r2, y, u

(3.14) max [G(r, y, u)-G(r2, y, u)[ =< L max Ir-r[.

Proof. Using the relations pih(U)<= 1(i, h 1," ’’, n), Y 7rl 1 (i 1,2) and

,,,h 7rp,h(U)fh(Y) >= , rlp(u)f(Y), we have

[G(r, y, u)- G(r, y, u)[
[ l,i.h rpo u)f (y "tr2 Pih U)fh (y ,i,h 7rt2pO u)fj (Y "tr pih U)fh (Y

(E,,h 7rp,h(U)fh(Y))(,,,h 7rp,h(U)fh(y))

< f(Y) E,,hfh(Y)lE! (’rr’rr-’n’t2"rr)l
(E, rP(u)f(Y))(Y,.h qr2Pih(U)fh(Y))

< E,,h fh(Y)lra r21
p2 E,,h r2fh(Y)

from which (3.14) follows, l-1
In what follows we shall assume, without loss of generality, c-< c =<... =<
LEMMA 3.2. Ify : [-Q, Q), we have for every j 1,..., n and all 7r, u

(3.15) IG(m y, u)-d(m y(y), u)l_-< G(Q)

where

(3.16)
G(Q)- 1 +p/max h,,exp (Ch--Cn)Q--’(C2h--Cn)

so that G( Q) - 0 as Q - +o.
Proof. Assuming first y >_-Q, we have for j < n

O<-- G(Tr’ y’ u)<--2, he,

y zr’p,h(U)fh(y)/2
h

7r’p,h(U)fh(y)

[ l + Tr,p,,, exp [ (y c,,)2]/ [ 1
71" Pih exp (y

h#n

_-< l+p exp (Ch--C,,)y--’(C2h--C2,,)
hn

<_- 1 + p exp (Ch c,,)Q ---(Ch C,,)
h

(3.17)

and for h =j

(3.18)

/
O-<-l-G"(’rr, y, u)=Z Z "trp,h(U)fh(Y) /2Z 7rp,h(U)fh(Y)

hn / h

_--< l+p exp (Ch--C,)Q--(C2h--C2,)
h
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Noticing now that
+oo +oo _1 Cn)2]IO exp [-(y-Oh)2] dy/f

0
exp [ -(y- dy

N exp -(Q- ch) exp -(Q-c
we obtain the same bounds (3.17) and (3.18) for (m (Y), u), so that (3.15) is proved
for y Q. The case y <-Q can be proved analogously, simply replacing n by 1 and
Qby-Q.

Notice now that with (y) as defined in (2.5) we have that if [y-[ l/q, then
for all j

(3.19) [(y)-() 1/q.

Fuhermore, notice that if y [-Q, Q) and if Y(y) denotes the set of the paition
(3.3) containing y, then by the mean value theorem for integrals we have for all and u

(m (Y), u)=2 p(u) exp -(y-q dy
Y(y)

i [p,(u) exp -(y- c): #
Y(Y)

i,h

with y(y) and Yh(Y) suitable elements in Y(y). Letting

(3.21) f(Q) := [min min {f(-Q),f(Q)]-
h

SO that for all y I-Q, Q) and all h
(3.2) f(y)f(Q),
we have

LEPTA 3.3. Ify [-Q, Q), we have for evej 1,..., n and all , u

(3.23 (, y, u)-(, (y), u)2f(Q)/q
where f(Q) is given by (3.21 ).

oof Using (3.19) through (3.22) we have

(, y, u-(,(y,

’’pup,uyify-fyyi
l,i,h

’p, u)A(y(y)
/1 i,h

+ ’’po(u)p,(u)f(y)l(y)-(y(y))l
l,i,h

i,h

P,h(u)lfh(Y)--fh(Yh(Y))i 2 Ph(Y)fh(Yh(Y))
h h

+ ’Po(U)I(Y)-(Yg(Y))I/ w’Po(U)(Yg(Y))

V(Q)/q.
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Now let

(3.24) G(Q, q) max { G(Q), 2f(Q)/q}

so that

(3.25) lim G(Q, q) 0
q>-f(Q)l+v,v>O

and, making explicit the dependence of qrt and #t on (yt, ut-1) and ()7 t, u t-l) respec-
tively, define

(3.26) A, := sup max max Izr(y t, u ’-1) (y(y’), u’-)l.
y

We then have
PROPOSITION 3.1. With L as defined in (3.13) we have for all

A,<--_ G(Q, q)(Lr-1)/(L-1).

Proofi Ao O; furthermore, by definition,

(y’, u ’-1) GJ(r,_(y’-1, ut-2), y,, ut-1),

j(Y(Y’), u’-) (J(#,-()7(Y’-1), u’-2), Yt, u,_).

Therefore, using Lemmas 3.1, 3.2 and 3.3,

Irj(y’,/,/t--l)- #j(y(yt), ut-)]

--< 1G(75-1, y,, u,-|)-G(#,-1, y,, u,-1)l

’lGJ(#t-1, Yt, ut-1)-(J(#t-1, P(Yt), ut-1)l

<Lmaxl -i
7rt_- r,_l + G(Q, q)

so that 5,+1 -< LA, + G(Q, q), from which the result follows. V1

THEOREM 3.1. Let {tt} be the control sequence given by (3.12). Then

inf E (’) r(zr,, u) + b(,’fiT) E(") , r(r, )+ b(,’rfT)
{ut} =0 =0

<-_ nBTG(Q, q)(LT‘- 1)/(L- 1),

where the inf is over all control sequences { ut} such that ut depends on 7rt or equivalently,
on (yt, u t-l) and where G( Q, q) is defined in (3.24) and goes to zero according to (3.25).

Proof. From (2.8) and the definition of 7rt and # we immediately have

(3.27) E(") 2 r(rs, ffs) + b(rr) E(’) 2 r(#s, ts) + b(#7-)
s=O s=O

Furthermore

(3.28)

inf E (") Y r(rs, us) + b(crr) E (") Y r(#s, ffs)(#s, ts) + b(#v)
{u} s=O s=O

--<E (") . r(crs, fis)+b(rr -E(") Z r(#s, s)+b(#7‘ =0.
s=O s--O
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On the other hand, letting u v be a y-optimal control for problem (P) (y > 0), we
have by the definition of at, by (2.8) and by Proposition 3.1

E( r(?, )+b(#r) -infE( Y r(cr, u)+b(crr)
=0 {ut} =0

( 2 r(5, u) + b(5) ( 2 r(, u) + b() +
(3.29)

<E(") I-
s=O i=1 i=1

nrG(Q, q)(- 1)/(- 1)+ v.
Combining (3.27), (3.28) and (3.29), we have the result.
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DISCOUNTED MDP’S: DISTRIBUTION FUNCTIONS AND
EXPONENTIAL UTILITY MAXIMIZATION*

KUN-JEN CHUNG’ AND MATTHEW J. SOBEL’

Abstract. The present value of the rewards associated with a discrete-time Markov process has a
probability distribution which depends on the initial state. The first part of the paper applies fixed point
theory to a system of equations for the distribution functions of the present value. The second part of the
paper expands the model to a Markov decision process (MDP) and considers the maximization of the
expected utility of the present value when.the utility function is exponential.

Key words. Markov decision process, distribution of present value, exponential utility, fixed point
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1. Introduction. Let X, X2,’" be the sequence of single period rewards of a
Markov decision process (hereafter called MDP). The present value of this sequence
is

(1) B= E [n-lxn
n=l

where 0 </3 < 1 is discount factor. We emphasize that B is a random variable.
The criterion maximize E(B) is the focus of the literature concerned with discoun-

ted MDP’s. However practical applications of stochastic models often require more
information about a criterion than merely its expected value. This paper elicits other
characteristics of B.

Von Neumann and Morgenstern’s expected utility theorem concerns a "rational"
decision maker who compares alternative random payoffs, i.e. random variables. The
theorem states necessary and sufficient conditions for a partial ordering of the random
variables to be equivalent to the existence of a "utility" function u(. such that X is
preferred to Y if, and only if, E[u(X)]> E[u(Y)]. See Fishburn [6] for details.

If the utility function u(" is linear then the partial ordering of random variables
depends only on their expected values. Hence, most of the MDP literature assumes
implicitly that a decision maker has a linear utility function, i.e. is risk-neutral. As in
[9] and [15], we use the label risk-sensitive for the complement of risk-neutral. Thus,
a risk-sensitive model assumes implicitly that a decision maker has a nonlinear utility
function. Most of the consequent optimization problems are more difficult than in the
linear case.

The next section of the paper assumes that a particular stationary policy has
already been chosen and proceeds to partially characterize the distribution function
of B. Thus, the model can be regarded as a Markov chain in which a random reward

* Received by the editors March 6, 1984, and in revised form October 1, 1985. This material is based
on work supported by the National Science Foundation under grant ECS-8305963.

" Georgia Institute of Technology, Atlanta, Georgia 30332.
t Present address, Department of Industrial Management, National Taiwan Institute of Technology,
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X. is associated with occupying a state during period n. The probability distribution
of X. depends on the identity of the state occupied during period n.

The last section of the paper examines the optimization of the expected value of
a particular nonlinear utility function, namely

(2) maximize E(-e-’) (A > 0).

Exponential utility functions have attractive properties which are mentioned in 3 of
the paper. There we show that problem (2) satisfies an optimality equation. However,
the equation is intrinsically an approximation problem and 3 discusses some
monotone approximations. The discounting of rewards distinguishes 3 from past
work on the optimization of exponential utility functions.

Suppose that S is the set of states and that a stationary policy is used. Let Fs(-)
be the distribution function of B when s is the initial state. Section 2 of the paper
concerns a system of equations satisfied by {Fs (’): s S}. The major result is negative.
The solution of the equations is a fixed point of a mapping which is nonexpansive but
generally not a contraction.

Section 2.1 presents notation which is used throughout the paper. Section 2.2
contains preliminary results and 2.3 has the fixed-point results. The negative results
concerning contraction mappings are presented in 2.4. For background on MDP’s
see Bertsekas [1], Denardo [3], or Heyman and Sobel [8].

2. Distribution function of the present value.
2.1. Notation. Consider a Markov decision process with discount factor

/3(0 </3 < 1). Let S be the state space. Let A be the set of actions available in state
s, and C {(s, a): s A, s S}. Throughout the paper, we assume that C contains
only finitely many elements. Such a model is called a finite MDP. Let s,, a, and X,
indicate the state, action and reward in the nth period. We assume that s,+l and X,
are random variables which depend only on s, and a,. Suppose that there is a countable2

sample space K such that P{X, K} 1 for all n. Let

Pk P{s,+ =j, X, kls, s, a, a}.

We assume that K lies in a compact set; this corresponds to the assumption that
there is b < such that

P{O<-_X<-_bls=s,a=a}=l for all (s, a) C.

For simplicity of exposition, we refrain from adding "with probability one" to state-
ments that depend on the rewards being nonnegative and bounded with probability
one rather than everywhere.

The notation Pjk permits a nondegenerate conditional distribution of X, given
s,, a,, and S,+l. The notation p is common in the MDP literature and corresponds
to replacement of X, by its conditional expected value. The Appendix contains a
simple example which illustrates that the notation p asjk is essential in the first half of
this paper.

The present value of the single period rewards is B =,= fl"-X, which takes
values only in [0, u] where u b(1-/3). Suppose that the stationary policy 6 is used
to choose actions, i.e. a, 6(s,) for all n. Let Bs denote the random variabte B if Sl s
and a, 8(s,) for all n. Let Fs(x)= P(Bs <-x) be the distribution function of Bs and

.(s)let Psjk t" sjk

We assume that K is countable only for expository convenience.
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The main purpose of 2 of the paper is to use fixed point theory to explore the
behavior of the vector of distribution functions F(. (Fs (’), s S). Therefore, 8 is
suppressed in the notation for the remainder of 2.

2.2. Preliminary results. Let =[0, u] and let be the smallest g-algebra of
subsets of which contains all the open subsets of . It is well known that there is
a one-to-one correspondence between measures on and distribution functions
supported by [0, u]. Therefore, we identify measures on with the corresponding
distribution functions; let Y denote the latter set. Let V be the space of all real-valued
continuous functions on . For any fe V we write lif[] sup {If(x)l: x }. v is a
Banach space under the norm [[. [[. A linear functional A on V is a mapping f- A(f)
of V into the real line such that for any two constants a and y and any two elements
f and g of V the equation A(af+ yg) aA(f) + 7A(g) is valid. Let V* denote the set
of all continuous linear functionals on V. Therefore, if A V*, we have [JAil
sup {[A(f)[:f V, ]]fl[ --< 1}.

V* Then E is a Banach space if its norm isLet E Xis
IIHll- max (IIH, II: S} where H [Hi(" ); S] E.

The following result, whose proof is in [2], connects linear functionals on V with
measures on .

LEMMA 1. Let = [0, u] and A be a nonnegative linear functional on V (i.e.
A(f)-> 0 iff>- O) with A(1)= 1. Then there exists a unique measure w on such that
A(f) gfdw, f V.

This lemma shows that there is a map from a subset of V* into Y. Trivially, this
map is one-to-one, i.e., each measure w in Y corresponds to only one linear functional
on V, defined by a(f)=Jfdw for all f V. Thus, one can identify Y with the
corresponding subset of V*. In particular, we have the following metric on Y. If v
and w are probability measures on , then

(1) ,]w-vll=sup{ f fdw- f fdv llfl[<-_l,f v}.
Let (is Y. If H [Hi(" ); S] and G Gi(" ); S] , we define

(2)
liB- Gll- sup (liB, a, ll" s$

sup fdHi fdGi "fe V, Ilf[I-<- 1, e S

It is convenient to define T= SxK and F(x)= F[(x-k)/fl]. The formula

(3) Fs(x) E pkF(x) (s S)
(j,k)c= T

was obtained in [22] (see [8, 4.5] for this form). Therefore, a mapping M:- E
can be defined via (3), as follows

M(G),(x)- ., p,:kG(x)
(j,k) T

for sS if G=[Gi(’); iS] and G(x) denotes G:[(x-k)/]. It is clear that
M[G], is a distribution function for s S. Also, if x -> u, k K, and j S,0 then

(4) l >- G:(x)>- G:[b/(-)]>- G(u)>- G(u)= l.

If x < 0, k K and j S, then

(5) G (x- k) o.
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Therefore, M(G) so M maps into itself. From the definition of M, G=
Gi(" ); i S] is a fixed point of M if, and only if, G satisfies (3) for all s S. The

following section establishes several properties of M.

2.3. Fixed-point theorems.
LEMMA 2. The set Y is a weakly compact convex subset of V*. Therefore, is a

weakly compact convex subset of E.
Proof. It is clear that {w} c y converges in the weak topology to a distribution

we Y if, and only if, fdw-> jfdw for every f V. From [2, Prop. 8.10, 8.15, pp.
162-165], Y is weakly compact. The convexity of Y is trivial so Tyhonov’s theorem
[23] implies that is a weakly compact convex subset of E.

The mapping M has the following properties.
THEOREM 1.
(a) M is a nonexpansive mapping (i. e.
(b) M is weakly continuous,
(c) M is an affine mapping (i.e. M[aH+(1-a)G]=tM(H)+(1-a)M(G) for

all H, G Z 0-< a-<_ 1),
(d) M:Lr--> has a fixed point in

Proof. (a) Let G Gi(. ); S] and H [Hi(" ); S] Lr. We employ the
notation H(x) =/-/[(x- k)/] and G(x) G[(x- k)/B].

,k) T (j,k) T

<= E
(j,k) T

Pjk sup f(x) dHy(x)- f(x) dG(x) Ilfll < 1,f v}

Since s S is arbitrary, lIMB- MII < [IH- 11.
(b) Suppose G,, [Gi(. ); S] converges weakly to G [Gi(. ); S]. Then

Gi(x) weakly converges to Gi(x) for all S, and f(x) dGi(x) -% f(x) dGi(x) for
all iS, and fV. Let Gkj(x) denote Gj[(x-k)/]. Since M[G]s(x)=

k

I f(x) dM[G]= f f(x) dM[G](x)= Pk f f(x) dG (x-k)
E

(j,k) T
Pk I f(k + fly) dG(y)

(j,k) T
Psk I f(k + fly) dG(y)

2 pkff(x) dG(x).
(j,k)e T

Hence M[G](x) -% M[G](x) for all s e S so M is weakly continuous.
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(c) Let H, G and 0<=a-<_l.

M[aH+(1-a)G](x)= E psk[aH(x)+(1-a)G(x)]
(j,k)c= T

=a psskH(x)+(1--a) , PsskG(x)
(j,k)e r (j,k)e T

aM[His(x) + (1 a)M[ G]s(x).
So M is affine.

(d) Now M" ’--> ’ is weakly continuous, and Lr is a weakly compact subset of
E. Therefore, the Schauder and Tyhonov fixed point theorems [20], [23] imply that M
has a fixed point in

2.4. Contraction mappings. Although M is a nonexpansive mapping, it is not
generally a contractive mapping. Moreover, in general it is not true that IIMH- MGII <
IIH-Gll. For a simple counterexample, let

S { 1, 2}, Pll2 P121 P211 P222 0.5, fl 0.9, b 2, u 20,
K={1,2},G=[GI(’),G2(’)] and H=[HI(’),H2(’)],

{01 if x<0, H(x)={O1 if x<20,
G(x)=

if x__> 0, if x->20

for s 1, 2. So, MG-MHII- 2 -Hli-
The preceding example is not isolated. We now characterize a family of counter-

examples. Suppose Di ={k K" there exists some j S such that P0k>0}, W=
{]kl- k2l> 0" kl, k_ Di}, and W= fqs W. For the remainder of 2.4 it is convenient
to denote the mapping M as M(fl, b).

THEOREM 2. If flU = Wfor some s, then M(fl, b) is not a contractive mapping.
Proof Since S,k)TPsk 1, for every e >0 there exist finitely many points

kl, k2," , k, in D such that i=l ,ss Pssk,----> 1 e/4. By assumption (flu + D) fq D. Therefore, if L {kl, k2," ", kn} and L {flu + kl, flu + k2," ", flu + k,}, then
L1 [q L2 . Define a continuous function g on L1U L2 as follows:

1 if X L1,
g(x)-

-1 ifxL2.
well-known theorem of Tietze [18] implies that g has a continuous extension
[0, u]-> [-1,1]. Let G=[Gs(.);sS] and H=[H(.);sS] where G(.) and

H(. are the unit jump functions at 0 and u, respectively, for all s S. Then

II(MG)s-(MH)s)II

=sup{ , psk f f(x) d [G (x- (x- <=, V}0,k)T /3 k)-/’/ /3 k)] ,,f,[ l f

>= E Pok [ g(x) d[ G(x) H’(x)]
(j,k)e T

E
(j,k) T
kL

Pok I (x) d[G(x) H(x)]

+ E
(j,k)e T
kL

PsSk f (x) d[G(x) H(x)]

This proof of (d) depends only on the properties of M and Lr. Alternatively, one could argue from
(3) that the vector of distribution functions F(. )= (Fs("); s s $) is a fixed point.
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E pkf(x) d[G(x)-H(x)]
(j,k) T
keL

Z pkf(x) d[G(x)-H(x)]
(j,k) T
kL

E Pk[,(k) ,(u + k)]
(j,k) T
kL!

, Pk[, k) (u+ k)]
(j,k) T
kL

=2 E p,- p,[l,(k)l/l,(13u/k)l]
(j,k) T (j,k) T
kL kL

_--> 2(1 e/4) 2(e/4) 2- e.

But e is an arbitrary positive number; so II(MG)-(MH)II>=2, i.e., IIMG-
MH --> 2.

The nonexpansiveness of M(fl, b) implies 2=< liMa- MHII <--IIG- nil- 2; so

IIMG- MHII- IIa- nil- 2 and M(fl, b) is not a contractive mapping. 1-1

Since K is countable, it follows from Theorem 2 that, except for countably many
values of fl, M(fl, b) is not a contractive mapping. Furthermore, if W is a finite set,
then, except for finitely many values of/3, M(/3, b) is not a contractive mapping.

COROLLARY 1. If W is empty, then for all 0 < fl < 1, M(fl, b) is not a contractive
mapping.

COROLLARY 2. Let Wo sup W. If > Wo/(b + Wo), then M(, b) is not a contractive

mapping.
Proof. If flu W, there is a number w e W such that flu w, i.e., fib/(1 fl) w.

So /3 w/ b + w) <- Wo/ b + Wo). Hence, if/3 > Wo/ b + Wo), then flu W. Theorem 2
implies that M(/3, b) is not a contractive mapping.

The inequality WoN b implies Wo/(b+ Wo)<=1/2. Hence, if fl>21-, then M(fl, b) is not
a contractive mapping.

COROLLARY 3. For each fl, 0 < fl < 1, there exists c > 0 such that P{0 =< X1 =< ClSl s,
al s} 1 for all (s, a) C and M(fl, c) is not a contractive mapping.

Proof. For each 0 </3 < 1, there is a number c > 0 such that Wo/(C + Wo)< fl and
P{0 <- X <= ClSl= s, al a}= 1 for all (s, a) e C determines when M(fl, c) is not a
contractive mapping.

It follows from Corollary 3 that the value of c which satisfies P{0 -< X1--< C]Sl
s, al a} 1 for all (s, a) C determines when M(fl, c) is not a contractive mapping.
That is, let J={c:P{O<-Xl<-_ClSl=S, al=a}=l for all (s,a)C}, and J=
{/3 (0, 1)lM(fl c) is not a contractive mapping and c 6 J}; then J,_ J if c2 -> Cl and
el, c2 J.

For all 1 _-< i, j S, let H0 sup {k K: Pok > 0} and ho inf {k K: Pok > 0}, and
let a=max{iHo-h)/(EHo-ho)" iS,jS}=(H-h)=[E(H-h)+h] for
some s S and p S. Then 0 < a <_- 1/2.

COROLLARY 4. If [3 Or, then M(I, b) is not a contractive mapping.
Proof. If/3 > a, then min {/3u + h0: S, j S} > max {Ho: i, j S} which implies

(flu + D) fl D where D Us D. Therefore flu : W. Theorem 2 implies that
M(fl, b) is not a contractive mapping.

Comments. 1. In fact, 0_-< a =<1/2, so, from Corollary 4, /3 > 1/2 also implies that
M(fl, b) is not a contractive mapping.

2. Let 0 <_- e < 1/2 and a e; so Hp (1 e) hv/(1 2e) >- hsp. From the above
argument, for any 0 </3 < 1, M(fl, b) may fail to be a contractive mapping.
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2.5. Convergence.
DEFINITION. Let Xl and let {x.}=l be the sequence defined by X.+l

(1- t.)x + t,,Mx, where { t.}.__ is a real sequence. If a sequence { t.}.__l satisfies the
following two conditions, {t.}.= will be said to satisfy condition"

(a) y t=oo,
n=l

(b) there exists 0 < h < 1 such that 0 < t. < h < 1 for all n.
Note that if t. [g, hi for all n and 0< g < h < 1, then it is obvious that the

sequence {t}.= satisfies (a) and (b).
Ishikawa 10] and others have investigated iterative methods to compute a fixed

point of a nonexpansive mapping. The following result is [10, Lemma 2].
LEMMA 3. If there exist xl Z and {t,}= that satisfy Condition A, then x, Mx,,

converges to zero in norm as n--> c.
satisfy Condition A.THEOREM 3. Suppose Xl and { ,},=1

(a) Then every subsequence {x,,} of {x,} contains a subsequence that converges
weakly to a fixed point of M.

(b) IfM has a unique fixed point v in , then {x,}=l converges weakly to v.
(c) If there are a strongly compact subset ofD ofZ and a subsequence {x,,} of

such that x,, Dfor all ni then {x,},__l converges in norm to a fixed point of M.
Proof. (a) Since Lr is a weakly compact convex subset of E, {x,,,} contains a

subsequence {x,,}il which converges weakly to a point v. A well-known theorem of
Mazur [14] implies that there is a sequence of convex combinations {v,} such that

N
Pn i=n AiXn, whereN=. A 1, and A A(n) -> 0, n -< -< N N(n) which converges
to v in norm. Since M is nonexpansive and affine,

M- M-M. +M + .
N

_-< 2 . / M. . <- 2 . / Y , Mx., x.,

which implies that v is a fixed point ofM since lim,_o . 11- 0 and lim_ IIMx.,-
x.,l1-0.

(b) If M has a unique fixed point Vo in , (a) implies that {x,} converges weakly
to Vo.

(c) Strong convergence of {x,} is a direct consequence of [10, Thm. 1].

3. Exponential utility.
3.1. Background. This section concerns maximization of E[ux (B)] for the utility

function ux (x) -e-ax. This utility function has several attractions. First, the local risk
aversion coefficient, i.e. -u"(x)/u’(x), is constant with respect to x if, and only if,
either u(x) c + dx or u(x) c + d e-ax. If u(. exhibits risk aversion and is increasing
i.e. u"(. < 0 and u’(. > 0, then u(x) x + d e- with d < 0 and A > 0. Second, u(x)
c + d e-a with d < 0 and A > 0 is the only risk-averse increasing utility function whose
risk premium is invariant with respect to wealth. That is, let ax E(X) and let rx
be the "risk-premium" for X" u(tx-rx) E[u(X)]. Then rx rx+k for all real
numbers k and random variables X such that Ixl < if, and only if, either u(. is
linear or u(x) c + d e-. If d > 0 then A > (<) 0 implies risk aversion (risk preference).

Several writers have analyzed dynamic models with exponential utility functions.
Let B, =Y’-i--1X. Howard and Matheson [9] studied the maximization of E[ux(B)]
both for fixed n and as n--> c. Let B lim,_ B, if the limit exists. Denardo and
Rothblum [4] studied the maximization of E[ux(B)] in a stopping problem. That is,
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the model in [4] is an MDP in which each set As includes an action which "stops"
the decision process. The models in [9] and [4] exhibit risk-sensitivity but lack
time-preference; the absence of discounting is the principal difference between their
models and ours.

Jaquette [11], [12] studies the same problem as ours, namely maximization of
E[u,(B)]. The analysis in [11] exploits the fact that E[ux(B)] is the negative of the
Laplace transform of B. As a result, there is a Ao > 0 and a stationary policy which is
optimal for all 0< A < Ao. It is shown in [11] that such a stationary policy is also
"moment optimal," that is, it lexicographically maximizes the sequence of signed
moments of B. The sign is positive (negative) if the moment is odd (even). In [12], A
is fixed and, perhaps, h _-> ho. Let an optimal policy consist of a sequence (1, t2,"
of single-period decision rules. Jaquette shows that there is an optimal policy such
that there exists N < co with 8,- 8 for all n->_ N. He also presents an example due
to J. M. Harrison which implies that generally N> 1; that is, it is possible for all
stationary policies to be suboptimal.

Porteus [15], [16] and Eagle [5] present dynamic choice theories which are
compatible with exponential intra-period utility functions. Porteus describes a process
in which preferences are based on the evolution of a decision-maker’s wealth. Eagle’s
model begins with preferences based on consumption which is constrained by wealth.
Thus, he infers a utility function for wealth.

References 15], 16] and 5] assume that in each period the decision-maker would
accept a certainty equivalent as a terminal payment in lieu of continuing the dynamic
choice process. They observe that their processes can be interpreted as having different
intertemporal resolutions of uncertainty than in 11 ], 12] (hence, different also from
ours). The models in [15], [16] and [5] share the property that there is a stationary
optimal policy. Following the proof ofTheorem 4 (below) we comment on this property
of their models.

The models in [4], [5], [9], [11], [12], [15], [16] all have the following property.
The conditional distribution of the reward X,, given s,, a,, and S,+l is degenerate. In
our notation, the transition probabilities in those papers are written p rather than
Pjk as in this paper. A simple example in the Appendix illustrates the manner in which
nondegenerate conditional distributions occur in practice. However, the mathematics
of exponential utility optimization does not depend on whether or not the conditional
distributions (of the X,’s) are degenerate. A transformation (below between (7) and
(7’)) permits suppression of the triple-subscript notation pasjk for the remainder of the
paper’s main text. Although the within-period randomness is not relevant to the analysis
of MDP’s with risk-neutral criteria, ignoring its presence in risk-sensitive MDP’s would
alter numerical results (such as which policy is optimal).

The results in [4], [5], [9], [11], [12], [15], [16] (such as optimality of a stationary
policy in [5], [15], [16]) are preserved if the models in those papers are enlarged to
nondegenerate conditional distributions of X,. Thus, we shall ignore this difference
between other models and ours when we compare results. Moreover, every MDP can
be made to possess degenerate conditional distributions by suitably enlarging the state
space.

3.2. Optimality equations. Let B(n) =/3 -lXi with B continuing to denote
B(c). For each s e S and A >-0 let fo(s, A)=-1,

f,(s,A)=sup{E(-e-Xn<">lsi=s)} (n=l,2,...),
(6)

f(s, A) sup {E(-e-aZlSl s)}
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where the suprema are over all policies, i.e. nonanticipative decision rules for choosing
the actions al, a2,’" ".

It can be shown that

f.(s,h)=max {E[e-XX’fn_(s2, flX)lSl= s, al= a]; aAs}
(7)

maX { s q(h )f,-l(J, flh )" a As }
where q(h)= ,kK Pk e-xk. Note that (7) can be written

(7’) f max {Q(h)fa,_ 8A}

where fa, is the vector with coordinates f,(s, h), Q(A) is the matrix whose (s,j)th
element is q((h), and A Xs As. Let r be a policy and

v(r, s, X )= E(-e-Xls s)

where E denotes the expectation with respect to the probability distribution of B
induced by 7r. Then 7r* is said to be h-optimal if

v(r*, s, h) => v(m s, A) for all s S and r.

Let R denote the set of real numbers.
THEOREM 4.4 (a) For each s S and 0 > O,

lim f,(s, O)=f(s, O)

with f,(s, O)<=f,+(s, O) for all n.
(b) For each s S and 0 > O,

(8) f(s, 0)= max {s qf(J’ flO)" a A}.
That is,

(8’) fo max Q 0

where fo is the vector with components f( s, 0).
(c) Let a i,,(s) As attain the maximum in (8) when O= fln-lA and let 7r(A)

1, 2, ") be the policy which uses the single period rule t,, in period n. Then 7r(A)
is A-optimal.

Proof. Fix A>0. Since B(n)>-O for all n, -1-<-exp[-AB(n)]<_-0 so -1 -<
f,(s, A)-<0 for all n, s, and A. Therefore, for all 0 _-> 0, -e_-<fo-<f where e is the
S-vector in which all components are one. Induction leads to f,0 =f+l< o for all 0 >0.
It follows from

(9) P{0-< Xi <-- u for all i} 1

that P{0 -< B- B(n)<- flu/(1 -/3)}= 1. Therefore, fo, <_fo <_f exp I-Off’u -/3)]_<-
fo exp[_Oflnu/(l_fl)]; so f=lim_.f.

In order to prove that f satisfies (8), fix s and 0 and let

J.(O, a)= Q(O)f,-,.

We are grateful to a referee for suggesting much shorter proofs of parts (a) and (c) than our original
ones.
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Pointwise monotone convergence of f, implies the same property for J.: J,(0, 8)<=
J,+l(O, 6) and there exists J(O, 6) lim,_. J,(0, 6). Let n--> o in (7’) to obtain

(10) f, =< max (Q(O)ft: 6ez,}

so

(11) fo _-<max {Q O ft
In order to obtain the reverse inequality let n-c in (7’):

fo >__ lim max {Q O f.l 6 A}.

For each s, As is a finite set; so J, (0, is trivially upper semicontinuous and converges
pointwise uniformly to J(0,. ). Therefore

lim max {Qn(O)f.__l: 6 A}=max {Q(O)ft:

so reversing the inequality in (11) yields a valid statement and (8) is true.
In order to establish (c), define or(A) as in the statement of (c). An induction

which employs (8) and starts at n 1 establishes

f(s, ,)= E,,(,)[-e-’’(")lf(s,,+,, ", )l ls, s]

for all n=l,2,.... However, If(s,+,fl"a)l-->l as n-->oa because (9) implies
exp [-fl%u/(1- /3 )] <-f(s,+l,/3"A) < 1 for all n (all with probability one). Therefore,
f(s, A)= E,(a)(-e-XBls s).

Comments. 1. A result analogous to Theorem 4 is valid for minimization prob-
lems. That is, if "inf" replaces "sup" in (6), then (7) and (8) are valid with "min"
replacing "max" and parts (a) and (c) of Theorem 4 remain true.

2. Theorem 4 is valid under more general conditions concerning the sets of
actions. For each s S, suppose that As is a compact set and J, (0, is continuous on
A. Parts (a) and (b) of the theorem are valid with "sup" instead of "max" in (8) but
the supremum is always attained. Part (c) is valid if"supremum" replaces "maximum."
Dini’s theorem 18] is invoked in order to establish (8).

3. The inductive proof of f0, < 0=f,/l depends on rewards being nonnegative and
salvage values not depending on the terminal state. Nonnegativity entails no loss of
generality beyond the compactness assumptions already made. Also, (7) and (7’) remain
valid iffo(s, 0)=-exp [-AL(s)] replaces fo(s, 0)=-1 when L(s) is the salvage value
of terminal state s.

4 It is insightful to compare (8) with the functional equations corresponding to
the infinite horizon models in Porteus [15] and [16] and Eagle [5]. Our equation is

(8) f(s, 0)= max {s q(O)f(j, flO)" a As},J

the equation corresponding to [15] and [16] is

(12a) f(s, O)=max --log q(O/) e-’ aeAs

and the equation corresponding to [5] is

(12b) s q(O) e-tftJ’)] a--e-f(s’) max -j
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Notice in (12a) and (12b) (which are implicit but do not appear in [5], [15], [16])
that wherever f(.,. appears on the right side, the second argument (0) is the same
quantity which appears in the second argument of f(.,. on the left side. With an
infinite horizon, in (12a) and (12b) the decision-maker expects to have the same
preference ordering next period as this period. In (8), however, the second argument
is 0 on the left side and/30 on the right side. Since 0 > flO, the decision-maker expects
to be less risk-averse next period than at present. It should not be surprising that it
may be optimal to use a different decision rule next period than at present, i.e., a
nonstationary policy.

5. The results in [21] can be used to construct proofs of the existence of a
stationary optimal policy in the models in [5], 15] and [ 16]. Our comment in 4 above
corresponds to the "stationarity of preference" axiom in [21]. If C is at most denumer-
able (i.e. if S and As for each s S are at most denumerable), then a stationary policy
is optimal if any policy is optimal. Moreover, if C is finite then policy improvement
algorithms for [5], [15], [16] can be inferred from [21]. Such an algorithm is described
in [5] but the result for [15] and [16] is new.

6. Theorem 4 is closely related to results obtained by Furukawa and Iwamoto
[7], Kreps [13], and SchSl [19]. First, u(x)<-_O for all x so it follows from [19] that
all policies are "u-equalizing" and that a policy is A-optimal if, and only if, it is
"u-thrifty." Second, u (.) would be encompassed by the results in [7] (cf. Example
3) if it were replaced by +e-x (or if one minimized E[u(B)] instead of maximizing
it.) Third, parts (a) and (b) of Theorem 4 show that part (e) of the corollary and
Proposition 1 in [13] are valid for u(.) with a restriction to. Markov policies. Last,
an alternative proof of part (c) of Theorem 4 could be based on part (c) of the corollary
in 13].

3.3. Approximations. We continue to assume that the MDP is finite, i.e. # C < oo
where C {(s, a); a A,, s S}. Suppose attains the maximum on the right side of
(8’) when 0 A, denotes the set of bounded real-valued functions on S x (0, co), and

g(s)=g(s,A) forg, g=[g(s);sS], (g)m=min{g(s);sS},

(g)M=max {g(s),sS} and Lg =max{Q,(A)ga: 8A}.
The following result is similar to [ 17, Prop. 1].

LEMMA 4. For g and h 9, suppose a attains Lg, i.e. Lg Q(A)ga. Then
Lh Lg >- Q h g).

Proof.
Lh, Lg, max {Qha, A} Q,gax >= Q,ha, Q,gax Q, hax gax ). 13

It is convenient to employ the notation s Lv,- vt3x-f +ftx. Let

y max {E(e-’,ls s, al a)" (s, a) C}.
We assume 3’ < 1 which is true if for every (s, a)e C there is (j, k)e T such that

k > 0 and pk> 0. The following bounds are not useful but are the basis (in Corollary
5, below) of practical bounds.

THEOREM 5. If y < 1, then for all v ,
(13)

Lvx :+ e(:)m/(1 T) <= Lvx + Te()m/(1 T)
<- Lvx + Te()M/(1-- T) <= Lv +e()M/(1-- T).

Proof. Let Q be induced by a single stage rule which attains Lf. Then

Lv, Lfx >- Q(vta -fax), >- Q I)(v, fa,
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because

Lf =f, (I-Q)-l>=-(vt3x -ft3x),

fa =< vx + (I-Q)-: vt, +(I-Q)-IQ+(I-Q)-(-Q)<=+vt, +(I-Q)-IQ,
that is,

f <-Lye, +(I-Q)-IQ<- Lvx +ey()M/(1--y)
which is the third inequality in (13). The fourth inequality is implied by :_<-
(1 y)e()/(1 y).

Suppose Q is induced by a single-stage rule which attains Lvx. Then

Lfx-Lvx >= Q(ftx-vt,), ->-(Q-I)(ftx-vtx),

-(I- Q,)-l(-) <=fgx Vt3x,

vtx + I O)-l <=ftx.
That is,

ftx-->vtx + Y Qs>vx= + sC+ey(sc),,/(1 y) so+ vtx +ey(:)m/(1 Y).
/=0

So fx >= Lva +ey(sc),,/(1 -y) which is the second inequality in (13). The first inequality
is implied by sc >- e(s),.. I-1

The bounds in Theorem 5 are impractical because they depend on the function
whose bounds are sought. Corollary 5 (below) removes this defect. Let

Co(S) =-min { s q(O): a A} =max {E(-e-X’ls s, a a)" a A}

and let Co=[Co(S); sS]. Then X<=B<=X+b+-b+ implies

(14) Co <_fo <__ Co e-t3".

COrtOLLAV 5. If )’ < 1 and v 20 then

Lye, + ye(Lva -vt, -e-t"c + c,),./(1 y) _-<f -<_ Lye, + ye(Lva v,)t/(1 y).

Proof The upper bound follows from the upper bound in Theorem 5 and the fact
that each component off is nondecreasing in 0; so fa <_-f. The lower bound follows
from the lower bound in Theorem 5 and (14) which implies

fx fxt <= cxe-t3, ct"
3.4. A pointless procedure. Let be the set of all bounded real-valued functions

onS. Fix A(A > 0). For each ue and ve :, let d(u, v)-sup{lu(s,X)-v(s,X)l" sS}.
Then (, d .,. )) is a complete metric space.

Without loss of generality, we assume that P{X > l[s s, sz=j, a a} 1 so
Yisq(O)<l, (s,a)eC, 0>0. Define a mapping F’-->: where Fu(s)=
max{sq(O)u(j, 0)" aeA} for seS. Then d(Fu, Fv)<=e-d(u, v) for all u, ve.
Hence, F is a contraction mapping, and the fixed-point theorem for contraction
mappings guarantees that F has a unique fixed point. Since F0 0 it follows that 0 is
the fixed point of F. Therefore, the equation

g(s, O) =maX { s q(O)g(j, O)" a A}
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has the unique solution g(s, 0)=0 for all sS and 0>0. Therefore, iterating F from
any initial function does not necessarily yield improving approximations of f in (8).

Appendix. This example illustrates that the notation Pk is essential in some
risk-sensitive models. The following MDP models a single product’s inventory process
in which excess demand is lost, there is storage space for at most two items, demand
each period is equally likely to be 0, 1, 2, or 3, and demands in successive periods are
independent random variables. We assume that the replenishment decision is made
each period before demand is known, but ordered goods are delivered immediately.
Suppose that the unit purchase cost is $1, the unit holding cost for end-of-period
inventory is $1, and there is a $1 penalty for each unit of demand which exceeds supply.

Let a denote the inventory level after replenishment; nonnegative replenishment
quantities are equivalent to a, _>- s,. Thus, S {0, 1, 2} and C {(0, 0), (0, 1), (0, 2),
(1, 1), (1, 2), (2, 2)}. Since excess demand is lost, S,+l (a, D,)/ where D, denotes
the quantity demanded in period n. The net profit in period n is

X,=a,-s,+(a,-D,)++(D,-a,)+

a, s,, + Sn+ 21" D,, a,, + s,,+ -s,, + 2Sn+l + D,

which uses the identity rain {x, y} x-(x-y)+.
Suppose for some n that s, 1, a, 2, and s,+ 0. Then X, -1 + D,. We know

D,->2 because s,,+l=O=(a,-D,,)+=(2-D,,)+’, so D,{2,3}. That is, X,=I and
X, 2 are equally likely and Po p21o2 0.5. The main point is that there are k and
l, k l, such that Pok > 0 and p2o > 0.

In this example, X, cannot be given as a deterministic function of s,, a,, and s,+.
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Abstract. We prove that control systems of the Hamiltonian type have a quasi-minimal realization on
a state space of minimal dimension, of one of two types: a Hamiltonian system or the suspension of a

time-dependent Hamiltonian system.
These realizations are unique up to a symplectomorphism, in the first case, or a canonical transformation,

in the second one.
When the Lie algebra of the initial system X, assumed to be analytic, is finite dimensional, we obtain

a characterization of the state space and the dynamics of the quasi-minimal realization in terms of the
coadjoint actions of Lie groups associated with X; an example is given applying these results.

Using control theoretic methods, we prove the Kostant-Kirillov-Souriau theorem; the technique used
for systems with finite dimensional Lie algebra is closely related to the theory developed by those authors.

Key words. Hamiltonian systems, realization, quasi-minimality, nonlinear systems
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Introduction. The work on Hamiltonian control systems began with Brockett [5]
as an attempt to present a control theoretic point of view of problems in analytical
mechanics involving external forces. The precise basic formalism and first results on
their realization are due to van der Schaft 13]-[ 16].

Our definition of Hamiltonian control system corresponds to a special case of
13], and was independently introduced in [3], along with a result about the equivalence
of Hamiltonian systems (Theorem 4.1 here). Using this definition we obtain a more
complete description of the construction of realizations of minimal dimension (quasi-
minimal realizations) containing the results of [13], [14], [15], [16], where strong
accessibility is assumed.

We extend the results to the nonstrongly accessible case, where the quasi-minimal
realization is a suspension of a time-dependent Hamiltonian system, thereby proving
that any complete smooth or analytic Hamiltonian control system has a quasi-minimal
realization, either a Hamiltonian system or the suspension of a time dependent Hamil-
tonian system. The constructions are based on the theory introduced in [11] and
developed in [4].

We prove that the symplectic (contact) structures obtained are characteristic of
the given system, in the sense that any equivalence between the two quasi-minimal
realizations preserves them, being a symplectomorphism (canonical transformation).

If the initial system has a finite dimensional Lie algebra, the constructions use
the moment map [1], [2], [9], [17], [22] (general references for symplectic geometry
and Hamiltonian vector fields), under quite natural assumptions, and the resulting
state spaces are either an orbit of the coadjoint action of G (the associated group of
diffeomorphisms) on the dual of its Lie algebra, or R x S, where S is an orbit of the
coadjoint action of Go (a subgroup of G) on the dual of its Lie algebra; the dynamics
are given by that action, in the first case, or its suspension, in the second case. For
related work, developing some of the techniques presented here, see [7]. As an
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interesting by-product we give an easy proof of the Kostant-Kirillov-Souriau theorem
[171, [91.

1. Basic definitions. Let M be a smooth or analytic connected manifold; a symplec-
tic form w on M is a closed nondegenerate 2-form, and the pair (M, w) is called a
symplectic manifold.

Let s: V(M) -> I21(M) be defined by s(X)= w(X, .), where V(M) and Ill(M) are
the set of smooth (or analytic) vector fields, respectively 1-forms, on M. Then s is a
linear isomorphism, and we can define the map j: C(M)-> V(M) by j(h)= s-l(dh),
C(M) being the set of smooth, or analytic, functions on M; clearly if Xh =j(h) then
W(Xh, )--" dh.

Xh is said to be a Hamiltonian vector field, and h the corresponding Hamiltonian
(function). We denote by H(M) the set of Hamiltonian vector fields, the image of j.

A map f: M’ M" between two symplectic manifolds is a symplectomorphism if

f*w"= w’. In particular, this implies f is a local diffeomorphism [1, p. 177].
PROPOSITION 1.1 [1, p. 188]. IfX is a Hamiltonian vector field then:
(i) Lxw O.
(ii) If {Xt} is the associated pseudo-group of diffeomorphisms, then X* w w.
The Poisson bracket of two functions g and h in C(M) is defined by {g, h}

w X, X).
PROPOSITION 1.2 [1, p. 194]. (i) C(M) with the Poisson bracket ., . is a Lie

algebra.
(ii) X,n- [X, Xn].
(iii) H(M) is a Lie subalgebra of V(M).
PROPOSIO 1.3. [10, p. 261]. The sequence 0- - C(M) - H(M)- 0, where

is the natural inclusion as a subspace of constants, is an exact sequence ofLie algebras.
Let P: Mx - be a C function such that P defined by P(x)= P(x, u) is a

smooth (analytic) function on the symplectic manifold M. We define f: M x - TMby f(., u) being the Hamiltonian vector field corresponding to the function P, and
take U as the family of piecewise constant maps from [0, +0o[ into m; then
(M, ,f, U) is a control system, as considered in [20], the Hamiltonian control
system defined by P.

We denote by D the set of associated vector fields f(., u) with u in which
we assume to be completeand by G(S) the group (semi-group) of diiteomorphisms
generated by finite products of diiteomorphisms associated to vector fields in D
(corresponding to nonnegative time).

Z is said to be reachable or orbit-minimal if the orbit of any point in M under
the action of G is M.

Some difficulties arise when we try to define the corresponding system with outputs
within the framework of [20], since the output maps should be y: M x- fl, with
y(x, u)- O/au P(x, u). We define the output space to be fl; instead of one output map
we consider a family of maps (y, u ), y(x)- y(x, u), and the system with outputs
will be Z- (M, fl, f, U, fl, {y)). It has been proved in [3] that the relevant properties
concerning observability and quasi-minimal realizations, as stated in [4], are not altered
if we define indistinguishability by: x’ and x" are (weakly) indistinguishable if for
every g S(G) and u we have y(gx’)= y(gx").

The observability codistribution Q is the smallest G-invariant codistribution
containing the differentials of the components of the output maps; if dim Q n then
E is locally weakly observable [4]. The observability distribution A is defined by
A {X V(M), Q. X 0}.
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Let P(D) be the smallest G-invariant distribution containing D 19]. A realization
is said to be quasi-minimal [4] if dim P(D)= n (reachable realization) and dim Q n
(weakly observable realization); its state space has minimal dimension for all possible
realizations.

2. Quasi-miaimality. Given a system E, we denote by P0 the distribution generated
by vector fields of the form g.(X X’), with g G and X, X’ D; Po is the smallest
G-invariant distribution containing the ditterences of vector fields in D.

PROPOSITION 2.1. If , is a reachable Hamiltonian system and dim Po n then ,
is quasi-minimaL

Proof. If we prove that Q w(Po," then the condition dim Po n implies that
dim Q= n, and as dim P(D)= n, , will be quasi-minimal.

Let g be in G and Xi_jw=dP(.,ui), i=1,2. Then g.(X1-X2)_w=
g-l*(dP(’, Ul)-dP(’, u2)) as can be verified by an easy calculation bearing in mind
that g is a symplectomorphism, and so P0-J w is generated by these elements.

On the other hand, Q is generated by elements of the form

g*d P(’, u)= g*u dP(’, u).

Essentially the situation is as follows: given a smooth (or analytic) map q: -we compare the subspace V generated by the vectors O/Oui q(u) with the subspace V’
generated by the vectors q(u)-q(u’).

From O/Ouq(u)=lim (q(u+ h)-q(u))/h as h0, and since V’ is closed, we see
that V is contained in V’.

Now let u, u’ be two distinct points; we can write the difference q(u’)-q(u) as
the sum over i=l,2,...,m of q(u+ih)-q(u+(i-1)h), with h-(u’-u)/m; also
q(u+ih)-q(u+(i-1)h)=O/uq(u+(i-1)h), h+o(h), and the first term in the
right-hand side is in V. Therefore q(u’)-q(u) is the sum of a term in V plus a term
m x o(h), which tends to zero as m tends to .

Again closeness of subspaces in finite dimensions allows us to conclude that V
contains V’, and thus V’= V.

Given a Hamiltonian system and x in M, an equivalent reachable realization
E’ can be obtained by restricting E to the orbit M’ of G through x; in general E’ is
not Hamiltonian.

We can define a new system FI from by just altering the output maps" instead
of /Ou P(., u) we consider P(., u). The two systems have the same dynamics, and
the restriction of II to M’ is a reachable realization.

Let A* be the observability distribution of II’, and TM the w-orthogonal of
TM’: w(x)(TM’, )=0 if v TM’W(x).

To obtain a quasi-minimal realization from II’ we have to quotient out the
observability distribution [4]. Since here A* is shown to be the intersection of TM’
and its w-orthogonal, the resulting state space M1 is a symplectic manifold on which
the projection of II’ is quasi-minimal.

In fact, as P(., u) is constant on the integral submanifolds of A* so is O/Ou P(., u),
and therefore we can also project ’ on the same state space, obtaining a reachable
system .

1 is not locally weakly observable (and afortiori is not quasi-minimal) in general,
but we shall prove that it is Hamiltonian and give a necessary and sufficient condition
for being a quasi-minimal realization.

LEMMA 2.2. M- M’/A* is a symplectic manifold.
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Proof. From [4] we know that M1 is a smooth or analytic Hausdorff manifold
and A* a sub-bundle of TM’ Therefore if A* is the intersection of TM’ and its
w-orthogonal, M1 is a symplectic manifold [22].

By definition, A* is contained in TM’; it is easy to see that for the system II’ the
observability codistribution can be obtained as Q*= w(P(D),. ): Q* is generated by
elements of the form g* dh, where g is in G and h is a component of an output map,
which can also be written as w(gX,.). Then A*={XV(M’), Q*.X=
w(P(D),X)=O}, and thus A* is also contained in the w-orthogonal of P(D); but
P(D) TM’ because II’ is reachable system, and the result follows from [22].

THEOREM 2.3. Any initialized Hamiltonian system (,, x) has an equivalent reach-
able Hamiltonian realization (El; Xl). El is a quasi-minimal realization if the condition

of Proposition 2.1 is verified for El.
Proof. We take 1 as defined before, and Xl as the projection of x on M. Since

we have already seen that is reachable we need only to prove it is Hamiltonian and
then the last assertion follows from Proposition 2.1.

It is enough to show that X is the Hamiltonian vector field corresponding to hi
in the diagram below"

x h
TM M R

h

TM1 MIx

From the definition of w on the quotient manifold M and if 7r(x) Xl, 7r.v Vl,

we have:

r*w(X(xl), v)= W(Xh(X), V)= dh(x) v 7r* dhl(X) v 7r*(dh(Xl) Vl).

As v is arbitrary, w(X, dh.
This is a generalization of a similar result of van der Schaft 15], [ 16], obtained

for affine systems, using essentially the same technique.
A time-dependent Hamiltonian control system on a symplectic manifold M is a

system of the form:

) XpCt,.,u(x), y,,t(x) u P(t’ ., u)

where P is a smooth or analytic function defined on R x M x ". To study this system
as an autonomous system we can construct its suspension to the contact manifold
(x M, p’w) where p-x M-M is the canonical projection. We have then

(t, x) O,X,t,,,,(x), y,(t,x)=-’uP(t,x,u).
Let us assume now that we have a reachable Hamiltonian system E for which

codim Po 1; the approach used in [21] for the nonstrongly accessible case allows us
to view E as the suspension of a time-dependent system defined on a maximal integral
submanifold W of Po. In fact, there exists a covering projection r’ x WM such
that if we pull-back the function P, the associated vector fields and the symplectic
form on M, we get an equivalent reachable Hamiltonian system, defined on R x W;
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for this system the associated vector fields have the form O/Ot+q((t, x), u), with
q((t, x), u’)=0 if u’ in II corresponds to the flow used in the definition of r [21].

We can assume then that E is defined on a symplectic manifold M R x W, and
f((t, x), u) =O/Ot + q((t, x), u) with O/Ot(t, x) _1 w= dP(t, x, 0) and

q(t,., u)_J dP’(t,., u), P’(., u) P(., u)-P(., 0);

note that 0/0u P O/Ou P’.
The vector fields q(., u) belong to TW (to be rigorous to T{t} x W) and we can

identify Po with TW by the same abuse of language.
LEMMA 2.4. If A is the observability distribution of ,, then M2 M/A has theform

M2 x W where W2 is a symplectic manifold.
Proof. We have Po TW, as explained before, and since dim A + dim Po 2n [22]

as they are w-orthogonal, dim A codim Po 1. Also, as Po/Po A has even dimension
[22], dim Po A 1 and thus A is contained in Po TW and coincides with its intersec-
tion with TWw, i.e. A is the intersection of TW with its w-orthogonal.

We can then write M2 M/A ( x W)/A R x WTW t3 TW’) x W2, and
WE is a symplectic manifold [22].

THEOREM 2.5. A reachable Hamiltonian system ,, with codim Po 1, has a quasi-
minimal realization ,2 which is the suspension ofa time-dependent Hamiltonian system.

Proof. Quasi-minimality results from the construction of 2 as the projection of
3: on ME according to the procedure put forward in 11], [4] and used in the construction
of El. We have only to prove that w(q2( t,., u),. dP’2(t,’, u) as in Theorem 3, writing
f2(’, u)=O/Ot + q_(., u) in the diagram below:

f(’,u) P(’,u)
TRx TW x W

idx’rr. I idx’rr /(.,
T x TW2 x WE

f2(’,U)

Since 7r*(q2 / w2) q _1 w= dP’(t, ., u) zr*(dP(t,., u)) we can conclude that
q( t,., u) _1 w dP’2( t,’, u) as needed.

3. Hamiltonian systems with finite dimensional Lie algebra. In this section we
consider only complete analytic Hamiltonian systems, such that T, the smallest Lie
algebra in V(M) containing D, is finite dimensional. G denotes the group of
diffeomorphisms generated by the associated vector fields, as before.

THEOREM 3.1 [12]. (i) G is a Lie transformation group on M, with action I(g, x)=
gx.

(ii) The Lie algebra g of G is isomorphic to T through the isomorphism tp:g-> T,
q(v)(x) Ix.(v) where/x(g) =/(g, x).

(iii) Given v g the vector field o( v) in T corresponding to v is complete.
LEMMA 3.2. Im p belongs to H(M).
Proof. If p(v) is in D it is a Hamiltonian vector field, and since im p T every

vector field in im is a linear combination of Lie brackets of Hamiltonian vector
fields, therefore a Hamiltonian vector field. [3

The action of G on M is symplectic, from Proposition 1.1(ii); it is a Poisson
action if there exists a Lie algebra homomorphism fl making the following diagram
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commutative:

g

0-->-> C(M) H(M)-->O

From now on, we assume the action of G on M to be Poisson. Then we can
define the moment map J of/z by J: M-->g*, J(x)v=q(v)(x).

THEOREM 3.3 [1], [2], [10]. If Adg* is the coadjoint action ofG on g*, thefollowing
diagram is commutative:

g* g*

THEOREM 3.4 [1], [2], [10]. Let Wbe an orbit of the coadjoit action of G. Then:
(i) If (v) is the vectorfield in g* corresponding to v we have J.q(v)= dp(v) and

dp(v)(a) v’= a. Iv, v’], with a g* and v, v’ g.
(ii) W has a canonical symplectic form defined by w’(a)(dP(v), dP(v’)) a" Iv, v’].
(iii) The vector field dp(v) in W has Hamiltonian hv: W->, hv(a)= a. v.
Example. Let M 6, with w the usual symplectic form, and P given by P(x, u)

go(x)+ ulgl(x)+ u2g2(x), where go(X) x3xs-x2x6, gl(x) xxs-xx4, g_(x)
X1X6 X3X4.

An easy computation shows that, if X is defined by Xi_ w= dgi, we have
IX,X2]=X, IX2,X]=X, [X,X]=X2. Therefore T=To and is finite
dimensional; from the above relations we see that T is isomorphic to so (3) through:

el.: I
\-e2i eoi

with i= 0, 1, 2 and % 0 if Sj and 1 if i=j.
Moreover, we can identify so (3) with 3 by means of the map 1 defined by

l(el) A, l(e2) =A2, l(e3) Ao, and then the bracket in so (3) corresponds to the
usual vector product in 3.

Defining an action of SO (3) in 6 by means of

(a 0a)(A, x)- x= A x
0

we see that X(x)= d/dt (exp tA. x)l,=o for i=0, 1, 2. Thus we can assume we have
been given an action SO (3)x 6__> 6, the maps x--> A.x being symplectomorphisms
for every A in SO (3).

If we identify 6 with T* the above action is induced by the usual action of
SO (3) on 3, and thus is a Poisson action [2, p. 377]. Having identified so (3) with
3, we can identify so (3)* with 3 as well, using the Euclidean structure.
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It is easy to see that the adjoint action of SO (3) on R is equivalent to the usual
action (but not the same: for instance the usual action of exp tAo is the adjoint action
of exp tA1) and therefore they have the same orbits: the orbit of x is the set {y R3, Ilyll
Ilxll}. From the definition of coadjoint action, its orbits are exactly the same.

As we know that the moment map does exist, we can compute it as J(x)el g(x),
J(x)e2 g2(x), J(x)e3 =-go(X). Denoting by Pi the projection of R3 on the ith factor,
we have:

P
6XR2

Jxid _p3 u,pl + u2p2

3 x2
Therefore we can project the original system in 3, through J, and clearly the

dynamics of the new system will be given by the coadjoint action and the output maps
will be p and P2. To obtain a reachable system we have to consider its restriction to
an orbit of the coadjoint action; this is a symplectic manifold, and later we shall prove
that we get a Hamiltonian system E by the procedure just outlined.

In this case it will be a quasi-minimal realization since we have already seen that
IX 1, X2] --X0 and we can then apply Proposition 2.1.

In conclusion, the quasi-minimal realization E is defined on a sphere in R3 with
the canonical symplectic form; the associated vector fields corresponding to X are
rotations around the axis, their Hamiltonians being the restriction to that sphere of
the canonical projections of 3.

In the remaining part of this section, we shall generalize and justify the above
construction, including the nonstrongly accessible case.

From the definition of J and as we have already done in the previous example,
we see that, for every v in g, fl(v) factors as follows:

/(v)
M

This means that we can define P’ by

P
Mx ,)

and let P1 be the restriction of P’ to M x ".
THEOREM 3.5. Let x in M be such that J(x) belongs to M. The initialized Hamil-

tonian system (E, x) corresponding to the function P projects down on M1 through J,
defining a reachable Hamiltonian system (El, J(x)) corresponding to the function PI,
with dynamics given by the coadjoint action of G. E is quasi-minimal if it is strongly
accessible.

Proof. We first remark E1 is well defined: if P(., u) is constant on the fibres of J
so is O/Ou P(., u). Defining J’ as the restriction of J to M’, the orbit of D through x,

in view of Theorem 3.4.we have P (J’, id)*P1 and Xp(.,u J,Xp(.,u)
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If we define )h from ,9/Ou P as we have defined P from P, it is trivial to verify
that Yl /gu P, therefore 1 is a Hamiltonian system, the other properties following
directly from the construction. Note that for analytic systems dim Po n is equivalent
to strong accessibility [21 ].

We consider now a reachable but not strongly accessible Hamiltonian system
defined on an orbit M of the coadjoint action of G on g*. The action of G on M is
symplectic, and has a moment given by the inclusion i" M g*; the submanifold W
considered in the previous section is the orbit of Go, the Lie subgroup of G correspond-
ing to the Lie subalgebra To of T isomorphic to a certain subalgebra go of g with
codimension one.

Considering g* =*x go* and Po’g* go* the canonical projection, let io be the
map io’M go* defined by io Po i.

Go acts by symplectomorphisms on M, and the action has a moment map given
by io; therefore if x W, io(W) is the orbit W2 of io(x) under the coadjoint action of
Bo on go*.

If we consider the map r2" W W2, restriction of io to W, we see 7r2 is an analytic
submersion, since W2 can be interpreted as a maximal integral submanifold of an
analytic distribution on go* [6].

LEMMA 3.6. The kernel of 7r2. is the w-orthogonal of TW.
Proof. Identifying the tangent space at a point of g* with g*, we can represent a

vector in TxW by {x, v}, with v in g, and {.,. } defined by the relation {x, v}. v’=
x. Iv, v’] for any v g [2].

Now, if {x, v} is in the w-orthogonal of TW at x and {x, v’} belongs to TW, we
have w({x, v}, {x, v’})= x. Iv, v’]=0; as {x, v’} belonging to TW is the same as v’
belonging to go*, that can be written as {x, v}. v’=0 for any v’ in go* and, from the
definition of 7r2, {x, v} belongs to the kernel of r2..

As in the previous section, we can take the system as being defined on x W and
pull-back everything by 7r.

TtEOREM 3.7. If Y, is reachable but not strongly accessible, it has a quasi-minimal
realization which is the suspension of a time-dependent Hamiltonian system on an orbit

of the coadjoint action ofGo on g*o, with dynamics given by the suspension of that action.

Proof. Taking into account the previous lemma we obtain a quasi-minimal realiza-
tion E2 from E by projecting on x W2 through (id, or*or2). The resulting system is
the suspension of a time-dependent Hamiltonian system since this was the construction
already used in Theorem 2.5.

Now if g is an element of G we can write it as a product gl gk with g the
flow of an associated vector field X during the time t; let t’= t +. +

If (t, x) belongs to x W then g(t, x) (t + t’, g’x) where g’ is an element of Go
given by g’= (O/cgt)_,,o g; in the projection on x W2 the action of g becomes (t, x)
(t + t’, Adg*,x2) where Ad* refers to the coadjoint action of Go; but this is exactly what
we mean by the suspension of that action, l-1

Now we turn to the Kostant-Kirillov-Souriau theorem.
THEOREM 3.8 [17], [9]. If a Lie group G acts transitively on a symplectic manifold

M, and the action is Poisson, then M is a covering space of the corresponding orbit W of
the coadjoint action of G.

Proof. The action induces a Lie algebra T of Hamiltonian vector fields in M
isomorphic to g, and we consider a complete Hamiltonian control system E for which
the set D of associated vector fields generates T, with the corresponding Hamiltonians
as output maps: if Vl, , Vk is a basis of g and X their respective Hamiltonian vector
fields in M, X d w df, we define E from the map P(x, u)= Ulfl(x)-i-... -Ukfk(X).
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The system 5: is reachable and strongly accessible, therefore quasi-minimal; if
is the minimal realization of E defined on the state space M’, from [20] we know the
projection p" M M’ is a covering projection, since E satisfies the observability rank
condition.

If 5:1 is the realization on W equivalent to E, constructed by using the moment
map, the projection Pl" W M’ is also a covering projection by exactly the same
argument as before, and we have the following commutative diagram:

M

W

From [18, p. 64] J is a covering projection (being obviously surjective), therefore
M is a covering space of W.

4. Equivalence of Hamiltonian systems. If E and E’ are minimal (quasi-minimal)
realizations and F is a homomorphism between them, F is a diffeomorphism (local
diffeomorphism), smooth or analytic according to the class of the given systems [20],
[4].

For Hamiltonian systems we can also prove:
TI-IEOREM 4.1. Let E and E’ be two Hamiltonian systems with outputs, E reachable,

and F: M- M’ a homomorphism; then F is a (smooth, analytic) symplectomorphism.
Proof. We need to prove that F’w2 wl or equivalently w’= F’w2-w 0; we

know [20] that F is smooth or analytic, according to the class we are working in, and
it has also been proved in [3] that if X is in D1, the family of associated vector fields
of E, then w’(X,. )= dS for some function S independent of X.

Clearly LxS =0, since dS. X w’(X, X)=0, and therefore S is constant along
trajectories of vector fields in D; as E is reachable, S is constant on M1 and dS O.

Let g belong to G. By Lemma 5(ii) in [15] there exists g2 in G2 such that
F gl g2 F; then

gl*F*w2 (Fogl)*w2 (g2 F)*w2 F*gE*w2 F’WE,

and also

gl*w’ g*l (F*w2- w)= F’w2- Wl w’.

Now if X belongs to D1, we have

g*l X I w’= g-l*(x / gl*w’)= g-*(X I w’)=0

and since E1 is reachable the vectors of the form g*lX span the tangent space of M
at every point, thus w’= 0. ]

Now let E be the suspension of a time-dependent Hamiltonian system on M;
then x M has a contact structure (a closed two-form of maximal rank) _w defined by
w_ =p’w, where w is the symplectic form on M and p is the projection x M M.
The analogue of a symplectomorphism for contact structures is a canonical transforma-
tion 1, p. 384], a map g x M -> M2 satisfying:

(i) F is a diffeomorphism.
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(ii) The diagram below is commutative:

Rx M IRx

(iii) There exists a (smooth, analytic) map K’RxMR such that F*_w2-"
W_ -" dK ^ dt.

We can now state an analogue of the previous theorem:
THEOREM 4.2. Let ,1, ,2. be quasi-minimal realizations as in Theorem 3.8; if the

homomorphism F between them is the suspension ofa diffeomorphism b" M - ME, then
F is a canonical transformation and b is a symplectomorphism.

Proof. It is clear that F satisfies (i) and (ii), and we only have to prove (iii).
As in the previous proof we can obtain, for X in D, _w’= F*_WE-_W that

X/_w’(t, x)-d,K(t, x) for some function on R x M1 independent of X, and thus
LxK c/cgt K as X J d,K _w’(X, X) 0; in particular this means K is independent
of x in M, and X _1 _w’= 0.

If gl and g2 are corresponding elements in G and G2 respectively we have
gl*X J _w’= g-*(X J g*_w’), and from [1] also:

g* w_ g* p* w (Pl gl)*Wl _w- dP ^ dt,
g*F*_w2 F*g*2p*2 w2 F*(_w2-dP2 ^ dt2)

where dP and dP2 are taken at the value of u, supposed constant, corresponding to
g and g2.

Then, as F*dP2 dP1 + O/Ot K dtl and F*dt2 dtl, we have g*_w’ _w’ and therefore
g*X J _w’= 0. It is easy to see, by induction, that this remains true if gl corresponds
to a piecewise-constant control, because then gl is a finite product of elements of G
of the type just considered. We can conclude that _w’= 0 as in the previous proof and
this means F is a canonical transformation.
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DISTRIBUTED ASYNCHRONOUS RELAXATION METHODS FOR
CONVEX NETWORK FLOW PROBLEMS*

DIMITRI P. BERTSEKASt AND DIDIER EL BAZt*

Abstract. We consider the solution of the single commodity strictly convex network flow problem in a
distributed asynchronous computation environment. The dual ofthis problem is unconstrained, differentiable,
and well suited for solution via Gauss-Seidel relaxation. We show that the structure of the dual allows the
successful application of a distributed asynchronous method whereby relaxation iterations are carried out
in parallel by several processors in arbitrary order and with arbitrarily large interprocessor communication
delays.

Key words, parallel computation, distributed algorithms, network flows, asynchronous relaxation, coor-
dinate descent

1. Introduction. Consider a directed graph with set of nodes N and set of arcs
A. Each arc (i, j) has associated with it a cost function go: R --> (-oo, +oo]. We denote
byf the flow of the arc (i, j) and consider the problem of minimizing total cost subject
to a conservation of flow constraint at each node

minimize g/(f)
(1)

subject to fmi A O N.
rn,i)_A i,j)A

We assume that problem (1) has at least one feasible solution. We also make the
following standing assumptions on

(a) gi is strictly convex, and lower semicontinuous;
(b) the conjugate convex function of g, defined by

(2) g( tij) { tof g(A)},

is real valued, i.e. -oo< g(tij)< oo for all real t. (Because of the strict convexity
assumed in (a) above, g is also continuously differentiable and its gradient denoted
Vg(t) is the unique f attaining the supremum in (2) (see [7, pp. 218, 253]).)

It is easily seen from (2) that assumption (b) implies that limly;jl_oo g(f)=oo.
Therefore the objective function of the primal problem (1) has bounded level sets [7,

8]. It follows that there exists an optimal solution for problem (1) which must be
unique in view of the strict convexity assumed in (a).

The problem above is of great practical interest and has been studied for a long
time. Except for strict convexity our assumptions are not overly restrictive. For example
they are satisfied in the following two cases"

1) The constrained case where g is of the form

oo iff [1, %],(3) gi(fi)
,i(A) otherwise,
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where o and co are given lower and upper bounds on the arc flow, and 0 is a strictly
convex, real valued function defined on the real line R.

2) The unconstrained case where gij is strictly convex, real valued and its right
and left derivatives g. and g satisfy

(4) lim g(fj) oo, lim g(f0) -oo.

A dual problem for (1) is given by

minimize q(p)

subject to no constraints on the vector p {pili N},

where q is the dual functional given by

(6) q(p)= g(p,-p.).
(i,j)A

We refer to p as a price vector and its components p as prices. The ith price is really
a Lagrange multiplier associated with the ith conservation of flow constraint. The
duality between problems (1) and (5) is well known and is explored in great detail in
the recent book by Rockafellar [1]. The earlier book by Rockafellar [7] gives the
necessary and sufficient condition for optimality of a pair (f, p). A feasible flow vector
f={fijl(i,j)A} is optimal for (1) and a price vector p={pli N} is optimal for (5)
if and only if for all arcs (i,j) [7, pp. 337-338]

p-p is a subgradient of g at f.
An equivalent condition is

(7) A=Vg(p,-p) V(i,j)A.

Any one of these equivalent relations is referred to as the complementary slackness
condition, and is shown in Fig. 1.

Since the dual problem is unconstrained and differentiable it is natural to consider
algorithmic solution by a descent iterative method. The Gauss-Seidel relaxation method
is particularly interesting in this respect since it admits a simple implementation. Given
a price vector p, a node is selected and its price Pi is changed (relaxed) to a value
/ such that

(8) Vg*mi(Pm--i) E Vg*ij(i--Pj).
(m,i)eA (ij)A

It is easily seen (compare with the definition (6) of the dual cost q) that this equation
is equivalent to gq/gp =0, so the dual cost is minimized at/ with respect to the ith
price, all other prices being kept constant. The algorithm proceeds by relaxing the
prices of all nodes in cyclic order and repeating the process. The convergence of this
algorithm does not follow immediately from standard results on relaxation methods
[2], [3], [4] since these results require some assumption that is akin to strict convexity
of the dual objective function which does not hold here (for a counterexample, see
Powell [5]). However Cottle and Pang 16] have shown convergence of a network
algorithm based on relaxation. It applies to transportation problems w.ith quadratic
cost function, and involves certain restrictions in the way relaxation is carried out.
Their result is substantially extended in Bertsekas, Hosein and Tseng 19].

Our main objective in this paper is to explore the convergence properties of
distributed versions of the relaxation method just described. Here we assume that each
price p is under the control of a separate processor who changes p to/ on the basis
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gij (fij)

slop
e =

-1

gij(Pi-Pj)

Pi -Pj

Pi-Pj

-!

slope=

slope =

FIG. 1. Complementary slackness condition diagram for cost function gq(fq)= If,l +1/2(f,)=,

of (8) and communicates the new value to the other processors. One can consider a
parallel computation procedure carried out in an orderly manner whereby all processors
exchange their current prices before carrying out their relaxation iteration. Mathemati-
cally this would be equivalent to a Jacobi type of relaxation procedure. We would like
to consider, however, a much more general procedure whereby the communication
between processors is not regular, and the information available at some processors
regarding prices of other processors may be arbitrarily out-of-date. In addition we
allow some processors to iterate more frequently than others. Models of such asyn-
chronous algorithms have been formulated some time ago and by now there is consider-
able understanding of their convergence properties (see [8]-[16]; [17] is a survey). It
turns out that the dual problem (5) has structure that allows us to show that the
asynchronous relaxation method has satisfactory convergence properties. This is par-
ticularly true when the dual problem (5) has an essentially unique optimal solution.
Otherwise satisfactory convergence depends on the starting point. These results are all
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new and are shown in 3. The next section analyzes the structure of the dual solution
set and provides some preliminary analysis.

The results of this paper carry over verbatim to the case where the conservation
of flow constraint has the form

E fro,-- E f0 =b, ViN
(m,i)eA (i,j)A

where bi are given scalars with iv b- 0. The dual cost of (6) must then include the
termv bp, and the relaxation equation (8) must include an additional term bi in
its right side. This extension is important from the practical point of view, but we have
restricted attention to the case where b 0, /i e N in order to simplify notation.

The results of this paper can also be extended in a simple manner to network
problems with positive gains and strictly convex arc costs. This extension was mentioned
to us by P. Tseng who also showed [20] two additional interesting facts. First that
Proposition 2 holds even if the strict convexity assumption of (a) is removed thereby
including the important class of linear minimum cost flow problems. Second that,
within the class of monotropic programming problems, the largest class for which the
monotonicity property of Proposition 1 holds is the class of network flow problems
with positive gains.

Our notational conventions are that a subscript denotes a node or processor index,
and a superscript denotes a time or iteration index. All vector inequalities should be
interpreted in a coordinatewise sense. In order to simplify notation we have implicitly
assumed that there is at most one arc associated with any ordered pair of nodes and
j, so that the arc notation (i, j) has a unambiguous meaning. However this assumption
is not essential to any of our results.

2. Structure of the optimal dual solution set. Our standing assumptions, (a) and
(b), guarantee that the primal problem (1) has a unique optimal solution. Existence
of an optimal solution of the dual problem can be guaranteed under an additional
(mild) regular feasibility assumption in which case the existence theorem of 1, p. 360]
applies. On the other hand the optimal solution of the dual problem is never unique
since adding the same constant to all coordinates of a price vector p leaves the dual
cost unaffected. We can remove this degree of freedom by constraining the price of
one node, say node N, to be zero. (With slight abuse of notation we number nodes as
1, 2,. ., N.) Thus we consider the reduced dual optimal solution set P* defined by

(9) P* {p*lq(p*) min q(p), p* 0}
P

where q is the dual objective function

(10) q(p)- g(p,-pj).
(i,j)A

For the most part of the paper, we will operate under the following assumption.
Assumption 1. The reduced dual optimal solution set P* is noncmpty and compact.
Assumption 1 is not overly restrictive. For example let {fl(i, j) A} be the unique

primal optimal solution, and consider the set of arcs

(11) ={(i,j)[f lies in the interior of the set {f g,(f) < oo}}.
Then Assumption 1 is satisfied if the subgraph (N, A) is connected. To see this note
that for all arcs (i, j)e we have a bounded set of subgradients of g at f thereby
implying a bounded set of price differences pi-pj corresponding to dual optimal
solutions [cf. (6)]. Note that in the unconstrained case mentioned in the previous
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section every arc belongs to ; so, if the original graph is connected, Assumption 1
is satisfied. The constrained case of the previous section can be converted to the
unconstrained case by replacing constraints by nonditterentiable penalty functions (see
18, 5.5]). For example, assuming a dual optimal solution exists, a constraint f0 >-- 0
can be eliminated by adding to the cost go a penalty c max {0, -f0} + [max {0, _f;}]2
with c positive and sufficiently large.

Consider now the set

(12) P {p lpv O}
and for i- 1,..., N-1, the point-to-set mapping R which assigns to a price vector
p P the set of all prices p that minimize the dual cost along the ith price starting
from p, i.e. (cf. (8))

(13) R,(p)= /,12 Vg*m,(Pm-,)=2 VgO(P,-P;)

It is well known that a real valued convex function having one compact level set, has
all its level sets compact [7, p. 70]. Therefore under Assumption 1 the sets Ri(p), p P
are all nonempty, compact intervals. It follows that under Assumption 1 the (point-to-
point) mappings

(14) /i(p) max
iRi(P)

(15) _R,(p)= min /,,
ieRi(P)

are well defined on the set P. We call R (_R) the ith maximal (minimal) relaxation
mapping. It gives the maximal (minimal) minimizing point of the dual cost along the
ith coordinate starting from its argument. The point-to-set mapping Ri is called the
ith relaxation mapping.

Some key facts are given in the following proposition.
PROPOSITION 1. Let Assumption 1 hold. The mappings Ri and R_ are continuous

on P. They are also monotone on P in the sense that for any p, p’ P, 1,. , N- 1
we have

(16) g,(p)<-R,(p’) ifp<-_p ’,
(17) _R,(p)_-<_R,(p ’) ifp<-p’.

Proof. To show continuity of R we argue by contradiction. Suppose there exists
a convergent price vector sequence pk_p such that the corresponding sequence
{li(pk)} does not converge to/(p). By passing to a subsequence if necessary suppose
that for some > 0 we have

(18) /,(p) __>/,(pk) +
(the proof is very similar if < 0 and the inequality is reversed). By the definition of
R we have

(19) E Vg*,(pm -/,(p)) E Vg(g,(p)-p),

(20) Vg.m,(pk _/,(pk)) E Vg(,(Pk) -P)
j

Since pk_ p it follows using (18) that for sufficiently large k we have

p _/,(pk) > p,, _/,(p) V(m, i) A,
l,(pk)--pk. <g,(p)--pj V(i,j)A.
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Therefore for sufficiently large k we have using the convexity of g*i, g
Vg*..,(pk..--g,(pk))>=Vg,(p,.--g,(p)) V(m, i)A,

Vg(g,(pk)-p)<-Vg(,(p)-p) V(i,j)A.

Using these relations together with (19), (20) we obtain for all sufficiently large k

(21) f,., =a Vg*,(p,.-g,(p)) =Vg,.,(pm_g,(pk. k )) V(m, i)A,

(22) f0 Vg(/,(p) p)= Vg(I,(pk)--pk.j) V(i.j)A.

Consider the intervals I, and Io given by

I,,,={tlVg*m,(t)=f,,,} V(m, i)A,

Io={tlVg(t)=fo} V(i,j)A.

For k sufficiently large so that (21), (22) hold we have

/,(p) =max {,,1,, p,. I,.,, (m, i) A, ,, Io-pj, (i,j) A},

/,(pk) max {, , pkm I,.,, m, i) A, , e Io p, i, j A}.

Since pk p, it is evident from these relations that gi(pk) g(p) thereby contradicting
(18).

To show monotonicity of R we again argue by contradiction. Suppose there exist
p and p’ such that p:>p,j= Vj 1, N-1 but R(p)> R(p’). It follows then that

p’,.-R,(p’)>p,.-R,(p) V(m, i)eA,

g,(p’)-p:<R,(p)-p V(i.j)A.

Therefore

(23) Vg*,(p’,.-,(p’))>-Vg*..,(p,.-,(p)) V(m, i)A.

(24) Vg(,(p’)-p)<-Vg(,(p)-pj) V(i.j) A.

Since by definition we have

(25) E V g*.,,, (p’,. -/,(p’)) Vg(/,(p’) p).

(26) Vg*,(p,. -/,(p)) Vg(,(p)-p),

it follows that equality holds in (23), (24). i.e.

f, a_ Vg*..,(p’,.- /,(p’)) Vg*..,(p,.-/,(p)).

f0 _a Vg(/,(p’) p) Vg(/,(p) p)

Consider the intervals

I,., {t IVg,(t) f,.,}, Io {t IVg(t) =f0),
and let

t R,(p)- R,(p’).

We have for all (m, i) A

p’ R,(p’) I,.,. Pm R,(p) Im
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and since Pm <= P’m we obtain

Pm Ri(p) Ptm Ri(p’) Ptm Ri(p’).

Therefore

p’,,,-Ri(p’)-$ I,,, V(m, i)A

and similarly

R,( p’) + pj e Io V(i,j)EA.

It follows that

R,(p’) + R,(p’)

thereby contradicting the maximal nature of R [cf. (14)].
The proof of continuity and monotonicity of _Ri is analogous with the one just

given for Ri and is omitted. Q.E.D.
The monotonicity .and continuity of the mappings R and _R imply a thus far

unreported and somewhat surprising property of the optimal dual solution set.
PROPOSITION 2. Let Assumption hold. There exist a maximal and a minimal

optimal solution of the dual problem, i.e. there exist ff P* and p P* such that

(27) p<-p<-ff pP*.

Proof. Since P* is nonempty and compact it contains a noninferior element/ for
which there is no vector p P* such that p #/ and p >-/ for all i. From the definition
of Ri and the optimality of/ we have/ _-< R(p) for all i. Furthermore for all the
vector (Pl," ", P-, R,(/), p+, ., Pv) belongs to P* so from noninferiority of/
it follows that Ri(p)_-</. Therefore we have/ R(/) for all i. Let now/ be a price
vector obtained from p according to

[/+/$, i=l,..., N-l,
Pi= O, i=N,

where > 0 is sufficiently large so that

(28) /_->p Vp P*.

It is easily seen that we have R(/)_-<p, for all so, using the monotonicity of R
shown in Proposition 1, we obtain

(29) /5-</k+(/) <_-/k(/) Vk

where/" R N- ._> R v- is the mapping

(30) g(p) [g(p), ., g_(p)]
and /k is the composition of/ with itself k times. From (29) we see that the sequence
/k(/) converges to some/ and by continuity of/ we must have/=/(/) as well as
/_>-/. Since/=/(/) implies that/ P* it follows from the choice of p that/ =/.
Also from (28), (29) and the fact p-<_/(p) for all p P* we obtain/ =/->_ p for all
p P* which shows that/ is a maximal element of P*. The proof for existence of a
minimal element p is entirely similar. Q.E.D.

3. Convergence analysis of asynchronous relaxation. The model of distributed
asynchronous computation we adopt is described in [11], [12]. With each node

1, , N- 1 we associate a processor that computes from time to time some element
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of Ri(p) (here p is the latest price vector available to processor i), and sets the price
pi to this element. This price is then communicated at some later time to all other
processors. Computation and communication at the various processors need not be
synchronized. The precise model is as follows.

At each time instant, node can be in one ofthree possible states compute, transmit,
or idle. In the compute state node computes a new price Pi. In the transmit state
node communicates the price p obtained from its own latest computation to one or
more nodes m (m i). In the idle state node does nothing related to the solution of
the problem.

We assume that computation and transmission for each node takes place in time
intervals Its, tEl with t t2, but do not exclude the possibility that a node may be
simultaneously transmitting to more than one node nor do we assume that the trans-
mission intervals to these nodes have the same origin and/or termination. We also
make no assumptions on the length, timing and sequencing of computation and
transmission intervals other than the following.

Assumption 2. For every node and time t->_ 0 there exists a time t’> such that
[t, t’] contains at least one computation interval for and at least one transmission
interval from to each node m such that (m, i) A or (i, m) A.

Assumption 2 is very natural. It states in essence that no node "drops out of the
algorithm" permanentlymperhaps due to a hardware failure. Without this assumption
there is hardly anything we can hope to prove.

Each node has a buffer B,, for each m where it stores the latest transmission
from m, as well as a buffer B, where it stores its own price estimate pi. The contents
for each buffer Bi,, at time are denoted p(i). Thus p(i) is, for every t, and m an
estimate of the price p,, available at node at time t. It is important to realize in what
follows that the buffer contents p(i), and p(i’) at two different nodes and i’ need not

coincide at all times. If m and i’ m the buffer contents p( i), and p( i’) need not

coincide at any time t. The vector of all buffer contents of node is denoted p t(i), i.e.,

pt(i)_{p(i)lm 1,..., N- 1}.

The rules according to which the buffer contents p’,,(i) are updated are as follows:
(1) If [t, tel is a transmission interval from node m to node i, the contents of

the buffer B,,, at time t are transmitted and entered in the buffer B,, at time t2, i.e.

(31) p(i)=p(m).

(2) If Its, t2] is a computation interval for node i, the content of the buffer B, is
replaced at time with an element of R(ptl(i)), i.e.

(32) pl2(i) R,(p’(i)).

(3) The contents of a buffer B, can change only at the end of a computation
interval for node i. The contents of a buffer B,., m can change only at the end of
a transmission interval from m to i.

The algorithm based on (32) will be called Asynchronous Relaxation Method
(ARM).

Our objective is to derive conditions under which limit points of the sequences
{p(i)} are optimal solutions of the dual problem (5). The following proposition is our
main result. The proof is based on a general convergence theorem given in [12] (see
also [17]) and applicable to asynchronous iterative algorithms such as the one just
described. The key property that makes asynchronous convergence possible is the
monotonicity of the mappings R and _R shown in Proposition 1. This property is also
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present in dynamic programming models and has been similarly exploited to show the
validity of asynchronous versions of the successive approximation method [11].

PROPOSITION 3. Let Assumptions 1 and 2 hold. For any initial buffer contents
p(i) P, i= 1,..., N-l, each limit point of the sequences (pt(i) generated by the
ARM belongs to the set

(33) /3 {p I_p <_-p <_-/3}

where and p are the maximal and minimal dual optimal solutions. In particular, if the
reduced dual optimal solution set P* consists of a unique vector p* we have

(34) lim p’(i)=p*, i= 1,..., N- 1.

Proof. Let .p,/ P be price vectors such that

Vi=l,..., N-1

and such that

.p_-< _R(.p)-<_p <-p -< R(/) _-</,

lim g k (p) _p, lim /k (/) p.
k-oo k

(The existence of such vectors was established in the proof of Proposition 2.) Consider
the sets

(35) k=(plR_k(p)<--p<--k()}, k- 1,2,....

,’Note that the sequence (tk} is nested and that the common intersection ofthe sequence
is the set P of (33).

We will apply now a convergence theorem given in [12, 3] (or [17, Prop. 3.1]).
According to this theorem the desired result will be proved if the following three
conditions are satisfied. (Rather than consulting the references just cited, the reader
may wish to think through the proof of this since it is rather simple.)

(a) If p /k then for every the vector p’ with coordinates

p ifj i,
p( [g,(p) ifj=i

(cf. equation (32) associated with computation at node i) also belongs to /Sk.
(b) If p pk and/ pk then, for every and m, the vector p’ with coordinates

p!={; ifjm,
ifj m

(cf. equation (31) associated with transmission from node m to node i) also belongs
to

(c) If p(1),. , p(N 1) belong to pk then the vector p’ with coordinates

p- R(p(j)), j 1,..., N- 1,

Pv =0
(cf. a computation (32) at each node followed by a transmission to every other node)
belongs to /3k/.

It is easily seen that all the conditions stated above are satisfied in our case so
the desired conclusion follows. Q.E.D.
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Proposition 3 shows that the ARM has satisfactory convergence when P* has a
unique element. One way to guarantee this is to consider the optimal solution f* of
the primal problem (1) and the set of arcs

,= {(i,j) AIg is differentiable at f}.
Then, if the graph (N,/) is connected, P* consists of a unique point in view of the
complementary slackness condition (7). In order to improve the convergence properties
when P* has more than one point it is necessary to modify the ARM so that a
computation at node replaces Pi with Ri(p) (not just any element of R(p)). We call
this the maximal ARM. If in place of R(p) we use _R(p) the resulting method is
called the minimal ARM.

PROPOSITION 4. Let Assumptions 1 and 2 hold. Assume that the starting buffer
contents satisfy

(36) p(i)>- Vi= I, N-1.

Then if {p(i)} is generated by the maximal ARM we have

(37) lim p(i) =/, i=1,..., S-1.

Proof. The proof is identical to the one of Proposition 3 except that the set /k of
(35) should be replaced by

/3k {p I/ __< p __</k (/if)}. Q.E.D.

There is a similar result for the minimal ARM whereby/ is replaced by p and
condition (36) is replaced by p(i)<-p for all i. The following example demonstrates
that the results of Proposition 3 and 4 cannot be improved.

Example. Consider the 3-node network shown in Fig. 2. The arc costs are

)g:,(f2) (f2)2, g23(f23) --IAI + (f23)2, (f3 ) --IA,I + (A,

and the optimal primal solution is

f=f=f =0.

The reduced dual optimal solution set is derived from condition (7) and is given by

P* {P IP3 -0, p p2, -1 <= p _<- 1, -1 =< p =< 1}.

The results of Proposition 3 and 4 are illustrated in Fig. 3. To see that the ARM as
well as the maximal and minimal ARM may not converge to a dual optimal solution,
let the buffer contents of processors and 2 be both equal to (-1, 1) and let both
processors update the respective price coordinates and then exchange the results of
the computation. Then the buffer contents will be (1, -1), and by repeating this process
one more time the buffer contents will become again (-1, 1) thereby completing a
cycle. Therefore in general we cannot expect convergence of the ARM to the optimal
solution set if the latter contains more than one element. Similarly the maximal and

FIG. 2
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FIG. 3. Stcture of the optimal solution set, and convergence regions of the ARM, the maximal ARM,
and the minimal ARM.

minimal ARM need not converge to/ and p respectively if the initial buffer contents
do not belong to the appropriate regions [cf. (36)]. Note that this counterexample
applies also to a synchronous Jacobi method.

REFERENCES

R. T. ROCKAFELLAR, Network Flows and Monotropic Optimization, John Wiley, New York, 1984.
[2] W. J. ZANGWILL, Nonlinear Programming, Prentice-Hall, Englewood Cliffs, NJ, 1969.
[3] R. W. H. SARGENT AND D. J. SEBASTIAN, On the convergence of sequential minimization algorithms,

J. Optim. Theory and Appl., 12 (1973), pp. 567-575.
[4] E. POLAK, Computational Methods in Optimization: A Unified Approach, Academic Press, New York,

1971.
[5] M. J. D. POWELL, On search directions for minimization algorithms, Math. Programming, 4 (1973), pp.

193-201.
[6] R. W. CATTLE AND J. S. PANG, On the convergence of a block successive overrelaxation method for a

class of linear complementarity problems, Math. Programming Study, 17 (1982), pp. 126-138.
[7] R. T. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.
[8] D. CHAZAN AND W. MIRANKER, Chaotic relaxation, Linear Algebra Appl., 2 (1969), pp. 199-222.
[9] J. C. MIELLOU, Iterations Chaotiques a Retards, Etude de la Convergence dans le Cas d’Espaces

Partiellement Ordonnes, Comptes Rendus de l’Academie des Sciences, Paris, Serie A, 280 (1975),
pp. 233-236.

10] G. M. BAUDET, Asynchronous iterative methodsfor multiprocessors, J. Assoc. Comput. Mach., 2 (1978),
pp. 226-244.

[11] D. P. BERTSEKAS, Distributed dynamic programming, IEEE Trans. Automat. Control, AC-27 (1982),
pp. 610-616.



ASYNCHRONOUS RELAXATION METHODS 85

12] D. P. BERTSEKAS, Distributed asynchronous computation offixed points, Math. Programming, 27 (1983),
pp. 107-120.

[13] J. N. TSITSIKLIS, D. P. BERTSEKAS AND M. ATHANS, Distributed asynchronous deterministic and
stochastic gradient optimization algorithms, IEEE Trans. Automat. Control (1986), to appear.

[14] J. N. TSITSIKLIS, Problems in decentralized decision making and computation, Ph.D. thesis, Dept. of
Electrical Engineering and Computer Science, Massachusetts Institute of Technology, Cambridge,
MA, 1984.

15] D. EL BAZ, Etude d’algorithmes iteratifs de calcul parallele application a la resolution distribuee du
probleme du routage optimal dans un resau maille a commutation de paquets, These de Docteur
Ingenieur, Toulouse, 1984.

[16] G. AUTHIE, J. BERNUSSOU AND D. EL BAZ, Distributed asynchronous iterative control algorithms,
optimal routing application, IFAC Symposium: Components and Instruments for Distributed Control
Systems, December 9-11, 1982, Paris.

17] D. P. BERTSEKAS, J. N. TSITSIKLIS AND M. ATHANS, Convergence theories of distributed iterative
processes: a survey, Laboratory for Information and Decision Systems Report LIDS-P-1342, Mass.
Inst. Tech., September 1984.

[18] D. P. BERTSEKAS, Constrained Optimization and Lagrange Multiplier Methods, Academic Press, New
York, 1982.

[19] D. P. BERTSEKAS, P. HOSEIN AND P. TSENG, Relaxation methods for network flow problems with
convex arc costs, LIDS Report P-1523, Mass. Inst. Tech., Dec. 1985.

[20] P. TSENG, Relaxation methodsfor monotropic programming problems, Ph.D. thesis, Operation Research
Center, Massachusetts Institute of Technology, Cambridge, MA, 1986.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 25, No. 1, January 1987

(C) 1987 Society for Industrial and Applied Mathematics
0O7

MODULE THEORETIC ZERO STRUCTURES FOR SYSTEM MATRICES*

BOSTWICK F. WYMAN" AND MICHAEL K. SAIN*

Abstract. The foundation for a coordinate-free theory of the poles of a linear dynamical system was
laid in 1965 by the module-theoretic work of Kalman. However, although the theoretical and application
importance of transfer function zeros for feedback system design was widely known for single input, single
output systems by 1955, it remained for Rosenbrock in 1970 to propose the ideas of transmission zeros,
input-decoupling zeros, and output-decoupling zeros for multi-input, multi-output systems, by means of
matrix theoretic methods. A coordinate-free, module-theoretic treatment of transmission zeros for a multi-
input, multi-output transfer function was given in 1981 by Wyman and Sain. This paper extends these
coordinate-free, module-theoretic studies to include systems which need not be controllable r observable.
Interpretation of the Rosenbrock sys.tem matrix is given on three levels: rational, finitely generated free-
modular, and torsion divisible. On the second level, an -Zero Module Zn is defined and imbedded in a
short exact sequence showing that the input-decoupling zero module is contained as a factor module in Zn.
On the third level, a F-Zero Module Zr is defined and imbedded in a short exact sequence showing that the
output-decoupling zero module is contained as a submodule in Zr. Both structures are studied further in
regard to transmission zero module information with emphasis on lumped zeros, and the cases of right and
left invertible transfer functions are given in detail. Not surprisingly, these investigations can support
considerable fine detail, which is in accord with the widely held belief that questions on the nature of
multivariable zeros must be broadly based.

Key words, zeros, zero modules, system zeros

AMS(MOS) subject classifications. 93B25, 13C10

1. Introduction. This paper is a contribution to the algebraic theory of zeros of a
linear multivariable system. The importance of zeros of transfer functions was well
understood in classical design, reaching a high level of refinement in the well-known
text of Truxal [27]. It can perhaps be said that the "modern era" of the theory of zeros
of multivariable systems began with Rosenbrock [23 ]. In this work Rosenbrock defined
the transmission zeros, input-decoupling zeros and output-decoupling zeros of a linear
system. The transmission zeros describe properties of the input/output map associated
with a system, and the decoupling zeros measure obstructions to the controllability
and observability of the system itself.

Since Rosenbrock’s pioneering work, a number of authors have considered multi-
variable zeros from various points ofview. Francis and Wonham [8] contains a summary
and comparison of several different approaches, and another survey can be found in
MacFarlane and Karcanias [19]. The book edited by Fallside [7] contains several
papers dealing with both poles and zeros. An important dynamical interpretation
appears in Desoer and Schulman [6]. There is a close connectio,n between multivariable
zeros and geometric control theory; see, for example, Wonham [30, Chap. 4]. Numerical
computation of multivariable zeros has been treated in Davison and Wang [5], Laub
and Moore [18] and Van Dooren [28]. Zeros of square systems are important in the
work of Bart, et al. [2].
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Following Kalman’s module-theoretic work on the poles of a linear system, the
authors introduced the notion of the multivariable zero module to capture the structure
ofthe transmission zeros of a system in an economical, coordinate-free way; see Wyman
and Sain [32], [34]. The zero module has also been considered by Fuhrmann and
Hautus [11] and Conte and Perdon [4]. All of this work has been restricted to the
module-theoretic study of transmission zeros. Horan [14] contains module-theoretic
studies of certain types of decoupling zeros.

The note by Fuhrmann and Hautus 11] is particularly important as an inspiration
for the present paper. Namely these authors establish that if G(s)= C(sI-A)-IB, and
if (A, B, C) is controllable and observable, then the zero module of the Rosenbrock
system matrix is isomorphic to the zero module of G(s) itself. This result, together
with the earlier work of Rosenbrock and others, suggests the task of examining the
zero module structures associated with the system matrix in general.

The goal of the present paper is to study the overall zeros of a system which need
not be controllable or observable. Particular attention needs to be paid to the possible
interactions of transmission and decoupling zeros. In order to study the internal
structure of a system, it is first necessary to choose a method of describing the system
structure. For the purposes of this paper we deal with the classical representation
(A, B, C, D(s)) leading to the (not necessarily proper) transfer function matrix G(s)
C(sI-A)-IB/D(s). See 2 for more details.

The system matrix

= -c (s)

introduced in Rosenbrock [23] combines the crucial data of a linear multivariable
system into an extraordinarily convenient and useful package. The goal of this paper
is to study the coordinate-free meaning of the system matrix and, in so doing, to obtain
a unified description of the different sorts of zeros a system can have and of how they
fit together.

From a commutative algebra point of view, the main idea is that the system matrix
really defines three very different abstract functions. First, it defines a linear transforma-
tion between two vector spaces over the field of rational functions. In this form it
contains zero information of the most coarse kind, namely information about the kernel
and cokernel of the transfer function G(s). The second appearance of the system
matrix is as a map between two free modules, and in this case the cokernel is an
appropriate zero module construction. Third, the system matrix defines a module
homomorphism between two (infinitely generated) torsion divisible modules. In this
case the kernel of the mapping contains the appropriate zero information.

Section 2 of this paper contains preliminaries and notation; and it gives a brief
review of abstract realization theory. Section 3 contains some required material about
modules. Section 4 introduces the system matrix, presents some basic definitions, and
discusses the k(s)-vector space theory. Section 5 discusses the divisible module case.
Highlights are a discussion of a natural module theory setting for Rosenbrock’s output
decoupling zeros and a discussion of the Desoer-Schulman blocked transmission
philosophy extending Wyman and Sain [34] to nonminimal systems. A general dis-
cussion of the zero-module associated to the free-module system matrix interpretation
is given in 6. This section also contains a detailed discussion of Rosenbrock’s input
decoupling zeros. Section 7 studies right-invertible systems from the free-module point
of view, and 8 discusses left-invertible systems from the torsion-divisible module
point of view.
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Prerequisites and general references. To understand the technical results of this
paper, the reader should be familiar with the theory of principal ideal domains and
the general tools of commutative diagrams and exact sequences. Kalman [16], [17]
introduced modules into system theory, emphasizing the role of poles and realization
theory. More recent expositions can be found in Sain [25, Chap. 7] and Fuhrmann
[9], [12]. The study of multivariable zeros by module-theoretic tools was begun by
Wyman and Sain [32], [34]. The present work can best be viewed as a continuation
of these papers.

A thorough introduction to finitely generated modules (used for states and inputs)
appears in Hartley and Hawkes [13], and divisible modules (used for outputs) are
discussed in Sharpe and Vamos [26]. More advanced material on modules, with
emphasis on diagrams and exact sequences, can be found in Atiyah and MacDonald
[1].

The system matrix was introduced in Rosenbrock [23] which contained precise
definitions of zeros from a polynomial "invariant-factor" point of view. The system
matrix has figured extensively in the subsequent literature, including Morf [22],
Molinari [21], Fuhrmann [10], Verghese, et al. [29], Rosenbrock [24], and Kailath
15, Chap. 8].

2. Systems, modules, and the realization diagram. Suppose that k is a field, and
that X, U, and Y are finite dimensional vector spaces over k. Let A: X --> X, B U-> X,
C X -> Y, and Di U --> Y, 0, , be k-linear transformations. The algebraic results
of this paper are motivated by the study of the continuous-time system

Ax + Bu,
y Cx + Dou + Da fi +. + Dtu

(if k is the real or complex field), and the discrete-time system

x(t + 1) ax(t)+ Bu(t),
y( t) Cx( t) + Dou( t) + DlU( + 1)+’’ "+DlU(t+l)

over an arbitrary field k.
Let s be an indeterminate, and denote by k[s] the ring of polynomials and by

k(s) the field of rational functions in s over k. We will describe the dynamical behavior
of systems in terms of modules over k[s] and vector spaces over k(s). If V is a finite
dimensional vector space over k, then V(s) is the k(s)-vector space defined abstractly
as a tensor product V(s) V (k k(s), or concretely as column vectors k(s)" if V is kn.

Each system gives a transfer function G(s): U(s)--> Y(s) which is a k(s)-linear
transformation given by

G(s) C(sI A)-B + D(s),
where D(s)= Do+ D(s) +. +Dts considered as a k(s)-linear transformation which
can be defined by matrices with polynomial entries.

A detailed algebraic study of systems begins with the introduction of three quite
different types of k[s]-modules, which we may call modules of "state-type," "input-
type," and "output-type."

State modules are finite-dimensional vector spaces X over k which are equipped
with a k-linear map A: X->X, so that a k[s]-module action can be defined by
p(s)x=p(A)x for every polynomial p(s) in k[s] and every x in X. Conversely, if V
is a k[s]-module on a finite-dimensional vector space over k, then multiplication by
s induces a k-linear transformation A on V. Modules of this kind are finitely-generated
and torsion.
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Input modules are finitely-generated free modules. If U is an m-dimensional space
over k, we denote by fU the free k[s]-module given by fU= U(R)kk[S]=k[s]m.
This module can be used to study inputs., since any k-linear map B" U X extends
in a natural way to a k[s]-module map B’fUX defined by

(Uo+ us +. + uts t) Buo+ ABUl +. + AtBut.
The image B(f U) of this map is called the "controllability subspace" of X, and the
pair (A, B) is called "controllable" if /(fU)=X. In any ca.se, the image is an
A-invariant subspace (or a submodule) and the cokernel X/B(fU) is called the
"module of input-decoupling zeros" of (A, B).

Output modules are less familiar. If Y is a p-dimensional space over k, we denote
by F Y the factor module Y(s)/f Y, which makes sense since l Y is a k[s]-submodule
ofthe set Y(s) ofrational vectors. An element off Y can be thought of as an equivalence
class containing a unique strictly proper representative

y yl S-1 + y2S-2 q-. 4r- y,s-" +. , Yi in Y.

If [y] denotes the equivalence class in F Y containing y, then the action of s is given by

s[y] [y2s-1 + y3s-2 +. d- yns-n+ q- "].

To use the module F Y to study outputs, first define 7r" F Y- Y by 7r[y] Yl (the
coefficient of s-l). Then any k-linear map C" X Y extends naturally to a k[s]-module
map t" X- F Y such that 7rt C. Namely, tx is the equivalence class in F Y of
C(sI-A)-lx i--0 CAix s-i-1 The kernel of t is called the submodule of unobserv-
able states, or the module of "output-decoupling-zeros." Note that F Y is a torsion
divisible module. However, F Y is not finitely generated, and there is no single poly-
nomial which annihilates every member of F Y.

All of the modules and spaces discussed so far fit together in the fundamental
commutative realization diagram (Fig. 1). Here we denote by i’fU U(s) the
inclusion map, and by p" Y(s) FY the natural projection, and we define G’IU
FY by G=pGi.

3. Module structure and the snake lemma. The theory of finitely generated (f.g.)
modules has been used in algebraic system theory for some time. Here we only recall

u(s)

,/
/

G(s)

G #

AX

-Y(s)

FIG.
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that every f.g. k[s]-module is isomorphic to a direct sum M F0)T, where F is a
free module and T is a finite dimensional torsion module (that is, of state type). A
thorough treatment of the corresponding structure theory for output modules (which
are not finitely generated) can be found in Sharpe and Vamos [26], but the present
discussion together with Conte and Perdon [3 should be adequate for system-theoretic
applications. We will be considering modules of the form FW W a finite dimensional
space over k) together with their submodules. A module of the form FW is torsion
and divisible, but not f.g. A submodule M of FW is necessarily torsion but not
necessarily divisible, and M may be f.g. or not. A single element rn of M is called
divisible (in M) if for any polynomial p(s) the equation p(s)m’= m can be solved for
m’ (in M! We know it can be solved in F W). The set of all divisible elements of M
form a submodule Mdiv, the maximal divisible submodule of M. A general result
assures that M is isomorphic to a direct sum: M= Mdiv0)M/Mdiv (since divisible
modules over a polynomial ring are injective). The factor module M/Mdiv is not f.g.
in general, but it will be in the system-theoretic applications.

We proceed to an abstract discussion of "polynomial matrices." Suppose given
two vector spaces V and W and a k[s]-module map To:f V f W. Then Ta induces
a k(s)-linear map T(s): V(s) W(s). If bases are chosen, To can be represented by
a polynomial matrix, and the same matrix gives the k(s)-linear map T(s). Finally, the
map T(s) maps fV to W (by construction), so it gives a map Tr:FVFW on
equivalence classes. The moral is that a polynomial matrix defines three mappings
with three different pairs of domains and ranges. These three mappings, Ta, T(s),
and Tr have very different algebraic properties. They appear in Fig. 2 whose horizontal
rows are exact sequences. The two center columns are short exact sequences.

The kernels and cokernels of these maps are related by the "Snake Lemma" which
provides a six term exact sequence"

0ker To
gv v a

ker T(s) .., ker Tr coker To

coker T(s). coker Tr 0.

0 ker

0 -ker T(s)

0 ---ker TI-,

0 0

QV QW coker TQ,O

iv iw iw
T(s)

V(s) W( s ----coker T(s) 0

FV FW "coker Tr---O

0 0

FIG. 2
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The proof, which can be found, for example, in Atiyah and MacDonald [1, p. 23],
supplies explicit constructions for all the mappings.

4. The system matrix and the internal zeros of a system. Suppose given, as in 2,
a field k, vector spaces U, X, and Y, k-linear maps A: X - X, B U X, C X - Y,
and a k[s]-module map Da:IU-DY. The map Da gives also a k(s)-linear map
D(s) U(s) Y(s). We refer to these data as a system E (A, B, C, D(s)) with transfer
function G(s)= C(sI-A)-IB+ D(s), G(s): U(s) Y(s).

The (Rosenbrock) System Matrix of this system, written symbolically

is a k(s)-linear map

L -C D(s)

E’X(s)O) U(s) X(s)O) Y(s).

Recalling that D(s) comes from a polynomial matrix map Do, we see that the system
matrix also defines two k[s]-module maps

Y,n X@fUo fX@f Y,

Y,r" FXO) F Uo FXO) F Y.

These maps are shown together in the exact commutative diagram of Fig. 3. These
two mappings can be used to define two kinds of "internal zero module" for the given
system.

MAIN DEFINITION. Let E= (A, B, C, D(s)) be a system with System Matrix E.
(a) The D-Zero Module of E is Zt coker Ea.
(b) The F-Zero Module of E is Zr ker Er.

According to the Snake Lemma, we have a six term exact sequence which relates these
two modules:

0 -- ker Ea -- ker E -o ker Er ---o coker Eo -o coker E -o coker Er -o O.

As a corollary of the Snake Lemma, we can write

Zr (torsion divisible module)@ M1.

Z (f.g. free module)O) M2.

Here M1 and M2 are isomorphic f.g. torsion modules (that is, of state-type) which
should be thought of as the "lumped" zeros of the system. The other components

FIG. 3
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represent different sorts of "generic zeros" and deserve a great deal of further study.
In this section we characterize the rational vector spaces ker E and coker E as a first
step in our analysis. In later sections we study the zero modules Z and Zr.

THEOREM 1. Suppose given a system E (A, B, C, D(s)) with system matrix and
transfer function G(s ). Then there are k(s)-vector space isomorphisms

ker E ker G(s),

coker E coker G(s).

In particular, is monic if and only if G(s) is monic, and is epic if and only if G(s)
is epic.

Proof. We define a mapping c: U(s)--> X(s) U(s) by a(u(s))
(-(sI-A)-lBu(s), u(s)). Then a is k(s)-linear and monic, and a straightforward
calculation shows that a on ker G(s) is epic on to ker E.

To establish the isomorphism of cokernels, we first define a map

X(s) Y(s) --> Y(s)/ G(s) U(s)

by (x(s), y(s)) y(s) + C(sI A)-lx(s) (mod G(s) U(s)). Since/3 is obviously epic,
we must show that (x(s),y(s))=O if and only if (x(s),y(s))=E(Xo(S), u(s)) for
some (Xo(S), u(s)) in X(s) U(s). We omit this calculation, which shows that the
following sequence is exact:

X(s) U(s) -- X(s) Y(s) & Y(s)/ G(s) U(s) ---> O.

In other words, coker E Y(s)/G(s) U(s) coker G(s).

5. Blocked transmissions and the U-zero module. In this section we relate the
F-Zero Module to a set of strictly proper input signals which can be blocked by the
output of a suitably chosen initial state. As a dividend, the output-decoupling zeros
of the system are identified as a submodule of the F-zeros. In the case of minimal
systems, the blocking result follows from Wyman and Sain [34].

The system Y,=(A,B, C,D(s)) gives rise to a k(s)-linear transfer function
G(s): U(s)-> Y(s), and also (from Fig. 1) a k[s]-module map G*:IIU->FY. In this
section we must consider a third version of the transfer function adapted to strictly
proper input signals.

Consider the exact k[s]-module sequence

ofu u(s) %> FUO.
Let 3’ be an equivalence class in F U, with strictly proper representative u. The map
r:FU--> U(s) defined by r(3’) =u is a k-linear map satisfying 7r, r=idru, but it
is not k[s] or k(s)-linear. Nevertheless, we define the map G 7rr G(s) or, yielding
the commutative diagram (Fig. 4):

G(s)
U(s) Y(s)

/
Fu G FY

FIG. 4
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We say that a strictly proper input [u] can be blocked by the output of a state Xo
in X (co.mpare Wyman and Sain [34] and Desoer and Schulman [6]) if G.[u] + Cxo O,
where C:X-> F Y is the output map from Fig. 1. We denote the set of all blockable.
signal equivalence classes by Zsigna c I U. That is,

Zsigna {" G4# + x0 0 for some Xo in X}.

Since G. is only k-linear, a little work is required to show that Zsigna is a module.
Calculations very similar to results in [34] establish that Zsigna is a k[s]-submodule
of FU.

Consider the projection map P2" lX)F U--> 1 U defined by p2([X], Ill]) Ill].
Recall that Zr ker Er is a submodule of FX0)F U. We claim that P2 maps Zr onto
Zsigna c I Uo Suppose that ([x], [u]) lies in ker Er, or that

-C D(s)
-=0 modlXllY.

In particular there is a polynomial vector Xpoly in I)X such that (sI- A)x+ Bu Xpoly.
In fact, a degree argument shows that Xpoly-- X0 in X since x and u are strictly proper.
Then x= -(sI-A)-lBu+(sI-A)-lxo. Also,

-Cx+ D(s)u Ypoly,

G(s)u- C(sI- A)-lxo Ypoly,

G.[u] Cxo =- 0 mod f/Y

which shows that [u] lies in ZsignaI.
Conversely, if y in F U satisfies G.y-(Xo=0, write u=cr(y) and let x=.

-(sI-A)-lBu+(sI-A)-lxo. Then it follows that ([x],y) lies in kerXr and
p2([x], y)= y. That is, P2" ker Xr-- Zsignal is a k[s]-module epimorphism.

To identify the kernel ofP2, suppose p2([x], [u]) 0 in F U. Then [u] 0 in F U, and

-C D(s)
mod IIXII Y.

From (sI-A)[x]- 0 in FX, it follows as above that (sI-A)x- Xo for some state Xo
in X, or that x=(sI-A)-lxo. Also Xo C(sI-A)-lxo=O in FY, so that Xo is an
unobservable state. That is

kerp2= {(x, O)’x=(sI-A)-IXo and tXo 0}.

Following Rosenbrock [23, p. 65] it is reasonable to call the set of unobservable
states the output-decoupling zero module

Zo.d. {X in X" Cx 0}.

To establish the connection between this module and Rosenbrock’s definition,
consider the polynomial matrix

12-
C

which defines two k[s]-module maps Cn’fXfXO)fY, and Cr’FX-->FXFY.
It is not difficult to prove that ker Crker C as k[s]-modules.

Rosenbrock defined output decoupling zeros in terms of the invariant factors of
C. The usual view is that the invariant factors of C describe the structure of the module
coker Cn. However, an application ofthe Snake Lemma shows immediately that ker Cr
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is iso,morphic to the torsion submodule of coker Ca. This justifies the name Zo.d. for
ker C, and allows us to summarize this section with the following theorem.

THEOREM 2. Suppose given a system , (A, B, C, D(s)) with transfer function
G(s) C(sI-A)-IB + D(s). Let "X --> FY be the observability map, let Zo.d. ker
be the output-decoupling zero module. Let Zr ker Er be the F-zero module defined by
the system matrix ,, and let Zsigna be the module of strictly proper input signals which
can be blocked by states of X. Then there is an exact sequence

0 -’> Zo.d.--> ZF "> Zsigna ---> 0.

In particular, if , is observable, then Zr and Zsigna are isomorphic k[s]-modules.

6. The [l-zero module. We begin with a brief discussion of input-decoupling zeros
(Rosenbrock [23, p. 64]). Suppose given A" X-> X and B" U--> X as usual. Consider
the k[s]-module map [sI-A B]’gIXIIU->IX defined by

[sI-A B][Xu(s)](s)
=(sI-A)x(s)+ Bu(s).

An exercise in diagram chasing establishes that the cokernel of sI A B] is isomorphic
to the cokernel of the controllability map B" 1)U- X, or that

X/[sI-A B](XO)U)-X/B(U).

Since Rosenbrock refers to the invariant factors of [sI-A B] as "input-decoupling
zeros" it is reasonable to call coker [sI-A B] or, equivalently, X/B(I)U), the
input-decoupling zero module Zi.d. of the system.

The following theorem, whose proofparallels 5 and is therefore omitted, summar-
izes the -results.

THEOREM 3. Suppose .iven a system (A, B, C, D(s)) with transferfunction G(s)
C(sI-A)-IB + D(s). Let B’gl U-> X be the reachability map, and consider ker/ c flU
and coker B Zi.d., the input-decoupling zero module. Let Za coker Er be the l’l-Zero
Module, defined using the system matrix ,. Then there is an exact sequence ofk[s]-modules

0--> gl Y/ G(s)(ker B)--> Zr --> Zi.d. --> 0

where and j are induced from the maps

[0] mod Et(X(U),i(Y)=
y

j x rood B(a u).

The first term of the exact sequence can be put in a more familiar form using
coprime factorization theory. Suppose G(s)= P(s)Q-(s) is a coprime factorization.
with Q(s).gU-aU and P(s).auaY, with ker B=Q(s)aU and G(s)(kerB)=
P(s)l’U Y. Then YG(s)(ker B)-Y/P(s)U. For minimal systems, this
calculation agrees with an earlier description of the (transmission) zero module given
in Wyman and Sain [32] for transfer functions (and therefore minimal systems).

7. The g-zero module for right-invertible systems. Suppose the system 5:=

(A, B, C, D(s)) has a right-invertible transfer function G(s)= C(sI-A)-B + D(s).
That is, G(s) is epic as a k(s)-linear transformation, so according to Theorem 1,
coker : =0, where E is the k(s)-form of the system matrix, Zn is a torsion module.
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According to the exact sequence of Theorem 3, with Z1 fYG(s)(ker B),

0-o Z - Zn Zi.a. --* 0.

To study Z1, consider the transmission zeros of a transfer function G(s) (Wyman
and Sain [32])

G-I(Y)+U
z(G)

ker G+ II U

If G(s) is right-invertible, an alternative description holds. There is an isomorphism
of k[s]-modules

Z(G)-f Y/G(s)(ker G)

where G’IU-FY is the restricted input/output map of realization theory as
described in Fig. 1. To verify this isomorphism, consider the basic result

Z(G) G-l(f Y)/G-(f Y) f) (ker G+f U).

Roughly speaking, the map G" G-I(OY)fY induces the required isomorph-
ism: Z(G) YG(s)(ker G*). The technical details are omitted.

Since G*= t o/}, from Fig. 1, it follows that ker/} c ker G*, giving a natural
projection

7r" fYG(s)(ker/}) fY G(s)(ker G),

or, using earlier notation:

r’Z - Z(G).

If the system is observable, then ( is monic and ker/- ker G*, showing that 7r

is the identity map in this case. We can summarize the work so far:
THEOREM 4. Suppose , A, B, C, D(s is an observable system with right-invert-

ible transfer function G(s). Then there is an exact sequence

O... Z G)... Zf.-. Zi.d...O,

in which Za is the nitely generated torsion) l-Zero Module, Z(G) is the transmission
zero module, and Zi.d. is the input decoupling zero module.

If the system is not observable, it will be necessary to examine the kernel of
7r" Z1 Z(G). Call the kernel Z2 and consider the exact sequence

0z: z,--, z(G) 0.

It is easy to establish that

Z2
G(s)(ker G*)
G(s)(ker/})

The study of Z2 is technical, but if ker C fq Xrch is the space of reachable, unobservable
states, there is an epimorphism

fl’ker 1") Xrch -- Z2defined by fl(x)=- G(s)u (mod G(s)(ker/)), whenever x =/u.
We do not proceed to compute ker/3 in general, although several examples are

included at the end of this section to show that/3 is not necessarily monic. The results
can be summarized in the following refinement of Theorem 4.
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THEOREM 5. Suppose a system is given with right invertible transferfunction G(s).
Then Zn is a torsion module, and there are two exact sequences:

0+ Z -> Za+ Zi.. + 0,

OZ: ZI Z(G)O

and an epimorphism

fl Zo.d. N Xrch Z2+O.
The map fl is an isomorphism ifG(s) is a square invertible transferfunction, but otherwise
it may have a kernel.

Although Theorems 4 and 5 are quite technical, several intuitive conclusions can
be drawn. If G(s) is right invertible, then Zn and the modules related to it have no
free part, so they are intuitive system-theoretic objects. The module Zn contains the
input-decoupling zeros as a factor module, and it also contains the transmission zeros
as a subfactor (that is, as a factor module of a submodule). This means in particular
that all the numerical input decoupling and transmission zeros really correspond to
rank drops of the system matrix. On the other hand, the output decoupling zeros affect
Zn in a more complicated way. Modes of the system which are both uncontrollable
and unobservable occur in the [l-Zero Module only once (by virtue of being input
zeros). Finally, since the map fl discussed above need not be monic, under some
conditions output decoupling zeros do not appear as rank drops in the system matrix.
This phenomenon is related to the kernel of G(s) as a map of vector spaces.

The rest of this section consists of examples illustrating some of the phenomena.
Example 1. Consider the system (A, b, c r) with

0 a2
b= cr=[O 1],

where ala2. The corresponding transfer function is g(s)= 1/(s-a2), with trans-
mission zero module Z(g)=(0). Smith-form calculations give (up to isomorphism)
Za Zi.d. Zo.d. k[s]/(s- a). That is, the mode corresponding to a is both unreach-
able and unobservable, but it is only counted once in Zn.

Since Zo.a. fq Xrh (0), Theorem 5 implies that Z2 (0), so that Z Z(g) (0),
which implies that j:Zn- Zi.a. is an isomorphism. This calculation is an explicit
alternative to Smith form calculations.

Example 2. Consider the system (A, b, c r) given by

A= 0 -2 0 b= 0 cr=[1 1 1].
0 0 -3 1

The transfer function is

g(s)

and the transmission-zero module is

2(s+2)
(s+ 1)(s+3)

Z(g)=k[sl/(s+2).

The system is observable, but the mode with eigenvalue -2 is unreachable, so:

Zi.d.-k[s]/(s+2); Zo.d. (0)
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Theorem 4 applies, so Za fits into the exact sequence

0- Z(g) -z- zi..- 0.

From this information alone, there are just two possibilities for Zn, namely

(a) "split" Zn=k[s]/(s/E)@k[s]/(s+2),

or

(b) "notsplit" Za=k[s]/(s+2)2.

In this case, Zn is not split. On the other hand, if the output map is changed to
Cr =(1, 0, 1), then the analysis is the same up to the exact sequence, but Zn splits!

Example 3. This example shows that the map/3 of Theorem 5 is not necessarily
monic. Consider (A, B, c r),

0 a2

with

O(s)
s- al

z(o)=(0),

zi.. (0),

Zo.d. k[s]/(s- a2).

Direct calculation shows that Zn 0, so (in the notation of Theorem 5) Z1 and Z2 are
both zero. On the other hand, Xrh X, so Zo.d. f’l Xrch Zood. # (0), and/3 is not monic.

8. The U-zero module for left-invertible systems. In this section we state results
analogous to those in 7.

Assume given a system E (A, B, C, D(s)) which has a left-invertible transfer
function G(s). That is, G(s) is monic, and according to 4 so is the k(s)-linear
transformation corresponding to the system matrix E. It follows that the F-Zero Module
Zr is finitely generated and isomorphic to the torsion submodule of Za. From Theorem
2, 5, we recall the exact sequence

0--> Zo.d. -> ZF--> Zsignal --> 0.

The inclusion Zo.d.’-’) ZF shows that Zr contains information about the .output-decoup-
ling zeros. Define/- po/, for p the natural projection onto X/ker C.

The analogue of Theorem 5 consists of two exact sequences.
THEOREM 6. Suppose given a system with left-invertible transferfunction G(s). Then

Zr is a torsion module, and there are two exact sequences:

0 "-’> Zo.d.---> ZI-, "--> Zsigna --> O,

0 --> Z(G) ---> Zsigna - Xo,:>sl/1(n U).

If G(s) is square and invertible, then 6 is epic, but in general, 6 may not be epic.
Example. Consider the system (A, b, C)

0 a2 0
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with transfer function

G(s)=[ 1/(s-al)]O
which is monic but not epic. It is easy to see that

z() Zo.. (0),

Zi.d. k[s]/(s a:).

A Smith-form calculation gives

Zn- k[s],

a free module of rank 1. Since Zr is isomorphic to the torsion submodule of Zn, we get

Z (0).

Also (see Theorem 6 above) gsigna --0, but Xobs/Bl(W gi.d. (0), SO is not epic
in this case.

9. Conclusions. The modern, coordinate-free approach to studying poles of linear
dynamical systems was set into motion by Kalman [16]. Wyman and Sain [32], [34]
proposed a module-theoretic treatment of transmission zeros for transfer functions in
an analogous manner.

This paper extends these module theoretic studies to systems which need not be
controllable or observable. The Rosenbrock system matrix is studied on three levels:
rational, finitely generated free-modular, and torsion divisible. Two zero modules, Za
and Zr, are defined on the system level; and exact sequences are developed to relate
them to modules of input-decoupling zeros and output-decoupling zeros. In the cases
for which the system transfer function has a right or a left inverse, certain of the fine
zero structures have been specially examined.

The modules Za and Zr may be expected to capture the key concepts which may
be advanced in a coordinate-free study of zero module structures for the Rosenbrock
system matrix. Not surprisingly, these concepts admit considerable depth of analysis,
which indicates that the notion of zero is a rich system theoretic area for research.

Finally, if G(s) P(s)D-(s)Q(s)+ R(s) is a polynomial matrix description, then
the corresponding system matrix is

[ D(s) Q(s)]-P(s) g(s)

Most of the present paper can be extended immediately to this case.
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PARAMETER ESTIMATION, REGULARITY AND THE PENALTY METHOD
FOR A CLASS OF TWO POINT BOUNDARY VALUE PROBLEMS*

K. KUNISCH" AND L. W. WHITE:

Abstract. We study a penalization technique for a class of parameter estimation problems associated
with elliptic equations. Moreover, a regularization phenomenon of the minimizers is discussed for various
parameters in the equation and for different observation operators. Finally it is shown that under weak
assumptions the norm constraints are active.

Key words, inverse problems, least squares, regularity of solution
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1. Introduction. In this paper we study parameter estimation problems and their
approximations for a simple class of two point boundary value problems. We use the
output-least-squares approach and formulate the parameter estimation problem as a
constrained optimization problem. Two distinct kinds of constraints arise: certain
pointwise constraints on the coefficients guarantee well-posedness of the equation,
whereas norm bounds are used to argue existence of the solution of the optimization
problem. When the original infinite dimensional problem is approximated by finite
dimensional problems, then these constraints need to be translated to conditions on
the elements in the subspaces that approximate the sets of admissible coefficients. This
can lead to quite involved technicalities [8]. When solving the approximate optimization
problems with a computer it is natural at first to try to ignore these constraints and to
use one of the many available software packages for unconstrained optimization. This
approach is successful for some problems ([2], [3] et al.) but can lead to serious
difficulties with others. Some examples illustrating this point are given in 6, where
it is shown that the numerical solution or the optimal (i.e. "identified") parameter may
exhibit extraneous oscillations or may not converge at all, when only unconstrained
optimization is carried out. One of the possibilities to overcome such difficulties is to
use a regularization approach, see [4], [7] for example. Other possibilities include the
use of constrained optimization routines or a penalty function approach. In this paper
we investigate the latter. More specifically, we transform the norm bounds to penaliza-
tion terms and keep the pointwise bounds (which are more readily implemented on a
computer) as explicit constraints. Such a penalty function technique is shown to be
effective both theoretically and numerically; we show for our model equation that a
satisfactory convergence theory can be obtained and that in problems that did not
converge or contained the above mentioned oscillations, the implementation of the
norm constraint as a penalty term led to successful numerical results.
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The motivation for considering a boundary value problem is that it serves as a
technically simple example to demonstrate some of the special behavior that optimiza-
tion problems arising from parameter estimation problems have, in addition to being
of practical relevance, see [2], for instance, for a discussion of the use of elliptic
equations in modelling large space antennas. We show that under weak assumptions
(guaranteeing the nonvanishing of a Lagrange multiplier), the minimizers of the
optimization problems enjoy a certain regularity phenomenon; they are necessarily
smoother than the functions in the class over which the minimization is carried out.
To our knowledge, this is the first time that a regularization phenomenon is documented
for parameter estimation problems. It can be used advantageously in the penalization
method. Without regularity, when the coefficients in the equation as well as the state
equation are approximated, these two limit processes, together with the limit process
appearing due to the penalization term, must go to infinity in a certain order to achieve
convergence. In the presence of additional regularity of the solution of the parameter
estimation problem, these limits can be taken essentially independently of each other.
We expect that regularity results of this kind will also be useful for the study of the
rate of convergence in parameter estimation problems; see [5], for instance, where
smoothness requirements are made without further discussion.

Finally we obtain the result that under the same conditions that guarantee the
regularity effect of the minimizers, the norm constraints must be active. This implies
that the solution will change as the norm bounds change and that it will not exist, in
general, without these norm bounds. This result is remarkable from the modeling point
of view and has stimulated that, in a further investigation on the sensitivity of inverse
problem, sensitivity is not only considered with respect to the observations but also
with respect to the constraints defining the admissible parameter set [4].

The paper is organized as follows" In 2 we summarize some results on two point
boundary value problems that are needed in the remainder of the paper. A penalization
method is discussed in 3 and in 4 we establish the above mentioned regularity
results and the fact that the norm constraints may be active. Section 5 is devoted to
employing these results to improve upon the approximation theorems of 3. The
numerical examples are discussed in 6.

2. Generalities. Let us consider the equation

-(a(x)u,)x+b(x)u,,+c(x)u=f for0<x< 1,

u(0) u(1)=0,

where f L2(0, 1) and

q=(a, b, c) Qc (= W1,2(0, 1)x W1’2(0, 1)x L2(0, 1),

with 0 endowed with the Hilbert-space product topology. By employing the mean
value theorem for integrals one can show that

(2.2) I1-<_ dlqlwl.2 for 0 W1’2(0, 1) where d =x/,
and wl’2(0, 1)is endowed with the (10 I (s)l= I (s)l= ds)/--norm. Let >0 and
define

f
Q=q O: <=a(x), lal., Ibl., Icl, c(x)

In Wo’2(o, 1)x Wol,2(0,1) we define for each q s t the form

(2.3) l(u, v; q)=(aUx, v,c)+(bux, v)+(cu, v),
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where (.,.) denotes the inner product in t2(0, 1). It is simple to verify that

(2.4) I/(u, v; q)l--< Clul.lvl.,
and

(2.5) l(u, u; q)>- C=lul.,
for all q Q and u, v W’2, with C1 > 0 and C2 > 0. Here W’2(0, 1) is endowed with
the (10 I(x)l= dx)l/2-norm. We give the details for (2.5) and take u W’2. Further Zl
is chosen so that -zl(d2tz2/4d)>O. Then

l(u, u; q)=(aux, ax)L2+(bux, u)+(cu, u)
_>- clu[/ lul-sup Ib(x)l lul,.lul,.

--> luxl=+ lul- dluxl=lul

->- (1-) uxl + ( d=z=z--) ul

which implies (2.5) with C2 d(1 1/Zl).
We shall frequently use the following
Remark 2.1. There exist positive constants cl, c2 and such that for q Q with

Qa { q O: lalw’. + , Iblw’. + ,
d22Icl + , a(x) , c(x) 44 J

we have [l(u, v; q)[ clul,.=lvl,,, and l(u, u; q) c=lul,..
The Lax-Milgram theorem implies for each q Q the existence of a unique

solution u(q)e W’2(0, 1) of (2.1) satisfying

(2.6) l(u(q), v; q)=(f v) forall v W’2 (0, 1).
By Remark 2.1 we also have

lu(q)l. cl(u(q),f)l clu(q)llfl
and therefore

(2.7) lu(q)l ,,= clfl,
for every qQ and fL2(0,1). Since a W’2(0,1) we fuaher have aux,=
-aUx + bux + cu-f and consequently u e W2’2(0, 1). By (2.7) there exists a constant
c3 c3(, d, , a, ) such that

(2.8) lu(q)l w. c31fl.
Remark 2.2. Let

Q {q Q: a(x), Ib(x)l d, c(x) for almost all x [0, 1]}.
e calculation after (2.5) reveals that l(u, u; q) C=lul, for all q e Qp and u
W’2(0, 1). Moreover, for each q Qp there exists a constant C3 C3(q) such that
It(u, v; q)lClul,lvl,, for all u and v in W’2(0, 1). Therefore there exists a
solution u(q) W2’2(0, 1) of (2.1) for every qQp. Note also, that QQp, since
Ibl dlblw,, d. This remark will frequently be used in 3.
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If the dependence of u on q and f is relevant, we denote the solution of (2.1) by
u(q,f).

LEMMA 2.1. (a) The set Q is weakly closed and weak.ly compact in Q. If Qad is the
intersection of Q with a closed convex set in Q, then Qaa is weakly closed and weakly
compact as well.

(b) If fk__,f in L2(0, 1) and qk__ qO in with qO Q and qk Qe, then
u(qk, fk) u(q,f) in W2’2(0, 1).

Remark 2.3. If Qad Q f’) {b W’2(0, 1)}, then d 1/2.
Proof of Lemma 2.1. Since (a) is obvious, we immediately turn to (b). Since

qk___ qO there exists a constant ko, such that qk Q for k_-> ko and by Remark 2.1
u(qk,fk) is uniformly bounded in W2’2(0, 1) for k_-> ko. Consequently there exists a
subsequence {kj} and z W2’2(0, li so that u(qkj, fk) Z in W2’2(0, 1). We have for
every v W’2(0, 1)

(akjux(qk,fk), Vx)+(bkux(qk,fk), V)+(cku(qk,fk), V)=(fk, V).

Taking the limit as kj o, we find with qO= (ao, bo, co)
(az, v,c)+(bzx, v)+(cz, v) (f, v),

for all v W’2(0, 1). This implies z u(q, f). The usual subsequence argument implies
u(qk, fk) u(q,f) [11, p. 116].

In the following sections we shall use finite dimensional (Galerkin) approximations
of (2.1) that converge uniformly in q Q. So let HNc W’2 be a sequence of finite
dimensional linear subspaces and consider

(2.9) l(u, vN; q) (f, v) for all v H.
Again the Lax-Milgram theorem implies the existence of unique solutions uv(q)

of (2.9) for each q Q. By (2.6) and (2.9) we have

l(u(q)-u(q), vv’, q)=0 for all v H.
Therefore for all v H

c]u(q)-u(q)lw,-< l(u(q)-uV(q), u(q)-vV; q)

<= clu(q) u (q)lw,lu(q) vlw’,,
so that

(2.10) lu(q)-u(q)lw,<-cc inf
oNEH

for all q s Q.
We make the following standard assumption.

(HI) For each N= 1,2,... the subspaces satisfy HC Wo,2(0, 1) and Itp-
Plw,.<-p(N)llw.,

where P" W’2(0, 1)-)H is the orthogonal projection in the W’2(0, l) norm, and
limN_.oop(N)=O.

From (2.8) and (2.10) we derive the following
LEMMA 2.2. Let (HI) hold and take q in Q. Then

[u(q)-u q)l w,, <- t;(N)lf[,
with limv_.oo (N) 0 independent of q Q.

COROLLARY 2.1. Let (H1) hold and let qN qO, with qO Q and qV Qp. Then

u2V(q)-- u(q) in wl’2(O, 1).
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This corollary follows directly from Lemmas 2.1 and 2.2. In the final lemma of
this section we discuss the dependence of uN on q and f.

LEMMA 2.3. Let Hv c W,2(0, 1) for each N 1, 2,.... Then
(a) lu(q)lw,<=clfl for each q Q.
(b) Ifmoreover qk.__ qO in 0 with qO Q and qk Qp, andfk fin L2(O, 1), then

u(qk, fk)-> Uv(q,f) in W1"2(0, 1).

The proof of this lemma is simple and will therefore not be included.

3. Penalization. Let z Z, with Z the observation space which is assumed to be
a Banach space, and let C: W1’2(0, 1)-> Z be the associated observation operator. For
q Qp we put

J(q)-ICu(q)-zl .
Note that u(q) is well defined by Remark 2.2.

We then formulate the parameter estimation problem as the optimization problem:

(P) Minimize J(q) over q Q subject to u(q) satisfying (2.6).

Throughout we make the following assumption:

(H2) C is a bounded linear operator from W’2(0, 1) to Z.

In particular we could take Z Z1 L2(0, 1) and C1 o, or Z Z2 =R and C2
p(Xo), Xo [0, 1 ], or Z Z L2(0, 1) and C3( .

Note that (P) is a restricted optimization problem; the pointwise constraints guaran-
tee well-posedness ofthe equation (2.1) whereas the norm constraints in the characteriz-
ation of Q are essential to establish existence of solutions to (P). Several investigations
concerning the approximation of (P) by finite dimensional problems have been carried
out, both theoretically and numerically for many classes of partial differential equations
[2], [3], [8]. For practical purposes the approximating optimization problems have
commonly been implemented by employing unconstrained optimization packages, so
that the constraints used in defining Q have essentially been ignored. A penalization
technique appears to parallel what is done in practice and we consequently study
penalization techniques for the simple model problem (P).

First we define the penalization functionals"

tA(a) {0 )2
iflalw"--< ’

and functionals 0n and c are defined in an analogous manner. We also put

(q)= tPA(a)+ n(b) + d/c(C),
and note that

(3.1) Iql -> c implies (q) --> .
Remark 3.1. The pointwise bounds appearing in Qp can be more readily imple-

mented in computer algorithms than the norm constraints that are defining Q.

Associated with and the approximating state equations we consider

(PM) min (J(q)+ M(q)),
qQp

(P) min JV(q)=min Icur(q)-zl2 where u(q) satisfies (2.9) and
qQ qQ

(P) min (jV(q)+ M(q)).
qQp
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LEMMA 3.1. Assume that HV c W,2 and that (H2) holds. Then there exist solutions

1 Q, 1v Q, IM Qp and Qp of (P), (a), (a) and (P) respectively.
oo Since is radially unbounded and since J(q) O, J(q) O, the existence

of minimizers and in Qe of (P) and (P) easily follows (see [9, p. 8]). Next
let qk Q be a minimizing sequence for (P). Then there exists a subsequence {qk.}
with qk. in with Q. By Lemma 2.1, u(qk") U(O) in wl’2(0, 1) and fuher
j(qk.)j(). Since infqoJ(q)=limk.j(qk"), it follows that solves (P). The
existence of a minimizer for (P) is guaranteed by Lemma 2.3(b).

THEOREM 3.1. Let the approximation assumption (H1) and (H2) hoM and let q*- q.be a weak limit point of {}, such that q in with Nk , Mk as k .
N Nen q* Q, q* is a solution of (P), u(O) u(q*) in Wl’2(0, 1) and J(q)+

Mk(qu) J(q*) as k.
oo e verification of this result can be given by well-known arguments. Let

q Q be arbitrary. en
J( MkW()+ )<J(q).

But {J(q)’q Q, N 1,2,.. "} is bounded as a consequence of (H2) and Lemma
2.3(a). erefore, there exists a constant K such that

(3.2) (q + Mk(q) K.

Since J()> 0 we have by (3.2) that limk(-q) 0, which implies that q* Q.
For each q Q the following inequalities hold"

(3.3) J(- -q)<J(q)+Mk()J (q)+Mk(q)=J(q).
From Corollary 2.1 we conclude that

lim UNk(IMN) =u(q*) in wl’2(0, 1)
k-x3

(3.4)
lim u(q)= u(q) in W1’2(0, 1).
N-o

and

Taking the limit as k in (3.3) and recalling (H2), we arrive at

J(q*) _-< J(q) for all q Q,

so that q* is in fact a solution of (P). The remaining claims follow from (3.4) and
(3.3) with q q*.

Remark 3.2. The conclusion of Theorem 3.1 is not changed if M in J(q)/ M(q)
is re!aced by h(M) with limM_, h(M) =. The proof of Theorem 3.1 reveals that
(t) O(h(Mk)-1) as k.

Remark 3.3. Problems (pV) and (P) are not finite dimensional, since Q is an
infinite dimensional coefficient space. If 0 is replaced by 0F,.where (F is a finite
dimensional subspace of Q, and Q and Qp are replaced by Q f-) QF and Qp Il QF, then
Theorem 3.1 remains correct and (pV) and (P) are finite dimensional problems
(compare also Lemma 2.1). Otherwise a further approximation of the coefficients is
required, which we describe next.

Let Qm be a sequence of finite dimensional subspaces of t satisfying:

(H3) For each q Q (’1Qp and m 1, 2,. there exists t Qm f’l Qp such that
Iq-4"l=p(m), and lim,,_, p(m) 0.

Consider the problems:

min J(q) + MW(q).(pm)
qOmf’lOt,
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Clearly solutions qm of (pm) exist. In the next theorem the notation w-lim is used
to denote the weak limit.

THEOREM 3.2. Let (H1)-(H3) hold and let q* be a weak iterated limit point of
Ftim, such that q*=w-limi_, w-limk_,ooq/i with N,M as i and_, m ,)mk as k. en q* is a solution of (P), limlimko u(q )= u(q in
W1’2 and

-N mklira lim N (qM l(q*).

OO Let q e 0 b arbitrary and choos 0 0v according to (H3).
w hav

_N., _N.,(3.5) Jn,(qMj )+ M,(qu; (4m)+

For each we have limk (Jn’(m)+ MV(m))= J(q) and consequently

(3.6) lim lim (jn,(m) + Mi(#mk))= j(q)
ik

by Lemma 2.3(b) and Lemma 2.2. In paicular, the left-hand side of (3.5) is nonnegative
N,mkand bounded. This implies that limlimk (u, =0 from which we conclude

n.o .m
_

0that q* Q. Next we put u, w-limk qu, and note that qu Qp. Taking the
limit with respect to k in

N.,

we find for suciently large

(3.7) j _N.O =jN,(q;)< (q),
-N. 0by Lemma 2.3(b) and since q*= w-lim q Q. Taking the limit as i in (3.7)

leads to

(3.8) J(q*)J(q)

by Corollary 2.1. Since q was an arbitrary element of Q, this implies that q* is a
solution of (P). The remaining asseaions are easily verified and the proof is complete.

Remark 3.4. The proof of the previous result depends strongly on the fact that
the limits are taken iteratively; in general (3.6) and (3.8) will not be te for arbitra
order of the limits. This shortcoming cannot be overcome by replacing M by a function
h(M) with limM h(M) =.

Remark 3.5. We give an example for subspaces Qm, so that (H3) is satisfied. Let
S(0, 1)= {set of piecewise linear spline functions with knots at i/m, i=0,..., m}
and Qm =@=1 S?(0, 1). By pm.O Qm 0 Qp we denote the projection operator which
associates to each element q Q the unique element pmq Qm Qp with shortest
distance to q, [6, p. 249]. To verify (H3) for this case, let q=(a,b,c)
(W2’2(0, 1)x W2’2(0, 1)x W’2(0, 1)) 0 Qp and note that

(3.9) Iq pmqlo Km-lqlw’w’w’,

where K1 is independent of q and N. This estimate is easily obtained by employing
the interpolation operation and well-known spline estimates (see e.g. [12, Chap. 2]).
For q Q O Qe note that pmq coincides with the Hilben space projection of q
onto Qm. Moreover, for every qOQP there exists a sequence q
(W2’2(0, 1) x W2’2(0, 1) x W’2(0, 1))0 Qp with lim q=q in O. ese last two facts,
together with (3.9) and the triangle inequality imply that (H3) holds for linear spline
approximations of the coecients.
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Remark 3.6. The calculations in the previous example depend strongly on the
interpolation properties of linear spline functions; this is reflected, for example, in
(3.9) where the interpolation operator also realizes the pointwise constraints associated
with Qp. In general norm or pointwise bounds can only be achieved in the limit (as
for example, when cubic splines are used to approximate the coefficients). In this case
it may be necessary that an additional index is used allowing that the coefficients of
the finite dimensional problem satisfy the constraints characterizing Q only approxi-
mately (compare [8, 4]). We shall not follow up on these ideas here but rather
continue to develop a technique that allows one to replace the iterated limit in Theorem
3.2 by a result that guarantees that the various limits may be taken independently.

4. Regularity. In this section we consider again the equation

(4.1)
-(au,,)x+bux+cu=f on (0, 1),

u(0) u(1) 0.

We first assume that a and c are fixed and that there exists at least one b with
(a,/, c) Q. This leaves b to be estimated and we assume either of the two observations
Ci, i= 1 or 2, described at the beginning of 3 to be available. For 1 we let
zl L2(0, 1), whereas z2 . We further put

J,(b C,u( b z,I 2,
where we now denote the parameter dependence of u by u(b). The parameter estimation
problems for i= 1 or 2 become:

(Pi) Minimize Ji(b) over B subject to u(b) satisfying (4.1).

Here B={b W1’2(0, 1)" Iblw,,_-< }. Analogous to the definition of Q in 2 we put
B ={be W1’2(0, 1): b] w. _<- /z +8}. The existence of a solution of (P) is guaranteed
by Lemma 3.1. We next calculate the Fr6chet derivative of the function b u(b).

LEMMA 4.1. The mapping b u(b) from B W1’2(0, 1) into W2’2(0, 1) is Frdchet
differentiable with the Frdchet differential with increment h denoted by iSbU(b_)h
with rl( h the unique solution of

-(arl(h)x)x+brl,,(h)+crl(h)=-hu,,(b), in (0, 1),
(4.2)

r(h)(0) n(h)(1) 0.

Proof. The verification is quite standard but we include it for the purpose of
completeness. Let h W1’2(0, 1) and b B and note that there exists e(h)> 0 such
that for any e (0, e(h)) the element b+ eh Ba and u(b+ eh) exists. Set u
e-l(u(b+ eh)-u(b)) and observe that u must satisfy

(4.3)
-(au,)x + bu, + cu -hu,,(b + eh),

u(0)= u(1)=0.

From Lemma 2.1 it follows that u(b+eh) u(b) in W1’2(0, 1) as e-->0. Applying
Lemma 2.1 once again to (4.3), we find that u converges weakly in W2’2(0, 1) and
thus strongly in W1’2(0, 1). We denote this limit by r/(h). As a consequence of u

satisfying (4.3) and the limit behavior of u, we observe that u r/(b) as e -0 strongly
in W22(0, 1) as well. Thus, the limit r(h) is the Gateaux derivative of the mapping
b--> u(b) with increment h, i.e. r/(h)= ,$u(b)h, and it satisfies

(4.4)
-(arl,,(h))x+brlx(h)+cr(h)=-hux(b) in (0, 1),

r/(h)(0) r/(h)(1) 0.
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Note that h /(h) is a bounded linear operator from wl’2(0, 1) to W2’2(0, 1). That
h r/(h) is the Fr6chet differential of u at b with increment h can be seen as follows:
let h W’2(0, 1) with [hlw,,2<= 6, and set

A(h) Ihl,,(u(b + h)- u(b)- rl(h)).

We note that A(h) satisfies

h
-(aAx(h))x+bAx(h)+cA(h)= (u(b+h)-ux(b)),

(4.5)
a(h)(0) a(h)(1) 0.

From (2.8) we have

la(h)l, clu(b+ h)- u(b)l.
Lemma 2.1 now implies that I(h)lw,0 whenever lhlw,,O. Thus, we have estab-
lished the lemma.

Since the functionals bJ(b) are the composition of Fr6chet differentiable
functions, they are themselves Frchet dierentiable; we find

(4.6)

and

(4.7)

6bJ(b)h 2 (u(b)- zl)r/(h) dx

6bJ2(b) h 2( u(b)(xo) z2) r/( h )(Xo).

To get a different representation of the Fr6chet differential of Ji, we introduce the
adjoint problems

(4.8)
-(ap -(bpl),+cp u(b)-Zl,

pl(O) =p’(1) O,

and

(4.9)
-(ap)x bp)x + cp u(b)(xo) :)(Xo),

p2(0) =p2(1)=0,

where 8(Xo) denotes the Dirac delta measure with mass at Xo (0, 1). Existence and
regularity of unique solutions to equations (4.8) and (4.9) are shown in an analogous
manner as for equation (2.1). We find

LEMMA 4.2. Let b B. There exist unique solution p of (4.8) and (4.9) with
pl W2,2(0, 1)f’) W’2(0, 1) and p2 W],2(0, 1).

We now obtain the Fr6chet differential of J in terms of p by multiplying (4.8)
and (4.9) by r/(h) and integrating by parts. Thus, we see that

(4.10) (b)h -2 u(b)p’h dx

for i= 1 or 2 and h W1’2(0, 1).
We next investigate regularity of the solutions bi of (P). Our approach is to

incorporate the explicit optimization constraints into a Lagrangian functional to be
minimized over the larger set B. The set B is unavoidable since it is essential to have
b- u(b) and its Fr6chet derivative defined on B. We are able to obtain an Euler
equation since the admissible parameters are contained in the interior of B. Another
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point to be remembered is that b--> u(b) is not linear. Hence, the functionals Ji are
not convex. Accordingly we use the generalized Kuhn-Tucker theorem for local
optimization theory. We define functionals G on W1’2(0, 1) by

and observe that the Fr6chet differential of G at b with increment h is given by

(4.11) ,G(b)h=2 (bh+bh) dx=2 (-b+b)hdx+[b(1)h(1)-b(O)h(O)].

The right-hand side of (4.11) defines a continuous linear functional on W’(O, 1). In
terms of G the estimation problems are given by:

(P) Minimize J(b) subject to G(b) N 0 and (4.1).

The Kuhn-Tucker theorem 10, p. 249] asses that if b solves (P) and if b is a regular
point of the inequality G(b)N 0, and there exists I 0 such that the Lagrangian

A(b)= J(b)+ IG(b)

is stationary at b. We note that A(b) is defined on B which contains B in its interior.
To verify that b is indeed a regular point of G(b) N 0, we need to verify that if G(b) N 0
then there exists an e W’(0, 1) with G()+G()h <0. Set h=-. en

G(b) 6G(b)b (I 21w

Thus, if b is a solution of (P) then

6bA,(b,)h=O and AG(b,)=O,

since b B int B. From (4.10) and (4.11) it follows that

ot
[-u()p’ + X(-())]h dx + X[(1)h(1)- (O)h(O)]=O,

for all h e W’(0, 1). Accordingly we have the Euler equation

1(-(b)+ b)= u(b)p’ in (0, 1),
(4.

We obsee that since u(b) and p both belong to W’(0,1), their product belongs
to W’(0, 1) as well. This follows by the product rule or, more generally, by the Banach
algebraic propeies of W’(a) (see [1, p. 115]).

First we consider the case of distributed obseations, 1. Suppose that I 0.
Then (4.12) implies

(4.13) u()p =0 on [0, 1].

In this case [0, 1] U= with u() or p’ identically zero on . If u() 0 on ,
then u(b)(x)=f(x) c-(x) constant almost everywhere on by (4.1). On the other
hand, if p=0 and then u(b)= on by (4.8). We thus have:

LMNA 4.3. Iffc- is nonconstant (a.e.) on eve subinterval of [0, 1], hen either
u(b) on [0, 1 and u(b) is a solution of (4.1) with l N for eve solution 1 of
(P) or eve Lagrange multiplier associated with the constraint Ibl,,N is positive.

A special case arises when is obtained from piecewise linear inteolation of
discrete data. Then 1 iS not suciently smooth to be a candidate for a solution of
(4.1); if moreover fc- is nonconstant on every subinteal of (0, 1), then > 0.
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If U(bl)# gl almost everywhere on [0, 1], then by the above considerations,
u(bl) constant on [0, 1 and as a consequence of the Dirichlet boundary conditions
we have u(b)= 0 on [0, 1]. This leads to

LEMMA 4.4. Let bi be a solution of (P1) with u(b)(x) # zl(x) a.e. on [0, 1]. Then
either f= 0 (a.e.) on [0, 1] or every Lagrange multiplier associated with the constraint
[b[w’,2 <= 1 is positive.

In the case A > O, any solution b of (P) satisfies the Neumann problem

1
-(b,),=+b,=-u(b)p in (0, 1),

(4.14)
bl)x(1.) (bl)x(0) 0,

where u(b-)p W’2(O, 1).
LEMMA 4.5. IrA > O, then the solution b-1 of (P) belongs to W3’2(0, 1) and

I.
Lemmas 4.1 and 4.2 can obviously be used to give sufficient conditions for

nontriviality of h. A different condition guaranteeing h > 0 is given by:

(A) There exists an interval W [0, 1] such that fc-1 constant and/z(b) # z a.e.
on W.

We will show that (A) implies that (4.13) cannot hold and that therefore A > 0.
In fact, if (4.13) holds, then there exists an interval V c W such that ux(bl)=0 or
p =0 on V1. Using (4.1) and (4.8) this contradicts (A) and h > 0.

We summarize some of the results for the case i= 1 in a theorem.
THEOREM 4.1. (a) Iffc- is nonconstant (a.e.) on every subinterval of [0, 1] and

z is not a solution of (4.1) for any b B then all solutions 1 of (P) belong to W3’2(0, 1).
(b) If u(b-)(x) Zl(X) a.e. for a solution b- of (P) and fO in L2(0, 1), then

b- e W’:(0, 1).
(c) If (A) holds for a solution b- of (P), then b e W’:(0, 1). In all these cases

h >0, (b)x(0) (b-)x(1) 0 and .
For the case 2 we easily find an analogous result.
THEOREM 4.2. Let fc-1 be nonconstant (a.e.) on an open interval containing Xo.

Then either z2 u(b)(xo) for some b e B or every solution/2 of (P2) belongs to W3’2(0, 1),
(b-)(0) (b-2)x(1)=0 and .

Remark 4.1. Quite similar calculations can be used to discuss regularity for the
case when the observation operator is given by C3o b. In this case the optimization
problem becomes:

(P3) min ]C3u(q)- z3] 2
bB

for a given Z E L2(0, 1). One can derive the following result: If fc- is nonconstant on
every subinterval of [0, 1 ], then z3 E W1’2(0, 1) and u(/3) z3 for some (and thus all)
solutions b-3 of (P3) or b-3 W3’2(0, 1), (g3)(0)=(g3)x(1)=0 and 171.,,- for all
solutions b of (P3).

We next turn to discuss a certain regularity property that occurs when c is estimated.
The calculations are similar to the case that we just described when estimating b and
will therefore be omitted.

Let us assume that a, b and f are known, with b 0 and f L2(0, 1), and that c
has to be estimated in

(4.15)
-(aUx)x + cu f in [0, 1],

u(0) u(1) 0,
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where a(x) >= a > 0 and lalw’. . Let C {c L2(O, 1)" Icl, with (0, 2a)} and
C= {c L2(0, 1)" ICILY<--_ + (/2)}.

Note that < a + (p7/2)< 2a. Using Remark 2.3, one can easily show that there
exist constants c and c such that for all go and g in Wo’2(0, 1) and c C we have
l(q, q)-> clql.: and II(q, h)l_-< czlh[.:lq[ Wo.. As before we consider the problems:

(P) minJi(c)=minlCiu(c)-zil2 over C subject to u(c) satisfying (4.15)

or equivalently

(P) minJ(c)=minlCu(c)-zl2 such that G(c)<-O and u(c) satisfies (4.15).

Here G(c)=lcl22-1:, i= 1 or 2 and u(c) denotes the solution of (4.15). Note
that Ji(c) is defined on Cg. Again any solution C- of (P) is seen to be a regular point
of G(c) -< 0 and there exists a A => 0 such that C- is a stationary point of A: C - R given
by

A(c)= J,(c)+ XG(c).

We now restrict ourselves to the case of distributed observations C1. For every
h L2(0, 1) we have

(4.16) A(e)h 2 I (u(e)(x)-z(x))(u(e)h)(x) dx+2X(e, h), 0,

where for c L2(0, 1), 5cu(c):L2(O, 1) W2’2(0, 1) is given by cu(c)h=’o(h), with
r/(h) W2’2(0, 1) satisfying

(4.17)
-(arlx(h))x + crl(h) -hu(c),

r/(O) r/(1) O.

Consider the adjoint equation given by

-(apx)x + cp u(c) Zl in (0, 1),
(4.18)

p(0) =p(1)=0.

From (4.17) and (4.18) we conclude that

(4.19) (u(c)- )r(h) dx pu(c)h dx.

Using this in (4.16), we obtain

(4.0) (-u(e)+ae)hx=O forall heL(O, 1).
o

Therefore we have the relationship

(4.21) te(x)-p(x)u(e,)(x) =0 almost everywhere in [0, 1].

If , =0, then p(x)u(x)=0 for all x e [0, 1], since p and u are continuous. Suppose
p() 0 for some :e [0, 1]; then p(x)O for all x in an interval V containing :. This
implies that u(’l)= 0 on g and consequently f= 0 a.e. on V. If we assume that f is
not a.e. zero on any subinterval of [0, 1], then from this last observation we obtain
that p 0 on [0, 1 or I 0. In the case p 0 on [0, 1 we have u(Cl)= 1 on [0, 1 by
(4.19) and therefore 1 e W:’:(O, 1).
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THEOREM 4.3. Iff is not almost everywhere zero on any subinterval of [0, 1], then
either Zl=U(C) in [0,1] for some cC or A>0. IfA >0, then ?l=(1/A)pu(?.l), ?1
W2’2(0, 1) and Ill= .

The case of point observation C2 is treated quite similarly. We only need to replace
(4.16), (4.18) and (4.19) by

(4.16’)

(4.18’)

and

6cA(62)h 2(u(2)(Xo) z2)(6cu(2)h)(xo)+ 2A (2, h)L2 0,

-(apx) + cp u( c)(xo) z)(x),
p(0) =p(1)=0

(4.19’) (u(c)(xo)-Z2)rl(h)(xo) pu(c)hdx.

We therefore obtain BA(2)h =-2 lopu(2)h dx + 2A (2, h)L2 0, which is (4.20). Pro-
ceeding as in the case of distributed observations, we derive the following result:

THEOREM 4.4. Iff is not almost everywhere zero on any subinterval of [0, 1], then
eitherz2= u(c)(xo)forsomec CorA >0. IfA >0, then2=(1/A)pu(2), "2 wl’2(0, 1)
and I=1= .

Remark 4.2. The study of possible regularity of a in (4.1), and more generally,
of pointwise and norm bounds simultaneously requires a somewhat different analysis
which will be carried out elsewhere.

5. Penalization in the presence of regularity. We return to the case of estimating
b that was discussed at the beginning of 4, and make use ofthe regularity/ W3’2(0, 1)
that was shown to hold for the solutions b of (P).

The following condition is assumed to hold for the subspaces of the approximating
functions for the coefficient b. Let Bp--{b wl’2: [b(x)l-< d/x for all x [0, 1]}.

(H4) The sequence of finite dimensional linear subspaces B c W1,2(0, 1) satisfies
that for each be W3’2(0, 1) with Iblw,,<-_ there exists a sequence
Bm["lBp with [bm-blwl.2<-pB(m)lblw3, and lim,,_pB(m)=0 indepen-
dently of b.

If B’, m 1, 2,..., is chosen as the space of linear spline functions with equidistant
knots (i/m), i=0,. ., m, then ps(m)= O(1/m2). Since Ibis<_- d for b with Ibl,,,,= <_-

one can take Qmb B" fq Bp, where Qm denotes the quasi-interpolation operator (see
[13, pp. 299, 230]); compare also Remark 3.5.

For 1 or 2 we consider the problems
Nm(P,h;m)) min (JN(b)+ h(m)d/(b)).

bBm f’) Bp

--N,m N,mBy Remark 2.2 and Lemma 3.1 there exist solutions bh(m) of (P/h(.,))’ if only (HI) and
(H2) hold. Utilizing the regularity results for the convection coefficient given in 4,
we now improve the approximation result of Theorem 3.2.

THEOREM 5.1. Assume that (H1), (H2) and (H4) hold, and that limm_ h(m)=o,
lim h(m)pn(m)2 O. If b* is any weak limit point of {-N,mbh(m)}, such that th(mk )ffNk’mk b* in
W1’2(0, 1) and Nk-->, mk--> as k-->oo, then b* B is a solution of (P), U(,h<mk))-->

KNk’mk .I, KNk’mku(b*) in W’,(O, 1) ndr()+h(m)vo-(b*).
Proof. Let b be any solution of (P), for i= 1 or 2 and determine bm according

to (H4). Then for all k the inequality
ff_Nk,mk --Nk,mk(5.1) JNk(th(mk))4;- h(mk)lB(th(mk)! < JNk(mk)- h(mk)B(mk)
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holds. If 1/71</x, then limk_,ooh(mk)On(mk)=O. Otherwise we have h(mk)bn("k)
h( mk)(lmkl w, )2 h( mk) Imkl Wt, --[ W,2i2 h(k)(lme l Wt’2)2

h(mk)pa(mk)21[w., and again limk. h(mk)@a(bm)=O.
Consequently the right-hand side of (5.1) converges to J(b) as k, and the

ffNk,mkleft-hand side of (5.1) is bounded. This implies that limk n(Oh 0 and therefore
b* B. Since

gNk, gNk,mk Nk,rnk(5.2) JNk(’h(mk))JNk(o’h(mk)) + h(mk)n(.hm,,
we have from (5.1)

gNk’mk(5.3) JNk(h(mk)I< JNk(mk)+ h(mk)B(mk),
gNk,mk)for all k. Corollary 2.1 implies that u(b) u() and u(, u(b*) in

W’(0, 2) as k. Therefore, taking the limit as k in (5.3), we have

(5.4) Z(b*) J(b).

Since b is an arbitrary solution of (P), b* is a solution as well.
The convergence of the states has already been discussed. The final claim concern-

ing convergence of the penalized fit-to-data criteria follows from (5.2)-(5.4), where
we note that (5.4) holds with the inequality replaced by an equality.

6. Numerical examples. In this section we give some numerical data for the
identification of the coefficients b and c in (2.1) via the output least squares method;
in these examples unconstrained minimization is not successful numerically, whereas
realization of the norm constraint by a penalty functional leads to quite satisfactory
fits of the "unknown" coefficient b or . In all our examples the observation z .was
taken as the known analytical solution u corresponding to a parameter b or as was
used in the L2-fit-to-data criterion. It is our experience with earlier calculations that
adding small amounts of noise to the data does not significantly change the numerical
results and we have thus not considered this case here.

To solve the problems (P"), we took as subspaces HN cubic B-splines with an
equidistant grid {i/N}o and modified to satisfy Dirichlet boundary conditions and
for Q" piecewise linear spline functions or again cubic B-splines, with grid {i/m}io.
Thus dim (HN) N+ 1 and dim (Q")= m + 1 in the case of linear spline functions
and dim (Q’)= m+3 for cubic B-splines. The minimization was carried out by
Newton’s me;.hod with the derivatives of the discretized systems calculated analytically.
The startup value for the unknown coefficient was chosen as the constant function 2
in all cases. In all graphs the solid lines represent the true solution, whereas the dotted
lines represent the numerical approximation.

Example 6.1. Here we search for the coefficient g= v/ cos 27rx in

-4Uxx + gu =f in (0, 1),
(6.1)

u(0) u(1) 0,

where f(x)= (4qr2+x/ COS 27rx)sin 7rx. The solution of (6.1) is given by u(C-)=sin 7rx.

The penalty functional, slightly different from the previous section, was taken to be

1)2 iflcl,> 1,
,(c)=

0 iflcl,.-< 1.

Thus the fit-to-data criterion is given by

lu(c)-zl=+ Mg,(c)
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c ESTIMATE
c(x)=x/cos2rx, N=20, m=21, M=0

FIG.

... / ..,
O.

0.’t i/ ,,
0.1 0.2 0.3 0. 0.5 0.6 0.7 0.8 0.9 1.0

u ESTIMATE
u(x) =sin rx, N=20, m=21, M=0

FIG. 2
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1.00-4

O. 00-

-1.25.

-1.

o.o oJ, o. o. o., oJ o., oJ, oJ, o;,

C ESTIMATE
c(x) x/ cos 2’x, N 20, m 21, M .1

FIG. 3

1.1

O.g-

0.8-

0.6-

0.o

0.2.

0.1-

0.0"

0.0 0.! 0.2 0.3 0.; 0.5 0.6 0.7 0.8 0.9 1.0

u ESTIMATE
u(x) sin rx, N 20, m 21, M .1

FIG. 4
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with z u(C). In Figs. 1-6 we give the graphs of the converged values for CM-N’m and
uV(?_.lim) in the case that N 20, m 21 and for the values M =0, .1, and 10. The
graph for M 1 is indistinguishable from that for M .1. The best fits are obtained
for M .1 and 1; for M 10 the result is less accurate, which might be attributed to
the well-known numerical ill-conditioning of the penalty method for large values of

o-’- "2,. //
oo. "-.,. /,

O.O 0.1 0.2 0.3 O.q, 0.5 0.6 0.7 0.8 0.9 1.0

c ESTIMATE
c(x) cos 2’x, N 20, m 21, M 10

FIG. 5

0.9

O.O

0.0 0.1 0.2 0.] 0. 0.5 0.6 0.7 0.8 0.9 !.0

u ESTIMATE
u(x) =sin zrx, N 20, rn 21, M 10

FIG. 6
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the penalty parameter M. The reader should observe that several different scales are
used for the graphs.

Example 6.2. We now identify/7= cos rx in

-4u,x+ bux+4U =f in (0, 1),
(6.2)

u(0) u(1) 0,

where f(x)= (4r2 +4)sin rx +x/r cos2 x. The solution of (6.2) is given by u()=
sin x. As a penalty functional we took

(6.3) O(b)
0 if lbln 1 + :,

and the fit-to-data criterion is defined accordingly. In Figs. 7-9 we give the graphs of
the converged values b for N 10, M =.01 and various values of m, when the
approximating subspaces Q are taken as linear spline functions. We carried out the
same calculations with M changed to be .001 and .1 and obtained almost identical
results. It is remarkable to obsee that a reasonable fit was obtained even when m > N.
For M 0 the optimization algorithm did not converge. In Fig. 10 we show the result
when instead of linear splines we take cubic B-splines for the space Q and choose
N 10, m 7 and M .01. For N 10, m =4, 6, or 9 and M =.001 or .1 the results
we obtained were rather similar. For all the calculations shown in Figs. 7-12 the
converged value a(b) gave a very good approximation to u() and we therefore
do not show the plots for these cases.

Finally we present the results that we obtained when the penalty functional (6.3)
was replaced by

(6.4) O(b)
1,

iflb]: 1.

Again Q was taken as the space of linear spline functions with knots at {i/m}o.

b ESTIMATE
b(x) x/ cos (rx), N 10, m =6, M =.01

FIG. 7
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0,o,

0,15.

b ESTIMATE (DASHED)
b(x)=x/ cos (rx), N= 10, m=9, M =.01

FIG. 8

b ESTIMATE
b(x) x/ cos (rx), N 10, m 11, M .01

FIG. 9

Figures 11 and 12 give the results for the case N 10, M 1 and m 6 and 11. We
made several other runs with different values for M and m. Throughout the penalty
functional (6.3) employing the Hi-norm produced better fits than the (6.4) criterion
which uses the L2-norm.
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ESTIMATE
b(x) / cos (rx), N 10, m 7, M .01

(cubic spline approximation)

FIG. 10

1.2.

0.6-

0.3-

O.O 0.1 0. 0 O.q, 0 06 0 O.c 0.o ].0

b ESTIMATE
b x/ cos rx, N 10, m 6, M

(L2-penalty functional)

FIG. 11
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1.-

1.0-

0.5-

!

-.! o0O

1
0.0 0. 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

ESTIMATE
b x/ cos rx, N 10, m 9, M

(L2-penalty functional)

FIG. 12
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THE LINEAR QUADRATIC CONTROL PROBLEM FOR INFINITE
DIMENSIONAL SYSTEMS WITH UNBOUNDED INPUT AND OUTPUT

OPERATORS*

A. J. PRITCHARDf AND D. SALAMON$

Abstract. This paper establishes a general semigroup framework for solving quadratic control problems
with infinite dimensional state space and unbounded input and output operators.

Key words, infinite dimensional systems, linear quadratic control, unbounded inputs and outputs,
semigroups

AMS(MOS) subject classification. 93C25

1. Introduction. The object ofthis paper is to present a general semigroup theoretic
framework for solving the linear quadratic control problem (LQCP) for systems with
an infinite dimensional state space and unbounded input and output operators.

The LQCP has been one of the central research problems in the area of mathemati-
cal systems, theory for more than twenty years. This is partly due to its beautiful
mathematical structure. Furthermore, the LQCP provides a link between the area of
optimal control and structure theory for linear control systems, and last, but not least,
the infinite time quadratic cost problem leads to a numerically stable procedure for
stabilizing a linear system by feedback.

For finite dimensional systems the LQCP is now well understood (see e.g. Willems
[28], Wonham [29]) and a more or less complete generalization ofthe finite dimensional
theory has been developed for infinite dimensional systems with bounded input and
output operators (see e.g. Datko [6], Curtain and Pritchard [4], Lions [19], Gibson
[10], Bensoussan, Delfour and Mitter [2], Zabczyk [30]).

In many dynamical systems, the control and observation processes are severely
limited. For example there may be delays in the control actuators and measurement
devices. Also for systems described by partial differential equations (PDE) it may not
be possible to influence or sense the state at each point of the spatial domain. Instead
controls and sensors are restricted to a few points or parts of the boundary. Modelling
such limitations results in unbounded input and output operators. For infinite
dimensional systems with unbounded input and output operators the LQCP has recently
been studied by various authors. One of the first papers in this direction was by Lukes
and Russell [20] and involved spectral operators. The classical reference for parabolic
systems is of course the book of Lions [19]. His results have only recently been
generalized to parabolic systems with a larger degree of unboundedness in the input
and output operators (Pollock and Pritchard [22], Balakrishnan [1], Flandoli [9],
Lasiecka and Triggiani [16], Sorine [26], [27]). The LQCP for first order hyperbolic
PDE’s has been studied by Russell [23]. Lasiecka and Triggiani [18] consider the
higher dimensional wave equation with Dirichlet boundary control. In their paper the
resulting optimal feedback operator is unbounded. For retarded systems with input
delays we refer to Ichikawa 12] and Delfour [8] and for neutral systems with output
delays to Datko [7] and Ito and Tam [14].

* Received by the editors February 20, 1984, and in revised form October 7, 1985.
f Control Theory Centre, University of Warwick, England CV4 7AL.
Forschungsschwerpunkt Dynamische Systeme, Universitit Bremen, West Germany.
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All of these papers deal with very specific classes of infinite dimensional systems--
so far, no attempt has apparently been made to develop a general semigroup theoretic
approach for the infinite dimensional LQCP with unbounded input and output
operators which applies both to parabolic and hyperbolic PDE’s as well as to retarded
and neutral functional ditterential equations (FDE). In the present paper we fill this
gap. An essential feature in our approach is that the semigroup S(t) which describes
the dynamics of the homogeneous equation is not assumed to have any smoothing
properties. This is possible by means ofthe theory developed in Salamon [25, Chap. 1.3]
and provides the basis for our approach to .the LQCP.

In 2 we solve the finite quadratic control problem in the general semigroup
theoretic framework. In particul.ar, we derive the existence of a unique-nonnegative
solution P(t) of the operator differential Riccati equation and we show that the unique
optimal control is given by a time-varying feedback law involving this operator P(t).
We point out that the solution operator P(t) of the Riccati equation has smoothing
properties and that the associated feedback operator is bounded.

Section 3 is devoted to the infinite time problem and the solution is described in
terms of the operator algebraic Riccati equation. The solution of the algebraic Riccati
equation is derived as the limit operator of the solutions of the differential equation
on the interval [0, T] as T tends to infinity. Generalizing the results of Zabczyk [30],
we establish relationships between the stabilizability and detectability properties of
the system and existence and uniqueness results for the algebraic Riccati equation.

In 4 we show how our general theory applies to parabolic and hyperbolic PDE’s
with boundary control as well as for neutral FDE’s with output delays. For these
special classes of infinite dimensional systems we do not derive substantial new results.
We do, however, obtain a number ofknown results, which have not even been published,
as simple straightforward consequences of our general theory. Another application of
this theory to retarded FDE’s with delays in control and observation will be the subject
of a follow up paper.

2. Finite time control. In a formal sense our basic model is

)i( t) Ax( t) + Bu( t), X( to) Xo,
(2.1)

y( t) Cx( t), to <- <-- tl,

where u(. )s L2[to, t; U], y(. ) L2[to, tl; Y], U and Y are Hilbert spaces and A is
the infinitesimal generator of a strongly continuous semigroup S(t) on a Hilbert space
H. In order to allow for possible unboundedness of the operators B and C, we assume
that B ( U, V), and C ( W, Y) where W, V are Hilbert spaces such that

(2.2) Wc H c V

with continuous dense injections. Of course, we interpret (2.1) in the mild form which
means that its solution x(t) is given by the variation-of-constants formula

(2.3a) x(t) S(t- to)Xo+ S(t-tr)Bu(tr) dtr, to<- <- t.
to

In order to make this formula precise and to allow for trajectories in all three spaces
W, H, V, we have to assume that S(t) is also a strongly continuous semigroup on W
and V and that the following hypotheses are satisfied.

tl S(t tr)Bu(tr) dtr W and(H1) There exists some constant b >0 such that to
I15’,’o S(tl-tr)Bu(tr) drll , <- bllu ")11=(,o,,,;> for every u(. ) L2(to, t; U).
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(H2) There exists some constant c>0 such that IIfs(.-to)xll(,o,,,;>cllxllv
for every x W.

Remarks 2.1. (i) Hypothesis (HI) implies that for every Xo W and every u(. )
L(to, h; U) formula (2.3a) defines a continuous function x(. on the interval [ to, t]
with values in W. Hence the output can in this case be defined by

(2.3b) y(t) CS(t- to)Xo+ C S(t-tr)Bu(tr) dtr, to <- <- tl,
to

and is a continuous function on the interval [to, t] with values in Y. If Xo V, then
x(. is only a continuous function with values in V and (2.3b) does not make sense
directly. But if (H2) is satisfied, then for any Xo V we will use the expression
CS(t-to)Xo, to <- <-tl, to denote he function in LE(to, tl; Y) which is obtained by
continuous extension to Xo V of the operator which maps Xo W into CS(.- to)Xo
LE(to, tl; Y). In this sense the right-hand side of (2.3b) is a well defined LE-function
of with values in Y.

(ii) In the above sense the expression CS(t)Bu has a well defined meaning as a
function of for every u U. But the expression CS(t-tr)Bu(tr) will in general not
be a well defined function of tr. Therefore the operator C cannot be taken under the
integral sign in (2.3b).

(iii) In the following we identify the Hilbert spaces H, U, Y with their duals.
Then it follows from (2.2) by duality that

V* H W*

with continuous, dense injections. Furthermore, the adjoint semigroup S*(t) is a

strongly continuous semigroup on all three spaces V*, H, W*.
(iv) Hypothesis (H1) is satisfied if and only if the following dual statement holds.

(nl*) v*.

This is a simple consequence of the identity

x, S(t-r)Bu(r) &r (B*S*(t-r)x,
V*, V to

for x V* and u(. ) L2(to, h; U) and the fact that W**= W. Similarly, the dual
statement of (H2) is the following.

(H2*) For every y(. ) L2(to, tl; Y) we have

S*(z- to)C*y(r) dr clly("
o V*

(v) In view of hypothesis (HI*) the expression B*S*(t)x has a well defined
meaning as an L2 function of for every x W*, in paicular when x C*y with y K

Associated with the control system (2.3) is the performance index

(2.4) J(u)=(X(tl), Gx(t,))v.+ [llCx(t)ll+<u(t), Ru(t))v] at,
to

where G ( V, V*) is a nonnegative definite operator and R (U) satisfies

<u, Ru>   llull 
for some e > 0 and every u U.

Now let us consider system (2.3) with the feedback control

(2.5) UF( t) F( t)x( t), to <- <- tl,
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where F(t) .(V, U) is strongly continuous on the interval [to, tl]. Then we may
define a mild evolution operator F(t, S) (V), to <---- s <-- <-- tl, via

(2.6) F(t, S)X S(t- s)x + S(t- tr)BF(tr)dPF(tr s)x dtr

(see Curtain and Pritchard [4]).
Remarks 2.2. (i) It follows from (2.6) that F(t, S) satisfies the equation

(2.7) dPF(t, s)x--x= F(t, tr)[A+ BF(tr)]xdcr, to<=S=< t<-_ tl

for every x v(A) (the domain of A regarded as an unbounded, closed operator on
V). Equivalently the function s- F(t, S)X V is continuously ditterentiable on the
interval to, t] for every x v(A) and satisfies

OdpF( t, s)x
(2.8) s --bF( t, s)[A + BF(s)]x, to<-_ s <-_ <- t

(see Curtain and Pritchard [4].)
(ii) It is well known that the evolution operator satisfies the equation

(2.9) F(t,s)x=S(t--s)x+ F(t, tr)BF(cr)S(cr-s)xdtr

for to=< s=< t=< t and x V. (See Curtain and Pritchard [4].)
(iii) Often we will consider the feedback system with an additional forcing input

v(.) so that

(2.10) u( t) F( t)x( t) + v( t)

in (2.3). It follows easily from (2.9) thatmfor this control function--the corresponding
solution of (2.3) is given by

(2.11) x(t)=dP(t, to)Xo+ dP(t, cr)Bv(tr) dr, to=< t t.
to

(iv) Using (2.6), it is easy to see taat F(t, S) is also a strongly continuous
evolution operator on W and V and has the following propeies.

(HI’) There exists a constant b’> 0 such that

F(t, )Bu() d b’llu
W

for every u(. L2(to, t; U) and every [to, t].
(H2’) There exists a constant c’> 0 such that

c’llxllv
for every x W and every s to, t]

The dual propeies are the following:
(HI’)* e inequality

holds for every x V* and every to, tl].
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(H2’)* The inequality

holds for every y(.) e LE(to, tl; Y) and every s e to, tl].
Using the condition (H2’) and its dual, we can define a strongly continuous

operator PF( t) ( V, V*), by

PF(t)x=C*F(tl, t)GCF(tl, t)X+ (I)*(% t)C*CCF(" t)xdz

(2.12)
+ c*F(,, t)F*(,)RF(,)CF(-, t)xd,

for to -< -< and x V. Then the cost of the feedback control (2.5) corresponding to
an initial state Xo V is given by

(2.13) J(uF) (Xo, P( to)Xo)v,v..

If the initial state is in H, then this expression can be interpreted via the inner product
in H.

Remark 2.3. The adjoint operator of P(t) ( V, V*) is still an operator from V
to V* and coincides with P(t). In this sense one can say that PF(t) is self adjoint.
Equivalently, the operator i-lpF(t) on the Hilbert space V is self adjoint with respect
to the inner product on V where i" V V* is the canonical isometric isomorphism.
Finally, P(t) is self adjoint in the above sense if and only if its restriction to H is a
self adjoint operator on H.

A formula comparing the cost of an arbitrary control u(. ) LE(to, tl; U) with the
cost of the feedback control (2.5) will play an important role in our analysis. In the
proof of this result we will need to interchange some integrals. At some points this
becomes a delicate problem since we will have to operate with terms like CCF(t, s)B.
In order to make the results precise, we need a third hypothesis.

(H3) Suppose that

Z v(A) W

with a continuous, dense embedding where the Hilbert space Z is endowed
with the graph norm of A, regarded as an unbounded, closed operator on V..

This assumption is not very restrictive. It is satisfied by all known examples of systems
which satisfy (H1) and (H2) if the spaces W and V are chosen appropriately. In the
following we summarize some important consequences of (H3).

Remarks 2.4. (i) If (H3) is satisfied, then A can be regarded as a bounded operator
from Z into V. Correspondingly A* becomes a bounded operator from V* into Z*.
On the other hand A can be restricted to a closed, densely defined operator on Z. Its
adjoint in this sense coincides with the above operator A*: V* Z* (Salamon [25,
Lemma 1.3.2]) and moreover

w.(A*) c z.(A*) V*.

(ii) It is a well-known fact from semigroup theory that

Ttx S(s)x ds v(A) Z
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for every x V and every >= 0. If (H3) is satisfied, then T, is a strongly continuous
family of bounded, linear operators from V into W. It is easy to see that the adjoint
operator T,* ( W*, V*) is given by

T*t x S*(s)x ds e w.(A*) V*

for x W* and _-> 0.
(iii) If (H1), (H2) and (H3) are satisfied, then the following equation holds for

every u U and every t-> 0

C S(s)Buds CT,Bu CS(s)Buds.
o

This seems like a trivial fact; however, we were not able to establish this identity
without assuming (H3). Note that the LHS of the above equation has to be interpreted
in terms of (H1) and the RHS in terms of (H2). For establishing the equation one
must approximate Bu V by a sequence of elements in W. Then the term on the LHS
will not converge in general unless range T, c W.

LEMMA 2.5. Suppose that (H1), (H2), (H3) are satisfied; let F(t)Sf(V, U),
to<= <= tl, be strongly continuous and let dl( t, s) ( V) VI ( W) be defined by (2.6).
Moreover, let u( L2(t0, tl U) and y( L2(to, t U) be given. Then

(2.14) (Cdr(t,s)Bu(s),y(t))gdtds= C dPF(t,s)Bu(s) ds, y(t) dt
to to to Y

where the first expression must be interpreted in terms of (H2) and the second in terms
of(Hi).

Proof. First note that, by (2.6) and (H1), F(t, S) S(t s) ( V, W). Hence it
is enough to establish the desired equation with F(t, S) replaced by S(t s). Secondly
it is easy to see that with Tt &( V, W) defined as in Remark 2.4(ii) the-equations

x(t) S(t- s)Bu(s) ds T,_sBft(s) ds e W,
to to

(s) S* *y r*_sC*fi(t) dte V*

hold for u(. e [o, t; U] with u(to) 0 and y(.) e ’[to, tl; Y] with y(t) 0.
Interchanging integrals, we obtain from these identities that

(Cx(t), y(t))ydt= (Bu(s), z(s))v,v, ds
to to

q
(CS(- s)Bu(s), y(t))ydt ds.

Now the statement of the lemma follows from the fact that both sides of this equation
depend continuously on u(. e L[ to, t; U] and 3’(" e L[ to, t; Y].

Now we are in the position to prove the desired comparison formula for the
feedback control (2.5).

LEMMA 2.6. Suppose that (H1), (H2), (H3) are satisfied; let F(t)e(V, U) be
strongly continuous on the interval to, tl] and let PF( t) ( V, V*) be defined by (2.12)
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and (2.6). Then thefollowing equation holdsfor every Xo Vand every u( L2( to, tl U)

J(u)-(Xo, P(to)Xo)v,v. (R-1B*PF(t)x(t)
to

+u(t), g[R-1B*PF(t)x(t)+u(t)]) dt
(2.15)

I (R-1B*P(t)x(t)
to

+ F(t)x(t), g[g-IB*PF(t)x(t)+ F(t)x(t)]) dt

where x( t), to <- l, is given by (2.3).
oo We sketch only the main steps of the proof for the case Xo Let x(t)

be the mild solution of (2.1) given by (2.3) and define

V( t) u( t) F( t)x( t),

z(t)= F(t, s)Bv(s) ds= x(t)--F(t, to)Xo
to

for to tl (see Remark 2.2(iii)). en applying Lemma 2.5, we can obtain

2Re (C(t,s)(s), C(t,s)Bv(s)) dtds
o

q
(t, s)Bv(s)) dtds= IlCz(t)ll dtRe (Cz(t),C

to to

and therefore, again using Lemma 2.5,

2Re (C(t, s)x(s), C(t, s)Bv(s)} dtds
o

=2Re (C*F(t,, to)Xo, Cz(t)) at+ IlCz(t)ll at
to to

IlCx(t)ll dt- IIC*F(t, to)xolldt.
to to

alogous identities can be derived in a more straightforward way when C*C is
replaced by G( V*) or F*(t)RF(t) (V, V*). Using first (2.12) and then these
identities, we get

+ IlCx(t)II at- C*(t, to)xoll dt
to to

(F(t)(t, to)xo, RF(t)(t, to)xo) dt
o
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+ (F(t)x(t), RF( t)x(t)) dt.
to

It is easy to see that this equation implies (2.15).
We are now able to prove the main result of this section.
THEOREM 2.7. Let (H1), (H2) and (H3) be satisfied. Then there exists a unique

strongly continuous selfadjoint, nonnegative operator P( t) ’( V, V*) to <- <- tl solving
the integral Riccati equation.

(2.16)
P( t)x I,*( tl t)GC,( tl t)x

+ *.(s, t)[C*C+P(s)BR-B*P(s)](s, t)xds

for x Wand to<- <- t where oi,(s, t) v(s, t) is the evolution operator defined by (2.6)
with F(t) -R-1B*p( t) ,( V, U). Furthermore there is a unique optimal control which
minimizes the performance index (2.4) subject to (2.3). This optimal control is given by
the feedback control law

(2.17)

and the optimal cost is

(2.18)

UF( t) -R-B*P( t)x( t)

(z, Pk+l(t)X)v,v* (k( tl, t)z, Gk(t t)x)v,v.

(2.19) + (Ck(s, t)z, C(s, t)x)yds

+ (B*Pk(S)k(s, t)z, RB*Pk(S)k(s, t)x)vds

holds for to<=t<=tl and x W. Applying Lemma 2.6 to F(t)=-R-IB*Pk_I(t) and
Uk(t)=--R-B*Pk(t)x(t), we obtain

(Xo, Pk+,( to)Xo) J( Uk) (Xo, Pk( to)Xo)

([P(- _(,lx(,l,-*
(2.20)

,o

[PK(’)--Pk_,(’)]X(r)) dr

<- Xo Pk (to)Xo)

for k and Xo V. Thus the sequence (Xo, Pk(to)Xo)v,v*, k, is monotonically
decreasing and positive. Applying Kato’s result [15, p. 454, Thm. 3.3] to the monotoni-
cally decreasing sequence of nonnegative operators -Pk(to) on V where i" V- V* is

Proof We regard (2.16) as a fixed point problem which is to be solved by iteration.
Let us define the sequence Pk(t) 0( V, V*) recursively through

so that

Po(t) O, P(t)=Pv(t), F( t) -R-’B*Pk_I( t)

for ke and to<- t<- tl, where PF(I) is given by (2.12). Let us also define

(s,t)=(s,t), F( t) -R-B*Pk( t),

J(UF) (Xo, P( to)Xo).
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the canonical isomorphism (Remark 2.3), we obtain the strong convergence of this
sequence to a nonnegative limit operator on V. Hence the operators Pk(to) ( V, V*)
converge strongly to a nonnegative self adjoint operator P(to) ( V, V*). The same
conclusion is valid for every to, t] since to <- tl can be chosen arbitrarily.

Moreover, (2.20) shows that the operators Pk(t)(V, V*), to<= t<= tl, kt are
uniformly bounded. Hence the limit operator P(t) ( V, V*) is strongly measurable
and uniformly bounded on the interval to, t]. Therefore we can introduce a strongly
continuous evolution operator (s, t) F(S, t) (V) f’l (W) which is defined by
(2.6) with F( t) -R-1B*P( t).

Our next step is to show that the function k( ", t)x (., t)x c#[ t, tl; W] conver-
ges to zero in the sup-norm for every x V and every to, t]. For this purpose let
us consider the identity

OP(s, t)X--OPk(S t)x= S(s-’)BR-1B*[Pk(’)-P(’)]OP(% t)xd"

S(s-,-’*P(,l[,(,,x-,(,,x],

and apply Gronwall’s lemma. Then the desired convergence of k(s, t)x follows from
the pointwise strong convergence of Pk(’) to P(’) together with the dominated
convergence theorem.

As a consequence of this convergence result we obtain that qk(s, t) converges to
,(s, t) both in (V) and in (W) and that this convergence is uniform for <= s _-<

(t fixed). This allows us to apply the dominated convergence theorem to formula (2.19)
and hence P(t) satisfies the integral Riccati equation (2.16). Finally it follows easily
from (2.16) together with the strong continuity of ,(s, t) and *(s, t) in both variables
and in both spaces V and W that the operator P(t) A( V, V*) is strongly continuous
on the interval to, tl]. Thus we have proved the existence of a solution to (2.16).

In order to prove the uniqueness for the solution of (2.16) together with the
statements on the optimal control, let us assume that P(t)( V, V*) is any strongly
continuous, nonnegative solution of (2.16). Moreover, let Xo V, u(.) LE(to, tl; U)
be given, let x(t) V be the corresponding solution of (2.1) which is given by (2.3)
and define v(t) u(t)+ R-1B*P(t)x(t) for to -< t_-< tl. Then it follows from Lemma
2.6 that

(2.21) J(u)=(Xo, P(to)Xo)+ (v(t), Rv(t)) at.
to

Hence the optimal control is unique and given by the feedback law (2.17) and the
optimal cost is given by (2.18). Moreover, we conclude from (2.21) that (Xo, P(to)Xo)
(Xo, P(to)Xo) for any two nonnegative solutions P(t), /3(t) ( V, V*) of (2.16) and
any Xo V. Since to<- t can be chosen arbitrarily, this proves the uniqueness of the
solution to (2.16). F1

The following result shows that the integral Riccati equation (2.16) can be conver-
ted into a differential Riccati equation.

PROPOSITION 2.8. Suppose that (H1), (H2) and (H3) are satisfied and let P(t)
(V, V*) be a nonnegative, self adjoint, strongly continuous operator on the interval
to, t]. Moreover, let the evolution operator (s, t)= F(S, t) (V) be defined by (2.6)
with F(t) -R-B*P(t). Then the following statements are equivalent.

(i) Equation (2.16) holds for every x W and every to, tl].
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(ii) For every x W and every to, tl] the following equation holds

(2.22) P(t)x=dP*(tl, t)GS(tl-t)x/ dp*(s, t)C*CS(s-t)xds.

(iii) For every x W and every to, tl] the following equation holds"

(2.23)
P( t)x S*( tl t)GS( tl t)x

+ S*(s-t)[C*C-P(s)BR-B*P(s)]S(s-t)xds.

(iv) For every x Z the function P( t)x, to <- <-_ tl is continuously differentiable with
values in Z* and satisfies the differential Riccati equation

(2.24a)
d

A*- P(t)x+ P(t)x+P(t)Ax-P(t)BR-B*P(t)x+C*Cx=O,

(2.24b) P( tl)X Gx.

In this equation A is regarded as a bounded operator from Z into V.
Proof. The equivalence of the statements (i), (ii) and (iii) can be established in a

straightforward way using the formulae (2.6) and (2.9) together with Lemma 2.5.
In order to prove that (iii) implies (iv), note that the equation

(2.25) (CS(t)z, CS(t)x}-(Cz, Cx}= [(CS(s)Az, CS(s)x}+(CS(s)z, CS(s)Ax}] as

holds for all x, z w(A) and every >-0. It follows from (H3) and (H2) that both
sides of this equation depend continuously on x, zZ= v(A)c W and that
z(A) w (A)c Z. Consequently fiw(A) is dense in Z and hence (2.25) holds for
all x, z Z.

From (2.25) we see that the function (z, P(t)x)--defined by (2.23)--is continuously
differentiable on the interval to, tl] for all x, z Z and satisfies the equation

d
_2. (z, P(t)x) -(S( tl t)Az, GS( tl t)x)-(S( t)z, GS( t t)Ax)
dt

-(Cz, Cx)+(z, P(t)BR-’B*P(t)x)

Ittl
[(CS(s- t)Az, CS(s- t)x)

+(CS(s- t)z, CS(s- t)Ax)] as

+ (S(s- t)Az, P(s)BR-B*P(s)S(s t)x) ds

+ (S(s- t)z, P(s)BR-1B*P(s)S(s t)Ax) ds

-(Az, P(t)x)-(z, P(t)Ax)

-(Cz, Cx)+(z, P(t)BR-’B*P(t)x).
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This implies

(, P(t)X)z,z. , Gx + [A*P(s)x + P(s)Ax

P(s)BR-B*P(s)x + C*Cx] dS)z,z
and hence (2.24a). Thus we have proved that (iii) implies (iv).

Conversely, let us assume that P(t) satisfies (2.24). Then the following equation
holds for every x e Z and every e to, h]

I ’ (s-
d
S* t)P(s)S(s t)xdsS*(h t)GS(h-t)x-P(t)x=

f" S*(s- t)[P(s)+ A*P(s)+ P(s)A]S(s- t)x ds
d

( t
S*(s t)[ C*C P(s)BR-1B*P(s)]S(s t)x ds

where the integral has to be understood in the Hilbe space Z* and P(t) is the strong
derivative of P(t), to t t regarded as an operator in (Z, Z*).

3. Infinite time control. In this section we consider the control problem ofminimiz-
ing the performance index

(3.1) J(u)= [I]y(t)l]+(u(t), Ru(t))g] dt

where y(t) is again the output of (2.1) with to =0, i.e.

(3.2) y(t)=CS(t)xo+C S(t-s)Bu(s) ds,

For this infinite time problem it is not clear that the cost will be finite for any control
input u(. e L(0, m; U). So we add this as another hypothesis.

(H4) For every xo e g there exists a u(. e L[0,
We will derive the optimal control via the solution of an algebraic Riccati equation
which is actually the stationary version of (2.24). For this sake we consider the finite
time control problems of minimizing the cost functionals.

(3.3) Jr(u) [lly(t)ll+(u(t), Ru(t))g] dt

subject to the constraint (3.2). The corresponding ccati operator will be denoted by
Pr(t) ( V, V*) and satisfies the equation

(3.4) Pr(t)x= S*(s-)[C*C-Pr(s)BR-B*Pr(s)]S(s-)xds

for every x e W and every e [0, T].
LEMMA 3.1.

Pr_(t)=P-(t+a), O<=t<=T-c.
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Proof. The operator Pr(t + a) satisfies the equation

Pr(t+)x= S*(s-t-)[C*C-Pr(s)BR-B*Pr(s)]S(s-t-)xds

S*(s-t)[C*C-Pr(s+)BR-B*Pr(s+o)]S(s-t)xds

for x W and 0<= <- T-a. Thus the statement of the lemma follows from the
equivalence of (2.16) and (2.23) (Proposition 2.8) together with the uniqueness result
(Theorem 2.7). [3

We will derive the solution of the algebraic Riccati equation as the limit of the
solutions to integral Riccati equations as T goes to infinity. For this we need the
following preliminary result which is a special case of Proposition 2.8.

COROLLARY 3.2. Suppose that the hypotheses (HI), (H2) and (H3) are satisfied
and let P(V, V*) be a nonnegative, self adjoint operator. Moreover, let Sp(t)
(V)f’)(W) be the strongly continuous semigroup which is generated by A-
BR-1B*P: v(A) V, i.e. Sp(t) satisfies the equation

(3.5) Sp(t)x=S(t)x- S(t-s)BR-1B*PSp(s)xds

for x V and >-O. Then the following statements are equivalent.
(i) For every x W and every >= 0

(3.6) Px=S*p(t)PS(t)x+ S*p(s)[C*C+PBR-’B*P]Sp(s)xds.

(3.7)

(ii) For every x W and every >-0

Px=S*(t)PS(t)x+ S*(s)C*CS(s)xds.

(iii) For every x W and every >- 0

(3.8) Px= S*(t)PS(t)x+ S*(s)[C*C-PBR-1B*P]S(s)xds.

(3.9)

(iv) For every x Z the following equation holds in Z*

A*Px + PAx PBR-1B*Px + C*Cx O.

Now we are in the position to prove the main result of this section.
THEOREM 3.3. Let (HI), (H2) and (H3) be satisfied. Then thefollowing statements

hold.
(i) The hypothesis (H4) is satisfied if and only if there exists a nonnegative self

adjoint solution P ( V, V*) of (3.9).
(ii) If (H4) is satisfied, then there exists a unique optimal control Up(. L2(0, oo; U)

which is given by the feedback law.

(3.10) Up(t)=-R-1B*Px(t), t>-O,

where P (V, V*) is the (unique) minimal solution of (3.9). Moreover, the optimal
cost is given by

(3.11) J( up) (Xo, Pxo).

(iii) If (H4) is satisfied, then the minimal solution P L( V, V*) of (3.9) is strong
limit of PT(0)( V, V*) as T goes to infinity where Pr( t) is defined by (3.4).
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Proof. First recall that the optimal control ofthe finite time problem on the interval
[0, T] is given by ur(t) -R-1B*Pr(t)x(t), 0 <- <- T, and the optimal cost by Jr(ur)
(Xo, Pr(O)xo) (Theorem 2.7). So (H4) implies that

(Xo, P(O)xo r,(u,) -< r(u,,o) _-< r(U,,o) < oo

and thus there exists a limit of the increasing function (Xo, Pr(0)Xo), T=> 0, for every
Xo V. Hence there exists a nonnegative, self adjoint operator P ( V, V*) which is
the strong limit of P-(0) (Kato 15, p. 454, Thm. 3.3], compare the proof of Theorem
2.7).

By Lemma 3.1,

(3.12) Px s lim PT(t)x V*
Tcc

exists uniformly in on every compact time interval. Making use of formula (3.4), we
obtain for x W and => 0

Px lim PT(O)x

lira S*(s)[C*C-Pr(s)BR-1B*Pr(s)]S(s)xds

lira S*()S*(s-t)[C*C-Pr(s)BR-B*Pr(s)]S(s-t)S(t)xds

+ lira S*(s)[C*C-Pr(s)BR-B*Pr(s)]S(s)xds

lim S*(t)Pr(t)S(t)x+ S*(s)[C*C-PBR-B*P]S(s)xds
T

=S*(t)PS(t)x+ S*(s)[C*C-PBR-B*P]S(s)xds

and hence P e ( V, g*) is a solution of (3.6), (3.7), (3.8) and (3.9).
Conversely, let Q e ( g*) be any nonnegative solution of (3.9) and let uo(t)

-R-B*Qx(t) be the corresponding feedback control law with the associated closed
loop semigroup So(t) e (V) (W). Then the following inequality holds for every
Xoe g

Xo Qxo) i ((So(t)Xo QS0(t)Xo)

+ (So(s)xo, [C’C+ QBR-B*Q]So(s)xo} ds

(3.13)

and hence (H4) is satisfied. Moreover, the operator P e (g, g*) defined by (3.12)
satisfies the inequality

(xo, o} {xo, Pr(0)xo} N rlim Jr(u)= J(u)
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for every admissible control u(. ) L2(0, oo; U)’ This shows that P is the minimal
positive semidefinite solution of (3.6). Finally, taking Q= P, we conclude that the
unique optimal control is given by (3.10) with cost (3.11). [q

Although the above theorem yields a solution to the infinite time problem, in a
sense it is unsatisfactory. This is because we are not sure of a unique solution to the
algebraic Riccati equation and also we cannot be sure that the semigroup Sp(t) is
exponentially stable. In order to resolve those difficulties, we need another hypothesis.

(H5) If xoV and u(’)L2(0, oo; U) are such that J(u)<oo, then x(.)
L2(0, 00; V) where x(t), >-0, is given by (2.3) with to =0.

THEOREM 3.4. Let (H1), (H2), (H3) and (H5) be satisfied. Then the algebraic
Riccati equation (3.9) has at most one nonnegative, self adjoint solution P ( V, V*).
Moreover, ifP is such a solution, then the closed loop semigroup Sp t) ( V) is exponen-
tially stable.

Proof If P(V, V*) is a positive semidefinite solution of (3.9), then the
inequality (3.13) with Q= P shows that the closed loop control up(t)=-R-1B*Px(t)
has a finite cost for every initial state Xo V. By hypothesis (H5) this means that

IIs,( t)Xoll dt < oo

for every Xo V. Hence it follows from a result of Datko [5] that the semigroup
Sp(t) (V) is exponentially stable (see Curtain and Pritchard [4]). The stability of
Sp(t) shows that we have equality in (3.13) and hence

(Xo, Pxo).

Now let Q w( V, V*) be another nonnegative solution of (3.9) and let us apply Lemma
2.6 to the performance index

Jr,o(u)=(x(T), Qx(r))+ [lly(t)ll+(u(t), Ru(t))] dt

as well as the feedback F(t)=-R-B*Q and the control input Up(t). Then Pv(t)= Q
and hence the inequality

 Xo, eXo> J(u )

lira (xo, Qxo}+ (R-B*Ox(t)+u,(t), R[R-B*Qx(t)+u(t)])dt
T-

>- (Xo, Qxo)

holds for every Xo 6 V. Interchanging the roles of P and Q, we conclude that P Q. v1

FinalLy, let us briefly discuss the hypotheses (H4) and (HS) which are chosen in
a general sense but are difficult to check in concrete examples. In most cases it might
be desirable to replace them by stronger assumptions which are easier to check.

Remarks 3.5. Let (H1) and (H2) be satisfied.
(i) Suppose that system (2.1) is stabilizable in the sense that there exists a

feedback operator F (V, U) such that the closed loop semigroup Sv(t) (V)
defined by

SF(t)x=S(t)x+ S(t-s)BFS(s)xds

for 0 and x e V is exponentially stable. Then hypothesis (H4) is satisfied.
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In fact, there is an instant T> 0 and a constant cr > 0 such that the inequalities

IIS( T)ll<v) < l, IIcs,(" )xlIO,T;’) <---- CTIIXIIv
hold for every x W. This implies that

IIcs,(.)xll<o.;.) -< CT E IIS(T)ll<,,)llxll,,
k=O

for x W and hence (H4) is satisfied.
(ii) Suppose that system (2.1) is detectable in the sense that there exists an operator

K e ( Y, V) such that the output injection semigroup Sr (t) (V) defined by

Sr(t)x=S(t)x+ SK(t-s)KCS(s)xds

for t_->0 and x e W (see Salamon [25, Thin. 1.3.9]) is exponentially stable. Then
hypothesis (H5) is satisfied.

In fact, if x(t)e V and y(t)e Y are defined by (2.3) for xoe g and u(.)e
Lo(0, oo; U), then it is easy to see

x(t)=Sr(t)xo+ S(t-s)[Bu(s)-Ky(s)]ds, t>-O.

Hence J(u) <oo implies that x(.)e L(0, oo; V).
(iii) If (H4) and (H5) are satisfied, then system (2.1) is stabilizable in the sense

of (i). (Theorems 3.3 and 3.4.)
(iv) For finite dimensional systems (H5) is equivalent to detectability in the sense

of (ii). It seems to be an open problem whether this equivalence extends to the infinite
dimensional situation.

4. Examples.
4.1. Neutral systems with output delays. We consider the linear neutral functional

differential equation (NFDE)
d

(4.1) d-t (x(t) Mxt) Lxt + Bou(t), y(t) Cxt,

where x(t) Rn, u(t) Rm, y(t) P and xt is defined by xt(’) x(t + z), -h <- z <- 0,
h >0. Bo is an n x m matrix and L, M, C are bounded linear functionals from
c COl_h, 0; "] into " and P respectively. These can be represented by matrix-
functions r/(r),/.(), y(z) of bounded variation in the following way

Lth Ih d/(z)(),

C I. dy()(),

M d(’r)d(’r),
h

In order to guarantee the existence and uniqueness of solutions of (4.1), we will always
assume

(4.2) /z(O) l ,u,(z).

Moreover, we will assume at some places that M:Cg-> R" is of the special form

(4.3) Mb
j=l h

where 0 < hj
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A function x(. Loc(-h, ; ") is said to be a solution of (4.1) if the function
w(t)= x(t)-Mx, is absolutely continuous with an L2-derivative on every compact
interval [0, T], T> 0, and if if(t) Lx, + Bou(t) for almost every >= 0. It is well known
(Burns, Herdman and Stech [3], Salamon [25]) that (4.1) admits a unique solution
x(t), >=-h, for every input u(. ) Loc(0, c; ") and every initial condition

(4.4) limx(t)-Mx,=, x(-)=1(-), -h<=z<O,
t$o

where (, 1) M2 , x L2(-h, 0; "). Moreover it has been shown in [3], [25]
that the evolution of the state

(4.5) ( t) (x( t) Mx,, x,) M2

of system (4.1), (4.4) can be described by the formula

(4.6) ( t) S(t) + S( t- s)Bu(s) ds

where B (", M2) mapsu into the pair Bu=(Bou, 0) and S(t)(M2) is the
strongly continuous semigroup generated by A, where

D(A)={M2. 1 WI,2, o= 6(0)_ M}, A (L1, ).
Here W’2 denotes the Sobolev space W’2(-h, 0; ").

Obviously, the dense subspace

W= {(b(0)- Me, ): e W’’2} (A)

of Mendowed with the W’ normis invariant under S(t) and S(t) can be restricted
to a strongly continuous semigroup on W.

The output of the system (4.1) may be described through the operator

c. w-, c= ,((, 4,e w.
h

Remarks 4.1. (i) The infinitesimal generator A of S(t) can be interpreted as a
bounded operator from W into M. By duality, M can be regarded as a dense subspace
of W* and A* extends to a bounded operator from M into W*.

(ii) It has been proved in Burns, Herdman and Stech [3] and Salamon [25] that
system (4.1) satisfies the hypotheses (H1) and (H2) with H V M and the subspace
Wc M as defined above. Hypothesis (HI) says that the state (T)e M of (4.1)
defined by (4.5) is in W for every input u(. )e L(0, T; N") and zero initial condition
and that (T) e W depends continuously on u(. e L2[0, T; N’]. Hypothesis (H2) says
that the output y(. ofthe free system (4.1) (i.e. u(t) -= 0) is in L-(0, T; N) and depends
in this space continuously on the initial state e M.

(iii) If M: -N" is given by (4.3), then it is known that the semigroup S(t)e
(M) is exponentially stable if and only if

oo sup {Re I: det A(I 0} < 0

where zX(t)= .[I-M(e’)]-L(e"’), I ec, is the characteristic matrix of the NFDE
(4.1). A necessary condition for the exponential stability of S(t) is the stability of the
difference operator which means that

(4.7) sup Ret’det I- A_e-h =0 <0.
j=l
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These facts have been established by Henry [11] for S(t) .(W). They extend to
S(t) (M2) because ofthe similarity of these two semigroups through the transforma-
tion/xI-A" W--> M2 with/x tr(A).

(iv) IfM c __> Rn is given by (4.3) and if (4.7) holds, then system (4.1) is stabilizable
in the sense that there exists a feedback operator F (-M2, Rm) such that the closed
loop semigroup SF(t) e (M2) generated by A+ BF is exponentially stable if and only
if

(4.8) rank [A(A), Bo] n VA C, Re A => 0
(Pandolfi [21], Salamon [25]).

(v) IfM c _.> n is given by (4.3) and if (4.7) holds, then system (4.1) is detectable
in the sense that there exists an output injection operator K (Rp, M2) such that the
closed loop semigroup SK(t) (M2) generated by A+ KC is exponentially stable if
and only if

(4.9) rank
C(e’)

=n eC, Re>-0

(Salamon [25]).
Associated with the system (4.1) we consider the performance index

(4.10) J(u)= [lly(t)llp+ Ilu(t)ll] dt.

Then we have the following theorem (compare Ito and Tarn [14] and Datko [7]).
THEOREM 4.2. Assume M qg--> is given by (4.3) and (4.7) is satisfied; then the

following statements hold.
(i) If (4.8) is satisfied, there exists, for every initial state dp M2, a unique optimal

control which minimizes the cost functional (4.10). This optimal control is given by the
feedback law

(4.11) u( t) -B*Tr;( t)
where 7r o.’(M2) is the minimal selfadjoint, nonnegative operator which satisfies the
algebraic Riccati equation

(4.12) A*r / 7rA / C*C 7rBB* rr 0

(this equation must be understood in the space -( W, W*)). Moreover the optimal cost
is given by

(4.13) J(u) (dp, rdp)M2.

(ii) If (4.9) is satisfied, then there exists at most one nonnegative selfadjoint solution
7r(M2) of (4.12). Moreover if zr is such a solution, the closed loop semigroup
S,(t) (M2) generated by A- BB* zr is exponentially stable.

4.2. Paralmlie systems. Consider the system

(4.14) : Ax + Bu, y Cx

where A is a self adjoint operator on a real Hilbert space H. We assume that A has
a compact resolvent operator and that the spectrum ofA consists of a strictly decreasing
sequence An, n e , of real eigenvalues with associated eigenvector bn H, I111 1.
Then A generates the strongly continuous semigroup S(t) on H given by

S( t)x E ea"’(x, ok,)4,,.
n=l
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We assume that W and V are given by

W= xeH 2 y,(x, ,)2<0o
-=1

V*= xeH Z fl-’(x, ,)2<0o
n=l

with the obvious inner products, where/3, and yn are positive sequences satisfying
0</3,-<_ 1 =< 3’, < c for n N. Then the space V can be represented as a space of
sequences in the following way

V= xe Z

and the injection H c V is given by identifying x H with the sequence {(x, ,)},cN V.
Finally, we assume that the sequences b, e U, c, Y satisfy

and that the operators B ( U, V) and C ( W, Y) are given by

Cx Z c.(x,
-=1

Bu={(bn, u)u}nN.

LEMMA 4.3. (i) Let no=max {n N A, _-> 0} and suppose that

(4.16)

then hypothesis (H1) is satisfied.
(ii) If

(4.17)
no+

then hypothesis H2 is satisfied.
Proof. Statement (ii) is the dual of (i) and statement (i) follows from the inequality

S(t-s)Bu(s) ds Y. 3’. e"(r-)b,u(s) ds
W n=l

< X y,, e2" dsllb.ll=llu( )11 ==L [0, T; U]

-< y. e2a-* d, b. =+ X
n=no+l

"llb"ll=] Ilu(.)ll ==21A.I
, to,;.

In concrete examples the sequences b,, c, are given and the spaces W and V
have to be chosen in such a way that (HI), (H2) and (H3) are satisfied. The next
lemma shows under which conditions this is possible.

LEMMA 4.4. Let the sequences b, U, c, Y, A,, R be given such that A, is strictly
decreasing and tends to -oo. Then there exist positive sequences ,, "y, satisfying (4.15)-
(4.17) /f and only if

(4.18) -=-o+,Y IIb"llI’c"ll<’l.
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Furthermore, if (4.18) holds, then the sequences fl.,.y, can be chosen such that ft. <- y. <-_

ft. A. for almost every n .
Proof. The necessity of (4.18) is obvious. Conversely if (4.18) holds, then it is

easy to see that the sequences

c II/II b, 111hn[ 1/2, b, s O, c, O, A, O,

n=ll c. II=/]x l, b. 0, c. 0, A. 0,
"= 1/n=llb.II =, b. O, c,=0, A, S0,

1 otherwise,

Ixol’/=llc.ll/llb.ll, b. O, c, rs O, . s O,
n=ll c. =, b. 0, c. 0, A. 0,

T= IA,I/n=llb. =, b, 0, c, 0, A, 0,
max {1, I.1} otherwise,

satisfy the requirements of the lemma.
Remarks 4.5. (i) The condition y, =/3.1A.I for almost every n (with at most

a finite number of exceptions) means that

2v(e) c v((-e)1/2) x e V 2 /.IX.lx. < W V
.=1

so that (H3) is satisfied.
(ii) We can assume without loss of generality that Wc H V, i.e. the sequences

/3, and yl are bounded. This can always be achieved by redefining b,, c,,/3, and 3’,.

(iii) It is well known that system (4.14) is stabilizable in the space V if and only
if b, # 0 for n 1,..., no (Curtain and Pritchard [4]).

The system is detectable through the unbounded output operator C:W Y if
and only if c, # 0 for n 1,..., no. This follows from an obvious generalization of
the standard result for bounded output operators using a perturbation result in Salamon
[25].

We are now in the position to apply the Theorems 3.3 and 3.4 to the Cauchy
problem (4.14) with the performance index (4.10). Hence there exists a unique nonnega-
tive operator P ( V, V*) satisfying the algebraic Riccati equation.

(4.19) AP+ PA- PBB*P+ C*C 0

if b, # 0 and c, r 0 for n 1, , no. Furthermore the optimal control is given by the
feedback law

(4.20) u(t) -B*Px(t).

Example 4.6. As a specific example consider

(4.21a) zt=z, 0<s<l,

(4.21b) ze(t, 0) u(t), z(t, 1) 0, > 0,

(4.21c) y(t) c()z( t, sr) dsr, > O.

It can be shown (see Curtain and Pritchard [4]) that this system is equivalent to a
Cauchy problem of the form (4.14) with H L2[0, 1], ;to=0, bo(s) 1, A, =-n2r2,
6(sr) =/ cos norse, and Bu=-,u ( being the Dirac delta impulse at st= 0). Hence



140 A. J. PRITCHARD AND D. SALAMON

we get bo=-l, b, =-/ for nM and c,=(c, oh,) for n=0, 1, 2,.... So condition
(4.18) is satisfied if and only if

n=l

This allows for arbitrary bounded linear output operators C L2[0, 1]- R and even for
a class of unbounded output operators. If C is bounded, then c, is square summable
and we may choose y, 1,/3, n -E, which means that

W= L2[0, 1], V*= Hi[0, 1].

Remark 4.7. Existence and uniqueness results for the differential Riccati equation
associated with parabolic systems have been established by Pritchard and Pollock [22],
Flandoli [9] and Sorine [26], [27] under weaker hypothesis. The assumptions in these
papers are, roughly speaking, that A is a self adjoint nonpositive operator on H and
that

W= V*= ((-A)l/2).
In [9] and [22] it is assumed that the function IlCS(t)Bll.(u,v)is integrable on [0, T],
whereas our results are only applicable if this function is square integrable. However,
in [9] and [22] the Riccati operator P(t) will only be in (V, H)f’I(H, V*) and
correspondingly the optimal feedback operator F( t) -B*P( t) will only be in
(H, U) as opposed to ( V, U).

4.3. Hyperbolic systems. Consider the system

(4.22) " Az + Bu, y Cz,

where A is a self adjoint operator on a real Hilbert space H. We assume that A has
2 satisfya compact resolvent operator and that its (simple) negative eigenvalues A, -to,

(4.23) tol>--8, to.+a to. >-- 6, nN,

for some 6> 0. The corresponding eigenvectors are denoted by b, H, [[b, 1.
Furthermore, we assume that the spaces Wo, V1 are given by

.=1

-=1

where /3, and y, are positive sequences satisfying 0 =</3. =< 1 <- y. =</3,[h,I for n N.
Finally, we assume that the sequences b, U, c, Y satisfy

and that the operators B 6 ( U, V1), C ( Wo, Y) are given by

B*x E (x, 6.)b., Cx E (x,
n=l n=l

Defining Vc H by

V= ((-A)/) {x H
n=l
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and identifying H with its dual, we obtain that Vc H c V* and A extends to a bounded
operator from V to V*. In order to transform (2.22) into a first order system, we
introduce the product space

=VxH

with inner product

<x, ,> E [ll<xo, ><,, >+<x,, ><,, >].
n----1

Then the operator :() defined by

is the infinitesimal generator of the strongly continuous semigroup (t) e() which
is given by

[(cos t)(xo, )+2(sin t){x, )]
(t)x =’, [.(sin .t)(Xo, .)+ (cos .t)(Xl, .)1. ]

Finally, we introduce the spaces

n=l

and the operators e ( U, ), g e(, Y) by

[0] =[C 0].

en (4.22) is equivalent to the Cauchy problem

(4.25) x+ u, y x,
by means of the identification x (z, ). Note that we identify V x H with its dual.

LMMa 4.8. (i) If
(4.26) sup y, llb, ll <,
then the operator satisfies (H1).

(ii) If

(4.27) sup
c. < m,

then the operator satisfies (H2).
oof Statement (ii) is the dual of (i). In order to prove statement (i), note first that

r 2 w (sin ,(T- s))(b,, u(s)) ds
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for every u(. ) L2[0, T; U] and hence

or
.( T- s)3u(s) ds

2 Y (sin to(T-s))(b, u(s)) ds
=1

+ (cos o(r- s))(b, u(s))

(sup .llb.II =) f (sin ,(T- s))u(s) ds
n =1

+ cos (r- s)u(s) s

N const.(sup llb, ll=) Ilu("

e final inequality is a consequence of (4.23) together with some propeies of Fourier
series (see Ingham [13] and Russell [24]).
e next lemma shows under which conditions the spaces and can be chosen

in such a way that (H1), (H2), (H3) are satisfied if the sequences b, c are given.
LEMMA 4.9. Let the sequences b, U, c, Y, h, be given such that (4.23) is

satisfied. en there exist positive sequences ,, , satisfying (4.24), (4.26) and (4.27)
if and only if

(4.28) E
b, = c =

<.
Furthermore, if (4.28) holds, then the sequences ft,, r, can be chosen such that (M)

oofi The necessity of (4.28) is obvious. Conversely, if (4.28) holds, then it is
easy to see that the sequences

llc.ll=/IA.I, IIb.llllc.lll orb.=0,. 1/llb, ll=lA,I, IIb, IIc, 1 and b. 0,
1/IA.i, b 0, c. 0,

1/llb.II =
IIcll =, b:0, c0,
1, b,=0, c,=0,

satisfy the requirements of the lemma. In paicular ft,y is bounded and
for eve n .

We are now in the position to apply Theorem 2.7 to the Cauchy problem (4.25)
with the performance index

(4.29) J(u)= [lly(t)ll=+llu(t)ll =] dt.

Hence there exists a unique nonnegative strongly continuous operator (t) s (, *)
satisfying the differential ccati equation

(t)x + M*(t)x+ (t)Mx (t)*(t)x+*x O,
dt

(4.30)
( T)x O, x s ().
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Furthermore, the optimal control is given by the feedback law

(4.31) u(t)= -*(t)x(t).
Example 4.10. As a specific example we consider the system

(4.32a) zu=zu, 0<:<1, t>0,

(4.32b) z( t, O) u( t), z(t, 1)=0, t>0,

(4.32c) y( t) c()( t, ) d, > 0,

in the Hilbert space

=/-/[0,1] t[0,1]
which we identify with its dual. Then the operator A A" H2[0, 1 fq H[0, 1 -> L2[0, 1
has the eigenvalues A, n2r2 with corresponding eigenfunctions b,(:)=x/ sin
Furthermore, the input operator for (2.32) takes the form Bu =-’u, where 3’ is the
distributional derivative of the Dirac delta impulse at -0 (see Curtain and Pritchard
[4]). Hence

b f nm c x/ c() sin nr: d:
for n M. So condition (4.28) is satisfied if c is square integrable. The proof of Lemma
4.9 shows that we may choose

= 1 }/3,=max IxI,IAI=
1

In particular this means that the boundary control system (4.32) has continuous
solutions in the space

L2[0, 1 x H-l[0, 1]

for every input u(. ) L2[0, T]. This result has also been established by Lasiecka and
Triggiani [ !7]. For the output operator we can allow an arbitrary bounded linear map
from L2[0, 1] into . The space o//. depends on this map. In any case o/g. c and hence
’(t) //"-> * has a smoothing effect with respect to

Remark 4.11. An analogous result has been developed by Lasiecka and Triggiani
[18] for the higher dimensional wave equation. In their paper the output operator is
the identity on the displacement component of the state in L2x H-. This case
cannot be treated within our framework. However, the results in [18] are weaker than
ours. The uniqueness for the solution of the Riccati equation has not been established
in [18]. Furthermore, the Riccati operator in [18] is in (/’) and does not have
smoothing properties with respect to off.. Consequently the feedback operator becomes
unbounded with respect to this space. It seems that for hyperbolic PDE’s our assump-
tions are close to the weakest possible in order to derive a bounded feedback operator.
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THE MAXIMUM PRINCIPLE FOR AN OPTIMAL
SOLUTION TO A DIFFERENTIAL INCLUSION

WITH END POINTS CONSTRAINTS*

HALINA FRANKOWSKA’t"

Abstract. We derive Pontryagin’s maximum principle for a general optimal control problem using the
set-valued version of variational equation. We achieve this aim by exploiting an adequate differential calculus
of set-valued maps. Furthermore, the calmness condition is replaced by a surjectivity condition involving
reachable sets of the "set-valued linearization" of the initial control problem. Duality then provides both
the "adjoint differential inclusion" and the maximum principle.

Key words, differential inclusion, tangent cone, derivative of a set-valued map, convex process, vari-
ational inclusion, maximum principle
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1. Introduction. We shall derive the maximum principle for the optimization
problem

(1) minimize g(x(O), x(1)) + (x(r)) dr

over the solutions to a differential inclusion

(2) x’(t) eF(x(t))

satisfying end points constraints

(3) x(0) Co, x(1) C1.
By regarding this problem as an abstract optimization problem

(4) min $(x)

where X is the set of solutions to (2), (3) in an appropriate functional space, the
maximum principle is the three-century-old Fermat rule stating that the gradient of
the functional $ vanishes at a solution of (4) lying in the interior of :/’. Since most
often in infinite-dimensional space X has an empty interior (i.e., lies in the boundary
of ff{) this Fermat le becomes

(5) (’(), w)0
for all w in Tx(), where T() is the contingent cone to if{ at , introduced by
Bouligand in the 1930s (see Aubin-Ekeland [3, Chap. 7]).
en we wish to derive the maximum principle from this inequality, we obsee

that we cannot "characterize explicitly" all the elements of this cone, but only of a
subcone. We already followed this abstract approach in Frankowska 12] by using an
appropriate subcone" the intermediate tangent cone I(), introduced by Ursescu [22].
Hence we shall deduce the maximum principle from inequality (5), when w ranges
over a closed convex subcone of the intermediate tangent cone. The co0vexity allows
us to state a dual version of the Fermat rule (5), which is the familiar form in which
the maximum principle is stated.

* Received by the editors December 4, 1984, and in revised form August 26, 1985.

" CEREMADE, Universit6 de ParismDauphine, 75775 Paris, France.
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We may always choose the Clarke tangent cone Cc(), introduced by Clarke in
[6]. We refer also to Clarke [7], Rockafellar [17] and Aubin-Ekeland [3, Chap. 7],
for an exhaustive exposition of the properties of this cone. Let us mention only a result
of J. Treiman [20], generalizing to the case of Banach spaces a result of Cornet [8].
It implies in essence that when a subcone of the contingent cone is lower semicon-
tinuous, it is actually a subcone of the Clarke tangent cone. However, the choice of
the Clarke tangent cone is not always wise. First, it involves unnecessary regularity
assumptions. Second, it happens to be difficult to handle and to characterize explicitly.
This is the reason why we state our results for an arbitrary closed convex subcone of
the intermediate tangent cone.

In this paper, we replace the "calmness" assumption introduced in Clarke [7] by
a surjectivity assumption, which involves naturally the end points constraints.

The outline of the paper is as follows. In 2 we recall some notions with which
we are dealing. Section 3 is devoted to the study of the derivative of the solutions set
of the differential inclusion (2). In the fourth section we derive the maximum principle.
An example is provided in 5.

2. Tangent cones. We recall first
DEFINITION 2.1. Let K be a subset of a Banach space E and x K (closure of K).
(a) Bouligand’s contingent cone:

Tr(x := { w E" lim inf dist (
(b) Intermediate tangent cone:

Ir x := { w E h-o+lim dist (w,
(c) Clarke’s tangent cone:

Cr(x):= {w E" lhimo+dist (w,
y-->
K

(d) Dubovickii-Miljutine tangent cone"

Dr(x) := {w E" :le > 0, x + ]0, el(w+ eB) c K},

where B denotes the closed unit ball in E.
All the above sets are cones. (a), (b), (c) are closed, (d) is open. Moreover if K

is convex then Tr(x)= Cr(x)= It(x), Dr(x)= Int Tr(x).
The cone Cr (x) is always convex and

C,,:(x) I,(x) T,(x), Int Cr(x)c Dr(x)c It(x).

For further properties of Tr(x) see Aubin-Ekeland [3, Chap. 7]. The cone Cr(x)
was studied in Clarke [7], Rockafellar [17] and Aubin-Ekeland [3]. For the cone
Dr(x) see Dubovickii-Miljutine [9]. Properties of It(x) are given in Ursescu [22].

We recall
DEFINITION 2.2. For Q :R x E --> R [_J {+}, set

lim sup inf Q(h, u’):= sup inf sup inf Q(h, u’)
hO+ u’-u e>0 8>0 h]0,[ u’u+e

(see Rockafellar [17]).
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DEFINITION 2.3. For f" E R (.J {+}, x Dom (f), u E set

f(x + hu’)-f(x)
i+f(x)(u) := lim sup inf"

hO+ u’u h

If Epf denotes the epigraph of f, we observe that

IEy(x,f(x)) Ep i+f(x)

(see Frankowska [12]).
Here we shall use the closed convex subcones of the intermediate tangent cone

Ir (x). The Clarke tangent cone Cr (x) is the first example of such a subcone. Another
example is provided by the asymptotic tangent cone given by

I(x) {u Ir(x)" u + I(x) Ir (x)}.

I(x) is a closed convex cone and Cr(x) Ir(x)c Ir(x).
In this paper we .shall study a "linearization" of a differential inclusion given by

a closed (convex) process. We recall
DEFINITION 2.4. Let E, E1 be Banach spaces and let A" E :: E1 be a set-valued

map. A is called a closed (respectively, convex) process if graph A is a closed
(respectively, convex) cone. The transposed process A*’E*I :: E* of a closed convex
process A" E :: E1 is defined by

vA*(u) if and only if for all (x, y) graph A, (v,x)<=(u,y).

DEFINITION 2.5 [13]. Let E, E be given Banach spaces and let F" E :: E be a
set-valued map, Lipschitzian at x and y F(x). The intermediate derivative dF(x, y)
of F at (x, y) is a set-valued map from E into E defined by

dF(x, y)(u)= ve E1" lim dist v, =0
h-,O+ h

for all u E, or equivalently

v dF(x, y)(u) if and only if (u, V) IgraphF(X y).

In the case of single-valued maps, this notion generalizes the Fr6chet derivative.
EXAMPLE 2.6. Let F’E E be a set-valued map, Lipschitzian at x, y F(x).

Then dF(x, y) is a closed process.
The cones IraphF(X y) and CgraphF(X y) define closed convex processes dF(x, y),

CF(x, y), respectively, by

v dF(x, y)(u) if and only if (u, v) IraphF(X, Y),

v CF(x, y)(u) if and only if (u, v) CgphF(X, y).

In the next two lemmas we study some properties of the intermediate derivative
dF(x,y).

LEMMA 2.7. Let F" E " be a given set-valued map, Lipschitzian at x with a
constant M and y F(x). If F is differentiable at (x, y), in the sense that

TgraphF(X, y)= IgraphF(X y),

then the map dF(x, y)(. is an M-Lipschitzian closed process. If, moreover, it is soft in
the sense that

TgraphF(X y)= CgraphF(X y),

then dF(x, y) is a closed convex process.
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Proof. The set dF(x, y)(0) because it contains zero. Pick any u E such that
dF(x,y)(u)f and let vdF(x,y)(u), ulE. For all small h>0 let Vh
(F(x+hu)-y)/h be such that limh_,O/ Vh V. By Lipschitzianity, for all small h>0,
there exists Wh (F(x + hUl)-y)/h such that [[Wh--Vhll <= M[Iu- u ll. So there exists a
subsequence {Wh,} converging to some w. Thus

(//1, W) TgraphF(X y), [[v- w[[ <- Ml[u t/iiI.
By the assumption of Lemma 2.7,

wdF(x,y)(ul).

The second statement follows from the convexity of Clarke’s tangent cone.
LEMMA 2.8. Let F E E1 be a Lipschitzian at x set-valued map with convex images

and y F(x). Then for all uDom dF(x, y):= {w: dF(x, y)(w)+f}, dF(x, y)(u) is a
closed convex set and

cl (dF(x, y)(u)+ TF(x)(y))c dF(x, y)(u).

Proof. Fix u Dom dF(x, y). The set dF(x, y)(u) is closed because graph dF(x, y)
is closed. It is convex because F has convex images. To prove the last statement we
have to verify that

1
dF(x, y)(u)/ t.J -(F(x)-y)c dF(x, y)(u).

h>0

Pick ho> 0 and v dF(x, y)(u) and let w be so that y+ how F(x). For all small h > 0
let Vh E1 be such that limh_O+ Vh V and

(2.9) y + hVh F(x + hu).

Since F is Lipschitzian at x there exists M > 0 such that for all h > 0 sufficiently small

(2.10) y+ how F(x + hu)+ hlulMB.
By the convexity of F(x + hu) and (2.9), (2.10) for all small h > 0

Hence

h2 h2

y+ h(1)h / W)---7-)h F(x + hu)+-Z--lulMa
no no

and by Definition 2.5, v+ w dF(x, y)(u).
In this paper we consider families of uniformly Lipschitzian closed processes. The

next lemma provides a sufficient condition for the uniform Lipschitz continuity.
Let A:E:: E1 be a given closed convex process. If Dom(A):=

{x E: A(x) f} E the Robinson-Ursescu theorem (see Robinson [16], Ursescu
[21] or Aubin-Ekeland [3, p. 132]) tells us that A is M-Lipschitzian for some M > 0
and that for all q Dom (A*)

sup p MII q II-
pA*(q)

LEMMA 2.11. Let T be a topological space and let A:"::; q, ’ T be a family
of closed convex processes. Assume that the map " graph A is lower semicontinuous at

Zo. Then the following statements are equivalent.
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(i) The processes A are uniformly Lipschitzian on a neighborhood V of Zo, in the
sense that there exists a constant M > 0 such that

A is M-Lipschitzian for all z V,

(ii) Dom A gn.
Proof. Clearly (i) implies (ii). Conversely assume that (ii) is verified. By the

Robinson-Ursescu theorem, Ao(. is y-Lipschitzian for some y > 0. Let Uo, , u, R"
be such that

Bc Int co {ui i-O, ., n},

m max u, Ilo

By Lipschitzianity, for all there exists

vi Ao( Ui) f’l ymB.

By the lower semicontinuity of graph A, there exists a neighborhood V of Zo such for
all z V and i=0,..., n we can find

(2.12) (u,(z), v,(z)) graph (A)f’l(mBxEymB)

such that

Bc Int co {ui(z)" i=0,..., n}.

Since graph A is convex, we deduce from (2.12) that for all u mB

A(u)f’12ymB #

and thus

1
B A-(B).
23,

This inclusion implies that A(. is Lipschitzian with a constant 22,. [3

COROLLARY 2.13. Let F’R":: q be a set-valued map. Assume that there exists a
family of closed convex processes P(x, y)"" :: Rq, (x, y) graph F satisfying

{uzn" 3vaa, (u, v) lim inf graph P(x, y)}
(x’,y’)-(x,y)

(x’,y’) graph F

Then, for all compact set G cgraphF, any family of closed convex processes
A(x, y)" " :: q, (x, y) G satisfying

graph P(x, y) graph A(x, y) for all (x, y) G

is uniformly Lipschitzian.
Proof By the compactness of G it is enough to show that for all (x, y) graph F

there exist e > 0 and M > 0 such that for all (x’, y’) ((x, y) / eB) 0 graph F A(x’, y’)
is M-Lipschitzian. Fix (x, y) graph F and set

Q lim inf graph P(x’, y’).
x’,y’)- x,y

(x’,y’)graph F

For all (x’, y’) graph F and u R" set

y,)(u)={ve Rq" (u, v)e Q}
S(x’ [ P(x’, y’)(u)

if(x’,y’)=(x,y),
otherwise.
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By Lemma 2.11 there exist e > 0, M > 0 such that for all (x’, y’) c ((x, y) + eB) fq graph F
S(x’, y’) is M-Lipschitzian, i.e., (1/M)Bc S(x’y’)-l(B) P(x’y’)-l(B)c
A(x’, y’)-(B). This implies the M-Lipschitzianity of A(x’, y’).

We shall need the following
LEMMA 2.14. Let :R be a Lipschitzianfunction andf: LI(0, 1) be defined

f(x)= (x(z)) dr.

Further let z LX(0, 1) and [0, 1 x" be such a function that
(i) (., u) is measurable for all u
(ii) {$(-,. ): -e [0, 1]} $s a family of uniformly Lipschitzian convex functions and

(’, 0)=0 for all -e [0, 1],
(iii) $(z, .)_>- i+(z(-)) (.) for almost all -e [0, 1].

Then the function g: L1(0, 1) R defined by

g(u)

is convex, Lipschitzian. Furthermore g >-_ i+f(z) and if is a subgradient of g at zero,
thenfor almost all z [0, 1

() ,(, o).

Proof. It is enough to prove the last statement. By Fatou’s lemma and Lipschitz-
ianity of , for all u L(0, 1)

i+f(z)(u) <-_ lim sup
h0+

(z() + hu())- (z())
dT

i+(z(z))(u(r)) dz <- d/(’, u(z)) dr= g(u).

If e Og(O), then : e L(O, 1) and for all u e LI(o, 1)

((,), u(,)) d<_- 0(, u(,)) d.

We may assume that : is a bounded function. Since O(z," )-(:(z), .) are uniformly
Lipschitzian functions equal to zero at the point zero and u is an arbitrary function
of LI(0, 1) the last inequality implies that for almost all r e [0, 1] and all x e N", @(r,
x) -(:(r), x) -> 0, equivalently,

,(, x)- ,(, o) _-> (:(), x)

which ends the proof.

,3. The intermediate derivative of the solution set to the differential inclusion x’
F(x). Let F: :: be a set-valued map. Recall that a function x of the Sobolev
space WI’I(0, 1) is called a solution to the differential inclusion

(3.1) x’eF(x)

whenever x’(t) F(x(t)) almost everywhere in [0, 1]. We denote by $1 the set of all
solutions of (3.1) defined on the time interval [0, 1]. For all r/ " set

S() {x e S x(O)
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Let z belong to S For deriving the maximum principle we need to regard S as
a set-valued map from R" to the space C(0, 1) of continuous functions on [0, 1] into
R" and to characterize the derivative dS(z(O),z) (the intermediate derivative of
S:" ::t C(0, 1)).

We denote by co F the set-valued map whose value at x is equal to the convex
hull of F(x).

Consider the convexified inclusion

(3.2) x’ co F(x)

and let S denote the set of solutions of (3.2) defined on the time interval [0, 1]. For
all r/R set

s(n) {x s: x(O) n)}.
We wish to compare dS(z(O), z) and dS(z(O), z).
THEOREM 3.3. Assume that F has compact images and is Lipschitzian on a neighbor-

hood of z([O, 1 ]). Then

dS(z(O), z)= dS(z(O), z).

Proof. Let e > 0 be so that F is Lipschitzian on z([0, 1]) + 2eB. By the Filippov-
Waewski relaxation theorem (see Aubin-Cellina [2, p. 128]) for all x SC() satisfy-
ing x([0, 1 ]) c z([0, 1 ]) + eB there exists a sequence xi S(r/), -> 1 which converges
to x in C(0, 1). Hence the result.

In the theorem below we characterize subsets of dS(z(O), z).
THEOREM 3.4. Assume that F has compact images and is Lipschitzian on a neighbor-

hood of z([0, 1]). Then the set of solutions to the differential inclusion

w’(t) d co F(z(t), z’(t))(w(t)) a.e. in [0, 1],
(3.5)

w(0) n,

is contained in dS( z(O), z)( q ).
Proof. From [13] follows that every solution of the inclusion (3.5).is contained

in dSC(z(O), z)(q). Theorem 3.3 ends the proof. ]

4. The maximum principle. Consider the differential inclusion

(4.1) x’F(x)
and let S denote the set of all solutions of (4.1) defined on [0, 1].

Let Co, C be subsets of R" and let

be given Lipschitzian functions.
Consider the problem

(4.2) minimize g(x(0),x(1))+ 4(x())drxeS,x(O)eCo, x()eC,.

Let be a solution of (4.2). We wish to prove the maximum principle by using a
"linearization" of differential inclusion (4.1) along . For this we consider:

I. A family of closed convex processes A(t):Nn :: N" where e [0, 1] satisfying

t- A(t)(x) is a measurable map,
(4.3)

A( t)(x) d co F(z( t), z’( t))(x),
for all x s R ".
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II. A family of convex functions g(t):R", where [0, 1], such that for all

- g/(t)(u) is measurable,
(4.4) g(t)(u)>= i+rk(z(t))(u), g(t)(0) 0,

g(t)(. is positively homogeneous.

III. A convex function ql :" x R" -> such that

(4.5)
q >- i+g(z(0), z(1)), ,(0) =0,

gq is positively homogeneous.

IV. Closed convex cones P, Q c R" satisfying

(4.6) pc Ico(z(O)),

(4.7) Int Qc Dc,(Z(1))
We denote their negative polars by
P-, Q-, respectively.

Let us consider the linearization

(4.8)
w’(t) cl (A(t)w(t)+ TeoFCz,))(z’(t)))
w(O) P,

a.e. in [0, ],

and let R(1) denote the reachable set of (4.8) at time 1, i.e.,

R(1)= {w(1): we W’(0, 1) is a solution of (4.8)}.

Remark. Lemma 2.8 implies that el (A(t)w+ Tcov(z(t))(z’(t)))c d co F(z(t),
z’(t))(w).

TI-IEOREM 4.9. Assume that z S solves problem (4.2), F has compact images and
is Lipschitzian on a neighborhood ofz([O, ]). Let {A(t): [0, 1 ]} be afamily ofuniformly
Lipschitzian closed convexprocesses, let {0(t): [0, ]} be afamily ofuniformly Lipschitz-
Jan convex functions, let 01 be a Lipschitzian convex function, and let P, Q be closed
convex cones such that the relations (4.3)-(4.7) are satisfied.

If the following surjectivity assumption holds true
(i) R(1) Q ", or equivalently
(ii) there exists a solution i of (4.8) such that if(l) Int Q,

then there exists a q WI’(0, 1) satisfying
(a) the adjoint inclusion:

q’(t)E A*(t)(-q(t))+O(t)(O),

(b) the maximum principle:

(q(t), z’(t)) max (q(t), e),
eF(z(t))

(c) the transversality condition"

(q(0),-q(1)) e 0qJ,(0) + P-x Q-.

Remark. In particular if for a.e. [0, 1 the set-valued map F is soft at (z(t), z’(t)),
then by Lemma 2.7 the theorem holds with A(t)= dF(z(t), z’(t)).
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Proof. Fix any number p > 1. We introduce the following notation:

E LP(O, 1), W= WI’p(O, 1), T=II" xlt",

ye (W, T): y(x)=(x(O),x(1)),

Le( W, E): Lx 2,

Io’f" E E" f(x) c])(x( t)) dt,

:E- E: (x)={y E: y(t) F(x(t)) a.e.}.

With this new notation, z solves the following problem

minimize {f(x)+ g y(x): Lx (x); x(0) Co, x(1) C}.

For all [0, 1], x R set

G(t, x) := cl (A(t)x+ TcoF(z(,))(z’(t))).
The set-valued map G is measurable in and Lipschitzian in x. Moreover, for almost
all [0, 1 graph G(t, is a closed convex cone. Hence by the time-dependent version
of the Filippov theorem (see Clarke [7, p. 115]), WI’(0, 1)-solutions of (4.8) are dense
in wl’l(0, 1)-solutions of (4.8). Therefore we may assume

(ii)’ there exists a solution WI’(0, 1) of (4.8) such that #(1)Int Q.
Moreover the set reachable at time 1 by WI’(0, 1)-solutions of (4.8) is dense in R(1).

We shall proceed in several steps.
Step 1. Denote by SL the set of all solutions of (4.8) belonging to WI’p(0, 1)

which satisfy w(1) Q. We claim that for all w SL

(4.10) @(t)(w(t)) dt+ d/l(yW)>-O.
0

Indeed by the convexity of SL and the remarks preceding Step 1

(4.11) {w(1): we SL}-Q- g.
Let WI’(0, 1) be as in assumption (ii)’. Then for all n -> 1 and w SL the function

w, 1- w+-ff SL.
n

Moreover,

w,(1) c Dc,(Z(1)),
(4.12)

w.- w in Wl’p(O, 1).

Since {p(t)} are uniformly Lipschitzian and 01 is Lipschitzian it is enough to
prove (4.10) for all w,. So fix n. By Lemma 2.8 and Theorem 3.4 for all h > 0 there
exist wh W’, (0,1) satisfying g-l"hwhESl,, whw,, in C(0, 1).

By Lipschitzianity of F and Filippov’s theorem (see Aubin-Cellina [2, p. 120])
we may assume that z(0)+ hwh,(O) Co. Moreover by (4.12) for all h sufficiently small
z(1) + hw(1) C1. Since z is a solution and f, g are Lipschitzian, we obtain

f(z+ hwhh,)--f(z) go y(Z+ hwh,,)--g y(Z)
0 _--< lim sup + lira sup

h0+ h hO+ h

i+f(z)(w,,)+ i+g(yz)(yw,,).

Lemma 2.14 and assumptions (4.4), (4.5) end the proof of Step 1.



154 HALINA FRANKOWSKA

Step 2. We claim that for all u, e E there exists a solution w W’P(0, 1) of the
differential inclusion

w’(t) G(t, w(t)+u(t))+e(t),

w(O) P, w(1) Q.

Indeed since G(t,. are uniformly Lipschitzian there exist w WI’p(0, 1) satisfying

w(t) G(t, w(t)+u(t))+e(t) a.e.,

w(0) =0

(see [7, p. 115]). On the other hand by (4.11) there exists w_ W’P(O, 1) satisfying

w(t) G( t, w2(t)),

WE(0) P,

-w(1)WE(1)-Q.

Consider then w w + w2.

and

By convexity, for almost all

w’(t)=w(t)+w(t) G(t, w(t)+u(t))+e(t)+G(t, w2(t))

G(t, w(t)+u(t))+e(t)

w(O) w(O) P,

w(1)= w(1) + w2(1) Q,

which ends the proof of Step 2.
Step 3. Consider the closed convex process Q:E ::t E given by

Q(x) {y E: y( t) G( t, x( t)) a.e.}

and let NcoF(z(,))(z’(t)) denote the normal cone (of convex analysis) toco F(z(t)) at
z’(t).

We claim that the transposed process Q*: E* = E* is given by p Q*(q) if and
only if for almost all [0, 1

(4.13) q( t) --NcoF<z<,))(z’( t)),

(4.14) p( t) A( t)*(q( t)).

Indeed fix qE* and pQ*(q). Then for all (x,y)graph Q (p, x) <- (q, y). Since
0 G(t, 0) it implies that for all measurable set A c [0, 1 and all measurable functions
x, y:A B satisfying y(t) G(t, x(t)) a.e. in A

(4.15) f ((p(t), -q(t)), (x(t), y(t))) dt <-_ 0.
JA

Let A’ be the set of all [0, 1 such that

sup ((p(t), -q(t)), (a, b)) > 0.
(a,b)graph G(t,.)

It is measurable. We check that its measure /x(A’) is zero. Indeed there exists
a measurable set AcA’ and e>0 such that /z(A’)=2/x(A) and for all tA,
sup {< (p(t),-q(t)), (a, b)): (a, b)(BxB)fqgraph G(t, .)}=> e. The set-valued map

A9 t->graph G(t,. )f’){(a, b) Bx B: ((p(t),-q(t)), (a, b))_-> e}
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is measurable with closed nonempty images. Thus it has a measurable selection, a
function u(t)egraph G(t,.)fqBxB such that for all teA ((p(t),-q(t)),u(t))>=e.
Inequality (4.15) implies then that /z(A)=0. Hence for almost all re[0, 1] and all
a e R", b e cl (A(t) (a) + TeoF(z(t))(Z’(t))), (p(t), a) <- (q(t), b). Setting a 0 we deduce
(4.13). Because zero is contained in the tangent cone we also obtain that for almost
all and all (a, b) e graph A(t) (p(t), a)<-(q(t), b). This implies (4.14). One can easily
check that if p, q e E* satisfy the inclusions (4.13), (4.14) then p e Q*(q).

Step 4. For all w e W set

(w):= q,()(w()) d,

l(t) if e P x Q,
to( t) +oo otherwise,

rl o(o),

(the subditterentials of r and to at zero in the sense of convex analysis). Steps 1, 2
and Lemma 3.4 [12] imply that there exist e WI’p*(0, 1) (where I/p+ I/p* 1) and
: e II c L(0, 1) satisfying

-t’ e + Q*(t), (-t(O),

By Lemma 2.14, st(t) e 0O(t)(0) a.e. Set q -t]. Step 3 implies that q satisfies the adjoint
inclusion (a) and the maximum principle (b). Because {A( t)*(-q( t)): tel0, 1]} is a
bounded set and : e L(0, 1) we also obtain that q’e L(0, 1).

Since f/= 0q(0) + P- x Q- we obtain the transversality condition (c). So the proof
is complete.

5. An example. Let U be a compact metric space and let a continuous function

f" R"x U R" be given. Consider the control system

(5.1) x’=f(x, u(t)), u(t)e U.

We denote by S the set of solutions of (5.1).
Let two subsets Co, C1 c " and Lipschitzian functions b :R" --> R, g :R" x R" R

be given.
We study the problem

minimize g(x(O),x(1))+ 4(x(t)) dr: xe&,x(O)e Co, x()e Cl

Assume that a trajectory-control pair (z, t) solves the above problem and let
Nco(Z(O)), Nc(Z(1)) denote the Clarke normal cone to Co at z(0) and to C1 at z(1),
respectively.

Consider the linear inclusion

We denote by

(5.2)

f(zw’ e (t), t(t))w + Tcof(z(t), v)(z’(t)),
Ox

w(O) Co(Z(O)).

R(1) {w(1): we wl’l(0, 1) is a solution of (5.2)}.
THEOREM 5.3. Assume that there exist L> 0 and an open neighborhood Vofz([O, 1 ])

such that f(., u) is L-Lipschitzian for all u e U, and for almost all t, the derivatives
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(of/ox)(z(t), fi(t)), d’(z(t)) and the derivative g’(z(0), z(1)) are well-defined. Assume
further that Clarke’s tangent cone Ccl(Z(1)) has a nonempty interior. If the following
surjectivity assumption holds true:

(i) R(1)-Ccl(Z(1))=R",
(ii) there exists a solution of (5.2) such that #(1) Int Cc,(Z(1)),

then there exists q WI"(O, 1) satisfying

Of ).q’(t) d’(z(t))---x(z(t), fi(t) q(t),

(q(t) f(z(t) a(t)))=max(q(t),f(z(t) u)),

(q(0),-q(1)) 6 g’(z(O), z(1)) + Nco(z(O))x Nc(Z(1)).

Proof One can easily verify that for F(. )=f(., U)

Of(z(t), fi(t))6 dF(z(t), z’(t)) d co F(z(t) z’(t)).
OX

Moreover, for all the map

ofA(t)" w-"x(Z(t), (t))w

is L-Lipschitzian closed convex process and

ofa( t)*(w) =--x(Z( t), fi( tl)*w.

Theorem 4.9 ends the proof. 13
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A GENERAL THEOREM ON LOCAL CONTROLLABILITY*

H. J. SUSSMANNf

Abstract. We prove a general sufficient condition for local controllability of a nonlinear system at an

equilibrium point. Earlier results of Brunovsky, Hermes, Jurdjevic, Crouch and Byrnes, Sussmann and
Grossmann, are shown to be particular cases of this result. Also, a number of new sufficient conditions are
obtained. All these results follow from one simple general principle, namely, that local controllability follows
whenever brackets with certain symmetries can be "neutralized," in a suitable way, by writing them as linear
combinations of brackets of a lower degree. Both the class of symmetries and the definition of "degree"
can be chosen to suit the problem.

Key words, nonlinear control, local controllability, nilpotent approximation, symmetries
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Introduction. In recent years, several papers have been published giving sufficient
conditions for a nonlinear control system to be locally controllable from a point. (Cf.
Brunovsky [3], Crouch and Byrnes [5], Grossmann [8], Hermes [10]-[13], Jurdjevic
[14], Stefani [21], [22], Sussmann [24], [25].) The purpose of this article is to prove
a general theorem which contains all these results as particular cases and, in addition,
gives stronger results. Our result (Theorem 2.4) shows that many known sufficient
conditions can be derived in a unified way from a single general principle, namely,
the combination of a nilpotent approximation with the use of input symmetries.
Section 2 is devoted to the statement of the main theorem, preceded by an outline of
the basic facts and definitions needed for its formulation. Section 3 reviews the basic
formalism needed to set up the nilpotent approximation, and proves a number of
technical lemmas needed to turn this approximation into a tool for establishing local
controllability results. Sections 4 and 5 introduce the basic ingredients of our main
result, namely, dilations and invariant elements. The proof of the main theorem is then
given in 6. In 7, we review in detail the various controllability results referred to
above, and explain how they all follow from our result. We also prove stronger versions
of several of those theorems, and some new sufficient condition. Finally, in 8 we
discuss some of the limitations of our method. In addition to the observations of 8,
we remark that there are recent results by R. M. Bianchini and G. Stefani, as well as
work by H. Knobloch and K. Wagner, which provide new sufficient conditions that
are not contained in the ones given here.

1. Preliminaries. The local controllability problem has a long history, beginning
with the classical controllability theory for linear systems, and the first nonlinear local
controllability result, namely, the theorem which states that if the linearization of a
system at an equilibrium point p is controllable, then the system itself is locally
controllable from p in small time (i.e. for every T> 0, the time T reachable set from
p contains p in its interior; cf., for example, Lee and Markus [17]). This "small-time
local controllability" property, henceforth abbreviated as STLC, is of interest to control
theorists for a number of reasons, such as: (a) that a sufficient condition for STLC is
obviously equivalent to a necessary condition for the constant trajectory x(t)--p to

* Received by the editors April 3, 1985. This research was partially supported by the National Science
Foundation under grant MCS 78-02442.

" Mathematics Department, Rutgers University, New Brunswick, New Jersey 08903.
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lie on the boundary of the attainable set from p; since the simplest form of the
Pontryagin Maximum Principle is precisely one such necessary condition, the STLC
problem can be viewed as a particular case of the general problem of "high order
optimality conditions;" (b) that STLC is equivalent to an important property of the
optimal time function V, namely, continuity at p. (Here V is defined by letting V(q)
be the infimum of all the times T such that q can be reached from p in time T. If we
wish to study the more common V function, defined in terms of the time it takes to
steer q to p, then the continuity of V at p is equivalent to the STLC property for the
system obtained by running the original system backwards.)

More recently, the problem has attracted the interest of "differential geometric
control theorists," i.e. of those who take the point of view that a control system is
primarily a family of vector fields on a manifold, and a lot of the control-theoretically
interesting information about the system should be contained in the Lie brackets of
these vector fields (cf. [9], [16], [19], [23], [26]). At the early stages of the development
of this "Lie theoretic approach," attention was concentrated on proving those results
that followed most naturally from the method. In particular, it was recognized right
away that the Lie algebraic method yielded a complete characterization of local
controllability for real analytic systems with the somewhat unnatural property of being
"symmetric," i.e. such that every trajectory run backwards is also a trajectory. (Hermann
[9], Lobry [19]; the result is known as "Chow’s Theorem.") On the other hand, for
"reasonable" (i.e. not necessarily symmetric, but real-analytic) systems, the method
yielded a complete characterization of a property which is related to, but not quite
the same as, STLC. D. Elliott introduced the name "accessibility property" to refer to
the property that the reachable set from p has an interior point. The so-called "positive
form of Chow’s Theorem" (Krener [16]; cf. also [23]) characterizes this property in
terms of Lie brackets. In 1974, P. Brunovsky [3] started from the observation that the
"Lie theoretic" theorem about symmetric systems does not even give the most classical
of all local controllability theorems, namely, the one for linear systems. He then
proceeded to single out a class of systems (called "odd systems") which could be
proved to be STLC by Lie theoretic methods, and contained the class of linear systems.
Since then, other local controllability results have been proved, as indicated above.
The common feature of all these results is the exploitation of certain "structural
symmetries" of a problem.

The traditional approach towards proving local controllability theorems has been
to construct "control variations." Heuristically, if one can construct control variations
in all possible directions, then the reachable set ought to be a full neighborhood of
the starting point. The argument can usually be made rigorous by some topological
consideration. Ideally, the construction of variations in various directions should
involve Lie bracket calculations. In practice, however, these calculations become rather
cumbersome, and a different method is desirable which would construct, once and for
all, a large collection of variations. One such method was used by us in [25], to prove
a conjecture of H. Hermes. (Our earlier paper [24], which proved a different sufficient
condition for STLC, was based on constructing variations, and it has only recently
become clear to us that the result of [24] also follows using the method of [25].) The
goal of the present paper is to prove the most general result that can be obtained by
means of the method of [25].

A brief outline of the approach is as follows. Since a control system is primarily
a family V { V: I} of vector fields, one can associate with it the Lie algebra L(
of vector fields generated by V. Forgetting about rigor, one can think about "the Lie
group" G(V) with Lie algebra L(V), and obtain an "action" of G(V) on the state
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space of the system. A g G(V) is a product 0f exponentials exp (tj Vj), and therefore
the result gp of acting on p by g is a point obtained by starting from p and following
integral trajectories of the V, with switchings of vector fields allowed, and with motion
"backwards in time" permitted as well. Those g’s for which all the tj are positive
constitute a subsemigroup S of G(V), which gives rise to the true trajectories of the
control system. The reachable set from p is S.p. For V to be locally controllable from
p, S.p has to have a nonempty interior, and so G(V)p must be open, which means
that, at least locally, G(V) has to act transitively. If H is the isotropy group at p of
this action, then a sufficient condition for p to be an interior point of S.p is that the
interior of S in G(V) should contain an element of H.

To make this rigorous, an algebraic formalism is needed to surmount the obstacles
arising from the fact that L(V) is, in general, infinite dimensional, and therefore (3(
is not a well defined "Lie group." Rather than work with L(V) one works formally,
with a free Lie algebra L(X) in indeterminates Xi, and with its completion, the Lie
algebra (X) of formal Lie series in the Xi. Then there is a well defined group ((X),
the group of exponentials of Lie series (cf., for example, Serre [20]). The controls can
be embedded in G(X) as a subsemigroup S, by means of a map which assigns to each
control a noncommutative formal power series, obtained by solving the differential
equation of the system formally, using the indeterminates rather than the vector fields.
(This map, introduced by Chen in [4], has been extensively used in control theory by
M. Fliess, under the name of"Chen series," cf. [6], [7].)Although obvious convergence
and integrability difficulties arise if one tries to make (3(X) act on the state space, the
subsemigroup S does act in an obvious way, since S is identified with the set of
admissible controls. And the series of a control u(. contains a lot of information
about the action of u(. ). (More precisely, it is an asymptotic series, and it conve,rges
in the analytic case if u(. is sufficiently small, cf. [1], [2], [7], [18], [25].) Since G(X)
is not yet a true Lie group, one then makes a nilpotent approximation GN(X) of t(X)
by killing all brackets of degree > N. If I is finite, GN(X) is now a Lie group in the
usual sense. Then there is a corresponding approximating semigroup S. Although it
is not possible in general to have Gs(X) act on the state space, one can still define
an "approximate action" and an "approximate isotropy group." To get local controlla-
bility one must be able to prove (modulo technicalities) that the interior of Sv intersects
the isotropy group. This we do by proving a general lemma that says that the interior
of Ss always contains an element of a "very special form." It then follows that, if
one hypothesizes that all these "very special" elements are in the isotropy group, one
gets controllability. As will be made clear in 7, all known local controllability theorems
amount to various forms of this hypothesis.

The special elements are obtained as the fixed points of the action of a finite group
A on "input symmetries." An input symmetry is, roughly, a linear map from L(X) to
L(X) whose exponential maps S to S. Examples of such symmetries are" (a) multiplying
a control by -1, if its range of values permits it; (b) interchanging two controls; (c)
time reversal. If a system has many symmetries, then there will be few A-fixed elements,
and the resulting local controllability theorem will be very strong. As an example, we
remark that the introduction of time-reversal, which was not used in [25], enables us
here to prove a result which is considerably stronger than the Hermes conjecture proved
in [25].

It turns out that the condition that certain "special elements" of the semigroups
S be in the "isotropy group" can be rephrased, by passing to the logarithms, as the
requirement that certain Lie brackets should vanish at p. It then becomes apparent
that one can do slightly better. The brackets need not vanish. It suffices for them to
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be "neutralized," i.e. expressible as linear combinations of brackets of lower degree.
And there is a certain amount of freedom as to the concept of "degree" to be used.
One can use any one-parameter group of dilations to define "degree," provided that
certain technical conditions hold.

In order to avoid unnecessary complications, we will only work with systems that
can be studied using a free Lie algebra generated by a finite set of indeterminates.
That is, we will only study systems where the collection V of associated vector fields
is either finite, or a set of linear combinations of a finite set of vector fields. That is,
we will only work with systems of the form

k

(1.1) 2 ., )igi(x)
i=1

where the control v- (Vl,." ",/)k) is required to satisfy a constraint v J, where J is
some subset of Rk. It is then clear that we can assume that J linearly spans Rk. If J
does not affinely span k, let A be the affine hull of J. By making a linear change of
coordinates, we may assume that A is the set {1}xk-1. Then the system (1.1) becomes

(1.2) =fo(x) 4- Z uif(x)
i=1

with control constraint u (ul, , u,,) K. (Here K is such that J {1} x K, and
m=k-1.)

If J affinely spans Rk, then we let fo 0, m k, gi =f for i= 1,..., m, K J,
ui vi for i= 1,..., m. Then our system is also of the form (1.2), with a control
constraint u K, where K affinely spans m. It is in this form that, from now on, all
our systems will be expressed.

2. Statement of the main theorem. In this section we will state our main local
controllability theorem. In order to get to the statement as quickly as possible, we will
omit a number of definitions. Detailed definitions of all the concepts occurring in the
statement .are given in subsequent sections.

We consider control systems of the form

(2.1) =fo(x) + Y. uif(x), x c= M
i=1

with a control constraint

(2.2) U-"(Ul,"" ",Urn)K

where
(CS1) M is a smooth (i.e. C) manifold,
(CS2) f-(fo,""" ,fro) is an (m+ 1)-tuple of Coo vector fields on M,

and
(CS3) K is a subset of m such that

(2.3) Att (K) R

Here Att (K) denotes the affine hull of K, i.e. the set of all finite linear combinations
Z Oliui with the ui K, a, R, and -,i ai 1.
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To specify a system we must give M, f and K. So we will simply refer to the triple
E (M, f, K) as the control system, it being understood that M, f and K are supposed
to satisfy (CS1), (CS2) and (CS3).

An admissible control for , is a Lebesgue integrable, K-valued function defined
on some interval [0, T]. If u(. ):[0, T]-> K is an admissible control, a trajectory for
u(.) is an absolutely continuous curve x(.):[0, T]-> M such that

(2.4) :(t) =fo(x(t)) + E ui(t)fi(x(t))
i=1

for almost all [0, T ].
If q M is of the form x(T) for some trajectory such that x(0)= p, then q will

be said to be reachable from p in time T. The set of all q that are reachable from p in
time T for the system E (M, f, K) is the time T reachable set from p, and will be
denoted by Reach (E, T, p). Also we write

(2.5) Reach (, <- T, p) [.J Reach (E, t, p)

for T=>0.
The system 2 is small-time locally controllable (STLC) from p if p is an interior

point of Reach (E, =< T, p) for all T> 0. An equivalent characterization of this condition
involves the optimal time function V.,p. We define V,p(q) to be the infimum of those
T such that q is reachable from p in time T. (If no such T exists, then Vr.,p(q) +o.)
Then E is STLC from p if and only if V,p is continuous at p.

One can also consider the reachable sets obtained by restricting the class of
admissible controls. For instance, we let Reachp (, T, p), Reachp (E, _-< T, p) be the
reachable sets obtained by using piecewise constant controls, and we say that X is
STLCpc from p ifp is an interior point of Reach, (, <_- T, p) for all T> 0. The sufficient
condition stated below in our main theorem is for STLC. However, under the hypotheses
of the theorem, STLC and STLCpc are equivalent, as will be observed below (cf.
Proposition 2.3), so that the distinction between these two types of controllability need
not worry us here.

If K is compact and convex, then one can also consider the sets reachable by
bang-bang controls. (A bang-bang control is a piecewise constant control with values
in the set of extreme points of K.) The corresponding small-time local controllability
property is denoted by STLCbb. Again, Proposition 2.3 will show that STLC and
STLCbb are equivalent under the hypotheses of our main theorem.

If : is a family of C vector fields on a manifold M, then L() denotes the Lie
algebra of vector fields generated by the elements of . If V is any set of vector fields
on M, and p M, then we write

(2.6) F(p) { V(p): V

The family is said to satisfy the Lie algebra rank condition (LARC) at p if L(Z)(p)
is the whole tangent space of M at p. An ;-trajectory is a curve x(" which is a finite
concatenation of integral arcs of members of :. (Note: if an integral arc y of a member
f of is reparametrized by reversing the sense of time, then the resulting curve is an
integral arc of -f, and need not be an -trajectory, since -f need not belong to :.)
The family has the accessibility property (AP) from p if, for every T> 0, the set of
points that can be reached from p by -trajectories in time -<T has a nonempty
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interior. The following is a standard result from accessibility theory (the "positive form
of Chow’s Theorem," cf. Krener [16], Sussmann and Jurdjevic [23]).

PROPOSITION 2.1. Let ; be a family ofC vectorfields on a Coo manifold M. Then
the LARC at p implies the AP from p. Conversely, the AP from p implies the LARC at
p ifM is a real-analytic manifold and the members of are real-analytic.

To a system E of the form (2.1), with a control constraint (2.2), we associate the
family whose members are all the vector fields fo+i= uif, for (Ul," ", Um) K.
The hypothesis that Aft (K)= R" implies that the linear span of the members of v.
is precisely the same as the linear span of fo," ,fro. Therefore L()= L(f), so that
r satisfies the LARC at p if and only if f does. On the other hand, it is easy to see
that an trajectory is precisely the same as a trajectory of E for a piecewise constant
control. Hence E cannot be STLCpc from p unless v. satisfies the AP from p. On the
other hand, if fo,"" ",f,, are real analytic vector fields, z satisfies the AP from p if
and only if f satisfies the LARC from p. Therefore, in the analytic case, it is no restriction
to assume that f satisfies the LARC from p, if we seek to characterize the STLCpc
property. Actually, it is easy to prove"

PROPOSITION 2.2. A system , of the form (2.1), with a control constraint (2.2),
andfo, ",f,, real analytic, cannot be STLC from a point p unless f satisfies the LARC
from p.

Moreover, when the LARC from p holds, the distinction between STLC, STLCp
and STLCbb disappears, as shown by the following result, whose proof is given in the
Appendix.

PROPOSITION 2.3. Let , be a system of the form (2.1), with a control constraint

(2.2) thatsatisfies (2.3). Assume that f satisfies the LARC at p.
Let K be the closure of the convex hull of K, and let , be the system (M, f, ().

Then , is SLTC from p if and only if , is SLTCp from p.
In particular, Proposition 2.3 implies that, for an arbitrary E, the STLC and STLCp

properties from p are equivalent, if f satisfies the LARC at p. Also, if K is compact
and convex, STLC and STLCbb are equivalent.

The sufficient condition for STLC to be proved here involves two main ingredients,
namely, a finite group of symmetries and a one-parameter group of dilations. The
symmetries considered will be mappings of a Lie algebra which is naturally associated
to our problem. Precisely, we consider L(X), the free Lie algebra in the indeterminates
X (Xo,. , X,). We will be interested in linear maps A" L(X) --> L(X) which are not
necessarily Lie algebra automorphisms, but have a weaker property which we now
define.

Let L be a Lie algebra over R. We define [L] k for k= 1,2,... by [L]I=L,
[L]k+I=[L, Lk]. Clearly, any Lie algebra automorphism of L maps each [L]k into
itself. A linear mapping A" L--> L which is a linear isomorphism and satisfies A ([L]k)

_
[L] k for each k will be called a pseudoautomorphism of L.

In the particular case when L is L(X), the [L]k are the ideals Lk(X), where Lk(X)
is the sum of all the homogeneous components LJ’hm(x) of degree j, for j-->_ k. If
A’L(X)^ L(X) is a pseudoautomorphism, then A gives rise to a linear map from
L(X) to L(X), where L(X) is the Lie algebra of formal Lie series in Xo,’", Xm. (If
S /,(X), and S Y.j= Sj, where Sj is homogeneous of degree j, then is defined by
(S) A (S). The sum is well defined because, for each k, the only terms that may
contribute to the homogeneous component of degree k are the A (S) for j <_-k.) It is
clear that A/z /2 if A,/x are pseudoautomorphisms.

The class of controls is embedded as a subsemigroup S(X, K) of the group
(X) {exp (Z)" Z s/(X)}. A pseudoautomorphism A of L(X) gives rise to a mapping
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A # from (X) to (X) by letting

(2.7) A#(exp (Z))=exp (X(Z)) for Z (X).
An input symmetry for X is a pseudoautomorphism A of L(X) such that the correspond-
ing map A # maps (X, K) to (X, K). (Actually, the definition of input symmetry
only depends on m and K, and not on the particular choice of M,fo,"" ,f,,.)

The second important ingredient is a one parameter group of dilations {A(p). 0<
p < oo} of the linear space V Ll’hm(x). Then A gives rise to groups of dilations AA, AL
of the free associative algebra A(X) in the indeterminates Xo,’’ ", X,,, and of L(X),
respectively. Also, one obtains a one-parameter group ,A of automorphisms of the
algebra A(X) of formal power series in Xo," .,X,,. We call A compatible

^Awith S(X, K) if the A (p) map S(X, K) into itself for 0< p =< 1. (Equivalently, A is
compatible with (X, K) if and only if, for every u =(ul,"" ", Um) K and every p
such that 0<p_-<l, A(p)(Xo+i=l uiX) is of the form T(Xo+Y=I vX) for some
T>0, v=(v,. ., v,,)K.)

A group of dilations A as above can be used to define the A-degree of an element
Z of A(X). We call Z A-homogeneous of degree r if Aa(p)(Z) prZ for every p. If Z
is arbitrary, then Z is a finite sum of homogeneous elements, and the A-degree of Z
(denoted by degz (Z)) is the largest of the degrees of the homogeneous components
of Z

If f (fo,""" ,f,,) is an (m + 1)-tuple of C vector fields on a C manifold M,
then we can consider the map Ev (f) which assigns to every element P of L(X) the
vector field obtained by plugging in each f for the corresponding indeterminate Xi.
If p M, then we also define the map Evp (f), from L(X) to the tangent space TpM,
given by Ev (f)(P)= Ev (f)(P)(p).

We now define what it means for a Z L(X) to be A-neutralized for f at p. If Z
is A-homogeneous, we say that Z is A-neutralized for f at p if Ev (f)(Z) can be
expressed as a sum of vectors Ev(f)(Qs), where the Qs are elements of L(X) such that
degA (Qs)< degz (Z). (Clearly, the Qs can always be chosen to be A-homogeneous.)
If Z is not necessarily homogeneous, then we write Z as a sum of homogeneous
components, and we say that Z is A-neutralized for f at p if each homogeneous
component is.

With these definitions, our main result is the following.
THEOREM 2.4. Let X (M, f, K) be a control system, and let p M. Assume that:
(i) satisfies the Lie algebra rank condition at p,
(ii) there exist (a) a finite group A of input symmetries and (b) a ofle-parameter

group of dilations A {A(p): p > 0} ofLl’hm(x) which is compatible with S(X, K), such
that every A-fixed element of L(X) is A-neutralized for f at p.

Then X is small-time locally controllable at p.

3. Exponential Lie series and the nilpotent approximation. We review the basic
facts about the formalism ofnoncommutative power series and nilpotent approximation
(cf. [4], [6], [25]). The idea is to solve (2.1) formally, by using indeterminates
Xo," , Xm rather than the vector fields fo," ,fro, and then regard .a given control
system as an action of a "Lie group" G(X) of exponential Lie series, together with
the specification of a subsemigroup S(X, K) which is identified with .the class of
controls. We now make this precise.

Let X (Xo, , Xm) be a finite sequence of indeterminates. We let A(X) denote
the free associative algebra over generated by the X. For any multiindex I
(il," ", ik), with {0,. ., m} for j 1,. ., k, we let X X. X. Then A(X)
is the set of all sums aX, where the coefficients a are real numbers, the summation
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runs over all possible multiindices/, and all but finitely many at vanish. (It is understood
that X 1.)

We also let A(X) denote the set of all formal power series in the noncommuting
indeterminates X, i.e. the set of all sums i atXt as above, except that the at are no
longer required to vanish for all but finitely many/. In both A(X) and ,(X), addition
is done componentwise, and multiplication is carried out using the formula XtXj Xt.j,
where I J is the concatenation of I and J (i.e. the multiindex obtained by writing,
in order, first the components of I and then those of J).

For any nonnegative integer N, we use AN’hm(x) to denote the homogeneous
component of degree N of A(X), and As(X) to denote the sum of the AJ’hm(x) for
j 0,. , N. The space As(X) is embedded as a linear subspace of A(X) but, naturally,
it is not a subalgebra. On the other hand, AS(X) is an algebra if one defines multiplica-
tion as in A(X), with the extra proviso that monomials of degree greater than N are
set equal to zero. Thus regarded, As(X) is the free nilpotent associative algebra of step
N+ 1 in the indeterminates Xo,"’, X,,. Then AS(x) can be identified with the
quotient of A(X) by the ideal of all linear combinations of monomials of degree strictly
larger than N. The canonical projection from A(X) onto As(X) is the truncation map
’x. We will write zs rather than r whenever the context makes it clear which X is
being referred to. Clearly, one can also think of AS(X) as a quotient of ,(X). The

^N ^Ncorresponding truncation map from/(X) onto AS(X) will be denoted by Zx or z
The kernels of z, s are denoted by As(X), ,s(X), respectively. In particular, o(X)
is the set of formal power series t atXt for which a6 0. The exponential map is a
well defined bijection

(3.1) exp" Ao(X) -> 1 + Ao(X)

whose inverse is a map from 1 / Ao(X) to Ao(X) denoted by "log." If S Ao(X), then
exp (S) and log (1 + S) are given by the usual power series.

One can also define AV(X) to be the set of all elements of As(X) that are linear
combinations of monomials of degree > k. Then

(3.2) Av(X) ’S(Ak(X))= " tk(X)).

The exponential map

(3.3) exps" Ao(X) -> 1 + Ay(X)

and its inverse logs are given, in this case, by power series that are actually finite
sums, due to the nilpotency of As(X).

The algebras A(X), A(X), AS(X) are Lie algebras in the usual way. We let L(X)
denote the Lie subalgebra of A(X) generated by Xo,’", Xm. An element S of A(X)
will be said to be a Lie element if[ S L(X). It is clear that S is a Lie element if[ all
the homogeneous components of $ are Lie elements. Therefore, if we let

(3.4) LN’hm(x) L(X) (q AN’hm(x),
we see that L(X) is the direct sum of the LN’hm(x), N 1, 2, 3, .

The Lie algebra L(X) is spanned by the formal brackets of Xo, , Xm. Precisely,
we define Br (X) to be the smallest subset of L(X) that contains Xo, X1,"" ", X,, and
is closed under bracketing. The elements of Br (X) will be referred to as brackets of
X. It is clear that every B Br (X) is homogeneous. (Notice that we have chosen not
to define a "bracket" as a formal expression but as an element of L(X) so that, for
example, [[Xo, X], [Xo, X2]] and [[X, Xo], [X2, Xo]] are the same element of ar (X).
Naturally, the elements of Br (X) are not linearly independent. Several systematic
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procedures for singling out subsets of Br (X) that form bases of L(X) can be found in
the literature, cf., for exa.mple, [20], [27], but we shall not need those results here.)

We can also define L(X) to be the set of all formal sums N=I SN such that each
SN is in LN’hm(x), i.e. the set of those elements of/(X) all of whose homogen.eous
components are Lie. The members of/(X) will be referred to as Lie elements of A(X),
and they clearly form a Lie subalgebra of/(X). The Lie algebras L(X), (X) are
known, respectively, as the free Lie algebra in the indeterminates Xo,""", X, and the
algebra of Lie series in Xo," ", X,,.

Since/(X)
_
,o(X), the exponential map is well defined on (X). The elements

of (X) that are of the form exp (S) for some S /(X) are the exponential Lie series

in Xo,"’, X,,. The set of all such series is denoted by (X). It follows from the
Campbell-Hausdorff formula that (X) is a groupAunder multiplication. The exponen-
tial map, restricted to /.(X), is a bijection from L(X) onto G(X), which will also be
denoted by "ex-,"p^ while we will use "log" to denote the inverse ma.p.

The group G(X) is almost "a Lie group whose Lie algebra is L(X)," but it fails
to be a true Lie group, since it is infinite-dimensional. However, its truncated versions

(3.5) Gs(X) s((X))
are true Lie groups. (As for (X) itself, it is a projective limit of the G(X), but we
will not make use of this fact.) Each GN(X) is a connected, simply connected, nilpotent
Lie group, with Lie algebra L(X), where

(3.6) L(X) r(L(X)) ((X)).
The exponential map from LN(X) to Gv(X) is none other than the restriction of

exp to L(X) (which is a subset of AoN(X)). We will therefore also use exp to
denote this map. Then expN is a bijection from Lv(X) onto Gv(X), whose inverse
map will, as expected, be denoted by log. Then L (X) is the free nilpotent Lie algebra
ofstep N+ 1 in Xo, , X,,,, and we shall refer to the group GN(X) as the free nilpotent
Lie group of step N+ 1 infinitesimally generated by Xo," ", X,,,.

Now suppose that we are given a Coo manifold M and an (m/ 1)-tuple f=
(fo,""" ,f,) of Coo vector fields on M. Each f is therefore a member of D(M), the
algebra of all partial differential operators P" Coo(M)--> C(M). (Here Coo(M) denotes
the space of Coo real-valued functions on M.) There is therefore a well defined evaluation
map

(3.7) Ev (f)" A(X)-> D(M)
obtained by "plugging in the f for the X," so that

(3.8) Ev (f) (I aIXI)
where, if I (i, ik), We write

(3.9) f =f,f2"" "f.
The image Ev (f)(A(X)) will be denoted by A(f). Then A(f) is the subalgebra of

D(M) generated by fo,""" ,f,. The evaluation map Ev (f) can be restricted to L(X).
The corresponding map, which we will also denote by Ev (f), is a surjective homo-
morphism from L(X) onto L(f), where L(f) is the Lie algebra of vector fields generated
by fo,""" ,f,,.

The kernel of Ev(f)’A(X)-> A(f) is the set of all algebraic identities satisfied by
fo," ,f,,, and we will denote it by AI (f). Similarly, the kernel of Ev (f)" L(X)-> L(f)
is the set of Lie algebraic identities satisfied by fo,"" ,f,,, and we denote it by LI (f).
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If p is a point in M, then we use Dp(M) to denote the set of all partial differential
operators at p, i.e. the quotient of D(M) modulo the set of P D(M) such that
(Pb)(p) 0 for every b C(M). Also, we let Tp(M) denote the tangent space of M
at p. We then have the evaluation atp map Evp (f) A(X) --> Dp(M) given by Evp (f)(S)
(Ev (f)(S))(p). The kernel of this map is the set of algebraic relations among the f at

p, and will be denoted by AR (f, p). Similarly, Evp (f) maps L(X) to Tp(M). The kernel
of this map, denoted by LR (f, p), is the set of Lie algebraic relations (or, simply, Lie
relations) among the f at p. (For instance, [Xo, X1]+ X2 is a Lie identity satisfied by
fo,fl,f2 iff the vector field [fo,fl]+f2 vanishes identically. Similarly, [Xo, X1]+ X2 is.
a Lie relation among the f at p iff [fo,fl]+f2 vanishes at p.)

The image Evp (f)(L(X)) is precisely the subspace L(f)(p) of Tp(M), where

(3.10) L(f)(p) { V(p) V L(f)}.

The system f satisfies the Lie algebra rank condition (LARC) at p if L(f)(p)= Tp(M),
i.e. if Evp(f) maps L(X) onto Tp(M).

The evaluation maps Ev (f), Evp (f) can formally be applied to series $ in A(X),
giving rise to formal infinite sums of partial differential operators (which, if S L(X),
are vector fields). However, if one wishes to make sense of Ev (f)(S) as a mathematical
object in a rigorous way, technical difficulties arise. (For instance, suppose that fo,f
are Coo vector fields that satisfy [fo,fl]-fl, and S is the Lie series
Y.k__o (--1)k(ad Xo)k(x). Should the general definition of Ev (f)(S) be such that, in
this particular case, Ev (f)(S) is the zero series?) Rather than attempt to overcome
these difficulties, we shall avoid them, by agreeing to refer to the series Ev (f)(S) (or
Evp (f)(S)) only as part of purely heuristic discussions which are not expected to be
rigorous anyhow, or as part of statements that are given a precise mathematical
translation. (For instance, the phrase "Evp (f)(S), applied to a function b, is asymptotic
to..." will be translated into a collection of inequalities involving only the truncations
EVp (f)(’N(s)), in which only finite sums occur.)

We can also define truncated evaluation maps EvN (f), Ev (f) by restricting Ev (f)
and Evp (f) to AN(X) or to LN (X). However, the algebra structure of AN(X) and the
Lie algebra structure of LN(x) do not turn AN(X), LN(x) into subalgebras of A(X),
L(X). This implies that EvN (f) need not be an algebra homomorphism from AN(X)
to A(f) or from LN (X) to L(f). Also, the point evaluation maps Ev (f) are defined
in an obvious way as maps from AN(x) to Dp(M) and from LN(X) to Tp(M).

If gp D(M) --> Dp(M) is the map Q-> Q(p), then Ev (f)= po EvN (f). We use
AIN (f), LIN (f), ARN (f, p), LRN (f, p) to denote, respectively, the kernels of the
maps EvN (f)’AN(X)-> D(M), EvN (f)" LN(X)-> L(f), Ev (f)" AN(X)--> Dp(M) and

Ev (f)" LN(X)-> Tp(M). Then AIN (f) is the set of algebraic identities of degree <-N
among theft, and similar self-explanatory names will be used for the other sets LIN (f),
ARN (f, p), LRN (f, p). Since, as indicated earlier, EvN need not be a homomorphism,
the sets AI N (f) may fail to be ideals of AN (X), and the LIN (f) need not be ideals
of LN(X). Also, ARN (f, p) can fail to be a subalgebra of AN(X), and LRN (f, p) may
fail to be a Lie subalgebra of LN (X). (For instance, let f (fo, fl, f2), and suppose that
[fo,fl](p)=fl(p), and f(p) =0. Then [Xo, X1]-XILR2 (f,p) and X2sLR2 (f,p).
If LRE(f,p) were a Lie subalgebra of LE(Xo, X1,X2), it would follow that
[[Xo, XI],XE]-[X,X2] is in LR2(f,p), i.e. that [X1,X2] is in LR2 (f,p), since
[[Xo, X1], X2] =0 in LE(Xo, X, X2). So [fl,fE](P) =0. However, it is easy to construct
fo,fl,f2 that satisfy the conditions stated above as well as [fl,f](P) 0.)

As in [25], 0//m will denote the set of all functions u(. whose domain Dom (u(.))
is a compact interval of the form [0, T], such that u(. takes values in R and is
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Lebesgue integrable on [0, T]. The time T is the terminal time of u(.) and is denoted
by T(u(.)). If0<_-t_-< T(u(.)), then the restriction of u(.) to [0, t] is denoted by u’(.).
The components of u(. are Ul(" ),’’ ", u,,(. ), and we write Uo(t)-- 1.

If we consider the differential equation

( )(3.11) ,= S Xo+ , u,Xi
i=1

foran A(X)-valued function S(t), 0<-_ <-_ T(u(. )), with the initial condition $(0) 1,
then the solution is

(3.12) S(t) = u, X,

where o UI is the iterated integral

(3.13)

if 4) # I= (i,,’’’, ik). (We let to u6 1.)
The series S( T(u(. ))), with tS(t) given as above, is the formal power series

associated with the control u(.), and will be denoted by Ser(u(.)). The mapping
Ser" ,, A(X) is injectve and, if 0//r, is regarded as a semigroup under the operation
of concatenation, and A(X) is equipped with multiplication, then Ser is a semigroup
homomorphism (cf. [25, Lemma 3.1]). Moreover, Ser (u(.)) is always an exponential
Lie series (cf. [25, Pp. 3.1]), so that Ser actually takes values in G(X). The subsemi-
group Ser (0//,,) of G(X) will be denoted by S(X). Since Ser is injective, one should
think of S(X) as being just another way of realizing the control semigroup 0//,,, which
has the particular advantage of exhibiting ,, as embedded in a group.

If K is an arbitrary subset of R", then we can consider 0//,,(K), the subsemigroup
of qJ,, whose elements are the K-valued controls. The image of //,(K) under Ser will
be denoted by S(X, K).

One can also consider the truncated versions of the map Ser and the semigroups
;(X), ;(X, K). The truncation map .s maps solutions of (3.11) to solutions of the
same equation, regarded now as evolving in As(X). Hence, if we let

(3.14)

we find that

Sers (u(.))= CS(Ser (u(.)))

(f(u(.)) )(3.15) Seru (u(.)) E UI XI,
III<=N

Moreover, SerN (u(.)) GS(X). The sets Sers (o//,,), Sers (//,(K)) will be denoted
by Ss (X), Ss(X, K), respectively. Clearly, these subsets are subsemigroups of Gs(X).
Moreover, Ss(X) is the set of points that can be reached from the identity element of
Gs(X) by trajectories of the system

(3.16) = (S)+ Y u,/(S),
i=1

where is the restriction to Gs(x) of the linear vector field F on As(x), given
by F(S)= SX,. (It is clear that/3 is tangent to GS(X), and therefore is well
defined.) The Lie algebra of vector fields generated by FV, ., F is isomorphic to
LS(X) in an obvious way, and therefore acts transitively on GS(X). From this it
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follows, using general results from accessibility theory, that SN(X) has a nonempty
interior relative to GN(X) and, moreover, this interior is dense in sN(x). More
generally, SN(X, K) is the reachable set from the identity corresponding to the system
(3.16) with the additional control constraint (ul, ", u,,) K. The Lie algebra associ-
ated with this system is the Lie algebra AN(X, K) generated by the vector fields u. F,
for u K, where we use the abbreviation u. FN for FV+i=l uiF. (Recall that
Uo- 1.) Then AN(X, K) acts transitively iit

(3.17) Aft (K) ".

Since we are assuming that (3.17) holds, we can conclude that AN(X, K) is indeed
transitive. We then have:

LEMMA 3.1. For every N,

# N(X, K)_ SN(X, K) Clos N(X, K).

(Here ’’,’’ and "Clos" mean interior and closure relative to GN(X).)
The semigroup S (X, K) is the image of ,,(K) under the map SerN. We need

nice inverses of this map, i.e. ways of selecting, for S e SN(X, K), a control Us("
,(X, K) which "depends smoothly on S" and is such that SerN (Us(’))= S. The
construction of such inverses was already done in [25]. However, we shall need a
slightly stronger result, which we now state.

As in [25], we let F be any finite sequence (3,1 , ),) of points of ", such that
Att (),1,. , 3,)= ". We let k+ denote the set of k-tuples of nonnegative numbers.
If t (tl,." ", tk) is in k+, then we define {F, t} to be the piecewise constant control
which is equal to /1 during the first t units of time, then to ),2 during time t2, and so
on. (This control is well defined even if k > r, because we extend the definition of
to all positive integers j, by making j / periodic with period r, i.e., we let ),+ ),1,
r+2

), ),2, and so on.) Any control of the form {F, t} for some k and some t .k+ will
be called a F-controL If K m and F consists of elements of K, then F will be said
to be a K-sequence.

N k SNThe map ’k,r, defined by ’r(t)- SerN ({F, t}), takes R+ to (X). Moreover, if
NF is a K-sequence, then Pk,r maps Rk+ to SN (X, K). If to e k+ is such that the differential

d’,r(to) has rank equal to the dimension of GN(X), then the F-control {F, to} is said
to be N-normal. Clearly, if F is a K-sequence and {F, to} is N-normal, then ’r(to)
N(X, K). Conversely, suppose that S e N(X, K). We claim that S ’,r(to) for some
K-sequence F and some N-normal F-control {F, to}. To see this, observe first that the
system (3.16), with the restriction u e K, necessarily has the accessibility property from
S, and the same is therefore true for the "backward system" whose trajectories are
those of (3.16) run in reverse. It then follows from standard accessibility theory that,
if U is any open subset of GN(X) containing S, then U contains a nonempty open
set V such that, for the reverse system, every S’e V can be reached from S by means
of a piecewise constant control. If we apply this with U N(X, K), we get an open
subset V of N(x, K) such that every S’e V can be steered to S by means of a
trajectory of (3.16) that corresponds to a piecewise constant K-valued control. On the
other hand, if S’e V then S’ can be reached from the identity element of GN(X) by
means of some K-valued control. This control can be approximated by piecewise
constant ones. Since V is open, we conclude that some S’e V is reachable from by
means of some piecewise constant control. This control is then necessarily of the form
{F, t} for some sequence F= ()/1, o, //k) and some to= (t,..., t)ek+ such that
0

tj > 0 for all j. Since Ait (K)= the sequence F can be assumed to be such that



170 H.J. SUSSMANN

Af ()tl, )tk) m. (This may require that some new y’s be added at the end of F,
and then the control {F, t} has to be continued by assigning positive times t to the
new y’s. However, the can be taken to be arbitrarily small, and then the new S’
will still be in V, since V is open.) We then get a F-control {F, t} that steers to an
S’ V, and is such that F is a K-sequence and the affine hull of the elements of I’ is
m. The proof of [25, Prop. 3.3] then implies that V contains a point S" which is of
the form Vt.rt for some and some N-normal F-control {F, t}. (The proof of [25,
Prop. 3.3] shows that, if F- (yl,..., y) is such that Aft (y,. , y)= ", then an
N-normal F-control exists. This was shown by choosing an and a t such that dye(t)
had the largest possible rank tS, and then constructing a submanifold M of Gv(X)
such that dim M- iS, with the property that all the vector fields in the Lie algebra
generated by the if.Iv are tangent to M, from which it follows that t5 dim Gv(X). The
same proof applies if we now choose l, t to be such that dye(t) has the largest possible

Nrank t5 among all l, t such that v.(1) V. Such an l, t exists because there is some l, t

such that v(t) V, namely, l-k and t=t. The conclusion that iS=dim Gm(X)
follows exactly as in [25].) If we now concatenate this N-normal control {F, t} with a

piece,wise constant control that steers S" to S, it follows easily that the resulting control
is a F-control for some ’, and is N-normal. So, we have shown"

LEMMA 3.2. Let K
_
m, and let S GS(X). Then S 2V(X, K) ifand only if there

exist

(a) a K-sequence F= (yl,.. ", y) such that Aft (yl,.. ", y)
(b) a k and a t k+ such that {F, t} is N-normal and Vr(t)= S.
The existence of "nice local inverses" to the map Sers follows easily.
COROLLARY 3.3. Let K

_
", and let S (X, K). Then there exist"

(a) a K-sequence F (yl,..., y) such that Aft (y,. , y)
(b) a positive integer k,
(c) an open subset W of Gv(X) such that S W,
(d) a real analytic map d/" W-> k+, such that

(3.18) Ser ({F, O(S’)}) S’ for all S’ W.

The proof is just a straightforward application of the Implicit Function theorem.
The group (X) is the "Lie group" described at the beginning of this section.

Formally, an element S of G(X) is an exponential of a Lie series in the indeterminates
Xo,’’ ", X, and therefore Ev (f)(S) is the exponential of a vector field on M, i.e. a

map from M to M. If S (X, K), then S can be thought of as a control, and Evp (f)(S)
is the point of M to which p is steered by this control. Then L(X) is the "Lie algebra"
of the Lie group (X). Those elements Z (X) such that Evp (f)(Z)=0 constitute
the "isotropy subalgebra," and their exponentials are the "isotropy subgroup." The
reachable set from p is Evp (f)((X, K)). The Lie algebra rank condition says that
(X) "acts transitively on M near p." Hence p will be an interior point of the reachable
set if the interior of S(X, K) intersects the isotropy subgroup.

The preceding formal considerations are not rigorous, because (X) is not a true
Lie group and, as explained above, Ev (f) is not well defined on (X). In order to
obtain a rigorous local controllability theorem one has to consider the nilpotent
approximations G(X) to G(X). The G(X) are true Lie groups, with Lie algebra
L2V(X), and the subsemigroups Sm(X, K) represent the nilpotent approximations to
(X, K). Pursuing the analogy with our earlier discussion, we may think of LR (f, p)
as the "isotropy subalgebra" corresponding to the "action" of GIn(X), and of
HV(f, p)- exp (LRv (f, p)) as the "isotropy group." If N is large enough (so that

Ev (f)(L(X)) is the whole tangent space TpM), then the "action" of Gv(X) on M
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is transitive. So we might expect to be able to prove that, if the interior of Sv(X, K)
intersects H, then p is in the interior of the reachable set from p. Also, it should
follow that, ifN(X, K) fq HN contains points reachable from the identity in arbitrarily
small time, then (M, f, K) is STLC from p. However, this reasoning is not valid, since
Ev (f) need not be a true Lie algebra homomorphism, LRs (f, p) need not be a Lie
subalgebra of L (X), and G (X) does not really act on M. If S v (X, K) fq H (f, p)
and we write S=exp (Z), then Ev (f)(Z)=0, and so Evp (f)(Z)-0. Therefore
exp (Z) is equal to the identity map plus a series of differential operators that vanish
at p. However, there is no reason for exp (Z) to be the series of a control u(. ). What
can be said is that exp (Z)= Sers (u(.)) for some u(. ). But then Ser (u(.)) will not
necessarily be equal to exp (Z), although it will be equal to exp (Z) up to terms of
degree N. So u(. will not necessarily steer p to p. However, it will steer p to a point
q which is close to p. If U is a neighborhood of Z in LN(X), and exp (U) is small
enough so that exp(U)_S(X,K), then one can choose a u’(.) such that
Ser (u’(’))=expv (Z’) for each Z’ U. Then the controls u’(.) will steer p to a
neighborhood V of q. If U is large enough, then we may expect V to be such that
p V. To make all this rigorous, we have to be able to choose u’(. in a continuous
fashion as a function of Z’. This requires that we confine ourselves to neighborhoods
U such that, if W=exp (U), then there is a map that satisfies the conditions of
Corollary 3.3. So we define a normal neighborhood of a point S V(X, K) to be an
open subset W of GV(X) such that there exist F, k, for which the conditions of
Corollary 3.3 hold. Then Corollary 3.3 simply says that every point of S(X, K) has
a normal neighborhood. The sufficient condition for STLC from p will then say that,
if (X, K)f3 H(f, p) contains points St reachable from the identity in arbitrarily
small time t, then (M, f, K) is STLC from p, provided that N is sufficiently large, and
that these points have normal neighborhoods whose size does not decrease too fast as

0. It will be clear from the proof that it is not necessary to have a lower bound for
the size of the neighborhood in all directions, but only in directions transversal to
HV (f, p). To make this precise, let (E, , Ek) be a finite sequence of elements
of Lv(X), and let Z LN(X). We define, for r > 0

(3.19) B Z, r Z+ xiEi Y. xi=r
2

i=1 i=1

(B(Z, r) is the -ball of radius r and center Z. We will only use this definition for
sequences such that El,"’, Ek are linearly independent.)

Also, we define a function T:A(X) R by letting T(S) be the coefficient of
Xo in $. (In particular, if S=SerN (u(.)) for some control u(.), then TV(S) is the
terminal time of u(.).) We then have:

THEOREM 3.4. Let (M, f, K) be a control system, and let p M. Assume that K is
a bounded set. Let N be a positive integer, and let ; (El,..., E,) be a sequence of
elements of LS(X) such that (Evp (f)(E1),’." ,Evp (f)(En)) is a basis of the tangent
space TpM. Assume that there is a sequence ofpoints Sj,j 1, 2,..., such that:

(i) Sj ;S (X, K) fqH(f, p) for all j,
(ii) TN(Sj)O asj-o,
(iii) IfSj --expv (Z), then there are normal neighborhoods W ofSj, and a constant

a > O, such that

(3.20) logN W;_ B(Z, a[Ts(S;)]v)

for all j. Then M, f, K) is STLC from p.
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Proofi Let pj TV(Sj). For each j, choose a K-sequence F, a positive integer k,
and a real-analytic map " W R such that

(3.21) Ser ({F, Og(S)})= S

whenever S
Choose coordinates on a neighborhood of p such that p becomes (0,..., 0)

and the vectors Evn (f)(E) are the members e of the canonical basis of ". For each
control u(. ), let (u(. )) be the point to which u(. steers p (i.e. (u(. )) x(T), if
u(.) is defined on [0, T], and x(.) is the trajectory for u(.) such that x(0)=p).
Proposition 4.1 of [25] implies that the series Evp (f)(Ser u(. )) gives an asymptotic
expansion for n(u(. )) in the following sense: if
then there are constants fl and times z such that

(3.22) ))- Evp (f)(Ser (u(.

for all v and all controls u(.) such that T(u(.)) z. (Here Evp (f)(Ser (u(.))) is a
finite sum of paial differential operators evaluated at p, and so Evp (f)(Ser (u(.)))
is a finite sum of numbers, namely, the results of applying those paial differential
operators to . The result from [25] gives constants fl that also depend on a bound
A for the controls, but here we are assuming that K is bounded, so that fl only
depends on v.)

Inequality (3.22) clearly holds for vector functions as well, so we can apply it to
the identity map " . From now on, denotes this map. Therefore (p(U(. ))
p u(.))), and so (3.22) becomes

(3.23) ))- Evp (f)(Ser (u(.)))

Now define maps from the closed unit ball B of n into M, by

(3.24) (x, x)= ({F, (exp (+ap ,, x,E,)))).
e definition is possible because + apE, x,E, is in B(, ap), and so its

exponential in An(x) is in . By construction, (x,..., x,) is reachable from p,
by means of the control

(3.25) U,x,,...,(" {F, (exp (+ap , x,E,)) }.
e truncated series Ser (u,,..., (.)) is then

and so the terminal time T(u,,,...,(.)) is equal to r(Ser (u,,,....,(.))), i.e.

i=l

where 0i is the coefficient of Xo in Ei. In particular, all the points/z(xl,’’’, x,), for
(Xl,’’’, x,) B, and fixed j, are reachable from p in time not greater than &pj, where
t is some fixed constant which does not depend on j. Since p 0 as j o, our theorem
will be proved if we show that/z(B) contains a neighborhood of p for sufficiently
large j.
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In view of (3.23), we have

(3.26) < N+lpN+I;
i=l

provided that j is large enough, so that
For Q LN (X), define

1Qk"(3.27) ex--- (Q) .k=0

N Lk’hm(x), but the powers Qk are(Here we identify LV(X) with the subspace k=l
computed in L(X), so that e-u (Q) is allowed to contain terms of degree greater than
N.) We claim that all the coefficients of the finite series

are bounded by a fixed constant times pfq+lo TO see this, observe first that, if we write

(3.28) Z Z zX,,
I

then z 0 for III> N, and there is a constant c such that Iz[ <= Cpxl for all j, I. (Here
III is the length of the multiindex I, i.e. the degree of the monomial Xx. The first
assertion follows because ZL(X). The second one holds because exp (Z)=
Ser (u(.)) for some K-valued control u(. with terminal time p. Since the coefficients
tr; of Ser(u(.)) are iterated integrals, as shown in (3.12) and (3.13), they satisfy
bounds Irl <= constant x pl. Similar bounds then hold for the coefficients of the series
log (Set (u(.))), and for those of its truncation Z N(log (Ser (u(.))).) The
coefficients of apfv i= xiE also satisfy a similar bound, since they all contain a factor
p, and those of degree > N vanish. So the coefficients of

also satisfy these bounds, and then the same is true for those of the difference of these
two series. However, the coefficients of this difference vanish whenever III--< N. Hence
they are bounded by a constant times

It then follows that (3.26) remains valid (possibly with a different constant in
the right side) if "exp," is replaced by "e--x." Now "Cg-fflV (Z + ap .,"__ xiE) can
be written out by applying (3.27) and then expanding the powers of
Z + apf .,= xE. This leads to a finite sum of terms of the following five kinds:
(i) the term apJv= xiE, (ii) powers of Z, (iii) products of at least one Z factor
and at least one apjv y,= x,E,, (iv) powers of ap]v ,= x,E, other than the first power,
(v) the identity.

When evaluated at p, all the terms Ev (f)(Z) vanish, because Z LR (f, p). The
terms of type (iii) are O(pf+), because Z is O(pj). The terms of type (iv) are also
O(pV+l). Hence, modulo O(p+i), only the terms of types (i) and (v) count. So we
get the bound
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for some constant y. Then (3.29) implies (using thefacts that Evp (f)()$ $(p) p 0,
and Evp (f)(E,)$ e,ck e)

II   xl, o,
+1

Let

1
(3.31) lj(Xl Xn) -"’-’-- ldl,j(X1, ", Xn).

Otpj

Then/zj(B) contains a neighborhood of 0 if vj(B) does. It follows from (3.30) that

(3.32) x,)-(Xl,’.’, xn)ll _-< constant x p.

Therefore the v are continuous maps from to Nn that converge uniformly to
the identity map of as j- oo. This implies that v() contains a neighborhood of 0
for large enough j. The proof is then complete.

Theorem 3.4 gives a sufficient condition for local controllability, but not one that
is easy to check in practice. The next two sections will be devoted to providing more
easily checkable conditions. Here we will just give a simple example that follows
directly from Theorem 3.4.

THEOREM 3.5. Let M, f, K) be a control system, and let p M. Let N be a positive
integer such that Evp (f)(Lc(X)) TpM. Assume that ;V(X, K) contains an element
S =exp (Z) such that all the homogeneous components of Z are in LR (f, p). Then
M, f, K) is STLC from p.

Proof. For each p > 0, let A(p) be the automorphism of A(X) which sends X to
pX for i= 0,. ., M. Then A(p) gives rise to an automorphism A(p) of A(X), defined
by sending a series S =o S., with S. aJ’hm(x) to the series

(3.33) z(p)(S)
j=0

Clearly, ,(p) induces an automorphism of L(X), (X), and (X). Moreover, since
A(p) maps AN(X) to (X), it induces an automorphism AN(p) of AC(X) and, in
particular, an automorphism of G (X) and one of L (X).

Moreover, if 0< t9--< 1, then (p) maps $(X, K) into S(X, K), and AC(p) maps
S(X, K) into SN(X, K). (Indeed, if t- S(t), 0<= t<= T, is a solution of (3.11) corre-
sponding to a K-valued control t-u(t)=(ul(t),..., u,,(t)), then r,(p)($(r/p))
is a solution of (3.11) on the interval [0, pT], corresponding to the control -- u(’/p).)

Now suppose that $ is an element of N(x, K) such that S =expN (Z), where

(3.34) Z- Z, Zj L’hm(x),
=1

and Z LR (f, p). Pick g (El,. , E,) such that
(a) the Ei are members of LN(x),
(b) each Ei is homogeneous of degree 0i (with 8 =< N),
(c) Evp (f)(E1),’’’, Ep(f)(E,) form a basis of TpM.
Since S N(X, K), there exists a normal neighborhood W of S. If we let

S=AC(p)(S), W =AN(p)(W), then W is a normal neighborhood of S. Let c>0
be such that expN(Z+=lYE) W whenever ]yi]-<t. Let Z=A(p)Z. Then
eXpN (Z +--1 P’YEi) W, whenever lye] _-< &. Since 0 _-< N, it follows that

(3.35) B,(Z, dqaN)
_
1OgN (Wo)

whenever 0 < p -<_ 1.
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Since Z LJ’hm(x) [ LR (f, p), it follows that Zp LR (f, p) for all p. Finally, it
is clear that TN (S,) pc, where c TN (S). Therefore

(3.36) B(Z, a[ T (S)]S)
_
logs W)

for 0<_-p <_-1, if a tc-. So the conditions of Theorems 3.4 hold, and our desired
conclusion follows.

The preceding result is too weak for applications. In the following section we will
strengthen it in two ways. First, the requirement that each homogeneous component
Z of Z be a Lie relation at p will be replaced by the weaker condition that Z be
equal to a Lie relation plus an element of lower degree. Second, the "degree" will be
allowed to be a more general one, arising from a one-parameter group of dilations
which is not necessarily the family {A(p). p > 0} considered in the proof ofTheorem 3.5.

4. Dilations. We now define the concept of a "group of dilations," and prove a
generalization of Theorem 3.5.

If V is a linear space over the reals, a group ofdila,tions of V is a mapping p --> A(p)
that assigns to every real p > 0 a linear endomorphism A(p) V--> V, in such a way that

(DILl) A(1) identity,
(DIE2) A(pl)A(p2)= A(plp2) for all Pl, Pl,

(DIL3) V has a direct sum decomposition

(4.1) V=<) V

such that the subspaces V are invariant under the A(p), and the action of A(p) on each
V is given by multiplication by p’ for some a >= O.

The decomposition (4.1) is clearly unique if, in addition, we require that a Ok

whenever j k. In this case, the V are referred to as the homogeneous components of
V with respect to A. If v V is such that v V for some j, then v is said to be
A-homogeneous. If v 0, then V is uniquely determined by v, and the corresponding
a is the A-degree of v. More generally, any v V can be expressed in a unique way
as a sum j v, v V. The A-degree ofv is the largest a such that v 0, and is denoted
by dega (v).

If A is a group of dilations of V, then A gives rise to groups of dilations AA of
A(V), the free associative R-algebra generated by V (i.e. the tensor algebra over V)
and AL of L(V), the free Lie algebra generated by V. In both cases, the new group of
dilations consists of automorphism of the algebraic structure, which in addition leave
invariant the usual homogeneous components of A(V), L(V) (i.e. the homogeneous
components with respect to the groups of dilations induced by {Ao(p): p > 0}, where
Ao(p) V--> V is multiplication by p).

A group of dilations A of V will be called strict if it has no component of degree
zero. If A is strict, then aL is also strict, and AA is strict on Ao(V), the set of elements
of A(V) with no constant term. (But A(p)(1) 1 so AA is not strict on A(V).)

We will use ,(A) to denote the infimum of the degrees of the homogeneous
components of A. Then v(A)= v(A) for every A. If V is finite-dimensional, then the
infimum considered above is actually a minimum, and A is strict if and only if ,(A) > 0.

In the particular case when V= Ll’hm(x) (i.e. the linear span of Xo,"" ", Xm),
we let Al,m(p) V--> V be multiplication by p as above. Let A be any group of dilations
of V. Then A gives rise to groups of dilations AA, A of A(X) and L(X). Any group of
dilations of A(X) or of L(X) which arises in this fashion from a strict group of dilations
of V will be called an admissible group of dilations. (Clearly, a group of dilations A#

of L(X), is admissible if[ A# is strict and the A(p) are automorphisms which leave the
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usual homogeneous components invariant. If A# .is a group of dilations of A(X), then
A# is admissible if and only if A# consists of automorphisms which leave the usual
homogeneous components invariant, and the only elements of A#-degree zero are the
constants.)

If A is a strict group of dilations of Ll’hm(X)--SO that A gives rise to admissible
groups of dilations ZA, AL-- we will also refer to A itself as an admissible group of
dilations.

In particular, the groups that arise from A1 denoted by AA AL
1.,,, 1.m, are clearly

admissible.
If AA is any admissible group of dilations of A(X) as above, arising from a group

of dilations A of Ll’hm(x), then every AA(p) ives rise in an obvious way to an

automorphism Aa(p) of A(X). The Aa(p) map L(X) to (X) and therefore G(X) to
G(X). Since Aa(p) maps An(X) to An(X) for each N, there are induced automorphisms
AA’N(p) of the algebra An(X), which gives rise to automorphisms of the Lie algebra
LN(X) and of the Lie group GN (X).

We will say that A is compatible with the semigroup S(X, K) if

(4.2) ZA(p)(X, K)
___
(X, K) for every p _-< 1.

Compatibility can be described more directly as follows. The map A(p) takes
Ll’hm(x) into itself. For uR", u=(ul,’’ ", urn), let X(u) Xo+"=l uiXi. If uK,
then exp (X(u)) (X, K). Therefore A(p)(exp (X(u))) must belong to (X, K), if A

is compatible with S(X, K) and 0<p -< 1. That is, exp (,A(p)(X(u))) (X, K) and
so exp (AA(p)(X(u))) Ser (v(’)) for some v(" q/,,(K). Let T be the terminal time
of v(.). Then T cannot equal zero for, if T 0, then we would have Ser (v(.))= ],
and so zA(p)(X(u)) =0, contradicting the fact that X(u)0 and ,a(p) is an auto-
morphism. It follows from the construction of Ser (v(.)) that the coefficient of Xo in
Ser (v(.)) is precisely T. Moreover, the coefficient of Xo in exp Z is the same as the
coefficient of Xo in Z. So

(4.3) ,A(p)(X(u))= TXo+ E a,Xi,
i=1

for some choice of (al,. ", am) R". If we let/3 a/T, we see that

^A(4.4) A (p)(X(u))= TX(fl).

Let v"[0, T]R be such that v’(t)=fl for 0-_<t-<T. Then Ser(v’(.))=
exp (TX(fl)). Since Ser is injective as a map from q/m into t(X), we conclude that
v(.)= v’(.). Since v(.) is K-valued, we conclude that/3 K. Hence A(p)(X(u)) is
of the form TX(fl) for some T>0 and some /3 K. Conversely, if {A(p)} has the
property that A(p)(X(u)) is of the form TX(fl) for some T>0. ticK, whenever
0<p<_-I and ueK, then it is easy to see that A(p)(X,K)_S(X,K) whenever
0<p_-<l.

To see this, write

(4.5) A(p)(X(u))= E O,(u)Xi
i=0

for u ". Then

A(P)(X0) Z 0,(0)X and
i=0

)a(p) uX E [0,(u)- 0,(0)IX,,
j=l i=0
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so that each of the functions u Os(u)-0s(0) is linear. Moreover, Oo(u)>0 for every
us K and, if we define fls(u)= Os(u)/Oo(u) for i= l, m, ugm, Oo(u)O, then
we have /3(u) K whenever u s K, if fl(u) (/31(u), ’’, fl,(u)). Let $ S(X, K).
Then S= S(T), for some/(X)-valued function t S(t), 0<= t<= T, that satisfies

(4.6) (t) S(t) Xo+ E us(t)Xs
i=1

where the us are Lebesgue integrable functions such that (Ul(t),’’ ", um(t))K for
^Aall t. Let S#(t)=A (p)S(t). Then

#(t) S#(t) Oo(u(t))Xo+ 20i(u(t))Xi
i=1

(4.7)
=S#(t) Oo(u(t)) Xo+ 2 fls(u(t))Xi

i=1

Let r(t) =to Oo(u(s))ds. (The integral exists because u(.) is Lebesgue integrable and
00 is affine linear.) Since Oo(U(t))>O for 0_< t<= T, z is a strictly increasing function
of t. Let S*(-)= S#(t), if z= z(t). Then

(4.8) *(z) S*(z) Xo+ 2 vs(’)Xs
i=l

where the dot now denotes differentiation with respect to z, and vs(-)=fls(u(t))
whenever z= z(t). The vector-valued function v(.) is Lebesgue integrable. (Notice
that fl(u(.)) might fail to be integrable, since we do not know that 0o(’) is bounded
away from zero. However, v(. is necessarily integrable because, whenever b is a
strictly positive integrable function on [0, T], and -(t) o b(s) ds for 0 -< <- T, then
the function g:[0, -(T)] R defined by g(-(t))=f(t)/qb(t) is integrable whenever f
is integrable.) Since (Vl(Z)," , vm(z)) K for every z, we see that S*(z) g(X, K).

^A ^AIn particular, since S*(z(T)) S#(T) A (p)S, we see that h (p)S S(X, K). There-
fore ,a(p) maps (X, K) to/(X, K). So we have shown:

LEMMA 4.1. Let A={A(p)... 0<p<} be a one-parameter group of dilations of
V homL (X), and let AA, AA be the corresponding groups of automorphisms of
A(X),A(X). Then A is compatible with the semigroup S(X, K) if and only if A(p)
(Xo+Es=l usXs) is of the form T(Xo+Y,__ v,X) for some T>0, (Vl,’’’, Vm) K,
whenever 0 < p <- 1 and ul , Urn) K.

If ZA is compatible with (X, K)then ?a(p) gives rise to a map A(p)" (X, K)
(X,K) whenever 0<p-<l and hence to a map AK(p)’allm(g) ?/re(K), since
’lira(K) is identified with S(X, K) by means of the bijection Ser. An explicit description
ofthis map follows from the reasoning preceding the statement ofLemma 4.1. Ifwe write

(4.9)

for ueN", then the control v(’)=A(o)(u(’)) that corresponds to a given u(.)e
//re(K), defined on an interval [0, r], is obtained from the K-valued map - (u(t)),
0_< t<_- T, by reparametrizing time, using -= r(t)=Io O(u(s)) ds as the new time
parameter. (Here (u) (fir(u),. ., ,,,(u)), ’(u) Of(u)/O(u).) This explicit
description implies, in particular, that A (O) is continuous with respect to some natural
topologies on (T) (for example, L1, pointwise convergence), and that A(0) maps
piecewise constant controls to piecewise constant controls. More precisely, if u(. is
a piecewise constant control whose values are u, u, on intervals of length
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tl, k, then A(p)(u(. )) is piecewise constant with values /)1,. /)k on intervals
of length .1,... rk, where vi= flP(u ), and -= Og(u)t i.

This implies, in particular:
LEMMA 4.2. If A is an admissible group ofdilations ofLl’hm(x), which is compatible

with K, andW is a normal neighborhood of an S,rC(X, K), then AA’V(p)(W) is a
normal neighborhood AA’C(p)(S) for every pc (0, 1].

Now suppose that an (rn + 1)-tuple f (fo,’",f) of smooth vector fields on a
manifold M is given, as well as a point p M. We can then define No(f, p) to be the
smallest integer N such that

(4.10) Evp (f)(L(X))= TpM.

If, in addition, an admissible group of dilations A on Ll’hm(x) is given, we can also
define vo(f, p, A) to be the largest of the A-degrees of all the elements of LN(r’P)(X).

An element Z of L(X) is said to be A-neutralized for f at p if each A-homogeneous
component Z of Z is the sum of an Rj L(X) which belongs to LR (f, p) and a
Q L(X) such that

(4.11) dega (Q) < dega (Z).
Our generalization of Theorem 3.5 is then the following
THEOREM 4.3. Let (M, f, K) be a control system, and let p M. Let A be an

admissible group of dilations of Ll’hm(x) which is compatible with S(X, K). Let N be a
positive integer that satisfies
(4.12) N >- No(f, p),

and

(4.13) Sv(A) _>- o(f, P, A).

Assume that there exists an element Z of Lv(X) which is A-neutralized for f at p and
satisfies exp (Z) r(X, K). Then (M,f, K) is STLC from p.

Remark. Theorem 3.5 is a particular case of this result. Indeed, to get Theorem
3.5 it suffices to let A be the group of dilations defined by A(p)(P) pP for P Ll’hm(x).
A Z that satisfies the condition of Theorem 3.5 is clearly A-neutralized for f at p.

Proof. Let SV(X, K) be such that S=exprq (Z), Z LN(X), and Z is A.

neutralized for f at p. Let (El,’’’, E,) consist of elements of Lrqo(r’P)(X) which
are A-homogeneous of degrees r,..., r, and are such that the vectors EVp (f)(E),

1,. , n span TpM. (Then, in particular, r -<_ Vo(f, p, A) for j 1,. , n.) Let W
be a normal neighborhood of S. Then we can pick a neighborhood Wo of S and a

fl > 0 such that eXps (Z’+=1 yE) W whenever exprq (Z’) Wo and lYyl -< fl for
j=l,...,n.

Since Z is A-neutralized for f at p, we can write

(4.14) Z=,Z,

where the Zi are elements of L(X), are A-homogeneous of degree 0 (with 0 0 if
ij), and satisfy

(4.15) Z R, + Q,k,
k

where the Qik are A-homogeneous of degree r/k, the R belong to LR (f, p), and the
T]ik satisfy ik Oi"
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NIt then follows that the Zi belong to Ln(x), for we can write Z Ei=l zj, with
ZJs LJ’hm(x), and then each Z is a sum of A-homogeneous component Z],, which
must necessarily belong to L’hm(x). The Zi are then obtained by grouping together
all the Z], that have the same A-degree, and therefore belong to Ln(X), as stated.

The Qk can also be assumed to belong to Ln(X). Indeed, suppose that one Qk
was not in LN(X). Since Qk is A-homogeneous, we must have

(4.16) dega (Qik)>= (N+ 1) x v(A).

On the other hand, we can write

(4.17) Evp (f)(Q,k) = q,k EVp (f)(E)

for appropriate coefficients qikl. Therefore

(4.18) Qik R,k + ., qikE
where Rik LR (f, p). The qikE are A-homogeneous of degree try. Since

(4.19) cr _-< vo(f, p, A)<_-(N + 1)v(A)<_- r/,k < 0,,

we can replace each Qik that occurs in (4.15) but does not belong to Ln(x) by the
sum of the qikE, and add Rik to Ri. This leads to an expression for Z for the form
(4.15), with all the Q,k in Ln(x).

It then follows that the Ri are in Ln(X) as well. Define

(4.20) 2, Z-Y p’-’’"O,k.
k

Then expn (,) Wo.. if p is small enough. Therefore, if p is small, W is a normal
neighborhood of expn (Zo) such that

(4.21) expn (’o+ Y’E’)
whenever ly, l<= for i= 1,..., n. Let Z, A(p)(,). Let W, A(p)W. Then, if p is
sufficiently small, W, is a normal neighborhood of eXpN (Z,) such that

(4.22) exp (Zo+
whenever ]yl--</3 for 1,. ., n. Let

(4.23) S expn (Zp).

Then

(4.24) logs (W,)
_
B(Z,, flpv(r’P’A)).

On the other hand, S, satisfies

(4.25) Tn(S,) <- cpa) for 0 < p _-< 1,

for some c > 0. (This is because Z, is a sum of A-homogeneous components, each of
which has A-degree at least equal to u(A), and coefficients that are bounded as p- 0.
Therefore all the coefficients of A(p), are bounded by a constant times pa). In
particular, this is true for the coefficient of Xo, and so (4.25) follows.)

From (4.25) we conclude that

(4.26)



180 H.J. SUSSMANN

and so

(4.27) log (W)_ B(Z, a[Tv(S,)]v)
if p is sufficiently small, and a tic-.

Finally, we have

0’R.

Therefore Z LR (f, p). Hence all the hypotheses of Theorem 3.4 are satisfied,
and the desired conclusion follows.. Invariant elements. Theorem 4.3 says that (M, f, K) is STLC from p iL for some
suciently large N, (X, K) contains an element S such that log (S) is A-neutralized
for f at p. In order to be able to use this result, we need to know that (X, K)
necessarily will contain elements of some very special kind, for then STLC will follow
ifwe hypothesize that these special elements are exponentials of A-neutralized members
of Lm(X).

To get these "special elemems" we exploit a general result about existence of
points that are invariant under ceain finite groups of pseudoautomorphisms (cf. 2
for the definition of "pseudoautomorphism").

Let L be a finite-dimensional, nilpotent Lie algebra over , and let G be its
corresponding connected, simply connected Lie group. Then the exponential map
exp" L G is a diffeomorphism onto. Therefore, if A" L L is an arbitray map, then
A gives rise to a map ’GG, defined by letting

(s.1) X(exp (2))=,xp

PROPOSITION 5.1. Let L be a finite.dimensional, nilpotent Lie algebra over , and
let G be the corresponding connecte6 simply connected Lie group. Let A be afinite group
of pseudoautomorphisms of L, and let A {’A A} be the group of bijections of G
induced by A. Let S be a nonempty subset of G which is closed under multiplication.
Suppose that eoery maps S into & en S contains an element s such that (s)= s

#r all A A.
00 Sta with an element Sl S, and write s =exp (b), where b L. Let

A={A,... ,A}, with A# A whenever i#j. Define s2 by

en s2 S, because (s) S for each and S is closed under multiplication. On the
other hand, we have

(s.3) X(s,) =exp ((b,)) or;= 1,..., n.

erefore the Campbell-Hausdorff formula gives

(5.4) s2 exp (z2 + b2)
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where

(5.5) z ;t(b) +... + x.(b)

and b2 ILl2. In view of (5.5), z2 satisfies A(z2) z2 for every A cA. Assume we have
proved, for some k, that there exists an Sk $ which is of the form exp (Zk + bk), with
A(zk) zk for all A A, and bk [L]k. Then we can define sk+l by

(5.6) Sk+l AI(Sk)A2(Sk) A,(Sk)

and conclude from the Campbell-Hausdortt formula that

(5.7) Sk+l =exp (Zk+l + bk+),

where

(5.8) z+ E X,(z + b)
i=1

and bk+ is a linear combination of terms, each of which is a Lie bracket of two or
more elements of L of the form Aj(Zk + bk) for some j. But Aj(Zk) Zk and, if we let

bk A(bk), we have bk ILlk, because bk ILlk and A is a pseudoautomorphism. So
the brackets that appear in bk+ are brackets of two or more terms of the form Zk + bk.
Now [zk + bik, Zk-- bjk] "-[Zk, bjk]d-[bik, Zk]-l’[bik, bjk], and so [zk 4r- bik, Zk t" bjk] ILlk+l.
So bk+l ILlk+l. This proves, by induction, that an Sk S of the desired form exists
for every k. Since L is nilpotent, we can take k such that ILlk-- {0}. Then bk 0, and
so, if we let s Sk, the condition that A(s)= s holds for all A e A.

6. End of the proof of Theorem 2.4. Assume that the conditions of Theorem 2.4
hold. Pick N so large that (4.12) and (4.13) hold. The group A obviously induces a
group A of pseudoautomorphisms of the Lie algebra Lv(X). The maps ], for A e A,
clearly map (X, K) into itself. The set ,(X, K) is nonempty and closed under
multiplication. Proposition 5.1 then implies that (X, K) contains an element S
expv (Z), where z e L(X) is Afixed. Then Z is A-fixed, and therefore Z is A-
neutralized for f at p. Theorem 4.3 then says that (M, f, K) is STLC from p.

7. Applications. In all the applications discussed here, A will be a group obtained
from a group of automorphisms Ao of L(X), by adding to it the "time reversal" map.
Precisely, let A’A(X)->A(X) be the linear map which sends each monomial

XX:. X to the "reversed" monomial X. XX. Then qlA is an antiautomorph-
ism of A(X) (i.e. qA(pQ)=-[A(Q)qA(p) for all P, Q in A(X)). It then follows easily
that qA([p, Q]) [-[A( Q), ql-A(p)], i.e.

(7.1) -A([p, Q])= _[ql-A(p), qA(Q)],
for P, Q in A(X). Then ql"A maps L(X) to L(X), and

(7.2) ’(P) (--1)I+kP for P Lk’hm(x),
where ql denotes the restriction of I-A to L(X).

It is clear that ql is a pseudoautomorphism of L(X). On the other hand ql"A gives
rise in an obvious wayto a map -A. ,(X) -> (X). Clearly, -A(pk) pk ifP e A’hm(x).
Therefore

(7.3) "[’A(exp P)= exp P

if P s A’hm(x). So, if P,""" ,, Pk are elements of L’hm(x), we have

(7.4) "A(exp (P1) exp (Pk))=exp (Pk) exp (P).
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This implies that, if u(. is a piecewise constant K-valued control, defined on
[0, T], then

(7.5) A(Ser (u(.)) Ser (urev(" ))

where u (t) u(T- t) for 0=< t=< T. By an elementary continuity argument, (7.5)
holds for all controls u(.). Therefore

(7.6) CA((X, K))= (X, K).

On the other hand, ql gives rise to a map ql L(X)--> L(X), which is obviously equal
to the restriction of fA to L(X). If P is any element of Ao(X), then -a(pk)__ [-A(p)]k
for every k, and therefore

^A(7.7) "A(exp (P))= exp (ql- (P)).

In particular, if P L(X), we get the equality

(7.8) A(exp (P))= exp ((P)),
which implies

(7.9) ’A((X)) (X).
In the terminology of 2 (cf. espec}ally (2k7)), (7.8) shows that the restriction

of --A to G(X) is precisely the map ql-#: G(X)--> G(X). Hence (7.6) says that ql-# maps
S(X, K) to S(X, K). So we have proved:

LEMMA 7.1. q]- is an input symmetry.
Now suppose that Ao is a finite group of graded linear maps from L(X) to L(X).

(A linear map X L(X) --> L(X) is graded if ,X maps LJ’hm(x) into LJ’hm(x) for each j.)
Then every A Ao commutes with 7. Since 31-2 is the identity map, the set

(7.10) A AoLI {AqI: )t e Ao},

is a finite group of pseudoautomorphisms. If Ao is a group of input symmetries, then
A is a group of input symmetries as well. We shall refer to the input symmetry ql as
"time reversal," and to the group A defined by (7.10) as "the augmentation of Ao by
time reversal."

Let us call an element of L(X) totally odd if all its homogeneous components
have odd degree. Then it is clear that the totally odd elements of L(X) are precisely
those P L(X) that satisfy ql-(P)= P. If Ao is a finite group of graded linear maps of
L(X), and A is its augmentation by time reversal, then the A-fixed elements of L(X)
are precisely those P L(X) that are Ao-fixed and totally odd. So we can conclude
from Theorem 2.4 the following:

COROLLARY 7.2. Let (M, f, K) be a control system, and let p M. Assume that f
satisfies the LARC at p, and that there exist (a) an admissible group of dilations A of
tl’hm(x) which is compatible with (X, K), (b) a finite group Ao ofgraded linear maps
from L(X) to L(X) that are input symmetries, such that every totally odd Ao-fixed element
of L(X) is A-neutralized for f at p. Then (M, f, K) is STLC from p.

7.1. Symmetric systems. A symmetric system is a family o//. { V: I} of vector
fields on a manifold M, such that for every i I there is a j I such that V V. It
is well known that, if a symmetric system satisfies the LARC at p, then the system is
STLC from p. For completeness, we show that our theorem implies this result. First,
it is clear that we can pick vector fields fl, ",fm in this family such that the m-tuple
(fl,..., f,,) satisfies the LARC at p. Then we can let fo 0. Also, we take K to be the
set of all points of R" of the form (0, 0, , 0, + 1, 0, , 0). We let A be the group
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of dilations such that A(p)(p) pp for P Ll’hm(x), so that the A-degree is just the
ordinary degree. We let Ao be the group of automorphisms of L(X) generated by
hi," , Am, where hi is the automorphism that takes X to X for j i, and
Since the hi commute, Ao is finite. The Ao-fixed elements of L(X) are those that are
linear combinations of brackets where each Xi, 1,. , m, occurs an even number
of times. Such a bracket cannot be totally odd unless it contains Xo. But then, when
the bracket is evaluated by plugging in thef for the X, the result must be zero, because
fo 0. Hence every totally odd Ao-fixed element of L(X) is actually in LR (f, p), and
therefore is A-neutralized for f at p. So we can apply Corollary 7.2 and conclude that
E (M, f, K) is STLC from p. Since every trajectory of E is a trajectory of OF, the
small-time local controllability of OF follows.

7.2. The results of Brunovsky, Crouch and Byrnes. In [3], Brunovsky defined an
odd family OF { V" I} of vector fields on a symmetric neighborhood M of 0 to be
a family such that for every i I there is a j I such that V(-x)=- V(x) for x M.
He then proved that, if OF is odd and satisfies the LARC, then F is STLC from 0.
Crouch and Byrnes [5] provided a coordinate-free generalization of this result. Suppose
that Y { V" I} is a collection of vector fields on a manifold M, and p M. Suppose
that Y satisfies the LARC at p. Assume that there is a finite group Ao of diffeomorphisms
of M such that

(i) each A Ao maps p to p,
(ii) each A Ao maps each V to some V in the family,
(iii) the differentials at p of the maps A Ao have no common invariant half space.
The result of [5] then says that OF is small-time locally controllable from p.

Brunovsky’s theorem is a particular case of this, obtained by letting Ao consist of the
identity and the map A’x -x. (If V(-x)=- V(x), and A, denotes the differential
of A, so that A,(v)=-v, then A, maps V to V.)

We show that the result of [5] is a particular case of our Corollary 7.2. Let
fl,""" ,f, be members of the family OF, chosen so that" (i) (fl,""" ,f,,) satisfies the
LARC, (ii) f f whenever ij, (iii) the set {fl,""" ,f,} is mapped to-itself by the
maps A,, A Ao. Letfo 0, f (fo," , fm). Then consider the system (M, f, K), where
K {0} tO/, and/ is the set of all vectors of" of the form (0, 0,. ., 0, 1, 0,. ., 0).
If E=(M, f, K) is STLC from p, then OF is. (Indeed, let q be reachable from p by a
trajectory of that corresponds to a piecewise constant u(. )’[0, T]- K. Then q can
also be reached by a trajectory that corresponds to a K-valued control, in time T’-< T,
by simply eliminating from u(.) all the pieces for which u(.) has the value 0.) The
group Ao acts on L(X) for, if A A0, then A. permutes the elements of {fl,... ,f,},
and so we can define an automorphism g(A) of L(X) by

(7.11) g(A )(Xo) Xo
and

(7.12) g(A)(Xi) X if A.(f)=f.

If 7/" is any element of L(X), it follows from (7.11) and (7.12) that

(7.13) Ev (f)(g(A )( V)) ,.(Ev (f)(V)).

In particular, this implies that, if V is Ao-fixed, then the vector Evp (f)(V) is invariant
under the differentials at p of all the maps A Ao. Therefore Evp (f)(V)=0, and so
V LR (f,p).
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So, if Z is any group of dilations whatsoever, all the Ao-fixed elements of L(X)
are A-neutralized for f at p, and so E is STLC from p.

7.3. The Hermes condition and some generalizations. Consider a system

(7.14) =fo(x)+ E u,A(x), lu, l=<l,
i=1

and assume that p is an equilibrium point of fo, i.e. that fo(P)= 0. We let Ao be the
group of automorphisms of L(X) generated by trl,’", tr, and all the
where: (a) Sm is the group of permutations of {1,..., m}, (b) for r Sin, is the
automorphism of L(X) which maps Xo to Xo and Xi to Xi) for i= 1,-.., m, (c)
is the automorphism that sends X to X for j i, and Xi to -Xi. It is clear that Ao is
finite. The Ao-fixed elements are those that are linear combinations of elements of the
form a(B), where B is a bracket of Xo,"’, Xm, and a is the Ao-symmetrization
operator, i.e.

(7.15) a(V) Z A(V).
AAo

It is clear that a(V)=O, if o’(V)=-V for some i. Therefore, a(B)=O if B is a
bracket in which one of the X, > 0, appears an odd number of times. Hence, in order
to find the Ao-fixed elements, we may limit ourselves to considering the symmetrizations
of brackets B where, for 1,. , m, X appears an even number of times. For such
a B, one may use the symmetrization operator fl given by

(7.16) fl(V)= (V).
m

Next, let 0,. ., Om be arbitrary real numbers such that 0-> 1 for i= 1,. ., m.
Define A(p) by

(7.17) A(p) (Xo, , Xm) --> (pXo, p’Xl, pX2, pOmXm).

Then A is compatible with (X, K), where K {(ul, ", urn)" lu, I--< 1 for i= 1,. ., rn}.
Then Corollary 7.2 implies that the system is STLC if, whenever B is a bracket with
an odd number of Xo’s, and an even number of X’s for each s {1,. , m}, it follows
that every A-homogeneous component of fl(B) is equal, when evaluated at p, to a
linear combination of brackets of lower A-degree. When the 0 are different, this
condition requires too much, for/3(B) will in general fail to be homogeneous. So the
most interesting case obtains when all the 0 are equal. Let 1-< 0 < c. Define the
O-degree 8o of a bracket B Br (X) to be the sum

(7.18) 8o(B) 8(B) + 0
i=1

where 8i(B) is the number of times that X occurs in B. Then 8o is the degree that
arises, in an obvious way, from a group of dilations A0. We can then apply Corollary
7.2 to get a local controllability theorem involving the group Ao. However, Ao only
enters the theorem via the concept of A-neutralization, and this concept is unchanged
if we multiply all^ the degreesby a fixed number v > 0. Hence we can use, instead of
8o, the degree 8o defined by 8o(B)=(1/O)8o(B), i.e.

(7.19) o(B) 8(B) +
i=l
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The new definition now has the advantage that 60 also makes sense for 0 , in
which case oo(B) s, simply, the total number of occurrences in B of the X for
i= 1,. ., m. (But iLo does not arise from an admissible group of dilations.) We can
then state the following

THEORE 7.3. Consider a system

(7.20) : =To(x) + Z u,f,(x), x M, lu, 1,
i=1

and a point p M such that fo(P) O. Assume that (fo, ", f,,) satisfies the LARC at
p. Assume that there is a 0 1, oo] such that, whenever B Br (X) is a bracketfor which
6(B) is odd and 6I(B),..., tm(B) are even, then there are brackets C1,"’, Ck in
Br (X) such that

k

(7.21) Evp (f)(/3(B)) E sr Evp (f)(Ci)
i=1

for some , k R, and

(7.22) o(Ci) < o(B) for i= 1,..., m.

Then the system (7.20) is STLC from p.
For 0 < 0% this theorem is just the result of applying Corollary 7.2 to our situation,

using the group of dilations A0. To prove the theorem for 0 oo we just "take the limit
as 0 o." Rigorously, this means that, if the hypotheses are satisfied for 0 oo, then
they are also satisfied for some large finite 0. To see this, let us use S to denote the
linear span of all the brackets B such that (B)<-k and l(n.)+...-+-m(B)<-1. If
is an m-tuple (11,. ", lm) of nonnegative integers, we define Sk, to be the linear span
of those B’s for which 6(B) =< k, (B) 11," ", m(B) Ira. Also, we define

(7.23) Soo,, U Sk.t,
k=O

(7.24) .,= LI S,,

odd odd in exactly the same way, except that the unions areand we define spaces
only taken over odd values of k. We call the m-tuple even if all its components
l,. , l,, are even. Then the hypothesis of Theorem 7.3 for 0 oo says that

(7.25) oddEvp (f)/3(,.,oo.1, Evp (f)(Soo.l,l-1)

for all even 1. Pick an such that

(7.26) Evp (f)(So.r)= TpM.

For l- 0, 1,. ., l, pick k(1) such that

(7.27) Evp (f)(Soo.,)= Evp (f)(Sk,).,).

Then pick 0 1, oo) such that k(l)< 0 for !- 0,. ., I. We claim that, with this choice
oddof 0, the hypothesis of Theorem 7.3 holds. To see this, let B ,oo.. Assume first that

Ill> . Then Evp (f)(B) Evp (f)(So,r), so that Evp (f)(e) Evp (f) Sk( /-), /-). Therefore
Evp (f)(B) is a linear combination of vectors Evp (f)(C), where the C are in
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But then

(7.28) go(C,)=< +l<l+l<=lll<=o(B).
0

Next assume that Ill_-</ and is even. By (7.25) and (7.27), Evp (f)((n)) is a
linear combination of vectors Evp (f)(Ci) with Ci Sk<a).a, where , I1[- 1. But then

k(X)
(7.29) g0(C,) _<- + A < A + 1 Ill < o(n).

0

The proof of Theorem 7.3 is now complete.
Theorem 7.3 contains as.a particular case a result for single-input systems was

conjectured by H. Hermes and proved by us in [25]. Precisely, the Hermes condition
(HC) for a system

(7.30) =f(x) + ug(x), lul----< 1,

at a point p, is the condition that, if B is an arbitrary bracket of f’s and g’s with an
even number of g’s, then B(p) is a linear combination of values at p of brackets with
fewer g’s. (In particular, by taking B =f, we see that the HC implies that f(p)=0.)
The result proved in [25] says that, if the system (7.14) satisfies the LARC and the
HC at p, then it is STLC from p. If we apply Theorem 7.3 with rn 1 (in which case,
of course, the symmetrization operator/3 is just the identity), we obtain a strengthened
version of the theorem of [25]. The HC corresponds to 0 o whereas Theorem 7.3
allows other values of 0. Moreover, even if we apply Theorem 7.3 with 0 c, the
condition that has to be satisfied to get controllability is weaker than the HC, and
therefore the resulting controllability theorem is stronger. (The HC demands that every
bracket with an even number of g’s be neutralized, whereas our result only requires
this for brackets with an even number of g’s and an odd number off’s. As will be
shown in examples below, these refinements make it possible to handle cases where
the HC is unsufficient.)

For general m, R. Grossmann [8] states a sufficient condition for controllability,
namely, that every bracket where each of the f for 1, , m occurs an even number
of times be expressible, at p, as a linear combination of brackets of lower total degree.
This condition amounts to a weaker form of the case 0 1 of our theorem. (Theorem
7.3 only requires that the symmetrized brackets, which in addition have an odd number

offo’S, be expressible as linear combination of lower-degree elements.)

7.4. Low order sufficient conditions for systems with a cubic control set. We now
illustrate the use of Theorem 7.3 by deriving some sufficient conditions for systems of
the form (7.14), in terms of brackets of low degree. Assume that p is an equilibrium
point of (7.14), i.e. that fo(P)=0. Also, assume that (7.14) satisfies the LARC at p.
The simplest sufficient condition for STLC is the one obtained from the Pontryagin
Maximum Principle, which says that (7.14) is STLC from p if, for every e >0, the
adjoint equation along the trajectory x(t)= p, 0=< =< e, has no nontrivial solution- ,X(t) such that ( (t),f(p))= 0 for 0<= _<- e. The adjoint equation in this case, written
in coordinates, is simply the equation

(7.31)

where A is the Jacobian matrix off0 at 0. If A(.) is a solution of (7.31) such that (A(t),
f(p)) 0, then (A (0), Akf(p)) 0 for all k. Hence, if the vectors Akf(p) 1," ", m,
k 0, 1,... span TpM, there will not exist a )t (.) with the desired properties, and so



GENERAL THEOREM ON LOCAL CONTROLLABILITY 187

(7.14) will be STLC from p. Clearly, Akf(p)= (adfo)k(f)(p). Therefore the sufficient
condition obtained from the Maximum Principle simply says that (7.14) will be STLC
from p if the vectors (adfo)k(f)(p), i= 1,..., m, k 0, 1,... span TpM. Theorem 7.3
implies a stronger result, namely

PROPOSITION 7.4. Assume that fo(p)=0, and the vectors (adfo)k(f)(p),
i=l,’’’,m, k=0,1,..., together with the vectors [f,f](p),i,j{1,...,m},
span TpM. Then (7.14) is STLC from p.

Proof. Our hypotheses imply in particular that (7.14) satisfies the LARC from p.
Let /x>0 be such that the span of the vectors (adfo)k(f)(p), i{1,’’’,m},
k 0, 1, , is actually spanned by vectors of this same form with k _-</z. Pick 0 such
that/z _-< 0 <. Then TpM is spanned by vectors Evp (f)(B), where the B’s are brackets
such that go(B)-< 2. On the other hand, if C is any bracket with an odd number of
Xo’s and an even number of Xi’s for each { 1,. ., m}, then either B Xo, in which
case Evp (f)(B) 0, or o(B) > 2, in which case Evp (f)(C) is certainly a linear combina-
tion of vectors Evp (f)(B) with go(B)< (C). Hence the conditions of Theorem 7.3
are satisfied, and (7.14) is STLC from p.

Ifthe sufficient condition of Proposition 7.4 is not satisfied, then it will be necessary
to "neutralize" some brackets in order to be able to apply Theorem 7.3. The lowest
total degree d where there may exist brackets to be neutralized is d 3. (The case
d 1 is disposed of by the assumption that fo(p)= 0.) The only brackets of total degree
3 where Xo occurs an odd number of times, and each of the other Xi’s an even number
of times, are the expressions [X, [X, Xo]]. Symmetrization yields the element

(7.32) H [X, [X, Xo]].
i=1

We write h Ev (f)(H).
If h is "neutralized," in the sense that h(p) is a linear combination of vectors

gj(p), where the gj are brackets of "lower degree," then that "releases" a whole
collection of new brackets. If these brackets now span TpM, then we get controllability
again. Exactly which brackets are released by the neutralization of h will depend on
how h is neutralized. Suppose that

(7.33) h(p)= Y. a,k(adfo)k(f)(p)+ , /30[f,f](p)
i=1 k=0 i=1 j=l

for some choice of coefficients Olik [ij"
Then, if we choose any 0 such that 0 _-> 1, ^0 > , 1 we see that Evp (f)(H) is a

linear combination of vectors Evp (f)(B) with go(B)< go(H). The next value of the
total degree d for which there may be brackets B to be neutralized is d 5. And the
lowest possible value go(B) for such brackets is 2+(3/0). If the brackets for which
go <2+(3/0) span TpM, the system will be STLC from p. So we get

PROPOSITION 7.5. Assume that (i) fo(P)=0, (ii) (7.33) holds for some , and some
choice ofcoefficients Otik [30. Assume that there is a number 0 1, o] such that 0 > , 1,
with the property that the brackets B with kl fo’s and k2 f’s with i> 0 for all kl k2 such
that kl + Ok2 < 20 + 3, span TpM. Then (7.14) is STLC from p.

As a simple example, suppose that h(p)-0 or, more generally, that (7.33) holds
with , 1. Then 0 can be chosen to be an arbitrary number in [1, ]. In particular,
we can conclude that the system (7.14) is STLC from p if either (i) TpM is spanned
by all the brackets of total degree_-<4 or (ii) TpM is spanned by all the brackets with
3+= 1, 3_-<4, together with those with 3+= 2, 3<_-2, those with 3+= 3 and go_< 1,
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and those with 6+= 4 and 80= 0, or (iii) TpM is spanned by the brackets with 8+= 1,
8_-< 5, together with those with 8+ 2, 8_-< 2, and those with 8+ 3, 8 0, or (iv)
TpM is spanned by the brackets with 8+= 1, 8 arbitrary, together with those with
8+= 2, 8 <-2. (Here, for a bracket B, 8i(B) is the number of occurrences of fi in B,
and 8+(B)==1 8(B) The four results stated above are obtained by taking, respec-
tively, 0 1, 0 1.1, 0 2.2, and 0 very large.) If (7.33) holds with v 2, then we have
to choose 0 > 1, and so we can conclude that (7.14) is STLC from p if (ii), (iii) or (iv)
above hold. If (7.33) holds with 9 3, then we must choose 0> 2, and we get that
(7.14) is STLC from p if (iii) or (iv) hold. Finally, if (7.33) holds with some 9->_4, we
get small-time local controllability if (iv) holds.

Notice, in particula.r, that if H is neutralized, in the sense that (7.33) holds for
some 9, then this has the effect of unconditionally releasing a number of brackets,
namely, all the brackets with 8+= 2, 8_-< 2.

Finally, we illustrate the result of Theorem 7.3 in the case rn 2, by giving some
simple sufficient conditions in terms of brackets up to degree 6. The algebra to be
considered here is L(Xo, X1, X2). The homogeneous components U’hm(Xo, X1, X2)
have dimensions 3, 3, 8, 18, 48, 116, for j 1, 2, 3, 4, 5, 6, respectively. So there is a
total of 196 potentially linearly independent brackets of degree _-<6. After we eliminate
those brackets that are totally even, or odd in either X1 or X2, and symmetrize, we
are left with exactly eight linearly independent elements to be neutralized, namely, (a)
Xo, (b) H, and (c) six elements B1, B2, B3, B4, Bs, B6 of degree five, given by

(7.34) /, [IX,, X], [IX,, X], Xol],

2

(7.35) B2 [X, (ad Xo)3(X)],
i=l

2

(7.36) B3 [[Xo, Xi], [Xo, [Xo, X]]],
i=1

2

(7.37) n4= (ad Xi)4(Xo),
i=1

(7.38) B= IX,, IX,, IX:, [Xo, X:]]]] + IX:, [X_, IX,, [Xo, X,]]]],

(7.39) B6 [[Xo, X,], IX2, IX,, X2]]] LF [[Xo, X2] IX1, IX2, X1]]].

If we apply Theorem 7.3 with 0 1, we can conclude that our system is STLC
from p if the brackets of total degree<-6 span TpM, provided that (i) fo(p) =0, (ii)
h(p) is a linear combination of values at p of brackets of degree< 3, (iii) each vector

Evp (f)(B), 1, , 6, is a linear combination ofvalues at p of brackets of degree < 5.

7.5. Two single-input examples. We now analyze from the point of view of
Theorem 7.3 two examples where the Hermes condition fails to hold but the system
is STLC from p.

In [22], G. Stefani discusses an example of a system =f(x)+ug(x) which is
STLC from 0 even though (a) the Hermes condition is not satisfied, (b) the first bracket
B needed to span the whole tangent space is one where g occurs four times. (This
shows that not all brackets that are even in g are obstructions to local controllability.)
We will show that Stefani’s example fits the framework of our Theorem 7.3, since B
is also even in f, and therefore there is no need for it to be neutralized. Stefani’s
example is the system u, 3 x, : x3y, in R3, with control constraint u[ _-< 1. Then
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g=(1, 0, 0), f=(0, x, x3y). The relevant Lie brackets are as follows:

[g, f] (0, 1, 3x2y), [f, [g, f]] (0, 0, 2x3),
[g, [g,f]] (0, 0, 6xy), If, If, [g, ff]]] =0,

[g, If, [g, f]]]= If, [g, [g, f]]] (0, 0, 6x2),
[g, [g, [g,f]]] (0, 0, 6y),

[g, [g, If, [g,f]]]] (0, 0, 12x),

[g, [g, [g, If, [g,f]]]]] (0, O, 12).

(We omit brackets that vanish or that are trivially expressed in terms of the ones listed
here.) In particular, the vectors g(0) and [g,f](0) span a two-dimensional space S. If
B is any bracket off’s and g’s of degree-<_ 5, then B(O)S. In particular, if we take
0 1 in Theorem 7.3, we see that every bracket of degree 3 or 5 is equal, when evaluated
at 0, to a linear combination of brackets of lower degree. If we now add the bracket
[g, [g, [g, If, [g, f]]]]], which has degree 6, we span the whole space. Notice that, since
this bracket is of even total degree, Theorem 7.3 does not require that it be neutralized.
Hence Theorem 7.3 implies the fact--proved by Stefani--that this system is STLC
from 0.

The preceding example shows that it is possible for controllability to be achieved
thanks to the effect of some brackets that are even in g, so that not all such brackets
are "obstructions." We now briefly review another example, already discussed in [25],
which shows that a bracket which is even in g may be "neutralized" by a bracket with
more g’s but lower total degree. Consider the system u, p =x, : x +y, lul < 1.
Here f=(0, x, x3+y:z) and g=(1, 0, 0). The vectors g(0) and If, g](0) span a two-
dimensional space S, and all the (adf)kg(O), k >-2, are in $. The vector [g, [f, g]](0)
belongs to S. However, [g, If, [f, [g, f]]]](0) is not in S, so that the Hermes condition
fails to hold. On the other hand, [g, [g, [g,f]]](0) is not in S either, and therefore we
can apply Theorem 7.3 with 0 1 and conclude that our system is STLC from 0.

7.6. Polynomial control systems. In 14], V. Jurdjevic studied control problems of
the form

(7.40) P(x) + u,b,,
i=1

U--(Ul,"" .,Um)K

where the state variable x takes values in R", P:R" - R" is a polynomial map each of
whose components is homogeneous of degree d, and K is either a cube centered at 0
(the "restricted controls" case) or the whole space m (the "unrestricted case").

Jurdjevic proved that, if d is odd, then (7.40) is STLC from 0 if and only if S
where S is the smallest linear subspace of n which is invariant under the map P and
contains bl,’", b,. Moreover, in the unrestricted case it follows that.every x
can be reached from 0 in time T, for every T> 0. We show that this result follows
from our general theorem. Actually, we show that it follows from Brunovsky’s theorem
on odd systems. First we observe that, if d is odd, then (7.40) is an "odd system" in
Brunovsky’s sense. Therefore, the characterization of small-time local controllability
from 0 will follow if we show that the Lie algebra L generated by the vector fields
x P(x), x hi, x -hi satisfies L(0) S.

It follows from the definition of S that, if x $, then all the vectors b belong to
S, and so does P(x). Therefore all the members of L are tangent to $, and so L(0)_.c S.
On the other hand, if Q:"o" is a polynomial map and v is a vector in n, then
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the Lie bracket [ v, Q], of the constant vector field x --> v and the vector field x --> Q(x),
is the vector field x--> DoQ(x), where DoQ(x) is the directional derivative of Q at x
in the direction of v. In particular, this implies that (ad V)d(P) is the constant vector
field x--> P(v). Hence, if we let X be set of all vectors v such that the constant vector
field x-> v belongs to L, we see that E is invariant under the map P. Therefore S c_c_ X.
This implies that S

___
L(0), and so L(0)= $.

To complete the proof, we must show that, in the unrestricted case, the condition
S =" implies that the time T reachable sets are equal to " for all T> 0. Assume
that S Rn. Let T> 0. Then we already know that there is a neighborhood U of 0 that
can be reached in time T. Let p Rn. Pick r such that 0 < r < 1 and rp U. Let --> x(t)
be a trajectory such that x(0)=0, x(rl-aT) rp. (Since rp is reachable in time T,
rl-a>= 1, and 0 is an equilibrium, it follows that rp is also reachable in time rl-aT.)
Let y(t) r-lx(rl-at) for0=< -< T. Then y(0) =0, y(T) =p. Let Ul," ", Um be functions
on [0, rd- T] such that

(s)=P(x(s))+ u,(s)b, forO<--s<--_rd-lT.
i=1

Then

y(t)= rdp(x(rl-dt))+ r-dui(t)b,,
i=1

i.e.

.f(t) P(y(t)) + r-au(t)bi.
i=1

Since --> (r-dub(t)," ", r-alUm(t)) is an admissible control, it follows that p is reachable
from 0 in time T.

7.7. Low order conditions with a general polyhedral control set. Consider a finite
sequence V (V1,..., Vm) of vector fields on a manifold M. We want conditions for
V to be STLC from a point p. Equivalently, we want to know when the system

(7.41) := X wiVi(x), W’-(WI," ", Wm)EJ
i=l

is STLC from p, where J is the set of vectors (0, 0, , 0, 1, 0, , 0) Rm.
Let So( o//., p) denote the convex hull of the vectors V1(p)," ", V,, (p). Let Io( oF, p)

denote the largest subset I of the index set {1,..., m}, such that 0 is a convex
combination of the vectors V(p), I, with strictly positive coefficients. In [24], we
proved that, if (7.41) is STLC from p, then Io(, p) has to be nonempty and, moreover,
there have to exist indices Io(Y, p) such that V(p) 0. The main result of [24] was
a sufficient condition for (7.41) to be STLC from p. Let S(, p) denote the convex
hull of the vectors V(p), {1,. ., m}, V, V](p), i,j Io(V, p). The result of [24]
says that, if $1(V, P) contains a neighborhood of the origin in the full tangent space
TpM, then (7.14) is STLC from p. We now show that this result, as welt as some stronger
conditions, can be derived from Corollary 7.2.

First, we observe that, instead of (7.41), we can consider the system

(7.42) := E w, Vi(x),
i=1

W--(W1,’’’,Wm)Km,
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where Km is the convex hull of J and the vector (0, 0,..., 0)..(Indeed, let be the
union of J and {(Oz..., 0)}. It is clear that, if small-time local controllability holds
with J replace.d by J, then it holds for the system (7.41). On the other hand, Proposition
2.3 says that J can be replaced by its convex hull as well.)

Let us assume that the origin is an interior point of SI(V, p). Also, let us relabel
the indices so that Io(V, p) { 1,. .,/z}, where 2 _-</z _-< m.

Then we can express 0 as a convex combination

(7.43) 0= Y A,V(p), h,>0, Y h,=l.
i=1 i=1

On the other hand, the hypothesis that 0 is an interior point of SI(V, p) implies
that: (i) the vectors VI(p), , V,,,(p), together with the [V, V](p), for i- 1,...,
j 1,..., tx span the tangent space TpM, (ii) it is possible to express 0 as a convex
combination

(7.44) 0 a,V(p) + Y flij[ V, V](p)
i=1

where the ai, flo are strictly positive, and ,ai + ’flo 1.
(To see that (ii) follows, pick 8>0 so small that -SZ(p) SI(V, p) whenever

Z V for some or Z V, V] for some i,j {1,. .,/x}. Then each -SV(p),
i {1,..., m}, can be written as a convex combination of the V(p), j {1,..., m},
and the IVy, Vk](p),j, k{1,’’’ ,/z}. So 0 can be written as a linear combination of
these same vectors in which all the coefficients are nonnegative and the coefficient of
V(p) is strictly positive. The same is true for [V, V](p), if i,j {1,. .,/z}. If we then
add all these expressions and divide by the sum of the coefficients, we obtain an
expression of the desired form.)

Now define fo 0,f hiV for 1,. .,/x,f aiV for =/ + 1,. ., m. Consider
the system

(7.45) =fo(x)/ Y u,f(x), u=(ul,’’’, Um) K,,.
i=1

It is clear that every trajectory of (7.45) is a trajectory of (7.42). Hence it suffices
to prove that (7.45) is STLC from p.

To prove that (7.45) is STLC from p, we work with the free Lie algebra
L(Xo,"’, X,). We let Ao be the group of all automorphisms g of L(Xo,’’’, Xm)
that are induced by a permutation r of the indices {0,..., m} that satisfies 7r(0)- 0,
r({ 1," ,/x}) { 1," ,/z}. It is clear that all the g are input symmetries. We define
dilations A(p) by assigning A-degree one to Xo,’",X,, and A-degree 8 to
X,+,. , X,,, where is some number such that 2 < 8 < 3.

We now show that all the totally odd Ao-fixed elements of L(Xo,’’’, Xm) are
A-neutralized forf at p. Sincefo(p), ,fro(P), and the [f,f](p) with i,j
span TpM, it is clear that TpM is spanned by the evaluations at f, p of elements of
L(Xo,’", X,,) of A-degree not greater than 8. Among these, the Ao-fixed elements
of A-degree one are spanned by Xo and X1 +’" + X,. But

(7.46) fo(P) (fl +’’" +f,)(P) O,
and so these elements are neutralized. The elements of A-degree 2 are totally odd and
therefore need not be considered. The Ao-fixed elements of A-degree 8 are spanned
by X,+I +" "+ X,,, and (7.44) shows that f,+l(p)+’’ "+f,,(p) is equal to the value
at p of an element of A-degree < 8. Hence Corollary 7.2 can be applied. This completes
the proof that the result of [24] is a particular case of Corollary 7.2.
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It should be clear from the preceding proof that one can get more sophisticated
results by just applying the same method. A detailed analysis ofwhat can be so obtained
will be the subject of a future paper. At the moment, we limit ourselves to two examples.
In these examples, if hi,’’ ", h, are such that (7.43) holds, we let gl, g2 denote the
vector fields

(7.47) gl AV+. +AuV,

(7.48) g2 Y A 2(ad, g/)2(gl).
i=1

(That is, g =f +. +f, g:=Y= [f, [f, gl]].)
Then, if (7.43) holds, the system (7.41) is STLC from p if one of the following

conditions holds"
(I) (a) g:(p) is a linear combination of the vectors V(p), i{1,... ,/x} and the

V, V](p), i,j {1, ,/x},
(b) 0 is a convex combination, with strictly positive coefficients, of the E(P),

{1,...,m}, the[E, V](p), i,j{1, g}, and the [E,[V, E,]](P), i,j, k
{1,... ,/x},

(c) TpM is spanned by the V(p), { 1,..., m}, the V, V](p), {1,..., m},
j{1,...,/}, the [V, [V, Vk]](p), i,j, k {1, l}, and the
V, V, [Vk, V/]]](p), i,j, k,/6{1,’’’ ,/};

(II) (a) 0 is a convex combination with strictly positive coefficients of the V(p),
i{1,...,m} and the [V, V](p), i, j6{1,...,},

(b) g2(P) is a linear combination of the V(p), {1,..., m} and the V, V](p),
i,j {1, l},

(c) TpM is spanned by the V(p), i{1,..., m}, the [V, V](p), i, j6{1, m},
the [V,[V, Vk]](p)), where i,j,k are in {1,...,/}, and the
V, V, Vk, V/]]](p), i,j, k, {1," ",/x}.

To see that (I) implies small-time local controllability from p, we reason as before,
but with 3 < 6 < 4. Condition (c) of (I) says that TpM is spanned by the brackets of
A-degree not greater than 1 + 6. The Ao-fixed elements of A-degree one are spanned
by Xo and X +. + X,, which are obviously neutralized, since fo -= 0 and (7.43) holds.
The Ao-fixed elements of A-degree 2 do not matter, because they are totally even. In
A-degree 3 there is only one Ao-fixed element, namely G2, where we let G=
X +. .+X,, G2==1 [X, [X, G]]. Condition (a) then says that this element is
neutralized. In A-degree 6 there is one Ao-fixed element, namely, X,+I+... +
Condition (b) then says that this element is neutralized. Finally, all the elements of
A-degree 4 or 1 + are totally even, and therefore need not be considered.

To see the sufficiency of (II) we again use the same argument, with 6 such that
2 < < 2.5. Then condition (c) says that TpM is spanned by evaluations of brackets
of A-degree not greater than 26. The possible A-degrees of such brackets are 1, 2, 6,
3, + 6, 4, 2 + 6 and 2& The only A-degrees where totally odd brackets occur are 1, 6,
3 and 2 + 6. In A-degree 1, the Ao-fixed elements are Xo and X +... + X,, which are
neutralized. In degree 6, the Ao-fixed element is X,+ +... + X,,, which is neutralized
by condition (a). In A-degree 3, the Ao-fixed element is G2, which is neutralized by
condition (b). So Corollary 7.2 applies, and small-time local controllability follows.

8. Conclusion. The main implication of the results proven here is that, so far, one
method appears to suffice to prove most known small-time local controllability results.
It seems to us that this method is still very special, and it should be possible to obtain
better results by making a more detailed analysis of the semigroups Su(X, K).
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One important application of the theory developed in this paper is to the problem
of High Order Optimality Conditions. Small-time local controllability is a particular
instance of this general problem, in which we are concerned with finding sufficient
conditions for a particular trajectory (given by x(t) p constant) to lie in the interior
of the attainable set from p, which is the same as finding necessary conditions for the
trajectory to lie on the boundary of the reachable set. The methods of this paper can
be used to prove results on the construction of control variations for more general
trajectories, and to obtain necessary conditions for optimality. The results will be
reported in subsequent papers.

Appendix.
Proof of Proposition 2.3. Clearly, all that needs to be shown is that, if is STLC

from p, it follows that E is STLCpc from p. Suppose that is STLC from p. Let T> 0.
Pick T’ such that 0< T’< T, and let U be an open set such that pe U and U
Reach (, -< T’, p). Shrink U, if necessary, so that L(f)(q) is the full tangent space at
q for every q e U. Let q e U. Let be the family of vector fields associated with E,
and let -.={-V: Ve }. Then L(f)=L(;)=L(-). Let be the family of
restrictions to U of the members of -.. Then has the AP from q. So there is a
nonempty open subset W of U such that every re W is reachable from q by an
-trajectory in time not greater than T-T’, so that q is reachable from every re W
by an -trajectory in time not greater than T-T’.

Now pick an re W. Since W_ U, r is reachable from p in time , for some- e [0, T’] by means of a trajectory of that corresponds to a control u(. )’[0, ]/.
Then u(.) can be approximated in LI([0, ], R") by a sequence {u,(.)} of piecewise
constant K-valued controls. If xn(" is the trajectory for un(. such that x,(0) p, and
we let rn xn(z), then r, e W for sufficiently large n. Therefore W contains a point r’
which is reachable from p in time z by means of a pie,cewise constant K-valued control.
Let co (K) denote the convex hull of K. Since K is the closure of co (K), every
piecewise constant/-valued control can be approximated in LI([0, ], Rm) by piece-
wise constant co (K)-valued controls. Therefore W must contain a point r" which is
reachable from p in time z by means of a piecewise constant co (K)-valued control.
Finally, a piecewise constant co.(K)-valued control can be approximated weakly by
piecewise constant K-valued controls. Hence W contains a point r’" which is reachable
from p in time by a piecewise constant K-valued control. So r’" e Reachpc (E, <_-T’, p).
Since q e Reachp (E, =<( T- T’), r’"), we conclude that q e Reachpc (,v_,, <__ T, p). Since q
was an arbitrary point of U, we see that U___ Reachp (E, =< T, p). Since U is open,
p e U, and T was an arbitrary positive number, it follows that E is STLCp from p.
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MINIMIZING OR MAXIMIZING THE EXPECTED TIME
TO REACH ZERO*

D. HEATHt, S. OREY*, V. PESTIEN AND W. SUDDERTH

Abstract. We treat the following control problems: the process Xl(t) with values in the interval (-oo, 0]
(or [0, )) is given by the stochastic differential equation

dX(t)=ft(t) dt+r(t) dWt, Xt(O)=xt
where the nonanticipative controls/ and cr are to be chosen so that (p(t), (t)) remains in a given set ff
and the object is to minimize (or maximize) the expected time to reach the origin. The minimization problem
had been dicussed earlier by Heath, Pestien and Sudderth under various restrictions on the set 3’. Here an
improved verification lemma is established which is used to solve the minimization and maximization
problems for any ,9’. An application to a portfolio problem is discussed.

Key words, stochastic control, portfolio selection, gambling theory

AMS(MOS) subject classifications. 60G40, 60J60, 93E20

1. Introduction. Consider a real-valued process {Xl(t)} given by a stochastic
differential equation

dX( t) ft( t) dt + or(t) dWt, X(O) x
where { Wt} is standard Brownian motion and ft (t) and or(t) are nonanticipative controls
to be chosen so that (ft(t), or(t)) remains in a specified set Ae. The problems of
minimizing or maximizing the expected time to reach the origin are treated in 3. The
minimization problem has been studied in [9] and [3], though with an exponential
change of variables putting the problem on (0, 1]. For a more detailed discussion, see
Remark 2 in 3.

The solution of these control problems uses a new refinement of the verification
lemma of [9], which is proved in 2. This result should be of independent interest.

Section 4 deals with a portfolio planning problem which turns out to be a special
case of the minimization problem. This portfolio problem was originally solved in [3].

2. Continuous-time stochastic control. The formulation of stochastic control prob-
lems given here is adapted from Pestien and Sudderth [9]. Our notation and terminology
is the same as theirs, but we consider a more general class of processes and establish
a verification lernma more suited to the present applications.

A continuous-time gambling problem is a triple (F, X, u) where

(2.1) the state space F is Polish (we shall use a Borel subset of ordinary Euclidean
space),

(2.2) the gambling house is a mapping which assigns to each x F a nonempty
collection X(x) of processes X {X,, >= 0} with state space F such that Xo x
and X has right-continuous paths with left-limits,

(2.3) the utility function u is a Borel function from F to the real line.

* Received by the editors March 18, 1985, and in revised form October 15, 1985.
f School of Operations Research and Industrial Engineering, Cornell University, Ithaco, New York

14853., School of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455. The research of
this author was supported by National Science Foundation grant MCS 83-01080.

Department of Mathematics and Computer Science, University of Miami, Coral Gables, Florida 33124.
School of Statistics, University of Minnesota, Minneapolis, Minnesota 55455. The research of this

author was supported by National Science Foundation grant DMS-8421208.

195



196 D. HEATH, S. OREY, V. PESTIEN AND W. SUDDERTH

A process X 5:(x) is said to be available at x. Each available X is defined on some
probability space (f, , P) and is adapted to an increasing filtration (t, t->0} of
complete sub-sigma fields of $;. The probability space and filtration may depend on X.

A player, starting at position x F, selects a process X E(x) and receives payoff
u(X) defined by

(2.4) u(X) E[lim sup u(Xt)].
t--

The expectation occurring on the right is assumed to be well-defined for every available
process X.

The value function V is defined by

V(x) sup {u(X): X e E(x)}

for every x e F. A process X e E(x) is optimal at x if

u(X) V(x).

From now on we shall require that F be a Borel subset of the Euclidean space
Rd having nonempty interior, and each process X {Xt} under consideration will be
an Ito process of the form

(:z.5) x, x+ (s) as + (s) dw

where W { Wt} is a standard m-dimensional Brownian motion process on (I, ;, P)
adapted to increasing, right-continuous g-fields {t}, and t is independent of { Wt/s
Wt, s >=0}. The function a a(t, to) is to be .Rd-valued, progressively measurable,
adapted to {$;t} and such that

(2.6) I (s)l ds < c a.s. for all t.

The function/3 =/3 (t, to) has as values real d x m matrices, is progressively measurable,
adapted to {,}, and satisfies

(2.7) I (s)l= ds < 00 a.s. for all t.

For each pair (a, b), where a d is a d x 1 vector and b is a d x m real-valued
matrix, define the differential operator D(a, b) for sufficiently smooth functions Q d
R by

D(a, b)Q(y) Qx(y)a +- Y. Qx,xj(y)(bb’)ij
i=lj=l

where

oQ oQ) o2Q
Q’(Y)= ox,’ "and b’ is the transpose of b.

We now specify X(x) by specifying the possible values of a and/3. To this end,
for each x F let C(x) be a nonempty set of pairs (a, b), where a d and b is a real
d x m matrix. (The idea is that C(x) is the set from which a player at state x may
choose the value of (a,/3).) Assume also that every available process X is absorbed
at the time Tx of its first exit from F, the interior of F. These conditions define a
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function Ec on F where Ec(X) is the collection of all processes X having paths in F
and satisfying (2.5), (2.6) and (2.7) together with

(2.8) (a(t, to), fl(t, to)) C(Xt(to)) for all (t, to),

(2.9) (a(t, to),(t, to))=(O,O) fort_-> Tx(to),

(2.10) C(x) {(0, 0)} for x F- F.
Let E be a gambling house such that E(x) Ec(X) for every x F.
The following proposition, which is related to Lemmas 2 and 3 of [9], will be

applied in the next two sections.
PROPOSITION. Let G be an open subset of Rd which contains F. Suppose Q" G

and Q, G for n 1, 2,. . Suppose also that each Q, has continuous second-order
derivatives on G and that

(i) lim,oo Q,(x)= Q(x) for every x F.
Assume the following conditions for every x F and every X ,(x)"

(ii) Q(X)>=u(X) where Q(X)=E[limsup,_ Q(Xt)] is assumed to be well-
defined.

(iii) There exists a sequence {k,} of nonnegative constants such that lim,_oo k, 0
and with probability one, for all n and all >= O,

D(a(t), fl(t))Q,(Xt) <- k,.

(Here a and fl are related to X by (2.5).)
(iv) There exist integrable random variables Z, Y, Y2, such that, for all n and

all >-_ O,

Z<-_Q,(Xt)<=Y,.

Then Q >- V.
The following lemma is the chief tool for the proof of the proposition.
LEMMA. Suppose Q" G has continuous second-order derivatives, Xo F, X

E(Xo), and z is an almost surely finite {t}-stopping time. Also assume
(i) there is a nonnegative constant k such that with probability one, for all s >-O,

D(a(s), fl(s))Q(Xs) <- k,

(ii) there exist integrable random variables Y and Z such that for all >-_ O,

Z <- Q(Xt) <- Y.

Then

EQ(X,) <-_ Q(xo) + kE".

Proof Apply Ito’s lemma to write

Q(Xt) Q(xo)- At + Mt Q(xo)-(kt + At)+ kt + Mt(2.11)

where

At D(a(s), fl(s))Q(Xs) ds,

Mr= Qx(X)fl(s) dW.

(Here a and/3 are related to X by (2.5) and satisfy (2.6) and (2.7).)



198 D. HEATH, S. OREY, V. PESTIEN AND W. SUDDERTH

Assume without loss of generality that E-< oo. Hence,
(2.12) EQ(X.,.) Q(xo)+ kE’r+ E[M.,.-(k’r+ A)].

It suffices to show that the final expectation in (2.12) is less than or equal to zero.
By condition (i), -(k’r+A.,.)<=O. We will show that EM.,.<-O. (Notice that EM.,. is
well-defined by the first equality in (2.11) and condition (ii).)

Let T be a sequence of stopping times such that {Mr^, ;t} is a uniformly
integrable martingale for every j and T - c a.s. Let Bj - > T]. Then My M^ on
B, and

<-- I [-Z+ kr+ Q(xo)].

That is,

fB7 M+ fBy M- <- fBj
[-Z + k’r+ Q(x)]"

Let j -, and conclude

Proofofthe proposition. Let Xo F and X E(Xo). By condition (ii) and [9, Lemma
1], it suffices to show

(2.13) EQ(X.,.)<-_Q(xo)
for every almost surely finite stopping time z.

Assume first that z is bounded. Then, by the lemma and Fatou’s inequality,

EQ(X.,.) <-lim inf EQ,,(X.,.) <- lim Q,,(Xo) / (lim k,,)E,r Q(xo).

If z is unbounded, use Fatou’s inequality again:

EQ(X.,.) <- lim inf EQ(X.,.^,,) <- Q(xo).

3. Minimizing or maximizing the expected time to reach zero. The problems
described in the Introduction will now be formulated as continuous-time gambling
problems in RE. Consider first the problem of minimizing expected time. The first
coordinate, Xl, of the state vector x will correspond to the player’s position on (-o, 0],
while the second coordinate, x2, will represent time.

It is convenient to allow negative as well as positive times and define

F {x R2: -oo < x _-< 0}.
Because the object is to minimize expected time, let

u(x) -x.
Recall the notation from 2. The interior of F is F= (-oo, 0)x (-c% c) and by our
conventions each available process X will be absorbed at time

T Tx inf { t: X(t) 0}.
In the present example the set C(x) will not depend on x for x F. Let 6e c R x [0, oo),
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and let C(x) Co for x F. Every X ,c(X) can be specified by stochastic differential
equations

dXl( t) Iz( t) dt + tr( t) dWt,

(3.1) dXE(t)=dt,

x(0) x, x(0)= x,

where/ and tr are progressively measurable and (/z(t), tr(t)) Y, < T; and Xt Xr
for >_- T. Note that for every X e Ec(x) the second coordinate process {X2(t)} increases
deterministieally at rate 1 up to time T, and by (2.4) and the definition of u

(3.2) u(X)=-XE-ET.
Now let

(x) {x
(3.3)

(X ,c(X)" ET< oo}.

From (3.2) and (3.3) one sees that

(3.4) V(x, x2) V(Xl) x2

where V(Xl)= V(xl, 0). Furthermore, for x <y<0, a strategy starting at x and
minimizing the time to 0 must first minimize the time to y and, having gotten there,
minimize the time to 0. This argument leads to V(x)= V(xl-y)+ V(y). Since V is
also continuous and vanishes at the origin, one may conclude

V(x)=Xx
where h -> 0 depends on 6e. (We omit a formal proof because we will not rely on this
formula below.)

If in (3.1) tz(t)=tx(X(t)) and r(t)=r(X(t)), where tz and r are measurable
real-valued functions on (-o, 0), we say that X is given by a stationary Markovian
strategy. For given functions/z and r then X as defined by (3.1) depends only on the
initial conditions, so we may write u(X)= v(x, x) and from (3.2)

(3.5) V(Xl, x2) V(Xl) x2

where v(xl)= v(x, 0). Now u(X) can be obtained explicitly. Assume for simplicity
that/z and r are piecewise continuous functions, and r(x)=> ro>0 for all x. Note
that if r(x)=> ro> 0 and r and/z are measurable and bounded on compact sets then
(3.1) will have a unique weak solution: for/z vanishing this is shown by a time-change
argument ([4, Chap. IV, Ex. 4.2]), and for/z not vanishing one uses transformation
of drift ([4, Chap. IV, Thm. 4.2]).

By definition v(x) is simply the negative of the expected time it takes the diffusion
to reach the origin if it is started at x. If X E(x), then T is finite with probability
one and v(x) is the limit as Mo of-v(xl), where vI(Xl) is the expected time
to exit the interval I-M, 0]. Let us set

a(x)=o’(x).
Then v is determined by

tzv’+av+ 1 O, v(O) vt(-M) O.

Solving for v and letting M o gives

(3.6) v’(x) e
2eB(Z)

a(z)
dz
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where

(3.7) B(xl)
2/x (y)
a(y)

and r is an arbitrary point in (-oo, 0]. Of course

(3.8) V(Xl) v’(y) dy.

Recall (see, for example, [5]) that the diffusion determined by/x and a has a scale
function and speed measure determined respectively by

2
(3.9) dp(Xl) e-nx’> dXl, dm(Xl) e’’) dXl.a(x,)

The formulas (3.9) are correct under the same conditions mentioned above for
the existence of a unique weak solution. Note first that if p is as in (3.9), p(X(t)) is
a martingale, as can be seen by applying the Ito formula as extended by Krylov [7].
To check the speed measure first consider the case where/z vanishes. Then as remarked
above the diffusion can be obtained by a time change of a Brownian motion if’, the
time change being the inverse of b, o tr-2(if(s)) ds. Comparing this with the Ito-
McKean construction of diffusion we find that the speed measure satisfies m(dy)=
2tr-2(y) dy, see [2, Thm. 2.123]. When there is drift present consider the drift-free
diffusion Yt p(X(t)). From the Ito formula we can read off the diffusion coefficient
of Y, hence also the speed measure rh for Y and since the speed measure for X is
given by m(dx)= rh(p(dx)) this is now determined and indeed given as in (3.9).

Consider now /x(t) -=/Xo, or(t) tro, where /Zo and tro are constants. This will
determine a diffusion with ET < o if and only if/Zo > 0, and then

(3.10) /) (Xl)-- X’-I

which is a special case of (3.6) if tro>O and obvious if tro=O.
It is natural, especially in the light of (3.10), to conjecture that an optimal strategy

is to choose the drift/z to achieve the supremum

M sup {/z: (/z, tr) e S for some or}.

As is explained in Remark 2 below, a similar strategy was proposed by Kelly [6] for
certain discrete-time problems. However, these "Kelly strategies" need not be optimal
if the set of the possible cr’s is unbounded. The exact criterion for our continuous-time
problem involves another quantity

I inf sup {/x + eO’2. (/./,, O’)

THEOREM 1. Let x F.
(a) If 0<M< and I< then V(x)-Xl/M-x2. If in addition (M, cro)

then the process X E(x) with tx( t) =- M and or(t) =- Cro is optimal.
(b) IfM <- 0 and I < o then V(x) -o.
(c) If M=c or I= then V(x)=-x2 (i.e., the origin can be reached in an

arbitrarily small expected time.)
Proof. (a) Let Q(x)- x/M-x2. It is clear from (3.5) and (3.10) that Q-<_ V. It

remains to verify that Q _-> V. (Once this is done, the final assertion of (a) will follow
from (3.5) and (3.10).) This inequality will be proved by applying the proposition of 2.
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For 8 > 0, let

{ 3tr2: tr)S}I(6)=sup /z+ (/z,

and notice that by condition (a), I(6)< c for 8 sufficiently small. For such 8, let

ex8Qa(x) -1

I() -x.

Now verify the conditions of the proposition, with Q Q and Q, Q for each n.
Condition (i) is automatic and (ii) follows easily. With k, 0 for each n, it is routine
to check that (iii) holds. As to condition (iv), obsee that in the formula for Q(x)
the first term on the right is bounded uniformly in x for each fixed 6. So Q(X) is
bounded above and below by a constant plus X(t), and since x X(t) x2+ T and
X E(x) implies that T is integrable, the proposition gives Q Finally, because
I(6) M and Q

(b) We reduce the result to (a). Let e > 0 and consider a new problem based on
the set

U {(, 0)}.

The quantity corresponding to M for the new problem is M e. Thus pa (a) can
be applied to obtain the value function

V(x)
x,

X2.
E

Clearly V(x) V(x)- as 0.
(c) If M= the desired conclusion V(x)=-xa follows easily from (3.10). So

assume now that M <
Y, > 0, and and

(3.11) -h(a)a, i= 1, 2,...,

where a and h(s) is a nonnegative function on [0, ) which decreases to zero as
s. Let

(x,) ,(,, (x,)

where is a function from (-m, O) to the positive integers with i(x) increasing rapidly
to m as x decreases to -m. Use (3.6), (3.7) and (3.11) to obtain

2 2(y)
v’(x,)= xp dy dz

a(y)

2 )
[exp(I[h(a(y)) dy)]

For any e > 0 we can choose so that a(y)= a(y increases suciently fast so that
both integrals occurring in the final expression are arbitrarily small. It follows that
can be chosen to make v as small as desired, and then (3.8) gives the desired conclusion.
(Notice T< with probability one because p(-)=- by (3.9) and g is bounded
below by g.)
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For the maximization problem it seems natural to work on [0, o) rather than
(-, 0] and to think of maximizing the expected time until bankruptcy occurs. Here
is the formal definition of the gambling problem"

where Co is given by (3.0),

F={x2: 0<X

u(x) x,

C(x)=Co forx F

(x) =;(x).

Then, for x F and X E(x),

(3.12) u(X) x2+ ET
where T inf (t: X(t) 0}. As before

V(x, x) V(x) +x
where

V(x1) V(x1,0).

It is natural, as it was for the minimization problem, to conjecture that an optimal
strategy will choose/z to achieve

M sup {/: (/z, r) 6e for some or}.

This time the conjecture is essentially correct.
THEOREM 2. Let x F.
(a) IfM < O, then V(x) -Xl/M+ x2. If in addition (M, cro) $1’, then the process

X ,(x) with tz(t) =- M and or(t) =- Cro is optimal.
(b) IfM >- O, then V(x)=oo.
Proof. Suppose X is given by a stationary Markov strategy/z(t)-=/Zo, r(t)-= cro

where /Zo and fro are constants. Because we have changed from (-o, 0] to [0, oo),
formulas (3.5), (3.10) and (3.12) now imply

---+ x2 if/Zo < 0,
(3.13) u(X)

oo if/Zo -> 0.

Part (b) of the theorem is immediate. For (a), let Q(x)=-x/M+ x2. By (3.13), Q<= V.
The reverse inequality will be proved by another application of the proposition of 2.

Let {/3,} be a sequence of numbers in the interval (0, 1) which increase up to 1.
Define

ex(o.)x, 1
Q,(x) - x2fllog/3,

where

-M-x/M2- 2tr log fl
O"o

and tro> 0. (The first term on the right-hand side in the definition of Q,(x) is equal
to the expectation ofoT (/3,) ds for a process/z(t) M, tr(t) ro and thus corresponds
to a discounted payoff.)
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Condition (i) of the proposition is easily verified, and (ii) is obvious because
Q-_> u. For (iii) let (a, b)e C(x) where a (), b () and calculate (with

D(a, b)Q,(x)
A(fl) eX(t3)x’ ( 1 )log/3

/x+ h (/3)tr2 + fl’2(1 + x2 log/3)

A (fl)M
-<-t-/3x2(1 + x2 log/3).

log/3

The inequality holds because /z=<M and A(fl)<0. Now recall that X2(s) is an
increasing process and (iii) will follow after some calculus. Condition (iv) is an easy
consequence of the definition of Q, together with the facts that Xl(s) >= 0 and X2(s) ->

X(0).
Remark 1. Since the set 6e is not assumed to be bounded, and the tr with (/z, tr) 5e

are not bounded away from zero, the usual approach via Bellman’s equation for the
value function V could not be used above. For a continuous time gambling problem
as defined in 2 the Bellman equation can be written in the form

(3.14) sup D(a, b) V(x)--0

where the supremum is taken over all (a, b) C(x). For the minimization problem of
this section, (3.4) applies and (3.14) becomes

[ 1 ’2 V"(x’)- 1] =0"(3.15) sup tzV’(x)/-
Under condition (c) of Theorem 1 the value function V(x)=-0 does not satisfy (3.15).
Furthermore if I =co and M < oo with (M, tro) 9, the function Xl/M does solve (3.15)
but does not represent the value function. Under condition (a) of the theorem the
value function V(x)= x/M is a solution of (3.15) but this fact does not follow from
standard theorems.

Remark 2. Consider the problem of a process on the interval 0 < 1 -<- 1 determined
by the equation

(3.16) .1(0) , d(t) .1(t)[/2 (t) dt + (t) dWt]

where/2(t), t(t) are nonanticipating contro.ls required, to satisfy (/2(t), t(t))e St and
the object is to minimize the expectation of T inf { t: X(t) 1.}. This problem reduces
to that of Theorem 1 by the change of variables X(t)= log X(t). This follows from
Ito’s formula, and one finds (t)= (t)-trE(t)/2, tr(t)= t(t). So one can formulate
the theorem to apply to the X1 process. Note that the role of M is assumed by

fiT/= sup {fi 6/2: (fi, 6) P}
and the role of I is taken by

= inf sup(fi-(-e)>o t2-"

The problem for the ’ process was considered i.n [9]. and [3] and solved under some
restrictions on 6e. In [9] it was assumed that ASe_ Se for all A _->0, while in [3] this
assumption was needed only for 0-<_ A _-< 1.

As discussed in [9] and [3] various models lead to the problem on [0, 1]. One of
these, the "portfolio problem," will be explained in 4. In [6] Kelly introduced a plan
in discrete time based on the criterion of maximizing, at each stage, the expected value
of the logarithm. This "Kelly criterion" was further studied by Breiman [1] who
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established certain asymptotic optimality properties. Theorem 1 may be interpreted to
imply that a continuous time Kelly criterion is in fact optimal under the hypotheses
of (a), but not under those of (c).

4. A portfolio problem. Consider the problem of managing a portfolio of stocks,
bonds and cash so as to minimize the expected time to reach a given total worth. For
a simple model suppose that there is one bond whose price Bt at time satisfies

dBt rBBt dr,

and one stock whose price S, at time satisfies

dSt rsSt dt + o’sSt dWt
where re, rs and trs are positive constants and { Wt} is a standard Brownian motion.
A recent paper by Malliaris [8] explains the use of stochastic differential models in
finance and has numerous references to the financial literature. Let Xl(t) be the total
fortune of an investor at time t, let fs(t) be the fraction of that fortune invested in the
stock, and let f(t) be the fraction invested in the bond. Then 1 satisfies

(4.1) df(,(t)= f(,l(t)[rsfs(t)+ rf(t)] dt+trsfs(t dWt.

Let

S {(/2, )" 12 rsfs + raft, rsfs,f >- O, fs >= O,f, +fs <- 1}.

Then (4.1) and ,1(0)= are equivalent to (3.16) and ((t), t(t)) ;. We are in the
situation of Remark 2 of 3. Theorem 1 applies, and one is in case (a). If re > rs one
should obviously take f(t) 1. If ra <- rs one finds

re +
(rs- rn)
2tr

if rs <-- re + tr2s,
//=

o’
otherwise.rs

2

The corresponding optimal policies are given by f 1-fs and

if this is less than 1,

otherwise.

In particular, the Kelly strategy is optimal.
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SUPERVISORY CONTROL OF A CLASS OF
DISCRETE EVENT PROCESSES*
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Abstract. The paper studies the control of a class of discrete event processes, i.e., processes that are
discrete, asynchronous and possibly nondeterministic. The controlled process is described as the generator
of a formal language, while the controller, or supervisor, is constructed from a recognizer for a specified
target language that incorporates the desired closed-loop system behavior. The existence problem for a
supervisor is reduced to finding the largest controllable language contained in a given legal language. Two
examples are provided.

Key words, discrete event systems, control, automata

AMS(MOS) subject classifications. 93C10, 93B50, 93C30

1. Introduction. In this paper we study the control of a class of systems broadly
known as discrete event processes. The principal features of such processes are that
they are discrete, asynchronous and (possibly) nondeterministic. Typical instances
include computer networks, flexible manufacturing systems, and the start-up and
shut-down procedures of industrial plants.

While numerous practical examples are described in the literature on simulation
(see especially Fishman [1978] and Zeigler [1984]), there is at the present time
apparently no unifying theory for the control of discrete event processes. Nor is it
entirely clear what such a theory ought to encompass. Numerous approaches to the
modeling of discrete event processes have appeared in the literature. A general sampling
of these could include boolean models (Aveyard [1974]); Petri nets (Peterson [1981]);
formal languages (Beauquier and Nivat [1980], Park [1981]); temporal logic (Pnueli
[1979], Hailpern and Owicki [1983]); and port automata and flow networks (Milne
and Milner 1979], Steenstrup, Arbib and Manes 1981]). All of this work is concerned,
in one way or another, with the problem of how to achieve or verify the orderly flow
of events; and to this end how to bring together ideas from logic, language and
automaton theory. However, while control problems are implicit in much of the work
just cited, control-theoretic ideas as such have found little application there. The variety
of approaches reflects the diversity of areas in which discrete event processes play an
important role. It also indicates that to date no dominant paradigm has emerged upon
which a theory of control might be based.

In this article we investigate a simple abstract model of a controlled discrete event
process, our main objective being to determine qualitative structural features of the
relevant basic control problems. Specifically we take the controlled process to be the
generator of a formal language, and study how the recognizer of a specified (target)
language may be employed as a controller. In this regard we found-suggestive the
work of Shaw [1978] and Shields [1979] on flow expressions and path expressions
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respectively; while C. A. R. Hoare has recently brought to our attention certain points
of similarity with his linguistic approach to concurrent processes in Hoare [1983,
Chap. 2]. Nevertheless our definition of "controllable language," and our main results.
(Theorems 7.1 and 10.1) on the existence and structure of controllers are believed to
be quite new. Our approach is similar in spirit to some qualitative theories of multivari-
able control synthesis that have emerged over the last decade in the context of standard
dynamic systems (for example, Wonham [1979], Nijmeijer [1983]). The present article
is based on Ramadge [1983], and is summarized in Ramadge and Wonham [1984],
while earlier versions appeared as Ramadge and Wonham [1982a, b].

The paper is organized as follows. In 2 we define the class of controlled processes
and controllers (supervisors) of in.terest; and in 3 we discuss various associated formal
languages. Sections 4 and 5 develop criteria for the existence of a supervisor for which
the corresponding closed-loop controlled system satisfies given linguistic requirements;
the main new idea here is that of a controllable language. Section 6 introduces the
notion of a supervisor that is proper, namely nonblocking and nonrejecting. In 7 we
pose two problems of supervisor synthesis" the Supervisory Marking Problem (SMP)
and the Supervisory Control Problem (SCP). Each ofthese is then shown to be solvable
in a minimally restrictive, or "optimal," fashion in the class of proper supervisors, the
"optimality" depending on a semilattice property of the relevant classes of languages.
Section 8 defines a projection (or simplification) of supervisors. The latter, combined
with some notions of reduction of languages and recognizers in 9, leads to our second
main result in 10, the Quotient Structure Theorem. According to this, every efficiently
constructed supervisor is structurally equivalent to a quotient (i.e., high-level, or
lumped, model) of a recognizer of the desired closed-loop generated language. We
conclude in 11 and 12 with two simple but practical illustrations.

2. Controlled discrete-event processes.
2.1. Generators. To establish notation we first recall various standard ideas from

automaton and language theory (cf. Hopcroft and Ullman 1979]). We define a generator
to be a 5-tuple

= (Q, E, 3, qo, Q,,)

where Q is the set of states q, , is the alphabet or set of output symbols tr, :E x Q - Qis the transition function, qo Q is the initial state and Qm c Q is a subset of states to
be called marker states. We always assume that E, but not necessarily Q or Qm, is
finite. In general, is only a partial function (pfn), meaning that, for each fixed q Q,
(tr, q) is defined only for some subset E(q)c E that depends on q. Formally 3 is
equivalent to a directed graph with node set Q and an edge q q’ labeled tr for each
triple (tr, q, q’) such that q’= (tr, q). Such an edge, or state transition, will be called
an event.

We interpret 3 as a device that starts in qo and executes state transitions, i.e.,
generates a sequence of events, by following its graph. Events are considered to occur
spontaneously (no auxiliary forcing mechanism is postulated), asynchronously (i.e.,
without reference to a clock) and instantaneously. An event is thought of as signaled
(to an outside observer, say) by its label tr. c may be nondeterministic in the sense
that more than one event may be available for selection at a given node of its graph;
however, distinct events at a given node always carry distinct labels.

The terms generator and marker state are nonstandard, but better suited to our interpretation than,
for example, "automaton" and "final state." Our "generator" is a special case of Harrison’s "transition
system" (Harrison 1965]); it will play the role of "plant" in the sense of control theory.
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Let E* denote the set of all finite strings s of elements of E, including the empty
string, 1.2 In standard fashion we construct the extended transition function

according to

and

:E*xQ-Q (pfn)

t(1, q) q, qQ,

(str, q)= t(tr, (s, q))

whenever q’= (s, q) and (tr, q’) are both defined. Any subset of E* is a language
over . The strings of a language are often called words. The language generated by

is

L() {w: w E* and (w, qo) is defined}.

The language marked by is

L() {w: w L() and (w, qo) Qm}.

We interpret L() as the set of all possible finite sequences of events that can occur;
while Lm() L() is a distinguished subset of these sequences that may be "marked,"
or recorded, perhaps representing completed "tasks" (or sequences of tasks) carried
out by the physical process that is intended to model.

To conclude this subsection we remark that it is usually convenient to eliminate
states of that can never be reached (or "accessed") from qo. Namely let

Q {q: w E*, (w, qo) q},

Q..=QOQ,
I(E x Q).

The accessible component of , denoted by Ac(), is then defined to be

Ac() Qac, , ac, qo, Q,).
A generator is accessible if Ac().

We say that is co-accessible if every string in L() can be completed to a string
in L(), i.e.,

(w)w L()(]s)s E* and ws L().

If is both accessible and co-accessible it is said to be trim (Eilenberg [1974]). It is
well known (cf. Eilenberg [1974, 111.5]) that to every language (i.e., subset of E*)
there corresponds a trim generator that is essentially unique.

2.2. Controlled discrete event processes. To a generator (Q, E, 8, qo, Q) we
now adjoin a means of control. That is, will play the role of the "plant" (object to
be controlled) of standard control theory. For this let E c E be a distinguished subset
of the alphabet; we say that an event (g, q, q’) is a controlled event if g e E. Let

r= {0,1}

plays the role of identity of string concatenation, i.e., s s s.
Here there is no implication that generating action halts after the completion ofsome marked sequence;

marked states of need not be "final" states.
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be the set of all binary assignments to the elements of Zc. Each assignment y F, i.e.,
each function

y Zc-> {0, 1},
is a control pattern. An event (with label) tr is said to be enabled by y if y(tr)= 1, or
disabled by y if y(r)= 0. It is convenient to extend each y F to a map y:X-> {0, 1}
by defining y(r) 1 for each cr X X. If 6 X x Q --> Q is the transition function of
fg, we define an augmented transition function

6,:FxExQ->Q (pfn)

according to

6c(%O.,q)={ (’q)undefined

if 8(r, q) is defined and y(r)= 1,
otherwise.

Formally, the object

c (Q, FxX, a, qo, Qm)

is just another generator, constructed from g by a specification of X,. However, we
interpret gc as a version of d that admits external control, as follows. For brevity call
"an event labeled tr" simply "an event m" For each fixed y F there is a generator
d(y) formed by deleting from the graph of d those events tr with y(o-)= 0, i.e., those
events that the control pattern y disables. Then external control action would consist
simply in switching the control pattern through a sequence of elements % y’, y",...
in F, like switching the pattern of red and green lights in a traffic network. Observe
that such control is "permissive" (cf. Peterson [1981]): while disabled events are
certainly prevented from occurring, enabled events are not necessarily forced to occur.

A structure g as described above will be called a controlled discrete event process
(CDEP).

2.3. Example---a primitive CDEP. A user of a resource may be modeled as a
deterministic CDEP with three states I (IDLE), R (REQUEST) and-U (USE), and
with transitions as shown. Here we take (with some change of notation)

IDLE

USE

Z {a,/3, y} and Z, {/3}. The (two) control patterns correspond to evaluations c 0
or c 1 of the control variable c. A transition R --> U may occur only when c 1.

More interesting examples arise with the concurrent control of several CDEPs;
these may then be combined into a single nondeterministic CDEP. At this stage the
reader may skip ahead to 11 and 12 for a glance at examples of this type.

2.4. Supervisors. Our objective will be to design a controller that switches control
patterns in such a way that a given CDEP, qd,, as described in 2.2, behaves in
obedience to various constraints. Such a controller will be called a supervisor. Formally
a supervisor is a pair

se= (s, ).
Here

S (X, -, , Xo, Xm)
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is a deterministic automaton with (possibly infinite) state set X, input alphabet E,
transition (partial) function : x X- X, initial state Xo and marker subset X c X;
while

4 X- F
is a (total) function that maps supervisor states x into control patterns y. Thus for
each x X,

y := b (x) {0,1}%.
(As before we extend b(x) to a map b(x):Z{0,1} with b(x)(r)=l for each
tr .) S will always be assumed to be accessible. We call b the statefeedback map.

In many applications it will be the ease that Xm X, i.e., the supervisor plays no
auxiliary "marking" role; but the extra generality with Xm # X is obtained with little
effort.

We interpret S conventionally, as a device that executes a sequence of state
transitions (according to ) in response to an appropriate input string w*. Thus
we may couple 3 to in a feedback loop by allowing the state transitions of S to
be forced by , and requiring to be constrained by the successive control patterns
determined by the states of S. Formally define the partial function

’x 6::xX x Q-> X x Q (pfn)

according to

(or, x, q)- (sO(or, x), 6(b(x), or, q)).

Thus (sc 6c)(r, x, q) is defined if[ 6(r, q) is defined, b(x)(r) 1, and sO(or, x) is defined.
This yields the generator

(X x Q, y,, x , (Xo, qo), Xm X Q,,).
We define the supervised discrete event process (SDEP), denoted by 5e/, to be

the accessible generator4

(2.1) 5e/qg Ac(X x Q, y,, x 6, (Xo, qo), Xm X Qm).

From now on we shall assume that s x 6 has been extended to strings of 5:* in the
way described in 2.1 for /5. Of course, so far there is nothing to guarantee that
(X x Q) is anything more than the singleton {(Xo, qo)}, or that L(Sf/c) is any larger
than the singleton { 1} consisting of the empty string alone.

In analogy to the case of itself, we wish to interpret the language L(Sf/q)
generated by 5v/q as the set of all possible finite sequences of events that can occur
when 5 is coupled to as just described. For this it is necessary to ensure that
transitions of S are actually defined whenever they can occur in c and are enabled
by 4. To formalize this relationship we shall say that is complete with respect to J
provided the following is true: for all s e E*, tre E the three conditions

(i) s L(/),
(ii) sir L(q3) (i.e., B(str, qo) is defined),
(iii) [b (s, Xo)](tr) 1 (i.e., r is enabled at sO(s, Xo)), together imply that
(iv) sir L(/cg) (i.e., s(sr, Xo) is defined).
While the definition (2.1) is logically acceptable as it stands, it will be of real

value only when it is physically interesting, namely when 5e is complete with respect
to .

4 The notation is intended to suggest simply that "cg is under supervision by 5e;" no quotient structure
is implied
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Before continuing with the general development, the reader might wish to glance
at the opening paragraphs of 11 and 12, where two concrete examples of supervisory
control problems are provided.

3. Languages of
3.1. Definitions. Let Lc E*. The closure of L, denoted by/, is the set of.all strings

that are prefixes of words of L, i.e.,

L {s: s E* and (=lt)t ,*, st L}.

For instance, if L then L and if L then 1 L. A language L is closed if
L L. If d is any generator then L(g) is closed; if in addition is trim then

L() L().

Let fgc be a CDEP constructed from a generator d. For simplicity we shall denote
gc simply by its underlying generator . The notation L(g) will henceforth denote
the language generated by g if disabling control action were absent, i.e., all events
tr e E were permanently enabled. Similarly we refer to Lm(d) as the uncontrolled
(discrete-event) process language. Let 6e be a supervisor for , L(S/g) the language
generated by 6e/ and Lm(/g) the language marked by /. Define the language
controlled by 6f in (g to be

(3.1) L(/) := L(..,cf/ c_g CI Lm (c).

In other words, L(6e/) consists of those (marked) strings of the uncontrolled process
language that "survive" in the presence of supervision.

It is clear from the definitions that

(3.2) Lm(..,cf/ ) L(/) Lm( c)

and, if g is trim,

(3.3) Lm(Y/fg)c Lc(/fg)c L(Se/cg)[ L(/qd)] c L(qd)= Lm(().

3.2. Examples. Let be the generator over E {a, fl, y} displayed below.

’C

Then

Lm(() (c’y*fl)*

We shall consider two different supervisors, each specified by its transition graph, as
follows.

(i)

x0QXlS /,

c=O c=l

,o
Y

-0

Xm {x0}

For the notation of regular expressions used here and below see, for example, Hopcroft and Ullman
[1979].
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This gives for S/03 the transition graph

q0---’1’(Xo’ ql (x2

It is seen that

L(9/03) (a,8)*(1 + a,*),

L(9/ 03) L(St/ 03) fq L,,( 03) ()* L,,(9/ 03).

This gives for 5e/03 the transition graph

(x0,q0".--Xl,ql)(x;qi_.____(x q0)

It is seen that

(se/) () (v*)*.

Again for future reference ( 6), we note that

Lm oC/ 03 oz[3 * Lc oC/ 03

and

(ii)

Xm% {(XOq0)

L,, (,9/03) Lc(Se/03).
4. Marking and control. A supervisor ,9 performs two essentially independent

tasks" marking (as described by L,,(/03)) and control (as described by Lc(/03),
L(ST/03)). If a given controlled behavior is achievable, then any marking task is
simultaneously achievable that is consistent with the controlled behavior.

Without essential loss of generality we assume that the generator 03 is trim, namely

L(03) L,, (03).

PROPOSITION 4.1. (i) For each sublanguage K c L,,(03) there exists a complete
supervisor S such that, for S/03, we have

L(/ 03) L(03), L,, (5/03) K.

(ii) Let L be a closed sublanguage of L(03). If there exists a complete supervisor 5#

for which L(/ 03) L then for every sublanguage K ofL CI L,, (c) there exists a complete
supervisor 5K such that, correspondingly,

L(K/ 03) L, L,,(K/ q) K.

Before proving Proposition 4.1 we make the (more or less standard) definition:
if L c *, a recognizer for L is an accessible generator 03 such that L,, (03) L. While

XmXQm {(Xo,q0)}

For future reference ( 6) we note, however, that
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a recognizer and an accessible generator are formally no different, we interpret a
recognizer d (Q, X,/$, qo, Qm) as a device which, like a supervisor, is forced externally
by strings in X*; its action is thus to "recognize" precisely the words of L, regarded
as input strings to St.

Proof of Proposition 4.1. (i) Let S (X, E, :, Xo, Xm) be a recognizer for K. By
adjoining a "dump" state to X, if necessary, we can arrange that :(tr, x) is defined for
all (tr, x) E x X. Define

:X->{O, 1}x

according to

(x)(o’) 1, x X, o"

It is clear that S ($, b) has the required properties.
(ii) Let

T= (Y, X, rl, yo, Ym)

be a recognizer for K. By adjoir.ing a "dump" state to Y, if necessary, it can be arranged
that r/(tr, y) is defined for all (or, y) X x Y. Let

= (s, 6), s= (x, x, , xo, X)

be a complete supervisor for which

L(9/ q3) L.

Define the supervisor

s6, (s’, ’), s’=(x’,x,’,x,,x’)

according to

X’=XxY, ’(tr, x, y) ((tr, x), rl(o’, y)),

x;= (Xo, Yo), X’,, X x Y,, th’(x, y) (x).

Since the control action of 6eK is the same as that of 6e, it is clear that L(6fI/)= L,
and obviously L(6fr/) K. Also, :’(cr, x, y) is defined just when :(cr, x) is defined,
so that Sk is complete with respect to dc. lq

In this proof our construction merely installs a recognizer that acts as a marking
device, either alone in part (i), or "in parallel" with the original supervisor 5e in part
(ii). This does nothing to change the control action, but might be thought of as a means
of recording when words in K have been completed.

5. Controllability. In this section we introduce a definition of controllability that
will play a key role in characterizing those languages that can be generated by
closed-loop structures Sf/cg with a given CDEP rg and a suitable choice of complete
supervisor

Let cg (Q, 5, , qo, Q,,) be a fixed CDEP. We assume that rg is trim, i.e., L(d)=
L,, (d). Write E E-X, i.e., X, is the set of (labels of) events that cannot be disabled.
Let K c E*, L c E* be arbitrary languages. We say that K is

(i) L-closed if K K fq L,
(ii) (X,, L)-invariant if KX f) Lc K,
(iii) controllable if K c L(J) and K is (X, L(d))-invariant i.e., KE f’l L(J) c K.
Recall that K is the language consisting of K together with all the prefixes

(including the empty word) of words in K. Thus a sublanguage K of L is L-closed
lit any prefix of K that is a word of L is also a word of K.
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The language KEu f’) L consists of all stringS s’ =str where s’ L, s K and tr Eu.
If we think of L as representing "physically possible behavior," and K as "legally
admissible behavior," then the string str is a legally admissible string s followed by
an uncontrolled symbol tr such that str is physically possible. K is (E, L)-invariant
precisely when all such strings are legally admissible, i.e., certain instances of
uncontrolled behavior are nonetheless legal.

Finally, thinking of L(3) as the uncontrolled process language, i.e., the physically
possible uncontrolled behavior of our CDEP, we have that K is controllable if every
prefix s K is physically possible, and every physically possible string str, with s K
and tr uncontrolled, is again in K.

The following technical proposition will support our main results (Theorems 6.1,
7.1) on existence of supervisors.

PROPOSITION 5.1. Let K c Lm( c), K2 tin(c) and K L(c) with g . There
exists a complete supervisor t’ such that for the closed-loop system 6t’/,

(5.1) Lm(,./) K,, Lc(/) K2, L(/)= K3,

(i) K K2,
(ii) K2 K3 f’l Lm(3),
(iii) K3 is closed and controllable.
Proof. (Only if). Let the complete supervisor 5e satisfy (5.1). Condition (i) follows

by (3.2) and (ii) by the definition (3.1) of Lc(S/). We have already noted that
L(6e/3)( K3) is closed. To show that K3 is controllable, suppose that str L(3), with
s K3 K3 L(Se/3)) and r ;. If 6e (S, b) with $ (X, , :, Xo, X,,) then, in
the notation of 2.4,

(x, q):= (: x tSc)(s, Xo, qo)

is defined. Since trE we have b(x)(tr)= 1, and as str L() it follows that q’:=
5 (tr, q) is defined. Therefore

tS(6(x), tr, q)=q’;

and because 5e is complete with respect to 3,

x’:= (,, x)

is defined. Therefore

(sex 8)(o’, x, q)= (:(tr, x), tS(b(x), tr, q))= (x’, q’)

is defined, namely

stre L(Se/) K K3,

so K is controllable.
(If). By Proposition 4.1 it is enough to construct a complete supervisor 5e such

that L(6/3) K For this let S (X, E, :, Xo, X) be a trim recognizer for K Since
K is closed and S is trim, the marker set of $ is X itself, as indicated; and we have
that :(s, Xo) is defined itt s K For x X let, {tr" (::lS)S K and :(s, Xo) x and stre L(3) and str K3}

={o’: (ls)s K and (S, Xo)=X and str K3}
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We claim that Eo fq lx . In essence this follows by the fact that S is a trim
recognizer for K3. indeed suppose that o- 5: fq E with

S
o K3, (s, Xo) x, so- K3,

S ( g3, (sl, Xo) x, S10" g
3

Then

(, x)= (, (s, Xo))= (s, Xo)

fails to be defined (since so- K3); whereas

(, x)= (, (s’, Xo))= (s’, Xo)

must be defined (since slo- K3): a contradiction.
By controllability of K3, c c. Let

b X-> {0, 1}x

be any function such that, if $(x)-: % then

3t(X) 0, 3(X) 1, ,(X Xx) 1.

It is clear from the claim just proved that such a function b exists.
Now let ST (S, b). It will be shown that L(S/ca) K3. By the definition of $, it

is clear that L(/f) K3. For the reverse inclusion, we use induction on the length
Is of strings s L(). If Is] 1, i.e., s o- for some o- X, then

o-1 ifo-E K3x0

so o- L(S"/cg) if o- K3 For a language Lc * write

L0) := {s: s L and Isl-j}, j- o, 1, 2,. .,
and note that L (.Jj=o L). Assume for the induction step that

L(’)(Ae/@) K(3’), i=0, 1,... ,j.

Let s L(S/qd) and consider the string so- L(qd). Now x := :(s, Xo) is defined, and
so o- Xx U X x,l" therefore so- K implies

o- X and :(m x) is defined

implies

implies

Therefore

b(x)(o-) 1 and :(o-, x) is defined

s, s L(e/).

LO+I)(/ @) K3+1).
It only remains to show that 6e is complete with respect to @. For this ’let

s e L(S/’/cg) K3 so" L(

and

b (s, Xo)](o") 1.
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Now if str K3, then we must have
o

z, (s,xo).

But this implies that

6o (s, Xo)]() 0,

a contradiction. Hence str E K and 5e is complete.

6. Proper supervisors. To specify controlled behavior in a way that is intuitively
satisfying, more stringent conditions must be placed on the three languages

that describe the closed-loop system /d. We shall say that is nonblocking if

L(S/ )[ L(/) fq Lm( )] L(I)

and that is nonrejecting if

By definition we always have Lc(6/d)c L(/q). If 6e blocks, i.e., fails to be
nonblocking, then there exists a string s generated by b/(q (i.e., s L(b/d)) that can
never be completed to a word st Lc(S/d), i.e., s : L(/3). In this sense the CDEP
may be blocked from ever completing a "task." This undesirable situation is illustrated
by supervisor (i) of 3.2. Here, for instance, the string aT L(Sf/cg) Lc(Sf/).

If 5 rejects, i.e., fails to be nonrejecting, then there exists a string s Lc(/cg)
that can be completed to a "task" in Lc(/) but never to a task that is marked, i.e.,
(say) recorded. By contrast, if Lc(/ud)= L,,(St’/q), so that

L,,(/) L(m/) c L,,,(/ ),

then for every s L(/) there is some such that st L,(Sf/d), and then st
L(/J) as well. In 3.2 the supervisor (ii) rejects: only strings of the form (aft)*
are marked, while Lc(b/)=(ay*fl)* represents the complete set of tasks that may
be performed.

A supervisor 6e will be said to be proper if it is complete, nonblocking and
nonrejecting; namely 6e is complete and

L,,,(/ ) L(/)= L(/ ).

THEOREM 6.1. Let K c L,,(), K # .
(i) There exists a proper supervisor Sf such that L,, (Sf/ ) K iffK is controllable.

In that case,

L(/) Lm() I’l K.

(ii) There exists a proper supervisor such that L(6/ d)= K iff K is controllable
and L )-closed.

Proof (i) K is controllable iff K is closed and controllable, itt the triple

(K1, K2, K3):= (K, K f’l Lm(d), K)

satisfies conditions (i)-(iii) of Proposition 5.1, iff there exists a complete supervisor
such that

(Lm(,./ c), L(Se/ cg), L(/ )) (K, K f3 Lm( d), K)

and this condition means that 6e is proper.
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(ii) K is controllable and Lm(3)-closed if[ the triple

(K1,K,K):=(K,K,K)

satisfies the conditions of Proposition 5.1, if[ there exists a complete supervisor ST such
that

(L,,(6e/ d), Lc(/ d), L(/ d)) (K, K, K),

and again this means that 5e is proper.

7. Supervisor synthesis problems. Let languages La, Lg c E* be given, with

( # Lac Lg Lm( C).

We interpret Lg as "legal behavior," i.e., each word of Lg is a "legal task;" and L as
"minimal acceptable behavior," i.e., control of the CDEP q3 in such a way that a
language smaller than L is generated is considered inadequate. We now introduce the

Supervisory Marking Problem (SMP). Construct a proper supervisor
such that

L Lm(..,ca/ c) L.
Similarly we define the

Supervisory Control Problem (SCP). Construct a proper supervisor
such that

L Lc(6e/d) L.
If SCP is solvable then by the proof of Theorem 6.1(ii) we can always arrange

that Lm(/) Lc(S/), so that automatically SMP is solvable as well. For a converse
to this statement, consider the special but interesting case where L is L,.(d)-closed,
i.e.,

L L L().

Then L is a sublanguage of Lm() with the property that if a string st Lg and
s e L,.(d) then also s e L. Now if SMP is solvable, the language Lm(S/) satisfies

La L,.(S/ d) c L,,
so that

Also, since 5f is proper,

L L,. (Sf/ ) Lc(Sf/ c).

L,.(/ q) L(/)

so that

L(/) L(/) L,.(6/ ) L.
But L(S/) L() by definition, i.e.,

L(/) c L L() L.
Hence

L L(/)L
and so SCP is solvable as well.
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When SMP or SCP is solvable, it may be considered desirable that the solution
be minimally restrictive in the sense that Lm(S’/d) or Lc(S/d), considered as a
sublanguage of Lm(), be as large as possible, subject to the constraint that it is a
sublanguage of Lg. The fact that minimally restrictive solutions are possible in principle
is due to a certain semilattice property that we now describe. For this, let L c L(J)
be an arbitrary sublanguage of L(g). Let

C(L) := {K" K c L and K is controllable},

F(L) := {K" K c L and K K CI Lm()}.

Thus C(L) (respectively, F(L)) are the controllable (respectively, Lm(d)-closed)
sublanguages of L.

PgoPOSITIOY 7.1. C(L) and F(L) are nonempty classes of languages that are
closed under arbitrary unions.

Proof Let be the empty language (i.e., the empty set in E*). Clearly

C(L) and F(L)

so C(L) and F(L) are nonempty classes. If Ks C(L) for a in some index set A,
then

KE. (q L() = K,, aA.

By the definition of closure it follows immediately that

U K,= U K.

Therefore

U [K,nL()]= U K,= U K,,

and so

U K, e C(L)

as claimed. The proof for F(L) is similar. [-]

By Proposition 7.1 each of C(L), F(L) contains a unique supremal element
with respect to inclusion, which we denote by

sup C(L), sup F(L),

respectively. In fact, C(L) and F(L) are complete subsemilattices of the semilattice
of all sublanguages of L, partially ordered by inclusion, and with join operation the
union of languages.

On the basis of Theorem 6.1 and Proposition 7.1 we immediately obtain our first
main result.

THEOREM 7.1. (i) SMP is solvable iff
sup C(Lg) L

(ii) SCP is solvable iff
sup {C(Lg) I"1 F(Lg)} = L.
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In each case the corresponding supervisor is minimally restrictive. [3

8. Projections of supervisors. Let (S, k) and (, ) each be supervisors
for , where as usual

s (x, , 6, Xo, x), $’X-{O, 1}x,
b" X -> {0, 1}x.

We shall say that a (total) function r" X-* is a projection from to , and
write r"-, provided

(i) r" X - X is surjective,
(ii) (Xo)= o and X,, =.r-(,),
(iii)6 (o (ida. x r)(tr, x) r sc(tr, x) for all (or, x) where :(tr, x) is defined,
(iv) d r d.

Under these conditions we shall refer to S as the quotient of S under r. The situation
is displayed in the diagrams7 below.

id

XX X

Projections represent very close relationships between supervisors, as expressed in the
following. We assume that idx x r is extended to a map idx x r" E*x X E*x in
the natural way.

PROPOSITION 8.1. Let be complete with respect to , and let r" be a
projection. Then

r is unique,
(ii) (Lm, Lc, L)(Sf/ J) (L,,, Lc, L)(/ ),
(iii) is complete with respect to ,
(iv) 5 is nonblocking (respectively, nonrejecting, proper) iff is nonblocking (respec-

tively, nonrejecting, proper).
Proof. As usual we write

se=(s, ), S=(X,X, ,Xo, Xm)

and similarly for S. Recall that, by definition, both S and 2 are accessible.
(i) We have 7r(xo) o. If x e X then, since 9 is accessible, there is a string s e Z*

such that x sO(s, Xo), so

r(x) ro (s, Xo)= o (idx x r)(s, Xo)= (s,
and this formula determines 7r(x) uniquely.

(ii) Write

L L(O/), L(S/W).
If s L with Isl 1, i.e., s or, then b(Xo)(cr) 1, and

(:x Bc)(o-, Xo, qo)= (so( tr, Xo), B(b(xo), o’, qo))= (so( o’, Xo), B(tr, qo))

6By definition idxx r’X x XXx,’(tr, x)(cr, r(x)).
The symbol means that the left-hand diagram is only "partially commutative," in the sense of (iii).
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is defined; hence b(Xo)(tr)= 1 and

(x 3)(r, :o, qo)= ((r, :o), 3(r, qo))= (ro sC(r, Xo), 3(r, qo))

(zr x ido) (so x 3)(r, Xo, qo)

is defined. This shows that

L(1) (1).

By induction on Is] it is readily seen that

L() /(), j 0, 1,. ",

hence L L.
For the reverse inclusion suppose first that (x 3)(r, o, qo) is defined. Then r /,

and b(Ro)(Cr)- 1. So

6(Xo)(cr) (o "rr(xo))(cr) th(Xo)(O’) 1.

Also

8(0, qo)= 8c(6(Xo), tr, qo)

is defined, so by virtue of completeness sO(or, Xo) is defined. Therefore

(:x c)(cr, Xo, qo)= (so( or, Xo), (cr, qo))

is defined, and so (1)c L(1). Assuming (c L( (i=0, 1,...,j), let s e/(j and
consider scre (J+l. Then s e L() so

x := (: x 8c)(S, Xo, qo), := (sc x )(s, Xo, qo)

are defined, and r(x)= . By exactly the same argument asbefore, applied to (x, )
in place of (Xo, o), we conclude that str e L(/1. So L L and L L. It is now immediate
that

L(/) L(/) fq L,.() L(S/) CI Lm() L(S/ ).
Finally,

and

s L,,,(9/ q)

iff ( x t)(s, Xo, qo)XmX Q,,,

if[ sO(s, Xo) x,, and s Lc(Se/),
if[ (s, Xo) r-(,,) and s L(9/),
if[ r (s, Xo) X,. and s

if[ sO(s, Xo) X,, and s L(6e/),
if[ (x 8)(s, X*o, qo) -,, x Qm,

if[ s t aca/ c
(iii) To verify that 6 is complete with respect to 3, let

s L(/3), sr e L(

(( (s, ;o))((r) 1.

Then s L(/c) by (ii), and

bo sO(s, Xo)(cr)= (o ro :(s, Xo))(cr)= ((o g(s, ;o))(cr)= 1.
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Since Sf is complete it follows that :(s, Xo) is defined, hence (because r is a projection)
(so., :o) is defined as well, namely is complete.

(iv) Immediate from (ii) and (iii).

9. Efficient supervisor. In this section we give a simple abstract characterization
of an "efficiently constructed" supervisor for a given nonempty, controllable and
Lm(q3)-closed language K c E*. By Theorem 6.1(ii) we know that a proper supervisor
5e= (S, d) exists such that K Lm(//c)= Lc(ff/(), so that

K L(,9/c).

Furthermore, by the construction used in the proof of Proposition 5.1 ("if" statement),
we can arrange that, for a string s e K, the state x reached by S is such that, for all o. e,

{(9.1) 6(x)(o.)
O, so. e K,_
1, so. K.

On the basis of (9.1) we define an equivalence relation on E* as follows. Strings
s, s’ E* are control-equivalent, written s--- s’, if for all o. go, so-/ itt s’o- /(. Thus
two strings are control-equivalent if the control action (9.1) immediately following
either one is the same for every o- g.

Recall from automaton theory (for example, Harrison 1965]) that an equivalence
relation e on E* is a right-congruence if, whenever s, s’ E* and s--s’ (mode), then
for all g*, st =- s’t (mode). Now let {%" a A} be an arbitrary nonempty family of
equivalence relations on g*. Their lattice-theoretic join, written

(9.2) e sup {e" a A},
is defined as follows (cf. Szfisz [1963])" s-- s’ (mod e) if there exists an integer k_-> 1,
elements ao, , ak A, and strings Sl, , Sk E* such that

s =- s (mod %0)
S S2 (mod %,)

Sk- =- Sk (mod
sg---- s’ (rood e).

It is easy to check that if, in particular, the e are right-congruences, then so is e.
The lattice-theoretic ordering of equivalence relations on * is defined as follows:

e _-< e if, for all s, s’ *, s -= s’ (mod e) implies s -= s’ (mod e); e is said to be finer
than e2 (or e is coarser than e). Then e in (9.2) is the finest equivalence relation on

* that is coarser then each %, a A.
In general, control-equivalence is not a right-congruence. However, if we define

s s’ (mod o) if s s’, then trivially o is a right-congruence and o-< . It follows from
the preceding that the equivalence

:= sup {e’e a right-congruence on * and e-<_--}

exists, and is the coarsest right-congruence on * that is finer than
For s* let Is] be the equivalence class of s mod . In standard fashion we

construct the corresponding automaton, defined on strings in K. Let

s (X, , , o, x).
Here

X {Is]" sK}, o= [1]
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(note that 1 K as K is nonempty and closed); finally :(tr, 2)= ’ if =[s], s e K,
str e K and [str] 2’; otherwise : is not defined. Next we define a control law

;. {0,1}

according to

()() =0;

if, there exists s with [s]= and s; otherwise ()()= 1. By our
constction of X, and are unambiguously determined. We can now define the
ecient supeisor

y=(s, ).

Evidently is "efficient" in the sense that any automaton , that suppos the
defined control action (9.1) on each string s s , must have a state structure (right-
congruence on E*) at least as fine as that of S.

It is easy to see that is complete, since

sK, [s]=, ()()=1, sL(),

implies s and therefore ,) is defined. Much as in the proof of Proposition
8.1 it is straightforward to verify that L(/) K L(/). Finally, as Xm X,

since K is Lm()’closed; so that

K L (/) L (/)

and is proper. us performs the same control action on as the supeisor
with which we staed.

Let (mod ) denote -equivalence on E*" s s’ (mod ) if for all *, st

iff s’t . Clearly (mod ) is a right-congruence. Also, if s s’ (mod ) then in
paicular for all E, s K iff s’ K. It follows that

(mod K) <

i.e., for all s, s’ E*, s s’ (rood R) implies s s’. In paicular, if s, s’ R and s
s’ (mod K) then

(s, o)= (s’, o).

We shall refer to the latter propey by saying that the automaton S is K-reduced.
By its construction, S is also K-trim, namely every state of S is visited by a word of
; that is, for every there is s such that s, o)= . In the next section it
is shown that any supeisor with these two propeies can be projected from a
supeisor based on a recognizer for K.

10. Quotient structure theorem. We can now prove the second main result of this
paper. It states, roughly, that "every efficiently constructed supeisor is a quotient
(high-level, or lumped, model) of the desired closed-loop behavior."

Let (S, ) be a complete supeisor for . Write K1 := Lm(/), K3 := L(/)
and assume that S is K3-reduced and K3-trim. These propeies hold for the "efficient"
supeisor of the previous section. Finally let

go= (xo, , o, x, x)
be a trim recognizer for K3.
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THEOREM 10.1. Subject to the foregoing hypotheses, there exist a subset Xc X
and a state feedback map b:X {0, 1}: with the following properties:

The supervisor

o :__ (so, o), so :_ (xo, , o, x, x)
is a complete supervisor for d with

Lm(/) K1,

(ii) There is a projection r o
_ .

(iii) If is proper then so is o.
Proof. Write

L(/q3) K

s= (x, , , xo, x).

Let xX. Since ;o is trim there exists s K3 such that

o(s, Xo) x

Let :(s, Xo)=: xX and define r:XX according to r(x) x.
To show that r is well-defined, let g3, :o(t, x)--x, and let :(t, Xo)=: y X.

Since o is a recognizer for K3 and :O(s, Xo) :o(t, x), we have s (mod K3). Since
$ is K3-reduced, st(s, Xo) :(t, Xo), i.e., x y.

We claim that r is a projection. First let x X. Since S is K3-trim, there exists
s E g such that :(s, Xo)= x. Let sr(s, x)=: x. Then as already shown, 7r(x) =x, so
r is surjective. To verify that r respects sr, let (tr, x) yO. We have x= :(s, Xo)
for some s K3, and then str g Since K L(/q), :(tr, r(x)) is defined and, as
shown already, coincides with r (tr, x). To establish that r is a projection it only
remains to define X0m r-l(x,) together with b: b r.

It must be shown that L(/)= K3. By the argument used in the proof of
Proposition 5.1 it is enough to show that

(i) (Vtr, x)(:ls)(s, x)= x and str L(q) and str K3:::: t(x)(o") --0,
(ii) (Vtr, X)(:lS)(S, Xo)= X and str K3:=>b(x)(tr)= 1.

For (i), let :(s, x) x, str L(q3), str K3. Clearly s K3. If :(s, Xo) x then, as in
the proof of Proposition 5.1, it follows necessarily that b(x)(tr)-0 and therefore

6(xO)() (6 (x))()= 6(x)()=o.

The proof of (ii) is similar.
To show that yo is complete with respect to we note that

sL(/l), so-L(fg) and [bose(S, Xo)](r)=l,
if[

s L(/q3), scr s L(q3) and b (s, Xo)](r) 1.

But since b is complete the latter condition implies that sr
Finally let s K3. Then

sK1
iff (s, Xo) Xm and 8(s, qo)s Qm,

iff r (s, x) X and 8(s, qo) Qm,

itt :O(s, x) Xm and 8(s, qo) Qm,

iff s Lm ,/ c
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So L,,(S/d) L,, (6e/fg). In particular if ST is proper, so is S. D

11. Example 1. We consider two users of a single resource, each modeled as in
2.3, giving the state transition graphs dl, d2 of Fig. 11.1. For d we take the "shuffle"

of dl, d2, namely the process determined by the concurrent actions of J and d2 under
the assumption that these actions are asynchronous and independent. This assumption
rules out the simultaneous occurrence of an event in q with an event in d2, but
otherwise places no constraint on their joint behavior. The graph of d is thus as shown
in Fig. 11.2. Here the state (R) is both qo and (as a singleton) Q,, while L,,() consists
of all words over the alphabet

corresponding to paths in the graph that begin and end at @.
The objective of supervisory control is to manipulate the binary controls c, c2 in

order to satisfy the following synchronization requirements.
(i) Mutual exclusion: , cg never simultaneously occupy their respective USE

states.

3’

DLE DLE

REQUESTREQUEST USE
"c "c

USE

FIG. 11.1. Example 1" Independent CDEPs d and (42.

B2" c2

a2
I

Cl
2

Y2 c2

Bl’C

Bl’C

B2"c

FIG. 11.2. Example 1: Shuffle of fx and cg
2.

2
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(ii) Fair usage: The USE states of d, 2 are ,occupied according to first-come-
first-served discipline, namely the index sequence of events/3i must coincide with the
index sequence of events

In practical terms this standard problem could, of course, be solved by a queue;
but instead we shall approach it via the ideas of previous sections. However, we defer
to a future article the theoretical issue of how conditions like (i) and (ii) may be
formalized, simply taking it for granted that from them the "legal" behavior Lg
can be explicitly determined. In fact the reader may convince himself that Lg is
described by the generator displayed in Fig. 11.3.8

By inspection of Fig. 11.3 it is easy to see that Lg is both controllable and
Lm(d)-closed. That is,

Lg sup {C(Lg) F(Lg)}.

By Theorem 6.1(ii) there exists a proper supervisor St (S, b) such that Lc(st/ud) Lg.
As demonstrated in the proof of Proposition 5.1, the state transition diagram for Lg
(Fig. 11.3) can serve to define S; it just remains to identify the state feedback map b.
For each state x of S, b(x) is a map

flp(X)’{Cl, C2}{O, 1},

i.e., a binary evaluation of each of the controls Cl, c2. So, with reference to Fig. 11.3,
it is enough to define

1 if an edge labeled/31 issues from x,
b(x)(cl)

0 otherwise,

and similarly for (X)(C2). The resulting control patterns are tabulated in Fig. 11.4.
The supervisor St (S, b) then certainly determines

L(St/ ) L,, L(st ) Lg.
We remark that in this example the alternative supervisor

seo= (so, o)
1

2

o

3 5

FIG. 11.3. Example 1" Recognizerfor Lg.

Alternatively the generator of Fig. 11.3 could be taken as providing the definition of Lg.
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State x
0

x x x
3

x
4

x
5

x
6

x
7

x
8

O0 O0 I0 O0 I0 Ol O0 Ol O0

qb O0 I0 I0 I0 I0 Ol Ol Ol Ol

x
0

x2 x2

FIG. 11.4. Example 1: Control data for , 6f and ’.

defined by setting S= S, and with b as tabulated in Fig. 11.4, determines exactly the
same language controlled in 3 as 5e does, namely

L(,Se/) L(,Se/) L.
To verify this statement note that, for instance, states x1, x3 of S are entered only on
the occurrence of the event/31; but since/31 can be immediately followed in 1 only
by Yl, the enablement of/31 by b in Xl and x3 can have no effect on the language
controlled in 3.

It may be left to the reader to verify that 5e is complete with respect to d. From
S we construct a new supervisor S’ (S’, b’) and a projection r" 6e ’ as tabulated
in Fig. 11.4; the result is displayed in Fig. 11.5. By Proposition 8.1

(L,,,, L, L)(b’/ fg) (L,,,, L, L)(/

namely control and marking action are preserved. The simplified supervisor 6e’ has
just 5 states and is equivalent, in fact, to a queue (of maximum length 2) that stores
events a in order of occurrence and is popped by the corresponding events y.

12. Example 2. In a manufacturing system we consider two machines M1, M2
connected in tandem and separated by a buffer B (Fig. 12.1). Each machine Mi is
modeled as a CDEP over the alphabet { ai,/3, A,/x} and having binary-valued controls
{u,, v,} (Fig. 12.2). The machine states are IDLE (I), WORKING (W) and DOWN (D).

2

FIG. 11.5. Example 1: Quotient supervisor b’.
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FIG. 12.1. Example 2: Machines coupled by a buffer.

12

ct ":Ul/ t2
"u

/ Vl:.V

WI X DI W X D2

FIG. 12.2. Example 2: State diagrams of machines.

The control u enables/disables the transition from I to W (u 1 allows M to "accept
a workpiece"); while v enables/disables the transition from D to I (v 1 means, when
M is in state D, that M is "under repair"). The buffer B has one slot, i.e., is EMPTY (E)
or FULL (F); it is not a CDEP but simply an automaton driven by M1 and M2
(Fig. 12.3). The system operates as follows. Machine M1 takes a workpiece (event Cl),
and either successfully completes processing and passes the workpiece to the buffer
(event/31); or breaks down and discards the workpiece (event A1), but in that case
may later be repaired (event/Zl). Machine M2 operates in the same way, but takes its
workpiece from the buffer B, provided one is there.

The problem is to manipulate the controls in order to satisfy the four requirements
stated informally below.

(i) M1 executes c1 only if B is in E.
(ii) M2 executes a2 only if B is in F (thereby driving B to E).
(iii) M1 cannot execute al while M2 is in D2.
(iv) If M1 is in D1 and M2 is in D2 then Vl =0.

Condition (iv) means that if both machines are down then M2 must be repaired
before

As in Example 1, we shall not formalize these requirements or present the details
of how the legal language Lg is derived from them, but merely display the result. The
language Lg that incorporates requirements (i)-(iv) with the system constraints is
generated as shown in Fig. 12.4. The corresponding recognizer defines a supervisor
such that L(/) Lg; the control pattterns are tabulated in Fig. 12.6. It can be
verified that b admits the quotient 5e displayed in Fig. 12.5; the required projection
is also tabulated in Fig. 12.6. The quotient represents a reduction from 12 states to 6.

[31

E0F

2
FIG. 12.3. Example 2: State diagram of buffer.
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11

0 P2 4

g2

8 7

FIG. 12.4. Example 2: Recognizer for Lg.

c*1+3

)’2

FIG. 12.5. Example 2: Quotient supervisor

13
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X X U 1)1 U2 1)2

0 0 0
0 1" 0

2 0
3 0 0

4 3 0 0

5 0 1" 0
6 0 1"
7 2 0
8 3 0 0

9 4 0 0 0
10 5 0
11 5 0

FIG. 12.6. Example 2: Control data for 6? and 5e. Assignments (*) are determined by consistency for the

quotient; entries (-) may be assigned arbitrarily, consistent with the quotient.

As will be shown in a future article, it can actually be obtained directly from two
modular "subsupervisors," of which one is modeled on the buffer, and the other
incorporates the logic of breakdown and repair.

13. Conclusion. In this article we have introduced a broad class of controlled
discrete event processes together with some general concepts and results relating to
their control or "supervision." Our main conclusion, the Quotient Structure Theorem,
is similar in spirit to the Internal Model Principle of regulator theory; it may be roughly
paraphrased by saying that "supervisors must be modeled on the task to be accom-
plished."

In future articles we shall discuss constructive methods for computing the supremal
controllable (or closed controllable) sublanguage of a given language, as well as
concrete methods for system specification and supervisor synthesis.
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A SIMULTANEOUS ITERATIVE METHOD FOR COMPUTING
PROJECTIONS ON POLYHEDRA*

ALFREDO N. IUSEMf AND ALVARO R. DE PIERRO*

Abstract. A simultaneous version of Hildreth’s iterative algorithm for norm minimization over linear
inequalities is presented. Proofs are given showing that the algorithm converges from any starting point to
its projection on the linear constraints set in the feasible case and to the nearest least squares solution in
the general case.

Key words, projection methods, least squares, quadratic programming
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1. Introduction. Linearly constrained quadratic optimization problems derived
from computing the least element of polyhedra appear in various fields of application
and it is not rare to encounter large-scale or even huge-scale problems. Usually the
matrix describing the constraints will be sparse, but all too often no special structure
pattern is detectable in it. In such cases row-action methods are frequently used. A
row action method is an iterative procedure which requires in each step only the current
point and one row of the matrix, and performs no transformation on the matrix
elements, see Censor [3]. Image reconstruction from projections is an important
application of these types of methods, see, e.g., Gordon and Herman [8], Herman and
Lent [9].

Hildreth’s quadratic programming procedure 11] is a row-action method whose
capabilities for solving large-scale problems were numerically demonstrated by Herman
and Lent 10].

In order to describe the geometry behind Hildreth’s algorithm and our modified
version, we start by commenting briefly on the old algorithms by Kaczmarz [12] and
Cimmino [4].

These methods were proposed for finding a feasible solution for a system of linear
equations, but they can be easily modified for systems of linear inequalities. In such
a case, they can be described as follows: Kaczmarz’s approach, as presented by Agmon
1] for the inequality case, starts with an arbitrary point and generates the iterates by

using the inequalities in a cyclic way and taking as next iterate the orthogonal projection
of the current iterate onto the halfspace defined by the current inequality (projecting
a point onto a halfspace means projecting it onto the associated hyperplane if the
point lies outside the half space and leaving it, unmodified otherwise). In Cimmino’s
method, on the other hand, the current iterate is projected onto all the half spaces and
the new iterate is a convex combination of such projections. When the feasible set is
nonempty, both algorithms converge from any starting point. Cimmino’s method is
convergent also in the infeasible case (see [6] and [15]).

Hildreth’s method can be seen as a modification of Kaczmarz-Agmon’s procedure
for the case when the required solution is not just a feasible point but a norm minimizer
one. In this case, when the current iterate is outside the halfspace corresponding to
the current inequality, the next iterate is its orthogonal projection onto the associated

* Received by the editors January 10, 1984, and in revised form December 6, 1985.

" Instituto de Matemfitica Pura e Aplicada, Estrada Dona Castorina, 110, Rio de Janeiro, Brasil.

* Instituto de Matemfitica, Universidade Federal do Rio de Janeiro CEP 68530, Rio de Janeiro, Brasil.
The work of this author was partially supported by CNPq, under grant 301699/81.
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hyperplane, as in Kaczmarz’s method. But when the current point satisfies the constraint
the next iterate is its projection onto a hyperplane parallel to the hyperplane defined
by the inequality, lying between it and the point itself. The location of such a parallel
hyperplane is determined, at each step, by a sequence of dual variables. This sequence
guarantees that at each step the current iterate is the orthogonal projection of the
starting point onto a perturbed feasible set, defined by translates of the original
hyperplanes (i.e. the perturbation acts only upon the right-hand side). When the feasible
set is nonempty this sequence of perturbed right-hand sides converges to the original
one, and the intermediate minimization property is preserved in the limit.

A proof of convergence can be found in Lent and Censor 13 ], who give a compact
version of Hildreth’s method with relaxation and almost-cyclic (instead of cyclic)
utilization of the constraints.

Another extension of Hildreth’s method was proposed by Bregman [2], who
considers the case ofminimizing nonquadratic functions. By substituting the orthogonal
projections (both onto the original and the perturbed hyperplanes) by the so-called
"Bregman projections," he defines an algorithm which converges for a wide class of
functions. In [7] it is shown that all strictly convex functions which tend to infinity
faster than linearly (i.e. such that limllxll_, (f(x)/llxll)- ) belong to that class.

Another view of Hildreth’s method is obtained by looking at the sequence of dual
variables. In the dual space, Hildreth’s method is equivalent to the Successive Over-
Relaxation (SOR) algorithm applied to a linear complementarity problem, where the
matrix AA substitutes for the original matrix A and the right-hand side is the original
one. See [14] for a description of SOR methods applied to this kind of problem.

In this paper we propose a Cimmino-like relaxed version of Hildreth’s method.
Each iterate is orthogonally projected onto all the hyperplanes (or its parallel translates,
when the constraint is satisfied) and the new iterate is a relaxed convex combination
of such projections. Such implementation has two features which make it different
from Censor and Lent’s version. First, it is appropriate for parallel processing com-
puters, since all the projections of the current iterate can be calculated simultaneously
(that is why we call our method "simultaneous"). Second, the convergence of
Cimmino’s method in the infeasible case is preserved. In our case, the primal sequence
convergences to a norm minimizing least squares solution, i.e. to the orthogonal
projection of the starting point onto the set of points which minimize the sum of the
squares of the distances to the halfspaces associated with the inequalities. When the
system is feasible, this is just the orthogonal projection of the starting point onto the
feasible region.

Convergence in the infeasible case to a well characterized point is an interesting
property, since in the applications the feasible set may be empty due to errors associated
with the data gathering process, for instance.

At the same time, consideration of the infeasible case produces a rather involved
proof, since no easy argument based on Fej6r convergence seems available. Also, due
to the primal-dual character of the method, we were not able to find a Lyapunov
function for the algorithm.

In 2 we present the algorithm and show some immediate properties, like the
linear complementarity between primal and dual variables and the intermediate
minimization property of the iterates.

In 3 we show that the difference between consecutive iterates tends to zero, and
that the sequence of the location parameters for the perturbed hyperplanes is bounded.
From there, it follows that the sequence of perturbed right-hand sides and finally the
sequence of primal iterates are bounded, i.e. they all have convergent subsequences.



COMPUTING PROJECTIONS ON POLYHEDRA 233

In 4 we prove that all such sequences are indeed convergent; in particular, the
sequence of primal iterates converges to the projection of the starting point onto the
limit of the perturbed sets, i.e. the feasible set for the system whose right-hand side is
the limit of the perturbed right-hand sides. In 5 such set is identified as the set of
weighted least squares solutions if the system is infeasible, or the original feasible set
otherwise.

2. The algorithm. Consider the system of inequalities

(1) Ax<-b

where A is an m x n matrix, x and b are n and m vectors respectively.
We introduce first some notition which will be used throughout the paper. If a

are the rows of A (a 0 for 1 _-<i-< m), let

H, {x: (ai, x)= b},

C, {x: (a,, x} =< bi},

C={x" Ax<-b} tq Ci.
i=1

Let Pi and Qi be the orthogonal projections onto Ci and Hi, respectively,

(2) Px x + min {0, b _-.(_%_
ila, = ja,,

bi-(ai, x)
(3) O,x x +

a, - a,,

where (,) and I1" denote the Euclidean inner product and norm, respectively.
Now the algorithm is defined. Let a be a real number in the open interval (0, 2)

and A1, , ,k= be real positive numbers such that =1A 1. Take z=0 and x eN
arbitrary. Define

(4) xk+l=xk + a 2 aica,
i=1

(5) z+l=z-a,c (1NiNm),

z bi--(a,, xk}}(6) c=min t,
Next we establish some facts which describe the geometry of the algorithm defined

by (4)-(6).
Pooso 1 (nonnegativity of the dual variables). For any k, 0 (1 N N m).
Proo True for k =0 by definition. From (6) c N /I; then

z+’ z-,c e z-z 0.

Define

wki=xk+ckai (1--<_ i=< m),

d bi ai, xk}
ila, = (l=<i<=m)"
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The wk’s are the "modified projections" whose relaxed convex combination gives
the next iterate, i.e.,

k+l (1 a)x + a xw,

The next proposition shows that wk is the orthogonal projection of Xk onto Hi if
xk : Ci or a point in the segment between xk and its projection onto

PROPOSITION 2. For all i, 1 <- <- m andfor all k >-_ O, thefollowing statements hold"
(i) If xk : Cs then wk Pixk Qixk and dk ck < O.
(ii) If Xk Ci, then 0 <- ck <--_ dki.
(iii) Wk Ci.
(iv) If ck dk, then ck+l <- 0.

Proof. (i) If xk: Ci, then dk<0. Since zk-->_0 (Proposition 1) ck=dk. From the
definitions of wk, Pi and Qi we get wk Pixk= Qixk.

(ii) If xkCi, then dk_-->0 and by Proposition 1, O<--ck<--dk.
(iii) Obviously if ck dk. Otherwise c z/Ai _-> 0 and ck < dk. So

(a,, wk)= (a,, xk)+ c, lla, ll<-(a,, x’)+ bi-(a,, xk) bi.
(iv) If c rs d then c z / h =c’ z + O=C’ c + <= O l-1
The next lemma is the starting point for our convergence proof, and justifies our

calling wk a "modified projection" of xk: it holds trivially when wk is the projection
of xk onto Ci (case (i) of the proof).

LEMMA 1. IIx/- w,/ll _-< IIxk+l- w,ll.
Proof. We consider all possible cases for xk+, wk +, W.
(i) If xk+= Cs then wk+l= Pixk+l (Proposition 2(i)). The inequality holds

because Pxk+ is the closest point to xk+ in Ci and wk Ci (Proposition 2(iii)).
(ii) If xk+l Ci, and wk Qixk, then

(7) x/’- w,ll--IIx+’-Q,xll >-IIQ,x+’-x/’ll
using the closest point property for the projection Qi. On the other hand xk+ C, so

(8)

(Proposition 2(ii)). The result follows from (7) and (8).
(iii) The only remaining case is xk+ Ci, wk Qxk; in this case wk S Qixk=c, ck

dk=c’ck/ =0 (Proposition 2(ii) and (iv))xk/= wk/. [3

Let

y A,(c,)=II ai =.
i=1

LEMMA 2.

Proofi From Lemma 1,

iix+, w,/ll=_< x+, w,ll = iIx+-xll=/ IIx wllZ-2<x+l-x, w-x).
Multiplying by Ai and summing on i, (remember that Y--1 A 1)

O’k+ < O"k + IIXk+l- xk[I2- 2 Xk+l- Xk, Y’. A,Wk X
k

i=1

O.k
_.. x,k+lxk 112-11xk+lx’kl[2"--O’k (--1I[[xk+Ix,k 2.
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Now we look at the dual variables zk. The name "dual variables" is justified in
the following two propositions.

We define recursively

(9) q=0 (1-<_ i-<_ m),

(10) qki+l=--cki lla, llE+ b,--(a,, xk (1_--< i_--< m).

PROPOSITION 3 (Linear complementarity). For any k, qkizk =0 (1--<_ i--< m).
Proof. By definition qk+l _cklla, il2 + b,-(a,, xk) and zk+l= zk- A,ck. If zk+l > 0,

=z,/,c# z/h:=>c=d=>q+=O. On the other hand if q+>0, c d=cz+ 0.
PROPOSITION 4. Xk= x-aA’z, where "t" denotes matrix transposition.
Proof. By induction

X xO+ Ol E 0 xO Z xOAlVin pAt( z) otAtz 1.
i=1

Assuming xk x- otAtzk, then

xk+’ xk + a _, A,ca, xk aA’(zk+’- zk),
i=1

from which the result follows. ]

These two propositions allow us to prove that the algorithm preserves the inter-
mediate optimality property of Hildreth’s algorithm presented in [13].

Define the vector bk (perturbed right-hand side) as

bk= qk + Axk

where qk are the vectors with components defined by (9) and (10). Construct a sequence
of perturbed constraint sets Sk by

Sk= {x" Ax <-_ bk}.
PROPOSITION 5.
(i) qk-->0 (1--<_ i_--< m).
(ii) xksk.
Proof. (i) follows from (6), (9), (10) and (ii) is immediate from part (i) and the

definition of Sk. [3

THEOREM 1. X
k is the solution to

min 1/2 [[x- x[[ 2 s.t. x Sk.

Proof. Since the minimand is convex, the Kuhn-Tucker conditions are sufficient
for optimality. They are

()

(12)

(13)

(14)

x x + At/z O,

/z,((a,, x)- bk) O,

_->0,

Ax <_ b k.
Take x xk, I otz k. Equation (14) is satisfied by Proposition 5(ii); (11) follows from
Proposition 4, (12) from Proposition 3, observing that Axk-b= -qk, and (13) from
Proposition 1.

3. Convergence of a subsequenee. In order to establish the convergence of the
algorithm, we will prove that the sequences {ck}, {bk} and {xk} are convergent, with
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the limit of the last one being the projection of, x onto the feasible set of a perturbed
system whose right-hand side is the limit of the sequence {bk}. As a first step, we will
conclude from Lemma 2 that these sequences are bounded, so they have convergent
subsequences.

LEMMA 3. (i) The sequence {ck} c m has a convergent subsequence ckj

(ii) xk+ xk 0.
k

(iii) . A,ck a, O.
i=1 k-*x

(iv) E ’AiViai O.
i=l

Proof. (i) Since 0<a <2, Lemma 2 implies that trk is a positive decreasing
sequence, hence convergent. It follows that {ck} is bounded. So it has a convergent
subsequence.

(ii) [[xk+l--xk[[2<= (a/(2-- a))(rk--trk+) from Lemma 2. Since {trk} is convergent
and a < 2, the right-hand side tends to zero.

(iii) From (4)

2 ikiai xk+l--xkll2--(O’k--O’k+l)-’>O"
,=1 a(2-a)

(iv) From (iii), since v is the limit of a subsequence of {ck}.
From now on, {ck} will be a convergent subsequence guaranteed by Lemma 3

and v its limit. Let y* be the vector with components defined by

y* -v, lla, = (1 _<-- i_<- m),

and S the set defined by

S {x: Ax <- b + y*}.

PROPOSITION 6.

(i) bk b + y*.
jc

(ii)

Proof. (i) b+l=-cllaill2+b,-(a,,xkj+l-xk) .y*+b, by Lemma 3(i) and
(ii).

(ii) In Linear Programming jargon, since ski # for all j, we have a feasible basis
Bkj. The number of bases is finite, so there is one which is feasible for an infinite
number of j’s, and hence for the limit of the b kj’s, which is b + y*.

Now that the convergence of the subsequenees {eke} and {bk} is established, we
look at the subsequence {xk}. We will show that it converges to the projection of the
starting point x onto S. Observe that Sk and S are convex and so the projections of
any point x onto them are well defined (as the closest point to x in the respective
sets). Let x* be the projection of x onto S, k the projection of xk onto S and k the
projection of x* onto Sk. We will use the following result due to Daniel [5].
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THEOREM 2. Let T= {u" Au<-p} and T’= {u:Au<-_p’}. If Tand T’ are nonempty,
there exists ), R depending only on A such that for any u T there is a u’ T’ which

satisfies

[lu- u’ll ll(p-p’)/ll

where the upper plus notation means, for any vector v, (v+)i max (0, vi).
Proof. See [5].
LEMMA 4.

(i) [lk--xkjll O.

(ii) Ilxk- xll ’ IIx*- xll,
joo

(iii) [[2% xll IIx*-
j-oo

Proof. (i) Use Theorem 2 with T’= S, T sk, u xk. Since k is the projection
of xkj onto S, and xk sk, if U’ is the vector resulting from Theorem 1, I1-xll <=
IIx%- u’ll--< ll(b%- b-y*)+ll ,0 by virtue of Proposition 6(i).

joo
k(ii) Since x S and x is the projection of x onto S

IIx*-xll I1-xll I1-xll + IIx-xll,
Then for any e > 0 there exists jl such that for j >_-jl

(15) IIx*-xll<=l]x-xll+e because of part (i).

By Theorem 1, IIx xll _-< IIx xll Vx S. Then

]lxk XI] =< IIk xOII =< IIk X*]I + ]IX* X0]] since .k sk.

Use Theorem 2 with T S, T’= Sb, u x*. If u’ is the vector in T’ guaranteed by the
theorem, since yk is the projection of x* onto sk, we have II-x*ll -< Ilu’-x*ll<_-
,[[(b-b%+y*)+]l 0 by Proposition 6(i). So

(16) [Ix-xll llx*-x[[+ forj->j2.

From (15) and (16) we have that forj>=max {jl,j2}

IIIx-xll-IIx*-xlll < ,
(iii) Immediate from (i) and (ii).
THEOREM 3. X - X*.

Proof II1 x*ll <- IIx 11 + I1 x*ll,
The first term of the right-hand side tends to zero by Lemma 4(i). Since

II;-xll Ilx*-xll, x* is the unique closest point to x in S and k S, we
j-o

conclude that b ./*ll-x*ll -- o. so x
jc joo j-oo

4. Convergence of the sequence. We will prove now that x*, the projection of x
onto S, is the limit of the whole sequence. We will need four technical lemmas. The
complication arises from the fact that x* may be either inside or outside each of the
half spaces and the behaviour of the sequence is different in each case, so that
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consideration of each alternative is required. First we show that the difference between
consecutive elements of the sequence {ck} tends to 0.

LEMMA 5. C+1- ck 0 for 1 <= <- m.

Proof. From Lemma 3(ii),

(17) xk--xk+l O.

By continuity of the inner product

(18) d-d+ ;0 for l_-<j_<-- m.

Consider the norm definid, for any x R", as

.-- E A, Ila, x,.
i=1

From Lemma 2 trk= ckll = onvrgs. Since all norms are equivalent in finite
dimension X,=l Icl converges, so

(19) Y (Ic/kl- Ic/k+l[) 0.
i=1 k-

Take ko big enough so that IIx-/ll, Id,-d,+l (i= 1,’’ ", m) and
(i 1, , m) are less than a given e for k > ko. Now we consider three cases according
to the location of xk and xk+ with respect to the hyperplane H. Let

I1 { i: xk Ci and xk+ C},

I2 { i: xk C and xk+I C},

I3 (1, ,m)-Ii-I2.

(i) For I:, c+ d+ < 0, c d < 0 from Proposition 2(i). So

(20) Ic- c+l Ida- d+l < .
Also

(21) -e < Icl-Ic+l < .
(ii) For I3, since xk and xk+l are on different sides of H, we use Proposition

2(i) and (ii) to get

(22) Ic IdOl Ilxk Q’xll IIx xk+ll
Ila, Ila, -Ila, ll’

(23) Ic+l Id+l IIx+- Q’x+ll
< IIx- xk+ll <

Ila, Ila, =lla, ll"
(iii) From (22) and (23) both c-c+ and Icl-lc+l are arbitrarily small for

big enough k and i I3. So, using Proposition 2(ii), (19) and (21):

(24) E (c-c+) E (Icl-lc+l) 0.
ie I iI k

But for i I1, either c dc-c+O (from Proposition 2(ii) and (iv)) or

(25) dc-c+ d-d+.
Since the right-hand side of (25) tends to 0, it follows from (24) that each term c- c+
is arbitrarily small for big enough k.



COMPUTING PROJECTIONS ON POLYHEDRA 239

We use Lemma 5 to prove some relations between x*= limj xkj and v limj ckj.
Let d* (b,-(ai, x*>)/lla, and Di {x R": (a, x) < b}.

LEMMA 6.
(i) If X* : C, then v d* < O.
(ii) If x* Hi, then vi O.
(iii) If x* D, then either vi 0 or vi d* > O.
Proof. (i) Since x* Ci, d* < 0 and xk C for big enough j. So ck dk < 0.
Taking limits as j-> on both sides the result follows.
(ii) Since x* Hi, la,l < for big enough j and any e. But by definitionlckl=<

0= lim ck

(iii) Since x*Di, xkj Ci for big enough j=:>ck>=O=C,V>=O. Assume vi>0. We
claim that

(26) ck= dk.
Otherwise, by Proposition 2(iv), ck--<_0; but from Lemma 5 and the definition of vi,

ckj/1 is arbitrarily close to vi > 0 for big enough j. Take limits on both sides of(26). [3

Let now I {i: x* Di, vi 0}, J {i: x* Di, vi 0} (later on it will be shown
that J ).

LEMMA 7. ere exists s such that for j > s
(a) c=d for Z
(b) c 0 for I.
oof (a) It follows from (26).
(b) From Lemma 3(i) and Theorem 4, xk gets arbitrarily close to x* for big

enough j, so d-1 is arbitrarily close to d, since x* D. On the other hand, c- is
arbitrarily close to v 0 by Lemma 5 and the definition of v. It follows that c-I #
d-lcO (Proposition 2(iv)). But x*DxDcO. So c=O for big
enough j.

The following lemma is the final piece of the convergence proof. It requires the
following elementary proposition, which results from the fact that projections are
contractions.

PROPOSITION 7. (i) For any x, y ", 0 fl < 2, 1 m,

II(1 fl)(x-y)+ fl( Q,x- Q,y)II -< Ilx -yll.
(ii) For any xR", yHi, 0</3<2, l<-i<-m,

II(1-)x +Q,(x- y)ll <: IIx-yll.

Proof. (i) It follows easily from (3), expanding the square of the norm.
(ii) From (i), since for y
Define now e = mini {Iv, llla, ll" v, 0}. Use Lemmas 3(ii) and 5 to find r such that

Xk/a- xll < , [cik+l- ckil < e/lla, for k > r.
LEMMA 8. Take k > r. Ifxk generated by the algorithm (4)-(6) satisfies:
(a) IIx- x*ll < ,
(b) c Ofor I,
(c) ci di for J,

then
(i) [Ixk/l- x*ll IIx- x*ll,
(ii) xk+ satisfies (a), (b) and (c).
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v,)a,]l[ < ,II(X_x,)+Proof. (i) IIx+l+x*ll--II(x-x*)+[Ei:,(c,- --E,=

Since Yi--1 Ai 1, the result is established, provided we show that

(27)

Consider the following cases"

(I) x* Ci. By Lemma 6(i), v, d*,llx*- Q,x*ll-Iv, llla, ll>3. Since

IIx- x*ll < , x c,. So

(28) c= d=C,xk + cai Q,xk.

Also by Lemma 6(i),

(29) x* + viai x* + dai Qx*.

Substitute (28) and (29) into the left-hand side of (27), apply Proposition 7(i)
with/3 a and get the required inequality.

(II) x* Hi. By Lemma 6(ii) vi 0 and x* + v,ai Qix*. If xk + ck ai Qixk, apply
Proposition 7(i) with /3 a, as before. Otherwise, xk Di and 0_-< ck< dk0_--<
(f/af <. Take/3 =a(cf/dk). The left-hand side of (27) becomes

11(1-/3)x

Apply Proposition 7(ii) and get (27).
(III) x*e D, vi =0. By hypothesis (b), c =0, and both sides of (27) are equal.
(IV) x*e D, v ys 0. By Lemma 6(iii)

(30) vi d*i =>x* + viai Qix*,

By hypothesis (c),

(31) c= d==>xk + ca, Q,xk.

Substitute (30) and (31) into the left-hand side of (27) and apply Proposition 7(i)
with/3 a.

(ii) xk+l satisfies (a)because ofpart (i). For (b), since [[xk--x*I[ < e,X
k Di=#dki>

0. Since ck =0, by Proposition 2(iv) ck+l <_-0. Since xk+l satisfies (a), xk+l Di=ck+1 >--_

0; so ck+l =0. For (c), if ck+I dk+l then by Proposition 2(iv), ck+2_-<0. Since IIx
x*ll<-_llxg+=-x+lll/llx+l-xll/llx-x*ll<-3, we get xk+EDi:::ki+2O. So
ci
+2 0. Then

(32)

On the other hand,

cfll a, II--IIx- Q,x IIx*- Q,xll- IIx- x*ll
e IIx*- Qix* 11- IIx x*ll > 4e e 3e,

in contradiction with (32). Conclude that c/1= d
We present now our main convergence result.
THEOREM 4. X* limk_.o X k.
Proof Let r and e be as defined just before Lemma 8. Take j big enough so that

j > s as defined in Lemma 7, k. > r and IIx x*ll < e. Then xb satisfies the hypotheses
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of Lemma 8, which can be applied recursively for any k > kj. So x*ll < IIx -x*ll
for any k > kj. Since xk X* the theorem holds. I-1

jo

5. Characterization of the set S. Let F {x R"" .i=l hiPix x} and define f"
as f(x)= E,= x, llx-P,xll . In [6] it was shown that F is just the set of minimizers

off and that F C when C # . The results of 3 and 4 indicate that the point x*
is the projection of x onto the set S {x" Ax <= b + y*}. We prove here that S is in
fact F. So x* is the closest solution of (1) to x, if (1) is feasible, or the weighted (with
the hi’s) least squares solution closest to x, if (1) is infeasible.

LEMMA 9. J .
Proof. Take i J. Since X

k
" x*, there exists K such that xk C for k > K. So

k-c
ck _>- 0 for k -> K. Now

o < z 2 <--

j=K j=K ’i

Let k go to infinity. The series converges. So ck--> 0 and vi lim_oo ck -O.
COROLLARY 1. X* + viai Pix*.
Proof. The second alternative in Lemma 6(iii) is impossible, so
COROLLARY 2. x* F.
Proof. By definition of F, x* F if and only if x*= Yi= hiPix*. From Corollary

1, i--1 hiPix* x* + .," x*i=1 hiviai by Lemma 3(iv).
LEMMA 10. (X*, y*) is a solution of

Ymin hi

s’t"
Ax <- b + y,
y>-O.

Proof Because of the convexity of the minimand, the Kuhn-Tucker conditions
are sufficient for optimality. They are

hiyi
(33)

(34) At/z 0,

(35) ixi((ai, x)- bi yi) O,

(36) PiYi O, i= 1,’’’, m,

(37) Ax b y <= O,

(38) /9->0,

(39)

Take p =0,/z, =-(2A,y*/llaill2)(i= 1,..., m), so (33), (36) and (38) are satisfied. In
view of Lemmas 6 and 9, y* =-v, lla, ll-->0. So (39) is satisfied. From Lemma 3(iv),
A’/x 0 and (34) holds. Since x* S, (37) holds. Only (35) remains to be checked. If
/xi # 0, use Lemmas 6 and 9 to conclude that

x* : C=vi d*i bi.-.(ai, x*) :::,(ai, x*)- bi- y/* O.
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Observe that the minimand is strictly convex in y, so y* is the unique solution
for the "y" part of the problem.

LEMMA 11. F {xlAx <- b + y*}.
Proof. As noted before, F is the set of solutions of the problem min Y= A Px-

xll 2 (see [6]). Such a problem is equal to

min Y’. hi min o, bi-(ai’x) 2

which is equivalent to

or

,,/y2
min E Ila, =

min Z h,
[max {0, (a,, x)- b,}],

,=1

s.t. Yi max {0, (ai, x)- bi},

(40) min
Aty’2 Ax <= b + y,
I1 ,11

soto
(yO.

So F {xlAx<= b+y} where yO solves the "y" part of (40). By Lemma 10, such a yO
has to be y*. I-1

THEOREM 5. The sequence {xk} converges to the projection of x onto F (i.e., to
the closest point to x in F).

Proofi Immediate from Lemma 11, remembering that x* is, by definition, the
projection of x onto S. lq

6. Conclusion. Hildreth published his algorithm more than twenty years ago 11]
but it was only recently applied for solving huge-scale, sparse problems [10]. In 1980,
Lent and Censor [13] gave an extended convergence proof of Hildreth’s method
introducing an almost cyclic control and showing that it has an important optimality
property. Along the lines of Lent and Censor’s paper, we have modified Hildreth’s
algorithm preserving its main characteristics like the optimality property given by our
Theorem 5 and obtaining a more general convergence theorem that includes a possibly
empty constraint set.
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SYMMETRIES IN OPTIMAL CONTROL*

A. J. VAN DER SCHAFTf

Abstract. It is argued that the existence of symmetries may simplify, as in classical mechanics, the
solution of optimal control problems. A procedure for obtaining symmetries for the optimal Hamiltonian
resulting from the Maximum Principle is given; this avoids the actual calculation ofthe optimal Hamiltonian.
This procedure is based upon the notion of symmetry for the Hamiltonian system with inputs and outputs
associated with an optimal control problem.
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1. The Maximum Principle and Hamiltonian systems. Let us consider a smooth
nonlinear control system

(1) 2=f(x, u), xX, u U

where f is a smooth mapping. (Smooth always means C or Ck with k "big enough.")
For simplicity of exposition we will take X R and U Rm, although X and U may
be arbitrary smooth manifolds. (We can even take the input space U to be state
dependent. Then (x, u) are fiber respecting coordinates for a fiber bundle B over X,
instead of coordinates for the product space X x U, see [2], [6], [8].)

Let now L: X x U-> and K X-> be smooth functions. We consider the
(unrestricted and smooth) Bolza problem of minimizing (with respect to u(- )) the cost
functional

(2) J(xo, u(.))=K(x(T))+ L(x(t),u(t))dt

under the constraints

(3) :(t)=y(x(t), u(t)), x(O)=xoX.

This is called the (finite time) optimal control problem. Of course we have to worry
about the class of functions U(xo) from [0, T] to U (which may depend on the initial
condition), over which the cost functional is minimized. Since we only want to deal
with some structural properties of the above optimal control problem, we make the
following simplifying assumptions (see also [4]):

1) U(xo) consists of measurable functions such that g =f(x, u) has a well-defined
solution for all [0, T] and x(0) Xo.

2) For each Xo X there exists a u*(.) U(xo) such that

(4) J(xo, u*(.))= min J(xo, u(.)),
u(. ) U(xo)

(U*(’): [0, T] U is called the optimal control).
In order to solve the optimal control problem, the Maximum Principle tells us to

introduce the Hamiltonian function H: X x nx U- given by

(5) S(x, p, u):= prf(x, u)- L(x, u)

* Received by the editors October 1, 1984; accepted for publication (in revised form) December 17, 1985.
$ Department of Applied Mathematics, Twente University of Technology, 7500 AE Enschede, the

Netherlands.
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with p " the co-state, and to consider the following set of differential equations

(6a)

(6b)

oH
i(t)--Pi (x(t), p(t), u(t))=f/(x(t), u(t)),

[i(t)=--xi (X(t),p(t), u(t)),
i=l,-.-,n,

with the (mixed) boundary conditions

(7)
x(O) Xo,

P,( T) --x (x( T)), i=l,...,n,

where x(T) is the solution at time T of (6a) for x(0)= Xo. A necessary condition for
a control function u* U(xo) to be optimal, i.e., satisfying (4), is that for every [0, T]

(8) H(x*( t), p*(t), u*(t)) max H(x*( t), p*( t), u)
uU

where (x*(.), p*(. )) is the solution of (6) with u(. u*(. and boundary conditions
(7). So the Maximum Principle leads us to the following static optimization problem:
Find for every (x, p) X x R" a u* U such that

(9) H(x, p, u*)= max H(x, p, u).
uU

Since we assumed U to be m (or a manifold), (9) implies the first order conditions

OH (x, p, u*) =0, j= 1,(10)
Ou

Hence the Maximum Principle leads in a natural way to the system

OH:, -pi X, p, u ),

OH
(11) , --x x, p, u ),

i--1,...,n,

OH (x, p, u ),Y =ou
and a necessary condition for u*(. to be optimal is that the outputs yj of this system,
resulting from u*(. and boundary conditions (7), are constant zero.

Now equations (11) form a Hamiltonian system as introduced in [2] and developed
in [5], [6], [7], [8]. In fact the state space of this Hamiltonian system is X xR" =2n,
with the natural symplectic form Y=I dp ^ dx, the input space is U =@ and the
output space is Y =", with coordinates (Yl,""", Ym)- The product space U x Y has
the natural symplectic form j=l dy ^ du. From a geometric point of view equations
(11) describe a (2n+m)-dimensional submanifold L of T(Xx")x(Ux Y) (the
coordinates (x, p, u) parametrize the possible state space evolutions (,/i) and outputs
y). This submanifold has a special structure related to the given symplectic structures
onXxR" and UxY.
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Recall the definition of a Lagrangian submanifold [1], [8]. A submanifold L of a
manifold N with symplectic form to is Lagrangian if to restricted to L is zero and
dim L 1/2 dim N.

DEFINITION 1 [5], [6], [7], [8]. A Hamiltonian system with state space " x",
input space ’ and output space ’ is given by a submanifold L c T(" x")x
(’x’) such that

(i) L can be parametrized by the state space variables (x, p) and the input vari-
ables u.

(ii) L is a Lagrangian submanifold of T(" ")x ("xm) with its natural
symplectic form Yi= (dPi ^ dxi + dpi ^ d)-Yg=I dyj ^ duj.

Since L is Lagrangian and satisfies condition (i) there exists a generating function
H(x, p, u) for L such that L is given by equations (11) [7], [8]. In the optimal control
case this generating function H(x, p, u) has the extra property of being affine in the
p-variables. We call (11) the Hamiltonian system associated with the optimal control
problem.

Remark. If X and U are arbitrary manifolds, we have to generalize the definition
of the associated Hamiltonian system in the following way. Instead of /1 x /1 we take
as state space T’X, and the space m Xm of inputs and outputs becomes T* U, where
both cotangent bundles are endowed with their natural symplectic forms.

Now we investigate the consequences of imposing the necessary conditions (10)
on the associated Hamiltonian system (11). Since the symplectic form =1 (dP ^ dx +
dpi A d2)- Ejm_l dyj A duj is zero restricted to the submanifold L associated with (11),
the form ,= (dl ^ dx dp, ^ d) is zero restricted to the subset Lf’l{yj=OH/Ouj=O,
j=l,. ., m}, and therefore also restricted to the projection V of L
{yj=O,j= 1,..., m} onto TR2/1. Now if V is a nice 2n-dimensional submanifold of
TR2" it follows that V is a Lagrangian submanifold of TR2/1, Y. = (dpi ^ dxi + dp ^ d2).
Moreover, if V can be parametrized by the state space variables (x, p), this implies
that V is actually the graph of a Hamiltonian vectorfield on R2/1 [1], [8]. The simplest
case is where the matrix (02H/Ou Ouj) has rank m in every solution (x, p, u*) of (10)
(the so-called nonsingular case). Then the equations OH/Ouj(x, p, u*) O,j 1,. ., m,
have locally a unique solution u*(x, p), and V is locally given as

{( OH OH
u*(x, ))) x /1}(12) V= x, p,p (x, p, u*(x, p)), -x (x, p, p N/l, p

Hence V is locally the graph of the Hamiltonian vector field of the (locally defined)
optimal Hamiltonian H (x, p := H(x, p, u * (x, p ).

Remark. If (02H/Ou Ouj) is singular but the rank of the map OH/Ou(., .,. from
"xi"xI to ’ is equal to m, then the set (OH/Ou)-l(o) is a 2n-dimensional
submanifold of /1 x"x’. Under certain regularity conditions (see [8]) on the map
(x, p, u) (x, p, OH/Op(x, p, u), -OH/Ox(x, p, u)) from /1 x [/1 x /1 to T(/1 x [/1) it
follows that V is an (immersed) Lagrangian submanifold of T(N" x N"). However,
since in general V need not be parametrized by the state space variables (x, p), we
generally only obtain a set of implicit Hamiltonian differential equations on /1 x /1 [8].

For clarity of exposition we will make the following additional assumptions which
will hold throughout the next section"

1) The matrix (OH/Oui Ouj)(x, p, u*) is nonsingular in every solution (x, p, u*) of
(10). The solution u* of (10) is unique and is a smooth mapping u*(x, p) from /1 xN/1
to Im.

2) This solution u*(x,p) is optimal, resulting in the optimal Hamiltonian
H(x, p):= H(x, p, u*(x, p)).
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2. Symmetries. Under the simplifying assumptions made before the optimal con-
trol problem reduces to the solution of a set of Hamiltonian equations

OH
i p, (x, p), x(O) Xo,

(13) i=1 ...,n,
OH

(x, p), p,(T)=
OK

ox--( -. (x(

with H(x, p)= H(x, p, u*(x, p)), where u*(x, p) is the unique solution of

OH
(x, p, u*(x, p)) O, j 1, m.(14)

Ou
Now solving (13) and (14) is typically a formidable task, and it is worthwhile to look
for circumstances which make the solution easier.

If the equations (14) are explicitly solved for u*(x, p) and if we therefore have
an explicit expression for H(x, p), it is a classical method (in mechanics) to look for
symmetries of H in order to simplify the solution of (13). (This point was also raised
in [3].) Let us introduce some notation. If F:R" xR" +g is a smooth function, then
we denote the corresponding Hamiltonian vectorfield

OF OF
(15) .i=’-iPi (x, p), jOi= -xi (X, p), i= l, n

by XF. Moreover if G is another smooth function on g" x ", then the Poisson bracket
{F, G} of F and G is defined as

+(+ )(16) {F,G}= E
OF OG OF OG

i= OX OX Opi

It is easy to see that {F, G} =-{G, F} and that

(17) {F, G}= XF(G).

Now the most general definition of an (infinitesimal) symmetry for H is of a Hamil-
tonian vectorfield XF satisfying

(18) XF(H) {F, H} 0.

This implies that 0= {F, H} =-{H, F} =-X/_/o(F), and hence that F is afirst integral
or conserved quantity for (13). Therefore if XF is a symmetry of H, then F is a first
integral for X/o. Conversely if F is a first integral for Xuo, i.e., Xuo(F)= 0, it follows
that XF is a symmetry for H. The existence of such a conserved quantity F for (13)
may be used for reducing the 2n-dimensional set of equations (13) to a (2n-
2)-dimensional set. Indeed, suppose that dF nowhere vanishes (this can be relaxed).
Then there exists a constant c such that the solution of (13) remains within the
submanifold F-l(c). Moreover we may factor out F-l(c) by the integral curves of XF
to obtain a (2n-2)-dimensional manifold. It follows from XF(H)=O that the
equations (13) project to Hamiltonian equations on this reduced manifold. If there
are more symmetries available, or a group of symmetries, this reduction procedure can
be generalized 1 ]. In general the existence of symmetries for H reduces the solution
of (13) to the solution of a lower-dimensional set of Hamiltonian equations. (Notice
however that our situation is somewhat more complicated than in mechanics, since
we do not know the initial conditions of (13), but a mixed set of initial and terminal
conditions, see also [4].)
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In conclusion, ifwe have an explicit expression for H the knowledge ofsymmetries
simplifies the solution x*(. ), p*(. of (13). Henceforth it also simplifies the construction
of the optimal control in open loop form u*(t) u*(x*(t), p*(t)), or in feedback form
u*(x*(t), t)- u*(x*(t), p*(t)) from the solution u*(x, p) of (14).

Remark. A symmetry XF for H may be also profitably used for solving the
Hamilton-Jacobi-Bellman equation

O-(x, t) :-max -L(x, u)+-x(X t)f(x, u)
(19)

aS=-H(x,--x (x t)), S(x, T)=-K(x).

(We have adopted the sign convention from mechanicsmS is minus the Bellman value
function.) Now (19) defines a flow on the set of Lagrangian submanifolds of
In fact for every the Lagrangian submanifold is given as {(x, p- (OS/Ox)(x, t))}. If
XF is a symmetry for H, it follows that the action of XF commutes with this flow.
Explicitly, if the integral flow XF(Z) of XF maps for a small and fixed the Lagrangian
submanifold {(x,p=(0S/0x)(x, T))} onto another Lagrangian submanifold {(x,p=
(OR/Ox)(x))}, then Xr(7" maps for every [0, T] the Lagrangian submanifold {(x, p
(OS/Ox)(x, t))} onto Lagrangian submanifolds {(x, p (OR/Ox)(x, t))} where R(x, t) is
the solution of

(20)
OR (OR)0--- (x, t) -H x, -x (x, t) R(x, T) R(x).

Therefore instead of solving (19) we may also solve (20) for the maybe easier terminal
condition R(x, T) R(x). In the linear quadratic case (i.e. F(x, u) Ax / Bu, L(x, u)
1/2xrQx+1/2urRu, and (19) becoming a Riccati equation) this was noted in [10].

Of course in many cases an explicit expression for u*(x, p) and H(x, p) is hard
to obtain. However in the author’s thesis [8] it was indicated that even without explicitly
calculating H(x, p) we can a priori deduce symmetries for H(x, p) by looking for
symmetries of the associated Hamiltonian system (11). The same idea was used by
Grizzle and Marcus [4] from a different point of view. Let -f(x, u), with x M
(n-dimensional) and u U, be a control system. Suppose there exists a vectorfield
G(x) on M such that [G(x),f(x, u)]=0 for all u U (G is called a symmetry of the
control system (cf. [8], [4]).Furthermore suppose that G(L(x, u))=0 for all u U
and that G(K(x))=O. (G is called a symmetry of the optimal control problem, [4].)

Then if G is nowhere zero, M can be locally factored out by the integral curves
of G to obtain an (n 1)-dimensional manifold N. It is then shown [4] that the optimal
control problem (2) reduces to an optimal control problem defined on this lower
dimensional manifold N, and that the optimal control in feedback form can be defined
on N. Furthermore this can be generalized from single vectorfields G to a Lie algebra
of symmetry vectorfields generated by a symmetry Lie group.

In the sequel it will be shown that this kind of symmetry for the optimal control
problem considered in [4] corresponds to a special, although important, type of
symmetry for the associated Hamiltonian system and the optimal Hamiltonian H(x, p).
Furthermore if the end cost function K is not invariant under G (G(K(x))#0) it is
noted in [4] that the above procedure cannot be followed without modifications, but
recourse has to be taken to the same Hamiltonian approach as will be used in this
paper. On the other hand the class of symmetries considered in [4] is enlarged in [4]
by allowing for feedback transformations. A feedback u=a(x, v) transforms the
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optimal control problem (2) into

min K(x(T))+ L(x(t), a(x(t), v(t))) dt

under the constraints 2(t)=f(x(t), (x(t), v(t))), x(0)= xo. Now a vectorfield G may
be a symmetry of this transformed optimal control problem without being a symmetry
of the original optimal control problem. Such a symmetry G also results in a symmetry
of the optimal Hamiltonian but may not be obtainable by our approach (although in
most cases it will, see the examples). This leads to the question of determining what
class of symmetries for H can be obtained by our approach and how this class is
affected by feedback. This problem is addressed (but not fully solved) in the last part
of the paper.

We will now show how we can deduce symmetries for (13) without explicitly
constructing H(x, p) by looking for symmetries of the associated Hamiltonian system
(11). Recall the notion of a prolongation of a vectorfield or a function. Let S be a
vectorfield on M with integral flow S (i.e., (d/dt)S(x)= S(S(x))). Then (S). rM--,
TM is the integral flow of a vectorfield on TM which we denote by . Let further
F:MIt, then ’: TM-N is defined by (v)=dF(v), ve TM.
DFrro 2 [5], [7], [8]. Let (11) be a Hamiltonian system given by a Lagrangian

submanifold. L c T(N"XN")X(N’xNm). An (infinitesimal) symmetry is a pair of
vectorfields (S, S), S a Hamiltonian vectorfield on N x N" and S a Hamiltonian
vectorfield on N’ xNm, such that the vectorfield (, Se) on T(N" xN) x (N’ xtm) is
tangent to L, i.e., (, se)() e TL for all e L.

A conservation law is a pair of functions (F, F), with F: N’ x N" N and F N" x
N" N, such that the function /e_ F T(N x N") x (N" x N") - N restricted to L is
zero.

Remark. The above definitions are really extensions of the usual definitions of
symmetry and conserved quantity for Hamiltonian differential equations, as can be
seen as follows. If we forget about inputs and outputs, so if L c T(It" xN’) is just the
graph of a Hamiltonian vectorfield X, then being tangent to L means the follow-
ing. In coordinates is given as S(x)(O/Ox)+(OS/Ox)(x)(O/O:) (we forget about
indices). Consider now a point z (x, Xn(x)) on L. Elements of TzL are of the form
(O/Ox)+(OXn(x)/ax)(O/O:). Hence is tangent to L in z if S(x)(O/Ox)+
(OS/Ox)(x)Xn(x)(O/O) is a multiple of (O/Ox)+(OXn(x)/Ox)(O/d). This only hap-
pens if (OS/gx)(x)Xn(x)=(gXn(x))/(cgx)S(x), or equivalently if the Lie bracket
IS, XI equals zero. Furthermore, P- Fe-- 0 restricted to L just means that dF/dt
Fe(y, u), with yj =OH/Ouj, where d/dt is differentiation along the system (13).

As is the case for Hamiltonian vectorfields, symmetries and conservation laws for
Hamiltonian systems are in one-to-one correspondence [5], [8]. In fact if (S, Se) is a
symmetry, then there exists a conservation law (F, Fe) such that S= XF, se=XFe,
and conversely if (F, Fe) is a conservation law, then (XF, XF’) is a symmetry.

We notice that (F, Fe) being a conservation law for (11) can be also succinctly
expressed by the equality (see (17))

(21) {H(x, 1), u), F(x, p)} \--u (x, p, u), u Vx, p, u

where {, } means Poisson bracket on Nx
We now show how symmetries (or conservation laws) for the Hamiltonian system

(11) yield symmetries (or conserved quantities) for the optimal Hamiltonian.
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THEOREM 3 [8]. Let (S XF, Se= XFe) be a symmetry for (11). Then S is a
symmetry for H ifF (0, u)= O, for all u U.

Proof Since (XF, XFe) is a symmetry, (21) holds. Therefore

F(OH u*(x, p)), u*(x, )){H(x, p, u*(x, p)), F(x, p)} \-u (x, p, p

"Jr j"l’= OUj01"t (X, p, U*(X, p)){U(X, p), F(x, p)}.

Since (OH/Ouj)(x, p, u*(x, p))=0, we obtain {H(x, p), F(x, p)}= Fe(0, u*(x, p)), and
hence if Fe(0, u) =0, for all u, {H(x, p), F(x, p)}= -S(H) =0. [3

In conclusion, one can obtain symmetries of H by looking for pairs (F, F)
satisfying (21) and F(0, u)=0. Furthermore, these symmetries may also be useful in
finding the solution u*(x, p) of (14):

THEOREM 4. Let (X,XF) be a symmetry for (11) with F(O, u)=0 Vu. Let
u*(x, 1)) (u* (x, 1)),’" ", u*,,(x, p)) be the solution of (14). Then forj 1,..., m

ON
(22) {F(x, 1)), u(x, p)} =-y (0, u*(x, I))).

Proof. Differentiate the equalities (OH/Ou)(x, p, u*(x, p))= 0, j= 1,..., m, with
respect to x and p, k 1,. ., n"

oZH
(x, p, u*)+

02H
(x, p, u*) Ou* (x, p) O,(23)

OXk OUj ,ZI’= OU OUj OXk

oZH
(x, p, u*) + Y’.

02H
(x, p, u*) Ou* (x, p) O.(24)

Opk OUj i=10Ui OUj Opk

Furthermore, differentiate

{H(x, p, u), F(x, p)}
/
| O_-zz OF

k=l \Opk OXk

with respect to uj, j 1,. , m"

(25) kl= \0 a--pk OXk auj OXk =Oj-- Fe
Evaluate (25) in the points (x, p, u*(x, p)), and substitute (23) and (24) into (25):

O2H Ou OF+Z ,, O2H Ou. OF_ 0
Fe

0
(26)

= = Ou Ou Op Ox Ou Ou Ox Op Ou k
u

with everything evaluated in (x, p, u*(x, p)). The left-hand side of (26) is equal to

OZH
(27) 2 (x, p, u*){F, u}(x, p),

= Ou Ou
while the right-hand side of (26) equals

(28) ._
u (x, u*)+

OH OF
.)(x. (o..oui=1

since F"(0, u)=0 implies OF"/Ou(O, u)=0, j 1,..., m.
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Since (O2H/tgui Ouj)(x, p, u*) is nonsingular, we obtain (22). l-I
Remark. (eF/Oy)(O, u*) may also be written as {Fe(y, u), u}a(0, u*), with

{,}a the Poisson bracket on 2m (given by ({G(y,u),K(y,u)}a=
E=l((OG/Oy)(OK/Ou)-(cgG/Ou)(gK/Oy)))). Hence (22) may be rewritten as
{F, uT}a2n {Fe, uj}R2m(0, u*).

Therefore, if (F, Fe) is a conservation law with Fe(O, u)--0 the solution of (14)
has to belong to the mappings u*(x, p) whose components satisfy the partial differential
equations

(29) {F, u?}= G(u*), j= 1,’’ ", m

with Gj(u*) (Fe/Oy)(O, u*).
An important special case of Theorem 3 are the conservation laws (F, Fe) with

F identically zero. The fact that such conservation laws may exist is due to the possible
nonminimality of the Hamiltonian system. Indeed, if Fe- O, we obtain

(30) {H(x, p, u), FI 0 Vx, p, u.

Hence all integral curves of the Hamiltonian system (11) starting from a fixed initial
condition Uo remain within a submanifold F-l(c), with c a constant, and therefore the
system is not "controllable." Moreover, it follows from (30) that

(31)
OIt } 0__ {F, H(x, p, u)} 0XF(y) F,
Ou

(x, p, u) =Ou
and that

(32) [Xu(,,p,,), Xr]=0

(Recall the identity [XF, X] XF, for arbitrary functions F, G on I2", 1 ].) Hence
the system is not "observable" and we may factor out the state space by the integral
curves of XF. (It follows from (32) that the vectorfields Xi-iO,,p,,) leave these integral
curves invariant.) For a more detailed treatment of these issues we refer to [6], [8]. It
follows from Theorem 4 that if F -0 then the optimal u*(x, p) satisfies

(33) {F, u} 0, j 1,..., m.

Therefore if we reduce the 2nodimensional state space to a (2n- 2)-dimensional space
as sketched above, the optimal u(x, p) also projects to a mapping on this reduced
space. The symmetries considered in [4] form a subclass of this special type. Indeed,
let the vectorfield G satisfy G(x), f(x, u) 0, for all u U, and G(L(x, u)) 0. Then

{H(x, p, u), p rG(x)} {p rf(x, u) L(x, u), p rG(x)}

ToG TOF TOL
P -x (x)f(x, u) -p -x (x, u)G(x) -p -x (x, u)G(x)

=pT[f(x, u), G(x)]-pTG(L(x, u)) =0.

Hence (p TG(x), 0) is a conservation law for the associated Hamiltonian system, and
p TG(x) is a conserved quantity for the optimal Hamiltonian H. In the physics literature
a symmetry with conserved quantity of the form p TG(x) is called a geometrical
symmetry (because the symmetry is induced by a vectorfield on the x-space), in contrast
to a symmetry with a general conserved quantity F(x, p), which is called a dynamical
symmetry.

As in the case of Hamiltonian vector fields 1 ], the treatment of a single symmetry
may be extended to groups of symmetries. In our context the basic observation in
order to do so is the following.
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THEOREM 5. Let (Fi, F), i= 1, 2, be two conservation lawsfor (11), with F(O, u)
O, for all u. Then ({F1,FE}a2.,{F,F}a2m) is again a conservation law with
{F, F}a2m(0, u)= 0, for all u. (As before {, }R2. and {, }a2m denote Poisson brackets on
R2n, resp. REm.)

Proof This can be proved by geometric considerations [8], but also by the
following explicit calculation. We have {H(x,.p, u), F(x, p)} F((OH/Ou), u), 1, 2.
Hence, by Jacobi’s identity for the Poisson bracket,

Now

and

{H(x, p, u), (F1, F2}} ({H(x, p, u), F1}, F2}-((H(x, p, u), F2}, F1}

j=l OUj

OF OF 02H---Oglj k=10yk OUj Oglk

Hence

OF OF OF OF{n(x, p, u), {F,, Fz}n:-}
OYj

j=l k=l Oy Oyk OUj OUk j=l k=l Oy Oyk- OUj OUk

{FL

Fuhermore, F(0, u) 0 implies (OF(O, u))/Ou O, j 1,. ., m, and hence

Therefore the mapping F F, given by {H(x, p, u), F} F, is an algebra morphism
from functions on " to 2 (with respect to the respective Poisson brackets). It also
follows from Theorems 4 and 5 that in the case of two conseation laws (, F) the
optimal u*(x, p) also has to satisfy

(34) {{F, F}.-, u}.-= {{FL F}., u,}.:-(0, u*).

We will now give some illustrative examples of the theory developed above.
Example 1. First we treat the example dealt with in Grizzle and Marcus [4] in

our framework. Consider a particle of unit mass in a planar inverse-square-law gravita-
tional field, which has thrusters in the "x-y" directions. The equations of motion in
rectangular coordinates are given as

(1, 2, /)1, 2)--(Vl, 02, --ql(ql2+ q22)-3/2+ Ul, --q2(q12+ q)--3/2+ U2)=f(x, U)

and are defined on M (2\{0})x2 and U =R2.
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Let us take L(x, u)=1/2(u+ u22). An evident candidate for a symmetry vectorfield
on R2\{0} is ql(O/Oq2)- q:z(O/Oql) (infinitesimal rotation). This vectorfield is prolonged
to the vectorfield G ql(O/Oq2) q2(O/Oql -I- Vl(0/0V2) V2(0/0Vl) on M. Denote X ql,

x2=q2, x3-Vl, x4 rE; then the corresponding Hamiltonian function is prG(x)=
--plX2 + p:zXl --paX4 q- p4x3. Calculation yields

{H(x, p, u), p TG(x)} {p Tf(x, U)-- L(x, u), pTG(X)}
{plX3 +p2x4"Pp3(--XI(X nt- X)-3/ 4r Ul)

-4r p4(--X2(X -b X)-3/2 4;- U2)

--1/2u, -px2+ +--u p2x-p3x4 p4x3}

(since the gravitational field is rotation invariant)

{p3Ul -I-p4u, --plx2 d-p2x --p3x4+p4x3}

Furthermore,

Hence,

(35)

UP4 U2P3.

OH OH

OU --P3-- Ul, Y OU2
P4 U2.

{H(x, p, u), prG(x)} u(y2+ u2) u(yl + ul) uly2 u2y

Therefore (F, Fe) (-plx2+p2x-p3x4q-p4x3, UlY2-- U2Yl) is a conservation law for
the associated Hamiltonian system satisfying Fe(O,u)=O, for all u. Hence by
Theorems 3 and 4

{H(x, p, u*(x, p)), --plx2+p2xl--p3x4 +p4x3} -----0,

(36) {-plx2+pExl-pax4+p4x3, U*l (x,P)}=OF---e(o, u*)=-u*2(x,p),
Oy

OF---e (0, u*)= U*l p).{--plx2 + p2xl --p3x4-I-p4x3, U* (X, p)}
Oy2

On the other hand, in the Grizzle-Marcus approach one first applies feedback

w)(37)
u_ -q qa w2

(defined on R2\{0}), transformingf(x, u) into f(x, w), with w (wl, w2) the new inputs.
The modified Hamiltonian (x, p, w) p rf(x, w) (x, w), with (x, w)
L(x,a(x,w))= 2 z

wl+w then satisfies

{I7I(x, p, w), prG(x)}=O(38)

while

(39) {p rG(x), w*(x, p)} 0, 1, 2.

Example 2. Consider a mathematical pendulum in space (N3) with mass m 1
and length 1.
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Side view

i1.
Upside view

m

Suppose there is a horizontal field by which one can exert a force u in the x-direction
and a force u2 in the y-direction. In spherical coordinates the dynamical equations are

b" =-Ul sin 0 + u2 cos 0,
(40)

b -g sin b + Ul cos 0 cos b + u2 sin 0 cos b

with (b, O)S2 (the unit sphere). Therefore the state space is M-TS2 with local
coordinates Xl b, x2- 0, x3- , x4 . Once more we take L(x, u)= 1/2(u21 / u2). The
symmetry vectorfield on M is given in local coordinates by G(x)=(O/Ox2), with
corresponding Hamiltonian prG(x) P2. Then

{p T"f(x, u) L(x, u), prG(x)}

{plX3 /p2x4+P3(--g sin xl + ul cos X2 COS X ///2 sin X2 COS Xl)

/p4(-Ul sin x2/ u2 cos XE)-1/2(u+ u2), P2}

Ulp sin X2 COS X u2p COS X2 COS X / Ulp4 COS X2 / u2p4 sin X2o

Furthermore

aH
Yl

0U
P3 COS X2 COS X P4 sin X2 I/1,

(41)
OH

Y2
0U2

P3 sin X2 COS X /p4 COS X2 //2"

Hence {H(x, p, u), p rG(x)} u(y2/ u2) uE(yl + Ul) uly2- uEy.
So (P2, t/lYE--UEYl) is a conservation law satisfying the conditions of Theorems 3

and 4. Hence

(42) {H,p2} 0,

(43) {P2, Ul*} -u2*, {P2, u2*} Ul*.
Of course, this can be easily checked. Setting y Y2 =0 in (41), one obtains

(44) Ul* =P3 cos x2 cos xl-p4 sin x2, u2* =P3 sin x2 cos Xl +P4 cos x2

in accordance with (43). Furthermore one calculates

(45) H(x,p)=H(x,p,u*(x,p))=plx3+p2x4-p3gsinx+pcos2xl+p24

and hence (42) is satisfied.
We note that this example, although very close to Example 1, cannot be treated

by the methods of [4]. This is because there does not exist a smooth feedback u a(x, w)
such that {H(x, p, w), P2} 0; the feedback (37) in rectangular coordinates is not defined
for b 0 0. (In Example 1 the origin was excluded from the state space!)
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In the above case Ul* and u2* can be immediately computed, thanks to the simple
(U + u)2. Then still {H(x, p, u), P2}form of L(x, u) However suppose L(x, u)= 2

Iglp sin x2 cos X UEP3 COS X COS X / Ulp4 COS X2 + u2p4 sin x2 while

Y =P3 cos x2 cos x-p4 sin x2-(u+u)ul,

Y2 P3 sin x2 cos X /P4 COS X2 (Ul2 / U22)U2

Hence {H(x, p, u), P2} ul(y2 + u2(u21 + u)) u2(yl + Ul(U+ u2)) uly2- u2yl. Con-
sequently (P2, uly2-u2yl) is still a conservation law. Therefore although Ul* and u*
are not so easy to obtain, one knows a priori that (42) and (43) are satisfied. From
(43) one obtains

O2u*
ox -{v, {v, u,*}} =-{p,_, u*} =-Ul*,

(46)
Ou,
ox {p’ {v,_, u*}} {v, Ul*} -u*.

Consequently as a function of x2 one knows that Ul* and u2* are of the form a sin x2 +
b eosx2, a, belR. More generally for any L(x,u) of the form L(x,u)=
h(Xl)" k(1/2(u21+u)), with h and k arbitrary smooth functions, one has

{p rf(x, u)- L(x, u), p}= u y+ h(x) -d- \- (u+ u "2u

u y + h(x &\
(+u u

Igly2 u2y

So again (P2, t/lYE--UEyl) is a conservation law.
Example 3. We shall show that in the linear-quadratic case there cannot exist

quadratic conservation laws (F, Fe) with Fe= O, if the system is controllable. Hence
the methods of [4] are in this case not applicable. Consider a linear system Ax / Bu
with L(x, u)= 1/2x rQx +1/2u rRu + u rSx. A linear geometrical symmetry Gx with G a
square matrix corresponds to a quadratic Hamiltonian p rGx. Calculating,

{p r(Ax + Bu)-1/2xrQz-1/2urRu urSx, p rGx}
-pr(AG- GA)x +prGBu + xrQGx + urSGx.

Now suppose (p rGx, 0) is a conservation law. Then

(47) AG GA, GB SG 0, QG skew-symmetric.

The first two equations yield G(AkB)=AkGB=O, k=0, 1,.... Hence if (A, B) is
controllable necessarily G -0! Feedback u Fx + Hv, det H # 0, cannot change this
situation since H(x, p, u) remains of the same form and (A, B) is controllable if and
only if (A + BF, BH) is controllable.

However, there may exist linear symmetries with Fe(y, u)=1/2yrMy+yrNu (and
so Fe(0, u)=0). Consider for example the system =u on Rn with L(x, u)=
1/2x rQx + 1/2u rRu, where Q Qr and R R r > 0. The Hamiltonian is H(x, p, u)
p ru-1/2xrQx-1/2urRu and the optimal Hamiltonian is obtained by setting OH/Ouj =0,
which yields u*= R-lp, and hence H(x,p)=1/2prR-lp-1/2xrQx.
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Let us look at symmetries for H(x, p) of the form p rFx, with F an n x n-matrix.
{H(x,p),pTFx}=pTR-1FTp+xrQFx, and hence F has to be such that R-1Fr and
QF are skew-symmetric. Now {H(x, p, u), p TFx} {pru --1/2xTQx--1/2uTRu, p TFx}
uTFTp--xTQFx=uTFTp. Let us take Fe(y, u)=yTFu. Since y=OH/Ou=p-Ru we
obtain Fe(y, u)=-uTRFu+pTFu. Because R-1FT, or equivalently, RF has to be
skew-symmetric, Fe(y, u) p TFu, and hence {H(x, p, u), p TFx} y TFu.

Remark. This last example shows the close connection of our theory with the
original Noether theorem on symmetries of Lagrangian functions. This is further
investigated in [9].

One ofthe most pressing questions is now the following. By looking at conservation
laws (F, Fe), with Fe(0, u)=0, for the associated Hamiltonian system, can we obtain
all the symmetries for the optimal Hamiltonian, and if not, which subclass ofsymmetries
do we obtain?

The first part of this question is answered as follows. Let the dimension of the
codistribution, generated by taking Poisson brackets of the functions H(x, p, u) for
each u, be k<=2n (for simplicity we assume constant dimensions). Then there are
exactly 2n-k independent functions Ki such that {H(x, p, u), Ki} =0. Furthermore
we can arbitrarily choose m independent functions F7 on R2" satisfying FT(0, u)=0
for all u. Hence by Theorem 5 there exist at most min (m, k) independent functions
F on R2", also independent from the functions Ki, such that there exist functions F7
on R2,, in such a way that (F, FT) are conservation laws for the Hamiltonian system.
Hence, in general we do not obtain all the symmetries of the optimal Hamiltonian
H(x,p).

The second part of the question, which subclass of symmetries do we obtain, is
much harder. Let Xv be a symmetry for the optimal Hamiltonian, i.e., Xv(H)
{F, H} O. Then it follows that

(48) {H(x, p, u), F(x, p)} F’(x, p, u)

with the function F’ satisfying

(49) F’(x,p,u*(x,p))=O.

Now XF corresponds to a conservation law for the Hamiltonian system if and only if
F’(x, p, u) can be written as a function ofy =OH/Ou and u, i.e., if there exists a function
F :2rn ....> such that F’(x, p, u) Fe((OH/Ou)(x, p, u), u).

PROPOSITION 6. Let XF(H) =0. Then there exists an F :R2m
_

such that (F, Fe)
is a conservation law for the associated Hamiltonian system if and only if for every
G:2"--> such that (O/Ouj){H(x,p,u),G(x,p)}=O, j=l,...,m, it follows that
{{H(x, p, u), F(x, p)}, G(x, p)} 0.

Proof Let O/Ouj{H, G} 0; then equivalently X(ys) X(OH/Ous)
{OH/Ou2, G} 0. Also let {H(x, p, u), F(x, p)} F’(x, p, u). Then {{H(x, p, u),
F(x,p)}, G(x,p)}=-X(F’)=O, for every such G, implies that F’(x,p,u) only
depends on y and u, and hence is of the form Fe(OH/Ou, u). Since F’(x, p, u*(x, p)) =0,
it follows that Fe(o, u)=0. l-1

By Theorem 4 it is also a necessary condition for a symmetry Xv of H to be
obtainable from a conservation law (F, Fe) that F satisfies equations of the form
{F, u*} G(u*). This brings us to another interesting point. If we apply feedback
u a(x, v), v ’, with the matrix Oa/Ov nonsingular, to the system =f(x, u) and
the running cost L(x, u), we obtain

(50) 2 jT(x, v):=f(x, a(x, v)), /,(x, v):= L(x, a(x, v))
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resulting in a new Hamiltonian

(51) ff-I(x,p, v)=prf(x, v)-(x, v).

Now it is clear that

(52)

max (x, p, v) max prf(x, a(x, v)) L(x, a(x, v))

max pTf(x, u)- L(x, u) max H(x, p, u) H(x, p).

Hence the optimal Hamiltonian H(x, p) does not change under feedback, and con-
sequently the symmetries for H remain the same. However the Hamiltonian systems
associated respectively to H(x, p, u) and (x, p, v) are really different. (It is in general
not true that by applying feedback u =/3 (x, p, v) to the Hamiltonian system, resulting
from H(x, p, u) one can obtain the Hamiltonian system corresponding to H(x, p, v).)
Consequently the set of conservation laws (F, Fe) for both Hamiltonian systems are
in general different. Hence it may happen that for a symmetry XF of H there exists
an F such that (F, Fe) is a conservation law for H(x, p, u), while there does not exist
an/e such that (F, e) is a conservation law for/(x, p, v). Moreover if u*(x, p) and
v*(x, p) are the optimal controls resulting from maximizing H and/, then there may
exist functions Gi such that {F, u*}= Gi(u*), but no functions t such that {F, v*}=
t(v*). The following question is therefore worthwhile to investigate.

Question. Let H(x, p, u)=prf(x, u)-L(x, u) be the Hamiltonian of an optimal
control problem yielding the optimal Hamiltonian H(x, p)= maxua H(x, p, u). Let
XF be a symmetry for H, i.e., XF(H)=O. Does there exist a feedback u =a(x, v),
v Rm, and a smooth function /:e on R2m such that (F, fie) is a conservation law for
the Hamiltonian system corresponding to I(x, p, v) p rf(x, v) f(x, v) ?

If the above question can be answered affirmatively, then in a sense all the
symmetries for the optimal Hamiltonian can be recovered from symmetries of an
associated Hamiltonian system.

Remark. The above question is also related to the problem of bringing H(x, p, u)
into some kind of normal form by feedback transformations u a (x, v) and state space
transformations. If we allow for the larger class of transformations u a(x, p, v) and
take the usual assumption that (t92H/Oui tguj) is nonsingular (say for simplicity negative
definite), then the Morse Lemma yields for H(x, p, u) the normal form H(x,p)-

2Y-j--1 uj. Hence we end up with the Hamiltonian system

(x, p),
(53) y=u.

:,, p),

2In this degenerate case H(x, p)= (x, p), and {(x, P)-=I u, F(x, p)} equals a
function Fe((OH/Ou), u) if and only if {H, F} =0. It would be interesting to extend
the Morse Lemma to the smaller class of transformations u a(x, v).

Acknowledgments. I would like to thank Jessy Grizzle and Steve Marcus for some
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to the present paper. Also I would like to thank Henk Nijmeijer for his help in the
proof of Theorem 4.
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PATHWISE NONLINEAR FILTERING FOR NONDEGENERATE DIFFUSIONS
WITH NOISE CORRELATION*
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Abstract. We consider the filtering problem of calculating E[f(xt)lys, s <-_ t] where xt is a nondegenerate
is a realdiffusion process on a finite dimensional manifold with given generator and yt h(xs)ds+ wt

is a scalar Brownian motion whose correlation with xt is specified by a givenvalued observation process, w
vector field Z. It is shown that this filtering problem is robust, i.e., the estimates for xt can be calculated
separately for each observation sample path y.

Key words, nonlinear filtering, roise correlation, conditional densities, Markov process, extended
generator, stochastic differential equation, manifold, horizontal lifting
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Introduction. This paper concerns the nonlinear filtering problem of calculating
recursively estimates E[f(x,)lys 0<-_ s <- t], where x, is a Markov process on a manifold
M and y, is a real-valued observation process, with possible correlation between the
respective "noises." The main set-up of this paper is the following:

The signal process x, is an A-diffusion process on the manifold M where A is a
given nondegenerate second-order differential operator. The scalar observation process
yt is given by the following equation:

(0.1) dyt h(x,) dt+dw.
Here w is a standard Brownian motion (BM). Finally, the possible correlation between
the signal and the observation process noiseis specified by a given vector field Z on
M (see (2.1) below).

In Part I a pathwise solution is obtained when the signal is given by the stochastic
differential equation1

(0.2) df(x,) Lof(xt) dt + Lif(x,) dwl, Xo x

where Lo, Li, i= 1,. ., d are C vector fields, and w,, 1,. ., d are independent
scalar BM. It is supposed that there are functions ai(. ), 1, 2, , d such that

(w i, w), a,(xs) ds.

It is known [9] that the unconditional distribution u(t,x)= E[f(x(t, x, w))] of the
"signal" flow x x(t, x, w) of diffeomorphisms constructed by (0.2) is obtained b,
solving the heat equation

ou(t,x)
cgt

Au( t, x), lim u(t, p)=f(x)
t$o
p->

where A is the extended generator ofthe diffusion process xt given by A Lo+1/2 y,di=l L.2

* Received by the editors November 12, 1984; accepted for publication (in revised form) December 20,
1985.
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In (0.2) and throughout the paper, the Einstein summation convention is used. Stochastic integrals
written trto dw are Stratonovich integrals whereas those written tr dw are Ito integrals.
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The main result of the "pathwise" theory of nonlinear filtering is that it is possible
to compute the conditional distribution of xt given {ys, O=<s=< t}, in terms of the
solution of another heat equation whose coefficients depend on the observation sample
path {ys, 0-< s =< t}, i.e. a heat equation of the form

ou(t,x)
Ay U(t, x), lim U(t, p) =f(x),

Ot t$o

where Ay is a sample-path dependent generator to be computed. In Part I we compute
this generator for the above correlated noise case. These results are a slight generaliz-
ation of those in [2]; they are included here for completeness.

However, this formulation is quite restrictive. Given a nondegenerate generator
A on a manifold M of dimension d it is not always possible to find d independent
BM such that equation (0.2) generates an A-diffusion process on M(d). This only can
be done if M(d) is parallelizable (for example, S is parallelizable only for k 1, 3, 7).
In general, n d BM will be required for this, where we only know an upper bound
of n which is 2d / 1 (Whitney’s imbedding theorem). So, there is no systematic way
to calculate the d vector fields in equation (0.2).

Therefore if instead of the equation (0.2) an A-diffusion process is given on a
manifold M(d), a different set-up will be required.

In Part II we tackle the nonlinear filtering problem when the signal is an A-diffusion
process on the manifold M(d), the observation is given by the same equation (0.1)
and the noise correlation is represented by a vector field Z.

Given a generator A, an A diffusion can be obtained on M using the "lifting"
technique. Motivated by this technique, we find that lifting the signal and the observa-
tion equation on the orthonormal frame bundle O(M) of M we can use the same
approach as in Part I to derive a pathwise solution on O(M). Then the projection of
this solution on M will be the required pathwise solution of our problem under the
new formulation. In Part II we find the pathwise solution on O(M) and we calculate
the generator ,ty on O(M). Then we calculate the projection, Aty, of this generator ,Y
on M which corresponds to a pathwise solution of the problem on M. Thus the
frame bundle, horizontal lifting etc. disappear in the formulation of the final result
(Theorem 2.4).

Our main result, Theorem 2.4, involves apparently rather restrictive conditions:
nondegenerate diffusions and one-dimensional observations. As regards nondegeneracy,
we remark that theory in Part I covers a wide class of degenerate signal processes, so
long as they are given in differential equation form (1.2). When the signal is specified
only by its generator, we require nondegeneracy in order to apply the horizontal lifting
technique. There is in fact little general theory available for handling degenerate
diffusions specified in this form (cf. Stroock and Varadhan [15]).

The theory extends to vector-valued observations when there is no noise correla-
tions (Z-0) but generally not otherwise. As pointed out in [1] and [2] the pathwise
method fails if the noise vector fields Z corresponding to vector observations {Yl, i=
1,..., m} do not commute.

The reason for this is that although a decomposition of the type (2.11) is still
possible, st is now given by the SDE

df(t(x)) Zif(,(x)) dy ,, o(X)=X.

Stochastic flow theory tells us that :t(" is almost surely a diiteomorphism, but no
continuous dependence on {y,,..,y} can be expected; see [10].



262 M. H. A. DAVIS AND M. P. SPATHOPOULOS

It is argued in [1], [2] that pathwise filtering theory is the only theory with any
relevance to practical applications, since such applications involve sample paths which
are a null set in any "almost sure" theory. The purpose of this paper is to see how far
the pathwise theory will go, and the result is that it can be extended to certain cases
where the signal is not originally specified in terms of SDE’s.

PART I

1.1. The signal and observation equations. For notational consistency with Part II
below, the. signal process is here denoted It, and its generator A. Thus the filtering
problem is given by the observation equation

(1.1) dyt=h(rt) dt+dw
where Yt is the real valued observed process and the signal process rt is the solution
of the stochastic differential equation

(1.2) df(rt)=Lof(rt)dt+Ljf(rt)odw, j=l,...,d, fC(N).
The process r, evolves on a it-compact, connected C manifold N of dimension n,
and Lo, L,..., Ld are C vector fields on N. ro has a given distribution u, and
w, wd are independent scalar Brownian motions. We assume r has infinite
lifetime. To allow possible correlation between the signal noise (wl, wd) andthe
observation noise w, we suppose there are C functions a,..., ad such that

(1.3) (w i, w)t a,(rs) ds.

The corresponding Ito form of (1.2) is

df(rt) f(rt) dt + di’lYt
whereA Lo+1/2 d 2= L is the extended generator of r, and

/17/tY := f( rt f(O) ,f( rs as L,I(r dw.
Clearly

(Mft, wt) a,(r)L,f(r) ds= ;f(r) ds

where , is the vector field

d

(1.4) Z(r)= E aj(r)Lj(r).
j=l

PROPOSITION 1 1 If (1.3) holds, then ,d a2(r) < 1 for all r N except a set ofi-1

potential zero for It.
Proo If M, ME are continuous local maingales and H LE((Mi) 1, 2, then

inequality VII 54.3 from [5] states that

ff H,H2 d(M,, M2) (f[ H d(M2, M2))1/2(If H d(M1, M)) /2.
Taking

H1 1, H2 l, M1 a, r, dw M2 w
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we have

or

i.e.

<-- / ai(r) ds

E a2 (r) ds <

)Y, a2(r)-I ds<=O.

The conclusion follows, since this holds for all and starting points ro. We shall make
the following assumption.

ASSUMPTION 1.1.

(1.5) Y a2(r) < 1 forallrN.
oThis essentially means that w always contains some "fresh" noise. As pointed

out in [12] the above assumption is a nondegeneracy hypothesis, which is crucial for
the Zakai equation to have a nice solution. If it is not satisfied, the conditional law of
xt given t r(y, s =< t} may not have a density w.r.t. Lebesgue measure. Let

uY(f) :=

It is convenient to calculate an unnormalized form r, of ut
y so that u{ is then given by

uY(f)=o’(f)/o’t(1)

where "1" denotes the function l(r)= 1. r,(f) satisfies the Zakai equation

(1.6) do’,(f) o’t(Af) at + o-t(Df) dyt

where

(1.7) /5:=2+h.

To get the appropriate form of the Kallianpur-Striebel formula for this problem, we
introduce a measure Po via the Girsanov transformation

dP
-exp h(r) dw,-- h(r) ds

and for i= 1,. ., d define

(1.8) dv

Then, under Po,
(i) y, and v, i= 1,..., d are BM’s;
(ii) v , v are independent for ij;

i((iii) (v, y)t o a rs) ds.
Now project the v onto y, i.e., define

(1.9) / := v fo,- a,(rs) dy.

Then
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and

where

(b), (I- a(rs)a’(rs)) ds

a’= (al, , ad) and I d x d identity matrix.
Since i a(r) < 1 the matrix I- a(r)a’(.r) is.positive definite and can be factored

into a product of positive definite matrices A(r)A’(r). Defining

(1.10) bt:= 7X-’(rs) d,

we find that (b), It and (b i, y), =0 i.e., bl, .., b d, y are (under measure Po) indepen-
dent standard BM’s. We now express the signal equation (1.2) as a stochastic differential
equation driven by b, and y,. From (1.2) and (1.8)

(1.2’)

where

df(rt) of(ro) dt + Lif(rt) dvt

Yo := Lo- h.
Since (1.9) involves Ito integrals, we express (1.2’) in Ito form as

df r Yof+- L dt + Lfdvo

When we use (1.9) and (1.10), this becomes

(1.2") df(r,)= Yof+-2 Lf d+ Yfdb+Zfdy

where is given by (1.4), and in vector notation the Y are given by

Y:= ’L.
Transforming back to Stratonovich integrals in (1.2"), we finally obtain

(1.11) df(r,)= Yof(r,) dt+2f(r,)o dy,+ f(r,)o db
where

.1[Yo Lo hZ - i Ljg + aiLja ’ Lk

Yo+E (L- y2)_ 2

Equation (1.11) is the key formula for the filtering problem, as it expresses r, in the
form of an equation driven by the observation process y, and the other "inputs"
bl,..., bd which are independent of y. The next task is to decompose (1.11) in such
a way that the dependence of r, and y is explicitly brought out. This is done by the
Doss-Sussmann technique as in [2], [10].
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1.2. The KS formula and the associated multilflieative functional. Let t(r)=
((t, r) denote the flow of the vector field ,, i.e., the unique solution of the equation

d
d-f(,(r)) ,f((t(r)), f C(N), (o(r) r.

This is a diffeomorphism for all t-> 0. Define

As is easily checked, (t(r) is the solution of

dy,

and obviously t(r) is a.s. a ditteomorphism for all t-> 0. Now consider the equation

(1.12) df rh -f* Yof rh d + -f. f rh db

where t*" Tp(N)--> Tq(N), (q= t(P))is the differential map and #(f):=fo t.
The equation has a unique solution r/t r/t(r). Applying the extended Ito formula

[10], we get

(1.13) rt(r) t r/t(r) ’(Yt, r/t).
The representation (1.12), (1.13) describes the behaviour of rt conditioned on y under
Po. Recall that the map (-.1 is parametrized by y and that y, b are independent. Thus,
conditioned on y, r/t is a diffusion process whose differential generator is

(1.14)

and for each > 0, rt is diiteomorphically related to r/t by (1.13).
THEOREM 1.1. The conditional distribution uY(f) of r, given , is given by

(1.15) uy(f)
o’, (f)
o’t(1)

where

(1.16) ot(f) (T,t(By,f), v).

In (1 16) ~yTo, is a semigroup whose extended generator is

(1.17)

and

:= * h(r) ds.

Proof. We know from a standard formula of conditional expectations that err(f)
is given in terms of the measure Po by

o’,(f) := Eo f(r,)exp h(r) dys-- h2(rs) ds

It is immediate from (1.11) that

(1.18) d{h(r.), Y}t h(rt) dt
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and hence the Stratonovich version of this is

(1.19) o’t(f) Eo f(r,) exp h(r)o dy-- Dh(r) ds

where D is given by (1.7).
Now since

db, ), we can express (1.19) in the formand b, (b,,

where b means integration over the sample space measure for b, (=Wiener measure
on C([0, T]; R)). This is the KS formula for the correlated noise problem. In order
to get it in robust form, we need to calculate the stochastic integral in (1.20) as an
explicit functional of y.

Introduce the function

(1.21) y(r) (y, r):= gh(r) ds,

and calculate H(y,, r,) using the Ito formula and (1.13). This gives

(1.22) (y,,r,)= h(r)ody+ (YYo)(,)ds+ (2)(,)odb.

The stochastic integral with respect to b in (1.22) can be reexpressed in Ito form in
the standard way using (1.12). Do this and introduce the notation

(1.23) B,/(r) := exp

Then using (1.23) in (1.20) gives

(1.4) ,(f)

where

O(y) :=exp Y’y.(/.) db-- (Y)/y.(/.)du
(1.25)

Y,(n) du- h(n) du

For each y e C, (y) is a multiplicative functional (m.f.) of , and hence the formula

defines a semigroup of operators on B(N) in terms of which (1.24) becomes

,(f)=(T,,By,ZV).

We can thus compute ,(f) by solving the forward euation corresponding to
involving ()* where is the extended generator of T,, (as defined in (31) of [3]).
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We now calculate f by factoring tit(y) as follows:

tit(y)=exp Yy.(r/.) db-- (Y/y.(,/.) du

du

Since the first term corresponds to a Girsanov type m.K and the second to a Feyman-Kac
type m.K it follows [2] that

where is the generator of ,, i.e.,
d1
t (YT)

In [2] it has been proved that

eg e-*= $-E (Lg)L-g+E (Lg).
en we use the above expression, the generator becomes

e, e-r,-(h)
which is equation (1.17) and the proof is completed.

PART II

2.1. Problem formulation. We consider the filtering problem where now the "sig-
nal" process x, is a diffusion process on the manifold M(d) with a given nondegenerate
extended generator A. By this we mean that for all f C(M)

Mft :=f(xt)-f(xo) Af(xs) ds

is a local martingale. In local coordinates A is given as

1 02fAf(x) =-aiJ(x) Oxi Oxj (x)+ b’(x), fe C(M)

and aiJ(x)qiqj > 0 for all x and q (qi) e Rd -{0}.
We assume that x, has infinite lifetime. This is true if M(d) is compact; conditions

under which it holds for noncompact M are discussed by Elworthy [8].
The observation process is given by the following equation:

dyt h(x,) dt + dwt.
Since the joint process (x,, wt) is a Hunt process, we know from results in [3]

that the joint variation (My, w), must take the form

(My, w)t Zf(xs, w) ds

for some function Zf, and it is shown in [3] that the map f--> Zf(x, w) is a derivation,
i.e., satisfies the Leibnitz rule, except perhaps on (x, w) sets of potential zero.
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For later development it is necessary to assume that Zf does not depend on w.
Then Z is a derivation on M, i.e., (f-, Zf(x))e Tx(M). If we further assume that Zf(x)
varies smoothly with x, then Z is a vector field. Thus a natural formulation of the idea
of noise correlation is to suppose that a Coo vector field Z is given such that

(2.1). (Mf, w), Zf(xs) ds.

We write Z in local coordinates as

(2.2) Z

Finally, we assume that Z is complete, i.e.

’,(x) is defined for all > 0

where ’,(x) is the flow of Z.
o2.2. Construction of the process x. w by horizontal lifting. We use the horizontal

lifting technique described in 5.4 of Ikeda and Watanabe [9] to which the reader is
referred for complete details. We summarize briefly here, beginning with some
preliminary definitions from differential geometry.

Let M be a C-manifold and let (M) denote the set of vector fields on M. By
an affine connection V we mean a rule which associates to every X e (M) a linear
mapping Vx :(M)(M) having the following properties:

(i) VxY is bilinear in X and Y,
(ii) VfX+gY =fVx + gV y,

(iii) Vx(fY) fVxY+ (Xf) Y.
The operator Vx is called covariant differentiation with respect to X. The components
of the connection V are defined as the functions {1-’jk(X)} such that in local coordinates

k= F. In local coordinates VxY may beAn affine connection is called symmetric if
expressed as

[ O ykv Y=

where

0
and Y=Y 0---.x X’(x) ox,

For I an interval of the real line, let c I c(t) e M be a smooth curve in M, and
let X(t)e Tc(o(M) for tel X(t) is said to be parallel along c (with respect to V) if

d
(c(t))X dck(t)

dtX’(t)+F (t)
dt

-0,

For to, tl e I, to<= tl, X(tl) is uniquely determined from X(to) and we say that X(t)
is obtained from X(to) by parallel displacement along the curve c(t). A Coo-manifold
is called Riemannian if a tensor field g (gij) of type (0, 2) is given on M such that

(i) g is symmetric, i.e., gj(x)= g(x),
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(ii) g is positive definite, i.e., gij(x)qiqj> 0 for all x and q R d, q # O.
g is called the Riemannian metric. It defines an inner product on each tangent space
T(M) by

(X, Y} g,j(x)X’Yj.

An affine connection V- {F} is said to be compatible with the Riemannian metric g
if the inner product is preserved during a parallel displacement of tangent vectors.
There exists a unique symmetric affine connection compatible with g, and this is the
so-called Riemannian connection.

Given the second order operator A on M, we can define a Riemannian metric g
on M(d) by

gij (aiJ) -1 (i.e. gij aiJ).
Let G(x):= (a(x)). Then M(d) is a Riemannian manifold.

The components of the corresponding Riemannian connection, called Christoffel
symbols, are given by

(2.3) F - g,i + ox gi, g k,,,.

Now let us introduce, the bundle of orthonormal frames on M. By an orthonormal
frame e [e, e,..., ed]’ at x we mean an orthonormal base of Tx(M). Then O(M)
is defined as the collection of all orthonormal frames at all points x M:

O(M) := {r (x, e) x M, e is a frame at x}
and in local coordinates

where

r (xi,ej) _Rd xR

e= Ox’ j=l,’",d,

and since ei’s are orthonormal in Tx(M)

or equivalently

--i 2
gkt e ej 6

d, ei e gO(x)= ai(x).
m=l

An element fl of the orthogonal group O(d) acts on O(M) by

(2.4) rt(x, e)=(x, e)
where e/3 [(e/3), (eft)z,’", (eft)d]’ is an orthonormal frame at x defined by

(efl) flei, j= 1,..., d.

Therefore O(M) is a principal fibre bundle over M with the structural group O(d).
The Riemannian connection of M determines a splitting of the tangent bundle to

O(M) into vertical and horizontal components. For each r O(M)

Hr={X=ai(_xi) Oe}’ (a eR },-r,(x)eJa0 ’) ,

By 6 we mean the Kronecker delta.
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the horizontal subspace, is a linear subspace of Tr(O(M)) which is independent of the
choice of local coordinates (x i, ej).

A vector field X on O(M) is called horizontal if X(r) Hr for each r O(M).
Let 7r denote the projection map 7r’O(M)--> M and let dr" TO(M)-> TM denote its
differential map. Then given,X (M), there exists a unique X (O(M)) such that

is the horizontal lift of X) for all r O(M). f( is called the horizontal lift of X
and in local coordinates is given by

O a a;= X’(x)-x-F}(x)X’(x)e oe--p if X= X’(x) ox--
Similarly, given a smooth curve.c(t) on M, the curve E(t) on O(M) is called a horizontal
lift of c if (a) (dE/dt)(t) is horizontal and (b) r(E(t))=c(t). Then the curve E(t) is
given by (t)= (c(t), e(t)) where the e’s are parallel translated along c(t). Finally we
can define the system of the canonical horizontal vector fields {L1," ", Ld} such that
Lj is the horizontal lift of ej Tx(M) for all r= (x, e). L may be expressed as

(2.5) L ex ,, p0e---.
Let us now return to the filtering problem as formulated in 2.1.
ASSUMPTION 2.1. a(x)a’(x) < G(x).

--iRemark. In R", gj 6, F =0 and the above inequality corresponds to aa’< I,
which was the assumption introduced in Pa I.

The process (x, w) can be constructed by the "horizontal lifting" technique. The
following result is proved in [9].

THEOREM 2.1. In Part I, take N O(M), L, 1,. ., d the canonical horizontal
vector fields and let Lo be the horizontal lift of the vector field

10 b + gtFb=b’(x),
Ox - o.

If we define r(t) by (1.2) then x, 7r(r,) is a diffusion process on M with extended
generator A.

Remarks. The diffusion r, r(t, r, w) on O(M) is the flow of ditteomorphisms
defined by

(2.5’) dr(t) Li(r(t))o dw’ + Lo(r(t)) at, r(O) r.

Let, Lo+1/2Y d 2
i--1 L be the generator of the diffusion process r(t). One has to show

that this corresponds to the horizontal lift of the generator A, i.e., dTr(A) A. To show
this, we take f(r,)=f(x,, e,)=f(x,) and prove that .f(x,)= Af(x,). In [9] it is proved
that

1
d’tr Lf - E L,(L,f(x,)) - a

2 = = Ox Oxj gFlJoxO-f]
so finally we have

d(A) drr(Lo)+- L +- a
= Oxi Oxj

The Markov property of x, is a consequence ofthe fact that x(t, Tr, w) x(t, r, w)
and the remark that w/3 is another d-dimensional Wiener process. Therefore, the
probability law of x(., Ttr w) is independent of/3 O(d), i.e., depends only on
x .n’(r).
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We have constructed x, in terms of d-dimensional BM(w, ., wd). We now have
oto construct a BM w, such that (2.1) holds.

LEMMA 2.1. Augment w, wd with a further independent BM wd+. Then we
can choose a BM w s.t. d(w i, w)t /i(rt) dt where yi(r) 1,. ., d are any real-valued
measurable functions satisfying

(2.6)

where

Proofi Define

d

Y (),’(r))2_-< 1 forallr.
i=1

o /’(rs) dw + 0 aw,Wt--"
i=1

d ]1/20= 1- X (T’(r))2

i=l

THEOREM 2.2. Let w be a BM defined by (2.6) where /i(r) is given by

(2.7) yi(r) (e-)jJ(x)

and (e-1) denotes the inverse of the matrix e (ej). Then (Mf, w)t o Zf(x) ds where
Z is the given vector field Z(x)= ai(x)(O/Oxi)i 1,..., d.

Proof. Since df(r) Lof(rl) dt + Lf(r) dw,, it follows that

d(Mf, w)t L,f(rt) d(w i, w)t

Now if f" M --> R then

,0f(x,)
Lf(r,) e Ox,

which implies that

,of(x)d(MY’ w)’ e’f(x’)J ox,
yJ(r) dt e oX,

(e-l) a,k (X) dt

and since

we conclude that

(e)(e-1) Iej(e-’)=

d(Mf, w)t (x) O,f(x) dt
OXk

or

(Mf, w), Zf(x, ds).

Remark. The function y(r) is an intrinsically defined function, i.e. independent
of local coordinates, as can easily be proved. (A similar function appears at the end
of 5.2 of [9]). The inequality a= (yi(r))2< 1 is satisfied according to Corollary 2.2
below.
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LEMMA 2.2. Given the vector field Z ai(x)(O/Oxi) on M(d), then the horizontal

lift Z with respect to the Riemannian connection can be expressed as

(r) y’(r)L,

with yi given by (2.7).
Proof. Using (2.5) and (2.7) in the above expression, we take

2(r) ti’(e-1){e
0 a,(e_l)4ro .Ox--- ,k,j p Oe,

i
c3 Flk

c3

Ox--- epoe--p
which is by definition the horizontal lift of Z.

DEFINITION 2.1. For fe C(O(M)) we denote by hT/s the martingale

l’If f(rt) -f(to) f(r, ds.

Then if f: M-* R, Mf=//f.
LEMMA 2.3. Let (x)= (a,(x),..., d(X))’ and G(x)=(aiJ(x)). Then under our

problem formulation structure the following inequality holds for all x M except a set of
potential zero for x,, independently ofAssumption 2.1 above.

Proof. Let x, 7r(r,) where r, denotes the solution of (2.5’) with arbitrary ro. Since
(MT, w) ’o Zf(xs)ds inequality VII. 54.3 of [5] becomes

H,H:zZf xs ds

and taking H1 Zf(x,), H2 1 we have

(Zf(xs))2 ds

which implies that

(2.8)

From [3] it is known that

(2.9)

where

(Zf(xs))2 ds [(Mft, Mft)] 1/2,

(Zf(x)) ds <- (My, MY),

(My, MI), aa(X) ds

A A(fg) fAg gAf.

Therefore using (2.8) and (2.9), we have

IZf(x,)l2 ds <= AA(X) ds
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and since in local coordinates

of(x) of(x)AA(X)= aO(x)
OX OXj

Zf(x)=a’(x)of(x)
OX

we conclude that

---Vf’(x)G(x)Vf(x),

a’(x)Vf(x),

Vf’(x)a(x)a’(x,)Vf(x) ds <- Vf’(x)G(x)Vf(x) ds

or

o(G(x,)-a(x,)a’(x))

ds>-O forall t.

The result follows.
COROLLARY 2.1. I- yy’>--0 up to sets ofpotential zero.
Proof. From Lemma 2.3

G-ate>__0

and since ee’= G, rearranging, we obtain

I-(e-’)aa’(e-’)’>_O

or equivalently

I yy’>= O.

Remark. Since (/17/Y, w), Jo ,f(r) ds, working as in Lemma 2.3 on O(M) we can
also conclude that I-yy’_-> 0 up to sets of potential zero.

COROLLARY 2.2. If G ’> 0 then I yy’ > O.
Proof Follows directly from Corollary 2.1.

2.3. The generator A,x. With the above construction done Part I can be applied,
i.e. we have a pathwise filter for r, given

Our objective is to show that there is a pathwise filter for x, on M involving only
"downstairs" objects. First consider the following lemma.

LEMMA 2.4. Given a curve x(t) on M, consider two horizontal lifts (t) and 2(t)
of the curve x(t), with t2(0) T,Y(0) for some O(d) (see (2.4)). Then for all t>=O

(2.10) 2(t) Ttl (t).

Proof The parallel translating of e’s along the curve x(t), in local coordinates,
is given by

dei,(t)
F (xt)e(t)

dxu
d- kj -- ),

x’(O)=x’,

e(O) e.
Obviously the rotation of the initial frame e does not affect the above equation, and
therefore both sides of (2.10) satisfy the same differential equation.
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In Part I take N O(M), L, i= 1,. ., d the canonical horizontal vector fields,
Lo as given in Theorem 2.1, h(r)= h(x) a(r)= y(r), Z(r) the horizontal lift of the
vector field Z and r (x, e) O(M) where r(r) x M.

Then the signal equation becomes

df(r,) Yof(r,) dt + ;f( r,)o dyt + Yf(rt) dwt, j 1,..., d

where

1[
["

JiLjki d. /JLj’yk] Y= X’L, X’= I-yy’.Yo= Lo- hZ--
The matrix I- 3’3" is positive definite and can be factorized into th.e. product ,’ since
according to Corollary 2.2 I yy’> 0. Let AA’ := G &i’. Clearly AA’ (e-1)AA’(e-1) ’.

By decomposing the signal equation we have

(2.11) rt t *It(r) (Yt, Tt)
where

d,= Z(,) dy,

and rh(r) is the diffusion process

df qt -[.1Yof Ot dt + -[2 Yf rh dw, ’00-- I"

whose ditterential generator is

1 (.-,1 y)

The process rl,(r) has a unique solution up to some explosion time . Recall that ’,(r)
is defined for all since the vector field Z is assumed to be complete. Then if r,(r) is
defined for all t, r/,(r) is also defined for all since from (2.11)

rl,(r)= (-.v,, r(r)).

Thus we conclude that, if the signal equation has no explosion and the vector field Z
is complete., then

Since srt(r)= (t, r) is the flow of the horizontal vector field Z on O(M), it follows
that t is the horizontal lift of the curve ’ on M (i.e., the flow of the vector field Z
on M). Thus , y, is the horizontal lift of the curve t on M.

It is quite straightforward to conclude that in local coordinates

-’(x, e)= (-’(x, e), -l(x, e))= (:-l(x), e(t))
where the e(t) are parallel translated along the curve sr-l(x) and therefore

O-/(x, e)k
--0.

Since t is a diffeomorphism on O(M), ILj o(O(M)), it is given in local coordinates
by

(2.12)

Lf(l) := ([.1Lj(x))f(l)
,o;’(x) of

e)
Ox 0--
O-[’(x, e)+ ej ox
Vfe C(-’( U(M))),

k .O-[’(x,e)r] ofrg.(x)e)ep, Oeqp J Oe(1)
1= sc;-’(x), er(l)= -[’(x, e).
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THEOREM 2.3. X, := r(q,) is a diffusion process on M with generator

1 O*
A* 7[aktz (X) k(x)lX(X)] oX--k

(2.13)
+ o(X)ox (x)-! a(X)ox a(x)+b(x)-h(x)a(x) ox

here by O*/Ox we mean

aXk aXk al L aXk al’
x=,(#).

Proof. r/,(rt)= (rt(t, r/, w)) is the solution of the stochastic ditterential equation

(2.4) dn(t)=(?2Y)(n(t))odw(t)+(72Yo)(n(t))dt, n(0) n,

i.e., r/(t, r/, w) is the flow of ditteomorphisms on O(M) corresponding to the vector
fields -2 Y j 1,. , d and the drift vector field lYo. Let B dr(-2 Yo).

It has been proved [14] that in local coordinates (2.14) is equivalent to

dxi(t) tk (rlt)eJm(t) Ose[l(x)i~m dwk(t) + B’(x,) dt,

de:(t) --F,,(x,)gT’(rh)ekm(t)e(t) O-(x’ e)o dw’(t)
Oe,

+ gT’(n,)d,.(t)’-;(x’ e) dw’(t)-F2,,(x,)Bm(x,)ef(t) dt
Ox

x’(O)=x’,

i=l,’.’,d, r,s=l,...,d,

r(oes es.
1B’(x,) b’(x,)+g’4(x,)rs(x,)-h(x,)(lk(x,)

1
i(x,) 7r,o(x,) E (x,)(x,)

AA’= G-

and n(t)=(xi(t), er(t)). That the solution r/(t) lies on O(M) if r/(0) e O(M) is clear
since -.1 y is a vector field on O(M).

A stochastic curve x(t)=(xi(t)) on M is defined by x(t)= r(r/(t)). The curve
x(t) in M depends on the choice of the initial frame e at x.

It follows that

(2.15) x(t, Ttq, w) x(t, q, wfl), e [0, oo), fl e O(d)



276 M. H. A. DAVIS AND M. P. SPATHOPOULOS

where wfl--(w(t)) is another d-dimensional Wiener process. Indeed according to
Lemma 2.4, since -l(x, e/3)- (l(x, e))(fl) it can be shown [14] that

Oe
(f)’

e

Oe, (fl)

and thus this matrix remains othogonally equivalent after the rotation of the initial
frame. The above matrices arC of dimension d x d for r, s fixed. Similarly

o-i’(x, eft); O-?’(x,
([)ox

where now the above matrix is of dimension d 1 for r, s fixed. The functions (t)
arc independent of any rotation of the initial frame, since they pesent intrinsic
functions ivcn by the equation AA’= I-yy’ where y is an intrinsic function. The
drift term B(x,) is independent of the frame e. Therefore (2.1) follows at once.

Hence the probability law of x(., TV, w) is independent offl O(d) and depends.
only on x r(V). We denote it by P. It is now easy to deduce the stron Markov
propCgy of the system [P] from that of V(., V, w).

Thus, as in Theorem 2.1, there will be a diffusion process x r(V) on M havin
as extended generator A* dTr(/*).

Taking f: M- R, we can find the generator A* dTr(.*) as in Theorem 2.1. After
extensive calculations it has been shown [14] that A* is given by (2.13) and this
completes the proof.

With reference to KS formula (1.20) it is evident that the conditional distribution
trt is entirely determined by the law of the "downstairs" process xt 7r(r/,). This
observation leads to the main result.

THEOREM 2.4. The conditional distribution urn(f) of the A-diffusion process x, given
t is given by

uyt (f)
crt(f)
o5(1)

where

tr,(f) (T.,(By,f), v)

T.t is a semigroup whose extended generator is

A[ eHy,A* e-n,,-1/2*(Dh), D Z+ h,

B, := exp *,h(x) du *,f(x),

Ht := h(x) ds.

Proo According to Theorem 1.1, Pa I, the associated generator A on O(M)
will be given by =ey, e-,-(h)
where

IYI(r) [* h(r) as and /, exp * h(r) du *f(r).

30(d)-equivalent in Ikeda and Watanabe’s terminology [9].
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But since h(r)= h(x), we conclude that

ITIr, r =- Hy, X).

Taking f" M--> R the generator Ay dTr(A) will be given by

A{ end, dr({*, e-Hrt *-,(Oh)

and

B, exp *h(x) du * f(x),

which completes the proof.

2.4. Concluding remarks. The problem of pathwise nonlinear filtering for non-
degenerate diffusions on manifolds with noise correlation has been studied. Two
different models for the diffusion processes have been considered. The first concerned
diffusions constructed as solutions of stochastic differential equations on manifolds.
The second concerned diffusions given by their extended generator. In both cases
scalar observation processes with possible correlation with the signal processes have
been considered.

In Theorem 2.4 the smoothness assumptions can be weakened considerably. Thus
in Part I it is only necessary to consider C vector fields L and C function ai. Similarly
in Part II the coefficients a(x) of the generator A must be C so that the connections
F k

ij can be defined, and the "noise" vector field Z must be C
Finally, some remarks on manifold-valued observations. These were first studied

by Duncan [6]. There the stochastic differential equations in the tangent bundle are
formulated and solved by using the notation of parallelism of vectors along a curve.
Recently Ng and Caines [11] have considered the same problem by the use of the
strong solutions of the SDE for the state and observation processes in the orthonormal
frame bundles to give a direct derivation of the Zakai equation. In [13] Pontier and
Szpirglas show that the filtration of the manifold-valued observation coincides with
that of another process taking values in Euclidean space R", thus reducing the problem
to the classical Zakai equation. A similar approach could possibly be used to extend
our results to, say, observations on the circle but of course observations on higher-
dimensional manifolds will meet the geometric obstructions mentioned in the introduc-
tion. A pathwise theory of filtering manifold valued observations (with no noise
correlation) is developed in [16]. It is worth mentioning that in none of the above
references is any form of noise correlation considered.

Acknowledgment. We are grateful to a referee who discovered an error in an earlier
version of this paper.
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Abstract. Necessary and sufficient conditions for identifiability of the diffusion coefficient in Galerkin
approximations to a two point boundary value problem are derived for various choices of Galerkin subspaces.
The results are further used to investigate output least squares identifiability and output least squares stability
of the diffusion coefficient.
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1. Introduction. In this note we consider the following boundary value problems"

(1.1)
-(aux)x+cu=f in (0, 1),

ux(O)=u,(1)=O.

Let I=(0, 1) and fL2(I). Recall that if aHl(I) with a(x)>=a>O and cL2(I)
with c(x)->e>0 a.e., then there exists a unique solution u=u(a) of (1.1) in H2(I).
We are concerned with the identification of the coefficient a, given information of the
solution u(a) and in particular we will study the injectivity of the mapping aM-->
uN(aM) where aM is some approximation to a and uN an approximation to u. At
first we describe the problem in a more general context.

Let " H2(I)--> Z be a continuous linear operator from the solution space to the
observation space Z describing the type of available information of the state u. To
determine the coefficient corresponding to an observation z Z of the system that is
modeled by (1.1), the following output least squares formulation is used frequently:

(1.2) minimize Iu(a) zl-
Qad

Here the set Qad of admissible parameters is chosen such that the existence of a solution
of (1.2) is guaranteed.

For example, if n observations {Zk},=l taken at the points {Xk},_- are available,
we may take Z =n with " H2(I)-> defined by u {U(Xk)},=I. In this case (1.2)
becomes

(1.3) minimize X u(Xk; a) zk 12.
Qad k

Alternatively one might have distributed observations z L2(I), or using the data
at {Xk},= one might want to obtain a function z L2(I) either by interpolation or
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least squares regression; for c we would then take CCu u and the optimization problem
becomes

(1.4) minimize lu(a)-
Oad

In either case an appropriate choice for Qad would be

Qad {a H" a(x) >_- a > 0, lal.’ ’},

with , > a, [6].
Defining the attainable set U= {Cu(a)" a Qad}, one may view the optimization

problem (1.2) as having two parts"
(i) given z Z, find Zproj, the projection of z on o//.,
(ii) given Zproj, find ti Qad such that Cu (ti) Zpro.
Assuming the existence of Zpro, the uniqueness of Zpro depends on the geometry

of o//.. In (ii) there exists an ti such that Cu(ti)= Zpro by definition of Qad" The question
of uniqueness of such an ti arises and it is guaranteed if : a- Cu(a) is injective at
ti. Injectivity of at ti is called identifiability of a at ti. The above mentioned uniqueness
problems are rather involved in general, see, e.g., [2], [7, Appendix], and [11] for a
hyperbolic equation.

When solving (1.2) on a computer it is necessary to replace (1.1)-(1.2) by a finite
dimensional problem. This is done by approximating both the solutions of (1.1) and
the set Qad by functions from finite dimensional function spaces. A finite dimensional
version of the minimization problem (1.2) is then solved to obtain an estimate for the
unknown coefficient a (compare e.g., [1], [5]). Again the existence and uniqueness
questions analogous to the two steps (i) and (ii) above can be considered.

The main purpose of this investigation is the study of the uniqueness for the finite
dimensional analogue of (ii). If for a chosen approximation of a by aM the mapping
a4 - u N(aM) is injective at tiM, then a is called identifiable under approximation at
ti M. The related question for parabolic equations in dimension one has been treated
in [4].

Our results below indicate that the injectivity of aM-- uN(aM) depends upon
certain rank conditions that imply compatibility conditions upon the spaces used to
approximate the coefficient a and the solution u(a). It will be seen that a may be
identifiable under approximation without the known sufficient conditions for iden-

tifiabilit of a in (1.1) being satisfied [9]. The results here, although depending on the
choice of Neumann boundary conditions, can easily be adapted to different boundary
conditions.

In 2 we formulate the discrete problems and give general conditions for iden-

tifiabilit under approximation. In 3 we examine several concrete examples and
obtain necessary and sufficient conditions for identifiability under approximation for
these cases. Identifiability will be guaranteed if there is a sufficient amount of movement
in the coefficients of the basis element expansion for the approximate solution u N,
where uu depends on the parameter aM in question. On the other hand, ifthe parameter
aM is assumed to be known over those parts of the domain where uN i.s stationary,
then it can still be identifiable over the remaining parts of the domain (0, 1).

Section 4 is devoted to the problem of continuous dependence of the solution of
the discretized version of (1.3) or (1.4) on the observation z and Qad. Sufficient
conditions for output least squares identifiability (OLSI) [2] and output least squares
stability (OLS-stability) [3] are given.
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Finally, in 5 we report the findings of a numerical experiment that supports the
practical relevance of our results.

2. Basle results. To approximate (1.2) by the standard finite element method 10],
let {Bi}o and {bj}l be sets of linearly independent functions defined on I with
Bi Hi(I) and bj piecewise continuous. Let AM span {b "j 1,. ., M} and Hs=
span {B" 0,. ., N}. Setting

N M
N E [d’iBi and aM aOj,

i=o j=l

we have upon integration by parts of (1.1) with u replaced by uV:
N N., tz,(aB,.,, Bk,x) + E tzi(cB,, nk) (f, Bk) for k 0,. ", N,
=0 =0

where (-, .) denotes the inner product in L2. Replacing a by aM it follows that
N M N, u, a(jBi.x, Bk.x)+. /z,(cB,, Bk) (f,, Bk} for k 0,. ., N.
i=0 j=l i=0

Rearranging the summations in this last expression, we arrive at

N N N

(2.1) a , (bjBi, Bk,x}l.t,i+ (cBi, Bk}Pt,i-(f,,Bk) fork=0,...,N.
j=l i=o i=o

We now make the following definitions" and K are (N+ 1) x (N+ 1) matrices with
the (i, k)th elements given by

(),.k jB,.x, Bk.x) and K ,.k cB,, Bk),

for i, k 0, , N; j 1,. , M. Similarly f e Rv/l, e RN/I and tiM M are given
by

() ( B), (), ,, (u)) a.
With this notation (2.1) becomes

M

(2.2) E aff +K=j=l

where we used the symmetry of and K. Thus we obtain a mapping ()
from into+ or, equivalently, a u(a), a =Eil a, from a to HL

a+K is inveible For example, if c > 0 andthat is well defined as long as =1
{B,.}Lo are linearly independeat, thenEa+K is inveible for all

M e M M e NM" 2 (aM)jj > 0 on I
j=l

Similarly, if c c> 0 as assumed throughout, then again a+K is inveible for
all M M.

We now define identifiability of =col (a,..-, a) in (2.2).
DEFINITION 2.1. The parameter M in (2.2) is called identifiable if M and

(d) () implies .
For a specific choice of approximation of a in (1.1) by a we say that a is

identifiable under approximation at aif a is identifiable.
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THEOREM 2.1. Let {bg}l and {B,}o be linearly independent, c(x)->e>0 and
M .d. Then tM A is identifiable ifand only if the vectors { I-It2(M } are linearly

independent.
Proof. Using (2.2), linear independence of/-/ (tiM) clearly implies identifiability

of ti M. Conversely assume that there exists a nontrivial vector (al," ", aM)RM with

M

(2.3) E ;() 0.
j=l

Then j= (a sag) bg > 0 for some sufficiently small e > 0 and i given by ()g
a-sag satisfies i s M. Multiplying (2.3) by e and subtracting it from (2.2), we find
that/ (cM (). This ends the proof.

Since/-/j. + -->+, for j 1,. , M, we have the following:
COROLLARY 2.1. IfM > N+ 1, then tM in (2.2) is not identifiable.
COROLLARY 2.2. If (M)sKer(/-/) for some j= 1,..., M, then M is not

identifiable.
Proofi If (M e Ker () then the set {/-//(M)} is linearly dependent and

the result follows from Theorem 2.1.
Remark 2.1. Corollary 2.2 should be compared with the condition lu,l_-> k >0

which is known to be a sufficient condition for identifiability of a in the infinite
dimensional problem (1.1) [9].

DEFINITION 2.2. The coordinates ~M{
are called identifiable if /M /, /2(tiM)=/.7,(/M) and aM=bM for all jjk, k=
1," ",/Q imply tiM

PROPOSITION 2.1. Thee coordinates {ti}k__ of 8M g are identifiable if and only
if the vectors {I-t M }= are linearly independent.

The proof is obvious from that of Theorem 2.1.

3. Several examples. In this section we consider several concrete examples and
determine their identifiability properties. We point out that here we use N to denote
the number of subintervals of I and N and M of the previous section are a function
of this N.

Case 1. Let I be partitioned into N subintervals of length 1/N. For 0,..., N
define the linear spline basis functions

i-1
--< x--<-,Nx-i+ 1,
N

i+1
(3.1)

B(x)
-Nx+i+l, <x<

N-
0, otherwise,

and for j 1,. ., N the 0th order splines

(3.2) bg(x)
j 1 j
N =N’

0, otherwise.

Thus N and M of the previous section are both N here.
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We approximate the solution u of (1.1) by linear splines and the coefficient a by
constant splines. It is straightforward to compute the (N+ 1)x (N+ 1) matrices /-/s,
j=l,...,N:

j-1 j

0 0
"o.

/-/.=N
1 -1 ...j-1

-1 1 ...j
0 0

0 0

Let/2 =/.7,(i) col (/Zo,’’’,/z) with d e M. Then

/ o

0

Id,j_l lj j-1.;=1
izs_ + lzs j

0

0

Now set/3 =/x-/z_ for j 1,. , N. To study the linear independence of the
vectors {./2}__ , note that

(H,/, , HNt2) NB

where B is the (N+ 1) x N matrix

-/ 0 0

o

LMMA 3.1. The vectors {HsI2} are linearly independent if and only if 0 for
all i= 1,. ., N.

Proof. It is easily shown that B is row equivalent [8] to

0

provided/3 # 0 for all and {/-/s/2}1 are linearly independent in this case. Conversely,
if 3 0 for some i, then the column rank of B is less than N and linear dependence
of N follows.{HjL6Ij=
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THEOREM 3.1. In Case 1, itM is identifiable, if and only if i([tM) /Xi_l(tiM) for
all i- 1,. ., N.

PROPOSITION 3.1. The coordinates ~M M^{ask }/=1 of are identifiable if and only if
/xsk (tiM) # S_l(ti) for all k= 1,..., M.

The interpretation of this result is that the parameter tiM can only be identified
at coordinates where the corresponding solution is nonstationary.

Case 2. Let N be even and let I be partitioned into subintervals of length 1/N.
The functions B, i=0,..., N, are taken as in (3.1). Here, however, we define the
functions ’ks for j 1,. ., N/2 by

C/(x) {1, 2(j-l)<=x<=2J
N N’

O, otherwise.

Thus M of 2 is N/2 now. We find in this case that the (N+ 1)x (N+ 1) matrices
/-//, for j 1,. ., N/2 are given by

10L__i ,___
/ i’ -’

=N/ l-1 2 -1

/ 0 -1

V -I

where the first entry of the nontrivial submatrix is in the 2j- 2, 2j- 2 position of Hj.
With fi(tiM)= CO1 (/Z0,""", /XV) as before, we have

Hfi, ", HN/2fi NB

where the (N+ 1)x N/2-matrix B is given by

-ill
#1--#2

0

0

0

--#3
13 -134
#4
0

t 0 0

0

and fl =/xi-/d,i-1 for 1,. , N.
The collection of vectors {Hjfi}/12 is linearly independent if and only if rank

(B)=N/2.
LEMMA 3.2. In Case 2 the vectors {Hjfi}/2 are linearly independent if and only if

#_ O or # # O for l, N/2.
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Proof. The rank of the matrix B is equal to the rank of/ where

/31 0

/3: 0

4
0

0

From this and the fact that the dimension of the column space of a matrix is equal to
the rank of that matrix, the result follows.

THEOREM 3.2. In Case 2, M is identifiable ifand only iftz2i_
fori-1,. ., (N/2).

Case 3. Let I be partitioned into N subintervals of length 1/N. Again we take
the functions B, i-0,..., N to be those defined in (3.1). Further we set --B,

0, , N. Thus M of 2 is N/ 1 here and both ,j and Bj are linear splines defined
on the same mesh. In this case the structure of the (N/ 1) x (N/ 1) matrices (Hj)ff=o
is slightly more complicated than in Cases 1 and 2. These matrices are now given as
follows:

N
1 -11

with the first entry in the (0, O)-element. For j 1,. , N- 1 we have

N

/01 o I0\

1 -1 0

o ’,- - Io |,

0 -1 1

o,, o Io/

where the first entry of the nontrivial submatrix appears in the (j-1, j-1) position
of/-/. Finally

0 0

1

where the first nonzero entry occurs in the N-1, N-1 element.
To investigate the linear independence of {/-/jfi.}o, note that

N
Ho12, HNI2 -B,
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where the (N+ 1)x (N+ 1) matrix B is given by

0

_
0

0 0

and i-- i-/i-1 for 1,. , N. Performing row operations on B, we find that B is

equivalent to

0 /33
0

t0 0 0

We then see that B has rank less or equal to N and therefore we have
THEOREM 3.3. In Case 3, 1 s is not identifiable.
If one decreases the number of bs’s in Case 3, then it is reasonable to expect that

sufficient and necessary conditions for the identifiability of 84 in the spirit of Cases
1 and 2 can be obtained. We verify this next for a particular choice of N and M.
Moreover, in 5 we present a numerical experiment which tends to support this
contention.

Case 4. Let I be partitioned into 2N subintervals of length 1/2N. We choose the
functions Bi for i=0,..., 2N as

B,(x)

i-1
<_x<_2Nx + 1,
2N 2N

i+1
-2Nx + + l,

2N- 2N

0, otherwise.

For the functions bs we take

Nx-j+ 1,

cks(x) =l_Nx +j + 1,
I

j-1 j
N- =N’
J<=x<_J +1
N N’
otherwise,
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H vfor j 0,. N; thus M of 2 is N + 1. The (2N + 1) x (2N+ 1)-matrices { j}j--o are
given as follows"

N

3 -3 0

-3 4 -1
0 -1 1

0 0

with 3 in the (0, 0) element,

N

0

1 -1 0 0
I-1 4 -3 0

0 0 -3 6 -3
0 0 -3 4

0 ]
where the first entry of the nontrivial submatrix occurs in the 2(i- 1), 2(j-1)-element
and

0 0

HN
1 -1 0

0 -1 4
0 -3

Let =/2(ti) col (/go, ",/XEN). To investigate the linear independence of {/-//2}o
we put/3-/-ti-/x_ for i= 1,..., 2N and observe that

(Ho,..., H/.7,) -B
where the (2N + 1)x (N+ 1) matrix B is given by

-/3, 0

/31-3/32 0

3f12-3f13 -f13
3f13-f14 f13-3f14

f14 3f14--3f15
0 3fls--f16

0

0 0

0

--2N-3
i2N-3 3f12N-2
3fl:-:- 3fl2-
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Performing row operations on B, we obtain a matrix/ which has the same rank as B
and is given by

/31 0

3fl2 0

3fl3 3
4 3fl4
0

6
0

0 0

0 0

which is of dimension 2N x (N+ 1). The vectors /-//.7, are linearly independent if
rank (/)= N+ 1.

THEOREM 3.4. In Case 4, if tx2i-1 /z2i-2 or/x2, /z2i-1 for all 1, , N and
(/z2i-1-/z2i-2)(/z2i-/x2i-1) 0 for some i= 1,. ., N, where I (sM), then 8M 4
is identifiable.

Proof. Let d=col(do,...,tN)RN/I and /c=0. Choose i such that
fl2,-1"/32,1 0. Then a,l_l a,=0. Further a, =0 for all other i, since /32,-1 0 or

f12, O. This implies linear independence of the columns of/ and thus of B. Theorem
3.1 then implies the result.

THEOREM 3.5. Ill Case 4, if tZl tZo tx2- Ix1 0 or tzv-1 Izrv-2 tzv tzv-1 0

or/x2i-1 tz2i-2 =/z2i -/xi-1 =/z2i+l -/x2i tx2i+2 -/zi+l 0 for some 2, , N 2,
where 1() then 8M is not identifiable.

Proof. Under the assumptions of the theorem the column-rank of/ is not maximal
and this implies the result.

Remark 3.1. Four consecutive zeros in the/3,’s do not necessarily imply noniden-
tifiability provided the zeros start with an even index and are not at the "beginning"
or "end" of the sequence {/3,}; in particular 2i-- 2i+1 2i+2 2i+3 --0 with 2-<_ <
N- 2 does not imply nonidentifiability. For example let N 5,/31 =/32 =/33 =/38 =/39
/31o 1 and 4=fls=f16=f17=O. Then {/-/}, j=0,..., N, with /3,=/z,-/X,_l, are
linearly independent. Choosing/Zo and , we can thus calculate /x,, i-1,..., 2N
and 37 such that tiM is identifiable and/32, 2i+3--0.

Remark 3.2. The conditions of Theorems 3.1-3.4 are conditions on the variation
of adjacent (dM)-values. If this variation is sufficient, the identifiability of tiM is
guaranteed. The results indicate that the larger the difference between the dimension
of the state space approximation and the dimension of the parameter space approxima-
tion is, the more likely it is that identifiability of the approximated coefficient holds.
In [9] identifiability of a in (1.1) is studied under various conditions on the sign of
u and u. The most general condition implying identifiability of a is

infi max (lUx], Ux)> 0. Clearly one can construct examples where this condition is not
met but identifiability under approximation, e.g., according to one of the Cases 1-4,
of tiM holds.

4. Two stability concepts. In this section we discuss the application oftwo concepts
of stability to the finite dimensional output least squares problem

(P) minimize us(aM) zl2 over C,



PARAMETER IDENTIFIABILITY 289

where C is a convex and closed subset of

Q3 aM= a qbj a a l x >= o > o. aM .. <= 3,
j=l

N
and uN(aM)=Yi=otxiBi, with col (/Xo,""",/zN) =/ satisfying (2.2). The existence of

M of (P) Can easily be argued. The reason for introducing the seta minimum a,
C c Q here is that for the first stability concept, uniqueness of solutions of (P) is
required and this cannot be guaranteed over all of Qa. Here we consider HI-smooth
approximating coefficients, some remarks on L approximations are given further

Mbelow. We investigate the continuous dependence of a, on z and also on Qa when
dealing with the second stability concept. For C c Qa let V(C)= {u(aM) aM C}
denote the attainable set.

DEFINITION 4.1 [2]. The parameter aM in (2.2) is called output least squares
identifiable (OLSI) by (P) over C c Qa, if there exists a neighborhood of V(C)

M dependingsuch that for every z V the problem (P) has a unique solution a,
continuously on z.

Let ,5inj Q3 be such that {/_//(M)} is linearly independent for every aM=
-jM= (M)jtj .Sin As examples for such sets we can take neighborhoods in Qad of
points of identifiability in the sense of 2.

THEOREM 4.1. Let ini be as just described. Then aM in (2.2) is OLSI by (P)
over every closed convex subset C of4i, provided that diam C is sufficiently small and
z is sufficiently close to the F(C). Moreover, the unique solution Q of (P) depends
Lipschitz-continuously on z.

Proof. By [2, Thm. 4] it suffices to show that aM - uS(aM) is twice continuously
Fr6chet differentiable with aM- uy,(aM) injective on C. This is equivalent to the
existence of continuous first and second order derivatives of tiM fi,(tiM) with M

M "M Msuch that j=l (a )jbj a 4inj and injectivity of ,(tiM) for every aM C. Let
/2M(;/) =.r~and/2,,(ti;/,/) be the first, resp. second, derivative in direc-
tions h and (h, k). Then

(4.1) L- ,hjt-Il M ))

and

(4.2) = -L-’(EkjI4 + Ehj/4fi,(M;/)),
where L E4+K and /-- col (h,. ., hM), / col (k,. ., kM), and the con-
tinuity assumptions follow. The injectivity of/2,(M) is guaranteed by linear indepen-
dence of {/-//2(M )}; this ends the proof.

M.To describe the second notion of stability, we consider the case C Oad.
nM)w minimize lug(aM) Zl over Qa.
We study continuous dependence of local solutions of (P)w on w=(z, a, 3,) W,
where W H . Here W is endowed with the Hilbert-space product norm. We
always assume 0 < a < 3’, so that Qa is not empty and solutions of (2.2) and (pN) exist.

DEFINITION 4.2 [2]. The parameter aM is called output least squares (OLS)-stable
W

oin Qa at the local solution aoM of (n)wo, W, if there exists a neighborhood
V(w) of w in W, a neighborhood V(a) of a in H and a constant , such that
for all w (z, a, "y) V(w) there exists a local solution aw of (P)w with a Mw V(aoM)
and for all local solutions aM V(a"t) of NPM)w we have
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Remark 4.1. In comparing OLSI to OLS-stability we observe the following
differences: OLSI requires uniqueness of-the solutions of the minimization problem,
whereas for OLS-stability, uniqueness is not required, with continuity being checked
at each local solution. If OLSI holds, then the solutions depend on the observations
in a Lipschitz continuous way, whereas OLS-stability only guarantees H/51der con-
tinuous dependence. Further, OLSI requires continuous dependence of the solutions
on the observation only, whereas OLS-stability involves continuous dependence on
the observations as well as on the admissible set Qad.

Output least squares stability is proved by techniques that guarantee stability of
solutions ofabstract optimization problems with respect to perturbations in the problem
data, see [3] and the references.given there. Let AM =span {j}/=l and let F(aM) be
the Lagrange functional associated with (P)"

F(a) [u (a) z[- h*g(a),
where h* C* x and

g:AxWC*x is given by

g(a, w) (a a M, [aM[2H- 72), W (Z, a, y).

Note that a1 QaMd(W) if and only if g(aM, w)/ C_xg_, with C_ and R_ the
natural negative cones in C(I) and R. We shall frequently drop the index w and write
g(a1) and Qa for g(a M, w) and Q(w).

THEOREM 4.2. Let AM span {bj}l be such that it contains the constantfunctions,
let (z, a, yo)= wOe W with O<a< yo and let aY=E (Y)d’ be a local solution
of( ’PM)w If {H#7.(tio)}l are linearly independent vectors in gv+ and [uN(aoM)--Z[
is sufficiently small, then aM is OLS-stable in QaMd(w) at the local solution aY of (p)o.

For the proofofthis theorem the following lemma on the regularity ofthe constraint
set Qa will be required; its proof is quite similar to that of Lemma 4.2 in [3] but will
be included for the sake of completeness.

LEMMA 4.1. Let AM contain the constantfunctions. Then every aM Q is a regular
point, i.e., O int {g(aM)+ (ga,(aM)) -/}c C xfll, where denotes the range of the
mapping gaM aM ).

Proof of Lemma 4.1. We need to show that

0int {g(aM)+ga,(aM)AM--C_xR_}
(4.3)

=int{a-aM-hM+C+,[a[2n-yE+2(aM,h)n’++. hM cAM},

where we used that ga(a)hM=(-h,2(a,hM)n,). Let ($,r)Cxfll with
[($, r)[cR < 8 and 8 > 0 to be chosen sufficiently small. Note that $ min $ C+ and
min $ AM. In view of the first component in (4.3) we decompose $ as

ck=a-aM-(a-a-min b) + $-min $

and therefore a a A + C+. As for the second component in (4.3) observe that

[aMl2l.i, ’2 + 2(aM a aM -min C)Hl --[aM[21_l’ + 2(aM a-min b)H,-- y2

__< c=-,/z+261al,.
Thus, for sufficiently small one can choose 6+ such that

r= la’lo,-y+E(a, a-a-min

and, since (b, r) was arbitrary, aM is shown to be a regular point.
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Proof of Theorem 4.2. We apply results on the stability of abstract optimization
problems as summarized in [3,3]. Due to the fact that aM +lu’(a’)-zl and
aM + g(a M, w) are twice continuously differentiable at ao and since the point ao
Qa is a regular point, it suffices to establish a lower bound on the second derivative
of F at ti. Let r/= u,(ao; hM) and := u,.,,,(ao; h M, hM) for hM AM. Then

faM,aW(aoM; h M, hM)=(uS(ao)-z
_-> -[u s (ao) zl oll.o/ In I%o- 2a Ih Mll,

where A <-0 is the Lagrange multiplier associated with the norm constraint. In view
of (4.1), (4.2), the finite dimensionality of AM, and the linear independence of
{/-/d.7,(tio)} it follows that there ekist constants c and c2 such that

.Fa,.,,(ao; h h)>--clu(ao)-zlnolhl,+ c2lh12,,
so that for ]u s(a)-z] sufficiently small there exists a constant c3 with

Fa,,,,(ao; h M, hM)>_ clh’l,,,
from which the result follows [3, Thms. 3.2, 3.3].

Remark 4.2. If QaC L only and is replaced by la’l-< in the
definition of Qa, then again one can show existence of solutions of (P) and Theorem
4.1 holds with obvious modifications. The results leading to Theorem 4.2 need yet to
be generalized to handle the nonditterentiable L-norm constraint.

5. Numerical results. In this section we present some results of a numerical
experiment to estimate the coefficient a in (1.1) given observations z of u. To solve
(1.2) with rg I, we consider (2.2) which defines a mapping M +(M) for
and the finite dimensional minimization problems

(5.1) minimize (M)B z dx.

For our experiments we imposed no constraints on M end, although 2(M) is not
well defined for some M. The basis functions 4 and B were chosen as linear spline
functions with equidistant grid on (0, 1). As data we took the values of a solution
of (1.1) by choosing the coettcient a and the observation (x) u(x) x(1- x), and
calculating f= u-(au) from it. Using this f, we then compute from (2.2) as we
solve (5.1). For the minimization the Newton-Raphson algorithm was used.

In our calculations (see Figs. 1-10) N 10 represents the number of subintervals
used in the linear spline approximation for the solution of (1.1). Thus the dimension
of the approximation space for the solution is 11. Further NBI is the number of
subintervals of I that determine the linear spline approximation of a; the dimension
of the approximation space for a is NBI + 1. A necessary condition for identifiability
of M is thus NBI + 1 -< 11, see Corollary 2.1. We show calculations for NBI = 4, 5, 6,
8-11, for the choice of a(x)= 1 + x. In the first five cases good results are obtained.
Note that NBI 5 and N 10 is a special case of Theorem 3.4. In the case NBI 10,
M is not identifiable by Theorem 3.3. Numerically this is reflected by the appearance
of oscillations as NBI approaches 10 from below, see the graphs for NBI 9, 10, 11.
The start-up value for the minimization routine was chosen as rio 2. We point out
that a different scaling of the axes in the various paths was utilized. We also show the
graphs for us(aM), when N 10 and NBI =9, 10, 11. The graphs for the approximating
solutions for NBI =4, 5, 6, 8 are indistinguishable from NBI 9.
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NEARLY OPTIMAL STATE FEEDBACK CONTROLS FOR
STOCHASTIC SYSTEMS WITH WIDEBAND

NOISE DISTURBANCES*
HAROLD J. KUSHNERt AND W. RUNGGALDIER

Abstract. Much of optimal stochastic control theory is concerned with diffusion models. Such models
are often only idealizations (or .limits in an appropriate sense) of the actual physical process, which might
be driven by a wide band-width (not white) process or be a discrete parameter system with correlated driving
noises. Optimal or nearly optimal controls, derived for the diffusion models, would not normally be useful,
or even of much interest, if they were not also "nearly optimal" for the physical system that the diffusion
approximates. It turns out that, under quite broad conditions, the "nearly optimal" controls for the diffusions
do have this desired robustness property and are "nearly optimal" for the physical (say wideband noise
driven) process, even when compared to controls that can depend on all the (past) driving noise. We treat
the problem over a finite time interval, as well as the average cost per unit time problem. Extensions to
discrete parameter systems, and to systems stopped on first exit from a bounded domain, are also discussed.
Weak convergence methods provide the appropriate analytical tools.

Key words, optimal stochastic control, wideband noise disturbance, approximately optimal control,
weak convergence for diffusions

AMS(MOS) subject classifications. 93E20, 93E25, 60F05, 60J60

1. Introduction. The paper is concerned with "approximately optimal" controls
for a wide variety of systems driven by wide band-width noise, and their discrete
parameter counterparts. Consider a system of the type

(1.1) F,(x, , u’), x E R r, Euclidean r-space,

where (-) is a wide band-width noise process (the band-widthc as e 0), and
the cost is

(.2) (u) k(x(s), u(s)) as

for some T1 < o. When we wish to emphasize the control, we write the solution to
(1.1) as x(u, ").

For the moment (and loosely speaking) suppose that (1.1) is "close" to a controlled
diffusion process, modeled by (1.3), in the sense that if u( is a sequence of "nice"
controls for (1.1), then there is a control u(. ), and a corresponding controlled diffusion
x(u,. defined by (1.3), such that as e 0, x (u ," ==> x(u," ), where :=> denotes weak
convergence (see the next section). Let (. denote an optimal control for the limit
diffusion (1.3), and (.) a "smooth" 6-optimal control, where > 0.

(1.3) dx= b(x, u) at + r(x) dw.

Now apply (. to (1.1). Under fairly broad conditions, it is shown that

(1.4) inf R(u)>-R()-5
uRC
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for small e>0, where RC are the admissible (relaxed) controls for (1.1) (see 3).
Since t( is only a function of x and t, it would be considerably simpler than an
optimal control for (1.1).

The methods also work well for the discrete parameter case

(1.5) x,+, x, + eF(x, , u,).
The {:,} and :(. can be state dependent, a:nd there are straightforward extensions
to the discounted cost problem, to the problem where the process is stopped on first
exit from a set, to the impulsive control problem, and to the average cost per unit time
case.

The basic technique is that of weak convergence theory [1], [2], [3], which will
be seen to provide a very natural and relatively simple basis for results of the type
presented here. The relevant background results are listed in 2. In 3 the problem
on a finite interval [0, T] for a form of (1.1) is set up, and the assumptions stated.
For convenience in dealing with the weak convergence, as well as to minimize detail
and the number of hypotheses, we work with relaxed controls. The relevant estimates
and approximations (the "chattering" lemma, etc.) are also stated in 3. In 4, the
results for the finite interval are proved. Section 5 concerns the discrete parameter
case. The average cost per unit time problem is in 6, and extensions are discussed
in 8.

A related problem is discussed by Blankenship and Papanicolaou in [4] and
Bensoussan and Blankenship in [5]. They deal with the particular nondegenerate system

dx f(x, y, u dt + x/ dw,
(1.6)

e dy g(x, y, u) at+,- dB,
where w(.) and B(.) are mutually independent standard Wiener processes. The
technique in [4], [5] concerns an asymptotic expansion of the Bellman equation
associated with the optimal control of (1.6). These expansions are hard to carry out,
and rely heavily on various nondegeneracy properties associated with (1.6). In a
"linear-quadratic" problem, they show that applying the optimal control for the limit
problem to the prelimit problem gives a cost increase of O(e). There is negligible
overlap in methodology with the ideas here. We can treat (1.6) if g(. does not depend
on u(.).

The results in [4], [5] seem to require an analytical approach, rather than our
purely probabilistic approach. The methods used here seem quite simple in comparison,
and cover a broader collection of problems. Expansions of the value functions do not
seem to be obtainable by our methods. On the other hand, we can show, for many
typical problem formulations, that the optimal or -optimal control for the limit system
is a good (nearly optimal) control for the system which is driven by wide band-width
noise. Such robustness is an important part of the statement of the control problem.
In fact, the optimal or nearly optimal controls for diffusion models would not usually
be of interest, were they also not good controls for the actual physical system which
is "idealized" by the diffusion model. The general ideas carry over to more general
spaces (e.g., to measure valued processes).

2. Weak convergence. Let cr[o, c) denote the space of Rr-valued continuous
functions with the sup norm topology on bounded intervals, and let D’[O, oo) denote
the space of R’-valued functions which are right continuous and have left-hand limits.
Endow D’[O, oo) with the Skorohod topology [2]. Our processes (except for the discrete
parameter case) have values in C r, but it is easier to prove tightness in D’, and then
to show that all limits are continuous.
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Let F denote the minimal g-algebra over which {x (s), : (s), s-< t} is measurable,
and let E denote expectation conditioned on F. Let f(. be progressively measurable
with respect to {/}. We say that f(. is in D(,), the domain of the operator , and
Af g if for each T < oo

supElg(t)l<, Elg(t+5)-g(t)lO as$O, eacht,
t<_T

Ef(t + 5)-f(t)
-g(t) <,sup E

>o

lim E
$o

Ef(t+)-f(t)

If f(" )eD(A) then ([3], [6])

(2.1)

and

-g(t) 0 each t.

t+s

(2.2) Ef(t + s)-f(t)= EAf(u) du.

The following condition for tightness in Dr[0, oo) ([3, Thm. 3.4]) is a sufficient
condition for a criterion of Aldous and Kurtz [2]. Let Co denote the continuous real
valued functions on R with compact support, and t) the subset of functions all of
whose mixed partial derivatives of order up to k are continuous.

THEOREM 0. Let x( have paths in Dr[0, eo) and let

(2.3) lim li--- P{sup Ix(t)l >- K}=0, each T<
K t<_ T

For each f(’)eCo and T<oo let there be a sequence f(.)eD(A) such that either (i)
or (ii) below hold. Then {x( )} is tight in Dr[o, oo).

(i) For each T < eo, {Af (t), e > 0, <-_ T} is uniformly integrable andfor each a > 0

(2.4) lim P{sup If(t)-f(x(t))l>= a}=0.
t<_T

(ii) Equation (2.4) holds andfor each T < oo there is a random variable Br(f) such
that

(2.5) sup l,F(t)l<=Br(f), lim lim P{Bfr(f)>- K}=O.
t<_ T K-oo

Consider a discrete parameter case

x.+,=x.+F(x.,).

Let , denote the minimal r-algebra over which {x, -1, _-< n} is measurable, with
E , denoting the associated conditional expectation. We say that f(. ) D(A) if it is
constant on each ne, ne + e) interval, f(ne) is/,-measurable, and sup Elf(he
Then we define

Af(ne) [Ef(ne + e)-f(ne)]/e,
and the discrete parameter analogues of Theorem 0 and (2.1), (2.2) hold. In particular
for f D(A),

n+m--1

Ef(ne + me) -f(ne) e E,f(ie).

f(t)- Af(s) ds is a martingale
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Let M(c) denote the collection of measures {m(.)} on the Borel subsets of
U x [0, o), where U is compact and m([O, t] x U) t, for all >- O. We will be working
with weak convergence of a sequence of M(c)-valued random variables. Write
m, f) f(s, m(ds x d ). We say that m, - 0 if (m, f) - 0 for each continuous f(’

with compact support. When we say that m,(. ):= m(.) for a sequence of random
measures, we always mean weak convergence in M().

3. Assumptions and relaxed controls. We adopt a particular noise model, which
is a standard way of modeling wide band-width noise. The model can readily be
generalized, since only a few properties of the processes are used. The model is
convenient also because the relevant weak convergence results can be easily referred
to. A control u(.) for (1.1) is said to be admissible if it takes values in U, a
compact set, and it is progressively measurable with respect to the r-algebras
o’{(s),s<=t)=-FT.

A random measure m(. with values in M() is said to be an admissible relaxed
control if tof(S a)m(ds x da)=-(f, m)t is progressively measurable with respect to
{F} for each bounded continuous f(. ). If m(. is admissible, then there is a measure
valued "derivative" function of (to, t) with value m(. at time such that for smooth
f(.)

and mr(" is (weakly) progressively measurable in the sense that o ds f(s, a)ms(da)
is progressively measurable. We sometimes write the derivative function as m.. Let
AC and RC denote the class of admissible and admissible relaxed controls, respec-
tively, for (1.1).

Assumption A1. (t)-(t/e2), where :(.) is a stationary zero mean process
which is either (a) strongly mixing, right continuous and bounded, with the mixing
rate function th(" satisfying o the/E(s) ds < c or (b) stationary Gauss-Markov with
an integrable correlation function (which thus must go to zero exponentially).

Assumption A2. F(x,,u)=b(x,u)+(,)+g(x.;)/e, where E/(x,:)=
Eg(x, )-0 under Al(a), and (x, :)- g(x), b(x, )- b(x) under Al(b), k( .,. is
bounded and continuous, and b(.,.),/(., .), g(.,.) are continuous. The derivative
gx(’, :) is continuous (in x, :). Also b(., a) satisfies a linear rowth condition and a
Lipschitz condition in x, uniformly in a U. Under Al(a), b(., :), g(., sc)z gx(’, :)
satisfy the same uniform Lipschitz and growth condition, and under Al(b), b(. ), g(.
and .gx(" do.

Define

{ao(x)}=f_Eg(x,(t))g’(x,(O))dt=a(x),
b,(x, u)= b,(x, u)+ E , g,,) (x, (t))g2(x, (0)) dt,

Assumption A3. Suppose that {aij(" )} has a Lipschitz continuous square r.oot tr(. ).
For the problem on [0, T], the boundedness condition on k(. ,. can be replaced

by a polynomial growth condition. For the average cost per unit time problem, the
stability methods and assumptions of 7 can be used for the same purpose.

That is, for A tr(s(v), v -< s), B tr(sC(v) v _-> s+ t), SUPA,a [P(B]A)- P(B)I <- 6(s).
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The weak convergence and existence (of an optimal control) arguments are easier
if one works with relaxed controls. It is convenient to work with relaxed controls on
[0, oo). If the control problem is of interest on [0, T1] only, then define u(. or m(.
in any admissible way on T1, oo).

Admissible controls for (1.3) or (3.1) below. An admissible control for (1.3) is any
U-valued function u(. which is nonanticipative with respect to w(. ). An admissible
relaxed control for (1.3) or (3.1) below is any M(oo) valued random variable m(.)
such that for any collection {ft(" )} of bounded continuous functions ft(" ), and each
t>0, {toft3(s a)m(dsxda)} is independent of {w(t+s)-w(t),s>O}. If m(.) is an
admissible relaxed control then there is a (ca, t-dependent) measure mt(" on the Borel
sets of U such that

f(s, ce)m(ds x do)= ds f(s, cr)m(da), <o0

(3.2) E sup Ix(t)l2 -< K[1 + Ixl=],

where K depends only on T and on the growth rates and Lipschitz constants on b(. and

Define {x,a} by Xao xa x and for n >-_ 1,

,+l=X,+ ds (x, a)m,(da)+(x)[w(n+)-w(n)].

Define xa( to be the piecewise constant interpolation (interval ) of {x}. en there
is a Ka 0 as 0 (and depending only on Tand on the Lipschitz and growth constants)
such that

(3.4) E sup Ixa( t)- x( t) N Ka(1 + x2)
tNT

(Ka does not depend on m(.)).
Let m"(.)(.), where the m"(.) are admissible with respect to some Wiener

process, and let x"(" satisfy (3.1) with m(. m". en (x"(.), m"(. ))(x(. ), (. ))
where x( ), (. sati@ (3.1) for some Wiener process w(. and m( is admissible with
respect to w(. ).

Proof The existence and uniqueness proof for the relaxed control case follows
the same (standard) lines as when an admissible control u(w, t) is used, and is discussed
by Fleming [7] and Fleming and Nisio [8]. The proofs of the estimates (3.2), (3.4)
also follow the classical lines. To get the weak convergence in the last paragraph, it

and

for each bounded and continuous f(-) and almost all o9. When working with (1.3) or
(3.1), we assume that b(. and or(. have the continuity, growth and Lipschitz conditions
ascribed to b(.) and r(.) in A1-A3. Let AC and RC denote the class of admissible
and admissible relaxed controls, respectively. The classes of admissible controls are
defined as they are because we wish to avoid working explicitly with feedback controls.
Our processes are uniquely defined for any admissible control.

THEOREM 1. Let m(. be an admissible relaxed control (with respect to a Wiener
process w(. )). Then there exists a nonanticipative solution to

(3.1) dx=dt b(x, a)mt(dcr)+r(x) dw, x(0) x
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is sufficient to work with the discrete parameter case (3.3), in view of the uniformity
(in m(. )) of K and KA. But the result is obvious for the discrete parameter case,
owing to the continuity of b(.,. and the Lipschitz conditions and linear growth
conditions. QED

For (3.1), define

Ior’f )m(da)ds,(3.5) R(m)=E k(x(s),a

where x(. corresponds to m(.) via (3.1). We sometimes write the solution to (1.3) or
(3.1) as x(u,.) or x(m,.).

THEOREM 2. In the class ofadmissible relaxed controlsfor (3.1), there is an optimal
control.

Proof. The theorem follows from Theorem 1. Simply choose a weakly convergent
subsequence m(.), 3-0, such that R(m)-infmRC R(m)= . Denote the limit of
{x(m,.), m(.)} by (x(m,.), n(.)). Then by Theorem 1, m(.) is admissible for some
Wiener process w(. and (x(rK"), r(. ), w(. )) solves (3.1). By the weak convergence,

E k(x (

QED

Since we wish to show (in the following sections) that any smooth and nearly
optimal feedback control for (1.3) is a nearly optimal control of (1.1) for small e > 0,
it is important to know that there is a smooth nearly optimal control for (1.3). This is
shown in the next two theorems.

The chatering lemma.
THEOREM 3. For each 3 > O, there is a piecewise constant admissible control u (.)

for (1.3) such that

R(u)<= inf R(m)+3.
mRC

Remark. A proof is in [7], [8]. We only give a rough outline of the construction.
Let nS(.) be an optimal admissible relaxed control. Let u’,..., uf, be a p-grid in U.
Define A’ by A’ {a U" ]a- u’ -< p}. For k_-> n > 1, define

n-1

A.={aeU:[a-ul-<_p}- U A’.

For A > 0 and >- O, define

iA+A

"l" iAd rs A ds,

the total integrated time that the optimal relaxed control "takes values" in the set
in the time interval [iA, iA + A). Define the piecewise constant admissible control (.
by a(t)= ug for t-<A, where u is any value in U; in general, set ff(t)= u on

(i+I)A+ -,(i+I)A+ .o i>_O, n<_k.
/=1 /=1

Then, for small 0 and A, a (.) satisfies our needs, even though the intervals of constancy
are random.
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We can also get a control whose intervals of constancy are nonrandom. Let m > 0
be such that A/A1 =/ is a large integer, and write k/’= [-/P/A1]. Then define as(
as gs(. was defined but with kPA1 replacing -/’, and on the nonassigned set, simply
set as(t)= u, where u is any value in U. For small A, A and p, and large/S, ts(
also satisfies our needs.

THEOREM 4. For each 6 > O, there is a piecewise constant (in t) and locally Lipschitz
continuous in x (uniformly in t) control s(.) such that fis(t)= fiS(x(iA), iA) for t
[iA, iA+A]

R(aS)_-< inf R(m)+6.
mRC

Proof Fix 6 > O. By the previous theorem, we can find a A > 0 and an admissible
control uS(.), constant on each interval [iA, iA+A), and such that

R(uS) <- inf R(m)+/4.
mRC

By examining the imbedded Markov chain {x(iA), iA__< T1}, we see that there is an
admissible control ts(t) which is piecewise constant and has the form
tS(x(iA), iA) for t6[iA, iA+A) for some function tS(x, t), and is such that

R(S)<-_g(uS)+6/4.

In fact we can suppose that the s(t) take only a finite number of values u,..., Uk,

where k might depend on 6 but not otherwise on A. Let x(.) denote the process
corresponding to the control (. ). Define B {x: (x, iA) u}. There are open sets

with smooth boundaries (say, unions of a finite number of spheres) and whose
closures are disjoint and such that (OB denotes the boundary of the set B)

P{x(iA) 0} 0 for all i, l, iA T1,
(3.6)

2 P x(iA)e U (BAI) [1 +sup Ik(x, a)l].
=0

For each i, define ff(x, iA) to equal Ul on 1, and use any locally Lipschitz continuous
interpolation for x/ 1Bt. Thus the costs with use of (.) (on one hand) and use
(on the other hand) of (x(iA), iA) for t [iA, iA + A) and each differ by at most
/2. In fact the latter control and (.) differ on a set whose probability is less than
the right side of (3.6). QED

4. Weak convergence of and approximation of the optimal controls for x(.). In
this section we work with the control problem on [0, T] and prove (Theorem 5) that
the weak limit of any (weakly convergent) sequence of admissible relaxed control for
(4.1) is an admissible relaxed control for (3.1) and that the corresponding costs
converge. Then, in Theorem 6, we show that any smooth "nearly optimal" feedback
control for (3.1) also is "nearly optimal" for (4.1) for small e.

Let 0, and let (.) be a -optimal admissible relaxed control for the process
defined by

(4.1) 2 b(x, )m,(d)+ b(x, )+ g(x, )/e,

with cost function (3.5). For convenience, we define all m(. on [0, ). In the analysis
below it is convenient (but not necessary)Jo have I b(x(), )m,(d) right continuous
(in order to be able to readily evaluate A). Owing to the Lipschitz condition and to
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the continuity and growth conditions, for each e we can suppose (w.l.o.g.) that rh(. ),
is, in fact, constant on intervals liar, iA +A) for small enough A.

Define Lm, the infinitesimal operator of x(m,.) defined by (3.1), by

1
L’f(x)=f’x(x) b(x, a)m,(da)+-Xfx,x(x)a(x).

id

THEOREM 5. Assume A1-A3. Then {x(rh, ), rh( )} is tight in Dr[0, CX3) M().
Let (x (rh, ), rh (.)) (x(th,. ), rh (.)). There is a w(. such that rh (.) is admissible
with respect to w(.) and

(4.2)

Also

dx=dt b(x, a)m,(da)+cr(x) dw.

Ior’ I rh ds x daR(rfi) E k(x(s),a

E k(x(s), a)rh(ds x da)= R(rh).

Proof. We first work with a truncated system, since tightness is easier to prove if
the x(.) paths are all bounded (see e.g. [3, Chap. 3.3 or 4.6.4] or [9]). Let q(.) be
a twice continuously differentiable function satisfying qm(x)= 1 for Ixl N, q (x) 0
for }xl N+ 1 and qm(x) [0, 1] for all x. Define bm(x, a)= b(x, a)qN(X), gN(X, )=
g(x, )qs(x), etc., and let x’N(") denote the. solution to (4.1) corresponding to the
use of bs, S, gm, and (" ).

Part 1. Tightness of {x’s (.)}. Since U x [0, tl] is compact for each tl <, {(" )}
is tight in M(). To prove the tightness of {x’m(. )}, we use the first order peurbed
test function method of [3, Chap. 3] (see also [9]). Let f(.) . Then (write x for
x’m (t) for convenience)

f(x) =f(x)[f bu(x, a)(da)+b(x, (t))+gu(x, (t))/e].
For arbitrary T< and for tN T, define f(t)=f(x’N(t), t), where

f(x, = f(xg(x, (sll as/

lt/e

Under Al(a), f;(t)= O(e). Under Al(b), f(t)= O(e)[(t)l. In either case

We have

sup If(t)l 0 as e 0.

Af(t) --f’(X’N(t))gN(x"N(t), (t))/e

eN e,N+- ds[f’x(x (tllE,gc(x’rv(t), (sl)]xx (t).
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Define if(t)=f(x’N(t))+f(t). Then, writing x for x’N(t), using the above results
and a scale change s/e2- s,

f bu(x, a)rh;(da)+f’(x)gu(x, (t))ffiff ff X

T/e

+ as ET[f’x(X)gN(x, (s))]’xgN(x, (t))
d t/

(4.3)
T/

+ e ds E;[f(x)gN(x, sC(s))]x

Under Al(a), the second and third terms in (4.3) are O(1). Under Al(b), they are
O(1)[1 / I:(t)12]. Under Al(a), the last term is O(e), and under Al(b) it is O(e)[1 +
Is(t)12]. In either case the conditions of Theorelh 0 hold. Hence {x’N(.)} is tight in
Dr[0, o3).

Part 2. The martingale problem satisfied by the limit. Let e index a weakly conver-
gent subsequence with limit denoted by xN(.), th(.); i.e., {x"N(.),rh(.)}=:>
(XV( ), rfi(.)). There is an (to, t)-measurable ,(. such that rht(U) 1 and

f(s, a)rh(da) ds f(s, a)rfi(ds x da)

for each continuous f(.). This is a consequence of the fact that th{Ax[0, t]} is
absolutely continuous for each Borel A, uniformly in to, A, which implies that the
(measurable) limit

lim [th{A x [0, t]}-tfi{A x [0, t-A]}]/A= rht(A)
A

exists for a.a. (to, t) for each Borel A.
Define Lv as L" was defined, but with the use of bv and gN instead of b and .

Let f(. and define M}( by

MT(t)=f(xI(t))-f(x(O))- Lf(xl(s)) ds.

We next show that MV(.) is a martingale with respect to BU(t)
tr{xv (s); rh(A x [0, s]), Borel A, s _-< t}.

We know that xU(.) has paths in Dr[0, c), but we have not yet proved that the
paths are in Cr[0, ). There are at most a countable set of t-points such that P{xU(
is discontinuousat t} > 0. Denote this set by ff {ri}. In what follows, until continuity
is established, the 6, t, + s do not take values in if-. Let h(. be bounded and continuous
and let 6 < < + s. Let q and q2 be arbitrary integers and kj(. arbitrary bounded
and continuous functions. By (2.1), (2.2), and a change of scale (s/e2--> s) for one of
the terms, we have

Eh(x’lV(6), (k/, )t,, i<--q,,j<--q2)

{f(x’lV(t + s))-f(x’N(t))+f(t + s)-f(t)
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(4.4)

’+

f,(x.,U(r))bu(x.U(T), a)rh(drda)

t+s

drE; [f(x’N(r))gN(x’N(r), (V))]gU(x’N(r), ()) dv
t 2

+terms which go to 0 in mean as e 0[ =0.

Owing to (2.1) and (2.2), (4.4) h61ds with or without the E7 term on the right-hand
side. Recall that (f m),=of(s a)m(ds x da).

Now take limits (e ->0) in (4.4) and use Skorohod imbedding ([10, Thm. 3.1.1]).
The imbedding allows us to define the probability space so that the weak convergence
becomes w.p.1, in the topology of the space Dr[0, o3) M(o3). We use the imbedding
without changing the notation, where convenient. The f terms in (4.4) disappear as
e--> 0. Also by the weak convergence and Skorohod imbedding,

bN(X’U(r), a)rh(drxda)- bs(XN(r), a)rh(dr x da),

w.p.l., uniformly on each finite interval. Next consider the second integral term in
(4.4). We will show that

(4.5) lim E
t+s

E)u(x’U(r), (r)) dr

Since {x’u(.)} is tight in Dr[o, o3) it is essentially a right equicontinuous set in the
following sense. Given p > 0 and T < o3, there is a compact set 12p c Dr[0, T] such that

P{x’U (. 6 lp} >= l p.

For y(.) e Dr[O, T], define wv[a, b) sup {ly(s) y( t)]" s, re[a, b)} and define

w(6) infmax Wy[ti, ti+l),
{ti} i<q
q

where 0 to <"" < o T and ti+l- ti >= 6. Then 1, p. 116]

(4.6) lira sup w()=0.
6 y(.)p

Because of this "equirightcontinuity" characterization, to get the limit (4.5) it is
sufficient to evaluate

’+

(x,’ A)limlimE E "bu r r) dr
a$O

t+s

<_-lira lim E E_a(x’N(r-A),(r))dr -= lim lim Kx.
AS0 AS0

There are constants Cu and Cv depending only on N such that, under Al(a)
,’, ,N A) C]._ox (- ())1<--_ C,4(A/:),
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and under Al(b)

[E:_at;(x,’(-A), :())1--< C%[exp- ZA/e]l:(- A) 1,
where b(. is the mixing rate Al(a) for so( ), and exp-At is a bound on the norm of
the correlation matrix (under Al(b)). Thus, under Al(a), lim Kx=0 for each A>0.
Under Al(b) K O(exp -hA/e2) t,+ [(r)[ dr. Thus (4.5) holds.

By a very similar technique we can show that, as e o, the double integral term
in the brackets in (4.4) converges (in mean) to

(4.7) d E[f(x ())g(x (r), (s))];g(x (), (0)) ds.

The expectation in (4.7) is over the (. only. The x(r) is considered to be a fixed
parameter when taking the expectation. This last limit result is, in fact, a special case
of [3, Thm. 5.11]. Thus

Eh(x (t), (k, )ti, ql,j q)
(4.8)

t+"[f(xN(t+s))--f(xU(t))-- f Lf(x(r)) d,] =0.

Since ql, q2, h(.) and the k(.), ti, t, s are arbitrary (with ti, t, + s -= {’}), the
assertion that the M(.) are {BN(t)} martingales is proved.

It follows from the fact that xN( solves the martingale problem in Dr[o, )
associated with the local operator L that xN(") has continuous paths w.p.1.

Part 3. Representation of the limit. Define rN(x)= r(x)ql(X). Since the M(.
are martingales with respect to BS(t), there is a standard Wiener process wN(")
(augmenting the probability space if necessary, via the addition of an independent
Wiener process if a(.) is degenerate) such that wS(t) is. BN(t) adapted, xN(.) is
nonanticipative with respect to w(.) and

(4.9) dx dt I N(x’ ce)rh,(dce) + o’(x) dw1’I.

Also, since w(.) is BN(t) adapted, the rh(A x [0, t]) and tilt(A) are nonanticipative
with respect to wN(.). Hence rh(.) is an admissible relaxed control for the problem
with coefficients b, O’N.

We now let N - and use a "piecing together" argument to get the representation
(4.2).

The last assertion of the theorem follows from the weak convergence
(x(.), rh(.))=(x(.), rh(.)), and the continuity of the process x(.). QED

Remark. With a simpler proof (not requiring working with {rh (’)}) we have the
following. Let u(. be a (time-dependent) feedback control which is continuous in x,
uniformly in on each bounded (x, t) set, and for which the martingale problem
associated with 1.3) has a unique solution. Then x u,. ==> x( u," ). Also R u R u ).

THEOREM 6. Assume A1-A3. Let 6 > O. For thefeedback control ft (.) of Theorem
4 on any Lipschitz continuous (uniformly in t) 6-optimal control (. for x(. ), we have

(4.10) lim[g’(tT) inf g(m)]<=6.
mRC

Proof By the weak convergence argument of Theorem 5, x(a,")x(, ") and
R () - R(a). The theorem follows from this since

R (rfi)-R(rfi)-_> inf R(m)>-R(a)-6.
mRC

QED
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5. The discrete parameter case. An advantage of the weak convergence point of
view is that the discrete parameter case can be treated in almost the same way as the
continuous parameter case.

Let the system be given by

(5.1) x+ x, + e f b(x, a)m,(da)+ e(x, sc,)+x/-{g(x, ,),

where {,} satisfies the discrete parameter form of Al(a) or Al(b) and the conditions
on g(. ), b(. ), b(. and k(. in A2-A3 hold. Also, assume that the discrete parameter
relaxed control rn,(.) depends on {-1, x,j <= n} only. For any admissible relaxed
control m(. for (3.1), define the infinitesimal operator L" by (which implicitly defines
b(.) and tr(.))

(5.2)

L"f(x) =f’(x) b(x, a)m,(d)+1/2 , E[f’(x)g(x, :,)]’g(x, sCo)

=-f’(x) (x, c)m,(da)+. .f,xj(X)ai(x).

The discrete parameter case can easily be put into the framework of the last
section. The optimal policy for the discrete parameter case would not usually be
"relaxed," but it is convenient to represent it as a relaxed control, since the limit
controls might be relaxed. Define x(.) by x(t)=x, on [he, ne+e), and define rn(.)
by

(5.3) m(A x [0, t]) e
n=O

m,,(A) + e( t- e[t e])mt,/l(A).

Let 6 -0 and let rfi( be a 8-optimal control for (5.1).
THEOREM 7. Under the conditions of this section, Theorems 5 and 6 hold for the

discrete parameter case.
Remark. The proof is nearly identical to that of Theorems 5 and 6. One uses the

discrete parameter versions (in [3]) of the theorems which were cited to that reference
and the definition of f(ne) and E, given in 2.

6. Average cost per unit time. In this section, (x( ), sc( )) will be a Markov-Feller
process with a stationary transition function when the control is of the feedback form
u(x, ), and so(.) is a Markov-Feller process. Let PM denote the class of U-valued
functions of x for which (1.3) has a unique (weak sense) solution for each initial
condition, and let PM denote the class of U-valued continuous functions of (x, )
for which the corresponding (x(.), (.)) is a Markov-Feller process (e.g., PM
includes all U-valued locally Lipschitz continuous functions). We work with (6.1), the
same system dealt with in the previous section.

(6.1) b(x, u)+ fg(x, )+ g(x, )/e.

Let SR denote the class of stationary admissible relaxed controls for (3.1) such that
for each m(. SR, there is a process x(rn,. where the pair (x(rn,.), m(. )) is stationary,
and define SR analogously for (6.1). When writing infmSR F(x(" )) for some function
F(. ), we infimize the functional values over these stationary pairs (x(rn,.), rn(.)).

The cost function (for a relaxed admissible control) is

lim
1 Iorl7" - Ek(x(t), a)m,(da) dt=- y(m)
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and, for a feedback control,

li---
1 forr

Ek(x(t), u(x(t), sc(t))) dt=- y(u).

We define the costs y(u) and y(m) for the controlled diffusion x(.) in the analogous
way.

It is convenient to start our analysis with some additional assumptions. They will
be discussed and sufficient conditions given for them in the next section.

Conditions C1-C4 hold in very many cases of interest. C1 and C3 are basically
uniform (in the control) recurrence conditions. They certainly hold if the x(t) are
confined to a compact set. But, more generally, if the system has a stability property
for large Ixl, then it can often be exploited to get C1 and C3. See 7.3. Also, a nearly
optimal stabilizing control for (1.3) is often a stabilizing control for (6.1).

Condition C1. There is eo>0 such that for each t>0, there are continuous
3-optimal controls u’(., .) PM such that {x( ’u ,t),t<,e=eo}istightinR

Condition C2. For each 3 > 0., there is a continuous 6-optimal control as( in
PM for (1.3) for which (1.3) has a unique invariant measure /x( ), and such that
(. PM for small e.

Condition C3. For the (. in C2, {x(fi, t), <, e > 0} is tight in R r.
Condition C4.

inf 3’(u) inf y(m).
uPM mSR

Theorem 8 says that if fi(.) is a &optimal control for the diffusion, then its use
with the x( gives a nearly (3iS-optimal) result for small e.

THEOREM 8. Assume A1-A3 and C1-C4. Then for each 3 > 0, and small e,

(6.2) y()-< inf y(u)+33.
PM

Proof Fix 6 > 0. fi(.) will be the function defined in C2, and u’(.) will be the
function defined in C 1. Let P’(x, , t,. denote the transition function for the Markov-
Feller process (x(- ), :(. )), under the control u’( ). Define the measures

l forP(.) -- E P’x(O), (0), t," dt,

where the average E is over the possibly random initial condition (x(0), sc(0)). Then

(6.3) y(u’) 1- f P(dx x d)k(x, u’(x, )).
T

Let :(t) take values in R k, and let M(O) denote the set of probability measures
on R/k with the weak topology. By (C1), the set of M(0)-valued measures {P(. ), T <
} is in a compact set in M(0). It follows from Benes [11] that the limit of any weakly
convergent (in the topology of M(0)) subsequence is an invariant measure for
(x( ), sc( )), with the control u’( used.

Let T, be a sequence such that it yields the limT in (6.3) and also P(.)
converges weakly to an invariant measure/z’( for (x( ), so’( )). Thus

7(u’) I k(x, u’(x, ))tz’(dx x d).

Let ((.), (. )) denote a stationary process corresponding to the invariant measure
,(.).
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Write the control u’( for ((.), *(. )) in the form of a relaxed control, which
we call m"( ), with derivative m’( ). Let m.’ denote the measure valued process
which is the time derivative of m’( x[0, t]); i.e., the process with value m’(.) at
time t. Then the pair (state, relaxed control derivative) of processes ((’), m’) is
stationary. Alternatively, for any sequence {ti} and set of increasing numbers {si}, the
distributions of {:(t + ti), m’(’x[sj + t, Sj+ "Jl" t]), i,j} do not depend on t.

By the stationarity, we can write

(6.4) y(u’) E dt k((t), a)mt (da).

By C1, the collection of invariant measures {/z’(.), e > 0} lies in a compact set in
M(0). Thus, by Theorem 5, {(.), m’(.)} is tight in Dr[0, o)x M(oo). Let e index
a weakly convergent subsequence with limit ((.), m(.)). The limit is of the form
(4.2), with the admissible m( replacing the rfi(. there. Let m. denote the measured-
valued process which is the time derivative of m( x [0, t]) (with value m (’) at time
t). By the stationarity of (x( ), m.’), the limit pair (state, relaxed control derivative)
(:(.), m.) is also stationary, and by the weak convergence

(6.5) "y’(u’)- E dt k((t), ot)m(dot).

Owing to the stationarity of (;(.), m.), the right side of (6.5) equals

(6.6) y(m) lim-E at k((t), t)m,(d).

We now apply (. to (x( ), sc( )). Define/3(. as P(. was defined, but
with (x (a,.),(.)) used. Choose T,-o such that Pr.(’) (.), an invariant
measure for (x(ti, ), ’(. )), and such that

| PT, (dx x d)k(x,y(a) li. "’ (x)).

Let ((.), (.)) denote the stationary process corresponding to the invariant measure

’(.) and control t (.).
By C3, {/’(. ), e > 0} lies in a compact set in M(0). Then, by Theorem 5, {(. )}

is tight in Dr[o, oo). Let e index a weakly convergent subsequence with limit ;(. ), and
control t(.). Then 5(.) is stationary and is, in fact, the unique stationary process of
the form (1.3) corresponding to the control t(.). We have, by Theorem 5,

(6.7) 2,()= E k((t), tT((t))) at E k((t), t((t))) at= y().

Also by the definition of 8(.) and C4,

(6.8)

y(a) -< inf y(u)+,
uPM

inf y(u)= inf y(rn)<-_y(m).
uPM m.SR

The theorem follows from inequalities (6.8) and the convergence in (6.5), (6.7). QED

7. On Conditions C1-C4.
7.1. On Condition C4. Let there be an optimal (average cost per unit time) policy

tT(. in PM for (1.3) and such that the associated diffusion (. has a unique invariant
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measure which we denote by/xa(.). Let the potential

C(x): Ex[k(x(s), (Z(s)))- /] ds

and constant /satisfy the Bellman equation

(7.1) ,r/=min [t"C(x)+ k(x, u)].
uEU

See 12] for one set of conditions guaranteeing this. Let m(. SR, with the associated
stationary process x(m,. )= x"’(. and stationary measure/x’(. ), where xm( satisfies
(4.2) for tfi(’)= m(’). Suppose that for any such m(.) with finite ,(m),

(7.2) f IC(x)lu"(dx) <.
Then (7.1) implies that for any T <

/T<=EC(x"(T))-EC(x’(O))+E k(xm(t), a)m,(da) dr.

Then, by the stationarity of x"( ), /-< ,(m), and C4 holds. A sufficient condition for
(7.2) will be given in ?.3 below.

7.2. On Condition C2. We use results from [13], where the system b(x, u) was
assumed to have a stability pr,operty, uniformly in u(.)PM. Write b(x,u)=
B(x) +/(x, u), where B(. and B(. satisfy the conditions on b (.) in A2, and/(.
and r(.) are bounded, k(.,.) is bounded and continuous, and {aq(x)} is uniformly
positive definite and satisfies A3. The model is such that the stabilizing effects of B(.
overpower the effects of/(x, u) for large Ixl. This, together with the positive definitive-
ness, will essentially guarantee C2. To quantify the stability property for large Ix], let
there be a twice continuously differentiable function V(.) such that 0=< V(x)- c as

Ixl-,o and, for some compact set K and /3 >0, L"V(x)<--fl, for x K and all
u(.) PM. (L is the differential generator of (1.3).) Let there be c>0, a >0, q(x)>=O
such that L’V(x) <- c- q(x), where inf q(x)/V(x) >= a. Typically V(.) would be a
Lyapunov function for the system B(x); e.g., if B(x) Ax where A is stable and
for Q> 0, P can be defined by A’P+ PA =-Q, and we use the Lyapunov function
x’Px= V(x). Note that our c and V(x) are called c2 and W(x) in [13].

Under the above conditions, Theorems 3.1, 4.2, 4.3 and the proof of [13, Thin.
4.4] imply the following facts" To any u(. PM, there is a unique invariant measure
/x"(.) for (1.3) and {tz"(’),u(’)PM} is in a compact set in M(0); let u(.) be a
/2-optimal control in PM, smooth or not, and let

(7.3) u(x)- u(x) in L(R), u(.) PM.

Then for each Borel set A,/x (A) /x (A) and

These facts imply that for any given /2-optimal u(.), there is a locally Lipschitz
continuous a(.) such that

,(a- ,(u__< /.
Reference 13] uses a convexity condition (A3 there) on the set {b(x, U), k(x, U)}

and on U. But, this convexity condition was used only to prove the existence of an
optimal control. The smooth /2-optimal control always exists.
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7.3. On the assumption (7.2). Again, we use results of [13]. Let C(. satisfy (7.1)
and assume the conditions of 7.2. Then [13, proof of Lemma 5.1],

IC(x)l_-< K(1 + V(x))

for some K < oo (our C(x) is called V(x) in [13]). Adapting the proof of [13, Lemma
5.1] to our "relaxed" control case and using the c and a of 7.2, we get for any M < oo

and relaxed control m(.),

c -> lim aE min [M, V(x(s))] dt.
t-->

By the stationarity, the integral equals aE min [M, V(xm(0))]. Since M is arbitrary
and c does not depend on m(.), (7.2) holds.

7.4. On Conditions CI, C3. Under a suitable stability condition on the limit system
x(.), both C1 and C3 can be shown via a perturbed Lyapunov function method. In
particular, we use some of the results of [3, Chap. 6.6] and [14]., We use the form
b(x, u)= B(x)+ B(x, u) and

(7.5) =B(x)+(x,u)+g(x,)+g(x,)/e
and A2, A3, Al(a). Assume that B(. and/(. satisfy the conditions on b(.) in A2.
Analogous results can be obtained under Al(b), via the method in [3, Chap. 6.8]. We
require the existence of a Lyapunov function V(. satisfying certain inequalities. In
applications, the assumptions are essentially equivalent to B(.) strongly dominating
the effects of the other terms for large Ix[.

We begin with an adaptation of a perturbed Lyapunov function method of 14],
but with a simpler perturbation. Let V(.) be a twice continuously differentiable
nonnegative function such that V(x)-oe as Ixl-*oo and D1-D4 hold. The K below
are constants.

Condition D1. There are a > 0, c < oo, such that

V’x(X)B(x)<=-aV(x)+c and IV’(x)(x, u)l/V(x)-Oas]xlc;
Condition D2. IV’(x)g(x, )l+]Wx(X)(x, :)1_-< K(1 + V(x));
Condition D3. I(V’(x)q(x))’p(x)l<- K(1 + V(x)), for the pairs

q(.)=f(.),p(.)=B(.),;(.), /(.)andg(.) and

q(.) g(.),p(.)= B(. ), /(. ), /(. );

Condition D4. 1[ V’x(X)g(x, )]’g(x, )1! v(x)-, o as Ixl- 
Define V(t) V(x (t), t), where

(7.6) V(x, t)= V’(x)ETb(x, (s)) ds+- V’(x)Eg(x, (s)) ds.
E

By a change of scale s/e s and A1 (a), D2, we get that the first term is O(e2)[ i + V(x)]
and the second is O(e)[1 + V(x)]. Define the perturbed Lyapunov function W(t)=
V(x(t))+ V(t). Then (write for x(t) and for (t), where convenient)

,V(x) V’(x)[B(x)+(x, u)+(x, (t))+g(x, (t))/e],

eVl(X t) Vtx(X))(x, (t)) 1
V’x(X)g(x, (t))

+ ds[V’(x)ETb(x, :(s))]’
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+- ds[V’(x)Eg(x, (s))]’2e.
E

By using the scale change s/e- s, Al(a) and D1 to D4, we get that there is a
function h (x) ->_ 0 such that h (x)/ V(x) 0 as Ixl and such that

(7.7) ,W(t)<=-aV(x(t))+ h(xe(t)).

By the bound on V(x, t) below (7.6), we can write (for small e > 0)

aVe x(7.8) ,W t) <- ---j (t))+Cl,

for some c <. Inequality (7.8) yields, for some c <,
(7.9) EVE(t) <= e-’/2EV (0) + c2.

Now use the bound on W(x, 0) obtained from the estimates below (7.6) to get that
(for some eo> 0)

sup EV(x (t)) < c,
0=>

which yields C1 and C3.
By using the method and conditions in [3, Chap. 6.8], the conditions D1-D4 can

be weakened. In particular, V’(x)B(x) <=-aV(x)+ c can be replaced by the condition
that V’(x)B(x)<-_-a <0 for large Ix], and some a > 0.

8. Extensions. Extensions of the results in 4 to 6 to all the standard control
problem formulations are quite possible. Here, we mention only a few possibilities.

8.1. Stopping times. Let G be a bounded open set with a piecewise ditterentiable
boundary, and define

Re(m) E ds k(xe(s), a)m(da),

r(m)=inf {t: x(t)_ G},

where xe(.) is the solution to (4.1) which corresponds to m. Define R(m), the cost
for (3.1) in a similar way, with r(m)=inf{t: x(t)! G}.

In extending Theorem 5 to this case, only two problems arise. First, is
supe Ez(me)<oo for the various sequences {me(’)} which are used? Second, if
(x( ), me( ))=>(x(" ), m(. )), do the exit times also converge?The answers are affirma-
tive under broad conditions, certainly if {a2(x)} is uniformly positive definite in G.
We discuss the questions in the simple case where :(.) is Markov and bounded.

Suppose that there are > 0 and p > 0 such that

(8.1) inf Px{x(m, t)_ N(G), some <- T}>-p,
mRC

where N(G) is a 6-neighborhood of G and P, denotes the probability given the initial
condition x. Then it follows that there is a pl > 0 such that for any sequence of
m(.)6RC

(8.2) lim inf P,,.e{x(m e, t): G, some t<=2T}>=pl.
,xeG

where P,e denotes the probability given the initial conditions x, .
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Suppose that (8.2) is false. Then there are e -> 0, and (bounded) initial conditions
x G and :, such that

(8.3) lim Px,,,(x(m, t)/G, some t_-<2T) =0.

There is a subsequence (indexed by e) and m(.) RC such that {x(m,.), m(.))
(x(m, ), m(. )). Then (8.3) is contradicted by (8.1). It follows from (8.2) that there is
an eo 0 such that

sup E,er rn < oo, x G, .
eoe0

In the nondegenerate case, if (x(m,.), m(.))(x(m,.), m(.)), then the exit
times also converge. This follows from the weak convergence and the fact that x(m,.
crosses the boundary of G indefinitely often in -(m), -(m) + A], for any A 0.

8.2. State tlel)eatleat aoise. The results of 4 to 6 can be extended to the case
where the evolution of :(. depends on x( or {) depends on {x,). The technique
is a combination of the control "representation" results of this paper, and the weak
convergence methods of the state dependent noise or singular perturbations sections
of [3]. The main problems concern, as before, tightness and the representation of the
limit as a particular control problem.

One particular case in [3] concens Markov (x,, --1), where if x, is fixed at x,
the (: is a Markov process with a unique invariant measure (see e.g., [3, Chap.
5.8.3]). Systems such as (1.6), or the wide band-noise driven forms can also be treated
if the g(.) there does not depend on u.
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THE OBSERVATION SPACE AND REALIZATIONS
OF FINITE VOLTERRA SERIES*
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Abstract. In this paper we extend the results on the theory of realizations of finite Volterra series by
exploiting the structural properties of the observation space. In general, two distinct minimal realizations
of a finite Vo|terra series may be constructed, one based on the properties of the observation space and the
other based on the properties of the Lie algebra. Both these realizations display the canonical structure

found earlier for such systems. The results given here also yield information on the observation algebra
generated by functions in the observation space, just as previous work gave information on the Lie algebra.
As an application, the structure found here is applied to the finite-dimensional filtering problem for these

systems.

Key words, realization theory, Volterra series, observation space, canonical form, polynomial form,
filtering, algebra
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1. Introduction. In the paper by Crouch [2], some fundamental properties of
systems with finite Volterra series were worked out. In this paper, we present some
further structure for these systems. The main aspect under consideration is the observa-
tion space, introduced for nonlinear systems, to deal with problems concerning observa-
bility. We restrict our definitions in this paper to linear analytic systems of the form

(1)

2, f(x) + , uigi(x), x e M,
i=1

y h(x), 1 <- <- p, x(O) Xo, f(xo) 0

where M is a real analytic manifold, f, gl"’" gm are analytic vector fields on M, and
hl’"hp are analytic functions on M; however, most concepts are generalizable to
smooth systems. The observation space denoted is the smallest vector space of
functions on M which contains hi’" hp and is closed under the Lie derivative by the
vector fields f, gl"’’gm. In general, is infinite-dimensional. We denote the Lie
derivative of a function h by a vector field X by Lxh and define Lkx(h)= Lx(Lkx-l(h)),
Llx(h Lx(h ). We let M denote the algebra over generated by under the operations
of pointwise multiplication, addition and scalar multiplication. M is called the observa-
tion algebra. Let denote the Lie algebra generated by the vector fields f, gl gin,

and let IX, Y] denote the Lie bracket of vector fields X and Y.
For many problems in nonlinear systems theory the object of primary importance

has been the Lie algebra . However, as stated above for questions concerning
observability, the vector space seems to be the correct geometric/algebraic object
to consider, especially for analytic systems--see Hermann and Krener [6]. Further use
of has been made in realization theory (see Hijab [7] and Fliess and Kupka [8]).
In estimation theory, some use has been made of the algebra M, Hijab [7]. Further
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use has been made of certain subspaces of and distributions orthogonal to them,
Gauthier and Bornard [13], Aeyels [14] and Nijmeijer [15], to obtain canonical
representations of systems with specifi/ observability properties.

The main aim of this paper is to exploit and to obtain further structural
properties of systems with finite Volterra series. In 2 we begin by making some
comments on the definitions used when referring to properties of system (1). Then,
because of their connection with later work, we review two results. The first is a
little-recognized result of Fliess [16] concerning the local structure of the algebra .
The second result gives necessary and sufficient conditions for a system (1) to have
an input-output map represented by a finite Volterra series. This result sharpens that
obtained by Hijab [7] and Fliess and Kupka [8] for bilinear systems.

In 3 we recall the canonical form for realizations of finite Volterra series obtained
in Crouch [2] using the machinery of graded vector spaces. In order to distinguish
this canonical form from others introduced in the works cited above, and motivated
by the polynomial nature of these realizations, we refer to this canonical form as the
graded polynomial form, or g.p.f. We then define the graded controllabl polynomial
form, or g.c.p.f., and show that the minimal realizations of finite Volterra series obtained
in Crouch [2] are indeed in g.c.p.f. A system in g.c.p.f, is defined with the aid of a
finite set of integers, such that any two minimal realizations of a finite Volterra series,
both of which are in g.c.p.f., have the same set of integers. These integer invariants
coincide with those introduced in Crouch [2].

In 4 the graded observable polynomial form, or g.o.p.f., is defined. It is shown,
by utilizing the structure of , that minimal realizations of finite Volterra series can
be constructed which are in g.o.p.f. This canonical form differs substantially from the
one appearing in Nijmeijer [15]. The g.o.p.f, is defined with the aid of another set of
integer invariants which are not related to the observability indices introduced in
Nijmeijer [15]. Even for minimal realizations of the same finite Volterra series, the
two sets of integer invariants defined here need not coincide, but they do coincide for
systems with finite Volterra series consisting of a single term.

It is easily verified from the structure of the g.o.p.f, that the observation algebra
is a polynomial algebra. However, we show that this result is true for any minimal

system in g.p.f, and in particular for a minimal system in g.c.p.f.
In 5 we consider the estimation problem for a system with finite Volterra series

driven by white noise, and use the results obtained in the previous sections to obtain
a better description of the estimation algebra in this case.

Some of the constructions, using the observation space as detailed here, were
obtained simultaneously by Kupka [12], but it is made clear there that the main aim
is to give alternative proofs of some results in Crouch [2]. It is important to understand
that we regard many of the results obtained here as complementary to the results in
Crouch [2], and we therefore compare and contrast the two constructions where
possible.

Since this paper was written, further work on the two canonical forms has been
developed (Crouch and Collingwood [19] and Collingwood [20]). The structure of
the observation algebra also helped motivate the new and innovative work by
Bartosiewicz [21] and [22].

2. Preliminary properties of the observation space. In dealing with system (1) we
need to use concepts of controllability, observability and minimality, which have been
worked out for nonlinear systems (see, for example, Sussmann and Jurdjevic [9], and
Hermann and Krener [6]). A minimal system is defined as one which is orbit minimal
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and observable. For analytic systems, orbit minimality is equivalent to the controllability
rank condition

(x) {X(x); x e 2} rxM, x e M,
where TxM is the tangent space to M at x. This is in turn equivalent to accessibility
of the system; that is, the reachable set has nonempty interior in M from every initial
state. Let 6 be the ideal of generated by the vector fields

adkf(g,), k>-O, l <-i<-_m,

adf(g) [f, ad-lf(g)], adlf(g) [f, g].

Since we assume f(xo) 0, we have 6e(x) (x) for all x e M. Thus the controllability
rank condition is equivalent to 6e(x)= TxM for.all x e M. This in turn implies strong
accessibility of the system, that is, that the reachable set at time T> 0 has nonempty
interior in M from every initial state. Thus, in our situation, we are dealing with strictly
autonomous systems.

For the sake of simplicity, we shall refer a system which satisfies the controllability
rank condition as controllable rather than by the more traditional terms accessible or
weakly controllable. Similarly, we shall refer to a system which satisfies the observability
rank condition

d(x) {dh(x); h e } T* M, x e M

and T*xM is the cotangent space to M at x, as observable, rather than by the usual
term weakly observable. In general, a system may satisfy the observability rank
condition and fail to be observable in the usual sense. With the definitions above, a
controllable and observable system need not be minimal in general. So when minimality
is required this will be explicitly stated. As a matter of interest, it is proved in Crouch
[2], that a controllable and observable system as defined here, which has a finite
Volterra series, is indeed minimal. This mitigates the terminology used here to some
extent.

Before we give the first result of this section, we quote the following lemma whose
proof is a simple exercise in differentiation (see Collingwood [20]).

LEMMA 1. For 1, 2 let

2, =fi(x,) + E ujgj(xi), xi e ’, x (0) gi,
j-----1

Yk h 1 < k<p

be two systems with the same input-output map. Let , 1, 2 be the observation spaces,
and , 1, 2 the Lie algebras for systems , 1, 2, respectively, and let x(t)

1, 2 denote the solutions of the respective equations subject to the same inputfunctions
u( t). en

(i) If is controllable, there is a unique linear surjection fl: 2 satisfying

fl()(x(t)) (xT(t))

for all , and trajectories x, when both sides are defined.
(ii) If 2 is observable, there is a unique Lie algebra homomorphism A:I ,

satisfying

A(f)=f and A(g)=g, lim.

We give a proof of the following result, originally obtained in Fliess 16], because
ofthe more geometric flavor and its intimate relation with subsequent results, especially
Theorem 4.
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THEOREM 1 (Fliess [16]). Given a controllable and observable system (1), then
about any state Xo R n, there exists a coordinate chart U, d ), d(xo) O, d U- Vc R,
such that in the resulting coordinates z z on V, the system’s observation space contains
all of the coordinate functions z - zi, 1 <- <- n.

Proof. Since the system is observable, it satisfies the observability rank condition
dYg(x)=T*M,xM, and so there exists functions bl’’’b,, such that
dbl(X) dc,(x) span T*xM for each x U, a neighborhood of Xo. It follows that the
map x- b(x) (bl(x), ", b,(x)) (Zl z,) z is a diffeomorphism from U onto
some open subset Vc ". Define vector fields and functions on V by

F(z) b,f(th-l(z)), Gi(z) ,gi(d,b-l(z)),
Hi(z) hi c-l(z).

This defines a system on V

= F(z)+ uiGi(z), z V, z(O) ch(Xo),
i=1

(2)
Yi Hi(z), 1 <- <- p,

which has the same input-output map as system (1). Since both systems are clearly
controllable on U and V, respectively, by Lemma 1 we have

h b-l(z(t))= fl(h)(z(t))= h(x(t))

for h 6 Yg, where - x(t) and - z(t) are the solutions of systems (1) and (2), respec-
tively, and defined where z(t) is defined.

Denote by q: V-*R" the analytic map z(blo b-l(z),..., b, b-l(z))=
(fl(bl)(Z),’’.,/3(b,)(z)). Now fl(ci)(z(t))-chi(x(t)) l<-i<=n, so we have q(z(t))-
z(t), when z(t) is defined. Since system (.2) is controllable on V, the reachable set of
system (2) from z b(Xo) contains an open subset of V. Thus, q is the identity map
on an open subset of V, and hence by analyticity it is the identity map on the whole
of V. It follows that fl(qbi)(z)= zi on V and hence z- zi is in the observability space
of system (2) for 1_-< i-< n.

Note that if in the situation above the observation space also contains the constant
functions then the algebra 4 in the coordinates zl"" z,, is simply R[Zl""" z,], the
ring of polynomials in Zl z,. We show later that this happens globally for minimal
realizations of finite Volterra series.

We now turn attention to the problem of establishing conditions under which an
analytic system (1) has an input-output map described by a finite Volterra series. We
use the technique of Hijab [7] and Fliess and Kupka [8], and although the result is
not particularly innovative given the works above and Crouch [2], Fliess [17] and
18], we include its proof as an introduction to the structure of the observation space.

THEOREM 2. Give a controllable system (1), then its input-output map has a finite
Volterra series of length N >-_ 1 if and only if both of the following conditions hold:

(i) Y( is a finite-dimensional space;
(ii) There exists a sequence of subspaces

kc, 0_<_k_<N/l, y(N+l={0} gto=W,
O yfN N-... yf ,

such that

(a) ygN consists of the constant functions
(b) Lg,ygk wk+ 1, Lyygk ygk, 0 <-- k <- N, l<_i<__m.
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Proof Necessity: If the system has a finite Volterra series then it is realizable by
a bilinear system (Brockett [23]) in the form

, Az + Y ui( Niz / b), z(O) O, z R,
i=1

u=cz l<--i<--p.

Moreover, since the system (1) is controllable, we may supposethat there is an analytic
map 4" M R, such that given any h , there exists an affine function g on such
that h . Since the space of affine functions on is finite-dimensional, we see
that condition (i) is satisfied. As in Lemma 3.1 of Crouch [2] the last Volterra kernel
Wu(t, 1"" u)(Xo), viewed as a function Wu(t, 1"" N)(X) is a constant for each
t, 1" . Thus, the coefficients of the parameters t, 1" and their powers,
viewed as functions on M, are constant, and not all zero. These coefficients, which are
elements of , are given by the following expressions, Fliess [18], Crouch [2]"

LadO(g,)Ladl(g,2)’’’Ladm_,(g,m)L(hj) li6m, ljp, k,0.

However, by repeated use of the formula

LdXy(h) LxLy(h)- LyLx(h),

we see that the linear span of the functions above is the same as the linear span of
the functions

ko" "k, Lg,2. Lg.NLN(hj).gif

Let be the subspace of spanned by the functions

fkol lkl
lr

k 0, 1 j p, 1 i m, and set, for 0 r N,

By the arguments above is spanned by the constant functions, and it is clear
that

Thus condition (ii) of the theorem is satisfied with r,0rN 1.
Suciency" Select complementary subspaces such that+=, 0j

N, N. Thus L ,Lg .Let be abasis of forN r0,
and lt z(t) denote the vector ((x(t)),..., (x(t))) where x(t) is the solution of
system (1). We obtain by differentiation

d
d6;(x(t)) L;(x(t))+ E

i=1

Thus, using the above propeies, we obtain

d N N

(3) z(/)= 2 A;z(t)+ E u,Sz(t)
j=r j=r+l i=1

for appropriate matrix coefficients A;, B with B A =0. Also, since h, there
exist vectors c such that

N

(4) h,(x(t)) E c;z(t).
r=l
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Clearly we may set zN(t)= 1 bN the basis element of N. Writing equations (3) and
(4) in matrix form we obtain

[z] [ o o o
ZN-1 A-I N-1AN_ 0

d
=/A/-2 N-2 AN-2

Loj L

N-- BiNN-I 0 N--. iN--1 N--
i=1

a L z0 _i L s, n,, L z0 _1
N

y,(t) E ClrZr(t), 1 <--__ <--__ p.
r=l

This system evidently has a finite Volterra series of length N, for any initial state. [3

The bilinear realizations we obtain in the proof of this result are in general not
minimal, and it is the structure of the minimal realizations that we consider next.

3. Graded polynomial forms for realizations of finite Volterra series. In order to
define the canonical forms for systems with finite Volterra series, as constructed in
Crouch [2], we must introduce some notation and results from the theory of graded
vector spaces, and polynomial functions on them. All the results may be found in
Goodmann [4].

A graded vector space consists of a vector space Rn, and a specified direct sum
decomposition of Rn

Nwhere Ei=l ni n. We represent a vector x R" as the compound vector (Xl, X2, XN)
with x,, R",. If it is necessary to refer to the components of a vector xi, we shall denote
them as x, 1 <-j <- hi.

The role of each subspace is differentiated by the introduction of a dilation
(t :n _.>n

tt(x, XN)=(tx,, tNxN).
We refer to N as the order of the graded vector space. We say that a polynomial
function h on R" is homogeneous of degree k if h ,(x) tkh(x) for each x Rn. The
vector space of all homogeneous polynomials of degree k will be denoted by Qk. A
vector field X on ", with polynomial coefficients, is said to be homogeneous of degree
m, 0 _-< m _-< N, if for each k _-> 0 and each h Qk, Lx (h) Qk-m. We set Qk 0 for each
k < 0. The vector space of all homogeneous vector fields of degree m will be denoted
by P". We set

v pN o) pN o) pm, C Q O) Q O) ) QO.
A one form to on ", with polynomial coefficients, is said to be homogeneous of degree
m, if for each k, 0 <- k -< N and each X pk, to(X) Qm-k. We may represent the space
of all closed one forms on ", homogeneous of degree m by dQ’. Let Zk be the space
of constant vector fields in pk, and Wk the space of constant one forms, homogeneous
of degree k. Zk is spanned by O/OXk and Wk is spanned by dXk, 1 <= <--_ nk. If h C
and X Vk then Lx (h) Cm-k, which may be expressed in the form dC Vk) c Cm-k.

The following sequence of facts are readily verifiable using the definitions above:

N N

(5) p_ (Qk-j(R)zk), I <_j<_ N, pO_ (Qk(R)zk),
k =j k=
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N N

(6) VJ=@ (ck-(R)zk), I<-j<=N, V=@ (ck(R)zk),
k=j k=l

(7) dQ c QJ-k (R) wk), dC c-k@ wk),
k=l k=l

(8) Qk@p p-k Qk@Q Qk+
(9) [pk, n] n+k, [Vk, V] v+k.

Example 1. If 3=2 is a graded vector space of order N 3, n 1, n2 2,
n3 0, then we may express x 6 3 as (Xl, x, x). It follows that x+xx C3, while

Q3.x 6 Q2 and x2x, (x)20/Ox + xO/x pO and O/Oxl p1.
Example 2. If is a graded vector space of order N 3, nl 1, n2 1,

n3 1, then we may express x as (x,x,x). It follows that x6 Q3, o/ox+
xo/ox n’ and (x)20/Ox + (x+ (x)3)O/Ox V, while xO/Ox n’ and
(xl)Wox+ (xI)o/ox no.

Example 3. If 2= is a graded vector space of order 2 N, n n2 1 we
may express x 6 2 as x (Xl, x). Thus x Q2, o/OXl nl and (x)20/ox6 nO.

Consider the following system on ""
F(x) + uO,(x), x ", x(0) 0,

i=1

(10)
y H(x), p.

If " is a graded vector space of (order N) we say that the system is in graded
polynomial form (g.p.f.) if F 6 V, G 6 V1, 1 m, and H 6 C N, 1 p, relative
to the graded structure described above. With the aid of the identities (6) we may write
a system (10) in g.p.f, using the coordinates (x,..., XN), as

1 AlXl + al

(11) :2 A2.x2-k- a(xl). + u,
i=1

NXN "4- aN(x xv_

bil Xl

b!x) x

biN(X "" XN-1 XN:(o)J
Yi Hi(Xl XN).

Here a2(xl’’’ Xj_l) represents a vector in N5 with components in C, bi2(Xl’’" xj_l)
represents a vector in N"J with components in Cj, and Hi(x... xN) belong to C v.

We claim that any system (10), in g.p.f., has an input-output map described by
a finite Volterra series of length not greater than N. To show this, let = NFI Crq-

0-<_iN N where is the observation space of the system. Since Y( is comprised of
polynomial functions in C N, is a finite-dimensional vector space as required in (i)
of Theorem 2. Since o%e V, and Gi e Vl, we see that the sequence of subspaces /q
defined above satisfies the conditions (ii)(b) of Theorem 2. In case )N= ygf-)C o is
nonempty condition (ii)(a) is also satisfied, and the system has a Volterra series of
length N. The length of the Volterra series, in the case where 9 is empty, is equal
to the smallest integer k such that ok contains the constant functions.

It follows that the graded polynomial form defined here is exclusively used to
describe realizations of finite Volterra series. Note that in the definition relating to
system (10) we have not required that F(0)=0, but this can be imposed very easily.
Note also that there is no loss of generality in assuming that x(0)= 0, since a change
of coordinates ensuring this leaves the graded structure invariant.
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We now consider the structure of the Lie algebra of a system in g.p.f. If 1 is the
subspace of spanned by the vector fields adkf(gi), k>=O, 1 <-i<= m, for a general
system (1), and is the ideal of generated by 1 we make the following inductive
definitions. 6e1= 5e, 6e =[1, 6e,-l] and m [1, /m]o In Theorem 3.2 of Crouch
[2], it is shown that a minimal realization of a finite Volterra series of length N has
an ideal b, which is nilpotent, and 5eN+= {0}.

It follows that N/I {0} and for 1 -< i-< N

5ei=N+N-l+...+.

Assuming the system (10), defined on a graded vector space of order N, is in g.p.f, we
may define the subspaces b" V of 6 for 1 -< -< N+ 1. From the relation (9) we
deduce that is in fact a sequence of ideals of b" such that b/6i+1 is an abelian
Lie algebra with 6N+I= {0}, and

It follows that 6 is also a nilpotent Lie algebra (see Humphreys [24]), and in fact we
have = 6el o# 5e f) V1, 6e’ (S1) ( fq V1) c b f’) W c 6e fq V’ 6 for 1 -<
N. Hence 5eN/lc N/I= {0}. Thus the Lie algebra of system (10) in g.p.f, has the
same structure as the Lie algebra in a minimal realization of a finite Volterra series.

To state the main result of Crouch [2] we introduce another definition. We say a
realization of a finite Volterra series of length N defined on a graded vector space
of order N is in graded controllable polynomial form (g.c.p.f.) if it is in ,g.p.f. and

(12) V’ (0) 6e’ (0), 1 _-< i-_< N

where Vi(0) and bi(0) are the subspaces of ToR" =R" spanned by the corresponding
Lie algebras of vector fields evaluated at x 0.

From this definition we see that the dimensions n of the subspaces n, in the
graded vector space are related to the structure of the system by the relation

n, Dim 6e (0) Dim 6e+ (0).

In particular, since the dimension of 6e (x), x is the same for any minimal realization
of a finite Volterra series; any two minimal realizations of the same finite Volterra
series of length N both in g.c.p.f, must be defined on the same graded vector space

" ="’03"203 .0)R"N. In particular the integers n, 1 <= -< N are invariants, and
coincide with those integer invariants introduced in Crouch [2].

Of course, the existence of minimal realizations of finite Volterra series in g.c.p.f.
has not yet been established. This is, however, one of the main results in Crouch [2].

THEOREM 3 (Crouch [2]). A finite Volterra series which has a realization in the
form ofsystem (1), wheref+,=1 ag, a g, are complete vectorfields, is also realizable
by a minimal system in graded controllable polynomialform. In particular, the state space
of a minimal realization is a Cartesian space R for some n > O.

We now single out some special properties of realizations of finite Volterra series
in g.p.f, which are useful in subsequent sections.

LEMMA 2. If system (10) is a realization of a finite Volterra series of length N,
which is in g.c.p.f, the Lie algebra Sf contains vector fields of the form

(13) Ox t-k>,y" r(xl Xk-,) OXT’ l<--i<--N’ l<=j<--n’

k-iwith rk C
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Proof. Since the system is in g.c.p.f., 6ei(0)/6ei/l(0)= Vi(O)/W+I(o), 1<= <- N,
which by property (6) is isomorphic to ",, we may select vector fields X Sf such
that their image in 6e(0)/+(0) is 9/0 for i<-j<-_ni. Since X 5ec V it follows
that it has the form given in expression (13),

Notice that the above result shows that we may replace the condition in (12) by
the condition

Vi(x)=(x), xR, l<-i<=N.

In particular, Tx ="= V(x)=(x) for xR", so a system (10) in g.c.p.f, with
F(0) 0 is controllable.

LEMMA 3. Let , 1, 2 be two minimal realizations of the same input-output
map, each in g.p.f, on a graded vector space " of order N, and let g" be the
state space, isomorphism as guaranteed by Sussmann [10]. Then d is a polynomial
mapping.

Proof. We use the notation of Lemma 1 with M, =, i= 1, 2. Thus d(x;(t))=
x(t) for all inputs u and t->0. Let Y’ be the system whose dynamics are those of Y

be the system whose dynamics are thosewith outputs y (I)(x), 1-<i_-< n, and let 2
of2 with outputs y x, 1 -<_ -<_ n. Both ’ and Y are therefore minimal realizations
of the same input-output map. Thus, as shown in Crouch [2],

Lx,Lx Lx ck O

for allXie2C2 be2 k>N+I relative to 2" 2

are also isomorphic,

Ly,Ly... Ly() =0

for all Y e b , p e , k -> N+ 1. We may now set , cI) , 1 -<_ -<_ n, so arguing
as in Crouch [2], or Collingwood [20], we see that each cI) is a polynomial function.
Thus is a polynomial mapping. [-1

The isomorphism in Lemma 3 must also be such that - is also a polynomial
mapping, as is easily observed by interchanging the roles of and 2. Thus, the state
space isomorphisms intertwining inimal realizations of finite Volterra series, in g.p.f.,
have a very special structure. We exploit this fact in the next section.

4. Graded observable polynomial forms for realizations of finite Volterra series. In
this section we construct minimal realizations of finite Volterra series, in g.p.f, based
on the structure of the observation space . We first make the principal definition. A
realization of a finite Volterra series of length N, defined on a graded vector space
of order N, is said to be in graded observable polynomial form (g.o.p.f.) if it is in
g.p.f, and

(4) ac-(o)=a(o), O<-_k<-_N-

where dck(o) and dk(o) are the subspaces of To*[" =" spanned by the correspond-
ing spaces of one forms evaluated at x 0. k as defined in Theorem 2, is the subspace
of spanned by all functions of the form

LoLg, LL....L,L(h;) forl=<j-p, k>-O, l<=i;<=mandk<=r<-N.

Recalling the property (7) we see that if the graded vector space in the above
definition is expressed as



OBSERVATION SPACE AND FINITE VOLTERRA SERIES 325

then the dimensions mi are related to the system by the equations

mN-,+l Dim d’-(O)- Dim d(0).
In particular, since the dimension of d’(x), x M is the same for any minimal
realization of a finite Volterra series (see Crouch [2]); any two minimal realizations
of a finite Volterra series of length N, both in g.o.c.f., must be defined on the same
graded vector space. In particular, the integers, m, 1-< <-N are invariants.

Our next result shows that minimal realizations of finite Volterra series in g.o.p.f.
do in fact exist.

THEOREM 4. A finite Volterra series that has a realization in theform ofsystem (1),
wheref+= agi, a are complete vectorfields, is also realizable by a minimal system
in graded observable polynomial form. The observation space of the system in this
representation contains all the coordinate functions.

Proof. Using standard realization theory as in Sussmann [10], we may assume
that we are given a minimal realization of the finite Volterra series, with length N,
represented by the system (1) in which the vector fields are complete. As in Crouch
[2], we may assume that the state space is N= M. By observability d(x)= T*M
for each x M, where x d(x) is the distribution in the cotangent bundle d(x)=
{dh(x); h }. We select a basis for d(xo) as follows. Let b_... b?_l N-=-, as defined in Theorem 2, be such that db_l(xo)’’’ dqb_(Xo) is a basis for
dn-(Xo). Define the basis inductively, by completing the basis for dk(xo), to a
basis for dk-(Xo) using elements b,_ ._i_k+ k-b such that
dqbk_(Xo) e! dk(xo), dqb_(Xo) dqb._ck+’(Xo) are linearly independent and together
with dk(xo) span dk-l(xo).

It is shown in Proposition 4.6 of Crouch [2] that d?k(x) are constant-dimensional
distributions on M for N-1 >-k >= 0. In fact, if S Ditt (M) is the connected Lie
transformation group of M with Lie Algebra 6e, by controllability S acts transitively
on M and if yeS, dck d then y* dck( y(Xo)) dck(Xo) + W(Xo) where W(Xo)
dY(+(Xo). Since 7* is an isomorphism, one deduces that d4_(x) span dN-(x)
for all x M, 1 =< i-< m. Similarly, an inductive argument shows that

d(x),..., d’-(x) span dy(k(x) for each k, and in particular for k=0, when
dH(x) T* M.

We now differentiate these elements of W along solutions of (1), to construct the
desired realization. In particular

d
6(x(t)) Lf6(x(t)) + u,Lg,dp(x(t)).

dt =
a4 y’-  x)span dfU(x)

there exist analytic functions F’, G such that

Lfcb;(x) F(b_,(x),..., b’-(x)),

Lg,d;(x) G(ckl_,(x),

Moreover, since h e for 1 <_-i <- p, there exist analytic functions / such that

h,(x) ,
We now set (t) (ch_(x(t)), ckd_(x(t))) (,,1x(t),’" ", (t)), and let f rep-

kresent the vector with components Fu_, 1 _-< k_-< m and g represent the vector with
components Gi.u_, 1 =< k _-< m. It now follows that we have the following representation
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for system (1):

(15)

gil E [ml

i=1

kx f(l,’", (,... - kxe
Yi hi(x1," ", XN).

Since each component F(_I(X), , ?-(x,)) of u_j lies in J, and (x)j
N, viewed as outputs of system (1), they give rise to Volterra series of length at most
N-j. Thus, with respect to the graded structure defined by system (15)

R inil Rm2t. []rnN,

we see that Fj (xl," , xv_j) Cv- Similarly, Gij(Xl )N--j+I) cN-j+I and
h(l,""", v) CN. Thus system (15) is in g.p.f, with respect to the graded structure.

The Jacobian of the map q" M->R" defined by qg(x)= (bV_l(X),..., b"(x))
has by construction full rank at each point x M. It follows that system (15) is a
complete, controllable, and observable realization of the original Volterra series on
the range of q. However, as in Corollary 3.8 of Crouch [2], any such realization is
also minimal, so the range of q must be R", and system (15) is the desired minimal
realization of the Volterra series in g.p.f.

By mimicking the proof of Theorem 1, it is clear that the observation space of
coordinate functions x x,, 1 <- <- m. In particularsys,,tem (15) also contains all the

dygk((Xo)) is spanned by d ^m,_dtv-k and so condlton (14) is satisfied, showing
that the system is also in g.o.p.f. Finally, we claim that we may assume that q(Xo)= 0
without affecting any of the above results. But this is clear since it contains the constant
functions so we may modify each basis function b to obtain the desired result.

An immediate corollary of this result is that the observation algebra of the
realization (15) obtained above is equal to [1... ’]. However, this result is true
more generally, as we now demonstrate.

LEMMA 4. If system (15) is a realization of a finite Volterra series of length N,
which is in g.o.p.f the observation algebra Yf contains functions of the form
(16) x+ S(l "’’X-l), l<-i<=N, i<=j<=mi

where S ci
Proof. Since the system is in g.o.p.f.

df(N-i(O)/dN-i+l(O) dCi(O)/dCi-l(o), l <= <= N,
which by property (7) is isomorphic to ’,. We may select one form dqbj ds-i such
that their image in dN-’(O)/dS-’+(O) is dx for l<-_j<-_m,. But since db
dN-’ dC’ the expression in (16) follows immediately

From Lemma 4 one deduces immediately that any system in g.o.p.f, has an
observation algebra equal to [ xtv ]. This result and the remark following the
proof of Theorem 4 may be viewed as a restatement of a similar result obtained in
Fliess [16], although the result there is only local. Note also that Lemma 4 shows that

N kin the definition of g.o.p.f., equation (14) may be replaced bxv dC (x)= dk(x),
0 k _-< N 1, x M, and in particular for k 0 dC (x) de(x) dg(x). Thus, a
system in g.o.p.f, is always observable.

We now sharpen the result obtained above to show that any minimal system in
g.p.f, has a polynomial observation algebra. Note first that if the two systems Y.1 and
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Y’-2 in Lemma 1 are minimal realizations of the same finite Volterra series, and M1, ,522
are the observation algebras generated by the observation spaces 1 and 2 respectively,
then the state space isomorphism , guaranteed by Sussmann [10], induces an
isomorphism of and 2 and hence M1 and ME. In the case when both systems are
g.p.f., however, Lemma 3 shows that has a particularly nice structure which we now
exploit.

THEOREM 5. The observation algebra of a minimal realization of a finite Volterra
series in graded polynomial form is the ring of polynomials [xl"’" xn] in the state
coordinates (x xn).

Proof. Construct a minimal realization of the finite Volterra series in g.o.p.f, as
in Theorem 4 with state (Zl’" z,)". Let b be the state space isomorphism b:
"-"b(xl... x,) =(Zl z,)=z. If Mc[x... x,] is the observation algebra of
the original system, by the previous remarks we see that b induces an isomorphism
/3 of M onto [z z,]. By Lemma 3 b is a polynomial mapping with a polynomial
inverse. Thus, there exist qi [z... z,] such that qi(z)- x, 1 <-i <- n.

Now (fl,)-i(q)(x) q,(b(x))= q,(z)= x, where (/3,)-l(q) M. Thus M contains
all the coordinate functions x... x,. Since it also contains the constant functions we
see that M=[xl... x,] as claimed. U

A somewhat stronger intermediate result is given in Collingwood [20].
From Theorems 3 and 4, we see that given a finite Volterra series of length N, we

may construct minimal realizations in g.c.p.f, and g.o.p.f., on graded vector spaces of
order N, characterized by two sets of integers nl nt, and ml n, respectively,
where for 1 -<_ _-< N

n, Dim (5vi(0)/ff"+l(0)),
m, Dim (dN-’(O)/dN-+(O)).

One naturally asks whether these two sets of integers are identical. In general,
they are not, and this is demonstrated in Examples 4 and 5 below. However, for
Volterra series consisting of a single term (denoted homogeneous Volterra series in
Crouch [2]), the two sets of integers are identical. Indeed, referring to 4.4 of Crouch
[2], we see that

m Dim (dN-’(O)/dN-’+(O))= Dim (dS-(0))
Dim ’(0)= Dim (Se’(0)/Se’+(0))= n,.

In general, a system in g.p.f, which is simultaneously in g.o.p.f, and g.c.p.f, so
that. ni mi, 1 _-< -<_ N, will be said to be in graded symmetric polynomial form (g.s.p.f.)..

Example 4.

(17)

i=u, x(0) 0,

(x,), x(O) o,
3 X2, X3(0) 0

y x3 + X2Xl.

The graded structure of this system is exhibited in Example 1 with

(x,, x, x) (xl, x1, x) e.
That is N 3, n 1, n 2, n =0.

If f= (Xl)2O/Ox2 + X20/OX3, gl O/OX1 we compute g [gl,f] 2XlO/Ox2, g3
[g,, g] 20/Ox, g4 [g3,f] 20/0x3, g5 [g,f] 2xO/Ox3, [g,, gs] 20/0x3, and
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all other brackets vanish. It follows that 53(0)=0, 5’2(0)=Span{a/ax3,
xa/Ox3} =2, 6e(O)= Span {6e2(0), a/ax, xa/ax2}, and so the system is in g.c.p.f.

If we set h x3 +xx we compute h= Lfh x+ (x)3, h3 Ls,h x, h4
Lfh2 (x,)2, 3h4 Lg, h2 3(x,)2, h4 L:h3 (x,)2, h5 Lg,h4 2x,, h6 Ls, h5 2,
and all other Lie derivatives are zero. It follows that = Span {x3 + X2Xl, x2, Xl(Xl)2,
(Xl) 1}, ’=span {1}, =Span{l, x,}, ’=Spn{1, x12f2 (Xl)2}. Thus,
Dim d(O)/d (0)= 1, Dim d’(0)/d(0)= 1, Dim d2(0)/d’(0)= 1. Thus, sys-
tem (17) is not in g.o.e.f., but is obseable and hence, minimal. Note that although

does not contain x, x2 and x3, the algebra M generated by does.
Example 5.

(18)

=u, z(0) =0,

.= (z,) z@) =0,

,3 Z2-[" (Z1)3"[" Z2u, z(0) =0,

The graded structure of this system is exhibited in Example 2 with (Zl, g2, g3)=
(x, x, x) g0)R0)R. That is N 3, nl n2 n3 1. Note however that there is a
state space isomorphism intertwining systems (17) and (18) defined by

Zl xl 1/2hs(x), z2 h3(x) x2, z3 x3 + x2x1 hi(x).

Thus, systems (17) and (18) are both minimal realizations of the same finite Volterra
series, and in particular, the calculations in Example 4 demonstrate that system (18)
is in g.o.p.f, but not in g.c.p.f. Note that in this case, = Span {z3, z2, zl, (zl)2, (z)3, 1},
giving an example of Theorem 4.

Example 6.

i=u, x(0) 0,_
(x,)=, x=(O) o,

This system is minimal and has a Volterra series consisting of a single second order^2term. 5e2(0) =Span {O/Ox2}, 5(0) Span {O/Ox2, xO/Ox2, O/Ox}, Span {1},
Span { 1, xl}, go Span { 1, Xl, x2, (xl)2}. Consequently, the system is in g.s.p.f., on
the graded vector space of order N 2, R2 g0)R, m m2 nl n2 1.

5. An application to algebraic estimation theory. Consider the stochastic system
given in Ito form by

dx =f(x) dt + g(x) dw, x ",
(19)

dy h(x) dt + dv, y

where {w} and {v} are independent Brownian motions and suppose that we wish to
estimate some real-valued function (or statistic) g,(x(t)) using the information con-
tained in the observations process Y(t) {y(s); 0 _-< s-< t}. It is well known (and indeed,
many excellent texts and surveys on the subject, including those of Kallianpur [25],
Davis and Marcus [26] and Marcus [27], exist) that if , is the minimum variance, or

lea-squares, estimator of q, then there are several methods available for the calculation
of ,. Here we focus our attention on only one of these algorithms, namely the recursive
scheme based on the evolution equation of the unnormalized conditional density as
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derived by Zakai [ 11], Mortensen [28] and Duncan [29]. Thus, we obtain by solving
the system (again in Ito form)

dp(t,x)= F(p(t,x)) dt+G(p(t,x)) dy, p(0) =po,

(20) (t)= E(qt(x(t))l(t))

(x)o(t, x) dx p(t, x) dx C,(p),

where F and G are the differential operators on C(R) defined by

a(4)(x)=h(x)(x),, g, 1N N n are the components of the vector fields g of (19) and (t) is the
field generated by Y(t). (C(N’) is the space of smooth functions on N with compact
suppo.) While giving a complete solution to this filtering problem, the system described
by (20) remains unsatisfactory from the point of view of applications since it has the
structure of a stochastic paial differential equation. In an attempt to circumvent this
problem, the concept of a finite dimensionally computable if.d.c.) recursive statistic
has been introduced. A prime objective of algebraic estimation theory is the determina-
tion of conditions under which such statistics exist.

If 0 is such a Kd.c. statistic then by definition, there is a stochastic system driven
by the obseations process {y(t)} and evolving on a finite dimensional manifold, say
M, which has as output the desired optimal estimate . For technical reasons
(specifically to alleviate problems with coordinate transformations) such a system is
usually described in terms of the Fisk-Stratonovich integral and thus takes the form

(21)
(t)=c(z(t))

with a, b vector fields and c a real valued function on M. Now, it is reasonable, and
natural, to assume that whatever data record generates the estimate, the two systems
(20) and (21) should respond in the same way; thus we can think of (20) and (21) as
being realizations of the same input-output map. By appealing to the Sussmann [30]
and Doss [31 construction of a pathwise solution to a stochastic differential equation,
and by transforming (20) into the equivalent (F-S) form we see that the underlying
deterministic systems

(22)

and

o__p= F(p)+uG(p), p(0) po,
Ot

(t)=C,(p)

(23)

dz
dt

a(z)+.ub(z) z(O) Zo,



330 P. E. CROUCH AND P. C. COLLINGWOOD

where now F -1/2h2, are also realizations of the same input-output map. Moreover,
Hijab [32] has shown that (21) can be taken to be "minimal" in the sense that the
corresponding system (23) is minimal. This means that we can apply the techniques
used in the proof of Lemma 1 provided there is sufficient analytic structure on the
state space of (22). For instance, if it contains a subspace D invariant under the
(semi)-flow generated by X, for all X {F, G}L.A, the Lie algebra generated by F and
G, and every time-analytic input produces a time-analytic output, we conclude as in
Brockett [1] that there should be a homomorphism between the system Lie algebras
of (22) and (23), giving a necessary condition for the existence of f.d.c, statistics.
Clearly, some of the ideas used to derive this homomorphism principle are of an ad
hoc nature, but the work of Hijab [33] and Michael and Chaleyat-Maurel [34], among
others, has done much to place it on a more rigorous footing. Moreover, such a
homomorphism can be readily found in the case that (19) is linear, and the central
theme of algebraic estimation theory is its construction for more general systems.

Unfortunately, the bulk of the available evidence suggests that for most systems
this approach will ultimately prove to be fruitless and, as for example, in the analysis
of cubic sensor problems, preliminary Lie algebraic calculations and predictions
are usually borne out by later probabilistic calculations (Hazewinkel, Marcus and
Sussmann [35]). We hope to point the way towards the reasons for this paucity by
applying the results of the previous sections to the system (19) under the additional
assumption that the underlying deterministic system, corresponding to the equivalent
(F-S) form of (19),

(24)
2=f(x)+ug(x),

y=h(x),

x(O)=xo, xe",

with f=f-1/2(dg/dx)g, is a minimal system in g.p.f. Our arguments are designed to
show that there are deep connections between the estimation algebra (i.e., the Lie
algebra A _a {F, G}L.A) corresponding to (19) and the Weyl algebra, W,, ofall differential
operators on R with polynomial coefficients. The significance of this observation
derives from Hazewinkel and Marcus’ [5] result that the only homomorphisms between
W, and a Lie algebra of vector fields are trivial, suggesting, via the above arguments,
that if A-= W,, then (19) will have no f.d.c, statistics.

We shall concentrate on the following aspect ofthe problem. After some manipula-
tion, it is possible to rewrite the generator F as

_r,2 , _1/2h 2F=E_,g +Ly
where b L*x(b) is the formal adjoint (w.r.t. the L2 inner product) of the Lie derivative
operator Lx, from which it is clear that if (19) or (24) are polynomial systems on Rn,
A c W, always. However, there is the important special case, namely if (19) or (21)
is linear, for which A W, and it is natural to ask therefore if we can .determine any
other cases for which A W,. We show that this is equivalent to showing that A is
not identical to an associated tensor algebra.

As in the previous sections, we denote by , , and the Lie algebra, ideal and
observation space of system (24), and denote by * the Lie algebra of differential
operators generated by L and Lg*. Let 6e* denote the ideal of ? generated by Lg*.
Finally, if F is a Lie algebra of differential operators on C("), let E (F) denote its
enveloping algebra, which we may identify with the algebra of operators on C(")
comprised of repeated finite compositions of operators in F.
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The following result follows immediately from these definitions and the identity
[L*x, hi -Lxh for smooth vector fields X and smooth functions h viewed as multiplica-
tion operators on C(Rn).

LEMMA 5. AcRF+ E({(+ 1)(R)(*+ 1)}L.A) ),.
Therefore, for polynomic systems (19) we have Ac f/c W,, and so A can fail to

equal W, in two ways, A may fail to equal fl, and fl may fail to equal W,. The aim
of this section is to show that under appropriate conditions systems with finite Volterra
series always satisfy 12- W,. The following result, the proof of which involves a lot
of tedious calculations performed in Collingwood [20], establishes that the Ito correc-
tion term -1/2(dg/dx)g does not affect the definition.of graded (symmetric) polynomial
form.

LEMMA 6. System (24) is a minimal realization of a finite Volterra series in g.p.f.
(g.s.p.f.) ifand only if thefollowing system has the same property with respect to the same
graded vector space.

2 =f(x) + ug(x), x(O) Xo, x

y=h(x).

From this result we see that there is no ambiguity involved if we refer to the
(stochastic) system (19) as being in g.p.f.

We may now state the main result of this section.
THEOREM 6. Given a stochastic system (19) in g.p.f., such that the corresponding

deterministic system (24) is minimal and in g.c.p.f., then the estimation al,ebra satisfies

Afl= Wn.

Proof. By Theorem 5 we may assume that the observation algebra of system (24)
is [x...x,]. Moreover, since system (24) is in g.p.f., L*g=-Lg and L=
-L]- div (f). Now c=div (f) =trace (diag (A. AN)), where A1," ", AN are the
matrices occurring in the representation of f as a vector field on the graded vector
space (oforder N), as given in (11). Consequently, we may write F=-L]+Lg -c,
G- h. Since the operator consisting of multiplication by a constant commutes with A,
we ignore the term c in the expression for F. Moreover, Y* coincides with Sf, when
viewed as a space of differential operators. Since contains constant functions, we
may rewrite the expression for fl as

l F+E({(R) (6e+ 1)}L.A)-

Since we assume that system (24) is in g.c.p.f., by Lemma 2 we may assume that
6e contains the vector fields of the form

O/Ox, + r{(xl x_,)O/Ox
j>i

where r are polynomials. Since f clearly contains E()=N[Xl x,] and E()(R),
it also contains O/Oxl,’", O/Ox,. Thus, 12 contains the generators of W, and hence
f W,, as required since F e W, also.

Theorem 6 shows that the algebraic estimation problem, in the case of systems
with finite Volterra series, rests on the inclusion

A c E({(R)(Se+ 1)}L.A).

There seems to be considerable evidence suggesting that systems (19) in g.p.f, with
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Volterra series of length greater than one satisfy A Wn. Although this would imply
the nonexistence of finite-dimensional filters, it may have significance for attempts
to obtain approximate filters, based on a stochastic version of the approximation
procedure outlined in Crouch [3].
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A CONSTRUCTIVE ALGORITHM FOR SENSITIVITY OPTIMIZATION
OF PERIODIC SYSTEMS*

TRYPHON T. GEORGIOUS. AND PRAMOD P. KHARGONEKAR$

Abstract. In a recent paper (A. Feintuch, P. P. Khargonekar and A. Tannenbaum, On the sensitivity
minimization problem for linear time-varying periodic systems, this Journal, 24 (1986), pp. 1076-1085), the
problem of weighted sensitivity optimization was considered for linear, discrete-time, periodic time-varying
systems. Here we present a constructive algorithm for solving this problem.

Key words, sensitivity minimization, periodic systems, Hankel matrix extension problems

AMS(MOS) subject classifications. 93B50, 30D50

1. Introduction. Zames formulated the weighted sensitivity optimization problem
in his seminal paper [14]. Since then, this problem has been thoroughly investigated
for linear time-invariant systems by many researchers. We refer the interested reader
to the recent survey paper of Francis and Doyle [7] for a good exposition and a
complete bibliography. Feintuch and Francis [5] considered this and related problems
for linear time-varying systems. Our work is motivated by the recent paper [6] of
Feintuch, Khargonekar and Tannenbaum where the problem of weighted sensitivity
optimization for linear, discrete-time, periodic time-varying systems is considered. In
[6] a formula for minimal weighted sensitivity was derived and the existence of an
optimal controller was established. Motivated by possible applications to multirate
sampled data systems, here we present a constructive algorithm for the computation
of optimal controllers. Our algorithm is based on a simple new way of solving the one
step extension problem for finite rank block Hankel matrices. The one-step extension
problem for general Hankel operators has been investigated in the masterful work of
Adamjan, Arov and Krein 1 ]. The interested reader is also referred to the recent book
[12] by Power for certain related extension problems.

In [10], Khargonekar, Poolla and Tannenbaum showed that to any p-output,
m-input, N-periodic, causal, linear,, discrete-time system, one can associate a pN-output,
mN-input causal linear time-invariant system with transfer function P(z) such that
P(oo) is (block) lower triangular. Indeed, lower triangularity is closely related to
causality. Feintuch, Khargonekar and Tannenbaum [6] showed that the weighted
sensitivity minimization problem of Zames [14] for periodic systems can be reduced
to the following problem: Given a pNmN transfer matrix T(z) with no poles on
the unit circle, find

/x inf { T(z) V(z)ll: V(z) is analytic in the complement of the open unit
disc including oo and V(oo) is block lower triangular}.

This reduction is accomplished using coprime factorizations, Youla parametrization
ofall stabilizing controllers, and inner-outer.factorizations. (There exist good algorithms
for these factorizations, e.g., see Doyle [4], Khargonekar and Sontag 11], Vidyasagar
[13], and the references cited there.)
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A formula for/z in (1.1) was given by Feintuch, Khargonekar and Tannenbaum
[6]. This formula shows that/z is the maximum of the norms of N Hankel operators.
Our paper is devoted to a constructive algorithm to obtain V(z) to solve (1.1) for the
special case of rational T(z). This algorithm combined with techniques for coprime
and inner-outer factorizations gives a complete constructive algorithm for obtaining
optimal controllers for weighted sensitivity minimization of periodic systems.

2. Main results. It has been shown by Feintuch, Khargonekar and Tannenbaum
[6] that the weighted sensitivity minimization of Zames [14] for N-periodic linear
time-varying finite-dimensional plants can be reduced to the following best approxima-
tion problem: Given a (possibly unstable) rational pN x mN matrix T(z), find

(1.1) /z =inf{[[T(z)-V(z)lloo: V(z)with entries in RHPNxmN
such that V(oo) is lower block triangular}.

It is assumed that T(z) has no poles on the unit circle. Here RHoo denotes the space
of all rational functions with real coecients which are analytic in the complement of
the open unit disc (including infinity). Each pN x mN matrix is considered as an
N x N square matrix with p x m block entries. The key constraint here is that V()
is required to be block lower triangular. (This corresponds to causality; see [6].) A
formula for was .given by Feintuch, argonekar and Tannenbaum [6] and it was
also shown that a V(z) achieving the minimum exists. Our main result is to give a
constructive algorithm to obtain V(z) which in turn can be used to obtain the optimal
controller. We should also note that a solution to this problem will also be a key step
in solving the general H-optimization problem of Doyle [4] in the setting of periodic
systems.

Let

T(z)= E Yz-
be the Fourier series expansion of T(z) (which converges on an open set containing
the unit circle). We are seeking a function

V(z)= vz-j=O

in RH such that Vo is lower (p x m)-block triangular and T- V[] is minimized.
Our solution is to first obtain Vo with the required constraint, and then obtain the rest of
V(z) using Glover’s algorithm [9].

From the work of Adamjan, Arov and ein 1 we know that

inf T(z)- Vo- V(z)][

where (z) = vlz- is in z-RH,is equal to the norm ofthe Hankel operator.

D )t_ ’)/-2

1-, ’)’- 7-2 Y-3

Y2 ’)/-3. ’)/-4.
where D To- Vo.

The operator F is thought of as a bounded linear operator acting between the Hilb’ert
spaces of square summable one-sided sequences-denoted by h2:

mNFe’h2 ht.
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This result is the matrix version of the Nehari problem. In case T(z)- Vo is a rational
matrix valued function, a constructive procedure to obtain a rational Q(z) minimizing
T(z)-Vo- Q(z)[[ is given by Glover [9], and Ball and Ran [2]. Thus, we only need

to consider a one-step extension problem for the finite-rank Hankel operator given by
the matrix F [Yl-j-kJ o. We want to determine an "extension" D in RpNxmN, subject
to the given constraint that the upper block triangular part ofD is specified, so that [[I’e
is minimized. In the process of solving the generalized Nehari problem, Adamjan, Arov
and Krein [1] have provided a solution to a one-step extension problem for block
Hankel operators. However their solution does not seem to lend itself either to an
easily computable scheme in the case of finite-rank Hankel operators, or to a procedure
dealing with the case where D is paritially specified as is required in our case.

It is a standard result in realization theory (see the book by Fuhrmann [8]) that
if F is a finite-rank Hankel operator, then there exists a triple of matrices (F, G, H),
where F is square n x n (n being the smallest such integer possible), H is pN x n, and
G is n x mN, such that the entries Y-k admit a factorization

(2.1) 7-k HFk-I G, k 1, 2,. ..
Moreover, this induces a factorization of F into a product OR, where

and

F:’G. .]" h’- Rn" (u," i=0, 1,...) E F’Gu,,
i=0

H

0= "R,-+hPV’x+(HF’x"i-0,1,’’’),

are bounded linear maps. These are the usual teachability and observability maps and,
because of minimality, are surjective and injective respectively. In view of this factoriz-
ation, F is given by

(2.2) Fe= 0G

Let P, Q, , A be defined as follows:

(2.3) P := RR*, Q := 0"0,

0FR

:= p1/2, A := Q1/2,

where )1/2 denotes the "Hermitian square root of," and )* denotes the "adjoint
of." Also define the following finite matrix.

He: AG AFt;

We now have the following proposition.
PROPOSITION 2.4. With the above notation IIre He I1"
Proof. Define

U:=[I0
V:=[ I’0

0
R" mS ,,rV

R’E-’ RmN + "+ R + h2

A_10, "RpN + hN -+ RpN + R",
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where Ik denotes the k x k identity matrix. (That the indicated inverses exist follows
easily from the fact that R is surjective and 0 is injective.) It is easily seen that

era. := R*(RR*)-IR hv hv

is the orthogonal projection onto the range of R*, and that

,/TO ;--0(0"0)-10*. hv- hf
is the orthogonal projection onto the range of 0. It is now straightforward to verify that

(2.5a) UU* I+ rl*,

(2.5b) U*U Imp+

(2.5c) V*V-- IpN + fro,

(2.5d) VV*=

We now prove that Fe V*HeU*. Note first that He VFeU. Then

V*HeU* V’V1

0 ’o OG 0FR 0 .
=[ D HRlt* ]ro0G o0FRwa*

But Wo0 0, and Rra. R[R*(RR*)-R] R. Consequently,

V.HeU.=[D Ha] =Fe0G 0FR

Finally, from (2.5b) and (2.5d) it follows that

and this completes the proof.
Thus, our original problem has no.w become" Obtain D subject to the original

constraints, so that it minimizes He II. Note that the entries of He are now finite matrices,
and moreover, the quantities E, A can be obtained from (F, G, H) by first computing
P and Q as solutions to the following Lyapunov equations (see [9]):
(2.6a) P FPF* + GG*,
(2.6b) Q F*QF/ H*H,
and then taking the Hermitian square roots of P and Q (see (2.3)). Below, we focus
on how to explicitly compute such a D, given F, G, H, E, A.

Therefore, our problem has now been reduced to obtain a pN x mN matrix D
whose (p x m)-block entries above the main diagonal are completely specified by yo,
and which minimizes

IIHell= aG AFE

Let D be represented by

Xll d12 d13 dlN]
X?l X?2 d23 d2.N/

LXN1 XN2 XN3 XNNd
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where the entries indicated are p x m matrices, the d’s being specified by 3o and the
x’s representing the entries to be filled in. Define

He:= D HE

0

Rk := [00 Inkm]"
We now have the following proposition.
PROPOSITION 2.7. /x max (IIL,HeR-,II,’", IILRollt.
The matrix LrHeRs-k is the top right n + kin) x n + Nm kin) submatrix of He.

Note that LkHeR-k, for k 0, 1,. ., N are all the maximal rectangular submatrices
of e whose entries do not depend on the variables x. (It will be seen that the norm
of LoHeR, is equal to the norm of LHeRo, and this is why only one of the two appears
in the expression of the above proposition.) The proof is based on the following very
impoaant result--see the book by Power [12] and also [3] for a proof of this result.

LEMMA 2.8 (Parrott, Davis-Kahan-Weinberger). Consider the block matrix

here A, B, C, X are matrices of compatible dimensions. en

Moreover, the above infimum is attained by the choice

(.9 X -*( *-’C.

In case the indicated inverse does not exist, then this should be interpreted as a
pseudo-inverse. Also, in [3], one can find a description of all possible choices for X
that attain this infimum.

Proof of Proposition 2.7. By the results of Adamjan, Arov and ein 1], as we
mentioned earlier, it follows that . =inf IlVell.

Xik

From Proposition 2.4 we now have that

/z inf He inf 11/e II,
Xik

where the last equality follows from the unitary equivalence of He and He. By repeated
application of Lemma 2.8 we now have that

=max {ll(LeRo)ll, inf II(Lr-lI:IeR,,r)llt
xj,...,xjj
IjN--1

=max {II(,N0)II,’’’,

=max { LNff’IeRo LN- IIR LoIteRN }.
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A final point to be noted is that the first and the last term of the above expression are
equal. We have

(ZNIIeR’ 11--I1( II IIHE ]

But

AF2
2-1R=

OFR

and

VV* In+pN and E-1RR*E In.
Consequently, IIt,,,I:IeRo[I- IIFII. It follows similarly that IILoI eR,,,ll- IIFII, and this
completes the proof, l-]

It can be readily shown that the matrices

LkHeRN-k, k 1,’", N,

are directly related to the operators Ak, k= 1,..., N respectively, of Feintuch,
Khargonekar and Tannenbaum [6], and that in fact they have equal norms. Thus, in
Proposition 2.7, we have a formula for the optimal sensitivity/x, that is equivalent to
the one given in [6]. But, in addition to that, the sequence of steps (2.9) in the proof
of the Proposition 2.7 leads to the following procedure to obtain a V(z) that solves
the problem (1.1).

ALGORITHM.
1. Obtain a minimal realization (F, G, H) of the negative Fourier coefficients

(Yk" k<=-l) of T(z); i.e., (F, G, H) satisfy (2.1).
2. Obtain P, Q by solving Lyapunov equations (2.6a) and (2.6b) and find their

Hermitian square roots E, A, respectively.
31. Select xl using (2.9) to minimize IILI:IeRNll. Note that in LII2IeRn, the only

variable is Xll and the rest of L1HeRv is com letely specified.
32. Select (X21,X22) to minimize IIL2HeRnlI. Note that L2HeRN contains

Xll, x21, x22 as the only variables. In this step x obtained in step 31 is used. Again
(2.9) is used to select (x21, x22).

3j. Select (Xjl, x;2,’’’, x;;) to minimize L I:I R for j 3, 4,. , N, where the
entries Xkl,’’’, Xkk, for 1 =< k<=j 1 have already been determined at the previous
steps. This is done by applying (2.9) to the corresponding submatrices of L;HeRn.

4. Let Vo 3’0-D. Now using techniques of Glover [9] obtain

i=1

such that

tx T(z) vo- Q(z)[[o.

For this last step, see also Ball and Ran [2]. Then V(z)= Vo+ V(z) is a solution
to (1.1).

We would like to note that only the elements of D are calculated by recursively
applying (2.9) (N-1) times. After obtaining D, the procedure of Glover [9] or Ball
and Ran [2] can be used to obtain V(z).
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THE MAXIMUM PRINCIPLE FOR OPTIMAL CONTROL
OF DIFFUSIONS WITH PARTIAL INFORMATION*

U. G. HAUSSMANN’{"

Abstract. We derive necessary conditions for the optimal control of a system that satisfies an Ito equation
with control entering the drift term. The control is a function of a noise corrupted observation of the state,
and the cost is the expectation of an integral and a final term. The robust form of the Zakai equation from
nonlinear filtering is used to compute the variation of the cost due to a strong or "needle" variation of a
control. This gives rise to an explicit formula for the adjoint process, much as in the case with complete
information.

Key words, maximum principle, optimal control, partial information, stochastic differential equation,
Zakai equation, nonlinear filtering

AMS(MOS) subject classification. 49B60

1. Introduction. Necessary conditions, satisfied by solutions of the problem,

(1.1) min {J(u): u q/},

(1.2)

(1.3)

(1.4)

J(u)=E l(t, Xt, u(t, Y))dt+c(Xr)

dX, f( t, Xt, u t, Y)) dt + o’( t, Xt) dwt, Xo Xo,

dYt h t, Xt) dt + d,t, Yo=0,

have recently been given by Bensoussan [3]. The control u may depend only on Y,
not X. In addition to the uniform ellipticity of tr(t, x)tr(t, x)’ (here tr’ is the transpose
of tr), he assumed much differentiability and boundedness of the functions l, c, f, tr

and h as well as convexity and compactness of the set of control points U. In this
work we relax most of these hypotheses thus including the linear regulator. The more
difficult problem when constraints are included will be attacked elsewhere. We point
out also that the method (of strong variations) cannot be extended to allow o- to depend
on the control. Bensoussan [3] used the (stochastic) Zakai equation of nonlinear
filtering to define the state of the separated problem and then he applied the method
of weak variations to obtain the necessary conditions. The improvement here stems
from using weak solutions of the robust (nonstochastic) form of the Zakai equation
(Haussmann [7]), from using strong variations, and from finding an explicit representa-
tion for the adjoint process.

An attempt on this problem was made by Kushner [9], Haussmann [5], Elliott
[4], Arkin and Saksonov [1], where in posing the control problem, the control u is
taken to be adapted to a filtration which may be smaller than that generated by the
joint process (X, Y). Unfortunately in the work of Kushner [9] and of Arkin and
Saksonov 1 this filtration must be specified a priori, i.e. independently of the control
u, and hence cannot be the one generated by Y. This difficulty does not arise in
Haussmann [5] or Elliott [4], but in those works no representation of the adjoint
process is given, so again the result is not a viable maximum principle. Additionally

* Received by the editors September 18, 1985;-accepted for publication (in revised form) February 7,
1986. This work was supported by the Natural Sciences and Engineering Research Council of Canada under
grant A8051 and was carried out in part while the author visited the Universit6 de Paris IX, Paris, France.

" Mathematics Department, University of British Columbia, Vancouver, Canada V6T 1Y4.
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in these last two works tr must be nonsingular, and in the work of Elliott no state
constraints are admitted and the method is inherently incapable of treating them.

In . 2 we give a precise formulation of the problem and we. summarize the results
from filtering theory which will be used in the sequel. In 3 we compute the variation
in J due to a variation in u, and in 4 we apply this calculation to derive the maximum
principle. We also relate this result to that of Bensoussan [3], and we interpret the
adjoint process in terms of the value function. Finally as an example we consider the
linear regulator.

The results established here were reported in Haussmann [6].

2. Formulation of the problem. We say that a function f: x @ --> :Z, where , @,
are subsets of Euclidean spaces, is locally uniformly continuously differentiable in x

if f(-, y) is continuously differentiable for each y, and for (x, y) in a compact set C,
the modulus of continuity of x -->fx (x, y) depends only on C.

The following hypotheses are assumed. U is a Borel set in some Euclidean space,
and is the family of Borel sets of R".

(At) f: [0, T] x R x U R" is Borel measurable, continuous in u for each (t, x),
locally uniformly continuously ditterentiable in x, and for some constant K,

(1 + Ixl + lul)-’lf(t, x, u)l + IL(t, x, u)l--< K,
(A2) or: [0, T] x R" - R" (R) R is Borel measurable, locally uniformly continuously

differentiable in x, and for some K2,

Io’( t, x)l + IO’x( t, x)[ =< K2
(A) h:[0, T]R-->Ra is Borel measurable, locally uniformly continuously

differentiable in x, and for some K3,

(1 + Ixl)-’lh(t, x)l + Ihx(t, x)l <-- K;
(A4) l: [0, T] x R"x U--> R is Borel measurable, continuous in u for.each (t, x),

locally uniformly continuously differentiable in x, and for some constants q _-> 1, K4,

II(t, x, u)l+llx(t x, u)l<-_ K4(1 +lxl q.
(As) c: R" -> R is continuously differentiable and for some Ks,

(A6) Po is a probability measure on (R", ") such that for some 7 > q + 1,

lxlOPo(dx) <

We use the following notation:

Cx is the vector (Cx,)= (Oc/Oxi),

hi, trij are the components of h, r,

h is the matrix (h,) j h xj,

trx is the tensor (try)k o.k
(0, T; Rk) is the space of continuous functions [0, T]--> lik,

{ cask} is the canonical Borel filtration on (0, T; Rk),

Ilyll, sup {[y(x)l" t}.
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An admissible control is a function u

u:[0, T]x c(0, T; Rd) U

which is Borel measurable, {dtd} adapted, and for which there exists a constant Ku
such that lu(t, y)l-< K(1 + Ilyll,). We write o//for the set of all admissible controls.

For the underlying probability space we take the canonical space of (Xo, w, Y)
where (w, Y) is a standard Brownian motion on R"x Rd and Xo is an independent
random variable with distribution Po. Hence

’ R x (0, T; Rm) c(0, T; Rd),

P Pox P7 x P,
where P is the Wiener measure on (0, T; Rk). The generic element of fl is denoted
by

=(, , n).

For u , x R, s [0, T], let X denote the unique strong solution of

(2.1)
dX=f(t,X, u(t, Y)) dt+(t,X) dw, tO,

Xo Po
and let X denote the unique strong solution of

(2.1)’
dX f( t, X, u t, Y)) dt + ( t, X) dw, s,

X x.

Moreover, for (0, T; Rd), let Xx be the unique strong solution of

(2.2)
dX=f(t,X, u(t, )) dt+(t,X) dw, ts,

Note that X()= XTe()P-a.s., and XT() Xx() P-a.s.
From Girsanov’s theorem it now follows that if

(2.3) /=exp h(r,X) dg- Ih(r,X)l dr

and if dP :=Z dP, then (X", Y) is a solution of (1.3), (1.4) on. (a, , P), i.e., is a
weak solution of (1.3), (1.4)which moreover is unique in law. In addition,

(u) (t, xr, u(t, g)) t + c(xl

(2.4) J(u) E ZYr l(t, X, u(t, Y)) at + c(XYr)

where E denotes expectation on (f, , P). So the problem becomes

(2.5) min {J(u): u }

where J is defined by (2.4), (2.3) and (2.1).
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Later we shall also require the density

._.,7"x := exp h(r, X") dy-- ]h(r, X dr

on (fl, , P). Again note that

Z’(to) Z’e(to) P-a.s.

and that Z’(to) is in fact constant as a function of
In what follows we shall use some concepts from differential equations for which

we now introduce some notation. Let H LE(R n) with inner product (v, g). Define

Hi: {v H: Oiv H, i= 1,..., n}

where Oi is the distributional derivative with respect to xi (and do with respect to t).
Let H-1 be the dual of H with the pairing (v, g), v H-1, g H1. The norm in H is
written as I’1 and in H as 1[. [[, i.e.,

Iloll Io1 +
i=1

Then define

dv 1)}W(0, T):= v L2(0, T; H1)’Z L2(0, T; H-

Note that dv/dt is the distributional derivative of ov(t)eHl--for details cf.
Bensoussan [2].

Let us use the convention that repeated indices are to be summed. Then define
a(t, x) tr(t, x)tr(t, x)’, where denotes transpose,

ij ija,’xoa (t,x),

b’/n" x-fi(t, x, u(t, rl))-1/2a(t, x)Oj[rl(t) h(t, x)]-1/2Oja(t, x),

ht x - h( t, x),

Ooht :x Ooh(t, x) (when this is a function),

Fn :x l(t, x, u(t, r/))exp [r/(t). h(t, x)],

It will be useful to impose temporarily an additional hypothesis.
(H)(i) h C’2((0, T) R") and there exist constants Ko, a with a > 0 such that

for all t[O, T],xR", u U

If(t, x, u)[+ [or(t, x)[+lh(t x)l+[Ooh(t, x)l+ E ]O,h(t, x)l+ E Io,ojh(t, x)l_-< Ko,
a(t,x)>-_aI,

for each u og and any compact C c c(0, T; Rd

sup II(t,’, u(t, r/))[ dt
rle C

(H)(ii) Po has a density Po with compact support.



MAXIMUM PRINCIPLE WITH PARTIAL INFORMATION 345

Now we can define, for each E [0, T), u s q/, r/ c(O, T; Rd) a bilinear form on

,,n(, v)=-1/2(aO,tz, O:v)+(b’n’O,,u,,
-([0,(n," h,)b7n’+ n," Ooh, +}lh,l], o).

The following results are established in Haussmann [7]. Let ={, Rn X (0, T; Rm)}@ be the -algebra generated by {: 0s t}, and let G be
a measurable function

G:[O T] xR" x (0, T; Rd)R

such that for any compact set C

(2.6) sup IG(t, x,
C

PROPOSIWION2.1. Assume (A)-(A6) and (H). Let u
en

(a) for each (0, T; Ra) there exists a unique W(O, t) such that

(2.7) s v + ( v)+(G2 exp(m, h), v)=O, veil’, ONsNt,

(b) for almost all x

j((x)= c(xr)zr+ ((x)z drl () exp [(). h(x)];

(c) for each e (0, T; ) there exists a unique 0n e W(O, T) uch that

dt
v n v, n O

(’)

(d) O((.):=O((.)exp[().h,(.)] i an unnoralied conditional
density of
oo In Haussmann [7, Cot. 2.1, Cor. 3.2 and m. 3.4] the result is established

under the added hypothesis that

(2.9) sup IG(t, x, n)l K (1 + Ixl.).
C

Note that Corollary 3.1 as stated is false: in fact v must be continuous and this
hypothesis must be added throughout. Since we have Od;h bounded, then we can avoid
(2.9) as follows. We take c =0, since the quoted result covers the case c # 0, G =0.
Recalling that (, , ) and Y(o)= a.s. we have from Haussmann [7] that

(x (xlz arl ( e’( a.s.
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provided G is also bounded. Here E’ is expectation under P’, a measure obtained
from P by a Girsanov transformation, and Xu’sx satisfies

dX=[f(t,X, u(t, l))-a(t,X)Vx(h. ht(X))] dt+(r(t,X) dff,, t-s,
(2.10)

where , Y are independent Brownian motions under P. Moreover,

[usxr() " h )-- [o oo-oo )+(o ho)(X)

(2.11) ]ho(Xx)]] dO,

so that

=ao(x) O, Oj(x)+f(O, x, u(O, r/)). 7b(x)-1/2lo’(0 x)’Vb(x)l2,

sup sup I{r(7)l <-- K < 0%
.qc= c u,r,x

with K depending only on C and Ko, of. (H).
Suppose now that G is not bounded. Let

rl) if lG(t,x,
G,,(t,x, r/)=

G(t,x, n)lG(t,x r)l otherwise.

Then Gm is bounded, IGmIIGI. If we write/n(x) for/xn(x) when Gm is used, then
as in Haussmann [7, Thin. 3.2] it follows that I/xn _/xn IH - 0 for each /in c(0, T; Ra).
Let p e H be a probability density. Then

and

(7, p) - (,"", p)

(/7", P)= E n Gnm(Xn’) e(n’) dr

where 6r(/, p) is defined by (2.11) with Xu’x replaced by X"’w where X’w is the
unique solution of (2.10) with initial distribution

X p(x) dx.

Since I.(.)1(.)1 a.. (dtdx), and since X under P" has a density pT(x)in
L2(s, T; H’), then [G(X") er("P)] IGT(XT")le and recalling (2.6) we have

Hence, by the above and the dominated convergence theorem,
u( p)= lira (n, p)

lira E n G(X") e(n’) dr

E n G(X7n) e(n’) dr

E n G?(X7nx) e,(’) dr, p
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E GT(XrSX)Z7 dr ; (to) es’hs(x), p

Since the probability densities form a total set in H then the result follows.
We add that, from the usual energy estimates, it follows that for 1, , n

(2.12) 1O,/z’ ds K c e"h’l + G e’’h, ds
H

3. Strong variations. Let a be a solution of (2.5). For s, e fixed such that 0 s
s + e T, a strong variation (corresponding to (s, e)) is an element u e @ such that

u(t, n)=a(t, ), t[s,s+e].

In this section we study the resultant peaubation of L i.e., J(u)-J().
We begin with some definitions. Let [ be the fundamental matrix solution of

(3.1) dz, fx( t,, a( t, Y))z, dt + ’(t, *)z, dw’ > s

where * is the solution of (2.1)’ with u and ( is the ith column of . Hence
each column of x satisfies (3.1) and ;x= I a.s. Assume (H) and let be the
function #" of Proposition 2.1(a) with u a, with G(t, x, ) l(t, x, a(t, )) and with
terminal condition at T. With , Zfl and X, X it follows from Proposition
2.1(b) and (2.4) that

J(a) EE C(2r)T + l(t, 2t, a(t, Y))2, dt ff v

3.) o
<,po>.

We now set 7 7 exp (-nt" ht). Observe that 7, hence ,, depends on the
past of through fi and on the future through the dynamics (2.7). Our aim is to
compute E{0v"Y(x) /} where 0v is the vector with components Oiv forv H.

LEMMA 3.1. Assume (A1)-(A6) and (H). For each s and almost all x

, (xll c(x+ (, 2, a(, g, a

( ir (t,Y))dt)(3.3) + c(X)+ l(t,.t,

Note that the right side of (3.3) is defined for all x and equals (x), where (n.b.

4(x) cx(X) + l(t, x,, a(t, Y)), dt

(3.4)
+ c(2+ (, 2, a(, h(,2 ’

oo From Proposition 2.1(b) we have for almost all x

dt P- a.s.,
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SO that

^v sx g P-a.s.E{, (x) rY} E c(.)+ l(t, f(t t$(t, g)) dt

Now fix 1’ in R" and let zx be the solution of (3.1) with zx 1". A standard computation,
linearization of (2.2), shows that for any compact set C

sup E{IIR:(x/)- R:Xlll :} o(Ixl=)

and

(3.5) sup sup E{lc:(x+’)-cX-z’llT}=o(Ixl=).
{to:r/EC}

Set

2:x) ,x aY- h’ 2Zt 2(x+x)-t,x 1 + h(r, Zr (r, X)h(r, z7 dr

Then

dZ,=Z,h(t, X,(X+x)) dY, + 2X[h’(t, x+))- h’(t, gx)- h(t, 2x) zT] dY

+ h(r, 2:) 7 dye- h’(r, 2:)h(r, 2:) 7 dr

[h(t, 2(*) h(t, 2)] dye.

Now (3.5), Gronwall’s lemma and the fact that for all q<m, {lllll}< by the
Burkholder inequality (since h is bounded), imply that

sup El2,1= o(Ixl=).

It follows that

{ (x + x) S} {(Ix) }

+ c(2) + 1(, 2, a(t, Y)) at

h(t, 2x) zg dY

(t,X) dt +R a.s.h’(,X)h

where EIRI o(Ixl). But

z, (x)] Y} is differentiable in x with derivative t(x).So for almost all x, E{ Y

It remains to show that
^y ^Y0E{v, (x)l} E{0,(x)I} a.s.

YSince is in H for almost all s, then Op, is in L2(R), i.e., for each

-0 (x) =0 a.s.lim IIx-’[
X0
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^yfrom whence it follows that v, (x) is (x, to) measurable, and for a suitable subsequence
{X.} converging to zero we have for almost all x

^Y ^Y ^YX.-’[ v, (x + x,,e,) (x)] O,v, (x) a.s.

But calculations of the kind used above show that, for some p > 1,
Y Y [Psup E{lx-’[v, (x+xe,)-v, (x) IS}< a.s.,

x

i.e., we have uniform integrability. Since the conditional expectation E{. 1} is in
this case integration with respect to a measure Py(. for y in (0, s; Ra), then Lebesgue’s
theorem shows that, for almost all s and almost all x,

lim E{X-[ Y Y Y

The result follows.
Although the above result is only given for u a, it holds for any u in . We

write vV(x), q(x), * correspondingly. Now without assuming (H) q(x) is still
well defined by

q(x) E cx(X*X) + lx(t, --t u(t, Y)),
(3.4)’

y+ c(X)+ l(t,.., u(t, Y)) dt h’(t, X’*)*, d

In preparation for the main result we establish two lemmata.
LEMMA 3.2. Assume (A)-(). en there exists a constant K such that #r all

uin

IqT(x)l K6(I + ]Xl q + Ilyll 7).

Moreover K6 depends only on K,. ., Ks, K, q and
Proo This follows readily from (3.4)’.
With a in define

ti(t,y) ifs-<t<s+e,
(3.6) Ues( t, y) a(t, y) otherwise.

Then u, is a strong variation. Wherever the superscript u, appears we replace it by e.

LEMMA 3.3. Assume (A1)-(A6). For any M < oo,

lim sup sup ltllylls<_(o)lqT(x)-4(x)l=o a.s.
eO O<--s<--T [xI<--M

"’ and suppress the superscript sx. ThenProof. Let X, X, -,

dX, [f(t, X,, u (t, Y)) -f(t, X,, u (t, Y)) dt

+ If(t, f,, a(t, Y))-f(t, f,, a(t, Y))]lts.+(t) dt

+ [tr(t, X)-o’(t, X,)]

so that, by (A), (A2) and Gronwall’s inequality, for any p < oo

E{II.IIerlYI<--_KE ep-I ]f(t, Xt, a(t, Y))-f(t,X,,a(t, Y))lPdt ;g
(3.7)

<- eK l / lxl / gl[ f a.s.
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where the last inequality follows from (A1) and

(3.8) E{ll.ll(r }-< K(1 / Ixl / gll) a.s.

and where the constant K may change from line_ to line,but is independent of s, to,
e (it may depend on p, K, K2,""" Ks, q, K(-" g,), K(-’-K)). We also have for
any p <o

sup

Let t O-t and let be the ith column of . Then

oo=(t, x, u)Ot+x(t, xT)ow

+[fxt,x:, -fxt,, a], t+[t,
+[f(t,X, u )-f(t,X, u)]t.

Proceeding as in (3.7) it follows that

I, E I(t, X;, )-fx(t, t, a)]p dt

h= (,x;-(, x, a 2

Consider I. For any N <m set

AN ={" IIxllr> NIU {" llllr> N}U {" YIIr> N};

then by (3.7), (3.8)

P{A,IaS} K(1 + Ixl=+ YII)/N=.
Moreover by the local uniformly continuous differentiability of
not in AN > 0, there exists N such that

IZ(t, x;, a)-fx(t, , a)l < r-’
if Ix7-1<. Let B ={" IIX-ll }. By (3.7)

P{a laY} K(1 + Ix12+ YII)/,
From the uniform bound on f it follows that

(1(3.0) L g +
Since I satisfies a similar inequality, then it follows from (3.9) that

(3.11) lira sup sup

The boundedness and convergence of X, , and an argument of the kind used
for I but applied to

E Ilx(t, X;, a) Ix(t, t, a)l" at

now show that for any p <
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f
sup sup 1 {11YIIsM} Ei

Ixl<=M
cx(X)-x(X)

[l(t, Xf, u(t, Y))-l,(t,t, t(t, Y)),] at

converges to 0 with e. Similarly

sup sup lllyIls<_}E c(X)-c(Xy)
IxlM

+ "[l(t, X, u(t, Y))-l(t, 2t, a(t, Y))] at

also converges to 0 with e. The terms

Xt)dp, -h’x(t, X,)t] dY,

r
[hx( t, X)dp:h’(t, X:)- hx(t, t)th’(t, -’t)] at

are treated by the same methods.
We turn now to Z. Write sr for log Z. Then

P{Iz--TI> P{(> N Y}+ P{lexp ("-)- 11> a e-N I,Y}

<=N-E Ih(t,L)ldt

where N log (1 + e-). But

P{It 1 > a IY} --< P{{ (> 6IY} + P{(- {" > 6I}

28E Ih(t,X;)-h(t,t)ldt

Hence Z r in measure uniformly in s, x for Ixl M, Yll M. The linear bound
on h implies that for some p"> 1

sup sup ,,{I/l"l/<.
e,s IxlM

Hence for 1 < p’ < p"

lim sup sup I<It,It<_ME{IZ--ZrF’ }-0.
e--,O Ixl<--M

Repeated application of H61der’s inequality now proves the lemma (cf. (3.3), (3.4),
(3.4)’).

Let us emphasize that the above continuity is independent of, hence uniform with
respect to, (H). Similar but somewhat easier calculations establish

COROLLARY 3.1. q(" is a.s. continuous.
We are now in a position to present the main result of this section. Define

g(x) l(t, x, u(t, Y)) + tt(x)" f(t, x, u(t, Y)).
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THEOREM 3.1. Assume (A1)-(A6)and (H). Then

J(u)-J()= [gat(2t)-t(2t)ldt+o(e ).

" t’. ’ is the solution of (2.7)Proof. With u us define , =/z, Recall that g,
on [0, T] with GT(x)= l(t, x, u(t, )). Then from (2.7) for ve H

, =0 ift >s+e,

)
k at v/+MT(g’,v)+(M’-M?)(O"

(3.12)
+([/(t, ", a(t, n))--/(t, ", a(t, n))] en"h’, V) =0 if s<ts+e,

(3.13) (d")dt ’v +MT(’,v)=0 if t=<s.

If we write Af for f(t, x, (t, ))-f(t, x, (t, )), then

e(" 7)(, ) (af’[o,7 -o.(n. h.). ]. r)

(af’ o.v7" e..’., r).

Recall that u u and for set

’(x)=l(t,x, (t, ))+Ov(x). f(t,x, (t, )),

(x)=E{(x)JS}=l(t.x. (t, Y))+q(x) f(t,x, (t, r))

and write A(x)= ’(x)-’(x), A(x)= (x)-(x). Then (3.12) can be written
as

dt
v +(, v)+( en,’h,, v)=O ifs<tNs+e.

We now want to apply Proposition 2.1(b) to (3.12)’ with t=s+e, c=0, and
G . Since satisfies (2.12), since f is bounded and since c, satisfy (A4) and
(H), then satisfies (2.6), and hence

J(us)-J(a) E(;Y, Po)

(,p e-

(3.14) E E AY(.,’x)sx, at

E E Ag,(’x) at rsx

=E A,(X,) dt

where the first equality comes from Proposition 2.1(b), the second from the fact that
(2.8), satisfied by 0 e-Y" with u a, and (3.13) are adjoint, hence the solutions



MAXIMUM PRINCIPLE WITH PARTIAL INFORMATION 353

have constant inner product, and the third comes from (3.12)’ and Proposition 2.1(b),
plus the fact that " y

/zs+ 0. For the fourth note that p is ; measurable, and

E{E{A() ,}2x }

)ZT

since i(x) is @ measurable. The last equality follows from

si. . give. ar is o.itiony Movi... si. Z is aY a msu.
As the final step we shall replace qf by t on the right side of (3.14). Note that

(3.16)

where

[R,I-_< | K(I+ T / Eli ) d,
dA

AM {o" IIIIT > M) U {" YIIT > M}.

Hypo}heses (A)-() imply that the integrand on the right above is integrable and
that P(A) 0 so that R lit 0 uniformly with respect to the constants in (H). Now
Lemmas 3.2, 3.3 and (3.16) imply that

E{agt(g)T} E{agt(g)2T}+ o(1),

so the theorem follows.
We emphasize that o(e) in the theorem is uniform in the data satisfying (A1)-(As)

with the same K1,. ., K5 and in Po in (K):= {P= Ixl dP<= K}. We use this remark
to eliminate (H). Let us also define the Hamiltonian and the adjoint process p. Recall
that’ is transpose and/ Ea.
(3.17) H(t,x, u,p)=p, f(t,x, u)-l(t,x, u),

p’() y)(.(o))

(3.18) =- Cx(2T)+ l(t, X,, a(t, Y)) at

+ c(Xr)+ l(t, 2,, a(t, Y)) at h(t, Xt), dw,"

Awhere ,= is the fundamental matrix solution of

(3.19) dzt=fx(t, L, a(t, Y))z, dt+r’)(t, L)z, dwl, t>-s,



354 u.G. HAUSSMANN

with s_ I. Note that in (3.18) conditioning on s is equivalent to conditioning on
vX.

COROLLARY 3.2. Assume (A)-(A6). Then

(3.20)
S-Fe

J(us)-J()=- [H(t, fft,(t, Y),pt)-H(t,t,a(t, Y),pt)]dt+o(e).

Proof. We may assume that Po has compact support. Choose f", t",
which satisfy (A)-(A6) with the same constants K,..., Ks, q, such that

f"(t,x,u)=f(t,x,u)

l"(t,x,u)=l(t,x,u)

c"(x) c(x) if Ixl n,

h(t,x) iflxl-<_n, 0<=s<_-T,/"(t,x)=
0 ifs[0, T].

Let /3,(t) be a smooth positive function, support in {It]_-< l/n}, such that ft, dt 1
and let tim(X)= 1-Ii= fl,,(X,). Let

h"( t, x) ,( s)fl,(x )h"(s, ) d ds,

dX’"=f"(t, XT", u(t, Y)) dt+tr"(t,X’") dw,+n-’

where the initial 1 has been enlarged to R"x c(0, T, R2m) c(0, T; Rd) and is an
independent Brownian motion. Using the locally uniform differentiability of h, we can
show that for any compact C in R", SUpxc Ih"(’,x)-h(’,x)lO in Ll(dt), hence in
measure. Similarly for hx Also for any u in f"(t, x, u(t, r/))-f(t, x, u(t, r/)) for each
(t, x, r/) as n- c. Then f", etc. can be chosen so that (H) is satisfied with a r/-2.

If we write "t, t", ,sx,,t correspondingly and if (H)(ii) is satisfied, then by
Theorem 3.1

(3.21)

J (u)-J (a)=-E Zr (t, Xt (t, Y)p’])

-n"(t,f(’], a(t, Y),p’])] dt}+o(e).
Given Po in (K), set P(.)= kuPo(.f{Ix]<= N}) where ks is a normalization constant, km 1. If

J,,(u) is the cost corresponding to Xo x, it can be shown that

flv(u)-J(u)= f (krv’lxl_l- l)Jx(u)Po(dx)O

as N, uniformly in P in (K) and uniformly in the data satisfying (A),..-, (As) with the same
constants K, , Ks. The term

s+e. H( t, .,, u( t, y), p,) dt,

of. (3.20), is treated similarly.
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As remarked above, o(e) will be uniform in n, so to prove the result we must pass to
the limit in (3.21). Since (A1)-(A6) are satisfied uniformly in n, then for any p < oo

{ll"-live+ IIx x II%)- 0,

and for any compact C in R"

(3.22) sup E(11.x x %1)-0 a.s.,
xaC

(3.23) sup sup E{[[’"x[l Y}< oo a.s.
xeC

We shall need similar results for most of the other data. Observe that by (3.23)
and (A3)

(3.24) sup sup E [h’(t, 2’x)lq dt < a.s.
xeC

Moreover if QY stands for the product measure dt x ripe where Py is the conditional
of PIY (which in this case is a probability measure for each y (0, s; Ra)), then
for any e > 0, > 0

xC xC’

(2T+1),

for n suciently large by the uniform convergence in measure of h" h. Here we take
n large enough that by (3.22)

sup P{llx-ll 1},
xC

and we take C’= {x: Ix[ M}, where M is so large that

sup Py{[[ r > M- 1} < &
xC

Hence

(3.25) sup E [h"(t, f(,sx)_ h(t, .x)lp dt 0 a.s.
xC

Since (A), (A), (A) hold uniformly in n, then there exist p"> p’> 1 such that

(3.26) sup sup E{(2r IY" a.s.,
xC

and

(3.27) sup {12x-1"’1 }-,0.-,T a.s.
xC

The result (3.27) follows from (3.26) and (3.25) with p 2. The same arguments also
show that

sup E(ZrU)P"<

EIz’ zI,"- o,
whence it follows easily that the left side of (3.21) converges to that of (3.20).
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From (3.24), (3.25), (3.26), (3.27) and similar results involving hx", c’, c,, l", l,,
,x it can be shown that 0(x) qx) a.s. uniformly in x in C. Corollary 3.1 now
implies that for each s q^"(X,") q(X)A in probability. Lemma 3.2 then implies, that
the integral on the right side of (3.21) converges to that of (3.20).

Let us finally eliminate (H)(ii). The above convergence is uniform in Po in (K)
with support in a fixed compact set. Now set p(x)= m([X-y[)Po(dy). Since Po has
support in {Ix _-< N} then suppp c {Ix[-< N+ 1} and hence (H) is satisfied. Moreover
by Fubini’s theorem

since Jx(u) is continuous in x. Since also for u in 0//

, H( t, Xt, u( t, Y), p,) dt

is continuous in x, then the result follows and the corollary is established.

4. The main result. We are now in a position to derive a maximum principle.
THEOREM 4.1. Assume (A1)-(A6). If 1l is a solution of (1.1)-(1.4), then for

almost all

{H(t, fft, (t, Y),pt)[,V}=max_,{H(t,f,, u, pt)[g,v} a.s.
uU

Proof. We begin by defining a countable class of variations. We write q/ for
L(c(O, T Ra), dsa, pa; U), the integrable functions mapping ((0., T; Ra), a) into
U; then s is separable. Let F be a countable, dense subset of agr such that each
element is a bounded function, and define the measurable map

i’( rg(0, T; Rd ), cga) _.> (r(0, T; Rd ), aT)
by Qr/)(t)= r/(t As) where A s=min {t,s}. Now Fo i is a countable dense subset
of q/ (cf. Haussmann [8]), and

:= {u a//. u(t, rl)= v it(l), v

is a countable subset of . We shall only^consider strong perturbations of the form
u with ff in o, cf. (3.6). Since [H(t, Xt, (t, Y), pt)l< oo then there is a null set
N(ff) such that for s N(a)

d ,H(t, 2t (t, Y), Pt) dt- H(s, X, (s, Y) p)(4.1) d-
We set

N= U N()UN(t);u

then N is a null set.
From Corollary 3.2 we have

+e

(4.2) O>--J(u,)+J(a)= [n(t, ffi, a(t, Y),p,)-n(t,X,,a(t, Y),p,)]dt+o(e),

so that when we divide (4.2) by e > 0 and take the limit as e 0, then according to
(4.1) we have for s N

0>= g{H(s, f,, u(Y), p)- H(s, f,, a(s, Y), p)}
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for all u in i, hence for all u in 0//, by the denseness of o//, i, in q/, and by the
continuity in u of f and/. It follows as usual (cf. Kushner [9]) that the inequality is
preserved when/{. } is replaced by/{. [}. This establishes the theorem.

Let us investigate, in a nonrigorous way, the adjoint process. As we saw in the
proof of Lemma 3.1 E{#Y(x)l }:= VY(x) is the expected cost to go given the past
obseations and the present state x. Now obsee that (cf. (3.18))

p’ -qg(x) -V V(X) a.s.,

so as usual the adjoint process is the negative of the gradient of the value function
(given the past obseations).

On the other hand, ifwe consider the separated problem as was done in Bensoussan
[3], we have

min {(u)" u },

:(u)=Ea (l(t," u(t, Y)) p) dt+(c,

* dt+ d(4.3) dpt L, pt pt ht po =Po,

where Po is the density of Po (assumed to exist) and L* is the formal adjoint of

L =ai(t, )0 0 +fi(t, ., u(t, Y()))O.

Now the optimal cost to go, given the present state p and past observation Y, is

where satisfies (4.3) for s with u replaced by and with initial condition O.
As is readily verified, (O)=(g, O) so that the gradient of the value function
is (represented by) g. But for the separated problem we now define the_Hamiltonian

(t, o, u, -((,., u, o+p(, o
( is a functional) so that

=((,., u,,,o-
where

bY= -1/2(aO, O VY, p)

is independent of u. Since

{H(t,f(t, u(t, Y),pt)[;tY}=(H(t,., u(t, Y),Pt),t),

then it follows from Theorem 4.1 that

ITI(t, ,, (t, Y), ,)=max lTI(t, , u, ,),
uU

with/t -V "’tY -( VtY, .), i.e., the maximum principle holds for the separated problem
and the adjoint is the negative of the gradient of the value function.
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As an example let us now consider the linear regulator:

min {J(u): u 0//},

J(u) E [X’tM(t)Xt + u’tN(t)ut] dt + X’rDXr

dXt [A(t)Xt + B( t)ut] dt + tr( t) dwt, Xo Xo,

dYt H( t)Xt dt + dfvt, Yo= O

where 0//is the set of admissible controls (cf. 2, with U Rm). As usual A, B, tr, H,
M, N are bounded matrix valued functions of t, and N(t), M(t), D are symmetric
with N(t) positive definite and tle other two semidefinite. In order that the optimal
control, which ig a stochastic integral with respect to dY, be in 0-// we shall assume
H(.) to have bounded variation.

Here the Hamiltonian is given as

H(t,x, u,p)=p’(A(t)x+B(t)u)-(x’M(t)x+u’N(t)u),

so that according to Theorem 4.1, if t is optimal, then

(4.4) a(t, Y)=1/2N(t)-lB(t)’(ptlotY)
where

(4.5)
Pt -2 ( T, t)’DXr + @(s, t)’M(s)Xs as

2’o2+ (2’M(s)2 + a;N(s),) ds (t, s)’H(s)’ d,

with

d
(s,t)=A(s)(s,t), (t, t)=I.

We must now give a more explicit representation of , i.e., we must put /(Pt ItY)
into a more usable form. We allow ourselves to be inspired by the linear regulator
with complete observation to guess that t$ is linear in the state ’t, or at least in
m, =/(., ,Y), i.e.,

(4.6) a(t, Y)= K(t)mt,

(4.7) dm, [A(t) + B( t)K (t)] m, dt + R(t)H( t)’[dYt H( t)m, dt],

dR
(4.8)

dt
A( t)R RA( t)’ + RH(t)’H( t)R o’( t)tr( t)’= 0.

If we assume that Xo is normally distributed, N(mo, Ro), then the parameters mo, Ro
give the initial conditions for m,, Rt. If K is bounded, then it follows that

rnt b(t, O)mo+ qb(t, s)RsH’ dYs

th( t, O)mo+ R,H’t Yt- d/( t, s) Ys ds
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for some locally bounded functions b, , because H is absolutely continuous and b, R
are differentiable. Hence t as given by (4.6) is in

Let (s, t) be the fundamental matrix solution of

and let (s, t) be that of

where

It follows that

dt-(A+BK)x

t [A 4- BK RH’H
BK

\x] o

(4.9)
X,/ kX,] 0 (0)

d
Wo

Now using (4.9) we can compute

+ (s, )’H’,H,R,(I O)(T, s) ds
I

+ (0, )’HHoRo(I O)(s, 0)’ dO M(O I)e(s, ) as

+ (o, ’nnoo( O.(s, 0’ 0

kx,/"
Since

we have

/(p,I -,v) =-2 +(T, t)’Dp(T, t)+ dp(s, t)’M(s)(s, t) ds

(4.10)

+j, dP(s, t)’H(s)’H(s)Rs(I o)os()p(s, t) ds}m,
where

Q W( T, s)’ D*( T, s) + (0, s)’ M(O)(O I)W(O, s) ds

+ .(O,s’ (o’(o(o( o.(O,ss,
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SO that Q satisfies

d (K(s)’N(slK(s)d-Qs -A(s)’Qs-Qs,(s)- o

Let us write

then

q(A(s)+ B(s)K (s))-
/|K(s)’N(s)K (s)|\

as \ M(s) /’

and if q (q[, q_)’ then

dq
ds

-(A+ BK RH’H)’q,- K’B’q2- ql(A + BK)- K’NK,

dq2
H’HRq A’q2- q2(A q- BK) M,

ql (T) 0, q2(T) D.

We observe that if

(4.11) B’(t)q2(t) -N(t)K t)

then q(. )= 0, and if q(s) is symmetric then

dq___= -A(s)’q- q2A(s)+ K(s)’N(s)K(s)- M(s),
ds

q( T) D.

Let us write this solution as P(s). Then the second term in (4.10) is zero since q.= 0,
and

.(p, ;,v) -2P(t)m,,

so (4.4) holds if K(t)=-N(t)-lB(t)’P(t). Moreover, this K is bounded on [0, T]
and (4.11) does hold! Hence the control

a(t, Y)=-N(t)B(t)’P(t)mt

does satisfy the necessary conditions for optimality.

REFERENCES

V. I. ARKIN AND M. T. SAKSONOV, Necessary optimality conditions for stochastic differential equations,
Soviet Math. Dokl., 20 (1979), pp. 1-5.

[2] A. BENSOUSSAN, Stochastic Control by Functional Analysis Methods, North-Holland, Amsterdam, 1982.
[3], Maximum principle and dynamic programming approaches of the optimal control of partially

observed diffusions, Stochastics, 9 (1983), pp. 169-222.
[4] R. J. ELLIOTT, The optimal control of a stochastic system, this Journal, 15 (1977), pp. 756-778.
[5] U. G. HAUSSMANN, General necessary conditions for optimal control of stochastic systems, Math.

Programming Stud., 6 (1976), pp. 30-48.



MAXIMUM PRINCIPLE WITH PARTIAL INFORMATION 361

[6], The maximum principlefor optimal control ofdiffusions with partial information, Proc. International
Conference on Stochastic Optimization, Kiev, 1984.

[7] , L’dquation de Zakai et le problme sdpar, du contrle optimal stochastique, S6minaire de Prob-
abilit6s XIX, Lecture Notes in Math. 1123, Springer, Berlin, 1985, pp. 37-62.

[8] , A Stochastic Maximum Principle for Optimal Control of Diffusions, Longman, London, 1986.
[9] H. J. KUSHNER, Necessary conditions for continuous parameter stochastic optimization problems, this

Journal, 10 (1972), pp. 550-565.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 25, No. 2, March 1987

(C) 1987 Society for Industrial and Applied Mathematics
0O8

OPTIMAL HANKEL NORM MODEL REDUCTIONS AND
WIENER-HOPF FACTORIZATION I:

THE CANONICAL CASE*

JOSEPH A. BALL" AND ANDR C. M. RAN

Abstract. We consider the problem for discrete time systems of approximating a given stable rational
matrix function K (z)= j__ Kjz- of McMillan degree n by a function f((z)+ H(z), where/ has McMillan
degree l< n and H is antistable; we include the case =0 in which we then take / =0. The minimum
possible L-norm (on the unit circle) of the error ]]K-/- HILL% or equivalently the minimum possible
spectral norm of the induced Hankel matrix [[K-g[[, is known to be equal to the (l+ 1)st singular value
o’i+(K) of the Hankel matrix r [Ki’+j-]i,. Assume trt+(K) < O’l(K) and choose the number o" to satisfy
trt+l(K < tr <try(K); if =0, the condition is simply t(K) I1/ < r. We give an explicit linear fractional
map parametrization of the class of all functions / + H as above which satisfy IlK-/-HIIL=< r. The
coefficients of the linear fractional map are completely determined by the matrices A, B, C in a realization
K(z)=C(zI-A)-B for K(z) and the observability and controllability gramians for the discrete time
system (A, B, C). The analogous results for continuous time systems are derived by a linear fractional
change of variable; in this way we recover some recent results of Glover. The basic idea is to use the
Grassmannian approach of Ball and Helton to reduce the problem to one of spectral factorization; this in
turn can be solved by the geometric factorization principle of Bart, Gohberg, Kaashoek and van Dooren.
Known applications include sensitivity minimization in H control theory and model reduction for linear
systems.

Key words. McMillan degree, Lyapunov equation, controllability and observability gramian, singular
values, shift invariant subspace representation

AMS(MOS) subject classifications. 93B25, 93B40, 93C35

1. Introduction. We suppose that K(z) is a given strictly proper stable rational
p x q matrix function of McMillan degree n which is analytic on the unit circle. Here
we mean "stable" in the sense of discrete time systems, so all poles of K are assumed
to be in the open unit disk. We assume that we know a realization

K(z)=C(zI,,-A)-IB
for K; here A, B and C are matrices of sizes n x n, n x q and p x n, respectively, and
the spectrum tr(A) of A is in the open unit disk.

The model reduction problem that comes up in many engineering applications is
that of approximating K by a stable rational matrix function K of McMillan degree
< n. It is usually desired (see [10], [8] and the references there) to obtain the best

approximation in the sense of minimizing the Hankel norm IlK-/ [], where
is the spectral norm of the block Hankel matrix F [F//j-1]i, j 1, 2,’’’ associated
with F (where F(z)=:1 Fz ). Here the block Hankel matrix is considered as an
operator from l to l (where l is the space of norm-square-summable Cr-valued
sequences). It is known (see [1] for the scalar case and [10] and [3] for the matrix
case) that

(1.1) inf{i[K-/[le"/ stable with McMillan degree <= l} trl+l(K ),
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where tr(K) => tr2(K) -> -> trn (K) are the singular values of /. The singular values
of r ar.e^alternatively characterized as the square roots of the eigenvalues of the
product PQ of the controllability gramian

and the observability gramian

P= AkBB*A*k

k=0

Q A*kc*CAk

k=0

for the discrete time system (A, B, C) (see [8]). The gramians P and Q can also be
defined as the unique solutions of the Lyapunov equations

(1.2) AA* BB*,

(1.3) O-A*OA=C*C.
The approximation result (1.1) has an equivalent formulation in the frequency

domain. To describe this we now introduce some notation and terminology for function
spaces on the unit circle. For F any function defined on the unit circle, let
sup (lIF(z)ll" Izl 1}. The space Lpxq is the set of all measurable p x q matrix functions
F with IIFII/oo < oo. The subspace Hpq is the set of all F Lpqwith bounded analytic
continuation to the unit disk (the antistable functions).

Denote by Hpq(l) the (nonconvex) subset of Lpq consisting of all functions H
of the form K + H, where K is a stable rational p x q matrix function of McMillan
degree at most and HI Hpxq. Then an equivalent frequency domain version of (1.1)
is

(1.1’) inf(llK-H[I: ncHpxq(1)}=ol+l(K).

For =0 this amounts to the matrix version of Nehari’s theorem [11]; this special case
is also relevant to the sensitivity minimization problem in H control theory (see, e.g.
[7] and the references there).

Various authors (see [10], [8] and the references there) have derived algorithms
for computing an Hoe Hpxq(l) for which the infimum in (1.1’) is achieved, that is, for
which

(1,4)

In [3] a (degenerate) linear fractional map is produced which parametrizes the set of
all F K Ho K + Hpq(l) that satisfy (1.4). Computation of this map and a starting
point for many of the algorithms mentioned above involves a knowledge of the singular
value decomposition of WK. (;lover 8] was the first to obtain a complete parametrization
of the set of all solutions directly from the matrices A, B, C, but in the continuous
time setting.

In this paper we obtain a result analogous to that of Glover’s for the discrete time
as well as continuous time setting, but for a slightly modified (and easier) problem.
From (1.1’) it is clear that for a given tolerance tr > 0, the smallest integer-/for which
there is an F K + Hpq(l) such that IIFll<_- is the first for which tr > O’l+,(K)
In this paper we assume that a tolerance tr is chosen so that try(K)> tr > O’l+(K) if
1->1, or > IIWll-,(K) if 1=0. We then give explicit formulas (in terms of the
matrices A, B, C and the controllability and observability gramians P and Q given
by (12) and (1.3)) for a linear fractional map which can be used to parametrize the
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set of all F K + Hpq(l) satisfying IIFII =< r. The existence of such a map was already
established in [3] for a general tr > 0; the form of the map is somewhat simpler when
one assumes trl(K)> tr > crl+(K) (or tr> cry(K)). The precise result for discrete time
is as follows.

THEOREM 1. Suppose K(z)- C(zI,-A)-IB is a rational p x q matrixfunction with
all poles in the open unit disk and of McMillan degree n. Let trl(K)_-> 0-2(K)--> -->
0-, K denote the Hankel singular values ofK and choose the positive number tr and the
integer so that 0-1(K)>o’>trl+l(K) if 1>-1, or 0->trl(K) if/=0. Then there is a
rational (p + q) x (p + q) matrix function

o,,(z)
O(z)=

o(z) o::(z)

such that any matrix function F=K-H where HHpq(l) and IIFIl,_-<o has a
representation

(1.5) F(z) (011(z) G(z) + 012(7.))(021(z) G(z + 022(z))-1

for a matrix function G Hpq such that GIIc 1; the function F uniquely determines
the function G. Conversely, if G Hpq with GIl, 1, then (1.5) defines a function F
with IIFIl,. <- o of the form F= K-Hfor a matrix function H Hpq(1). Moreover, F
is rational if and only if G is rational and 0--F(z) is isometric for Izl- 1 if and only if
G(z) is isometric for Izl 1.

Assume that the matrix A is invertible and has spectrum in the unit disk. Then the
matrix function O(z) can be given explicitly in the following way. Let P and Q be the
controllability and observability gramians given by (1.2) and (1.3). SetZ (I- 0--2 0/3) -1
and let c be the (p + q)x (p + q) Hermitian matrix

[Ip tr CA ZA* C*
-B*ZA*-1C*

Then it develops that c has p positive and q negative eigenvalues, so there is a (p + q)x
(p+ q) matrix

such that

Then the matrix function O( z) can be taken to be

O(z) {I + C_ (zI- _A)-’B_ }e

where

0 A,_ B_
ZA*-1 C* ZtB

and

0 -0--2B*A*-
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(1.6)

(1.7)

(1.8)

and

(1.9)

Equivalently, the block entries 0i(z)(1 <= i, j <=2) of O(z) are expressed as

O,,(z) e, + C(zln A)-(r--ZA*-Ic*e + Z’Be21),

O,2( z) el_+ C zln A)-(r-2ZA*-C*e2+ Z’Be22),

02,(z) e2 r-2B*A*-’(zI, A*-)-(ZA*-C*e, + ZOBe2,),

02(z) e o’-:B*A*-I (zI, A*-I)-I(ZA*- C*el+ ZOBe22).
Our basic approach to the proof of Theorem 1 is to use the Grassmannian and

invariant subspace approach from [3] to reduce the computation of the matrix 0 to
the computation of a signed spectral factorization. The signed spectral factorization
problem is as follows. Since we are given a realization for the function K (z), we easily
derive a realization Y_(z)= D_+ C_(zI-A_)-B_ for the rational matrix function

Y_(z)= lip K(z)I"
0 I

The problem is to find explicitly a rational matrix function X+(z)=
D+ + C+(zI-A+)-IB+ which is analytic and invertible on the closed unit disk such that

0 -Iq
X+(z)= Y*_(z)

0 -Iq

where in general F*(z):= F(-I)*. In short, the problem is that of computing a signed
spectra] factorization from a known signed antispectral factorization of the matrix
function

W(z):=Y*(z)[ Ip 0 ] Y_(z).
0 --Iq

This problem can be solved by the geometric state space approach to Wiener-Hopf
factorization developed by Bart, Gohberg and Kaashoek [5] (see also [6]). In this
context the controllability and observability gramians are identical (up to trivial scalar
factors) to the angle operators needed to describe the key subspaces in the construction
of [5]. The hypotheses that the matrix A is invertible is needed only to insure that the
matrix function 0 is analytic and invertible at c. Similar formulas hold if A is not
invertible where in this case 0 also has a polynomial part; in the continuous time case
this issue does not arise. We do not pursue this point here.

In 2 of the paper we prove Theorem 1 by the method sketched above. In {} 3 we
derive the analogous results for continuous time systems by a linear fractional change
of variable. It is also possible to get the formulas for the continuous time case directly
by the same reduction to a signed spectral factorization problem as was done in {} 2
for the discrete time case, but with the left half plane playing the role of the unit disk;
this is the approach in [4].

As mentioned above, Theorem 1 parallels results of Glover [8] for continuous
time systems. In practi, one is interested only in the stable part K of an optimal
L-approximant H=K+H (HHpq) from Hpq(l). Then K is an optimal
approximant to K in the Hankel norm but not in the L%norm. The paper of Glover
goes on to give estimates of the L-norm of K-/ in terms of the Hankel singular
values rj(K) for j-> l+ 1. We have nothing to add here to this aspect of the problem.
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Also as mentioned above, the paper of Glover actually handles (for continuous
time systems) the more complicated situation where one chooses 0-=0-1/1(K). This
case can also be handled by our approach, but involves more involved invariant
subspace representations (see [2]) and factorization problems (see [9]). We plan to
deal with this topic in a future report.

Finally we remark that our results apply equally well to nonrational functions
K(z) which have a realization K(z)= C(zI-A)-IB for bounded operators A, B, C
with the spectrum ofA in the open unit disk (discrete time) or left halfplane (continuous
time).

2. The model reduction prQblem. Our starting point to the model reduction problem
discussed in the Introduction is the invariant subspace approach to the problem found
in [3]. We summarize the results from there which we need here as follows. We denote

2by Hp+q the Hardy space of cP/q-valued norm square integrable functions on the unit
circle with vanishing negative Fourier coefficients.

THEOREM 2.1 (see [3]). Let K j=l KjZ-j be a rational p x q matrixfunction with
no poles on the unit circle. Let 0-1(K) >= o’2(K) >= >= 0"n (K) be the singular values of
the Hankel matrix operator n" l lp with block matrix representation

Then

inf {IlK HII,: H Hp%q(l)} 0"t+,(K).

Moreover, if the numbers 0" and are chosen so that 0"1(K)>o’>o’t+(K) if 1>=
1(0-> o’l(K) if =0), then there is a rational (p+ q) x (p+ q) matrix.function

O(z)= [O,(z) O,(z)]o,(z) o(z)

such that any function F=K-H where HHpq(l) and IIFIIr<=0- must have a
representation

(2.1) F(z) 0,l(Z)G(z + 012(z)) (021(z) G(z)+ 022(z)) -1

for a matrix" function G Hp, such that IIGII, 1. Conversely, if G Hpq with
G --< , then (2.1) aefines a function F with F --< , of the form F K Hfor a

matrix function H Hpxq(1). Moreover, F is rational if and only if G is rational and
0"-F(z) is isometric for Izl 1 if and only if G(z) is isometric for Izl . The matrix

function O(z) can be chosen to be any matrix function satisfying the two conditions

o -,I. O(z)= o -I.
and

OHp+q=
0 Iq

Hp+q.

Thus the proof of Theorem in the Introduction will be complete once we show
how to construct a rational matrix function which satisfies (2.2) and (2.3). The following
lemma reduces the problem to a signed spectral factorization problem.
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LEMMA 2.2. Suppose K is a rational p x q matrixfunction. Then a rational p + q) x
(p + q) matrix function 0 exists which satisfies (2.2) and (2.3) if and only if the matrix

function

(2.4) W(z)=
K*(z) Iq 0

has a signed spectral factorization

(2.5) W(z) X*(z)[

o (z)

o Ix(z)
(where X is analytic and invertible on the closed unit disk D). If this is the case, then the
rational matrix function 0 defined by

(2.6) O(z)=[ Ip K(Z)]x(z)-Io i.

satisfies (2.2) and (2.3).
Proof If X is any rational (p + q)x (p + q) matrix function and 0 is defined by

(2.6), one easily checks that the factorization (2.2) is equivalent to the factorization
(2.5), and that the subspace condition (2.3) is equivalent to the subspace condition

2X-1H2p+q Hp+q.

But this holds for a rational matrix function X if and only if X is analytic and invertible
on the closed unit disk D. In this way we see that (2.5) is a signed spectral factorization
for W if and only if 0 satisfies (2.2) and (2.3), where 0 and W are related via (2.4)
and (2.6). [3

The next lemma describes X(z) -1 in case K(z)= C(zI-A)-IB in terms of A, B
and C.

LEMMA 2.3. Suppose K(z) C(zI-A)-IB where tr(A)c D\{0} and W(z) is given
by (2.4). Let P and Q be the unique solutions of the Lyapunov equations

(2.7)

and

A(tr2p)A*-(trZP)-= BB*

A*QA- Q c*c.

Then W(z) has a signed spectralfactorization ifand only ifthe matrix I- QP is invertible.
When this is the case, the factor X(z) for a signed spectral factorization

W(z)=X*(z)[I 0 IX(z)
is computed as follows. Set Z (I QP)- and let c be the (p + q) x (p + q) matrix

[I+CA-IPZA*-C* -CA-IZ*B ](2.9) e _B,ZA_I,c, -tr21+ B*ZQB

Then c is Hermitian with p positive and q negative eigenvalues, and so has a factorization

(2.10) c=d*[Ip 0]d0 -I
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for an invertible (p+ q) x (p+ q) matrix d. Then the spectral factor X(z) for W(z) in
this case is given by

(2.11) X(z) d{[ IpO
with inverse given by

(2.12) X(z)---{[ IpO

0] [+ -2B*A*-
CP ]Z(zI_A,_)_[A,_C,_QB]}

O] [ CP ](zi_A,_ )Iq tr-2B*A*-’ )-’Z[A*- C*,-QB] d-.

Proof. First we find a realization for W(z) using (2.4). Obviously

and hence

K*(z) Iq -B*A*-Ic* Iq B,A,_ (zI-A*- - *

Multiplying realizations as on page 6 of [5] we arrive at the following realization for
W(z).

where

W(z)= )+ (zI-,)-l

If we set ,x= ,_//-,, then

(2.14) ,, [ A*-’ 0]-:2 -!
-tr BB*A* A

Let M be the spectral subspace of , corresponding to the open unit disk, and M the
spectral subspace of A corresponding to the exterior of the unit disk. Then, according
to Theorem 1.5 in [5], there exists a Wiener-Hopf factorization of/-1W(z) ofthe form

(2.15) b-’ W(z) X_(z)X+(z)

where X+(z) is analytic and invertible on the closed unit and X_(z) is analytic and
invertible on the exterior of the unit disk, if and only if C" has the direct sum
decomposition

(2.16) C’=Mq-Mx.
Moreover the factors X_(z) and X/(z) can be given explicitly as

X_(z) Ip+q+ b-’ (zI-,)-’(-H)
and

(2.17) X+(z)= Ip+, + -;II(zI-.)-
where II is the projection onto x along . From the formula

[I + C(zI A)-B]- I C(zI- a+ BC)-IB,

-[A*-’ A*-’C*C] /=[A*-’C* B0](2.13) A
0 A 0

o c 6, o
C= _B,A,_ _B,A,_C,C _B,A,_C, _o.iq
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we see from this that

fi-’n(I +tn)-lX+(z)-l= Ip+q-
(2.18)

Ip+q--ff)-’(zI--x)-ll-I.
We next analyze what the direct sum condition (2.15) means for our particular

case. From the upper triangular form of , in (2.13) and the hypothesis o-.(A)c D (so
tr(A*-) C\/)), we see that the spectral subspace for , for the exterior of the closed
unit disk C\/) is Im []. The spectral subspace for A corresponding to D is then
completely determined by the following two conditions:

(i) -i-Im[]--C2n, and

(ii) Ac.

The first condition forces to have the form Im [] for some n x n matrix. The
second condition then means that for. each x e C there exists a y C such that

[A*-’ CC] [/Q]x [/Q]0 Y"

From the second row we get y- Ax. From the first row we then get

A*-1Qx -4- A*- C*Cx QAx.

Since this identity must hold for all x C ", we see that Q must satisfy the Lyapunov
equation (2.8); note that the solution of (2.8) is unique since A and A*-1 have disjoint
spectra.

In a similar way, from the lower triangular form of A in (2.14), we see that the
spectral subspace for x corresponding to D is Im []. Then the spectral subspace t
for A corresponding to C\D must satisfy

(i’) /-i- Im [ 0]I C2’’ and
(ii’) AXe/ c x.

This leads to the conclusion that /x has the form /x= Im [fi] where P is the unique
solution of the Lyapunov equation (2.7). The direct sum condition (2.16) is easily seen
to be equivalent to the inveibility of the 2n x 2n matrix [ ]. From the factorization

I

we see that this in turn is equivalent to the invertibility of I- QP. We now conclude
that the Wiener-Hopf factorization (2.15) exists if and only if I-QP is invertible,
Where P and Q are the unique solutions of the respective Lyapunov equations (2.7)
and (2.8).

To convert the Wiener-Hopf factorization (2.15) to the desired signed spectral
factorization (2.5), we use the symmetry W W* of W together with the uniqueness
of Wiener-Hopf factorization. More precisely, if the normalization

X_(oo)=[Ip 0] =X+()0 i
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is imposed, then the factors X/(z) and X_(z) in the Wiener-Hopf factorization are
uniquely determined; indeed if/- W(z)= X’_(z)X’+(z) were another such factoriz-
ation, then X’_(z)-lX_(z)= X’+(z)X+(z)- would be analytic on the whole complex
plane with value Ip/q at oo, and hence would be identically equal to Ip+q by Liouville’s
Theorem. For our case, W(z)= )X_(z)X+(z) where W(z)= W*(z), and hence we
also have W(z)= X*+(z)X*_(z))*. This yields the factorization

6-’ W(z) 6-x*+(z)X*_(z)6*.

Evaluating at o yields I=/-Ix+(0)*X_(0)*/*, so X+(0)*-/ [/*-aX_(0)*-]-1.
Then we rewrite the above factorization as

(2.19)

where

and

6- W(z)= x’(z)x’+(z)

x’() 6-’x*+(z)X/(O)*-’5

x’+(z) fi*-’x_(o)*-’x*__(z)*.
Note that X’_ is analytic and invertible on C\D with X’_(oo)= I and similarly X_ is
analytic and invertible on D with X()=/. Thus the factorization (2.19) is another
normalized Wiener-Hopf factorization for /- W(z). By the uniqueness mentioned
above we necessarily have X’_(z)= X_(z). Thus the factorization (2.15) has the form

(2.20) W(z) X*+(z)X+(O)*-’)X+(z).
If we evaluate this expression on the unit circle, we see that the matrix c := X+(0)*-I/
is Hermitian with p positive and q negative eigenvalues and hence has a signed Cholesky
factorization

for some matrix d. If we set

(2.21)

then

X(z)=dX/(z),

W(z)= X*(z)[ ’o
is our desired signed spectral factorization.

It remains only to compute the explicit formulas for c, X(z) and X(z)-1 in the
statement of the lemma. A straightforward computation shows that the projection H
of C2n onto

is given by

where we have set Z (I Qp)-l.
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We identify Im H with C" via the map S’C" Im II given by

p

with inverse S-" Im II 12" given by

S-1=[I 0]lImH.
Rewrite (2.17) and (2.18) as

X+(z) Ip+q + 6-’IIS(zI-(2.22)

and

(2.23) X+(z)-’ Ip+q-b-’S(zI S-’II,Xl-IS)-I S-’II.
Use (2.13) and (2.8) to compute

S-’IIIIS S-’IIS Z[I, _Q][A;-’ A*-’C*C][A PI]
=Z[A*-1, A*-’C*C-OA][p/]
ZA*-1 + Z[QA A*-1 Q]P ZQAP

ZA*-IZ-.
From (2.13) we get

(2.24)

and

_o.-2B*A*-C*

o.-B,A,-

From (2.14) we get

(2.26)

From (2.23)

--O’--2Iq -B*A*-1 B*A*-C*CP

S-l-I/ Z[/’-Q][A*-IC*O BO]
=Z[A*-IC*,-QB].

S-11-ixs-.- s-lxS
A,_I

=[I O] _o._2BB,A,_

A*-1.

x+(o)-’ +

[ CP ]A*Z[A*-Ic*,-QB].Ip+q + o._2B,A,_
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We compute

c

Ip+q+-B*Q

-B*A*-C* -o-Iq

[CA-]Z*A[PC*-o--A-’BB*A*-’C*,-A-B]"+
-B*Q

Use (2.7) to then get

c= _B,A,_C,

Write

and get from this

and

0

-trEIq +
-B*Q

Z*A[A-’PA*-Ic*’-A-1B]"

C I cll C121
21 22-J

c Ip + CA-Z*PA*-C*,
Cl2 _CA-Z*B,

C21 -B*A*-C* B*QZ*PA*-C*

=-B*[I+ZQp]A*-tC*

-B*ZA*-C*

c2= -tr2Iq + B*QZ*B -tr2Iq + B*ZQB,
which agrees with (2.9). Finally, formulas (2.11) and (2.12) follow by plugging the
expressions (2.24), (2.25), (2.26), (2.27) into (2.21), (2.22), (2.23), and the lemma
follows. [-I

We are now in position to complete the proof of Theorem 1 in the Introduction.
Proof of Theorem 1. By Theorem 2.1 and Lemma 2.2, the matrix function

O(Z)---[ Ip K(Z)]x(z)-o
satisfies all the requirements of Theorem 1 if the factorization (2.5) is a signed spectral
factorization for the matrix function W(z) defined by (2.4). We assume that K(z)=
C(zI-A)-B where the n x n matrix A has spectrum in D. Suppose that P and Q are
the unique solutions of the Lyapunov equations (2.7) and (2.8). Then/3:= _tr2p and
Q:=-Q solve (1.2) and (1.3), and hence are the controllability and observability
gramians for the system associated with the above realization of K(z). Therefore
I,,- QP I,- o"-QP is invertible if and only if tr is not one of the Hankel singular
values (K) of K. Then by Lemma 2.3, W(z) has a signed spectral factorization
as in (2.5) where X(z)- is given by (2.12). We may write

o io
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in realization form as

/p K(z)]
0 /q J=[/O O ] + [ Co ](ZIn A)-I[O, B].

We then multiply transfer functions as, e.g., [5, p. 6] to obtain

where

and

(z) [ K(Z)|x(z)-l {I + C(zI2,, A)-I_B}d -1

We compute first

where

Now we compute

where

0 -o’-2B*A*-1

We may use the Lyapunov equation (1.2) to rewrite _A as

A=[A0 tr-2(A/3 -/3A*-1) ]A*-1

from which we get

[(zI. A)-1 tr-2(zln A)-I(Afi fiA*-l)(zln A*-I)-1 ](zi . _A)
0 (zI, A*-I)-1 J"

(z/2. _A)__B [x x2]
kX21 X22J

x,1 tr-2(zI. A)-’(AI3-13A*-l)(zI. A*-I)-IZA*-’ C*,

x (zI,, a)-IB+o’-(zI, a)-(a.h A*-l)(zI,, a*-)- "ZQB,
X21 (ZI. A*-I) -1ZA*- C*,

x2= (zI,, A*-I)-IZO.B.

C_ (zI2.-_A)-IB_ [yllY21
y12]
Y22.1

Yll CX11 + 0"-2C21
0--2 C(zI. A)-1(A/3 -/3A*-1)(zI. A*-’)-IZA,-1C*

+ o.-2C(zI. A*-’)-1ZA*-1 C*

o’-C(zI. A)-’{A-/3A*-I + (zI,, A)}(zI., A*-I)-IZA*-1 C*

tr-2C(zI,, -A)-IZA*-IC*

0 A,_ _B
ZA C* ZO.B



374 J.A. BALL AND A. C. M. RAN

and

Y2 Cx12 -- O.-2C&22C(zI.-A)-B+0.-ZC(zI.-A)-I(A-A*-)(zI.-A*-I)-’ZtB
+ 0.-2C(zI. A*-I )-’ZOB
C(zI. -A)-B + 0.--C(zI. -a)-’{a-A*- +(zI. -a)}(zI. -A*-’)-’ZOB
C(zI. A)-’B + -ZC(zI. A)-’ZOB
C(zI. a)-’(I +

Noting that I +- PZQ I + PZQ I + PQZ* ((I- PQ)+ PQ)Z* z*,. we obtain
that

y=C(zI.-A)-Z*B.

Further,

and finally,

Y2 =-0.-B*A*-x2
-0.-2B*A*-(zI. A*-I)-IZA*-I C*,

If we now write d- in block form

d_ [e
k e21 e121e22

then

where

0,,(z) 0,.(z)]0(z)=
0=,() o.(z)

0 el + Ylle + y2e2,

02 e2 +Y2 ell + Y22e2,

012 e2 -}- Yll e12 q- Y12e22,

022 e22 q- Y2e2 d- Y22e22.

Substitution of the above expressions for Yij into these expressions for 0ij now yield
formulas (1.6)-(1.9). This completes the proof of Theorem 1.

3. The continuous time case. In this section we consider the continuous time
analogue of the above results; this is the setting of Glover’s original paper [8]. These
results were obtained in [4] directly by reducing to a signed spectral factorization
problem as in 1 but with the left half plane in place of the unit disk; here we simply
reduce to the discrete time case by a linear fractional change of variable. We suppose
that weare given a stable rational p x q matrix function of McMillan degree n which
is analytic on the imaginary jw axis with G(c)=0; for the present continuous time
setting, "stable" means that G has no poles in the right half plane {s: Re s > 0}. Thus
G(s) may be realized as

G(s)=C(sI-A)-lB
where A, B, C are matrices of sizes n x n, n x q and p x n, respectively, and where the
spectrum of A lies in the open left half plane.
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oo+The symbol Hpxq now denotes the class of p x q matrix functions analytic in the
right half plane and uniformly bounded there; HpOx-q is the analogous class for the left
half plane. For a nonnegative integer, we let Hp-(l) denote the class of functions
+F where has McMillan degree and F Hpq. We now let Lpxq denote the
class of measurable uniformly bounded functions K on the imaginary axis with norm

sup

We also introduce the Hardy spaces H2q for the left half plane and Haq+ for the right
half plane of Cq-valued functions and the Lebesgue space L of C-valued functions
which are norm square integrable on the jw axis.

The problem to be considered in this section is that of approximating a given
stable rational matrix function G(s)= C(sI-A)-IB by functions K(s) Hp-o(l) in
L-norm. From the earlier work of [1], [10] and [3] translated to the continuous time
setting by a linear fractional change of variable, it is known that

inf {11 K K O’/+1(G)

where r+(G) is the (l+ 1)st Hankel singular value of G. The Hankel singular values
O’l(G) >- o’2(G) >= => tr,(G)> 0 can be defined for the continuous time case as the
square roots of the eigenvalues Ai(PQ) of the product of the controllability gramian

fi:= exp (At)BB* exp (A*) d)

and the observability gramian

(:= exp (A*t)C*C exp (At) dr

Equivalently, they can be defined as the singular values tri(G) of the Hankel operator
G Lq(0, o)-> L(0, do) defined by

(3.1) Y’v(t) C exp(A(t+r))Bv(z) d-

(see [8]). With tr and chosen so that rt(G)> o’-> o’/+I(G (or tr_> q(G) if 1=0),
there is again a linear fractional map parametrization for the set of all K Hpq(1)
satisfying G K r -< r. The form of the linear fractional map simplifies considerably
if o- # rt+(G). Glover [8] was the first to give formulas for the coefficients of the linear
fractional map directly in terms of the matrices A, B, C appearing in the realization
of G. The result for the present continuous time setting is as follows.

THEOREM 3.1. Suppose G(s) C(sI-A)-IB is a stable rational p x q matrixfunc-
tion of McMillan degree n, and that the number tr and the integer are chosen to satisfy
try(G) > r > rl+(G) or tr > try(G) if O. Then there is a rational (p + q) x (p + q)
matrix function

O(s)= [O,l(S) 012(s)]
such that a matrixfunction I?: Lpq is of theform F G-Kfor some K Hpo(l) with
F I <-- tr if and only if

13(s) O,,(s)H(s) + O,(s))( O,(s)H(s) + 02(s))-’

H- with H < 1. The function uniquely determines the function H.for some H po
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Moreover, F is rational ifand only ifthe correspondingH is rational, and (1/r)F(jw)
is isometric for all real w if and only if H(jw) is isometric for all real w. The matrix

function O(s) is given by

O(s) [I 0 ] + C_ (sI_ _A)_IB
o.-liq

where

(3.2) A= [A -tr-2BB*]0 -A*

(3.3) B=[ 0 tr-lB ]ZC* o’-IZtB
(3.4) C=[C0 -o’-2B*

Equivalently, the block entries Oo(s)(i,j= 1,2) are given by

(3.5) Oll(S)=!p+tr-ZC(sI-A)-ZC*,

(3.6) 012(s) tr-’ C(sI A)-IZ*B,
(3.7) 021(s) -tr-2B*(sI + A*)-Izc*,

(3.8) 022(s) tr-lIq-tr-3B*(sI + a*)-’ZtB.
Here P and Q are the controllability and observability gramian, respectively, associated

2with the realization G(s) C(sI A) B, and Z (I- tr- QP)-
The controllability and observability gramians P and Q alternatively arise as the

unique solutions of the Lyapunov equations

(3.9) A/3 +/3A* -BB*,

(3.10) A*O+ tA= -C*C,

(see [8]).
The linear fractional map in Glover’s solution [8] has a different form from that

given in Theorem 3.1. Any linear fractional map of the form

H -> (Ol,H + 012)( 021H + 022) -1

can be represented in the equivalent form

(3.11)

where

H -> Hll + H12H(I- H22H)-lH21

[H1, H12] [ 012021 O11 0120’21 021 ]H2, H2J 0; -0-z1021
When this is done for the case where 01, 0, 0, 0_ are given by (3.5)-(3.8), one
obtains by a straightforward but tedious computation

H,,(s) -:C(sI + Z(A* + -OA))-IZOB+ C(sI- A)-1 B,

,() I + -ck(I+Z(A* + -OA))-’ZC*,
(3.12)

HI() I+ -lB*(sI + Z(A* + -OA))- ZQB,

() -’S*(I + Z(A* + -OA))-’ZC*.
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The parametrization of the errors G--F gven by (3.11) and (3.12) agrees with
Glover’s parametrization of the approximants G+ F ([8, Cor. 8.6], interpreted for the
case trl+l(G) < tr < trl(G) or trl(G) < tr if 0).

Proof of Theorem 3.1. As is well known and is easily checked, the map s-> z(s)=
(1+ s)/(1-s) maps the left half plane conformally onto the unit disk with inverse
z-> s(z)=(z-1)/(z+ 1). Thus, if F--F(s) is in the Hardy space Hp-q(l) for the left
half plane, then fi(z):-F(s(z))-F((z-1)/(z+l)) is in the corresponding space
Hpq(l) for the unit disk, and conversely, if K(z)Hpq(l) for the unit disk, then
K’(s)-K(z(s))=K((l+s)/(1-s)) is in the space Hp-q(l) for the left half plane.

Now suppose G(s)-C(sI-A)-IB is a rational matrix function as in Theorem
3.1. In addition to tr(A)c {s" Re s<0}, we assume -ltr(A); this hypothesis can
be avoided by using a different linear fractional,change of variables. Then we set
((z) G(s(z)) and note that ((z)= +(zI-A)B, where

(3.13) t C(I- A)-IB,
(3.14) =x/C(I-A)-,
(3.15) =v/(I-A)-B,
(3.16) =(I+A)(I-A)-1.

The extra assumption that -1 tr(A) implies that A is invertible; also tr(A) c D since
A has spectrum in the left half plane. Thus we can apply the formulas in Theorem 1
to t(z) in place of K(z). Assume that the number tr is such that O’/+l(d < O" < O’l(d
(or simply trl(t) < cr if 0). We shall see later that the singular values tr(t) for the
discrete time Hankel matrix Y(6 are identical with the singular values ri(G) for the
continuous time Hankel operator Y( given by (3.1). Let

Ill() 12(Z) 1o()= () o’er(z)
be the matrix function associated with (3 and tr as in Theorem 1. Thus

(3.17) (z) {Ip+q +

_
(zI "_A)-_ }(o)

where

(3.18)

(3.19)

(3.20)

Here P and Q are solutions of the discrete time Lyapunov equations

(. e e* *,
-A* C(3.22) Q dA=d*"

and Z (I-- QP)-. The result of Theorem 1 then is that satisfies

sup Iz[ 1}

and

if: d + Hpq( l)
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if and only if F has the form

F(z) T6()(H(z))
for some/ e Hpxq with 1 (sup norm on the unit circle), where in general we
define

To(X O,IX -- 012)( 021X -- 022)-’
if

[ 011012]0--"
021 022

If we make the change of variable z--> z(s) and define

O(s)= (z(s)), G(s)= (z(s)) and F(s)= ff’(z(s)),
we see from this that O(s)= O(z(s)) is as desired in Theorem 3.1. It remains only to
use (3.13)-(3.22) to compute O(s) explicitly in terms of the original A, B, C and
continuous time controllability and observabilitygramians/5 and Q.

We first convert the discrete time gramians P, Q to the continuous time gramians
/5, (. From (3.15) and (3.16), the Lyapunov equation (3.21) is equivalent to

P (I + a)(I A)-1/](I a*)-l(I + a*) 2(I A)-1BB*(I a*)-’

or

This collapses to

(I- A)P(I-A*)-(I + A)P(I + A)* 2BB*.

A*+)A*=-B*B.
From (3.9) we see that the discrete time controllability gramian P is identical to the
continuous time controllability gramian P. Similarly, using (3.14) and (3.16) we see
that (3.22) collapses to

A*Q+QA=-C*C,
--2so Q=(. Thus Z=(I-o’-2Op)-’=(I-tr 0P)-I Z as well.

The matrix function O(s) is determined by the conditions in Theorem 3.1 only up
o

to a constant J-unitary right factor (J o _q]). By using this freedom we can arrange
that

0 o’-I
Thus with this normalization O(s) is given by

O(s) (z(s))(z())-’[o
where

0]
l + s

I- (oo).O(z(s)) Ip+q + C_ l" s

Thus

t(z(c)) [/+q _(I + _)-" _/}]().
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Compute next

1 + si "_A + (I + )-1 (oo)O(z(s))- O(z(oo)) g i" s

1 si__ I++ - (I+)-()=C
1 s 1-s

2 e(l+s
-1--Xi-s

-g

Thus

0 o’-Iq + 2_C(I + _)-a(sI-(’_A- I)(’_A + i)-)-1(i +)-

./[/p+- ,(i +..)_,/]_ [Ip 0 ]q 0 tr-Iq
We thus see that

where

(3.23)

(s [ I’o 0]-I. + C(st- -a)-O’

_A=(-I)(+I)-,
(3.24) B=,,/(I+)_l_[lp+q_d(i+)_,]_[Ip 0 ]0 o’-I
and

(3.25) _C /_(I + )-’.
The computation of _A is aided.by noting from the definition (3.15) of _A and the
Lyapunov equation (3.18) that _A can be block-diagonalized.

0 *- 0 I *- I

From (3.16) it is immediate that

(,- I)(+ I)-’ A

and

Thus from this, (3.23) and (3.26) we get

_A=
0 I 0 -A*

=[A0 ’-2A+ ’-ZA*
J

[Ao -tr-ZBB*]-A*
where we used (3.9) for the last step. This verifies the formula (3.2) for _A.
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We next compute _B from (3.24). To do this we must compute

_[Ip+q _(I + _/)-1 _]-1 [I #(I+ _/)-1]-1 _/ (I + )[I +-/]-1#.
From (3.19) and (3.20) we get

[ o--= Z/,-I d,(

Thus, from 3.18

g-O_d=

where (by using (3.21) and (3.22))

o]X22

Therefore

and

I 0 I+A 0 0I+--= Z( Z 0 i+,-1 Z-1

SO

Z( Z 0

We finally conclude that
_
[Ip+q

_
(I + "_A)-’_ ]-’

[ I 0][(I+)-1

=(I+) Z) Z 0

From (3.24), plugging in (3.16) we therefore get

= ZQ Z 0 }(I+A*) -O

][ J0 I^ 0

(I+/*-1)-1 _Q g-i

(I+A$-I)-1 --0 z-1
_B.

Z-1 0 o’-lIq
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Substituting (3.19) for and (3.14)-(3.16) for ,,/, , we get

[ 1/2(I-a) 0B_=/ 1/2Z[t(I-A)-(I+A*)Q] 1/2Z(I+A*)Z-1

.[ 0 x/tr-’(I-A)-lB ]x/Z(I+A*)-’C* -IzO(I-A)-IB

=[ 0
ZC* -ZQBJ’

which verifies (3.3). To verify formula (3.4) for C, plug (3.20) and (3.26) into (3.25)
to get

C= _-,,-1 0 0 (+*--
Now substituting (3.14)-(3.16), we get

0 -2-B*(I+A*)-
o o (+* o

0 --B*(I+A*)- 0 I+A*

_-[Co g-2C(I-A)-’[-Afi- fiA* +

0 --B*
This verifies formula (3.4).

It remains only to check that (3.5)-(3.8) follow from (3.2)-(3.4). But this is easily
seen by using the diagonalization of derived from the Lyapunov equation (3.9)

_-[I0 --2fi][AI0 -A*0][ -2fi]i
and then multiplying out. We leave the details to the reader.
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ITERATIVE METHODS FOR LARGE CONVEX QUADRATIC PROGRAMS:
A SURVEY*

Y. Y. LIN’ AND J.-S. PANGS"

Abstract. In this paper, we give a state-of-the-art review of many iterative methods for solving large
convex quadratic programs. We attempt to classify several of the more basic methods in two categories,
within each of which a unified iterative scheme will be introduced and its convergence analyzed. Hybrid
iterative methods (such as the proximal point algorithm and a diagonalization scheme) that make use of
the more basic schemes will also be described. The results of an extensive computer experimentation which

is aimed at comparing the relative performance of the various methods will be reported and discussed.

Finally, several important topics which require future research will be highlighted.

Key words, iterative methods, quadratic programs, linear complementarity problem, matrix splitting,
duality

AMS(MOS) subject classifications. 90C20, 90C33

1. Introduction.
1.1. Foreword. Convex quadratic programming is an old and important topic in

mathematical programming. Its countless applications appear in diverse areas of
engineering, mathematical, physical, social and management sciences. In addition,
quadratic programs are central to many algorithms for solving nonlinear programming
problems.

Over the years, a large number of methods have been developed for solving convex
quadratic programs. These methods can be divided into two categories" finite methods
and iterative methods. Finite methods solve a given program by some kind of pivoting
procedures and terminate in finite time. On the other hand, iterative methods generate
an infinite sequence which converges to a limit point that solves the program. In
general, finite methods are effective for small-to-medium sized problems, but tend to
become less efficient and uneconomical as the problem size increases. This is due to
two reasons. One is the fact that round-off errors accumulate very rapidly and often
lead to numerical difficulties. The other is the huge computer storage required which
places a severe limit on the size of the problem being solved. Iterative methods, on
the other hand are immune from thse two handicaps because they (i) are self-correcting
and (ii) operate on the input data only. As a result, they are capable of preserving any
data sparsity and thus are particularly attractive for solving large-scale sparse problems.

Our principal objective in this paper is twofold: (i) to undertake a comprehensive
survey of the most commonly used and (in our view) most promising iterative methods
for solving large-scale sparse convex quadratic programs (we refer to [44] for a survey
of finite methods for solving general convex quadratic programs); and (ii) to perform
and report the numerical results of an extensive computer experimentation comparing
the relative performance of the methods. Based on the results obtained, we shall make
some general comments on each individual method with regard to its strength and
drawbacks.

1.2. Review of literature. Among the earliest iterative methods proposed for solving
convex quadratic programs is the one by Hildreth [27]. In present-day language,

* Received by the editors September 25, 1985, and in revised form March 4, 1986. This research was
based on work supported by the National Science Foundation under grant ECS-8407240.

" School of Management, The University of Texas at Dallas, Richardson, Texas 75083-0688.
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Hildreth’s procedure may be described as the projected (point) Gauss-Seidel method
applied to an equivalent linear complementarity formulation of the given quadratic
program. The relaxation method proposed by Agmon [2], Motzkin and Schoenberg
[37] for solving a system of linear inequalities is related to Hildreth’s procedure and
actually appears before the latter.

Hildreth’s algorithm was published in the 1950s. It was not until 1971 that Cryer
17] proposed the first successive overrelaxation (SOR) method for minimizing a strictly
convex quadratic function over the nonnegative orthant. Subsequently, Cottle, Golub
and Sacher [15] extended Cryer’s method to a block version; Cottle and Goheen [14]
further extended Cryer’s method to include box constraints. In [8], Cea and Glowinski
proposed a related block SOR scheme. (Many more references on similar SOR methods
may be found in the cited articles.) In [31], Mangasarian proposed a general iterative
scheme for solving the symmetric linear complementarity problem and improved on
the convergence results obtained previously by Cryer, Cottle and others. Subsequently,
Mangasarian [32], [34] discussed how a SOR method can be applied to solve separable
strictly convex quadratic programs and linear programs. Based on a penalty function
approach, Han and Mangasarian [24] proposed an SOR scheme for solving a nonsepar-
able strictly convex quadratic program. Most recently, Lin and Cryer [30] proposed
an alternating direction implicit algorithm for the solution of (symmetric) linear
complementarity problems arising from free boundary problems. The numerical results
reported in [30] show that the alternating direction implicit algorithm is significantly
faster than the SOR algorithms.

Motivated by the works of Mangasarian [31], Ahn [3], Aganagic [1] and others,
Pang [43] introduced a fundamental iterative scheme for solving the linear complemen-
tarity problem. The scheme is based on the classical notion of matrix splittings in
numerical analysis. Specialization of the scheme to a strictly convex quadratic program
was discussed in [45], [46] where some necessary and sufficient conditions for conver-
gence were established.

Separately, Lent and Censor [28] extended Hildreth’s original algorithm and
developed an almost cyclic SOR algorithm for a strictly convex quadratic program.
The accompanying paper by Herman and Lent [26] described an application of the
Lent-Censor extension of Hildreth’s algorithm. Another recent application of
Hildreth’s original algorithm was documented in Bachem and Korte [6]. In [28], the
authors pointed out the connection between Hildreth’s algorithm and the relaxation
method of Agmon [2], Motzkin and Schoenberg [37]. Lent and Censor classified the
extended Hildreth algorithm as a row-action method [9]. The term "row-action" refers
to the notion that the constraints of the (quadratic) program are acted upon one row
at a time.

More recently, Cottle et al. [13] described a Lagrangian relaxation algorithm for
solving a constrained matrix problem formulated as a strictly convex quadratic program
over the transportation polytope. (See also [38].) An earlier paper by Cottle and Pang
[16] discussed the solution of the same problem by an SOR scheme. (See also Cottle
[12].) In [46], a convergence result on the Langrangian relaxation scheme of Cottle
et al. was established.

The iterative methods mentioned above can be classified as either (i) LCP (i.e.
linear complementarity problem) based, or (ii) dual based. The LCP-based iterative
methods solve a given quadratic program via an equivalent linear complementarity
formulation. These methods have their origin in the solution of systems of linear
equations [40], [53]. The fundamental scheme proposed in Pang [43] is a unification
of many of the LCP-based methods. The dual-based iterative methods, on the other
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hand, solve a given program via its (Lagrangian) dual program. A typical dual method
operates by maximizing the dual function using a certain periodic basis or gradient-type
ascent iterative procedure. For certain types of problems, the LCP and the dual
formulations are the same.

Many of the iterative methods for solving a general convex quadratic program
require a strictly convex objective function. An iterative scheme, proposed recently by
Shiau [52], is an exception. Shiau’s scheme was designed to solve a linear complemen-
tarity problem and proved to be convergent in the case of an asymmetric positive
semidefinite matrix. In particular, it is applicable to the linear complementarity problem
arising from a convex quadratic program. No computational result concerning this
application is available, however. (Incidentally, Shiau’s scheme is rather similar to the
Frank-Wolfe 1957 procedure [21] for quadratic programs.) A third approach to deal
with the convex, but not strictly convex case is to rely on the proximal point algorithm
[50], [51]. Ha [23] discussed this idea in his Ph.D. dissertation and showed how it
leads to certain decomposition methods for block structured convex quadratic pro-
grams. The main idea of the proximal point approach is to first strongly convexify the
(quadratic) objective function before applying an inner iterative scheme to the strongly
convexified subprograms. Specialized to a linear objective function, the proximal point
approach provides an effective iterative procedure for solving large, sparse linear
programs which may prove to be a practical alternative to the well-known simplex
method and/or many of its variants. Mangasarian?s iterative method for linear programs
[34] is closely related to the proximal point approach (see Cheng’s dissertation [10]
for more details).

In recent years, there have been several proposals [18], [39], [54] which attempt
to incorporate an iterative scheme in a finite method for solving convex quadratic
programs with box constraints. The central idea is to use an iterative method for
systems of linear equations (like SOR or conjugate gradient) to carry out the funda-
mental step of equation solving in a pivoting or active-set method. Under exact
arithmetic and suitable stopping rule for the inner scheme, the overall method remains
finitely convergent. At present, it is not clear how such an iterative active-set method
(as it is called in [39]) can be applied to large-scale problems with general linear
constraints. (It should be pointed out that although in theory, any strictly convex
quadratic program can be transformed into one with box constraints, the transformation
is not suitable for large programs with sparse data. This will be explained in more
detail later.)

1.3. Organization. The remainder of this paper is divided into 5 sections. Section
2 contains 3 subsections. In 2.1, we review a fundamental iterative scheme for solving
the symmetric linear complementarity problem. In 2.2, we state several convergence
results of the fundamental scheme. Section 2.3 deals with the issue of error bounds of
an approximate solution to the linear complementarity problem. In 3.-1, we discuss
the specialization ofthe iterative scheme of 2.1 to a separable strictly convex quadratic
program and point out how separability is crucial. Section 3.2 deals with the nonsepar-
able case. There, the Han-Mangasarian approach as well as a diagonalization algorithm
is described. In 3.3, we explain how the proximal point algorithm can be applied to
a convex quadratic program. Section 4 is concerned with the dual-based iterative
methods for solving a strictly convex quadratic program. In 4.1, we define the dual
function and summarize several of its key properties. In 4.2, we introduce a unified
dual ascent method. Section 4.3 explains how the method specializes in two important
cases. In 4.4, we state two convergence results for the dual ascent method of 4.2.
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In 4.5, we refine the analysis of 4.3 and discuss two related extensions. In the fifth
section, we report the computational experience we have gathered with the various
methods surveyed in the previous sections. We divide our discussion into the separable
( 5.1) and the nonseparable ( 5.2) case. Numerical results are presented from which
observations are drawn. Finally, in the sixth and last section, we point out several
issues that are not treated in this survey but which are important and deserve attention.

2. Iterative methods for symmetric LCP’s.
2.1. A fundamental scheme. The close connection between a convex quadratic

program and a linear complementarity problem is well recognized. Indeed, many
iterative methods for (strictly) convex quadratic programs can be derived from a certain
basic algorithm for solving the LCP with a symmetric matrix. In this section, we shall
explain this fundamental iterative scheme for the LCP and present various convergence
results related to it.

Consider the general linear complementarity problem of finding a vector x in R"
such that

(2.1.1) w=q+Mx>-O, x>-0 and xTw=O

where q and M are a given n-vector and an n by n matrix, respectively. We shall
assume that the matrix M is symmetric. Under this symmetry assumption, the LCP
(2.1.1) becomes the Karush-Kuhn-Tucker optimality conditions of the quadratic
program over the nonnegative orthant"

minimize f x q TX + 1/2X TMx
(2.1.2)

subject to x_>- O.

If in addition, M is positive semidefinite, then the quadratic objective function f(x)
is convex. In this case, the two problems (2.1.1) and (2.1.2) are completely equivalent.
As we shall see, the objective function f(x) plays a crucial role in the convergence
results of the basic iterative scheme for solving the LCP (2.1.1).

It is well known that many iterative methods for systems of linear equations can
be uniformly described in terms of matrix splittings [40], [53]. Based on the same
notion, we introduce a fundamental iterative scheme for solving the LCP (2.1.1).
Specifically, let

M=B+C

be a splitting of the matrix M.

BASIC ALGORITHM. Let x be an arbitrary nonnegative vector. In general, given
xk>=0, we generate xk+ (which is assumed to exist) as a solution to the linear
complementarity subproblem

(2.1.3) w q + Cxk + Bx >- O, x >= 0 and xTW O.

Terminate if some stopping rule is satisfied.

The above algorithm is very general. In practice, the matrix B should be chosen
so that each subproblem (2.1.3) has at least one solution which is easily computable.
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An example of such a choice is the standard (point) SOR-splitting where

(2.1.4) B=L+D/to and C=U+(1-1/to)D

with D, L and U being the diagonal, strictly lower triangular and strictly upper
triangular parts of M, respectively, and with to being a given scalar satisfying 0 < to < 2.
If M has positive diagonals, then under the splitting (2.1.4), the basic algorithm
generates the SOR sequence {xk} where

qi+ Mox+’+ Mix i=l,...,n.
j<i j>=i

The latter iteration (2.1.5) is precisely Cryer’s 1971 method [17]. In a similar fashion,
if M is partitioned in blocks (M0) and if D, L and U are accordingly defined, then
the splitting (2.1.4) leads to a block SOR scheme in which each subproblem (2.1.3)
decomposes into smaller sub-subproblems which, typically, can be solved much more
easily than the original LCP (2.1.1).

2.2. Convergence results. In this subsection, we give several convergence results
pertaining to the basic algorithm. All these results depend crucially on the symmetry
assumption of M. (There are a number of results available for the asymmetric LCP
[43], [45]. However, they do not seem directly applicable to convex quadratic pro-
grams.) Proofs will be omitted but can be found in the references.

We denote the splitting M B + C by the pair (B, C). We say that the splitting
(B, C) is regular if B-C is positive definite. Notice that the SOR splitting (2.1.4) is
regular if M is symmetric with positive diagonals and if 0 < to < 2. We shall assume
that the matrix B is such that each linear complementarity subproblem (2.1.3) has a
solution. In the terminology of linear complementarity theory [41], such a B is referred
to as a Q-matrix. If B is a Q-matrix, the splitting (B, C) is called a Q-splitting.
Throughout the analysis that follows, except for the implicit understanding that each
iterate xk/l is well defined and easily computable, we leave open the question of how
the computation of xk/l should be carried out.

The first result states that under the mere assumption of symmetry on M, any
accumulation point of a sequence {xk} generated by the basic algorithm with a regular
Q-splitting (B, C) is a solution to the LCP (2.1.1).

THEOREM 2.2.1. Let M be a symmetric matrix and (B, C) a regular Q-splitting of
M. Then, for any x>= O, any accumulation point of the sequence {xk} produced by the
basic algorithm solves (2.1.1).

Notice that Theorem 2.2.1 does not assert the existence of an accumulation point.
For such a point to exist, it is sufficient for the sequence {xk} to be bounded. Conditions
ensuring such boundedness consequence are given in the next result.

THEOREM 2.2.2. Let M, B and C be as given in Theorem 2.2.1. If the two conditions
below hold:

(A) the quadratic function f(x) qrx +1/2xrMx is bounded below for x >= 0;
(B) the homogeneous LCP Ix => 0, Mx >= 0 and xrMx 0] has x 0 as the unique

solution,
then any sequence {xk} generated by the basic algorithm is bounded.

It is well known from quadratic programming theory that if a quadratic objective
function is bounded below on a polyhedral set, then it achieves, its minimum there
(see [19], [21]). In particular, assumption (A) implies that the quadratic program
(2.1.2) has an optimal solution which must necessarily solve the LCP (2.1.1) by the
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symmetry of M. Thus, the existence of a solution to (2.1.1) is implicit in condition
(A). Moreover, (A) holds if and only if the matrix M is copositive (i.e. xTMx >= 0 for
all x-> 0) and the implication below holds:

[x -> 0 and xTMx O] implies q TX >-- 0

(see [19] for a proof). In general, the existence of a solution to the LCP (2.1.1) does
not imply (A).

Condition (B), on the other hand, is related to the boundedness of the solution
set to the LCP (2.1.1). Indeed, it is not difficult to show that (B) holds if and only if
for all vectors q, the LCP (2.1.1) has a (possibly empty) bounded solution set. Obviously,
if M is strictly copositive (i.e. xTMx > 0 for all x _>- 0), then condition (B) holds trivially.
Moreover, according to the discussion above, condition (A) also holds for all
vectors q.

We say that a Q-splitting (B, C) of M is weakly convergent if for all vectors q
and all initial x-> 0, any sequence {xk} generated by the basic algorithm contains at
least one accumulation point; moreover, any such point is a solution to the LCP (2.1.1).
(Notice that this notion of weak convergence is a global one in the sense that it applies
to all constant vectors q.) We have just proven that ifM is a symmetric strictly copositive
matrix, then any regular Q-splitting of M is weakly convergent. As a matter of fact,
the converse of this statement is also true and is made precise in the next theorem.

THEOREM 2.2.3. Let M be a symmetric matrix. IfM is strictly copositive,,then any
regular Q-splitting ofM is weakly convergent. Conversely, ifM has a regular Q-splitting
that is weakly convergent, then M is strictly copositive.

Specializing Theorem 2.2.3 to an SOR method, we obtain the following.
COROLLARY 2.2.1. Let M be symmetric with positive diagonals. Then the SOR

splitting (2.1.4) ofM is weakly convergent for all 0 < co < 2 if and only ifM is strictly
copositive.

Remark. A similar result can be stated for a block SOR method.
Corollary 2.2.1 resembles the Ostrowski-Reich theorem in numerical analysis [40],

[53]. The latter theorem states that for the system of linear equations [Mx-p], if M
is symmetric with positive diagonals, then the sequence {xk} generated by the (point)
SOR method is convergent for any x and all 0< co < 2 if and only if M ispositive
definite. There are several differences however. An obvious one is the notion of
convergence involved. In the case of a system of linear equations, the entire sequence
of iterates converges; whereas in the case of the LCP, the convergence is in terms of
subsequences. (Incidentally, the latter kind of convergence is very common in nonlinear
programming algorithms.) In [45], Pang raised the question of whether for the LCP
(2.1.1), the convergence of the SOR sequence (cf. (2.1.5)) can be characterized by the
positive definiteness of M, just like the Ostrowski-Reich result. It is easy to see that
positive definiteness ofM implies the convergence ofthe SOR sequence, Unfortunately,
the converse is false. To explain this, we quote a convergence result which is a much
simplified version of Theorem 2.1 in [46].

THEOREM 2.2.4. Let M be a symmetric nondegenerate matrix (i.e. all principal
minors ofMare nonzero). Suppose thatMhaspositive diagonal entries. Then thefollowing
statements are equivalent:

(i) For any x>-O, the SOR sequence {xk} (2.1.5) is convergent for all 0<to<2
and all vectors q;

(ii) M is strictly copositive
(iii) M is copositive.
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Since there are obviously symmetric nondegenerate copositive matrices that are
not positive definite, it follows that the convergence of the SOR sequence (2.1.5) does
not necessarily imply the positive definiteness of M.

In several important applications of the LCP (2.1.1) to convex quadratic programs,
the matrix M is, in addition to being symmetric, positive semidefinite but not definite.
In this case, condition (B) of Theorem 2.2.2 will fail to hold. Thus, Theorem 2.2.2
becomes inapplicable. However, we have the following convergence result.

THEOREM 2.2.5. Let M be a symmetric positive semidefinite matrix and let (B, C)
be a regular Q-splitting of M. Then, for any initial vector x>=O, the sequence {xk}
generated by the basic algorithm is uniquely defined. Moreover, the following three
statements are equivalent:

(A) the quadratic function f(x) qrx +1/2xrMx is bounded below for x >= 0;
(B) the LCP (2.1.1) has a solution;
(C) for any initial vector x>- O, the sequence {Mxk} converges to some vector Mz

and z solves the LCP (2.1.1).
Notice that Theorem 2.2.5 does not assert the convergence of the sequence {xk}.

AS a matter of fact, it remains an open question to determine if {xk} is bounded under
the assumptions of Theorem 2.2.5. (More specifically, the question is: Let M, B and
C be as given in Theorem 2.2.5. Does condition (A) or (B) imply that the sequence
{xk} is bounded?) The next result shows that {xk} is indeed bounded if a Slater
constraint qualification holds for the LCP (2.1.1). This result was first proved by
Mangasarian [31] for his iterative scheme under a slightly weaker assumption on the
matrix M. Basically, the additional Slater condition (together with the properties of
M) ensures that the (quadratic) function f(x) has bounded level sets. From this, the
boundedness of {xk} follows easily.

THEOREM 2.2.6. Let M be a symmetric positive semidefinite matrix. Let (B, C) be
a regular Q-splitting of M. If there exists a vector x so that

(2.2.1) q + Mx > O,

thenfor any x>- O, the (uniquely defined) sequence {xk } generated by the basic algorithm
is bounded, and thus has an accumulation point. Moreover, any such point solves the
LCP (2.1.1) and the sequence {Mxk} converges.

Remark. The constraint qualification (2.2.1) implies assumption (A) of Theorem
2.2.5 but not conversely. It should also be pointed out that (2.2.1) bears little relationship
to assumption (B) in Theorem 2.2.2. In particular, Theorem 2.2.6 is not a special case
of Theorem 2.2.2.

2.3. A posteriori error Iounds. In practical implementation, an iterative method
terminates when a suitable stopping rule is satisfied. A commonly used rule for the
LCP (2.1.1) is the following one:

(2.3.1) Ilmin (X k, q / Mx)II _-<

where I1 denotes a vector norm, xk is the iterate being tested and e is a given
tolerance. The rule is justified on the observation that a vector x* solves (2.1.1) if and
only if

Ilmin (x*, q + Mx*)[[ 0.

A question naturally arises, namely, if x k is the (approximate) solution obtained at
the termination of an iterative method under the rule (2.3.1), how close is xk to an
exact solution x* of (2.1.1)? In other words, can one bound the error IIx -x*ll in
terms of the quantity [[min (X k, q + Mx)II ? The result below gives an affirmative answer
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to this question under a positive definiteness assumption on M. For a proof, see [47]
where similar results for more general problems are established.

THEOREM 2.3.1. Let M be a symmetric positive definite matrix with least eigenvalue
a and let x* be the (unique) solution to (2.1.1). Let x be an arbitrary vector. Then the
following two error bounds hold:

(2.3.2) IIx-x*ll _-< (([IM[12+ 1)/a)[[min (x, q+ Mx) 112
and

(2.3.3) IIx x*l[2_< cond (M)(IIMII= + 1) [[min (x, q +

where cond (M) denotes the condition number of M and (-q)+ =max (0,-q). (It is
assumed that (-q / 0 in (2.3.3).)

Remark. If (-.q)+ =0, then x* =0 is the unique solution to (2.1.1).
The product cond (M)(lIMIl ./ 1) in (2.3.3) plays the same role as the condition

number in a system of linear equations. Indeed, for the system [Mx-p] where M is
nonsingular, the bound

(2.3.4) IIx- M-Pll _<-cond (M) liP- Mxll

is well known [40]. Thus, in (2.3.3), the relative error ]]x-x*]]/[[x*[[2 is bounded in
terms of the relative residual Ilmin (x, q+ x)ll/ll(-q)/ll just like (2.3.4). Similarly,
in (2.3.2), the absolute error [Ix-x*ll is bounded in terms of the absolute residual
min (x, q + Mx)l]2.

In [36], Mangasarian and Shiau have derived error estimates similar to (2.3.2)
and (2.3.3) for the LCP (2.1.1) with a positive semidefinite matrix M. Among other
things, they give an example to show that in this case, the quantity []min (x, q +
cannot be used as a measure of error. Instead, an alternative residual is needed.
However, the bounding constants in the Mangasarian-Shiau error expressions do not
appear as easily computable as those in Theorem 2.3.1. The reader is referred to
Mangasarian [33] for related results.

3. LCP-based iterative methods for QP’s.
3.1. The separable case. Consider the strictly convex quadratic program (QP)

(3.1.1)
minimize f(x) q rx + 1/2x rDx
subject to Ax >- b, Cx d

where the matrix D is symmetric and positive definite. Throughout the discussion, we
shall assume that the program (3.1.1) is feasible. By the assumed property on D, it
follows that (3.1.1) has a unique optimal solution which we denote by x*. The
Karush-Kuhn-Tucker optimality conditions for (3.1.1) are

(3.1.2a) 0 q + Dx Ary C rz,
(3.1.2b) u=-b+Ax>-O, y>-O, ury=0,
(3.1.2c) 0 -d + Cx,

which define a "mixed" LCP with matrix M and vector p given by

(3.1.3) M= A 0 0 and p= -b
C 0 0 -d
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The word "mixed" here refers to the equations in (3.1.2a) and (3.1.2c) and the related
fact that the variables x and z are unrestricted in sign. For simplicity, we shall call
(3.1.2) an LCP with data (3.1.3) and leave out the word "mixed."

In theory, one could apply the basic algorithm of 2 to the LCP (3.1.2). However,
there are serious considerations. One is the fact that the matrix in (3.1.3) is not
symmetric. This immediately invalidates all the convergence results of 2. (The results
for the asymmetric LCP are too restrictive to be useful here, unfortunately.) Second,
the zero blocks in (3.1.3) make an algorithm like the point SOR method inapplicable.
As a result, one is led to seek for alternative LCP formulation(s).

One such formulation can be derived as follows. From (3.1.2a), we solve for x in
terms of y and z, obtaining

(3.1.4) x -D-lq + D-1Ary + D-Crz.
Substitution of (3.1.4) into (3.1.2b) and (3.1.2c) yields

(3.1.5a) u=-b-AD-lq+AD-1Ary+AD-1Crz>-O, y>=O,

(3.1.5b) 0= -d CD-lq + CD-1ary + CO-1CTz,
which form a ("mixed") LCP defined by the matrix

[AD-1Ar AD-1C r](3.1.6) CD_Ar CD_Cr

The latter matrix is obviously symmetric. Moreover, it is positive semidefinite but in
general not positive definite. Therefore the basic algorithm of 2 and its convergence
results (Theorem 2.2.5 in particular) can be applied to (3.1.5). By backward substitution,
(3.1.4) will then produce an (approximate) solution to the original QP (3.1.1). As a
special case, one obtains an SOR scheme for solving (3.1.1).

There is a major drawback in the formulation (3.1.5); namely, it involves the
inverse of the matrix D. For large-scale problems with sparse data, this inverse could
easily destroy the practicality of the approach. Consequently, the formulation (3.1.5)
is recommended for QP’s with a separable objective function (i.e. with a diagonal D)
or for programs where the creation of the matrix (3.1.6) will not cause computer storage
difficulties. Observe that in the separable case, the computation of x from y and z in
(3.1.4) is trivial.

Two practical points should be mentioned with regard to the implementation of
an SOR scheme to (3.1.5). First, (3.1.5b) should be treated as an equation and the
variables z unrestricted. In particular, no projection on the nonnegative orthant is
required for the z variables (cf. (2.1.5)). Second, for large-scale sparse problems, it is
not advisable to form the matrix (3.1.6) explicitly. This is because any sparsity structure
could easily be destroyed in the formation of (3.1.6). As explained in [32], it is possible
to implement the SOR scheme in such a way that any sparsity or structural properties
of the data can be maintained and taken advantage of.

In what follows, we give two convergence results for the basic algorithm of 2
applied to the LCP (3.1.5). The first result (Theorem 3.1.1) is a specialization of
Corollary 2.2.1 and concerns an SOR method. Its proof can be found in [45]. The
second result (Theorem 3.1.2) follows from Theorem 2.2.5 and applies to an arbitrary
regular Q-splitting of the matrix (3.1.6). Its proof can be found in [46].

THEOREM 3.1.1. Let D be a symmetric positive definite matr.ix. Suppose that the
matrix A is nonvacuous. Then the (point) SOR splitting of the matrix (3.1.6) is weakly
convergentfor all 0 < to < 2 ifand only if the matrix C has linearly independent rows and
there exists a vector x such that Ax > 0 and Cx O.
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THEOREM 3.1.2. Let D be a symmetric positive definite matrix. Let G, H) be any
regular Q-splitting of the matrix (3.1.6). For any initial (yO, zo) with yO>_ 0, the (uniquely
defined) sequence {(yk, zk)} generated by the basic algorithm applied to (3.1.5) induces
a corresponding sequence of iterates {xk} via (3.1.4); namely,

xk=--D-lq+D-1ATyk+D-1CTzk for all k.

The following two statements are equivalent:
(D) for any (yO, zo) with y->_0, the induced sequence {xk} converges to the unique

solution of the program (3.1.1);
(E) the program (3.1.1) is feasible, or equivalently, solvable.
As in Theorem 2.2.5, Theorem 3.1.2 does not assert the convergence ofthe sequence

{(yk, zk)}. In order for the latter sequence to be bounded and thus to have the
subsequential convergence property, it is sufficient for the matrix C to have linearly
independent rows and for a Slater constraint qualification to hold; see [31], [32] for
details (cf. also Theorems 2.2.6 and 3.1.1).

3.2. The nonseparable case. As we have pointed out, the formulation (3.1.5) is
useful mainly in the separable case. In the sequel, we describe two approaches used
to deal with the nonseparable case. One approach is due to Han and Mangasarian
[24] who derive it using an exact penalty function theory. The other approach transforms
the nonseparable problem into a sequence of separable ones to which the methodology
of 3.1 is applicable.

Consider the quadratic program (3.1.1) and its Karush-Kuhn-Tucker conditions
(3.1.2). Observe that if y is such that yD-I is nonsingular then (3.1.2) is equivalent
to

(3.2.1a) O=(yD-I)q+(yD-I)Dx-(yD-I)ATy-(yD-I)CTz,

(3.2.1b) u=-b-yAq-A(yD-I)x+yAAry+yACrz>=O, y>-O, ury=O,

(3.2.1c) O=-d-yCq-C(yD-I)x+yCATy+yCCrz.

The latter conditions (3.2.1a,b,c) define a mixed LCP with matrix

(yD-I)D -(vD-I)AT -(TD-I)CT1(3.2.2) -A(yD-I) yAAT ),AC T

C yD I) yCAT yCC T

which is obviously symmetric. Han and Mangasarian [24] proposed the applicatior
of the point SOR method to the formulation (3.2.1). They showed that for y-> lip
where p > 0 is the least eigenvalue of D, the matrix (3.2.2) is symmetric positive
semidefinite and that if y> 1/p, the problem (3.2.1) has a solution (( y), )7( y), (y))
such that :(y) x* where x* is the unique solution of the program (3.1.1). We remark
that if y > 1/p and if the matrix () has linearly independent rows, then the matrix
(3.2.2) is positive definite.

The following gives a convergence result for the (point) SOR method applied to
(3.2.1). Its proof can be found in [46].

THEOREM 3.2.1. Let D be a symmetric positive definite matrix with least eigenvalue
p > O. Suppose that (Ac) has no vanishing rows. Fix y > lip. Then for any to (0, 2) and
any initial vector (x, yO, zo) with y>-O, the sequence of iterates {(x k, yk, zk)} generated
by the (point) SOR method applied to (3.2.1) is uniquely defined. Moreover, thefollowing
two statements are equivalent:
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(F) for any to (0, 2) and any initial vector (x, yO, zo) with y_->0, the sequence
{(x k, yk, zk)} is such that {xk} converges to the unique solution x* of (3.1.1)
and that {Aryk+ Crzk} converges to some vector Ary*+ Crz* where
(x*, y*, z*) solves (3.2.1);

(E) same as the one in Theorem 3.1.2.
As in Theorem 3.1.2, Theorem 3.2.1 does not asssert the convergence of the

sequence {(yk, zk)}. In order for this to happen, a linear independence property of the
matrix () as well as a Slater constraint qualification need to hold. See [24] for details.

With regard to the practical implementation of the (point) SOR method applied
to (3.2.1), we point out that the inverse of D is absent in the formulation (3.2.1).
Moreover, as in the case of (3.1.5.), it is not recommended, for large-scale sparse
problems, to form the matrix (3.2.2) explicitly. Indeed, the method should (and can)
be implemented to take full advantage of any sparsity structure that the data might have.

The other approach used to deal with the program (3.1.1) with a nonseparable D
is based on a scheme which, in recent years, has been recognized as an effective
algorithm for solving variational inequalities (Ahn and Hogan [4], Pang and Chan
[48]) as well as convex programs (Feijou and Meyer [20]). The central idea is to trans-
form (3.1.1) into a sequence of separable quadratic programs. Specifically, let us write

(3.2.3) D=G+H

where G and H denote, respectively, the diagonal and off-diagonal parts of D. The
following is a detailed description of the method that we have termed the diagonaliz-
ation algorithm.

DIAGONALIZATION ALGORITHM. Let xbe a feasible solution to (3.1.1). In general,
given xk feasible, solve the (separable) subprogram

minimize 1/2xTGx +(q+ Hxk)Tx
(3.2.4)

subject to same constraints as (3.1.1)

and let xk+l/ denote the unique optimal solution. Define d k xk+/- xk. Perform the
one-dimensional search over 0"

minimize f(xk + Od k

(3.2.5)
subject to xk + Od k feasible to (3.1.1)

and let O k be the unique minimizer. Set xk+l= xk + okd k. Terminate if some appropriate
stopping rule is satisfied.

It should be pointed out that since the objective function f(x) is quadratic, the
one-dimensional search problem (3.2.5) is trivial and can be carried out exactly. The
vector xk/I/2 can be obtained by an SOR scheme or any appropriate method. The
following result establishes the convergence of the above algorithm.

THEOREM 3.2.2. Let D be a symmetric positive definite matrix. Suppose that the

feasible set of the program (3.1.1) is nonempty and compact. Then for any initial x which
is feasible to (3.1.1), the sequence {xk} generated’by the diagonalization algorithm
converges to the unique optimal solution x* of (3.1.1).

A detailed proof of Theorem 3.2.2 can be found in [20] where the algorithm was
stated for general convex objective functions. (See also [29].) In what follows, we
sketch the essential ideas underlying the proof. To begin, let F denote the feasible set
of (3.1.1). The sequences {xk}, {Xk+/2} and {xk/l} are contained in the compact set F
and hence have convergent subsequences {x}r, {xk+(1/2)}K and {xk+}K with limits
g, )? and x’ respectively. Since f(xk/)<--f(xk.) for all k, the sequence {f(xk)} is
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monotonically nonincreasing and bounded below by f(x*). Thus {f(xk)} converges
and f() -f(x’). The rest of the proof consists of showing that is in fact the optimal
solution of (3.1.1), and this is done by contradiction. Once this is established, the
desired convergence of {xk} follows because the program (3.1.1) has a unique optimal
solution by the positive definiteness of D. See the cited references for more details.

Remark. According to [20], a weaker version of Theorem 3.2.2 holds if D is
symmetric and positive semidefinite. In this case, the sequence of objective values
{f(xk)} converges to the optimum value f(x*) and the sequence of gradient vectors
{Vf(xk)} converges to Vf(x*). However, one can not conclude that {xk} converges
to x*.

Notice that Theorem 3.2.2 requires a compactness assumption on the feasible set
of the program (3.1.1). The next result shows that if the splitting (3.2.3) is regular, i.e.,
if G-H is positive definite, then a modified version of the diagonalization algorithm
is convergent, regardless of whether the feasible region is compact.

THEOREM 3.2.3. Let D be a symmetric positive definite matrix. Suppose that the
program (3.1.1) is feasible and that G H is positive definite. For a given x feasible to

(3.1.1), let {xk} be such that xTM is the (unique) solution of the subprogram (3.2.4).
Then the sequence {f(xk)} is monotonically nonincreasing and {xk} converges to the
unique solution x* of (3.1.1).

We sketch the proof of Theorem 3.2.3. First of all, the positive definiteness of
G-H implies that for all k,

f(xTM f(xk) <= -1/2a IIx x ll@ =< 0
where a is some positive number less than the least eigenvalue of G-H. Thus, the
sequence {f(x)} is monotonically nonincreasing and bounded below by f(x*). Thus
{f(x)} converges. Consequently, IIx x ll=-, 0. By a similar manipulation, we may
deduce

f(x*) -f(xk) <= -1/2a IIx* x @.
Thus, the sequence {x} is bounded. From here on, the desired convergence of {x}
follows from a routine argument.

It is not difficult to show that a necessary and sufficient condition for G-H to
be positive definite is that G-I/=DG-1/=II= < 1. Moreover it has been shown (see [48]
e.g.) that if D is symmetric and strictly diagonally dominant, then the latter norm
condition holds. Consequently, for such a D, the modified diagonalization algorithm
without the one-dimensional search (3.2.5) produces a sequence convergent to the
desired solution of (3.1.1).

3.3. The convex ease. In this subsection, we discuss the proximal point algorithm
applied to the quadratic program (3.1.1), where the matrix D is assumed to be symmetric
and positive semidefinite. In general, the proximal point algorithm can solve a vari-
ational inequality problem with a monotone operator [50] as well as a general convex
program [51]. The central idea of the algorithm is to create a sequence of strongly
convexified subprograms, which are solved by certain (iterative) methods like the ones
discussed in the previous sections. An attractive feature of this approach is that the
subproblems become numerically more stable and error bounds (such as those in 2.3)
can be derived.

Specifically, given an iterate xk (which may not be feasible to (3.1.1)), let xg+

be an "approximate" solution to the quadratic subprogram

minimize 1/2xr(D+ CkI)X 4-(q--ckxk)Tx
(3.3.1)

subject to same constraints as (3.1.1)
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where Ck is a given positive scalar. Notice that (3.3.1) has a strongly convex objective
function. (Strong convexity is equivalent to strict onvexity for a quadratic function.)
Also, the iterate xk/l is not required to-be feasible to (3.1.1). (For example, if (3.3.1)
is solved by an iterative scheme like SOR and if xk/l is the iterate obtained at
termination, then xk/ is in general, not a feasible vector.) In [50], Rockafellar proposed
two criteria under which the sequence {xk} will converge. These two rules are

(3.3.2) IIx/- z+ll , > 0, < oo
k=0

and

(3.3.3) IIx+-z+lll8llx+’-xll, >o, E <oo,
k=O

where z+ denotes the exact solution of (3.3.1) and {e} and {8} are two given
sequences of tolerance. Observe that if {x} is bounded, then (3.3.3) implies (3.3.2).

The following gives a convergence result of the above proximal point algorithm.
Its proof can be found in [50], where a much more general version was established.

THEOREM 3.3.1. Let D be a symmetric positive semidefinite matrix. Let {xk} be a
sequence of vectors generated by the proximal point algorithm under the rule (3.3.2).
Suppose that the sequence {c} is bounded. Then {x} is bounded if and only if the
program (3.1.1) is solvable. If {x} is bounded, then it converges to a vector x* that
solves (3.1.1). Finally, suppose that D is symmetric positive definite, that {c} is non-
increasing and converges to zero and that the rule (3.3.3) holds. Then, if {xk} is bounded,
the convergence of {x} to x* is superlinear, i.e.,

lim
xk+l Xg

When the proximal point algorithm is used in conjunction with an inner iterative
scheme to solve (3.3.1), a question naturally arises, namely, how can one terminate
the inner iterations so that the rule (3.3.2) or (3.3.3) will be satisfied? To phrase this
question in slightly more general terms, consider a strictly convex QP in the form
(3.1.1) where D is symmetric and positive definite. (Note that (3.3.1) is strictly convex.)
The question becomes: Given an e < 0, if x is an iterate obtained in an iterative scheme
for solving (3.1.1), how can one ensure that IIx-x*ll <-e with x* being the optimum
solution of (3.1.1)? The answer to this question relies on the kind of a posteriori error
bounds described in 2.3. Specifically, we need two things. First, we need a suitable
quantity similar to Ilmin (x, q+ Mx)ll for the LCP (2.1.1) in order to stop the iterations.
Second, we need to be able to bound the error IIx-x*ll in terms of the chosen quantity
(just like (2.3.2) or (2.3.3)). Based on the equivalent formulation (3.1.4) and (3.1.5),
we propose the following measure. Let y and z be two arbitrary vectors and let x be
defined from y and z according to (3.1.4). It seems reasonable to use the quantity

r(y, z) II(min (y, b AD-q +AD-Ary +AD-C rz),

-d CO-’q + CD-IATy + CD-CTz)II
as a measure of error. Indeed, the vector x defined by (3.1.4) solves (3.1.1) if and only
if r(y, z)=0. Since most iterative methods for solving (3.1.1) do produce the vectors
y and z, we may use something like r(y, z)<- as a stopping rule for the iterations.
The following result (drawn from [47]) shows how IIx-x*ll is bounded by r(y, z).
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THEOREM 3.3.2. Let D be a symmetric positive definite matrix. Suppose that the
matrix E -() has linearly independent rows. Ifx is the vector defined by (3.1.4) for an
arbitrary (y, z), then

(3.3.4) IIx-x*ll=_-< coRd (D)t ED-’E / Ill2r(y z),

r(y, z)
(3.3.5) "x- x*"2-< cond (D) IIED-1E / Ill=lIE I1=

where fl is the inverse of the least singular value of the matrix E and e is the vector ()
which is assumed to be nonzero.

Remark. The linear independence assumption of the matrix E ensures that the
constant/3 is positive.

Referring to the comments made at the end of 2.3, we point out that the linear

indeEendence assumption on the matrix E is essential for the bounds (3.3.4) and
(3.3.5) to hold. Indeed, without this assumption, the quantity r(y, z) can not be used
as a measure of error. In this case, an alternative measure is needed. We refer to [36]
for more details.

4. Dual-based iterative methods.
4.1. Background. Consider a strictly convex quadratic program of the form

minimize f(x) q rx + 1/2x rDx
(4.1.1)

subject to Ax b, x X

where D is a symmetric positive definite matrix and X is a polyhedral set. Throughout
the discussion, we assume that the QP (4.1.1) is feasible. As a result, (4.1.1) has a
unique optimal solution which we denote by x*. The constraints of (4.1.1) have the
following features. The set X contains the "easy-to-handle" constraints (e.g. simple
bounds) or is itself the Cartesian product of several sets of such nature. The equation
"Ax b" consist of the "complicating" constraints. Notice that an implicit assumption
in the formulation (4.1.1) is that all the complicating constraints are equalities. (The
set X may contain both inequalities and equalities, however.) A consequence of the
formulation (4.1.1) is that its (Lagrangian) dual program becomes unconstrained:

(4.1.2) maximize d(y): y unrestricted

where d(y) is the (Lagrangian) dual function

(4.1.3) d(y) min qrx+1/2xrDx+yr(b-Ax).
xX

(If there are inequalities among the complicating constraints, the dual program (4.1.2)
will have some variables restricted to be nonnegative. This case will be discussed in
more detail later.)

In the following result, we summarize several key properties of the dual function
and some basic relationships between the primal program (4.1.1) and its dual (4.1.2).
See [49] for proofs.

PRoPosrrioN 4.1.1. Let D be a symmetric positive definite matrix. Suppose that the
program (4.1.1) is feasible. Then the following statements hold:

(i) For each y, there exists a unique x(y) in X such that

d(y) qrx(Y)+1/2x(y)rDx(y)+ yr(b-Ax(y));
(ii) The dual function d (y) is continuously differentiable and

Vd(y)=b-Ax(y);
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(iii) Ify* is a vector of optimal Lagrange multipliers associated with the equalities
Ax b, then y* solves the dual program (4.1.2). Moreover, such a y* must exist and

d(y*) =f(x*)

(in particular, there is no duality gap);
(iv) Conversely, if solves the dual program (4.1.2), then x() x*.
Remark. For a given y, the vector x(y) as defined in Proposition 4.t.1(i) is in

general not primal feasible. It is so if and only if it is optimal.

4.2. A unified dual ascent method. A dual ascent method solves the primal program
(4.1.1) by generating a sequence of dual vectors {yk} (which induces the sequence of
primal vectors {x(yk)}) through the maximization of the dual function d(y). The
generation of {yk} is as follows. The initial yO is arbitrary. In general, given yk, choose
a search direction k. Define yk+l= yk+ 0kSk where 0 k is such that

d(yTM) =max d(yk + oisk).
0

Since

d (yk + ok) min f(x) + (yk) r(b Ax) + o(k) r(b Ax),
xX

it follows that the search for 0 k can be achieved by solving the subprogram

minimize f(x) + (yk) r b Ax)
(4.2.1)

subject to (t k) T(b Ax) 0 and x X

and by letting 0 k be an optimal Lagrange multiplier of the constraint (sk)T(b- Ax) -O.
The subprogram (4.2.1) is clearly feasible (and thus solvable). Indeed, the unique
minimizer of (4.2.1) is the vector x(yk+).

The constraint (6k)r(b_ Ax)- 0 in (4.2.1) represents an aggregation of the com-
plicating constraints Ax b. Thus, one may interpret the above dual ascent method
as solving a sequence of simplified subproblems each of which has the same objective
function as the given program (4.1.1), but modified by a Lagrangian term involving
the complicating constraints and their corresponding multipliers, and also having all
the complicating constraints aggregated into a single one by a certain vector 6k. The
following description summarizes how the dual ascent method is implemented in
practice.

DUAL ALGORITHM. Let yO be arbitrary. In general, given yk, generate 8k. Solve
the subproblem (4.2.1). Let x(yk+l) be the (unique) minimizer and let 0 k be an optimal
Lagrange multiplier of the aggregated constraint (tk)T(b--Ax)--O. Set yk+l__
ykd-ok k. Terminate if some stopping rule is satisfied.

Observe that x(yk+l) is obtained as a by-product of the method and no extra effort
is required for its computation.

There are many choices for the aggregation vector 6k. The following are two large
families of such choices" (i) Periodic basis ascent--there is a basis of vectors
{v, v’} (where m is the number of constraints in Ax= b) such that (a) tk
{v 1, vm} for each k and (b) there exists an integer (>= m) such that for all k > 0,

k+l k+l{v, ’’., v"}____{8 ,.’., } and (ii) Gradient-type ascent--k=Hk(b--Ax(yk))
where Hk is some symmetric matrix. (Recall that Vd (yk) b Ax(yk) from Proposition
4.1.1(ii).) Periodic basis ascent methods include the cyclic coordinate ascent method
[13], [38] which has l=m and the basis {vl, v"} consisting of the coordinate
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vectors. The latter method amounts to the relaxation of the complicating constraints
one at a time. Gradient-type ascent methods include the steepest ascent method which
has Hk equal to the identity matrix, many quasi-Newton methods [22], [23] as well
as the conjugate gradient method with restart that has

Hk I if k 0 (mod N),
(4.2.2)

I4- k-l(Vd(yk)--Vd(yk-1)T)/Vd(yk-1)TVd(yk-l) otherwise,

where N is some positive integer not exceeding m. Under (4.2.2), the vector t k is given
by

Vd(yk) if k -= 0 (mod N),
(4.2.3) k= Vd(yk)T(Vd(yk)-Vd(yk-1)) k-1Vd(yk) + TV --1)

t otherwise,
Vd(yk-) d(yk

which is the Polak-Ribiere-Polyak conjugate gradient formula [5]. The integer N
denotes the number of iterations after which the method is restarted with the steepest
ascent direction.

4.3. Two special cases. Before discussing the convergence of the dual algorithm,
we discuss two special instances in which the algorithm is expected to be particularly
attractive. One is the case where the program (4.1.1) is separable and the set X consists
of simple upper and lower bounds. In this case, each subproblem (4.2.1) is a singly
constrained strictly convex separable QP with simple bounds on the variables. As such,
it can be solved by a very simple one-dimensional search routine which we briefly
outline below (see [13], [7], [25] for more details). Consider a typical subprogram
written in the form

(4.3.1)

minimize qixi4-1/2iX
i=1 i=1

subject to pixi t, ai <= xi <= b all
i=1

where ci > 0 all i. The (Lagrangian) dual program of (4.3.1) is

(4.3.2)

where

(4.3.3)

maximize d (r): r unrestricted

d(r)= a,_-<x,_-<b,min {= (qi-rp)xi+1/2=l cix}+rt.
all

For each fixed r, the unique {xi(r)} minimizing (4.3.3) is given by

xi(r) =min {bi, max {a, -(q- rpi)/c}}.

According to the remark following Proposition 4.1.1, the maximization of d(r) is
equivalent to the search of a r* such that __pix(r*)= t. Since each x(r) is a
one-dimensional piecewise linear function in r, the function h(r)=]i__ px(r)-t is
piecewise linear in r. Thus, the search for the desired r* is easy to carry out. The
so-obtained {x(r*)} is then the solution to (4.3.1). In the cited references, several
strategies to enhance the practical efficiency of the search process are described.

The other instance in which the dual algorithm is potentially attractive is when
the objective function f(x) in (4.1.1) is partially separable (i.e. when the matrix D is
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block diagonally structured) and the set X is the Cartesian product of lower-
dimensional sets. Specifically, assume that the matrix D is block diagonal with diagonal
blocks Di of order ni by n (i= 1,..., m) and X is equal to H--1 x where each X
is in R n,. Under this setting, each subproblem (4.2.1) may be written in the form

minimize gx, + 1/2 Y xDix,
i=1 i=1

(4.3.4)
subject to Y p x, t, Xi Xi 1," ", m ).

i=1

The dual program of (4.3.4) is of the form (4.3.2) with

(4.3.5) d(r)=min Y. (g,-rpi)rxi+1/2 Y. xDix," xeX all/
i=1 i=1

For a fixed r, the minimization in (4.3.5) decomposes into rn subminimizations (i
1,...,m)

Tminimize (g rp) 7"xi +x Dx
(4.3.6)

subject to x Xi.

With r as the parameter, the latter problem (4.3.6) becomes a parametric quadratic
program which can be solved for example, by the parametric principal pivoting
algorithm (see 11 ], [42]). This parametric algorithm will compute the (unique) solution
x(r) to (4.3.6) for each value of r. As before, the maximization of d (r) can be achieved
by finding a suitable r* such that --1 pfxi(r*)= t. In this fashion, one obtains a
decomposition scheme for solving (4.3.4) which by its definition, occurs as a typical
subproblem in the dual algorithm for solving the original QP (4.1.1). We refer to [22],
[23] for other uses of the dual approach as a decomposition strategy for large convex
QP’s.

4.4. Convergence results. In this subsection, we discuss the convergence of the
dual algorithm introduced in 4.2. First of all, observe that if {yk} is the sequence of
(dual) vectors generated by the algorithm, then d(yk/)>= d(yk). Thus, the sequence
{yk} lies in the level set

{y: d(y) >= d(y)}.
The following result characterizes the boundedness of such a set.

PROPOSITIOr 4.4.1. Let D be a symmetric positive definite matrix. Assume that the
program (4.1.1) is feasible. Then the dualfunction d (y) in (4.1.3) has bounded level sets

if and only if there exists a neighborhood N of the vector b such that for each vector b’
in N, the perturbed system

Ax=b’, xX

is consistent. In particular, if d(y) has bounded level sets, then A must have linearly
independent rows.

The proof of Proposition 4.4.1 follows from Corollary 14.2.2 in [49].
In general, if the dual function is assumed to have bounded level sets, then the

proof of convergence of the dual algorithm is rather routine. In the next result, we
establish the convergence of the dual cyclic coordinate ascent and the dual steepest
ascent methods under no such bounded-level-set assumption. Its proof can be found
in Lin [29].
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THEOREM 4.4.1. Let D be a symmetric positite definite matrix. Assume that the
program (4.1.1) is feasible. Suppose that the sequence of aggregation tectors (k} is
chosen according to either a periodic basis ascent method or a gradient-type ascent method
where the matrices (Hk) are uniformly positive definite on the range space ofA, i.e. there
exist constants t fl 0 such that for all integers k and tectors y

(4.4.1) allAy[] > yrArHkAy >- flllAyll.

Then the sequence ofprimal t:ectors {x(yk)} converges to the unique solution x* of (4.1.1).
In particular, the conclusion holds for the dual cyclic coordinate ascent method and the
dual steepest ascent method.

Remark. Since the matrix A is not assumed to have full row rank, the condition
(4.4.1) is in general less stringent than the requirement that the {Hk) are uniformly
positive definite on the entire space.

A detailed proof of Theorem 4.4.1 can be found in Lin [29]. In what follows, we
sketch the main ideas underlying the proof. First of all, write xk= x(yk). It can then
be shown that

d (yk+l) d(yk) >= 1/2Vllxk+l_ Xk ll22
where y is some positive number smaller than the least eigenvalue of D. Thus, the
sequence {d(yk)) is monotonically nondecreasing and bounded above by d(y*), where
y* is a maximizer of the dual function d(y). Consequently, IIxk+l- xkll-> O. By a similar
manipulation, we may obtain

d (y*) d (yk) >= IIx* X

from which the boundedness of {xk} follows. The rest of the proof consists of verifying
that any accumulation point of (xk} is in fact an optimal solution of (4.1.1). Since
(4.1.1) has a unique optimal solution x*, the desired convergence of (xk} follows.

There are several versions of the conjugate gradient method for unconstrained
optimization [5]; each depends on the particular formula used to define the search
direction 8 k. We choose the Polak-Ribiere-Polyak formula (4.2.3) because, reportedly,
it seems to yield better performance than other formulas. Considered as a gradient-type
ascent method, the Hk matrix (cf. (4.2.2)) defining (4.2.3) does not seem to satisfy
condition (4.4.1) easily. For this reason, we state a separate convergence result for the
dual conjugate gradient method with restart.

THEOREM 4.4.2. Let D be a symmetric positive definite matrix. Assume that the
program (4.1.1) is feasible. Let the sequence ofaggregation vectors (8 k} be chosen
according to formula (4.2.3). Then the sequence ofprimal vectors (x(yk)) produced by
the dual algorithm converges to the unique solution x* of (4.1.1).

The proof of Theorem 4.4.2 resembles that of Theorem 4.4.1. The only difference
lies in the way to establish the (primal) feasibility of an accumulation point of (xk}.
The details can be found in Lin [29].

4.5. Two extensions. In 4.3, we have explained how the separability of the
objective function together with the box structure of the set X can facilitate the solution
of the subproblems (4.2.1), and thereby increase the attraction of the dual algorithm.
In the case of a nonseparable objective (and with the same box structured X), the
diagonalization algorithm described in 3.2 can be used to reduc the program (4.1.1)
to a sequence of separable ones to which the specialized dual algorithm is applicable.
In what follows, we describe an alternate approach to reduce a nonseparable strictly
convex quadratic program to a separable strictly convex quadratic program.
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Consider the program (4.1.1) where D is symmetric positive definite with least
eigenvalue p > 0. We may write

D= ‘SI + GTG
where 0 < ‘5 < p and G is a nonsingular matrix. Then, obviously, (4.1.1) is equivalent
to

minimize q Tx + 1/2‘5x Tx + 1/2y Ty
(4.5.1)

subject to Ax b, Gx y, x X.

The latter program (4.5.1) has a strictly convex separable objective. (Incidentally, the
equivalence between (4.5.1) and (4.1.1) is well known and is valid even if ,5 =0. For
‘5 0, the objective in (4.5.1) is not strictly convex, however. This lack of strict convexity
could invalidate the convergence results of the iterative methods for solving (4.5.1).)

The formulation (4.5.1) depends on two things: the knowledge of the least eigen-
value of D (or at least a lower bound) and the factorization of the matrix D-‘SL
(Recall that the Han-Mangasarian approach for nonseparable QP’s also requires a
similar quantity y which is like the inverse ofthe ; above.) Ifboth ‘5 and the factorization
are readily available, then (4.5.1) could turn out to be a useful formulation as some
of the iterative schemes for the separable case can be applied. If only ‘5 is known, it
is still possible to implement a certain dual periodic basis ascent method as well as
the dual conjugate gradient method with restart without the explicit knowledge of the
matrix G. See [29] for details of how this is done. Finally, if an extensive amount of
effort is required for the computation of ‘5, then it is not advisable to use the formulation
(4.5.1).

To end our discussion on the dual methods, consider a general convex quadratic
program:

minimize f(x) q TX + 1/2X TDx
(4.5.2)

subject to Ax b, Cx >- d, x X

where D is symmetric positive semidefinite. The equalities Ax b as well as the
inequalities Cx >= d express the complicating constraints. By adding slack variables to
the inequality constraints, we obtain

minimize f(x) q 7"x + 1/2x TDx
(4.5.3)

subject to Ax b, Cx- v d, x X, v >= O.

Notice that in terms of the variables (x, v) jointly, the objective function in (4.5.3) is
not strictly convex (even if D is positive definite). As a result of this lack of strict
convexity, there is no guarantee that a straightforward application of a dual algorithm
is necessarily convergent. In order to solve (4.5.3) by a dual approach, one may apply
the proximal point algorithm described in 3.3 to generate a sequence of strongly
convex subprograms of the form

minimize (q--ckxk)Tx--Ck(Vk)%-I-1/2xT(D"I-C,kI)X-Jc-1/2ckvTv (Ck>O)

subject to same constraints as (4.5.3)

and then solve each subprogram by an appropriate dual algorithm. An exception arises
when D is positive definite. In this case, the dual cyclic coordinate method (which
corresponds to the relaxation of the complicating constraints one at a time)can be
applied directly to (4.5.2) despite the presence of the inequalities Cx >-_ d. (In particular,
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the use of the proximal point algorithm becomes unnecessary.) Indeed, let us assume
that D is symmetric positive definite. The dual of (4.5.2) is

(4.5.4a) maximize d (y, z): y unrestricted and z >- 0

where

(4.5.4b) d(y,z)=min{qrx+1/2xrDx-yr(b-Ax)-zr(-d+Cx)}.

Due to the simple restriction on the z-variables (and no restriction on the y-variables),
it is apparent how the cyclic coordinate ascent method can be applied to maximize
d (y, z). In practice, the resulting method can be implemented in the primal space (cf.
the description of the dual algorithm in 4.2) and it produces a sequence of primal
variables {xk} converging to the (unique) solution of (4.5.2).

The formulation (4.5.4) also helps to explain the technical difficulty involved in
a direct application of a dual method (other than the dual cyclic coordinate ascent
method) to (4.5.2) and consequently, why the formulation (4.5.3) is needed. The
bottleneck is the presence of the nonnegativity restriction on the z-variables. In this
regard, [55] might be useful. This is a topic that requires further study.

5. Computational study.
5.1. Separable case. In the last three sections, we have described many iterative

methods for solving large convex quadratic programs. From a practical point of view,
it is important to know how these methods perform and compare to one another. In
this section, we report the numerical results of an extensive computer experimentation
with the methods. Data of the test problems were randomly generated and all the
computations were performed on an IBM 4381 computer at the University of Texas
at Dallas. The computer codes were written in Fortran double precision.

Four sets of experiments were performed. In the first set of experiments, we
consider a separable strictly convex QP ofthe form (4.1.1) with X being the nonnegative
orthant and D a positive diagonal matrix. Three methods were tested: (i) an SOR
method applied to the following equivalent mixed symmetric LCP formulation:

x=-D-lq+D-y+D-Arz>-O, y>=O, yrx=O,

O= -b AD-q + AD-ly +AD-Az,
(ii) the dual cyclic coordinate ascent method and (iii) the dual conjugate gradient
ascent method with restart. The following termination criteria were used in all 3
methods:

(5.1.1) max (llmin (Xk, yk)llo II-b +AxII)_-< 10-6.

In the SOR method, a sequence {(yk, zk)} is generated; this then defines the iterates
{xk} according to the equation

xk _D-q + D-lyk + D-1Arzk.

The so-generated sequence {xk} is then tested for termination under the rule (5.1.1).
In the two dual methods, a sequence {(xk, zk)} is generated with the property that xk

is the unique solution to the subproblem

minimize q rx + 1/2x rDx + (zk) r(b Ax)

subject to x-> O.
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Thus, with yk=q+ Dxk_ATzk, it holds that min (xk, yk)-0. Hence, the rule (5.1.1)
reduces to

(5.1.2) II-b+ Axk[l <-- 10-6,
which is simply a test of primal feasibility of the iterate x k.

We ran the methods on 2 sets of test problems, one with n- 500 and the other
n 1000 (n is the dimension of the x-vector). In the first set of problems (n- 500),
three values of m (the number of rows in the matrix A) were chosen: these are m 40,
80, 160. For each value of m, different densities of the matrix A were tested (5%, 8%,
11% and 14%). In the second set of problems (n- 1000), m was set to be 50, 100 and
200 and the densities of A were 2%, 4%, 6%, 8% and 10%. The results are summarized
in Tables 1 and 2. As it is well known, the SOR method is very sensitive to the relaxation
parameter. For each individual problem, we ran the method with different values of
theparameter (ranging from 1.0 to 1.9 with an increment of 0.1 each run) and picked
out the best to value. The column for the SOR method in Tables 1 and 2 gives the result
pertaining to the best to value. In the two dual methods, we have used the one-
dimensional search technique described in 4.3 to solve each singly constrained
subproblem. The specific implementation of the search routine follows that explained
in [13].

The results of Tables and 2 pertain to problems where the matrix A has no

specific structure and is not extremely sparse. We have compared the two dual methods
(under the stopping rule (5.1.2)) on some constrained matrix problems of the type
discussed in [13]. The latter problems are of the form (5.1.1) where A is the node-arc
incidence matrix of a bipartite graph. Such a matrix A has the following characteristics:
(i) all entries are 0 or 1, (ii) it has many times more columns than rows and (iii) it is
extremely sparse. For example, if the two groups of nodes in the bipartite graph each
have M nodes, then the matrix A is of order 2M x M2 and its density is 1/M. So for
M equal to 50 or more, the density of A will be less than 2%. We should point out

TABLE
Separable with Ax b.

LCP-SOR Dual Cyclic Coord. Dual Cong. Gradient
Density to iterations CPU iterations CPU iterations CPU

40 x 500
5% 1.4 29 1.84 22 1.88 25 1.80
8% 1.4 31 2.27 18 2.13 22 1.98
11% 1.3 28 2.49 21 2.69 23 2.22
14% 1.3 32 3.07 19 3.03 21 2.32

80 x 500
5% 1.5 48 3.84 31 3.92 38 3.36
8% 1.4 47 4.91 36 5.44 33 3.72
11% 1.4 44 5.74 35 7.05 32 4.22
14% 1.4 52 7.60 36 8.63 34 4.85

160 x 500
5% 1.5 89 10.04 97 15.51 73 7.93
8% 1.5 94 14.49 101 23.38 67 9.50
11% 1.5 91 18.09 110 35.10 65 11.21
14% 1.5 95 22.67 107 42.02 62 12.75
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TABLE 2
Separable with Ax- b.

LCPoSOR Dual Cyclic Coord. Dual Conj. Gradient
Density to iterations CPU iterations CPU iterations CPU

50 x 1000
4% 1.3 24 3.70 14 3.40 21 3.75
6% 1.3 24 4.21 14 4.07 20 4.10
8% 1.3 27 4.93 14 4.61 20 4.36
10% 1.3 23 5.10 14 5.05 18 4.55

100 x 1000
2% 1.5 42 6.05 25 5.72 40 6.44
4% 1.4 34 7.00 24 7.34 31 6.87
6% 1.4 36 8.61 25 9.18 26 7.32
8% 1.4 35 9.82 24 10.49 27 8.16
10% 1.3 33 10.88 23 11.73 24 8.30

200 x 1000
2% 1.5 59 12.28 44 13.10 57 12.03
4% 1.4 51 15.82 50 19.95 43 13.53
6% 1.4 54 20.26 46 25.74 40 15.47
8% 1.4 52 23.82 44 31.41 38 16.60
10% 1.4 50 26.69 50 38.45 37 18.44

that for this set of test problems, the fact that all nonzero entries of A are l’s can be
fully taken advantage of by the dual cyclic coordinate method but does not seem to
have a large impact in the dual conjugate gradient method. The results are contained
in Table 3.

From the results in Tables 1, 2 and 3, the following, observations are apparent:
(i) For problems with very sparse matrix A, the dual cyclic coordinate ascent

method stands out as the clear winner;
(ii) For problems with not-so-sparse matrix A (say with density of 5% or more),

the dual conjugate gradient method tends to be most preferable, followed by the
LCP-SOR method and the dual cyclic coordinate method; the distinction between the
latter two methods does not seem very significant;

(iii) For problems with a matrix A of even higher density (say 10% or more), the
relative attractiveness of the dual cyclic coordinate method tends to decrease rather
rapidly;

(iv) For very large problems with extremely sparse matrix A (like the last two
problems in Table 3), the dual conjugate gradient method becomes highly inefficient.

TABLE 3
Constrained matrix problem.

30 30 9 1.61 61 4.97
40 40 11 3.18 34 5.91
5050 11 4.75 73 17.55
60 60 11 6.64 36 18.03
80x80 11 7.47 38 48.63
100 x 100 9 9.98 59 133.00

Dual Cyclic Coord. Dual Conj. Gradient
Density iterations CPU iterations CPU
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We should point out that in terms of computer storage requirement, the 3 methods
are roughly equal.

Our next set of experiments is concerned with a separable strictly convex quadratic
program of the form

minimize q Tx + 1/2x TDx
(5.1.3)

subject to Ax>=b and x_->0

where D is a positive diagonal matrix. Two methods are tested: (i) an LCP-SOR
method and (ii) the dual cyclic coordinate method. The termination criteria used is
similar to (5.1.1). The results.are summarized in Table 4. As in Tables 1 and 2, the
columns in Table 4 pertaining to the LCP-SOR method report the best output among
a set of ten different test values of the relaxation parameter.

TABLE 4
Separable with Ax >- b.

LCP-SOR Dual Cyclic Coord.
Density to iterations CPU iterations CPU

40 x 500
5% 1.4 22 1.67 10 1.35
8% 1.4 26 2.10 14 1.58
11% 1.3 20 2.11 11 1.61
14% 1.4 24 2.53 10 1.60

80 x 400
5% 1.4 29 2.99 16 2.39
8% 1.4 32 3.85 20 3.05
11% 1.3 29 4.42 16 3.32
14% 1.3 24 4.54 14 3.12

160 x 500
5% 1.4 36 5.83 27 4.98
8% 1.4 51 9.11 33 6.80
11% 1.4 38 9.35 28 7.69
14% 1.4 42 11.90 35 10.38

We have also tested the proximal point algorithm used in conjunction with the
dual conjugate gradient algorithm as explained in 4.4. The results are not as good
as either method in Table 4. Furthermore, there seems to be some erratic behavior in
the convergence of the proximal point algorithm when the density of the matrix A
exceeds 10%. We do not fully understand the reason for this.

We observe that the two methods in Table 4 are fairly compatible in all cases,
with the dual cyclic coordinate method slightly outperforming the LCP-SOR algorithm.
In the case of a low-density matrix A, this observation is consistent with that drawn
earlier from Tables 1, 2 and 3. However, in the case of a less-sparse matrix A, the
reason why the dual cyclic coordinate method still performs somewhat better is not
completely clear to us.

5.2. Nonseparable case. Our third set of experiments is concerned with a nonsepar-
able strictly convex quadratic program of the form (4.1.1) where the set X is the
nonnegative orthant and the matrix D is symmetric diagonally dominant. Four methods
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were tested: (i) the Han-Mangasarian penalty function approach, (ii) the modified
(no-line-search) diagonalization algorithm with the dual conjugate gradient algorithm
as an inner routine, (iii) the same diagonalization algorithm with the dual cyclic
coordinate algorithm as an inner routine and (iv) the dual conjugate gradient algorithm
applied to the formulation (4.5.1). The density of the matrix D was set at 4.2% and
its order at 500 x 500. The termination criteria used in all 4 methods is the satisfaction
ofthe Karush-Kuhn-Tucker optimality conditions within a prescribed tolerance. More
specifically, if xk is an approximate primal solution and if A k is an approximate
multiplier for the constraint Ax b, then (xk, A k) is considered acceptable if

(5.2.1) ek max (llmin (q+Dxk--arA’,xk)l]oo, [Ib-ax’lloo) <- 10-5.

In the two diagonalization methods tested, another termination criterion was used to
stop the inner iterations. Since a dual method was used as an inner scheme, satisfactory
primal feasibility was chosen as the (inner) stopping rule. Specifically, if xk is the
current iterate that defines the subproblem (cf. (3.2.4))

minimize 1/2xrGx + (q + Hxk) rx
(5.2.2)

subject to same constraints as (4.1.1)

where G and H are, respectively, the diagonal and off-diagonal parts of D, then a
vector x+1 obtained by the dual algorithm of 4.2 applied to (5.2.2) is considered an
acceptable solution if

(5.2.3) IIb-Ax"+lll<-_ e
where ek is defined in (5.2.1). We term (5.2.3) a progressive termination rule in the
sense that the accuracy in the solution of each subprogram (5.2.2) depends on the
quality of the iterate xk: the closer xk is to satisfying the overall stopping rule (5.2.1)
for the outer iterations, the more accurately the corresponding subprob!em (5.2.2) is
solved. Presumably, the advantage of the rule (5.2.3) is that when xk is far from
satisfying (5.2.1), some unnecessary inner iterations can be saved.

The results of this set of experiments are reported in Table 5. The entries there
require explanation. First of all, in the Han-Mangasarian method, there are two
parameters which will affect its performance. One is the y value (cf. (3.2.1)) that defines
the LCP formulation to which an SOR method is applied. The other is the relaxation
parameter in the SOR scheme. We have generated the matrix D so that its least
eigenvalue is no less than one. Different values of 3’ (which is required to be greater
than the reciprocal of the least eigenvalue of D) were tested, and for each y, different
to were experimented. The results in Table 5 pertain to the best y and to values obtained.
In the dual conjugate gradient method applied to (4.5.1), there is the parameter 8
which affects the performance of the method. Again, different values of were tested
and the best results were reported in Table 5. Finally, the columns (# of iterations)
in the two diagonalization methods report the numbers of outer as well as total inner
iterations.

From the experience we have gathered on this set of problems, the following
conclusions can be drawn"

(i) The diagonalization method seems to be the clear winner among the methods
tested. Depending on the density of the A matrix, either the dual cyclic coordinate or
the dual conjugate gradient method may be used as an inner routine to solve the
subproblems;
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TABLE 5
Nonseparable with Ax -b.

Density of D: 4.2%.

Han-Mangasarian (3’ 0.6)
Density to iterations CPU

Diagonalization Diagonalization
Dual Conj. Dual Cyclic
Gradient Coord.

iterations CPU iterations CPU

Dual Conj.
Gradient to

(4.5.1), (t 1.9)
iterations CPU

40 x 500
5% 1.4 82 19.07 12/87 9.92 12/86 8.90 82 13.54
8% 1.4 89 21.25 12/90 10.97 13/101 11.27 89 14.98
11% 1.3 87 21.94 12/84 12.00 12/93 12.12 93 16.21
14% 1.4 88 23.45 12/85 12.41 13/112 15.76 108 18.94

80 x 500
5% 1.3 99 24.06 12/112 12.39 12/135 14.48 111 18.20
8% 1.3 97 25.86 12/104 13.94 12/135 18.89 114 20.26
11% 1.3 94 27.59 11/105 16.49 12/146 24.67 125 23.40
14% 1.4 103 32.06 12/104 17.26 12/156 29.96 130 25.82

160 x 500
5% 1.4 137 37.88 11/149 19.98 11/283 39.15 134 25.69
8% 1.4 143 45.63 11/148 24.52 11/275 58.48 150 32.02
11% 1.4 148 54.04 10/149 28.83 11/327 87.97 160 37.45
14% 1.4 161 66.13 11/145 32.23 11/285 91.51 184 46.69

(ii) Both the Han-Mangasarian approach and the dual approach applied to the
(4.5.1) formulation are very sensitive to the respective parameters 3’ and 8. Although
no formal connection can yet be established, our feeling is that these two parameters
relate like reciprocals of one another. As far as performance is concerned, we conjecture
that the closer 3’ is to the reciprocal of the least eigenvalue of D, the better the
Han-Mangasarian approach will become. A similar conjecture can be made with
respect to ;

(iii) The density of the matrix D is not expected to have a significant influence
on the above two conclusions.

Our last set of experiments is concerned with a nonseparable strictly convex QP
of the form (5.1.3), where the matrix D is symmetric and diagonally dominant. The
specification of D is the same as in the previous set of problems. Two methods were
tested: (i) the Han-Mangasarian penalty function approach and (ii) the modified
(no-line-search) diagonalization scheme with the dual cyclic coordinate method as an
inner subroutine. The results are summarized in Table 6. Again, the diagonalization
algorithm consistently outperforms the Han-Mangasarian approach.

5.3. Additional runs. Responding to the comments of a referee, we have performed
some additional experiments whose outputs are summarized in Tables 7 and 8. Table
7 solves a separable strictly convex quadratic program of the form (4.1.1) and extends
Tables 1 and 2 to problems of much larger size. The objective of this set of runs is to
(further) demonstrate the ability of the three basic methods for solving large problems.
Table 8 solves the same type of quadratic programs as Tables 1, 2 and 7. It tests the
three methods under different stopping accuracies. (Tables 1, 2 and 7 are all obtained
under the termination rules (5.1.1) and (5.1.2) with an e 10-6 accuracy.) The referee
believes that the LCP-SOR method will outperform the other two methods when e is
large. The results in Table 8 do not support this belief. In our view, it is the sparsity
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TABLE 6
Nonseparable with Ax >- b.

Density of D: 4.2%.

Density
Han-Mangasarian (y 0.6)

to iterations CPU

Diagonalization
Dual Cyclic Coord.

iterations CPU

40 x 500
5%
8%
11%
14%

80 x 500
5%
8%
11%
14%

160 x 500
5%
8%
11%
14%

1.3 72 17.56
1.4 76 19.06
1.3 74 19.58
1.4 77 21.15

1.3 74 19.95
1.3 81 23.30
1.4 83 25.62
1.3 80 27.07

1.3 87 27.35
1.3 99 34.89
1.3 88 36.50
1.3 98 43.55

13/74 7.98
13/73 8.70
13/70 9.40
13/65 9.33

13/104 10.66
13/105 13.09
12/104 15.22
13/90 14.77

13/159 18.97
13/138 22.79
12/147 28.47
12/147 35.22

TABLE 7
Separable with Ax- b.

Density
LCP-SOR

iterations CPU
Dual Cyclic Coord. Dual Conj. Gradient
iterations CPU iterations CPU

500x 5000
0.6% 1.4 54 99 25 90 38 102
1% 1.4 37 102 23 97 31 105

800x 5000
0.6% 1.4 64 161 41 156 47 162

1000x 5000
0.6% 1.4 68 203 56 209 54 203

TABLE 8
Separable with Ax b.

LCP-SOR
iterations CPU

Dual Cyclic Coord. Dual Conj. Gradient
iterations CPU iterations CPU

200 x 1000 (4% density)
10-2 1.4 25
10-3 1.4 31
10-4 1.4 38
10-5 1.4 45

1000 x 5000 (0.6% density)
10-2 1.4 32
10-3 1.4 41
10-4 1.4 49
10-5 1.4 59

10.95
11.89
13.19
14.13

23 11.73
31 13.52
34 15.24
40 17.30

22 9.93
27 10.54
32 11.20
37 11.88

175 25 172 26 183
182 33 180 33 188
186 42 189 38 190
193 48 197 46 194



ITERATIVE METHODS FOR LARGE CONVEX QP’s 409

of the data that determines the relative efficiency of the respective methods, regardless
of the termination accuracy.

6. Conclusion. In this paper, we have reviewed a wide variety of iterative methods
for solving large convex quadratic programs and reported our computational experience
with many of them. Although the problems solved in the experiments are all randomly
generated and may not be considered as most general convex QP’s, they are broad
enough to be indicative ofthe relative performance ofthe various methods. In particular,
the conclusions drawn from the tables in 5 are expected to be valid for a typical QP
arising from practice. (Recall that those conclusions are all relative to the methods
being tested.)

There are a number of issues that we have either barely touched upon or completely
ignored. These issues are important and deserve further investigation. Among them,
we name the following four: (i) the effect of conditioning, (ii) the convex but not
strictly convex program, (iii) acceleration of the reported methods and (iv) the issue
of parallelism. In what follows, we briefly discuss each one of these points.

The problem of conditioning has always been an important issue in a traditional
numerical method (such as the SOR algorithm) for solving systems of linear equations.
To the best of our knowledge,, very little research has been done to treat ill-conditioned
quadratic programs by iterative methods. The thesis [54] discusses how certain precon-
ditioning schemes can be incorporated in an iterative active-set method for solving
box-constrained strictly convex QP’s. (See also [39].) The two papers [36], [47] discuss
how error bounds can be obtained in terms of a suitably defined condition number of
a strictly convex QP and/or LCP (cf. Theorems 2.3.1 and 3.3.2). Except for these few
references, we are not aware of other work done on this important topic. At this
juncture, we should mention an experience of ours having to do with an attempt to
solve a symmetric LCP with the following (positive definite) matrix

6 -4 1

-4 6 -4 1

1 -4 6 -4

1 -4

1

6-4

1 -4 6 -4

1 -4 6

by an SOR scheme. (This LCP arises from a least-square concave regression problem
in statistics.) For a problem of size 50 x 50, the SOR scheme fails to terminate under
the rule (2.3.1) with e 10-5 in 8,000 iterations. We regard this as a failure for the
method. (As expected, the above matrix is very poorly conditioned.)

From a theoretical as well as practical point of view, the issue of applying an
iterative method to a convex, but not strictly convex, QP is far from being satisfactorily
resolved. At the present time, the proximal point algorithm and the recent iterative
scheme of Shiau [52] are the only two applicable approaches. However, .very little
experience is available on their practical performance. (In a private communication,
Olvi Mangasarian informed us that he has some encouraging results with the proximal
point algorithm for solving very large linear programs.) We feel that extensive studies
are urgently needed to resolve this important issue.

Although very little is formally documented, it is generally believed that many
commonly used iterative methods, including those reviewed in this paper, have a linear
rate of convergence. The following question naturally arises: Is it possible to accelerate
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some of these existing methods or to develop methods with better rate of convergence?
The recent paper [30] represents the only contribution that is known to us. We feel
that this question is important and requires further study.

Finally, as parallel computers are becoming more and more readily available, it
is natural to think for parallel iterative schemes for QP’s. The recent paper [35]
represents the first contribution on this subject. We expect more activities to follow.
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Abstract. We study the semigroup properties of reachable sets of a differential inclusion

x’F(x)
using the derivative of the set-valued map which associates to each initial state the set of solutions. The
results are applied to the local controllability problem.
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1. Introduction. In this paper we study the problem of local controllability of a
system governed by a differential inclusion

(1) x’F(x)
where F is a set-valued map from R" into the subsets of

A particular case of (1) is the parametrized system (also called "control system")

(2) x’ f(x, u( t)), u( t) U is measurable

where U is a given set; then F is defined by

F(x) {f(x, u)" u U}.
Let s R’, T> 0 be given. Denote by Sr(s) the set of solutions to (1) starting at

s and defined on the time interval [0, T]. The reachable set to (1) at time T from s is
denoted by R(T, so), i.e.

R( T, ) {x( T)" x Sr()}.
The system (1) is called locally controllable around : at time T> 0 if

(3) Int R(T, ).
Under quite general assumptions (boundness and upper semicontinuity of F) the

necessary condition for local controllability of (1) at : for small T> 0 is

0 co F(:)
(the closed convex hull of F(:)), i.e., : has to be a weak equilibrium of the map F.

The purpose of this paper is to provide a sufficient condition for (3) when : is
an equilibrium of F, i.e., when 0 F().

We use the techniques of nonsmooth analysis and ditterential inclusions to answer
this question in the following way:

uvWe consider an adequate concept of tangent cone Cs;)() to the set of solutions
Sr() at the constant trajectory and prove a kind of an Open Mapping Principle,
which states that (3) follows from the "surjectivity" condition

u,v(4) {w( T): w CsT(e)(:)}
cU,V(we specify in 3 the definition of sr((:) and prove an abstract vei’sion of (4)).

How can (4) be verified? In the case when : is an equilibrium we proceed in the
following way:

* Received by the editors July 10, 1984, and in revised form October 2, 1985.

" CEREMADE, Universit6 de Paris-Dauphine, 75775 Paris, France.
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Under a Lipschitzianity assumption, the differential inclusion (1) may be replaced
by a "linear" approximation (along the solutions) around the equilibrium and we
prove that ifthe linearized system is locally controllable at zero so does the initial system.

We have to explain now what do we mean by approximating a set-valued map.
Set-valued analogues of linear operators are closed convex processes, i.e., set-valued
maps whose graph are closed convex cones. We consider the set-valued derivative
CF(, 0) associated with Clarke’s tangent cone to graph of F at (sr, 0). The set-valued
mapping CF(, 0) is a closed convex process. We prove that if F is Lipschitzian, then
(4) holds when the reachable set to the inclusion

(5) w’ co F(:) + CF(, O)w, w(O) O,
at time T contains zero in its interior.

We proceed by investigating the analogies with the single-valued smooth case
when the differential equation

x’ =f(x), x(O) ,
has a unique solution, which can be written r(t, :). The maps r(t, :) form a semigroup
in the sense that

r(O, ) , r( + s, ) r( t, r(s, )),
and f is the infinitesimal generator of this semigroup in the sense that

0
f(:) r( t, )]t=o.

Furthermore, the derivative of r(t,. with respect to the initial condition is given by
the formula

0

0- r(t, :)(/) w(t)

where w is the solution to the linearized differential equation

w’(t)=f’(r(t, ))w(t), w(O)= l.

This still holds true in the set-valued case (we have to replace the derivatives by
intermediate derivatives for the statements below to hold true). We shall prove essen-
tially that"

(a) The set-valued map F is the infinitesimal generator to the semigroup R(t,.
and F(:) is the derivative of t--> R(t, ) at zero in the direction 1.

(b) The "derivative" of :-> S-(:) at a solution x(. of (1) in the direction r/is
the set of solutions of

(6) w’(t) dF(x(t),x’(t))(w(t)), w(O)= rI.

This is a property which is the key to solving the local controllability problem in
a straightforward way. This motivates not only the title of this paper but also provides
some new properties of the reachable sets and the sets of solutions to differential
inclusions studied by many authors (see, for example, Aubin and Cellina [2], Hermes
[17], Clarke [10], Haddad [16], Castaing and Valadier [8], Olech [21]). (See Aubin
and Cellina [2] for an exhaustive bibliography on the subject.)

Recall that the graph of the derivative of a differential map f at point a is the tangent space to the
graph of f at the point (a,f(a)). Hence a natural way to extend the concept of derivative of a set-valued
map F at a point (a, b) e graph (F) is to use the set-valued map DF(a, b) whose graph is a tangent cone
to graph (F) at (a, b). (In this paper we use Clarke’s intermediate tangent cone: see 2 for a precise definition.)
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The main difficulty we overcome in the paper is that we do not assume that the
set-valued map F has convex values. For this reason the reachable sets of (1) are not
necessarily closed.

The semigroup of closed reachable sets generated by control systems and, more
generally, by dynamical systems without uniqueness were studied by Bushaw [7],
Roxin [25], [26], Kloeden [18], [19]. These authors considered the topological proper-
ties of such semigroups.

We investigate the differentiability properties (a), (b) of the set-valued maps R
and Sr in 2. In 3 we prove an Open Mapping Principle and derive from it a sufficient
condition for the local controllability of (1)..This result is applied in 4 to prove that
the local controllability of the linearized system (5) implies the local controllability of
(1). The proofs of several results of this section are given in 6. We provide some
applications in 5.

2. Differentiability of solutions with respect to initial conditions. Let F: R Rn be
a set-valued map. A function x WI’I(0, T) (Sobolev space) is called a solution to the
differential inclusion

(1) x’F(x)

if and only if x’(t) F(x(t)) almost everywhere in [0, T].
Remark. Let us assume that F can be parametrized in the following way for all
x

F(x) {f(x, u): u U}

where U is a compact metric space and f:" x U-" is acontinuous function. Let
x W’I(0, T) be a solution to the differential inclusion (1). By a Filippov result (see
Aubin and Cellina [2, p. 91]) there exists a measurable control u (a Lebesgue measur-
able function u:[0, T]- U) such that x’(t)=f(x(t), u(t)) a.e. in [0, T]. So we can
replace (1) by the control system

(2) x’(t) =f(x(t), u(t)), u(t) U is a measurable control.

This can be done for example when F is continuous in the Hausdorff metric and has
nonempty convex compact images (see Aubin and Cellina [2, p. 73]).

We recall that, in general, a set-valued map F cannot be parametrized in a way
keeping the regularity of F. For instance, when F has compact images and is
Lipschitzian in the Hausdorff metric, in general, there does not exist a parametrization
of F as described above with f Lipschitzian in the first variable. It seems to be still
an open question even in the case when F has convex images. A partial answer to it
is given in Le Donne and Marchi [20], where F is parametrized in a Lipschitzian way
with the set of parameters U being a compact (nonmetrizable) space.

The control system with feedback

x’ =f(x, u), u e U(x)

can be reduced to the differential inclusion (1) by setting F(x)= {f(x, u): u e U(x)}.
Observe that when f is Lipschitzian and U has compact images and is Lipschitzian
in the Hausdorff metric then the set-valued map F also has compact images and is
Lipschitzian in the Hausdortt metric.

We denote by B the closed unit ball.
Several results of this paper are based on the following:
THEOREM 2.0 (Filippov).. Let Vbe a subset of and let F: V--R be a Lipschitzian

set-valued map with closed nonempty images. Then for all e > 0 there exists a K > 0 such
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that for all y WI’I(0, T) satisfying y([0, T]) + eB c V and

OF(y): dist(y’(t),F(y(t))) dt<-e/K

there exists a solution x of (1) satisfying

x(0) y(0), Ilx’-y’lll(o,<=Kp(y).

For the proof see Filippov [12], Aubin and Cellina [2, p. 120].
We denote by ST-(s) the set of all solutions to the differential inclusion (1) defined

on the time interval [0, T] and starting at .:.
Existence theorems imply the nonemptiness of ST-(:) under several combinations

of assumptions (see, for instance, Aubin and Cellina [2, Chaps. 2, 4], Antosiewicz and
Cellina [1], Bressan [6], Olech [21]).

DEFINITION 2.1. The set

R(t, ):= Sr()(t)= {x(t): x ST(SO)}

where [0, T] is called the reachable set at time from the initial condition s.
The reachable sets satisfy the semigroup property. Namely if R(t, s) for all

[0, T] then

(i) R(0, :)= s,
(2.2)

(ii) R(t + s, ) R(t, R(s, )) if t+s <- T.

We wish next to define the derivative of the map --> R (t, s) at 0 in the direction
1. By analogy with the single-valued case, this derivative will be called the infinitesimal
generator of the semigroup.

DEFINITION 2.3. Let X, Y be Banach spaces and G: X::t Y be a set-valued map,
Lipschitzian at x, y G(x). By dG(x, y) we denote the set-valued map from X into Y
defined by

v dG(x, y)(u) if and only if limh_,o+dist (v, G(X +hhU y) =0.

The map dG(x, y) is called the intermediate derivative of G at (x, y).
Remark. We assume in Definition 2.3 that whenever G(x+hu)= then

dist(v,(G(x+hu)-y)/h)=+oo. When G is a single-valued function, Fr6chet
differentiable at Xo, then the intermediate derivative of G at the point (Xo, G(xo))
graph G is equal to the derivative of G.

Remark. The graph of the map dG(x, y) is the so-called intermediate tangent
cone to graph (G) at (x, y) (see Frankowska 13], where the definition of intermediate
tangent cone to an arbitrary set is given).

DEFINITION 2.4. Let R(t,.) be a family of set-valued maps satisfying the semi-
group properties (2.2), Lipschitzian in t. We say that the map

sc- dR(O, so)(1)

from R into itself is the infinitesimal generator of the semigroup R.
As for the single-valued case the question arises whether a given set-valued map

F:Rn is the infinitesimal generator of the semigroup R. The answer is positive
when F is continuous bounded with compact convex values.
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THEOREM 2.5. Let F:R":::rR" be a bounded set-valued map with compact values
and Int Dom F). Then

(i) IfF is upper semicontinuous at , then dtR(0, )(1) c co F(:).
(ii) IfF is continuous on a neighborhood of, then F() dtR(0, :)(1).
(iii) IfF is locally Lipschitzian on a neighborhood of, then.dtR(O, :) =co F(:).
Proof. If vd,R(O,)(1) for all h>0 there exists X,h.Sh() such that

g(h, ) and limh-,O+ (Xh(h)-)/h= v.
Since F is bounded for some M> 0 and all h > 0 we have

]Xh (t) l <= tM for [0, h ].

By the upper semicontinuity of F and the above inequality, for all e > 0 there exists
h > 0 such that

Thus

F(xh(t)) F()+ eB for all tc [0, hi.

-(Xh(h)--)=- X’h(t) dt- (co F()+eB) at.

Since co F(:)+ eB is a closed convex ,subset the mean-value theorem (see for
instance Aubin and Cellina [2, p. 21]) implies that

Xh(h)--
co F(:) + eB

h

and thus that v co F(:)+ eB. Since e is arbitrary we have proved (i).
(ii) By a theorem of Filippov (see Filippov [ 12] and Aubin and Cellina [2, p. 112])

for all sc Int Dom (F) and v F(sc) there exists T> 0 and x Sr(sc) satisfying x’(0) v.
Therefore, the sequence (x(h) sO converges to v when h -> 0+. Hence, v
dtR(O, :)(1).

(iii) By the Filippov-Wa.ewski relaxation theorem (see, for example, Aubin and
Cellina [2, p. 124] or Clarke [10, p. 117]) for all small T>0, WI’(0, T) solutions of
(1) are dense in the set of W’(0, T)-solutions of the relaxed inclusion in the metric
of uniform convergence. This and inclusions (i), (ii) end the proof, i-i

COROLLARY 2.6. If F is continuous, with compact values, F() is convex and
: Int Dom (F) then

d,R(O, :)(1)= F(sC).

As in the case of ordinary differential equations, we need to study the differentiabil-
ity of the solution map with respect to initial conditions.

Consider the solution map Sr:Rn::t W’(0, T) and the intermediate derivative
dSr(, z)(q) of Sr at point (:, z) in the direction

THEOREM 2.7. Assume that F has closed graph and choose z ST(-). If the map F
is Lipschitzian on an open neighborhood of z([0, T]), then

{we W’I(0, T): w’(t) dF(z(t), z’(t))w(t), w(0)= r/} dSr(, z)(rl).

Moreover iffor almost all [0, T] and for all u

{ (F(z(t)+hu)-,z’(t)) }(2.8) dF(z(t),z’(t))(u)= v:liminfdist v, =0
h--O+ h

(for example when graph (F) is convex) then we have an equality in the last inclusion.
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To prove the theorem we need the following
LEMMA 2.9. Let F be a set-valued map of closed graph and LI(O, T)-functions

[0, T]t->a,(t)=(x,(t),yi(t))graphF, i=1,2,...,

[o, T]t--,q,(t)=(u(t), (t)) " x",

be given. We assume that for a sequence hi-> O+ the following holds true

(2.10) limdist(v(t),F(xi(t)+hiu(t))-Y(t))=O a.e. in [0, T].
hi

If F is Lipschitzian around U x(.[O, T]) then there exists a sequence v
converging to v in LI(O, T) such that for all large

yi(t)+hioi(t)EF(xi(t)+hilt(t)) a.e. in [0, T].

Proof Let L denote the Lipschitz constant of F. For all natural number k set

( 1 )V,k(t)=F(xi(t)+ hiu(t))-Yi(t) (’l v(t)+-Bhi

Ui k( t)
F(xi( t) + hiu( t)) Yi( t)

hi
tllu(t)lln,

M,, {t [0, T]: V,(t) # },

if Mi,,W,k(t) Ue,(t) otherwise.

Since the graph of F is closed and F is L-Lipschitzian around L3x([0, T]) for all k
and all large the set-valued map [0, T] t--> W,(t) has nonempty closed values and
is measurable. Moreover, for all k and almost all t[0, T], V,(t)# when is
sufficiently large.

Fix k. By a measurable selection theorem (see for instance, Wagner [30]) for all
large there exists a measurable selection v,(t) VC,(t).

From the definition of W,(t) we obtain

Ilv,,(t)-v(t)ll <- 1/k if t. Mi,k,

IIo,,(t)ll----< tllu(t)ll otherwise.

Observe that for all large

y,(t)+ h,Vi.k(t) F(xi(t)+ hiu(t)) a.e.,

1
v,,(t)ll--< Ilv(t)ll ++ tllu(t)ll a.e.

Let io =0. Using the induction arguments and (2.10) we define for all k >= 1 numbers
i > i_ such that for all > it, the Lebesgue measure

/(M,.k+,) > T-1/k

and set for all ik- < <= ik, [0, T]

v,(t)=V,.k(t).

It is clear that v satisfy all the requirements of our lemma. 13
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Proof of Theorem 2.7. If wdSr(,z)(l) then for all h>0 there exist Wh
wl’(0, T) such that

z + hWh . Sr(tj + hl ),

lim Wh=W in Wl’l(0,T).
h-O+

Thus w(0)=q and

(2.11)

(2.12)

(2.13)

z’(t)+ hW’h(t). F(z(t)/ hWh(t))

lim Wh=W in C([0, T]).
hO+

For a subsequence {hi} converging to zero lim W’h,(t)= W’(t) a.e.

Let L denote the Lipschitz constant of F. Then by (2.11) for almost all and for all
small h > 0 we have

+ w,(t)- w’(t)ll + LII w(t)- w(t)ll
w,(t) w’(t)ll + LII w (t) w(t)ll.

This and (2.12), (2.13) imply that under assumption (2.8)

w’(t)_ dF(z(t), z’(t))w(t) a.e.

dST(, z)(rl) C {we wl’l(0, T): w’(t)dF(z(t),z’(t))w(t), w(0)=

To prove the opposite inclusion we shall show that if

w’(t)dF(z(t),z’(t))w(t) for almost all t[0, T],

w(0) ,,
then for all sequence hi > 0 converging to zero there exists a sequence wi converging
to w in W’(0, T) such that z+ hiwie ST(+ hi,q).

Consider a sequence hi > 0 converging to zero. By Lemma 2.9 applied to xi =z,
Yi z’, u =w, v w’ there exists a sequence vi converging to w’ in LI(0, T) and such
that for all

z’(t)+ hivi(t)6 F(z(t)+ hiw(t)) a.e.(2.14)

For all [0, T] set

and observe that

7ri(t) 7+ vi(r) d’,

w- 7ri converges to zero in C(0, T),

rl converges to w’ in L(0, T).

By Lipschitzian character of F and (2.14) for a constant L and all large we have

dist ((z’+ hir)(t), F((z + hi,fi)(t))) =< Lh, w(t) r,(t)[[.
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By the Filippov Theorem 2.0 for a constant M and for all large there exists
xi Sr(:+ hit/) satisfying

Z

Set

wi=(xi-z)/h,.

Then z+hwSr(+hrl) and w converges to w in W1’1(0, T). I-1
Remark. The set-valued map dF(x, y) has a closed graph. Moreover if F has

convex images on a neighborhood of x then dF(x, y) has convex images. Indeed, if
v, v dF(x, y)(u) then for all h > 0 there exist sequences Vh, Vh converging to v, v as
h 0+, respectively, such that

y + hi)h F(x + hu), y + hvlh F(x + hu).

By convexity for all h [0, 1], y+h(hVh+(1-h)Vh)F(x+hu) and therefore hv+
(1-h)Vl dF(x,y)(u). Since h is arbitrary in [0, 1] the proof follows.

3. The local controllability lroblem. Let F:R"z:R" be a set-valued map,
and R(T, :) denote the reachable set from sc at time T of the differential inclusion

(1) x’F(x).

We seek to know whether : Int R(T, ). If it holds true then we say that (1) is
locally controllable around at time T.

Our first result concerns a necessary condition for local controllability.
THEOREM 3.1. Assume that a set-valued map Ffrom into itself is bounded and

upper semicontinuous at a point . If the system (1) is locally controllable around
for all small time T> 0 then

O co F()

(the closed convex hull of F(
Proof. If 0c- F(s) then there exists p S"71 such that

inf (p, u)>0.
u_F()

Since F is upper semicontinuous at there exists/3 > 0 such that

inf {(p, u): u F(x), x + fiB} >- O.

Let M > 0 be such that the image of F is contained in the ball MB. If T <-fl/M then
we have for all x

and therefore

x([O, T]) c :+ MTB + fiB

(p, x(T)) (p,

But this means that
Remark. Consider the relaxed differential inclusion

x’ co F(x)

and let RC(T, :) denote its reachable set from s at time T. When F has compact
images and is Lipschitzian, the relaxation theorem (see, for example, Aubin and Cellina
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[2, p. 124] or Clarke [10, p. 117]) implies that Int cl R(T, s) Int RC(T, ). Hence the
local controllability of the relaxed inclusion around s implies that the closure of the
reachable set R( T, s) contains s in its interior, s Int cl R( T, s), i.e. that (1) is "almost"
locally controllable around s.

We shall study next sufficient conditions for local controllability around the point
of weak (or strong) equilibrium.

For this we shall use an Open Mapping Principle. We recall
DEFINITION 3.2 (of Clarke’s tangent cone). Let E be a Banach space, K be a

subset of E and x be a point in the closure K of K. We say that v belongs to Cr (x)
(Clarke’s tangent cone to K at x) if and only if for all sequence xi K, hi > 0 converging
to x and zero, respectively, wo can find a sequence vi E converging to v such that
xi + hivi K.

The set Cr(x.) is a closed convex cone (see Clarke [10]).
For studying the local controllability problem we need several weaker topologies

on E. This is why we shall adapt Definition 3.2 to our case.
DEFINITION 3.3. Let U, V, E be Banach spaces and E c U, E c V. We assume

that the topology,of E is stronger than the ones of U and V. Let K be a subset of E
and let x /( v (the closure of K in U). We say that w Ct,V(x if and only if for
all sequence xi K converging to x in the space U there exists a constant m m(w)
such that for all sequence hi > 0 converging to zero we can find a sequence wi E
converging to w in the space V, verifying for all large

x, + hiwi K, wi <- m.

The set CVr’V(x) is a convex cone. Moreover,

c[’Rx).

We denote by IIw, IIc the usual norms of wl’l(0, T), C(0, T), respectively.
THEOREM 3.4. Let F:"=: be a set-valued map with closed graph. If one of the

following two assumptions holds true:
(i) : is a weak equilibrium of F, i.e. O co F(), F is bounded, Lipschitzian on a

c,c n;neighborhood of and {w( T)" w Csr()()}
(ii) is an equilibrium ofF, i.e. O F(), and {w(T): w Cs)()}

then (1) is locally controllable around at time T.
To prove the above theorem we shall use the following"
OPEN MAPPING PRINCIPLE 3.5. Let E, U, V be Banach spaces E U V, K be a

closed subset of E and Xov (the closure of K in U). Let A be a continuously
differentiable map from a neighborhood ofK in V into . If

A’(xo)CV’V(xo) ,
then

A(xo)IntA(K).

The proof of this result is given at the end of the section.

ProofofTheorem 3.4. Since graph (F) :- {(x, y)" y F(x), x R"} isa closed subset
of R2, the set K := Sr(sr) is closed in W’1(0, T). By Filippov-Waewski’s relaxation
theorem (see [10, p. 117]) the constant trajectory sr belongs to the closure of K in the
metric IIc. If (i) holds use the open mapping principle with E WI’I(0, T), U V
C(0, T) and A" V" defined by Aw-w(T). If (ii) holds set U- W’(0, T) and
E, V, A as in (i). [3
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Remark. As in 2 we can associate with Clarke’s tangent cone Cgraph (F)( 0) the
derivative CF(, 0) and we can prove that if is an equilibrium then any solution of
the "sublinearization"

(3.6) w’e CF(, 0)(w), w(0) =0,
w,cbelongs to Csr(e)()c Cs:(e)(:). Thus the controllability of (3.6) around zero at time

T implies the controllability of (1) around at time T. In the next section we shall
improve this result taking a larger sublinearization.

Proofof the open mapping principle. We assume for a moment that A(xo) does not
belong to Int A(K) and we shall derive a contradiction. Then for all n >= 1 there exists
y, e Rq\A(K) such that

IIa(xo)- y, <- 1/2n2.
Since Xoe/ v by continuity of A there exist x e K such that x converges to Xo in U
and IIA(x,)- A(xo)ll -<- 1/n=. By Ekeland’s variational principle applied to the function
x- IIA(x)-y. on the complete subset K of E (see Ekeland [11], Aubin and Ekeland
[4, p. 255]) there exist x, e K such that

1
(i) IIa(x)-y.ll/lllx.-xgll <-Ila(x)-y, <-_-,

(3.7)
(ii) for all xeK IIa(x)-Y.ll<-IIa(x)-Y.ll++/-llx.-xll.

n

By (i) we know that x. converges to Xo. Introduce a function f: V- by

f(o) := llA(v)- yll.

By assumptions A(x,) y, 0. Let us set

A(xn)-y,
e Sq-1.P" ]lA(x)- y.[[

Then

f’(x.)=A’(x.)*p..

Sq-1 being a compact, we can take a subscquence p., converging to some p e Sq-1. Let
we Cr’V(xo) be such that A’(xo)w=-p. From now on we set xi x.,,
Since A is Fr6chet ditterentiable on a neighborhood of xi in V, for all > 0 there exists
r/, > 0 such that for all v e V of -<

(3.8) IIA(x,+v)-y, ll-IIA(x,)-Y, ll<-(p,,A’(x,)v)+ l--Ilvllv.
Let m > 1 be the constant associated with w and {xi} by Definition 3.3. Consider

any sequence hi e ]0, r/i/m[ converging to zero.
Then there exists a sequence wi e E converging to w in V such that

(3.9) w, <- m, xi / h,w, e g.

Setting x xi + hiwi in (3.7)(ii) and using (3.8), (3.9) we obtain

m<ln h(11 a(xi + hiwi Yi ax, y,

m
<-(p,,A’(x,)w,)+--
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Since A’ is continuous at Xo and w converges to w in V, we obtain by passing to the
limit in the last inequality when i--> 00

(p, A’(xo)w) >- O

which contradicts the choice of w and achieves the proof.

4. Controllability through set-valued linearization. In this section we shall provide
an application of the results of 3. We recall first

DEFINITION 4.1. Let F: R"::t" be a set-valued map, Lipschitzian on a neighbor-
hood of a point xo, Yo F(xo). We denote by CF(xo, Yo) the set-valued map from R"
into " defined by

v CF(xo, Yo)(U) if and only if
[

lim sup dist |v,
(x,y)-,(x,o)
(x,y)graph F

h0+

F(x+hu)-y.)h
=0.

If F is a single-valued function continuously differentiable at Xo, then Yo F(xo)
and CF(xo, yo) is equal to the Frchet derivative to F at Xo.

The graph of the set-valued map CF(xo, Yo) is the tangent cone (of Clarke) to
graph (F) at (Xo, Yo). Thus it is a closed convex cone. We recall

DEFINITION 4.2. A set-valued map ,d:n::ll is called a closed convex process
if its graph is a closed convex cone.

So CF(xo, Yo) is a closed convex process satisfying

graph CF(xo, Yo)c graph dF(xo, yo).

Assume that is an equilibrium and consider the first order approximation of (1)
at (:, 0)

(4.3) w’ F()+ CF(, O)w, w(O) =0.

From now on we write l.c. for locally controllable.
THEOREM 4.4. Assume that Fhas compact images and is Lipschitzian on a neighbor-

hood of an equilibrium . Then the inclusion (1) is L c. around at time T> 0 if the
inclusion (4.3) is l.c. around zero at time T.

Observe that 1.c. of the inclusion (4.3) implies implicitly that for all x eRn,
CF(,O)(x)#, i.e. Dom CF(:,0)--R". By the Robinson-Ursescu theorem (see
Robinson [23], Ursescu [29], Aubin and Ekeland [4, p. 132]) the set-valued map
CF(:, 0) is Lipschitzian. Using the proof of the Filippov-Waewski relaxation theorem
(see Clarke 10, p. 117]) one can verify that the set ofsolutions on [0, T] to the inclusion
(4.3) is dense with respect to the metric of uniform convergence on [0, T] in the set
of solutions on [0, T] to the relaxed inclusion

(4.5) w’ co F(s) + CF(, O)w, w(O) =0.

On the other hand if (4.3) is I.e. around zero at time T, so is (4.5). For this reason
instead of Theorem 4.4 we shall prove a stronger:

THEOREM 4.6. Assume that F has compact images and is Lipschitzian on a neighbor-
hood of an equilibrium . Then the inclusion (1) is I.c. around at time T> 0 if the
inclusion (4.5) is l.c. around zero at time T.

To prove Theorem 4.6 we need several lemmas. For the reader’s convenience we
first state all of them. Their proofs are provided in 6.

The first lemma is a kind of bang-bang principle for the points around zero (for
the bang-bang in the linear case, see, for example, Olech [22]).
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LEMMA 4.7. Let :Rn::R" be a closed convex process and YcR be a nonempty
convex compact set. Assume that for some T> 0 the inclusion

(4.8) x’ e (x) + Y, x(0) 0,

is 1.c. around zero at time T. Then there exists a finite subset U Y of extremal points
of Y such that the inclusion

(4.9) x’ e s(x) + co U, x(0) 0,

is l.c. around zero at time T.
The second lemma is a technical result we need here.
LEMNA 4.10. Let U be a finite subset of , 0 U, and T> 0 be given. Then there

exists a constant C depending only on co U such thatfor all measurable subset A [0, T]
and a Ia CO U we can find a selection a t) U satisfying

a= f a(t) dt, f II(t)ll dt <- Cllall.
3A

The third lemma is related to the sufficient conditions for the local controllability
from 3.

LEMMA 4.11. Assume. that F satisfies all the assumptions of Theorem 4.6. Let
U F() be a finite set, O U. Then any solution w WI’I(0, T) of the inclusion

(4.12) w’ e co U+ CF(, O)w, w(O) O,

belongs to C w.c;(’).
Proof of Theorem 4.6. The set-valued map CF(, 0) is a closed convex process

and co F(:) is a nonempty convex compact set. By Lemma 4.7 there exists a finite set
U c F(:) such that the inclusion (4.12) is 1.c. around zero at time T. The set U U {0}
satisfies the assumptions of Lemma 4.11. Thus

0 e Int { w( r): w e C w. cs;(:)}.
But this is equivalent to the condition (ii) of Theorem 3.4. The proof is complete, l-1

We state next a theorem which allows us to replace the right-hand side of (4.5)
by a closed convex process.

Consider the closed convex cone generated by co F()

L= el {Aw: A -> 0; w e co F(:)}

(L is the tangent cone of convex analysis to co F(:) at zero) and define a set-valued
map s: R" I" by

sg(x) cl (CF(, O)x + L).

PROPOSITION 4.13. If Dom CF(, O)=" then the map d defined as above is a
closed convex process.

Proof By the Robinson-Ursescu theorem the map CF(, 0) is Lipschitzian. So is
the map . Moreover zd has closed images. It implies that graph is closed. Since
the graph of the set-valued map x-> CF(, O)x + L is a convex cone so is graph d.

THEOREM 4.14. Assume that Fhas compact images and is Lipschitzian on a neighbor-
hood of an equilibrium . Then inclusion (4.5) is l.c. around zero at time T> 0 if and
only if the reachable set to the inclusion

(4.15) x’ cl (CF(, O)x + L), x(O) O,

at time T is equal to .
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This theorem follows from a more general lemma.
LEMMA 4.16. Let : R":::tR be a closed convex process and Ybe a convex compact

subset of ", 0 Y. For all x set

M(x) el {3(x) + Aw: A >- 0, w Y}.

Then the inclusion

(4.17) x’ (x) + Y, x(0) 0,

is l.c. around zero at time T> 0 if and only if the reachable set to the inclusion

(4.18) x’.sg(x), x(0) 0,

at time T is equal to .
Proof Observe that for all x", (x)+Y M(x). Thus the reachable set to

(4.17) at time T is contained in the reachable set to (4.18) at time T. On the other
hand, graph M is a cone. Hence the reachable sets to (4.18) are also cones. Thus the
1.c. of (4.17) around zero at time T implies that the reachable set to (4.18) at time T
is equal to ". Assume next that the reachable set to (4.18) at time T is the whole
space. For all x c R" set

G(x) (x) + Y.

Because Dom .d =R" then Dom 3 =" and by the Robinson-Ursescu theorem 3 is
Lipschitzian on ". Therefore

G is Lipschitzian on R", 0 G(0),
(4.19)

graph G is convex and closed.

This implies that the intermediate derivative dG(O, 0) has a convex graph. Because
0 Y, graph is a cone contained in graph G. This implies that

(4.20) graph 3 = graph dG(O, 0).

Since 0 belongs to 3(0), we also have

(4.21) {Aw: A >=0, we y}c dG(O, 0)(0).

Since graph dG(O, 0) is a closed convex cone we finally obtain by (4.20), (4.21) that
for all x "
(4.22) a(x) dG(O, O)x.

Let St(0) denote the set of all solutions on [0, T] to the inclusion

x’G(x), x(0) =0.

The set Sr(0)c WI’I(0, T) is convex. Therefore the Clarke tangent cone Cso)(0) is
equal to the tangent cone of convex analysis to St(0) at zero (see, for example, Aubin
and Ekeland [4, p. 407]). It implies that

(4.23) dSr(0, 0)(0)= Csr<o)(0).
By (4.19) G and z-=0 satisfy all the assumptions of Theorem 2.7. This and (4.22)
together yield

dSr(O, 0)(0) {w W1’1(0, T): w’(t)c dG(O, O)w(t), w(0) 0}

{xc WI’(0, T): x’(t)e(x(t)),x(O)=O}.
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Since the reachable set at time T to (4.18) is the whole space, using the last relation
and (4.23) we obtain

{w(T): w Cs(o)(O)="}.
w.cBut CsT(o)(0)c Cs:(o)(0) and we complete the proof by Theorem 3.4(ii). I-1

Remark. Necessary and sufficient conditions for the controllability of closed
convex processes were recently studied by J. P. Aubin, C. Olech and the author in a
forthcoming paper [5].

Remark. To simplify the matter we have assumed in Theorems 4.4, 4.6 and 4.14
that F has compact values. This assumption can be weakened. Namely it is sufficient
for F to have closed (not necessarily bounded) images. The proofs will require a small
modification based on density arguments and Filippov’s Theorem 2.0.

Remark. One must pay attention to the high sensitivity that the derivative CF(g, O)
inherits from the properties of the Clarke tangent cone. As an example, consider the
closed unit ball B in R2 and the set A B LI {0} x [ 1, +oo]. Then, although the set A is
larger than/3 we have

Cn(0, 1) R R_, CA(O, 1)={O}.

When a similar thing happens to CF(, O) it is often more appropriate (when it is
possible) to consider a smaller differential inclusion

x’Q(x)

having the property

(:, 0)e graph Q c graph F.

The local controllability of a "smaller" inclusion then will imply the local controllability
of the inclusion (1).

The following example illustrates this remark.
Example. Consider the control system in RE

x’=u, u[-1, 1],

y’=xv, ve [-1, 1].

Then F(x,y)=[-1,1][-Ixl, lxl]. The direct computation of CF(O) gives then
CF(O)(x)=Rx{O} for all xeR" and F(0) =co F(0)= [-1, 1Ix0.

The inclusion

w’ CF(O)w + co F(0), w(0) 0,

is not l.c. at any time T. But for any Vo e [-1, 1], Vo 0 the linear system

x’ u, y’ XVo,

is controllable.

5. Some applications.
5.1. The parametrized case. We show here how to derive from Theorem 4.6 a

result on local controllability of parametrized systems, without assuming too much
regularity. Let U be a compact metric space and let f’R"x U--> R" be a continuous
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function. Assume .that for some (s, t)"x U, f(sr, tT)= 0 and for some L,/3 > 0 and
all u U, f(., u) is L-Lipschitzian on :+ fib and

-J(. 3) is continuous at s.
OX

Consider the control system

(5.1) x’=f(x, u(t)), u(t) U is measurable, x(0)= :.
We wish to study the local controllability of system (5.1) at a given time T.

Set F(x)= {f(x, u): u U}. By Aubin and Cellina [2, p. 91] the set of solutions
of the control system (5.1) defined on the time interval [0, T] coincides with ST(:).
Moreover F has compact images and is Lipschitzian on : + fiB, : being an equilibrium.
Therefore, we can apply the results of 4 to the control system (5.1).

THEOREM 5.2. If the system

x’=0(s, a)x+v, v6cof(:, U), x(0)=0,

is l.c. around zero at time T then the system (5.1) is l.c. around at time T.
Proof By Lemma 4.7 there exist a finite .subset Ua c U such that for all u, v U1,

u # v, f(:, u) # f(:, v) and the system

x’ e-J(sc, ti)x + cof(, U,), x(O) O,
Ox

is 1.c. around zero at time T. It is not restrictive to assume that fi Ulo Indeed, if
f(x, 3) =f(x, u) for some u U1 we can replace U1 by U tA {a}\{u}.

Thus we may assume that U U. We set then F(x) --f(x, U). A simple computa-
tion then gives

ofCF(, O)=xx(:,

and by Theorem 4.6 we complete the proof.
The above theorem generalizes a result of Yorke [32].

5.2. An example of controllability of a control system nondifferentiable in the
lmrameter. Consider the following system in 2

(5.3) x’=x-y+xx/rff+u, y’=x+yu, u[0,1].

The point (x, y) 0 is an equilibrium. The corresponding control is 0. The linearized
system from Theorem 5.2 can be written in the form

(5.4) w’ Aw+ Bu, u U

where

The rank of A is equal to rg A 2 and the transposed matrix A* has no real eigenvalues.
By a result of Saperstone and Yorke [27] the linear system (5.4) is l.c. around zero at
some time T> 0.
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Therefore

liminf(J]=> I rK((’), g(Z), g’(Z)) dq’- e’"M()’3 + )’4)+ ’.
D,

Let g > 0. Then for our fixed K and e’ such that

we can choose, in order,

-()’2 )’1M) e’ <
5

e"M()’3 + )’,) <-;,

e"M < -,
K(’)’K,,m(D,) <5’

a’( )’- )’lM)m(D,) <-.
Hence,

lim.inf 8Pj[o >= rK (,(Z), (Z), ’(Z)) dz
,]D,

Since K and e’ were arbitrary,

lim inf p(z, X, a-fl)[o >- f r(g(-), 2(’), 2’(z)) dr- :
.)D

Therefore,

(3.6) lim inf (z, X., a]l)lo >= (, , 5-1)1o

Let us define an x* such that

x*(e(r))

Then x* (or more precisely, its equivalence class) belongs to . What we wish to show
is that x* and are equivalent and that from we can construct an MM() so
that (3.6) implies a corresponding result for the (I)(xj) and (I)(). Firstly let us show
the equivalence of x* and . The function represents the original time variable t. We
want to show that x*(g(r)) (g(z)) for almost all r D since the times z(z), ’ D,
correspond to the singular part of dx*.

Fix e>0; then there exists an open set A c T with m(A)<e such that A
UI z(D) U (D) where D {-: z(-)= 0}. Since (zj, g)--)(, ,) uniformly, for every
> 0 ::1 k such that for j => k

Iz)(z)-(’)l< and IX)(’r)-$(’r)l<(
But on T\A, -1 and z-1, j= 1,2,... exist since we have ’(-)= 1 when (-) T\A
and zj(-)= 1 when zg(z) T\A. We will then have for j->_ k and T\A

(3.7) [zj-l(t) g-l(t) < &
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For a (Lebesgue) measurable subset At[0, T] we denote by /z(A) its Lebesgue
measure. Then for all measurable A c [0, T]

(6.6) fau=fACOU= (a) coU,

(see for example Olech [22]). The set ext co U U of extremal points of co U is finite.
Because 0 co U there exists a finite family {K}= of subsets K ext co U such that
for all i, 0co K and UT’-_ co (KU{0}) =co U. Set =KU{0}. Then

(6.7) U co U co U.
i=1

For all i, zero is a veex of the polyhedra co U. Thus there exist C > 0 and
p S"-, 1,. ., m such that for all

(6.8) sup  llzll, <z, p,> (y, p,)} c.
yO

Set C (2n- 1)C. We claim that C is the constant we are looking for. Indeed fix a
measurable set A [0, T] and a e a CO U. Then JA U g(A) co U and by (6.6), (6.7)
A CO U =1 a Ui. Thus for some io, a e A Ug= g(a) co Ug. By (6.8)

sup {llzll: <z, p> <a, p0} c, Ilall.
zCO Uio

A lemma of Frankowska-Olech [14] implies the existence of 6(t) Ug such that

fA (t)dt=a, fA Ilff(t)ll dtN(2n-1)Clla[l=Cllall"

Set

ti(t) if teA,
a (t)

0 otherwise.

Then a(t)E U/o U and a is the required function.
Proof of Lemma 4.12. Let w W’(0, T) be a solution to the inclusion 4.12 and

let u, v LI(0, T) be such that for almost all [0, T]

w’(t)=u(t)+v(t),

(6.9) u(t) s co U,

v(t)s CF(, 0)(w(t)).

Let xi s Sr(:) be a sequence converging in W’(0, T) to the constant trajectory sr and
hi s ]0, 1] be a sequence converging to zero.

Because 0 s co U, for all

(6.10) hiu(t) co U.

By Lemma 2.9 there exist vi L(0, T) such that for all large

(6.11) x[(t)+ hivi(t) F(xi(t)+ hiw(t)) a.e. in I0, T],

(6.12) lim vi v in L(0, T).
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Assume for a moment that there exist y e wl’l(0, T) such that"

(6.13) y(0)
(6.14) for a constant M independent of (h} and for all large i, Ily$-xIl[ =< Mh,,
(6.15) (y x)/h - w uniformly on [0, T],

lim
1

(6.16) -,oo dist (y(t), F(y(t))) dt=O.

Then we can apply the Filippov Theorem 2.0 to deduce the existence ofM independent
of h and z e Sr(sr) such that (z-x)/h w uniformly on [0, T] and for all large i,

W,CIlz,-x,ll,., < Mh,. But this yields we
Therefore it remains to construct functions y as described above. We proceed in

two steps.
Step 1. We construct here functions a(t) U, 1, 2, such that for a constant

C>0 and all i_-> 1

(6.17) /z{t [0, T]" a,( t) O} <- Ch,,

(6.18) lim sup
1 lifo’ 11i-.oo ttO.T]

(a,(r) h,u(z)) dr O.

Because IIx:llc-, 0 there exist e - 0+ such that for

A, {t" IIx$(t)ll <-x/,.
we have

(6:19) lim tz(A,)= T.

Fix and let q q(i) be an integer satisfying

2T
(6.20) q -> supe Ilell / 1.

Denote by/ the interval

q

By Lemma 4.10 and (6.10) there exist a constant C independent of h and functions
(t) e U such that for all j

(6.21) I a(t) dt= I h,u(t) dt,
ljf’lA Ijf"IA

(6.22) f llaJ(t)lldt<-_ll f h,u dt
ljfqAi ljf’lA

Set

(t) if tIf’lA,a,(t)
0 if [o, T]\A,,

and let 8 =min (llell" e u\(o >o. By (6.22)

tSg.{t" ai(t)0}_--< IIc,(t)ll at= II(t)ll dt
j=l lif’lA

_--< C
j=l
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Thus for a constant C independent of hi, inequality (6.17) holds true. By (6.21) for
all [0, T] and some j j(t)

a,(’) dz- h,u(r) d _-< (11,()11 / h, llu()ll)dz+ h Ilu()ll dz
O,t]\Ai

-<2sup IlellT/q+h, [ Ilu()ll d"
U d IO, t]\A

and (6.19), (6.20) imply (6.18).
Step 2. We define here the required functions y. Let L be the Lipschitz constant

of F. Since ai(t) U c F() for all large there exist Yi LI(0, T) satisfying

(6.23)

(6.24)

For all 6 [0, T] set

3’i(t) F(xi(t)),

’,( t)- ,xi(t)ll LIIx,( t)- :11,

2’5(t) if c,(t) y 0,
(6.25) y[(t)

[x[(t) + hivi(t) otherwise,

and

By (6.17)

yi(t) :+ yi(7") dT".

dt
t: a(t)O}

-<- h,(llv, ll’+2C sup (llell" es F(xi(t))}).

Therefore {Yi} satisfy (6.13), (6.14). Fuahermore for all i,

y(l -x(l (-x(

h,v,(z) dr + y,- x- h,v,)(r) dz
o,t]{:

+ [(,-,)()-(x’+hv)(r)]

Note that lxI(,)llx/, a.e. on {," ,(,)e 0}. Thus using (6.24), (6.12) and (6.17) we
obtain

(

where o(t, h)/h0 uniformly on [0, T]. Thus relations (6.18) and (6.9) imply (6.15).
By the Lipschitzianity of F for all large

(6.26) dist
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By (6.11), (6.25), (6.23) and Lipschitzian nature of F
7"

dist (y[(t), F(xi(t)+ h,w(t))) dt
o

=ftt: ,(,),0t
dist (y,(t), F(x,(t)+ h,w(t))) dt

<- eh, I w(t)ll at.
t: ai(t)O}

By (6.26), (6.17), (6.15) and the last inequality we obtain (6.16) and end the proof of
the lemma.

Note added in.proof. During the revision of this article, I became aware of a recent
work by Soviet mathematicians Polovinkin and Smirnov who (in a book in preparation)
use a similar approach to the variational equations of Theorem 2.7.

Acknowledgments. The author wishes to thank St. Lojasiewicz, Jr. for useful
remarks and wishes to acknowledge the comments of the unknown referee which
helped to correct and improve the presentation of this paper.
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THE STRUCTURE OF TIME-OPTIMAL TRAJECTORIES FOR SINGLE-INPUT
SYSTEMS IN THE PLANE: THE C NONSINGULAR CASE*

H. J. SUSSMANN"

Abstract. For single-input C systems in the plane, in which the control enters linearly, we prove, if
the system is suitably nondegenerate, that the time-optimal trajectories are finite concatenations of "bang-
bang" and singular arcs, with local bounds on the number of switchings.
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1. Introduction. The purpose of this paper is to prove local bounds on the number
of switchings for arbitrary optimal control problems in the plane, of the form

(1.1)

(1.2)

:F(x)+uG(x), lull1,

minimize L(x( t)) dt,

where the vector fields F, G and the scalar function L are of class C, L(x)> 0 for
all x, and some additional nondegeneracy conditions are satisfied.

In a subsequent paper [Su 7], these results will be applied to obtain a complete
description of the structure of optimal trajectories for real analytic problems without
any extra requirements. Finally, in the third article of this series, the results on optimal
trajectories will be used to prove existence of a regular synthesis for real analytic
problems (cf. [Su 8]).

Our work is part of a general program of research, initiated by Boltyanskii in his
paper [Bo], and later pursued by Brunovsky (cf. [Br 1], [Br 2]), this author [Su 1]-
[Su 6], and Baytman [Ba].

The goal of this program is to prove the existence of a regular synthesis for large
classes of optimal control problems. A precise definition of "regular synthesis" will
be given in [Su 8], when we state and prove our existence theorem. But the intuitive
idea is quite simple: a "regular synthesis" for an optimal control problem with target
point/ is, roughly, a feedback control law that steers to/ every point from which/
can be reached, that satisfies certain "piecewise smoothness" conditions, and that is
"extremal," in the sense that every trajectory satisfies the Maximum Principle.

Boltyanskii proved in [Bo] that a "regular synthesis" in his sense is necessarily
optimal, thereby generalizing the classical result that, when the whole space is smoothly
covered by trajectories that satisfy the necessary conditions for optimality, then these
trajectories are optimal. This leads naturally to the question: when does a regular
synthesis exist? or, equivalently: when is there an optimal feedback which is "piecewise
smooth" in some appropriate sense? In [Br 1 ], Brunovsky proved an existence theorem
for a very special class of systems (time-optimal problems for linear systems with a
normality condition and polyhedral control constraints), but his work introduced a
fundamental idea: the use of the theory of subanalytic sets. It has now become clear
that, modulo minor technical restrictions, the use of subanalytic sets makes it possible
to reduce the problem of proving the existence of a regular synthesis to the problem

* Received by the editors March 12, 1984; accepted for publication (in revised form) March 6, 1986.
This work was partially supported by National Science Foundation grant DMS83-01678-01.

t Mathematics Department, Rutgers University, New Brunswick, New Jersey 08903.
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of trajectory analysis. Roughly speaking, a finite-dimensional reduction (FDR) of an
optimal control problem is a family of trajectories which is parametrized by a
finite-dimensional parameter, and which is sufficient (i.e. every optimal trajectory is in
:) or at least weakly sufficient (i.e. whenever there is an optimal trajectory from p to
q, then there is an optimal trajectory y that goes from p and q). It turns out that,
whenever an FDR exists and some other technical hypotheses hold, the existence of
a regular synthesis follows. (This will be shown in full generality in [Su 6]. However,
for the case that concerns us here, of problems of the form (1.1), (1.2) in the plane,
a self-contained presentation will be given in [Su 8].)

The main problem then becomes that of carrying out the trajectory analysis for
particular classes of systems, so as to prove the existence of an FDR. This had been
done, so far, for several types of problems, all of whom shared the feature of not
giving rise to singular controls. (Examples"

(a) various types of problems where all optimal controls are necessarily bang-
bang, as in Brunovsky [Br 1]-[Br 3], Sussmann [Su 2], [Su 4],

(b) classical calculus of variations problems with a nondegenerate Lagrangian,
as outlined in [Su 2],

(c) linear problems with quadratic cost, as in Brunovsky [Br 3], Sussmann [Su 5].)
The present work constitutes the first step in the direction of extending the theory

to the case where singular controls appear. We prove that, for systems (1.1), (1.2),
with the properties stated above, the required FDR’s are possible. With the exception
of certain "degenerate cases," we show that every point p in the state space has a
neighborhood U such that every optimal trajectory in U is a finite concatenation of
bang-bang and singular pieces, with a fixed finite bound on the number of pieces.
This shows that, at least locally, there is a finite-dimensional sufficient family. In one
of the "degenerate cases" we prove a weaker result, namely, that every p has a
neighborhood U with the property that, whenever ql U can be reached from qo U
by an optimal trajectory in U, then ql can be optimally reached in U from qo by a
bang-bang trajectory, with a fixed bound on the number of switchings. In the other
"degenerate cases" no such conclusion is true but, fortunately, when the system is real
analytic, it is still possible to prove the existence of a regular synthesis. So we end up
proving the existence of a regular synthesis for all systems (1.1), (1.2), with F, G, L
analytic and L> 0, with no extra hypotheses whatsoever (except for the technical
requirement that there be no trajectory that goes to c with finite cost).

This paper, and its sequel [Su 7], deal exclusively with the time-optimal case. Only
in [Su 8], where the existence of a regular synthesis is proved, do we return to the
general situation, which turns out to be easily reduced to the time-optimal one (because
we can reparametrize the trajectories using cost, rather than time, as the parameter,
so that (1.1), (1.2) becomes a time-minimization problem with a modified F, G).

The paper is organized as follows: In 2 we introduce some basic definitions and
notations. In 3 we review the Maximum Principle, we study properties of conjugate
points, and we study the optimal trajectories near "ordinary points" p (i.e., points
where F and G are independent, and where G and IF, G] are independent). In 4
and 5 we prove some lemmas, and in 6 we study the optimal trajectories near
certain nonordinary points (called "good nonordinary points"), with the exception of
one type of such points (called "antiturnpike points") which are studied in 7. For
suitably nondegenerate smooth problems, our results give a complete description of
the optimal trajectories, except in the neighborhood of certain "branch points." In
[Su 7] we will show that in the real analytic case the branch points can be handled
as well.
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The main results of this paper are Theorems 3.8, 3.9, 3.13, 6.1, 6.2, 6.3 and 6.4,
which give a complete description of the optimal trajectories in regions where the
system is sufficiently nondegenerate.

Our work partially overlaps with Baytman’s book [Ba]. Baytman proved existence
of a regular synthesis for a class of smooth systems, without using the theory of
subanalytic sets. However, he has to make various nondegeneracy assumptions which,
in particular, fail to be satisfied for arbitrary analytic systems.

2. Basic definitions. Throughout this paper, we use R to denote the real line and
R" to denote n-dimensional Euclidean space. Points in R" are always thought of as
column vectors.

We use ]a, b[, [a, b] to denote, respectively,, the open and the closed intervals
with end points a, b. The self-explanatory notations ]a, b[, a, b[ are used for half-open,
half-closed intervals.

A curve in R" is a continuous map y’I R, where I is some real interval. We
use the symbol "Dora" for "domain" so that, for instance, if y:I- R is a curve, then
Dom (y)= I. The symbol "I" denotes "restriction." (Examples: yIJ is the restriction
of the curve y to the subinterval J of Dom (7); if X is a vector field on an open set
U m_ R, and if V_ U, V open, then X V is the restriction of X to V.)

In this paper, M always denotes an open subset of RE. (More generally, M could
also be taken to be an arbitrary two-dimensional smooth manifold.)

A Coo chart in M is a pair (U, (s, /)), where U is an open subset of M, and s,
are Coo real-valued functions on U that satisfy

(2.I.i)

(2.I.ii)

the mapping Q" p - (s(p), /(p)) is one-to-one on U, and

the Jacobian matrix of the map Q is nonsingular at every point p U.

When (U, (s, /)) is a chart, then Q establishes a bijection between U and some
open set m_ R2. By means of this bijection, we can identify each point p U with the
pair (x, y) of its coordinates relative to the chart. We will often do so. The chart
(U, (s, /)) will be called analytic if the functions (st, ,/) are rel analytic.

If e > 0, 6 > 0, we write

(2.1.a) (e, 6)={(x,y)" Ixl < lyl<
A chart (U, (, r/)) will be called rectangular if U (e, 6) for some e, 6. If, in

addition, e 6, then U, (, r/)) is a square chart. We say that U, (:, r/)) is centered at
p if :(p) r/(p) 0. We write

(2.1.b) Sq(e)=(e,e).

A Coo vector field on an open subset U of R2 is a C R2-valued function on U.
We use V(U) to denote the set of all Coo vector fields on U. Also, we use Coo(U) to
denote the class of all Coo real-valued functions on U. It is well known that each
X 6 V(U) gives rise to a first order differential operator from C(U) to Coo(U). As is
customary, we will also use X to denote this operator so that, if a Coo(U), then Xa
is also a function, defined by

(2.2) (Xa)(p)=lim
e-*0 E

a(p+eX(p))-a(p)

If (U, (s, 7)) is a chart, and we identify U with as above, then each vector
field X V(U) can be written in a unique way as a linear combination

(2.3) X OlOx Al- Oy,
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where dx, Oy are the vector fields with components (1, 0), (0, 1), respectively (i.e., the
differential operators usually denoted by O/Ox, /Oy), and a,/3 are C functions of
the variables x, y, for (x, y) . The functions a,/3 are the components ofX relative
to the chart (U, (s, rt)). We always think of X as a column-valued function with
components a,/3. We then use DX to denote the matrix

(2.4) DX
\Oxfl Oyfl ]"

The Lie-bracket oftwo vector fields X, Y is the vector field IX, Y] that corresponds
to the differential operator

(2.5) IX, Y] XY- YX.

Equivalently, [X, Y] can be computed relative to a coordinate chart by

(2.6) IX, Y] (DY). X-(DX). Y.

Throughout the paper, F and G are two fixed vector fields in r(M). We let
denote the control system

(2.7) /=F(p)+uG(p), lul_<-1, p M.

A control is a measurable function u(. ):[a, b]--> [-1, 1], where [a, b] is some bounded
closed interval. We use a//to denote the class of all controls. Naturally, if u(. ):[a, b]-->
[-1, 1] is a control, then Dom (u(.))=[a, b]. A trajectory of E fora control u(.) is
an absolutely continuous curve 3’: Dom (u(.))--> M which satisfies the equation

(2.8) 3(t) F(3"(t))+u(t)G(3"(t))

for almost every Dom (u(.)). The set of all trajectories of E will be denoted by
Traj (:).

Notice that, by definition, the domain Dom (3’) of a 3’ Traj (E) is necessarily a
compact interval [a, b]. We use In (3’) to denote 3’(a), i.e. the initial point of 3’, and
Term (3’) to denote the terminal point 3"(b) of 3’. Also, T(3’) denotes b- a,i.e., the time

along 3".
If 3’ Traj (E), we say that 3’ is time-optimal if T(3’) <- T(3") for every 3" Traj (E)

such that In (3’)= In (3"), Term (3’) Term (3"). We use Opt (E) to denote the set of
all time-optimal 3’e Traj (E). (The superscript 1 refers to the fact that time-optimal
trajectories minimize the integral L dt, where the Lagrangian L is equal to 1. More
generally, we will use OptL (E) to denote the trajectories of E which are optimal for
the cost functional L.)

If M’ is an open subset of M, then the system E can be restricted to M’. This
restriction is denoted by EI M’. Then Traj (EI M’) is the set of all trajectories of the
restriction, i.e. the set of all 3’ Traj (E) which are entirely contained in M’.

If ul(’):[a,b]->[-1,1] and u2:[b,c]-->[-1,1] are controls, we use u2*ul to
denote the control defined on [a, c] by

(2.9) (U2,Ul)(t)._{Ul(t) for Dom (ul(’)),
UE(t) for Dom (u2(’)).

(This control is called the concatenation of ul and u2.)
If 3"l:[a,b]--> M, 3"2:[b, c]--> M are trajectories for u(.), u2(’) such that

3’2(b), then 3’2" 3’1 is the trajectory

3’1(t) for Dom (3’1),
(2.10) (3’2* 3’1)(t)=

3’2(t) for Dom (3’2).
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Notice that u2*ul is only defined if max (Dom (t/l(")))=min (Dom (u_(.))), and
that, for 72* 71 to be defined, it is necessary that, in addition, Term (71)= In (72).
Notice also the order: 72* 71 is the trajectory obtained by following first 71, and
then 72.

We write

(2.11.a) X F- G,

(2.11.b) Y=F/G,

so that

(2.12.a) F=1/2(Y+X),

(2.12.b) G=1/2(Y-X).

If V is an arbitrary vector field, we use v(t, p) to denote the integral curve
of V which goes through p at time 0. We also write

(2.13) dp (p)=v(t, p).

The family of maps v will be referred to as the flow of V.
We use Traj (X) to denote the set of all trajectories of E which correspond to the.

constant control u(. whose value is equal to -1. Therefore y Traj (X) iff 3’ is a
trajectory of X which is an integral curve of X. (Notice that 3’ cannot possibly be a
maximal integral curve of X, because Dom(y) must be a compact interval.)
Equivalently, 3, Traj (X) iff 3, x(., p) J for some p M and some compact interval
J. We define Traj (Y) in a similar way, using the control u 1 rather than u =-1.
Elements of Traj (X), Traj (Y) will be called X-trajectories and Y-trajectories, respec-
tively.

We need symbols to refer to more complicated trajectory types. If rgl,. ., cgN
are collections of trajectories, we write Cgl %v to denote the set of all concatena-
tions 3’ 3,1" * 3,u, where, for each i {1,. ., N}, either 3, % or 3, is trivial. (A
trivial trajectory is one whose domain is a single point. Thus, for instance, a concatena-
tion 3,1 * 3’2 * 3’3 with 3’2 trivial is the same as the concatenation 3’1 * 3’3.) That is,

uconsists of all concatenations 3, * * 3,, with 3, %, with any number
of 3,’s allowed to be absent. If %v = % we will simply write cON for
1 * * u, so that u is the set of all concatenations of at most N trajectories in c.

If s1, , su are symbols for trajectory types, then we will write Traj (st1 :u)
for Traj (q)..... Traj (srN). (The elements of Traj (sc.... u) are called
sr .. u-trajectories.) If 1 : :, then we write :N for s1 *" * srN. (Notice
that, with these conventions, Traj (s) and [Traj (st)]u denote the same class of
trajectories.) If : s1 ..... %, then a strict st-trajectory is a :-trajectory that is not
an ,/-trajectory for any symbol rt obtained from :1 * * :u by deleting one or more
’s. We use Traj (:) to denote the set of all strict :-trajectories. (Example" Traj (:4)
is the disjoint union of the sets Traj (:), 0, 1, 2, 3, 4.)

If st1, ., N are trajectory type symbols, the symbol s1 v.. v sru will stand for
a trajectory that is of one of the types s1, ., sru. That is

Traj (:1 v... v :u Traj (:1) U... tA Traj (.).

The following examples illustrate our notational conventions"
(a) An X. Y.X. Y-trajectory is a concatenation of at most four pieces, of

which the first and third are Y-trajectories and the second and fourth are X-trajectories;
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however, any one, or any two, or any three of these pieces may be missing, and all
four ofthem may even be missing, so that a trivial trajectory is in Traj (X Y X Y);

(b) An (X v Y)4-trajectory is a bang-bang trajectory with at most three switchings;
(c) A strict (X v Y)-trajectory is a bang-bang trajectory with exactly three

switchings;
(d) a strict Z (X v Y) Z-trajectory is a concatenation of exactly three pieces,

the first and third ofwhich are in Traj (Z), while the middle one is either an X-trajectory
or a Y-trajectory (Z-trajectories will be defined later);

(e) There do not exist strict X X-trajectories, because Traj (X X)= Traj (X).
Now let rE be any set of trajectories. We write

(2.14) ,oo= U
N=I

A bang-bang trajectory is a trajectory which corresponds to a control u(. such
that lu(t) 1 for all t. A regular bang-bang trajectory is one that is a finite concatenation
of X- and Y-trajectories. Therefore the set of regular bang-bang trajectories is precisely
[Traj (X v r)]o.

If c Traj (E), and U is a subset of M, we call c sufficient on U if

(2.15) Opt’

i.e., if every time-optimal trajectory in U is a finite concatenation of pieces that belong
to . We call boundedly sufficient on U if there is an integer N > 0 such that

(2.16) Opt

i.e., if every time-optimal trajectory y in U is a concatenation of a finite number v(
of pieces which belong to rE, and if there is a finite upper bound, independent of
for the numbers

If T> 0,
_

Traj (X), we use [<_-T] to denote the set of all 3/ such that
T(),) _-< T. We say that rE is finite-time boundedly sufficient on U if for every T> 0 there
is an integer N N(T), N > 0, such that

(2.17) Opt (X

(i.e., the integer v(),) considered above is allowed to depend on % but only through
T(,)).

Also, if c, U are as before, we will call c weakly sufficient on U if, whenever
qo U, q U and ), Opt (XI U) steers qo to q, then there exists a ),’ c that is also
time-optimal, steers qo to q, and is contained in U. We call c weakly boundedly
sufficient on U if there is an N such that cCm is weakly sufficient on U.

3. The maximum principle, conjugate points, ordinary points. An admissible pair
for the system X is a pair (u(.), y), such that u(. and 3/is a trajectory corresponding
to u(.). We use Adm (X) to denote the set of admissible pairs.

Suppose (u(.), /) Adm (). A variational vectorfield along (u(.), 3’) is a vector-
valued absolutely continuous function v(.):Dom (/)._>[2 that satisfies the equation

(3.1) (t)-((DF)(T(t))+u(t)(DG)(3/(t)))v(t).

Equation (3.1) is called the variational equation along (u(.), 3/). It is a (time-
varying) linear homogeneous system of two ordinary differential equations for the two
components of the vector-valued function v(. ), with coefficients that are continuous
functions of t. Therefore (3.1) has one and only one solution v(.) for any initial
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condition V(to) Vo (to Dom (y), Vo R2). We let VVF (u(.), y) denote the set of all
variational vector fields along (u(.), y). So VVF (u(.), y) is a two-dimensional linear
space over R.

The variational equation is stated in terms of a particular choice of coordinates.
The following lemma shows that VVF (u(.), y) is really a "coordinate free object"
(i.e., that we can think of a variational vector field along y as a map v(. such that
v(t) is a tangent vector to M at y(t) for each t).

LEMMA 3.1. Let (u(.), y)Adm(E), and let v(.):Dom(y)-2 be absolutely
continuous. Then v(. is a variational vector field along (u(.), 3") if and only if there is
an e > O, and a map

r:[0, e]x Dom (y)--> M

such that:
(i) s - F(s, t) is of class C for each fixed Dom (3/);
(ii) - F(s, t) is a trajectory of , corresponding to the control u(. for each fixed

s[0, ];
(iii) F(0, t)= 3’(t) for t Dom (3’);
(iv) v(t)= (d/ds)l=oF(s, t) for Dom (3’).
Proof. If F, e are such that (i),. ., (iv) hold, then

0
F(s, t) F(r(s, t)) + u( t)G(r(s, t))(3.2)

ot

holds. If we differentiate with respect to s, set s 0, and formally interchange the
and s differentiations in the left side ofthe resulting equation, we get (3.1). The rigorous
justification of the interchange of differentiation is carried out by a well-known
argument, writing (3.2) as an integral equation, and differentiating under the integral
sign. We omit the details.

Conversely, if v(" ) VVF (u(.), 3’), pick an arbitrary C curve :[0, e]- M such
that (a)= v(a), where we let [a, b]= Dom (3’). If e is sufficiently small, it follows
from the existence, uniqueness and continuous dependence theorems of O.D.E. theory
that there is a F for which (i), (ii) and (iii) hold and for which, in addition, F(s, 0) (s)
for 0 -< s _-< e. Then, if we let

d
w( t) =s s=O

F(s, t),

it follows from the part already proved that w(. VVF (u(.), 3’). Clearly, w(a) v(a).
Since v(.) VVF (n(.), 3’) it follows from the uniqueness of solutions of (3.1) that
v(.) w(.). So (iv) holds as well.

A variational covectorfield along a (u(.), 3’) Adrrt (E) is an absolutely continuous
A (.)" Dom (3’) --> that satisfies

(3.3) . t) -A t)(DF( 3"( t)) + u( t)DG( 3"( t)))

for almost all Dom (3’). (Here is the space of row vectors.) We let VVF* (u(.), 3’)
denote the space of all variational covector fields along (u(.), 3’). Equation (3.3), like
(3.2), appears to depend on a particular choice of coordinates, but the following lemma
shows that it is not so, and that the elements of VVF* (u(.), 3’) are covector-valued
functions (i.e., A (t) is a cotangent vector at 3’(t) for each t). The proof is elementary,
and we omit it.
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LEMMA 3.2. Let (u(’), y)Adm (X), and let A(.)’Dom (y)--)R be absolutely
continuous. Then A (.) VVF* (u(.), y) if and only if the function t--) A (t). v(t) is
constant for every v(.

We define " It x M x 0 --> by

(3.4) (A, p, u)= A. (F(p)+uG(p)).

If A (.) VVF* (u (.), y), (u (.), y) Adm (X), we say that A (.) is minimizing if

(3.5) (A (t), y(t), u(t)) min {(A (t), y(t), u): -1 =< u -< 1}
for almost all Dom (y).

The Maximum Principle says that, if (u(.), y) Adm (X), and y Opt (X), then
there exist: (a) a nontrivial, minimizing A (.) VVF* (u(.), y) and (b) a constant Ao -> 0,
such that

(3.6) ’(A (t), 3,(t), u(t))+ Ao=0
for almost all Dom (y).

If (u(.), y)Adm (X), and A(.)VVF* (u(.), 3,), Ao->0, are such that A(’) is
nontrivial and minimizing, and (3.6) holds for almost all t, then the 4-tuple

(3.7) A (u(.), y, A(’), Ao)

will be called an extremal lift of (u(.), y). (So the Maximum Principle says that every
time-optimal trajectory has an extremal lift.)

If A is an extremal lift of (u(.), y), and (3.7) holds, we define the switchingfunction
(A along A to be the function bA:DOm (y)--> given by

(3.8) bA(t) A(t)" G(3,(t)).

Therefore, it is clear that the following holds.
LEMMA 3.3. Let A (u(.), 3,, A(" ), Ao) be an extremal lift of the admissible pair

(u(" ), 3,). Then:
(a) The switching function dA is continuous on Dom (3’);
(b) If 4)A(t)> 0 for all in some interval I, then u( t)=-1 for almost all I, and

therefore 3" I Traj (X);
(c) If bA(t)<0 for t I, then u(t)= 1 for almost all t I, and therefore "File

Traj (Y).
A Dom (3,) will be said to be a switching time for 3, if there does not exist an

e>0 such that 3,I([t-e, t+ e] f’l Dom (3’)) Traj (X v Y). If is a switching time for
% and p 3,(t), then we say that p is a switching point of % or that 3, has a switching
at p.

Lemma 3.3 implies the following.
LEMMA 3.4. If (u(’), 3’) Adm (X), and A= (u(.), % A(’), Ao) is an extremal lift

of (u(.), 3,), then thA(t)--0 for every switching time of),.
Suppose that (u(.), 3,) Adm (). Let to belong to Dom (3’), and-let Vo2. Let

us write V(Vo, to, to denote the unique variational vector field along (u(’), 3’) whose
value at to is Vo. If to Dom (3’) and tl Dom (3’), we say that to and tl are conjugate
along (u(.), 3") if the vectors v( G( 3"( to) ), to; t) and G(3"(t)) are linearly dependent.
Notice that conjugacy is a symmetric relation. (If v( G( 3’( to)), to; tl) and G(3’(h)) are
linearly dependent, then v( G( 3’( to)), to; t) and v(G(3’(t)), tl; t) are dependent for all
t, and in particular for t= to, so that G(3"(to)) and v( G( 3"( tl) ), tl; to) are dependent.)
However, it is possible for to and t2 to be conjugate to a time without being conjugate
to each other. (This can happen if G(3’(h))=0.) If to and tl are conjugate along
(u(.), 3’), we also say that the points Po 3’(to), p 3’(tl) are conjugate along (u(.), 3’).
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LEMMA 3.5. Let (u(.), 3’) Adm (E), 3’ Opt (E). Suppose that 3" has switchings
at Po and Pl. Then Po and Pl are conjugate along (u(.), 3").

Proof. Let A (u(.), 3’, A (.), Ao) be an extremal lift of (u(.), 3’). Let 3’(ti) p,,
0, 1. Since to and tl are switching times for 3’, we have

bA(to) bA(tl) 0,

i.e.,

A(to)" G(3’(to)) A(tl)" G( 3’( tl)) 0.

By Lemma 3.2, the function t--> A (t). v(G(3’(to)), to; t) is constant. So

A(q). v(G(3"(.to)), to; q)=A(q). G(3"(tl))=O.
Since A(/1) # 0, the vectors v(G(3"(to)), to; q) and G(3’(tl)) are linearly dependent.

So to and tl are conjugate, lq

The following results will be useful later.
LEMMA 3.6. Let U be the domain of a rectangular coordinate system (, rl with

respect to which X has components (1, 0) (i.e. X =Ox). Let 3’1 :[a, b]- U be a trajectory
of ,, oftheform (Xl(t), yl(t)), such thatthefunction Yl(" is ofclass C 1, and)l(t) # 0
for all tDom (3’1). Suppose that z:[a, b]- ]0, [ is a function of class C such that,
for each t[a,b], the point (Xl(t)+z(t), yl(t)) belongs to U and is conjugate to
(xl(t),yl(t)) along the X-trajectory joining both points. Suppose that the curve t
(x(t)+’(t),yl(t)), tDom(3’l) can be reparametrized by a parameter s such that
ds/ dt > O, in such a way that the reparametrized curve is a trajectory 3"2 of -,. Let 6,, 6b
be the unique X-trajectories goingfrom (xl(a), yl(a)) to (xl(a)+ -(a), yl(a)) andfrom
(xl(b), yl(b)) to (Xl(b)+z(b), yl(b)), respectively. Then

(3.9) T(6b * 3’1)= T(3’2 * 6a).

Proof. (cf. Fig. 1). Let Y have components (a,/3). Then

(3.10.a) F=1/2(a + 1)0x

and

(3.10.b) G=1/2(a- 1)O,,+1/2Oy.
Let u(.):[a, b][-1, 1] be a control such that 3’1 is a trajectory for u(.). Then

the functions xl(" ), Yl(" satisfy the differential equations

u(t)
(3.11.a) l(t)=1/2(ot(xl(t),yl(t))+l)+-(ot(Xl(t),yl(t))--l),

l+u(t)
(3.11.b) (t)=fl(x,(t), yl(t)).

2

Since ))(t)#O for all t, )1 is either >0 for all t, or <0 for all t. Let us
assume that )(t)>O for all t[a, b]. Then we can reparametrize 3"1 using the y
coordinate as a parameter. Let ti yl(a),/= yl(b), let y ((y), y), ti =< y=< b be the
reparametrized curve, and let y- ’(y) be the time as a function of y. Then

d. a 1 u(?’(y)) 1
dy fl

((Y)’ y) +
1 + u(’(y)) fl((y), y)

and

d’ 2 1
dy 1 + u(?(y)) fl((y), y)"
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Y

FIG.

Therefore

So

(3.12.a)

a-1--d-d ((y)- ?(y))= ((y), Y).
dy #

Xl(b) x,(a) T(3",)
a 1

#
((y), y) dy.

Let 3’2:[a’, b’] U be of the form t(x2(t),y2(t)), and let y(*(y),y) be 3’2,

reparametrized using y as the parameter. Then, a computation similar to the one
leading to (3.12.a) gives

(3.12.b) x2(b’)-x2(a’)- T(3’2) a 1
()?,(y) y) dy.

The hypothesis that (x(t) + r(t), y(t)) and (x(t), y(t)) are conjugate along the
X-trajectory joining them implies that

--1a-1
(.(y) y)= ((y) y)

for all y. (Because (c- 1)fl- is the inverse of the slope of G.) So

(3.13) x(b)-x(a)- T(3’)= x2(b’)-x2(a’)- T(3"2).
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Suppose that x,(b)>-_xl(a), and that XE(b’)<-x2(a’). Let l=(X,(b),y,(a)),/2
(XE(b’), yE(b’)).

Then

(3.14.a) T(6b * y,)= T(yl)+X2(b’)-x,(b)

and

(3.14.b) T(),2* 6a)=x,(b)-Xl(a)+x.(b’)-x,(b)+x2(a’)-x2(b’)+ T(),2).

Therefore (3.13) implies that T(6b * Yl)-- T(y2 * 63). If Xl(b)>-x,(a) but XE(b’) >
x(a’), then the term x2(a’)-XE(b’) does not occur in (3.14.b), but we must add
XE(b’)-x2(a’) to (3.14.a), so (3.9) still holds. The other cases are similar. So (3.9) is
proved if ), > 0 on [a, hi. The case when );1 < 0 is similar.

We now investigate the derivative ofthe switching function. After a straightforward
computation, we get the following.

LEMMA 3.7. Let A= (u(-), y, A(" ), Ao) be an extremal lift ofan admissible (u(.), ).
Then the switchingfunction tA: Dom y)- R is ofclass C’, and its derivative is given by

(3.15) A(t) A(t)" [F, G](),(t)).
The preceding result shows that the Lie bracket of F and G is very important, so

we give it a special name. We let

(3.16) H [F, G].

Then H can also be expressed in terms of X and Y, using (2.12.a, b). We get

(3.17) H 1/2IX, Y].

From Lemma 3.7, we get the following.
THEOREM 3.8. Let U

_
M be an open set such that G(p) and H(p) are linearly

independent at every p U. Then

Opt’ (Xl U)_ Traj (X v Y).

Proof. Let (u(.),),) Adm (E), ,Opt (EIU). Let A-(u(.), % A(’), Ao) be an
extremal lift of (u(.), ),).

If toe Dora (,) is such that bA(to) 0, then (3.15) implies that

(3.18) A(t0)- A(to) H(/(to)).
Since G(/(to)) and H(),(to)) are linearly independent, and A (to) # 0, but

A (to)" G(/(to)) 0, it follows that A(t0) # 0.
SO all zeros of 4A are isolated. Then bA has finitely many zeros, since Dom

is compact. Therefore y is regular bang-bang.
If F and G are independent, then we can be much more precise. Let fl(A) be

the set of points pc M such that F(p) and G(p) are independent, and let fl(B) be
the set of p such that G(p) and H(p) are independent. Then it is clear that (A) and
fl(B) are open. An ordinary point is a point p which belongs to fl(A) fl(B).

We can define smooth functions f, g on fl(A) by

(3.19) H=fF+gG.

THEOREM 3.9. Let U
_
M be open, and suppose that U

_
(A) O(B). Then

(3.20) Opt (E U)_ Traj ((X v y)2).

Iff> 0 throughout U, then

(3.21) Opt’ (El U)
_
Traj Y X).



444 H.J. SUSSMANN

Iff< 0 throughout U, then

(3.22) OPtl (EI U)_c Traj (X Y).

Proof. Any y Traj (E U) is entirely contained in a connected component of U.
If U is connected, then f> 0 throughout U, or f< 0 throughout U. So the last two
assertions imply the first one.

We will prove that (3.21) holds iff>0 throughout U. Let (u(.), 3,) Opt (E U),
and let A= (u(.), 3,, A(’), Ao) be an extremal lift. Let to be a time such that bA(to) 0.
Then

A(to) A(to)" H(3,(to))=f(3,(to))A(to) F(3,(to))

(since A (to). G(3,(to)) 0).
Since F(3,(to)) and G(3,(to)) are linearly independent, and A (to) G(3,(to)) 0,

we have

(3.23) A (to). F(3,(to)) 0.

On the other hand,

(3.24) (A(t), 3,(t), u(t))<-O

for almost all (because Ao>_-0).
So

A(t). F(3,(t))<-_-u(t)A.(t) G(3,(t))

for almost all t. In particular, we can let t- to, and get

(3.25) A (to). F(3,(to)) -<- 0.

Combining this with (3.23) we get

(3.26) A (to)" F(3,(to)) < 0.

Since f(3,(to)) > 0, we get

(3.27) A(t0) < 0.

This proves that, if to is a switching time for 3,, then 3, is an X-trajectory for < to,
and a Y-trajectorY for > to. So 3, cannot have more than one switching, and our
conclusion is proved. [3

The conclusion of Theorem 3.9 can also be proved by a different method, which
gives some other useful results. We define a 1-form to in 12(A) by

(3.28) (to, F)= 1, (to, G)= 0.

Then, if 3, Traj (Elf’(A)), the time T(3,) is the integral of to along 3,. Suppose that

(3.I.a)

(3.I.b)

(3.I.c)

Let be the region enclosed by 3,1,3,1. Then

(3.29) T(3,1) T(3,2)= ./fv’* v,

and 3,2 are trajectories of E in (A), going from a point p to a point q,

3,;1.3,1 is a simple closed curve whose interior is entirely contained in
fl(A) (Here 3,1 is 3,2 run backwards.),

3,1,3,1 is oriented counterclockwise, relative to some coordinate system.
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By Stokes’ Theorem, we get

(3.30) T(y,)-T(y2)=ffdo).
On the other hand, we can compute do) by the fomula

(3.31) (do), F ^ G)= F(o), G)-G(o), F)-(o), [F, G])

and we get (since (to, G) and (o), F) are constant functions, and so F(o), G)-- G(o), F)--
0)

(3.32) (do), F. ^ G)= -(o), IF, G])= -f.
In the preceding formulas, F ^ G is the exterior product of F and G. In coordinates,

we can express F ^ G as

(3.33) F ^ G AAOx ^ Oy,

where

(3.34) AA det (F, G).

(Here "det" stands for "determinant." Recall that F and G are column-vector-valued
functions on M, and so we can form, for each p e M, the two-by-two matrix with
columns F(p), G(p).)

Then

(3.35) do) p dx ^ dy

where p is computed by

(3.36)

so that

1
p do), Ox ^ Oy)=---AAA do), F ^ G),

f(3.37) do)---AA dx ^ dy.

Therefore, we have proved the following.
LEMMA 3.10. Suppose (3.I.a, b, c) hold, and let be the region enclosed by

Then

(3.38) T(3q)- T(3,)=- AA dx ^ dy.

As a consequence of Lemma 3.10, we get the following.
LEMMA 3.11. Let U be an open subset of II(A) such that f(p)> 0 for p in some

dense subset of U. Suppose that U is the domain of some coordinate chart with respect
to which AA(p)>0 for pc U. Then, if ")/1 and Y2 are trajectories of E in U such that
In (/1) In (/2), Term (3/1) Term (y2), and that /1, 3 is a simple closed curve orien-
ted counterclockwise whose interior is contained in U, it follows that

(3.39) T(3/1) < T(3,2).

Inequality (3.39) also holds iff< O on a dense set and AA <0 on U. In the other
two cases (i.e., when f AA 0 On a dense set) the opposite inequality holds.
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Proof. We only consider the first case. (The other ones are similar.) If is the
region bounded by yl. yl, then f>_-0 on , but contains points where f> 0. So

Formula (3.38) then implies (3.39).
In order to apply the preceding lemma to prove an extension of Theorem 3.9, we

first establish the existence of a particular type of coordinate chart about any point
p2(A).

LEMMA 3.12. Let X and Y be smooth vectorfields on an open set M
_
R-, and let

p M be such that X(p) and Y(p) are linearly independent. Then there is a coordinate
chart (U, , rl )), defined on a neighborhood U of p, relative to which X and Y have
components (a, 0), (0, fl), respectively, where a and fl are smooth functions on U such
that t > 0 and > 0 throughout U.

Proof. Let Ql(t, s) txY(p’). Then Q1 is a smooth map from some square Sq (e)
onto an open set U such that pc U. Moreover, the differential of Q1 at (0, 0) is
nonsingular. So, by taking e small enough, we may assume that Q is a diiteomorphism.
Let r/" U -R be Q-I followed bythe map (t, s)- s. If q U is of the form .Y(p),
then the integral curve of X through q is the curve r- +rX(p), and r/ has the
same value g at all the points in this curve. Therefore Xr/--0. On the other hand,
r/(p)-0 and r/(tY(p))= for It[ < e, so that Yl(P)= 1. By a similar reasoning, we
get a function sc on some open subset U2, such that p U2, :(p)= 0, X(p)= 1, and
Ysc --0. The formulas X(p) Yl(P)= 1, Xl(p)= Y(p) 0, imply that the ditteren-
tials of : and / at p are linearly independent. So, if U

_
U1 fq U2, p U, and U is

sufficiently small, the map q (:(q), r/(q)) is a ditteomorphism, so that U, (:, r/)) is
a chart. The components of X in this chart are X:, Xr/. Since Xr/=-0, we see that X
has components (a, 0), for some smooth function a. Since X(p)- 1, it follows that
c (p) 1. So, by making U smaller, if necessary, we may assume that a > 0 throughout
U. A similar argument shows that Y has components (0,/3), and it may be assumed
that/3 > 0 throughout U.

We are now ready to prove a slight generalization of Theorem 3.9.
THEOREM 3.13. Let U

_
M be open, and suppose that U

_
f(A), and thatf> 0 on

a dense subset U’ of U. Then

(3.40.a) OPtl (EI U)
_

Traj Y X).

If, instead, f< 0 throughout U’, then

(3.40.b) OPtl (EI U)_ Traj (X Y).

Proof. We prove the first assertion only. (The second one follows by a similar
argument, or can be proved from the first one by interchanging X and Y.) So we
assume that f> 0 on a dense subset of U.

The first step is to prove that no strict X. Y-trajectory in U can be optimal.
Suppose y’[a, b]- U is an optimal strict X. Y-trajectory. Let to be the switching
time, so that a < to < b, y I[a, to] is a Y-trajectory, and y[to, b] is a X-trajectory.
Pick a coordinate chart (V, (, r/)), centered at y(to), and such that X, Y have
components (c, 0), (0,/3), respectively, with t > 0, fl > 0 on V. We identify V with its
image under (:, r/), and we assume that V is a square Sq (e). Then the X-trajectories
are horizontal and go from left to right, and the Y-trajectories are vertical and go up.
If > 0 is small enough, then ’2--I[t0--t, 0" t] is a strict X, Y-trajectory in V.
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Clearly, there is a unique strict Y. X-trajectory y going from 3’(to-8) to y(to+ )
in V. The curve y Yl is simple, closed, and oriented counterclockwise. Then

(3.41) T( ,) T( y_) - dx dy,

where is the rectangular region enclosed by y-i. /1" Since mA > 0 on U (because
ma O), and f-> 0 on U, but contains at least one point where f> 0, we see that
T(71) < T(72). So 72 is not optimal. Therefore 3’ is not optimal, which is a contradiction.
This completes the first step.

We now let 3’ Opt (EI U) be arbitrary. Let to be an arbitrary interior point of
Dom (y), and pick a chart (V, (so, r/)) as above. Also, pick > 0 such that yI[to-, to+
] is entirely contained in V. Then it may happen that

(i) y to 8, to + Traj (X v Y).
If (i) does not happen, then (y(to+))>(y(to-)) and r/(y(to+))>

r/(y(to )). Therefore the point 3’(to + ) lies strictly above and strictly to the right
of y(to 8). Let y* 3’ to 8, to + ], and let y* be the unique strict Y X-trajectorY
in V going from 3’(to- ) to 3’(to + ). Let E be the set of points y*(t), for e Dom (y*).
Then E is compact. If y*(s) E for all s Dom (y2*), then it is easy to see that y2* Y*,
i.e., that

(ii) y to 8, to + 6 Traj Y X).
If (ii) is not true, then there must be a t[to-, to+8] such that y*E(t)C:E. The

set of such is open in to-
because 3’(to- ) and y(to /
[to-6, to+6] such that y*(t)_E for h<t<t2. Then y*2(h)eE and yE*(tE)eE. Let
72 yz*I[tl., t2]. If y*(s,) y*(t,) for i= 1,2, let 71 ’y*I[sl, s2]. Then ’)t and Y2 go
from the same initial point to the same terminal point. Moreover, 71 and 72 have no
points in common other than the endpoints, because 72(t) E for tl < < t2, but y is
entirely contained in E. So yfl, 71 is a simple closed curve oriented counterclockwise.
Exactly as in the first step, we conclude that T(T)< T(T2), so that "Y2 is not optimal,
and then 3’ is not optimal. This contradiction arose from assuming that neither (i) nor
(ii) hold.

So we have proved that, if to is any interior point of Dom (y), then there is a
6 > 0 for which (i) or (ii) holds. Then it follows easily that, if J is a compact subinterval
of the interior of Dom (y), then Y IJ is regular bang-bang. Since we know that Y lJ
cannot have a strict X Y piece, it follows that Yl J Traj Y X). From this it follows
immediately that y

We conclude this section with the definition of a new function which makes it
possible to compute f as a quotient of determinants. We let

(3.42) An det (G, H).

Then we have

so that

Therefore

(3.43)

An det (G,fF+ gG)

An =f det (G, F)= -fmA.
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The determinants AA, B can also be expressed in terms of X and Y. The result

(3.44)
(3.45)

AA=1/2 det (X, Y),
AB=det(Y-X,[X, Y]).

4. Barriers. Let U G M be a connected open set. A barrier in U is a subset B of
U such that

(4.I.a) B is a smooth, one-dimensional, connected, relatively closed
submanifold of U,

(4.I.b) U-B has exactly two connected components,

(4.I.c) one of the components of U-B, which we denote by U/, has the
property that, at each p B, each of the vectors X(p), Y(p)
is either tangent to B or points into U/.

LEMMA 4.1. Let U M be open and connected. Let B
_
U be a barrier in U, and

let U/ be the connected component of U-B with the property described in (4.I.c). Let
U- be the other connected component of U- B. Then every trajectory y Traj (X U) is
a concatenation ofat most threepieces yl, T2, Y3, such that yl (t) U-for all Dom (3’1),
# max Dom (3’), 3’2 is entirely contained in B, and 3’3(t) U+ for all t Dom (3’3),
# min Dom (y3).

Proof. Step 1" We prove that there is no integral trajectory 3’ of X or of Y that
goes from a point p B to a q U-. Suppose 3’ is such a trajectory for, say, X. Let
3’(to) =po, 3’(tl) =p. Let ?[to, tl] be the largest such that 3’(t) B. (Here we use
the fact that B is closed.) Then 3’(t) U- for < < tl. Pick a vector field X*, on a
neighborhood W of ),(tO, such that X*(q) points into U+ for each qBfq W. For
each e > 0, let 3’ denote the integral curve of eX*+X such that 3’ (F)= 3’(’). Pick a
> 0, < t- ’, such that 3’I[, ’+ ;] is entirely contained in W. Then bythe continuous

dependence on parameters for solutions of ordinary differential equations, the curve

3’ is defined on , + ], and 3’, (t) W for F, + 15], if 0 < e < eo,provided that
eo is small enough. Moreover, 3’ (t) -> 3’(t) as e -> 0. We claim that, if 0 < e < eo, then
3’, I], ?+ 8] is entirely contained in U+. Indeed, if there is a [?, + ] such that
3’(t) U-, then this is contained in a maximal open interval ]a, b[ _[, ?+ 8] such
that 3’(]a, b[)_ U-. Then 3"(a)B. Since 4A(a)=(eX*/X)(3",(a)), and X(3",(a))
points to U+ or is tangent to B, while X*(3"(a)) points to U+, we have

3’ (a + s) U+ for s > 0, s near 0.

This contradicts the fact that 3’(-) U- for - ]a, b[. So no can exist for which

3’ (t) U-. On the other hand, if 3’(t) B, and if t> , then 3’(t-s) U- for small
s > 0. Since we already know that no point of 3’ I[ F, / ] can be in U-, it follows
that 3’(t) U+ for t ], +].

If we now let e--> 0, we find that 3’(+ 8) B (_J U+. But this contradicts the fact
that 3’(+ 6) U-.

Step 2: It follows easily from Step 1 that, if 3’ is an arbitrary regular bang-bang
trajectory of X such that 3’(to) B for some to, then 3’(t) B U+ for all >- to,
tDom (3’).

Step 3" Let 3’Traj (X U), and let toDom (3’) be such that 3’(to) B. If 3’
corresponds to a control u(. Dom (y) [-1, 1], then u(. is the weak limit of regular
bang-bang controls un(" with the same domain. Let Yn be the corresponding trajec-
tories, which satisfy 3’n(to) 3’(to). Then 3",(t)Bt.J U+ for >- to, by Step 2. Letting
n -> oo, we conclude that 3’(t) B t.J U+ for >- to.
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Step 4: Let y 6 Traj (E U), and let to Dom (y) be such that y(to) 6 B. Let
be y run backwards, i.e., y-(t)= y(-t), for -tDom (y). Then y- is a trajectOry
of E’, where E’ is the system obtained from E by changing X, Y into -X, -Y. The
set B is also a barrier in U for the new system, except that now U- plays the role of
U+. Since y-(-to) B, it follows from Step 3 that y-(s) B U U- for s=> to, s
Dom (y-l). Therefore y(t) Btd U- for -< to, Dom (y).

Step 5: Let y Traj (EI U). If y never goes through B, then y is entirely contained
in U- or in U/, and the desired conclusion holds. If y goes through B, let to be the
infimum, and let t be the supremum, of the set of those Dom (y) such that y(t) B.
Then y(to) B and y(t) B. Since y(to) B, it follows from Step 3 that y(t) B U+

for > to. Therefore y(t) U+ for-t > t. Since y(t) B, it follows that y(t) B U U-
for t_-< tl. So y(t)6 U- for < to. If to_-< -< tl, then y(t) B(.J U+ and y(t)6 BU U-,
so y(t)6 B.

Summarizing: y(t)6 U- for < to, y(t) B for to<_- t_< t, and y(t) U+ for >
This is precisely the desired conclusion.

5. A lemma. We now prove a lemma that excludes certain types of switchings.
We consider the following situation:

(5.I.a) y is a strict X Y- or Y, X-trajectory, with a switching at a
point qo,

(5.I.b) the vectors X(qo), Y(qo) are linearly dependent, but point
in opposite directions.

We want to conclude from these conditions that y cannot be time-optimal. Let us
first observe that such a conclusion cannot possibly be arrived at using solely the
Maximum Principle. Indeed, a y for which (5.I.a) and (5.I.b) hold may very well
satisfy the Maximum Principle. For a simple example, suppose that X and Y satisfy
(5.I.b), and that, in addition, the vectors X(qo) and IX, Y](qo) are linearly independent
(i.e., that G(qo) and H(qo) are independent). Pick R such that # 0 but G(qo)
0. Let y be the concatenation of (a) the curve t-> @Y(qo), -8 =< t-<0, and (b) the curve
-> ,x(qo), 0 =< =< 8, where > 0 is small. Let A (.) be the unique variational covector

along y for which A(0)=. For t>0, the derivative of t->A(t).G(y(t)) is t->

A(t). [X, G](y(t)), i.e., t-> A(t). H(y(t)). In particular, the limit of this derivative at
=0 is . H(qo). Similarly, the derivative for <0 also equals A(t). H(y(t)), which

goes to . H(qo) as t->0-. In view of our hypothesis that H(qo) and G(qo) are
independent, we can conclude that . H(qo) O. By changing to -, if necessary,
we may assume that ’H(qo)>0. Then A(t).G(y(t))>O for t>0, and
A (t) G(y(t)) < 0 for < 0, as long as is sufficiently close to 0. By making 8 smaller,
we may assume that A (t) G(y(t)) > 0 for all ]0, ], A (t). G(y(t)) < 0 for all

[-8, 0[. Then the Hamiltonian u -> (A (t), y(t), u) is minimized by u -1 if > 0,
and by u=l if t<0. So, if we let u(t)=-I for 0<t-<, u(t)= 1 for-8-<t<0, we
see that y is a trajectory that corresponds to u(.), that A (.) is a variational covector
along (u(.), y), and that A (.) is nontrivial and minimizing. The value of the Hamil-
tonian along (u(. ), y, A(. )) is ((A(t),y(t),u(t))=X(t).X(y(t)) for t>0, and
,q(A(t), y(t), u(t))=A(t). Y(y(t)) for t<0. Since yI[0, 8]Traj (X), e see that
(A(t), y(t), u(t)) is constant for 0_-<t=< & When t=0, we get (A(0), y(0), u(0))

F(qo) 0 (since F(qo) and G(qo) are linearly dependent, and G(qo) 0 but
G(qo) 0). So . vanishes along A (.), y, u(. for => 0. A similar argument establishes
that ’ also vanishes for <= 0. So, if we let Ao 0, all the conditions of the Maximum
Principle hold.
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The preceding remarks show that one can construct examples of trajectories 3’ for
which (5.I.a) and (5.I.b) hold, but which satisfy the Maximum Principle. The fact that
such a y cannot be optimal is, therefore, a "high-order optimality condition."

Actually, we will only prove our desired conclusion under an extra hypothesis,
namely, that

(5.I.c) the X- and Y-trajectories through qo have a tangency
of finite order at qo.

We suspect that (5.I.c) is not really needed, but our proof does require it. In any
case, notice that (5.I.c) is no restriction at all in the analytic case because, if (5.I.c) is
violated, then the X- and Y-trajectories through qo must coincide (as sets) but be
oriented in opposite directions, so that it is completely obvious that 3’ cannot be optimal.

LEMMA 5.1. If (5.I.a, b, c) hold, then 3" is not time-optimal.
Proof (cf. Fig. 2). We may assume that 3’ Traj (X. Y). (The other case is

identical.) Let [a, b] Dom (3’), and let toe ]a, b[ be such that 3’(to) qo.
Pick a square coordinate chart (U, (:, r/)), of radius e, and centered at qo, such

that X =ax relative to these coordinates. Then Y= aax +0y on U, where a, fl are
smooth functions that satisfy

(5.1) a(0, 0) <0, /3(0,0)=0.

By making e smaller, if necessary, we may assume that a < 0 throughout U. Then,
by making a larger, if necessary, we may assume that 3’I[a, to] is entirely contained

Yt’ is the curve
1 y(a)

A/ B/ C/D

Y(tl) A

(t 1

"" qo (to)
FIG. 2

Y(t2) D

y(b)



451

the smallest integer such that

(5.4)
dky

(to) O,
dt k

then y(.) has the Taylor expansion

(5.5)

for t-< to, where

l
(5.6) O k! -E (to).

y(t) p( t- to) k + O([t- tol+’)

and so, for j-> 1:

After making the change of coordinates (x, y)- (x, -y), if necessary, we may
assume that the sign of p is (-1) k, so that y(t)>0 for t<to, near to. By making a
even larger, if necessary, we may assume that

(5.7) y(t)>0 fora<-t<to.

On the other hand, we have

( t) fl(x( t), y( t))

dY" (t) (Y-fl)(x(t), y(t)).(5.9)
dt

Therefore k , + 1, where v is the first integer j such that (Yfl)(qo) 0. A simple
computation shows that

(5.10) Yfl=a3(0/3) + E ,3"
0<= i<j

for suitable functions 0. Since a(qo)< 0, this implies that v is also the first integer j
such that (O[3)(qo) O, and that

1
(5.11) p =-. a(qo)(O,)(qo).

Since p has sign (-1)/, it follows that

(5.12) 0fl(qo) <0.

We now pick a t[a, to[, such that x(q)<b-to. Then the point (x(fi),O) is in
yI[to, b], and (x( q), O) y( t2) for some t2. (Actually, t2=to+X(q).) We let
yI[t, to], y2 yI[to, t2] Also, we let Y3 denote the vertical segment from (x(t), y(q))
to (x(t), 0). We let (fi) denote the closed region bounded by y, 2 and Y3.

TIME-OPTIMAL CONTROL IN THE PLANE

in U. Let

(5.2) --> (x(t), y(t)), a =< _-< to

be the expression of y I[a, to] relative to our coordinates. Then

(5.3) (t) a(x(t), y(t)) < O,

so that y I[a, to] is entirely contained in the half-square {(x,y) U: x>0}. The
hypothesis that the Y-trajectory through qo does not have an infinite-order tangency
with the X-trajectory says that some derivative of y(" is nonzero at to. If we let k be
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The function/3 has the Taylor expansion

(5.13) fl(x, y)-- fl(x, O)+ O(ly I)
for (x, y) near 0. Therefore, we have

X
(5.14) fl(x, y) =-. (Ofl)(qo)+ O(Ixl’+l)+ O(lyl).

Since the curve y satisfies 2(to)= a(0, 0)# 0, and

(5.15) y(t)-,(t-to)++o(It-tol+=),

we see that, as (x, y)-0 along (tl), we have y O(x"+). Hence

(5.16) y O(x+1) as (x, y) - 0 along (tl).

So, if we restrict ourselves to (tl), the Taylor expansion for/3 becomes

X
(5.17) fl(x, y) =! (Ofl)(qo) + O(x"+).

On the other hand, the derivative Oxfl satisfies

O,fl(x, y) Ox[3(x, O) + O(lYl),

(5.19) oxfl(x,y)=
XV--1

(v-l)!
(O,fl)(qo) + O(Ixl)+ o(lyl);

so that, if we restrict ourselves to (t), we get

(5.20) Oxfl(x,y)=
(v-l)!

(O,fl)(qo)+ O(x’).

Combining (5.17) and (5.20) we get

(5.21) fl(x, y) =x (O,,fl)(x, y)[1 + O(x)]

as (x, y) --> O, (x, y) e (tl).
It is clear that

(5.22)

(5.23)

Using (5.21), we get

AA 1/2

a -(( )(0x +/3 (Ox)).

( x )(5.24)

(5.25) A/ 1/4(a 1 + O(x))O,,fl,

always for (x, y) -* 0, (x, y),e (tl).
Now choose t so small that the O(x) of formula (5.25) is dominated by a- 1

(recall that a < 0 on U), and that the O(x+l), O(x") that appear in the right sides
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of (5.17), (5.20) are actually dominated by the lower order terms that precede them.
Then (since O,fl(qo)<O), we see that, if (tl)= (tl)--{qo}:

(5.II) and 0x/3 < 0 throughout (tl),
and that

(5.III) mA < 0 and An > 0 throughout (tl).
Therefore (tl)fl(A), and f is well defined on (tl). Since f’---AB/AA, we

conclude that

(5.IV) f> 0 throughout (t).
At any point q of Y3, the vector Y(q) points to the left (because a <0) and down

(because/3 < 0 on (q)). Therefore the tangent vector -Oy to Y3 is a convex combina-
tion of X(q) and Y(q). So 3/3 is, after a suitable reparametrization, a trajectory of E.
Moreover, the curve )’2 * Yl is also a trajectory of E, and )’-1 , )’2 * )’1 is a simple closed
curve, oriented counterclockwise.

Since f> 0 and AA 0 in the region enclosed by y- (y2 * )’1), we are almost in
a situation where Lemma 3.11 applies. If we could apply it, we would conclude that

(5.26) T()’3) < T()’2 * )’1).

(Naturally, the roles of the )’1, )’2 of the statement of Lemma 3.11 are played by )’2 * )’l

and )’3, respectively.) The reason why Lemma 3.11 cannot actually be applied as it
stands is that, in Lemma 3.11, it was required that the curves )’1, )’2, and the region
enclosed by them, be entirely contained in fI(A). Here this condition does not hold,
because qo fI(A). However, it is a very simple matter to modify the argument so as
to be able to apply Lemma 3.11 and conclude that (5.26) holds. Pick t between t
and to, and let )’tl be the concatenation of: (a))’l[/1, t], (b) the vertical segment from
(x(t), y(t)) to (x(t), 0), suitably reparametrized so that it becomes a trajectory of
E, and (c) the X-trajectory from (x(t), 0) to (X(tl), 0). Now Lemma 3.11 can be
applied rigorously, and we get

(5.27) T()’3 (T()’t).

Another application of Lemma 3.11 shows that, if t < t" < to, then T()’t) < T(
If we let t’--> to, we get T()’,i) -< T()’2* )’1). So (5.26) holds.

Since )’2 * )’1 is a piece of )’, we conclude from (5.26) that )’ is not optimal.
Remark 5.1. Suppose that (5.I.a, b) hold, and that )’ is actually a strict X. Y-

trajectory. Let denote the open region bounded by the curves --> Y(qo), < 0, and
t-->tX(qo), t>0. Hypothesis (5.I.c) was only used in the proof of Lemma 5.1 to
conclude that f> 0 on . Therefore the conclusion of Lemma 5.1 is still true if (5.I.c)
does not hold, as long as f> 0 on .

6. Nonordinary arcs. We now study the time-optimal trajectories in the neighbor-
hood of certain arcs which consist entirely of points p such that AA(p) 0 or An(p) 0.
Recall that a point pc M is called an ordinary point if both AA(p) and An(p) are
nonzero. A nonordinarypoint is therefore a point p where the function AA" An vanishes.
A nonordinary arc is a smooth one-dimensional connected embedded submanifold S
of M, with the property that every p s S is nonordinary. An isolated nonordinary arc
(henceforth abbreviated as INOA) is a nonordinary arc S with the property that there
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is a U such that

(6.I.a) U is an open, connected subset of M,

(6.I.b) U-Sc_(A)II(B),

(6.I.c) S is a relatively closed subset of U.

If U is such that (6.I.a, b) hold, then U- S has at most two connected components.
However, U-S might be connected. (Example: let U be an annulus, and let S be a
segment joining the inner and outer boundaries of U.) In any case, one can always
make U smaller, and assume that, in addition to (6.I.a, b, c), a further condition holds,
namely,

(6.I.d) U-S has exactly two connected components.

An INOA S will be called regular if it satisfies the following three conditions:

(6.II.a) Each of the vector fields X, Y is either everywhere tangent to S or
nowhere tangent to S,

(6.II.b) each of the functions AA, AB is either identically zero on S or nowhere
zero on S,

(6.II.c) if X and Y are everywhere tangent to S, then each of the vector fields
X, Y, Y-X is either identically zero on S or never zero on S.

Suppose that S is a regular INOA. Let U be such that (6.I) hold. In view of
(6.II.a) it is clear that, if either X or Y is everywhere tangent to S, then S is a barrier
in U. Also, if both X and Y are nowhere tangent to S, then it may happen that

(6.III) for each p e S, the vectors X(p), Y(p) point to opposite sides of S,

or that X(p) and Y(p) point to the same side of S for all p. In the latter case, the
submanifold S is a barrier in U. Hence a regular INOA is either a barrier in U or an
arc for which (6.III) holds. (In the latter case, S will be called a nonbarrier regular
INOA.)

THEOREM 6.1. Let S be a regular INOA which is a barrier in U for some U for
which (6.I) hold. Then every time-optimal trajectory in U is bang-bang with at mostfour
switchings.

Proof. Let U/, U- be the connected components of U-S, labelled in such a way
that, for each p e S, each of the vectors X(p), Y(p) either is tangent to S or points
into U/. Then Lemma 4.1 implies that every trajectory of X U is a concatenation
73 * ’)t2 * 311 of at most three pieces such that, ifDom (y) [a, b] (so that b a2, b=
a3), then yI[a, bl[ is contained in U-, y3I]a3, b3] is contained in U+, and y2 is
contained in S.

Now suppose that 3’ is time-optimal. Since U- is entirely contained in I)(A)71
I)(B.), Theorem 3.9 implies that y is bang-bang with at most one switching. A similar
conclusion holds for 3’3. As for y, let us first observe that this piece can only occur
if at least one of the vector fields X, Y is everywhere tangent to S. If only one of X,
Y is everywhere tangent to S, then /2 is bang-bang with no switchings. If both X and
Y are everywhere tangent to S, then (6.II.c) implies, first of all, that X is either always
zero on S, or never zero on S. In the former case, y2 must be a Y-trajectory, and so

3’2 is bang-bang with no switchings. A similar conclusion follows if Y vanishes
everywhere on S. So we need only consider the case when both X and Y are nonzero
everywhere on S. In this case, if there is some p e S such that X(p) and Y(p) have
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opposite directions, it follows that X(p) and Y(p) have opposite directions for all
p $. But then it is clear that y2 must be an X v Y-trajectory. Finally, we must consider
the case when, for all pc S, the vectors X(p) and Y(p) are nonzero, tangent to S,
and positive multiples of each other. In this case, (6.II.c) says that either X(p)= Y(p)
for all p S, or X(p) Y(p) for all p S. If X -= Y on S, then 72 Traj (X). If
X(p) # Y(p) for all p S, then either X(p) is shorter than Y(p) for all p S, or it is
longer for all p S. In the former case, ’2 must be a Y-trajectory whereas, in .the latter
case, Yz has to be an X-trajectory. So we have shown that, in all possible cases,
’2 a Traj (X v Y).

So 3/is bang-bang with at most four switchings (namely: one switching for each
of ’y, Y3, and, possibly, the switchings at a2 and b2).

We now study what happens when (6.III) holds. Let Ux, Uy be the connected
components of U-S, labelled in such a way that, if V is either X or Y, and p S,
then V(p) points into Uv. The function f is well defined and nowhere vanishing on
UX .J Uy (because Ux U Uy(A)f’I(B)).

Since Ux and Uy are connected, we have three possibilities:

(6.IV.a) f> 0 throughout Ux t.J Uy, or f< 0 throughout Ux tA Uy,

(6.IV.b) f< 0 on Ux and f> 0 on Uy,

(6.IV.c) f>0 on Ux and f<0 on Uy.

The case when (6.IV.a) holds is easy to dispose of.
THEOREM 6.2. Let S be a nonbarrier regular INOA, and let U be such that (6.I),

(6.III) and (6.IV.a) hold. Then every time-optimal trajectory in U is bang-bang with at
most one switching.

Proof. Since S is a regular INOA, it satisfies (6.II.b). Therefore the function AA
either vanishes identically on S, or vanishes nowhere on S. Suppose first that AA never
vanishes on S. Then U is entirely contained in f(A). So the hypothesis of Theorem
3.13 holds, and we can conclude that

Opt(ZI U)
_

Traj (X v r)2.
Now suppose that AA 0 on S. Let us consider the case when f> 0 on Ux t_J Uy.

(The case when f< 0 on Ux t.J Uy is similar.) Let Opt (E U). Let Ix, Ig denote
the subsets of Dom (2,) that consist of all such that ),(t) Ux, 3’(t) Uy, respectively.
Then Ix, Ig are relatively open subsets of Dom (),).

Let x, flY denote the sets of connected components of Ix, Iy, respectively.
Suppose that J g. If J ]a, b[ for some a, b, then 3,(a) S and 3,(b) S. Since
is entirely contained in Uy, and f> 0 on Uy, we can conclude from Thm. 3.9 that Y J
is an X-trajectory, or a Y-trajectory, or an X-trajectory followed by a Y-trajectory.
On the other hand, it is not possible for )’I]a, a / 8[ to be an X-trajectory for any
8>0 (because X points into Ux, and )’IJ is contained in Uy). Similarly, it is not
possible for yl]b-8, b[ to be a Y-trajectory. So we have reached a contradiction.
Therefore no J ;y can be an open interval. This shows that g consists .of at most
two intervals, and that each ofthese intervals contains one ofthe endpoints of Dom (y).

Now let J fix. Suppose that J ]a, b[. Exactly as above, we conclude that
y(a) S, that y(b) S, and that y IJ is an X-trajectory, or a Y-trajectory, or an
X-trajectory followed by a Y-trajectory. If 71J were an X-trajectory, then 3’ would
leave S at 7(a) and enter Ux, but it would never be able to return to S (since X(p)
points into Ux for each p S). But this would contradict the fact that ),(b) S. Similarly,
we also reach a contradiction if )’I J is a Y-trajectory. Therefore YlJ is an X-trajectory
followed by a Y-trajectory. Choose c ]a, b[ such that yI]a, c[ is an X-trajectory and
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that yl[c, b[ is a Y-trajectory. We now show that a and b cannot be switching times
of 3/. Suppose a were a switching time for 3/. Then 3/(a) and 3/(c) would have to be
conjugate along 3/. Let t- v(t) denote the variational vector, field along 3/such that
v(a)-G(3/(a)). Since G(3/(a))=1/2(Y(3/(a))-X(3/(a))), and AA(3/(a))= 0, the vector
G(3/(a)) must equal pX(3/(a)), for some p. Moreover, p must be nonzero, because
G(3/(a)) 0. If we let v’ denote the variational vector field along 3/such that v’(a)
X(3/(a)), then our preceding remarks show that v(t)= pv’(t) for all Dom (3/). On
the other hand, since 3/I[a,c]Traj(X), we have v’( t) X(y( t)) for t[a,c]. In
particular, v’(c)=X(3/(c)). Since 3/(a) and 3/(c) are conjugate along % the vectors
G(3/(c)) and v(c) are linearly dependent. Since v(c)= pv’(c) O, we have an equality
G(3/(c))=p’X(3/(c)) for some p’. Since Y=X+2G, we conclude that Y(3/(c)) is
a multiple of X(3/(c)), and therefore it follows that AA(3/(C))=0. But this contradicts
the facts that 3/(c) Ux, and Ux c_ fl(A). So a cannot be a switching time for 3/. A
similar reasoning shows that b is not a switching time either.

Now suppose that min Dom (3/).< a. Since 3/does not have a switching at a, and
3/I[a, c] Traj (X), it follows that 3/I[a-6, a] Traj (X) for some 6 > 0. Since X(3/(a))
points into Ux, it follows that 3/(t) Uy for a- 6-<_ < a. Let J’ be the connected
component of Iy such that [a- 6, a[

_
J’. Then J’ :y and so, as was shown before,

J’ must. contain an endpoint of Dom (3/). So J’= Dom (3/) f) -o, a[. The curve 3/I J’
is an X-trajectory, or a Y-trajectory, or an X-trajectory followed by a Y-trajectory.
Since 3/I[a-6, a]Traj (X), we conclude that 3/I((Dom 3/)0 ]-c, a])Traj (X).
Therefore 3/I((Dom 3/)f’l]-, c])Traj (X). This conclusion was arrived at under
the assumption that a > min Dom (y), but it is obviously true if a =min Dom (3/).
Similarly, we can conclude that yI([c, [ f’l (Dora 3/)) Traj (Y).

We have therefore established that, if there is some interval J fix which is open,
then 3/ Traj Y X).

Now suppose there is a J x which is not open. If J- [a, b] then, necessarily,
J-Dom (3/) (because J is a connected component of Ix, and so J is relatively open
in Dom (3/.)). But then Theorem 3.9 implies that 3/ Traj (Y, X). Now-suppose that
J-[a, b[. Then a =min Dom (3/), and 3/(b) S. Theorem 3.9 implies that 3/I[a, b]
Traj Y X). If 3/I[a, b] is a strict Y X-trajectory, with switching at a time c ]a, b[,
then the conjugate point argument used before shows that 3/cannot have a switching
at b, and that 3/I([c, [ f)(Dom 3/)) is a Y-trajectory. Therefore 3/Traj (Y. X), if

3/l [a, b is a strict Y X-trajectory.
If 3/l [a, b] is not a strict Y X-trajectory, then 3/I [a, b] Traj (X v Y). The

possibility that 3/I[a, b] Traj (X) is excluded, because 3/I[a, b[_ Ux, and 3/(b) S.
So 3/I[a, b]Traj (Y). Hence we have shown that, if J x and J=[a, b[, then
3/ Traj Y X), except possibly if 3/I J Traj (Y). Similarly, if J ;x and J ]a, b[,
then 3/ Traj (Y. X), except possibly in the case when 3/IJ Traj (X).

Now suppose that 3/ Traj (Y. X). Then one and only one of the following can
happen:

(6.V.i) x is empty,

(6.V.ii) fix consists of exactly one interval J, of the form
[min Dom (3/), b[, such that 3/I J Traj (Y),

(6.V.iii) x consists of exactly one interval J, of the form
]a, max Dom (3/)], such that 3/I J Traj (X),

(6.V.iv) fix consists of exactly two intervals of the form

J1 [min Dom (3/), b[, and J2 ]a, max Dom (3/)] (with b<=a),
such that 3/I J1 Traj (Y), and that 3/I J2 Traj (X).
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Suppose that x is empty. Since g c.onsists of at most two intervals, and each
of these must contain an endpoint of y, we see that y is a concatenation of at most
three pieces yl, /2, Y3, such that Dom (yi)= Clos Ji,. Ji fly, for i= 1, 3. But then y2

must be entirely contained in S. Since 32(t) is a convex combination of X(yE(t)) and
Y(y(t)), and these vectors are multiples of each other and not tangent to S, it follows
that 2(t)=0 for t Dom (Y2). So Dom (Y2) must be reduced to a single point.
Therefore, if Ty consists of two intervals, then these intervals must be of the form
[min Dom (y), a[ and ]a, max Dom (y)], for some interior point a of Dom (y), such
that y(a) S. By Theorem 3.9, yI((Dom y) ]-, a]) is a Y. X-trajectory. Since
yI[min Dom (y), a[ is contained in Uy, there cannot be a piece yI[a-, a] which is
a Y-trajectory. So yI[minDom(y),a] is an X-trajectory. Similarly, yI[a, max-
Dom (y)] is a Y-trajectory. Therefore y Traj Y X). If fly consists of one interval
only, then one shows as before that y cannot contain a piece that is contained in S,
and therefore one can also conclude that y Traj (Y. X). Finally, the case when
Ty--- is impossible, since it would imply that y is entirely contained in S.

Summarizing, we have shown that, if x is empty, then yTraj (Y. X). If
y Traj Y X) then, as indicated earlier, one of (6.V) hold. Moreover, we now know
that (6.V.i.) cannot hold.. Suppose (6..ii) holds. Let J, b be as in the statement of
(6.V.ii). Then yI[b, max Dom (y)] is a time-optimal trajectory in U whose correspond-
ing fix is empty. So we can apply what we have proved so far to this curve, and
conclude that yI[b, max Dom (y)] Traj (Y X). Therefore y Traj (Y X Y). We
claim that y cannot contain a switching from a Y- to an X-trajectory. Indeed, such a
switching cannot occur at a point in Ux t3 Uy, because f> 0 on Ux [_J Ur (cf. Theorem
3.9). Moreover, it cannot occur at a point p S, because X(p) and Y(p) are dependent
and point in opposite directions, and so Lemma 5.1 applies. (The statement of Lemma
5.1 requires the extra hypothesis that, at p, the X- and Y-trajectories have a tangency
of finite order. However, this hypothesis was only used to conclude that f> 0 on the
region described in Remark 5.1. As explained in Remark 5.1, the conclusion of
Lemma 5.1 still holds without the extra hypothesis, if we know that f> 0 on . Also,
in our case, it is clear that

_
Uy, and so f> 0 on .) So the switching from Y to

X is excluded, and it follows that y Traj (Y. X).
If (6.V.iii) holds, then one proves in exactly the same way that y Traj Y X).

Finally, if (6.V.iv) holds, then the restriction y’ of y to [b, max Dom (y)] is a time-
optimal trajectory for which (6.V.ii) holds, and so y’Traj(Y*X). So y
Traj (Y. X. Y). Exactly as before, the Y- to X-switching is excluded, and so y
Traj (r X).

This completes the proof that Opt (E U)_ Traj (Y. X), if f> 0 throughout
UX [_J Uy. Similarly, if f< 0 on Ux t.J Uy, it follows that Opt (E U)

_
Traj (X Y).

The proof of Theorem 6.2 is now complete. I-1
We now consider the case when (6.IV.b) holds. A regular INOA S for which there

is a U such that (6.I), (6.III) and (6.IV.b) hold will be said to be of the turnpike type.
If, in addition, the function AA never vanishes on S, then S will be called a turnpike
(cf. Fig. 3).

THEOREM 6.3. Let S be a regular INOA of the turnpike type. Let U be such that
(6.I), (6.III) and (6.IV.b) hold. Then every time-optimal trajectory y in U is a concatenation

")/1 * ")/2 g ")/3 of at most three pieces, such that y and ")/3 are in Traj (X v Y), and that y
is entirely contained in S. IfS is not a turnpike, then every y Opt (E U) is bang-bang
with at most one switching (i.e., the y piece cannot occur).

Proof. Exactly as in the proof of Theorem 6.2, let Ix be the set ofthose Dom (y)
such that y(t) Ux, and let x be the set of connected components of Ix. Define
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Iv, y similarly. Since f> 0 on Uy, it follows (as in the proof of Theorem 6.2) that
y consists of at most two intervals, each of which must contain an endpoint of
Dom (y). Moreover, the fact that f< 0 on Ux implies that x also consists of at most
two intervals, each of which contains an endpoint of Dom (y). So 2, 2’1 * 2,2 * 2,3,

where Dom (2,i) x U g for 1 and 3, and 2’2 is entirely contained in S.
If Dom (2’1) fix, then 2"1(t) Ux for Int Dom (2’1). Therefore, by Theorem

3.9, 2’1 Traj (X Y) (because f< 0 on Ux). Since X points into Ux, it is clear that,
if 2’1 actually does contain an X-piece, then 2’1 can never return to S, and so 2’1-2’
and 2’ Traj (X Y). Otherwise, 2’1 Traj (Y). A similar reasoning applies if
Dom (2’1) fly. Also, 2’3 can be handled in a similar way. So each of 2’1, 2’3 is in
Traj (X v Y).

To complete our proof, we must show that 2"2 is necessarily missing if AA--= 0 on
S. Since, for t Dom (2’2), 32(t) is a convex combination of X(2’E(t)) and Y(2,E(t)),
and these vectors are dependent and not tangent to S, we have 32(t)= 0. But then
Dom (2,2) cannot contain more than one point, and our conclusion follows. [3

We now turn to the third and last type of nonbarrier regular INOA. If S is a
regular INOA for which (6.III) holds, and if U is such that (6.I) and (6.I.c) hold,
then S will be referred to as an INOA of the antiturnpike type. If, in addition, the
function AA never vanishes on S, then S will simply be called an antiturnpike.

Suppose that S is a regular INOA of the antiturnpike type. For each nonnegative
integer k, we may consider the smoothfunctions XkmB and ykAtj. We will say that
S is a nondegenerate arc ofthe antiturnpike type if there is an integer k ->_ 0 such that either

(6.VI.a) XAn=0 on S for j< k, but XA never vanishes on S, or

(6.VI.b) yAn 0 on S for j < k, but ykAn never vanishes on S.

Our main result on antiturnpikes is as follows.
THEOREM 6.4. Suppose that S is a nondegenerate regular INOA of the antiturnpike

type. Then there is an open set Uo
_
M such that S

_
Uo and that every time-optimal

trajectory in Uo is bang-bang with at most two switchings.
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The proof of Theorem 6.4 will be given in 7.
We conclude this section with a corollary summarizing much of the information

that we have just obtained. Let us say that p is a near-ordinary point if it is an ordinary
point, or it belongs to a regular INOA S which, if it is of the antiturnpike type, is
nondegenerate. We define a Z-trajectory to be a nontrivial trajectory y of E entirely
contained in Clos S for some regular INOA S that is a turnpike.

COROLLARY 6.5. Let p be a near ordinary point. Then p has a neighborhood U such
that

Opt’ (X U) c_ [Traj (X v Y v Z)]5.

Proof If S is a barrier in U for some U for which (6.I) hold, then the conclusion
follows from Theorem 6.1. If S is nonbarrier, then (6.III) holds. Let U be such that
(6.I) hold. If (6.IV.a) holds, then we get the desired conclusion from Theorem 6.2. If
S is of the turnpike type, then we can use Theorem 6.3. Finally, if S is of the antiturnpike
type, then we use Theorem 6.4. [3

7. Nonflegenerate antiturnpikes. In this section we prove Theorem 6.4. We assume
that

(7.I) S is a nondegenerate regular INOA of the turnpike type (i.e. a regular
INOA for which (6.III) holds, and for which there exist a U such that
(6.I) and (6.IV.c) hold, and a k >= 0 such that (6.VI.a) or (6.VI.b) holds).

We pick a fixed U for which (6.I) and (6.IV.c) hold. Also, we fix a k ->_ 0 for which
either (6.VI.a) or (6.VI.b) holds, and we assume, without loss of generality, that it is
actually (6.VI.a) that holds.

We first prove a local result. Pick a point p S. Since (6.III) holds, we know in
particular that X(p) is not tangent to S. So we can find a neighborhood W(p) of p
which is the domain of a square coordinate chart such that, if we use x, y to denote
the coordinates, then

W(p) is identified, via the coordinates, with the square,

Sq(e(p))={(x,y):[x[<e(p),[y[<e(p)} for some e(p)>0,

(7.II.a)

(7.1)

(7.II.b)

(7.II.c)

(7.II.d)

(7.II.e)

Let

(7.2)

W(p) U,

p has coordinates (0, 0),

Sf3 W(p)={(x, y)Sq(e(p)): x=O},

xlw(p)=o.

Y= olOx + flOy

be the expression of Y in our coordinates. Since X(p) and Y(p) point to opposite
sides of S, we must have a(0, 0)< 0 and therefore we may assume (after making
smaller, if needed) that a < 0 throughout W(p). A simple computation shows that

(7.3) AA 1/2[3

and that

(7.4) A =((a- 1)(O,,fl)-(Oxa)fl).
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Let r be the function

(7.5) o-(q)
#(q)

4(a(q)- 1)’

so that o-(q) is equal to one quarter of the slope of G(q).
Let us write ql" q2 if ql, q2 are points in W(p) lying in the same X-trajectory

(i.e., having the same y coordinate) and are conjugate along it. Then (xl, Yl)’" (x2, Y2)
if and only if

(7.6.a) Yl =Y2

and

(7.6.b) r(xl, Ya) o’(x2, Y2).

We now study the solutions of (7.6). Let

(7.7) r(Xl, x2, y) tr(Xl, y) tr(x2, y).

Then the study of the solutions of (7.6) is obviously equivalent to that of the
solutions of

(7.8) (Xl,X2,y)=O.

First observe that

(7.9) OxO" A.
It follows from (7.II.d), (7.II.b) and (6.I.b) that An 0 at all points (x, y) W(p)

such that x 0. Therefore, if we fix any y, the function x r(x, y) is strictly monotonic
for x in each of the intervals ]-e(p), 0[, ]0, e(p))[. So (7.7) has no solutions x, x,
y for which x x but they are both >-0, or both <_-0. So all we have to do is study
the solutions of (7.7) for which x < 0 < x.

Since (7.9) holds, we have, for i= 1, 2,...

(7.10) Oxo’=X’-An.
Therefore, in view of (6.VI.a), we can write

X
k+l

(7.11) r(x, y)=o’(O, y)+
(k/ 1)! (xkA)(O’ y)+xk+2(X y)

where is a smooth function. This gives

(7.12) (Xl, x, y)= (xkAB)(0, y)+ (X,, y)- x2k+2(X2, y).
(k+l)!

Since :(x2, y)-:(x, y) vanishes when x x, we can write

(7.13) (x2, y)= (x,, y)+ (x:z-x,)(x,, x:, y),

where rt is smooth. Therefore we have

(7.14)

where

(7.15) (x, x:z, y)

’(x,, x2, y)= (x,- x2)sr(x,, x2, y)

(k )xk2-i
1 . x, (xkAB)(O,y)+O((IXl[+IX2I)k+I).

(k+ 1)t i=o
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Hence the solutions of " 0 for which xl x2 are exactly the solutions of (= 0.
We consider two cases"

(7.III.i) AA has different signs on opposite sides of S, and

(7.III.ii) AA has the same sign on both sides of S.

If (7.III.i) holds, then /3 has opposite signs on the two sides of S, and so
o’(x, y)o’(x2, y) < 0 whenever xl < 0 < x2. (Recall that a 1 < 0.) Hence tr(Xl, y)
tr(x2, y) is impossible if Xl < 0<x2, and we conclude that there are no solutions of
’(Xl X2, y) 0 for which xl < 0 < X2

Now suppose that (7.III.ii) holds. Since f-’--AB/AA, and f has opposite signs
on the two sides of S, the function An must change sign on the y axis. This requires,
in particular, that k be odd. But then k > 0, and so

(7.16) st(0, 0, y) 0.

Define a function/x by

(7.17) Ix(x, p, y)= ((x, px, y).

Then/x is well defined and smooth for (x, y) Sq 1/2e(p)), < 2.
We have

(7.18)

where

(7.19)

k
X

/x(x, p, y)
(k + 1)!

,(x, p, y),

,(x, p, y) (
Since k is odd, we have

k-i (xkAB)(0, Y)+ O(IX[).

(7.20) ,(0, --1, y) 0.

On the other hand, p =-1 is a simple zero of the polynomial

k k+l

(7.211 y. pk-i O
i=o p- 1

and so

(7.22) --(0,-1, y) # 0.
Op

By the Implicit Function theorem, there exists a 3(p) such that 0 < 3(p) < 1/2e(p),
and that there is a smooth function p" Sq(6(p))R such that

(7.23.a)

that

(7.23.b)

and that

(7.24)

p(0, y)= -1 for lyl < (p),

[p(x,y)[<2 for(x,y)Sq(6(p))

,(x,p(x,y),y)=O for(x,y)eSq(6(p)).

Let us make 6(p) smaller, if necessary, and assume that

(7.25) p(x, y) <- -1/2 for (x, y) Sq (6(p)).
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Let q: Sq(6(p))R be given by

(7.26)

Then

(7.27)

and

(7.28)

It is clear that

q(x, y)= xp(x, y).

x. q(x, y) < 0 for (x, y) Sq (6(p)), x#0.

(7.29) (x, d/(x, y), y)=O.

So, for each (x, y)Sq (6(p)) such that x0, the point (q(x, y), y) lies in the
same X-trajectory as (x, y), and is conjugate to (x, y) along this trajectory. We claim
that, conversely, if (x, y) (x2, y), and if xa < 0 < x2, and (x, y) Sq (6(p)) for 1, 2,
then x q(x, y) and x2 q(x, y). To prove this, simply observe that, since An(x, y)
0 for 0 < x < e (p), the function x tr(x, y), 0 < x < e (p) is strictly monotonic on
]0, e(p)[ (in view of (7.9)), and so the equation tr(x, y)= r(x, y) has at most one
solution x ]0, e(p)[. Since 0 < q(x, y) < e(p), and tr(q(x, y), y) o’(x, y), the facts
that o’(x2, y)=o’(x,y) and O<x<6(p) imply that Xz--(x,y). The proof that
x q(x, y) is similar.

We now summarize what we have proved. Let 6(p) be as above if (7.III.ii) holds.
If (7.III.i) holds, let 6(p)= e(p). We have shown that

(7.IV.a) If (7.IIi.i) holds, then there are no solutions (x, x2, y) of (7.8)
such that Ix < 6(p), lyl < 6(p) and that x x2,

(7.IV.b) if (7.III.ii) holds, then there is a smooth function
q: Sq(6(p))- ]-e(p), e(p)[ such that (7.28) holds and that,
if Ixl < ;(p), lYl < 6(p), then x, x2, y satisfy (7.8) if and .only
if x x or x q(x_, y).

We now prove, using (7.I), that no strict Y * X Y-trajectory in Sq (3’(p)) can
be time-optimal, if 0< 6’(p) <- 3(p), and 6’(p) is small enough. To prove this, we let
6’(p) be a number that satisfies 0< 6’(p) -<- 6(p), plus an extra condition that will be
stated later, and we suppose that y is a strict Y X Y-trajectory in Sq (6’(p)), and
that 3’ is time-optimal. We will reach a contradiction. If (7.III.i) holds, then this is
quite easy. Indeed, if q and q are the points where the switchings of 3’ occur, then
it is clear that q q2 but q--- q2. If q (x, 37), 1, 2, then (x, x, 37) satisfies (7.8),
and x xz. By (7.IV.a), this is a contradiction. (Hence we may take, e.g., 6’(p) 6(p).)

We now consider the other case, namely, when (7.III.ii) holds. We let y, the q,
x, 37 be as above, and we let t be such that y(t)= q. Clearly, we may assume that
t < t. Then we have x < 0< x, and x2 q(x, 37). Let Q be the open set

(7.30) Q {(x, y) 6 Sq (6(p)): Iq(x, y)l < 6(p)}.

Then (x, 37) Q. Let K:Q Q be the map

(7.31) K(x, y)= (l,(x, y), y).

Let Yl yI[tl-O, tl], where 0>0 is so small that Yl is entirely contained in Q,
and that Yl never intersects the y axis. Let

(7.32) 2 K 71.
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Then y(t)---2(t) for all tE[tl-O,t]. If we prove that, after a suitable
reparametrization, 2 becomes a trajectory y2 of E, which is not bang-bang, then we
will have reached a contradiction. (Indeed: let be the concatenation 72 * #/, where

1 is the X-trajectory from y(tl-0) to K(y(t-O)). Then Lemma 3.6 implies that

(7.33) T(yI[ t,- 0, t2]) T(/).

Since 3’ is time-optimal, we conclude that 4/is time-optimal, which is a contradiction,
because 3’2 is a piece of 4/, which is not bang-bang but is contained in f(A)f’lf(B).)

So in order to reach a contradiction, we must show that 32 can be reparametrized
so as to produce a trajectory of E which is not bang-bang. This will follow if we prove
that, for each E[t-O, t], the vector 32(t) is a strict convex combination of X(2(t))
and Y(32(t)). Since we are assuming that (7.III.ii) holds, we may assume, without
loss of generality, that fl(x,y)>O for all (x,y)6 Sq (3(p)), x0. If K, denotes the
differential of the map K, we must show that K,(y(t)). Y(y(t)) is a strict convex
combination of X(2(t)) and Y(2(t)), for t[h-O, tl]. Since fl(q)>0 and a(q)<0
for all q Sq (3(p)), this conclusion will follow if we show that, for q 6 Q, the vector
K,(q). Y(q) has strictly positive components. Clearly:

(7"zt K,(q). Y(q)=[(OXO)(q) (0yq)(q)] [a(q)]1 fl(q)

Since (0, y) =0, it is clear that (Oy@)(O, O) =0. On the other hand, it follows easily
from the definition of that (,)(0, O)=-1. Since a(p)< O, there is an r such that
0 < r <- 5 (p) and that the function

(7.35) q-o ((Ox Ol 4i-(Oyl) )(q)

is strictly positive on Sq (r). We now take this r to be t’(p). Then K,(q) Y(q) is a
strict convex combination of X(K(q)) and Y(K(q)) for all qEQf-)Sq(t’(p)). As
explained above, this shows that y is not time-optimal.

We now let ’(p) be such that 0<’(p)<_-(p), and that no strict Y, X, Y-
trajectory in Sq (’(p)) is time-optimal. We want to analyze the structure of an arbitrary
time-optimal trajectory y in Sq (’(p)). First, it is clear that y cannot contain a strict
Y X Y piece. Therefore, if J_ Dom (y) is a maximal interval such that YIJ is an
X-trajectory, it follows that either

(7.V.a) J contains one of the endpoints of Dom (3’), or

(7.V.b) J Its, t2], and one of the points y(tl), y(t2) is in S.

If (7.V.b) holds, then the points y(t,), y(t2) satisfy y(tl) y(t2), y(tl) # y(t2). If
we let y(ti)= (xi, y), then either x =0 or x2=0. Moreover, x x2, and tr(x, y)=
tr(x2, y). But then we have reached a contradiction, because (7.IV) clearly implies that
no solution (x, x2, y) of (7.8) can satisfy x x but be such that x 0 or x 0.

So (7.V.b) cannot hold.
We conclude that, if y is a time-optimal trajectory in Sq(6’(p)), then y=

)’3 * ")’2 * Yl, where y and "3 are X-trajectories, and y2 contains no X-trajectory. We
now have to determine the structure of those time-optimal trajectories y that contain
no X-trajectory. Suppose 3’ has this property. Let J be a maximal subinterval of
Dom (y) such that Yl J is a Y-trajectory. Let J--[t, t2]. Since Y always points to the
same side of S, it is not possible for both y(t) and y(t2) to be in S. If y(ti) S, then
t must be an endpoint of Dom (y). (Otherwise there would be a 0>0 such that
yI[ti-O, ti+O] is entirely contained in f(A)fq2(B), and therefore belongs to
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Traj ((X v y)2). Since y contains no X-trajectory, it follows that YI[ ti- 0, ti + 0] is a
Y-trajectory, contradicting the maximality of J.) So y is a concatenation ’3 * /2
where yl and 3/3 are Y-trajectories, and Y2 contains no X- or Y-trajectory. Then it
follows that 72 is entirely contained in S. If 3’2 is nontrivial then it follows, in particular,
that S is an arc where Aa never vanishes. (Otherwise, since S is a regular INOA, we
would have aa 0 on S. So, if q e S, the vectors X(q) and Y(q) are linearly dependent
and have opposite directions. Therefore no convex combination of X(q) and Y(q)
can be tangent to S at q, unless it equals zero. So no nontrivial trajectory of E can be
contained in S.) So /3 never vanishes on {(x, y) e Sq (6 (p)): x 0}, and therefore
never vanishes on Sq ((p)). So f is well defined on Sq ((p)). Since S is of the
antiturnpike type, we have

(7.36.a) f(x, y) > 0 for x > 0,

(7.36.b) f(x, y) < 0 for x < 0.

It is easy to see that, if 7" < 7"2, 7"i Dom (),2), and 7"2- 7"1 is small enough, then there
is a Y. X-trajectory ’2 that goes from y2(7"1) to Y2(7"2) and is entirely contained in
Sq (6 (p)). Then 332(t) {(x, y)" x > 0} for in the interior of Dom (2). If/3 > 0 on
Sq ((p)), then the curve yfl. 32 is oriented counterclockwise, andf> 0 in the interior
on the region it encloses. Therefore we can apply Lemma 3.10 and conclude that
T(3;2) < T(y2). If fl <0 on Sq ((p)), then -1 , )t2 is oriented counterclockwise, and
therefore Lemma 3.10 again implies that T(3;2) < T(3,2). In either case, /2 is not optimal,
and we have reached a contradiction. So Y2 is actually trivial, and y is a Y-trajectory.

So we have shown that, if y is a time-optimal trajectory in Sq (’(p)), then it
follows that y Traj (X Y X). That is, we have shown the following.

LEMMA 7.1. Let S be a nondegenerate regular INOA of the antiturnpike type.
Suppose that there is a k >-0 for which (6.VI.a) holds. Then for every p S there exists
an open arc S’(p) S, containing p, for which there is a ’(p) > 0 with the property that,
if

(7.37) V(p) {X(q). q S’(p), Itl < 8’(p)},

then every time-optimal trajectory in V(p) is an X Y, X-trajectory.
Using Lemma 7.1, it is now easy to conclude the proof of Theorem 6.4. Let S

satisfy the hypotheses of Lemma 7.1. For each p, pick an S’(p) and a 8’(p) with the
property of Lemma 7.1, and define V(p) by (7.37). Make 8’(p) smaller, if necessary,
so that V(p)

_
U. Let

(7.38) Uo= U { V(p): p e S}.

Then Uo is open, and S_ Uo_ U. Let y Traj (X Uo), and suppose that y is
time-optimal. Then, locally, y is contained in the sets V(p), and therefore y is regular
bang-bang. We now claim that y cannot contain a strict Y.X. Y piece. Indeed,
suppose that yl is a strict Y X Y-trajectory that is contained in Uo and is time-
optimal. Let tl, t2 be the switching times, labelled so that < t2. Let 331 71I[tl, t2].
Then 3;1 is contained in r/, where r/ is the maximal integral curve of X U such that
r/(tl)- yl(tl). It follows from Theorem 3.9 that 1 must intersect S at some point q.
(Otherwise, since Uo U and U-S_f(A)f)f(B), we would conclude that /1 is
contained in f(A)fqI(B) and therefore that ylI[tl-O, t2+0] is also contained in
f(A) f’l f(B) for some 0 > 0. But then Theorem 3.9 would imply that ylI[tl-0, t2 + 0]
is not time-optimal, and therefore 71 would not be time-optimal either.)
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Since U-S has two connected components, and X(p) points towards the same
component of U S for all p S, it is clear that there is at most one time Dom (r/)
such that r/(’) S. Since r/(t)=q for some [tl, t2], we conclude that there is a
unique Dom (r/) such that r/(’) S, and that this satisfies tl _-< _-< t2, and r/() q.

If q’ is any point on r/, it is clear that q’ Uo if and only if I-I 8’(p) for some
pS such that qS’(p), where -R is the unique time such that q,_OX(q) From
this it follows easily that there is a p S such that 1 is contained in V(p). Then
yI[tl-O, t2+O] is contained in V(p) for sufficiently small 0>0. But then y is not
time-optimal, since V(p) satisfies the conclusion of Lemma 7.1.

So 2’ is regular bang-bang, and it does not contain any strict Y. X Y piece.
Therefore 2’ is an X Y. X-trajectory. This completes the proof of Theorem 6.4. D
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Abstract. This paper studies the problem of adaptive regulation of linear systems with white-noise
disturbances. The apparent dilemma between the control objective and the need of information for parameter
estimation is resolved by occasional use of white-noise probing inputs and by a reparametrization of the
model. Insights into the question concerning how often and when such probing inputs should be introduced
are provided by the concept of "asymptotic efficiency," which quantifies the asymptotically minimal cost

due to parameter ignorance, or equivalently, due to the infeasibility of using the optimal regulator that

assumes knowledge of the system parameters. Asymptotically efficient adaptive regulators are constructed
by making use of certain basic properties of adaptive predictors involving recursive least squares for the

reparametrized model.
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1. Introduction. We study herein the problem of efficient adaptive control for the
linear system

1.1 y,, a lY,,- +" + Ol.pYn-p -b" fll Un-d -b’" -4- flqUn_d _q+ 1-1"
where the y’s represent outputs and the u’s represent inputs at various times and the
e’s represent random disturbances. We assume that {e.} is a martingale difference
sequence with respect to an increasing sequence of o--fields {.} (i.e.,
measurable and E(e,,[._l)=0 for all n) such that

(1.2) sup E(le,]’/l,,_l)<Cx3 a.s. (almost surely) for some y>2.

Moreover, assume that/31 0 and that the polynomials

(1.3) A(s)--sP-olsp-1 Ogp and B(s)=lsq-l+2sq-2+...+q
have all zeros inside the unit circle.

An important problem in the literature is how to choose the inputs ui, on the basis
of current and past observations yi, Yi-1, ui-1, "’, to regulate the outputs, say, such

N 2that Yi=l Y+a is minimized in some sense, at least in the long run as N . Although
one may in principle use a Bayesian approach, putting a prior distribution on the
unknown parameters and applying dynamic programming when the disturbances
are independent and identically distributed (i.i.d.) with a known common distribution
(say for example, normal) and when a fixed horizon N is given, the dynamic program-
ming equations are prohibitively difficult to handle, both computationally and analyti-
cally (cf. 1 ]).

A much more practical approach is that of the self-tuning regulator, proposed by
str6m and Wittenmark [2]. This "self-tuning" idea is to start by considering the case
where the system parameters are known, for which the optimal controller can be
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explicitly found by the separation principle, and then to substitute the system parameters
in the optimal controller by their least squares estimates. To fix the ideas, consider
first the case of unit delay (i.e., d 1). Here the optimal controller assuming known
parameters is given by

(1.4) tl --(Oily +’’’ + Ol,pYn_p+ dr 2Un_l dr’’’ dr lqUn_q+l)/l,

or equivalently, by the equation

(1.4’) 0’o, =0,

where 0 (al, ", Olp, 1 ", q)’,, and o,, (yn, ", Y.-p+l, u,,, ., U._q+l)’. Let-
ting 0,=(1.,"" ",Ip,n,jl,n,’" ",q,n)’--’( (Oi(Oti)-l’ PiYi+l be the least squares
estimate of 0 based on ol, Y2," ",q, Y+I, the self-tuning regulator that assumes no
prior knowledge of the parameters is given by

(1.5) Un --(l,n_lYn +" "+ p,n_lYn_p+l + [2,n_ltln_l +" "+ [3q,n_ltln_q+l)/[l,n_l,

or implicitly by

(1 5’) 0’.-I. =0.

As is well known, Oi can be determined for i> " inf{n’1 ii is nonsingular} by
the recursive algorithm

(1.6a) Oi 0i dr (Yi+I --/9’i_l(i)Pi(i,

(1.6b) Pi Pi-1- Pi-lCPicpPi-l/( 1 dr

noting that p-I Pi-l-1 dr (iOi! and therefore P, =(YI P6P)-1 for n =>r (cf. [3]).
When the random disturbances are i.i.d, normal with mean 0 and variance r2> 0,

the least squares estimate 0i is the same as the maximum likelihood estimator of 0.
Thus, in this case, the self-tuning regulator (1.5) is simply the maximum likelihood
estimator of the (unobservable) optimal controller (1.4) at every stage. While (1.5)
may well represent one’s best approximation to (1.4), how good the approximation is
depends on how much information there is to estimate 0. A basic issue concerning
this self-tuning approach is, therefore, whether there is enough information for
adequately estimating 0. If there is not enough information, then perhaps one should
use some inputs to probe the system for more information, instead of adhering to a
poorly estimated version of (1.4’). While the use ofwhite-noise perturbations to improve
parameter estimation and the future controls is a well-known idea (cf. [2]), it remains
an open problem concerning how often such probing inputs should be introduced. We
provide an answer to this problem herein, making use of the concept of asymptotic
efficiency, introduced in [4], of adaptive regulators.

If we use the (unrealizable) optimal regulator (1.4) that assumes knowledge of 0,
then the ouputs are Yi ei. In view of this, we define the "regret," at stage n, of a
sequence of inputs {ui} to be

(1.7) R. (Yi- el)2

(cf. [4]). An input sequence is called "globally convergent" .if

(1.8) lim R,,/n =0 a.s.

As shown in [4], considerable insight into how rapidly the convergence in (1.8) can
occur, or equivalently, how small can the order of magnitude for the regret R, be, is
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provided by studying the following auxiliary Bayes problem in which/31 is assumed
known.

Suppose that in addition to (1.3), the polynomials

(1.9) B(s)=lsq-l+’’’+flq and Ollsp-l--.’.--ap are relatively prime,

and that the random disturbances en are i.i.d, normal with mean 0 and variance 0
-2 0.

Assume that/31 is known, and let

(1.10) A =-fl-l(al,..., ap, fiE,’’’, flq)’

have a truncated normal prior distribution 7r, which is the restriction of a normal
distribution with mean 0 and covariance matrix 0-Ih to the stability region defined by
(1.3), where h =p / q- 1 and Ih denotes the h x h identity matrix. Define the (p + q-
1)-dimensional vector

(1.11) ,, (Y,,, Y,-p+l, u,,-1 ,’’’, tln-q+l)

and let z,+l y,,+l-lu,,. Letting ,.*-1 E=[A]Ol, z2,’’’, ,-1, z,] be the Bayes esti-
mate of A, it is noted in [4] that for any choice of the input sequence {ui}

(1.12) E {i=1 (ui-/’/i)2} E’a i=1

{(//-1-/)’1i}2"

Restricting to input sequences {ui} that are globally convergent and that satisfy the
growth condition

(1.13) O(n)u for some 0 < 6 < 1,

it is shown in [4] that for such input sequences

(1.14) /321 i {(’t/*-l--’t)’l//i}2-’0-2h log n
i=1

and therefore, by Fatou’s Lemma and (1.12),

(1.15)

In view of (1.12), (1.14) and (1.15), an input sequence {ui} is called "asymptotically
efficient" in [4] if its regret is asymptotically no larger than the order 0-2h log n. More
generally, without any distributional assumptions on the unobservable en and without
assuming any prior knowledge of /31 and the other parameters, [4] provides the
following definition of asymptotically efficient regulators.

DEFINITION. Consider the linear system (1.1) with d 1 and such that/31 0 and
(1.3), (1.9) hold, and in which { en} is a martingale difference sequence satisfying (1.2).
Let v lim supn_ E(eln-1). A sequence of inputs {un} is said to be asymptotically
efficient if

(1.16) lim sup R./log n <- v(p+ q- 1) a.s.

The construction of asymptotically efficient self-tuning regulators is given in 3
below. This construction involves a refinement of the method developed in [5] for
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constructing adaptive control schemes whose regrets satisfy the weaker conclusion

(1.17) lim sup Rn/log n < c a.s.,

but in the more general setting of colored noise (i.e., where the e, in (1.1) is a finite
moving average of martingale differences).

It is interesting to compare the definition (1.8) of global convergence with (1.17)
and with the definition (1.16) of asymptotic efficiency, and to review in this connection
some recent results on adaptive control of the linear system (1.1). By making use of
stochastic approximation techniques instead of least squares to estimate the unknown
0 in (1.4’), Goodwin, Ramadge and Caines [6] showed that the resultant rule is globally
convergent, without any stability assumption on the polynomial A(s) and even for the
more general setting of colored noise. Their fundamental work opened an active area
of research during the past few years. In particular, Sin and Goodwin [7] established
the global convergence of an alternative control rule that involves a hybrid between
stochastic approximation and recursive least squares. In another direction, Caines and
Lafortune [8], and Chen and Caines [9], proposed the introduction of white noise
perturbations into the control algorithm of Goodwin et al. [6] to persistently excite
the system. They showed that this approach of "continually disturbed control" leads
to strongly consistent estimates by the method of. least squares or by stochastic
approximation, although the resultant control rule is no longer globally convergent.
Subsequently, Becker, Kumar and Wei [10] showed that without introducing white
noise perturbations, the parameter estimates in the original algorithm of Goodwin et
al. [6] converge to a limit which is a random multiple of 0 and which differs from 0
with strictly positive probability. A survey of these and other results has been provided
by Kumar 11 ].

Although these recent developments have established the global convergence of
adaptive regulators that are generated by stochastic approximation recursions (i.e.,
having scalar gains), it remains an unsettled problem whether the classical least squares
recursions also lead to globally convergent schemes which may even have better rates
of convergence than those generated by stochastic approximation. After all, the least
squares method coincides with the asymptotically efficient method of maximum likeli-
hood for parameter estimation in the case where the e, are i.i.d, normal with mean 0
and variance tr2. It is therefore natural to expect that the self-tuning regulator (1.5)
should be nearly optimal when there is adequate information to estimate 0. However,
if the information content for estimating 0 remains consistently low, then there is no
guarantee that the self-tuning equation (1.5’) would eventually be a good approximation
to (1.4’) and the self-tuning idea may not work (cf. [4]).

In [5], under the stability assumption (1.3) but in the more general setting ot
colored noise that is assumed to be a.s. bounded, we proposed a simple criterion for
deciding at every stage, on the basis of the observed data, whether there is adequate
information to estimate 0. When the data show inadequate information, instead of
adhering rigidly to the self-tuning equation to determine the output u, we proposed
to introduce white-noise perturbations to improve the information content ofthe design.
We showed in [5] that the number of these perturbations up to stage n is kept within
O(log n) and that the regret Rn of the regulator satisfies (1.17), which is much stronger
than the global convergence property (1.8).

In the present setting of white noise, we show in this work that by a refinement
of the algorithm used in [5] the property (1.17) can be further sharpened to (1.16),
which gives the "best constant" for the left-hand side of (1.17). Central to this refinement
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are the reparametrization of (1.1) as

(1.18) y.+a= fll(U. A’.) +.+,
and the use of least-squares-type recursions estimating A instead of the recursions (1.6)
estimating 0, where A and q,. are defined in (1.10) and (1.11).

Suppose that/31 in (1.18) is known, and assume that the e. are i.i.d, normal with
mean 0 and variance v > 0. Then the Bayes estimate A*_ of A with respect to the
truncated normal prior distribution 7r is asymptotically equivalent to the least squares
estimate

_
(of. [4]), and in view of (1.12), (1.14) and (1.15), an asymptotically

optimal order for the regret R. is v(p + q- 1) log n, as given in (1.16). Without assuming
/3 to be known and without any distributional assumptions on e., we show in 3 how
to construct a consistent estimate of/3 and how to "self-tune" the reparametrized
model (1.18) to attain the asymptotically optimal order v(p+ q- 1) log n for R..

Section 2 develops certain basic lemmas that will be needed in the sequel. Section
4 extends the methods and results of 3 to the case of general delay.

2. Preliminary lemmas. A basic tool in 3 and 4 is the following asymptotic
property, proved in [4, Thm. 2], of adaptive predictors in the regression model (1.18).

LEMMA 1. Suppose that in the regression model (1.18), {e} is a martingale difference
sequence with respect to an increasing sequence of g-fields {;} such that (1.2) holds,
and that u, and p, are ;,-measurable, g/, and h being h x 1 vectors. Assume that fl 0
and that

(2.1) min 4’, o and ’, ,d/ ,, 0 a.s.

Let b. be .-measurable such that b, a.s. For > inf { n" is nonsingular},
define the recursions

(2.2a) A,= hi_ +(u,-b;y,+l-X_,)P,Oi,

Let

(2.3) e.+l Y.+I- bn(tl. -A n-1.)
be theprediction error ofthe .-measurablepredietory.+ b. u. h ’._ q. ofy.+ Then

(2.4)
"r+l

-1) + o(1)} log det q,’l + o a.So

Remark. In (2.1) and the sequel, we use ,/min and hma to denote the minimum
and maximum eigenvalues of a symmetric matrix. For the special case bi =/31 for all
i, the recursions (2.2) coincide with the recursions defining the least squares estimates
of h in the model (1.18) when/31 is known (cf. (1.6)). In general, without assuming
/31 to be known, we replace/3 in these least squares recursions by consistent estimates
hi, and this leads to (2.2).

The next three lemmas are on the asymptotic behavior of the linear system (1.1)
in which/31 # 0 and (1.3) holds. Let

Y, (y., ", y._p+)’, U. (u., U._q+=)’,

A cr ap-1 B
Ip_ Iq_2 0
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While the above definition assumes that q-> 2, define Un Un and B 0 in the case
q 1. Likewise set Yn Yn and A 0 when p 0. By (1.1),

(2.5)
)’Yn A Yn-1 + flUn-d-+l + en, 0," ", 0

j=l

Un-BUn_l-il ogjYn+d_j+en+d,O,""" ,0
j=O

where ao 1.

Regarding a k k matrix H as a linear operator, define IIHII suPllxll= IIHx[I
A m/L(H’H). By (1.3), there exist 0< p < 1 and C > 0 such that IIa _-< cp" and Ilnll _-<

Cp for all n, and therefore (2.5) implies the following (cf. [12, p. 361]).
LEMMA 2. For n > m,

(i) YII Cp YII + c p’ 1._,1+ I/jI lu.--,-j+l
i=0 j=l

Consequently, there exists D > 0 such that for all n > , > m,

(iii) [IY, l[=<-_D{(p-llgl[)2+
i=, i=m+l

el+ U
i=m+2-d-q

(iv) iiS, llZ<O (p-ll Sll)z/ i+d+ , y
i----- i=m+l i=m+l-d-p

As an immediate application of Lemma 2 (i), we have the following.
LEPTA 3. Let c, be a nondecreasing sequence ofpositive constants such that

Suppose that u, O(c,) and e, O(c,) a.s. en y, O(c,) a.s.
LEPTA 4. Suppose that {e.} is a martingale difference sequence with respect to

such that sup, E(eVl-II,_) < for some y > O. en e, O(log n) a.s.

Proof Taking b > 1/y, note that

e{ll e b log nl_l} N sup (e’l_) n-’b <.
Hence, by the conditional Borel-Cantelli lemma (cf. [13, p. 55]), P{lel < b log n for
all large n} 1.
LA 5. Lee {c}, {c} be nondecreasing sequences ofpositive numbers such that

(. c, c+= o(c, c/c.
Suppose that

(2.7) lu.lc, and e.=O(c) a.s.

Let no < no +mo < n <. < n < n + m < n+l < be positive integer-valued random
variables such that

(2.8) m/log c,, a.s.

Letting I {n + 1,..., n + m}, suppose that

(.9) sup lu.l/c < a..
nl

(i) /f b > 1/llog Pl, then

(2.10) max (llY.II/c*" n,+b log cn,<=n<=n,+rn,+d}=O(1) a.s.
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(ii) Let din (yn," , y-r, u_l," ", u_s)’. Suppose that for some K > O, with
probability 1

(2.11) u,, - min (cn, K d/ II) for all large n I,

(2.12) ly+a e.+aJx{KllO.II < c, and n I} o(c,),

where XA denotes the indicator function of an event A, i.e., Xa(w)=0 if wA and
XA(W) 1 if w A. en o(c,) a.s., and consequently, with probability 1,

(2.13) In. g < c for all large n I.

Proo (i) By Lemma 3, Y ,II O(c.,) a.s. Since pb < e-,
(2.14) Y,IIp’%0 a.s.

From (2.7), (2.9), (2.14) and Lemma 2(i) (where we set m n), (2.10) follows.
(ii) By restricting to an event with probabilty 1, we can assume that (2.7) and

(2.12) hold everywhere (instead of a.s.). Given > 0 suciently small so that

(2.15) K(r+s+l)<l and CI-(1-p)-(I+ {)<1,
j=0

we can choose by (2.12) and (2.7) suciently large To so that for all T To,

(2.16) nT+mT<nnT+ and

We now prove by induction on n that

(2.17) lulc and ly+l=c
for all n satisfying nT +mT n nr+l, provided that T( To) is suciently large, as
specified below.

By (i), (2.6) and (2.9), (2.17) holds for nT+mT nnT+mT, provided that
T To is suciently large. Now take v nT + mr with v < nT+, and assume that (2.17)
holds for all (nT+mT)n v. Since

K (r + s + 1)3c by induction hypothesis,

< c+ by (2.15),

it then follows from (2.16) that

(2.18) [y,++al6c,+.

By (2.6) and (2.7), when T is suciently large,

(2,19) I .1 6c for all n n.
From Lemma 2(ii) (with m nr+[m] and T suciently large), (2.15), (2.18), and
the induction hypothesis, it then follows that }U,+l} c+1. This shows that (2.17) also
holds for n v+ 1.

We have therefore shown that u,x,rt o(c,). By (2.6) and (2.9), u,xi o(c,).
Hence u, o(c,). Since e, o(c), it then follows from Lemma 2(i) that y, o(c,).
Therefore , o(c).

Lemma 5 provides a useful technical device for the analysis of the control rules
developed in the next two sections, where the inputs will be truncated by c and
white-noise probing signals will be used to excite the system at stages n L
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The following lemma provides consistent estimation of the parameters ofthe linear
system (1.1) in the presence of "occasional excitation" in the inputs. Define

(2.20) qn (Yn+d-I ,’" ", Yn+d-p, Un,’’’, Un-q+l) t, 0 (O ,’" ", tXp, 1 ,’’’, q)’,
and rewrite (1.1) as the regression model

(2.21) Yn+d Otqgn "4;- en+d.

LEMMA 6. Consider the linear system (1.1) in which {e,} is a martingale difference
sequence satisfying (1.2). Let r be a (finite) stopping time and let n < n + m <. < ni <
ni + m < n+ < be nonrandom positive integers such that

(2.22) lim mi c and lim sup m/m_l < c.

Let I={1,..., r}w(Wi=l {n+l,..., hi+ m}), and let #, denote the number of ele-
ments in I that are <-n. Defining q, and 0 as in (2.20), suppose that for n I

(2.23) u, is a random variable independent ofy,, q,-d," ",

such that u, has mean O, variance V> 0 and u,]<= M.
Assume that lim inf,_ E (elo%,_l) > 0 a.s. and that

(2.24) IIq,ll O(c,) a.s.,

where {c,} is a nondecreasing sequence ofpositive constants satisfying (2.8) and

(2.25) c, , c, C,+l and log c, O(log #,).

Then

(2.26) liminfAmin( qtq’,)/#,>0 a.s.
n-oo l,t<--n

Moreover, defining the least squares estimate

(2.27) 0,*= Y q,q,
t I,t<=

based only on (p,, Y+d) with I, we have

(2.28) 0,*- 0-- O((log # n)l/2/ # 1/2)
and therefore 0",-> 0 a.s.

Proof In view of (2.21), we can apply Theorem of [14] to conclude that

(2.29) 0,*- 0 O log/max E qPtqPtt /min tt a.s.
te l,tn te l,t

By (2.24),

and therefore

( ) 2E (4 (4 <--- E (4 [[2 O(c, #,) a.s.,
l,t<=n l,t<=n

t l,t<--n

by (2.25). Hence (2.28) follows from (2.29) if it can be shown that (2.26) holds.
To prove (2.26), first note by (1.2) that

(2.30) Y Et2= E E(Et21’t_l) + o(# ,)= O(# ,) a.s.
t l,t<--n t l,t<--n
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(cf. [14, p. 157]). Let I*=w,{n,+[1/2m,],...,n,+m,}. Since sup,, lu, l=<M, it then
follows from Lemma 2(iii) (with rn ni + d + q, , ni + [1/2mi]) and (2.30), (2.24), (2.8)
that

min(ni+mi,n}=-- E E q,112 O(#,) a.s.
tI*,tn i:ni<=n t=ni+[1/2mi]

In view of this, (2.22), (2.23) and the assumption that lim inf,_. E(el,_,)> 0 a.s.,
we can apply Theorem 5 and Corollary 2 of [12] to conclude that

(2.31) lim inf hmin ( (gt(tt)/n>O a.s.,
<=

which implies (2.26).
Remark. Instead of using the stochastic projection theory of 12] as in the preced-

ing proof, we can apply Corollary 2 of [15] on excitation properties to derive (2.31).
However, the same proof as above using the stochastic projection theory of [12] can
also be used to prove the following stronger result than (2.26): For r_-> 0 define

(2.32) q,,r (’, U,+I, ",U,+r)’.

Then

(2.33) liminfhmin( q,,r’)/# >0a.s.t,r
n-oo l,t<-- and tj(mod d

for j 0, , d 1. We will make use of (2.33) in 4.

3. An asymptotically efficient input sequence in the case of unit delay. In this section
we consider the case d--1 first for bounded e, and then extend the result to the
unbounded case. We will assume that {e,} is a martingale difference sequence satisfying
(1.2) and

(3.1) lim inf E(eln_l) > 0 a.s.

Suppose that the en are bounded with probability 1. This implies that the optimal
input sequence (assuming known parameters), defined by (1.4) and with outputs y,
is bounded a.s. (Lemma 2(ii)). We therefore restrict the inputs un within [-c, c] such
that

(3.2) c, log log n.

This implies by Lemma 3 that (2.24) holds.
A basic idea in our construction of asymptotically efficient regulators is the

introduction of white-noise probing inputs to obtain strongly consistent estimates, as
in Lemma 6. Let q, (Yn, ", Yn-p+l, t/n, Un-q+l) t, Vn-" ’ (19i( and define

(3.3) " inf {n" V,_I is nonsingular and fll,,- 0},

where fll,t is the least squares estimate of/31 based on , Y2," ", ,, Y,/ as in (1.5).
Let p > 1, 6 > 0 and take positive integers ni and m such that

(3.4)

(3.5)

Let

(3.6)

ni =exp {i(1 + o(1))},

mi (log i).
I={1,’’’, ’} LI {ni+l,’" ",n+mi}

i=1
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be the set of stages when white-noise probing inputs are introduced. Thus, at stage
n /, the input un satisfies (2.23) with d 1. Let CA, be the number of probing inputs
up to stage n (i.e., CA, number ofelements in I that are -<n). Then from (3.4) and (3.5),

(3.7) CA,-’-(logn)l/P(p-lloglogn)(’-" Y. mi).
i:nin

By (3.2), (3.5) and (3.7), conditions (2.8), (2.22) and (2.25) also hold. Define the least
squares estimate 0* based only on probing inputs as in (2.27), and modify the estimate
as follows to ensure a nonzero estimate of/31: Set 0-1 0*-1 and define for n >- -0=0* if/31*, # 0,
(3.8)

0"._, if/3,*..=0.
Since fl # 0, it follows from Lemma 6 that

(3.9) if,,- 0 O((log CA .)112/CA in/2 aSo

Another key idea in the construction of asymptotically efficient regulators is the
reparametrization of (1.1) in the form Yt+l =fl(ut-A’@t)+e+, where A and @, are
defined in (1.10) and (1.11). Making use of the consistent estimates /t
(c,t, , Cp,t,/,t,’’’,/q,t) and noting that/,t 0, define

(3.10) t _--1 p, 32,t, 3q,t)1,t(l,t, t,

as an auxiliary estimate of A -/3-1(a, , %, fl,. , flq)’ and conclude from (3.9)
that

(3.11) ,,- A O((log CA ,)’/1 # /-) a.s.

Although the auxiliary estimates , are strongly consistent, they are not asymptoti-
cally efficient since they only use a small (albeit well designed or excited) subset of
the observations. Nevertheless, because of their strong consistency, they can be used
to provide diagnostic checks on other estimators. One such estimator, introduced in
Lemma 1, is defined recursively for >_- r by

(3 12a) At At_l ..F(ut_3-(,lt_lYt+

(3.12b) p-/l= pt-l_l + jtJtt, -1 tilt A,r-1-- l’r--1
\t=l

and in turn suggests the adaptive regulator A’,_$, at stage n L The adaptive choice,
given in (3.13) below, between A’,_,, and ’,-1’, yields an asymptotically efficient
(as defined by (1.16)) sequence of self-tuning regulators. This is the content of the
next theorem.

THEOREM 1. Consider the linear system (1.1) with d 1 and fll # 0 and such that
the stability assumption (1.3) holds. Suppose that { e,} is a martingale difference sequence
such that (1.2), (3.1) hold and sup, le,l< a.s. Defining I by (3.3)-(3.6); introduce
probing inputs (2.23) at stages n L Let {c,} be a nondecreasing sequence of positive
numbers satisfying (3.2). Define the auxiliary estimates t of A by (3.8)-(3.10) and the
recursive estimates At by (3.12), where A and Ot are given in (1.10) and (1.11). Let A>0,
and let CA be the number ofprobing inputs up to stage n. For n : I, define

(-c.) v (A’,_,t[,.Ac,) if [(A,_l-,,,_l)’qt, l<=aCA-,’/2(log(3.13) u,,
(-c,,) v (.’,,_q,,Ac,) otherwise,

where v and A denote maximum and minimum respectively The regret R, of this input
sequence {u, } satisfies (1.16).
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Proofi Since lu, =< c, and sup, le, < m a.s., it follows from Lemma 3 that I1 .11
O(c,) a.s. and therefore

(3.14) I1.11 O(c.) a.s.

p) and therefore by LemmaSince ,, is a subvector of ,,, /min (X Iltil]li) >/min (Xl
6 (see (2.26)),

(3.15) lim inf Ami" (
By (3.2), (3.7), (3.14) and (3.15),

(3.16)

and

(3.17)

Define

(3.18)

a.s.

2Z (u,-A’g,i)2=O(c.#.)=o(log n)
i I,i<=n

a.s.

a,s.

From (3.7), (3.11) and (3.18), it follows that for 0< r/< 1/(2p),

(3.19) z. A’. + O((log n)- ll.ll) a.s.

By (3.19), with probability 1, Iz.l<_-(ll,II / i)ll.ll for large n. Moreover, note
that u. (-c.) v (z.Ac.) for n I and that y.+- 8.+ fll(U. -a’llin). Hence, by (3.19),

[y.+l-e.+,[x{(llx[[/ 1)ll.[[<c., nv:I}= O((log n)-’l[.ll)-o(c.) a.s., by (3.14).

Therefore, by Lemma 5(ii),

1 P{lu.I < c. for all large n I}.
(3.20)

P{u. z. for all large n I}.

Let en+l=Yn+l--fll,n-l(tln -x’n-lCn)"-l(Un--Xtrln)--l,n-l(Un -x!n-ln)+Sn+l
We now show that with probability. 1

(3.21) /3,iu.-X’.l-<_le.+l-e.+ll for all large nI.

By (3.20), u. z. for all large n /, with probability 1. If u. a’._l., then e.+l- e.+l
fll(u.-h’,). If u. z. # h’,-lP., then by (3.18), u- ’,_1 and

]u.-hn_lllt. l> A# l/2(log #.)11.11
> (log #.)’/’l(i._,-a)’ff.I for all large n, by (3.11),

and therefore

implying (3.21) since/31,.--+/3 a.s.
Since log det (Y ) is the sum of logarithms of the eigenvalues of Y I, it

follows from (3.14) that

log det (l d/i’) <=(P+ q-1) log (l ","2)
(3.22)

<-(p+q-1)(l+o(1))logn a.s.

n--1n otherwise.

Zn /tn-lCn ifl(a._,-X._,)’g,.lA# ’/2(log
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In view of (3.16), Lemma 1 is applicable. From Lemma 1 and (3.21), (3.22), it follows
that with probability 1, for all large n,

(3.23) fl ’. (ui-A’,)2<-(v+o(1))(p+q-1) log n+o ( (u,-h’d/,)2).i:I,i<=n i=1

From (3.17) and (3.23), the desired conclusion (1.16) follows since

n--1 n--1

)R,= Z (Y,+-e,+l =/32 Z (u,-Ap,)2.
=o =o

We now extend Theorem 1 to the general case where the random disturbances e,
need not be bounded a.s. To considerthe unbounded case, we strengthen the assumption
(1.2) into

(3.24) sup E(el-IIn_l) < c a.s. for some 3’ > 0.

This includes the important example where the e, are i.i.d, with mean 0, variance
r2> 0 and a finite moment generating function. The truncation sequence {c,} given
by (3.2) is too small for this setting. For example, when the e are i.i.d, normal, it
follows easily from the Borel-Cantelli lemma that

lim sup le, I/(2 log n) 1/2= tr a.s.

We therefore take a larger truncation sequence c, such that

(3.25) c, C,+l, c,/log n but c, o((log n)) for all a > 1.

With this choice of c,, in order that condition (2.8) still holds, we replace the growth
condition (3.5) on mi by

(3.26) mi
s for some 0 < 6 < p 1.

Note that if nj-< n < nj+, where nj is given in (3.4), then

(3.27) # ,,,-.-, m,,(1 + 6)-ljl+- (1 + 6)-(log n)l+)/=o(log n).
i=1

While it was easy to prove (3.16) in the case of bounded e,, we cannot use the
same argument for the present unbounded setting since #, o(log n) a.s. by (3.27)
but c,/log n . We shall show that, under the additional coprimality assumption
(1.9), the , in fact have the persistent excitation property

(3.28) liminfn-lhmin(,,_., q,q)>O a.s.

THEOREM 2. Suppose that we replace the a.s. boundedness assumption on {e,} in
Theorem 1 by (3.24), the condition (3.2) on {c,} by (3.25), and the condition (3.5) on

m by (3.26). Then under the additional assumption (1.9), the conclusion of Theorem 1
still holds.

Proof Let c* log n(= o(c,) by (3.25)). By (3.24) and Lemma 4, e, O(c*,) a.s.
Moreover, by (3.25)-(3.27), (2.8), (2.22) and (2.25) still hold. Define z, as in (3.18)
and note that (3.19) still holds with 0< r/<(l+8)/(2p). The same argument as in
Theorem 1 shows that (3.14) and (3.20) still hold.

From (1.18), (3.19) and (3.20), it follows that with probability 1

(3.29) y,+, e,+, + O((log n)-’llq.ll) for all large n I.
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By (3.14), (3.25) and Lemma 2, there exist K > 0 and 0 < a < 1 such that with probability
1, for all large n,

(3.30) I1 --< K { 1 +
0 i--< K log log

(3.31) lyn{<_- K{I+ O--<_ i----- K log log

We now show that

(3.32) (ui-h’qi)2= o(log n) a.s.
iI,i<-n

Since luil <- M for I and since # O((log n) (1+/) by (3.27), it suffices to show
that

(3.33) Y’. I1,11=- o(log n) a.s.
iI,i<=n

We first note by (3.24) that

y y P{I,,,I->_ B log
i=1 ni--mi<nNni+mi i=1

by choosing B large enough so that TB > 1 + a. Hence, by the conditional Borel-Cantelli
lemma (cf. [13, p. 55]),

(3.34) max ]e,[ <_-B log i,-- (B/p) log log n, a.s.

From (3.29) together with (3.14), (3.25) and (3.34), it follows that

(3.35) max ly, O((log ni) 1-n/:) a.s.
ni mi < <= ni

From (3.30), (3.34) and (3.35), we then obtain that

(3.36) max
ni--mi/2<=n<=ni

aoSo

Putting (3.36) and (3.34) into (3.29) yields

(3.37) max Ily.l[ O((log n,) (’-’/-’) a.s.
ni--mi/2<n<=ni

Proceeding inductively in this way, we can show that if (k- 1)r/> 1 then

(3.38) max 114,,11 O(loglog n,) a.s.
ni--mi/2k <=n<=ni

Since lu, l<-M for ni<n<-_ni+mi, it then follows from (3.31), (3.34) and (3.38) that

(3.39) max II,ll- O0ogog ,) a.s.
ni<nni+m

Therefore with probability 1

y II,/,rll = O(mi(log log hi)2) o(log n),
i:ni<=n r=ni+l i:ni<n

thus establishing (3.33) and therefore (3.32) also.
In view of (3.32), it remains to prove that

(3.40) fl ., (u,-A’,)-<-{v(p+q-1)+o(1)}logn a.s.
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We can prove this by applying Lemma 1 as in the last two paragraphs of the proof of
Theorem 1. To show that Lemma 1 is applicable, we shall prove that (3.16) still holds
by establishing the persistent excitation property (3.28) of {p,}. First, in view of (3.29),
(3.41) y2 <2 2

Ei+
i l,i i: l,i<= i l,i<=

From (3.32) and (3.41), it follows that.

(3.42) y2 <2 2 +o(logn)+o( I1112) O(n)+oi+1 E i+1 a.s,
i=l i=l i=l

since e=Y’, E(el_)+o(n) a.s. (cf. [14, p. 157]). By Lemma 2(iv) and (3.42),
-=1 Viii 2--- O(n) "Jr- o (El I1 o, =) a.s., so

Ilg,,,.== O(n)+o II ,,ll =) a.s.
i=1

This shows that E1 IIg,,ll == O(n) a.s., and therefore by (3.29),

(3.43) E (Y,+l- Ei+l o(11o, =) o(n) a.s.
i: l,i i l,i

)2 o(n) a.s., i.e., {ui} isFrom (3.32) and (3.43), it then follows that Yi--1 (yi+l-ei+l
globally convergent. In view ofthe coprimality assumption (1.9), the global convergence
of {ui} implies the desired persistent excitation property (3.28) for {0n}, by Corollary
3 of [15]. [3

4. Extensions to the case of general delay. The approach in the preceding section
can be readily extended to the case of general d. The key idea is to rewrite (1.1) in
the regression form (4.4) below so that we can apply Lemma 1. Since 1 alz apZ

p

and za are relatively prime, we can find polynomials F(z)= 1 +flz+" "+fa_lz
and G(z) gl + g2z +" + gpZ

p-1 such that

(1-alz apzP)F(z)+zdG(z) 1;

moreover, we can rewrite (1.1) as

(4.1) Y,+d glYn + + gpYn-p+ + "ylUn + "[- "’q+d-ltln-q-d+2-Jc" n+d,
where y Y,+.= f/3. (fo 1), so 71 =/31 0, and

(4.2) E,,+a e,,+a +. fle,,+a-1 +"" +fa-len+l Yn+a E(yn+a]n)
(cf. [6]). Defining

-1h=--#l (gl," ",gp, Y," ", Yq+d-1)’,
(4.3)

(y )’n Yn-p+l l’ln-1 Un-q-d+2

we can write (4.1) in the form of d regression models: For j =0,..., d- 1,

(4.4) y+d(t+l)=fll(U+d,--h’CPj+d,)+:j+d(,+l), t= 1,2,’’’.

Example. Consider the linear system

(4.5) yn aYn_l + flUn_2+ en.
Here d 2 and we can write (4.5) as

Yn+2 aYn+l + flUn + en+2 a(oyn + flUn-1 + en+l)+ flUn + en/2
(4.6)

OI.
2yn q- Un + aUn-1 q"

where gi ei +
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When the system parameters are known, the optimal controller chooses the input
u. at stage n such that E(yn+dl;n)=0, and the outputs are Yi 7i. We therefore define
the "regret," at stage n, of a sequence of inputs (u) to be

(4.7) R.(d) (y, 7i) 2.

Without assuming any prior knowledge of the system parameters, we now construct
an input sequence such that

(4.8)

lim sup R,(d)/log n <- d(p + q + d- 2)

t lim sup E( -2

a.s., where

Note that (4.8) reduces to (1.16) in the case d 1.
Suppose that the martingale difference sequence {e.} is bounded a.s. and satisfies

(1.2) and (3.1). As in 3, we introduce white-noise probing inputs to obtain strongly
consistent estimates. For the given d, define q. and 0 by (2.20). Let V.

(4.9) -= inf {n" V.-d is nonsingular and l,.-d # 0},

where/l,t is the least squares estimate of fll based on {(q, Yi/d)" <- t} in the regression
model (2.21). With (4.9) replacing (3.3), we can define n, mi and I as in (3.4)-(3.6)
and introduce white-noise pro.bing input. (2.23) at stage n I. Define the auxiliary
estimates 0; =(1,.,’", 5p,.,fll,.,"’,flq,.)’ as in (3.8). Since (3.9) still holds by
Lemma 6 and since the parameters gl,...,gp, yl(=l), ..., Yq+d- of the re-
parametrized model (4.1) are polynomials in the a’s and fl’s (see the preceding
example), we can obtain from the auxiliary estimates . the corresponding strongly
consistent estimates fi,n # 0 and ,n such that

(4.10) X,- A O((log # ,)’//# ,/2) a.s.,

where #, is the number of probing inputs up to stage n.
In view of (4.4), the general-delay version of the recursive estimates At introduced

in (3.12) is of the following form. For n =j + dt (with 1, 2,. and j 0,. , d 1),
let

(4.11) pl
s=l i<=n,i=---j(modd)

and define the estimates of a recursively by

"--1(4.12)

Let A > 0. Analogous to (3.13), we define at stage n I the input

(4.13) u,
(-c,) v (X_a,Ac,) otherwise.

TnOgZM 3. Consider the linear system (1.1) with 0 and such that (1.3) holds.
Suppose that {e,} is a martingale difference sequence such that (1.2), (3.1) hoM and
sup < a.s, Let {c,} be a nondecreasing sequence of positive numbers satisfying
(3.2). en the regret of the input sequence { u, } defined above (by (4.13) for n L and
by (2.23) for n I) satisfies (4.8).
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Proof Note by (4.2) that for fixedj, {g+d," >= 1} is a martingale difference sequence
such that sup, oo and sup, 17+d,I < oo a.s. By Lemma 3, (3.14) still
holds. Moreover, it follows from (4.4) and an argument similar to the proof of Theorem
that

Since n is a subvector of (gn_d+l,d defined in (2.32), it follows from (2.33) that

lim inf Amin ( OtO’t)/#,,>O a.s.
ncx3 t<_n,t=_j(mod d)

forj 0, , d 1, and therefore q/ Pnq, - 0 a.s. Hence Lemma 1 can again be applied
to each of the d regression models in (4.4), and an argument similar to the proof of
Theorem 1 shows that for j 0,. , d- 1,, E (u+,, -,’,/,+,)

j+dt:l,j+dt<--n
(4.14)

<-(+(1))(P+q+d-2) lg n+ ( (ui-A’qi)2)
noting that p + q + d 2 is the dimensionality of the vector q,. Clearly (3.17) still holds
as before. From (4.14) and (3.17), the desired conclusion (4.8) follows.
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OPTIMAL CONTROL FOR PARABOLIC VARIATIONAL INEQUALITIES*

AVNER FRIEDMAN"

Abstract. Consider the problem of maximizing a functional that depends on a control function k(x, t)
and on the solution u(x, t) of a parabolic variational inequality with k appearing in the data. Necessary
conditions are obtained for the maximizers ko(x, t), and the structure of k is then analyzed. An application
to the Stefan problem is given.

Key words, optimal control, parabolic variational inequality, elliptic variational inequality, bang-bang
principle, Stefan problem
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Introduction. Consider a parabolic variational inequality with control k(x, t)
appearing either in the inhomogeneous term or in the boundary data. Denote the
corresponding solution by u(x, t) and introduce a functional

J(k)=IIf(x,t,u)dxdt+If(k)dxdt.
Let ko be a solution of the problem

(0.1) J(ko)=maxJ(k), koa
ka

where a is a given class of control functions. We are interested in studying properties
of ko.

In most control problems for partial differential equations (see [9], [10]) the
functional J(k) is differentiable. This is not the case here. For this reason there are
difficulties in deriving effective necessary conditions on the maximizers ko; see [1],
11], [ 12] and the reference given there.

In a recent paper [4] we have treated the case of an elliptic variational inequality
under the assumption that

(0.2) F,>0.

Using a comparison argument, we were able to obtain a general simple necessary
condition for the maximizing control. This condition yields a bang-bang principle for
some classes a. As pointed out in [4], the method does not carry over to parabolic
variational inequalities.

In the present paper we use a different method which allows us to treat both
elliptic and parabolic variational inequalities; furthermore, the restriction (0.2) is
removed.

The method consists in approximating the maximizer (ko, Uo) with maximizers
(k, u) of e-penalized problems which are "smooth." We first obtain necessary condi-
tions of the maximizers k (in 1) and then use them (in subsequent sections) to find
the structure of ko.

* Received by the editors April 22, 1985; accepted for publication (in revised form) March 11, 1986.
This work was partially supported by National Science Foundation grant MCS-8300293.

" Department of Mathematics, Purdue University, West Lafayette, Indiana 47907.
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In order to avoid duplication we shall treat in detail only parabolic variational
inequalities; elliptic variational inequalities can be treated in precisely the same way.

In case

a=(O<-k<-M, IIkdxdt=H]
where k appears as the nonhomogeneous term, it is shown (in 2) that in the
noncoincidence set of Uo

(0.3) ko if Q > A

for a suitable solution Q of a parabolic equation.
Other functionals and control sets a are considered in 3. In 4 we consider the

case where the control appears in the boundary data. An application to the Stefan
problem in N-dimension is given in 5.

We finally remark that the necessary conditions derived in this paper are not
sufficient in general.

1. The e-problem. Let D be a bounded domain inv with C2 boundary S and set

DT D x (0, T), ST S x (0, T),

OpDT ST D x {0}, O-pDT Sr U D x { T}

for any T> 0. We denote points in DT by (x, t).
Let U(x, t) be a given function satisfying

DtU, D]U L(Dr),
(1.1)

U>0 onSr, U->_0 onDx{0}.

Let f be a given function satisfying

(1.2)

where

fe LP(Dr)

N+2
(1.3) P> 2

p_->2.

We introduce a class a of control functions k(x, t) with the following properties:

(1.4) a is a closed, bounded and convex set in LP(Dr).

For any k a consider the parabolic variational inequality

(1.5) u,(d/-u)+ Vu.V(b-u) >-- (f+k)(b-u) Vq.eK, ueK
DT

K {O; 0- U L(O, T; H(D), , e LU(O, T; H-’(D),
(1.6)

if(., 0) Uo(’, 0), q >- 0 a.e. in Dr};

here H-’(D) is the dual of H(D). Notice that q e C([0, T]; H-I(D)) so that the
condition (., 0)= U( 0) is meaningful.

where
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We introduce the functional

DT DT

and assume that

k -o (k) is upper semicontinuous under weak convergence in LP(Dr),
1.8) i.e., if k, - k weakly in LP(Dr) where kin, k E a then

oT (k) >= lim sup k-oo OT fI)(k’)"

We also assume that

(1.9) F(x, t, u) is continuous in Dr x

Consider the problem: find k0 such that

(1.10) J(ko)=maxJ(k), koEa.

By the general theory of variational inequalities [2], [3], [7], for any k a there
exists a unique solution u of (1.5) and u,, D2u belong to LP(Dr); hence, bythe Sobolev
imbedding and (1.3) (cf. [8])

(1.11)

for some a positive; C and a are independent of k. Take a maximizing sequence
and their corresponding solutions u, such that

k, ko weakly in Lp (Dr),

u,, Uo in C(Dr), 0</3 < a.

Then one can easily verify that (1.5) is satisfied for k ko, u Uo and that ko is a
solution of problem (1.10).

Our main purpose is to find necessary conditions for maximizers k0. For this we
need the additional assumptions"

(1.12) Fu(x, t, u) is continuous in DT 1,

and (k) is differentiable, i.e.

for any ka there exists a function in Lq(Dr)(1/p+ 1/q= 1) denoted
(1.13) by d’(k) such that for any lLP(Dr) with k+Ma if O<t<l

there holds: lima_,o 1/tD [(k+ M)-(k)] DT b’(k)l.

The difficulty in deriving effective necessary conditions on ko stems from the fact
that the functional J(k) does not have a Frechet derivative (unless the free boundary
happens to be smooth). To overcome this difficulty we consider, for any e E (0, 1), the
penalized problem

u, Au + fl(u) -(f+ k)
(1.14)

U-" U On0pOT

where fie(s) C() and

(1.15)

in DT,

/3(s)-O ifs>O, eO,

/3(s)-- ifs<O, eO,

/’(s)>0.
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Denote by u the unique solution of (1.14) and (following [1]) introduce the
functional

(1.16) J(k) F(x, t, u)+ dp(k)-- (k-ko)2.
DT DT

DEFINITION 1.1. The e-problem consists in finding a function k satisfying

(1.17) J(k) max J(k), ka.

Suppose u is the solution of (1.14) corresponding to a maximizer k. Denote by
Q the solution of the parabolic problem

(1.18)
Q 0 on Cg_pDT.

LEMMA 1.1. If k + l a for any 0 < < o and some o> O, then

(1.19) IfD(-O-’(k)+k-ko)l>-O.
Proof. Denote by u, the solution of (1.14) corresponding to k + tl. Then

1
O>-lmo-(J(k + l)-J(k))

(1.20) -lim -(F(x, t, u,)-F(x, t, u))+ ’(k)l-
---0 DT

I+I+/3;

the integral in I is equal to

ffDF(x,t,a,(X,t)) u’-u
where t,(x, t) lies in the interval with end-points u(x, t), u,(x, t). Denote by Q,
the solution of (1.18) corresponds to F,(x, t, ,). Then lim_o Q,- Q uniformly in
DT. Also

lim
u, u

z uniformly in DT

where

(1.21)

It follows that

z, Az + B u in Dr,

z 0 on tgpDT.

11=--liD [Q’t+AQ-fl’(u)Q]z

=ff [z,-Az+’(u)z]O=I;
D

Ol, by(a.21).
DT

When we substitute this into (1.20), the assertion (1.19) follows.
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LEMMA 1.2. As e 0

k ko strongly in LP(Dr),
(1.22)

u Uo uniformly in

This result is due to Barbu 1]. For convenience we recall the proof.
Proof. Denote by u* the solution of (1.14) corresponding to ko. By a standard

argument [2], [3

II(u)llo< c, II/(u*)ll,.o_-< c.
Hence (1.11) holds for u and u*. It follows that for any sequence of e’s there is a
subsequence such that

k k weakly in LP(Dr),

and

u t, u* t uniformly in DT

J(ko) J(ko),

lim J k J(/) lim k kol2.

Since J(ko)<-J(k) and J(ko)>-J(k), it follows that

lim fro ,k ko,2 0.

Thus k ko, a Uo, and (1.22) follows.

2. The bang-bang principle. In this section we take

(2.1) a={kL(Dr),OkM, ffo k=H}
where M is such that M meas (Dr)> H, so that a is nontrivial. For simplicity we take

and assume that

(2.3) f L(DT).
We shall use the notation of 1, and set

f {u > 0}, o={Uo>0}.

Let q be the solution of

(2.4) -Aq Co in D, q 0

Then q > 0 in D and, by comparison,

-q<Q<q inDr
provided

Co> sup IF(x, t, u)l /e (0, 1)
DT

(recall that fl’(u)>-O). It follows that

(2.5) -C-< Q -<_ C in Dr;

on 3D.
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further

(2.6) if F(x, t, u) >- 0 foru>=0 then 0=< Q =< C.

Let G be any compact subset of l)o. Then u c > 0 in G if e is small enough
and, consequently, fl (u) 0 in G. It follows that, for a subsequence, Q Q uniformly
in G and Q + AQ---F(x, t, Uo) in G. Since G is arbitrary we conclude that, for a
subsequence,

(2.7) Q - Q uniformly in compact subsets of lo,

(2.8) Q + AQ- -F(x, t, Uo) in

and

(2.9) -C <_- Q <_- C in 12o.
Also, by (2.6) and the strong maximum principle,

(2.10) if F(x, t, u) > 0 for u > 0 then 0 < Q -<_ C in 12o.
THEORE 2.1. There exists a constant A such that

ko M a.e. in {Q<h}fqio,
(2.11)

ko=0 a.e. in {Q> x}f’lilo.

Proof. From Lemma 1.2 it follows that for any r/> 0 there exists a set Gn of
measure < r/ such that

[k
If we take in Lemma 1.1 with support in fl’, then we obtain the inequality

II, (O+O)l>-O where[0l-<r/;

here 0 k- ko is independent of/.
We can now argue as in Theorem 2.1 of [4] and deduce that there exists a h such

that in f’

k={0M a.e. in {Q < h r/},
a.e. in {Q > h + /}.

Since [1<= C (by (2.9)), we may assume that A- A as e-0.
Let G be any compact subset of o and let G’= O’f3 G. Then, by (2.7),

{O < h /} f’l G’{Q<h-2/} f’l G’

if e is sufficiently small. It follows that k M in {Q < h- 2r/} fq G’, and the same is
then true of the limit ko. Since r/and G are arbitrary we conclude that ko- M a.e. in
{Q < h } fq fo. Similarly ko 0 a.e. in {Q >

Remark 2.1. If F (x, t, u) 0 for all u > 0 then the set {Q h } has measure zero.
Indeed, a.e. on this set Q =0 and AQ=0, so that also F(x, t, u(x, t))=0 (by (2.8)),

Notation. By Va (8 > 0) we denote 8 D-neighborhood of S.
TnEOR 2.2. Suppose F(x, t, u) > 0 if (x, t) Dr, u > O. Then (i) h -> 0; (ii) /f

h > 0 then ko M in some set Va x (0, T); (iii) /f h > 0 then ko M a.e. in Dr\fo; (iv)
iff <-_ 0 then h > O.

Proof. The assertion (i) follows from (2.10). Next, since U> 0 on S we have

u>-c>O inVa, x(0, T)
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for some > 0, and

Q.,+AQ=-F(x, t, u) in V,x(0, T).

Recalling that Q 0 on St, Q -> 0, we can deduce (using the strong maximum principle
and parabolic regularity) that in V_ x (0, T) (32 < ),

(2.12) cod(x, t) <- Q(x, t) <= c, d(x, t) (0< Co< c,)

where d(x, t) is the distance to the parabolic boundary 0 Va, x (0, T)U V, x {t T}.
The second inequality in (2.12) and Theorem 2.1 yield the assertion (ii).

Suppose next that A > 0. If the assertion (iii) is not true, then there exists a > 0
and a subset G c (Dr\g)o) with positive measure / such that ko < M-/ in G. Let
k ko in Dr\ G, k ko+/ in G. Then the solution u of the variational inequality
(1.5) corresponding to k is the same solution Uo as for ko. Notice that /can be chosen
arbitrarily small.

Since X > 0, by (ii) there is a set G’ ino such that ko M on G’, and meas (G’) /
(if +/ was chosen small enough). Let k2 k in Dr\G’, k2 M-/ in G’. Then by
comparison, the solution u’ corresponding to k2 satisfies: u’_> Uo and u’ Uo. It follows
that J(k2)> J(ko), which is a contradiction since k2z a.

To prove (iv) observe that if A 0 then ko 0 in llo and therefore

OUo AUo -f>= 0 in o.
Ot

We can construct a ball

t-y_<

in fro such that OE intersect the free boundary at a point (Xo, to) which is not the top
or bottom points of E. In fact, to construct E we move a plane which has a fixed
nonhorizontal direction until it touches {Uo 0} at some point (Xo, to}. Then, by the
strong maximum principle, VxUo(Xo, to)# 0, contradicting the fact that VxU (is con-
tinuous and) vanishes on the free boundary [3], [7].

Remark 2.2 If F(x, t, u,) <0 for (x, t) D, u > 0, then Q <0 in o and X <- 0.
Further, if A < 0 then ko 0 in V x (0, T) and ko 0 a.e. in Dr\glo. Finally, iff<= -M
then A < 0. The proof of these statements is analogous to the proof of Theorem 2.2.

Remark 2.3. Theorems 2.1, 2.2 and Remark 2.2 exhibit the bang-bang nature of
the maximizer ko.

TrEOREM 2.3. Iff>= -M, F,(X, t, u) > 0 for all (x, t) Dr, u > O, then meas
(ko=O)]> O.

Proof. If the assertion is not true, then

OUo AUo= -f M in
Ot

and

--au---z- AUo 0 >= -f- M a.e. in Dr\fo.
Ot

Thus Uo is a solution of the parabolic variational inequality with the right-hand side
-f-M, which is _-<(-f-k) for any k e a. By comparison we conclude that Uo_-< u for
any solution u of (1.5), and clearly Uo u if ko k in 11o. It follows that J(ko)<J(k)
if ko k in 1o, a contradiction.

Remark 2.4. Similarly, if Fu <0 and f_>-0 then meas [fof3 {ko M}]>0.
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Remark 2.5. The results of this section extend to variational inequalities with any
obstacle b(x, t); one simply has to work with ff u-b and replace f by f =f-Aqk
This remark applies as well to the results of the subsequent sections.

Remark 2.6. All the results of this section extend to the case of parabolic operators

0 N 02 N

Z aij(x, t) q- E bi(x, t)
Ot =1 OX OXj i=l

with ai C, bi C ’, the same is true of the results of the subsequent sections.
Remark 2.7. The results of this section can be extended to the case where U_> 0

on St.
3. Generalizations. We begin by extending the results of 2 to the functional

(3.1) J(k)=i [.L F(x, tt(x, ti) dx+ O(k)

where/x are given constants and 0 < t < < t,-<_ T are given.
Let (ko, Uo) be a maximizer and let (k, u) be a maximizer for the e-problem.

Define Q’ to be the solution of

(3.2)

Qt + AQ- fl’(u)Q =O

Q(x, li)- Fu(x ue(x, ti)

in Dti
ifxD,

Q=0 on

and set

(3.3) Q(x, t)= E tx,Qi(x, t) if (x, t) Dr,.
i=1

Then

F,(x, u(x, ti))z(x, ti): Q’(x, ti)z(x, ti)-- (Q’z)t
D D

=ff ((’e,tZ+(izt)=--IfDe Qiel.
Dt

Proceeding analogously to Lemma 1.1, we get:
LEMMA 3.1. If (k, u) is a maximizerfor the e-problem corresponding to (3.1) then

for any such that

IID (Q(x,t)-dP’(k)+(k-ko))l>=O.

.We can now proceed as in 2 and prove:
THEOREM 3.2. Let a be given by (2.1). Then for any maximizer (ko, Uo) for (3.1)

there exists a constant A such that (2.11) holds, where Q lira Q and the Q are given
by (3.2), (3.3); the convergence ofQ to Q is uniform in compact subsets of o.

Similarly one can extend Theorem 2.2.
Consider next an admissible set

(3.4) a={kL’(DT),k>-_,ff kP(x,t)<-H}
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where 8 > 0, with functional

(3.5) J(k)=If F(x,t,u)+fl k;
T

for simplicity we assume that

(3.6) F,(x, t, u)>0 if u>0.

THEOREM 3.3. For any maximizer ko there exists a positive constant tz such that

(3.7) Q 1 tzkg-1 a.e. in o fq {Q < 1 }.

Proof For the e-problem we have (cf. [4])

(3.8)
Q 1 + k ko -/zkP-1 a.e. in f fq {k > },

=>0 a.e. in f f’l {k },

and Q >-0 since Fu >= 0. As in 2, Q Q uniformly in compact subsets of fo, and

(3.9) 1 =< Q 1 < 1/2 in V x (r/, T))\G, meas G 0 if e 0,

where V is some 8o D-neighborhood of S and r/is any positive number; e is sufficiently
small depending on

From (3.8), (3.9) and (1.22) it follows that k>8 in (VoX(r/, T))\G where
meas (G) 0 if e 0, and 0 </z _<- C. Integrating the first relation in (3.8) over
(Vo x(r/, T))\G, we find that

tzfl kPe-l>=c>O.

Since also kP- -< C for all k e a, we find that/x => c > 0. Hence, for a subsequence,
/x /x, 0</x <.

Taking e-0 in (3.8), (3.7) follows.
Remark 3.1. Theorem 3.1 can be extended to more general (k) and to other

control sets a.
Remark 3.2. The results of 2 and 3 can trivially be extended to elliptic variational

inequalities. Thus, all the results obtained in [4] are valid also when the condition
Fu > 0 is dropped.

4. Control on the boundary. In this section we extend the results of the previous
sections to problems in which the control occurs on the boundary. For definiteness
we take zero initial conditions and Neumann boundary conditions.

Consider the parabolic variational inequality

fro
(4.1)

where

(42) K {; L2(0, T; H’(D), dp, L2(0, T; H-’(D), (., 0) 0, q >- 0 a.e. in DT}

and k is a control variable in the class

(4.3) a={kL(Sw),O<=k<=M, f fs k=H).
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We also introduce the functional

(4.4) J(k)= ffoF(x,t,u)+ ffs(k)
and consider the problem: Find ko such that

(4.5) J(ko) max J(k), ko a.

We assume that F(x, t, u) satisfies (1.9), (1.12) and that satisfies (1.8), (1.13) with
DT replaced by ST. We further assume that, for some o> 0,

(4.6) f< 0 in V x (0, T)

where V is a. D-neighborhood of S.
Let (ko, Uo) be a solution of (4.5). We introduce the e-penalized problem

ut-Au+(u)=-f in Dr,

Ou
(4.7) k on ST,

u(x, O) =O ifxD.

Denoting by the solution of (4.7), the corresponding functional for the e-problem
is

1
(4.8) J(k)= IID F(x, t, )+ II&(k)-- ff& (k-ko)2.

Let (k, u) be a maximizer for the e-problem; as in Lemma 1.2, k ko strongly
in L2(ST) and u Uo uniformly in Dr.

LEMMA 4.1. If e is small enough then

(4.9) u>-c>O in VoX(0 T)

for some c > O, go O.
Proof. In the coincidence set of Uo there holds: 0 -> -f, that is f-> 0. In view of

(4.6) we conclude that Uo> 0 in V x (0, T). Since further OUo/OV >- 0 on ST, the strong
maximum principle shows that Uo> 0 on ST and, thus, Uo_-> 2c > 0 in V x (0, T). The
assertion (4.9) now follows by the uniform convergence of u to Uo.

Let Q be the solution of

Q,,+AQ-fl’(u)Q=-Fu(x, t, Uo) inDT,

(4.10) Q--2- 0 on ST,

Q(x, T) -O if x D.

Suppose k / l is an admissible control for any small 8 > 0. Proceeding as in 2,
we deduce that

0 > li’--
1

+o -(J(k + l)-J(k))

lim F(x, t, t,a) u,.a.- u+ p’(k)l- (< ko)l
0 DT
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Thus

(4.11)

From this we deduce that there is a constant A and a subset G of Sr of
measure <_- r/(e) such that in St\G

(4.12) k={0M a.e. on{Q+d’(k)<A-rl(e)},
a.e. on {Q +’(k) > A +

and r/(e) 0 if e 0.
By comparing u. with a solution of

-Aw=C1 inD, w=M onS

where C1 > Ilfll, we find that

(4.13) O<=u<-C.
Similarly, by comparing Q with a solution of

0q_Aq=C2 inDT,
0t

Oq----O OnST,

q(x, O)= qo,

where C2> sup IF l, we deduce that

(4.14) -C<-_Q<-C.

Making use of Lemma 4.1 and (4.14), we can now go to the limit in (4.12) and deduce:
TrEOREM 4.2. If (ko, Uo) is a maximizer for (4.5), then there exists a constant A

such that

ko= M a.e. in Q + aM > A,

ko=0 a.e. in Q+ flM <A,
where aM <-- dP’(S) <-- flM for O<- S <- M; in particular, aM =tim =0 if d=-- O.

5. An application to the Stefan problem. In this section we consider the Stefan
problem in N dimensions, i.e., the problem of melting ice. Given a certain amount of
heating energy, we ask: how should we spread it in space and time so as to achieve
the largest volume of melted ice? A more precise formulation will be given below.
This problem was studied in [5] in case N 1.

Let G (the metal core) be a bounded C2’ domain in N and let E1 be a domain
containing t; set E E\(. Let BR denote a ball of large radius R in N and set
D= BR\G.

Physically, E is initially occupied by water and BR\E is occupied by ice at zero
temperature. Denote the temperature by 0. Then

O(x,O)=h(x) ifxE (h>0)

and

Ot A0 0 in the water.
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On the free boundary 0{ 0 > 0} f’l Dr we have 0 0 as well as the conservation of energy.
On the boundary of the core $ =-OG

(5.1)

where v is the inner normal to OG. The left-hand side in (5.1) represents the flux, and
k is a control function in the class

(5.2) a=(k; kL(ST),O<-k<-_M, If. k=H}.
Using the Duvaut transformation

O(x, z) dr

u(x, t)= l!sx) O(x, t) dz

ifxE,

if > s(x),

if < s(x)

where s(x) is the free boundary, one can formally transform the problem into a
parabolic variational inequality (for details see [3], [6], [7])"

f.fD u,(o-u)+ffo Vu.V(v-u,
(5.3)

>-- f fs ff:(v-u)+ f fo f(v-u) VvK, uK
T

where

h(x) ifxE,
(5.4) f= -1 if x BR\E,

(5.5)

and

(5.6)

k(x, t)= k(x, r) dr

K={vHI(DT), v_->o a.e., v=OonOBR(O, T), v(., O) =0 on Dx{O}}.

Using comparison as in [6], [3, p. 87] one can show that if R is chosen sufficiently
large (depending on h, M, H, T) then the solution of (5.3) must vanish in a neighborhood
of OBR X (0, T) and, therefore, is independent of the truncating parameter R.

We also have, as in [3], [6], [7], that u, -> 0 in Dr and u > 0 in E x (0, T), and u,
is continuous [3].

The volume of the melted ice at time T is given by

which is easily seen (by integrating the variational inequality over D x { T}) to be equal
to

Iout (x, T) dx + const.
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This functional is not sufficiently regular for our method. We shall therefore average
it "slightly," replacing it by

u(x, t) dx dt + const.
h T-h

for any small h > 0. Thus the control problem is reduced to minimizing the functional

(5.7) J(k) Io u(x, T) dx- fo u(x, To) dx

where To T-h. We shall accordingly replace a by

(5.8) aTo {k a, k(x, t) 0 if > To}.

Thus the problem is to find ko satisfying

(5.9) J(ko) min J(k),
kaT

Let (ko, Uo) be a solution of problem (5.9).
Introduce the e-penalized problem

ut Au q- [e( U) fe,

(5.10)

ko aro.

u(x,O)=uo,(x)
Ou
m=k OnST,

ifxD,

u=0 on0BRX(0, T);

here, as in [3], [6], [7], f is a mollification off and Uo, is a suitably chosen positive
function which converges to 0 if e- 0; the functions/3(s) are chosen to satisfy

(5.11)
/3,(s) 0 if s> e,

fl’ (s) _1 if s < e,"

notice that fie(0)=-1. Recall [3], [6] that Ou/Ot >-_0 and thus

(5.12) -1-_</3(u)-<_0 inOT.

For the e-problem the functional is

(5.13) J(k)=J(k)+- (k- ko)2

where the u corresponding to k is the solution of (5.10).
Let (k, u) be a minimizer for the e-problem associated with (5.8), (5.10) and

(5.13), (5.7). Denote by QT the solution of

Q,+AQ-13’(u)Q=O in m,

(5.14)
Q =0 on ST,

Q 0 on 0B x (0, T),

Q(x, T)=I ifxD.
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Similarly we define Qfo and set

W(x, t)= Q(x, r) dr.

If k + l a for any 0 < < 31, then proceeding similarly to 4 we get

T ST

where (x, t) o/(, t) d, or

(5.16) Is (W+(k-k))lO.

Since u c > 0 in V x (, T) where V is a o D-neighborhood of S and > 0,
provided e is small enough, we deduce, as in 4, that for a subsequence

(5.17) Qff Qr, Qo Qro uniformly in VoX (, To).

LEMMA 5.1. For any small > 0, o> 0 there exists an a > 0 such that

(5.18) Qr-Qro-a in VoX(, To).

Proo By the maximum principle Q To) < 1" hence, by comparison,

(5.19) Q-QoO in Dro.

Since

Ot
Qr+ AQr fl’ (u)Q> 0’

we can compare Q with the solution of

Z+AZ=0 inDr,

Z=0 onSr,

Z =0 on B x (0, T),

Z(x, T)=O ifxD

and deduce that

f(x,Q To)<Z(x, To)<l-ao ifxD

where ao> 0 is independent of e. Hence

(5.20) 0(x, To) <-- -ao if x D.

Also

o-Q+AQ=O in VEaoX(r/, T)

if e is small enough (so that u>-c>O in V2oX(r/, T)). We compare Q, with the
solution of

0---,+A=0 in V2oX(n, T),
dt
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Z=O onSro,
2=0 on (OV2aolqD)x(n, T),

2(x, to)=-o.

When we recall (5.19) and (5.20) it is clear that Q _-<z. On the other hand, by the
maximum principle, _-<-a < 0 in V x (r/, T) for some a depending on 8o and ao.
Consequently,

(5.21) Qr-Qro<-2<--a in VoX(r/, To)

and, taking e -> 0, the assertion (5.18) follows.
Set

r
Qr(5.22) W(x, t)= (x,

From Lemma 5.1 we have that

(5.23) W,(x, t)>=a in Vox(r/, To).

Now, from (5.16) we deduce that there is a subset G of Sr of measure =<(e)
such that in St\

k =0 if W > X + r(e),

k M if W
and/(e)- 0 if e 0. Going to the limit with e- 0 and proceeding as in 4 we find
that the strong L limit ko satisfies"

ko=O ifW>h,
(5.24)

ko= M ifW<A

for some A. In view of (5.23) we also conclude that

ko(x, t) M if 0 < < b(x), x S,
(5.25)

ko(x, t) 0 if b(x) < < To, x S

for some function b(x); further, since W is continuously differentiable on Sro and W,
is strictly negative, it easily follows that b(x) is continuously differentiable about any
point x where b(x)> 0. We have thus proved.

TIqEOREM 5.2. /f (ko, Uo) is a solution ofproblem (5.9) then there exists a function
W(x, t) defined by (5.22), (5.17) and a continuous function ok(x) defined for x s S such
that ko satisfies (5.24), (5.25); b(x) is continuously differentiable on the set {b > 0}.

We conclude this section by considering the maximum problem for the functional

(5.26) fl O(x,t)dxdt
T

in the class a defined in (5.2); this functional represents the thermal energy of the
fluid. Since 0 ut, we have, up to an additive constant, that

(5.27) J(k) fD U(X, T) dx.
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The maximization problem leads to

(5.28) Q(x, z) dz -(k-k)(x, t) l(x, t)<-_O
T

if k + l e for all small > 0, where Q is the solution of

Q,+AQ-fl’(u)Q=O in Dr,

Q=O onSr,

Q=0 onOBx(O, T),

Q(x, T)= 1 ifxD.

From this we can deduce, as before, that any maximizer ko satisfies (5.24), (5.25), with
replaced by the, limit (say if’) of the functions Q(x, ’) dr, and 4(x) is replaced by
another continuous function (say (x)).
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Abstract. We study acausal linear systems, their controllability and observability properties and the
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1. Introduction. Acausal linear systems theory is concerned with mathematical
entities of the form

(1.1a) Ax + Bu,

(1.1b) Vx( to) + Vlx( tl) v,

(1.1c) y Cx + Du,

(1.1 d) w Wx(to) + Wlx(tl)
where x(t), v, w R", u(t) Rm and y(t) P. The matrices A, B, C, D, V, V1, W
and W are dimensioned accordingly and A, B, C, D may be bounded measurable
functions of t. We refer to x(t) as the state, u(t) as the input and y(t) the output at
time t, although may actually represent a spatial parameter. The vector v is called
the boundary input and the vector w the boundary output. We refer to (1.1) as the
acausal system 2.

We always assume that (1.1a), (1.1b) is a well-posedproblem, i.e., for every boundary
input v and square integrable u(t) there exists a unique solution x(t). In this case
(1.1) defines a linear mapping also denoted by 2.

],mxl nxl ,pxl(1.2a) 2"TM
x,2 [to, tl]-> x2 [to, tl],

(1.2b) 2:(v, u(t))->(w, y(t)).

We say that such a mapping is the input output map of the acausal system (1.1) or
equivalently that the acausal system (1.1) is a realization of the input output mapping.

In 2 we discuss situations where such models naturally arise. Of course (1.1) is
a generalization of the usual linear system where V W1- I and V1= W- 0. Such
a system is causal because future inputs do not affect past states or outputs. Systems
of the form (1.1) do not necessarily have this property, hence the term acausal. There
are many possible generalizations of (1.1) which are of interest. We shall mention
some of these in 2, but we shall not discuss them in any great depth.

Section 3 is essentially a review of 1] where systems of the form (1..1) were first
introduced under the name of boundary value linear systems.

* Received by the editors November 5, 1984; accepted for publication (in revised form) February 24,
1986. This research was supported in part by a Senior Postdoctoral Research Fellowship from the Science
Research Council of Great Britain, by the National Science Foundation under grant MCS 8300884, and by
the National Aeronautics and Space Administration under grant NAG 2-268.

t Department of Mathematics, University of California, Davis, California 95616.
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In 4, we exhibit two other processes closely related to x(t) but which are causal
in some generalized sense. These processes supply the foundations for the definitions
of controllability and observability given in 5. Also in this section we begin to relate
controllability and observability to minimality.

The key results of this paper are found in 6 and 7. The first is a complete
classification of all the minimal real analytic realizations of the mapping

(v=O, u(. ))--> y(.
induced by (1.1). The second is complete classification of all the minimal autonomous
realizations of such maps which are stationary.

Recently Gohberg and Kaashoek [9], [10] have made an excellent study of such
systems. Their work is based on completely different concepts of controllability and
observability. They do not discuss the question of minimality but treat a different
question of irreducibility. At the end of 5 we give an example that illustrates the
differences between their work and ours.

2. Examples and extensions. Acausal systems naturally arise when the independent
variable is spatial rather than temporal. For example, consider a static, approximately
horizontal beam, clamped at both ends, which supports a continuously distributed
load. We can view this from a system theoretic point of view where the input u(t) is
the load density and the output y(t) is the deflection of the beam. (y(t)> 0 indicates
downward deflection.) The variable measures length along the beam. The relationship
between input and output is given by

(2.1) E(t)I(t)
dy4
-d-= u( t)

where E (t) is the modulus of elasticity and I(t) is the moment of inertia of the cross
section. Clamping at both ends imposes boundary conditions on y(to), y(tl), )(to) and
(tl).

This can be put in state space form (1.1) by letting x (xl, x2, x3, x4) (y,), fi, j’);
then

0 1 0 0 0

A=
0 0 0

0 0 0 l/E1
C=[1 0 0 0], D=[0],

1 0 0 0 0 0 0 0

V=0 1 0

i V1--
0 0 0

i0

0 0 1 0 0

0 0 0 1 0

A similar example was considered in [2] but with the bending moment as input, which
resulted in a second order system,

The acausal nature of this system is apparent, the load at point s affects the
deflection at every point along the beam. One goal of the loading might be to force
the beam to assume a desired shape. Such a problem can be cast as a linear quadratic
optimal control problem [2].

The boundary condition (1.1) can be used to force x(t) to be cyclic, X(to)= x(tl)
by letting V V and v 0. Similarly if V V and v 0 we obtain an anticyclic
state process X( to) -x( tl). Such phenomena cannot be modeled by causal systems.



ACAUSAL REALIZATIONS 501

If we drive (1.1) by white Gaussian noise process u(t) and an independent
Gaussian boundary value then we obtain two Gaussian processes x(t) and y(t). If
a causal system is so driven, then the state process x(t) is Markov but for most acausal
systems the state process is not Markov.

These stochastic systems are a convenient way of representing stochastic processes.
We study the associated realization theory in the sequel [4] to this paper. Using this
class of models one can formulate and solve various estimation problems for spatially
distributed processes [3], [5], [6].

Even processes where the independent variable is temporal can have an acausal
character. These are systems which are anticipatory. There is an intelligent controller
who modifies the evolution of the system in order to achieve a desired goal at some
future time. This may be on a fixed time interval or over a moving time interval. Most
messages are of this type. Before composing the message, the author usually has a
fairly clear idea of what the contents should include, and particularly how it should
begin and end. Another example is the tracking of an object whose ultimate destination
is already known.

Causality is a property of the mapping from inputs u(. to outputs y(. ). Suppose
one is studying a system where the inputs and outputs are not known a priori as is
frequently the ease in network theory. If it is impossible to decide a priori whether
the process one wishes to model is causal or not, why restrict a priori to causal models ?
Besides (1.1), Luenberger’s descriptor systems can be used to model acausality [12].

There are numerous extensions of the acausal linear system (1.1) which we will
not go into in any depth. A straightforward one is to discretize or we could let to -c

and/or t o. A more substantial generalization is to allow to be a multidimensional
Variable. Such systems arise in distributed parameter control, image processing, and
seismic data processing. It is somewhat surprising considering all the effort that has
gone into these areas that one-dimensional acausal systems have not received more
study.

Throughout this paper we consider only well-posed systems. This rules out many
interesting problems. For example in the stochastic setting, we rule out a pinned Weiner
process (Brownian Bridge). Generally we restrict our attention to two point boundary
value processes where the solution x(t) of (1.1a) is partially constrained at only two
times to, t as in (1.1b). But multipoint constrained problems will arise even in this
paper. They have wide applicability in many other contexts.

3. Basic facts. Let (t, s) be n x n matrix valued function satisfying

0
(3.1a) --(t, s) A(t)(t, s),

Ot

(3.1b) (t,t)=I.

Since A(t) is assumed to be bounded and measurable, the existence, uniqueness and
absolute continuity of (t, s) follows from standard theorems on ODE’S.

The boundary value problem (1.1a), (1.1c) is well posed iff the matrix

(3.2) r V / Vl(tl, to)

is invertible. If this is satisfied then the solution to (1.1a), (1.1b) is given by

(3.3) x(t)=(t, to)F-’v+ G(t, s)B(s)u(s) ds.
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Green’s matrix G(t, s) is given by splicing together two matrix valued functions

G(t,s) if t> s,
(3.4a) G(t,s)= G1(t,s) ifs>t

along the line s, where

(3.4b) G( t, s) ( t, to)F-V(to, s),

(3.4c) Gl(t, s) -(t, to)F-1V(tl, s) ( t, to)F-( V- I)( to, s).

The output y(t) is given by

(3.5) y(t) C(t)’P(t, to)F-iv+ W(t, s)u(s) ds
to

where the weighting pattern W(t, s) is given by

(3.6) W(t,s)=C(t)G(t,s)B(s)+D(t)5(t-s).

The system (1.1) defines a linear mapping

" ITM x LX[ to, tl] aTM X LX[ to, tl],

u(.) Y(" 21 22/ u(.

The maps , 2 and 21 are of finite rank since they map from and/or to finite-
dimensional vector spaces. The most impoant pa of Z is the infinite rank pa E22
which maps between the function spaces. The usefulness of the model (1.1) depends
ultimately on the fact that it describes an infinite rank mapping in a very concise and
tractable fashion.

Suppose we have an integral operator Z22
tmxlzz to, l] [ to, t],

zz:u(.)y(.)

where

y( t) W( t, s)u(s) ds.
to

The system (1.1) is said to be a realization of 22 (or equivalently the kernel W(t, s))
if W(t, s) is the weighting pattern of (1.1) as given by (3.6). Realization theory (in the
deterministic sense) is concerned with the existence and classification ofthe realizations
of W(t, s) and related questions. As an example of such a question consider the adjoint
map * of X

(3.7a) E*" R," x Lv[ to, tl] -> [lxn X L.xm[ to, tl],

(3.7b) E*:(sr,/(t))- (, V(t))

defined by the equation

(3.8) v + v( t)u( t) dt w+ t-t(t)y(t) at

for all (v, u(t)) and (’, (t)). An obvious question is whether E* can be realized by
an acausal linear system. As was shown in 1] the following system (given in adjoint
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form) does the job. The functions h(t),/x(t) and v(t) are the state, input and output,
respectively, " denotes the boundary input and : the boundary output.

(3.9a) ,k= -AA-tzC,

(3.9b) A (to)M+ A (tl)M1= ’,

(3.9c) v AB +D,

(3.9d) : A (to)NO + A (tl)N

The boundary matrices are fixed by

W W M Nr I

It is convenient to make a change of coordinates in the space of boundary input
values v so that

(3.11) F= V+ vltl)(tl, to)--I.

If V and V satisfy this, then the boundary conditions are in standardform and is
a standard realization of W(t, s). Causal linear systems where V- I and V1= 0 have
boundary conditions in standard form.

Frequently W and W are not explicitly given, but the dual systems can still be
determined if one assumes that the dual boundary conditions (3.9c) satisfy the dual
of (3.11), i.e.,

(3.12) (I)(tl, to)M+M1- I.

By equating the upper left blocks of (3.10) and (3.12) we see that

(3.13a) M= V,
(3.13b) M1 @(h, to) V(to, tl).

These conditions (3.13) are called the standard dual boundary conditions.
Notice in the causal case when V I and V -0, the standard dual boundary

conditions are M- 0 and M= I. Systems with such boundary conditions are said to
be anticausal, because under time reversal they become causal.

Having computed the standard dual boundary conditions we can in the same way
compute the standard boundary output equation (1.1d). We assume that

(3.14) W(to, tl) + W I;

then this and the lower left block of (3.10) imply that

(3.15a) W (t, to)(.V- I),

(3.15b) W I + (t, to) V1.

This normalization has been chosen so that for causal systems W- 0 and W= I, and
the boundary output is w- X(tl).

It is a simple exercise to verify that for the standard boundary equations (1.1b),
(1.1d) the matrix

(3.16) wO wl
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is nonsingular. This means that the boundary inputs and outputs are linearly indepen-
dent variables. A standard acausal system (1.1) is one where the coefficients of the
boundary equations (1.1b), (1.1d) satisfy the normalizations (3.11) and (3.14).

As we have seen, (1.1) defines a linear mapping

(3.17) ,22" u( t)-, y( t) W( t, s)u(s) ds

w.here

(3.18) W(t, s)= C(t)G(t, s)B(s)+ D(t)8(t-s).
A kernel W(t, s) is called proper if it is the sum of a bounded measurable term and a
Dirac delta term as is (3.18). It is called strictly proper if the second term is missing,
e.g., D(t)= 0. The next theorem is trivial but occasionally useful.

THEOREM 3.1. A strictly proper p x m kernel W(t, s) can be realized by an acausal
linear system (1.1) if[" there exists bounded measurable p x n and n x m matrices C t)
and B(s) and n x n matrices V and V such that

(3.19) V + V I,
C(t)VB(s), t> s,(3.20) W( t, $) -C(t)VB(s), t<s.

Proof. If C(t), B(s), V and V exist then W(t, s) is realized by (1.1) with A =0:
On the other hand, if W(t, s) is realized by any acausal system (1.1) then the time
dependent change of state coordinates given by P(to., t)x transforms (1.1) into an
acausal system $: where ,=0, (t) C(t)(t, to) and B(s) (to, s)B(s). The trans-
formed boundary conditions V and = V(t, to) are in standard form. It is
straightforward to verify that also realizes W(t, s). Q.E.D.

4. The inward and outward boundary value processes. In general a system of the
form (1.1) defines an acausal mapping from u(. to y(. ). The output y(t) at time
depends on the input u(s) at all times s to, tl], not just those s e to, t] as for causal
systems. A natural question to ask is whether there is any causal way of looking at (1.1).

It turns out that a related question is how to view the boundary input condition
(1.1c) and the boundary output equation (1.1d). For causal systems the boundary input
condition is just X(to)= v and the boundary output equation is w x(t). The initial
value v can be thought of as the medium which transmits the effects of past controls
u(s), se(-oo, to) to the state x(t) and output y(t) for t[to,..t]. The state x(t) and
output y(t) can also be determined if w and u(s), s [ t, t] are known. But this is not
really an anticausal representation because w depends on v and u(s) for all s e [to, tt].

We now present a similar interpretation of v and w in the acausal case. We need
to introduce moving boundary conditions. Suppose to=< ’o=< ’ =< t, then define four
matrices

(4.1a)

(4.1b)

(4.1c)
(4.1d)

K (I)(-o, to) V(to, ’o),
K’ (I)(-o, to) V’(t,, -),
L (I)(-,, t,) wO(I)( to, ’o),
L’ (I)(-,, t,) W’(I)( t,, ’,).

These matrices are functions of ’o and - but for notational simplicity we suppress the
arguments. We shall assume that V, V1, W and W are in standard form on the
interval to, t], then it is easy to see that K, K, L and L are in standard form on
the interval [o, ].
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Let x(t) be the solution of (1.1) for some u(t) and v. We define the inward
boundary process k(ro, zl) by

(4.2) k(ro, ’,)= Kx(zo)+ K’x(z,).
There are two important points to be made about this process. A simple calculation
shows that

(4.3) k(ro, r,)= (’o, to)V+ + G(ro, s)B(s)u(s) as.
tO

We can interpret this as causality in some generalized sense for the mapping u(.)
k(., ). Think of the pair {to, zl} as being the present; the past is to, hi\[to, z] and
the future is (to, r). Then (4.3) says that the present value of k(ro, z) does not depend
on future values of the input u(r) for -e (%, r).

The second point is that given the present value k(ro, r) and future values u(z),
z e (to, r) we can compute future values x() and y(r) for e (o, r). This is because
the boundary value problem

(4.4a)

(4.4b)

: Ax + Bu, [o, r],

Kx(%)+ K’X(rl)= k,

is well posed, and its solution for given u and v agrees with that of (1.1) on [to,
provided k k(ro, rl) given by (4.3).

Note that k(to, t) v and so v can be thought of as the medium that transmits
the effects of u(s) for s[to, t] to x(t) and y(t) for te [to, t].

If we consider the process l(ro, r) defined by

(4.5) l(ro, ’,)= Lx(zo)+ Llx(’,),
then

ff01(4.6) l(ro, z,)= (r,, ro)k(ro, z,)+ (r,, s)B(s)u(s) ds.

From knowledge of 1(%, Zl) and u(t) for e [to, t]\(ro, r) we can reconstruct x(t)
for [to, t]\(ro, rl) as the solution of the well-posed four point boundary value
problem

(4.7a)

(4.7b)

(4.7c)

Ax + Bu, [ to, h]\(’o, rl),

Vx( to) + V’x( t,) v,

Lx(ro)+ L’x(r,)= l(zo, z,).

However the map u(. )-,/(., is not causal in any generalized sense because/(Zo, Zl)
depends on u(s) for all s e [to, t].

We have just seen that the inward boundary value process of an acausal system
plays a role similar to that of the forward moving state of a causal system. For acausal
systems there is also an outward boundary value process which plays the same role
as the future jump x(h)-(h, Zo)X(Zo) of the state of a causal process caused by u(z)
differing from 0 on [ro, tl].

Given u(z) for r [Zo, z], define z(z) and j(zo, z) by

(4.8a) Az + Bu,

(4.8b) Z(ro) =0,

(4.8c) j(’o, ’1) z(r,).
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The outward boundary value process is j(7.0, 7.1) and has two important properties
similar to those of k(7.0, 7.1). The first is that

j(7.0, 7.,)= (7.,, s)B(s)u(s) as,

so if we think of {7.0, 7.1} as the present, [ to, t,]\[ 7.0, 7.1] as the past and (7.0, 7.1) as the
future, then the mapping u(. )-->j(7.0, 7.1) is anticausal. In other words j(7.0, 7.1) does
not depend on past values of u(7.).

The second point is that given the present value j(7.0, 7.1) and past values u(t),
[to, tl]\[7.0, 7.,] we can compute past values x(t) and y(t) for [to, tl]\[7.0, 7"1]. This

is because the solution x(t) of the well-posed four point boundary value problem
(4.7a), (4.7b), and

(4.7d) -(7.,, 7.o)X(7.o) + x(7.,) =j

agrees with the solution of (1.1) if j =j(7.o, 7.1) given by (4.8).
We have chosen the letter j for the outward boundary value process because it

represents the jump that the state experiences between times 7.0 and 7.1 because of the
control u(t) #O, [7.o, 7.,].

This suggests another viewpoint on the boundary value v. It is possible that the
process x(t) lies on some compactified version of the real line and v is the jump that
the state experiences from time tl through infinity to time to because of the effects of
the control u(t) for to,

5. Controllability and observability. Suppose the map E: (v, u(. ))->(w, y(. ))
arises from the state space model (1.1); then it factors into a mapping (v, u(. ))-> x(.
followed by a mapping x(. )->(w, y(.)). It is natural that realization theory be con-
cerned with these factor mappings. The critical issues for the minimality of a realization
E are whether the first factor is onto and the second is one to one in some sense. In
the systems literature this first property is called controllability and the second is called
observability. For linear time invariant causal systems any two reasonable definitions
of controllability are equivalent. The same holds for any two reasonable definitions
of observability. But for time varying and/or nonlinear causal systems there are several
nonequivalent definitions whose utility varies with the problem of the moment. There-
fore it should come as no surprise that there are at least two useful definitions of both
controllability and observability for acausal systems.

The first two definitions relate to the inward boundary value process k(7.o, 7.1).
DEFINITION. The system (1.1) is controllable off 7.o, 7.,] if the map

(5.1) {u(t): re[to, tl]\[zo, ,1t(o,,)= + G(o,S)(s)u(s) ds,

defined by (4.3) (or equivalently (4.2)) where v 0, is onto.
DEFINITION. The system (1.1) is observable on [7.0, 7.1] if the map

(5.2) k-->{y(7.)=C(7., 7.o)k: 7. [7.o, 7.1]},

defined for 7. [7.o, 7.1] by (4.4a), (4.4b) and (1.1c), is 1-1. The control u(t) is assumed
to be zero on [7.0, 7.1].

As mentioned before, in a general sense controllability and observability are the
two halves of minimality. The next result shows that we are on the right track.

THEOREM 5.1. Let the system (1.1) be a realization ofthe weighting pattern W( t, s).
If there exists 7.0 and 7.1 where to < 7.0 < 7.1 < tl such that (1.1) is controllable off 7.0, 7.1]
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and observable on ’o, ’1], then (1.1) is minimal, i.e., of minimal state dimension among
all realizations of W(t, s). Moreover, if , is any other minimal realization of W(t, s)
then , is also controllable off and observable on to, rl].

We defer the proof of this theorem for the moment. To check controllability of[

[to, rl] and observability on [to, z] we need to compute the Gramians

(5.3) ],o, [ + G(o, s)B(s)B*(s)G*(o, s) ds,

(s.4) [o, ,]= *(, o)C*()c()(, o) a

where * denotes transpose. The following is a standard exercise in linear systems
theory; scc, for example, Dcsocr 11] or Brockctt [17].

PROPOSITION 5.2. e ssIem (1.1) s conIroIIable o[o, ] ]o, [ sposIve
enIe. e ssem (1.1) s observable on [o, ] [o, ] s posIve eae.

Remr. [o, ] is the obscability Gramian of the causal system with the same
A and C matrices. Therefore obscability on is the same as causal obscability.
oooeorem S.I. Let Z and bc realizations of W(, s). (Z is given by (1.1)

and Z by a similar acausal system with tildes, i.e., , A, etc.) Since Z is controllable
off [o, ], ]o, [ is invcniblc. Given e" define a control u(; ) with support
off (o, ) (i.e., with support in [1o, q](o, )) by

u(t; k)- B*(t)G*(ro, t)(c]’o, rl[)-lk.
Under (5.1)

u(t; k)-> k(z, z) k.

If we drive Z and with u(t; k) (=(t; k)) and v=0, =0, then we obtain k(zo, rl)
and k(zo, r). We have the commuting diagram (Fig. 5.1),which defines a linear mapping

T" k(ro, r,)->/(ro, r,).

The outputs y(t) and ))() of Z and corresponding to u(t; k) must agree. Since
the support of u(t; k) is off (to, r), the output y(r) on [to, r] is given by (5.2) as a
function of k(ro, r). A similar expression holds for if(r) for r Ito, r]. Therefore wc
have another commuting diagram (Fig. 5.2). From this we scc that the kernel of T is
contained in the kernel of the upper right mapping of Fig. 5.2.which is given by (5.2).
But this latter kernel is 0 since Z is observable on [to, r].

This shows that the state dimension of Z must bc greater than or equal to that of
Z. Hence Z is minimal. If the dimensions arc equal, then T is a linear isomorphism.
From this it follows that Z is controllable of[ and observable on [to, r]. Q.E.D.

Wc note for future reference that if Z is controllable of[ to, r] but not observable
on [Zo, r], the map T is well defined but not necessarily 1-1. Its kernel is contained
in the kernel of [ro, r]. In particular, for all

(5.5) C(t)(t, to) r C(t)(t, to).

There is an analogous development based on the outward boundary value process
j(ro, r,).

DEFINITION. The system (1.1) is controllable on Ito, r] if the map

(5.6)
rl

{u(’r)" 7"6 [ro, r,]}--->j(’ro, ’7"1)- (I)(’7"1, s)B(s)l(s) Ms
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as defined by the system (4.8) is onto.
DEFmrION. The system (1.2) is observable off [Zo, z] if the map defined by

(4.7a), (4.7b), (4.7d)

(5.7) j(zo, ’l)-{y(t) C(t)G(t, h)j(’o, h): t[to, t]\(’o, h)}

is one to one. The control is restricted to be zero off (to, z).
The associated Gramians are

(5.8a) qg[ro, rl] C}(r,, s)B(s)B*(s)b*(r,, s) as,

(5.8b) ]zo, z[= + G*(t, z)C*(t)C(t)G(t, ’) dr.

PRoposrro 5.3. The ysem (1.1) i controllable on [ zo, r] iff[zo, Zl] i positive
definite. The system (1.1) is observable off r, r] iff ff]zo, ’[ is positive definite.

Remark. C[ro, z] is the controllability Gramian of the causal system with the
same A and B matrices. Therefore controllability on is just causal controllability.

TOReN 5.4. Let the ytem (1.1) be a realization of the eighing pattern W(t, ).
If there exists a Zo and ’ where to < ’o < ’ < t such that the system is controllable on
[Zo, ’] and observable off [zo, Zl] then (1.1) is minimal. Moreover if , is any other
minimal realization of W(t, s) then . is also controllable on and observable off Zo, h].

Proof It is essentially the same as the proof of Theorem 5.1. Let and E be two
realizations of W(t, s). Since 3 is controllable on Zo, Zl], <g[ to, r] is invertible. Given
j ", define a control u(t; j) with support in [zo, r] by

u( t; j) B*( t)cb*(h, t)(cg[-o, h])-j;

then under (5.6)

j--u(t;j)j(zo, h) =j.

Let f(Zo, z) be the value of the outward boundary value process of corresponding
to u(t;j). Then we have the commuting diagram (Fig. 5.3). which defines the linear
mapping

S: j(ro, r,)-j(ro, r,).

The outputs y(t) and )7(t) of and : must agree. Since the support of u(r;j) is
on Ito, r], the outputs off (to, r) are functions (5.7) of j(ro, r), j(ro, r). Therefore,
we have a second commuting diagram (Fig. 5.4). The kernel of S is contained in the
kernel of the upper right mapping of Fig. 5.4, given by (5.6). Since is observable off
[to, r], the latter is zero. Hence S is one to one. The state dimension of must be
greater than or equal to that of . Hence is minimal. If the dimensions are equal,
then S is an isomorphism. From this it follows that is controllable on.and observable
off [to, r]. Q.E.D.

We note for future reference that if is not controllable on Zo, z] then the map
S can be defined on the range of the map (5.6) which is the range of cg[Zo, r]. If
is observable off [Zo, z] then on this domain S is 1-1 by the above argument. In
particular, for all s

(5.9) Sr}(z,, s)B(s)= (r,, s)(s).
In general the concepts of controllability on and controllability off are independent,

i.e., we can construct an example that is one but not the other. A system is real analytic
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if the matrices A, B, C and D arc real analytic functions of t. Of course this includes
autonomous systems where A, B, C, and D are constant. For real analytic systems,
controllability (observability) on implies controllability (obscrvability) off but they are
not equivalent.

PROPOSITION’5.5. Suppose (1.1) is a real analytic system and to < o< 1 ( tl.
(a) If (1.1) is controllable (observable) off some [o, 1] then it is controllable

(observable) off every o, 1].
(b) If (1.1) is controllable (observable) on some [o, 1] then it is controllable

(observable) on every o, 1].
(c) If (1.1) is controllable (observable) on some [o, 1] then it is controllable

(observable) off every [ o, 1].
Proof. (a) By definition, the Gramian cg]o, 1[ is a real analytic, nonncgative

definite matrix valued function of o and 1. Also it is monotone nonincrcasing in
[ o, 1], i.e., if [cro, crl]

_
[o, 1] then rg]tro, tr[ _-< rg]o, [. Suppose for some o and

1, to < o< 1 < tl, the Gramian c]o, 1[ is not positive definite then it is also not
positive definite for all cro and crl such that [cro, crl]

_
o, 1]. For some open set of cro

and trl, the determinant of c6’]O,o, crl[ is zero. Real analyticity implies it is zero
everywhere.

The other parts of (a) and (b) are proved in a similar fashion. (c) Suppose (1.1)
is controllable on some [o, 1]; then by (b) it is controllable on every [o, 1]. Suppose
it is not controllable off some [o, 1]. Then we can find 0 # A e R" such that

(]o, ,[);, 0.



510 A.J. KRENER

(]7-0, 7-1[ is the sum of two nonnegative definite matrices so A must annihilate each:

0= A G(Zo, s)B(s)B*(s)G*(zo, s) dsA*
to

A (I)(7-0, to)V(I)(to, tl)rg[to, t](I)*(to, t)V*(I)*(7-0, to)A*.

Since rg[ to, 7-0] is positive definite and q(to, tl) is invertible we observe that

0 x(Zo, to) v.
From the other integral of rg]7-o, 7-1[ we derive in a similar fashion that

0 A (I)(zo, to) vl(I)( tl, to).

But this implies A 0 for V + via(t1, to) =/.
The other part of (c) is proved similarly. Q.E.D.
While Theorems 5.1 and 5.4 give sufficient conditions for minimality, these condi-

tions are not necessary, as is shown by the following example, similar to one found
in [10].

Example 5.6. Let to, tl] [0, 1 ]. Consider the acausal system

"1 O, x2(O + XI(1) X2(1) V,

2 u, x(O) v:,

It is a simple exercise to verify that this system is controllable and observable off
every Zo, z] but it is not controllable nor observable on any Zo, z]. The Gramians are

]o, ,[

Oil, ’[= 1 7-1 7" 1

7"1-1 1 -7"1 + 7"0

7"1[z,
0[7"0, 7"1]

0

7"1--7"0

0

0

By studying this system we get an understanding of what controllability and
observability off [7"0, 7"1] really mean. The boundary conditions allow us to control Xl
in an indirect fashion. For example, to achieve a desired x(7"), 0< 7" < 1, we use the
control on [0, 7"] to fix x2(7"). We use the control on [ 7"1, 1 to fix x2(1). The first boundary
condition and dynamics imply that x1(7")= x2(1).

This indirect controllability through the boundary conditions is possible in acausal
systems that are controllable off every [7"0, 7"1]. Given any 7" (to, tl) and any x R
there exists a u(. such that x(7")= x. The controllability off hypothesis implies that
the map u(. ) k(7", 7") is onto, and it follows immediately from (4.1) and (4.2) that
x(7") k(7", 7").

The boundary conditions also allow us to detect jumps or breaks in both state
coordinate trajectories even though we can only observe xx. For example, if for some
unknown reason x2 jumps at 7"e (0, 1) (x2(7"/)-x2(7"-)=j2), then this affects Xl(t)
through the first boundary condition and we can detect it through y(t).

This indirect observability through the boundary conditions is possible in any
system that is observable off every [7"0, 7"1]. Given any 7"e (to, h) and jump j=
x(7"+) x(7"-), the mapping j y(. is one to one. Therefore if we know the time z of
the jump, we can detect it.
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The weighting pattern of this system is W(t, s)= 1 for all t, s[to, tl]. From
Theorem 3.1 it can be seen that this is a minimal realization of W(t, s)= 1. For if
is a one-dimensional realization then there exists 1 x 1 matrices C(t), B(s), V and
V such that

V+ V= 1

and

I=C(t)VB(s), t>s,

l=-C(t)VB(s), t<s.

The latter equations imply C(t) and B(s) are constant. If one is subtracted from the
other we have

0= c(v + V)B CB,

so either C or B is zero, a contradiction.

6. Minimal real analytic realizations. In the last section we gave sufficient condi-
tions for minimality. In this one we give necessary and sufficient conditions for a real
analytic realization to be minimal within the class of real analytic realizations. We
describe how a real analytic realization can be reduced to a minimal real analytic
realization, and how minimal real analytic realizations of the same weighting pattern
can possibly differ. It may come as a bit of a surprise to readers familiar with causal
systems theory that two minimal real analytic realizations can differ by more than a
change of coordinates in the state space.

THEOREM 6.1. Suppose ,, given by (1.1), is a standard real analytic realization of
W( t, s). , is a minimal real analytic realization if and only if , is controllable and
observable off every [’0, 1] and

(6.1) Kernel 7[to, tl] Range (to, h)C[to, t]*(to, tl).

Any real analytic realization can be reduced to a minimal real analytic realization.
If and are two standard minimal real analytic realizations of the same W(t, s),
then there exists a real analytic invertible n x n matrix valued function R(t) such that

,(t) g(t)A(t)g-l(t)+ (t)g-l(t),

B(t)=g(t)B(t),

(t)=C(t)R-l(t),
(t)=D(t),

(6.2a)

(6.2b)

(6.2c)

(6.2d)

(6.2e)

and

(6.3a)

(6.3b)

R(t)( t, s) ( t, s)R(s),

7[to, tl]( V- R-(to)’R(to))gP[to, tl] c[to, t] 0,

7[to, tl](V-g-(to)g(h))cg[to, tl] =0.

On the other hand, if E is a minimal real analytic realization of W(t, s) and
satisfies (6.2) and (6.3) for some real analytic invertible R(t), then is also a minimal
real analytic realization of W(t, s).
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Remarks. Condition (6.1) means that .any state which is unobservable on [to,/’1]
must be controllable on [to, t]. Equations (6.2) are the same as those that arise from
a time varying change of coordinates R(t)x, but this is not the whole story because
of (6.3). If 2 is both controllable and observable on [to, t] then (6.3) becomes

/o= R(to) VR-(to), /= R(to) VR-(t).

Then (6.2) and (6.3) represent a time varying change of state coordinates R(t)x
and a orresponding hange of coordinates in the space ofboundary inputs, R(to),
so that E s standard, I?+ V (t, to)= I. Since E is standard, (6.3a) and (6.3b)
are equivalent.

Proof. Suppose 5: and are standard real and analytic realizations of W(t, s).
Clearly D(t) =/(t). For simplicity henceforth we assume that D(t) 0. Suppose for
some ’o and ’1, the system is controllable and observable off [’o, ’] and (6.1) is
satisfied.

It is convenient to make a time varying change of state coordinate X,w(t)=
(to, t)Xod(t) SO that in these new coordinates A(t)=0. We make a similar change of

coordinates on so that ,(t)=0. Then (t, s)=/, )(t, s)= I and

(6.4a) W(t,s)=C(t)VB(s)=(t)/(s) if t> s,

(6.4b) W(t,s)=C(t)(V-I)B(s)=(t)(’-I)(s) if ts.

By real analyticity we conclude that these formulas must hold for .all and s so

(6.5) C( t)B(s) C( t)B(s).

Relative to the controllability on and observability on Gramians [to, t] and
7[ to, h], there is a nested family of subspaces of the state space

a"
_
Range [to, h]) + Kernel (7[ to, h])_
Range ([ to, t])_
Range [to, t]) Kernel (7[ to, t])

_
0.

We can choose coordinates x (x, x2, x3, x4), which respect this flag, i.e.,

Range [to, t] tq Kernel 7[ to, t] {x" x 0, i= 1, 2, 3},

Range [to, tl] {x" x 0, i= 1, 2},

Range ’[ to, t] + Kernel 7[ to, t] {x: x 0}.

This is essentially the Kalman 4 part decomposition of the state space; see Kalman
[16] or Desoer [11, p. 187] for more details.

The x and x3 coordinates are observable and the x and x2 coordinates are
uncontrollable on [to, t]. We make the same change of coordinates in the space of
boundary inputs v to ensure that V+ V= I.

Relative to this partition of x we have that

(6.6a) B*(s) (0 0 B*3 (s) B4*(s)),

(6.6b) C(t)=(C(t) 0 C3(t) 0).

Let d be the dimension of x; then d + d2+ d3 + d4 n..Condition (6.1) ensures
that dE O.
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We make a similar decomposition of the state space of , (1, 2, 3, ’4) of
dimensions + d’2 + 3+4 r. Of course d’2 need not be zero.

Relative to this partition of we have

(6.7a) /*(s) (0 0 /3*(s) /4*(s)),
(6.7b) C(t) (Cl(t) 0 C3(t) 0).

From (6.5), (6.6) and (6.7) we see that

(6.8) C3( t)B3(s) (3(I)J3($).
We can consider (6.8) as the weighting pattern of a causal system which can be realized
on either x3 or 3 space. Both these realizations are minimal because the x3 and 3
coordinates are both controllable and observable on [ to, 6]. Hence d3 d3.

Now consider the map T: k(o,)k(o, ) constructed in the proof ofTheorem
5.1. Since is controllable off [o, ’], T is well defined but it need not be one to one.
Restricted to the r.ange, of tT[ ’o, ], it is one to one. The ranks of tT[ o, ’] and
are d + d3. and. d + d3, respectively. The counting.diagram (Fig. 5.2) implies that
d + d3 --< d + d3. Since d3 d3 this implies that d _-< d.

Next consider the map S:j(o, ,)j(o, ) of Theorem 5.4. This is not defined
for all j(’o, ) but only those in the range of [o, ]. On this domain it is one to
one. The ranks of [’o, ] and [o, ] are d3 + d4 and d3+ d4, respectively. The
commuting diagram (Fig. 5.4)implies that d3 + d4 -< t3 + t4 and hence d4_-<

We have shown that d- d for 1, 2, 3, 4 so n-<_ r and hence E is minimal.
Suppose E(t, s)is any standard real analytic realization of W(t, s); we now show

that can be reduced to obtain a lower-dimensional realization of W(t, s) which is
controllable and observable off every [’o, ’] and such that (6.1) is satisfied. In this
manner we see that if a realization is minimal it is controllable and observable off
every [’o, ’], and every state unobservable on ’o, ’] is controllable on o, 1].

We assume that we have made the preliminary change of state coordinates so that
A(t) =0. Suppose is controllable and observable off every [’o, ’]. We decompose
the state space relative to the Gramians [to, t] and 7[.to, t] as above.

The x2 coordinate is irrelevant to the weighting pattern of the system. From (6.6)
we have that

I3C’(t)VB(s)ift>s’,j=3,4
W(t,s)=

Ci(t) VBj(s) ift<s.
i.i= ,3 j=3,4

Therefore we can delete x2 and the second boundary condition. The new system satisfies
(6.1) so we obtain a new realization of W(t, s), of lower dimension, which is minimal
among real analytic realizations.

Suppose E is not controllable or not observable off every [o, ]; then we can
reduce it to one that is. We decompose the state space into 4 parts relative to Gramians
rg]o, o[ and 7]’o, ’o[ for any to < o< < tl. We obtain a flag of subspaces

R
_
Range (]o, [) / Kernel (]o, [)_
Range (]o, ’[)_
Range (]o, [) t’) Kernel (]’o, 1[) - 0.

As before we choose coordinates x (x, x2, xa, x4) which respect this flag and we
make the same change of coordinates in the space of boundary values to keep the
system in standard form.
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and

From the choice of coordinates

0

G(t, s)B(s) V’B(s)
0

:
C(t)G(t, s) C(t) V’= [* 0 * 0]

Since V+ V1= I we obtain

(6.9a) B(s)

(6.9b)

wherei=0ift>sandi=lift<s,

where i=0ift>sand i=lift<s.

Bl(S 0

B:(s) 0

B3(s) *
B4(s) *

C(t) Cl(t)C2(t)C3(t)C4(t)] [. 0 0],

(6.9c) V’B(s)

C(t) Vi=[C,(t) Vl + C3(t) Vi31 C1(t) V2+ C3(t) Vi32

(6.9d)
=[* 0 * 0].

We can calculate W(t, s) from (6.9a), (6.9d) as

f C,(t) V13B3(s)+ C3(t) V33B3(s),
(6.10a) W( t, s)

-C,(t) V]3B3(s)- C3(t) V3B3(s),
or from (6.9b), (6.9c) as

__f C3(t) V33B3($)+ C3(t) V34B4(s),
(6.10b) W( t, s)

-C3(t) V3B3(s) C3(t) V,B(s),

C,(t) V3 + C3(t) V3 C,(t) V,4+ C3(t) V34]

t> s,

t<s

t> s,

t<s.

Equation (6.10a) shows that the x2 and x4 coordinates are unnecessary to realize
W(t, s), so we delete them and the corresponding boundary conditions to obtain a
new system which is observable off every [o, 1]. From the first component of (6.9c)
we see that V3B3(s)=0 so we can delete the xl coordinate and realize W(t, s) by

(6.11a) 3 B3u,

(6.1 lb) V33x3(to) + V3x3(tl) v3,

(6.11c) y=f3x3

This realization is controllable and observable off every [zo, Zl]. As previously
seen, such realizations can be further reduced so that (6.1) holds, thereby obtaining a
minimal real analytic realization.

Next we study the relationship between minimal real analytic realizations.
Let 5: and E be two standard minimal real analytic realizations of W(t, s). Hence they
are controllable and observable off every [zo, zl] and (6.1) is satisfied. We transform
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state coordinates on and 2 as in the first part of the proof so that A(t)= A(t)= 0
and x (x, x3, x4), (, , 4). Because flaey are minimal d d, 1, 3, 4 and
d2 d2 0.

The decomposition of the state space induces a similar decomposition of the
boundary value processes, k (kl, k3, k4), / (/1, k’3,/4), j (j,j3, j4) and f=
(fi, f3, f4.). We consider, the maps T and S in more detail. If k s kernel 7[ro, r] then
T(k) k kernel 7[ro, r], so k Tk is given by

(6.12) T33 k3
r,,

By the commuting diagram (Fig. 5.2) the upper left 2 x 2 block of T is invertible.
On the other hand S is only defined on the range of C[ro, rl] (i.e. j (0,j3,j4)),

but it is one to one. So j S(O, j3,j4) is given by

(6.13) f3

where the matrix is of rank d3 + d4.
From (5.5) and (5.9) we have

(6.14a)

(6.14b)

so (6.5) becomes

(6.15)

S33 $34/ j3
$43 S44/

C(t)=C(t)T,
g(s)=Sn(s),

C( t) TB(s) C( t)SB(s).

If we multiply by t*(t) and B*(s) and integrate we obtain

(6.16) [to, tl](T-S)Cg[to, t] =0.

This implies that T0 So for 1, 3 and j 3, 4. We define an n x n matrix R by

T T13 0

(6.17) R= T31 T33 0

T4, $43 S,

Since S14 T14 0 and $34 T34 0, $44 must be invertible for $ to be of rank d3 + d4.
The upper left 2 x 2 block of R is from T, hence is invertible. This shows that R is
invertible. Since R agrees with T in rows indexed by 1 and 3, from (6.7b) and (6.14a)
we see that

(6.18a) C(t)=C(t)R.

Since R agrees with S in columns indexed by 3 and 4, from (6.7a) and (6.14b) we see
that

(6.18b) B(t) RB(t).

From (6.4a) and (6.18), we obtain

C( t) VB(s) C(t)R -1 /RB($).
We multiply on both sides and integrate to obtain

(6.19) 7[to, t](V-R- R)C[to, t] =0.
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Let (t, s) and c(t, s) denote th fundamental solutions fo and : in their

original state coordinates. Define

(6.20) R( t) ( t, to)R( to, t);

then it .is straightforward but tedious to verify (6.2) and (6.3) from (6.18), (6.19) and
(6.20).

On the other hand suppose E and are two systems related by (6.2) and (6.3).
Then if > s the weighting pattern of is given by

(t, s)= (t)P(t, to) /P(to, s)(s)
C(t)dP(t, to) VdP(to, s)B(s) + C(t)dP(t, to)( V- R-’(to) QR(to))(to, s)B(s).

But (6.2a) implies that this second term is zero, so (t, s) W(t, s) for > s. A similar
calculation holds for < s. Q.E.D.

Suppose ; is a minimal realization of W(t, s) and we choose state coordinates
as before so that A(t)= 0 and x (x, xa, x) respects the flag of subspaces associated
to c[ to, t] and [ to, t]. Since V + V I

(6.21a) W(t, s) C(t) V,0B(s) if > s,
1,3 j =3,4

(6.21b) W(t, s) E C(t)(V-:I)oBj(s) if < s.
i=1,3 j=3,4

Then

(6.22a) w(t, s)= w(t, s)+ w(t, s),

C3( t) V33B3(s), > s,
(6.22b) W(t,s)= C3(t)(V33-I)Ba(s), t<s

and for all t, s

(6.23) W2(t, s)= C,(t) VaBa(s)+ C,(t) V4B4(s) + Ca(t) B4(s).
Each kernel (t, s) defines a mapping

u(t)y,( t) (t, s)u(s) ds.

e first kernel W(t, s) defines a mapping of infinite rank which can be realized on
x3 space. e second kernel W2(t, s) defines a mapping of finite rank

y2(t) =Cl(t)3 Ba(s)u(s) ds+(C,(t)4+ G(t) 4) B4(s)u(s) ds.

There is an alternate decomposition of W(t, s):

(6.24a)

where

I Ca( t)B3(s), > s,
(6.24b) W(t, s)

t0, < s,
(6.24c)

I’2(t, s) C,(t) VaBa(s)+ C,(t) V4B4(s) + Ca(t)( V33- I)Ba(s)+ C3(t) V34B4(s

I: (t, s) is a causal weighing pattern which can be realized on 3 space. As before,
and W2 are maps of infinite and finite rank, respectively.
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In their excellent study of acausal systems, Gohberg and Kaashoek [9], 10] have
introduced the concepts of multicontrollability and multiobservability, which are
different generalizations of causal controllability and observability from those discussed
above. The following example is a slight modification of one found in [10, II.1 and
illustrates some of the differences between their work and ours.

Example 6.2. Let to, tl] [0, 1].

21 =0, x2(O) + x,(1)- x2(1)=

22 O, x2(O) + x3(O) x3(1 v2,

u, x3(0) v,

Gohberg and Kaashoek associate with an acausal system a sequence of weighting
patterns of which W(t, s) given by (3.6) is the first. Relevant to these weighting patterns
are the concepts of multicontrollability and multiobservability. This example is a 3
controllable and 3 observable system. They show that such systems are irreducible
under similarity and reduction and are characterized up to similarity by their sequence
of weighting patterns. They do not discuss minimality.

By our definition this system is not controllable nor observable off any [zo,
and (6.1) is not satisfied. Therefore by Theorem 6.1 it is not minimal among real
analytic realizations. If we reduce it as described above we arrive at the trivial system
of state dimension 0. The weighting pattern (3.6) is W(t, s) 0, but the other weighting
patterns of Gohberg and Kaashoek are not all zero.

7. Autonomous and stationary systems. An acausal linear system is autonomous if
,4, B, C, D are constant with respect to t. The transition matrix and Green’s matrix
are given by

(7.1) dP( t, s) e(t-s)A,

(7.2a) G( t, s) e<t-t)A V e<t-)A if > s,

(7.2b) G(t, s) --e(t-t)A V e(q-s)A if < s.

From this it is easy to give alternate tests for controllability and observability.
PROPOSITION 7.1. Let , be an autonomous acausal system and to < Zo < ’7"1 < tl"
(a) E is controllable on [’to, ’7"1] iff the matrix

(7.3a) =[B,... ,A"-IB]

is of rank n.
(b) :E is controllable off [’to, ’rl] iff the matrix

(7.3b) b=[VB, VB, ..., VA"-B, VIA"-B]

is of rank n.
(c) :E is observable on [7"0, 7"1] iff the matrix

is of rank n.
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(7.3d)

(d) E is observable off [7.0, 7.1] iff the matrix

cvo

CV

CA’- Vo

LCAn-1V
is of rank n.

(e) Condition (6.1) is satisfied iff
(7.3e) Kernel Range

Proof. Assertion (a) and (c) are well known from the causal theory, and (e) is
straightforward. We only prove (b) since the proof of (d) is essentially the same.
Suppose (7.3b) fails; then there exists an I x n vector A 0 such that

(7.4) A VAkB A V1AkB 0

for any k_-> 0 (by Cayley-Hamilton). Hence for any

(7.5) A V eAtB A V eAtB O.

Now for any to < 7.0 < 7.1 <

(7.6)

0 / (I)( tO, 7.’0) (] 7.0, 7.1[)(I)*( to, 7"0)/ *

A V eA(to-S)BB* ea*(o-s) V*A* ds
o

+ AV ea(q-)BB* ea*(q-s)vl*A * ds.

Therefore c]7.o, 7.1[ is not positive definite and the system is not controllable off 7.o, 7.1].
On the other hand, if there exists h such that (7.6) holds for all to < 7.0 < 7.1 < q,

then (7.5) must hold. Differentiating (7.5) yields (7.4). Q.E.D.
Gohberg and Kaashoek 13] have demonstrated that a weighting pattern can have

a minimal autonomous realization and a minimal real analytic realization of lower
dimension. They showed that the weighting pattern W(t, s)= 1-s has this property.
Their realizations are as follows.

Example 7.2. Let to, tl] [0, 1 ].

1 O, x2(O) + x3(O) + Xl(1) x2(1) vl,

x3, x(0) v,

3:U, x3(O) O3,

y=Xl.

The system is controllable off any 7.0, 7.1] but not observable off any 7.0, 7.1], where
0 < 7.0 < 7.1 < 1. Therefore by Theorem 6.1 it is not a minimal realization within the class
of real analytic realizations. In fact W(t, s) 1 s can also be realized by the following.

Example 7.3. Let to, tl] [0, 1 ].

l=(1-t)u, Xl(O) Vl,

2 1 t) u, x2( 1 v2,

y x -x2.
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This is controllable and observable off every [to, rl] and (6.1) is satisfied. Hence by
Theorem 6.1 this is a minimal real analytic realization of W(t, s) 1 s. Moreover the
other minimal real analytic realizations of W(t, s) are described by this theorem. If
one of them were autonomous there would exist an invertible 2 x 2 matrix R(t) such
that for some constant matrices 2,/, t
(7.7a) ,= (t)R-(t),

(7.7b) B R(t)
1

(7.7c) d=(1 -1)R-(t).
Without loss of generality we can assume that R(0)= I so t (1 1)* and

(1 -1). Equation (7.7b) implies that B is an eigenvector of R.(t) with eigenvalue
1/(1 t). On the other hand, equation (7.7a) implies that R(t) ea’ and hence 1/(1 t)
cannot be an eigenvalue of R(t). We conclude that there are no two-dimensional
autonomous realizations of W(t, s) 1 s but there are two-dimensional real analytic
realizations.

We were a bit surprised by these examples for we had conjectured the opposite,
namely that the class of autonomous models admitted a self-contained minimal
realization theory. Being autonomous is a property of the system and not of the
weighting pattern. Therefore we should have expected that we need a "nice" class
of weighting patterns to obtain a self-contained minimal realization theory. The
stationary weighting patterns are such a class.

A weighting pattern W(, s) is staionary if it is only a function of t-s, in abuse
of notation W( t, s) W( s). An acausal linear system is tationary if it is autonomous
and its weighting pattern is stationary. Every autonomous causal system is stationary,
and hence the stationary acausal systems generalize the autonomous causal systems.
The corollary to the following theorem was first stated in [3]; see also [9], [10].

PROPOSITION 7.4. A standard autonomous acausal linear system is stationary ifffor
all k, l-O, n-1.

(7.8a) CAk[A, V]AB O,

(7.8b) CAk[A, V]AIB 0

where [A, Vi] AVi- ViA, 1, 2.
Proof. Suppose the system is stationary; then

(7.9) CeA(t-t) V0 eA(t-S)B C eA(t+r-t) , eA(t-r-S)B.

If we differentiate this with respect to r at r 0 we obtain

(7.10) 0 C eA(’-t)[A, V] eA(’o-)B.

Differentiation of this with respect to and s one or more times yields (7.8). The steps
are reversible, so the converse holds. Q.E.D.

COROLLARY 7.5. Suppose , is a standard autonomous acausal system which is
controllable and observable on to, 1]. X is stationary iff
(7.11a) [A, V] 0,

(7.1 lb) [A, V] 0.

The Gohberg-Kaashoek phenomenon cannot happen for stationary weighting
patterns; in other words, a minimal autonomous realization is also a minimal real
analytic realization.
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THEOREM 7.6. (i) Suppose , (1.1) is a standard stationary realization ofa stationary
weighting pattern W(t- s). , is a minimal stationary (equivalently, autonomous) realiz-
ation iff
(7.12a) rank cgb= n,

(7.12b) rank b n,

(7.12c) Kernel 6
_
Range c.

(ii) A minimal stationary realization is also a minimal real analytic realization.
(iii) Any stationary realization can be modified and reduced to a minimal stationary

realization.
(iv) Suppose , and , are stationary minimal realizations of W(t-s) then there

exists an invertible constant matrix R such that

(7.13a) (A- R-IR)c=O,
(7.13b) 6(A-R-IR)=O,
(7.13c) / RB,

(7.13d) ( CR-,
(7.13e) D=D

and

(7.14a) 7( V-R-1 IT’R) c 0,

(7.14b) (7( V- g-1QR)c 0.

On the other hand, if , is a minimal stationary realization of W(t- s) and , is an
autonomous system related to , by (713) and (7.14) for some invertible R then , is
also a minimal stationary realization of W(t- s).

Proof (i) Suppose 5: is an autonomous realization of a stationary weighting pattern
which satisfies (7.12); then by Proposition 7.1, E is controllable and observable off
every [’o, ’1] and (6.1) is satisfied. By Theorem 6.1, E is a minimal real analytic
realization and hence a minimal stationary realization.

Suppose is an autonomous realization of a stationary weighting pattern W(t s)
which does not satisfy (7.12). To show that is not minimal we shall construct a new
autonomous realization of smaller state dimension which does satisfy (7.12) and
hence is minimal. As the reader has seen, the way one obtains a lower-dimensional
realization of a weighting pattern is to find an appropriate subspace of the state space
which is left invariant by the dynamics. One either restricts to this subspace or quotients
by this subspace to reduce the dimension of the state space. In the context of real-
analytic systems we have the luxury of making a time varying change of coordinates
so that the invariant subspaces are time invariant. In the context of autonomous systems
we do not have this option.

The natural subspaces associated with an autonomous system (1.1) are formed
from the matrices found in Proposition 7.1, e.g.,

(7.15a) Range

(7.15b) Kernel

(7.15c) Range
(7.15d) Kernel

The first and second are clearly invariant by definition.
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(7.16a) A Range
_
Range ,

(7.16b) A(Kernel tT) Kernel .
The third and fourth are generally not. It is this latter fact which seems to cause the
Gohberg-Kaashoek phenomenon.

Even if the system (1.1) is stationary it is not always true that (7.15b), (7.15d) are
A invariant. However, they are nearly so, for (7.8) implies that

(7.17a) A(Range qgb)
_
Range qgb + Kernel

(7.17b) A(Kernel b f3 Range )
_
Kernel b.

The reader with a background ingeometric linear control theory recognizes (7.17a) as
a form of (A, B) invariance (or controlled invariance) and (7.17b) as a form of (C, A)
(or conditioned invariance). For details see [14] and [15].

Let D be a matrix such that

(7.18) Range D Kernel ;
then by a standard lemma there exists a matrix F such that

(7.19) (A + DF) Range rob
_
Range

Moreover, since (7.16a) holds we can choose F so that

(7.20) Kernel F Range

Let ft- A + DF; then (7.18) and (7.20) imply that

C= CA,
fikB AkB

(7.21a)

(7.21b)

for all k, so for all t, s

(7.22a)

(7.22b)

C e"t C eAt,
eASB eASB.

Therefore we can modify E by replacing A by A and not change the weighting pattern
W(t-s).

In this way we obtain another autonomous realization of W(t s) such that (7.15c)
is A invariant. By restricting this system to the subspace of the state space given by
(7.15c) we obtain a smaller autonomous realization of W(t s) which satisfies (7.12a).

The property described by equation (7.17b) is called (C, A) invariance (or condi-
tioned invariance). It is the dual of the property described by (7.17a). If we choose a
matrix E such that

(7.23) Range Kernel E,

then it is a standard exercise to show that there exists a matrix G such that

(7.24) (A + GE) Kernel b
_
Kernel b.

Moreover, because of (7.16b) we can choose G.such that

(7.25) Range G c Kernel .
If we define , A + GE then because of (7.23) and (7.25), (7.21) and (7.22) hold.

We can rep,lace A by A without changing the weighting pattern. For this new realization
(7.15d) is A invariant and we can project it out. The resulting realization satisfies (7.12b).
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In this way we obtain a realization satisfying (7.12a), (7.12b); in other words, one
that is controllable and observable of[ every [’o, ’1]. To reduce this to a realization
satisfying (7.12c) we choose coordinates that respect the flag of subspaces

R
_
Range + Kernel 7_
Range c_
Range c Kernel

_
0.

In other words, x (xl, x2, x3, x4)* and

Range c+ Kernel 7 (x" x 0},

Range c (x" x 0, x2 0},

Range c (’l Kernel 7 (x" Xl 0, x2 0, x3 0}.

If we define B(s) eASB and C(t) C eAt then in these coordinates

(7.26a) eASB B(s) IBais)
I
L(s)

CeAt=c(t)=[Cl(t) 0 C3(t) 0],(7.26b)

and

’. Ci(t- to) VB(to-S), t> s,
1,3 3,4(7.26c) W( s)
_ , Ci( to) VijBj(tl s), < s.

1,3 =3,4

Hence we can delete the x2 coordinate and the corresponding boundary input condition
without changing W(t-s). This completes the proof of statement (i).

(ii) By (i) a minimal stationary realization must satisfy (7.12). Hence by Theorem
6.1 and Proposition 7.1 it must also be a minimal real analytic realization.

(iii) In the proof of (i) we showed how a stationary realization can be modified
and reduced to a realization satisfying (7.12). By Theorem 6.1 such a system is a
minimal real analytic realization, hence a minimal stationary realization.

(iv) If E is a minimal stationary realization of W(t- s) and is an autonomous
realization related to 5: by (7.13) and (7.14), then it is easy to verify that realizes
.W(t- s), hence is a minimal stationary realization.

If E and are two minimal stationary realizations of W(t- s) then by Theorem
6.1 there exists a real analytic matrix valued function R(t) satisfying (6.2) and (6.3).
In particular (6.2b) implies that

=R(t)B,
so R(t) is constant on Range B. Ifwe differentiate this expression using (6.2a) we obtain. R( t)AB.

Further differentiations yield

(7.27a) R(t)c,

(7.27b) 0 =/(t)c.
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In a similar fashion repeated differentiations of (6.2c) yield

R-l(t),
0 ?g-l(t) /-l(t)R(t)g-l(t).

(7.28a)

(7.28b)
Rewrite (6.2a) as

(7.29) A- R-I(t)R(t)R(t)(t)
and multiply by qg on the right using (7.27b) to obain

(7.30a) (A- g-l( t),g( t)) qg O.

We multiply (7.29) by 7 on the left and use (7.28b) to obtain

(7.30b) (A- R-I(t),g(t)) O.

If we let R R(to), a constant matrix, then (7.13) follows immediately. Moreover,
(6.3a) implies (7.14a) and (7.27a) and (6.3b) imply (7.14b). Q.E.D.

Remark. While minimal stationary realizations are related by (7.13) and (7.14)
for some constant matrix R, they can also be related by nonconstant matrices.

Example 7.7. Consider the time varying change of state coordinates ;= R(t)x
for Example 5.6, where

The new system is given by

=0,

X2 :1 "t- U,

R(t)=[ It 0].1
2(0) + 21(1) 2(1) Vl,

(0)

These two systems are also related by (7.13) and (7.14), where R =/.

Recall that an acausal system is causal if V I and V1= 0 and anticausal if
V 0 and V1=/. It is strictly acausal if both V and V are invertible.

PROPOSITION 7.8. Suppose , is a standard stationary acausal system which is
controllable and observable on [to, tl]. The state and boundary space of , can be
decomposed x (Xl,X2, x3), v (vl, v2, v3) into a causal part xl, anticausal part x2, and
an acausal part x3.

(7.3 la) 1 Allx1 + Blu,

(7.31b) Xl(to)=Vl,

(7.32a) 2 A22x2 + B2u,
(7.32b) x2(q) eA22(t-t)/)2,
(7.33a) :3 Aalxl + Aa2x2 + A33x3 + Bau,

(7.33b) Vaax3(to) + Vaxa(q) v3 VlXl(to) V32x2(to) VlXl(tl) V2x2(q).

Proof Consider the flag of subspaees

R" Range V
__
Range V fq Range V 0

and choose state coordinates that respect this flag x (xl, x2, x3). In other words,

Range V {x: xl 0},
Range V fq Range V {x: xl 0, x2 0},
Range V {x: x2 0}.
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We choose the same coordinates on the space of boundary input values v. Since A
commutes with V and V it leaves their ranges invariant. Because V + V eA(q-t) I,
V and V also commute hence leave their ranges invariant. This implies that

AI 0 0

0 A22 0

A31 A32 A33

I 0 0

0 0 0

0 0 0
V 0 eA22(tO-t1) 0

VI V2
where V3 + V3 eA33(t’-t)= t Q.E.D.

Consider the acausal part of the above system, assuming that the causal state
coordinates xl(t) and anticausal state coordinates x2(t) are identically zero. This yields
an acausal system

(7.34a) 3 A33X3 "+" B3u,

(7.34b) V33x3(t0) + V3x3(t) v3,

which can also be decomposed into causal, anticausal and acausal parts. The decompo-
sition process can be repeated until the acausal part is strictly acausal. In this way the
original system can be decomposed into causal and anticausal parts which feed into
causal and anticausal parts through the state ditterential equations and boundary
conditions. The pattern may be repeated several times until it terminates in a strictly
acausal system.

The boundary condition (1.1b) of a stationary system is said to be separable if
Range V fq Range V 0.

COROLLARY 7.9. Suppose , is a standard stationary acausal system which is control-
lable and observable on to, tl[. If the boundary condition is separable then , separates
into independent causal and anticausal systems.
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MODELING, STABILIZATION AND CONTROL OF
SERIALLY CONNECTED BEAMS*

G. CHENt, M. C. DELFOUR, A. M. KRALLt AND G. PAYRE

Abstract. Many flexible structures consist of a large number of components coupled end to end in the
form of a chain. In this paper, we consider the simplest type of such structures which is formed by N serially
connected Euler-Bernoulli beams, with N actuators and sensors co-located at nodal points. When these N
beams are strongly connected at all intermediate nodes and their material coefficients satisfy certain properties,
uniform exponential stabilization can be achieved by stabilizing at one end point of the composite beam.

We use finite elements to discretize the partial differential equation and compute the spectra of these
boundary damped operators. Numerical results are also illustrated.

Key words, serially connected beams, actuators and sensors, exponential stabilization
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1. Introduction. In this paper, we study the stabilization and control of composite
beams or serially connected beams as shown in Fig. 1 where beam i, 1-< i-< N, is
represented by the line segment Ji [xi_l, x], x-i < x. We assume that each beam is
uniform, with constant mass density m and flexural rigidity Eili, 1, 2, , N. Each
beam satisfies the partial differential equation

O:y 04y
(1.1) mi+Eili 0 on ]xi_ xi[ > O,

Ot2 OX4

with initial conditions

Oy
(1.2) y(x,O)=yo(x), TT(x,O)=yl(x), O<-_x<=L,

and boundary conditions determined by the coupling with neighboring beams.

Beam Beam 2 Beam 3

0 X X X X

Beam N

x_ x L

FIG. 1. Serially connected beams.

Our study is motivated by problems in structural dynamics. Many civil engineering
structures such as bridges, and flexural members in large space structures are modeled
by beam equations like (1.1). Due to operation, safety and performance considerations,
engineers use many "in-span indeterminate conditions" to design those structures.
Four basic types of such intermediate conditions have been mentioned in [8, p. II-42]:
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1.3) Rigid support (also called interior support),

(1.4) Moment release

(1.5) Shear release

(also called interior hinge),

(1.6) Angle guide

Each of the above "joints" is known to have certain advantages in the design of
structures.

The main objective of this paper is to study the suppression of vibration in
structures. Our study is motivated by stabilization problems in large flexible space
structures. These structures are dynamic in nature and require good designs of active
control and passive damping mechanisms. We have observed several proposed designs
of a future space station. They all contain flexible truss beam structures, some of which
are linked by rotatable joints with damping devices. Those joints serve the important
dual purposes of maneuvering and stabilization. Most or perhaps all of them are
nonlinear in nature and hard to model mathematically. Linear joint conditions are
only simplifications and approximations for those complicated joints. It will take some
time before we can actually understand those structures.

For the Euler-Bernoulli beam equation (1.1), the physical meanings of various
mathematical quantities are shown below"

y" transverse deflection,
0y

transverse velocity,
0t

0 ----- rotation,
Ox

O0 02y
--. angular velocity,

Ot Ot Ox

M EiI,
02-y"

bending moment,
OX2"

OM
-EiI

03y
rate of change of moment,

Ot Ox2"

V E/
03y

shear,
OX3"

oV
--GI 04Y "rate of change of shear.

Ot OX3"

At a linear joint xi, depending on the mechanical design, part or all of the physical
variables from x- and x achieve equilibrium at xi, yielding 4 mathematical relations.

The four basicjoints 1.3)-(1.6) are the simplest special cases of such mathematical
relations. They are known [8] to cause discontinuities (across the joint) in one of the
state variables y, 0, M and V, and leave the other 3 state variables continuous,
particularly, the "dual" (or "complementary") state variable, as indicated in Table 1.

In the mathematical modeling of controller action at joints, it is natural and
reasonable to designate the discontinuity across a joint as the control variable at xi,

because its values can be adjustedmunder our command and with different mechanical



528 G. CHEN, M. DELFOUR, A. KRALL AND G. PAYRE

TABLE

Joint Discontinuous state variables Continuous state variables

Rigid support V y; 0,
Moment release 0 M; y, V
Shear release y V; 0,
Angle guide 0; y, V

The first state variable in each entry above is the dual variable.

designs--to influence the dynamic response of the structure. For example, let xi be a
rigid support joint with control ui. Then the intermediate boundary conditions at xi
are given as follows"

y(x7,, t)= y(x, t),
ay ay
Ox

(xS, t)=--x (x-, t) (i.e., 0-= 0+),

-E,Ii--
o2y

(x7, t) -E,+II+I
02y

(x, t) (i.e., - +)

oaY (X t) ui(t)Eili
03Y (x, t)-Ei+lli+
OX tgX

This is just one of the cases to be studied here by us.
Due to the limited scope ofthis paper, here we will only consider in-span controllers

at joints that are rigid supports or angle guides, or combinations. Moment and shear
release or other types of joints seem to have different advantages and disadvantages
which are currently being investigated. We hope that our paper can motivate further
study in this direction.

Our problem is to study the control and stabilization of serially connected beams
as described above. We wish to establish a strong form of stabilization--uniform
exponential stabilizationmwith one stabilizer only. This stabilizer, formed by velocity
feedback, is considered to be located at one end of the span. Another situation, more
practical perhaps, is to consider the stabilizer located at an interior node of the span.
This corresponds to a much harder problem and is briefly discussed in 4.3.

The organization of this paper is as follows.
In 2 we first recall a fundamental theorem of existence for a second order (in

time) hyperbolic equation. A control-theoretic formulation for a vibrating system
consisting of a composite clamped beam with N pairs of co-located sensors and
actuators is then given.

In 3, we present the main result of the paper in Theorem 3.1. A special case of
this theorem says that N serially connected beams such that

(1.7) mi<-- mi+l, EiIi>- Ei+lli+l, I_-<i<N-1

can be uniformly exponentially stabilized with only one sensor and one actuator at
the end.(x L) of the beam:

(1.8) Eclrq Ox---
03y

(L, t)- ko
Oy
--(L, t)=O, kov > O.

Previously, results have been established for exponential stabilization of all of the
(finitely many) modes of the finite element model, but none for the continuum model.
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In 4, we discuss various cases, including different conservative left end boundary
conditions, a beam with varying mass density and flexural rigidity, and stabilization
at an intermediate node.

In 5, we use the finite element numerical method to compute the spectrum. Some
interesting information on the distribution of eigenvalues is illustrated.

Notation. ff will be the field of all real numbers. For n _-> 1, R" will denote the
n-dimensional Euclidean space with norm Ixl and inner product x.y for x and y in
R’. Given a Banach space E, its topological dual will be denoted E’ and the duality
pairing between an element x* of E’ and x of E by (x*, x),. Given a continuous
linear map L between two Banach spaces E and F, L* will be the corresponding dual
map between F’ and E’. Let a and b, a < b, be two real numbers and E be a Banach
space. LP(a, b’, E) will be the Banach space of all equivalence classes of Lebesgue
measurable functions from [a, b] into E which are p-integrable (1 _-<p< c) or essen-
tially bounded (p =c). Given a function y’[a, b]-> E, and j; will denote the first
and second vectorial distribution derivatives of y. C"(a, b; E) will be the space of
m-times boundedly continuously differentiable functions from a, b] into E. For m _-> 1
and an open interval I, Hm(I) will be the Sobolev space of all functions in L2(I; )
whose first m distributional derivatives belong to L2(I; ).

2. Control-theoretic formulation of a clamped serially connected beam with N pairs
of co-located actuators and sensors. Let V and H be two real Hilbert spaces with norms

and [, respectively. Identify the elements of the dual H’ of H with those of H
and assume that the chains of injection are continuous with dense image

(2.1) V-> H-- H’--> V’.

Let a(t; v, w) be a family of bilinear forms on V such that

(2.1) V--> H-- H’-> V’.

Let a(t; v, w) be a family of bilinear forms on V such that

(2.2) for all v, w, t--> a(t; v, w) is CI([0, T]; ) for all T>0,

(2.3) for all v, w, a(t; v, w)=a(t; w, v) for all t->0,

(2.4) there exists a h , a>O for all v, a(t; v, =,
We let A(t) (V, V’) denote the operator defined by a(t; v, w).

Let

(2.5) C V-> R" (m _-> 1 an integer)

be an arbitrary linear map and u L2(0, T; Rm), T> 0, be a control function. We now
consider the controlled system

(2.6) A(t)y(t)+fi(t)+C*u(t)=O, yoV, ylH’.

This problem is well posed [5] and has a unique solution under appropriate hypotheses
on A.

Let the observation be given by

(2.7) z( t) Cf( t)

in a sense to be made clear in (2.14). Let K be an rn x rn matrix such that

(2.8) there exists a fl-> O, such.that for all u m, Ku’u >-/lul2.
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Define the feedback law

(2.9) u( t) K’( t).
The resulting closed loop system will be

(2.10) A(t)y(t)+C*KC)(t)+(t)=O, y(0)=y0, )(0)=yl.

The perturbing term is

(2.11) Gy(t), G= C*KC e(V, V’).

The next theorem shows that system (2.10) is well posed.
THEOREM 2.1. (i) Under the hypotheses on the matrix K, equation (2.10) has a

unique solution

(2.12) y C([0, T]; V), p C([0, T]; n), C) L2(0, T; ’), j; L2(0, T; V’).

(ii) LetA A, 0 <, be autonomous. en the densely defined closed operator

A
is dissipative with domain D() D(A Vandgenerate a Co-semigroup ofcontractions
{S(t)lt O} on VH. e solution y of (2.10) fors a Co-semigroup in g x H defined by

(2.13) S(t)(yo, y,)=(y(t),(t)), tO.

(iii) For (Yo, Yl) in D(),
(2.14)

y c’([0, T]; V), p C’([0, T]; ), Cp s C([0, T]; am), i s C([0, T]; V’).

oof (ii) is a simple consequence of the Lumer-Phillips theorem. (i) is a simple
extension of a theorem in [5].

With the preceding formalism in mind, we now consider the control-theoretic
formulation of a composite clamped beam with N pairs of co-located sensors and
actuators.

Let a beam of length L be made up of N connected beams [X_l, x], 1i N.
For each ith segment beam the equation is

(2.15) mi
O2y+ Eili

04y
0, xi-1 < x < xi, 1 < < N.

Ot2 OX4

The beam is clamped at x 0:

Oy
(2.16) y(O, t) O, xx (0, t) O, > O.

At each interior node xi, the beam is strongly connected:

Oy Oy
(2.17) y(xT,, t) y(x-, t), x (x7,, t)=-x (x-, t), > O,

with a point force Uoi(t) and a point bending moment ul(t) applied at xi:

E,I
03y

(x7, t) E,+II+I
3y

(x-, t) Uo,( t)ax ax3
(2.18) l<-i<=N-1.

-[E,I, Ox202---y (x-, t)-E,+lli+l
Ox
202y(x-f, t)] =Uli(t),
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At the right end xN L, a point force Uov(t) and a point bending moment IJ1N (t) are
applied"

ENIN- (L, t)-- UON(t),
(2.19) i=N.

-EIN
02y

(L, t) =/’/IN(t),
Ox2

Remark 2.2. The intermediate conditions (2.17) and (2.18) signify that the joint
at x is:

(i) A rigid support, if Ul,(t) 0, but Uo,(t) 0;
(ii) An angle guide, if Uo,(t) -= 0, but Ul,(t) 0;
(iii) A combination of (i) and (ii), if Uo,(t) 0 and Ul,(t)# 0.

The above feedback laws (2.18) and (2.19) are realizable as all variables EJ,(O3y/ox3)
(=shear) and Eili(O2y/Ox2) (=bending moment) on the left of (2.18) and (2.19) are
determinable.

Remark 2.3. The boundary conditions (2.17)-(2.18) are the natural conditions
arising from the presence of point forces Uo,(t) and point bending moments ux,(t) at
each point x. In the static case the calculus of variations can be used to show that
the solution y H2(0, L) of the boundary value problem

04Y(x) 0 on]x,_1 x,[, I<i<N,
OX4

E,I, 03---y (x-)- E,+II,+ o3--ff-y (x-) Uo,,0X3
l<__i<_N-1,

-[E,I,-02y (X) E,+II,+I
02y

OX2 OX2

a y O___yENIN-xa(L)=UoN, 0X
(0) =0,

--ENIN
Oy

(L) UlN y(O) =0,
Ox2

is precisely the function that minimizes the strain energy plus the sum of the potential
energy of the external forces Uo, and bending moments Ul,:

U( v) ,Y, 1/2E,I, ID-v(x)l- dx + UoiV(Xi) + UliDV(xi)

over all deflection distributions v in H2(0, L) such that

v(O)=O and Dv(O)=O.

The spaces H, V and the operators A and C are

(2.20)

Denote by

(2.21)

H L:(0, L), V {v H2(0, L)lv(O) o, Dr(O) 0},

(Av, w)= E E,I, D2v(x) D2w(x) dx,
i=1

D--) CI)--(Cll), C2D, CND), Cil)’-(1)(Xi),D1)(Xi)).

u(t)=(u,(t), u2(t),""", UN(t)), u,( t) Uo,( t),
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the vector of control functions at time in (R2) N. Then the system of equations (2.15)
to (2.19) can be rewritten in the following way:

(2.22) A(t)y(t)+ M(t)+ C*u(t)=0,

where

and M M(x) is defined by

N

C*u(t)= C* u,(t)
i=1

N

(2.23) M(x)= m,xj,(x),
i=1

XJ, (x) is the characteristic function of the interval

Ji [Xi-l, Xi].

At each point x, 1 <-i _<-N, we observe the vector

(Oy 02y )(2.24) zi(t) - (x, t), (x, t)
Ox Ot

The global observation is given by

(2.25) z(t) (z,(t), z2( t),’" ", zv(t)) 6 (R2)N
and the feedback law is chosen as

t>0.

(2.26) u(t) Kz(t), K a 2N x 2N matrix.

By construction

(2.27) z(t) Cp(t) and u(t) KCf(t).

So finally

(2.28) A( t)y( t) + Mfi( t) + C*KC.f( t) O.

Note that (2.28) differs slightly from (2.10) in Theorem 2.1 due to the presence
of M. Nevertheless, the conclusions of Theorem 2.1 remain valid and applicable to
our problem, as a straightforward modification will enable the proof to go through
without difficulty.

Also note that for (2.28), we use the equivalent norm

II(w.z)ll ,.-Ilwll ,/ M(x)z2(x) dx.

We will restrict our attention to special feedback matrices which are made up of
N 2 x 2 matrices Ki, 1-<i=< N, along the diagonal. All other entries are zero.

(2.29) K .K.3.
0 Oo.

The above hypothesis on K amounts to assuming that sensors and actuators are
co-located with local feedback.
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3. Uniform exponential stabilization of serially connected beams. For the model
proposed in the last section, we now wish to find certain feedback matrices K to obtain
uniform exponential stabilization.

We assume that the matrices Ki are of the form

[-c,] ko,>_O, k,,>_O, c,R, l<_i<_N(3.1) K c kl
It is readily seen that property (2.8) is satisfied, so Theorem 2.1 is applicable.

The next theorem is the main theorem which gives a set of sufficient conditions
on the parameters to ensure uniform exponential stabilizability.

THEOREM 3.1. Assume that the 2N x 2N matrix K satisfies (2.29) where the sub-
matrices Ki satisfy (3.1). Also assume that

(3.2) mi -< m+l, Eili Ei+lli+l for l <- <= N-1.
Let the initial conditions Yo and Y in (1.2) be given in V x H. Furthermore, assume that
either of the following occurs:

Case 1.

koN>0, kN_-->0, c=0,
(3.3)

ko ->- 0, ki 0, ci 0,

(ii) Case 2.

I__<i__<N-1;

kov>0, ku>0, cuR (arbitrary),
(3.4)

koi -> 0, k 0, ci 0, 1 _-< <_- N- 1.

Then there exist I > O, to > 0 such that for all (Yo, Yl) V x H, the energy of the system
(2.28) decays uniformly exponentially:

1/2 [m,l:9(t)12+E,I, ID2y(t)l2] dx<__le-’’
i=1

Ix’1/2
i=1 l-

oo e proof necessitates the construction of a Lyapunov functional and uses
energy multipliers (see [1], [4] for similar techniques applied to the wave equation).

Let the Lyapunov functional be

o(t) o(t, y(t), )(t)),
where (y,)) is the solution in 2 with initial condition (Yo, Yl) D(s), satisfying

(y, ) C([0, T]; D()) C([0, T]; V x H) for any T> 0.

We wish to show that

(3.5) there exists T’ > 0 such that for >= T’, (do (t)/dr) <- O.

We proceed stepwise as follows.
(i) Defining and utilizing the functional o(t).
On each interval J= [x_, x], 1 =< =< N, we let

[. [m, ly,(x, t)12+ E,I, lD2y(x, /)12] dxoi( t) (1- e)t
(3.6)

| 2mxf,(x, t)Dy(x, t) dx with 0< e < 1,+
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and define

N

(3.7) o(t) Y o,(t).
i=1

If (3.5) can be justified, then there exists some constant c(T’)> 0, such that

(3.8) o(t) <- o(T’) <-_ c(r’)E(y(O), .(0)),

where E is the elastic energy norm

llot"E(y(t), y,(t))--- [M(x)lY,(x, t)l=+(EI)(x)lDy(x, t)l] dx

and

N

(EI)(x) Y. E,I,,D, (x).
i=1

It is easy to show that there exists c > 0 such that (for T’ sufficiently large and => T’)

(3.9) 2x(x, t)Dy(x,

Thus from (3.6)-(3.9) we deduce that

(3.10) [(1-e)t-c]E(y(t),(t))c(T’)E(y(O),(O)), t T’,

and consequently, for some (T) > 0,

(3.11) E(y(t),p(t))e(T)E(y(O),(O)), te T=max T’,
1-e

e energy E is bounded on [0, T] and the inequality extends to initial conditions
(Yo, Y) V x H, yielding

E(y(t) dt<.
(1-e)t-c

A theorem in [7, p. 121] applies, and we conclude that there exist 1, > 0, such that

(3.12) E(y(t), (t)) e-E(yo, Yl).

This proves uniform exponential stabilizability of the system.
(ii) Computation of (d/dt)o,(t). We want to show that

(3.13)

with

(3.14)

and

(3.15)

d
--oi(t) + | DQi(x, t)dx-I, | Ri(x, t)dx O,
dt

Q,(x, t) 2E,Ii(1 e)t(.fD3y DD2y) m,xlp]
+ E,Ii[2xDyD3y 2DyD2y xlDy]]

R,(x, t) ell2 + E,I(2 + e)lDyl.
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Differentiating oi in (3.6), we get

d-- o,(t)= {(1 e)[m, lPl=+ E,I, ID2y121

+ 2(1 e) t[ m,))+ E,ID2yD2y] + 2m,x[Dy +pD]} dx

=(1-e) f,,[m, lyl2+ E,I, lD2yl2] dx+2 fj, m,fi[(1-e)tfi+xDy] dx

On J/,

mi+ EiliD4y 0

holds, so it can be used to eliminate . Furthermore,

D(D3y.p) D3yDy, + D4y,
D(D2yD D3yD+ D2yD2y,
D2yD2y- D4y.p D(D2yD- D3y);

thus

(3.16)

Also

(3.17)

and

(3.18)

d- o,(t) (1 e) [m, lPl= + E,I, iO-yl3 dx 2E,IxD4yDy dx

+ 2(1 -e)tEiI, Ij O[O2yO O3y.p] dx + Ij, mixO()2 dx.

xD(.)2= D(xll) -i1

D[2x(D3yDy -1/2lDyl) 2D2yDy] 2xD’yDy 3lDyl.
The substitution of (3.17) and (3.18) in (3.16) yields (3.13)-(3.15).

(iii) Verification of inequality (3.5). In view of (3.13), the critical property (3.5)
will be verified if we can show that

(3.19)
E [Q,(x,, t)-Q,(x,_l, t)]+ Ri(x, t) dx
i=1

d v d
E i(t)=--(t) >=0, t>= T’.

dt i=1

Since all feedback laws are local we need only verify that

S,(t)+ f,R,(x,t)dx>-_O, l<-i<-N,

(3.20)
So(t)>-O,

where

So(t)=--Ql(O,t),
Si( t) =-- Qi(xi, t)- Qi+(xi, t),
Sv( t) Qrc(xN, t),

(3.21) l<_i.<__N-1.
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We first deal with the term R"
R,(x, t) e[m, lPl= + E,I,.ID-y[Z].

To deal with the Q’s we use the decomposition

Q,l(x, t)= 2(1 e)tE,I[Day DD2y],

Q,dx, t)=--m,x[p[,
(3.22) Q,a(x, t)=- 2E,I,xDyD3y,

Q,,(x, t)=--2,,I,DyDy,

Q,(x, t)=-

thus

(3.23) Q,(x, t)= E Q(x, t).
j=l

Next, for 0 -< -< N and 1 -<j -< 5 we define

(3.24)

and let

Sj(t) =- Qj(x,, t) Q,+l.(x,, t), 1 _-< _-< N- 1,

So(t) -= -Q(0, t), S(t) Qcj(xN, t), 0 or N,

(3.25) S,(t) -= E S0(t), 0 -< -< N,
j=l

For each we compute St(t). When i=0, at the left end,

(3.26) So(t) =0.

For N, at the right end,

Sv(t) ErvlN[2(1 e)tf+ 2xvDy]D3y ErIv[2(1 e)tDf+ 2Dy]D2y

m,cx,l)l=- ENIlvXvlO2y}2

[2( 1 e) t) + 2xcDy][ko) cDy, + 2(1 e tD) + 2Dy][c) + kD)

XN

2(1 e)t[koclpl + klOPl] + Dy[2xv(kovf- cDy,)+2(c+ kivO.f,)]

XN

For any 3 > 0,

1
12Ioyl , <- lOyl +1,

Also, for any

(a +/)2_<- 2(aa + 1=).
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Therefore

SN(t) _-> 2( 1 e )t[koNI 2+ kl IDOl]

2]Dy]2+l(2xko +2C)p +(-2xc +2k,)Dpl

x
EI

2

2x
-Ecl +klDl- mxlyl2- 2IDyl2.

e last term can be absorbed into Rdx for small 8. If either

(3.27a) ko > 0, c 0, kl 0, or

(3.27b) ko > 0, c 0, k> 0

then for large enough, the sum of the remaining terms is nonnegative.
At intermediate nodes, under the assumption that

(3.28) koO, c=0, k=0, mm+l, EIE+I+, liN-1,

we have

il(t) 2(1--E)t{[EiID3y(x, t)-Ei+Ii+D3y(x, t)]

D[EiIiD2y(x,

s,) -m,+ m,+)x,lx,, t)l: 0,

3(t) 2xDy(x, t)[ID3y(x, t) Ei+Ii+D3y(x, t)]

2x,Oy(x,, t),p(x,,

S4(t) 2Dy(x, t)[-EID2y(x?, t) + E+I+D2y(x, t)] 0,

5(t)

.),t,,-,+w,+loex,, )1 0.

S3(t) can be absorbed into S(t) and , R dx.
So we have shown that (3.19) is satisfied. is concludes the proof of the

theorem.

An immediate consequence of the uniform exponential stabilizability result above
is the exact controllability result (see [6], [9]).
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Remark 3.2. Condition (3.2) has an interesting physical interpretation: as

Ei+ L+ Ei!i_-<, i= 1,2," N-l,
mi+ mi

the beam is "more flexible" toward the right end.

4. Miscellaneous discussions: Other cases and boundary conditions.
4.1. Change of the conservative left end condition. The proof of Theorem 3.1 was

carried out with the conservative clamped left end condition (2.16). Other types of
conservative left end boundary conditions can be used; they are given below:

(i) y(O, t)= O, 02Y (0, t)=0 (simply supported or pinned left end)
0X2

(ii) 023’ (0, t) O, 03--ZY (0, t) 0 (free left end),
OX2 OX

Oy 03y
(iii) x (0, t) 0,

Ox
(0, t) 0 (shear hinge left end),

Oy
(iv) (O,t)=O,

oy
(v) (o, t) o,

02y
(vi) (0, t) =0,

Ot Ox

Y(o, t)=o,
Ox

OY (0, t)=O,

03---Y (0, t) O.
Ox

For any of the above, very minor modifications of the proof will enable Theorem 3.1
to go through, and the exponential decay result holds.

Note that for the above boundary conditions, the elastic energy functional E no
longer serves as a norm. A new underlying Hilbert space V x H must be formulated
which usually excludes one or two steady states in H2x L2.

4.2. Stabilization at one end for a beam with varying mass density m(x) and flexural
rigidity l(x)E(x). Consider the case of a single beam

(4.1) m(x)OY(x,t) E(x)I(x)OY(x,t) =0, O<x<L, t>O,
Ot2 "’OX2 OX2

which is clamped, simply supported or free at the left end x 0. At the right end x L,
assume dissipative boundary conditions

(4.2)
(Elyxx)x koNYt, koN > 0,

Elyxx kaNYxt, kN >- O.

Under what conditions on m(x) and E(x)I(x) do we have uniform exponential decay

lioL [ )2 (2y)2]m(x)
Oy(x, 0 t)
+E(x)I(x) dx

2 Ot
(4.3)

ax

as in 3 ?
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We return to (3.2). The hypothesis (3.2) seems to signify that the beam (4.1), (4.2)
should be more massive and less rigid toward the right end, i.e.,

(4.4) m(x2) _-> m(xl), E(x2)I(x2)<=E(Xl)I(xl) for Xl, x2[0, L], x2>xl

in order for a proof for (4.3) to go through. A closer look indicates otherwise.
An energy identity for (4.1) can be given as

d-t [(1-e)t(mp2+EIlD2yl2)+mrlpDy] dx

{2( 1 e t[-D(EID2y)y + EID2yD]

+ 1/2mr/2- rlD(EID2y)Dy + EID2y(DrIDy + rlD2y) -1/2EIIDylZ}]

+ {1/2[2(1-e)m-(Dmrl+mD’o)]
o

+ (Eli(1 e) 2Drl + 1/2D(Elrl)) D-y EID2rIDyD2y} dx.

Thus if there exist e > 0, 8 > 0 and a twice ditterentiable function r/(x) on [0, L] such
that

(4.5)

n(0) =0,

2(1 e )m (Dmrl + mDrl < -6 < O,

EI[(1 e)-2Dn]+1/2D(Elrl) < -6 < O,

then (4.3) holds. It is easy to see that when m(x) constant, E(x)I(x)=constant, we
can just choose r/(x) 2x.

Generally, (4.4) is neither necessary nor sufficient for (4.5) to hold.

4.3. Stabilization at an intermediate node. Consider the following situation: two
beams are connected at x by a co-located sensor-stabilizer of the rigid support and
angle guide type as in Fig. 2.

y(x-f, t)= y(x-, t),

(4.6)
ko>O,

-[EII Ox202y (x-, t) E212 Ox202y (x, t)] kl
a2y

’(X,,t),ax at

0 Xo Xl

FIG. 2

x2 L
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At the left end Xo and the fight end x2, we assume conservative boundary conditions--
clamped, hinged, free, etc. Can stabilizing conditions (4.6) lead to a uniformexponential
decay result?

This problem seems to have significant application interest as structural engineers
often design stabilizers in the middle of the span.

Preliminary results seem to suggest that exponential decay of energy does not
hold in general. This problem is still open and requires a careful investigation.

5. Numerical simulation. We consider a single beam with feedback control at the
end point.

The chosen beam is characterized by the following figures (MKSA units):

y m(mass density) 3.58 kg/m, L=44m, EI=223.20kgxm3/s2

(5.1)
(m meter, s sec, kg kilogram).

It corresponds to beams encountered in the simulation of large flexible space structures.
In our model N 1 and the matrix K1 is chosen of the form

(5. : 0, ;0.

The beam equation was approximated by the finite element method. The spatial
domain [0, L] was divided into nine equal intervals. The approximating function was
globally C and its restriction to each interval was a cubic polynomial. There are 4
boundary conditions: the two (clamped) conditions at left end are essential conditions
and the two (dissipative) conditions at right end are natural conditions. Thus there
are a total of (2.9+2)-2= 18 elements with 2x 18=36 degrees of freedom.

We let the approximate solution be

18

yh(x, t) , a,(t)@,(x),
i=1

where {Oi(x)ll -<_ -<_ 18} is the global finite element basis just mentioned. We use (2.28)"

(mh + Ayh + C*KCfh, j)v,v =0
This yields a matrix equation

(5.3)

where

M2+ MII + Moq O,

for 1 -<_j <= 18.

a(t) 1q=q(t)=
ala(t)

and Mo, M, M2 are 18 x 18 matrices with entries

Mo [m/]18x18,
M1-- [m]18x18,
M2 [m,],sx18,

All three matrices are symmetric and nonnegative. Mo and M2 are strictly positive
definite.
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To compute eigenfrequencies, let

q(t) etqo, qo a constant 18-vector,

and substitute it in (5.3). We get

(A2M2+ AM14- Mo)qo O.

Thus the following eigenvalue problem is obtained"

The 36 x 36 matrix has 36 eigvalues. We have computed them and provided some
graphs here. Due to numerical tncation, the reader should only pay attention to
eigenvalues near the real axis. e ones far away from that axis are spurious. In order
to make cmparisns, the eigenvalues were als cmputed from the transcendental
equation (by separation ofvariables) using Newton’s method (cf. Fig. 7, to be compared
with Fig. 6).

ree patterns of spectrum seem to appear, as shown below (Fig. 3):
Case 1. e bounda conditions are

EI (L,t)=a(L,t), a>O,

02y
-EI(L, t)=O.

S Fig. 4. As a is incrased, the spectrum seems to move uniformly to the left.
Case 2. e bounda conditions are

Oy

(L t),

See Fig. 5. As becomes larger, the spectrum seems to bend toward the negative real
axis.

Im A ImA

Re A

Case I. (fl =0) Case II. (a =0) Case iii.

FIG. 3. Locus of the spectrum of the finite element approximation to the spectrum.

Im A

Re A
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0.500 / 0.0

Eigenfrequencies

Re Im Re Im
-.6503D-02 -.1316D-01 19 -.5987D-02 -4.082

2 -.6503D-02 .1316D-01 20 -.5987D-02 4.082
3 -.6295D-02 -.8992D-01 21 -.7481D-02 -5.041
4 -.6295D-02 .8992D-01 22 -.7481D-02 5.041
5 -.6332D-.02 -.2540 23 -.7895D-02 -6.235
6 -.6332D-02 .2540 24 -.7895D-02 6.235
7 -.6368D-02 -.4989 25 -.8107D-02 -7.673
8 -.6368D-02 .4989 26 -.8107D-02 7.673
9 -.6427D-02 -.8270 27 -.8178D-02 -9.393
10 -.6427D-02 .8270 28 -.8178D-02 9.393
11 -.6519D-02 -1.241 29 -.8002D-02 -11.42
12 -.6519D-02 1.241 30 -.8002D-02 11.42
13 -.6633D-02 -1.744 31 -.7078D-02 -13.68
14 -.6633D-02 1.744 32 -.7078D-02 13.68
15 -.6668D-02 -2.339 33 -.3944D-02 -15.78
16 -.6668D-02 2.339 34 -.3944D-02 15.78
17 -.5508D-02 -2.994 35 -.8391D-01 -20.00
18 -.5508D-02 2.994 36 -.8391D-01 20.00

FIG. 4.*: These eigenvalues accompanied with asterisks are spurious in the sense that they distort the real
spectral pattern of the damped operator, because by Theorem 3.1, the eigenvalues are uniformly bounded away
from the imaginary axis thus they should not bend backward toward the imaginary axis. These are some of the
artificial features and difficulties created by finite element discretizations. See also subsequent figures (except
Fig. 7). In Figs. 4, 5 and 6, the first of the computed eigenvalues have good accuracy. As a general rule, the
accuracy of computed eigenvalues decreases as their moduli increase.

**: These eigenvalues accumulate the largest numerical errors.

Case 3. The boundary conditions are

El (L, t) a- (L, t),

-EI
02y

(L, t)=
O-y

Ox--’ OX t (L, t),

a>O,

fl>O.

See Fig. 6.
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, 0.o / 0.500

Eigenfrequencies

Re Im Re Im
-.6214D-05 -.1450D-01 19 -.3330D-02 -4.083

2 -.6214D-05 .1450D-01 20 -.3330D-02 4.083
3 -.7497D-04 -.9088D-01 21 -.5428D-02 -5.041
4 -.7497D-04 .9088D-01 22 -.5428D-02 5.041
5 -.2023D-03 -.2546 23 -.7626D-02 -6.236
6 -.2023D-03 .2546 24 -.7626D-02 6.236
7 -.3989D-03 -.4993 25 -.1049D-01 -7.673
8 -.3989D-03 .4993 26 -.1049D-01 7.673
9 -.6660D-03 -.8274 27 -.1411D-01 -9.393
10 -.6660D-03 .8274 28 -.1411D-01 9.393
11 -.1013D-02 -1.241 29 -.1808D-01 -11.42
12 -.1013D-02 1.241 30 -.1808D-01 11.42
13 -.1454D-02 -1.744 31 -.2016D-01 -13.68
14 -.1454D-02 1.744 32 -.2016D-01 13.68
15 -.1982D-02 -2.339 33 -.1325D-01 -15.78
16 -.1982D-02 2.339 34 -.1325D-01 15.78
17 -.2138D-02 -2.994 35 -.3576 -19.99
18 -.2138D-02 2.994 36 -.3575 19.99

FIo. 5

Note that in Figs. 6, 7 and 8, structural damping pattern seems to appear [2]. For
computation of spectra of other types of dissipative conditions, see [3].

Note added in proof.
(1) Several researchers have recently studied the asymptotics of eigenfrequencies

of a single beam satisfying dissipative boundary conditions as those mentioned in
Cases 1-3 in 5 of this paper:

[A1] G. CHEN, S. G. KRANTZ, D. W. MA, C. E. WAYNE and H. H. WEST, The Euler-Bernoulli beam
equations with boundary energy dissipation, in Operator Methods for Optimal Control Problems, S.
J. Lee, ed., Lecture Notes in Pure and Applied Mathematics Series, Marcel Dekker, New York,
to appear.
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0.500 /3 0.500

Eigenfrequencies

Re Im Re Im
-.6511D-02 -.1316D-01 19 -.9318D-02 -4.083

2 -.6511D-02 .1316D-01 20 -.9318D-02 4.083
3 -.6372D-02 -.8991D-01 21 -.1291D-01 -5.041
4 -.6372D-02 .8991D-01 22 -.1291D-01 5.041
5 -.6536D-02 -.2540 23 -.1553D-01 -6.236
6 -.6536D-02 .2540 24 -.1553D-01 6.236
7 -.6769D-02 -.4989 25 -.1860D-01 -7.673
8 -.6769D-02 .4989 26 -.1860D-01 7.673
9 -.7095D-02 -.8270 27 -.2229D-01 -9.393
10 -.7095D-02 .8270 28 -.2229D-01 9.393
11 -.7535D-02 -1.241 29 -.2609D-01 -11.42
12 -.7535D-02 1.241 30 -.2609D-01 11.42
13 -.8090D-02 -1.744 31 -.2724D-01 -13.68
14 -.8090D-02 1.744 32 -.2724D-01 13.68
15 -.8652D-02 -2.339 33 -.1718D-01 -15.79
16 -.8652D-02 2.339 34 -.1718D-01 15.79
17 -.7648D-02 -2.994 35 -.4413 -19.99
18 -.7648D-02 2.994 36 -.4413 19.99

FtG. 6

[A2] P. RIDEAU, Controle d’un assemblage de poutresflexibles par des capteurs.actionneurs ponctuels: dtude
du spectre du syst.me. Thse, L’Eeole Nationale Superieure des Mines de Paris, Sophia-Antipolis,
France, November, 1985.

[A3] D. L. RUSSELL, On Mathematical models for the elastic beam with frequency.proportional damping, to
appear.

See these references for details.
(2) The energy multiplier method in this paper does not work for several other

types of dissipative boundary conditions. A recent theorem of Professor F. L. Huang
of Sichuan University, Chengdu, Sichuan, China enables one to establish uniform
exponential decay by estimating the resolvent operator on the imaginary axis. cf. [A1 ]
as mentioned above.

(3) Mechanical designs and realizations of dissipative boundary conditions
studied in this paper have also been given in [A1 ]. The designs and analysis for several
types of dissipative joints will appear in another forthcoming paper.
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--810-3

X

_7x10-3 .
X

Im

1.6

1.2

0.8

0.4

-0.4

-0.8

-1.2

-1.6

-6x 10-3

-0.0065 +/- 0.013
-0.0064 +/- 0.0899
-0.0065 +/- 0.2538i
-0.0068 +/- 0.4982i
-0.0069 +/- 0.8240i
-0.0072 +/- 1.231
-0.0074 +/- 1.726L

FIG. 7. The above are the first 14 eigenvalues obtained directly from the transcendental equation by
Newton’s methodfor the sample example as in Fig. 6, i.e., a =/ 0.5. The reader can compare them with the

first 14 eigenvalues obtained from the finite element method and find that they are very consistent with each
other. Note in the graph that except for the six eigenvalues on the right, the spectral pattern appears the same
as in Case III, Fig. 3.
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OUTPUT TRACKING FOR NONLINEAR SYSTEMS WITH
SINGULAR POINTS*

R. HIRSCHORNf AND J. DAVIS"

Abstract. Some of the well-known linear results on output tracking have been generalized to include
nonlinear control systems by removing from the state space a codimension one submanifold of "singular
points." These points do not exist in the linear case, but in nonlinear tracking applications the system
trajectory can begin at or pass through "singular points." The purpose of this paper is to study nonlinear
output tracking with singular points.

Key words, nonlinear systems, output tracking, singularities

AMS(MOS) subject classification. 93B05

1. Introduction. In the output tracking problem one tries to control a system so
that its output follows or tracks some desired path. For linear systems this problem
was first considered by Brockett and Mesarovi6 [1] in 1965. They used an inverse
system to generate the required control. Since then a number of approaches to the
linear output tracking problem have been explored (cf. [2]-[4]).

For nonlinear control systems the output tracking problem is more difficult but a
number of the well-known linear results have been generalized to the nonlinear case
(cf. [5]-[9]). To a large extent this has been possible because the methods used by
Silverman [3] in the linear case can be generalized provided one removes from the
state space a codimension one submanifold of "singular points" which do not exist
in the linear case. When the state of the system approaches a singular point the theory
breaks down because the control effort typically becomes unbounded. For rigid manipu-
lators the current theory works well [10], but is inadequate when trying to control
flexible manipulators. This is partly due to the existence of "singular points" in the
state trajectory for the natural tracking problems. The purpose of this paper is to study
output tracking with "singular points." In 2 singular points in the output tracking
problem are introduced. In 3 the main results, Theorem 3.1 and Theorem 3.2 are
proved and the use of these results illustrated.

2. Singular points for output tracking. Consider the single-input affine nonlinear
system model

:(t)=f(x(t))+u(t)g(x(t)), x(O)=xoM,
(2.1)

y(t)=h(x(t))

where M is a connected C manifold, f and g are C (smooth) vector fields on M,
h is a C (smooth) function on M, and the controls u:[0, oo)- R are continuous
functions. For each control u let x(t, u, Xo) denote the corresponding solution to the
state differential equation (2.1) and let y(t, u, Xo) denote the corresponding output.
The reachable set from Xo for the system model (2.1) is (Xo)={x(t, U, Xo)lt>-O, u
admissible}. The system is assumed to have the accessibility property (i.e., (Xo) has
a nonempty interior in M). If this is not the case, one simply replaces M by the
appropriate submanifold (cf. 1], 12]).

The output tracking problem is the identification of functions yd(t) which can
appear as outputs for the system (2.1), i.e., ya(. )= y(., U, Xo) for some admissible

* Received by the editors October 7, 1985, and in revised form January 3, 1986.
f Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario, Canada K7L 3N6.
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control u, and the construction of a control Ud for which Ya (’) Y(’, u,, Xo). To avoid
keeping track of degrees of differentiability, Yd is assumed to be infinity differentiable
(i.e., C or smooth).

The basic idea in both linear and nonlinear tracking is to solve for the control,
Ud, as a function of the desired output, Yd, and the state, x, of the system. The following
example shows how this approach can break down when "singular points" are present.

Example 2.1. Consider the nonlinear system model with state equation

(2.2)
Jl(t) u(f), Xl(0 1,

X l(t), x,_(0) 0,

and with output y(t) x_(t). Here p(t) (t) x2(t) and j;(t) 2x(t)u(t) so that
u(t) can be expressed as a function of y and the states. Also y(0)= 0 and y’(0)= 1 so
that a necessary condition for the output of this system to track a desired smooth path
Ya (i.e. Y=Ya) is that ya(0) =0, y(0)= 1. To see that this is sufficient, suppose that
ya(0) =0, y(0)= 1 and set ua(t,x)=y(t)/2xt, a control using state feedback, and
y(t) as a feedforward term. Using this control the output y satisfies y(0)= 0 ya(O),
y’(0)=l=y(0) and y"(t)=2Xl(t)ua(t)=2xl(t)y’(t)/2xl(t)=y’(t) for t>_-0. This
implies that y =- Ya.

In particular for ya(t)= t+t- one has yd(0)=0, y(0)= 1 and therefore ud(t)=
y(t)/2X(t) 1/xt(t) should make y(t) "track" ya(t). Solving (2.2) with u E ua yields
Xl(t) (1 +2t) 1/2 for all t=>0 and y(t)=x2(t)= t+ t2=yd(t) for all t=>0. The resulting
trajectory x(t) is shown in Fig. 1.1.

_(t)

_x(0)

FIG. 1.1

Replacing Ya with ya(t) t- 2, one has ya(O) =0, y(0) 1 as required, and the
control ua(t)=y’(t)/2x(t)=-1/x(t) will cause y to track Ya. In particular, solving
(2.1), one sees that x(t)= (1-2t)/2 for 0 -< t-<_1/2 and y(t)= t-t2= ya(t) for 0<=t < 1/2.
There is a problem, however, when x 0, namely ua -oo as x 0 (or as ). Such
points will be called "singular points" for the tracking problem. On first consideration,
they seem to create a barrier to the state trajectory (see Fig. 1.2).

On the other hand, if ya(t)=t-t2+t3/3 then ya(0)=0, y(0)= 1, and using
ua(t)=-I for all t>-0 in (2.1) yields Xl(t)=l-t for all t>_-0 and y=x2(t)=

2 + t3/3 Ya (t) for all -> 0. Here the state trajectory has no problem passing through
the set of "singular points" (see Fig. 1.3).
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2

()

p _x(O)

FIG.. 1.2

X2

FIG. 1.3

When the state trajectory passes through a singular point, extra restrictions are
placed on the class of outputs that the system can track. To gain a better understanding
of output tracking in the neighborhood of these "singular points" one should study
(2.1), where the initial state is a singular point--for example, Xo (0, 1). Before doing
this a precise definition for singular points will be given.

DEFINITION 2.1. The relative order a of the nonlinear system (2.1) is the least
nonnegative integer k such that gfk-1 h 0 on M or a oc if gfkh -- 0 for all k >- 0.

If a- the input-output corresponding to system (2.1) is essential trivial; that
is, varying the control has little effect on the output. In particular, Theorem 3.1 of [5]
asserts that when M, f, g, h are real analytic a- ec implies that y(t, u, Xo)- y(t, 0, Xo)
for all Xo M and for all real analytic controls u.

If a < oc then gf,-lh 0 on M and

(2.3)

y(t)=h(x(t))

y(’)(t) =fh(x(t))

y(.-1)(t) f"-’ h(x( t))

y(’)( t) f"h(x( t)) + u( t)gf"-lh(x( t)).
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Thus a necessary condition for the system to track Yd is that yd(0)= h(x0), yl)(0)=
fh(xo), ", y-l(0) =f-ih(xo). If gf-i h(xo) 0 then this is sufficient. One can use

ud(t, X)=Y)(t)-f-lh(x)gf-’h(x)

and show y)(t, Ud, XO)= y’(t) for in some nbhd of 0, and hence that y(t, Ud, Xo)=
yd(t) in view of the initial condition requirements.

In the event that gf-lh(xo) 0, higher derivatives of Ya play a role in determining
if Yd can be tracked by the system output.

DEFINITION 2.2. A state Xo is called a singular point for output tracking if
gf-lh(xo) =0.

Remark 2.1. The input-output behavior of a system with singular initial state Xo
can be quite ditterent from that of a linear system or a nonlinear system with a
nonsingular initial state. At a nonsingular initial state the input-output map is injective
and so an inverse system exists. In particular, suppose that y is the output to the system
(2.1) which results from a control u, and the input to the inverse system is set equal
to y). Then the output of the inverse system will be u (cf. [5]). Thus if y), the ath
derivative of a desired Coo output, is used as an input then the inverse system will
generate a unique Coo function ud which can be used for forcing the system (2.1) to
track Yd. Thus a desired Coo output is always generated by a unique C input. At a
singular initial state Xo one can have a noninvertible input output map (e.g., Example
2.1 and Remark 3.1) and Coo outputs which are generated by inputs which are
continuous but not differentiable (e.g., Example 3.5).

To facilitate the computation of higher derivatives of y, set a(x)=f"h(x) and
b(x) gf-lh(x), so that a, be Coo(M), the ring of smooth real valued functions on
M. Then

and

y")( t) a(x( t)) + u( t)b(x( t))

d d l)(t)b(x(t)).y(+l)(t) -a(x( t)) + u( t)-- b(x( t)) + u

As before,

d
d- a(x(t)) =fa(x(t)) + uga(x(t)) If+ u(t)g]a(x(t))

where

and

If+ u( t)g]a(x(t)) (da)x,(f(x(t)) + u(t)g(x(t))),

d2

dt2a(x(t)) If+ u(t)g]2a(x(t))+ ft(t)ga(x(t))

f2a(x(t)) + u( t)(gfa(x(t)) +fga(x(t)))+ u2( t)g2a(x(t))

+ f( t)ga(x( t))

(O(da )) Oda ))-x -d (x(t)) (f(x(t))+u(t)g(x(t)))+\u\-(x(t)) ft(t).
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This leads to the following definitions" for rl,"" ", rk R set

ao(x)&a(x)

(2.4)

al(x, rl) & (xao(x))(f(x)+ rlg(x))

a2(x, r,, r2) a (x ) (0a(x, rl) (f(x)+ rlg(x))+ --a(x, r,) r2

ak(x, rl, rk) a(x ) (01)"’’, ak-1 (f(x)+rlg(x))+ ak-1 r2+’’’-F
Ork-1 ak-1)rk.

Note that for x fixed ak(X, rl,’" ", rk) is a polynomial in r,..., rk of degree -< k. It
follows that for x(t)= x(t, u, Xo) one has

d k

dt----a(x(t))= ak(x(t), u(t), ul)(t), u<k-)(t)), and

d k

dt---b(x(t))= bk(X(t), u(t), u<l)(t), u<k-)(t))

where bk(X, r,. ., rk) is defined as above with bo(x) b(x) (i.e., using the recursion
formula (2.4)).

It turns out that the number of further restrictions placed on Yd at a singular point
Xo (i.e. b(xo)=0) depends on how many derivatives of b(x(t)) must be taken before
(dk/dtk)b(x(t))l,=o#O. We formalize this in the following definition.

DEFINITION 2.3. The degree of singularity of a state Xo M, fl(Xo), is the least
nonnegative integer k such that the polynomial (rl,. "’, rk) bk(Xo, rl," ", rk) is not
the zero polynomial, or fl(Xo) -oo if bk(Xo, rl," ", rk) --0 for all rl," , rk R and for
all k _-> 0.

Remark 2.2. When k </3 (Xo) it follows that bk(Xo, rl," rk) -0 for all ri R. For
k fl(Xo) there exists s,..., Sxo)such that bx)(Xo, s,..., so)) 0. This means
that any sufficiently differentiable control u such that u<k)(o) Sk+ for 0-< k -</3 (Xo)- 1
has the property that (dk/dtk)b(x(t, u, Xo))lt=o bk(Xo, Sl,’" ", Sk) =0 for k < fl(Xo)
and (dO<Xo)/dta<Xo))b(x(t, u, Xo))lt=o bo<xo)(Xo, Sl, ", soxo)) O. In particular, if Xo
is a singular point the trajectory x(t, u, Xo) leaves the set of singular points
{xMlb(x)-O}.

Remark 2.3. If Xo is not a singular point then bo(xo) 0 and the degree of singularity
of Xo is zero.

Example 2.1 (continued). Consider the system described by (2.2). Here f(xl, x2)
(0, x), g(x, x) (1, 0), h(x, x) x:, fh(x) dhxf(X) x2,

gh(x) dhxg(X) [0 1]
0

and

gfh(x) d (fh ))xg(x) [2Xl 0][] =2xa0 onM=R2.
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Thus the relative order of this system is a 2. With the initial condition Xo (1, 0)
considered previously, gfh(xo) 2 # 0 so that the degree of singularity of Xo is fl(Xo) 0
and Xo is not a singular point, and the existing theory on tracking applies. If the system
has the initial state Xo (0, 1) then gfh(o)--0 so that o is a singular point. Here

yt’)(t) y2)(t) a(x( t)) + u( t)b(x( t)) f2h(x) + ugfh(x)

0+ u(2xl)

so that b(x)= 2Xl. Using (2.3)

bo(x)=b(x)=2x,

b(x, r) (xbo(x))rlg(x) [2

and at o the polynomial r b(o, r) 2r is not the zero polynomial while bo(o)
2(0) 0. This means that the degree of singularity of o is/3(o) 1. Note that at o
the input output map is not one-to-one as u(t) and -u(t) produce the same output.

For a system with finite relative order (i.e., a nontrivial input-output map) the set
of singular points S {xlb(x)= 0} is basically a codimension one submanifold of M.
If the system has the accessibility property and if Xo is a singular point (i.e., b(xo) O)
then most controls fi will steer the system out S. For such a control b(x(t, u, Xo)) 0
and one would expect that, for some k, (dk/dtk)b(x(t, U, Xo))lt=oO. From Remark
2.2 this implies fl(Xo)< oo. Also for nonsingular points 13(Xo)= 0. Thus one expects
that fl(Xo) < oo for all x s M iff the system is nontrivial (i.e., a < oo). For real analytic
systems this is easy to prove.

THEOREM 2.1. Consider the nonlinear system (2.1) where f, g, h and M are real
analytic. Then a < oo if and only if }8 (Xo) < oo for all Xo M.

Proof. Suppose that/3(Xo) < oo for all Xo M. Then a < oo by definition. Suppose
that a < o but/3 (Xo) oo for some Xo M. Then Xo must be a singular point and thus
the real analytic function x b(x)= gf-h(x) vanishes at xo. Now b0 as c <oo
and by real analyticity the set {x MIb(x) O} must be an open dense subset of M.
Since (2.1) has the accessibility property the reachable set from Xo has a open interior
in M and thus there exists a real analytic control Uo(t) such that b(x(t, Uo, Xo)) O. If
bk(x(t, Uo, Xo)l,-_o=O for all k=>0 (i.e., /3(Xo)=OO) then the Taylor series for
b(x(t, Uo, Xo)) is 0 and hence b(x(t, Uo, Xo))-0, a contradiction. Thus fl(Xo)< oo and
the proof is complete.

3. Output tracking at a singular point. Suppose that y( t) y(x( t, u, Xo)) is the
output of system (2.1) corresponding to the input u. If a < az then from (2.3)

y<k)(t)=fkh(x(t)) for0<-- k< a,

and a necessary condition for tracking a path Ya(t) is that

ydk)(o) =fkh(Xo) for 0 _--< k < a.

It is well known that this is sufficient when Xo is not a singular point (c.f. [5], [6]) but
this is not the case when Xo is a singular point. For example, the system described by
(2.2) with Xo (0, 1), a singular point, and ya(t)= 1- 2 satisfies the above necessary
condition but can never be tracked since y(t)-> 0 for all and y2)(0)= 0 for all u.

The additional requirements placed on Ya when Xo is a singular point are easily
described. For each Xo M (2.4) defines inductively a sequence of polynomials

{ak(Xo, r, rk)} with ao(Xo) a(xo) fh(xo),
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and

(bk(Xo, rl, rk)) with bo(xo)= b(xo)= gf-lh(xo).

For/3 > 0 consider the mapping
a,eFxo "(rl,’’’, re)(ao(Xo), a(xo, rl),’’’, ae_l(xo, rl, re_), ae(Xo, rl,. ., re)

+ r|be(xo, r,..., re)
of Re into Re+|.

THEOREM 3.1. Consider the nonlinear system (2.1) with fl fl(Xo) <. A necessary
conditionforYd C(R to be tracked by the output (using an input which is (fl 1)-times
differentiable at O) is that

y<dk)(o) fkh(Xo) for 0 <- k < a

and (yf)(0), ya+l(0), ,yf+e(0))Range Fxo iffl>O.
Proof If fl(Xo)= 0 the proof is immediate. If fl(Xo)> 0 then as in 2

y(t) a(x( t)) + u( t)b(x( t))

where

a(x)=fh(x) and b(x) gf-lh(x),

y<+l)(t)=---a(x(t))+u(t)-b(x(t))+ -u(t) b(x(t))

al(x(t)) + u( t)b)(x(t)) + ul(t)b(x(t))
y+E(t) a2(x( t)) + u( t)b2(x( t)) + 2u)( t)bl(x( t)) + u2( t)b(x( t))

y+k( t) ak(x( t)) + U( t)bk)(x( t)) + kul( t)bk-l(x( t)) +’’" + uk(t)b(x( t))

for k->_ 0. Using (2.5) to evaluate ak(x(t)), bk)(x(t)) and the fact that bk(x(O))=0
for k < (Xo), one sees that

This says that

y(O)=ao(Xo)
y"+l(o) al(xo, u(O))

y(/O(o-l(o) aO(o_(x., u(O),..., u(O(o-(O))
y(/O(o(O) ao((xo, u(O),. u((o-(O))

+ u(O)be<xo)(Xo, u(O),’’’, u(e(xo)-l)(0)).

(yf)(0), ., y<+e<xo))(0)) Range Fe<x).

This completes the proof
Theorem 3.1 comes close to identifying those functions Yd that can be tracked by

the output of a nonlinear system, and by slightly reducing the class of functions defined
by Theorem 3.1 a control Ud which generates Yd can be described. In particular, for
Xo fixed, the polynomial

(rl,’’’, re)--> b(xo, rl, re)
is nonzero on an open dense subset of Re, namely Dxo={(rl,...,re)l
be (Xo, r,. re) 0} Let Felo denote the restriction of Fe to De

XO.
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THEOREM 3.2. Consider the nonlinear system (2.1) with fl fl(Xo) < oo. A sufficient
condition for Yd C(R to be tracked by the output is that

ydk)(o) fkh(Xo) for 0 <- k < a,

and
(yf)(0), yf+l(0),..., yf+(0)) Range FIo forfl>O,

where D { R’lba(xo, ) 0} R.
oof Suppose that yd(t) is a C function of that satisfies the hypothesis of

Theorem 3.2. If fl(Xo) 0 then Theorem 3.2 reduces to eorem 3.1 of [5]. If fl(Xo) > 0
set fl(Xo) and choose (rl,""", ra)s Do such that

(3.1) (y)(0), "., y+’)(0))= F;(r, r)
and b,(xo, rl,’", r,) O. Let u,(t) be any smooth control with the propey that
uk)(o) rk+l for Ok fl -1. Set x,(t) x(t, u,, xo) so that (dk/dt)b(x.(t))l=o=O
for0 k < fl and (d/dt)b(x,(t))]t=o b(xo, rl,’", r) O. Now choose e >0 such
that b(x,(s)) 0 for0< ]s] < e. For each such value of s the system (2.1) with to s, Xo
x.(s) and u(t,x)=(y)(t)-a(x))/b(x) has a smooth solution x(t)=x(t, u,x,(s)).
Since b(x.(s)) 0 the initial condition is not a singular point. Thus for > s the output
Y Yd, and initially the control is

li u(t, x(t))= u(s, x(s))= u(s,x,(s))=
y)(s)-a(x*(s))

b(x,(s))
e effo here is to show that this method still works when Xo is singular. By showing
that u(s,x,(s)) has a finite limit as s tends to 0 (i.e., as x,(s) Xo), it follows from
the continuity of solutions of differential equations with respect to parameters that
u(t,x(t)) is continuous on [0, ) when (t)=f(x(t))+u(t,x)g(x(t)) and x(0) =Xo.

To show that limo+ u(s, x,(s)) has a limit, l’H6pital’s rule is used fl times.
By definition limo+ u(s, x,(s)) limo+ (y)(s) a(x,(s))/b(x,(s))). Here
limo+ b(x,(s)) b(xo) bo(xo) =0 as fl > 0 and from equation (3.1) y)(0) is the first
component of F (r,. ., ra). In paicular y)(0) ao(Xo) so that limo+ y)(s)-
a(x,(s)) ao(x,(0))- a(x,(0)) ao(Xo)- ao(Xo). us by l’H6pital’s rule

lim u(s, x,(s)) lim
Y+l)(s)- a<)(x*(s))

o ,o b<’)(x,(s))
(provided the limit on the right exists). The above argument can be repeated. If fl > 1
then b<l)(xo)=0 and from (3.1) y+)(0)= al(xo, rl) and a<l)(x,(0))= al(xo, u,(0))=
al(xo, rl) by definition of al. In this way l’H6pital’s rule can be repeated until we
attempt to calculate

lim u(s, x,(s))
y+’)(0)-a<a)(x,(0))

’* b<)(x,(0))
y+’)(0)- a(xo, r,,..., r)

b, (Xo, r,. , r)
From (3.1) y+a)(0) a,(xo, rl, ", ra)+ rlb,(xo, rl, ", r,) so that
lim,o+ u(s, x,(s))= rl u,(0). In paicular, if one sets

[ rl for O,
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and Xd(t) solves d =f(xd)+ udg(xd) (xd(O)= XO), then ud(t, xd(t)) will be continuous.
In fact, the resulting output y(t) has the property that

y(">= a(xd)+ Ud(t, xd)b(xd)= a(Xd)+
y(d- a(xd)

b(xd)= y(d
b(xd)

so that y =-Yd. This completes the proof.
COROLLARY 3.1. Suppose that Yd e C(R) satisfies the hypothesis of Theorem 3.2

so that

(y(f)(0), y(f+l)(0)," ", y(f+e)(0))= Fxo (rl, r2,’’’, re)

for (r,. ., re) in the open dense subset D of Re. Then the output y of system (2.1)
can be controlled so that y =Yd by using

rl for t=0,
ua(t,x)= y(d")(t)--a(x)

b(x) for > O.

Proof. This follows directly from the proof of Theorem 3.2.
COROLLARY 3.2. Consider the nonlinear system (2.1) with fl fl(Xo) < oe, and

suppose that D Re. Then any Yd C(R) that satisfies the hypothesis of Theorem 3.1
can be tracked.

Proof. When D Re the necessary conditions of Theorem 3.1 and the sufficient
conditions of Theorem 3.2 agree.

Remark 3.1. From Theorem 3.2 one can see that the input-output map for the
system (2.1) at a singular point will not be 1-1 when Fxo Io fails to be injective.

Example 3.1 (Example 2.1 continued). Consider the system described by (2.2)
with Xo=(0,1) so that a=2, fl=fl(Xo)=l. Here a(x)=-O, b(x)=2x, bo(x)=2Xl,
b(x, r) 2rl and ak 0 for all k => 0. Here

ae 12Fx;(r)= l(xo, rl)+rbl(Xo, rl))=(O, 2r21),Fx (rl, re)= (ao(Xo), a

Do= Dlo {r, lbl(XO, r,) 0} {rll2rl 0}-- (-oo, 0) [,J (0, c).

Theorem 3.1 asserts that a necessary condition to track y is that yd(0)= 1, y(0) =0
and (y(0), y’(0))e Range F12:o {0} R. Theorem 3.2 asserts that y can be tracked
if (y(0), y’(O))eRangcF’o:ID,o={O}x(R--{O}). Thus y(t)=l+tz(t)can bc
tracked for all z e C(R) with z(0) 0, and if yd can bc tracked, then Yd (t) 1 + z.(t)
for z C(R) by Theorem 3.1. Notice that in Example 2.1 in 2 the trajectory is at a
singular point at time 1/2 when yd(t) t- 2 and if to- 1/2 then y(to) -2 Range F1’2

Xo

(here Xo X(to) x(1/2)). When ya(t) t- t2+ t3/3, then x(1) is singular and for to 1,
y(to) =0, y’(to)- 2 # 0 as required by Theorem 3.2.

Example 3.2. (This is a nontrivial application of Theorem 3.2). Consider the
system (2.1) with x R3,

f(x) (x1x2, X1, x2e’), g(x) (x, O, 0), h(x) e3.

Since the system is to have the accessibility property, let M=R3-({0, 0}xR)=
{(x, x2, x3) e R31x21 + x2 0}. By direct computation gh O, gfh(x) x e1+ so
that a 2, and y( y(2 f2h(x) + ugfh(x) a(x) + ub(x) where a(x)
(x + x22(x + eX,)) el+ and b(x) x3 ex’/x. Thus the set of singular points are those
Xo with b(xo)= 0, i.e., x2-coordinate zero.
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Let Xo (Xol, 0, X03 be a singular point. To compute fl(Xo), note that

d +xb)(x(t))=-tt(x32 ex. )=3x2 eX+X+x3(+3) ex+x3

3x22xle++x(x + x2u + e) ex+x3 b(x, u)

and thus b(Xo, r)= 0 for all r. Similarly b2(xo, rl, r2)=0, but b3(xo, rl, r2, r3)--
6x1 e"+o 0 since (0, 0, Xo3) M. Thus fl(Xo) 3 for all singular Xo. To find the map
F, F23" R R4 one can compute ao, a, a2 and a at Xo. Here ao(Xo) Xo e’+x3,
al(Xo, rl) 0, a2(Xo, rl, r2) Xgl(1 +3Xol +3 exl) exl+x3, a3(Xo, rl, r2, r3)+ rlb3(xo, rl, r2,

2,3r3)=2xgieXo+Xo3(l+4xoi)rl Thus Fxo(rl r2, ra)=(xolex+x3, O, Xgl(l+3xol+
3 eo)exo,+’o3, 2rl(l+4Xol)xgexl’+xo3) and since ba(xo, r, rE, r3)#0 for all (rl, rE,
r3) R3, Daxo R3 and Corollary 3.2 of Theorem 3.2 says that Yd can be tracked by
this system if

yd(O)=h(xo)=e3,

ydl)(O) =fh(xo)=0,
and

(dE) (0)
y(d3)(0)
y(a4(0) Range F23.

If qo xol e’+x3, q2 Xo2(1 / 3xol / 3 e"1) e+’ then this means y(d2(0) qo, Y(d3(0)
0, y(d4)(0)--q2 and y(ds(0) is free if 1 +4xol 0 and is zero if 1 +4xo1-0. Thus for
Xo (1, 0, -1) Yd can be tracked if

yd(O) e-1, y(d)(0) 0, y(d2)(0) 1, y(d3)(0) 0, y(d4)(0) 4 + 3e.

A control function u which works is given by

ud( t, X)
yd2)( tl a(x)

b(x)

ya2)(t)-(Xl +x22(x + eX,)) eX,+X3
for t>O.

X3 eX+X3

The appropriate limiting initial value is ua(O, Xo)= r, where r solves

yaS)(O)=a3+rb3=2r(l+4xol)X e’+x= 10r or r -yf)(O).
10

Example 3.3. This example illustrates that Ya C(R) does not imply ua C(R)
if Xo is singular. Consider the system

YI 1, a(x) x2,

:z --2U, b(x)=x1,

)3 X2 / X1 U,

y X3

where a=l and b)(x(0))=:= 1 so that /3(Xo)=l for Xo singular (i.e., Xo
(0, Xo2, Xo3)). Here D’o= R2 so Corollary 3.2 of Theorem 3.2 applies.
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If Xo=(O, 1, 1) then Ya can be tracked if ya(O)= 1, and (ydl)(0), yd2)(0)) Range
1,1F,, {(1, --rl)[r1E R} or equivalently, yd(O) 1 and y(dl)(0) 1. This means that

yd( t) 1+ +--
3

can be tracked using

rl
ua(t, u) Y’d(t) a(x)

b(x)

where yd2)(0)=0=--r1. Thus

for to O,

for t>0

0 for t=0,
Ud(t,x)= l+t2--X2 for t> 0.

Xl

In this example the state equations can be solved explicitly to find u as a function of
alone. In fact, solving the state equations with u=ua yields x(t)=t, x2(t)=

-2fl In + 1, x3(t) 1 + + t3/3) y( t) yd( t) as required. Here Yd is smooth, and Ud
is continuous at 0 but not differentiable, since

l+t2-x2(t) l+t2+2t21nt-1
Ud(t) ud(t, Xd(t))= t(1 + 2 In t)

x,(t)

so

lim ud(t)=O=Ud(O, Xo) and
-,.0

Iim Ud)(t) lim (3 + 2 In t) -.
t->O t-O
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ASYMPTOTICALLY OPTIMAL ADAPTIVE CONTROL WITH
CONSISTENT PARAMETER ESTIMATES*

H. F. CHENf AND L. GUOf

Abstract. For the discrete-time linear stochastic systems with unknown coefficients we give an adaptive
control by which both strong consistency of the parameter estimates and asymptotic optimality for the
tracking system are achieved simultaneously. This is done by disturbing the signal that is to be tracked, and
the disturbance consists of a sequence of random vectors with covariance matrices tending to zero. The
main result is essentially based on some criteria for consistogcy of parameter estimate for the system without
monitoring, which are also demonstrated in the paper. The existence of adaptive control is also discussed.

Key words, stochastic system, parameter estimate, strong consistency, adaptive tracking, asymptotic
optimality

AMS(MOS) subject classification. 93C40

1. Introduction. Since /str6m and Wittenmark [1] introduced the self-tuning
regulator, much work has been devoted in recent years to the parameter-adaptive
control and to the related parameter estimation problem. For the adaptive tracking
problem, Goodwin, Ramadge and Caines [15] and Sin and Goodwin [21] have
established the global convergence of the system ond the asymptotic optimality of the
tracking error by use of the stochastic gradient and the modified least squares
algorithms, respectively. On the other hand, for linear stochastic systems without
monitoring there are different conditions guaranteeing the strong consistency of esti-
mates for the unknown system coefficients by invoking various approaches such as the
probabilisitic method (Ljung [18], Moore [20], Solo [22]), the ordinary differential
equation method (Ljung [19], Kushner and Clark [17]) and the combined treatment
(Chen [5], [6], [8]). But the crucial point in these different conditions is almost the
same factmthe persistent excitation condition, which means that for the matrix
Y- i-- io consisting ofthe stochastic regressors 0i the ratio of its maximum to minimum
eigenvalues is bounded. Unfortunately, it does not always take place for the system
with asymptotically optimal adaptive control given in Goodwin, Ramadge and Caines
[15] and Sin and Goodwin [21], as shown in Becker, Kumar and Wei [2].

In order to get the consistent estimate for unknown parameters the adaptive control
law is disturbed by a random noise introduced artificially (see Caines and Lafortune
[3], Chen [7], Chen and Caines [9]). With such a treatment it turns out that the estimate
is strongly consistent but the tracking error differs from its minimal value by an
additional term caused by the random noise added to the adaptive control law.

However, all these facts do not mean that there is no adaptive control law forcing
the long run average of the tracking errors to be minimal and, at the same time, making
the parameter estimate strongly consistent, since the asymptotically optimal adaptive
control law is not unique.

In this paper, we first give an adaptive control by which both strong consistency
of the estimates and optimality for the tracking system are achieved simultaneously.
The main idea is that the asymptotically optimal adaptive control is disturbed by a
random vector sequence with vanishing covariance matrices, in contrast to the work
of Caines and Lafortune [3], Chen and Caines [9] and Chen [7], where the disturbance

* Received by the editors March 27, 1985; accepted for publication (in revised form) March 5, 1986.
"t" Institute of Systems Science, Academia Sinica, Beijing, People’s Republic of China.
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is of constant covariance matrix. As a result the matrix ’i=1 (Oi(Oi mentioned above is
ill-conditioned; hence no persistent excitation-like condition can be applied to guaran-
tee consistancy for estimates. However, recently the authors have obtained some new
results (Chen and Guo 10], 11], 12]), establishing the strong consistency ofparameter
estimates for systems with i= (i( ill-conditioned, and it appears that they are suitable
to the analysis of the case of adaptive control with vanishing disturbances and make
the system asymptotically optimal and the parameter estimates strongly consistent.

2. Statement of the problem. Let (fl, , P) be a probability space with a family
{.} of nondecreasing sub-tr-algebras. Consider the following stochastic control
system:

(2.1) yn+Alyn_l+. .+Apyn_p=BlUn_l+. .+Bqun_q+wn+Clwn_l+ "-lLCrl4In_r

where y,, u, and w, are the m-, l- and m-dimensional output, input and driven noise,
respectively, and p->l, q_>-l, y,=w,=0, u,=0 for n<O. A, Bj, Ck (i=l...p,
j 1 q, k 1 r) are the unknown matrices.

Assume that u and w, are ,-measurable and

(2.2) E(II w. I1 1 ’n--1) <- cor_,
with constants co>O, e[O, 1) and r,_ defined later on by (2.9).

Let z be the shift-back operator and set

(2.3) A(z) I +Az +. + Apz p,
(2.4) B(z) B + B2z +. + Bqzq-l,

(2.5) C(z) I + Cz +" + Cz’,

(2.6) 0= I-A1 A,B,...B,C,... C].

Denote by 0, the nth estimate for 0, and let 0, be given by

(2.7) 0.+1 On + q"-n (y+l- nOn)
r,

with

(2.8) cp, [y,, Y-I,""", Y-p+,, u’,,...

(2.9) r. 1+ I1,11 =, ro= 1.
i=1

The initial values 0o and o are arbitrarily chosen.
Under reasonable conditions Goodwin, Ramadge and Caines [15] proved the

global convergence and asymptotical optimality of the tracking system with u, defined
from

(2.10) 0, o. y,*+,

(2.11) lim
1

< lim
1

IlY, < a.s.
n-oo rl i=1 n-<x3 l i=1

(2.12) lim
1

(Yi-Y*i)(Yi-Y*)" R a.s.
nx3 /’/ i=1
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However,. in this case the estimate 0, may be inconsistent (Becker, ,Kumar and
Wei [2]). It can be easily explained by the following example. Let y,* 0 and 00o> O0.,

Then we have

hence

0..--0, 0.(0./ 0.)= 0"y./=0;
r,,

oo. o_,o,,_ +(o,,-o,,_,)(o,.-o,,_,)

0,0o+ (o,-o,_)(o,-o,_)>-OOo> oo.
i=1

In order to achieve strongly consistent parameter estimates, Caines and Lafortune
[3], Chen [7] and Chen and Caines [9] added a disturbance with covariance matrix

RI> 0 to the reference sequence {y,*}. In this case 0, tends to 0 but the long run
average of the tracking errors differs from its minimum value R by an additional term

RI:

lim
1

(y,_y,i)(y,_y/,) R + R, a.s.
n-+oo n i=1

It is natural to ask: Is it possible to achieve simultaneously both asymptotic
optimality of the adaptive tracking system and the strong consistency of parameter
estimates? To answer this question is the topic of the paper.

3. Main result. We first define adaptive control for the tracking system. Let {ei}
be an m-dimensional i.i.d, sequence which is independent of {w,} with properties
Ee,e f I, E

Without loss of generality we assume ,, cr{w, <= n; e.,j <= n}.
Unlike (2.10) we define adaptive control from the equation

(3.1)

where {y,*} is a bounded deterministic reference sequence and

e,,
’’n >= 2.(3.2) v, 0, v, log’/8 n

(The existence of u, satisfying (3.1) or (2.10) is discussed in Appendix 1.)
The disturbance v, in (3.1) is designed to have a vanishing covariance matrix in

order to make tracking error asymptotically minimal, but for this the system loses the
persistent excitation property which is of crucial importance in the analysis of Caines
and Lafortune [3], Chen [7] and Chen and Caines [9].. To overcome this difficulty is
the main task of the present paper.

We need the following conditions:
(A,) C(z)-1/21 is strictly positive real;
(A2) B, if of full rank and zeros of det B-B(z) lie outside the closed unit disk;
(A3) B-A(z) and B-B(z) are left-coprime and B-Bq is of full rank;
(A4) {w,} is a mutually independent sequence with Ew,=O; sup, Ellw,[[4+ <oo

for some 8 > 0 and

(3.3) lim
1

WiW R > 0 a.s.
n-x /’/
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THEOREM 1o Forsystem (2.,1)-(2,.2) let theparameter estimate be given by (2.7)-(2.9)
and let the control be defined by (3,1) and (3.2).,If conditionsA1-A4 are fulfilled, then
the tracking system is asymptotically ,optimal and the estimate is .strongly consistent, i.e.,
(2,11) and (2,.12) take place and O, O. a.s.

The proofof this theorem is ,given in 5. For this we need some criteria for strong
consistency of parameter estimate for systems without monitoring.

4, Parameter estimation for systems without monitoring. In contrast to . we define
an estimate-free vector t#"
(4,.1) o, =[y,]... Y,-,+1, u, n--q+l, ,Wn’’" Wn-r+l]

and set

(4.2)

(4.3)

Then we have

(4.4)

(4.5) y+a 0 q.+

and

r.

hence

(4.6)

r

with

(4.7) , 0- O,.

Let the matrix (n, i) be recursively defined by

(4.8) (n+ 1, i)=(I-iq’[)dP(n, i),
\ /r

Then from (4.6) it follows that

.cb(i, i) L

(4,9) On+, =*(n+l,O)/o+ dP(n+l,j+l)P3q*O- dP(n+l,j+l)qw)+l,
=o r j.=o r

from which we see that the behavior of (n, 0) is of great importance for consistency
of parameter estimates.

LEMMA 1. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9) if
condition A1 holds, then

(4.10) y’. ""+’"< oo a.s.;
n=0 rn

moreover, if conditions A2 and A4 hold and (2,10) or (3.1) is satisfied, then r, -->c, and

(4.11) E I1,/111 = o.
il i=O n--,
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Proof. In Chen and Caines [9] and Chen [7], (4.10) and (4.11) are proved for
with the constant covariance matrix, but they can be verified by the same argument
used there.

LEMMA 2. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9) if
condition A holds then (n, 0) 0 implies 0 19 a.s. for any initial alue 0o.
For the special case of r =0, the converse assertion is also true, i.e., if 0 _,oo 19 a.s.

for any o then (n, O) ,-.og 0 a.s.

Proof. The first step is to show

(4.12) E
i--o ri

for any vector sequence {p,} with (n, i) and r, related by (2.9) and (4.8), where d
is the dimension of

Then by (2.2) and (4.12) we can prove that the last term of (4.9) goes to zero if
(n, 0).,_, 0. Finally, by (4.10) and (4.12) the second term on the right-hand side of
(4.9) also converges to zero if (n, 0) ,_. 0. This is just a sketch proof for the first
conclusion. For detailed proof we refer to Chen and Guo [ 12]. The second conclusion
can be easily seen from (4.9). 7,1

LEMMA 3. If r. o, lim. r./r._ < oo and there exist quantities No and M
possibly depending on to such that

(4.13) Anax____< M(log r.) /4 a.s. Vn >= No;
min

then P( n, O) O, where A and A rain denote the maximum and minimum eigenvalue

of the matrix .i= tpitp + (1/d)I respectively and d denotes the dimension of
Proof. We only give a sketch of the proof and refer readers interested in details

to Chen and Guo 10], [ 11 ].
The key point is to find a function m(t) such that m(t) ,_. oo and-

l[6P(m(N+ka)’m(N+(k-1)a))[[ -k ’k>l=

for some N, a > 0,/3 > 0 and c > 0. If it has been done, then

k

II(m(N+ ka), 0)11 17 II(m(N+ ia), m(N(i- 1)a))[[. II(m(N), 0)11
i==

1- ; O;
i--1 koo

hence O(n, 0) ----- 0 since []O(j+ 1 J)ll -< 1 for all j.
It appears that the following defined function can serve as the desired one:

m(t)=max[n" t,<--_t],

=2 r(log r)

Remark 1. Lemma 3 is a purely algebraic result, namely, it is true for any vector
sequence {q.}, only if (n, 0), tp. and r. are related by (2.9) and (4.8).
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Remark 2. There exists an example (see Chen and Guo [ 13]) showing that Lemma
3 is no longer true if condition (4.13) is replaced by a more general one:

A -< M(log r, a > 0.

This means that, in order for the estimate given by (2.7) to be consistent, the condition
number of i= pip +(1/d)I is allowed to diverge at a rate of (log rn) /4, but not
faster than (log

LEMMA 4. Let {p}, {o2..} and {,.} be the vector sequence satisfying conditions
p . P2. + and

(4.14)
n=0 rln

Then (n, O) 0 if and only if 2(n, 0) .,. 0, where by definition

p(n + l, O)=(I-Vv)cp(n, O),
tin

,,(o,o)=4

Proof. Without loss of generality we assume that II  ll 1.
Suppose (n, O) ,_, O; then from the following chain of equalities"

det(n+l,0)=det lI P(i+l,i)= det I------
i=0 i==0

rI r,,_,
(1 -I111

1
(1 I1  11

i’1 rli rln

we see that rln
By (4.14) and the Kronecker lemma we have

(4.15)
rln rln

and by (4.14)

(4.16) X ,,,,2< oo.
tl’-O r2n

We immediately verify that

2(n+ 1, O) ,(n + 1, 0)+ 2 l(n+ 1,j+ 1) ) 2(A O)
j=o rj

+ L (n+ 1,j+ 1) 2(j, o)
=o r2

j=0 "lj V rlj v r2j/

By using (4.12) and (4.14)-(4.16) it is not dicult to conclude that (n, 0) . 0implies
2(n, 0) .. 0. e converse implication is proved in a similar way.
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THEOREM 2. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9)
if condition A holds and if r. ---",

lim rn/r,_,< and A,,x/Aain_-<M(log rn)/4 Vn>-_N

0 0 0 0n OnAmax/A min r, for all n(or r, ,_.g 3, limn_ r/r,_ < and < M(log 0 1/4 >- N) with N
and M possibly depending on to, then

On > 0 a.s.

for any initial value, where A O,max, / min denote the maximum and minimum eigenvalue of
y=,o o+ (1/ d) I, respectively,, and r, 1 +Ei-I

= with ,. defined by (4.1).
oo Since (4,4), (410) and Lemma 4 can be applied with ,,, .= and, , hence (n, 0) > 0 if and only if 0(n; 0) > 0, where o( 0) is defined

oby (4.8) with , and r, replaced by , ad r,, respeetive}y. Then the conclusions of
the theorem immediately follow from Lemmas 2 and 3.,

5. Proof of Theorem I. To begin with we prove the following lemmas.
LEMMA 5. Let {v,} be defined by (3.2) and let HN(z)=i--0, Hi(N)zi be the matrix

series in shift-back operator z, where the matrix coefficients Hi,(N) may depend upon
but there are constants (independent of to,) k > 0 and k2 > 0 such that

Then

IlH(N)ll
_

kl exp (-k2i) Vi VN>-_ O.

N

lim
lgl/4N

(Ht(Z)Vn)(Hr(Z)Vn,)
Noo N n=l,

lim
1gl/4 N

2 Hi(N)H’(N)
N-,o N i=o j= 10/’j

oo See Appendix 2.
La 6. Let conditio A4 except (3.3) be held and let H()==o H: and

G(z) ,o G:’ be matNx series in shO-back operator ith + , k exp (-ki)
for all O, for some constants k > O, k> O. en there exit e (0, 1) uch chat for
all/>0,= =>0,

lim
1 N

(5.1) - E (H(z)w,,+l_,)(G(z)v,,_,,,)’=O a.s.,

(5.2) lim
1 N

_.." (H(z)w,,+,_t)rI=O a.s.
n=l

for any bounded deterministic sequence {7,}, and

li_.__ 1 N

(5.3) -,o- y [IH(z)Wn’+l-tl[: < a. s;

Proof. See Appendix 2.
Set

(5.4)

(5.5)

(5.6)

H,(z) [B-B(z)]-’B-A(z),

H:(z) H,(z)-[B(B(z)]-’BC(z),

Y.* [Y*n Yn-t,+l,*" (H,(z)y*n,+ 1,)’ nlz)Y-q+2)’



ADAPTIVE CONTROL WITH CONSISTENT ESTIMATES 565

and

(,5.7) Z=[v.-, v,,-v,

In the following, by min(X) (Amax(X)) We mean the minimum (maximum)
eigenvalue of the matrix X; we have the following.

LEMMA 7. Under conditions of Theorem 1 if

(5.8) lira Amin(lg4 N, )(Y* Y*’+Z.Z) #0 a.s.
N- =1

then

On 0 a.s,

Proof By Theorem 2 we only need to prove o(n, 0) ,_,- 0 a.s. From (2.1) we have

(5.9) u [B’B(z)]-BA(z)y,+I + - +B, B(z)] , C(z)wo+,,

then by (3.1), (4.2), (5.4), (5.5) and (5.9), W defined by (4.1) can be written as

(5.10)

where

(5,.1)

(5.12)

(5.13)

(5.14)

Zd/. [’,,... s._,+,, (H,(z).+,)" (H,( ):.-q+2) 0 O],
=+[.

=[W’’’ W_p+I, (H2(g)Wn+l)z’’’ (Hz(z)Wn_q+2) w... W_r+l]

3,=[Y +Z,,0...0].
By (4.4), (4.10), similar to (4.15) we have

0

(5.15) r= r.-2,=, :+i=1 IIfll ,1.

Then by the Schwarz inequality it follows that

Z IIn’(z)"+’-’ll=< 1
Y Hl n,,ll" ./,-,-, =

n=0 rn n=0 rn i=0 ,i=O

I1+_,_,11
i=O n=0

where the last inequality is obtained because si 0 for i< 0 and the coefficients in
Hi(z)=i=O Hl,Z have the estimates H,i <= k, exp (-k2i), for all => 0, (k, > 0, k2 > 0)
by condition A2. Thus we have established

(5.16) 2 ![ :

,=o r,

and by Lemma 4 we conclude that o(n, 0).:-, -,d 0 iff l(n, 0)
Next, we prove that
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If for some to fl (5.17) were not true, then we would find a subsequence of
eigenvectors "aNk’fNk] for matrix (log1/4 Nk/ Nk) ’..n =l PncP ln with Nk k.,oo 00, OtNk Rmp+lq,
flNk - Rmr and

(5.18) 1

such that

(5.19) a t,, fl N,,)
logl/4 Nk ,,

Nk ,,=l v,,/

Without loss of generality we always assume that this fixed to does not belong to
a possible exceptional set of probability zero. Obviously, a and /3v would be
to-dependent but not necessarily measurable.

Utilizing Lemma 6 one can easily be convinced of the fact

(5.20) lgl/4N N 2 03. 0
n=l Noo

then (5.19) is reduced to

(5.21) (a,N)
lg/" Nk - 2"(at)o.o. ---0,

(5.22) (au, fl)
Nk .=,. kgu k

In view of Lemma 6, (5.8) implies

(5.23) lira I Y+Z)(Y+ Z,)" e 0.

Paying attention to the fact that the last mr elements in are zeros, by (5.22)
and (5.23) we conclude that

(5.24) at O;
k-oo

hence, recalling (5.18) we have

(5.25)

Let

x. [w,, w._,+,, (H2(z)w.+,)"" (H(z)w._,+=)’]

Xn [W Wn_r+

Then o. =[x,", x,’]" and (5.21) implies

1
(5.26)

Nk

Further, we have

(5.27) lim
1 E IIx ll=< a.s.

n--’l
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by Lemma 6, and

(5.28) lim
1 2 2"rXnXn 0

N-oo "- g

by ergodicity.
us from.(5.24) and (5.26)-(5.28) it follows that

lim
1

flxx O,k
which leads to fl 0 by (5.28). Comparing it with (5.25) we obtain a contradiction,

k
which shows the tth of (5.17). refor, there exist ao> 0, No such that

" > ’"ao n >No(5.29) Xmin i 1 ni=1

By (5.12) and Lemma 6 it follows that

lira ll=tr R>O

and

(5.31) lim
1

Iltp, []2 < oo a.s.
n-oo / i----1

From (5.30) and (5.31) it follows that there are positive quantities/3 >_- a > 0 such
that

(5.32) an <-- tin < fin,

which, together with (5.29), yields
n n 1ogl/4Amax/Amin = M tin /n -> No with some M> 0

where A and A in
man denote, respectively, the maximum and minimum igenvalues of

+(1/a)I.n we obtain the required asseion (n, 0) 0 by Lemma
3 and Remark 1.

oofofeorem 1. Since2 (oo (1/log/4 i)I)/i is a convergent maingale,
by the oncker lemma it follows that

(5.33) lira
1 1 1

ov lim I 0.gi/4n n i=1 n n i=210
Similarly we have

1
(5.34) lim Wil) i-- O.

noo

From (3.1) and (4.2) it follows that

(5.35) yn+l :,+ +y*+ + W,+l + v,.

Then (2.11) and (2.12) follow immediately from (4.11), (5.9), (5.33)-(5.35) and condi-
tion A2.

Thus we only need to prove 0, ) 0 a.s. By Lemma 7 it suffices to verify that

(5.36) lim ’min Z,,Z 0 a.s.
N--’-’ N
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If (5.36) were not true, then there would exist a subsequence of eigenvectors
ark e Rmp+tq for matrix (log1/4 gk/Nk) fnl ZnZn with Nk O0 and

k-oo

(5.37) IlaNkl"l 1 Vk>=l

such that

log1/4 Nk ’ Z.Z,aN O.(5.38)

a. Write and a in theWithout loss of generality we suppose
component form

aN,,=Ca(Nk). ap+q(Nk)], a =[al a,+q]
with ai(Nk), ai being m-dimensional and a,+j(Nk), a,+j /-dimensional vectors, i=
1 .p, j= 1 q,

Set
H,, z) (N),z +,.. +, a,(

(5.39) + ol+,(Nk)nl(z)+ + ol+q(Nk)JIi(g)zq-1

(5.40)

a__ , h:( Nk)z’,
i=0

q--H(z) a z +a,zt’ + otp+,n(z) +’’" + otp+Hr(z)z

a__ h,z i.
i=0

We note that ar and hence Hr(z) may depend on to,. but by condition A2 and
(5.,37) it is clear that there are constants c, > 0, c2 > 0 such that IIh,(N)ll-<- exp (-c2i)
for all >- 0, for all k -> 0. Then Lemma 5, can be applied, and from (5.,38), (5.39) we have

0= lim
lg/* Nk ,,, [a’(Nk)V,_ +" "+ a(Nk)V,_, + a+l(Nk)H(z)v, +"

ko Nk
+ a+q(Nk)H,(z)v,,_q+a]

lira
lg/’ Nk , [(a((Nk)z+’’ "+a,(Nk)z’+a+(Nk)H(z)+

k--> Nk n=l

+ a,+,(N,)H,(z)zq-’)v,]
log1/4 N

lim E (Hk(z)v,,)(HN(z)v,,)
k Nk n=l

lim
1gl/4 Nki__ h;(Nk)

1
k.-.oo Nk ,=2, Iog1/’* n

which implies that

lim E
koo i=0

and hence Yi=o []hi[[2= 0 by the dominated convergence theorem; therefore H(z)= O.
Setting z 0 and paying attention to the fact that Hi(0)(= B) is of full row rank we
see ap+lB =0 and so a+l, =0. Then it follows directly from (5.40) that

(5.41) (a’+az+. .+azt’-’)=-(a’p+2+. .+a+qz’-2)Hl(Z).
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In view of condition A3, applying Lemma 6.6-1 of Kailath [16] to (5.41) we know
that there exists a polynomial with vector coefficients f(z):

f(z) --fl +f2z +’’" +fszs-1, s > 1,

such that

a++ + a+qzq-) f(z)B(B(z)
(5.42)

(f; +.., +f[z-’)(B-B, +... + B-Bqzq-’)
From here it is easy to conclude that f =0 (1 =<i <- s) since B-Bq is of full rank

by condition A3, then ap+ 0 by (5.42), and then a 0 by (5.41) (1 =<j <- q, 1 -<_ =< p).
Thus a =0, and a

_
0, thus contradicting (5.37). Hence (5.36) holds. I-i

6. Concluding discussion. In order to get optimality in both tracking and estimating
we have added to {y,*} a random disturbance with covariance matrix tending to zero,
but, intuitively, the disturbance may harm the tracking if time is bounded. However,
all assertions of Theorem can remain valid for u, defined from (3.1) with v, deleted
(i.e. from (2.10)) if the reference signal y,* itself is "complicated" enough in the sense
that

(1og-----/4 Nn )(6.1) lim /min y,, y,,z s 0.
N-

This remark can easily be seen from Lemma 7.
For the single-input and single-output system it is easy to show that for (6.1) it

suffices to require condition As and

(6.2) lim Am, [y* *.yn_p_q+l]’[yn*...y*__q/] e0.

Recently, for multidimensional and random {y*} we have obtained conditions
similar to (6.2) in order that all conclusions of Theorem 1 hold by applying u defined
from (2.10). It will be published elsewhere.

Appemlx 1. Existence f dpfive
LEMMA. (1) LetA andB be two matrices ofdimensions m x n and n x m, respecively.

Then the following equality takes place

det I, + AB) det I + BA)
where I,, means the n x n identity matrix.

(2) Provided x and x are independen random variables, chert

sup P(xl + x2= a) <=min { sup P(x a), sup P(x2= a)}.aR aR aR

Proof. (1) By taking determinants for both sides of the following matrixidentity:

I., -A I, 0 r. +A

the desired equality is immediately verified.
(2) Denote by F(x), F2(x), F(x) the distributions ofx, x, x + x, respectively.

Clearly we have

F,(x)=2FI(X-y)dF2(y)
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and

FiE(X+) f FI((x-y)+ dFE(y)

by the dominated convergence theorem.
Then for any a R

P(xi + x2 a) F12(a+)- Fi2(a) I_ [Fl((a -y)+ )- Fi(a -y)] dF2(y)

I_ P(x a- y) dF2(y) <- sup P(xl a) I?o
sup P(x a).
aR

Similarly, we have

P(x + x2 a) <- sup, P(x2 a)
aR

and thus the desired result follows.
THEOREM. Assume m <-_ and {Wn} and {On} are two sequences ofmutually indepen-

dent random vectors and the components of w, are independent and with continuous

distribution functions. Then for any n >= 1 there exists Un satisfying (3.1) if the initial
values are appropriately chosen. Further, this u, is unique if and only if m I.

Proof. Let Ai,, Bj,, Ck,, i= 1...p, j= 1...q, k= 1"." r be the matrix com-
ponents of On, i.e.,

Set

O I-A1. Ap,,OBE,,. B,,C,,.. C.],

and

qS,=[y, y,_,+,, O, u_o+i, y’,,-q_O,,_, yZn--r+i--n--rOn--r]"Un--1

Equation (3.1) is equivalent to

(A.1)

First let m I. For this case we only need to prove that Bln is invertible a.s. In
g: ---rfact, if this is true, then from (A. 1) u, is uniquely defined by u, Bi, (Y,+l + V, ),

which obviously is ,-measurable. (In adaptive tracking cases we take
tr{w,, v,, -< n}.)

From (2.7) and (4.2) we obtain

1
(A.2) B,,,+i Bi,, +--(s,,+ + W,+l)U,.

rn

It is easy to take initial values Oo, 0o such that Bil is invertible; for example, take

Uo 0 and Bio invertible.
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We now inductively prove that B1. is nondegenerate for any n => 0. Assuming B1.
is nonsingular a.s., we show that B.+ is also. In other words, we need to prove that
P(N) 0 implies P(DNc) 0, where

N& {toldet B,. 0}, D & {toldet B,.+, 0).

Suppose that the opposite were true, i.e., P(N)= O, but P(DN) > O.
From (A.2) we have

det (Bn+--1 (n+l+w+)u:)=0 VtoDN

but det B1. rs 0 for to DN; hence

or

det (I +lB-ln(n+l + Wn+l)U) =0r,
Vto DN

det(l+l -1 + 1))=0u.B1. (n+l w.+
r.

by part (1) of the lemma.
Then we have

(A.3) u.B,-.(s.+, + w.+,) -r. Vto e DN

and consequently,

(A.4) u.B, ys 0 Vto DN

Vto DN

since r, _-> 1.
We denote by ai(to) and Wn+l, the components of UBl-l,, and Wn+ respectively, i.e.,

(A.5) uB-1 [1((o) ’’’,In

(g.6) Wn+ [Wn+l,1, Wn+l,m] "r.

Then from (A.3), (A.5) and (A.6) we have

(A.7) E a,(to)w.+,,+r.+u.Bl,,S.+l =0 VtoDN.
i=1

From (A.4) and the assumption P(DN) >0 we would have some a((o) and a
subset D1 c DN such that

(A.8) a,((o) 0 tto D1, P(D,) > 0.

Without loss of generality, we assume l, and define the random variable z(to):

I 1 [ ti(9)Wn+l,i+rn+u-lB-lnn+] to D1,
Z(tO) al(m) i=2

O, to D,

which is clearly independent of W+l,. By part (2) of the lemma, it follows that

(A.9) P(w.+l, + z(to)=0)=0.

However, (A.7) and (A.8) would yield

(A.10) P(Wn+IA + z(to) =0) _-> P(D1) > 0.
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The contradiction obtained proves P(DNc) 0, and hence the nonsingularity of B.n+

Now assume m </.
Let

l--m l-m

BnA[Bn, Bn]}m, u, =[Un
From (A.2) we see

B11,+ Blln +--1 (:,,+1 + wn+)ul,.
By an argument similar to that given for the m =l case we can prove that Bn is

invertible a.s. for any n _-> 1 if Oo, 0o are adequately chosen. Then (A.1) is equivalent to

(A.11) [I, (B,,)-Bn]un (Bn)-l(y,*+ + vn -/i, 3n)
or

2 (Bn)-I , --z-tln q- (Bn)-B2nUn (Yn+l q- l;n

Obviously, the solution of (A.11) can be expressed by

(Yn+l q" l;n nn Bnu2n)
Un 2 a.s.

Un
2with any (/-m)-dimensional and 3:.-measurable Un. This means that for the case

m < the control un satisfying (3.1) exists but it is not unique. 13
Remark. Recently Caines and Meyn [4] also have shown the existence of un

satisfying (2.10) for a one-dimensional case but under conditions different from those
imposed here.

Set

Appendix 2. Proof of lemmas.
Proof,of Lemma 5. Due to the assumption Vn 0 for n < 0, we have

, (HN(z)Vn)(HN(z)Vn)"= E Hi(N) Vn_,Vn_S H;(N)
h=l i,j=O n=l. Hi(N) , Dn_iDzn_j H(N).

i,j=O =max(i,j,1)

N

s,,,(i, j) E v,,_,v_s
=max(i,j,1)

Rn Evnv n 1/4
Y/

I, n > 1,

[o,

Clearly, SN(i, j) is a martingale and by Burkholder inequality (Chow and Teicher
[14]), Cr--inequality and Schwarz inequality we have

( /N ) 1+(/4)

EIISN(i,J).I[2+/2<=c,E E IlVn-,V:-s-5oen-.i[I 2

=max(i,j,1)

N

<= Cl N’/4E E IlVn-iVzn-j ijRn-ill 2+(’/2)

=max(i,j,1)

<= c2N+’5/4 for any 0, j 0 and some Cl > 0, c2 > 0.
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From here and the Hflder inequality it follows that for any e > 0 and

+ (a/2)’ ,’

P 2 e-i+)llS(i,j)ll>N’" e
i,j=O

1 ( )2+(/2)

e2+(/2)N,(2+(/2))E 2 e-k(i+)llS(i,j)ll
i,j =0

1
C3N(+(/))E E (e-g(i+J))l+(/4)llSN(i,J)[[2+(/2)

,j=o

1
c4 ..+(/_+/4) for any N 1 and some constants c3 > 0, c4 > 0.
1.....-.

Then by the Borel-Cantelli lemma we see

(A.12) lim 1 H(N)SN(i,j)H(N)
N 11" i,j =0

Finally, we obtain the desired result

N

lim
lgl/4N

E (Hrv(z)vn)(HN(z)v,,)"
N-o N n=l

lim
lgl/4N

E (H(N)S(i.j)H(N)
N--, N i,j=o

N

+ lim
10gl/4 N

E H(N) , 8oR._,Hs (N)
N-..oo N i,j=O n=max( i,j,1)

N N

lim
10gl/4 N

E Hi(N) E Rn_iH(N)
N i--o n=max(i,1)

lim
1gl/4 N

Ho(g) Y R,,Ho(N) + Hi(N) Y R.H(N)
Nx N n=l i=1 n=0

lim
10gl/4 N[N-.o N

Ho(N) , R,,H;(N)

+ E Hi(.N) R.+Ro- E
i=1 =1 n=N-i+l

N N

lim 1ogl/4,,T N ., Hi(N) ., R,,H(N).
N-oo 1 i=0 n=l

Proof of Lemma 6. Set
N

SN(i,j) a__ E Wn+l--l--iVZn--m--j
rl=l

Similar to the proof of (A.12), one can easily be convinced that

lim
1

r--. E HiS(i,j)G;=O,

which is tantamount to (5.1).
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Clearly, (5.2) can be verified in similar fashion.
By setting HN(z) =- H(z) and v.-= wn+l- in (A.12) we have

lim
1..,- H,S(i,j)H;=O

i,j ---0

where

N

S(i,j)
=max(i,j,1)

[w,_+_iw_+_j- 8oRn_+_i]

and

a_. EwnRn-l+l-i -/+l-i Wn-l+l-i.

Hence by the uniform boundedness of R. we have

lim
1

llH(z)w / -,ll =

lim tr Y (H(z)w.+l_t)(H(z)w.+l_t)
Noo n=l

lim tr HS(i, j)H+ H.
1

N-o -- i,j=O i,’----O N

N

=max(i,A1)

N

lim tr , H.1, Z R_t+_,H <c.
i=0 1 =max(i,1)

This completes the proof of the lemma, lq
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OPTIMAL CONTROL OF A SIGNORINI PROBLEM*

A. BERMUDEZ? AND C. SAGUEZ:I:

Abstract. In this paper we present a new method to obtain necessary conditions for optimal control
problems of variational inequalities. It uses only techniques of classical convex analysis and is based on a
transformation of the original problem into another one involving a linear state equation and nonconvex
constraints on the state.

Key words, optimal control, variational inequalities, optimality conditions
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1. Introduction. Optimal control problems for variational inequalities have been
considered by many authors (J. L. Lions [5], J. P. Yvon 13], C. Saguez 12], F. Mignot
[7], V. Barbu 1], [2]). The main difficulties appearing in such problems are to obtain
optimality conditions and efficient numerical algorithms. They are due to the non-
differentiability of the mapping giving the state from the control.

For the obstacle problem some results have been given by F. Mignot and J. P.
Puel [8] using the conical derivative and by V. Barbu 1 using a penalty method. This
last method has also been used in C. Saguez [11] and V. Barbu [2] to deal with
parabolic problems.

More recently the authors have introduced a new method (A. Bermudez and C.
Saguez [4]) to study optimal control problems of variational inequalities. The main
idea is to transform the optimal control problem into another one involving a linear
state equation and nonconvex constraints on the state. Optimality conditions are then
obtained by analyzing the ones corresponding to this new optimal control problem.

The same transformation has been used by F. Mignot and J. P. Puel [9] to study
an optimal control problem of a parabolic variational inequality of the obstacle type.
For obtaining optimality conditions they use a regularization technique which needs
some difficult a priori estimates.

In this paper we introduce another method which consists of considering two
directions along which this optimal control problem is convex and then writing the
corresponding optimality conditions.

This method which is quite general is applied to solve a boundary control problem
for a variational inequality of Signorini type.

2. The optimal control problem. Let II be an open bounded subset of gN with
smooth boundary F. Let f be given in L2(II).

For v L2(F) we define y(v) the state ofthe system as the solution ofthe variational
inequality"

(2.1) a(y, Z-y)>- ff(Z-y) dx + f v(Z-y) dr Vz K
dr

where a is the bilinear form:

(2.2) a(y, Z) ,=,X - 0- dx + yZ dx

* Received by the editors December 16, 1985" accepted for publication (in revised form) March 11, 1986.
f Dep. Ecuaciones Funcionales, University of Santiago, Spain.

* SIMULOG S.A. Av. du Centre-78182 St. Quentin en Yvelines, France.
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and K is given by:

(2.3) K {Z V: Z => 0 a.e. on F}

with V=
We denote by A the bounded linear operator from V into V’ defined by:

(2.4) (Ay, Z)= a(y, Z) fy, Z V

where (,) represents the duality map between V’ and V.
Consider the following cost function:

(2.5) J(v) (y(v) Zd )2 dx +- dF

where Zd is a given function in L2(f) and u a strictly positive real number.
The optimal problem is to find u Uad such that

(2.6) Y(u)<-_J(v) Vv L(F).
Existence of a solution of this problem is shown in J. L. Lions [5] by using a

compacity method.

3. A regularity result. In this paragraph we show some regularity properties which
will be used to obtain optimality conditions.

PROPOSITION 3.1. Ify is the solution of (2.1) there exists in L-(F) such that"

(3 1)
Oy+ r v on F,
On

(3.2) rl <-0 on F,

(3.3) Iry dr=0.

Proof Let y be the solution of the penalized problem:

Oy
(3.4) -Ay +y -f in l’l, --y v on F.

On e

Multiplying the first equation by -(1/e)y- and using a Green’s formula we obtain:

a Y y- -- [yTl: dF=--e fy- dx -e vy at"

from which it follows that"

1
(3.6) -y- is bounded in L2(F)

and then

(3.7) y is bounded in H3/2(1) (see J. L. Lions and E. Magenes [6]).

By using the compacity of the inclusion H3/2()c HI(), we deduce from (3.7)
the existence of y H3/2(-), LE(F) and a sequence {e,,}0 such that:

(3.8) {y.} y in H(I) strongly,

(3.9) -ly-./r in L2(F)weakly,
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which implies that:

(3.10)

on the other hand we have

--Ay+y =f,

o_y+ n u,
On

Y]r => 0 _<-- O;

(3.11) 0--< lim{n-oo --elfry-nYndF} fr */y <0’=

which finishes the proof. [3

PROPOSITION 3.2. If U is an optimal control of the problem (2.6) then u H1/2(F).
Proof. We use a regularization method as in C. Saguez 12], F. Mignot and J. P.

Puel [9]. Consider the optimal control problem obtained by replacing the state vari-
ational inequality (2.1) by:

0
(3.12) -Ay 4-y =f,

oy +lfl (y) v
On e

where

r+ if r -< -B,

(3.13) fl(r) ___1 r2 if-B =< r=<O,
2B

0 if r=>O,

and the cost function by the adapted cost function:

lfa )2 vfrv2 lfr )2(3.14) J(v)= (y(v)-Za dx+- dr+ (v-u dr.

It is not difficult to prove that for each e > 0 there exists an optimal control u
satisfying the following optimality conditions:

(3.15) -Ay +y f .OY .lfla(y)= u,a
On e

(3.16) a(p, z)+1 f/e’(y)pZdF (y- Za)Z dx, VZ V,
E 3r

(3.17) pO + vu + u

As in the proof of Proposition 3.1 we can show that:

(3.18) y(v)-y(v) stronglyin V

and then

(3.19) lim sup J(u) <- J(u)
co0

because

(3.20) J(u) <= J(u).
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Moreover {u} is bounded in L2(F) then there exists a sequence { e,}--> 0 such that:

(3.21) u s -> fi in H-1/2(F) strongly,n

from which it follows that:

(3.22) y.(u.)-y() stronglyin V.

Therefore

(3.23)

lim inf J u
1 Ill )2

n-.+oo
(a-u

2
(-u dF

and then u by using (3.19).
On the other hand, by taking Z-p in (3.16) we can show that {p} is bounded

in V.
If p V is a weak limit point, then we deduce from (3.17)

p+ vu =0

which completes the proof.

4. Optimality conditions. The main result is the following:
THEOREM 4.1. Ifu is an optimal control of the problem (2.6), there exists (y, , q, 0)

such that y

-Ay+y=f in

on F,(4.1)
On

(4.2)

(4.3)

(4.4)

y>-0, :-<0, Ir y:dr 0.

a( q, Z) In (Y Zd )Z dx + O’ Z)n-/2W)-n’/2W) Z HI(),

qr dF 0 Vrl with qy(u, ) O,

1/2 1/2 f0, Z)H- (r)-H (r) 0 VZ (y with Z 0
Jr

where

{ n L2(F): =1 > 0, : + tr <- 0},

and

(4.5)

c {Z H/2(F): :It > O, y + tZ >- 0},

q+ vu=O on F.
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Proof, (i) From Proposition 3.1 we deduce that if u is an optimal control then
there exists st e L2(F) such that (u, :) is an optimal control of the following constrained
optimal control problem:

lI )
V lv v- L(4.6) minimizing G(v, /)= (y(v,’o)-Za dx+- dF (v, /)((F))

(4.7) rl <--0, y(v, r/)-->0 on r, fr y(v, rl)rl dr=0

where y(v, rl) denotes the solution of the (linear) state equation:

(4.8) -Ay+ y=f, 0y+ r/= v.
On

(ii) Denote by XE the indicator function of a set E. Let q be the function from
Hi(F) x L2(F) into (-o, oo] given by:

(4.9) #(Z, n)=Xc(Z)+XcO(n)+X(o zn dF
where C {b Hi(F), 4’ => 0 a.e. on F}

Co denotes the dual cone of C.

Then q is convex with respect to each variable separately, and moreover the
problem (4.6)-(4.7) is equivalent to minimizing in the space (L2(F))2 the function F
given by"

(4.10) F(v, rl)=G(v,.rl)+d/(y(v, r/)lr r/).

(iii) If (u, so) is a minimum for F, then u is a minimum for the following convex
function:

(4.11)

which implies:

(4.12)

v U(r) F(v, ) (-oo,

a(y(u,)-Za)-v(V,)dx+v uvdr

+ o,_--(v,) =0 VvL(r),
F H-t(F)Ht(F)

with

(4.13)

because the mapping

0 01 q(y(u, sO)iv, :)

(4.14)
Oy

v L:(r)-, (v, )[r H’(r)

is surjective (see A. Bermudez [3]).
Similarly, if (u, s) is a minimum for F, then r/= 0 is a minimum for the convex

function

(4.15) ,o L:(r -.,, F u + ,o, se + n (-c, o],

from which we can deduce the existence of p"

(4.16) p O2q,(y(u, ()Jr, s)
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such that

(4.17) ,u+p =0.

By using (4.17) in (4.12) we get

(4.18) fr P O--OZdF= fa(Y(U’’)-Zd)Z+(O’Zlr)n-’(r)n’(r) VZGH3/2(’)

By Proposition 3.2, we have u H/2(F). Then (4.17) implies the existence of
qe H(I) such that qlr=p and from (4.18) we deduce 0e H-1/2(F) and

(4.19) a(q,Z)=Ia(y(u,)--Zd)Z+(O,Z)n-,/:(r)n,/(r V/G HI(),

from which the uniqueness of q follows.
(iv) To prove (4.3)-(4.4) notice first that (4.13) and (4.16) are respectively

equivalent to"

(4.20) 0 OXcntReo(y(u, ))

and

(4.21) p OXcOntn,,e)l(:),
which can also be written as follows:

(4.22)
(0, y(u, :)) 0,

(O,Z)<-O VZ6C, fr ZsCdr 0,

(4.23)

Ip dr <=o V C, I y(u, ) dr=O.

Finally it is easy to see that (4.22) and (4.23) are equivalent to (4.4) and (4.3),
respectively.

Remark 4.1. The variational equality (4.12) can be interpreted as follows"

(4.24) --Aq+q=y--Zd in, Oq_o onF.
On

Remark 4.2. From the Proposition 2.2 in F. Mignot [7] we have

(4.25) Cy (CO f’l [Ny]O)O,

(4.26) qge (C f’l [N:]o)o.
Therefore (4.20) and (4.21) imply the existence.of sequences {0,}, {p,}, {z,} and

{t,} such that

{0,}- 0 in H-1/E(F), {p,}p in H1/E(F),

(4.27) ’, > 0, t,>0,

+ "r,O, <- O, y + t,p, >- O.
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Assume that the sequences {zn} and {tn} have strictly positive limit points z and
t, respectively. Then, by taking h =max {1/-, I/t} we deduce

(4.28) a A:+ 0_-<0,

(4.29) /3 Ay +p _-> 0.

Now it is easy to see that the equations (4.1), (4.2), (4.5), (4.28) and (4.29) are
nothing other than the first order necessary conditions for ((u, :), (a,/3, h)) to be a
stationary point of the following Lagrangian function associated with the optimization
problem (4.6), (4.7):

L((v, q), (Y, 8,/z)) = (y(v, n)-Za dx+ v dF+(y(v, n),
(4.30)

+ fr
rl6 d’I" tZ lr

Y V’ rl rl dF’

under the constraints

3,_--<0, 3_-->0, /_-->0.

Remark 4.3. A direct proof of (4.1), (4.2), (4.5), (4.28) and (4.29), by using some
well-known results on existence of Lagrange multipliers, is considered in A. Bermudez
and C. Saguez [4]. It requires one to replace the functional space V by another one
in which the set K has a nonvoid interior.

Moreover, to get nontrivial optimality conditions a "qualification property" has
to be proved. This point, or alternatively, the assumption on the sequences {z,} and
{t} we have made in the Remark 4.2, are open problems.
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LIPSCHITZ CONTINUITY OF SOLUTIONS OF LINEAR INEQUALITIES,
PROGRAMS AND COMPLEMENTARITY PROBLEMS*

O. L. MANGASARIAN" AND T.-H. SHIAU:

Abstract. It is shown that solutions of linear inequalities, linear programs and certain linear complemen-
tarity problems (e.g. those with P-matrices or Z-matrices but not semidefinite matrices) are Lipschitz
continuous with respect to changes in the right-hand side data of the problem. Solutions of linear programs
are not Lipschitz continuous with respect to the coefficients of the objective function. The Lipschitz constant
given here is a generalization of the role played by the norm of the inverse of a nonsingular matrix in
bounding the perturbation of the solution of a system of equations in terms of a right-hand side perturbation.

Key words, linear inequalities, linear programming, linear complementarity problems, Lipschitz con-
tinuity, perturbation analysis

AMS (MOS)subject classifications. 15A39, 90C05, 65F35

1. Introduction. The purpose of this work is to show that solutions of linear
inequalities, linear programs and certain linear complementarity problems are Lipschitz
continuous with respect to changes in the right-hand side of the problem. Speaking in
general and in somewhat loose terms, if we denote, by r and rE, two distinct right-hand
sides, then there exist corresponding solutions x and xE such that

(1.1) I]x KII r- r2]l
where the Lipschitz constant K depends only on the matrix defining the problem, but
not on the right-hand sides nor the objective function if there is one. A key role in
determining the Lipschitz constant K is played by the condition number for linear
inequalities, introduced in 11], which is a generalization of the very useful concept
of a condition number for a nonsingular square matrix [3]. In 19] Robinson obtained
local Lipschitz continuity results for generalized equations which include linear pro-
grams, convex quadratic programs and monotone linear complementarity problems.
Robinson’s Lipschitz constant 19, Thm. 2] involves a bound on the solution set which
is assumed to be bounded. By contrast our Lipschitz constants are global, and our
solution sets need not be bounded. In [18] Robinson obtained a Lipschitz constant
for the perturbation of linear inequalities which is different from our constant (2.5).

We give now a summary of our principal results. Theorem 2.2 deals with a system
of linear inequalities and equalities (2.1) and shows that if the system is solvable for
right-hand sides r and r2, then for each solution x for right-hand side r there exists
a solution x2 for right-hand side rE such that (1.1) holds. The Lipschitz constant here
plays the same role as the norm of the inverse of a nonsingular matrix does for a
system of linear equations. Our Lipschitz constant for the system (2.1) defined by (2.5),
is a minor variation of the constant (6) of [11] but is different from Robinson’s [18].
Furthermore, the Lipschitz continuity Theorem 2.2 leads in a very elementary way to
Theorem 2.2’ which is essentially equivalent to Theorem 1 of [11] and to Hotiman’s
theorem [8], [18] and which gives an estimate of the error in an approximate solution
to the systems of linear inequalities and equalities (2.1) in terms of the residual of the

* Received by the editors July 8, 1985; accepted for publication (in revised form) Match 11, 1986. This
work was sponsored by the United States Army under contract DAAG29-80-C0041. The material is based
upon work sponsored by the National Science Foundation under grants MCS-8200632 and MCS-8420963,
and by the Air Force Office for Scientific Research under grants AFOSR-ISSA-85-00080 and AFOSR-86-0124.

f Computer Sciences Department, University of Wisconsin, Madison, Wisconsin 53706.
t Department of Computer Science, University of Missouri, Columbia, Missouri 65211.
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approximate solution and the Lipschitz constant. Again the role played in Theorem
2.2’ by the Lipschitz constant is an extension of the same role played by the norm of
the inverse of a matrix for a system of linear equations. Computation of the Lipschitz
constant (.2.5) for the system of linear inequalities and equalities (2.1) is quite difficult,
but an important fact is that such a constant exists and is finite. For some special cases
such as when we have strongly stable linear inequalities only (that is linear inequalities
solvable for all right-hand sides) the Lipschitz constant can be computed by a single
linear program as in (2.17) below. By using the Lipschitz constant for linear inequalities
and equalities we show in Theorem 2.4 that solutions of linear programs are also
Lipschitz continuous with respect to right-hand side perturbations only. Proposition
2.6 shows that our Lipschitz constant (2.20) for the linear program (2.18) is sharper
than that of Cook et al. [4, Thm. 5]. By means of a simple example (2.26), we show
that solutions of linear programs are not Lipschitz continuous with respect to perturba,
tions in the objective function coefficients. Finally in 3 by using the Lipschitz constant
for linear inequalities and equalities we establish in Theorem 3.2 Lipschitz continuity
of solutions of linear complementarity problems with respect to right-hand side per-
turbations that generate unique solutions along the line segment joining perturbed and
unperturbed right-hand sides. A simple consequence of this result is Theorem 3.3 which
shows that the solution of a linear complementarity problem with a P-matrix (that is
a matrix with positive principal minors) is Lipschitz continuous with respect to right-
hand side perturbations. Example 3.4 shows that solutions of positive semidefinite
linear complementarity problems are not Lipschitz continuous with respect to their
right-.hand sides. Finally by exploiting the fact that for certain classes of matrices such
as Z-matrices (real matrices with nonpositive off-diagonal elements) the linear com-
plementarity problem can be solved as a linear program 10], Lipschitz continuity of
solutions of such linear complementarity problems are obtained in Theorem 3.5.

A brief word about notation and some basic concepts employed. For a vector x
in the n-dimensional real space R", Ix and x+ will denote the vectors in R with
components Ixl, :-Ix, and (x+), := max {xi, 0}, i= 1,. ., n, respectively. For a norm

Ilxll on R, Ilxll* wil denote the dual norm [9], [16] on Rn, that is

maxllyll= xy, where xy denotes the scalar product Yi-- xiyi. The generalized Cauchy-
Schwarz inequality Ixyl <- Ilxll " Ilyll., for x and y in R n, follows immediately from
this definition of the dual norm. For 1-<p, q-<o, and (1/p)+(1/q)= 1, the p-norm
(Y,__ Ix, l) lip and the q-norm are dual norms on R [16]. If II" is a norm on R
we shall, with a slight abuse of notation, let also denote the corresponding norm
on R" for rn n. For an m x n real matrix A, A denotes the ith row, A.j denotes the
jth column, AI := A,I, and A.j := A.:j, where I c { 1,. ., rn} and J c { 1,. ., n}.
denotes the matrix norm [16], [20] subordinate to the vector norm I1" I1 , that is

Ilall-maxllxll.=l Ilaxll. The consistency condition Ilaxll--< Ilallllxll follows
immediately from this definition of a matrix norm. A monotonic norm on R" is any
norm tl" on R such that for a, b in R ", Ila <--II b whenever,lal <-Ibl or equivalently
if Ilall [a[ [9, p. 47]. The p-norm for p-> 1 is monotonic [16]. A vector of ones in
any real space will be denoted by e. The identity matrix of any order will be denoted
by L The nonnegative orthant in R will be denoted by R-7-. The abbreviation rhs will
denote "right-hand side."

2. Linear inequalities and programs. We shall first be concerned with Lipschitz
continuity of solutions of the following set of linear inequalities with respect to changes
in the right-hand side

(2.1) Ax <= b, Cx d
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where b and d are given points in R and Rk, respectively, A R’’’, that is an m x n
real matrix and C Rkxn. We shall employ a slight variation of the condition constant
introduced in 11, Eq. (6)] for linear inequalities and programs as our Lipschitz constant
for the linear inequalities (2.1) and subsequently for the linear program (2.18) and the
linear complementarity problem (3.1).

We begin with a simple extension of the fundamental theorem on basic solutions
[6, Thm. 2.11] to unrestricted as well as nonnegative variables.

LEMMA 2.1 (Basic solutions). Let A Rmxn, C Rkxn and p R". The system

(2.2) Aru + Cv p, u >_-. O

has a solution (u, v) R"+k ifand only if it has a basic solution, that is a solution (u, v)
such that the rows of () corresponding to nonzero components of (u, v) are linearly
independent.

Proof. The system (2.2) having a solution (u, v) implies that

(2.3) Aru+rv=p, (u, v)>=O

has a solution where C is obtained from C by multiplying by -1 those rows of C
corresponding to negative components of v. It follows from the fundamental theorem
on basic solutions [6, Thm. 2.11] that (2.3) has a basic solution and consequently so
does (2.2).

We proceed now to establish Lipschitz continuity of solutions of (2.1) with respect
to right-hand side perturbations. Robinson 18, Cor. 2.2] gives this result with a different
Lipschitz constant.

TI-IEOREM 2.2 (Lipschitz continuity of feasible points of linear inequalities and
equalities). Let the linear inequalities and equalities (2.1) have nonempty feasible sets
S and S2 for the right-hand sides (b 1, d 1) and (b2, d2), respectively. For each x S
there exists an x2 S2 closest to x in the m-norm such that

(2.4) IIx’-x=ll  /z (A; C) d’ d2

where I1" I1 is some norm on R"+k and

(2.5) /z(A; C):= sup
u

Rows of () corresponding to nonzero
u,v v 3. elements of () are linear independent

Proof We note that/,(A; C) is finite. For if not, there would exist fixed subsets
v} such thatI and J of {1,..., m} and {1,..., k}, respectively, and a sequence {uz,

A{llu,, and the rows of (cj) are linearly independent. Hence a subsequence

converges to (f, j) satisfying iA + SjCj 0, , 1, which contradicts the linear
independence of the rows of (c,)I

Now let xe S. Choose xe $ which is closest to x in the m-norm. Thus x
must solve

(2.6) min IIx- x’ll s.t. Ax <- bE, Cx d2

which is equivalent to the linear program

(2.7) min s.t. Ax <- b2, Cx d2, x + e$ >- x 1, -x + e$ >-_ --X 1.
x,
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Hence (x2, t2) and some (//2,/)2, r2, s2) E R+k+2n satisfy the following Karush-Kuhn-
Tucker conditions for (2.7)

Ax2 <- b2, Cx2 d2, x x211- =,
(2.8) u2(-Ax2 + b2) 0, r2(x2 + e2- x) 0, s2(-x2 + e2+ x) 0,

-u2A+v2C+r2-s2=O, e(r2+s2)=l, (u2, r2, s2)>=O.
Note that if 0= 2= iix x=lloo, then (2.4) is trivially true. So assume that 2> 0. It
follows from 62>0 and r](x2+ei2-x)=O and s(-x2+e62+x)=O that rs]=O,
for j 1,. , n. Hence

(2.9) -u2A+/)2C + r2- $2 =’0, e(r2+s2)=l, r252 0, (u2, r2, $2) 0.

By Lemma 2.1 and tl2(-Ax2+ bE) --0 it follows that we may take

Asuch that the rows of (c) are linearly independent and u2(-AlX2+ b2) 0. Hence (2.9)
becomes

0,
ARows of (c) linear independent.

Hence by (2.5) we have

(2.10) _-</z(A; C).I)2 /3*

We now have

IIx’-x=lloo  ==-b2u=/ d2v= / x (r
-b2u2+ d2v2+ xI(ATu2- C%2)
u2(Ax b2 + b b 1) +/)2(__ CX1 + d2 + d d 1)

(2.11) <- uE(b- bE)+ v2(dE- d)

0, d d2/3

-<_/z0(A; C) d d2 (by (2.10)).

Note that the Lipschitz constant/z0(A; C) of (2.4) plays the same role as that of
the norm of the inverse of a nonsingular matrix of a system of linear equations. This
fact can be seen more clearly from the following corollary to Theorem 2.2 applied to
systems solvable for all right-hand sides (i.e. strongly stable) systems. Note also that
we can get a sharper result by replacing (b-b2), in (2.4) and (2.11) onward, by
(bl- bE)+.

COROLLARY 2.3 (Lipschitz continuity of feasible points of strongly stable linear
inequalities). Let A Rmxn and C Rkxn be such that

Rows of C are linearly independent and
(2.12)

Ax < O, Cx O has a solution x.
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Then the linear inequalities (2.1) are solvable for all right-hand sides (b, d) Rm+k. For
each x in the solution set of (2.1) with right-hand sides (b 1, dl), there exists an x2 in
the solution set of (2.1) with right-hand sides (b2, d2) such that

(2.13)

where I1" is some norm on Rm+k and

(2.14) /2a(A;C):= max {1111(U,V)Rm+k

d d2

uA+ vC II1 1
u>=O J"

Proof. That (2.1) is solvable for any right-hand side (b, d) follows from solving
Cx d for xa for any given d and then taking as the desired solution xa+ A. for
sufficiently large positive A, where solves Ax < O, Cx 0. The rest of the proof of
the corollary is similar to the proof of Theorem 2.2, except that u2 and v2 are not
decomposed into

() and ().
The finiteness of/2(A; C) of (2.14) follows from the boundedness of the feasible
region of (2.14). For if it were unbounded, there would exist {u i, v } such that {llu
o, and consequently an accumulation point (a, ) would exist such that

(2.15) tA+eC=0, a->_0, (a, ff)#0.

This, however, would contradict the linear independence of the rows of C if t 0,
and if 0 would contradict the solvability of Ax < O, Cx =0, because then 0=
aAx + Cx aAx < O.

Note that if A is vacuous and C is a nonsingular square matrix, then

(2.16) fio(; C) max {llvlllllvCIIl= 1}= II(c)-’ll, IIc-’ll,
vR

This was already pointed out in [11, Remark 2]. Note also that (2.14) can be written
in the equivalent form

(2.14’) /2(a; C)= max {:11 -z<-ua+vC<=z
(.,o,z)r++" . u >-0, ez 1 J"

This is a difficult convex-function maximization problem on a polyhedral set which is
closely related to the NP-complete problem of a norm-maximization problem on a
polyhedral set for positive integer/3* [12]. However for/3*= , that is/3 1, it can
be shown, as in [12], that (2.14’) is in P. In addition a good bound for/2"(A; C) for
any/3 can be obtained by solving a single linear program [12]. When C is empty and
/3 , (2.14’) degenerates to the following linear program:

(2.17) goo(A; b)= max {eul-z<=uA<-z, u>=O, ez= 1}.
(u,z)R

We note that the Lipschitz constants (A; C) and (A; C), which play the role
of the norm of the inverse of a nonsingular matrix of a system of linear equations,
can also be used, just as the norm of the inverse can, to obtain a bound on the error
in an approximate solution in terms of the residual. Thus, if we assume for the moment
that A is vacuous and that C is n x n and nonsingular, then/2(; C)= IIC-111 by
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(2.16). Thus (2.5) and (2.13) are the extensions to a system of linear inequalities and
equalities of the following simple Lipschitz continuity property of Cx d

IIx- x=ll-< c-lloolld- d=lloo
where x1= C-d and x2= C-ld2. Since c- Iloo can also be used to estimate the error
in an approximate solution x to Cx d in terms of its residual Cx- dlloo as follows:

it follows that the Lipschitz constants/zo(A; C) and/20(A; C) can be similarly used
to give an estimate on the error in an approximate solution to (2.1) in terms of its
residual. In fact this estimate has been given in [11, Thm. 1] and by Hottman [8], [18]
with a different constant. It also follows very easily from Theorem 2.2 above as follows.

THEOREM 2.2’ (Error bound for approximate solution of linear inequalities and
equalities). Let the linear inequalities and equalities (2.1) have a nonempty feasible set
S for the right-hand side (b 1, dl). For each x in R" there exists an X S such that

IIx- xllloo--</xt3 (A" C)[[(Ax bl)+
Cx-d

where/z0(A; C) is defined by (2.5).
Proof. Since for each x

Ax<-b+(Ax-b)+, Cx=dl+(Cx-d)

it follows by Theorem 2.2 that there exists an x S such that the conclusion of the
theorem holds.

A similar error bound holds for strongly stable linear inequalities which is based
on (2.13).

It is interesting to note that Theorem 2.2 is stronger than Theorem 2.2’ in the sense
that the latter follows directly from the former as was demonstrated above, whereas
the converse holds with the additional assumption that the norm I1" II, is a monotonic
norm [9], [16]. Thus to obtain Theorem 2.2 from Theorem 2.2’, we have from Theorem
2.2’ that foreach xl S there exists an x2 S2 such that

< <-/z(A; C)Ilx2

where the last inequality follows from

(Ax b2)+ (Ax

Icx’- dl ICx-d+ d- d’l Id 1- dl
and the monotonicity of the norm I1" I1,

Next we establish the Lipschitz continuity with respect to right-hand side perturba-
tion of solutions of the linear program

(2.18) max px s.t. Ax<= b, Cx d

where p.R" and A, .b, C, d are as in (2.1). For the Lipschitz continuity results for
linear programs we have to restrict the norms employed to monotonic norms [9], [16]
and have to drop u >=0 from (2.5). Lipschitz continuity results for more general
optimization problems are given in [1], [7].
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THEOREM 2.4 (Lipschitz continuity of solutions of linear programs with respect
to right-hand side perturbation). Let the linear program (2.18) have nonempty solution
sets S and S2 for right-hand sides (b 1, d 1) and (bE, dE), respectively. For each x S
there exists an x2 S2 such that

(2.19) IIx-x=ll<-_ (A; C) d d=
where I1" I1 is some monotonic norm on R’’+k and

fl II(2.20) o(A; C):= sup
u

Ros of () corresponding to non,eroS.’ * elements of () are linear independencJ
Proo Given x e S, let

Ax1= bl, Ajx < b)
where I O J {1, 2,.-., m}. Fix any 2 S2 and let I I1 I2 where

I := {i IIa,2 b}, := {i IIA, < b}.
Since x 2 satisfies the system of constraints

(i) Ai,x=b,,
(2.21) (ii) A2 Aix, Aix b,

(iii) Ax b, Cx d2,
it follows that (2.21) is nonvacuous. As in Theorem 2.2, let x2 be a solution of

(2.22) min IIx-x’ll s.t. (2.21).

Since (2.22) is a convex program, x2 remains optimal after we remove any number of
inactive constraints. For each i I2, at least one of the two constraints of (2.21)(ii) is
inactive because A2 < b2. So we can remove one inactive constraint for each i I2
thus obtaining

IIx=-xll=min IIx-xll s.t. (2.24)=min IIx-xll s.t. (2.21)(2.23)

where

(2.24)

(i) Ai,x b2

(iia) AK2 <= AKX
(iib) aLx <= b,
(iic) a:x <= b, Cx= d2

where Kt.JL=I2, Kf’lL=dp. So I1UKI..JLUJ={1,2,...,m} and 11, K, L and J
are all disjoint. On the other hand, since

AKx1= b b +b >= b b + Ak2,
it follows that x x satisfies the following system:

(2.24’)

(i) A,x b lt,
(iia) b b2r + AI,:2 <= Arx,
(iib) aLx <= b [,
(iic) A.x<= b), Cx d 1.
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It follows by (2.23), (2.24’), Theorem 2.2 and the norm monotonicity that

[Ix1- x2[Ioo <_-

\ a./ dl-d2

_-< o(A; C)

where H I U LU J is the complement of K.
It remains to show that x e S. Since x e S, we have by the Karush-Kuhn-Tucker

optimality conditions that

(2.25) Aru + C
Since both and x satisfy (2.21) it follows that

px ulA,x
and the proof is complete.

Remark 2.5. We note that Cook, Gerards, Schrijver and Tardos [4, Thin. 5] have
a similar result to Theorem 2.4 for inceger entries for A but without the equality
constraints Cx d. However their Lipschitz constant is bigger than or equal to our
Lipschitz constant. In fact their Lipschitz constant n(A) is only for m, where A
is the maximum of the absolute values of the determinants of the square submatrices
of A. We formalize the relation between the two Lipschitz constants as follows.

Poosos 2.6. For integer A, (A; )N n(A).
Proo For any u for which uA I1 1 and the rows of A are linearly indepen-

dent, we can assume that

A=[B N]

where B is a nonsingular square submatrix.
Let q := uB, then q II, ,I1 sinc , is a subvector of ufA. It follows that

J

where h is the (i,j) entry of B- [16, p. 22]. Hence

1
h det(- 1)i+2B,

where B2 is the (i, j) cofactor of B which is the determinant of a square submatrix of
A. Hence

If A is integral }det BI 1 is an integer; hence

Consequently,

1
Ihl idet BI In,l <- A(A).

ui I1 II(n)-ll, m.ax E Ihl nA(A).
j

Since u1 is arbitrary, we have

oo(a; ) sup (llu, ll Ilu,A, II1- 1, rows of A, linear independent} =< nA(a).
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Remark 2.7. Note that it is not true that solutions of linear programs are Lipschit-
zian with respect to perturbations in the objective function coefficients as evidenced
by the following simple example"

(2.26) max(l+6)x+x2 s.t. Xq"X2<=l, (Xl,X2)"0.

The solution to this problem is"

(1, 0)
x(6)=

(0, 1)

Hence

for 6>0,
for 6 <0.

lim
IIx()-x(-)[I =oo

-o+ 26

and hence x(6) is not Lipschitzian with respect to 6.

3. Linear eomlflementarity problems. In this section we shall employ the Lipschitz
constant/zo(A; C) developed in Theorem 2.2 for linear inequalities and equalities to
obtain a Lipschitz constant for linear complementarity problems with matrices that
have positive principal minors [5] or which are hidden Z-matrices [17]. We will show
by means of Example 3.4 that solutions of linear complementarity problems with a
positive semidefinite matrix are not Lipschitz continuous with respect to right-hand
side perturbations.

We consider the linear complementarity problem (M, q) of finding an x in R"
such that

(3.1) Mx+q>=O, x>=O, x(Mx+q)=O

where M6R and qR". Note that given J c{1,..., n}, any solution of the
following system of 2n linear inequalities and equalities

(3.2)
Mx+qj>=O, xj=0, jJ,

Mx+q=0, x->0, jJ,

is a solution of (M, q). For J c {1,. ., n} let Q(J) denote the set of all q vectors for
which (3.2) has a solution. It is easy to verify that Q(J) is a closed convex cone. In
fact it is called a complementary cone of (M, q) [14, p. 482]. It is also obvious that
U Q(J)=,...,,, is the set of all q for which (M, q) is solvable. Define

(3.3) o’s(M) := max /zt
Jl,...,. I M

where gt is defined by (2.5) and J is the complement of J in {1,..., n}. We shall
prove (Theorem 3.3) that o’t(M) will serve as a Lipschitz constant for solutions of
(M, q) when M is a P-matrix, that is a matrix with positive principal minors [5], [2],
or more generally (Theorem 3.2) for perturbations of q such that the linear complemen-
tarity problem is uniquely solvable along the line joining the original q and the perturbed
q. We will also establish Lipschitz continuity for solutions of (M, q) when M is a
hidden Z-matrix (Theorem 3.5). We begin with a lemma. A related result to this lemma
appears in [15].

LEMMA 3.1. Let ql and q2 befixed distinct vectors in R and let q( t) := (1 t)q q- tq
for [0, 1 ]. Assume that (M, q(t)) is solvablefor [0, 1 ]. Then there exists a partition
O= to < t < < tu l such that for l <- <- N

(3.4) q(ti-) Q(Ji), q(ti)6 Q(J) for some Ji {1,..., n}.



592 O. L. MANGASARIAN AND T.-H. SHIAU

Proof. Let

T(J) :- {tit [0, 1 ], q(t) Q(J)}
for J c {1,. ., n}. It is easy to see that T(J) is closed and convex and hence it is a
closed interval which may degenerate to a single point or to the empty set. Since
(M, q(t)) is solvable for t[0, 1] it follows that

[0, 1 c 1.3 T(J).
Jc{1,...,n}

Let

L:={[ll,Ul],’", I/r, uK]}
be the set of maximal intervals in {T(J)IJc{1,...,n}}, that is there is no other
interval T(J), J {1,..., n} that properly contains [li, ui]. By removing duplicates
from L if needed, we can assume that [li, u],..., [IK, ur] are distinct and that

li < 12 <" < lr. Since each [0, 1] belongs to T(J) (for some J {1,. ., n}) which
is either, in L or contained in some interval of L, we have that

K

[0, 1] 1.3 [/,, u,].
i=1

Thus 1<= ui-1, otherwise (ui_l, 1) would be an uncovered gap of [0, 1]. Also
u_ < u, otherwise [l, ui] would not be maximal because it would be contained in
It,_,, u,_,].

Hence l=0, l_<l-<u_<u and ur=l. Let 0=to<6<...<tv=l be the
sorted numbers of {l, u, 12, u2,..., l/, u:} with duplicates removed. Then each
interval [6_, 6] is contained in some interval T(Ji) in L and so

q(t,-1) Q(J) and q( 6) Q(J). l-!

We establish now the Lipschitz continuity of linear complementarity problems
with unique solutions along the line segment q(t) := (1 t)q 14- tq2, [0, 1].

THEOREM 3.2 (Lipschitz continuity of uniquely solvable linear complementarity
problems). Let ql and q be points in R such that the linear complementarity problem
(M, q (t)) with q (t) := (1 t) q + tq_ has a unique solution for each [0, 1 ]. Then the
unique solutions x of (M, q) and x2 of (M, q2) satisfy

]IX X21[oo < 0"/3 (M) q
where r(M) is defined by (3.3).

Proof There exist 0= to < t <... < t 1 with properties stated in Lemma 3.1.
Let x(6) be the unique solution of (M, q(t)). Since for l<=i<=N, q(6-) and q(6)
belong to Q(J) for some J c {1,. ., n}, there exists a solution y(6-) of (M, q(6-a))
such that by (2.4) and (3.3) it follows that

(-M,;[Ix(t’)-Y(t-l)ll<-lzz\-I,; M
]]q(ti)-q(ti_)]]

(3.5)
<= try(M)( ti ti-.1) q q=ll,

where Ji is the complement of Ji in {1,..., n}. Summing up for 1,. ., N gives
N

2 IIx(t,)-Y(t,-,)ll<-cr(M)llq-qll
i=1

Since (M, q(6-1)) has a unique solution, y(ti_l) X(ti-1). Hence
N

IIx’-x=ll-< y Ilx(t,)-x(t,_l)llo<=%(M)llq-q2ll.
i=1
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Since for P-matrix M, the linear complementarity problem (M, q) has a unique
solution for each q R" [13], the following theorem is an immediate corollary to
Theorem 3.2.

THEOREM 3.3 (Lipschitz continuity of solutions of linear complementarity prob-
lems with P-matrices). Let M be a P-matrix. _For each ql and q2 in R" the corresponding
unique solutions x and x2 of (M, ql) and (M, q2), respectively, satisfy

lix’- x[[ <- ro (M) q1-

where r3 (M) is defined by (3.3).
The following example shows that solutions of positive semidefinite linear com-

plementarity problems may not be Lipschitzian.
Example 3.4.

[ 0 :] 1(-;) qM=
-1

q e>O,

q(t) (-e+2et) 1
o O, tl -, t2 1

1

J1 b, J2= {1, 2},

q(to) and q(tl) are inQ(J1)={qgE]ql<=O, q2>-O},

q(tl) and q(t2) are in Q(JE)=R2+,

e 2eto e

In order to satisfy (3.5), y(tl) must be (o). However (3.5) also requires that

Hence x(tl) Y(h) and the proof of Theorem 3.2 fails. In fact, since

lim IIx(t2)-X(to)ll_lim 1
0 IIq2- qlllm e--,o ee 03,

the solutions of the problem cannot be Lipschitzian.
We conclude by showing that other linear complementarity problems that can be

formulated as linear programs 10] have solutions which are Lipschitzian with respect
to their right-hand sides as a consequence of Theorem 2.4. In particular if M satisfies
the condition of Theorem 2 of 10] with c 0, that is

(3.6) MZ1--Z2, rZl+sZ2>O, (r,s)>-O

for some n x n Z-matrices Z1 and Z2, and some n-vectors r and s, then a solution to
such a linear complementarity problem is obtained by solving the single linear program

minpx s.t. Mx+q>=0, x>=O

where p r + MTs, and hence p is independent of q. In the terminology of [17], such
a matrix M is called a hidden Z-matrix and is a generalization of Z-matrix which
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includes such matrices as those with a strictly dominant diagonal, and all matrices of
Table 1 in [10] except cases 12 to 14.

THEOREM 3.5 (Lipschitz continuity of solutions of linear complementarity prob-
lems with hidden Z-matrices). Let M be a hidden Z-matrix, that is M satisfies (3.6).
For each q and q2 in R"for which (M, q) and (M, q2) are solvable, there exist solutions
x of (M, ql) and x2 of (M, q2) such as

where I1" I1 is some norm on R" and is definer by (2.20).
Proof. By [10], there exist solutions of (M, ql) and (M, q2) which are obtained

by solving the linear programs

min {px} Mx + ql >= O, x >- 0},

min {pxl Mx + q >- O, x >- 0}

where p is a fixed vector independent of q and q:. The conclusion of the theorem
follows immediately from Theorem 2.4. VI

We note that for the case of a strictly diagonally dominant positive definite matrix
M, (M, q) is uniquely solvable for each q in R ", and the Lipschitz continuity of the
solution follows also from either Theorem 3.5 or Theorem 3.3.
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CHANDRASEKHAR EQUATIONS FOR INFINITE DIMENSIONAL
SYSTEMS*

KAZUFUMI ITO’ AND ROBERT K. POWERS

Abstract. In this paper we derive the Chandrasekhar equations for linear time invariant systems defined
on Hilbert spaces using a functional analytic technique. An important consequence of this is that the solution
to the evolutional Riccati equation is strongly differentiable in time and one can define a "strong" solution
of the Riccati differential equation. A detailed discussion on the linear quadratic optimal problem for
hereditary differential systems is also included.

Key words. Chandrasekhar equations, Riccati operator, regularity results, infinite dimensional systems

AMS(MOS) subject classification. 49

1. Introduction. The Chandrasekhar equations 14] are an alternative form to the
Riccati equations from which the optimal feedback gain operator may be calculated
directly. If the system has a small number of inputs and outputs, the Chandrasekhar
algorithm offers significant reduction in the computational complexity for determining
the optimal feedback gain. As observed in [20], this is much more evident in the infinite
dimensional case if the optimal feedback gain operator is calculated numerically using
some approximation method. In this case, the number of states grows linearly to the
order of approximation.

The purpose of this paper is to derive Chandrasekhar equations for systems defined
by evolution equations on Hilbert spaces in which the input and output operators are
assumed to be bounded. The form of the Chandrasekhar equations derived immediately
implies that the solution of the associated Riccati equation is strongly differentiable
in time, and it allows us to define a "strong" solution of the Riccati equation. Another
important consequence of this is that the optimal control for the linear quadratic
regulator (LQR) problem is continuously differentiable if the initial datum is sufficiently
smooth.

The Chandrasekhar equations for infinite dimensional systems have been discussed
in [4] and [7] using a Lions-type framework [17]. However, the equations derived in
[4] and [7] are satisfied in the distributional sense. In [22], Sorine derived a set of
Chandrasekhar equations satisfied in a strong sense for parabolic systems. Sorine’s
derivation relied on the analyticity of the semigroup and thus does not apply to general
systems. Our approach differs from those above in that it uses an approximation
technique. A sequence of approximating optimal control problems is chosen for which
the Chandrasekhar equations may be derived as in the finite dimensional case (see
[6], [14], and [16]). Convergence is then established and the appropriate equations
are shown to be satisfied. In this paper, our considerations are restricted to the LQR
problem, but the results are also applicable to the Kalman filtering problem [8].
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NASI-17070 while the authors were in residence at the Institute for Computer Application in Science and
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A number of test computations have been successfully carried out usinghereditary
differential systems [20] and viscous damped cantilevered Euler-Bernoulli beam
equations with tip mass as our model examples. Our expectations on the computational
reduction using the Chandrasekhar algorithm were fully realized. Also, see [5] for the
numerical approximating scheme for the solution .of Chandrasekhar equations in
infinite dimensional spaces. We are currently studying the use of the Chandrasekhar
algorithm for computing the optimal steady state feedback gain operator combining
it with the Kleinman-Newton algorithm. Details of this and. other numerical studies
will be reported elsewhere.

The contents of the paper are as follows. Section 2 briefly recalls the linear
quadratic problem and characterizes the optimal control (see [2], [9], and [17] for a
survey of the literature). In 3 a characterization of the Riccati operator is derived
and used to obtain the Chandrasekhar equations. Regularity results for the Riccati
operator and optimal control are discussed in {} 4. As a specific example we discuss
in 5 the linear quadratic optimal control problem for hereditary ditterential systems
in which the input and output spaces are finite dimensional. Because of the smoothing
property of the solution semigroup, results stronger than those of the general problem
are obtained.

The notation used in this paper is standard. The symbol (., stands for the inner
product in a Hilbert space where the underlying space will be understood from the
context. Also, I]" denotes the norm for elements of a Banach space and for operators
between Banach spaces, while 1. denotes the Euclidean norm. The adjoint of a densely
defined operator a from one Hilbert space to another is denoted by a*.

2. Riecati equations. Let Z, U, and Y be Hilbert spaces. We consider the evolution
equation on Z

d
dZ(t) Mz(t) + u(t), t>=O,

(2.1)
z(O)=zeZ

where u(. is a U-valued, square integrable (control) function and M is the infinitesimal
generator of a strongly continuous semigroup S(t) on Z. The Y-valued (observation)
function y is given by

(2.2) y(t)=z(t), t>=O.

We assume that e -( U, Z) and c e (Z, Y).
For any T=> 0, if u is differentiable almost everywhere on [0, T], t e LI(0, T; U)

and z e (a), then the initial value problem (2.1) has a unique "strong" solution [19,
Cor. 2.10] in the sense that z is differentiable almost everywhere (a.e.) on [0, T] with
e LI(0, T; Z) and (2.1) holds a.e. on [0, T]. It follows from Corollary 2.2 in [19]
that (2.1) has at most one solution and if it has a solution, this solution is given by

(2.3) z(t)= S(t)z+ S(t-s)u(s) ds,

which we shall call the mild solution of (2.1). Moreover, the mild solution satisfies the
"weak" differential equation

d
d-(z( t), x) (z( t), M*x)+(u(t),x) forall x (M*).
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Consider the linear quadratic optimal control problem on a finite time interval:
for given initial data z Z, choose the control u L2(0, T; Rm) that minimizes the cost
functional

(2.4) J(u, [0, T])= (lly(t)ll=+llu(t)ll) dt+(Gz(T),z(T))z

where G is a nonnegative (definite), self-adjoint operator on Z and z is the mild
solution to (2.1). The next theorem, which characterizes the optimal control, follows
from [2], [9] and [23].

THEOREM 2.1. The optimal control u of (2.4) is given by

(2.5) u(t) *II(t)z(t), >- 0

where H(t), <-_ T, is strongly continuous on Z. Moreover, H(t) is the unique solution
within the class of nonnegative self-adjoint operators for which (H(t)z, z) is absolutely
continuous for z 9(M), and satisfies the "weak differential" Riccati equation

(2.6)

d
-(II(t)z, z)+2(Mz, I-l(t)z)-(3*II(t)z, 3*II(t)z)+(z, Cz) 0, for all z ().

n(T)=O

If all( .,. denotes the perturbed evolution operator of the semigroup S(t) by -3*II,
then for z Z

(2.7)

II (t) satisfies

(2.8)

and

all(s, z S s z S(s r)33*II(r)//(r, z dcr,

T

II(t)z=S*(T-t)Gll(T, t)z+ S*(r- t)*(r, t)zdr

z( t) ll( t, O)z.

3. Chandrasekhar equations. From here on, we assume that Gz (M*) for all
z e Z. By the closed graph theorem M*G is then a bounded operator on Z. Let us
define a bounded self-adjoint operator Q on Z by

(3.1) (Qx, y)=(M*Ox, y)+(x, *Gy)-(*Ox, *Gy)+(CCx, y) for allx, yZ.

The main result of this paper is given in the following theorem.
THEOREM 3.1. If II(t), <= T is the solution to the Riccati equation (2.6), then for

zEZ

(3.2)
T

H(t)z Gz + ql*( T, s)Qql( T, s)z ds.

Conversely, if II(t) satisfies (3.2) with (2.7), then it satisfies the Riccati equation (2.6).
Proof. If M is a bounded linear operator on Z, then

S(t) e’ , (Mt)
n=o
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and t- S(t) is differentiable in norm. Hence the same arguments as given in 14] for
the finite dimensional system allow us to show that the theorem holds for such a case.
Consider the Yosida approximation of M given by

Then Ma is a bounded linear operator on Z and from Theorem 5.5 in [19]

e’z S(t)z as A --> oo(strongly), z Z

uniformly on bounded t-intervals. Note that

M* AM*(AI- M*)-
Indeed, for x e fl(s) and y Z

(MAx, y) (A (AI M)-’Mx, y)= (x, AM*(AI- M*)-’y).

But since (M) is dense in Z, this shows that M* As*(AI-M*)-. Thus Theorem
5.5 in [19] again implies that

e*"’z --> S*( t)z, z Z

uniformly on bounded t-intervals.
Consider the approximate problem (Ma, , ) for which the theorem holds. If

IIa (t) and q/a (’,’) denote the solution of the Riccati equation and the perturbated
evolution operator corresponding to the perturbation of e’ by -3*IIa (t), respec-
tively, then

T

IIa t)z Gz + ll* T, s)Qalla T, s)z ds for z e Z

where

It follows from Theorem 6.1 in Gibson [13] that HA(t) converges strongly to II(t) for
t_--< T, and the convergence is uniform on bounded t-intervals. Moreover, statement
(6.14) in [13] implies that

lla(t,s)z->ql(t,s)z, zZ, O<=s<-_t<-_T

where the convergence is uniform in and s. Hence, for all x Z

(II(t)x,x)=lim{IIa(t)x,x)=(Gx, x)+lim (Qalla(T,)x, a(T,)x) ds

(3.3) =(Gx, x)+lim fr {2(M*G//a (T, s)x, Jaalla T, s)x)

+(( g, cg_ Gaj,G)alla T, s)x, lla T, s)x)} ds

where J A (aI M)-’, a e p(s). Note that

Jalla T, s)x (Ja I)ql( T, s)x + Ja (lla T, s) ll( T, s))x + ql( T, s)x
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converges strongly to all(T, s)x for s=< T since J converges strongly to the identity
operator/on Z (see [19]). Since the integrand appearing in (3.3) is uniformly bound
in A and s, the dominated convergence theorem allows us to obtain that for x Z

(II(t)x,x)=(Gx, x)+ {2(M*Gll(T,s)x, ll(T,s)x)

+((c*c- G*G)ll( T, s)x, 9/(T, s)x)} ds

G+ all*( T, s)Qll( T, s) as x, x

which completes the proof of the first statement since the operators appearing in both
sides of this equation are self-adjoint. Conversely, suppose that II(t), t_< T satisfies
(3.2). Then II(t)x is continuously ditterentiable for x Z and

a(n(lx, y- n(x, y

for all x, y e Z. Thus, for x e ()

(Qx, x>- rI(t)x, x - ((7", s/(s- *n(s//x, QO(r, slx as

(R( T, s)x, Qll( T, s)x) ds

(ll( T, s)*II(s)x, Q( T, s)x) ds

=-2 (II(s)Mx, x) ds+ ll*n(s)xll=ds

-2( G, Mx) +(*Gx, J*Gx)
+ 2(n(t), x)+(*n(t)x, *n(t)x).

By the definition of Q, this implies that II(t) satisfies (2.6). Q.E.D.
Remark 3.2. Important in applications is the case G=0. If this occurs, then

Q cg. cg and

H(t)z L*(s)L(s)z ds, z e Z

where L(s) coo//( T, s). Define the gain operator by K (t) *II(t). Then (see Gibson
[12])

(3.4) all( T, t)z S( T- t)z- 91( T, s)K(s)S(s- t)z ds, z e Z

and the operators K(t) and L(t) jointly satisfy

K(t)z L*(s)L(s)z ds,

L() s(r-t)- L(s)lK(s)S(s-)ds
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for all z Z, which are the infinite dimensional Chandrasekhar equations in integral
form. Since K(t)z and L(t)x are continuously differentiable for z eZ and x
(M), K (t) and L(t) also satisfy

d
d"-K(t)z=-*L*(t)L(t)z, zZ,

K(T) =0,

d
L(t)x -L(t)[M JK(t)]x,

dt
x (),

L(t)= .
Note that these .Chandrasekhar differential equations correspond to those derived for
finite dimensional systems 14].

4. Strong differential Riccati equation. An important consequence of (3.2) is the
following theorem.

THEOREM 4.1. IfGZ c (M*) and II(t), <- T, is the solution to the Riccati equation
(2.6), then for z (M), H(t)z is the unique strong solution to the Riccati equation (2.6)
in the sense that II(t) z is continuously differentiable on [0, T ], II(t) z (M*) for
0 <- <- T and the strong differentiable Riccati equation

-II(t)+M*II(t)+II(t)M-II(t)d*II(t)+ c,c z=0 for all

II(T) O

is satisfied on [0, T].
Proof. From (2.6), we have for all x, y (M)

(II(t)x, My)=-(-(II(t)x, y)+(II(t)Mx, y)-(II(t)x, II(t)y)+(x,

From Theorem 3.1, II(t)x is continuously differentiable for x Z,

(I-I(t)x, ..gy) - t)

for all x, y (M) and the right-hand side of this expression is defined for all y Z.
Thus, since M is a densely defined closed operator on Z, this implies that for each
<- T, II(t)x(M*) for x (M) and

_tii(t)+ M,iI(t)+ ii(t)M_ii(t),ii(t)+ c,c x, y =0

forallx(M) and yZ,

which completes the proof. Q.E.D.
The following lemma is concerned with the strong differentiability of ql(t,s)x

on Z. Here we shall give a proof using the standard constructive argument although
it can be considerably simplified using the contraction mapping theorem.
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LEMMA 4.2. Suppose that 3(t) is an operator on Z such that for z Z, 3(t)z is
continuously differentiable on [0, T]. Then + 3(t) generates a perturbed evolution
operator V(t, s), of the semigroup S(t) on Z andfor z () V(t, s)z (), O_s <-

<= T, V(t, s)z is strongly differentiable in t, and

0
v(t,s)z=(a+(t))v(t,s)z(4.1)

Ot

is satisfiedfor 0<= s <- <= T. Moreover, the derivative (0/0t) V(t, s)zfor z () isjointly
continuous in and s.

Proof Consider a class II of evolution operators on Z as follows: 1 consists of
bounded linear operators V(t, s), 0-< s _-< _-< T on Z such that

(i) V(s,s)=I, V(t,r)V(r,s)= V(t,s) forO<=s<=r<=t<-_T;
(ii) (t, s) --> V(t, s) is strongly -continuous for 0 -< s =< -< T;
(iii) for z e (), V(t, s)z e (M) is strongly differentiable in and the derivative

(O/Ot)V(t, s)z is strongly continuous in and s for O<-s<-_t <- T.
Note that V()(t, s)z S(t-s)z, z Z belongs to II. Define a sequence of evolution
operators V(k) t, s) by

(4.2) v(k+l)(t,s)z=S(t-s)z+ S(t--o’)d((r)v(k)(o’,s)zdo"

forzeZ and O<-_s<-t<=T.

It then follows from [9], 19] that

v<k)(t,S)Z-->V(t,s)z forzeZ and O<=s<-t<-T

where the convergence is uniform in and s. If vk)(t, S) belongs to the class ll, then
for z (), J(t)vk)(t, S)Z is continuously differentiable in and

a a .v(k)(t, s)z.O-t ( t) V(k)( t, s)z) (t) V(k)( t, s)z + 3( t) "It now follows from (4.2) and [ 15, p. 487] that for z s (M), V(+l)(t, s)z is continuously
differentiable in and satisfies

0__ v(k+) t, S)Z ,.V(k+’)(t, s)z +(t) v(k)( t, S)Z
Ot

or

OV(+)(t,s)z=S(t-s)(M+3(t))z+ S(t-r)(o.)V()(o,,s)zdr
Ot

(4.3)

fs’ 0 v(k)((r, s)z do. for0=<s=<t__<T+ S(t o’)3 (o-)
0o"

Hence, by induction, v(k)(t, X)Z belongs to fl. for k => 0. From (4.3)

00__ V(k+)(t, s)z--- V()( t, s)z
Ot Ot

(4.4) S(t-o’)(o’)(V((o", s)- I/(-1(o", s))do"

+ S(t-r)(r) V((r, s)- V(-(r, s) do’.
0o"
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By induction on k one easily verifies the estimate

(t $)kv()( t, s) v(-’)( t, s)ll--< C,M,
where

C, max S(s)ll and M1 max s( s)3 (s)ll.
OsT OstT

Since 3(t)z is continuous for each zZ, [[(t)[[ is uniformly bounded on [0, T].
Thus, from (4.4)

Ii t, s)z --OtO v(k)(t,s,zll
(k+l)!

Ilzll+M, V(*)(’s)z---Otr s)z d(r

where

M2: max IIs(t-s)(s)ll.
OstT

By induction on k one obtains

II v(k)(t’ s)z _0__ V(k_l)(t s)zll < (t s)k
M2Mk _,C,j]z

Ot =(k-1)t

+(t-s)
! MCllzll.

Hence, (d/dt)V(k)(t, s)z converges to a function of C(s, T; Z) for 0_-<s-< t<= T and
z() where the convergence is uniform in and s. Note that the differential
operator (0/0t) on C(s, T; Z) is closed. These facts, when combined with the conver-
gence of V(k)(t,s)z to V(t,s)z in C(s, T’,Z), show that for z() V(t,s)z is
continuously differentiable in t, and the derivative is jointly continuous in and s. Since

v(t, s) S(t s) + $(t r)N(r) V(r, ) &r

foreZ and O<-_<- t<= T,
it now follows from [15, p. 487] that for e (), l/(t, )e fl(M) and

0
v(t, s)= (s + (t)) v(t, )

for 0_-< s N <_- T. Q.E.D.
LENNA 4.3. IfGZ (M*) and the initial data e N(M), then the optimal control

u to (2.4) is continuoudy differentiable on [0, T] and

d
((4.5) d’u t)= *(*rl(t)+ c-*C)z(t).

Proof. Since *II(t)x is continuously differentiable for x Z on [0, T], it follows
from Lemma 4.2 that z(t)= o//(t, 0)z is continuously differentiable for z (M). Thus,
from (2.5) u is continuously differentiable on [0, T] and

d
u( t) -3* ( d

II ).d-’ " t)z( t) + II( t)( t)

Equation (4.5) now follows from Theorem 4.1. Q.E.D.
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5. Hereditary differential system. In this section we discuss the hereditary differen-
tial system

d
x(t) dtz O)x( + O) + Bu(t), >- to,

dt
(5.1)

X(to)=r/ and X(to+O)=ch(O),-r<--O<O

where /z(. is an n x n matrix valued function of bounded variation which vanishes
at 0 =0 and is left continuous on (-r, 0). Without loss of generality we can assume
that for 0->0, /z(0)=0 and for O<--r, tz(0)=/z(-r). B is an n x m matrix. The
observation y is given by

(5.2) y(t) Cx(t)

where C is a p x n matrix. We will denote by Z the product .space
in this section. Given an element z Z, r/s " and b s L2 denote the two coordinates
of z:z (r/, b). It is well known [3], [11] that for (r/, b) Z and u locally square
integrable, (5.1) admits a unique solution x s L2(to- r, T; ") (q Hi(to, T; ") for any
T -> to. If to=0, then (5.1) can be formulated as an evolution equation on Z,

dz(t)=Mz(t)+u(t), t>0 5.3) a-S
where z(t) (x(t), x(t +. )) Z, -> 0 and 3u (Bu, O) Z for u m. The infinitesimal
generator M is then defined by

(M) {(/, $)e Z[/= $(0) and 6 L2}

and for (b(O), b)e (M)

2(1)(0), ) (fr dtl(0)t(0)’ )
and generates the strong continuous semigroup S( t): S( t)( r/, b) (x(t), x( +" )), -< 0,
where x is the solution of (5.1) with to =0 and u-= 0. Within this framework, the
observation equation (5.2) is written as

(5.4) y( t) Cgz( t), >- O

where rg(r/, b) Cr Rp for (r, b) Z. Thus the system (5.1)-(5.2) is formulated as
the model system (2.1)-(2.2) in which Z ="x L2, U=" and Y=P.

The following lemma (see [10], [21]) gives two important properties of the
hereditary differential System which shall be used extensively in the subsequent
development.

LEMMA 5.1. (i) IfX denotes the Hilbert space (M) equipped with the graph norm,
then o S( s)u(s) ds is an X-valuedfunction continuous in for each u L2(0; T; m)
and continuous in u for each [0, T].

(ii) If y is a p x n matrix-valued function of bounded variation on I-r,.0] and
denotes an operator defined by (7, b) =Jr d,(O)rp(O) for (rI, ,fi) Z, then there exists
a nondecreasing function M(’ [0, o] -->.R+ such that for z Z

(5.5) Is( t)zl= at <- M(T) z =.
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Remark. In (5.5) the expression S()z only makes sense when z e().
However, because of (ii), we will use the. expression S(t)z, O<=t<= T to denote the
function in L2(0, T; Rp) which is obtained by a continuous extension of the operator:

z (M)--> S(t)z L2(0, T; RP).
Let us consider the linear quadratic optimal control problem: for given (r/, b) e Z

choose the control u e L2(to, T; m) that minimizes the cost functional

(5.6) J(u,[to, r])- (ICx(t)l=/lu(t)l) dt+(Gox(T),x(r))a.

where Go is a nonnegative, symmetric matrix on " and x(. is the solution to (5.1).
Note that (5.6) can be equivalently written as

J(u,[to, T])= ([z(t)l+lu(t) dt+(Gz(T),z(T))z

where G is a nonnegative, self-adjoint operator on Z defined by G(r/, b) (Go, O) Z
for (,)Z and z(. is given by

z()=S(t-to)(n, )+ S(t-s)Nu(s) ds,

Hence Theorem 2.1 applies to the minimization problem (5.6).
It follows from [13], [24] that if (y, 0)e (*) then

(0 ((0 (-ly e (-r. 0
and

O(-r) (((-r)+) (-r))Ty.
Obviously Gz (*) in general. So, Theorem 3.1 does not apply for (5.6) unless
Go 0. However, as a result of Lemma 5.1 one can extend the results in 3 and 4 to
this case. We will discuss such an extension later and for the present consider the case
Go=0.

If Go =0, then the solution H(t) to the ccati equation (2.6) is given by

(5.7) H(t)z S*(- t)*(, t)z d.

Let r be the infinitesimal generator on Z defined by (r)=() and for .H

((0.= .(0(0.
and let St(t) denote the Co-semigroup generated by r. Define the structural operator

on Z by

(n. )= n. ()(-0) for(n.

Then, the following result has been proven by Manitius [18].
To5.2.
(il s(=sI(. *s(=s*(t*.
(ii) If e (), then e () and
(iii) If e r then * e * and ** *r.
Since *= **, it follows from (5.7) and Theorem 5.2 that

H(t) * Sr(- t)*(, t)zd.



606 K. ITO AND R. K. POWERS

Note that *y=(Cry, 0) Z for yP. Thus from (i) of Lemma 5.1 and (iii) of
Theorem 5.2, H(t)z (M*) for z Z. Moreover, since the evolution operator (o-, t)
is jointly continuous for 0 _-< _-< tr _-< T, M*II(t)z is strongly continuous in Z for z s Z,
and hence H(t)M has a bounded extension to all of Z. The next result now follows
from Theorem 4.1 and Lemma 4.3 (see [10], [21] for a different derivation of this result).

THEOREM 5.3. If Go-0, then for z Z, II(t)z is a unique strong solution to the
Riccati equation in the sense that II (t) z is continuously differentiable on [0, T), II t) z
9(M*) for 0 <-_ <- T, and the strong differential Riccati equation

(-II(t)+sl*II(t)+II(t)M-II(t)*II(t)+ *)z=O for allzZ

is satisfied on [0, T). Moreover, the optimal control u( to (5.6) is continuously
differentiable on (0, T] for 7, b Z.

Proof. From (4.8), if z (7, $) (M), then u is continuously differentiable and

ti(t) 3*(M*l-[(t) + *)z(t),
z( t) ( t, O)( rl, b ).

It has been proven that M*II(t)z is strongly continuous in Z for z Z. So, the theorem
follows since (M) is dense in Z and /(t, 0) is continuous on Z for t->0. Q.E.D.

Let us turn to the case Go # 0. Consider the Ath approximate problem to (5.6) in
which the cost functional is given by

(5.8) JX(u,[to, T])= (ICz(t) +Ju(t)l2) dt+(Gxz(T),z(T))z
to

where G=J*GJ and Jx =A(AI-M)- for A p(M). Note that GxZ(M*) and
G G in trace norm since G has a finite rank. If Hx (t), _<-T denotes the solution
of the Riccati equation associated with the problem (5.8), then it follows from Theorem
3.1 that

I-Ix t)z Gz + all* T, s)Qxall. T, s)z ds, z e Z

where Q is a self-adjoint operator on Z defined by

Q s*G +Gs-G*G+

Such a representation for Q exists since GxM can be extended to all Z via (3.1). If
we denote the optimal control for the original problem (5.6) by u and the optimal
control for the hth approximate problem (5.8) by ux, it follows from [13, pp. 114-115]
that u converges strongly to u in L2(to, T; "), and the convergence is uniform in
to for 0 =< to -< T.

The following three results are essential to discuss the extension of Theorem 3.1
and Lemma 4.3 to the case when Go 0.

LEMMA 5.4. G has a bounded extension to all elements z Z of the form z
((0), if) with dp C(-r, 0; R) and there exists a nondecreasingfunction M(. ):[0, )->
+ such that for z Z

(5.9) IG S< t)zl= at <= M(T) z =.
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Go I, d.(O)(O)

--<lGol Idlllllc-,,o;o).

Since Hl(-t 0; Rn) is dense in C(-r, 0; R"), G has the prescribed extension. Upon
identifying GM with of Lemma 5.1, (5.9) follows. Q.E.D.

LEMMA 5.5. For x, y Z

(GxMIIx(T, t)x, alia(T, t)’y)->(GMall(T, t)x, R(T, t)y) in L2(to, T).

Remark. To be precise, Lemma 5.4 only extends GxM and
such that C(-r, 0;). However, as functions in L2(to, T), the inner products may
be extended to all Z.

Proof. First note that 1 (T, t)z converges strongly to ll( T, t)z for z Z and the
convergence is uniform in t, and that

alia T, t)z S( T- t)z + S( T- s)dux (s) ds

where ua (.) is the optimal control for the Ath approximate (5.8) on the time interval
[ t, T] with given initial condition z Z. Since Ja converges strongly to I as A --> on
X (M), it follows from (i) of Lemma 5.1 and the fact that ua --> u in L2(t, T:m)
that for <_- T

fx (t) Jx S(T-s)ux(s) ds

converges strongly to
T

f(t) S( T- s)JUo--> u(s) ds

in X. Since IIL(t)llx is uniformly bounded in A and t [to, T], by the dominated
convergence theorem, f (t) converges strongly to fo(t) in L2(to, T; X). Hence
(GMf (t), JXallx T, t)y) converges strongly to (GMf(t), ql( T, t)y) in L2( to, T) for y e Z.
The remainder of the proof is to show that for z, y Z

(5.10) (GMJaS(T-t)z, Jxllx(T, t)y)->(GMS(T-t)z, ll(T, t)y) inL2(to, T).

As in Lemma 5.4, it can be shown that

r

]GMJaS( T- t)z[2 dt <- MIIzll, z Z,
to

since [[Ja is bounded uniformly in h. The desired result follows from direct applications
of the triangle inequality and the dominated convergence theorem.

LEMMA 5.6. There exists a finite rank () operator on Z and a nonsingular
diagonal matrix A on g such that

2(GMz, z)+((c*-O*G)z, z)=(Az, z)n forz e (M)

and Yg can be continuously extended to all elements z Z of the form z ((0), 4’) with
c C(-r, O; ’).
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Proof. Let X’ denote the strong dual space of X. We identify Z with its dual, so
that XcZc X’. If j is the canonical injection from X into Z" jb =(b(0), b)Z,
b X, then j is an embedding from X into Z; i.e., j is injective and j(X) is dense in
Z; thus it follows from Prop. 4 in [1, p. 65] that j’ from Z to X’ and j’j from X to
X’ are embeddings:

X--> Z- X’
and the bilinear form (x, Y)x,,x on X’x X is the unique extension by continuity of
the scalar product (x, y) of Z restricted to Z x X. Here (’) stands for dual Operators.
Let us define an operator Q (X, X’) by

Q= M’G+j’GM -j’G*Gj+j’*j.

If is the norm-preserving canonical map from X’ into X, then iQ is a self-adjoint
operator on X. Indeed,

(iQx, y)x (Qx, y)x’.x (x, Qy)x.x, (x, iQy)x.

Since G and qg have finite rank, Q has a finite rank, and so iQ does also Suppose
rank (iQ) -/. Then there exists an operator on X and a nonsingular diagonal matrix
A on such that

iQz *Az
It now follows that for z X

for all z X (M).

<Qz, z>x,,x <iQz, Z>x <W*Aa’z, Z>x <AXaz, ’z>R.
The proof is completed if we note that

<Qz, Z>x,,x 2< GMz, Z>z + <( qg* G*G)z, Z>z
and that from Lemma 5.4 the right-hand side of this equality is continuous on
e C(-r, 0; R"). Q.E.D.
The next theorem gives the extension of Remark 3.2 and Theorem 3.1 to the case

Go#0.
THEOREM 5.7. If H(t), t T, is the solution of the Riccati equation (2.6) with

G(, )=(Go,O) for (, )Z, then for zZ

H(t)z G+ ((T,s))*A(T,s)zds

where and A are defined in Lemma 5.6.
Proof Recall that for _-< T and z 6 Z

II, (t) G, + o,( r, s) Q,o, r, s)z ds.

Since II. (t), _-< T converges strongly to H(t), uniformly on bounded t-intervals, for
tN T and x, yeZ

(1-I(t)x, y) lim (II (t)x, y)

=lim {Gx,y}+ {(M*G.(T;s)x, (T,s)y}
AoO

+((*-Gx*Ga)x T, s)x, ?lx T, s)y>} ds).
/
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Hence, from Lemma 5.5 and the fact that all(T, s)z converges strongly to all(T, s)z
for z e Z and the convergence is uniform in s, the dominated convergence theorem
allows us to show that for <- T and x, y Z

(n(x,y=(ax,+ {(aso(r,sx,O(r, sly+(o(r,xx, Gso(r,sy

+((. a.a)o(r, s)x, o(r, s)yt s.
Since o-//(T, t) e (sg) for e (s), it follows from Lemma 5.6 that for x, y e N()

(5.11) (II(t)x, y)=(Gx, y)+ (Aali(T,s)x, all(T,s)y) ds.

But since can be continuously extended to all elements z of the form z (b(0),.b)
with b C(-r, 0; R"), it follows from (ii) of Lemma 5.1 and the arguments in the
proof of Lemma 5.5 that (5.11) holds for all x, y Z. Q.E.D.

The following results are concerned with the differentiability ofthe optimal control
u( of (5.8).

THEOREM 5.8. For z Z the optimal control u( of (5.8) is absolutely continuous
on to, T] with ft L2(to, T; Rm).

Proof. It follows from Theorem 4.3 that if z=(r/, b) (4), then ux(.) is con-
tinuously differentiable on to, T] and is given by

d
d’-’tua(t) *(s*II,(t) + c*c)a//x (t to)Z.

From (2.8)

II(t)z=S*(T-t)Gll(T,t)z+ S*(cr-t)cC*cCall(tr, t)zdtr for z e Z.

Note that GxZ c (*). Hence, using the same arguments as those in the proof of
Lemma 4.3, one can show that IIx(t)z (4") for zZ and t<=T, and moreover,
that *IIx (t) is strongly continuous on to, T]. Since q/ (t,.) is strongly continuous
on Z, this fact along with the closedness of the differential operator (d/dt) on
C(to, T; ’), shows that for z Z ux (t) is continuously differentiable on to, T]. We
now note that for t-< T

3"*S*(T- t)Gx J**S*(T- t)J*x GJx
=J*4*S*(T-t)J*a;*GJx (using *G G)

:*g*S*( T- t);*IxGJ

**dS(T-t)Ia

*TST(T- t)IGJx (using ** *)

where Ix h (hi-7-)-1, A p(4) and we have used Theorem 5.2 successively. Since
*(r/, b)= Brrl, the arguments, as in the proof of Lemma 5.4, yield that *dT- has
a bounded extension to all elements zZ of the form z=(b(0), b) with
C(-r, 0; n) and

(5.12) J*4rSr(T- t)z[ dt <- M( T)II zll z
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for M(. "[0, c) --> g+ nondecreasing. Hence one obtains

d

T

+ S*(tr- t)cC*cCa(tr t) dtr}a(t to)Z+*cC*cC-lla(t, to)Z

*’qr(T- t)IaGJxllx(T, to)Z

Note that alia (t, to)Z converges strongly to R(t, to)Z for z Z, and the convergence is
uniform on [to, T]. Since I and Ja converge strongly to the identity operator on Z,
IaGJa alia T, to)Z converges strongly to Gall( T, to)Z for z Z. It now follows from (i) of
Lemma 5.1 and (5.12) that {(d/dt)ua(.)} is a convergent sequence in L2(to, T;
which completes the proof when combined with the closedness of the differential
operator (d/dt) on L2(to, T; R"). Q.E.D.

This last corollary establishes the Chandrasekhar equations for hereditary differen-
tial systems.

COROLLARY 5.9. Define the operator L(. on Z by L(t)z all(T, t)z, 0 <- <- Tfor
all z Z, and the gain operatorK *H(t), <- T. Then K z and L(t)x are absolutely
continuous on [0, T] for z Z and x (), and they also satisfy

and

d
*L*(-K t)z -3 t)AL( t)z, zeZ,

K( T)= 3*G

dL(t)x= -L(t)(s4- K(t))x,
dt

L( T)x x.
Proof From (2.7),

L(t)v S(T- t)3v --fr

x (),

S(T-s)Y3K(s)all(s, t)vds for vR".

Here note that S(z)v= (x(z),x(z+ .)), z->0 where x is the homogeneous sol-
ution of (5.1) with initial condition v and xsBV(-r, T;R") for any T_>-0. This
means that L(t) xm exists for each t, and it is not difficult to show that L(t)3 is
of bounded variation on [0, T]. So *L*(.)= (L(.))* "P. It then follows from
Theorem 5.7 that for z Z

K(t)z= J*Gz+ 3*L*(s)AL(s)zds,

and hence K(t)z is absolutely continuous on [0, T].
Since R( T, t)3 L(t) is integrable, it follows from Lemma 5.1 and (3.4) that

for zZ

L(t)z= 7S(t- t)z- L(s)K(s)S(s- t)z ds,
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and thus for z (M), L(t)z is absolutely continuous on [0, T] with square integrable
derivative. Q.E.D.
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Abstract. An algebraic Riccati equation is studied, with application to the optimal control of determinis-
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1. Introduction. In this paper we are concerned with the optimal control over
infinite time horizon of two classes of boundary control systems: the first one is a class
of deterministic parabolic systems with boundary control, described by an abstract
semigroup model (similar to those considered in [B2] or ILl ]) which covers both cases
of Dirichlet boundary control and Neumann boundary control; the second one is a
class of stochastic parabolic systems with state and control dependent noises, which
in a sense generalizes the previous one, along the lines of stochastic systems considered
in [I1] (but [I1] is concerned only with the case of distributed controls); also the
stochastic model covers both cases of Dirichlet and Neumann boundary control. The
work is based on a direct study of a generalized version of the algebraic Riccati
equation, connected with the stochastic problem and the deterministic one. The proper-
ties obtained include existence, uniqueness, asymptotic behavior for the Riccati
equation, synthesis of optimal control, and stability of optimal trajectories. Examples
of applications are given in 4.2 and 5.3.

Boundary control problems, above all in the deterministic case, have been exten-
sively studied, in recent years, using analytic semigroups. In particular, the optimal
control over finite time horizon of deterministic systems has been studied in [B2], [L2]
and IF2]; for similar stochastic problems see IF1], IF3]. A different approach, based
on techniques along the lines of [L5], is presented in IS1] and [$2], where problems
over infinite time horizon and related algebraic Riccati equations are also considered;
in particular, a problem with Neumann boundary control and Dirichlet boundary
observation is studied under very general assumptions in IS1], while the case of
Dirichlet boundary control and distributed observation (one of the problems studied
here) is considered in [$2] assuming stability of the uncontrolled system. We remark
that in these works a variational technique is employed,

We present here a different approach from that of [S1] and [$2]: first we use
analytic semigroups along the lines of [B2], [L2] and IF2]; second we employ a
dynamic programming technique. One of the advantages of this approach is that it
allows one to study in an almost unified way the deterministic problem and the
stochastic one; in fact the main part of the work, concerning a direct solution to the
algebraic Riccati equation, is developed by studying an appropriate Riccati equation
which covers the stochastic case as well as the deterministic one. The results on the
stochastic problem are new; in the case of the Dirichlet boundary control of determinis-

* Received by the editors November 3, 1983; accepted for publication (in revised form) March 11, 1986.
t Dipartimento di Matematica, Universit di Torino, 10123 Torino, Italy.
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tic systems, we prove some results on stability of optimal trajectories, and asymptotic
behavior of the solution P(t) of a differential Riccati equation (see Theorem 2), which
are not included in [$1], [$2], and we prove the existence of a solution P of the
algebraic Riccati equation under the natural assumption of existence of admissible
controls.

Following a classical idea of distributed control theory ([L7], [D4]), we derive
Poo as a limit, as t-oo, of P(t); however the usual monotonicity and boundedness
results for P(t), which can be proved in a standard way, are not sufficient in the present
case. A much stronger convergence of P(t) is needed (see (3.44)) because of the
presence of an unbounded operator in the nonlinear term of the Riccati equations (see
(1.14) and (3.5)), and in the feedback gain (see (4.1) and (5.1)). To this purpose, the
major technical issue to settle is the bound (3.21), which is proved with a technique
along the lines of [F2].

The direct solution of the algebraic Riccati equation and the asymptotic behavior
of P(t) are the objects of 3. Synthesis of optimal control, stability of optimal
trajectories, and uniqueness ofthe solution to the algebraic Riccati equation are studied
separately in the deterministic case, 4, and in the stochastic case, 5 (although with
similar methods based on results of 3). Some examples of applications to concrete
boundary control problems are given in 4.2 and 5.3; we remark that also the
pointwise control of parabolic systems in dimension n _-< 3 can be described using the
abstract semigroup models (1.1) and (1.8) (see [D2] and [I2]), so that the results of
the present paper apply to this problem.

We remark that the assumption of existence of admissible controls (which yields
existence of Poo and synthesis) is verified for deterministic parabolic systems, with a
second order elliptic operator and Dirichlet boundary control, also in the case of
unstable free systems, in virtue of recent stabilizability results of [T2] and [L3] (for
Neumann boundary control problems see [$1]). As to relations between the present
work and stabilizability of boundary control systems, we note also that (assuming
detectability) the feedback control (4.1), with the feedback gain involving Poo, gives
another example of stabilizing boundary control. In the stochastic case stability prob-
lems for boundary control systems are new in the literature; in 5 we extend to this
case some typical results of distributed control theory ([I1], [H2]).

We conclude by listing some notation. If X is a Banach (resp. Hilbert) space,
then we shall denote its norm by I" Ix (resp. its inner product by (., x); if X and Y
are Banach spaces, then we shall denote by L(X, Y) the Banach space of all bounded
linear operators from X to Y, and by L(X) the space L(X, X).

If X is a Hilbert space and T is a linear operator in X, then we shall denote its
domain by D(T), and its adjoint operator (if D(T) is dense in X) by T* (similar
notation if T L(X, Y), where X and Y are Hilbert spaces); further, we shall set
E+(X)={TL(X)IT T*, (Tx, x)x>=O for any xX}. The domains D and D.
will be defined in 1.1.

Let X be a Banach space, and let a<b be two real numbers; if p c[1,[
then we shall denote by LP(a, b; X) the Banach space of all functions f:[a, b] X
such that b If(t)[ dt < c (similarly, with obvious modifications, if p +o, and if
b +). Further, we shall denote by C(a, b; X) the Banach space of all continuous
functions f:[a,b]-->X (similarly if b=+c), and we shall set C(a, b; X)= {f
C(a, b; X)l(df/dt) C(a, b; X)}.

Finally, if X and Y are Banach spaces then we shall set C(a, b; L(X, Y))=
{T(.):[a, b]- L(X, Y)IT(.)x C(a, b; Y) for any xX}. Similar definitions if b=
+o, and for C(a, b; E+(X)) where X is a Hilbert space.
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1.1. Problem formulation and hypotheses. We introduce here the infinite time
horizon problems and the related algebraic Riccati equations which are the objects of
this paper. We formulate first the deterministic problem, and then the stochastic one.

Let H, U, V be Hilbert spaces; H,will be the state space, U the control space,
and V the observation space. In order to unify the study of deterministic and stochastic
problems, and to use the theory of Hilbert space valued Brownian motions and
stochastic integration ([C2], [C3]), it is preferable to assume separability of these
Hilbert spaces; moreover this is not restrictive for applications. However, as far as we
are concerned with the deterministic case, all results hold in the general case.

Throughout the paper we shall make the following assumption:
(H1) A is the infinitesimal generator of an analytic semigroup e tA, >- 0, in H; A >_-0

is a real number such that A-A is stable, B L(U, D,) for some a ]0, 1],
where DTt denotes the domain of the fractional power (A -A); C L(H, V),
N E+(U). and (Nu, u)u >- v[u] for any u U and for some fixed v > 0.

We remark that the fractional powers (h-A)y and (h-A*) y, y R, are well defined
because A-A is stable (IT1]); we shall denote their domains by D and D.,
respectively.

In applications to boundary control problems, A is defined by an elliptic operator
in a bounded domain of R" with homogeneous boundary conditions, and B is the
Green mapping of a related elliptic boundary value problem; see Example 1, 4.2,
for more precise definitions. We remark that a 1/4-e, e > 0, in the case of second
order elliptic operators with Dirichlet boundary conditions, while a =-e in the
Neumann case (ILl]).

It is well known ([B2], [L1]) that solutions to parabolic boundary value problems
can be represented by an abstract semigroup formula involving operators A and B
which verify (H1). In the case of problems over infinite time horizon it turns out that
the system can be appropriately described by the input-output formula (see Example
1, 4.2)

(1.1) y(t)=etayo+ (A-h) e(’-s)aBu(s) ds

where u(. is the control function and y(. is the state function. We remark that, given
T>0, (1.1) defines a function y L2(0, T; H) for any u L2(0, T; U). To see this, we
recall first that analyticity and stability of e’A-x imply that, for any , > 0, there exists
a constant c(3,)> 0 such that

(1.2) I(h-A) et(A-X)IL(H) <=C(T e-’t/t, t>0,

for a suitable constant to >0 (IT1, Thm. 3.3.3]); then from (H1) it follows that there
exists a constant c > 0 such that

I(A- x) etABIL(U,,) [(h -A)’- e t(A-x) e’X(X -A)BIL(u,n)
(1.3)

_--< c erda-’)/t-’, > 0.

If u L2(0, T; U) then (1.3) and a Young inequality yield y L2(0, T; H) in (1.1).
Given Yo H, we will be concerned in 4 with the following deterministic optimal

control problem:

minimize

(1.4) J(u) {[Cy( t)lv + gu( t), u( t))u} dt

over all u L(0, o; U), subject to (1.1).
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The algebraic Riccati equation arising in this problem is formally (a correct meaning
is given by (1.7) below):

(1.5) A*Poo+ PooA + C*C Poo(A- A )BN-1B*(A* A )P= 0;

this equation will be studied in 3, as a particular case of (1.10). In order to give a
precise meaning to the nonlinear term of (1.5) we introduce a useful notation. Note
that the composition (A-A)B is not well defined in general, while the operator
B*(A*-A) is well defined on D(A*), and it can be extended, in a unique way, to a
bounded operator from D to U. More precisely,

there exists a unique K L(DA-., U) such that(1.6) Kx B*(A* A )x for any x D(A*).

To see this, it is enough to define K--[(A-A)B]*(A-A*)1-, and to note that K
is the unique extention because D(A*) is dense in D ([T1]). Using this notation
we can say, for instance, that PoE+(H)fL(H, DI-.) is a solution of (1.5) if

(1.7) (Poox, Ay)I-I +(Ax, Pooy)n +(Cx, Cy)v-(N-IKPx, KPy)v =0

for any x, y D(A).
Let us define now the stochastic problem. Assume that (H1) holds, and let X

and X2 be two separable Hilbert spaces. Let Wl(t) and WE(t), _--> 0, be two independent
Brownian motions, defined in a probability space (fl, , ), with values in X1 and X2
respectively; for the definition of Hilbert space valued Brownian motions see [C2].
Let :t be the or-algebra generated by {$’VI(S), WE(S); 0S t}; if 0<_-T<c (similarly
if T +), then we shall denote by 2Mw(0, T; H) the Hilbert space of all strongly
measurable stochastic processes f: [0, T] x - H such that f(t) is t-measurable for
any [0, T], and

E [f(t)12u at < oo

(similarly we define M2(0, T; U) and 2Mw(0, T; V)). Further, we shall denote by
Cw(O, T; L2(; H)) the Banach space of all f 2Mw(O, T; H) such that EIf(.)lEn is a
continuous function on [0, T].

Assume that

(n2) F1 L(H, L(X, H)), F2 L( U, L(X2, H));

then a general class of stochastic parabolic systems with boundary control, and state
and control dependent noises, can be described by the following integral equation:

y(t)=etAyo+ (A-A) e(t-)ABu(s) ds

(1.8)
+ e(’-)AFl(y(s)) awl(s)+ e(t-S)AF2(u(s)) dw2(s).

Examples are given in 5.3 and in IF1]. Similar systems, but with distributed control
(i.e. without the term (A-A) in (1.8)), are considered, for instance in [I1]. We remark
that, given T>0, if uM2w(O, T; U) then there exists a unique solution y

2M(0, T; H) of(1.8). This follows from a standard applYcation ([C2]) ofthe contraction
principle; to this end, the only novelty is due to the first integral term in (1.8), and it
is sufficient to note that it defines a stochastic process in M2w (0, T; H) for any

2u M(0, T; U), by virtue of (1.3) and the Young inequality.
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In 5 we shall consider the following optimal control problem:

minimize

(1.9) Joo(u) E {ICy(t)12v+(Nu(t), u(t))u} dt

2over all u Mw(0, oo; U), subject to (1.8).

The algebraic Riccati equation arising in this problem is formally (a correct meaning
is given by (1.14) below):

(1.10) A*Poo+PoA+C*C+ck,(Poo)-P(A-A)B&E(Po)B*(A*-A)P=O
where thl(" and &2(" are the/pplications from +(H) to +(H) and +(U), respec-
tively, defined as follows. Let

(1.11) W e E/(Xx), W2 e E+(X2), W and W trace class operators

be the covariance operators of the Brownian motions Wl(t) and WE(t), respectively
[C2]; then from the properties of trace class operators [K1], and (H2), it follows easily
that the applications AI(’) and A2(.) defined by

(A(P)x,y)n=trace F(x)*PFI(y)W1, x,yH, PE+(H),
(1.12)

(A2(P)u, V)u=trace FE(U)*PF(v)W2, u, U, Pe,+(H),
are well defined and continuous from E/(H) to ,+(H) and +(U), respectively;
further, if P,x - Px for any x H then A(P,)x - A(P)x for any x e H and 1, 2.
Finally, &l(’) and &2(’) are defined by

(1.13) &I(P)=A(P), dpE(P)=(N+A:(P))-1 forany Pe,/(H).
A similar problem with distributed control is studied in [I1].

Using the operator K, given by (1.6), we can say that P E/(H)f’)L(H, DA-.)
is a solution to (1.10) if

(1.14) (Pox, Ay)n +(Ax, PoY)H +(Cx, Cy)v+(bl(P)x, YH
b2(P)KPx, KPoy)u =0

for any x, y e D(A).
We remark that (1.5) is a particular case of (1.10), with

(1.15) 4l(P)=0, 42(P)= N-1 forany PeE+(H).
For this reason we study in 3 the algebraic Riccati equation (1.10), which covers
both the deterministic and the stochastic case. It is to be noted that the direct study
of (1.10) does not introduce essential complications with respect to a direct study
of (1.5).

2. Preliminaries. We summarize results for (1.1) and (1.8) which are useful in
subsequent sections. Hypotheses and notation of 1.1 are assumed throughout this
section.

Let T> 0 be given; let us consider the linear mapping

(2.1) L(L(O, T; U), L2(0, T; H))

defined by

(2.2) (u)(t) (A-) e(-Bu(s) ds for a.e. te [0, T],
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for any u L2(0, T; U). Note that (2.1) follows from (1.3) and a Young inequality.
Further (1.3) yields easily

(2.3) L(C(0, T; U), C(0, T; H)).

It is useful to introduce an approximation of (2.2); following [Y1], we define the
operators

(2.4) I, n(n -A)-1 for any n => A.

The following properties hold ([Y1]):

(2.5) I, L(H, D(A)), I,x x for any x H, there exists a constant c > 0
such that < c, io commutes with e ’A, A, (h-A)L

Using the operators I, we define the approximations
C(0, T; H)) of (2.2) by

,, L(C(O, T; U),

(2.6) ,,(u)(t) =/,(u)(t) e(t-s)A(A-A)I,Bu(s) ds,

[0, T], for any u C(0, T; U) (or also u L2(0, T; U)).
LEMMA 1. If u, o u in C(O, T; U) then ,(u,)o (u) in C(O, T; U); moreover,

for any u C(O, T; U), we have:

(2.7) ,(u) C(O, T; D(A)) f3 CI(0, T; H),

d
(2.8) d-t.,(u)(t)=AC,(u)(t)+(A-A)I,,Bu(t), t[0, T].

Proof n(u,) I,(u,) by definition; then from (2.3) and (2.5) it follows ,(u,)
5f(u) in C(0, T; H). Let u C(0, T; U); from the equality

A,(u)(t) (A- A ),, (u)(t) + A?, (u)(t)

(A-A)1- e(t-s)A(A-A)I,,(A-A)’Bu(s) ds+,LL,(u)(t),

it follows readily that ,(u) C(0, T; D(A)); similarly one can prove that ,(u)
CI(0, T; H) and that (2.8) holds. [3

2.1. Deterministic closed loop systems. Let G(. C(0, T; L(H, U)) be given; we
consider the closed loop system (which corresponds to (1.1) with the feedback control
u(t) -G(t)y(t))

(2.9) y(t)=etAyo (A-A) e(t-S)ABG(s)y(s) ds, t6[0, T],

and the approximating system

(2.10) y,,( t) etAI,,yo et-s)A(A A )I,,BG(s)y,,(s) ds,

[0, T] where Yo H. From Lemma 1, (1.3) and the contraction principle, Corollary
1 follows immediately.
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COROLLARY 1. There exist unique solutions y andy, of (2.9) and (2.10), respectively,
in C(O, T; H), and Yn Y in C(O, T; H). Moreover y, C(O, T; D(A)) f’) C1(0, T; H)
and

(2.11)

d
d- y’(t) Ay.( t) -(A- A )I.BG( t)y.( t),

y,(O) Inyo.

te[o, r],

Consider now the case of a constant operator G L(H, U) in (2.9) and (2.10). In
virtue of Corollary 1, we can define a strongly continuous semigroup T(t) by the
integral equation

(2.12) T(t)=e‘A- (A-A) e(t-S)ABGT(s) ds, t>-O

(the semigroup property follows by standard arguments, as in [K1]). We define also
the approximations T.(. )e Cs(0, c; L(H)) by the equations

(2.13) T,,(t)=etaI. e(’-)A(A-A)I,,BGT.(s) ds, t_>0;

note that T(.)I are analytic semigroups, because they are defined by a bounded
perturbation of the analytic semigroup e ’A.

PROPOSrrION 1. For any x H and T>= 0 we have Tn(. )x--> T(. )x in C(O, T; H),
T.(. )x C(O, T; D(A)) 0 C(O, T; H) and

d
(2.14) d--tT.(t)x=(A-(A-A)I.BG)T.(t)x, T.(O)x= I.x.

Moreover, T(t) is an analytic semigroup with generator

AG (a A )(1 BG) A, D(AG) {x HI(1 BG)x D(A)}.

Proof. The properties of T(.) follow readily from Corollary 1. For the proof of
the analyticity of T(t) and of the last part of the proposition, we refer, for instance,
to [D2], [L4], or [Z2]. [3

2.2. Stochastic closed loop systems. Let G L(H, U) be given. We consider here
the stochastic equation

y( t) e’Ayo (A A et-’)ABGy(s) ds

(2.15)
+ e(’-)AFl(y(s)) dWl(S)- e(t-s)aF2(Gy(s)) dw2(s), t>-_O,

which corresponds to (1.8) when the feedback control u( t) -Gy( t) is used. We
consider also the approximating equation

y.(t)=etAI,,yo e(t-)A(A-A)I,,BGy,,(s) ds

(2.16)
+ e(t-s)AI,,F(y,,(s)) dWl(S)- e(’-)AI.F2(Gy,,(s)) dw2(s), t>-_O.
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LEMMA 2. Let T >- 0 and Yo H be given. Then there exist unique solutions y and
Yn of (2.15) and (2.16) respectively in Cw(0, T; L2(, H)), yn y in Cw(O, T; L2(I, H)),
and Yn verifies the stochastic differential equation

dy.(t)=(A-(A-A)I.BG)y.(t) dt/I.F(yn(t)) dWl(t)-I.FE(Gyn(t)) dWE(t),
(2.17)

y.(O) I.yo.

Moreover y verifies the integral equation

(.) y(t)= r(t)yo+ r(t-s)F(y(s)) a,(s)- r(t-s)F(Gy(s)) (s),

where r(t) is the semigroup defined by (2.12).
oo It is proved in [C2] that the last two integral terms of (2.15) define

continuous linear mappings from C(0, T; L(, H)) into itself; (2.3) implies that
also the first integral term of (2.15) defines a continuous linear mapping in
C(0, T; L(,H)); moreover the same results hold for (2.16). Then a standard
application of the contraction principle yields existence and uniqueness of solutions
to (2.15) and (2.16) in C(0, T; L(, H)), and convergence of y to y in
C(O, T; L(, H)) (using (2.5)). The regularity of coecients in (2.16) implies that
y has a stochastic differential and (2.17) holds, in viue of [I1, 2.1]. Finally from
(2.17) we have (by using a stochastic Fubini theorem of [C1])

y.(t) T.(t)I.yo+ T.(t-s)I.Fl(y.(s)) dw(s)
(2,19)

r(t-sl(@(sl a(s,

where T(t) is defined by (2.13); (2.19) implies (2.18) as nm, in viue of the
convergence results of Proposition 1, of the present lemma, and in viue of (2.5).

It is useful to know that the solution to the stochastic "boundary feedback" system
(2.15) is also the solution to (2.18), because a large variety of results on systems like
(2.18) are already available (see for instance [I1]); in 5.2 we shall study in this way
stability and stabilizability of (2.15) and (1.8), respectively.

3. reeslfi eNeefiefi. In this section we discuss some propeies
of lhe algebraic Nccati equation (1.10), and of the corresponding differential ccati
equation arising in finite time horizon problems. Using the already known results on
the differential ccati equation ( 3.1) we derive in a standard way a candidate"
solution P to the algebraic ccati equation (Proposition 4, 3.2); however, as we
remarked in the introduction, the strong convergence (3.13) is not sucient in the
present situation; then we prove the uniform bounds of 3.2, which yield the existence
and the asymptotic behavior results of 3.3. The results of this section will be applied
in 4 and 5 to the deterministic problem (1.4) and to the stochastic problem (1.9),
respectively.

3.1. ee e ffeefil eefi efi e rle ere fie
H. For proofs and fuher details concerning the arguments of this subsection
we refer to our previous works [F1] and [F2]; similar (and luther) results for the
deterministic case are to be found in [B2], [L2], [$2]. We restrict the discussion to the
stochastic problem; all results, with obvious modifications, hold also in the deterministic
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Given T> 0, Yo H, and

(3.1)

let us consider the problem:

(3.2)

Po,+(H) f L(H, D),

minimize

JT(U)=E {ICy(t)12v+(Nu(t),u(t))u}dt+E(Poy(T),y(T))i

over all u Mw(0, T; U), subject to (1.8).

The differential Riccati equation arising in this problem has the form

dP(t)
A*P(t)+ P(t)A + C*C + Ol(P(t))

dt

(3.3) -P(t)(A-A)Bb2(P(t))B*(A*-A)P(t), t[0, T],

P(0) Po.
Remark 1. Since y defined by (1.8) is not continuous in mean square, for a general

2control u Mw(0, T; U), we have to give a meaning to the term E(Poy(T), y(T)).
We recall (IF2, Lemma 3.3]) that (3.1) implies that the operator (A-
A*)I-)/2)-Po(A-A)1-)/2- has a unique extension L L(H) for any e>0.
Moreover, for e>0 sufficiently small, the operator valued function (A-
A)-I-/E)(A A) etAB (A A)1-/2)+ etA(A A)"B belongs to L2(0, T; L(U,
H)); therefore, if y is defined by (1.8), then (A-A)-I-"/2)y Cw(O, T; LE(f, H))

2for any u Mw(O, T; U), and for e > 0 sufficiently small (see also [F1, 5]). Then, for
a fixed e >0 sufficiently small, a precise meaning to the term E(Poy(T), y(T))u is
given by the expression E(L-(A-A)--/Ey(T), (A-A)-l-/Ey(T))t-I, which
is well defined. When the control u is more regular (for instance if E lu(t)l/+ dt <, e > 0), so that y Cw(O, T; LE(f, H)), this expression reduces to E(Poy(T), y( T))H.

PROPOSITION 2. Assume that hypotheses (H1), (H2) and notation of 1.1 hold,
and that (3.1) holds. Then there exists a unique mild solution P(. ) Cs(O, T; L(H,
D-;)) f’) Cs(0, T; E+(H)) of (3.3), in the sense that P(. verifies the integral equation

p(t)=ea*poe’a+ e(-*(C*C+4(p(s))

(3.4) -(KP(s))*b2(P(s))KP(s)) e(t-s)A ds,

where K is given by (1.6), or equivalently, the equation

-(P(t)x, y). =(P(t)x, Ay) +(Ax, P(t)y)n +(Cx, Cy)v

(3.5) +(6(P(t))x, y)i4-(dp(P(t))KP(t)x, KP(t)y)u,

P(O) Po,

t[0, T],

t[O, T],

2for any x, y D(A). Further, there exists a unique optimal control fi Mw(O, T; U) for
problem (3.2); if (if, fi) is the optimal pair, then

(3.6) (t)=-b2(P(T-t))KP(T-t)fi(t), t[0, T].
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Finally, the following relations hold"

(3.7) (P( T)yo, YO)H JT(fi),

(P(T)yo, Yo)q=JT(u)-E Idpf P(T-t))u(t)
(3.8)

+ 6(P(r- ))rP(r- )y()l d

for any u M(O, ; 8), y given by (1.8).
This proposition is proved in [F1]; however it could be proved easily using the

machinery of the present paper: local and maximal existence and uniqueness for (3.3)
follows from a standard application of the contraction principle; the main point of
the global existence follows from an a priori estimation for (A -A*)-P(t)(u) which
is essentially included in Theorem 1 below, if we replace "t 0" with "t e J" in every
pa of Theorem 1, where J is the interval of maximal existence of P(t); the rest of
Proposition 2 follows readily from (3.8), which can be proved by evaluating the
stochastic differential d(P(T-t)y(t), y(t))H, where y are regular approximations
of y along the lines of 2, and by integrating over [0, T] and taking the limit as n .

Remark 2. It is useful for the sequel to recall explicitly the deterministic version
of (3.8):

(3.9)

for any Yoe H, T>0, P(. mild solution of (3.3) with
and 42 given by (1.15), and u e L2(0, T; U), the relation

(P(T)yo, Yo)-i (ICy(t)lv+(Nu(t), u(t))t) dt+(Poy(T),y(T))I

[N1/2u( t) + N-’/2KP( T- t)y( t)]2u dt

holds, with y given by (1.1).

We conclude this section with a simple result on monotonicity of P(t). From the
arbitrariness of T> 0 in Proposition 2, and the uniqueness of solution to (3.3), we
have that, under the hypotheses of Proposition 2, there exists a unique mild solution
P(.) of (3.3) over [0, col. When Po =0 the following result holds.

PROPOSITION 3. Assume that the hypotheses of Proposition 2 hold, and let P(. be
the mild solution of (3.3) with P0=0. Then (P(T1)Yo, Yo)14<-(P(TE)Yo, Yo)n for any
0 <- TI <-_ T2 and Yo H.

Proof. Let yoe H and T2_-> T1 _>-0 be given; let (52, fi2) be the optimal pair of
problem (3.2) with T T2; from (3.7) we have

(P( T2)Yo, Yo)n J’:(fi2)= E (ICfi2(t)[2v/(Nff(t), t2(t))v) dt;

then

(P(T2)Yo, Yo)n>=E (]C.2(t)12v+(Nfi2(t), fi2(t))t} dt=Jr(fi2);

but Proposition 2 (and in particular (3.8)) with T= T1 implies Jr(t2) _-> (P(T1)Yo, YO)H.
We conclude (P(T2)Yo, YO)H >= (P( T1)Yo, YO)H. D

3.2. Uniform bounds. Following a well-known idea of the distributed control
theory, we derive a candidate Po for the solution to (1.10) as a limit, as t- +oo, of
the solution P(t) of (3.3) with Po=0. It is useful to introduce the following definition.
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DEFINITION 1. Given yo6 H, we say that u M2(0, c; U) (resp. u L2(0, o3; U))
2is an admissible control for problem (1.9) (resp. (1.4)) if Cy Mw(O, ; V) (resp.

Cy L2(0, ; V)), where y is the corresponding solution of (1.8) (resp. (1.1)).
In the sequel, we shall often assume one of the following hypotheses:

(3.10)

(stochastic case);

for any Yo H there exists an admissible control
2u s Mw(0, oo; U) for problem (1.9)

(3.11)
for any Yo H there exists an admissible control
u L2(0, ; U) for problem (1.4)

(deterministic case).
PROPOSITION 4. Assume that (H1), (H2) and (3.10) hold (stochastic case), or that

(H1), (1.15) and (3.11) hold (deterministic case); let P(.) be the mild solution of (3.3)
over [0, o[, with Po-0. Then

(3.12) sup IP(t)lL(n
t>__o

and consequently there exists an operator P ,+(H) such that

(3.13) P(t)x-->Px ast-->+oo foranyxH.

Proof. We give the proof only in the stochastic case, because the proof in the
deterministic case is equal, with obvious formal modifications. Let Yo H and T> 0
be given, and let u M2w(0, oo; U) be an admissible control; then from Proposition 2
we have

(P(T)yo, Yo)H<--JT(U)=E {ICy(t)12v+(Nu(t), u(t))u} dt<-J(u)

where Joo(" is defined by (1.9); then supT->__o (P(T)yo, Yo)n < oo, and this implies (3.12)
in virtue of the Banach-Steinhaus theorem. (3.13) follows from (3.12), along with
Proposition 3 and a standard result on nondecreasing bounded families of selfadjoint
operators ([D4]).

In the case of distributed control problems this result is sufficient to prove that
Po is a solution to the algebraic Riccati equation, and to solve the synthesis. In the
present case however we see from (1.14), (3.5), (4.1) and (5.1) that we need some
properties like PL(H, D1A-.’) and KP(t)x- KPx for any xH. To this endthe
major result is the bound (3.21) below.

Let us introduce the following integral equation for the operator valued function
U(t, s), t>-_s>-O:

(3.14) U(t, s)---e(t-s)(A-x)- (A-A) e(r-s)(A-X)Bdp2(P(r))KP(r)g(t, r) dr

formally U(t, s) verifies the differential equation

0
U(t, s)=-[A-A-(A-A)Bb2(P(s))B*(A*-A)P(s)]U(t, s),

Os
O<_s<_t.

U(t,t)=l,
We remark that U(t, s) can be defined by other equivalent integral equations, which
are more common in some part of the literature; however we choose (3.14) because
it can be used more directly than others to derive (3.15) and (3.16) below.
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LEMMA 3. Let P(t) be the mild solution of (3.3) over [0, [, with Po=O. Then for
any >- 0 there exists a unique solution U( t, Cs(O, t; L(H)) to (3.14), and thefollowing
integral versions of (3.5) hold"

(3.15) P(t)= U*(t,s)[C*C+2AP(s)+(KP(s))*CE(P(s))KP(s)]U(t,s) ds,

(3.16) P(t)= e(-s(a*-"[C*C+21P(s)+4)(P(s))]U(t,s) ds,

Proof. Let I n(n- A)- as in 2; let us consider the approximating equation
of (3.14)

U,(t,s)=e(t-)(-x)i,_ e(-)(A-X)(A A)

I,Bqb2(P(r))Kp(r)U,(t, r) dr, t>-s>-_O.

With the notation of Corollary 1, given t->0 and yoH, let us set G(s)=
c2(P(t-s))KP(t-s), y(s)=eaU(t,t-s)yo, y,(s)=eU(t, t-s); then y and y
verify (2.9) and (2.10), respectively, and Corollary 1 applies, yielding the existence of
unique solutions U(t, .) and U,(t, .) in Cs(0, t; L(H)), for any t->0; further for any
hsH and t_->0,

U,(t, .)h--> U(t, .)h in C(0, t; H),
(3.17)

Un(t, )h C(O, t; D(A))fq cl(o, t; H), and

0
--Un(t,s)h=-[A-A-(A-A)InBc2(P(s)KP(s)]U(t,s)h, O<-s<-t,
Os

(3.18)
U,,(t,t)=I,,.

Let h s H; since U,(t, s)h D(A), we can use (3.5) with x=y= U,(t, s)h; from (3.5)
and (3.18) we have

P(slU(,sh, (,sh ,

or (P()g(,s)h, g(,s)h),l=, +2Re P(s)U,,(t,s)h,-sU,,(t,s)h
(3.19) 2 Re {P(s)U,,(t, s)h, AU,,(t, s)h)

+([C*C + c,(P(s))-(KP(s))*ChE(P(s))KP(s)]U(t, s)h, U(t, s)h)

-2 Re (P(s)U,(t, s)h, (A- A -(A- A )I,BcE(P(s))KP(s))U,(t, s)h)

([C*C +2AP(s) + I(P(s))+(KP(s))*Cl,E(P(s))KP(s)]U,(t, s)h, U(t, s)h}

-2(K(1 / I)P(s)Un(t, s)h, qbE(P(s))KP(s)U,(t, s)h};

integrating on [0, t] with respect to s, and using the convergence (3.17) and (2.5), from
(3.19) we have:

(P(t)h,h}= {[C*C+21P(s)+d(P(s))

+(KP(s))*dp2(P(s))KP(s)]U(t, s)h, U(t, s)h} ds.

This implies (3.15) because P(t) is selfadjoint. The proof of (3.16) is similar.
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THEOREM 1. Assume that (H1), (H2) and (3.12) hold; let P(. be the mild solution
of (3.3) with Po O, and U(t, s), >= s >= 0 be the solution to (3.14). Then there exists a
constant c > 0 such that

(3.20) U(t, S)lr(n) <= C, >= S >= 0;

moreover, forany y < 1 there exists a constant c( y) > 0 such that

(3.21) I(A --A*)P(t)IL(n) <=.C(T), t>=O.

Proof Step 1. Let us set R(t, s)= KP(s)U(t, s), for >-s >-0; from (3.14), (3.16)
and the evolution property U(s, r)U(t, s)= U(t, r), we have

(3.22) U(t, s) e(’-s)(a-x) (A- A) e(-’)(A-X)Bb2(P(r))R(t, r) dr,

(3.23) R(t, s)= g e(-(a*-"(C*C +2AP(r) + r(P(r)))U(t, r) dr,

for 0_-<s_-< t. From (HI) and (1.13) it follows immediately that O<-_(d2(P(t))u,
1/ulul, for any t_->0 and ue U, so that any t>_-0; then, from
(1.2), (H1) and (3.22), there exists a constant c > 0 such. that

f e-t(r-s)
(3.24) [U(t,s)x[n<=c, e-to(’-S)lxlH+c (r_s),_,ilR(t,r)xlvdr
for any xH and t>=s>=O. Further, from (1.2), (HI), (3.12) and (3.23), there exists
a constant c2 > 0 such that

fo e-to(s-r)

(3.25) IR(t,s)xlt,<-c2 (s_r)l_lg(t,r)xlndr
for any x H and => s -> 0.

Step 2. If < p =< , p rs 1! a, then there exists a constant kl(p)> 0 such that

(3.26) U(t,. )xl L"o,,;,----< k,(p)lxl, + k,(p)lR(t,. )xl Lo,,; ),
(3.27) IR( t, )xlL"o,,; <- k,(P)l U( t,

for any x H and t-> 0, where

[p/(1-ap) ifl<p<l/a,
(3.28) q

ifl/a<p<=;

if p 1/a, then for any e ]0, rain (a, o)[ there exists a constant k2(e)> 0 such that

(3.29) IU(t, ")XlL,/(o,t;H) <=k2(e)lX[H+k2(e)lR(t, ")XlL’/a(O,t.U)
(3.30) IR(t," )xl ,,.o,,. t,)

< k=(e)lU(t,.
for any t->0 and xH. (3.26) and (3.27), with 1 <p<l/a, follow from (3.24) and
(3.25), respectively, using a Young inequality ([HI, p. 290]); the case 1/a <p<
follows readily from the H61der inequality. As to (3.29) and (3.30), let us note first
that, for any > 0, the function

et(-to+e)
E - tl_ot+e
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is nondecreasing for e _-> 0 (because it has nonnegative first derivative with respect to
e); then from (3.24) it follows

e(-a’+)(r-)
(3.31) IU(t,s)XIHCl e-’(t-S)lXIH-FC (r_s)l_,+lR(t,r)xlvdr
for any e > 0, _-> 0 and x H. If p 1/a and 0 < e < min (a, to), then we can apply to
(3.31) the above-mentioned Young inequality, and we have (3.29); similarly we can
prove (3.30).

Step 3. Let Cp > 0 be a constant such that

(3.32) IP(t)l.(n <- Cp for any _-> 0

(see (3.12)). From (3.15) we have

(3.33)

ot
(o).(P(s))KP(s) U( t, s)x, KP(s) U( t, s)x)u

_-< ([C*C + 2AP(s) + (P(s))

+(KP(s))*2(P(s))KP(s)]U(t, s)x, U(t, s)X)HdS

(P(t)x, X)H <- Cp]XIEH for any _-> 0 and x e H.

Moreover, from (3.32) and (1.12) we have ]AE(P(s))]Lt:)<--CaCp for any s>--0, and for
a suitable constant Ca>0; then, from definition (1.13), there exists c4>0 such that

(3.34) (2(P(s))u, u)tr >- c4]ulEu for any s _>- 0 and u e U.

(3.33) and (3.34) yield

(3.35) [R(t, s)x] ds =< (1/C4)CpIX[2H for any -> 0 and x e H.

Step 4. Let us start with the uniform bound (3.35), and let us apply repeatedly
(3.26) and (3.27), or (3.29) and (3.30) if some exponent p is equal to 1/ce; in a finite
number of steps we have (3.20). For instance, in the case of Dirichlet (resp. Neumann)
boundary control and second order elliptic operators, it is sufficient to apply (3.26)
and (3.27) two times (resp. one time), because a 1/4-e (resp. a -e) for any e > 0.

Finally, applying (1.2), (3.32), (3.20) and the HSlder inequality to (3.16), we
find (3.21). I3

3.3. Asymptotic behavior and existence for the algebraic Riccati equation. For the
sake of simplicity, we prove the strong convergence result (3.38) below under the
additional assumption that

(3.36) (h -A)-1 is a compact operator.

(3.37) can be proved with a lengthy argument without assuming (3.36); however, (3.36)
is verified in boundary control problems, because the operator A is defined by an
elliptic operator in a bounded domain of R" (see Example 1, 4.2), and consequently
(3.36) is not restrictive for applications..

THEOREM 2. Under hypotheses and notation of Proposition 2, we have

(3.37) Pooe L(H, D1A-.) and ((h -A*)vP(t)x, Y)n ->((h -A*)vPoox, Y)n

for any y < 1, x, y H. Further, if (3.36) holds then

(3.38) (A A*)P(t)x --> (A A*)Px for any x Hand y < 1,
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and in particular

(3.39) KP( t)x KPox for any x H,

where K is defined by (1.6); moreover Po is a solution to (1.10), in the sense that it

verifies (1.14), or equivalently that P ,+(H) f’l L(H, DA-.’) fq L(D(A), D(A*)) and

(3.40) A*Poox + PooAx + C*Cx + bl(P)x KPoo)* qb2( Poo)KPoox 0

holds for any x D(A). Finally,

(3.41) P <= (i.e. (Pox, X)n <- (.box, x)nfor any x H)

for any solution Po of (1.10).
Proof Let x H and y< 1 be given; the set {(h -A*)P(t)x}t=o is bounded in H,

in virtue of (3.21); then, for any sequence t, +o, there exists a subsequence t, such
that

(3.42) lim ((A-A*)vP(t,k)x,y)n=(z,y)u foranyyH

and for some z H. But (3.13) implies limk_, (P(t,)x, (A -A)Vy)n =(Pox, (A -A)Vy)n
for any y D; then (z, Y)n (Poox, (A A)y)H for any y D, whence Poox DVA and

(3.43) z=(A -A*)vPox.

Since z does not depend on t, and t, (because (3.43) holds), (3.37) follows from
(3.42) and (3.43).

Let us recall now that (A -A*) is compact for any e >0 if (3.36) holds ([B1]).
If y+e<l, then from (3.37) we have that (A-A*)v/P(t)x converges weakly to
(A -A*)+Px for any x H; then (3.38) follows from the compactness of (A -A*)-,
and (3.39) follows from (3.38) and (1.6).

Let us prove that P verifies (1.14). Let x,y D(A) be given. From (3.39) and
(3.13) it follows that the right side of (3.5) converges to (Pox, Ay)u +(Ax, Py) +(Cx,
Cy)v +(Cl(Po)x, y)n -(2(Po)KPox, KPy)u, whence

(3.44)
d

there exists ax,y ina -(P( t)x, Y)u;

moreover, from (3.13) we have that

(3.45) there exists lim (P(t)x, y)t-i (Pox, y)u.

In virtue of a simple argument of real analysis, (3.44) and (3.45) yield ax.y =0. This
implies that (1.14) holds. Moreover, from (1.14) we have readily Poo L(D(A), D(A*))
and (3.40).

Finally, let us prove (3.41). We consider first the stochastic case, i.e. we assume
that (HI), (H2) and (3.10) hold. Let P be a solution to (1.10), in the sense that
verifies (1.14); then Po verifies also (3.5) with Po P, i.e. Poo is the mild solution of
(3.3) with Po P. Let Yo H be fixed; we define the following feedback control

(3.46) a(t)=-qb2()K(t), t>=O.

Since P is the mild solution of (3.3) with Po P, given T>0, (3.8) holds with
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P(T) Po =/3, and in particular with u( t) =.t( t); this yields

(Pyo, Yo)n=E llC(t)lv+(Na(t), a(t))t} dt+E(Py(T),(T))n,

whence
T

(3.47) E {IC:P(t)l+(Na(t), a(t))v} dt<-_(yo, Yo)u;
o

as T- (a and )3 are independent on T), (3.47) implies

(3.48) J(a) <- (/3yo, Yo)u,

where J(.) is defined by (1.9). Given T>0, relation (3.8), when P(.) is the mild
solution of (3.3) with Po 0, yields

(3.49) (P(T)yo, Yo)nNE {ICy(t)l+(Nu(t), u(t))t} at

2for any u Mw(O, T; U); as T-, (3.54) implies

(3.50) (Pyo, Yo)n<=J(u) foranyuM2(0,; U).

From (3.48), and (3.50) with u a defined by (3.46), we have (PYo, yo)n <-(Yo, Yo)n;
this implies (3.41), and the proof of (3.41) is complete in the stochastic case.

In the deterministic case, i.e. when (HI), (1.15) and (3.11) hold, the proof is equal;
we point out only the relations which correspond to (3.46), (3.48) and (3.50), because
they are useful in 4. Let P be a solution of (1.5) (in the sense of the present theorem).
Given Yo H, let t be the feedback control defined by

(3.51) a(t)=-N-KPy(t), t_>0;

then

(3.52) Joo(a) -< (/3yo, yo)H,

where J(.) is defined by (1.4); moreover, if P is the solution to (1.5) defined by
(3.13), then

(3.53) (Pyo, Yo)H<-J(u) foranyuL2(0,; U). ]

4. The deterministic optimal control problem. In this section we apply the results
of 3 (in particular Theorem 2) to the deterministic optimal control problem (1.4).
First we solve the synthesis (4.1), and then we give a uniqueness result for the
algebraic Riccati equation, and a stability result for the optimal trajectories ( 4.2).
Finally, an example of deterministic boundary control problem is discussed at the end
of 4.2.

4.1. Synthesis.
THEOREM 3. Assume that (H1) and (3.36) hold. Then there exists a solution to the

algebraic Riccati equation (1.5) (in the sense of Theorem 2) if and only if (3.11) holds.
In this case the results of Theorem 2 hold, andfor any Yo H there exists a unique optimal
control L2(0, ; U) for problem (1.4); moreover, if , ) is the optimal pair and P
is defined by (3.13), then

(4.1) (t)= -N-1KP(t), >-O

(K given by (1.6)) and

(4.2) (Pyo, Yo)=J().
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Finally, a(. and (. are analytic functions for > 0, and

(4.3) (t) T( t)yo, >- 0,

where T( t) is the analytic semigroup defined by the integral equation

(4.4) r(t) e

Proof. If (3.11) holds then Poo defined by (3.13) is a solution to (1.5) in virtue of
Theorem 2, and the results of Theorem 2 hold; conversely, if/3o is a solution to (1.5),
and yo H is given, then (3.52) holds, whence t (defined by (3.51)) is an admissible
control; this proves (3.11).

Given yo H, we can take Poo Poo in (3.53); then (3.52) and (3.53) imply that
(4.2) holds, with t t given by (3.51) or equivalently by (4.1); moreover, from (3.53)
and (4.2) we see that t is an optimal control. It is also unique because Joo(’) is a
strictly convex functional, by virtue of hypothesis (H1) on N.

Finally, Proposition I implies that (4.4) defines an analytic semigroup; (4.3) follows
from (4.4), (1.1) and (4.1), and the analyticity of t and ) follows from the analyticity
of T(t) and from (4.1) and (4.3). 1

4.2. Stability of optimal trajectories and uniqueness of solution to (1.5). The results
of this section extend to boundary control problems some results of [Z1].

We recall that the pair (C, A) is said to be detectable if there exists S L( V, H)
such that A-SC is stable. The following lemma will be useful in the proof of
Theorem 4.

LEMMA 4. Assume that (H1) holds and that (C, A) is detectable. Let G L(H, U)
be given, and assume that the feedback control u(t)=-Gy(t) is an admissible control
(Definition 1) for any Yo H; then the trajectories y are exponentially stable for any
Yo H, and the semigroup T(t) defined by (2.12) is exponentially stable.

Proof. Let T(.) and Tn(’) be defined by (2.12) and (2.13), respectively; let
S L( V, H) be such that A- SC is stable; then from (2.14) we have

(4.5)

d
d- Tn( t)x (A- SC) T,( t)x + SCTn( t)x + (SC A)InBGT,(t)x

+(A SC)InBGTn(t)x for any t-> 0 and x H

and Tn(0)- In; then by the variation of constant device we have

Tn( t)x etA-SC)I,x + et-s)A-SC)scrn(s)x ds

(4.6) + (SC-A) e(’-’(-sCInBGT(s)xds

+ e(’-’(-sc(A SC)I,BGT(s)x ds, >- 0, xH.

In order to take the limit as n - oo in (4.6) we have to study the limit behavior of the
second integral term in (4.6). For any 0 T_-<oo consider the mapping T on
L2(0, T; H) defined by ..T(z)(t)=o(SC--A)e-)A-SC)z(s)ds, for a.e. tel0, T[,
and for any z L2(O, T; H); since etA-sc) is a stable, analytic semigroup, it is known
that r is a continuous linear mapping in L2(0, T; H), for any 0< T_-<oo (see for
instance [DS], [D1] or [L6]), and there exists a constant c>0 such that

(4.7) [r(z)lL2o,r;n)-< clz[L2o,r;u) for any z L2(0, T; H)
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and T ]0, oo]. Therefore, for any fixed T> 0, we can take the limit (in the L2(0, T; H)-
topology) in (4.6) as n -> oo, using also the convergence result of Proposition 1; this yields

r( t)x e(a-SCx + e(-(a-scscr(s)x ds

(4.8) + (SC-A) e(t-s)(A-SC)BGr(s)xds

+ e(’-a-sc(-SC)BGr(s)xds

for any >-0 and x e H. We apply now a Young inequality to the first and the third
integral terms of (4.8), and (4.7), with T-+oo, to the second integral term of (4.8);
we have

(4.9)

for any x H, where cl and C2 are the norms of et(A-sC) in LI(0, ; H) and L2(0, o; H),
respectively. If u is the feedback control defined by u(t)=-Gy(t), corresponding to
the initial trajectory y(0)= x, then y(t)= T(t)x and u(t) =-GT(t)x (see (2.12)); since
u(. is assumed to be admissible, this implies GT(.)x L2(0, o; U) and CT(.)x
L2(0, ; V). Therefore, from (4.9) we have

(4.10) IT(t)xl dt< foranyxH.

This implies, by virtue of a result of [D3], that T(t) is a stable semigroup, and also
the trajectories y(t)= T(t)yo are exponentially stable for any Yoe H. [3

DEFINITION 2. The system (1.1) is said to be exponentially stabilizable if there
exists Ge L(H, U) such that (2.12) defines an exponentially stable semigroup T(t).

THEOREM 4. (i) Assume that (H1) and (3.36) hold, and that (C, A) is detectable;
then there exists at most one solution of the algebraic Riccati equation (1.5) (in the sense

of Theorem 2), and in this case the unique solution is Poo defined by (3.13). (ii) Moreover
ifP exists, then for any Yo H the optimal control (4.1) ofproblem (1.4) is a stabilizing
control, and, more precisely, system (1.1) is exponentially stabilizable and the optimal
trajectories (Theorem 3) are exponentially stable for any Yo H.

Proof. Let /3o be a solution to (1.5); given Yoe H, let a(.) be defined by (3.51).
From (3.52) it follows that a(. is an admissible control for problem (1.4); then (3.11)
holds, and Theorem 2 implies that P exists, and

(4.11) P<-P.
Since the optimal control a(. given by (4.1) is an admissible control (and this holds
for any Yo e H), Lemma 4 implies that the optimal trajectories 37(. are exponentially
stable. This proves part (ii) of the theorem. Taking P(t)= Po P and u a, y 37 in
(3.9) (this is possible because P verifies (1.7), and consequently it verifies (3.5) with

bl and 2 given by (1.15)), we have

(4.12) (/3ooyo, yo)/4 _--< {Icy(t)l+(Na(t), a(t))v} dt+(:(r),.(r))n;

as T c, from (4.12) and the stability of )7(. we have

(4.13) (/3ooyo, Yo)H =< J(),
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where Joo(’) is defined by (1.4). From (4.11), (4.13) and (4.2) we have Po Poo, and
also the proof of part (i) of the theorem is complete, lq

Finally, applying Theorem 4 to the case C 1, we find that the following classical
result ([P1]) holds also for boundary control problems.

COROLLAR.Y 2. Assume that (HI) and (3.36) hold. Then system (1.1) is stabilizable

if and only iffor any Yo H there exists a control u L2(0, oo., U) such that

dt

where y is the corresponding solution of (1.1).
We conclude this section by discussing an example of a Dirichlet boundary control

problem over infinite time horizon.
Example 1. Let 0 be a bounded open domain of R" with C boundary F, with

0 locally on one side of F. Let A(x, D) be the elliptic operator

(4.14) A(x, D)f Dsao(x)D,f- cf,
i,j

where c R, the real coefficients a0 C(/), and

E = for any sr R", for some r/> 0
i,j

(more general elliptic operators can be considered, but (4.14) simplifies the discussion
of Examples 2 and 3 of 5.3).

We consider the following optimal control problem governed by a parabolic system
with boundary control:

minimize

(4.15) Joo(u)= If {IoY2+ frU2} dt

over all u L2(0, oo; L2(I")), subject to the state equation

A(x,D)y in[0,[x0,

(4.16) y u on [0, o[ x F,
y(O, x) yo(x) in 0,

where Yo L2(0). Let A -> c; then the elliptic system

(A(x, D) + A)z 0 in 0,
(4.17)

z=g onF,
has a unique solution z Ha/2(O) for any g L2(F) ([L6, pp. 187-188]) and we can
define the Green mapping

(4.18) BL(L2(F),H1/2(O)), Bg=z

where z is the solution to (4.17). Setting yx(t, x) e-Xy( t, x), from (4.16).we have

-(A(x, D) + ;t)ya in [0, o[ x O,
Ot

(4.19) yx e-’u on [0, o[ x F,
yx (0, x) yo(x) in 0.
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Let A be the linear operator in L2(0) defined by (Af)(x)=-A(x, D)f(x), for any
f D(A) H2(0) f’l H(0). A generates an analytic semigroup eta, >= O, in L2(0) (IT1 ]).
Then the solution to (4.19) is given by ([L1])

yx(t)=et<a-X)yo+ (A-A) et-s)<A-X)Be-XSu(s) ds,

whence the solution of (4.16) is given by (1.1). Since D,= H2(0), for any 0-<re <41-
([L1]), assumption (HI) on B is verified. The connection between notation of this
example and 1.1 is given by: H L2(0), U L2(F), V L2(0), C 1, N 1.

In [L3] or IT2] it is proved that system (4.16) is stabilizable; moreover (C, A) is
detectable because C is an isomorphism. Then Theorems 2, 3 and 4 apply to. this
problem.

5. The stochastic optimal control problem. The results of this section are the
stochastic counterpart of the results of 4. Similar results in the case of distributed
control problems are proved in Jill.

Since stability and stabilizability of stochastic boundary control systems appear
new arguments in the literature, we devote to them 5.2.

5.1. Synthesis.
THEOREM 5. Assume that (H1), (H2) and (3.36) hold. Then there exists a solution

to the algebraic Riccati equation (1.10) ifand only if (3.10) holds. In this case the results
of Theorem 2 hold, and for any yo H there exists a unique optimal control

2Mw(0, ; U) for problem (1.9); moreover if (, fi) is the optimal pair and P is defined
by (3.13), then

(5.1) (t)=-2(P)KPy(t), t>=O,

(5.2) (Pyo, Yo)n=Jo(),

and verifies equation (2.15) with G dp2(P)KP.
We omit the proof of this theorem because it is an obvious modification of the

proof of Theorem 3.

5.2. Stability and stabilizability of stochastic boundary control systems. The results
of this section are simple consequences of known results in distributed control theory
(Jill, [H2]), and of (2.18). They are useful to prove Lemma 5 and to study Examples
2 and 3 of 5.3.

We consider only exponential stability, and stabilizability, in mean square.
DEFINITION 3. (i) We say that system (2.15) is exponentially stable in mean square

if there exist two constants c > 0 and k > 0 such that

E[y(t)l <- ce-’lyol, for any Y0 H.

(ii) We say that system (1.8) is exponentially stabilizable in mean square if there
exists G L(H, U) such that the closed loop system (2.15) is exponentially stable in
mean square.

Let y(.) be the solution to (2.15); since y(.) is also solution to (2.18) (in virtue
of Lemma 2), we can use already available results on equations of the form (2.18);
from [I1, Thm. 3.1] we have the following.
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PROPOSITION 5. The following statements are equivalent:
(i) system (2.15) is exponentially stable in mean square;
(ii) E o iY(t)12 dt < oo for any yo H;
(iii) there exists P ,/(H) such that (Px, AyH /(Ax, PYH +(AI(P)x, y)/-//

(AE(P)Gx, Gy)u =-(x, yHfor any x, y D(A), whereA is defined in Proposition 1,
and A2(’) in (1.12).

Similarly, from [H2, Thm. 1], we have the following.
PROPOSITION 6. Assume that the deterministic system (1.1) is exponentially stabi-

lizable (Definition 2, 4.2) by means of the feedback control u (t) Gy(t), and that

(5.3) T*(t)[Al(I)/ G*AE(I)G]T(t dt

where T(t) is defined by (2.12), AI(. and A2(" by (1.12), and I is the identity in H.
Then the stochastic system (1.8) is exponentially stabilizable in mean square, by means

of the (stochastic) feedback control u (t) Gy(t).
In Examples 2 and 3 of 5.3 we have to prove the existence of an admissible

control for any initial trajectory Yo H (assumption (3.10)); in this direction Proposition
6 will be useful, because if (1.8) is exponentially stabilizable in mean square then
(3.10) is verified.

5.3. Stability of optimal trajectories and uniqueness of solution to (1.10).
LEMMA 5. Assume that (H1) and (H2) hold; assume moreover that (C,A) is

detectable, and that there exists S L( V, H) such that

(5.4) (trace W)]FI(H,(,,u)) le’(A-SC)I(H at < 1,

where I is the identity in H. Let G L(H, U) be given, and assume that the feedback
control u (t) Gy(t) (y given by (2.15)) is an admissible control for any Yo H; then
the trajectories y(. are exponentially stable in mean square for any Yo H.

Proof. Let Yo H be given, and let y and Yn be defined by (2.15) and (2.1.6),
respectively; arguing as in the proof of Lemma 4 we find the equation (which corre-
sponds to (4.8))

y(t)=et(A-SC)y0 / e(t-s)(A-SC)SCy($) ds

+ (SC-A) e(t-s)(a-sc)BGy(s) ds+ e(t-s)(A-sc)(h-SC)BGy(s) ds

+ e(’-(a-SCFl(y()) dw,()- e(’-(a-SCF(Gy(s)) dwa()

e(’-s>(a-sc>Fl(y(s)) dwl(s) + h(t), t>=O,

where we have introduced for simplicity of notation the stochastic process h (t), defined
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by (5.5). Let e>0; from (5.5) and the inequality (a+b)2<=(l+e)a2+(l+l/e)b2 we
have

Ely(t)I(I+e)E fo e<’-s)<A-SC)Fl(y(s)) awl(s) + 1+ EIh(t)l
H

(1 + e)E trace (e’-sA-SCF(y(s)))*W(et-sA+SCFl(y(s)))

(5.6) +( l +)EIh(t)12
2 -s)(A-SC-<(l+e)(trace W,)lf l,.n.x,.n le’ 12nEly(s)1214 ds

where we have used some well-known properties of the trace and of the stochastic
integral ([C2]). Let us take $ L(V, H) such that (5.4) holds, and let us denote by k
the constant on the left side of (5.4); if e > 0 is such that

(5.7) (l+e)k<l;

then from (5.6) and a Young inequality we have

(5.8) E ly(t)l dt<-(l+e)kE ly(t)l dt+(l+l/e)E Ih(t)l at.

2Arguing as in Lemma 4, we have that h Mw(0, oo; H); then from (5.8) and (5.7) we
have

(5.9) E ly(t)l at < oo.

Since (5.9) holds for any initial trajectory Yo H, from Proposition 5 we have that y(.
is exponentially stable in mean square for any Yo H. lq

THEOREM 6. (i) Assume that (H1), (H2) and (3.36) hold, C, A) is detectable, and
(5.4) holds; then there exists at most one solution ofthe algebraic Riccati equation (1.10),
and in this case the unique solution is equal to Poo given by (3.13). (ii) If moreover Poo
exists, then for any Yo H the optimal trajectory fi ofproblem (1.9) is exponentially stable
in mean square.

We omit the proof because it is an obvious modification of the proof of Theorem
4. Finally, as in 4.2, we have the following.

COROLLARY 3. Assume that (HI), (H2) and (3.36) hold. Then system (1.8) is

exponentially stabilizable in mean square if and only if for any yo H there exists

u M2w(O, o; U) such that

E (ly(t)l + lu(t)l} at <.
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This result follows readily from Theorem 6 with C 1; we remark only that (5.4) is

verified if we take S =lz for a sufficiently large tz >- O.
We conclude by discussing two examples of stochastic boundary control problems

over infinite time horizon.
Example 2. Let (f, , ) be a probability space, and let w(t) be a real Brownian

motion; with notation and hypotheses of Example 1, we consider the problem of

(5.10)
minimizing

over all u M2w(0, c; L:(F)), subject to

dy -A(x, D)y dt + Cly dw( t) in [0, oo[ x 0,

(5.11) y u on [0, [ x F,

y(O, x) yo(x) in 0,

where c R is a fixed constant. This problem can be studied in the abstract setting
of 1.1 if we put X1-X2=R, WI-1, WE--0, FI(y)=cly for any yL2(O), and
consequently bl(P)= ClP and bE(P)= N-1 for any P E+(H). Assume that

(5.12) c <0 (hence A stable) and -c2/2c < 1,

where c is given in (4.14); then the hypotheses of Proposition 6 are verified with G 0;
since (C, A) is detectable, we can apply to this example all results of the paper.

In the following example we discuss a problem in which it is possible to avoid
the restrictive assumption (5.12).

Example 3. With notation and hypotheses of Example 2 except from (5.12), let
us consider the stochastic system with distributed and boundary controls

dy -A(x, D)y dt + cly dw( t) + C2U dt in [0, c[ x 0,

(5.13) y u2 on [0, [ x F,

y(O, x) yo(x) in 0,

where u and u2 are two different controls, and c2 is a positive constant. Let us consider
the problem of minimizing

(5.14) Joo(u) E (y2+ nlu12) + n2u dt

over all pairs (Ul, u2) M2w(0, c; L2(0)) fl 2Mw(O, o; L2(F)), subject to (5.13); here nl
and n2 are positive real numbers. For "large" nl (resp. "small" c2) we can see (5.13)
as a system in which it is possible to implement a distributed control, but its use is
strongly penalized by (5.14) (resp. it has a small effect on the system); in a sense, this
is a problem controlled "mainly" on the boundary. With U L2(0) L2(F), N E/(U)
defined by N(ul, u2) (nlu, n2u2) for any (u, u2) U, / L( U, D,) defined by
/(Ul, u2) (A- h)"-lul + Bu where B is gi.ven by (4.18), we see that this problem fits
in with the abstract scheme of 1.1, with B in place of B. Moreover, (5.13) is stable
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and hypotheses of Proposition 6 are verified, by taking the feedback control (Ul,/’/2)
(-/zy, 0), for a sufficiently large /z _>-0 such that c/(c21z- c)< 1. Consequently, the
results of the present paper can be applied.
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ON THE SUPREMAL CONTROLLABLE SUBLANGUAGE
OF A GIVEN LANGUAGE*

W. M. WONHAMf AND P. J. RAMADGE:

Abstract. The concept of controllable language has been shown to play a basic role in the existence

theory of supervisory controls for discrete event processes. In this paper the supremal controllable sub-
language S of a given language L is characterized as the largest fixpoint of a monotone operator fl. In the
case where the languages involved are regular it is shown that the fixpoint S can be computed as the limit
of the (finite) sequence {Kj} given by Kj+I-’(Kj) Ko=L. An effective computational algorithm is

developed, and three examples are provided for illustration.

Key words, supervisory control, discrete event process, controllable language

AMS(MOS) subject classification. 93B

1. Introduction. The concept of controllable language was introduced in Ramadge
and Wonham [1983], where it was shown to play a basic role in the existence theory
of supervisory controls for discrete event processes. In this paper we characterize the
supremal controllable sublanguage S of a given language L as the largest fixpoint of
a certain operator 12. In the case where the languages involved are regular we show
that the fixpoint S can be computed as the limit of the (finite) sequence of languages
Kj given by

Kj+I 12(Kj ), Ko L.

Three computational examples are provided for illustration.
A summary version of this paper has appeared as Wonham and Ramadge [1984].
We recall here only the facts needed in the development to follow. Let E be a

(nonempty) finite alphabet of elements tr, and as usual denote by E* the set of all
finite strings of elements of E, including the empty string 1. A subset L c E* is a
language over E. A string s L is a word of L. If s, s’, E* with s’t= s, then s’ is a
prefix of s; thus both 1 and s are prefixes of s. The closure of L is the language /2
consisting of all the prefixes of words in L; thus if L then /2= , and if L
then 1 e L. Clearly L c L; L is closed if L L. Let M be a fixed language over E and
let Eo be a fixed subset of E. A language K c E* is controllable (with respect to M and
Eo) if

KY.oCIMc K.

In the supervisory control theory of Ramadge and Wonham [1983] this condition
has the following interpretation: E is an alphabet of "events"; E-Eo is the subset of
"controlled events" that can be enabled or disabled by a "supervisor"; thus Eo is the
subset of "uncontrolled" events that cannot be disabled; in the absence of control, M
is the (closed) language generated by an automaton (or generator) over the alphabet
E; K (in this context) is a specified sublanguage of M; d can be controlled by a

* Received by the editors August 17, 1984; accepted for publication (in revised form) March 24, 1986.
? Systems Control Group, Department of Electrical Engineering, University of Toronto, Toronto,

Ontario, Canada M5S 1A4. The work of this author was partially supported by the Natural Sciences and
Engineering Research Council of Canada grant A-7399.

t Department of Electrical Engineering and Computer Science, Princeton University, Princeton, New
Jersey 08544.
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supervisor to generate exactly K c M just when K is controllable, namely strings in
M of the form ttro, with K and tro Eo, are again in K. In the present article we
need not assume until 6 that M is closed or that K c M.

Let L 2" be arbitrary. Then the supremal controllable sublanguage of L is the
language

sup C(L):= t.J {K" K L and K is controllable}.
It was shown in Ramadge and Wonham 1983] that sup C(L) is well defined (although
it may be empty), is controllable, and contains every controllable sublanguage of L.

For a very simple instance of these ideas the reader may glance ahead to Example
3 ( 7.1). Here the events (labelled) a, a2 are controlled (i.e., can be disabled, viz.
prevented from occurring) whereas events fl are uncontrolled (i.e., are permanently
enabled), namely 5:0 {fl}. Let be an automaton whose behavior (without disable-
ments) is the language

M al fl2 + t2)fl *.

With respect to M and
M but (al/32)/3 . It is easily seen (cf. 7.1) that supC(N)=. Intuitively, no
mechanism that is capable of disabling only al and ct2 could control g to generate
exactly N. If al, a2 are both disabled then generates { 1} sup C(N).

2. A fixpoint characterization of sup C(L). Let L, M 5:* be two fixed languages,
and let 5:0 be a fixed subset of 5:. Let be the set of all languages over 5: (i.e. power
set of 5:*), and define the operator

according to

(2.1) f(K)=LOsup{T: T,*, T= ’and T,ofqMc g},

It is easy to check (cf. Ramadge and Wonham [1983, proof of Prop. 7.1]) that the
condition in { } of (2.1) is closed under arbitrary unions, so I is well defined. Of
course f depends on the fixed elements L, M and Eo.

If 5:* write ? for { t--, the set of prefixes of the string t. The following alternative
description of I(K) will be useful.

LEMMA 2.1.

I(K) {t" L and 5:o f’l M c K}.

Proof. Immediate from (2.1). i-]

Let S := sup C(L), the supremal controllable sublanguage of L (with respect to M
and Eo). We now have the following.

PROPOSITION 2.1. S f/(S) and S K for every K such that K fl(K).
A language K such that K f/(K) is afixpoint off/. Thus Proposition 2.1 describes

sup C(L) as the largest fixpoint of t2. Of incidental interest is the following.

COROLLARY. If S ;--- sup C(L) then S is L-closed, namely

S=SL.

Proof of Corollary. By Proposition 2.1 we can write

S= fI(S) LCI T

for some closed T. Therefore T S,

L T=S LCI S LCI T,

and so S=LCS. [3
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so

Proof of Proposition 2.1. We have that S c L and S is controllable, i.e.,

So (’1 M c S,

sup { T: T P and TEo M c g},

S L S I(S).

To prove the reverse inclusion, let ll(S). By Lemma 2.1

t.sL and [EoMcS.

If S’= S U {t} then S’ L, and

S’,on M (SU t-),o M

(S:o n M) U (on M)

cS

Therefore S’ C(L) and S’ S. Because S is supremal, S’ S, i.e., S and so 12(S) c S.
This gives S I)(S), namely S is a fixpoint of 1.

Now let K be any fixpoint of l). It will be shown that K c S. We have K L, and

K c sup { T: T T and TEo n M c K}
=: T+, say.

It is enough to check that K is controllable. Now since T+ is closed

g T/

and since the defining condition in { } is closed under arbitrary unions

T+Eo (’1 M c g.

Thus

K,onM= K

and the proof is complete. E!
In view of Proposition 2.1 it is natural to attempt to compute S sup C(L) by

iteration of II. For this, define the sequence

Ko L,
(2.2)

Kj+I fI(Kj), j=0,1,....

PROPOSiTiON 2.2. The (set-theoretic) limit

K := lim Kj (j -->

exists and S K.
Proof. It is clear that II is monotone, i.e., if A c B :E* then II(A) II(B). Then

K1 fl(Ko) c L Ko,

and if Kj c K-I we have
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Hence

Ko = K K2"
so that

K lim K f3 K
j=O

exists. Now

S f/(S) c L Ko,

and S c Kj implies

so ScK.
It is not true in general that K c S (see 4); however, in the regular case, which

we discuss next, it is true that S K and also that our iteration scheme is effective.

3. Computation of sup C(L) in the regular case. To define the regular case we first

recall the definition of Nerode equivalence (e.g., Hopcroft and Ullman 1979, p. 65]).
Let L E*. Strings s, E* are equivalent (mod L), written

s=-t(modL) or s=-Lt,

if

{s’: s’ E* and ss’ 6 L} { t’: t’ ,* and tt’ L}.

In other words, two strings are equivalent (mod L) if they are each "continuable" in

the same ways to form completed words of L. We shall write

IILll :-- card (*/-- L),

namely IILI[ is the (possibly denumerable) number of equivalence classes of -- in E*.
For example if L or L E* then any pair of strings are equivalent, so [[LII 1. If
E {c,/3} and

L= a*={1, a, aa," "},

then LI] 2; whereas if { a,/3 } with

L={a"fl"; n=0, 1,2,...},

then IlLll . Note that an inclusion K L does not imply any particular ordering
of the "norms" K II, Lll.

The language L is regular if IILII < c. In that case, it is well known that IILII is
the minimal cardinality of the state set of an automaton that "recognizes" L; so IILII
roughly measures the size of "memory" in L.

We now state the main result of this section.
THEOREM 3.1. In case the languages L andMare regular, the sequence oflanguages

K defined by

Ko L, K+, =12(K), j>-O
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converges after a finite number of terms to S(= sup C(L)). Furthermore, S is a regular
language, with

S -<- II L[I M + 1.

For the proof of Theorem 3.1 we shall require the following three lemmas.
LEMMA 3.1. Let A, B, C ,*. Suppose that for all s, ,* the conditions s,

s =--A t; S =-- together imply s =-c t. Then

C _-< A !1B / 1.

Proof. For each equivalence relation r on 5* we write

II ll- card (E*/r).

If p is also an equivalence relation on E*, we say that r refines p if, for all s, *,
s--- (mod zr) implies s-= (mod p). If zr refines p then obviously

Now define the equivalence relation r on E* according to

s--t(modr) if[s--=At and s-=at.
Let rc be the restriction of r to t c .*" namely if we identify r with
then rc is identified with tic H 1 (C x C). Let p denote -=c and let pc denote the
restriction of p to C. Then the hypothesis states that rc refines pc, so we have

Pc --< rc --< zr -< A B [[.
The subset *-( * is either empty or exactly one equivalence class of p, and
therefore

IIp <-- + 1 --< AII IIB + 1

as claimed.
LEMMA 3.2. For m 1, 2,. ., let

{L: L Ell-<- m}.

Then card (m) < 0.

Proof. In light of the fact about recognizers cited earlier, the lemma states that
only a finite number of distinct languages can be defined over a fixed finite alphabet
by means of a recognizer of a priori fixed, finite state cardinality m. This conclusion
is immediate from the standard description of a finite state recognizer (Hopcroft and
Ullman [1979]) and elementary combinatorics.

LEMMA 3.3. Let K (j O, 1, 2,." .) be a sequence of regular languages over ,,
such that

(i) Ko K K2" and
ii) there is a finite constant m for which

IIK ll-<m
for all j.

Then there is an index k such that

K= Kk, j>=k.

The lemma states that a monotone, "norm"-bounded sequence ofregular languages
is finitely convergent.

Proof. In the notation of Lemma 3.2 we have by (ii) that Kj m for all j. By the

finiteness of m there is K m such that K occurs in the sequence {Kj} infinitely

often. The result is then immediate by the monotonicity (i).
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We are now ready to discuss the computation of sup C(L). Reverting to the
notation of 2, we make the assumption:

(3.1) The languages L, M are regular.

Our key.result is the following.
LEMMA 3.4. For the sequence {Kj} defined by (2.2),

--< Zll M / 1, j _--> 0.

Proof. By Lemma 2.1 we have, for j => 1,

gj o(r_l)
={t:tL and ?Eor3MK_}.

It will be shown that, for all i-> 0, the conditions

(3.2) s,tK, s-=t, s--t,

together imply

(3.3), s-= (mod K,).

For this we fix j _-> 1 and make the inductive assumption that

(3.2) implies (3.3) for 0-< <j.

Since Ko L, the assertion for j 1 is trivial. Observe next that if (3.2) is true for a
pair s, g* then, because K c Kj_, we have that (3.2)_1 is also true for s, t; and
therefore (3.3)_1 is true.

For the inductive step assume that (3.2) is true for a pair s, g*, and suppose
that sq K for some q 5*. Then

sqL and qqEofqMcKj_l.

Since s-- we have tq L. Next, suppose t’ is a prefix of tq. If t’ is a prefix of then

t’,oO M c K_
because K. If t’- tp for some prefix p of q, and if tptr M for some tr 5:0, then
s=-t implies that spcr M; but sp is a prefix of sq, so that spcr/-1, namely
spcrr K-I for some r g*._ By the inductive hypothesis, s -= (mod Kj-1), so that
tpcrr K-I, namely tpcr K-I. We have now shown that

4Xo n M K)_,,
and so tq K). Thus for q e *,

sq Kj implies tq K).
By symmetry the reverse implication is also true, and therefore s -= (rood K)) as
claimed.

We have established that (3.2) implies (3.3) for all i. We now apply Lemma 3.1
with

A=L, B=M, C=Ki
and the proof is complete. [3

Finally we are ready for the proof of Theorem 3.1.
Proof of Theorem 3.1. By the proof of Proposition 2.2 the sequence of languages

{K} is monotone decreasing, and by Lemma 3.4 the numerical sequence ]]K]] is
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bounded by IILll IIMII + 1. Thus by Lemma 3.3, the sequence Kj is finitely convergent
to a limit K. But this implies that K is a fixpoint of f. Thus K c S. The result now
follows by Proposition 2.2. tq

4. Couaterexamples. It was shown in the previous section that if L and M are
regular, then sup C(L)= fqo K, i.e., that fq__o K is a fixpoint of the operator 1. At
the moment it remains an open question as to whether this result is also true for more
general classes of languages. It is certainly not true for arbitrary languages L, M as
the following example illustrates.

4.1. Example 1. Let

,={a, fl., y}, ,o={a, y}, and

L= aft + a{y"+flym" 0 <- m <= n, n ->0},

M aft + ayy*fly*.

An infinite tree recognizer for L is shown in Fig. 4.1. Recalling that

fl(Kj) {t: t Land [Eo Mc K}
and using Fig. 4.1, we have

Kj aft + a)fl{yn+flym" 0 m -< n, n >-0}.

Thus

fq K aft.
j=0

denotes the initial state
denotes marker states

FIG. 4.1. Example 1. Tree recognizer for L.
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By inspection of Fig. 4.1 it is evident that sup C(L) . Thus

sup C(L) fq K.
j=O

It was shown in 3 that if L and M are regular languages, then sup C(L) is also
a regular language. The conclusion may be false, however, if either L or M fails to
be regular. This is illustrated in Example 2.

4.2. Example 2. Let

E={a,/3, 3’}, Eo={a, 3’}, and

L aa*/3/3*,
M= Lq-{anfln+l,: n 1}.

The infinite tree recognizer for M is shown in Fig. 4.2. Recalling that

II(L) {t: L and ?Eofq M c L-}
and using Fig. 4.2 we have

II(L) {a"fl m" 1 <- m <= n, n >= 1}

and

2(L) (L).

FIG. 4.2. Example 2. Tree recognizer for M.
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Thus in this case

supC(L)- f3 Kj,
j=l

but sup C(L) is not a regular language.

5. Effective eomputalfility of the operator 1. We return to the case when L and
M are regular languages and show that our proposed iteration scheme yields an
effective procedure for the computation of sup C(L). For this it will be sufficient, in
view of Theorem 3.1, to show that the operator 1 can be effectively computed.

We begin by reviewing some results from the theory of regular languages. Recall
that a language K c E* is regular iff there exists a finite automaton

Q, 5:, , qo, Qm)

with

K {s: s e 5:* and (s, qo) e Q,,}.

In this case we write 141 K. The automaton provides an effective means ofspecifying
the regular language K. Henceforth when we say that a regular language K c 5:* is
given, we shall understand that a finite automaton is supplied with I1 K.

Let "n
_

be an operator which preserves regularity, i.e., K1, Kn regular
implies (K1,"" ", K,) regular. We say that t9 is effectively computable if from each
n-tuple (K1,’’’, K,) of regular languages we can effectively construct a finite
automaton 4 with 141=(K1,... K). For example it is well known (see e.g.,
Eilenberg 1974]) that each of the four standard operators: closure, complement, union
and intersection, preserves regularity and is effectively computable.

Define H:- by

H(K) := sup { T: T c K and T

and for fixed Eo c 5: define Bo: by

Bo(K) := {w: w e E* and wtre K for all tr e 5:0}.
LEMMA 5.1. The operators H and Bo preserve regularity and are effectively ,compu-

table.
Proof. Let (Q, E, 8, qo, Qm) be a finite automaton with 141 K.
(1) If qo Q,,, then clearly H(K)=. If qo Qm, then define

and sc:5:xXX by

Let

Then

Xo qo

Xm X,

(,x)={(’ x)
undefined

if 8(tr, x) Qm,
otherwise.

:- (x, :, , Xo, x).

wll iff *11,
iff w H(K).
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(2) Let

Then

Xm {q: q e Q and 8(tr, q) e Qm for all tre Eo},

J=(Q,, 8, qo, Xm).

wel iff wll forall reEo,

iff w e Bo(K).

The following lemma is the key to an effective computation of
LEMMA 5.2. For each K c E*

II(K) LCI H. Bo(K M).

Proof. For each K c

fl(K) {wl w e L and Y-,o f’l M K}.

Hence

w e fI(K) if[ w e L and rPEo f) M c K,

iff w e L and :o K [3 Mc,
iff w e L and rP Bo(K [.J Mc),

iff w e L and w e H. Bo(K [3 M),

iff w e L 0 H. Bo(K U M).

Finally we have our desired result.
PROI’OSITION 5.1. The operator fl is effectively computable.
Proof. The assertion is immediate from Lemmas 5.1 and 5.2 and the effective

computability of closure, complement, union and intersection.

6. Alternative computation of fl. In the applications so far considered (Ramadge
and Wonham [1983]) the language M is closed (i.e., M M) and represents the
uncontrolled, "physically possible" behavior of a discrete event process; while L c M
is the "legal" language describing behavior that is both possible and acceptable. For
this special case we present a more efficient computation of the operator fl. This
method will be used in the presentation of examples in 7.

Recall that for the finite automaton

M (Q, , 8, qo, Qm)

the transition function 8" x Q -> Q is in general only a partial function, meaning that,
for each q e Q, 8(or, q) is only defined for a subset X(q) ; that depends on q. We
call ;(q) the active set at the state q. Define the empty automaton over , denoted x,
by

x := (, X, , , ).

Clearly I.1-- .
For the automaton define

Qa:= {q: qe Qand 8(w, qo) q for some weE*},

Qco:= {q qeQandS(w,q)eQmforsome weE*}.
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Qac is called the accessible set of M and Qco the coaccessible set of
is accessible if Qa Q, coaccessible if Qo Q and trim if Q Qac Qco.

Let

Qtr := Qac I’] Qeo, 6tr:-" 61( Qtr).

Then the trim component of M is defined by

Tr (M):= (Qtr’ E, 6tr, qo, Qm fq Qtr) if Qtr
v. otherwise.

It is clear that ITr(M)I =IMI (Eilenberg [1974, p. 23]) and that Tr(M) is effectively
constructible.

Now let M (Q, E, 6, q0, Q,,) and (X, E, , Xo, Xm) be trim finite automata
with ][ [M[. We say that refines M if

for all.s, [[, :(s, Xo) so(t, Xo) implies 6(s, qo) 6(t, qo).

If refines then it is easily shown that there exists a unique function h" X- Q
satisfying

(6.1) h. (s, Xo)= 6(s, qo), s

We are now ready to examine the operator 1). For this let L, M c E* be regular
languages with Lc M and M M, and let K be the sequence of regular languages
defined by

Ko L, K)+,=f(K)), j=>0.

LEMMA 6.1. Let

M O, ,, 6, qo, O), (j (X, -, , Xo, Xm)

be trim automata such that

I1- M,
and q) refines . Let h" X Q be the unique map satisfying (6.1). Then w f(K)) iff
w K and

for each u e if,, x=(U, Xo) implies ,(h(x)) f-I EoE(x).

Proof. Recall that

w e Y K)
iff w K and g’o VIM K,
iff w K and (’u )UXo M/(,
iff w Kj and (Vu )(’r Xo)(Utr M implies utr /(j),
iff we Kj and (rue )(’r e X(6(u, qo))fq Xo)ur gj,
if[. w K and (Vu )X(6(u, qo))fq o= X(sr(u, Xo)),

iff w K and (’u rP)(x (u, Xo) implies (h(x))
In view of Lemma 6.1 it is natural to attempt to construct an automaton c+ with

c+a[ fl(K) simply by removing those states of that fail to satisfy the active event
constraint

,(h(x)) f’) ,o C ,(x).
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More formally let 4 and cCj be defined as in Lemma 6.1, let

X’= {x: xX andE(h(x))EoCE(x)},

x, rqx

and let ’:E x X’ X’ be the function given by

(, x) if (, x) X’,
’(, X)

undefined otherwise.

Then define

xo, X’m)) ifxoX’(6.2) cj+1 :=
otherwise.

PROPOSrrION 6.1. Let g and qgj be as defined in the statement of Lemma 6.1, and
let 1+ be the automaton defined by (6.2). Then

and j+l refines 4.
Proof

iff w 6 Kj and (Vu if)x= sO(u, Xo)implies E(h(x))f’)Eo E(x),

iff w I(Kj) (by Lemma 6.1).

That j+ refines .ff follows immediately from the fact that cgj refines .d. E]

It only remains to show that, given trim automata .d=(Q,E, 8, qo, Q,,) and
(Z, E, a, Zo, Z,,) with 141 M and I 1- L, we can effectively construct an

automaton Co such that Col L, and Co refines A.
Define the intersection f3 of 1 and g by

4 CI := (Q x Z, E, (8, a), (qo, zo), Q,,,XZm)

where (8, a)(tr, q, z) is defined iff both 8(or, q) and a(tr, z) are defined and is given by

(, a}(tr, q, z)= (t(o’, q), a(o’, z)).

Clearly al=l, lnl l (Eilenberg [1974, p. 17]).
PROPOSITION 6.2. Let 1 and g be as defined above and let co Tr (4 f’) ). Then

Iol L and Co refines 4.
Proof.

For s, E L

implies

Hence Co refines M. El
The method of this section has been implemented in Pascal by Lin [1984].

lol=llnlal=UnL=L.

(, a}(s, qo, Zo)=(8, a)(t, qo, Zo)

8( s, qo) 8( t, qo).

iff w I%1 and (Vu i):(u, Xo) X’,
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7. Illustrations. The computations in this section are intended mainly to illustrate
the result of Theorem 3.1. In the examples that follow, L c M and M M, and so we
employ the computation scheme developed in 6.

It is often convenient for purposes of computation to represent a finite automaton
M (Q, E, 8, qo, Q,) by its transition matrix. This is a finite square matrix A whose
columns and rows are indexed by the state set of M and whose entries A(p, q) are the
subsets of E given by

A(p, q) {tr" tr E and q 8(tr, p)}.

7.1. Example 3. Let E {al, a2, fl}, Eo {fl}; and in the notation of regular
expressions (Hopcroft and Ullman [1979]) let

L=al[32+a213 *, M--(al[3z+a2)fl *.
An automaton M for (i.e., a trim automaton with IMI- M) is displayed below
((3 denotes the initial state, denotes marker states).

Note that while the string a lfl2is legal, its successor a 3 is not; but since fl Eo this
implies a K. Proceeding in this informal manner it is intuitively clear that

sup C(L) 1 + aEfl*.
To verify this by formal computation consider the automaton for L shown below.

L:

It is clear that refines M. To the transition matrix of we adjoin two columns: one
listing E(h(x))Eo, the other listing E(x). This yields the following tableau.

0 1 2 3 4 E(h(x)) CI Eo

C tR2

(x)

Clt2

We denote the empty set simply by a blank entry in the tableau.
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Since

(3’) f’l Eo (3),
we remove state 3 from the tableau and arrange that the resulting automaton is trim.
The result (shown below) is an automaton for the language K.

0 2 4 X(h(x) Xo

(X O2

(x)

K afl + aEfl*
Iterating this procedure yields the following sequence of tableaux:

g2:

0 4 E(h(x)) Eo

t t2

K2 a-’-+ a2/3"

0
K3" 4

0 4 ,(h(x))["l,o ,(x)

K + o2*
Since each state of the last tableau satisfies the active event constraint, our iteration
scheme has converged. We conclude that

sup C(L) 1 +

as expected. I-i

7.2. Example 4. Consider a simplified version of the example of (Ramadge and
Wonham 1983, 12]), to which the reader is referred for any unexplained terminology
below. Two machines M and M2 are connected in tandem, separated by a buffer B.
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The M are controlled discrete-event processes (CDEPs) with state diagrams as shown.

M at" ct M2: a2" c2

WI

Here the defining condition simply maintains the content of the buffer at zero or one
(workpiece) at all times. Finally we define

L= LnM.
Evidently L:, and therefore L, are closed.

To compute sup C(L) we first obtain an automaton for L. By inspection, Lf consists
of those strings of E* in which/31, a2 occur in strict alternation. An automaton for Ly
is therefore as shown below.

To compute an automaton for L we must form the product of the automata for L: and
M. We omit the simple computation, merely displaying the result.

L:

0E
OF
1E
1F
2E
2F
3E
3F

0E OF 1E 1F 2E 2F 3E 3F

O2 O

t2 1

t2

O2

initial state: 0E
marker states: all states

Evidently this automaton refines the automaton for M. Hence we can immediately
write down the following tableau.
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In state Ii, Mi is "idle"; in state W it is "working." The buffer B has a single
slot and is modeled by an automaton with the two states E (empty) and F (full).

B2" E*/’F

2

Initially the system is in state (I1, I2, E). Awork cycle al/31 of M1 "deposits a workpiece
in B" driving B to F; M2 can then begin its work cycle by "removing the workpiece
from B" thereby resetting B to E. The controlled events are a, a2; namely E0 {ill,/32}.

For M we adopt the closure of the shuffle language generated by M and M2. M
has the automaton displayed below.

or

2

To define the legal language L we impose the "safety" requirement determined by the
capacity of the buffer. To formalize this let trEE= {a, fl, a2,/32} and for a string
s E E* write

Il(s)- number of occurrences of o- in s.

Define the "safety language" Lf c E* according to

Lf {S’. S .,* and [021 (t) -< I/,l(t) _-< I=l(t) + 1 for all prefixes of s}.

0E
OF
1E
1F
2E
2F
3E
3F

OE OF 1E 1F 2E 2F 3E 3F E(h(x)f"lEo

Ol

Ol 2 Ol

f12 Oll

fll f12
Ol2

f12

(x)

21
f12l
f12l

2
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Both the states 2F and 3F fail to satisfy the active event constraint and hence must
be removed from the tableau. This yields

OE OF 1E IF 2E 2F E(h(x))fqgo E(x)

0E
OF
1E
IF
2E
3E

o2

2 O1 2
o2

j20l

initial state: OE
marker states: all states

Since each state of this trim automaton satisfies the active event constraint it is an
automaton for sup C(L). The state transition graph is shown below.

sup C(L)"

0E

2

2E

.0F

/32

1F

2

This result is in agreement with Ramadge and Wonham [1983], where our automaton
transition graph for sup C(L) in fact appears as a subgraph of the automaton transition
graph of Ramadge and Wonham [1983, Fig: 12.4].

7.3. Example 5. A cat and a mouse are placed in the maze shown in Fig. 7.1, with
the cat initially in room 2 and the mouse initially in room 4. Each doorway in the
maze must be traversed in the direction indicated and is either for the exclusive use
of the cat (displayed as ’-) or for the. exclusive use of the mouse (displayed as
__) ’ (--). In addition each door, with the exception of c7, can be opened or closed
as required in order to control the movement of the cat and the mouse.

Our objective is to find the control scheme that permits the cat and the mouse
the greatest possible freedom of movement but also guarantees that

(a) The cat and the mouse never occupy the same.room simultaneously;
(b) It is always possible for the cat and the mouse to return to the initial state,

i.e., the state in which the cat is in room, 2 and the mouse is in room 4.
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Let X {c, mj" 1 <- -<7, 1 -<j =<6}. We model the movement of the cat in the maze
by the automaton fgc over X shown below.

C2

C7

C4 C6

5

Here state corresponds to room and a transition -ckj corresponds to traversing
the door ck between rooms and j.

Similarly we model the movement of the mouse in the maze by the automaton
gm shown below.

m2

Q1 2 Q

m30.ml
m 4

m5

Now for our joint model of the cat and the mouse we adopt the automaton
constructed by shuffling the automata d and m. The states of d are ordered pairs
(i, j) where is a state of % and j is a state of d,,, and the transitions of % are either
of the form

(i,j) (i’,j)

where -> c i’ is a transition in %, or of the form

(,j) (,j’)



SUPREMAL CONTROLLABLE SUBLANGUAGE 655

FIG. 7.1. Example 5. Maze for cat and mouse.

where j -->"k j, is a transition in 3,.. The automaton is displayed in Fig. 7.2.2 We let
M l31 and 5:o be the set of labels of uncontrolled doors, i.e., Eo {c7}.

To construct an automaton for the legal language L we remove those states (i, j)
of for which j, and take the trim component of the resultant automaton. Clearly
this automaton satisfies constraint (a). To satisfy constraint (b) we must ensure that
every state is coaccessible to the state 24. Hence we designate 24 as the only marker
state and again take the trim component ofthe resultant automaton. These computations
yield the automaton for L shown on the left-hand side of Fig. 7.3.

Having specified M, L and o we now proceed to compute sup C(L). By the
construction of it is clear that refines rg. Hence we can immediately fill in the
right-hand columns of Fig. 7.3 to form our initial tableau. Since the states 13 and 31
fail to satisfy the active event constraint, these are removed and we compute the trim
component of the remaining automaton. The resultant automaton for K1 is shown in
Fig. 7.4.

It is clear from Fig. 7.4 that K1 is controllable. Hence sup C(L) K1. The
automaton for sup C(L) is displayed by its state transition graph in Fig. 7.5.

Using the results of Ramadge and Wonham 1983] we can now construct a quotient
supervisor which synthesizes the language sup C(L). This is shown in ,Fig. 7.6. The
"optimal" control strategy which this supervisor implements can be summarized as
follows. If the cat and the mouse occupy their respective initial rooms, then both are

For convenience we often abbreviate (i,j) to simply ij, e.g., (2,3) becomes 23, (1,3) becomes 13.
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FIG. 7.2. Example 5. Shuffled automaton G.

given the opportunity to move to a new room, i.e., c and ms are open. If the .cat leaves
room 2, then the mouse is isolated in room 4, i.e., m5 and c5 are closed, and the cat
is free to roam the rest of the maze. Similarly, if the mouse leaves room 4, then the
cat is isolated in room 2, and the mouse is permitted access to those rooms from which
it can return to room 4, i.e., rooms 0, 3, 4.

8. Conclusion. The characterization of supremal controllable language given in
this paper is both of theoretical interest and provides a basis for computation in the
regular case. It would be of considerable interest to find convergence criteria that,could
be used to extend Theorem 3.1 to broader classes of languages, as well as to study the
issue of computational efficiency.
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Lin Feng and John Thistle to the development of Theorem 3.1.
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DUAL TECHNIQUES FOR MINIMAX*

WILLIAM W. HAGER AND DWAYNE L. PRESLER

Abstract. A dual formulation for a convex minimax problem is presented and the notion of reducibility
is introduced. For nonconvex problems, Rockafellar’s augmented Lagrangian is used to close the duality
gap. We show.how mathematical programming algorithms can be applied to the minimax problem and we
develop a special algorithm for reducible minimax problems.

Key words, minimax, duality, augmented Lagrangians

AMS(MOS) subject classifications. 65K05, 90C30

1. Introduction. A dual minimax problem is formulated and the concept of reduci-
bility is introduced. Since the dual problem may not solve the primal problem when
the cost lacks convexity, 3 develops augmented Lagrangian techniques to bridge the
duality gap. In particular, an analogue of Rockafellar’s augmented Lagrangian is
applied to the minimax problem. Abstractly, the minimax problem is a constrained
optimization problem with special structure. In 4 we show how mathematical program-
ming algorithms such as those in 18] can be embedded into an algorithm to solve the
minimax problem. Section 5 presents a special scheme for solving reducible minimax
problems. Other algorithms that have been proposed for minimax problems include
those in [3], [4], [8], [9], [11]-[14], [20], [21], [24], [26] and [34]. Most of these
algorithms are either "primal" in nature or the algorithm addresses problems where
the maximization phase of the minimax problem is restricted to a finite set. Our
methods, on the other hand, are dual methods derived from an augmented Lagrangian
and the maximization can be performed over an infinite set. Another approach to
minimax problems utilizes nonditterentiable optimization techniques. This family of
methods is described in [23] by Kiwiel and in [32] by Shor. As discussed later, perhaps
the algorithm [26] of Murray and Overton is the closest to the approach proposed in

4. Our algorithm for reducible minimax problems seems to be distinct from other
algorithms for the minimax problem.

2. Abstract dual. Given sets X and Y and given a real-valued function f defined
on X x Y, we consider the problem

(2.1) minimize maximumf(x, y).
xX y Y

In other words, if "X- R is the real-valued function defined by

(x) supremum {f(x, y): y Y},
we are concerned with the problem

(2.2) minimize { x): x X}.

To derive a dual to (2.1), let us write (2.2) in the form

minimize p
(2.3)

subject to (x) p _-< 0, x X, /9 R.

* Received by the editors July 16, 1985; accepted for publication (in revised form) March 27, 1986.
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8520926 and by Air Force Office of Scientific Research grant AFOSR-ISSA-860091.

" Department of Mathematics, The Pennsylvania State University, University Park, Pennsylvania 16802.
t INTER-NATIONAL Research Institute, Newport News, Virginia 23602.
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The collection P of functionals that are nonnegative everywhere on Y is a cone. When
g is a functional defined on Y, we write g _-> 0 if g P. Similarly the relation g <-0
means that -g P. Since f(x, y) p is a real-valued function of y for each fixed x X,
and for each fixed p R, (2.3) can be expressed as follows:

(2.4) minimize{p: f(x, .)-pl(.)<-O,xX, pc R}

where l" Y- R is the function defined by l(y) 1 for every y Y. That is, I is identically
equal to one on Y.

Let Y be a normed vector space consisting of functionals defined on Y and suppose
that Y contains f(x, .) p 1(. for every x X and p R. The dual problem associated
with (2.4) involves the dual space Y*. Given a linear functional A Y*, let (A, p) denote
the value of h at p and write h _-> 0 if (h, p)_-> 0 for every p P Y. Then the dual to
(2.4) is

(2.5) maximize {I(A): A Y*, A -> 0}

where the dual functional is defined by

(2.6) I(A)= infimum {p +(A,f(x,. )-t91(" )): x X, p R}.

Since

p + (A,f(x,.) p 1(. )) (A,f(x,.))+ p(1 -(1, 1)),

it follows that 1() is -co unless (X, 1)= 1. Moreover, if (X, 1)= 1, then the dual
functional can be expressed

l(X) infimum {(A,/(x,. )): xeX}.

Now let us consider the standard question in duality theory: When does there exist a
solution to (2.5) and when is the maximum in (2.5) equal to the minimum in (2.2)?
Applying 17, Thm. A.1 ], we have the following.

THEOREM 2.1. Whenever p and x are feasible for (2.3) and X is feasible for (2.5),
we have l(X)-<p. Moreover, ifp* and x* are feasible for (2.3), A* is feasible for (2.5),
and l(X*)= p*, then p* and x* are optimal in (2.3), A* is optimal in (2.5), and the
complementary slackness condition (A*,f(x*, )} p* holds. On the other hand, suppose
that X is a convex subset of a vector space and for each fixed y Y, f(x, y) is a convex
function of x X. If there exists a ball B c y with center at the origin such that

(2.7) sup inf sup {f(x, y)- b(y)} <
chuB xX y Y

then (2.5) has a solution A* and

I(A*)-- inf supf(x, y).
xX y Y

For illustration, suppose that Y is the finite set {1,..., m} and let f(x) denote
the function f(x, i). In this case, both Y and Y* can be identified with R m, the space
of m-tuples of real numbers, and the functional (.,.) is the usual dot product in R".
Hence., the feasibility condition "h Y*, h => 0, and (h, 1)= 1" associated with the dual
problem (2.5) is equivalent to saying that h R", h => 0 for 1, , m, and h +. +
h, 1. Observe that in this finite-dimensional framework, assumption (2.7} is satisfied
trivially. If both X and the f are convex, then Theorem 2.1 tells us that there exists
an optimal solution A* to (2.5) and

1(I*) inf A*f(x)" x e X inf max {f(x)" 1,..., m}.
i=1 xX
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For a second illustration, let us consider the case where Y is a compact subset
of a normed vector space, Y is the space of continuous real-valued functions defined
on Y, and the norm for v is defined by

I111 =maximum {l(y)J" Y Y}.

Again (2.7) is satisfied trivially. Furthermore, if Y is an interval [a, b]c R, then Y* is
the space of functions with bounded variation on [a, b] and the complementary
slackness condition can be expressed using a Stieltjes integral"

(2.8) (f(x*, y) p dA *(y) O.

In the proof of [17, Lemma 5.2], we note that when a has bounded variation, the
inequality a g0 is equivalent to saying that A(y) is a nondecreasing function of y.
Hence, if p* and x* are feasible for (2.3) and a * is feasible for (2.5), thenf(x*, y) p*
0 for every y e Y and (2.8) implies that a*(. is constant on each subinteal of [a, b]
where f(x*,. < *.

In many applications, one discovers that a solution pair (p*, x*) for (2.3) has the
propey that f(x*,y)<p* except for y in a finite set {Yl,"" ",Ym} c In this case,
the complementary slackness condition (2.8) tells us that a*(.) is constant on each
open inteal (y, y+) and a*(y) g a*(yT). If this jump set is known in advance and
if we restrict our attention to a’s which are constant on each inteal (y, Yi+I), then
the dual functional can be expressed

where I I (y)- I (y) is the jump at y. Generally, the y are unknown and the dual
functional must be maximized over both the y and the I. To summarize, if Y is the
inteal [a, b], is the space of continuous real-valued functions defined on [a, b],
and there exists both a solution 0* and x* to (2.3) and a solution I* to (2.5) such
that O* 1(I*) and f(x*, y) O* for finitely many y, then the continuous dual problem
(2.5) can be replaced by the discrete dual

maximize 1(, ., I, y,. ., y)
(.9

subjectto10 and yeY fori=l,...,N, I=1,
i=l

where

l(,l, ", ’N, Y1,’" ", Y) inf A.of(x, y,)" x X
i=l

and where N is any integer greater than or equal to the number of y for which
f(x*, y)- p*. The optimal ai and yi in (2.9) correspond to the size and the location
of the jumps in a*. The discrete dual (2.9) will now be studied in a general setting.

The generalized finite sequence space of Charnes, Cooper and Kortanek (see
[5]-[7]) is a natural setting for the discrete dual. Let A denote a vector space of
real-valued functions defined on Y where A e A if and only if a (y)= 0 for all but a
finite number of y in Y. Instead of writing A(y), we write ay and we consider ay the
yth component of A. Given a A, the collection of y in Y for which Ay 0 is the
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support of A. In [5] the space A is called a generalized finite sequence space. Given
A A, let us define the dual functional

The dual problem is

I(A) inf{ yAyf(x,y)’xX}.
y

(2.10) maximize ]I(A)" A A, A -> 0, Ay =1[.
yY

THEOREM 2.2. If A* is feasible for (2.10), x* X, and

(2.11) l(h*) sup {f(x*, y)" y6 Y},

then A* is optimal in (2.10), x* is optimal in (2.2), and f(x*, y)- l(h*) for each y in
the support of h *. Moreover, letting S denote the support of A *, we have

(2.12) min maxf(x, y) min maxf(x, y).
xX yS xX y Y

Proof. If the components of A are nonnegative and sum to 1 and if F Y is any
finite subset which contains the support of A, then the following relations hold for any
xX"

l(A)=inf{ Ayf(z,y)" zX}
<- 2 yf(X, y)

(2.13) <-(yrAy) max {f(x, y): yF}

max {f(x, y)" y F}

--<_ sup {f(x, y)" y Y}

,I,(x).

(The last equality is the definition of (x).) Hence, I(A)-<_ (x) whenever A is feasible
for (2.10) and xX. Since I(A*) =(x*) by (2.11), we conclude from (2.13) that A*
is optimal in (2.10) and x* is optimal in (2.2). If S is the support of A*, then (2.13)
also tells us that

(2.14) I(A*) <-- L A*yf(x*,Y)<--(x*)
yes

But l(A*)=(x*) and the inequalities in (2.14) are equalities. Since Ay*>0 and
f(x*, y) <- p(x*) for every y S and since the compoments of A* sum to one, it follows
from (2.14) that

(2.15) l(A*) (x*) =f(x*, y) for every y S.

Finally, let us consider (2.12). Relation (2.13) implies that

(2.16) l(A*) _<- max {f(x, y)" y S}

for every x in X. Taking the infimum over x X, (2.16) tells us that

(2.17) I(A*)-< inf maxf(x, y).
xeX yeS



664 WILLIAM W. HAGER AND DWAYNE L. PRESLER

Combining (2.15) and (2.17), we have

(x*) maxf(x*, y) min maxf(x, y),
yes xeX yes

which completes the proof of (2.12).
For any S c y, we have the trivial relation

min maxf(x, y -< min maxf(x, y).
xeX yes xeX ye Y

Theorem 2.2 tells us that if the value of the dual problem (2.10) is equal to the value
of the primal problem (2.2), then there exists a finite set S c Y such that (2.12) holds.
Therefore, one strategy for solving the mimimax problem (2.1) is to start with a finite
set S and adjust it until (2.12) is satisfied. The simplified problem

minimize maximumf(x, y
xeX yes

is often easier to solve than the original problem (2.1). This idea is developed further
in 5. When there exists a finite set S satisfying (2.12), we say that the minimax
problem is reducible.

How often is a minimax problem reducible ? Let us consider the following example:

(2.18) minimize maximum fix2 + 2axy + y2.
xER yeR

Since the maximum is attained at y ax, the function is given by

(x) (+)x.
When a2 is nonnegative, P(x) achieves its minimum at x =0 and when x is O, the
maximizing value of y in (2.18) is y=O. On the other hand, suppose that S {0} and
let us consider the restricted minimax problem

minimize maximum fix + 2axy ye,
xeR y=0

which is equivalent to

minimize/X2.
xeR

For/3 _-> 0, the minimum is attained at x 0 while for/3 < 0, fix has no minimum. In
summary, for/3 < -a, has no minimum. For/3 . [-a, 0), no set S satisfies (2.12).
And for/3 _-> 0, the minimax problem is reducible with S {0}.

Now suppose that f:R2 R is an arbitrary twice continuously diiterentiable
function. We assume that there exists a solution x* to the minimax problem (2.1) and
there exists y* such that

f(x*, y*) maximum {f(x*, y): y R}

and

(2.19)
Oef(x*, y*) < O.
Oyz

Then for x in a neighborhood of x*, the implicit function theorem gives us a differenti-
able function y(. such that y(x*)= y* and

Of(x, y(x)) O.(.o) oy
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By (2.19), y(x) is a local maximizer of f(x,. for x near x*. Let us assume that y(x)
is the global maximizer off(x,. ). Since x* minimizes (x), we know that "(x*) >_- 0.
Applying the chain rule to (x)=f(x, y(x)) and utilizing (2.20), it can be shown that

02
(x*) oft ((O-f/Ox Oy)(x*, y*))=

x*, y*)- y,(2.21)
Ox2 Ox, (02f/oyZ)(x.,

If X is restricted to a neighborhood of x*, then (2.12) holds for $ {y*} provided

oZf(x*, y*) > O.(2.22)
Ox2

On the other hand, by (2.21), the inequality "(x*)_-> 0 only guarantees that

((Of/Ox Oy)(x*, y.))2
(2.23) O(x*, y*) >=

Ox2 (oZf/oyZ)(x*, y*)

In other words, relation (2.22) is sufficient for the minimax problem to be reducible
when X is a neighborhood of x* while the fact that x* minimizes only implies (2.23).

Returning to example (2.18), observe that the range of a and /3 for which the
minimax problem is reducible is larger than the range for which the minimax problem
is not reducible. Consequently, if a and/3 are chosen randomly and if the minimax
problem (2.18) has a solution, then the problem is probably reducible. The problem
(see 19]) of optimally coating a surface to minimize the maximum reflection associated
with incoming waves is an example of a very complicated nonconvex problem that is
reducible even though l()t*)<(x*). Based on these observations, we feel that
algorithms which search for a set S satisfying (2.12) will apply to a broad class of
problems.

Although a general minimax problem is not necessarily reducible, a convex
finite-dimensional minimax problem is always reducible. Dem’yanov and Malozemov
[13] establish this fact in the following setting: X is a closed convex subset of R", Y
is a compact subset of R’, f(x, y) is continuous and continuously diiterentiable with
respect to x on . x Y where " is an open set containing X,f(., y) is convex for each
y Y, and there exists a solution to (2.1). One can also establish (2.12) under weaker
assumptions using Clarke’s result 10, Thm. 2.1] and properties of subgradients found
in Rockafellar’s book [29]. The analysis of Charnes, Cooper and Kortanek [7] also
appears applicable. For completeness, we now derive (2.12) using Theorem 2.1 and
results from [29]. First, let us consider the case where Y is a finite set.

LEMMA 2.3. Suppose that Y is a finite set, X is a nonempty convex subset of R",
and f(., y) is convex for each y Y. If there exists a solution x* to the primal problem
(2.2), then there exists a solution A* to the dual problem (2.10) and l(A*)=(x*).
Moreover, A* can be chosen so that its support has at most n + 1 elements.

(It follows from Theorem 2.2 that under the hypotheses of Lemma 2.3, (2.12)
holds for some set S which has at most n + 1 elements.)

Proof By Theorem 2.1 and by the observations that follow the theorem, there
exists a solution A* to the dual problem (2.10) and l(A*)=(x*). Let rn denote the
number of elements in Y and assume for convenience that Y { 1, ., rn}. The equality
l(A*) (x*) combined with (2.13) tell us that

(2.24) l(A*)=minimum Y A*f(x)= Y A*f(x*)
xX i=1 i=1

where f(. denotes f(., i). Let Of(x) denote the collection of subgradients off at x.
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By [29, Thm. 27.4] and by (2.24), there exists gi 0f(x*).such that

(2.25) (i=l h*gi’x-x*) >=0 foreveryxeX.

Define the set P {i [ 1, m ]" A * > 0}. Since A* => 0 and A 1" +" + A*,, 1, it follows
from [29, Thm. 17.1] that there exists nonnegative scalars /xi for i P such that the
support of/x has at most n + 1 elements,

E /zigi= E X*g, and E /x,=l.
iP i=1 iP

Hence, (2.25) yields

(2.26) ( " lzigi’x-x*l>--O fr every

Again by [29, Thm. 27.4] and by (2.26), we have

(2.27) Y /z(x*)=minimum Y /z(x).
iP xX iP

The identity I(A*)= (x*) combined with Theorem 2.2 imply that f(x*)= (x*) for
every i P. Since the/xi sum to one, it follows from (2.27) that

(x*) minimum Y /x./(x) l(/z).
xX iP

By Theorem 2.2,/x is a solution to the dual problem. [3
TIqEOREM 2.4. Suppose that Y is a nonempty compact subset of a normed space, X

is a nonempty compact, convex subset of R", and f is a real-valued function defined on
x Y where f( is a relatively open set containing X. Iff(., y) is convex and lower

semicontinuousfor each y in Y andf(x, is continuousfor each x in f(, then there exists
a solution x* to (2.2), there exists a solution A* to (2.10), and I(A*)= (x*). Moreover,
A* can be chosen so that its support has at most n + 1 elements.

Proof. Let {Yl, Y2,’" "} be a dense subset of Y and define v. X R by
N (x) maximum {f(x, yi)" 1,. ., N}.

Since f(., y) is lower semicontinuous, v is lower semicontinuous. Thus the compact-
ness of X guarantees the existence of xN X such that

N(XV) minimumN(X).
xcX

In addition, the compactness of X implies that a subsequence of the xv converges to
some x* X. By [29, Thm. 10.8] and the assumption that f(x,. is continuous and
{Yl, y2," "} is a dense subset of Y, v converges to uniformly on X. Consequently,
we have

(x*) minimum {(x): x X}.

Referring to Lemma 2.3, there exists a set yV c {Yl," ", Yv} where yV has at most
n + 1 elements and there exists a corresponding set of nonnegative scalars {h" y yv}
which sum to one and which satisfy the relation

(2.28) minimum NxaX yY
hf(x, y) (xU).
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Since the sets yS and the scalars h lie in compact sets, we can extract convergent
subsequences. Assume for convenience that xs converges to x*, h s converges to A*
and yS converges to Y*. For any x X,

(2.29) lim r, hf(x, y)- , h*yf(X, y)
N-cx y y y*

since f(x, is continuous. Minimizing the left side of (2.29) over x X yields

lim I(A s) __< y A*yf(X, y)
N-oo y y*

for every x X. Since l(A s) is equal to (xs) and since q(xs) approaches (x*) as
N tends to infinity, we conclude that

(2.30) c(x*) <-_ Y A *y f(x, y)
y Y*

for every x X. Minimizing the right side of (2.30) over x in X yields the relation
(x*)_-<l(A *) and by (2.13), A* is a solution to the dual problem (2.10).

In Theorem 2.4, we can replace the assumption that X is compact with the
assumption that X is closed, however, the existence of x* is lost.

COROLLARY 2.5. Suppose that Y is a nonempty compact subset of a normed space,
X is a nonemp!y closed, convex subset of R and f is a real-valued function defined on
ff x Y where X is a relatively open set containing X. Iff(., y) is convex and lower
semicontinuousfor each y in Y andf(x, is continuousfor each x in f(, then there exists
a solution A* to (2.10), and

l(A*) inf q(x).

Moreover, A* can be chosen so that its support has at most n + 1 elements.

Proof. Given an integer N, define the set

x x: IIxll N)

where I1" is any norm for R n. We assume that N is large enough that Xs is. nonempty.
By Theorem 2.4, there exists A s A such that

s (A s) minimum q(x)
x_X

where s is defined by

s(A) minimum Z Ayf(x, y)
x.X ye Y

and where the support yS of A s has at most n+l elements. From (2.10), the
components of A s are nonnegative and sum to one. Since yS and the components
of A s lie in compact sets, there exists a subsequence of the A s which converges to
some A*. Let Y* denote the support of A* and assume for convenience that the entire
sequence (; s} converges to A*. For each x X, the continuity of f(x,. implies that

(2.31) lim y Af(x, y)- ,*yf(x, y).
Noo y y y*

We minimize the left side of (2.31) over x Xs to obtain

(2.32) lim IS(As)_-< Y A*yf(x,y).
N-oo y y*

Minimizing the right side of (2.32) over x X yields

I(A*) >_- lim s (A
N-oo
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and since (xN) is equal to IN(A N), we have

I(A*) -_> lim (xN) inf (x).
N-cx3 X

Finally, (2.13) tells us that A* is a solution to the dual problem (2.10).

3. Augmented Lagrangians. A nonconvex problem often has a duality gap and
the value of the dual problem is strictly less than the value of the primal problem. A
strategy for bridging this gap emanates from work of Arrow and Solow [1], Hestenes
[22], and Powell [28]. The basic idea is to augment the ordinary Lagrangian with a
penalty term. To introduce this penalized dual approach, we first consider a finite-
dimensional mathematical program with equality constraints"

minimize f(x)
(3.1)

subject to h (x) 0, x R"

where f: R" - R and h: R - R m. (Mathematical programs in a Hilbert space setting
are studied in [16] and [27].) The ordinary Lagrangian corresponding to (3.1) is
I(A, x) =f(x) + rh (x). Letting r be a positive scalar and letting[. [denote the Euclidean
norm, the augmented Lagrangian corresponding to the penalty term rlh(x)l2 is

(3.2) L(A, x)=f(x)+ A Th(x)+ rlh(x)l2.

To illustrate the type of results that can be proved about the augmented Lagrangian,
we state the following theorem which is extracted from Bertsekas [2]. In stating this
theorem, our convention is that the gradient X7 is a row vector and the gradient Vh of
the vector valued function h is a m x n matrix with ith row Vh for 1 to m. Also,
we let 72 denote the Hessian matrix of second partial derivatives and the phrase "x*
is a local minimizer for (3.1)" means that h (x*) 0 and f(x* -<_f(x) whenever h (x) 0
and x is near x*.

THEOREM 3.1. Suppose that x* is a local minimizerfor (3.1), bothfand h are twice

continuously differentiable in a neighborhood ofx*, and the rows of Vh(x*) are linearly
independent. If A A* is the solution to the equation

(3.3) 7f(x*)+ A TVh(x*)=0

and g7l(A *, x*) is positive definite in the null space of Vh(x*), then there exists a

parameter s and a neighborhood N ofx* such that the problem

minimize {L(/x, x): x e N}

has a unique minimizer x.. whenever r >= s and ]A*-/z] =< r/ s. Moreover, there exists a
constant c, independent of r and Ix, such that

(3.4) [X.,r- X* + IA,r- A "1 <- c]/z A "1/r
where A.,r :=/z + 2rh(x.,,).

Now let us consider the inequality constrained problem

minimize f(x)
(3.5)

subject to g(x) _-< 0, x R

where g: R"- R 1. Rockafellar’s augmented Lagrangian (see [30]) is obtained by
converting the inequality constraints to equality constraints using slack variables,
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forming the augmented Lagrangian corresponding to these equality constraints, and
minimizing over the slack variables to obtain

1 2(3.6) L(A, x) =f(x) + Y (Aigi(x) + rgi(x)2) --r ’ A
i I+

where the sets I/ and I_ are defined by

I+ {i [1, 1]: 2rg(x) + h _-> 0} and I_ {i 1, I]: 2rg(x) + h < 0}.

Thus the part of the Lagrangian (3.6) corresponding to indices i I/ resembles the
equality Lagrangian (3.2) while the part of the Lagrangian corresponding to indices
i I_ is locally independent of x. Theorem 3.1 also applies to inequality constrained
problems since an inequality can be converted to an equality using Valentine’s device
(see [2] and [33]).

Augmented Lagrangians are now applied to the minimax problem (2.1). Let us
consider the case where the set Y connected with the maximization is the integers
{1, 2,...} and at some solution x* to (2.2), we have

f(x*,i)>--_f(x*,i+l)

for each i. We assume that f(x*, i) (x*) for 1,. ., N while f(x*, i) < (x*) for
i> N. Recall from 2 that the set S-{1,..., N} is usually the support of a dual
multiplier h*. If a good estimate for x* is known, then S is known and, at least locally,
x* is a solution to the equality constrained problem

(3.7) minimize { p: f(x) p 1, x X, p R}

where 1 denotes the vector in RV with every component equal to 1 and f(x) denotes
the vector-valued function with ith component f(x) equal to f(x, i) for 1,. ., N.
The corresponding augmented Lagrangian is

(3.8) L(h,x,p)=p+hr(f(x)-pl)+r[f(x)-pl[2.

In practice, the support set S for the minimax problem is not known, and we
must use the inequality constrained formulation

minimize { p:f(x) <- p 1, x X, p R}.

Since this formulation is equivalent to

(3.9) minimize { p: f(x) + z p 1, z >_- 0, x X, p R, z R },

the analogue of Rockafellar’s augmented Lagrangian is

(3.10) L(A, x, p)=minimum {p+ h (f(x)+ z-pl)+ rlf(x)+ z-pl[: z->0, z Ru}.
Since the extremand in (3.10) is a strictly convex function of z, there exists a unique
z which attains the minimum, and by (3.6), the augmented Lagrangian (3.10) can be
expressed:

1
h 2L(A,x,p)=p+ E {Ai(f(x) p)+r(f(x) P)2}+--iei_iri I+

where

I+={i[1, N]:2r(f(x)-p)+A>-O} and I_={i[1, N]:2r(f(x)-p)+Ai<O}.

When using an augmented Lagrangian to solve the constrained optimization
problem (3.9), we minimize L(A,x, p) over x in X and p in R to obtain the dual
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functional L(A). Then the dual functional is maximized over A to obtain a solution
A* to the dual problem

maximize {L(A): A RN}.
As we will show shortly, the minimum of L(A, x, p) over/9 can be computed explicitly.
Let L(A, x) denote the partly minimized functional defined by

(3.11) L(A,x)=minimum{L(A,x,p): peR}.

LEMMA 3.2. There exists a unique p, which attains the minimum in (3.11).
Proof. Defining the parameter

pl maximum {f(x) + Ai/2r: 1,. ., N},
observe that L(A, x, p)=p plus a constant (independent of/9) for /9=> pl. Thus the
minimum of L(A, x,. occurs on the interval [-oo, pl]. By [17, Cor. A6], the derivative
of L(A, x, p) with respect to p is a Lipschitz continuous function of p on bounded
intervals. Since the second derivative of L(A, x, is at least 2r on (-oo, Pl], we conclude
that L(A, x,. is strictly convex on (-oo, p] and there exists a unique minimum.

To compute the minimum for L(A, x,. ), we define the parameters

pi=f(x)+Xi/2r

for i= 1,. ., N and we reindex the components of f and A so that

Pl >= P2 PN.

Since L(&, x,.) is strictly convex on (-, pl], the derivative of L(&, x, .) is mono-
tone increasing (with slope at least 2r). For p between &+ and &, the derivative of
L(&, x,. is given by

d
(3.12)

dp
L(&, x, p) 1 + 2rip -- ( + 2rf(x)).

With the convention that pN+ is -, there exists an interval [&+,&] where the
derivative changes sign. Since L(A, x,. is a quadratic on this interval, the minimizer
p* of the quadratic is easily evaluated:

p,=-I +=1 (A + 2rf(x)).
2rj

Since the computer time to sort f(x)+ A/2r into decreasing order is proportional to
N log2 N (see [25]) while the time to evaluate the derivative (3.12) for p--p through
p p is proportional to N, the computer time required to minimize L(A, x,.) is
proportional to N log2 N.

4. General minimax problems. Now let us return to the minimax problem

(4.1) minimize maximumf(x, y)
xX y Y

where f is a real-valued function defined on X Y. As demonstrated in the proof of
Theorem 2.4, one method to solve the minimax problem is to introduce a set YS Y
with N elements and to consider the approximation

minimize maximumf(x, y).
xX Ye yN

If x X has the property that

maximumf(x, y)= minimum maximumf(x, y)
Y yN xX Y yN
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where Ylc Y2c y3c.., and the union of yV over N is a dense subset of Y, then
under the hypotheses of Theorem 2.4, every convergent subsequence of {xN}
approaches a solution to (4.1). Moreover, defining ,V:X--> R by

s(x) maximumf(x, y),
Y yN

Dem’yanov and Malozemov [13] show that if xv is an extreme point of q then
every convergent subsequence of {xv} approaches an extreme point of the function

(x) maximumf(x, y).
yY

Their assumptions are that X R, Y Rm, Y is compact, X is closed and convex,
and f(x, y) is continuous and continuously ditterentiable with respect to x on x Y
where X is an open set containing X.

The principal difficulty involved with primal algorithms for minimax problems is
that the function is almost always nonditterentiable at its minimum. Ways to
circumvent this lack of smoothness are developed in the algorithms of Dem’yanov
12] and others. Unlike the primal function, the dual function is usually smooth at the

solution to the dual problem. Nonetheless, as we now show, the dual problem can be
ill conditioned and algorithms for solving the dual problem must deal with this
conditioning. In describing the ill conditioning associated with the dual problem, we
assume for simplicity that X is R ". The dual functional corresponding to YS is

(4.2) I(A) infimum l(h, x)
xX

where the Lagrangian l: RNx R’ R is defined by

I(A, x)= g Ayf(x, y).
Y

Suppose that x--x* attains the minimum in (4.2) when A A*, that f(x, y) is twice
continuously ditterentiable with respect to x for every y Y and that the Hessian

2(4.3) g AyVf(x* y)
y

is positive definite. Since x* attains the minimum in (4.2) when A A*, the gradient
of the Lagrangian with respect to x is zero at x x*: VI(A*, x*) 0. Since the Hessian
(4.3) is nonsingular, the implicit function theorem tells us that for A near A*, there
exists an x(A) that satisfies the equation

(4.4) VI(A, x(A)) 0,

and by the second order sufficiency condition, x(A) is a local minimizer for l(A,.).
Let us assume that x(,) is also a global minimizer for l(,X,. ). By the chain rule and
(4.4), we have

1 Ox0--2- (A) =f(x(A ), y) + VxI(A, x(A ))v(x(A), A =f(x(A ), y).(4.5)
OAy

Differentiating (4.4) with respect to ,z yields

Ox
(A -V2I(A, x(A ))-lVxf(X(A), z)T,
OAz

and differentiating (4.5) with respect to Az gives us

021
(A) -Vff(x(A), y)Vxl(A, x(A))-lVxf(X(A), z)T.
aAy OAz
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Hence, the Hessian of the dual functional has the form

0Zl
(A) -GF-1Gr

0A z

where F is the n x n matrix given by

F ;u AyVxf(X(A )’ y)
y

and G is the N n matrix whose yth row is 7ff(x(A), y) for y Y.
Remember that if A is feasible in the dual problem, then the components of

sum to one. If P is a (N-1) N matrix whose rows are a basis in RN for the space
orthogonal to the vector with every component equal to one, then the convergence
speed of steepest ascent applied to the dual functional is related to the distribution of
eigenvalues for the Hessian of evaluated in the row space of P. The Hessian of !(Prx)
with respect to /x is given by -(PG)F-I(pG) r. Since PG is (N-1)xn while the
Hessian of with respect to /x is (N-1)x (N-1), we conclude that the Hessian is
singular whenever N- 1 is greater than n, or equivalently, whenever N is greater than
n+l.

Now consider the strategy of Theorem 2.4 where we introduce a set YN c y for
which

lim inf {lY z[: z yr} 0
Noo

for every y Y. By its structure, the Hessian of l(h) is singular whenever the support
of h has more than n + 1 elements. The convergence speed of numerical schemes (like
steepest ascent) for solving the dual problem is governed by the ratio between the
absolute largest eigenvalue and the absolute smallest eigenvalue of the Hessian, and
as the ratio tends to infinity, the convergence speed approaches zero. If the support
of h has more than n + elements, then the smallest eigenvalue is zero, the ratio is
infinity, and convergence is slow. In other words, asymptotically, it is impractical to
maximize the dual functional using say steepest descent (or almost any standard
algorithm) when N is large.

The augmented Lagrangian is subject to similar instabilities. For the inequality
constrained problem (3.5) and the augmented Lagrangian (3.6), Rockafellar shows in
an appropriate setting (see [31]) that

02L
,)

02L
,)

1 02L
,)(4.6) 0-+(A -Vg+(x*)F-’Vg+(x*) r, 0--_(h -rr I’

Oh+0--_
(h =0

where L(h)=inf{L(h,x): xR"}, h and g denote the components of h and g
corresponding to indices i I+, and

Fr=V2f(x*)+ 2 (A*iV2gi(x*)+2rVgi(x*)rVgi(x*)).
i I+

Hence, the Hessian (4.6) is singular when the number of elements in I+ is greater than

Recall that the minimax problem corresponding to YU can be written as the
inequality constrained problem

minimize p
(4.7)

subject toxeX, peR, f(x,y)<=p for everyyeYU.



DUAL TECHNIQUES FOR MINIMAX 673

Thus the yth component of g in (3.5) is identified withf(x, y) p. Since the independent
variables in (4.7) are x and p, the primal problem (4.7) is formulated in R n/l when
X c R and the Hessian

is singular when the number of elements in L is greater than n + 1. Observe that the
augmented Lagrangian is better conditioned than the ordinary Lagrangian, since the
part of the Hessian corresponding to the second partial derivative with respect to A_

is a multiple of the identity matrix which is perfectly conditioned. Nonetheless, as N
grows, the Hessian can still become singular.

Now let us develop an algorilhm to solve the minimax problem. Given x X, let
y(x), y2(x),"" denote the local maxima of f(x,.) on Y. Our algorithm for solving
the minimax problem has two phases. In both phases, we utitize the inquality formula-
tion (4.7). However, in phase one, yN is a fixed set {y,..., YN} contained in Y and
N is "large." In phase two, yN has the form {yl(x),’’ ", yc(x)} and N is "small." If
f(x,. has a finite number of local maxima on Y, then the phase two problem

minimize p
(4.8)

subject toxX, pR, f(x, yi(x))-</9 fori=l,...,N

is usually equivalent to (4.1) for N sufficiently large. Since (4.8) involves tracking the
peaks yi(. ), solving (4.8) is more difficult than solving (4.7). Hence, phase two should
only be activated when the algorithm applied to (4.8) converges rapidly. For many
mathematical programming algorithms, rapid convergence only occurs in a neighbor-
hood of an optimum. For this reason, it is more efficient to apply an unsophisticated
algorithm to the ill conditioned problem (4.7) generating a starting guess for a fast
algorithm that solves (4.8).

Let us now show in detail how an algorithm such as [18, Algorithm 5.2] or any
other algorithm with similar structure can be used to solve either (4.7) or (4.8). Each
iteration of Algorithm 5.2 has the following steps: A restoration step where the equality
and binding inequality constraints are partially satisfied, a multiplier update where an
improved approximation to the optimal dual multipliers is generated, an unconstrained
minimization step where the augmented Lagrangian is minimized using (for example)
several preconditioned conjugate gradient iterations, and an adjustment to the penalty
when a minimizer of the augmented Lagrangian has essentially been computed. This
algorithm monitors the convergence of the iterations to a Kuhn-Tucker point and
typically, both the restoration step and the multiplier update are only activated in a
neighborhood of an optimum. In other words, unless the iterations are in a neighbor-
hood of an optimum, Algorithm 5.2 is essentially a preconditioned conjugate gradient
method applied to an augmented Lagrangian. In [18] we show that Algorithm 5.2 is
globally convergent while the iterations are locally quadratically convergent. When
applying Algorithm 5.2 to either (4.7) or (4.8), the following four issues must be
considered:

(1) The initialization of phase one and phase two. That is, given a guess for a
solution to (4.1), what is the corresponding starting guess for the multip.liers? Given
an approximation to a solution to (4.7), what is the starting guess to (4.8)?

(2) The addition and deletion of constraints. After each iteration of an algorithm
applied to either (4.7) or (4.8), we must delete "unnecessary" elements from yN and
we must add "significant" elements to yN. The augmented Lagrangian will help to
determine which elements to delete and which elements to add.
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(3) The elimination ofp. We introduced the parameter p to convert the minimax
problem into an inequality constrained mathematical program. When applying a
mathematical programming algorithm to either (4.7) or (4.8), we would like to eliminate
the artificial variable p so that the iterations are expressed in terms of x and A.

(4) The computation of the gradient of the augmented Lagrangian. When using the
conjugate gradient method or any other gradient-based scheme to minimize the aug-
mented Lagrangian, we need a formula for the gradient of the augmented Lagrangian
with respect to x. Clarke’s result 10, Thm. 2.1] can be used to compute this gradient.

To begin, let us consider the initialization of phase one. If xl is the starting guess
in phase one, then in the absence of better information, let yN be the maximizers of
f(Xl," on Y. In other words, r/ yN if and only if

f(x, 7 maximumf(x, y).
yY

In the absence ofbetter information, the starting guess A for the multipliers correspond-
ing to the constraint f(x, y) <= p is A ly 1/N for each y yS. The x starting guess for
phase two is simply the final iteration Xk of phase one. To initialize the phase two
multipliers, we collapse the components of the phase one multipliers around the nearest
peak. That is, in phase one we generate a multiplier Ak with support yN. Given an
element y in yN, the index v(y) of the nearest peak is

v(y) arg min {lly-y,(x)ll: i= 1, 2,’-.}.

When more than one index achieves the minimum, let u(y) be any one of them. Then
the ith component of A, the starting guess for phase two, is the sum of the phase one
multiplier components that correspond to elements of YN closest to Yi(Xk):

A li E Aky"
YY
v(y)=i

Moreover, the starting set yV for phase two consists of those yi(.) for which hi is
positive.

To reduce the computing time associated with algorithms to solve (4.7) or (4.8),
we wish to keep N as small as possible. After each complete iteration of 18, Algorithm
5.2], we will drop those constraints that appear to be nonbinding and we will add
constraints where the inequality f(x, y)<-p seems to be violated significantly. Let us
now explain more precisely when to delete or add constraints. Given a finite set S c Y
and a multiplier h with support in S, the augmented Lagrangian introduced in 3 is

(4.9) L(h, S, x)= minimum {L(h, S, x, p): p R}

where

21
y’, Ay.L(A, S, x, p) p +

Y
E
S+

{hy(f(x, y) p) + r(f(x, y) p)2}-rr yeS_
As usual, the limits for the summations above are

(4.10)
S+ (y S: 2r(f(x, y) p) + Ay --> 0}

S_= {y 6 S: 2r(f(x, y)-p)+ Ay < O}.

and

PROPOSITION 4.1. Forfixed r, A, S, and x, suppose that p p* attains the minimum
in (4.9), and let S+ be the corresponding set given in (4.10). Then we have

1 2L(A, S, x) L(A+, S+, X)-rr E
yeS_
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where A+ denotes the vectorformedfrom A by extracting those components Ay corresponding
to y S+.

Proof. The identity

d
,)=

d
,)O=-pL(A, S, x, R -pL(A+, S+, x, R

implies that p* also minimizes L(A+, S+, x, .).
Since L(A, S, x) just differs from L(A+, S+, x) by a constant, Proposition 4.1 implies

that, at least locally, the constraints f(x, y) <- p corresponding to y S_ can be dropped.
Consequently, our rule for deleting elements from yN can be stated:

CONSTRAINT DELETION
Let/k and Xk denote the approximations generated by one complete iteration of say 18, Algorithm
5.2]. Delete from yN those elements corresponding to y Y.

Now consider the addition of constraints. Again, the augmented Lagrangian helps
us decide when the N in (4.8) must be increased. Suppose that r/ is not an element
of S and f(x, q)< p* where p p* attains the minimum in (4.9). Letting Sn denote
SU {r/}, we now show that L(A, Sn, x) is locally equal to L(A, S, x) iff is continuous
and An is zero. By the definition of the augmented Lagrangian, we have the inequality
L(A, Sn, x) -> L(A, S, x) whenever An --0. Since L(A, Sn, x, p*) L(A, S, x, p*), it follows
that L(A, Sn, x)= L(A, S, x) whenever An =0. Since the inequality f(x, 7)< p* is pre-
served for small perturbations in x when f is continuous, we conclude that L(A, Sn, x)
is locally equal to L(A, S, x). Conversely, suppose that f(x, 7) > P* and An =0. Since
L(A, Sn, x, p) _-> L(A, S, x, p) for every p when An 0 and since L(A, Sn, x, p*) >
L(A, S, x,p*), it follows from the uniqueness result Lemma 3.2 that L(A, Sn, x)>
L(A, S, x). To summarize, if f(x, /) > p*, then L(A, Sn, x) is larger than L(A, S, x) and
the gap between the value of the primal problem (4.1) and the value ofthe dual problem

maximize minimium L(A, S, x)
A,S xX

may be reduced by inserting r/into S. These observations lead us to the following rule
for adding constraints in phase one:

CONSTRAINT ADDITION IN PHASE ONE
Let Ak and xk denote the approximations generated by one complete iteration of say 18, Algorithm
5.2] and let p p* minimize L(Ak, YN, xk, p) over p. Insert Yi(Xk) into Yu if f(Xk, yi(Xk))> p*
and the distance between y(Xk) and YU is greater than some fixed predetermined constant A.

Since phase one approximates the solution to the minimax problem, the local
maximizer yi(Xk) appearing in the constraint addition step of phase one does not need
to be computed very accurately. The positive parameter A introduced above prevents
points in yS from clustering together. As the number of points in yN increases, the
time to evaluate L increases and the Hessian of L becomes ill conditioned. Since it
helps to keep the number of points in YN small, we exclude those local maxima which
are already near elements of Y. In numerical experiments, the convergence speed is
not very sensitive to the choice of A. In phase two, the elements of Y are local
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maxima instead of fixed elements in Y. Hence, the analogous rule for adding constraints
in phase two can be stated:

CONSTRAINT ADDITION IN PHASE TWO
Let Ak and Xk denote the approximations generated by one complete iteration of say 18, Algorithm
5.2] and let p= p* minimize L(Ak, Y Xk, p) over p. Insert Yi(" into yrV if f(Xk, yi(Xk))> P*.

Up to here, we have explained how to initialize a mathematical programming
algorithm to solve either (4.7) or (4.8) and we have explained how to add or delete
constraints at the end of each iteration in the algorithm. Now let us consider the details
of an interation. In formulation (4.7) and (4.8), a parameter p is introduced and the
number ofindependent variables is increased by one. For many algorithms, the artificial
variable p can be eliminated and the iterations can be expressed in terms of x and A.
For notational convenience, we assume X is R n. Let Xk be the kth approximation to
a solution to the minimax problem and suppose that after deleting and adding con-
straints at the end of iteration k, we have yN {Yl," ", YN}. In [18, Algorithm 5.2],
we estimate the multipliers corresponding to the constraints of (4.7) or (4.8) by
computing the least squares solution A to the system of equations

N N

(4.11) 2 A, 1, A,Vf(Xk, Yi) O.
i=1 i=1

Computing the least squares solution to this system of n + 1 equations in N unknowns
is equivalent to computing the pseudoinverse of a (n / 1) x N matrix. As an alternative
to this procedure, we suggest the following: Solve the first equation in (4.11) for A1 in
terms of A2 through AN and substitute into the second relation to obtain n equations
in N- 1 unknowns:

N

E A,(Vxf(Xk, y,)- V,f(xg, y,))= --V,,f(xk, y,).
i=2

The least squares solution to this system gives us an estimate for A2 through AN while
A is determined from the relation A 1- A2 A AN.

The procedure outlined above to estimate the multipliers is quite effective in phase
two. On the other hand, in phase one a simpler strategy involving the gradient
approximation to the multipliers (see [2]) is often just as effective. Let Ak be the
kth approximation to the multipliers and let Xk be the corresponding approximation
to a minimizer of the augmented Lagrangian L(Ak, yN,.). Set A k+l,i=Aki/
2r(f(Xk, Yk)--Pk) for i6 y+S and set A k+I. =0 for i Y if this rule generates a Ak+
with the property that (Ak+l, Xk) is a better approximation to a Kuhn-Tucker point
for (4.7) than (Ak, Xk). Otherwise, set Ak+ Ak. Here Pk denotes the minimizer in (4.9)
corresponding to A Ak, S Y, and x Xk. A technique for measuring the distance
to a Kuhn-Tucker point is developed in [18].

In 18, Algorithm 5.2], the restoration step is essentially a Newton iteration applied
to the system of N equations

(4.12) f(x, y)= p for i= 1 to N

where the starting guess is Xk and the corresponding Pk generated the previous iteration.
Since the N equations (4.12) are equivalent to the N-1 equations

(4.13) f(x, y,) -f(x, Yl) 0 for 2 to N,
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an alternative procedure is to apply one Newton iteration to the system (4.13). Observe
that this Newton iteration involves computing the pseudoinverse of the same matrix
used in the multiplier estimate.

In the minimization step of 18, Algorithm 5.2], we use a preconditioned conjugate
gradient method to minimize L(Ak, yN, X) over x. (Here, Ak denotes the multiplier
associated with iteration k.) Near the optimum, the preconditioner is chosen to project
the gradients into the null space ofthe binding constraints. Therefore, near the optimum,
the preconditioner projects the gradients into the null space of the (N- 1) x n matrix
with rows

Vxf(Xk, y,) Vxf(Xk, Yl) for i= 2 to N.

Far from the optimum, the preconditioner is chosen to mitigate the ill conditioning
due to penalty terms in the augmented Lagrangian. At the start of iteration k+ 1, the
inequalities f(x, yi)<= p are viewed as equalities and it follows from (4.9) that for x
near Xk

N N

)_
r

2 f(x, yi)L(hk, V,x)= 2 hk,f(x,y,)+r X f(x, Y, --i=1 i=1

The identity

f(x, f(x, f(x, f(x,
i=1 i=l j=l

combined with the preconditioning theory developed in 18, 4], tells us that a natural
preconditioner for the minimax problem is the matrix H (I + BrB)-, where B is
the N x n matrix with ith row

N

2V/(Xk, Yi
j=l

Observe that the rows of B are linearly dependent since their sum is zero. Let V denote
the matrix I-vv where

1 1+
+

Since the first row of V is a multiple of 1, the first row of VB is zero. Let W be the
matrix obtained by deleting the first row of VB. Since V is ohogonal, we have

BrB (VB) rVB
Applying the Woodbury formula [15, p. 3], the preconditioner H can be written

H (I+rWrW)-= I- Wr(r-lI+ r)-
When using any gradient technique to minimize L(I, Y.), we must compute

the gradient of the augmented Lagrangian with respect of x. By [10, Thm. 2.1] this
gradient can be expressed

V L(I, S, x)= (, + 2r(f(x, y)- p*))Vxf(X, y)
yeS+

where p* attains the minimum in (4.9). This formula for the gradient is also valid
when the elements of S depend on x (as in (4.8)) provided these elements are local
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extreme points of f(x,. on Y and (for example) Vxf(x, y) is a continuous function
of x and y.

Comparing our approach to the minimax problem to the approach of Murray and
Overton [26], some similarities are that we both reformulate the minimax problem as
a mathematical program with an extra unknown and we both estimate simultaneously
the primal solution and the Lagrange multipliers. Some differences in our methods are
the following: (i) In [26] Y is finite. (ii) We utilize an augmented Lagrangian while
[26] considers the ordinary Lagrangian. (iii) Our strategy for adding and deleting
constraints is different from [26]--our strategy ties in with the augmented Lagrangian.
(iv) With our approach, nonlinear constraints contained in X can be incorporated in
the augmented Lagrangian just as easily as the constraints f(x, y)-<-p.

5. Reducible minimax problems. So far we have viewed the minimax problem as
an optimization problem with inequality constraints and we have applied a constrained
optimization algorithm. Now let us develop an algorithm that is specially tailored to
reducible minimax problems. That is, we assume that there exists a finite set y*c Y
and a x* in X such that

min max f(x, y) maxf(x*, y) maxf(x*, y) d(x*),
xX y Y* y Y* y Y

and we search for the set Y*. It is also assumed that there exists a real number r and
a multiplier A* with support in Y* such that L(A*, Y*) (x*) where L(., denotes
the dual functional defined by

L(A, S) inf {L(A, S, x): x X}.

Given an approximation Yk {Ykl,"" ", YkN} to Y* and given an approximation }t. k to
h*, the rules for computing Yk+l and hk+l are the following:

PEAK CHASING ALGORITHM
(a) If Xk minimizes L(Ak, Yk, X) over xX, then set Ak+,i=Aki+2r(f(xk, Yki)--pk) for

iS+ and Ak+,i=0 for iS_ where Pk attains the minimum in (4.9) corresponding to
and S Yk.

(b) If Xk+ minimizes L(Xk+, Yk,’) over X and if Z {z,..., zN} denotes a collection
of local maxima for f(Xk+,’) on Y where zi is the closest local maximizer to Yki, then we set

Yk+l flYk +(1 -)Z where

fl arg max L(hk+l, aYk +(1--a)Zk).

Step (a) is the usual gradient step for an augmented Lagrangian (see [2]). Since
this algorithm is linearly convergent, the parameter/3 of step (b) can be imprecise. In
practice, we find that the maximizer of the interpolating quadratic that agrees with
L(Ak+I, aZk+(1--a)Yk) at a=0, at a=, and at a= 1 works well. To show that the
peak chasing algorithm is locally convergent, we verify that each iteration increases
the value of the dual functional. That is, L(Ak+I, Yk+I) -> L(Ak, Yk) with equality only
possible at Ak A* and at Yk Y*. In order to show that step (a) is an ascent step,
let us first consider the equality constrained problem

minimize f(x)
(5.1)

subject to h (x) O, xR"
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where f is quadratic: f(x)- xrAx + arx and h is linear: h(x)= Bx-b. Here A is an
n x n matrix, B is an rn x n matrix, and a and b are vectors in R" and Rm, respectively.
The augmented Lagrangian corresponding to (5.1) is

L(A, x)=f(x)+

LEMMA 5.1. Suppose that the rows of B are linearly independent and A is positive
definite in the null space of B. Then there exist positive parameters cr and s such that
A + rBrB >-_ ceI for every r >-s. If A e R and z minimizes L(A,. over R, then we have

(5.2) L(A + 2rh(z), y) >= L(A, z)+1/2rlh(z)l2 + ly

for every r 3 s and for every y R".
(If M and M are symmetric matrices of the same dimension, then the notation

M1 > Ma means that M1- M2 is positive definite.)
Proof. In 16, Lemma 2.6] we determine a parameter s < oe with the property that

A+rBrB is positive definite for r>-s. Let /x denote ,X+2rh(z). Expanding the
Lagrangian in a Taylor series, we have

2 )2(5.3) L(/x, y)= L(/x, z)+ V,L(/x, z)(y-z)+V,L(/x, )(y-z

where : lies on the line segment connecting y and z. The relation/x A + 2rh(z) implies
that

(5.4) L(m z) L(A, z) + 2rlh(z)l2

and

(5.5) VxL(/x, z)(y z) VL(A, z)(y z) + 2rh(z) rV h(z)(y z).

(Note that VL(, z) is not equal to the gradient of the right side of (5.4) since/x is
treated as a constant when computing VL(, z).) If z minimizes L(A, ), then VL(A, z)
is zero and by (5.5), we have

(5.6) V,L(/z, z)(y z) 2rh(z) rVh(z)(y z).

By the definition off and h, it follows that Vh B and V 2xL 2(A + rB rB). Combining
(5.3), (5.4), and (5.6) gives us

L(/x, y) L(A, z)+ 2rlh (z)l + 2rh(z) rB(y z)+ (y z)r(A + rB rB)(y z).

Utilizing the inequality

ab <= a2+b2

where we identify a with [h(z)l and b with [B(y-z)[ yields

(5.7) L(/z, y) -_> L(A, z)+1/2rlh(z)!2 + (y z)r(A +rBrB)(y z).

Hence, (5.2) holds for r_-> 3s.
For a general f and h, the same argument employed in the proof of Lemma 5.1

can also be applied to a neighborhood of a local optimum. Removing the restriction
that f is quadratic and h is linear, we have the following.
THEOREM 5.2. Suppose that x* and A* satisfy the hypotheses of Theorem 3.1. Then

there exists a neighborhood Nx ofx*, a neighborhood Nx of/*, and positive parameters
a and s such that

(5.8) Vl(h,x)+2rVh(x)rVh(x)> aI
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whenever r >- s, A Na, and x Nx. Moreover’, for s sufficiently large, a parameter c can
be chosen so that L(A, has a unique local minimizerx(A inside N, whenever A A *[ <- cr
and r >= s. And ifA and tz lie in N;, y N, with ly x*l <= c[x A *l/ r and r >= s, then we
have

(5.9) L(/x, y) L(A, z)+1/2( rlh( z)] +(c 1 *I)[Y- z])
where z x(A ),/x A + 2rh(z), and 6 is a constant that is independent of A and y.

Proof. By [16, Lemma 2.6], V2L(A*, x*) is positive definite for r sufficiently large,
and by [16, Lemma 6.5], there exists a neighborhood of (A*, x*) where (5.8) holds for
a sufficiently small and r sufficiently large. The statement concerning the existence of
a locally unique minimizer x(A) .for L(A,.) is established (for example) in [2]. To
prove (5.9), we expand L in a Taylor series giving us the following analogue of (5.7):

(5.10) L(/z,y)=>L(A, z)+krlh(z)l+k(y-z)VL(m )(y-z)-rlVh(z)(y-z)l

where lies between y and z. Utilizing the inequality

Ix[+ -<- CIx yl + lyl) + -<- 5Ix yl- +-lyl
where x is identified with Vh(z)(y-z) and y is identified with Vh()(y-z), the last
two terms in (5.10) satisfy the relation

1/2(y- z)’VL(/z, )(y z)-r]Vh(z)(y- z)l2

(5.11) >= 1/2(y- z)TVl(/x, )(y-z)+rlVh()(y-z)]2

’rl(Vh() Th(z))(y z)l2

+ r(y z)r ., h()V_h() (y ).

By (5.8), we have

(5.12) 1/2(y z) TVl(/x, )(y z)+rlVh()(y z)l >= 1/2aly z[
provided r is sufficiently large,/x e N, and : e N. By Theorem 3.1, ]z-x* is bound
by a constant times IA -A*l/r and by assumption, lY- x*l is bound by a constant times
IA- A’l/r. Since h(x*) is zero, there exists a constant 6 such that

(5.13)
(m )rl(Vh(:)- Vh(z))(y z)12+ r(y- z) r ,E1"= h,()Vhi() (y z)

-<_ a]A x*[ ly z[
for A near A*. Combining (5.10)-(5.13), the proof is complete.

Theorem 5.2 implies that if A is near A*, then for/z A +2rh(x(A)), L(/x, x(/x))
is equal to L(A, x(A)) only if h(x(A))=0. Since x(A) minimizes L(A,. over N,, we
conclude that if L(/x, x(/x))= L(A, x(A)), then x x(A) is a solution to the problem:
minimize f(x) subject to x N and h(x) 0. Therefore, x(A x*, the local minimizer
corresponding to A*. Theorem 5.2 also applies to problems of the form

(5.14)
minimize f(x)

subject to h (x) 0, xX

where X is a convex set. The proof of Theorem 5.2 in this more general setting involves
an analogue of Theorem 3.1 that applied to (5.14). See Bertsekas [2] for the extension
of Theorem 3.1 to problems with the constraint x X. Furthermore, referring, to the
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proof of Lemma 5.1, the constraint x X alters the treatment of the term VxL(A, z)(y
z). When X is R n, VxL(A, z) is zero and the term VxL(A, z)(y-z) can be dropped.
But for an arbitrary convex set, the corresponding relation is

VxL(A, z)(y z) >-_ O.

This inequality has the right direction so that the term VL(A, z)(y-z) can still be
dropped without affecting (5.7).

Although Theorem 5.2 is established for an equality constraint, it also applies to
the inequality constraint g(x) <- 0 provided A * is positive whenever gi(x*) is zero. This
follows from [31, Thm. 5.1] where Rockafellar proves that near A*, minimizing L(A,.
is equivalent to minimizing the augmented Lagrangian corresponding to an equality
constraint h(x)=0rathe components hi of h are the components gi of g for which

A* > 0. Hence, by Theorem 5.2, step (a) of the peak chasing algorithm is an ascent
step under appropriate assumptions. That is, L(Ak+, Yk)>=L(Ak, Yk) with equality
only possible when the Xk which locally minimizes L(Ak, Yk, on X is a local minimizer
for the problem

minimize maximumf(x, y).
xeX ye Y

Now consider step (b) of the peak chasing algorithm. As noted above, in a
neighborhood of an optimum, the augmented Lagrangian corresponding to an
inequality constrained problem is the same as the augmented Lagrangian corresponding
to an equality constrained problem. For this reason, we focus attention on the aug-
mented Lagrangian

L(A, S, x)= E Ayf(X, y)+ r E f(x, y)2__ f(x, y)
yeS yeS

which corresponds to the equality constrained problem

minimize p

subject toxeX, peR, f(x,y)=p for everyyeS.

And we establish the following property for the dual functional:
LEMMA 5.3. Let A be a fixed vector in RN with nonnegative components, let So

{Yl,"" ", YN} and let S1 {z,. ., ZN} be subsets of Y, and suppose that for i=0 and
for i= 1, xi minimizes L(A, Si, x) over x in X. Then we have

(5.15)

where

N

L(A, S1)-> L(A, So)+ E (Ai+2r(f(xl, yi)-Pl))(f(xl, zi)-f(xl, Yi))
i=1

1 N. f(xl, Yi)-/91 " i=1

Proof. Let Q: Rs - R be the quadratic defined by

PiQ(p) 2 Aip,+rp2 V
i=1

The Hessian of Q is

1
11 T)VQ =2r, I

N



682 WILLIAM W. HAGER AND DWAYNE L. PRESLER

which is positive semidefinite by Gerschgorin’s theorem. Hence, Q is a convex function
which satisfies the standard inequality [29, p. 242]:

(5.16)
N

Q(p)-Q(q)>=VQ(q)(p-q)= Z (A,+2r(q,-p))(p,-q,)
i=1

where

1 N

fl-----
Since Xo minimizes L(A, So, x) over xX, it follows that L(A, So)=<L(A, So, xl), or
equivalently,

(5.17) L(A, S1)-L(A, So)--> L(A, S, x)-L(A, So, Xl).

Applying (5.16) to the right side of (5.17) where p =f(x, z) and q =f(xl, y) yields
(5.15). 1--]

Lemma 5.3 can be used to show that under appropriate assumptions, step (b) of
the peak chasing algorithm is an ascent step. Let S denote CSl+ (1-c)So. Suppose
that for a between zero and one, the minimum of L(A, S, x) over x X is attained
at a point labeled x which is a continuous function of a. Let A* maximize L(A, So)
over A. Typically the components of A* are positive. By Theorem 3.1, the vector o
with components

/Xo, A, + 2r(f(xo, y,) po), flo f(xo, y,)
i=1

satisfies the inequality 1o-A*l =< clA- A*l/r for some constant c. Hence, the com-
ponents of/Xo are positive for r sufficiently large. Letting , be the vector defined by

1
Z f(xo,, Yi),/z, A, + 2r(f(x y,) p,), P - ,=1

it follows that the components of/ are positive for a sufficiently small. If zi is a
local maximizer of f(xo,’), then we expect that f(xo,’) is locally concave near zi.
Assuming that f(z,.) is concave for a near zero on the line segment connecting y
and zi, we have

(5.18) f(x,, az+(1-a)y,)>-af(x,z,)+(1-a)f(x,,yi).

Combining (5.15) and (5.18) gives us

(5.9 (,s >- (, So + 2 .(f(x, -f(x,y
i=1

Hence, for c sutficiently small, L(I, S) is strictly .larger than L(A, So) unless the yi

are equal to the . Now let us state a more precise convergence result.
TOREM 5.4. We make the following assumptions:

I. X is R, Y is a convex, compac subset ofa vector space, andf x, y) is a concave

function ofyfor eachfixed x. There exists x* in X, afinite set Y* {y* ., y*}
contained in Y, and a muliplier A* with support equal to Y* such that

L(A *, Y* maximumf(x*, y maximumf(x*, y).
y Y* y Y
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II. The Hessian V 2xf(x, y) exists and depends continuously on x near x* and on y
near y* for each between 1 and N. Moreover, the mathematical program

minimize p

subject to x R", f(x, y* p O for --1, N

satisfies the assumptions of Theorem 3.1 at the optimum x x* and p f(x, Y’i)
and if N is the neighborhood ofx* introduced in Theorem 3.1, then we have

L(A, S) inf {L(A, S, x): x N}

for 3, and S in some neighborhood W of (A*, Y*).
III. Forx N there exist local maxima yi(x) off(x,. on Ysuch thatyi(x) approaches

y* as x approaches x* for 1, ., N. Furthermore, yi(x) is the locally unique
maximizer off(x,. for x near x* and for x near x*, we have

maximum f(x, y,(x))= maximumf(x, y).
l<=i<=N y Y

IV. L(A, S) < L(A*, Y*) whenever (A, S) W, A # A*, and S Y*.
Under assumptions I-IV andfor r large enough, thepeak chasing algorithm converges

to A* and Y* starting from any point sufficiently close to A* and Y*.
Proof. We just sketch the proof. For A near A* and for S near Y*, assumption

II implies that there exists x(A, S) which minimizes L(A, S, x) over x in a neighborhood
of x* and x(A, S) depends continuously on A and S. By Theorem 5.2, step (a) of the
peak chasing algorithm is an ascent step for r sufficiently large. Since step (b) of the
peak chasing algorithm does not decrease the value of the dual functional, assumption
IV implies that if the iterations start near A* and Y*, then the iterations remain near
A* and Y*. Since Ak, Yk, and Xk lie in compact sets, we can extract subsequences
converging to limits A00, Y00, and x00, respectively. For convenience, these subsequences
are also denoted Ak, Yk, and Xk. Since Xk minimizes L(Ak, Yk, x) over x X, we conclude
that x00 minimizes L(A00, Y00, x) over x X. Since L(Ak, Yk) is bound above by
L(A*, Y*), the difference L(Ak+I, Yk+I)--L(Ak, Yk) approaches zero as k increases.
Hence, Theorem 5.2 implies that f(x., y00)-p00 is zero for each i. Also, it follows
from (5.19) that the elements of Y are local maxima of f(x00,.) on Y. Combining
these relations, we conclude that

L(A00, I/’oo) maximumf(x00, y) maximumf(x00, y).
Y Ym Y Y

The first equality in (5.20) implies through duality that x00 is the solution to the discrete
minimax problem

minimize p

subject to x e R", f(x, Y00i) <- p for 1,. ., N.

And the second equality in (5.20) implies that x00 is a solution to the continuous
minimax problem

minimize maximumf(x, y).
xR y Y

By assumption IV, A* and Y* are locally unique maxima of L. Consequently, A00 A*,



684 WILLIAM W. HAGER AND DWAYNE L. PRESLER

Y Y*, and xo x*. It then follows from the ascent property that the original
sequence (not just the extracted subsequence) converges to h*, Y*, and x*.
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shorter proof for Lemma 3.2 and a more direct treatment of the algorithm to minimize
L(A, x, p) over p.
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ON THE H-OPTIMAL SENSITIVITY PROBLEM
FOR SYSTEMS WITH DELAYS*

CIPRIAN FOIAS’, ALLEN TANNENBAUM AND GEORGE ZAMES

Abstract. In this paper we extend some of the results of [IEEE Trans. Automat. Control, AC-31 (1986),
pp. 763-766] to more general delay systems. In particular, we analyze the effect of the interaction of delays
and nonminimum phase zeros on the H-optimal weighted sensitivity.

Key words, sensitivity minimization, delay, contraction, defect operator, distributed system

AMS(MOS) subject classifications." 93B35, 93C05

Notation and Terminology.
D open unit disc
D closed unit disc
OD unit circle
H open right half plane
H closed right half plane
H= H U {oo}
HP(X)=the standard Hardy p-space (l_<-p_<-c) on X where X=D or H. See

Duren [6] or Rudin [19] for details. We will also use some elementary
facts about LP-spaces and Hilbert spaces. Again see [6] or 19] for details.

H2(X)uH2(X)=orthogonal complement of uH2(X) in H2(X) where u
H(X) is an inner function.

Let S denote an arbitrary Hilbert space with inner product ). Then for x, y S,
x(R)y denotes the operator defined by (x(R) y)w := (w, y)x for we S.

On the unit circle 0D we identify and 1/z in the usual way.
Finally we use all the standard notation from Hilbert space theory. See, e.g., [6],

19], [24].

Introduction. This paper is the sequel to [9]. We recall that in [9], the authors
solved the weighted H-minimization problem for a plant consisting of a pure delay
and arbitrary stable (with stable inverse) real rational proper weighting function. We
saw that in contrast to the unweighted problem, which reduces to a simple classical
Nevanlinna-Pick interpolation problem for a large class of distributed systems [7],
[16], even for the simplest weighting function (W(s)= 1/(as+ 1), a > 0), the weighted
problem reflects the distributed nature of systems with delays.

In this paper, we give a general procedure for computing the optimal weighted
sensitivity for an arbitrary real rational stable (with stable inverse) weight, and for
plants of the form e-hSpo(s) where Po(s) is a proper real rational function with no
poles or zeros on the jto-axis.

In point of fact, we give a general procedure for solving the following kind of
problem: Let P(s) be a plant (perhaps distributed) and suppose that we have a
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factorization P(s) Pl(s)P2(s). Then for given weight, we can write down an expression
for the H-optimal sensitivity of P(s) in terms of data determined by Pl(s) and P2(s).
Moreover in this expression (see (3.2) below for a more precise statement) the data
given by P(s) is decoupled from the data given by P2(s). So for example when
P(s) e-hspo(s) as above, we can apply our procedure to Pl(s) e-hs and P2(s) Po(s),
a proper real rational function for which the optimal sensitivity problem is easy to solve.

Our methods are in a certain sense a generalization in the rational weighting case
of the one-step extension technique of Adamjan, Arov and Krein 1], [2] and actually
give new proofs to certain of their results (see Theorem 3.2, 3.4 and Theorem 3.9
below for details). Basically what we have solved is an "n-step" or even an "-step"
extension problem Theorem 3.2. Thus our techniques even give a new viewpoint to
certain problems in Nevanlinna-Pick interpolation theory [14].

As in [9], our methods are heavily influenced by the results of Sarason [20] and
Sz. Nagy and Foias [23], [24]. Consequently, we will be working in H-(D) where D
is the unit disc. Moreover, the techniques we use have a strong complex-analytic flavor.

Finally in 4, we will apply our procedure to the case

P(s)= e-hs(:--) W(s)
1

+ as+l’

a, b, h > 0. This will allow us to understand the coupling and effect of the three
fundamental parameters a (the inverse of the bandwidth), b (the nonminimum phase
zero), and h (the delay) on the optimal sensitivity. As expected for b c, our formula
approaches that of[9] (see also 1), and so our method here actually gives an alternative
route to some of the results of [9].

1. Preliminaries. In this section we would like to briefly review some of the
material from our paper [9], and set up some of the notation connected with the
weighted sensitivity H-minimization problem posed by Zames [26]. We should note
that independently David Flamm in his thesis [8] (done while at M.I.T.) has derived
some results very similar to the ones that we will describe in this section. Israel Gohberg
more recently discussed with the authors an approach to derive (1) beloW, similar to
that of Flamm’s using the Hankel operator.

We begin by recalling the general weighted sensitivity H-minimization problem
for SISO, LTI plants (see [11] for an excellent survey on all of this). We are given a
SISO, LTI plant P(s), and a stable (with stable inverse) proper real rational weight
W(s). Let C(s) denote an internally stabilizing LTI controller for P(s) in the feedback
system of Fig. 1.

Then following [26], we define the weighted sensitivity:

Sw(s) := W(s)(1 + P(s)C(s)) -1.
The problem in which we are interested is in determining the existence of and computing

inf {llSw(s)llo: C stabilizing}

where IIo denotes the H-norm in the right half plane H.

FIG. 1. Standard feedback configuration.
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In the finite-dimensional case, this problem is discussed and solved in [13], [12],
[15]. In our previous paper [9], we considered the case in which P(s) e -hs, and W(s)
a stable strictly proper real rational weighting function with stable inverse. Basically
we showed that the problem of the computation of the optimal sensitivity could be
reduced to computing the eigenvalues of a certain linear ordinary differential operator
with constant coefficients of order 2n subject to 2n boundary conditions, where
n =number of poles of W(s). From the associated Wronskian determinant of the
problem, we could then find the required minimal sensitivity (actually all of the singular
values of the associated Hankel operator).

To see how this goes, let us briefly sketch the argument from [9]. (See [9] for all
the rigorous details.) First of all using the results of [26], one can show that the
computation of the optimal sensitiity amounts to finding"

/z := inf
qH

(Throughout this section H-: H-(H), H: H(H).) Let II:H2 H2)e-hSH
denote orthogonal projection. Moreover, we denote by Mw the operator H2- H-defined by multiplication by W. Then by [1], [20], [23],

Computing this norm is not difficult. Indeed we can show via the Fourier or
Laplace transform (see [20]) that there exists an isometric isomorphism

Setting

ch H2 e-hSH2 : L2[0, h ].

r := o (nMw H2(e-hSH2) ()-1

we are reduced to computing Ilrll. (Notice F" L2[0, hi--) L:[0, hi.) But again from [20]
it follows that we can identify the operator "l/s" on H:( e-hH with the Volterra
operator

V: tiO, h] L:[O, h]

Vf(x) := f(t)dt via . The inverse operator (of course unbounded) of V is the
derivative operator Df =f’ with domain consisting of

{f L[0, hi: f’ L2[0, hi,f(0)=0}

(i.e. the operator D corresponds to "s").
Now to compute IIFII, we need to compute the largest eigenvalue of F*F (since F

is compact), or equivalently the smallest positive eigenvalue of (F’F)-1. To do this we
clearly only need identify the adjoint D* of D. But it is easy to compute (using
integration by parts) that D*=-D with domain

{f6 L:z[O, h]: f’6 L2[O, h],f(h)=0}.

With these remarks one can derive the eigenvalue problem alluded to above [9].
In the particular case in which

1
W(s)- a>0,as+l’
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we get F- (aD+ 1) -1 and one derives the eigenvalue problem of finding the largest
positive p (it is straightforward to check p < 1) such that

(-a2D2+l)f= l__f f(h)=0,
P

-af’(O) +f(O) =0.

From the associated Wronskian, one is reduced to finding the largest p (0, 1), say
pl, that satisfies

-7-1 + tan
a

0.

Then Pl is the required norm (and the first singular value of the associated Hankel
operator).

Note that if p2 e (0, 1), p2 < pl, is the next largest root of (1), then p2 will be the
second singular value of the associated Hankel, and so on. In other words we have
an explicit procedure for computing all of the singular values of the associated Hankel
from the Wronskian of a certain elementary eigenvalue problem. Moreover we can
clearly even write down the Schmidt vectors using this procedure. (See [18] for the
relevant definitions.)

In 3 and 4 below, we will offer another procedure for computing the optimal
sensitivity applicable to more general delay systems. Our new method only makes use
of elementary properties of H2(D) and H(D) and reduces the optimal sensitivity
problem to an algebraic one. We will generalize (1) in 4 to the case of a plant with
a delay and a nonminimum phase zero.

2. Triangular operators. In this section we collect some standard facts about
certain types of lower block triangular operators. Our basic references are [22], [23].

Let H1, H2 denote (complex) Hilbert spaces, and set H := Hi@ H2. Let S:H--) H
be a bounded linear operator such that H2 is S-invariant subspace of H, i.e.,
H2. Then clearly we can write

where S, := (S*IH,)*, $2 := S IH2, and Y" H, --> H2 is the coupling operator.
Next let A" H--> H be an arbitrary contraction, i.e., IIAII <--1. Then in the usual

way [24] we can define the associated defect operators and defect spaces"

DA:=(I-A*A)/2, DA.:=(I-AA*)/2,

A ’= DAH, A* := DA.H.

We can now state one of the key results of [22].
THEOREM 2.1. With the above notation, Ilsll <-- if nd only if IIS, =< (i-1, 2)

and Y= Ds/pLDs,/p for some L: s,/p --> s/ such that IILII <- p. Moreover, if we set
0:= max {llsll, IIs=ll), and assume p > O, then Ilsll- if and only if Iltll- p.

Proof. The first statement is Theorem 1 of [22]. The second statement is standard,
but since we do not know a convenient reference, we will include the proof. By scaling
we can assume p 1. Therefore under the hypothesis that 1 > 0, we want to show
Ilsll- 1 if and only if IILII- 1.
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Suppose first IISII 1. Then following [22, pp. 205-207], one can define an isometry
r s L s such that

S* LDs,
Now IISII if and only if there exists a sequence

h(-)= [ h’)]
IIhll- 1 such that Dsh-0, which in turn is equivalent to

(,) IlDh S* LDs, h) ,,) 22+I]DLDs,h 0.

We claim now that

lim sup Ds,h ")11 =: q > O.

Indeed, suppose not. Then I]h")[[ 0 since Ds, is invertible (S, by hypothesis is
a strict contraction), and therefore by (,) IIDsh’>ll-0, and so IIh:>ll-0 since Ds2 is
invertible ($2 is a strict contraction). But this contradicts our hypothesis that h(’)[]-- 1.

Choose a subsequence {h")} such that Ds, h (’)) ’)> 0, and IIDsh II" q. Since
by (*)[]DLDs, h]")II O, we get that IIDL(Ds, h"’)/IIDs, h"’)l[)[1 0 which implies ][L[] 1.

Conversely suppose IILII (and 1 0). By hypothesis O exists. Then we can
choose a sequence {h")} such that IlOs, h")ll= 1, and IIOOs,h")llO. Set h"):
DSLDsh() (note Ds:- exists). Then clearly

[[Ds:h)- StOs,h’)ll + [IOcOs, h"l[: 0

and hence Dsh"o 0 where

h()=[h)]
To complete the proof therefore we need only show [lh(’)ll M>O for fixed

positive constant M for all n. But clearly

1

Remark 2.2. For results related to (2.1) see [5] in which arbitrary block 2x2
matrices are considered.

So far we have been considering results about general contractions. In point of
fact however, for our purposes the contractions we will need have a special form.

More precisely, let ml m2 H(D) be inner functions. Let Hi := H2(R) mill2 1,
2 and set H := H2mlm2H2 (where throughout this section H2: H2(D)). We denote
by T the compression (i.e. projection) of the unilateral shift on H2 (defined by
multiplication by z) to H. (Recall T := IIMz IH where Mz:H2 H- denot.es multiplica-
tion by z and II: H2 H is the orthogonal projection.)

Next we have that

H20 m,m2H2= (H2@ m,H2)@ (mH20 m,m2H2)
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Note that by abuse of notation, the direct sum symbol in Hl O)mlH2 stands for
"orthogonal direct sum," while the direct sum symbol in H103 H2 stands for "external
direct sum." (See [19] for the relevant definitions.)

Moreover, we have the following.
LEMMA 2.3. mlH:Z mlmH is an invariant subspace ofHmlm2H2 with respect

to T.
Proof Let v mlHZ mimEH2. Set m mime. Clearly rhv _1_ H2. Let V_l (rv,

Then it is easy to compute that

Tv

But then Tv is divisible by ml, i.e., Tv mlHE(mlm2HE.
Lemma 2.3 means that if we identify H2 mH)mlm2H2, then we can regard

H2 as an invariant subspace of H with respect to T. Thus with these identifications,
we can write

x r
where the T are defined as above. Clearly T, T2, T are contractions.

Now in this case it is well known [24] that Dn, Dr are of rank 1. Indeed we can
compute that

I T* T1 =/zl (R)/x l, I T2 T* =/x2, (R)

where

/’/’1 :-- (ml(z)- ml(0)); /x, := 1 m2(z)m2(O)

and where (x(R)y)w := (w, y)x.
For such T and T2, it is easy to compute X.
PROPOSITION 2.4. X
Proof Since T is a contraction, by (2.1) we can write X

T is a contraction between the corresponding defect spaces. Set

/x and /22,:=

(note that IIll=- 1- Iml(0)l= and II=,ll= 1-Im=(0)l=). Then L" r r is such that
L A2, for some constant A (since the defect spaces are one-dimensional). Hence,
using the facts that Dr,= I111(), O= I1=,1(=,@=,), and X= DrLD,
we get that X A,@. Note that since T is a contraction JAI 1. We have still not
used the fact that T is the compression to H2mlmH of the shift. We do this now.

Indeed we can apply T to . It is easy to compute that

TI g- m2(O)(1 -Im(O)J2)mm2

1- (1- ]mi(O){)m

+(1-[m,(O)12)ml+ m(O)(1-{m1(O)J2)mlm2
Under our isomorphisms,

H2 mlm2H2= (H2mlH2) mlH2 mlm2H2)

(Hm H)@(H2) m2H-),
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we can write

zlz,_(l_[m,(O)l)ml(z)
(1 -Im,(0)l)(1 ---(m(z))

Finally it is easy to compute that

At.c,(R)tz T A(1-lm(O)l)(1-m(O)m(z))
Thus A 1 as required. U

3. Weighted sensitivity minimization. In this section we explicitly solve the weigh-
ted sensitivity minimization problem for L-plants of the form e-hpo(s), where Po(s)
is a real rational proper function with no poles or zeros on the jto-axis. Actually our
procedure does much more. Basically for given weight W(s) (with the hypotheses
discussed in 1), we give a technique for solving the weighted H-minimization
problem for a plant P(s)= P(s)P(s) in terms of data determined independently by
P(s), and independently by P2(s). Our method only depends on one knowing the
maximum of the optimal sensitivities of P(s) and P(s), and from this one can find
the optimal sensitivity for P(s).

As in [9], for simplicity we initially will take a weight of the form

W(s)
qs + r

ms+n

stable with stable inverse, and such that W(s)[[ <-- 1. In 3.8 we will explain how
our method immediately applies to general real rational weights. Moreover we will
assume that P(s) is proper and stable with no zeros on the jto-axis. Again in Remarks
3.10 we show how to extend our method to unstable plants. The example to keep in
mind is P(s)= e-hSpo(s) where Po(s) is a stable proper plant with no zeros on the
jto-axis. However, the technique we give applies much more generally.

Let 4" H- D be a fixed conformal equivalence. Set

l’(z) W(ck-(z)), (z) P(b-’(z)).

Let /5(z) be the inner part of/5(z). Then we assume /5(z)= ml(z)m(z) where
the m(z) are inner functions. As in 2, set (H: H(D)):

H :=HmmH,
Hi :-- H21 miH2, 1, 2,

T := compression of the unilateral shift on H2(D) to H.

Then if we make the identifications

H H2( mlmlH2

(H2( mH2)(mlH2 mlm2H2)

-HIH
we can regard H as an invariant subspace of H with respect to T.

When P(s)-e-SPo(s) as above, we can take rex(Z) to be the Blaschke product
in D whose zeros consist of the images under 4 of the nonminimum phase zeros of
Po(s), and m(z)= e--l(z).
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Then following the notation of 1 and the constructions of [26], [13], [12] the
problem of computing the optimal sensitivity

inf W(1 + Pc)-ll]
C stabilizing

can be reduced to computing

/ :- inf II(z)-ml(z)m2(z)q(z)ll.
qH(D

Remark 3.1. We should note that the existence of a q(z), achieving the infimum
/z for the given m(z)= ml(z)mE(z) inner as above, only depends on the hypothesis
that (z) H(D). See [14], [20].

Now as in 2, we have

relative to the decomposition H H10)H2. If we write

(z) z+t
yz+8

where Zk := a,3 fly O, then (z)[] 1 since we assumed W(s)]] 1. Moreover
without loss of generalit we may clearly assume (z)] 1. (Indeed, if necessary,
we can always replace W(z) by (z)/[[ (z)[[.) Thus

W(T)II 1, (T,)II 1, (T2)II 1.

Moreover it is easy to compute that

W(T)= (TT2+)_IX(TT,+)_ (T2)
Now it is well known (see [20], [23], [24]) that the infimum

inf (z)- m,(z)m2(z)q(z)]= ( r)]],
qH(D)

and what we will do now is give an explicit procedure for cmputing the latter norm
in terms of data determined separately by the (T) and W(T) pas of (T). In
effect we will decouple these in order to compute (T)[[. First note, however, that

( T)] g 0 := max {]] (T) ]], (T2) ]]}
and so 0 1 implies that (T)]] 1. Therefore we can clearly assume 0 < 1.

Using the defect operator notation of } 2 (as well as the functions and 2.),
define for j 1, 2 and p e (0, 1 such that p > 0

?) D-() D- yT:+ 6 -
We can now state (finally) the following key result.
T.zo 3.2. Wih he aoe horatio, ff(V)[[ if a,a onty V

(2) ?), 1) <(2) ((T+ g)-l,, ,). (( rT, + )-’ pa-.



694 CIPRIAN FOIAS, ALLEN TANNENBAUM AND GEORGE ZAMES

Moreover (T)II =p if and only if (2) is an equality. (Note we are assuming p 6 (0, 1]
is such that p > 0.)

Proof by Theorem 2.1. (T)II-<-p if and only if

where

1
-A(TT2+ 6)-IX(TT + 6)-1= DCV(T)./,LoDcv(r,)/,
P

defines a contraction of the corresponding defect spaces. But then it is easy to compute
that

(1)QL. =-+/-,
P

(1) andIndeed this follows immediately from the definition of the , once we show
that

1) =1 (1)@ D(T1)/p(T+

But to see this just apply the first operator to an element . We get
-1 ()

#2,

(, D(,)/,(T+ g)-’"1,
since D-(r,)/o is self-adjoint.

Therefore

the inequality (2) holds.

Finally, under the assumption that p > 0, by (2.1) (T)[[ =p if and only if

L 1 if and only if (2) is an equality.
Remarks 3.3. (i) In case ml(z) (z- a)/(1 z), ]a] < 1, (2) is equivalent to cegain

inequalities derived by Adamjan, Arov and ein [1], [2] in connection with the
one-step extension problem. Hence what we have derived here is an expression for
the norm of an "n-step extension" (in case m is a finite Blaschke product), or even
an "-step extension" (e.g., when m is an infinite Blaschke product).

(ii) We will assume from now on that p (T)[[, and p > 0. Note that in our
procedure below, we can compute #(T)]I explicitly once we know 0. Thus if we can
find the optimal sensitivity for plants Pl(S), Pz(s) we can find it for P(s) P(s)P(s).

We now come to the crucial question of how to compute the inner products of
(2). Again we can give an explicit procedure.

3.4. Computation of inner products. We will stag with the computation of

((T + g)-i,, ,).
(2) Since 1 m(z)m(O), and since v, H: m2H2,Set v, := (pT + g)-l:,. ,

we have that (v,, 2,) v,(0). Thus we must show how to find ,(0). We give a simple
algebraic procedure for doing this.

First note that

(r+-,, -(r(r* ,.
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Therefore

(3)

where

1(a ]/z2, (yT2+)(/T2*+g)-- T2+/3)(ffT2*+/) v,

(A + BT+ ;T*2 + CTT*2 v,

A := I,l- ()1/31

Now (1- T2T*)v, =(v,, zz,)/x_, v,(0)z2,. Therefore, from (3) we see that

(4) (1 + Cv,(0))/z2, (F+ BT2+ OT*)v,
where F := A + C. But v, +/- H- so we can write rv, v-13 + v-2 +" Then

T*v, e(v,- v,(O)), T2v, ZV,-- m2v_

Consequently, from (4) we see that

(5) (l+Cv,(O))tx2,+Bv,(O)+Bm2V_l=(F+Bz+B)v,.

Finally, multiplying both sides of (4) by z and rearranging terms, we derive the
following key relationship:

(6) (Ctx2,z+B)v,(O)+Bm:zzv_l=(BzZ+Fz+B)v,-tx2,z.

(Note that even though this relationship has been derived on the boundary on D, since
all the functions are in HZ(D), they can be analytically continued to D.)

We are almost done! Indeed it is easy to see that the roots Zl, z of Bz
are such that ]ZlZ2] 1. If B B is real (which always occurs in cases of interest in
engineering) ZlZ:z 1. We can always assume IZl[ <= 1. We have three cases.

CASE (i). IFI> 2[B[. Then Zl D, Z2--l/g1. Now multiply (5) by t]7/2 to get

(7) (Crh22,z +

Note that r2z2, and r2v, can be continued analytically in the complement of the
unit disc and are 0 at o. (On the boundary of D we identify and 1/z.)

Then plugging Zl into (6) and z2 into (7) we get

(8) (Clzz,(Z,)Z, + B) v,(0) + Bmz(gl)ZlV_ --/,2@(Z1)Z1

(9) (C(m,)(z). z+Bm(z:))v,(O)+nz,_,=-(m_,)(z), z.

Using the fact that z2 1/, one can solve these equations for v,(0) and show

1 A-C+x/F2_4]B]21 + ]m2(z1)] 2

(10)
iv,(O)I- l_lm2(zl)l2
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Note that the case in which B =0 is a limiting case of Case (i) in which zl 0,
z2 oo. When this occurs one can compute

(11)
1 a+CIm2(O)l2

I ,(0)1 1 -Im2(0)l

Before stating Cases (ii) and (iii) we will need the following lemma.
LMM, 3.5. Let z be such that Bz+Fz + O, and such that Izl 1. Then m:(z)

admits an analytic extension to a neighborhood ofz, and Im()l 1 for all in an arc
neighborhood ofz on the unit circle.

Proof. First we claim z tr(T:) (where tr(T:) denotes thespectrum of the contrac-
tion T:). Indeed if to the contrary z tr(T:), then (z) or( W(T)). But by definition,
since Bz+ Fz, +/ 0, we have that (1 ([ ff(z,)l/p:)) 0, that is I(z,)l p. But this
would imply that ff(T)ll--> P, which contradicts our assumption in Remark 3.3(ii)
that < P.

But since zl tr(T:) we get the required result from [24, Chap. III, Thm. (5.1)]. r-1
Remark 3.6. With the notation of (3.5), note that since m:(z) is analytic in a

neighborhood of zl, tz_. must be analytic in this neighborhood of zl, and v. can have
at most a pole at z. But since ,. H:(D), in point of fact ,. must be analytic at z
as well. Moreover the derivatives of these functions will also be analytic in a neighbor-
hood of zl, since the derivative of an analytic function is itself analytic.

We can now state Cases (ii) and (iii) (z and z: are the roots of Bz+ Fz + ).
CASE (ii). ]F[ < 2IB{ i.e. Iz, Iz21 1, Z Z2. In this case plug the zi i= 1, 2 into

(6) to get two linear equations (one of which will be (7), and the other (7) with z2
substituted for Zl) in the two unknowns 9,(0), 9_1 and solve for 9,(0). By (3.5) and
(3.6) this is valid since the functions m2,/z2,, 9, are analytic in neighborhoods of Zl
and z2.

We can then compute that

(12)
1 A-C.+ jx/4IBI2-F2 .1 + m2(zl)m2(z2)

19,(0)1 2 2 1 m2(zl)m:z(z:z)

(When m2(zl)= m2(z), zl z, it is easy to show that 9,(0)=0.)
CASE (iii). IFI 21BI, i.e. zl z2. Then plug zl into (6), and z2 into the derivative

of (6). Once more by (3.5) and (3.6) this makes sense, and we can solve the two
resulting equations in the two unknowns v,(0), 9_1 for 9,(0).

Making the computation, we get that

1 B.m:z.(z,)(13) -C/ lnl- m(zl)

where

1 if F>0,
e=

-1 if F<0,

for m’2(zl)O. When m(zl) =0, it is easy to show that 9,(0)=0.
In short from (6), using simple linear algebra, we can find 9,(0), the value of the

first inner product. Notice that Cases (i) and (ii) are generic, while Case (iii) is the
nongeneric case in this situation.

Next we come to the computation of the second inner product of (2), namely
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We will propose two methods for doing this. The first works for any inner function
ml(z), and the second for a finite Blaschke product.

The first method is simply to imitate the procedure that we used previously in
evaluating (v,,/z2,). Indeed, set

u := (’yT + )-l/z2)

Then we want to evaluate (u,/x 1). But

(u, ftl)= (u, z(ml(z)- ml(O)))

(m,, e).

Since rlU+/-H, we may write riu= _1+ (higher order terms in ) and so (u,/.tl)
-1. Playing the same game as above we end up with the following analogue of equation
(6):

(14) Clxlz + Bmlz) _l + u(O)= (Bz2-b Fz + )u-txlz.
We again divide the analysis of (14) into the identical Cases (i), (ii) and (iii)

depending upon the roots of Bz2+ Fz + : from which we derive analogous formulae
for -1 (the required value of (u,/xl)) to those we found above for u,(0).

We should note that a deeper explanation of the analogy between (6) and (14)
can be given via a beautiful result from [21]. In point of fact using this result it is
possible to write down (14) immediately from (6) and the analogous formulae to those
of (10)-(13) for -1 just by inspection. However since these formulae may be derived
by elementary linear algebra as above, we will leave it to the interested reader to
consult [21 ].

The second method for finding -1 works when ml(z) is a finite Blaschke product.
In this case, H2mlH:z is finite dimensional and it is easy to compute a basis for this
space (see e.g. [21], [17]). Therefore the computation of the second inner product of
(2) amounts to finite matrix operations once a suitable basis is chosen. For example, if

i=1 1

with ai # aj for i# j, then the elements

(1--1akl2)l/2 kII ( Z--ai )Vk :=
1 akZ i= \ 1"-- tiZ/

for k 1,. ., n form a unitary basis for H2)mlH2 relative to which all the relevant
linear operators may be given a finite matrix form. For Blaschke products (in the unit
disc) which have roots with multiplicities, it is again easy and standard to write down
a similar unitary basis (see [20], [10], [17]).

We thus have an explicit procedure for computing the inner products (3.2). We
now give an explicit algorithm for the computation of the optimal sensitivity.

3.7. Computation of optimal sensitivity. We will use the notation of (3.4). Note
moreover that the computation of u,(0) and -1 as functions of p divide into the
identical Cases (i), (ii) and (iii) depending on the roots Bz+ Fz + .

To make the dependence of p explicit, let us set

Then (3.2) reads

/I(P) :-- /,(0), /"2(P) :-- --1"

II (P P2(P P2Z-2.
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Let us now recall some of our assumptions:
(a) I(z)=(az+)/(yz+)H(D), I-1(z) has no poles in D, the open unit

disc. (This follows since we assumed W(s) H(H) with stable inverse.) We should
note that our methods immediately go through without the hypothesis that lYC-l(z)
has no poles in D, but we retain it since it will be easier to explain our algorithm this
way.

(b) l(z) is normalized so that II(z)ll-1. (Again this can be done without
loss of generality, by replacing if necessary W(z) by W(z)/ll ff(z)ll. We make this
normalization since it will be a bit easier to state our algorithm this way. Of course,
one can easily write down a similar aorithm without such a normalization.)

(c) p (0, 1] is such that .p ->_ W(T)II, and p > 0 := max {11 ?( T1)[[, (T2)11}.
Note that for the algorithm to work we must know 0.

Here then is our algorithmic procedure for the computation of if’(T) and hence
the optimal sensitivity. We consider two cases.

(A) [/a[ 1. Then the algorithm is as follows:
(i) We first consider Case (iii) of (3.4), i.e. [F[2=4[B[2. Regarding this as an

equation in p (0, 1], it is easy to see that the unique solution will be p 1.
(Just consider the locus

{z" p-lW(z)12=o}
and notice that there exists ZoOD such that W(zo) =0. See Fig. 2.)

We now check if p 1 gives equality for (15) using the Case (iii) formulae
of (3.4) ((13) and the analogous formula for v2(p)). If we do get equality,
then by Theorems 2.1 and 3.2, (T)II-- 1, and the algorithm terminates. If
not, i.e. if we get strict inequality, we go to step (ii).

(ii) If p < 1, then it is easy to check we are in Case (ii) of (3.4). (See Fig. 2.)
Using the formulae we derived for Case (ii) ((12) and the analogous formula
for u2(p)), we check if there exists p (0, 1) with p > 0 which gives equality
in (15). If there exists such a solution, say p, then by Theorems 2.1 and 3.2
it is unique and ff(T)ll--p, i.e. the algorithm terminates. Ifnot, i.e. if we
get strict inequality for all p (0, 1) with p > 0, we go to step (iii).

FIG. 2. Representation of the case ]fl/t[ 1. Both solid circles are centered at O, the larger being OD, the
unit circle. The dashed circle represents the locus I?V(D). Since (z)ll-- 1, -(z) has no poles in D, and
I/al 1, ff’(D) passes through the origin 0 and is tangent to OD. Note that the circle of radius p’ intersects
I?V(dD) in two points, i.e. for any 0< p’ < we are in Case (ii). When p’ 1, we are in Case (iii).
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(iii) If steps (ii) and (iii) fail to find the norm, then from our hypotheses and
Theorems 2.1 and 3.2, we have

( T)II 0 max {[I I(T,)II, de(T=) II)
and once more we are done.

This completes the analysis of case (A).
(B) It/l 1. Then the algorithmic procedure for finding (T)11 is as follows:
(i) As in (A), we first consider Case (iii) of (3.4), that is IFI2= 4[B[2. Regarding

this as an equation in pc (0, 1] and with the above hypotheses (a), (b), (c)
one can easily show that we get precisely two solutions, namely p 1 and
a unique 0 < po < 1. (Again to see this, just consider the locus {p2_ W(z)l 0}
and examine the cases Iflla[ < 1, I/1 > 1. See Figs. 3 and 4 below.)

FIG. 3. Representation of the case Ifl/al < 1. All three solid circles are centered at O, the largest being

OD, the unit circle. The dashed circle represents the locus IYC(OD). Since (z)11-1, and -1(z) has no

poles in D, I(D) is tangent to OD. Po is the distance of 0 to the closest point on W(OD). Note that the circle

of. radius p’ intersects I(OD) in two points, i.e. for Po < P’< we are in Case (ii). For 0< p"< Po we are in

Case (i). For p’= 1, or p’= Po, we are in Case (iii).

FIG. 4. Representation of the case Ifl/ al > 1. Same explanation as for Fig. 3, except here the origin 0 lies
to the exterior of I?V(OD) (which is represented by the dashed circle).
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We now check if t9 1 gives equalit), for (15) using the Case (iii) formulae
of (3.4) and if it does, then as before W(T)II 1. If we get strictly inequality,
we consider po. If po> O, and if it gives equality when substituted in (15)
(using the Case (iii) formulae), then by Theorems 2.1 and 3.2, po.
If not, we go to step (ii).

(ii) If from step (i) we have failed to find the required norm, we consider now
p such that/9 > 0 and t9o < t9 < 1. Then it is easy to check that we will be in
Case (ii) of (3.4) (see Figs. 3 and 4). If we can find such a p, say p2,.which
gives equality in (15) (using the Case (ii) formulae of (3.4)), then by Theorems
2.1 and 3.2 P2 will be unique and II(T)II-p=, and so the algorithm
terminates. If all such p with p > 0 and po < p < 1 give strict inequality, we
go to step (iii).

(iii) We consider p such that p > 0 and 0< p < po. (Of course we need po> 0 in
this step. If not, just go to step (iv).) Then one can easily check that we will
be in Case (i) of (3.4) (see Figs. 3 and 4). If we can find such a p, say p3,

which gives equality in (15) (using the Case (i formulae ofi) (3.4)), then by
Theorems 2.1 and 3.2 p3 will be unique and W(T)II P3, i.e., we are done.
If all such p with p > 0 and 0 < p < po give strict inequality, we go to step (iv).

(iv) If in all three steps above we have failed to find the norm, then by Theorems
2.1 and 3.2 and the above hypotheses

( T)II 0 max {11

and once aain the algorithm terminates.
In short, (3.7) gives an easily computable algorithm for finding (T)II once we

know 0. Thus we have a technique for computing the H-optimal sensitivity for
distributed systems like e-Po(s), Po(s) rational stable, since we know the optimal
sensitivities for e-h and Po(s) already. We now will discuss what occurs for more
general weights.

3.8. General weights and one-step extensions. The above analysis was made for
linear weights. Still keeping our assumptions on P(s) (i.e. P(s) is stable, proper, with
no zeros on the jw-axis), we would like to explicitly show how our methods carry over
for a general real rational weight W(s), W(s) H with stable inverse, W(s)l]<= 1.

Using the above conformal equivalence 4" H - D we set as before

(z) := w(-l(z))

and we write l(z)= p(z)/q(z) a ratio of relatively prime polynomials in z.

Then given as above that

it is easy to compute that

[ W(T,) 0
W(T) L ’( T2)r(X)q-’( T1) I/( T2)q-

where r(X) has the form

(16) r(X Y ajkrl-t2, (R)
Oj,k<--n-1

for some constants ajk, and where n max {degree p(z), degree q(z)}.
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Indeed (16) may be derived as follows: Set for k N

x(k) := TXT.
ONi,j=k-1
i+j=k-1

Given a polynomial

b(z)= bz,
k--O

set

/(X)= bkX(k).
k=l

Notice in b(X) we have dropped the constant term. Then by direct computation, one
gets that

r(X) q(T2)(X)-p(T2)(X).

Equation (16) now follows from the facts that X =/x2,(R)/Xl, and that

k= 1"T_XT1 T.@Tk

In sho, r(X) is a finite rank operator, and is composed of tensor products of the
T. and Tk all of which may be explicitly computed. Hence as in the linear
weight case, the computation of  (T)II may be reduced to an analogous (but of
course messier) algebraic problem using the procedures discussed in Theorem 3.2
and (3.4).

In the most impoant (from a practical point of view) special case, in which
m(z) is a finite Blaschke product, we can even get simple closed form formulae as
we did above. We will do this now.

Indeed first note that when m(z) is a finite Blaschke product, we can in point of
fact always reduce ourselves to the case in which m(z)=(z-a)/(1-.az) for some
a D. To see this let us suppose that

z-a)m(z) H 1-

Suppose moreover that we give a procedure for solving the optimal sensitivity
problem for ((z- al)/(1 az))m:(z) in terms of (decoupled) data determined by m2(z)
and (z-a)/(1-az) as we did in Theorem 3.2. Then we can take 2(z):=
((z-a)/(1-az))m(z) as our new "m(z)", and (z-a2)/(1-a2z) as our new
"m(z)," and solve the resulting problem for ((z- a2)/(1 a2z))(z) in terms of 2(z)
and (z-a:)/(1-a2z), and so on. In other words, when m(z) is a finite Blaschke
product in order to solve the optimal sensitivity problem, it is enough to describe the
solution to the problem when we add the zeros of m(z) one at a time. This is, of
course, the basic idea behind the classical recursive procedure of NeVanlinna-Pick
interpolation 14], and the one-step extension procedure of Adamjan, Arov and ein
[1], [].

Consequently, we will give an explicit solution now of the kind we gave for a
linear weight, for a general real rational weight, if(z)=p(z)/q(z), ff(z)ll 1, such
that ff- has no poles in the unit disc, and an inner function m(z) m(z)m(z) where
m(z)=(z-a)/(1-az), aD. Then with this notation, =(1-[a[2)/(1-az), and
T=a.



702 CIPRIAN FOIAS, ALLEN TANNENBAUM AND GEORGE ZAMES

From (16), we can write that

r(X) E akTla, (R) aklz,
O<=j,k<=n-1

n-1

E bjTJtz2, (R) tz,
j--0

(where n max {degree p(z), degree q(z)}), for some (explicitly computable) constants

Set

n-1

/z,= E bTtz2,.
j=O

Then

Therefore we have

r(X) ,(R)g.

W( T,) o(T)
q( T2)-’(/z. (R)/zl)q( T1)-’ ]ff(T2)

We can now play precisely the same game that we did in the linear weight case.
Once more without loss of generality we can assume that

0 := max {]] (T1) ]], I/’( T2)II } < 1.

Let p e (0, 1] and suppose p > 0. Then we set for j 1, 2
-jg):= D(T)./o(q( T)-I).,

])):= Dvo(q(a)) 1

(since T is multiplication by a).
Then the analogue of Theorem 3.2 in this case is the next theorem.
THEOREM 3.9. ( T) p if and only if

(17) (o(r)-, ,) Xq(a),

Moreover  (r ll o ifand only ifequality holds in (17). We are assuming O > 0.)
Proo As in Theorem 3.2, (r)II if and only if

1
-q( T)-lr(X)q( T)-

for some contraction Lo. But it is easy to compute that

1 (1)@ 1)),Lo =(,
Therefore IlL, 1 if and only if we have the inequality (17). The second pa of

the theorem follows immediately from Theorem 2.1.
Remarks 3.10. (i) Clearly in this case the second inner product of (17) is trivial

to compute. As for the first inner product, it is clear that one can use the same algebraic
technique that we discussed in (3.4). Here from the roots of a polynomial of degree
2n one gets 2n linear equations in 2n unknowns from which one can solve for the
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required value of the inner product, where n := max {p(z), q(z)}. Depending upon the
multiplicities of the roots and where they lie in relation to D, one can derive a procedure
analogous to that of (3.7). We did this by hand for a simple quadratic weight (W(s)=
1/(as + 1)2) and admittedly the computation becomes very messy. However, our pro-
cedure can certainly be programmed on computer for the kind of rational weights we
have considered above.

(ii) Now we finally come to the case in which P(s) L is not stable (but has no
zeros on the jw-axis). This poses no problem (at least theoretically). Indeed using the
arguments of [13], [27] one may reduce the sensitivity minimization problem to the
problem of computing

inf v- Bq I1
qH

where B(s) inner part of P(s), V H.
Now from (3.1), with these hypotheses, the minimization problem will have a

solution. If we then assume that the outer part of P(s) is rational (of course we always
consider rational weights that are in H), V will be rational, and we can apply our
techniques to the solution of the minimization problem. More explicitly, if P(s)=
Pl(S) P2(s) and we could compute the minimal sensitivities of P1 (s), P2(s), then we
could use our preceding procedure in order to solve the problem for P(s). This occurs
for example when P(s)= e-hSpo(s), Po(s) real rational and proper, Poe L with no
zeros on the jw-axis.

4. An explicit example. Given the general procedures of 3, an illustrative non-
trivial example is certainly called for. We will take

W(s)- a>0
as+l’

P(s) e -hS h, b > O.
+

The minimum sensitivity in this case will allow us to understand the relationship among
the quantities a, b, h.

So, let us plug these parameters into our machine and compute. First we choose
b :H D to be

s-b
z 4,(s) :=

s + b.

Then

if(z)= w(6-’(z))
(ab- 1)z+(ab+ 1)’

eh4-l(z) ehb((z+l)/(z-1))

We now use the notation of (3.4). Note that ml(z)= z, m2(z)= ehb((z+l)/(z-1)),
1 1A=(ab+l)2--, B=B=((ab)2-1)-t 2,
P P

C =(ab-1)2---,
P
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Then in this case, the two roots of the quadratic equation Bz2+ Fz + are

-((ab)2 + 1-(1/p2))+ 2abjx/(1/p2) 1
z, ((ab) 1) + (1/p2)

and z2 . It is clear for our plant P(s) that for a, b, h > 0 and finite, that the optimal
sensitivity will always be strictly less than 1. Hence we can immediately remove Case
(iii) of (3.4) from our considerations. (Note I/3/a 1 here. See (3.7) (A) above.)

Therefore since Iz, I--Iz=l- 1, we are in Case (ii) of the procedure (3.4) and (3.7).
Then solving the corresponding linear equations (or using the formulae of (3.4)) we get

sin( hx/(1/ p2) I

2ab sin + 2ab/(1/02) cos
a a

The second inner product is trivial to compute and turns out to be
2

’-1 :=
(02(ab + 1)2 1)"

Next it is trivial to compute that A =-2ab, and therefore from (2) we see
2

,,(0)_, < P
=4a2b2"

Hence we get that

(hx/(1/P2) -1)sin 2 )2
(18)

a <=p (ab+ -1.
( ) (hx/(1/p2)-l) ab

sin
hx/(1/p2)-l) +/(1/p2)_l cos

a a

Using our above notation set

0 := max {11 (T) [I, I(T2) I[}
where T is the compressed shift corresponding to m(z) z, and T2 is the compressed
shift corresponding to m2(z)= eh’z+)/z-)). It is easy to compute that (T)11
1/(ab+ 1), and (T2)11 p,, the largest root of (1) (of 1), p (0, 1).

Then if we algebraically manipulate (18) and invoke Theorems 2.1 and 3.2, (3.7)
(A) we see that we are required to find popt, the unique root contained in (0, 1) of the
following equation (it is easy to check popt exists for a, b, h (0, )):

( 2ab ) (h/(1/p2)-l) /_5(19) 1- 2 )2
tan + -1=0.

p (ab+l 1 a

By our above theory, v’(r)[[ popt. Equation (19) has a number of interesting
properties a few of which we discuss here. For example, as b , (19) approaches
(1) of 1; this just relates the a and the h. Hence in this sense (19) generalizes (1).
As b- 0, it is simple to check popt "-) 1. In short, (19) gives the exact relationship among
the fundamental parameters a, b, h in optimal sensitivity theory.

5. Conclusions. Once again we have seen the utility of the complex and functional-
analytical methods of [21], [24] in dealing with systems with delays. In this paper we
have solved (or at least given an implementable procedure to solve) the weighted
H-minimization problem for an interesting class of delay systems. From our tech-
niques, we have derived a precise picture of the interaction of a delay, nonminimum
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phase zero, and given weight in an H-optimal sensitivity problem. Our work in a
certain sense gives mathematically rigorous justification to results that one would hope
to be true from just purely engineering considerations.

Finally, we have generalized some of the one-step extension results of Adamjan,
Arov and Krein [1], [2], and perhaps given a new perspective to certain kinds of
(generalized) interpolation problems. It should be interesting to try to push through
the techniques we have given here for broader classes of distributed systems, for
example those considered in [3], or even in [7].
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Abstract. We prove an existence and uniqueness result on periodic solutions of an infinite dimensional
Riccati equation.
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1. Introduction. Consider the following optimal control problem: minimize

(1.1) J(u) =- [(M(t)y(t), y(t))+(N(t)u(t), u(t))] dt

over all u L2(0, 7"; U) subject to

(1.2) y’(t) A(t)y(t)+ B(t)u(t)+f(t), y(O)= y(z).

Here A(t) is a linear operator in a Hilbert space H, U is the Hilbert space of the
controls, M(t) is a linear operator in H, N(t) is a linear operator in U, B(t) is a linear
operator from U into H andf L2(0, % H). We give precise notations and assumptions
in 2. In 3 we study existence and uniqueness of periodic solutions of the infinite
dimensional Riccati equation

(1.3) Q’+ A’Q+ QA-QBB*Q+M 0

and in 4 we prove that the optimal control for problem (1.1), (1.2) is a feedback
control. We shall use an argument of dynamic programming, which follows closely
[2] where a similar problem was studied in a finite dimensional space.

2. Notation and hypotheses. Let U and H be Hilbert spaces (scalar product )).
We shall denote by L(H) the Banach algebra of all linear bounded operators in H.
We set

(2.1) E(H)={TL(H); T= T*}, E+(H)={T,(H); T_>0}

where T* represents the adjoint of T.
Given any interval [a, b] we shall denote by C([a, b]; L(H)) the set of all the

mappings [a, b]- L(H), t T(t) such that T(.)x is continuous for any x H. If a
and b are finite, then C([a, b]; L(H)), endowed with the norm

(2.2) [[Tll =Sup {[[ T(t)ll; t[a, b]},

is a Banach space (by the uniform boundedness theorem). We set moreover

(2.3) C([a,b];E(H))={TC([a,b];L(H)); T(t)E(H)},

(2.4) C([a,b];E+(H))={TC([a,b];L(H)); T(t)E+(H)}.

Received by the editors November 12, 1984; accepted for publication (in revised form) April 14, 1986.
? Scuola Normale Superiore, 56100 Pisa, Italy.

706



SYNTHESIS OF OPTIMAL CONTROL 707

Cs([a, b]; L(U)) and Cs([a, b]; L(U, H)) are defined analogously. Concerning the
operators A(t), R, we shall assume:

(i) A(t) A( + r), .
(ii) There exists an evolution operator U(t, s), 0 <- s =< such that the initial

value problem

z’( t) A( t)z( t) + g( t), z(O) x

with g L2(0, r; H) and x H has a unique mild solutiOn z given by

z(t)= U(t, 0)x+ U(t, s)g(s) ds.

(iii) A,(t)= n2(n-A(t))-l-nI is defined for n sufficiently large. Moreover
we have z,- z in C([0, r]; H), where z, is the strict solution of the
approximating problem

z’(t)=A,(t)z,(t)+g(t), z,,(0) x.

We shall denote by U, (t, s) the evolution operator relative to A,(t). We remark
that (2.5) are fulfilled under the usual hypotheses of Tanabe and Kato-Tanabe (see
for instance [3], [6], [8]).

Concerning M, N, B and f we shall assume:

(2.6) (i) f:I H is r-periodic and f L2(0, r; H),
(ii) B C(, L( U, H)) and it is r-periodic,
(iii) M C(; E+(H)) and it is r-periodic,
(iv) N C(, E+( U)), it is r-periodic and there exists e>0 such that

N(t)>= eI, t<=O.

Finally, in order to solve uniquely problem (1.2), we need the following assumption:

(2.7) 1 belongs to the resolvent set p( U(r, 0)) of U(r, 0).

Under hypotheses (2.5)-(2.7) it is easy to prove that problem (1.2) has a unique mild
solution y given by

(2.8)

y(t)= U(t, 0)(I- U(r, 0)) -1 U(r, s)(f(s)+ B(s)u(s)) ds

+ U(t, s)(f(s)+ B(s)u(s)) ds.

Returning now to the control problem (1.1), (1.2), we remark that the functional
J: L2(0, r; U)- R has a unique minimum u* (since it is a coercive quadratic form);
u* is called the optimal control and the corresponding solution of (1.2) the optimal
state. Finally J(u*) is the optimal cost.

The optimality conditions are also easily derived. Namely if u is the optimal
control and y the optimal state, we have"

y’=Ay+Bu+f y(0) y(r),

(2.9) p’=-A*p-My, p(O) =p(r),

u -N-1B*p.

Concerning the synthesis problem we shall look for a linear operator Q such that

(2.10) p=Qy+r.
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As easily seen, Q and r must satisfy the equations

(2.11) Q’ + A’Q+ QA- QBN-1B*Q/M 0,

(2.12) r’ + (A*- QBN-1B*)r/ Qf-0

with the periodic conditions

(2.13) Q(0)- Q(z), r(0)- r(’).

The differential equations in (2.9), (2.12) are intended in the mild sense, whereas the
precise meaning of a solution of (2.11) will be stated in the next section.

In 4 we will prove that the optimal control u is given by the formula

(2.14) u=-S-lB*(Qy+r)

where y (the optimal state) is the solution of the closed loop equation

(2.15) y’= Ay- BN-1B*Qy BN-IB*r+f
with the condition

(2.16) y(0) y(’).

We remark that if the following hypothesis holds:

(2.17) 1 belongs to the resolvent sets of the evolution
operators relative to A- BN-B*Q and A*- QBN-1B*,

then (2.12) and (2.15) have a unique --periodic solution.

3. Periodic solutions of the Riccati equation. We are here concerned with periodic
solutions of the Riccati equation

(3.1) Q’ + A’Q+ QA- QBN-1B*Q+M =0.

We first recall some result on the final value problem

(3.2) Q’+A*Q+QA-QBN-B*Q+M=O, Q(r)=LZ+(H),

which we write in the following integral form:

Q(t)x= U*(’r, t)LU(% t)x

(3.3) U*(s, t)(Q(s)B(s)N-l(s)B*(s)Q(s)-M(s))U(s, t)xds, xe g.

Under suitable hypotheses (see Proposition 3.1 below) (3.3) has a unique solution
Q(t)=A(t,L).

We say that Q Cs([0, r]; E+(H)) is a r-periodic solution of (3.1) if it is a solution
of (3.3) with Q(r)= Q(0); this is equivalent to

(3.4) Q(r) A(0, Q(r)).

We shall consider also the approximating problem

(3.5) Q’+A*Q,+QA,-Q,,BN-1B*Q,+M=O, Q,,(r)=L

where A,(t)= n(n-A(t))-1- nI. Problem (3.5) has clearly a unique solution that we
denote by Q(t) A(t, L).

PROPOSITION 3.1. Assume (2.5), (2.6) and let L belong to E+(H). Then

(3.6) (i) There exists a unique solution Q (resp. Q,) of (3.3) (resp. (3.5)). Moreover
Q - Q in Cs([0, ’]; E+(H)).
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(ii) If L <= L we have:

A(t, L) _-< A( t; L).
(iii) If {L/} is an increasing sequence in ,+(H) that converges strongly to L,

then A(., Lk) converges to A(.,/S) in Cs([0, r]; E+(H)).

Proof. Statement (i) is essentially proved in [4] (see also [1, Thm. 1, p. 64]). The
proof of (ii) is completely similar to that of [1, Lemma 16, p. 83]. Let us prove (iii).
Setting Q(t) A(t, L), Qk(t) A(t, Lk) we have

Qk(t)x U*(’, t)LkU(r, t)x

(3.7) U*(s, t)(Qk(s)B(s)N-(s)B*(s)Ok(s)-M(s))U(s, t)xds,

xH.

By (3.6), {Ok(t)} is increasing for any and Ok(t)_-< Q(t). It follows that there exists
O(t) _<- Q(t) such that Qk(t) - O(t)x for any x e H. By the dominated convergence
theorem, taking the limit, as k- oe in (3.7), we obtain

Q(r)x= u*(7", t)LU(7", t)x

(3.8) U*(s, t)(O(s)B(s)N-l(s)B*(s)O(s)-M(s))U(s, t)xds, xeH.

From (3.8) it follows that (e Cs([0, ’];E+(H)) so that, by uniqueness, we have
Q=Q.

In order to prove the existenc of a periodic solution of (.1), we need a stabilizabil-
ity assumption:

(.9) There exists a ’-periodic function K e C(; L(H, U)) and two numbers,
to > 0,/z > 0 such that [1UA_BK (t, s)[[ <- e-’(’-), > s, where UA_BK is the
evolution operator relative to A(t)-B(t)K(t), t[0, r].

This hypothesis reduces to the usual one for the algebraic Riccati equation when A,
B and M are time-independent (see [7]).

Remark 3.2. Hypothesis (3.9) is fulfilled if either u(t, s)ll <- a e-b(t-s) with b > 0
or B(t)_->cr>0 and a=l. [3

We are ready now to prove the following theorem:
THEOREM 3.3. Assume (2.5), (2.6) and (3.9). Then there exists a ’-periodic solution

of (3.1).
Proof. We first recall a well-known identity (see for instance [1]). Let u e

L(0, T; U), T> 0 and let y be the mild solution of the problem

(3.10) y’= Ay+ Bu, y(0)=x, x H.

Let W be the solution of the final value problem

(3.11) W’ + A* W+ WA WBN-B* W+m 0, W(T) 0;

then we have"

(3.12) (W(O)x,x>+ IIN-1/2B*Wy+g/2ull2ds [(My, y>+(gu, u>]ds.

We prove now the existence of a r-periodic solution of (3.1). Set

(3.13) $o=0, S,/(t) A(t, S, (0)), n N.
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By (3.6) {Sn} is increasing. For any kN we set

Wk( t) Sh( t-(k- h -1)r),
(3.14)

t[(k-h-1)r,(k-h)r],

As easily checked, Wk is a solution of the problem

(3.15)
Wk +A* Wk + WkA WkBN B* Wk +M O

Wk(kr) =0, 0 -< t_-< kr.

We now resort to (3.9) and (3.12) with u and y given by

u(t)=--K(t)UA’__n:(t, O)x, y(t)= UA-ni(t, O)x,(3.16)

and we get

h=l,...,k.

xH

We remark that (3.18) implies (2.17).
We first prove two lemmas as follows.
LEMMA 3.5. Assume (2.5), (2.6) and (3.18) and set L A- BN-1B*Q where Q is

a r-periodic solution of (3.1). Then there exists c > 0 such that

(3.19) t, s)xll = at <- cllxll =.
Proof. Let Q be a r-periodic solution of (3.1), fix k hi. Then we have

(3.20) Q’+L*Q+QL+QBN-1B*Q+M=O, Q(kr)=Q(O), t[O, kr].

Let Qn be the solution of the approximating problem

(3.21) Q’ + L*Qn + QnL, + QnBN-1B*Qn + M=0, Qn(kr) Q(o)

where Ln--An- BN-1B*Qn. We remark that Qn is not necessarily periodic. For any
x 6 H we have

d
--< Qn(t)U.(t,s)x, U (t,s)x)
dt

(3.22)
-II NI/BQnUL. (t, s)x]l2- I1/- UL. (t, s)xll =.

(3.18) There exists a z-periodic function K1 Cs(, L(H)) and two numbers to1.> 0,
/x > 0 such that

UA-Kx/--( t, S)]] ]J’l e-’’-s), >-- s

where Ua-lq,/- is the evolution operator relative to

A(t) Kl(t)x/M(t), [0, r].

2

(3 17) <W(O)x,x)<(llMIl+llNIIIIgll)llxll,
-2r/

which implies that the sequence {Sn(0)} is bounded in E+(H). By a well-known result
on the monotone sequences of linear operators it follows that there exists q e +(H)
such that Sn(O)x- x for any x e H. Now, by Proposition 3.1(iii) and by (3.13) we
have, as n oe S A(0, S) so that A(t, S) is the required periodic solution. [1

Remark 3.4. Theorem 3.3 generalizes a result in [9].
We consider now uniqueness and to this purpose we introduce a detectability

assumption which reduces to the usual one for the algebraic Riccati equation (see [7]).
We assume:
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By integrating in [s, t] and letting n go to infinity we find

(Q(s)x, x)= (Q(kr)Ut(kr, s)x, Ut(kr, s)x)
(3.23) l"k

/| [IIN-’/=Q()U(, s)xlI=/ II4M()U(, s)xlI-3 &r.
d o

Then functions N-/SQUL(., s)x and x/UL(’, S)X belong to LS(s, oo; H). Let now
H be defined by

(3.24) L= II + (K,x/-- BN-’B*Q)
and remark that, by (2.18),

(3.25) U(t, s)ll-<- ’, e-’’-s.
By (3.24) it follows

UL( t, s)x Un( t, s)x
(3.26)

+ Un(t, o-)(g(o.)M(o-)-(o)N-l(o-)*(o-)Q(o-))UL(O’ s)xdo-;

now, by the Young inequality U(., s)x belongs to L(s, oe; H) as required.
LEMMA 3.6. Under the same hypocheses ofLemma 3.5 there exists a constant c > 0

such that

(3.27) UL(t, S)II< t> S.=(t’s)’
Proof. Since L is r-periodic, there exist/x2 > 0 and e such that

UL(t, s)ll -< ,= e’-, > s.(3.28)

For any x H we have

1
)11 u(t, s)xl[ e2-s){[ u(t, s)xll = do"

<_- e=e(-’)ll g(, s)xll=ll s(t, )11 = d

<_- c e=’-llxll =
by (3.19); thus there exists 3’ > 0 such that

(3.29) u,(t, s)ll--< %
We have finally

(t-- s)ll g(t, )xll = gL(t, )xll = d

t>=s.

UL( or, s)xll211UL(t, o’)112 dr=< 3"211/112

and the conclusion follows.
Remark 3.7. The above proof is inspired by the proof of the Datko theorem given

in [7].
We are now ready to prove uniqueness.
THEOREM 3.8. Assume (2.5), (2.6) and (3.18). Then (3.1) has at most one r-periodic

solution.
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Proof. Let Q, Q1 be --periodic solutions of (3.1); set R Q- Q1. Then R verifies
the equation

(3.30) R’ + L*R + RL+ RBN-B*R O, E [0, kr]

for any k E N. Let R, be the solution of the final value problem

(3.31) R’, + L*,R, + R,L, + RBN-1B*R, -0,

It follows that

(3.32)

which implies

(3.33)

R,(k-)=R(k-).

d
-(R,,(t) UL.(t, s)x, UL.(t, s)x)

-IIN-/B;(t)R,(t) UL.( t, S)Xll 2 --< 0,

(R(O)UL(k’, s)x, UL(kr, s)x) <-(R(s)x, x).

Letting k go to infinity and using (3.27), we get (R(s)x, x)>=O, that is, Q(s)>= Ql(S);
by interchanging Q and Q1 we find Q(s) -> Ol(S) and finally that Q Q1. D

Remark 3.9. Stability. Assume the hypotheses of Theorems 3.3 and 3.8; let Q be
the unique periodic solution of (3.1) and S a solution of the final value problem

S’+A*S+SA-SBN-1B*S+M=O, S(O)=SoE+(H), -< t=<0.

Setting Z Q-S, L= A-BN-B*Q, we have

Z’ + L*Z+ ZL+ZBN-1B*Z O.

Thus, by (3.27), it follows that

lim IlO(t)-$(t)ll-O uniformly in
IlSoll-o

and the periodic solution Q is stable.

4. Dynamic programming. The Hamilton-Jacobi-Bellman equation correspond-
ing to the control problem (1.1)-(1.2) is

(4.1)
d/t(t, x)-1/2l[N(t)-l/2B*(t)d/x(t, x)tt =

+(Ax +f(t), d/x(t, x))+1/2(M(t)x, x)=0.
The following result is easily proved.

PROPOSITION 4.1. Assume (2.5)-(2.7), (2.17) and (3.9). Let Q be a r-periodic
solution of (3.1) and r the periodic solution of (2.12). Then the function
(4.2) q(t, x)=1/2(Q(t)x, x)+(r(t), x)+ s(t)

is a solution of (4.1) if and only if we have

(4.3) s’-llN-’B*rl]=+(f(t), r(t)) 0.

LEMMA 4.2. Assume the hypotheses of Proposition 4.1. Let , be given by (4.2),
u L(O, ’; U), y be defined by (1.2) and J by (1.1). Then the following identity holds:

J(u) IIN-I/2B*(Oy+ r)+ N1/2ul12 dt

(4.4)
/ [(f, r)-1/211B*rll =3 dt.
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Proofi Let Q,(t)= A,(t, Q(z)), let rn be the solution of the problem

(4.5) r’+(A*-Q,BN-1B*)rn+Q=O, rn(z)=r(r).

Let s, be such that

(4.6) s’-1/21lN-’/=n*r.ll=/(f, rn) 0

and, finally, let Yn be the solution of the problem

y’ Anyn + Bu +f, yn(O) y(O).(4.7)

Setting

(4.8)

we have

din(t, y)=1/2(Qn(t)y, y)+(rn(t), y)+ sn(t)

(4.9)
d 1 1
d---td/,(t, y,)=-IIN-’/-B*(Q,yn + r.)ll--[(My. + yn)+(Nu, u)].

Now the conclusion follows by integrating (4.9) in [0, ’] and by letting n go to
infinity.

THEOREM 4.3. Assume (2.5)-(2.7), (2.17) and (3.9). Let Q be a r-periodic solution
of (3.1), let r be the corresponding r-periodic solution of (2.12) and y the solution of the
closed loop equation (2.15) with y(O)=y(r). Then the optimal control u* is given by

(4.10) u*=-N-1B*(Qy+ r)

and the optimal cost results from

(4.11) J(u*)= (f, r)-:llB*rll dt.

Proof By (4.4) it follows that

(4.12) J(u) >= <f, r>--llB*rll = dt F;

now, if u is given by (4.10) we have J(u*)= F so that u is optimal.
Example 4.4. Let fl be a bounded subset of R" with smooth boundary 01l. Consider

the following problem:

Minimize

(4.13) J(u)= de d’[ly(,)l+lu(,

over all u e L([O, r] x)

subject to

d
(, e(, (y(, + u(, +f(, ,

(4.14) y(, ) O, e [0, ], e

y(o, (, )
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where f and 4 are continuous, z-periodic in and 4 is nonnegative. A is the Laplace
operator acting in the variable .

Set H- U L2(1), M(t)= N(t)= B- I and

(4.15) A(t) A b(t), D(A(t)) H2(1) [’) H(fl).
As easily seen, hypotheses (2.5) and (2.6) hold; moreover

(4.16) U(t, s)=exp C(t-s)- () d

where Cy eY and D(C)= D(A(t)). By the maximum principle we have

(4.17) U(t, s)l 1

so that lp(U(,0)) and (2.7) is fulfilled. Moreover, (2.17) also holds because
A-BN-B*Q= A-Q and Q is positive. Finally (3.9) holds by viue of Remark
3.2.
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CONTROLLABILITY OF SEMILINEAR CONTROL SYSTEMS
DOMINATED BY THE LINEAR PART*

KOICHIRO NAITO"

Abstract. While various equivalent conditions for controllability have been obtained in the case of
linear control systems, controllability problems of semilinear control systems usually require some compli-
cated and limited assumptions. In this paper we show the approximate controllability of an abstract semilinear
control system under the assumption, which has a simple form and can be easily checked in many examples.

Key words, semilinear control system, approximate controllability
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1. Introduction. In this paper we study the approximate controllability (a.c.) of
the following semilinear control system.

t+Ay(t)=F(y(t))+(Bv)(t),
0<t< T,

(1.1)
y(0) =0.

Let the state space X and the control space V be Hilbert spaces and the state function
y(t), 0_-< _<- T, takes values in X and the control function v(. is given in L2(0, T: V).
Assume that the operator -A generates a Co-semigroup S(t) on X and B is a bounded
linear mapping from L2(O, T: V) to L2(O, T:X). F(.) is a nonlinear operator on X.
When F =-0, system (1.1) is called the corresponding linear system, denoted by (1.1)1.

The controllability theory for abstract linear control systems has been established;
the necessary and sufficient conditions for the various types of controllability are well
known (el. [1], [7]). On the other hand, in the case of semilinear control systems, we
need some complicated and restrictive conditions, which are of two classes, in the
approximate controllability problem with dense reachable sets and in the local con-
trollability problem with limited reachable sets. In either problem the restrictions are
placed on the system components, such as range of B, continuity of F, regularity of
S(t) and control time T. For instance, in 11 Zhou showed a.c. of an abstract semilinear
control system by assuming some inequality conditions, which are dependent on the
properties of the system components, and also Quinn and Carmichael in [6] showed
the diameters of the reachable sets by using the system constants determined restric-.
tively.

Our purpose is to show a.c. of (1.1) under simple and fundamental assumptions
on the system components. In particular, the range conditions of the operator B are
most essential. We assume hypothesis (B1), which implies a.c. of (1.1)1, and also,
which is described as a geometrical relation in L2(0, T" X) between the range of the
operator B and the subspace Nx related with the semigroup S(t) ( 2). On this space
N+/-, exactly, on an equivalent quotient space, we use the Schauder’s degree theorem
to show a.c. of (1.1). Furthermore, if the operator B is invertible (hypothesis (B2)),
we can show an inclusive relation between the reachable sets of (1.1)1 and those of
(1.1) by determining the diameters of their control sets ( 3). Because of its simple
form, hypothesis (B1) can be easily checked in many examples ( 4).

* Received by the editors April 29, 1985; accepted for publication (in revised form) April 10, 1986.
Department of Information Sciences, Tokyo Institute ofTechnology, Oh-okayama, Meguro-ku, Tokyo,

152 Japan.
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2. Notation and hypotheses. For system (1.1) we further assume
(F1) The nonlinear operator F on X is Lipschitz continuous; there exists a

constant K > 0 such that

[[F(Xl)-F(x)llx<=Kllx-x:zllx, XI,X2EX.

Then, we can consider a unique mild solution y(t" v) for each v E L2(0, T: V),

(2.1) y(t’v)=IS(t-s){F(y(s’v))+(Bv)(s)Ids O<-t<-T,

and we define the solution mapping W from L2(0, T" V) to C(0, T" X) by

Wv)(t)’= y(t" v), v L2(O, T" V).

(See [5] for mild solutions of semilinear systems.) We also assume
(W) The solution mapping W is compact.
Remark 1. If A generates a compact semigroup, (W) is satisfied (cf. [4]). Recently,

Seidman [8] shows the various sufficient conditions for the compactness of the solution
mapping.

We introduce some definitions and notation. We define the linear operator S
from L2(0, T" X) to X by, S(T- s)p(s) ds for p e L(0, T" X).

Denote the kernel of the operator g by N, which is a closed subspace in L(0, T" X),
and its orthogonal space in L(0, T" X) by N+/-. Let Pj be the projection on L2(0, T" X)
with the range N+/-. Denote the range of the operator B by XB and its closure by JB.
We need the following hypothesis"

(B1) For each p e L(0, T" X)there exists a function q e J" gp gq.
Remark 2. It is easily known that (B1) is equivalent to the following conditions:

L(0, T" X) J. + N or PjJ? N+/-. We see later in Lemma 2 that (B1) implies a.c.
of (1.1)1. On the other hand, a.c. of (1.1)1 is-equivalent to the density condition
L(0, T" X)=X + N. Therefore, if the closedness of the product space is assumed
(cf. Kato [2]), (B1) is equivalent to a.c. of (1.1)1.

Under hypothesis (B1) we can define the mapping P from N+/- to J. as follows"
let u, E N- and define PUre as the unique minimum norm element Ux in {

Pum Ux min {11 u I1" u { t/m + N} f’) 3B }.

From hypothesis (B1) it follows that for each u,, in Nz {Urn + N} ffl ; . Thus the
operator P is well defined.

LEMMA 1. The operator Pfrom N+/- to n is linear and continuous.

Proofi Denote the range space of the mapping P by R(P). Since R(P) is identified
with the quotient space ..n/(;,f’)N),R(P) is a closed subspace in L2(0, T’X).
Restrict the domain of the projection Pj to R(P) and consider hypothesis (B1); then
it is easily known that PJIR(P> is an injective and surjective mapping from R(P) to
Nz. Since (PjIR(p))-I= P, it follows from the open mapping theorem that P is linear
and continuous.

In (2.1), consider the case in which V X and B =/. For each u L(0, T" X),
there exists a unique mild solution y e C(0, T" X) which satisfies

y,(t) S(t- s){F(y,(s)) + u(s)} ds.
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So we can define the nonlinear operator on L2(0, T" X) by

(;u)(t)=F(y.(t)), u L2(0, T’X).

Since the solution mapping W is compact, hypothesis (F1) implies the compactness
of the ope.rator .

Let Y denote the quotient space; I7"-L2(0, T" X)/N and define the norm of a
coset )7=y+N in Y by II ll-inf{lly+fll’f S}. Then we denote the isometric
isomorphism from I7 onto N+/- by G. We will treat t.he con.trollability problem by using
the degree theorem in I7. We define the operator on Y by

; (PGS) + N, a Y.

From the previous argument we note that is compact.

3. Approximate controllability. We denote the reachable set of system (1.1) by
KT(F);

KT(F) {y(T" v)" v L2(0, T" V)}

where y(T" v) is the T-time value of the state function y(t" v) which satisfies (2.1)
with a given control function v in L2(0, T" V). If the reachable set is dense in
X; KT(F)= X, then the system is called approximately controllable. We also define
the reachable set K(F) by

KT(F) {y(T" v)" v e V}

where V is an open ball in L(O, T" V) with its radius r>O. Similarly, as for the
corresponding linear system (1.1), we can define KT(O), K(O) and the approximate
controllability.

For a.c. of (1.1) we know the following.
LEMMA 2. Assume hypothesis (B1); then we have KT(O)= X.
Proof. Let e D(A), then there exists a function p e CI(0, T" X) such that

= S( r- s)p(s) ds,

for instance, put p(s)=(+ sA)/T. From (B1), there exists a function q eX such
that p- q.e N, that is,

= S( T- s)p(’s) ds S( T- s)q(s) ds.

For every e > 0 there exists a control function v in L2(0, T" V) such that

Ilnv qll < (MT)-le

where M is a positive constant: [[S(t)[[<=M, 0<-_ t<= T. Put

S( T- s)Bv(s) ds;

then we have

Since e is given arbitrarily, the density of the domain D(A) in X implies a.c. of (1.1)1.
To prove the controllability without the density condition for the range of the

operator B and without any restrictions to the control time T, we need some additional
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assumptions on the nonlinear function F. Here we consider the following case (cf. [3],
[12]).

(F2) F is uniformly bounded; there exists a constant M> 0 such that

IlF(x)llx <= M, for all x X.

Remark 3. As for the boundedness of the function on L2(0, T" X) and on
I7, it is easily known that

<_-- u MF for alluL2(O,T’X),
THEOREM 1. We assume the hypotheses (B1), (F1) and (F2); then we have

KT(O) KT(F).

erefore, since KT(O) is dense in X, system (1.1) is approximately controllable.
Proof We use the following open balls"

u {x L=(0, T" X)" Ilxll
={ P:=x+N,x

then we know that Od Od. If B 6 KT(0), then there exists a constant r > 0 and v 6 V
such that B K(0) and

n S(T- s)Bv(s) s.

t By and r BIl, then we have

=z+Ne

Take a constant R > 0 such that

R>M+r.
We will apply the degreeJheorem on 0&.

For the element ff U, consider the equation

(3.) aa. + a., 0 a .
Since ff e 0&, (3.1) has a solution in 0& when I 0. Let a, 0 N I N 1 be a solution of
(3.1); then we have

(3.2) 11 +
rl +MF< R1.

Thus, fix OOR,, 0 A 1. It follows from the compactness of ff that there exists a
solution OR, which satisfies the equation

(3.3)

Since

we have

P(Oa) P-’(Gt) CI,
P(Gff).+ N tT.
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Put us P(G), then (3.3) is described by

Y(u) + u + N.

It follows that

rl S(T-s)z(s) as =y.,,(T)= S(T-s){F(y..(s))+us(s)} ds.

Since the mapping P takes values in Xs, for every e > 0 there exists a function
in L2(0, T" V) such that

PGff Bv < eo

where eo {Mv/-exp (MKT)}-’e and M is a positive constant such that IIs(t)ll
M, 0-< t=< T. Consider the mild solution y(t’v) C(O, T’X);

y(t’v)= S(T-s){F(y(s’v))+(Bv)(s)} ds.

Since the operator F is Lipschitz continuous, by using H/51der’s inequality we have

Ily,o(t)-y(tv)ll IlS(t-s)]l{llF(y..(s))-F(y(s’v))ll +llu(s)-nv(s)ll} ds

<-M/eo+KM Ily,,(s)-y(s’v(s))ll ds, O<-t<= T.

By using Gronwall’s lemma it follows that

Ily..(t)-y(t" v,)ll =< exp (MKt), O<_t<__T.

Thus for every e > 0 there exists a control function v in L2(0, T" V) such that

It follows that

y,,.(T)eKT(F)+S

where St {x X" [{xll }. Since e can be given arbitrarily, we have

rl y..( T) e KT(F),

which completes the proof.
Next we estimate the diameters of the admissible control sets, which implies the

inclusive relation between the reachable set of system (1.1) and that of its corresponding
linear system. We need the following hypothesis.

(B2) There exists a constant ks > 0 such that

v e L2(O, T" V).

From the hypothesis (B2) it follows that XB is a closed subspace in L2(0, T" X).
We can see many examples which satisfy (B2) (cf. [12]).
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THEOREM 2. Under hypotheses (F1), (F2), (B1) and (B2), we have the following
inclusive relation; for every r > O, there exists R > 0 such that

K(o) K(F)
where R is a positive constant that satisfies

R > (rllnll + M4--)IIPIIk.
Proof We can use the same argument and the same notations in the proof of

Theorem 1. Let r/ K(0) and z Ur, such that

rl S( T- s)z(s) ds;

then we have f ff + ft. By the definition of the operator P and hypothesis (B2) there
exists a control function v in L2(0, T" V) such that PG By. Without the approxima-
tion argument in the proof of Theorem 1 we have

rl S(T-s){F(y(s" v))+ By(s)} ds.

We also have

v ks Bv ks PGff

k P a
< ks IIP I1( r IIB + M4-).

Take a constant R > kllPIl(rllnll/ M4); then we have

neK(F).
Remark 4. The hypotheses (F1) and (F2) can be weakened to the following

hypothesis (F’):

f(x)ll--< g’(1 / Ilxll), x X

where K’ is a positive constant and 0<a < 1. (See Seidman [9].) In fact, using an
elementary inequality: r" -<_ 1 + r (r>=0) and Gronwall’s lemma, we have

[lyull<-_ f’(l/llull), utZ(O, T:X)

and it follows that

II;ull C"(1 + Ilull)
where C’ and C" are positive constants dependent on K’, T, M. Dividing both sides
of (2.3) by I1 if I1 I1-> k for an arbitrarily given constant k > 0, we can obtain
the similar estimation and use the same argument as that in the proof of Theorem 1.

4. Examples.
Example 1. In this section we consider the heat control system studied by Zhou

[10]. Let X= L2(0, zr) and A=-d2/dx2 with D(A) consisting of all yX with
d2y/dx2X and y(0) y(Tr) 0. Put b,(x)=(2/Tr)l/2sinnx, O<=x<=Tr, n=
1, 2, , then {b,, n 1, 2, .} is an orthonormal base for X and b, is the eigenfunc-
tion corresponding to the eigenvalue A, -n2 of the operator -A, n 1, 2, . Define
an infinite-dimensional space V by

V= Z UndPn, with Z U < +O0
=2 =2
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2 1/2The norm in V is defined by Ilullv- u.) Define a continuous linear mapping
from V to X as follows"

(4.1) Bu 2Uzbl + Y Un4)n for u Y u,4, e V.
n=2 n=2

Consider a control system governed by the semilinear heat equation

Oy( t, x) O2y( t, x)
Ot Ox2 + F(x, y(t, x))+ Bu(t, x), 0<t< T, 0<x < rr,

(4.2) y( t, 0) y( t, r) 0, 0 <-- --< T,

y(0, x)=0, 0_-<x_-<".

Now we can define the bounded linear operator/ from L2(0, T" V) to L2(0, T" X)
by (/u)(t)= Bu(t), u e L2(O, T" V). And the nonlinear operator F on X is assumed
to satisfy hypotheses (F1) and (F2).

In 10] Zhou showed that this heat control system satisfied his inequality conditions
and proved the approximate controllability of this system. Here we examine our
condition (B1) and (B2) for this control system. By using Theorems 1 and 2 we show
the approximate controllability without checking Zhou’s inequality conditions.

It is well known that -A generates a compact semigroup S(t) and that

S(t)4),,=e-X.t4),,, n=l,2,....

Let aN=L(O,T’X) and a(s)=l a,(s)cb,, where a,(s)=(a(s),4),)x. Since
S(t)a(s)=Y, a,(s)e-X.’,, we have

Io S( T- s)a(s) ds a.(s) e-a.(r-, as

= a,(s) e-a.(r-).dsd,=O.

Thus we have
’T

a,(s) e-".(T-’) ds =0,
o

Therefore, we know that a N if and only if

n= 1,2,’’’.

a e L2(0, T" X) and a,,(s) ea-* ds =0, n 1, 2,. .
We show the following claim which corresponds to hypothesis (B1)" let h e

L2(0, T’X) and h =Y, h,(s)4),, then there exists a function u in L2(0, T" V) and a
function a in N such that h=a+Bu, that is, h,=a,+2u2, and h,, a,, + u,,, n=
2,3,....

In Hilbert space L2(0, T) we easily know that

L:(O, T) {e*} + {e4S}+/-.

So, for h, h2 e L2(0, T), there exists functions al e {e*}, a2 {e4S} +/- which satisfy hi
2h2=a-2a2. Put u==h2-a2, then we have h=a+2u2 and h2--a2+u2. And also,
put u, h,, a, =0, n 3, 4,. , then we know that hypothesis (B1) is satisfied.

It is easily known that the operator/ from L2(0, T" V) to L2(0, T" X) is one to
one and the range of/ is closed. It follows that the operator/ satisfies hypothesis (B2).
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Example 2. We introduce a simple example of the control operator B which
satisfies hypothesis (B1). Consider the case X V and define the intercept operator
B(, T), 0< O < T, on L2(0, T" X) by

{0, 0_-< < a,
(B,v)(t) v(t), a<-t<-T,

vL2(0, T’X).

We will show that for a given function pc L2(0, T’X), there exists a control v
L2(O, T" X)" p B.,rv. By using the semigroup property and the change ofvariation
we obtain the following"

I0 IoS( T- s)p(s) as S( T- s)p(s) as + S( T- s)p(s) as

p (s-a) asS(T-s)S S-T_a T-a T-a

+ S(T- s)p(s) ds.

Thus, we can find a required control function v(t):

v(t)= a
S t- (t-a) p (t-a) a<=t<=T.P’t’+T-a T-a T-a

Furthermore, by using the similar calculations, we can see that if-A generates
a group S(t), the intercept operator Bo, and the impulsive operator B,+, 0 < e << 1
also satisfy (B 1).
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STABILIZABILITY AND STABLE-PROPER FACTORIZATIONS
FOR LINEAR TIME-VARYING SYSTEMS*
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Abstract. The objective of this paper is to study in detail stabilizability and stable-proper factorizations
for linear time-varying discrete-time systems. Our main results are:

(i) If a linear-time-varying system can be stabilized by dynamic state feedback, then it can also be
stabilized by memoryless state feedback.

(ii) A complete characterization of the existence of stable-proper factorizations for linear time-varying
input/output operators. This characterization is nontrivial; there exist input/output operators that do not

admit stable-proper factorizations.

Key words, time-varying systems, transfer-functions, stabilizability, skew-rings

AMS(MOS) subject classifications. 93D15, 93C50

1. Introduction. The aim of this paper is to study in detail stabilizability and
stable-proper factorizations for linear time-varying discrete-time systems.

Many frequency-domain based synthesis methods used to design controllers for
linear time-invariant plants begin with left- and/or right-stable proper coprime factori-
zations of the plant transfer-function matrix (see, for example, Zames and Francis
[1983]). Given the power and utility of these representations, it seems natural and
desirable to develop corresponding results for time-varying systems. In order to realize
this objective we need to incorporate time-variance in a natural way into a transform
type description of the system behavior. Attempts have been made to develop such a
theory (e.g., the system function of Zadeh [1950]), but until recently, there has been
no theory that has met with much success.

In 2 of this paper, we establish some notation, and we outline the basic elements
of a transfer-function approach to linear time-varying systems based on skew (noncom-
mutative) rings developed by Kamen, Khargonekar and Poolla [1985]. For more
detailed exposition, the reader is referred to the dissertation of Poolla [1984].

Following this, in 3, we briefly review some well-known concepts related to the
stability of linear time-varying systems. Then, in 4, we introduce the key notion of
asycontrollability of a linear-time-varying system E which is equivalent to being able
to stabilize via dynamic state feedback. Anderson and Moore [1981] have defined
a notion of stabilizability for linear-time-varying systems, which is equivalent to being
able to stabilize E via memoryless state feedback. One of the deepest results of this
paper (Theorem 4.4) is the equivalence of asycontrollability and stabilizability. This
result in particular implies that dynamics in state feedback buy nothing extra as far
as the problem of stabilization is concerned.

Finally, in 5 we introduce stable-proper factorizations for linear-time-varying
systems. In glaring contrast to time-invariant systems, not all time-varying input/output
maps admit stable-proper factorizations (see Example 5.8). Hence we first characterize
the existence of stable-proper factorizations (see Theorem 5.2). Following this one can
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systematically employ the axiomatic theory of Desoer et al. [1980] to study feedback
control problems, for instance by obtaining a complete parametrization of all controllers
that internally stabilize a linear-time-varying plant. The results in this paper are a
natural extension of our earlier work on a polynomial theory for linear-time-varying
systems; the interested reader may consult Khargonekar and Poolla [1986].

2. The basic framework. With Z set of integers and field of real numbers,
let A denote -linear space of all functions from Z into . With the operations of
pointwise addition and pointwise multiplication, it is easy to see that A is a commutative
ring with identity 1, where l(k)- 1 for all k Z. Let tr denote the right-shift operator
on A defined by

(tra)(k)=a(k-1) all k 7/.

Let A/ denote the subring of A consisting of all functions with support bounded
on the left; that is, for any a A/ there is an integer k (depending on a in general)
such that a(k) 0 for all k =< k. Let l(Z) denote the set of all bounded time-functions.
Clearly, I(7/) is a difference subring of A.

DEFNIXION 2.1. Let rn and p be positive integers. An m-input p-output linear
time-varying causal input/output map f is an linear map

f" A’ AP+
such that {u(k)=0, k<=k,,}, {f(u)(k)=O, k<-k,,}.

It is well known that for any input/output map f as defined above, there exists
a p x m matrix function Wy(i,j) such that for any u A’,

f(u)(i)= , Wf(i,j)u(j).

The matrix function IVy is the unit-pulse responsefunction associated with the input/out-
put map f Note that by causality, Wy(i,j) is not defined for i<j.

Our next concept is the notion of a system.
DEFINITION 2.2. An m-input p-output n-dimensional linear time-varying system

over A is a quadruple 5 (F, G, H, J) of matrices over A where F is n x n, G is
nm, H is pin, and J is pxm.

With a system E (F, G, H, J), we shall associate the dynamical equations

x(j + 1) F(j)x(j) + G(j)u(j),

y(j) H(j)x(j) + J(j)u(j)

where u(j), x(j), y(j) have the usual interpretations.
A system (F, G, H, J) or the pair (F, G) over A is said to be reachable in N

steps if for any j 3’ and any x 6 " there exists an input sequence u(j N), u(n N+
1),. ., u(j- 1) which drives Z from the zero state at time j-N to the state x at time
j. The dual notion of observability in N steps has the obvious system-theoretic interpre-
tation.

Let N denote the N-step reachability matrix

u := [GIF(rG)I’’" ]F(trF)... (o’N-2F)(O’N_IG)].

Weiss [1972] has shown that (F, G, H, J) is reachable in N steps if and only if
rank N(j)= n, for all j in Z. Dual criteria for observability also exist.
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As is easy to see, the unit-pulse response function W associated with the system
(F, G, H, J) is given by

H(i)F(i-1)F(i-2) F(j+ I)G(j), i>j,

Wr.(i, j) J(j), =j,
not defined, <j.

The input/output behavior of a system X is described by its input/output mapf., where

f(u)(i) Y Wr.(i,j)u(j), u A’.
j=

Given an input/output map f: A’ AP+, a realization off is a system E F, G,
H, J) over A such that fx =f For results on realizability, we refer the reader to Weiss
[1972].

The commutative rings of polynomials, power series and formal Laurent series
all with coefficients in the reals R, play a central role in the transfer-function theory
of linear time-invariant systems. For time-varying systems the analogous objects are
skew (noncommutative) rings with coefficients in the ring of time functions.

More precisely, with z equal to an indeterminate, let A((z-1)) denote the set of
all formal Laurent series of the form

Z at, ar in A.
r=-N

With the usual addition and multiplication defined by

zrz’= zr+’, aZ= Z(ra), a in A,

where (o-a)(k)= a(k-1), A((z-)) is a noncommutative ring with identity, called the
skew ring offorma! Laurent series over A. There are two important subrings of A((z-)):
The skew ring of polynomials A[z] and the skew ring of formal power series A[[z-]].
These have the obvious definitions.

We now describe our transfer function approach to linear time-varying systems.
All proofs are omitted; they can be found in Kamen, Khargonekar and Poolla 1985].

Again, let A/ denote the subring of A consisting of all functions a" 7/ g with
support bounded on the left. Let A denote the unit-impulse at the origin, i.e., A(k)= 1
if k 0, and A(k)=0 otherwise. Given any b in A/, the (generalized) z-transform of
b written B(z) is defined to be the skew Laurent series

B(z) z-rb(r)A.

Let f be an input/output map, and let IVy denote the unit-pulse response function
associated with f For each integer r-> 0, define a p x m matrix W over A by

W(j)= Wy(r+j,j), j in Z.

DEFINITION 2.3. The (formal) transfer-function matrix Wy(z) associated with the
input/output map f is the p x rn matrix over A[[z-]] defined by

z W.(z)= Z
r=0

We would like to point out that IVy(z) is the same as the frequency-response
function of Arveson [1975]. The input/output difference equation y=f(u) can now
be characterized in terms of the transfer-function matrix ly(z) as follows.
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PROPOSITION 2.4. Letf be an input/output map. Let y be the output resulting from
the input u in A. Let Y(z) and U(z) denote the (generalized) z-transforms of y and
u. Then,

(2.5) r(z) IVy(z) U(z).

Note the close resemblance of (2.5) to the time-invariant transfer function theory.
This analogy to the time-invariant theory is further illustrated by the following propo-
sition.

PROPOSITION2.6. Let E=(F, G,H,J) be a linear time-varying system with
input/output mapfx. Then the transfer-function matrix Wx associated with fx is given by

(2.7) l/’x(z) H(zI F)-IG + J.

Despite the close resemblance these two results bear to the time-invariant theory,
it must be emphasized that (2.5) and (2.7) are computed via the skew (noncommutative)
multiplication defined earlier.

3. Stability. In this section we briefly review some well-known concepts dealing
with the stability of linear time-varying systems, and we relate these concepts to the
transfer-function theory based on skew-rings described in 2. There is extensive
literature available on the stability of linear time-varying systems (see, for example,
Anderson and Moore [1981], Willems [1970], Cesari [1963], Freedman and Zames
1968], etc.).

For any vector x in let [[x[I denote the Euclidean norm of x. For an m x m
matrix M over E, let [[M][ := supo [[Mx]]/[[x[[. For an rn x m matrix N over A, define
the norm of N to be

Let f" A’ AP+ be an input/output map. We shall say that f is bounded input-
bounded output (BIBO) stable if for any bounded input sequence, i.e., for any u in
1(7/)+, the corresponding output sequence y =f(u) is bounded. Let E (F, G, H, J)
be any (fixed) realization of f. Consider the free behavior of the system E described
by the vector difference equation

(3.1) x( k + 1) F( k)x( k).

The system Z is said to be internally uniformly asymptotically stable, henceforth stable,
if for every number e > 0, there exists a positive integer N such that for any initial
time to in 7 and any initial state X(to) with [[X(to)[[ _-< 1, we have that IIx(to/ i)ll--< e for
all i>_- N. Here, X(to + i) is the solution of (3.1) at time to + starting from initial state
X(to).

Let P(z) be an n m matrix over the skew ring A((z-1)), i.e., P(z) is of the form

P(z) z-iP,, P, e A"’.

DEFINITION 3.2. The matrix Laurent series P(z) is said to be stable if
lim,_, P, -> 0.

In terms of this notion, we can characterize internal stability as follows (see Green
and Kamen [1984] and Kamen, Khargonekar and Poolla [1985, Prop. (4.4)]).

PROPOSITION 3.3. Let E (F, G, H) be a linear time-varying system over A. Then,
E is internally u.a.s, if and only if (z!- F)- is a stable matrix power series.

Note the similarity this result bears to the time-invariant theory. Let f be an
input/output map, and let E (F, G, H, J) over A be any (fixed) realization off. In
contrast with the time-invariant case, internal stability of E does not in general imply



STABILIZABILITY OF LINEAR TIME-VARYING SYSTEMS 727

BIBO stability off. However, for the class of bounded linear time-varying systems, we
have the following result (the proof is omitted on account of its relative ease).

PROPOSITION 3.4. Letfbe an input/output map and let E (F, G, H, J) over l(TZ)
be any (fixed) realization off. Suppose E is internally u.a.s. Then f is BIBO stable.

In subsequent sections, we shall deal only with linear time-varying systems with
bounded coefficients, i.e., defined over the difference subring 1(7/) A. We shall also
require that any controller we design be over 1(7). These are physically reasonable
constraints since most time-varying plants that arise in practice have bounded time
variation, and implementation of controllers with unbounded coefficients would be
numerically ill-conditioned. (Technically, these constraints substantially complicate
proofs and make results harder to obtain.)

4. Stabilizability and asycontrollability. In this section, we introduce the key notion
of asycontrollability, which is closely related to being able to stabilize a linear time-
varying system by dynamic state feedback. Anderson and Moore [1981] have defined
the notion of stabilizability, which is equivalent to being able to stabilize a linear
time-varying system by nondynamic (i.e., memoryless) state feedback. The central result
in this paper, Theorem 4.4, shows the equivalence of stabilizability and asycontrollabil-
ity. A striking conclusion of this theorem is that dynamics in state feedback buy nothing
extra as far as the problem of stabilization is concerned.

We begin with the following key definition.
DEFINITION 4.1. A system E (F, G, H) over I(Z) is said to be asycontrollable

if for every e > 0 there exists a real number// and an integer N such that for any
initial time to in 7/ and any initial state : in with I1:11 1, there exists an input
sequence U(to), U(to + 1), , U(to 4- N- 1) which results in the state trajectory
X(to), X(to + 1),. ., X(to + N) and such that

IIX(to/S)ll<e, IIX(to/k)ll, IlU(to/k)ll< forallk.

This technical definition has a precise system-theoretic interpretation in terms of
stabilizing E via an open-loop control law. Roughly speaking, a system is asycontrollable
if and only if it can be driven near zero "final" state asymptotically, using uniformly
bounded input sequences along uniformly bounded state trajectories. The phrase
asycontrollability (from asymptotically controllable) is borrowed from Khargonekar
and Sontag [1982] for time-invariant systems over rings.

Remark 4.2. It can be shown (see Khargonekar and Poolla [1986]) that asycon-
trollability is equivalent to the existence of stable Laurent series Y1 and Y2 over
/(7/)((z-1)) such that (zI-F)Y1 + GY I. In particular, this means that if E can be
stabilized using a dynamic state-feedback controller, then is asycontrollable.

Let E (F, G, H) be a linear time-varying system over 1(7/). Anderson and Moore
1981] have defined a notion of stabilizability which intuitively corresponds to requiring

that unstable modes be controllable. The authors then show that this notion is equivalent
to the existence of a stabilizing memoryless state feedback law u(k)=-L(k)x(k). We
shall take this to be the definition of stabilizability. In terms of our skew-ring framework,
we phrase this as follows.

DEFINITION 4.3. Let E=(F, G, H) over 1(7/) be a linear time-varying system.
Then E is said to be stabilizable if there exists an m x n matrix L over 1(7/) such that
(zI- F+ GL)- is a stable matrix power series.

One can similarly define the dual notion of detectability.
Let E (F, G, H) over l(Z) be a stabilizable linear time-varying system. Let L

be an m x n feedback matrix as in Definition 4.3. Notice that we can write

(zI- F) rl + GY2 I,
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where Y1 (zI F+ GL)-1 and Y2 LY1. Since Y1 and Y2 are stable Laurent series,
it follows from Remark 4.2 that E is asycontrollable. Thus, stabilizability implies
asycontrollability. The much more difficult converse is also true.

THEOREM 4.4. Let E (F, G, H, J) be a linear time-varying system over/(Z).
Then, E is asycontrollable if and only if E is stabilizable.

Proof. See Appendix A. We would like to remark that the essential technical
difficulty in the proof is ensuring that the feedback matrix L is over F(Z). [3

Recall (see Remark 4.2) that if a linear time-varying system E can be stabilized
by a dynamic state-feedback controller, then E is asycontrollable. This observation of
stabilizability, together with Definition 4.3, immediately offers the following surprising
conclusion.

COROLLARY 4.5. Ifa linear time-varying system , over I(7/) can be stabilized using
dynamic state-feedback, then E can also be stabilized using memoryless state-feedback.

Remark 4.6. Indeed the above corollary is not (necessarily) expected, because
there are classes of systems (for example, delay systems (see Kamen [1982, Ex. 3, p.
371 ])) for which it is not true. For time-invariant systems over a field, it is a well-known
fact that dynamic state feedback is equivalent to memoryless state feedback as far as
the problem of stabilization is concerned. The proof of this fact relies heavily on the
Kalman canonical decomposition. No such decomposition exists for time-varying
systems because the "dimension" of the reachable space could depend on time.

Since stabilizability and asycontrollability are equivalent notions, we shall hence-
forth only speak of stabilizability.

It is important to find "nice" necessary and sufficient tests for stabilizability. This
problem appears to be quite formidable unless one specializes to particular classes
(e.g., periodic) of time-varying systems. We do have, however, the following sufficient
condition.

THEOREM 4.7. Let E= (F, G, H, J) over 1(7]) be a linear time-varying system.
Suppose there exist integers N and K and a real number e > 0 with thefollowing property:
For any integer to, there exists some with to <- <-- to + K such that

(4.8) det [RvR](tl) -> e > 0

where Rrv is the N step reachability matrix. Then, , is stabilizable.
Proof. Essentially condition (4.8) corresponds to the system being/(7/)-reachable

in N steps but not at all times.
Given any initial state : in n and any initial time to, we construct an open-loop

stabilizing control law as follows: we apply zero control (i.e. u(t)-0) for the time
to--< < tl. Then, we drive the system to zero state in N steps. This can be done because
from (4.8) E is reachable at time tl. Moreover, the input sequences applied are uniformly
(in tl) bounded in norm. Having brought the system to zero state we apply no further
inputs. We can thus stabilize E by an open-loop control law. This implies that E is
asycontrollable, which by Theorem 4.4 implies that

5. Stable-proper factorizations. Of late, the use of stable-proper factorizations for
control system design has become increasingly popular. See, for example, Vidyasagar
[1978], Desoer et al. [1980], Feintuch and Francis [1984], Khargonekar and Sontag
[1982], etc. In this section we investigate in detail stable-proper faetorizations for
time-varying systems.

Define the set RP (for Rational and Proper) to be

RP:= {b in l(’)[[z-1]]: there exist a,/3, y, 8 such that b :a(ZI--[3)-l"y+ t},

where a,/3, y, and 8 are matrices of compatible dimensions over F(7]). It is easy to
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verify that RP forms a ring with the usual skew-multiplication and addition defined
in/(7/)[[z-1]]. Also, define the subring RPs by

RPs := {b a(zI-)-ly+ in RP: (zI-fl)- is stable}.

We shall call RP the ring of stable, proper, rational functions (the subscript s denotes
stable). We shall abandon rigorous nomenclature and loosely refer to elements in RP
or matrices over o.p as being stable-proper.

Let D(z) be an n x n matrix over RP. We shall say that D(z) is bicausal if D has
an inverse D-(z) also over RP. Let f be an input/output map and let ly(z) be its
associated transfer-function matrix. Then, IVy(z) is said to admit a right-Bezout stable-
proper factorization if there exist.stable-proper matrices (i.e., over RP) N, D, X, and
Y with D bicausal and such that

(5.1) f(z)= NO-, XN+ YO= I.

One can also similarly define left-Bezout stable-properfaetorization. Such factorizations
have been found to be extremely useful in tackling many control-theoretic problems
(for example, H-optimal controller design, see Zames and Francis [1983], Francis
and Zames 1984], Francis, Helton and Zames 1984]). We first characterize input/out-
put maps whose transfer functions admit left- and/or right-Bezout stable-proper fac-
torizations. We have the following central result.

TEOREM 5.2. Let f be an input map and let W(z) be its p m associated
transfer function matrix over l(Tz)[[z-]]. Then, the following are equivalent:

(a) Wy(z) admits a right-Bezout stable-proper faetorization;
(b) Wy(z) admits a left-Bezout stable-proper faetorization;
(c) f admits a stabilizable and detectable realization.
Proof. (c)- (a). Let 5:= (F, (3, H, J) be a stabilizable and detectable realization

of f. Consequently, by definition, there exist matrices L and K over 1(7/) that
(zI F 4- GL)- and (zI F / KI-I)- are stable matrix power series. Define the stable-
proper (i.e., over RPs) matrices N, D, X, and Y by

N (H JL)(zI F+ GL)-G+ J, D I L(zI F+ GL)-1 G,
(5.3)

X=L(zI-F+KH)-K, Y=I+L(zI-F+KH)-(G-KJ).

Clearly D is bicausal, and it can be mechanically verified that with these definitions

ly(z) := H(zI-F)-G+J= ND-1, XN+ YD= I.

Thus, (z) admits a right-Bezout stable-proper factorization. We would like to point
out that formulae (5.3) have been available in the system theory literature for a number
of years (see Khargonekar and Sontag [1982, pp. 635-636]; Nett, Jacobsen and Balas
1984]; and Vidyasagar 1985]). The difficulty, however, is in showing the existence of

stabilizable and detectable realizations (i.e., (a) (c)) as this critically involves Theorem
4.4. We proceed to do this.

(a)(c). Now suppose that ly(z) admits a right-Bezout stable-proper factori-
zation, i.e there exist stable-proper matrices N, D, X, and Y with D bicausal and
such that IVy(z) ND-1, XN/ YD 1. From the definitions ofa stable-proper function
(i.e., the ring RP), it follows that we can write

N=NI(zI-N2)-IN3+N,, D=D,(zI-D2)-D3+D4

where N,..., N4, D,..., D4 are matrices of appropriate sizes over I(7/), with
(zI-N2)- and (zI-D2)-1 being stable matrix power series. Since D is bicausal,



730 K. POOLLA AND P. KHARGONEKAR

without loss of generality, D4 I. Define the linear time-varying system (over I(7/))E
(F, G, H, J) by

(5.4)
F=[N2 -N3D1 ]0 D2- D3Di

H=[N1 -N4D1],

The system X is stabilizable because with L [0

zI F+ GL)- F
i

zI
0

G=
D3

J= N4.

-D1] (which is over/(7/)),

](! D)-
which is stable. We now show that E, defined by (5.4), is detectable.

Define the stable-proper matrix Q by

Q= L(zI-D2)-’DJ"
It is easy to verify that (zI-F)Q-GD=O and HQ+JD= N. Combining these
equations with XN+ YD 1, we can write

XH -( Y+ XJ) L(zI F+ GL)- 0 V

where V is some stable-proper matrix whose exact formula is not critical to our needs.
It is clear from (5.5) that is right-inveible with 1 (the subscript R denotes right)
a stable-proper matrix. We now show that is also left-inveible (and thus its inverse
$ Z - is unique). Notice that

:=.X -(g+ XJl J
e matrix is clearly both left- and right-inveible. Also, (Y+ XJ) must be of the
form (Y+ XJ)= I +terms in -, -, since XN+ YD 1. Thus, the leading ()
coecient is inveible (over l()). Consequently, is both left- and right-
inveible. us, from (5.6), must be both left- and right-inveible, proving our
claim. Recalling that - is a stable-proper matrix, we can write

k XH -(Y+XJ)

One component of the above equality is

( )+(x) .
Thus the dual of the pair (F, H) is asycontrollable, which by eorem 4.4 implies that

is detectable. This completes the proof of (a) (c).
(b) (c) and (c) (b) follow from a dual argument.
Remark 5.7. In proving the above result, we have made critical use of Theorem

4.4, the fundamental result of the previous section. Recall that eorem 4.4 states that
asycontrollability is equivalent to stabilizability. There appears to be no way to circum-
vent eorem 4.4 in studying the existence of stable-proper factorizations. We would
fuher like to remark that (5.3) enables one to compute stable-proper factorizations
once the stabilizing feedback matrices L and K are determined.
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Theorem 5.2 essentially states that a time-varying system admits stable-proper
factorizations if and only if it admits a stabilizable and detectable realization. This
characterization is nontrivial because (in glaring contrast with time-invariant systems),
not all time-varying systems admit stabilizable realizations (and therefore by Theorem
5.2, stable-proper factorizations). We illustrate this with the following example.

Example 5.8. Consider the linear time-varying system E- (F, G, H) over/(7),
where F(k)=H(k)= 1 for all k in 2’ and G=A=the unit pulse concentrated at the
origin. Let f. be the input/output map associated with E. Suppose fz admits a
stabilizable realization E (F, G, H). This would imply that for any initial state : at
time 1, there exists an open loop control law that drives :E from (1)= : to zero
final state (and therefore zero final output) asymptotically. However, from the unit-pulse
response function offz, it is evident that application of inputs after 1 has no effect
on the output. Thus, it must be that

(5.9) lim II/(k)/(k 1)#(k- 1)... ,e(1)l1-0.
k-oo

However,
Wx(z) := H(zI- F)-’G Z-1A -- Z-2A t" I(zI- p)--2.

Consequently, for all integers k-> 1

H(k)F(k- 1)... F(1)G(0)= 1.

This, together with the fact that t is over 1(7), renders (5.9) impossible. Therefore,
fx does not admit a stabilizable realization which implies (by Theorem 5.2) that
does not admit a stable-proper factorization.

Armed with the powerful tool of stable-proper factorizations, we can systematically
apply the axiomatic theory of Desoer et al. [1980] to study feedback control prob-
lems for linear time-varying plants. For instance we can readily obtain a complete
parameterization of all stabilizing controllers as follows.

THEOREM 5.10. Let , (F, G, H, J) be a stabilizable and detectable plant. Let

Wr.(z) ND-l D-IN,
XN+ YD I NX1 +DY

be any left- and right-stable-properfactorizations of W. Then, a controller , internally
stabilizes E if and only if the controller transfer-function W(z) is of the form
(5.11) ’x(z)=(MN1 + Y)-I(-MD1 +X)

for some matrix M over RP.

Appendix A: Proof of Theorem 4.4. We shall require several intermediate results
before we are in a position to prove Theorem 4.4. We proceed to derive these:

Let X {x, x2," , Xk} be an ordered set of vectors in Rn. Define r(X) r the
number of linearly independent vectors in X. The set X will be called well ordered if
and only if the following conditions are satisfied:

(a) {x, x2," , xr} are linearly independent;
(b) For i= r + 1,. ., k, we can write

x, ai.jxj with I,,1 1;
j=l

(c) On applying the Gram-Schmidt orthogonalization procedure
{Xl, X2, Xr} as

to
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X2-" a2,bl + b2,

Xr Olr,lbl + ar,2b2 +" + tr,r_lbr_l + br
with {bl, b2,"" ", br} orthogonal, we have

We first have the following result (see Poolla [1984, Appendix C])"
PROPOSITION A.1. Every ordered set X {Xl, x2,’" ", Xk) of vectors in R" has a

well-ordered rearrangement

1 X2

We shall adopt the following notation through the remainder of this appendix:
Let F and G be n x n and n x rn matrices over F(7]), with

sup IlF(t)ll, sup IlO(t)ll < M.

If for some in 7 an m x n matrix L(t) is defined, then,

F( t) := F( t) + G( t)L( t).

Also define, for tl > to, the state-transition matrix

(q, to): F(h-1)’’" F( to+ l F( to).

Let N>O be a (fixed) integer and let e >0 be a (fixed) real number. For a
well-ordered set X, define

A(X):= such that IIb, l[_->> Ilb,+ll.

Clearly, A- r =< k. We are now in a position to prove the key.
PROPOSITION A.2. Let be a (fixed) integer 0 <- <- N. Let Xt {Xl(t), x2(t), ",

xk(t)} be a set of vectors in R". Suppose that there exist ui( t), 1, 2,. ., k such that

(A.3) u, t)ll < N, + 1 x, + 1)ll <
where x( + 1) := F( t)x,( t) + G( t)u( t). Then there exists an m x n matrix L( t) with

n21M
(A.4) IlL(t)ll<

and such that

e ifx(X,)=k,
(A.5) lie(N, t+ 1)(t)x,(t)ll <

en4 otherwise.

Proof. Without loss of generality, assume that Xt is well ordered. Let b, ai.i be
as in the definition of well-ordered sets. Let A =A(Xt). Extend {xl(t),x2(t),"’,
x(t), b+l(t),’’’, bk(t)} orthogonally by {bk+l(t),’’’, b,(t)} to form a basis for
Define L(t) by

L( t) x,( t)-> u,( t), i=1,2,... ,A,
(A.6)

L(t)’b,(t)O, i=A+I,A+2,...,n.
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We first prove (A.4). Notice that

(A.7) fl,b( t)
i=1

2 A

i=1 i=1

We now show inductively that for 1, 2,..., A

(m.8) IlL(t)b,(t)ll < 2’-1/<_- 2"/.

For 1,

IIL(t)bl(t)l[ IlL(t)x,(t)ll Ilu,(t)ll < ,
and the assertion is clearly true. Assume that the assertion holds for 1, 2,..., s.
We then have

IIL(t)b+,(t)ll < IlL(t)x+(t)ll/ I+,,l" IlL(t)b(t)ll
j=l

-Ilu+,(t)ll + I+,,ul2- M.
j=l

But las+l.jl =< 1 and Ilus+,(t)ll <= 4 by (A.3). The above equation then becomes

IIL(t)bs+l(t)ll <-- 1 E 2J-1 <=M2,

completing the induction.
Combining (A.7) and (A.8) we see that

IIL(t)ll sup _-< sup ,=1 I/3,I2"M) M2V
, .,

i=li
proving (A.4).

We now prove (A.5). Notice first that for 1, 2,..., A

(t)xi( t) F(t)xi(t) + (3( t)L( t)xi( t) xi( + 1).

Therefore, from (A.3),

(A.9) II(N, t+ 1)(t)x,(t)ll<e for 1, 2, , A.

Also, for A + 1,. ., r from (A.7),

xi( t) Oi,1 bl (t) 4r ai,EbE( t) +’" + ai.xbx t) + c(t)

where IIc(t)ll < elM. Using (c), we can rewrite the above equation as

xi(t) Yi,lxl(t)+ Yi,2x2(t)+" "+ yi,xx;t(t)+ c(t),

where [Y,I < n. Consequently, for A + 1,. , r.

(A.IO) IId(N, t+l)(t)x(t)ll<Ane+e=(An+l)e.
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For r+ 1, r+2,..., k, it follows from the definition of well-ordered sets that we
can write

x,(t) ,,n(t), I,,1 <-- 1.
j=l

Therefore, for i= r + 1,. ., k,

(A.11) II(N, t+ 1)fr(t)x,(t)ll <Ae+(r-A)(An+ 1)e <n4e.

Summarizing (A.9)-(A.11), we see that for i= 1, 2,..., k,

e ifX =k,
II(N t.+ 1)ff:(t)n,(t)ll < n4e otherwise.

PROPOSITION A.12. Suppose
0, 1,..., N-1 with

and such that

that there exist ui(t), i= 1, 2,..., n,

Ilu,(t)ll <

where xi(N) is defined recursively by xi(O)=ei (the ith unit vector in R’), xi(t+l)=
F(t)xi(t) + G(t)ui(t). Then, there exist rn x n matrices L(t), O, 1,. ., N- 1 and a
real number A with

and such that

IlL(t)ll <A

II(N- 1)/3(N- 2) (1)(0)ll < n.
Proof. We first set up some notation. For a set of vectors X {x, x,..., xk} in

g’, let X {1, 2,"" ", k} be any well-ordered rearrangement of X. Recall that

E
A =A(X):= such that IIt;,ll_->-->

and that k k(X)=the number of vectors in X. Define a set of integers

Ix := (j" x (,, :2, ", }}.

For =0, 1, 2,..., N-1 define X and A, recursively by

X0 ’1, X0 {Xl(0), x2(0),... x2(0)}

X,+, {x,(t + 1)" Ix,}, A,+, A (X,+l).

From the above definition it is clear that

(A.13) n Ao kl --> A1 k2=> A2" At kt+l --> At+l --> Av_l => 0.

Define f, t=0, 1,..., N-1 by

1 if Atf:= n4 otherwise.

It is clear from (A.13) that (and this is the key step)

(A.14) f_f_2 fo<-_ n.
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We now apply Proposition A.2 to XN-1 to conclude that there exists an m x n matrix
L(N- 1) with [[(N- 1)11-<- CMv where C n2"(iQl/e) and such that

[[/(N 1)xi(N 1)[[ < ef_, x(N 1) X-I.
Notice that

II(N- 1)ll-<-II F(N- 1)11 / G(N- 1)L(N- 1)ll < M/M(CM’) <- CM’+’-.
We can again apply Proposition A.2 to Xv-2 (with M being replaced by CMN+2 and
e being replaced by efr-1) to conclude that there exists an m x n matrix L(N- 2) with

L(N 2) < (CM)

and such that

II(N-1)(N-2)x,(N-2)ll<ef_f-2, x,(N-2)eXv_2.

Repeating this argument N times, we conclude that there exist m x n matrices
L(0), L( 1 ), , L(N 1 with

L(t) < (CM) =: A

and such that for 1, 2,. ., n,

II(N 1)(N-2) (0)e, < f_f_=.. "fo.
e above equation, along with (A.14), gives us

II(N- 1)(N-2) 011 < n6e,
completing the proof.

We are finally in a position to prove Theorem 4.4, which is restated below for
convenience.

THEOgEM 4.4. Let E G, H) be a linear time-yawing system over l(Z). en
E is asycontrollable if and only if is stabilizable.

oof We have already shown (see discussion preceding eorem 4.4) that
stabilizability implies asycontrollability. We now prove the converse.

Suppose is asycontrollable. Choose in the Definition 4.1 of asycontrollability,
e n-6. en, by Proposition A.12, there exist matrices L(t), 0, 1, , N- 1 such
that

Ilt(t)ll <a, II(N-1)(N-2).,, (1)(0)11 <
where F(t)= F(t)+ G(t)L(t). Recall that here N is the number of steps required to
drive all states to energy <e as in Definition 4.1 of asycontrollability. Since all our
arguments are independent of initial time, we can (again by Proposition A.12) find
matrices L(t) for all in Z such that IIt(t)ll <2an6 and

II(kN-1)(kN-2)... (kN-N+
for all k in Z. Thus the matrix L(t) viewed as being over A is bounded (i.e., in l(Z)),
and (zI- F-GL)- is a stable power series. is completes the proof.
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DIFFUSION FOR GLOBAL OPTIMIZATION IN R**

TZUU-SHUH CHIANGf, CHII-RUEY HWANGf AND SHUENN-JYI SHEU"

Abstract. We seek a global minimum of U :R -> R. The solution to (,)(d/dt)X(t) -V U(X(t)) will
find local minima. Using the idea of simulated annealing, we consider the diffusion process, dX(t)=
-V U(X(t)) dt + or(t) dW(t), X(0) x, where W(. is the n-dimensional standard Brownian motion and
1/2cr2(t) is the annealing rate which decreases to zero as goes to . Under suitable condition on U(x), we
prove that X(t) converges weakly to a probability measure r if for large t, cr2(t) c/log with c > Co, where
Co has a simple expression involving the action function of the dynamical system (.), r concentrates on the
global minima of U and is the weak limit of the Gibbs densities rt(x)ocexp(-2U(x)/cr2(t)).

The above result can also be formulated as follows: consider the Fokker-Planck equation (forward
equation)

OV(t,y0- =- cra(t)AV(t’y)+V’(V(t’y)VU(y))

with V(0, y) ’x(Y).
If erE(t) c/log for large and c > Co, then V(t, y) r weakly.

Key words, diffusion, global optimization, simulated annealing, perturbed dynamical system, large
deviation, action functional

AMS(MOS) subject classifications. GOH10, GOJ70

1. Introduction. For a fixed U:R -> [0, oo), we give suitable conditions on U such
that by choosing

cr:(t) for large with c > Co as t->
log

p(s, x, t,. converges weakly to a probability measure r concentrating on the global
minima of U, p(s, x, t, is the transition probability of the diffusion process defined by

(1.1) dZ(t)=-VU(Z(t)) dt+cr(t) dW(t),

where 1/2o’2(t) corresponding to the "temperature" is the annealing rate, W(t) is a
standard Brownian motion in Rn. The probability r is the weak limit ofthe Gibbs density

(1.2) -rrt(x) exp ( 2 U(x))or2(t) as - o.

The constant Co, which will be defined in 2, has a simple expression involving the
action function of the dynamical system

(1.3)
dr(t)

-V U(Y(t)).
dt

The idea of our approach is as follows: Heuristically if we hold the temperature
at time s for a fairly large amount of time, then Z(t) defined by (1.1) and the fixed
temperature process behaves almost the same at the end of that time interval. Hence,
instead of (1.1) we may consider

dX(t)=-VU(X(t)) dt/cr(s) dW(t),
(1.4)

X(0) x.

* Received by the editors October 23, 1985; accepted for publication (in revised form) April 16, 1986.
f Institute of Mathematics, Academia Sinica, Taipei, Taiwan.
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Note that the weak limit 7r depends only on the local property of U near the minima
[9]. If we modify U for large Ix[, r remains unchanged. One may consider a modified
version with U(X)= Ix[4 for large [x I. In this case X(t) comes back from "infinity"
to a fixed finite ball in a finite time which is independent of tr(s). It is almost as in
the compact, situation. Some of the ideas used in [4], which dealt with a reflected
version of (1.1), can be used again in here. Furthermore, results and ideas in [13],
14] are available when we consider (1.4).

Independently, Gidas and Kushner also consider (1.1) in their recent works [6],
11], respectively.

Our work was inspired by the "simulated annealing" 1], 10] which deals mainly
with the discrete state space. A lot of research has been going on in this aspect, see
e.g. [3], [5], [8].

The use of (1.1) as a global minimization algorithm is motivated by problems in
imaging processing [4], [7] as well as in studying lattice gauge theory [12].

We think that the constant Co obtained here is not the best possible. One may
argue heuristically as follows. For the fixed temperature process (1.4) with e tr(s),
Lemma 3 in 3 describes a distance between p, and r. Let L--1/2E2A-- U" 7 and
h2(e) denote the second eigenvalue of L. Let denote the norm of L2(r); then
clearly

IIpT(x,f)-Tr(f)ll =<exp (a=())llfll.

If lim_o e2 log (-A2(e)) -Cl, then for c> c such that c> c + a we have -,2(e) >
exp (-(c + a)/e2) for small e. For e2 c/log

IlpT(x,f)-r(f)ll<-exp (-tl-((q+a)/c))-o as too.

One would expect Cl here is the critical constant.
Another heuristic approach is to consider the function

g(
(o, x, , y

,(y y, > ,
7rt( y)

which was discussed previously in [4]. If N(t) 0 as t-. o0, then it is easy to see that
p(0, x, t,. ) r(. weakly. For simplicity, let us write tr2(t)= 2T(t) and heuristically
one has

at at T(t) rt(yi (U(y) rt( U))p(O, x, t, y)2 dy

(p(0, x, t,y) 2

< c2= (N(t)+ 1)-2(-h2(o’(t)))N(t)

Y2 (C2 --((Cl+a)/c))=--+ N(t) ---2t

by

If(Y)- 7r,(f)127rt(Y) dy <- T(t)
| IVf(y)12rt(y) dy.

-A2(tr(t)) ./

Then one can establish N(t)-O from this differential inequality.
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2. Statement of result. Let U be a twice continuously differentiable function from
R" to [0, oo) such that the following assumptions hold:

rain U(x) O,
XR

(A1) U(x) -> o and IV U(x)l-> as )x -> ,
lim IV U(x)l2- A e(x) > -12o.

(A2)

For 0 < e < 1,

1 ( 2 U_(_.x),r(x) := ce) exp e2 J’

where c(e)=fR exp( 2U_(x)

(A3) has a unique weak limit r as e $ 0.

Clearly r concentrates on the global minima of U. The detailed discussion for
the existence of r and its characterization in terms of the Hessian of U can be found
in [9].

For simplicity we shall assume r2(t) < 1, tr2(t) c/log for large and the process
Z(t) starts at Z(0) x.

Let S denote the set of all stationary points of U, i.e., S {xlV U(x)=0).
For any ,/> 0, : > 0, we define the following:

S(w) := {xld(x, S) < },

K(r/) := the set containing all the solutions of the dynamical system (1.3) with
starting points in S(rt),

K(r/, so): {xld(x, K(r/))--< :},

I(t,x,y):= inf

qt(t)=y

J(t, t, st) sup (I(t,x,y)-2U(y)),
x,yK(, )

J(r/, sc) := lim J(t, r/,
t-o3

3
Co := inf (inf J r/, s) ).

For a measure/z,/x (f):= fdl.t.
THEOREM. Assume (A1), (A2) and (A3) and c> Co; then for any bounded con-

tinuous function f

p(O, x, t, f) - zr(f) as t-> o

and the convergence is uniform for x in a compact set. p(s, x, t,. here is the transition
probability of (1.1).
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and
Remark 1. Without going into detail, we note that J(7, :) is independent of 7, :

c.=J(/,sc) sup (V(x,y)-2U(y))
x,yK rl,)

sup (V(x, y)-2U(y)),
x,y S

where V(x, y) limt I(t, x, y). This V(x, y) is the same function used by Freidlin
and Wentzell for describing the long time behavior of perturbed dynamical systems
dX( t) -V U(X( t)) dt + e dw( t).

Remark 2. We suspect that c > c. Co is enough for the result of the theorem
to hold.

3. Proof of theorem. The proof of the main theorem is based on the following
three lemmas.

LEMMA 1. limt_p(s,x, t,K(rl, s)) 1. The convergence is uniform for x in a
compact set.

LEMMA 2. Consider a family ofprocesses defined by

dY (s, t)=-VU(Y(s, t)) dt+tr(s) dW(t),
(3.1)

Y(s,O)=y.

Then for h(s) <= s2/3 and h(s) increasing to

lim Eo.y (f( Y(s, h(s))))- Es,y(f(Z(fl(s))))=0,

where (. is defined by

du h(s).log____s
log u

And the convergence is uniform for y in a compact set.
LEMMA 3. Consider the following process

dX( t) -V U(X( t)) + e dW( t),
(3.2)

X(0) x.

Then there exist To > 0 tM > O, VT> 2 To, /tr > 0

lim IEf(X(mT))- r(f)l-<_ 4e-’llfll,
e--O

where

)m M exp (J(t, 1, )+ a) t=T-2To,

o is an arbitraryfixed positive constant. The convergence is uniformfor x in a compact set.

Assuming the validity of these, we establish the theorem as follows: For a fixed
c > Co, there exists an a > 0 such that for sufficiently large time t, sufficiently small r/
and s,
(3.3) c>(J(t, /, s) + a).

Choose a fixed large T such that (3.3) holds for time T-2To, where To is the
constant in Lemma 3.
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Choose h(s) in Lemma 2 as

h(s)=Mrexp (i (J(r-2r., r,)+)

(3.4) MTs(J(r-2r’n’)+)/

< s2/3 for large s.

Note that h and/3 are strictly increasing functions and s + h(s) <-_ (s) <- s + 2h(s).
Hence for >> 1, one can choose s such that fl(s). Clearly s < and s

p(O, x, t,f)- zG(f) f p(O, x, s, y)v(s, y, t,f) dy Zrs(f)

I p(O, x, s, y)(p(s, y, t,f) rs(f)) dy
K (’rh 6

I p(O, x, s, y)(p(s, y, t,f) r(f)) dy.+
K(n,)

The second term is bounded by

2]]f[](-p(0, x, s, K(,,

which goes to zero uniformly over x in a compact set as s m by Lemma 1. Note that
r(f) "+ "rr (f).

By Lemma 2,

Eo,y(f( Y(s, h(s)))) -p(s, y, fl(s),f) -+ O,

Eo,y(f( Y(s, h(s))))= E(S)f(X(h(s)))
E(*)f(X(mT))

by identifying h (s) with mT and tr(s) with e.

Now by Lemma 3, we have the theorem.

4. Proof of Lemm 1. Let us first assume the validity of the following two lemmas.
LEMMA 4.1. For any compact set K in , the family ofprobability measures

{p(s,x,t,.)]s<t, xeK}
is tight.

LEMMA 4.2. For any compact set K, there exists T such that for any > T, Y( t)
K (rl), where

dY(t)
--VU(Y(t)), Y(O)=yK.

dt

The proof of Lemma 1 is as follows" By Lemma 4.1, for any 8 > 0 and for any
given compact set J, there exists a compact set K such that

p(s,x,t,K)>l-5/2 for alls<t, xeJ.

Choose T as in Lemma 4.2, then

p(s, x, t, K(rl, s)) f p(s, x, t- T, dy)p(t- T, y, t, K(rl,

> L p(s, x, t- T, dy)p(t- T, y, t, K(Tq, )).
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It remains to show that there exists to such that

p(t-T,y,t,K(rh))>l-8/2, yK, t>to.
Let Y(. be the solution of (4.1) with Y(t-T)= y. Then by Lemma 4.2,

p(t- T, y, t, K(B, :))= Et_r,y{Z(t) K(h )}

Et_T,y{IZ( t) Y( t)] - }+ Et-T,y{{Z(t) Y(t) > , Z(t) K (rh-- Et_T,y{lZ( t) Y( t) }
>-_ 1 Et-T,y{’r t},

where r:= inf{s> t- T, {Z(s)- Y(s){> }.
Now consider the process Z(t) starting at Z(t- T)= y. Compare Z(t) and Y(t)

up to r. For u =< r,

Z(u)- Y(u)= (-VU(Z(s))+VU(Y(s))) ds+H(u),
t-T

where H(u) t-r or(s) dW(s). Note that for t- T<- s <= r, Z(s) and Y(s) are in a
compact set in which U is Lipschitz with constant d, and we have

IZ(u)- Y(u)l<--d IZ(s)- ’r(s)l
t--T

By Gronwall inequality,

[Z(u)-Y(u)I<--exp(d(u-(t-Y))) sup IH(s) I.
For z _-< t,

= Iz(r)- Y(r)l - edT sup
t-T<_s<_t

-<_2n exp
2cnT

e-ar

_--<- if _--> to for a fixed large to2

15, p. 87]. Hence,

p(t- T, y, t,K(l, se))>--1 --.
2

This completes the proof.
Proof of Lemma 4.1.

deU(Z(t)) eXt= ( ty2(t)2 AU(Z(t))-(1-
+ eat dM(t),

where M(t) o cr(s)V U(Z(s)) e

c;(t)) IV U(z(t))l+ x e*t e

u(z()) dW(s) is a local martingale.

u(z(t)) dt
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For any h > 0, there exists constant A A(A)> 0 such that

(tr22(t) A U(z)- (1-tr2(t)) [VU(z)12+A)2eU(Z)

2 (Ag(z)-lvg(z)l=)-(1-r=(t))lvg(z)l=+x

-_<A VtandzeRn,
since for large Izl, the term in the bracket parentheses is negative for all t.

Let Zm := inf { t; [Z(t)l > m} and z limm_ Zm is the explosion time.
Then

A’rm
U(x) As }Es,x{e U(z(tAz’)) ex(tAzm)} <-- AEs, exu du + e e

Let m

A
eS)+ eEs,x{et(Z(’A)) e(’A)) <__- (e’

If p{z_-<}>0, then there exists such that E,,x e U(z(tA)) ex(tA’) c3. Hence we
conclude that p{r o} 1.

Now we have

A u(x) e-X(t-s)u(z(t)) <__+ eEs, e
A

A<__--+eV(X).
A

From this, it is easy to show that {p(s, x, t, ), s < t, x K} is tight.
Proof of Lemma 4.2.

(4.1) U( Y(t))- U(y) IV U( Y(s))l: ds.

For z S(r/), there exists o >0 independent of z such that U(z)> o and IV U(z)l> o.
Hence by (4.1) and the compactness of K, there exists T such that Y(t) S(rl) for
some -< T. But by the definition of K(r/), once Y(t) S(r/)

_
K(r/), then Yt’) K (rl)

if t’ > t. Therefore, Y(t) K (r/) if => T.

5. Proof of Lemma 2. For simplicity, we shall write b =-V U. Define fl(s, t) by

 i-si du:

Note that/3(s) defined in the statement is (s, h(s)). For any fixed s, define Z(s, t)=
Z((s, t)); then

(s,t)=x+ b((s,u)) log fl(s, u)
log s

du+o’(s)W(t).

The Wiener process W(t) may not be the same at each occurrence. This does not matter because we
are only interested in the probability distributions.
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Now compare (s,. with Y(s,. ),

Y(s,t)=x+ b(Y(s,u))du+tr(s)W(t).

Let us first consider Ib(x)l-< M < oo. By the Girsanov theorem,

Ef(fi.(s, t))= E(f(Y(s, t)) exp (A(t)-1/2B(t))),
where

( )1A(t) b(Y(s, u))
log fl(s, u)_ 1 ’cr() dW (u),,

log s

N(t)= Ib(Y(s, u))l log(s, u)

f(Z(s, ))= f(Y(s, ))+ f(Y(s, )) exp A(t)-B() 1

We shall show that the second term tends to zero for

e (exp (A() -B()) 1) e (exp (2A() B())) 1

(5.) e(exp (2A(t)-2B())(exp B(t)- 1)),

since exp (A(t)-B()) and exp(2A()-2B(t)) are maingales with expectation 1.

fo’ (log fl(s,; )
2

l2(s)B(t) ]b( Y(s, u))12 1 du

M fo(logfl(s,u)) 2

log s 1 du
c log s

J ) 2logsM2 a") (log U_ 1 du
c

logs
klogs logu

N constant
log s

1 du

((s, t-s
constant

log s s

1
N constant 0,

log s

since s+2N(s, t)s+ and we choose t=h(s)Ns/. Then (5.1) is bounded by

1 1
constant (exp (2A(t)-2B(t)))=constant 0.

log s log s

Therefore for bounded b(x), we have proved

(5.2) Es.xf(Z((s))) Eo,xf( Y(s, h(s))) O.

Now let us prove the lemma for the general case. Let

rr =inf{t U(Z(t))> r},

rr(s)=inf{t" U(Y(s, t))> r}.
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Using the same argument as before by taking f an indicator function and noticing
that b is bounded on the compact set { U(x)<= r}, we can show that as s--> oo.

(5.3) Es,x{zr > (s)}-Eo.x{zr(s)> h(s)}--> 0.

If there exists r such that

(5.4) Eo,x{z,(s) > h(s)}--> 1 uniformly over x in a compact set,

then by combining (5.2) for bounded b and (5.3), one gets Lemma 2.
As for (5.4), it is an easy consequence of Lemma 6.4.

6. Proof of Lemma 3.
Super normal case Let us first prove Lemma 3 for the following particular super

normal case: there is a large fixed Ro, such that

(6.1)

and K (r/, :)
_

{Ixl < Ro}.

U(x)= Ixl’ for Ixl> Ro; then

Iv u(x)l- 41xl A U(x) (4n + 8)lxl=

(6.2)
dX (t)=-VU(X(t)) dt+edW(t),

X(0)=x.

Let z inf {t[ IX(t)l 2Ro}.
CLAIM. There exists a constant c such that for any Ix[ > 2Ro, for any 0 < e < 1,

E(’r)--< Cl
eroof. For Ixl > 2Ro, o :-- inf {t IX(t)[ 1/21xl}, thn

E,U(X(zo))-U(x)=E -IVU(X(s))[2+-AU(X(s)) ds.

1
16lx(s)l6+ IX(s)[ ds-Ix[4= E:

2n+4

-c31xl6E:o,

Therefore,

E<ll-.x’ro C4X

Now let us define the following stopping times:

z inf{t[ [x(t)l--1/2lx[},

’2 inf{t> ’/’1[ Ix(t)l--1/2lX(l)l},

%+1 inf {t > ’il IX(t)l 1/2[x(r,)l}.
Let m be a positive integer such that

2mRo < Ix[ <- 2m+Ro.
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Then, Cm and

x() <= . Ex(’-’-,)+E(,)x
k=2

E EE<_,)(’o)+E(,)
k-’2

c4 EJX(k-,)[-2+ c4JxJ-2
k=2

1
c4R2 E (2m-k+1)-2 < c4R2

CLAIM. For any > 0 there exist To and eo such that

(6.3) E{X(To)K(,)}I- for allxe and eeo.
oof First choose T2 such that c/T2 < /2.

B(2Ro) {Ix[ 2Ro} (, ).

T is the time in Lemma 4.2 such that with initial point in B(2Ro) the solution of the
dynamic system will be contained in K() after time T1. Now let To T + T2.

As in the proof of Lemma 1, we can choose an eo such that

E{X(t)eK(,)}>I-(/2) VxB(2Ro), VT,tTo, Vo.
Now for any x e,
E{X(To) K(, )} E{E<){X(To- ) K(, )}, T}

(for T2, T1 To- To, and X() B(2Ro))

(1-) E:{, T2}

>l-&

LNN 6.1. Let p(x, y) denote the transition density of (6.2) and define
q(x,(=(x,.

enfor any xo, Yo in , e N eo, > 0,

x,yeK(, )

the relation between , To, eo is the same as in (6.3). And one may take any fixed , say=.
oo For e 1, by a similar argument as in Lemma 4.1, X(t) has no explosion.

By the Girsanov theorem it is obvious that X(t) has transition densities.
Since the infinitesimal generator (eE/2)A-V U. V is .self-adjoint in the weighted

space L2(", ), it is not hard to show that

(6.4) q(x, y)= q(y, x),
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qt+2To(XO, YO) J Pro(Xo, x)pT(x, Y)qro(Y, Yo) dx dy

>- f po(Xo, x)q(x, y)cr(y)qro(Y, Yo) dx dy
dx

=> inf q(x, y)pro(Xo, K(, :))

f qro(Y, Yo)r(Y) dy (by 6.4)

inf )qT(x, y)Vro(Xo, K(l, 6))Pro(Yo, K(,
x,y K(/,

(1--B)2 inf qT(x,y), e<-eo.
x,yK (’O, 6)

This completes the proof.
LEMMA 6.2 (Sheu [13, Cor. 2.5]).

lim e2 log p(x, y) >= I(t, x, y)

uniformly for x, y in a compact set.
COROLLARY 6.1. For any t>0, a >0, there is eo>O such thatfor e <- Co, Xo, yoUR"

LEMMA 6.3 (Super normal case.) For a fixed > 0, let T + 2To. Then Va > 0,
M> 0 chere i eo > 0 uch that for e <- e

Ip;,r(x,f)- r"(f)l < 411fllexp (-M),
where

m M exp (- (J(t, rl, so)+ a)).
Proof. Let fl =exp (-1/e2(j(t, rl, )+ a)).

PnT(Xl, f) P.r(x2, f)

f P-(x,, z)Pm-,)r(z,f) dz- f Pr(x2, z)P,,-,r(z,f) dz

f qr(xl, z)zr(z)p,n-,)r(z,f) dz

qr(x2, Z)Zr(z)p.,-,)T(z,f) dz

f (qr(X,, Z)--)v’(g)pm-1)T(g,f) dz

f (q’(x2, Z)--fl)’tr(z)p(-l)T(z,f) dz

<= (1 -) (max pm-r(z,f)-min p,-r(x,f))

=(1-/3) sup Ip-r(x,f)-p,,-r(x,f)l.
XI, X2R
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By induction,

sup Ipmr(x,f)-pmr(x2,f)l<-21l.fll(1-)t"a.
XI X2[

Since r is the invariant measure of p (x, y)[ 16, p. 243],

Izre(f) e f e(z)(PmT(Z,f) Pmr(X,f))-vs,(x,f)l -< ,r dz

-<_ 2(a--)tmallfl
General case. In order to compare the general case with the super normal case,

we need the following lemma.
LA 6.4. Let B(r)= {xl U(x)<-_ r} and z inf { tlX t) B(r)}. Then there exists

c(r) for large r
(i) c r --> o as r --> o

(ii) lim p, { z > exp (-c(r)) } 1 uniformlyforxK(7, )_S(r).

Suppose that Lemma 6.4 holds. Choose r large enough such that

c(r) > J( t, r/, :) + 1, K r/, :) B(r).
Let 0 satisfy (6.1) for Ro> r and U on B(r). Let^denote the modified version.

[p,r(x, f) w (f)[ <= p,r(x, f) -/,r(x, f)l
+ I/,r(x, f) ’(f)[ + I (f) r(f)l.

The second term goes to zero by Lemma 6.3. Since -" and 7r have the same
weak limit, the third term also tends to zero.

Ip.(x,f)-p r(x, f) -< 2 fll E {a- _-< mT} -> 0 as e -> 0

by Lemma 6.4.
Proof of Lemma 6.4. Choose ro such that K(,/, :)

_
B(ro) =: lI and lI :=

B( ro+ 1) c_ B(r) =: lI. Define

cr inf {tlX(t) f},

O =inf{t> rlx(t) f},

Crm inf{t > Om_lx(t)l’l},
0 inf { > CrmlX(t)

If one can prove that before exit from fl3, the path spends a lot of time jumping
between fl and 1:, then ’r will have a good lower estimate.

Let U(x)= ro+ 1 and Q denote the measure of the zero drift process, then

t,x{r < o’,} O, { ’, < o’ exp (- fo’ (-v u(x(s)) dX(s)

l f[rlVU(X(s))l=ds))}2e:

O ’ < o’, exp - { U(X(’))- U(x)}--- (1 u(x(sl- u(x( a



DIFFUSION FOR GLOBAL OPTIMIZATION IN R" 749

For s_-<z, <rl, U(X(s))> ro, then there exist MI>0 and M2>0 such that

Iv u(x(s))l-AO(X())

(Iv u(x())l--au(x(,)))+( )lv u(x())l
_->-2Ml+(1-2)M2>O for small .

Hence,

Let

p,{ z, < or1} _-< Q, < 0"1, exp -- (r- ro- 1)

<_-exp -(r-ro-1)

k=l

E P tX(Ok_,){7"r < 0"1}, "l’r O’k-’
k=l

Nmexp ,(r-ro-1)
Now we shall show that o’1 is not too small. Let

r*= inf inf{tlY(O)=x Y(t)ell, Y() satisfies (1.3) for 0=< s-<_ t}.
U(x)=ro+l

0<6o<d "1,
y(s)satisfies(1.3)forO<=s<=T./2

Let To_-< T*/2; then by a similar method as in the end of the proof of Lemma 1,

p,{rl < To} =< p{z< To} <= (2n)exp (-e-2arO62o/(2nToe2))

-<2n exp (-e-2aro6/(Toe2))

(n is the dimension and 6 6/2n, z =inf{t[ Ix(t)- Y(t)[ > o}, d is the corresponding
Lipschitz constant of V U in a compact set).

Then, it is obvious that

p,{r,, < mTo} <-- 2nm exp (-e-2dTo Te2)
p{"t’r < mTo} <-p{’rr < Crm}+Pex{crm < mTo}

_-<mexp --(r-ro-1) +2nmexp -e--7 o ]"

Choose To such that

e-2dTo6
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And choose m-l=[exp(1/e2(r-ro-l-v)), where v is an arbitrary fixed small
positive number

as e->0.

Hence we may choose c(r) r ro- 1 v for any fixed v > 0.
For x K(r/, :),

P,{’r <exp (c(r)/e2)} =P,{Ex(o){’r <exp (c(r)/e2)}, 0<exp (c(r)/e2)}.

->0 as e->0,

where O=inf {t[U(X(t))= ro+ 1}.

7. Appendix.
(1) Properties of I(t, x, y) can be found in [2] and [14].
(2) Co < o is obvious. In fact if we consider

k(u)=x+u(z-x) forO-< u =< 1,

=z forl<u<t-l,=

=z+(u-(t-1))(y-z) fort-l<=u<-t,

where z is a stationary point, then it is easy to see why Co < oo.
(3) Suppose that the set S of all stationary points has only finitely-many, say 1,

connected components. We also assume that points in each component can be con-
nected by smooth curves. Choose e small enough such that S(e) has disjoint
components $1, , St. For x, y belong to the same Si,

I(t, x, y)= O(1/t)+ O(e).

Indeed, connect x to a stationary point v in Si with Ix-v[ < 2e by straight line for
time interval [0, 1]. Connect y to a stationary point w in S with ly- w[ < 2e by straight
line for time interval t- 1, t]. Connect v, w by a fixed smooth curve g, with all the
curve stationary points. Rescale the parameter of the curve to the interval [1, t-1]
and denote it by b, then

t-1

14(u)+VU( (u))l an= 16(u)l du

14(u)l= du.
t-2 o

If b(t-u), 0=<u -< t, is a solution, then

Io’ du=O,



DIFFUSION FOR GLOBAL OPTIMIZATION IN I 751

For any starting point x, and end point y, since U is a Lyapunov function for the
dynamical system (1.4), within a fixed finite time x will reach some Si via a solution
of (1.4) and y some Sj via a solution. If is a solution, then

du= u((t))- u((o)).

(4) A good upper bound for I(t, x, y) is a curve (0) x, b(t) y and spends
most of its time at a stationary point. From (3), we only have to count the contribution
from connecting different components. Consider {Si}=l,..., as nodes of a graph, and
define S and Sj as neighboring nodes if there is a trajectory of (1.4) connecting S and
S/. Suppose Sl, S2," , Sm, m <= l, are in the same connected component, and assume
there exist points x, 22, x2, 23, x3, , 2m_, Xm-1, 2m in S, , Sm, respectively, such
that a trajectory connects x to 2i+ (see Fig. 1). If U(2+1) > U(x), then the contribution

FIG.

is 2(U(2i+1)-U(x)). Otherwise, it is a free ride. Of course, there are other paths to
connect $1,’’ ", Sin. Note that U(x:), U(2) and U(z) are almost of the same value,
where zi is a stationary point in S/. Two consecutive increasing trajectories contribute

U(x,+,) + U(x,)) U(z,).

Hence, 2([m/2] max/m U(zj)) is a bound.
(5) Suppose the graph {}1 has, say, G,. ., G components. Let K be any

bounded connected set containing all Sj’s. For any x e K either x in some G or there
exists a unique G such that x is connected to G by a trajecto. Now we have
partitioned K into K,. ., K disjoint sets. Define K, K1 are neighbors if d(K, Kj)
0. Ife regard {K/}/=,..., as nodes of a graph, then we can show it is a connected
graph since K is connected. In other words we can connect G to G1 via trajectories
of (1.4) and at most k- 1 line segments of arbitra small length. e same argument
as in 4 yields that the contribution to connect different components is less than

(6) One may use 3([1/2]+[k/2])maxU() as a rough bound for c.
(7) We give some examples (see Ngs. 2-5) to calculate c, for the one-dimensional

case.
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(i)
U

FG. 2. c,=(U(x2)- U(x))+(U(x)- U(x3))=(U(x2)- U(x3))+(U(x4)- U(xs)).

(ii)

FG. 3. c, (U(x2) U(x)) + (U(x4) U(x3) U(Xs) (U(x4) U(Xs) -]- (U(x2) U(x3)), (U(xI) 0).

(iii)

FIG. 4. c, U(x2) U(x)) + U(x4) U(xa)) U(x4)- U(xs)) + U(x2) U(x3)).

(iv)
U

Fu3. 5. c,=(U(x2)- U(x,))+(U(x4)- U(x3))- U(xs)=(U(x4)- U(x))+(U(x2)- U(x3))- U(x,).
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SPECTRAL FACTORIZATION AND NEVANLINNA-PICK INTERPOLATION*

TRYPHON T. GEORGIOU’t" AND PRAMOD P. KHARGONEKAR:I:

Abstract. We develop a spectral factorization algorithm based on linear fractional transformations and
on the Nevanlinna-Pick interpolation theory. The algorithm is recursive and depends on a choice of points
(Zk, k 1, 2, ") inside the unit disk. Under a mild condition on the distribution of the zk’s, the convergence
of the algorithm is established. The algorithm is flexible and convergence can be influenced by the selection
of Zk’S.

Key words, spectral factorization, interpolation theory, positive-real functions, Nevanlinna-Pick interpo-
lation

AMS(MOS) subject classifications. 93C05, 30E05, 30D50

1. Introduction. Interpolation theory for complex analytic functions has a long
history in mathematics and engineering. The origin of the subject can be traced back
at least to the work of Caratheodory, Schur, Nevanlinna and Pick (see [7]) and
continues with the recent works of Adamjan, Arov and Krein [1], Sarason [24], Sz.
Nagy and Foias [20], and Ball and Helton [3] which have extended the theory to a
general operator theoretic setting. In engineering, interpolation theory has been used
in a variety of problem areas. Passive circuit synthesis, optimal control, stability theory,
representation and prediction theory for stochastic processes, and control theory are
some of the engineering disciplines where interpolation theory of complex analytic
functions has played a significant role. For these, see for example [10], [11], [18], [19],
[25], [26] and the references therein.

In the present work we use interpolation theoretic ideas and, in particular, linear
fractional transformations to develop a general scheme for spectral factorization.
Spectral factorization is a key problem in a variety of engineering fields, and has been
investigated extensively. In particular, see [2], [5], [6], [11], [12], [15], [21], [23]. The
approach we have taken leads to a connection with ideas from interpolation theory
and in particular to the use of linear fractional transformations. Our main contribution
in thispaper is a new and versatile theoretical algorithmfor spectralfactorization. However,
numerical properties of this algorithm are not addressed here and will be pursued
elsewhere.

We denote by U the unit ball in H; i.e., U := {f(z) analytic in such that If(z)l -<- 1
for all z }, where denotes the open unit disc in the complex plane. The classical
Nevanlinna-Pick interpolation problem requires finding a function f in U that satisfies
the following interpolation conditions:

f<’)(Zk)=W,,,,k, m=0.1,’.’,Nk, fork=l,2,...,N.

* Received by the editors December 9, 1985; accepted for publication (in revised form) April 28, 1986.
This work was supported in part by the National Science Foundation under grant ECS-8451519, and in
part by grants from Honeywell, 3M, and the MEIS Center at the University of Minnesota, Minneapolis,
Minnesota.

? Department of Electrical and Computer Engineering, Iowa State University, Ames, Iowa 50011., Department of Electrical Engineering and Center for Control Science and Dynamical Systems,
University of Minnesota, Minneapolis, Minnesota 55455.
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(The case N 1 is known as Caratheodory-Schur interpolation.) The Nevanlinna-Pick
recursion allows the solution, i.e., existence and characterization of all solutions, of
this problem by iteratively reducing it to an equivalent one with fewer interpolation
constraints. The general form of the solutions is then presented in terms of a linear
fractional transformation

(1.1) f(z)=[A(z)+B(z)h(z)]x[C(z)+D(z)h(z)]-’,

where A, B, C and D are functions depending on the data of the problem and h(z)
is an arbitrary function in U that parametrizes the set of solutions.

With every function f in U, such that

In [1- [f(e’)l2] is in L := Ll[-cr, 7r],

there is associated a unique outer function (see [22])

g() := exp (4-)- [e’+][e’-]-ln[1-1f(e’)l]dO

such that IgAe’)l- -If(e’)l a.e. on [-, ]. The function g, is known as the
e|el peerM fer of f and plays an important role in several problem areas
such as representation of stochastic processes, optimal control, network synthesis, etc.
Under fairly general conditions g can in fact be defined as a meromorphic function
on the whole complex plane (see [8]). This is certainly true for the important case
where f is also a rational function, and this is precisely the case we consider in the
present paper.

If g and gh denote the spectral factors off and h respectively that are related as
in (1.1), then it can be shown that g and gh under certain conditions have the same
zeros. (The general problem of describing invariants of the action of the semigroup
of linear fractional transformations has been considered by Helton [.17].) Utilizing the
invariance of the so-called spectral zeros (or transmission zeros) under linear fractional
transformations, we developed a spectral factorization algorithm along the lines of
Caratheodory-Schur interpolation [14], [15]. The present work extends our earlier
results to the Nevanlinna-Pick setting and gives rise to a general spectral factorization
algorithm.

2. The Nevanlinna-Pick recursion. We begin with the following well-known
lemma, which is simply an invariant formulation of Schwarz’s lemma. This has provided
an important tool in the theory of interpolation with complex analytic functions and
was utilized in a masterful way in that context by Nevanlinna (see Garnett 13]).

LEMMA 2.1. Letfl be in U, and consider a sequence ofpoints (Zk D, k 1, 2," ")
and a sequence ofparameters Ck D, k 1, 2,’"). Define

(2.2a) w, := fk Zk ),

1-- ekZ fk-- Wk(2.2b) fk+l :=
Z- Zk 1 lkfk

f+-c(2.2c) A+I 1 ’kfk+

for k 1, 2,’’’. Then, fk, k 2, 3,’’’, is a sequence of U-functions. In case w, I for
a value k n, then the above sequence terminates to a function f, =-w,. This last case
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occurs only iffl is a finite Blaschke product; i.e., f is of the form

f(z) e’ (z-)
k--1 (1 SC:kZ)

and consequently has modulus equal to One on the boundary of the disk.
The case where f is a finite Blaschke product is of no interest to us because in

this case the spectral factor of f is the zero function, and the spectral factorization
problem becomes trivial. Hence, in the sequel, even when not explicitly stated, we
tacitly assume that this is not the case.

The sequence of the parameters Ck in the Nevanlinna recursion can be taken to
be arbitrary constants in D. Hbwever, we follow a standard and convenient normaliz-
ation (see [4], [8]) described in the lemma below.

LEMMA 2.3. Let fl 6 U (but not a finite Blaschke product), and let f(O) O. Given
a sequence ofpoints (Zk e D, k-- 1, 2,...), and letting

W__k whenever Zk O,
(2.4) Ck := fk+(O)= Zk

limfk (Z) whenever Zk O,
z-O Z

the Nevanlinna recursion (2.2a-c) produces a sequence fk, k 2, 3," ",. of U-functions
that satisfy fk (0) O, for all k.

The Nevanlinna recursion in Lemma 2.1 can be used to provide a constructive
approach to the Nevanlinna-Pick problem (see Garnett [13, p. 166]). It can also be
used to generate, from a known function fl in U, the associated sequence of the
so-called Schur parameters/reflection coefficients Wk. This is the way we apply the
Nevanlinna recursion. In fact, our objective in the next section is to study the limiting
behavior of the "by-product" fk as k tends to .

3. Some convergence results. Let fl (different from a finite Blaschke product) be
in U and assume that fl(0)=0. This causes no loss of generality from our standpoint
because the functions f in U, and zf which is also in U, have the same spectral factor.
The assumption fl(0)=0 simplifies the computations required in the sequel.

Compute now the sequence j, k=2, 3,..., of U-functions from fl and the
sequence of points (Zk D, k 1, 2," ") via the Nevanlinna recursion (2.2) and (2.4).
Recall that the choice (2.4) for the constants Ck readily implies that fk(O)=0 for
k 2, 3,. .. This is very convenient as we will see shortly.

Using (2.2b) and (2.2c) it easily follows that

(I -Iw,<l)(1 -If,<l-) (1 -Ic,<1)(1 -If,<+ll")
for z on 7,

l1- m,<AI I1 + e<f,<+,l

and k 1, 2, ., n 1. Applying In(. to both sides of the above equation, we obtain
that

(3.1)
In (1 -Iw,<l’ + In (1 -If,<l’ -In I1 %<i,< ’

In 1 -I,< ’) + In 1 If,<+, In I1 + e,f+, :

for z e 7. Note that IkAI < 1 in D. Hence 1 Ikfk is an analytic function with no roots
inD. Therefore, (see Rudin [22, Thm. 13.12]) u(z) := In 11 fl: is a harmonic function
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in D. Also, since fk(0) 0, it follows that u(0) 0. Consequently, using the well-known
mean value property of harmonic functions (see [22])

Tln I1 A(ei)[2 u(0)= 0.dO

A similar argument applies to In [1 + kfk+l[2 and yields

f_ln I1 + ,kfk+l(ei)]2 dO =0.

Now, from (3.1), we integrate over the interval [-r, w] and exponentiate both sides
to obtain that

exp (2r)-1 In (1-If(e’)l2) dO

1_[w12] exp (2r)-’ In (1-I//ll) dO

for all k. Finally by induction we conclude that

exp (2)- In (-I(e’)l) dO

= l_]w]2] exp (2)- In (1-[f+]2) de

We are interested in the case where ft is a rational function in U but different from a
finite Blaschke product. In this case the above integrals are different from zero and
we can obtain the following theorem.

THEOREM 3.3. Let f be a rational function in U such that In (1-[f(eO)[2) is in
L (hence not a Blaschke product), and f(O)=0. Let (z, k 1, 2,...) be a sequence
.ofpoinu in satisfying the property

k=l

and obtain the corresponding sequence of w’ s and c’s from (2.2) and (2.4). en

exp (2)- In lira

e proof of the above theorem is based on ceain classical facts in function
theory and some results obtained by Dewilde and Dym [8], [9] and Bultheel and
Dewilde [4], and is given in 6. Below we give an immediate corolla of Theorem
3.3 and relation (3.2).
Coo 3.5. Under the condition of eorem 3.3,

lira exp (2)-’ In (1-f+,) dO 1
km

and

lim +I(Z)=0 a.e. on
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4. Invariance of spectral zeros-spectral factorization. Letfbe a rational U-function
(but not a finite Blaschke product) and let it be represented as the ratio of two coprime
polynomials a(z)/b(z). Since f is in U,

1_ if(z)l= ]b(z)l=-Ia(z)l
ib(z)l= ->0 ouT,

and it admits a factorization

(4.1) 1-lf(z)l2 I n(z)l=
e ’,

ib(z)l= for z=

where 7(z) is a polynomial that can be taken to have no root inside D with rl(O)= 1,
and I.e a positive constant. Under this normalization r(z) is uniquely defined by f and
will be called the spectral numerator of f The canonical spectral factor of f is then
given by

n(z)
g(z)=b(z),

and is defined on the whole complex plane. Moreover, (4.1) extends to an equality of
meromorphic functions

(4.2) 1 -f(z)f(z-1) =/.e
2 r/(z) #(Z-1)

valid throughout the complex plane.
Let now f be a rational U-function and j, k=2,3,..., be the sequence of

U-functions obtained from fl and from a sequence of points (Zk, k 1, 2, ") via the
Nevanlinna recursion. In view of (2.2), it is clear that fk+l is also a rational function.
Thus, the Nevanlinna recursion produces a sequence of rational functions fk, k
2, 3, o.

We now express the recurrence formulas (2.2, 2.4) in terms offractional representa-
tions ak/bk for the functions fk, k 1, 2,"" ". First

(4.3) wk:=ak(zk)b(z)"
By solving (2.2) for fk+l in terms ofJ we obtain (see also Garnett [13, p. 167])

(4.4) fk+1

where

a(z) w,(1 gz)+ c,(z- zk),

(4.5)
g(z) 5kWh(1 gZ) + (Z Z),

Tk(Z) (1 5gz) + Cg(Z z),

tik(z) (1 5z) + ff(Z Z)

and we use (2.4), which becomes

I(4.6) ck=
z

lim

when z O,

a(z)
when z 0.

Zbk(Z)
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Starting from a coprime fraction for fl al/bl, i.e., al and bl are polynomials
with no common factor, define a sequence of pairs of functions (that will turn out to
be polynomials) (ak, bk), for k 2, 3,. ., via the following:

(4.7) ak$1 1 Yk

b+ (z-z)(1-1cl) --6k fig bk
for k 2, 3," ". We can now state the following proposition:

PROPOSITION 4.8. Letf be a rational U-function that is not afinite Blaschkeproduct,
al/b be a polynomial coprime fraction forfl, and generate the sequence of (ak, bk) and
offk via (4.3)-(4.7). Then the following hold.

(4.8a) fk ak/ bk for all k.

(4.8b) (ak, bk) for k 2, 3," ", are polynomials in z.

(4.8c) The maximum degree of the polynomials (ak, bk) never exceeds the maximum
degree of the polynomials (a, bl).

(4.8d) Iffl(O) O, and the polynomials al b have been normalized to satisfy a(O)
O, and b(O)= 1, then

Proof.

(4.8a)

(4.8b)

ak(O)=O and bk(O)= l for all k.

It follows immediately by comparison of (4.4) with (4.7).

For z Zk, the expressions (ykak--akbk) and (6kak--flkbk) become equal
to (1-- kZk ak 7,k Wk (1-- kZk bk Zk ], and ,k(1-- kZk ak Zk
?.kWk(1--kZk)bk(Zk)], respectively. But ak(Zk)=Wkb(Zk). Hence, both
expressions become equal to zero. Therefore, (Ykak akbk) and (6gag flkbk)
are polynomial expressions divisible by (z Zk). From (4.7) we now conclude
that (ak, bk), for k 2, 3,’.. are polynomials in z.

(4.8c) The polynomials a,/3, y and 6, have degree equal to one. Hence the maximum
degree of {(ykak akbk)/(Z Zk), (6kak flkbk)/(Z Zk)} does not exceed the
maximum degree of (ak, bk).

(4.8d) It follows by straightforward computation.

However, ak(Z) and bk(Z) might have a common factor. The determinant of the
transformation matrix in (4.7) is computed directly and is given below

(4.9) ]kflk Olk6k (1 -Icl=)( 1 -I z z( 1 kZ)

for k 1, 2,.... (Note that (z-Zk) cannot be a factor of ak+l or bk+ since it has been
divided out in (4.7).) Thus, the only possible commonfactor ofak+ and bk+l, in addition
to common factors of ak and bk, is (1-- gkZ). In fact ak+l and bk+l will have (1--gkZ) as
a common factor precisely when it is also a factor in qk(Z). (Then, this becomes a
common factor of every pair (ak+l, bk+l) for l= 1,2,....) The following theorem
addresses exactly this point.

THEOREM 4.10. Let f be a rational U-function (different from a finite Blaschke
product) and ak/bk be a coprime polynomial fraction description offl satisfying (4.8d).
Let (ak, bk), k=2,3,"" ", be obtained from (4.3), (4.5)-(4.7) and a sequence ofpoints
(Zk in D, for k 1, 2,...). Define dk to be the greatest common divisor of (ak, bk)
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normalized by dk(O)= 1, and let qk denote the spectral numerator of the U-function
fk := ak/ bk. Then the following hold:

(i) Iffor k n, (1 nz) is a factor of1(z), then

d+l (1 z) d, whereas

r/ (1 nz)r/+l

(ii) Iffor k n, (1 z) is no__At a factor of rl, (z), then

d+ dn and rl, r/+l.

Proof. We begin by recalling first a certain well-known property of the transforma-
tion matrix

1
Mk(Z):=(Z--Zk)(1--lck[Z) --6k(Z) k(Z)

used in (4.7). Define by

Mk(Z). := M*(z-’),
where )* denotes complex conjugation of the coefficients and transposition of the
matrix. Then,

(4.11) Mk(z),
0 1

Mg(z)= (l_lc,l
This property is known as J-unitarity; e.g., see [9]. (It follows directly by algebraic
manipulations and the use of (4.5) and (4.9).)

We now compute

b-k+l(Z-1)bk+l(Z)- lk+l(Z-1)ak+l(Z)

0 b/()J’
which because of (4.11)

(l_lcl=) [a(z- (z-1)]
0 bk(Z-1)

=(1-lwl/2)(1-lc ((z-)b(z)-a(z-a)a(z))"
This last equality implies that

(4.=) Id+,(z)+,(z)l== Id(z)(z)!=, z: e’
where is a nonzero constant that can be taken to be positive. Also note that, as it
was argued before on the basis of (4.9) and (4.7),

(4.13) d+(z) is either equal to d(z) or equal to (1-z)d(z)

for all values of k. Consequently, d(z) has no roots in D. Since the same applies to
(z), we now conclude from (4.12) that

(4.14) d+(z)+(z) d(z)(z) for k 1, 2,. ..
Now, if (1-z) is not a factor of (z), then we conclude from (4.13) and (4.14)

that

d+(z)=d(z) and n+(z)= (z).
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If (1--$kZ) is a factor of ’lk(Z), we only need to consider the case where gk 0.
In this case

n(’),() =0,

which implies that

(4.15) 1 fk(g-l)fk(k) O.

But fk(k)= ak(Zk)/bk(Zk)= k; therefore (4.15) implies that

(4.16) bk(g1) ffkak(-l).
From (4.5) we now have that

ak+l(1)
1

(;1 Zk )( 1 -Icl=) y(5-l)ak(-’) Ok(5;1) bk 5;’)]

1

(;1__ gk)( 1 --Ickl2)
[Ckffk(5;1-- zk)ak(;1)- Ck(;1-- zk) bk(5;1)]"

Because of (4.16), the above expression is equal to zero, hence

a+l(;) =0,

and in fact (1- kz) is a factor of ak+l(Z). Clearly, even if (1- kz) is already a factor
of dk(Z), the above can be used to show that ak+l(Z) is divisible by (1-- kZ)dk(Z). In
a similar way we conclude that (1--kZ)dk(Z) divides bk+l(Z). Therefore,

dk+l(Z) (1-- kZ)dk(Z),
and from (4.14) we deduce that

rlk+l( Z)(1-- SkZ) ’Ok(Z).
This concludes the proof. [3

An immediate consequence of the above is that iffor no point in the sequence
(Zk, k 1, 2," ") we have (1 kZ) as a factor of rll (z), then

qk(Z)= r/,(Z) for k= 1,2,...,

and also dk(Z)=--1 for all values of k. Alternatively, if all roots of r/l(Z), including
multiplicities, have inverse complex conjugate values belonging to (Zk, k 1, 2," "), then
after a finite number of steps we will have that

dn(z dn+l(Z TI(Z for l= 1, 2,’’ ",

while r/,+t(z) 1.
However, regardless of how the points zk, k 1, 2,..., are chosen (provided a

mild condition on their distribution is met), the polynomials ak(z) and bk(z) as k-->,
tend to the zero polynomial and r/l(Z) respectively. This is the content of the next
theorem.

THEOREM 4.17. Let fl(z) be a rational U-function (with fl(0)=0), ’II(Z be the
associated spectral numerator, andfl(z)= al(z)/bl(z) a representation offl as the ratio

of two coprime polynomials satisfying al(0) 0 and bl(0) 1. Let Zk, k 1, 2," ", be a
sequence ofpoints in D satisfying

(3.4) Y (1-1zl)-- o,
k=l

and (ak, bk), k=2,3,’’ ", be obtained from (4.3), (4.5)-(4.7). Then as k-,

bk(z)’-> TI (Z), ak(Z)-->O
coefficientwise.
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Proof. Let

(4.18)
ag(z)

PlZ "1- p2z2.q. "1" pmz "[-"
bk(Z)

be a Taylor series for fk(Z) around the origin. Since )(z) is a rational function in U,
it is analytic in and also continuous on the boundary (because of the rationality).
Corollary 3.5 now implies that fk(Z) tends uniformly to zero on compact subsets of D
and in particular that p,, 0, for all m, as k -.From Proposition 4.8, the polynomial bk(Z) satisfies bk(O)= 1 for all values of k
and has no root in D (because fk is in U and dk(Z) has no root in as discussed
earlier). Therefore, the coefficients of bk are all bounded by one. Also p,, 0, uniformly
in m for m 1,..., l, when k- c, and being any finite integer. We conclude that
ak(Z)O as a polynomial; i.e., its coefficients tend to zero.

From the proof of Theorem 4.10 we now have that

Ib(z)l=- lak(z)l2=
= on

But a(z)O, whereas b(z) and l(Z) are polynomials that have no root in and
have value one at the origin. Therefore

b(z)n,(z),
and /’gk " 1, when k

Theorem 4.17 provides a general recursive scheme in the form of relations (4.3),
(4.5)-(4.7), for obtaining the spectral factor of a rational U-function fl(z) a(z)/bl(Z)
as summarized below:

1. Select a sequence of points (Zk in D: k 1, 2,...) satisfying (3.4).
Iterate step 2 for k 1, 2, 3,

2. Given (ak(Z), bk(Z)) compute (ak+(Z), bk+a(z)) using (4.7), and Ak+l using

1-lCk[2
Xk+’ 1_ IWkl2Xk’

with A= 1, and the parameters wk and ck obtained from (4.3) and (4.6)
respectively.

3. Then as k-oo, bk(Z) approaches the spectral numerator of f(z) and
Akbk(z)/b(z) approaches the canonical spectral factor off,(z).

The choice of the sequence (Zk, k 1, 2, ") is arbitrary provided they do not converge
too fast towards the boundary; i.e., condition (3.4) of the theorem is met. However,
the choice of this sequence influences the speed of the convergence bk(Z) rt(z). But
the convergence itself is guaranteed by the theorem. It appears that the choice of the
Zk’S in the vicinity of the roots of rtl results in a relatively fast convergence. This may
potentially be useful when r/ has roots on or very near the boundary of D. However,
a thorough analysis of the numerical properties and speed of convergence will be
pursued elsewhere.

5. Proof of Theorem 3.3. Define C := {F(z) analytic and with positive real part in
D}. (C for Caratheodory; also the class of positive real functions.) With any function
f in U we associate the function

(5.1) F(z) =l-f(z---’ for zD.
1 +f(z)
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It is well known that F is a C-function. (In fact (5.1) sets up a bijective correspondence
between U and C.) Also, the condition f(0)= 0, which appeared earlier, translates into
F(O) 1.

The real part of F(z) is defined almost everywhere on ql and is equal to

(5.2) r(0) := Re {F(ei)}
1 -If(ei)l2

I1 +f(e’)l
a.e. on ql.

The function 1 +f has no root in D. Hence, In I1 +fl is a harmonic function in D.
Provided f(0)=0, ln ll +f(z)[ has value at the origin equal to zero. Therefore, the
integral of In I1 +f(e) in the interval [-Tr, 7r] is equal to zero. Then, by applying
In (.) to both sides in (5.2) and integrating we derive that

(5.3) In r( 0 dO In 1 If( e ,0 )12] dO.

The above integral plays a key role in an approximation problem for analytic functions
(Szeg6’s Theorem--see Grenander and Szeg6 [16]):

inf (2-)-1 Ip(e’)l(o) dO" p(z) polynomial with p(0)= 1

=exp (2-)-1 ln[r(0)] dO

(The left-hand side of the above equality can be seen as the error of approximating 1
with polynomials vanishing at the origin, in L2[z(O)dO].) In general the infimum is
attainedfor afunction Po(Z) in H2--the subspace of L2 functions with analytic continu-
ation inside D. (This in general is not a polynomial and turns out to be a scalar multiple
of the inverse of the canonical spectral factor corresponding to z(0).) Hence,

(5.4) (2r)-1 Ipo(e’)l=r(o) d0=exp (2r)-1 In [z(0)] dO

where po(0)= 1.
Let now (Zk, k 1, 2," ") be a sequence of points in D. Define Kn :, (zB,(z)H2)+/-,,,

where B, (z) denotes the Blaschke product corresponding to the first n interpolation
points , (z- z)

B,(z) ...-- k=l]l (1--3kZ)’

and "-" denotes the "orthogonal complement of." K, is a finite dimensional linear
space. Let r(O) be the real part of a C-function F(z) for z=ei. Then z(O) is defined
a.e. in [-r, r] and it is a nonnegative valued function. K, can be endowed with an
inner product defined by

(f, g), := (2r)-1 f(e’)g(e’)z(O) dO,

and then we will use the obvious notation ,(0). Bultheel and Dewilde [4, Cor.
1 and Dewilde and Dym [8, Lemma 4.3] have considered approximation with functions
in Kn and have shown that

(5.5) inf {llp(z)ll () p(z)in K, and p(0)= 1}= fi 1-[c1-2
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Clearly,

inf{llp(z)ll o: p(z) in Kn and p(0)= 1} > Ilpo(z)ll=  o

=exp (2r)- ln[z(0)] dO =exp (2r)- ln[1-1f(e’)l] dO

In order to prove the theorem, we need to establish that the above holds with equality.
To show this it suffices to show that

K := Kn is dense in HE

with respect to {.,.
We now briefly indicate that it is sucient to show that the aforementioned space

is dense in H with respect to the standard norm. Since f is a rational function, it can
be readily shown that (0)= Ig(e) where g() is a rational function with no poles
on the unit circle (since g(z) is an outer function). is implies that r(0) is bounded
from above for all 0 e [-, ]. Consequently, convergence in the standard norm implies
convergence in I1" =

0 and this establishes our claim.
Now we shall use a classical result of Blaschke, which states that

(5.6) (1 -Izkl)
k=l

holds if and only if B,(z) tends to zero at every point in as n. Any function q
in H2 that is ohogonal to K belongs to zB,H2, for all n. Therefore, q must be the
zero function. Hence the closure of K is in fact the whole of H2. Therefore (5.6)
implies that

(5.7) lim inf {11 p (z)ll =
<0) P K and p(0)= 1} Ilpo(z)ll =

and consequently that

lim H
1 [Ckl

exp (2)-1
O k= 1--lWk[2] ln [1--]f(e )]2]d0

is completes the proof of the theorem.

6. Remarks on spectral faetorization of C-functions. So far we have considered
spectral factorization of rational U-functions. In many cases one is given a C-function
F(z) instead. So let

F(z)- be in C,
x(z)

where (z) and X(Z) are polynomials in z. Then

Re {F(e’)) (z)$(z-’)+X(Z)e(z-’)
0 for z=e

x(z)$(z-,)
and assumes a factorization

=lr(z2- forz=e’, O[-m],Re Ix(z)
where r is a positive constant and (z) can be assumed to have no root in and to
have value equal to one at the origin. Then r(z)/x(z) is called the canonical spectral
factor of F(z), and (z) will be said to be the spectral numerator of F(z).
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With no loss in generality we may assume that F(0)= 1. From (6.1) we can obtain
an associated function

f(z)
1- F(z) a(z)
l + F(z) b(z)

of class U. Then a(z):= X(z)-’rr(z) and b(z):= X(z)+ r(z) are also polynomials. Let
,/(z) be the spectral numerator of f(z), and

be the canonical spectral factor of. f. Then, from (6.1)-(6.2) we obtain that

I n(z)l= I n(z)l=
Re {F(e’)} [b(z)+ a(z)[= Ix(z)[ for z e i, 0 e [-r, r],

and the spectral factor of F(z) is rq(z)/x(z). Thus, the spectral numerator ofboth F(z)
and f(z) is the same. Therefore, when looking for the spectral factor of F, we may
consider the corresponding U-function f(z). Then take

a(z)=x(z)-’zr(z) and b(z)=x(z)+Tr(z),
and apply the algorithm of Theorem 4.17 given by (4.3), (4.5)-(4.7) and an appropriate
choice of points (ZkD, k=l,2,...) to obtain the spectral numerator r/(z). The
algorithm expressed by (4.3), (4.5)-(4.7) can be written directly in terms of polynomial
fractions of C-functions. However, this offers no advantage over (4.3), (4.5)-(4.7),
which seem to be simpler and thus preferable.
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Abstract. Averaging is often used in ordinary differential equations when dealing with fast periodic
phenomena. It is shown here that it can be used efficiently in optimal control. As the period tends to zero,
a limit or "averaged" problem is defined. The open loop optimal control of the limit problem induces a
cost which is optimal up to the second order when evaluated through the original dynamics. The definition
of the averaged problem is then generalized to the nonperiodic case. It is shown that the Bellman function
of the original "fast" problem tends uniformly on any compact set to that of the averaged problem.
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Introduction: A perturbation approach. Averaging can be seen as part of the
perturbation theory of differential equations. Consider

dx
--=f(x,t), x(O)=xo, x(t)Rn, t[0, T].(1)
dt

Regular perturbations correspond to the situation when f has a limit in C(Rn
[0, T], R) as e tends to zero. Singular perturbations [6] can be seen as f having a
limit in L2(R" x [0, T], R"). Roughly speaking, averaging is the case when f has a
limit in L2(R" x [0, T], Rn) in the weak topology. As an example, consider

dx f(x,
where f is periodic in the last variable. Define f(x, t) =f(x, t, t/e); clearly f has no
limit either pointwise orin L; yetf tends tof defined byfO(x, t) 1/ io f(x, t, O) dO,
weakly in L.

It is well known 1] that the solution of (2) can be approximated by the solution
of

(3) =fO(y, t), y(0) Xodt

with an error of order eto, provided that f be regular enough. Solving (3) instead of
(2) is known as "averaging".

What is good for differential equations is often good for optimal control. Regulm’
and singular perturbations have been extensively studied ([2], [6]). As far as averaging
is concerned, it has been studied in the context of partial differential equations [3] or
stochastic optimal control [5]. We present here some approximation results in deter-
ministic optimal control.

1. The periodic case.
1.1. The averaged problem. Let

f: RxRPx[0, T]xR->R,
(x, u, t, O)->f(x, u, t, 0),

* Received by the editors February 3, 1986; accepted for publication (in revised form) May 5, 1986.
f Centre d’Automatique et Informatique de l’Ecole Nationale Sup6rieure des Mines de Paris, 35, rue

Saint-Honor6, 77305 Fontainebleau Cedex, France.
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L: R" xRP x[0, T] xR-R,
(x, u, t, O) L(x, u, t, 0),

with f and L periodic in 0 with a period to independent of x, u and (regularity will
be considered in 1.2). Let Uaa be a constraint domain and Wad {u L2([0, T], RP),
u(t) Uaa for almost every t} the set of admissible controls. We define the problem
(P) as"

d--’f f x( t), u( t), t, x(O) Xo,

(4)
Minimize L x( t), u( t), t, dt

We define the associated problem P as follows:

(5)

in Wad

vaa={vL2([O, T] x [0, to], RP), v(t, 0) Uad a.e. (t, 0)},

dy_ 1
f(y(t), v(t, 0), t, O) dO, y(O) Xo,

dt to

Minimize L(y(t), v(t, 0), t, O) dO in Vad,

Problem (4) can be seen as the perturbation of (5) by a fast oscillating input of null
average. Notice that iff is Lipschitz in x and measurable in u, t, 0, then, for v in Vad,
the average f off as defined in (5) is Lipschitz in x and measurable in t. Hence, both
(4) and (5) have a unique solution over [0, T].

Remark 1. At first sight, it would seem reasonable to consider in (5) the averages
off and L in 0 independently of u, that is, u being a constant vector in Rp and not a
function in L2([0, to ], RP). This amounts to restricting Vad to controls which are constant
over [0, to] at time t. As we shall see, this may lead to a severe loss of optimality when
e tends to 0. In short, it is necessary to have a feedback on the fast time 0. Consider
for instance the following problem: n p 1, Uad R, f(x, u, t, O) -x + u sin (0) and
L(x, u, t, O)=x2+(u2/6). If u is independent of 0, the average off is equal to -x,
which is itself independent of u. Within this class of functions, the optimal cost for
(P) is asymptotically equal to .(0), if .(u) denotes the cost of u in (/5). (0) is equal
to Xo2(1 e-2T)/2.

Now use our definition of the averaged problem to compute a better control. Let
q be the solution of the Riccati equation of the averaged problem: dq/dt 3q2 + 2q 1,
q(T) 0; then q(0) (1 e-4r)/(3 + e-4r). Define z by dz/dt -z(1 + 3q), z(0) x(0);
z is the optimal trajectory for the averaged problem. Now use the open-loop control
u(t)=-6q(t)z(t) sin (t/e) in problem (P). Then it is easy to see that x driven by
u in (4) is asymptotic to z. Hence the cost of u in (P) is asymptotic to oT z2(t)x
(1 + 3q2(t))dt. Thanks to the Riccati equation, the latter quantity is equal to q(0)x2,
which is smaller than J(0); thus for e small enough, u is better than any "slow" control.

Notice that the same phenomenon can be observed in stochastic optimal control,
where it is well known that open-loop controls alone are not enough to ensure
optimality. In both cases this is due to the presence of averages w.r.t, the events or
fast time in the problem (the same can be said ofthe "ordinary," "slow" time, of course).

Remark 2. Even though the controls of problem (P) are in an infinite dimensional
state, the minimum principle and dynamic programming apply; the important fact is
that the state is finite-dimensional. One also checks that the Bellman function is the
viscosity solution of the Hamilton-Jacobi-Bellman equation [7].
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Let f(x, v, t) denote the average of f and L the average of L. The adjoint state
equations for the problem (P) are"

dp of
dr- Ox

p Ox’ p( T) O

and if v* is an optimal control for the problem (P), the minimum principle says that
v*(t,.) minimizes the Hamiltonian of (P), that is, p(t)rf(x, v, t)+,(x, v, t), with
respect to v in Vaa. This is equivalent to’ v*(t, O) minimizes p(t)rf(x, v, t, 0)+
L(x, v, t, O) with respect to v in U"d, this for almost every 0. We see that the control
appears naturally as a feedback on the fast time (cf. Remark 1).

Remark 3. (P) is better conditioned numerically than (P), since (P) involves
a time grid of order 8t/e, while (P) involves only a grid of order St, at least in the
simulation part. A time grid in t/e is still needed to compute the averages and to
minimize the Hamiltonian.

1.2. An approximation theorem. The averaged problem is used here to compute
a near optimal control for the problem (P), with an error of order e 2. The proof and
assumptions are close to those used in [2].

Assumptions.

(H1) Uad Rp" no constraint.

(H2)

(H3)

(n4)

L does not depend on 0; f and L are C, of class C2 in x, and u; the first-
and second-order derivatives of f are bounded, and Lipschitz; the second-
order derivatives of L are bounded, and Lipschitz.

(P) has a solution, with optimal control Uo, trajectory y and adjoint state q.

Let H(p,x, u, t, O)=prf(x, u, t, O)+L(x, u, t). There exists /3>0 such that,
for all (x, u, t, 0), 02H/Ov2 is greater than/3 Identity at point (q(t), x, u, t, 0),
in the sense of the cone of positive semidefinite matrices.

(H5) One has

>=0 at (q(t), x, u, t, O) for all (x, u, t, 0).

(H6) f(y(t), Uo(t, 0), t, O) and

Lipschitz derivative.

y(t), Uo(t, 0), t, O) are C in with a

Assumptions (H4) and (H5) ensure sufficient regularity of the control with respect to
the cost. Assumption (H6) is specific to averaging: if it did not hold, there would not
be a true separation of time scales.

THEOREM 1. Let f and L meet Assumptions (H1)-(H6). Define u by u(t)
Uo(t, t/e). Then u is near optimalfor the problem (P) with an error on the cost oforder
2

E

Sketch ofproof. (A detailed proof can be found in [4].) We will proceed in two
stages. First, we will exhibit a lower bound of the cost for any control u."We will then
show that the control u induces a cost which approximates this lower bound with an
error of order e 2. It is then easy to conclude that u is near optimal for the problem (P).

Remark 4. Unless otherwise stated, all partial derivatives will be taken at time t,
with x being y(t), u being Uo(t, t/e)= u(t), 0 being t/e and the adjoint state being
q(t). We will make use of the following conventions: if g(tr, 0) is a periodic function



770 F. CHAPLAIS

of 0, we will denote by g(tr) or g(tr,. or av (g(tr,.)) the average of g in 0. We then
define the operator II on periodic functions g, by II(g(tr,. )) being the only primitive
in 0 of g-g with a null average. II plays a key role in all developments of integrals
or solutions of differential equations involving a periodicity in fast time. Finally, the
superscript T denotes transposition.

LEMMA 1. Let X2(t, O)=II(f(y(t), Uo(t, "), t, .)(0). There exists Co>0, k>-O, such
that, for any control u and any e ]0, eo[, x being the trajectory driven by u in (4), the
following estimation holds:

Io L(x(t), u(t), t) dt>- L y(t),Uo t, dt

+ av -0-; (y(t, q(t, Uo(t,. , ,. lx(,. t

eq(O) TX2(0 0) ke2.

Proof of Lemma 1. We will denote by : and the following errors"

( t) x( t) y( t) ex2( t, ), ( t) u( t) Uo( t, ).
It should be noticed that, if x is defined by

dx, af f
X "l--- Xl(O "l- x2(O O) 0(6)

dt OX OX
X2,

and if =0 (that is, x is the trajectory driven by u), then y+ eXl+ ex2(t, t/e) is a
uniform approximation of x with an e2 error.

We will use developments of functions with integral remains. To this end, we will
use the following notation: for a in [0, 1],/z in [0, 1], F,(A,/z) will denote the Hessian
symmetric operator associated with the second-order derivatives of f in x and u, at
point (y(t),alx(ex2(t, t/e)+(t)), Uo(t, t/e)+ a(t), t, t/e). L,(A, ) will denote the
analogue for L and H(A, g) qr(t)F(A, )+ L(A, ) will denote the Hessian of H
at the same point.

We will also make use of the following linear quadratic oscillatory "tangent"
problem:

dz
0,

dt 8x , , Ou

Mino (zL vr)H,(O, O)(zL vr) r+p t, z+Vsu dr,

where P2 =-H(SHr/Sx). P2 is the analogue of x2 for the adjoint state.
Thanks to (H4) and (H5), (TP) has a unique solution with trajectory y, optimal

control v and adjoint state q. Moreover, Ily, I1 and o, I1 are bounded when e ranges
within a neighbourhood of zero. Finally estimates will bear on the quantity

z= Aria d II&(x, )IIL

where

r 1 (z(x, )(t)=,.,(t)+ L\-DT / o,oxj r(t)+ ex2 t,

r x eyl, l,l E,I)
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the derivatives being taken at the same interpolation points as for Ft(A,/z), L,, (A,/z)
and Ht(A, I).

At last, will denote an approximation with an e2 error.
LEMMA 1.1.

;+ ex2(t, t/e))u

Proof of Lemma 1.1. The cost is expanded at the second order using an integral
remain. Since there is no constraint, q ’(cgf/gu) + (cL/u) 0; the Hamiltonian appears
after a classical integration by parts. We then neglect all integrals depending on fast
time when of order larger than or equal to e 2.

LEMMA 1.2. There exists k >= 0 such that

dt dt e" 2 t, e
dt

(8) =f r+y+ex2+eyl,v+tto+el)l,t, --f y, Uo t, ,t, --e(y+x2)

e-v,- en (f(y, uo(," t,"
OU

since /OO[H(f)] =f- The second expression is equal to

f( r + y + ex+ ey, v + uo+ eV, t, ) f(y + ex+ eyl uo+ eV t, )
Io’

v then appears as a difference in the controls and is replaced by

z(x, )- xj(+ x:).

Usint the Gronwall lemma, and neglecting the intetrals of fast periodic functions at
the secon order, we et te estimate on I111. The estimation on Ilvll is otaine
through the definition of
Lza 1.3. r ca, be pproximated uniformly with an error of order @ rl, with

(9) dt rl + + x2+y V + Uo+V t, y + exx +y Uo+ eV t,

r(O) =0.

IIIIL-<_ k(-+z)
Proof of Lemma 1.2.

dr
dt

2and Iloll_-< k(+z).
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Proof ofLemma 1.3. Note that (9) is close to (8). We then get the result by using
the Gronwall lemma. We will now use rl rather than r.

LEMMA 1.4. There exists k >- 0 such that, for e ]0, 1]:

Ox -07 S dt >- , p2 t, + Ofv dt- ke2 kez.
LOx

and 7 r + y, Hence, integrating by pas, and nglting sond order trms,

But

r +Of r

e p t, r + z)ou

by Lemma 1.2. On the other hand,

io

(Irll2 + I 1:) at

--ke: IIr, ll+
L

by averaging estimations. But, from (9) and Lemmas 1.2 and 1.3, one sees that there
exists k > 0 such that iidr/dtll, k(1 + z); this completes the proof.

We are now going to study the second order term with Ht(A, ) in Lemma 1.1.
LEPTA 1.5. ere exists k > 0 such that:

io’ io (+:)d d d(+x:, )H,(X, ) x:

d d d(y,+u)H,(,)
r x: _k+z].

o
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ProofofLemma 1.5. By substituting Z -[(02H/Ov2)-1 OH Ox](r+ ex2) to v in
the integral and using Assumptions (H4) and (H5), one shows that the expression on
the left-hand side is greater than 1o dt jlo AdA Jlo dl fl]Z(A, )(t)[, that is, fizZ.

2This will be the only positive term in z; the others will be of the form -kez.
Note that Lemma 1.4 already displays one pa of the cost to be minimized in

problem (TP). The other pa will appear by replacing Ht(A, ) by Ht(O, O) in the
estimates of Lemma 1.5.

LEMMA 1.6. ere exists k 0 such that:

io io io2e dt A dA d(y, v)Ht(A, )
r x2

oofof Lemma 1.6. Since the second derivatives of f and L are Lipschitz,

H,(A, )- Hi(0, o)11 g(lx -Y=I + lu Uo12) 1/2 gA(Ir+ ex2 + ey, = + Iv v,12) 1/2.

As x2, y and v are bounded, there exists k > 0 such that:

io Io’e dt AdA dg(y+v)[Ht(A,)-Ht(O,O)]
r x

o

<- ke(e2+ rll+

We get the result from Lemma 2.
LEMMA 1.7. There exists k >-0 such that:

Io Io iooL(x, u, t) dt >- L(x, u, t) dt + e --x x2 dt-- eq(O) Tx2(O, O)

+e p t, [Ofrl+Ofv] dt
LOx Ou .i

oof of Lemma 1.7. Combine the results of Lemmas 1.1, 1.4, 1.5 and 1.6.
We are going now to complete the estimate by using the problem (TP).
LEMMA 1.8. ere exists k 0 such that:

io ()[o o . (+:)av 3 o

oof of Lemma 1.8. Transformations using the adjoint equations of (TP) and
the explicit value of v as a feedback yield the following estimate for the expression
on the left-hand side:

io {() ( ) o o], qT i x,,t, -i x-,,,-,t, -,,- dt

which is clearly of second order in (llrlll:+ IIII)1/=; from Lemmas I. and 1.3 we get
the result.
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From Lemmas 1.8 and 1.7 the estimation proposed in Lemma 1 is proved for e

sufficiently small to make flz2 dominant against -ke. This completes the proof of
Lemma 1.

LEMMA 2. We are going to estimate the cost induced by U.
Let now u u, that is O. Then"

Io IoL(x, u, t) dt L(y, u, t) dt eqT(O)x2(O, O) + e -x Xa dt.

Proof of Lemma 2. We can use Lemma 1.1 to get a first estimate:

L(x, u t) dt L(, u ) de- eq r(0)x(0, 0)+ e dt
OX

X2

r OH
+ dt

+ dt d d(+x),)(+x)
where 02H/x2 is computed at the same point as for H(A, ). Since is of order one
in e, the last integral is of order two. Proceeding as in Lemma 1.4, we also show that
the integral before that one is of order two. This completes the proof of Lemma 2.
Theorem 1 follows from Lemmas 1 and 2.

COROLLARY 1. If U is a "better" control than u for the problem (P), then"

Proof of Corolla 1. Denote by J(u) the cost in problem (P). For e ]0, 1 ],
one has J (u) J (u) ke2 + (fl ke)z, with k 0. If u is better than u, then

2 < 2k/fie 2. The result follows from Lemma 1.2.( ke)z ke2 Take e < /2k; then z
2. The nonerioic case.
2.1. An ergaic thearem an O.D.E. Let

R" x [0, T]xR+
f: (x, t, o)f(x, t, o)

meeting the following assumptions"

(H7) f is Lipschitz in (x, t) with Lipschitz constant A, and integrable in 0.

(HS) f has an average f in the sense that, for any bound B, one has:

1 t+

Sup f(x, t, O) dO-f(x, t) O.
IxlB +
te[0,T]
t0

As before, (H7) ensures that one has a true separation of time scales.
Let x and y be defined by:

(lO)
dt -f x’ t, (0)=Xo, t[o, T],

(11) dy=f(y, ), y(0)= Xo, [0, r].
dt
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Then

Sup Ix t) y( t){ o.
t[0,T] e0

Proof. At a fast time scale, the slow time can be considered as constant, as well
as x(t) and y(t). Hence the dynamics f can be approximated by f; integration yields
the result.

More precisely, let D N* and, for [0, T], let k --kt/D. Then:

Ix(t)-y(t)l<-A Ix(s)-y(s)l ds+ f y(s), s, (tk), tk ds
k=0 dt

D-1 (+ f(y(s), s)-(y(t), )1 ds
k=0 ol

+ 2 f y(tk), tk, --f(y(tk), tk) ds
k=0 dt

frO t2 De[A ]x(s)-y(s)l ds+Al+ Sup f(x, t, O) dO

t[0,T]
t0

-f(x,t) >0.

Choose D D(e) such that D(e) --_o oo and eD(e) --_o 0; use of the Gronwall
lemma yields the result.

2.2. The averaged problem. Section 2.1 can be viewed as a generalization of
averaging techniques to the nonperiodic case. We are now going to use it to define
the averaged problem in the nonperiodic case.

Let f and L be as in 1.1, except that now they need not be periodic in 0, and
define problem (P) accordingly. The important point in the definition of the averaged
problem is that of the set Wd of admissible controls. Wad will be the set of functions
u from [0, T]xR/ to Rp, with values in Uad for almost every (t, 0), and such that
f(x, u(t, 0), t, O) and L(x, u(t, 0), t, O) have an average in 0 for every (x, t).

Note that Wad may be empty. However, we will show that, if averaging can
reasonably be expected to be used (i.e., the minimized Hamiltonian has an average),
then Wad is nonempty (see 2.3).

For u in Wad we define the averaged problem:

dy_f(y, u(t, ), t, ), y(O)= Xo,
dt

Minimize L(y, u( t,. ), t,. dt,

t[0, T],

(P).

If f and L are periodic, we find the same definition as in 1.1.

2.3. The Hamiltonian of the averaged problem. In this section, we will omit the
mention x and t. All assumptions made will be supposed to hold for every x and t.

Define the pseudo-Hamiltonian h (p, u, 0) by h (p, u, 0) p Tf(u, 0) + L(u, 0) and
let H(p, 0)= Minuuod h(p, u, O) when it exists.
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We are going to show that if H has. an average for any p, then its average is the
minimum of the Hamiltonian of the averaged problem. We will use the following
assumptions"

(H9) For any bounded part B of Rp, f and L are bounded and uniformly
continuous on B x R+ (i.e., f and L are in BUC (B, R+)).

(H10) For any (p, 0), h (p, u, 0) has a minimum on Uad. Moreover, for any bounded
domain B in Rp there exists a compact set K in Uad such that the minimum
can be reached in K for any (p, 0) in B x R+.

(H11) H has an average H, i.e.,

1
H(p, O) dO (p) for all p in R".

"1"

THEOREM 2. Letfand L meeting (Hg), (H10) and (Hll). Then Wad is nonempty
and ffI(p) MinvwOdprf(v)+ (v).

Proof Denote pr(v) + C( v) by g(p, v) for vin Wad andletE ={pR" =lv Waa,
151(p) (p, v)}. As obviously/( p, v) => D(p) for any v in Wad, Theorem 2 is equivalent
to E R". We are going to show that E is closed and that R"- E is of null measure
(Lebesgue).

(i) E is closed.
If E , this is true. If E , let p. be a sequence in E, converging in R", with

H(p.) h(p., v.). Thanks to (H9) and (H10), f(v.) and L(v.) are bounded; let f and
L be two cluster points, and w. a subsequence such that f(w.)--*._.oof and
/2(w. ._.oo L-. We are going to exhibit a control v such that prf+ r_. p rf(v) +/S(v).

Let -. be an increasing sequence in R/ such that -. => n! and such that, for

1_ f(w,,(O), O) dO-?(w,) 1

z, exists since w, is in Wad. Define v by v(0)= w,,(O) for 0 in [z,, ’,+1[; it is then
easy to check that v is in W"d and that prf+/S =/(p, v).

(ii) R"-E is of null measure.
H is locally Lipschitz, thanks to Assumptions (H9) and (H10), and thus, if F

denotes the set of differentiability points of H, R" F is of null measure. We are going
to show that F c E.

Notice that, thanks to (H9) and (H10), there exists a measurable function u from
R" x R+ to Uaa such that H(p, O) h(p, u(p, 0), 0). Let p be a small positive number,
p in F and q a direction in R". Then"

H(p+ pq)- H(p, O) <= qrf(p, u(p, 0), O) <--
H(p, 0)-H(p-pq, O)

P P

Let be a cluster point of 1/r Io qrf(p, u(p, 0), O) dO as z +oo; exists thanks
to (H9) and (H10). Then let - oefirst, then p 0 in the above inequalities. We conclude
that =OH/Op in the direction q.

As this is true for any cluster point and any direction q, we have

lim
1

f(p, u(p, 0), 0) dO
Off-It

->o . Op

Since f and H have an average, L has an average and u(p, O) is in Wad, with
ffI(p) =prf(u)+ (u).
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Remark 5. The concavity of H in p is essential. Let H(p, 0)= sin (p, 0). H 0,
yet OH/Op has no average.

2.4. A limit theorem on the Bellman function. Assumption (Hl l) has given sense
to the averaged problem by ensuring that Waa is nonempty. It also yields a limit
theorem on the Bellman function. We will consider the latter as the unique viscosity
solution of the Hamilton-Jacobi-Bellman equation (see [7]).

Assumptions. Let

R" x R" [0, T] R+--> R,H"
(p, x, t, 0) H(p, x, t, 0).

H may represent, for instance, the minimized Hamiltonian of 2.3. The assumptions
are the following:

(H12)

(H13)

HsBUC(BxR"x[0, T]xR/) for any bounded part B of R", and
In(p, x, t, o)- n(p, y, t, 0)1_-< C(1 +lpl)(lx- yl).

H has an average H such that, for any p, x, t,

Sup H(p, x, t, 0) dO-H(p, x, t) O._
0 +o

THEOREM 3. Let V be the viscosity solution of:

(12) O___V+ot ffI(OV’\-x X, t) =0,

Let V be the viscosity solution of:

+H ,x, t, =0,
Ot

V(x, T)O, xR", t[0, T].

V(x, T)=-O, xR", tel0, T].

Then V converges to Vase tends to zero, uniformly on any compact subset of R" x [0, T].
Proof. We will make use of the following notation:

Lnf(R x [O, T]) ( 4 S Lo(R X [O, T], R), Sup fyII
t[O,T]

I(x, t)l" dx dt <

/In
unif " X [0, T]) is the set of functions b in LPnif(R" x [0, T]) such that Odp/Ot, Ocb/Ox

and 02b/0x2 exist and are in P uz2,1.,Lunif. nir is the analogue of W2’1" except that U’ is
replaced by Lunif.P We can use the norm on uz2.1.p,,unif defined by the sup of W2,’p norms
over all B(y, 1)x [0, T], where B(y, 1) is the closed ball of center y and radius 1.

ii12,1 ,pWe will denote, for a > 0, by V,, the unique solution in fqp_o unif of

(14) OV+aAV+H ,x, t, =0, V(x, T)=-O
Ot

and V the analogue for

(15) OV+aAV+fft(OV )O \-x X, =0, V(x, T) =- O.

It is well known [7] that

v v I1--< and V vll =< kEv/-.
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Moreover, k does not depend on the behaviour of H in time, that is, in particular
k does not depend on e. Hence, the theorem will be proved if, a being fixed, V
converges to V, for e in ]0, 1]. Estimates on the derivatives of V ensure that the
are bounded in (and thus form a weakly relatively compact subset of) IITE’I’Pvvunif for any
p >0. Thus, the (V, O V/Ox) are relatively compact in C(K x[0, T], R), K being
any compact subset of R". Let (V,OV/Ox) a cluster point and (V,OV./Ox) a
sequence converging to (V, 0 V/Ox) uniformly on any compact, with V,V

Z2,1,pin ,if weakly.
Proving the theorem thus amounts to showing that V is a solution of (15) in the

weak sense. Let a function in C(R" x [0, T]) with a compact domain.

at dx +aA9 +B (x, t)
t Ot k’x’

at dx + aA9 aA V: (x, t)

+ dt dx X’ x, t, x, t, (x, t)

Ill2,1,2As e tends to zero, the first expression has limit zero by weak convergence in
The second one tends to zero thanks to the Lebesgue dominated convergence theorem.
A discretization scheme similar to that used in 2.1 ensures that the third one has
limit zero, thanks to Assumption (H13).

Remark 6. It can be proved [4] that, if H is locally Lipschitz in p and if the
convergence in Assumption (H13) is uniform for x in R", then the convergence of V
to V is uniform on R"x [0, T].

One may wonder when (H12) is true with H =prf+ L. It is true if, for instance,
f and L are BUC and Lipschitz in x. However, this can be extended to the case where
f is uniformly continuous, Lipschitz in x with If] = k(1 + Ix] + }u]); and L is uniformly
continuous, locally Lipschitz in x, ]o /oxl k(l+lxl+l.I) and I l=k(l+lxl=+lul=),

This includes the linear quadratic case; actually, we might call this the "sublinear
quadratic case." With a suitable truncation of f and L on the phase domain, we may
keep V and V unchanged on a potion of R"x [0, T], while retrieving Assumption
(H12). The convergence is still uniform on any compact.

3. Perspectives. We have proven here, at least in the periodic case, that averaging
can be used as an efficient tool in deterministic optimal control. It is efficient for two
reasons.

First, the averaged problem (P) is easier to solve numerically than the original
problem. (P), since a "fast" time grid is no longer needed in the simulation part.
Gains should also be expected on the state space grid, since it is often related to the
former one; it is an important point if one thinks, for instance, ofdynamic programming.

Second, and thanks to Theorem 1, the solution of (P) is known to be near optimal
for (P); hence, we do not lose much by solving the averaged problem instead of the
original one.

We have shown that use of the averaged problem can also be expected to be
efficient in the nonperiodic case, as the optimal cost of (P) is close to that of (P)
when e is small (Theorem 3).
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However, practical problems are seldom under the form (P), be it in the periodic
or nonperiodic case. Most of the time, there is, for instance, no explicit separation of
the time scales under the form (t, 0), with 0 ranging from 0 to +oo; in particular,
periodicity or averaging assumptions cannot be checked directly. Nevertheless, the
results presented here provide an important theoretical background for developments
of both theoretical and practical interest.

From the theoretical point of view, it is reasonable to expect problem (TP) in
Lemma 1 to provide further expansions of the cost (J), as similar methods have
already been used with success in the case of regular and singular perturbations [2].
A co.mplete expansion of the Bellman function in the linear quadratic periodic case
has already been obtained [4]. In particular, the terms of order higher than two are
in the.form V(x, t, t/e, (T-t/e)), with periodicity in both the forward and backward
fast times. This is probably related to the existence of the terms x2 and P2 in the
expansion of the primal and dual trajectories. The same phenomenon exists in singular
perturbations with boundary layers instead of phase terms.

We have seen that x2 and P2 are defined through the operator II. In fact, II appears
in any expansion of an integral with an integrand periodic in fast time. A generalization
of II would be welcome if we hope to find some results equivalent to Theorem 1 in
the nonperiodic case.

At last, links should be developed with singular perturbations. From the practical
point of view, we have seen that the assumptions in Theorems 1 and 3 cannot be
checked directly. It should be noticed (especially in the nonperiodic case) that the
question is not so much that the assumptions might not hold, as it is rather to immerse
the optimization problem in the "right" family of problems (P). Moreover, the ideas
are sufficiently simple and general to be used in heuristics. One can think, for instance,
of separating the time scales through the use of "moving averages." Heuristics can
also be developed to generalize the operator II to the nonperiodic case and use it to
improve performances. We are going to experiment numerically on these ideas.

Conversely, averaging has been often used empirically by engineers in practical
problems. The results and notions presented here may provide them some guidelines
in further applications.

We have discussed how averaging could be used practically. We shall discuss now
when it could be used. Heuristically, averaging can be expected to yield good results
and performances when the dynamics of a system depend on a fast "erratic" exogenous
phenomenon. A good example is given by weather disturbances.

However, these phenomena are often modelized by stochastic processes. As we
mentioned before, both approaches are similar in the sense that they make use of
averages; their theoretical background is, however, quite different. Moreover, averaging
has also been used in stochastic control ([5], for instance). In all cases, the original
data consists often of a finite number of physical measures, in no way probabilistic or
two-time scaled in nature. Thus, neither approach is justified a priori. Therefore, it
should prove quite interesting to experiment all methods on various sets of data. We
plan to conduct such experiments.
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LINEAR-QUADRATIC PROGRAMMING
AND OPTIMAL CONTROL*
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Abstract. A generalized approach is taken to linear and quadratic programming in which
dual as well as primal variables may be subjected to bounds, and constraints may be represented
through penalties. Corresponding problem models in optimal control related to continuous-time
programming are then set up and theorems on duality and the existence of solutions are derived.
Optimality conditions are obtained in the form of a global saddle point property which decomposes
into an instantaneous saddle point condition on the primal and dual control vectors at each time,
along with an endpoint condition.

Key words. Linear-quadratic programming, dual control problems, intertemporal program-
ming, continuous-time programming, penalty representation of constraints
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1. Introduction. In finite-dimensional optimization a great importance is at-
tached to problems of linear and quadratic programming. Such problems serve as
mathematical models for a large number of applications. They are relatively easy to
work with and possess duality properties that yield valuable insights and are the basis
for many special algorithms. They are useful in methods of solving more general prob-
lems, for instance, in connection with sequential approximation or direction-finding
subroutines. For such purposes they can be extended beyond traditional formula-
tions to admit piecewise linear-quadratic objectives and penalty representations of
constraints, although this possibility has not yet fully been utilized.

In optimal control there has not been a comparable emphasis on a "linear-
quadratic" class of problems. The linear-quadratic regulator problem fits the picture
to some degree but is virtually unconstrained. The continuous-time linear program-
ming problems first introduced as "bottleneck" problems by Bellman [11 include certain
types of control problems with constraints on states and controls (possibly mixed),
but they carry no provision for quadratic terms in the objective and are very narrow
in their treatment of initial and terminal conditions. Continuous-time linear program-
ming problems do enjoy a strong duality theory, thanks to efforts of Tyndall
Levinson [4], Grinold [5], [6], Schecter [7], Reiiand [8], Meidan and Perold I9], and oth-
ers. Continuous-time nonlinear programming has also been investigated, chiefly for
duality; cf. Hanson [10], Hanson and Mend [11], Grinold [12], Farr and Hanson I13],
Reiland and Hanson [14], Reiland [15]. This nonlinear literature covers certain classes
of optimal control problems with quadratic terms, subject to the same limitations on
the treatment of initial and terminal states. However, the quadratic case has not been
worked out to take advantage of its special nature, and, in any case, the results are
based on a Lagrange multiplier approach that does not yield even in finite dimensions
a duality theory as broad and flexible as may currently be needed.

*Received by the editors December 16, 1985; accepted for publication (in revised form) June
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University of Washington, Seattle.
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781



782 R. T. ROCKAFELLAR

Our goal in this paper is to develop a theory of linear-quadratic programming-type
problems specifically adapted to the optimal control setting and capable eventually of
being used in new computational schemes, as well as directly.

Some of the motivation comes from mathematical modeling. Linear-quadratic
models do not appear to have been used so far to their full potential. An obstacle
may lie in the format in.which finite-dimensional problems in linear programming and
quadratic programming are ordinarily presented. In this format it is hard to deal
with piecewise linear or piecewise quadratic functions, such as often are important
in penalty representations, except by reformulations that disrupt the fundamental
relationships, especially duality.

An alternative approach in finite dimensions, which we have followed recently
in work on algorithms in stochastic programming [16], [17], [18], is to give primacy
to an underlying saddle point problem (minimax problem). Thus we think of finite-
dimensional linear-quadratic programming in a more general sense than usual as cor-
responding to finding a saddle point of a convex-concave quadratic (or linear) function
on a product of polyhedral convex sets. Any such saddle point problem generates a
primal problem of minimization and a dual problem of maximization. The classical
case of linear and quadratic programming duality is the one where the polyhedral
convex sets are orthants.

The problems in the general case could be reduced individually to the classical
case, but by working directly in the broader format one gains several advantages. The
most significant is the perception that bounds can reasonably be introduced for dual
variables as well as primal variables, and moreover that this amounts to passing from
exact representations of certain constraints to penalty representations.

We begin in 2 and 3 by explaining this unconventional approach to finite-
dimensional linear-quadratic programming and the kinds of problem forms it handles.
A particular aim is the elucidation of circumstances under which a model involving
bounds .on both primal and dual variables is appropriate, at least for computation.
Then in 4 and 5 we introduce corresponding problems in optimal control, of a sort
we call intertemporal linear-quadratic programming. The main results are obtained in
6. They consist of theorems on existence, duality, and the characterization of optimal
controls. They are tied to an infinite-dimensional saddle point representation in terms
of a convex-concave quadratic functional on a product of generalized polyhedral sets.

Our problems in optimal control have dynamics that are essentially linear, al-
though "polyhedral differential inclusions" are also encompassed by the formulation.
The expression of the objective and constraints involves, in general, terms that may
be piecewise linear-quadratic. To clarify the nature of such terms in this introduction
would take us too far. A brief description of one of the basic linear models covered
by our theory is feasible, however, and may help to put the approach and results in
perspective.

Over a fixed time interval [to, t l] we consider a dynamical system
(1.1) k(t) A(t)x(t) + S(t)u(t) + b(t), x(to) Beue + be,
where x(t) e Rn is the state, u(t) e [k is the instantaneous control and ue E Rk is
an additional vector to be chosen, an "endpoint control." The incorporation of such
a vector ue may seem odd relative to the customary patterns in control theory, but
it greatly aids in dualizing various conditions. Of course ue could be trivialized by
taking the dimension ke to be 0 (then x(to) be in (1.1)). Another case to note is the
one of a free initial point: Be I, be 0 (then x(to) ue in (1.1)). The subscript e
will consistently be used in our notation for elements connected with endpoints.
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For the basic linear case in question, the problem we associate with the system
(1.1) takes the form

minimize [p(t). u(t) c(t) (t)]dt + [p c X(tl)]

(1) subject to (1.1) with C(t)x(t) + D(t)u(t) >_ q(t), u(t) >_ 0,

Cex(tl) + Deue >_ qe, u >_ O.

Discussion of the exact technical assumptions is postponed until 4. Observe,
however, that the formulation allows for constraints only on the controls (rows of C(t)
consisting of O’s), constraints only on the states (rows of D(t) consisting of O’s), and
mixed constraints. The endpoint conditions allow for any system of finitely many
linear equations or inequalities to be imposed on the pair x(to), x(tl) (as explained in
detail in Examples 5.1 and 5.2 in 5).

In dualizing (Pl) we pass to the dynamical system

(1.2) -(t) A*(t)y(t) + C*(t)v(t) + c(t), y(tl) C:v + ce,

where y(t) 6 Rn is the state, v(t) 6 Rt is the instantaneous control, and ve 6 Rte is the
endpoint control; the asterisk, denotes the transpose of a matrix. The dual problem
over the system (1.2) is

maximize [q(t). v(t) b(t) (t)]dt + [q v b (to)]

( 1) subject to (1.2) with B2 (t)y(t) + D* (t)v(t) <_ p(t), v(t) >_ O,

Bey(to) + Dve <_ pc, v >_ O.

Although (P1) and (1) have been written with inequality constraints only, there
is no difficulty about extending the formulation to include equations in the manner
familiar in linear programming. Thus, for example, the condition C(t)x(t)+D(t)u(t) >_
q(t) in (P1) can be converted to C(t)x(t)+ D(t)u(t) q(t) by dropping the condition
v(t) >_ 0 in

In contrast to (P1) and (1) the continuous-time linear programming problems
mentioned earlier take the primal form

minimize p(t) u(t) dt

subject to K(t, r)u(r)dr + D(t)u(t) >_ q(t), u(t) >_ 0,

and the dual form

maximize q(t) v(t) dt

subject to K* (r, t)v(r)dr + D* (t)v(t) <_ p(t), v(t) >_ O,

where the matrix K(t,) is some "kernel" with transpose K*(t,T). These are not
necessarily problems of optimal control but become so in choosing

K(t, ) C(t)(t)A()-IB()
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with (t) the fundamental matrix corresponding to the differential equation (1.1) (i.e.,
(t)xo is the unique solution to (t) A(t)x(t), x(to) xo), and setting

()-lB()u(r)d, -‘ *()C*(r)v(T)dr.

Then one gets the case of (Pl) and () where b(t) O, c(t) 0, and all the e terms
trivialize: the primal has x(to) 0 but x(t) free, whereas the dual has y(t) 0 but
y(to) free.

In the work that has been done on special computational methods in continuous-
time linear programming, e.g. Perold [19], [20], Anstreicher [21], attention has typically
been limited further to the case where the kernel K is a constant matrix. In optimal
control this corresponds not merely to having A(t), B(t) and C(t) constant, but A(t) =_

0, a severe restriction.
Because of these distinctions and the desirability of being able to treat discrete-

time analogues under the same heading, we shall refer to ()) and (1) as problems
of "intertemporal linear programming" (in continuous time) rather than "continuous-
time linear programming."

The possiblity of mixed constraints on states and controls is important in accom-
modating many applications of an economic nature, involving planned activities with
cumulative effects. But it also puts problems like ()) and () beyond the range
of the Pontryagin maximum principle. Mixed constraints can be readily handled,
however, in the versions of optimal control and variational calculus that have been
developed over the years in the conceptual framework of convex analysis and, more
recently, nonsmooth analysis in the sense of Clarke [22].

The theory of convex problems of Bolza type, developed by the author in [23]-
[29], is specifically applicable to problems (1), (1) and their quadratic programming
counterparts after a transformation which expresses everything through the trajecto-
ries x and y, as outlined in [30]. By this route it would be possible, with a degree
of technical elaboration, to derive sharp duality theorems that characterize solutions
and the circumstances in which they exist. Full justice to constraints involving states
would, however, require us in the context of such duality to pass beyond the formu-
lation of our primal and dual problems in terms of control ]unctions u and v to one
in which "impulse controls" may occur. An extension along those lines is indeed ap-
propriate, and for the basic linear programming case in ()), ()1), it has been carried
out by Murray [31] under a somewhat different choice of endpoint expressions.

For the present purpose we are able to postpone working with such an extension.
We follow a different path and sidestep the difficulties posed by state constraints
by appealing instead to alternative problem formulations where the constraints may
be enforced by linear or piecewise linear-quadratic penalty expressions. We argue
that as a practical matter of mathematical modeling and computation this is an often
reasonable tactic which can be served by a much simpler theory where solutions always
exist and strong duality always holds. The supporting results in finite-dimensional
linear-quadratic programming provided in 2 and 3 are critical in understanding
this.

The saddle point representation furnished in 6 for the duality between our two
infinite-dimensional problems of intertemporal linear-quadratic programming is of a
kind not previously seen in optimal control. Moreover the representation has a sepa-
rate decomposition property in each argument that may open the way to new saddle
point techniques for computation such as extensions of the finite generation method



LINEAR-QUADRATIC PROGRAMMING AND OPTIMAL CONTROL 785

devised by R.J.-B. Wets and the author in a similar setting in stochastic programming
[17]. Decomposition of the intertemporal saddle point condition leads to a character-
ization of optimality in terms of a "instantaneous" saddle point condition satisfied at
each time t and an "endpoint" saddle point condition. This is a sort of "minimaximum
principle" which has some precedent in continuous-time linear programming (Grinold
[5, p. 46]) and the theory of Bolza problems (aockafellar [23, Whm. 6]) but is new in
this context of optimal control.

2. Linear-quadratic programming in finite dimensions. The infinite-
dimensional control problems that are the subject of this paper, and our approach
to them, will better be understood after a brief treatment of the formulation and
duality properties of finite-dimensional linear-quadratic programming problems in the
generalized sense. Such a treatment will also introduce facts and concepts that will
be needed in later sections.

A simple foundation for almost all kinds of duality theory in optimization starts
with a function J(u, v) on a product set U V, where J is real-valued or possibly
extended-real-valued. Regardless of the nature of J and the sets U and V (as long as
the latter are nonempty), there is an associated primal problem

(P0) minimize f(u) over U where f(u) sup J(u, v),
vEV

and a dual problem

(0) maximize g(v) over V where g(v) inf J(u, v).
uEU

The relationship between these problems is tied to the saddle point, or minimax prob-
lem for J on U V, a saddle point being by definition a pair (, v) E U V such
that

(2.1) J(u,) >_ J(,) >_ J(, v) for all u E U, v V.

The following facts are well known (cf. [32, Whm. 2], for example).
PROPOSITION 2.1. It is always true that inf(P0) >_ sup(0). Furthermore a

pair (, ) is a saddlepoint of J on V V if and only if solves (])o), solves (o),
and min(Po) max(o).

Here we use the notation that inf(Po) is the optimal value in ()o), namely the
infimum of f over U. We allow ourselves to write min(Po) in place of inf(Po) if the
infimum is actually attained at some . Similarly for sup(o), max(o).

By finite-dimensional (piecewise) linear-quadratic programming in the general
sense we shall mean the case of problems ()o) and (o) where U is a nonempty
convex polyhedron in a space Ik, V is a nonempty convex polyhedron in space It,
and J is a convex-concave function of the form

(2.2) J(u, v) p u + v q + 1/2u Pu 1/2v Qv v Du,

where p E R, q E W, P E Rxk, Q E Wxt and D Rtx, with P and Q symmetric
and positive semidefinite. When P 0 and Q 0, we speak of (piecewise) linear
programming in the general sense. This includes classical linear pogramming, of
course (of. Example 3.1 below).

In the linear-quadratic programming case the objective functions in ()o) and (o)
take the form

(2.3) f(u) p. u + 1/2u nu + Pv,c2(q Du),
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(2.4)
where

g(v) q v 1/2v Qv pv,p(D’v p),

vEV

(2.6) pv,p(r) sup{r, u- 1/2u. Pu}.
uEU

When P 0 and Q 0, the functions PV,Q and Pu,P reduce to the support functions

(2.7) av(s) sup s v, av(r) sup r u.
vEV uU

The specific nature of these various expressions will be explored in the examples in
3. The central fact is that strong duality always holds for such problems.

THEOREM 2.2. In the case where (])o) and o are finite-dimensional linear-
quadratic programming problems in the general sense just described, one has

oo > min(Po) max(!o) > -oo,

unless the optimal values inf(0) and sup(o) are both infinite. In particular, any
finite-dimensional linear-quadratic programming problem with finite optimal value has
an optimal solution.

Theorem 2.2 can easily be derived from known results about quadratic program-
ming in the standard sense, specifically the duality theorem of Dorn [33] and Cottle
[34] and the existence criterion of Frank and Wolfe [35]. We have given the argument
in full in [17, Thin. 2].

Incidentally, the suprema in (2.5) and (2.6) must be attained also, when finite.
Indeed, these formulas give the optimal values in certain quadratic programming prob-
lems and are covered by the result just cited.

The sense in which the terminology "linear-quadratic programming_in the general
sense" is appropriate for the problems in Theorem 2.2 is elucidated by our next result.

PROPOSITION 2.3. The ]unction Pv,Q is lower semicontinuous, convex, and
piecewise linear-quadratic: its effective domain

(2.8)
is a nonempty convex polyhedron that can be decomposed into finitely many polyhedral
convex sets, on each of which Pv,Q is quadratic (or linear).

The same holds of course for pu,P and its effective domain

(2.9) K {r e Rlpv,p(r) <

Proof. Define

(2.10)
1/2v. Qv whenveV,
oo when v V

+
where jQ is the quadratic convex function corresponding to the positive definite form
Q, and (v is the indicator of the convex polyhedron V:

(2.11) v(v) { 0 when v V,
oo whenvV.



LINEAR-QUADRATIC PROGRAMMING AND OPTIMAL CONTROL 787

Clearly is convex, and its conjugate

(2.12) *(s) sup {s.v (s))
vR

is given by

(2.13) *(s)
The latter is therefore lower semicontinuous and convex in s, and its effective domain
L is a nonempty convex set (these properties being true for the conjugate of any proper
convex function [36, 12]).

For each s L, the supremum in (2.12) (equivalently (2.5)) must actually be
attained, as noted above. On the other hand we know from convex analysis [36,
Thm. 23.5] that the supremum in (2.12) is attained at v if and only if v c9*(s),
which is equivalent to s c9(v). Thus L coincides with the effective domain of the
subdifferential multifunction cOta* which is also the range of 0. We shall use this
fact to demonstrate that L is polyhedral and has the decomposition claimed.

Because jQ + v and jQ is finite everywhere on R, we have by [36, Thm.
23.81 that

(2.14) + Q, + Nv(,),
where Nv (v) is the normal cone to V at v [36, p. 215]. This normal cone is polyhedral,
because V is polyhedral, and it depends only on the face of V to which v belongs.
There are only finitely many faces of V, so it follows from (2.14) that c9 is a polyhedral
multifunction in the sense of Robinson [37], namely its graph in Rt Rt is the union of
finitely many polyhedral convex sets (one for each face of V). The same is then true
for the multifunction 0* 0-1, whose domain, already identified with L, must
therefore be the projection of the union of finitely many polyhedral convex sets. We
may conclude that the convex set L is actually polyhedral and can be decomposed
into finitely many polyhedral convex sets Li, over each of which the graph of 0*
is a polyhedral convex set. In the case of such a subset Li having int Li - ,c9* must by this reduce to a single-valued affine mapping on int Li, inasmuch as

0* is single-valued almost everywhere on int L (a fact true of the subdifferential of
any proper convex function on the interior of its effective domain [36, Thm. 24.5]).
Therefore ta* is quadratic (or linear) on int Li by the lower semicontinuity of *. For
Li with int Li , a slightly more general argument based on relative interiors of
convex sets leads to the same conclusion. Thus the function * Pv,Q is piecewise
linear-quadratic as claimed.

The terminology "linear programming in the general sense" in the case where
P 0 and Q 0 is justified similarly. The functions Pv,Q and Pu,P reduce then
to the support functions ay and au in (2.7), which are polyhedral convex (piecewise
linear) because U and V are polyhedral [36, Cot. 19.2.1].

Because PV,Q and Pu,P can take oc as a value in some cases, the linear-quadratic
programming problems (0) and (o) may have implicit constraints. Thus in mini-
mizing the function f given by (2.3) we are really interested only in the choices of u
that satisfy

(2.15) q-DuEL as well asuEU.

Likewise in maximizing the function g in (2.4) we focus on v satisfying

(2.16) D*v p K as well asvV.
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The polyhedral convexity of L and K in Proposition 2.3 together with that of U and V
means that these constraint systems can be represented in principle by finitely many
linear equations and inequalities.

A closer analysis of the sets L and K reveals additional structure that will be of
use to us. Here we denote the null space of Q by

nl Q {w Qw 0}
and the recession cone [36, 8] of V by

rcV--{wRt[v+AwV,VA>_O} for v E V.

The latter is the same regardless of the choice of v E V. It is a polyhedral convex cone
(always containing 0), because V is a polyhedral convex set [36, Thm. 19.5]. Indeed,
if V {v Mv <_ m}, one has rc V {w Mw <_ 0}. We denote the polar of a cone
G as usual by

(2.17) G {z z.w <_ O,/w e a}.
PROPOSITION 2.4. The effective domains L and K in Proposition 2.3 are the

polar cones

(2.18) L-[rcVnlQ] and K=[rcUnlP].
Thus

(2.19) L [t [the only w re V with Qw 0 is w 0],
(2.20) K Rk [the only z rc U with Pz 0 is z 0].
In particular L [t if V is bounded or if Q is positive definite, whereas K Rk if U
is bounded or if P is positive definite.

Proof. Let be given again by (2.10), so that * pv,Q as in (2.13). Since
L dome* and L is closed, we have by [36, Thin. 13.3] that the indicator (L is
conjugate to the recession function

(rc )(w) lim (v + Aw)/A,

where v G dom V (the limit being independent of the particular choice of v [36,
Thin. 8.5]). The limit works out to

0 ifwercUandQw=0,
(re

otherwise.

Thus rc tie for G rc V nl Q. The indicators 6( and tiL being conjugate to
each other, we conclude that G and L are cones polar to each other [36, 14]. i-]

An important question of mathematical modeling and computation in applica-
tions both finite and infinite-dimensional is whether a problem (P0), associated with
a certain choice of J, U, and V, can reasonably be replaced by a more amenable.prob-
lem ()0) obtained in substituting for U and V a pair of smaller sets U and V, e.g.
bounded sets. The theorem we state next provides the answers for finite-dimensional
linear-quadratic programming, although its full import will not be clear until the end
of 3. It will be the basis for an infinite-dimensional generalization at the end of 6.

THEOREM 2.5. Let (])o) and o be a pair o]finite-dimensional linear-quadratic
programming problems in the general sense. Consider also an auxiliary pair such
problems (Po) and (to) which corresponds to the same function J but subsets U c V
and V c V.
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(a) /f and are solutions to (])o) and (o) such that actually e U and E V,
then and are also solutions to (])o) and o

(b) Conversely, if and are solutions to (])o) and ((o), and i]U coincides with
U around (i. e. U f3 N U f3 N for some neighborhood N of) and V coincides with
Y around , then and are actually solutions to (])o) and (o).

Proo]. From Proposition 2.1 and Theorem 2.2 we know that and solve (P0)
and (t0) if and only if (, v) is a saddle point of J relative to U V. Likewise, and
V solve (P0) and (o) if and only if (, v) is a saddle point of J relative to U Y. The
former trivially implies the latter when U U and V V, and this establishes (a).
Under the assumptions in (b), (, ) is a saddle point relative to certain neighborhoods
of in U and v in V, i.e. it is a local saddle point relative to U V. But any local
saddle point must be a global saddle point by the convexity-concavity of J. [:]

3. Basic models in linear-quadratic programming. The nature of the p
functions appearing in the finite-dimensional linear-quadratic programming problems
in 2 is revealed more clearly in the examples that follow. These examples illustrate
various possibilities in formulation that one needs to appreciate in order to see the
broad scope of the optimal control problems which will be introduced in 4.

Example 3.1.
V R_. Then

(3.1)

(3.2)

It follows that in ()o) we

whereas in (o) we

(Classical linear programming.)

{ o

{ o

Let P 0, Q 0, U R_,

ifs <_0,
if s/ 0,
ifr <_0,

ifr/ 0.

minimize p. u

subject to Du >_ q, u >_ O,

maximize q. v

subject to D*v < p, v > O.

Note the role of oc in (3.1) and (3.2) in representing constraints in these problems as
discussed in connection with the sets L and K in Proposition 2.3.

Versions of linear programming that involve equality constraints or variables not
restricted to be nonnegative correspond to other choices of U and V as polyhedral
convex cones.

Example 3.2. (Standard quadratic programming.) Let Q 0 (but P 0) and
take V Rk, V R_. Then (2.8) holds, and in (P0) we

minimize p. u / u. Pu
subject to Du >_ q.

This is quadratic programming in the traditional sense. To see what the dual is we
must determine

(3.3) pa,p(r) sup {r.u- 1/2u. Pu}.
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If P is positive definite, we easily calculate the supremum to be 1/2r. P-lr, so that in
we

maximize q. v 1/2[D* v p]. p-lID,v p]
subject to v > 0.

If P is only positive semidefinite, the dualization is more subtle and is facilitated by
an algebraic normalization. First we can decompose U Ik into U1 U2, where
U1 (u Pu O) and U2 U. Then by a change of coordinates if necessary
we can actually suppose that U1 U2 Rkl Ik2 for some kx + k2 k, so that
P diag (P1,0) for an positive definite matrix P1 E Ikl kx. Writing u (u, u2)
with Ul E Rkl u2 I2 and correspondingly r (rl, r2) in (3.4), we calculate

pu,p(ri, r2) sup (rl "UI -" r2 "u2 1/2Ul. Pltl)
112

(3.4) 1/2r1 P-lr if r2 0,
oc if r # 0.

Also writing p (pl,p2) and D (D1, D2), we see that in (P0) we
minimize

subject to

whereas in (o) we

maximize

subject to

Pl Ul " P2 U2 + 1/2Ul PlUl
DlUl -+-D2u2 >_ q

q. v 1/2[Dv pi] P[[Dv
Dv P2, v >_ O.

Mixed systems of equality and inequality constraints can be handled by choosing
V I Ie for some 1 + 2 .

With further algebra transformations it is possible actually to normalize the study
of quadratic programming to the case where the matrix P is always diagonal. All one
h o do is provide a factorization

(3.5) P M*M with M Hmx for some dimension m.

Then the problem (0) at the beginning of this example can be written :

minimize p. u + O. u’ + u’. u’ over all (u, u’) Bk x m
satisfying Du + Ou’ q, Mu Iu’ O.

This c be identified a quadratic programming problem which can be written in
terms of the enlarged vector (u, u’) in the same format the original (P0), but with
med equality and inequality constraints d a diagonalized quadratic form (tually
with diagonal entries that are 0 for the components of u and 1 for the components of

Incidentally, some quadratic proming models can be set up more eily by
taking advtage of the matrix Q instead of P. For example, the problem

minimize Du q2
subject to u O,

where [. [is the Euclidean norm, can be regded the ce of (P0) where p O, P
O, Q-I, U=R, V=Re,inmuch
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The corresponding dual problem (0) is:

maximize q. v 1/21v[ 2
subject to D*v <_ O.

Example 3.3. (Basic piecewise linear programming.) Suppose P 0, Q 0. Let
U be any convex polyhedron in Ik (expressible by some system of linear constraints
which, for now, does not need to be specified), and let V be the unit simplex in I:
(3.7) V=(ve_ [v.l=l} where l-- (1,1,... ,1).
Then

(3.8) pv,Q(r) av(r) max ri for r-- (rl,... ,r).
i--1 ,

It follows that in ()0) we
minimize p. u + max (qi di. u} over u E U,

i--1

where qi is the ith component of q and di the ith row of D. The "max" expression in
the objective in ()0) is the pointwise maximum of a finite collection of affine functions
of u and represents a general piecewise linear (i.e. polyhedral convex) function of u in
the sense of [36, 19]. In the corresponding dual problem (o) we

maximize q v av(p D*v)
subject to v >_ 0, v. 1 1,

where au is the support function of U as in (2.7).
The constraint structure represented so far by the set U can be handled more

directly under a different choice of notation. Still with P 0 and Q 0, simply take
U I but

V vEl+ vi 1 for an index m sagisfying 1 < m.< ,
.=

where vi is the ith component of v. This time

]max= ,r ifr,+>_0,...,r_>0,
(3.9) pv,Q(r) flY(r)

oc otherwise.

Then in ()0) we
minimize

subject to

whereas in (o) we

maximize
i--1

p.u/ max (qi-di.u}
i-- l... ,m

di.u >_ qi fori=m-t-1,...,,

Example 3.4. (Bounded linear programming.) The linear programming problems
in Example 3.1 are stated in terms of unbounded variables, but in practice this may not
always be wise or convenient. Many linear programming codes ask the user to specify

m

subject to vi>_O fori=l,...,i, Zvi=l’ Zvidi=P"
i=1 i=1
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both upper and lower bounds for the vector u in the primal problem, say fi- _< u _< fi+.
The effects on duality, however, are not widely appreciated. In fact there is reason
impose upper and lower bounds on the dual variables too, say - _< v _< +. What
this corresponds to is a representation of constraints in terms of linear penalties, like
those in the currently popular g penalty function approach to nonlinear programming
(cf. Fletcher [38]).

To be specific, suppose P 0, Q 0, and let U and V be vectorial intervals
("boxes") defined by upper and lower bounds:

v y

Adopting the notation

(3.10) [s]+ max{O, s}, Is]_ min(O, s}
in the vectorial sense, where the max is taken component by component (so that
s Is]+ + Is]_), we get

(3.11) pv,Q(s) av(s) max v s + [s]+ +9-. Is]_,
5- <v<)+

(3.12)

It follows that in ()o) we

minimize

subject to

whereas in (o) we

maximize

subject to

pv,p(r) au(r) max u. r + [r]+ +fi-. [r]_.
-<u<+

p. u + + [q Du]+ + - [q Du]_
-<u<+

q.v + +. [D*v- p]+ +fi-. [D*v-p]_- <v<:+

Observe that these problems have piecewise linear objectives of a special kind. The
optimal values are always finite, so optimal solutions always exist (Theorem 2.2).

Bounded linear programming in this sense may be a more natural vehicle in
some applications than standard linear programming. Furthermore, problems in such
a format can be solved directly, without reformulating them in the traditional way.
Versions of the simplex method developed by Fourer [39] and the author [40, Chap.
11] can be used instead, for example.

Example 3.5. (Bounded quadratic programming.) This is a extension of the pre-
ceding example to allow for quadratic terms. Let

U [-, +1 and V [-, +1
again, and take

P diag [ill,... fl], Q diag [,... t],
where . _> 0, "/i _> 0. (The assumption of a diagonal form for P and Q does not
entail the loss of generality that might be imagined; cf. Example 3.2.) The calculation
of the p functions (2.5) and (2.6) decomposes into one-dimensional calculations of the
form

(3.13) max {ra- 1/2Ac2}
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for various intervals [a-, a+] and constants , _> 0. The maximum value in (3.13) is a
function of T E R that depends on the parameters a-, a+ and ,, and it is given by

(2T )a+)(a+/2) when T >_ ,a+,
(3.14) 0(T; a-, a+,A)- (1/2,)r2 when

(2T-- Aa-)(a-/2) when T _<

Despite its formula, this function of T has a simple form and a natural meaning. In
the case where , 0, it vanishes at T 0, is linear with slope a+ for T > 0 and linear
with slope a_ for T < 0. In the case where , > 0, it has a similar structure but with a
quadratic interpolation instead of a "corner." Indeed, it is the unique smooth function
whose values are given by a+T + const, for T sufficiently high, by a-v + const, for T

sufficiently low, and by (1/2,)T2 on the interval between.
With this notation, and denoting the components of p, q, and D by p., qi, di, and

so forth, we can express the primal and dual problems as follows. In (P0) we

’u2"] + Z 0 qi Z diju;):,minimize Z[PJUJ + 1/2 3

j=l i--1 j=l

uj <_uj<_u forj-1,...,k,subject to

whereas in (0) we

maximize

subject to

When . 0, /i 0, these problems reduce to the bounded linear case in Example
3.4. They are useful in modeling situations where constraints are not necessarily
sharp, as in stochastic programming (see Rockafellar and Wets [18] and King et al.
[41]). Thus for instance if [)-, +] [0, (/+] the corresponding 0 term in ()0) imposes
no penalty if the putative constraint =1 dijuj >_ qi is satisfied, a slight penalty at
a marginal cost that grows linearly (at the rate 1//i) from 0 as this constraint begins
to be violated, and eventually for large violations a penalty with constant marginal
cost /+.

Of course it is also possible to get versions of these problems in which the penalty
expressions do not eventually become linear but stay quadratic for arbitrarily large
violations. These correspond to limiting cases of O(T; a-, c+, ,) where a- -oc or
a+ oc, or both. They can be obtained by taking U and V not to be "boxes" but
orthants or products of orthants and subspaces, as in Example 2.3. [::]

In understanding the relationship between penalty models such as Examples 3.4
and 3.5 and the more traditional models without penalties, such as Examples 3.1 and
3.2, the facts in Theorem 2.5 are essential. As an illustration of the way Theorem 2.5
can be employed, let us look again at the standard linear programming problems in
Example 3.1. Suppose we know that an optimal solution to ()o) will exist within
certain upper bounds, say <_ fi, and also that a dual optimal solution to (o) will
exist within certain upper bounds, say _< 5. Then according to Theorem 2.5(a),
and v can be found by solving, instead of the given problems, the bounded linear

programming problems in Example 3.4 with

(3.15) u [a-, [0, v [0,
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The idea here that dual bounds can be given along with primal bounds is not so
far-fetched as it might seem. The components of a dual optimal solution V often have
interpretation as marginal prices, or as rates of change with respect to certain pertur-
bations of constraints. Economic limitations or experience may dictate appropriate
bounds. Anyway, there is no great harm in going ahead with solving the bounded
versions of the problems in terms of estimated bounds fi and . If solutions and
are obtained for which the upper bounds arb not tight, then and V actually solve
the original problems, according to Theorem 2.5(b). If the upper bounds are tight in
some components, they can be loosened and the procedure repeated.

4. Intertemporal linear-quadratic programming. The general problems of
optimal control that are the main object of our study can now be formulated. The
time interval [t0,tl] is fixed. The primal problem is:

(P) Over the dynamical system

&(t) A(t)x(t) + B(t)u(t) + b(t) a.e., x(to) Bue + be,

with control space

/= {(u, ue) u e ,, u(t) e U(t) a.e.,

minimize the functional

7(,)

[p(t + 1/2u(t) + [Pe ue + 1/2ue Peue ce x(tl)]P(t)u(t) x(t)]dt

+ Ov(O,(tl(q(t) C(t)(t) D(t)u(t)) + Ov,O.(O Cx(t) Du).

he dun problem is:

() Over he dynieN system

-(t) A* (t)(t) + C* (t)v(t) + e(t) a.e., (t) C2v + c,

wih control spe

mmie he funeionN

(,,,)

i [q(t). v(t) 1/2v(t) Q(t)v(t) b(t) y(t)]dt + [q v 1/2v Qv b y(to)]

Ov(tl,p(o(B’(t)(t) + D’(t)v(t)- p(t))dt- Ov,P (B2(to)+ D2v -).

Here

() e a, e a,, () e a, () e a, e ao, u() e a,
and dimensions of the other elements are determined accordingly. The matrices P(t),
Pc, Q(t) and Qe are assumed to be symmetric and positive semidefinite (possibly 0).
The sets U(t) [k, Ue Rk,, V(t) c and V c [ are assumed to be polyhedral



LINEAR-QUADRATIC PROGRAMMING AND OPTIMAL CONTROL 795

convex. The p terms are defined by (2.5) and (2.6). In general they are piecewise
linear-quadratic convex functions that may take on the value oc; cf. Proposition 2.3.
Various cases based in part on the finite-dimensional models in 3 will be viewed in
5. First we must clarify our technical foundations.

All the data elements in problems ()) and (), namely

A(t), B(t), C(t), D(t), b(t), c(t), P(t), Q(t), p(t), q(t), V(t), Y (t),
are assumed to depend continuously on t. For the sets U(t) and V(t) this means
continuity with respect to the usual notions of convergence of subsets of Euclidean
space that are not necessarily bounded; see Salinetti and Wets [42] for an exposition
of the convex case. Thus the multifunctions t -, U(t) and t -. V(t) should be lower
semicontinuous and of closed graph. Lower semicontinuity of t U(t) implies that
the multifunction t int U(t) is of open graph; indeed, by virtue of the convexity
of U(t), lower semicontinuity is equivalent to the latter property if int U(t) for
all t e It0, t,] (aocfellar [43, p. 458]). A special ce of continuous dependence, of
course, is the one where U(t) and V(t) are constant with respect to t.

Under these sumptions the dynamical systems in (P) and () are well defined
with respect to the control spaces U and . They determine unique absolutely con-
tinuous functions x and y from It0, t] to Rn.

In showing that the integrals in the objective functionals in () and () are well
defined too, we shall make use of the following.

PROPOSITION 4.1. The expression py(t),Q() (s) is lower semicontinuous jointly
in t and s, in fact continuous relative to ((t, s) s e int n(t)}, where

(4.1) L(t)- {s e t (t),(t)(s)< }.
Moreover L(t) depends lower semicontinously on t.

The same holds for the expression Pu(t),P(t)(r) and the effective domain

(4.2) K(t)- {r e Pu(t),e(t)(r) < }.
Proof. Our argument is bed on showing that the function (t),Q(t) depends

epicontinuously on t, i.e. its epigraph set

(4.) E(t) {(, ) e x .(),()() },
which is convex, depends continuously on t. Epicontinuity corresponds to a notion of
function convergence first considered by Wijsman [44] and subsequently developed by
others; see Wets [45]. It yields M1 the properties claimed. Indeed, if the multifunction
t E(t) is continuous, then by definition it is lower semicontinuous and of closed
graph. The closed graph property is equivalent to the lower semicontinuity of the
function

(4.4) (t, s) (t),Q(t)(s).
The lower semicontinuity of t E(t) implies from its definition the lower semiconti-
nuity of the domain multifunction t L(t), since L(t) is the projection in of the
epigraph (4.3). (Recall from Proposition 2.3 that L(t) is a closed convex set, since it
is polyhedral.) The multifunction t int L(t) is then of open graph, cited above,
i.e. te et {(t, ) e int L(t)} i o,n in te ,ce It0, t] . Te u,,er emion-
tinuity of PV(t),Q(t)(8) on this open set follows then from the lower semicontinuity of
t E(t) gin nd te corre,onding o,nne o {(t, ,) (, ) e int E(t)}, nd
with the lower semicontinuity noted earlier for (4.4) one gets continuity.
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To prove that Pv(t),Q(t) depends epicontinuously on t, we resort to the notation of
Proposition 2.3, where now, however, everything depends on t. We identify PV(t),Q(t)
with the conjugate ta of the convex function t jQ(t) + 5v(t), where 5v(t) is the
indicator of V (t) and

(4.5) jQ(t)(v) 1/2v Q(t)v.

Trivially diy(o depends epicontinuously on t, since its epigraph is just V(t) R+.
Furthermore the convex function jQ(t) is finite everywhere on It, and its values depend
continuously on t because Q(t) depends continuously on t. This implies by Wets [45,
p. 392] that jQ(t) depends epicontinuously on t and by McLinden and Bergstrom [46,
Thm. 6] that the sum JQ(O + v() depends epicontinuously on t. The operation
of passing to the conjugate of a convex function is known to preserve epicontinuity
(Wijsman [44]), so we may conclude that the function Pv(),Q() does depend
epicontinuously on t, as claimed.

THEOREM 4.2. In problem (])) the control space l is a nonempty closed convex
subset of l([to, t1 f, [k) X [k,, and the objective functional is well defined, lower
semicontinuous and convex, with values that are finite or

Likewise, in problem the control space ) is a nonempty closed convex subset
of l([t0, tl], Rt) x Rt, and the objective functional is well defined, upper semicon-
tinuous and concave, with values that are finite or

Proof. Only the first half has to be argued; the second half is parallel. The
convexity and closedness of /is obvious from the convexity and closedness of the sets
V(t) and Ue. The nonemptiness of / comes from the nonemptiness of U(t) and
and the continuity of t U(t)" the selection theorem of Michael [47] asserts that any
lower semicontinuous multifunction from [to, t] to Rk with nonempty closed convex
values has a continuous selection. Thus there actually exist pairs (u, ue) in /with u
continuous rather than just 1.

The mapping (u, ue) -* x from ([t0,tl],Rk) x R/ into (([t0, tl],ln) is affine
and continuous, even compact:

(4.6) x(t) M(t) Beue / be / M(T)-I[B(T)U(T) + b(’)]dT

where M(t) is the matrix with the property that (t) M(t)zo is the solution to
(t) A(t)(t), (to) xo. The terms

[p(t). u(t) c(t) x(t)]dt + [pe ue ce x(tl)]

in ’(u, ue) therefore give a continuous, affine functional of (u, ue). The mapping that
takes a pair (u, ue)in .([to, tl],k) x into the pair (s, se)in l([to, tl],)x It
given by

s(t) q(t) C(t)x(t) D(t)u(t), Se qe CeZ(tl) Deue,

is affine and continuous too.
It remains only to show that the expressions

Ii (u, ue) u(t) P(t)u(t)dt + ue Peue,

I2(s, se) Pv(t),Q(t)(s(t))dt + pV,Q(Se)
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give well defined, lower semicontinuous, convex functionals on /]l([t0,tl],Rk) x Rk"
and .l([to, tl],Rt) x Re" respectively, with values that are finite or oc. Certainly the
continuity of P(t) in t and the lower semicontinuity of py(t),Q(t)(s) jointly in t and s

(proved in Proposition 4.1) ensure that the integrands for I1 and I2 are measurable
in t.

All the terms in the formula for I are nonnegative and convex, because P(t)
and Pe are positive semidefinite. Therefore I1 is a well defined convex functional
with values in [0,]. Its lower semicontinuity follows from Fatou’s lemma, since
every norm-convergent sequence in .l([to, t],Rk) has a subsequence that converges
pointwise almost everywhere.

The argument for I2 is the same, after a normalization. We showed at the outset
of this proof that L/ contains a pair (u, u) with u actually continuous. The same
applies to ). Taking (v, v) to be such a pair in ) and observing from the definition
of the p functions that then

_> v(t),
we can write

where

s(t) v(t)dt + s v,

I3(s, se) [pv(t),Q(t)(s(t)) s(t) v(t)]dt + [pv,Q(se) se ve].

Thus 12 differs by only a continuous linear functional from a functional 13 whose
terms are all convex and nonnegative. As with 11 we can see that 13 is well defined
with values in [0, ] and is convex and lower semicontinuous. Therefore 12 has these
required properties, except that its values will generally be in (-oc, oc]. I-3

It is evident that in the minimization in ()) we are really interested only in the
controls (u, u) E [/yielding ’(u, ue) < oc. Such controls have to satisfy

(4.8) q(t) C(t)x(t) D(t)u(t) L(t) a.e. and q- Cx(tl) Du e L,

where L(t) and L are the effective domains of Pv(t),Q(t) and PV,Q (cf. Proposition
2.3). Similarly, in the maximization in () we are really interested only in the controls
(v, ve) yielding (v, ve) > -, and these have to satisfy

(4.9) B*(t)y(t) + D’(t)v(t) p(t) e K(t) a.e. and B;y(to) + Dv -pc e Ke,

where K(t) and Ke are the effective domains of Pu(t),P(t) and Pu,P. These implicit
constraints can be regarded as "linear," incidentally, since the sets L(t), L, K(t) and
K are polyhedral convex cones (Propositions 2.3 and 2.4).

As stated in 1, our approach in this paper to such implicit constraints involving
the states x(t) and y(t) is to skirt them when convenient by adopting alternative
problem formulations where they have no force, specifically because L(t). and L are
all of Re and Rt, or K(t) and K are all of R and R’. Accordingly the following
type of assumption will sometimes be of importance to us.

We shall say that the primal finiteness condition is satisfied if the functions
’(t),Q(t) and pv,Q are finite everywhere (i.e. L(t) R and Le Rt). Like-
wise, the dual finiteness condition is satisfied if the functions Pv(t),P(t) and pv,P are

finite everywhere (i.e. K(t) and K Rk). Criteria for this are furnished by
Proposition 2.4.
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PROPOSITION 4.3. If the primal finiteness condition is satisfied, then 7(u,
in (])) is finite for all (u, ue) e l with u E

Likewise, if the dual finiteness condition is satisfied, then (v, v) in (!) is finite
for all (v, v) ) with v

Proof. Under the primal finiteness condition the convex functions Py(t),Q(t) and
Pv,Q are finite on Re and R and therefore continuous on these spaces, inasmuch as a
convex function on a finite-dimensional space is continuous on any open set where it is
finite [36, 10]. Moreover py(t),Q()(s) is continuous jointly in t and s by Proposition
4.1 and consequently is bounded above and below on [t0, tl] x S for any bounded
subset S c Rt. For the function s(t) in (4.7), then, the expression py(t),Q(t)(s(t)) is.. in t when u(t) is/2 in t, as is the expression u(t). P(t)u(t). All the integrals in
the formula for ’(u, ue) are therefore finite when u e/2. The argument for (v,
under the dual finiteness condition runs the same way.

The reader may wonder why we have formulated problems (P) and () with con-
trol spaces involving 1 rather than oo. Matters would be simpler in some respects
with o, and for applications o is apparently more natural. The work done in
continuous-time programming uses too. Of course, our problems include the
case by simple restriction. The real reason for taking 1, however, is not extra gener-
ality but the need for allowing ample controls in order to close a possible duality gap
between ()) and (). The payoff will come in our result on strong duality, Theorem
6.3.

5. Special cases of the optimal control models. Our task now is to illumi-
nate the scope of the problems () and () introduced in 4. We explain how they
cover the linear programming models ()1) and (1) in 1 and much more.

The treatment of endpoints x(to) and x(tl) in ()) and y(to) and y(tl) in ()
departs from the traditional patterns in the literature on optimal control. We therefore
begin by considering various important cases embedded in our formulation and the
way they come to be dualized.

Example 5.1. (Problems with fixed endpoints.) How can one represent in terms of
the endpoint provisions in the structure of ()) a problem in which an integral

u(t) + 1/2u(t) P(t)u(t) c(t) x(t) + -C(t)x(t)- D(t)u(t))]dtPu(t),Q(t)(q(t)

is minimized over all pairs x u, satisfying u(t)

(5.2) (t) A(t)z(t) + B(t)u(t) + b(t) a.e., x(to) ao, X(tl)

where ao and al are fixed points in R? The requirement x(to) ao can be handled
by setting b ao and trivializing the u vector by taking Rk to be zero-dimensional
(so U {0}, B 0, D 0, p 0, P 0). Only the term

(5.3) PV,Q (qe Cex(tl )) ce x(tl

remains then in the endpoint expression for ()). This can be made to represent the
requirement X(tl) al as follows. First choose V R and Q 0, so that

0 if 8e 0,

( ifs#0.
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Then

{ 0 if C z(t ) qe,

if #
Now all one has to do is take Ce I, qe a, ce O.

Note that the dual problem () in this case has as its endpoint term

(5.6) qe.ve- 1/2ve.Qeve-be.y(to)-py,p (By(to)+Dve-pe) a .y(t)-ao.y(to).

In (), therefore, one maximizes

(5.7)

[q(t). v(t) 1/2v(t). Q(t)v(t) b(t). y(t) Pu(t),P(t)(B" (t)y(t) + (t)v(t)D* p(t))]dt

+a y(t) ao y(to)
over all pairs y, v, such that v(t) V(t) a.e., v /, and

(5.8) -l(t) A* (t)y(t) + C* (t)v(t) + c(t) a.e.

(with no restriction on the endpoints y(to) and y(tl)).
Of course one can stop with (5.4), (5.5), and have in place of x(tl) al the more

general constraint Cex(tl) qe for some matrix Ce and vector qe. In (t) this would
correspond to replacing the term al. y(tl) in (5.7) by qe .ve, where ve is unrestricted
but y(t) Cv in (5.8) (if c 0 still).

If we only want x(to) ao in (5.2), so that x(tl) is a free endpoint in (), and
correspondingly want to incorporate a term -dl. x(tl) in the objective (5.1), we can
represent this by trivializing the vector ve too, i.e. by taking R, to be zero-dimensional
(so that Ve {0}, Ce 0, qe 0, Qe 0), and setting ce dl. Then the term (5.3)
reduces to -dl. x(tl). In the corresponding version of (t) the term al. y(tl) drops
from (5.7) but y(tl) dl is added to (5.8). Thus (t) is a problem of the same type
but with y(tl) fixed and y(to) free.

Example 5.2. (General linear constraints on endpoints.) Instead of fixed endpoints
let us consider a much more general case where the functional (5.1) is to be minimized
over all pairs x, u, satisfying u(t) E U(t) a.e., u E/1,

(t) A(t)x(t) + B(t)u(t) + b(t) a.e.

and a constraint system of the form

(5.9) Aox(to) + Alx(tl) >_ a

on the endpoints, with a . This can be placed in the form of (P) by choosing
Be I and be 0 (so that x(to) ue in ()) and then setting Ue Rn, De Ao,
Ce A1, qe a, Ve _, Qe 0. Then

(5.10) PV.,Q. (qe Vex(t1) Deue) { 0 if (5.9) holds,
oc otherwise.

Taking pe 0, Pe 0, ce 0, we get all the endpoint terms other than (5.9) to drop
out, and (P) then represents the problem as specified.

The corresponding dual problem () maximizes

[q(t).v(t)- (B* (t)y(t)+D* (t)v(t)-p(t))]dt+a.vev(t).Q(t)v(t)-b(t).y(t)-pu(t),p(t)
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over all y, v, ve satisfying v(t) e V(t) a.e., v E , ve e R_,
(5.11) -(t)= A*(t)y(t)+C*(t)v(t)+c(t) a.e., y(to) -A)ve, y(tl) A*ve.

Obviously the inequality in (5.9) can be converted to an equation by taking Ve
d instead of R_. For a particularly interesting case of this, let A0 -I, A1
I, a 0. Then (5.9) reduces to the requirement that x(to) x(tl), and the endpoint
conditions in (5.11) reduce correspondingly to y(to) y(tl) ("periodic" boundary
conditions).

Example 5.3. (Basic intertemporal linear programming.) Problems ()) and ()
turn into the basic linear programming models () and (1) described in 1 when
P(t), Pc, Q(t) and Qe are zero matrices and

(5.12) U(t) [k+, U +, V(t) [+, Ve
in the pattern of Example 3.1. By choosing products of orthants and subspaces in
(5.12) instead of merely orthants, one obtains the versions of these problems having
a mixture of equality and inequality constraints. Neither the primal nor the dual
finiteness condition (as defined in the last section, before Proposition 4.3) is satisfied
in any such formulation, however.

The endpoint conditions in Examples 5.1 and 5.2 all fit into the mold of this
example, since only linear constraints are involved.

Example 5.4. (Bounded intertemporal linear programming.) With P(t), P, Q(t)
and Qe still taken to be zero matrices as in the preceding example, replace (4.8) by
a choice of vectorial intervals giving upper and lower bounds on the various control
vectors"

U(t)- [-(t),+(t)], U -[fi-,fi+], V(t)= [)-(t),)+(t)], V [O[,e+].
The assumption of continuous dependence of V(t) and V (t) on t is satisfied if the
vectors -(t), t+(t), )-(t) and +(t) depend continuously on t. In this case the
primal and dual finiteness conditions are both satisfied. In the notation introduced in
Example 3.4 the objective in ()).is to minimize

’(u, ue) [p(t). u(t) c(t) x(t)]dt + [p u c x(tl)]

+ ?-(t). [q(t) C(t)x(t) D(t)u(t)l_dt + 2" [q Cz(t) Du]_

+ ?+ (t). [q(t) C(t)x(t) D(t)u(t)]+dt + +. [q C:(t) D]+,

while the objective in () is to maximize

9(v, v) [q(t). v(t) b(t) (t)]dt + [q v b (to)]

-(t). [B’(t)(t) + D*(t)v(t) p(t)]_dt -2" [B2(to) + Dv

+(t). [B*(t)(t) + D*(t)v(t) p(t)]+dt +. [B2(to) + D:v p.]+.
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For instance, by taking

(.) V(t) [-, ], Y [-,],
where 1 denotes a vector (1, 1,..., 1) of appropriate dimension, we obtain in ())) the
objective
(.)

’(u, u) [(t). u(t) -e(t). (t)]t + [p, .u c. (t)]

+ A I]q(t)- C(t)x(t)- D(t)u(t)l[ldt + Allq -Cex(t)- Deulll,

where

(5.16) IIlll II(l,,,,, )i[1 Ixl +,., +
This corresponds to a mathematical model in which constraints of the form

(5.17) C(t)x(t) + D(t)u(t) q(t) a.e., Cex(tl) + Du qe,

are to be enforced by linear penalties with parameter values A > 0 and Ae > 0
sufficiently high.

These ideas are useful in particular in penalty representations of endpoint con-
straints like the ones discussed in Examples 5.1 and 5.2. Thus a condition x(t) a
can be modeled by a term A(l(x(tl)-a[[ in the objective (the case of Ce I, n 0
and q a in (5.15) and (5.17)). A condition x(to) ao corresponds of course to a
trivial interval U [0, 0] and needs no penalty representation.

Example 5.5. (Intertemporal piecewise linear programming.) In the general case
where P(t) O, Pe O, Q(t) 0 and Qe O, one minimizes in ()) the objective

jr(u, u) [(t). u(t) c(t). :(t)lat + [ .u c. :(t)]

+ av(tl(q(t) C(t)(t) D(t)u(t))dt + ev. (q Cx(t)

and one maximizes in () the objective

9(v, v) [(t). v(t) b(t). (t)]t + [ .v b. (to)l

atz(t)(B*.(t)y(t) + D*(t)v(t)- p(t))dt- av,(By(to) + Dve -Pe),

where the a terms are support functions defined by (2.7) and are polyhedral convex
(piecewise linear).

There are two different ways of using this general piecewise linear model, beyond
those already covered in Examples 5.3 and 5.4, that deserve emphasis here. The first
is in problems where the objective directly involves piecewise linear terms expressed as
the pointwise maximum of finite collections of affine functions. This case corresponds
to the I)atterns in Example 3.3 and need not be written out in detail. One has

V(t) [simplex in Ie x [orthant or interval in

and similarly for Ve. Note that in taking in an interval for the second term in each
product one has a case where V(t) and Ve are both bounded, so the primal finiteness
condition is satisfied.
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The other way of using this model is less obvious but important in reaching
formulations of intertemporal linear programming problems that satisfy the primal
and dual finiteness conditions. As already noted in Example 5.3, those conditions are
never fulfilled in the basic case of ()1) and ( 1), but they can be brought to bear
by passing to a bounded linear programming formulation as in Example 5.4. A more
subtle approach is possible, however, in which only some of the constraints receive
a linear penalty representation, namely those that definitely involve the state x(t)
(or y(t)). This might turn out to be a valuable consideration in the application of
numerical methods for finding solutions.

For example, suppose we are dealing with a problem initially in the ()) format
but with constraints partitioned to clarify the involvement of x(t):

minimize

[p(t u(t) c(t) x(t)ldt + [p u c x(t)]

subject to
C (t)x(t) + D(t)u(t) >_ q (t),
D2(t)u(t) >_ q(t), u(t) >_ O,

Cx(t1) +Du >_ q,
D:u >_ q, u >_ O,

where q (t) , q(t) , q , q: [. The ()) format corresponds to
ehoosing

[,o ] [ ]C(t)
C t) D(t) D(t) Ce De L De:n(t)
u(t) , u +., v(t) +, v

(with g gx + g and te tel + e). An alternative formulation, however, is to take

C(t) Cl (t), D(t) D (t),
u(t) {u > O ID:(t)u > q},

q(t) ql (t),
v(t) ,

qe qel

v .
If U(t) and Ue happen to be bounded sets, we have the dual boundedness condition
satisfied in this formulation even though it was not satisfied in the formulation as ()1).

What effect does this alternative have on the nature of the dual problem? One
maximizes the expression

i’ [qi (t) vl (t) b(t) y(t)]dt + [ql vi b y(to)]

au(t)(B*(t)y(t) + D(t)v(t)-p(t))dt-av(By(to)+ DlVe

subject to Vl (t) ( ’ and ve e I_". One has

-av(t)(r) :=- sup{r, u I= -> 0, D2(t)u >_ q2(t)}
inf{-r, u u > O, D2(t)u > q2(t)}

=sup{q2(t) .v21v2 >_ O, D(t)v2 <_-r}
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by finite-dimensional linear programming duality, so that

au(t)(B’(t)y(t) / D(t)vl(t) p(t))
sup{q2(t).v2 v2 > O, B*(t)y(to) + D(t)v(t) + n(t)v2 <_ p(t)}.

Similarly

av (By(to) + D:ivi pe)
sup{qe2 ve2 ve2 >_ 0, By(t) + D:ivei + D:2ve2 <_

The dual problem for the alternative approach is therefore essentially the same as
(Q), except that the v2 and re2 components in Rt2 and Rt2 have been "maximized
out." These components can ultimately be recovered if necessary, but in the meantime
we do not need to worry about them in connection with theorems about optimality
conditions, existence and duality, in particular the oo requirement on v(t) in ().

Of course, in order for this approach to work, we must also be able to verify the
assumption of continuous dependence of U(t) on t. When U(t) {u > 0 D2(t)u >
q2(t)}, this is satisfied for instance if D(t) and q:(t) do not actually depend on t, or
if there is a continuous function u such that u(t) > 0 and D:(t)u(t) > q2(t) (strict
inequality in every component). For the latter and also more general cases involving a
possible mixture of equality and inequality constraints, see Rockafellar [48, Cor. 3.3].

Similar ideas can be applied to a partitioning of the constraints of a problem (
into those that affect y(t) and those that do not. In (P) this would correspond to
dynamics Ax + Bu + b, x(to) Beue + be, where B [B1,0] and Be IBex, 0],
i.e. not all components of u and ue are directly active in the dynamics.

Example 5.6. (Linear-quadratic regulator problem and generalizations.) Consider
now a classical type of problem having the form

(5.18)
minimize

subject to

[u(t). P(t)u(t) + (x(t) (t)). R(t)(x(t) (t))]dt

l
(x(t a Re(x(t a

U E ([tO,ti],lk),
(t) A(t)x(t) + B(t)u(t) + b(t) a.e., x(to) ao,

where ao and al are given points, is a given function (continuous), P(t) is positive
definite, and R(t) and Re are positive semidefinite. This can be formulated as a
problem ()) by introducing factorizations

(5.19) R(t) C*(t)Q(t)-C(t) and R CQ[1C,
where Q(t) and Q are positive definite. (If R(t) and Re themselves are positive
definite, one can of course take C(t) I, Q(t) R(t) -1, Ce I, Qe R-, in
(5.19).) Set

p(t) O, c(t) O, D(t) O, q(t) C(t)i(t), U(t) , V(t) a.
Then in the general format of ()) the terms

p(t) u(t) P(t)u(t) c(t) x(t) + Pv(t),Q(t)(q(t) C(t)x(t) D(t)u(t))
reduce to

1/2u(t) P(t)u(t) + 1/2(x(t) (t)) R(t)(x(t) (t)).



804 R. T. ROCKAFELLAR

For the endpoints, trivialize ue by taking R to be zero-dimensional (so Ue {0}, pe
O, Pe O, Be O, De O) and let be ao, qe Ceal, ce O. The terms

pe ue + 1/2ue Peue ce X(tl) - Pv,,Q,(qe Cex(t) Deue)
in (P) then reduce to

](x(t) a) Re(x(t) a),
d we get the desired problem (5.18) a special ce of (P). The corresponding
dual () h the form

minimize [(t). C* (t)v(t) b(t) y(t)]dt + [a C2ve y(t0)]

(S.O) Iv(t). (t)v(t) + (t) S(t)(t)]dt Ivy.v
subjt to v e ([to, t], Rt), ve

9(t) A* (t)y(t) + C*(t)v(t) a.e., y(ti) C;v,
where

(5.21) 8(t) B(t)P(t)-B*(t).
Note that in this exple the primal and dual boundedness conditions are both

satisfied.
Generalizations of the line-quratic relator problem c be made in severM

directions without going beyond the format of our problem (). For instce, instead
of letting u(t) be a fr vector in Rk one c insist on bounds fi-(t) u(t) +(t).
DuMly one c introduce bounds

-AI v(t) AI d

for peter vues A > 0, Ae > 0. The efft of this on the formulation of the original
problem (5.18) is to reple the purely quratic penalty expressions by terms that
e quadratic ne the origin but eventuly grow at a linear rate. Thus for exple
if

R(t)=I d =eI for >0,.e>0
(corresponding in (5.19) to C(t) I, Q(t) -I, C I, Q I) one h
terms

(/) I(t)- (t)ldt + (/2)l(t)

in (g. 18) ghag e replied by

(li(t) i(t)l)dt + (li(t) il)
i=1

where i(t) d ehe ih eomponengs of (t) d d is he owh function
defined by

when 0
()

a(r- (/)) + (/.) h /,
d similly in germs of d .

Sill ogher generNiagions of ghe line-quMraie re.labor problem are covered
by he paggerns in ghe nexg exple.
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Example 5.7. (Bounded intertemporal quadratic programming.) This corresponds
to the finite-dimensional bounded quadratic programming models in Example 3.5 in
the same way that Example 5.4 corresponds to the finite-dimensional bounded linear
programming models in Example 3.4. Due to all the notation involved, we shall not
write these problems out in full. The point is, however, that these areformulations of
considerable versatility which allow for quadratic terms without damaging the explicit,
symmetric nature of the dualization.

Example 5.8. (Problems whose duals are essentially finite-dimensional.) Suppose
in problem ()) that C(t) O. Then in () the trajectory y is uniquely determined
from ve alone. Although v(t) still appears in the objective in (), it does so in a very
simple way: the value chosen for v(t) has no connection to past or future. At each
time t one can just take v(t) to maximize the expression

q(t) v(t) 1/2v(t) Q(t)v(t) b(t) y(t) pv(t),Q(t)(B*(t)y(t) + D*(t)v(t) p(t))

over V(t), where y(t) is already fixed. In this sense () is really a problem in ve alone
and is therefore finite-dimensional. (Of course v(t) must ultimately be an 1 function
of t.)

6. Saddle points and optimality. The duality between problems ()) and
() will be established by associating them with an infinite-dimensional saddle point
problem. This will lead to the principal results of this paper, which concern the
existence and optimality properties of solutions to ()) and ().

The saddle point representation we aim at follows the general guidelines at the
beginning of 2. We take the control spaces U and ) already introduced in 4 (which
are nonempty by Theorem 4.2) and define on / ) a certain functional J, namely

(6.1) J(u,..ue; v, ve) J(t, u(t), v(t))dt + Je(ue, Ve) [(U, Ue), (V,

under the convention oc oo oc (see below), where

J(t, u, v) p(t) u + q(t) v + 1/2u P(t)u 1/2v Q(t)v v D(t)u,

(6.3)
and

(6.4)

Je(ue, Ve) Pe Ue + qe ve + 1/2ue Peue 1/2Ve Qeve re" Deue,

The common value of the two expressions for [(u, ue), (v, ve)] in (6.4) stems from the
integration-by-parts formula

fty(t) c(t)dt + y(to) x(to) lx.t. l(t)dt + x(tl) y(tl).

The term [(u, ue), (v, ve)], which is affine in (u, ue) for fixed (v, ve) and affine in (v, ve)
for fixed (u, ue), as well as continuous with respect to all. arguments, embodies the
fundamental connection between the control systems in ()) and (!).

The convention oc- oc oc mentioned in the definition (6.1) of J refers to
possible ambiguities in the value of the integral of J(t, u(t), v(t)). In general, since

[(u, ue), (v, ve)] y(t) [B(t)u(t) + b(t)]dt + y(to) [Beue + be]

(t). [C’(t)v(t) + c(t)ldt + (t). [C2v + c].
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u(t) and v(t) are only 1 in t, the integral of the term u(t). P(t)u(t) might be oc, the
integral of v(t). Q(t)v(t) might be -oc, and the integral of v(t). D(t)u(t) might be
either. We use oo-oc c to resolve any dilemmas in extended arithmetic that might
arise. This amounts to taking the integral term in (6.1) to be oc if J(t, u(t), v(t)) is
not majorized by any 1 function of t. Of course if J(t,u(t), v(t)) <_ a(t) for an 1
function a, then the integral has an unambiguous value which is finite or -oc, whereas
if J(t, u(t), v(t)) >_ (t) for an 1 function , it is finite or oc. Actually there is no
difficulty at all if u E oo or v E oo: one has

(6.5) J(u, ue; v, ve) < cx) when u

(6.6) J(u, u; v0 v) > -oo when v

and therefore J(u, ue; v, re) finite when both u oo and v oo.
Anyway, under the specified convention J is a well-defined functional on / )

which is quadratic convex in (u, ue) and quadratic concave in (v, ve). The convention
cx)- oo -oc could have been used instead and would have led to a functional
that would serve our purposes in equivalent fashion; we shall occasionally make use
of in our proofs. Obviously from (6.5) and (6.6), J and agree whenever u e oo
orvE.

THEOREM 6.1. Problems ()) and () are the primal and dual optimization
problems associated with the saddle point problem for J on l ). Thus the functional

" which in (])) is minimized over l is given by

(6.7) iT(u, ue) sup J(u, ue; v, v),
(v,v)

whereas the functional which in 0 is maximized over ) is given by

(6.8) .(v, re) inf J(u, u; v, v).
(u,u)

Prool. In establishing (6.7) we take the second of the expressions in (6.4) for the
term [(u, u), (v, v)] in the definition (6.1) of J, so that

(6.9)

2(, u; v, v) [(t) u(t) + 1/2u(t) P(t)u(t) c(t) (t)]dt

+ (v(t). [q(t) C(t)(t) D(t)u(t)] v(t). (t)v(t))dt

+ [Pe "ue + ue" Peue ce" x(tl)]
+ re" [q Cex(t) Du] v .Qv.

om the definition (2.5) of the functions (t),Q(t) and ,Q it is clear that

(6.10) 7(u, ue)
d that the desired equation (6.7) c be verified by showing that the equation

(6.11) sup Iv(t). s(t)- v(t). Q(t)v(t)]dt
v(t)v(t)

holds for arbitrary

(.) sup Iv(t) (t)
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for the convex function t(v) jQ(t)(v)/hy(t)(v)utilized in the proofs of Proposition
2.3, 2.4, and 4.1. It holds by [49, Whm. 2] (or [50, Whm. 3C]) if (t, v) t(v) is a so-
called normal integrand and the left side of (6.12) is not -c. Actually (t, v) is lower
semicontinuous jointly in t and v, inasmuch as Q(t) and V(t) depend continuously on
t, whereas normality merely requires ta(t, v) to be lower semicontinuous in v for fixed
t and measurable in (t, v) with respect to the a-algebra in [to, tl] Re generated by
the Lebesgue sets in [to, tl] and the Borel sets in Re [50, Thm. 24]. Thus is normal.
Furthermore the left side of (6.12), or equivalently of (6.11), cannot be -oo, because
the integral is finite when v E , and we do know (from the proof of Theorem 4.2)
that ) contains at least one pair (v, ve) with v actually continuous.

Our argument has not only verified (6.7) but shown that the same would be
true if J were replaced by the alternative functional using oc- oc -oc instead
of x)- oc x). Indeed, (6.10) still holds for , since J >_ . Everything else is
unchanged, because we relied only on v E o, and for such v the values of J and
agree. This symmetry is all we need to conclude that (6.8) is valid too.

THEOREM 6.2 (Weak Duality). For the optimal control problems (])) and
it is always true that

inf ()) _> sup ().
Furthermore a pair ((, e), (, Ve) is a saddle point of J on l ) i] and only if (, e)
solves (])), (, solves t and min (P) max (t) (finite).

Proof. This is just a repeat of the general facts in Proposition 2.1 for the specific
case in Theorem 6.1.

A stronger result is obtained by appealing to the finiteness conditions for ()) and
() that were introduced at the end of 4. We wish to emphasize again, as in 1, that
this is by no means the most general result on strong duality. Rather, it is presented
as a relatively simple result which is easy to work with and already capable of covering
many important cases, especially in view of the modeling possibilities explained in 5.

THEOREM 6.3 (Strong Duality). If the primal finiteness condition is satisfied,
then

(6.13) inf ()) max () < ,
and moreover the dual objective is weakly sup-compact relative to ), i.e. all level
sets of the form
(6.14)

are weakly compact in
Likewise, if the dual finiteness condition is satisfied, then

(6.15) min (P) sup (t) > -oc,

and moreover the primal objective P is weakly inf-compact relative to l, i.e. all level
sets o] the form
(6.16)

are weakly compact in 1([tO, tl],l) x I.
Thus i] both finiteness conditions are satisfied, solutions exist to both () and

(), and

(6.17) min (P) max () (finite).
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Proof. Our proof of the formulas (6.7) and (6.8) in Theorem 6.1 gave something
slightly stronger that will now be of use: if we denote by U and )o the subsets of
/and ) having u 2 and v j, then

(6.18) 7(u, ue) sup J(u, ue; v, ve) for all (u, ue),
(v,v)oo

(6.19) (v, ve) inf J(u, ue; v, Ve) for all (v, v).

In order to obtain (6.13) it will be enough by this to demonstrate

(6.20) inf sup J max inf J,

since the inequalities
inf sup J _> inf sup J _> sup inf J

hold trivially. The one-sided minimax theorem of Moreau [51] will justify (6.20) pro-
vided we can show that under the primal finiteness condition J(u, u; v, ve) is weakly
sup-compact in (v, v) relative to ) when (u, u) e U. The latter will also give us
the claimed sup-compactness of ff via (6.19).

Fix (u, u) U. Taking J expressed in (6.9) and introducing s(t) and 8e
in (4.5), we have

(.1) 2(u,u;v,v)= [v(t).(t)-v(t).(t)v(t)]dt+[v.s-v.vl+const.
for all (v, v) , where o(t) is in t. The required sup-compactness property of

is the weak compactness of the level sets

{(v,v)e]J(u,u;v,v)} foreR.

We recognize now that this is the same the weak compactness of the level sets

(a.) {(v, v) e v(t). (t)v(t)et + v v ((v, v), (, )) }

for N, where

(.a) ((v, v), (, )) v(t) (t)et + v

Once again the convex function

j(t)(v) + #(t)(v) I v. Q(t)v if v e V(t),
t(v)

if v V(t)
will be useful, together with

() j() + 6v () { Qv if Ve y,
ifv V.

The convex functional

I(v, v) t(v(t))dt + p(v)

is well defined on ([to,t],N) x N" with values in [0, ), and in terms of it the set
(6.22) can be written

(.4) {(v,v) e g([to, t],a) x I(v,v) ((v,v),(s,)) }.
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We shall be able to establish the weak compactness of this set for arbitrary (s,
([t0, tl], Rt) Rt and E R by means of the theory of integral functional conjugate
to each other [49], [50].

Let us think of the spaces i([t0,tl],Rt R and ([to, t],) I as dual
to each other under the pairing (6.23). The pairing formula and the formula for I can
actually be viewed as integrals over a measure space that is the union of [to, t] and
an atom (e} of measure 1. In this sense I is an integral functional, pure and simple.
The functional

I*(,) ((t))dt + *()

on ([t0, tl],lt) I, where and are conjugate to t and e, is an integral
functional too, and I and I* are conjugate to each other by [49, Thm. 2] (or [50,
Thin. 3C]) with respect to the pairing (6.23). Indeed $ Pv(t),Q(t) and
Pv,Q, so and are finite convex functions on Rt under the primal finiteness
condition we are assuming. Purthermore (s) is for each s R continuous in t by
Proposition 4.1, hence integrable over [to, tl]. These properties for I* plug into the
weak inf-compactness criterion of [49, p. 538] for integral functional on -type spaces
and prove the required weak compactness of all level sets of the form (6.24) for the
conjugate functional I (I*)*.

The proof of (6.15) and the weak compactness of the sets (6.16) follows now by
symmetry.

COROLLARY 6.4. Suppose the primal and dual finiteness conditions both hold.
Then in order that (,) solve (])) and (, ve) solve (), it is both necessary and
suicient that (,), (, e)) be a saddle point of J on l ).

Proof. According to Theorem 6.2 the saddle point condition is always sufficient,
and if min ()) max() it is also necessary. Necessity therefore follows from the
primal and dual finiteness conditions by the result just proved in Theorem 6.3. [El

The saddle point condition in Corollary 6.4 means that (,)
and

< v, <
for all (u, ue) U and (v, ve) E 3). This "global" condition actually decomposes, as
we show next, into an instantaneous saddle point condition at each time t and an
"endpoint" saddle point condition.

THEOREM 6.5 (Minimaximum Principle). For (, ), (, to be a saddle
point of J on l ), it is necessary and suIcient that the following conditions hold
(in addition to (t) and V(t) being , in t). For almost every t [t0,tl]
(6.26) ((t),v(t)) is a saddlepoint relative to U(t) V(t) for

J(t, u, v) u B* (t)(t) v C(t)(t),
and also

(6.27) (,) is a saddlepoint relative to Ue V for
J(u, v) u Sy(to) ve C-(t),

where and are the primal and dual state functions corresponding to (, e) and

Proof. The saddle point condition (6.25) for J on x is equivalent by Theorem
6.1 to the condition

(6.28) 7(, e) J(, e; v, ve) g(v, e).
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Let us write this as

(6.29) 5r(,) + J(,; v, v) + (, Be) + ,
where

It(t) e(t) + b(t). (t)]dt + c. e(t) + b. (to) [(, ), (, )1.

The alternative expressions for [(g, ge), (, )] in (6.4)give

[e(t). e(t) (t)-B’(t)(t)ldt + [. e(t) . B2(t0)]

[b(t). (t) (t). C(t)e(t)]dt + Ibm. (to) . Ce(t)].

Using these along with the formulas defining jr, , and J, we get expressions of the
form

’(,) ft((t))dt +

9(,) + -a= -Ot((t))dt + 0(),

J(,; v, v) + -t((t), (t))dt + -(u, v),

where

(6.a0) -]t() [p(t)- B’(t)(t)] .u + 1/2u. P(t)u + ov(t),Q(t)(q(t) C(t)e(t)- D(t)u),

(6.31) e(ue) [Pe By(to)] u + 1/2ue Peue + PV,,Q, (qe CeS(ti) Deue),

(6.32) t(v) [q(t)-C(t)g(t)] .v- 1/2v.Q(t)v- pv(t),p(t)(B*(t)(t) + D*(t)v-p(t)),

(6.33) O(v) [q C(t)] v 1/2v Qv pv,,p,(By(to) + Dv p),

(6.34) Jr(u, v) J(t, u, v) u B* (t)(t) v C(t)(t),

(6.35) -Je(Ue, Ve) Je(ue, ve) ue B:(to) ve Ce(tl ).
The saddle point condition on ((,), (V, V)), written as (6.27), is equivalent under
this formulation to

--ft((t))dt + --]() -t((t), (t))dt + -(,)
(6.36)

-t((t))dt + -().

But

(6.37a) ?,(u) sup t(u, v), Or(v)
veV(t)

inf -t(u, v),
uv(t)

(6.37b) ](u) inf (u, ve), O(v) sup (u, v),
v

_
Ve uEU,



LINEAR-QUADRATIC PROGRAMMING AND OPTIMAL CONTROL 811

by the definition of the p terms in (6.30) (6.33), so

ft(u) >_ J(u, v) > gt(v) for all u E U(t), v E U(t),
f,(u,) _> >_ E u,, E u,.

Since the left side of (6.36) cannot be -oc, whereas the right side cannot be oo (from
the corresponding facts about r(u, we) and .(v, ve) in Theorem 6.1), condition (6.36)
holds if and only if

?t((t)) -t((t), w(t)) -gt(w(t)) a.e., fe(e)
In view of (6.37a) and (6.37b) these are precisely the "instantaneous" and "endpoint"
saddle point conditions asserted.in the theorem.

Theorem 6.5 has an interesting interpretation in the context of the finite-dimen-
sional linear-quadratic programming problems in 2, as revealed by its proof. We shall
formulate this as a corollary.

Corresponding to the trajectories and , consider the "instantaneous" primal
and dual problems associated with the linear-quadratic form t(u, v) on U(t) x V(t),
where Jt is given by (6.34), namely:

(Pt(,)) minimize ft(u) over u G U(t) where ft is given by (6.30),
(t(,)) maximize gt(v) over v V(t) where t is given by (6.31).
Consider too the "endpoint" primal and dual problems associated with the linear-
quadratic form -e(ue, ve) on Ue x Ve, where e is given by (6.35), namely:

()e(,)) minimize e(ue) over ue Ue where e is given by (6.32),
(e(,)) maximize e(Ve) over Ve Ve where e is given by (6.33).

COROLLARY 6.6. For ((E, Ee), (, e)) to be a saddle point of on 1 ]), it
is necessary and suicient that the following conditions hold (in addition to u(t) and
v(t) being 1 i ). For almost every te [t0,tl]
(6.38) (t) solves the instantaneous primal ()t(g,)), and

V(t) solves the instantaneous dual

and furthermore
e solves the endpoint primal ])e (-, ) and
Ve solves the endpoint dual e(,)).

Proof. Because the instantaneous and endpoint problems fall in the category of
finite-dimensional linear-quadratic programming, we can apply Theorem 2.2 to them
and see that (6.38) entails

min(Pt(g, )) max((g, y)),
and (6.39) entails

min(P(, )) max( (, y)).
It follows then from Proposition 2.1 that (6.38) is equivalent to (6.26), whereas (6.39)
is equivalent to (6.27).

Our final result extends Theorem 2.5 to the infinite-dimensional case. It provides
a basis for the idea that in intertemporal linear-quadratic programming as well as in
finite-dimensional linear-quadratic programming, a given pair of problems ()) and
() can often be remodeled, at least for computational purposes, by a more tractable
pair ()) and () in the pattern of bounded linear or quadratic programming as in
Examples 5.4 and 5.7.
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THEOREM 6.7. Consider along with (])) and () an auxiliary pair of problems
(])) and () under the same assumptions and defined by the same data, except with
the control sets U(t), Ue, V(t), and Ve replaced by sets

(6.40) U(t) c U(t), U c U, V(t) c V(t), V c V.
Suppose min(P) max(Q), as would be true in particular 5y Theorem 6.3 if the sets

U(t), Ue, V(t) and Ve are all bounded.
(a) g (,) and (v, ve) satisfy the instantaneous and endpoint conditions in

Theorem 6.5 (or Corollary 6.6) and also are such that

(t) e U(t) .a.e., E U, (t) V(t) a.e., V,

then (,) solves not only (])) but (P), and (v,v) solves not only ) but ).
(b)/] (,)solves (P) and (,Ve) solves (), and ifV(t) and Y(t) coincide with

V(t) and Y(t) around(t) and(t) for almost every t, while U and V coincide with
Ue and Ve around e and Ve, then actually (, e) solves (])) and (, re) solves !).

(The terminology about "coinciding" is defined in the statement of Theorem 2.5.)
Proof. Under the assumptions in (a), (, e) and (v,) give a saddle point of

J on / 3) (by Theorem 6.5, or as the case may be, Corollary 6.6), and this saddle
point happens to lie in / 3) (where U and ) are the control spaces corresponding
to () and ()). Then ((, ), (, e)) is also a saddle point for J relative to U 3).
Theorem 6.2, applied to both pairs of problems, yields the conclusions.

Under the assumptions in (b) we know by Theorem 6.2, as applied to (2) and

(), that ((, e), (, )) is a saddle point of J relative to U ). The instantaneous
conditions and endpoint conditions in Theorem 6.5 must therefore be satisfied relative
to U(t) V(t) and Ue Ve. But by Theorem 2.5 and our hypothesis about the sets
coinciding locally, the sameconditions are then satisfied relative to U(t) V(t) and
U V. Theorem 6.5 tells us now that ((, e), (, )) is a saddle point also for J
relative to U ). Then (,) and (v, v) are optimal for ()) and () by Theorem
6.2. [El

To make the best use of Theorem 6.7 in the manner outlined at the end of 3 for
the finite-dimensional case, it would be helpful to have criteria under which (P) and
(t2) have solutions (,) and (,) with and actually in o. Then, for example,
Theorem 6.7 can be applied with the subsets (6.40) taken to be intervals adequately
large. Such criteria can be developed, but we shall not address the issue here. Results
of this nature for the cases covered by continuous-time programming may be gleaned
from Grinold [5], [6] and aeiland [8], [15].
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Abstract. This expository paper sets out the principal results in Hoo control theory in the context of
continuous-time linear systems. The focus is on the mathematical theory rather than computational methods.
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1. Introduction. The subject ofthis paper is a general regulator problem" a control-
ler is to be designed to regulate the output of a plant subjected to exogenous inputs,
such as disturbances, sensor noises and reference signals. A theory for the regulator
problem begins by specifying a model of the plant (the model may be a set, to reflect
uncertainty), a model of the exogenous inputs, the performance requirements of the
controlled system and the allowable class of controllers. For example, two typical
regulator theories are the algebraic approach of Pernebo [70] and the Wiener-Hopf
approach of Youla, Jabr and Bongiorno [93]. In both these theories the plant is a
known time-invariant finite-dimensional linear system and the controller is required
to be of this type too. In the algebraic approach the exogenous signal is (after
prefiltering) an unknown initial condition, or equivalently a signal of the form 3(t)x,
where x is an unknown vector, and the performance requirements are internal stability
and asymptotic regulation. In the Wiener-Hopf approach the exogenous signal is
(again, after prefiltering) standard white noise, and the performance requirements are
internal stability and minimization of the mean-square value of some signal.

In a seminal paper [96], [97], Zames introduced a new theory for the regulator
problem. To describe this theory we need a few preliminary mathematical concepts
[25], [82]. The Hardy space Hoo is the class of matrix-valued functions which are
analytic and bounded in the open right half-plane, the H-norm of such a function,
say F(s), being defined as

IIFll:- sup Crmax[F(s)].

Here O’ma denotes maximum singular value and the supremum is over all s in the
open right half-plane, Re s > 0. For such a function the boundary value

f(jto) := lim F(sr +jto)
o

exists for almost all to and the boundary function is of class L (Fatou’s theorem). As
a consequence of the maximum modulus principle the H-norm of F(s) equals the
L-norm of the boundary function, i.e.,

f[[oo ess sup O’max[f(jto)].

For example, suppose F(s) is scalar-valued, analytic and bounded in Re s>0, and
continuous on the imaginary axis. Then [[F[[ equals the distance in the complex plane
from the origin to the farthest point on the Nyquist plot of F.

* Received by the editors February 2, 1985; accepted for publication (in revised form) April 3, 1986.
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A fundamental fact is that the L2[0, oo)-gain of a causal time-invariant linear
system equals the Ho-norm of its transfer function. To state this more precisely
introduce the space L2[0, oo) of vector-valued square-integrable functions. The norm
on L2[O, cx3) is

Ilxll := x t)*x( t) dt

where * denotes complex-conjugate transpose. The Laplace transform of x(t) in
L2[0, c), denoted with abuse of notation by x(s), belongs to the Hardy space H2 of
functions analytic in Re s > 0 and satisfying the condition

sup [x(+j)*x(+j) d <.
>o

Such functions also have boundary values almost everywhere and the H2-norm is

ilxll=:= x(j)*x(j) d

The Laplace transform is a Hilbe space isomorphism from L2[0, ) onto H2 (the
Paley-Wiener theorem). Now consider a causal time-invariant linear system having a
transfer matrix F(s). Suppose F H. Then Fx H whenever x H, and moreover,

(1) IIFIl=sup(llFxll=: x a2, Ilxl12 1.
The H-norm arises in the regulator problem primarily under two circumstances"

when there are sets of exogenous signals and when there is plant unceainty.
Consider first an example of a tracking problem in which a plant output is to

track a reference signal. Suppose, for simplicity, that these two signals are scalar-valued,
and let F(s) denote the transfer function from the reference input to the tracking error
(reference minus output). Assume the system is stable in the sense that F H. Control
designs are often based on test inputs, sinusoids being the natural ones in the frequency
domain. Suppose the reference signal is allowed to be any sinusoid of amplitude no
greater than 1 and of frequency belonging to some inteal . An appropriate perform-
ance measure might then be

ess sup IF(J)I,

this equaling the maximum amplitude ofthe tracking error. Let W(s) be an H-function
such that

[W(j)l=l, , W(j)l , .
For small e the performance measure is approximated by the H-norm Wfll. (For
a nontrivial function to be analytic in the right half-plane, its magnitude cannot be
zero on a subset of the imaginary axis of positive measure (F. and M. esz’ theorem);
hence the necessity of introducing e.)

The previous example shows how an H-norm performance measure can arise
from consideration of a set of exogenous inputs, namely sinusoids. Another way to
arrive at the same performance measure is with inputs belonging to L[0, ). Continuing
with scalar-valued signals, suppose the reference input is allowed to be any function
in the class

{x: x= Wv forsome vH2, I111 1,
where W, W- H; that is, the reference signal class consists of all x in H2 such that

(2) (2)-1 1 }x(j)[zl W(j)l-z d 1.
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This inequality can be interpreted as a constraint on the weighted energy of x: the
energy-density spectrum Ix(jto)l2 is weighted by the factor W(jto)1-2. For example, if
W(Jto)l were relatively large on a certain frequency band and relatively small off it,
then (2) would generate a class of signals having their energy concentrated on that
band. This could be useful in representing, for example, a class of narrowband signals
whose spectra are confined to a common frequency band. If F(s) again denotes the
transfer function from x to the tracking error, then by virtue of (1), WFII equals
the maximum HE-norm of the tracking error (i.e., the square root of its energy).

The problem of robust stabilization can also lead to an H criterion. In this
introductory section we consider a simplified version of the problem; a fuller account
is given in 2. The block diagram in Fig. l(a) shows a plant and a controller with
transfer matrices P(s)+ AP(s) and K (s) respectively; P represents the nominal plant
and AP an unknown perturbation, usually caused by unmodeled dynamics or parameter
variations. Suppose, for simplicity, that P, AP, and K are rational, P and Ap are
strictly proper, K is proper, and P and Ap are analytic in Re s-> 0. Suppose also that
the system is internally stable for Ap 0. How large can AP be so that internal stability
is maintained ?

One method which is used to obtain a transfer function model of a physical system
is a frequency response experiment. This yields gain and phase estimates at several
frequencies, which in turn provide an upper bound for the norm of Ap(jto) at several
values of to. Suppose r is a scalar-valued H-function such that

trmax[AP(jto)]<[r(jto) forall to,

or equivalently

(3) IIr-lAPIl< 1.

How large can r be so that internal stability is maintained?
Simple loop transformations lead from Fig. l(a) to Fig. l(b) to Fig. 1(c). Since

the nominal feedback system is internally stable, K(I-PK)-1 H. The small gain
theorem [78], [95] says that the system in Fig. 1(c) will be internally stable provided
the loop gain is less than unity, i.e.,

(4) IIAPK (I PK )-1 iloo < 1.

p+Ap

FIG. l(a). Feedback system with perturbed plant.

FIG. (b). Loop transformation.
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FIG. l(c). Loop transformation.

In view of (3) a sufficient condition for (4) is

(5) Ilrg(I-Pg)-’lloo<=l.

We conclude that an H-norm bounded on a weighted closed-loop transfer matrix is
sufficient for robust stability. (Condition (5) is actually necessary for internal stability
for all perturbations satisfying (3) ([10], [19]).)

The problem treated in this paper concerns the system in Fig. 2. The signals w,
u, z and y are vector-valued and denote, respectively, the exogenous signal (disturb-
ances, sensor noises, reference inputs, etc.), the control signal, the signal to be regulated
(tracking errors, plant outputs to be attenuated, weighted actuator outputs, etc.) and
the measured signal. The transfer matrices G and K represent the plant and controller
respectively. It is assumed that G is real-rational, proper and given; a real-rational
proper K is sought to minimize the l-Lo-norm of the transfer matrix from w to z under
the constraint of internal stability.

For ease of reference let us call the problem just stated the standard (Hoo) problem.
It must be emphasized that a controller is designed for a given nominal G; uncertainty
in G is not a consideration. (However, it may already be evident, and will be shown
in 2, that the robust stabilization problem can be recast as a standard problem.)
There now exists a reasonably complete solution to the standard problem. The purpose
of this paper is to set out the principal results in the context of continuous-time linear
systems. The focus is on the mathematical theory rather than computational methods.
For the latter the reader may consult [21], [50].

Inclusion of plant uncertainty into the Ho problem increases its difficulty consider-
ably. Let us suppose that uncertainty is introduced in the following general way: G
can be any element in a family G. We could then try to find a controller to minimize
the maximum Hoo-norm of the transfer matrix from w to z, the maximum taken over
all G in G. For this problem Zames [97] has obtained qualitative results for a simple
feedback configuration, showing how performance degrades as uncertainty increases,
and Doyle [20] has introduced the concept ofstructured uncertainty, where the elements
of G have specified structures as well as norm constraints; the H problem with
structured uncertainty can be reduced to a family of standard problems, thus providing
further motivation for the latter.

This introductory section concludes with a brief survey of the literature. The first
papers on the subject of Hoo-norm optimization of systems are those of Helton [47],

FIG. 2. The standard configuration.
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Tannenbaum [83] and Zames [96]. The important papers of Sarason [79] and Adamjan,
Arov and Krein [1] established connections between operator theory and complex
function theory, in particular, Hoo-functions; Helton [47] showed that these two
mathematical subjects have useful applications in electrical engineering, namely, in
broadband matching. Tannenbaum [83], [84] used (Nevanlinna-Pick) interpolation
theory to attack the problem of stabilizing a plant with an unknown gain. And Zames
[96] formulated the problem of sensitivity reduction by feedback as an optimization
problem with an operator norm, in particular, an Hoo-norm. The latter paper was
amplified in the seminal paper [97].

The fact that the LE-gain of a system equals the Hoo-norm of its transfer function
(i.e. (1)) was used by Zames [94] in his pioneering work on nonlinear system theory.
This fact is also central in LE-stability theory, such as the circle criterion (see e.g. [ 17]).

Motivation for the Hoo approach with regard to modeling the exogenous signals
is discussed in [20], [21], [24], [90], [97], [98] and with regard to plant uncertainty
in [21], [62], [73], [97]. Classical frequency-domain performance specifications also
lead to an Hoo criterion as shown in [48], [75]. The robust stabilization problem
discussed above is treated in [22], [24], [44], [54], [58], [73], [84], [85], [88]-[90].
Various versions of the standard problem for finite-dimensional time-invariant systems
are covered in [35], [41], [56], [62], [86], [90], [98] in the single-input/single-output
case and in [8], [9], [12], [13], [20]-[24], [32]-[34], [36], [37] [48], [49], [60], [61],
[71], [74], [77], [87], [90]-[92], [97], [99] in the multivariable case. The mathematical
tools primarily used in these references are Nevanlinna-Pick interpolation theory 16],
the operator theory of Sarason [79] and Adamjan, Arov and Krein [1], [2] and the
geometric theory of Ball and Helton [4]. The standard problem is extended beyond
the finite-dimensional time-invariant case in [14], [15], [26]-[31], [42], [54], [55], [57].
References [7], [23], [35], [38]-[40], [51], [66]-[69] present performance bounds for
systems designed according to an Ho criterion. Algorithms for computing optimal
controllers are contained in [21], [50], [76], [80]. Part of the computation in [21]
involves solving a special model-reduction problem, for which state-space algorithms
are presented in [5], [6], [43], [59], [81]. Finally, the Hoo approach is compared with
the Wiener-Hopf approach in [21], [45], [97], [98].

2. The standard problem. The standard problem pertains to Fig. 2. It is assumed
that G is real-rational and proper (analytic at s ). Partition it as

G--[ Gll G12]GEl G22

so that the equations corresponding to Fig. 2 are

Z GllW + G12u Y G21 w + G22u, u Ky.

Now eliminate u and y to get that the transfer matrix from w to z is a linear fractional
transformation of K"

z [ G,, + G,zK (I GE:K)-1 GE,]W.

It simplifies the theory to guarantee that the rational matrix I- G22K is invertible for
every proper real-rational K. A simple sufficient condition for this is that G22 be strictly
proper (equal to zero at s- o). Accordingly, this will be assumed hereafter.

To define what it means for K to stabilize G, introduce two fictitious inputs )1

and rE as in Fig. 3. It is easy to show that the nine transfer matrices from the three
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V2

FIG. 3. System for definition of stability.

inputs w, /)1,/)2 to the three signals z, u, y exist and are proper; if they belong to H,
then K stabilizes G. This is the usual notion of internal stability. An equivalent definition
in terms of state-space models is as follows. Take minimal state-space realizations of
G and K and in Fig. 2 set the input w to zero. Then K stabilizes G if and only if the
state vectors of G and K tend to zero from every initial condition.

The standardproblem is this: find a real-rational proper K to minimize the Ho-norm
of the transfer matrix from w to z under the constraint that K stabilize G.

Following are three examples of the standard problem.

2.1. A model-matching problem. In Fig. 4 the transfer matrix T1 represents a
"model" which is to be matched by the cascade T2QT3 of three transfer matrices T2,
T3 and Q. Here, T (i= 1- 3) are given and the "controller" Q is to be designed. Let
RHoo denote the space of real-rational matrices in Hoo, that is, the space of real-rational
proper matrices which are stable, i.e., analytic in Re s-> 0. It is assumed that T/
RHo (i 1 3) and it is required that Q RH. Thus the four blocks in Fig. 4 represent
stable linear systems.

For our purposes the model-matching criterion is

sup {llzll=: w n2, Ilwllz_-< 1} minimum.

Thus the energy of the error z is to be minimized for the worst input w of unit energy.
In view of (1) an equivalent criterion is

T T=QT3I[oo minimum.

This model-matching problem can be cast as a standard problem by defining

G:= IT1 T2] K:=-Q,
T 0

so that Fig. 4 becomes equivalent to Fig. 2. The constraint that K stabilize G is then
equivalent to the constraint that Q RHoo.

This version of the model-matching problem is not very important per se; its
significance in the context of this paper arises from the fact that the standard problem
can be transformed to the model-matching problem ( 3), which is simpler.

FIG. 4. Model-matching.
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2.2. A tracking problem [90], [91]. Figure 5 shows a plant P whose output, v, is
to track a reference signal r. The plant input, u, is generated by passing r and v through
controllers C1 and C2 respectively. It is postulated that r is not a known fixed signal,
but, as in the introduction, may be modeled as belonging to the class

{r’r= Ww for some wEH2, Ilwll=_-< 1}.

Here P and W are given and C1 and C2 are to be designed. These four transfer matrices
are assumed to be real-rational and proper.

The tracking error signal is r-v. Let us take the cost function to be

(6) (llr- vii@ + Ilpu ) 1/=,
where p is a positive scalar weighting factor. The reason for including pu in (6) is to
ensure the existence of an optimal proper controller; for p 0 "optimal" controllers
tend to be improper. Note that (6) equals the H2-norm of

pu

Thus the tracking criterion is taken to be

sup {llzll=" w n=, Ilwll=_-< 1} minimum.

The equivalent standard problem is obtained by defining

(7a)

(7b)

(7c)

2.3. A robust stabilization problem 158], [73], [88]. This example has already been
discussed in the Introduction. The system under consideration is shown in Fig. l(a).
Assume P is a strictly proper nominal plant and let r be a scalar-valued (radius)
function in RH. Now define a family P of neighboring plants to be the set of all
strictly proper real-rational matrices P+ AP having the same number (in terms of
McMillan degree) of poles in Re s =>0 as P has, where the perturbation AP satisfies
the bound

O’max[Ap(jto)] < Ir(joo)[ for all to.

For a real-rational proper K the robust stability criterion is that K stabilize all plants
in P. Stability means internal stability, that the four transfer matrices in Fig. 1 (a) from
Vl, v2 to u, y all belong to RH.

FIG. 5. Tracking.
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We saw in the Introduction that robust stability is guaranteed by a small gain
condition.

LEMMA 2.1 [10], [19]. A real-rational proper K stabilizes all plants in P ifand only
ifK stabilizes the nominal plant P and

IIrK(I-PK)-II<=I.

We can convert to the set-up of the standard problem by defining G so that in
Fig. 2 the transfer matrix from w to z equals rK(I-PK)-1. This is accomplished by

Then Lemma 2.1 implies that the following two conditions are equivalent: K achieves
robust stability for the original system (Fig. l(a)); in Fig. 2 K stabilizes G and puts
the transfer matrix from w to z inside the closed unit ball of Hoo.

There are several other examples of the standard problem and several other
problems which are equivalent to the standard problem [21].

3. From the standard problem to a model-matching problem. In this section it is
shown that the standard problem can be reduced to the model-matching problem of
the first example. The procedure is to parametrize, via a parameter matrix Q in RHo,
all K’s which stabilize G. Then Fig. 2 can be transformed into Fig. 4, where the T’s
depend only on G. The parametrization employed in this section is due to Youla et
al. [93] as modified by Desoer et al. [18]. Previous work on stability theory for the
system in Fig. 2 was carried out by Pernebo [70], Cheng and Pearson 11 ], and Antoulas
[3]; Nett [65] treated a more general setup (K has an additional input and output).

When K stabilizes G can be characterized in terms of coprime factorizations over
the ring RHoo of stable proper real-rational functions. Factor G and K as

G= NM-= IQ-IQ, K UV-’= r-I _].

The matrices N and M belong to RH and are right-coprime. This means that, if X
is a square matrix in RHoo which is a right divisor of both N and M, i.e.,

N YX, M ZX for some Y, Z in RH,

then X is a unit of RHo, i.e. X-1E RH. Such N and M constitute a right-coprime
factorization (rcf) of G. Analogously, N and M are left-coprime and constitute a
left-coprime factorization (lcf) of G. Similar remarks apply to the factorization of K.
Such factorizations are known to exist [90].

PROPOSITION 3.1. Thefollowing are equivalent statements about the proper transfer
matrix K"

(i) K stabilizes G,

(ii)
[0 I]N V

is a unit ofRH,

I /17/i] [0]117,I(iii) [0 is a unit of RH.
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The idea underlying the equivalence of (i) and (ii) is simply that the determinant
of the matrix in (ii) is the least common denominator (in RHo) of all the transfer
functions from w, vl, 32 to z, u, y; hence the determinant must be a unit for all these
transfer functions to belong to RH, and conversely.

The transfer matrix G is stabilizable if there exists a K which stabilizes it. Not
every G is stabilizable; an obvious nonstabilizable G is G12 0, G21 0, GE:z 0, G
unstable. Proposition 3.1 provides a test for stabilizability. For example, in terms of
N and M, G is stabilizable if and only if suitable U and V exist satisfying condition
(ii). Such a consideration readily leads to the following.

PROPOSITION 3.2. The following are equivalent"
G is stabilizable

(ii) M, [0 I]N are right-coprime and M, [] are left-coprime;
(iii) /r, [o/] are left-coprime and M, [0 I] are right-coprime.
In terms of a state-space model G is stabilizable if and only if, roughly speaking,

its unstable modes are controllable from u and observable from y (Fig. 2). For example,
right-coprimeness of M, [0 I]N can be interpreted as a frequency-domain stabilizabil-
ity condition.

Hereafter, G will be assumed to be stabilizable. To recap, G is assumed so far
to be real-rational, proper with G22 strictly proper, and stabilizable. Intuitively, stabiliza-
bility of G implies that G and G22 share the same unstable modes, so that to stabilize
G it is enough to stabilize G22. The controller K stabilizes G22 if, in Fig. 6, the four
transfer matrices from v, v2 to u, y are stable.

PROPOSITION 3.3. K stabilizes G if and only ifK stabilizes G22.
The next step is to parametrize all K’s stabilizing G22. For this it is convenient

to introduce a special rcf and lcf of G22"

(8) G:2 N2M’=

(9) 22 ME Y2
=i.lC,1 _

The eight matrices introduced in (8) and (9) all belong to RHoo; their existence is
proved in 4. Equation (9) is known as a gener.alize.d Bezout identity; its satisfaction
guarantees that N)., M are right-coprime and N, M are leftocoprime. Equations (8)
and (9) constitute a generalization of the usual polynomial matrix-fraction description
[18], [53], [90].

FIG. 6. Part of standard configuration.

THEOREM 3.1 [18], [90], [93]. The following formulas parametrize all proper K’s
which stabilize GEE:

(10) K YE- MEQ)(XE- NEQ)-(11) (-’2 Q/r2)-l( 2 Qhr2), Q RHoo.
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The right-hand sides of (10) and (11) constitute an rcf and lcf of K respectively;
the inverses exist for every Q in RH (because G22 is strictly proper). As Q varies
over all stable proper matrices, the formulas generate all possible stabilizing K’s.

The final step is to determine the transfer matrix from w to z in Fig. 2 when K
is given by formulas (10) and (11). Define

(12a) T1 := Gll -i- G12 Y2/2G21,

(12b) T2 := G2M,

(12c) T3 := M2G21.

It can be proved that T RH (i= 1- 3).
THEOREM 3.2 [21]. With K as in (10), (11), the transfer matrix from w to z equals

T1- T2QT3
We conclude from this theorem that the standard problem reduces to the model-

matching problem of finding matrices Q in RH to minimize T1 T2QT3 {1. A solution
Q to the model-matching problem yields a solution K to the standard problem via
formulas (10) and (11).

A special case is when G is itself stable. In (8) and (9) we may then take

N: N: G::,

Y2 =0, I7"2 =0,
in which case (10) and (11) become [97]

and (12) produces

K -Q(I G22Q)-1

--( I QG)-1Q

T1-- Gll, T2-- G12, T3-- G21.

4. State-space eomlmtations. The reduction in the previous section was developed
using transfer matrix models. However, as a pratieal matter the computations are quite
easily and reliably performed using state-space models. This section describes how to
obtain state-space realizations of the matrices T (i 1- 3) starting from a state-space
realization of G. The formulas are very simple and they provide a fundamental link
(Theorem 4.1) between the stability result of Theorem 3.1 and observer-based stability
theory. Some of the results of this section are contained in [64].

We begin with a minimal realization of G(s),

G(s)=D+C(s-A)-IB, A,B, C, D real matrices.

It is convenient to introduce a new data structure:

[A, B, C, D]:= D+C(s-A)-IB.

Since the input and output of G are partitioned as



Hoo OPTIMAL CONTROL 825

the matrices B, C, and D have corresponding partitions,

B=[B B2] C
C2 LD2

Thus

D22J

The familiar equations for Ko are

: A:2 + B2u + H C29 y),

or equivalently,

Thus

: (A+ B:F+ HC2):- Hy,

Ko(s) [A + B2F+ HC2, -H, F, 0].

(16)

where

(17)

(18)

Obtaining factorizations of Ko analogous to those just obtained for G22, we arrive at
the equations

Ko Y2X= f(l 2,

X2(s) := [AF, -H, C2, I],

Y2(s) := [AF, -H, F, O],

2(s) := [An,-B2, F, I], I7"2(s) := [AH,-H, F, 0].

Routine algebra verifies (9).

G#(s) [A, Bj, Ci, D], i,j= 1,2.

Note that D22 0 because G22 is strictly proper. It follows from the stabilizability of
G that the pair (A, B2) is stabilizable and the pair (C2, A) is detectable.

The objective now is to specify state-space realizations of transfer matrices N2,
M2, etc. belonging to RHoo and satisfying (8) and (9). Denote the state, input and
output vectors of G22 by x, u and y respectively, so that y G2u and

(13a) Ax + B2tl
(13b) y Cx.
Next, choose a real matrix F so that AF := A + BEF is stable (all eigenvalues in Re s < 0)
and define the vector v ".= u- Fx. Then from (13) we get

AFX q- BEV, tt Fx + v, y C2x.
The transfer matrix from v to u is

(14) ME(S) := [AF, BE, F, I]

and that from v to y is

(15) N2(s) := [AF, B2, C2, 0].

Therefore G22 N2M. Similarly, by choosing a real matrix H so that An := A+ HC2
is stable and defining

hT"/z(S) := [An, H, C2, I], 2(s) := [An, B2, C2, 0],

we obtain G22 =//flu. Thus (8) is satisfied.
Now introduce an observer-based controller, denoted by Ko(s), to stabilize G2.
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Formula (16) provides just one controller which stabilizes G22 whereas formulas
(10) and (11) in Theorem 3.1, having the additional stable matrix Q, generate all
stabilizing controllers. These two results can be used to show that every stabilization
procedure amounts to adding stable dynamics to the plant and then using an observer-
based controller to stabilize the result. The precise statement is as follows.

THEOREM 4.1 [21]. Suppose K stabilizes

G22(s) [A, B2, C2, 0].

Then G22 can be embedded in a system [Ae, Be, Ce, 0], where

Ae := Be := Ce:=[C2 0]

and Aa is stable, such that K has the form
K(s) [A, + BeFe + HC, -He, Fe, 0],

where Ae + BeF and Ae + neCe are stable.
Now consider the transfer matrices T defined in (12). We have obtained realiza-

tions of all the matrices on the right-hand sides of (12). Algebraic manipulations lead
to the realizations

(19a) Tl(S) [_A1, _B1, fl, D],

0 AH J’ BI+ HD21
C_1 C1 +DF -DF],

(19b) T(s) [A, B, C, + D,F,
(19c) r(s) =[A, B+HD, C, D].. el-ege. is section treats the model-matching problem finding
matrices Q in NH to minimize the model-matching error lira-rrll where
eRH (i= 1-3).

5.1. Existence of a solution. Define the infimal model-matching error

(20) a := inf (ll T- T=QTII: Q RH}.

The natural question to answer first is when is this infimum achieved. The following
provides a mild sucient condition.

THEOREM 5.1 (e.g. [33]). e infimum in (20) is achieved if the ranks of the two
matrices TE(jo and Ta(j are constant for all 0 .

These rank conditions will be assumed to hold for the remainder of 5. (In
applications they do hold for well-defined problems.) In general there is a family of
optimal Q’s, i.e., Q’s achieving the infimum. Moreover, the model-matching error
cannot be reduced by a nonrational Q, i.e.,

min {11T TQTaII: Q RH} min {11L T2QT3II: Q H}.

The latter minimum equals the distance in H from T to the subspace

THT := {TQT: Q H}.

Hence

(21) a =dist (T, T2HT3).
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The rank conditions in Theorem 5.1 suffice to make THT3 closed in the weak-star
topology ofH, and this in turn guarantees the existence of a matrix in T:HT3 closest
to an arbitrary T.

The model-matching problem is relatively easy when the T’s are scalar-valued.
The main results can be summarized as follows. A function f(s) in RHo is said to be
an innerfunction iff(s)f(-s)= 1. The zeros of such a function all lie in Re s > 0; the
number of its zeros will be called its degree.

PROPOSITION 5.1 [98] (Scalar-valued case). The infimum in (20) is achieved if T2 T3
has no zeros on the extended imaginary axis. In this case the optimal Q is unique and is
uniquely determined by thefollowing property: T TEQT3 is a scalar multiple ofan inner

function of degree less than the number of zeros of T2 T3 in Re s > 0.

5.2. A formula for the minimal model-matching error. This subsection shows that
a equals the norm of a certain operator, a Hankel operator in a special case. First, it
will be shown that a can be expressed in the form

where the matrix R belongs to RL (the space of real-rational L-matrices) and depends
only on the T’s. For this maneuver we need the concepts of inner and outer matrices
[82].

Introduce the notation F-(s):= F(-s)’ for a matrix-valued function F(s), where
prime denotes transpose. A matrix F in RHo is an inner matrix if F-F I and an
outer matrix if it has full row rank in Re s > 0; it is termed co-inner or co-outer if its
transpose is inner or outer, respectively.

LEMMA 5.1. For each matrix F in RH there exist inner, outer, co-inner and co-outer
matrices Fi, Fo, Fci, Fco respectively, such that

F FiFo FoF,.

If F has constant rank on the extended imaginary axis, then Fo has a right-inverse in

RH and Fo has a left-inverse in RH.
Returning to the model-matching problem, introduce inner, outer, co-inner and

co-outer matrices as follows:

T:= TE T2 T3 T3 T3 ,.
(In going from the standard problem to the model-matching problem, it is possible to
arrange that T is automatically inner and T3 is automatically co-inner [21].) Lemma
5.1, together with the assumptions on T and T3, implies that (T)o is right-invertible
over RHoo and (T3)co is left-invertible over RI-loo. Thus the mapping

O- T)oQ( T)

on l-Lo is surjective. Hence from (21) we get the expression

To simplify notation define

so that

a dist T1, T2)iH(T3),).

u, := (T:),, U, := (T),

(22) a dist T1, UiH Uci).
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(23)

Being inner, Ui has the property that U-Ui L This in turn implies that

E-E=I,

where

[ ]I- UU
It is a consequence of (23) that the norm of an Loo-matrix is unchanged if the matrix
is pre-multiplied by E. Similarly, LL I, where

L’.--
I- UU

and post-multiplication by L- preserves the Loo-norm. Hence (22) yields

a =dist (ETL-, EUHUL-).

But

Defining

(24)

we conclude that

R := ETIL",

(25) a=dist(R, [lo]Hoo[I 0]).
An interesting special case occurs when T2 has full row rank and T3 has full

column rank over the field of rational functions. Then U and Uc are both square, so
that

and R has the form

where R := UIT1 Ui1. Then (25) simplifies to the expression

a dist (R1, Hoo).

In this case a equals the distance in Loo from R, to the nearest H-matrix.
Let us concentrate on this simpler problem of finding the distance from an

Loo-matrix R to the nearest Ho-matrix. (The subscript on R1 has been temporarily
dropped.) Let L2 denote the Hilbert space of vector-valued square-integrable functions
on the imaginary axis. The Hardy space H2 is a closed subspace of L2; let H denote
its orthogonal complement. The L-norm of R equals the norm of the corresponding
Laurent operator on L2 (cf. (1)); denote this operator by MR:

M= Rf, f L2.
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For an H-matrix X the Laurent operator Mx leaves the subspace H2 of L2 invariant,
i.e.,

(26) iff H2 then Mxf Xf H2.

If II" L2- H- denotes the orthogonal projection, then (26) is equivalent to the condition
that

IIMx IH2 0.

Thus we have that

dist (R, H) min {IIR xIl " x
min {1[ MR Mx I1" X n}

(27)
->min {IIII(M. Mx)IH21i" XH}

IIrIM
In fact, equality holds in (27).

THEOREM 5.2. The distance from a matrix R in Loo to the nearest matrix in H
equals the norm of the operator IIMR ]H2 from H2 to H.

This result is generally known as Nehari’s theorem [63] and the operator IIMR IH
is called the Hankel operator with symbol R [72]. As a concrete example, consider the
scalar-valued function R(s)=(s-1)-. For g in H2 we have

R(s)g(s) (s 1)-’g(1) + (s 1)-[g(s) g(1)].

The first function on the right-hand side belongs to H and the second to H2. Hence
the Hankel operator maps g(s) in H2 into (s-1)-lg(1) in H.

The Hankel operator has a time-domain version (e.g. [43]). Suppose R(s) is
analytic in a strip containing the imaginary axis; such would be the case if R(s) were
rational, for example. Taking the region of convergence to be this strip, let r(t) denote
the inverse bilateral Laplace transform of R (s). The linear system with impulse response
r(t) is therefore L2(-, )-stable, but noncausal in general. The Hankel operator in
the time-domain maps a function u in L2[0, o) into a function y in L2(-c, 0] according
to the convolution equation

Since the bilateral Laplace transformation is an isomorphism from L[0,
and from L(-m, 0] onto H, the Hankel operators in the two domains have equal
norms. A causal system leaves L[0, m) invariant, so its Hankel operator equals zero.
Interpreted in the time-domain, Theorem 5.2 states that the distance from the noncausal
system with impulse response r(t) to the nearest causal system equals he norm of the
Hankel operator; in other words, the Hankel operator’s norm is a measure ofnoncausal-
ity. Here the distance is the norm of the error system considered as a mapping on
L(-, ).

It is a useful fact that the norm of a Hankel operator with a rational symbol can
be computed by state-sace methods. Let R be a matrix in NL and let C(s-A)-B
be a minimal realization of its antistable pa, i.e.,

(28) R(s) C(s A)-B + (a matrix in
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and the eigenvalues of A lie in Re s > 0. Introduce the controllability and observability
gramians

(29) Lc := [o eAtBB eA’t dt,

(30) Lo := f eA’tc’c eAt dt.

Thus Lc and Lo are the unique solutions of the Lyapunov equations

(31 AL + L,A BB’,

(32) A’Lo + LoA C’C.

It can be proved [81] that LLo has only real, nonnegative eigenvalues.
LEMMA 5.2 (e.g. [43]). The Hankel operator F:= I-IMRIH2 with rational symbol R

hasfinite rank. The operator F*F and the matrix LLo share the same nonzero eigenvalues.
In particular, the norm of F equals the square-root of the largest eigenvalue of LcLo.

Now let us return to the general case. From (25) a equals the distance in L from
R to the subspace

A matrix in this subspace has the form

"-: X
0

for some X in Hoo, and the corresponding Laurent operator is M_x. This operator acts
on L2-vectors partitioned conformably with the partitioning in (33)"

Hence the domain of this operator is the product space (external direct sum) L2 L2.
Moreover, since X H, the subspace HE L2 is invariant under this operator, or
equivalently

l-J_M_x (H2 L2) 0,

where I,I_ denotes the orthogonal projection from L2 x L2 onto H x L2. As in (27) we
conclude that

dist (R, [] H[I 0]) > IlII_MR (H2 L2)

Again, equality holds.
To recap, let R be defined as in. (24), let MR denote the Laurent operator on

L2 L2 of multiplication by R, and let H_ denote the orthogonal projection from L2 L
onto H L2.

THEOREM 5.3 [29]. The minimal model-matching error ce equals the norm of the
operator

(34) I,I_MR I(H2 x L=)

from H: x L2 to H- x L2.
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Operator (34) is not a Hankel operator (by definition) and at present there is
unfortunately no direct procedure for computing its norm. It is easy to get crude
bounds for its norm: an upper bound is IIRII and a lower bound is the maximum of

’ I

5.3. Nearly optimal solutions. The value of a cannot be computed directly, as we
just noted, but it is possible to compute, by iteration, an upper bound which is as close
to a as desired. To do this, let a and a2 be, respectively, any lower and upper bounds
for a, for example, those given at the end of the previous subsection. A number
satisfies the inequality a < ), if and only if (see (21))

(35) dist T1, T2HT3) <

Thus testing if (35) holds for several values of /in the interval [a, a2] serves to locate
a for any desired accuracy. A bisection search could be used.

This subsection treats the problem of checking if (35) is true for a prespecified
and, when it is true, of finding all Q’s in RH which achieve the inequality

when /is a bit larger than a, such Q’s are nearly optimal. It will be shown that (35)
is equivalent to the following three conditions"

Yll < , IIzll < 1, dist (U, H) < 1,

Here
(Theorem 5.4 below). Notice that the distance from R to H can be readily computed
(Theorem 5.2, Lemma 5.2).

We require two definitions. Let F be an RL-matrix and let r/be a positive number.
The inequality

(36)

is equivalent to the condition

rl2I-F(jto)*F(jto)>O for all 0<- to <_- oo.

This latter condition implies that the matrix r/2I F"F has a spectral factorization:

,121 F-F F’Fo, Fo, F- RHo.
Such a matrix Fo will be called a spectral factor of rl2I F’-F. (It is outer, hence the
subscript o.) The same inequality, (36), implies that

12I FF- FcoFo
for some Fco, F-o RH; F,o will be called a co-spectral factor of 7q2I- FF-.

Let us consider, first, condition (35) under the simplifying assumption that T3 I.
Write T2 UiUo where Ui is inner and Uo is outer, and let Q RH. Then, as in the
previous subsection, the matrices T1- TEQ and

I- U,U?
(T1- T:zQ (I- U,U . T1

The matrix R in this subsection is defined somewhat differently from that in the previous one.
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have equal norms. Defining

we obtain that

if and only if

(37)

Y := (I UU-) T,

It can be shown that (37) holds if and only if YIIoo < and

II(u T, UoQ) YS’ I1o < 1,

where Yo is a spectral factor of 3’I- Y-Y. We conclude that

dist T, THoo) < 3’

if and only if YII< and

dist U-TY, Hoo) < 1.

The general result is as follows.
THEOREM 5.4 [20], [21]. Let QRHoo and y>0. Then

T, TQT311oo < ,
if and only if
(38) YIIoo< % IIZII< 1, IIR-XII< 1,

where R, Y, Z are RL-matrices and X is an RH-matrix defined as follows:
(39) T2 UUo, U inner, Uo outer,

(40) Y:= (I- U,U.’()T,,

Yo spectralfactor ofT2I- Y- Y,

(41) T3 Y- VoV, Vo co-outer, V co-inner,

(42) Z := U.-( T1Y2(I V V,),

(43) Zo co-spectralfactor ofI ZZ-,

(44) R := Zo U7 T1 y2l V/,
(45) X := Zc-o UoQVco.

Observe that Z-o Uo is right-invertible over RHoo and Vo is left-invertible over
RH. Thus (45) provides a linear relation between Q’s satisfying (35) and X’s satisfying
(38).

Let us recap. Suppose the objective is to compute an upper bound 3’ for a such
that 3’-a is less than a prespecified number, and then to determine a Q in RH
satisfying

T1 T0T3lloo < .
To accomplish this, first determine lower and upper bounds al and a2 for a. Then,
select a trial value for 3" in the interval [al, a2]. Next, test to see if the following
conditions hold:

YI]< % [[Zl[oo< 1, dist (R, Ho) < l.
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If so, reduce the value of 3’; if not, increase it. When a sufficiently accurate upper
bound is obtained, find an X in RH such that IIR-X]I < 1. Finally, solve (45) for
a Q in RHo.

The part of the procedure which remains to be described is how to find such an
X. This is the next topic.

5.4. Best approximation. Let R be an RL-matrix. The problem ofbest approxima-
tion is that of finding one, some, or all matrices X in RH such that

R XI] dist (R, RH).

Such X’s will be termed optimal. This problem has an extensive theory, involving
several different approaches. In this paper there is space to describe only two of them.

The first approach, due to Adamjan, Arov and Krein .[1], is applicable only to
the special case where R and X are scalar-valued; then the optimal X is unique and
R X is a scalar times an inner function (cf. Prop. 5.1). As in Lemma 5.2 let F denote
the Hankel operator with symbol R, and consider the self-adjoint operator

Let A 2 denote the maximum eigenvalue of FF*, let f be a corresponding eigenvector,
and define g := A-F*fi Observe that f and g satisfy the equations

rg: af, r’f= Ag;

such vectors form what is called a Schmidt pair for F.
THEOREM 5.5 1]. The optimal X equals R- Af/g.
Silverman and Bettayeb [81] employed this formula together with state-space

realizations to get a simple way to compute the optimal X. As in (28)-(30) let
C(s-A)-B be a minimal realization of the antistable part of R(s) and let Lc and Lo
denote the controllability and observability gramians. By Lemma 5.2 A 2 (defined above)
equals the maximum eigenvalue of LcLo; let w be a corresponding eigenvector and
define v := A -1 Low.

COROLLARY 5.1 [81]. The optimal X is given

X(s) R(s)- A[A, w, C, 0]/[-A’, v, B’, 0].

The second approach, due to Ball and Helton [4], applies to the general matrix-
valued problem. The theory of suboptimal X’s is simpler than the theory of optimal
ones, so a characterization will be presented of all X’s in RH such that

where/3 can be any positive number greater than dist (R, RHo). To simplify notation
slightly, scale R and X by the factor/3-1; now dist (R, RH)< 1 and the problem is
to find all X’s in RH such that R-XII --< 1. Or, in terms of s := R- X, the problem
is to find all S’s in RL such that R S RH and IIS[I-< 1.

An outline of the Ball-Helton theory takes three steps. First, instead of looking
at RL-matrices, we look at graphs of operators. Consider the restriction to H2 of the
Laurent operator induced by R:

MR H2 H2--> L2, f--> Rf.
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The graph of this operator, which we shall call the graph of R, is the set of ordered
pairs (Rf, f) in L2 x H2. Let us write these ordered pairs as 2-vectors (gY), so that the
graph has the representation

If R-S eRH and IISII_-< 1, what properties does the graph of S have? First,
the condition R S RHoo restricts the graph to being contained in a certain subspace
of L2 x H2, namely

This is easily seen as follows"

cW.

Second, the graph of S is steep, meaning that

(46) if (fg)Gs, then Ilfll2 -< Ilgll2-

(The slope of the line in the plane through the origin and the point (llfll=, Ilgll=) is at
least 45 degrees.) Fact (46) follows immediately from the condition Ilsll < 1. These
two properties characterize the graph.

LEMMA 5.3 [4]. Let $ be an RL-matrix (of the same dimensions as R). Then
Ilsll<_-1 and R- S RHoo if and only if the graph of S is steep and is contained in W.

The second step in the theory is to represent W in a way which is useful for
characterizing steep graphs. For this representation introduce the matrix

]
(The dimension of the upper left unit matrix equals the number of rows of R; the
dimension of the lower right, the number of columns.) A square matrix L in IIL (of
appropriate dimensions) is J-unita if LJL J.

LEMMA 5.4 [4]. There exists a J-unitary matrix L such that L(H2 H2)= W.
Lemma 5.4 is a generalization of Beurling’s theorem [46]. The useful fact about

L is that, because it is J-unitary, it maps a steep subspace of HE H2 into a steep
subspace of W (in fact, it is a one-to-one correspondence between such subspaces).
Thus, if Y RHoo and [1Y[]oo_-< 1, then LGy is a steep Subspace of W.

The third step in the theory is to combine Lemmas 5.3 and 5.4 to obtain the main
result, which is stated in terms of X.

THEOREM 5.6 [4]. The set ofallX’s in RHoo such that IIR -Xlloo -< 1 isparametrized
by the formula

X R-XX L

Y RH., Nil---< 1.
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Ball and Ran [5], [6] showed how to obtain a state-space realization of L. A
summary of their procedure is as follows. As above, let [A, B, C, 0] be a minimal
realization of the antistable part of R(s) and let Lc and Lo denote the controllability
and observability gramians. (Recall that R has been scaled so that its distance to RHoo
is less than 1.) Then a realization of L is

L(s) [_A, B_, C_, I],

where

A:= IA0
B := /

L I Lo 0 I LcLo 0

C :-
-B’0

Other approaches to the best approximation problem are those of Glover [43]
(based on [2]) and Chang and Pearson [8] (based on [16]).

6. A numerical example. The purpose of this section is to elucidate the theory of
3-5 by carrying out a numerical example of the tracking problem of 2. With

reference to Fig. 5 we take the unstable nonminimum phase plant

P(s)
s(s -2)"

The weighting factor p in (6) and the weighting filter W in Fig. 5 are as follows"

p=l, W(s)=
s+l

10s+ 1

The Bode magnitude plot of W is nearly 0 db up to the frequency .1, so this choice
of W reflects a family of reference signals having their energy concentrated in the
frequency band [0, .1]. With this choice of P, W and p, the transfer matrix G in Fig.
2 is determined from (7) to be

G(s) ! Gll(s) G12($)](s) (s)

s/l

10s+ 1

0
s+l

10s+1

0

s(s-2)
1

s(s-2)

The first step in computing a controller is to obtain the matrices T (i 1- 3) in
the equivalent model-matching problem. We shall use the state-space method of 4
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(although this is not the easiest way for this simple example). We begin with a minimal
realization of G"

G(s)=[A, B, C, D],

A= 0 0 0, B=[B1
0 0 2

.09 -.5 -.5

C--
C2 .09 0 0

o .5 .5

Now F and H are chosen so that the matrices

1

B2] 0

0 01
.1 0

O22J .1

0

AF := A+ B2F, An := A+ HC2
are stable. The exact locations of the eigenvalues are not important for the purpose
at hand; the choice

F=[0 .5 -4.5], H= 0 1

0 -9

yields

AF 0 .5 --4.5 An 0 .5 .5
0 .5 -2.5 0 -4.5 -2.5

which both have spectrum {-.1,-1,-1}. Then (19) produces

T,(s) T(s)
10s + 1_|

0 l’

Theorem 5.1 can now be used to show that there does indeed exist an optimal
proper controller: TE(jto) and Ta(jto) both have rank 1 for all 0_-< to -<

The second step is to compute an upper bound 3’ for the infimal model-matching
error a defined in (20). Recall from Theorem 5.4 that 3’ > a if and only if the following
three conditions hold:

(47) YIIoo < Ilzll < 1, dist (R, Hoo) < 1.

The matrices Y, Z and R are computed as in Theorem 5.4. A simple way to do the
inner-outer factorization (39) of T2 is first to get

s4- 5s2 + 1
T;(s)T2(s)=(_s+ 1)2(s + 1)2.

Solving Tf T2 U- Uo for an outer function Uo gives

s2+v/Ys + 1
Uo(s)-

(s+ l)2



Ho OPTIMAL CONTROL 837

Then the inner factor Ui is

l[-s+l]ls(s-2)
U, T2 U-’, U, S s2 + x/ffs +

The matrix Y defined in (40) is determined next:

s+l [$2($2--4)](48) Y(s)=(lOs+ 1)($4--552+ 1) -s(s+ 1)(s-2)

From (47) the value of y must be at least YIIoo. From (48) we get

s2(s2 4)(s2 1
Y-(s) Y(h) 100s2_ 1)(s’- 5s2 + 1 )"

The spectral factor of Y-Y is

s(s+2)(s+l)
(49)

(10$+ 1)(s2 + x/’ffs + 1)"

Thus YIIoo equals the Hoo-norm of the function (49), which can be read of[ its Bode
magnitude plot. This yields YIlo--.1683. Thus 3’ must be at least .1683. It turns out
that for 3" .2 the distance from R to Ho is greater than 1, violating (47). We shall
show that (47) holds for 3’ .3.

The spectral factor of 3"2_ y--y is

2.828s + 7.615s2 + 3.165s + .3
Yo(s)=

(10s+ 1)(sE+v/ffs + 1)

Since T3 ys1 is already co-outer, in (41) we can take Vco T3 yl and Vc- 1. Then
from (42) Z- 0, and from (43) Zo--1. Finally, from (44) we get

(s+ l)E(sE+x/ffs+ l)
R(s) (s2_x/ffs + 1)(2.828s3 + 7"615s2 + 3.165s +.3)"

We shall compute the distance from R to Hoo using Theorem 5.2 and Lemma 5.2.
The antistable part of R is

.9267 .8217

s-2.189 s -.4569’

which has the realization

I J I 1A=
2.189 0

B=
.9267

0 .4569 -.82171’
C [1 1].

The Lyapunov equations (31) and (32) are readily solved, giving

-.2878 .7389 .3780 1.094

The distance equals the square root of the largest eigenvalue of LLo"
dist (R, Hoo) .7907.

Thus (47) is satisfied for 3’ .3 and we conclude that .2 < a < .3. We could at this point
find a better estimate for a by reducing 3’ and checking (47) again, but we shall instead
complete the computation with 3’ .3.
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The third step is to find the closest Hoo-function X to R. Since these functions
are scalar-valued, we can use Proposition 5.2. We already have that A 2 (=.79072) equals
the maximum eigenvalue of LcLo; a corresponding eigenvector is

w=[1 -2.862]’.

Then v := A -1Low equals

[-1.079 -3.483]’.

The formula in Proposition 5.2 yields

(s2 + v:ffs + 1)(.7170s2+ 1.912s +.7628)
X(s)

(.3206s + 1)(2.828s3 + 7.615s- + 3.165s + .3)"
The fourth step is to solve (45) for a Q in RHoo. The matrix Q has dimensions 1 x 2:

Q [Q1 Q2].

Equation (45) determines Q1 uniquely:

(s+ 1)(.7170s2 + 1.912s +.7628)
Ql(S)

(.3206s / 1)(s2 / vCffs + 1)

whereas Q2 is unconstrained, and hence may be taken to be zero.
Finally, the controller K is computed using Theorem 3.1. We can determine

N2, X2 and Y2 from (14), (15), (17), (18) and then get K from (10):

K=[Cl C2],

(s+ 1)3(.7170s2 + 1.912s +.7628)
C(s)

(.3206s + 1)(s2 +/s + 1)(s2 + 6s 23)’

41s-1
C2(s) s2+6s_23

(The reader will have noticed that C1 is unstable, so the controller cannot be
implemented as shown in Fig. 5. However, the theory guarantees that C2 contains the
unstable factor of C1. This common unstable factor would be moved past the summing
junction into the loop.)

The properties of this design are illustrated in the Bode magnitude plots of Fig.
7. The transfer function, say H1, from reference r to tracking error r- v has magnitude
less than -10 db over the frequency band [0, .1] of r (smaller tracking error could be
obtained by reducing the weighting p on control energy), it peaks to about 4 db outside
the operating band, and it rolls off to 0 db at high frequency, as it must for a proper
controller. This sort of shape is characteristic of H designs. The transfer function,
say HE, from r to u has a zero at s 0 because P has a pole there. The actual quantity
being minimized in this example is the Ho-norm of the transfer matrix

H
from w to (r-v, u)’. This norm equals the supremum of

(50) ([H, (jto)12 + [H_(jo )[)’/l W(joo )1

over all to. For our design the function (50) is very nearly fiat at -12 db (the supremum
of (50) must be greater than -14 db corresponding to the bound a > .2).
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FIG. 7. Bode magnitude plots.

7. Achievable performance. For some simple examples of the standard problem
it is possible to obtain useful bounds on achievable performance, sometimes even to
characterize achievable performance exactly. Such results can shed light on what
properties of a system affect its performance. This section presents three illustrative
examples.

Figure 8 shows a feedback system with a disturbance signal w referred to the
output of the plant P. As usual, P is strictly proper and K is proper. The transfer
matrix from w to y is the sensitivity matrix S:= (I-PK)-1.

Suppose first that the spectrum of w is confined to a prespecified interval of
frequencies I-to,, toll, to, > 0. Then the problem of attenuating the effect of w on the
output y of the plant is equivalent to the problem of making O’max[S(jto)] uniformly
small on the interval I-to,, to,]. Let X denote the characteristic function of this interval,
i.e.,

x(jto) 1, I,ol--< ,o,, x(jo,) 0, I,ol > ,o,.

Then the maximum value of (rmax[S(jto)] over the interval I-to1, to,] equals the Loo-norm
IIxsIl . It may happen that as we try to make Ilxsll smaller and smaller, the global
bound IlSlloo becomes larger and larger. This is unpleasant because a large value of
Ilsll means the system has poor stability margin. (Think of the scalar-valued case: if

Ilsll is large, then the Nyquist plot of PK passes near the critical point.)
The first result says that if P is minimum phase, then II slloo can be made as small

as desired while Ilslloo is simultaneously.maintained less than any bound 6. Of course
6 must be greater than unity since IlSll(R)>_-1 for every stabilizing K.

FIG. 8. Disturbance attenuation.
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THEOREM 7.1 [67], [99]. IfP has a right-inverse which is analytic in Re s _-> 0, then
for every e > 0 and 8 > 1 there exists a stabilizing K such that

On the other hand, if P has a zero in the right half-plane, then I[S[[oo must
necessarily increase without limit if IIxS[Ioo tends to zero. This might be described as
the "waterbed effect."

THEOREM 7.2 [33], [35], [39]. If at some point in Re s > 0 the rank of P is less
than the number ofits rows, then there exists a positive real number a such thatfor every
stabilizing K

Ilxsll llsIl o > 1.

For the third result consider, with regard to Fig. 8 again, the problem of attenuating
the effect of w (no longer restricted to be bandlimited) on the control signal u; that
is, the problem is to achieve feedback stability by a controller which limits as much
as possible the control effort. The transfer matrix from w to u equals KS, so the
objective is to minimize ]]KSl]oo. The case where P is stable is trivial" an optimal K is
K 0. So we suppose P is not stable. For technical reasons it is assumed that P has
no poles on the imaginary axis; thus P belongs to RLoo but not RHoo. Let F denote
the Hankel operator with symbol P and let O’min(I" denote the smallest (nonzero)
singular value of F.

THEOREM 7.3 [44], [87]. If P belongs to RLoo but not RHo, then the minimum
value of IIKSll over all stabilizing K’s equals the reciprocal of O’min(l).

8. Comparison with the Wiener-Hopf approach. In the model-matching problem
posed in 2 and solved in 5, the criterion is to minimize the Hoo-norm of the error
transfer matrix T1- T2QT3. It is evident from 5 that, at least in the matrix case,
optimal Q’s are not very easy to compute. By way of contrast the Wiener-Hopf
approach to the model-matching problem is to minimize the H2-norm of the error
transfer matrix. (In Fig. 4, if w is standard white noise, then the root-mean-square
value of z equals the H2-norm of the transfer matrix from w to z.) It is relatively easy
to compute optimal Q’s for the H2-criterion. Therefore it is perhaps legitimate to ask
if the computational effort required for the Hoo approach is worthwhile. How much
better is the Hoo solution than the H2 solution?

To give one possible answer to this question we consider for simplicity the case
where T (i 1-3) are scalar-valued, in which case we may assume that T3 1 by
redefining T2. The function T2 is assumed not to be zero anywhere on the extended
imaginary axis (so that the following two optima exist). Let Q2 denote the optimal
solution for the H2 criterion

T QII - minimum,
and let Qoo denote the optimal solution for the Hoo criterion

T1 T=Q IIoo minimum.

If we were to use the HE solution, the supremal value of Ilzll= over all 11wl[.2_-< 1 would
equal T1- TEQ2l]oo. Thus the abov question can be rephrased as follows: How large
can the ratio

(51) T, T Q ll / T, T Qoolloo
be?

Let k denote the number of zeros of T2 in the right half-plane.
PROPOSITION 8.1. The supremum of the ratio (51) equals 2k.
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Here the supremum is over all T’s in RH, such that T2 has k zeros in Re s > 0
(and no zeros on the extended imaginary axis). The idea of the proof of Proposition
8.1 is as follows. We may suppose without loss of generality that T2 is an inner function:
just absorb the outer factor into Q. Then for Q in H2 the H2-norm of T1- T2Q equals
the L2-norm of T1T"1- Q. Hence Q2 equals the projection of TIT onto H. Denote
this projection by T. Thus the Hoo-norm of T1 T2Q2 equals the Loo-norm of T. Similarly,
the Hoo-norm of T1- TEQoo equals the norm of the Hankel operator with symbol T.
Denote this operator by FT. The function T has at most k poles in Re s > 0. Glover
proved ([43, Cor. 9.3]) that

IITIl/llF.ll <--Ek,

and Jonckheere et al. [52] showed that this bound could be approached as closely as
desired by suitable choice of T.

We conclude that the improvement in the H solution over the H2 solution, for
the Hoo criterion, can be arbitrarily great.

9. Summary. The standard problem, which includes the robust stabilization prob-
lem, is to minimize the H-norm of the closed-loop transfer function for a fixed known
plant. Under parametrization of the controller, the standard problem reduces to one
of model-matching" minimize the H-norm of an affine function. The model-matching
problem reduces in turn to a sequence of best approximation problems" approximate
in Loo-norm an unstable transfer function by a stable one.

10. Conclusion. The standard problem is well understood and software exists for
its solution [12], [21]; the software uses standard routines (such as singular-value
decompositions and solving Lyapunov equations). The H problem with plant uncer-
tainty, how to achieve frequency-domain performance specifications in the face of
plant uncertainty, is a current area of research.
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OPTIMAL ADAPTIVE CONTROL AND CONSISTENT
PARAMETER ESTIMATES FOR ARMAX MODEL

WITH QUADRATIC COST*

HAN-FU CHEN? AND LEI GUO*

Abstract. We consider the multidimensional ARMAX model

A(z)y, B(z)u, + C(z)w
with loss function

J(u)= lim
1

(yQy, +u’[Q2ui)
FI i--

where the coefficients in the matrix polynomials A(z), B(z) and C(z) are unknown. Conditions used here
are: 1) stability of A(z) and full rank of Ap; 2) strictly positive realness of C(z)-1/2I, and 3) controllability
and observability of a matrix triple consisting of coefficients in A(z), B(z) and Q1. On the basis of the
estimates given by the stochastic gradient algorithm for unknown parameters an adaptive control law is
recursively defined. It is proved that the parameter estimates are strongly consistent and the quadratic loss
function reaches its minimum. This paper also includes some general theorems on parameter estimation,
on which the results about adaptive control are essentially based.

Key words, stochastic systems, ARMAX model, stochastic adaptive control, quadratic cost, parameter
estimation

AMS(MOS) subject classification. 93C40

1. Introduction and statement of problem. In recent years there has been consider-
able research effort on the parameter estimation and adaptive control problem for
linear stochastic systems (see e.g. Goodwin et al. (1984)). Ljung (1977), Solo (1979),
Chen (1981), (1982) and Lai and Wei (1982) showed various conditions guaranteeing
strong consistency of parameter estimates given by different algorithms .for stochastic
systems without monitoring, while Goodwin et al. (1981) and Sin and Goodwin (1982)
gave adaptive control making the system global stable and the tracking error minimal,
but the parameter estimates given there in general, as shown by Becket et al. (1985),
are inconsistent. The first step towards getting both consistency of estimates and
asymptotic minimality of tracking errors was made by Caines and Lafortune (1984),
Chen (1984) and Chen and Caines (1985). In their results the parameter estimates are
proved strongly consistent but the tracking error is no longer minimal because of the
disturbance artificially introduced to the reference signal. Recently, Chen and Guo
(1985a), (1985b) have given an adaptive control under which not only the parameter
estimates are strongly consistent, but also the long run average of tracking error reaches
its minimum.

For stochastic adaptive control when a general quadratic loss function is con-
sidered, Kumar (1983), Hijab (1983) and Caines and Chen (1985) are concerned with
the case where the unknown parameters are valued in a finite set, Chen and Caines
(1984) and Chen (1985) deal with systems for which the consistent parameter estimates
are available, and Samson (1983) considers bounded disturbance case. Recently for
systems in state space representation with state completely observed, Chen and Guo

* Received by the editors July 1, 1985; accepted for publication (in revised form) March 20, 1986. This
work was supported by the Science Fund of the Chinese Academy of Sciences.

Institute of Systems Science, Academia Sinica, Beijing, People’s Republic of China.
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(1986) have given the optimal stochastic LQ control based on the least squares estimates
for unknown parameters which may take arbitrary values in the Euclidean spaces of
compatible dimensions.

In this paper we consider the general stochastic MIMO system (ARMAX model)"

(1) A(z)y,, B(z)u,, + C(z)w,,

with quadratic loss function

(2) J(u) lim
1 1 (y;Qlyi+uQ2u,),

n-oo / i=0

where Q1->-O, Q2> 0 and the matrix polynomials in shift-back operator z

(3) A(z)=I+Alz+. .+Apzp, p>-O,

(4) B(z) Blz + B2z2 +" d- Bqzq,

C(z)=I+Clz+" "+Crzr, r>-O

are of known orders p, q and r, respectively, and with unknown parameter 0 denoting

(6) 0 [-A1 Ap nl’’" nq Cl... C]

by definition. We emphasize that Ai, Bj, Ck (i 1 .p,j- 1 q, k 1 r) may
be any matrices of compatible dimensions.

Let dimensions for y,, u, and w, be m, and m, respectively., y 0, u 0, w 0
for i<0, and let {w,} be a martingale difference sequence with respect to a family
{,} of increasing tr-algebras, i.e., w, is :,-measurable and E(w.l._)=0. In addi-
tion, we assume that

(7) lim -1 Z w,w; Q > 0
noo / i=1

and

(8) sup  [llw ll l < a.s.

where and hereafter [IX denotes the maximum singular value of X.
At any time n, by .use of the past input-output data {ui, yj, 0 -< =< n 1, 0=<j -< n}

we want 1) to estimate the unknown parameter 0 and 2) to define adaptive control u
minimizing the loss function (2). In this paper, for the case where A(z) is stable, we
give a complete solution of this problem in the sense that the consistency of parameter
estimates and minimality of the loss function are achieved simultaneously. Although
the results are established for adaptive control based on parameter estimates given by
the stochastic gradient algorithm, the same results also hold for the case where the
extended least squares algorithm is applied.

In 2 we describe the optimal control for system (1) and (2) with known para-
meters, and in 3 we define the algorithm for both parameter estimation and adaptive
control and formulate the main theorem of this paper. For its proof we start with some
general theorems on strong consistency of parameter estimates for systems without
monitoring ( 4). Then in 5 we prove that they can be applied to the adaptive control
system defined in 3, and show that the loss function is really minimized.
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2. Optimal control for systems with known parameters. The adaptive control law
given later on is inspired by the optimal control for system (1), (2) with known
parameters. So we first rewrite (1) in the state space form

(9) Xk+ AXk -F Buk + CWk+,

(10) Yk HXk, X [y0""" 0]
and give a solution of optimal control, where

(11) A=

"-A1 I 0

0

-As 0

0

0

I

(12) C’=[I C; Csr_l], H=[I 0 O]m

with s=pvqv(r+l) and Ai=0, Bj=0, Ck =0 for i>p,j>q, k>r.
We note at once that the nonzero eigenvalues of A coincide with the reciprocals

of zeros of det A(z) (Chen (1985)).
All conditions used in this paper are listed here.
(a) Ap is of full rank (Ao I by definition) and A(z) is stable, i.e. all zeros of

det A(z) lie outside the closed unit disk.
(b) C(z)-1/2I is strictly positive real, i.e.

C(e’*)+C(e-’*)-I>O V [0, 2r].

(c) (A, B, D) is controllable and observable, where D is any matrix such that
DD HQ1H.

We first explain these conditions.
(1) The full rank of Ap is used to ensure deg (det A(z))= mp for identifiability.
(2) For the uncorrelated noise case r=0, C(z)=/, condition (b) is automatically

satisfied.
(3) Condition (c) implies that A(z) and B(z) have no common left factor, i.e.

there are matrix polynomials M(z) and N(z) such that

(13) A(z)M(z)+ B(z)N(z)= I;
this is a consequence of Theorem 6.2-6 of Kailath (1980, p. 366). Also, condition (c)
implies either As or Bs is not zero, which implies r + 1 =< max (p, q). So under condition
(c) s=pvq.

(4) If condition (c) is fulfilled (stability of A(z) is not required here), then there
is a unique positive definite matrix solution S in the class of nonnegative definite
matrices for the Riccati algebraic equation

(14) S= ASA-ASB(Q2+ BSB)-IBSA+ HQIH,
and the matrix A/ BL is stable with

(15) L -(Q2+ BSB)-1BSA
(see, e.g. Anderson and Moore (1971)).

(5) Instead of condition (c), which is rather restrictive, we can directly assume
(14), (15) for which the weaker conditions are sufficient and assume that A(z), B(z)
and C(z) have no common left factor which is a natural condition for identifiability
of the system.
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The following lemma is not concerned with adaptive control but it shows the
minimal value of the loss function and hints the form of adaptive control.

Throughout the paper, the relationship between two random quantities may have
an exceptional set with probability 0, but sometimes we omit to write "a.s."

LEMMA 1. If conditions (a) and (c) hold, then

(16) J(u) tr SCQC (u,-Lx,)(Q2+BSB)(u,-Lx,) a.s.
no /1 i=0

whenever ui is i-measurable and {ui} U with

(17) U={u" ,__ llu, ll==O(n), ,,ull==o(n), as no a.s.}.
The proof is given in Appendix 1.
This lemma tells us that the optimal control is u, Lx, and that the lower bound

to the loss is

min J(u) tr SCQC

We now give a multidimensional version of a result from Lai and Wei (1982)
which is used in the proof of Lemma 1 and will be repeatedly used in the sequel.

LEMMA 2. Letf be i-measurable random vectors and let { wi, ;} be a martingale
difference sequence satisfying (8). Then as n

fiwi+l-- o(sln/2 Iog(1/2)+’(sn + e)) /r/> 0 with Sn
a__ iif, =,

i=1 i=1

The proof is given in Appendix 1.

3. Main theorem. For estimating the unknown parameter 0 we use the stochastic
gradient algorithm defined by

(18) 0n+l On + Pn(y,+a- ,0n),

(19) o [y, y_p+, u, u;_+, y cp;_O,,_, Yrn-r+l- qZn-rOn-r],

(2o) 1 / I1 ,11 =, to- 1,
i=l

Denote by Ain, Bn, Cn the estimates given by 0n for A, B, C, respectively,
1 p, j 1 q, k 1 r. The state xn is estimated by the adaptive filter

n+1-- A.x,, + Bnu,, + C,, (y,+l HAnn HBnun),
(21)

o=[y0’’" 0]

where An,/, and , are defined by (11) and (12) with A,, Bj, Ck replaced by their
estimatesA,,Bj, Ck,, respectively, i=l...p,j=l...q,k=l...r.

Set

(22) L,, -(;’nS,,,, + Q2)-’Sn.,,,
where S. is recursively defined by

(23)

with an arbitrary initial value So -> 0.
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It is natural to guess that L,;, is something we should take as adaptive control,
but, in fact, it may lead to an inconsistent estimate for 0. To avoid this trouble we use
the randomly varying truncation technique and the attenuating excitation technique
similar to those used in Chen and Guo (1986).

Take an arbitrary/-dimensional i.i.d, sequence {e,} independent of {wn} and with
properties

(24) Ee, =0,

Without loss of generality we assume , tr{ wi, =< n, ej, j =< n }.
Then the random sequence {v,} will serve as the source of attenuating excitation,

where by definition

( 1 )en Vn---2, e 0,4s(m+2)(25) Vl=0, v, log/2n

From Theorem 3, which is stated later on, we shall see that for strong consistency
of parameter estimates besides conditions on system structure there is a growth rate
requirement for system input when the attenuating excitation is applied to the control.
But L,, may not meet this requirement. This is the motivation to truncate the control
at randomly varying bounds which we describe right now.

We partition the time axis by a sequence of stopping times

1 7-1 <t7" < 7-2 < 0-2 <

at which the control is truncated in order to keep the required growth rate.
From the random time 7-k we define adaptive control uan as L,, excited by v, as

far as n <trk where rk is the first time when the growth rate of 1/(j- 1) -1 IIL,,II =
is greater, roughly speaking, than logs (j- 1); and from the random time trk we define
adaptive control as a pure disturbance v, until n < 7-k+1 where 7-k+1 indicates the time
when (l/n)j=l IIjll 2 is less than log/2 n and when some other technical conditions
are satisfied. To be precise, we define

(26)
j-1

try=sup t>7-" Y IlL,,ll= <- (j-1) log (j-1)+IIL,,II=,

(27) 7-k+, =inf t> trk: IIL, ,II 2k II jll t;
i=" j=l

Vj (7-k, t]},
=

_-< 1 "[
logs J

with any but fixed 8 such that

(28) 1/4-(m+2)se].

Clearly, for any e(0, 1/(4s(m+2))) the interval for 8 is not empty and the upper
bound for 8 is chosen to ensure an important inequality, which will be used later on"

(29) 1-284 e -(mp+ s)(e + 8) > O.

On the right-hand side of the inequality in definition (26) the term ]lLkkl[ 2 is
added to ensure the existence of trk, while in definition (27) the first and the last
inequalities are rather technical and are used in the proof of Lemma 4 for considering
case (3).

The adaptive control is defined by
0(30) un=Lnn+Vn
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with

(31) L"= 0
if n belongs to some [zk, O’k),
if n belongs to some [rk, zk+).

We note at once that u can be recursively computed in real time and this makes
the results developed here practically applicable. It is not difficult to see that u, is
indeed F,-measurable, and it will be shown in 5 that {u,} U defined by (17).

We now formulate our main result.
THEOREM 1. If conditions (a)-(c) are satisfied, then the adaptive control ua= {ua,}

given by (30) is optimal in the following sense: thatfor system (1)with {u,a} applied the
parameter estimate On given by (18.) is strongly consistent and the lossfunction (2) attains
its minimum, i.e.,

and

On 0 a.s.

J(ua) tr SCQC a.s.

The proof of Theorem 1 is given in ,5.

Obviously, the optimal adaptive control is not unique; it may differ first by a
different choice of excitation source { vn}, second by various estimation schemes applied
to 0. For example, we can use the least squares algorithm. In this case, instead of
(18)-(20) we take

(32) 0n+ 0n + anPno.(y,+- o.On),

(33) Pn+, Pn anPntPntP.Pn, an (1 + q,Pnqn)-,
(34) "= [y ". y; y;n Yn-p+l, U. Un_q+l, --_10n, ", _r+l--_rOn_r+l

and we change log/2 n.in (25) to n/, log (j-1) in (26) to (j-1) and finally log
and log/ in (27) to and /2, respectively, then Theorem 1 can be-modified to
the following.

ThEOrEM 1’. Assume that conditions (a) and (e) are satisfied and C-(z)-I is
strictly positive real. Iftheparameter estimates are given by (32)-(34) and in the definition
of adaptive control (25)-(31) log is replaced by for all i, then

O. 0 and J(u")=trSCQC" a.s.

The proof of this theorem can be carried out along the lines of that of Theorem 1.
In the sequel by On we always mean the estimate given by (18)-(20).

4. Consistency theorems. In this section we give some theorems on the strong
consistency of parameter estimates.

In the sequel we always denote, respectively, by Amax(X and Amin(X) the maximum
and the minimum eigenvalues of a matrix X. We first give a result on matrix production;
it plays a crucial role in the proof of Theorem 2.

LEMMA 3. Let {f} be a sequence of deterministic vectors of dimension d and let
F(n + 1, i) be recursively defined by.

-f"f’ F(n, i), F(i, i) I,(35) F(n+l,i)= I rf ]

(36) rf, 1 + IIf,/I =, rfo 1.
i=1
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Ifrf, ,,_. c andfor some a [0, 1/4] there are constants No andMsuch thatfor all n.>- No

and

then

rfn+l/rfn _--</I//(log r),

t!max ,ff+-I
’’min(i=lfif+-dI1)

<=M(lOgrfn)(1/4)-a

F(n, O) ...> O.

The proof of Lemma 3 is given in Appendix 1.
Set

0 2(37) r, 1 + X lloll r= 1,
i=1

(38) o, [y, y ]--p+l Un Un--q+l Wn Wn--r+l

which is obtained from , with y-LlO_ replaced by w, i=n.., n-r+ 1.
oTHEOREM 2. If condition (b) holds, r, and if there are a [0, ], No and M

possibly depending upon such that for any n No-1
(39) rn+l/ r, <= M(log r) a.s.,

hmax ii +Ii=1(40) ’(mini=1 iiO o,+i1 )M(logr)1/4-a a.s.,

with d mp + lq + mr, then

O, 0 a.s.

oThe theorem holds true if in its conditions and ri are replaced by and r
respectively.

Proof We rewrite F(n, i) defined in Lemma 3 to (n, i) and (n, i) if f is
replaced by and respectively. We know that (n, 0) 0 is equivalent to O(n, 0) 0
if condition (b) holds (Chen and Guo (1985a), (1985b)). Then by Lemma 3 under the
conditions of the theorem we have (n, 0) 0; hence 0, 0 as shown in Chen and
Guo (1985a), (1985b), (1987).

For consistency of parameter estimates we now give a theorem that translates
conditions on , and to conditions on u, alone. This is a basic step for proving
our main result and is interesting by itself.

THEOREM 3. Suppose that for system (1) A(z), B(z) and C(z) have no common

left factor and conditions (a) and (b) are satisfied and that

(41) u,=u+v,
and

1
(42) IluTll== O(log n)

i=1
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for some 15 satisfying (28), where vn is given by (25) and u. is any ’._l-measurable
random vector with ;’.-1 being q-algebra generated by { wi, <-_ n, vj, j <- n 1, Yn >-_ 1.
Then On is strongly consistent"

On 0 a.s.

The proof is given in Appendix 2.

5. Proof of the main theorem. The proof of Theorem 1 is separated into several
lemmas.

LEMMA 4. Under conditions of Theorem 1 the estimate On is strongly consistent"

On 0 a.s.

and

Ln L a.s.,

where L and Ln are defined by (15) and (22) respectively.
Proof. We first prove consistency of
(1) If Zk < o, trk O for some k, then L Li for .i >= Zk and by definition (26) for

trk we have

E IIZ, ,ll =-- O(log n).
i1 i=1

Then by (30) and (31) we see that Theorem 3 can be applied, since L’i is obviously
i_l-measurable. Hence 0n O a.s.

(2) If trk <, ’k+l= O for some k, then by (30) and (31) u=vn for n>=trk, and
again Theorem 3 leads to the conclusion of the lemma.

(3) If trk <o, rk<O, for all k, then by (26), (27) and (31) we have for all k_->l

k____<"<k+ n log n i=
Lixi

1 oALixi
.k_no.k--1 1 log6 /1 i=’1

sup + +. .+
.rk_n_crk-- loga n xi=,

Crk_

’rk_

1 1 O’k_

-< E IIL,,II=/,,, / E IIL, ,II =
z2 log z2 = ’k log Ze =k_

sup IIt,,ll =
.rk_ntrk-- 1 log n i=.r

k-1 1 1--< E + sup (n,, log n+llL**,ll)--<3 Vk_-> 1.
rk ntrk-- 1 .081

Hence in this case Theorem 3 can also be applied. Thus we have established the
strong consistency of 0n. The second assertion follows from Lemma 5.
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In the proof of Lemmas 5, 6 and 7 we need the following fact; If matrices fin
converge to a stable matrix, then there are constants 0 </z < 1 and c2 such that (Chen
(1985, p. 191))

(43) IIf-’""
LEMMA 5. If On n-, 0 and condition (c) holds, then S, defined by (23) tends to

the solution S of (14) as n-->
The proof is given in Appendix 1.
We now write xn given by (9) and n given by (21) in the vector component forms

(44) Xn [X

where xn and xn are m-dimensional, i= 1... s.
Set

(45) zn [x2."’’’
From (21) we have

^1 ^2
Xn+l An1 + Xn W BlnUn +(HAxn + HBun + Wn+ H.n. HBnun)

(46)
2AlXn + Xn + Bun + Wn+ Xn+1.

Then

(47)

with

(48)

n(Yn+ H,n.n Hnun
nHA(xn-n)+ nH(A-,n)n + .H(B-n)Un + nWn+l
Cn(z,, -Zn)+ nH(A-An)xn + CnH(B- Bn)un + Cnwn+l,

[Cn, O]}sm.
(s--1)m

Consequently, by taking un uan we can write (21) in the following form"

x.+, (..+BnL.).+Bnv.+n(Zn-Z.)+.H(A-An)x.
+CnH(B-n) o,,Lnxn+CnH(B-Jn)on+Cnwn+

-[’n + BnLn + nH(A-An)+ nH(B- Bn)Ln]n
’0+ Cn(Z. Z.) + [hn + CnH(n- n.)]Vn + 6nWn+.

From (9), (21) and (47) we obtain

x.+ .+ a(x. n) + (A-.)n +( hn)U + C .)Wn+
60(Zn .)-- 6.H(A-.)n C.H(n- nn)U

and from here and (46)

z.+-z.+ 6.(z.-e.)+(a’ ’.)X. + (n’-- n;)U.+ (C’ ’)w.+
(;n(A-n)n C;H(n- h.)u

(49)
Gn(Zn n) + [A’- + (B’-)L H(A An)

0’n(-]x
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where

and X’ denotes the matrix obtained from X by deleting its first rn rows, for example,

Finally, (48) and (49) give us a useful representation:

(50)

where

^. +/.L+ (.H(A-.)+ .H(B- .)L. d.](51) "= A’ o-A.+(B-B.)L.-C.H(A-.) ’.H(B B.)L, G,]

LEMMA 6. If conditions of Theorem 1 hold then there is a k such that

Proof. Since 1 7-1 < 0-1 < 7-2 < 0"2 <" ", we only need to prove the impossibility
of the following two cases:

(1) 0"k<O, 7-k+1=00 for some k;
(2) 7-k<OO, 0"k<OO forall k.
By (50) we have for n => 0"k

Zn+ Zn+l/
(52)

where by definition

I s ={"’’’i+1 forn>i,
j=i+l I for n i.

In case (1) L, =0 for n->_ 0"k by (32); then by Lemma 4 we have

(53) (Is..-,oo>(0A )---a withC=[C,O]}sm, G=(-C’ I0).
Notice that A(z) is stable by condition (a), and C(z) is also stable since C(z) is strictly
positive real by condition (b), so is a stable matrix.

From (43), (52) and Lemma 4 we obtain for all n _>-0"k

! IIz,+ - =)

j

Then

I1  11 =--
k=l

as n - oo.
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This means that ’k/l must be finite by its definition (27) since L. , L by Lemma
4. Therefore case (1) cannot occur.

Now assume that Zk < o, trk< O for all k. By definition ’k is a sequence of
monotonically increasing integers; then Zk -----* c.kc

By (31) L. L. for n [Zk, trk), and then by (51) and Lemma 4 we have

A+ BL C](54) .
"tk.k) 0 G
kc

where Co and G are defined in (53).
Since A+BL is stable theia for n(Zk, Ok--l] by (43), (54) and Lemma 4 it

immediately follows from (50) that

(55)

where here and hereafter ci, 3, 4,. ., denote constants free of k.
Similarly, from (49) we know that

(56)
C5"k -Jl- C67"k log/2 ’k,

where for the last inequality (27) is invoked.
Putting (56) into (55) and noticing the boundedness of Li, we conclude that for

sufficiently large k

Y IIL,,II cr log/2 rk +C8trk <---- C9trk log/2 trk< trk 1og trk+ IIL =-
On the other hand, by definition (26) we have the converse inequality

E IIL,ill2> O’k log
s trk+ llLCk[I 2

since O"k

The obtained contradiction shows that case (2) cannot take place as well.
To finish the proof of Theorem 1 it remains to show that the loss function, reaches

its minimum when u given by (30) is applied. It is done in the next lemma.
LEMMA 7. If conditions of Theorem 1 hold, then {u.} U defined by (17) and

J(u.) tr SCQC.
Proof By Lemma 6 and (31) there exists some ko such that

L.=L,, Vn >- "rko.

By Lemma 4 we know that {.} converges to the matrix stated at the right-hand
side of (54). Then by (43) from (50) it is easy to see that

(57) []k+lll2+ IlZk+l--Zk+lllz= o(1) +,o( w’+lll=+ v’ll=))
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and

(58)
/ k=

)=o +o Z -’(llw,+,ll+ll,ll) =0(1).
k=l k=l i=1

Then by (A2), (25), (57) and (58) it follows that

(59) I1.11 =-- o(n) and i111=-o(n)
k=l

Hence E,_-, IluTII= O(n), Ilu.ll=--o(n), and thus {u }e U.

a.s.

Using (59) and the consistency of 0. and noticing that G. in (49) converges to a
stable matrix, then from (49) we are easily convinced of

(60) -1 iiz/,_z/,ll== o(1) a.s.,
/’/ k=l

which together with (46) yields

(61) E llx,- ,11 =. 0.
/’l i=1 n-oo

From (59) and (61) we see

(62)
1

iix, ll== O(1).
/’ i=1

Finally, putting u into (16) and using (25), (61), (62) and the fact L L we
conclude that

.-,oo

n--1

J(ua) =tr SCQC + lim
1
E L L x, + L (., x, + v,] Q2+ BSB

n-oo 1 i=0

0[(L- L)x, + L,(x,- x,) +
tr SCQC’.

This completes the proof for Lemma 7 as well as for Theorem 1.

6. Conclusion remark. 1) In Chen and Guo (1987) the authors have given the
optimal stochastic control minimizing the tracking error and leading to consistency of
estimates given by the stochastic gradient algorithm. It is natural to ask: Is it possible
to give a unified adaptive control applicable to both problems oftracking and quadratic
cost. This requires further consideration.

2) The stability condition on A(z) is rather restrictive. It is desirable to weaken it.

Appendix 1.

ProofofLemma 1. By a standard treatment (see e.g. Chen (1985)) from (9), (10),
(14) and (15) we have

n--1 n--1

Y’. (y"{Q1y, + u"{Q2ui) xSxo-xSx,, + wi+lC"SCWi+l
t=o i=o

(A.1)
n-1

+ 2 (Axi + Bui)’SCwi+
i=0

rl--1

+ 2 u, Lx,) Q2+ BSB)(u, Lx,).
i=0
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From (7) it is clear that

ww,, = w! = w(A.2) Wn JJ2 tr tr > 0.
/,/ /

By stability of A there are constants Co and p (0, 1) such that

=Cop lk >= O.

Then by (9) and (A.3) it follows that

[Ix = < 3Co = Ilxoll’-/ 3Co
B = / C = -, _

1 -p =o
Thereforo by (7), (17) and (A.2) from here it is concluded that

(A.4) IIxll=- o(1), IIx, = o() a.s.
n i=l

From (17), (A.1) and (A.4) the conclusion of the lemma will follow immediately
if we can show that

Y (Ax, + ntli)zSCW,+l O (llx, = + Ilu,
i=o i=1

But this is a direct consequence of Lemma 2.

log’/=+ (llx, ll=+ llu, ll=)+ e
i=1

Vr/> 0.

Proof of Lemma 2. By the martingale convergence theorem (Chow (1965))
=1 fw+ is convergent on the set V {co" s< oo}; hence Lemma 2 obviously holds
on V.

Further, for co Vc, without loss of generality we assume fl # 0; then we have

2 E 1/21ogl/2-’--; (si + e)
2

i=2 Si i=2 Si log+2n (Si + e)

2 dx si log+2n (st + e)
i=2

2 Z

=2 dx
X log+n (X + e)

where =sup[.+ll] by definition. Again by the maingale convergence
theorem we see that

1/2Z fiWi+l/Si log1/2+n (si+e)
i=2

is convergent on Vc. Then the Kronecker Lemma guarantees validity of Lemma 2 on
Vc"

Proof of Lemma 3. Set

(A.5)

(A.6)

m(t)=max[n" tn<=t],

tn _A
i=No r{(log r/f_l) 1/4"
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We note that re(t) is nothing but the inverse function of t,, which is defined such that
it diverges in an appropriate rate.

It is easy to see that

t, _-> ,oo r/f-l(lO ----1)TM i=N0 t(log t) 1/4+a

(3 -4a)M
(log3/4-a rf_l- log3/4-a rfNo_l),

which via (A.5) implies t,--> o, m(t)< oo for all t, and

[ 4a)M(14/(3-4a)(A.7) log rm(N+k)-i
y <- (3--...

4
N+kce)+lg3/4-arf-I

For sufficiently large No we have

(A.8)
then

and hence

VN=>I.

log r.f, <- log rL1 + log M+ a log log r/f_1 __--< 2 log rfi_l V >-- No.

nl iif, =
<38-(1og3/4 r,f- -log3/4 rfo-,)<-- 2

i=No ’/iiog rf)1/4=

--<_ tin(t)+1 --<-- ](log3/4 rf,,,(t)- log3/4 rfo-1)
or

(A.9) log y >rm(N+(k_l)a) [(N+ k 1)Ce) +log3/4 rfNo_l]4a/3.
Since m(t)< oo for all t,, there exists N such that m(N)>= No and

(A.10)
(log r()’/4-’<1.__ Vi>_ m(N)r{ 2M

For any k_-> 1 by summation by parts and using (A.9) we obtain

(N+kc)-I f/f > X r( ff- fjj I
i=m(N+(k-)a) i=

II 11 =
r( 2I

i=m(NW(k-1)a)+l j=l

m(N+k.) Amax(2j=,+(1/d)I I111X
,=<+<-l))+ M(log rL)/4- (Lt 2I

> (log (N+(-))
i=m(N+(k-1))+l

{ 1 (log if_01/4-a 2

I 2I
M rL ] r((log rL)1/4

1
log r(N+(k-))( tm(N+k)+ t,(+(k_))+)I 2I

2Md

> log" f 2 Irm(m+(k-))2Md

>
1 +3k+ log3/4 r_ 2 L

2Md
(N-)

8
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then

(A.11)

We take N, a large enough so that N > a and

b
2Md

-2> 0;

.(V+k.)-I f/f/> b( kaa/3r-.y )I Vk >- 1.
i=m(N+(k-1)a)

Let Pk be the maximum eigenvalue of the matrix

F(m(N+ ka), m(N+(k- 1)a))F(m(N+ ka), m(N+(k- 1)a))

and let X,.(N+(k-)) be the corresponding normalized eigenvector. For
[m(N+(k- 1)a), m(N+ ka)- 1] recursively define x

(A.12) xi+,= I- r{ ]
Then we have

x(u+k)x(u+k) x(u+(k_x))F"(m(N+ ka ), m(N+ (k 1)a ))

(A.13) F(m(N+ka), m(N+(k--1)a))X(N+(k-l))

Xm(N+(k_l)a)PkXm(N+(k-1)a)

and

(A.14)
ff

i+lXi+l X Xi X /.{ Xi"

iE

Summing up both sides of (A.14) we obtain that

"’+o)- IIf;x,ll______(m.15) E r.f, <= IIx(/(_,)llz- IIx(,/ll== l--Ok.
i=m(N+(k-1)a)

For m(N+ (k 1)a), m(N+ ka) 1 from (A.12) by Schwarz inequality and
(A.6), (A.15) we see that

Ixi-x(+(-l))[
j=m(N+k(-1)a) f Xj

(A.16) N {log r(N+k.)_}1/8

<{log f _l}/8la gl Okm(N+ka)

Finally, by (A.7), (A.11), (A.15) and (A.16) we conclude that

(-’ ZZ(x x, + x,)bk4o/a X(+(k-))
i=m(N+(k-1)a) r{ (N+(k-1)a)

< (log f )a/4r+=)_ E r{(log rL)/41lx+k-a) x,
i=m(N+(k-1)a)

+{log r+k_}/8 E
,=(u+(-,>.) (r{)’/Z(log rL1) 1/8 (rf) 1/2
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<_::{(ot+l)3/2+(ot+l)l/2I(3_4a)M ]-1/(3-4a)}4
(N+ kc + log3/4-a rfNo_l

} 3/2(3--4a)

x (3.4-4a)M(N+kt)+ log3/4-" rYo_l /1 Ok.

it is clear that there is a constant Cl > 0 such that

bk4a/3 <- Clk3/2(3-4a)(1 --pk) 1/2 Vk >- 1,
or

b2 1
Pk 1 c k3/(3-4a)-(Sa/3)"

Then

since

k

IIF(m(N + kcr), o)11 <= FI IIF(m(N + ia), m(N +(i- 1)a))lJ. IIF(m(N), 0)11
i=1

k

i=1 koo

5 3 8
-<_- a_-<l foray[0,1/4].
6 3-4a 3

Notice that IIF(n, 0)11 is nonincreasing; then the lemma follows immediately.
Proof ofLemma 5. For simplicity we denote by P(A, B, S) the right-hand side of

(14). By Theorem 14.3 of Lipster and Shiryayev (1978) equation (14) can be solved
recursively

(A.17) r,+I=P(A,B,F,)

and F, -> S for any Fo- 0. F, with initial value Fo 0 is denoted by F In this theorem
it is proved that for any vector x of compatible dimension

(A.18) ox F.x <- xF.x <- xSx + x.(Fo S)g.,

or equivalently,

x’(r. S)x <- x’(r. S)x <- ;(ro- s)x.,

where .._., 0 and F. S and both . and F. are independent of Fo. Hence from
(A.18) we see that the convergence F. S is uniform in Fo for IIFo[[ <_-c with c being
any fixed constant.

From (23) we know that

S. <- A.S._I.. + H’QIH Vn >= 1.

Then, taking into account (43) we have the boundedness of S.:

II i-2
(A.19)

IIH’Q,HII .+ c(IIH’QIHII + IISoll)
1

=c Vn->l.
1-/x
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By strong consistency of 0, and by boundedness of S, it is easy to see

P(A, B, S,,)- P(A,,+, B,,/, S,,) O.

Hence for any e > 0 we can find N> 0 such that

(A.20) Ilas./ll--< e Vk->0, Vn => N,
where

(A.21) zSn+k S,+k- P(A, B, S,+k_l).

For simplicity we set

P,(F) A P(A, B, F), P,(F) _a P(Pn-I(F)).

It is easy to show that there is a constant " such that

(A.22) PI(F + AF) P(F) +A--, I111 -< t
for matrices r >= 0 with Ilrll <-- c and ar with Ilarll <-- .

We now by induction prove that for any n => N and k => 1

(A.23) Sn+k Pk(S,,)+Z,,k(e) with II/.()ll<_-c,

where ck is a real number independent of n.
By (A.20), (A.21), we see that (A.23) is true for k= 1. Now assume (A.23) holds

for k. By boundedness of IIs.ll =< c for all n, the same argument as that used in (A.19)
leads to the conclusion that Pk(S,) is uniformly bounded in n >= 0 and k => 1. Then by
(A.21 )-(A.23) it follows that

S,,+k+l P,(S,,+k) + AS,,+k+, P(Pk(S,,)+ Z,,k(e)) +

Pk+,(S,,) + Z,,k(e) + hS,+k+, Pk+I(Sn) "1- Znk+, (e),

where, obviously, IIz/l()ll--< c/,. with Ck+ Ck + 1. Hence (A.23) holds for k+ 1.
In the present notation

r, P,(ro)

where F, is defined by (A.17). By the uniform convergence of F, for any 8 > 0 we can
take ko large enough such that

(A.24) IIPo(r0)- sll -< Vro. Ilroll <= c.

For e __a 6/c take N such that

(A.25)

Then from (A.23) we have

AS,+ e

s.+= P(S.)+z.<(),

and by (A.24) for all n -> N

s.+o- sll--< IIPko(S,)- sll / IIZ.o()Ii--< 26,

which yields the conclusion of the lemma.
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Appendix 2.
ProofofTheorem 3. First we note that {v,, ’,} is a martingale difference sequence.

Then by Lemma 2 we have

(A.26) uTv7-- o IluTII = log/2+’ IluTll=+e
i=1 i=1 i=1

Further, by (24), (25) we know that for y (, 1)

X E IIv,v,-I/log.ill3/
i3,/2

Hencei= viv (1 i)I]/i" is convergent by the martingale convergence theorem.
Then from the Kronecker lemma it follows that

1 ,. ( 1 I)=0 Yy(,l).(A.27) ,,-,olim - = vvi-iog
It is clear that

dx 1 1 I’ dx

d2 log X--i=2 log i-log 2 log x

and the l’H6pital rule shows

(A.28)

hence by (A.27)

(A.29)

logan 1
) 1;

n i=2 log

log n
viv I a.s.

gl i=1 noo

From (42), (A.26) and (A.29) we see

(A.30)
1

ilu, ll__ O(log n).
gli=l

Then by condition (a)

(A.31)
1

ily, ll O(log
,
n);

hence
o(A.32) rn O(n logs n),

which means

(A.33) /max ( o0 1 )= t#. +-dI O(n logsn).

Again by (41), (42), (A.26), (A.29), and noting that q ->- 1, we have for all sufficiently
large n

o > >-- 1/2 E v, >---.(A.34) rn= Ilu, 2 2 n

i=1 i=1 4 log n
oThen rn a.s. and

rn+.= 0 O(log+ n)= O((log rn
n/og nrn
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Comparing with conditions in Theorem 2 we find that a 6+ e and by (A.33)
and (A.34) for (40) to hold we only need to verify

(A.35) lim(logn) 1/4-2- ( o o 1
/min (O q9 -{-" I O.

nx3 i=1

By condition (a) it is, easy to see that

yn-i A-l(z)B(z)ziu, + A-l(z)C(z)ziwn

=zia-l(z)[B(z)’C(z)]’[un]"wn
Then o can be written as

(A.36)

where by definition

o. v.(z) u.

F.(z) w.

A-(z)[B(z), C(z)] ]
Fn,(z)= zA-’(zl[B(z),. C(z)] [

zP-’A-I(zl[B(z), C(z)]]

[ [0, Ira]

F.(z) ] z[0!l]
Lz-’[, I1

where Ix denotes the identity matrix of dimension x.
Set

[t,,o] ]
z[/,:, 0] 1,

z-liIt, O]J

(A.37) 0n [det A(z)]q,

and notice that Ap is of full rank, then degA(z)=p, deg[detA(z)]=mp, and
deg [Adj A(z)] mp -p, since A(z)[Adj A(z)] [det A(z)] I.

Let

det A(z) ao+ az +. + ampZrap.

Since o 0 for < 0 we have

inf ax,,o
IIX i= j=O

,o)2 inf<=(mp+ 1) aj
j= Ilxll ,.=

aj imin (ii)"
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Hence for (A.35) it is sufficient to prove

(A.38) lim
(lg n)x ( )/min I/il]/ 0 a.s.,

n-oo i=1

where for simplicity we set A 1/4-28- e.
Let D be the set on which (A.38) is not satisfied. Suppose that P(D)>0. Then

for any to e D there exist vectors
(p--l)- 0, (q--1)’r 0- (3,--1)- d

where I1, 1 such that

nk
)2(A.39)

(log rig)x y. (rl. , O.
/’/k i=1

Set

(A.40)

p--1 q--1

’" ’(Adj A(z)l[B(z) C(z)]+ E /3"H.(z) A E .Z ,kz [det A(z)It, 0]
i=0 i=0

r-1

+ 3z’[0, det A(z)I,]
i=0

i,(A.41) A Z [h., g.]z,
i=O

where mp + s- I, and h and g.. are 1- and m-dimensional vectors, respectively.
Since I111 1, I111 1, I111 1, for any k 1, i=O...p- 1, j=0. q- 1,

and v 0... r-1, there exists a constant c > 0 independent of k and such that

(A.42) IIh’.ll c,, IIgXll Cl Vk 1, 0,’" ", t.

By (A.36), (A.37) and (A.41) we can rewrite (A.39) as

(A.43)
(log nk) .u_ + g. wi +" + g.w_)2 O,
k i=l k

or equivalently,

---0r 1 t O t(lg nk)a [(hv,)2+n.u,+h + + + +...+ )2]hnki- gnk Wi gnk Wi--ti
nk i=1

(A.44) +2h uv, h+2 E h u,_v, h
i=1 j=l i=1

+ nk O.
j=O i=1 k

We now show that (A.44) implies

(A.45) Ilh’.11---- 0, IIg’
koo koo

Vi:O<__i<-t.

Applying Lemma 2 to Ei=l Wi-jUi and noticing (7), (A.42), we find that

lim
lg nk .(g., wi-vi h.<--(l+t)c

lg nkO(nlk/210g/2+n(nk+e))=O
n--,oo ’lk j=0 i=1 k-,oo 1k

for any to D with a possible exception set of probability zero. In the following
discussion such a possible exception is always assumed. We note that no measurability
of h ,k and g is required.
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Similarly, by applying Lemma 2 to =1 uv and --1 u_jv (j> 1) and by use
of (41), (42) and (A.42) we conclude that for to e D

lim
lgxnk

hO, u,v,S h,,ko h,kJ , u,_v, h, =0.
k-oo /k

Hence from (A.44) we have

(A.46)
+ gO.w, +’’’ + g.,. w,-t )2 ,0,

k--)

and

(log nk)A(A.47)) o, )2h.kv, 0
lk i=1 k--)oo

for toeD.

By (A.29) and (A.47) it is clear that

h.ll --- o((log nk)-X+),(A.48)

hence by (42)

toeD;

(log nk) x-(e+a) nk
E h- s’2

,,,.us) O(1),
/’/k =1

Then from here and (A.46) we have for to e D

(A.49)
(log nk) x-(e+t) nk

Z hi* o, ,.,,,, ui-1 +" + h " )2nk Ui--t 4" g"k Wi 4"" 4" gnk Wi--t O.
lk i=1 k--)oo

Comparing (A.49) with (A.43) we see that in (A.49) we have deleted u by changing
the order of log nk from A to A (e 4" t).

Generally, using the same treatment as described above we conclude that

(A.50) IIh’. ll =- o((log rig) -x+’(+a)+ ), 0_--< <_-- t, to e D

and

(A.51)
(log nk)x-(t+l)+) " )2g,,, Wi +" "+ g.,, Wi- ---’--> O, to e D.

/’/k i=1 k--)oo

The same argument applied to (A.51) by using (7) and (A.42) leads to

(A.52) IIg’.ll =- o((log nk) -x+(t+l)<+)) Vi" 0<_-- i_--< t.

Since mp + s 1 and A -26 e, then by (29), (A.50) and (A.52) imply (A.45);
hence we have

(A.53) H,,,,(z) O, toeD.

Let { r/,. } be a convergent subsequence of { r/.}- r/,. r/with
k-)oo

(A.54)
IIll =1, oD,

n-" ((O’r... ((p--1)a’, flOa’... (q--1)a’, ,Oa"... (7--1>a’)’r.
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Then by (A.40) and (A.53) we have

p-1

2 t’z’(Adj A(z))[B(z), C(zl]
i=0

(A.55)
q--1 r--1

E /3"z’[det A(z)I, 0]- 7"z’[0, det A(z)I,,,].
i=0 i=0

Since A(z), B(z) and C(z) have no common left factor, there are matrix poly-
nomials M(z), N(z) and L(z) such that

A(z)M(z)+ B(z)g(z)+ C(z)L(z) I.

Then by (A.55) we see

, a"z’ Adj A(z)
i=0

((A.56) =P,=o a’z’ Adj A(z) A(z)M(z)+[B(z), C(z)]
k L(z) J

det A(z) a’z’M(z)- , z) y’z’L(z) to e D.
i=0 i=0

But

deg a’z AdjA(z) <-p-l+deg(AdjA(z))

so (A.56) implies

p 1 + mp p < mp deg (det A(z)),

p-1

cz’ Adj A(z)=0,
i=0

Hence.ai=0, i=0,...,p-1, and by (A.55) fli=0, i=0.., q-l, and /J=0, j=
1.-. r-1 for toeD. This conclusion contradicts with IIr/ll 1; therefore, P(D)=0
and (A.38) is verified.
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THE STRUCTURE OF TIME-OPTIMAL TRAJECTORIES
FOR SINGLE-INPUT SYSTEMS IN THE PLANE:

THE GENERAL REAL ANALYTIC CASE*
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Abstract. For arbitrary single-input real analytic systems in the plane, in which the control enters
linearly, we prove that the time-optimal trajectories are finite concatenations of "bang-bang" and singular
arcs, with local bounds on the number of switchings. No "nondegeneracy" assumption is made other than
real-analyticity. The analysis proceeds by applying our previous results on nondegenerate C systems to
study the behavior of the trajectories on a neighborhood of every point, except for the points in a discrete
set of "branch points." The branch poihts are then handled by a combination of control-theoretic arguments
and the use of subanalytic set theory.

Key words, time-optimal control, two-dimensional systems, regular synthesis
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1. Introduction. This paper continues the analysis, begun in [A], of the time-
optimal trajectories for systems

(1.1) : F(x) + uG(x), lul--- 1,

where x belongs to an open subset of the plane, and F and G are C vector fields.
In [A] we proved theorems about the structure of the trajectories in regions where the
system is sufficiently nonsingular. Here we will limit ourselves to real-analytic systems,
but we will make no extra assumptions. It then turns out, as shown in 2, that the
analysis of [A] applies in a neighborhood of every point x of the state space, except
for (a) certain "branch points," that constitute a discrete set, and (b) systems which
are so degenerate that, locally, every trajectory is time-optimal. The main part of the
paper is 3, where we analyse the structure of the trajectories in a neighborhood of
a branch point. In 4 we dispose of the other exceptional case mentioned above, and
the analysis is complete. The main conclusion of our analysis is then stated in 5.

We will be using all the definitions and notations introduced in [A].
Our work makes heavy use of the theory of subanalytic sets. It is a remarkable

fact that this theory is not only used in the way mentioned earlier (i.e., to go from the
local bounds on the number of switchings to the existence of regular synthesis) but
also in the trajectory analysis itself. We provide an Appendix which gives all the
definitions and results about analytic, semianalytic, and subanalytic sets which are
used in the paper.

Our work partially overlaps with Baytman’s book [Ba]. Baytman proved existence
of a regular synthesis for a class of smooth systems, without using the theory of
subanalytic sets. However, he has to make various nondegeneracy assumptions which,
in particular, fail to be satisfied for arbitrary analytic systems.

2. The analytic case. In [A] we studied the time-optimal trajectories in the neigh-
borhood of near-ordinary points p, for an arbitrary smooth system 2. We now consider
the case when 2 is analytic, i.e., we assume that

(2.1) F and G are real analytic vector fields on M.

* Received by the editors February 2, 1982; accepted for publication (in revised form) March 6, 1986.
This work was partially supported by National Science Foundation grant no. DMS83-01678-01.

f Mathematics Department, Rutgers University, New Brunswick, New Jersey 08903.
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Moreover, we will assume that

(2.II) M is connected.

A system X for which (2.1) and (2.11) hold will be called a connected analytic
system (C.A.S.). If is a C.A.S., fhen the functions AA:M--> and As:M--> are real
analytic and, therefore, each of these functions either vanishes everywhere on M or
its set of zeros has an empty interior in M.

We let L(F, G) denote the Lie algebra of vector fields on M which is generated
by F and G, and we let Lo(F, G) denote the ideal of L(F, G) generated by G. Then
Lo(F, G) is spanned by G, [ F, G], F, F, G]], G, F, G]], etc. If S is any set of vector
fields on M, and p M, we write

(2.1) St(p) { V(p): v st}.

We say that X has the accessibility property (AP) at a point p M if

(2.2) dim L(F, O)(p) 2

and we say that has the strong accessibility property (SAP) at p if

(2.3) dim Lo(F, G)(p) 2.

It is well known (cf. [SuJ]) that has the AP at p if and only if the set of points
that can be reached from p by X-trajectories has a nonempty interior. Also, has the
SAP from p if and only if there is a > 0 such that AXe(p) has a nonempty interior,
where AXt(p) is the set of points that can be reached in time by X-trajectories from
p. If has the SAP from p, then AX,(p) has a nonempty interior for every > 0.

We say that has the accessibility property (AP) if has the AP at p for all p M,
and that has the dense accessibility property (DAP) if it has the AP from p for all p
in some dense subset of M. The definitions of the strong accessibility property (SAP),
and of the dense strong accessibility property (DSAP) are similar.

LEMMA 2.1. Let Y be a C.A.S. on M. Then thefollowing conditions are equivalent:
(a) has the DAP,
(b) has the AP at some p M,
(c) AA does not vanish identically on M.
Proof. If G-= 0 on M, then it is clear that (a), (b) and (c) are all false, and so the

equivalence holds. Therefore we may assume that G is not -= 0 on M. So there is an
open dense subset M’ of M such that G(p)# 0 for p s M’ (because M is connected,
and G is analytic). If Aa 0, then there is a function aF" M’+ R such that F
on M’. Then it is easy to see, that, if L’ is the set of all E L(F, G) such that E M’
is equal to GM’ times some scalar function a:M’g, then L’ is a Lie algebra.
Since F L’ and G L’, we see that L’= L(F, G). So, if E L(F, G), then E
on M’, for some a :M’R. Therefore, if pM’, the space L(F, G)(p) is the linear
span of G(p). Hence L(F, G)(p) is one-dimensional, and so the AP fails to hold at
p. If q M and if the AP holds at q, then there are E, E2 in L(F, G) such that El(q)
and EE(q) are linearly independent. But then El(q’) and EE(q’ must be independent
for all q’ in some neighborhood of q. Since M’ is dense, there must be a q’ M’ such
that El(q’) and EE(q’) are independent, and therefore dim L(F, G)(q’)=2. But this
contradicts the fact that the AP fails at all q’ M’. So the AP fails at all q M. Therefore
the negation of (c) impli6s the negation of (b), and so (b)=>(c). That (a)=>(b) is
obvious. Finally, if (c) holds, then there is a dense M’_ M such that F(p) and G(p)
are independent for every p M’. But then the AP holds at every p M’, and so (a)
holds. So (c)=>(a).
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LEMMA 2.2. Let , be a C.A.S. on M. Then the following are equivalent:
(a) has the DSAP,
(b) has the SAP at some p M,
(c) AB does not vanish identically on M.
Proof The proof that (c):=>(a) is exactly like that of the analogous statement for

Lemma 2.1. The implication (a)=:>(b) is also trivial. The proof that (b)(c) is almost
identical to the corresponding proof for Lemma 2.1. We may assume that G 0 on a
dense open M’_ M. If AB--0, then H aG for some a" M’-. We define L’
exactly as in the proof of Lemma 2.1. Then it is easy to see that, if E L’, then IF, E]
and [G, E] are in L’. So L’ is an ideal in L(F, G). Since G L’, we conclude that
Lo(F, G) L’, and so Lo(F, G)(q) is one-dimensional for all q M’. Therefore the
SAP fails at all q M’. Exactly as in the proof of Lemma 2.1, this implies that. SAP
fails at every q

We now consider a C.A.S. that has the DSAP, and hence the DAP as well. Then
the functions AA and zn both fail to vanish identically. We let NO (X) denote the set
of nonordinary points of. Then NO () is the set of zeros of the real analytic function
AAZn, and so NO (E) is an analytic subset of M. Moreover, since AAAn does not
vanish identically on M, and M is connected, the set NO () is of dimension =<1. It
follows from the general structure theory of analytic sets that NO (E) is a locally finite
union of arcs and points. More precisely, there is a locally finite partition of M into
connected analytic embedded submanifolds of M that are semianalytic sets, such that
NO (E) is a union of members of , and that, if S , then Clos (S)- S .is also a
union of members of , whose dimension is smaller than that of S. If S , and
S
_
NO (:), then S is either a point or an analytic arc. In the latter ease, the function

AAI S either vanishes identically, or has a set of zeros S1 which is discrete relative to
S. Since S1 is semianalytic, it follows that S1 is locally finite (i.e., discrete) in M (so
that $1 has no accumulation points in M-S either). Let S-S1 if AAIS does not
vanish identically, and let S if AA -- 0 on S. Define $2, S similarly, using the
function Aa instead of AA. Also, define $3, S, $4, S, $5, S using the vector-valued
functions X, Y and G, respectively. Define $6 to be the set of points p S such that
X(p) is tangent to S. If X is not everywhere tangent to S, then $6 is a discrete subset
of S, and it is easy to show that $6 is semianalytic in M, and so $6 is discrete in M.
(Indeed, suppose first that the functions Xk(AAAB) vanish identically on S for all
integers k>0. Then it follows easily that (AAAa)(tX(p)) =0 for all
for which x(p) is defined. If p S, then we claim that NO (E) f’) U S U for some
neighborhood U of p. To see this suppose there were no such U. Then there would
be a Sequence {q,} such that q, NO (E), q, S, and q p as n 0. Since is locally
finite, we may assume that all the q, are in some S , which is necessarily one-
dimensional and disjoint from $. But then p Clos (S) S, and so {p} , contradicting
the, fact that p S , dim S 1.. So U exists, and therefore there is an e > 0 such that,
if It[ < e and tX(p) NO (E), it follows that ,X(p) S. Since (AAAa)(tX(p))= 0 for
all t, it follows that tX(p) NO (X) for all t, and then that tX(p) S for small t. So
X(.p) is tangent to S. But this is true for all p, which is .a contradiction, since we are
assuming that $6
isnot identically zero. If we let t xk-I(AAA), then is an analytic function on
M, and S--0. Let Q be the set of zeros of X. Then Q is an analytic subset of M.
So Q S is semianalytie in M. Since Q f’l S is discrete in M, because X7 does not
vanish identicallyon S, we conclude that Q f3 $ is discrete in M.. If p $6, then
(X)(p)=0, because */IS=0, and X(p) is tangent to S. So pQf3S. Therefore
$6 c Qf)S, and so $6 is discrete in M.) We now define S= $6 if $6 S, S= if
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$6 $. We define S7 and S similarly, using Y instead of X. If X is not everywhere
tangent to $, then there is a k_>-0 such that xkAn does not vanish identically on S,
but that XiAo--= 0 on S for 0 -< < k. (Indeed, if XkAn =--0 for all k, then xk(AAAn) =0
for all k, and so X would be everywhere tangent to S, as shown above during the
discussion of $6.) We let $ be the set of zeros of xkAn on S, so that S is semianalytic
in M. If X is everywhere tangent to S, let S . Define $ similarly, using Y instead
of X. Finally, let

9

(2.4) S’= LI S.
i=1

Then $’ is discrete in M, for.each S such that dim $ 1, $
___
NO (X). Form

a new partition ’ by letting ’ consist of: (a) all the connected components of
M-NO (X), (b) all the connected components of $-S’, for all the S such that
$

_
NO (X), dim $ 1, and (c) all the sets {p}, where p S’ for some S , S G NO (),

dim S 1, or {p} , p NO (X). Then ’ satisfies:

(2.II.i) ’ is a locally finite partition of M, whose elements are embedded
connected analytic submanifolds of M, which are also semianalytic
subsets of M;

(2.II.ii) NO (X) is the union of all the members of ’ which have dimension
zero or one;

(2.II.iii) IfP ’, then (Clos P) P is a union ofmembers of ’, ofdimension
strictly smaller than dim P;

(2.II.iv) Every one-dimensional P ’ is a regular INOA, which is nondegen-
erate if it is of the antiturnpike type.

It follows from the preceding considerations that, with the exception of a discrete
set, all the nonordinary points of belong to regular INOA’s which, if they are of the
antiturnpike type, actually are nondegenerate. Precisely, let us say that a point p
NO (X) is good if p S for some $ such that: (a) $ is a regular INOA, and (b) if S
is of the-antiturnpike type, then $ is nondegenerate.

Let us say that p is bad if it is not good. Let us write NOg (,,), NOb () for the
sets of good and bad points p NO (X), respectively. Then

(2.5)

and

(2.6)

NO (:Y.,) N0 (X) U NOb (X)

N0 (X) N0, (X) .
Moreover, the preceding remarks prove the following.
COROLLARY 2.3. If X is a C.A.S. that has the DSAP, then the set NOb (X) consists

of isolated points.
In the terminology of 6 of [A], NOb (X) is the complement of the set of

near-ordinary points. Using Corollary 6.5 of [A], we conclude the following.
COROLLARY 2.4. Letp Mbe such thatp : NOb (X), and suppose that X is a C.A.S.

that has the DSAP. Then p has a neighborhood U such that

Opt (E U)
_

[Traj (X v Y v Z)]5.

In order to complete the description of the local behavior of time-optimal trajec-
tories, at least for systems which have the DSAP, we must study what happens in the
neighborhood of each point in NOb (E). This will be done in 3.
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3. Bad nonordinary points. We now study the time-optimal trajectories in the
neighborhood of a point p NOb (X), for a system X which is analytic and has the
DSAP. As will be shown later (cf. Appendix A2), the case when X(p)- Y(p)= 0 (i.e.,
when F(p)= G(p)=0) is fundamentally different. In this section we shall exclude
this possibility, and we shall assume that X(p)# 0 or Y(p)# O.

Precisely, here is a list of our assumptions for this section:

(3.I.i)
(3.I.ii)
(3.I.iii)

At least one of the vectors X(p), Y(p) is nonzero,
X and Y are real analytic in a neighborhood of p,
The function mamB does not vanish identically in any neighborhood
ofp.

We shall distinguish three cases, namely

(3.II.a)
(3.II.b)
(3.II.c)

X(p)= Y(p),
X(p) O, and Y(p) is not of the form rX(p) with r_-> 1, and
Y(p) rX(p), r > 1 or X(p) O.

If (3.II.c) holds, then we may interchange X and Y, and the resulting system
satisfies (3.II.b). So, without loss of generality, we may assume that either (3.II.a) or
(3.II.b) holds.

Our discussion of the two cases t,3.II.a), (3.II.b) will be parallel, but there will be
some significant differences. We begin by choosing an analytic coordinate chart
(Uo, (s, r/)), centred at p, such that Uo is mapped by (sc, r/) onto a square Sq (Co), that
Clos (Uo)G M, that X and Y are analytic on Uo, and that, relative to this chart, X
has components (1, 0). (This is possible because, if either (3.II.a) or (3.II.b) hold, then
X(p) #0.) If X(p) and Y(p) are linearly independent, we impose the additional
requirement that Y(p) have components (0, 1).

Let a,/3 be the components of Y. If (3.II.a) holds, then a(p)= 1, and so we may
assume, by making eo smaller, that a > 0 throughout Uo. If (3.II.b) holds, then either
X(p) and Y(p) are linearly independent, in which case a (p) 0, or they are dependent,
in which case Y(p) rX(p) for some constant r < 1. (Note that r may be negative or
zero.) In that case, a(p)< 1. In either case, we may assume, by making eo smaller,
than a < throughout Uo.

We may also assume that (AAAn)(p) 0. (Otherwise, p would be an ordinary
point, in which case we already know that Traj (X v Y v Z) is boundedly sufficient on
some neighborhood of p.)

We now identify Uo with Sq (eo), and we list the assumptions made so far:

(3.III.i)
(3.III.ii)
(3.III.iii)
(3.III.iv)

(3.III.v)

Uo Sq (Co), p (0, 0), and Clos UoG M;
X
Y aax + flay, where a and/3 are analytic functions on Uo;
either a(0, 0)= 1 and/3(0, 0)=0, in which case a(x, y)> 0 for all
(x, y) E Uo, or a (x, y) < 1 for all (x, y) E Uo. The former situation
occurs if (3.II.a) holds, and the latter if (3.II.b) holds;
(AAAn)(p) =0, but hAAn does not vanish identically on Uo.

Our goal is to find an e such that 0< e < Co, and that Traj (X v Y v Z) is boundedly
sufficient on Sq (e). This will require that we construct an appropriate CASA
stratification 5e of Sq (Co), and that we then restrict 5e to Sq (e) in an appropriate sense.

We let Stratp (e) denote the set of all CASA stratifications O of Sq (e) such that
{p} 5e. We are interested in the subset Stratp* (e) that consists of those 5e Stratp (e)
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that are compatible with the vector fields X, Y, and 0y. Also, we are interested in the
collection M(e) of all subsets S of Sq (e) that satisfy

(3.IV.i)
(3.IV.ii)

$ is a one-dimensional CASA subset of Sq (e),
S is a set of the form {(O(y), y): a < y < b} where -e _-< a < b _-< e,
and q:]a, b[ I-e, e[ is a real analytic function which is either
constant or strictly monotonic.

Also, we let ’(e) denote the set of all horizontal segments {(x, y): a <x < b, y
Yo}, such that -e -< a < b -< e, -e < Yo < e.

If 5e Stratp (e), and =0, 1, 2, we let 5ei denote the set of/-dimensional strata
of 5e other than { p}.

LEMMA 3.1. If 5f Stratp* (e), then

(3.1)

Proof. Let S 1. Since 91 is compatible with X, the vector field X is either
everywhere tangent to S, or nowhere tangent to S. In the former case, S M’(e). In
the latter case, the function (x, y)y has a nonzero directional derivative in the
direction tangential to S, at every point of S. So S can be parametrized by the
y-coordinate. Therefore S is of the form {(O(y), y)" a < y < b}, where O’]a, b[ R is
real analytic. Since S Sq (e), it is clear that -e-< a < b <-e, and that takes values
in I-e, el. Since 5e is compatible with Oy, the derivative dO/dy either vanishes for all
y or for no y. In the former case, is constant. In the latter case, it is strictly
monotonic. [3

If S M(e), and if 0 < 6 < e, we let S S fq Sq (6). If S is the graph of q" ]a, b[ -. b6]-e, e[ as in (3.IV.ii) then S is the graph of q ]a, b[ ]-6, 6[, where ]a, is
the intersection of the intervals ]-6, 6[ and {y" a < y < b, -6 < q(y) < 6}, and q

bqI ]a, [. So we have the following.
LEMMA 3.2. If S M(e), and 0 < 6 < e, then S sg (,5 ). [3

Now suppose 5e 6 Stratp* (Co). We say that e is good for 5e if

(3.V.i)
(3.V.ii)

(3.V.iii)

the only zero-dimensional stratum of that is contained in Sq (e)
is {p},
if S S1, and S f’l Sq (e) , then p Clos S.

We then have (cf. Fig. 1) the following.
LEMMA 3.3. For every 5 Stratp* (Co) there exists a good e.

Proof Pick el such that 0 < el < Co. Since Sq (el) is relatively compact in Sq (Co),
only a finite number of strata of 5e meet Sq (el). Let P be the union of all the
zero-dimensional strata {q} of such that q p, q Sq (Co), and of the closures of all
the one-dimensional strata S 5e such that p Clos S. Then P is closed, and p P. If
0 < e < el, and P fq Sq (e) , then e is good. [q

If 5e Stratp* (Co), and e is good for 5e, we let 5el(e) denote the set of all sets S,
as S ranges over all the one-dimensional strata of 5e such that p Clos S. If T 5e (e),
then T is of the form {(q(y), y): a < y < b} for some strictly monotonic or constant
analytic q, or T is a horizontal segment (because, if T S, S 5el, then S (eo)U
’(eo) by Lemma 3.1; if S(eo) then T(e), and if S’(eo) then Teg’(e)).
In the former case, the fact that p Clos T but p T implies that either a 0 or b 0.
(If a < 0 < b, q(0) 0, then p Clos T; if a < 0 < b, q(0) 0, then p T, and if either
0< a < b or a < b <0, then p Clos T.) If a =0, then q(y) must converge to zero as
y 0+. If we let L= limy_,b_ q(y), then the point (b, L) belongs to the closure of T
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Sq()

FIG. 1. A stratification in Stratp* (eo) and a good e.

(in Sq (eo)). If T= S, S 5el, we either have (b, L) S or (b, L) (Clos S)-S. In the
former case, (b, L) cannot be in Sq (e) (otherwise (b, L) would be in T). In the latter
case, {(b, L)} is a zero-dimensional stratum of S, and (b, L)# (0, 0), so that, again,
(b, L) Sq (e). Therefore b must equal e, or ILl must be e. In any case, we see that T
disconnects Sq (e)+, where

(3.2a) Sq (e)+= {(x, y): Ixl < e, O<y< e}.

If b-0, a similar reasoning shows that $(b-) =0, and that either $(a+)= +e,
or a--e. Also, if we let

(3.2b) Sq (e)- {(x, y): Ixl < e, -e < y < 0},

we see that T disconnects Sq (e)-.
Finally, there is the possibility that T is a segment {(x, y): a < x < b, y Yo}. Since

p Clos T, we necessarily have yo- 0. Also, a or b must equal 0 and, if a 0, b must
equal e whereas, if b =0, then a =-e. So T F+ or T F, where

(3.3a) F+ ={(x,y)’O<x<e,y=O},

(3.3b) r {(x, y): -e < x < o, y o}.

Let us define (e) to be the set of all CASA subsets of Sq (eo) that are of the
form {((y), y): 0< y < b}, where 0< b-<_ e, and where is an analytic function on
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]0, b[, which is either constant or strictly monotonic, and satisfies q(0+) 0, and either
0(b-) +e or b e. We define ;(e) similarly, except that, instead of an interval
]0, hi, the domain of q is an inte,rval of the form ]a, 0[, and the behavior of q at the
endpoints is given by q(0-)=0, and q(a+)= +e or a =-e. Then we can summarize
our preceding remarks in the following.

LEMMA 3.4. Let 5 Stratp* (eo), and let e be good for St’. Then every T (e) is
either one of the segments F, or TM(e), or TM-(e). If TM;(e), then T
disconnects Sq (e)+ and, similarly, if T M; e then T disconnects Sq (e)-. l-]

Suppose that T-S for S ST1, Se Stratp* (Co), that e is good for O, and that
T#F+, T#F-. Then TM;(e)UM;(e), and T splits the half-square Sq(e)+ (or
Sq (e)-) into two connected components, TL and TR, where TR is the component into
which X points, and TL is the other one. We refer to TR and T as the "right" and
"left" sides of T, but a word of caution is needed: a vector v, at a point q T, may
very well "point right" (i.e., have a positive x-component) and point to the "left" of
T (i.e., to T). (This will happen if v has a larger slope than T at q.) Since 5 is
compatible with Y, the vector Y(q) points to TR for all q, or to TL for all q, or is
tangent to T for all q. In particular, we have the following.

LEMMA 3.5. Let St’ Stratp* (eo), let e be goodfor 5f, and let T S for some S ]91
Suppose that T#F+ and T#F-. Let uT=Sq(e)+ if TM;(e), uT=Sq(e) if
T M-(e). Then either (a) Y(q) points towards Tfor all q T, or (b) Tis a barrier in
U.

We now construct a particular stratification Se Stratp* (eo). We let E (e) denote,
for 0<e -< eo, the set of zeros of AAAB in Sq (e) (i.e., E(e) Sq (e) f’) NO (E)). Then
E (eo) is an analytic subset of Sq (eo). Moreover, for 0 < e _-< eo:

E(e) E,(e) U E2(8 U E3(e),

where the (possibly overlapping) sets E(e) are defined by

(3.4a)

(3.4b)

(3.4c)

(Notice that, since

(3.5)

El(e) {(X, y)e Sq (e): AA(X y)=0},

E2(e) {(x, y) Sq (e): An(x, y)= 0},

E3(e)= {(x, y)Sq (e)" O(x, y)=O}.

G=1/2((oz-1)Ox’k-Oy),

the set E3(eo) is necessarily empty if (3.II.b) holds.)
We let E E(eo), Ei Ei(eo). The sets E are analytic and have dimension zero

or one. We pick a CASA stratification b of Sq (eo) which is compatible with the sets
E, i= 1, 2, 3, with {p}, with Sq (el) (where el is some number such that 0< e < eo)
and with the vector fields X, Y, and Oy. We then define by modifying 5e as follows.

For each SP which meets Sq(el), let kx(S) (resp. kY(s)) be the smallest
nonnegative integer k such that xkAB (resp. ykAn) is not identically zero on S. (If
no such k exists let kx(S) (resp. K Y(s)) be +.) Then let Sx (resp. Sy) be the
intersection of S with the zero set of Xk’(S)An (resp. Yk’(S)An). If kx(S) (resp.
k Y(S)) is infinite, let Sx (resp. Sy) be empty. Then Sx and Sy are subanalytic subsets
of Sq (eo), and they are clearly discrete. If S 51, and S meets Sq (el), the set
=(Sx [.J Sy)[’] Sq (el) is therefore finite. Form a new collection S* of sets whose
elements are the connected components of S-, and the sets {q}, q . Then S* is
a partition of S. Form Se by replacing each S Sl which meets Sq (ea) by the collection
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of all members of S. The stratification 6e obtained in this fashion has the following
properties:

(3.VI.i)

(3.VI.ii)

6e is a CASA stratification of Sq (eo), compatible with the sets Ei,
with {p}, and with the vector fields X, Y, and 0y.
If S 6el, pClos S, and if V is either X or Y, then either V is
everywhere tangent to S or, if it is not, and if k is the first nonnegative
integer j for which WAn is not --0 on S, then VkAn never vanishes
on S.

A stratification 6e with properties (3.VI.i, ii) above will be called an appropriate
stratification of Sq (eo). The following trivial observation will be useful later.

LEMMA 3.6. If ST is an appropriate stratification of Sq (eo), and if 6e’ is a CASA
stratification of Sq (eo) which is a refinement of 6e, then 6e’ is also appropriate. q

The remarks preceding the definition of an appropriate stratification prove that
such stratifications exist. From now on, we let 6e be a fixed appropriate stratification of
Sq (o).

We now return to our search for an e > 0 such that Traj (X v Y v Z) is boundedly
sufficient for Sq (e). We begin by proving some lemmas that reduce the problem to
that of finding bounds for the number of switchings for some special families of
trajectories in the half-squares Sq (e) +/-.

LEMMA 3.7. Let e be good for 6e. Suppose that v > 0 is such that

(3.6) Opt (EISq (e)+) LJ Opt (ZISq (e)-) Traj (X v Y v Z) .
Then

(3.7) Opt’ (EI(Sq (e)-{p})) c_ Traj (X v Yv Z)3+:.

Proof We first prove that, if Q F+ or Q F-, then Y is either everywhere tangent
to Q or nowhere tangent to Q. It is clear that Y is tangent to Q at a point q Q if
and only if/3(q) =0, i.e. iff Aa(q)--0 (since AA=/3). If Y is tangent to Q at some
point q Q, then AA(q)--0 and so q El. So qS for an S6e such that S El.
Therefore dim S =0 or 1. Since e is good, dim S 0. So S 6e,, and q S. Since
q Ft_J F/, the set S cannot belong to (e)U 4-(e). So Lemma 3.4 implies that
S=F or S=F+. Therefore S= Q. We conclude that ma 0 on Q, i.e., that Y is
everywhere tangent to Q.

Since X is everywhere tangent to F and to F+, we conclude that F is a barrier
in Sq (e)-({p}U F+), and that F+ is a barrier in Sq (e)-({p}U F).

So, by Lemma 4.1 of [A], if 3’ is a trajectory in Sq (e)-(p), then 3’ cannot leave
one of the segments F-, F/ and return to it unless it crosses the other one first.

Now suppose that (3.II.a) holds. Then a > 0 throughout Uo, and therefore every
trajectory of E in Uo goes from left to right. If a trajectory y Traj (EI(Sq (e)-{p}))
starts, say, at a point in Sq (e)-, then y either stays in Sq (e)- forever, in which case
it is in Traj (X v Yv Z), or it crosses into Sq (e)/ through F- or F/ (possibly after
staying in F- or F+ for some time interval). If y crosses through F /, then it cannot
cross again into Sq (e)- unless it goes through F-. But this is imp6ssible because 3’
goes from left to right. If T crosses through F-, then it may cross again into Sq (e)-
through F+, but once this crossing has taken place then no more crossings are possible.
Therefore y Traj (X v Y v Z)3u+2. So, if (3.II.a) holds, we have proved that

Opt’ (ZI(Sq (e)-(p}))_ Traj (X v Yv Z)3"+2.
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The case when (3.II.b) holds is slightly more difficult. The main observation for
this case is that no trajectory y Traj (EI (Sq (e)-{p})) that goes from a q_ F to a

q/ F+ can belong to Opt (EISq (e)-{p})).
To prove this, we first show that T(y)> T(y’), where y’ is the X-trajectory from

q_ to q/. Let q_ (x_, 0), q/ (x/, 0) (so that x_ < 0< x/). Let y: [a, b]-) Sq (e)-{p}
have the form --) (x(t), y(t)), and let y correspond to the control u(. :[a, b] --) [-1, 1].
Then

(3.8) (t) =1/2[(1 u(t))+ a(x(t), y(t))(1 + u(t))]

for almost all t. Since a < 1 throughout Sq (e), (3.8) gives

(3.9) (t) -< 1 for almost all t.

Therefore

(3.10) x+-x_= (t) dt<=b-a,

i.e., T(y’)=< T(3,). Moreover, equality is only possible if (t)= 1 for almost all t, i.e.,
if u(t)--1 for almost all t. But in this case y would be an X-trajectory, and then
would go through p, contradicting the fact that 3/ is a trajectory in Sq (e)-{p}. So
T(3") < T(3’).

The inequality T(y’)< T(y) does not yet prove that 3’ is not in Opt (EI(Sq (e)-
{p})), because y’Traj (EI(Sq (e)-{p})) (since 3" goes through p). However, it is
clear that Y cannot be everywhere tangent to F- (A F (A {p}, and. that Y cannot always
point to the same side of this segment either. (Otherwise FU F/t.J {p} would be a
barrier in Sq (e), contradicting the fact that 3’ leaves it and later returns.) So Y points
to one side of F- (.J F/ 12 {p} for q F, and to the other side for q F/. If p > 0 is
very small, then we can form a trajectory 3’ from q_ to q/ by following first a
Y-trajectory until we get to the line y +p or y =-p (depending on whether Y(q_)
points up or down), then an X-trajectory until we get to a point in the Y-trajectory
through q/, and finally this Y-trajectory to q/. The curves 3’p are in Traj (ZI(Sq (e)-
{p})), and they converge to 3" as p--)0. So, for sufficiently small p, T(3’)< T(3"),
proving that 3’ Opt (ZI(Sq (e)-{p})).

Now let 3’ Opt (EI(Sq (e)-{p})). Then, once 3’ crosses F-, it cannot cross F-
again unless it crosses F first, and it cannot cross F/ because then it would not be
optimal. So the worst that can happen is that 3’ starts in Sq (e)-, or in Sq (e)/, then
crosses F+ (possibly after staying in F+ for some time), then crosses F (again, after
staying there for some time) back to the region where it started, and then it stays in
this region forever. So, again, 3’ must belong to Traj (X v Y v Z)3/2.

LEMMA 3.8. If e is good for 6f, then there is an integer , > 0 such that every
3’ Opt (EISq (e)-) f3 Traj (Yv Z) or Opt (ISq (e)+) f3 Traj (Yv Z) is actually in
Traj Y v Z) .

Proof. If 3’e Opt (EISq (e)+), and 3’ is a trajectory in Traj (Yv Z),-then 3’ is a
concatenation of finitely many pieces which either are Y-trajectories or are entirely
contained in some S that is a turnpike, for some S e 6e. Then S (e). For any
given S which is a turnpike, the complement of S in Sq (e)+ has two connected
components, and Y points into one of them. Therefore 3’ can never return to S after
it has left it. So 3’ cannot have more than/x Z-pieces, where/x is the number of sets
S, S e 6e, that are turnpikes. So y e Traj Y v Z), where , 2/x + 1.

A similar reasoning shows that, if y e Traj (Y v Z) is an optimal trajectory in
Sq (e)-, then 3’ Traj Y v Z). E!
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A similar proof shows the following.
LEMMA 3.9. If e is good for S, then there is an integer v > 0 such that

[Opt (l’Sq (e)-)[_J Opt (XISq(e)+)]f’qTraj(XvZ)_Traj(XvZ).
If y Traj (X v Y v Z), let [o(Y) denote the collection of all intervals J such that

(3.VII.i) J
_
Dom (3,);

(3.VII.ii) J contains some interval J’, with nonempty interior, such that
yIJ’ Traj (X);

(3.VII.iii) ylJ Traj (X v Z).
We let I(y) denote the set of all maximal elements of I(y), and we let I(y) denote

the set of those J I(y) that do not contain any of the endpoints of Dom (y). Then,
if Dom (y)= [a, b], an interval J belongs to I(y) if and only if

(3.VIII.i)
(3.VIII.ii)
(3.VIII.iii)
(3.VIII.iv)

J to, t] for some to, t such that a < to < t < b;
y IJ Traj (X v Z);
there exist t, t such that to_-< t < t <_- and YI[ t, t] Traj (X);
there exists 8 > 0 such that a <_- to- 8, b ->_ to + 8, and that y to-
8, to] and y[tl, t + 8] are Y-trajectories.

For each y Traj (X v Y v Z), let m(y) denote the number of intervals J I(y).
For 0 < e =< eo, let

(3.1 la)

(3.11b)
m+ sup {m(y): ycOpt (EISq (e)+) CI Traj (X v Yv Z)};

m- sup {m(y): ycOpt (El’Sq (e)-) f’l Traj (X v Yv Z)}.

The main fact to be proved is the following.
LEMMA 3.10. If e is sufficiently small, then m+ and m- are finite.
Before we prove Lemma 3.10, let us show that this lemma solves our problem,

i.e. let us prove the following.
LEMMA 3.11. Suppose that e is good for 6f, and that m + and tn- are finite. Then

Traj (X v Y v Z) is boundedly sufficient for Sq (e).
Proof. If y Opt (ESq (e)), then y cannot have a loop. So 3’ goes through p at

most once. Therefore y is the concatenation of at most two trajectories, each of which
is entirely contained in Sq (e)-{p} (except possibly for one of its endpoints). So our
conclusion will follow if we prove that Traj (X v Y v Z) is boundedly sufficient for
Sq (e)-{p}.

In view of Lemma 3.7, it is sufficient to prove that Traj (X v Y v Z) is boundedly
sufficient for Sq (e)/ and for Sq (e)-.

If e is good for 6e, then Lemmas 3.8 and 3.9 tell us that there is an integer v such
that, whenever y is an optimal trajectory in Sq (e)/, or in Sq (e)-, such that y
Traj (X v Z) or that y Traj Y v Z), then y Traj (X v Y v Z) . If y is an arbitrary
optimal trajectory in Sq (e)/ or in Sq (e)-, then y must be in Traj (X v Y v Z),
because every point of Sq (e)/t_J Sq (e)- is either an ordinary point or a member of a
regular, nondegenerate INOA. So y is a concatenation of at most m(y)+ 2 pieces that
are in Traj (X v Z), and of at most m(y)+ 1 pieces that belong to Traj (Y v Z)
Each of these pieces belongs to Traj (X v Y v Z) , and so

y Traj (X v Y v Z)’(),
where/z(y) (2m(y) + 3) v.

If the numbers +m, m- are finite, then/z < c, where

/z sup {/.(y): yOpt (EISq (e)+) [_J Opt (XISq (e)-)}.
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Also, 3’ Traj (X v Y v Z)’. Therefore Traj (X v Y v Z) is boundedly sufficient for
Sq (e)/ and for Sq (e)-. As explained before, our desired conclusion follows.

We now must prove Lemma 3.10. We let J( denote the set of all trajectories
3’ Traj (X v Y v Z) such that, for some a, b, to, tl, t, t, the following hold:

(3.IX.i)
(3.IX.ii)
(3.IX.iii)
(3.IX.iv)
(3.IX.v)

Dom (2’)= [a, b];
a < to-<- t< t-< tl< b;
2’I[a, to] and 2’I[tl, b] are Y-trajectories;
2’I[to, tl] Traj (X v Z);
2’I[ t, t] Traj (X).

Lemma 3.10 will follow from.the following.
LEMMA 3.12. If e is sufficiently small, then there exist finite sets +, -, such that

(3.X.a)

(3.X.b)
(3.X.c)
(3.X.d)

If B + .then B is a barrier in Sq (e)/, and if B - then B is a
barrier in J-;
IfB # B2 and both B1 and B2 are in + -, then B1 fq B2 ;
If q B +t_J -, then X(q) is not tangent to B at q, and
If 2’ ?Tf, and 2" is an optimal trajectory in Sq (e)+ or in Sq (e)-, then
2" goes through some point of some B +O 3-.

Before we prove Lemma 3.12, let us show that this lemma implies Lemma 3.10.
Let 2’ be an arbitrary optimal trajectory in Sq (e)/, or in Sq (e)-, such that 2’
Traj (X v Y v Z). Let J(2"),. ., J,,v)(2") be the members of I(2’), ordered from left
to right. Each Ji(2") is immediately preceded by a maximal interval Ji(2")- such that
2"I Ji(2’)- is a Y-trajectory, and it is followed by another maximal interval Ji(2’)/ such
that 2’ Ji (2’)+ is a Y-trajectory.

We let J*(2’) J(2")_ t.J J(2’) LI J,(2’)+. Then we define 2", 2"I J*(2"). The trajec-
tories 2’, are in X, and they are optimal. So each 2’, meets some B +t_J -.

For each B+t.J-, let N(B) denote the set of indices i{1,2,...,m(2’)}
such that y, meets B. We claim that N(B) consists of at most two indices. Indeed,
suppose there are three different indices i, j, k that belong to N(B). Order them so
that <j < k. Then there are times t, tk such that ti J*(2"), tk J*k(Y) and that 2"(t) B,
2"(tk) B. Since 2" is entirely contained in Sq (e)+ (or in Sq (e)-) and B is a barrier in
Sq (e)+ (or in Sq (e)-), Lemma 4.1 of [A] implies that 2"I[t,, tk] is entirely contained
in B. On the other hand,

(v) ,, t],

and therefore 2"IJ(2") is entirely contained in B. However, the fact that J(2’) 1(2")
implies that J(y) contains some interval J’ such that yIJ’ Traj (X). But /I J’ must
be contained in B. Since X is nowhere tangent to B, we have reached a contradiction.

So N(B) has at most two elements for each B +LI -. Since every i
{1,2,..., m(2’)} is in N(B) for some B, it follows that m(2’)=<2v, where u is the
cardinality of +t.J - Therefore m+ and m- are finite. This concludes the proof that
Lemma 3.10 follows from Lemma 3.12.

We now proceed to the rather long proof of Lemma 3.12. The main step of the
proof is the construction of a stratification - with some special properties. In order
to construct if, we must first study some properties of conjugate points. If q, q2 are
two points of Sq (e0), we write q -q2 if q and q2 lie on the same X-trajectory and
are conjugate along it. In coordinates, if qi (x, y), the relation q -q2 holds if and
only if

(3.12a) Yl =Y2
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and

(3.12b) r(Xl, el; x2, Y2)- 0,

where r(xl, Yl; x2, Y2) is equal to four times the determinant of the vectors G(ql),
G(q2), i.e.

(3.13) tr(xl, el; x2, y2)=[a(Xl, Yl)- 1]fl(x2, y2)- [a(x2, y2)- 1]fl(Xl, Yl).

We define, for 0 < e -< eo

(3.14) Q(e)={(ql,q2)Sq(e)xSq(e):qq2}.

Then Q(eo) is an analytic subset of Sq (eo)x Sq (eo), because it is the set of
solutions of the pair of equations (3.12a), (3.12b). If 0<e<e0, then Q(e) is a
semianalytic, relatively compact subset of Sq (eo) x Sq (eo).

We now pick an e such that 0 < E e0 and that e is good for 5. From now on,
and until the end of this.section, et will be kept fixed. We consider the set of those
strata S 5 such that: (a) S is one-dimensional, (b) S meets Sq (el) and (c) G does
not vanish identically on S. Then is finite. For each S , we let S- denote the get

of all qxE Sq(el) such that qE"ql for some qlESf"lSq(el). If

’: Sq (eo) x Sq (eo) --) Sq (eo)

denotes the projection (ql, q2) -) q, then

(3.15) S-= r(Q(el)f3 (Sq (el) x S)).

So S- is the image, under the analytic map r, ofthe relatively compact semianalytic
subset Q(el) f3 (Sq (el) x S) of Sq (eo) x Sq (eo). Therefore S- is a subanalytic subset
of Sq (eo), and S-_ Sq (e), so that S- is relatively compact in Sq (eo). (Actually, S-
is semianalytic, because every subanalytic subset of R2 is semianalytic; but we will not
need to use this fact.)

It will be important later to know that, if S , then S- cannot be two-dimensional.
In order to prove this, we need the results of a calculation that will be useful for other
reasons as well.

We have

(3.16) IX, Y] (Oxa)Ox +(Oxfl)C3y.

On the other hand,

(3.17) (Ox2tr)(x,yl; x2,yE)=[a(x,yl)-l](O,fl)(xE,YE)-(Oxa)(x2,yE)fl(xl,Yl),

i.e.

(3.18) (O,2tr)(x, Yl; x2, Y2)= 2 det (G(Xl, el), [X, r](x2, Y2)).

Now suppose S- were two-dimensional for some S . Pick a q2 in the interior
of S, and let W_Sq (el) be open, and such that q2 E W, W__. S-. For each q W,
there is a q S f3Sq (el) such that q---q_. In particular, q must have the same
y-coordinate as q, and so S f3 Sq (el) must contain points not on the x-axis. In view
of Lemma 3.4, together with the fact that el is good for , the set S f3 Sq (e) is entirely
contained in Sq (el)+ or in Sq (e)-. Pick a ql S for which q2---ql and ql Sq (el).
Let L denote the open segment {(x, Yl): Ix[ < el}, where we let q (x, y), i= 1, 2 (so
that, in particular, y y2). Since W is open, W (3 L contains a nonempty open segment
L’. Each q’ L’ must satisfy q’q for some q S f3 Sq (el). In principle, the point q
might depend on q’, but it is easy to see that it does not. Indeed, since S f3 Sq (el) is
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in M-(el) t_J M(el), S f-I L consists of at most one point, and so S f’l L= {ql}. So q’--- q
for all q’ L’. Therefore the function

(3.19) x or(x1, Yl; x, Yl)

vanishes for all x in some neighborhood of x2. Because the function (3.19) is analytic,
we can conclude that

(3.20) o’(x1, Yl; x, Yl)= 0

So

(3.21) (0xO’)(Xl., yl; x, Yl) 0

and then, using (3.18), we get

for Ix]< el.

for ]x]< el,

(3.22) det G(x1, Yl), IX, Y](x, Yl)) 0 for Ixl < el.

Now recall that S , and therefore G does not vanish identically on S. Since
S 9, which is compatible with E3, we see that G vanishes nowhere on S. So
G(xl, Yl) S O. If Ix] < el, (3.20) shows that G(Xl, Yl) and G(x, Yl) are linearly depen-
dent, and so G(x, Yl)= pG(xl, y,.) for some number p. Therefore

An(x, y,)= 1/2det (G(x, Yl), [X, Y](x, Yx))

=--P det (G(xl, Yl), [X, Y](x,
2

So An vanishes identically on L, and L_ E2. Since el is good for 5e, and Yl S 0,
only a finite number of one-dimensional strata of 5e meet L, and no zero-dimensional
stratum of L meets L. So some point of L must belong to a two-dimensional stratum
of ow. Since L_ E2 and 5 is compatible with E2, it follows that E2 must contain an
open set, and so An vanishes identically, contradicting (3.III.v).

The contradiction arose from assuming that S- was two-dimensional. So, we have
proved the following.

LEMMA 3.13. If S , then dim S- -< 1.
We now let Qo(e) denote, for 0 < e _<- Co, the set of all pairs (ql, q2) 6 Q(e) such

that ql q2, that both ql and q2 are ordinary points, and that f(ql) and f(q2) have
opposite signs. Then Qo(e) is the subset of Sq (Co) x Sq (Co) defined by the conditions
(ql, q2) Q(e) and (AAAB)(q)" (AAAB)(q2)<0. So Qo(e) is semianalytic in Sq (Co)x
Sq (Co). Moreover, Qo(e) is relatively compact if e < Co.

LEMMA 3.14. For 0 < e <--_ Co, the set Qo( e is an embedded two-dimensional sub-
manifold of Sq (Co) Sq (Co), and the projection 7r: Qo(e) - Sq (Co) is nonsingular at
each point ql q2) Qo( e ).

Proof Pick (ql, I2) Qo(e), and let t, (:,2P,), for i= 1,2. Then Yl-Y2, and
o’()l, )l; )_, 352) =0. On the other hand, A(2) S0, and so

(3.23) det (G(2,)7), [X, Y](),

Since tl"-q2, the vectors G()I, 31) and G(:g2, )72) are linearly dependent. Since
qa and t2 are ordinary points, both G(l, 371) and G(g2, )52) are nonzero. So (3.23)
implies

(3.24) det (G()l,)71), [X, Y](), )7_)) S 0.
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In view of (3.18), we get

(, y; , y) 0.(3.25)
ox2

Pick 8 > 0 such that, whenever q (x, y), 1, 2, and Ix,- :il < 8, [yi- 33i[ < 6, for
i= 1,2, it follows that (AaAB)(ql)" (AaAB)(q2) <0, and that q16Sq (e), q26Sq (e).

In view of (3.25), and of the fact that 371 372, we can apply the Implicit Function
Theorem to find 81, 82 such that 0 < 81 < 8, 0 < 82 < 8, and a real analytic function k,
defined for [x1-1[ < tl, [yl-)71[ < 81, with the property that [k(xl, Yl)-2[ < 82 for
(x1-:1, y1-371) Sq (61), and that, if (xl-l,yl-371) Sq (81) and ]x-21< 2, then
tr(xl, Yl; x, Yl) 0 if and only if x k(xl, yl).

Now let W denote the set

(3.26) {(xl,Yl; x2,Y2): ]x-,l<l,[y,-;,l<8,,lx-_l<,=, [y2-3721<62}.
Then WVIQo(e) is the set of those (xl,yl;xE,y2) W that satisfy yE=Yl,X2

k(xl, Yl). So W fq Qo(e) is an embedded submanifold of W. Since every (t, 2) Qo(e)
has such a neighborhood W, it follows that Qo(e) is an embedded manifold. Moreover,
the map (xl,Yl)(xl,yl; k(xl,yl),yl) is an inverse of 7rI(Qo(e)VI W). So rrIQo(e)
has rank two at every point of Qo(e).

Suppose that V is a smooth vector field on Sq (Co). Since 7r Qo(eo) - 7r(Qo(eo))
is a local diffeomorphism, there exists a unique vector field V on Qo(eo) such that

(3.27) 7r.(V*(ql, q2))- V(ql)

for all (ql, q2) Qo(eo). (Here 7r. is the differential of 7r.)
If t- st(t) denotes the integral curve of V such that st(0)= (ql, q2), then ’(t)

(’l(t), ’2(t)), where ’l(t)= 7r(sr(t)), and therefore l(t)=v(ql). So 1(0)= V(ql).
This shows that V is of the form

(3.28) V*(q,, q2) (V(q,), V-(q,, q2))

for some vector-valued V-- Qo(eo) --> 2.
We now compute V-. Pick (t]l, t]2) Qo(eo), and then pick 8, tl, 2, k(.,. as in

the proof of Lemma 3.14. Let K denote the map (xl,y)-->(k(xl,y),yl). Then it is
clear that

(3.29)
and therefore

q), (ql, t2)=(qav(tl), K(qav(tl)))

differentiation of

(3.32)
The result is

(3.33)

(3.34)

O’(X1, Yl; k(Xl, Yl), Yl)-" 0.

Ox, k(xl, Yl)= _0_ (x,, y,; k(x,, Yl), Yl),
(X2O"

Oy, k(Xl, y,)= Oy,o’+OyO" (x,, Yl, k(Xl, Yl), Yl)
OxO"

(3.30)
where K.(t]l) is the Jacobian matrix of K at t]l. An easy computation gives

(3.31) K*(tl) [ (9’’ k)(1 371)00Y’k(l’fil)]"
On the other hand, the partial derivatives of k can be computed by implicit
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So

1 I-O0’q"(3.35) K,(,) 0-
In particular, if V is given by

(3.36)

we find that

(3.37)

where

(3.38)

and

(3.39)

-(a,,,o- + ao-)1o,,,_o- J
(0,, ).

V l.)lO -{- l)2Oy

V-(ql, q2)= v((q,, q2)a,, + v(ql, q2)ay,

_(Ox,Cr) (q,, q2)v,(ql)_(ay,tr+OyCr)(q,, q2)v2(ql)vl (ql, q2)--
\axO./ OxO /

v(q,, qz)= vz(q,).

(3.40)

and

(3.41)

where

Of particular interest to us are the vector fields X and Y*. We have

_(a,qo’ (q,X-"(ql, q2)=
kax2o.]

Y-’(ql, q2)= oz-(q1, q2)ax + (ql, q2)ay

(3.43) fl-(q,, q)= fl(ql).

It will be important to know the direction of X-(q, q2). The following lemma
tells us all we need to know.

LEMMA 3.15. Suppose that (q, q2) Qo(eo) and that AA(q)AA(q2)>O. Then the
vector X--(q,, q2) points to the left, i.e.,

(3.44) ax, o" (q,, q=) < 0.
ax2G

Proof Suppose that (ql, q2)6 Qo(eo), and that AA(q)AA(q2)>O. Then G(q)#0,
G(q2) # 0, and G(q) is linearly independent from G(q=), so that

G(q,)

for some nonzero number p. Formula (3.18) then implies that

(ax2o-)(ql, q=)= 2p det (G(q=), IX, Y](q=)),

i.e., that

(3,,2cr)(q, q=) 4pan(q2).

and

(3.42) cz(q,, q2)= \a,,2G/(q’’ q2)cr(q,)- axo" /
(q’’ q=)fl(q2)
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A similar calculation yields

(0x,tr)(ql, q2)= -2 det (G(q2), IX, r](ql))

-4p-lAB(q).

Therefore

0),r (q,, q2)-- p-2
AB(ql)

Ox2tr a(q2)"

Since AA(ql)AB(ql and AA(q2)AB(q2 have opposite signs (because (ql, q2) E
Qo(eo)), but we are assuming that AA(q) and AA(q2) have the same sign, it follows
that As(q) and As(q2) have opp6site signs. So (3.44) follows.

We now .single out, for 0 < e <_- Co, subsets Ql(e), Ql(e) of Qo(e) as follows. We
let (q,, qz)E Q(e) if and only if (a) (q, q2) Qo(eo) and (b) the vectors Y(q2) and
Y-(q, q2) are linearly dependent. We let (q, q2) Ql(e) if[ (a) (q, q2) Q(e) but
(b) there does not exist a 6 > 0 such that ,x*(q, q) Ol(e) for all E ]-6, 6[

LEMMA 3.16. (a) Ql(eo) is a semianalytic subset of Sq (Co) x Sq (Co), (b) Ql(e) is
a subanalytic subset of Sq (Co) x Sq (Co), ofdimension not great,er than one, if 0 < e < Co.

Proof If (q,qz)Sq(eo)xSq(eo), then (ql,q2)Ql(eO) if and only if
(ql, q2) Qo(eo) and r(q,, q2)=0, where r is the determinant of Y-(ql, q_) and Y(q2).
Formulas (3.41)-(3.43) imply that z is a quotient Zl/r2, where r and z2 are analytic
functions on Sq (Co)x Sq (Co), and 2 never vanishes on Qo(eo). Therefore (ql, q2)
Ql(eO) if and only if (ql, q2)E Qo(eo) and ’(ql, q2) =0. So Ql(eO) is the intersection
of Qo(eo) with an analytic set, and is therefore semianalytic.

Now let 0 < e < Co. Define a new vector field X* by

(3.45) X*(q, q2) Oxa’( q, q2)X* q, q2).

Then X* is a well defined analytic vector field on the whole cube Sq (eo) x Sq (eo)
_

R4, which is tangent to the submanifold Qo(eo) and which, restricted to this submanifold,
is equal to a nonzero scalar multiple of X. If (q, q2) Qo(eo), then the integral curve
of X* through (ql, q2) coincides with that of X*, after a suitable reparametrization.
Therefore the definition of Q(e) can be rephrased as follows:

(3.XI) (ql, q2) belongs to Q2(e)iff
(3.XI.a) (ql, q2) Q(e), and
(3.XI.b) For every 6>0 there exists a such that ]tl< 6 and that

X*(q, q2)C_ Ol(e).
Since X* is an analytic vector field on Sq (eo)x Sq (eo), and 0 < e < eo, we can

pick g, g such that 0 < 6 that e < g < eo, and that ,X*(ql, q2) is defined and belongs
to Sq (eo) x Sq (eo) for all (t, q, q2) W, where

W= ]-6, 6[ x Sq (g) x Sq (g).

Now let lY R9 be the open set W x Sq (eo) x Sq (eo), and let (
_

if" be the graph
of the restriction to W of the flow of X, that is

X*(3.46) = {(t, ql, q2, q, q) ITV: (q, q)=t (ql, qz)}.

Then is the set of zeros in " of four analytic real-valued functions defined on
all of if’, so that is an analytic subset of W. Let denote the set of those
(t,q,q2, q,q)E such that (ql, q) does not belong to Ql(e). Then is the
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intersection of with $-l([Sq (eo)xSq (eo)]-01(e)), where is the projection
(t, ql, q2, q, q) - (q, q). So 1 is a semianalytic subset of . Now let I,__ R be

the set ]-8, 8[ x , and consider the subset I of those (8,, ql, q2, q, q;) that satisfy

Itl<, (t,q,,q,q,i)Pl. Let 0<8"<8 and let 4* be the set of those

(8, t, ql, q2, q,q.)E such that 8<8", (ql, q2)ESq(e)xSq(e), and (q,q.)
Sq (e)x Sq (e. Then qgis semianalytic in W, and q* is semianalytic and relatively
compact in W. Let u" W ]0, 8*[ x Sq (e) x Sq (e) be the map (8, t, ql, q, ql, q;) -(8, ql, q2). Then (8, ql, q) is in ’(ql*) if and only if

(3.XII.a)
(3.XXI.b)
(3.XII.c)

0<8<8*"
(ql, q2) Sq (e) sq (e);

X*There is a such that Itl< and that , (q, q) does not belong
to 01(e), but belongs to Sq (e) x Sq (e).

Therefore, a point

(8, ql, q2) ]0, 8*Ix Sq (e)xSq (e)

will fail to belong to u(*) if and only if, for every such that It] < 8, the point-
X*t (ql, q2) either belongs to Ql(e) or fails to belong to Sq (e) x Sq (e).

Let D denote the set of those (8, ql, q2) e ]0, 8*[ x Sq (e) x Sq (e) such that
(8, ql, q) ’(*), but (ql, q2)E Qo(e). Then D is relatively compact in W. Moreover,
D is the intersection ofthe semianalytic subset -1(Qo(e)) of W with the set W- ,(*).
(Here q is the projection (8, ql, q2) - (ql, q).) Since * is semianalytic and relatively
compact in fie, the set ,(*) is subanalytic in W. So D is a subanalytic subset of W,
and it is clearly relatively compact in W. Moreover, D is the set of those (8, ql, q)

X*such that 0<8<8* (ql,q)Qo(e), and tx (ql,qE)tl(e) or t (ql,q2)
Sq (e) x Sq (e) for ]tl<& Therefore (D) is the set of those (ql, q2) Qo(e) such that
X*(ql, q2) 01 (e) for all sufficiently small t. So

O,(e) (,(e) (D).
Since q(D) is subanalytic, it follows that 01(e) is subanalytic.
Finally, to prove that dim 01(e) _-< 1, observe that, if dim 01(e) were equal to two,

this would imply that 01(e) contains a subset S which is open in Oo(e). If (ql, q) e S,
Xthen x ql, q2)e 01(e) for small t, and so , (q,, q2)e 01(e) for small t. But then

(q,, q2) 01(e), and we have reached a contradiction. I3
We now let r: Sq (o)x Sq (o)-* 8q (o) denote the projection (ql, qa)-* q2. The

set ra(Ol(e,)) is therefore a subanalytic subset of Sq (Co).
We choose a pair , of CASA stratifications of Sq (Co)x Sq (o) and Sq (Co),

respectively, such that

(3.XIII.i) T" is compatible with Sq (el) xSq (e), with Oo(eo), with Ol(el),
and with {(p, p)};

(3.XIII.ii) 3- is compatible with r2(Ol(el)), with all the members of Y’, and
with all the sets S-, for S e ;

(3.XIII.iii) (, 8-) is compatible with r over Sq (81)xSq (1).

Since 3- is a refinement of , it follows from Lemma 3.6 that 3- is appropriate.
We now take e > 0 so small that 0 < e < el and that e is good for ,3-. We define

to be the set of all T T fq Sq (e), as T ranges over all one-dimensional strata of
that meet Sq (e) (i.e., equivalently, over all one-dimensional T 3- such that
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p Clos T). By Lemma 3.4, every element of Go is in M-(e), or in M(e), or is one
of the segments F+, F. We define

(3.47) -= ofq M(e),
(3.48) Yd 3o f"l M e ).

We let 3 be the set obtained by adding to ff the segment {0} ]0, e[. Similarly,
we let

? ffu {{0} x I-e, 0[}.
Finally, we let 3+ denote the set of all B 3+1 that are barriers in Sq (e)+, and

we define - similarly. It is clear that + and - are finite sets, and that the members
of + (resp. -) are barriers in Sq (e)+ (resp. Sq (e)-). Moreover, the members of

+ U 3- are clearly pairwise disjoint. (Indeed, if B1, B2 are in + U -, then BI f) B2
if one of the Bi is in 3+ and the other one in -. If, say, both Bi are in Y3+, then

it is clear that B f’) B2 if both B are in . If, say, B1G - and B2 {0} ]0, e[,
then B1 is the graph {($(y), y)} of a function q which is defined on some interval
]0, [, and (0+)= 0. Moreover, q is either constant (in which case q--0) or strictly
monotonic. In the latter case, q never takes the value zero, so that B B2 . In the
former case we necessarily have 6- e and B1 B2. Finally, it is clear that, if B
+t.J Y3-, then X is never tangent to B, because B is a graph {($(y), y)}.

So + and - satisfy all the conditions (3.X) of Lemma 3.12, except, possibly,
for (3.X.d) (which is, naturally, the most important one). The rest of this section is
devoted to the proof that + and - satisfy (3.X.d) as well.

We consider a trajectory 3’ which belongs to Y{, and which is time-optimal and
entirely contained in Sq (e)+. We let a, to, t/, t, fi, b be such that (3.XI.i,..., v)
hold. It is clear that we can choose [t/, t] to be a maximal subinterval J of [to, fi]
such that Y J is an X-trajectory. Also, if there are several such maximal intervals, we
can choose [t, t] to be the one farthest to the left. With this choice, we may, and
will, assume that

(3.XIV.a)
(3.XIV.b)

Either t= to, or yI[to, t] is a Z-trajectory;
Either t=t, or there is a 8>0 such that y[t,t+8] is a
Z-trajectory.

Finally, let us write

qo=y(to), q=y(tl), q=y(t), q=y(t).

Our goal is to prove that y necessarily meets one of the members of +. We will
do it by considering several different possible cases.

CASE 1 to t, t fi, and both qo and ql are ordinary points.
In this case, y is a strict Y X Y-trajectory. Moreover, the points qo and q are

conjugate along yI[to, tl], because y is optimal. Since both qo and ql are ordinary,
the quantities AA(qo), AA(q), Aa(qo), AB(q) are all nonzero. In particular (since
Aa=1/2fl) we see that fl(qo) and fl(ql) are both nonzero.

We distinguish two subcases"
SUBCASE la. (qo)fl(q) < O,
SUBCASE lb. fl(qo)fl(q) >0.
Subcase la can only occur if (3.II.a) holds. Indeed, if (3.II.b) holds, then a < 1

throughout Uo, and therefore the equality

(3.49) (tz(qo) 1)fl(ql) (o(ql) 1)fl(qo)-’0

implies that (qo)(q,) > O.



TIME-OPTIMAL CONTROL IN THE PLANE II 887

So, if we are in Subcase l a, it follows that a > 0 throughout Uo. Since/3(y(to))
and/3(y(tl)) have opposite signs, there is a point t2[to, tl] such that/3(y(t2)) =0.
Let q2 y(t2). Then AA(q2 =0, SO that q2 El(e). Therefore q2 S for some stratum
S ff such that S

_
El. Since e is good for if, it follows that S is in M’(e). (Clearly,

S cannot lie in M(e)U {F+}tA {F-}, because q2 SfqSq (e)+.) To show that S is a
barrier, it suffices to show that both X and Y point to the same side of S. But this
is trivial since, along S", X has components (1, 0), whereas Y has components (a, 0),
and a > 0. So $ is a barrier. Since S , we conclude that S /.

We now turn to Subcase lb. The facts that qo and ql are ordinary points, and that
optimal switchings occur at qo, ql, in opposite senses (i.e. from Y- to X- at qo, and
from X- to Y- at ql) imply that f(qo) and f(ql) have opposite signs, so that
(qo, q) Qo(e). Moreover, AA(qO and AA(ql have the same sign, and so Lemma 3.15
applies, and we can conclude that the vector X-(qo, ql) points to the left.

Now let st( be the maximal integral curve of X such that r(0) (qo, ql). (We
emphasize that X is, by definition, a vector field on Qo(eo), so that, if lims_._ r(s)
Qo(eo), then st(g) is not defined.) The curve ’(-) is defined on an interval [0, Srax[,
where Smax is finite. (To see that Smax <, notice that, if

(3.50) ’(s) (’o(S), ffl(S)),

then sro( is an X-trajectory, so that the point ’o(S) moves to the right as s increases.
On the other hand, as long as st(s) stays in Qo(eo), the number AA((o(S))AA(I(S))
must remain strictly positive, because it is positive for s 0, and it can never vanish,
since ’o(S) and ’(s) are ordinary points. So X-(’o(S), ’1 (S)) points left. Therefore
the point Srl(S) moves to the left. Since ’o(S) moves right with velocity 1, the points
sro(S) and ’l(S) would have to coincide for some finite s, if Smax . But, if sro(S) srl(s),
then st(s) would not be in Qo(eo), which is a contradiction. So Smax < O.)

The preceding remarks also show that ’(Srnax--)=(q"0, 1) is well defined, that
Smax < tl- to, and that to- 3’(to), tl 3’(t) for some to, ’1 such that to < ’o -< t < tl
(and that, moreover, ’o- to + Smax). It is clear that ’o(S)" ’l(S) for all s [0, Smax[, and
so qo" 41. On the other hand, the point (to, ) is not in Qo(eo). Therefore one of the
equalities AA(4O)=0 AA(tI)=0, An(o)=0, An(t)=0 must hold. (Otherwise, if
(AAAn)(to) and (AAAB)(tI) were S0, it would follow from the inequality (AAA)
(sro(S)) (AAAB)(r(s))<0 that (AAA,)(to) and (AAAn)(41) have opposite signs, so
that (to, 1) Qo(eo).)

We now observe that

(3.XV) The vector Y-(qo, ql) is not a linear combination of X(ql) and Y(ql)
with strictly positive coefficients.

Indeed, suppose Y-(qo, q) were a combination IzX(ql)+ ’Y(ql), with >0,
,>0. Let A(. ): [to- 8, to]-> Qo(eo) be an integral curve of Y such that A(to) =(qo, ql).
If A(t)= (A(t), AE(t)), then A(-) is a Y-trajectory, and A2(" satisfies

(3.51) ,_(t) r(A(t), ,2(t)).

Therefore A2 is, after a suitable reparametrization, a trajectory of E. Notice that
both Y(A (t) and Y(A (t), A2(t)) have the same y component. Therefore, either both
AI(. and A2(" go up, or both go down.

By choosing smaller, if necessary, we may assume that A2(t) lies to the right of
A (t) for all to t, to].

Let A* be the result of reparametrizing A2 so that it becomes a trajectory of E.
Let "Y2 be the concatenation of the piece of X-trajectory going from )’(to-) to
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A2(to-t), and of A2*. Let 1--yI[to-B, tl]. Then both 1 and 2 go from the same
initial point to the same terminal point. It is clear that 1 and 2 satisfy the hypotheses
of Lemma 3.6 of [A], so that T(T1)- T(y2). Since y is time-optimal, it follows that
’1 is time-optimal, and so y2 is time-optimal. Therefore A2* is time-optimal. On the
other hand, A 2* consists entirely of ordinary points. Since A 2" is not bang-bang, it cannot
be time-optimal. This contradiction proves that (3.XV) holds.

Let us subdivide Subcase lb into three sub-subcases.
SUB-SUBCASE lb.i. (s)Q!(e) for some s[0, Smax[;
SUB-SUBCASE lb.ii. ’(s) Q(e) for all s[0, Smax[;
SUB-SUBCASE lb.iii, st(s) Q(e)-Ql(e) for some s[0, Smax[.
We consider Sub-subcase lb.i first.
It is clear from the definition of Ql(e) that the set of those s for which r(s) Ql(e)

is discrete. Let g be the smallest element of this set. Let t=(t]o, t]l)=’(g). Then
FI Q(e), and therefore t Ql(el), so that t] belongs to a stratum V of V. Moreover,
V is entirely contained in Ql(el), so that dim V_-< 1. Since (V, 3-) is compatible with
,r over Sq (el) x Sq (el), it follows that r(V) 3-. On the other hand, tl r(V) f) Sq (e),
so that r(V) meets Sq (e), and therefore r(V) is one-dimensional, and r(V) f’l Sq (e)
M-(e) (because e is good for 3-).

Since 3- is compatible with the subanalytic set *r2(Ql(el)), the point 71 must
belong to a stratum W of 3-, such that W_ ,r2(Ql(el)). Since W meets Sq (e), and e

is good for 3-, we see that W is one-dimensional, and that W M(e). The point
cannot belong to the closure of any set T f Sq (e), for T 3-1. So there is a neighborhood
U of t]l such that Uf-lrE(Ql(el)) Uffl W.

Now pick an open arc Vo of V, such that t] Vo and that r2(Vo)
_

U. The map
rl Vo is a diffeomorphism from Vo onto r(Vo). Since ,r(Vo)

_
r(V), the set ,r(Vo) is

of the form {(,(y), y): w < y < w’}, where w <) < w’ and $ ]w, w’[ -> is analytic.
(Here we let be the y-coordinate of rio and of t.) Moreover, we can use the
y-coordinate, for y ]w, w’[, to parametrize Vo. Then Vo is the set of all points
(,(y),y, tp’(y),d/"(y)), where $’, $" are analytic functions on. ]w, w’[. Since
(,’(y), $"(y)) ($(y), y) (because Vo_ Ql(el) Qo(eo)), we necessarily have $"(y)
y. On the other hand, the point ($’(y), y) belongs to ,rE(Vo)f U, and therefore to
*r2(Ql(el)) f-) U. So (,’(y), y) W. Therefore, if W= {(,*(y), y): w* <y< w*’}, we see
that $’ $ w, w’[.

We now prove that one of the sets r(V)ffl Sq (e), W f-)Sq (e) is necessarily a
barrier in Sq (e)+. It is clear that X points to the right ofboth sets. Since 3- is compatible
with Y, if Y(t]o) points to the right of r(V) f’l Sq (e), or is tangent to it, then the same
will be true for Y(q), for all q r(V) ffl Sq (e), proving that r(V) f’l Sq (e) is a barrier.
A similar conclusion works for W. So, all we need is to prove that Y(t]o) and Y()
cannot both point to the "left" side of r(V) (’1Sq (e), W f’l Sq (e), respectively. Suppose
they do. The numbers fl(t]o), fl(tl) both have the same sign. (Recall that we are in
Subcase lb, so that fl(qo)fl(q)>0. Moreover, as long as s [0, Smax[, ’0(S) and ’l(S)
are ordinary points, and so fl(’o(S)) and fl(’l(S)) cannot change sign.) So Y(t]o) and
Y(t]I) both point up, or both point down. In the former case, let v be the tangent
vector vl at t to the curve y->(tp(y), y, tp’(y), y). If both Y(to) and Y(t) point down,
let v--Vl. In either case, v is tangent to V, and therefore r.(v), r2.(v) are tangent
to r(V)f’)Sq (e), Wf’ISq (e), respectively. Moreover, we have r.(v)=01Y(tTo)+
02X(to), and r2.(v) 03 Y(tI) + 04X(t]I), where the coefficients 0i are strictly positive.
On the other hand, using the fact that r is a local diffeomorphism on Qo(eo), we get
v 01Y*(t])+ o2x(l) and, projecting via *rE, we get rE.(V)= 01 Y-(t])+ 02X-(t]).
Because t] Ql(e), the vectors Y(t]l) and Y-(t]) are linearly dependent. Since both
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have the same y-component, we see that Y-(t)= 05 Y(t]) for some 05> 0. Also, since
gleQo(eo) and ma(o)ma(l)>0 we see from Lemma 3.15 that X-(gl)=-O6X(gh),
where 06 > 0. So

(3.52) z.(v) 0,0s Y(,)- 0206X(ql).

If we equate coefficients for the two expressions of .(v) as a linear combination
of Y() and X(), we get 03 =-0z06, which contradicts the fact that all the 0 are
strictly positive.

This contradiction shows that one ofthe sets (V) Sq (e), W Sq (e) is a barrier
in Sq (e)+. Since both (V) and W are in if, we see that (V) Sq (e) + or that
W Sq (e) +. On the other hand, it is clear that all the points o(S), a(s), 0 s <
Smax, lie on Y. So Y meets a member of +. This concludes the discussion of Sub-subcase
lb.i.

We now consider Sub-subcases b.ii and l b.iii. (cf. Fig. 2). We may have o
or o1 If o, then, as obseed earlier, one of the equalities AA(O)=0,
AA(I) =0, An(o) =0, A(I) =0 must hold, so that at least one of the is in E. If,
say, o E, then o S for an S , so that o S for an S . Therefore S,
and so the stratum T ff to which 1 belongs is one-dimensional. If o 1 then, again,
o cannot be an ordinary point, and so o belongs to an S 1. In either case, we see
that the points o, belong to one-dimensional strata So, S of ft. Moreover, these
strata have the propey that, whenever ro, r are points in So, S which lie on the same
horizontal line, then ro r. (Reason" suppose, e.g., that So S . Since S- S,
it follows that S S. Therefore r r for some r S which, of necessity, must lie
on the same horizontal line as r and to. Since S intersects each horizontal line at most
once, it follows that r ro.)

SO 51

o I i

FG. 2. (e situation depicted here is proved to be impossible, because Y() has o poim to the right of.)

We now prove that at least one of the sets Si fq Sq (e) is a barrier in Sq (e)+. As
before, it is sufficient to prove that it is impossible for Y(i) to point to the "left" of
Si for i= 0, 1.

Suppose Y(o), Y() point to the "left" of So, S. Let ti=(,)3) (so that
)30 931 33). Pick rectangular neighborhoods (i= 0, 1) of 4, of the form

(3.53) ]:,- t, , + [ x ]33- ’,



890 H.J. SUSSMANN

such that

(3.54) S={(q,,(y),y): )3- ’ < y <)3+ },

where the are analytic functions on ]fi-6,fi+ [, and that intersects no other
one-dimensional stratum . Then each set U-S is partitioned into two disjoint
connected open sets (U)L, (U)R (the "left" and right sides of S in U) defined by

(3.55a) (x, y) ti)L<:>(X, y) i and x < (y),

(3.55b) (x, y) O)R<:(X, y) Oi. and x > ,,(y).

The vectors G(qo), G(ll) are both nonzero (otherwise we would have Y(ti) X(ti)
for one of the i’s, and so Y() would point to the "right" of S). Since they are linearly
dependent (because to---41), it follows that either/3(o) 0 and fl(tl) 0, or/3(o)
fl(tl) 0, in which case

a(to)-l#0 and a(tjl)-l#0.

By making 6 and 6’ smaller, if needed, we may assume that either

(3.XVI.1)
(3.XVI.2)

never vanishes on t)o U 01, or
-1 never vanishes on Uo U

Notice that, if to--1, then. SO S and o 1. If rio # 1, we shall assume that
are so small that Uol U .
Define z" oU 01 -’> R by

lmo
(3.56a) z if (3.XVI.1) holds,

(3.56b) z if (3.XVI.2) holds.
a-1

(If both (3.XVI.1) and (3.XVI.2) hold, we.may.define z either way.) In either~
case, z is a well-defined analytic function on UoU U1, and two points (Xo, y)s Uo,
(xl, y) 1 satisfy (Xo, y)-(xl, y) if and only if

’(Xo, y)= ’(xl, y).

In particular, this implies that

(3.57) z(ffo(Y), y)= z(,l(y), Y) for ly-l < ’.

The x-derivative of " is given by

(3.58) Ox’r
oz -1)flx ax3

where the denominator D equals /3 - or (a-1)2, according to whether (3.XVI.1) or
(3.XVI.2) holds. In any case, we see that OxZ equals An times a strictly positive number,
so that

(3.59) (Ox’r)As > 0 wherever A 0.

In particular, A never vanishes on (Uo)e or on (U1)R, and therefore

(3.60) (0xz)Aa > 0 on (Uo)t. U (Ul)R.
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On the other hand, the point ro(S) is in U0)L for s near Smax, while rl(s) U1)R.
Since AA(o(S)) and AA(I(S)) have the same sign for all s[0, Smax[, and (AAAn)
(o(S)).(AaA)(l(s))<O (because (s)Qo(eo)), it follows that An(’o(S)).
An(’,(s)) < 0 and so~An has opposite signs on (UO)L and on (U1)R. Therefore Oxz has
opposite .signs on (U0)L and on (U.1)R.

Let 6 be so small that ’i(s) Ui for i=0, 1, s> Smax-- 6. Let L be an open vertical
segment, of height 26* -< 26’, whose center is the point ro(), where is a number such
that Smax-6 < g < Smaxo Make 6" smaller, if needed, and assume that L

_
(0)L. Since

’(g) Qo(eo), and 7r is a local diffeomorphism on Qo(eo), we may assume, by making
6" smaller if necessary, that L 7r(L’), where L’ is a smooth arc contained in Qo(eo),
such that ’() L’. Let L"= 7r2(L’).. Then

(3.61) L"= {(0(y), y)" .P- 6" < y < + 6"},

where 0.])3-6",+ 6*[--> R is analytic. Now replace 6’ by 6" (i.e. shrink both in
the vertical direction, if needed).~ Then L is a vertical segment which goes from the
lower to the upper edge of Uo, and is entirely contained in (UO)L. Also, L" is an arc
which goes from the lower to the upper edge of U1. Moreover, L" is never horizontal,
because it is of the form {(0(y), y)" )3-6’< y <)3+ 6’}. Let 01 0, and let 0o be the
function such that L= {( Oo.(y), y): ly-PI< ’} (so that 0o is act.ually a constant). Let

" denote r, if 0x" < 0 on UO)L, and let -’ be -z if 0x- > 0 on U0)L. Then z’ is strictly
decreasing as a function of x on (O0)L, and it is therefore strictly increasing as a
function of x on Ol)R. Therefore r’(0o(y), y) > z’(o(y), Y) for ly l < ’. Since, by
construction, (0o(y), y) Ol(y), y), we see that z’( 01(y), y) > z’(. l(y), y). This implies,
in particular, that L" never meets $1 tq/1. Since ’l(g) L"f’)( U1)R, we see that L"_
(01)R. If r is any point (x, y) such that ly-l < ’, Oo(y)<=x<-_ ,o(y), it follows that
there exists a unique point K(r)=(k(x, y), y) such that K(r)- r and that 4q(y)=<
k(x, y)<= 01(y). If, in addition, x < o(Y), then it follows that k(x, y)> l(Y). In this
case, both r and K (f) are ordina.ry points. Moreover, we already know that_ mA has
the same sign on (Uo)L as on (U1), whereas An has opposite signs. So (AAAn)(r)
and (AAAn)(K(r)) have opposite signs, and therefore (r,K(r))Qo(eo). Since
7r(r, K(r))= r, and K is clearly continuous, the fact that 7r is a local diffeomorphism
on Qo(eo) implies that K is analytic on {(x, y)" Oo(y) -< x < o(Y), ly l < ’}- Now let
o(" denote the integral curve of Y which goes through.to at time 0. Let tma be the
largest such that /Zo([0, t[) is entirely contained in Uofq {(x, y)" x> 0o(y)}. Then
/Zo(tmax) is well defined, and belongs to L, or to the boundary of o. Since we are
assu.ming that Y points to the left of So, the curve/Zo ]0, tmax[ is entirely contained
in UO)L.

Now let tZl(.t)=K(Ixo(t)). We see that /Zl(0)=l, that /zll]0, tmax[ is entirely
contained in (U1)R, and that (tzo(t),tzl(t))Qo(eo) for 0<t<tmax. Let /z(t)=
(/zo(t),/zl(t)). Then I]0, tmax[ is a curve in Qo(eo), and 7ro/x=/Xo, which is a
Y-trajectory. So/zl]0, trnax is a Y-trajectory, and therefore

(3.62) /J,l(t) Y-’(Ixo(t), txl(t)) forO< < tma

As observed before, the vector Y-(qo, ql) is not a linear combination of Y(q)
and X(ql) with strictly positive coefficients. We claim that the same conclusion then
follows for Y"(/zo(t),/z(t)), for ]0, tmax[. TO see this, let us consider, for a particular
t, the curve V.o obtained by following ’o from qo to ’o(), and then some continuous
curve 7 in (Uo)L {(x, y)’x >= 0o(y)} up to/-to(t). Then there is a continuous curve v
(obtained by following ’1 from ql to ’1(), and then K t; to /Xl(t)) such that, it
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9(s) (9o(S), vl(s)), then 9 is a curve in Qo(eo), such that 7r 9= Vo. For each s
Dom (,), we can express Y-(,(s)) in a unique way as a combination

(3.63) Y(9(s)) O,(s) Y(9,(s))+ 02(s)X(9,(s)).
The coefficients 01, 02 are continuous functions of s. We know that, initially, 01

and 02 are not both positive. We will use this to show that

(3.XVII) For every s Dom (9)either O(s)<-_O or 02(s)-<_0.

In view of (3.XV), the desired conclusion holds when s is the left endpoint of
Dom (9).

We also know that Y’(ro, rl) has the same y-component as Y(ro) for all (to, r)
Qo(eo). Since 9o(S) and 91(s) are ordinary points for all s Dom (9) (because 9 is a
curve in Qo(eo)), the function s-fl(9o(S))fl(91(s)) cannot vanish for sDom (9).
Since fl(qo)(ql)> 0 (because we are in Subcase lb), we conclude that

(3.64) fl(9o(S))fl(91(s))>O for all sDom(9).
So Y-(9o(S), 9(s)) and Y( 9(s)) have y-components of the same sign, for each

s Dom (9). In particular, this implies that

(3.XVIII) 01(s)>0 whenever 02(s) =0.

We now prove (3.XII). We treat Sub-subcases lb.ii and lb.iii separately. Let us
begin with Sub-subcase lb.iii. If s* is such that s* [0, Smax[, and ’(s*) Ql(e)- Q(e),
then the definition of Ql(e) implies that ’(s) Q(e) for s near s* and so, by analyticity,
that Y(l(S)) and Y-(o(S), (s)) are linearly dependent for all s [0, Smax[. SO, either

(3.XIX.a) ,(s) ((e) for all sDom (9), or
(3.XIX.b) 9(s)_ Q(e) for some s such that 90(S)(U0)L.

If (3.XIX.a) holds, then 02(s) =0 for all s Dom (9), and so (3.XVII) holds. If
(3.XIX.b) holds, then 9(s*) must belong to the frontier of tl(el) for some s such that
9o(S*) OO)L (because ’(g) tl(e)). So 9(s*) V*, where V* is a stratum of V such
that dim V*_-<I. But then 9o(S*)r(V*), which is a stratum of 3- such that
dim 7r(V*)_-< 1. But this contradicts the fact that (Uo)L does not meet any low-
dimensional strata of 3-. This contradiction proves that (3.XVII) holds, if we are in
Sub-subcase lb.iii.

We now prove (3.XVII) in Sub-subcase lb.ii. If (3.XVII) were not true, there
would have to be an s*Dom(9) such that either 01(s*)=0 or 0_(s*)-0. The
possibility that 01(s*) 0 is excluded, because the y-component of Y-(9(x)) is nonzero
for all s. So 02(s*) =0, and 9(s*) (l(el). Since we are in Sub-subcase lb.ii, so that
’(s) tl(el) for s [0, Smax[, we necessarily have 9(s*) 0)L X (/-)I)R- Let V* be the
stratum of V to which 9(s*) belongs. Then 9o(k*) or(V*), which is a stratum of 3-.
If dim V*=< 1, then dim 7r(V*)=< 1, and so 9o(S*) is in a stratum of 3- of dimension
<2, which contradicts the fact that 9o(S*) (O)L, and that (O)L does not meet any
low-dimensional strata of 3-. So dim V*= 2. Since T" is compatible with 0(el) and
with Ql(el), and dim Ql(e)_-<l, we necessarily have V*C_Ql(el)-Ql(e). Since
7r" Qo(eo)- Sq (eo) is a local diffeomorphism, and Q(el)_C Qo(eo), we see that 7r(V*)
is open in Sq (eo). But then 9(s*) has a neighborhood W with the property that
(r, K(r)) (l(el) for all re W. Therefore the vectors Y(K(r)) and Y-(r, K(r)) are
linearly dependent for all r W. By analyticity, it follows that Y(K (r)) and Y-(r, K (r))
are dependent for all r (Uo)L, i.e., that (r, K(r)) Q(e) for all r (Uo)L. But then,
in particular, ’(g) Ql(el), which contradicts the hypothesis that we are in Sub-subcase
lb.ii.
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So (3.XVII) holds in Sub-subcase lb.ii as well.
Having proved (3.XVII) we can conclude, in particular, that 01(s) <-0 or 02(s) <=0

if s is the right endpoint of Dom (,). So, for each Dom (/z)
(3.XX) The vector Y-(tz(t)) is not a linear combination of X(lz(t)) and

Y(/z(t)) with strictly positive coefficients.

Since the y-components of Y(/Xl(t)) and Y-(Ix(t)) have the same sign, (3.XX)
implies that"

(3.XXI) Y(/xl(t)) is a linear combination of X(lz(t)) and IT"((t)) with
nonnegative coefficients.

From (3.XXI) we conclude that, at each point/z(t), both Y(/z(t)) and X(l(t))
po.int to the same side of/z. Also, we know that/3 is either >0 throughout (Uo)L
U)R, or that it is <0 throughout OO)L t_J )R. Consider the former case. (The other

one is similar.) Then Y-(/xo(t),/x(t)) has a positive y-component for ]0, tmax[. So
the curve /Zl starts off at 41 S, and then goes to the right and up, into ()R. On
the other hand, the integral curve of Y through goes up but enters (U)L. SO, for

near tl and to the right of it, the integral curve of Y through also enters (I)L
after a while. Therefore this curve has to cross/z from "right" to "left". At the crossing,
Y and X must point to opposite sides of/z, which is a contradiction. This contradiction
completes the proof that either S or S is a barrier in Sq (e)/. This completes the
analysis of Sub-subcase lb.ii, which was the only missing sub-subcase of Subcase lb,
which was the only missing subcase of Case 1. So our analysis of Case 1 is complete.

We now proceed to Case 2.
CASE 2. to t and t t, but at least one of qo, q is not an ordinary point.
We consider first the easiest subcase.
SUBCASE 2a. AA(qo)AA(ql)=O.
If AA(qo =0, then qo S for some stratum S 51 such that AA vanishes on S. We

claim that S f’)Sq (e) is a barrier in Sq (e)/. To prove this, it suffices to exclude the
possibility that Y(qo) points to the left of S. Since Y(qo) and X(qo) are linearly
dependent, this possibility can only occur if Y(qo)---pX(qo) for some p > 0. On the
other hand, it is clear that the X- and Y-curves through qo have a finite-order tangency
at qo. So we can apply Lemma 5.1 of [A], and conclude that y is not optimal. This
contradiction shows that S is indeed a barrier in Sq (e)/.

If AA(qO O, but AA(q 0, a similar reasoning shows that ql E S for some S ff,
and that S is a barrier in Sq (e)/. This concludes the analysis of Subcase 2a.

We now analyze the following.
SUBCASE 2b. AA(qo) 0 AA(ql).
In this subcase, at least one of the numbers A(qo) A(ql must vanish. Therefore

one of qo, ql belongs to an S 51. This S is necessarily in , and so the other qi is
in S-, and therefore in a one-dimensional stratum of -. In either case, the points qo,
q belong to one-dimensional strata So, S of -, with the property that, whenever
ro So, rl S1, and ro lies in the same horizontal line as rl, then to" rl. We distinguish
two sub-subcases.

SUB-SUBCASE 2b.i. fl(qo)fl(ql) < O,
SUB-SUBCASE 2b.ii. fl(qo)fl(ql) > O.
Sub-subcase 2b.i is handled exactly like Sub-subcase l b.i. Since qo" ql, this

sub-subcase can only occur if (3.II.a) holds, in which case a > 0 throughout Sq (eo).
On the other hand, there must be a [to, tl] such that fl(),(t)) =0. Therefore /(t) El,
and so y(t) S, where S 1 and AA0 on S. Since a >0 on Sq (eo), we see that
Y(q) is a positive multiple of X(q) for each q S. Therefore S is a barrier in Sq (e).



894 H.J. SUSSMANN

We now turn to Sub-subcase 2b.ii. In this sub-subcase, AA never vanishes on
So U S, and so/3 is either positive throughout So t.J $1, or negative throughout So U $1.
We consider the case when/3 > 0 on So S1. (The other case is similar.)

Suppose that both So and $1 fail to be barriers. Then Y points to the "left" of
both So and $1. Therefore both So and S, if suitably reparametrized, are trajectories
of 5:. Now pick a point/ in 3’, of the form 3’(t) for some < to, but close to to. Let
Po, P be the points where the horizontal line through/ meets So, $1. Then we can
apply Lemma 3.6 of [A] and conclude that

(3.65) T(po, Pql)= T(pomoqoql)

(where, for any points r, r2,’" "., rm, we use T(rlr2"" rm) to denote the time along
the trajectory from r to r,, which goes through r2" r,,_ as shown in Fig. 3). On the
other hand, we claim that

(3.66) T(pomoqo) < T(poqo).

To see this, notice first that f never vanishes in the open region bounded by
the arcs PoP, Pm2, m2ql and qoPo. Since 3’ is time-optimal, T(ffqom2) <- T(ffmlm), and
therefore Lemma 3.11 of [A] excludes the possibility that f> 0 on . Then f< 0 on, and therefore (3.66) holds.

If we add T(qoql) to both sides, we find that

(3.67) T(pomoqoq) < T(poPqoq).

In view of (3.65), we have

(3.68) T(poplql) < T(poqoq).

Subtracting T(po) from both sides, we get

(3.69) T(ppq) < T(pqoq).

Therefore the arc Pqoq is not optimal. Since this arc is a piece of 3", we conclude
that 3’ is not optimal. This contradiction establishes that S or S is a barrier. This
completes the analysis of Sub-subcase 2b.ii, which concludes the analysis of Case 2.

We now consider Case 3.
CASE 3. to t but t < q.
In this case, the switching at q is necessarily from an X- to a Z-trajectory.

Therefore q E2, so that q belongs to a stratum S 1 such thatA --- 0 on S. (Actually,

Y

"tO ql

P

FIG. 3
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S must be a turnpike.) So qo S", and therefore both qo and ql belong to one-
dimensional strata So, $1 of ft. If AA(qo)=0, then we prove that S must be a barrier
in Sq (e)+, using exactly the same reasoning as in Subcase 2a. The possibility that
Za(q)--0 is excluded because $1 is a turnpike.

Now suppose that Aa(qo) and Aa(q) are nonzero. Then we distinguish the subcases
when ZA(qo)AA(q)< O, and when AA(qo)AA(q > O. The first case is handled exactly
like Sub-subcase 2b.i, by showing that some point of 3’, lying between qo and q, must
belong to a one-dimensional S ff such that S is a barrier. Finally, if AA(qo)AA(q) > 0,
then we proceed exactly as in Sub-subcase 2b.ii. We assume that/3 is >0 throughout
So U S1 (the other case being similar). Then we are exactly in the same situation as in
Fig. 3, except that now ql is replaced by q and that, after q, 3’ continues along
rather than along a Y-trajectory. Since the reasoning of Sub-subcase 2b.ii did not in
any way depend on the nature of 3’ after it went through q, this reasoning applies
here as well, and we reach again the conclusion that 3’ is not optimal. This concludes
the analysis of Case 3.

Next, we consider Case 4.
CASE 4. to < t but t tl.
This case is identical to Case 3. Both q and ql must belong to one-dimensional

strata So, $1 of ft. Since So is a turnpike, we necessarily have AA(q) =0. If AA(ql
vanishes, we see that S must be a barrier in Sq (e)+. If both AA(q) and AA(q) are
nonzero, but they have opposite signs, then there has to be an S ffl which crosses
between q and ql, and is a barrier in Sq (e)+. Finally, if AA(q)AA(ql)> 0, then we
may assume that fl > 0 on SoU S1. (The other case is similar.) Suppose that neither
S nor S are barriers. Then we are in the situation shown in Fig. 4. Using exactly the
same reasoning as in the study of Sub-subcase 2b.ii, we show that T(qpo) < T(qql),
so that 3" is not time-optimal. This completes the analysis of Case 4.

Finally, we consider Case 5.
CASE 5. 0tlt1.

Here, again, the points q, q must belong to one-dimensional strata .So, $1 of
such that An vanishes identically on So U S1. On the other hand, ZA can never vanish
on So or on S1, because both So and $1 are turnpikes. If we have AA(q)AA(q)<0,

.So Y I

Pl

P

FIG. 4
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then the reasoning of Sub-subcase 2b.i gives us a stratum S ffl that crosses y
somewhere between q and q, and is such that S is a barrier in Sq (e)/.

If AA(q)AA(q)> 0, then we distinguish the subcases.
SUBCASE 5.i. fl(q) > 0 and fl(q) > O.
SUBCASE 5.ii. /3(q) < 0 and fl(q) < O.
(As we shall see below, there is a very minor technical reason why these subcases

are slightly different, so that we cannot just limit ourselves to dealing with one of them.)
Consider Subcase 5.i, and suppose that both S and S fail to be barriers. Then

we are in the situation shown in Fig. 5. (Recall that t, t] was the leftmost maximal
subinterval of [to, tl] on which 3’ is an X-trajectory.) Since (x, y)---(x’, y) whenever
(x,y) So and (x’,y) S1, we can apply Lemma 3.6 of [A], and conclude that
T(qoPlq) T(qoqq). So, if we modify y by replacing the arc from qo to q to q by
the arc from qo to Po to q, we see that the new trajectory 33 is also time-optimal.
However, the reasoning of Sub-subcase 2b.i can be applied to 33, to conclude that
T(rpl) < T(qoPl), and therefore 33 is not optimal. This contradiction settles Subcase
5.i.

x

p

FIG. 5

Note that the preceding reasoning depends strongly on the fact that, for each
point mo in So, lying between qo and q, the horizontal line through mo actually meets

S1. If we are in Subcase 5.ii, then y might be as shown in Fig. 6, so that the horizontal
line through qo does not meet S1, because S1 leaves Sq (e)+ through its right vertical
edge, at a height below that of qo. So, in this subcase, the reasoning has to be modified
slightly. Let [t, t*] be the maximal subinterval of [to, tl] that contains t and is such
that 2,I[t, t*]Traj (Z). Let q*= 2,(t*). Then Lemma 3.6 of [A] implies that
T(q’oPlq*)- T(q’oqq*). Therefore we can form a new trajectory 2’2 by substituting
the arc q- Pl - q* for the arc q- q q*. The new trajectory y2 is also optimal. If
there is another singular piece to the right of t*, let t, t* be the endpoints of the
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Y

P2
Sm-

FIG. 6

leftmost such piece, and let $2 be the stratum containing it. If AA > 0 on $2 then there
would have to be a barrier of the form S, S e -1, lying between S1 and $2 (by the
reasoning of Sub-subcase 2b.i). If AA < 0 on $2, then YI[ t, t*] goes downwards along
$2. Let q= y(t), q*= y(t*). Then Lemma 3.6 of [A] shows that T(plp2q)
T(plq’q’*). So we may replace the arc pq’q’* of ’Y2 by the arc PlPEq, and obtain a
new optimal trajectory T3. This procedure can be continued until all the singular pieces
to the right of t, t] have been eliminated. The resulting trajectory %, is still time-
optimal. However, %, is a strict Y X Z Y trajectory, and so ym is of the type
studied in Case 4. So % cannot be time-optimal, as shown in the study of Case 4.
This contradiction concludes the study of Case 5, which was the last missing case.

The proof of Lemma 3.12 is now complete. As explained before, we have proved
the following.

THEOREM 3.17. Let p M be any point such that (3.I.i, ii, iii) hold. Then p has a
neighborhood U such that Traj (X v Y v Z) is boundedly sufficient for U. D

This result, together with Corollary 2.4, gives the following.
THEOREM 3.18. Let , be a C.A.S. that has the DSAP. Let p M be such that either

X(p) # 0 or Y(p) O. Then there exists a neighborhood Uofp such that Traj (X v Y v Z)
is boundedly sufficient for U.

4. The degenerate cases. In this section, we prove the analogues of Theorem 3.17
for analytic systems that do not have the DSAP. First, we consider a C.A.S. that does
not have the DAP, i.e., a system for which AA vanishes identically.

LEMMA 4.1. Suppose that E is a C.A.S. for which mA O. Let p M be such that
either X p 0 or Y(p # O. Then p has a neighborhood U such that Traj X v Y) is
boundedly sufficient for U.

Proof. Assume that X(p) O. (The case when Y(p) 0 is similar.) Then we can
choose a square coordinate chart (U, (:, r/)), centered at p, by means of which U
becomes identified with a square Sq (e), and having the property that

(4.1) X =Ox.
Then Y aOx + Oy for some analytic functions a,/3 on U. The hypothesis that

AA--= 0 implies that/3--0, so that

(4.2) Y=aOx.
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From this it is clear that every trajectory y of E U is contained in a horizontal
line. If y is time-optimal, then clearly y cannot go twice through the same point.
Therefore y either goes from right to left or from left to fight. The former can only
happen if a(y(t))< 0 for all Dom (y). Then the t-derivative of the x-coordinate of
y(t) is a convex combination of a(y(t)) (which is <0) and of 1. Clearly, if the
coefficient of 1 is nonzero, then one could achieve greater.speed leftwards by making
it zero, so y would not be time-optimal. Therefore, any time-optimal trajectory in U
which goes from right to left is necessarily in Traj (Y).

Now suppose that y is a time-optimal trajectory in U that goes from left to right.
It is clear that yJTraj (X), if J is any interval such that a(y(t))< 1 for tJ, and
that yIJsTraj (Y) if a(y(t))>l for tsJ. Therefore, y is regular bang-bang, and it
can only switch at points q such that a(q)= 1. (This is because the set of zeros of
a 1 on any horizontal segment S is discrete, unless a 1 on S. But, in the latter case,
if y is contained in S, then y is an X-trajectory.) The fact that y Traj (X v Y) for
some fixed v, independent of y, now follows easily, if e is small enough, from
well-known properties of analytic functions. (For instance, take a CASA stratification
of Sq (e) which is compatible with X and 0y, and with the set of zeros of a 1. As
shown in Lemma 3.1, every one-dimensional stratum of b is either a horizontal segment
or a set of the form {((y), y): a < y < b} for some function 0. So, if S is a horizontal
segment in Sq (e), then S meets each one- or zero-dimensional stratum of Ae at most
once, unless a -= 1 on S. If 0 < e’ < e, and if S is a horizontal segment in Sq (e’) such
that a- 1 does not vanish identically on S, then a- 1 cannot have more than u zeros
on S, where u is the number of strata of Ae that meet Sq (e’) and have dimension zero
or one.) [3

We now study the case of systems which have the DAP but fail to have the DSAP.
It can be proved that, for such a system, there is a good weakly sufficient family of
optimal trajectories in a neighborhood of any point p such that X(p) 0 or Y(p) O.
However, it turns out that the proof is simpler if we make the extra hypothesis that
the accessibility property holds at p, and that this case is the only one which is actually
needed for the proof of the existence of a regular synthesis. So we will limit ourselves
to the simpler case.

The reason why we will only obtain weakly sufficient families, rather than sufficient
families, is as follows. If the DSAP fails, then Aa 0 (cf. Lemma 2.2). Then Lemma
3.10 of [A], together with Formula (3.43) of [A], imply that any two trajectories from
a point p to a point q take the same time, at least if AA never vanishes. So there are
many optimal trajectories. In fact, in a neighborhood of a point where AA # 0, every
trajectory will be optimal, and so there is no hope of proving that every optimal
trajectory is of a particularly simple type. However, one can prove that, whenever a
point q can be reached from a point p, then q can be reached from p by a particularly
simple trajectory, which then turns out to be optimal.

THEOREM 4.2. Let , be a C.A.S. such that Aa =- O. Let p M be such that the AP
holds at p. Then p has a neighborhood U with the property that Traj X v Y) is weakly
boundedly sufficient for U (i.e. there exists an N> 0 such that, whenever ql U can be
reached from qo U by means of a time-optimal trajectory in U, then ql can be reached
from qo by means of a time-optimal y s Traj (,I U) such that y s [Traj (X v Y)].)

Proof. First assume that X(p) and Y(p) are linearly independent. In this case
we can use Lemma 3.12 of [A], and find a neighborhood U which is the domain of
a square coordinate chart centered at p, relative to which X and Y have components
(a, 0), (0,/3), where a,/3 are analytic on U, and >0. Then it is clear that, whenever a
point ql s U can be reached from a point q0 s U by means of a trajectory in U, then
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ql can be reached from qo by means of a y in Traj (1’ U)fqTraj (X Y). We now
show that every trajectory in U is time-optimal. (This will establish that Traj (X v Y)
is weakly sufficient for U.)

A simple computation shows that

(4.3)

Therefore

(4.4)

Since Aa 0, we get

(4.5)

Therefore

Since U is simply connected, there is an analytic function q:U such that

1 1
(4.7) Oxq --, Oyq

a "Therefore

(4.8)

(4.9)

(dO, X> =- d@, Y> =- 1.

From this it follows easily that, if 3’ Traj (EI U), and Dom (y)= [a, b], then

(4.10) q(y(b)) O(3’(a)) T(3’).

If 3"(a) qo, r(b) q, we see that T(r) q(ql)- #(qo), so that T(y) is indepen-
dent of 3’. Therefore all trajectories from qo to ql in U take exactly the same time.

We now consider the case when X(p) and Y(p) are linearly dependent. The
accessibility hypothesis implies, first of all, that X(p) and Y(p) cannot both vanish.
Assume, without loss of generality, that X(p)# 0. Choose a square coordinate chart,
centered at p, with domain Uo, by means of which Uo is identified with a square
Sq (Co), and which is such that, on Uo,

(4.11) X=Ox.
Let Y have components a,/3. Then a simple computation shows that

(4.12) An =-((a 1)(Oxfl)-(Oxa)fl).

So, An----0 implies that

(4.13) (O,a)fl =- (a 1)(Oxfl).

If a(0, 0) 1, then the function b :x- fl(x, 0) is a solution of

(4.14)
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where

(ox)(x, o)
(4.15) /x(x)

a(x, 0)- 1

for x in some interval ]-, [. Since X(p) and Y(p) are dependent, we have fl(O, O) O,
and so fl(x, 0)=0 for ]xl< & Therefore, by analyticity, fl(x, 0)=0 for Ixl<e. This
shows that Y is everywhere tangent, on Uo, to the integral curve of X through p, and
therefore the accessibility property does not hold. This contradiction arose from
assuming that t(O, O) # 1. So a(O, O) 1. Since fl(O, O) =0, we conclude that

(4.16) X(p)= Y(p).

By making e smaller we may assume that the accessibility property holds at every
point of Uo, and that a > 0, throughout Uo. Then the proof that 13(p)--0 implies
a(p)- 1 also works at all other points q Uo, and we conclude that

a(q)=l wheneverqUo, /3(q)=0.

We now let 6e be a CASA stratification of Uo which is compatible with {p}, with
the set of zeros of/31 Uo, and with the vector fields X, Y, and Cgy. Let 0 < e < eo be
such that e is good for 9 (cf. the definition of a "good" e, before Lemma 3.3). We
now let 6el(e) be the set of all intersections S fq Sq (e), as S ranges over all one-
dimensional strata of 6e that meet Sq (e). Then 6el(e) is finite, and the zero set of
fllSq (e) is exactly the union of {p} and of the members of 6el(e). Lemma 3.4 implies
that, if S 6el(e), then S M(e)LJ M(e). (The remaining possibility, that S F+ or
S F, cannot arise. Indeed, if S- F+ or S F-, it would follow that [3(x, 0)=0 for
Ix[ < e, contradicting the accessibility assumption.)

It is easy to see that the open set {q: q Sq (e), fl(q)# 0} is partitioned into a
finite number W1,’", W,, of connected components, which have the following
properties:

(4.I.1) W is simply connected;
(4.I.2) V is a union of horizontal segments;
(4.I.3) The right boundary OR W/ of W/ (i.e. the set of all right endpoints of

all the segments whose union is W) is either
(a) a set S Se(e), of the form {($(y), y): 0< y < e}, or
(b) a union S1$2, where Sl={($(y),y):0<y<b}, b<e, and
$(b-) e, and $2 {(e, y): b _-< y < e}, or
(c) a set S Sel(e) of the form {($(y), y): -e < y < 0} or
(d) a union S (_J S_, where $1 {($(y), y): a < y < 0}, -e < a, and
$(a+) e, and S2 {( e, y): -e < y <-_ a}, or
(e) the union of {p}, of a set of the type described in (a) or (b), and
of a set of the type described in (c) or (d). In all cases, $ is a real
analytic function which is either constant or strictly monotonic.

(4.I.4) /3 # 0 throughout W.
The left boundary of W is defined similarly, and it satisfies a property similar to

(4.I.3), which we shall not state explicitly.
Let B* (ORW) f’) Sq (e). If ORW satisfies (a) or (b) of (4.I.3), let Bi be the union

of B* and of the vertical segment {(0, y)"-e <y<_-0}. If 8RW satisfies (c) or (d), let
B* be the union of Bi and of the vertical segment {(0, y)" 0<y< e}. Finally, if tgRW
satisfies (e), let B=B*. Then B is a barrier in Sq (e). If , Traj (XISq (e)), and if /
contains some point in W, but eventually leaves W, then it must leave through a
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point in B. Therefore 3’ never re-enters W. So every trajectory of E ISq (e) is a
concatenation of at most m pieces, each of which is contained in one of the sets
Clos W. Therefore, our conclusion will be proved if we show that, whenever 3’ is a
time-optimal trajectory which is contained in Clos W for some i, and goes from qo to
ql, then there is a time-optimal y’6 Traj (E[Clos W), that goes from qo to q, and is
in Traj (X Y). We will establish this by proving that"

(4.II.a)

and

(4.II.b)

Whenever yl, ’)/2 are trajectories in Clos W, such that In (yl) In (3,2)
and Term (3,1) Term (3,2), then T(

Whenever q Clos W can be reached from qo Clos W by means
of a trajectory in Clos W, then q can be reached from qo by means
of a 3’ Traj (E U) f’) Traj (X Y).

To prove (4.II.a), it is clearly sufficient to assume that Yl and y2 are entirely
contained in W. Since/3 never vanishes on W, we can define an analytic function q
and W by

1--t
(4.17)

/3

Then

-(Ox, )# ,)(o
(4.18) 0,, fl.

So (4.13) implies that 0q, 0 on . Since Oyl 0, and is simply connected,
there exists an analytic : such that

Therefore

(d, X) 0 1

and

(db, Y)= a(O,4))+ fl(Oy6) =- 1.

Then, if 3, is any trajectory of X W, we have

T(3,) Iv db b(Term (3,))-b(In (3,)).

So T(y) only depends on the endpoints of 3,, and (4.II.a) is proved.
We now prove (4.II.b). Assume that/3 > 0 on W. (The case when/3 < 0 on W is

identical.) Then the Y-trajectories in Clos W go to the right and up. Suppose that
3, [a, b] - Clos W is a trajectory of E, such that 3’(a) qo, 3’(b) ql. Then ql is to
the right ofand above qo. Let 3,’(t) tY(qo). Then there are q, t2 such that 3,’(q) 0L W/,
3,’(t2) OR W/, and tl _-<0< t.. Since Y’I ]tl, t2[ goes up and to the right, and X 0,,, the
curve 3,’I ]tl, t2[ is a barrier in W. The connected components of W- 3,’ are WL, WR,
where WR is the union of all the segments ( x {y})f) W, for y _-<)7 (where)7 is the
y-coordinate of qo), and of all the segments (]x(t), c[ x {y(t)})(q W, where 3,’(t)=
(x(t), y(t)), ]tl, t2[. Since 3,’I ]q, t2] is a barrier in W/, and ql is reachable from qo
in Clos W, it follows that ql Clos (wR). Since q has a larger y-coordinate than qo,
we necessarily have ql (]x(t), oo[ x {y(t)}) f) W/ for some t, and so q is reachable
from qo by an X Y-trajectory in Clos W. r3
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5. Conclusion. Ifwe combine the results ofTheorem 3.18, Lemma 4.1 and Theorem
4.2, we obtain the following conclusions (for which the connectedness of X is no longer
needed):

THEOREM 5.1. Let X be a real analytic system

(5.1) . =f(x) + ug(x), ]u]--< 1

on a two-dimensional real-analytic manifold M. Let p M be such that at least one of
the vectors f(p), g(p) does not vanish. Assume that either (i) 5: has the DSAP, or (ii), has the AP at p, or (iii) AA vanishes identically near O. Let X f- g, Y f+ g, and
let Z denote the singular vector field. Then p has a neighborhood U such that, for the
minimum time problem, Traj (X v Y v Z) is boundedly sufficient for U.

THEOREM 5.2. Let X, M, f, g, X, Y, Z be as in Theorem 5.1. Let "},: [a, b]--> M be
a time-optimal trajectory of ,. Then there exists a time-optimal trajectory y’: a, b]--> M
of X such that /’(a) ),(a), ),’(b) ,(b), and /’ is a finite concatenation ofXo, Y- and
Z-trajectories.

Proof. If y goes through a point p where both f and g vanish, then necessarily
b a and we can take y’=y. Otherwise
that are contained in open sets Ui for which Traj(X v Y v Z) is boundedly sufficient,
and the desired conclusion follows.

Appendix.
AI. Semianalytic and subanalytic sets. We list here the main facts about semi-

analytic and subanalytic sets. For details, see Hardt [Ha], Lojasiewicz [Loj], Sussmann
[Su6], and Tamm [Ta].

A subset S of a C manifold M is analytic if every p M has a neighborhood
U such that S fq U is the set of zeros of a Co" function f: U-> g. We say that S is
semianalytic if every p M has a neighborhood U such that

j=l i=1

where each So is a subset of U ofthe form {x: fj(x) 0} or {x: fj(x) > 0}, and f0 U g
is real analytic.

We shall not repeat the actual definition of the class of subanalytic sets (cf. [Ha],
where they are called "semianalytic shadows", or [Hill, or [Ta], or [Su]). The main
facts are:

(A.I)
(A.II)

(A.III)

Every semianalytic subset of M is subanalytic;
Every locally finite union or intersection of subanalytic sets is sub-
analytic;
The complement and the closure of a subanalytic set is subanalytic.

Moreover, subanalyticity is local, i.e.:

(A.IV) If S_ M, then S is a subanalytic subset of M if and only if every
p M has a neighborhood U such that S ffl U is subanalytic in U.

Also:

(A.V) If f: M--> N is a Co" map, and S is subanalytic in N, then f-i(s) is
subanalytic in M.
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Finally, we have the most important property of all, namely, that one can take
proper images. Precisely, if f: M - N is a map, and A

_
M, we say that f is proper on

A iff-l(K) f A is compact for each compact K
_
N. Then we have:

(A.VI) Iff: M - N is analytic, S is a subanalytic subset of M, andf is proper
on Clos S, then f(S) is a subanalytic subset of N.

The preceding properties make it possible to prove easily that many sets are
subanalytic. Consider formulas F(Xl, , xn) with free variables xl, , x, ranging
over analytic manifolds M,..., M,. If F1,’’ ", Fm are formulas which define sub-
analytic sets, then any formula obtained from them by taking conjunctions, disjunctions
and negations also has this property. Moreover, we can also allow existential quan-
tifications provided that they are bounded. (In (Zlx)F(x, y), we say that the quantifier
(::Ix) is bounded if for every compact K

_
N there is a compact J

_
M such that, for

each y K, (Zlx)F(x, y) is equivalent to (::lx)(x J ^ F(x, y)).) Finally, since a universal
quantifier can be expressed in terms of existential quantifiers and negations, we can
also allow universal quantifiers, provided that they are bounded. (The definition of a
bounded universal quantifier ’ is the same as that for ::l, except that (::lx)(x J ^ F(x, y))
must be replaced by (Vx)(xJ=F(x, y)).)

A Ck stratification of a manifold M is a locally finite partition of M into
connected, embedded submanifolds of M, of class C k, such that, if S , then the
frontier Fron S (- (Clos S) S) is a union of members of , all of them of dimension
smaller than dim S. A CASA stratification of M is a stratification whose members are
analytic submanifolds and subanalytic sets. A stratification is compatible with a set
A if A is a union of members of . If is a family of sets, then is compatible with
M if it is compatible with each A M. If X is an analytic vector field on M, we say
that is compatible with X if, for each S , X is either everywhere tangent to S or
nowhere tangent to S.

(A.VII) If M is an arbitrary locally finite family of subanalytic subsets of M,
and a finite family of analytic vector fields on M, then there is a
CASA stratification of M which is compatible with all the A
and all the X .

If f: M N is a map, L is a subset of M, and , are stratifications of M, N,
we say that (, ) is compatible with fover L if is compatible with L and, for every
S , S

_
L, the image f(S) is in , and fl S: S-f(S) is a submersion. We say that

(, ) is one-one compatible with f over L if, in addition, the map fl S is one-to-one
for every S , S_ L, such that dim S dimf(S).
(A.VIII) Iff: M- N is an analytic map, L is a subanalytic subset of M such

that f is proper on Clos L, and M, are locally finite families of
subanalytic subsets of M, N, respectively, then there exist CASA
stratifications , of M, N, which are compatible with , , and
are such that (, ;) is one-one compatible with f over L.

It follows from (A.VII) that, if A is a subanalytic subset of M, then A is a union
of members S of a stratification . In particular, if A is relatively compact, then A
only meets finitely maxy members of , and therefore:

(A.IX) A relatively compact subanalytic subset of M has finitely many
components.

Finally, we quote a fact from [Loj]"

(A.X) A subanalytic subset of the plane is necessarily semianalytic.
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A2. A counterexample. We show that, in the neighborhood of a point p where X
and Y both vanish, there need not be bounds on the number of switchings. Let X be
an analytic vector field whose trajectories spiral about 0, and converge to 0 as .
Let Y thX, where b is a positive function which is <1 above the x axis, and > 1
below the x axis. If U is an arbitrary neighborhood of 0, one can pick ql U, q2 U
such that q2 ttx(ql) for a > 0, and that the number of times that the X-trajectory
/from ql to q2 winds around the origin is arbitrarily large. To make 3’ time-optimal,
we must reparametrize % so that /is an X-trajectory above the x-axis, but a Y-trajectory
below the x-axis: So U contains time-optimal trajectories with an arbitrarily large
number of switchings.

With a little bit of work, one can modify the preceding example so as to get X
and Y to have the strong accessibility property everywhere, except at 0.

In these examples, the unboundedness in the number of switchings arises as the
time becomes unbounded. We do not know whether there are examples where the
number of switchings is unbounded even when the time remains bounded.
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Abstract. Closed-loop optimal control of a nonquadratic Bolza problem for linear distributed parameter
systems and normal solution of an associated quasi-Riccati operator equation are studied by the approach
of a nonlinear integral equation.
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1. Introduction. In this paper, we consider an optimal control problem for a linear
evolution system,

(1.1) dx= Ax( t) + Bu( t), x(O) Xo,
dt

(1.2) min J(u)= M(x(r))+ (Q(x(t))+1/2(Ru (t), u(t))) d
uL2(O,T; U)

Assume that T> 0 is finite and fixed, X and U are real Hilbert spaces, x(t) and
Xo take values in X, and the admissible set of control functions is o//= L2(0, T; U). In
(1.1), A: D(A)(c X)--> X is an infinitesimal generator of Co-semigroup of bounded
linear operators eat(t>=O) E,(X), and BE(U; X). In (1.2), we assume that

M(. and Q(. are C2 convex mappings from X to

(1.3) (nonquadratic in general),

R (U) is self-adjoint and coercively positive.

We take the mild solution of (1.1) to be state function, i.e.,

(1.4) x(t) eAtxoW eA(t-S)Bu(s) ds, e [0, T],

where the integration is in the Bochner sense.
This optimal control problem will be referred to as (NQBP). The results in this

paper generalize the well-known quadratic optimal control 1 ].
In [2] and [3], the author proved the closed-loop optimal control and global

normal solution of the associated quasi-Riccati equations in the cases Q(.)= 0 and
M(. 0 respectively. In these two cases, the optimal nonlinear feedbacks are given by

(1.5) u(t)=-R-1B*eA*(T-t)M’(H(T-t,x(t))) (see [2]),

(1.6) u(t) -R-B* ea*(-’Q’(G(s, t, x(t))) ds (see [3])

* Received by the editors July 29, 1985; accepted for publication (in revised form) April 25, 1986.
f Institute of Mathematics, Fudan University, Shanghai, People’s Republic of China. Present address,

Center for Control Science and Dynamical Systems, University of Minnesota, Minneapolis, Minnesota 55455.

905



906 YOU YUN-CHENG

respectively, where H(T-t, x) and G(s, t, x) are solution operators of following
nonlinear algebraic equation [2]

(1.7) y+ eASBR-1B* eA*s ds M’(y)= eA(T-t)x

for any given (t, x) e [0, T] x X,

and nonlinear Fredholm integral equation

(1.8) y(s)+ eA(s-n)BR-1B* eA*(’-") drl Q’(y(cr)) dcr= eA(S-t)X,
dt

s t, T] for any given (t, x) [0, T] x X,

respectively. However, these two approaches are not applicable to the more general
case of (NQBP) we consider here.

In [4], more general convex control problems for linear evolutionary processes
had been studied. By means of subditterentials and adjoint equations, those authors
established a set of optimality conditions which amounts to the open-loop relations
of the optimal control process.

In connection with closed-loop syntheses of the related problems, [5] developed
a series ofresults on local and global existence ofsolution to Hamilton-Jacobi equations
mainly by the constructive approximation approach.

Here in this paper, we consider the {x( T), x(. ), u( )}-separate nonquadratic
criteria with the C2-assumption. The obtained results will provide

(i) A simpler open-loop formula of the optimal control;
(ii) A new proof of the global existence of the solution of the quasi-Riccati

equation as well as the improved regularity of the solution;
(iii) A new variational formula, which directly leads to the closed-loop relation;
(iv) A class of nonlinear integral equations whose solution mappings yield both

the optimal feedback operators and normal solutions of the quasi-Riccati equations;
(v) A generalization to closed-loop optimal strategies of nonquadratic differential

games.
The contents of this paper are outlined as follows. In 2, the existence of the

optimal control and an open-loop relation are proved. In 3, we show that a normal
solution of quasi-Riccati equation will provide optimal feedback for the closed-loop
solution. Section 4 is devoted to the investigation of solution mapping K(s, t, x) of a
nonlinear integral equation. We prove in 5 that K (t, t, x)= P(t, x) turns out to be a
normal solution of quasi-Riccati equation. Hence the closed-loop solution to (NQBP)
is given. In 6 we give some remarks.

Here we list some notations. We shall denote a scalar product by (.,.). Let E,
E1 and E2 be Banach spaces; then *F(E1 E2) and .Y(E) stand for the Banach spaces
ofbounded linear operators from E1 to E2 and from E to itself respectively. Superscript
* will be attached to adjoint operators, eA*t oF(X) is the dual semigroup of eAt and
is generated by A*, the adjoint of the densely defined and closed operator A. For a
self-adjoint operator S, then S>_-0 (resp. S> 0) means nonnegative (resp. coercively
positive).

If E is a Banach space, [a, b]cR, then we shall denote by LE(a, b; E) the Hilbert
space of strongly measurable functions g(. [ a, b] - X, such that

IIg(t)ll at < +.
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We shall denote by C([a, b]; E) the Banach space of all strongly continuous functions
from [a, b] to E.

For a mapping f from a Banach space E1 to another E2, we shall denote its
Fr6chet derivative by f’ or Df Subscripts will be used to represent partial Fr6chet
derivatives or related parameters of mappings according to the context.

All the concepts and facts of nonlinear analysis used later appear in [6]. In
particular, we shall make use ofthe following relation of a differentiable mappingf, i.e.,

(1.9) f(x + h)-f(x) Df(x + Ah)h dA.

2. Existence and open-loop equality.
THEOREM 1. For any given Xo X, there exists a unique optimal control of (NQBP).
Proof. First we assert that for a C convex mapping (-) from a Hilbert space E

to R there exist an element e E and a constant y R such that

(2.1) o(x) -> (e, x) + y Vx E.

This is a consequence of the monotonicity of o’(. and (1.9).
From (1.3) and (2.1), there must be constants 8>0, >0, and a(Xo) which

depends continuously on Xo, such that

 llull (Ru(t), u(t)) dt

(2.2)
( )J(u; Xo)-M eATXo+ eA(T-S)Bu(s) ds

Q eax+ eA(-Bu(s) ds dt

 J(u; Xo)+  (Xo) Ilull ,

where we write (1.2) as J(u; Xo) to indicate its dependence on u(. and Xo. Thus we have

(2.3)

It follows from (2.3) that for a given Xo e X,

-oo < J(u; Xo)< +oo,

and that a minimizing sequence is uniformly bounded in 0//so that there is a weakly
convergent subsequence in

From (1.3) we can deduce that for any 0<_-A-<1, u(-) and v(-) in

(2.5) AJ(u)+(1-A)J(v)>-_J(Au+(1-A)v)+A(1-A) (R(u-v), u-v) at.

Hence, J(u) is a strictly convex and (easy to see) strongly continuous functional on
a//, so that it is weakly lower semi-continuous.

The above facts imply the existence and uniqueness of optimal control of
(NQBP). QED.
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COROLLARY 1. Let toe [0, T], the following optimal control problem (NQBP)o"

(2.6) x(t) eAt-t)Xo+ eAt-S)Bu(s) ds,
to

(2.7) min J(u) M(x(r)) + (Q(x(t))+1/2(Ru(), u(t))) dt
L2(to, T; U)

has a unique optimal control for any given Xo X.
COROLLARY 2. Let , be an arbitrarily fixed bounded subset in X, and U<to,xo)(" be

the optimal control of (NQBP) corresponding to the initial state Xo E. Then,
j*1) sup { <to,xo)- inf J(u; Xo)} < +oo,

to,Xo)[O,T], LE( to; T; U)

2) sup U<,o,xo(" )11 =<,o, < /-
(to,Xo) [0, T]xX

Proof. Similar to (2.3)., with appropriate choice of constants (Xo) only depending
continuously on Xo, and/3, we have the following inequality"

0-< Ilull,o,;- -<-J(u.,xo)/ (Xo)/
(2.8)

Vu e L2(to, T; U), to e [0, T], Xo e X.

Obviously,

(2.9) J* < M(eA(T-t)XO)+ Q(eA(t-t)XO) dt < const (X)(to,xo)

From (2.8) and the continuous dependence of cT(Xo) on XoX, we have

(2.10) * > cT(Xo) + > (EJ(to,xo)-- --const ).

Hence 1 is valid. Moreover 1 and (2.8) show that 2 is valid. QED.
THEOREM 2. For any given toe[O, T] and Xo X, flu(. is the optimal control and

x(. is the corresponding optimal trajectory of (NQBP), then the following open-loop
equality must be satisfied:

(2.11) u(t)=-R-B*(e*(r-’M’(x(T))+ ea*(-’Q’(x(r)) &r),

(2.12)
x( t) eA(t-t)Xo eAt-S)BR-B*

e*(r-M’(x(r))+ ea*(-Q’(x(r))do ds, to, T].

Proof For each fixed v(.) //, let $(A; v)=Jz(u+Av;xo), A . As 6(0; v)=
minaR $(A; v), it must be q(0; v)=0, ’v(. ) R. We can write (2.6) as

(2.13) x(.)=h(.)+(ru)(.), x(T)=h(T)+Au,
where hto(t) ea(t-t)Xo,[’toG(L2(to, T; U); L2(to, T; X)) and Ato (L2( to, T; U);X)
are defined to be

(2.14)
(FoV)(t) eat-S)Bv(s) ds,

to

Av ea(r-S)Bu(s) ds,
o

O LZ(to, T; U),

v L2(to, T; U).
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Substitute (2.13) into (2.7) for u+ Av; it follows that

,,(0; v) (M’(hto( T)+ Au), Atov)x +(Q’(hto+ rtou), rtov) L2(,o,r;x

(2.15)
+(Ru, v)&,o,r; t

{Ru +A*toM (hto(T)+Atou)+F*toQ’(hto+Ftou), v)&(to.r;v)=O
Vv(" e L2(to, T; U).

Thus we obtain (2.11)"

u(t)= R-l{A*toM’(h,o(T)+AoU)+F*’,oQ(h+ Fu)}

=-R-IB*(eA*(r-t)M’(x(r))+ eA*(-OQ’(x(o’)) dtr), t [to, T].

Substitution of (2.11) into (2.6) leads to (2.12). QED.

3. Quasi-Riccati operator equation and normal solution. We consider a quasi-
Riccati operator equation associated with (NQBP),

tt(P( t, x), y)+(Px(t, x)Ax, y)+(P(t, x) Ay)+(Q’(x), y)

(3.1) -(Px(t,x)Bg-lB*P(t,x),y)=O, (t,x,y)e[O, T]xD(A)xD(A),

P(T,x)=M’(x), xX.

DEFINITION 1. If a nonlinear mapping P(t, x): [0, T]x X X satisfies the follow-
ing conditions, then it is called a normal solution of the quasi-Riccati equation (3.1),

1) P(t, x)" [0, T] x X X is strongly continuous in (t, x);
2) (P(t, x), y) is continuously ditterentiable in e [0, T], for each x and y in D(A);
3) P(t, x) is Fr6chet differentiable in x X, for each [0, T];

(i) P(t, x)" [0, T]x X -> (X) is strongly continuous in (t, x), i.e., (t, x) ->

f, ) in [0, T] x X implies Px(t, x)--> Px( f, ) in X, X;
(ii) Px(t, x) is bounded in &e(x)-norm for (t, x) in any given bounded subset

of [0, T]xX:
4) P(t, x) satisfies (3.1);
5) P(t,. )" X --> X is a gradient operator, for each s [0, T];
6) Cauchy problem

dx
(3.2) Ax- BR-1B*P(t, x), x(0) Xodt

has a global mild solution [7] x(.) C([0, T]; X) for each given Xo X.
Assume that P(t, x) is a normal solution of (3.1). By definition ofgradient operators

[6], for each [0, T], there are anti,derivatives di,(t, x)’x R such that

(3.3) x(t,x)=P(t,x), xX.

Those (t, x) satisfying (3.3) may well be different from each other by a constant c(t).
We set, without loss of generality, a definition as follows.

DEFINITION 2. The anti-derivative (t, x) of a normal solution P(t, x) of (3.1) is
called canonical, if (t, x) is such that

(3.4) (t, 0)= M(0), 0_< t<_- T.
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LEMMA 1. Assume that P(t, x) is a normal solution of (3.1) and (t, x) is the
canonical anti-derivative of P( t, x). Then, for each {Xo, u(. )} D(A) x CI([0, T]; U)
and corresponding trajectory x(. ), the function p(t, x(t)) is absolutely continuous on
[0, r].

The proof of Lemma 1 is similar to that of [5, Lemma 2], by means of properties
l-3 of Definition 1, and the following equality, which is obtained from (1.9), (3.3)
and (3.4),

(3.5) d(t,x(t))= (P(t, sx(t)),x(t))ds+M(O), tel0, T].

The detail is omitted here.
LEMA 2. The assumptions are the same as in Lemma 1. Then, for each {Xo, u(.)}

D(A) x C1([0, T]; U) and corresponding trajectory x(. ), the following relation holds"

d
I,(t, x(t)) Q(O) Q(x( t)) +(Bu( t), P( t, x( t)))

(3.6)
+ (Px(t, sx(t))BR-1B*P(t, sx(t)), x(t)) ds.

The proof of Lemma 2 is straight from (3.5) and similar to that of [5, Lemma 3],
so is omitted here.

LEMMA 3. For each {Xo, u(. )} X x q/and corresponding trajectory x(. given by
(1.4), there exists a sequence {x,, u,(. )}c D(A) x el(j0, T]; U) such that

o
x,-Xo inX,

u,(. )- u(. in 0//= L2(0, T; U),

xn(" )- x(. in C([0, T]; X),
owhere x, (.) is the trajectory corresponding to x, and u,(. ).

Proof. This is simply a consequence of the density of D(A) in X, the molification
of L2-Bochner integrable functions, and the H61der inequality.

THEOREM 3. Assume that the quasi-Riccati equation (3.1) has a normal solution
P( t, x). Then, for any given Xo X, there exists a closed-loop optimal control of (NQBP),
given by

(3.7) u(t)=-g-lB*P(t,x(t)), t[0, T],

where x(. is the corresponding optimal trajectory.
Proof. Let tz(t, x)=1/2(R-IB*P(t, x), B*P(t, x)). It is easy to see that

(3.8) /z’(t, x)= Px( t, x)BR-1B*P( t, x).

For each {Xo, u(.)} D(A)x C1([0, T]; U) and corresponding x(.), by (3.6), (3.8)
and (1.9), we have

d(t, x(t))/ Q(x(t))+1/2(gu(t), u(t))
dt

(3.9) 1/2(g(u( t) + g-B*P( t, x( t))), u( t) / R-B*P( t, x( t)))

+ Q(0) -/z (t, 0),

where (t, x) is the canonical anti-derivative of P(t, x).
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Integrate (3.9) for t[0, T], by Lemma 1, x( T, x) P( T, x) M’(x) and
T, 0)= M(0), and it follows that ( T, x)= M(x), x X, and

J(u)= M(x(T))+ (Q(x(t))+1/2(Ru(t), u(t)>) dt

,(o, Xo) + Q(Ol 7"- (t, o) at

(3.o

+ ((u(t+-*e(t,x(t, u(O+-*e(t, x(tl

e(O, xo)+Q(O)T- (t,O) dtp(Xo),

where p(Xo) is a constant deteined by Xo. In view of Lemma 3, (1.3), the continuity
of (t, x) in x, and the propeay 1 of normal solution P(t, x), we know that (3.10) is
also valid for each {x0, u(. )} X x and corresponding x(. ).

On the other hand, the propey 6 of P(t, x) shows that the feedback control
(3.7) is admissible, i.e., in . erefore, (3.10) indicates that (3.7) must be optimal, and

(3.11) min J(u" Xo) p(Xo) Vxo X.
u(-)e

us we have completed the proof. QED.

4. Solution maing K(s, t, x) of a nonlinear integral equation. In order to explore
the existence and possible expression of normal solution of the quasi-ccati equation
(3.1), we consider a nonlinear integral equation"

y(s) ea*(r-M’ ea(r-x e(r-nBR-B*y() d
T

A*(-) A(-)(4.) + e(-’x -*y(n) an ,-
(s, t, x) f,

where

(4.2) f/= {(s, t, x)10 -< t-< s-< T, x X}.

LEMM 4. Let Gt ,(L2(t, T; X)) and H, .g’(L2(t, T; X); X) be defined as

(4.3) (Go)()= eA(-o(o’)do", se[, r], oeL(t, T;X),

(4.4) Ho e(r-o(o-) do’, o e L(t, T; X).

Suppose tha We (X) and N e ’(L(t, T; X)) are nonnegative self.adjoim operators.
Then, the following aertions are valid.

1) The operator

(4.5) Vt I + (H*t WH, + G* NG,)BR-1B* e (L2( t, T; X))
is bijective and its inverse operator is given by

V; I-(H*t WH, + O*t NGt)x/BR-1B*
(4.6)

(I +x/BR-IB*(H*t WH, + G*t NG,)x/BR-1B*)-lx/BR-1B*.
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2) IfN e (L2(t, T; X)) is defined to be

(Nq)(s) Y(s)q(s), s e [t, T],

where Y(. ):[t, T]--> (X) is a nonnegative self-adjoint operator function and strongly
continuous in s It, T], then the above 1 holds and Vt (C([ t, T]; X)) has bounded
inverse operator V-I (C([t, T]; X)) given by (4.6) too.

Proof Assertion 1 can be verified directly. We see, by transposition,

(Gt*p)(s)= eA*(-s)p(cr)dtr, se[t, T], qeL2(t, T;X),

(4.7)
(H*t)(s)=ea*(T--s)’, s[t, T], X.

By virtue of the facts that both Vt and V-1, given by (4.5) and (4.6) with N described
as above, map C([ t, T]; X) into itself, we obtain 2. QED.

THEOREM 4. For any given t, x) [0, T] x X, there exists a unique solution y(
C[ t, T]; X) of (4.1).

Proof (1) Existence: According to Corollary 1 and Theorem 2, there exists a
unique optimal process {a(t.x)( ), :(t.x)(" )} of (NQBP)t, for the given initial state value
x, which satisfies (2.11) and (2.12). Let

y(s; t,x)=eA*(r-S)M’(:(t,)(T))+ eA*(-S)Q’((t,)(o’)) do’,

(4.8)
se[t, T].

From (4.8) and (2.12) we can directly verify that y(.; t, x) given by (4.8) is exactly a
solution (4.1).

(2) Uniqueness: Let F: C([ t, T]; X) x [0, T] x X--> C([ t, T]; X) be

F(y(’), t,x)(s)=y(s)-e*(r-M e(r-tx e(r-nBR-IB*y(r) dr
T

eA*(-S)Q eA(r-t)x(4.9) eA-’)BR-B*y() d d,

se[t, T].

In order to prove the uniqueness, according to the implicity function theorem in Banach
spaces (see [6, p. 115]), we only need to show that DyF(y(. ), t, x) (C([ t, T]; X))
is boundedly invertible for each (y(.), x) C([ t, T]; X) x X and fixed [0, T]. In fact,

(DF(y(. ), , x)z(. ))(s)= z(s)+ II,(s, r)BR-1B*(n) dn

(4.10) ={[I+(H*t Wt(y,x)Ht+G*t Nt(y,x)Gt)BR-1B*]z(.)}(s), se[t, T]

Vz(.) e C([t, T]; X)

where Gt, Ht and their adjoint operators are given by (4.3), (4.4) and (4.7),

( Ilit(s, r)= eA*(r-M ea(r-tx

(4. +[ eA*(o’-)p.
ax(s,n)

e(-tx ea(-eBR-B*y() d e(-’ do-,

eA(T-)BR-1B*y() d) eA(T-n)
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(4.12) W,(y, x)= M" ea(r-’x- ea(r-eBR-B*y() d

(4.13) (N(y, x)o)(s)= Q" ea(-’x e(-eBR-B*y() d) (s),

se[t, T] VeL(t, T;X).

The convexity of M(. and Q(. implies that M"(x) and Q"(x) e (X) are nonnegative
self-adjoint, so that W(y,x)e(X) and N(y,x)e(L(t, T;X)) are also non-
negative. According to Lemma 4-2 and (4.10), DF(y(.), t, x)e (C([t, T]; X)) is
boundedly inveible. QED.

We denote the solution mapping of (4.1) by

(4.14) y(s) g(s, , x), (s, , x)e a.
Let (s, t, x) be defined as

(4.15) E(s, t, X) eA(S-t)X eA(-n)BR-B*K(, t, x) d.

LEMMA 5. For any bounded subset X, let fl={(s, t,x)Ots T,xE}.
e,
(4.16) sup IlK(s, t,x)ll=const(E)<+,

(s,t,x)sO

(4.17) sup liE(s, t, x)[[ =const(E)<+.
(s,t,x)e

Proo These two conclusions are consequences of (4.8), (1.3), 2 of Corollary 2
and (4.15). QED.

LEMMA 6. For any given x X, the following limit relation is equiconvergent with
respect to [0, T],

(4.18) lim like, t,x+x)-K., t, x)llt,,=0.
x0

oo Let AK(s) K(s, t, x + x)- K(s, t, x) and

(4.19) (s, t, x) ea(-x e(-nBR-B*K() d.

By calculation we see that K(. satisfies the following equation:

(4.0
( + x’+aa’-*("

H ea(r- x+G e(-’ x,
where G, H and their adjoint operators are given by (4.3), (4.4) and (4.7),

(4. w= M"((r, ,x+(r, ,xl ae(xl,

and e(L(t, T; X))(C([t, T]" X)) is a multiplication operator:

(4. (Nl(sl= "((s, ,x+(s, ,x aa. (s, se[, r].
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By Lemma 4-2 and (4.6), on account of the following facts,

sup E(s, t, x)ll < +, sup
O<t_s_ T

IIxll-<_l

te[O, r]

sup
t[0,T]

IIEx(S, t, x)ll < (by Lemma 5),

.._..11o,* t,,]:,, <sup
tE[0,T]

(by (4.3) and (4.7)),

sup IIn*, llo;c(,,Ta;, < +oo
te[0,T]

(by (4.4) and (4.7)),

and for sufficiently small IIxll (e.g. llSxl[ <= 1) and all e [0, T],

ff’,x x) --< cnst, *x :e(-(’,r;)) <= cnst,
(4.24) (from the C2 continuity of M(. and Q(. )),

we obtain, by inversion of (4.20), that

(4.25) Ilag(" )11 t,,];,)--< const xll,
where the constant is independent of [0, T] and tx such that txll =< 1. This amounts
to the equiconvergence of (4.18). QED.

THEOREM 5. The solution mapping K(s, t,x) of (4.1) possesses the following
properties:

1) K(s, t, x) is strongly continuous in (s, t, x)
2) (K(s, t, x), y) is differentiable in s It, T], for each x and y in D(A), and

d
(K(s, t, x) y)= -(K(s, t, x), Ay)-(Q’(E(s, t, x)) y),(4.26)

which is continuous in s, t) such that 0 <= <-s <- T.
3) K(s, t, x) is strongly differentiable in O, T], for each s t, T] and x D(A),

and

Kt(s, t,x)={(DyF(K(’, t,x), t,x))-[eA*(T-’)M"(E(T, t,x))eA(’-t)

(4.27) + eA*(-’)Q"(E(tr, t, X)) eA(-t) dtr (s)

[-Ax + BR-1B*K(t, t, x)].
Moreover, Kt (s, t, x) is strongly continuous in (s, t) such that 0 <= <= s <- T, for each
xeD(A).

4) K(s, t, x) is Frdchet differentiable in x X, for each (s, t) such that 0<= <= s <= T,
and

K(s,t,x)={[DyF(K(’,t,x),i,x)]-l[eA*(T-’lM"(E(T,t,x))ea(T-t)
(4.28)

+J rea*(’-’)Q"(E(tr, t,x))ea(’-Odtr]}(s)
Moreover,

(i) Kx(s, t, x) is strongly continuous in (s, t, x)e l, for each X;
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(ii) Kx(s, t,x) is bounded in (X)-norm for O<-t<-s<-_ Tand x,, where ,X
is any bounded subset.

We divide the proof of Theorem 5 into following three lemmas.
LEMMA 7. Assertions 1 and 2 of Theorem 5 are valid.
Proof. Assertion 1: Because the associated space C([t, T]; X) of the mapping F

in (4.9) is t-variant, we cannot simply use the abstract implicit function theorem here.
Let As +0, At -> +0 (similarly for other cases), and x-> 0; we have

K(s+As, t+At, x+$x)-K(s, t,x)=I+I2+I3O,

because of

Ii=K(s+As, t+At, x+iSx)-K(s+As, t+At, x)O (by Lemma 6),

I2 K(s+ As, + At, x)- K(s+ As, t, x)

K(s+As, t+At, x)-K(s+As, t+At, t,(t+At))->O

(by (4.8), (2.12), Lemma 6 and :(,.x)(t + At)-> x when At->0),

I3 K(s+As, t, x)-K(s, t, x)->O.

Assertion 2: By (4.1), for x, y s D(A), we can differentiate (K(s, t, x), y) straight
to achieve (4.26) and the assertion 2. QED.

LEMMA 8. Assertion 3 of Theorem 5 is valid.
Proof Let A > 0 be sufficiently small and

1
$K(s, t, x, A)=-7(K(s, t+A,x)-K(s, t, x)), s It+A, T].

By calculation we see that 8K(., t, x, A) satisfies the following equation:

(I + (Ht*+ Wt+H,++ G*+AN,+AGt+A)BR-’B*)SK t, x, A)

(4.29) [Ht*+A lVt+a eA(T-(t+a)) + G*t+alQt+A eA(’-(t+A))]

where Gt, Ht and their adjoint operators are given by (4.3), (4.4) and (4.7),

(4.30)

(4.31) (,/o)(s) Q"(E(s, t,x)+IE(s, t,x)) dl. o(s), e[t+A, T]

(a multiplication operator on L(t + A, T; X))

in which E(s, t, x) given by (4.15), and

+A

Ea(s, t,x)=(eA(s-(t+a))-eA(s-t))x+ eA(s-’)BR-1B*K(rl, t,x) dr

(4.32) r
-| eA-’)BR-1B*(K(,1, t+A,x)-K(q, t,x)) dq.

+A
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For O<-t<-_s<-_T and xsD(A), in view of (4.3), (4.4), (4.6), (4.7), (4.29)-(4.32),
(4.23) and (4.10), we obtain

(4.33)

lim 8K(s, t, x, A) {[DyF(K( ., t,x), t, x)]-l[H*t li/’t ea(T-t) + a*t ]Qt ea(’-t)]}(S)
A+O

(-Ax+BR-’B*K(t, t, x)).

Hence (4.27) holds for the right derivative K+ (s, t, x), 0<= < s <= T, x D(A). Similarly
it holds for K-(s, t, x), 0=< t<=s<= T, x D(A).

The remains can be deduced from (4.27), (4.10), (4.6), (1.3) and Lemmas 6
and 7. QED.

LEMMA 9. The assertion 4 of Theorem 5 is valid.
Proof. Now we can fix [0, T] arbitrarily. Apply the abstract implicit function

theorem to the mapping F of (4.9); then we have the Fr6chet differentiability of
K (s, t, x) in x X; moreover,

Kx(’, t, x)=-(DyF(K(’, t, x), t, x))-IDxF(K( t, x’), t, x)

=-(DyF(K(’, t,x)t,x))-l(-eA*(7"-’)M"(E(T, t,x)) e

eA*(-’)Q"(E(o’, t, x)) eA(-t) dcr).

Thus (4.28) is true. The remains can be deduced from (4.28), (4.10), (4.6), (1.3) and
Lemmas 6 and 7. QED.

Thus we complete the proof of Theorem 5.

5. Feedback operator P(t, x) and closed-loop solution. K(s, t, x)"- X is the
solution mapping (4.14) of (4.1). Let

(5.1) P( t, x) K t, t, x):[0, T]xX-->X.

We shall prove that P(t, x) given by (5.1) is a normal solution of the quasi-Riccati
equation (3.1), so that by Theorem 3 it is a feedback operator of closed-loop optimal
control of (NQBP).

LEMMA 10. P(t, x) given by (5.1) possesses the properties 1, 2 and 3 of Defini-
tion 1.

Proof. By Theorem 5 and (4.26)-(4.28) we have

(e(, x,y= (K(s, ,x y+--d(K(s, t, x), y)
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and

(5.3)

P(t,x)-{(DyF(K, t,x))-’[e*T-’)M"(E(T, t,x)) e

I ]}+ eA*(-’)Q"(E(O., t, x)) eA(-t) do" (t),

(t, x) [0, T]xX.

The mentioned properties 1, 2 and 3 can be verified by means of (5.1)-(5.3) and
those properties of K(s, t, x) described in Theorem 5. QED.

LEMMA 11. For each [0, T], P(t, .):X--> X given by (5.1) is gradient operator
Proof. According to Theorem 2.5.2 of [6], it is equivalent to show that Px(t, x)

(X) is self-adjoint for each [0, T] and x X. In fact, by (5.3), (4.10) and (4.6),
we have

(5.4)

where

and

(5.6)

( I T

1Px(t,x)= eA*(T-t)M"(E(T, t,x)) eA(T-t)+ ea*(-t)Q"(F_.(o., t,x)) ea(-t) do.

Zt( t)x/BR-’B*(I +x/BR-’B*Zt/BR-’B*)-ax/BR-’B*

f

i eA*(T-’)M"(E( T, t, x)) eA(T-t)

+ ea*(-’Q"(E(r, , X)) ea-’ dr

Zt H* WHt + G*
Zt(t)tp=(Zttp)(t) VpL2(t, T; X),

WE M"(E( T, t, x)),

(NEO)(o’) Q"(E(O., t, x))o(o.), o"[t, T], pL2(t, T;X).

Note that Z(t) (L2(t, T; X); X); we can verify that its adjoint operator Z(t)*
(X; L2(t, T; X)) is given by

(5.7) Zt(t)*=eA*(r-’)M"(E(T, t,x)) eA(T-t)+ eA*(’-’)Q"(E(o", t,x)) eA(’r-t) do".

Substitute (5.7) for the last bracket of (5.4). We see that Px(t, x) (X) is self-adjoint
for (t,x)[0, T]xX. QED.

LEMMA 12. The Gauchy problem (3.2) with P(t, x) given by (5.1) admits a global
mild solution x(. ) C([0, T]; X) for any given Xo X.

Proof. We show that (see (4.15))

(5.8) x( t) E t, O, xo), t[0, T]

is a desired mild solution of (3.2), i.e., it is a strongly continuous solution of following
equation"

(5.9) x(t)=eA’xo eA(t-)BR-1B*P(s,x(s)) ds, t[0, T].
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Obviously, E(., 0, Xo) C([0, T]; X). We only need to prove

(5.10) K(t,O, xo)=K(t, t,E(t,O, xo)), t[0, T], xoX,

for then (5.9) is satisfied by (5.8)"

(t, O, xo) eax ea(’-BR-B*K(s, O, x) d
o

eax- ea(-BR-B*K(, s, (s, O, xo)) ds

eax ea(-BR-B*P(s, E(s, O, xo)) ds

(by (5.10))

(by (5.1)).

Now we prove (5.10). Let AK,,xo(S) K(s, t, E(t, O, xo))-K(s, O, xo), s[t, T].
By calculation we obtain that AKCt.xo(" satisfies the following equation:

(5.11) (I +(n*t WarH, + G*t NArG,)BR-1B*)AK,.xo( =0,

where

(5.12) WAr M" E(T,O, xo)-A eA’-nBR-1B*AK,,xo(q) drl dA,

(Nartp)(s)= Q" E(s,O, xo)-A eAS-’BR-1B*AK,.xo(rl) drl dA. q(s),

(5.13)
se[t, T], qeLZ(t, T;X).

By Lemma 4, we conclude that AK,.xo(.)=0 in C([t, T]; X). Therefore (5.10) is
valid. Besides, the well properties of P(t, x) imply that the strongly continuous solution
of (5.9) is unique. QED.

THEOREM 6. P( t, x) given by (5.1) is a normal solution ofthe quasi-Riccati operator
equation (3.1).

Proof. Obviously this P(t, x) is such that (by (4.1))

(5.14) P( T, x) K( T, T, x) M’(x), x X.

From (5.2) and (5.3) we can verify directly that (3.1) is satisfied by this P(t, x)"

d
-(P(t, x), y)+(P,,(t, x)Ax, y)+(P(t, x), Ay)+(Q’(x), y)-(Px(t, x)BR-1B*P(t, x), y)

{-(P(t, x), Ay)-(Q’(x), y)+ (Px(t, x)(-Ax + BR-1B*P(t, x)), y)}

+ (Px(t, x)Ax, y)+(P(t, x), Ay)+(Q’(x), y)-(P(t, x)BR-1B*P(t, x), y)=0.

By Lemmas 10-12 we know that all the properties described in Definition 1 are
possessed by this P(t, x). Thus it is a normal solution of (3.1). QED.

TIaEOREM 7 (Closed-loop theorem). For any given Xo X, there exists a closed-loop
optimal control of (NQBP), given by the following state feedback:
(5.15) u(t)=-R-1B*P(t,x(t))=-R-1B*K(t, t,x(t)), t[0, T],

where K (s, t, x) is the solution operator (4.14) of the nonlinear integral equation (4.1)
and P(t, x) is given by (5.1).

Proof. This closed-loop result is obtained by combination of Theorem 3 with
Theorem 6. QED.
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Y(S)+It
(6.1)

6. Remarks. We have two remarks about the relation between the closed-loop
result of (NQBP) and that of quadratic optimal control, and that of the nonquadratic
differential game problem.

Remark 1.^If M(. and M() in (1.2) reduce to quadratic forms, M(x)= 1/2(//x, x)
and Q(x)=1/2(Qx, x), where (X) and Q(X) are nonnegative self-adjoint,
then we can verify that (4.1) becomes following integral equation of Fredholm type [8]:

t(s, 7q)BR-1B*y(Tq) dn eA*(T-s)jeA(T-t)+ eA*(’r-s)0 eA(-t) d x,

where

(s, t,x)f

T

aYt(S "tl) ea*(T--s)l(/l eA(T--*/)-b" eA ’ )Q dtr,
max(s,,/)

(6.2)
(s, r/) It, T][t, T].

The solution operator K(s, t, x) of (6.1) turns out to be a bounded linear operator in
x, K(s, t,x)=K(s, t)x. As a result, (5.1) gives P(t,x)=(t)x where P(t)=K(t, t)
(X) is the strongly continuous and self-adjoint solution of following Riccati operator
equation:

t(/3(t)X, y)+(Ax, Ay)

(6.3) +(Ox, y)-((t)Bg-B*-(t)x,y)=O, (t,x,y)[O, T]xD(A)xD(A),

P(T)= M.

Thus in this case, the closed-loop result (5.15) coincides with the well-known linear
state feedback 1 ], [9]
(6.4) u(t)=-R-1B*fi(t)x(t), t[0, T].

Remark 2. The method in this paper can be applied to deal with nonquadratic
differential game problem of Bolza type on Hilbert spaces:

dx
Ax( t) + Bu( t) + Cv( t), x(0) Xo,

dt
(6.5)

J(u, v)= M(x(T))+ (Q(x(t))+1/2(R,u(t), u(t))+1/2(R2v(t), v(t))) dt,

where C ( V; X), R1 > 0 and R2 < 0 coercively, and it is desired to find an optimal
closed-loop strategy {a(. ), t3(. )} L2(0, T; U) x L(0, T; V) such that

(6.6) J(, v)<-J(a, )<=J(u, )
for arbitrary admissible feedback control u(. and v(. ). We give a synthesis result
whose proof is similar to Theorem 3 and omitted here.

THEOREM 8. If the following quasi-Riccati operator equation

-(P(t, x), y)+(P,,(t, x)Ax, y)+(P(t, x), Ay)+(Q’(x), y)

-(Px( t, x)(BR-(1B* + CR C*)P( t, x), y) O,
(6.7)

(t, x, y) [0, T] x D(A) x D(A),
P( T, x) M’(x), x X



920 YOU YUN-CHENG

has a normal solution P(t,x)’[O, T]xXX (as in Definition 1), then, for any given
Xo X, there exists a closed-loop optimal strategy

u(t) -R-IB*P(t, x(t)),
(6.8) [0, T].

v(t)=-RflC*P(t, x(t)),

This result is a generalization of the quadratic differential game 10].
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OPTIMIZATION OF "log x" ENTROPY OVER
LINEAR EQUALITY CONSTRAINTS*
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Abstract. In this paper we develop a special-purpose iterative algorithm, of the row-action type, for
solving the problem of maximizing the "log x" entropy functional over linear equality constraints. The

algorithm employs "projections" onto hyperplanes which we call "log x" entropy projections. A complete
proof of convergence is given.

Key words, entropy optimization, row-action algorithm, linear equality
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1. Introduction. The "x log x" entropy functional, ent x, maps the nonnegative
orthant R of the n-dimensional Euclidean space Rn into according to

(1) ent x := xj log xj,
j=l

where, by definition, 0 log 0 :--0.
Entropy optimization problems which seek to maximize ent x over linear con-

straints sets (equality, inequality or interval constraints) arise in various fields of
applications. These include (i) transportation planning (the gravity model) see, e.g.,
[31], (ii) statistics (adjustment of contingency tables, maximum-likelihood estimation)
see, e.g., [12], (iii) linear numerical analysis (preconditioning of a matrix prior to
calculation of eigenvalues and eigenvectors) see, e.g. 15], (iv) chemistry (the chemical
equilibrium problem) see, e.g., the remark and references mentioned in [16], (v)
geometric programming (the dual problem) see, e.g., [40], (vi) image processing (image
reconstruction from projections, image restoration) see, e.g., [6], 18], [22]. For further
general information we mention here [28], [30], [19].

The use of entropy is rigorously founded in several areas, see, e.g., 1], [28], [34],
while in other situations entropy optimization is used on a more empirical basis. In
image reconstruction from projections (from where our own motivation to study entropy
optimization comes), arguments in favor of maximum entropy imaging have been
given, typically expressing a conviction that the maximum entropy approach yields
the most probable solution agreeing with the available data, i.e., a solution which is
most objective or maximally uncommitted with respect to missing information.

Another measure of entropy is the "log x" entropy functional defined on the
positive orthant by

(2) h(x) := log x.
j=l
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This entropy was first proposed by Burg in [3], see [17, 5.17, 5.18] and [28],
and has since then provoked a controversy regarding the question of which entropy
functional should be used in ditterent situations. This question was discussed in 11 ],
[17], [39], [19, 10.4.14], and recently in [29].

We do not enter the argument of "x log x" entropy versus "log x" entropy at
all but are rather interested in the mathematical question of the construction and
study of useful algorithms for solving computationally linearly constrained entropy
optimization problems.

Several recent publications discuss algorithms for optimization of the "x log x"
entropy functional over various linear constraints. These include [32], where the
convergence ofthe algorithm oalled "MART" (Multiplicative Algebraic Reconstruction
Technique), first proposed in [20], was proved, and [37], where a maximum entropy
algorithm called "MENT" was proposed, studied and experimented with. References
[23], [24] contain further results about the practical performance of "x log x" entropy
optimization algorithms in image reconstruction from projections.

The algorithms presented in 10] are applicable to "x log x" (but not to "log x")
entropy optimization over equality, inequality and interval linear constraints. They are
based on the method of Bregman [2], see also [5], [8], [31].

In spite of the extensive work done on algorithms for "x log x" entropy optimi-
zation problems, little attention has been given to the development of special-purpose
algorithms for "log x" entropy optimization. In this paper we develop and study such
an algorithm.

Special-purpose algorithms for solving optimization problems with a specific
objective function have demonstrated their effectiveness in several fields of applications.
For example, in image reconstruction from projections several special-purpose
algorithms were proposed, studied and tested [7], [14], [21], [25]. The method of
Hildreth [26], further studied in [33], is a special-purpose method for norm minimi-
zation over linear inequalities. Reference [4] is a recent review of various such special
algorithms.

The algorithm we study here is a special-purpose algorithm, of the row-action
type (in the sense of [4]), for solving the "log x" entropy optimization problem over
linear equality constraints. We have first proposed this algorithm on a heuristic basis
and without mathematical analysis in [9]. It was implemented by Jain and Ranganath
[27], who applied it to a problem of two-dimensional spectral estimation. The present
paper is, to our knowledge, the first presentation of a thorough study including a proof
of convergence of this algorithm. This paper is statedly a mathematical, not an
experimental, study and therefore we make no claims whatsoever about the efficacy
of the algorithm presented here in practical application. However, the row-action
nature of the algorithm (discussed later) points to its potential advantages for handling
very large and sparse problems.

Bregman’s theory [2], as applied and extended in 10] is not immediately applicable
to the case of"log x" entropy because ofthe singularity of this function.at the boundary
of its domain. However, by showing that the iterates produced by the algorithm we
study "stay away" from that boundary, we are able to analyze convergence along the
lines of Bregman’s original theory.

2. Problem formulation and algorithm development. Consider the following "log x"
entropy optimization problem:

Max h(x)
(3)

subject toAx=b and x>0
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where h(x) is given by (2), A is a given real rn x n matrix, bR is a given vector
and x > 0 means xj > 0, j 1, 2,..., n. The system Ax b is alternatively written as
(a i, x) b, 1, 2,. , rn, where (.,.) is the (usual) inner product in Rn and a (all
vectors are columns) is the ith column of Ar (T stands for transpose).

Define the feasible set of (3) by F:= {x "lAx= b}f’lint and the null space
of a by N(A) {x nlax 0}.

The function [-h(x)] is strictly convex over intg_ and, for convenience, we
rewrite (3) as

Min [-h(x)]
(4)

subject to x F.

Introducing dual variables for the equality constraints, we form the Lagrangian
associated with (4),

(5) L(x, u) log xj + X u,((a’, x)- b,).
j=l i=1

Duality (see, e.g., [35, p. 316] permits us to define the dual function

(6) $(u) Inf {L(x, u)lx int }.

The next proposition gives a necessary and sufficient condition for the solvability
of (4).

PROPOSITION 1. If F f and A O, then a necessary and sufficient condition for
the solution of (4) to exist is

(7) N(A) c R_ {0}.

Proof. Sujficiency. Assume that Inf{-h(x)lxF}=-oo and take a sequence
(x} x )k=O such that F and -h(x =-k for all k > 0. Such a sequence exists since
{h(x)lx F} is an interval. This sequence must be unbounded because

exph(x)= x<-_ maxx
j=l lj<-n

and, therefore,

max x >- exp (k/n) for all k >= O.

Take a subsequence of {x /llx ll} which converges to a v". This limit must
have the properties v=>0 and Ilvll--1. However, since Axk=b, ax/llxll-b/llxll
and the unboundedness of {xk} implies that IIx ll- oo, thus, Av 0 which shows that
(7) does not hold.

Necessity. Suppose that x* solves (4) and that there exists

v=>0, v#0 withAv=0.

Then, x*+ t.v F for >= 0, and -h(x + tv) xa -, as gets arbitrarily large, which is
a contradiction.

In view of Proposition 1, we henceforth make the following assumptions on
problem (4)

(A1) a#0 for all i= 1,2,..., m,
(A2) F # , and
(A3) N(A) f’), {0}.
Next we derive our algorithm for solving (4). The underlying principle is the

construction of a primal-dual algorithm, i.e., one in which both primal variables {x
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and dual variables {ll k} are iteratively changed in such a way as to increase the dual
function b(u). However, as sometimes happens with primal-dual algorithms for linear
equality constrained problems, the algorithm in its final form does not require that a
dual sequence {u k} be actually updated (see, e.g., [32]).

The necessary conditions for the minimization of the Lagrangian (5) are

OL -1
(8) O- + Y. uiaj, j 1, 2,..., n.

OXj Xj i=1

Therefore, we impose the relation

1
(9) x=(Aruk)j, j=l,2,’’’,n

on the primal and the dual iterates. We use cyclic coordinate ascent for the dual
vectors, changing only one coordinate of u k during each iteration, i.e.

(10) uk+’ / u’ ik,

t
k+l ik,1, ik

where {ik}km=O is the control sequence of the algorithm. This is a sequence of indices
according to which the algorithm works. In the kth iterative step, when uk+l and X

k+l

are calculated from u k and xk, the index ik determines which coordinate of u k will be
changed, and which equation (a ik, x)= bk will be used to update xk.

The cyclic control, according to which our algorithm is controlled, is given by the
sequence

(11) ik k(mod m)+ 1,

where m is the number of rows in A.
In view of (9) and (10) we write

1
(12) X;+I---’i=I u/k+1 aj
where Bk is defined by

X;" Y./= ukiaj
i=1

l,l a --Bka k’

.k+l(13) Bk := uk,-- U,,

Thus,

1--Bkax;
or

1 1 ikBkaj, j- 1, 2, , n,(14) X)+1

which is the final form of the iterative step for the primal iterates.
Equation (13) may be rewritten as

(15) U
k+l u k Bk e i

where e stands for the ith standard basis-vector in R" with 1 in its ith coordinate
and zeros elsewhere.
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To complete the definition of our algorithm we define Bk by imposing the condition
that

(16)

which means that xk+l has to fulfill the ikth constraint equation. This leads to the
notion of the "log x" entropy projection which is studied in the next section.

3. "log x" entropy projections onto hyperplanes. We define the concept of "log x"
entropy projection as follows. Let H {x R" I(a, x)= t) be a given hyperplane with
a (as) 0. Denote

(17) H/ := H

and assume that H+. Let yint_7_ be a given vector, and define, for every
j=l,2,...,n,

(18) aj := ajys.

Assume that all aj 0. This does not restrict the generality because, as seen below,
if as 0 it can be deleted beforehand without affecting what we do.

Next define

(19) r:=Max{1/asll<=j<=n, as<O};
if a => 0 for all j, set r =-c, and

(20) t:= Min {1/a 1 =<j<= n, aj > 0};

if a
DEFINITION 1. The "log x" entropy projection ofy onto H+ is defined as the vector

y’ obtained from the system

Y j=l,2,...,n,(21) y:=
1-Bya’

(22) (a, y’) =/3,

where B obeys the additional restriction

(23) r<B<t.

PROPOSITION 2. Given H/ ( as in (17) with a 0 and a vector y > O, the system
(21)-(23) determines uniquely the vector y’>0, which is the "log x" entropy projection
ofy onto H/, and the real number B which is called the projection parameter associated
with the "log x" entropy projection ofy onto H/.

Proof The system (21), (22) gives rise to

(24)
= 1- Bya

which leads us to consider the behavior of the real-valued function

= (1-sa) =
of the single variable s, r < s < t. Here we see that we may assume aj 0 since a 0
contributes nothing to the first sum in (25) anyway. The derivative
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is always nonnegative, thus g(s) is monotonically increasing. At the points sj 1/aj,
j- 1, 2,..., n, g(s) is discontinuous in such a manner that

(27) g(s) =fl
has exactly one solution sff between each two consecutive s’s.

We verify the existence of a solution to (27). There are three cases:
Case (i). -oo<r<t<o. In this case lims_r/ g(s) =-oo and lims_t- g(s) =+o.

Hence, by continuity of g over the open interval (r, t), there is a solution to (27).
Case (ii).-oo=r<t<o. In this case a_->0 for all j, lims_,r/g(s)=0 and

limpet-g(s) =. But, by assumption, H+#, so /3 in the definition of H must be
positive, hence (27) has a (finite) solution.

Case (iii). -< r < o. This case is handled in the same way as Case (ii) but
with/3 < 0.

According to (23) we pick precisely that solution s* such that r < s*< and set

(28) B=s*.

To conclude the proof we verify that y’ which is uniquely determined from (21)
and (28) belongs to int _. Indeed, if a 0 then y =y > 0. If aj > 0 then, from (18),
(20) and (28),

(29) 1- Bya > O,

which shows, by (21), that y>0. If a <0, then from (18), (19) and (28), again (29)
holds. [-1

4. Convergence of the algorithm. Based on the considerations set forth in the
previous sections we study the following algorithm for the solution of the "log x"
entropy optimization problem (4).

(30)

(31)

(32)

(33)

(34)

(35)

ALGORITHM.
Initialization" x> 0 is a positive vector for which there exists a u R such that

x. (ATu)= l, j=l,2,...,n.

Iterative Step:

1 1 Bkak, j 1, 2,. , n

where Bk is the projection parameter associated with the "log x" entropy projection
+of x onto the set Hk where

n={x"l(a’,x)=b,},
i.e., Bk is the number which is uniquely determined from (31), (16) and

rk < Bk < tk

where

rk := Max
i ’k

ta x
or rk =--o if aj _--> 0 for all j, and

tk:= Man I ,
X

[. aj xj

-= if a -<_ 0 for allor tk j.
J

l<-_j<=n,a>O},
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Control Sequence: The algorithm is controlled by a cyclic control sequence (11).
Remark 1. The initialization step of this algorithm requires that

(36) {umlAu>O}.
This follows from assumption (A3) by Gordan’s transposition theorem. See, e.g., [36].

The following propositions lead to the conclusion about the convergence of this
algorithm to the desired limit.

PROPOSITION 3. A sequence {xk} produced by the algorithm has, for all k >= O, the
properties (i) xk> 0 and (ii) x. (ATuk)j-" 1, j 1, 2,’’’, n, where U

k+l is determined
from (15).

Proof. (i) Follows from Proposition 2. The conditions H-# and a S0, i=
1, 2,. ., m, necessary for the application of Proposition 2 follow from assumptions
(A1) and (A2).

(ii) By induction. Initialization takes care of k 0. Assume the claim is true up
to k, then

1
(ATuk)j- Bkak= [AT(uk Bk eik)]j (ATuk+I)j.

PROPOSITION 4. The limit

(37) lim L(x

where L is the Lagrangian defined in (5), {Xk} is any sequence generated by the algorithm,
and {u k} is its dual sequence determined from (15), exists and is finite.

Proof Abbreviating

we have

(39) dk -h(xk+) + (uk+, Axk+- b)+ h(xk) -(u k, Axk- b).

From Proposition 3(ii) we see that (V stands for gradient),

(40) ATuk Vh(xk)

for all k _-> 0. Therefore,

(41) dk=--h(xk+l)+h(xk)+(Vh(xk+l),xk+l)--(Vh(xk),xk)--(uk+--uk, b).

Now, by (31),

(V h(xk+), xk+) -(Vh(xk), xk)

(42) (V h(xk+ Vh(xk), xk+l) + (V h(xk), xk+ xk)

_Bk(aik, Xk+l) t. (V h(xk), Xk+l xk),

and, by (15),

(43) (uk+l- u k, b)= (--Bk e’, b).

Therefore, using also (16), we obtain

(44) dk -h(xTM + h(xk + (V h(xk), xk+ xk)

(38) Lk := L(xk, u k) and dk := Lk+l Lk,
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which is always nonnegative by Theorem 3.4.4 of [38], because -h(x) is a convex
function on the open convex set int R. This proves that {Lk} is monotonically increas-
ing. To conclude the proof we show that it is also bounded from above. Take some
fixed z F, then

(45) (ATu k, z xk) (u k, Az Axk) (u k, b Axk).

By the same Theorem 3.4.4 of [38],

(46) F :---h(z) + h(xk)-b(Vh(xk), z--xk)o

for all k_-> 0. But, by (45), (40), (38) and (5),

(47) F=-h(z)+h(x)+(u, b-Axk)=-h(z)-Lk,
which proves that, for all k_>-0,

(48) Lk <--h(z).

COROLLARY 1. Limk_oo dk O.
Proof. We have the proof by (38) and Proposition 4.
Next we show that any sequence {xk} generated by the algorithm is both bounded

(50) O(z, a):= {x>O [logx+(z/x)]<-a}
j=l

is (i) bounded, and (ii) bounded away from zero.

Proof. We prove (i) and (ii) together. Suppose (i) (respectively (ii)) was not true.
Then for some a and some z > 0 we could have produced a sequence

(51) {xk}=o (z, a)

such that, for at least one component 1, l<-_l<-_n, limk_,x=+ (respectively,
limk_, x =0+) would hold. But this would immediately contradict (50) because, for
any fixed real positive 3’ and 6, the following limits hold:

(52)
-+o
lim (log +) +oo

PROPOSITION 5. For any fixed z int R_ and any real a the set

(49) x S=x >- q.

and

(53)

bounded away from zero.

Proof. Take a fixed z F. Then F (defined in (46)) may be written in the form

lim log
r/->0

PROPOSITION 6. Any sequence {xk} generated by the algorithm is bounded and

and bounded away from zero.
DEFINITION 2. A set S, S

_
int _, is called bounded awayfrom zero if there exists

a positive vector q > 0 such that
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On the other hand, by (47) and the monotonicity of {Lk}, proven in Proposition 4,

(55) F -h(z) Lk <- -h(z) Lk_, <----’’" <---- -h(z) Lo.
Therefore, for any sequence {xk} generated by the algorithm,

(56, J=, [logx+]<-n-Lo=a,
and the proof is complete by Proposition 5.

Our next goal is to show that every cluster point x* of any sequence {xk} generated
by the algorithm is feasible for (4).

First, another property of"log x" entropy has to be checked. (It is similar, but
not identical, to property (vi) in the definition of Bregman functions in [10, Def. 2.1].)

PROPOSITION 7. Let {yk}k=0 be a convergent sequence in int R_ whose limit is y* > 0
and let {xk}=o be a bounded sequence in int R which is bounded away from zero. If

k j y
then

(58) lim X
k y*.

kc

Proof. Take a convergent subsequence xk’ z, as I- o, z > 0. Then the limit in
(57) is equal to

(59) log Y--- + zJ
j=l Zj yj*.

in which each summand is nonnegative, because log x is convex, and therefore equal
to zero, implying that zj y.*, j=l,2,...,n.

PROPOSITION 8. IfX* is a cluster point of {xk} which is generated by the algorithm
then x* F.

Proof Let xk, --> x* as c. By Proposition 6, x*> 0. Use (44) to write

(60) dk,=--h(xk’+’)+h(x")+(Vh(xk’),xk,+l--xk,).
Proposition 6 guarantees that {xk,/} is bounded and Corollary 1 ensures that

lim_o dk, 0. Now use Proposition 7 to deduce that xk,+a x*. Repeating this argument
leads to

(61) xk’/i----, x* for every i=0, 1,2,..., m.

The remainder of the proof is similar to the proof of [10, Step 5]. Consider the
semi-infinite array which has m + 1 rows, with {xk’/i}= in its ith row. We show that
for each i, 1-<i -< m, some row of the array contains an infinite number of elements
belonging to Hi {x" I(a’, x)--hi}. For each i, at least one element in each column
of the array must belong to Hi because xk+ Hik and the control sequence is cyclic.

It follows that there must be some row in the array, infinitely many elements of
which belong to Hi because otherwise there would be only a finite number of such
elements in the whole array. Thus, we can extract from the rows of the array subsequen-
ces, all of which converge to x*, which belong to each of the Hi’s. Therefore,
x* fq i Hi which, together with x* > 0, proves that x*

The convergence theorem now follows.
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THEOREM 1. If assumptions (A1), (A2) and (A3) hold then any sequence {xk}k=o
generated by the algorithm converges to the solution x* ofproblem (4).

Proof. Let x* be a cluster point of {xk}

(62) xk’ x*,

and, by Proposition 8, x* F. Using Proposition 3(ii) write

1 (x,-x)(63) (U kl, Axk’ b)=
j=l x-’S

therefore, and since {xk,} is bounded away from zero,

(64) lim (u k’, Axk, b) O.

(65)

This shows, using (62) and continuity of h(x), that

lim L(xk,, u k,) =-h(x*).

From (48), Lk,<=-h(z) for any z F; thus, by (65),

(66) -h(x*)<-_-h(z),

which shows that x* is optimal for problem (4). Since [-h(x)] is strictly convex over
x* must be unique, which proves that xk X* as kint R +,

Remark 2. An alternative proof of Theorem 1 was suggested by a referee. Proposi-
tion 6 guarantees the existence of a fixed real 6 > 0, which might depend on x, u,
such that

(67) Inf Min x =>
kO <=j<--_n

where {xk} is generated by the algorithm. Define the function ha: R R which quadrati-
cally extends log x, by

(68)

x, 6/2<=x,
h(x):=[log(6/2)+-(log(6/2))2-[x-(6/Z)-1/2(log(6/2))]2, -<x<6/2,

and form h:" --> by

(69) h(x) := h(xj).
j=l

The function -ha(x) is a strongly zone consistent Bregman function with zone
S =", as can be verified according to [10, Defs. 2.1 and 3.1]. By using the auxiliary
function h a (x) and by applying Bregman’s general method 10, Algorithm 4.1] to the
problem

Min [-h(x)]
(7o)

subject to Ax b.

Theorem 1 can be proved along the following lines. By Proposition 6, the sequence
{xk}, produced by the algorithm, is bounded. As such, it may be viewed as being
generated by Bregman’s method [10, Algorithm 4.1] applied to problem (70). Theorem
4.1 of [10] then guarantees that limk Xk= X* where x* solves (70). The rest follows
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as in the proof of Theorem 1. This proof eliminates the need for Propositions 7 and
8 by resorting to Bregman’s theory as presented in [10]. Our proof, however, is
self-contained.

5. Concluding remarks. We have proposed here a special-purpose algorithm for
solving the "log x" entropy optimization problem over linear equality constraints.
Although it is a primal-dual algorithm, there is no need in practice to construct and
update a dual sequence {uk}. All references made here to such a sequence were for
the purpose of our theoretical study of this algorithm. As seen from (30)-(35), the new
algorithm is of the row-action type as defined in [4]. This means that in each iterative
step only the immediately previous iterate is needed, and access is required to only
one row.of the system of equations of the feasible set. As discussed at some length in
[4] such properties usually make an algorithm potentially advantageous for handling
large and sparse systems which arise in various fields of applications.

In image reconstruction from projections, for example, one might encounter such
huge and sparse systems (see, e.g., [6]) that would make attempts to apply any
general-purpose algorithm, which is not of the row-action type, practically infeasible.

These remarks are based on our familiarity with the results obtained by applying
other row-action methods to problems of image reconstruction from projections. We
do not have, so far, any computational experience with our new algorithm except for
the results of Jain and Ranganath [27], who used it for a spectral estimation problem.
Computational experience with this particular algorithm, as well as a study of its
efficacy in practical situations, such as in image reconstruction from projections, are
open and await investigation.

The significance of the study, presented here, of the convergence of the algorithm,
is twofold. From the practical point of view it legitimizes the use of the algorithm as
a tool in "log x" entropy optimization problems in fields of applications. On the
theoretical side, it demonstrates that the general algorithm of Bregman [ 10, Algorithm
4.1] is applicable to functions outside the class 3 of Bregman functions as described
there.

Another recent study of Bregman’s method is [13], where relaxation parameters
are introduced into the method. In the present paper we do not discuss the possibility
of incorporating such parameters. We also leave out some practical considerations
such as the construction of x and the calculation of Bk in practice.

Acknowledgments. We are grateful to Ms. Anna Cogan for preparing the manu-
script. The constructive remarks of three anonymous referees are greatly appreciated.
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A SUPERLINEARLY CONVERGENT FEASIBLE METHOD
FOR THE SOLUTION OF INEQUALITY CONSTRAINED

OPTIMIZATION PROBLEMS*
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Abstract. When iteratively solving optimization problems arising from engineering design applications,
it is sometimes crucial that all iterates satisfy a given set of "hard" inequality constraints, and generally
desirable that the objective function value improve at each iteration. In this paper, we propose an algorithm
of the successive quadratic programming (SQP) type which, unlike other algorithms of this type, does enjoy
such properties. Under mild assumptions, the new algorithm is shown to converge from any initial point,
locally superlinearly. Numerically tsted, it has proven to be competitive with the most successful currently
available nonlinear programming algorithms, while the latter do not exhibit the desired properties.

Key words, constrained optimization, successive quadratic programming, superlinear convergence,
engineering design
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1. Introduction. While some of the specifications associated with engineering
design problems can often be relaxed, others, such as stability or physical realizability,
have to be met imperatively (see 13] for a discussion of optimization problems arising
from design problems). The former type of specification calls for tradeoff exploration
through close interaction between designer and design process. However, this tradeoff
exploration can meaningfully take place only once the latter specifications are satisfied.
Since each iteration of an optimization algorithm involves one or more function
evaluations and since typically, in a design environment, function evaluations call for
computationally expensive system simulations, it is essentially required that hard
constraints be satisfied at each iteration. It is also desirable that the design obtained
after each iteration improve on the previous one.

In the simplest case, a design problem can be formulated as

(p)Iminf_(x)
ts.t. x X

where X {x s.t. g(x) <=O,j l, m} andf:" and g’",j= l, m, are
smooth functions. For this optimization problem, the stipulations outlined above
amount to the requirement that, given Xo X, the optimization algorithm construct a

Xsequence { }__o such that, for all k,

(1.1) XkX
and

(1.2) f(xk+l) <=f(xk).

* Received by the editors August 9, 1985; accepted for publication (in revised form) May 13, 1986.
This work was supported by National Science Foundation grants DMC-84-20740 and CDR-85-00108, by a
grant from the Minta Martin Foundation, College of Engineering, University of Maryland, by a grant from
the Engineering Research Center at the University of Maryland, and by a grant from the Westinghouse
Corporation.

" Electrical Engineering Department and Systems Research Center, University of Maryland, College
Park, Maryland 20742.

In fact some simulation programs (such as SPICE2 [10]) will refuse parameter values which violate
some physical realizability constraints.
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Methods of feasible directions [23], [14] satisfy these two requirements. They
have been extended to handle problems with functional constraints [3], [15] and
multiple objectives 13] and enhanced to efficiently handle design problems [21]. They
have been used very successfully in solving engineering design problems arising in
diverse application areas [12], [1], [11]. However, they suffer from an important
shortcoming in that they are generally slow, as their rate of convergence is at best linear.

This paper presents an algorithm which enjoys properties (1.1) and (1.2) as well
as a superlinear rate of convergence. This algorithm is of the successive quadratic
programming (SQP) type. Successive quadratic programming algorithms were first
introduced by Wilson [22]. Subsequently, Robinson [20] showed that Wilson’s method
is locally quadratically convergent and that it can be viewed as a form of Newton’s
method for solving the first order necessary conditions of optimality for constrained
nonlinear programming problems. The question of global convergence and Hessian
approximation were then considered by a number of authors (see e.g. [4], [2]).
Numerical experiments have shown that these methods (in particular a version due to
Powell [ 17]) often dramatically outperform algorithms of other classes [6]. However,
existing SQP type algorithms do not enjoy properties (1.1) and (1.2).

Given an estimate x X of the solution x* to problem (P) and an estimate H of
the Hessian of the Lagrangian at x*, the SQP iteration yields a search direction do

given by the solution of the quadratic program

min 1/2d rHd + (Vf(x), d)
(1.3)

s.t. gj(x) + (Vgj(x), d) _-< 0, j 1,.. m.

Let us assume for the time being that H is positive definite. Then clearly do is a descent
direction for f at x, since, using the first order condition of optimality for (1.3), we get

(Vf(x), dO) =-(Hd, d)-E/x(Vg(x), d)

(1.4) =-(Hal, d)+Y zg(x)

_< -oldOl
for some positive t9 and some nonnegative multipliers/z. However do may not be a
feasible direction at x, since the constraints in (1.3) merely imply, for the constraints
active at x,

(Vgj(x), d)_-<0
and thus property (1.1) may not be satisfied. Feasibility is recovered if one substitutes
in the right-hand side of the constraints of (1.3) a negative number -e. However the
new solution d may not be any more a descent direction for f, thus jeopardizing
property (1.2). Indeed, (1.4) now becomes

(Vf(x), d 1) -ld’l= + e E

Choosing e ]d 1 , with v > 2, would resolve this difficulty, at least for d small, which
is the case if x is close to the solution of (P). Unfortunately the transformed problem
would not be a quadratic program any more. Following an idea used by Herskovits
in a different context [5], we propose to solve successively two quadratic programs"
first (1.3), giving d, then

min 1/2d rnd + (Vf(x), d)

s.t. g(x) + (Vg(x), d) <-_ -Idl, j 1,.’’ rn
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yielding a search direction d 1. The hope is that d will be small enough, and close
enough to d, near the solution to (P), for property (1.2) as well as the basic convergence
properties of the SQP type algorithms to be preserved. As shown in a later section,
such will indeed be the case, even without assuming positive definiteness of H over
the entire space (the milder assumption (4.1) will be used instead).

Once a feasible descent direction is obtained, an Armijo type rule may be suitable
as a line search procedure. However, in order to preserve a superlinear rate of
convergence, it is necessary to avoid any Maratos-like effect [7], by which the step
length is truncated even close to the solution. Mayne and Polak [9] solve this problem
in a different context--SQP methods using a penalty function for the stepsize calcula-
tion-by replacing the line search by a search along a suitably defined arc, tangent to
d at x. In our context, a further "bending" towards the feasible region is necessary
to avoid truncation of the step due to infeasibility. It turns out that the amount of
bending must be closely monitored. Indeed, the bent unit step, say, d l+ a, must be
very close to d when d is small (in the neighborhood of a solution of (P)). Otherwise,
d / a may not inherit enough descent properties from d 1, resulting again in a truncated
step. Also, if d is too large, even the unit step iteration may not yield superlinear
convergence. A suitable correction d will be obtained as the solution of a linear least
squares problem.

The last problem to be addressed is that of global convergence. As suggested
above, d is guaranteed to be a descent direction for f only in the neighborhood of a
solution to (P). Away from a solution, a first order search direction will be used. A
suitable mechanism will ensure that our algorithm selects the SQP direction when a
solution is approached, so that superlinear convergence can occur.

The resulting algorithm is relatively complex, as it involves the solution of two
quadratic programs and of one linear least squares problem at most iterations. Clearly
however, the close relationship between these three problems should result, in a clever
implementation, in little more computational effort than that required for the solution
of a single quadratic program.

The remainder of this paper is organized as follows. The proposed algorithm is
stated in 2. In 3, it is shown that, under mild assumptions, this algorithm is convergent
irrespective of the initial guess. Rate of convergence analysis is the object of 4, where
conditions for superlinear convergence are put forth. Finally, 5 is devoted to
implementation aspects and to numerical experiments.

2. The algorithm. Throughout the paper, the following two hypotheses will be
assumed to hold.

H1. The set X is not empty;
H2. The functions f, gj, j-1,.., m are continuously differentiable.
The algorithm we propose for solving (P) is as follows.

ALGORITHM A.
Parameters.

M>O, c6(0,1/2), fl(O, 1), ,>2, K>2, "r(2,3).

Data.

Xo X, Ho "".

Step O. Initialization.
Set k O.

Step. 1. Computation of a search direction.
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(i) Solve

(Qpo)j min 1/2d THkd +(Tf(xk), d)
s.t. gj(xk) + (Tgj(xk), d) <- O, j 1,. m

to the extent of obtaining a Kuhn-Tucker point d of least norm.
If (QP0) has no Kuhn-Tucker point or if la21> M or if I/-/ a21 > la2l o
to (iv).

If Id2l- o stop.
(ii) Solve

min 1/2d THkd + (Vf(xk), d)
(QP)

s.t. gj(xk) +(Vg(Xk), d) <--la2[ y 1,... m

to the extent of obtaining a Kuhn-Tucker point dk of least norm.
If dk exists, set Ok (Vf(Xk), dk).
If (QP) has no Kuhn-Tucker point or if Idol> M or if
0 > min(-ld2[, -Idl), go to (iv).

(iii) Compute a correction k, solution of the linear least squares problem

(LS)
s.t. g(xk + dk)+(Vg(xk), d)=-Idkl
where I {j s.t. g(x)+(Vg(x),
If (LS) has no solution or if lal > Idol, set d O.
Proceed to Step 2.

(iv) Compute a first order feasible descent direction dk (see remark below).
Set Ok (7f(
Set ak O.

Step 2. Line search.
Compute tk, the first number of the sequence {1,/3,/3, .} satisfying

(2.1) f(xk + tdk + t2dk) <=f(Xk) + atOk,

(2.2) gj(xk + tdk + t2dk) _--< 0, j 1," m.

Step 3. Updates.
Compute a new approximation Hk/ of the Hessian matrix.
Set xk+ xk + tkdk + t2kk.
Set k k + 1.
Go back to Step 1.

Remark. The "first order" direction of Step l(iv) is any direction satisfying a set
of conditions that will be stated later, as the need arises. At this time, let us just point
out that algorithms do exist that construct directions satisfying these conditions (e.g.
the algorithm in [16] using optimality function 0 defined by equation (36) in that
paper).

3. Global convergence. In this section we prove that, under mild conditions, the
algorithm described in 1 is convergent.

In addition to HI and H2, we will assume that the following hypothesis holds.
H3. For any x X, the vectors {Tg(x),j I(x)} are linearly independent, where

I(x) & {j s.t. g(x) O}.
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Before analyzing the convergence properties of Algorithm A, we need to verify
that the line search of Step 2 is well defined. A first requirement on the first order
direction is needed here.

R1. The direction computed at Step l(iv) of the algorithm is a strict descent
direction for f and for the active constraints associated with the current
iterate (i.e., (Vf(Xk), dk) < 0 and (Vgj(Xk), dk) < 0 for all j I(Xk)).

PROPOSITION 3.1. The line search yields a step tk flJ for some finitej =j(k).
Proof. This is a well-known result in the case when the direction is computed at

Step l(iv) and R1 is satisfied. Thus suppose that the direction is computed through
Step 1 (i)-(iii). We have

f(Xk + tdk + tEk) f(Xk) + t(Vf(Xk + dk + :2ak), dk +2k)
for some : [0, t]. Since f is continuously differentiable, Ok (Vf(Xk), dk) < 0 (from
Step 1 (ii)), and a (0, 1/2), there exists _t > 0 such that

f(Xk+ tdk+ tEk)<=f(Xk)+ taOk Vt[0,_t].

We also have

gj(Xk + tdk + t2k)= gj(Xk)+ t(Vgj(Xk + dk + :2tk), dk + 2:tJk)
for some : [0, t]. Moreover, from the inequalities

gj(Xk)+(Vgj(xk), dk)<----Idkl <0, j= 1,’’’ m

and

g(Xk) <---- O, j 1," m,

we conclude that either g(Xk)<O or g(Xk)=O and (Vgj(Xk), dk)<0. Therefore, for
j 1,... m, there exists some _t such that

g(xk+tdk+t2k)<--__O Vt [0,_t]. I-!

It is of interest to note that this result was obtained without making use of any
property of dk.

Our first convergence result has to do with the sequence of intermediate directions
{d}.

PROPOSITION 3.2. Suppose that Algorithm A generates an infinite sequence. Let x*
be a cluster point of this sequence, and {Xk}keK a subsequence converging to x*. Suppose
moreover that the directions at points Xk, for k K, are computed through Step l(i)-(iii).
Then, the sequence {dOk}kr tends to zero.

Proof. We assume by contradiction that there exists a cluster point x*, a number
_d > 0 and subsequences {Xk}ke K and {dOk}keK such that

XkX*, kK, koo

and

Idl_d Vkr.

We first show that, in that case, the step tk obtained by the line search is bounded
away from zero on K, i.e.,

(3.1) :l_t>0s.t. tk >= tk K.

From Step 1 (ii) we have, for k K,

o (Vf(x), d)_-< -(4)"
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and

gj(Xk)+(Vgj(Xk), dk) <---(_d) .
Then, for k K, k large enough, we obtain,

(Vf(xk), dk) <- -,
and

(Vgj(Xk), dk) <---- --5 j I(X*),

g(Xk) - --5 j : I(X*)

for some 5 > O. From the identity

f(x + + f(x + (f(x + tea +, +,
it then follows that, for k e K, k large enough,

f(x + + -f(x-

[<Vf(Xk + tNk + t22dk), dk + 2tdk>--(Vf(Xk), dk)] d

+(1--a)(Vf(Xkl, dk))
t{ sup [Vf(xk + tCdk + t22k)- Vf(x)l

+2t sup Ivf(x+ tCd+ td)lldl-(1-).
6e[o,]

Since dk and k are bounded andf C, this ensures that there exists > 0, independent
of k, such that for [0, !y], k K, k large enough,

f(x + td + td) f(x) to O.

Similarly, for k K, k large enough, > 0 and j I(x*), it holds

g(x+ td+ t2d)-g(x) t{ sup [Vg(x + ted,+ tZ2k)--Vg(xg)[[dkl
6e[o,1]

+2t sup

so that there exists some > 0 independent of k such that, for [0, !], k K, k large
enough,

g(Xk + tdk + 2k O.

Also, there exists > 0 independent of k such that, for [0, ], k K, k large enough,
andjI(x*),

g(x + td + t:d) g(x)+ -+-0 Vt[0,].
2 2

Our claim (3.1) is thus proven, with min {, , j 1,... m}.
Now, for k K, k large enough, we have,

(3.2)
f(x+) f(x) +to

f(x) .
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On the other hand, from (2.1), the sequence {f(Xk)} is monotonically decreasing and
hence, since f is continuous, f(Xk)-->f(x*) as ko. This contradicts (3.2). [q

In order to prove global convergence of Algorithm A, we need to strengthen the
first requirement on the first order direction, replacing it with RI’.

RI’. If a subsequence {Xk}keK converges to a point x* which is not a Kuhn-Tucker
point for problem (P), then the corresponding first order directions are
bounded and satisfy the inequalities

(Vf(Xk ), dk) <- ,
(Vg2(Xk), dk) <---- --i Vi I(X*)

for all k K, for some 8 > 0.
THEOREM 3.3. Algorithm A described in 2 either stops at a Kuhn-Tucker point

or generates a sequence {Xk} for which each accumulation point is a Kuhn-Tucker point
for (P).

Proof. The first statement is obvious, the only stopping point being in Step 1(i).
Thus, suppose that {Xk}kK "-)’ X*. If the first order direction is selected infinitely many
times, the result follows from an argument identical to that used in the proof of
Proposition 3.2, using requirement RI’ and the fact that the functionf is monotonically
decreasing. We then suppose, without loss of generality, that the direction is always
computed through Step l(i)-(iii) on K and that the active set associated with (QPo)
keeps a constant value

I= Ik {j s.t. g2(Xk)+(Vg2(Xk), d)=0} ’k K.

From Proposition 3.2, we have

d0, k K,

Therefore, I c I(x*). Also, the vector d satisfies the optimality conditions

(3.3a) Hkdk+Vf(Xk)+ , (tXk)2Vg2(Xk)=O,
jI

(3.3b)

for some multiplier vector/Zk. Because I c I(x*), for k K, k large enough, the vectors
Vgj(Xk), j ! are linearly independent. If we denote by R,,,(Xk) the n III matrix

R,(Xk) (Vg2(Xk) s.t.j I)

we obtain the expression of the unique multiplier vector /-/’k as

tZk -(g(Xk)gi (Xk) )-I RI(Xk) r HkdOk + Vf(Xk ).

Due to the condition IHkdkl <--_ Idkl 1/2 we obtain

tXk - tx * k K, k -with

Ix* -(R(x*)R,(x*))-’RI(X*) TVf(x*).
Taking the limit in (3.3) yields

Vf(x*) + E ?vg(x*) o, *. => o.
jI

We conclude this section by showing that the existence of an accumulation point
in the sequence generated by Algorithm A induces some regularity properties on this
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sequence. This result will be used in 4. We first need to introduce a second and last
requirement on the first order direction.2

R2. The first order direction satisfies the relation (Vf(Xk), dk) <- -cldkl for some
a=>l andc>0.

PROPOSITION 3.4. Suppose that the sequence {xk} generated by Algorithm A has
some accumulation point. Then

Proof. Sincef(xk) is monotonically decreasing, existence of an accumulation point
of {Xk} and continuity off imply that the sequence {f(Xk)} is bounded. Also, the line
search ha Algorithm A yields

It follows that

f(Xk+l) <-f(xk) + atkOk.

(3.4) tkOk - O, k - o.

Now tkOk is bounded from above by --tk]dkl if the direction is computed through Step
l(i)-(iii) and by --Ctkldkl if the direction is computed through Step 1(iv). Thus, in
both cases, (3.4) and the fact that the step tk is bounded by 1 imply

Since

tkdk[- 0, k - .
<2tldl

the claim holds. [-I

4. Rate of convergence. In order to study the rate of convergence of the algorithm,
we need some stronger regularity assumptions on the functions involved in problem
(P). We replace H2 by the following hypothesis.

H2’. The functions f, g2, j 1,... m are three times continuously differentiable.
Hypotheses H1 and H3 are still assumed to hold.

Let x* be a Kuhn-Tucker point for (P). Denote by x* the unique multiplier vector
computed at x* and, for any x" and /x I’, denote by L(x, ix) the Lagrangian
function

L(x, Ix) =f(x) +Z (/x)jgj(x).

The optimality conditions associated with x* can then be written

VxL(x*,/x*) 0,

/x*->_0, gj(x*) -<_ O, j=l,...m,

(/x*)2g2(x*) 0, j 1," m.

The point x* is said to satisfy second order sufficiency conditions with strict complementary
slackness if the multipliers satisfy /z.* >0 for all j I(x*) and if the Hessian of the
Lagrangian function V,xL(x*, /x *) is positive definite on the subspace
{p s.t. (Vg2(x*), p)= 0 for all j I(x*)}.

We could replace R2 by any condition sufficient for Proposition 3.4 to hold.
3The direction computed by the method described in [16, eq. (36)] satisfies R2 with cr 2 and c= 1.
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PROPOSITION 4.1. If some accumulation point x* of the sequence generated by the
algorithm satisfies the second order sufficiency conditions with strict complementary slack-
ness, then the entire sequence converges to x*.

Proof. Under the stated assumptions, the Kuhn-Tucker point x* is isolated (see,
e.g., [19]), i.e., for some e > 0, the ball B(x*, e) does not contain any Kuhn-Tucker
point other than x*. From Proposition 3.4, we have

Xk+ Xk "-) 0, k --) oo.

Therefore, for k large enough, IXk+--Xkl < e/4 and there exists a subsequence {Xk}kr
such that IXk- X* < e/4 on K. It is then impossible to leave B(x*, e) without creating
another cluster point and hence a Kuhn-Tucker point in that ball.

In the sequel, we will assume that the sequence generated by the algorithm
converges to such a point x*. We will denote by R* and P* the n x II(x*)l and n x n
matrices, respectively, defined by

R* {Vgj(x*),j I(x*)},
p* I_ R*(R*TR*)-R*.

Given some iterate Xk close enough to x*, we will similarly define matrices Rk and Pk
by

Rk {Vgj(Xk),j I(x*)},

Pk I- Rk(R[Rk)-R[.
Without loss of generality, we will suppose that the matrices Hk are symmetric. We
will assume moreover that the sequence {Hk} converges to a matrix H* satisfying

(4.1) P*H*P* P*V 2x L(x*,/z * P*.

This holds, for example, when one uses secant approximations as in [9] or, under
suitable conditions, when one uses the BFGS update formula (see [18]). Hypothesis
(4.1) and the second order sufficiency condition guarantee the existence of a positive
number p satisfying4

(4.2) d TpkHkPkd >-- plPdl- Vd "
for k large enough.

Propositions 4.2 and 4.3 give important asymptotic properties.
PROPOSITION 4.2. For k large enough,
(i) (QPo) has a unique Kuhn-Tucker point of least norm,

(QP) has a unique Kuhn-Tucker point of least norm,
(dk} -) O, (dk} - O,
where dk and dk are computed through Step l(i) and (ii).

(ii) {p,} -) p,*, {P,k} ’ P,*
where iZk and IZk are the multipliers associated with the quadratic problems
(QPo) and (QP).

(iii) Ik = {j s.t. (tzOk)j > O} {j s.t. gj(Xk) + (Vgj(Xk), d) O} I(x*),

Ik {j s.t. (/Zk) > O} {j s.t. gi(Xk)+(Vg(Xk), dk) -[d[’} I(x*).

a In fact if (4.2) holds, a positive matrix H, can easily be constructed such that PkH’kPk PkHkPk (see
[18]).
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Proof. x* is a Kuhn-Tucker point for the problem

min 1/2(x x*) ’H*(x x*) + (Vf(x*), x x*)
s.t. gj(x*) + (Vgj (x*), x x*) 0

at which the second order sufficiency conditions are satisfied with strict complementary
slackness and linear independence of the gradients of the active constraints.

We can write dk x- Xk where x is solution of the problem

min 1/2(X-- Xk) THk(X-- Xk)--(Vf(Xk), X Xk)

s.t. g(Xk)+(Vg(xk), X--Xk) <--O.

Since Xk -* X* and Hk - H*, parts (i) and (ii) for d follow from Theorem 2.1 of [20].
We can also write dk x- Xk where x is solution of the problem

min 1/2(x Xk) 7"Hk(X Xk) + (Vf(Xk), X Xk)

s.t. g(Xk) + (Vg(Xk), x x) <- -Idl
and, as d, 0, parts (i) and (ii) for dk also follow from Theorem 2.1 of [20]. That (iii)
is true follows from the fact that/z, /z*, k /z*, and that, from strict complemen-
tarity, I(x*) {j s.t. .* > 0}. [3

PROPOSITION 4.3. The solutions of (QPo) and (QP) satisfy

(4.3) {dk}’-. {dk},

i.e., there exist some constants C1 > O, C2 > 0 and an integer k such that

GId,,I <--Id,,I <- GId,,! Vk >= f
Proof. For k large enough, I, Ik I(X*) and dk satisfies

(4.4) Hkdk + Vf(Xk) + Rklk O.

Let us define Adk and Ak by

dk dk + Adk, tZk tz k + Alk.
We have from (4.4)

which gives

(4.5)

Now, Adk solves

and can be decomposed into

with

and

(4.6)

Hkdk + Vf(Xk) + Rkl.tk + HkAdk + RkAlZk =0

Hkldk "at- RkAId,k O.

R[Adk

Adk Adlk + Adk

adI= Pad,

AdEk=-Rk(RRk)-I
Idil
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Thus, since Hk is bounded, it follows from (4.5) that

This gives
1TAd k HkAd k + Ad T T

k Pk RkAtXk O(Idl")
and, since PRk =0, using (4.2), we get

(4.7) IAdl2-- O(Id,l).
From (4.6) and (4.7) we thus obtain

Ad o(Idl).
In order to establish the main results, we now need three lemmas.
LEMMA 4.4. There exists some constant 3/> 0 such that, for k large enough,

2 (IZk)jgs(Xk) <- -3’ 2 gs(Xk)2

jl(x*) jl(x*)

Proof. For k large enough we have, from the convergence of the multipliers,

(lk)g(Xk) < min{ s.t.j I(x*)} gj(Xk)
j (x*) - j I(x*)

=<-- min {/x s.t.j e I(x*)} 2 g(Xk)2

2 jeI(x*)

We set /= 1/2 min {/x s.t.j e I(x*)}, which is positive due to strict complementarity. E]

LEMMA 4.5. Direction dk computed through Step l(i) and (ii) can be decomposed
into dk Pkdk + d lk with

/
IdLlc{ E

jI(x*)

for k large enough, for some C > O.
Proof. The direction dk satisfies

1/2

g(Xk)2 + o(la l

R2dk -hk

where hk is an [I(x*)l-vector whose components are the values g(Xk) for j I(x*). It
is thus possible to rewrite dk as

dk Pkdk + d k
with

dlk -Rk(R[Rk)-1 hk +
Idijj"

This implies that, for k large enough,

laLI--< c
jeI(x*)

for some C. E]

+ o(Id21
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LEMMA 4.6. There exists a positive constant / such that, for k large enough, the
solution dk of (QP) satisfies the inequality

Ok (Vf(x), d) <= -,ldl.
Proof. Direction dk computed through Step 1 (ii) satisfies the Kuhn-Tucker condi-

tions

Vf(Xk) + E (/Zk)jVgj(Xk) + Hkdk 0
jl(x*)

and, multiplying by

Ok (k)(Vg(Xk), dk)-dHkdk
je(x*)

which yields, using the complementarity conditions,

Ok E (k)g(Xk)+E ()ldl-dHkdk.
jel(x*)

Replacing dk by its decomposition, we obtain

jeI(x*)

2a2Pa a

Using (4.2), Lemmas 4.4 and 4.5, and the fact that the matrices Hk and the multipliers

k are bounded, we obtain

o -ldl= + O(Idl),
Since {d} {d}, the claim holds.

The next proposition shows that, for k large enough, the algorithm never needs
to compute a first order direction.

PROPOSITION 4.7. For k large enough, the solutions of (QPo) and (QP) satisfy the
following inequalities

) idling,

(ii) IHd21 ld2l 1/=,

(iii) Id.I M,
0(iv) Ok=(Vf(Xk), dk)min -Id.I,-Idol I.

Proo Relations (i)-(iii) obviously hold since the sequences {d} and {dk} converge
to zero and the matrices Hg are bounded. Inequality (iv) follows from Lemma 4.6.

A crucial requirement for achieving superlinear convergence is that a unit stepsize
be used in a neighborhood of the solution. The next proposition shows that Algorithm
A does achieve this goal.

PROPOSO 4.8. For k large enough, the direction is always computed through Step
l(i)-(iii) and the stepsize tk is one.

Proo (The proof is analogous to that of Proposition 15 in [8]; see also [9].)
In all the relations given in this proof, the phrase "for k large enough" is implicit.
The first pa of the theorem is obvious in view of Proposition 4.7. In order to

prove the second pa, we first show that the propey

d O<ldl=)
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holds (close to the solution, ak is always well defined). By definition, ak is the minimal
norm solution of

gj(x + d,)+(Vg(x,,), d,J- -lagl, j Ik.

Expanding, we obtain

gj(Xk) + (Vgj(xk), dk) + (Vgj(Xk),
Oz+1/2(ak, Vxxg(xk + ak)dk) -Idol, j Ik

for some 0 =< : <--1. Hence, using the definition of Ik
Rd\

Thus, ak solves the problem

min1/214l
s.t. Rd’k o(lal=)

and, since Rk is full column rank, is given by

d’k Rk(RRk)- O(Idl),
which proves our first claim. Now, according to Step 2 in Algorithm A, two conditions
are needed for the line search to yield a unit stepsize, namely feasibility of the resulting
point (2.2) and sufficient decrease (2.1). Expanding gj around Xk / dk we obtain, for
jI(x*),

gj(Xk + dk + dk)= g,i(Xk + dk)+(Vgj(xk + dk), dk)+ O(Idkl4)
(4.8) g(x,, + d,,) + (Vg(x), d>+ O(Idl)

-lal + o(lal).
The last term is negative since the sequence {d} converges to zero. Thus the feasibility
condition is satisfied.

We also have, since f is three times continuously differentiable,
Tf(x + d + d) f(x) + (Vf(x), d)+ (Vf(x), d)+d Vff(x)d + O(Idl).

The Kuhn-Tucker conditions

Vf(x) +nd+ (,bVg(x)=0
J

and the complementarity relations imply

(Vf(x), d>=-d[nd-E (b(Vg(x), d>- ()g(x)+ O(Idgl)
J

and

<f(x), d’>-- O(Idl)- (b<X7g:(x), 7>.
J

We obtain therefore,

f(Xk / dk + d’k)--f(Xk) -"1/20k-- (,k)j(Vgj(Xk), dk)
J

(4.9) -- (t.k)j(Vgj(Xk), k)--1/2 dHkdk +1/2 dVxxf(Xk)dk

+ o(Ia!) + o(lal)-Z
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Now, since the gj’s are three times continuously differentiable, the relation

gj(Xk + dk + d)= O(Idl’), d I(x*)

obtained in (4.8) yields, for j I(x*),
Tg(Xk) + (Vg(Xk), dk) + (Vg(Xk), dk)+dk Vxxgj(Xk)dk O(Idl).

Hence,

-E (b(Vg(x), a)-E ()(Vg(x), d)
J

J

Substituting those values into (4.9), we obtain

f(Xk + dk + rig) f(Xk) 1/2 Ok +1/2 2 (la,k)gj(Xk)

+1/2 d(Vxxf(Xk) + ([d,k)jVxxgj(Xk) Hk) dk
J

/ O(Idl’)/
This, together with Lemmas 4.4 and 4.5, gives

f(Xk + dk + rig)--f(Xk)- aOk

<= (1/2- a)O+ d’[Pk (V,,ff(x) +E (k)jVxxgj(Xk) Hk) Pkdk
J

/ O(Idl) / O(Idl).
Due to the convergence of the projections of the approximate Hessian matrices, we
obtain

f(x + at: + d)-f(x)- aOk <= (1/2-- a)Ok + o(Idl=).
In view of Lemma 4.6, the right-hand side of the last inequality is nonpositive. Thus
the "sufficient decrease" condition is satisfied.

THEOREM 4.9. Under the stated assumptions, the convergence is two-step superlinear,
i.e., the following relation holds

Proof. The proof is similar to the one of 18, Thm. 1].

5. Implementation and computational results. Several implementation issues have
to be addressed. First, the sequence {Hk} of n x n matrices is thus far unspecified,
subject only to requirement (4.1). While a secant approximation to the Hessian
V2xxL(Xk, k) would be suitable, use of an update formula avoids many function
evaluations. Under some assumptions, matrices Hk generated by the BFGS formula
[18] are shown to satisfy (4.1). The latter option, with Ho =/, was selected for our
experiments. Second, the order in which the tests (2.1) and (2.2) are performed needs
to be specified. In our implementation, in line with the premise that the objective
function may not be defined outside the feasible set, (2.2) was tested first and (2.1)
was tested only when (2.2) was satisfied. Third, Algorithm A as stated does not efficiently
handle affine constraints. In our experiments, the correction corresponding to such
constraints was set to zero in the right-hand sides of the constraints in (QP) and (LS).
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TABLE
Computational results.

No Code NF NDF FV VC KT

12

29

30

31

33

34

43

57

66

84

100

113

117

VFO2AD 12 12 -.30000000E +02 .58E-09 .35E-07
OPRQP 40 26 -.30000004E +02 .76E-05 .15E-09
A 7 7 -.30000000E + 02 .0 .12E 06

VF02AD 13 13 -.22627417E + 02 .0 .16E 05
OPRQP 64 39 -.22627421E +02 .56E-05 .10E-05
A 14 10 -.22627417E + 02 .0 .17E- 06

VF02AD 14 14 .10000000E + 01 .0 .56E 08
OPRQP 18 18 .10000000E +01 .38E-08 .28E-09
A 14 13 .10000000E + 01 .0 .0

VF02AD 10 10 .60000000E + 01 .27E 09 .12E 04
OPRQP 24 22 .59999631E+01 .62E-05 .13E-06

A 11 8 .60000000E + 01 .0 .41E-06

VF02AD 5 5 -.40000000E + 01 .0 .0
OPRQP 43 39 -.40000000E +01 .32E- 10 .0
A 4 4 -.40000000E + 01 .0 .0

VF02AD 8 8 -.83403245E +00 .15E-08 .0
OPRQP 60 37 -.83403515E+00 .73E-05 .0
A 9 8 -.83403245E + 00 .0 .43E 08

VF02AD 12 12 -.44000000E + 02 .35E 09 .75E 05
OPRQP 31 24 -.44000(tl 3E + 02 .79E 05 .19E 06
A 9 9 -.44000000E + 02 .0 .68E 04

VF02AD 4 4 .30646306E-01 .0 .0
OPRQP 40 24 .28459078E- 01 .89E-05 .89E-06
A 33 19 .28459673E 01 .0 .20E- 07

VF02AD 7 7 .51816327E +00 .39E 08 .57E 06
OPRQP 18 17 .51815751E+00 .10E-04 .llE- 10
A 8 8 .51816324E + 00 .0 .0

VF02AD 6 6 ---.52803365E + 07 .63E- 01 .0
OPRQP 43 5 -.55883016E + 07 .68E + 00 .22E + 06
A 4 4 -.52803389E + 07 .0 .0

VF02AD 20 20 .68063006E + 03 .76E 07 .29E 03
OPRQP 49 31 .68063005E +03 .76E- 05 .73E-08
A 42 14 .68063006E + 03 .0 .21E 03

VF02AD 15 15 .24306209E + 02 .16E 0 .11E 03
OPRQP 30 28 .24306193E+ 02 .13E-04 .llE-08
A 18 14 .24306209E + 02 .0 .17E 04

VF02AD 17 17 .32348679E + 02 .36E 07 .28E 05
OPRQP 41 40 .32348442E +02 .54E-05 .73E- 06
A 28 16 .32348679E + 02 .0 .68E 04

No
Code:
NF:
NDF:
FV:
VC:
KT:

number of the test problem in [6].
name of the program.
number of objective function evaluations.
number of gradient evaluations of the objective function.
objective function value at the final point.
sum of constraint violation, given by Y-.j--1 max (0, gj(x)), at the final point.
norm of Kuhn-Tucker vector (i.e. norm of the gradient of the Lagrangian function at the final point).
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However, in order to avoid potential zigzagging, the right-hand side in the condition
defining Ik in (LS) was not set to zero for the affine constraints, but rather the
corresponding "=" sign was changed to a "=>". Finally, scaling can be introduced at
various places in the algorithm, and values have to be selected for the various para-
meters. If the right-hand side in the constraints in (QP) is too big, dk may not be a
descent direction for f in the early iterations, while if it is too small, the stepsize may
be truncated, due to infeasibility, until a very small neighborhood of the solution is
reached. In our experiments, the right-hand side of the constraints in (QP) and of the
condition defining Ik in (LS) was replaced by max (-IdOl3, -10-2IdOl), which seems to
often result in a satisfactory behavior on reasonably well scaled problems. For a similar
reason, we replaced the right-hand side of the constraints in (LS) by
max (-[d,[5/, -10-2ld,l). The right-hand side of the test on Ok in Step l(ii) was scaled
by a small number. This test was always satisfied throughout our experiments. Finally,
we used a .3,/3 .8 and M o.

Algorithm A was tested on fourteen of the seventeen problems in [6] which do
not involve equality constraints but do include nonlinear inequality constraints, and
for which a feasible initial point is provided. Problems numbered 67, 70 and 85 were
discarded due to some disparity between function values we computed and those given
in [6]. When tested on Problem 93, with the chosen values of the algorithm parameters,
Algorithm A had to resort to the first order direction (Step 1 (ii)) for the initial iterations
due to infeasibility of (QP), thus making the performance of Algorithm A dependent
on the choice of the first order method. Table 1 shows the results obtained on the
thirteen remaining problems. The results obtained with Algorithm A are compared to
the best results among those given in [6], i.e., those obtained with algorithms VF02AD
and OPRQP. The format of this table is as in [6].

In most cases, Algorithm A is competitive with VF02AD. It always performs better
than OPRQP. This is remarkable since neither VF02AD nor OPRQP enjoys properties
(1.1) and (1.2). It could be argued that a comparison based only on the number of
function evaluations unduly favors Algorithm A, which calls for the solution of up to
two quadratic programs and one linear least squares problem at each iteration. However,
as pointed out in the introduction, clever implementation should reduce the computa-
tional effort needed to solve these three problems to little more than that required for
the solution of a single quadratic program. Also, in the context of engineering design
problems, function evaluations typically require such extensive computation that time
spent in solving quadratic programs can generally be regarded as negligible. Finally,
the number of constraint function evaluations is not indicated in Table 1. Typically,
the number of such evaluations will be somewhat larger for Algorithm A than for its
contenders due to the Maratos effect avoidance scheme.
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STRUCTURE OF EXTREMALS IN OPTIMAL CONTROL PROBLEMS*

JACOB KOGANt

Abstract. In this paper we study the structure of intersections of neighboring extremals in optimal
control. The obtained results extend a known criterion for existence of a field of extremals from the calculus
of variations to the optimal control theory.
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1. Introduction. The classical theory of the calculus of variations presents necess-
ary conditions for absence of conjugate points, namely the points of intersection of
neighboring extremals initiating at the same point. The absence of conjugate points
in the calculus of variations enables one to construct a field of extremals and to derive
sufficient conditions for a strong extremum (see for example [1], [3], [5]-[9], [13]).

In this paper we accept the necessary conditions from the calculus of variations
and investigate the structure of intersections of neighboring extremals in optimal
control. It is shown in this work that, in contrast with the classical calculus of variations,
neighboring extremals in an optimal control problem can intersect each other. On the
other hand we demonstrate in this study that the set of intersections of extremals in
optimal control possesses a simple elegant structure. The main result of the paper is
the following: Let x( t) be an extremal trajectory defined on a time interval tl t2]. There
exists a finite partition tl rl < r2 <" < rk t2 of the time interval tl t2] such that for
each neighboring extremal y( t) with y( tl) X(tl) and y(s) x(s) there exists an element
r of the partition and the following condition holds:

x(t)=y(t) on [tl,r] and x(t)#y(t) for each t(r,t].

We show also that the partition is determined by the attainable set of the control
system under consideration. We call the point r a branching point of the extremal x(t)
and say that y(t) branches out of x(t) at r.

The paper is organized as follows: In the second section we state the problem
and introduce the main assumptions. The third section is devoted to study of extremals
in a linear control system with a quadratic cost. The fourth section is the main part
of the study. We consider there a nonlinear control problem and derive necessary and
sufficient conditions for branching.

2. The problem. We introduce first, for the sake of convenience, the following
convention" In order to distinguish between functions of a real variable and elements
of the real Euclidean space R n, we shall denote (for example) a function of a real
variable by x(. ), in contrast with a point x in R n. The norm of x R is denoted by
[xl, (x, y) denotes the scalar product in R" and :f(t) denotes differentiation with respect
to time, i.e. :(t) dx(t)/dt. The norm of an n x n matrix M is denoted by IMI, namely
IMI--max {IMxl: Ixl-- 1}.

Consider an optimal control system

(2.1) :(t) F(t, x(t), u(t))
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where u(. )’[ tl, t2] -- R is measurable and x(. )’[ tl, t2] -- R is absolutely continuous,
where measurability is understood to be in the Lebesgue sense, and equalities are
always "almost everywhere." Following Berkovitz (see [2, p. 22]) we define an admiss-
ible pair as follows.

DEFINITION 2.1. Let x(t) be an absolutely continuous function from It1, t2] to
R" and u(t) be a measurable function from It1, t] to R". The pair (x(t), u(t)) is
admissible if it satisfies (2.1).

Consider a cost functional defined on the set of admissible pairs (x(t), u(t)) as
follows"

(2.2) c(x(" ), u(" ))= f(t, x(t), u(t)) dr.

In order to describe the structure of extremals we need to recall some auxiliary
notions.

DEFINITION 2.2. A trajectory x(t) is an extremal trajectory of the optimal control
problem (2.1), (2.2) if (x(t), u(t)) is an admissible pair and there exists a scalar r/o=<0
and an absolutely continuous vector valued function r/(t) which is defined on Its, t2]
and is a solution of the following ordinary differential equation:

d Of OF((2.3) d--q(t)=-qO-x(t,x(t), u(t))-rl(t)-x t,x(t), u(t)),

and such that the triple (x(t), u(t), r/(t)) satisfies the Pontryagin Maximum Principle,
i.e., the following additional condition holds on Its, t2]."

(2.4)
rlof(t,x(t), u(t))+rl(t)F(t,x(t), u(t))

max {r/of(t, x(t), u) + rl(t)F(t, x(t), u)}

(see [2, p. 186]). The last definitions show that an extremal trajectory, which is the
main object of the study, usually appears together with an admissible control and a
corresponding solution of the adjoint equation (2.3). For the sake of the technical
convenience we introduce now the notion of an extremal triple.

DEFINITION 2.3. A triple (x(t), u(t), (t)) is an extremal triple if (x(t), u(t)) is
an admissible pair, r/(t) is a solution of (2.3) and the triple (x(t), u(t), rl(t)) satisfies
condition (2.4).

DEFINITION 2.4. The Hamiltonian H of the optimal control problem (2.1), (2.2)
is defined as follows"

H(t, x, u, rl) rlof(t, x, u)+ rlF(t x, u).

In this paper we consider the structure ofregular extremals only. Namely, we suppose
throughout that rio =-1.

We present now the definition of a branching point of the extremal trajectory
x(t). Suppose that there exists a neighboring extremal y(t) such that x(t) and y(t)
coincide over an initial subinterval tl, r] of the time interval tl, t2] and differ on the
rest of it. Namely, x(t) y(t) for each [/1, r] and x(t) # y(t) for each (r,/2]. In
this case we say that r is a branching point of the extremal trajectory x(t), and y(t)
branches out of x(t) at r.

We wish to emphasize that our interest concentrates on the branching points of
the extremal trajectory x(t) formed by neighboring extremals initiating at the same
point x(t), where by a neighboring extremal we mean an extremal y(t) such that the
norm I(x(.), r/( )) (y( ), tx(.))lctt,,t2 is small (how small will be specified later).
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Here ,l(t), #.t(t) are the corresponding solutions of the adjoint equation (2.3) and
sup{]x(t)-y(t)l+ln(t)-(t)]: t[t, ta]} is denoted by I(x(.), ,#(.))-
(y(" ), #-,, (" ))1 ,,,,.

Let y(t) be an extremal trajectory of the control problem (2.1), (2.2) with y(tl)-
X(tl). It is shown in the last section (see Theorem 4.2) that there exists a positive e

such that, if ](x(. ), 7(" ))-(Y(" ), #(" ))lcrt,,t2j < e and x(r) y(r) for some re [tl, t2],
then x(t)y(t) for each t[r, tEl. On the other hand we show by an example (see
Example 4.1) that, if the condition ](x(. ), 7(" ))-(Y(" ), #(" ))1 crt,,t2j < e is not satisfied,
the extremal y(t) can be different from x(t) on a subinterval [r, r/6) and intersect
x(t) once again on It+ 6, t2].

In order to present the formal definition of a branching point we need to define
rigorously what is meant by a neighboring extremal in this study. We say, first, that
an extremal y(t) is an e-neighboring extremal if I(x(. ), ,1(. ))-(y(. ), #(. ))1 cr,,j < e.

A point r is an e-branching point of the extremal trajectory x(t) if there exists an
e-neighboring extremal y(t) such that

x(t) y(t) on [tl, r], x(t) y(t) on (r, tz].
It is clear, that if el < e2, then the set of el-branching points is a subset of that of
ez-branching points. It is shown in the last section (see Definition 4.1) that there exists
an e*> 0 such that, for each positive e less than e*, the set of e*-branching points
coincides with that of e points. From here on this e* will define the set of neighboring
extremal trajectories as follows.

DEFINITION 2.5. An extremal trajectory y(t) is a neighboring extremal if the
inequality ](x(. ), r/(. ))-(y(. ), (. ))lcEt.t2j < e* holds.

This definition enables us to define a branching point as follows.
DEFINITION 2.6. A point r is a branching point of the extremal trajectory x(t) if

there exists a neighboring extremal trajectory y(t) such that

x(t)=y(t) on[tl,r], x(t)y(t) on (r, t2].
Our main purpose in this work is to determine the conditions under which the

branching points of an extremal x(t) exist or do not exist and to characterize the set
of branching points of x(t).

Relationship with the calculus of variations. The classical theory of the calculus of
variations deals with the linear control system

:( t) u( t)

with a cost functional

’2f( t, x( t), u( t)) dt.
tl

Sufficient conditions for nonexistence of conjugate points on the interval [tl, t2] are
the following:

(1) fuu( t, x( t), u( t)) is positive definite along the chosen extremal x(t) (the
strengthened Legendre condition),

(2) f’: (h(t))*(fx(t,x(t), u(t))

tl fI(t) \fx,( t, x(t), u(t))
fx( t, x( t), u( t))) ( h( t))f..(t, x(t), u(t))/ l;(t) dt

is positive definite for each h(t) such that h(q)= h(t2)=0, where * indicates the
transpose, i.e., the second variation of the cost functional along x(t) is positive definite.
Namely, if conditions and 2 hold for the extremal x(t), then the interval [t, t2]
contains no point conjugate to t (see [8, Thm. 4, p. 123]).
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In order to describe the branching points of x(t) we adopt a natural generalization
of the sufficient conditions of the calculus of variations namely we assume that the
following holds for the extremal triple (x(t), u(t), r/(t)).

Hypothesis 2.1. (1) There exists a positive scalar m such that for each vector v R

v*H,,(t, x(t), u(t), rl(t))v <- -mlvl along x(t),
and for each positive p there exists a positive such that

IH, t, x(t), u(t), r/(t)) H,,(t, y, w, )l < P

provided

I(t, x(t), u(t), ,l(t))-(t, y, w, :)l < &

(2)
z(t) * H,,,,(t, x(t), u(t), rl(t)) H,x(t, x(t), u(t rl(t)) z(t)
r(t) Hx(t, x(t), u(t), (t)) H(t, x(t), u(t ,(t)) r(t)

dt

is negative definite for each r(t), z(t) such that

(t)= (t,(v(l, ()=0,

where A(t), B(t) are Lebesgue integrable matrices on [t, ] given by A(t)=
OF/Ox(t, x(t), u(t)), B(t) OF/Ou(t, x(t), u()) and (t, t) is the transition matrix of
ddt A(t), i.e., (t) (t, t)x is the solution of the equation ddt A(t)
with (t)= x. In other words: (t) is a solution of the linear equation

i( t) A(t)z(t) + B(t)v(t)
with boundary conditions z(t) z(t2) 0.

We wish to clarify now the connection between Hypothesis 2.1 and the sufficient
conditions of the calculus of variations. Note, that in the calculus of variations the
cost function f(t, x, u) has continuous first and second paial derivatives with respect
to all its arguments. In this case the first condition of Hypothesis 2.1 is just the
strengthened Legendre condition. The second condition is well known in the calculus
of variations propey of the second variation of the cost functional to be positive
definite.

We wish to be able to present extremals as solutions of the Hamiltonian system
(2.5), (2.6) displayed below. To this end we assume the existence of an optimal feedback
as follows.

Hypothesis 2.2. There exists a positive scalar e such that for each triple (t, x, )
with I(x, )-(x(t), (t))<el there exists a unique control function (t,x, ) con-
tinuously differentiable with respect to (x, ) and measurable in such that

-f(t,x, (t,x, ))+F(t,x, (t,x, )) =max {-f(t,x, u)+F(t,x, u)} on [tl, t].

Without any loss of generality (due to Hypothesis 2.1) we shall assume throughout
that this el is sufficiently small in order to guarantee that for each quadruple (t, y, w, )
R x R x R x R such that [(y, w, )- (x(t), u(t), (t)) < el the following condition
holds:

m
v*Huu(t, y, w, Ix)v <= --lvl2 for each v R

This assumption enables one to reduce the study of extremals to the study of
solutions (x(t), ,/(t)) of the following system of ordinary differential equations:

(2.5) (t) =’H,(t, x(t), (t, x(t), l(t)), l(t)),
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(2.6) (t) -Hx(t, x(t), t(t, x(t), r/(t)), r/(t)).

The presentation of extremals as solutions of the Hamiltonian system (2.5), (2.6) will
be extremely useful in this study.

Our first result deals with a linear control system with a quadratic cost functional.
We will show in the last section of the paper that, in the case of a nonlinear control
system, the branching points of the extremal trajectory x(t) are determined by the
linearized system about the extremal x(t). Hence, characterization of the branching
points in this simplest case is a significant step forward.

3. Linear control problem. We consider in this section a linear control system

(3.1) 2( t) A( t)x( t) + B( t)u( t)

with a quadratic cost

(3.2) c(x(" ), u(" ))
u(t)/ R21(t) REE(t) u( t)

dt,

where x R", u R and A(t), B(t), Rll(t), R12(t), R21(t), R2z(t) are matrices with
appropriate dimensionalities whose elements are Lebesgue integrable functions on
[q, t2] and * indicates the transpose. For convenience we assume throughout that
R12( t) R*E1( t).

Note that in this case Hypothesis 2.1 turns into the following.
Hypothesis 3.1. (1) RE2(t) is uniformly positive definite on tl, t2]. Namely, there

exists a positive scalar 6 such that u*R2E(t)u >-]ul2 on [tl, t2] for each u R’.
(2) For each admissible pair (z(t),v(t)) with Z(tl)=Z(t)=O the cost

c(z(.), v(.))_->0 and c(z(.), v(.))=0 if and only if (z(t), v(t))- (0, 0).
In the case of the linear control problem (3.1), (3.2), Hypothesis 2.2 is fulfilled

and one can derive an explicit formula for extremal control as follows:

(3.3) (t, x, rl)=1/2R(t){B*(t)rl*-2Rl2(t)x}.

The adjoint equation is

(3.4) r}(t) 2x*(t)R(t) + 2u*( t)R2(t) r/(t)A(t)

and the Pontryagin Maximum Principle is

(3.5) -2u*(t)R2(t)-2x*(t)R12(t)+ rl(t)B(t)=0.

We wish to show now that branching is a unique possible form of intersection of
extremals initiating at the same point. First we mention the following important property
of extremals of the linear control problem (3.1), (3.2).

THEOREM 3.1. Let (x(t), u(t)) be an extremal pair. Then for each admissible pair
(y(t), w(t)) with x(tl) y(/1) and x(t) y(t)

c(x( ), u( )) <-- c(y( ), w( )) and c(x( ), u( )) c(y( ), w( ))

if and only if (x(t), u(t))=(y(t), w(t)).

Proof We wish to show that c(y(. ), w(. )) c(x(. ), u(. )) -> 0. The pair (x(t), u(t))
is an extremal pair, hence the first element of the Taylor expansion of the difference
vanishes (see e.g. [11, p. 357]). The second (and the last term) of the expansion is
c(y(. x(. ), w(. u(. )). Due to Hypothesis 3.1, c(y(. x(. ), w(. u(. )) _-> 0 and
c(y(. x(. ), w(. u(. )) 0 if and only if x(t) y(t) and u(t) w(t). This finishes
the proof.
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Let (x(t), u(t)) and (y(t), w(t)) be extremal pairs with X(tl) y(tl) and x(s) y(s)
for some s It1, t2]. Denote

tl U(t) REl(t) R12(t))(x(t))R22(t) u( t)
at by c,(x( ), u( )).

Due to Theorem 3.1, cs(x(’), u(. )) <= cs(y(. ), w(.)) and cs(y(’), w(.))<=
c(x(. ), u(. )), namely c(y(. x(. ), w(. u(. )) 0 and y(t) x(t), w(t) u(t) on
It1, s]. This remark justifies introduction of the notion of a branching point.

In order to illustrate the phenomenon of branching we wish to consider a simple
example. In spite of its simplicity, this example, as will be shown in this section,
presents a typical case of branching.

Example 3.1. A linear control system with a nonempty set of branching points.
Consider a linear control system

d
--dX( t) B( t)u( t)

with a cost functional

c(x(. ), u(. ))= u2(t) at

with x R2, where u is a scalar and B(t) is given by

(10) for0=<t<, () for=<t<, () for_-<t<_-l.

An extremal control in this case has the following form

u( t) B*( t)rl*( t),

where r/(t) is a solution of the adjoint ordinary differential equation r(t)= 0 (see 11,
p. 180]) and * indicates the transpose. Note, that (t)= r/(0) and we shall denote it
simply as r/. It then follows that u(t) B(t)* 7" for each [0, 1 ]. An extremal trajectory
x(t) is, therefore, given by

x(t) x(0)+ B(s)B*(s)q* ds.

The product B(t)B*(t) can easily be computed and the derived extremal trajectory
x(t) has the following form:

x(t)=x(O)+T(t)

where the vector 3’(t) is given by

1/2r/1 ) for_<t_<l.

Here ,11 ’/2 are the components of the vector
We would like to study the extremal trajectories initiating at the same initial point

x(O).
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The definition of y(t) implies that for each pair of different vectors r/, /x such
that r/1 =/Zl and r/_ /z2, the corresponding extremal trajectories x(t) and y(t) coincide
on the time interval [0, ] and are different on (32-, 1]. Namely, if, for instance, x(0) 0,
r/= (1, 0), and/x (1, 1) then x(t) is given by

and y(t) is given by

0=< <1/2, for 1/2=< <, for --< < 1,

_--<t<, fr 1/2--< t<’
t-

i.e., x(t) y(t) on [0, ], and x(t) y(t) on (, 1 ].
Suppose that different extremal trajectories x(t), y(t) coincide on a certain sub-

interval [0, ’] of [0, 1]. We denote by r/(t), /x(t) the corresponding solutions of the
adjoint differential equation. In this case r/1 tzl. On the other hand, inasmuch as x(t)

2and y(t) are different, r/2 /x2. This means that z 3.
The above considerations prove that is the unique branching point of the

considered optimal control problem. Hence, the set of the branching points of this
control problem is a finite set. As it will be shown in the end of the section, this result
is not incidental, but rather holds for a general linear control system with a convex
cost. Namely, the set of branching points is a finite set which does not depend on a
chosen extremal.

In order to investigate branching points of extremals, introduction of some addi-
tional auxiliary definitions is needed. We present now the formal definition of the
space of admissible controls of the linear control system (3.1) defined on a subinterval
It1, S] of the time interval [tl, t2].

DEFINITION 3.1. A measurable function v(t) defined on a subinterval [tl, s] of
the time interval [tl, t2] with range in R is an admissible control if there exists an
absolutely continuous function b(t) defined on [tl, s] with range in R which is a
solution of the differential equation (3.1), i.e.,

b( t) A( t)dp( t) + B( t)v( t) a.e. on tl, S].

The space of all admissible controls v(t) defined on the interval [tl, s] is denoted by
U[tl, s].

For each subspace V of R we denote by V1 its orthogonal complement in R.
We introduce now a family of vector spaces which determines branching points of
extremal trajectories.

DEFINITION 3.2. For each real number s we define two vector spaces V(tl, s)
and V(tl, s/) by the following formulas:

V(tl,S+)= V(tl,S+h),
h>0

where (t, r) is the transition matrix of d/dt b A(t)b, i.e., b(t)=(t, r)x is the
solution of the equation d/dt qb(t) A(t)(t) with b(z)= x.

Denote the dimension of V(tl, s) by dim V(tl, s). Consider dim V(t, s) as a
function of s. Choose sl, s2 such that tl -< s _-< s2. Definition 3.2 implies that V(t, s)
is a subspace of V(tl, s2). On the other hand for each s the space V(tl, s) is a subspace
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ofR and, therefore, dim V(tl, s) _-< n. The above consideration shows that dim V(tl, s)
is a monotone nondecreasing step function with respect to s. This implies that the
number of its discontinuity points is finite. Note, that V(tl, s) c V(t, s/); but V(t, s)
V(tl, s/) if and only if s is a point of discontinuity of dim V(t, s). In the remainder
of the section we will show that the points of discontinuity of dim V(t, s) are the
branching points of the linear control problem (3.1), (3.2).

At this point we wish to mention a relationship between the vector space V(tl, s)
and the attainable set of the control-system (3.1). The attainable set at time s for the
control system with initial time t and initial state x is the set of all points x R such
that, for some trajectory (t) satisfying the condition (tl)= Xl, the relation (s)= x
holds. In the case when the initial state x is chosen to be 0 the attainable set at time
s is a linear subspace of R" which is denoted by AT(s; tl, 0).

The set AT(s; t, 0) is given by the following formula:

AT(s;tl,O)= dp(s,t)B(t)v(t)dt, v(.)U[t,,s]

Hence, there is an evident relation between the sets V(/1, $) and AT(s; t, 0), namely

V(t, s)= (tl, s)AT(s; tl, 0).

Since (tl,$) is nonsingular, it follows that dim V(tl,S)=dimAT(s; h,0). This
implies that the points of discontinuity of dim V(tl, s) are exactly the points where
the dimension of the attainable set changes. The next statements clarify the importance
of this set.

Necessary and sufficient conditions for branching.
LEMMA 3.1. Let (x(t), u(t), (t)) be an extremal triple such that X(tl) 0 and

7(tl) V(t, r). Then (x(t), u(t), r/(t)) (0, 0, 7(tl)*(t, t)) on It1, r].
Proof. Straightforward verification shows that the triple (0, 0, /(t)(h, t)) is an

extremal triple of the optimal control problem (3.1), (3.2) on the initial time interval
t, r]. Namely, (0, r/(tl)(t, t)) is a solution of the Hamiltonian system (3.7), (3.8)
on the time interval Its, r]. Note that (x(t), q(t)) is also a solution of the same
Hamiltonian system. Moreover, these two solutions have the same initial conditions,
hence (x(t), r/(t))=(0, rl(t)dp(t, t)) on [t,r]. In accordance with (3.3) and the
condition r/(h) V(tl, r) +/- the control u(t) is 0 on t, r].

LEMMA 3.2. Let (x(t), u(t), q(t)) be an extremal triple such that x(t) 0 on [tl, r].
Then q( t) V( t r).

Proof. Note, that if x(t)= 0 on t, r] then

so that

O=(t)=1/2B(t)R2-21(t)B*(t)rl*(t) on [tl, r],

O= rl(t)B(t)R(t)B*(t)7*(t on It,, r].

The matrix R(t) is positive definite, hence rl(t)B(t)=0 on Its, r]. This implies, duc
to formula (3.3), that u(t)=0 on [tl, r]. Then, due to (3.4)

r/(t) =.r/(tl)(tl, t) on Ill, r],

and finally (3.5) yields

r/(tl)(tl, t)B(t)=O on Ill, r].

In other words r/(tl) V(t, r) +/-.
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We present now the main result of the section.
THEOREM 3.2. Let (x(t), u(t), rl(t)) and (y(t), w(t), Ix(t)) be two extremal triples

with X(tl)=y(tl). Then x(t)=y(t) on Ill, r] if and only if q(tl)-Ix(tl) V(tl, r) +/-. If
x(r)=y(r), then (x(t), u(t))=(y(t), w(t)) on Ill, r] and r/(t)-Ix(t)=
(l(t)-Ix(tl))dP(t, t) on Ill, r].

Proof. Invoke Lemmas 3.1 and 3.2.
Thus it turns out that the set of branching points does not depend on the chosen

extremal trajectory and the cost functional. It makes sense, therefore, to speak about
the set of branching points of the linear system (3.1) on the time interval It1, t2]. This
set is exactly the set of discontinuity points of the function dim V(t, s). In particular,
in the case where the coefficients of the system are constants, i.e., A(t) A and B(t) B,
there are no branching points at all.

Remark 3.1. Note that in the case of the linear control system (3.1) with the
quadratic cost (3.2) the Hamiltonian system (2.5), (2.6) is a system of linear differential
equations with respect to (x, r/). Let (x(t; :), r/(t; :)) be a solution of this system with
x(t; ) 0 and r/(t, :)= sc. For each time [t, t2] consider a linear mapping b,: R" -R" defined as follows:

b,(:) x(t; ).
In accordance with Theorem 3.2 the rank of the matrix 0b,(.)/0: is dim V(tl, t).
Namely

(3.6) rank dim V(t, t).

On the other hand dim V(t, t) dim AT(t; t, 0). Hence for each x AT(t; t, 0) there
exists an extremal x(s) with x(t) =0 and x(t)= x. This remark and the relation (3.6)
will be extremely useful for future investigation of the branching points in nonlinear
control problems.

4. Nonlinear control problem. In this section we shall be concerned with the
nonlinear control problem (2.1), (2.2). The main result of the section is the following:
Let (x(t), u(t), q(t)) be an extremal triple such that Hypothesis 2.1 and Hypothesis 2.2
are satisfied. The set of branching points of x( t) coincides with that of the linear control
system

(4.1) .( t) A( t)z( t) + B( t)v( t),
where A(t) OF/Ox(t, x(t), u(t)) and B(t) 8F/Ou(t, x(t), u(t)).

However, in order to obtain the result we need to impose an additional restriction.
Consider a solution (y(t), Ix(t)) of the Hamiltonian system (2.5), (2.6) with y(t) x,
Ix(t) :. Denote this solution by (x(t; x, ), r/(t; xl, so)). Once selected, x(t) will
not be changed throughout this section. Hence, this solution can be unambiguously
denoted by (x(t; :), r/(t; :)).

We wish to ensure the smooth (C) dependence of solutions {x(t; :)} on initial
conditions {:}. To this end an additional assumption is introduced.

Assumption 4.1. There exists a Lebesgue integrable function m(t) such that for
each extremal triple (y(t), w(t), Ix(t)) generated by Ix(t) closeto /(tl) the following
condition holds:

H,(t, y(t), w(t), Ix(t))
-Hx( t, y( t), w( t), Ix(t))]

H,x(t, y(t), w(t), Ix(t)),+
-H(t, y(t), w(t), Ix(t)),

H,,(t, y(t), w(t), Ix(t))
-H,( t, y( t), w( t), Ix(t))/

<-_m(t).
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The mapping (x(t; .), r/(t; .)):Rn->RnxRn(-->(x(t; ), r/(t; :))) is, therefore,
continuously diiterentiable with respect to :. (A proof can be easily constructed with
minor changes from that of [4, Thm. 7.2, p. 25].) Our first goal is to derive sufficient
conditions for matching of extremals.

Sufficient conditions for matching of extremals. Consider a solution (y(t),/z(t)) of
the Hamiltonian system (2.5), (2.6) with y(tl)= X(tl). The matrices A(t), B(t) will
henceforth be as defined at the beginning of the section and V(tl, r) and (tl, t) be
correspondingly defined. Let e2 be a positive constant such that the condition
Ir/(tl) -/z(tl)l < e2 implies that for each tl, t2]

1. I(x(t), rl(t))-(y(t),l(t))l<el,
2. ]l(t)--,(t)[[OP(t,

(We remind the reader, that the constant e was introduced in Hypothesis 2.2.)
LEMMA 4.1. Let (y( t), w( t), I( t)) be an extremal triple such that y( t) X( tl) and

[tz( tl) ( t)[ < e2. Iflz( t) (t) V( tl, r) +/-, then (y( t), w( t)) (x( t), u( t)) on t, r].
Denote (t.t(t)--l(tl))OP(t, t) by A(t). The proof consists of the following three

steps. First we show that the triple (x(t), u(t), 7(t)+ A(t)) is an extremal triple of the
control problem (2.1), (2.2) on [tl,r]. Second, note that (x(t), (t)+A(t)) and
(y(t), tz(t)) are the solutions of the Hamiltonian system (2.5), (2.6) over an initial
subinterval Its, r] with the same initial conditions (y(tl),/,(tl) ). This yields

x(t)=y(t), rl(t)+A(t)=tz(t) on[tl,r].

Third, using the results of the first and second steps we point out the following relation:

u(t) ( t, x(t), /(t)) (t, x(t), /(t) + A(t)) (t, y( t), /z t)) w(t) on tl, r].

This will finish the proof.
Proof. We wish to show that the triple (x(t), u(t), r/(t)+ A(t)) is an extremal triple

of the control problem (2.1), (2.2) over [tl, r]. Note that the relation

H(t,x(t),u(t),rl(t)+A(t))=maxH(t,x(t),u r/( t) + A( t)) holds on[tl, r].

Indeed, due to the definition of t(t, x, 7) (see Hypothesis 2.2)

H,,(t, x(t), u(t), r/(t)) 0 on tl, t2],

and Hu(t,x(t), u(t), rl( t) + A( t)) Hu( t, x( t), u(t), rl(t))+A(t)B(t) on [tl, r].
Since /z(tl)-r/(tl) V(tl,r) +/- and all bounded measurable v(’):[tl,r]-->R"

belong to U[t, r], we have

It then follows that

A(t)B(t)=O on[t,r].

Hu(t,x(t),u(t), rl(t)+A(t))=O on[tl,r].

Suppose that

max H(t, x(t), u, q(t)+A(t))= H(t, x(t), v(t), r/(t)+A(t)) on It1, r].

The last relation yields

H,,( t, x( t), v( t), rl( t) + A( t)) O on [t,r].

This implies (in light of a lemma that we shall provide later) that u(t) v(t) on t, r],
namely u(t) t(t, x(t), r/(t) + A(t)) and, therefore, (x(t), u(t), r/(t) + A(t)) is indeed
an extremal triple. This completes the proof.

Here is the missing link we promised.
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LEMMA 4.2. Let A(t) A(tl)(tl, t). If IA(t)[ < el for each It1, t2], then the
condition

Hu(t,x(t),u(t), r/(t)d-A(t))=O on [tl,r]

implies that a( t, x( t), l( t) + A(t)) u( t) on Ill, r].
Proof. Let t[q,r]. Our main goal is to show that a(t,x(t), ,l(t)+A(t))=u(t).

Let A be a scalar between 0 and 1; then

and

H,( t, x( t), u(t), r/(t) +AA(t)) 0

m
vH,u(t,x(t), u(t), q(t)+AA(t))v<--]vl2 for each vRm.

Hence (due to the Implicit Function Theorem) for each A [0, 1] there exist positive
scalars ex and 6, and a unique ditterentiable with respect to (y,/x) function vx (t, y,/x)
defined on triples (t,y, lx) in an ex neighborhood of (t,x(t), r/(t)+AA(t)) (i.e.
I(y, tx)-(x(t), rl(t)+AA(t))l<ex) such that

H(t, y, vx(t, y, Ix),/x)--O and vx(t, x(t), rl(t)+ OA(t))= u(t)
for 0[A-6, A +6x].

Consider a vector valued function b(0) defined by the relation

(0) fi(t, x(t), r/(t) + 0A(t)).

Note, that b(0) is a continuous function (due to Hypothesis 2.2) and b(0)= u(t). We
intend to show that b(0)= 4(0) for each 0 [0, 1].

Define a scalar A 6 [0, 1] by the relation

A inf{4(0) # 6(0)10 [0, 1]}.
o

It is clear that A >=0, 4(A)= 4,(0)= u(t), and we will show that A 1. Suppose the
opposite, namely A < 1. In this case

Hu(t,x(t), vx(t,x(t), rt(t)+OA(t)), rt(t)+OA(t))=O for 0[A-Sx, A +a],

and

v; (t, x(t), r/(t) + 0A(t)) u(t) b(A b(0)
On the other hand

for 0c[a-6,a+].

H,,(t,x(t), c(O), rl(t)+OA(t))=O for 06[0,1].

This implies (due to the Implicit Function Theorem) that

b(O)=u(t)=q,(A)=qb(O) for0[0, A+6].

This contradiction completes the proof.
The next step is a derivation of necessary conditions for matching of extremals.
Necessary conditions for matching of extremals. Our main goal in the remainder

of the section is to show that the condition x(t)= y(t) on t, r] implies that r/(q)-
/(tl) G V(t, r) +/-. Consider a solution (y(t),/x(t)) of the Hamiltonian system (2.5),
(2.6) with y(q) xl,/x(tl) :. Denote this solution by (x(t; ), r/(t; :)). The questions
of considerable interest are "how many different steer x to the same terminal point
x(t; r/(tl)) ?" or, to put it another way, "how many solutions does an equation x(t; )
x(t; rl(fi)) have?" In other words "how many neighboring extremals intersect
x(s; rl(q)) at time t?" The answers to these questions are closely related to knowledge
of rank Ox/O(t; q(q)).
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In order to determine the rank Ox/O(t; B(tl)) we consider the auxiliary linear
control system

(4.2) ( t) A( t)z( t) + B( t)v( t), z( tl) 0

with a cost functional

(4.3) h(t, z(t), v(t)) dt,
tl

where h(t, z, v) is a quadratic function with respect to (z, v), namely

h(t, z, v)
R21(t) REE(t)

such that Hypothesis 3.1 is satisfied. In this case the adjoint equation has the following
form:

0 --h(, (, v(-OA(.

Let (z(t), O(t)) be an extremal trajectory of the control problem (4.2), (4.3), and a
corresponding solution of the adjoint equation with Z(tl) --0 and 0(1) :. We denote
this pair by ((t; :), O(t; :)). Note that rank 0z/0:(t; 0) is the dimension of the
attainable set at time t. Specifically,

(4.4) rank -(t; 0) dim l/(tl, t)

(see (3.6) and Remark 3.1).
We intend to construct the linear control problem (4.2), (4.3) in such a way that

ox Oz
rank -(t; r(1)) rank -(t; 0) for each e 1, t2],

where x(t; (h)) is the extremal trajectory of the control problem (2.1), (2.2), and
(t; 0) is the extremal trajectory of the linear control problem (4.2), (4.3). The matrices
A() and B(t) have been already defined and all that we have left to construct is a
cost functional h(t, , v). Define h(t, , v) as follows:

h(, , vl =-1/2
N(t, x(, u(, n(t N(t, x(, u(t, n(t/

Here by * we indicate the transpose. Note that Hypothesis 2.1 implies the fulfillment
of Hypothesis 3.1 for the linear-quadratic control problem (4.2), (4.3).

Denote by the (n + n) x (n + n) matrix

(att ll( t, tl) *l( t, tl)) with .( tl tl) i,(t, tl)
2(t, t) 22(t, tl)

a fundamental solution of the following linear differential equation:

(H,x(t,x(t),u(t),q(t)) H,m(t,x(t),u(t),q(t)))= -Hxx(t, x(t), u(t), rl(t)) -H(t, x(t), u(t), rl(t))
X,

where X R"+". In this case

o__x(4.5) O:(t; r/(tl))= l(t, tl)
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(see Coddington and Levinson [4, p. 25]). On the other hand a direct computation
shows that

Oz c3X

O-(t; 0)= xI12(t tl) and, therefore, 0(t; 0) =-(t; /(tl) ).

This implies that rank Ox/O(t; (tl))=dim V(tl, t) (see 4.4). Hence, due to the
Implicit Function Theorem, for each [tl, t2] there exists a constant e(t)> 0, such
that the set

(t)-{]Rn,[-q(tl)[<e(t),x(t; )-- x(t; /(t,))}

is a subset of an n-dim V(t, t)-dimensional manifold.
In what follows we describe the family of the sets (t); in particular we shall

show, that ..(t) is an n-dim V(t, t)-dimensional manifold for each [tl, tEl. First,
choose a positive e3 such that the condition [AO(t, s) < e(s) holds for each IA[ < Ca,

tl -<- s --<_ t2. Next, choose a vector A in such a way that

(2) A V(tl,t) +/-.
(The continuity of Ox/O(t; l(t)) in (see (4.5)) implies existence of such positive
83. For each vector A satisfying conditions 1 and 2 consider an extremal triple

(y(s), w(s), /(s) + A(tl, s)).

Due to Lemma 4.1 the corresponding extremal pair (y(s), w(s)) coincides with
(x(s), u(s)) on [t, t], in particular y(t) x(t). The collection of vectors A which satisfy
the conditions 1 and 2 above is a linear manifold. The dimension of this linear manifold
is

dim V(tl, t) +/- n -dim V(t, t).

This implies that

E(t)= {(t)+A]A satisfies conditions 1 and 2}.

Hence E(t) itself is an n-dim V(tl, t)-dimensional linear manifold.
We obtain, therefore, the following.
LEMMA 4.3.

(t)--(]]--q(tl)[<e3, :-- /(tl) V(t, t)+/-}.

COROLLARY 4.1.

provided s >- tr.

Proofi If s >- o" then

v(t , v(t , s);

this implies

v( t,, s) v( t,, o-)

The result now follows from Lemma 4.3.
At this point we are able to present the definition of the positive scalar e*, which

defines the family of the neighboring extremals, as follows.
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DEFINITION 4.1. Denote min (e2, e3) by e*. (We wish to remind the reader that
e2 was introduced in Lemma 4.1.) An extremal trajectory y(t) is a neighboring extremal
trajectory if

max Ix( t) y( t)l/ max I(t)-(t)l<e*.
t tl

In the case of a linear control system with a quadratic cost functional there exists a
unique extremal trajectory which steers an initial point Xl to a terminal point x2 over
the time interval t, t]. The next theorem shows that the selected trajectory x(t) has
this property "in the small."

THEORE 4.1. Consider an extremal triple (y(t), w(t), (t)). If
(1) y(t) is a neighboring extremal,
(2) y(tl)-X(tl), y(r)=x(r) for some r[tl, t2], then y(t)=x(t) on [q,r].
Proof. The conditions imply that/(tl) E(r). On the other hand, due to Corollary

4.1, the relation E(r)E(t) holds for each such that q<-_t<r. Hence,
for each [tl, r]. This completes the proof.

We show by the following example that the condition I(x(. ), ,/(. ))-
(Y("),/(" ))lc, < e* cannot be removed. Hence, Theorem 4.1 has a local nature.

Example 4.1. The notion of neighboring extremal plays an important role in the
investigation ofbranching points. In this example we present a bilinear control problem
with extremals x(t) and y(t) satisfying the relations

x(0) y(0), x(r) y(r), x(t) y(t) for (0, r).

Consider the following bilinear control system:

(4.6) l(t) u( t)x( t),

(4.7) 2(t) -u(t)Xl(t),

where u(t) is a scalar function.
Consider the cost functional

1
(4.8) c(x(" ), u(" ))=- u2( t) dt.

The adjoint equation has the following form:

j( t) u(t)n2(t), j2( t) -u( t)nl( t).

The Hamiltonian H of this problem is given as follows"

H( t, x, u, T --1/2U2- nIX2 ?I2X1)U,

Note that n(t)xz(t) n(t)x(t) is a constant and, therefore, u(t) u(0) for [0, 2r].
The extremal trajectories xo,(t) of the above optimal control problem are rotations

around the origin with constant angular velocities w. For each real number w, the
extremals xo(t) and x_o,(t) initiating at the same point x(0) intersect each other at

r/w. Hypothesis 2.2 is evidently fulfilled and we will choose w in such a way that
the extremal trajectory x,o(t) will satisfy Hypothesis 2.1 on [0, 2r].

In order to find the suitable w, choose the following set of initial conditions:

Xl(0) 1, X2(0)= 0, ’/,(0)= 0, n2(0) --1.

Straightforward verification would show that in this case u(t)-- 1 and

Xl(t) cos t, x(t) -sin t, hi(t) -sin t, 72(t) -cos t.
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The linearized system about this solution is the following:

l(t) z2(t) v(t) sin t, 2(t) -zl(t) v(t) cos t.

Those solutions z(t) (zl (t), z2(t) of this linear equation that also satisfy the boundary
conditions

have the form

(4.9)

z(0) (2)= (0)= :(2)= 0

z(t) =-sin v(s) ds, z(t) -cos v( s ds.

We now wish to show that the extremal triple (x(t), u(t), r/(t)) satisfies Hypothesis
2.1. A straightforward computation shows that

(1) Huu (t, x, u, r/) is identically equal to 1,

z(t) * Hxx(t, x(t), u(t), r/(t)) H,x(t, x(t), u(t), r/(t)) z(t)
(2)

v(t) H,(t,x(t), u(t), n(t)) H(t,x(t), u(t), n(t))/ v(t)
dt

v(t) dt
o

is negative definite for each z(t) satisfying condition (4.9).
On the other hand, the trajectory y(t)= (cos t, sin t) is an extremal trajectory of

the optimal control problem (4.6)-(4.8) and

y()=x(), y(0)=x(0) but y(t)x(t) for0<t<.

Note that (0)=0, :(0)=1 and 1(0)=0, :(0)=-1; hence (x(.),(.))-
(y(’), (’))lct,,.,2. On the other hand, one can show that in this case e*, which
defines the extremal trajectories, must be less than 1.

We present now the last necessary definition and state the main result ofthe section.
DEFINITION 4.2. We denote the set of discontinuity points of the function

dim V(t, s) on the interval [t, t:] by {r}.
THEOREM 4.2. Each r { ri} is a branching point of the extremal trajectory x(t). Let

y(t) be a neighboring extremal trajectory. If y(t)=x(t) and y(s) x(s) for some
s t, t2], then there exists r t, s] such that the following conditions hold:

(1) r{ri},
() y( t) x( t) on Its, r],
(3) y(t) x(t) on (r, t:].
COROLLARY 4.2. e set of branching points of the extremal trajectory x(t) is a

finite set. e number of its elements is no more than the dimension of the state space R.
Acknowledgment. The author would like to thank the referee whose valuable

remarks and corrections much improved the exposition of the results.
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Abstract. For a dynamical system described in the descriptor form Fdx/dt Ax+Bu, where the
coefficients are classified into generic parameters and fixed constants, the structural controllability is
investigated under a physically reasonable assumption that can be justified by the dimensional analysis. A
necessary and sufficient condition for the structural controllability is given in matroid-theoretic terms; the
condition can be tested by efficient algorithms for the matroid union/intersection problem.

Key words, structural controllability; descriptor form, matroid, algebraic independence, polynomial
algorithm
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1. Introduction. Since the notion of structural controllability was introduced in
[21], many papers have appeared for its extensions and refinements [2], [3], [10], [11],
[24]-[30], [35], [39]. A dynamical system described in the state-space standard form

(1.1) dx/ dt Ax+ Bu
is called structurally controllable if it is controllable in the ordinary sense [18] when
the nonvanishing entries of A and B are replaced by independent free parameters.
The structural controllability of (1.1) is known to be expressed by graph-theoretic
conditions [10], [21], [24], [35].

Though the notion of structural controllability is quite appealing, it is often
unjustifiable to assume that the nonvanishing entries of A and B of (1.1) are indepen-
dent. In this respect, it is more appropriate to work with the descriptor form [22], [23]
1.2) Fdxdt Ax+ Bu
(x R" and u Rm), which is more elementary and hence more suitable for the
representation of a physical structure. The generic controllability of the descriptor
system (1.2) is discussed in graph-theoretic terms in [3], [26], [30], [39] under the
assumption that the nonvanishing entries of F, A and B of (1.2) are independent
parameters.

As will readily be imagined, however, not all the nonvanishing entries of the
matrices in (1.2) can be modeled as independent parameters, but some must be fixed
constants, usually simple integers such as +1. With this problem of fixed constants
taken into account, the generic controllability condition is derived in [2] for the standard
form (1.1) when the coefficients can be expressed in "matrix nets" as

k k

A Ao+ , iAi, B Bo+ iBi,
i=l i=1

where Ai and Bi are fixed matrices and l. independent free parameters. The condition
given in [2] is, however, purely algebraic and cannot readily be tested, by efficient
algorithms.

In investigating structural aspects of large-scale systems in general, it would be
of fundamental importance to set up a mathematical model which accounts for relevant
aspects of a real system with sufficient faith and which admits rigorous mathematical

* Received by the editors July 8, 1985; accepted for publication (in revised form) June 5, 1986.
Institute of Socio-Economic Planning, University of Tsukuba, Sakura, Ibaraki 305, Japan. Present

address, Department of Mathematical Engineering and Instrumentation Physics, University of Tokyo,
Bunkyo-ku, Tokyo 113, Japan.
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analysis. No less important are algorithmic considerations, especially when com-
binatorial methods are involved in the analysis of the model. A combinatorial method
for systems analysis would not be very powerful for large systems unless it is accom-
panied by efficient algorithms.

In this respect, the matroid-theoretic point of view can be quite useful both in
establishing adequate mathematical models and in constructing efficient algorithms
(see, e.g., [14], [15]). In the field of electrical network theory, for example, a number
of fundamental problems, such as the problem of the topological degrees of freedom
and that of the order of complexity for networks with mutual couplings, have been
solved with the aid of matroid-theoretic concepts and algorithms (see, e.g., [14]-[ 16]).
Once results are obtained by means of matroids, it is possible, as a matter of course,
to restate all the arguments without reference to matroids. It would, however, make
things less clear, hiding the essential simplicity and insight.

In this paper, we will formulate the problem of structural controllability so as to
reflect the real situations fairly well and give a solution to it by means of matroids.
To be more specific, the generic controllability is considered for a descriptor system
(1.2) in which the nonvanishing entries of F, A and B are classified into two groups,
i.e., independent free parameters and fixed constants. Following the arguments in [31
on the algebraic implications of the consistency in the system of equations (1.2) with
respect to physical dimensions, a physically reasonable assumption is made on the
matrix representing the fixed constants. A necessary and sufficient condition for the
structural controllability in this refined sense is derived with the aid ofthe combinatorial
canonical form of a layered mixed matrix, the mathematical tool introduced in [32].
The condition can be checked by the efficient combinatorial algorithms for the matroid
union/intersection problem or for the independent-flow problem.

The proposed method for testing the structural controllability has several practical
advantages. The algorithm is guaranteed to run in O(n2(n + m) log n) time in the worst
case and runs much faster in many cases. It is free from the numerical difficulty of
rounding errors as compared to the technique of parameter variation,-which computes
the rank of the controllability matrix by substituting several different numerical values
to the parameters. The algorithm can be implemented easily as it is composed of the
Gaussian elimination on simple rational numbers, the construction of matchings, and
the search for paths in graphs. In the special case where no fixed constants are involved,
the result of the present paper naturally reduces to the previously known results
mentioned above.

2. Preliminaries. This section presents the minimum set of matroid-theoretic con-
cepts to be required in later arguments and gives a brief summary of the combinatorial
canonical form of a layered mixed matrix introduced in [32]. See, e.g., [38] for the
complete account of matroids.

A matroid is a pair :g -(S, 3) of a finite set S and a collection of subsets of
S such that

(I1)
(I2) IfX3and YcX, then Y5;
(I3) If X, Y 3 and iX =[YI +1, then YUx 5 for some x X\Y.

A member of 3 is called an independent set, and a maximal subset in 5 (maximal with
respect to set inclusion) a base. An element of S is a coloop if it is contained in every
base. A matroid is called a free matroid if every subset is independent in it.

For a matroid defined on S and a subset X of S, the restriction of to X,
denoted as MIX is a matroid on X in which Y (c X) is independent iff Y is independent
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in At, and the contraction of At to X, denoted as At.X, is a matroid on X in which
Y (c X) is independent if[ YU B is independent in At where B is a base of AtI(S\X).
A subset X of S consists of coloops of if[ At.X is a free matroid.

All bases of a matroid have the same cardinality, which is called the rank of the
matroid At and is denoted as rank []. The function/9:2s Z which assigns the rank
of AtlX to X (cS) is called the rank function of At; p(X) is the maximum size of an
independent set included in X. The rank function la

x of At.X is given by

pX(y)=p(YU(S\X))-p(S\X) for Y X.

A matroid is also determined by the collection of bases. For a matroid At on S,
its dual, denoted as At*, is the matroid on S in which a subset of S is a base if[ it is
the complement of a base of At.

Given a matrix A over a field K, we will denote by At(A) the matroid defined on
the column-set C of A with respect to the ordinary linear dependence among column-
vectors of A. A matroid thus obtained is called a linear matroid represented over K.
Let (A) designate the (multi)set of nonvanishing entries of a matrix A. In the
particular case where (A) is algebraically independent [37], the matroid At(A) is a
transversal matroid expressed by the bipartite graph G associated with A; the vertex-set
of G is the union of the row-set R and the column-set C of A, the edge-set of G has
the natural one-to-one correspondence with (A), and a set X (c C) is independent
if[ X can be matched into R in G.

The relation of algebraic independence over a field also enjoys the matroidal
properties. Let K and F (K F) be fields and S (oF) a finite set. Then a matroid is
defined on S with respect to the algebraic independence over K. Such a matroid is
called an algebraic matroid. The following will be used later as a key property of
algebraic independence.

LEMMA 2.1. Let X and {z} be independent in a matroid. IfX (.J z is not independent,
then (X\x) U z is independent for some x X. D

For k matroids Ati (i= 1,..., k) defined on S, their union Atlv’"v Atk is a
matroid on S in which X (c S) is independent if[X can be expressed as X=
XI U U Xk with Xi being independent in At (i 1,. ., k). The rank function p of
the union matroid is expressed in terms of the rank functions pi of At as

(2.2) p(X)=min 2 Pi(Y)+IX\YI YX XcS.
i=1

In general, the union of contractions Ati.X (X S) does not agree with the contraction
of the union of At i.e., V k (Ate.x) (V k Ati).x. Still the following holds truei=1 i=1

LEMMA 2.2. Let ( S) be the set of all coloops of V k
Atii=1

(i) S\Xo, where Xo is the (uniquely determined) smallest subset ofS that gives
the minimum value of

k

(x) E p,(X)-Ixl,
i=1

XcS.

(ii) V k (Ati.) is the free matroid.i=1

Proof. (i) Since fi is submodular, its minimizers constitute a sublattice of 2s. In
particular, there exists the smallest minimizer Xo of ft. For x S, x if[ p(S\x)=
p(S)-l, which is equivalent, by (2.2), to min{fi(Y)[xC:Y}=min{(Y)lYcS},
namely to x X0.
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(iii) From (2.1) and (2.2), the rank of V k
i=1 (d///i’) is given by

I:[+min (i=1 (Pi(XU X)-Pi(X))-]XI X c }
I1 + min {fi(X U Xo) IX c g} fi(Xo) I[.

The important fact to be noted from the point of view of application is that when
weight functions ’i :S --> R are given for 1, , k, the maximum/minimum of

’(X) U X is a base of V ; Xi is independent in i; X’s are disjoint
i=1 i=1 i=1

can be found by an efficient algorithm [7] [15] Also the coloops of V k
i can bei=1

identified easily.
Let Q be a matrix over K, and let T1 and T2 be matrices over F (K) that have

the same column-set C as Q has. For the composite matrix

(2.3) A= T,
T

the following is well known.
LEMMA 2.3. IfW(T1) 13 A/’( T2) in (2.3) is algebraically independent over K, then

t(A) (Q) v ( T1) v ( T2).
Note that //t(Q) is represented over the subfield K whereas (T1) and (T2) are

transversal.
Suppose W(T) LJ (T2) in (2.3) is algebraically independent over K. in this case,

a matrix of the form (2.3) is named in [32] a layered mixed matrix with respect to K.
It has been shown in [32] (see also [34]) that by the transformation of the form

(2.4) P, P1 T, P,
P_ r=

where U is a nonsingular matrix over K, and P, P2, P, and P are permutation
matrices, the matrix A can be transformed to a block-triangular form (unique in a sense)

Co c, c Cr C

Ro

R1

R2

(2.5) A

Rr

such that

(2.6)

rank A[Ro, Col IRol (<iCol if Co # ;),

rank AIR,, C,]=[R,I=IC (i= 1,..., r),
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rank A[R, C] Icol (<lRol if C # ).

Note that the column-set of A has a natural correspondence with that of A.
LEMMA 2.4. C\Co is the set of all coloops of the matroid (A)= //(Q)v (T1)v

(T).
Proof. This follows from Lemma 2.2(i), since, bythe definition ofthe combinatorial

canonical form and [34, Lemma .1()], Co is the smallest subset of C that gives the
minimum of fi in Lemma 2.2(i), where k 3, and p, p and p are the rank functions
of (Q), //t(T) and (T), respectively.

When a matrix A over F is expressed as

(2.7) A QA + TA,

where QA is a matrix over the subfield K of F and (TA) is algebraically independent
over K, it is called a mixed matrix with respect to K. The following is an immediate
consequence of Lemma 2.3.

LEMMA 2.5 [33]. Let A QA + TA be an m x n mixed matrix. Then we have

rank A rank [J/[([IIQA] v [/[([II TA])]-- m.

3. Formulation of the structural controllability.
3.1. Controllability of a descriptor system. We consider a linear dynamical system

represented by the descriptor form [22], [23]

dx
(3.1) F-d-]- Ax+ Bu,

where x (R") and u (eR’) are the descriptor-vector (standing for the internal vari-
ables) and the input-vector, respectively, and F, A and B are constant real matrices
of sizes n x n, n x n and n x m, respectively. If we express system (3.1) (with the zero
initial state) in terms of the Laplace transform, we have

(3.2) [A sFlB](Xu) O,

where s is a symbol standing for the differentiation with respect to time. (Throughout
this paper, s is treated as an indeterminate.) The coefficient matrix of (3.2) is sometimes
called the modal controllability matrix. It should be emphasized that F is not assumed
to be nonsingular.

Dynamical behaviors of such a singular differential system have been investigated
by many authors [4], 12], [36], [40] and several different definitions for the controllabil-
ity of the descriptor system have been proposed. In order for system (3.1) to be uniquely
solvable for consistent initial conditions, it must satisfy

(3.3) det (A- sF) # O.

Following [3], [12], [26], we will adopt the controllability of the exponential modes
(or R-controllability of [40]) as the controllability of (3.1). Namely, we will say that
(3.1) is controllable if

(3.4) rank [A- zF[B] n for any complex number z.

This condition is known to be equivalent to the controllability of the state-space system
that is derived from (3.1) by the strict equivalence in the sense of [9] for matrix pencils.
See [4] for detailed discussions on other possible definitions of the controllability of
(3.1).
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3.2. Physical observations. When a dynamical system is described in the descriptor
form (3.1) in terms of elementary physical variables, it is often justified to assume that
the nonvanishing entries of the coefficient matrices F, A and B are classified into two
groups, one of generic parameters and the other of fixed constants. In other words,
as advocated in [33], we can distinguish two kinds ofnumbers that characterize physical
systems as follows: (i) those numbers representing independent physical parameters
such as resistances in electrical networks which, being contaminated by various noises
and errors, take inaccurate values independent of one another, so that they can be
modeled as algebraically independent generic numbers, and (ii) those numbers account-
ing for various sorts of conservation laws such as Kirchhoff’s, which, stemming from
topological incidence relations, are accurate (often +1) in value so that no serious
numerical difficulty arises in arithmetic operations on them. See [33] for further
discussions.

In accordance with this physical consideration, we will assume that the matrices
F, A and B in (3.1) are real matrices expressed as

(3.5) F=QF+T, A=QA+TA, B=Qn+Tn,

where QF, QA and Qn are matrices with rational entries and Ac(T) LJ Ac(TA) [-J Ac(Tn)
(the set of nonvanishing entries of TF, TA and Tn) is algebraically independent over
the rational number field Q. This implies that F, A and B are mixed matrices with
respect to Q, of the form (2.7) explained in 2. According to (3.5), we have

(3.6) A- sF QA sQF) + TA STF),

which is again a mixed matrix, but with respect to Q(s), since Ac( TA-- STF) is algebrai-
cally independent over Q(s). Likewise, the modal controllability matrix [A-sFIB] is
a mixed matrix with respect to Q(s) with the additive decomposition of the form (2.7)
given by

(3.7) [A- sFIn] Q- sQIQ] / TA- sTilTs].
It should be clear that from the algebraic point of view, the assumption of the

algebraic independence of (TF) LJ Ac(TA) (.J (T) is tantamount to regarding their
members as independent free parameters. As for the fixed constants, the assumption
that the entries of QF, QA and Q are rationals is not essential to the subsequent

mI

k2

XXl

xq=x2

FIG. 3.1. A simple mechanical system of Example 3.1.
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algebraic arguments. In the case where nonrational fixed constants are to be taken
into account, we may choose any appropriate extension field of Q as the subfield. The
rationality of fixed constants is needed only to reduce the computational complexity
for testing the controllability condition by matroid-theoretic algorithms, as will be
discussed in 4.

Example 3.1. Consider the mechanical system in Fig. 3.1 consisting of two masses
ml and m2, two springs kl and k2, and a damperf; u is the force exerted from outside.
We may choose x (xl, x2, x3, x4, xs, x6) as the descriptor-vector, where x (resp. x2)
is the displacement of mass m (resp. m2) and x3 (resp. x4) is its velocity, x5 is the force
by the damper f, and x6 is the relative velocity of the two masses. Then the system can
be expressed in the descriptor form (3.1) with

1

mF=
m2

(3.8)
-1

0

0 1

-k2 0

-1

1

-1

0

0

1
B=

0

0

0

If we regard {m, m2, kl, k2,f} as independent free parameters, i.e., as being algebrai-
cally independent, (3.7) is given by

(3.9)

QA sQvIQ

-s

-s

-s s

TA- sT,I T] -kl -sml

-k2 -sm2

-1

0

-1

f

0

0

0

0

0

0

In actual situations, a small damper might exist in parallel with the spring kl.
How to deal with such a quantity depends on how we recognize the problem; it may
be ignored as above or included as a transcendental element.

The crucial physical observation made in [31] is now introduced. As mentioned
above, the fixed constants usually stand for topological/geometrical incidence
coefficients, which have no physical dimensions. Thus, it would be natural to expect
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that the entries of QF, QA and Qn of (3.5) are dimensionless constants. On the other
hand, the indeterminate s in (3.2) should have the physical dimension of the inverse
of time, since it represents the differentiation with respect to time.

Since the system of equations (3.2) is to represent a physical system, relevant
physical dimensions are associated with both the variables (x, u) and the equations,
or alternatively, with the columns and the rows of the matrix [A-sFIB]. Paying
particular attention to the dimension of time associated with the matrix [A-sFIB],
we denote by cs and ri the exponent to the dimension of the inverse of time associated
with the jth column and the ith row, respectively. Then, by the principle of dimensional
homogeneity [13], [19], the (i,j) entry of [A-sFIB should have the dimension of
the inverse of time with the exponent ri- cs.

Combining this fact with the nondimensionality of QF, QA and Qn, as well as the
consideration on the physical dimension of the symbol s, we obtain

ri c 1 if QF)O # O,

(3.10) ri-cj=O if (QA)ij # 0,

ri- c,+ 0 if (Q,) i 0.

In the matrix form, this is written as

(3.11) [QA-SQFlQn]=diag (sr’, sr")[QA-QFlQn] diag (s-Cl, s-C’/).

This implies that every nonvanishing subdeterminant of [QA-sQFIQ,] is a monomial
in s with a rational coefficient. Thus, the matrix QA- sQIQn] representing the fixed
constants enjoys a very simple property.

Based on the above physical observations, we will investigate the controllability
of (3.1) in the situation where the coefficient matrices are expressed as (3.5) with the
following properties"

(A1): (TF)t.J f(TA)t_J (Tn) is algebraically independent over Q, and
(A2): Every nonvanishing subdeterminant of [QA-SQFIQn] is of the form asp

with a rational number a and an integer p.
Whereas a matrix of the form (3.11) obviously satisfies (A2), the converse is also

true [31], as stated in Lemma 3.1 below. This characterization of (A2) enables us to
check it by an efficient graph-theoretic algorithm. See [31] for the detail.

LEMMA 3.1. [QA-SQFIQn] satisfies (A2) iff it can be expressed as (3.11) for some
integers ri and cj.

It should be noted that in the mechanical system of Example 3.1, the nonvanishing
entries of QF, QA and Q, are dimensionless and that the assumption (A2) is satisfied
indeed.

4. Main results.
4.1. Controllability conditions in terms of matroids. In the first place, the following

remarkable consequences of (A1) and (A2) are noted.
LEMMA 4.1.

At([IIQA- SQF[Q]) ([IIQA- QFIQ]),

At([IIT-sTF[T]) At([I[ T- T[ T]).

Proof. The former is due to Lemma 3.1, while the latter is immediate from (A1). [3

This lemma asserts that those matroids admit simple representations; the former,
defined as a linear matroid over Q(s), is in reality representable over the subfield Q,
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and the latter, being a transversal matroid, can be expressed by a bipartite graph. This
fact is of practical significance in that it reduces the computational complexity in
handling those matroids to a great extent.

We are concerned with combinatorial characterizations of the following condi-
tions"

(C1): det (A- sF) # O,
(C2): rank[AIB n,
(C3): rank[A-zFlB]=n forz#0, zC.

The first is for the unique solvability given in (3.3). The set of conditions (C2) and
(C3) is equivalent to the controllability given in (3.4); (C2) is for the controllability
of the zero modes, while (C3) is for the nonzero modes.

The conditions (C1) and (C2) are rephrased as follows.
LEMMA 4.2. rank (A-sF)=rank[([IIQa-QF])v At([IITA-- T])]-n. Hence

C1) is equivalent to

(M1): rank[([IIQA-QF])V ([IITA-- TF])]=2n.
Proof. From (3.6) and Lemma 2.5, we have

rank (A- sF) rank [([IIQA- SQF]) v ([I[ TA- sTF])] n.

Lemma 4.1 then simplifies the right-hand side. l-]

LEMMA 4.3.

rank [AIB] =rank [([IIQAIQB]) v t([IITAITB])]-- n.

Hence (C2) is equivalent to
(M2): rank [([IIQalQ]) v t([IITalT])] 2n.
Proof. By the direct application of Lemma 2.5 to (3.7) with s =0. 1
To deal with (C3), we consider three n x (3n+ m) matrices

Qo(s) o.II.IQA SQFIQ.],

(4.1) TD,(S) [I,]O,I sTlO,,,],

and a composite (3 n) x (3 n + rn) matrix

(4.2) D(s)= Tol(S)
Too

The last n + m columns of D(s) correspond to the variables x and u in the natural
manner, whereas the first 2n columns may be viewed as disjoint copies of the rows of
[A-sFIB]. Let {vl,’’’, v,} denote the first n columns and {wl,..., w,} the next n
columns of D(s). Then the column-set of D(s), as well as of the three matrices of
(4.1), is designated by

(4.3) S--{Vl,’’’ ,/)n}U{w1,... wn}U{Xl,..., Xn}U{Ul,"" "’, Urn!.
As will be explained in 5, N(Tol(s))U (Too) may effectively be regarded as

being algebraically independent over the subfield K Q(s) by virtually scaling the
rows of Tol and Too as well as the columns of {Vl,"’, v,} with algebraically
independent transcendentals. Hence, by Lemma 2.3, the matroid t(D(s)) is equal to
the union (Qo(s))v (To(s))v (Too) of three matroids, each of which is rep-
resentable without involving symbol s by Lemma 4.1 as follows.
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LEMMA 4.4.

(D(s)) ([OIIIQA-QFIQ,]) v t([IlOlTlO]) v ([IIIITAITB]).
Associated with the matrix QD(S) of (4.1) we introduce a weight function ’1 on

S as follows. By (A2) and Lemma 3.1, there exists a set of integers ri (i 1,. ., n)
and cj (j 1,..., n + m) attached to the ith row and the jth column of QA- sQ]Q]
such that (3.11) holds. (Such numbers are not unique from the mathematical point of
view.) In case the physical dimensions associated with (3.1) are given, these numbers
are readily obtained from the exponents to the inverse time dimension, as discussed
in 3. Even when the dimensions are not known, it is easy to find the numbers ri and
cj by O(n(n+ m)) graph operations [31]. The weight function st1 is then defined by

(4.4) ’l(Vi)--0, l(Wi)---ri, l(Xj)---cj, l(Uj)---Cnwj.

For a subset X of S, Srl(X) designates the sum of the weights of the elements of
X. Suppose X is independent in ([OIIIQA-QFIQB]) and put Rx {Wl, , w,}\X
and Cx ({Xl, ", x,} (3 {Ul," ", u,,}) f’) X. Then the submatrix of [QA- SQFIQn]
corresponding to row-set Rx and column-set Cx is nonsingular and has the determinant
ofthe form asp (c e Q, a # 0) by Lemma 3.1. The weight ’I(X) represents the exponent
p, i.e.,

(4.5) p l(X)-- ro, ro r,.
i=1

Another weight function ’2 on S is defined with reference to t([IlOITlO]) by

(4.6) 2(v,)=O, ’2(w)=0, sr2(xj)=l, ’2(uj)=0.

Since

(4.7) rankD(z)=rank[A-zFIB]+2n forany zeC,

condition (C3) is equivalent to

(4.8) rankD(z)=3n forz#0, zeC.

Let (c S) be the set of coloops of the matroid (D(s)) that is represented as in
Lemma 4.4. Then the following lemma holds true, which will be established later in
5 by a succession of algebraic arguments by means of the combinatorial canonical

form of D(s). Remember that .S denotes the contraction of a matroid to .
LEMMA 4.5. (C3) is equivalent to (M0) and (M3), where
(M0): rank [([OIIIQA- QFIQ]) v t([IlOITlO]) v ([IIIITAIT])]-- 3n,

and
(M3)" srl(X)+sr2(Y) is constant for all X, Y (c) such that X Y=(, X is

independent in ([olI[QA-QIQ3),, Y is independent in

([I]OITIO]). and \(X tO Y) is independent in ([IIIITalT]).S.
Note that (4.5) shows (M3) is unaffected by the choice of ’1 and that such subsets

X and Y as described in (M3) do exist by Lemma 2.2.
As explained in the proof of Theorem 4.6 below, (M0) is implied by (C1), and

therefore (M3) constitutes the essential part. The problem of checking (M3) can be
categorized as a version of weighted matroid-partition problem [7]. A special emphasis
should be laid on the fact that there exists a well-established efficient combinatorial
algorithm for this problem so that (M1), (M2) and (M3) can be checked efficiently by
graph manipulations and arithmetic operations on rational numbers without serious
numerical difficulty due to rounding errors. The algorithm, adapted to our purpose,
will be described in some detail in the latter half of this section.
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The main result of the present paper is stated below.
THEOREM 4.6. Assume (A1) and (A2). The descriptor system (3.1) satisfies (C1),

(c2) and (C3) iff
(M1): rank [J/l([I, lQa--QF]) V J/l([I, lTA- TF])]= 2n,
(M2): rank [t([I.IQ,IQ,]) v t([I.ITAIT,])] 2n,

and
(M3)" rl(X)+sr2(Y is constant for all X, Y (c) such that X Y=(, X is

independent in Y is independent in

([I.Io.I r,lo.,,.]). and \(X t_J Y) is independent in
AI([I.]I.[TA]Tn]).S, where is the set consisting of all coloops of
At([OIIIQA-QIQ,]) v ([IIOITIO])v At([IIIITAIT,]).

Proof The theorem follows from Lemmas 4.2, 4.3, and 4.5 if we show that (M0)
in Lemma 4.5 is implied by (M1). In fact, by Lemma 4.4, (M0) is equivalent to rank
D(s)= 3n, and hence to rank[A-sF[B]= n by (4.7). This follows obviously from
(C1), i.e., from (M1). [3

4.2. Algorithm for testing the controllability condition. The conditions (M1) and
(M2) of Theorem 4.6 can be checked efficiently by the matroid union/partition
algorithm [7], since the matroids involved are linear matroids represented over the
rational numbers and transversal matroids. See [33] for the description of the algorithm
for this particular case.

Before presenting a concrete procedure for (M3), we will outline the key idea to
cope with the seemingly complicated condition that ’I(X)+ ’2(Y) remains constant
for all possible choices of (X, Y) with the specified properties. As described in [15],
the matroid union/partition problem can be formulated in a natural manner as an
independent-flow problem [8]. Then the set of coloops of the union matroid can be
identified easily by path-searching on the auxiliary graph associated with a maximum
independent flow.

Moreover, by associating an appropriate cost with each arc in the independent-flow
problem, the quantity ’I(X)+’2(Y) can be expressed as the cost of a maximum
independent flow. Each arc of the auxiliary graph is then given the "length" that
represents the imputed cost. Then (M3) can be shown to be equivalent to the graph-
theoretic condition that there exists no directed cycle of nonzero "length" in a certain
subgraph, representing S, of the auxiliary graph. This condition is known to be further
equivalent to the existence of potentials associated with vertices of the subgraph such
that the imputed cost, i.e., the "length," of an arc in a strongly connected component
is expressed as the difference of the potentials associated with its two end-vertices.

The concrete procedure for (M3) is as follows. In accordance with [31], [33] we
consider the matroid intersection, rather than the union, formulated in the independent-
flow problem.

The dual matroid of o J/g([I,[QA-QFIQB]) defined on

(4.9) S={w,. ., w,}U{Xl,. ", x,}t_J{u,,. ., Urn}

is again a linear matroid over Q which is expressed by the linear dependence among
the row vectors of the matrix

W QA Q
x: I. 0

u" 0 I,,,
(4.10)

the row-set of which is indexed by S of (4.9) as indicated.
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The underlying graph G V, A*) of the independent-flow problem is defined as
follows. It has the union of two disjoint copies of S as the vertex-set V:

where

v= vu %,

VT {wT Ii 1," , n} U {xflj , n} U {ulj 1,..., m},

Vo={w?li 1,..., n}U{xlj= 1,..., n}U{ulj= 1,..., rn}.

In general the copies of v e in VT and Vo are denoted by vT and v o, respectively.
The arc-set A* is given by

A* Aw U A, O A, U AT,

where

and

Aw={(wf, w)li=l,...,n},

Ax {(x, x)lj= l, n},

a,, ={(uf, u)lj= 1,..., m}

AT .N’( TF) U ,N’( TA) U .N’( TB).

The arc corresponding to (TF)ij (#0) (or (T4)ij # O) connects from wT to xT, and the
arc (TB)ij(#O) from wT to ujT. Note that G has parallel arcs from w/T to xj

T if
TF)ij( TA)ij # O.

Each arc is given the unit capacity. The cost function y:A*--> R is defined with
reference to (4.4) by

(4.11)

ri,

c,
,(a)

O,

a w, wiO) e Aw,
a=(xf x)eAx,
a (uf, u)e A,,

a e JC’( TA) L.J JC( T).

The entrance-set V+ of the independent-flow problem is V/= {wT,]i 1,..., n},
on which we understand the free matroid is defined, whereas the exit-set V- is VQ, to
which the matroid / represented by (4.10) is attached (with the obvious correspon-
dence between V-= VQ and S of (4.9)).

By the integrality, we may assume that an independent flow f from V/ to V- in
this network is chosen to be integer-valued, i.e.,

(4.12) f(a) {0, 1} for a A*.

By the definition of an independent flow, f(8+v) {0, 1} for v V+, where 8+v denotes
the set of arcs going out of v, and the vector (f(a)la Aw U Ax U A,), when identified
with a subset of S by (4.12), determines a subset, say J (c S), which is independent
in the matroid M< attached to V-. By the construction of G, J is independent also in
the transversal matroid M ([I1TA TFI To ]).

To define the auxiliary network associated with f, we need to transform the matrix
of (4.10), which we denote by P. Since J is independent in M, it can be augmented
to a base, say J U J1, where IJ U J[--n + m. The square submatrix of P with row-set
J U J1 is then nonsingular, and we define P to be the (2n + m) x (n + rn) matrix obtained
from P by post-multiplying the inverse of that submatrix. The row-set of/3 is still
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indexed by and the linear d.ependence among the row vectors of/3 represents M.
Note that the column-set of P has the natural correspondence with J U J1.

The auxiliary network N (V, A) associated with an independent flow f in the
present network is defined as follows. (See [8], [15] for the general definition of the
auxiliary network for the independent-flow problem.) The vertex-set V is identical
with V, where the entrance S/ and the exit S- is defined as

S+ { v V+lf(t+ v) 0},
S- {v V-]/3o 0 for somej J1}.

The arc-set A is given by

A B, U B*LI A-,
where

B,={alaA*,f(a)=O},
B*= {alti is the reorientation of a A* such that f(a)= 1},
A- {(u O, vO)lu g\J, I) G J, fi,,,, : O, =0 forj J1}.

The length function /" A R is defined by

Y(ti) if B.,
(4.13) /(a) -3,(a) if the reorientation of a z B* is a A*,

if ti A-.

Consider the auxilia_ry network N (V, A) associated_ with a maximum indepen-
dent flow, and let V (= V) be the set of vertices of N which are not reachable to S-
by directed paths in it. The subgraph induc by f’ is denoted as , (f’, ) and the
subnetwork of N, restricted to G, as N (V, A). It may be remarked that if (M1) is
satisfied, the value of the maximum independent flow is equal to n and therefore S+

is empty.
The algorithmic characterization of (M3) of Theorem 4.6 is now stated.
THEOREM 4.7. Suppose (M1) is satisfied. The following three conditions are

equivalent.
(i) (M3) hoMs true.

(ii) The sum of the lengths el(a) along any directed cycle in , is equal to zero.
(iii) There exists a "potential" function 7r" -R satisfying

/(a) r(O-a)- Tr(Ua)
for all a (O+a, O-a) such that O+a and O-a belong to the same strongly connected
component of G.

Proof The equivalence of (i) and (ii) follows from the well-known facts about
the independent-flow problem, while that of (ii) and (iii) is obvious.

This theorem provides an efficient way to test (M3). As is well known, a maximum
independent flow can be obtained by repeatedly finding a path in auxiliary networks
(cf. 15], [33] for the detail of this procedure). The result of [5] implies that the amount
of computation needed for finding a maximum independent flow is bounded by
O(n(n + m) log n) in the worst case. Then the network N , ) can be constructed
from the corresponding auxiliary network /= , ) in O([ 9" + Ifi-I) time in a straight-
forward manner. Once N is constructed, the third condition (iii) above can be checked
in O(I ’1 + [fi-I) time with arithmetic operations (subtractions) on rational numbers by
finding a spanning forest as well as the decomposition into strongly connected com-
ponents [1]. Noting that Il=O(n+m) and I,,l=O(n(n+m)), we see that the
total amount of computation for testing (M3) is bounded by O(n:(n + m)log n) in
the worst case.
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The other two conditions (M1) and (M2) of Theorem 4.6 can also be checked in
O(n2(n + m)log n) time in the worst case [5] by the established algorithm for the
matroid union/intersection problem. Therefore the proposed algorithm for testing the
structural controllability based on Theorem 4.6 is guaranteed to run in O(n2(n+
rn) log n) time even in the worst case, and the actual running time is much less than
the bound in many cases, depending on how many fixed constants are involved.

It should also be emphasized that the proposed method is practicable and stable
from the numerical point of view; it requires arithmetic operations only on simple
rational numbers, typically simple integers such as those representing the underlying
topological relations, so that it is free from serious numerical difficulty of rounding
errors.

Example 4.1. Recall the mechanical system of Example 3.1. If we choose time
T ], length L] and mass M] as the fundamental physical dimensions, the dimensions

associated with xj (j 1,..., 6) and u are given by

L, L, T-1L, T-1L, T-ZLM, T-1L, and T-LM,
and those with wi (i= 1,..., 6) by

T-1L, T-IL, T-ZLM, T-ZLM, T-ZLM, T-L.
Therefore, [QA-SQvlQ] of (3.9) admits the expression of the form (3.11) with

(4.14)
c=c2=0, c3=c4=1, c5=2, c6=1, cv=2,

r r2 1, r r4 r5 2, r6 1.

The conditions (M1) and (M2) are found to be satisfied, as will be partly mentioned
below. The independent-flow problem for (M3) is depicted in Fig. 4.1, in which
V+ (w, Tw6}, V-={x,..., x6, u Q, w,... w6}, and the cost y(a) of each
arc a is given in parentheses.

As indicated by bold lines, there exists a maximum independent flow f of value
6; it corresponds to J {x,, xz, wl, wz, ws, w6}, which is independent both in
.AI([I[QA-Qv[Qn])* and in A/([I[Ta- TF[TB]). This shows that

rank [Al([IIQA-QvlQ]) v AI([IITA- TvlTn])]= 12,
or rank [A- sFIB] 6. Moreover, the flow f of Fig. 4.1 reveals, at the same time, that
(M1) is satisfied, since f((u uQ)) =0.

If J is augmented by J {u} to a base of, the matrix/3 is given by

(4.15)

W2;

W3:

W4]

W5

W6

XI

X2
X

XS

X6"

X X2 W W2 W W6 U

1

-1

1

-1

-1
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(0) oX (2): Ox
,T

OUT (2): O u

(0)

(i)
wT O 0

FIG 4.1. Independent-flow problem for Example 4.1. (A maximum independent-flow is drawn in bold lines.)

The associated auxiliary network N (V, A) is drawn in Fig. 4.2, where the "length"
/(a) is attached in parentheses to each arc a of B. d B*. The entrance S/ is emp}y,
while the exit S-={uQ, w3}. All the vertices except those in V=
{w, w, wf, w, w6r, w6o} are reachable to S-, and the subnetwork ]Q ,/) consists
of three disconnected arcs {(w, wT), (w, wf), (w6, w)}. Then condition (ii) of
Theorem 4.7 is trivially met, and this mechanical system is found to be generically
controllable.

Example 4.2. Consider a hypothetical descriptor system (3.1) with x=
(Xl, X2, X3) U-- (U), and

(4.16) F= A= 0 0 1 B=
0 -1 -1 P4

where {pili---1,..., 5} is to be understood as independent parameters. The matrix
[A-sF]B] is then a mixed matrix of (3.7) with

(4.17)

0

QA SQFIQ.] -s -s 1

-1 -1 o
O P3

TA STF TB 0 0

0 0
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(0)

(o)

(1)

()

(0) (-1)

(2)

w" w

FIG. 4.2. Auxiliary network for Example 4.1. (S+ =, S-= {u Q, w3}.)

Note that the matrix [Oa-sO lQ ] above enjoys the property (A2) and it has the
expression (3.11) with, e.g.,

rl=0, r2=l, r3=0, c1=c2=0, c3=1, c4=0.

It is easy to see by inspection that (C 1) and (C2), or equivalently (M1) and (M2),
are satisfied. In Fig. 4.3, the independent-flow problem for (M3) is illustrated, where
V+={Wl, w, w}, V-={x,x,x3, u e, w, w, w3}, and the cost 3’ is given in
parentheses as before.

The auxiliary network associated with a maximum independent flow f is given in
Fig. 4.4 with /in parentheses. The flow f corresponds to the common independent
set J {w3,x2, x3}. The entrance S+ is empty and the exit S-= {u e}, to which the
vertices in V= {xf, x32 w,w, w(, w3} are not reachable.

The subnetwork N (V, A), given in Fig. 4.5 with /in parentheses contains two
simple directed cycles; the length, relative to , of the cycle consisting of
{w27", w, w3, wf, x3r} vanishes, whereas that of {w, w2, x3, xf} does not. Theorem
4.7 reveals that this system does not satisfy (M3), i.e., there exists a nonzero mode
that is not controllable. The graph-theoretic arguments of [3], [26], [30], which treat
the nonvanishing entries of F, A and B of (4.16) as if they were independent, would
fail to detect this fact.

5. Deriving the controllability condition of nonzero modes. This section is devoted
to the proof of Lemma 4.5. Recall the matrix D(s) of (4.2) consisting of three matrices
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x[O (0)__ ox

FIG. 4.3. Independent-flow problem for Example 4.2. (A maximum independent-flow is drawn in bold lines.)

(0)

(0)

xI
(0) Q

O)

(0)

(0)

(1)

UT (0)
U
Q

(0)

FIG. 4.4. Auxiliary network for Example 4.2.
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(-I)

(-I) (0)
(0)

(1)

FIG. 4.5. Subnetwork 1Qfor Example 4.2.

Qo(s), To,(s) and Too of (4.1). By replacing the 3n occurrences of unity in To,(s)
and Too with algebraically independent real numbers, say, h,’", t3n, we consider
another composite (3 n) (3 n + rn) matrix D(s), i.e.,

(5.1) /(s)= DI(S)

where

(5.2)

and

]o,(s) [diag (t,,...,

DO [-diag (t,+,, , t,)l-diag (t.+,,..., t3.)ITAITn]

(ol(S)) LI (o0) is algebraically independent over Q(s).

Then/(s) is a matrix of the form (2.3), to which Lemma 2.3 applies with K Q(s).
It has been shown in 4 that (C3) is equivalent to (4.8). Since the transformation

from D(s) to /(s) can be interpreted as scaling of the rows of To, and Too as well
as the columns of {Vl,. ", v,} with algebraically independent transcendentals, we see
that (4.8) is further equivalent to

(5.3) rank/(z)=3n forz#0, zEC.

Let )(s) be the combinatorial canonical form of/(s), which is obtained by (2.4)
with a nonsingular matrix U over Q(s) (see 2). It is a block-triangular matrix of the
form (2.5) with the column-set C and the row-set R partitioned as

C CoU C U’" "U CrU Coo,

R RoLl R1 LJ" "LJ Rrl..J Ro.

An important consequence of (A2) is that, in the transformation of the form (2.4)
connecting (s) to O(s), the matrix U= U(s), which is nonsingular in Q(s), can be
chosen so that each entry is of the form asp (a Q, p z) and that

(5.4) detU(s)=asp a Q\{O}, p6Z.
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For instance,/(s) for the system of Example 4.2 is given by

(5.5) D(s)

--t4

1)1 I)2 1)3 w w2 1413 x x2

0 1

0

0

-t5

t2 0

1 0 0 0

-s -s 0

-1 -1 0 0

0

0 0 -sp 0

0 0 -sp2 0

0 0 0 0

-t6

--t7
-t8

t9

0 P3 0 p5

0 0 0 0

0 0 P4 0

The transformation (2.4) with

(5.6) tiU= 0

1

makes it into the combinatorial canonical form

(5.7) D(s)

/,/ W X1 X2

0 0 -1

0 0

P5 -t7 0 P3

1)1 1)2

0

t2

0

W2 W3 X3 1)3

-1

-s 1

0 0 --sP2

-t8 0 0

0 --t9 P4 I--t6
t3

with Co {u, w,, x,, xz}(lRol 3), C {1)1}, C2-- {1)2, w2, w3, x3}, C3 {v3}, and Coo
(IRI-0).
By (5.4), U(z) is nonsingular for any particular complex number z 0. Therefore

D(z) and D(z), as matrices over C, have a common rank, and (5.3) is expressed with
reference to the rank of the diagonal blocks of D(z), as follows.

LEMMA 5.1. (C3) is equivalent to the following"
(i) Roo ,
(ii) rank D(z)[Ro, Co] IRol for any z O, z C, and
(iii) rank D(z)[R, C] --IR] for any z O, z C; i= 1,. ., r.

Proof This is immediate from (2.6) and the facts that (C3) is equivalent to (5.3)
and that D(z) and D(z) have the same rank for each value of z (S0).

The following is obvious.
LEMMA 5.2. Roo= iff (M0) holds true.
The third lemma asserts that condition (ii) of Lemma 5.1 above is always satisfied.
LEMMA 5.3. rank D(z)[Ro, Co] [Rol for any z O, z C.
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Proof. Let D(s)[Ro, Co] Do(s) be expressed as

tQ(s)t(5.8) Do(s)= Tl(S)
To

where Qo(s) is the matrix over Q(s) obtained from QD(S), and Tl(s) and To are the
submatrices, respectively, of TDI(S) and TDO of (5.2). We have

(5.9) rank [M(Qo(s)) v M(T(s)) v M( To)] IRol.
Firstly suppose that z (#0) is an algebraic number (over Q). Then (T(z))t.J

(To) is algebraically independent over Q(z), and therefore Lemma 2.3 yields

(5.10) rank Do(z) rank [M(Qo(Z)) v M(T(z)) v M( To)].

As a consequence of (A2), we have M Qo( s M Qo( 1 M 00( z if z # o, whereas
M(T(s)) M(T(z)) is obvious. This fact combines (5.9) with (5.10), establishing

rank Do(z)= IRol for z (#0) algebraic.

Next, consider the case where z is transcendental over Q. Since rank Do(s)= IRol,
there exists a nonvanishing minor (subdeterminant) g(s;) of order IRol, which may
be regarded as a polynomial over Q in {s}t-Jr, where T=(TI(1))t_J(To). It
suffices to consider such a z (eC\{0}) that is a root of g, i.e., g(z; WT)=0.

This means that {z} (.J T is algebraically dependent over Q, whereas Nr, as well
as {z}, is algebraically independent over Q. By Lemma 2.1, there exists e r such
that r (-\{t}) (_J {z} is algebraically independent.

Since none of the columns of Do(s) is a coloop of M(Do(s)) (see Lemma 2.4),
the matrix Do(s) with one column deleted remains of rank IRo]. In particular, there
exists a square nonsingular submatrix of Do(s) of order IRol that does not contain the
entry t. Let h(s) h(s; r\{ t}) denote its determinant, which is a nontrivial polynomial
over Q in {s} (_J (WT\{t}). By the algebraic independence of r, h(z) does not vanish.
This implies that Do(z) is of rank Rol. [

Now we turn to condition (iii) of Lemma 5.1. Put R* R\Ro and C* C\Co.
LEMMA 5.4. Assume (M0) (or equivalently Ro ). Then condition (iii) ofLemma

5.1 is satisfied iff det D(s)[R*, C*] can be written as

(5.11) det D(s)[R*, C*] sp,
Where fl is a nonvanishing polynomial in d’( TF) (.J d/’( TA) (-J dc( TB) over Q, and p an

integer.

Proof. First note that (M0) implies IR*] Ic*l. Condition (iii) of Lemma 5.1 is
obviously equivalent to

detD(z)[R*,C*]#0 for anyz#0, zC.

Then the assertion above follows immediately. D
Put

(5.12) )(s)[R*, C*]= T*(s)
To*

where Q*(s) is the matrix over Q(s) obtained from QD($), and T*l(S) and To* are the
submatrices, respectively, of D(S) and DO of (5.2). In the following, Q*(s)[X] (X c
C*) means the submatrix of Q*(s) consisting of the columns of X and all the rows,
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and similarly for T*(s) and To*. Recall that Q*(s), T*l(S) and To* all have the full row
rank. By the generalized Laplace expansion, we obtain the following.

LEMMA 5.5. Suppose (M0) holds. Then

(5.13) det E3(s)[R*, C*]= Y. det Q*(s)[X]. det T*(s)[Y]. det T*o[C*\(XU Y)],
X,Y

where the summation is taken over all X, Y (c C*) such that X is a base of(Q*(s)),
Y is a base ofl(T*(s)), and C*\(X LI Y) is a base ofl(T*o).

The matrix Q*(s) inherits the property that every subdeterminant is of the form
asp (a Q,p Z). For a base X (C*) of (Q*(s)), we have

det Q*(s)[X] asp,
(5.14)

a Q\{0}, p-l(x)+po,

where ’ is defined in (4.4) associated with Qo(s) and po is an integer independent of X.
For a base Y ( C*) of t(T*(s)), we have similarly

det T*(s)[ Y] flsp,
(5.15)

/3 Q[X( TF)]\{0}, P ’2(Y).

LEMMA 5.6. Suppose (M0) holds. Then condition (iii) ofLemma 5.1 is equivalent
to (M3) ofLemma 4.5.

Proof. First notice the relations //(O*(s)) ([OIIIQA- (T*(s))
([IIOITIO])., and (T*o)=([IIIITAIT]).S, where it should be noted that
the set of coloops of (D(s)), is identical with C* if (M0) holds.

Then from Lemma 5.5, (5.14) and (5.15), as well as from the fact that the
nonvanishing terms in the right-hand side of (5.13) do not cancel one another (by
virtue of the algebraic independence of AC(TF) I,.J (TA) I,.J df(Tu)), it follows that
det/)(s)[R*, C*] takes the form of (5.11) iff (M3) holds true. The proof is completed
by Lemma 5.4.

Finally, Lemma 4.5 follows from Lemmas 5.1, 5.2, 5.3 and 5.6.

6. Conclusion. The result of the present paper includes many previously known
results on the structural controllability as special cases. In particular, it is a direct
generalization of [30] and [31]; in [30] the structural controllability condition for a
descriptor system (without fixed constants) has been expressed in terms of graph-
theoretic conditions using the Dulmage-Mendelsohn decomposition [6] of bipartite
graphs, and in [29], [31 the structural controllability of a descriptor system is investi-
gated under the same setting as in this paper with an additional assumption of the
nonsingularity of F.

There seems to be several different definitions of the controllability of a descriptor
system, to which the present approach can readily be adapted.

As has been partly demonstrated in this paper, some of the matroid-theoretic
concepts should be useful for the analysis of dynamical systems, just as for electrical
networks [14], [16]. See [15], [31] for matroid-theoretic approaches to other dynamical
.systems problems; the former describes the result of[ 17] on the controllability condition
under some combinatorial constraints, and the latter deals with the problem of deter-
mining the dynamical degree 12] of a dynamical system.
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ABSTRACT DYNAMIC PROGRAMMING MODELS UNDER
COMMUTATIVITY CONDITIONS*

SERGIO VERDUf AND H. VINCENT POOR

Abstract. The unifying purpose of the abstract dynamic programming models is to find sufficient
conditions on the recursive definition of the objective function that guarantee the validity of the dynamic
programming iteration. This paper presents backward, forward, and backward-forward models that weaken
previous sufficient conditions and that include, but are not restricted to, optimization problems. The
backward-forward model is devoted to the simultaneous solution of a collection of interrelated sequential
problems based on the independent computation of a cost-to-arrive function and a cost-to-go function.
Several extremization and nonextremization problems illustrate the applicability of the proposed models.

Key words, backward and forward dynamic programming operator models, finite and infinite horizon
sequential optimization, discrete-time Markov processes, fixed-interval detection and smoothing

AMS(MOS) subject classifications. 90C39, 90C48, 93E20

1. Introduction. The fact that dynamic programming has found application in a
wide variety of sequential optimization problems has led several researchers to investi-
gate what class of objective functions can be optimized by dynamic programming. The
unifying purpose of the abstract dynamic programming models is not to facilitate the
solution of specific problems, but to extract the essential features that guarantee the
solvability of a sequential problem by dynamic programming. In the models proposed
by Mitten [1], Denardo [2], Nemhauser [3], Karp and Held [4] and Bertsekas [5] it
is assumed that the real-valued objective function can be defined recursively by a
generating operator or local income function [6] which maps a set of functions of
states into itself. If this operator is monotone, then further restrictions such as the
contraction-mapping assumption of [2], the continuity conditions of [5] or the finiteness
of the state-space [4] suffice to validate the dynamic programming solution in various
finite and infinite horizon settings. Also, Brown and Strauch [7] have proposed a
related abstract model where the return space is not necessarily the extended real line
but a multiplicative lattice.

In this paper we propose an abstract discrete-time dynamic programming model
that includes, but is not restricted to, optimization problems. Any functional satisfying
a certain commutativity condition with the generating operator (which, unlike previous
models, is not restricted to be monotone) ofthe objective function results in a sequential
problem solvable by a dynamic programming iteration. Examples of sequential nonex-
tremization problems fitting this framework are the derivation of marginal probability
distributions from decomposable joint distributions, iterative computation of stage-
separated functions taking values on additive commutative semigroups with distributive
products, generation of symbolic transfer functions, and the computation of uncondi-
tional transition probabilities of a Markov process.

Another feature of the framework of this paper is the ability to formulate forward
models completely symmetric to backward ones. This enables the analysis of open-loop
problems by either approach under the same kind of restrictions ( 3) and, more
significantly, it allows for the formulation of the backward-forward dynamic program-
ming operator model.

* Received by the editors July 29, 1985; accepted for publication (in revised form) June 4, 1986. This
work was supported in part by the U.S. Office of Naval Research under contract N00014-81-K-0014 and
the National Science Foundation under grants ECS-85-12314 and ECS-85-04752.

" Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544.
Coordinated Science Laboratory, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801.
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The backward-forward model presented in this paper is devoted to the simul-
taneous solution of a collection of interrelated sequential problems based on the
independent computation of a cost-to-arrive function and a cost-to-go function. To fix
ideas, consider the following simple example of this method. In a layered network,
the shortest path containing a particular arc can obviously be obtained by deleting all
other arcs in the same layer and solving for the shortest route by either forward or
backward dynamic programming; however, if the problem must be solved for each
arc in the network, then rather than repeating the above process, it is more efficient
to simply compute the distances of each node from the source and to the destination.
Other problems such as fixed-interval minimum error probability detection in data
communications and fixed-inte.rval smoothing are shown to fit into this framework.

In 2, we present an operator model for discrete-time finite-horizon backward
and forward problems, and a pair of sufficient conditions viz., the decomposability
of the objective function and the commutativity of operators, are shown to ensure the
validity of the dynamic programming iteration. When applied to infimization problems,
the commutativity condition is weaker and not more difficult to check in specific
problems than the sufficient conditions imposed by previous models. The use of the
proposed model is briefly illustrated in 2 for optimum stochastic control problems,
and in 3 for a variety of deterministic problems with extremization and nonextremiz-
ation operators. Familiarity with previous abstract dynamic programming models, in
particular with the model due to Bertsekas [5] which encompasses most other previous
settings, may be advantageous in reading 2 and 3. The formulation and some
applications of the backward-forward model are presented in 4. Finally, 5 briefly
discusses the issues arising in the infinite-horizon problem and sufficient conditions
on the commutativity of operators and interchangeability of limits are shown to ensure
the validity of the dynamic programming iteration and the fixed-point property of the
sought-after function of states.

2. Abstract finite-horizon dynamic programming operator model.
Glossary of notation. The following notation is used throughout the paper.
S: state space.
A: action space.
/x" function mapping S to A;/z" S--> A.
M: set of admissible policies from S to A; /x M.
Q: return space.
L: Q-valued function of states; L: S- Q.
H: operator mapping Q-valued functions of states to Q-valued func-

tions of actions; H" QS__> QA.
HL(a): the function of actions HL:A--> Q evaluated at the point a A.
V: operator (functional) mapping Q-valued functions of M to Q;

V: Q- Q.
V{q(/z)}: image in Q of a function q:M->Q; note that /z is a dummy

argument: V{q(/x)} depends on the values of q(/x) for all/z M.
V{L}: Q-valued function of states whose value at x S is V{L,(x)}, where

L, is a Q-valued function of states parametrized by /x M.
Analogous notation is used for functions of actions V{HL,}.

M,. M, x x M,
,u,,.. (/x,, ",/j) e

Stage indices are omitted here.
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V,.j(q(/xi.j)} Vi{ Vj(q(/z,.j)} "}.
Pk" projection of a Cartesian product: pk(Xl,’’’, X,)= Xk;

pk X1 X X X. Xk.

The foregoing return, state and action spaces and operators H and V take on
various meanings depending on the specific problem to which the model is applied.
In optimization problems Q is identified with the extended real line and V is the
infimization functional; i.e., for any function q" M- Q

V{q(/z)}= inf q().

To fix ideas in a first reading ofthe sequel, it may be helpful to identify Q and V with
these particular cases.

For 0,. ., N, let M be the set of admissible policies mapping S to A (the
state and action spaces at stage i, respectively). Suppose that for each stage n
{0,..., N} we are given a function of states L,,’S, Q which is parametrized by
the string of policies tz,,r M,,r. (L,,,(x) is the cost incurred by using the policies
/,,. .,/zs if x is the state at the nth stage.) Then the objective of this section is to
investigate under what conditions dynamic programming can be used to find the
function of initial states"

(1) Vo,v{ o

where Vi" QM Q, 0,. , N.
The first requisite in order to solve (1) by dynamic programming is the recursive

oformulation of the sequential dependence of the function of states L.o.N on the policies
0,N"

B1. Backward decomposability of the objective function. There exists a collection
of operators

H QS,
_
Qa,-1, 1, N, such that for all o.N Mo.N,

(2)
i--1L,_1.N(x) H L.,.,(/z,_l(x)), x S,-1, i= 1," ", N.

Example. Suppose the objective is to control a deterministic system Xk+l-"
N

f (Xk, Uk) S, Uk U, so as to minimize the cost -k=O g(Xk, Uk) as a function of Xo S.
This objective function satisfies property B1. To see this, define

(3) A=Sx U, HL(a)=g(a)+L(f(a))

and restrict the admissible policies to satisfy pl(/Z(x))= x. If V is the infimization
operator, then (1) coincides with the sought-after minimum cost. Note that the only
difference between the operator H (local income function in optimization problems)
and the one used in previous abstract dynamic programming models (e.g., [2] and [5])
is that in those works, the mapping is defined on cartesian products of state and control
spaces in lieu of action spaces. While both coincide in this example, the action spaces
take on different roles in other problems in the sequel. As we know, we can indeed
solve the problem in the present example using dynamic programming; however this
is because it satisfies other properties in addition to B1, which are characterized next.

DEFINITION. A Q-valued function of states Ri’Si- Q is a cost-to-go function2 if

Ri(x) V,,{L.,.(x)} for all x

This terminology is maintained for nonextremization problems.
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THEOREM 2.1. Suppose that property B1 holds and define the following sequence of
functions of states B’" S, + Q, 0,. ., N:

(4a) Bv(x) VN{L,(x)},
and

(4b) B’-l(x) V,_{H B (/Z,_l(X))}.

Then B, i= 0,... N are cost-to-go functions if and only if
(5) v,_,{ ’’H L.,.N(/x,_,(x))}
for all x S,_1, 1,. , N.

Proof Because of (4a) it sffiees to show that, for each i= 1,..., N, if B=
Bi-1 i--1V,{L,,.,}, then V,_I,{L,,_,.} is equivalent to (5); but this follows immediately

from (2) and (4b). I-!
COROLLARY. Suppose that B1 and the following condition are satisfied"
B2. Backward commutativity of operators.

(6) HV,,v 1, ..,N.{L.,.},
Then, B, O, N are cost-to-go functions and in particular Vo.N{L.o.N} Bo.
Property B2 can be represented in the following commutativity diagram:

H
Qs,M,.

V,, 1 V,,
H

where the set of functions of states (resp. actions) parametrized by the elements of
M. is denoted by QS,,. (resp. QA,_,,.). The mappings
QA,_,4,.

_
QA,_, and Qs,M,. QA,_,4,. induced by the pointwise application of

the operators V, and H are denoted with the same symbol. In the special case of
optimization problems, property B2 can be viewed as a formalization of a general
optimality principle: in order to find the optimal partial return for each action a, it
suites to compute the cost-to-go function at the next stage and evaluate the local
income function at a.

The fact that the recursions (2) and (4) are defined backwards is only due to the
ordering of the operators V in (1). Mere reversal of the stage indices results in a forward
solution of Vv.o{L.o,,(x)}, x SN. The corresponding decomposability and commuta-
tivity assumptions are, in this case,

F1. Forward decomposability of the objective function.
(2’) /’.’+’ (x) H L.o i([,,+l(X)), X Si+ i= 0,... N- 1,/’g0,i+l

where

Lo., S,-. Q; 0,..., N, H" QS, + QA,+,,
F2. Forward commutativity of operators.

i=0,...,N-1.

(6’) V,.o{H L,o.,} H V,.o{L,o.,} i= 0, , N- 1.

We then have
THEOREM 2.2. Define the functions F" & Q, O, , N through the recursion"

(4a’) F(x) Vo{Lo(X)}
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and

(4b’) Fi+’(x) Vi+l{HiFi(izi+l(x))}.
Then, under assumptions F1 and F2, F are cost-to-arrive functions, i.e., Fi(x)
V,,o(Lo.,(x)}.

If either pair of assumptions is satisfied for a particular problem, then the other
one is trivially satisfied for the time-reversed problem. Hence, it is only meaningful to
distinguish between the forward and backward versions with respect to the state
evolution of the original problem. Rather than presenting only one of the versions and
fitting every particular example by possibly reversing the stage indices, we choose to
maintain always the original indices and present both the forward and the backward
formulations. This is due both to the fact that some problems are solved by forward
and backward recursions concurrently ( 4), and because recursions which evolve in
the direction of the system are of interest in some applications (e.g., Viterbi’s forward
dynamic programming algorithm for real-time decision problems [8]).

When this general framework is applied to specific operators H and V, the
verification ofthe commutativity property (5), or the stronger version (6), often requires
an inductive proof which is common to most problems. Based on such an induction,
the next result provides a sufficient condition for B2 (analogously for F2) that entails
the verification of the commutativity of H with a single operator V.

THEOREM 2.3. Suppose that condition B1 is satisfied, and define the functions
L,,J.j" Si Q, txi.j Mi., 1 j N through the recursions"

(7a) L’J(x)m, V+,u{LJ(x)}.
and

(7b) 1.‘-ld (x) i,H L,(,_l(X)).i-,j

Suppose that, for 1 j N, we have

(8) V{H’/.’ = H’_.,,. V{Lm,), for all i,-a Mi,j-1.
en condition B2 is satisfied.

N,N N L.}oof Since L. L., paaicularizing (8) for i=j N results in VN{HN N

HNVN{ NL} (condition B2 for i= N). Now fix k and suppose that (4) is satisfied for
k+ 1,..., N. We will show that under condition (8), we have Vk,N{HkLk,N}
HkVk,{Lk }. The proof will be divided in two stages"k,

(a) If5,N{HL } HJVjN{ i,jLm,} and condition (8) holds, then Vj{L,,j}j,N

for 1 <j and for all .j_ M,j_.
(b) If (8) holds and Vj{L.’j} S---,-l’’J-1 for k <j<= N and for all ,g_ 6 Mkg_,

then Vk,N k k{H L,N} HVk,N{L,N}.
Relationship (a) can be proved by induction: Let =j- 1, then for all x S and M
we have

,i HJL (x))}L,,(x) (x)} VN{ (,Vj,N{Li,N ,N

H)V).u{U.}(i(x)) HL’)(i(x))}H V{L}(,(x)) Vj{

V;{L,;. (x)},
where the second through sixth equalities follow from (2), (4), (7a), (8), and (7b),

ILi+l’j Li+’j- for all i+l,j-1 Mi+l j-1 and <respectively. Now suppose that Vj ,+,,j. +,.j_,

j- 1, then, for all x Si and i Mi,

Vj{L,j(X)} VJ{Hi+lci+l’j-i+,,j(i (x))}
Hi+l i+Vj{L,,+;.j}(,(x))
Hi+Li+’j- I"- (x),.,+,._,(,(x)) _,._,
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where the second equation follows from (8). In order to prove (b) it is enough to show
that

(9) kVN{HkLk,,.,,,} HkVN{L,,.N} for all IXk,- Mk.V-,

and

(10) Vj{Hkvj+ k L,.,} for all 12,k,j_ @ Mk,j_ and j k,. ., N.

Equation (9) follows directly from condition (8). To show (10), note that the assumption
in (b) implies that

k k,j
.v {Lk.} for all Mk jLlk, [Jk,j

So, it suffices to show that

Vj(Hkl.k’j Hkvj v( kL,,.,,,},
but this readily follows from (7) and (8). [3

Three main differences between the above framework and previous abstract
dynamic programming models can be underlined, namely,

(i) Attention is not restricted to extremization operators: V,{q(/)} infM q(/z)
or supM q(/z). Although, of course, this is the most important case, it is both useful
(as illustrated below by several applications) and interesting from a conceptual view-
point to consider nonextremization operators. Note also that since we do not require
the operators V to coincide at each stage we can deal, for example, with extremization
problems where inf and sup operators occur successively (e.g., dynamic two-person
zero-sum games, where computational schemes based on dynamic programming prin-
ciples are ubiquitous (cf. [9], [10])).

(ii) In the present model the generating operator of the objective recursive
function maps functions of states into functions of actions (as in Dynkin and Yush-
kevich 11 ]), rather than into functions of states. In contrast to 11 ] the duality between
states and actions is carried one step further by defining the admissible policies as
mappings from the state space to the action space rather than to the underlying control
space. The stochastic control formulation of [5], 12, Part I] is equivalent to the special
case in which the action space is A, S x U, where U is a control space and the
admissible policies/z Mi are such that the image of each state belongs to its fiber, i.e.,

p,(/x(x)) x for all x S.

Besides its notational convenience, the versatility of the use of general action spaces
and action-valued policy functions affords a nice parallelism ( 3) between forward
and backward problems.

(iii) In optimization problems, the commutativity conditions of the present model
are weaker than the sufficient conditions imposed on the generating operatorby previous
models (typically, monotonicity and continuity). In addition, it appears that the strong
commutativity condition of Theorem 2.3 (between Vj and H, -<j) is not .more difficult
to check directly than previous conditions. Although it is natural to impose the
monotonicity condition in order to satisfy commutativity with extremization operators,
it is not necessary to do so. For example, consider the problem

(11) min go(Xo, X,)+[g(x,x)+[" "+g2s_,(xN_,x)]2. .]; g,(x,,x,+)l.
XO, So,
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The generating operator HiL(xi_l, xi)= g_(x_, x)+ L2(xi) is not monotone in the
function of states, yet it satisfies the above commutativity conditions and, therefore,
(11) admits a dynamic programming solution. In order to illustrate how previous
conditions imply commutativity, consider the setting due to Bertsekas [5], [12, Part
I], which encompasses previous abstract dynamic programming models with real-
valued return functions. The finite-horizon assumptions in [12, Prop. 6.1] imply the
following conditions"

C1. H is monotone and for every e > 0, there exists/.t M such that

L,,} < e.
i,j--l

C2. Tere exists a sequence of policies , k 0, 1,. , such that

L’ inf i, i-i H,,_. L.,, and H ’ $ inf L.,,.

Then, it is straightforward to show that (8) follows from either condition.
In stochastic control problems the key to the existence of and {g} with the

ijabove properties is the fact that the dependence of L:,,(x) on , is only through
,(x). Therefore, for every > 0 there exists a uniformly -optimum policy A
(not necessarily in ) such that for all x S

[V{L(x)} + ifV{L(x)} > -,(12) L.(x)
" {-1/ ifVL(x)= -.

In particular cases such can be shown to belong to and mild restrictions on the
cost-per-stages guarantee that C1 and C2 are satisfied. For example, consider a con-
trolled Markov process problem with additive cost-per-stages"

n’(a) g,_(a)+ [_ ()P,_(dla), a A,_,
dS

+(x) r(x), x S+.
IfA S x U and all admissible policies M satisfy pl((x)) x, for all x S,

0then it is easy to see that L.o,(x) is the expected value of the cost of using o, Mo,s
when the initial state is x So. To show the existence of satisfying (12), it is
enough to assume that the state and control spaces are Borel; Ak, k 0,..., N are
analytic sets; the costs-per-stage gk’Ak, k=0, N and the terminal cost

r:Ss+ are lower semi-analytic; the transition functions are Borel measurable and
{ A such that p((x)) x, x S and is universally measurable} (see [13],

[12, Prop. 7.50]). Now, if V,s{L,(x)}>- for all x , then for every e >0 we
can choose such that C1 is satisfied. On the other hand, if there exists
such that __l/’_.,,(a)<+ for all a A_I then using (12) we can select {} such that
C2 is satisfied. Other stochastic control problems such as those with worst-case, rather
than average, objective function and multiplicative nonnegative, rather than additive,
costs-per-stage can be shown to satisfy commutativity via conditions C1-C2.

3. Application to classes of backward and foard problems. Once we have illus-
trated briefly the application of the backward dynamic programming framework and
associated commutativity conditions to a class of stochastic control problems, in this
section we show the application of the framework of 2 to classes of backward and
forward problems. Because of the causality relation among the state spaces, the utility
of the forward formulation is restricted to open-loop problems. The main purpose of
the first specific model to be presented (a deterministic optimum control problem) is
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to illustrate the symmetry achievable between the backward and forward formulations
thanks to the versatility of the action space and action-valued policies. In 3.2 we
present applications of nonextremization operators in a general algebraic setting which
includes the conventional finite state-space dynamic programming models.

3.1. Additive-cost deterministic optimum control. It is easy to fit the problem of
additive-cost optimum control of a deterministic system Xk+ fk(Xk, Ilk) . Sk+l IIk E Uk,
k 0, , N into the framework of 2. It is noteworthy that the dynamic programming
formulation presented here allows a duality between the forward and backward
formulations that unlike previous works, [14], [15] which require the system to be
codeterministic, does not impose any restrictions to define the forward dynamic
programming recursion. For he backward formulation we make the following
identifications:

and

Ai-- Si X Ui,

HiL(a) gi_l(a) + L(fi-l(a))

Mi {/x E As’ such that pl(/Z(X)) X for all x Si}.

Note that there is a bijection between the set of admissible policies and the set of
admissible controls. On defining L through the recursion (2)mwith LN+I =Omit is
clear that

N

inf inf Y gk Xk Uk
P.0,N M0,N U0,N U0,N k=0

s.t.

Xk fk Xk, ttk )’,Xo=

In the forward case we define

and

Ai Si-1 X Ui-1,

H’L(a) g,(a) + L(p,(a))

M {/x As’ such thatf_l(/X(x)) x for all x S}.

In this case, there is no one-to-one mapping between the set of admissible policies
and the set of admissible controls (had we defined policies as mappings from states
to controls, then here we would be able to define the forward recursion only for
codeterministic systems); however, there is indeed a bijection between M1,+1 x S+1
and the subset of So x Uo,r x S+1 that represents the trajectories of the system. Hence,
if L is defined through (3’)--with L= 0--then it can be checked that

N

inf I.v+ (x) inf Y gk(Xk, Uk)/.I,1,N+M.1,N+IM1,N+I XoSo,UO,N UO, k=0
s.t.

Xk+ =fk(XkQgk);XN+l

and in both cases the strong commutativity property of Theorem 2.3 is obviously
satisfied.

3.2. Recursive computation of stage-separated functions. Consider an algebraic
system (Q, +,.), where (Q, +) is a commutative semigroup and the internal binary
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operation is left-distributive with respect to additions. Suppose that Si, i=
0, , N+ 1 are finite sets, gi" S x S+I Q, and the goal is to compute

(13) Lo(x) E E go(x, xl) [gl(Xl, X2) [gN(x2v, xv+l)] .]
S XN+ SN+

for every x So. Some examples of problems of this type are:
(i) Shortest path in a layered network with (R, min, +).
(ii) Satisfiability of Boolean clauses with ({0, 1}, OR, AND).
(iii) Computation of marginal probability distributions, with (R/, +,-) ( 4).
(iv) Symbolic transfer function problems, with (S, U, *), where $ is the family of

sets of finite-length strings of symbols drawn from a finite alphabet, and denotes
string concatenation (see [16] for a generalization of the McNaughton-Yamada
algorithm 17] for the computation of regular expressions given arbitrary state graphs).

(v) Dynamic programming for optimization problems where the return space is
only partially ordered. If (G, _->, o) is a conditionally complete associative lattice [7],
then the algebraic system (2a, max, o) satisfies the above properties, where max (A, B)
is the set of maximal elements of A U B and is only defined (a B {a b, b B})
when the left operand is a singleton. Interestingly, the generalized version of the
optimality principle given by Brown and Strauch [7] (see also [18]) is a special case
of the commutativity condition B2.

The function in (13) can be computed by a backward dynamic programming
recursion. Define

Ai S x i+1,

Vi{q(ix)} E q(ix),

H’L(a) g_l(a) L(p:(a)),

M {/x As,, there exists x* S+ such that/z(x) (x, x*) for all x S}.
NL, (x) gvIf the recursion (2) is used to define L,,.N, with (ix(x)) then it is easy to

see that Lo(x) o=Vo,L,o.N(x). The commutativity condition of Theorem 2.3 follows
from the left-distributivity of. with respect to +. Analogously, if we identify A
S_I x Si, M {IX AS,; there exists x* Si_ such that Ix(x) (x*, x) for all x S}
and HL(a) L(pl(a))" g(a), then recursion (3’) can be used to define L,,.,, with
L(x) go(IX(x)), and right-distributivity of. with respect to + implies that forward
dynamic programming can be used to recursively compute

E [’’’[go(Xo, Xl)]’gl(Xl,X2)]’’’]’g(xs, x)
XO So XN SN

for all x SN+
Note that if (Q, +) has an identity element 0 which is also an annihilator of.,

i.e., q + 0 q, q. 0 0. q 0 for all q Q, then a special case of the above formulation
is . E 0(X, UO) [al(Xl, Ul)""" [’N(XN, UN)]

Uo Uo uNE U.

subject to Xk+I--fk(Xk, Uk), X0--X. TO see this, let

Ti(xi, Xi+l) {ui - Ui such thatf/(xi, ui) xi+,}
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and

Uoi
hi(Xi, u,) if Ti(x,, xi+) ,

gi(xi, xi+l)
if T(x,, x,+l)= 4,

and use the associative and distributive properties of the algebraic system.

4. Backward-forward finite-horizon dynamic programming.
4.1. General setting and sufficient conditions. Given a collection of sets D,

operators V" Qa,
_

Q, 1, , N and a function J" D1,N - Q, suppose that the goal
is to find Vl,_I{V+I,{J(d,’’’, d,..., ds)}} for all d D and/- 1,..., N. Assume
that these sets, operators and function J satisfy the following conditions:

BF1. There exists backward and forward decomposable functions (i.e., satisfying
properties B1 and F1 respectively) {toLfi,O,N_ gO -’)’ Q, O,N,..-1 /O,N-1},

+’ + - Q,/2:,+ /Q: +,}, and mappings ’D- M,_,"/2,N+
M+, i= 1,’’., N, such that

(14) J(dl, d, dv) ,-,,. (dl,N)(XN+I)Lr,.,<e,.,)(Xo) "N+I

for all xo So and x+ Su+l.
BF2. Denote by i" Q,-,o QD, the mapping induced by q, i.e., (f)=fo

(e.g., [19]). The operators Vo=9_I"Q,-IQ, i=l,...,N, and
the generating operator of the backward function in BF1 satisfy the st_rong
commutativity condition (8). (Analogously, with 9i+1 V ,. QM,+,
QD, induced by i.)

Fix an index 1 <-i<_-N and an element d D. Because of assumptions BF1 and
BF2 we can solve V._{Vi+l,{J(d,..., d,..., d)}} by either a backward or a
forward dynamic programming iteration. However, a separate iteration has to be carried
for each index and each element of D. If the operators V commute, then a backward-
forward solution where Vl,i-l{Vi+l.N{J(dl," , di," ", dN)}} is solved simultaneously
for all elements and stages is given by the following result.

THEOREM 4.1. Suppose that conditions BF1 and BF2 are satisfied and that VVj
VjVi, 1 <= <j <- N. Define the functions"

B-l(x) rC,_{-IBi(_l(x))}, Bu(x) constant,

U+(x) ,+l{ffI’Fi(+l(x))}, Fl(x) constant.

Then there exist functions W"Q x D x Q,, 1,. , N such that

(15) Vl,i_l{Vi+l,N{J(d,,’", di,’’’, dN)}} W(F’, d,, B’), d, D,, i= 1 N.

Proof The quantity V.,_I{V+,N{J(dl,’",d,,’",dN)}} is a function of
DI.-I, d,, and D+I,N. Theorem 4.1 will follow by showing that the dependence of
Vl,i_{V+.u{J(dl, ", di,. ., dv)}} on D1,-1 is only through Fi, (i 2,. ., N), and
the dependence on D+I. is only through B, (i 1,. , N- 1).

Fix a stage 1 <- -< N and an element d D. Property BF1 states that for all Xo So
we have

v,,,_,{V,+,.{(d,,.., d,,..., d,)}}
(16)

-V1 i-
"-ol{Vi,N-l{L,,,_,(d,,,_,),(d,)#,,Z_l(XO)}}

Now, it will be shown that for any fi0.- hro,i-, 9.u-1{ roLao._,(Xo)} depends on
only through B, and hence the same is true for the right-hand side of (16). Using the
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notation introduced in Theorem 2.3, we have (note that here the horizon for the
backward problem is N 1)

F’0 ’0,N--1L,;o._,(Xo) Lgo.,_,(Xo).
Furthermore, the result in part (a) of the proof of Theorem 2.3 (the conditions for its
validity are guaranteed by properties BF1 and BF2) implies that

S -0,N--2. ,0, i--(17) Vi,N-I f?2N-I Vi,N--21-"IO,N-2J --/0,i-1/J,0,N_I

But according to (Tb), the right-hand side of (17) depends on ]lri,N_l only through the
function i-l,i-1_,_, which because of (Ta) can be written as

i--l’i--lx) i N-I{L,_I,N_I(X)}i--1

,,_,tm-(x))}
igi,N_l{ "i

H B (._,(x))

where the second equation follows from (2), and the third and fourth equations follow
from property B2 (which is satisfied because of the strong commutativity condition
(8)) and the corollary to Theorem 2.1, respectively.

Using the fact that ViVj- VjVi, we can write

Vl,i-l{Vi+l,N{J(d,," di,""", dN)}}--Vi+l,N{Vi_l,,{J(d,,’’’, di,

and an entirely analogous reasoning shows that the dependence of
Vl,i-l{Vi+l,N{J(dl, , di,’’ ", du)}} on Dl,i-1 is through the cost-to-arrive function
Fi. [-I

From the above proof it is easy to check that the conditions of Theorem 4.1
guarantee the validity of a backward-forward recursion for problems where several
consecutive intermediate elements are fixed, i.e., (15) can be generalized to

(18) VI,i_I{V+,,{J(d,,"’", di, , 4," ", d)}} Wi,j(Fi, di,j, BJ), di, E Di,j.

Perhaps the simplest example of the backward-forward model is the problem
mentioned in the introduction" given a layered network, find for each arc in the network
the shortest path from source to destination that contains that arc. The straightforward
approach is to run a forward or backward iteration for each arc (deleting all other
arcs in the same layer); however, even if we take advantage of the obvious commonality
of some ofthe computations, the number of steps required by this approach is quadratic
in the number of layers. In contrast, if the result of Theorem 4.1 is employed (note
that the minimization operators commute), then the solution to the shortest path
problem requires only two independent (one forward and one backward) dynamic
programming recursions, which simply compute the distance of each node from the
source and to the destination. Once the cost-to-arrive and cost-to-go are computed for
all nodes in the network, the solution is given by W/,i+I(Fi, di,i+l, Bi+1) which is simply
the sum of the length of each arc and the distances of its head and tail to the destination
and from the source, respectively. The next subsection illustrates the. application of
the backward-forward dynamic programming setting to the problem of finding the
sequence of joint distributions of consecutive states of a discrete-time Markov process,
and to the problems of fixed-interval detection and smoothing.

4.2. Applications. Consider a Markov process {X," (1, F)- (,, Ft),
0,..., N} whose finite-dimensional distributions are determined by Po, an arbitrary
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initial probability measure on (Io, Fo), and by the transition functions Pi, 1, , N
such that Pi(x,. is a probability measure on (12, F), for each x f/-I and P(., B)
is measurable for each B Fi. Suppose that the objective is to obtain the sequence of
joint distributions of consecutive states, namely,

(19) P[Xk nk, Xk+, nk+l] eo(dto) [-I Pi(w,_,, dw,).
i=1

0,k-1X nk, lk+2,

In order to put this problem in the backward-forward framework, let D f x F,
V,(q(d,))= .,f(o)o(dw) for q(to, B) f(to)o(B), and select dk= (Xk, Ck) Dk and
dk/l (Xk+l, Ck/l) Dk+I. We make the following identifications for the state, action,
policies and generating operators of the backward and forward formulations"

Si ’i, Ai "i X Di+I,

Si Fi, Ai Di-1 x 12i,

ff-PL(a) P(pl(a), p3(a))L(p2(a)), PL(a) P/(pl(a), p3(a))L(p2(a)).

/i {/x //,, there exists (to, B) 12i+ x F/+
such that/z (x) (x, to, B) for all x ,qi },

]r {/z /]s’,, there exists (to, B) 12_1 x Fi-1
such that/z (E) (to, B, E), for all E }.

Note that the cost-to-arrive function is now a p,_robability measure and that there is a
one-to-one correspondence between Di and M_ and between Di and M+I. The
commutativity conditions follow in this case from the linearity of the integral, and the
problem can be solved by either a forward or a backward recursion with respective
value functions"

Fi+(E) Ia pO,+l(W, E)Fi(dto), F(E) Po(E)

and

Bi-l(x)-- Irt P(x, dto)Bi(to),

Moreover, because of Fubini’s theorem, a backward-forward solution given by
(18) with j i+ 1 is also possible:

Vo,k-l{Vk+2,N{J(do," dk, dk+l,""", dt)}} Fk(Ck)Pk+l(Xk, Ck+l)Bk+l(Xk+l),

so the sought-after relationship is

(20) P[Xk e Bk, Xk+l Bk+l] I f Pk+l(Xk, dXk+l)Bk+l(Xk+l).
Bk lk+l

Next we examine another application of the backward-forward finite horizon
model with nonextremization operators, namely, the problem offixed-interval minimum
probability-of-error detection. Let (f, F, P) be a probability space and let G c F be
the subcr-algebra generated by the observation of an F-measurable transformation of
a sequence of transmitted symbols {ut Ut, 0,. , N} where U, 0,. , N are
finite sets. Optimum decisions based on the a posteriori distribution P[uo,..., us]
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can be made according to various optimality criteria; for example, the receiver may
select the sequence in U0.N that maximizes pC[uo,..., UN] (maximum likelihood
sequence detection), or the sequence of arguments that maximizes the marginals
pC[ui], i=0,..., N (minimum error probability detection). In data-transmission
problems such as asynchronous multiuser problems, transmission of convolutionally
encoded data and intersymbol interference problems, the a posteriori distribution can
be decomposed in product form:

N

PC[uo, uN] 1-I lk(Xk, Uk) where Xk+ --fk(Xk, Uk) and Xo is G-measurable.
k=O

The maxinfization of the joint distribution (maximum likelihood sequence detection)
is a deterministic optimum control problem which fits into the framework presented
in 3.2, and hence can be solved by either a backward or a forward recursion (in
real-time applications, the latter is employed in a near-optimum version where decisions
are made after a fixed lag--the Viterbi algorithm [8]). If, instead, the optimality criterion
is minimum probability-of-error, then the central task of the detector is to compute
the marginal a posteriori distribution of each transmitted symbol, i.e.,

N

(21) pC[u,] Z Z I-I Ak(Xk, Uk), 0,’’’, N.
uo,i-l Uo,i-j ui+l,N Ui+I,N k=0

This problem fits also in the framework of 3.3 and can be solved also by backward
or forward dynamic programming. The forward recursion is simplified by noting that
in the foregoing data-transmission problems the following condition holds:

S 1. For k 0,. , N, if there exists x lk, u Uk and u’ Uk such that fk(X, U)
fk (X, U’) then u u’.

Then the corresponding value functions are as follows:

(22) Fk+l(x) E Fk(xk)Xk(Xk, U),
Xk’

s.t. there exists
Uk,fk(Xk,U)=X

and

(23) Bk(x) Z B+’(f(x, u))Ak(X,
Uk U

In the problem of intersymbol interference a forward dynamic programming
solution to the problem of computing the marginal distributions has been reported by
Hayes, Cover and Riera [20]. The main shortcoming of this algorithm is that it requires
a separate recursion for each value ofeach transmitted symbol. A more efficient solution
is possible by realizing that (21) fits the backward-forward framework of this section,
because it can be solved by either backward or forward recursions and its operators
(summations) commute. It is easy to check that in this case (15) takes the form

(24)

PC[ui]

which further reduces to

(25) PC[u,] E
Xi+l’i+

s.t. there exists
X."i,Xi+ =fi(x, ui)
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if the following condition is satisfied (e.g., frequently fk(’," ), k 0, , N is a shift
register system).

$2. For k 0, , N, if there exists x lk, x’ lk, u Uk and u’ e Uk such that
fk(X, U)=fk(X’, U’) then u u’.

Thus, as in the problem of finding the shortest path through every arc, the
backward-forward solution of the fixed-interval minimum probability-of-error detec-
tion problem exhibits linear complexity in the number of transmitted symbols in
contrast to the quadratic complexity of the Hayer-Cover-Riera algorithm [20].

Another illustration of the applicability of the backward-forward framework is
the problem of fixed-interval maximum a posteriori sequence smoothing of a discrete-
time Markov process, i.e., find

arg max max p(xo," ",
XOI’ XN.I"

assuming that conditional probability density functions exist and that
Np[yo,’’’,yllXo,’’’,X]=Hk__oPk(yklXk). If pk(Xk) and qk(XklXk--1) denote the

unconditional density and the transition density of the Markov process respectively,
then we have

(26)

arg max max p(xo," ", xN yo," ", YN)
Xofo XN fin

N N

=arg max-., max po(Xo) H qk(Xk Xk-) 1-I Pk(Yk Xk)"
XO’"O XN 1"N k= k=O

Identifying gk fk qk, k lk- x nk k- and {/z" there exists x* e
g_, tz(x) (x*, x)} and /rk {tz" there exists x* gk+, tz(x)= (x, x*)}, we define
the recursions"

(27)
Fo(xo) po(xo)Po(Yo Xo),

Fi+l(Xi+,) Pi+,(Y,+I Ix,+,) max q,+,(xi+, lxi)F(xi), i=0,.- .,N-1

and

(28)
ni_l(Xi_l) max q,(x, x,-)P,(y, Ix,)B,(x,),

xi.Uzi
i=1,’’ .,N.

Then, the optimization in (26) can be carried out by either a backward or a forward
recursion because

(29)

N N

max.., max po(Xo) I-I qk(xlxk-) I-I Pk(yklXk)
Xo-l’o XNN k= k=O

max FN(xv)= max po(xo)Po(Yoi xo)Bo(xo).
XNt.t.N XO.

Once the optimum terminal state is obtained through (29), the maximizing arguments
in (26) can be recovered by backtracking the optimum transitions resulting from the
forward or backward recursion. The alternative to this method is the backward-forward
recursion, in which one computes both the cost-to-arrive and the cost-to-go through
(27) and (28), respectively, and then solves for (cf. Theorem 4.1)

arg max [max. max max max p(xo," ", xtlyo," ",Y)]
Xi-S XoS Xi--lSi--I Xi+lSi+l XNSN

(30)
arg max F(x)B(x), =0,. ., N.

xi Si
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Notice that

(31) Fi(xi) K max max p[xo, x, yo, yi]
XO S xi-1 Si_

and

(32) Bi(xi)Pi(Xi) K max max p[xi, ", xNlYi+l, ",YN],
xi+ Si+ XN S

so in some cases the maximizations in the recursions (27) and (28) admit closed-form
solutions. For example, in the case of a finite-dimensional linear Gaussian system
(where a fixed-interval smoother in terms of the estimates produced by two filters
running backwards and forwards, respectively, is well known [21], [22]), the states
are (conditionally) jointly Gaussian and unnormalized marginal distributions can be
obtained by maximizing with respect to the unwanted variables; hence

Fi(x,) Kp(xi yo, Yi)
(33)

K exp (-1/21Ix,-
B,(x)pi(x,) Kp(x, lY,+l, y)

(34)
2g exp (-1/2llxi-

and
2(35) p,(xi) K exp (-1/2llx,-,ll:),

where Yi/i and -i/i are the estimate and covariance of a (forward) Kalman filter, x’]/i+
and ,i/i+ coincide with the estimate and covariance of a Kalman filter for a derived
linear-Gaussian system running backwards, [22], and : and are the unconditional
mean and covariance of xi. Substituting equations (33)-(35) in (30), the sequence of
smoothed estimates is given by (of. [21], [22])

arg max Fi(xi) Bi(xi) [i-/ nt" -,i-/li+ E-I]--I[i’ Yi/i "It" 1i+1 ’i/i+l _,1 i],
xi R

(36)
i=0,’..,N.

5. A glimpse at infinite-horizon models. The finite-horizon commutativity condi-
tions of 2 are not sufficient to ensure the validity of the dynamic programming
recursion in infinite-horizon operator models. In this section we address this problem
in the general nonstationary case for backward models. Forward counterparts of all
results can be obtained following the approach of 2. Furthermore, the fixed-point
property of the sought-after function of states is studied in the stationary case.

Suppose that sequences of operators {V: Q,- Q, =0, 1, .}, {Hi: QS,
_

QA,_, 1, 2, .} and a sequence of functions of states {J:Si - Q, 1, 2, .} are
i,k L’ (x)= Hg+Jg+(txg(x)). The first goal isgiven. Define L.,. 0_-<i_< k via (7b) and

g

to impose conditions to guarantee that the function Vo,oo{limu_. o.uL.o., }: So - Q can be
obtained via a (backward) infinite-horizon dynamic programming recursion, or more
generally that limr_o Ti,uJr+ is a cost-to-go function, i.e.,

L.,.} lim T/vJN+ 0, 1(37) Vi{tim rv
N-x3

where the operator T" QS,+,_ QS, is defined by

(38) TL(x) Vi{H’+lL(l,(x))}.

K denotes a generic state-independent term which need not coincide in different equations.
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It can be shown that (37) holds if the commutativity condition B2 is fulfilled for
Li’ i-< N 1, 2,... (i.e. commutativity holds for finite-horizons) and the following
condition is satisfied.

NB3. limN_. Vi,N{L,.N(X)} and Vi,{limN_. --i,N.L.,,NX)} exist and are equal for all
x Si and =O, 1,

As illustrated by the following example, the equality of the functions in B3 is
nontrivial. Consider the algebraic system (see 3.2) (Q, +,. )= ({0, 1}, OR, AND), let
Si {0, 1,. .} and

if k 0 and j 0 or k + 1,
otherwise.

In this case any infinite sequence of states {i} results in I-Ii=o gi(i, xi+l) 0; however
if k>N then go(O,k).g(k,k-1)...gN(k-N+l,k-N)=l. Therefore we have
that Vi,{limN iN i,NL,,N(j)} 0 for j 0, 1,..., while limN Vi,N{L.,,(0)} 1.

The second question of interest in connection with infinite-horizon models is
whether the sought-after function Vi,o{limN-. L.,,} is a fixed point of T in stationary

Ji do not depend on the stage-index) If (18) holds thisproblems (i.e., Si, A, Hi, V,
is obviously the case, because in the stationary case if Vi,{limN_. L.,,} exists then
it does not depend on the stage-index. Nevertheless, even if B2 or B3 fail to be true
for a particular problem the following condition is sufficient for V,{limN_. t’N to
be a fixed point of T in the stationary case.

B4. HVi{limN_. i,NL.,}(a) and Vi{limN_. HLM,,N(a)} exist and coincide for
all a A.

(Note that the above counterexample to B3 satisfies B4.) It can be checked that the
contraction assumptions of Denardo [2] and the continuity, uniform growth and
linearity conditions of Bertsekas [5] along with the monotonicity of H imply that B3
and B4 are satisfied in stationary infimization problems. In connection with these
problems, another question of interest is the existence of (e) optimal stationary policies;
obviously this problem has no counterpart in our formulation with more general
operators V.
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Abstract. In this paper we consider linear time-invariant and periodic systems with periodic forcing
terms. We propose new quadratic control problems, both deterministic and stochastic. We also consider
stochastic control with partial observation and show that the separation principle.holds. Our mathematical
models cover both finite and infinite dimensional systems.

Key words, optimal control, filtering, linear periodic systems

AMS(MOS) subject classifications. 93C, 49B

1. Introduction. Recently much effort has been devoted to the study of periodic
systems and periodic optimization problems [6], [10], [11], [16], [22], [25], [27]. An
obvious reason for this is that there are many periodic systems in nature [16], [25],
[27]. But another important aspect is that periodic controls are easy to implement
compared with general time-varying controls and that they sometimes even produce
better performances. In [10] one of the authors has considered the quadratic control
problem for a periodic system in infinite dimension and shows that under some
stabilizability condition the optimal control is given by a feedback control which
involves the periodic solution of a Riccati equation. We have then considered similar
problems for stochastic differential equations 12]. We have shown that under partial
observation the separation principle holds.

Periodic functions are easy to handle, but they lack some important properties.
As we can see from simple examples [15], [16], sums of periodic functions are not
periodic in general but almost periodic. Almost periodic functions are generalizations
of periodic functions in some sense and were introduced by H. Bohr in 1920s. Since
then almost periodic functions and differential equations related to them have been
extensively studied 1], [15], [16]. It is known that almost periodic functions naturally
appear in many physical systems for example in celestial mechanics or in stable
electronic circuits [15], [16], [27]. So it is important to study systems with almost
periodic functions.

In this paper we consider linear infinite dimensional time-invariant and periodic
systems with almost periodic forcing terms. We consider both deterministic and stochas-
tic cases and propose new quadratic control problems which are natural for almost
periodic functions. With slightly different formulation, we also consider stochastic
control with partial observation. We shall show that the separation principle holds.

2. The semigroup model. In this section we consider linear systems described by
a strongly continuous semigroup and solve quadratic control problems.

2.1. Almost periodic solutions of a differential equation. Let Y be a real separable
Hilbert space with inner product (,) and norm [I. Let f(t), R be a continuous
function in Y. It is said to be almost periodic if from every sequence an we can extract
a subsequence a’ such that limn_f(t + a’) exists uniformly on the real line R. We
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f Scuola Normale Superiore, 56100 Pisa, Italy.
Faculty of Engineering, Shizuoka University, Hamamatsu, 432 Japan. This work was done while this
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denote by AP(Y) the Banach space of all continuous almost periodic functions in Y
with sup norm. Periodic functions are almost periodic but the converse is not true;
see for example cos +cos v/t. Note that almost periodic functions are bounded. It
is also easy to see that AP(R) (scalar functions) forms an algebra. Let f, g AP(Y).
Then the mean value limr+o 1/T If(t)l 2 dt exists. Thus lim r_.oo 1/T (f(t), g(t)) dt
defines an inner product on AP(Y) which we denote by (f, g)ap. The corresponding
norm is denoted by lap. Let LEap(Y) be the completion of AP(Y) with respect to this
inner product. See for details of almost periodic functions [1], [15], [16].

Now we consider the differential equation

(2.1) y’=Ay+f,

where A is the infinitesimal generator of a strongly continuous semigroup e tA on Y
[8], [23], [26] and fAP(Y). If Y=" and AR"’, then e tA is the usual matrix
exponential function. If A is stable i.e., e tA is exponentially stable, then

(2.2) y(t) foo e’-Af(s) ds

is well defined and is almost periodic. In fact, let a, be an arbitrary sequence. Then

y( + a.) et+a"-*)af(s) ds

=f]o e(t-r)Af(’r+an)d’r"

Now we can easily obtain the uniform convergence of a subsequence of y(t + a,) since

f is almost periodic. In general it does not satisfy (2.1) but we can find a sequence
f, AP( Y) such that f, -+f in AP( Y) and

y.(t) foo e{’-*)Af"(s) ds

is the solution of (3.1) with f=f. converging to y in AP(Y).
A continuous function y on R is called a mild solution of (2.1) if

y(t) e{t-S)Ay(s)+ e{t-r)Af(r) dr

for any _-> s. Then y(t) given by (2.2) is a unique mild solution of (2.1) in AP(Y). In
fact if z is another solution, then z(t)-y(t)= e(’-s)A[z(s)--y(s)]. Letting s-+-oo and
noting that z,y are bounded, we obtain z( t) y( t) O for any t. A more general
condition for the existence of an almost periodic mild solution to (2.1) is that e tA

satisfies an exponential dichotomy [15], [16] i.e., there exists a projection operator II
such that

(i) Y1 A I-I Y c D(A) and A1 A AII is a bounded operator on Y1 with

le-tA <= M1 e-a’t, > 0 for some M > 0, a > 0.

(ii) A’D(A)f’)Y2-> Y2, where Yz=(I-II)Y and A2a=A(I-II) generates an
exponentially stable semigroup on Y2. Then

y(t)= e(’-s)a2(I-H)f(s) ds- e(t-s)a’IIf(s) as

is a unique mild solution of (2.1) in AP(Y).
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The conditions (i), (ii) are fulfilled if A satisfies (a), (b) below.
(a) The spectrum decomposition assumption of Kato [8] of the following type:

the spectrum o-(A) of A has a decomposition

cr(A) O’l(A) [.J o’2(A)

such that o’I(A c {h E C: Re h _-> 8}, r2(A c {h E C: Re h < -8} for some 8 >
0 and there is a rectifiable simple closed curve F that encloses an open set
containing gl(A) in its interior and o"2(A) in its exterior.

Now define

II 1-- Ir R A’ A
7ri

where R(A, A) is the resolvent of A. Then A satisfies the properties (i), (ii) except the
exponential stability of e ‘A2. To assure this, it is sufficient to assume;

(b) e ‘A2 satisfies the spectrum determined growth assumption [8] i.e.,

log etalsup Re cr(A_) lim.
t-->

Then we have

[etA:[ <__ M2 e-,, >= 0 for some M_ > 0.

Note that (b) is satisfied for analytic semigroups or compact semigroups. Note also
that if Y =R", then (i), (ii) holds if A has no pure imaginary eigenvalue.

2.2. Quadratic control: the deterministic ease. Now we consider the system

(2.3) y’=Ay+Bu+f,
2where u Lap(U), U is a real separable Hilbert space, /3 L( U, Y) and f L2ap(Y).

2Let Uaa be the class of all controls u Lap(U) such that (2.3) has an almost periodic
mild solution. We wish to minimize over Uaa the cost functional

(2.4) J(u)= lim
1 --I0r 12

T->oo -- [IMy + Nu, u)] dt,

where M E L(Y) and 0 < N L(U) has bounded inverse N-1. We may write (2.4) as

(2.5) J(u)=lMy[ 2apq-[N1/2u[:Zap"
This setup guarantees that admissible controls and their responses are necessarily
bounded, which is often a requirement in practice. We may relax this as in Remark
2.1 but then we need a formulation as in 2.6.

It is not clear if there exist any admissible controls. However, if A- BF is stable
for some F L( Y, U), then the feedback law

u -Fy + v, v Lap(U)
is admissible and in fact

Y(t)=Ioo e(t-s)(A-BF)[Bv(s)q-f(s)]ds

is the unique mild solution of (2.3) in AP(Y). Because of the presence of f it is
reasonable to assume the existence of such F. Here we shall assume slightly more"

(i) (A, B) is stabilizable,(2.6) (ii) (M, A) is detectable.
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See [21], [30], for these definitions in finite dimension and [24], [31], for the infinite
dimensional case.

PROPOSITION 2.1 ([31],[24]). Suppose (2.6) holds. Then there exists a unique
0 <-Q L(Y) satisfying the algebraic Riccati equation

(2.7) QA/ A*Q+M*M QBN-B*Q 0

in the inner product sense [24]. Moreover, A-BN-B*Q is stable.
The immediate consequence of this proposition is that r(t) given by

(2.8) r(t) e{-’)a*-o’-’a*)Qf(s) ds

is in AP(Y) and is the unique mild solution of

(2.9) r’ + (A*- QBN-’B*)r+ Qf O.

The solution to our control problem is given by the following theorem.
THEOREM 2.1. Assume (2.6). Then there is a unique optimal controlfor (2.3), (2.4),

and it is given by the feedback law

(2.10) a =-N-’B*(Qy+ r)

and

N-(/2) ,..2(2.11) J()=2(r,f}ap-! B t-lap,

where 0<= Q and r are the unique solutions of (2.7) and (2.8) respectively.
Proof. Note that t is admissible since A BN-B*Q is stable. Let u be an arbitrary

admissible control and y its response. We differentiate {Qy(t),y(t)}+2(r(t),y(t))
formally and remove the terms involving A using (2.7). Then, integrating from 0 to T,
we obtain

(Qy(T), y( T)} + 2(r(T), y( T)}-(Qy(O), y(0)}- 2(r(0), y(0)}

[IMyl2+(gu, u}] dr+ IN/2[u+ N-B*(Qy+ r)]l dt

+ [2(r,f}-(g-’B*r, B’r}] dr.

Dividing by T and letting T-+ oo, we obtain

(2.12) J(u)=IN/2[u+N-B*(QY+r)]I 2ap "" 2( r, f}ap N-1/2B* rlap2
where we have used the boundedness of y(T) and r(T). As is well known, this formal
procedure can be justified by introducing approximating systems of (2.1), (2.9) with
strict solutions [3] and then by passing to the limit. See [3], [9] for arguments based
on Yosida approximations of A and [18], [19] for arguments using resolvent operator
of A. Now the optimality of and (2.11) follows easily from (2.12). Since A BN-1B*Q
is stable, the uniqueness of ti also follows.

2.3. Almost periodic processes. Let ([l, F, P) be a probability space. Let y(t),
be a measurable stochastic process in Y. We say that y(t) is weakly almost periodic
if y(t) L2([I, F, P; Y) (square integrable) and Ey(t) and cov [y(t)]h, for any h Y
(mean and covariance) are almost periodic.

Now we consider

(2.13) dy=(Ay+y) dt+Gdw,
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where A and f are taken as in 2.1, H is a real separable Hilbert space, w(t), >_-0

is an H-valued Wiener process with cov w(t)] W, W => 0, a nuclear operator on H,
and G L(H, Y) is strongly continuous and G(t)h for any h H is almost periodic.
We extend w(t) on R by setting

w(t)=Wl(-t), t<0

where wl(t), => 0 is a Wiener process in H with coy wl (t)] W but is independent
of w(t), => 0. With this convention we are able to consider almost periodic solutions
of (2.13). Let Ft=cr{w(s),s<=t}, tI. If A is stable then

(2.14) y(t)= f[o e(t-s)Af(s) ds+ fo e(t-s)aG(s) dw(s)

is quadratic mean continuous, F,-adapted and almost periodic. We define a mild
solution of (2.13) as in (2.1). Then (2.14) is the unique mild solution of (2.13). It has
a property similar to that of (2.7). We denote by M2ap(Y) the space of Ft-adapted
almost periodic processes in Y. We define 2Map(U) in a similar manner.

2.4. Quadratic control under complete observation. We consider a stochastic version
of the control system (2.3)"
(2.15) dy (Ay + Bu +f) dt + G( t) dw.

2Let Uad be the set of all controls u Map(U) for which (2.15) has mild solutions in
Map(Y). We wish to minimize over Uad the cost functional

(2.16) J(u)= 1 T
[IMyi+(Nu, u)] dt.

If A- BK is stable for some K L( Y, U), then the feedback law
2u -Ky + v, v Map(U)

is admissible and in fact

y(t) ft et-)a-nl)[Bv(s)+f(s)] ds+ f’ e(t-s)(a-BK)((S) dw(s)
d-

is the unique mild solution in Map(Y). We have a result analogous to Theorem 2.1.
THEOREM 2.2. Assume (2.6). Then there is a unique optimal control for (2.15),

(2.16), and it is given by the feedback law

(2.17) a=-N-B*(Qy+r)
and

(2.18) J(fi) 2(r,f)ap-]N-(1/2)B*rl 2ap+(tr GWG*Q, 1)p
where 0 <- Q and r are unique solutions of (2.7), (2.8) respectively, tr denotes the trace

of nuclear operators and the last term in (2.18) is the scalar product of real valued almost
periodic functions.

Proof Let y be the mild solution corresponding to an admissible control u. As in
the proof of Theorem 2.1 it is possible to justify the formal application of Ito’s formula
to (Qy(t), y(t))+2(r(t), y(t)) [3], [18], [19]. Then we obtain

(Qy(T), y( T))+ 2(r(T), y(T))-(Qy(O), y(0)) 2(r(0), y(0))

{IN1/2[u+ N-1B*(Qy-I r)]12-lMyl2-(Nu, u)

+2(r,f)-(N-B*r, r}+tr GWG*Q} dr+2 (Qy+ r, Gdw}.
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Now, taking expectations, dividing by T and letting T--> oo, we obtain

J(u)= IIN/u[u+ N-1B*(Qy+ r)]ll N-(1/U)B*rlap -2(r,f)ap +(tr GWG*Q, 1)apap

wher []ap denotes the norm in 2Map(U). The optimality of and (2.18) follow
immediately.

2.5. Quadratic control under partial observation. This subsection is devoted to a
more general situation where the system is nondirectly observable and hence feedback
controls are not feasible. We first recall usual quadratic problems under partial observa-
tions. Given signal and observation processes

(2.19) dy (A) + Bu /f) dt + G( t) dw, y(O) Yo,

(2.20) dz Cy dt / Vdv, z(O) O,

one wishes to minimize

(2.21) Jo(u) E [IMylE+(gu, u)] dt

over all controls u e L2((0, T)xlI; U) such that u(t) is adapted to tr{z(s), O<- s<- t}
and (2.19), (2.20) have solutions where C e L( Y, R’), V e R nonsingular, v is an
m-dimensional Wiener process, yoe L2(", F, P; Y) is Gaussian with mean fis and
covariance Po and Yo, w(t), v(t) are independent. To solve this problem, one needs
to consider the filtering problem

(2.22) dy Ay dt / G( t) dw, y(O) Yo,

(2.23) dz=Cydt+ Vdv, z(0) 0.

The optimal filter )3(t) of y(t) given {z(s), 0_-<s_-< t} is defined in terms of projections
[11], [20] and is given by [4], [8], [11], [20]

(2.24) dfi A dt + P( t)C*( VV*)-1 dr/, 33(0) 37o,

where r/ is the innovation process [11] given by

(2.25) dr/= dz- Cfi dt

and P is the solution of the Riccati equation

(2.:6) P’- AP- PA* GWG* + PC*(W*)-1CP O, P(O) Po.
Admissible controls for (2.19)-(2.21) are all controls u e L2((0, T)x ll; U) such that
u( t) L2(lI, Ht, P; U) f’I L2(II, Zt, P; U) a.e. t, where H tr{r/(s), O<- s <- t} and Z=
tr{z(s), 0_-<s<_-t} see [5], [7], [20]. Define )3 by

(2.27) d=(A+ Bu+f) dt+ P(t)C*(VV*)-1 dr/, 33(0) =.rio;

then for each admissible control u we have

(2.28) Jo(u) tr MP(t)M* dt + E [IMl+ (Nu, u)] dt.

If we denote by .o(U) the second term on the right-hand side of (2.28), then the original
problem (2.19)-(2.21) is essentially reduced to the problem of complete observation,
(2.27) and .(u).
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Unfortunately following these steps it is not clear how we can formulate a quadratic
control problem for (2.19) and (2.20) in terms of almost periodic functions. So we
shall consider a quadratic problem which is slightly different from the previous ones
but is nevertheless a natural modification of them.

We take the set of admissible controls

(2.29) Uaa {u L":’(O, T; L:’(f, F, P; U))" u(t) L:’(, Ht, P; U) f) L(fl, Zt, P; U)
a.e. such that its response y s Cs(0, c; L(f, F, P; Y))},

where CB denotes the space ofbounded continuous functions. We then wish to minimize

1 for(2.30) J(u)= lrirno-E [IMyl-+(Nu, u)] dr.

The requirement in (2.29) is in the spirit of almost periodic functions. In (2.30) we
take lim since the limit no longer exists in general.

Remark 2.1. We may replace quadratic problems in 2.2 and 2.4 by problems
of the type above. We may also drop boundedness conditions for u and y. Such a
problem was considered in 17] for the complete observation case (see also Wonham
[28]).

In the sequel we take C, V and G constant and assume the following:

(i)(2.31) (ii)
(A*, C) is stabilizable;
wX/2G*, A*) is detectable.

Then by [8], [21] the solution of the Riccati equation (2.26) converges strongly to
0 -< Poo e L(Y) (see Corollary 3.1). Thus, in this case we have

J( u) =tr MPM*+

_
.o(U).

We denote by J(u) the second term above. Now consider an auxiliary control problem
of minimizing J(u) over all Uad subject to (2.27), where

(2.32) /rad {u L(0, T; L2(f, F, P; U)): u(t) L2(f, Ht, P; U)
a.e. such that )e Cs(0, oo; L:(12, F, P; Y))}.

If (2.6) is satisfied, then as Theorem 2.2 holds we can show that the optimal control
is given by

(2.33) fi=-N-1B*(Q+ r)

and

(2.34) .(t) 2(r,f)ap IN-/2B*rl 2 VV*)-ap+ tr PC*( CPoQ*,

where Q and r are given as in Theorem 2.1. It is well known [2], [5], [7], [14] that
the control t is also in Uad i.e., admissible for the control problem defined by (2.19),
(2.20) and (2.30). Summing up, we have the separation principles as follows.

THEOREM 2.3. Assume (2.6) and (2.31). Then there is a unique optimal controlfor
theproblem defined by (2.19), (2.20), (2.29) and (2.30) and it is given by (2.33). Moreover

(2.35) J(t)=2(r,f)ap-lN-1/2B*rl 2
ap + tr MPoM* + tr PooC*( W*)- CPooQ*.

If we setf 0, then the control problem (2.19), (2.20), (2.30) is the infinite horizon
problem with average cost. In this case we have the following corollary.

COROLLARY 2.1. The unique optimal control is given by thefeedback law on thefilter
-N-1B*Q
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and

J(t) tr MPooM* + tr PC*(W*)-1CPQ.

This is the separation principle on infinite horizon. See [2], [5], [7], [14], [20],
[30] for the usual separation principle.

2.6. Examples. We give two simple examples.
Example 2.1. A deterministic problem. In 2.2 we take Y U--R and set A 3,

B 4, M N 1 and f(t) sin t. Then (2.3) is

y’ 3y + 4u + sin t.

Then the solution of (2.7) which is nonnegative is Q 1/2. Then

1
r(t) =[cos t+5 sin t].

It is easy to obtain

5
2(r, f)ap 5Z’

Thus the optimal control is given by

and

4
ap 52"

1a --2y--- (COS + 5 sin t)
1.5

1

52

Here f is periodic, but we may add, for example, sin /t. Then it becomes almost
periodic and we can compute t and J() in a similar manner.

Example 2.2. Consider the stochastic parabolic equation

dy 3’ + u dt + sin x sin at dw, a N, constant,

-y(,

In (2.15) we take

d
Y U Lz(O, ), Ay

dx
y, D(A) H2(0, ) H(0, ), H R

and W(t) a real standard Wiener process. We take

1

Then the algebraic ccati equation (2.7) becomes

QA+AQ-Q2+I=O,

whose solution is Q A2+ i +A i.e.,

@ 2 (n4+ 1- n)(y, e)e, e sin nx.
=1
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The optimal control is

and its response 37 is given by

Thus

and

:-(x/A2+I+A)y

)7(t) ff e-t-) sin x sin as dw(s)

ff e-t-) sin as dw(s) sin x.

(t) -(x/- 1) Io e-’/<’-) sin as dw(s) sin x

J(t) lrirno - sin2 at(Q sin x, sin x) dt- (x/- 1).

3. The evolution operator model. In 2 we have taken A time-invariant, but here
we replace it by A(t), 6 with the following properties:

(i) A(t)=A(t+O), t for some 0>0.
(ii) There exists an evolution operator U(t, s), >-s >-0 such that for the initial

value problem

y’ A( t)y + g( t), y(O) Yo, g L2(0, 0; Y)

has a unique mild solution

(3.1) y(t)= U(t, s)yo+ Y(t, s)g(s) ds.

(iii) If n is large, then n p(A(t)) and An(t)= nE[n-A(t)]-l-nI is well defined.
Moreover, yn(t)--> y(t) in C([0, 0], Y) where yn is the strict solution ofthe approximat-
ing systems

y’-An(t)yn+g, yn(0) yo.

(iv) A*(t) has properties similar to (i)-(iii).
The conditions (3.1) (i)-(iii) are fulfilled if the usual hypotheses of Tanabe and

Kato-Tanabe [23], [26] are satisfied. Note that

(3.2) U(t + 0, s + 0) U(t, s) for any > s.

We replace (2.1) by

(3.3) y’- A(t)y+f

If U(t, s) is exponentially stable i.e., U(t, s)l <-- C1 e-at-), -> s for some C1 > 0, a > 0,
then using (3.2) we can show that

y( t) I U( t, s)f(s) ds

is almost periodic and it is the unique mild solution of (3.3). We can construct strict
solutions of approximating systems of (3.3) which converge to y(t).
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Below we shall consider quadratic problems as in 2. Since most of the arguments
are similar, we omit details of proofs.

3.1. Quadratic control: the deterministic case. We follow 2.2 and consider

(3.4)

(3.5)

y’ A( t)y + B( t)u +f( t),

lim
1 I r

J(u)= ’-- 3o
[IMyl+(Nu, u)] dt,

where B, M and N are strongly continuous 0-periodic operators and we assume that
0< N has bounded inverse N-1. We take admissible controls as in 2.2. If A(t)-
B(t)K (t), with K L( Y, U) 0-periodic strongly continuous, generates an exponentially
stable evolution operator (we shall write this as UA-BK(t--S)), then the feedback law

u=-K(t)y+v(t), 2v Lap(U)

is admissible. As with (2.6) we assume

(3.6)

(i)

(ii)

(A, B) is stabilizable, i.e., there exists a 0-periodic strongly continuous
operator K L( Y, U) such that UA-BIc(t, S) is exponentially stable;
(M, A) is detectable, i.e., there exists a 0-periodic strongly continuous
operator L L(Y) such that UA*-M*L*(t, S) is exponentially stable.

PROPOSITION 3.1 10]. Assume (3.6). Then there exists a unique O-periodic solution
to the Riccati equation

(3.7) Q’+QA+A*Q+M*M-QBN-1B*Q=O.

Moreover, A-BN-1B*Q generates an exponentially stable evolution operator
UA*-BN-IB*Q(t,s).

If, further, UA*_QBN-1B*( t, S) is exponentially stable, then

(3.8) r(t) Ua._o-,.(s, t)Q(s)f(s) ds

is a unique almost periodic solution of
(3.9) r’+ [A*(t) Q(t)B(t)N-l( t)B*( t)]r + Q( t)f( t) O.

THEOREM 3.1. Assume (3.6) and that UA._QBN-IB.(t--s) is exponentially stable.
Then the unique optimal control for (3.4), (3.5) is given by the feedback law

(3.10) = N-1B*(Qy/ r)

and

(3.11) J(t) 2(r, f)ap N-1/2Bg_12,1ap
where Q and r are given in Proposition 3.1 and in (3.8) respectively.

Proof. Similar to the proof of Theorem 2.1. But we approximate (3.4), (3.9) by
systems involving An(t) and then employ limit arguments [3], [10].

3.2. Quadratic control with complete observation. We replace (2.15), (2.16) by the
following:

(3.12)

(3.13)

dy [A(t)y / B( t)u +f( t)] at + G(t) dw,

J(u)= irn-E [IMyl:+(Nu, u)] dt,
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where A, B, M and N are given as in 3.1 and G as in 2.4. We define admissible
controls as in 2.4.

THEOREM 3.2. Assume (3.6) and that UA*-OBV-’B*(t, S) is exponentially stable.
Then the feedback control

(3.14) if=-N-1B*(Qy+ r)

is the unique optimal control and

(3.15) J(t) 2(r,f)ap-lN-1/EB*rl 2ap+(tr GWG*Q, 1)ap,

where Q and r are unique solutions of (3.7) and (3.8).
Proof. Similar to the proof of Theorem 2.2.

3.3. Quadratic control with partial observation. The signal and observation proces-
ses are respectively

(3.16) dy [A(t)y + B( t)u +f( t)] dt + G( t) dw, y(O) Yo,

(3.17) dz C( t)y dt + V( t) dv, z(O) O,

and the cost functional is

(3.18) J(u) lim
1 forT_-E [IMylE/Nu, u] at,

where A, B, M and N are given as in 3.1 and G, C and V are 0-periodic strongly
continuous operators.

We consider the filtering problem as in 2.5 and define the innovations process
similarly. Then, taking admissible controls as in (2.29), we parallel the developments
to 2.5. We assume (2.31) in the periodic sense, i.e., in the sense of (3.6). Then from
[10] there exists a unique 0-periodic solution to the Riccati equation

(3.19) P’- AP PA* GWG*+ PC*(VV*)-CP O.

Moreover, by Lemma 3.1 below the solution of (3.19) with P(0) Po converges orbitally
to the periodic solution as oo. Thus we have

J(u)= tr M(t)P(t)M*(t) dr+ lim
1

where o(U) is defined as (2.28) and fi is now given by

d)3 [A(t) + B( t)u +f( t)] at + P( t)c*( vv*)-’ d,-/, )3(0) )5o.

Thus we have the following.
THEOREM 3.3. Assume (3.6) and that UA*-B-’s.(t,s) is exponentially stable.

Assume further that (2.31), in the periodic sense, holds. Then

a =-N-1B*(Qfi + r)

is the unique optimal control for (3.16)-(3.18) and

J( fi) 2(r, f)ap- lN-1/2B* rl 2ap

+- tr[M(t)P(t)M*(t)+(t)C*(t)(V(t)V*(t))-C(t)(t)Q()] de,
0
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where P, Q are the unique O-periodic solutions of (3.7) and (3.19) respectively and r is
given by (3.8).

Now we shall prove the following lemma.
LEMMA 3.1. Let P be the solution of (3.19) with P(O)- Po and let P be the unique

O-periodic solution of (3.19) with P(0) Po. Then

(3.20) P( / nO) -> P( t) strongly for any >- 0 as n --> c.

Proof We shall show this in three steps. We denote by P(t) the solution of (3.19)
with/5(0) 0.

(i) Po Po. By a comparison theorem, see for instance [10], we know that

15( t) <-_ P( t) <- ( t).

By [10] P(t/nO)->P(t) for any t0 as n->o. Thus P( + nO)-> P( t) as n->.
(ii) Po-Po Note that P(t)-P(t) for any t-0. Set Q( t) P( t) P( t), then

Q’ A BN-B*)*Q Q(A BN-1B*)/ QBN-B*Q O.

Let (t, s) be the evolution operator generated byA- BN-1B*. By differentiating
we obtain

d
-ds(Q(t-s)l(s, O)y, O(s, O)y)=(Q(t-s)BN-B*Q(t-s)O(s, O)y, (s, O)y)

=lN-/ZB*Q(t-s)O(s, O)y[2, y6 Y.

Integrating this form 0 to t, we obtain

(Q(O)O(t, 0), lQ(t, O)y)-(Q(t)y, y)= [N-1/2BQ(t-s)O(s, O)yl ds,

which implies

o<-_(Q(t)y,y)<-(Q(O)U(t,O)y, U(t,O)y)->o as t->o [10].

Hence P(t) P(t) -> 0 strongly as --> .
(iii) General case. Choose n large enough so that Po - nI and Po - nI.
Let R(t) be the solution of (3.19) with R(0)= nI. Then by (ii) R(t)- P(t)-> 0 as

t-> . By the comparison theorem we have

(t)<-P(t)<-g(t).

Now

Hence

P(t) P(t) _-< P(t) P(t) _-< R(t) P(t).

P(t+nO)-P(t+nO)-->O strongly as n-->o.

Remark 3.1. Note that (3.20) is the global asymptotic orbital stability of P(t),
i.e., the trajectory of P(t) approaches to that of P(t) asymptotically.

COROLLARY 3.1. Let A, G, C and V be constant in (2.26). Then under condition
(2.31), P(t) Po, where 0 <- Poo is the unique solution of

AP + PA* + GWG* PC*(VV*)-CP 0

and A* PooC*( VV*)-1C is stable.
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FINE MODULI SPACES OF INFINITE DIMENSIONAL LINEAR SYSTEMS*

SHIN KAWASEf AND NIRO YANAGIHARA

Abstract. This paper describes the classification problem of continuous families of infinite dimensional
linear systems. We are concerned with a family of controllable and observable linear systems
F(s ), G(s ), H(s) in Banach spaces, which depend continuously on a parameter s in a Hausdorff topological
space S. Our problem is to classify such families of systems by isomorphism relation and parametrize them
by "moduli." It is known that there exist "moduli" for finite dimensional controllable and observable
systems. We show the result fails in the infinite dimensional case, and derive some conditions under which
there exist "moduli," i.e., a fine moduli theorem for infinite dimensional systems. The theory of Banach
bundles plays an important role in our study.

Key words, moduli space, infinite dimensional system, Banach bundle
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1. Introduction. In this paper we consider the problem of classification of con-
tinuous families of infinite dimensional linear systems.

Let S be a Hausdorff topological space. We deal with families of systems
parametrized by s S:

dx(t)
F(s)x(t)+ G(s)u(t),

dt

y(t)=H(s)x(t),

where x(t)Xs, Xs being a Banach space depending on s, u(t)Cn, y(t) C’. F(s)
is the infinitesimal generator of a contraction semigroup of class (Co) on X for each
s S, G(s):C"--> X and H(s):X,--> C are bounded linear operators for each s S.
If F(s), G(s) and H(s) depend continuously on s, then we have a continuous family
of systems {(F(s), G(s), H(s)); sS} (for the precise definition, see Definition 2).
Such a family of systems appears, e.g., when dealing with perturbations in distributed
systems.

The problem we will consider here is to classify continuous families of systems
under the equivalence relation of isomorphism (for isomorphism, see Definition 3).
For general motivation and background as well as difficulty for the classification
problem we refer to [3].

Our problem consists of two parts: (a) find the equivalence classes of similar
systems (for similarity, see 2), and (b) parametrize the equivalence classes by the
topological space S. The problem is formulated in terms of representability of the
functor as follows [6, p. 54].

Let Topn := category of Hausdorff spaces, and Sets:= category of sets. To each
S Topn, there correspnds (S):= {isomorphism classes of continuous families of
systems parametrized by s S}. Then the correspondence : S--> (S) is considered
as a contravariant functor from TOpH to Sets. Suppose TOpH. Let ht :Topn --> Sets
be the contravariant functor defined by ht(S)=Hom(S,t), $Topn, (where
Hom (S, ):=the set of all continuous maps from S to t). If t represents , i.e.,
there is a functorial isomorphism between and ht, then is called a fine moduli
pace for . (For moduli spaces, see also [3].)

* Received by the editors February 3, 1986; accepted for publication (in revised form) July 4, 1986.
f Railway Technical Research Institute, Japanese National Railways, Kunitachi, Tokyo, 186, Japan., Department of Mathematics, Faculty of Science, Chiba University, Chiba City, 260, Japan.
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Unfortunately, fine moduli spaces need not exist for in general [6]. So, an
important subject in this direction is to find subfunctors which can be represented.
Hazewinkel showed that the subfunctor ffc.o(S):= {isomorphism classes of continuous
families of controllable and observable systems of finite dimension k parametrized by
s S} is representable, i.e., there exists a fine moduli space [3, p. 151]. The theorem
is called the fine moduli theorem for ;.o. In the infinite dimensional case, however,
the conditions of controllability and observability do not guarantee the existence of a
fine moduli space, as shown by a counter example in 3.

Our aim is to show fine moduli theorems for the infinite dimensional case. Our
motivation for this paper is as follows" As shown by Hazewinkel and others, the fine
moduli theorem is very powerful in studying finite dimensional systems parametrized
by topological spaces. Hence, it would be natural to seek the infinite dimensional
version of it. However, to get an infinite dimensional version is not a straightforward
generalization of the finite dimensional case. Since, as we have described above, the
result of Hazewinkel fails in the infinite dimensional case, we need further consider-
ations on subfunctors and another approach. This leads us to the present paper.

For example, take Theorem 1 in 3, which says that two continuous families of
controllable and observable systems are isomorphic if they are pointwise isomorphic.
This theorem plays an important role in deriving the fine moduli theorem, and is
apparently the same as Hazewinkel’s result for the finite dimensional case [3, p. 152].
However, his method is not applicable to the proof for the infinite dimensional case
and some other techniques are required to get the proof.

Section 2 contains some necessary mathematical and system theoretical back-
ground. In 3, we state definitions and results, Theorems 1 and 2. Theorem 1 is the
main tool of this paper. Theorem 2 is the fine moduli theorem for infinite dimensional
systems, which is our main result. Section 4 contains some lemmas. Sections 5-6 are
devoted to the proofs of our theorems.

2. Mathematical and system theoretical preliminaries. In this section, we sketch
some results of Banach bundle and system theory which are essential to this paper.
For details of Banach bundles we refer to [1] and [2].

Let S be a Hausdortt topological space. By a fiber set we mean a triple (Tr, E, S)
in which E is a set and 7r:E S is a map. E is termed the total set, 7r the projection
of E, S the base space, and for s S, r-l(s) is termed the fiber over s.

By a bundle we mean a fiber set (Tr, E, $) in which E is a topological space and
7r:E S is a continuous map. By a Banach family we mean a fiber set with surjective
projection in which each fiber has a given Banach space structure.

DEFINITION 1. A Banach bundle over S is a bundle (Tr, E, S) such that:
(a) r is open and surjective.
(b) For each s S, 7r-l(s) has a Banach space structure.
(c) x Ilxll is continuous on E to R.
(d) The operation + is continuous on {(x, y) E x E; 7r(x) 7r(y)}.
(e) For each A C, the map xAx is continuous on E to E.
(f) If s S and {x,} is any net of elements of E such that IIx, - 0 and 7r(x,) s,

then xi-0s, where 0s stands for the zero element of the Banach space 7r-l(s).
We shall often write merely E instead of (Tr, E, S).
If E is a fiber set over S, then I-[ E denotes the product of all the fibers of E. The

members of I-[ E are called selections of E. If E is a Banach family, then ]-I E is a
topological vector space. If E is a bundle over S, then the space of selections I-I E
contains the set F(E) of continuous selections as a subspace. We refer to continuous
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selections as sections of E. If y F(E) and b(s), s S, is a continuous complex function
on S, then byF(E) (where by is defined by (by)(s)= b(s)y(s)). Suppose E is a
Banach bundle. Then we denote by Fb(E) the Banach space of bounded sections y
with the norm given by

(2.1) I1 11 =sup {11  (s)ll;
Let E be a Banach family over S and FI]E; then we set F ={y(s); yeF} for

s e S. We say F c liE is total for E if F spans a dense linear subspace of r-(s) for
each s e S.

Let So e S and U be an open set of S such that So e U. A halo function for pair
U, {So}) is a continuous function 4’ :S -> [0, 1] with (So) 1 and supp c U. Let s e U

and H denote the set of all halo functions for (U, {s}). Then for y e F(E)

Ily(s)ll =inf{llbyll: 4 e H} [1, p. 14].

Let (r, E, S) and (r, El, S) be Banach families. If :E-E is a map which
carries fibers into fibers such that (s)(:= qlr-l(s)): zr-(s)-->zr-i(s) is a bounded
linear map for each s e S, then is called a Banach family map. If E and E are
Banach bundles and :E-, E is a continuous map which carries fibers into fibers
such that (s) is linear on each fiber of E, then is called a Banach bundle map.
Obviously a Banach bundle map is a Banach family map. Let E and E1 be Banach
bundles over S. If :E E is a Banach bundle map, then we define a linear map, :F(E) F(E) by

(,y)(s)=(s)y(s) for each s e S, yF(E).

If : E- E is a bounded Banach bundle map (i.e., II (s)ll is bounded on S), then, Fb(E) Fb(El) is a bounded linear operator and

(2.2) II ,ll-<sup {llq (s)ll; s s} [1, p. 18].

Let (zr, E, S) be a Banach bundle. Let U be a subspace of S, Ev := zr-(U) and
zrc := r r-l(U). Then (ru, Eu, U) is a Banach bundle, called the reduction of E to
U and denoted by Ec. If E and E are Banach bundles over S and if :E --> E1 is a
Banach bundle map, then so is u(: [Eu):Ecr E1u.

Here are a few elementary properties of Banach bundles.
PROPOSI’rION 1 [2, p. 12]. Let x E. Suppose that {x}(ie I) is a net of elements

of E and r(x)-, zr(x) in S. Suppose further that for each e > 0 we can find a net {y}
of elements ofE and an element y ofE such that:

(a) yi--> y in E,
(b) r(xi) r(yi) for each and r(x) r(y),
(c) I]x- yll < e,
(d) x, y, < e for all large i.

Then xi- x in E.
PROPOSITION 2 1, p. 20]. Let E and E1 be Banach bundles over S, and let E E1

be a Banach bundle map. Then is locally bounded, i.e., b t is boundedfor each member
U of an open covering of S.

PROPOSiTiON 3 [2, p. 14]. Let (Tr, E, S) be a Banach family and let F be a vector
subspace of HE such that:

(a) F is total for E,
(b) for any y F, s-- y(s)ll is continuous on s to

Then E has a unique topology so that E is a Banach bundle with F c F(E).
Let X be a Banach space. An infinite dimensional linear system (with n inputs

and m outputs) with the state space X is a triple of operators (F, G, H), where F is
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the infinitesimal generator of a contraction semigroup {eFt; >= 0} of class (Co) on X,
and G’CnX and H" X C" are bounded linear operators.

LI([0, ); Cn) is the Banach space of all C"-valued summable functions on [0, ).
CB([0, ); C’) is the Banach space of all C’-valued continuous bounded functions
on [0, ) with the sup-norm. CB([0, ); M(m, n)) is the Banach space of all m x n
matrix-valued functions f on [0, c) such that all column vectors belong to
C([0, c); C’), with the norm Ilfl[- sup {[f(t)]; E [0, c)}, where[. [denotes the matrix
norm.

By the controllability operator of a system (F, G, H),we mean the bounded linear
operator " L([0, ); C) - X defined by

U etFGu( t) dt, u E LI([o, o3); Cn).

By the observability operator, we mean the bounded linear operator ’X-
C([0, o); C") defined by

(x)(t)=getFx, xEX, E [0, ).

If X the closure of Range , the system is controllable. If is injective, the
system is observable. We say the system is exactly controllable if Range c X, and
exactly observable if Range is closed in C([0, o); C") [4].

We say two systems (F, G, H) and (F1, G, H) with the respective state spaces
X and X are similar if there exists a bounded and boundedly invertible operator
P" X- X1 which intertwines the two systems, that is, there.hold

(2.3) Pe tF e te, p, PG G1 and H H P.

In this case, we write (F, G, H)---(F1, G, HI). Let c and c1 be the respective
controllability operators, and ff and 1 be the respective observability operators. Then
we have [4]

(2.4) P Cl and 1P .
The weighting pattern W of a system (F, G, H) is an m x n matrix-valued function

W(t) HetFG on [0, c). Then WE Cn([O,),M(m,n)). Conversely, if WE
CB([0, c); M(m, n)), then W is the weighting pattern of a system, which is called a
realization of W. If (F, G, H) (F, G1, HI), then they have the same weighting pattern
The converse is not generally true. However we have the following"

PROPOSITION 4 [4]. Let (F, G, H) and (El, G1, HI) be two exactly controllable
resp. exactly observable) systems in Banach spaces with the same weighting pattern. In

addition, let both systems be observable (resp. controllable). Then the two systems are
similar.

The Hankel operator Hw’LI([O, c); C) Cn([0, c); Cm) associated with a
weighting pattern W is a bounded operator defined by

(Hwu)(t)= W(t+r)u(z)dz, u E LI([0, ); C").

Let c and 6 be the controllability and observability operators of (F, G, H), respectively.
Suppose (F, G, H) is controllable and observable. Then it is exactly observable if and
only if

(2.5) Range 6 the closure of Range Hw,
and exactly controllable if and only if

(2.6) Range Range Hw (see [4]).
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PROPOSITION 5 [4]. (a) Let tc.eo be the set of all weighting patterns of controllable
and exactly observable systems. Then,

./P[c, Ct O, oo M m, n

(b) Let [ ec.eo be the set of all weighting patterns of exactly controllable and exactly
observable systems. Then,

Jec,eo--{WE CB([0 00); M(m, n)) such that Range Hw is closed}.
3. Definitions and statements of our results.
DEFINITION 2. Let S be a Hausdorff space. A continuous family of linear systems

(with n inputs and m outputs) over S (or parametrized by s E S) is a quadruple
(E; F, G, H) of a bundle and maps defined as follows;

(a) E (r, E, S) is a Banach bundle.
(b) F is a map from E into E such that"

(i) For each s S, F(s)( :=/17r-l(s)) is a linear map from 7r-l(s) to 7r-l(s)
and generates a contraction semigroup {e tF(s)’, t-->0} of class (Co) on
-(s).

(ii) Let (A- F(s)) -1, A C, be the resolvent of F(s). Then the map:

x-(A F(s))-Ix, x e E, s 7r(x),

is a Banach bundle map on E into E.
(c) G is a Banach bundle map from the trivial Banach bundle S x C to E.
(d) H is a Banach bundle map from E to the trivial Banach bundle S x C ".
Remark. Given a continuous family of systems (E; F, G, H), for each s S we

have a system (F(s), G(s), H(s)) with the state space 7r-(s), where F(s)= 17r-(s),
G(s)= tl({s} xCn) and H(s)= 17r-l(s).

DEFINITION 3. Let (E; F, G, H) and (El; F1, G1, HI) be continuous families of
controllable and observable systems over S. If there exists a bijective Banach bundle
map P" E E such that

(a) /5-1 is a Banach bundle map,
(b) there hold/st tl,/ =/1/5 and P(s)etFs)= ewls)P(s) for each s E S, where

P(s)=lr-l(s), then the two systems are said to be isomorphic, denoted by
(E; F, G, H)m (E,; F1, G,,H,).

If (E; F, G, H)m (El ;F1, G,, H,), then clearly (F(s), G(s), H(s))---
(F1 (s), G1(s), Hi(s)) for each s $. The converse is not generally true. For a counter-
example, see [3, p. 136]. However we have the following:

THZOgFM 1. Let S be a Hausdorff space. Let (E; F, G, H) and (E; F, G, H)
be continuous families of controllable and observable systems over S. Iffor each s S, we
have (F(s), G(s), H(s))---(F(s), G,(s), H(s)), then

(E; F, G, H)m (El; F1, G1, H,).
Now, we will show a fine moduli space does not exist for c.o(S):- {isomorphism

classes of continuous families of controllable and observable systems over S}. We
consider the case n m 1. Let (E; F, G, H) be the continuous family of systems over
[0, 1] defined by:

E [0, 1] L2(-c, oo),

7r" E - [0, 1]; the projection of E,

e’F).L2(--o, oO)- L2(-oo,) for s[0, 1] and xL-(-oo,
(etF()X)(W) ei’tx(w),



FINE MODULI SPACES OF INFINITE DIMENSIONAL SYSTEMS 1025

G(s)" C- L2(-oo, for s[0, 1] and cC

G(s)c ((1 + to2)/(1 + sto2))g(to)c,

H(s).L2(-oo, oo)-->C fors[0,1] and xL2(-oo,

I-I(s)x: (/2) I_ ((1 + s,o)/(1 + ,o))h(,o)x(o) do,,

where (1 +to2)g(to) and h(to) are functions in L2(-oo, oo). If g(to)#0 and h(to)#0
for all to (-oo, oo), then clearly (E; F, G, H) is a continuous family of controllable
and observable systems.

Suppose is a fine moduli space for c,o. Then we have a one-to-one map

W([0, 1])" c,o([0, 1])--> Hom ([0, 1],

Letf Hom ([0, 1], M) be a morphism corresponding to {(E; F, G, H)}. We note that
for s # 0, each system (F(s), G(s),H(s)) is similar to (F(1), G(1), H(1)). In fact, the
bounded and boundedly invertible operator:

P(s)’-i(s)-I(1), (P(s)x)(to)=((l+sto2)/(l+to2))x(to),

where x 7r-(s), intertwines (F(s), G(s), H(s)) and (F(1), G(1), H(1)). This means
that f is constant on (0,1]. (Here we note that for each sS, ({s})
{(F(s), G(s), H(s))}-f(s).) Since f is continuous, f must be constant on [0, 1]. But
(F(0), G(0), H(0))is not similar to (F(1), G(1), H(1)), because P(0)" 7r-’(0) --> 7r-’(1),

(P(0)Xo)(to) Xo(to)/(1 + to2), Xo T-I(0),

does not have any bounded inverse.
From the above example we see that in order to guarantee the existence of fine

moduli spaces, we must impose some additional conditions on systems. The following
fine moduli theorem shows such conditions.

THEOREM 2 (Fine moduli theorem). Let S be a Hausdorff space.
(a) Let gT.eo(S := {isomorphism classes of continuous families of controllable and

exactly observable systems over S}. Then, there exists a fine moduli space for the contra-

variant functor ,o" S .eo S).
(b) Let ae,eo (S) := { isomorphism classes ofcontinuousfamilies ofexactly controllable

and exactly observable systems over S}. Then, there exists a fine moduli space for the
contravarian! functor ec, S gTec, S).

Remark. From the proof of the theorem in 6, we get fine moduli space for ff,o
and Oe,eo, explicitly.

4. Lemmas for the proofs of theorems.
LEMMA 1. Let (E;/, (,/) be a continuous family of systems. Let {x}(i I) be

a net in E such that x--> x in E. For each s >0 there are y D(F(r(y))) and y
D(F(zr(y))) (D stands for the domain) in E such that:

(a) yi-> y in E,
(b) 7r(x)= 7r(y) and 7r(x)= 7r(y),
(c) IIx-yll < ,
(d) x, y, < for all large i,
(e) {llF((y,))Y, lll,-,o is bounded for sufficiently large io.
Proof. First, we note for any x e 7r-(s) and any > 0, (I- A-F(s))-Ix e D(F(s))

and (I-A-F(s))-Ix-x as A oo [5, p. 58].
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Now, put si =Tr(xi) and s=r(x). Given e>0, choose A>0 so that
x-F(s))-x-xll<e, and put y=(I-A-F(s))-lx and y,=(I-A-IF(s))-x. Then
y D(F(s)) and y D(F(si)). We will show y and y satisfy (a)-(e).

By the assumption, IIx-yll < . Since the map x-->(I-A-F(s))-x, s= 7r(x), is
a Banach bundle map on E to E (see Definition 2), it follows that Yi --> Y and hence
x,-y,-> x-y. Thus Ilx,-y, - Ilx-yll < e. So,

IIx,-y, < e for all large i.

Since I1(I- X-F(s,))-ll -< 1 (recall F(s,) is the infinitesimal generator of a contrac-
tion semigroup), we have

IIF(s,)Y, IIA ((I- A-’ F(s,))-1- I)x, _-<2x. Ilx, ll.
So, we know {llF(r(Y,))Y, ll),>-,o is bounded sufficiently large io. Q.E.D.

COROLLARY. In Lemma 1 we can choose y and y as follows:
(a) y D(F(Tr(x))2) andy D(F(r(x,))-).
(b) (llf(r(x,))=Y, ll,>__,o is bounded for sufficiently large io.
Proof. Put s r(x) and s 7r(x). Given e > 0, choose A > 0 so that

I1(I- x-f(s))-=x- xll < ,
and put y=(I-A-F(s))-x and yi=(I-A-1F(si))-2xi. Then yeD(F(s)) and ye
D(F(s)), and in a similar way to the proof of Lemma 1, we can show y and y satisfy
(a)-(d) in Lemma 1. Further,

F(s,)2y, A =((l A -’ F(s,))-I i)2x, --< 4A =llx, II.
Thus, {]]F(r(x,))2y, ll},>_,o_is_bo_unded for sufficiently large io. Q.E.D.

LEMMA 2. Let (E; F, G, H) be a continuous family ofsystems. The Banach family
map from E to E defined by

X’-> etF(s)x, X "rr-1 (S),
is a Banach bundle map for each >= O.

Proof. Suppose that {xi} is a net of elements of E and x- x in E. Put s 7r(xi)
and s- r(x). Given e > 0, take y and y E as in the above corollary.

Here, we note for yD(F(s)) and n there holds

IleFy--(I tn-F(s))-"yll <_

(see [5, p. 58]). Hence, for given e > 0, we have for large n,

Ile’F’x-(I- tn-F(s))-"yll
(4.1) _--< e’x e’lS)yll + Ile’y -(I tn-IF(s))-"yll

-<-IIx-yll / t2(2n)-’llF(s)=yll < e,

and similarly for sufficiently large and large n

(4.2) IletF(s,)x,-(I- tn-F(s,))-"y,[] <= IIx,-Y,I] + t2(2n)-llF(s,)Y,ll < e,

since, by the corollary, {llF(r(x,))y,l{},>_,o is bounded for sufficiently large io.
By Definition 2, the map x--(h- F(s))-x, s 7r(x), is a Banach bundle map,

so for any n the map x-- I-tn-lF(s)) x is a Banach bundle map on E. Hence

(4.3) (I- tn-lF(s,))-"y,--> (I- tn-IF(s))-"y.
From (4.1), (4.2) and (4.3) it follows, applying Proposition 1,

etF(Si)xi _..> etF(S)x.
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This means the Banach family map X-->etF(S)X, X E ’7/’-l(s), is continuous, and
hence it is a Banach bundle map. Q.E.D.

LEMMA 3. Let S be a Hausdorffspace and (E; F, G, H) be a continuous family of
systems over S. Let C(s) and (s) be the controllability and observabliltiy operators of
(F(s), G(s), H(s)), respectively. Then"

(a) The Banach family map " S x LI([0, o3); Cn)--> E (associated with CO(s))
defined by

c(S, U)= c(S)tt, (S, U)E S x LI([0, oo); Cn),

is a Banach bundle map.
(b) The Banach family map tg" E -> S x CB([0, o); Cm) (associated with (s))

defined by

X (S, (S)X),

is a Banach bundle map.
Proof. (a) Let {(si, ui)} be a net of elements of S xLI([0, ); Cn) such that

(si, u) --> (s, 0) in S x LI([0, o3); Cn). Then

(,, ,)11- II(s,),ll- etF(s,)G(si)ui(t) dt <= IIG(s,)ll" Ilu, ll.

By Proposition 2, G is locally bounded. Hence C(s, u) 0. This means is continuous,
and hence c is a Banach bundle map.

(b) Suppose that {x}(i I) is a net of elements of E and xi x in E. We put
7’(Xi)-’-S and 7r(x)= s. We will prove (Si)X -’> (S)X.

Given e > 0, choose y and y E as in Lemma 1. Then since by Proposition 2, H
is locally bounded, we have

(4.4)
I}(si)y,

IIH(s,)ll" IIY,]I < K,

for all large i, where K>0 is a constant. Next, for h>0, as {llF(’rr(x,))2y, ll},>_,o is
bounded for sufficiently large io, we have

I[((s,)Y,) (t + h) ((s,)y,) (t) H(si)et+h)VS’)y,- H(s,)etVS,)y,
(4.5)

IIn(si)ll" h. IlF(s,)y,[[ < g,
for sufficiently large i, where K>0 is a constant. Hence, put M:={(s)y for
sufficiently large i! such that (4.4) and (4.5) hold}. Then M is a subset of
CB([0, co); C") consisting of uniformly bounded and equi-continuous functions on
[0, oo). By the Ascoli-Arzela theorem, we see M is relatively compact. On the other
hand, since by Lemma 2 the map" X->etF(S)X is a Banach bundle map, we have

(C(si)Yi)(t)= n(si) etF(Si)yi-->(C(s)y)(t) n(s) etF(S)y
for each t-> 0. From this, it follows that

(4.6) C(si)y "-’> 6(s)y in Cn([0, oo); C’).

Next,

(4.7)
II(s,)yi Y(si)xill IlH(s,)e’(’)y, H(si)etF(S’)xil}

-<-IIn(s,)ll" Ily,-x, < lln(s,)ll,
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and similarly

(4.8) Ile)(s)y-(s)xl] <

From (4.6), (4.7) and (4.8), it follows, by applying Proposition 1,

(3(si)xi-> 6(s)x in CB([0, oe);

Thus 6 is continuous, and hence is a Banach bundle map. Q.E.D.

5. Proof of Theorem 1.
First step. Let P(s) be the bounded and boundedly invertible operator intertwining

the systems (F(s), G(s), H(s)) and (Fl(S), Gl(s), Hi(s)). We define a Banach family
map P" E -> E1 by

x=P(s)x, x 6 ’-1(s).

Since for each s eS, P(s) is invertible, so is P, and by (2.3) there hold PG=
lP and P(s)e’v(s)= etV,(s)P(s) for each s e S. Thus it suffices to prove /5 is a

Banach bundle map, that is, P is continuous.
Second step. We will show P is locally bounded. Let (s) and ff(s) be the

observability operators of (F(s), G(s), H(s)) and (Fl(s), G(s), Hi(s)), respectively.
Then, by Lemma 3, the operators ’E-*Sx CB([0, oe): C m) and
S x Cn([0, oo); C’) associated with if(s) and ffl(S), respectively, are Banach bundle
maps. Hence, by Proposition 2, for each member U of an open covering of S,
(Tu" Eu- U x Cn([0, oo); C’) and fflU" Ely U x Cn([0, oe); C m) are bounded
Banach bundle maps on Eer and E v, the reductions of E and E to U, respectively.
Thus

and

,-r()-r(u x c([0, oo); c))

lu,’Fb(Eiu)-Fb(UX C([0, ); C"))

are bounded operators (see 2). Further, as both of the systems are observable, (s)
and (s) are injective, so are u and v. Hence Fv, and Fv, are also injective.

Now, by (2.4) there holds cI(S)P(x)-f(s ). Hence uPer=(Ter, and thus
(Y er, Per, er,. So we have

Per: (1U:)-I6U:
This means that Per, is a closed operator on a Banach space Fb(Eer) to Fb(Eler).
Applying the closed graph theorem, we see Per, is a bounded operator.

Let rg(s) and rgl(S) be the controllability operators of (F(s), G(s), H(s)) and
(F(s), G1 (s), H1 (s)), respectively. Let

F:: {; ’,(s) ((s)u, u e LI([0, oo);

and

F1 := {1 ]/1(S) 61(s) u, u t El([0, oO); C")}.

Then by Lemma 3, F cF(E) and F1cF(E1). Since (F(s),G(s),H(s)) and
(F(s), Gl(s), Hi(s)) are controllable, F and F1 are total for E and El, respectively
(see 2). Further, by (2.4) P(s)C(s) cCl(s ). Hence

(5.1) P,r=r,.
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Take an s S. Let U be a member of an open covering of S such that s U. Let
Hs be the set of all halo functions for (U, {s}). Then we have for all y F(E)

[[P(s)3,(s)ll
inf {11, II; H)

[[Pu,}l" inf{lTl" H}

,11 IIr)ll.

Here, we note that (see 2)

(6P, r)(s) 6(s)P(s)r(s) P(s)6(s)r(s) (P,6r)(s).
Since F(E) is total, l]P(s)ll [u,[l for s U, and thus is locally bounded.

ird step. We will show P" E E is continuous. Let x x in E and let U be
a member of an open covering of S such that (x) U. As F is total, for e > 0 we can
choose T F such that

lx- r(())ll < .
Since TF(E) and (xi) (x), there holds xi-y((xi)) x-T((x)). Hence llxi-
r((,))ll IIx- r(-())ll. Thus

, r((x,)) < for a are i.

So, we have

11/3x-(/3,y)(r(x))ll IIP(’rr(x))x P(’n’(x)) y(’rr(x))[[
(5.2)

_-< [[P(Tr(x))[[. IIx- ((x))ll
and similarly for all large i,

Next, by (5.1), P.yeF(E). So

(5.4) (P. /)(r(x,)) -> (P, /)(Tr(x)).

Hence, applying Proposition 1, it follows from (5.2), (5.3) and (5.4) that Pxi--> Px.
Thus P is continuous. Q.E.D.

6. Proof of Theorem 2.
Proof of (a). First step. We use the notations of Proposition 5. We prove d//c, is

a fine moduli space for :Vc,
Define a map (S)" :V.eo (S) --> Hom (S, d//.eo) by

(6.) {(/; F,

for {(E; F, G, H)}e gT.eo(S), where is the Banach bundle map associated with the
observability operator ff(s) of (F(s), G(s), H(s)). We note that the Banach bundle
map fiG" SxC’ Sx CB([0, oo); Cm) is identified with an element in
Hom(S, CB([O, oo);M(m,n))) (:=the set of all continuous maps from S to
Cn([0, oo); M(m, n))), and hence in Hom (S, d//,eo) (see Proposition 5). So, for each
s S, (fG)(s) is the weighting pattern of (F(s), G(s), H(s)).
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Further, from this we see (TG does not depend on the choice of representatives.
Indeed, suppose (E;F, G,H){(E;F, G,H)}. Then (E; F1, G1, )
(E; F, G, H). Hence for each s S, (F(s), Gl(S), n(s)) and (F(s), G(s), H(s)) have
the same weighting pattern (see 3). So for each s S, (G)(s) (?lG1)(s), where tg
is the Banach bundle map associated with the observability operator l(S) of
(F(s), Gl(S), H(s)).

Second step. We will show that (S) is a surjection. To see this, given We
Hom (S, c.eo) we will show that there exists a continuous family (Eo;/o, to, o) of
controllable and exactly observable systems such that

(6.2) (S){(Eo" Fo, Go, Ho)} W.

For each s S we have a realization (Fo(s), Go(s), Ho(s)) of W(s) as follows [4]:

State space Xos the closure of Range Ha,s,
{e’Fo} the restriction on Xo of the left translation

(6.3) semigroup on Cn([0, ); C"),

Go(s)’C" Xo, Go(s)c= W(s)c for cC",

Ho(s)’Xo C’, Ho(s)x x(0) for x Xo,

where Hs is the Hankel operator of W(s). Let ego(S) and o(S) be the controllability
and observability operators of (Fo(s), Go(s), Ho(s)), respectively. Since there hold [4]"

(6.4)
ego(S) H and
tgo(S) embedding of the closure of Range Hv into Cn([0, o); cm),

(Fo(S), Go(s), Ho(s)) is controllable and exactly observable (see 2).
Let (Tr, Eo, S) be the Banach family defined by

-(s) := Xo,

and let Fo, Go and Ho be the Banach family maps defined by

Fo" Eo- Eo
Go" S x C" Eo;

Ho’Eo- SxC

eol -() := Fo(s),

ol ({s) c") := Oo(S),

ol -’(s) :=/-/o(S),

respectively. Thus we have obtained a family of controllable and exactly observable
systems (Eo; Fo, Go, Ho) such that (6.2) holds.

Now, it remains to prove it is a continuous family. Put

to:= {,; ,(s)= g’o(S)u, u L([0, ); C)}.

Then, as (Fo(s), Go(s), Ho(s)) is controllable, Fo is total for Eo. Moreover, as W
Horn (S, .o), Hg,)" L([0, oo); C")- C([0, oo); Cm) is strongly continuous in s S.
Hence by (6.4)

II(s)ll o(S)ull IIH.()ull (v ro)

is a continuous function on S to R. From Proposition 3, it follows there is a unique
topology so that Eo is a Banach bundle over S. Then, since clearly Fo, Go and Ho are
maps which satisfy the conditions of Definition 2, we see (S) is a map of ,eo(S)
onto Hom (S, "/c,eo)"
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Third step. We will show that W(S) is an injection. Suppose for {(E; F, (3, H)}
and {(El; F, tl, 1)}6 i;c,eo(S),

I(S){(E; P, ,/)} I#(S){(E1 Pl, 1,/-1)}

Then for each s S, (F(s), G(s), H(s)) and (F(s), Gl(S), H(s)) are controllable and
exactly observable systems with the same weighting pattern. Hence by Proposition 4,
for each s S (F(s), G(s), H(s)).(F(s), G(s), H(s)), and from Theorem 1, it
follows that

(E; P /-)-- (El Pl, all,/rl).

So {(E;/, d, )}= {(El ;/, ,. )}. This means (S) is an injection. Thus, we see
Horn (S, c,eo) is homomorphic to ;c,eo(S).

Proof of (b). We prove Ae,eo is a fine moduli space for Se,eo.
Define a map (S)" 3;e,eo(S)’-> Hom (S, de,o) by

(6.1’) {(E;/, , )}--G for {(E;/, , )} ,o(S).
Then, in a similar way to the third step of the above proof, we can show air(S) is an
injection. Hence it remains to prove xlr(S) is a surjection.

Given W Hom (S, Mc,o), let (Eo: Fo, Go, Ho) be the family of controllable and
exactly observable systems defined by (6.3) (note "/ec, C Mc,eo) Since for each s S
the range of the Hankel operator Ha,(s) associated with W(s) is closed (see Proposition
5), it follows from (6.4) that

Range ’o(S)=the closure of Range Ha(s)= Range

Hence by (2.6), (Fo(s), Go(s), Ho(s)) is exactly controllable. So we have a continuous
family (Eo; Fo, Go, Ho) of exactly controllable and exactly observable systems such
that (6.2) holds. Thus we see gr(S) is a surjection. Q.E.D.
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Abstract. Optimization problems recently studied in liver kinetics feature noncompact constraints and
highly nonunique solutions. Here a wider class of problems with these properties is considered. It is shown
that it is sufficient to solve the problem with an additional, compact constraint. From the solutions of this
restricted problem all solutions of the original problem can be obtained. By means of this result and
Pontryagin’s maximum principle, solutions are found for some problems of liver-kinetic interest.
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liver enzyme kinetics
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1. Introduction. In some recent papers ([ 1 ], [3] and [4]) the following optimization
(optimal control) problem from liver kinetics has been studied: Let P and M satisfy
the system of differential equations

dP
a(P)f(x)

(1.1)
dx
dM

(O=<x-< L)’
a(P)f(x)- fl(M)g(x)

dx

with nonnegative a and/3 and with boundary conditions

(1.2) P(O)= Po>O, M(O) O.

Find the minimum of M(L) with respect to all control functions f and g satisfying

(1.3) f(x) _--> O, g(x)>=O for 0_--< x--< L,

(1.4) f(x) dx--- g(x) dx 1.

Here P and M represent the concentrations of two substances in the blood (precursor
and metabolite), and the system (1.1) describes a two-stage enzymatic process in the
liver. The quantities a and fl are proportional to the rates of conversion in the two
stages, and f and g describe the distributions of two corresponding kinds of enzymes
along a liver capillary of length L. A detailed presentation of the problem can be found
in [1].

Because of the noncompactness of the constraints (1.3) and (1.4) it is not clear
that the problem has a solution. In 1 ], [3] and [4] existence was established by various
methods under various assumptions on /3 ([3] is most general in this respect), but
these methods are of an ad hoc nature and seem difficult to generalize. In this paper
we shall prove an existence theorem for a much more general problem, where (1.1)
may be replaced by an arbitrary system which is linear in the control variables and
where the constraints on the controls are of the same type as in (1.3) and (1.4). This
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is done in 2, where we show that it is sufficient to look only for solutions where the
control vector is constrained to belong to a certain fixed compact set. The problem
with this additional constraint has an optimal solution, which is also a solution of the
original problem. Furthermore, from the solutions of the restricted problem we can
construct all of the infinitely many solutions of the original problem.

In 3-5 we shall apply the results from 2 to a problem of liver-kinetic interest,
but we believe that they have wider applicability. The problem we consider in 3-5
is an extension of problem (1.1)-(1.4), where there is a third kind of enzyme transform-
ing the precursor directly to the end product, thereby by-passing the metabolite. Instead
of (1.1) we then have the system

dP
a(P)f(x)-),(P)k(x),

dx

dM
a(n)f(x)- (M)g(x)

dx

where y is of the same type as a, and k is of the same type as f and g. The addition
of the term -y(P)k(x) in the first equation makes the problem considerably more
difficult to handle, especially by previously published methods ([1], [3] and [4]).
However, we shall show how the results from 2 enable us to find the solutions. In

3 and 4 we work with the restricted version of the problem, where there is an
additional compact constraint, and we apply Pontryagin’s maximum principle to obtain
(or at least characterize) the solutions. In 3 we assume that a and / are strictly
monotonic and that/3 is unimodal (i.e. has a single maximum point), and we find that
the problem (in the restricted version) has a unique solution, which can be explicitly
calculated.

In 4 we treat the case where/3 is strictly monotonic, but a and y general. A
characterization of the optimal controls is given.

In 5 we treat the case where a,/3 and ), are general, and we show that certain
optimal solutions can be obtained by means of a simpler problem not involving M,/3
and g. The results of 4 characterize the solutions of this simpler problem.

2. An existence theorem. We shall consider a class of control systems containing
the systems mentioned in 1 as special cases. Using the standard notation in control
theory with as independent variable, x=(xl,’", x,)TR as state vector, and
u =(Ul,"" ", u,) T R" as control vector, we consider the system

) =-= A(x)u, O <-_ <- T,

x(O) e g,
(2.1) ui(t)>-O, O<-t<- T, l <-_i<-m,

T

U(I) dt- a,
o

and the problem () of minimizing the cost

C(u,x)=g(x(T))+ b(x(t))u(t) dt.

Here T>0 is fixed, K is a compact set in
A(x) is an n x m matrix and b(x) is an m-row-vector, both continuous as functions
of x e R’, and g is a real-valued continuous function. The controls u are (Lebesgue)
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measurable functions, and the differential equations are understood in the
Carath6odory sense.

DEFINITION 2.1. Let v be measurable and nonnegative (i.e., have nonnegative
components) and let y be continuous on [0, T]. We say that (v, y) is transformed into
(u, x) by a rescaling of time, or briefly that (u, x) is a time transform of (v, y), if u is
nonnegative, and there exists a 0 LI(0, T) such that 0(t) _-> 0 for [0, T], the function

(2.2) b(t) 0(z) d-

satisfies (T)= T, and

(2.3) u(t)=v(dp(t))O(t) for almost all t[O, T],

(2.4) x(t)=y(ck(t)) forall tel0, T].

LEMMA 2.1. If (v, y) is a solution of (2.1), then any (u, x) which is a time-transform
of (v, y) is a solution of (2.1) with the same cost, that is

C(u,x)=C(v,y).

Proof. Let 0 and b be as in Definition 2.1 and let u and x be given by (2.3) and
(2.4). Note that b :[0, T] [0, T] is absolutely continuous with b’= 0 _-> 0 a.e. We shall
make use of the formula

j’,l,(t) fo(2.5) F(tr) dr= F(ck(z)lO(z) d,, e [0, T],
o

which holds for any F LI(0, T). A proof of (2.5) can be found, e.g., in [7, p. 377].
From (2.3) and (2.5) it follows that ui L(0, T), and we also see that ui(t) ->_ 0 on [0, T].

Since (v, y) satisfies (2.1) we have

y(s)=y(O)+ A(y(tr))v(tr) dtr, O<-_s<= T.

Using (2.3)-(2.5), we then get
’(t)

x(t)= y(ck(t))= y(O)+ A(y(tr))v(tr) dr

(2.6) x(0)+ A(y(ck(z)))v(dp(z))O(z) dz

x(0)+ A(x(z))u(’) d’.

Thus x satisfies dx/dt A(x)u(t) and x(0)= y(0) K. In the same way we get

(2.7) a v(s) as= v(ck(t))o(t) at= u(t) at,
o

and

b(y(s))v(s) ds= b(y(ck(t)))v(ck(t))O(t) at

b(x(t))u(t)dt.

Also x(T) y(b(T)) y(T).
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It follows that (u, x) satisfies (2.1) and that

C(u,x)=C(v,y).

LEMMA 2.2. Let (u, x) be a solution of (2.1). Then there exists a solution (v, y) of
(2.1) such that (u, x) is a time-transform of (v, y), and

Y vi s T E a, for all s [0, T].
i=1 i=l

The costs of (u, x) and (v, y) are the same.

Proof Let

tO(t)= T ai 2 u,(t), 0<_- t=< T.
i=l i=l

We define b by (2.2) and by

,(s)=min{t:O<-_t<=T, dp(t)=s}, O<=s<=T.

There may be countably many intervals [%, fl] where b is constant. We may assume
that O(t)=0 everywhere in these intervals (if necessary, redefine u(t) on a set of
measure zero). Define

y(s)= x(g,(s)),

if 0(O(s)) > 0,

(.9) vi(s)
1-- a if O(O(s))=0,

for s [0, T] and 1 <_-i_< m. Let us show that v is measurable. Let f be a measurable
real-valued function on [0, T], and let a be any real number. Then

E={t[O, T]: y(t)<a}

is measurable, and

{s [0, T]: f(,(s)) < a} {s: ,(s) E}

=(\ U (, ]).J

But E\Uj (%, fl] is measurable, and , being absolutely continuous, maps measurable
sets onto measurable sets (see, e.g., [6, pp. 248-250]). Thus sf((s)) is measurable,
and it follows that v is measurable. We see that v(s)O and =1 v(s)= T- =1 a
for all s e [0, T]. It follows from (2.9) that

u(O(s)) v(s)O(O(s)) for all s e [0, T],

because O((s))=O implies u(@(s))=0. In paicular, we have

u(@((t)))=v((t))O(@((t))) forall tel0, T].

Now @((t))t for all t, and if @((t))<t, then is constant on the interval
((t)), t], so that 0 0 there; hence u 0 on @((t)), t], and u(@((t))) u(t) 0,
o(((t))) o(t) o. hus
(2.10) u(t)=v((t))O(t) forall t[0, T].
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We also have

(2.11) x(t)=y(c(t)) forall t[0, T],

because y(c(t))=x(O(c(t))), and if g/(c(t))<t, then again ,/ is constant on
[p(b(t)), t] and u-0 there; thus x is constant on [O(b(t)), t], so that x((b(t)))
x(t).

Since (u, x) satisfies (2.1), we have

x(t)- x(O)+ A(x(z))u(’) d’, O<- t<- T.

Using (2.10) and (2.11) and reading (2.6) backwards, we get
h(t)

x(t)= y(O)/ A(y(cr))v(tr) dtr,

so that

y(s)= x(q(s)) y(O)+ Jo A(y(cr))v(cr) dr.

Thus y satisfies the equation dy/ds A(y)v(s). In the same way we get from (2.7)
and (2.8) that o v(s) ds a, so that (v, y) satisfies (2.1), and that C(v, y) C(u, x).

LEMMA 2.3. Let u, x) be a time-transform of v, y) and let v a.e., >- O. Then
(u, x) is a time-transform of (, y).

Proof There is a 0 such that (2.3) and (2.4) hold. We want to show that
(cb(t))O(t)= v(qb(t))O(t) a.e. Assume that this is not true. Then there is a set E of
positive measure such that O(t)O and (cb(t))v((t)) for teE. Since =v a.e.,
this implies that rn(c(E))=0, where rn denotes the Lebesgue measure. From (2.5) we
get

0= m(b(E)) Xg,(E)(S) ds= Xg,(E)(C(t))O(t) dt

>-- XE( t)O( t) dt - O.

Thus X(t)O(t)dr=0, which implies that 0(t)=0 a.e. on E. This contradiction
proves the lemma.

Let () be the problem of minimizing C(u, x) over all (u, x) satisfying (2.1) and
the additional constraint

(2.12) E u,(t) T-1 E a,, 0-< t-< T.
i=1 i=1

THEOREM 2.1. Ifproblern () has a solution, then it is also a solution ofproblem
(). In this case (u, x) is a solution of () if and only if (u, x) is a tie-transforrn of
(v, y), where (v, y) is a solution of (). If the solution (Vo, Yo) of () is essentially
unique, i.e., every other solution is of the form (v, Yo), where v Vo a.e., then (u, x) is a
solution of () if and only if (u,x) is a time-transform of (Vo, Yo).

Proof The first statement follows from Lemma 2.2, and the second follows from
Lemma 2.1 and 2.2. The last statement follows from Lemma 2.3.

THEOREM 2.2. Assume that (2.1) with (2.12) has solutions and that all solutions x
are uniformly bounded, i.e., that there exists a constant c such that maxo__<t__<-Ix(t)[-< c

for all x such that (u, x) satisfies (2.1) and (2.12) for some u. This is the case, for
instance, if [x’A(x)[<-_ cl(l q:[xl2).) Then problem () has solutions.
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Proof. It follows from general existence theorems in optimal control theory that
problem () has a solution, see e.g. [2, pp. 61-62], [5, pp. 259-262]. It is also easy to
give a direct proof in this case" If {(u k, xk)} is a minimizing sequence, some sub-
sequence of {u k} converges weakly in L2; {xk} is uniformly bounded and equicon-
tinuous, so some subsequence converges uniformly. It follows from Theorem 2.1 that
() has solutions.

Remark 2.1. There is some redundancy in (2.1) and (2.12), because if

2 ui(t)=T- a,= and ui(t) dt=a
i=1 i=1

for 1 m 1, then automatically

fOF fOF[ 1 ] m--1

u(t) dt= - u(t) dt=T- E a=a.
i=1 i=1

Therefore, when dealing with problem (), we can eliminate one of the control
m--1

variables, say u -=1 u, and work with Ul,’"’, U_l and the constraints u(t)- ui( t) <O, Jf u(t) dt a for 1 m 1,nd E=
In the case m 1, problem () is trivial, because then ul(t)= T-al for all t.

3. Solution of the by-pass problem when
unimodal. Let us now consider the by-pass problem mentioned in 1. It is described
by the following equations:

dP
-a(P)f(x) y(P)k(x),

dx

(3.1) dM-(P)f(x)-(M)g(x) (ONxL),
dx

e(0 eo>0, M(0 0.

Here , and are defined and continuously differentiable for P0 and M0,
respectively, and they also satisfy

(P)>0, (P)>0 forP>0, (M)>0 forM>0,

(0 (0 (0 0.

The control functions k and g are measurable and satisfy

(3.)
f(x)eO, k(x)eO, g(x)e0 for0NxL,

f(x x
o

Let k and g satisfy (3.2) and consider system (3.1). To be able to apply the usual
existence theorem from the theory of ordinary differential equations, we would like
to have defined in a neighbourhood of 0. We therefore define (M)=-(-M) for
M <0, so that e C(N). Then we know that (3.1) has a unique solution in some
interval [0, e) with e > 0. As long as the solution exists, we find easily from (3.1) that

(3.3) 0< P(x) N Po, ON M(x) N max (P).

Therefore the solution can be continued to all of[0, L], and (3.3) holds for all x e [0, L].
The solution is in Carathodory’s sense, i.e., P and M are absolutely continuous and
satisfy (3.1) almost everywhere. It follows from (3.3) that the solutions for various
admissible k and g are uniformly bounded.
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The optimization problem is, as in [1], [3] and [4], to minimize M(L). We can
now apply Theorem 2.2 and draw the conclusion that there exist optimal solutions.

As Theorem 2.1 shows, it is sufficient to solve the problem under the additional
constraint

(3.4) f(x) + g(x) + k(x) 3/L tr, 0 <- x <= L.

By Remark 2.1 we shall eliminate g and work withf and k as control variables, though
we will continue to write g instead of tr-f-k.

We shall apply Pontryagin’s maximum principle to obtain necessary conditions
for the restricted problem (that is, including (3.4)). The Hamiltonian for this problem
is

H(P, M, r/p, /M,f, k,/Zl,/z2)
rIp(-a(P)f-y(P)k)+ rlM(a(P)f-fl(M)g)+ Ixlf+ IZEk.

Let (f, k) denote an optimal control vector and (P, M) the corresponding solution of
(3.1). From optimal control theory (see, for example, [2, pp. 185-191]) we know that
there are absolutely continuous functions T/p and r/M, and constants r/o, /x and /d,2
such that (r/v(x), r/M(x),/Zl,/z2) # (0, 0, 0, 0) for all x, and

oH OH’,, OP’ OM’
np(L)=O, r/M(L)=r/o, r/o_<--O

where the derivatives of H are to be taken at the point

(P(x), M(x), rip(X), rIM(x),f(x), k(x), t-e,,/x2),
and

(3.5)
H(P(x), M(x), rip(X), qM(X),f(x), k(x), ,,

max H(P(x), M(x), rip(X), TIM(X),f k,/’1,/2"2)
f,k>-_O
f+k<--cr

a.e. on [0, L].
Thus

(3.6)
Write H as

.. (r/p rIM)fa’(P)+ rlpky’(P), n rlMgfl’(M).

(3.7)
where

H= $1f+ sk- crrlM(M)

(3.8)
s, r/M r/p )a (P) + r/M/3 (M) +

s= rlM(M)- rlpy(P) + tz.
In evaluating (3.5), it is convenient to introduce the following regions in the s-plane
Is= (s,,

R1 {s: S > 0, S > $’2},

R2 {s: s2 > 0, s2 > Sl},
R {s: s < 0, s2 < 0},

L1 {$: s2 0, S < 0},

L {s: s 0, s2 < 0}.

L3 {s: s s2 > 0},
o {o (o, o)}.
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It then follows from (3.5) and (3.7) that

f= tr ifs R,, f=0 ifs L1,

(3.9) k tr if s R2, k 0 if s L2,

g tr ifs R3, g =0 ifs L3,

possibly after a redefinition off, g and k on a null set (see Fig. 1).
First of all, let us show that rio 0. Assume that rio 0. Then riM(L)=0, and (3.6)

implies first that riM(X)=0 and then (beccause rip(L) =0) that rip(x)=O. Then (3.8)
shows that s, and s2 are constants, and unless/z =/z2=0, (3.9) shows that one of f,
g and k is identically o- or idertically 0, in contradiction of (3.2). Thus =/z2 0,
so that (rip(X), riM(x), I, /x2)=(0, 0, 0, 0) for all x, which is impossible. Thus
riM(L)= rio<0, and we see from (3.6) that

(3.10) riM(x) < 0 for all x.

Of particular importance for the analysis are the derivatives of the switching
functions s and s2. From (3.8), (3.1) and (3.6) we obtain

s (riM rip)Ot’(P)P’ +

(rim rip)a’(P)[-a(P)f- ),(P)k]

+ riMgfl’(M) (rip rim )fa’(P) ripkT’(P)]c (P)

+ riMfl’(M)[t(P)f-fl(M)g]+ riMg’(M)fl(M),

s riMfl M M + ri ’Mfl M ripT’ P P’ ri ’p T P

riMfl’(M)[cr(P)f-fl(M)g]+

-rip/’(P)[-c P)f 3/(P) k] [( rip rim )ft’(P) + ripk3"(P)]/(P).

That is,

(3.11)

where

s (f+ g)riMa(P)’(M)- kS, S’=f[riMa(P)’(M)+ S]

S (rim qP)a’(P)/(P) + ri(P)/’(P).

f=g=0

f=k=0

2 g=0

R

g=k=0

k=0

FIG. 1. Decomposition of the switching plane.
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So far a,/3 and y have been arbitrary (subject to our general conditions), but for
the rest of this section we now assume that

a’(P)>0 and y’(P)>0 for all P_-> O,

and that

(3.12)
/3’(M) > 0 for 0-< M < Mo,

fl’(M)<O forM>Mo.

It is helpful to draw figures showing how the point s(x) can move in the s-plane
in different cases. If S < 0 and M < Mo it follows from (3.9) and (3.11) that the following
movements are possible (see Fig. 2. The arrows denote increasing x): In the region
R1 we have f=o-, g k =0, so that M’> 0, and we see from (3.11) that s < s < 0.

If $ < 0 and M > Mo the following movements are possible (see Fig. 3):
Note that we cannot move along L in any case, because if sl s2 on a set E of

positive measure, then s s a.e. on E, but g 0 implies s- s =-trS > 0.

S

M increasing

FIG. 2. Paths of (Sl, s2) for M < Mo.

S
2

S

R

M increasing

FIG. 3. Paths of sl, s2) for M > Mo.
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In what follows we will prove that S(x) < 0 for all x. We shall distinguish different
cases depending on where s(L) lies.

Case 1. s(L) T R2 (-J R3 (3 L1 (.J 0.
(i) Define :1 inf {x [0, L]: s(t) T for x -<_ -<_ L}. Let us show that S < 0 on

[s1, L]. If this is not true, then, since S(L) < 0, there exists a : [, L) such that S < 0
on (:, L] and S(:)=0. In R2(AR3(AL we have f--0. If s(x)0 and f(x)#0 on a

’--s-0 a.e. on E It follows that S-set E c_ (:, L] of positive measure, then s
-qMa(P)fl’(M) and s -(f+ g + k)S= -trS> 0 a.e. on El, which is a contradiction.
Thus f-0 a.e. on [s, L], and since r/p(L)=0, it follows from (3.6) that r/p=0 on
[:, L]; hence S < 0 there, which contradicts the definition of :. Thus S < 0 on [1, L],
and the arguments above show that f-0 and rp- 0 on [s, L]. From this it follows
that : > 0. We infer from Figs. 2 and 3 that s(s) cannot belong to L3, because s(x)
cannot enter R. from there. It cannot belong to 0 either, because S < 0 in some
neighbourhood to the left of 1, and, as the figures show, there is no curve leading to
0 that does not lie entirely in T (note that s_ < s < 0 in R1, if M < Mo). Thus s(sl) L_,
and s(x)R3; hence g(x)=cr, for x(sCl,L]. It also follows that M(x)<Mo for
x (s1, L], because if M(s’’) _-> Mo for some s’’ (s,, L], then, since M’_-< 0, we get
M _-> Mo and s _-> 0 on (s1, :") which is impossible.

(ii) There is a maximal interval [s2, 1] (s2 may be equal to 1) where Sl =0, s2-<0.
If 2<1, then k=0 and s=trMa(P)fl’(M)=O on (:2, ), so that fl’(M) =0 and
M Mo there. On (:2, :1) we have from (3.6)

(n-,,)f’(P), ,,=0.

As Tp(:)=0 and 7M(:1)<0, we see that /4 < TP <0 on [s2, s), so that S <0 and
s =fS < 0 there. Assume that s2(:2)= 0, and let

: inf {x _-> 0: S < 0 on [x, :2]}.

Figures 2 and 3 show that Sl -< 0, s2 0 on [:, 2], and, as is shown above, we must
have f=O a.e. there. Then M’_-<0, so that M_-> Mo on [:, 2]. From (3.6) we obtain

q ’p qpky’ P rl virgil’(M),

and since r/p(s2)<0, we get /p<0. Moreover, r/t-q,_->0, and since r/M(S2)
r/p(2) <0, we get nM--riP <0 on [s, s2]. Thus S <0 on [s, s2], which implies that
s-0. But it is impossible to have M >-Mo on all of [0, s2]. Therefore s2(2)< 0.

(iii) The point s(x) might approach s(2) L2 from Ra, but with s defined as
above, we again find that s 0, which leads to M ->_ Mo on [0, 2]. Thus s(x) approaches
s(2) from R. Let

3=inf{x>-O:s(t)R for x < < s:2}.

Then s3 > 0, since otherwise k(x) dx =0. On [s3, s2] we have

rl ’p o" rln rlM a P, 0, v() < v().

Therefore /M < /P < 0 on s3, s2), and S < 0 there. Furthermore, M < Mo on s3, s2),
because M’>0 there, and M(2)<=Mo. By Fig. 2 s(s3) L3. Since s(x) cannot move
along L3, it must approach s(s3) from R2. Let

s inf {x >_- 0: S < 0 on x, s3]}.
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On [:, s3] we see from Fig. 2 that s(x) R2, and we have

rl’p trrlpT’(P), /p(s3) < 0,

v=0, n() < v(),

so that r/M < ’Yp ( 0 on [, 3]. Thus S < 0 there, which means that s 0. Hence k tr

on [0, 3).
The whole curve in Case 1 is shown in Fig. 4.
Case 2. s(L)e L3.
The situation is the same as in step (iii) of Case 1 (except that we have r/p- 0

instead of r/p < 0, but that does not affect the argument), and we can draw the conclusion
that s(x) e R2 for x e [0, L), that is k o- there, which is impossible.

Case 3. s(L) e L:.
If M(L)> Mo, s(x) must approach s(L) from R3, but as in Case 1, step (ii), this

implies that M(x)> Mo for all x e[0, L], which is impossible. If M(L)<-Mo, the
analysis is the same as in Case 1, steps (ii) and (iii). But if M(L)< Mo, then g-0 on
[0, L]. Thus M(L)- Mo.

Case 4. s(L) R1.
Define this time

sl inf {x [0, L]: s(t) R1 for x =< =< L}.

On (Sl, L] we have f= tr, g= k-0, so that Sl>0. From (3.6) we obtain on [s, L]

rl’p--tr(np--nM)a’(P), / 0,

and since /p(L) 0, we get /- /p <0, /p <0; hence S<0 on [s, L). If s(:) L3,
we have the same situation as in step (iii) of Case 1, and we can conclude that k r
on [0, s). But then g =0 on [0, L], which is impossible. Furthermore M > Mo on
(s, L], because if M(s’) -<_ Mo for some s’ (s, L], then, since M’> 0 on (Sl, s’),
M< Mo on [sl, s’). But then s <0 there, which is impossible, because s(s) =0<
s(s’). (This is also clear from Figs. 2 and 3.) The possibility s(s)=(0, 0) is ruled out
by the same arguments as in Case 1, step (ii), when we showed that s=(s2)< 0. Thus
s(s) z L2. If M(s) > Mo, then as in Case 1, step (ii), we find that M(x) > Mo for all
x [0, sl]. Thus M(s)= Mo. From this point on the analysis is the same as in Case
1; this time :2 < :, because it is only on [so2, :] that g # 0.

R2 0

$

FIG. 4. Portrait ofbehaviour of (s, $2) for M(L)< Mo.



OPTIMIZATION PROBLEMS WITH NONCOMPACT CONSTRAINTS 1043

The whole curve in Case 4 is shown in Fig. 5.
Now we know what possible forms the optimal solution can take. The results can

be summarized as in Fig. 6.
Next we want to investigate what is the particular form of the optimal solution

for different values of the parameters Mo,/30 fl(Mo), Po, P1 and P2, where P1 and
P2 are defined by

fp’ d$ fp2 d$

y(s)- 1, -1.
(s)

In all cases k(x)= tr for 0-<x < :3 and k(x)=0 for :3 <x<-L. From (3.2) and
(3.4) we obtain so3 1/tr= L/3. On the interval [0, L/3) we have P’ -o-y(P), M’=0,
so that

P(L/3) ")/(S)
1, P P1, M =0.

S
2

R2 0

II.

IIa.[
0

III.

FIG. 5. Portrait of behaviour of (s, s2) for M(L)> Mo.

3 2

k=0, M=M

k=O, M=M
0

FIG. 6. The optimal control functions.



1044 K. HOLM.KER AND D. STEWART

Case I. Consider Case I in Fig. 6. From (3.2) and (3.4) we obtain 2--1--" 2L/3.
On the interval (L/3, 2L/3) we have P’= -o-a(P), M’=o-a(P), so that

(2L/3) O(S)
1, P P2, M P1 P2.

On the interval (2L/3, L] we have P’=0, M’ =-rfl(M), so that

-1.

This can occur only if P1-P2 -< Mo (since M =< Mo in Fig. 4).
Case II. Consider Case II in Fig. 6. On the interval (L/3, so2) we have P’= -o-a(P),

M’ ra (P), so that

(3 13)
L IP" ds- () (s)- 2-

L/3, M(s2) Mo P,-P(s2).

From this we get

(3.14) sc_= 1 + as)Mr

On the interval (:2, :1) we have P’= -f(x)a(P), and 0 =f(x)a(P) flog(x). We obtain

(3.15)
IL fpl ds

1 f(x) dx P(:I)
/ (,>,(s)’

flo g(x) dx P(2)- P(sI) P1- P2- Mo.

On the interval (SOl, L] we have P’--0, M’=-off(M), so that

3 ()(s) -L-’’

1= g(x) dx--3-O’l +(P1-P2-Mo)/flo.

From this we get

, [2+ (P1- P2- Mo)/flo],

-1-(P1- P2- Mo)/flo.

This case can occur only if 0 < P1- Pa- Mo </30.
Case IIa. The limiting case where cl L can occur only if P- P2-Mo =/30.
Case III. Finally, consider Case III in Fig. 6. As in Case II we obtain (3.13) and

(3.14), and instead of (3.15) we get

/30 =/30 g(x) dx P(s:)- P(sI) P,- Mo- P(sl).
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On the interval (:1, L] we have P’=-era(P), M’= era(P), so that

pt) a(s)-- l, P(LI= P2,

P’-M-o ds L Ip21-M-13 d____s_L
a(s)

3- era:l, :1 L-- a(s)- 3

M(L) Mo+ P(,)- P(L) P,.- P2- flo.

This case can occur only if P- P2-Mo >/30.
For any values of Mo, flo, Po, P1 and P2 there is an optimal solution of (3.1.2)

and (3.4), and it must be included in one of the cases above. The necessary conditions
also determine (f, g, k, P, M) uniquely. This is obvious except on the interval (2, :).
But theref+ g er, and we find that P andf are uniquely determined, P as the solution
of

er,Boa (P)
P’= P(sC2) P1- mo,

/3o+ a(P)’

and f(x) as

f(x)
ergo

flo+ a(P(x))"

When the optimal solution of (3.1.2) and (3.4) has been found, it can generate
all the optimal solutions of (3.1)-(3.2) as described in Theorem 2.1.

We can summarize our results in the following theorem.
THEOREM 3.1. Consider the problem of minimizing M(L) subject to (3.1.2) and

(3.4). The problem has a unique solution (f, ,, , , f4). If we define P1 and P2 by

fp’O ds f P1 ds
y(s)- 1,

p a(s)

the solution can be described as follows:
(I) If P1-P2 <- Mo, then the optimal solution is given by Case I in Fig. 6 with

:3 L/3, = 1 2L/3. The optimal value M(L) is given by

P1-P2 ds., (s)
1.

(II) If 0 < P1- P2-Mo </30, then the optimal solution is given by Case II in Fig.
6 with 3 L/3 and

sc= 1 + :1 +(P,-P-Mo)/flo].
PI_Mo O,(S -[2

e optimal value (L) is given by

M ds

(s)
-(n’- P- Mo)/o.

(IIa) If P1- P2-Mo =/30, then the optimal solution is given by Case IIa in Fig. 6
with 3 L/3, s2 as in Case II, and 1 L; furthermore I(1(L)= Mo.
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(III) If P1-P2-Mo> /30, then the optimal solution is given by Case III in Fig. 6
with 3 L/3, as in Case II, and

,= 2+ diT)1--Mo--flo

The optimal value is II(L) P1- P-o.
e optimal solutions of (3.1)-(3.2) are

f(x) O(x)f(6(x)), P(x) P(6(x)),

g(x) O(x)(6(x)), M(x) (6(x)),
k(x)=O(x)&6(x)),

where 0 is any function in LI(0, L) such that 0 >-0,

O(x) dx=L and (x)= O(t) dt.

The optimal value of M(L) is the same as M(L).

4. General t, ,, monotonic ft. We consider again the by-pass problem but this
time with a and ), general and/3 strictly monotonic (that is,/3’(M) > 0 for all M _-> 0).
We can still use equations (3.1)-(3.11).

Outside R3 (the closure of R3) g 0, so there exists a smallest :1 < L such that
s(:l) belongs to R3. Within R2U R3U L1 we have f=O, so that s=O, and within

R U R3[_J L2 we have k=0, so that s=trMcr(P)fl’(M)<O. Therefore the point s(x)
might leave R only at 0 along L3. But if s(x)- SE(X)>0 on a set E of positive

< 0 theremeasure, then Sl’= s a.e. on E, hence S=0 (since g-0; see (3.11)), and Sl
Therefore s(x) cannot leave R When s belongs to R3, we have f-0 a.e., because if
Sl(X) SE(X) =0 and f(x) # 0 on a set of positive measure, then s(x) S’E(X) =0 a.e.
on that set, and (3.11) gives the contradiction rlMa(P)fl’(M)=O. This means that
s > 0, and that f= 0 on (:1, L].

Now, either s(:l) L2 or s(sl) 0. In the first case it follows from what was said
above that s(x) will move into R3, so that g cr on (:1, L]. In the second case s(x)
belongs to L1U 0 for all x [sl, L]. On (Sl, L] we have g + k cr a.e. and, g(x) dx 1,
and since

M ds It

I) fl(s)- g(x) dx,

any g and k satisfying these conditions on (1, L] are optimal. In particular there is
an optimal solution with g 0 on [s, ’] and g cr on (s’, L] for some :’, and we
consider that solution for the rest of this section. Thus in any case there is a such
that g =0 on [0, :) and g cr on (:, L]. It follows that = 2L/3 and that P= P(L)
and Tp 0 on [:, L], and M 7(S) < 0 on [0, :].

Let us return to the necessary conditions derived in 3. Since .our system is
autonomous, the Hamiltonian (3.7) is equal to a constant crc on [0, L]. On [0, ] we get

max (rsl O’r/Mfl (M), o’s O’r/Mfl (M)) trc,

that is,

(4.1) max ((r/M- r/p)a(P) +/x,, r/py(P) +/x2) c,

and at x : 2L/3 in particular:

max (’OM()a(P())+/’/’1, ]’’2)--- C.
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Case I. In the first case described (see Fig. 7) s2(:)< Sl(:)= 0, and therefore

tz2 < nM()a(P(sr))+ [ul,1 C,

SO that

v.()
c-g-------z- < o.
a(P())

In R1, s > s2, so that

Then

C --it1

a(P())
a(P)-Vpa(P) + lz,= c.

,/p (c _/,/,1) [ 1 1 ]a(P(sr)) a(P)

,(P (P( < (( ,
a(P) -c

and f=q, k 0.
In RE, s2> Sl, and

Then

a(P())
a(P)-rlpa(P)+ lZl <-rIpy(P)+ tx2= c.

/x2-c [ a(P())]
and f O, k

On the line sl=s2 we have y(P)[1-a(P())/a(P)]= ,.
Thus we see that the function O(P)= y(P)[1-a(P())/a(P)] is such that

(4.2)
(P) < v=>f o’, k O,

$
2

R

R L
3

case II

case
R

$

FIG. 7. Possible paths of (Sl, S2).
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Case II. In the second case Sl()O $2() =0, and

n4 (:)a (P(:))+1 -<= c,

so that

In R1,

Then

and f r, k 0.
In R2,

Then

C --/1a(P()) >= .
-*/pT(P) + c < "O()a(P) "Opa(P) +I c.

V" V() c- a(P) < ,
a(P)’

V4()a(P)-Ipa(P)+, <-Vpy(P)+ c= c.

?p 0, a(P)> ,
and f 0, k r.

On the line S --S2, a(P)= K. Consequently in this case

a(P)<K=:>f =o’, k=O,
(4.3)

a(P) > =:>f= O, k=

Remark 4.1. For certain functions a and y the condition (4.2) or (4.3) gives
information on f and k almost everywhere on [0, :], :- 2L/3. For example, if a and
y are strictly increasing in P, then so is , and since P’ <0, (4.2) or (4.3) gives a
solution of the form I in Fig. 6. Another example is the case where a and y are (real)
analytic in a neighbourhood of [Pmin, Po], where Pmin > 0 is the minimum of P(L)
over all admissible f and k. In that case there are only finitely many x in [0, :] such
that O(P(x))= v or a(P(x))= n, unless a(P) is constant on [Pmin, Po]. If this is so,
then any distribution of f and k is optimal.

Remark 4.2. From the equation

it follows that M() is the minimum of

f(x)a(P(x)) dx

subject to

dP
a(P)f(x)- y(P)k(x),

dx
f(x) >- 0, k(x) >- 0, f(x) + k(x) o’,

f(x) dx k(x) dx 1.
o

xe [o, :],
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5. General a,/3 and y. Consider again the by-pass problem from 3, this time
in its original formulation (3.1)-(3.2). Let a,/3 and y be arbitrary.

Choose an L’> 0 and consider the problem of minimizing

L’f(x)o(P(x)) dx,

when

P’=-a(P)f(x)-y(P)k(x), O<=x<- L’,

P(O) Po,

f(x) dx-- k(x) dx 1, f(x),k(x)>-_O.

According to Theorem 2.2 this problem has a solution. Let (f, k, P) be any solution,
and let A be the minimum value, so that

A= f(x)a(P(x)) dx.

Note that A actually is independent of L’. If we pose the same problem with L instead
of L’, then

is a solution as is easily verified.
If the restriction f(x)/ k(x)= tr is applied, Remark 4.2 shows that the solution

can be characterized by (4.2) or (4.3).
Now let L’ (0, L) and extend the definition of f, k, and P to all of [0, L] by

setting f(x)=k(x)=O and P(x)=P(L’) on (L’,L]. Then P satisfies P’=
-a(P)f(x)-y(P)k(x) on [0, L]. Let/x > 0 be given. We shall construct a particular
solution (f, g,, k, P, M,) of (3.1)-(3.2) with g, defined as follows"

Case I. If A _-</x, define g, (x) 0 for 0 _-< x _-< L’, and g, (x) _-> 0 for L’ < x -< L in
such a way that tL,g,(x) dx=l. Then M,(L’)=A, and M,(L) is given by
() ds/fl(s)= l.

Case II. Assume that/x < A </x +/3 (/x). Consider

(x)= f(t)a(P(t)) dt, O<_x<_L’.

Since (L’)=A>/z, there is a y(O,L’) such that (y)=/x. Define.g,(x)=0 for
O<=x<- y, and

(5.1) g. (x)
fl(tz f(x)a(P(x))

for y < x =< L’. This is permissible, because

’
g, (x) dx=[(L’)-(y)]/fl(Iz)=(A-I.e)/fl(tx)<l.

y
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On (L’, L] we define g,(x) in such a way that j, g,(x) dx= 1-(h -I)/fl(l). By the
uniqueness of the solution of the differential equation, we have M,(x) -/ on [y, L’],
and M,(L) is given by

)/3(s)- 1 fl(g.
Case III. Assume that A _->/ +fl(). Again b(y)=l for some y (0, L’), and

since 4(L’)= h _->/ +fl(/), there is a z (y, L’] such that 4(z)=/ +fl(/.t). We now
define g,(x) by expression (5.1) on (y, z), and g,(x) 0 on [0, y] U [z, L]. We note that

g(xx= g(xx=[4,(-4,(yl/(=.

We have M(x)= on [y, ], and

M.(I + I(xl(P(x ax

I,:-=- f(x(P(x x

=-( g.(x x= -(..

Consider the function F() defined by

F() A -() if0_--< + fl()_--< A,

if +fl(x)> A and x < I,
ds

ds

(,fl(s)
1 if >I.

Obviously, F()= M,(L) for >0. This function is continuous and attains its
minimum value for some *> 0. (There may be several such *; choose one of them.)
Put g* g,. and M* M,..

TEORE 5.1. The solution (, g*, , , M*) of (3.1)-(3.2) constructed above is

an optimal solution.
Proof. Let (f, g, k, P, M) be an arbitrary solution of (3.1)-(3.2). Define

1 max {l(M(x))" x e [0, L]},

and choose and x such that

(l=l, M(xl=.

If x cannot be chosen less than L, define

{2f(2x) for O <-_ x <-_ L/ 2,
f(x)

0 for L/2 < x <= L,

and (x),/(x) similarly, and

(x) P(x) for0xL/,
t P(g) for/< x L

(M(2x) for O <- x <- L/2,
M(x)

M(L) for L/2 <x<-_ L.
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then (f, if, g,/3, h) is a solution of (3.1)-(3.2), and//(L) M(L). Therefore we may
without loss of generality assume that xl < L. We then choose L’ xl and tz tz and
construct (f, gz,, k, P, M,,).

Case I. Assume that A 1. Then

-1 g(x) dx
(s)- , (s) , (s)’

since M’-gfl(M), M(L’)= M(x)=1. Thus M,(L)M(L).
Case II. Assume that # < A < + fl(#). By integrating M’/fl(M) over [L’, L]

we get

’’ ds f (’)

f f"f(x)a(P(X)) dxg(x)dx-, (M(x))

j" 1g(xl&- f(xl(e(xl&
L’

l[fo fog(x) dx- f(x)a(P(x)) dx- f(x)a(P(x)) dx

But f(x)a(P(x)) dx A according to the remark above (A independent of L’), and

f(x)(P(x)) dx=M(L’)+ g(x)(M(x)) dXNl+ g(x) dx.
o

Thus

LldsfI 1[ fo
L’ ]<-- g(x) dx- X- -fl g(x) dx

=1
, --/R,1 fP’ ds

j31 MI(L) j (S)

Hence Mm(L <- M(L).
Case III. Assume that _-> tz + fl(tz). Then

M(L) f(x)a(P(x)) dx- g(x)fl(M(x)) dx >= A- g(x)fl, dx

X -fl, M,(L).
We have then proved that M(L) >= M,,(L) F(/zl), and since by definition.F(/zl)

F(tx*) Mz.(L)= M*(L), we see that M*(L) is the optimal value.
Remark 5.1. This gives a simpler proof of the result in [3].
Remark 5.2. It is easy to see that the function F(/z) defined above is continuously

differentiable; indeed

-/3’()

F’(/x)
/x)/i’()fl (F(/.))
[(.]

0

if0=</x +(/z) =< A,

if/x +/3 (/x) > A and/z < A,

if/z-> h.
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In particular/3’(/z) F’(/x) <= 0 for all/z, and we see that/z* (where minimum is attained)
is either h or a point where/3’= 0. In the latter case, if/z*< h and if {/z:/3’(z) 0}
is a finite union of closed intervals (which may be single points),/x* must be a local
maximum point of/3. We can also show (without any extra assumptions on/3) that if

* -< A, then

/3(/**) max {/3 (/z)’0-</x -</x*}.

Proofof (5.2). Let/Zo (0,/z*] be such that/3(/Xo) max {fl(/z): 0-</x_-</z*}. Sup-
pose that fl(/z*) < fl (/go), so that/Zo </x*.

Case I. If/z* + fl(/x*) _-< A, then F(/z) h fl(/x) for all/x <_-/z*, because if
/3(/x’)> h for some /z’</x*, then there is a /z"</z’ such that /z" + /3 (/z") A, and
F(tz" --/x" </z* -< A fl(/x*) F(/z*), which is impossible. Thus fl(*) < fl (/Zo) leads
to the contradiction F(/zo) < F(/z*).

Case II. If/x* _-< h </z* +/3 (/z*), then

* ds A -p,*
F(..) fl(S)

-1-"

If/Zo + fl (/o) =< A, then F(/o) A fl (/o), and

/x*- F(*) ]’"* ds

/3(/Xo)
< JF =< 1--;

(,.)/3 (s) (o)

hence F(/xo) < F(/z*). If/Zo+fl(/Xo) > A, then

fF ds A tZo I
A tx * tz * tZo

o fl s
1-

fl tXo--- fl tZo

>-1
* ds fg* dsh-/* k* -/-o >

(*) (o) (,./(s) /(s)

hence again the contradiction F(/zo) < F(/x*).
Thus we must have/3(/x*) fl(/Zo). ]
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SELF-TUNING TRACKERS*

P. R. KUMARf AND L. PRALY:I:

Abstract. We examine the problem of obtaining adaptive control laws which tune themselves to control
laws minimizing the variance of the tracking error between the output of the linear ARMAX system and a
specified reference trajectory. If the reference trajectory is sufficiently rich of order greater than or equal to
the sum of the degrees of the control and noise polynomials in the ARMAX system, then an adaptive
controller is exhibited for which the parameter estimates are strongly consistent. For the linear model
following problem where the trajectory to be tracked is generated as the output of a linear system, it is
enough for the order of sufficient richness to be greater than the degree of the noise polynomial alone.
Further, if the order of sufficient richness is even smaller, as is often the case, then a lower dimensional
adaptive controller which does not attempt to estimate all the coefficients ofthe noise polynomial is self-tuning.

Key words, adaptive control, self-tuning tracker
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1. Introduction. The problem of stochastic adaptive control of linear ARMAX
systems has received considerable attention over the past decade. The notable pioneer-
ing contributions are due to Astr6m and Wittenmark [1] and Ljung [2], [3]. Sub-
sequently, Goodwin, Ramadge and Caines [4] and Goodwin and Sin [5] have proved
the self-optimality ofsome adaptive control algorithms for minimum variance regulation
and tracking. By self-optimality it is meant that the cost, the time average of the square
of the tracking error, is minimal.

Recently a stochastic gradient algorithm has been proved to be self-tuning for the
regulation problem (see [6]). (Recall that in the regulation problem one wants the
output of the system to stay as close as possible to zero, whereas in the tracking problem
one wants to track a given arbitrary trajectory.) By "self-tuning" it is meant that the
adaptive control law converges to the optimal control law. This is clearly a property
of fundamental interest since it implies that the adaptive controller can be used as a
mechanism for tuning to the parameters of an optimal control law.

In this paper we examine the problem of minimum variance tracking where the
goal is to ensure that the output of the system tracks a specified reference trajectory
with minimal average squared tracking error.

From a purely technical viewpoint the analysis of the tracking problem along the
lines of [6] has until now been stymied by the fact that a key geometric property of
the adaptive control algorithm, which renders the regression and parameter estimate
vectors orthogonal, holds only in the regulation problem and not in the case of tracking.
Our first contribution here is to show how to overcome this difficulty by enlarging the
dimension of the regression vector.
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Another well-known difficulty with the tracking problem is that when the reference
trajectory to be tracked is a general nonzero trajectory (we call this the general tracking
problem), then the control law which allows the trajectory to be tracked with minimum
variance does require explicit knowledge of the coefficients of the colored noise
polynomial, see [4], [6], 12]. This is another feature distinguishing the tracking problem
from the regulation problem. Consequently, it is necessary to identify some additional
parameters pertaining to the colored noise polynomial in order to obtain self-tuning.
Such identification is established in this paper under the natural assumption that the
reference trajectory is sufficiently rich of appropriate order.

The second essential contribution of this paper is the examination of how one
may obtain self-tuning when the reference trajectory is not so rich as to allow one to
identify all the coefficients of the colored noise polynomial. For example, in an
important class of practical problems, called set-point problems, the output ofthe system
is required to stay as close as possible to a certain specified level. Thus the reference
trajectory is a nonzero constant, which is sufficiently rich of order one only. We examine
such problems, which violate the richness assumptions of the general tracking problem,
by examining the problem of following trajectories which are generated by linear
models. We call these the linear modelfollowing problems. (The set-point problem is a
special case of the linear model following problem.) Our second class of main results
is to show how one may adjust the dimension of the regression vector to the degree
of excitation present in the reference trajectory. We then provide a proof of self-tuning
of the resulting reduced dimension adaptive controllers.

Our main results are therefore the following:
(i) The adaptive control laws in both the general tracking problem as well as

the linear model following problem are self-optimal, i.e., the average squared tracking
error is minimal (Theorem 3).

(ii) In the general tracking problem, if the reference trajectory is sufficiently rich
of order at least equal to the sum of the degrees of the control and noise polynomials
in the ARMAX representation of the system, then the parameter estimates are strongly
consistent, i.e., they converge to the true values almost surely (Theorems 6 and 7).
This result also implies that the adaptive controller is self-tuning, i.e., the adaptive
control law converges to the optimal control almost surely (Theorem 7).

(iii) For the parameter estimates to be strongly consistent in the linear model
following problem it is enough for the order of sufficient richness of the reference
trajectory to be equal to the degree of the noise polynomial alone (Theorems 6 and
7). This again implies self-tuning (Theorem 7).

(iv) Often, the degree of sufficient richness is even smaller than the degree of the
noise polynomial (e.g. the set-point problem). In such linear model following problems,
a lower dimensional adaptive controller can be used. This lower dimensional adaptiver
controller is self-tuning (Theorem 7). The parameter estimates also converge (Theorem
6). However, since no attempt is made at estimating all the coefficients of the noise
polynomial, the parameter estimates do not converge to the true values (i.e. we are
using a direct adaptive control law).

Some comments on the nature of these results in comparison with the results in
deterministic adaptive control are useful. In deterministic adaptive control, where there
is no noise in the system, one can asymptotically obtain zero tracking error. However
in stochastic adaptive control there is noise and one wants to reject as much of the
noise as possible. Clearly optimal noise rejection will depend critically on the knowledge
of the correlations inherent in the possibly colored noise. This is where the central
problem of estimating the colored noise coefficients enters into the stochastic adaptive



SELF-TUNING TRACKERS 1055

control problem. Indeed, in the present paper, the need for richness in the reference
trajectory is intimately related precisely to the need for estimating the model of the
colored noise.

2. The adaptive control laws. We consider the ARMAX system

(1) y(t)= aiy(t-i)+ biu(t-i)+ ciw(t-i)+w(t)
i=l i=1 i=l

where y, u and w are, respectively, the output, input and white noise. The parameters
(al,""" ap, hi,’", bq,l,"" ", es) are unknown. The goal is to design an adaptive
control law which ensures that the output follows a given bounded reference trajectory
(y*(t) with minimal average squared tracking error, and such that the adaptive control
law asymptotically self-tunes to the optimal control law. It is an added bonus if the
true parameters (al," ", ap, hi,... bq, 1," ", Cs) can also be asymptotically
identified.

If the reference trajectory is arbitrary, we shall refer to this problem as the general
tracking problem. In many problems however the reference trajectory is generated as
the output of a linear model. We shall refer to such a special case as the linear model
following problem. The special properties of a reference trajectory generated as the
output of a linear model can be usefully exploited, as we will see in the sequel. We
now discuss separately the general tracking problem and the linear model following
problem.

2.1. The general tracking problem. In this case {y*(t)} is just a reference trajectory
to be tracked with no special properties. We will use the following adaptive controller
(with the notation p v s := max (p, s)).

(2) O( + 1) O( t) + b(t)
.(r(t) [y(t+l)-y t/l)]

where, for the time being, 0 </ < 2 is an arbitrary constant (but see the remark at the
end of 4).

t+l

(3) r(t/l):= 1/ bT(k)4(k),
k=0

(4) b(t):= (y(t),’’’,y(t-p v s+ 1), u(t),’’’, u(t-q+ 1),
-y*(t+ 1),’’’,-y*(t-s+ 1)),

(5) u(t):= tli(t)y(t-i+l)+ fli(t)u(t-i+l)- yi(t)y*(t-i+l)
ill(t) I.i:l i:2 i:o

where

(6) (al(t),. apvs(t), fll(t), flq(t), To(t),’’’, )’s(t))’:= O(t).
Note that (5) can equivalently be written as

(7) dpr(t)O(t) =O.
The motivation behind this adaptive controller is the following. Rewrite the system

(1) as,

y(t+l)-y*(t+l)= ay(t+l-i)+ b,u(t+l-i)+ c,w(t+l-i)-y*(+l)
i=l i=l i=1

+w(t+l).
If one could observe the past of w(. at each time t, then an optimal controller would
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choose u(t) so that the term in [.. on the right-hand side above is zero, i.e.

-1
2 ay(t+l-i)+ 2 b,u(t+l-i)+ c,w(t+l-i)-y*(t+l)/,/(t) =--1 i=1 i=2 i=1

for this would result in y(t + 1) y*(t + 1) + w(t / 1), clearly yielding the best possible
tracking error. However, the sequence w(.) is not observed, and so let us replace it
by y(. )- y*(. ), which is what we hope it would be, at least asymptotically. This gives
the implementable control law,

-1
(a,+c,)y(t+l-i)+ b,u(t+l-i)- ctv*(t+l-i)-y*(t+l)u(t)’’-l Li=l i=2 i=1

It can be shown that this control law is actually optimal with respect to the long run
average of the square of the tracking error; for more details, see [12]. Let us define,

(8) O:=(al+ cl, apvs/ Cpvs, bl, bq, 1, Cl,’’’, cs) T

(where, for convenience, we define c, := 0 for i> s and ai := 0 for i> p in (8)), and,
under optimal control, the system (1) can be represented as

y(t+ 1)-y*(t+l)= bT(t)0 + w(t+ l),

while the optimal control law can be written as one which chooses u(t) to satisfy,

b T(t)O =O.

Our adaptive control scheme (2)-(6) can be interpreted as trying to estimate 0 when
the system is being optimally controlled.

Remark. Note that the (p v s + q + 1)th component of 0 is 1, and hence is a known
quantity. However, the estimator ignores this knowledge and estimates it anyway by
3’o(t). We can therefore regard (2, 3) an an unnormalized parameter estimator. It follows
that this parameter estimator is one dimension larger than that considered in Goodwin,
Ramadge and Caines [4]. In this connection, it is also of interest to note that recently
Wei [7] has proposed an estimator for the regulation problem which is one dimension
less than [4], [6].

2.2. The linear model following problem. In many situations of interest the refer-
ence trajectory is generated, at least asymptotically, as the output of a linear model.
We shall suppose that there is a sequence {y,,(t)} such that

(9) ym(t) E hiYm(t- i)
i=1

and the trajectory to be tracked y*(t) is asymptotically close to ym(t) in that

(10) E (Y*(t)-Y,,(t))2<+.
t=l

Without loss of generality we can make the following two assumptions:

(ll)(i) There is no lower c;rder difference equation satisfied by {y,,(t)}, i.e., there
is no nontrivial polynomial H(z) of degree strictly less than such that
H(z)y,,(t)=O for all t. (z is the backward shift operator.)

(ll)(ii) The roots of H(z):= 1-Y. hiz are exactly on the unit circle and therei=1

are no repeated roots.
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Assumption (11)(i) is without loss of generality since otherwise we could simply replace
H(z) in (9) by H(z). Note that this also means that the initial conditions on (9) are
sufficient to excite all the modes of H(z). Assumption (ll)(ii) is also without loss of
generality due to the following reasons. First, since we intend to work only with bounded
{y*(t)}, and since all the modes of H(z) are excited, we have to assume that H(z)
has roots on or outside the unit circle, and also that the roots on the unit circle are
not repeated. However, since we are only interested in the asymptotic behavior of
{y*(t)}, we can eliminate all the modes corresponding to roots of H(z) which are
strictly outside the unit circle, since they decay geometrically to 0. This leaves us with
(ll)(ii).

It is worth noting that (11)(i) and (11)(ii) together imply that

ym(t)=do+dl(-1) +E d, sin (to,t + 6,).

Depending on how large is, we will use adaptive controllers with parameter
estimators of different dimensions.

Case 1. <= s. Recall that s is the degree of the noise polynomial in (1). When
-< s, we will reduce the dimension of the parameter estimator by (s + 1 l) components

by replacing (4)-(6) by the following:

(12)

(13)

and

th(t):= (y(t), y(t-p v s+ l), u(t), u(t-q+ l),

y*(t + l), -y*(t + 2- l)) ,
O(t) := (al(t), aps(t), fll(t), flq(t), To(t),’’’, Y/-l(t)) r,

-1
a,(t)y(t i+l)+ fl,(t)u(t i+l) r,(t)y*(t i+l)(14) u(t) 1"(t) Li=I i=2 i=0

or equivalently by (7).
The idea underlying the above adaptive control law is the following. If the

parameters were known, the minimum variance adaptive control law would be,

-1
(ai+ci)y(t-i+l)+ , biu(t-i+l)-y*(t+l)- cy*(t-i+l)(t)= i=1 i=2 i=1

see [12] for details. In this control law the only terms featuring y* are y*(t+ 1)+
y*(t- i+ 1)= C(z)y*(t + 1). Thus the control law really only requires knowledgei=1

of C(z)y*(t). Let
l-1

(15) G(z):= Z giz’
i=0

be a polynomial satisfying,

(16)

for some

C(z) F(z)H(z)+ O(z)

s-l

(17) F(z) := 2 fzi.
i=0

Such polynomials G(z) and F(z) are the remainder and quotient, respectively, when
the polynomial C(z) is divided by the polynomial H(z). Then, asymptotically at least,

C(z)y*( t) [F(z)H(z) + O(z)]y*( t) F(z)H(z)y*( t) + O(z)y*( t) O(z)y*( t),
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since by (9.10), H(z)y*(t)=0 holds asymptotically. Thus we only need knowledge of
G(z)y*(t) in order to implement the true minimum variance control law. We can
therefore interpret the parameter estimate (13) as trying to estimate

(18) 0:= (al + Cl," ", apvs + Cpvs, bl, ", bq, go, gl," ", gl-1) T

Remarks. (i) The adaptive controller need not be provided with the precise
information about what the polynomial H(z) is. It only needs knowledge of the degree
of H(z).

(ii) It should be noted that the parameter estimator is no more "unnormalized,"
since the coefficients go,’", g-i are all unknown.

Case 2: -> s + 1. Since (s + 1 l) =< 0 when => s + 1, no savings in dimensionality
can be achieved. Hence we will use the same adaptive control law as (2)-(7). For this
case also we define 0 as in (8).

3. Sufficient richness. In the sequel we will prove that all the coefficients
(al, , ap, b , bq, c , cs) can be asymptotically identified when the reference
trajectory {y*(t)} is "sufficiently rich" in an appropriate sense. We have the following
definition.

DEFINITION. We shall say that a scalar sequence {y*(t)} is strongly sufficiently
rich of order if is the largest nonnegative integer for which there exists an n and an
e > 0 such that
t+n

(y*(k 1),. ., y*(k l)) r(y,(k 1),..., y*(k- l)) >= ell for all large enough.
k-t+l

I here is the x identity matrix.
The following property of {ym(t)}, and also {y*(t)}, generated by the linear model

(9), (10), (11)(i), (ii) should be noted.
LEMMA 1. Suppose {y*(t)} and {ym(t)} satisfy (9)-(11). Then both {y*(t)} and

{ym( t)} are strongly sufficiently rich of order I.
Proof. We will show that there exists e > 0 such that

t+l, Y(k 1) >- elI for all large enough
k=t+l

where

Y(k- 1):= (ym(k- 1),..., y,,(k- l))T(ym(k 1),""", ym(k- l)).

Suppose this is not true. Then there exists a sequence of vectors {x(tn)}, with each
IIx(t )ll- 1 and x( tn)=: (Xl(tn), -, x(tn)) T such that

xr(t,) Yl(k-1)x(t,) <--
k= tn+ rl

We can also assume without loss of generality that lim, x(t,)=: x exists with I[xl[ 1,
x:=(x,...,Xl) T. Moreover, since {ym(t)} is bounded, {(k-1)} is also bounded
and so

+!

limxr " Y(k -1)x O.
k= tn+l

Let X(z) := i--1 xiz. Interpreting z as the backward shift operator, we have

tn+l
lim [X(z)ym(k)]2--O.

k=tn+l
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This implies that

limX(z)ym(tn+i)=O for i=1,2,. .,/.

Now note that H(z)X(z)ym(t)=X(z)H(z)ym(t)=O and so

X(z)ym(t)= 8kAk
k=l

where {Ak} is the set of roots of H(z).Hence we have

lim 8kAn+i=0 fori=l,..-,/.
k=l

This can also be written as

The first matrix on the left-hand side above is the Vandermonde matrix which is
nonsingular since all the Ak’S are distinct. Moreover IAkl 1 for all k, and so it follows
that 8k =0 for k 1,. , I. This however implies that X(Z)ym(t) =0 for all t. However
X(z) is a polynomial of degree l-1 or less, and by (ll)(i), it follows that X(z) =0,
i.e., Ilxll- 0. This is a contradiction to Ilxll-- 1, proving that {ym(t)} is indeed strongly
sufficiently rich of order /. By (10) it follows trivially that {y*(t)} is also strongly
sufficiently rich of order/. (Actually it is enough that limt (ym(t)--y*(t))=0).

For future reference, we also have the following result.
Suppose {si t)} is boundedfor 0,. .,j andLEMMA 2. Let S( t, z) := Xi=o si( t) zi

limt Is,(t) si( 1)l 0 for 0,. j. Suppose also that for some sequence {x(t)},

lim
1 tv -- IS(t, 2)ym(t)]2=O and lim

1 N

rv X x2(t) =0.
t=l

Then there exists a common subsequence {lk} with limk X(tk) 0 and limk S(tk, Z)
K(z)H(z) for some polynomial K(z). (By S(t, Z)ym(t) we mean =o s,(t)ym(t- i).)

Proof. Since limt]s.i(t)-si(t+ n)l=0 for every n and {ym(t)} is bounded, it is also
true that limrv 1/N,= [S(t+n,z)y,,(t)]2=O for every n. Hence we can sum over n
and also add x2(t) to get- x2(t)+ [S(t,Z)ym(t-n)]2 =0.

t=l n=l

Hence there is a subsequence {tk} such that

limS(tk, Z)ym(tk-n)=O forn=l,...,/, likmX(tk)=O.k

Further we can also assume without loss of generality that

lim S( tk, z)=: S(z)
k
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exists, by which we mean that limk si(tk)=: Si exists for i= 0, ,j and S(z):= Y=o sz.
Further, since {Ym(t)} is bounded, it follows that

lim S(z)yr(tk-- n) =0 for n 1," ",/.
k

Note that H(z)S(z)ym(t)=0 for all t, and so

S(z)ym(t) tnAt
n=l

where {An} is the set of roots of H(z). Proceeding just as in the proof of Lemma 1, it
follows that

S(z)y,,(t) 0 for all t.

Now let U(z) be the greatest common divisor of S(z) and H(z). Then there exist
polynomials R(z) and T(z) such that R(z)S(z)+T(z)H(z)=U(z). Hence
U(z)ym(t)=O for all t. However, since the degree of U(z) is less than or equal to l,
it follows from (ll)(i) that U(z)=H(z) for some scalar :, and so the lemma is
proved.

4. Assumptions. Define the polynomials
p

A(z):= 1- 2 aiz,
i=1

q

B(z):= E b,z’-’,
i=1

C(z) := 1 + ciz .
i=1

Throughout this paper we employ the following assumptions only.

(19)(i) All the roots of B(z) and C(z) are strictly outside the unit circle.

(19)(ii) Re [C(eO)-] > 0 for 0=< to < 2r.

(19)(iii)

(19)(iv)

(19)(v)

(19)(vi)

bl0.

z-l[C(z)-A(z)] and B(z) are polynomials of degrees respectively equal
to (p v s- 1) and (q- 1), which have no common factors.

{w(t)} is a sequence of scalar random variables on a probability space
{f, F, P}, whose distributions are all mutually absolutely continuous with
respect to Lebesgue measure.

Let Ft:=tr{w(1), w(t)} be the sub-it-algebra of F generated by
{w(1),. ., w(t)}. We assume that there are irE>0 and t>0 such that

E[w(t)lF,_,]=O a.s.,

E[w2(t) lFt_l] tr
2 a.s.,
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(19)(vii) II0(0)11 >0.

(19)(viii) {y*(t)} is bounded.

It should be noted that the condition (19)(v) guarantees that the controls are well
defined a.s. through (5.14) since the event {ill(t)=0} is a null event, see Caines and
Meyn [9].

Remark. Let us consider a different constant/xl in place of/z in (2). It is. easy to
verify, see [12], that the resulting adaptive control algorithm produces parameter
estimates 01(t) (/zl//z)0(t) and identical inputs and outputs as the original algorithm
using/x, provided 01(0) is chosen as 01(0):= (/Xl//X)0(0). This property relies on the
fact that the control input u(t) is invariant with respect to scaling of 0(t) in (7). Making
use of this observation, it follows that one need not restrict /z to lie in (0, 2); it is
enough to have/z rs 0. Further, one only needs the assumption

(19)(ii) ReC(ei)>0 for0-<to<2cr

in place of (19)(ii).

5. Self-optimality. In this section we will prove the following theorem which
asserts, among other things, that in all cases the adaptive controller minimizes the
average squared tracking error.

THEOREM 3.

1 N

(20)(i) lim- [y( t) y*( t)]2 tr
2 a.s.,

N t=l

(20)(ii) lim
1 N

rv - (E[y(t+ l)-y*(t+ l)lFt])2=O
t=l

1 N

(20)(iii) limsup- u2(t)< + a.s.,
N t=l

(20)(iv) lim IIo(t)-oll exists and is finite a.s.

Proof. We will abbreviate those details of the .proof which are similar to those of
Goodwin, Ramadge and Caines [4] or [6]. Let O(t):= O(t)-O and define V(t):=
Ilff(t)ll =. Using r(t)>=dpr(t)dp(t) and dpr(t)g(t)=-Cbr(t)O, we can get

2/z{ r(E[ V( + I )IFt] <= V( t) -(- b t)O
2

E[y(t+ 1)-y*(t+

Ely(t+ 1)-y*(t+ 1)[F]-__-S-S,(E[y(t+ 1)-y*(t + 1) F’])2

rtt)

2 qb (t)dp(t)
tr

2+/x r2(t

for all . Choose >0 so small that [C(z)-(/x +$)/2] is strictly positive real. Let us
first consider the following case.
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Case 1. General trackingproblem or the linear modelfollowingproblem with >- s + 1.

C(z)E[y(t + 1)-y*(t + 1)lFt] C(z)[y(t + 1)-y*(t + 1)- w(t + 1)]

=[y(t+l)-y*(t+l)-w(t+l)]

+ [C(z)- 1][y(t + 1)-y*(t + 1)- w(t + 1)]

=[y(t+l)-y*(t+l)-w(t+l)]

+ ci[y(t-i+l)-y*(t-i+l)-w(t-i+l)]
i=1

(21) -[y(t+l)-w(t+l)-
i=1

ciw(t-i+l)l-y*(t+l)
+ c,[y(t-i+l)-y*(t-i+l)]

i=1

pvs q, (a,+c,)y(t-i+l)+ , b,u(t-i+l)
i=1 i=1

-y*(t+l)- c,y*(t-i+l)
i=1

dT t)O.
By the strict positive realness of [C(z) -( +/)/2] it therefore follows that

S(n):= 21
t= { dpT(t)O-I 2

+---- E[y(t + l)-y*(t+ 1)lFt]}E[y(t + 1)-y*(t+ 1)[Ft]

-> K a.s. for all n, for some K.

Defining M(t) := V(t) + S(t 1)/r(t 1), and using r(t) -> r(t 1) > 0, it follows that
T t)dp( t)

,[M(t / 1)[ F]_-< M(t)-- ([y(t / 1)-y*(t 4-1) F])/ o-2"rE(t)
The last term above is summable a.s., and so using the Positive Near Supermartingale
Convergence Theorem we can get:

(i) {M(t)} converges a.s.,

(ii) 1’ F]’2
<+ a.s.

(E[y(t+ 1)-y*(t+
t-1 r(t)

Now we claim that lira, r(t)=+ a.s. Otherwise rt 1 + ,’ T(= b k)4,(k) would lead
to lim, 4’(t)= 0 on a set of positive probability. This in turn would imply lim, yt- 0
and lim, u, 0, and from the system equation (1) it would then have to follow that
lim, C(z)w(t)=0 on a set of positive probability, which we will now contradict as
follows. First note that (C(z)w(t))2 a linear combination ofterms ofthe form wE(t i)
and w(t i)w(t -j). Let us first examine the first set of square terms. As a consequence
of (19)(vi) and Jcnscn’s and Minkowski’s inequalities, it follows that sup, E[IwE(t)

a.s, Chow’s Theorem [10, Thm. 3.3.1] is therefore appli-
w:(t) rcable, and shows that limN 1/N t=l a.s. Now we turn to the cross terms.

Since ,= wE(t- i) a.s., an appeal to the Local Convergence Theorem for Martin-
v wE(t_i)) a.s. Hence2w(t i)w(t) o(]t:gales [11, Lemma 2.3] shows that ]t=
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limv 1/NY,=I w(t-i)w(t)=O a.s. Adding up the contributions, we get
2limv 1/N__ (C(z)w(t))Z=l+,i= ci>0 a.s. This provides the required contra-

diction.
Since limt r(t)= +o a.s., Kronecker’s Lemma is applicable and gives

1 N

limu r(N) ,=1

(E[y(t+ 1)-y*(t+ 1)IF,])-=O aoSo

Utilizing the strictly minimum phase property of B(z) it follows that {r(N)/N} is
bounded a.s., which.proves (20)(iii)and (20)(ii). The same arguments as in Lemma 7
and Lemma 9 of [6] yield (20)(i) and (20)(iv).

Case 2. Linear model following problem with <-_ s. Just as in (21) we still get
pvs q

C(z)E[y(t+l)-y*(t+l)lFt]= , (a+c,)y(t-i+l)+ b,u(t-i+l)
i=1 i=1

-C(z)y*(t+l).

Let ( t) := ym( t)- y*( t). Then from (9) and (16) we get

C(z)y*(t+ 1)=C(z)y,(t+ 1)-C(z)f(t+ i)

Hence

G(z)ym(t + 1)-C(z)(t + 1)

G(z)y*(t+ 1)+[G(z)-C(z)]f(t+ 1).

pvs q

C(z)E[y(t+l)-y*(t+l)lFt]= (a,+ci)y(t-i-1)+ b,u(t-i+l)
i=1 i=1

G(z)y*( + 1) + C(z) G(z)]fi(t + 1)

dp 7"(t)Oo + C(z) G(z)]fi(t + 1).

By the strict positive realness property of [C(z)- (/z //)/2], it follows that

S(n):=2/x
,=1

($r(t)O+[C(z)-G(z)](t+l)-+E[y(t + 1)-y*(t + 1)IF, I]
2 J

Ely(t+ 1)-y*(t+ 1) Ft]

K a.s. for all n, for some K.

Defining M(t):= V( t) + S( t-1)/ r( t-1), we get

6 2 (t)$(t) 2E[M(t+l)lFt]M(t)-(E[y(t+l)-y*(t+l) F])2+ r2(t)

2+E[y(t + 1)-y*(t + 1)lF,][C(z)- G(z)]5(t + 1).

Define (t):=[C(z)-G(z)]fi(t+ 1), and note that by (10), t fiE(t) <+. For any
p > 0, we have

2E[y(t+l)-y*(t+l)lF,]fi(t)o2(E[y(t+l)-y*(t+l)lF,])+
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Hence, choose p so small that (6--2/zpE) > 0, and note that

E[M(t+I)IF,] M(t)
(/Z6--2/zpE)

<--_ (Ely(t+ 1) -y*(t + 1) Ft])E
r(t)

t.[l,E( T(t)ck(t) or2 + 2/-t,)72(t)
rE(t) pEr(t)"

Now both of the last two terms are summable, and so we can again use the Positive
Near Supermartingale Convergence Theorem. The rest of the proof is similar to the
previous case.

By (20)(i) of the above theorem, we see that usage of the adaptive controller leads
to a value of O"2 for the average of the square of the tracking error. In order to justify
our claim at the beginning of this section that the adaptive controller minimizes the
average ofthe square ofthe tracking error, we need to show that no other nonanticipative
controller, including possibly controllers which utilize knowledge of the parameters
(ai, bi, ci), can realize a smaller value than cr2 for the average squared tracking error
on any set of sample paths of positive measure. This is provided in the following lemma.

LEMMA 4. Consider the ARMAX system (1). Let Ft := cr( ws for s <-_ and y, u for
<-_ O) be the or-algebra generated by the past, and let { ut} be any control sequence chosen
so that ut F, i.e. ut is Ft-measurable for each >-O. Then,

1
lim inf - (y( t) y*( t))2 >_- cr2 a.s.
N t=l

Proof. Define

g(t-1):= 2 ay(t-i)+ b,u(t-i)+ ci(t-i)

and note that g(t 1) e F,_. Rewrite the system equation (1) as y(t) g(t 1) + (t)
and get

1 v [ "tN=l 2g(t-1)w(t)] +1__yE(t)= t--
gE(t-1) 1 + ---i 5i- 1) N ,=1" wE(t)"

Appealing to the Local Convergence Theorem for Martingales [12, Lemma 2.3], we
know that except on a null set,

, 2g(t- 1)w(t)= o 2 g2( t- 1) if ’. gE(t)=O,
t=l t=l t=l

In either case, therefore, it follows that

liminf 2 gE( 1) 1 +
t-----1

Hence,

N

if gE(t)<c.
t=l

Zt=2g(t-1)w(t)
y= gZ(t_ 1)

>--0 aoS.

N

liminf
1 u

im
1 wE(t

v ,= yE(t)-->l

0-2 a.s.
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The last equality has been proved in the course of the proof of Theorem 3. [3

6. Self-tuning and convergence. In this section we address the self-tuning and
convergence properties of the adaptive controllers.

First due to (2.7) we have the same geometrical properties as in [6]. This gives
us the following lemma, see [6].

LEMMA 5.

(22)(i) lim O(t)II exists and is finite a.s.

(22)(ii) For every n, lim IlO(t)-o(t-n)ll =0 a.s.

(22)(iii)

(22)(iv)

then

IIo(t + 1)11-> o(t)ll.
If there is a random scalar se and a random subsequence { tk} such that

lim O(tk) 0 a.s.
k

lim O( t) O a.s.

So in order to prove that limt 0(t)= so0 it is sufficient to show that there is just
one subsequence for almost every sample path along which such a limit exists.

THEOREM 6. (i) Suppose that {y*(t)} in the general tracking problem is strongly
sufficiently rich of order s + q ). Then

(23) lim 0(t) :0 a.s.

for some a.s. finite nonzero scalar random variable .
(ii) The result (23) holds in the linear model following problem irrespective of the

order of strong sufficient richness of {y*(t)} (using the appropriate definition of 0 as in
(8) or (17)).

Proof. We start with (20)(ii) which can be written as

1 N

(24) lim- {[1-A(z)]y(t+l)+zB(z)u(t+l)+[C(z)-l]w(t+l)-y*(t+l)}2=O.
t=l

Define the time varying polynomials
pvs

P( t, z):= E t,( t)z i-1,
i=1

q

Q(t, z):= E fl,(t) z’-l,
i=1

[tl yi(t)z in the linear model following problem with l_-< s,

R(t,z):=li:i= yi( t)z otherwise.

We shall interpret z as the backward shift operator. Thus, to illustrate the notation,
q q q

Q(t, z)x(t):= E fli(t)x(t-i+l): Q(t, z)B(z)x(t):= i(t) bjx(t-i-j+2),
i=1 i=1 j=l

q q

B(z)Q(t, z)x(t):= bj , fli(t-j+l)x(t-i-j+2).
j= i=
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Though Q(t, z)B(z)x(t) B(z)Q(t, z)x(t), it should be noted that if {1/Nt=l

is bounded, then it is true that

lira
1

N -- 2 [Q(t, z)B(z)x(t)-B(z)Q(t, z)x(t)]2=O.

To verify this, one needs to use the facts that limt IlO(t)-O(t-n)ll=O a.s. and {0(t)}
is bounded a.s.

Multiplying inside the summation in (24) by Q(t, ), we have

N

lira
1

Y {Q(t, )[1-A()]y(t+ 1)+ O(t, )B()u(t+ 1)
N Nt=l

+Q(t,z)[C(z)-l]w(t+l)-Q(t,z)y*(t+l)}2=o a.s.

Since

Z y2(t) Z u2(t) Z w2(t) Z y,2(t)
t=l t--1 t=l t=l

are all bounded, we can interchange the polynomials above to get

lim
1 s

tEl= {z-l[1 -A(z)]Q(t, z)y(t)+ B(z)Q(t, z)u(t)
N

(25)
+z-l[C(z)-l]Q(t,z)w(t)-Q(t,z)y*(t+l)}2=o a.s.

Now note that the control laws (5) and (14) can be written as

(26) Q( t, z)u( t) -P( t, z)y( t) + g( t, z)y*( + l ).

Substituting (26) in (25) gives

lim {{z 1-A(z)]Q(t,z)-B(z)P(t,z)}y(t)
N Nt=l

+ z-l[ C(z) l]Q( t, z)w( t)

+{B(z)g(t, z)-Q(t, z)}y*(t+l)}2=o a.s.

Now y(t)= w(t)+y*(t)+ E[y(t)-y*(t)lFt_l], and so substituting for y(t) gives

lim
1

1[{{z- C(z)-A(z)]Q(t, z)-B(z)P(t, z)}w(t)
t=l

+ {B(z)R( t, z) zB(z)P( t, z) A(z)Q( t, z)}y*( + 1)

+{z-[1-A(z)]Q(t, z)-B(z)P(t, z)}E[y(t)-y*(t)lFt]}=O a.s.

Due to (20)(ii) and the fact that {0(t)} is bounded, we can drop the .last term above
and write

lim
1 [{{z- C(z)-A(z)]Q(t,z)-B(z)P(t,z)}w(t)

t=l

+{B(z)g(t, z)-zB(z)P(t, z)-A(z)O(t, z)}y*(t+ 1)}2=0 a.s.
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Since lim, IIo(t)-o(t-1)ll=o a.s., and since (y*(t+ 1)} is bounded, we can replace
R(t, z), P(t, z) and Q(t, z) above by R(t- n, z), P(t- n, z) and Q(t- n, z), respectively,
for any n. Thus

lim
1 N

N -- {{z-l[C(z)-A(z)]O(t-n’z)-B(z)P(t-n’z)}w(t)
t=l

+{B(z)R(t-n,z)-zB(z)P(t-n,z)-A(z)Q(t-n,z)}y*(t+ 1)}2=0 a.s.

Choose n larger than (p+ q+ s), and then we can apply Lemma 11 of[6] to deduce that

(27) lim
1 N-- {z-l[C(z)-A(z)]Q(t-n,z)-B(z)P(t-n,z)}2=O a.s.

t=l

by which we mean that the average of the square of each coefficient of the polynomial
in z is 0; and also

(28) lim
1 N

N "- {{B(z)R(t-n,z)-zB(z)P(t-n,z)
t=l

-A(z)Q(t-n,z)}y*(t+l)}2=O a.s.

Furthermore since {y*(t)} is bounded, (27) also implies that

(29) lim
1 N

N -- E {{[C(z)-A(z)]Q(t-n,z)-zB(z)P(t-n,z)}Y*(t+l)}2=0
t=l

a,So

Subtracting (28) appropriately from (29), we get

(30) lim
1 N

u - E {[C(z)O(t-n,z)-B(z)R(t-n,z)]Y*(t+l)}2=O
t=l

a.So

Changing t-n back to in (27) and (30), we arrive at

(31) lim
N

E {z-l[C(z)-A(z)]Q( t, z)-B(z)P(t, z)}2=0
t=l

(32) lim
1 N

E {[C(z)Q(t, z)-B(z)g(t, z)]y*(t+l)}2=O
t=l

aoSo

Now let us treat the cases separately.
Case 1. Strong sufficient richness of order greater than or equal to (q + s). This

case includes the general tracking problem as well as the linear model following
problem with the order of sufficient richness as shown. Since {y*(t)} is strongly
sufficiently rich of order greater than or equal to (q+ s), there exist n and e >0 such
that for all large t,

1 t+n

(33) En k=t+l
(y*(k+ l), y*(k-q-s+2))(y*(k+ l),

y*(k- q- s + 2)) " >- eI+q.

Define

So(t) + s,( t)z +... + Sq+_( t)zq+s- := S( t, z):= C(z)Q( t, z) B(z)R( t, z).
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Then (32) can also be written as

lim
1 {-ln [S(k, z)y*(k+ l)]2 =0 a.s.
m j=l k=jn+l

Since limt IIo(t)-o(t-1)ll =0, we can replace S(k, z) by S(jn, z) to get

Y [S(jn, z)y*(k+l)]2 =0 a.s.
m j=l k=jn+l

q+s- si(t) and (33) implies thatDefine

1
E [S(jn, z)y*(k+l)]2_->  llS(jn, z)ll = for all large j.

l’l k=jn+

From (34) it follows that

(35) lim
I s(jn, z)ll = 0 a.s.
mj=

Again, since lim, llO(t)-O(t-1)ll =0 a.s., (35) implies that

N

(36) lim
1
E IIS(t, z)ll=-0 a.s.

N -t=l
Adding (31) and (36) gives

lim
1

N - {z-l[C(z)-A(z)]Q(t’z)-B(z)P(t’z)}2
t=l

+{C(z)Q(t, z)-B(z)R(t, z)}2 0

Hence there is a common subsequence {tk} such that

(37) lim {z-l[c(z)-A(z)]Q(tk, z)--S(z)P(tk, z)}=O a.s.
k

a.So

and

(38) lim{C(z)Q(tk, Z)-B(z)R(tk, Z)}=O a.s.
k

Since { 0(t)} is bounded, we can also assume without loss of generality that

(39) likm Q(tk, z)=: Q(z)’, limk P(tk, z)=: P(z); limk R(tk, Z)=: R(z) a.s

exist. Hence (37) and (38) imply

(40) z-l[C(z)-A(z)]Q(z)-B(z)P(z)=O a.s.,

(41) C(z)Q(z)-B(z)R(z)=O a.s.

However, O(z) and P(z) are polynomials of degrees less than or equal to (q-1) and
(p v s- 1), respectively. Hence (40) and our assumption (19)(iv) imply that

(42) Q(z) $B(z) and P(z) z-[C(z)-A(z)]
for some random scalar :. Then (41) also shows that R(z) C(z). Moreover : cannot
be 0, since otherwise limk 0(tk) 0, which is ruled out by (22)(iii) and (19)(vii). From
(22)(iv) we obtain the desired result.
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Case 2. Linear model following problem with < (q + s). Since limt (y,, (t)
y*(t))=0, we can replace y*(t+l) by ym(t+l) in (32). If s+ l <--l < q+ s, we shall
henceforth define G(z):--C(z), while if l<-_s, G(z) is defined as previously by (15),
(16). In the latter case also, from (9) and (16) we have C(z)ym(t+ 1)= G(z)ym(t+ 1).
Hence in any case,

(43) lim
1 N

rv - E {[G(z)Q(t,z)-B(z)R(t,z)]ym(t+l)}2=0 a.s.

Applying Lemma 2 to (43) and (31), we obtain that there is a subsequence {tk} such
that (37) holds and also

lim[G(z)Q(tk, Z)-B(z)R(tk, Z)]= K(z)H(z) a.s.
k

Without loss of generality we can also suppose that the limits in (39) exist. Hence

(44) G(z)Q(z)-B(z)R(z) K(z)H(z) a.s.

Also through (31), (40) gives (42). Substituting (42) in (44) yields

B(z)[G(z)-R(z)]= K(z)H(z) a.s.

Now note that by (ll)(ii) all the roots of H(z) are exactly on the unit circle, while
all the roots of B(z) are strictly outside the unit circle by (19)(i). Hence

G(z)- R(z) J(z)H(z) a.s.

for some polynomial J(z). However [G(z)-R(z)] is a polynomial of degree less
than or equal to 1-1, while H(z) is a polynomial of degree exactly/. Hence

(45) G(z)-R(z) =0 a.s.

(42) and (45) now yield the theorem. [3

It is of interest to note that Caines and Lafortune [8] have suggested an adaptive
controller which tracks y*(t) perturbed by white noise. Such a perturbed reference
trajectory is strongly sufficiently rich of arbitrary large order (effectively o).

Having proved convergence of the parameters to so0 under the conditions of
Theorem 6, we now have the following results.

THEOREM 7. (i) In the general tracking problem suppose {y*(t)} is strongly
sufficiently rich of order greater than or equal to q + s). Then

(46)

1
litm To(t) (al(t)-’yl(t), tp(t)-%,(t), fl(t), flq(t), 3q(t), "ys(t))

(al,’" ", ap, bl,’", bq, cl,. Cs) a.s. with %(t) := 0 for > s).

Thus the parameter estimates are strongly consistent. Also

(47)

1
litm fl(t)

(ce(t), apvs(t), fiE(t),’’" flq(t), /o(t), , /s(t))

b
(al + cl, ", apvs q- Cpvs, b2, bq, 1, c, ", cs) ao s.

setting ai := 0 for > p and ci := 0 for > s. Hence the adaptive control law (5) self-tunes
to the optimal control law a.s.
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(ii) In the linear model following problem with l> s the results (46) and (47)
continue to hold.

(iii) In the linear modelfollowing problem with <-_ s we have,

lim
1

(Ol(t), Opvs(t), f12(/),""", [3q(t), To(t),’’’, )’/-l(t))
fl,(t)

1

b]
(al + c], apv, + Cpv,, b2, , be, go, g-l)

setting ai := 0 for > p and ci := 0 for > s. Here {go,. ", g-1} are defined by (15), (16).
Hence the adaptive control law self-tunes to the optimal control law a.s.

7. Concluding remarks. We have proved the convergence of the parameter esti-
mates and the self-tuning property for the adaptive tracking problem, justifying the
name of self-tuning trackers.

For the general trackingproblem, the convergence depends on whether the reference
trajectory is sufficiently rich of appropriate order, as shown in Theorem 7. In the
important case of reference trajectories which are not so rich, we have examined the
linear modelingproblem, and shown how one can adjust the dimension of the parameter
estimator to the order of sufficient richness so as to obtain a self-tuning tracker. It is
worth noting that the adaptive controller need not be provided with precise information
such as amplitude, frequency or phases of the sinusoids in the reference trajectory. It
is enough to know only the number of such components.

An important application, which is a special case of these results, is the problem
of.maintaining the output at a constant level, i.e., the set-point problem. The constant
trajectory is sufficiently rich of only order 1, and only one parameter need be estimated
to compensate for the colored noise and reject it optimally.

Among the outstanding problems still left unresolved are the following:
(i) Does the least squares based parameter estimation algorithm also possess the

above properties? This is of vital interest because the rate of convergence of least
squares based algorithms has been observed to be superior to the type of parameter
estimation algorithm considered here.

(ii) What robustness properties do these types of self-tuning adaptive control laws
possess?

Acknowledgment. The authors would like to thank P. Kokotovic for several stimu-
lating discussions.
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SECOND-ORDER NECESSARY CONDITIONS IN CONSTRAINED
SEMISMOOTH OPTIMIZATION*

ROBIN W. CHANEYf

Abstract. First- and second-order conditions are given which must necessarily be satisfied by local
minimizers for certain finite-dimensional nonsmooth nonlinear programming problems. The problems
considered are of standard form, having a finite number of equality and inequality constraints. The principal
result does not require a constraint qualification, but does require that the functions be semismooth at the
minimizer. The necessary conditions are stated in terms of the generalized gradients of nonsmooth analysis
and certain second-order directional derivatives.

Key words, nonsmooth analysis, second-order necessary conditions

1. Introduction. Letf, gl, g2, gin, gm+p be real-valued locally Lipschitzian
functions on an open set W in n-dimensional real Euclidean space R". We consider
the problem

P" Minimize f(x), over all x in W such that

gi(x)<-O fori=l,...,m, and

gi(x)=O fori=rn+l,...,rn+p.

Let S be the set of all points in W which are feasible for problem P. Suppose that x*
belongs to S and that the functions f, gl, ", gm+p are all semismooth at x* [12, p. 961].
We present here a theorem which gives first- and second-order conditions which must
necessarily be satisfied if x* is a local solution to problem P. The theorem is stated in
terms of certain Lagrangian functions; it requires no constraint qualification, because
it employs a John-type Lagrangian rather than one of the Karush-Kuhn-Tucker type.
It generalizes to "semismooth optimization" a theorem due to Ben-Tal [1, Thm. 3.2];
see also Iotte [10, Thm. 6]. The proof uses a necessity theorem for unconstrained
semismooth minimization derived in [5] and a strong version ofthe Lagrange multiplier
rule (see [9, Thm. 6.1.1] and [13, Thm. 1]). In this paper, we shall also discuss a
constraint qualification which involves the assumption that there is a unique "normal-
ized" Lagrange multiplier at x*. Finally, we give an example which illustrates an
interesting distinction between the necessary conditions for unconstrained problems
and those for constrained problems.

The results presented here are expressed in terms of the generalized gradients of
nonsmooth analysis and certain second-order directional derivatives. For a detailed,
systematic exposition of nonsmooth analysis, the reader should consult Clarke [9], to
which we often refer. An interesting account of the subject (with few proofs) is given
by Rockafellar [14]. Information about the second-order directional derivatives used
here can be found in [4]; here, we merely give the definitions of these concepts.

We develop elsewhere two second-order sufficiency theorems for problem P which
serve as companions to the results of this paper. One of these sufficiency theorems [7,
Thm. 3] is a close complement to our necessity theorem, although it is more limited
in scope because certain Lagrangian functions are required to be regular at x*. The
sufficiency theorems for problem P given in [7] differ substantially from those proved
earlier by the author in [6] and [3].

* Received by the editors February 24, 1986; accepted for publication (in revised form) August 15, 1986.

f Department of Mathematics, Western Washington University, Bellingham, Washington 98225.
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Ben-Tal and Zowe [2] have developed a general theory of necessary conditions.
It is difficult to compare the work in [2] with the present work. Ben-Tal and Zowe do
not use nonsmooth analysis (as set forth in [9]) and their point of view is very different
from ours.

We turn now to some basic definitions drawn from earlier work. We continue to
suppose that W, f, gl, ", gm+p, x*, and S are specified as above.

DEFINITION 1. Let u be a vector in R n. Suppose that the sequence {Xk} in W
converges to x*, with Xk X* for each k. Then we say that {Xk} converges to x* in
direction u in case it is true that the sequence {lUI(Xk--X*)/[Xk- X* I} converges to u.

DEFINITION 2. Let u be a vector in R n. The set O(x*) is defined to be the set
of all v in R" for each of which .there exist sequences {Xk} and {Vk} such that {Xk}
converges to x* in direction u, {Vk} converges to v, and Vk belongs to Of(xk) for each
k.

(Here, Of(x) stands for the Clarke subdifferential [9, p. 27] of f at x. Note that
Of(x*) c__ Of(x*). The set o,,f(x*) can be said to consist of those generalized gradients
off at x* which "come to x* from" direction u.)

DEFINITION 3. The function f is semismooth at x* if it is true that the sequence
{Vk" U} converges whenever {Xk} and {Vk} are sequences such that {Xk} converges to
x* in direction u and /’)k belongs to Of(xk) for every k.

Remarks. The concept of "semismoothness" is due to Mifflin [12]. Mifflin has
shown [12] that if f is semismooth at x*, then, for each direction u, the classical
directional derivative f’(x*; u) exists and is equal to the limit of every sequence {Vk" U}
formed as in Definition 3 above. Mifflin has also proved [12] that convex functions,
C functions, and certain pointwise maxima of C functions are semismooth. Further-
more, the set of semismooth functions is closed under addition, scalar multiplication,
maximization over finite sets, and (in most cases) composition [12, p. 967].

Theorems 1 and 2 below are given in terms of certain second-order directional
derivatives, as defined and discussed in [4]. We repeat the basic definitions here.

DEFINITION 4. Let u be a vector in R" and suppose that v belongs to 9f(x*).
Then f"_(x*, v, u) is defined to be the infimum of all numbers

lim inf [f(xk)-f(x*)- v. (Xk X*)]/t,
taken over all triples of sequences {Xk}, {Vk}, and {tk} for which

(a) tk > 0 for each k and {Xk} converges to x*,
(b) {tk} converges to 0 and {(Xk--X*)/tk} converges to u,
(c) {Vk} converges to v with Vk in Of(Xk) for each k.
Similarly, we define f_(x*, v, u) to be the supremum of all numbers

lim sup [f(Xk) f(x*) V" (Xk X*)]/t,
taken over all triples of sequences {Xk}, {Vk}, and {tk} for which (a), (b), and (c) all hold.

Remarks. Note that f’_’ and f_ depend not only on x* and u but also on the vector
v in Of(x*). We term f"_(x*, v, u) and f_(x*, v, u) the lower and upper (respectively)
second-order directional derivatives off at x* and v in the direction u. More information
about these concepts is found in [4].

2. The main theorem. In this section, we derive necessary conditions for optimality
for problem P. We let W, f, gi, x*, and S be as stated in the Introduction.

We state a necessity theorem for unconstrained minimization, which is proved in
[5].

Let D* be the set of all unit vectors u* in R" for each of which there exists 3’> 0
such that v. u*-<_ 0 if u is a unit vector with [u- u*I-< 3’ and if v is in guf(x*).
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Let fo denote (as usual) the Clarke directional derivative. Given a unit vector u*
in R n, we find that iff(x*; u*) -< 0 then u* belongs to D*; this is true becausef(x*;
is the support function of Of(x*). Moreover, iff is semismooth at x* and if u* belongs
to D*, then we have f’(x*; u*)_-<0.

THEOREM 1. Suppose thatfis semismooth at x* in Wand that x* is an unconstrained
local minimizerforf(x), over x in W. If u belongs to D*, then 0 belongs to O(x*) and
f"(x*,O,u)>--O.

Remarks. There will be an application of Theorem 1 in the proof of Theorem 2
below. In order to apply Theorem 1 to a solution x* to problem P, we must devise a
related unconstrained problem to which x* provides a local solution. This can be done
in many ways; but the appropriate method here is to follow an approach used by
Clarke [9, p. 229]. We must first make a number of definitions.

We let Tbe the set of all w=(wo," , Win,’’’, W,,+p) in R l+’+p such that wi_->0
-,m4-p 2for i=0,..., m and z-i=o w-1. We let belong to W (as always) and we put

go(x) =f(x)-f(x*). Given x in W and w in T, we let

m+p

L(x, w) wof(x) + wig,(x)
i=1

and

m+p

L*(x, w)= Z wigi(x)= L(x, w)-wof(x*).
i=O

For each x in W, we put

(1) G(x) =max {L*(x, w): w T}

and

T(x) {w e T: G(x) L*(x, w)}.

We denote by OL(x, w) and VL(x, w), respectively, the subditterential and gradient of
the function L( , w) at x; we attach the analogous meaning to OL*(x, w) and VL*(x, w).
We also denote by L_(x*, w, v, u) the upper second-order directional derivative of the
function L(., w) at x* and v in the direction u.

Next, let us denote by M(x*) the set of all Lagrange multipliers in T for problem
P at x*; i.e., M(x*) is the set of all w in T such that 0 belongs to OL(x*, w) and
wig,(x*)=O for all i= 1,..., m.

Finally, let D*(G) be the set of all unit vectors u* in R" for each of which there
exists 6’> 0 such that v. u*_-< 0 if u is a unit vector with [u- u*[-<_ 6’ and if v belongs
to O,G(x*).

Thus, again, we note that if u is a unit vector for which G(x*; u)_-< 0 then u
belongs to D*(G). And, if u belongs to D*(G) and if G is semismooth at x* then
G’(x*; u) -<_ 0.

THEOREM 2. Suppose that x* provides a local solution to problem P and suppose
that all the functions fand g are semismooth at x*. Let u belong to D*( G). Then there
exists a Lagrange multiplier w* in M(x*) such that 0 belongs to OuL(x*, w*),
w* g(x*; u) 0 for all 1,. ., m, and L.(x*, w*, O, u) >- O.

Remarks. We shall discuss the set D*(G) later. We shall also give an example
which will show that, although we can infer f" _->0 in Theorem 1, we must settle for
L _-> 0 in Theorem 2.
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LEMMA 1. (i) If G(x)>0 for x in W then the set T(x) has a single element
Wx (Wxo," ", Wxm," ", Wx,m+p) given by

Wxi [max (0, gi(x))]/G(x) for 0,..., m

and

If G(x) >= 0, we have

Wx, g,(x)/ G(x) for m + l, m + p.

m+p

)2.(2) G(x)2= E [max (0, g,(x))]2+
i=0 i=m+l

(ii) If x* is a local solution to problem P, then G(x*)= 0 and G(x)>= 0 for all x
near x*.

(iii) x* is a strict local solution to problem P (i.e., f(x) >f(x*) for all feasible x
near x* for which x x*) ifand only if we have G(x) > 0 G(x*) for all x near x* with
xx*.

(iv) If G(x) > 0 then OG(x)
_
OL(x, Wx), with Wx as in (i).

Proof. Assertions (ii) and (iii) are easy to verify. We observe also that (iv) is an
immediate consequence of (i) and [9, Thm. 2.8.2]. It remains therefore to prove (i).
Fix x in W such that G(x) > 0 and let w belong to T(x). By the standard Kuhn-Tucker
theorem, we infer that multipliers t, So, , sm exist so that si --> 0 and siw 0 for each
i=0, 1,. ., m and so that

(3) -g(x)+2tw-s=O fori=0,..-,m

and

(4) -gi(x)+2tw=O fori-m+l,...,m+p.
m+p 2Since Y=o w- 1, we infer from (3) and (4) that

2t L*(x, w)= G(x)

and hence that is positive. Therefore, wi=g(x)/G(x) for i= m+ 1,..., m+p. It
follows readily that, for 0,. , m, we have wi 0 if g(x) < 0 and wi g(x)/G(x)
if g(x)>= O. Thus, w Wx, where Wx is as defined above. Equation (2) follows at once
from the formulas for wx and the equation G(x)= L*(x, wx).

Equation (2) also follows readily if G(x)= O.
LEMMA 2. Suppose that x* provides a local solution to problem P and that the

functions f and g are all semismooth at x*. Then the function G is semismooth at x*.
Proof Suppose that the sequence {Xk} converges to x* in direction u, with lu 1.

Suppose also that Vk belongs to OG(Xk) for each k. We must show that the sequence
{ Vk" U} converges. We know here that Xk X* for all k. We let I(x*) denote the set
of all i=0,..., m for which g(x*)=0. By Lemma 1, we can assume that G(Xk)>=0.

We must consider two cases. In the first case, we suppose that g(x*; u)=<0 for
all in I(x*) and g(x*; u)=0 for all i= m+ 1,. ., m+p. We proceed with the first
case.

We "partition" the sequence { Vk" U} into two subsequences, one in which G(Xk) >
0 for all k and the other in which G(Xk) 0 for all k; we shall prove that both sequences
(if they are infinite) converge to 0 and so it will follow that { Vk" U} converges to 0 in
this first case.

So, we treat first the "subcase" in which we assume G(Xk) > 0 for all k. According
to Lemma l(i), there exists a unique Wk (Wko,’’’, Wkm,’’’, Wk.m/p) in T(Xk), with
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Wki satisfying the formulas given in Lemma 1 (i). Furthermore, it follows from Lemma
1(iv) and [9, Prop. 2.3.3] that there exist Vki in Ogi(Xk) such that

m+p

(5) v
i=0

Notice that if g(x*)< 0 then Wk- 0 for all large k. Since each g is semismooth at x*,
we infer that the sequence {Vk" U}k converges to g(x*; u) for each i. If g’i(x*; u)=0,
then surely {Wk(Vk" U)}k converges to 0. But, if g’i(x*; u) < 0 for some then g(Xk) < 0
for all large k and so (by Lemma 1) Wk 0 for all large k; hence {Wki(Vk" U)}k converges
to 0. We infer from (5) that { Vk" U} must converge to 0, in this first subcase.

Next, we treat the subcase in which G(Xk) 0 for all k. Again, we must show that
{ Vk" U} converges to 0. Let E be the set of those points in W at which at least one of
f and g is not differentiable. Then E has measure 0. By [9, Thm. 2.8.6] and
Caratheodory’s theorem, we can write

n+l

j=l

+1where ak O, 1 ak 1, and where, for each k and j, there are sequences {Xkq}q in
W-E and {Wkq}q in T such that {Xkq}q converges to Xk, {L*(Xk, Wkq)}q converges to
G(Xk)=O, and {VL*(Xkq, Wkq)}q converges to zg. Notice that if g,(Xk)<O for some I
and k then L*(Xk, Wkq) Wkq,igi(Xk)O and so the sequence {Wkq,i}q must converge
to 0. For each k and j, we can therefore select Xk in W-E and Wk in T so that

o a(x)- g*(x, ),
1

0N w, < if g(x) < O,

and

n+l

Vk akjVL .kj Wkj
j=l

1

It follows that, for each j, {Xkj}k converges to x* in the direction u. Hence, the sequence
{Vg(Xkj)" U}k must converge to gl(x*; u), since g is semismooth at x*. Now, if
g(x*; u)-0, it follows then that the sequence {akjWk,Vgi(Xk)" U}k converges to 0. If
gl(x*; u) < 0 or if g(x*) < 0 then g(Xk) < 0 for all large k and for all j and so {Wk,i}k
converges to 0; therefore the sequence {akWkj,Vg(Xk)" U}k converges to 0. It follows
from all of these computations that { Vk" U} converges to 0. We have at last completed
the proof for the first case.

We must now show that { Vk" U} converges if gl(x*; u)> 0 for some in I(x*) or
if g(x*; u) # 0 for some > m. It follows that G(Xk) > 0 for large k and so we assume
G(Xk) > 0 for all k. Hence we again have Wk and Vki SO that (5) holds. From (2) and
Lemma 1 (ii), we infer

(6)
G’(x*; u)]2 [max (O,f’(x*; u))]2

m+p

+ [max (O, g(x*; u))]+
iI(x*) i=m+l

[g(x*; u)]2.

So, we have G’(x*; u)>0; hence, Lemma 1(i) implies that {Wki}k converges to
[max(0, g(x*; u))]/G’(x*; u) for in I(x*), that {Wki}k converges to
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g(x*; u)/G’(x*; u) for > m, and that {Wki}k converges to 0 if gi(x*) < 0. Thus, in this
second case, we find that { Vk" u} converges to Q/G’(x*; u), where

m+p

Q= Y. [gl(x*; u) max(0, g(x*; u))]+ E [g(x*; u)]2.
iI(x*) i=m+l

LEMMA 3. Suppose that x* is a local solution to problem P. Suppose that x belongs
to W, w* belongs to T, G(x) > 0, and that w*i O for all i=0,..., mfor which g(x) <0.
Then, with w, as in Lemma 1, we have

1/2lw w*l2 L*(x, w*)/L*(x, w,).

Proof Suppose x and w are as above. We have

Iw-w*12-1wxl=-2(w w*>/lw*lZ-2-Z(w w*>.
Because of our assumptions about x and w* and because of Lemma l(i), this last
equation simplifies to

Iwx w*l 2- )-*x, w*/*x, w.
With these lemmas established, we can now turn to the proof of the theorem.
Proof of Theorem 2. It follows from Lemma 1 that x* is a local minimizer for

G(x). Let u be a unit vector which belongs to the set D*(G). Because of Lemma 2,
we can apply Theorem 1. We infer that 0 belongs to OuG(x*) and so there exist
sequences {Xk} and {Vk} such that {Xk} converges to x* in direction u, Vk belongs to
dG(x) for each k, and {Vk} converges to 0. By passing to subsequences, we can assume
G(Xk) > 0 for all k or G(Xk)=0 for all k.

Case 1. Assume G(Xk) > 0 for all k.
In this case, it follows from Lemma 1 that Vk belongs to OL*(Xk, Wk)=OL(Xk, Wk),

where Wk is the unique member of T(x). We may assume that {Wk} converges to w*
in T. There is a positive number M so that, given k, there exists v* in OL(Xk, w*) so
that IDk l)l MIwk W* I. Hence {v*} converges to 0 and so 0 belongs to OuL(x*, w*).
It follows from Lemma l(i) that w*ig(x*)=0 for i= 1,..., m and so w* belongs to
M(x*). From (6), we find that

]g’(x*; u)]-< G’(x*; u) 0 for i> m

and

gl(x*; u)=< G’(x*; u)= 0 for/in I(x*).

Given 1, , m with w* > 0, we have wi > 0 for large k and so g(x) > 0 for all
large k; therefore, gl(x*; u)=0. And, if gi(x*)< 0, then Lemma 1 shows that wk =0
for all large k. We now infer from Lemma 3 that

(7) [ W,[: L(Xk ,W*)- L(X*, w*)
for large k.Wk 1

L(Xk Wk L(x*, Wk

Of course, because of Lemma 1, we have

(8) (x, w)- (x*, w) G(x) > O.

Since {w} converges to w*, it follows from (7) and (8) that

(9) L(x, w*) L(x*, w*) > 0 for all large k.
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Since {Vk*} converges to 0 and Vk* belongs to cgL(Xk, w*) for each k, we infer from (9)
and Definition 4 that L(x*, w*, 0, u) -> 0.

Case 2. Assume G(Xk)=0 for all k.
In this case, we abandon the Vk mentioned above. Instead, we observe that we

may assume that each Xk is a local solution to problem P. According to the Lagrange
multiplier rule (see [9, Thm. 6.1.1] or [13, Thm. 1]), there exists Wk in T so that 0
belongs to aL(Xk, Wk) and so that Wkig(Xk)=0 for all 1,..., m. We may assume
that {Wk} converges to w* in T. As in Case 1, we obtain Vk* in gL(Xk, W*) such that
Io* l<-Mlw -w*l. we infer that {Vk*} converges to 0, that 0 belongs to OuL(x*, w*),
and that w* belongs to M(x*). Moreover, since each Xk is feasible for problem P and
Wkigi(Xk)=O for i=l,.., m, it follows that * *wi g(x u)=0. Finally, we observe that

L(Xk, W*) L(x*, w*) W*o (f(Xk) f(x*)) 0

for all large k and so L_(x*, w*, 0, u)>-0 in this case also.
PROPOSITION 1. Suppose that x* is a local solution to problem P and that the

functions fand gi are all semismooth at x*. Let D(x*) be the set of all unit vectors u in
Rn for which f’(x*; u) _-<0, g(x*; u) <-0 for all positive in I(x*), and g(x*; u) =0 for
all m + 1,. ., m +p. Then D*(G) D(x*). If the functions f, gl," ",gm are also
regular [9, p. 39] at x* and if thefunctions go,+1,’", gm+p are strictly differentiable [9,
p. 30] at x*, then D*(G)= D(x*).

Proof. In view of Lemma l(ii), we know that G’(x*; u) is nonnegative for all u.
Hence the relation D*(G)_ D(x*) follows from (6).

Suppose now that f, gl,..., g,, are also regular at x* and that g,,/l,"" ", gm+p
are strictly differentiable at x*. It follows from (2), [8, Thm. 2.1], and [9, Prop. 2.3.6]
that G is regular at x*. Therefore, if u belongs to D(x*) then G(x*; u) G’(x*; u) 0
and so u belongs to D*(G).

Remarks. Proposition 1 gives a precise description of the set D*(G) provided the
functions f and g satisfy the additional hypotheses concerning regularity and strict
differentiability.

If the functions f and g are of class C2 on W, then in Theorem 2 we have

L(x*, w*, O, u)= L"_(x*, w*, O, u)= u. V2xL(x*, w*)u.

Hence, Proposition 1 shows that Theorem 2 reduces to the theorem of Ben-Tal [1,
Thm. 3.2] in this case; see also Iotte [10, Thm. 6].

COROLLARY 1. Suppose that x* provides a local solution to problem P and suppose
that the functions f and g are all semismooth at x*. Suppose also that M(x*) consists

of a single vector w*.
If u belongs to D*(G), then 0 belongs to guL(x*, w*), w*g(x*; u)=0 for i=

1 mandL"+.. w*, O, u)>=O.
Remarks. The uniqueness of a "normalized" Lagrange multiplier w* thus serves

as a constraint qualification. To assure that the "0th component" Wo* is positive, it
appears that we need an additional assumption such as calmness [9, p. 240].

The observation just made provides an extension to semismooth optimization of
a situation well understood in the case in which f and gi are of class C2 on W. So,
let f and g be of class C2 on W and suppose x* is a local solution to P. Kyparisis
has shown [11] that the set {w M(x*): Wo> 0} consists of a single element if and
only if the problem P and x* satisfy what Kyparisis terms the strict Mangasarian-
Fromovitz constraint qualification. Now the strict Mangasarian-Fromovitz constraint
qualification implies the usual Mangasarian-Fromovitz constraint qualification [11],
which in turn implies that problem P is calm at x* [9, Cor. 5, p. 244].
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To sum up, we find in the C2 case that the combined requirement of calmness at
x* and uniqueness of the normalized Lagrange multiplier is equivalent to the require-
ment that the strict Mangasarian-Fromovitz constraint qualification hold for problem
P at x*.

3. An examlle. We conclude with a specific example which shows that in
Theorem 2 we cannot replace L_ by L’_’; this contrasts, of course, with the situation
for unconstrained minimization described in Theorem 1. The same example illustrates
an interesting point about uniqueness of the Lagrange multiplier.

Example 1. We define seven sets, whose union is R2. These sets do not "overlap"
in the sense that their interiors are pairwise disjoint. We put

A1 {(x, y): x > 0 and y _-> x2},

A2 {(x, y): x > 0 and 0 -< y -< x2},
A {(x, y): x > 0 and 0-> y => -x2},
A4 {(x, y): x > 0 and y _<- -x2},

A5 {(x, y): x =< 0 and y > 0},

A6 {(x, y): x =< 0 and y < 0},

A7 {(x, y): x -< 0 and y 0}.

The reader may find it helpful to sketch a graph of these seven sets. We define
functions gl and f on R2 by setting

g(x, y) -y for all (x, y) in R2

and

f(x, y) y x-
f(x,y)=O

f(x,y)=y

f(x,y)=-x

if (x, y) belongs to A1,

if (x, y) belongs to A2 U A6 U AT,
if (x, y) belongs to A3 [-J As,

if (x, y) belongs to A4.
It is clear that f is locally Lipschitzian on R2; moreover, f is "piecewise C2’’ [5] near
all points of R. Use of [9, Prop. 2.2.4] and [9, Thm. 2.5.1] shows that

af(x, y) {(-2x, 1)} if (x, y) belongs to int A,

Of(x, y) {(0, 0)} if (x, y) belongs to A6 t_J int A2,

Of(x, y) {(0, 1)} if (x, y) belongs to A5 U int A3,

Of(x, y) {(-2x, 0)} if (x, y) belongs to int A4,

Of(x,y)={(O,t):O<=t<-l} if(x,y)A7U(A2fqA3),

Of(x, y)= {(-2tx, t):0=<t=<l} if (x, y) A fq A,

Of(x,y)={(-2tx, l-t):O<-t<=l} if(x,y)A3fqA4.

From this complete information about the subdifferential off, it follows thatf is regular
and semismooth at the origin.

We now form the problem P of minimizing f(x, y) over all (x, y) in R2 such that
-y-gl(x, y)<=O. It is clear that the origin x* =(0, 0) provides a local solution to
problem P and so Theorem 2 is applicable here. Let u (1, 0). In view of Proposition
1, we know that u belongs to D*(G).
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We now wish to identify those w- (Wo, Wl) in M(x*) for which (0, 0) belongs to
OuL(x*, w). We shall show also that for all such w we have L"(x*, w, O, u)< O.

Thus, we suppose now that w is such that (0, 0) belongs to OuL(x*, w). Then there
exists a sequence {(Xk, Yk)} converging to x*-(0, 0) in direction u=(1, 0) and a
sequence {Vk} converging to (0, 0) such that Vk belongs to OL(Xk, Yk, W) for each k. We
may assume that Xk > 0 for every k. By passing to subsequences, we find that we may
restrict our attention to the following seven cases:

Case 1. (Xk, Yk) belongs to int A1 for all k.
Case 2. (Xk, Yk) belongs to int A2 for all k.
Case 3. (Xk, Yk) belongs to int A for all k.
Case 4. (Xk, Yk) belongs to int A4 for all k.
Case 5. (Xk, Yk) belongs to A1 A2 for all k.
Case 6. (Xk, Yk) belongs to A2[’] A for all k.
Case 7. (Xk, Yk) belongs to A l A4 for all k.
We shall discuss here only the analyses of Cases 5 and 7. The interested reader

can verify that no new information (in the sense to be explained below) is obtained
in the other five cases.

Case 5. Here we have for each k,

Vk Wo(--2tkXk, tk)+ wI(O, --1) with O_-< tk <- 1.

Hence, the fact that {Vk} converges to (0, 0) implies {tk} must converge to some s in
the closed interval [0, 1]; and, we have Wl- SWo. Since Wo2+ Wl2 1, we infer Wo # 0.
And, since Yk x for all k, we have

L(Xk, Yk, W) Wo(Yk X2k) + SWo(--Yk) SWoXZk.
Hence, L" (x*, w, 0, u)=-SWo<OifO<s <- 1.

Case 7. Here we have, for each k,

Vk Wo(--2tkXk, 1 tk)+ Wl(0, --1) with 0=< tk <= 1.

The fact that (Vk} converges to (0, 0) implies that {tk} converges to some c in [0, 1]
and Wl= (1-C)Wo. (Thus, we have obtained the same multipliers w as in Case 5.)
Again, we have Wo # 0, and, since Yk =--X2k for all k, we have

L(Xk, Yk, W) Wo(--Xk) + (1 C)Wo(--yk) --CWoX2k.
Hence, if c > 0, we have L’_’ (x*, w, 0, u) < 0.

Thus far, we have found that the multipliers w in M(x*) for which 0 belongs to
O,L(x*, w) are of the form (Wo, SWo), with 0=<s -< 1 and W2o+(SWo)2= 1. Furthermore,
for all such multipliers w, we have L"_(x*, w, 0, u)< 0. The interested reader will find
that the analyses of the other five cases produce no new multipliers w for which (0, 0)
belongs to L(x*, w). We can therefore conclude that in Theorem 2 we cannot, in
general, replace L_ by L’_’.

Remarks. One other conclusion can be drawn from this example. This second
conclusion is somewhat disquieting, but not surprising. Notice that the constraints
here could hardly be simpler: We have a single (active) constraint given by a linear
function having a nonzero gradient. If the functionf were of class C on R2, we would
know that the set M(x*) is a singleton. But, in Example 1, we have seen that M(x*)
contains all vectors of the form (Wo, SWo) with 0_-< s_-< 1 and wEo+(SWo)2= 1. So, M(x*)
can be a "large" set even with the simplest of constraints. Therefore, this example
suggests the possibility that the constraint qualification mentioned following Corollary
1 may be much more restrictive in the semismooth case than it is in the smooth case.
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We can also examine the question of the restrictive character of our constraint
qualification from another point of view. Note that if x* is an isolated local solution
to problem P and if M(x*) consists of one vector w*, with Wo* > 0, then we infer from
[9, Cor. 2, p. 242] that the "value" function V is strictly differentiable (at the relevant
point). Of course, it is well known that, even in the smooth case, the function V can
be nondifferentiable.
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Abstract. The purpose of this paper is to introduce a new spline approximation scheme for retarded
functional differential equations. The special feature of this approximation scheme is that it preserves the
product space structure of retarded systems and approximates the adjoint semigroup in a strong sense.
These facts guarantee the convergence of the solution operators for the differential Riccati equation in a
strong sense. Numerical findings indicate a significant improvement in the convergence behaviour over both
the averaging and the previous spline approximation scheme.

Key words, retarded functional differential equations, approximation, splines, Riccati equation

AMS(MOS) subject classifications. 34K35, 41A15, 93D15

1. Introduction. In this paper we introduce a new spline approximation scheme
for linear time invariant retarded functional differential equations (RFDEs) and estab-
lish a number of convergence results. In particular we show that the approximate
feedback law and the solution of the operator Riccati equation, associated with the
linear quadratic control problem for this class of systems, converge in the uniform
operator topology.

The first step of the general approach is to transform the RFDE

(1.1) (t) Lx, + Bou( t), y( t) Cox(t)

into an abstract Cauchy problem of the form

d
(1.2) --77. v(t) M:v(t) + 3u(t), y(t) (t)

at

in the Hilbert space R" x L2[-h, 0; Rn], h > 0, where M is the infinitesimal generator
of the strongly continuous semigroup 6e(t) which is associated with the uncontrolled
delay equation. For systems of the form (1.2) there exists a general theory of the linear
quadratic control problem of minimizing the cost functional

(1.3) J(u)=((T), c(r))+ [ly(t)l-+lu(t)l2] dt

(see e.g. [9], [14], [19]). The optimal control can be characterized as a feedback law
which is determined by an operator satisfying the differential Riccati equation (in the
case T < oo), respectively, the algebraic Riccati equation (in the case T=o). These
operator Riccati equations involve both the original generator M and its adjoint operator
M*. Therefore, in order to approximate the feedback law and the Riccati operator in
the strong operator topology, we have to approximate both semigroups 6e(t) and *(t)
in the strong operator topology (see [20]).
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For the approximation of the semigroups we use a Galerkin type scheme, i.e., we
define finite dimensional subspaces N of and operators N on N which generate
semigroups Sv(t) on The classical idea is to choose cdom and define

pMp, where pN is the orthogonal projection of onto s. Under appropriate
consistency and stability hypotheses the convergence of 6es(t) to (t) in the strong
operator topology follows.

These ideas have been used by Banks and Kappel [7] for the development of a
spline approximation scheme for RFDEs and have then been applied.to problems of
optimal control and parameter identification e.g. in [3], [6], [8], [27]. In particular,
Kunisch [27] has established weak convergence results for the solution operators of
the differential Riccati equations. Numerical findings in [8] indicate that these operators
indeed do not converge strongly for the spline scheme developed in [7]. The main
reason for this seems to be that the subspace s in [7] has been chosen to be contained
in the domain of M which is different from the domain of M*.

In order to overcome this unequal treatment of SO(t) and S*(t), our idea was to
enlarge the subspace v such that it is neither contained in dom nor in dom M*,
but contains sufficiently many elements of both domains. Of course, in this situation
the approximating operators can no longer be defined by MV=pMp but have to
be defined directly instead (for details see 5.1). As a result we are able to establish
the desired convergence of the solution operators ofthe Riccati equation in theuniform
operator topology for the finite time horizon problem. Despite the fact that in the case
of the infinite time horizon problem our scheme always did converge numerically, we
were not able to prove this convergence following the approach presented in [20]. The
reason is that we do not have the uniform (with respect to N) exponential stability of
the approximating semigroups for our scheme (compare the remarks at the end of

5.3). In this respect the spline approximation scheme differs from the averaging
approximation scheme in [4] for which the uniform exponential stability property has
been established in [38].

In two preliminary sections we collect some basic facts from the state space and
control theory for retarded systems ( 2) and give a short survey on the theory of the
linear quadratic optimal control problem for abstract systems in Hilbert space and for
RFDEs ( 3). In 4.1 we present a general approximation scheme for abstract Cauchy
problems in Banach space. In 4.2 we consider the problem of approximating the
feedback law for the finite time horizon problem following the approach given by
Gibson in [20].

The main part of this paper is 5, where we develop a special spline scheme and
prove convergence results along the general ideas given in 4.1 and 4.2. We also give
the explicit formulae for the matrices which are necessary for the implementation of
our scheme. This scheme has remarkable qualitative properties which will be published
elsewhere.

Finally, in 6 we present some of the many numerical calculations in order to
demonstrate the good behaviour of our scheme and the advantage it offers over both
the averaging approximation scheme [4], [20] and the spline scheme in [7], [8].

2. State space theory for linear hereditary control systems.
2.1. Linear hereditary control systems. We consider the linear hereditary control

system

(2.1a) g(t) Lxt + Bou( t), >- O,

(2.1b) y( t) Cox( t),
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where x(t)R", u(t)R, y(t)R" and xt is defined by xt(s)=x(t+s) for -h<-s<-O,
h > 0. Correspondingly Bo and Co are real matrices of appropriate dimensions and L
is a bounded linear functional C(-h, 0; R")- R" given by

Lch Ac(-h)+ Aol(r)(’) dr, e C(-h, 0; ["),
j=0 h

where 0=ho<...<hp-h and Aj
LE(-h, 0; "’). A solution of (2.1a) is a function x(.)e Loc(-h, c; ") which is
absolutely continuous with LE-derivative on every compact interval [0, T], T> 0, and
satisfies (2.1a) for almost all _-> 0. It is well known that (2.1a) admits a unique solution
x(t) x(t; b, u) for every input u(. e Loc(0, ;) and every initial condition

(2.2) x(0)=, x(r)=’(r), -h<-r<O,

where =(,a)eM2="L2(-h,O;"). Moreover, x(.;,u) depends con-
tinuously on and u on compact intervals, i.e., for any T> 0 there exists a K > 0
such that

sup Ix(t;

where 114 I  lb) ’/= for M= (see e.g. [12], [18]). The fundamental solution
of (2.1a) will be denoted by X(t) and is the n x n matrix valued solution of (2.1a)
which corresponds to u -= 0 and X(0) =/, X(r) 0 for -h _-< r < 0. The Laplace trans-
form of X(. is given by A-I(A), where

A(A AI- L(ca’I)

e_h Ihi- ., Aj Aol (r) e" dr, h C
j=0 -h

is the characteristic matrix of (2.1a). Again it is well known that the forced motion of
(2.1a) (in case =0) can be written as

(2.3) x(t; O, u)= X(t-r)Bou(r) dr, t>-O.

2.2. SemigroulS anti state slaee tleseriltion. Existence, uniqueness and continuous
dependence results for solutions of RFDEs motivate the definition of the state of
system (2.1) to be the pair

(2.4) w(t) (x(t), xt) M2,
which completely describes the past history of the solution at time >- 0. The evolution
of this state is governed by the variation-of-constants formula

(2.5) w(t)=S(t)+ S(t-s)Bu(s) ds, t>-_O,

which is the infinite dimensional version of (2.3). The input operator B’R-> M2 is
given by

Bu Bou, O)

and the semigroup $(. corresponds to the free motion of the system, i.e., S(t) M2-->
M, t-> 0 is defined by

S(t) (x(t; , 0), x,(, 0)), _-> 0, Me.
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The infinitesimal generator of S(. is given by

dom A { M:[ ’ W1’2, 0= 1(0)}
(2.6)

A := (L

where W1’2 denotes the Sobolev space wl’2(-h, 0; Rn). The function w(t) as defined
in (2.5) is a mild solution of the abstract system

lb( t) Aw( t) + Bu( t),

y( t) Cw( t), w(O) dp.

The output operator C M2-) R is defined by C Cork o, b M2.
The operator A* dual to A is explicitly given by (see e.g. [17]):

(2.7)

dom A*= fe M2 fl+ AffOx[_h,_hj]e W,,2,fl(_h)= AffO
j=l

[A*f]=fl(O) + Aof

A*f] (): Affl(z)f -dr[
--dIf (z)+’AjTfo/[_h,_hj](,i. ]

The characteristic function of an interval I is denoted by X.

2.3. Stability, stabilizability and controllability. System (2.1) is said to be stable
if every solution x(t) of the free system (i.e. u(t) 0) tends to zero as goes to infinity.
Equivalently, the semigroup S(. is exponentially stable, i.e.,

Wo lim lln IIS(t)ll sup {Re tr(A)) <0
t-->

(see for instance [22]). The spectrum of A is given by r(A)={A C[detA(A)=0}.
Note that o-(A*) r(A).

The control system (2.1) is said to be stabilizable if there exists a control law

(2.8)
u(t)=K(x(t),xt)

Kox(t)+ ffh K,(e’)x(t+z) dr,

where KoGRlxn, KI(" )G L2(-h, 0; ln), such that the closed loop system (2.1), (2.8)
is stable. We have the following important characterization (see [33], [36]).

THEOREM 2.1. The following statements are equivalent:
System (2.1) is stabilizable.

(ii) There exists a K (M2,/) such that the operator A+ BK generates an
exponentially stable Co-semigroup.

(iii) rank [A(A), Bo] n for all A C with Re A _-> 0.
The dual result is the following (see e.g. [10] or [36], [37]):
THEOREM 2.2. The following statements are equivalent:
(i) There exists a H (’, M) such that the operator A+ HC generates an

exponentially stable semigroup.
() for all h C with Re h > O.(ii) rank Co, n

System (2.1) is called detectable if the statements of the previous theorem are
satisfied. A detailed discussion of the duality relations between feedback stabilization
and dynamic observation in the product space framework can be found in [36].
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3. The linear quadratic control problem.
3.1. Control systems in Hilbert spaces. Let us first deal with general linear control

systems in Hilbert spaces , // and described by

b(t) M(t) + u(t), (0)
(3.1)

y(t) c(t).

We assume that (, ), r (, 0) and that M is the infinitesimal generator
of a Co-semigroup Ae(t) on . System (3.1) will be understood in the sense of mild
solutions, i.e., the trajectories of the system are given by

(3.2) v(t):(t)o+ (t-s)3u(s) as, t>-o

for any :vo and any input u(. ) Lo(O, oo; a//).
Let o-//_> 0//and :-> be selfadjoint linear operators satisfying

(, c-g)->O forall

and

with some e > 0. In this section we look at the control problem of minimizing the cost
functional

(3.3) J(u)=(v(T), c-ow(T))+ [ll(t)ll=/(u(t), u(t))] dt,

where (t) is given by (3.2) and T>0 is a fixed final time. For the proof of the
following result see [14] and [19].

THEOREM 3.1. For any Vo there exists a unique control function ff(.)
L2(0, T; o/) which minimizes the cost functional (3.3) under the constraint (3.2). The
optimal control is offeedback form and is given by

(3.4) if(t) _-l.(t)&(t), _>- 0,

where v( t) is the mild solution of the Cauchy problem v (-3-l3*(t))v, v(O)
vo, and -> ( t) () is the unique operator valuedfunction on [0, T] with thefollowing
properties:

(i) (t) is positive semidefinite for every [0, T].
(ii) Thefunction -> t)v is continuous on [0, T] for every v ;, and satisfies the

Riccati integral equation

(t)v 6f*( T- t) c6f( T- t)v

(3.5) + 6*(’- t)[,c_(r)-l,(r)](._ t) d%

O<-_ t<- T, v .
Moreover, the optimal cost is given by

(a) (,o, (O)o).

In [19] it is also shown that (t) satisfies

(3.) ’(t)=*(r-t),(r, t)+ *(r-t)*,(r, t)dt, O <: <- T, v :
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where (r, t) is the evolution operator given by

(3.7) O(r, t)= oq(r t)w- (7"-- O’)--lg/(O’)(I(o", t) dr,

O<-t<=-<-T, .
Let us now consider the problem of minimizing the cost functional

(3.8) J(u)- [[lo(t)ll=/<u(t), u(t))] at,

where again v(t) is given by (3.2). For this situation the following result has been
proved (see [14], [15], [41]; further references can be found in the survey paper [9]):

THEOREM 3.2. (a) The following statements are equivalent:
(i) For any Vo there exists an input u(. L2(0, oo; o//) such that the correspond-

ing cost J(u) given by (3.8) and (3.2) is finite.
(ii) There exists a positive semidefinite operator (g) satisfying the algebraic

Riccati operator equation

(3.9) (M,, a)+(, Ma)+(, cCa)-(, -l*v) 0

for all a, , dom M.
(b) If the statements under (a) are valid, then there exists a unique optimal control

( t) which is given by the feedback law

(3.10) t(t) --*&(t), _--> O,

where v( t) is the mild solution of the Cauchy problem v (--3*)v, (0)
and is the minimal solution of (3.9). Moreover, the optimal cost is given by

s(a) <o, o>.
(c) Suppose that the statements under (a) are satisfied and let be the minimal

positive semidefinite solution of (3.9). Moreover, let r( t), 0 <= <= T, be the unique positive
semidefinite solution of (3.5) with d O. Then is the strong limit of r(O) as T goes
to infinity.

(d) Suppose that there exists some L(, ) such that the operator
generates an exponentially stable semigroup. Then there exists at most one positive
semidefinite solution of (3.9). Moreover, if such a solution exists, then the closed loop
semigroup generated by M--$0" is exponentially stable.

3.2. Applications to hereditary systems. Let us first apply Theorem 3.1 to system
(5) which is associated to system (2.1) in terms of the state concept introduced in 2.
The cost functional for system (2.1) is assumed to be

S(u) x( T; ok, u) rGoX T; ok, u)
(3.11)

+ [llCox(t; ok, u)ll2/u(t)Ru(t)] dr,

where Rt is positive definite and Go is positive semidefinite. If the
operator G:M-> M is defined by Gb (GoSh, 0), b M, then the cost functional
for system (E) is given by (3.3) (with cg G, C and R, of course). According
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to Theorem 3.1 there exists a unique, positive semidefinite, strongly continuous family
H(. of operators in *(M2) which satisfies the Riccati integral equation

II(t)b S*( T- t)GS( T- t)b

,EM2 0--< t--< T.

Let us now look at the structure of the operator H(t). Due to the product space
structure of the state space M2 we can write

H(t) (Hoo(t) Hol(t))kHo(t) nl(t)

where Hoo(t) is a selfadjoint operator " " which can be represented by a symmetric
matrix and H(t) is a selfadjoint operator L2 L2. The operator Ho(t) can be represen-
ted by a matrix-valued function Ho(t, ")L2(-h, 0;xn). The adjoint operator
ol(t) Ho(t) from L2n is given by

Ho(t) H(t, z)(r) d% e L2.
h

We are mainly interested in the matrices Hoo(t) and Hlo(t, ), which determine the
optimal feedback law

(3.13) a(t)=-R-Bg noo(t)x()+ n(t, ,)x(+,) d
h

for system (2.1). Recall that B* maps e M to Bg4e N.
For the rest ofthis section we assume that system (2.1) is stabilizable and detectable,

so that system () satisfies the assumptions of Theorem 3.2. Hence there exists a
positive semi-definite operator e (M) satisfying the algebraic ccati equation

(3.14) A*+nA-HBR-B*+C*C=O,
e dora A. The equation can be written in this form since every solution of (3.9)

maps dom into dora *, i.e.,

(3.15 range dora A*.

Again the operator H can be written in block form

where Ho Ho maps L into N. Hence the optimal feedback law is of the form

u( --*(x(tl, x,
(3.

h

Finally note that the closed loop system (2.1), (3.16) is stable (Theorem 3.2).

4.1. fifee. In this section we present a general approximation
scheme for linear abstract Cauchy problems restricting ourselves to a situation which
is of sucient generality for our purposes.
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Let be a real Hilbert space with inner product (.,.) and corresponding norm

I1" II. Furthermore let M be the infinitesimal generator of the Co-semigroup 6e(t), -> 0,
on . It is a fundamental result that there exists constants M => 1 and o R such that

ll6e( t)ll < Me0’’, >-- O.

In order to approximate the trajectories (t)vo, o , it is a standard idea to
choose a sequence (} of finite dimensional subspaces of with corresponding
orthogonal projections

pN. ._>, N-- 1,2," ",

and to define (in an appropriate way) a sequence {} of linear operators

MN’,’N -->, N-- 1, 2, .
With s and xo we associate the Cauchy problem

bN(t) MxN(t), t-->0,
(4.1)

N (0) =p%o

on . We extend the definition of M to all of by Mx MNpx and define the
Co-semigroup Sf (t), >_- O, on by

6f(t)xo= etxo= e’tpNo+Xo-Pxo, >=O, xo .
The following hypotheses will be used in order to guarantee the desired conver-

gence 6f(t)po- 5e(t)xo:
(H1) lira_,o px x for all :v .
(H2) There exists constants/Q-> 1 and 03 g such that

Ilse’(t)ll --<

for all t->0,:vN and N=l,2,....
(H3) There exists a dense subset D c dom M which is invariant with respect to

5e(t), >= 0, such that
(i) limN-,oo MNpx Mx for all x D, and
(ii) for any x D there exists a function m(., x) Lo(O, 3; R) such that

[[p(t)l[--< m(t; ) a.e. on [0, c)

for all N.
Hypothesis (H2) is equivalent to

(H2*) For any N there exists a norm [[. [IN on oN such that
(i) For some constant//>= 1

llll <- IIll , <- llll, , N 1, 2,. ., and

(ii) for some constant o3 all operators MN-a3I are dissipative on
(, I1" I1) (i.e. I1( I)11, --> ( -,)1111, for v ,/x > 43 or,
in case (, I1" I1) is a Hilbert space with inner product (.,.
<, >,,--< ,;llll, for :v N; cf. [32, Thm. 4.2], [30, p. 244]).

The equivalence of (H2) and (H2*) follows from the well-known relation between
exponential estimates for a semigroup and dissipativity properties of its generator (cf.,
for instance, [32, Thm. 4.3]).
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THEOREM 4.1. Let (H1)-(H3) be satisfied for the sequences , p% M, N= 1,
2,. . Then for all no

(4.2) lim eaNtpo (t)o
N-oo

uniformly for in bounded intervals.
Proof. If ao dom then d/dt(t)o 6e( t)ao. This together with (4.1) implies

(t)ao--N(t)pNo=N(t)[ao--pNo]+ 6eN (t 7")( SCN)(’)0 d%

no dom M, 0 =< t-< T. Let no D. Using (H2), we immediately get

IlSe(t)o-SC’(t)p’oll<=e IIo-poll/ II(-’)Se()oll dz

for 0=< -< T. Then (4.2) follows from (H1), (H3) and Lebesgue’s dominated conver-
gence theorem. Note that 6e(Z)o D for re [0, T]. A density argument using (H2)
completes the proof, lq

The methods in the proof of the previous theorem are well known in connection
with numerical approximation of partial differential equations (see for instance the
proof of the Lax-Richtmyer equivalence theorem in [21]). For delay equations this
approach appears for the first time in [3], [6] and has later on been used in [24]. We
equally well could have used the Trotter-Kato theorem [32].

Next we consider the nonhomogeneous problem

(4.3a) b(t) a(t) + u(t), _--> s,

(4.3b) (s) =o,
where u Loc(S, oo; l) and is a linear operator . The unique mild solution
(t) =(t; S,o, u) of (4.3) is given by

(4.4) a(t)=6f(t-s)ao+ 6f(t-r)u(’) d’, tes.

In addition to the approximating sequence , p, dN, N 1, 2, , introduced
above let us assume that , N 1, 2,..., is a sequence of corresponding input
operators l N. Then we consider the approximating systems

(4.5a) :bN t) sa t) + 31’Cu( t), >= s,
N N(4.5b) (s) p no, no ,

s(.on N with the unique solution N(t)- a t, S, pN0, U) given by

N( =N N(4.6) t) (t--s)pNo+ (t--r)U(") dz, t>-s,

where s(t)" is defined as above.
THEOREM 4.2. Assume that b ), N 1, 2,. ., and ( are Co-semigroups on

such that for constants M >- 1, to

totIlSeN(t)II<-Me t>-o, N= 1,2,...,

andfor all ao

lim N t)pNo 6f( t)ao
N-oo
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uniformly on bounded t-intervals. Furthermore assume that

lim 3 Nsc : for all R I.
N

Then for all vo g, T> 0 and 3’ > 0

lim v(t; s, p r’o, u) (t; s, o, u)

uniformly for O<-- s <- t<--_ T and for u L2(s, T; Rl) with %
We omit the proof of this result since it is only a slight modification of that given

in [4] for a very similar result.
It is clear that in this section without any changes could have been a real Banach

space.

4.2. Approximation of the feedback law in the optimal problem. We restrict our-
selves to the finite time control problem of minimizing the cost functional

(4.7) Js(u)=((T), e(T))+ [[[(t)ll-+u(t)ru(t)] at

associated with the Cauchy problem (4.3). We assume that the operators cg. _.> ,
.__>, c. _.>m are defined as in 3.1. As we have seen in that section (with

obvious modifications for the case when the initial time s is not necessarily zero), the
unique solution of this problem is given by the feedback law

(4.8) u-(t) =--l3*(t)(t, s)ao, s_-< t_-< T,

where (t)" --> is the unique positive semidefinite solution ofthe Riccati differential
equation (3.5) and (t, s) is given by (3.7).

Correspondingly, we consider the sequence of control problems of minimizing

(4.9) J(u)=(vrV(T), -m(T))+ [[l(t)ll2+u(t)u(t)] dt,

where v(t)= v(t; s, pVo, u) is the unique solution of (4.5). The optimal control is
given by the feedback law

2N(t) ----I(jN)*N(t)N(t s)pNo
(4.10)

=--’(3x)*(t)dPx(t, s)ao, s<= <- T,

where the strongly continuous, positive semidefinite operator N(t)" --> and the
strongly continuous evolution operator v(t, s)" -> are defined by the equations

N t)c b’N T-- t)*pNpNdpN T, t)cc
(4.11)

+ v(._ t),pN,CpNdpN(z t)a dt, <- T,

and

(4.12)

v(t, s)= rv(t-s)v- v(t- ’)3v-(3m)*N(’)rv(% S)2 d%

t>_s

for 2 . It follows immediately from (4.11) and the fact that s(t) is selfadjoint that

(4.13) m(t)=plN(t)p, t<= T.
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This in turn implies, by (4.12), that

(4.14) pVN(t, s)= N(t, s)p S <- t<--_ T.

Note that these two facts justify the second equation in (4.12). Moreover, the optimal
cost of (4.9), (4.5) is given by

(4.15) J(t) (no, N(S):o).

We remark that N(t), regarded as an operator on satisfies the following finite
dimensional Riccati differential equation

d(t) + (.r). r (t) + (t)
dt

(4.16) --N(t)3rc-’(3N)*N(t)+pV*pV =0, t T,

(t) =pp.
Obviously, the most interesting question is how the original system (4.3) behaves when
the optimal feedback control (.8) is replaced by the approximate control law

(4.17) (t)=--()*(t)(t, S)o,

where n(t, s) denotes the corresponding closed loop evolution operator on which
is defined by

(t,s):(t-s)- (t-7)-l()*()(,s)d
(4.18)

for and st Z

All the desired convergence results are contained in the next theorem which is a
straight forward consequence of Theorems 6.1-6.3 in [20]. For the convenience of the
reader we present the main ideas of the proof.

THEOREM 4.3. Let us assume that
(i) There exist constants M >-1, to R such that

IIN(t)ll<--_Me% t>--O, N= 1,2,..’;

(ii) For every v

lim N(t)pv (t),
N--

lim ,v(t)*pV Ae(t)*
N-oo

uniformly on [0, T];
(iii) limN_, rv= for every l.

Then, for every no ,
(a) limuJ(a)=limuJ(a)=L(as),
(b) limN (t) Nhm Us (t= fi(t),
(c) limss(t, S)o lim (t, S)o (t, S)o,
(d) lim (S)o (S)o

and the limits are uniform on the domain 0 s Z If range is finite dimensional,
then (s) converes to (s) in the uniform operator topology, uniformly on the interval
[o, T].
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Proof. Let us introduce the operators s(t):L2(s, T; Rl) "-) , s’.ff ") L2(s, T; RI),
s L2(s, T;) L2(s, T; ) by defining

;(t)u 5f(t-’)u(’) dr,

(4.19) fv (T)* q35( T- s)v+ IT

dr,

T

su (T)*f( T)u + (’)* c*c(’)u dr+u

(4.25) lim
No

uniformly on [0, T].
It follows immediately from (4.22)-(4.25) that (I)N(t, s) converges .strongly to

(I)(t, s). By (4.11) and (3.6), this implies the strong convergence of the Riccati operators
N(s) to (s). Now the convergence result on N(t, s) follows from the inequality

II ’(t, s)v--N t, s) ll

and hence

for usL2(s, T;) and. Of course, u is defined by (u)(t)=u(t), s<=t<= T.
Then it is easy to see that the Fr6chet derivative of Js with respect to u is given by
J’s(u) 2u+2o. Since the optimal control t satisfies J’(ts) =0, this implies

(4.20) fi -;1 o.

Analogously, we get

(4.21) a --()-17po --()-1 0

where , , are enne as above with (t), , , replaced by u(t), %
p% pUp% respectively. Combining these formulae with (3.7), (4.8) and (4.12),
(4.10), we get

(4.22) (t, S)o (t-S)o- (t);’o,

(4.23) t, S)o t- S)o-(t)()-1o
for every s [0, T] and every [s, T].

We have shown in Theorem 4.2 that (t) converges to (t) in the uniform
operator topology, uniformly for 0 s Z This implies that for every

(4.24) lim
N

uniformly on [0, T] and moreover 11-ll 0, also uniformly on [0, T]. Choosing
e >0 such thatrell2 for sl, we obtain

II  ull  llull, u L=(s, T; N: 1, 2,...
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and Gronwall’s lemma. Thus we have established the statements (c) and (d). Statement
(b) follows from (c) and (d), since the control functions ts, fi, N are given by (4.10),
(4.12), (4.19) respectively. Statement (a) is an immediate consequence of (b) and (d),
since JN(fi)=(o,N(S)o) and Js()=(o,(S)o). If range d is finite
dimensional, then the convergence of N(s) in the uniform operator topology can be
established by analogous considerations as those in the proof of Theorem 4.2 (see [4]),
again by the use of (4.13) and (3.6). D

5. A special approximation scheme.
5.1. General ideas. In this section we present a general idea how to construct

special approximation schemes satisfying the assumptions of 4.
Let the sequence X, N 1, 2,..., of subspaces of M2 be defined by

XN ke M2 k .o o+ ., eij aO, ao, ai.i e R"
i=lj=l

where the "basis elements" ,o, are given by

No (I, 0), (0, eij I),

i.e., xN=Rnx yN with YN =span (e/,..., e,,I)c L2(-h, 0; n). It is clear that
dim XN (pkN + 1)n. We assume that

(5.1)
N Wi,_(_eij [I-hi, -hi-l) h,, -hi-l, ),
Neo (z)=0 for r I-hi,-hi-l).

is right-hand continuous on [-h, 0).Without restriction we may further assume that e 0
Because of the product space structure of the subspaces XN the orthogonal

projections pN. M2XN are given by

pNb (b, "n’Nb 1) for b =(th, b)M2,

where ,r
N is the orthogonal projection L2(-h, 0; [n)_> y. We introduce

ell epk)

and denote by aN(th) col (Olg, OllN1, N .(PkN+lapkN)- the coordinate vector of
an element xN, i.e.,

An easy calculation shows

(5.2) aN(pN$) (QN)-Id s (ok),

where

where q ((e0N, e)L2),k=l,...,kN and I is the n x n identity matrix. For elements in
XN the inner product has the representation

(5.3) (ok, lVf a N dP rQNa N Ok, d/ x.
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Since for elements b=(b,bl)EXV in general b#lim,.o bl(r)and b may
have jumps of arbitrary size at the delay points -hi, it is clear that Xv is not contained
in dom A nor in dom A*. However, the operators A and A* can formally be extended
to all of Xs in the following way:

(5.4) [A]=Ao+ A,(-h,)+ Ao(r)(z) dz,
i=1 h

d+

(5.s)

(5.6)

p-1

+ (r)(b’(-hi)-lim b’(r))
"r h

[A*@]=lio @’(r)+A,
[A*@]l(,r) =Ao(,r)O d+@- (-)

p-I

(5.7) + E 8,(r)(Af@-C"(-h,) + lim @l(r))
r--hi

+ (p(r)(ApT@-- @’(-h))
for b, #, E X, where (i denotes the Dirac delta impulse at -hi, i= 0,..., p. Below
we shall introduce the operators Am and (Am)* by projecting these formal extensions
formally back into the subspace XN. Since jumps of the function components of
elements in XV may occur at r=-h, we have two possible interpretations of (5i as
a functional on X namely the evaluation of either the right-hand or the left-hand
limit at -hi. Correspondingly we introduce the following two types of approximate
delta impulses which can be obtained. We define

(i,N+ N.)//.N+, i= 1,"" ", p,

where

i=0,. .,p-l,

N NQ ’)/i,+--CO1 (0, elNl(--hi), eN(-hi)),
N NQ Ti,_=COI(0, lim e(r),.., lim eN(r)).

The following lemma describes the action of the approximating delta-impulses.
LEMMA 5.1. For any x " and k M2

i.+x, )M X ( 1)(-hi), 1,’’" p,
N
X

T N8,_ ,)=x lim( )(r), i=0,.., p-1.
-h

Proof Using (5.2), (5.3) and the definition of 8N.+, we get

(+X,>M2=(N N N TQNa NY,,+x, P@}m2 (Pr,.+x)
x0, e-h,),..., eg-h,).p6)

=x(6)(-hi).
he proof for is analogous E
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The following definition of the operators As is obtained by formally projecting
NAb as given by (5.4), (5.5) into XN and putting pNi--i,_, i=0,..., p-1.

DEFINITION 5.2. For any b-(b, thl)xs we define

ANb= Ab+,=lA’l(-h’)+ hA(r)l(r) dr,

p--1

+8o.(-1 ())+ 8 i,-((N h,)-lim (T)).
$-- hi

The adjoint operators (A)* are given in
LEMMA 5.3. For any (o,)X the operator (AS)* is given by

(*= (+o o -p--1

ra’+ lim ()-(-h))
h

+,(2o (-hll.

Proo By definition of the adjoint operator we get

((*,) (,

=(0) ao+ a(-h)+ ao(r)(r) dr
i=1 h

+ +(,

p--1

+ E (@, t lim tI(7")))M
,=

N-(b (-h,)
_h

for any b (b, b), (o, ) in XN. By Lemma 5.1 we see

(I]/, ( 1(,.s_(b (-h,)- lim b r)))M

lim lll(’l’)T()l(--hi)--,rli_mh, tl("/’)),
"r’-hi

i-1,...,p-1.

Furthermore,

and

j1 ,/T
N 1

P=,,.= [r;-h,_,lim d/’(r)wdp’(’)-q’(-h,)Wd?’(-h,)]

(Ip) r Aol(r)c’(r) dT"=(Ad/, d’}t2=(’n’N(Ald/), dpl}t.
h
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Altogether we have

((A)*O, b)u= [l O’(7")+Ao]T&

p-1

+ E [A/O+ lim 01(-)-01(-h,)]Td/)’(-h,)

The result now follows using Lemma 5.1.
Note, that (ArV)*O can formally be obtained by projecting A*O as given by (5.6),

N(5.7) into XN but now.putting PNi i,+, 1, , p. Without any additional assump-
tion we have the following.

LEMMA 5.4. Hypothesis (H2) is validfor the sequenceAN, N 1,2, and therefore
also for the sequence (AN)*, N 1, 2,. .

Proof. We introduce an equivalent inner product on M2 by

0

(b, O)g (b)To+ b’(’)Td/l(’)g(") dr, dp, @M,
-h

where the weighting function g is right-hand continuous on [-h, 0) and

g(r) p + 1 for r [-hi, -hi-|), 1," ", p.

It is clear that the corresponding norm [[" Ilg on M2 is equivalent to the original norm,

Since (, lg) Xs for any X% we obtain from Lemma 5.1

(x xr,,_ } (p-i) lim (r) i=0,...,p- 1

for x e R" and b e XN. Using this equation and Definition 5.2, we get for & e XN

(AV&, 49)g Aoqb+ Ai)i(-hi)nt- Aol(r)b(") dr
i=1 -h

_p[(0__l0 I(,,/.)]T Izi0 (I(/.)

p--I

+ E (p-i)[dp’(-hi)-,_, b’(r)] T lim &l(.).
"r h

Obviously 7r
N (b g) b g and hence

i__hi_(p-i+l) ( (7")T ("F) dr
i= h

P

--1/2 E (p-i+ I)[ lim 1’(-)l=-14,’(-h,)l=].
i=1 7" h
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Using this and several times the inequality a/3 _-< 1/2o 2 q_1/22, we get for d’ e XN

p

12 ) 2(ANb,)g -< IAol+1/2 IA, +llAo, ll,: I111
i=1

P P Pl!o ithl 2/1/2 Y. I,/,’(-h,)l/ll-- ()1
i=1

p

+1/2 E (p-i+l) lim l,’()l--l’(-h,)l]
i=1 "r’ h

P

+1/2 E (p-i+ l)[14,1(-h,_,)l2- lim 11(7-)12]
i=2 7"’-hi-1

g

with to p/2 +lAd+1/2 Y,= IA, l=+ IIAo[l. This proves (n2*) with II" I1 -II" II for all
N. Since I[Ss(t)ll

In order to verify hypothesis (H3), we need additional assumptions concerning
the convergence propeies of 1, N 1, 2, , for in a suitably restricted subset
of M. Obsee, that we get from (5.1)

P

N,: (ll[_hj,_h_l)),
j=l

where is the ohogonal projection L2(-h, -h_, ) span e I, eI). We
define the sets D and D* by

={6 MI6: 6(0),6 W,(-h, 0; ")},

{6" eM0(-h o W,(Ap + AfoOX[_h,_h,_) e -h, O; n),
j=l

and AoOO d+
W1,2( }- -hi, -hi-i, ), 1,.-. p

Obviously, dom AEc c dom A and dom (A*)2 *dom A*. Fuhermore we put

N Nwhere ll,l is the norm of , considered as an operator M2. We impose the
following hypothesis:
(A) There exists a sequence p(N) with lims p(N)=0 such that for 1,..., p

(i) (l+(S))llf-fl[:+llf-fll=

+ (f-ff

for allfe W’(-h, -h_ ), and

for allfe W’(-h, -h_
LA 5.5. Assume that (A) is satisfied. en the following is true"
a Assumption H1) is satisfied.
(b) For any e D

IIA-11o0(g)llll ., N= 1,2,...,

where o is a constant independent of and N.
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(C) If in addition Aol wl’2(-hi, -hi-l," ), 1, p, then for any *
II(AN)*pNtk A*tk M

P
<- 7op(g) E (11,’11W2"2(-hi,-hi-1;ln) + IIA’[I wl’2(-hi,-hi-l;n)),

i=l

N 1, 2,..., where again o is a constant independent of and N.,

Proo (a) is obvious from (A). In order to prove (b), we put and get,
using (2.6) and Definition 5.2, for e D

IANpN --AIIM
P

Z IAiIII6N--’IIL+IIAo, IIIi6N--’IIL
i=1

+
L

p-1

+11 o N lim N(r)[o,-III 6 ()1+ E i,-]ll (-h,)
i=1

P

E IAilllN-4’ll+llAo, llll4N-4’ll
i=1

+ (6-6’) v

+(N) I(0)-(,)1+ 2 (-h)-4(-h,)l + 2 I(-h) lira
-hi

op(N)ll ’11 w,,
where in the last step we have used assumption (A). Yo is an appropriately chosen
constant.

(c) Using (2.7), Lemma 5.3 and e D(A*), we get

II(A)*p%-A*III ()- ’(0)1

+ N (A@-d+ @N) Aoo+d+ @1 l[
L

p-1
N N N+ II,,+IIIA+ im 6 ()-

r-h

llp,l} T 0 NA (-h)l
(1 (2p I)K(N)) l- N ]IL

II
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Under the given assumptions we have I]/1 E W2"2(-hi, -hi-l; Rn), 1, , p. Therefore
we get from (A), (ii)

--d--d Arlq----dql L2

p

<--_ p(g) E (llAo,,ll v’,=(-,,-,_,;o)+ I1,111W2’2(-hi,-hi_l;n))
i=1

and

p

Top(N) E ([[Ad/Ollw"2(-h,,-h,_,’,U"
i=1

+ 11 w2"2(-h,-hi-1;ln))"

It is clear that under the conditions of Lemma 5.5, hypothesis (H3), (i) is satisfied
for X, pN, a N= 1,2,’’’, if we take D=doma2, and for X, pN, (AN).,
N 1, 2,’" ", if we take D dom (A*)2. The next lemma establishes (H3), (ii).

LEMMA 5.6. Assume that .(A) is satisfied.
(a) There exist constants M >- 1 and to such that for all dom A

IlANpNS(t)[l<--_e"ll, t-->0, N= 1,2,...,

where I1_-I111 + IIall + IIa=ll,
R(b) If in addilion Ao W’2(-h,-h_, 1, ,p, Ihen Ihere exist con-

stants M* >-_ 1 and w such lhat for all 6 dom (A*)a

[[(AN)*pNS*(t)OIIM<-M* e’lOl*, t>--_O, N= 1,2,.’’,

where ,1* -I1,11 / IIa*,ll / II(a*)=,ll
Proof. (a) Since $(. restricted to dom A2 is a Co-semigroup on dom A2 equipped

with the graph norm I" ]2, we have

Is(t)l= Me’]12 -> 0, e dom A2,
with some constants M -> 1, to E . From

k 1, 2, , e dora A, we see that

I111=.=11=, CedomA2.
Therefore, for e dom A

l(S(t))llw,Me’ll, tO

and by Lemma 5.5, (b)

IIApS()II IIAS(t)II + IImpS(t) AS(

Me’llA[I + Top(N)M
M(l+yop(N))e’l12, tO, N=l,2,....
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(b) As in part (a) we have

Is*(t)l* =< Mell*, t-> o, dom (3*)2.

Using (2.7), (A*)= A((O)+Ag,)- d+/dO(Aorlg,- d+/dOOl)) and
d+/dO(AlO-d+/dOl)=ArOl-(l on the intervals [-h,-hi_), i= 1,.",p, it is
not difficult to see that for a constant u  (llAo ll  , IId//dOAolll the following
estimate is valid"

p

111[] wZ,2<_h,_hi_1;R-)_--< :l12* dom (A*)2.
i=1

The rest of the proof is analogous to that for part (a) but now using Lemma 5.5, (c).
From Lemmas 5.4-5.6 it immediately follows that under the assumption specified

in these lemmas Theorem 4.1 applies to the sequences X, pN, A, (AN)., N 1, 2,
3,’’’, defined in this section. The approximating control systems on XN are given
by (compare (4.5) and (4.9))

N t) ANwN t) + BNu( t),

(L;,N) yN(t)=CNwN(t), t>--__O,

w"(O) pNb, bM2

with the cost functional

(5.8) JN(u)=(wN(T), GwN(T))+ [lyN(t)12+u(t)7"Ru(t)] dt,

where the input and output operators are given by

BNu pNBu Bu, u 1,

C Cpcb C, X.
As in 3.2 we assume that R 11 is positive definite, Go nn is positive semidefinite
and G" M2M2 is defined by Gb (Goth, 0). The Riccati operators corresponding
to (EN) and (5.8) satisfy

IIN(t)=pNII(t)Np N, 0 <= <= T,

and (restricted to XN)
d
lIN t) + (AN)*I-IN t) + rlN t)AN

dt

(5.9) --HN(t)BNR-I(BN)*HN(t)+(cN)*cN =0, 0_< <- T,

IIN(T) GN

Here GN is the restriction of G to XN.
It follows from the results of this section that Theorem 4.3 applies to system

with (5.8). More precisely, we have the following theorem which may be considered
as the main result of this paper.

THEOREM 5.7. Let hypothesis (A) be satisfied and assume that Aol
wl’2( hi,-hi-l, for i= 1,’’ ,p. Then

lim IIn(t)-rI’(t)ll 0
N-

uniformly for 0 <- <- T.
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Of course, also assertions (a)-(c) of Theorem 4.3 are true for system (Ev), (5.8)
and (E), (3.1) (or equivalently (2.1), (3.1)).

5.2. Matrix representations. For implementation of a scheme obtained along .the
lines described in the previous section we have to compute matrix representations
[AV], [(AV)*], [BV], [ C] and [G]fthe operators A (AS)*, Bs, Cs and G
respectively, with respect to the basis E How to compute the coordinate vector of
p for M2 has already been shown (see (5.2)).

Define the k xk-matrices h, i= 1,-..,p, and g, i= 1,.-.,p-1, by

lim e() eh= eit e,
& -h,_

i(z)
l,m=l,...,k

g=( ei+.i(z) ei,(-hi)).=.....g

and put

Ay=(Ao,, v
eij l}L2, i= l, p, j !, ks,

N N [] nkaY=(A,e(-h,)+A,, ,A,e,k,,(-h,)+A,g,)

i= 1, ,p, and

fiN=col (lio e(z)I, ,lim e,(z)I) a"k’n.
,r$O

Furthermore, define the (pkv + 1)n x (pkN + 1)n-matrix Hv by

(b)

(c)

(d)

(e)

Ao N N
O Op

On the other hand we get from (5.2) and =/a()
av(AV) (Q)-d (A) (Q)-l(g AsgN)as(),

PROPOSITION 5.8. (a) [A]=(QN)-IH

[(AV)*] (QV)-(HV).

[BV] col (Bo, 0," ., 0)"g’).

[CN Co, 0,’’’, O) e mxn(pkN+l).

Go 0 0

[G] 0 0 0 R"(+)’(+).

0 0 0

oo [A] is characterized by
N CeX.
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Observing

ell e ell
L2 " elm

L2

[(ArV)* (Q)-(H).
For u e l we have

a 1(BNu) a.((Bou, 0)) (QN)-ldN ((Bou 0))

(Qm)-’ col (Bou, O, , O) col (Bo, 0,..", O)u,

which proves the given form of IBm]. The proofs for [Cm] and [Gm] are
analogous.

It is obvious from Proposition 5.8 that [(AV)*]=(Qv)-[AV]Qv. Therefore we
do not get the standard Riccati matrix differential equation if we take everywhere in
(5.9) the matrix representations of the operators involved. In order to overcome this
difficulty we define

(5.10) F(t)=QN[II(T-t)], O<=t<= T,
and get from (5.9) the standard Riccati equation for F(t)

dF [A]rF- + FN[As]
dt

(5.11) r"[’]g-’["]r" +[c]T[crV], 0<--_ t_ T,
r’(0) [G].

Note, that [(BV)*]=[BN] r, [(CU)*]=[CU]T and that IIU(t)*=IIS(t) implies
Frv(t)r F(t).

for all b, 0 Xu,, i.e.,

Lemma 5.1 and (5.2) we obtain by straightforward calculation

In order to prove the representation for [(A’)*], we use (5.3) and get

rQ v VQVas ),a (b) U[(AU)*]a ()=a () ((Av )

=(, (A)*O)=(A, )= a(A)VQa()
a ()[A]Q% () ()() ()
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Equation (5.11) can advantageously be solved using a method due to Casti and
Kailath (see for instance [35, pp. 304 ff.]) which we indicate here for p 1 and Aol 0.
We define

Wo AGo+ GoA- GoBoR-’BGo+ CTo Co
and the 2n x (ks + 1)n-matrices

F, (Wo o
AOo O---------

Then

where

0 A1 F2= 0 0

FN(t) [G]+ L(z)TL2(z)

d N AN N] I[BN TEN(-]L, (t)=L(t)([ ]-[B R- t)),

LY(0) FY, i=,2.

Note that this is a system of 4n2(kN + 1) differential equations compared to the
rt2(kN h- 1)2 differential equations of system (5.11) (in case p= 1, Aol 0).

If in the optimal feedback law (3.13) for the delay system (2.1) we use IIS (t)
instead of H(t) we get the suboptimal controls (compare (4.17))

(5.12) tN (t) -g-1B*II (t)p (v (t), xt"rv), O<=t<_T,

where N(t) is the solution of (2.1) with u(t) ts(t). We introduce the n x n-matrices
I/oN(t), 1-I (t),’’ ", 1-IN(t) by

(5.13) 1-In(t)

and define

P kN
(5 14) I-l(t, z)= II s s

i=lj=l

for -hr0 and 0t Z Then the control law (5.12) takes the following form:

a t) -R-[B][H t)](Q)-d ((; t), ;))

=-R-I(Bff, 0,’’’, O)[H(t)]d(((t),))

(5.15) -R-’Bff{H(t)TN(t)

+ 2 n( ef(,(+,a,
i=ij=l -h

=-R-B Hy(tl;(t)+ Hy(t, z);’(t+z) d,
h
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The additional condition used in [20] in order to prove convergence results
analogous to those contained in Theorem 4.3 for the infinite time horizon problem in
general cannot be satisfied for concrete realizations of the approximation scheme
presented in this section. Especially this condition is not satisfied for the concrete
realization ofthe scheme using spline functions as described in the next section. Despite
this fact we did also numerical computations using the spline scheme for the infinite
time horizon problem (see 6.2). Therefore we conclude this section with a short
description of the equations governing the approximation of this problem. Consider
system (Es) with the cost functional

(5.16) jS(u) [lyS t)12 + u( t) TRu( t)] dt.

The fdback law which minimizes jN(u) subject to (Es) is governed by the Riccati
operator 1-IN which satisfies 1-I n -pSIISpS and (restricted to Xs) the algebraic Riccati
equation

(5.17) (AN)*IIN + [INAN -[INBR-1B*I-IN + C*C =0.

Analogously to (5.10) we define FN= QS[IIS] and obtain the standard algebraic
Riccati matrix equation

(5.18) [A]F +rEA]-rEB]R-I[B]F +[C][C] 0.

Note, that as for the finite time horizon problem, Fs (Fs) T follows from 1-In (1-In) *.
Using l-In instead of II in the feedback law (3.16) we get by analogous computations
as in (5.15) the suboptimal control law

(5.19) aS=-R-1B II;s(t)+ IIl(r):s(t+r) dr t>=O,
h

Nwhere II(z)=YP;1 Yjl (Ilij)reo(z) and the n x n-matrices IIy II s, i=l,...,p,
j= 1,..., ks, are defined by

In

N1-I pk

(compare (5.13) and (5.14)).

5.3. The spline scheme. In this section we give a realization of the scheme
developed in 5.1 by using first order spline functions.

For N 1, 2,... we choose the meshpoints

N ri
ti -hi-1 -j--, i=l,. .,p, j=O,...,N,

where ri hi- hi-1 and define the basis splines

N.< Nfor til 7" < tio

elsewhere,
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(7-- t,_,)

eij (7")’-
(7"-- N

j=l,’’- ,N-I, and

N__(,7-__ ti,-)e(7-) ri

N< Nfor tij 7"< i,j-1,

for N < N
ti,j+ T < [i,j,

elsewhere,

for N < N
tiN 7- <( ti,N_l,

elsewhere,

1,..., p. Note, that compared to 5.1 we slightly have changed the enumeration
Nof the e0 (j running from 0 to N now). We have kN N+ 1 and therefore dim X

(p(N+l)+l)n.
An easy computation shows that the matrices q which determine Q (recall

QrV =diag (I, ql(R)l, qS(R)I) are given by q=(r/N)q where

For the approximating delta impulses we have
LEMMA 5.9. For all N 1, 2,...,

i,+ll N i=l,’’’,p,

,,-II =.0,---, p- 1.

oo Using (5.3) and the definition of i. and Qm we get for any x

+xll=: (r,.+x)Q(Q)-Qri.+x

N r q=-x (0,... 0, s)( @s)- col(0,...,0,
ri

ri

where we have used Amin(q sv) > 1/6. The estimate for iN is analogous. [3
As a consequence of Lemma 5.9 we have

t(N)<(6-) ’/2

min ri.with p
=,...,

PROPOSITION 5.10. Hypothesis (A) is satisfied for the spline scheme with p(N)=
const/N. As a consequence Theorem 5.7 is ,valid for the spline scheme.
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Proof. The following estimates are standard estimates for spline functions:

const
II/-r,/ll<-- N IIfllv,

const

for fe W2’2(-hi,-hi_l; R") (see [39, Thm. 6.5]) and

const

N

forf wl’2(-hi,-hi-1 R’) (see [39, Exercise 6.1]). In order to get the estimate for the
L-norm, we observe that 7rf- where X

N is the cubic type I interpolating spline
for 0(7") I’--h, I_h,f(r) &r dO, z e [-h,-h_] (see, for instance, [39, Proof of Thm.
6.6]). Note, that interpolating cubic splines in [39] are always type I interpolating
splines in the terminology of [1]. Then we.get from [23, Thm. 5.7.1] (with L d/dO
and m =2) or [11, p. 235] (with m r=2, q

.N-for fe W2"2(-hi,-h_l, ). These estimates together with Lemma 5.9 imply (A). 13
NUsing eiN,j(-hi) 1 forj N and =0 forj =0,..., N- 1, lim.’-h, ei+l,j(r)= 1 for

j 0 and =0 for j 1,. ., N, we immediately get

N N N(A/o, ,AiN+Ai),Ai,N_

=col (I, 0,..-, 0),

_l -- 0 0 \

i= 1," ’’,p,

( [](N+I)x(N+I), 1, p,

and

0 1

(N+I)x(N+I) 1, p- 1

Recall Proposition 5.8 for the matrix representations of AN and (A)*.
We conclude this section with some remarks:
(1) As we already mentioned in the Introduction, the spline scheme developed

in this paper has interesting qualitative properties. For instance the relations between
the state concept as defined in (2.4) and the dual state concept which are governed
by the so called structural operator F are preserved under approximation (see [10],
[13], [16], [17], [28] [31]). These results will be published elsewhere (see also [26]).
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(2) Another very important property ofthe spline scheme is that the approximating
systems (EN) are stable, stabilizable or detectable for all N sufficiently large whenever
the delay system has the property (see [26]).

(3) In order to use the results of [20] for the infinite time horizon problem, the
approximation scheme should have the following property: If the delay system (2.1)
is stable, i.e. IIs( t)[I----< M e-’, > 0, with M > 1, e > 0, then there exist constants hT/ => 1
and 7 > 0 such that for all N sufficiently large

IlSS t)ll <- ll e-’, t>0.=

It can be shown that this property is not satisfied for our spline scheme (see [26] for
details).

N W1’2( ) can easily be(4) The assumption e,j [[-h,, -h_x) -h,-h_x,
S in the interval [-h,-h,_l). Then the definitionweakened. One can allow jumps of ej

of As has to be modified by adding additional terms containing the approximating
delta impulses corresponding to these additional jumps. This idea has been used in
[34], where a realization of the scheme using piecewise linear functions is investigated.
If one uses stepfunctions then one obtains the well-known averaging scheme.

(5) An important feature of the scheme developed in 5.1 is that due to the
Nproduct space structure of Xs orthogonality of the functions eij, 1,..., p, j

1,... ks, implies orthogonality of the "basis elements"

^N ^N
eo,ei, i-1,...,p, j=l,’",ks.

This property has been exploited in [25] where a very efficient realization of the scheme
by using Legendre polynomials is discussed.

6. Numerical results for the optimal control problem. The spline algorithm presen-
ted in 5.3 was applied to a large number of examples. In this section we present the
numerical findings for some of those examples. The numerical results confirm the
theoretical results in case of the finite time horizon problem. The scheme performs
also very well in case of the infinite time horizon problem. This is shown by two
examples which already have been considered in the literature [8].

6.1. An example with finite final time. This is the problem of minimizing

J(u) 3x )2 1 f=2 (3 +Jo u(t)2dt

subject to

(t)=x(t-1)+u(t), 0_-<t_-< T=3,
(6.1)

( ( 1(0), qsl(t)-- 1.

For this example we have n 1, p 1, Aol=0, Ao Co=0, A1 Bo 1, Go= and
R 1/2. The optimal controls, trajectories and costs were calculated in [5] using the
maximum principle and are given by

-[(t-2)2+3], 0_-<t_-<l,
t(t)=

t(t-3), l_-<t-<2,
-8, 2 _-< _<- 3,
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l+t-6 +(t-2)3+ 0_--<t=<l,

3+t2 [ 3 1)441]---t 4+ (t-l)2 l<_--t<=2,
2 2 +-(t-3 +(t-1)(t-3)2

[547 3 1 1 1
-6 -+ 5( t- 2) +-( t- 2)2 +-( t- 2)3--( t-4)3+-(t-4)

2__< t<_-3,

J() 329t2 where 6
185

60 329

The matrix valued function [IIN(t)], 0 =< <_-3, was computed as indicated in 5.2.
The suboptimal trajectories :N (t) were obtained solving (6.1) with u (t) aN (t), aN (t)
given by (5.15), by a modified Runge-Kutta procedure. Then aN(t) was computed
from (5.15).

The numerical results we obtained are presented in Tables 6.1 and 6.2. We observe
that the error IN(t)- t(t)l is larger around 1 and 2 compared to other points
in [0, 3] because there a(t) has jumps in the derivative whereas aN (t) is continuously
ditterentiable on [0, 3]. In Table 6.2 we didn’t include the values for =0 because
always :N(0)= g(0) for our algorithm.

6.2. Two examples for the infinite time horizon problem. For the examples equation
(5.18) was solved using the Newton-Kleinman algorithm as presented in [35], for
instance. The Lyapunov matrix equation which has to be solved in each step of this
algorithm was solved using the quadratically convergent procedure given by R. A.
Smith [40] (see also [35, p. 297]). The suboptimal trajectories N(t) and controls
tN (t) were calculated as for the example in 6.1 using (5.19). The two examples were
already considered in [8] where the approximation was done based on the spline
algorithm developed in [7].

TABLE 6.1

/4(t) t8(l) al6(t) /(l)

0 -1.9694 -1.9676 -1.9679
0.25 -1.7049 -1.7049 -1.7043
0.5 -1.4740 -1.4758 -1.4760
0.75 -1.2817 -1.2824 -1.2828
1.0 -1.1267 -1.1252 -1.1250
1.25 -0.9882 -0.9832 -0.9846
1.5 -0.8410 -0.8448 -0.8445
1.75 -0.6922 -0.7002 -0.7050
2.0 -0.5885 -0.5769 -0.5704
2.25 -0.5572 -0.5611 -0.5623
2.5 -0.5620 -0.5623 -0.5623
2.75 -0.5623 -0.5623 -0.5623
3.0 -0.5621 -0.5622 -0.5623

-1.9681
-1.7045
-1.4761
-1.2828
-1.1246
-0.9840
-0.8435
-0.7029
-0.5623

-0.5623

J() 1.7338 1.7338 1.7338 1.7338
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TABLE 6.2

;4(t) ;s(t) ;16(t) :(t)

0.25 0.7914 0.7916 0.7916 0.7917
0.5 0.6448 0.6448 0.6448 0.6448
0.75 0.5511 0.5506 0.5507 0.5507
1.0 0.5007 0.5005 0.5005 0.5005
1.25 0.4589 0.4593 0.4595 0.4595
1.5 0.4083 0.4096 0.4094 0.4094
1.75 0.3655 0.3642 0.3646 0.3646
2.0 0.3375 0.3372 0.3371 0.3370
2.25 0.3159 0.3167 0.3168 0.3168
2.5 0.2845 0.2848 0.2848 0.2849
2.75 0.2403 0.2407 0.2408 0.2408
3.0 0.1874 0.1874 0.1874 0.1874

The first example is Example 4.1 in [8] and considers the minimization of

J(u)= [x(t)2+u(t)2] dt

subject to

:(t)=x(t)+x(t-1)+u(t), t>=O,

b=O, b(t)=sinTrt, -1-<_t=<O.

In this case we have n =p 1, Ao A1 Bo Co R 1. In Table 6.3 we give the
values for j(N) and the optimal costs JN=(IIp(b, bl), p(b, bl)) for the
approximating systems (EN) with cost functional (5.16) and the corresponding values
obtained in [8].

In Table 6.4 we show the values of IIv, II IN and for IIv as obtainedin [8]. Since
range II c dom A* (cf. (3.15)), we have AIloob (IIob)(-1) for all b R". There-
fore in case of this example we should have

rly-II--,0 as N-.

In Table 6.5 we give the values for II(z), which governs the distributed feedback in

TABLE 6.3

N j(N) jN j(aN), [8] jN, [8]

4 0.321439 0.321430 0.3272 0.2484
8 0.321439 0.321432 0.3271 0.3027
16 0.321439 0.321430 0.3272 0.3163

TABLE 6.4

4 2.80886 2.77538 2.7940
8 2.809328 2.80096 2.8054
16 2.809390 2.80729 2.8084
32 2.809396 2.80887 2.8091

N II IINN IIoN, [81
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TABLE 6.5

0 0.63598 0.63683 0.63694 0.63696
0.66132

2 0.68698 0.68764
3 0.71558
4 0.74240 0.74512 0.74553
5 0.77722
6 0.81040 0.81114
7 0.84695
8 0.87064 0.88269 0.88474 0.88517
9 0.92547
10 0.96750 0.96839
11 1.01361
12 1.05757 1.06113 1.06165
13 1.11225
14 1.16491 1.16591
15 1.22238
16 1.26664 1.27879 1.28151 1.28218
17 1.34508
18 1.41048 1.41162
19 1.48157
20 1.54972 1.55463 1.55547
21 1.63314
22 1.71381 1.71512
23 1.80125
24 1.86588 1.88693 1.89104 1.89209
25 1.98748
26 2.08649 2.08802
27 2.19358
28 2.29692 2.30348 2.30477
29 2.42147
30 2.54253 2.54432
31 2.67323
32 2.77538 2.80096 2.80729 2.80887

(6.3), at the knots -j/N, j=0,..., N, for N=4, 8, 16 and 32. We clearly see that
IIN(r) converges uniformly on -1 <--’--<0 as N- o. Note, that II(-) is a continuous
piecewise linear function on [-1, 0] with knots at -j! N, j 0,..., N.

In Tables 6.6 and 6.7 we present the values for tc(t) on 0 -< t-<4 and for v(t)
on 0 =< _-< 3, respectively.

The results of this example show a significant improvement in the qualitative
behavior of our spline scheme compared to the scheme presented in [8]. In both
schemes Hv(r) is a continuous piecewise linear function on [-1, 0]. But in [8] this
function is increasingly oscillatory with increasing N (compare Figs. 4.1-4.4 in [8]),
whereas in our scheme II(-) is strictly monotone and obviously converging in the
supremum norm. This property of our scheme becomes very important if one wants
to implement the approximating feedback law in a real system. Our scheme seems also
to be more accurate as far as approximation of Iloo by IIo and of J() by jN(N) or
JN is concerned.

The next example is Example 4.2 in [8] and considers a simplified model for the
Mach number control loop for the National Transonic Facility at NASA Langley
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TABLE 6.6

a4(t) t8(t)

0 0.86836 0.86817 0.86816
0.25 0.64894 0.64891 0.64891
0.5 0.49650 0.49657 0.49658
0.75 0.35400 0.36400 0.36401
1.0 0.24627 0.24618 0.24618
1.25 0.16154 0.16146 0.16146
1.5 0.10999 0.10993 0.10993
1.75 0.08024 0.08021 0.08021
2.0 0.06015 0.06015 0.06015
2.25 0.04348 0.04347 0.04347
2.5 0.02983 0.02982 0.02982
2.75 0.01996 0.01995 0.01995
3.0 0.01373 0.01372 0.01372
3.25 0.00991 0.00991 0.00991
3.5 0.00729 0.00729 0.00729
3.75 0.00524 0.00523 0.00523
4.0 0.00362 0.00362 0.00362

TABLE 6.7

:4(t) 8(t) ’6(t)

0.25 0.11259 0.11258 0.11258
0.5 0.05332 0.05331 0.05332
0.75 --0.06628 --0.06626 --0.06626
1.0 --0.10850 --0.10846 --0.10846
1.25 --0.06160 --0.06158 --0.06158
1.5 --0.01397 --0.01397 --0.01397
1.75 0.00753 0.00752 0.00752
2.0 0.00178 0.00178 0.00178
2.25 --0.00784 --0.00784 --0.00784
2.5 --0.01030 --0.01029 --0.01029
2.75 --0.00646 --0.00646 --0.00646
3.0 --0.00178 --0.00178 --0.00178

Research Center. For details see [2] or [8]. The problem is to

minimize

J(u): [xT(t)CCox(t)+u2(t)] dt

subject to

(t) 0 1 x(t)+ 0

(6.2) -to
2 -2sCto 0

b col (-0.1, 8.547, 0) --- b l(t),

x(t-0.33)+ u(t),

-0.33 -<_ -<_ 0.
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We have Co= (100, 0, 0), n =3, p= 1, k=-0.0117, so=0.8, to =0.6 and 1/a= 1.964.
Because of the simple structure of this problem it is possible to calculate the true
solution following an idea contained in [29]. If we put for >-0, h 0.33

y(t)=Xl(t+h),

we obtain by a simple calculation

(6.3) SIy(t) 0 0

\y3(t) 0 -co

y2(t) xg(t), y3(t) x3(t),

1 lye(t) + O u(t).
-2w \y3(t) oJ

The cost functional takes the form

(6.4)

where

J(u)= 104 Xl(t)2 dt+ [104yl(t)2+u(t)] dt,

(6.5) Xl(t)=e-atqbl-f-ak e-a(t-)(z-h) dr, O<=t<-_h

is not dependent on u(t) on the interval [0, h]. Therefore minimizing J(u) subject to
(6.2) is equivalent to minimizing

.(U) [104yl(t)2+u(t)2] dt

subject to (6.3) with initial data

(6.6) y(0) x(h), y:(0)= x2(0), y3(0)= x3(0).

The solution of the latter problem is given by the feedback law

t(t) -(0, 0, w2)11o)7(t),
where jT(t) is the solution of (6.3) with u(t)=ff(t) and initial data (6.6). lrIo is the
solution of the algebraic Riccati equation

(6.7) ,’Tfio + -Io, fioBoB[Io+ C[Co O,

where A is the system matrix in (6.5) and Bo, Co are the same as for (6.2).
Equation (6.7) was solved numerically to give

8220.51099 -11.61086 -1.12107I’Io= -11.61086 0.01851 0.00186/.
-1.12107 0.00186 0.00019/

The optimal costs for the original problem are given by (see (6.4))

J(tT) ](t) + 104 2(t) dt

(6.8)
=y(Olflo(O+o (t.

Using (6.5) it is easy to calculate J(). In Table 6.8 we give the values for J(i), J()
and J ={IIp(, l),pN(o, )) and the values available in [8].
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TABLE 6.8

N J(aN) jN /(aN), [8] jN, [8]

4 136.39587 136.40499 136.7354 138.7345
8 136.40094 136.40509 136.7354 138.7624

16 136.40250 136.40521

J(t) 136.40490

Computing J(t) for general initial data (b, bl) by using (6.8), (6.6) and (6.5)
and comparing the result with

J(a) (ck) TIIooCk+ 2(ck) TIIo,4,’ +(61, II,,q’)L,

we immediately obtain an explicit representation of II"

Hoo 0 1 Io 0

0 0 0

1 +10’*1 0 0

0
2a

0 0

0 e r) dr
0 h

ti
1

+ 104k e-ah 0

0

e-a" e
dp (’r) d’r

2

or, equivalently, (Ho*b)(0) H,(0)b with

II O ak 0 Io 0 1
0 0 0

ea
_
104k e-ah ti e a eao

2

-h <- 0<-0, and

(1-I,,bl)(0) a2k2 e 0 0 Io 0

o o/ \o
0 eck(r) d’r

0 h

+ ak2 0 1

0 0 h 2

a(.,-+o

ck(") dr, -h <- 0<-_0.

In Table 6.9 we present the values for Ho, Ho as computed in [8] and Hoo,
whereas in Table 6.10 we give the values for the second row of IIN(--jh/4) and
IIl(-jh/4) for j =0,..., 4. The other rows of these matrices are always zero. Again,
our scheme is more accurate compared to the scheme in [8] and II(0) converges
uniformly on [- h, 0] to II (0).
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TABLE 6.9

N no 1-io, [8]

4

8

16

I-Ioo

8677.02417

-9.81502

-0.94768

8677.02698

-9.81505

-0.94768

8677.03516

-9.81506

-0.94768

-9.81502 -0.94768
0.01851 0.00186/
0.00186 0.00019/

-9.81505 -0.94768
0.01851 0.00186/
0.00186 0.00019/

-9.81506 -0.94768
0.01851 0.00186/
0.00186 0.00019/

8677.02405

-9.81505

-0.94768

-9.81505

0.01851

0.00186

8676.9237 -9.8164 -0.9477
-9.8164 0.0185 0.0019/
-0.9477 0.0019 0.0002/

8676.9829 -9.8154 -0.9477
-9.8154 0.0185 0.0019/
-0.9477 0.0019 0.0002/

-0.94768
0.00186/
0.00019]

TABLE 6.10

-41.39697
-43.83789
-46.37943
-48.97898
51.69006

0.06916
0.06652
0.06334
0.06118
0.05828

0.00668
0.00640
0.00613
0.00590
0.00563

-41.39721
-43.84998
-46.38019
-48.99226
51.69080

0.06917
0.06626
0.06355
0.06093
0.05843

0.00668
0.00640
0.00614
0.00588
0.00564

-41.39727
-43.85012
-46.38036
-48.99246
-51.69102

0.06917
0.06631
0.06358
0.06097
0.05846

0.00668
0.00640
0.00614
0.00589
0.00564

-41.39721
-43.85008
-46.38034
-48.99246
-51.69103

0.06917
0.06632
0.06360
0.06098
0.05847

0.00668
0.00641
0.00614
0.00589
0.00565
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Abstract. We will consider various types of problems of minimizing some given cost functional over
all pairs of states and controls subject to some parabolic or elliptic variational inequality and some state
constraints. Our aim is to derive the first order optimality conditions for optimal pairs of these problems.
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1. Introduction. We will study some classes of control problems governed by the
nonlinear parabolic system

y’(t)+Ay(t)+Fy(t)gBu(t), tE(0, 1)

with the state constraints

y(t) K, [0, 1 ], y(1) K,

or governed by the elliptic system

with

Ay+FyBu

yeK,

where A is a linear self-adjoint positive definite operator in the state space H, F is
the subditterential of some lower-semicontinuous (l.s.c.) convex function on H, B is
a linear continuous operator from the space of controls to H, and both K and K1 are
closed subsets of H. In the absence of the state constraints, these problems have been
treated by V. Barbu 1], [2] and [3], where first order necessary conditions were derived
under suitable conditions. For those results, we refer to [4] where a unified approach
to the theory of optimality conditions was presented. Using somewhat different
methods, the above problems were also studied in [6], [7], [8], [14] and [15].

In this: paper, we will extend the results of V. Barbu to the above problems with
state constraints. For this purpose, we will employ the notion of "normal cone" defined
in [9] and [10]. Our results may also be compared with those of [5, Chap. 4] (and of
[12] in the finite dimensional case), but there are important differences between them
due to the nonconvexity of the data and the nonlinearity of state equation in the
present problems.

To avoid a lengthy exposition, we will consider mainly the following problem:

(P) Minimize

(1.1) Go(y, u)= (g(t,y(t))+h(u(t))) dt+bo(y(1))

over all (y, u) wl’2([0, 1]; H)x L2(0, 1; U) subject to the equation

* Received by the editors July 24, 1985; accepted for publication November 26, 1985.

" Faculty of Mathematics, University of Iai, R-6600, Iai, Romania. Present address, Department of
Mathematics, University of California at San Diego, La Jolla, California 92093.
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y’(t)+Ay(t)+fl(y(t)-)Bu(t)+f(t) a.e. t(0, 1),
(1.2)

y(0)- yo,

and the state constraints

(1.3) y(t)K Vt [0, 1],

(1.4) y(1) K1.
Here H L2(f), f denotes a fixed bounded domain in Rv with smooth boundary

F; U is another Hilbert space; g: [0, 1] x H R, h" U R and bo" H R are given
functions; K and K are closed subsets of H; A: D(AH)

_
H H is a symmetric linear

elliptic operator;/3 is a maximal monotone graph in R x R; B is a linear continuous
operator from U to H; f L2(0, 1; H), W’2([0, 1]; H) and Yo H.

Some other types of state constrained control problems will be briefly discussed.
Since the proofs in these cases are very similar to that for (P), they will be omitted.
Practically, all control problems in [4] may be generalized by adding the state con-
straints, and the optimality conditions could be derived by our method.

The content of the paper is the following. In 2, we will discuss problem (P) and
give the main results. Sections 3 and 4 will be devoted to the proof of these results.
In 5, we will give some results for the state constrained boundary control problems
of parabolic type, while in 6 we will discuss the state constrained control problems
governed by elliptic variational inequalities. Finally, some examples will be given in

7, the emphasis will be placed in verifying hypothesis (H6) given in 2.
We will keep the notation of [4, Chaps. 5, 6 and 3]. So, the norms of H, V and

H will be denoted by 12, I1" and l" J, respectively (V will be described in 2); (.,.)
will denote the pairing between V and V* as well as the scalar product in H H;
(.,.) will. denote the scalar product in U x U.

We conclude this section by recalling some facts concerning the normal cones
and the subgradients defined in [9] and [10]. Let E be a Banach space with the norm
]]" II, and let p" E --> [-oo, +col be any function. If o is finite at a point z E, then the
upper subderivative of p at z with respect to y E is defined to be

p’(z;y)=supinfsup{ inf P(z’+tY’)-a’;a’>-p(z’),
p>0 /5>0 Ily-y’ll<=p

(1.5)
t>0, IIz’-zll/l ’- (z)l/ <

The function y --> o(z; y) is sublinear and l.s.c. [9, Thm. 2], and the subdifferential
(or the set of subgradients) of o at z is

(1.6) Ocp(z)={z*E*; z*(y)<-oY(z; y) yE}.

The set Oo(z) is weak-star closed and convex in E*, Oo(z) is not empty if and only
if o*(z; 0) is not - (see [9, Thm. 4]).

Let C be any subset of E, and denote by ffc the indicator function of C, i.e.,

0 if yC,
g,c(Y)=

+o ifyC.

Then by [9, Eq. (7.9)], for any zC, the normal cone Nc(z) to C at z is
characterized by

(1.7) Nc(z) 0c(Z).
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But, if we let dc:E R be the function

(1.8) dc(z) inf{[[y’-yll; y’ C},
then it is not difficult to verify that for any y E and z C,

dc(z; y)> 0 implies Pc(Z; y)= +,
and so

dc(Z; y) <= Oc(Z; y) Vy E.

It follows that

(1.9) Odc(z)Od/c(Z)= Nc(z) Vz C.

Since Nc(z) is a cone with vertex in the origin, by (1.9) we see that the cone spanned
by cgdc(z) is included in Nc(z).

2. Hypotheses and the main results. As in [4, 5.1], we assume that there is a
Hilbert space V, which is dense in H, such that

V_H=H* V*

algebraically and topologically, and the following conditions hold:

(HI) The injection of V in H is compact.

(H2) A is a linear and symmetric operator from V to V* satisfying (Ay, y)>=
colly[[2-alyl for all y V, for some to >0 and a R.

(H3) /3 is a maximal monotone graph in R x R such that 0 fl(0), and there exists
C => 0 such that

(Ay, (y-(., t)))->_-C(1 + [#(y-q,(., t))l)( + [y-q’(’, t)12)
Vt[0, 1],

for any y D(AH) {z V; Az H} and every increasing function : CI(R)
with :(0)--0, _-< 1.

(H4) h: U- (-, +] is l.s.c, and convex.

(HS) g:[0, 1]x H R is measurable in t, g(., 0) L(0, 1), and for every r>0,
there exists Lr 0 independent of t, such that

Ig(t, y)-g(t, z)[+lqbo(y)-co(Z)l<- Lrly-zl2 Vt6[0, 1],lyl2-klzl2--<r.
We will assume throughout that Yo V and

0)) < +o,dx

where j: R R is the convex function such that cgj =/3. The equation (1.2) has for every
uL2(O, 1; U) a unique solution y=y(u) belonging to W’2([0, 1]; H) fl
L2(O, 1; D(AH))() C([0, 1]; V).

If there exists an admissible pair (y, u), i.e. a pair satisfying (1.2), (1.3) and (1.4),
such that

(2.1) Ho(u) h(u(t)) at < +,

and if Go(y, u)+ for (y, u) admissible .and then the control
problem (P) admits at least one optimal pair. The proof is the same with that of [4,
Prop. 5.1]. However, in order to derive the optimality conditions, we need an additional
hypothesis.



1122 ZHENG-XU HE

Let (y*,u*) be a fixed optimal pair for (P). Let e(0,+oo]. We define
b: L(0, 1; H) x H -> [-oo, 4-0o] by

(2.2) b(z,z)=inf{Go(y,u); y(t)z(t)+K a.e. t(O, 1),y(1)z+K,(y,u)
satisfies (1.2), ]]y-y*ll<_- e, [[u--u*ll= <

where I1" I1 and I1" I1= denote the norms of L(0, 1; H) and L2(0, 1; U), respectively,
and the infimum of the empty set is +0. Note that b(0, 0)= Go(y*, u*) is finite and
independent of e, and b’=< b’ if e’-e.

The last hypothesis is"

(H6) There exists e e (0, +o0] such that

lim inf (b (z, z,) b" (0, 0))/(11 zll/ Iz, I=) > -o.
iz,12-o

Let s> N/2 and let Y= H(EI)f’I V. Denote Q=x(0, 1), and

(2.3) Y{={yeL(O, 1;n);y(t)eK a.e. re(0, 1)}.

is evidently a closed subset of L(0, 1; H). We have (compare with [4, Thms. 5.1
and 5.2]):

TnEOREM 2.1. Let (y*, u*) be any optimal pair of the control problem (P) where
fl is locally Lipschitz. Suppose that (H1)-(H6) are satisfied. en there exist p e
BV([0, 1]; Y*)L(O, 1; H) L2(0, 1; V), e(L(Q))*, A (L(0, 1; H))* and
H such that

(2.4) p’- Ap X Og( t, y*) a.e. in Q,

(2.5) (x, t)p(x, t)o(y*(x, t)-) a.e. in Q,

(2.6) p(1)+ q + 06o(y*(1)) 0,

(2.7) x N(y*), q N,(y*(1)),
(2.8) B*p(t)Oh(u*(t)) a.e. re(O, 1),

where by we denote the absolutely continuous part of.
Furthermore, if in addition satisfies

for some C O, then L( Q).
THEOREM 2.2. Let (y*, u*) be any optimal pair for the control problem (P) with

fr > o,
(2.10) (r)= m, 0]

if r<O.

Suppose (H1)-(H6) hold. en there exist pe BV([0, 1]; Y*) L(O, 1;
H) L(0, 1; V), e (L(O, 1; H))* and q e H such that

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(p’-Ap-A), sag(t, y*) a.e. in {y*>},

p(f+ Bu* Ay* y*’) 0 a.e. in Q,

p(1 + ql + Oo(y*(1) O,

A Nsc(y*), ql Nr,(y*(1)),
B*p(t)Oh(u*(t)) a.e. t(0,1).
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Remark 2.1. It may be seen from the proofs given in 3 and 4 that Theorems
2.1 and 2.2 also hold for local solutions (y*, u*) for the problem (P), i.e. for the pair
(y*, u*) which minimizes Go(y, u) over all (y, u) satisfying (1.2), (1.3), (1.4) and
IlY-Y*]loo < eo, Ilu u*]12 -< eo, for some prescribed eo> 0.

Remark 2.2. Our results also apply (with some minor modifications) to the problem
(P) where Go has the following form

(2.16) G(y, u) (g(t, y(t))+ h(u(t))) dt + qo(Y, y(1)) + H(u),

where H: L(O, 1; U) - (-o, +o] is convex and l.s.c., and " L(0, 1; H) x H R is
locally Lipschitz. We may also replace the state constraint (1.3) by the following more
general one:

where Y/" is an arbitrary closed subset of L(0, 1; H).
Remark 2.3. Hypothesis (H6) is essential to deduce the optimality conditions in

our problem where state constraints are present. As a matter of fact, if fl 0 and if
g(t,. ), 4, K and K are convex, then (H6) is implied by the optimality conditions
(of Theorem 2.1).

Here is the argument: Suppose that (2.4)-(2.8) hold. Let (, ) e L(0, 1; H) x H,
and let (y, u) be a pair satisfying (1.2) and

y(t)e(t)+K, y(1)e ,+K.

Multiplying (2.4) by y y*, and then integrating by parts over [0, 1 ], we get by (1.2) that

(p(1),y(1)-y*(1))- (p,B(u-u*)) dt-A(y-y*)

(2.18)
<--- Io g( t, y) dt- lo g(t,y*)dt.

As y-z Y and y(1)-z e K, we have by (2.7) that

A(y*-y) A(y*-(y-z))-A(z)>-_-A(z),

and

(q, y*(1)-y(1)) (q, y*(1)-(y(1)- Zl))-(q, z)_-> -(q, z).

It follows by (2.18), (2.6) and (2.8) (note that/ =/ =0) that

b(z, z)-b(0, 0) -> -h (z) (q z),

which implies (H6) with e

3. Same lemms. For the proof of Theorems 2.1 and 2.2, we will use a similar
argument as that in [4, 5.1, 5.2, 5.3 and 5.4]. But before that, some lemmas will be
necessary.

LEMMA 3.1. Let 3,L(Q) be any positive function, let ’(L(0, 1; H))* and

Pl H. Then there exists a unique solutionp BV([0, 1]; Y*) f’l L(0, 1; H) ffl L2(0, 1; V)
to the following equation:

(3.1)
p’(t) Ap( t) yp( t) in (0, 1),

p(1) =p.
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Furthermore, there exists a constant C >-0 independent of y such that

(3.2) Ilpllo,;+llpll=o,;+ll,/pllco <-f(llllo,;..+lp[=).
Remark 3.1. Equation (3.1) should be interpreted as follows: for any z

W’2([0, 1]; Y) (or equivalently, for any z W’([0, 1]; H) L2(0, 1;D(An))) with
z(0) =0,

(3.3) (p, (1))- (p,’+A+z) dt ().

oofofLemma 3.1. The uniqueness follows bythe fact that for any y L(O, 1; H)
there exists some e W’([0, 1]; H)L(O, 1; D(A)) such that (0)=0 and

z’ + Az + yz y.

To establish the existence and relation (3.2), we first assume that

L(0,1;H) and p K

In this case, the solution p to (3.1) exists and belongs to W’2([0,1]; H)
L(0, 1; D(An)). Multiplying (3.1) by p, and then integrating over It, 1], we obtain

Ip(t)i+ (ap(r),p(r)) d+ p(r) dxdr=lp(1)l+ (;(r),p(r)) dz.

Using (H2) and y 0, we get

Ip(t)l+ IIp(,)ll=d,lpllg+ Ip(,)ld,+ (ff(,),p(,)) d,

by which we deduce

for some C 0 depending on w and a. An argument similar to that of [4, Lemma
5.3] also shows

Q

with C2 0 independent of y. Combining the last two relations; we conclude (3.2)
with C C + C2.

Now let ff(L(0, 1; H))* and pH. Then there exist some sequences
L2(0, 1; H) and p V such that

" ff weak star in (L(0, 1; H))*,
(3.4)

p p weakly in H.

Let p" be the solution of:

(p")’- Ap" yp" ;" in (0, 1),
(3.5)

p"(1) =pT.

Then as we have shown

(3.6)
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So there is a subsequence of pn (still denoted by pn) such that

pn _.> p weak star in L(0, 1; H),
(3.7)

weakly in L2(0, 1; V), strongly in L2(0, 1; H),

(3.8) (p)’= Ap yp + -> p’ weak star in (L(0, 1; Y))*,

for some pL(O, 1;H)fqL(O, 1; V). Since pn(t) is bounded in H for each t, and
the inclusion of H-H* in Y* is compact, we may apply the theorem of Helly to
conclude that

(3.9) p"(t)-->p(t) in Y* for any [0, 1],

and p BV([0, 1]; Y*). Tending to the limit in (3.5) and (3.6), and using (3,4), (3.7)
and (3.8), we may deduce (3.1) and (3.2). Q.E.D.

Remark 3.2. From the proof of Lemma 3.1, we see that if ’" (L(0, 1; H))*and
p’ H satisfy (3.4), then we have (3.7), (3.8) and (3.9), where p" and p are solutions
to (3.5) and (3.1) respectively.

LEMMA 3.2. Let g(t, ), dpo and fl be Frdchet differentiable with l L(R)fq C(R)
and let h h t, u) [0, x U --> R be afunction which is measurable in t, Fr6chet differenti-
able and convex in u and satisfies
(3.10) Vh(., u(. )) L2(0, 1; U) whenever u L(0, 1; U).

Assume that (fi, ) is a local solution (in the sense of Remark 2.1) for the problem:

Minimize

ot
(g( t, y( t)) + h( t, u( t))) dt + cko(y(1)) + Oo(y, y(1))

over all (y, u) W’2([0, 1]; H) x L2(0, 1; U) subject to (1.2),

where d/o" L(O, 1; H) x H --> R is Lipschitz in some neighborhood of (fi, .(1)). Then there
existp BV([0, 1]; Y*) f’) L(0, 1; H)tq L(0, 1; V), A (L(0, 1; H))* and q Hsuch
that

(3.11) p’-Ap-(p-)p-X =Vg(t,y(t)) in (0, 1),

(3.12) p(1) + q + Vbo()7(1)) 0,

(3.13) (A, ql) 0o()7, )7(1)),

(3.14) B*p(t)- Vh(t, (t)) a.e. (0, 1).

Proof. For any v L2(0, 1; U) and p > 0, we let y, be the solution to equation
(1.2) with u- uo a / pv. For p small enough, we have"

(g( t, yo( t)) + h( t, ( t) + pv( t))) dt + dpo(yo(1)) + o(yo, yo(1))
(3.15)

>- | (g(t, fi(t))+h(t, t(t))) dt+ bo()7,)7(1)) + tpo()7(1)).

It is not difficult to see that

(3.16) lim l(yp-)7) z(v)
pop

in C([0, 1]; H)
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where z(v) wl’2([0, 1]; H)f’l L2(0, 1; D(AH)) denotes the solution to

z(v)’+Az(v)+(y-)z(v)= By,
(3.17)

z(v)(o) =0.

So

(g(t, y,(t))-g(t, 37(t))) dt (Vg(t,)7(t)), z(v)) at,
p,o p

(3.18)
lim +/-(4o(y,(1))- 4,o(y(1)))= (V4,o(Y(1)), z(v)(1)),
op

and since ’o is Lipschitz near (y, y(1)),

(3.19) limsupl(4,o(yo, yo(1))-g,o(,(1)))<-q,o(,(1); z(v),z(v)(1)).
,o p

On the other hand, we have for p (0, 1],

(h(t, a(t)), v(t)) dr<-_ -(h(t, a(t)+Ov(t))-h(t, a(t))) dt

<-_- (h(t, a(t)+v(t)), v(t)) dr,
o

and

1
lim-(h(t, a(t)+pv(t))-h(t, a(t)))=(Vh(t, a(t)), v(t)) a.e. t(0, 1).
p’O p

Then it follows by (3.10) that

(3"2) limlfo fo’(h(t, (t)+pv(t))-h(t, (t))) dr= (Vh(t, t(t)), v(t)) dt.
.0

Now let Z be the following linear space:

Z {z W’2([0, 1]; H); z z(v) for some v L2(0, 1; U)},

and define T: Z R by

T((v)) ((Vg(t, .f(t)), (v))+(Vh(t, a(t)), v)) dt

(3.21)
-(V bo(37(1)), z(v)(1)).

Then we obtain by (3.15), (3.18), (3.19), (3.20) and the Lipschitz continuity of ’o near
()7,)7(1)) that

(3.22) T(z)<= q’o(Y, )7(1); z, z(1)) < C(llzlloo+lz(1)l=),
for any z e Z, where C is the Lipschitz constant of q’o in a small neighborhood of
07, )7(1)). The last inequality also shows that T is well defined, i.e., for any v, w e
if(0, 1; U) we have

T(z(v))= T(z(w)) whenever z(v)=z(w).

T is obviously linear, then by the Hahn-Banaeh theorem, there exists some (X, q)e
(L(0, 1; H))*x H such that

(3.23) A(z)+(q,,z(1))= T(z) fzeZ,



STATE CONSTRAINED CONTROL PROBLEMS 1127

and

A(y)+(ql, yl)<-_ ,o(, (1); y, yl) /(y, yl) L(O, 1; H) x H.

The last inequality shows (3.13). By Lemma 3.1, there exists a unique solution p to
(3.11) and (3.12). From (3.21), (3.23) and (3.17), we may deduce

ot
(Vh(t, u(t))-B*p(t), v(t)) dt=O L (O, 1; U),

which yields (3.14). Q.E.D.
LEMMA 3.3. Let g(t, ), Cko and be Frd.chet differentiable with [J L(R) tq C(R).

Let (, a) be a local solution for the problem"

Minimize

1/o’(3.24) G(y, u)=Go(y, u)+o(y,y(1))+- lu-u*l dt

over all (y, u) W’2([0, 1]; H)x L2(0, 1; U) subject to (1.2),

where Go is defined by (1.1) and ’o" L(O, 1; H) x H -> R is Lipschitz in some neighbor-
hood of (p, 37(1)). Then there exist peBV([O, 1]; Y*)fqL(O, 1; H)fq L2(0, 1; V), A
(L(0, 1; H))* and ql H such that

(3.25) p’-Ap-[J(fi-xtt)p-A =Vg(t,p(t)) in (0, 1),

(3.26) p(1) + q + V6o(37(1)) 0,

(3.27) (Z, q) c9o()7, )7(1)),

(3.28) B*p(t)eh(a(t))+a-u* a.e. t(O, 1).

Proof. Let hp" U--> R be the function

hp(u)=inf {-p lu-vl+ h(v); v U},
where p > 0. Consider the approximating problem:

Minimize

(g( t, y( t)) + h,(u( t)) +1/21u( t) u*( t)l +1/2lu( t) a( t)l) dt

+ o(y(1)) + o(Y, Y(1))

over all (y, u) W’2([0, 1]; H)xL2(0, 1; U) subject to (1,2) and

with e0 > 0 small enough. Let ()7,, ) be an optional pair to the above problem which
obviously exists. Then we may show that

(3.29)
in L2(0, 1; U) for p ", 0,

)7 )7 in W’2([0, 1]; H) fq L2(0, 1; D(An)) for p 0.
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Applying Lemma 3.2, we deduce that there exist for any p small enough some pp, Ap
and qlp such that

p’p App [J(p q)pp Ap Vg( t, tip)

(3.30)

in (0, 1),

pp(1) + q,p + Vbo()7, (1))=0,

(Ap, q,p)OtPO(p, )Tp(1)),

B*pp(t)=Vho(p(t))+fio-u*+fo-ft a.e. t(0, 1).

In virtue of (3.29) and the Lipschitz continuity of o near 07, )7(1)), we have

(3.31) + Iqlo[2_-< C1,
here and in the following Ci, i= 1, 2,. , are some positive constants independent of
p > 0 (p small enough). By (H5), we also get

(3.32)

Since/_->0, we deduce from (3.30), (3.31), (3.32) and Lemma 3.1 that Po is bounded
in BV([0, 1]; Y*) f-) L(0, 1; H) f’) L2(0, 1; V) for/9 0. An argument similar to the last
part of the proof of Lemma 3.1 shows for some sequence
BV([0, 1]; Y*) 0 L(0, 1; H) gl L2(0, 1; V),

(3.33) pp,. p weak star in L(0, 1; H),

weakly in L2(0, 1; V), strongly in L:(0, 1; H),

(3.34) (pp)’p’ weak Star in (L(0, 1; Y))*,

(3.35) p,(t)p(t) in Y* Vt[0,1].

Since/ is continuous and bounded, we may get by (3.29) that

/ (37 )/(37 ) weak star in L(Q).

Combining this with (3.33), we get

(3.36) /(y,-,tr)p, /(y-)p weakly in L2(0, 1; H).

By (3.31), (3.32) and (3.29), we may assume that

(3.37) " - ’ weak star in (L(0, 1; H))*,

q, q weakly in H.

(3.38)
Vg(t,.,) Vg(t, ) weak star in L(0, 1; H),

V4’o(Yp (1)) V4o(Y(1)) weakly in H.

Now tending to the limit in (3.30) for p p,, 0, using (3.29), (3.33), (3.34), (3.35),
(3.36), (3.37) and (3.38), we may conclude that p, and ql satisfy (3.25)-(3.28) (for
the proof of (3.27), see also [4, Prop. 1.11(ii)]). Q.E.D.

4. Proof of Theorems 2.1 and 2.2. By (H6), there exist e > 0 and ro> 0 such that

(4.1) M=- inf (b(z, z,)-(0, o))/(llzlloo/lz, l=)
Ilzlloo/lzl2<-ro

is not +oo. Define the functions d: L(0, 1; H)[0, +o) and d: H[0, oo) by

(4.2) .d (y) inf IlY z I1, z m ),
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where. is the set (2.3), and

(4.3) d(y) inf {ly- z12; al K1},

respectively. Let b" [0, +c) -->/0, +] be the function:

(4.4) (r)=-inf{qb(Z, Zl)-qb(O,O); Ilzll/lz, l=-_< ).
Then b is nonnegative and increasing in r. By (4.1), we have

b(r)<-Mr if 0<- r-< ro.
Then we may construct a continuous function q’[0, +o)-->[0, +] satisfying the
properties:

(4.5) ,(r)= Mr Vr[0, ro/2],

(4.6) (r)-> (r) Vr [0, +).

Let ’o" L(0, 1; H)xH--> [0, +] be the function defined by:

(4.7) ’o(Y, Y)= (d(y)+ d(y)).

We have:
LEMMA 4.1. Let (y*, u*) be an arbitrary optimal pair for the control problem (P)

and suppose (H6) holds. Then (y*, u*) solves locally the following problem"

Minimize

(4.8) G(y, u)= Go(y, u)+ ’o(Y, y(1))

over all (y, u) WI’-([0, 1]; H) x L2(0, 1; U) subject to (1.2).

Proof. Assume contrarily that there exists a pair (y, u) satisfying (1.2) such that

G(y, u)< G(y*, u*),

and

(4.9) Ily-y*ll-<_ eo-- e, Ilu- u*[l=<_- eo- e.

Then by (4.7) and (4.8),

Go(y, u)+ (d(y)+ d(y())) < Go(y*, u*).

As is continuous, there exists some > 0 such that

Go(y, u)+,(d(y)+ d(y(1))+ )< Go(y*, u*).

By (4.6), we get

4(d(y) + d(y(1)) + )<-(Go(y, u)-Go(y*, u*)),

which in virtue of (2.2), (4.9), (4.2) and (4.3) contradicts (4.4). Lemma 4.1 is proved.
It is easy to see from (4.5), (4.7) and (1.9) that

o(y*, y*(1)) M(d(y*) x d(y*())) c_c_. Nc(y*) x N,,(y*(1)).
So in virtue of Lemma 4.1, Theorems 2.1 and 2.2 follow from Propositions 4.1 and 4.2
below.

PROPOSITION 4.1. Let (y*, u*) be any local optimal pairfor the following problem"

(P’) Minimize

G(y, u)= Go(y, u)+ d/o(y, y(1))
over all (y, u) wl’2([0, 1]; H) x L2(0, 1; U) subject to (1.2).



1130 ZHENG-XU HE

Suppose that (H1)-(H5) hold and o: L(0, 1; H) x H --> (-oo, +oo] is Lipschitz in some
neighborhood of (y*,y*(1)). If is locally Li_pschitz, then there exist p
BY(J0, 1]; Y*)OL(O, 1; H)OL:(O, 1; V), zs(L(Q))*, X s (L(0, 1; n))* and q
H such that

(4.10) p’- Ap Iz A Og( t, y*) a.e. in Q,

(4.11) tz(x, t)p(y, t)ofl(y*(x, t)-) a.e, in Q,

(4.12) p(1)+ ql + 0bo(y*(1)) 90,

(4.13) (A, ql)Oo(y*,y*(1)),

(4.14) B*p(t)Oh(u*(t)) a.e. t(O, 1).

Furthermore, if in addition fl satisfies (2.9), then tz Ix, Lq (Q).
PROPOSITION 4.2. Let fl be defined by (2.10). Under the assumptions ofProposition

4.1, there existpe BV([0, 1]; Y*) L(0, 1;H)f’)L2(0, 1; V), A (L(0, 1; H))* and q
H such that

(4.15) (p’- Ap A)a Og(t, y*) a.e. in {y* > },

(4.16) p(f+Bu*-Ay*-y*’)=O a.e. in Q,

(4.17) p(1)/ q + 0bo(y*(1)) 90,

(4.18) (A, q)eOo(y*,y*(1)),

(4.19) B*p(t)Oh(u*(t)) a.e. t(0, 1).

ProofofPropositions 4.1 and 4.2. We will proceed as in the proof of [4, Thms. 5.1
and 5.2]. The notations of [4, 5.2] will be implicitly used.

Let p>0. Then there exists at least one solution (Yo, Uo) to the following
approximating problem"

(P) Minimize

G(y, u)= (g(t,y(t))+h(t, u(t))+1/2lu(t)-u*(t)lu) dt

+ bg(y(1)) + o(Y, y(1))

over all (y, u) W’2([0, 1]; H)x L2(0, 1; U) subject to

y’+Ay+fl(y-*)=Bu+f a.e. t(0,1),
(4.20)

y(0) yo,

and Ily-y*ll-< eo, Ilu- u*ll=--< o.
As in the proof of [4, Lemma 5.2], we may show that for p xa 0,

(4.21) uo- u* in L2(0, 1; U),

(4.22) y, y* in L2(0, 1; V) fq C([0, 1]; H),

weakly in W’2([0, 1]; H)f’l L2(0, 1; D(An)),

(4.23) /3(yo-)--> r/ weakly in L2(0, 1; H)

where rl f+ Bu* Ay* y*’ fl (y* ).
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By Lemma 3.3, there exist for any p>0 small enough, some
BV([0, 1];.Y*)f3 L(0, 1; H)f3 L2(0, 1; V), Ape (L(0, 1; H))* and q,.,H such that

(4.24) p-Ap,-(y,-W)p,-A, =Vg"(t,y,(t)) in (0, 1),

(4.25) p(1) + q, + V(y(1))=0,
(4.26) (A, qv) Oo(Y, y(1)),
(4.27) B*p,(t)eOh(u(t))+u-u*(t) a.e. in (0, 1).

In viue of the Lipschitz continuity of o near (y*, y*(1)) and (4.22), we have for
small,

(4.28) IIA. + Iq,,]2 C.
(As before, C, i= 1, 2,. ., denote constants independent of p.) By hypothesis (HS),

(4.29) Vg<., y<. )ll + iV (y 1 )12 C2.
Using Lemma 3.1, we deduce from (4.24), (4.25), (4.28) and (4.29) that

(4.30) Ilpollo....)+llpoll2o...+ f I’(yo-+)po[dxdtC3.
Q

By (4.22), (4.28), (4.29) and (4.30), we may select a sequence p 0 such that

(4.31) Ao A weak star in (L(0, 1; H))*,

(4.32) qo q weakly in H,
(4.33) VgO(t, yo(t)) weak star in L(0, 1; H),

(4.34) V(Yo(1)) q2 weakly in H,
(4.35) po p weak star in L(0, 1; H),

weakly in L2(0, 1; V),

(4.36) O(y,-W)po g weak star in (L(Q))*,
for some A e(L(0, 1; H))*, qH, L(0, 1; H), qEH, pL(0, 1; H)
L2(0, 1; V) and g (L(Q))*. As in the last pa of the proof of Lemma 3.1, we may
infer that pe BV([0, 1]; Y*) and

po(t)p(t)in Y* Vt[0,1].

As in [5, Lemma 5.4], we get

(4.37) (t) Og(t, y*(t)) a.e. (0, 1),

and

(4.38) q2 0o(y*(1)).

Tending to the limit in (4.24)-(4.27), it follows that p, A and q satisfy the following
equations

(4.39) p’- Ap A Og( t, y*),

(4.40) p(1) + q + Oo(y*(1)) O,

(4.41) (A, q)eOOo(y*, y*(1)),

(4.42) B*p(t)Oh(u*(t)) a.e. t(0, 1),
where g is the limit in (4.36).

Now the argument of[4, 5.3] and [4, 5.4] may be repeated here word for word,
and it completes the proof of Propositions 4.1 and 4.2. Q.E.D.
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5. State constrained boundary control problems. We will consider here the state
constrained control systems with nonlinear boundary value conditions. The other types
of state constrained boundary control problems may be studied in the.same way. Since
the proof of the results is similar to that in the previous case (using [4, 6.1]), it will
be omitted. Our results constitute extensions of [4, Thms. 6.1 ands6.2].

Let be a bounded domain of RN with smooth boundary F 0a. Assume F1
and F2 are two disjoint and smooth parts of F such that F F1U F2. Let ajk C1(),
ao L(), with ajk ak for j, k 1, 2,..., N. Assume that for some to > 0, we have

N

(5.1) . ak(X)Sek=>,oIlll = R r’r.
j,k=l

Define Ao to be the following second order differential, operator

N

(5.2) Aoy , (a.k(X)y,,j)x,, + ao(x)y(x).
j,k=l

We will consider the problem"

(Pb) Minimize

io(5.3) G(y, Ul, u)= (g(t, y(t))+ h(u,())+ h(u(t)))

over all ye W([0, 1]; H(II)) L2(0, 1; H(a)) f’l W’([0, 1]; HI(a)*)
and (Ul, u)e L(0, 1; U) x L(0, 1; U) subject to

y,+Aoy=fo in Q=ax(0,1),

(5.4)

[Oy+(y)Bu+f inE=Fx(0,1) i=1,2,...
iOu

and

(5.5) y(t)eK, tel0, 1],

(5.6) y(1) K.

Here fo L2(Q), f L2(Fi), i= 1, 2; Ui are Hilbert spaces with the scalar products
(’, )i; Bi are linear continuous operators from U to LE(F); Oy/O, denotes the conormal
derivative on F; yt is the derivative of y with respect to t; fli are maximal graphs in
RxR such that 0 fl(0); g:[0, 1] x H- R and 4,o: H- R satisfy (H5) of 2; hi: U
(-, +o] satisfy (H4) of 2; and Yo Hi(O) is such that

j,(yo)eL’(F),

where

Oji=[i, i= 1,2.

Let (y*, u*) be any optimal pair to the control problem (Pb). We define for each
e (0, +] the function b," L(0, 1; H) x H [-, +] by

(5.7) ck,(z, zl)=inf {G(y, u); y(t)6 z(t)+ K, y(1) z, + K,
(y, u) satisfies (5.4), Ily-y*ll= e, Ilu- u*l12-<- e}.



STATE CONSTRAINED CONTROL PROBLEMS 1133

Then we have:
THEOREM 5.1. Let (y*, U*l, u*2) be any optimal solutionforthe controlproblem (Pb)

where fli are locally Lipschitz functions satisfying (2.9). Assume that for some e > O,

(5.8) liminf (,,Z(z, o))/(llzll +lz,

Then there exist pBV([O, 1]; (Hl(f))*)f-lL2(0, 1; L2(f))L2(0, 1;.nl(l))), A
(L’(0, 1; H))* and ql L2(f) such that Op/Ot, Ll(E) and

(5.9) p,- Aop A Og(t, y*) in Q,

(5.10) op/ov+p 0(y*)30 on F, i= 1,2,

(5.11) p(1)+ q + 0o(y*(1)) 30,

(5.12) h e Nx(y*), q, e Nr,(y*(1)),
(5.13) Bp(t)Oh(u(t)) a.e. t(0,1), i=1,2,

where is the set (2.3).
THEOREM 5.2. Suppose that F F, F2 , h h and fl fl is given by (2.10).

Let (y*, u*) be an optimal pair for the control problem (Pb) and assume that (5.8) is

satisfied for some e >0. en there exist p BV([0, 1]; (Hl(fl))*)
L(0, 1; L2()) L2(0, 1; H(fl)), h (L(0, 1; H))* .and ql L2(fl) such that Op/Ov
(L(E))* and

(5.14) Pt- Aop h Og(t, y*) in Q,

(5.15) =0 in {(, t)e; y*(, t)>0},

(5.16) p=0 a.e. in (,t)eE;y*(,t)=O, Bu*--fl>O
(5.17) p(1)+ q +0o(y*(1)) 0,
(5.18) h N(y*), ql Nr(y*(1)),
(5.19) B*p(t)Oh(u*(t)) a.e. t(O, 1.).

Remark 5.1. A function pBV([O, 1]; (H())*) L(0, 1; HI()) is said to be
the solution of the equation

p-Aop= inQ,

op
(5.20) o one,

p(1)=pl,

with ff (L(0, 1; H))*, (L(O))* andplLE(),ifforanyy WI’([0, 1]; HI(O))
with y/E L(E) and y(0)=0,

;olI (5.21)  dxdt+
,k= OX OXk

6. State coastriae coatrai af elliptic vritioal iaeulities. The state constrained
control problems governed by elliptic variational inequalities are in parallel with those
governed by parabolic variational inequalities. Here we will consider as a model the
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distributed control problem. The proof for the results (i.e. for Theorems 6.1 and 6.2
below) may be simply a combination of a lemma like Lemma 4.1 and [4, Thms. 3.2
and 3.3].

The state constrained distributed control problem is of the following type.

(P) Minimize

(6.1) g(y)/h(u)

over all y H(I)) fl H2(1)), u U subject to

(6.2) Aoy / (y f/ Bu a.. in 1",

and

(6.3) y K,

where g:L:(f)-- R is a locally Lipschitz function; U is a Hilbert space; h: U--
(-oo, /] is convex and l.s.c.; Ao has the same meaning as in 5; // is a maximal
graph in R x R with 0/(0); H:(I)), qt_-<0 on I’;f L:(I’); B: U- L:(I) is linear
and continuous; K is a closed subset of H--L2().

Let (y*, u*) be any optimal pair for the control problem (P). Define for any
e (0, /oo] the function : H - [-oo, /oo] by

(6.4) ck(z)--inf{g(y)/h(u);yz/K,(y,u)satisfies(6,2),
]y-y*12_ e, lu- u*lt --<

We have (compare with [4, Thms. 3.2 and 3.3]):
THEOREM 6.1. Let (y*, u*) H(fl) x U be any optimal pairfor the control problem

(Pc) where fl: R-> R is locally Lipschitz and monotonically increasing function. Assume
that for some e e (0, +oo],

(6.5) lim inf (tk(z)- O(0))/Iz12 -oo.

Then there exist pc H(fl), A, L:(f) such that Aop (L(f))* and

(6.6) -(Aop)-pO(y*-)3A+, Og(y*) in f,

(6.7) A Nr(y*),

(6.8) B*peOh(u*).

Moreooer, if either <-N<=3 or satisfies (2.9), then Aop L(fZ) and (6.6) becomes

(6.9) -Aop -p O(y* -) A + , Og(y*) in 1).

THEOREM 6.2. Let (y*, u*) be any optimal pairfor the control problem (Pc) where
is defined by (2.10). Assume that (6.5) holds for some e (0, +o]. Then there exist

p S(l), A, L2(f) with Aop (L(f))*, Og(y*) and

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
(6.15)

(Aop) ++ A =0 a.e. in {y*> },

p(Aoy* f Bu*) =0 a.e. in 12,

(Aop + + A, X(Y* )) 0 VX C’(fi),
A Nr (y*),

B*pEah(u*),

(Aop++A,P)<--O.
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If 1 <= N <- 3, then (6.1 O) reduces to

(6.16) (y*-)(Aop++ A) =0.

7. Examples. We will discuss some specific cases of the control problems studied
in the previous sections.

Example 1. The state constrained convex controlproblem.) Consider the following
problem

(Q,) Minimize

(7.1) Go(y, u)= (g(t,y)+h(u)) dt+o(y(1))

over (3’, u)e W’([0, 1]; H)x L(O, 1; U) subject to

(7.2) y’ + Ay Bu( t) +f( t),

and

(7.3) y(t)K, ’t [0, 1],

(7.4) y(1) K.
Here H, U, g, h, bo, A, B, f, Yo, K and K have the same meaning as in 2. In addition,
we assume that

g( t, and o are convexfunctions,

K and K are convex sets.

Problem (Q,) is referred to as state constrained convex control problem.
We note that in this case b defined by (2.2) is l.s.c. (if e s (0, +c)), proper and

convex. So we have
PROPOSITION 7.1. Hypothesis (H6) is satisfied for e (0, +oo) if and only if

(7.5) 0b(0) is not empty.

In particular,, if 0eint D(b), then (H6) holds.
Proof. The "if" part is obvious. Let us prove the "only if" part. Since b is

convex, it is subdifferentially regular at (0, 0) (see [9, Prop. 3]), i.e.

k(pz’, pz)- 4,(o, o)(b)(0, 0; z, z) lim inf
(z’,zi)(z,z,) p

p’,o

So hypothesis (H6) says that

()(o, o; o, o) -o,

whiCh implies (7.5) by [9, Thm. 4]. Q.E.D.
Let K be the subset

(7.6) K {y(1)e H; (y, u) satisfies (7.2), (7.3) and Ho(U)< +oo},

where Ho: L:(0, 1; U)--)(-oo, +o] is defined by

(7.7) Ho(u) h(u(t)) dr.
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PROPOSITION 7.2. Suppose that there exists a pair (L ) satisfying (7.2), (7.4) and
Ho(7) < +o, such that

(7.8) (t) int K Vt [0, 1].

If either int K fq Kh or K f’) int Kh is not empty, and if

lim (g(t, y(u))+ h(u)) dr=(7.9)
Ilul12-,+oo
y(u)c

where y(u) denotes the solution of (7.2) and 77 is the set (2.3), then (H6) is satisfied.
Proof. Since z is continuous from [0, 1] to H, it follows by (7.8) that there is some

p > 0 such that

(7.10) z K whenever Iz ( t)12<-_ p for some t.

Define A: H [-o, +c] by

(7.11) A(z)=inf{Go(y, u); (y, u) satisfies (7.2), (7.3) and y(1)= z}.

Obviously, A is convex; by (7.9), A is also l.s.c, and proper. It is easy to see that

D(A)=Kh(7.12)

and

(7.13) min {A(z,); z, K}= b(0, 0)= A(y*(1)).

Fix e (0, 1]. Let (z, z) L(0, 1; H)x H, and let (y, u) be any solution of (7.2) such
that

(7.14) y(t)z(t)+K a.e. t(0,1),

(7.15) y(1)z,+K,,

(7.16) Ily-y*llo--< , Ilu u*ll=--< ,
Set

(7.17) + Ilzll
y+

+ Ilzllo "
Then

Y P+IIII"z"oo
(y-)+\+ Ilzlloo Ilzllo

This together with (7.14) and (7.10) implies that

fi(t)K Vt [0, 1].

Let

(7.18) fi=u+,
#+llzllo +llzll

then (y, u) satisfies (7.2) and (7.3). Therefore (see (7.11))"

(7.19) G0()7, a) _-> A()7(1)).
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Since g(t,.), bo and h are convex, we get by (7.17) and (7,18) that

Go()7, ti)= (g(t, fi)+h(fi)) dt + qbo()7(1))

=+llz[l(R) (g(t,y)+h(u)) dt+dpo(y(1))

o+1111
(g(,)+h()) dt + o((1))

From (7.16), we see that Go(y, u) is bounded from below. So by the last inequality
and (7.19), we obtain

o(y, u) o(, a)-fllzllA((1))-fllzll, c>o.
Then, it is easy to see that (H6) holds if we show

(7.20)

where (by (7.17))

(7.21) )7(1) =----Py(1)+ Ilzll---- e(l)
o+llzll p+llzll

and y(1) satisfies (7.15). By (7.21), (7.15) and (7.16), we have

(7.22) )7(1) z= / g,, Iz=l=--< C(llzll / lz[2), C > 0.

Let " H--> [0, +co] be the indicator function of K. By relation (7.13),

(7.23) min {A(z)+ q(z); zeH}=A(y*(1))+d/(y*(1))=(O,O).

Using (7.12), (7.23), (7.22) and the hypotheses of the proposition, we see easily that
relation (7.20) (and hence Hypothesis (H6)) follows by the following lemma.

LEMMA 7.1. Let A and q," H--> (-oo, +] be two l.s.c, proper convex functions.
Assume that either int D(A) D() or D(A) CI int D() is not empty. If A + th attains
its minimum at some point y* H, then there exists some constant C >= 0 such that

(7.24) A(yl) + I(Yl- Z2) A(y*) + q(y*) CIz=l=
for all y H and z H.

Proof Since (int D(A)fqD(ql))U(D(A)fqint D(q)) is not empty, it follows by
a well-known theorem of Rockafellar that

0(h+) =0h+0l.
In particular

0e 0(A + q)(y*) 0A(y*)+ Oq(y*).

Let q e OOa(y*) with -q e 0A(y*), then

A(y) + q(y- z) -> h(y*)+ (-q, y-y*) + q(y*) + (q, y- z2-y*)

A(y*) + qq(y*) -(q ,.z).

This yields (7.24) with C Iq12. Q.E.D.
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Remark 7.1. Problem (Q1) is also referred to as convex control problem of Bolza.
It was studied in [5, Chap. 4] under somewhat different assumptions. When the control
space U and the state space H are finite dimensional, this problem was thoroughly
studied in [11] and [12] (see also the survey [13]). The hypotheses of Proposition 7.2
can be compared with those in [4, Chap. 4] and 12]. The function b has a similar
form as "o" defined in [13, 12]. Using the argument of Remark 2.3, we may show
that hypothesis (H6) is also necessary for the optimality conditions in the context of
[5, Chap. 4] and [12].

In the special case of distributed control systems, a problem of this type has been
studied by Mackenroth [6].

Example 2. Consider the.following nonlinear control problem:

(Q2) Minimize

Go(y, u)= (g(t,y(t))+h(u(t))) dt+cko(y(1))

over all (y, u) wl’2([0, 1]; H)x L2(0, 1; U) subject to

y>-, y-Ay-Bu>--O in Q=fx(0,1),

(y-,)(y-Ay-Bu)=O in Q,
(7.25) oy

O2+aly=0 on Oflx(0, 1)
c9,

y(x, O) O in,

and

(7.26) fjo(x,y(x, t)) dx<-bo Vt[0, 1],

(7.27) Ij(x, y(x, 1)) dx <- b

where A is the Laplace operator: al0 teE=>0, al+a2>0; B" UH is linear and
continuous; g, h and bo satisfy hypotheses (H4) and (HS), and

(7.28) h(0) # +oo,

jo, jl:l] x R- R are measurable in x , continuous, nondecreasing and convex in
y R,

(7.29) jo(x, O) =j(x, 0) 0 a.e. x f,

and there exists a positive constant M such that

(7.30) j,(x,y)<-_M(y2+l) a.e.xf VyR, i=0,1;

bo and b are positive constants; L(0, 1; HE(f)) f3 W’2([0, 1]; H),

(7.31) -<0 a.e. in Q.

The system (7.25) describes the obstacle problem (see [4, pp. 138-142]). The control
problem (Q2) is a particular case of problem (P) with

for a=0,
(7.32) V

H(f) for a> 0,
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(7.33) (Au, v)=

for any u, v V,

nVuVvdx

for 02-0

ft VuVv dx +al lr u" vdtr for a2>O,
O2

(7.35) K= {y, 6 L2(l’])" fcj(x, y(x)) dx<-bl ),
and/3 defined by (2.10).

The verification of (H1)-(H3) is standard (for (H3), see e.g. [4, p. 137]). Let
(y*, u*) be any optimal pair. Let us show that (H6) is also satisfied. By (7.29) and
(7.30), we may find some p > 0 such that

(7.36) Jnjo(x, z(x)) <- bo,

Let (z, zl)6 L(0, 1; H) x H with

(7.37)

Z(X)) <-- b,

and let (y, u) be any solution of (7.25) satisfying

(7.38) y(t) z(t) + K,

and

(7.39) [ly-y*ll=< 1,

Denote d -Ilzll / Iz, l= and set

P P(7.40) )5= . d
y, a= u.

p p+d

Then by (7.25) and (7.31) we have

>=, ,-A-Ba>-O in Q,

a2cgfi+a)7=0 on cgfx(0, 1),

y(x, 0) 0 in f.

whenever Izl= p,

y(1)Zl+K

Let )7 be the solution to (7.25) where u is replaced by t, then we may show that

(7.41) 37_->)7 in Q,

and

(7.42) 117-yll,o.,;)_-< c, Ila- ull o,1;)-< Cd,

where C and C: are some positive constants independent of d. In fact, relation (7.41)
follows by an argument similar to that of [16, Thin. 6.4, Chap. 2], and relation (7.42)
is trivial. Since jo is nondecreasing in its second variable, it follows by (7.41) that

f, jo(x,(x,t))dx<-fc, jo(x,(x,t))dx=fc,jo(x,P,p+dY(X, t)) dx.
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Sincejo is convex, we may deduce from the last inequality and (7.38), (7.29), (7.36) that

jo(X, (x, x jo x, (y(x, -(x,
p+d

<- P Itjo(x y(x, t)-z(x, t)) dx
p+d

+ jo x, dx
p+d d

<
p d

--p+ d bo+p+ d bo= bo.

Similarly,

jl(,x,

y(x, 1)) dx<=b.

Therefore y(t) K and y(1) K1, and so

(7.43) 1(0, 0)= Go(y*, u*)

On the other hand, since g(t, and o are locally Lipschitz and h is convex, we may
deduce from (7.39), (7.40), (7.37), (7.28) and (7.42) that

Go(, a) <- Go(y, u)- C3d Go(y, u)- c (llzll / Izll2),
where C3 is some positive constant. It follows then (see (7.43))

1(0, 0) Go(y,

This implies (see (2.2)):
l(0, 0) l(z, Zl) " c(llzll + Izll)

for any (z, z) satisfying (7.37). Hence (H6) holds for e 1.
Now all assumptions of Theorem 2.2 are verified. So, if (y*, u*) is an optimal

pair for the control problem (Q), then there exist p eBV([O, 1]; Y*)
fq L(0, 1; H) CI L(0, 1; V), e (L(0, 1; H))* and q e H such that

(7.44) (p, + Ap ) e Og(t, y*) a.e. in {y* > },

(7.45) p(BU*+hy*-y*,)=O a.e. in lqx(0, 1),

Op
(7.46) alp + a 0 on 012 x (0, 1),

Ov

(7.47) -p(1) e ql + Odo(y*(1)),

(7.48) A e Nsc(y*),

(7.49) ql e NK,(y*(1)),

(7.50) B*p(t)eOh(u*(t)) a.e. re(0., 1).

For the convex sets K and K defined by (7.34) and (7.35) we have

I{0} if I, ho(x, y(x)) dx < bo,
Nr(y)

Cone (Oho(x,y)) otherwise,
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Nrl(yl) I{0} iflsah(X’yl(X))dx<b’
I.Cone (Oha(X, yl)) otherwise,

where Cone (Ohi(x, y)) is the closed cone in L2(fl) spanned by the set

oh,(x, y) {z L2(f); z(x) Oyh,(x, y(x)) a.e. x f}.

So (7.49) means that

(7.51)

f

=J 0 if Ja h(x, y*(i)) dx < b,
ql

Cone (ghl(X, y*(1))) otherwise.

Since A (L(0, 1; H))*, we have A Aa + As, where As is the singular part of A. Then
we may infer from (7.48) that

(7.52)
{0} if ho(x, y*(t)) dx < bo,

Aa(t) N:(y*(t))

Cone (Oho(x, y*( t)) otherwise,

for a.e. (0, 1) and

(7.53) As N:c(y*).

Note that

(Pi- Ap h ), =/ Ap ha,

If we have in addition

Bu* +A-, 0 a.e. in Q

then

(7.56) p 0 a.e. in {y*= }.

Example 3. (Optimal control of the melting and solidification process.) Let fl be a
bounded domain in R N with the boundary F 01-1 F LI F2, where F and I2 are two
disjoint smooth surfaces in R v. Let Fd be a closed subset of t 1 x [0, 1], and let
0"ad be a bounded, closed and convex subset of the space H3/2"3/4(I1 x (0, 1)), where

so by (7.40) we get

(7.54) / Ap A Og(t, y*) a.e. in {y* > },

and if pt =/ + (ps), then

(7.55) (Ps)t As in {y*> }.

Since y*, W’2([0, 1]; L2(f))f’)L2(0, 1; H2(f)), hy*-y,*=A-, a.e. in
{y*= xlt}. So (7.45) implies that

p 0 a.e. in {y* } f’l {Bu* +h , 0}.
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H3/2’3/4(F x (0, 1)) denotes the Hilbert space of traces on F x (0, 1) of functions from
wl’2([0, 1]; L2(12))f-I L2(0, 1; H2(1")). We will impose that

(7.57) u(x,O)=O,u(x,t)>-O a.e.xF1, t(0,1) VUad.
Let H’ H3/E’a/4(F x(0, 1))- R be any l.s.c, and convex function, and let

g:[O, 1]xL2(l)->R and tko’LE(I)-R be two functions satisfying (H5). We will
consider the following control problem:

(Q3) Minimize

G(y, u)= g(t,y(t)) dt+cko(y(1))+H(u)

over all (y, u) WI’2([0, 1]; L2(1"))x ad subject to

y>-O, yt-Ay-f>-O a.e. in Q=fx(0,1),

y(yt- Ay -f) 0 a.e. in Q,

(7.58) y=u onFx(0,1),

y=0 on Fx(0, 1),

y(x, 0) -0 a.e. x

and

(7.59) y(x, t)

The system (7.58) arises from the melting and solidification process (see [14,
pp. 16-17]). The state constraint (7.59) means that the portion (xt); (x, t)Fd} is
required to be solid at time t. When 4o 0, H 0, and g is the following function"

g(t, y) fn ]y(x)- Zd(X, t)] dx Vy L2(I’),

with Zd L2(Q)= L:(0, 1; L2(f)), the above problem reduces to the problem studied
in 14, 5.2, Chap. 2].

Let Ho" qJ--> [0, +o0] be the indicator function of ad, i.e.

)’0 if u qJad,
Ho(u) +oo if u 0//\0//ad.

Define Go" W’2([0, 1]; H) x --> R by

Go(y, u)= GI(y, U)+ Ho(u).(7.60)

Set

/=(yL(O, 1;L2()), f (y(x,t))2dxdt<-_O}.
Fd

Then problem (Q3) is equivalent to the following one:

(Q;) Minimize Go(y, u)

o.ver all (y, u) wl’2([0, 1]; H)x subject to (7.58) and

(7.61) f (y(x, t))2 dxdt<=O.
Fd
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Let 8 > 0 be small. Consider the following approximating problem"

(Q) Minimize Go(y, u

over all (y, u) W’2([0, 1]; H) x q/ subject to (7.58) and

(7.62) (y(x, t))2 dx dt <-_ 82"

If there exists a pair (yo, Uo) satisfying (7.58) and (7.62) such that Uo 0//ad, then
the problem (Q3) admits at least one optimal pair, say (ys, us). The set {(y, us), 8 > 0}
is bounded in W’2([0, 1]; H)x q/an, and any limit point (in the weak sense) of
{(y, u), 80} is an optimal pair for the problem (Q).

Problem (Q) is different from problem (P) given in 1, but it may be treated in
the same way. We can show as in Example 2 that Hypothesis (H6) (more precisely,
a similar hypothesis as (H6)) is satisfied provided that there exists some solution
(yo, Uo) W1’2([0, 1]; H) x ’ad to (7.58) such that

fF (yo(X, t))2 dx dt< 82(7.63) (Slater’s Condition).

In this case, for any optimal pair (Ys, Us) of (Q), there exist
BV([0, 1]; (HS(f))*)f)L(0, 1; L2(f)) L2(0, 1; H(I)) and some constant
such that

(7.64) ((p)t+Aps)sysxFd +Og(t, ys) a.e. in {ys>0},

(7.65) S(82--IF (y(x, t))2dxdt)=0,
(7.66) pf= 0 a.e. in {Ys 0},

(7.67) Ps 0 on (F LI F2) x (0, T),

(7.68) p (1) + cgbo(y (1)) 90,

(7.69) -F x(0, 1)
gHo(u)+gH(us)= Noua(us)+gH(us), in 9/*,

where XF is the characteristic function of Fd:

0 if x Q\Fd,
(x)Xz ifxFd.

When 8 x0, we do not know whether (Ps, s) converges or not.

Acknowledgment. The author is greatly indebted to Professor V. Barbu for suggest-
ing the problem and giving very helpful advice.
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REGULAR SYNTHESIS FOR TIME-OPTIMAL CONTROL OF SINGLE-INPUT
REAL ANALYTIC SYSTEMS IN THE PLANE*

H. J. SUSSMANN"

Abstract. For arbitrary single-input real analytic systems in the plane, in which the control enters
linearly, we prove the existence of a regular synthesis for the optimal control problem in which it is desired
to minimize the integral of a strictly positive real analytic Lagrangian that does not depend.on the control
variable. The analysis proceeds by applying our previous results on nondegenerate oo systems, as well as
those on arbitrary real analytic ones, to study the local structure of the time-optimal trajectories. The structure
of the optimal trajectories for our problem is derived by reparametrization of time. The existence of a
synthesis is then proved by using subanal3/tic set theory.

Key words, time optimal control, two-dimensional systems, regular synthesis

AMS(MOS) classification numbers. 93C10, 93B15, 93B20

1. Introduction. This is the third of a series of papers devoted to the analysis of
real-analytic time-optimal control problems with a single input in a two-dimensional
state space. The previous papers ([A], [B]) established piecewise regularity properties
for the optimal trajectories. Here we will use these results to prove the existence of a
regular synthesis. As a preliminary, we prove in 2 that the flow that corresponds to
the singular control is subanalytic. We then state and prove the main result in 3.

.We use all the notation and definitions of [A] and [B].

2. Subanalyticity of the Z-flow. Let E be a C.A.S. which has the DSAP. We defined
in 6 of [A] what is meant by a Z-trajectory. Let ffz denote the set of all triples
(q0, ql, t) such that there exists a Z-trajectory 3/for which 3/(0)= qo, y(t)= ql, t>=O.
The set -z is the graph of the Z-flow. Our goal here is to prove that z is a subanalytic
subset of M x M x R, if E actually has the SAP.

Let us define a maximal turnpike to be a turnpike S such that there is no turnpike
S’ with the property that S

_
S’, S # S’.

LEMMA 2.1. Let , be a C.A.S. which has the DSAP. Then:
(a) Every turnpike is contained in a maximal turnpike;
(b) The maximal turnpikes are pairwise disjoint analytic arcs that are semianalytic

sets;
(c) The set of maximal turnpikes is locally finite.
Proof. Let 6e be a CASA stratification of M, which is compatible with the set

NO (E) of ordinary points of E, with the sets {q: AA(q)= 0}, {q: AB(q) 0}, and with
the vector fields X and Y. Form a new partition 6e’ of M, whose elements are the
strata of 5e which are subsets ofNO (:E), and the connected components ofM NO (E).
It is easy to see that 6e’ is also a CASA stratification of M, which is compatible with
X, Y, NO (5:), and the zero sets of mA and AB. Now call a zero-dimensional stratum
{p} nice if p has a neighborhood U such that U fq NO (5) is a connected analytic arc
S in U, such that, each of the vector fields X, Y is either everywhere tangent to $ or
nowhere tangent to S, and that AA either vanishes identically on S, or never vanishes
on S.

* Received by the editors February 2, i982; accepted for publication (in revised form) March 6, 1986.
This work was partially supported by National Science Foundation grant no. DMS83-01678-01.

" Mathematics Department, Rutgers University, New Brunswick, New Jersey 08903.
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Let E be the union of all the one-dimensional strata of 6e’, and of all the nice
zero-dimensional strata. Then E is a semianalytic subset of M (because it is a union
of strata of ’), and it is an embedded analytic one-dimensional submanifold of M.
The connected components of E are therefore semianalytic subsets of M, and they
clearly form a locally finite family. So all our conclusions will follow if we prove that

(2.1) Every turnpike is contained in a component of E that is a maximal
turnpike.

To prove (2.I), let S be a turnpike. Then S
_
NO (), and so S

___
E, unless there

is a zero-dimensional stratum {p} 6e’ which is not nice, but is such that p S. But
this latter possibility is easily excluded: if p S and {p} ’, then it follows from the
definition of a turnpike that p is nice. So S is a subset of E. Since
is a subset of some connected component S’ of E. We now show that S’ is a maximal
turnpike. The definition of E clearly implies that S’ has a neighborhood U such that
S’ is relatively closed in U, that U-S’Gf(A)fqfZ(B), and that U is open and
connected. Moreover, S’___ NO (X). So S’ is an INOA. Clearly, S’ is a union of
one-dimensional strata Si of 6e’, and of nice zero-dimensional strata {pj}. Since S

_
S’,

there is at least one point q S’ such that the following holds"

(2.11) The vectors X(q) and Y(q) are linearly independent, and they point
to opposite sides of $’.

It is clear that the set of q S’ for which (2.11) holds is relatively open in S’. On
the other hand, if (2.11) fails at one q S’, then it also fails for t near q. (Reason" if
q Si for some i, then Si is compatible with AA, X and Y; if {q} 6e’, and {q} is nice,
then q e S* S’, and S* is relatively open in S’, and compatible with AA, X, and Y.)
So the set of q S’ for which (2.11) holds is relatively closed in S’. Therefore (2.11)
holds throughout $’.

Let U be a neighborhood of S’ which is open, connected, satisfies U-S’
fI(A)f’)fI(B), and is such that U-$’ has exactly two connected components. Let Ux,
Uy be the connected components of U- S’ towards which X, Y point. So Ux Uy,
UX -J Uy U- S and Ux f’) Uy "-. The function f is well defined and nonzero on
Ux t.J Uy. So f has constant sign on Ux and on Uy. Since S is a turnpike, f(q)< 0
for q Ux, q near S. So f< 0 on Ux. Similarly, f> 0 on Uy. Therefore S’ is a turnpike.
We now show that S’ is a maximal turnpike. Suppose that S’__ S", S’ S", and that
S" is a turnpike. By what has already been shown, S" is contained in some connected
component S’" of E. Since S’_q S", it follows that S’- S’", which is a contradiction. So
S’ is maximal.

From now on we always assume that E has the strong accessibility property.
For each maximal turnpike S, define s to be the set of all triples (qo, q, t) such

that y(0) qo, y(t) q, >_- 0, for some trajectory y Traj (X) which is entirely con-
tained in Clos S. In view of Lemma 2.1 it is clear that, if ff(X) denotes the set of
maximal turnpikes of X, then

(2.1) z LI { ,s. S -(X)}.
Since s G S x S x I, it is clear that the s form a locally finite family of subsets

of M x M x. To prove that :z is subanalytic, it suffices therefore to show that each
-s is subanalytic in M x M x

Let S (X). For each point p S, there exists a unique convex combination
Zs(p) of the vectors X(p), Y(p), which is tangent to $ at p. It is clear that Zs is an
analytic vector field on S. The X-trajectories which are contained in S are exactly the
integral curves of Zs.
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We are now ready to dispose of the easiest case, namely, when S is compact (i.e.,
diffeomorphic to a circle). In this case, it is clear that (qo, ql, t) s if and only if
qo S, ql e S, =>0, and q ,Zs(qo). The map

(2.2) (qo, q, t) q-tZs(qo),
from Sx SxR to R2, is analytic. Therefore s is the intersection of {(qo, ql, t): t>=0}
with an analytic subset of S x $ x flt, and so s is semianalytic is S x S x. Since
S x S x i a closed analytic submanifold of M x M x R, it follows that -s is semi-
analytic in M x M x .

Now consider the case when S is not compact, i.e., when S is diffeomorphic to
R. Fix a point S, and let $+*_, S*_ be the connected components of S-{}, labelled
so that the vector Zs((t) points into $*+. Let

(2.3a) S+ S+* U {q},

(2.3b) S_= S*U{q}.

Define -s+ to be the set of those (qo, q, t) such that =>0 and that, for some
trajectory 3’ of which is entirely contained in Clos S/, we have qo 3,(0), ql 3,(t).
Define s_ similarly, using S_ instead of S/. We will prove that s+ and s_ are
subanalytic in M x M x . Since both proofs are similar, we will only consider the
case of s+.

The arc S/ is ditieomorphic to the half-line [0, c[ by means ofa map if: [0, o[ - S/,
which is the restriction to [0, c[ of a C diffeomorphism ’ S.

We now prove the following.
LEMMA 2.2. One and only one of the following cases occurs:

(2.IIIa)
(2.IIIb)

lim,_,+o $(t) cx3;
There exists a p M such that p : S and lim,_.+, h(t) p.

(The meaning of (2.IIIa) is: "for every compact K
_
M there is a tt [0, cx3[ such

that ( t) : K for tr < < ".)
Proof Assume (2.IIIa) does not hold. Then there is a compact K

_
M such that

there is an increasing sequence {t,} with t, + +oo as n +oo, and O(t,)e K for all n.
Clearly, we may assume that K is semianalytic. Let

(2.4) I=O-’(S+fq(M-K)).

Then I is relatively open in [0, c[, and so I is a union of a finite or countably infinite
family of relatively open subintervals of[0, o[. No J M can be unbounded (because
t, I for all n, and t, +oo). Suppose that .’ were infinite. Let K’ M be compact,
semianalytic and such that K Int K’. Then the set S/ fq (K’- K) is semianalytic and
relatively compact. Therefore S/ fq (K’-K) has finitely many arcwise components.
On the other hand, S/f’l (K’-K) is the union of the ,(J)fq K’, J M, and it is clear
that each (J) K’ is nonempty (because, if a is an endpoint of J, a 0, then ,(a) K,
and so @(t) K’ for tJ, near (a)). Moreover, if P1, P2 belong to d/(J)OK’,
(J2) f’)K’, for J sg, J2 , J # J2, it is clear that P1 and Pz cannot be connected
by an arc in S+ 0 K’, and so they belong to different components of S+ f’) K’. So S+ f’) K’
has infinitely many arcwise components, and we have reached a contradiction. There-
fore ’ is finite. Since each member of is bounded, we see that q(t) K for large
enough. From this it follows in particular that q(S+) is relatively compact. Therefore,
there is a sequence { t,} such that 0 <= t,, that t +, and that lim,_ (t,) =p exists.
If K is a compact ball centered at p and contained in M, then there is a sequence { t,}
such that t.--)+ and that q(t,) K for all n. Therefore the preceding reasoning
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applies to this K, and we may conclude that g(t). K for large enough t. Since this is
true for every ball centered at p, we conclude that p lim,_. g(t). We now show that
p $. This follows, simply, from the fact that g is a homeomorphism from onto $,
and that the topology of $ is induced by the topology of M (i.e. S is embedded). If
pS, let q,=(n), p=(?) (). Since q,-->p in M, we have q,-->p in S, and so
n--> ? as n , which is a contradiction.

If (2.iIIa) holds, then the subanalyticity of s+ is easy to prove.. Let / be the
maximal integral curve of Zs such that /(0) t]. Then (t) $+ for => O, s Dom (y).
The domain of is an interval ]a, hi, with -00 =< a < 0 < b

_
+0. Clearly, /(]a, b[).= S,

/(]a, 0])= S_, and /([0, b[)= $4 (because Zs never vanishes on S-and so, via g,, Zs
corresponds to a vector field 4(t)O, on , where b is a strictly positive analytic function
on ). Therefore there exists an analytic function/9" S --> l such that, if q S, it follows
that q (p(q)). In particular, if qo, ql are in $, and , then (qo, ql, t) s+ if and
only if t>=O, qoS+, ql S+, and t= p(q)-p(qo). Moreover, (qo, q, t) cannot be in
s+ unless both qo and q are in $4 (since (2.IIIa) implies that $4 is closed in M). So
s+ is precisely the set of those (qo, q, t) Sx SxR characterized by qoS $4, ql $4,
=> O, p(ql)- P(qo). Since $4 is semianalytic in $, it is clear that s+ is semianalytic

in S x $ x . On the other hand, the set $4 x $4 x R is actually closed in M x Mx
(because $4 is closed in M), and so the inclusion map/x’S x $ x--> M x Mx is
proper on $4 x $4 x I. Therefore -s+ is subanalytic as a subset of M x M x I.

The case when (2.IIIb) holds requires more work. The function p" $ --> is defined
exactly as before. Also, we let p denote the limit of O(t) as t--> +00. The main step in
our proof that rs+ is subanalytic in M x M x is to make a more detailed study of
what happens near p.

Since p M, and E is supposed to have the strong accessibility property everywhere
on M, it follows in particular that X(p) and Y(p) cannot both vanish. Assume, without
loss of generality, that X(p) O. Then we can define a square coordinate chart, centered
at p, and of radius e > O, whose domain is an open set U, and which is such that
X U Ox. The set $4 fq U is a one-dimensional semianalytic submanifold of U, and
p belongs to its closure. Therefore, by making U smaller, we may assume that $4 f) U
is either a horizontal segment, or a set of the form {(x, y)" x A (y), y I}, where I is
some interval of the form ]a, O[ or ]0, b[, h "I --> ]-e, e[ is analytic, and lims-.o.s h(s)
O. The possibility that $4 f’l U is a horizontal segment is excluded, because then X
would be everywhere tangent to $4, contradicting the fact that S is a turnpike. So
$4 fq U is the graph of a function h as above. Let us assume that I is of the form
]0, b[ (the other case is similar).

Since $4 f3 U is semianalytic, the function h is given by a Puiseaux series

a j/N(2.5) X(y)= jy
j=l

which converges for 0 < y < 6, if 6 is sufficiently small. The vector field Y U has
components a,/3, which are analytic functions of (x, y) on U.

A tangent vector V(y) to $4 at ( (y), y) is given by

(2.6) V(y) (,(y), 1),

where

(2.7)
d,, y -y y , -ay

j=l
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So, in order to compute Zs(A (y), y), we must determine the coefficient or(y) such that
tr(y)0, + (1 tr(y)) Y(A (y), y) is a multiple of V(y), and then let

(2.8) Zs(A(y),y)=tr(y)Ox+(1-cr(y))Y(A(y),y).

A simple computation shows that

fl(A (y), y)u(y)-a(A(y), y)
(2.9) tr(y)

1 + fl (h (y), y)t,(y)- ce (h (y), y)"

The components of Zs(h (y), y) are, therefore, tr(y) + (1 tr(y))a (h (y), y) and
(1 tr(y))/3 (h (y), y), respectively, where tr is given by (2.9). In particular, if ->

(x(t), y(t)) is an integral curve of Zs, the function y(. satisfies

(2.10) dY=[1-tr(y)]fl(A(y) y).
dt

Therefore

dt
(2.11) 0(y),

de
where

(2.12) O(y) {[ 1 tr(y)]fl (h (y), y)}-.

It is clear that h is an analytic function of yl/N, and so y-->a(h(y),y) and
y--> fl(A(y), y) are analytic functions of yl/N. On the other hand, is a meromorphic
function of yl/N, and so tr is meromorphic in y/N as well. So 0 is a meromorphic
function of yl/. That is, 0 satisfies

(2.13) 0(y)=
=J0

where the series in (2.13) converges for 0 < y < 60, if 6o is small enough, and where jo
is an integer, and 0jo 0.

If we let

(2.14) z*(y)
joj<
j-N

+ 1 OjyJ/++

(where 0 is an arbitrary constant) and

(2.15) z(y) ’*(y)+ 0_v log y

(where "log" denotes natural logarithm), then r: ]0, 6o[- is analytic, and its y-
derivative is 0, so that r is, up to a constant, the time along the Zs-trajectory, which
is obtained by suitably reparametrizing the set {(X(y), y): 0<y< 60} (that is: z(y)=
p(,X (y), y) + constant).

Now fix a )3 such that 0 < < 60, and let ,/ denote the compact set

(2.16) {p}LI {(A (y), y)" 0< y<_- )3}.
Let +s denote the set of those (qo, q, t) such that qo +, q +, t->0, and qo y(0),
q y(t) for some y Traj (:E) which is contained in . We will prove that +s is
subanalytic in U x U x . It is clear that the function z is strictly decreasing on ]0, 6o[
(because, as y decreases, the point (A(y), y) moves towards p, i.e., in the direction of
the Zs-trajeetory). So the limit -(0+) exists, and is either finite or equal to +. If
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’(0+) +oo, then no trajectory of X which is contained in ,+ can contain both p and
a point in /-{p}. So, in this case, if qi=(xi, yi), i=0, 1, we have that (qo, ql, t)
if and only if either

(2.IVi) qo ;+, ql ;+, qo P # ql, >= 0, and z(y) z(yo), or
(2.IVii) qo ql P and 0 or
(2.IViii) qo q P, => 0, and 0 is a convex combination of X(p) and Y(p).

Let us define P to be the set {p} x {p} x[0, oo) if 0 is a convex combination of
X(p) and Y(p), and let P be the empty set otherwise. Then we have shown that, if
’(0+) +o, the set ,#s+ is the union of P and of the set .s+ of those (qo, q, t) for
which (2.IVi) holds.

If z(0+) < +oo, then conditions (2.IVi), (2.IVii) or (2.IViii) imply that (qo, q, t)s+, but there are other possibilities as well, namely

(2.IViv) qo+, qo#P, ql=P, t>-O, and z(0+)-z(yo), and
(2.IVv) qoS+, qoP, q=P, t>-O, t-->z(0+)-’(yo) and 0 is a convex

combination of X(p) and Y(p).

Precisely, if z(0+) < +oo, the point (qo, q, t) is in s+ if and only if (2.IVi), (2.IVii),
(2.IViii), (2.IViv) or (2.IVv) holds. The set of points where (2.IVii) or (2.IViii) holds

+ and ofis P. The set Q of points where (2.IViv) holds is the intersection of Clos *
(+-{p}) x {p} x, so Q is subanalytic in U x Ux if .s+ is. Finally, the set Q’ of
points where (2.IVv) holds is empty if 0 is not a convex combination of X(p) and
Y(p), and is equal to

(2.17) {(qo, ql, t)" (It’)(0=< t’_--< ^ (qo, ql, t’) Q)}

if 0 is a combination of X(p) and Y(p). In either case, Q’ is subanalytic in U x U x
if Q is.

Summarizing the preceding observations, w have shown that, whether z(0+) is
finite or infinite, the set #s+ is the union of *o%s+ and of finitely many sets that are

+ is. So the subanalyticity of 5+s in Ux Ux willsubanalytic in U x U x if * s

follow if we prove that *s+ is subanalytic in U x U x R.
To prove that *s+ is subanalytic in U x U x , we first write

(2.18) z*(y) y-k/Nz**(y),

where z**(y) is given by a power series in yl/m which converges for 0< y < 8o, and
k is a nonnegative integer. The equation

(2.19) t=’(y)-z(yo)

is therefore equivalent to

(2.20) sro’t sroZ**(’)- ’z**(’g)+ N0_msrgr(log ’-log ’o)

if t0, 0<yo<6o, 0<y<6o, o=y/ and =y/U.
If 0_N 0, the subanalyticity of *s+ in U x U x follows easily Indeed, if 0,

0<yo< o, 0<y<3o, then the point (qo, ql, t) Ux Ux is in .s+ if and only if
the following hold:

(2.Vi) qo ;+, q ;+, qo # P q and > 0;
(2.Vii) There exist ’o, ’, such that 0_<- ’o_-< j3/, 0_-< st1 _-< fi/l, o= yo, =

yl, and

k ** N(2.21.) r’t ro-**(’y)- ’ 7- (’o).
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Equation (2.21) is of the form r/(’o, 1, t) 0, where r/is an analytic function on
W, where

(2.22) W ]-6/, 6/[ x ]-6IN, 6/u[ x

So, if we let D denote the set of all (’o, ’1, t, yo, y) in W x ]-6o, 6o[ x ]-ao, 6o[
that satisfy (2.21) and 0<yo_-< 0<y-<_ ’ou= Yo, ’= Y,, then the projection
7/’: (’0, ’1, t, Y0, Y) (t, Y0, Y,), from Wx 1-6o, 60[ x 1-6o, 60[ to R x 1-6o, 60[ x
]-60, 6o[, is proper on Clos D, and therefore maps D to a subanalytic subset of
R x ]-60, 60[ x ]-60, 60[. This clearly implies that ,s+ is subanalytic in U x U x N
(since ,;s+ is the set of those (qo, q, t)= (Xo, yo, xl, Yl, t) such that either qoe ;+,
qlGS+, (yo,Yl, t)6Tr(D), and t>0, or qoS, qo= ql, t=0).

If O-s 0, then a slightly more complicated reasoning is needed. Clearly, a point
(qo, q, t) Ux Uxl for which t>0 is in ,s+ if and only if (2.i) holds and, in
addition:

(2.Viii) There exist ’o, ’, to such that 0-<’o_-<3/, 0" ;1/N, ,o=Yo,

’ Yl, ’oe ’1, and
sro’t ’or**(’N) srr**(sroN) + NO_NOto.

(Naturally, the equation ’oe= sr is included to make sure that co is equal to log ’-log ’o.)
The proof that *s+ is subanalytic in U x U x proceeds as before, except that

W is replaced by [ W, because of the new coordinate w. We now let D denote the
set of all (, ’o, ’, t, Yo, Yl) that satisfy > 0 and all the equalities and inequalities of
(2.Viii). The subanalyticity of *s+ then follows if we prove that the projection r onto
the last three coordinates, regarded as a map from x Wx ]-60, 60[ x ]-60, 60[ to
x ]-60, 60[ ]-60, 6o[, is proper on Clos D. This requires that we prove that, as long

as (w, ’o, sq, t, Yo, Yl) D, and remains bounded, it follows that w is bounded, and
that I’o[, I’11 are bounded by a constant c which is less than 6/1’. The bound for
Isrl is trivial (just let c /). Therefore the only problem is to prove that, as long
as (to, ’o, ’, t, Yo, Y) D, and is bounded, it follows that to is bounded. Equivalently
(since to=log sq-log sro 1IN log (Y/Yo)) we need an a priori bound of the form

for (qo, q, t) e*+s-, 0< t=< T, where the constant C(T) is only allowed to depend on

To get the bound (2.23), consider first the case when jo =-N. Then r*(y) is
bounded for y [0, )3] and so, if (qo, q, t) ,;s+, we have

(2..24)

so that

T+2C

-10- 1
as long as 0 < <- T, if C is an upper bound for Ir*[ on [0, 33]. So the desired bound holds.

Next consider the case when jo-N. Since we are assuming that 0_N0, it
necessarily follows that jo<-N. Therefore z*(y) is asymptotic to y-r as y0, for
some r > 0. Choose the constant ff (which so far was arbitrary) so that r()3)= 1. Then
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"r(y)--> 1 for 0 < y =< 33, and .’r(y) is asymptotic to y-r as y 0+. So there are constants
Co, C1 such that 0 < Co < C1, and that

(2.25) Coy <- -(y) <- Cly

for 0 < y -< )3. So, if 0 < Yl <-- Yo --< , and ’(Yi) z(yo), we have

>- Coy?r- Cy,
so that

(2.26) C
yo

<- C + ty.\yl/

If 0 < =< T, (2.26) gives

" 0

Since y N yo, we also have log (yo/y)>-_O, and so the bound (2.23) follows. As
explained before, this completes the proof that .:s+ is subanalytic in U x U
Therefore, we have proved that s+ is subanal),tic in U x U x N. Since U x U x N is
open in M x M x N, and .s+ is a subset of S+ x S+ x
and is closed in M x M x N, it follows that + is subanalytic in M x M x

Now we are ready to complete the proof that s+ is subanalytic in M x M x
Let S* be the closed subarc of S which goes from q to . Let N be the set of those
(qo, ql, t) such that qoeS*, qeS.* and (q0, q, t)e s+. Let S** be a slightly larger
open arc, containing S*. Then the function 0 is analytic on S**, and N is the subset
of S** x S** x N characterized by the conditions qo e S*, ql e S*, _-> 0 and
o(q)-o(qo). So N is subanalytic in S** x S** xN. On the other hand, the inclusion
from S** x S** x N to M x M x N is proper on S* x S* x
is subanalytic in M x M x N.

Now, if (q0, q, t)e M x M xN, then it is clear that (qo, q, t) is in s+ if and only
if one of the following three conditions holds:

(2.Vii) (qo, ql, t)e ;
(2.Vlii) (qo, ql, t) :s+;
(2.VIiii) There exist t’, t" such that 0 <- t’ <- t, 0 <- t" <- t, t’ / t" and that

(qo, q t’) , (t, ql, t")6 s+.
So :s+ is the union of three subanalytic subsets of M x M x R, and is therefore

subanalytic in M x M x R.
We have now proved that, if S is a noncompact maximal turnpike, and if t], S+,

S_, s+, 5s_ are defined as above, then s+ is subanalytic in M x M x. A similar
proof shows that s_ is subanalytic in M x M x as well. (Or, equivalently, the proof
for s can be reduced to that for s+ by changing the signs of X and Y.) We are now
ready to prove that s is subanalytic. With the diffeomorphism q’-* S defined as
before, let p+ limt_+ q(t), p_= limt_,_ q(t), so that each of p+, p_ exists, and is
either infinite or a point of M. (Recall that the meaning of "p+ c" was explained
earlier. A similar interpretation is understood for "p_ ".) If both p_., p+ are infinite,
or if exactly one of them is finite, or if both are finite but p_ p+, then it is easy to
see that, if : is any trajectory of .E which is contained in Clos S, then either : is
contained in Clos S_, or it is contained in Clos S+, or is a concatenation of two
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trajectories :_, s+, contained in Clos S_, Clos S+, respectively. So, if (qo, ql, t)
M x M xR, the point (qo, ql, t)belongs to :s if and only if one of the following three
conditions holds:

(2.VIii) (qo, q,, t) s;
(2.VXlii) (qo, ql, t) :s+;
(2.VIIiii) There exist t’, t" such that 0 <-_ ’<- t, 0 <- ’’<- t, t’ / t" and that

(qo, t, t’) :s_ and (t, q, t") s+.
This clearly shows that s is subanalytic in M x M x R.
There remains the exceptional case when p_, p/ are both finite and equal (e.g.,

if S is a circle minus one point). In this case, if the time parameter along the integral
curve of Zs approaches infinity as one approaches p/ via either S/ or S_, then it is
still true that (qo, ql, t) s if and only if one of (2.VIii, ii, iii) holds, and this implies,
exactly as before, that s is subanalytic in M x M x . However, if the time parameter
remains finite as we approach p/ via S_ and via S/, then Clos S carries a periodic
Singular trajectory. If we let T> 0 denote the period, then, if (qo, q, t)
and if0_-< _-< T, we have that (qo, q, t) s if and only if (2.VIii), (2.VIIii) or (2.VIIiii)
holds, or

(2.VIIiv) (ql, qo, T-t) satisfies one of (2.VIii, ii, iii).

This shows that 5s (q (M x M x [0, T]) is subanalytic in M x M x
(MMx[nT,(n+I)T]) is obtained from :sf’l(MM[O, T]) by the translation
(qo, q, t)-->(qo, ql, t+nT), this set is subanalytic as well. So s is subanalytic in
MxMx.

We have proved the following.
THEOREM 2.3. Let E be a C.A.S. that has the SAP. If S is a maximal turnpike of,, then s is a subanalytic subset ofM M x.
From this we also get the following.
COROLLARY 2.4. Let , be a C.A.S. that has the SAP. Then z is a subanalytic

subset ofM x M .
3. Existence of regular synthesis. We are now ready to piece together all our

preceding results and prove the existence of a regular synthesis. We will rely heavily
on the general abstract theorems of [Su 6] (cf. also [Su 3] for an outline, without proof,
of some of these results). Here we will limit ourselves to a precise statement of all the
definitions involved, so as to show that the general theorems of [Su 6] apply.

First, consider a control system

(3.1) F(x, u), x M, u U,

where M is a manifold of class C k (k oo or k to), U is a compact subset of" for
some m, and F is of class C k jointly in x, u. A feedback control flow for (3.1) on a
subset S ofM is a choice F {F, x S} of a family of admissible pairs F, (Ux(’),
such that each 3’,, is a trajectory of (3.1) starting at x and entirely contained in S, and
the following compatibility condition holds:

(3.1) If tDom(yx) and y(t)=y, then Uy(.)=u,(.)I(Dom(%,)fq[t,o[)
and ’)/y-- Yx (Dom (yx) f’) [t, c[).

(Clearly, Condition (3.I) says that F is "memoryless.")
A feedback control flow F on S is said to steer S to a point p S if, for every

x S, the trajectory yx ends at p (i.e., %, (max Dom (%,)) p). Clearly, if F steers S to
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p, then it is always possible to make a time translation, so as to assume that, for every
x, the domain Dom (yx) is an interval of the form [-’x, 0], with zx ->-0. Whenever we
talk about a F steering S to p, we will always assume that this modification has been
carried out.

If p M, let Contr (p) denote the set of all points in M that can be steered to p,
in finite time, by a trajectory of (3.1). Afeedback controlflow with target p is a feedback
control flow on Contr (p), which steers Contr (p) to p.

Now suppose that a Lagrangian function L" M x U-* R is given, and that L is of
class Ck and nonnegative. For each x, y, we may consider the optimal control problem
PL(x, y) of minimizing the integral

L(y(t),u(t))dt
tDom (7)

among all admissible pairs (u(.), y) such that y starts at x and ends at y. An L-optimal
feedback control flow with target p is a feedback control flow F with target p, which
has the property that, for each x e Contr (p), the admissible pair Fx is a solution of
PL(x, p). An L-extremalfeedback controlflow with target p is a feedback control flow
F with target p such that, for each x Contr (p), the pair Fx satisfies the Maximum
Principle for the problem PL(x, p).

It is clear that if F is L-optimal then F is L-extremal. For individual trajectories,
it is well known that extremality does not imply optimality. The main point of the
theory of the regular synthesis is that, for feedback control flows 1-" with target p,
L-optimality is actually equivalent to L-extremality, provided that I" satisfies some
extra regularity conditions. A regular synthesis is, roughly, an L-extremal feedback
control flow F with target p, which satisfies the regularity conditions (so that, in
particular, it follows that F is optimal). In order to give a precise definition of regular
synthesis we will first define what it means for a F (L-extremal or not) to be "regular,"
and we will then define a regular synthesis to be a F which is both regular and
L-extremal. Our definition of regularity will be such that, when F is regular, L-
extremality implies L-optimality. Therefore, the class of regular feedback control flows
has the nice property that, for F in this class, the Maximum Principle is both a necessary
and a sufficient condition for optimality. If, in addition, one can prove general existence
theorems within this class, then it will be clear that regular feedback control flows are
a natural class of objects at which to look.

Our definition of regularity is taken from Su 6], and is a modification of definitions
given by other authors (e.g., Boltyanskii [Bo], Baytman [Ba], Brunovsky [Brl]). First
define a piecewise Ck vectorfield on a set S to be a 6-tuple (, gl, 2, X, E, e) where:

(3.IIi)

(3.IIii)
(3.IIiii)

(3.IIiv)

is a finite or countably infinite partition of S into connected,
embedded submanifolds of class ck;

1, i2 are subsets of such that 1 [_J 2 i, 1 [’) 2 ;
X is a family {Xp: P } such that, for each P , Xp is a vector

field of class C k on P;
e is a family {ep P 2} of continuous functions ep P - ]0, 0[ and

E is a family {Ep:P 2}, such that each Ep is a continuous
map Ep: {(q, t): q P, O=< < ep(q)} S, with the property that
there exists a P’ such that Ep maps {(q, t): qP, O<t<
ep(q)} into P’ in a Ck fashion, and that each curve --> Ep(q, t),
O< < ep(q) is an integral curve of Xp,;
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(3.IIv) If P 1, and if, for some q P, there is a positive time T(q) such
that Xp(q) is defined for 0-< < T(q) but not for t= T(q),
but Xp(q) has a limit :(q) as t- T(q)-, and (q)S-P,
then the same is true for every q P and, moreover, there is a
P’ such that :(q) 6 P’ for all q 6 P, and the maps T(. ): P
R, :(. ): P- P’ are of class ck;

(3.IIvi) if P 2, then either Xp =- 0 or Xp never vanishes on P.

If OF-(, 1, 2,X, E, e) is a piecewise Ck vector field on S, then those points
p S which belong to a P such that Xp 0 are called terminal points of OF. The
set of all such points is the terminal set of OF (notation: Term (OF)). A trajectory of
is a continuous curve y" I S, where I is some interval, such that

(3.IIIi)

(3.IIIii)

If I, sup/, and y(t) P , then y(t) Term (OF), and there
exists a 6 > 0 such that y t, + 5] is an integral curve of Xp

If t I, tsup I, and y(t) P 2, then there exists a 6>0 such
that y(t+a-)=Ep(y(t), a-) for 0<a’<&

It is clear from the definition of trajectories that there is local existence and global
uniqueness of trajectories in the forward direction; i.e. (a) given toR, qo S, q
Term (OF), there is a 5>0 and a F-trajectory y defined on [to, to+6[, such that
y(to) qo and (b) if y, Y2 are Y-trajectories such that Yl(to) yE(to) for some to, then
yl-= y2 on Dom (y)(3 Dom (y2)t3[to, [. So, for any q S-Term (OF), there is a
unique maximal forward trajectory from q, i.e., a trajectory ’yq of o//., such that
0Dom ,q ), that Dom (3,) [0, o[, that 3,(0) q, and that / cannot be extended
to a oF-trajectory on an interval I such that

Dom (yq) I _[0, [.

A piecewise C feedback control law for the system (3.1) on a set S is a pair

’ (, u), where:

(3.Ii) OF (, 1, , X, E, e) is a piecewise C vector field on S;
(3.IVii) u is a family {ue:P }, such that each Up is a map ue:P- U, of

class C, such that

(3.2) Xe(q) F(q, ue(q))
for all q P.

If OF’= (OF, u) is a piecewise C k feedback control law on S, then we can define an
admissible control

Dom

by letting

(3.3) ’(t)= Up(yq (t))uq

if by definin in an arbitrary fashion if
follows from the definition of a trajectory that the set of those Dom (yq) for which
yq(t) is in some P 2 is finite or countable.) The pair (uq’( ), yq)-Fff’ is clearly
admissible.

If OF is a piecewise C k vector field on S (or if OF’ is a piecewise Ck feedback
control law on S), we say that OF (or OF’) is completely terminating if Dom (yq) is a
compact interval for each qS. It is then clear that, if qS, the point
yq(max Dom (yq)) is in Term (OF). When OF is completely terminating, it is more
convenient to define a new trajectory Aw

’)/q by letting qV(t) yq(t + max Dom (yq)) for
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-maxDom(yq)=<t-<0. Then yq terminates exactly at time 0. If V’=(V, u) is a
piecewise C k completely terminating feedback control law, then we can also define
u q in a similar fashion. Now the pair

V, V, V

is admissible for each q S and, moreover, it is easy to see that the family ’=
q. q S} satisfies the compatibility property. Therefore ’ is a feedback control

flow. We call 1’ the feedback control flow generated by V’.
If V (or F’) is completely terminating, we say that V (or V’) terminates in a finite

number of steps if, for each q $, there exists a finite partition zr of Dom 3’q into
intervals such that, for each ! 7r, /q(I) is entirely contained in one member of

Now, let V’= (V, u) be completely terminating in a finite number of steps. For
each q S, let z(q) denote the termination time of 3’q, i.e., the length of Dom (3’q).
It follows easily from our definitions that - is of class C k on each P
and P Term(//’), then Xp never vanishes on P, and

Xp(rV’I P)---1.

Therefore, if P 1, P S Term (//’), the Ck function r P. has a nowhere vanishing
gradient. So, if q P, the set N(q) of those q’ P such that r(q’) zW(q) is a C k

submanifold of P, of codimension one. We say that q P is a Lipschitz point if there
is a neighborhood W of q in P and a constant C > 0, such that

(3.4) dist (/ff(t), q(t)) -< C dist (q’, q’)

for all q’ WO N(q), and all t [-rV(q), 0]. (Here "dist" is the distance relative to
some Riemannian metric on M.) We say that ’ has the .Lipschitz regularity property
if, for every P 1, the set of Lipschitz points of P is dense in P.

Now suppose that ’= (, u) is a piecewise C k feedback control flow on S which
completely terminates, and suppose that Term (Y) consists ofa single point p. Let L
be a Lagrangian function as above. We define the cost function V, corresponding to
7/" and L, by letting

(3.5)
0

L(’q(t), aq’(t)) dt.V(q)
_V(q)

We shall say that V’ satisfies the near continuity property if the following three
conditions hold"

(3.Vi) V is lower semicontinuous on S;
(3.Vii) For every 8 > 0 and every neighborhood W of p in M, there exists a

submanifold W’ of M such that W’ W fq S, that all the vector
fields F(., u) are tangent to W’, and that V(q)< for all
q W’ (it is not required that p W’);

(3.Viii) Whenever 3’’1S is an integral trajectory of some vector field
F(., u), u U, then t- V(3"(t)) is left continuous on L

Notice that, if the feedback control flow ’ actually were an L-optimal feedback
control flow with target p M, then condition (3.Viii) would follow from (3.Vi). (Indeed,
let 3’ be an integral curve of F(., u) in Contr(p), and let tn...,t, t, Dom (3’), t
Dom (3’). Then lim inf V(3’(tn)) => V(3’(t)) by the lower semicontinuity of V. On the
other hand:

(3.6) V(3"(t,)) <- L(3"(s), u) as+ v(3"(t)),
In
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and so lim sup V( 3"( t, <= V(3"(t)).) Also, condition (3.Vii) follows automatically if,
for instance, the system (3.1) is analytic. (This is quite easy to prove; see [Su 6].)

We are now ready to define regular synthesis. A Ck regular synthesis for the system
(3.1), with Lagrangian L and target p, is an L-extremal feedback control flow F with
target p, which is the flow ’ generated by a piecewise Ck feedback control law
’= (, u) which is completely terminating in finitely many steps, and satisfies the
Lipschitz regularity and near continuity properties.

One of the main theorems of [Su 6] is that, if F is a Ck regular synthesis in the
sense of the preceding definition, then F is optimal, if the control system satisfies a
mild regularity condition. (Precisely the condition that the rank of the Lie algebra
generated by the vector fields F(.,.u) be constant along the integral curves of these
vector fields. The condition is always satisfied when the F(., u) are analytic.)

We are now ready to state the main theorem of this paper.
THEOREM 3.1. Consider a control system , given by:

F(x) + uG(x), ]u <- 1, x M,

where M is a two-dimensional analytic manifold, and F, G are analytic vector fields on
M. Let p M be such that the following "nonexplosion condition" holds:

(NE) For every T> 0 there exists a compact subset K (T) of M such that, if
3’:[ a, b M is a trajectory of ,, such that 3"( b)=p and b-a <= T,
then 3" is entirely contained in K (T).

Then the problem of reaching p in minimum time admits a C regular synthesis
F. Moreover, F can be chosen to be the feedback control flow generated by a

’=( u) such that, if is the partition corresponding to l/’, and if, for T> O, Kr is
the set ofpoints that can be steered to p in time <-p, then each KT-only meetsfinitely many
members of .

Proof. We let Mo denote the integral manifold through p of the Lie algebra L of
vector fields generated by F and G. Clearly, the set Contr (p) is contained in Mo and
so, in order to construct the synthesis, it suffices to work with the restriction of our
system to Mo. If dim Mo < 2 then the existence of the regular synthesis is a completely
trivial matter. So we shall assume that dim Mo 2, i.e. that E has the accessibility
property at p. We now replace M by Mo, i.e. we assume that M is itself the integral
manifold of L through p. If Lo is the ideal of L generated by G, then it follows from
[Su J] that the dimension of L0(q) is the same for all q M. Obviously, the common
value of this dimension is either two or one. In the former case, E has the SAP
everywhere, and in the latter case E has the SAP nowhere.

The strategy of our proof will be to construct an optimal feedback control flow F
with target p. Then we will invoke the results of [Su 6] to conclude that F is generated
by a ’ that has all the desired properties. Before we construct F, let us observe that
condition (NE) implies, in particular, that for every qContr(p) there exists a
time-optimal trajectory 3’ going from q to p. So, if we define V(q) to be the infimum
of the times along all the trajectories 3’ from q to p, then V(q) is actually attained by
some 3’. Moreover, it is easy to see (using (NE) again) that V is lower semicontinuous
on Contr (p). As explained earlier, the near-continuity property will then follow
automatically.

So, what we really need is to construct an optimal F that is generated by a ’which is a piecewise C feedback control law which completely terminates in finitely
many steps and satisfies the Lipschitz regularity condition. According to the main
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theorem of [Su 6], such a generator o//., will exist if F is a subanalytic feedback. So all
we need is to construct an optimal feedback F with target p, which is subanalytic.

First recall that a subanalyticfeedback is a feedback control law F {Fx} with the
property that each of the maps

and

(x,t)Ux(t)

(X, t)--> y(t)

is subanalytic. (That is, the sets {(x, t, y): y Ux(t)} and Gr {(x, t, z): z (t)} are
subanalytic in M x x , M x x M, respectively.) Next observe that, if F is a feedback
control flow with target p, and if (x, t)--> yx(t) is subanalytic, then it automatically
follows that, after a suitable modification, one can assume that (x, t)- u(t) is sub-
analytic. (Proof: let A be the set of those (x, t) such that x s Contr (p), Dora (y).
Recall that we are assuming that Dora (yx) is of the form a, 0]. Then A is the projection
of Gr under the map r (x, t, y) --> (x, t), from M x x M to M x . Since r is proper
on Clos Gr, because of (NE), it follows that A is subanalytic in M x. Let A’ be the
set of those (x, t) A for which limh-o+ ()’ (t + h) Yx (t))/h exists. Then it is easy to
see that A’ is subanalytic in M x. Let A" be the set of those (x, t) A’ such that
G( ), (t)) # 0. Define u(t) 0 if (x, t) A A". If (x, t) A", let Ux (t) be the unique u
such that

yx(t+h)-yx(t)
lim F(yx(t))+uG(yx(t)).
h--*O+ h

Then the map (x, t) ux(t) is subanalytic.)
So all we have to do is to find a way to select, for each x Contr (p), a time-optimal

trajectory yx "[- V(x), 0] M, so that the y are compatible (i.e., whenever yx(t) yy(t)
for some t_<0, then Yx(’) Yy(’) for t_< z-<0) and that (x, t) yx(t) is subanalytic.

If X has the SAP, let M be the set whose elements are the symbols X, Y, and one
symbol S for each maximal turnpike S d/tff(E). If E does not have the SAP, let M
consist of X and Y alone.

For each integer n => 0, let K, be the subset of Contr (p) which consists of those
points x Contr (p) which can be steered to p in time =<n, i.e.,

(3.7) K, {x: x Contr (p) ^ V(x) <- n}.

Then K, is compact. Let M, be the subset of M whose elements are X, Y, and---if
E has the SAPall the maximal turnpikes S of E such that Clos S meets K,. Since
tff() is locally finite, it is clear that M, is a finite set. We claim that:

(3.VI) For each n, there exists an integer N(n)>= 0 such that, if x K,, then
x can be time-optimally steered to p by means of a trajectory y which
is a concatenation of at most N(n) pieces, each of which is a sr-
trajectory for some : M,.

To prove this, we use our theorems on the structure of trajectories. If A has the
SAP, then it follows from Theorem 3.18 of [B] that every q K, has a neighborhood
U(q) such that there is a u(q) with the property that, if y is a time-optimal trajectory
in U(q), then y is a concatenation of at most v(q) pieces, each of which is either an
X-trajectory, or a Y-trajectory, or an S-trajectory for some $ Mff(X). (By definition,
if $ d/tff(5:) an S-trajectory is a trajectory of which is contained in Clos S.) Clearly,
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we can choose U(q) so that U(q) f’l Clos S for all S (E) such that (Clos S) tq

Kn . Then, if y is time-optimal in U(q), y is a concatenation of at most v(q)
pieces, each of which is a :-trajectory for a : Mn. Next choose a finite covering of
K,, of the form ={U(q),..., U(q,)}, and let =max(v(ql),.’., V(qm)). Let
a > 0 be a Lebesgue number for 0//(i.e., an a > 0 such that, whenever a set J K, has
diameter -<a, with respect to some fixed metric, then J is contained in one of the
U(q,)). Let C > 0 be such that IIF(x)ll / G(x)ll--< C for x K,, and let/3 > 0 be such
that tiC < a. Let Ix be an integer such that Ix/3 > n. If x K,, let y:[-V(x), C]--> M
be a time-optimal trajectory from x to p. Then y is a concatenation of at most IX pieces
yj, such that Dom (yj)=/ is an interval of length </3. Therefore y(/) has diameter
<a. So each y(/) is contained in .one of the U(qi). Therefore each y is a concatenation
of at most pieces, each of which is a :-trajectory for some : Mn. So 3’ is a
concatenation of at most N(n) pieces, each of which is a :-trajectory for some : M,,
if we take N(n)= IX. This completes the proof of (3.VI) when E has the SAP. If E
does not have the SAP, i.e., if An 0 on M, then the proof of (3.VI) is almost identical,
except that we use Theorem 4.2 of[B] instead of Theorem 3.18 of[B]. For each q K,
we choose v(q), U(q) such that, whenever it is possible to go time-optimally from an
r U(q) to an r2 U(q) by means of a trajectory in U(q), then one can go time-
optimally from r to r2 by means of a trajectory which is bang-bang with at most
(q)- 1 switchings. The finite cover q/, and the numbers a, C, fl, , Ix, N(n) are defined
as before. If x K,, one can find a time-optimal y: [- V(x), 0] from x to p, and then
express y as before as a concatenation of at most Ix y’s, each of which is contained
in one U(qi). Therefore there is a y that has the same endpoints as yj, is defined on
the same domain as y, and is bang-bang with at most - 1 switchings. If y* denotes
the concatenation of the y, then y* goes from x to p in the same time as y, and y*
is a concatenation of no more than N(n) pieces, each of which is in Traj (X v Y). So
(3.VI) holds in this case as well.

If (:,..., so,,) is a finite sequence of elements of ’, define a set

D()
_
M x R

to be the set of all pairs (x, t) such that x can be steered to p in time by means of
a trajectory 3’ which is a concatenation y, ,..., y, where each y is a : trajectory.
Then we have, if 1 denotes the sequence (:2,""", :,):
(3.8) (x,t)D(t)c:(::ls)(O<-s<-t^(::ly))((x,y,s);^(y,t-s)D(l)).

If (x, t) remains in a compact subset of M x I, then is bounded by an n, and
therefore the y which appears in the formula, if it exists at all, must actually be in K,.
So all the quantifiers in (3.8) are bounded. Therefore it follows, by induction, that all
the D() are subanalytic in M. Moreover, it is clear that they are closed.

We now define, by induction on n, a family F of subanalytic feedback flows on
Kn, such that F" steers all of K, to p, and that each trajectory of F" is time-optimal.
Moreover, the F will be so constructed that F agrees with F"- on K,_.

The definition of F is obvious. Suppose that F, F" have been constructed.
Let F (u, yx), for x K,. The set

G {(x, t, y): y: ),:(t)}
is subanalytic in M M x, and is relatively compact (because it is contained in
K, I-n, 0Ix K,). So its projection via (x, t, y)--> x is subanalytic. Therefore Kn is
subanalytic in M.

’denoteLet :,..., :r be the elements of ,/. For p 1,..., N(n+l), let E p

the set of all elements x K,/-K, such that there is a time-optimal trajectory 3’
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which steers x to some element y of K, in time V(x)- V(y), and which is a concatena-
tion of at most/9 pieces, each of which is a -trajectory for some s M,/. It is clear
that the sets E increase with p, and that Ev(,+)= K,+- K,. Let Ep E;, t.J K,.

We will construct F"/ by constructing, for each pc {0,..., N(n+ 1)} a sub-
analytic feedback F"/’p on Eo, which steers all of Eo to p, and which is such that each
trajectory of F"/’ is time-optimal. Moreover, the F"+’ will be so constructed that
F"/’’ F", and that each F/’p, p > 0, agrees with F"/’- on Eo_. Once this construc-
tion is carried out, then we can take F"+ to be F+’N("+1).

it is clear that F/’ must be taken to be F". Assume that 0=<p< N(n+ 1), and
that F"+1’ F"+’ have been constructed. We must construct F"+1’+ First observe
that, if F,+’’p "+’ "+--(U ,)ix l,p) for x E,, then Ep is the projection via x, t, y)- x of
the relatively compact subanalytic subset

G.,, {(x, t, y)" y 3,+,o(t)}
of M x M x R. So Ep is subanalytic in M. Moreover, we have V(x), x E,, if and
only if (x, t, p) G,.,. So the graph of V E, is subanalytic in M x R.

Now let

A point x belongs to Ho iff it belongs to K,+ and it can be steered in time
V(x)- V(y) to some y K, by a trajectory 3’ which is a concatenation of p + pieces,
each of which is a :-trajectory for some s M.+, but it cannot be steered in time
V(x)-V(y) to any y K, by a which only involves p pieces. If is a trajectory
with p + pieces which steers x to y K, in time V(x) V(y), let be the point where
the first piece of T ends. If steers y to p time-optimally (i.e., in time V(y)), then the
concatenation 6 * T steers x to p in time V(x); i.e., time-optimally. If is the result
of eliminating from T its first piece, then
to y in time V()-V(y).

Since is a concatenation of p pieces, each of which is a -trajectory for a
,+, we conclude that Eo. Therefore, if x Ho, then"

(3.VII) x can be steered to a y E in time V(x)-V(y) by means of a
trajectory y which is a -trajectory for some ,+.

Conversely, it is easy to see that, ifx K,+, x Eo, then (3.VII) implies that x Hp.
For each 0, , r, let Hp denote the set of those x Kn+l that can be steered

to some y Eo in time V(x)- V(y) by means of a y which is a -trajectory for some
i {1,. ., }, Then

Ep+If we let L, H U E, then E L
We will construct F"+’0+ by constructing, by induction on , subanalytic feed-

backs F"+’+’ that steer all of L to p and are time-optimal. Moreover, we will
construct them in such a way that F"+’+’ agrees with F"+"+’-on L-, and that
Fn+,p+,o F,+.,.

Assuming that < r, and that F"+’+’, F"+’+’ have been defined, let us
define F"+’’+’+ If x L, then we choose F"+’+’+ to be Fx
but x Lo, then x can be steered to some y E in time V(x)- V(y) by means of a
G+-trajectory. Let be the maximal G+-trajectory through x, parametrized in such
a way that (-V(x))= x. Then there is a ?>- V(x) such that (?)=y E, and that
=-V(y). Let [-V(x), F]. If "[-V(y), 0] M steers y time-optimally to p,
then , is time-optimal. Therefore V(3(t))=-t for -V(x) t
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It is clear that 6(?) L. Let J be the set of those [- V(x), ] such that 6(t) L.
Let t* inf J. We prove that t* J, Let tr’-.t* be such that t,. J. Then 6(t,.) L, so
that 6(t,.) can be steered to some y,. Ep in time -,. V(6(t"))- V(ym) by means of
a trajectory 3’., that is a i(m)-trajectory for some i(m){1,..., r}. By replacing {t"}
by a subsequence, if necessary, we may assume that all the i(m) are equal to a fixed
i{!,..., tr}.

Since y" Ep, it is possible to steer y,. to a z,. K. in time V(y,.)- V(z") by
means of a trajectory y’ which is a concatenation of p pieces 3"re, l, 3"re,p, such
that each 3’",j’ is a :i(,..j)-trajectory for some :(,., s4./ Since there is only a finite
number ofsequences (i(1),. ., i(p)) of elements of 1,. ., r}, we may assume (after
passing to a subsequence, if necessary) that there is a fixed sequence i*(1),. , i*(p),
such that all the 3",.. are sc.(-trajectories for all m, and all j. Finally select, for each
m, a time-optimal trajectory 3’ that goes from z,. to p.

By passing to a subsequence, we may assume that the z,., y", ’m converge, as

well as the times along all the 7’,.,, and all the endpoints of 3",..j. Moreover, we can
assume that the trajectories 3’. 3",. * 3’,. converge uniformly. The limiting trajectory r/

is a concatenation 3" 3". 3’, where: (a) 3’ is a i-trajectory that steers (t*) to y lim Ym,
(b) 3" is a concatenation 3"..... 3’,, where each 3’ is a sci.-trajectory, and, moreover,
3’" steers y to z lira z,., (c) 3’" steers z to p.

Since 3’.3",,,3’,. steers 6(t,.) to p in time V(6(t,.)) (i.e., --tm), it follows that
3""* 3" * 3" steers 6(t*) to p in time -t*, i.e., in time V(6(t*)). So 3’". 3" 3’ is time-optimal.
Therefore 3" steers y to z in time V(y)- V(z). Since z,. K,, we conclude that z K,,
and so y E,. Moreover, 3’ steers 6(t*) to y in time V(6(t*)) V(y). Since 6(t*) K,+,
it follows that 6(t*) Lo. Therefore t* J, as asserted.

So, if x L+ but x L,, the trajectory 6 defined above is entirely contained in

L+- Lp, until a first time t* is reached when 6(t*) Lo. We define, for such an x,
the trajectory 3’’,+’P+’+ as follows" we follow 6 up to the time t*, and then we follow

n+l,p+l,cr o’+1
3’,.) This defines a family of trajectories, one for each x L, and it is clear
that the trajectories obtained in this way constitute a compatible family and that the
feedback control law so defined agrees with F"+’’/’ on Lp. This completes the
definition of F"+1’’+’+. The only remaining point is to show that F "+’’+1’’+ is
subanalytic. Naturally, it is a part of our inductive hypothesis that F"+’’+’’ is
subanalytic.

A triple (x, t, y) satisfies y 3’+1’+’+(t) if and only if one of the following
conditions holds"

(3.VIIIi) y 3’+’’+’(t);
(3.VIIIii) There exist r, z, s such that:

(a) zL and ->0, -<-n+l,
(b) (x, z, r) e ,+,,
(c) there is no pair (z’, .’) such that 0 < z’ < z, z’ e Lo, and (x, z, r’) e
+,

(d) z 3"’,+’+’(s) and -n -<_ s -<_ O,
(e) there exists no sequence of elements of ,+, of length

=< N(n + 1) such that there is an s’ for which 0-_< s’< z-s and
(x, s’) e D(),

(f) either t_-> s and y= 3,7+’+’=(t), or t< s and (x, y, ’-s+ t)
%+.

From this restatement of the definition of F"+’+’+, together with the subanaly-
ticity of all the sets e, it follows that F"+’+’+ is indeed a subanalytic feedback.
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As explained above, this completes the inductive construction of the -’n+l’p+l’r

for a given n, p. Then the inductive construction of the Fn+l’p for a given n is also
complete, and so the construction of the F is complete. We now define F by letting
Fx Fx" if x K. Then F is an optimal feedback control law on Contr (p), with target
p, and is subanalytic. As explained above, the theorem of [Su 6] then implies the
existence of a regular synthesis.

As for the last assertion of our statement, it follows from the results of [Su 6].
Indeed, the partition constructed in the proof of the main theorem of [Su 6] is finite
on each compact set K such that the time z(x) along yx is bounded for x K, and
that all the Yx, x K, are Lipschitzian in with a fixed constant. Clearly, the sets KT
satisfy this condition.

We conclude this section with a brief outline of an obvious extension of Theorem
3.1. If we have an analytic system E as has been considered here, and if we want to
minimize an integral J L(x(t)) dt, where L is analytic and L(x)> 0 for all x, then we
can form the system E’ given by

F(x) G(x)
L(x) L(x)"

The trajectories of E’ are exactly the E-trajectories, reparametrized by cost. So, if
the time-optimal problem for E’ has a regular synthesis, we get a regular synthesis for
the problem of minimizing L for E. The precise hypotheses required are: (a) analyticity
of F, G, L, (b) strict positivity of L and (c) a "nonexplosion" condition. The non-
explosion condition is exactly that ofTheorem 3.1, except that "time" has to be replaced
by "cost" throughout. (That is, we must assume that, for each T> 0, there is a compact
K(T) such that, whenever 3’ steers an x Contr (p) to p with cost less than T, then

3’ is entirely contained in K(T).)
The conclusion then is the same as that of Theorem 3.1, except that the definition

of regular synthesis has to be modified, so as to substitute "cost" for "time."
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OPTIMAL CONTROL FOR A BACKWARD PARABOLIC SYSTEM*
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Abstract. In this paper the authors study two problems of optimal control for systems governed by a

backward parabolic equation, when the 0//ad has nonempty interior.

Key w6rds, optimal control, backward equation, nonwell-posed problem
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1. Introduction. The objective of this paper is to present certain results on two
problems of optimal control related to the partial differential operator Oz/Ot + re(t) Az,
in which m:[O, T]-> R is a smooth function changing the sign in ]0, T[.

In J. L. Lions [4] we find the origin of the above problems, where he solved the
control problem, that is, existence of optimal couple and optimality system for the
backward parabolic problem:

OX
--+Az=v inQ,
ot

(1.1) z=0 onE,

z(0) Zo in

where f/is a bounded open subset of R" with smooth boundary F and Q is the cylinder
f x ]0, T[, with lateral boundary E F x ]0, T[. Lions considered L2(Q) as the admiss-
ible convex set for his problem.

In [4], Lions also proposed studying the same type of problem, where instead of
constant coefficient rn 1, as in the case (1.1), we have the following state-equation:

Oz
--+m(t) Az=v inQ,
ot

(1.2) z=0 onE,

z(0) Zo inl)

where rn is defined as above.
In Rivera [8] it is shown that the problem (1.1) is well posed when we consider

some special functional space.
The functional space introduced by Rivera is defined as follows:

Let A =-A with domain D(A)= H(fl)fl
Let

W: u ("] D(A)" ,Au
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This is a Hilbert space with the norm

iAu

where we represent by la the norm of L2(I).
Since A has a discrete spectrum, then W contains all the eigenfunctions of A;

hence W is dense in L2(l’l). For related subjects see also Medeiros [7].
In this paper we prove, in 2, the existence and uniqueness of a solution of the

backward parabolic problem (1.2) when we consider the special space W which was
defined above.

In 3 we study the optimal control problems. First of all we consider a closed
convex subset K of H-(l’l) and the following state equation:

0z--+ m( t) Az= v inQ,
ot

(1.3) z=0 onE,

z(O)K.

The cost functional is defined by"

(1.4) (v,z)L(Q)xL(Q)

with z L(Q) and N > 0.
To complete this paper, we study the final state optimal control which the state

equation is given by:

0z--+ m(t) Az=f inQ,
0t

(1.5) z=0 onE,

z(0) v infl.

The cost functional is defined by:

(1.6) J(v,z)-lz-zl/Nllvll%-,,
where Zd belongs to L2(Q) and N > 0.

(v, z) H-(f) x L:(Q)

In both problems we show the existence of a couple (u, y) such that J(u, y)=
infJ(v, z), where {v, z} are in suitable function spaces.

Moreover, we give necessary conditions for a couple {u,y} to be an optimal
couple; that is, we show that if a couple {u, y} is an optimal couple, there exists an
adjoint state p satisfying a system which will be defined in 3 and is known by the
optimality system.

We must note that the optimality system is crucial for the numerical approach to
the optimal problem.

In this paper we denote L2(’) by H and its scalar product by (. 1. ).
We denote by H(I) the Sobolev space of order one on fl and by H(f/) the

closure in H(f) of the infinitely differentiable functions on f/with compact support.
We represent H(fl) by V and the norm in V shall be denoted by I1" II,
2. Existence of solution for the backward parabolic problem. We shall prove in

this section that the system (1.2) is well posed when we pick up Zo in W and v in
L2(O, T; W).
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For this we assume the following"

(2.1) Let m(t) be a real function defined on [0, T], T>0, satisfying the following
conditions:

(i) m is continuously differentiable on [0, T];
(ii) m is monotonic decreasing in this interval;
(iii) There exists 0< To < T such that m(To)= 0.

THEOREM 2.1. Suppose given Zo Wand v L2(O, T; W). Then there exists a unique
vector function z’[0, T] H satisfying the following conditions"

(2.2) z L(O, T; D(A)) f’) C([0, T]; V), z’ L2(Q);

(2.3) There exists Co > 0 such that

f ]m(s)l Ilz(s)ll ds < Co;

(2.4) z’- m( t)Az v in L( Q);

(.5) z(0)=Zo.

Moreover the linear mapping (Zo, v) (z, z’) is continuous from W x L(0, T; W)
into L(0, T; D(A)) x L( Q).

Before proving Theorem 2.1 we shall prove the following two propositions.
Let us represent by too, Vo the restrictions, respectively, of m, v to the interval

[0, To].
PROPOSITION 2.1. There exists a unique vector function x’[0, To] H such that

(2.6) x C([0, To]; D(A)), x’ L2(O, To; H).

(2.7) There exists Cl > 0 such that

: [no(x)[ [[x(s)ll = ds <= c,,

x’- mo( t)Ax Vo in L2(O, To; H),
(2.8)

x(0) Zo.

Moreover, the linear mapping (Zo, Vo) (x, x’) is continuous from W x L2(O, T; W)
into C([0, To]; D(A))x L2(O, To; H).

Proof. Let wl,’’’, w,. be the eigenvectors of the operator A.
For each j 1, 2,..., let f and gj be the functions defined by:

(2.9) (i) f(t)=(ZolWj)nexp A mo(s) ds j=l,...,v,

(ii) g()= (vo(s)lw)a exp mo(o’) &r ds, j= 1,’", v.

Then, the function h()=f(t)+g() is absolutely continuous on [0, To] and
satisfies, almost everywhere, the following system"

(2.10) (i) hj(t)-Ajmo(t)h(t)=(Vo(t)lw)a on ]0, To[,

(ii) h(0) (ZolW),, j= 1,..., ,
where Aj,j 1, 2,..., , are eigenvalues of A.
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Hence, we deduce that x(t)= j___ hj(t)w is a solution of the following system:

(2.11) (i) (x’(t)[w).-mo(t)(Ax(t)[w).-(Vo(t)[w).,

(ii) x(O) (Zol w),w.
j=l

We note that

(2.12) (i)

(ii)

If(t)l=c E (kt)-l(Azolw)l=-S,
k=O

Ig(t)l=’To E (k!)-’ I(Avo(S)lw).l ds-- O,
k=0

j=l,...,z, and 0_-<t_-<To

where c= Tomo(0) and a =exp (c2).
Hence, we conclude that

fo7"(2.13) Ix(t)l<-_KKo, v=l,2,...,O<-t<-To where go=llzoll/ Ilvo(s)llds
and K 2a1(1 + To).

Therefore by (2.13) we obtain:

(2.14) mo(s)llx(s)ll ds <- gIo,

where K2 1/2(K + + K To).
On the other hand, using (2.9), we have

z,, 1,2," , O<-t<=To

(2.15) (i) If(t)lmo(O) E c"(k!)-’[(A’/’ZolW)[,
k=O

(ii) Ig;( t)l <- l( vo( t)lw)

+ mo(0) Y ck(k!) -1 I(A+’Vo(s)lw).l ds.
k=0

If we choose e > 0 such that 0 < s + e < 2, there is ao(e) ao > 0 which satisfies,
foru W:

(2.16) E (k!)-lA+’ulGollull.
k=0

Thus by (2.15) it follows that x’ belongs to L2(0, To; H) and

(2.17) IIx’ll== < K3Ko, z, 2,...L (0,To;H)

c2k/ s-2where K3 =2Toaao(1 +2To)+4 and a m(0)k=o (k)
Now, since the series = S and = D converge, we obtain by (2.12) that

(2.18) lim x(t)= x(t)= h(t)w in H and uniformly in t[0, To].
+ j=l

By the same argument we obtain"

(2.19) lim Axe(t)= Ax(t) in H, uniformly in t [0, To].
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Now, existence of the solution of (2.8) follows using standard methods.
To prove the uniqueness we use the theorem of Lions and Malgrange [6].
PROPOSITION 2.2. Let Yo be in D(A), vl in L2(O, TI; D(A)) and m:[0, T] ItS, be

a continuous monotonic increasing function such that m(0) 0 < m(TI), where T > O.
Then, there exists a unique vector function y:[0, T1] H such that

(2.20)
Y C([0, T]; V) fq L(O, T; D(A)),

y’ L2(0, T1; V).

(2.21) There exists c2 > 0 such that

m( t)lay( t)l dt <= c,
T

0

y’+ m(t)Ay v in L2(0, T; H),
(2.22)

y(0) =yo.

Moreover the linear mapping (yo, v)(y,y’) is continuous from D(A)x
L2(0, T; D(A)) into L(0, T1; D(A))x L2(O, T; V).

Proof We prove this proposition using the usual methods.
Proof of Theorem 2.1. Let T T-To and let Yo be x(To), where x:[0, To] H

satisfies Proposition 2.1. We also consider v(t) v(t + To), ]0, T[ and ml(t)
-m( + To), [0, T].

Under the above assumptions there is y: [0, T] H which satisfies Proposition 2.2.
Then, if we define z: [0, T] H by:

x(t) if 6 [0, To],
z(t)=

y(t-To) ift[To, T],

we can prove that z is the unique function which satisfies Theorem 2.1.
Remark 2.1. In Proposition 2.1, if we consider in Wx L(0, To; W) the norm of

H L2(0, To; H), the linear mapping (Zo, vo)- (x, x’) is not continuous.
In fact let x(t) be defined by:

and

x(t)= exp A mo(s) ds -1 w,

Then, for each v 1, 2,..., x satisfies

x’( t) mo( t)Ax mo(t)w

x(O) =0

t[0, To].

on
Imo( t)w.l at <. Tolmo(0)l.

But lim_+ AxII +.

3. Optimal control problems. In this section the function m(t) is that defined by
the conditions (2.1) and we suppose that it is C(0, T) instead of (i).

Optimal control for system (1.3). Let 0"/ad be a closed convex subset of L2(Q)
with nonempty interior. We also assume that the convex subset K has nonempty interior.
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Then by Theorem 2.1, it follows that Xad={(V,z) ElladL2(Q)" (V,z) satisfies
(1.3)} is a nonempty closed convex subset of L2(Q)x L2(Q). Therefore it follows by
1] that the problem

(3.1) inf {J(v, z)" (v, z) E Xa}
has a unique solution (u, y) Xad, where J(v,z) is defined by (1.4).

THEOREM 3.1. If Ollad and K have nonempty interiors, then the optimal couple
(u, y) Xad is characterized by the set (u, y,p), the solution of the following system"

(3.2)

Oy
--+m(t) Ay=u inQ,
ot

O__P+ m( t) Ap y zd in Q;
ot

y 0, p 0 on

(3.3) p(x, T)-O in

y(0) K, p(0) H(I);

(3.4)
<k--y(O),p(O))n-,,>=O VkEK,

(p+ Nu[v-u)Q>--O Vv 0"ad.
Remark 3.1. We consider the inner product in H-(fl) defined by (qlk)-,=

(A-q [A-k)n, where A" H(I’I)-->/-/-(fl) is the canonical isomorphism.
Moreover we observe that if p and q belong to H-(fl) and (p,

(ql)H-’, /O (l-l), then pH([l) and p=h-q.
Remark 3.2. If 0ad L2(Q) and K H-([I), then (3.4)1 and (3.4)2 are similar to

(3.5) p(O) O, p + Nu O.

Remark 3.3. If a//ad {v LZ(Q): [[V-Vo][<-r} then (cf. Lions [3]) (3.4)2 is similar
to

p+ Nvou Vo liP +NvollO
Proof of Theorem 3.1. Let Z be the set defined by:

(3.6) Z= zEL2(Q)’0t m(t) AzL2(Q) z=00n

and for each e > 0 we define

J(v,z,k)=J(v,z)+-
E

where (v, z, k) //ao x Z x K.

OZ-+ m( t)Az v +- IIz(0)- kll-’
E

We can prove that there exists (u, y, k) belonging to 0"ad X Z X g which is a
unique solution of the penalized problem:

J(u, y, k)=inf{J(v, z, k); (v, z, k) -//aO X Z X K}.

Moreover, J(u, y, k) <-_ J(u, y, y(0)) J(u, y) for all e > 0; hence there is Co> 0
such that

(3.7) lylo -< Co, lulo--< Co ve > 0,

(3.8) -+ m(t)Ay-u <=x/-{Co, Ilk-y(o)ll,-,<-4-Co
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Therefore, we can prove that

(u,y)->(u,y) strong in LE(Q)xL2(Q),
li_m+ k- y(0) strong in H-I([I)
e-0

lim+ J(u, y k) J(u, y).

On the other hand, since

J’(u,y,k) (v-u,z-y,k-k)>-O,
we obtain:

(/), Z, k)E 0ad X Z X K,

I169

([OZ+m(t) Az) +(qe[z(O))H-I zEZ,(3.9) (Y-ZalZ)o= P]’-
(3.10) (p + Nu[v- u)o >= O
(3.11) (q[k-k)n->-O /kK

where p=-l/e(Oy/Ot+m(t)Ay-u} and q=-l/e(y(O)-k}.
Now, since d and K have nonempty interiors there are r>0, Vo

,d L(0, T; W) and ko e K W such that

Sr(VO) {V L2(Q): Iv- volo r}c ad,

Sr(ko)={k-(a): Ilk-kol.-r}= K.

Moreover, there is ZoS LZ(Q) such that (Vo, Zo) Xa (cf. Theorem 2.1).
Using (3,9), we obtain:

(y z ly- Zo)o + lplb + II I1 (p [u Vo)o +( 1k ko.-,.

Now, adding (Nu u- Vo)o to both sides of the above expression, we have by
(3.7) and (3.8)

I(u +p u vo)o + (q k ko).-,l c
hence, by (3.10) and (3.11) we obtain:

(3.12) (p+Nu[v-vo)o+(q[k-ko)n--C (v,k)aaXK.

On the other hand, if w =p + Nu and w # 0 (if w =0 then p is a bounded
family) then v Vo- rw/[w[o aa and k ko- rq/lq[n- K.

Hence, replacing in (3.12) we have C > 0 such that:

Therefore, there are p in L2(Q), q in H-() and subsequences also denoted by
{p} and {q } such that

pp weak in L2(Q),
q q weak in H-().

Passing to the limit in (3.9) and (3.11), we obtain:

(3.13)
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From (3.13) we have (3.2)2, (3.3)1 and (3.3)2; moreover we also have that
(p(0), n-’s--(qld/)n-, (). Hence by Remark 3.1 and by (3.14) we obtain
(3.3)3 and (3.4)1.

Finally passing to the limit in (3.10), we obtain (3.4)2.
Remark 3.4. If K (0, Theorem 3.1 is the same, except for (3.3)3 and (3.4)1

which are replaced by y(0)-0.
Optimal control for system (1.5). Let 0ad be a closed convex subset of H-()

with nonempty interior; we also considerf L2(O, T; W)c L2(Q) fixed.
Then, by Theorem 2.1 it follows that Xao={(v,z)adXL2(Q): (v,z) satisfies

(1.5)} is a nonempty closed convex subset of H-(fl)x L2(Q). Therefore, it follows
by Lions [1] that the problem

(3.15) inf {J(v, z): (V, z) e Xad}

has a unique solution (u,y)Xad where J(v,z) is defined by (1.6).
THEOREM 3.2. If 0ad has a nonempty interior, then the optimal couple (u, y) is

characterized by the solution (u, y, p) of the following system:

Oy/m(t) Ay_f inQ,
at

(3.16)
_Op/m(t) Ap=y_zd inQ,

ot

y=p=O on

(3.17) p(x, T)=0 in

y(0) u, p(0) H(I)),

(3.18) (ap(0)+ Nu[v--u)H-,>--O Vv O,d.

Remark 3.5. (i) If //,d H-(I) then (3.18) is similar to

Nu + Ap(0) 0.

(ii) If //,d {V H-’(I): [Iv VO[[H-’----< r} then

Ap(0) + NVo
r (of. Lions [3]).u- Vo-limp(o)/ NVoIIH-’

ProofofTheorem 3.2. Let Z be the set defined by (3.6) and for each e > 0 we define

2 1 210z+ -f +J(v,z)=J(v,z)+- m(t) Az IIz(O)- v
e Ot o e

where (v, z) ad X Z.
We can prove that there exists (u, y) in 0-ad X Z which is the unique solution of

the penalized problem:

J(u, y)=inf {L(v, z): (V, Z) aZ}.

Moreover, J (u, y) <= J(u, y) J(u, y), for all e > 0; hence there is Co> 0 such that

(3.19) ly lo<_-Co, Ilu ll,,-,<-_Co

(3.20) ---+ m(t) Ay-f <=x/-Co, Ily(O)-ull,,-,<-4-iCo.
Q
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Therefore, we can prove that

(u, y)->(u, y) strong in H-I()x LE(Q),
lim J(u, y)- J(u, y).
-0

On the other hand, since

J’(u,y).(v-u,z-y)>-O

we obtain:

(3.21) (y-za]z)o=(p
(3.22)

where

V(V, Z) E 0ad X Z,

(q + Nu v- u),-, >-O

hence, by (3.22), we obtain

(3.23) (q + Nue v- vO)H-’ >- -C1
Since

p=-- +m(t) Ay
elOt

and q {y(0)- u}.
E

Now, since 0ad has a nonempty interior, then there are r > 0, and Vo 0ad W
such that

Sr(/.)0) {V t H-’(12): IIv- 0ad.
Moreover there is Zoe L2(Q) such that (Vo, Zo)e Xaa (cf. Theorem 2.1).

Using (3.21), we obtain:

(y za lYe Zo)o + e [p[ + eiq}[-, (q u Vo).-’.

Adding (Nu u-Vo).-, to both sides of the above expression, we have by (3.19)
and (3.20):

Op
Ot

Nu + q
’lladV Vo- r

Nu + q .-’

we obtain by (3.23) C > 0 such that

(3.24) [[qlln-,_-<C Ve>O.

Estimates for {p}. By (3.21) and Remark 3.1 we obtain:

--+m(t) Ap=y--Zd in’(Q),

p=0 onE,
p(T)=0 inl),

p(0) A-q (hence p(0)e H(f)).

We consider the interval [0, To-3] in which m(t)> 0; then (cf. Lions and Magenes
[5]) p belongs to L2(0, To-3; Ho(a)), p’, belongs to L2(0, To-3; L:(O)). Moreover,

oz )-+m(t) Az +(qlz(O)).-, VzZ,
Q
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d

" d-tlP(t)12+m(t)iip(t)lll-i--(za-ylp)Q, O<t<To-,3;

hence by (3.19) and (3.24) there is C > 0 such that

(3.25) [IpllL2O, ro;t2a))<--C re>0.

In the same way, if we consider the inteal To+ 6, T], since m(t) < 0, To + 6
T, and p, (T)= 0, then there exists C > 0 such that

(3.26) p II<o, ; <o)) c re>0.

Therefore, by (3.24), (3.25) and (3.26), there are p in L2(Q), q in H-l(fl) and
subsequences also denoted by {p} and {q} such that

p p weak in L2(Q),

q q weak in H-().
Passing to the limit in (3.21) and (3.22), we have

(+m(t)z) +(qlz(0))-, zZ,(3.27) (y--Zd[Z)o= p
Ot 0

(3.28) (q+Nulv--u)H-,O Vaa.
By (3.27) we have (3.16)2, (3.17) and (3.17)2; by Remark 3.1 and (3.28) we have

(3.17)3 and (3.18).
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INVARIANCE OF THE REACHABLE SET UNDER
NONLINEAR PERTURBATIONS*
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(*)

Abstract. For the abstract controlled Volterra equation

x(t)=(t)+ O(t,s)[ck(s,x(s))+B(s)v(s)]ds

on [0, T], we consider the reachable set , := {x(T): (.) for some vs }. Viewing b(.,. as a nonlinear
perturbation of an otherwise linear control problem, conditions are obtained under which Yfo for a
suitable class of such nonlinear perturbations b whenever the linear problem is known to have a reachable
set invariant under affine perturbations: b(., g . The results generalize those obtained by Naito [7]
for control of the heat equation.

Key words, reachable, nonlinear, perturbation, control system, semigroup, fixed point

AMS(MOS) subject classifications. 93B05, 93C10, 93C25

1. Introduction. We consider a linear control system governed by an equation of
the form

(1.1) : + Ax f+ Bv, x(O) O.

Here x(. is to take values in a Banach space and v is //’-valued with, say, B: o//.__> .
It is now standard that such abstract ODEs can be used to model distributed parameter
systems corresponding to partial differential equations (e.g. wave and diffusion
equations) and to equations with delay, etc. We do not require that A, B be independent
of so the "variation of parameters" formulation leads to an integral equation of the
form

(1.2) x(t)= O(t,s)[f(s)+B(s)v(s)]ds+O(t,O)xo,

involving the transition operators (impulse response function)

(1.3) O(t,s)’-> for 0_--<s--< t=< T.

(Here we have arbitrarily fixed the terminal time T. Note that in certain circumstances
one knows [10] that the reachable set is independent of T.) Without further reference
(for awhile) to the abstract ODE (1.1) except for motivation, we take (1.2)--with
suitable hypotheses regarding the family of operators in (1.3)---as defining the system.
In this context x(. is referred to as a mild solution of (1.1). The theory, especially for
the autonomous case {(t, s)=0o(t-s)} Co semigroup on , has been extensively
treated; cf., e.g., [5] and references there.

As v ranges over a space 3 of admissible control functions, we denote the corre-
sponding solutions of (1.2) by Xo(’; v). The reachable set is then

(1.4) fo := {Xo( T; v)" v e }.

In writing (1.4) we have suppressed explicit indication of the dependence of ’f0 on
the terminal time T and on the operators ,, B. More to the point is that (1.4) does

* Received by the editors January 13, 1985; accepted for publication (in revised form) May 27, 1986.
This work was supported in part by Air Force Office of Scientific Research grant AFOSR-82-0271.

f Department of Mathematics, University of Maryland Baltimore County, Catonsville, Maryland 21228.
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not indicate any dependence of Y{’0 on the (fixed) function f appearing in (1.1), (1.2)
since our present concern is with the effect of perturbing (1.1), (1.2) by replacing f
with f=f+g. This will be an affine perturbation of the problem if g is a fixed
function--say, drawn from a function space mbut becomes more interesting if we
consider nonlinear perturbations of the form

(1.5) g(t):=_ (t,x(t)),_
f=f+g=f+d(’,x)

so that (1.2) is now an integral equation of second kind:

(1.6) x(t)=g(t)+ O(t,s)[b(s,x(s))+B(s)v(s)] as

where g(. is the (fixed) solution of (1.2) with v 0.
We now take (1.6) as defining the dynamics under suitable conditions to ensure

the existence of solutions x=x6(.; v) of (1.6) for v23. The principal result of this
paper is that the reachable set

(1.7) Y{’6 := {x6(T; v): v3}

is invariant: Y’6 Y’o for b in a suitable class of nonlinear perturbations, provided, B, 2 are such that the reachable set is known a priori to be invariant under affine
perturbations b =g , already a fairly strong controllability hypothesis.

It is convenient at this point to introduce two relevant mappings, one linear and
one nonlinear. We first define the linear mapping

(1.8) T" g-- 0( T, s)g(s) as

so that for the affine case one has

(1.9) Xg( T; v):= (T) +T(g + By).

(Note that, hopefully without introducing confusion, we have continued to use the
letter B also to denote the multiplication operator: v(.)B(. )v(. acting on v 2.)
Next, supposing we have a unique solution x6(. ;v) of (1.6) for (every) v 2, we
define the nonlinear mappings , G by

(1.10)
’l"x 6( x( )),

G G4," v-> G4,(" v):= b(’, x6(" v)) x6.
Inserting this in (1.6) gives

so

(1.11)

xe,(t; v) =.(t)+ O(t,s)[G,(s; v)+B(s)v(s)] as

xq,(T; v)= (T)+T[Gev+Bv].
Let us consider now the controllability hypothesis that the reachable set is invariant

under affine perturbations by g --i.e., that Y{’g Y{o for g . To have Y{’o means
that : (T)+TBvo for some Vo 3. Comparing this with (1.9), we see that to have
sc Y{g we must find v 2 such that : g(T) +Tg +TBv so, taking the difference and
using the linearity of T, B, one must have

(1.12) T(g+Bw) =0
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for some w (v Vo) 3. We impose the hypothesis
(Ho). (i) T’ and TB" 3- are continuous,

(ii) For each g ,q there exists w 3 such that TBw =-Tg, i.e., (1.12).
Clearly this implies that 3’Cg ’’o for each g ,q--and also conversely, since
leads to the same condition (1.12) to have : ’Co. Hence (Ho)(ii) is equivalent to
invariance of the reachable set under affine perturbations from

(H). ’’g is independent of g for g
This condition (Ho) does not involve any nonlinearity but only the relation between
,q and B, given which defined T. Indeed, in view of the linearity of T we may
equivalently write (Ho)(ii) in the form

(H). T()cT(B) :7{0.
Suppose now, that , are given such that (Ho) holds. We wish to obtain a class

of nonlinearities such that
(H). G=G’,’-"q for each b,

i.e., for each tb we wish to know that the integral equation (1.6) has a solution
x(.; v) for each v 3 and that the substitution (1.10) then gives a function g := G(v)
which is in ,q. Our object is an invariance result generalizing (H)" that

(.) ’c is independent of b for b

or, equivalently since we assume 0 , that 3’c ’’o for 4 . Note that if we fix
tb and sc 3’’o as earlier, then (H), (Ho) give a composed map

(1.13) ff,--g:=G(vo+ff),q--w giving (1.12).

Existence of a fixpoint for the map (1.13) would show sc Y’. This, for each
would show Y{+ 3’{o; the converse, that Ytc+ c 3’Co, follows easily from (Ho), (H). Our
strategy, then, is to impose suitable hypotheses under which (1.13) can be shown to
admit applicability of the Schauder Fixpoint theorem.

This paper is very much in the line of the "fixpoint theory approach to nonlinear
controllability" for which see, e.g., [3] and the references therein. While most work
along these lines has been intended to show (approximate) controllability to the entire
state space, the considerations here have been stimulated by the original results [7] of
Naito, introducing the problem of invariance of the exactly reachable set o under
various perturbations. In [7], Naito introduced the hypothesis (Ho) in the context of
a parabolic equation such as

)=Ax+b+Bv on2:=(0, T)xf,l)’,
(1.14)

x=0 on X:=(0, T)x0,

showing invariance of the reachable set for b’[ N uniformly bounded and uniformly
Lipschitzian in (the pointwise values of) x on 2. His argument immediately applies
to (1.1) with -A generating a Co semigroup O(t-s) of compact operators on T and
autonomous bounded B" V so also B" 3 :- L2([0, T] V) L2([0, T] ) =:
The hypothesis (Ho) is then taken as a condition on B.

Our objective here, accepting the formulation in terms of the controllability
hypothesis (Ho), is to generalize the abstract setting and to weaken the hypotheses of
[7]. In particular, we seek results such that

At this point, of course, (1.13) is not a well-determined mapmeven accepting (Ho), (H)--since (1.12)
does not, in general, uniquely determine w. However Lemma 2 will resolve this by asserting the existence
of a continuous operator C" g w’q .
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A, B need not be autonomous (so the transition operator O(t, s) need not be a
semigroup);

O(t, s) need not be compact: some compactness is needed for the general approach
but we explore alternate ways of obtaining this which may, e.g., permit applications
to hyperbolic equations;

B need not be bounded (so we may consider, e.g., boundary control);
The nonlinearity b need not be bounded in range and may not be Lipschitzian

(or may involve a Lipschitz condition with respect to a different norm so, e.g., in (1.14)
one might take b b(t, x, Vx)). One might also consider b spatially nonlocal so one
could treat

(1.15) 4)’[0, T] x,
with, for example, , spaces of functions on 1) and [x](t, w):= d(t,x(t, .))(to);
see 5, Remark 3.

A summary of the set of (abstract) results obtained is given by Theorem 3. Some
remarks as to possible contexts (in which various hypotheses might be verified) are
presented in 5 although, so far, little can be said about verifiability of (H0) in the
most interesting case: ’’o # . For the moment, the hope for positive results (of some
substantial generality) along these lines is a proposal for continued investigation.
Another proposal would be for a comparable investigation of possible invariance of
the approximately reachable set ’o (closure in ) with (H) replaced by T()c ;7{0
and with suitable conditions imposed on the nonlinearity

2. Continuity and the control map. Since we are defining a reachable set by
evaluating the solution x(. of (1.2) or (1.6) at T, we wish to consider as part of
the definition of a solution that

(2.1) x(.)3:=C([O, T] --> )
so point evaluation makes sense. We assume directly that Y, but must impose
conditions on , B and , 3 which ensure -continuity in for the integral. For
simplicity we will only consider , 2 of the form:

(2.) := ([0, r]- ), := ’([0, r]-
for suitable p, p’(1 <p, p’<) and separable Banach spaces r, V. (Obviously, for
consistency one must take and o to be spaces of the same kind of objects. For
example, one might have c or, perhaps, have := L2([I) and =span {Zl," , z,}
with each Zk Ll(fl) for some ll c R’; see Remark 3.) We will assume

(2.3) (i) 3, (.,. ), B(. are .suitably measurable,

(ii) [gg(t,s)[_,<=p(t-s) with pLq+(o, T)(1/p+l/q=l),

(iii) I(t,s)B(s)l<-o(t-s) with p2L+’(0, T)(1/p’+l/q’=l),

(iv) IO(t, s)-O(r, s)lc_.se <- e, I[*(t, s)-,(r, s)]B(s)lv_. <_- e

for 0_-<s---r-e, r<t=r+h<=Twith e=e(h)-->O+ as h-0+.
Under these assumptions we will have the desired continuity.
LEMMA 1. Assume (2.3) and the form (2.2) for , . Then the linear operator S

given by

(2.4) [Sg](t) := O(t, s)g(s) ds

is well defined and continuous from to . Further, for g in a bounded subset of one
has a uniform modulus of continuity (depending only on (2.3) and the bound on Ilgll,q)
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for Sg. Similarly, SB is continuous from to , again with a uniform modulus of
continuity (depending only on (2.3) and a bound on Ilvll) for SBv.

Proof Setting y := Sg for g , we have
r+h

ly(t)-y(r)l<= ](t,

d-

+ IO(.t, s)-,(r, s)[lg(s)[ ds

with e e(h), p as in (2.3). (Note: for t<e(h) one replaces (r-e) by 0.) Taking
r 0 and 0 < h T, one obtains

Since e 0 as h - 0, one has an estimate for the modulus of continuity as desired. The
estimates for SB: - are essentially the same.

Note that T, as given by (1.8), is just S followed by evaluation at T so continuity
orS: - and ofSB: immediately give continuity ofT:
i.e., (Ho)(i). With this in hand, we make the following obseation.
LMM 2. Assume (Ho). en there exists a continuous control map C: of

linear growth

(2.5) TBCg+Tg 0, Cga[]g] for
for some fixed > O. (If := (TB) admits a closed complement in , e.g., ff is a
Hilbert space, then one may take C to be linear.)

Proof As TB is continuous by (Ho)(i), its nullspace is closed so we may consider
the quotient space o := /. It is standard that TB factors through the canonical
projection P" o so one has a continuous linear injection To" o" with TB ToP.
In this context (Ho)(ii) gives existence, for each g , of := Pwo such that
Tg =-TBw =-To and this is unique by the injectivity of To. Thus, there is a
well-defined map Co:o:g such that Tg+ToCog=O; clearly Co is linear.
Introducing the continuous linear operator

L: x o-:[g,](Tg +To),
we see that the closed subspace (L)c x o is just the graph of Co. The Closed
Graph theorem thusgives continuity of Co: o. (If admits a complement in
we can identify/with this complementcall it oc and sotake C Co linear.)
At this point, the Michael Selection theorem (cf. [6, Thm. 7.2]) gives a continuous
F’o- (a right inverse of the open surjection P) with [[F(w)[[a[w[}o, where
A > 1 was arbitrary. We take C:- to be the composition F-Co:-o" and
have (2.5) with a A ]ICon[. (Remark: When C is permitted to be nonlinear we note
that uniform continuity is not asseed and, in paicular, (2.5) gives linear growth but
not a Lipschitz condition.)

3. Nonlinear perturbation. Our next .goal is the introduction of a class of
nonlinearities for which (H) can be verified. Indeed, we will want to impose conditions
on $ enabling us also to verify the hypothesis

(H). For each v consider the map Wo: wG(vo+ w); then there is a ball
(depending on Vo , $ , etc.) in which is invariant under W := CWo.
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Note that we have separated out (H2) for convenience of exposition but it is only
meaningful in the context of (Ho), (H1) which, e.g., ensure the continuity of Wo"
and that C is defined as in (2.5). The map W is, of course, as in (1.13); compare
footnote 1. We also state one final hypothesis:

(Ha). The map Wo" w--G6(v0+ w) is compact from to for each Vo
The hypotheses (Ho)-(H3) are, of course, to be used for application of the Schauder
Fixpoint theorem in proving Theorem 1 below. Following that proof, we consider
specific assumptions leading to verification of (H1)-(H2); discussion of alternative
approaches to the compactness in (Ha) is the content of the next section.

THEOREM 1. Let (.,. ), B(. ), , , be such that (Ho)-(H3) holdfor each
Then the reachable set ’f := {.x4,( T; v)" v }, defined by (1.6), is independent of qb
i.e., ’f6 ’fo.

Proof. The argument is as indicated in 1. Given b , for any o we have
Vo such that s xo(T; Vo)= (T)+TBvo. With this (k, Vo we have Wo, W defined
and continuous by Lemmas 1 and 2, using (Ho), (H). By (H2), (n3), then, the set

!. := [closed convex hull of W; ! as in (H2)]
is compact, convex, and invariant under W; we now redefine W to be its restriction
to !.. The Schauder Fixpoint theorem then applies to give a fixpoint ; set
: := x6 (. 3), and ff := (b G63. The definition gives

(T) (T) + Tff +TB( Vo+ )
(:(T) +TBvo) + (Tff +TB).

Since W CG, Vo+ ) C, the definition ofC gives Tff +TB 0 so x T; 3)
(T) (T) +TBvo . Thus, : fo implies : ’f so fo :f,. Conversely, for any
: X, we have v 3 for which

=xc,(T; v)=(T)+Tg+TBv with g:=G,v.
Now let Wo correspond to g as in (Ho), e.g., Wo := Cg. Then Tg +TBwo 0 so, setting
Vo := v- Wo, we have

Xo( T; Vo) (T) +TBvo
(:(T) +Tg +TBv) (Tg +Tnwo)

=:-0=5
Thus, ’f implies ’fo so ’o. This, for each 4) , shows the desired
invarianee of the reachable set under these quasilinear perturbations.

We will devote the remainder of this section to providing a set of conditions on
4) (i.e. part of the specification of ) under which (H), (H2) can be verified. The next
section will then consider possible approaches leading to verification ofthe compactness
assumption of the theorem.

To obtain somewhat greater generality than otherwise, introduce yet another
Banach space and consider (1.5) as an integral equation for -valued functions.
(Obviously, for consistency and must be spaces of the same kind of objects but,
perhaps, with different norms. For example, one might consider := L:(gI) and

:= H(II) for some region 1 Rm.)
For each ( s we will assume

(3.1) 4)’[0, T] -> satisfies Carathodory conditions and a growth

condition Ida(s, v)l--< a(s)+lVl (s )
where ’ is as in (2.2) and a L+(0, T), 0=< r < 1. With this r we set

(3.2) 0 := L’([0, T] --) )
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with/5 := rp; with no loss of generality we may assume r in (3.1) gives </ < p < o.
We will use an exponentially weighted norm

(3.3) Ily(’)ll:- le-"y(t)l at

with the value of the parameter/z -> 0 to be specified later. By Krasnoselski’s theorem
(of., e.g., [2]) one then has

(3.4) 4’y-4(.,y(.)) is continuous from 9 into , taking bounded sets to
bounded sets with

We next consider conditions along the lines of (2.3):

(3.5) (i)

(ii)

(iii)

Io(t, s)l:z_,, _--< t51(t s) for some tS L(0, T), where
1/(t + 1/p =< 1 + 1// (e.g. t 1 since/ < p),

I(t,s)ll(s)l._,,<-p(t-s) for some p2s L+(0, T), where
1/l’+ l/p’<- + l/p

with a Lipschitz condition of the form

(3.6) I(t, s)[(s,,)-(s,,’)]l-<p(t-s)ln-,’l for some t53 e L+(0, T).

THEOREM 2. Assume (Ho), suppose satisfies (3.1) giving (3.4), and assume (3.5),
(3.6). Then (1.6) has a (unique) solution x,(., v)e.Og foreach ve and (H), (H2)
hold.

Proof We choose/z-> 0 large enough so that

(3.7) Ile-"llc =: 0 < 1

and use this to define the norm in (3.3). Define a map F=Fv’y--F(y, v) by the
right-hand side of (1.6):

(3.8)
Fy := + SOy + SBv =: F(y, v), i.e.,

[F,,y](t):=(t)+ O(t,s)[4(s,y(s))+B(s)v(s)]ds.

Clearly a fixpoint of Fv is a solution of the integral equation (1.6). The form of the
hypotheses permits us to use convolution estimates and we recall (of., e.g., [8, p. 106])
that convolutions f, g satisfy

(3.9) IIf* gll--<-cllfll-’llgll,-" (note the fixed support [0, T])
,,itfor 1 <r, r’, <oo and 1/r>-l/r’+l/r"-l.

The estimates which show contractivity of Fo with respect to (3.3) and then estimate
the fixpoint x,(.; v) are fairly standard consequences of the hypotheses. We have

e-"’ I[Fy](t)l <--I e-"’(t)l /[ * //; * r _. J2 * IV( )]w](t)
where
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Hence

Fy , + C P L (11 ,, + y + C fi2 )
so Fv "--> ) and any fixpoint y x(.; v) must satisfy

(3.10) IIx(.;
since r < 1. Using,(3.6), (3.7), (3.9) gives

(3.11) IIF(y, v)- F(y’,

where c is the L’-norm of 2. With v=v’ this gives contractivity so x(.; v) is
well-defined in ) for each v . From (3.4) with y := x(.; v) we have Gv := q(., y)
3 with

(3.12) IIGvll,- (llvll) uniformly in q satisfying (3.4)-(3.6) and, noting (Ho)(i),
we have x (r, v) g as well. Now o factors as

Wo" wx(. Vo+ w)=: yq(. Y)"-93,
with the first map (Lipschitz) continuous by (3.11) and the second map continuous
by (3.4). This gives (H). Using Lemma 2 and combining (3.12) with (2.7), we have

(3.13) IlWv I1--< IIGv I1-- V(ll v II,i).
Since r < 1, this clearly gives (H).

Remark 1. We note from Theorems and 2 that the original space 3 plays little
role except, in terms of -continuity just at the terminal time T, to justify the considera-
tion (and boundedness) of the maps T, TB in (Ho)(i) so as to permit applicability of
Lemma 2.

Let us now write g for the solution map of (1.6) so

(3.14) g" v-x(. v)" --> .
The principal concern of the proof of Theorem 2 was to show that S is well defined
and uniformly Lipschitz continuous for 4 satisfying (3.4)-(3.6). As noted, W factors as

->v:= vo+ -->y:= xe,(.; v)-->g:= dp(.; y)=G4,v->w:=Cg
g 4, c(3.15)

3 3---
SB S

Other than to validate our original notion of solution for (1.6), one could omit direct
reference to (Ho)(i) in the hypotheses for Theorem 2.

4. Comlmctness. Our object, in this section, is to indicate some approachesmi.e.,
alternative conditions supplementary to those considered in proving Theorems 2 and
3mleading to verification of the compactness hypothesis (Ha). We will provide three
such approaches: the first, using the Arzela-Ascoli theorem, imposes the strongest
conditions on b and returns to the interpretation of solutions of (1.6) as continuous
-valued functions, while the second and third, using the Aubin Compactness theorem
1], return to the differential equation (1.1) with f=g-G(v). Each approach, then,

limits the generality of the setting of the last section for existence/continuity.
We recall, before proceeding directly with the approaches to showing compactness

of the map Wo, a compactness argument from [10].
LEMMA 3. Let F x 3 (with complete metric) and suppose

(4.1) (i) F is uniformly contractive on 9, i.e., for some 0 < 1

d:(F(y, w), F(y’, w)) <- Odr:(y, y’) (y, y’ , w 3);
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(ii) For every compact set 9A in 9 the set
F(gA, ) := {F(y, w)" y , w } is precompact in .

Then the set offixpoints :={y : y F(y, w) for some w }) is precompact

Proof. See 10] for details, but we sketch the argument here. For any choice of
yo , set o := {Yo} and, recursively, let 9gk+l be the closure of the set F(gAk, ) so,
by (ii), each k is compact. Using (i) to obtain the standard estimate of the Contractive
Mapping Principle, one sees that is uniformly approximable within e/2 by some
k and, by compactness, this 9gk has a finite cover by (e/2)-balls. Hence has a
finite cover by e-balls for each e > 0 so is precompact. 71

We now proceed to discuss approaches to the verification of the compactness
hypothesis (H3) used in Theorem 1.

Approach 1. In contrast to Remark 1, concerning existence, the space .3 plays a
key role in this approach. We assume the continuity of S, SB as in Lemma 1 and that
(1.6) has a unique solution x(.; v) 3 for.each v in with {x(.; v)} bounded n
3 for v bounded in ; for this approach we may well be using the argument of
Theorem 2 with, say, . Now impose an additional condition Comparable to(3.1)
but with a hypothesis of compact embedding:

(4.2) For some space such that ’--> is a compact embedding, assume
:[0, T] x --> satisfies Carath6odory conditions and a condition:

Ida(s, )le <= aM(s) for : with < M

where, for each M R+, one has aM LP+(O, T).

This suffices to ensure compactness of W0mwe argue as follows: For v in a bounded
subset of we have {x,( v)} in a bounded subset of3 C([0, T]--> ) by assumption
and, from Lemma 1, equicontinuous from [0, T] to T. By the Arzela-Ascoli theorem
this gives {y ={x6(.; v)} in a compact,,subset of := C([0, T]-> ) whence in a com-
pact subset of, e.g., := LP([0, T]-’> c). Boundedness in gives some bound M on

for the relevant application of the inequality in (4.2) so Krasnoselski’s theorem
gives continuity of the map

y-->b(., y)" {yES’p" [y(t)l<- M on [0, T]}->-,.

Thus, for v in a bounded subset of one has {b(., x6(. ;v))= G6v)) in a compact
subset of q, i.e., Wo is compact. We note that this approach imposes no compactness
condition involving the transition operators (.,.). 71

Approach 2. For this approach we return to the differential equation so

(4.3) =Bv+(’,x)-Ax, x(O)=xo.

While our earlier interpretation treated A, B as (possibly) unbounded operators, we
now impose the extremely weak assumption that there is some space such that (with
</, 4<o; 1//+1/= 1)

(4.4) (i) o, o,
(ii) ]A( t)[ ._, ff ---a(t), a L’i(0, T)(1/c + lip < 1),

(iii) [B(t)[ v_,o _-</3 (t), /3 L’(0, T)(1/4’+l/p’<l).

Then (4.3), (4.4) give

(4.5) Bounds on x in 9: L([0, T] ), on v in , and on g:= 4,(’, x) in Y give
a bound on in LP([0, T]-> ).
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Suppose, then, we were to assume, as for Theorem 2, that satisfies (3.1), (3.5), (3.6).
The proof of Theorem 2 then gives, for v in any bounded subset of

(i) the existence of a solution x= x,(.; v)e for each v,
(ii) bounds, as for (4.5) on x e , g := $(., x)e ; hence also on

Now impose an additional condition supplementing (3.1) but with a hypothesis of
compact embedding:

(4.6) For some space such that @,-* 0 is a compact embedding, assume
d," [0, T] x @- e satisfies Carath6odory conditions and a growth condition

with r as in (3.1) and a L+(0, T).

By the Aubin Compactness theorem [1] we have, using (4.5) and the bound on
{x---x,(.; v)} in for v in a bounded subset c 3, that {x,(.; v)} is in a compact
subset of := LP([0, TJ 0). Using (4.6), Krasnoselski’s theorem (compare (3,4))
gives continuity of. : . Thus, combining these, we have {(.; x,(,, v))
in a compact subset of . Under these hypotheses also, then, we have shown that the
map Wo is compact.

For this approach also, note that the supplementary hypotheses (4.4), (4.6) did
not impose any compactness condition involving t(., .).

Approach 3. This really will split into two related approaches, using Lemma 3.
For the first of these, as for the previous approach, we will assume (4.3), (4.4) to obtain
(4.5) so that the Aubin theorem will be applicable. The supplementary hypothesis to
be imposed will no longer involve $ but, rather, will be a strengthening of (3.5)(iii).
Thus, we assume that (3.1), (3.5), (3.6) hold, with (3,5)(iii) replaced by

(4.7) IO(t,s)B(s)[_,,<-_2(t-s) for some 2 Lf(0, T) with 1/4’+1/p’<-1+1/
and some @ such that , o is a compact embedding.

We wish to employ Lemma 3 to show that, for v = (bounded in ), one has
{x x, (. v)} =: precompact in ). The map F under consideration here is, of course,
that defined by (3.8), for which (4.1)(i) is already known from the proof of Theorem
2; we need only use (4.7) and the Aubin theorem to demonstrate (4.1)(ii).

Suppose, then, we were to have v and y (compact in 9). By (3.4) we
would have gA compact in so SgA compact in ). Hence, it will suffice to show
that (4.7) ensures compactness for the linear map SB: --> 9, whence we have precom-
pactness of the set SB and so also of F(, ) S+SB+ g. We note that SB is
just the solution operator for the differential equation

(4.8) )= -Ay + By, y(0) =0,

i.e., (4.3) without $ and with x0=0. We next show that (4.7) makes SB:3-->
continuous. The estimate is like the one we used in the proof of Theorem 2 to obtain
(3.10), although we do need to consider the exponential weight factor here:

y(t):=[SBv](t):= O(t,s)B(s)v(s) ds,

ly(t).l =(t--s)l(s)lds=[=*lol](t),
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For v s 3 we have thus bounded {y SBv} in and, using (4.8), (4.4) as in (4.5), have
a bound on {3’ySB}=: .’ in . Thus, applying the Aubin theorem [1] gives
precompactness of SB3 in 9 and so applicability of Lemma 3 to give precompactness
in g) of , S3. This shows the map S is compact and so Wo: wbS(w+vo) is
compact as desired.

Within the same context we also note the sufficiency of a somewhat different
supplementary hypothesis: instead of replacing (3.5)(iii) by the stronger version (4.7),
we now retain (3.5) unchanged and supplement it by a compactness condition on the
transition operator ( .,. ):

(4.9) For some 0 such that o,..> 0 is a compact embedding, assume that for 8 > 0
one has

I,(t, t-- )l-., > M( =< t=< T).

We show that this too gives compactness of the operator SB:--> 9 and so gives
applicability of Lemma 3 as above. Now, given (3.5)(iii) we have a bound on SB: --> 9.
Thus, for v bounded in , we have a bound on := {y := SBv} in 9 and, as in (4.5),
a bound on " ={)} in 9. Using the Aubin theorem again, this gives compactness in

:= LP([0, T] --> ) for. Note that in the context of (4.3), (4.8) we expect the transition
operator to satisfy the "causality condition"

(4.10) (t,r)(r,s)=(t,s) (O<_-_s<=r<=t<=T).

If we define D y y for 8 > 0 by setting

0, t
(4.11) y(t):=

(t,

then ly(t)l-< Mly(t-)l and D" --> 9 is continuous whence D is compact in
9 for each 8 > 0. Note that (4.10) gives, for 8-< t_-< T,

y(t)=O(t, t-t) O(t-8, s)B(s)v(s) ds

so using (3.5)(iii) gives

ll(t, s)B(s)v(s) ds, 8<t<T

ly(t)- y(t)l O(t, s)B(s)v(s) ds
t--6

where t52.a is the restriction of t52 to [0, 8]. Thus, using (3,9),

(4.12) IlY Y II =< C c’<o.)II o11:
As in the argument for Lemma 3, this permits us to show precompactness of in 9
by finding a finite covering by e-balls: choosing 8 small enough, one can make I1 =, 11
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as small as desired so each y is within e/2 of y D for 0 < t -< 8 (e) while the
compactness of D@ permits finding a finite covering of D@ by (e/2)-balls. Thus

:= SB3 is precompact in g) for bounded in 8 and, as above, this implies (4.1)(ii)
for such 3 and applicability of Lemma 3, etc. Once again we have demonstrated the
compactness of Wo. I-]

Remark 2. In Approach 3 the Lipschitz condition (3.6) was used to obtain the
contractivity condition (4.1)(i), which, in turn, was needed both to show existence in

of solutions of (4.3) and also for application of Lemma 3 to obtain compactness.
In the first two approaches the compactness was obtained without appeal to (4.1)(i)
and, indeed, it is possible there to omit (3.6) as a hypothesis while still retaining the
final conclusion: invariance of the reachable set (’ o).

Note that showing 27/"6 c ’(o used no property of b except that ." 9--> but to
prove ’{o C 7( required an analysis of properties of Wo. Note that all the estimates
used to show (3.13)--hence, to determine an invariant ball - for W--depend2

on Vo, on g, on the a,/3 and r of (3.1) or (4.6), and on t51, #32 in (3.5.). The choice of
ff3 in (3.6) did not enter into (3.13). Indeed, for Approaches 1 and 2 the Lipschitz
condition (3.6) plays a role only in ensuring that (1.6) does have a solution in 9 for
each v (so S, is well defined) and in showing that S, is continuous. We now
intend to dispense with a direct analysis of S,.

Suppose, then, we were to be given (Ho), (2.3) and (3.5) with o together with
a function b satisfying (3.1) and (4.2) but not (3.6). Now let . be the set of all b
satisfying (3.1), (4.2) (with the same data" a,/3, r, a4) and also satisfying (3.6) with
some fixed choice of t53. Fixing Vo, we can find fixed sets (i.e., independent .of b .), ,, 3:q with bounded in 3, 3 compact in 3 := C([0, T]- ), and such that

for each b ,. Since we will only be interested in b(., x) for x in the compact set
3.v, we can approximate b by e , for which, say,

(4.14) I1(., x)- 6(., x)[[-<_ (x e 3.)).

Since each b is in , (so Theorem 2 applies and Approach 1 to compactness is
available) we may apply. Theorem 1 and have a fixpoint w e 3, of W=W (i.e.,
defined as above using b for Oh); let x be the corresponding solution of (1.6) and
let g := b(., x). We have x in the compact set 39 so, extracting a subsequence if
necessary, we have convergence: x--> x, in the sense of 3 for some x, e 3). Now,
setting g, := b(., x,), we have

Ilg g.[l -II bk(" Xk)-- (’,

The first term goes to 0 by (4.14) while Xk --> X, in 3 clearly gives Xk X. in ):=
LP([0, T]o ) and so, using (4.2) and Krasnoselski’s theorem to obtain continuity of
." 9- , the second term also goes to 0. Thus, gk -> g. in so Wk := Cgk "> Cg,-’: W.

Note that in using (4.2) in Approach we did not suggest that it replace (3.1) which, as observed
here, plays a key role in determining .

In view ofthe assumption (2.3)(ii), the approximation can be accomplished relatively straightforwardly.
The construction is rather cumbersome and we relegate it to the Appendix.
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by the continuity of C. But now we have

x- x, in

"k X "" Sgk + SB( Vo + Wk

->+Sg,+SB(vo+w,) in 3 (by Lemma 1)

+ $4,( , x,) + SB(vo+ w,).
Hence x, does indeed satisfy4 the limit equation: (1.6) using b itself. Finally, since
w, Cg, it follows that x,(T)= (T) + [SBvo](T). As in, the proof of Theorem 1, this
suffices to show oc ’{ and so the invariance.

The argument is almost the same for situations in which one might apply Approach
2. Suppose, then, we are given the conclusions of Lemma 2, (3.5), (4.4) in the context
of a differential equatio.n (4.3) with a function satisfying (4.6) but not (3.6). Now
let , be the set of all 4’ satisfying (4.6) with the same a,/3, r and also satisfying (3.6)
with some choice of 2" As above, we find 3 (bounded in ), 3::, 3; such that
(4.13) holds for each in ,. Since the set 3 can be defined solely by the bounds
obtained from (4.6), (4.4), its compactness in 9 follows from Aubin’s theorem without
reference to the Lipschitz condition (3.6). Again, noting the compactness of 3--hence
the uniform continuity of on :mwe expect to approximate 4 on e; as in (4.14)
by a sequence {&k} in ,. The remainder of the argument continues as earlier: Taking
the fixpoints Wk 3 of W Wk given by using Approach 2 with Theorem 2 and the
proof ofTheorem 1, let Yk 3 be the cor.responding solutions and, noting compactness
of e in 9, assume Yk -> Y,. Now gk := (k( Yk) -> g, := (’, Y,) in and BYk :-" Cgk ->

w, := Cg, as earlier. It is now the continuity of S’.q and SB"- given by (3.5)
which gives

x, ,-- x --, + SO( ", x,) + SB(vo + w,)
and so the limit equation. Again this suffices to show ’fo f and so the desired
invariance. [3

At this point it seems useful to gather together the results we have obtained. Recall
that the basic setting is the abstract integral equation

(4.15) x(t)=(t)+ O(t,s)[dp(s,x(s))+B(s)v(s)] ds

or essentially equivalently, the differential equation

(4.16) :(t)=dp(t,x(t))+B(t)v(t)+A(t)x(t), x(O) Xo

for 0=< T. Without seeking the most general possible version of what has been
demonstrated in the previous sections, we consider:

(4.17) (i) Banach spaces., , Lr (of comparable elements) and 7/’;

(ii)

(iii)

Exponents 1 < p, p’,/ < c with/5 rp, r < 1;

3:= C([0, T] ), 9: L([O, Y]- ),
:= LP([0, T]- ), := LP’([0, T]

(iv) Operators O(t, s), B(s), measurable forgO_--< s-<t < T and with

O(t, ’r)O(’, s)=O(t, s);

Note that without the Lipschitz condition (3.6) we do not necessarily know the uniqueness of this
solution.
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(v) A function b :[0, T] x ad satisfying Carath6odory conditions
and a function e fl 9

and impose the conditions (2.3), (3.5), i.e.,

(4.18) (i) with p, L+(O, T)(1/q+ l/p= l),

(ii) with fi, L+(O, T)(1/+ l/p_ l + l/),

(iii) I*(t, s)B(s)l,._. p(t- s) with p2 L+’(O, T)(1/q’+ 1/p’= 1),

(iv) Io(t.s)B(s)l_..<-2(t-s) with 2Lf(0. T)
(1/Ft’+ l/p’<- l + l/p),

(v) ItV(t, s)-tV(t’, s)]B(s)l._. e

for 0 =< s -< t’ e, t’ < t’ + h _<- T with e e (h) 0+ as h - 0+.

Under the conditions (4.18)(i), (4.18)(iii), (4.18)(v) we showed (Lemma 2) existence
of continuous operators S: ,q 3, SB: 8 - 3 such that the solution of [: + Ax g + By,
x(0) =0] is given by x Sg + SBv, and of continuous operators T: ,q- , TB:8-
such that Tg := [Sg](T), TBv [SBv](T). In terms of these we make the underlying
assumption that

(Ho) (T)c (TB), i.e., for eachf ,q there exists v 3 such that T(g+ By) =0.
This is, of course, quite a strong controllability assumption, corresponding to the
invariance of the reachable set

Yfg := {x(T): x satisfies (4.15) for some v }

as g ranges over , i.e., taking

b(t, :):= g(t) for some g

We have treated (Ho) here as given a priori and did not attempt to investigate specific
situations for which it might be verifiable; see, however, Remark 3 in the next section.

THEOREM 3. Assume (4.17), (4.18) and assume that ck satisfies a growth condition:

(4.19) with aLP+(O, T), r<l,

and a Lipschitz condition"

(4.20) I.(t,s)[,(s, ,)-ck(s, ,’)]l,_-_3(t--s)ln-,’l, with/3L(0, T)

or, for Cases and 2 below, can be approximated as in Remark 2, (4.14) by {4k}
satisfying this condition. We consider four cases in the assumption regarding

Case 1. 0 @ (compact embedding) and (4.19) is supplemented by

(4.21) Ick(s, ,1)let<=aM(s) for

with aM LP+(0, T) for each M > 0.
Case 2. Consider (4.15) as equivalent to (4.16) with A, B as in (4.4) for some

(@,Z o); for (4.20) assume @ *d is a compact embedding.
Case 3. Consider (4.15) equivalent to (4.16) with A, B as in (4.4); require (4.20)

directly for b; taking @ @ (compact embedding) replace (4.18)(iv) by

(4.22) I.(t,s)B(s)lv_.,<-2(t-s) with/2L’(0, T) (1/Ft’+l/p’<=l+l/p).
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Case 4. Consider (4.15) equivalent to (4.16) with A, B as in (4,4); require (4.20)
directly for Ck taking (compact embedding) and assume

(4.23) I,(t, (zr<=t<: T)

for each e > 0 and some M.
Then if one has invariance of the reachable set under affine perturbations in ,

i.e., if

(4.24) For each g s there is some control v 8 such that

.( T, s)B(s)o(s) as = .( T, s)g(s) ds;

then one also has invariance of the reachable set (X, Xo) for the nonlinear perturba-
tion (4.15).

Proofi This merely summarizes the preceding discussions, l-I

5. Further remarks. In this section we supplement the rather abstract discussion
above by some remarks on possible settings in which various of the hypotheses can
be verified.

Remark 3. The most difficult of the hypotheses made is (Ho). Clearly, for any
case in which o is the entire state space ,’ this is immediate. The results obtained
are then very much along the main line of development of this fixed point approach
to nonlinear control,

An equally immediate verification is available if c B, say, if p’ =<p in (2.2)
and g c B//’. In this case, however, the final conclusion is equally immediate without
the machinery of this paper: given o with x’+ Ax BVo giving x(r) , we need
only take g := x } for this x and take w such that Bw = -g. Then v := Vo + w gives
+ Ax (., x)+ Bv with, of course, the same terminal value : since one has the

same solution x.
The only other situation for which, as of now, we can show how to verify (Ho)

involves of the form

(5.1) (t, /) :== k(t, t)Zk

where each Ck(t" is a scalar-valued functional, i.e., g =span {zl,’’ ", zn} is finite-
dimensional. If one were to have, e.g., an autonomous equation, so ( .,. is the
semigroup generated by -A, then requiring invariance of under A (hence under )
and that c Xo would be sufficient to ensure (Ho); note that exact nullcontrollability
for the linear problem would ensure g /’o. In particular, this method of verification
for (Ho) would apply for boundary control of the heat equation (see Remark 4 below)
if each Zk were an eigenfunction of [-A; BC]. Somewhat more generally, we may
consider any closed (e.g. finite-dimensional) subspace g, o and assume that g is
such that

(5.2) O(T,s)zeg. for ze, se(0, T).

The point is that (1.8) shows that (5,2) gives Tgeg. c Xo for each g e }, assuming
the integral converges (for which we need our other hypotheses), which gives (Hg). I-!

Remark 4. We next consider settings for which the hypotheses for Lemma 1 can
be verified.

The simplest case (compare [7]) would be to have ’ ,’ and , continuous on
the triangle {0-<_ s-< <= T} to be bounded operators on with B(" continuous on
[0, T] to bounded operators:
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The conditions (2.3) were designed to consider, e.g., such possibilities as the heat
equation with Lr "nastier" than L2(f). Slightly more generally,, take T:= L2(f) and
-A the generator of an analytic semigroup. If A is second order, then (A) H2(f)
to within consideration of boundary conditions. A standard estimation (cf., e.g., [5])
gives

(5.3) 1(
for := H-:(f). If we take tr< l/q:= l-l/p, then setting p1(7-) := Mz in (2.3)(ii)
gives

t-s+h

IO(t+h-s)-O(t-s)le_x A AO(r) dr

(5.4)
t-s+h

-<_ M z-(1+) dr <- Mht-1+’

got h > 0, s _-> > p. Thus, since tr < 1, we may take

(h):= h /2, e := max {tS, Mh-1+}

to have e- e(h)-O as h.0, giving the first part of (2.3)(iv). Similar considerations
apply to 0B.

Of particular interest, also, is the possibility of treating boundary control in this
framework. While some more general situations could be treated,, we take.A as above,
so the equation is an autonomous parabolic equation of the form

(5.5) + AoX (., x), Ix v.

Here I is a boundary operator and what corresponds to B is the effect of the control
v appearing in the boundary conditions on the evolution of x. We have written Ao in
(5.5) to indicate that specification ofthe domain (A) includes homogeneous boundary
conditions [BY 0]; Ao is the same (elliptic) differential operator "pointwise". We take
c J := L(); V will be a space of functions on 0f--say, L2(F) {functions in

L(Of) with support in F} for some choice of F c 0f. Assuming 0 is not an eigenvalue
of A, we define a Green’s operator D by

(5.6) D" " z" V with Aoz 0, Iz ’.
The important .point now is that standard trace and regularity theory for these elliptic
operators tells us (assuming 0f is smooth enough) that

(5.7) AD

where t := if I] is the Dirichlet trace and t if I] is (uniformly) of first order, e.g.,
the Neumann conditions.

We now use the fact that there is a variation of parameters formula corresponding
to (1.2), for this situationS:

(5.8.) x(t)=,(t,O)x(O)+ [,(t-s)b(s,x(s))+A-,(t-s)ADv(s)]ds.

See, e.g., [2] for this, but we sketch an’argument: In (5.5) write x y+ z with z:= Dv so )+ Ay b- .
An integration by parts of the variation of parameters formula for y leads to (5.8) since dO/dr AO=
A-OAO.
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This essentially replaces the previous use of [O(t, s)B(s)].by use of [Al-(t-s)]
[AD]. Noting (5.7), we can use the same kind of estimate IAXO(r)]= (--) as for
(5.3) above to verify the hypotheses. We will take 0 := (A) in (4.7)= (4.22) for our
"compactness hypothesis," noting that (A) H2() L2(f/) is a compact
embedding for e > 0.

Suppose we let I be the Dirichlet trace. If F is a large .enough part of 0f, it is
known that we have exact nullcontrollability whence, as in Remark 3, (Ho) is verifiable
for b as in (5.1) with zk eigenfunctions of A; in any case, assume that (Ho) holds.
Since ’=, we may take pl, 1 to be constant in (4.;18). We may take /92(7"):’-
Mz--’) in L’ with q’< (as cr<c?=J here so 1-cr>) corresponding to taking
p’> 4 for (2.2). For (4.22) with 0 H:(f/), we may take t52(’):= Mr--’+) and want
this to be in L’. Since we may choose any cr <-,. e > 0, this only requires q’> also
which means that there are essentially no new restrictions on p or p. While we cannot
simply apply Theorem 3 directly to this. boundary control setting, it is clear that the
discussion here can be viewed either as an interpretation of the theorem in that setting
or as indicating the requisite (minor) modifications of the arguments: either way we
now may take the theorem as applicable. We conclude that if we can verify the
Carath6odory and growth conditions on b and (Ho) for

:= L(ll) = ,
(5.9) := LP([0, T]- ), 1 <p <o,

= LP’([0, T] L(F)), 4<p’<oo,

then the perturbation by b .appearing in (5.5) does not. alter the exactly reachable set
/’o c associated with the linear boundary control problem.

The case for first order boundary control is similar. Now we have # so we can
have any q’ < 4 (corresponding to p’> ) by again taking P2 of the form Mr--’), since
now 1-o- can be arbitrarily close to ]. Similarly, we have q’< 4 and again there is no
new restriction on p, /. The situation is just as for (5.9) except that now we have
<p’< for

Remark 5. We turn finally to consideration of settings for which the hypotheses
of Theorem 2 can be verified.

The conditions (3.1)-(3.6), specifically the introduction of the space 0 as distin-
guished from , were formulated so as to permit consideration of such problems as, e.g.,

(5.10) -ax (.,.x, Vx)+v, x]. 0

on a suitable bounded region f/in m. Here, we might have c := L(f) but wish
to take := H()= (A/) to have some suitable kind of (Lipschitz) continuity for
the dependence of b on the state x. The point is that if we think of b b(., x, ) with
Lipschitz continuity and sublinear (power r) growth in the pair Ix, ], then this choice
of gives

(5.11)
I b( ", x, Vx)l <-- /  (Ixl / IVxl )

II-<c+/3’x

and, as in Remark 4, we use the standard semigroup estimate (for such analytic
semigroups)

(5.12)
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That is (5.12) corresponds to taking l(-)= M’r-/2 in (4.18)(ii) which is admissible
since, as we noted at (3.5)(ii), we can always take t 1. Note that if, e.g., we were to
take p p’= 2 then we would expect, according to Theorem 2, a solution in

xn= c(r0, T]-> L(O)) fl L([O, T]-> H(n)),

which is exactly the standard estimate obtainable by energy methods,e

Note that in writing (5.10) we do not necessarily assume that (.,.) is defined
as a Nemytsky operator pointwise spatially but admit possibilities along the lines of
(5.1) with the funetionals 4 t, uniformly continuous from , e.g., integral funetionals
over fl involving x, Vx suitably. Thus, the discussion of Remark 3 can contribute to
the verification of (Ho) for a problem of this sort. Alternatively, if one were to take

then one would require a very strong controllability assumption to have (Ho). El

Append|x. As promised in footnote 4, we wish to verify the possibility of
approximating 4 as in (4.14). In view of the assumption (2.3)(ii) and the setting
o, our task is to approximate 4 satisfying (3.1), (4.2) by such that

(A.1) (i) Jl4(.,x)-(.,x)ll.-3 for all xe3,,

(ii) [(x, ,)-(s, ,’)l_<-CIr/-r’l for all

Here it is given that , is compact in C([0, T]--> ) so we have x(s) for s[0, T],
x , for some compact set ; with no loss of generality, take convex. The
approximation is to be possible with > 0 in (A.1)(i) a.rbitrarily small; the Lipschitz
constant C in (A.1)(ii) will in general depend on b (i.e., on g,...). Note that
b’[0, T] x --> satisfies Carathodory conditions by (4.2) so, in particular, b(s, .)
is uniformly continuous on g/for a.e. s--there exists 8(e, s)-> 0 with

(A.2) (i) Ib(s, r/)-b(s, r/’)[_-<e for r/, r/’e, [r/-r/’lg_-<8(e,s),

(ii) measAe(g)0 as g->0, where S(g)=S(,, e) := {s:.,(e, s) < g}.

Since 6e(8) decreases with 8, (4.2) permits us to choose 8(e) such that the restriction
of b(.,x) to 5e() has -norm less than e for all (measurable) x’[0, T]->; set
SCc(g)=[O, T]\Ae(g). Now take a finite covering of by 8/4-balls with centers
{r/, ,, r/} in and set ’:= hull (r/, , r/). Let P be a Lipschitzian retraction
of to ’ such that Ir/-P(7)[-< g/2, possible as each point of is within g/4 of
’. We may assume ’ can be triangulated" partitioned into simplices {S)} with vertices
which may be taken from among {r/,. , r/}, introducing more vertices from ’ if
necessary, such that diarn S-_< 8/2. Now set

(A.3) o(S, r/,):= b(s, r/,) (n 1,. ., N’) and 4o(S," piecewise linear (the
"pieces" being the sirnplices S))

and then define

(s, rl):=(x,) for sAe(8e)_ (using any fixed in ’),
(h.4)

So(S, P(r/)) for s 5e(, e), r .
That is, multiply by x, use the Divergence Theorem, integrate over [0, t] and then apply the Gronwall

Inequality. (It would also be possible to take @:= H(f)f’l H2"(f) for any r<l since this would give
(r) M in L(0, T) but these methods do not give the result: x e L2([0, T]--, H2(I)) which is obtainable
for (5.10) by a slightly different energy method, multiplying by , etc.)
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One can uniformly bound the Lipschitz constants for 4o(S," on each simplex Sj in
view of the bound 1/g for {[b(sz r/,)[r} and the minimum separation of the (finitely
many) points {r/,}. Hence this b is uniformly Lipschitzian in the sense of (A.1)(ii).
To see (A.1)(i), suppose r/e and P(rl)Sj(j=j(rl)) where S has vertices {r/k}(n.
As It/- P( r/)[ =< g/2 and diam S <= g/2 we have It/- r/k [.=< gso (A.2)(i) gives [(s, r/)
to(S l’k)l--<e for s6e(8" e) and so [b(s, r/)-b(s, r/)l-<e since b(s, r/)e
hull {bo(S, r/k)}n by the piecewise linearity. Thus, by the choice of g,

II( " x)-( " x)ll,q 2e-I’[I[O,T]\S,,,(g,e
<-_ 2e + T1/Pe

which gives (A.1)(i) as e > 0 is arbitrary. I-I
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DUALITY. THEOREMS FOR AN OPTIMAL CONTROL
PROBLEM WITH A LINEAR UNBOUNDED OPERATOR*

H. DIETRICH,

Abstract. The present paper applies the duality theory of Fenchel and Rockafellar to problems of
optimal control with a linear operator-type equation and with a linear unbounded operator. If the linear
operator is everywhere densely defined and closed, we can prove duality theorems and conditions for
optimality. The results are applied to optimal control problems for systems with concentrated and distributed
parameters.

Key words, duality theory, optimal control theory
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1. Introduction and statement of the problem. Throughout this paper Bi, 1, 2,
3, will denote real reflexive Banach spaces with the dual spaces B*. As usual, (.,.)i
will denote the canonical pairing between B and B*, i= 1, 2, 3.

For the product space B1 x B2 B3 with the dual B* x B* x B3* we define the
canonical pairing by

<.,.) .,.) +<.,.)+(.,.).

Furthermore let R := R U {-} LI {+}.
Many papers use the duality theory of Fenchel and Rockafellar for investigation

of optimal control problems for distributed parameter systems (Lions [10], Ekeland
and Temam [5], Barbu and Precupanu [2], Heins and Mitter [7], Mackenroth [11],
[12], Mossino [13], Outrata [14]).

In the functional analytical description of such problems it is usual to choose the
corresponding spaces of functions, for example as Sobolev spaces, so that the differen-
tial operators are continuous on the whole space. It is known that various differential
operators can be unbounded. Under suitable assumptions on the unbounded operator
we can use the duality theory of Fenchel and Rockafellar for investigation of such
optimal control problems with an unbounded linear operator in the equation of state.
We consider the following primal problem (P) of optimal control with a linear
operator-type equation of state

(1.1) inf(P):=inf{G(y,u) Ay+Bu+f=O }yD(A)X, u U

where we let the cost function G 6 (B1 x B2--> R) be a real proper convex and lower
semicontinuous function; let X or U, respectively, be a nonempty closed and convex
set in B1 or B2; letf B3 be a given element; let B L(B:, B3) be a linear and continuous
operator on B: and let the linear unbounded operator A (B1--> B3) in B have an
everywhere dense domain D(A) = B.

*Received by the editors February 2, 1984; accepted for publication (in revised form) June 25, 1986.
fTechnische Hochschule Carl Schorlemmer, Leuna-Merseburg, Sektion Mathematik, Otto Nuschke

Stral3e, DDR 4200 Merseburg, East Germany.
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We assume that there exists an element (y, u)e (X f’l D(A))x U with (y,
dom G (the effective domain on the function G) and Ay+ Bu +f=0. Therefore for
problem (1.1) inf (P) < +oo is valid.

We interpret the variable y as variable of state, the variable u as variable of control.
The main objectives of this paper are the following:
(i) To present a dual problem by duality theory according to Fenchel and

Rockafellar’s formalism;
(ii) To show the duality relations and the necessary and sufficient conditions of

optimality if certain conditions are given for G, A, B, X and U;
(iii) To show a lower bound for inf (P) by means of the dual problem;
(iv) To show how the duality theory may be applied to certain control processes

described by linear ordinary and partial differential equations and to quadraticand
norm-minimal problems of optimal control.

This paper presents a new form of the dual problem different from works of Lions
[10], Mossino [13], Mackenroth [11], [12] and Outrata [14] and is a generalization of
known results on linear unbounded and closed operators A. This generalization is
founded on the paper by Rockafellar [15].

2. The dual problem (D) and the relations between (P) and (D). If the primal
minimization problem (1.1) is given, we consider a family of perturbed minimization
problems

(2.1) #(x, v, w)= inf F(y, u, x, v, w)
y,u

with

(2.2)

and

F(y, u, x, v, w)= G(y+x, u+v)+ 8((y, u, w)lK),xe B1, te B2, we B3

holds.
THEOREM 1. If A is a linear, everywheredensely defined and closed operator, the

dual problem (D) of (P) is

sup (D):= sup { (f, w*}3 G*(x*, v*) trx (-x* A’w*)

(2.3)
x* e BI*, v* e B2*)

-trv(-v*-B’w*)
w* e D(A*)

and sup (D) <= inf (P) is valid.
In formula (2.3) G* means the conjugate function of G, and A*, or B*, respectively,

means the adjoint operator of A, or B.

K ={(y, u, w) eBxB2xB3 Ay+Bu+f+W=Ou}.y e D(A) Cl X, u e

where 8(. IK) is the indicator function of K.
The initial problem (P) corresponds to the value (x, v, w)= (0, 0, 0). By means of

the theory of Rockafellar in [15] (see also Ekeland and Temam [5]) we can derive the
following dual problem (D) by introducing appropriate perturbations of (P) in (2.1)
and (2.2). In the sense of convex analysis we introduce the support function of the
sets X c B1 and U c B2 and we denote them by trx and trt:, where for example

trx(y*) sup (y*, Y)I
,yX,
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Proof. A simple calculation shows that the conjugate function F* of F from (2.2)
is of the form

F*(y*, u*, x*, v*, w*) -(f, w*)3 + G*(x* v*)- inf (u, v* u* + B’w*)2
uU

inf [(y, x*-y*)l +(Ay, w*)3].
yED(A)CIX

Since the linear unbounded operator A is an everywhere densely defined and closed
operator, it follows that

(2.4)
w*)3 + G*(x*, v*) + crx(-X* + y* A’w*)

F* + tru(-v* + u*- B’w*) if w* D(A*),
+ otherwise,

y*, x* B* u*, v* e B*2

inf (P) max (D)

is true.

Proof. We prove (i); then the proofof (ii) is analogous. We show the subdifferentia-
bility of tp(x, v, w) at (0, 0, 0) (see [15, Thms. 16, 17]). (x, v, w) defined by (2.1) is
proper convex. We have (x, v, w) <- G(A-Iw +A-(-B -f) + x, + v) =: g(x, v, w)
for every (x, v, w) V where V is a neighborhood of zero in B x BE x R(A). A is closed
and-A- is continuous, and this implies R(A)c B3 is a closed subspace of B3.

Since g(x, v, w) under the given assumptions is bounded above on a neighborhood
of (0, 0, 0) we have the subditierentiability of (x, v, w) at (0, 0, 0).

LEMMA 1. If one of the following conditions (i)-(iv) is valid, the primal problem
(P) possesses an optimal solution:

X and U are bounded.
(ii) G(y, u) is coercive on the set Ko, where

Ko={(y,u)B, xB21 Ay+Bu+f=O }yD(A)tqX, u U

(iii) U is a bounded set and for every u U we have Bu +f R(A). The operator
A-I is continuous on R(A).

and therefore we obtain (2.3) with sup (D) =< inf (P).
Remark I. The case A L(B, B3) is contained in Theorem 1.
Remark 2. If the operator A is not closed, duality gaps can occur, independent

of the properties of G, B, X and U. The following theorems show that for a closed
operator A and certain conditions on G, B, X and U duality relations are valid.

The dual problem (2.3) is a problem of optimization without restrictions if the
sets X and U are bounded. In contrast to recent papers, (2.3) does not contain the
adjoint equation to Ay + Bu +f 0 explicitly.

THEOREM 2. Let G(y, u) be bounded below and continuous at (, a). If one of the
following conditions (i) or (ii) is valid:

(i) There exists the inverse operator A- of A which is continuous on R(A) (the
range of A), for every u U we have Bu +f R(A); furthermore, there exist elements

D(A) f’) int X and U such that Ay +B+f 0 is valid.
(ii) The inverse operator B- of B is continuous on R(B), for every y D(A)fqX

we have Ay +f R B and there exist elements fie D(A f’I X and t int U such that
A+B+f 0 is valid. Then the duality relation
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(iv) X is a bounded set and for every ye D(A)(’IX we have Ay+fR(B). The
operator B- is continuous on R B).

The proof of this lemma follows from [5, Chap. II, Prop. 1.2]. In the following
we show the duality relation:

(2.5) min (P) sup (D).

THEOREM 3. If one of the following conditions is valid, the duality relation (2.5)
holds:

X and U are bounded sets.
(ii) There exists an element w* D(A*) with (-A’w*,-B’w*) int(dom G*).
(iii) The set U is bounded and there exists an element w* D(A*) such that

G*(y*, u*) is continuous relative to the variable y* in a neighborhood V(-A*w*) of the
element -A’w* and for any fixed element u*= v* B’E, where (y*, v*) dora G* with
y* V(-A*w*) holds.

(iv) The set X is bounded and there exists an element w* D(A*) such that
G*(y*, u*) is continuous relative to the variable u* in a neighborhood V(-B*w*) of the
element -B’w* andfor any fixed element y* x* B* where (x*, u*) dora G* with
u* V(-B*w*) holds.

To prove this theorem we apply [15, Thms. 16’, 17’]. A is a closed operator and
this implies that the set K (2.2) is a closed set in B x B2 x B3, and therefore the function
F(2.2) is proper convex and lower semicontinuous. Analogous to the proof of Theorem
2, we can show the subdifferentiability of the perturbed function ,(y*, u*) of the dual
problem

{ x*B*, v*B*2}(2.6) W(y* u*) sup -F*(y*, u*, x*, v*, w*) .w D(A*)

at (y*, u*)= (0, 0) for the conditions (i)-(iv).

3. Conditions for optimality and the lower bound for inf (P). The duality relations
inf (P)=max (D), or rain (P)=sup (D), respectively, imply necessary and sufficient
conditions for optimal solutions of primal or dual problems. An element (y, u) is called
admissible for the primal problem if (y, u) (D(A) c X) x U, (y, u) dora G and
Ay+Bu+f=O hold. An element (x*, v*, w* dom F* O, O, x*, v*, w*) is called
admissible for the dual problem.

With this notation we can show the following theorems.
THEOREM 4. Let inf (P)= max (D), and let (Yo, Uo) be admissible for the primal

problem. Then (Yo, Uo) is an optimal solution of (P) ifand only if there exists an element
(X*o, V*o, W*o admissible for (D) such that

(3.1)

(X*o, V*o aG(yo, Uo),

(Y Yo, X*o + A*w*o) >- 0 ty X,

(U-Uo, Vo*+B*wo*)2 >-0 VuU

is valid.
THEOREM 5. Let min (P)= sup (D) and let (X*o, V*o, W*o be admissible for the dual

problem. Then (X*o, V*o, W*o) is an optimal solution of (D) if and only if there exists an
admissible element (yo, Uo) for (P) such that (3.1) is valid.

The proofs of Theorem 4, or Theorem 5, respectively, follow from [15, Thm. 16
or Thm. 16’]. For X B and U B2 the dual problem (2.3) is of the form

(3.2) sup (D)= sup {(f, w*)3-G*(-a*w*,-B*w*)lw* D(A*)}.
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Since the operator A is closed, it follows that the domain D(A*) of the adjoint operator
A* to A is everywhere densely defined in B3*. By

(3.3) L(y, u Ay Bu

we define an everywhere densely defined linear and closed operator L (B1 x B2->/3)
with the domain D(L) D(A) x B2. The adjoint operator L* (B3*-> B* x BE*) is

(3.4) L’w* (-A’w*, -B’w*), w* D(A*) D(L*)

and we can write the dual problem (3.2) in the form

(3.5) sup (D)= sup {(f w*)3-G*(L*w*)Iw* D(A*)}.

Let the function G* be continuous in a point of image of the operator L*. By 15, Thm.
19(i)] and Theorems 3 and 5 above, it follows that an element W*o D(A*) is an optimal
solution of (D) if and only if

(3.6) f. LOG*(L*w*o

is valid.
If we denote by G*’(y*, u*).the Gteaux-derivative of the function G*(y*, u*),

the following formula for a lower bound of inf (P) holds.
:LEMMA 2. Let G* be-continuous in a point ofR(L*), and let G*’(y*, u*) be strongly

monotone and Lipschitz continuous on R(L*). Let the dual problem (3.5) have an optimal
solution. Then the formula

m (LG*’(L*w*)-f w*)
(3.7) min (P) => (f, w*)3-G*(L*w*)-

2M IlL*w*[[ 2
l’x2*

holds for every w* D(A*) with L’w* # 0 and G*’(L*w*) D(L), where M > 0 is the
Lipschitz constant and m > 0 is the constant of the strong monotonicity of G*’.

Proof Analogous to [6] we can, show that the following inequality holds

m
G*(x*) G*(y*) > G*’(y*), x* Y*)lx2 +’- IIx* y*ll =

l’x2*"

For x*= L’w* and y*= L*w*o, where Wo* is an optimal solution of (D), the lower
bound (3.7) follows from this inequality and the Lipschitz continuity of G*’.

in most cases lower bounds for optimal control problems are constructed for
quadratic and norm-minimal problems of optimal control (Yavin [17], Benker [3],
Chan and Ho [4]). The lower bound (3.7) complements the known results.

4. Application to quadratic and norm-minimal optimal control problems. We con-
sider the following optimal control problem

}(4.1) inf(P) inf [[y-RIl/llull yeO(A)f’)X, u U

with k > 0. Let B B* H, 1, 2, 3, be Hilbert spaces. Let R H be a given element
and let the assumptions of be valid. Following 2, we can immediately write a
dual problem to (4.1). The form of the dual problem is, to a certain degree, dependent
on the kind of perturbation in the primal problem. Through a suitable perturbation
of the primal problem (4.1), which considers the specific structure of (4.1), in the
following we obtain a convenient dual problem different from the dual problem of
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(4.1) based on (2.3). We define the following perturbed function of the primal problem
(4.1):

(4.2) q(w)=inf IlY-RII+ Itull+((Y,U,w)lg)
y, "with K as in (2.2).

If A is a linear everywhere densely defined and closed operator, the dual problem
related to (4.1) is

(4.3) sup(D)= sup g(w*)
w*D(A*)

with

1
A*

1
-A’w*

1
g(w*) (f, w*)3 +- [l(I- Px)(R- w*)ll- [[R [[

+- (I- Pv) B*w*
1=- IIB*W*II

(I is the identic operator; Px, or Pu, respectively, is the operator of the projection in
the Hilbert space H1 or H2 on the set X or U). We can show the following duality
theorem analogous to Theorem 3 using 15, Thm. 19(i)].

THEOREM 6. It is always true that min (P)= sup (D). The dual costfunction g(w*)
is subdifferentiable for every w* D(A*) with Px(R-A*w*) D(A), with

(4.4) Og(w*)= {APx(R-A*w*)+ BPv(-k B*W*) +f}.
Iffor a w* D(A*) we have Px(R-A*w*)_ D(A), then we have Og(w*)=(.

An element W*o D(A*) is an optimal solution of (D) if and only if

(4.5) APx(R-A*w*o)+ BPt(-k B*w*o)+f=0
holds. The element (Yo, Uo)with yo Px(R-A*w*o) and Uo Pu(-1/kB*w*o) is the
optimal solution of (4.1).

Remark 3. If the operator A L(H1, H3) is a linear and continuous operator on

H the cost function g(w*) of the dual problem (4.3) is Fr6chet-differentiable for every
w*s D(A*)= H3., since by Holmes [8] the function

f(. 1/21l(I- P)( ,
possesses the Fr6chet-derivative

f’(.)=(t-P)(.)

where P is the operator of projection on a convex and closed set in a Hilbert space.
The remaining results of 2 and 3 are transferable to problem (4.1).
Next we consider the following problem of optimal control, which is equivalent

to a norm-minimal control problem

(4.6) inf(P)=inf{ Cy R 4
Ay + Bu +f O }yD(A)nX, u U

where the assumptions of 1 are valid and A is a linear everywhere densely defined
and closed operator. Let B4 be a real reflexive Banach space (a space of observation)
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with the dual B*, let R B4 be a given element and let C e L(B, B4). As a perturbed
function of the problem (4.6), we define

(4.7) P(x’ w) inf [
with K as in (2.2). Then we obtain for the dual problem to (4.6)

sup (D)=sup (f, w*)3- IIx*ll2.-(R,x*)4-trt(-B*w*)
(4.8)

x* B*4 }-O’x(-C*x*-A*w*) w* e D(A*)

The results of 2 and 3 are transferable to problem (4.6). For example, if inf (P)=
max (D) holds, we obtain the following as necessary and sufficient conditions for the
optimality of an admissible element (Yo, Uo) for (P): (yo, Uo) is the optimal solution of
(P) if and only if there exists an element (Xo*, Wo*) admissible for (D) such that

-X*o J( Cyo- R ),

(4.9) (Y-Yo, C*x*o +A*w*o)>=O VyX,

(u Uo, B* W*o)2 >- 0 Yu U

is valid, where J e (B4 2a) is the duality mapping of B4.
5. Application to control processes described by linear ordinary and partial differen-

tial equations. First we consider an optimal control problem for a Cauchy problem
with an ordinary differential operator of the second order: the operator A
L2(0, 1) given by

Ay(x) po(x)" y"(x) + p(x), y’(x) + p2(x) y(x)

with the domain

y(x) L2(0, 1)
y’ is absolutely continuous on (0, 1)(5.1) D(A)

y" e L2(0, 1), y(0) y’(0) 0 J
where pi(x); i=0, 1,2 are real functions on [0, 1] such that pg(x), p(x) and p2(x) are
continuous on [0, 1] and po(x)<0 for every x[0, 1]. A is a linear unbounded
everywhere densely defined and closed operator in L2(0, 1) (see [9, Chap. III, 2.3]).
The inverse operator A- exists on R(A)= L2(0, 1) and is continuous. Now we can
apply the above results. In particular, we choose in (4.1): H HE Ha L2(0 1),
B=-I, f(x)=0, R(x)= 1, k= 1, Ay(x)=-y"(x)/y’(x)+y(x) with D(A) by (5.1).
Then the dual problem related to this problem is of the form

[ fo fosup [(I-Px)(l+w*"+w*’-w*)]2 dx+
1

w*O(A*) 2
[(I-- Pu)w*]2 dx

(5.2)

+ (1 -(1 + w*"+ w*’- w*)2- w.2) dx

where A’w* -w*"- w*’+ w*, A* e (L2(0, 1)--> L2(0, 1)) with

w* s L:(0, 1)
w*’ is absolutely continuous on (0, 1)D(A*) w*" L2(0, 1), w*(1)= w*’(1)=0 J
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for any convex and closed set X and U in L2(0, 1). Always

min (P) sup (D).

For X U L2(0, 1) it follows from (4.5) for the optimal solution W*o(X) of (D) that

W*o(’)(x) 3. Wo*(2)(x) + 2. W*o(X) 1

with the conditions

Wo*(1) Wo*’(1) 0, 1 + Wo*<2)(0) + Wo*’(0) Wo*(0) 0,

Wo*(0) + Wo*(0) Wo*’0) 0.

The system has a unique solution W*o(X).
Next we consider an optimal control problem for a class ofhomogeneous boundary

value problems of Dirichlet.
Let G R" be a bounded open domain with boundary F. We consider the

differential operator E (L2(G) --> L2(G)) given by

Ey(x)
0 [ Oy(x) ]

i.--, x/ a#(x)
Ox .I

+ c(x) y(x)

with D(E)= C(G). Let a.i(x)=a.,(x), i, j= 1,2,..., n, and let c(x)>-O be real
functions from (G) with

(5.3) a#(x).d,.d,_->fl d E, VxG,
i,j=l i=1

’d=(d,dE,’..,d,)R" and /3>0.

The operator A (LE(G)--> LE(G)) with

(5.4) D(A)= y(x)e IYV(G) ao(x +c
i.j Oxj .!

is the extension by Friedrichs of the operator E (see [16, Satz 17.11, Satz 29.1]). A is
a linear unbounded everywhere densely defined and closed operator, which is self
adjoint, and because of (5.3) is strongly monotone. The operator A- is continuous
on R(A)= LE(G). Therefore the above results are applicable.

To illustrate the application of the results, we consider a special example. We
choose the following Dirichlet problem:

-Ay+y+u+f=O inG,

y=0 onF

with the operator A= I-A, and D(A) according to (5.4). Let f LE(G) be a given
element, and, for example, consider the quadratic control problem (4.1).

Then we have B =/, Hi L2(G), 1, 2, 3, X = L2(G) and U L2(G). The dual
problem (4.3) is of the form

sup f. w* + R(I A)w*- ((I A) w.2

w*.D(A) G

+ dx.l.
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Finally we will apply the formula for the lower bound to this problem.. In formula
(3.7) we choose

k
G(y, u)= Ily-RII+ Ilull,

k 1, f= 0, R 4, the domain G c R2 as a circle of unit radius with the center at the
origin and

w*(x) 1-x-x D(I- a).

Then we have m M 1, the condition

G*’(L*w*)=
1 , e D(L)-- w*

is valid, and we obtain

25.133 > 87r G(0, 0) >= min (P) >-
243zr

> 24.626.
31

Analogously we can solve other problems of optimal control, in particular for
homogeneous and inhomogeneous problems of Dirichlet and Neumann or problems
with parabolic equations.

The advantage of using a linear unbounded operator consists of the possibility
that for a boundary value problem we can choose a suitable simple space, because the
differential operator A is only defined on an everywhere dense subspace. On the other
hand, the dual problem acquires a complicated form because of the unboundedness
of the operator. This we can see in the dual of the quadratic control problem (4.3),
where the Fr6chet-differentiability of the cost function g(w*) for the dual problem
disappears.
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MODULAR FEEDBACK LOGIC FOR DISCRETE EVENT SYSTEMS*

P. J. RAMADGEf AND W. M. WONHAMt

Abstract. We examine a modular approach to the synthesis of state feedback controls for the problem
of maintaining a predicate on the state set of a discrete dynamic system invariant. Dynamical systems are
modeled by automata together with a mechanism for enabling and disabling a subset of state transitions.
The basic problem of interest is to ensure by appropriate control action that a given predicate on the state
set of the process remains invariantly true Whenever it is initially satisfied. Assuming the predicate can be
decomposed into the conjunction or disjunction of component predicates, we determine conditions under
which it is possible to synthesize the appropriate control in a modular fashion.

Key words, discrete event systems, modular control, supervisory control

AMS(MOS) subject classification. 93

1. Introduction. We examine a modular approach to the synthesis of state feedback
controls for the problem of maintaining a predicate on the state set of a discrete
dynamic system invariant. Our setting is the supervisory control framework developed
in [6], [9].

The concept of modular control synthesis for discrete-event processes was first
suggested and partially investigated in [5]. Some early work on this topic has also
been reported in [10]. This paper is intended to be the first part of a comprehensive
study of modular control synthesis in the supervisory control framework. Here we
concentrate on nondynamic controls, i.e., state feedback. The basic control problem
of interest is to ensure by appropriate control action that a given predicate P on the
state set of the process remains invariantly true whenever it is initially satisfied.
Assuming the predicate P can be decomposed into the conjunction or disjunction of
component predicates, we determine conditions under which it is possible to synthesize
the appropriate control in a modular fashion. Our investigation of modular synthesis
is continued in a companion paper [5] where we examine the modular synthesis of
supervisors, i.e., dynamic controllers, to achieve specified closed loop output behaviors.

The paper is organized as follows. In 2-6 we review the basic supervisory
control framework as well as introduce the concepts and definitions needed later in
the paper. Section 7 contains the main results on the modular synthesis of feedback
controls while 8 deals with the modular determination of extremal control-invariant
predicates. In 9 we present two simple examples.

2. Controlled discrete event processes. We recall the basic definition of a controlled
discrete-event process. For a more detailed discussion of this model the reader is
referred to [7]. Descriptions of similar models for discrete-event systems can also be
found in [3] and [1].

Let

G (E, Q, t, qo)

* Received by the editors January 20, 1986; accepted for publication (in revised form) August 11, 1986.
t Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544. The work

of this author was supported by National Science Foundation grant ECS-8504584.
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Canada. The work of this author was supported by Natural Sciences and Engineering Research Council of
Canada grant A-7399.
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be an automaton. Here Q is the set of states, qo is the initial state, E is a finite set of
output symbols, and 3: X x Q Q (in general a partial function) is the state transition
function.

We interpret G as a device that starts in the state qo and generates a sequence of
events, i.e. state transitions, subject to the range of transitions permitted by the function
& Each event is assumed to occur spontaneously, asynchronously and instantaneously,
and to result in an output from the set X. Note that this is a nonstandard interpretation
of the automaton structure.

To adjoin a control mechanism to G, we designate a subset Xc - E of controllable
events and set 2,u - Y-,c. Control consists of specifying for each controllable event
whether it is enabled (permitted to occur) or disabled (prevented from occurring). The
set of control patterns for G is defined to be

F={y: y: X{0, 1} and y(tr) 1 for each treE,,}.

Events labeled by tr E are enabled by 3’ if y(tr)= 1, and disabled by y if y(tr)=0.
The extended process

with
Gc (FE, Q, , qo)

6(tr, q) if y(tr)= 1,
6(y, tr, q)

I.undefined otherwise

is called a Controlled Discrete-Event Process (CDEP). It is identical to the original
process, and hence carries the same information, except that the control mechanism
is now explicitly displayed.

In this paper we make extensive use of the algebraic structure of the set F. For
each ’)tl, ")/2 ( F and each g X define

y() if X,
(7)()

otherwise,

y2(&) ifX,
(y A y2)()

1 otherwise,

v ((1) v (y)).

It is then readily shown that (F; , A, v) is a Boolean algebra. Indeed it is clear that
F is isomorphic to the family of subsets of

3. Example. A simple workstation in a manufacturing system is modeled by the
following CDEP:

I a F

d b

D e W

In some situations it is convenient to add to the definition of G a subset Q Q of marker states,
see e.g. [7]. However, this is not needed here.
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In this diagram each state represents an activity, while transitions between states,
i.e., events, represent the completion of one activity and the start of another. In the
initial state I the machine is idle, in state F it is fetching a part from its input buffer,
in state W it is working, and in state D it is depositing a part in its output buffer.
These constitute the normal modes of machine operation. In state X the machine is
broken down and awaits repair. Each state transition is labeled by its corresponding
output.

In the notation of 2 we have

Q={I,F, W,D,X}, ,={a,b,c,d,f,r}, qo=I,

and the state transition function is displayed in the above graph.
Certain events are deemed controllable. Usually these are selected, subject to cost

and feasibility constraints,2 by the machine designer. If

,c={a,c,r}

then the machine’s access to its input and output buffers and its repair can all be
controlled. A control pattern simply consists of a specification of which events in Ec
are enabled (i.e., permitted to occur), e.g., a and c but not r.

4. Predicates. Define a (unary) predicate on the nonempty set Q to be a function
P: Q-->{0, 1}, i.e., a characteristic function on Q. Let denote the family of all
predicates on Q, and define the operators (negation), ^ (conjunction), and v
(disjunction) on by

(---P)(q) 1 iff P(q)=0,

(P, ^ P2)(q)= 1 if[ P(q)= 1 and PE(q)= 1,

P v P2-"(("P1) ^ ("P2)).

together with the above operators forms a Boolean algebra. Indeed under the
correspondence

P-->Qp={q: qE Q and P(q)= 1}

is isomorphic to the Boolean algebra of all subsets of Q. Thus in what follows the
terms "predicate" and "subset" can be interchanged without essential loss.

Other operators on can be defined in terms of ^, v, and --. For example,
implication is defined for each P and P2 E by

P,=P= P, v P:.
We say that P is true at q if P(q) 1, and false at q if P(q) -0. Let 1 denote the

predicate on Q which is true at all q E Q, i.e., l(q)= 1, for each q E Q, and 0 denote
the predicate which is false at all q Q (corresponding to the subsets Q and ,
respectively).

Let P, P2 and P be predicates on Q. We say that P and P2 are equivalent relative
to P, written P1 PE(rel P), if P ^ P P2 ^ P. It is a straightforward matter to show
that equivalence rel P is a congruence on the Boolean algebra .

The standard partial order on is defined by

Equivalently,
P<=P2 iff P ^ P2= P.

if[ P2 1 (rel P1) iff (P ==> P2)= 1.

For example, machine breakdown is always uncontrollable.
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With respect to this partial order P, ^ P2 is the greatest lower bound and P, v P2 the
least upper bound of P, and P:. Each nonempty subset U

_
has a unique greatest

lower bound and a unique least upper bound in . These predicates are denoted inf U
(or ^ U) and sup U (or v U), respectively. Similarly each monotone sequence {P} of
predicates on Q has a limit in . For example, if Pj->_ Pj+,, for each index j, then we
have

lim P inf {P} / P.
j- =-0

5. Predicate transforms. The transition function 8 of the automaton G induces
two useful transformations on the family of predicates {0, 1}.

First, for each g E we introduce a paial function

3 3(, q)

and a predicate

D(q)={lo otherwise.if6(q)isdefined’
Then for each tr E define the transformation wp: by

wP (P)(q) {10 if 6(q) is defined and P(8(q))= 1,
otherwise.

When 8, is a total function on Q, wp (P) is simply the composition of the functions
8 and P. More generally wp (P) equals P. 8 at those states q where D(q)= 1 (i.e.
6(q) is defined) and is zero elsewhere. From this it is evident that wp (P)(q)= 1 is
the weakest condition that guarantees that 8,(q) satisfies P. Hence, following Dijkstra
[2], we call wp, (P) the weakest precondition of P under

As pointed out in [2] a variation of the above transform is useful when it is enough
to guarantee that (q) does not satisfy ---P. For this define the weakest liberal
precondition of P:

wlp (P) wp (P) v ---D.

Note that if wlp (P)(q)= 1, then either 8,(q) is undefined or 8(q) satisfies P. In
either case 6(q) does not satisfy ---P.

To illustrate these concepts, consider again the CDEP of 3. If

P=(q=X)

then we have

wpf (P)= (q I)

and

wlpf (P)= 1.

Notice that the weakest precondition specifies the set of all states from which an event
with output f takes the process to the state X. On the other hand, the weakest liberal
precondition appends to this set all states from which an event with output f is
impossible (as defined by the process dynamics).
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The second transformation induced on by 6 is defined by

sP (P)(q) { lo otherwise.ifq=6’(q’)frsmeq’QP’
Clearly given that P is initially satisfied, sp (P) is the strongest condition whose truth
can be inferred after a state transition under the map 6. Hence we call sp (P) the
strongest postcondition of P under tr.

The transforms wp and sp specify the action of G on predicates on the state
set of G. As such they provide an alternative higher level description of the system
dynamics which is particularly well suited, as we shall see, to the study of certain
invariance problems.

It is readily shown that each of the above predicate transforms distributes over
both a conjunction and a disjunction of predicates, see for example, Dijkstra [2, pp.
18-19]. We frequently use this fact in the following form. If {P,j J}_ is a set of
predicates on Q, then

(5.2) wlp, ( P) /wlp, (P).
s

The proof of these equalities is straightforward.

6. State feedlmek. A state feedback for the CDEP G is a total function f: Q-> F.
The application of f to G yields the closed loop process G{ defined by

Gcf= (, Q, 6f, qo)

with

3f(cr, q)- 6(f(q), o’, q).

Note that Gy is again a process with output set Z. Informally we regard G{ as a
subsystem of G which has been constructed by the removal of certain state transitions.

For each r6Z, the r-component of the feedback fF is the map f: Q{0, 1}
with

f(q) f(q)(cr).

The map f gives precisely the conditions under which events associated with output
r are enabled under the control f Clearly f is completely characterized by the set
{f: r 6 }. This suggests that to synthesize a feedback map it is sufficient to synthesize
each of .its components individually. Of course for each r , we must have f- 1.
Hence it is only necessary to specify the components of f for r .

In addition to decomposing a feedback synthesis the component maps have the
advantage of being predicates on the state set Q of G. This permits feedback to be
analyzed within the algebra {0, }o. For example, if wlp is the predicate transform
introduced in 4 for G, and wlpf is the corresponding predicate transform for Gy,
then it is readily verified that for each

(6.1) wlpf (n) wlp (n)v

This relation will find frequent application in following sections.

and

(5.1) wlp ( P) =/ wlp (P)
s
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Since F is a Boolean algebra, we can define a Boolean algebra on F by point-
wise definition of the algebraic operations. For example, if f, g F, then (f^ g)(q)=
f(q)^g(q).

This algebraic structure permits feedback controls to be constructed in a modular
fashion, e.g., h =.f^ g. It is precisely this aspect of control synthesis that we wish to
investigate in the current paper.

7. Control invariance. We consider the simple but fundamental problem of ensur-
ing by control action that a given predicate on the state set of Gc remains invariantly
true whenever it is initially satisfied.

This is equivalent to ensuring that a certain subset of states is invariant in the
closed loop process, a problem thit has been extensively studied in other contexts,
see e.g. [4], [8]. Our primary purpose here, however, is to exploit the algebraic structure
inherent in the supervisory control framework to synthesize modular solutions to the
problem.

Throughout this section we let Gc (F x E, Q, 6c, qo) be a fixed CDEP and
{0,1}.

A predicate P is said to be control-invariant (with respect to Go) if for some
feedbackf F we have

(7.1) P-<wlp (P) foreach

This ordering implies that if P is true at a state q Q, then P is true at all states
reachable from q in the closed loop process G. Hence P will be invariantly true
whenever it is initially satisfied.

It is a simple matter to characterize the control-invariant predicates in a "feedback
independent" fashion. Say that the predicate P is E-invariant (with respect to
Gc) if

P -<_ wlp (P) for each r E.
We then have the following proposition"

PROPOSITION 7.1. A predicate P is control-invariant iff P is E-invariant.
Proof
IF. Define the feedback f component-wise by

1 if tr Z,,
f(q)=

0 iftrE.

Then for tre Y.,.

wlpf (P) wlp (P) v (---f) wlp (P).

Thus P <_- wlp (P) wlpf (P).
Alternatively, for tr s

wlpf (P)= wlp (P)v---f wlp (P)v 1= 1.

Thus P _-< 1 wlpf (P).
ONLY IF. For trsEu we have wlpf=wlp (P). Hence if P_-<wlpf(P), then

P-<_wlp (P).

It is readily verified that modular constructions carry over to each component of the maps f and g,
e.g., (f ^ g) =f ^ g.



1208 P.J. RAMADGE AND W. M. WONHAM

A predicate P’ on Q satisfying the relation

P_-< (P’=:>wlp (P))

is said to be a (r-friend of P.
By applying relation (6.1) to (7.1) we see that a predicate P is control-invariant

in Gc iff for some f F

P _-< wlp (P) v ---f for each (r E

or equivalently iit for some f F

P -<_ (f :=>wlp (P)) for each (r E.

Thus f ensures that P is invariant in Gf itt for each (r Ec the (r-component of f is
a g-friend of P. It follows that if P is control-invariant, then we can synthesize a
feedback to ensure the invariance of P by selecting for the g-component of f any
g-friend of P.

Let

F(P) {P’:P’ is a (r-friend of P}.

This set has the following properties:
PROPOSITION 7.2. Let P be a control-invariant predicate and (r ,. Then F(P) is

nonempty and is closed under arbitrary conjunctions and disjunctions. In particular, F P)
has a unique maximal and a unique minimal element.

Proof. It follows from the definition of control-invariance that F(P) is nonempty.
Let {P, j J} c__ F(P). Now for each j J we have

P_-< wlp (P) v ---P.
Hence

The proof for conjunction is similar.
We can think of sup F(P) as the least restrictive, or alternatively the most

permissive control among the (r-friends of P. The dual predicate inf F(P) is somewhat
less interesting; although it ensures that P is invariant under the event (r it generally
does so in an unnecessarily restrictive fashion.

It is clear that whether or not P1 is a (r-friend of P depends only on the structure
of P on the set of states where P is true. Thus for the purposes of control-invariance
we may regard potential feedback components P and P2 as equivalent, with respect
to the predicate P, if P ^ P-P2 ^ P, i.e., if P P2(rel P).

We end our preliminary results with the following characterization of the class of
predicates F(P).

PROPOSITION 7.3. Let P be a control-invariant predicate and (r ,. Then

P’ F(P) iffP’<-wlp (P)(rel P)

i.e., P’<-wlp (P) at those q where P(q)= 1.
COROLLARY 7.1. Let P be control-invariant and (r ,. Then

sup F(P)= wlp (P)(rel P).
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Proof We have

P_-<(P’=#wlp (P)) iff (P’=wlp (P))= l(rel P),

iff P’-<_ wlp (P)(rel P). E1

Armed with Propositions 7.1 and 7.3, we are now ready to determine whether or not
control-invariance problems admit modular solutions.

Let P1,"" ", Pk be predicates on the state set Q and

(7.2) P= g( P1, Pk)

be constructed from the Pi by a finite number of conjunctions and disjunctions. We
think of (7.2) as a modular specification of P. Our aim is to exploit this structure to
analyze the control-invariance of P in terms of the component predicates P1,. , Pk.
It will be sufficient to consider the case k 2.

It is a simple matter to show that the control-invariance of P is implied by the
control-invariance of the predicates Pi. For this we use the fact that conjunction and
disjunction are monotone operators, i.e., P1--< P2 and T _-< T2 together imply that
PI ^ TI <= P2 ^ T2.

PROPOSITION 7.4. P1 ^ P2 and P1 v P are control-invariant whenever P1 and P2 are
control-invariant.

Proof For each ou we have P_-<wlp,, (PI) and P2_-<wlp (P2). Hence

P1 ^ PE-<Wlp (P1) ^ wlp (P) wlp (P1 ^ P) by (5.1).

The proof for disjunction is similar.
The more interesting question concerns modular feedback synthesis. The problem

is to determine when we can synthesize a r-friend of P from the t-friends of the P.
Our first result deals with conjunction.

PROPOSITION 7.5. Let P1, P6 and tr6,c. Then fF(P) and g,6F(P2)
together imply that

f ^ g, F,(P ^ P2).

Proof Let f F,(P2) and g F(P2). Then

(f, A g,) ^ (Pl A P2)= (f A P1) A (g, A P2)

_-< (wlp, (P1) ^ P1) A (wipe, (P2) ^ P2) by Proposition 7.3

-(P1 ^ P2) ^ (wipe, (P) ^ wipe, (P2))

(P1 ^ P2) ^ wlp, (PI ^ P2) by (5.1).

Thus by Proposition 7.3 f ^ g F,(P1 ^ P2).
Proposition 7.5 shows that the conjunction of any pair of r-friends of P and P2

yields a tr-friend of P. Thus it is always possible to synthesize a r-friend of-P- P ^ P2
in a modular fashion.

For a similar construction to be viable in the case of the disjunction operator it
is necessary.to place additional restrictions on the choice off and g.

PROPOSITION 7.6. Let P1, P2 6 and tr ,c. Then f F,(Pa), g F,(P2), f, <--
(wlp, (P1) v wlp (P2))(rel P2), and g, <_- (wipe, (P1) v wlp (P2))(rel PI) together imply
that

f,v g, eF,(P, v P2).
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Proof. We have

(f, v g,) ^ (P1 v P2) (f, ^ P1) v (f, ^ P2) v (g, ^ P) v (g, ^ P2)

_-< (wlp, (P) ^ P1) v (wlp (P1) ^ P2)

v (wlp, (PE) ^ P1) v (wlp, (P2) ^ P2)

(P1 v P2) ^ (wlp, (P) v wlp, (P2))

(P v P2) ^ wlp, (P1 v P2) by (5.2).

Hence f, v g,
The additional assumptions in Proposition 7.6 are easily interpreted. The standard

assumption f, F,(P) requires that on the set Q where P is true r is enabled only
if the corresponding state transition maps into Q. The additional assumption f-<
(wlp, (P) v wlp (P2))(rel P2) requires that on the set Q2 where P2 is true cr is enabled
only if the corresponding state transition maps into Q or Q2. Thus the second condition
restricts f on the set Q2-Q1 with the purpose of ensuring compatibility with the
predicate P:.*

We end this section by determining conditions under which a modular control
synthesis using the conjunction and disjunction operators preserves the maximality of
the control.

PROPOSITION 7.7. Let P,P2G be control-invariant, crEc,f=supF(P)
(rel P) and g sup F(PE)(rel P2). Then

f ^ g, sup F,(P ^ P2)(rel P1A P2).

Proofi Let h sup F,(P A P2). Then

(P A P2) A h (P A P2) A wlp, (P, A P2)

(P ^ wlp (P)) ^ (P2 ^ wlp, (P2))

(P1 Aft) A (P2 A g,)

(P1 A P2) A (f A g,).

Proposition 7.7 shows that the least restrictive or-friend of the modular predicate
P ^ P2 can be synthesized by forming the conjunction of the least restrictive controls
for the component predicates P and P2. Thus no loss of maximality need result from
a modular synthesis over the conjunction operator.

To prove an analogous result to Proposition 7.7 for the disjunction operator, it is
necessary to place further assumptions on the maps f and g.

PROPOSITION 7.8. Let P, P2 be control-invariant, r Ec,f wlp, (P1)
(rel P v P2) and g wlp, (PE)(rel P1 v P2). Then

f v g, sup F(P V P2)(rel P v P2).

Proofi Similar to the proof of Proposition 7.7.

8. Extremal control invariant predicates. We continue with the notation and setting
of 7. Since in general not every predicate P will be controbinvariant, it is of
interest to exploit the order structure of to find good control-invariant approximations
to P.

4A simple condition which ensures that f=<(wlp (P1)vwlp,(P2))(relP2) for all predicates P2 is

f =< wlp, (P). However, this may be restrictive in problems involving more than just invariance.
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We begin with a quick review of two (essentially) standard results. First, there
are two optimal control-invariant approximations to P " the weakest control-
invariant predicate stronger than P (denoted P’) and the strongest control-invariant
predicate weaker than P (denoted P). Second, each of these predicates can be
characterized as an extremal fixpoint of an appropriate monotone lattice map. We
then turn our attention to the modular computation of Pr and P. Our main result is
that the transform ’ is an automorphism of the algebra (, ^) while the transform
is an automorphism of the algebra (, v ).

For P define

CI<(P) {P" P’ , P’ <= P and P’ is control-invariant}.

CI<(P) is simply the set of control-invariant predicates on Q that are stronger than P.
Since 0 is control-invariant, CI<(P) is nonempty. By a straightforward extension

of Proposition 7.4 it can be shown that CI<(P) is closed under arbitrary disjunctions.
Then since CI<(P) is bounded above by P, it must have a unique maximal element.
Denote this predicate by Pr. We can think ofP as the best control-invariant approxima-
tion to P among the predicates which logically imply P. Of course we may have P 0.

Similarly we define

CI>(P) {P’: P’ , P-< P’ and P’ is control-invariant}.

CI> (P) is the set of all control-invariant predicates on Q that are weaker than P.
Since is control-invariant, CI>(P) is nonempty. Again by a straightforward

extension of Proposition 7.4 it can be shown that CI>(P) is closed under arbitrary
conjunctions. Hence since CI>(P) is bounded below by P, it has a unique minimal
element. Denote this predicate by P. We can think of P as the tightest boundary we
can place around P by control action. Of course, it is possible that P= 1.

To develop the fixpoint characterization of the predicate PC we bring in the map
H:- with

H(P’)= P ^ ( wlp (P’)).
A predicate P’ such that H(P’)= P’ is said to be a fixpoint of the map H. It is not
difficult to show that PC is the unique maximal fixpoint of the map H. However, for
our current purposes it will be sufficient to show that PC is simply a fixpoint of H.
This follows by noting that P-< wlp (P) for each cr Eu, and hence

Pr P ^ P <- P A (/ wlp, (Pr)) H(P’).

But P ^ (/k .u wlp, (PC)) is clearly Eu-invariant and less than P. Hence bythe maximality
of PC we must have H(P)=< PC. To complete our characterization of P’ we introduce
the sequence of predicates:

(8.1) Po=P, Pj+I H(Pj).

This leads to our desired result:
PROPOSITION 8.1. The sequence defined by (8.1) is monotone decreasing and P

A =o Ps.
Proof We use the fact that H is monotone, i.e., P -< P_ implies that H(PI) -< H(Pu),

and the fact that P is a fixpoint of H.
To begin

P, H(Po) <= P= Po
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and if P =< P_, then

Pj+, H(Pj) <- H(Pj_I) Pj.

Hence Po > P1--> P2 >"
Now P* -< P Po and if P* -<_ P, then

Pf H(P)<- H(P)= P+I.
Thus P’ _-</=o P-

For the reverse ordering it will be sufficient to show that A=o P is control-invariant.
Fix r e ,. Then by Proposition 7.1 we must show that

/ P_-<wlp P
j--0 =0

Now for each j

Hence

Pj+I-PA( / wlp (P))=<wlp (P).

A P -</ wlp (P) wlp P ]
=0 =0 =0

It is possible to provide an analogous fixpoint characterization of the predicate
P. For this we introduce the map G" - with

G(P’) P v ( sp P’))
It can then be shown that P* is the unique minimal fixpoint of G. Proceeding as before
we define

(8.2) Ro P, Rj+ G(Rj), j>--O.

This leads to the following proposition:
PROPOSITION 8.2. The sequence defined by (8.2) is monotone increasing and P*=

Vg=o Rg. [-1

We are now ready for the main results of this section. Our objective is to determine
the relationship between the transforms ]’ and. and the algebraic operations of
conjunction and disjunction on . We first consider the transform

THEOREM 8.1. For each P, P2 E

and

PI ^ P= (P, ^ Pz)

Ply P<-(P1V P2).
Proof.
(a) It is clear from the definition of ’ that if P <= Pz, then P-< Pz, i.e., ’ is a

monotone operator.
Set P= P ^ Pz. Since P<_-P and P<= Pz it follows that P_-< P and P=< P.

Thus P P ^ P. For the reverse ordering we note that P ^ P =< P and hence that
P[^P<-P.

(b) The assertion follows immediately from Proposition 5.4 and the definition of
(Pl ^ P2) l-I



MODULAR FEEDBACK LOGIC FOR DISCRETE EVENT SYSTEMS 1213

and

Not surprisingly a dual result holds for the transform.
THEOREM 8.2. For each P, P2

P ^ P2--> (P1 ^ P2)

P v P2 (P1 v P2)+.
Proof. Similar to the proof of Theorem 8.1.
Theorem 8.1 indicates that the operation of forming the supremal control-invariant

predicate (’) is an automorphism of the algebra (, ^ ). This is a pleasing result from
the point of view of modular synthesis since it implies that no loss of optimality is
incurred in computing ’ by modularizing over a conjunction of predicates, i.e., to
compute (P, ^ P2) we can first compute P and P2, then form their conjunction.

The same is not true of disjunction. In computing ’, a modularization over a
disjunction of predicates need not yield the maximal solution.

The corresponding results for the operation offorming the infimal control-invariant
predicate () are dual to the above. Namely, the $ transform is an automorphism of
the algebra (b, v but not in general of the algebra (b, ^ ).

9. Examples.
Example 9.1. In a simple manufacturing system we consider two machines and

two buffers connected in the configuration shown below.

M1 B1

B2

The Mi are CDEPs with the following state diagrams:

L
1

d
I

D L d
2

D
21 2

& a, c
1 1 2 2

F b W F b W
1 1 1 2 2 2

M M
1 2

As in the previous example each state represents an activity, while transitions
between states, i.e. events, mark the completion of one activity and the start of another.
In detail: in state Ii, Mi is "idle"; in state F, Mi is "fetching" a part from its input
buffer (B2 in the case of M1, and B1 in the case of M2); in state W, M is "working";
in state D, M is "depositing" a part in its output buffer (B1 in the case of M and
B2 in the case of M2). (There may also be states and events associated with breakdown
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and repair, and with the addition or removal of parts, but we assume that these are
not relevant to the task at hand.)

Each buffer is modeled as an event driven automaton that records the number of
workpieces in the buffer, i.e., each buffer is an automaton with state setN (the natural
numbers) and with the state transitions

B1 C: n n + 1,

a2: n --) n 1,

Let

B2 C2: n n + 1,

,= (a,, b,, ci, di l, 2}, Q, (I, F,., W, D}, i=1,2

and for the state space of the machine/buffer system we take Q Q1 x 02 x N x N.
For (ql, q2, i,j) Q: q is the state of M, q2 is the state of M2, is the state of B1,
and j is the state of B2. Let

.,c {a, ci 1, 2}

be the set of controllable events and assume that we can model the concurrent operation
of M1 and M2 by "shuffling" their state transitions (see e.g. [6]).

Our aim is to ensure that the conjunction P of the following predicates is invariant:
(1) MutuallyexclusiveuseofB: P=[q(DI, F2)],
(2) MutuallyexclusiveuseofB2: PE=[q#(F1, D2)],
(3) Capacity of B: P3 (0 --< i) ^ (i _<- N),
(4) Capacity of BE P4 (0 -<j) ^ (j _-< N).
It is readily shown that each of these predicates is control-invariant. Hence by

Proposition 7.4 P -/,4.__ pi is control-invariant.
Some elementary computation yields

f(q, q2) # (D, I2) if cr a2,

wlpo.(Pl)=(lql, q2)(Wl, F2) if o- Cl,

otherwise.

[" (q, q2) (F, W2) if r

wlp,(P:,)=(lql, q2)(I,D2) ifo- a,
otherwise.

inN ifo’=cl,
wlp(P)= i0 ifo’=a_,

1 otherwise.

jfiN ifo’=c2,
wlp (P,) 0 if r a,

otherwise.

Now by Corollary 7.1 we know thatf wlp (P) is a or-friend of P, 1,.. , 4
(in fact it is equivalent rel(P) to the supremal o’-friend of P). These component maps
can be combined in a variety of ways to yield valid solutions to our problem. For
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example, to obtain a feedback that ensures P1 and P3 are invariant (i.e., a controller
for the buffer B1) we form g =fl= ^f3, viz:

ga, go2 1,

ga2 [(ql, q_) (D1, I) ^ (i 0)],

go, (ql, q2) W, F2) ^ N)].
By Proposition 7.5 we know that g is a tr-friend of P ^ P3 (in fact by Proposition 7.7
it is equivalent rel (P ^ P3) to the supremal tr-friend of P ^ P3). A similar procedure
can be used to form a control for the buffer B2. Alternatively we can specify a single
global control for each controlled event by forming f A4__1 f,. This yields a single
(centralized if you like) feedback that ensures P is invariant.

Example 9.2. Consider a simplified version of the example of ([9, 7]) to which
the reader is referred for any explained terminology below. A cat and a mouse are
placed in the maze shown in Fig. 9.1. Each doorway in the maze must be traversed in
the direction indicated and is either for the exclusive use of the cat (displayed as -I ’ I-)
or for the exclusive use of the mouse (displayed as -)’ (-). In addition each door, with
the exception of c7, can be opened or closed as required in order to control the
movement of the cat and the mouse. Our objective is to ensure that the cat and the
mouse never occupy the same room simultaneously.

As our model of the system we adopt the CDEP G (Q, F x E, B, qo) shown in
Fig. 9.2 (see [9, 7] for further details). Here- {Ci, mj: <= i-<_7, 1 =<j =< 6},

Q= {(i,j): 0-_< i__<4, 0-<_j_<- 4},
qo= (2, 4),

Xu {C7}

m
3

FIG. 9.1. Example 9.2: Maze for cat and mouse.
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FIG. 9.2. Example 9.2: Model for cat and mouse.

We want to find a feedback f -’Q such that P (i j) is an invariant of the
closed loop process.

We begin by computing PC:
Po=(ij),

P,= H(Po)

Po^ wlpc Po)

(i j) ^ [(i,j) (1, 3)] ^ [(i,j) (3, 1)],

P2 H(P,)

=(i Cj) ^ [(i,j) (1, 3)] ^ [(i,j) (3, 1)]

Hence

P+ (i C j) ^ [(i,j) (1, 3)] ^ [(i,j) (3, 1)].



MODULAR FEEDBACK LOGIC FOR DISCRETE EVENT SYSTEMS 1217

To find an appropriate feedback solution, we use Corollary 7.1 and set f,
wlp (Pt). This yields

f, [q (0, 1) ^ q (0, 3)], f [q (2, 0)],

fc2 [q (1, 2)],

f3 [q (2, 0)], f,3 [q (0, 1)],

fc.=[q (1,2) ^ q (0, 1)], f,,4 [q (4, 0)],

f, [q (3, 4)], f,,=[q (3, 4) ^ q (1, 4)],

f6 [q # (4, 0)], f,6 [q (0, 3)].

This control implements the following policy. A door that does not access rooms
1 or 3 is closed if[ the cat and the mouse are occupying the rooms connected by that
door. However, the doors m2, ms, cl, and c4 (i.e. the doors accessing rooms or 3)
require special attention. For example, door Cl is closed if[ the cat is in room 0 and
the mouse is in either of rooms or 3. The condition for closing each of the remaining
doors follows a similar pattern.

10. Conclusion. We have shown that for the invariant predicate problem it is
possible to construct a feedback solution in a modular fashion. Specifically, if the
predicate of interest is specified by a conjunction of predicates, e.g., P- P1 ^ P2, then
it is possible to construct a state feedback to ensure the invariance of the supremal
control-invariant predicate stronger than P (i.e. P*) by first solving the equivalent
problem for P1 and P2 and forming the conjunction of the solutions. Further, this
procedure does not result in any loss of optimality in either the achievable invariant
or the maximality of the control.

Although we have restricted attention to state feedback control, all is not lost if
the state of the process cannot be measured. Provided the initial state of the process
is known it is possible to track the process state by recording the sequence of generated
outputs. In practice this is achieved by driving an automaton model G of the process
by the output sequence. The pair S-(G,f), where f is the desired feedback map,
yields a valid supervisor for the process which can be further simplified if desired
using the results of [6].
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RELAXATION METHODS FOR NETWORK FLOW PROBLEMS
WITH CONVEX ARC COSTS*

DIMITRI P. BERTSEKAS’, PATRICK A. HOSEIN" AND PAUL TSENGf

Abstract. We consider the standard single commodity network flow problem with both linear and strictly
convex possibly nondifferentiable arc costs. For the case where all arc costs are strictly convex we study
the convergence of a dual Gauss-Seidel type relaxation method that is well suited for parallel computation.
We then extend this method to the case where some of the arc costs are linear. As a special case we recover
a relaxation method for the linear minimum cost network flow problem proposed in Bertsekas [1] and
Bertsekas and Tseng [2].

Key words, network flow, relaxation methods, parallel computation

1. Introduction. Consider a directed graph with set of nodes N and set of arcs
A. We will write j---(i, k) to denote that the start and end nodes of arc j are and k,
respectively. The network incidence matrix is denoted by E and has elements e0 given
by

if is the start node of arc j,

(1) eij- -1 if is the end node of arc j,

0 otherwise.

We denote by xj the flow of arc j, and by di the deficit of node which is defined by

(2) d,= ejx ViN.
jA

In words di is the balance of flow outgoing from and flow coming into i. The vectors
with coordinates x and d are denoted x and d respectively. Thus (2) is written as

(3) d Ex.

In what follows the association of particular deficit vectors and flow vectors via (3)
should be clear from the context.

Each arc j has associated with it a cost function f R --> (-, +]. We consider
the problem of minimizing total cost subject to a conservation of flow constraint at
each node:

minimize f(x) Y f(xj)
(4) ja

subject to x C

where C is the circulation subspace"

(5) C {xld, O, N} {xlEx 0}.
We make the following assumptions on f.

Assumption A. Each function f is convex, lower semicontinuous, and there exists
at least one feasible solution for problem (4), i.e., the effective domain of f

dom (f)= {xlf(x)<
and the circulation subspace C have a nonempty intersection.

* Received by the editors January 6, 1986; accepted for publication (in revised form) September 3,
1986. This work was supported by the National Science Foundation under grant NSF-ECS-8217668.

f Laboratory for Information and Decision Systems, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139.
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Assumption B. The conjugate convex function of each f defined by

(6) g(tj) sup {tjxj-f(x)}
xj

is real valued, i.e., -o< g(t)< +c for all t R.
Assumption B implies that f(xj)>-c for all xj and j. It follows that the set of

points where f is real valued, denoted dom (f), is a nonempty interval the right and
left endpoints of which (possibly + or -) we denote by c and/, respectively, i.e.,

c sup {xl(x) < +c}, / inf (xlf(+) < +c}.

We call c and lj the upper and lower capacity bounds off respectively. It is easily seen
that Assumptions A and B imply that for every t there is some x dom (f) attaining
the supremum in (6), and furthermore

lim (x) +.

It follows that the cost function of (4) has bounded level sets, and therefore (using
also the lower semicontinuity of f) there exists at least one optimal flow vector.

Assumptions A and B are satisfied, if, for example, f is of the form

(7) (x)={ f(x)o ifotherwiseX[/, c],

where l, c are given upper and lower bounds on the flow of arc j, and f is a real
valued convex function on the real line R. In this case g(tj) is linear for [t[ large
enough with slopes/ and c as t approaches - and +c, respectively (see Fig. 1.1).

Problem (4) is called the optimal distribution problem in Rockafellar [3]. The same
reference develops in detail a duality theory (a refinement of what can be obtained
from Fenchel’s duality theorem) involving the dual problem

(8)
minimize g a_ g tj

jA

subject to C-
where is the vector with coordinates t, j A, and C +/- is the orthogonal complement
of C. We call t the tension of the arcj and C +/- the tension subspace. From (1)-(3) and

slopeIj
FIG. 1.1. Primal cost function of the form (7) and its dual.
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(5) we have that C +/- if and only if there exist scalars Pi, N, called prices, such that

(9) tj p,- Pk j A with j (i, k),

or equivalently

(10) t= E’p

where E T is the transpose of the network incidence matrix E and p is the vector with
coordinates Pi, i N. Therefore the dual problem (8) can also be written as

(11)
minimize q(p)

subject to no constraints on p

where q is the dual functional.

(12) q(P)= Y’. g2(P,--Pk).
jA

j(i,k)

As shown in [3, p. 349], Assumption A guarantees that there is no duality gap in the
sense that the primal and dual optimal costs are opposites of each other.

An important fact for the purposes of the present paper is that (in view of
Assumption B above) the dual problem (11) is an unconstrained optimization problem.
If each function f is strictly convex, the dual functional is also differentiable ([4,
p. 253]) and as a result unconstrained smooth optimization methods can be applied
for solution. This is particularly so since the gradient of the dual cost can be easily
calculated. Indeed, when f is strictly convex, for every tension vector there exists a
unique flow vector x such that

(13) xj=argmax(tjz-(z)} VjA

and it can be shown [4, p. 218] that xj is the gradient of g at t

(14) x=Vg(t) VjA.

From (1)and (12) we see that for a given price vector p the partial derivatives of the
dual functional q ’are given by

(15) Oq.p._( y eoVg2(tj
Opi jeA

Vi6N.

Equivalently (cf. (2)), the partial derivative Oq(p)/Op equals the deficit of node when
the arc flows x are the unique scalars defined by (13).

The differentiability of the dual cost when the primal cost is strictly convex
motivates a Gauss-Seidel type of algorithm whereby, given a price vector p, one
calculates the corresponding flows x Vgj(t), j A, chooses a node with positive
(negative) deficit and decreases (increases) Pi up to the point where the corresponding
partial derivative oq/opi becomes zero. (This amounts to minimizing the dual functional
q along the coordinate p.) One then repeats the procedure iteratively. The algorithm
above is attractive not only because of its simplicity but also because it lends itself
naturally to distributed computation, whereby minimization along different price coor-
dinates is carried out simultaneously by several processors. Indeed, this can be done
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in an asynchronous format as described and analyzed in Bertsekas and El Baz [5].
Simulations of a synchronous parallel method of this type 19] have shown remarkable
speedup in computation time.

Gauss-Seidel relaxation methods for unconstrained optimization have been
studied extensively [6]-[ 10]. However they typically require for convergence something
like a strict convexity assumption on the cost minimized as well as boundedness of its
level sets (see 10] for a counterexample). Unfortunately the dual cost (12) always has
unbounded level sets since adding the same constant to all node prices leaves the cost
unchanged. Even if we remove this degree of freedom by restricting the price of some
special node to be zero (i.e. passing to a quotient space), the dual cost may still have
unbounded levels sets and is not strictly convex when the functionsf are nondifferenti-
able as in the important special case (7) where they imply capacity constraints. One
contribution of the present paper ( 2) is to show convergence of a flow sequence
generated by the Gauss-Seidel method to the unique optimal solution of the primal
problem (4). Convergence of the corresponding price vector sequence to some optimal
solution of the dual problem (11) is also shown assuming the dual has an optimal
solution. For this we actually require that the minimization along coordinates be done
only approximately. Furthermore nodes can be relaxed in arbitrary order. The only
requirement is that each node is relaxed infinitely often. This result is new and is
remarkable in that it requires a rather unconventional method of proof. It improves
on a result by Pang [11] (see also an earlier paper by Cottle and Pang [12]) which
asserts convergence of the flow vector sequence under the assumption that gj is of the
form (7) with f differentiable, and strongly convex (rather than just strictly convex as
we assume). Pang’s result requires exact minimization along each coordinate and
contains no assertion on convergence of the price vector sequence; however it applies
to a more general problem where the primal cost function need not be separable and
the linear constraints need not have a network structure. The paper by Cottle and Pang
[12] asserts subsequence convergence to a dual optimal solution for a transportation
problem with quadratic arc costs but also uses a nondegeneracy assumption and places
a restriction in the way relaxation is carried out. This result is strengthened in our
analysis as described above.

When some of the arc cost functions f are not strictly convex, the dual cost is
not differentiable, and the Gauss-Seidel method breaks down. However Bertsekas [1]
and Bertsekas and Tseng [2] have proposed methods that are conceptually related to
Gauss-Seidel and work with linear arc costs. They allow line minimization along
directions involving several coordinates to cope with situations where minimizing along
a single coordinate is not possible. Computational experimentation with standard
benchmark problems and a code named RELAX [1], [2] shows that these methods
are very promising and outperform, in terms of computation time, some of the best
primal simplex and primal dual codes currently available. The second objective of this
paper is to propose in 3 a new relaxation method that in some sense bridges the gap
between the strictly convex arc cost Gauss-Seidel method described earlier and the
Bertsekas-Tseng linear arc cost version. We show that this method works with both
linear and nonlinear (.convex) arc costs and contains as special cases both relaxation
methods described above. To our knowledge the only other known algorithm for
network problems with both linear and nonlinear, possibly nondifferentiable, arc costs
is Rockafellar’s fortified descent method [3, Chap. 9]. Our algorithm relates in roughly
the same way to the Bertsekas-Tseng relaxation method, as Rockafellar’s relates to
the classical primal-dual method. We note that the methods considered here for linear
costs and, more generally, not strictly convex costs are not easily parallelizable. Related
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synchronous and asynchronous relaxation methods that admit massive parallelization
have been proposed recently in [20], [21].

The last section of the paper provides results of computational experimentation
with codes implementing both of the relaxation algorithms proposed.

2. The relaxation method for strictly convex arc costs. In this section in addition
to Assumptions A and B, there will be a standing assumption that each f is strictly
convex. Two important consequences of this assumption are that the optimalflow vector
is unique and the conjugate functions gj are differentiable (in addition to being real
valued by Assumption B). Indeed it is easily verified (see also [3] and [4, p. 218]) that
we have for all tj

(16) Vg(t) arg max {txj-f(x)}.
xj

Furthermore Vgj(t) is the unique scalar xj satisfying together with t the Complementary
Slackness CS condition

(17) f]-(x) <= t <=f-(xj)
where f-(x) and f](x) denote the left and right derivatives of at x (see Fig. 2.1).
These derivatives are defined in the usual way for x in the interior of dom (). When-< < c we define

fT(l)=limf(), f(l) -.
When < c <+ we define

ff(c) lim ff(), f(c) +.

Finally when lj cj wc define f() -,f(cj) +. Note that Vgj(tj) is continuous
and monotonically nondccreasing. We define the deficit functions d by

d,(p) eoVgj( tj) Vi N
jA

where t= Erp, and denote by d(p) the vector with coordinates d(p). Note that the
definition of d is identical to that given in (2), except that here we have used the strict
convexity of to express flow and deficit as functions of the dual price vector. In view
of the form of the dual functional, the relation .above yields

oq(p)
d(p) i N.

Op

Since d(p) is a paial derivative of a differentiable convex function, we have that
d(p) is continuous and monotonically nondecreasing in the coordinate p.

slope fj’(xj)
....._._.-graph of fj

._ope fj/(xj)

FIG. 2.1. The left and right derivatives offj.
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We now define a Gauss-Seidel type of algorithm similar to the one sketched in
whereby at each iteration a node s with positive (negative) deficit ds(p)is chosen

and ps is decreased (increased) with the aim of decreasing, the dual cost q(p). More
formally, we initially choose a price vector p and a fixed scalar 6 in the interval (0, 1).
Then we execute repeatedly the relaxation iteration described below.

Relaxation iteration for strictly convex arc costs.
If di (p) 0 /i N then STOP.
Else

Choose any node. s. Set/3 ds(p).
If/3 0, do nothing.
If/3 > 0, then decrease ps so that 0 <- d(p) <= 6.
If/3 < 0, then increase p so that 0 => d(p)>= 6.

The only assumption we make regarding the order in which nodes are chosen for
relaxation is the following.

Assumption C. Every node in N is chosen as the node s in the relaxation iteration
an infinite number of times.

The relaxation iteration is well defined, in the sense that every step in the iteration
is executable. To see this suppose that/3 > 0 and there does not exist a A < 0 such that
d(p+ Ae)_-< 6/3, where e denotes the sth coordinate vector. Then using the definition
of d, /, and c, it is easily seen that

lim d(p + Aes) el +A-,--cx3
esj> 0 esj<0

which implies that the flow deficit of node s is positive for any flow x within the upper
and lower arc capacity bounds and contradicts the existence of a feasible flow (Assump-
tion A). An analogous argument can be made for the case where/3 < 0.

In order to obtain our convergence result we must show that the sequence of flow
vectors generated by the relaxation algorithm approaches the circulation subspace C
(given by (5)). The line of argument that we will use is as follows: We will lower
bound the amount of improvement in the dual functional q per iteration by a positive
quantity. We will then show that if the sequence of flow vectors do not approach the
circulation subspace, the quantity itself can be lower bounded by a positive constant
which implies that the optimal dual functional has a value of-c. This will contradict
the finiteness of the optimal primal cost.

We will denote the price vector generated at the rth iteration by pr, r 0, 1, 2,
and the node operated on at the rth iteration by s r, r 0, 1., 2, . To simplify notation
we will denote

tr E Tp r, X; Vgj( t;).
We denote by X the vector with coordinates x;, j A. Note the symmetry following
from the CS condition (16) or (17)" x; is the gradient of the dual cost gj at t;, while t;
is a subgradient of the primal cost f at x;. For any directed cycle Y of the network we
will use Y/ to denote the set of arcs {j AIj is positively oriented in Y}, and Y- to
denote Y\ Y/. We first show three preliminary results.

PROPOSITION 2.1. We have for all r such that pr+ p [i.e. dsr(pr) 0]

(18) r+ r+l x;)t;] > O,q(pr)__q(pr+l)>= E [fj(xj 1)--fj(xj)--(Xj
jA

with equality homing if line minimization is used [dsr(p r+l) 0].
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Proof Fix an index r=>0. Denote s s and A =pr+l_p. From (6), (12) and (16)
we have

q(p)= [t;x;-f(x;)] Vr>-O.

Therefore

r+l r+l )]q(pr)_q(pr+l)= 2 [tjxj--fj(xj)]--2 [tj xj -fj(x+1

jA jA

r+lE [tjxj--fj(xj)]-- 2 [(tj +esjA)x;+l-fj(xj )]
jA jA

2 [fj(x;+I)-fj(X;)-(x2+l-Xj)tjrr_esjaX;+l]
jeA

2 [(x;+’)-(x;)- (x;+’ ,+,x)t;] Z ex

E [(x;+)-(x)-(x t
jeA

Since d(p+l) N0 (and d,(p+l) =0 if we use line minimization) the left side of (18)
follows. The right side of (18) follows from the strict convexity of and the fact
x+ # x. QED

PROPOSITION 2.2 e sequence {x} is bounded.
Proof We first note that at every iteration the total deficit does not increase, i.e.,

2 la,(pr+’)l 2 la,(pr)l.
iN iN

(This follows from the fact that a flow change on an arc reflects itself in a change of
the deficit of its start node and an opposite change in the deficit of its end node.
Furthermore the deficit of node s chosen for relaxation at the rth iteration cannot
increase in absolute value or change sign during that iteration.) It follows that {d(p)}
is bounded. We now argue by contradiction. Suppose {x} is unbounded. Then there
must exist an arc j and a subsequence R such that [x[--)+ as r--)o, r R. Since
{d(p)} is bounded it follows (passing into another subsequence if necessary) that
there exists a directed cycle Y such that x--)+o for all j Y+, and x;--)-c for all
j 6 Y- as r--)o, r R. Since by the CS condition (17)

r +fj (xj) _--< t =f (x),,

and also

E t;-E t;=o,
jE Y+ je Y-

we have for all r

E f/(x;)-E f/(x;)-o.
je Y+ je Y-

This is a contradiction since x+c implies f-(x) +o while x-c implies
+f (xj)-. QED

The next result is remarkable in that it shows that under a mild restriction on the
way the relaxation iteration is carried out (which is typically very easy to satisfy in
practice), the sequence of price vectors approaches the dual optimal set in an unusual
manner. The result depends on the monotonicity of the functions V
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PROPOSITION 2.3. Given p RIrvl, let s be a node and let denote a dual price vector
obtained by applying the relaxation iteration to p using node s. Assume in addition that
ff is chosen so that

(19a) if ds(p)>O then ds[p+a(p-p)]>O /a>0,

(19b) if d(p)<O then d[+a(p-p)]<O Vc>0.

Then for all k N, and all optimal dual price vectors p* we have

(20) min {p,-p*,li N} <= ffk --P*k <- max {p, -p*, li N}.

Note. Assumption (19) when d(p) > 0 [d(p) < 0] is equivalent to assuming that
/s is chosen greater (less) or equal to the largest (smallest) minimizing point of the
dual cost along the sth coordinate starting from p. It is automatically satisfied if the
dual cost has a unique minimizing point along the line {p+ e]c R}.

Proof. Fix an optimal dual price vector p* and consider an arbitrary price vector
p’. Let k be such that ,6k--P’k max {,--P*,li N}. We have

P’k --Pk* >----/i --P* Vi k

so that

k p’ >-- p *k p lj k, ), , k <---- P P’ j i, k ).

Since Vgj is a nondecreasing function, we have that

Vgi(k--i)>Vg(p*k--p*) lj--(k,i), Vgi(--k)<--_Vg,(p*--p*k) /j--(i,k).

Thus dk() >= dk(p*) O.
The desired assertion (20) holds if d(p)=0 since then we have/ =p. Assume

that d(p)< 0. Consider the vector/ defined by

/=l’Pi if iSs,
p* + max {p -PIJ N} if i= s.

Then we have/ -p* max {/,-p*,[i N} max {p,-p*,li N} and by the preceding
argument we have ds(/)=> 0. Therefore, using assumption (19), we have/-</ while
at the same time p </, and p =/ for all s. The assertion (20) follows. The proof
is similar when ds (p) > 0. Q.E.D.

Note that Proposition 2.3 implies among other things that, if (19) is satisfied at
all iterations, the sequence {pr} generated by the relaxation method is bounded.
Furthermore if we can show that {p r} accumulates at an optimal price vector, the
proposition implies that {p} must converge to that vector. We are now ready to show
our main result.

PROPOSITION 2.4. Let {p, x} be a sequence generated by the relaxation method
for strictly convex arc costs. Then

(21) (a) limd(pr)=0.

(22) (b) lim x x*

where x* is the unique optimal flow vector.

(c) lim q(p)=-f(x*)=infq(p).
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(d) If condition (19) is satisfied at each iteration, and the dual problem has an
optimal solution, then

(23)

where p* is some optimal price vector.

Proof (a) We first show that

(24)

lim pr _.> p,

lim dsr(p) O.

Indeed, if this is not so there must exist an e > 0 and a subsequence R such that
]dsr(p)] => e for all r R. Without loss of generality we assume that dr(p)_-> e for all
re R. Since ld(p)]= we hav that at the rth iteration some arc incident
to node s must change its flow by at least A where A=(1-8)e/]A]. By passing to a
subsequence if necessary we assume that this happens for the same arc j* for all r R,
and that x-x. >-A, for all r R. Using the boundedness of {x r} (Proposition 2.2)
we may also assume that the subsequence {X*}R converges to some xj.. Using the
convexity of f and Proposition 2.1 we have

q(p) q(p’+’) >--_ fi.(x].+’) -f/.(x],) (x]:’ x.) t.
>=f,(x;. + A) f.(x;.) At;.
>- fi,(x;, + A) f,(x(r) hf(x;,).

Taking the limit as r --> co, r R and using the facts x. --> xj. and lim_.o ff.(x.) <=f,(x.)
(in view of the upper semicontinuity of ffi) we obtain

lim inf [q(p r) q(pr+,)] >-fj.(x. + A)-fj*(Xi.)- Af(xj.) > O.
rR

This implies that limr_ q(pr)=--0. But this is not possible because from (6) and
(12) we have q(p)>----,jAf(x) for all p and xC. Therefore (24) is proved by
contradiction.

We now show (21). Choose any i N. Take any e >0 and let R be the set of
indices r such that di(p) > 2e. Assume without loss of generality that di(p) < e for
all r with s (cf. (24)). For every r R let r’ be the first index with r’> r such that
i= s r’. Then during iterations r, r+ 1,..., r’-1 node is not chosen for relaxation
while its deficit decreases from greater than 2e to lower than e. We claim that during
these iterations the total deficit kN ]dk(p)[ is decreased by an amount of more than
2e. To see this, note that the total absolute deficit cannot increase at any iteration as
noted earlier in the proof of Proposition 2.2. Next observe that for any of the iterations
r, r+ 1,..., r’-1, say , for which the deficit of is decreased by an amount st> 0
from a positive value di(p) > 0, it must be that the node s chosen for relaxation is a
neighbor of and has a negative deficit d(pr) < 0. Since all increase in ds(p) during
the iteration must be matched by decreases of the deficits of the neighbor nodes of s,
and the deficit of s will remain nonpositive after the iteration, it follows that the total
absolute deficit will be decreased by at least 2 min {, d(pr)} during the iteration. This
shows that during iterations r, r + 1, , r’- 1 the total absolute deficit must decrease
by more than 2e. It follows that the set R of indices r for which di(p) > 2e cannot
be infinite. Since e >0 is arbitrary we obtain lim sup_oo d(p)-O. Similarly we can
show that lim inf_, di(p") >- 0 and therefore di(p) - O.
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(b) For all r and arcs j we have the CS condition

(25)

If Y is any cycle we have

so from (25) we obtain

j y+ ja y-

(26) _, ff(x)- , ff(x) <-_ O<= ff(x)- , ff(x).
j y+ j y- j Y+ j y-

Let {x} be a subsequence converging to some (cf. Proposition 2.2). Then from
(26) and the lower (upper) semicontinuity of ff(ff), we have for all cycles Y

ff(X)- f(X)O f/(X)- fT(2),
j y+ j y- j y+ j y-

while from pag (a) we have X C. This implies that 2 is an optimal flow ([3, Chap.
8]) and therefore must be equal to the unique optimal flow x*. Since, by Proposition
2.2, {x ’} is bounded we obtain x’ x*.

(c) For every arc j for which 6 < c there are three possibilities:
(1) {t} is bounded.
(2) x cj < +, xj x7 and -< lim infr, tj lim sup, tj +.
(3) x7 > -, x;x and - lim infr t; lim sup t; < +,

while for an arc j with l =c we must have x x for all r. Using this fact we can
easily see that we can construct a subsequence R such that

tf(x-x) tf(x-xT) VrR
jA jB

where B is a set of arcs j such that {t}R is bounded. We have (since C, x* C,
and therefore ja tX O)

f(x) + q(p) 6x t(xf x) t(x- x).
jA jA jB

Since xx and {t}R is bounded for j B we obtain by taking the limit above
f(x*)+limr q(p)O. On the other hand we have for all p using (6) and (12)
f(x*)+ q(p) O. This together with the preceding relation show the desired result.

(d) By Proposition 2.3, {p} is bounded. Let {pr} be a subsequence converging
to a vector p* and let t*= Ep*. We have for all j A

f(x;) t; Nf(x;) Vr R.

It follows using paa (b) and the lower (upper) semicontinuity of f(f) that for all
j A, f(x) tNf(x) where x* is the optimal flow vector. Therefore t* satisfies
together with x* the complementary slackness conditions and must be dual optimal.
Proposition 2.3 shows that {p’} cannot have two dierent dual optimal price vectors
as limit points and the conclusion follows. QED

3. The relaxation method for,mixed linear and strictly convex arc costs. We first
introduce some terminology. We will say that a point b e dom (fi) is a breakpoint of
iff(b)<f(b). Note that the dual functional q, as given by (12), is separable and

is piecewise either linear or strictly convex. Roughly speaking each linear piece
(breakpoint) of the primal cost function corresponds to a breakpoint (linear piece)
of the dual cost function g2 (see Fig. 3.1).
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slope r,

FIG. 3.1. Correspondence between the breakpoints off and the linear pieces of gj (and vice versa).

Assumption D. f+(xj) > -oo and ff(xj) < +oo for all x; dom (f).
In the terminology of ([3, Chap. 8]), Assumption D implies that every feasible

primal solution is regularly feasible and guarantees, together with Assumptions A and
B, that the dual problem has an optimal solution ([3, p. 360]). For a given e > 0, we
say that x R IAI and p RIsl satisfy e-Complementary Slackness e-CS for short) if

(27) ff(xj) e <= tj <=ff(xj) + e Vj A

where E Tp. For a given p, (27) defines upper and lower bounds, called e-bounds,
on the flow vector:

(28) l min {sc(ff() -> t e}, c; max {sclf-(sc) <_- t + e} Vj A.

Then x and p satisfying e-CS is equivalent to

(29) x [ l, c] Vj A

where E rp. For a given tj, we can obtain l and c from the graph of the subdit!eren-
tial mapping of f as shown in Figs. 3.2-3.3. Intuition suggests that if x is in the

fj(xj)

Groph of fj

FIG. 3.2. Graph off.

FIG. 3.3. Graph of Of and e-bounds corresponding to tj.
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circulation subspace C, x and p satisfy e-CS and e is small, then both x and p should
be near optimal. This idea will be made precise later when we explore the near optimality
properties of the solution generated by a relaxation algorithm that uses the notion of
e-CS. The definition of e-CS is related to the e-subgradient idea introduced in
nonditierentiable optimization in [13] as well as to the fortified descent method of
Rockafellar [3]. The latter method, however, for a given p and E rp, uses different
lower and upper bounds on xj given by

inf
&(tj+A)-g(t)+e

and sup g(t)-gj(t-A)-e.
a>o A a>o A

Our bounds of (28) seem simpler for implementation purposes particularly when some
of the cost functions f are linear within their effective domain.

For a given x within the e-bounds, we define the deficit of node as in (2) and
say that a sequence of nodes {n nk} forms a flow augmenting path if

and x<c ifj--(nm, n,,+), me{1,...,k-1},
d,l <0, d,k > 0

x> lf if j(n,,/, n,,), me{1,...,k-1}.
Let

ci -xj if j"(nm, nm+),
tz,,

x-lf ifj---(n,,+, n,,),
me{l,..., k-l}.

We will call

/ min {-d,,, d,,,/z,. .,/k-}
the capacity of the path. The relaxation algorithm of this section uses the labeling
method of Ford and Fulkerson 14] for finding flow augmenting paths and for augment-
ing flow along them.

For a given tension vector e C and any subset of nodes $, we define C (S, t) by

(30) C,(S, t)= Y’. l;- c;
j[S,N\S] j[N\S,S]

where we use the notation

S, N\S] {JlJ (i, k), S, k
_
S}, N\S, S] {j[j (i, k), S, k e S}.

We also define the IN]-vector u(S) by

-1 if ieS,
ui(S)=

0 ifiS.

The importance of these notions is due to the fact that for any e => 0, C(S, t)> 0
implies that u($) is a dual descent direction at p, where p is any price vector satisfying
E rp t. This follows from the fact that the directional derivative of q at p in the
direction u(S) defined by

q(p+Au(S))-q(p)
q’(p; u(S)) lim

ao A

is easily verified to be

q’(p; u(S)) ’. c- Y’. ly <= -C(S, t)
je[N\S,S] je[S,N\S]

o owhere c, l are the e-bounds corresponding to e- O, and we are making use of the
fact c =< c, 1 _-> lff, for all e _-> O.

We now describe the relaxation algorithm. The algorithm is iterative and uses the
e-CS idea. The scalar e is kept fixed throughout the algorithm. At the beginning of
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each iteration we have a dual price vector p and a flow vector x satisfying l <= xj <= c
for all j A. If x C then we terminate. Otherwise we use labeling to either find a
flow augmenting path, in which case a flow augmentation is performed to bring x
"closer" to C; or to find a dual descent direction, in which case a dual descent along
this direction is performed. When each f is linear within its effective domain, e 0,
and all problem data is integer, the algorithm coincides with the relaxation method of
[1], [2]. When each f is strictly convex and e =0 the algorithm coincides with the
exact line minimization version of the algorithm of the previous section ( 0).

Relaxation iteration.
Step O. Given p and x satisfying l <= xj <= c for all j, let and d be the correspond-

ing tension and deficit vectors.
Step 1. Pick a node s such that ds > 0. If no such node exists terminate. Else set

all nodes to be unlabeled and unscanned. Give the label 0 to node s. Set S and
go to Step 2.

Step 2. Choose a labeled but unscanned node k. Set S S U {k} and go to Step 3.
Step 3. Scan the label of the node k as follows" Give the label k to all unlabeled

nodes m such that x < c for j (m, k) and to all unlabeled nodes rn such that x > l
for j (k, rn). If C (S, t) > 0 then go to Step 5. Else if for any of the nodes m labeled
from k we have d,, < 0 then go to Step 4. Else go to Step 2.

Step 4. (Flow Augmentation Step). A flow augmenting path has been found which
starts at the node m (with d, < 0) identified in Step 3 and ends at the node s. The
path can be constructed by tracing labels starting from m. Let /x be the capacity of
the path. Increase by/z the flow of all arcs on the path oriented in the direction from
m to s, decrease by/z the flow of all other arcs on the path. Update the deficit vector
d and return.

Step 5. (Dual Descent Step). Determine A* such that

q(p + A *u(S)) min {q(p + Au(S))}.
A>O

Set p p + A*u(S) and update the bounds l and c. Update x to maintain the e-CS
condition l -< x =< c and return.

Validity andfinite termination of the relaxation iteration. We will show that, under
Assumption D, all steps in the Relaxation Iteration are executable and that the iteration
terminates in a finite number of operations.

Steps 0, 1, and 3 are trivially executable. Step 2 is certainly executable on its first
pass since the node s is labeled but unscanned. To show that it remains executable
on subsequent passes we only need to verify that each time we go to Step 2 from Step
3 there always exists a labeled but unscanned node. In Step 2, if all labeled nodes are
also scanned we have

Ea,= E x- E x
iS j[S,N\S] j[N\S,S]

l- c; C(S, t).
j[S,N\S] j[N\S,S]

Since node s has positive deficit and all other labeled nodes have nonnegative deficits
we obtain that C (S, t)> 0 and therefore in the previous pass through Step 3 we would
have branched to Step 5 rather than to Step 2. Step 4 is executable since the rule for
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labeling ensures that a flow augmenting path exists from node m to node s, so a flow
augmentation is possible. Step 5 is executable since C(S, t)> 0 implies that u(S) is
a dual descent direction at p, and we can show that there exists a minimizing stepsize
A*. To see this assume the contrary, i.e., that there does not exist a stepsize A* achieving
the minimum along the direction u(S). In that case the convexity of q implies that

q’(p+Au(S); u(S))<O VA>0,

lim q’(p+Au(S); u(S))<=O.

Then it can be easily seen that either

c >0,
j[S,N\S] j[N\S,S]

in which case Assumption A is violated [dom (f)fl C is empty], or

E E c =O
j[S,N\S] j[N\S,S]

and either fff(/) - for some j S, N/S] orf(cj) + for some j N\S, S], in
which case Assumption D is violated. To complete the proofthat the relaxation iteration
terminates in a finite number of operations we note that we cannot loop between Step
2 and Step 3 infinitely often since the number of scanned nodes is increased by one
each time we visit Step 3.

We next show that the relaxation algorithm, when applied in conjunction with an
easily implementable labeling rule, terminates in a finite number of iterations. The
proof may be divided into two separate parts. The first part involves showingthat the
number of dual descent steps is not infinite. This is done by arguing that the optimal
dual cost is necessarily - if the number of dual descent steps is infinite. The second
part involves showing that the number of flow augmentations between successive dual
descent steps is finite. This is done by choosing an appropriate labeling scheme for
the relaxation algorithm and showing that the number of flow augmentations is finite
under the chosen scheme. For this purpose we will propose two schemes: breadth-first
search and arc discrimination.

We first, show that the stepsize in each dual descent step is bounded from below
by e. Indeed our definition of e-CS was motivated primarilyby this fact.

PROPOSITION 3.1. The stepsize in each dual descent step is greater than e.

Proofi Under Assumption B, q(p) is subditterentiable everywhere. Let S denote
the subset of nodes corresponding to. the dual descent direction generated by the
relaxation iteration. In other words, the dual descent direction u is given by

-1 if iS,
(31) ui=

0 ifiS,

and S satisfies C(S, t)> 0. Now consider p’ given by p’=p + eu and t’= E rp,. Then

tj=tj-e ifj[S,N\S],

tj tj + e ifje[N\S,S],

lj--- tj otherwise,
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so that

min {:]fj+(:) >- tj e} min {clfj+(: => t}

max {:lfj-(:) --< tj + e} max {:[fj-(:) <- t}

for all j S, N\S],

for all j E N\S, S].

Therefore

q’(p’; u):- 2 lf + 2 c;:-C(S,t)<O.
je[S,N\S] je[N\S,S]

Since q is convex, q’(p; u)<0 and q’(p+eu; u)<0 imply that q’(p+au; u)<0 for
all a E [0, el. Therefore the stepsize in a dual descent step. is greater than. e. QED

We will now use Proposition 3.1 to prove that the number of dual descent steps
is necessarily finite. The.following result is afirst step in this direction.

PROPOSITION 3.2. Letpr denote theprice vector generated by the relaxation algorithm
just before the rth dual descent step. Then for each r {0, 1, 2,..-}

(32) q(pr)_q(p+l)> y
j[Sr, N\sr]or
je[N\Sr,Sr]

where we define

[(.;) -(x;) (.;- x;)t;] e o

.;={g;(t;--e) ifj[Sr, N\Sr], {g-f(t) ifjE[Sr, N\Sr],
gf(t+e) ifj6[N\S,Sr],

Xj= g.(t) ifjE[n\s*,S],

and S denotes the node subset corresponding to the descent direction at the rth dual
descent step.

Proof From the definition of and X we have that

g(t;)=X;t;-(X;), g(t;-e)=*;(t;-e)-(*;) VjG[Sr, Nsr],

From the definition of q, S and u(S) we have that

q(pr+eu(S))=q(pr)+ [gj(t-e)-g(t)]
j[Sr N\Sr]

+ . [g(tf+e)-g(tf)]
je[NhSr,S]

and from Proposition 3.1 we have that

q(pr) q(pr+l) >____ q(p) q(p, + eu(S’)).

Combining the above three sets of equalities and inequalities we obtain that

q(pr)_q(pr+l)= 2 [[X]t-f(X)]-[(t-e)-f()]]
j[Sr,N\S

+ E [[x;t;-(x;)]-[(;+),I,;-(,;)]]
je[N\sr,s]

je[S NkSr]
j[N\Sr,S r]

If(*;) -(x;) (.; x;) 6]

+[ 2 *;- E
je[S,N\S] je[ N\S,S]
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Since

(tj e)- E gy-(tj + e)
jE[Sr,N\Sr] j[NSr,Sr] j[SNSr] j[NSr,S

j[Sr,NkS j[NkSSr]

-q’(p + eu(S); u(S)) > 0

(where the last strict inequality is obtained from Proposition 3.1) the left side of (32)
follows. The right side of (32) follows from the convexity of. QED

PROPOSITION 3.3. Under Assumption D the number of dual descent steps is finite.
oo We will argue by contradiction. Suppose that the number of dual descent

steps is infinite. We denote the price vector, the tension vector and the flow vector
generated by the relaxation algorithm at the rth dual descent step by p, , and x,
respectively. First we show the following propey of the sequence {t}:

For each j

(33) {t}+ for some subsequence Rq <+, (c) <,

(34) {t;} - for some subsequenceR> -, ()> -.
If {t} is bounded then (33), (34) trivially hold. Consider a subsequence R such

that {t} is unbounded. Without loss of generality suppose that, for each arc j A,
{t} is either bounded, or tends to , or tends to -. We now paition N into a
collection of nonempty subsets No, N1," ", N (L 1) such that

{(pT-p)} ifa>fl andiN,kN.

(One way to construct such a collection is to consider a graph identical to the original
except that all arcs j such that {t} is bounded are discarded, and all arcs j such that
{t} - are reversed in their orientation. Since the sum of tensions along a directed
cycle is zero we see that this graph is acyclic. The set No is the set of nodes of this
acyclic graph having no outgoing arcs. The set N is obtained similarly after all arcs
incident to No in the acyclic graph have been discarded, etc.)

For a 1, 2,. ., L, we define the following, arc sets"

i U N,k U N},>>-a ’<a

i U N,,k U N}.
’<a

Then each set A+ UA is a cut in the network and

t- +, r R if and only if j belongs to some A+,
(35)

t-, r R if and only if j belongs to some AS.
Consider any fixed positive scalar A. Equation (35) implies that for all a

(36) lim g-(t;- A) c ’j A+, lim g-(t; + A) 1 j A.
roO,rE R roo, R

Since

q,(pr+Au;u)=_ gj-(t;-A)+ E gf(t;+A)
jA+ jA2
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where u is given by

it follows from (36) that

Ui
l if ie LI N,

,r_>

otherwise,

(37) lim q,(pr+hu;u)=_ cj+ 1.r-oo,rR
jA jA

Let 19 denote the right-hand side quantity in (37). We will argue that 19-0. Clearly
we cannot have 19 > 0 since this would imply that there does not exist a primal feasible
solution. We also cannot have (R) < 0 since then (37) implies that for r sufficiently large

q(p’+Au)<-_q(p’)+A(R).

This is not possible since A can be chosen arbitrarily large while q(p) is nonincreasing
with r. This leaves the only possibility that 19- 0 or that

E cj= y’. /, a=l,...,L.
jA jA-

It follows that for every feasible flow vector we have

x=c IjA+, x=l VjAS, a=l,...,L.

This implies (33) and (34).
Now we will bound from below the amount of improvement in the dual cost per

dual descent step by a positive constant. Proposition 3.1 assures us that at each dual
descent step the step length is more than e. Consider the interval [1/4e, e], which we
denote by I. Also let u denote the dual descent direction at the rth dual descent step.
We have that the dual cost is decreasing on the line segment connecting and /l.
It follows from (33), (34) and Assumption D that there exists a subsequence R such
that for r sufficiently large, r R, we have for all A I

r,q’(Pr+Au ,ur) Cj)j "Jr" E lj)j t- E g+.(tj+Av;)j )j
jj+ jj- jajo

v>0
+ E gf(t;+Av;)v;<O
jjo
v<0

where we define

J+ {j[{t} --, oo}, J- (Jl(t)
jo {Jl{tf}rR is bounded}

and v= E ru. Consider a fixed r R. Define (R):R R by

(R)(A) q(pr +mur).

We consider two cases. In case (i) the right derivative of O(A) assumes at most 21AI
distinct values in the interval/. In case (ii) the right derivative of O(A) assumes more
than 21AI distinct values in the interval/. In case (i) q(p + Au) is linear for A in some
subinterval I of ! of length at least e/41A[ and it follows that q’(pr +Au; u) over
I is linear of the form

(38) q,(pr + AUr. U E Cj); -1
t- E ljv; At" E bj);

jj+ jj- jjo
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where vr= Eu and bj denotes some breakpoint off. This implies that, for each j e jo

such that vf 0, the dual functional gj(t + Av) is linear with slope b for A in I r. For
each j e jo, {tfi} R is bounded, and therefore the number of distinct linear pieces of
g of length >-e/4lA[ encountered during the course of the algorithm is finite. This
together with the fact that v is chosen from a finite set imply that q,(pr + AU; U r) (cf.
(38)) can only assume one of a finite set of values over the subinterval I. It follows
that in case (i) we can bound the amount of dual cost improvement from below by
e/4[A[ where 6 is some positive scalar. This implies that Case (i) can occur for only
a finite set of indexes r (for otherwise the dual cost tends to -) and we need only
to consider case (ii). In case (ii) for each r e R there must exist a j e jo Such that v 0
and the right derivative of the function h(A) defined by h(A)= g(t; + Av) assumes at
least three distinct values in the interval L Since v; equals either or -1 it follows
that either t+1 _-> t + e and g-(t + A) < g-f(tfi + Az) for at least two points A < A2 in
I or t+<- t-e and g(t-A2)< g-(t-A) for least two points/x < Az in I. Passing

r+lto a subsequence if necessary, wecan assume that it is the same j and either t/ tj + e

or t/l<= t-e for all r e R that are sufficiently large. Without loss of generality we
will assume that t/l=> t+ e for all r e R that are sufficiently large. Since j e jo the
subsequence {t}rR is bounded and therefore has a limit point t. Passing to a
subsequence if necessary, we assume that {t} converges to t. Then it follows that
there exists a fixed interval L such that

(39) L [t, t+ e] Vre R, r sufficientlylarge

and

TI < T2 and gf(rl) < g(’/)2)

for at least two distinct points r/ and r/2 in L. We then define

g-(r/1), sc2 gf(r/2).
Then and 2 belong to the interval

[g-(a),gf(b)]
where a, b are the left and the right endpoints of L, respectively, and they satisfy

(40) : < 2 and ff(,) <fj-(2).

Then for r sufficiently large, re R, we obtain (of. (39)) that

(41) gf(t;)<-’, <2<=g-(t;+e).
It follows from Proposition 3.2 that for all sufficiently large r e R

q(pr) q(pr+) >=f(g(t+ e)) f(gf t)) f(g. t))(g-( t + e) g. t))
(42)

----> f (sC2)--f()--ff(:) (sO2 :1)

where the second inequality follows from (41) and the convexity of f. From (40) and
the convexity off we obtain that the right-hand side of (42) is positive. Therefore the
dual cost improvement per dual descent is bounded from below by a positive constant,
and the dual cost tends to -, contradicting Assumption A. QED

The second part of our finite termination proof involves showing that the number
of flow augmentations between successive dual descent steps is finite. Since the
e-bounds remain unchanged between successive dual descent steps, the issue in effect
is whether the labeling algorithm used will solve finitely the max flow problem with
the given e-bounds taken as capacity constraints. It was shown by Ford and Fulkerson
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([14, p. 126]) that, when the data is irrational, an arbitrary choice of labeled nodes
may result in an infinite number of flow augmentations, so a more specific scheme for
labeling is necessary to deal with irrational data. Here we propose two such schemes"
breadth-first search and arc discrimination. In practice, the data is always rational,
being stored on a finite precision machine, and therefore finite convergence is assured
even if labeling is done arbitrarily.

Breadth-first search is a well-known scheme used in labeling. It can be easily
implemented using a FIFO queue. In [15, Chap. 9.3, 16] it was shown that, under
breadth-first search, the number of flow augmentations is finite if all nodes with positive
deficit are labeled initially. We now show that the same conclusion holds ifa single
node with positive deficit is labeled initially, as is the case for the relaxation iteration.
This fact requires a nontrivial proof and, to our knowledge, is not reported in the
literature.

PROPOSITION 3.4. When labeling is done by breadth-first search, the number offlow
augmentations between successive dual descent steps is finite.

Proof. We will assume that the number of flow augmentations is infinite and obtain
a contradiction. For simplicity, we call a node with negative deficit a source and a
node with positive deficit a sink. Since the number of flow augmentations is infinite,
after a while the set of sources and sinks must become fixed (since a source cannot
become a sink or vice versa) and the set of flow augmenting paths must repeat (since
all flow augmenting paths are simple and therefore there are only a finite number of
them). Let P be the set of flow augmenting paths that repeat infinitely often.We say
that an arc belonging to a path p P is saturated in the direction ofp if the flow of the
arc is at the upper (lower) bound and the arc is oriented from the source (sink) of p
to the sink (source) of p.

Consider a path p P. After a flow augmentation using p as the path, some arc
of p will become saturated in the direction of p. Let Ap denote the set of arcs on p
that become saturated in the direction of p infinitely often. Ap is clearly nonempty.
We will show, by induction, that Ap is empty when breadth-first search, is done and
thus obtain a contradiction.

Initialization. For all p P, every a Ap is at least one arc away from the sink
of p.

Proof. This is true since if the arc on p incident to is saturated, it must remain
saturated from then on.

kth inductive step. Suppose that, for all p P, every a Ap is at least k arcs away
from the sink of p. We will show that, for all p P, every a Ap, is k + 1 arcs away
from the sink of p. Suppose the contrary. Then there exists a p P, whose source and
sink we denote by s and respectively, and an arc a in Ap such that a is k arcs away
from t. After a becomes saturated, there must be a flow augmenting path p’ to unsaturate
it (see Fig. 3.4). From the inductive hypothesis, the arcs on p between a and are
unsaturated in the direction of p. Since the labeling is done by breadth-first search,

FIG. 3.4. p’ unsaturating the arc a.
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this implies that the number of arcs on the subpath p (see Fig. 3.4) must be strictly
less than that of the subpath p (otherwise during the iteration that generated p’ as
the flow augmenting path node would have been labeled before node t’). It follows
that, just before the iteration that generated path p, some arc of the subpath p must
be saturated in the direction of p’ (otherwise during the iteration that generated p node
t’ would be labeled before node t). This arc must then belong to Ap,. Since the number
of arcs on p is strictly less than k, the inductive hypothesis is contradicted.

Since the inductive hypothesis holds for all k and the number of arcs on each
flow augmenting path is at most IN]- 1, it follows that Ap is empty for all p and the
desired contradiction is obtained. QED

In the arc discrimination scheme, the order in which nodes are labeled and scanned
is given by the following simple rule:

Each labeled but unscanned node records whether it is connected to an unlabeled
neighbor by an arc whose flow is strictly between the lower and upper bounds.
A node with such a neighbor is scanned first.

The proof of finite convergence under this scheme is given in 17]. The implementa-
tion of the arc discrimination scheme requires more global information than breadth-
first search. However, when the relaxation algorithm is extended to operate on both
positive and negative deficit nodes between successive dual descent steps, which had
been shown to be computationaly beneficial in the case of linear cost problems, arc
discrimination can still be shown to yield finite convergence. It is not known if this is
also true of breadth-first search.

Propositions 3.3 and 3.4 show that the relaxation algorithm of this section termin-
ates after a finite number of iterations. Since the algorithm only terminates when all
the node deficits have zero value, the final flow vector x must belong to C. Since e-CS
is maintained at all iterations of the algorithm, it follows that x and the final dual
price vector must satisfy e-CS also.

We next show that we can bring the cost of the solution generated by the relaxation
algorithm arbitrarily close to the optimal cost by taking e sufficiently small. The main
part of the argument is embodied in the next proposition.

PROPOSITION 3.5. Let x and p satisfy e-CS, and let and p satisfy CS. Ifx e C then

O<=f(x)+q(P)<--e ., Ixj-].
jA

Proof. Let E rp. Since : and p satisfy CS we have

f(6)=tj-g(t) VjeA.

Take an arc j such that x-> . Then by convexity of f
f(x) +( xj)f-(x) <=f() 6t g( t).

Hence

+ <-_ +
+

where the second inequality follows from e-CS. This inequality is similarly obtained
when xj =< , so we have

f(x) + g( t) <- Ix & le + xt Ij e A.

From the definition of g1 we also have

xltj<-_fi(xi)+ gi(tj) fj e A.
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By combining these two inequalities and adding over all j A, we obtain

xt <- Y Kf(x)+g(t)] <= ,
jA jA jA jA

Since x C we haveA Xb 0 and the result follows. QED
From Proposition 3.5 we can obtain a simple bound on the suboptimality of the

solution in the special case where l -oo and c <: +oo for all j A.
COROLLARY 3.1. Let x and p satisfy e-CS. If x C, and -oo < l <- c -boo for all

j A, then

O<-_f(x)-bq(p)<-e _, (c-l).
jA

For the general case we have the following.
PROPOSITION 3.6. Let x( e and p( e denote anyflow and price vector pair such that

x(e) and p(e) satisfy e-CS and x(e) C. Then f(x(e))+q(p(e))->O as e ->0.

Proof. First we show that x(e) remains bounded as e - 0. If x(e) is not bounded
as e - 0, then since x(e) C for all e 0 there exists a directed cycle Y and a sequence
{e,}-0 such that cj +oo, xj(e,) +oo for all j Y+ and/ =-oo, x(e,)-oo for all
j Y-. By Assumption B

lim f-(:) +oo for all j Y/, lim f+(s) -oo for all j Y-.

This implies that for n sufficiently large,

(43) t(e,) t(eo) for all j Y+ and t(e,) t(eo) for all j Y-

where t(e,)= ETp(e,). Since t(en) E’p(e,) we have, t(e,,)- t(e,)-0 for all n,
j Y+ j y-

which contradicts (43). Therefore x(e) is bounded as e 0.
Now we will show that (e) x(e) is bounded for all j A as e -* 0, where so(e)

is some vector satisfying ff((e)) <- t(e) -<_f+((e)), for all j A. If c oo then (e)
is trivially bounded from above. If c +oo then by Assumption B we have f-(:) +oo
as - +oo. Since x(e) is bounded we have that b(e) is bounded from above which
in turn implies that (e) is bounded from above. Similarly, we can argue that (e)
is bounded from below. Therefore I(e)- x(e) is bounded for all j A as e-* 0. This
then completes our proof in view of Proposition 3.5. QED

Unfortunately Proposition 3.6 does not tell us how small e must be to achieve a
certain degree of near optimality. We need to solve the problem first for some guess
e to obtain x(e) and :(e), evaluate the quality of the solution on the basis of the gap
f(x(e))+ q(p(e)) between primal and dual solution, and then decide whether e needs
to be decreased. If however the bounds lj and c are finite, we can, by Corollary 3.1,
obtain an a priori estimate on e.

4. Computational experimentation. Two experimental codes implementing the
methods of the paper were developed and tested on linear benchmark problems and
nonlinear variations.

The first code, named NRELAX, implements the relaxation method for strictly
convex problems of 2. The second code, named MNRELAX, implements the method
for mixed linear and strictly convex problems of 3. Both codes were written in Fortran
on a VAX 11-750 and were compiled and run under the VMS version 3.7 operating
system.
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TABLE
Times for NETGEN benchmark problems. MNRELAX uses e O. Times in this

and subsequent tables are in secs on a VAX 11-750. All codes are written in Fortran
and compiled under VMS version 3.7.

Problem Number of Number of MNRELAX
number nodes arcs e 0 RELAX-II

200 1300 5.13 2.07
2 200 1500 6.33 2.12
3 200 2000 4.86 1.92
4 200 2200 7.74 2.52
5 200 2900 6.83 2.97
6 300 3150 12.85 4.37
7 300 4500 13.46 5.46
8 300 5155 14.54 5.39
9 300 6075 17.38 6.38
10 300 6300 14.39 4.12
11 400 1500 4.71 1.23
12 400 2250 5.81 1.38
13 400 3000 6.27 1.68
14 400 3750 7.79 2.43
15 400 4500 9.64 2.79
16 400 1306 9.06 2.79
17 400 2443 8.87 2.67
18 400 1306 8.98 2.56
19 400 2443 8.81 2.73
20 400 1416 9.82 2.85
21 400 2836 10.36 3.80
22 400 1416 9.08 2.56
23 400 2836 13.80 4.91
24 400 1382 4.73 1.27
25 400 2676 7.15 2.01
26 400 1382 3.73 1.79
27 400 2676 6.41 2.15
28 1000 2900 20.17 4.90
29 1000 3400 19.15 5.57
30 1000 4400 25.62 7.31

The test problems were generated using the public domain code NETGEN [18].
There are 40 "standard" benchmark linear cost problems that can be obtained using
this code. We tested our codes with some of these problems either in their standard
(linear cost) form or in a modified form whereby a quadratic cost was added to the
linear cost of some or all of the arcs as discussed below. In order to test coding
efficiency we tested MNRELAX with e 0 against the very efficient linear cost code
RELAX-II (see 1], [2]) under identical conditions on the first 30 NETGEN benchmark
problems. The two codes are close to being mathematically equivalent on linear cost
problems but MNRELAX uses floating point arithmetic. The results shown in Table
1 appear to indicate that MNRELAX is coded fairly efficiently.

There were two issues that we wanted to clarify through the experimentation:
(a) The effect of the parameter e on the performance of MNRELAX;
(b) The relative efficiency of NRELAX versus MNRELAX with optimal choice

of the parameter e on strictly convex problems.
A large number of experiments some of which are presented in Tables 2 and 3

showed that for all except some very "difficult" problems it is best to operate
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TABLE 2
Times for NETGEN benchmark problems modified so that 50% of the arcs have an additional quadratic

cost with coefficient from the range [5, 10]. Numbers in parentheses where present indicate significant digits

of accuracy of the answer. In MNRELAX e is kept constant during the solution of each problem.

Problem Number of Number of MNRELAX MNRELAX Sign. digits of
number nodes arcs e > 0 e 0 accuracy

200 1300 30.79 11.49 6
2 200 1500 40.66 11.73 6
3 200 2000 34.48 9.31 7
4 200 2200 32.05 11.60 6
5 200 2900 50.43 28.14 5
6 300 3150 74.10 26.01 6
7 300 4500 140.70 48.64 6
8 300 5155 116.06 76.35 6
9 300 6075 96.59 49.25 6
10 300 6300 94.71 36.43 6,

11 400 1500 263.14 26.35 4
12 400, 2250 180.93 31.86 4
13 400 3000 240.76 (5)36.25 4
14 400 3750 436.80 79,88 4
15 400 4500 146.69 (3)42.23 2
16 400 1306 144.08 (7)86.40 3
17 400 2443 261.91 (7)47.31 5
18 400 1306 294.88 53.71 4
19 400 2443 108.04 37.54 5
20 400 1416 214.99 (7)68.17 3
21 400 2836 37.24 (7)18.43 4
22 400 1416 366.85 (7)53.37 4
23 400 2836 34.56 (7)18.09 4
24 400 1382 66.58 (5)45.87 3
25 400 2676 167.53 (6)22.73 5

MNRELAX with e =0 and terminate the iterations when the deficit of all nodes
becomes sufficiently close to zero. Indeed it appears that for ,such problems the time
required for MNRELAX to terminate increases with e. The reason is probably that
with large e the intervals defined by the e-bounds become larger and,. as a result, a
large number of flow augmentations are needed before.a descent direction can be
found. Given that a large value of e leads also to inaccurate solutions (see Proposition
3.5), it appears that for most problems the best way to operate MNRELAX is with
e 0 or with e very small.

When e= 0 and all arc costs are strictly convex, MNRELAX and NRELAX are
mathematically equivalent. However NRELAX is somewhat faster because of more
efficient coding as shown in Table 3.

Finally in Table 4 we show results obtained on some "difficult" problems with
strictly convex arc costs. These problems were constructed by choosing the quadratic
cost efficients of some arcs to be very small relative to others as described in Table 4.
This is similar to a situation in nonlinear unconstrained minimization where the Hessian
matrix of the cost function has some eigenvalues that are very small relative to other
eigenvalues. For this class of problems MNRELAX with nonzero e can outperform
both NRELAX and MNRELAX with e =0. This is not surprising in view of the
coordinate descent interpretation of NRELAX. The version of MNRELAX that we
found most efficient for these problems is one whereby we start with a moderate value
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TABLE 3
Timesfor NETGEN benchmark problems modified so that all arcs have an additional quadratic cost with

coefficient from the range [5, 10]. Numbers in parentheses where present indicate significant digits of accuracy
of the answer. In MNRELAX e is kept constant during solution of each problem.

Problem Number of Number of MNRELAX
number nodes arcs e > 0

MNRELAX Sign. digits of
e 0 NRELAX accuracy

200 1300 22.63 17.97 10.80 7
2 200 1500 23.37 19.12 11.51 7
3 200 2000 19.33 20.77 12.04 8
4 200 2200 37.87 25.38 17.22 7
5 200 2900 34.82 32.37 21.44 6
6 300 3150 113.75 57.95 40.23 7
7 300 4500 85,26 50.49 37.77 6
8 300 5155 95.11 70.08 49.38 8
9 300 6075 70.48 69.44 48.04 7
10 300 6300 (6)99.69 69.33 41.41 5
11 400 1500 (7)43.19 34.37 14.67 6
12 400 2250 (6)39.56 33.31 12.98 5
13 400 3000 (7)34.62 32.66 18.34 5
14 400 3750 (6)34.97 35.32 20.86 5
15 400 4500 64.90 42.53 24.95 5
16 400 1306 65.86 54.19 21.54 6
17 400 2443 60.62 46.20 21.89 6
18 400 1306 84.26 72.41 48.97 7
19 400 2443 60.56 46.18 20.80 6
20 400 1416 108.49 72.11 38.70 7
21 400 2836 62.78 38.79 38.69 7
22 400 1416 95.91 55.25 42.03 6
23 400 2836 43.41 33.21 20.70 6
24 .400 1382 59.83 65.35 42.47 7
25 400 2676 53.57 42.06 37.88 7

of e, operate MNRELAX to termination, then reduce e by a factor of 10 and repeat
the process up to the point where primal and dual values differ by a specified accuracy.
Still, the proper starting value for e was not easy to determine and it was necessary
to do some initial experimentation with several of these difficult problems. The con-
clusion is that the methods of this paper may not be successful for such problems. We
do not know, however, of a better alternative.

TABLE 4
Times for NETGEN benchmark problems modified so that all arcs have an additional quadratic term. In

50% ofthe arcs the quadratic cost coecient was small as indicated. In the other 50% of the arcs the quadratic
cost coefficient was from the range [5, 10]. Numbers in parentheses where present indicate significant digits
of accuracy of the answer. In MNRELAX e is progressively decreased during solution of each problem.

Problem Number of Number of Small quad MNRELAX
number nodes arcs coeff, e > 0 NRELAX

200 1300 .0001 (4)52.98 3 58.00
5 200 2900 .001 (5)227.93 (2)27.16 (2)50.15
7 300 4500 .0001 (3)301.03 (2)131.10 (2)218.24

11 400 1500 .0001 (4) 111.36
15 400 4500 .01 (3)361.71 (3) 1957.70
16 400 1306 .001 3)287.13 (2)350.97
18 400 1306 .001 (3)188.78 (2)321.76
24 400 1382 .001 (4)417.83 (2)46.21 (2)134.51
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SOME PROPERTIES OF CONSTRAINED VISCOSITY SOLUTIONS OF
HAMILTON-JACOBI-BELLMAN EQUATIONS*

PAOLA LORETI"

Abstract. We consider an optimal control problem with space constraints and we show some properties
of the optimal cost function. Our main result is the equality between the value functions of four optimal
control problems and the constrained viscosity solution of the Hamilton-Jacobi-Bellman equation.

,Key words, optimal control, Hamilton-Jacobi equation, relaxed control, viscosity solution, space con-
straints
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1. Introduction. In this paper we deal with an optimal control problem with state
constraints" our goal is to show how to use the existing knowledge on solution of
Hamilton-Jacobi-Bellman equations in order to prove various properties ofthe optimal
cost function.

We want to explain briefly what we mean by optimal control problems with state
constraints. Let l-lbe a smooth open set of R, We consider the optimal control of the
solution of an ordinary differential equation (the state process) where the control acts
on the coefficients of the equation. The problem is to minimize a certain cost function
over all controls such that the state process remains in fl (the closure of fl) for all _-> 0.

To explain our results, let us first recall a few facts. As is well known, a certain
nonlinear partial equation called the Hamilton-Jacobi-Bellman equation is associated
with general optimal control problems via the dynamic programming principle. This
equation is of the form

(H-J) u(x) + H(x, Du(x))= 0 in II

where u is a scalar function on fl; where Du is the gradient of u; and H,’ called the
Hamiltonian, is a continuous function on fl R". Our results will use the notion of
the viscosity solution of (H-J) equations introduced in [3], [4]. In [6] it is proved that
the usual dynamic programming argument shows that the optimal cost function (the
value function) is a viscosity solution for the associated Hamilton-Jacobi-Bellman
equation. On the other hand, the knowledge that there exists a unique viscosity solution
of the Hamilton-Jacobi-Bellman equation, without knowing a priori whether the value
function is continuous, implies that this solution is the value function [7], [8].

The optimal control problems we consider are different from those treated in [7],
[8] by the state constraints we are imposing which should yield a particular boundary
condition on 0II for the value function. M. H. Soner [9] introduced a notion of
constrained viscosity solution which combines the usual viscosity formulation in fl
and a related formulation on 01).

We recall the definition in 2. It is easy (see [9], [2]) to check that the value
function is such a constrained viscosity solution if we know it is continuous on fl. In
addition uniqueness of constrained viscosity solutions was proved by Soner [9] and
general existence results are obtain in [2] by PDE techniques.

Therefore, to characterize the value function as the unique constrained viscosity
solution two strategies are possible. The first consists in proving that the value function

* Received by the editors May 19, 1986; accepted for publication (in revised form) September 3, 1986.
This work was done while the author was visiting C6r6made-Universit6 Paris IX and was sponsored by
Consiglio Nazionale Delle Ricerche under grant 203.01.36.

? Dipartimento di MatemAtica, Universit di Rome, P. le Aldo Moro 5, 00100 Rome, Italy.
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of an optimal control problem with state constraints is a continuous function. Then
one concludes using the above results. This is what was proven by M. H. Soner [9].
In [9] it is proven that an appropriate geometric assumption implies that the value
function is continuous on 1). The second strategy uses the existence of a unique
constrained viscosity solution of the Hamilton-Jacobi-Bellman associated with our
control problem which is

(H-J-B) u(x) + max {-b(x, a) Du(x) f(x, a)} 0.
aA

Our goal is to show that this existence result (with some additional information on
the approximation of the solution) enables us to check directly that the unique
constrained viscosity solution is the value function. Even if one of the main results we
show is contained in [9] our proof is entirely different and is probably more flexible,
allowing us to solve similar problems like optimal control problems with space con-
straints and different boundary.assumptions, and an optimal control problem with a
final target. We will come back to these questions in future publications.

In addition, in the course of checking that the constrained viscosity solution is
the value function we will show some other results of independent interest. More
precisely, we show the equivalence of the value functions obtained by considering
three other problems. Two of these, say (P), (Po), are relaxed optimal control problems
with state constraints, respectively, in 1) or 1). The third one is an optimal control
problem with state constraints in 1), say (Po), and we will denote by (P) our original
problem. We call , o, Uo, u the value functions of (/3), (rio), (Po), (P), respectively,
and fi the unique constrained viscosity solution of the (H-J-B) equation under the
same geometric assumption as in Soner [9] on the controls at the boundary. Then, our
main result is

(1.1) a(x) (x) t0(x) Uo(X) u(x) lx 1).

Let us briefly sketch the proof of this result. Our.method will rely on [2] where
the theory of existence, uniqueness and approximation of constrained viscosity solu-
tions of the (H-J) equation is developed. Our result is achieved in two steps. First,
we consider a method to approximate the constrained viscosity solution, introduced
in [2]. This method of penalty type consists in extending the problem in R" and in
introducing a function that penalizes the distance to the set 1). In [2] it is proved that
the sequence obtained by this method, which is a sequence of viscosity solutions for
an appropriate (H-J) equation in R", converges to the constrained viscosity solution
of the (H-J-B) equation. For this approximated problem, the relation between viscosity
solutions and both standard and relaxed value functions are well known and we check
that passing to the limit they converge to the relaxed value functions a.

The second step consists in showing just that

(1.2) t to /x 1).

This is achieved by the use of another approximation method which consists in
restricting the (H-J-B) equation in certain appropriate subset 1), say 1)6. We show
that the sequence of constrained viscosity solution of the (H-J-B) on 1)3 converges
to o C((I), a viscosity solution of the (H-J-B) equation. Using the first step, we
show (1.2). Then we show

ao(X) Uo(X) u(x) Vx ,
(1.3)

Uo(X) a(x) Vx 012

by a very simple argument and it is easy to check (1.1).
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We conclude this introduction with a summary of the paper: in 2 we recall some
basic definitions and notation, and we describe the optimal control problem with state
constraints we are considering. In 3, we present the main result of the paper, which
is proved in 4 and 5.

2. Statement of the problem and some known properties.
2.1. Statement of the problem. Let 1) be a smooth open set of, that we assume

to be bounded, for simplicity. We denote by 12, 0gl, respectively, the closure and the
boundary of 12. Let A be a compact metric space. We consider functions be
C(R" x A; R"), f C(" x A; ) satisfying

(2.1) Ib(x,a)-b(x’,a)l<=CIx-x’l, Ib(x,a)l<-_C,

(2.2) If(x, a) -f(x’, a)l <- w(lx x’]), If(x, a)] <_- C,

for all (x, x’, a) x " x A for some constant C > 0 and where w(t) -> 0, --> 0+.
We introduce the controlled process

(2.3) t b(xt, at ), Xo x 12

where the function at is the control (process) that we choose as follows:

(2.4) x {a L(R+; A)/Vt +, xt }.

In other words we consider controls a L(+; A) such that the corresponding state
of the system (state process) remains in 12 for all _-> 0.

Finally, we introduce the cost function

(2.5) J(x, a)= f(xt, at) e-t dt.

We want to minimize the cost function over all controls a Mx, i.e., we want to
determine the value function

(2.6) u(x) Inf J(x, a).
6

Here, in order to have a meaningful infimum, we assume that Mx # Vx ll and
this is the case in particular if we assume (see [9] where such an assumption was
introduced)"

(2.7) :lu>O/VxOfl, :iaA/b(x,a).n(x)<=-u<O.

We assume throughout the paper (2.1), (2.2) and we will not recall these assumptions.

2.2. Viscosity solutions. Let u" 12 -> and H" 12 x " --> R be continuous functions.
DEFINITION 2.1. U is a viscosity subsolution (resp. supersolution) on 12 (or 12)

of the Hamilton-Jacobi equation

(2.8) u(x) / H(x, Du(x))= 0 in 12

if, for all q s CI(I)) such that u-o has a local maximum (resp. minimum) in x 12
(or 12) we have

u(x)+H(x, Dq(x))<-_O (resp. _->0).

Finally, u is a constrained viscosity solution of the equation (2.8) if it is a viscosity
subsolution on 12 and a viscosity supersolution on 12 of (2.8).
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(See [3], [4] and [9] for the definition ofviscosity solution and constrained viscosity
solution, respectively.)

2.3. Known results. We consider the equation (H-J-B)
(2.9) u(x)+max{-b(x, a).Du(x)-f(x, a)}=0 in.

aA

By [2] it is known that under the assumptions (2.1), (2.2) and (2.7) that (2.9) admits
a unique constrained viscosity solution t in C(). The uniqueness part is due to Soner
and it is slightly improved in [2].

Furthermore, such a solution can be obtained as the limit of viscosity solutions
of various approximated problems (see 4). In [2] it is proved that u C’(I)) for
some a > 0 but we will not use fhis result here.

3. The main result.
3.1. Relaxed controls. Let M(A) be the dual space of C(A) endowed with the

weak-star topology of C(A)*, i.e., the space of bounded measures on A.
We want to define the class of admissible relaxed controls for our problem. To

this end we introduce the class

{ L(R+, M(A))/s is a probability measure for almost every s sR+}.
We consider the state of the system corresponding to the control

(3.1) x(t)=x+ b(xt, a) ds(a)ds Vte

We say that t$ is admissible for the point x if d and d constrains the
relaxed state to lie in 1) and we write M,. In other words, we have for all => 0
(3.2) x {, /x, , vt /}.

3.2. Four different problems.
3.2.1. We begin with relaxed problems. We introduce the relaxation ofthe problem

(2.6), i.e., we consider

(3.3) a(x) Inf J(x,

where x 1, .x is given by (4.2) and J(x, ) is given by

(3.4) J(x, )= f(xt, a) e -t dt(a) dt.

3.2.2. We also introduce the class of controls

(3.5) x { /x, n, vt > 0},
and we consider the associated value function

(3.6) no(X) Inf J(x,

where x h and s is given by (3.5).
3.2.3. We finally consider the class of controls given by

(3.7) Mx {a M/x, f/, ’tit > 0}.
We want to determine

(3.8) Uo(X) Inf J(x, a)

where x (, M,,, J(x, a) are given, respectively, by (3.7) and (2.5).
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3.2.4. Finally, let us recall that our original corresponds to the following class of
problems:

4x {a /xt , Vt > 0}

and the value function is given by

u(x) Inf J(x, a).

3.3. The main result.
THEOREM 3.1. We assume (2.7). Then all the preceding value functions coincide

with the unique constrained viscosity solution of (2.9), i.e., we have

a=ao=Uo=U=a on fi.

The proof is given in 4 and 5. In 4 we prove that a a for all x 1 and in
5 we show the other equalities.

Remark. For our problem, by the definition of constrained viscosity solution, the
result above implies the continuity of the value function.

4. Constrained viscosity solutions and the representation of the solution.
4.1. Representation of the solution.
PROPOSITION 4.1. The unique constrained solution ofthe equation (2.8) is the relaxed

value function, i.e.,

(x) (x) Vx fi

where a is given by (3.3).
Proof. Following [2], we consider the approximated problem

(4.1) u(x)+max {-b(x, a).Du-f(x,a)} -p(x) inRn.
aA E

In (4.i) p is a function in BUC (Rn) such that

(4.2) >0, 8 > 0, p(x)_-> 8 ifd(x,)>-_,p(x)=Oin.

By [6] there exists, for every e > 0, a unique viscosity solution u in BUC (g) of (4.1).
By [2] the sequence u, which is nondecreasing with respect to >0, converges
uniformly on to the constrained viscosity solution of (2.8).

On the other hand (see [6]) u is the following value function"

(4.3) u(x) Inf Xt, a,)+P e dr.
a

We write

(4.4) J(x, a) f(x,, a,)+
p(x’)

But, in this case, from [1] and [10] we deduce

(4.5)

denoting by

u (x) Inf f(x,, a) + e- dS, dt

(4.6) J(x, ) f(x,, a)+
p(x’)

e
E

-’ d,(a) dr.
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Indeed, we observe that M,, c_c_ A and thus

(4.7) u(x) <= Inf J(x, ).

Passing to the limit, we find

,(x)<_- (x) Vx ft.

We want to show the converse. We consider an optimal relaxed control a,, .without
^ (considering a subsequence if necessary)loss of generality we may assume that at

converges weakly star in L([0, T]; M(A)) to , A as e goes to 0. This is a consequence
of the fact that the convex set

is sequentially compact in/_2([0, T],. M(A)) endowed with the weak-star topology ].
Next, we observe that {x} is a uniform and equicontinuous class of functions on

[0, T] for each T>0. By the Ascoli-Arzel Theorem, choosing a subsequence if
necessary, we have

(4.8) x x, uniformly on [0, T] VT< +oo.

Thus, the weak-star convergence of the sequence d implies

(4.9) (f(x, a) d(a)) e- dt J(x, ).
-+0

If 8, e a,, then

(4.10) u(x)=J(x,a)>-J(x,a)-e >- Inf J(x,a)-e

and we conclude the proof letting e go to 0.
To conclude, we just have to show that a, e ax. Now, since u (x) =< c for all x

by the definition (3.3),

fo IA 1Iof(x, a) da(a) e-’ dt +- p(xT) e-’ dt <-_ C.
8

By (1.2),

f(x,, a) dd(a) e-’ dt >=-C.

Thus

+Op(x,) _,
e dt<-_2C

o 8

and passing to the limit for all T < +oo

’rp(xt) dt=O.
o

Therefore x(t)e f, for all _-< T, for all T < +oo and we conclude the proof since
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5. Properties of the value functions.
5.1. Internal approximation.
LEMMA 5.1. For all x l’l, (x) o(X).
Proof. Let l={xfl/d(x,)<-8} be with 8>0. We notice that, for 8 small

enough, the following assumption holds"

(5.1) :iv<0, VxOl)8, 3aA b(x,a).n(x)<--v<O

where v does not depend on 8. In fact if (2.7) holds we may consider y 01) with
y x- 8n(x); then

b(y, a) n(y) <= --< O

for 8 small enough.
By (5.1) and [2] there exists a unique constrained viscosity solution us C(I)

of the equation

(5.2) us(x) + max {-b(x, a). Du(x) -f(x, a)} 0 in f.aem

By Proposition 4.1

(5.3)

where

(5.4)

Obviously, (5.3) yields

(5.5)

us(x) Inf J(x, ) Vx

lu(x)lc
and by [2] we know that the following a priori estimate holds:

lug(x)- u(y)l--< t(d(x, y)) , > 0(5.6)

where

and

d(x, y)= Ix yl + kld(x) d(y)l,

d(x) dist (x, Otis)

(5.7) u(x)- u(y)l- (Ix- yl).

Thus, by the Ascoli-Arzelb. Theorem, there exists _u s C(I)) and

(5.8) suplu-_u] ,0.
1%

And, by standard stability results on viscosity solutions [6], _u C(1") is the viscosity
solution of" the problem (2.8).

By their definitions we observe that the following relations between the various
classes of controls we consider hold:

(5.9)

where/z is uniformly continuous modulus independent by 8. In fact we observe, using
(5.1) and the proofs on [2], that k does not depend on 8. Therefore
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Hence, by (2.2), (3.3) and (3.6) we obtain

(5.10) a-< to-< u
and letting 8 go to 0, we find

(5.11) t _-< to_-< _u.

On the other hand, (x) is the maximal viscosity subsolution of (2.8) (see [1], [2])
and thus

(5.12) g-<_ Vx
and because of (5.10) and (5.12), the lemma is proved.

5.2. Relations with the function Uo.
LEMMA 5.2. For all x f, o(X) Uo(X).
Proof. Let dt be such that x 12 and

(5.13) o(X) >- J(x, ,)- e.

By the Lyapunov Theorem [10] there exists a’ M

(5.14) a’ d weak star in L([0, T], M(A)).

Therefore, for all T < +c and for all [0, T]

(5.15) x’ x uniformly on compact subsets of 12.

Hence, for all T < +c, x’ 12, for all [0, T], for n large enough. Then, we consider
the sequence

"lto,r +(5.16) ’= at

where a t-r is any admissible control for the point x. at_re Mx) where xr is the
solution at time T of (2.3) corresponding to aT.

We observe that 7 is any admissible sequence for x ft. Hence, we have

(5.17) J(x,) Inf J(x, a,)
atM

and we pass to the limit as n, T go to

(5.18) o(X)+J(x,t) Inf J(x, at).
at

Letting e go to 0, we deduce

(5.19) o Uo Vxfl.

We just have to prove the converse. This is an easy consequence of the classical
fact that every classical control can be written as a relaxed control with Dirac measure.
Hence

(5.20) Uo ao Vx fi
and we conclude.

5.3. Conclusion.
LEMMA 5.3. For all x , Uo(X) (x).
Proo We just have to prove the lemma for x 0. By standard dynamic pro-

gramming

uo(x) Inf f(x, a) e ds
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and since Xh E ", U0 --/ on f, we deduce that

Uo(X) Inf f(x, as) e-s ds+fl(Xh) e-h.
at MOx

Next, we pass to limit to the limit as h goes to 0 and we obtain

(5.21) Uo(X) (x) Vx (.

We conclude the proof of Theorem 3.1. Indeed we observe that

(5.22)

(5.23)
Hence we have

(5.24) Uo--> u _->

(5.25) Uo --> to _->

By Lemma 5.3 we have

(5.26) Uo

By Proposition 4.1 we have

(5.27)

Then, by (5.24), (5.25), we obtain

U=Uo=a inl), Uo=ao=a intl.

Hence, we have

a=U=Uo=Uo=U inl)

and. we conclude. [3

Remark. The results utilized here can be generalized to a set fl not bounded (see
[2], [9]), so our results, which do not utilize the boundedness of l-l, hold also if fl is
not bounded.
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Abstract. The controlled process X(t) with values in (-o, 0] is given by a stochastic differential
equation:

dX(t)=tz(t) dt+tr(t)d.W,, X(0) =x

where the nonanticipative controls/z and tr are to be chosen so that (/z(t), tr(t)) remains in a given set
The object is to maximize (minimize) the expectation of/37- where 0</3 < (/3 > 1) and T is the hitting
time of zero. A complete solution is given for any 5e, and an application is made to continuous-time
red-and-black.

Key words, stochastic control, gambling theory
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Introduction. Consider a process {Xl(t)} on (-, O] given by a stochastic differen-
tial equation:

dXl( t) ( t) dt + or(t) dW, XI(0 X

where { W,} is standard Brownian motion and {/z(t)} and {or(t)} are nonanticipative
controls to be chosen so that (/z(t), or(t)) remains in a specified set 5e. Let T be the
first time X1 reaches the origin. In [2] the problems of minimizing or maximizing the
expected value of T were solved for any 6e; the value function and optimal strategies
were given explicitly in terms of 6e. Minimizing the expected value of T is a natural
criterion for getting to the origin rapidly. However, there are other criteria, two of
which are considered here.

Our first problem is to maximize the expected value of/3 r, where/3 is a positive
constant less than one. The second problem is to minimize the expected value of
where now the constant /3 is chosen greater than one. In both cases we obtain a
complete solution, for arbitrary

The problems are of unequal difficulty. The first problem is actually quite easy.
The reason the second problem is harder is that in the solution one must distinguish
between the two cases I < and I , where the quantity I is defined by

I inf sup { + e(r2: (/,, r)e Y}.

As is common in control theory problems, we obtain a natural candidate Q(xl) for a
value function and try to prove it correct by applying an appropriate verification
theorem. As it turns out, Q is indeed the correct value function if and only if I < o0.

Hence there must be something in the application of the verification theorem distin-
guishing between I < oo and I =o0, and this indicates we should expect technical
difficulties. The I < o0, I co dichotomy also appeared in [2], but in the present work
more delicate constructions for overcoming the obstacles are required.
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The solutions of the two general problems make it possible for us to solve the
particular problems, of discounted (0</3 < 1) and inflated (fl > 1) red-and-black. It is
shown here for the continuous-time problem, as it was by Klugman [3] in discrete
time, that bold play is optimal for subfair, discounted red-and-black. The superfair
case is also explicitly solved here for the continuous-time problem although it remains
open in discrete time.

1. Preliminaries. We begin by explaining the continuous time gambling set-up of
[4] and [2].

A continuous-time gambling problem is a triple (F, , u) where

(1.1) the state space F is a Borel subset of the Euclidean space Rd having nonempty
interior,

(1.2) the gambling house , is a mapping which assigns to each x F a nonempty
collection E(x) of processes X {Xt, => 0} with state space F such that Xo x
and X has right-continuous paths with left-limits,

(1.3) the utility function u is a Borel function from F to the real line.

A process X E(x) is said to be available at x. Each available X is defined on some
probability space (f, , P) and is adapted to an increasing filtration (,, =>0} of
complete subsigma fields of . The probability space and filtration may depend on X.

A player, starting at position x F, selects a process X 5(x) and receives payoff
u(X) defined by

(1.4) u(X) E[lim sup u(Xt)].

The expectation occurring on the right is assumed to be well defined for every available
process X.

The value function V is defined by

V(x) sup {u(X): X E(x)}

for every x F. A process X E(x) is optimal at x if

u(X) V(x).

From now on, each process X {Xt} under consideration will be an Ito process
of the form

(1.5) X,=x+ a(s) ds+ fl(s) dWs,

where W { W} is a standard m-dimensional Brownian motion process on (f, , P)
adapted to increasing, right-continuous g-fields {;t} and t is independent of { Wt/s
Wt, s => 0}. The function a a(t, to) is to be Rd-valued, progressively measurable, and
such that

(1.6) I(s)l ds < o a.s. for all t.

The function/3 =/3 (t, to) has as values real d x m matrices, is progressively measurable,
and satisfies

(1.7) I(s)l= ds < a.s. for all t.
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For each pair (a, b), where a Rd is a d x vector and b is a d x m real-valued
matrix, define the differential operator D(a, b) for sufficiently smooth functions Q Rd ._>

by the following:

where

1
Q,,,x(y)(bb oD(a, b)Q(y) Q,,(y)a +- =,

and b’ is the transpose of b.
We now specify E(x) by specifying the possible values of a and/3. To this end,

let C(x) be, for each x F, a nonempty set of pairs (a, b), where a d and b is a
real d x m matrix. (The idea is that C(x) is the set from which a player at state x may
choose the value of (a,/3).) Assume also that every available process X is absorbed
at the time Tx of its first exit from F, the interior of F. These conditions define a
function Ec on F where Ec(X) is the collection of all processes X having paths in F
and satisfying (1.5), (1.6), and (1.7) together with

(1.8) (a(t,w),(t, to))eC(Xt(to)) for all (t, to),

(1.9) (a(t, to),(t, to))=(O,O) forallt > Tx(w),

(1.10) C(x) {(0, 0)} for x F- F.
Let E be a gambling house such that E(x)c Ec(X) for every x F. The following

proposition is related to other verification lemmas in [2] and [4]. Since the hypotheses
here differ slightly from those in [2] and [4], we provide a proof.

PROPOSITION 1.1. Let G be an open subset of d which contains F. Suppose
Q G-> has continuous second order derivatives on G and that for every x F and
every X E(x),

(i) E[lim supt_ Q(X,)]--> E[lim sup,_ u(X,)],
(ii) P[D(a(t),(t))Q(x,)<=O for all t>-O] 1, where a and fl are related to

X as in (1.5),
(iii) there exists an integrable random variable Y such that for all >_-0,

Q(Xt) >-_ Y.
Then Q >- V.

Proof Let XoE F and X Z(Xo). For each t-> 0, Ito’s Lemma gives

(1.11)

where

Q(X, Q(xo) A, + M

At D(a(s), fl(s))Q(X) ds

and

M,= Qx(X)(s)dW.

Notice that by conditions (ii) and (iii),

M= Q(X)-Q(xo)+A,>= Y-Q(xo)
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holds for all => 0 with probability one. Therefore the local martingale M is a super-
martingale (see [1, VI.29]), and if r is any almost-surely finite stopping time,

(1.12) EM <- EMo O.

From (1.11), (1.12) and condition (ii),

EQ(X)<=Q(xo).

By condition (i) and by Lemma 1 of [4], it follows that Q_>- V.

2. Maximiziag E[fl ], 0 ( fl < 1. We formalize the first problem from the introduc-
tion as a continuous-time gambling problem in 2. The first coordinate x will be
constrained to (-oo, 0] and indicates the player’s position, while the second coordinate
x2 in (-oo, oo) increases at a constant rate one and merely keeps track of the time.
Define F {x e 2: X (Xl, X2) --00 < Xl 0}’. By ourconventions each process X avail-
able at x will be absorbed at T Tx inf {t: X(t)=,0}.

Let 5

_
x [0, co) and

and for every x in the interior of F, C(x)= Co. Every X e Xc(X) can be specified by
stochastic differential equations

Xl( .( +( w,,
(2.2) dX(t)=dt,

x,(0) x,, x(0) x,

where/z and tr are progressively measurable and (/z (t), tr(t)) 5e, < T, X(t) X(T)
for t>= T.

Our utility function will be

(2.3) u(x)=x.
Note that for T <,

X,(T) 0, X2(T) T+ X2(0)

and so

(2.4) u(X)=

Here we interpret /3 T+’ as 0 if T=. Now let X(x)= Ec(X). The value function
V(x, x2) must clearly have the form

(2.5) V(x,, x2) x2 V(xI).

The form of V(x) is also easily obtained. Given X (x) and y Ix, 0], let Te be
the first time X attains y. Consider the problem of maximizing E[y] and denote
the corresponding value function by V,y. One easily sees V,,y V(x- y). It now appears
that To T + To and hence a stopping time argument gives V(x) V(x-y) V(y),
leading to

(2.6) V(x,) e’’,, A >-_ O.

Also, since the problem of minimizing El/3 L] looks the same as that of minimizing
El/3 L-.v], one expects to obtain optimal strategies of the form (x)= and a(x)= a,
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where we write a(x)- o’2(x) and/z and a will be constants depending on 5e. If a 0
and/x _<- 0, then the process reaches zero with probability zero. So assume the maximum
of a and/x is positive. For such a constant strategy the expected payoff is W(Xl, x2)
fl x2 W(xl), with W(xl) satisfying

1/2a W"+ tx W’ + (log fl W O W(0)= 1.

But again W should be an exponential exx, with A _-> 0, and this implies

W(x1) e"’,,(2.7)

where

+x//x’ 2a log/3
a > 0,

(2.8) h h(/x, a)=
(log/3)

a

, a=0, /x>0.

Notice that in the case a > 0, h is the positive root of

(2.9) 1/2aA 2 + xA + log/3 0.

For fixed , the relation between A,/x, and a in (2.8) defines a line in the (/, a)-plane,
namely

-2 2 log/3
(2.10) l," a=--r-tx

For our purposes, only

(2.11) la lx 71 {(/x, a): a >_- 0}

is relevant. It now appears that to optimize the expected payoff in (2.7) we want to
use strategies whose (/z, a)-pairs lie on Ix., where

(2.12) h * inf {h (, tr2): (/z, o-) , max (r,/x) > 0}.

THEOREM 2.1. If
_
(-c, 0] x {0}, then V(X1, X2) 0o Otherwise,

(2.13) V(x, x2)= flX2 e*x’

with A * as defined in (2.1 2).
Proof The first assertion of the theorem is obvious. Assume then that 5e contains

a point (/, r) with max (/z, tr2) > 0. Let Q(Xl, x2)=/3 x: ex*x’. By (2.5) and (2.7) one
can realize expected payoffs arbitrarily close to Q(Xl, x2), so that Q(x, x2) -< V(x, x2).
For the opposite inequality use Proposition 1.1. It must be checked that Q satisfies
conditions (i)-(iii). Condition (iii) is immediate. Condition (i) follows from .the fact
that for every available process X- {X,},

lim sup Q(Xt) lim sup u(Xt)=lflr+’ if

t- t- t0 if T .
Condition (ii) follows once we have checked

(2.14) 1/2trE(A*)2 +/xA* + log fl <_- 0,

In the case tr2= 0,/z 0, this is immediate from the definitions of A (/x, tr2) and A*.
In the case tr2>0, (2.14) follows again from these definitions together with the fact
that A* lies between 0 and A A (, trY), which is the positive root of the equation
(2.9). l-I
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Example. Discounted, continuous-time red-and-black. Suppose an investor has
initial fortune y, 0< y < 1, and seeks to attain a fortune of 1. If Y(t) is the player’s
fortune at time t_>0, he can invest s(t)Y(t), 0 _<- s( t) <- l, in a venture with rate of
return/Zo and standard deviation tro> 0. More formally, the process y(t) is given by
a stochastic ditterential equation:

dY( t) s( t) Y( t)[/Xo dt + Oo dW’], Y(O) y

where s(t) is a nonanticipative function such that O<=s(t)<= 1. If the object is to
maximize the probability of reaching 1, then (cf. [4], [5]) bold play, for which s(t) -= 1,
is optimal in the subfair case (/Zo=< 0), and proportional play, for which s(t) c (0 < c <
2/.otr-2), is optimal in the superfair case (o> 0). Here the value ofthe goal is discounted
at rate /3 and the object is to maximize Eflr, where T=inf{t->0: Y(t)= 1}. The
problem can be reduced to a special case of the problem of this section by the change
of coordinates

(2.15) Xl(t) log Y(t).

By Ito’s formula,

dXl(t) (s(t)txo-1/2S(t)Etr) dt + s(t)tro dW.
The control set 5 is now a one-parameter family

(2.16) = {(S/Xo-1/2sEtrg, Stro)" 0 -< s _<- 1},
and formula (2.8) can be written in the form

A x (s)
(2.17) _(/Zo_ 2 qe’4 (s)

if s>0sr
where q(s) (tZo-Stro)l2,2_ 2tro2 log/3. After some algebra it follows from (2.17) that,
for o=<0, A’(s)-<0 on (0, 1] and, hence, the infimum A* A(1). So bold play is again
optimal in the subfair case. Consider next the superfair case Io> 0.

Define the number

/z__.o_ 2(log/3)c C( o,

More algebra shows that A’(s)>0 if and only if s > maximum (c, 0). Thus if c>= 1,
is decreasing on (0, 1] and bold play is optimal yet again. If 0< c < 1, an optimal
strategy is given by s(t)= c. If c-< 0, there is no optimal strategy, but s(t) e for small
positive e will be almost optimal. An analogous problem in discrete time was solved
by Klugman [3] in the subfair case, but the discrete-time superfair problem remains
open.

3. Minimizing EIfl r l, 1 < ft. Again we fit the problem into the set-up of 1. Since
we discussed maximization problems there, we will seek to maximize -/3 T. That is,
we proceed exactly as in 2, assuming (2.1), (2.2) but now defining

(3.1) u(x)

so that u(X)=-E(flr+’2). Let

2(x) {X

and we have

(3.2) V(x,, x2) =/3x V(Xl).
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The arguments that lead to (2.6) now give

(3.3) V(x)=-eax’, A <=O.

Again let us consider the expected payoff W(x,x2) for a constant strategy/x(t)=/x
and tr(t)-=-tr, tr2= a. If a 0 and/x > 0, obviously

(3.4) W(x, x2)-- --x2 exx’

where A =-log fl//x. If a > 0, /X > 0, the expected payoff is of the form W(Xl, x2)=
-flx2W(x), where W(x) satisfies

(3.5) 1/2a W"+ /x W’ + (log fl W=0
and W(0)=-1. To see what condition to impose at -c consider the problem as a
limit of problems on the interval I-M, 0], M c. So we consider (3.5) with W(0) -1
and W(-M)--kM, with kM chosen appropriately. Since in the limiting problem the
process will hit zero with probability one and receive no help from the boundary on
the left, it is appropriate to choose k 0 (actually all choices of kM--> 0 which do
not grow too rapidly with M will lead to the same limiting result). This limiting
procedure gives us

(3.6) W(x) -exx,,
for/x_->x/2a log/3, where A =(-/x +x//x2-2a log fl)/a is the maximal root of the
equation

(3.7) f(u) 1/2au2 +/x,+ log/3 0.

If

(3.8) /X < /2a log/3,

the roots of (3.7) are not real and the expected payoff from the constant strategy
/x(t)-=/X and or(t)= cr is -c. In every case, the expected payoff W(x, x2) is given by
(3.4), where

I-/X +x//z-a log fl
/X -> x/2a log/3,

(3.9) A=A(/X, a, fl)=)_l__logfl_ a=0, /X>0,

k- otherwise.

Condition (3.8) holds if and only if (/x, a) lies on the left of the semi-parabola

(3.10) p:/x2= 2a log/3, /x > 0

in the (/x, a)-plane. Furthermore all points on the same line segment
2-2 2 log/3 /X

l" a =--/X A2
0<_- a <-

2 log/3

give rise to constant strategies with the same expected payoff _flx2 e-a,l, -c< A < O.
Observe that la is the line segment connecting the point (-log fl/A, 0) on the/x-axis
to the point (-2 log fl/A, 2 log/3/A 2) on p; at the latter point p and l are tangential.
Now set

(3.11) A* A*(fl)= sup {A(/X, o’2, ): (/X, o’) .
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Notice that, for A A (/z, a,/3) > -00, the function f(v) given in (3.7) is increasing to
the right of v A. Also, f(A)= 0 and A*=> A. Hence

1/20.2v2+/.v + log fl > O, (/, 0.) E ._v(3.12)

We define

(3.13) I inf sup {/z + e0.z: (/x, 0.) b}
e>0

and observe that the condition

(3.14) 1<00

holds if and only if b is contained below some line with negative slope.
LEMMA 3.1. Assume I =00. Then V(X1, X2)-"-- x2.
Proof. The assumption allows one to specify, for any Xl < 0 and e > 0 an X E(x)

with ET < e. This. was shown in [2]. This means that for x < 0 and e > 0 it is possible
to find X E(x) with P[T> e]<1/2. Next, we find Xz E(XI(e)) such that PIT>
e/2]<2-2. Then X E(x) is constructed as follows" X agrees with X up to time
e; if X 0, then X+ Xz for 0_-< t_-< e/2; etc. Then for the process X, Eft <- fl Ee.
Since e is arbitrary the lemma follows by (3.2).

In view of Lemma 3.1 and the considerations preceding it, one might hope that
if I<00,

V(Xl, x2) --jinx2 eh*Xl.
We will now prove that this is indeed the case.

Some difficulties occur where points on the semi-parabola p introduced in (3.10)
lie on the boundary of without belonging to . To deal with these we choose a
sequence (fl) of positive reals increasing up to/3. Use (3.9) to define

(3.15) A, (/x, 0.z)= A (/x, 0"2,/3,)
and set

(3.16) h * h*(fl,) sup {h, (/x, 0.2). (/x, 0.)

Note a,*-<_ 0 and a,* decreases as a function of n. Finally let

(3.17) A* =infa*

which is consistent with (3.11).
THEOREM 3.2(a). If I < 00 and A* > -00 then

V(Xl, x2) -jx2

(b) If I < 00 and h * -00 then

V(x1, x2) --00.

(c) If I 00 then

V(Xl, x2)= -x2
(that is, E[fl r] can be made arbitrarily close to 1).

The proof of the theorem will involve, the use of Proposition 1.1. We will construct
a sequence of functions Q,(x, x)) =/3Q.(Xl). Let us concentrate on the second factor
and write simply x for Xl. Consider the inequality

(3.18) 50.12"’"(X)"t-q",, txQ’,,(X) + (logfl)Q,,(X)<=O.
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Let

(3.19) U.(x)

Then

and so

A*Q.(x)"

U’.(x) =.[Q(x)
Q.(x) Q. (x) J

Q".(x)
u’(x)+A*(U.(x))

A*. Q.(x)"

If Q is negative, the inequality (3.18) holds if and only if

(3.20) 1/2tr2A ’2(U.(x)) + txA* U.(x) + log/3 +1/2o-2A* U’,,(x) >- O.

Our plan is to define an appropriate sequence of functions U. so that (3.20) holds for
all (/x, tr) in 6e. Then, using the relation (3.19), we transform U. into Q. and obtain
inequality (3.18) for all (/z,

The next lemma involves a construction of the functions U..
LEMMA 3.3. Let { k. n >- 1} be positive constants. There exists a sequence { U,, n >-

1 } of real functions with domain (-o, 1) such that
(i) U. is continuously differentiable, n >- 1;
(ii) O< U.(x)-< 1, x<l, n->l;
(iii) lim._.o U. (x) 1, x <= O;
(iv) o_ U,,(x) dx < o;
(v) O< U’,,(x)<-k,,U.(x), n>- l, x<=O.
Proof. For each n define

U(x) I 1, -n<x<l,

C,, y ek"’ dy, X --/1

where c. [o_ Y ek.Y dy]-. Then (i)-(iii) are easily checked. Integration by parts gives

U.(x) =. x+n- x<-n.

The last identity implies (iv) and also

That is,

c,, ek.(,+.)(x + n)v’.(x)>_-

1
V.(x)>-_u’.(x),

establishing property (v).
Assume now that I<oo (see (3.13)), and A*>-oo. Then there exist positive

constants p and M such that

(3.21) for all (, r) in 5e, + pr2 _<_ M.
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For each positive integer n let

I{ -2plog(fl/fl,)} A* <0,(3.22) k,
min 2p,

MA *
[2p, A,* =0.

With these constants k, let U, be functions satisfying the conditions of Lemma 3.3.
LEMMA 3.4. Assume A*>-, (3.21), and let { U: n 1} be the sequence of

functions specified aboe. en for n 1, x 0 and (, ) , inequality (3.20) holds.
oof The asseion is clear for A* =0. So we suppose A*< 0. By propeies (ii)

and (v) of Lemma 3.3 and the definition of k in (3.22) we have

-2p log (fl /fl)
(3.23) U(x)

Let g(x) denote the expression on the left of (3.20).
Case 1" 0, A < 0. Use (3.21) to obtain

(3.24) p2 +p2 M.

Now write

+ U(xl(3.25) g,(x)= A2(Un(x))2+AUn(x)+logfln +log
ft,

Since A A] U,(x)O, the expression in brackets is greater than or equal to zero by
(3.12). Then (3.24) and (3.23) show that the sum of the last two terms in (3.25) is
nonnegative. Hence g,(x)0, as desired.

Case 2: < 0, A < 0. Use (3.21) to obtain

A(M-)
g(x)2(AU(x))2+AU(x)+lOg+ 2p

U(x)
(3.26)

[ ] Mx’U(x)+lgfl’2px U.(x)-(x) +

By propeies (ii) and (v) of Lemma 3.3 and the definition of k, in (3.22),

1 -2p log flU,(x)-U(x) O and U(x)

Using these inequalities in (3.26) and recalling <0, A <0 one concludes g,(x)
0.

The next lemma will be used to create processes whose payoffs approach -fl exx,.
LEMMA 3.5. If I <, A*>-, then there exists a sequence {(k, k): k 1} of

elements of such that the sequence converges in 2 tO a limit (, ) and

(3.27) (A*#)2+ A* + log fl 0.

(Note (, ) might not lie in .)
Proof Using the definition of A*, there is a strictly increasing sequence { nk k 1 }

of positive integers and a sequence {(k, k): k 1} of elements of such that

lira A.(k, ) A*.
k

By passing to a subsequence if necessary, we can assume that either (Case 1) k > 0
and k k(2 log fl, for each k or (Case 2) k 0 and k > 0 for each k. Since I <,
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the set {(/z, o-). (/z, o-) 6e,/z => 0} is a bounded subset ofR2. Thus by passing to a further
subsequence, we can assume the sequence converges in ff2.

Case 1. trk> 0 and /Zk -> trk/2 log/3, for each k. By definition,

and so for each k,

X, (/x, r) --/Zk + /’/X 2o’ log

1/2[A,k(/Xk, o’,)]2cr, + [A,,(/Xk, tr)]kk +log fl,, =0.

(3.29) inf {/2 s )" s >- 0} > 0.

That is,

By Ito’s formula,

Let X be the process given by

Xl(t)--Xl+ (s) ds+ (s) dWs, X2(t)=x2+t

for -< T, where T inf { t" X1 (t) 0}, and X(t) X(T) for => T. Notice that (3.29)
guarantees that the stopping time T is finite almost surely.

The aim is to show that X has payoff near -fl x2 ex*x,. Define the process Y by

Y, exp A* Xl(t)- (s) ds -- 2(s) ds

Yt exp A*x + A* d’(s) dW --- &2(s) ds

g exp [A*Xl]+ A* gs(s) dWs,

(/2(s), 6(s)) e {(/zk, o’k)" k >_- 1}

,2[ ,’(s)]2+A (s)+log/3 ds < log (1 + e),

and

(3.28) Io
for each s _>-O,

Taking the limit as k--> oo, we get (3.27).
Case 2. O"k --0 and 1,k > 0" for each k. By definition,

Ank (tZk, O.i) -log

Take limits to get A*/2 =-log/3 and # =0, and (3.27) follows.
Proof of the theorem. (a) Define Q" (-0% 0] x R -> N by

Q(Xl, x2) --[3 x2 e’*x’.

To show Q <_- V, begin by fixing Xl <-0 and x2 e t. By Lemma 3.5, there is a sequence
{(/xk, rk)" k-> 1} in 90 satisfying relation (3.27). Let e > 0 and use (3.27) to create two
functions/2 "[0, oo) --> N and 6"[0, oo) -> such that
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and so { Y,} is a local martingale. Further, since { Y,} is nonnegative, it follows (see
Dellacherie and Meyer [1, VI.29]) that EYr <= EYo. That is,

(3.30) E exp X*/2(s)+ ds -< exp [A’x1].

Using (3.28), (3.30), and the fact that X(T)=0 a.s.,

Eft 7" E[exp [(log/3) T]] (1 + e) exp IX*x,].

Thus X is available at (x, x:) because Eft r <, and X has payoff at least -flx:(1 +
e) exp [h*Xl] =(1 + e)Q(Xl, x2). We conclude Q K

To show Q V we would like to apply Proposition 1.1. However, Q does not
satisfy (iii) of that proposition. So we construct a sequence { Q,} converging pointwise
to Q such that Proposition 1.1 applies to each Q,.

For each n 1, define Q :(-, 1) x R R by

(3.31) Q(Xl,X)=-exp U(y) dy

Notice that lim Q(x) Q(x) for each x in F (-m, 0] x N because of propeies
(ii) and (iii) of Lemma 3.3 and the dominated convergence theorem. Also, each Q is
twice continuously differentiable because of propey (i) of Lemma 3.3.

Now verify the conditions of Proposition 1.1 with Q (n 1) in place of Q.
Condition (i) is immediate. For condition (ii), let x (x, x)e F and check that for
each (, )in ,

(x, xl
0
+

Ox
(3.32)

n(X,, X) [Un(Xl)]+U(x)+U(x)+log
Use Lemma 3.4 and the fact that Q(x, x)N0 to show that the expression (3.32) is
nonpositive. For condition (iii), let x e c(X) and use (3.31) and (ii) and (iv)of Lemma
3.3 to see that

(3.33) Q(X( t), X( t)) e -cX(’ e -C+r

where C is a constant satisfying 0< C <m. Now (r)<m for each Xc(X), and
hence condition (iii) follows from (3.33). Thus Proposition 1.1 shows that Q g for
each n and hence that Q M This completes the proof of (a) of the theorem.

(b) We reduce the result to (a). The hypothesis for (b) is that I < m and I* -m.
Let e > 0 and consider a new problem based on the set

U {(e, 0)}.

The quantity corresponding to I* for the new problem is

1_-log .
Thus pa (a) can be applied to obtain the value function

(Xl,X)=--,/ for x N0,

Clearly g(x,x)N g(x, x) -m as e 0, and so the proof of (b) is finished.
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(c) This was proved in Lemma 3.1.
Example. Inflated, continuous-time red-and-black. The problem considered here

is the same as that in the example of 2 except that /3 >1 and the player seeks to
minimize Eft . (Imagine a borrower of $1.00 who must pay back $/57 if the loan is
repaid at time T.) After the change of coordinates (2.15), the control set is given by
(2.16) and is obviously bounded so that I < oo. The quantity A (/x, tr2) A (s) is .given

__12 2by (2.17) if s > 0 and/z > x/2tr2 log/3. Substitute/x S/Zo s tro, tr stro and the latter
condition reduces to s<-_M, M =2tZo/tr-2x/2(logfl)/ro. To reiterate, A(s) is given
by (2.17) if O<s<=M and A(s) =-oo if not. Notice that, in the subfair case (/ZOO0),
M < 0, and consequently A* -oo and, by Theorem 3.2, V-= -oo. In the superfair case
(/Zo>0), one shows that A’(s)>0 if and only if 0<s<M^c where c=
/Zo/tro2 2(log/3)//o. Thus A* A (s*) where s* (M ^ c ^ 1) v 0, and V is given by
Theorem 3.2.
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ASYMPTOTIC PROPERTIES OF DISTRIBUTED AND COMMUNICATING
STOCHASTIC APPROXIMATION ALGORITHMS*
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Abstract. The asymptotic properties of extensions of the type of distributed or decentralized stochastic
approximation proposed in [1] are developed. Such algorithms have numerous potential applications in
decentralized estimation, detection and adaptive control, or in decentralized Monte Carlo simulation for
system optimization (where they can exploit the possibilities of parallel processing). The structure involves
several isolated processors (recursive algorithms) that communicate to each other asynchronously and at
random intervals. The asymptotic (small gain) properties are derived. The communication intervals need
not be strictly bounded, and they and the system noise can depend on the (communicating) system state.
State space constraints are also handled. In many applications, the dynamical terms are merely indicator
functions, or have other types of discontinuities. The "typical" such case is also treated, as is the case where
there is noise in the communication. The linear stochastic differential equation satisfied by the (interpolated)
asymptotic normalized error sequence is derived, and issued to compare alternative algorithms and communi-
cation strategies. Weak convergence methods provide the basic tools.

Key words, stochastic approximation, distributed stochastic approximation, weak convergence,
asymptotic properties of recursive algorithms, communicating recursive systems, distributed stochastic
computation
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1. Introduction. Tsitsiklis [1] and Tsitsiklis, Bertsekas and Athens [2] proposed
a very interesting model for a decentralized (distributed) recursive algorithm of the
stochastic approximation (SA) type, with only asynchronous communications between
the separate processors, and developed a scheme for proving w.p.1 (with probability
1) convergence. That work appears to be the first of its type for the decentralized SA
problem. Such distributed algorithms are of rapidly growing interest. Various potential
applications in adaptive control, estimation and in communication networks were
proposed; e.g., several processors might do an identification of the parameters of an
identical linear system (but with different inputs) and occasionally (asynchronously)
share their latest estimates, or several processors might do Monte Carlo simulations
of the SA type to locate the minimum of a regression function, and occasionally share
their estimates. There are two main purposes for algorithms of the type discussed here
and in [1]: exploiting the opportunities provided by parallel processing for Monte
Carlo methods of system optimization or evaluation, situations in which there are
physically separate systems (estimators, trackers, controllers) acting on or following
essentially the same physical system; and occasionally communicating to take advan-
tage of the "others" information.

The assumptions in [1] were fairly strong with respect to the great variety of
potential applications, and the method of analysis required numerous detailed esti-
mates. We analyze essentially the same algorithm here. In addition to getting the basic
convergence results, our methods can handle the constrained (projected) algorithm,
the case where the noise and the communication intervals depend on the state, the
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general rate of convergence problem, and the case where there is communication noise.
Instead of letting the "gain" parameter go to zero as n (as frequently done in
classical SA) we keep it a constant, and work with convergence in the sense of weak
convergence. There are several reasons for this. First, when we work with practical
systems the chosen gains almost never go to zero, since one usually wants an algorithm
that can track slow changes and is robust with respect to large bursts of noise. Our
method can be adapted to get weak and even w.p.1 convergence when the gains do
go to zero, and we comment on this in 8. Even if the gains do go to zero, w.p.1
convergence is not much more useful or interesting than weak convergence. Weak
convergence methods locate the points where the process spends most time (asymptoti-
cally), and as time goes to oo, an increasing (to one) proportion of time is spent
arbitrarily close to such points. Then, one can often use the powerful "large deviations"
methods to show, under very broad conditions, that ultimate escape from a small
neighborhood of such points is impossible (when the gains go to zero) [3], [4].
Alternatively, once the weak convergence methods have located the "stable points"
perturbed Lyapunov methods such as that in [10] can often be used to get w.p.1
convergence. One of the key questions in the analysis of any algorithm is the rate of
convergence (the asymptotic normalized variance), and the analysis of the "rate" is
almost always done via weak convergence methods. General background and applica-
tions in many areas are in [6]-[8]. Weak convergence methods are also much easier
to use than the standard w.p.1 oriented methods; in many cases, a valid result can be
obtained almost by inspection. This and the wide variety of problems which can be
handled make it a more widely useful tool than "w.p.l" methods. The symbol =:> is
used to denote weak convergence, and some definitions and properties of this conver-
gence are stated in Appendix A.

The methods used here are quite efficient. Problems with potentially unbounded
intercommunication intervals (e.g., where the interval is geometrically distributed) can
be handled. We can also treat important cases where the dynamics are discontinuous
or where the communication intervals and system noise depend on the system state,
or where there are state space constraints. The case of discontinuous dynamics is of
considerable importance in applications" often an estimate increases or decreases by
a fixed amount e--depending simply on whether a certain event occurred or not.
Similarly, for state dependent communication times, a processor might want to com-
municate either if a given amount of time has passed since the last communication or
if the state of the processor has changed by more than a given amount. In many
applications (e.g., the decentralized form of the automata routing problem in [5]) the
noise is naturally state dependent.

A theory of "rate of convergence" is also developed, which allows an objective
comparison among alternative algorithms. Using this, in 6 and 7, we comment on
and compare the behavior of the algorithm with the centralized and various "deter-
ministically" decentralized forms, in order to get a better understanding of its behavior
and to see what the preferable communication strategies are. We can also allow "noise"
in the communication, such as might be the case if the processors were physically
separated and communicated via a noisy radio link (see 7).

The basic algorithm will be described next. Section 2 contains a "technical"
estimate which will be useful in the sequel. Section 3 deals with the basic weak
convergence result in the function spaces D[0, ) or C[0, oo) (see the Appendix for
the definitions) and shows that a suitable continuous time interpolation X( of the
iterates {Xn} converges weakly to the solution of a certain ODE as the gain parameter
e - 0. The state dependent noise/intercommunication time case and the discontinuous
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dynamics case are also treated here. Section 4 concerns a "projection" algorithm to
handle state space constraints. Here, the limit satisfies a "projected" ODE. The
asymptotics of X(t + .) are dealt with in 5, where t as e- 0. This yields the
ultimately desired result concerning the location of the iterates for large n and small
e. Finally, the rate of convergence and comparison with a centralized processor is
developed in 6 and 7. A discussion of some of the probable advantages and uses
of the algorithm appears in 7. Section 8 contains a comment on the case where e is
replaced by en 0.

The basic algorithm. We assume that there are q parallel processors, each with a
state variable of dimension r. Let X in denote the state of processor at time n and
define X, (X,. , xq,). The symbol X generally denotes a qr-vector (not a random
variable), which we partition as X (X, Xq), where each X is an r-vector. The
"observation" of processor at time n is b (X,, :,), where ", is the "noise". Define
the random variable :,=(sc, ,:q), and the generic dummy variable
(s, q), and write B(X, :)= (bl(X 1, ),..., bq(Xq, q)). Write b’(X’, :’)=
’(X ’(b )," ", b’r(X, sci)), the bk(" being scalar valued. (All the above vectors are

column vectors.) For vectors X in E r, we often write simply x. The use of the "super
vectors" X and X, and their specializations below seems unavoidable, since all of the
q processors are interconnected.

Let {A,} be a sequence of (possibly random) qr x qr matrices, where A, can be
written in the form

A,
a(n) a(n)’

where each ao(n) is a diagonal r x r matrix with nonnegative entries and .iaj(n)= L
the identity matrix in E , Euclidean r-space (i.e. the "matrix valued" rows of A, are
"convexifying"). Note that the matrix indexing is not standard. The subscripts are of
the form (source, destination)- (column, row). Suppose that there is a scalar ao>0
such that a,-> aoL and, for ij, either aj(n)= 0 or else ao(n)>-aoL.

The algorithm to be studied is

(1 1) X’,+=aji(n)X+eb’(X’, ), X+I=A,,X+eB(X ,).

At time n, processor (i 1, , q) decides whether or not to communicate the current
value of its state to any other processor and takes an observation b(X,, ). If there
is no communication to processor i, then we set a,(n) L and aji(n) 0 for j i, and
the iteration (for processor at time n) is of the standard SA type: Xn+!
Xi, + ebi(X i", ). If there are any communications to processor from some processors
j at time n, then for such communicating processors j, ai(n) >-_ aoL and the updated
state Xn+l for processor is a convex combination of Xi, and of the states X
communicated to it, added to its own SA increment eb X,, :). The requirement that
either (forj i) a(n)>- aoL or a(n) 0 simply means that ifprocessorj communicates
to processor at time n, processor can choose to ignore the communication, but if
it incorporates the received X into its own state, it must do so in a "nontrivial" way.
For notational simplicity, we omit the symbol for the e dependence of X,. The results
(and methods) would not change if bounded communication delays were included in
the model.

In [1], the algorithm was slightly more complex, since the dimensions of the X
were not necessarily the same and a somewhat more complicated block structure of
A, was used. But, with no additional mathematical work (although with a more complex
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notation), such extensions can readily be incorporated into our framework. It should
be clear from the development that many related algorithms and conditions can be
treated by essentially identical methods. Reference [14] discusses the asymptotic
behavior of interacting stochastic approximations, in terms of the actual elapsed
(random) computation (not iterate) times.

2. Some preparatory estimates. This section is devoted to obtaining the rate of
convergence of the product A,... Ak as n--> oo. We use the following assumption.
(C2.1) Let Fn be an increasing sequence of tr-algebras such that F, measures {X,

i_-< n, :, Ai, i< n}. There are a scalar po> 0 and integer mo such that

(2.1)
{processor communicates to processor j on In, n + mo)=>po and j does
not ignore the received message}

for all n and i, j, and ij.
Remark. In [1], it was assumed that there is an mo such that Po 1. Assumption

(C2.1) covers the case where at each instant each processor flips a coin to decide

whether~ to communicate or not. More generally, there often is a. process {n} such
that {Ai, :, < n, X, =< n} is Markov, and An is a co.mponent of A,. With this model,
if Fn denotes the minimal g-algebra that measures {A, :g, < n, Xi, <= n}, then (C2.1)
covers many interesting cases where the intercommunication intervals are not bounded
a priori, and might be "state" dependent. The condition seems to be unrestrictive.

For n-> k, define (nlk)= A,... Ak and set (n[n+ 1)= Iq, the identity matrix
in E qr.

LEMMA 2.1. Assume (C2.1) and the conditions on (An } in 1. Then CI) k ------limn cI)(nlk exists w.p.1 and for each <-_ r, all the rows i, + r,. , + qr r of k are
equal. Also

(2.1a) El(nlk)-l-*O geometrically as n- k-,

(2.1b) geometrically as n- k-->

uniformly in k and (w.p.1). Also E.(nlk) converges to dPk geometrically, uniformly
in to, k, as n-->

Remark. The fact that the limit bk exists is almost obvious if we look at the {An}
as transition matrices for a Markov chain. The proof is in Appendix B.

Remark on other cases. One can readily work with the case where all of the
processors do not necessarily communicate with each other. We comment on only one
special case. Let processors 1,. ., q communicate to each other but not to the other
processors, and let processors q + 1, , q, communicate only to processors 1, ., q
but not to each other. Then (nlk) converges geometrically to a matrix k, which
takes the form

(I)k 0

Mq+.l Mq

k MkMq+Iql

Ir 0

L
The i, i+ r,. rows of the upper right-hand block are not necessarily equal.

3. Convergence: The limit ODE. Nonstate-dependent {An, :,}. We will work with
several sets of assumptions. First, the basic convergence theorem will be proved when
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the sequences {A,} and {so,} are nonstate-dependent and independent of each other,
and then the restrictions will be weakened. Theorem 3.1 is the basic weak convergence
theorem, from which most other results will follow. Let En denote expectation, condi-
tioned on {Xi, <- n, Ai, sc, i< n}. We will use subsets of the following assumptions.
Recall that the X (X Xq) and x are dummy variables
(C3.1) {Ak and (so, are independent of each other.
(C3.2) Let {:} be a sequence of bounded random variables and {k} a sequence .of

random variables with zero mean and bounded 4th moment. Write
SCn=(L,n), and let B(X, sC)=Bo(X,)+B(X), where the B,(.) are con-
tinuous (Bo(’, :) uniformly in ).

(C3.3) There is a continuous function /(X) (/(X), q(Xq)) such that

EkBo(X, ,,) B(X) - 0, EksCn 0

in probability for each vector X, as n- k
(C3.4) There are a matrix and a sequence m oo such that em =- 0 and

n+rn--I

me k=n

--% 0 uniformly in n.

Remark and Definition. (C3) can be extended in various ways to time varying
limits: e.g., let continuous (t) replace q, when ne t; we can even replace (C3.4)
by a condition guaranteeing the ratios in (C3.4) are in some set of matrices M with
a probability tending to unity as e 0. But the statement of the limit result then becomes
much more complicated.

Under the conditions of Lemma 2.1, must have the form

1,’’’)

where the are diagonal r r matrices with diagonal denoted by (,..., ir) and
; b; 1. For any vector X we have the form X (y,..., y) (column vector) and
CkX (Yk,’’’, Yk) for some y and Yk in E r. Let denote the row of r r matrices
[,. ., Cq]. Let B(x) denote B(x, x,. ., x), and B(x, ) denote B(x, x,. ., ).
(C3.5) The ODE (3.1) has a unique solution for each initial condition

")1--- 11/1(X) -- + (ql/(x)
(3.1) (I)B(x).

)r lrlr(X) "" " 8qr7(x)
(C3.3’) There are a continuous B(. and m --> oo such that em 8 --> 0 and

n+m-I
E E.n(X, ) #(x)

me
in probability for each vector X, uniformly in n.

(C3.4’) There is a matrix q such that, as n- k

Let n be a sequence tending to oo and such that /-n 0, and, for n->_ n,

sup P{l(k / nlk) -(I’l >-- e} <- .
There is such a sequence, by Lemma 2.1. In fact, we can use n O(log I/e). Define

ne=l
X;---d(glelO)Xo ff’8 Z dPk+lB(Xk, k)

p=0
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and for >- 0 define X" (.) by X" (t) Xn for (n n) e, (n n + 1) e). Write X (.)
(X’( ),..., X’q( )). It will turn out that, for any initial conditions X, the vectors
X’ < q, rapidly come close together (due to the communication and convexification)
This leads to an (asymptotic in e) jump in the process Xtt/ at 0. For this reason,
we start X( slightly away (n steps) from the origin of the {X,} process.

THEOREM 3.1. Assume (C2.1), the conditions on {An} in 1, and (C3.1), (C3.2),
(C3.5) and either (C3.3), (C3.4) or (C3.3’), (C3.4’). Define X(O) and Xo by X(0)=
lime X =- (Xo, , Xo). Then X (.) is tight in D[0, ) and converges weakly to a process
X(. (x(. ), ., x(. )), where x(. satisfies (3.1) with initial condition Xo.

Proof. Part 1. The proofs are essentially the same for the pairs (C3.3), (C3.4) and
(C3.3’), (C3.4’), and we work only with the first pair. We often use Schwarz’ inequality
and the inequality (for a =>0), Eldp(nJk)-dpk[+a -<constant. El(nJk)-l, without
specific mention. Iterating (1.1) and letting n-> n yields

n--I
Xn+,=(n[O)Xo+e , (nlk+l)B(Xk,k)+e dP(rllk+l)B(Xk,k)

0

(3.2)

X + e L dPk+,B(Xk, k)+ ed/, +[(nlO)-d(nlO)]Xo
ne

where

q, = [I,(nJk+ 1)--dPk+,]B(Xk, k).
o

For the purposes of the weak convergence proof, we can assume (w.l.o.g.) that
{Xk} is bounded by simply truncating the dynamical terms, i.e., changing B(., sc) so
that it is zero for large IX[. If the theorem is true for each such truncation, then by the
uniqueness assumption (C3.5), it is true as stated. Henceforth we assume this
boundedness.

Part 2. Next, we show that sup.n E},[ < cx3. All norms are in the Iv sense. Wehave

ElO2[3-<constant. Y El(nli+ 1)-,+,ll(nlj+ 1)-j+,ll(nlk+ 1)-+,l
id,k

By Holder’s inequality, the summand is bounded above by

’ "’lo ’ ’’1E’/’z[l(nli+l)-,+, (nlj+l)-+, .E (nlk+l)-+,l]’
[1-I- E3/4114" E3/4114E3/41L4].

By (C3.2) and the geometric convergence in Lemma 2.1 and the boundedness of (nli)
and , there is a d m[0, 1) such that this term is bounded above by (constant)
d"-d"-d "-k. Thus sup,nE[[3<. From this and (3.2) (and the truncation of
n(., .))

sup lx.+, x.l/= <,
and {[Xn+-Xnl/e, n ->_ n, e} is uniformly integrable. Thus, {X( )} is tight in D[0, c)
and all limit paths are Lipschitz continuous (in t).

Part 3. We fix and work with a weakly convergent subsequence of {X( )}, also
indexed by e, and with the limit denoted by X(.). Skorokhod imbedding (see the
Appendix) will be used where useful, without specific mention. Thus, we can assume,
where needed, that X( )- X(. uniformly on bounded time intervals, w.p.1.
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We will show, for each real valued function f(. with compact support and
continuous second derivatives, that the My(. defined by

(3.3) Mf(t) f(X(t))-f(X(O))- f’x(X(s))(X(s)) ds

is a (continuous) martingale. Since My(. is a Lipschitz-continuous martingale (since
X(. is Lipschitz continuous), it is a constant. Thus, since My(0) 0, we have My(t) 0
or, equivalently,=/(X). By the properties of I)k for each ---_ r, the i, + r,. ., +
qr-r rows of I) are equal. Thus all r-vector components of the limit X(. must be
equal, i.e., X(. is of the form (x(.),..., x(. )), for x(t) E’. This and " /(,’)
implies that x(. satisfies (3.1).

We need only show the martingale property.To do this, we need only show that
for any integer p and continuous bounded h(. and ti-<- t, <= p, s > 0,

I I t+s

(3.4) Eh(X(t), i<=p) f(X(t+s))-f(X(t))- ]f’x(X(u))dpB(X(u)) du =0.

To simplify the notation (and w.l.o.g.), let and s be integral multiples of
em=-., (see (C3.4) for the definition of m) and define the index set

I { n" lm + n <-_ n < lm + rn + n }. By Taylor’s Theorem and (3.2),

f(X(t + s))-f(X(t)) = [f(Xt,+,,,+,,)-f(Xtm+,,,)]
<= I,$t < t+s

(3.5) =e E f’x(Xtm,+,,) , @+lB(Xk, sek)
t<--lSe<t+s k

+ error terms,

where the error term is of the order of the sum of (all norms are in the I, sense)

=,

X I(Irn + mE + IXol,

Y’. e 2(1 + [kl2)
k

where the sums are over all such that -_< 18 < + s and k is summed over ek en <
+ s. The mean values of the error terms go to zero as e 0.

By (3.5),

lim Eh(X(t,), <- p)[f(X(t + s))-f(X(t))]
(3.6)

lim Eh(X(ti),i_p)|e , f’x(X,,+,,) , @k+B(Xk, Sk)|.
l ie < t+s k I

We now rearrange the terms in a more convenient way. Define

1

m kl

and define the function B(.) by

for 18
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Since Xe(ti), i<=p, is measurable on the or-algebra Ft,,+n, for l :t (3.6) can be
rewritten as

If

(3.7)

lim Eh(Xe(t,), i<-p) e E f’x(X,,+,)
tlSe<t+s

=lim Eh(Xe(ti), i<-p) Be(u) du.

(3.8) Be(u) -- f’x(X(u))(X(u))in probability for almost all u, then the second limit in (3.7) would be
t+$

Eh(X( t; ), : p) f’x(X(u))dpB(X(u)) du.
dt

Using this and taking limits in (3.6) yields the desired result (3.4), and we will be
done. Thus, we need only show (3.8).

Fix u and for e > 0, define l by u e [l, l + ,). Then we need to show that

P

Et,m,+,,f(Xk)k+,B(Xk, k)f(X(u))B(X(u)).(3.9)
m, k,

By (C3.2) (and the truncation), we can replace the Xk in (3.9) by Xt,+, without
changing the limit. Using this and the independence assumption (C3.1), we can rewrite
(3.9) as

(3.10) E f(X,,+,,)E,m+,+E,,+, B(X,+, k)+errorterm,
me kele

where the error term goes to zero in the mean. By the convergence of X( to X(.
and using l u, and (C3.3), (C3.4), we get that (3.10) converges in the mean to the
right side of (3.9) as e 0 and the proof is concluded. (e "intermediate" details in
the last pa of the proof are very similar to those in the "centralized" case. See
[8, Chap. 5.2] or [9].) Q.E.D

State dependent {A, and {, } and/ or discontinuous dynamics. The state dependent
"communication" and noise are most conveniently modeled by a "Markov" depen-
dence. This will allow {A.} and {,} to depend on the state in a variety of ways" A,
can depend (statistically) on recent events or changes in the X,-sequence greater than
a given magnitude over some time interval, or time elapsed since recent communications
or on the "levels" of recent communications (i.e., the degree of "convexification" or
incorporation of received data into one’s own estimate can depend on the nature or
timing of recent receptions, transmissions, etc.. To be precise, we suppose that there,
is a bounded sequence of random variables {A,} such that A. is a component of An
and, for each e > 0, (X,, ,_, ,_) is a Markov process with a homogeneous transition
function. The , can incorporate other data, e.g., time elapsed since last reception,
transmission, etc. The case where some components of B(.,.) are merely indicator
functions (hence, not continuous functions) is of paaicular impoance in applications.
Such "Markovianizations" seem to be quite natural for many problems. It might .be
hard to explicitly evaluate the ODE’s here, but the character of the results is clear and
precisely what is wanted.

Example. For one example of the appearance of state dependent noise, see the
"routing" problem in [5]. In that example, inputs to a service or communication system
occur at random, and the service times are random (correlated or not). The parameter
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x (the state) determines the probability that incoming events are routed along particular
channels. The effective noise is a consequence of the queue length or occupancy level
of each channel; its statistics are dependent on the routing parameter. A Markov
dependence model was appropriate there. The routing parameter at time n increased
or decreased by e, depending on whether or not certain events occurred at time n;
hence the dynamics were discontinuous. The model used in this section includes
"decentralized" generalizations of such problems.

Assume that the marginal one-step transition function is of the product (condi-
tionally independent) form. For some Pc and PN
(3.11) P{,, B,, sc, BIx,, ,o, :o}- Pc{/, BI[X,, ,o}Pr{sc, B,Ix,, :o}

(c denotes "communication"; N denotes "noise"). The Pc and P will not depend
on e. (We could allow some e-dependence, but, in many applications, e is merely a
step size parameter and does not affect the distribution of the A, A or sc other than
via the values of the X (e.g., as in the above example).) The product from (3.11) is
a natural generalization of (C3.1). Here the noise and intercommunication intervals
are independent, conditional on the state. For each fixed X, the Pc and P in (3.11)
can be considered to be one-step transition functions for "fixed X" Markov chains
which we denote by {,(X)}, {sc(X)}. Let Pc{n, n,. IX} and P{s, n, .IX} denote
the associated n-step transition functions. Then Pc {,, 1,. IX} Pc {,, ],o A, X},
etc. The fixed-X processes are, of course, homogeneous. Let E and E denote the
associated expectations.

Several assumptions will now be given, followed by some remarks concerning
extensions. The assumptions are phrased so as to cover many potential applications.
Again, recall that the X and x are vectors not random variables.
(C3.6) EX[An Al[/o =,] F,(/, X) is continuous in (/, X).
(C3.7) For each bounded and continuous functions f(.), i= 1.2,

1, ae lx) and f2(,l)Pc(,, 1, d,[X) are continuous in (, X)
and (A, X) respectively.

(C3.8) {:n} is bounded.
(C3.9) For each vector X of the form X (x, x,..., x), let the pair of proces-

ses {An(X), :n(X)} associated with the n-step transition function
Pc{,, n,. IX}P{s, n,. IX} have a unique invariant measure and which is of
the product form P:{. }Pv{" }.

(C3.10) B(X, )P(, 1, d[X} is continuous in (X,
Remark. Since the two fixed X-processes are independent, the product form in

(C3.9) will hold if the processes are aperiodic. Under the conditions of Lemma 2.1,
the Fn(,,X) in (C3.6) converge geometrically (uniformly in ,X) to a function
q(A, X), which must be continuous under (C3.6). By the discussion associated with
Theorem 3.1, we see that q(,, X) has the form

[ 1(’ x)
(A, X)

x)

where bi(A, X) is a diagonal
[4’,,(, X), .., 4’,r(/i, X)].

x) x)

(r x r) matrix. Write ci(A X) diag

IfX takes the form X (x, x, , x) for x E r, we might simply write x for X.
(C3.11) The ODE (3.12) has a unique solution for each initial condition (analogous

to (3.1)Bthe and are simply averaged out with respect to the invariant
measure)
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(3.12)
Jl j. I i,(,x)P:{d,}f b{(x, )P (d(j)

=Op(x)B(x)

2r=j j,.(,,x)pXc{d} b(x, J)P(d)

where

’(x) f ’(,, x)P(d,’),
Write

B(x) B(x, )P(d).

’(x) 1(x)=

Under (C3.7), (C3.9) and (C3.10), the right side of (.3.12) is continuous.
Remarks on the assumptions. In many applications, A takes only a finite number

of values. Then the appropriate topology is the discrete topology and the -continuity
required in (C3.6) and (C3.7) always holds, since then all functions ofA are continuous.
The one-step smoothing assumption in (C3.10) can be replaced by a k-step smoothing
assumption, and Theorem 3.2 will still hold. Since P(,, X) is continuous (see above
remark), a Pk-analogue of (C3.10) is not needed. In (3.12) we are simply averaging
the dynamics with respect to the invariant measures. If the invariant measure is not
unique, then the right side of (3.12) is set valued and P and P: range over all the
invariant measures. We use (C3.8) here to avoid some details. Extensions to cover
typical unbounded {so,} cases are possible via essentially the same method. To see how
this can be done, see the proof for the "centralized" case in [8, Chap. 5.3] or in [9].

THEOREM 3.2. Assume (C2.1), the conditions on {,A.} in 1, (C3.2) (without the
component) and (C3.6) to (C3.10). Then {X( )} is tight in D[0, c) and converges

weakly to X(. (x(. ), ., x(. )), where x(. satisfies (3.12) and X(O)
(x(0), -, x(0)) oXo.

Proof. {X (.)} is tight and all limits are Lipschitz continuous for the same reasons
as in Theorem 3.1. Let e index a weakly convergent subsequence with limit denoted
by X(.). As in Theorem 3.1, X(.) has the form X(.)=(x(.),... ,x(.)). Owing to
the Markov assumption, Ek denotes conditioning on (Xk, k-, Ak-). By the method
of proof of Theorem 3.1, we need only show that the left side of (3.9) converges
in probability to f’x(X(u))P(X(u))B(X(u)) for X(u) of the form X(u)=
(x(u),... ,x(u)). The fx term does not play an important role and we discard it
henceforth.

We use the "truncation" method and notation discussed in Theorem 3.1. Thus,
we can suppose that B(., and {X,} are bounded. For each v, rewrite (3.9) as (using
the conditional independence implied by (3.11))

H =- E EA+EkdP,+,EkB(X,me ke

(3.13)

Z E,,,A+.Ek(Ak+,." Ak+,)EkB(Xk, Ck)+
me kle

where E[Q[ 0 uniformly in e, as , by Lemma 2.1.
We next estimate Ek+Ak+" Ak+. All norms are in the l sense. Since the {X}

and {A,} lie in a compact set, the function of X defined by

(lxl) up [Fi(, X)- Fi(, X + X)
A,X



1276 H.J. KUSHNER AND G. YIN

can be supposed to go to zero as 16XIO. We have E,,A,,=FI(,,_I,X,)=
FI(.._, X,,_)+ A(ft._, X._I, X,,), where [Al(/dn_l, Xn_l, Xn2]tl(IXn-Xn_,l).
Next we can write E,,_A,,A,,_I=E,,_(E,,A.)A._=E,,_F(A._I, X,,_)A,,_+
At(.._,, X,,_,, X.)A,,_t. Note that

(3.4) E._FI(._, X._)A._, F2(._2, X._,) E.-,A.A._I,
which is just the expectation for the two-step fixed X-process with X fixed at X._.
Using this and IA.I 1, we have

(3.15) E,,_A,,A._I Fz(A,,_z, X,,_2) + error terms,

where

[error terms[ [(Fz(/n_2, X._)’- F2(n_2, Xn_2) + A,(._,, X._,, X.)A._,[
-<- (IX._,- X.-2l) / I(IX.

Continuing in this way, we get

(3.16) Ek+,ak+,," Ak+, F,.(ak, Xk)+ Tk"’,

where

TT;I ,(Ix/_,/,- x/_,l)
i=1

Tk ’- 0 for each v, uniformly in k, owing to the convergence of the X(
Putting the estimate (3.16) into (3.13) yields that

He =1 y. E,,..+,.F(,k, Xk)B(Xk, )+Q
me keI(3.17)
+ E E.,+.T’B(X, ).
e kl

The last two right-hand terms in (3.17) o to zero in mean as e0 and then u.
and can be nglected. The sequence F(A, X) converges uniformly to the continuous
function (A, X) as u. Thus, the limit (as e 0, u) of the first term on the
right side of (3.16) is the same if (A, X) replaces F(A, X).

Now we are in a position to use the result of[8, Chap. 5.3] or [9]. By the arguments
(for the Markov model)in either of these references (which, when adapted to our
current situation, require the continuity of (’,’), and (C3.7), (C3.8) and (C3.10))
and the fact that .X( ) X(. ), we have

(3.18)

,+. (, x)n(x, ) f (, X(u))n(X(u). )mX"(d d).
e keI

where mx (.) is an invariant measure for the process {,(X), , (X)}. Since X(u)
(x(u),. , x(u)) the uniqueness and product form of the invariant measure in (C3.9)
yields that mX(dAd()= P(d). P(d). Thus the right side of (3.18) equals

(x(u))(x(u))= f *(, x(u))P")(d) B(x(u), )P)(d),

and the proof is concluded. Q.E.D.
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4. State space constraints: a projection algorithm. In many applications, it is
desirable to confine the iterates to a compact set L, and if they ever leave L, the
algorithm will project them back onto L. Such algorithms are ubiquitous in applications,
even if not explicitly defined or assumed; e.g., the ambiguous notion of "monitoring"
in adaptive control which implicitly assumes some sort of projection. We treat two
special, but useful, cases.

4.1. Assumptions and problem formulation.
(C4.1) Let gi(x), <-- a, be real valued continuously differentiable functions on E and

define L= {x: gi(x)<-O, i=< a}. Let L be bounded, convex and the closure of
its interior. Also (w.l.o.g.) assume that the gradient gx(x) is not zero if gi(x) O.

Let 7rz(y) denote the (unique) closest point on L to y E . We use the projected
form of algorithm (1.1)"

(4.1) -’’n+ AnXn + eb(Xn, n) Xin+ "n’L(ffn+), i<--q"

Thus, each processor projects independently and the constraint set is the same for
each. We now set the problem up so that previous results can be used.

__IX "iDefine p,,=(pn,’’’.pq,), where p, n+--Xn+]/e and define ,=
@+Eo [(nlk+ 1)-cb+]p. Then for n>=n (n, was defined below (C3.4’))

(4.2)

where

n-1

x=(nlO)Xo+ +,[B(X,)+V].
0

The two cases which we treat are covered by ((C4.1), (C4.2)) and (C4.3), respectively.
(C4.2) The matrices aij(n) in A, take the form ao(n)= ao(n)L where ao(n) is a scalar

valued random variable and aij(n)= 1.
Under (C4.2) each of the scalar components "communicated" from a processor

j to processor are incorporated the same way into the updated estimates of processor
i. In (C4.3), L takes the form of a hyper-rectangle.

(C4.3) There are bounded g and g2i such that L= {x: gi<=x <= g2i, i<= r}.
DEFINITIONS. For a vector field h(. in E r, define the projection onto L by (for

xL) or(x, h(x))=lima_.o[Tr.(x+Ah(x))-x]/A. By the convexity of L, the limit is
unique. Define the convex cone

C(x)=(y" y= Y.iA(x) Aigix(X)’AiO}
where A(x) is the set of constraints {i" g(x)=O} (the active constraints at x). Note
that., pn -C(X+). Write Anpn =(Zn, Z), where Zn E Under (C4.2), each
Zin is a convex combination of vectors in the -C(X+), j <= q. We will see below that
the same property holds under (C4.2’). The same conditions apply when Ak or
replaces

The theorem is stated under the conditions of Theorem 3.1, but there is an
analogous result under the conditions of Theorem 3.2.

THEOREM 4.1. Assume the conditions of Theorem 3.1, and either (C4.1), (C4.2) or
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(C4.3). Let the solution to (4.3) (the projected form of (3.1)) be unique. Then {X (.)}
converges weakly to X(. ), where X(. (x(. ), ., x(. )) and

(4.3) 7r(x, /(x)).
Equivalently,

(4.4) B(x)+ u(x), x(t) L
where ,(x(t))-C(x(t)). Also X(O) takes the form X(O)=doXo=(x(O),..., x(0)),
if X’o 

Proof. Only (4.4) will be proved, since (4.4) implies (4.3). No truncation (see
Theorem 3.1) is needed here since X i, L, a compact set. Define the process/(. by

R(t) =e k+lPk fort[(n--n)e,(n-n+l)e)

(analogous to the definition of X( above Theorem 3.1). All norms below are in the
l sense. For Xi, L, the qr-vector components of A,X are all in L under either (C4:2)
or (C4.3). Thus I XI_-<IB(x , Hence, the proof of uniform integrability of {,}
and {pv} is the same as that for {,} given in Theorem 3.1. Thus {X( ), R( )} is
tight and all weak limits are Lipschitz continuous. Henceforth, we fix and work with
a weakly convergent subsequence, also indexed by e, and with a limit denoted by
(X(.), R(.)).

As in Theorem 3.1, for i-< q, the i, i/ r,..., i/ rq-rth rows of (I) k are equal.
Then so are the same components ofdk+lB(Xk, k) and ofdPk+lPk. Thus (as in Theorem
3.1) X(.)=(x(.),..., x(.)) and g(.)=(g(.),..., g(.)), where x(t) and R(t) are
in E r, and
(4.5) : /(x) +/(t).
Obviously x(t) L. Thus, we need only show that l(t)-C(x(t)) for almost all t.

Write X( )= (X’I( ),..., x’q( )). Let x(t) be in the interior of L for [tl, t2]
with tl < t2. Then, by the weak convergence (i.e. convergence of all X’( to x(. ))
the X’(t), -< q, are the strictly interior to L on q, t2] with a probability which tends
to unity as e 0. Thus, for small e, the cones C(X’(t)), i<= q, tl <= t<= t2, will be empty
with a probability which tends to unity as e 0. Thus R(t) =0 for tl =< -< t2.

We will now consider the case where x(t) is on the boundary of L for It1, t2],
tl < t2. The general case follows by the same argument. Skorokhod imbedding will
be used (see the Appendix), so that we can assume that the convergence is w.p.1 on
each bounded time interval. Note that C(x) is an upper semicontinuous function of
x in the sense that if x, x, then

(4.6) C(x) f’l (.J C(Xk).

Let (gi,x(x(t)),...,gox(X(t)))=(Vl, ",va) be the gradient vectors of the active
constraints at x x(t), and let Co denote the convex cone formed by the vectors in a
fl-neighborhood of (Vl,’’ ", ua).

By the weak convergence (i.e., the convergence of all X"( to x(. )) and (4.6),
for each/3 > 0 and y > O, there are/31 > 0 and el > 0 such that for e

(4.7) P{Pk -Ct, <= q, all k such that ]e(k- n)- <- 1} >= 1 y,

i.e., for e(k- n) close enough to t, the Pk are in a ’small neighborhood of -C(x(t))
with probability close to unity.

Now, assume (C4.1), (C4.2). Then, each of the q r-vector components of tk+lPk

is also in such a "small neighborhood" with a probability close to unity, for e(k-n)
close to t. This implies that R(t)-C(x(t)), for almost all t.



DISTRIBUTED AND COMMUNICATING STOCHASTIC APPROXIMATIONS 1279

Write x(t)=(Xl(t),.. ",xr(t)). Assume (C4.3), and let e(k-n) be close to t.
Then C(x(t)) is particularly simple. Write Pk (Pkl, Pkr) where the p are scalar
valued. If xi(t)=gli (the lower limit) then (using the weak convergence)X(.)::>
(x(’),’’’, x(.)), the p must be (asymptotically in e)->0 for all j, with a probability
arbitrarily close to unity. Similarly, if xi(t) g2i (the upper limit), then (asymptotically
in e) the p must be _-<0 for all j. By the properties of k+l, the same property must
hold for the respective components (i, i+ r, + 2r, .) of tk+lPk.

The conclusion follows from this last remark, since if x-(Xl,"" ’, x), where
x g, <-_ rl xi g2i, r < _-< rE and gi < x < g2i, rE <= r, then we have that -C(x)
is the collection of vectors whose first r components are nonnegative, the next r2-r
are nonpositive and the last r-r2 are zero. Q.E.D.

5. The asymptotics of X(.) for large t and small e. Weak convergence in D[0, )
or in C[0, oo) basically gives information on the locations and/or distribution of X(
for small e, and for confined to some large, but still bounded, interval. See, e.g., the
discussion of the topology of these spaces in the Appendix. It is important to have a
convergence result which is valid uniformly in (large) for small e, and such a result
is readily available by appropriate modifications of the previous results. One usually
requires that the ODE satisfied by the limit processes is stable; hence we assume the
following:
(C5.1) Let (3.1) (or (3.12) for the state dependent {An, :n} case) have a unique stable

(in the sense of Lyapunov) point 0 which is globally attracting.
Let t-->oo as e->0. Frequently, if (C5.1) (and the conditions of Theorem 3,1 or

3.2) holds, then X(t+ .) converges weakly to a constant process X(.), where
X(t) (0, , 0). This is precisely the desired asymptotic result, since it says (roughly)
that if the algorithm is "stable" then, after a fixed "transient period" (independent of
e), the X( are arbitrarily close to 0 in the sense of weak convergence. Condition
(5.1) below will be dealt with later in this section.

We suppose now that the set

(5.1) M= (X(t), t->O, e >0)
is bounded in probability (tight), i.e., for each /0 there is a k such that
e{]x(t)l>--k,}<--_rl for all e>0, t>=0.

THEOREM 5.1. Assume tightness of (5.1), and the conditions of Theorem 3.1 or 3.2.
Then X(t +. converges weakly to the constant process (0,..., 0).

Discussion of the main idea of the development. Choose T> 0 and consider a
convergent subsequence of the pair of processes {X t + ), X (t- T+ )}, with limit
denoted by (X(.), Xr(’)) (x(.),. ., x(.); xr(’)," ", xr(’)) (recall that all the
r-vector components of the limits are equal). We have X(0)= Xr(T). The value of
Xr(O) is unknown, but all the possible such Xr(O), over all Tand convergent subsequen-
ces, belong to a tight set, with the same r/ and k, as above. By this and the stability
condition (A5.1) and Theorem 3.1 (or Theorem 3.2), for any 8 > 0 there is a T < c
such that for T >- T, Xr(T)=(xr(T),’’’ ,xr(T)) will be in a 8-neighborhood of
(0,. , 0) with probability _-> 1- 8. This yields the desired conclusion, since it implies
that X(0)= (0,. , 0) w.p.1. Thus, to get the asymptotic (in and e) result, only (5.1)
must be shown.

Next, consider the projection algorithm of 4 and assume (C5.1’).
(C5.1’) Let (4.4) have a unique stable (in the sense of Lyapunov) point 0 which is

attracting in L.
Under (C5.1’), (5.1) is automatically bounded, and if t ->c as e ->0 then under

the additional conditions of 4, X (t + ::>X(. ), where X(t) (0,. ., 0). Some
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form of projection algorithm is usually used in practical algorithms, and so the tightness
condition on (5.1) is not burdensome.

5.1. Sharper bounds on the asymltotie errors (Xi-. 0), for large en and small
e. Under additional "stability" conditions, one can get order of magnitude estimates
for (Xi’(t)-O) for large and small e. We do one case here in preparation for the
rate of convergence work in 6. We will need the following assumption.
(C5.2) There is a twice continuously differentiable Lyapunov function 0-_< V(x_)--,oo

and l?(x) > 0 for x # 0 such that for some h > 0 and K < oo, (x)B(x) <-_

-h 9(x), 9(x)lz <_- K(9(x) + 1) and f’(. is bounded.
Define

q

(5.2) V(X) IT"(X ) for X (X l, Xq).

(C5.3) Case (C3.2), but where Bo(X, ) and B(X) are bounded and have bounded
and continuous X-derivatives (uniformly in , for Bo).

(C5.4) There is a constant K such that

v+m

E Y E,(Ok+B(X,k)-OB(X)) <-K[V(X)+I],

for all positive m and v. Similarly for the derivatives Bx and Bx replacing B
and B, respectively.

Remark. Case (C5.4) essentially implies a "low" correlation between data in the
remote past and in the distant future. There is an analogous result to Theorem 5.1 for
the state dependent {A,, } case, and for the constrained case.

THEOREM 5.2. Assume (C5.1) to (C5.4). There is an N < oo for each small e Such
that

(5.3) EV(X.)=O(e), n>-N.
Proof We always assume n>-_n, so that E[(n]O)-ol"=O(e2) for any a>0.

Write

X.+,- X. [(nl0)-(n ll0)]Xo+ e(O, 0,-,)
(5.4)

+ eB(X,)+ e[,,+,B(X,, :,) B(X,)]
and

E,V(X,,+,)- V(X,,)= eV’x(X,)E,,[(nlO)-(n- ll0)]Xo
(5.5) + eV’,,(X.)E.(O-q,_,)+ eV’,,(X,,)B(X.)

+ eV’x(X.)E,,[,,+.B(X,,, :.) B(X.)] + error term,

where Elerror term[ O(e). By (C5.2) and n => n, the expectation of the first term
on the right-hand side of (5.5) is O(e)(1 + EV(X.)). Write . in the form

where q is an r x qr matrix. For n-> n,

(5. Ix x{I o(+ o(1,1,
where lo(e)l- O(e4), uniformly in n _-> n.
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(5.7)

Using (5.6), rewrite the last two terms on the right side of (5.5) as, respectively,

EE --tV(X)P(Xi,,) + error term,

e , " B(X j,,) /(X)]+errorterm,Vx(X’,,)E,,[,,+

where by (C5.2), Elerror term O(e2)(1 + EV(X,,)).
We now define the perturbations to the Lyapunov function.
Define

V(n) by V(n)=-eV’x(X,,)_.

Wehave

(5.8) EIV(n)I= O(e)(1 + EV(X,)),

(5.9) EV(n+I)-EV(n)<--eEV’x(X,)(d/,-O_,)+O(e2)E(I+ V(X,)).

Define V(n):

(5.10)

By (C5.2) and (C5.4),

(5.11) l v(.)l o()( + zv(x.)).

Also,

(5.12) E,,V(n+ 1) V(n) -e’(Xi,,)E,,[,+B(X’,, so,) /(Xi,)] + error term,

where by (C5.4), E[error terml O(e2)(1 + EV(X,,)).
Now, define the perturbed Lyapunov function V(n) V(X,)+ V(n)+

Eq V(n), and evaluate E,,W(n + 1)-W(..n_) and cancel the terms +eV’x(X,,)(O;-
in)En[J)n+l )-B(X’ )] to getand +e V’(X B(X

Vx(X.)B(X’E.V(n+l) V"(n) ey -, .)+errorterms,
(5.13)

Elerror term O(e2)(1 + EV(X.)).

Using (C5.2) and the bounds on EIV(n) and on El V2 (n)], we get

EW(n + 1)- EW(n) <= -Ae E EffV(Xin) + O(e2)( + EV(X,,))

(5.14)
_<-- -AEV(n) / O(e2)(1 4- EVa(n)).

Hence, for small e > O,

(5.15) EW(n)<= 1- W(n)+O(e).

This, together with the bounds on EIV (n)l and on EIv  (n)I, yields the
theorem. Q.E.D.

6. Rate of convergence: qualitative asymptotic properties. The Lyapunov function
in (C5.2) is often locally quadratic about 0 in the sense that V(x)=
(x-O)’Q(x-O)+O(lx-Ol3) for Q>0. If this is true, then Theorem 5.1 implies that
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{(Xin --0)/el/2, <= q, n > N, e >0} is tight. In this section, we are interested in the
asymptotic normalized errors, and we assume this tightness, whether or not the
Lyapunov function is of the above form and the conditions of Theorem 5.1 hold. In
particular, we will suppose that there are numbers < for each small e > 0 so that

<= q, n >- ], e > O istight, Eb’( O, k) =- O.

Under (6.1), one can apply the methods of the "centralized" case to get a classical
rate of convergence result.

Much information concerning the asymptotic behavior and comparison with other
algorithms can be obtained from such a result. The method and results will be discussed
in an informal way so that the main ideas are clear. Despite the informality, the
conditions needed for the proof will generally be stated. The proofs follow standard
lines in weak convergence theory and are not hard. Our aim is to exhibit the asymptotic
behavior of the suitably normalized errors, then specialize them to simple cases where
a comparison can be made with "centralized" forms of the algorithm, so that one can
see the effects and value of the decentralization, and evaluate alternative forms of the
communication and algorithms. The discussion is continued in 7. Such insights are
needed at this stage of development of the "decentralized" algorithms as a guide to
future developments, and are perhaps more important than a rigorous development
along the standard lines. We will use (6.1), the boundedness of B(.,. in each bounded
X-set and that B(., sr) has a continuous (uniformly in :) derivative, and EB(X, sr) O.

For any R valued function p(.)-(pl(.),...) of x (or X), let (p(O))x denote
the (Jacobian) matrix whose ith row is the x (respectively, X) gradient of pi(. ). Recall
the definitions of 4i and (above (C3.5)), and of , (in Theorem 5.1). Define the
matrix M- (/(0))x and suppose that it is stable. Let

z., (k+lB(O, k))x (B(O))x M
/1

in probability as n-* o and m-.
Define U,] (X, )/v, where (0, 0,. , 0). Recall the definition of n given

below (C3.4’) and that n, can be chosen such that x/n 0. Given N> 0, we have,
for n >- n + N,

N+n

U+,=C(nlN)S%+v/- ., (nlk+ l)B(Xk, k)
N

(6.2) +
N+n+l

k+,B(Xk, k)+X/,-- [(nlk/ 1)-k+l]B(Xk, k).
N+n

Define (for n _-> N + n)

Wen q/ ()k+ B O k
N+n+l

Let N=> )Q. For t=>0, define the process U(.) by U(t) U, for t[e(n-N-n),
e(n-N-n + 1)) and define We(.) similarly from { W,]}. By Taylor’s Theorem and
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the definition of n,

u,i+, ,,,,u + o.(,)u.t, + 6.(n4)+ o(,/-),
(6.3)

-4-, (t!Pk+lB(Oi k))xUk-i- W + O(,)
N+ne+l N+n+l

where EIO,(=)I== 0(14) since n _-> n, and EIO,(n,V)= O(n,v/-). Also
(dk/lB(0, k))X denotes the matrix whose rows are the X-gradients of the components
of k+ B(X, :k) evaluated at X (0, 0,. .) 0.

In order to study the weak convergence of U( ), we can truncate the dynamics
(as in Theorem 3.1) if (U:} is not bounded: wherever U appears in (6.3), we simply
replace it by Uq,,,(U:), where q,(u)= 1 for u m, and is a smooth function with
compact suppo. We get the weak convergence with use of q, and then let m .
The uniqueness of the solution to the limit (6.9) below guarantees that the procedure
works. For notational simplicity we simply suppose that { U} is bounded. Suppose
that ( W( )} is tight and has continuous limits. Then this also holds for ( U( ). Also,
the second, third, fouh and last terms on the right side of (6.3) disappear in the limit.
The limit of any convergent subsequence satisfies

(6.4) U(t)= g(0)+ (B(O))U(s) ds+ W(t)

where W(. is the limit of { W( )}.

6.1. The limits of { W( .)}. Under broad conditions W(.) is a Wiener process.
The most convenient expression for the covariance matrix depends on the statistical
propeaies of the {,+, ,}. Under the appropriate mixing and stationarity (including
the special case in 7 below), we have

(6.5) EW(t) W’(t)= E Ek+IB(O, k)B’(O, O)l.

We now give some conditions under which W(. is the asseed Wiener process.
Let

n+m--1 4

(6.6) E k+B(O k) Constant. m2,

then { W( )} is tight and all limits are continuous [6]. If

re+n--1

(6.7) k+B(O k)/

converges in distribution to a normal random variable (with mean zero) as n and
m , then W(. is a Gaussian process. If, for t 2 t4,

(6.8) E[W(t4) W(t3)][W(t2) W(t,)]’-- 0,

then the increments of the limit W(. are orthogonal and the limit is a (nonstandard)
Wiener process. The proofs follow standard lines in weak convergence theory [6].
Properties (6.6) and (6.8) hold if the {Ak} is independent of the {:k} and the dependence
among the :k decreases fast enough as the time difference increases. Henceforth we
assume that W(. is the zero mean Wiener process with covariance (6.5).
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For the same reasons that the X(. of 3 took the form X(. (x(.),. ., x(. ))
for x(t)E r, we have U(.)=(u(.),...,u(.)) and W(.)-(w(.),..., w(.)). Then
(6.4) reduces to

(6.9) du Mu dt + dw.

The w(.) is an r-dimensional Wiener process. In fact that W(.) reduces to
(w(.),..., w(.)) is obvious via an examination of the form of W,, since all the q
(r-vector) components of each. component of the sum in W, must be equal. The
covariance of w(1) can be obtained from (6.5): if wewrite

d?,( k), ..., dq( k) l,=
l(k),, "’’, dq(k)

where the 4i(k) are diagonal, (6.5) reduces to

(6.10) cov w(1)=/= Y E 4,(k+ 1)bJ(0, s) ch,(k+.l)b’(O, k)

If N oo fast enough as e 0, then the limit u(. is the stationary solution to (6.9).
The stationary covariance

(6.11) eM’e"dt

of (6.9) is a standard measure of the "rate of convergence" or .asymptotic quality of
the algorithm, and can be used as a basis of comparison among alternative algorithms.

6.2. A special ese. We specialize to a simple case in order to get some insight
into the asymptotic behavior. Let {k} be independent of {Ak} with {, iN q, k
1, 2,...} mutually independent with cov b(0,) R. Then

(6.12) cov w(1)=lim 1
(k)R,(k).

6.3. A scalar system. Let r= 1. Then (k) and are scalars and

q q

E 6, 1= 2 6,(k).

Let b( ., .)= b(.,.) and R= R not depend on i. Then (6.9) becomes (b(0) <0),

(6.13) du bx( O)u dt +o dff

where if(.) is a standard Wiener process and (where by the expectation E we mean
the ergodic mean in (6.12))

q= R 2 6(n).

The stationary variance of u(. is /2]B(0)l varo.

6.4. Comparison with a "centralized" algorithm. Define the following centralized
algorithm, under the scalar system assumptions of the above paragraph:

(6.14) Zn+, Zn + eb(Z,, sc), {sl, n 1, 2,...} i.i.d.
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Define V,=(Z,-O)/x/-{ and define v(.) by v(t) V, on [ne, ne+e). If t--> o fast
enough as e -->0, then under appropriate conditions [8] v(t + ):=>v(. ), where

(6.15) dv x( O)v dt +/’- d.
The stationary variance of (6.15) is R/2[x(O) varc. Since

varm q

-E (n)<l,
varc

the decentralized algorithm yields an improvement. The infimum of the ratio occurs
when the Eqb(n), <- q, are all equal, an unattainable case (to which we can come
close, see 7). In this limit, I/q=varm/varc. This limit can be obtained if the
communications are simultaneous, and the A are appropriately symmetric.

A fairer comparison accounts for the fact that the decentralized algorithm uses a
total of q observations per iterate. Using the same number in the centralized algorithm
(6.14), we rewrite it as

(6.16) 2.+, 2. +_e b(2., ’.), {’., i_-< q, n 1, 2,’..} i.i.d.
q

Define V, and (.) as the V, and v(.) were defined, but based on {Z,}. Under
appropriate conditions (t + =:> (. ), where

(6.17) d= b-x(O)dt+x/g/q d,
with stationary covariance R/2qlbx (0) varqc and

q

(6.18) varD/varqc =q EO2i(n)-> 1.

The ratio (6.18) can be used to decide on the proper tradeoff between the asymptotic
error and the communication policy. Reasons why the decentralized algorithm might
be preferable are discussed in 7. Analogous results are, of course, obtainable for the
general vector .case.

7. Asymptotic properties: discussion anti comparison.
7.1. Independent {A,}. We evaluate varD/varc under the conditions of the last

6.4where q 2 and the {A,} are i.i.d. In particular, let c [0, 1), and let the processors
act independently, with p probability that communicates to j # at time n. With
no communication (probability (l-p)2), A,= I; if 2 communicates to 1, but not
conversely (probability p(1-p)), then

If 1 communicatesto 2 (but not conversely), then

A"=[ lc 1-cO ] =A:z"

If both communicate to each other, then

A"= [ 1-cc 1-cC ] =A"
(See Table 1.) The optimum value of the ratio of the variances is unity, a value closely
approximated by small c. Clearly a larger p is desirable. As c-> 0, the ratio improves,
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TABLE
Values for 2 varo/varc varD var2o

0.1
0.3
0.7

0.05 0.25 0.5

1.036 1.13 1.312
1.016 1.104 1.26
1.008 1.048 1.13

but the size of the , would increase. This implies that one must wait longer for the
stationary variance to be a good indicator of the actual performance (the effects of
the communication are realized more slowly). Similarly, this is the case for small p.
But, in all cases, the average performance is much better than that for the centralized
algorithm (6.14). To compute (6.18) (and, hence, Table 1) one need only calculate
E’, where limn An"" A and the Ai are i.i.d, and distributed as above.

7.2. A deterministic communication scheme. We retain the assumptions of 7.1,
except for those on the communications. Let m and rn be integers with ml -< m/2.
Processor 2 communicates to 1 each m units of time, and 1 communicates to 2
units of time later. We use A12, A2 (when rn 0) and A (when rn 0). For rn- 0,
(2 varo/varc) 1, for all 0 < 1 < c. For m # 0, we have Table 2. The values of m and
m appear only in the values of ,, which increases as m and rn increase. The values
of varo/var2c are substantially worse when processor communicates to processor 2
more often than the reverse communication rate, for deterministic communication
times. This suggests that a relatively balanced communication strategy is better and
that a processor should "respond" as soon as possible after it receives a "message"
from another processor.

7.3. Discussion. It is clear that the decentralized algorithm takes advantage of the
possibilities of parallel processing, since its variance is better than that of the classical
algorithm (6.14), and can be nearly as good as that of the fully centralized algorithm
(6.16). But there is another advantage, which can be considerable. Simulations with
recursive algorithms such as (6.14) indicate that a key problem concerns the frequently
slow recovery from the effects of large "bursts" of noise, i.e., from a large "random"
jump in the state value. This effect would not show up in the asymptotic variance
estimates, but is of considerable importance in practice, particularly when the algorithm
is not in operation for a very long time. The nature of the "convexification" should
often reduce the magnitude of this problem and "robustify" the process. In a sense,
the decentralized algorithm would perform much better than the worst of q-identical
(but not communicating) processors, and (in a tracking system, for example) would
reduce the chances of any one processor losing track. In applications to optimization
or systems evaluation by Monte Carlo simulation one can use "variance-reduction"

TABLE 2
2 varo/varc varo/var2o

c 2 varo/varc

0.1 1.0028
0.3 1.03
0.5 1.11
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ideas in choosing appropriate correlations among the sets {:,, n 1, 2, .}, =< q. We
hope that this, together with the above "robustifying" property, would yield good
behavior.

7.4. An example. The following is an example which opens up many new
possibilities. Consider two receiversmsay, digital phase locked loops--each receiving
a signal from the same source, but the two being physically separated. Each must
estimate the phase or epoch of the signal pulse (and perhaps the phase of the carrier).
Suppose that the source is much farther from the receivers than they are from each
other, so that more reliable communication between the receivers is possible. It might
be possible to improve each other’s estimates by occasional communications. This
communication would transfer ttie estimatesmas well as allow the receivers to improve
the mutual synchronization of their clocks or oscillators--so that the transferred
estimates could be meaningfully used.

7.5. Communication noise. In examples such as the preceding, one would normally
have communication noise. This is readily incorporated into the analysis. Write (1.1)
as

(7.1) X,+, A,,(X,, + g,,) + eB(X,,,

where 8, represents the communication noise. For the algori.thm to be useful at all,
this noise should be of an order no larger than e. Then write 8, eS,, and proceed as
before.

Even if g, O(x/) and Eg, 0, useful results can be obtained. If the interpolation
of

converges weakly to a Wiener process W(. ), then we might have X( ).=X(. )"

dX B(X) dt / dW.

Again X(. takes the form (x(.),..., x(. )), under appropriate conditions on

7.. aRerafie aigrRhm. To get additional insight into the behavior of decen-
tralized algorithms, we formally compare (1.1) with a reasonable alternative. Suppose
that the processors communicate and "convexify" only the changes in the states since

{z}, i=1,2, denote thethe last communication. In particular, let q 2 and let
communication times of the two processors, with Izi,+ ’,l bounded. Here processor
2 communicates to processor 1 at {zl,}, and similarly for the reverse communication.
We proceed purely formally, and suppose that the dynamics are smooth and bounded.

"iDefine {X} by X X and

(7.2) "’ .’ + eb’(..’ <Xn+l n,tn), 7"k-- r/< ’rk+l 1

For ae(O, 1/2], set

(7.3) ’+t--1
X22 2

.,.,+ X.,. + ae b’(., )+ (1 a)e
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Owing to the smoothness and boundedness assumptions, there are oi,(e :2) O(e2)
^:2and a process X,=(I,x,) satisfying (7.4) and which equals (modulo O(e2))

(1,, X)’2 and (X,I X2) (at the communication times)

X,+ X,+(1-a)eb( l,)+aeb2(x,)+o(),
(7.4) . ,)+(l_)b(X,)+o(

The "size" of the O depend on the bound, on]k+l --Z]. From this point on, one can
use standard theory for the centralized case to get both the ODE and the asymptotic
normalized variance. Define (.) as X(.) was defined, and similarly for U( ).
The limit ODE is

(1-)’(’)+(:)
(7.) x ,()+ (1_ )(x) (,).

The limit (. of (. )} satisfies

7.6) d& de + d,
where

cov W(1)

" abl(O, sc,)+(1-a)b:2(0, )
((0, 0)),,,

and we suppose that is a stable matrix.

7.7. Comparison of the alternative (7.2), (7.3) with (1.1). We use the special scalar
case of 7.1, where {sci,} are i.i.d, and b(., b:2( .,. b(.,. ). Then (again/x(0) < 0)

(1-a)(il)+ab(XX= a/(7’)+(1-a)/(X

dO=b(O)[(1-a) a ].a (l-a)
Udt+d=MOdt+d,

cov(1)=Eb(O,,)[(1-a)+a 2a(1-a) ]2a(1- a) (1-a)z+a
Let varo2 denote the stationary variance of (.). As a, this converges to the

infimal value, equal to varc. But at a , the matrix M is singular. Thus, again, there
seems to be a trade-off between the "minimal asymptotic variance" and the length of
time one must wait for the asymptotic estimates to be valid or, similarly, for the
communication to be effective. At this point, the alternative algorithm does not seem
to offer any clear advantages. It was investigated simply because of the idea that there
might be an advantage in communicating only recent data.

8. Stochastic approximation with e. 0. The entire development can be repeated
if e is replaced by 0< e, 0, Y. e, c. One then gets results of classical stochastic
approximation type, and we only make a few formal comments. We use X,+

n-1A,X,+e,b(X,,,). Define t,=o ei and (for t_>0) define X"(.) by X"(t)=X,+i
for [t,+i- t,, t,+i+- t,). Under the conditions of Theorem 5.1, lim, EV(X,) <
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Given either this or the use ofthe projection algorithm of 4, one can get the appropriate
ODE which characterizes the limit paths. If this has the appropriate stability properties
(as in 5), we can show that X’i( ):=>x(. )= 0. The ODE is the same as that in the
previous sections, for all the same cases.

IfY e2, < c, then the idea in [10] can be adapted to get w.p.1 convergence results.

Appendix A. Some results in weak convergence. For some integer s, let D[0,
denote the space of E-valued functions on [0, ) which are right continuous and
have left-hand limits, with the Skorokhod topology [7, Chap. 2]. This topology is
defined as follows. Let A be the set of strictly increasing Lipschitz continuous functions
from [0, ) onto [0, ). Define the metric

A(s)-A(t)
e-"SUd(x(.), y(.)) nf max ,o log d(x(.) y(.) ) d"

s-t

where d(x(.),y(.),A)=min (1, sup
Define {Z,} and {Z( )} by Z+ Zen + eFt, Z(t) Z for [ne, ne + e). If

{Z} is tight and the {F,} are uniformly integrable, .then {Z( )} is tight in D[0, o)
and all weak limits are absolutely continuous.

Let Z( )=>Z(. in D[0, oo). By a suitable choice of the probability space, the
weak convergence becomes convergence w.p.1 in the metric of D[0, oo) [13, Thm.
3.1.1]. That is, there is a probability space (1,/,/3) with processes {2( .)}, 2(.)
defined on it so that for each Borel set B in D[0, o), p{Z(. ) B} P{Z( ) B},
/3{(. ) B}= P{Z(. ) B} and (. )--> (. w.p.1 in the topology of D[0, ). The
use of this representation often facilitates the analysis and characterization of the limits.

Appendix B. Proof of Lemlna 2.1. The proofs of (2.1a) and (2.1b) are essentially
the same and only (2.1a) will be proved. We will evaluate El’I,(nlk)-’I,l by a slight
variation of the proof of [1, Lemma 5.2.1]. Owing to the block diagonal structure of
the A,, when we calculate the product cI)(nlk), the r sets of rows (i, + r, , + qr r),
i=< r, do not interact and we can (and will) let r 1 without loss of generality.

The geometric convergence of dp(n[k) to k was proved in [1, Lemma 5.2.1] when
po (see (A2.4) below). By (C2.1), there are al > 0 and an increasing sequence of
(finite w.p.1) random times {Ni} such that the components of (N2i+IIN2) are all
=> a w.p.1. This and the convergence result for po 1 imply that (n[k) converges
w.p.1 to some matrix cI)k as n--> o. All the rows of such a limit must be equal, and the
entries of each row must sum to unity. Let bl(k), , dpq(k) denote the scalar elements
of any row of cI)k, and let the vectors v, , Vq span E q, and define e (1, 1, , 1).
Define c(x) 4,i(k)x where x (Xl, ., Xq). Both e and x are column vectors. Then
dPkX c(x)e. All norms here and elsewhere are in the l sense.

For a matrix M,
(A2.1) IMI sup [Mxl <- , IMv,[.

Thus, we need only show, for any vector x, that El’I,(n[k)x- c(x)e[---> 0 geometrically.
Define x(nlk)=’t,(nlk)x. Let c(nlk) denote the minimum value of the components of
x(nlk). We can write x(nJk)=y(n[k)+c(nlk)e, where all the components of y(nlk)
are nonnegative and

(A2.2) EldP(nlk)x c(x)el <= Ely(nlk) + Elc(x) c(nlk)l.
By the "convexification" properties of the A,,
(A2.3a) lY( n + 1)lk)J <--ly(nlk)l,
(A2.3b) c( nlk) <-- c( n +llk)-< c( nlk) + ly( nlk)l.
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By (C2.1), there is an ao> 0 such that w.p. Po (conditioned on F,) all the elements
of ,(n+ moln) are =>ao. This, together with the "convexification" property of the A,
implies that

(A2.4) Ely(n + molk)l =< 1 aoPo) UlY(nlk)l.
(If Po 1, then drop the E in (A2.4), and (A2.3), (A2.4) yield w.p.1 convergence.) The
asserted geometric convergence is a consequence of (A2.3), (A2.4) and the w.p.1
convergence of (nlk) (hence of c(nlk) to c(x)). The last sentence of the lemma
follows by a similar argument. Q.E.D.
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THE RELATIONSHIP BETWEEN THE MAXIMUM PRINCIPLE
AND DYNAMIC PROGRAMMING*

FRANK H. CLARKEt AND RICHARD B. VINTER

Abstract. Let V(t, x) be the infimum cost of an optimal control problem, viewed as a function of the
initial time and state (t, x). Dynamic Programming is concerned with the properties of V(.,.) and in
particular with its characterization as a solution to the Hamilton-Jacobi-Bellman equation. Heuristic
arguments have long been advanced relating the Maximum Principle to Dynamic Programming according
to

p(t)=-Vx(t, Xo(t)).
Here x0(’) is the minimizing state function under consideration and p(.) is the costate function of the
Maximum Principle. In this paper we examine the validity of such claims and find that this relationship,
interpreted as a differential inclusion involving the generalized gradient, is indeed true, almost everywhere
and at the endpoints, for a very large class of nonsmooth optimal control problems.

Key words, optimal control, Maximum Principle, Dynamic Programming

AMS(MOS) subject classifications. 49B10, 49C05

1. Introduction. Our purpose in this paper is to relate the costate function which
appears in the Maximum Principle and the value function associated with perturbations
in the initial time and state, and thereby to clarify the relationship between the Maximum
Principle and Dynamic Programming. For the most part our framework is that of the
following free final state optimal control problem:

Minimize L(t, x(t), u(t)) dt + h(x(1))

(1.1) subjectto ( t) f( t, x( t), u( t)) a.e.t[0,1],
x(0) Xo,

(1.2) u(t) U, a.e. t[0,1],

(1.3) x(t)f, all [0,1].
The data for the problem are the following: functionsf: [0, 1 x R x I n, L: [0, 1 x

" x I" , h :R" R, a vector Xo ", and sets

Ue[0,1]x’, f[0,1]xl".
(For any set A c [0, 1] x" and point [0, 1] we denote by At the set {x: (t, x) A}.)

Given a subinterval I c [0, 1], a controlfunction (on I) is a (Lebesgue) measurable
function u(.):I- R" which satisfies (1.2) (when I replaces [0, 1]).

A process (on I) is a pair of functions (x(.), u(. )) on I of which u(. is a control
function and x(.): I-n is an absolutely continuous function which satisfies the
differential equation (1.1) and the constraint (1.3) (when I replaces the interval [0, 1]),
and for which s L(s, x(s), u(s)) is integrable. If x(. is the first component of some
process, x(. is called a state function. A process (x(.), u(.)) on [0, 1] is admissible if
x(0) Xo. The process is minimizing if it minimizes the value of the cost function
L dt + h over all admissible processes.

* Received by the editors January 6, 1986; accepted for publication (in revised form) November 5, 1986.
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Research Council of Canada.
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A tube T is a subset of f/of the form

{(t, x): IIx-z(t)ll<
for some 6 > 0 and some continuous function z(.). We also refer to this set as the
6-tube about z(. ). We loosely refer to "state functions in a tube T about z(.)" when
we have in mind state functions having graphs in a tube about z(.).

Let (Xo("), Uo(" )) be a minimizing process contained in some tube.
Under certain conditions (the precise nature of which is unimportant at this

juncture) the Maximum Principle asserts: there exists a costate function p(. ): [0, 1] --> "such that

(1.4) -p(t)=p(t) fx(t, Xo(t), Uo(t))-Lx(t, Xo(t), Uo(t)) a.e. t[O, 1],

(1.5) -p(1) h,(Xo(1))

and, a.e. [0, ],

(1.6)

p(t). f( t, Xo(t), Uo(t)) L(t, Xo(t), Uo(t)) max {p(t). f( t, x(t), u) L(t, Xo(t), u)}.
U

(1.7)

Now define the value function V(.,. )’[0, 1] x I"- R to be

V(t,x) Inf L(s,x(s), u(s)) ds+h(x(1))

Here the infimum is taken over processes (x(.), u(.)) on It, 1] for which x(t)=x.
When no such processes exist the value is

If V(.,.) happens to be continuously ditterentiable on the interior of some tube
T about Xo(’) we find under mild assumptions that V(.,.) satisfies the Hamilton-
Jacobi-Bellman equation there:

(1.8) Vt(t,x)+min{Vx(t,x).f(t,x,u)+L(t,x,u)}=O, (t,x) T.
Ut

Also

(1.9)

and

(1.10)

V(1, x)=h(x), X6al,

(Vt+Vx’f+L)(t, Xo(t),Uo(t))=O a.e. tel0,1].

Solving (1.8) and (1.9) for V(.,-)is the basis of the Dynamic Programming approach
in Optimal Control Theory. In introductory treatments of optimal control theory the
connection between the Maximum Principle and Dynamic Programming is usually
described in the following terms (here we quote from [4, pp. 297ff.]): "the adjoint
(i.e., costate) variables...equal the negative of the rate of change of the performance
index with respect to the corresponding statevariables." This simply means

(1.11) -p(t) V,( t, Xo(t)).

See also [3] and [10].
The grounds for this assertion are as follows" (1.8) and (1.10) imply the following

for each [0, 1] and x in a neighborhood of Xo(t):

(1.12) Vt + Vxf+ L)( t, Xo(t), Uo(t)) <-_ Vt + Vf+ L)( t, x, Uo(t)),

and for each e [0, and u e Ut
(1.13) (Vxf+L)(t, Xo(t),.Uo(t))<-_(V,f+L)(t, Xo(t), u).
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Now write

-q(t) Vx(t, Xo(t)).

Then (1.13) amounts to the "maximization of the Hamiltonian condition" (1.6) (when
p(.) replaces q(.)). If for each the right-hand side of (1.12) is a continuously
differentiable function of x, we deduce from this inequality that

0- V,( t, x) + V,,( t, x)f( t, Uo( t), x) + L( t, x, Uo( t))][x=,o(,) O.

If we also assume V(.,. is twice continuously ditterentiable, andf(., .,- and L(., .,.
are continuously differentiable in x, then we obtain

Ytx + Vx,,f+ Vxfx + Lx)( t, Xo(t), Uo(t)) O.

But

d
d--- Vx( t, Xo( t)) Vtx + Vxxf)( t, Xo( t), Uo( t))

whence q(t) (=- Vx(t, Xo(t)) satisfies the costate differential equation (1.4) for p(. ).
Finally (1.9) implies

-q(1)- Vx(1, x(1))= h(xo(1)),

which is the transversality condition (1.5).
The relationship between the Maximum Principle and Dynamic Programming

would appear then to have been explained. But such impressions are illusory. Indeed
it is difficult to justify our heuristic arguments in a setting of any generality. They are
basedon (among other things) the assumption that V(.,.) is smooth and, to quote
Pontryagin et al. [12, p. 7], "It must be noted that the assumption on the continuous
ditterentiability of the functional does not hold in the simplest cases." The point is
also emphasized by Berkovitz [2] and Fleming and Rischel [9].

This leads to our central preoccupation in this paper: the extent to which the
relationship (1.11) bridging the Maximum Principle and the Dynamic Programming
technique is valid, under more or less the weakest hypotheses evoked in proof of the
Maximum Principle.

While it is not reasonable to assume continuous ditterentiability of V(.,.), we
can expect V(t,. to be Lipschitz continuous for each [0, 1]. In the circumstances
it is natural to replace (1.11) by the inclusion

(1.14) -p( t) OV( t, Xo( t))

where V denotes the partial generalized gradient.
Our main result is that, for a very large class of nonsmooth free endpoint problems,

we can choose a costate function p(. which satisfies the inclusion (1.14) for =0 and
1, and on a subset of (0, 1) of full measure. We are able to show also that the inclusion
(1.14) is still valid for some costate function when a terminal constraint of the form
"x(1) C" is present, provided some verification function is substituted for V(.,. ).
Here we take advantage of recent advances in our understanding of verification
functions [6] that permit us to replace the terminally constrained problem by an
equivalent free endpoint problem involving a nonsmooth penalty term and thereby to
reduce the problem to one we .already know how to deal with.
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We conclude this introduction by describing the basic idea behind our methods.
For any measurable function a(.): [0, 1]-(: I1:11 < 1 and control function u(.) on
[0, 1], let x(. be a solution to

(1.15) :(t)=f(t,x(t), u(t))+a(t) a.e.t[0,1].

If (1.8) were valid we could write

(V,+ Vx" (f+ a)- Vxa)l(,.x(,).,=,(,))+L(t,x(t), u(t))>-O

for all [0, 1]. Integrating over [0, we obtain

io io- v(t, x(t)) at Vx(t, x(t))(t) at + ,(t, x(t), u(t)) at >- o,

(1.16)
u(t)) dt+h(x(1))- V(O, x(O))

o

Vx( t, x(t))a(t) dt >- O.

We now treat the left-hand side of (1.16) as a cost function for an auxiliary optimal
control problem with dynamics (1.15), where a(.) is treated as an additional control
variable and where the initial and terminal values of the state function are uncon-
strained. Since

Xo(t), Uo(t)) dt+ h(xo(1))- V(0, Xo(0)) 0

by definition of the value function, it follows from (1.16) that (Xo("), (Uo("), t(. )--0))
is a solution to the auxiliary optimal control problem. Now apply the Maximum
Principle to the auxiliary problem at (Xo(’), (Uo("), a(. )-= 0)). This leads to the con-
clusion that there is an absolutely continuous function p(. ): [0, 1]- R satisfying the
usual conditions in the Maximum Principle for the original problem (i.e., p(.) is a
costate function). But the presence of the terms involving V(.,,) in the cost and the
a(.) control in the dynamics implies in addition

-p(t): V,,(t, Xo(t)) a.e. t[O, 1]

(we get this from the maximization of the Hamiltonian condition), and

-p(O) v(o, Xo)

(from the transversality condition). These are the desired relations.
Of course we are not, in general, justified in using (1.8) because we cannot expect

V(.,.) to be continuously diiterentiable. However, a kind of nonsmooth version of
the inequality (1.16) can be proved. This provides an auxiliary problem. Applying the
Maximum Principle to that problem gives a costate function with the hoped-for
properties. Derivation of the nonsmooth inequality involves consideration of state
functions, in some extended sense, which are discontinuous, and some rather delicate
approximations.

Earlier work is available on the connection between Dynamic Programming and
the Maximum Principle, in the absence of restrictive hypotheses. This takes the form
of necessary conditions expressed in terms of generalized gradients of the value
function. It is established in 14] that the pseudo-Hamiltonian function evaluated along
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some selector of tcgxV(t, Xo(t)) is maximized at the optimal control. See also [11]
for a result of this nature. Showing that we can also arrange for the selector to satisfy
the costate differential inclusion in a general nonsmooth setting, and thereby express
the full Maximum Principle in terms of the value function, is a more formidable task.
This is accomplished for the first time in the present paper. Expanded versions of some
of the proofs involved are available in [7].

2. Hypotheses. Throughout the paper (Xo("), Uo(" )) is taken to be a fixed minimiz-
ing process for the optimal control problem. Define f:

f=

The following hypotheses remain always in force:
(H 1) (t, u) -, ](t, x, u) is x N measurable for each fixed x e N, where x N

denotes the -algebra, generated by product sets whose first element is a Lebesgue
subset of [0, 1] and whose second is a Borel set in N.

(H2) U is a Borel measurable set.
(H3) For each el0, 1] and u e U,, f(t,., u) is Lipschitz continuous on ,, with rank

at most k(t) (k(t) does not depend on u), and k(. )e L(0, 1).
(H4) There exists a function c(. )e L(0, 1) such that

I](t, xo(t), uNc(t) for all ue U,, re[0, 1].

(HS) h(. is a locally Lipschitz continuous function.
As before (see (1.7)), we take the value function g(.,.)" N to be

V(t,x)=inf L(s,x(s), u(s)) ds+h(x(1))

where the infimum is taken over processes on It, 1] which satisfy x(t)= x, and once
again we set the value to + when no such processes exist.

Concerning (.,.) we impose the following.
(H6) There exists a tube ’ about xo(’), ’c , and a constant r such that for each

e [0, 1], g(., t) is Lipschitz continuous on , with rank at most r.
Hypothesis (H6) on the value function is very mild. In fact it is almost superfluous,

since one is most often interested in examples of the optimal control problem in which
[0, 1] x N; for such examples (H6) is implied by the other hypotheses. See [7],

where this and some other propeies of the value function are proved.

3. Te el. Define the pseudo-Hamiltonian function H(’,., .,. ):

H( t, x, p, u) p f( t, x, u) L( t, x, u).

THEOgEM 3.1. ere exists an absolutely continuous function p(. )" [0, 1] and
a subset [0, offull Lebesgue measure such that

(3.1) -p(t)OxH(t, Xo(t),p(t), Uo(t)) a.e. t[0, 1],

(3.2) H(t, Xo(t),p(t),Uo(t))=maxH(t, Xo(t),p(t),u) a.e. t[0,1]
U

and

(3.3) -p(t)OxV(t, Xo(t)) for all t{O}U{1}t_JE.
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Here 0x(" denotes the partial generalized gradient in the x-variable [5, p. 63], i.e.,

OxV(t,x)=co{lim Vx(t, xi): xix, V(t, .) is differentiable at x, i= 1, 2,...}.

Notice that the theorem incorporates the Maximum Principle since the new
condition on the costate function (3.3) implies the transversality condition

-p(1)Oh(xo(1)),

the only component of the Maximum Principle not explicitly present. This follows
from the fact that V(1, h(. ).

4. An examlle. For nonsmooth problems it is possible that, associated with the
minimizing process (Xo("), Uo(’)), there are many possible costate functions. (The set
of costate functions comprises all absolutely continuous functions p(.) which satisfy
the costate equation (3.1), have the "maximization of the Hamiltonian" property, and
for which -p(1) Oh(xo(1)).)

One might speculate that any costate function p(.) satisfies the inclusion

-p( t) OxV( t, Xo( t))

(almost everywhere and at the endpoints). The purpose of the following example is
to illustrate that this is not the case.

Minimize

subject to

Here

g(x(1))

g(t) x(t)u(t) a.e. [0, 1],

x(0) =0,

u(t)6[0,1] a.e. t6[0,1],

x(t)R, all t[0, 1].

-x if x > 0,
g(x) -e/2x if x_<-0.

A minimizing process is {Xo(" 0, Uo(" -= 0}. Indeed x(. 0 is the only possible
state function. In order to evaluate V(t,x), (t,x)[0, 1]xR", we must look at the
associated control problem with initial time and initial state x. The terminal cost
function is monotonic decreasing, so it is minimized by making x(1) as large as possible.
We achieve this by selecting u(. if x > 0 and u(. -= 0 if x =< 0.We can now calculate
v(t,x):

-e-t)x if x>0,
V(t,x)- -e/2x if x<_-0.

The information supplied by the Maximum Principle concerning the minimizing
process (Xo("), Uo(" )) is: there exists p(. )" [0, 1] satisfying

such that

-lk(t) Uo(t) a.e. [0, 1]

p(t)Xo(t)Uo(t) max p(t)Xo(t)u a.e. 6 [0, ],
u[0,1]

and because the generalized gradient of g(. at Xo(1) is

Oxg(xo(1)) [-e 1/2, ],
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it follows that

-p(1) [-e /2, -1 ].

But Xo(" )= 0, up(" )= 0. A costate function then is a function p(. satisfying

p(.)---A, A [-el/2, -1].

Notice that we can arrange that

-p(t)OxV(t, Xo(t)), allt[0,1]

by choosing A =-e/. But this inclusion fails (on a set of positive measure) if any
other value of A is adopted.

In this example then there are uncountably many costate functions, but only one
of them satisfies the inclusion.

5. Some special cases. The assertions of Theorem 3.1 do not exclude the possibility
that -p( t)

_
OxV( t, Xo(t)) for all t’s in some null set in (0, 1). This is probably un-

avoidable under the hypotheses considered. However, the question arises whether this
null set can be eliminated in special circumstances. We seek then additional hypotheses
under which (3.3) can be strengthened to

(5.1) -p( t) OxV( t, Xo(t)) for all t[0, 1].

One direction in which we can proceed is to introduce regularity hypotheses on
the multifunction --> 0V( t, Xo(t)).

PROPOSITION 5.1. Suppose that the multifunction --> OV(t, Xo( t)) is upper semicon-
tinuous on [0, 1]. Then condition (3.3) can be strengthened to (5.1).

Proof. Take any [0, 1]. Let {t} be a sequence such that t--> as i--> and
p(t) OV(t, Xo(t)) for 1, 2,. . Since p(t) -> p(t) and t -> t, as --> , it follows
from upper semicontinuity that p( t) OV( t, Xo( t)).

COROLLARY 5.2. Suppose that for every [0, 1] V(t,. is convex, condition (3.3)
can be strengthened to (5.1).

In the proof of this corollary, and subsequently in this paper, we adopt the
notation" Bk is the open unit ball, centre the origin, in Rk. When there is no need to
emphasize the dimension of the vector space concerned, we write Bk briefly as B.

Proof. Under the hypotheses V(-,.) is continuous on some tube T about Xo(’)
(see [7]). Take any t (0, 1), p R and sequences {t,}, {p} such that t,--> and p--> p,
and suppose that pOxV(t, Xo(t)). In view of Proposition 5.1 it suffices to show that

(5.2) pOxV(t, Xo(t)).

Let > 0 be such that (t, Xo(t)) +B"+ T. Choose any : 1/2B". Since V(t, .is
convex,

V( t,, + Xo( ti)) V( t,, Xo( t,)) >=
For sufficiently large, (ti, + Xo(t)) and (ti, Xo(t)) both lie in T. By continuity we
can pass to the limit:

V(t, so+ Xo(t)) V(t, Xo(t))>-p

This inequality holds for all : 1/2tB". Since V(t,.) is convex the inequality extends
however to all of ". We have shown (5.2).

There is at least one important case when the hypotheses of Corollary 5.2 are
satisfied, as we shall see later in the section.
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Our next special case concerns control problems with smooth data. Our results
here involve the concept of strict ditterentiability: a function 0(’)" Rk _.>R! admits a
strict derivative at x Rk, an x k matrix denoted by DsO(X), if, for all v Rk,

F(x’+hv)-F(x’)
lim Os x v.
X’- A

An important property of a function 0(’) which is strictly differentiable at a point x
is that the function is Lipschitz continuous in a neighborhood of x, and

OO(x) {Ds(X)}

where Od/(x) refers to the generalized Jacobian

O(x) co {lim O(x)" x--> x, (. is differentiable at x, 1, 2,. .}.

This follows from [5, Props. 2.2.1, 2.6.2(e)].
PROPOSITION 5.3. Suppose that for almost every [0, 1 the functions

x ->f(t, x, Uo(t)) and x -> L(t, x, Uo(t))

are strictly differentiable at Xo( t). Suppose

(5.3) x --> h (x) is strictly differentiable at Xo( ).

Then condition (3.3) can be strengthened to (5.1).
Proof. Let 8 > 0 be such that V(t,. is Lipschitz continuous on x(t)+B for all

s [0, 1]. For any [0, 1] consider the auxiliary control problem (Pt):

j-’Minimize L(t,x(t), u(t)) dt+h(x(1))- V(t,x(t))overprocesses

(x(’),u(’))on[t, 1].

By definition of V(.,. and the principle of optimality, a minimizing process for (Pt)
is (Xo(’), Uo(’)) restricted to [t, 1]. The maximum principle [5, Thm. 5.2.1] tells us:
there exists p (.). t, 1 --> " such that

-[’(s)=DsH(t, Xo(S), p’(s), uo(s)) a.e. ss[t, 1],

H(t, Xo(S), pt(s),uo(s))=maxH(t, Xo(S), pt(s),u) a.e.s[t, 1],
Us

-pt(1)=Dsh(x(1)),

(5.4) -p’( t) OxV( t, Xo( t)).

(Ds (") denotes the strict derivative in the x-variable. Note that H is strictly differentiable
in x since f and L are.) Now define p(. ):= pO(. ). Choose any [0, 1]; then p’(. and
p(. must coincide on t, 1] (and in particular at t) since they are both solutions there
to the differential equation in q(.)

-dl(S) q(s) Dsf(s, Xo(S), Uo(S))- DL(s, Xo(S), Uo(S))

with initial condition

-q(1) Dsh(x(1))

and this ditterential equation has a unique solution. But now (5.1) follows from (5.4).
This covers the smooth case, since continuous differentiability implies strict

differentiability. The proof of Proposition 5.3 is very much more straightforward than
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that available for Theorem 3.1, and readers with interests only in smooth problems
might be tempted to think that Proposition 5.3 and its proof were adequate for their
purposes, although of course the nonsmoothness of V persists. This however, is not
necessarily the case since, when we try to prove analogous results to (5.1) in the
presence of a terminal constraint

(5.5) x(1) e C
(see 6), we need to apply Theorem 3.1 to an auxiliary problem with a penalty term
to accommodate the constraint (5.5). This penalty term must, in general, be non-
ditterentiable and so, even if the data are smooth, the uniqueness argument above
does not automatically provide an easy way to obtain the desired inclusions. We
mention that the uniqueness argument in the proof of Proposition 5.3 has previously
been used by Barbu [1, p. 209] to relate the costate function and the value function
for certain optimal control problems involving distributed parameter systems.

We can slightly weaken hypothesis (5.3) in Proposition 5.3 to admit some degree
of nonsmoothness.

PROPOSITION 5.4. The conclusions ofProposition 5.3 remain valid ifhypothesis (5.3)
is replaced by either

(a) h(. is expressible as a sum offunctions
h(’)=hl(’)+h2(’),

in which hi(" is strictly differentiable at Xo(1) and h2(" is concave at Xo(1), or
(b) V(0," is expressible as a sum offunctions

v(o, v,(. + vz(. ),

in which v(. is strictly differentiable at Xo and v2(" is convex at Xo.
Proof We prove just (b); (a) is proved in a similar way. Let (x(.), u(. )) be any

admissible process on [0, t]. By Lemma 8.3 below

u(s)) as+ v(t,x(t))- v(o, x(O)) => o.

By assumption V(0, v(. )+ v2(" ), in which v(. is strictly differentiable at xo and
v2(’) is convex. Select any g Ov2(xo). Then

L(s, x(s), u(s)) V(t, x(t)) v(xo) g" (x(0)ds + Xo) 2(Xo) 0.

However, by the principle of optimality,

L(s, xo(s), Uo(S)) ds+ V(t, Xo(t))-v(xo)-V2(Xo)=O.

It follows that, for any e [0, 1], (Xo("), Uo" )) restricted to [0, t] is minimizing for the
control problem

Minimize L ds + V(t, x(t)) v(x(O)) g. (x(O) Xo) over control processes

(x(.), u(.)) on [0, t].

We now invoke the Maximum Principle for each [0, ]. There results a costate p’(.
with the usual properties, notably

(5.6) -p’( t) oxv( t, Xo( t)),
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and

-p’(0)(= -Dsv(Xo) + g) OxV(O, Xo).

Let p(. ):= pl(. ). Then since for each [0, 1], pt(. and p(.. are both solutions to

-l(S) q(s) Dsf(s, Xo(S), Uo(S))- DL(s, Xo(S), Uo(S)),

q(O) -DVl(Xo)-g,

and this equation has only one solution, (5.6) implies (5.1). [3

There is one case, of some importance, when additional hypothesis (b) of Proposi-
tion 5.4 is directly verifiable. This is the case of optimal control problems involving
linear dynamics and a convex terminal cost function.

PROPOSITION 5.5. Assume that f [0, 1] x Rn, h(. is convex and that

ILl [a(t)x+b(t)u]f
(t,x,u)=

a(t)x+B(t)u

for integrable vector and matrix valued functions a(. ), b(. ), A(. and B(.). Suppose
also that

and

Ut is compact a.e. [0, 1 ],

ess sup U <.
t[0,1]

Then condition (3.3) can be strengthened to (5.1).
Proof. In view of Proposition 5.4 it suffices to show that V(0, is convex. In fact

V(t,. is convex for all [0, 1] as we shall see.
Define the (n+l)x(n+l) block matrix A(t) and the (n+l)xm block matrix

B(t) by

[_O0. a(t] [_b_(Bt_)_]a(t)= a(-t B(t):

and let (.,.) be the transition matrix associated with the time-varying differential
equation

=a(t)y.

Now for each t[0, 1] define the mapping Mt from control functions into Rn/
according to

Mr(u(" ))= (1, s)B(s)u(s) ds

and the linear mapping At" "/ " by

Atx=(l’ t)[0]"x
Write

R, range {M,}.

By Aumann’s Theorem (see, e.g., [5, p. 256]), Rt is a compact convex set.
Finally define/: "+ - E to be

f((y, y))= y+ h(y).
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Using the standard representation ofthe solution to inhomogeneous linear differen-
tial equations in terms of the transition matrix, we easily confirm that

(5.7) V(t, x) min h(Atx + ).

Take arbitrary x, x_" and e[0, l]. Let : (:) be a minimizing element in the
expression on the right-hand side of (5.7) when x takes value x (x). We now deduce
from the convexity of the function ] and the convexity of the set Rt that

6 V( l, x1) -[- 1 e) V( t, x2) 6(mtx + 1) + (1 E )(mtx2 + 2)

where sc 61--(1-6)2

The convexity of V(t,. is proved.

=> h(A,( EX -[- e )x2) + sc)

>= V( t, ex + (1- e)x2).

We note, incidentally, that the problem that Proposition 5.5 addresses is an instance
for which the hypotheses of Corollary 5.2 are verifiable. Indeed, as we point out in
the proof of Proposition 5.5, for the "linear-convex" problem V(t, is convex for all

[0, 1]. Thus Corollary 5.2 affords an independent proof of Proposition 5.5.

6. Problems with terminal constraints. In this section we aim to give new informa-
tion about the costate function p(.), in situations where the state function x(.) is
constrained to satisfy x(1) C. The properties to be described undoubtedly remain
true within a broader framework than that which we adopt; we limit attention to a
pure terminal cost problem and impose extra hypotheses though, in order to avail
ourselves directly of results from [6] and thereby greatly to simplify our proofs. The
problem considered is

Minimize h (x(1))

subjectto ( t) f( t, x( t), u( t)) a.e. t[0,1],

x(O) Xo,

x(1) C1,

u(t) Ut .a.e. [0, 1],

x(t)6lt, all t6[0,1].

A process (on [0, 1]) will be called minimizing if it minimizes h(x(1)) over processes
(x(.), u(. )) satisfying the problem’s constraints (which now. include "x(1) C").

Let (Xo(’), u0(’)) be a minimizing process such that some tube about Xo(’) is
contained in f.

Define the multifunction F(.,.):

F(t,x)=f(t,x, U), all (t,x)[0,

In addition to the hypotheses of 2, we impose the following throughout this
section"
(H7). F( ", takes values, compact,, convex sets in " and is continuous in the sense that

dist(F(t’,x’),F(t,x))O if(t’,x’)(t,x) inO

(dist (.,.) is the Hausdorff distance function).
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(HS) There is a constant k such that

dist(F(t,x’),F(t,x))<-lx’-x[ forall t[0,1],

(H9) F(.,.) is uniformly bounded on
(H10) C1 is closed.

The usual Maximum Principle now asserts existence of a real number A (A 0
or 1) and an absolutely continuous function p(.)" [0, 1]-->R" (A, p(.) not both zero)
such that

-(t)eOxH(t, Xo(t), p(t), Uo(t)) a.e. te[0,1],

and

Here

-p(1) Nc,.(Xo(1))+ A0xg(xo(1)),

H(t, Xo(t),p(t), Uo(t))=max H(t, Xo(t), p(t), u) a.e. t[0, 1].
u U

H(t,x, p, u)=p’f(t,x, u).

Let us recall in passing that a minimizing process is customarily called "normal"
if the number A in such conditions as above cannot be taken zero, i,e,, if the conditions
are nondegenerate in the sense that they make some reference to the cost function.
The precise notion of normality required for later purposes is the following.

DEFINITION 6.1. The minimizing process (Xo(’), Uo(’)) will be said to be normal
if the only absolutely continuous function/(. ): [0, 1] Rn which satisfies

(-(t),o(t))OffI(t, Xo(t),(t)) a.e. t[0,1]

and

-/(1) Nc,(Xo(1))

(.)-=o.

Here H(t, x, p), the "true Hamiltonian," is

/(t, x, p) sup p" f(t, x, u)
U

and OH denotes the generalized gradient of (x, p)-- H(t, x, p). Normality as defined
here relates to nondegeneracy of first order optimality conditions expressed in terms
of generalized gradients of the true Hamiltonian (see [5, p. 147]).

Even in the presence of a terminal constraint we may define the value function
v(., .). [0, 1]a-a:

V(t, x) inf {h(x(1)))

where the infimum is over the processes {x(.), u(.)} on [t, 1] which satisfy the con-
straints of the problem, modified to involve the time-interval It, 1] and the initial
condition x(t) x V(., takes values +co if no such processes exist), and we might
hope to show in certain circumstances that p(. can be chosen to satisfy the inclusion

-p( t) OxV( t, Xo( t)),

appropriately interpreted.
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When we add the terminal constraint x(1)e C there is however the very real
possibility that, for all [0, 1 ], V(t,. will not be Lipschitz continuous on a neighbor-
hood of {Xo(t)} and, worse, might take finite values only on a set having empty interior.
It is not clear how our methods could be modified to overcome these difficulties;
establishing such a relationship between some costate function and V(., remains a
challenging open problem. (Note that the inclusion, if it applies in situations having
any degree of generality, must involve generalized gradients of possibly non-Lipschitz
continuous, extended valued functions.)

However, the approach of earlier sections does provide an answer to a related
question. To pose this we need to bring verification functions into the discussion.

DEFINITION 6.2. Let (x(.), u(.)) be some process on [0, 1] which satisfies the
constraints. Then a Lipschitz continuous function W(., defined on some g-tube T
about x(. is said to be a verification function (for (x(.), u(. )) if

(6.1) min {a-H(t,x,-)}=O, forall (t,x)int{T},
a,13 )o w( t,x

(6.2)

and

(6.3)

W(1, x)=h(x) for all x{: Ilg-z(1)ll<8}fqc,

W(O, xo)=h(x()).

The significance of there being a verification function W(.,. on some tube Tc f
for an admissible process (x(.), u(.)) is that (x(.), u(’)) is a minimizing process
among admissible processes whose state functions lie in some (possibly narrower) tube
about x(.), i.e., W(.,.) verifies the (local) optimality of (x(.), u(.)). This is shown
in [6]. Of course there is an intimate relationship between verification functions for
(Xo(’), Uo(" )) and the value function V(., ): V(., satisfies conditions (6.2) and (6.3)
in the definition of a verification function W(., and we can expect V(., to satisfy
(6.1), which will be recognized as a version of the Hamilton-Jacobi-Bellman equation,
at least on neighborhoods where V(., is Lipschitz continuous. The difference is that
there can exist a (Lipschitz continuous) verification function for (Xo("), Uo(" )) even
when V(.,.) is very ill behaved (has effective domain with empty interior, say).
Existence of verification functions has been established under quite mild conditions,
as is illustrated by the following result, proved in [5] and [6].

PROPOSITION 6.3. Suppose the minimizing process (Xo(’), u(.)) is normal. Then
there is a verification function for (Xo("), Uo(’ )).

After this detour we are ready to return to our modified question: when can we
choose some costate function p(.) and some verification function W(., .) for
(Xo(’), Uo(" )) such that

-p(t)OxW(t, Xo(t)) ?

An answer is provided by the following theorem.
THEOREM 6.4. Suppose that the minimizing process (Xo("), Uo(" )) is normal Then

there exists an absolutely continuous function p(. ): [0, 1]R", a verification function
W(., for (Xo("), Uo(" )) and a subset X c [0, 1] offull measure such that

-#(t)OxH(t, Xo(t), p(t), Uo(t)) a.e. t[0,1],

H(t, Xo(t), p(t),Uo(t))=maxH(t, Xo(t), p(t),u) a.e. t[0,1],
u Ut

-p(1) Nc,(Xo(1))+Oh(xo(1)),
-p(t)OxW(t, Xo(t)) for all t{0}Ll{1}LlX.
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Proof By Theorem 4.1 and Lemmas 6.3-6.6 of [6] there exist K, e > 0.such that
(Xo(’), Uo(" )) is a minimizing process for the free endpoint problem

Minimize K max { llx( t) z( t) e, O} d+Kdc,(X(1))+h(x(1))

subject to =f(t, x, u), x(0) Xo,

u(t) 6Ut a.e. t6[0,1],

x(t)X, for all t6[0, 1].

Here X is the 2e-tube about Xo(’). dc,(’) denotes the Euclidean distance function. It
is shown further in [6] that the value function for this problem is Lipschitz continuous
on some tube about Xo(" and is a verification function (relative to the original terminally
constrained problem) for (Xo("), Uo(" )). Now apply Theorem 3.1 to this free endpoint
problem. This is permissible since, as we easily check, the free endpoint problem
satisfies the necessary hypotheses. The assertions of Theorem 6.4 follow. [3

7. Discrete approximation of integrals. An important step in the proof of Theorem
3.1 will be the construction of sequences of discrete approximations to certain integrals
with desirable convergence properties. The necessary machinery is provided in this
section.

Define the functions s(’): I, N= 1, 2,’’’
+ j

4,,,, s Z -ff
in which ,,A(" denotes the function taking value on A and zero elsewhere. We see
that 0N(" is a piecewise constant approximation to the straight line through the origin
of unit slope.

Let g(. ): [0, 1]-" be a function. In order to simplify certain formulae to follow
we consider g(. extended to the whole real line: off [0, 1] we define its value to be zero.

Now for any - [0, 1] and positive integer N, the function S,(’)"
(7.1) N,,(s) g(r+ ON(S--r)),

which can alternatively be written

N,,(S)

is a piecewise constant approximation to g(. ).
The following proposition, drawn to our attention by P. Loewen, concerns the

relationship between the indefinite integrals of g(. and v.(" ): It is a special case of
a result due to Doob [8, p. 440ff.], implicit in his construction of the stochastic integral.

PROPOSITION 7.1. Let g(.) be an L (0, 1; ") function, and let ,,(.) be the
function defined by (7.1). Then there exists a subset S [0, ], offull measure, and a
subsequence {N (of the positive real numbers) such that

sup (u,.(s)-g(s)) ds 0
t[o,1]

as j - o for all r S.
Proof Extend g(. to all of , as in the preceding discussion. We show first that

(7.2) lim Ilg(s + h)-g(s)ll ds=O.
h--,0
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Let K be a uniform bound on the values of g(’ ). Take e > 0. By Lusin’s theorem (see
[13, p. 53]), extended to the vector case, there exist a function , continuous on [0, 1],
taking value 0 off [0, 1] and having values bounded by K, and a measurable set
with ]f,] _-< e, such that

(s) g(s) for all s [0, 1]\f.

For any h

IIg(s/ h)-g(s)[[ ds<= II,(s+ h)-ff,(s)l ds

I/ [ll(s/h)-g(s/h)ll/ll,(s)-g(s)ll]ds
0

But the integrals on the right-hand side have limit 0 as h-0, by the Dominated
Convergence Theorem, since the integrals are majorized by the constant function 2K
and since they converge pointwiSe to zero (except possibly at 0 or 1). It follows that

lim sup IIg(s,/h)-g(s)ll ds<=4Ke.
h -,0

Since e > 0 was arbitrary, (7.2) follows.
Now define dn(r):

Then

d() IIg(/ N(S--’))--g(s)[[ as.

an(r) dr= IIg(r+@s(s-r))-g(s)[] dsd’r
0

(7.3) +=f {f [[g(s-’+d/(cr))-g(s)llds}d"
-1 dOver

To obtain the last expression we have changed variables tr s-r (a ^ b, a v b denote
min { a, b}, max { a, b}, respectively).

But for fixed
A(l+cr) fOI1"’11 ds<= IIg(s--O’/s(O’))--g(s)ll dsO

0vo"

as N -, by (7.2). Another application of the Dominated Convergence Theorem yields

o
d(r)’O

as N- c, i.e., d(.) 0 strongly in L., But then, for a suitable subsequence {N },
dN(") 0 almost everywhere. Since

sup (g(r+qn(s-r))-g(s)) ds <--ds(r)

for all " e [0, 1], the proposition is proved.
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Now we introduce an approximation gN, to the measure associated with g(.),
namely A Ja g(s) ds:

gt.
j=

Here 6, denotes the unit measure concentrated at t.
COgOLLARV 7.2. Let g(" be an (0, 1; R") function. en there exisu a sug

sequence { } and a subset S = [0, 1 offull measure, such that, for S,

sup dg,(s)- g(s) ds 0 asj.
te[o,]

Proo Scrutiny of the formulae for gN,(" and N,(" reveals that, for any t,
[0, 1] and integer N,

.,(sl- ag,,(s sup g(s..
The asseions of the corollary now follow from Proposition 7.1, since the values of
g(.) are uniformly bounded.. Pmf f Tere 3.1. Fix > 0 such that the -tube about xo(’) is contained
in the set ’ of hypothesis (H6).

We shall say a triple (x(.), u(. ), (. )) is a perturbed process (on [0, 1]) if (.) is
a measurable N-valued function such that u(t)e,, a.e., (.) is a measurable
N"-valued function such that

()11< a.e. re[0, 1],

and x(.) is an absolutely continuous N"-valued function such that

x(t) =f(t, x(t), u())+ (t) a.e. e [0, 1].

Let (x(.), u(. ), (. )) be any peurbed process such that x(. is contained in the
-tube about xo(. ). Define

(8.1) (t, ) := max {p.

The following lemma is proved in [7].
L 8.1. efunction (t, t)) is measurable and essentially bounded.
According to Corollary 7.2, we can choose an irrational number r e [0, 1] and a

subsequence {N} of the positive integers such that

(8.) sup d(s)- (s) ds
te[O,l] O,t]

and

(8.3) fE0,1] dr,(s)- r(s, a(s)) ds

as i-, oo. Here the measures ai and o-i are defined by
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and

where

(8.4) m=min{j" r+J>o} and
N, {max j’r+<l

(r is chosen irrational to ensure that neither 0 nor can be a mesh point, and thereby
to simplify certain formulae that follow.)

Consider now the integral equation

(8.5) y(t)=x(O)+ f(s,y(s), u(s)) ds+ da,(s) all t[0, 1].
o,t]

A fairly routine application of[5, Thin. 3.1.6] in which we use (8.2) (see [7] for details)
yields the following lemma.

LEMMA 8.2. There exists a positive integer io such that for all > io the integral
equation (8.5) has a solution, x(.), in the &tube about Xo(’), and

sup Ilx(t)-x(t)ll+o as i-+oo.
t[o,1]

We shall require also the following version of the principle of optimality.
LEMMA 8.3. Let A c I’ be a tube about Xo(" on which V(., is finite. Suppose

that (x(.), u(. )) is a process on [a, b] with graph in A. Then

u(s)) V(b,x(b))- V(a,x(a))>=O.ds +

Proof. We readily deduce from hypotheses (H3) and (H4) that s + L(s, x(s), u(s))
is an integrable function. Since V(.,. is finite at (b, x(b)) there exists a sequence of
processes (xi("), ui’) on [b, 1] such that xi(b)= x(b) for each and

(8.6) V(b,x(b))=lim L(s,x,(s), u,(s)) ds+h(x,(1)).

We concatenate the processes (x(.), u(. )) on [a, b] and (x(.), ui(. )) on [b, 1] to
obtain the process ()?(.), (" )) on [a, 1], for each i. Since g(.,. is the intimum cost

a,(s)) &+ h((1)) V(a,x(a))-O

whence

L(s,x(s), u(s)) ds+ L(,x,(s), u,(s)) ds+h(x,(1))- V(a,x(a))>-O.

We now prove the lemma by noting (8.6) and passing to the limit.
LEMMA 8.4. The generalized process satisfies the inequality

(8.7) L(t,x(t), u(t)) dt+h(x(1))+ r(t,-a(t)) dr- V(0, x(0))->_ 0.

Proof. Take i> io. The proof hinges on the observation that the solution x(. to
the integral equation (8.5) evolves according to an ordinary differential equation

(t) =f(t, x(t), u(t))
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on the subintervals [j/Ni + ’, (j + 1)/Ni + r),j mi," ", tli 1, [0, ai) and b,, 1 ]. (Here
a r+ mi/Ni, bi r+ m/N); the integers m, ni were defined in (8.4).) The observa-
tion, coupled with Lemma 8.3, leads to the following conclusions:

L(,x(t), u(t)) dr+ V(ai, x,(a, ))- V(0, x(0))_-> 0,

fj(j+,)/s,+, L(t, xi(t), u(t)) dt + V(t, xi(t-))l,=(j+,)/,+,)- V(t, xi(t+))lt-_(j/N,+) >--O
Ni+’r

forj=m, m+l,..., ni-l, and

u(t)) dt+ V(1, x,(1))- V(b,,x(b?))>-_O.
bi

Adding these inequalities we have

(.8) L(t,x(), u()) dr+ V(1, x(1)) V(0, x(0))+ q-> 0

where

tli

qi . V(t, xi(t-))- V(t,X,(t*))l,=</N,+).
j=m

Note that since x(.) satisfies the integral equation (8.5)

x,( +) x,(t-) + N-I a (t)

for =j/N + r, j m,, , hi, and so q can alternatively be expressed as

(8.9) q,= E IV(t, x,(t-))- V(t, xi(t-)+ NTa(t))]lt:j/,+.

Recall that, by assumption, V(t,.) is Lipschitz continuous on {Xo(t)}+ B, for
each t [0, 1]. Since x,(. is in the -tube about Xo(" ),

xi( t-), xi( t-)+ a( t) {Xo(t)} + B

for =j/N + r, j m, , n. By the Mean Value Theorem for generalized gradients
(see [5, Thm. 2.3.7])

( )v(, x(--v , x(-+(
for some (t) e {xo(t)} + B, when assumes values jN + r, j m,. ., n. It follows
from (8.9) that

J=

(The function (., .) was defined by (8.1).) By (8.8)

(, x(l,( a+ v( x(l- v(O,x(O+=
We now pass to the limit im. Since x(. converges uniformly to x(), and in view
of propey (8.3), the result is (8.7).
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We denote by P the following optimal control problem"

Minimize L(t,x(t), u(t)) dr+ o-(t, -a(t)) dt+h(x(1))- V(O, x(O))

subject to g(t) =f(t, x(t), u(t)) + a(t) a.e. [0, 1 ],

u(.) Ut a.e. t [0, 1],

a(t)B a.e. [0, 1],

x(t)Xt all t[0, 1].

Here X is the g-tube about Xo(’). As usual, B is the open unit ball (in n). In P,
the control variable is the pair of vectors (u(t), a(t)). Lemma 8.4 can now be re-
expressed in the following terms.

LEMMA 8.5. The extended process (Xo( ), Uo( ), t( O) solves P.
It is a straightforward task to check that the hypotheses are satisfied under which

the Maximum Principle [5, Thm. 5.2.1] applies, at the minimizing process
(Xo("), Uo(" ), a(. )= 0). We use in particular Lemma 8.1. Bearing in mind that P is a
free left and right endpoint problem, we conclude the following: let

H( t, x, p, u) p f( t, x, u) L( t, x, u)

as before. Then there exists an absolutely continuous function p(. )" [0, 1 Rn such that

(8.10)

and

(8.11)

-6(t)OxH(t, Xo(t),p(t), Uo(t)) a.e. t[O, 1],

-p(1)eOh(xo(1)), -p(O)eOxV(O, xo(O)),

H(t, Xo(t), p(t), Uo(t)) max H(t, Xo(t),p(t), u)
U

a.e. [0, 1],

max{p(t).a-o’(t,-a)}=0 a.e.t[0,1].

Take a point t[0, 1] at which (8.11) is true. Then

(8.12) -p(t)S(t)

where

S(t)-- co I,.J {OxV(t, )" II:-Xo(t)ll-<- },
for otherwise -p(t) and the closed convex set S(t) can be strictly separated, i.e., there
exists an n-vector ci B such that

p(t). 6 >max {-r. 6" r S(t)}

try(t,

in contradiction of (8.11).
Up to this point 8 > 0 has been fixed. Now let {i }, i $ 0, be a sequence of numbers

such that the 8-tube about Xo(" is contained in f/’ for all i. Replace by , and write
p(. in place of the costate p(.) satisfying (8.10) et seq.

We deduce from the costate differential inclusion and the transversality conditions
that

d
d IIP,( t)l[ <= k(t)[1 + p,( t)ll]
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where k(.) is the function of hypothesis (H3), and

p,(1)_-< K

for all i, where K is the rank of h (.) on some suitable neighborhood of Xo(1). Application
of Gronwall’s inequality tells us that the Pi(" )’s are uniformly bounded and the pi(. )’s
are dominated by a common integrable function. The hypotheses are met then under
which [5, Thm. 3.1.7] applies to the inclusions

/,(t) G(t, p,(t)) a.e. t[0, 1]

where G(t, z) :- axH(t, Xo(t), z, Uo(t)). We conclude that, following extraction of a
suitable subsequence,

sup IIp,(t)-p(t)ll-,o
t[o,]

for some absolutely continuous function p(. )" [0, 1]- I" satisfying

-(t)OH(t, Xo(t), p(t), Uo(t)) a.e.

We deduce

-p(1)Oh(xo(1)) and -p(O)OxV(O, xo(O))

from the transversality conditions and the upper semicontinuity of the generalized
gradient of a locally Lipschitz function. A simple contradiction argument, in which
we employ hypotheses (H3) and (H4), leads to the following conclusion"

(8.13) H(t, Xo(t), p(t), Uo(t)) max H(t, Xo(t), p(t), u)
U

for all f M, where M is the set on which the Hamiltonian is maximized for
problem P,. So (8.13) is true almost everywhere.

Finally we examine the implications of "-p(t) S,(t) a.e." (see (8.12)).
Evidently,

(8.14) -p(t)
e>O

for all belonging to some subset S [0, 1 of full measure. We claim that, for any $,

(8.15) -p( t) OxV( t, Xo( t)).

Otherwise we can strictly separate the point -p(t) and the closed convex set
OxV(t, Xo(t)), i.e., there exists qsR" and y>0 such that

-p(t)- q- y> max s. q DxV(t, Xo(t); q).
SeOxV( t,Xo( t))

Here Dx denotes the generalized directional derivative with respect to the x variable.
(We have used the fact that DxV is the polar function of the set OxV.) Since the
generalized directional derivative is upper semicontinuous in its arguments [5,
Prop. 2.1.1]

-p(t). q
2

DxV(t,j; q)

whenever : {Xo(t) } + e B, for some e > 0. Then

----Y> sup {s" q" s-p(t).q
2

max {s. q" s
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But this means that

-p(t) c-’ {OxV(t, so)" II:-Xo(t)ll--<
in contradiction of (8.14). (8.15) is then true on a subset of full measure.

This completes the proof of Theorem 3.1.
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Abstract. The notion of subgradient, originally defined for convex functions, has in recent years been
extended, via the "upper subderivative," to cover functions that are not necessarily convex or even continuous.
A number of calculus rules have been proven for these generalized subgradients. This paper develops the
finite-dimensional generalized subdifferential calculus for (strictly) lower semicontinuous functions under
considerably weaker hypotheses than those previously used. The most general finite-dimensional convex
subdifferential calculus results are recovered as corollaries. Other corollaries given include new necessary
conditions for optimality in a nonsmooth mathematical program. Various chain rule formulations are
considered. Equality in the subdifferential calculus formulae is proven underhypotheses weaker than the
usual "subdifferential regularity" assumptions.

Key words. Clarke tangent cone, upper subderivative, subgradient, contingent cone, subdifferential
regularity
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1. Introduction. Let E be a real locally convex Hausdorff topological vector space
(l.c.t.v.s.) with dual space E*. For x E, denote by (x) the set of all neighborhoods
of x.

DEFINITION 1.1. Let C c E and Xo cl C. The Clarke tangent cone to C at Xo is
the set

(1.1) Tc (Xo) := {y E]V Y (y), :iX W(Xo), and :ih > 0 such that V
x’ X tq C and /t (0, h ), :iy’ Y with x’+ ty’ C}.

The normal cone to C at Xo is the set

(1.2) Nc(xo) T(xo):= (z E*l(y, z) <-- O Vy Tc(xo)}.

Tc(xo) is always closed and contains the origin. More important, it is always a
convex set. (See [17], [20, Chap. 1].)

DEFINITION 1.2. Let f: E->R be an extended-real-valued function on E. The
domain of f is the set

1.3 domf:= {x E If(x < +oo}.

The epigraph of f is the set

(1.4) epif:={(x,r)ExRlf(x)<=r}.
Let Xo E be a point at which f is finite, and let y E. The upper subderivative of f
at Xo in the direction y is defined by

(1.5) f*(xo; y):=inf{r[(y, r) Tepif(xo,f(xo))}.
Notice that f*(xo; y) is defined precisely so that

(1.6) epif(xo; y)= Tepif(xo,f(xo) ).

By (1.6), f*(xo; ") has several important properties. Since Tepif(xo,f(xo)) is closed,
f*(xo; ") is lower semicontinuous (l.s.c.), and since Tepif(xo,f(xo)) is a convex cone,
f*(xo;" is convex and positively homogeneous. As a result, either

* Received by the editors April 3, 1984; accepted for publication (in revised form) February 6, 1986.
f Department of Mathematics and Statistics, Miami University, Oxford, Ohio 45056., Department of Mathematics, Statistics, and Computing Science, Dalhousie University, Halifax, Nova

Scotia, Canada B3H 3J5.
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(a) f(xo; 0)=0, in which case f*(xo; ") is proper, i.e., is somewhere finite and
never -c, or

(b) f(xo; 0) -c, in which case f(xo; is equal to -c throughout its domain.
For further discussion ofthe idea of associating directional derivatives with approximat-
ing cones to epigraphs of functions, in particular the Clarke tangent cone, see [12],
[7] and [20, Chap. 3].

DEFINITIONI.3. Letf" E - R andxo E be such thatf(xo) is finite. The subgradient
off at Xo is the set

(1.7) of(xo):= {x* E*](y,x*)<=f(xo; y)fy E}.
The, notation Of(xo) is the same as that for the subgradient of a convex function or
the Clarke subgradient of a locally Lipschitzian function, and justifiably so. If f is
locally Lipschitzian, Of(xo) coincides with the Clarke subgradient, which in turn
coincides with the ordinary subgradient for convex functions iff is.convex.. (See[18],
19], [20].)

In [19], Rockafellar introduced the following direct characterization off*(xo; )"

1.8) f(Xo; y) sup inf sup inf
f(x + ty) a.

YJ/’(y) N.N’(xo, f(xo) (x,a)epifN y’ Y
x>0 t(0,x)

If f is 1.s.c., this definition reduces to

f(x+ty’)-f(x)f(Xo; y) lim sup inf
y’y

f
t$O

(1.9)
f(x + ty’) -f(x):= sup inf sup inf

yl’(y) Xdq’(Xo) xX y’ Y
x>0 t(0,x)

f(x)<=f(xo)+A

If f is continuous, f*(xo; y) may be written more simply as

(1.10)

f’(Xo; y) lim sup inf
y’-y

t$O

f(x+ty’)-f(X)

f(x+ty’)-f(x)
:- sup inf sup inf

YJV’(y) xdV’(Xo) xX y’ g
A>O ta(O,A)

Rockafellar used characterization (1.8) in [18] to extend the subdifferential calculus
to the subgradient of (1.7). (See also [6, 2.9].)

In this paper, we show that if E is finite-dimensional and f" E R is strictly 1.s.c.,
the hypotheses in the subdifferential calculus theorems of [18] can be considerably
weakened, and the hypotheses required in proving multiplier rules for nonsmooth
mathematical programs can be correspondingly weakened. This is in analogy with the
convex case, where in finite dimensions, interiority assumptions are replaced by
assumptions about relative interiors. In fact, the convex subgradient calculus of 23
of [16] can be entirely recaptured as a special case of the results presented here.

Our method of proof differs from that of 18] in that instead of working directly
with f(xo; ") as defined in (1.8), we use an "inversion theorem" (see [4]), the
relationship in (1.6), and underlying properties of the Clarke tangent cone.

Here is an outline of the remainder of the paper. In 2, we list the definitions
and collect the preliminary results that we will use in proving subdifferentiaI calculus
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formulae. In 3, we prove our two main subdifferential calculus formulae and give a
number of corollaries. In 4, we apply the results of 3 to the study of necessary
optimality conditions in nonsmooth mathematical programming. In particular, we
prove a finite-dimensional version of Theorem 6 of 18] under weaker hypotheses and
apply a "Dubovitskii-Milyutin" approach to prove a "Fritz John type" result as in
[26]. We investigate in 5 the possibility of extending a chain rule of Hiriart-Urruty
[11, Chap. 8] to functions which are not necessarily locally Lipschitzian. In 6 we
prove inequalities involving the contingent and Ursescu [9] directional derivatives.
We then combine these results with those of 3 to give conditions for equality in the
subdifferential calculus theorems of 3 that somewhat relax the usual "subdifferential
regularity" conditions. We also give a generalization of one of our results of 4 through
the use of "upper convex approximates" to these directional derivatives.

An excellent background reference for this paper is Chapter 7 of Aubin and
Ekeland’s recent book [3]. In particular, Corollary 3.4 and Propositions 3.10 and 3.14
are derived in [3] by an approach in many ways similar to that employed here.

Two entirely different approaches to this subject can be found in the significant
papers [13] and [22]. In [13], ioffe essentially proves Theorem 3.2 and its corollaries
as special cases of corresponding formulae in the calculus of"approximate subdifferen-
tials." Rockafellar in [22] derives subgradient inclusions (3.3), (3.6), (3.30) and (4.2)
by an approach that is "dual" to that taken here and in [18]. The methods used in
[22] center around the concepts of the normal cone and proximal normals. Both [13]
and [22] go further than this present work in some directions. On the other hand, the
chain rule formulation in Theorem 3.17 and the material in 6 are not discussed in
either [13] or [22]. In fact, it is not clear how one might derive Theorem 3.17 by the
methods of [13], and the methods of [22] do not readily yield conditions for equality
in subdifferential calculus formulae. References [3], [6], [11], [13], [18], [22] and this
work combine to form quite an extensive body of information about the generalized
subditierential calculus.

2. Preliminaries.
DEFINITION 2.1. Let E, E be l.c.t.v.s. A function G" E - E1 is said to be strictly

differentiable at Xo E if there exists a linear mapping V G(xo)" E - El such that

G(x+ty’)-G(x)
(2.1) lim =VG(xo)y

Xo

t,o

for all y E.
DEFINITION 2.2. Let E be an l.c.t.v.s.
(a) The set C c E is said to be closed near Xo C if there exists X (Xo) such

that X fq C is closed.
(b) The functionf: E R is strictly l.s.c, at Xo E if for some a >f(xo), the function

min {f, a } is 1.s.c.
It is observed in [21] that if f is strictly l.s.c, at Xo, then the set epif is closed

near (xo,f(xo)).
DEFINITION 2.3. F" R - R is isotone on D c R if F(x) <-_ F(y) whenever x, y D

and x_-< y (with respect to the coordinate ordering). F is strictly isotone in the ith
coordinate at x := (Xl," , x,) R" if F(x) < F(y) whenever x -< y and x < y.

The result that allows us to weaken the "constraint qualifications" of 18] is the
following special case of Theorem 4.1 of [4], which itself follows from Ekeland’s
variational principle [8] (see also [3, 7.6]).
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THEOREM 2.4. Let G" IP- Rq be strictly differentiable at Xo DO G-l(0), where
D c Rp is closed near Xo. Assume that

(2.2) V G(xo) To(xo) Rq.

Then

(2.3) To(xo) f’l VG(xo)-l(0) c Ton-lo(Xo).
We will use the following two properties of the Clarke tangent cone in our proofs

in 3. The first follows easily from (1.1).
PROPOSITION 2.5. Let E, E1 be l.c.t.v.s., and let Xo C E and yo D El. Then

(2.4) Tco(Xo Yo) Tc(xo) x To(yo).

PROPOSITION 2.6. Let E, El be l.c.t.v.s, and A’E- El be linear and continuous.
Let Zo C E. Suppose that A is relatively, on C at Zo; i.e.,

(2.5) For each X dC(Zo), there exists Z C(Azo) such that Z f’) A(C) A(X f’) C).

Then

(2.6) A(Tc(zo)) TAc(Azo).

Proof. Let y Tc(zo) and Y (A(y)). Then Y’ := A-l(Y) is in C(y). There exists
A > 0, X (Zo) such that for all (0, A) and for all x’ X f’) C,

(x’ + tY’) fq C f.

By (2.5), these exists Z (Azo) such that

Z fq A( C) A(X fq C).

Then for each z Z fq A(C), there exists x’ X fq C such that A(x’)= z. For such an
x’, (x’+tY’)fqCf for all t(0, A). Hence Ax’+tYfqA(C)f for all t(0, A),
and so A(y) TAc(Azo). Thus A(Tc(zo))C TAc(Azo). Iq

Remark 2.7. (a) Condition (2.5) holds in particular whenever A is open and
one-to-one on C.

(b) Proposition 2.6 is a special case of Corollary 4.2 of [4] (see also [14]).
In 3, we will establish calculus rules involving functions of two forms:
(a) h :=f +f2 F, where fl" R" - R is strictly l.s.c, at Xo, f2" R" R is strictly l.s.c.

at F(xo), and F" R" R is strictly differentiable at Xo dom fl F-l(dom f2).
(b) h := F of, where f= (f,... ,f,), each f" R"- R is strictly l.s,c, at Xo, and

F" R" R is isotone.
In (b), we define F(f(x)) to be + whenever f(x)=+ for some i. We also

adopt the convention that if f(x)-- for some i,

h(x) =inf{F(y)lf(x) <y,, i= 1,..., n,y- (el," ",yn)}.

Under this convention, we have

(2.7) epih={(x,z)l:y,Rwithf(x)<-_y,,i=l, .,n,F(y,. ., yn)_-< z}

because F is isotone. We will use this fact in 3.
The proofs of our calculus rules will consist of two stages"
Stage 1" Establish an inequality involving upper subderivatives with the help of

(1.6), Proposition 2.6, Theorem 2.4 and Proposition 2.5.
Stage 2: Use that inequality and a convex subditierential calculus formula to

establish a corresponding inclusion for the subgradients of (1.7).
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As part of stage 1, we will make use of the following lemma, which shows that
upper subderivatives preserve isotonicity.

LEMMA 2.8. Let F" R - R be finite at Xo R and isotone on a neighborhood ofxo.
Then F Xo is isotone on R.

Proof. Let Yl, Y2R with Y<=Y2 and Ft(xo;y2)<-d. It suffices to show that
Ft(xo; y)_-< d. To this end, let e >0 and U (0) be given. Suppose F is isotone on

X (Xo). There exists X2 (Xo) and Ao> 0 such that

X+ (0, ho)(y, + U) c X, for 1, 2.

Since (y2, d) Tep F(X0, V(xo)), there exist X c X, X (Xo), 6 > 0, and h (0, ho)
such that for all xX, r(F(xo)-& F(xo)+8) with F(x)<-_r, and for all t(0, h),
there exists h U such that

F(x+t(y_+h))-r
<=d+e.

Now x + t(yl + h) <-_ x + t(y + h) and both x + t(yl + h) and x + t(y + h) are in X1..By
isotonicity of F on X

F(x+t(y+h))-r F(x+t(y2+h))-r

and hence (y, d) Tep F(XO, F(xo)), as required. F1
In order to carry out Stage 2, we will require two convex subdifferential calculus

formulae. The first is simply a combination of Theorems 23.8 and 23.9 of [16]. We
provide a proof of the second result.

THEOREM 2.9 (cf. [16, Thms. 23.8, 23.9]). Let f’R"- R, f2"Rn- R be proper
convexfunctions, and let A" R" - R be linear. Letxo dom fl (q A-(dom f2). Assume that

A(ri domf) f’) ri domf2 # .
Then

(2.9) O(f +fz A)(xo) Ofl(xo) + A’Of(Axo).

THEOREM 2.10. Let f’R"’--> R, i= 1,..., n, be proper convex functions and let
F" R" -> be convex, proper and isotone. Callf := (f, ., f,). Assume Xo O7= domf
and f(xo) dom F. Suppose that

(2.10) int (dom F) rangef# .
Then

(2.11) O(F f)(xo) {O(h f)(xo)IA OF(f(xo))}.

If, in addition,

(2.12)
i=1

then

(2.13) O(F f)(xo) {h" (Of(xo), Of,,(Xo)) h e OF(f(xo))}.
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Proof. Let A OF(f(xo)) and x* 0(A. f)(xo). Then A _-> 0 and

x*(x- Xo)<= (A" f)(x)- (A" f)(xo)

" (f(x)-f(xo))
<-_ F(f(x))- F(f(xo))
(F of)(x)-(F of)(xo).

Thus x* 60(F of)(xo), so

{A" (Ofl(xo)," ", Of,(xo))]A OF(f(xo))} c {0(A" f)(xo) A OF(f(xo))} O(Fo f)(xo).
Conversely, suppose X*o O(F f)(xo).

Call h:=Fof Since F is isotone, h(x)=min{F(y)]f(x)<=y} for all x
(’),=1 domf. Then h*(xo):=sup,,x*o x-h(x)=sup,,,y {X*o x-F(y)]y-f(x)>--O}.
Assumption (2.10) guarantees the existence of a Slater point for the above concave
program, so we may apply the Lagrange multiplier theorem of [16, 28)" There exists
A => 0 such that

h*(x*o sup X*o x F(y) + A" (y f(x))

F*(A) + (A" f)*(X*o).
Then

Xo*. x (Xo) + *(Xo*)
F(f(xo)) + (A" f)*(X*o)+ F*(A ),

and so

X*o Xo+ h f(xo) h f(xo)+ (h" f)*(X*o )+ F(f(xo))+ F*(A).
We now have

X*o Xo A" f(xo) + (A" f)*(X*o) and A f(xo) F(f(xo)) + F*()t ),

implying that

h OF(f(xo)) and Xo*0(3,’f)(xo).
Thus O(F of)(xo) c {0(h. f)(xo)Ih OF(f(xo))}. If in addition (2.12) holds, Theorem
23.8 of [16] gives X*oO(h.f)(xo)=h (Ofl(xo),’’’ ,ofn(xo)), so that (2.13) holds.

Remark 2.11. Since int (dom F) (because F is proper and isotone), (2.10) is
equivalent to the seemingly weaker condition

ri (dom F) ri (range f) # .
Remark 2.12. If A 0 in .Theorem 2.10, Af should be interpreted as the indicator

function of domf (Definition 3.3). This is in keeping with the convention that
(F of)(x)=+ whenever some f(x)= +. As a result, 0f(xo) should be interpreted
as 0f(xo) in (2.13) and (3.27) (see Definition 3.13).

3. The main theorems and their corollaries. In Stage 1 of the proof of our first
calculus formula, we will need a technical lemma verifying that condition (2.5) is
satisfied for the appropriate A, C, and Zo. In the proof of this lemma, for x
(xl,"’, xp)Rp and e>0, we use the notation

B(x) := {y (yl yp) Rp" ly, xil <- e, i= 1,.’’ p}.

LEMMA 3.1. Let fv R" --> , f2" R" --> 1 be l.s.c., and let F" R" --> R" be continuous
at xosR". Assumefl(xo) and f2(F(xo)) are finite. Define A’R"xRXRmXR-->R"xR
by A(x,y, z, r):=(x,y+r) and G’R" xRxRm xR->R by G(x,y,z, r):= F(x)-z.
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Then (2.5) is satisfied with A as above, C:= (epif x epif2)f’l G-(0), and Zo :=
(xo,fl(xo), F(xo),fE(F(xo))).

Proof. Let e >0 be given, and let X :-B(zo). Since fl, f2 are l.s.c, and F is
continuous, there exists 5 (0, e/3) such that for all x B,(xo), we have

f,(x)>=f,(xo)-e/3,
F(x) B,/a(F(xo)),
(f2 F)(x) >- (f2 F)(xo)- el3.

Define N := B(zo). Since A is surjective, Z := A(N) (Azo). We will now verify that
Z f’) A(C) c A(X f’l C). To do so, let (:, ) Z f’) A(C). Since (2, ) Z, there exists
(x, y, z, r) N with x 2, y + r . Since (2, ) A(C), there exists (x’, y’, z’, r’) C
with x’=:, y’+r’= , and fl(x’)<-y ’, z’=F(x’), f(z’)<-r’. Now x’B(xo), so z’
B/3(F(xo)). Also Pc B/a(fl(xo))+B,/3(f2(F(xo))), so B2/3(fl(xo)+f2(F(xo))).
Finally, since y’+r’= and y’>=fl(xo)-e/3, we conclude that y’ B,(fl(xo)) and
r’ B(f2(F(xo))). Thus (x’,y’,z’, r’) X, and so (2, f)A(X fq C). We conclude that
Z f’l A(C) c A(X fq C). [3

We now proceed to the first of our two main theorems.
THEOREM 3.2. Let F: R" R be strictly differentiable at Xo, f" R" R finite and

strictly l.s.c, at Xo, and f2" R" 1, finite and strictly l.s.c, at F(xo). Assume that

(3.1) VF(xo) domf(xo;. )- domfE(xo; )= R".
Then for all y R",
(3.2) (fl +f2 F)t(Xo; y)<-f[(xo; y)+ft2(F(xo); VF(xo)y).

Moreover,
(3.3) O(fl +f2 F)(xo) C Ofl(xo) + (V F(xo)) rOfE(F(xo)).

Proof. Call f:= fl +f2 F. Then

epif= {(xl, r) R" x R Ifl(xl) <_- rl, fE(X2) -< rE, r rl + rE,
F(xl) x2 0, for some x2 e R’, rl, rE e R}.

Define A, G, and C, and Zo as in Lemma 3.1, and define D :-epifl x epif2. Then
A(D f’l G-l(O)) epi f.

Now

epif(xo; ")= TAoo-,o(Xo,f(Xo)) by (1.6)

= A(Toc-’(o(Zo))
by Lemma 3.1 and Proposition 2.6. Next observe that (3.1) and Proposition 2.5 ensure
that V G(zo) To(To) R". We can therefore apply Theorem 2.4 to obtain

TDc-’(o(Zo) = TD(zo) fl VG(zo)-’(0).
Thus

A(TDc-’(o(Zo)) = A(To(To) fq V G(zo)-l(0))
A((epif[(xo; .) x epif2(F(xo); ))

f’lVG(zo)-l(0)) (by Proposition2.5)

A({(hl, r, h2, r2)R x R x R" RlfI(xo; hi)

<-- rl,fE(F(xo); hE) <---- r=, VF(xo)hl hE})
((h, r, + r=) R" RIfI(xo; h) <-_ rl,fE(F(xo); VF(xo)h) <- rE}

=epi [f(Xo;" )/f(F(xo); VF(xo)(" ))].
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Therefore epif*(xo; ")epi [f](xo; ")+f*2(F(xo)(’))], and so (3.2) holds. The rest of
the proof is much as in [18]. Set p :=f(xo;" and p2:-f*2(F(xo);" ). If either p(0)
or p2(0) is -oo, equality holds in (3.3), since (3.2) shows that both sides of the inclusion
are then empty. Assume, then, that p(0)= p2(0)=0.

Then

Of(xo) {z R" I(fl +f2 F)’(Xo; Y)>-- (Y, z)Vy R"}

= {zlp,(y)+p2(VV(xo)y) >- <y, z>Vy
=O(p, +p2 VF(xo))(O).

Since p and P2 are convex and proper, and since (3.1) holds, we may apply Theorem
2.9 to obtain

o(p, +p vF(xo))(0) op,(O) + VF(Xo)op(o)

Of(Xo) + VF(xo) rof2(F(xo))

by definition, and so (3.3) holds. [-I

We can now obtain improved versions, in the finite-dimensional case, of results
in [17] and [18].

DEFINITION 3.3. Let C c E. The indicatorfunction of C, denoted ic, is defined by

0 ifx C,
ic (x) +oo otherwise.

Observe that for Xo C, ic(Xo;" iro)(" and Oic(Xo) Nc(xo). The following
is a strengthening of Theorem 5 of [17], which has also been proved by Aubin [2], [3].

COrOLLArY 3.4. Let F2" R" - R" be strictly differentiable at Xo, and let C R be
closed near Xo and C R" closed near F(Xo). Suppose that

(3.4)

Then

(3.5)

and

(3.6)

VF(xo) T,(Xo) T(F(xo)) .
Tc,nv-’(c2)(Xo) = Tc,(Xo) fq VF(xo)-’Tc2(F(xo))

Nc,nv-’(c2)(Xo) C Nc,(Xo) + VF(xo) rNc2(F(xo)).
Proof Let f := ic, f2 := ic in Theorem 3.2. Then (3.1) becomes (3.4), and (3.5)

and (3.6) follow from (3.2) and (3.3), respectively. 71
It is interesting to note that Theorem 2.4, which is used in proving Corollary 3.4,

is itself a special case of Corollary 3.4.
Remark 3.5. If F A is linear, (3.4) can be weakened to

(3.7) A( Tc,(Xo)) Tc(Axo) span (AC, C2).

To see this, suppose C c Rp, Xo C. For a given aifine set S with aft C S = Rp, denote
by T(xo) the Clarke tangent cone of C at xo where C is considered as a subset of S
rather than as a subset of Rp. It is easy to see that T(xo)= Tc(xo). Without loss of
generality, we may assume Xo 0, since Tc_xo(O) Tc(xo) and Xo C f3 A-l(C2) if and
only if O(C-xo)f’lA-(C2-Axo). Call V:=span C and W:=span(AC-C2). If
(3.7) holds, then A(Tc,(Xo))- TcW(A(xo)) W and A may be considered as A" V W.
By Corollary 3.4, T,cA-,(c2)(Xo) T,(Xo) f’) A- T(Axo), which is the same as (3.5).
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COROLLARY 3.6. Let fl" Rn -’> R, f2" R" --> R be finite and strictly l.s.c, at Xo. Assume
that

(3.8) domf(xo;. )- domf(xo;. )- Rn.
Then for all y R,
(3.9) (fl +f2)T(Xo; Y)--<--f(Xo; y)+f(Xo; y).

In addition,

(3.10) O(fl +fE)(xo) c Of(xo)+ OfE(xo).

Proof Set m- n and F := I in Theorem 3.2.
Remark 3.7. (a) Corollary 3.6 is more general than the specialization of Theorem

2 of 18] to strictly l.s.c, functions with finite-dimensional domains, since Rockafellar’s
assumption

(3.11) domf(xo; .)f’l int domf2(Xo; .)
implies, but is not implied by (3.8). Here is an example which satisfies (3.8) but not
(3.11): Define fl"R2->R, f2"R2-->R by f(x, y) := [x[ 1/, f2(x,y):=[yll/2. Then
domf(0; 0 x R and dom f2(0; )" R x 0, both of which have empty interior.

(b) Condition (3.8) can actually be weakened to

(3.12) domf(xo;. )- domfE(xo; )=span (dom fl domf2).

To see this, simply observe that we can again assume that Xo 0, and we can then
replace R" by S:= span (dom fi dom f2), considering fl and f2 as fl" S -> R and f2" S -->

R.
It is not possible, however, to weaken the hypothesis still further to

(3.13) ri domf(xo;.) ridomf(xo,
For example, let C1 := {(x, y)lY x2}, c2 := {(x, y)lY -x}, and fl := ic, f2 := ic2. Let
Xo (0, 0). Then f(xo;" =fE(xo;" )- ino(" ), while

(f +f)(Xo;" )= i-cnc:,.,o)(" )= i(o.o)}(" ).

Hence (3.9) does not hold for y= (x, 0) with x 0, although (3.13) is satisfied.
(c) If fl and f2 are not strictly l.s.c., then (3.8) may hold without either (3.9) or

(3.10) being satisfied. For example, let C1 := Q, the set of rational numbers, and let
C (R/Q) U {0}. Define f := ic,, fz :- ic, and let Xo 0. Then Tc, (0) Tc:(O) R, so
(3.8) holds, and fl(xo; .) =f2(Xo; .)- in(’). However, C f’) C2={0}, so we have
(fi +fz)(Xo; )= io}(" ), and (3.9) does not hold for y 0.

DEFINITION 3.8. Let C c Rp. Define

hnC := {(Xl, ", Xn)[X e C, x x2 xn}.

DEFINITION 3.9. Let C c R’, 1, , n be convex sets. The sets Ci, 1, , n,
are said to be in strong general position [27] if

(3.14) 0 int [A"-IC, II C].
j=2

If the sets are cones, (3.14) is equivalent to

(3.15) A"- C1- lI Cj R"-1)’.
j=2
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Another equivalent way to write (3.14) is

(3.16) 0eint AII’- C
j=l

(see [27] for a thorough discussion of this concept.) By (3.16), the order in which the
sets in (3.14) are listed does not matter.

The following is an important special case of Corollary 3.4:
PROPOSITION 3.10 ([26], [3]). Let D c R’, 1,. , n be closed nearyoe in.=l Di.

Assume T,(yo), i= 1,..., n are in scrong general position. en

(3.17) To,...o,,(Yo) To,(yo)
i=1

and

(3.18) No,c...co.(yo) c No,(yo).
i=1

Proof. Call C:= D... x D,, and let C2 be the origin in R"-lm. Define
F" R"" + R"-" by F(x, , x,) := (Xl x2, , x x,). Apply Corollary 3.4 with
Xo := (yo,"" ", Yo). By Proposition 2.5, (3.4) reduces to To,(yo), i= 1,..., n, being in
strong general position. By (3.5),

TA,(Oltn...nO,)(yo, yo) =(Tot(Yo) To.(yo))f’l A"R’, or

A"To, c...co.(yo) = A" ) To,(yo).
i=1

Thus (3.17) holds. Finally, (3.18) follows from (3.6). [-1

Remark 3.11. By (3.7), the strong general position assumption can be weakened
to

(3.19) A"-I To,(yo)- I To,(yo) lI span (D- Dj).
i=2 =2

We can derive from Proposition 3.10 a formula for the subgradient of f(x);=
max_<_i__<,f(x), where f" R" + R are strictly l.s.c. We start with a lemma which we will
use to show that the condition "dom(xo; "), i= 1,..., n, are in strong general
position" is sufficient to guarantee this subgradient formula.

LEMMA 3.12. Suppose f R + R, 1, , n are such that

A- domf I domf R""-.
i=2

Then

A"-1 epif lI epi (R x R)"-’.
i=2

Proof. We must show (R" x R)"- c A"- epif, -l-Ii=2 epif. Let (y, Sl," ,
y,_, s,_)e (R"x R) "-1. Then there exist x e domf, i= 1,..., n such that x,-x
y_, 2, , n. Choose r, 1, , n, such that r _->f(x). If r r2 < s, replace r
by s + r2. If r-r2 > s, replace r2 by rl- s. Now if r-r3 > s2, replace r3 by rl- s2.
If r- r3 < s2, replace r by s2 + r3 and r2 by s2 + r3- Sl. Proceed in this manner. After
k-1 steps, we have r-ri= si-, i= 2,..., k. If rl-rk+ > Sk, replace rk+ by r--Sk.
If rl rk+ < Sk, replace r by Sk + rk+ and replace rj, j 2, , k by Sk + rk+- S_,.
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After n-1 steps, we obtain r-ri=si_, i=2,...,n, and (xt, ri)aepif. Thus
n(yt, s)eA"- epif-I-I,=2epif and so (RmxR) cAn- epif-I-It=Eepif. El

DEFINITION 3.13. Let f’ER be finite at x E. The asymptotic generalized
gradient off at x is the set

Of(x) {z e E* (z, 0)e Ncpif(x,f(x))}.

In our next result, we will use the fact that if Of(x): f, then

(3.20) Ncpif(x,f(x)) U A(Of(x),-1)U (Of(x), O)

([18],[6]).
PROPOSITION 3.14. Let f’R"--> R, i= 1,..., n be strictly l.s.c, and finite at Xo.

Definef(x) := max_<if/(x) and I(x):- {i {1, , n}lfi(x =f(x)}. Suppose thatf is
continuous at Xo for each I(xo), and suppose that domf//(Xo; ), 1,. ., n, are in
strong general position. Then for all y R,
(3.21) f(xo y)<-_maxf(xo; y).

(xo)

If also ofi (Xo), I(Xo), are nonempty, then

(3.22) of(xo) , (X,Of(xo) U Of(xo))
(Xo)

for some At >-_ 0 with , IO,o) At 1.
Proof. Call Dt := epif., i= 1,..., n. Since f, j e I(xo), are strictly l.s.c, and f,

j : I(xo), are continuous at Xo, TDj(Xo,f(Xo))= Rm+l for all j I(xo). Thus we only
need to consider D1 with j I(Xo). By Lemma 3.12, our assumption that domf[(xo; ),

1,..., n, are in strong general position implies that TD,(Xo,f(Xo)), e I(xo), are
also in strong general position. We may then apply Proposition 3.10. By (3.17),

epi f(xo ;" = epi max f(Xo ;"
i l(xo)

which gives (3.21). If also 0f(xo), i I(xo), are nonempty, we have by (3.18) and (3.20)
that

U A(Of(xo),-1)c (U At(Of(xo),-1)t.J(of(xo),O)).A>0 iEl(xO) Ai>O

To obtain (3.22), set A 1 on the left-hand side of the above inclusion.
In the proof of our second main result, we will use another technical lemma to

ensure that we may apply Proposition 2.6.
LEMMA 3.15. Let f" Rm--> R, i= 1,..., n be finite and strictly l.s.c, at Xo, and let

F" R"--> R be l.s.c. Call f:= (f,... ,f,). Assume F(f(xo)) is finite and F is isotone on
B,o(f(xo))+R for some to> O. Define

A" Rnm+2n+I-> Rm+l by

A(x, y, ", x,, y,, z, ", z,,, r) := (x, r).

(Here xi Rm, Yt, zi R.) Define

G" Rnm+2n+ Rm(’-)+" by

G(x y ., x,, yn, z ", z,, r) (x x2, ", x-x,,y-z,... ,y,-z,).
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Assume for each j { 1,. ., n} that either
(1) f is continuous at Xo, or
(2) F is strictly isotone in the jth coordinate at f(xo).

Then (2.5) is satisfied with A as above,

C := (epi fl x. x epi f, x epi F) f’l G-I(O), and

Zo := (xo,f(xo), xo,f,(xo),f(xo), f,(xo), F(f(xo))).

Proof. For a given e > 0, let X := Be (Zo). Let I c { 1,. , n } be the set of coordinates
in which F is strictly isotone at f(xo). For t>0, define U,:--
{(Yl, ",Y,) R" lYi->f(xo) t, 1.,. ., n}, Suppose I. We claim that there exists
/xi (0, to) such that

F(f,(xo)- Ixi, f/(xo) + e,’’’ ,f,(xo)- txi) > F(f(xo)).

If not, then for all (0, to),
F(fl(xo) t, f(xo) + e, f,(xo) t) <-_ F(f(xo)).

But since F is l.s.c., it follows that

F(fl (Xo), fi(xo) + e,..’, f, (Xo)) --< F(f(Xo)).
This contradicts our assumption that I. So for each I, we can choose/z (0, to)
with

8, := F(f(xo)-/x,,..., f(xo) + e,... ,f,(xo)- x,)- F(f(xo)) > O.

Let/x mint/x, and let 1/2 mint $. Then if r B,(F(f(xo))) fq F(U,), it follows from
the isotonicity of F that r F(y) for some y (y,. , y,) with Yi--<f(xo) + e for. all
iI.

Now by assumptions (1) and (2), there exists o (0, min (/z, 8)) such that f(x)
B,(f(xo)) whenever x e Bo(Xo) j I and f(x) ->f(xo)-/z whenever x Bo(Xo) j I.
Let N=B,o(Zo). Again Z:=A(N)AC(Azo). We will now show that Zf’IA(C)
A(X fqC). Suppose (2, )ZfqA(C). Since (:, f)A(N), must be in B,o(Xo) and
in Bao(F(f(xo)) ). Since (2, F) A(C), there exists y R" with f() <- y and F(y) <- .

Thus )7 =f() satisfies F07) _-< , )7i B, (f (Xo)) for allj I, andf(xo) -/z -< -<f(xo) / e
for all j I. We conclude that (2,)71,. ., 2, y-,, )71," ", )7,, ) X f’) C, and so (2, )
A(XC). ]

Remark 3.16. The hypotheses of Lemma 3.15 hold in the following important
cases:

(a) F(yl,’", y,):= =1 Y; and each f, strictly l.s.c, at Xo.
(b) F(yl," ", y,):= I-I=l y and each f positive and strictly l.s.c, at Xo.
(c) F(yl, , y,) := maxj_<_, yj and each f strictly 1.s.c. at Xo, with f continuous

at Xo for all j I(xo), where I(xo) {i{1,..., n}lf(xo)=maxl<__j<_,f(xo)}.
THEOREM 3.17. Let f" R" --> R, 1, , n be finite and strictly l.s.c, at Xo, and

define f:= (f,. ,f,). Let F" R" --> 1 be finite at f(xo), isotone on the union of some
neighborhood off(Xo) and Rangef+ R_, and l.s.c. Assume that for each j { 1,. ., n },
either

(3.23) f is continuous at Xo, or

(3.24) F is strictly isotone in thejth coordinate atf(xo).

Assume also that

(3.25) (A"R" x dom F(f(xo); ))- S R""+"
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where

S:={(y, y,, rl, r.)l(y,, ri)epif(xo; "), i= 1,..., n}.

Then for all y R",

(3.26) (F of)(Xo; y)<- F(f(xo);f(xo; y),... ,f,(Xo; y)).

If in addition each f xo is proper, then

(3.27) O(F of)(xo)C {A. (f(xo)," ", 0f,(xo)) A OF(f(xo))}.

Proof. Call h := F of. Since F is isotone on Range f+ R-7-,

epi h {(x, r) R R,:l(y, ., y,) R" with F(y,. ., y,) <- r,f(x) <= y,, 1 <= <= n}.

Define the functions G and A as in Lemma 3.15, and define

D := epif x. epi f, x epi F,

C := D fq G-I(o).

Then epi h A(C). Assumptions (3.23) and (3.24) allow us to apply Lemma 3.15 and
Proposition 2.6. Thus

epi h(xo; .)= Tac)(Xo, h(xo)) (by (1.6))
A(Tc(zo)) where Zo

:’- (Xo, fl(Xo), Xo,fn(Xo),fl(Xo), ,f,(Xo), h(xo))

(by Lemma 3.15 and Proposition 2.6)

= A(ro(zo) f"l V a(zo)-l(0))
by Theorem 2.4, since (3.25) says exactly that

V O(Zo) To(zo) R("-’)"+",
{(x, r) R x R[:ty R" withf(xo; x) <= y, F(f(xo); y) <= r}

{(x, r) lF*(f(xo); fI(xo; x),’’’ ,f(xo; x)) _--< r}

since F*(f(xo); .) is itself isotone (Lemma 2.8). Thus epi h*(Xo; .) =
epi F*(f(xo);f](xo; ),... ,f,(Xo;" )), and so (3.26) holds.

Now if F*(f(xo); 0) -oo, (3.26) shows that both sides of (3.27) are empty. Assume,
then, that F*(f(xo); is proper. Since each f(xo;" is convex and proper and (3.25)
implies that (2.10) and (2.12) hold for F’(f(xo); and (f](xo;’),’" ,f,(Xo;" )), we
may apply Theorem 2.10. We have

O(F f)(xo)= {z e R I(F of)(Xo y) >= (y, z)Vy R’}

(z ItlFr(f(xo); f(xo; y),’’’, f.(Xo; y))>= (y, z)fy R }

=O((FT(f(Xo); ")) (fl(xo;" ), ,f(xo ;" )))(0)

{a. (ofI(xo;.)(0),..., Of,(Xo; )(0) A eOFT(f(Xo); )(0)}

{A" (Of,(xo),’’’, of.(xo))lx eoF(f(xo))}.

Remark 3.18. (a) Assumption (3.25) reduces to a simple, familiar-looking form
in important special cases. For example, if n 1, (3.25) becomes

(3.28) Range/(Xo;. )-dom F*(L(Xo); )= R.
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if F is as in Remark 3.16(a) or (b), (3.25) reduces to the assumption that domf(xo; ),
1,..., n are in strong general position.
(b) The assumption that f(xo; 0)=0, i= 1,..., n is not needed in important

special cases. For example, if F is as in Remark 3.16(a) or (b) and f(xo; 0)=-oo for
some i, then both sides of (3.27) will equal .

(c) Corollaries of Theorem 3.17 include Corollary 3.6, Proposition 3.10, and
Proposition 3.14 (without our having to use Lemma 3.12).

(d) Any isotone function F" R" R is directionally Lipschitzian for all y -< 0; i.e.,

inf sup
YaY’(y) y’ Y

NaV’(xo, F(xo)) (x,) NClepi F
x>0 t(o, x)

F(x+ ty’)-<+

for all y-<_ 0 (see 19, Prop. 4]). This property plays a crucial role in the subditterential
calculus results of [18]. However, there is no analogue of Theorem 3.17 for F merely
directionally Lipschitzian, as we will see in 5.

From Theorem 3.17 we can derive an extension of Corollary 3.6 to n functions,
and a product rule for (locally) non_negative functions.

COROLLARY 3.19. Let f" R" -> R, 1, , n be strictly l.s.c, and finite at Xo, and
suppose that domf(xo; ), 1, , n are in strong generalposition. Thenfor ally

(3.29) (f+""" +f.)T(Xo; y)----< f(Xo; y).
i=1

Moreover,

(3.30) O(fi +’’’ +f,)(Xo) = Of(xo).
i=1

Proof Let F(x,..., x,)= .= x in Theorem 3.17. F is continuous and strictly
isotone in each coordinate. Assumption (3.25) in this case reduces to dom.f(xo; .),
i= 1,..., n being in strong general position. As explained in Remark 3.18(b), the
assumption that each f(xo; 0)=0 is not needed. Then (3.29) follows from (3.26) and
(3.30) from (3.27). [3

COROLLARY 3.20. Let f" R" --> R, 1, , n, be nonnegative on R" and strictly
l.s.c, and positive at Xo 6 ffl ’= dom f. Suppose that domf(Xo; ), 1, , n, are in

strong general position. Then for all y R",

)(3.31) f, (Xo; y)<_- f(xo) f(xo; y).
i=1 i=1

Moreover,

Proof. Let F(x,..., x,)= I-Ii-_ xi in Theorem 3.17. F is continuous and strictly
isotone in each coordinate since f is nonnegative. Condition (3.25) again reduces to
domf(xo; ), 1,. ., n, being in strong general position. As explained in Remark
3.18 (b), the assumption that each f(xo;" )=0 is not needed. Then (3.31) follows from
(3.26) and (3.32) from (3.27). [-1

One special case of Corollary 3.20 is a quotient rule where the denominator is
continuous and positive.
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LEMMA 3.21. Suppose g" E R is continuous and positive at Xo dom g. Then

()* (-g)(Xo; y)
(3.33) (Xo; y) (g(xo))2 for ally E,

and

(3.34) 0 (Xo) (g(xo))--------O(-g)(xo).
Proof. First observe that (3.34) follows immediately from (3.33) because

1/(g(xo))2>O. To prove (3.33), use (1.10) to write

() (Xo; y) lim sup inf
y’-y

(1/g(x+ ty’))-(1/g(x))

lim sup inf
y’-y

t$O

lim sup inf
y’-y

t$O

(-g)(x+ty’)-(-g)(x) 1

g(x+ty’)(g(x)

(-g)(x + ty’)-(-g)(x)
lim

1

x_xog(X+ty’)g(x)
t$o
y’-y

(by Lemma 5.2, which we prove in 5).

1
(g(xo))-------5(-g)(Xo; y).

PROPOSITION 3.22. Let f" R" R be nonnegative on domf and strictly l.s.c, and
positive at Xo, and let g" R" R be positive and continuous at Xo dom g (q dom f. Assume
that

(3.35) domf(xo; )-dom (-g)(Xo;’)= R’.

Then

<f(xo)(-g)(Xo; y)+g(xo)f’(xo; y)
(3.36) (Xo; y)= (g(xo))2 for all y R"

and

(3.37) O()(Xo) f(xo)O(-g)(xo) + g(xo)Of(xo)= (g(xo))2

Proof By Lemma 3.21, dom (1/g)(Xo; .)=dom (-g)(Xo; "), so (3.35) ensures
that we can apply Corollary 3.20 with n =2, f :=f, and f2: 1/g. By (3.31) and (3.33),

(Xo)<-f(xo) (Xo; y) + ;y)

f(xo)
(g(xo))2(-g)(Xo; Y)+ g(lxo)f*(xo; Y)

f(xo)(-g)(Xo; y)+ g(xo)fT(Xo; Y)
(g(xo))
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Similarly, by (3.32) and (3.34),

0 (Xo) f(xo)O (Xo) +
g(xo)

of(xo)

f(xo)
(g(xo))--"--" O(-g)(xo) + g(xo)

of(xo)

=f(xo)O(-g)(xo) + g(xo)Of(xo)
(g(xo))2

Remark 3.23. If g is locally Lipschitzian near Xo, then (-g)(Xo; y)=-g(xo; y),
O(-g)(xo) =-Og(xo), and (3.35) is automatically satisfied. If in addition f is locally
Lipschitzian near Xo, Proposition 3.22 almost reduces to the quotient rule of 11, Chap.
8] and [6, Chap. 2]. (The hypotheses of Proposition 3.22 include the assumption that
f(xo) O, which is not needed in [6] or [11].)

4. Application to constrained optimization problems.
PROPOSITION 4.1 ([18], [20]). Suppose f:E-R has a local minimum at Xo E.

Then Oe Of(xo).
Combining Proposition 4.1 with subditterential calculus results of the preceding

section, we can give a strengthened version, in finite dimensions, of [18, Thm. 6].
PROPOSrrION 4.2. Suppose the problem

rain {f(x)] x e C}

has a local minimum at Xoe C, wheref R - R is strictly l.s.c, at Xo and C R is closed
near Xo. Assume

(4.1) domf*(xo; )- Tc(xo)=

Then

(4.2) Oe Of(xo)+ Nc(xo).

Proof Let fi :=f, f2 := ic in Corollary 3.6. The function f+ ic is minimized at Xo,
so by Proposition 4.1, OO(f+ic)(Xo). Assumption (4.1) is (3.8) in this case, so
O(f+ ic)(Xo)cOf(xo)+Oic(Xo)=Of(xo)+ Nc(xo), and OOf(xo)+ Nc(xo).

We will next consider a particular constraint set, the set C := {x g(x) -< O} for a
strictly l.s.c, function g" R -, R.

PROPOSrrION 4.3 (el. [18, Thin. 5]). Suppose g:R" -> is strictly l.s.c, atxo g-l(0),
and let C := {x g(x) _<- 0}. Assume 0 0g(Xo). Then

(4.3) Tc(xo) {y[gT(Xo; y) <-- 0}.

If in addition 0g(x0) is nonempty, then

( AOg(xo)) U Og(xo).(4.4) Nc(xo) o
Proof. In Proposition 3.10, let n-2, D1 := {(z, u)Rm xR[u =0}, and DE:- epi g.

To apply Proposition 3.10, we must verify that To,(Xo, 0)- To2(Xo, 0)- R"+I; i.e., that
{(z,u)lu=O}-epig(xo;.)=R+1. To do so, suppose that (x’,r’)R"xR. Since
O:Og(xo), there exists yR with g(xo;y)<0. Now g*(xo;’) is positively
homogeneous, so for any R, there exists )7 R" with 07, g) epi g(xo; ). Let y’ be
such that g(xo; y’)<-_-r’. Then (x’,r’)=(x’+y’,O)-(y’,-r’). Thus {(z,u)lu=O}-
epi g(xo; ") Rm+l. Now by (3.17), To,no2(Xo, O) To,(Xo, O) f3 To2(Xo, 0); i.e.,
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Tco(xo, O)=(R"xO)f’lepig(xo;.). Hence Tc(xo)=(ylg(xo;y)<-O}. By (3.18),
NoLno2(xo, O)c NoL(xo, O)+No2(xo, O); i.e., Nco(xo, O)cOxR+No:(xo, O). If
Og(xo) , we have by (3.20) that

No2(Xo) A(Og(xo),-1)t.J(Og(xo), 0).
A>0

Hence

Ncxo(Xo, 0)c (0 x R)+ (U> -1) U (Og(x)’ 0))
and (4.4) holds.

By combining Propositions 4.2 and 4.3 and applying Proposition 3.10, we can
obtain the following Kuhn-Tucker Theorem"

THEOREM 4.4. Let f" R"- t, and gi" R", i= 1,..., n, be strictly l.s.c, at Xo,
D R" closed near Xo, and G" R" Rp strictly differentiable at Xo, a local minimizer of
(P) min {f(x) gi(x) <= O, i= 1,..., n, G(x) O, x e D}.

Call I(x) := {i e {1,. , n}[gi(x) =0}. Assume that 0: Ogi(xo) and Og(xo) for each
e I(xo), that gi is continuous at Xo for each i: I(xo), and that V G(x0)R" Rp. In

addition, assume that domf(xo; .), VG(xo)-(0), To(Xo), and {ylg(Xo; y)-<_0}, e
I (Xo), are in strong general position. Then

(4.5) OOf(xo)+ ., (AiOgi(xo)Ogf(Xo))+ AVO(xo)+ No(xo)
1(Xo)

for some hi >- 0 and h R.
Proof. Denote by C the constraint set in Program (P). Since V G(xo)R" =llp,

V G(xo)-(0) T-,(o)(Xo) by Theorem 2.4. (In fact, these two sets are equal). By our
strong general position assumption, we have

{ylg(xo; y)_-<0, e I(xo), ye TD(xo), VG(xo)y=O} C Tc(xo)

by Propositions 4.3 and 3.10. Thus the strong general position assumption guarantees
that (4.1) holds. By Proposition 4.2,

oeof(xo)+ N(xo),

and (4.5) then follows immediately from (3.18) of Proposition 3.10 and Proposition
4.3. [3

Remark 4.5. In the case in which f and gi, I(xo) are strictly ditterentiable, our
general position assumption and V G(xo)R" Rp comprise the familiar Mangasarian-
Fromovitz constraint qualification.

It is also possible to derive necessary optimality conditions for (P) via the following
"Dubovitskii-Milyutin" result, due to Watkins [26]:

THEOREM 4.6. Let Ci R’, 1, , p be closed near Xo with P= Ci {Xo}, and
suppose that at least one of the sets Tc,(Xo), i= 1,..., p is not a subspace. Then there
exist a Nc.(Xo), 1, p, not all equal to zero, such that i=P ai O.

In [26], a "Fritz John type" theorem is derived from Theorem 4.6 for a constrained
optimization problem involving locally Lipschitzian functions. Using Proposition 4.3,
we can generalize this result beyond the locally Lipschitzian case.

THEOREM 4.7. Posit the assumptions of Theorem 4.4, with the exception ofthe strong
general position hypothesis. Assume, in addition, thatf is directionally Lipschitzian at Xo,
that Of(xo) is nonempty, and that Off: Of(xo). Then

(4.6) O (AoOf(xo)UOf(xo))+ (A,Og,(xo)UOg,(xo))+ AVG(xo)+ No(xo)
(xo)
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for some ho_->0, hi->0, and h R. Moreover, ho, hi, i I(xo), h, and the elements of
Of(xo), Ogi(xo), and No(xo) in (4.6) are not all equal to zero.

Proof. Again call C the feasible set in (P). There exists e > 0 such that f(x >-f(xo)
for all x B(Xo). Let

Co {x e B (xo) lf(x) f(xo) x Xo =),

Ci:= {x e R" gi(x) <-_ 0}, 1,’", n,

C,+:={xeR"lG(x)=0} and C,+2=D.

Since Xo is a local minimizer fo.r (P), N i;o C {Xo}. Consider first the case in which
Tco(Xo) is not a subspace. Then by Theorem 4.6, 0e"+i;o Nq(xo). Call f(x):=
f(x) -/(Xo) / IIx Xoll By Corollary 3.6, Of(Xo) c Of(xo) and of(Xo) Of(xo) (see
[22, Prop. 2.4]). Thus

Nco(Xo) c U a>o hOf(Xo) U Of(Xo)

U >o aof(xo) u of(xo).

Again Va(xo)-l(0) Tc.+t(Xo). For e{1,...,n}\I(xo), Nq(xo)={O}. Combining
these facts and (4.4), we obtain (4.6).

Now suppose Tco(Xo) is a subspace. Since f is directionally Lipschitzian at Xo and
OOf(xo), Tco(Xo) has nonempty interior [18], which means that Tco(Xo)=R. Hence
xoeint Co [17], contradicting the fact that Xo is a local minimizer for (P). I-1

The additional assumption that Va(xo)-l(0), TD(Xo) and {ylg(xo; y)-<0}, ie
I(xo) are in strong general position is enough to guarantee that the element of
hoOf(xo) U of(xo) in (4.6) is nonzero (see [26, Remarks 1, 2]). This produces another
Kuhn-Tucker type result.

$. Limitations of the generalized subdifferential calculus. In 3, we obtain "chain
rules" for (F of)t(Xo;. and 8(F of)(xo) with F and f of these types:

(a) F" R - R l.s.c., f" R -. R" strictly differentiable at Xo.
(b) F" R"-* R l.s.c, and isotone, f (fl,""" ,f,) with each f" R’- R 1.s.c., and

(3.23) or (3.24) satisfied.
(In fact, (a) can be encompassed by (b)me.g. [18, Thm. 3]).

Are other general chain rules possible? In particular, is there a chain rule for
F’R" R directionally Lipschitzian (or strictly differentiable) and f’R" R 1.s.c.?
We answer this question by considering possible extensions of the following chain
rule for Clarke subgradients. (See [5, Prop. 10] and [11, Chap. 8].)

TrEOREM 5.1. Let E be a normed space andf’E- fl be locally Lipschtizian near
Xo, and let F" 11 R be continuously differentiable near Xo. Then

(5.1) (F of)(Xo; y)= F’(f(xo))f(xo; y) for ally E,

and

O(F of)(xo) F’(f(xo))Of(xo).

In attempting to extend Theorem 5.1, it does not seem possible to apply the
techniques used in the proofs of Theorems 3.2 and 3.17. We will proceed instead by
examining limits of the form (1.10). We start by deriving a technical lemma involving
these limits which we have already applied in the proof of Lemma 3.21.
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LEMMA 5.2. Let E, E1 be l.c.t.v.s., and let g" E x El-> R and h" E x E-> R be
extended-real-valued functions. Suppose

Then

lim h(x,y)=A and limsup infg(x,y)=B.
xo xo Y-Yo

YYo

(i) lim supx-o infy-yo h(x, y)g(x, y) AB if 0< A < +.
(ii) The same equation holds for -o < A <= 0 if g is bounded in a neighborhood of

Xo, yo).
Proof of (i). For any given A (0, A), there exist X g’(Xo), Y g’(Yo) such

that A-A_<-h(x,y)<=A+A for all xX, yCYl. We first establish
lim sup,,_,, infy_.y h(x, y)g(x, y) <= AB.

Case 1. 0-< B < +o. Let Y g’(y) and e 0 be given. Choose A (0, A) small
enough so that (A + B)A + A2< e and X, Y as above. Then there exists X2 g’(Xo)
such. that for all x X2, there exists y Y(’I Y with g(x, y)-< B + A. Thus for all
x X X2, there exists y Y f-) YI with h(x, y)g(x, y) <- (A + h )(B + h
AB + (A + B)A + h _-< AB + e. Since e was arbitrary, lim supx-xo infy-yo h(x, y)g(x, y) <-_

AB.
Case 2. -oo<B<0. Let Y(y) and e>0 be given. Let h (0, min (A,-B))

be such that (A B)A _-< e, and choose X, Y as above. There exists X2 ff(Xo) such
that for each x X, there exists y Yf Y with g(x, y)-< B/ h. So for each X
x X, there exists y Y CI YI with h(x, y)g(x, y) <-_ (A- A)(B + A)
AB + (A- B)A h _-< AB + e. Since e was arbitrary, lim supx-xo infy-y h(x,y)g(x, y) <=
AB.

Case 3. B--oo. Let m <0 and Y (y) be given, and choose h (0, A) and
X, Y as above. There exists X2s(Xo) such that for all x X, there exists
y Y Y with g(x,y)<-m/(A-h). Then for all xXX, there exists y Y Y1
such that h(x,y)g(x,y)<-(A-h)(m/(A-h))-m. Since m was arbitrary,
lim sup-xo infy-yo h(x, y)g(x, y) -oo AB.

Case 4. B +o. Choose h (0, A), and let X Ar(Xo) and M > 0 be given. Choose
X1, Y as above. There exists Y d(yo) such that for some x X XI, g(x, y)>-_ M
for all y Y. So there exists x X X such that for all y Y Y, h(x, y)g(x, y)>-
M(A- h ). Since M and X were arbitrary, limx-o sup infy_,y g(x, y)h(x, y) +oo AB.
We have now established that lim SUpx-xo infy-yo g(x, y)h(x, y)<-AB. It then follows
that

B lim sup inf g(x, y)
xo Y Yo

1
_-< lim lim sup inf g(x, y)h(x, y)
x-xoh(x,y) x-o yyo
Y-Yo

lim sup inf g(x, y)h(x, y).
x->xo yyo

Hence lim supx-,xo infy-yo g(x, y)h(x, y) >- AB, and (i) holds.
We leave the proof of (ii), which is similar, to the reader. We make the important

observation that if A_-< 0, local boundedness of g is required in both the proof of
lim supx_ infy_y h(x, y)g(x, y) <- AB and that of lim supx_ infy_,yo h(x, y)g(x, y) >-
AB. fq

We can now prove what seems to be the best possible extension of Theorem 5.1.
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THEOREM 5.3. Let E be an l.c.t.v.s, and f" E- R continuous at Xo E, and let
F’R R be continuously differentiable near f(xo). Assume F’(f(xo)) > O. Then for all
y E,

(5.3) (Fof)(Xo; y)- F’(f(xo))f(xo; y).

Moreover,

(5.4) o(Fo f)(xo) F’(f(xo))Of(xo).

Proof.

(F of)(Xo; y)= lim sup inf
xo y’y

t+O

F f)(x + ty’) F f)(x)

lim sup inf F’(z(t, x, y))f(x + ty’)-f(x)

xo y’y
t$O

(for some z(t, x, y) between f(x) and f(x + ty’) by. the classical mean value theorem)

-lim F’(z(t,x, y)) lim sup inf
y y

t,O t$O

f(x+ty’)-f(x)

(by Lemma 5.2(i))

F’(f(xo))f(xo; Y)
since f is continuous at Xo and F is continuously differentiable near f(xo).

Now iff(xo; 0)=-, (F of)(Xo; 0) will by (5.3) also equal -, and both sides
of (5.4) will be empty. Otherwise,

O(Fo f)(xo) =O(Fo f)t(Xo; )(0)

=O(F’(f(xo))f(xo; )(0)

F’(f(xo))Ofr(xo; )(0)

since 0f’(Xo; )(0) is nonempty

F’(f(xo))Of(xo).

Remark 5.4. (a) If F’(f(xo))<0, neither inclusion of (5.4) will hold in general.
For example, define F" R- R by F(x) ".= -x and f’R- R by f(x) := -Ixl /2. Then
O(Fof)(O)=R, but 0f(0)=. On the other hand, if F(x):=-x but f(x):=lxl /2,
O(F f)(xo) while F’(f(xo))Of(xo) R.

(b) There are also counterexamples for F’(f(xo))-O. Define F’R R by F(x) :=
x2 and f’R-R as in (a). Then O(Fof)(O)=[-1, 1], but F’(f(xo))-O and 0f(0) .
On the other hand, if F(x):=-x4/3 and f(x):=lxl 1/2, then 0(Fof)(0)= while
F’(f(O)) =0 and Of(O)= R.

We now have at least a partial answer to our original questions. Even if F is
continuously differentiable and f is continuous, the requirement that F be locally
isotone seems to be needed in order to prove a chain rule for upper subderivatives.

The difficulty seems to lie in the "nonradial" nature of 0f for general fi If f is
locally Lipschitzian, f(xo; -y) (-f)(Xo; y) and 0(-f)(xo) -Of(xo). These relation-
ships would allow us to extend Theorem 5.3 to F’(f(xo))< 0 if they held in general,
but they do notme.g, consider f: R- R defined by f(x):= Ixl and Xo=0.

A more thorough discussion of the subject of this section is given in [24, 3.5].
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6. Contingent derivatives, Ursescu derivatives and subdifferential regularity. In this
section, we consider the tangent cones

(6.1) Kc(xo) := {y E IV Y W(y), VA > 0, :It (0, A),

:Iy’ Y such that Xo / ty’ C}
and

(6.2)

kc(xo) := {y E I’ Y W(y), :IA > 0 such that ’t (0, A ), :Iy’ . Y with Xo+ ty’ C}.

Kc(xo) is the well-known contingent cone. For more information on these cones, see
[23], [7], [25], [24].

From (6.1) and (6.2), we see that

Tc(xo) c kc(xo) c Kc(xo)

for any C c E and Xo cl C. If C is a convex set or a differentiable manifold, all three
cones coincide ([20, Chap. 2] and Theorem 2.4).

Let f" E - R be an extended real-valued function. Paralleling the development in
1, define

(6.3) f/(xo; y):=inf{r[(y, r) Kepif(xo,f(xo))}
and

(6.4) f[](Xo; y):= inf{r (y, r) kepif(xo,f(xo))}.
The directional derivative f/(xo; y) (respectively, f[](Xo; y)) has been called the

contingent derivative (Ursescu derivative) of f at Xo in the direction y [1], [9]. Since
Tepif(xo,f(xo) C kepif(xo,f(xo) C gepif(xo,f(xo)), f+(xo; ") =<f(xo;" =<f(xo;" ).
Definitions (6.3) and (6.4) are made exactly so that

(6.5) epi f+(Xo ;" := Kpi f(Xo, f(xo))
and

(6.6) epif[](Xo;. ):-- kepif(Xo,f(Xo) ).

There are also direct characterizations off/(xo; y) and f(xo; y). It is well known
that

(6.7) f+(xo; y)= lim inf’x+
f( ty’)-f(xo)

,o 2
y’y

(e.g., [20, Chap. 3]), and it is not difficult to show [7], [25], [9] that

f(xo+ ty’) -f(xo)
(6.8) f(xo y) lim sup inf

t,O y’y

Kc(xo) and kc(xo) are closed cones, so f/(xo; ") and f(xo; ") are 1.s.c. and
positively homogeneous. Kc(xo) and kc(xo) and not in general convex, so it is not
possible to directly associate convex subgradient sets with f/(xo; ") and f[](Xo; ") as
we did with f’(Xo; ") in Definition 1.3. It is possible, however, to prove calculus
formulas for f/(xo; ") and f[](Xo; "), and in particular to derive the subdifferential
calculus for convex functions by combining these formulae with those in 3. We now
proceed to do so, beginning with a counterpart to Theorem 3.17. Notice that it holds
quite generally, with no need for the assumption of finite dimensionality or conditions
(3.23), (3.24) and (3.25).
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PROPOSITION 6.1. Let E be an l.c.t.v.s., let f" E-> R, 1,..., n be finite at xo,
and call f:= (fl,"" ,f,). Let F" Rn--> R be finite at f(xo) and isotone on the union of
Range f+R and B(f(xo)) for some e >0. Then if y E is such that (f)+(Xo; y),
i= 1,..., n are finite,

(6.9) (F of)+(Xo; y) >-- F+(f(xo); (fl)+(Xo; y), , (f,)+(Xo; y)).

Alternatively, if (f)(Xo; y), (f)/(Xo; y), 2,. ., n are finite, then

(6.10) (F f)(Xo; y)>- F+(f(xo); (f)rn(Xo; y), (f2)/(Xo; y), ", (f,)+(Xo; y)).

Proof. Let (y, r) Kepi(Fof)(Xo, (F of)(xo)). To prove (6.9), it suffices to show that

((f)+(Xo; y),’’’, (f,)+(Xo; y), r)e Kepi r(f(xo), F(f(xo))).

To this end, let A > 0 and 8 > 0 be given. Call zi (f)+(Xo; y) 8, and choose Aoe (0, A)
such that for all i, f(xo) + [0, Ao]Zi >=f(xo)- e. Then there exist Y e N(y), Aie (0, Ao)
such that for all e (0, Zi) and all y’ e Y,

f,(xo+ty’)-f,(xo)
>--zi, i= 1, n.

In addition, there exist )7 f’l ’= Y, ?e (0, mini Xi) such that

F f)(xo+ 735) F f)(xo) _-< r + 8.

Now since f(xo)+ ?zi-<-f(xo+ 07) and F is isotone,

F(f(xo) + ?(zl, ., z,))- F(f(xo)) <-r+&

Thus ((fl)+(Xo; y),""", (f,)+(Xo; y), r) Kepi (f(xo), F(f(xo))), and so (6.9) holds.
Now let (y, r) kepi(:ol)(Xo, (F f)(xo)). To prove (6.10), it suffices to show that

((f)(Xo; y), (f2)+(xo; y),"" ", (f,)+(Xo; y), r) Kpi(f(xo), f(f(xo))). To this end,
let 8 > 0 and h > 0 be given. Call z (f)[](Xo; y) 8, zi (f)+(Xo; y) 8, 2,. , n.
Again choose hoe (0, A) such that f(xo) +[0, ho]Zi >--f(xo)- e. There exist Y e X(y),
hi . (0, ho) such that for all (0, hi) and all y’ Y, ((f(xo+ ty’)-f(xo))/t) >-_ zi,

i= 2,..., n, and there exists Y e X(y) such that for all > 0, there exists t’s (0, t)
with((f(xo+ t’y)--fl(Xo))/t’)>=Zl for all y’s Y1. In addition, there exists )7 fq’= Y
and hle(0, ho) such that for all t(0, hl), (((Fof)(xo+tY)-(Fof)(xo))/t)<=r+8.
Thus for some /s(0, minihi), f(xo)+zi<-_f(xo+ty). By the isotonicity of F,
((F(f(xo)+ f(z,... ,z,))-F(f(xo)))/)<=r+8. Hence ((f)(Xo; y), (f:)+(Xo; y),

", (f,)+(Xo; y), r) gp (f(xo), F(f(xo))), and so (6.10) holds, l-i

Inequality (6.9) does not hold with "+" replaced by "7-1". For example, let n 2
and F(xl, x_) := xl + x2; and consider fl" R --> R and f:" R-> R defined by

f,(x) :=

0 if x=<0,

x if _--2z-7 < x _<- and n is odd,

1
2x if _-’2z7., < x -< -. and n is even,

2""
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Then if y => 0,

while

0

x

if x-<-0,

f2(x) := if < x =<- and n is even,

1 1
2x if ._-=-= < x -< -=. and n is odd.

2"

(fl)[](0; y)= (f2)[](0; y) 2y

0 if x =< 0,
(fr+f2)(x)

3x if x > 0,

so that (fl +f2)rn(0; y)= 3y. Thus for y > 0,

(fl +f2)[](0; y) 3y < 4y (fl)rn(0; y) + (f2)[] (0; y).

PROPOSITION 6.2. Let E, E be l.c.t.v.s., let F" E E be strictly differentiable at

Xo E, and let f" E fl be finite at F(xo). Then for all y E 1,
(6.11) (fo F)+(Xo; y)>-_f+(F(xo); VF(xo)y)

and

(6.12) (fo F)[](Xo; y)>-f(F(xo); VF(xo)y).

Proof. Let (y, r) Kepi(yoF(xo, (f F)(xo)). To prove (6.11), it suffices to show
that (VF(xo)y, r) Kepis(F(xo),f(F(xo))). Let Z V(VF(xo)y), A > 0, and > 0 be
given. There exist Y(y) and AI(0, A) such that ((F(xo+ty’)-F(xo))/t)Z for
all y’ Y and (0, A1). In addition, there exist )7 Y and (0, A1) such that ((fo F)
(Xo+?fi)-(foF)(xo))/?<-r+. Call :=((F(xo+?fi)-F(xo))/?). Then Z and
((f( F(xo) / ) f(F(xo) )/ ) <-_ r / & Hence (VF(xo)y, r) Kpis(F(xo),f(F(xo))), and
(6.11) holds. The proof of (6.12) is very similar to the proof of (6.11), and we leave
it to the reader.

We can now give conditions under which equality holds in Theorems 3.2 and 3.17.
DEFINITION 6.3. The function f" E R is said to be subdifferentiably regular at

Xo domf iff/(xo; y)=ft(xo; y) for all y E. It is said to be subdifferentiably weakly
regular at Xo iff(xo; y)=f(xo; y) for all y E.

PROPOSITION 6.4. Suppose the hypotheses of Theorem 3.17 are satisfied, including
the assumption that eachf(xo; is proper. Assume in addition that F is subdifferentiably
regular at f(xo), f2, f are subdifferentiably regular at Xo, and fl is subdifferentiably
weakly regular at Xo. Then equality holds in (3.26) and (3.27).

Proof. By (6.10) and our regularity hypothesis, for all y R,
(F f)(Xo; y) ->- (F of)(Xo; y)

>-- F+(f(xo); (f)rn(Xo y), (f2)+(Xo Y),""", (f)+(Xo y))

F*(f(xo); fI(xo; Y),""" ,f(x0; y)),

so equality holds in (3.26). Equality in (3.27) follows from equality in (3.26).
PROPOSrrION 6.5. Suppose the hypotheses ofTheorem 3.2 are satisfied, and that either

(6.13) fl is subdifferentiably regular at Xo andf2 is subdifferentiably weakly regular
at F(xo), or

(6.14) fl is subdifferentiably weakly regular at Xo, andf2 is subdifferentiably regular
at F(xo).
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Then equality holds in (3.3). If in addition f[(xo; 0)=f2(F(xo); O)=O, equality holds in

(3.2) also.
Proof. If either f(xo;0) of f(F(xo;O) is -oo, (3.2) implies that (f+

f2 F)(Xo; 0)=-, and both sides of (3.3) are empty. Otherwise apply Proposition
6.1 with n 2 and F:R2 R defined by F(x, x2) x + x2. If (6.13) holds, then for
all y R",

(f +fo F)’(Xo; y) >__ (f +f2 F)[](Xo y)

->-(f)+(Xo; y)+(fo F)[](Xo; y) (by (6.10))

--> (f)+(Xo; y)+(fz)c(F(xo); VF(xo)y)

(f)(Xo; y)+fz(F(xo); VF(xo)y).

(by (6.12))

If (6.14) holds, then similarly, for all y R",

(f +fo F)(Xo; y)__> (f +fo F)[](Xo; y)

-> (f)[](Xo; y)+(f2 F)+(Xo; y) (by (6.10))

->-(f)[](Xo; y) + (f)+(F(xo); V F(xo)y)

(f)*(Xo; y)+f(F(xo); VF(xo)y).

(by (6.11))

In either case, equality holds in (3.2), and equality in (3.3) follows. [3

Remark 6.6. The conditions in Propositions 6.4 and 6.5 guaranteeing equality in
the subdifferential calculus formulae of 3 are less stringent than those given in 18].
For example, let C := U,=o [22n, 2z"+] and C := C U (-C) U {0}. Then Tc(O)
kc(O) {0}, but Kc(O)= R. In Proposition 6.5, let F:= 1 and Xo := 0. Define fl’RO R
by f(x) := 0, and let f2" R- R be ic. Since (3.8) and (6.13) are satisfied, equality holds
in (3.9) and (3.10), even though the condition for equality given in Theorem 2 of
[18]that both f and f be subdifferentially regular at xois not satisfied. Observe
also that the regularity conditions in Propositions 6.4 and 6.5 are still valid in the
infinite-dimensional setting of 18].

Since convex functions are subditterentiably regular, Propositions 6.4 and 6.5
enable us to rederive convex subditterential calculus results, in particular Theorems
2.9 and 2.10. Thus Theorems 3.2 and 3.17, which are proved by means of Theorems
2.9 and 2.10, combine with Propositions 6.4 and 6.5 to yield Theorems 2.9 and 2.10
as special cases. We list below one further convex subditterential calculus result.

PROPOSITION 6.7. Let F" R"--> R" be strictly differentiable at Xo, let fl" Rn-)R be
convex, proper, and strictly l.s.c, at Xo, and let f2" R" --> R be convex, proper, and strictly
l.s.c, at F(xo), where Xo6 domf (’1F-l(domf). Assume that

(6.15) VF(xo)Xo- F(xo) e int (V F(xo) domf -dom f2).

Then

(6.16) O(f +fo F)(xo)=Of(xo)+ VF(xo)rOfz(Xo).

Proof By Theorem 3.2 and Proposition 6.5, equality will hold in (6.16) as long
as VF(xo)domf(xo;. )-domf2(F(xo); )= R", which in this case is equivalent to

7F(xo) cone (domf Xo)- cone (domf2- F(xo)) R

(see [16], 23]). This reduces to

cone (VF(xo) domf-domf2-VF(xo)Xo+ F(xo)) Rm,
which is equivalent to (6.15). l-!
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COROLLARY 6.8 (cf. 17], Thm. 23.8]). Let fl" R" - R and f2" R" R be convex,
proper and l.s.c., and let Xo dom fl dora f2. Assume that

(6.17) ri domfl ri domf2 # .
Then

(6.18) O(fl +fE)(xo) Ofl(xo) + Of2(xo).

Proof. By Proposition 6.7 with m n and F := I, (6.18) will hold if cone (dora fl
domf2) =R". By (3.12) of Remark 3.7 (b), this assumption can be weakened to
cone (domfl-domf2)= span (domfl-domf2), which is equivalent to (6.17).

Remark 6.9. We saw in Remark 3.7 (b) that hypothesis (3.8) of Corollary 3.6
cannot be weakened to (3.13). The reason is that att domf’(Xo; can be of smaller
dimension than aft domf, as in the example given there. If f is convex and proper,
however, aft domf(xo; ait domf, and assumption (6.17) is sufficient to give (6.18).

It is possible by the techniques of 3 to prove analogues of (3.2) and (3.26)
involving contingent and Ursescu directional derivatives. To do so, we need counter-
parts of Theorem 2.4 and Propositions 2.5 and 2.6.

THEOREM 6.10. Let G’Rp-Rq be strictly differentiabie at Xo G-I(0), and let
D c Rp be closed near Xo. Assume (2.2) holds. Then

(6.19) Ko(xo)f)VG(xo)-l(O) C Koc-’(o)(Xo)

and

(6.20) ko(xo) C V G(xo)-(0) c kon-’o)(Xo).

Proof. The inclusion (6.19) is a special case of [4, Thm. 4.1(a)]. T proof of
(6.20) is entirely analogous to that of [4, Thm. 4.1].

PROPOSITION 6.11. Let E, El be l.c.t.v.s, and let Xo C E and yo D Lt. "Fhen

(6.21) kco(Xo, yo)= kc(xo) x ko(yo),

(6.22) Kco(Xo, Yo)c Kc(xo) x Ko(yo),

(6.23) Kco(Xo, Yo) Kc(xo) x ko(yo).

The proof of Proposition 6.11 is a striaghtforward consequence of (6.1) and (6.2).
That equality does not in general hold in (6.22) is demonstrated by an example in 2
of [4].

PROPOSITION 6.12. Let E, El be l.c.t.v.s, and A" E El be linear and continuous.
Let Zo C E. Then

(6.24) A(Kc(zo)) Kc(Azo)
and

(6.25) A(kc(zo)) kA(c)(Azo).

Inclusion (6.24) is well known (see, for example, [1], [3]). The proof of (6.25)
parallels that of (6.24).

THEOREM 6.13. Let f" R" R, 1, ’, be finite and strictly l.s.c, at Xo, and call
f:= (fl,""" ,f,). Let F" R" R be finite and strictly l.s.c, at f(xo) and isotone on the
union of Rangef+ R_ and B(f(xo)) for some e >0. Suppose (3.25) holds. Then for all
yR",

(6.26) (r f)r(Xo; y)<--Fr(f(xo); (f)r(Xo; y),’"", (f,)r(Xo; y))
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and

(6.27) (F of)/(Xo; y) <= F=(f(xo); (f)/(Xo; y), (f2)[](Xo; y)," , (f,)r(Xo; y)).

Equality holds in (6.26) if (f)[](Xo; y) (f)/(Xo; y), i= 2,. ., n for all y
F(f(xo); z)= F+(f(xo); z) for all z R", and (f)+(Xo; y), i= 1,..., n are never -c.

Proofof (6.26). Let h := F of and define A and G as in Lemma 3.15 and Theorem
3.17. Define

D := epif x. x epi f, x epi F and C := D fl G-(0).

As in Theorem 3.17, epi h = A(C). Then

epi hd(xo;" )= kA(c)(Xo, h(xo))

A(kc(zo))

where Zo:=(xo,f(xo),’",xo,f.(xo),f(xo),’’",L(Xo),h(xo)), by (6.25). Now
assumption (3.25) guarantees that V G(xo) To(To) R("-)"+", so we may apply Theorem
6.10. By (6.20) and (6.21),

A(kc(zo)) = A(kD(Zo) f’l V G(Zo)-I (0))

{(x, r) e R" x Rliy R" with

(f)(Xo; x) <-_ y,, F(f(xo); y) <-- r}

epi F(f(xo); (f)(Xo;’), , (f,)(Xo;’))

since F(f(xo);.) is itself isotone (as in Lemma 2.8). Hence epih(Xo;.)
epi E(f(xo); (f)r(Xo;’),’’ ", (f,)r(Xo;’)), and (6.26) holds. The proof of (6.27) is
similar and uses (6.24), (6.19), and (6.23). That equality holds in (6.26) and (6.27)
under the given assumptions is a consequence of Proposition 6.1. 13

THEOREM 6.14. Let F" R" R" be strictly differentiable at Xo, letf ;R" R befinite
and strictly l.s.c, at Xo, and let f2" R"o be finite and strictly l.s.c, at F(xo). Assume
(3.1) holds. Then for all y R",

(f +f:o F)(Xo; y) _<-(f)(Xo; y)+(f)(F(xo); VF(xo)y)(6.28)

and

(6.29)

(6.30)

(f +fz F)+(Xo; y) <- (f)(Xo y) + (f2)+( F(xo); VF(xo)y),

(f +f2 F)+(Xo; y) <-- (f)+(Xo; y)+(fE)(F(xo); VF(xo)y).

If (f)+(Xo;") and (f2)+(F(xo); VF(xo)(" )) are never -o, equality holds in (6.28) and
(6.29) if (f)r(Xo; ")= (f)/(Xo(Xo; and in (6.30) if (f2)(F(xo); VF(xo)(’))=
(f2)+(V(xo); VF(xo)(" )).

Proof The proofs of (6.28), (6.29) and (6.30) are analogous to that of Theorem
3.2, using Theorem 6.10 and Propositions 6.11 and 6.12. That equality holds under the
given assumptions is a consequence of Propositions 6.1 and 6.2.

We give here two consequences of Theorem 6.14.
COROLLARY 6.15. Let C c R" be closed near Xo, let F:R" R" be strictly differenti.

able at Xo, and let C2 R" be closed near F(xo). Assume that (3.4) holds. Then

(6.31)

(6.32)

kc,cv-’c)(Xo) kc,(Xo) VF(xo)-lkc(F(xo)),
Kc,(Xo) VF(xo)-’Kc2(F(xo)) Kc,-’(c2)(Xo)

kc,(Xo) f3 VF(xo)-’Kc:(F(xo)),
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and

(6.33) Kc, nF-,(c2(Xo) D Kc,(Xo)(q VF(xo)-lkc2(F(xo)).

Proof. In (6.31), kCInF-’(C2(X0) C kcl(XO) VF(xo)-lkc(F(xo)) always holds. The
opposite inclusion follows from (6.28) with fl := ic, and f2 := ic. The first inclusion in
(6.32) always holds, while the second is (6.29) with fl := ic, and f2: ic2. Similarly,
(6.33) follows from (6.30). [q

COROLLARY 6.16. Let f’R" R, f2"R" R be finite and strictly l.s.c, at xoR.
Assume (3.8) holds. Then for all y R,
(6.34) (fl +f2)[](Xo; y) <= (f)(Xo; y) + (f2)(Xo; y)

and

(6.35) (f +f2)/(Xo; y) =< (fl)/(Xo; y) + (f2)[](Xo; y).

Equality holds in (6.34) and (6.35) if (f2)(Xo;")= (f2)+(Xo; y) and if (fl)/(Xo;") and
(f2)/(Xo ;" are never equal to -.

Proof Take rn n and F := I in Theorem 6.14.
In the special case in which f=(xo; ") is convex, we can define okf(xo):

o(f(Xo;" )(0) and can obtain results like the following:
PROPOSITION 6.17. Let fl" Rn - R and f2" R" - R be finite and strictly l.s.c, at Xo.

Assume that (fl)(Xo; ") and (fE)(Xo; ") are convex, and that (3.8) holds. Then

(6.36) ok(f +f)(Xo) okf(Xo) + okf2(Xo).

Equality holds in (6.36) if (fl)[](Xo;") (f)+(Xo;") or (f)(Xo;") (f)+(Xo;")--in
particular, iff or f2 is convex.

Proof. Since (3.8) holds, so does (6.34), and (6.36) follows from (6.34). Equality
under the given assumptions follows from Corollary 6.16 and the fact that if either
(fl)(Xo;’) or (f2)(Xo;") is not proper, both sides of (6.36) are empty.

It is interesting to note that assumptions involving f(xo; are required in these
results on f/(xo;" and f(xo;" ). The same is true of Ioile’s results on approximate
subdifferentials 13 ].

We now present an example which satisfies the hypothesis of Proposition 6.17
even though f and f2 are not convex.

Example 6.18. Define f’R- R by

f_i0 if x-<0,
f(x) := 1 1 1

if--<x-<-g, n=0,+l,+2,...,

and define f2"R R by

0

1

if x--< 0’
fE(x) := 1 1

4(.+ if-gZT<x-<--,

It is not hard to see that

fI(o; y)=f(O; y)= {0+

n=0, +1, +2,.

if y=<0,
if y>0,
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(fl)[](0; y) (f2)[](0; y) { 0 if Y O,
y ify > O,

(fl +f2) (0; y)={0 ify--<_ 0,
2y ify>0,

0 ify-<O,
(fl)+(O; y)

y/2 ify > O,

0 ify_<-O,
(f)+(O; y)

y/4 ify > O,

(f, +f2)+(O" y) 0 if Y O,
3y/4 ify>0.

1339

Then domf(0; domfT(0; (y lY -< 0}, so (3.8) is satisfied and (6.36) holds. In
fact O(f+f2)(O)=[0,2] while O[]fi(O)=O[]f2(O)=[O, 1], so equality holds in (6.36)
even though (f)+(Xo;’) (f)[](Xo;’), i= 1, 2.

Iff[](Xo;" is not convex, it is still possible to define a notion of subgradient for

f by means of upper convex approximates.
DEFINITION 6.19 (cf. 15]). The function h" E --> R is an upper convex approximate

for f" E R at Xo domf if
(a) h(y)=>f(xo; y) for all y E, and
(b) h(.) is convex and positively homogeneous. The set O(Xo):=

{x’ E*lh(y)>-(y, x’)ly E} is called an h-subgradient off at Xo.
Specific examples of upper convex approximates include f(xo; ), f(xo; ), the

asymptotic epiderivatives of [9], [10], and the upper convex approximations of [15].
As one might expect, not as much can be said about general upper convex approximates
as can be determined about specific ones like f(xo; orf(xo; ); however, necessary
conditions for minimality can be expressed in terms of upper convex approximates
[24], [25]. We will not develop this concept in detail here, except to mention the
following generalizations of Propositions 4.1 and 4.2:

PROPOSITION 6.20. Suppose f’ER has a local minimum at xoE and
h (Xo; )" E R is an upper convex approximate for f at Xo. Then

O<-f(xo; y)<-h(xo; y) forallyE

and

OeOf(xo).
PROPOSITION 6.21. Let f’R" be strictly l.s.c, at Xo, and let C " be closed

near Xo. Suppose Xo X is a local minimizer of the problem min {f(x) Ix C}. Assume
(4.1) holds. Let h(xo;" )’R"--> R be an upper convex approximate for f at Xo such that
h (Xo; y) <=fT(Xo; y) for all y R’, and let D be a convex subcone of kc (Xo) satisfying
Tc(xo)= D= kc(xo). Then

(6.37) 0 Of(xo) + D.
Proof f+ ic is locally minimized at Xo, so for all y

0 <- (f+ ic)(Xo; y)

----<f[](Xo; y)+(ic)(Xo; y)

(by Corollary 6.16, since (4.1) holds)

--fua(X0 y)+ ikc(Xo) (y)

=< h(xo; y)+ iD(y).



1340 D.E. WARD AND J. M. BORWEIN

Now dom h(xo;" domft(xo; and Dc Tc(xo) by hypothesis, so (4.1) implies that
dom h(xo; D Rn. Hence

0 0(h(xo;" )+ iv(" ))(0) ohf(Xo) + DO

by Theorem 23.8 of [16] and so (6.37) holds. I-!
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FEEDBACK CONTROL OF ANALYTIC NONLINEAR SYSTEMS
BY EXTENDED LINEARIZATION*

WILLIAM T. BAUMANN’ AND WILSON J. RUGH

Abstract. For multi-input, multi-output, analytic, nonlinear systems, a design method based on the
family of linearizations of the system, parameterized by the family of constant operating points, is considered.
Using the Cauchy-Kowalewski Theorem it is shown that nonlinear state feedback control laws and output/ob-
server feedback control laws exist such that the eigenvalues of the family of closed-loop linearizations have
specified, analytically-scheduled values with respect to the family of closed-loop operating points.

Key words, nonlinear control, feedback control, eigenvalue placement, nonlinear observers

AMS(MOS) subject classification. 93C10

I. Introduction. In many practical situations, control of a nonlinear system is
approached by linearizing the system about a nominal constant operating point, and
then applying linear feedback control methods. When control over a wider range of
operation is required, the process is repeated at distinct constant operating points, and
an overall controller is pieced together from the resulting linear control designs. This
approach is often referred to as gain scheduling. Recently the authors have been
working on a systematic reformulation and extension of this practical approach, called
design by extended linearization.

The goal of the extended-linearization method is to design a nonlinear feedback
controller for the nonlinear system such that each member ofthe family of linearizations
of the closed-loop system achieves some specified (linear) control objective. In this
paper, which is an extension of [1] to the multi-input case, we show that a nonlinear
state feedback control law can be constructed so as to place the eigenvalues of the
family of closed-loop linearizations at specified locations, which may be a function of
the closed-loop operating point. A similar approach is used to design a nonlinear
observer such that the eigenvalues of the family of linearized error equations have
specified locations. Feedback of the observed state yields a closed-loop system whose
family of linearizations exhibits the eigenvalue separation property, and has the
specified eigenvalue locations. Although this approach typically is local in nature, it
applies to a broad class of systems, and yields output feedback control laws.

The initial step in the design approach involves determining parameterized families
of linearized feedback gains for the family of system linearizations. Although this is
related to work on parameterized linear systems, the local nature of our problem makes
this first step essentially trivial. The second, and major, step is to synthesize a nonlinear
feedback gain that does not explicitly depend on the parameters in the linearized
feedback gains. In the multi-input case, this requires the solution of total differential
equations that involve nontrivial integrability conditions (the classical Frobenius
theorem).
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This research was sponsored by the Air Force Office of Scientific Research, Air Force Systems Command,
United States Air Force, under grant AFOSR-83-0079.
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Virginia 24061.
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Recent work on so-called pseudo-linearization, by variable change and state
feedback, is related to our approach in that the closed-loop linearization family is
required to be constant with respect to the closed-loop family of operating points,
though the issues of state observation and output feedback were not addressed [3],
[4]. For single-input systems with state feedback, comparison of [1] and [3] shows
that similar hypotheses are required for the somewhat different objectives. However,
for multi-input systems with state feedback, comparison of the results here with those
in [4] shows that the objective of eigenvalue placement requires weaker hypotheses.

The mathematical developments in the sequel involve real-analytic functions.
Results typically apply in a sufficiently small neighborhood of an appropriate point,
although this local restriction often will be left understood. The following notation for
differentiation will be used. If f(x):RRp, then Df is a column vector
[df/dx... dfp/dx] T, and iff(x)" Rn- Rp, then Df denotes the p x n Jacobian matrix
of partial derivatives. Iff(x, y) :R" x R Rp, then Dfrepresents the partial derivative
with respect to x, and DEf the partial derivative with respect to y. Evaluation of a
derivative is indicated in the customary fashion, e.g., Df(xo, Yo).

2. State feetllack coatrol. We assume that the nonlinear system to be controlled
can be described by a constant-parameter, analytic differential equation, and that the
nominal constant operating (equilibrium) point corresponds to zero input and zero
state. That is, the system can be described by (suppressing t-arguments)

(2.1) Y f(x, w)

where f(., :R" x R R" is analytic in a neighborhood of the origin, with f(0, 0) 0.
The family of constant operating points corresponding to nonzero constant inputs,
w(t) e, also will be of interest. We will assume throughout that the linearization of
(2.1) about zero satisfies the following hypotheses:

(1) [Df(0, 0), Dzf(O, 0)] is a controllable pair,
(H1) (2) Df(O, 0) is invertible,

(3) Dzf(0, 0) is full rank.

Then, by the implicit function theorem,

(2.2) f(x, e) =0

has a unique analytic solution x(e) in an open neighborhood of e 0. Typically the
argument of x will be suppressed.

The state feedback control laws to be considered have the form

(2.3) w=u-k(x)

where k(. :R" - R" is analytic, k(O) O, and u R" is an external input. This control
law yields a closed-loop system described by the analytic state equation

(2.4) =f(x, u k(x))

that retains a constant operating point at u 0, x 0. Again, the family of constant
operating points corresponding to nonzero constant inputs, u (t) =/3, will be of interest,
so it will be assumed that the specified eigenvalues of the linearized closed-loop system
are nonzero (in addition to self-conjugate). Then Df(O, 0)- D2f(0, O)Dk(O) is invert-
ible, and, as a consequence,

(2.5) f(x, fl k(x)) 0
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has a unique analytic solution xc(fl) in an open neighborhood of fl 0. Let

(2.6) e(/3) =/3 k(xc(fl));

then e(fl) is analytic, with e(0)=0, and from (2.2),

(2.7) x(e(fl)) x(fl).

In the remainder of the paper, the families of constant operating points for both the
open- and closed-loop systems will be parameterized by e, and x(e) (or simply x) will
represent the equilibrium state. For the closed-loop system, the parameter e is related
to the constant input u(t)=/3 via (2.6), and it is easy to show that this relation is
invertible.

Linearization of the closed-loop system about a closed-loop operating point yields
the linear state equation

(2.8) lOaf(x, e)- D2f(x, e)Dk(x)]x + D2f(x, e)u

where x and u now indicate deviations from x and fl, respectively. The goal of this
section is to prove the following theorem:

THEOREM 2.1. Suppose the analytic system (2.1) satisfies (H1). Then there exists
an analytic feedback gain k(. ):R"--> R with k(O)=0 such that the eigenvalues of the
closed-loop linearization (2.8) are specified, analyticfunctions ofe in an open neighborhood
of e =0.

Since the linearization of (2.1) about the nominal operating point at zero is assumed
to be controllable, it is not difficult to find an analytic Q(. ):R o R such that the
matrix Df(x, e)-D2f(x, e)O(e) has the specified eigenvalues. The problem lies in
synthesizing a state feedback gain k(. that does not depend explicitly on e, and that
satisfies

(2.9) Dk(x(e)) Q(e).

However, unless Q(e) satisfies certain integrability conditions there can be-no solution
to (2.9). Thus our approach to the problem consists of several steps. After determining
the integrability conditions, a general form for Q(. that gives the specified eigenvalue
locations and contains (n- 1)m undetermined functions is given in Lemma 2.2. It is
then shown in Lemma 2.4 that these undetermined functions can be chosen so that
Q(. satisfies the integrability conditions. Finally, the proofofTheorem 2.1 is completed
by showing how to construct a function k(.) satisfying (2.9).

To address the integrability conditions, consider the function /(e) k(x(e)). If
k(. )" R o R is an analytic solution of (2.9) then k(. )" R" - R" is an analytic solution
of

(2.10) Dk(e) Q(e)Dx(e).

Thus existence of a solution to (2.}0) is necessary for existence of a solution to (2.9).
Let/i(e) denote the ith entry of k(e) and qi(e) the ith row of Q(e), then (2.10) can
be written row-wise as

(2.11 Dki qiDx.

By the Frobenius theorem, a necessary and sufficient condition that (2.11) have a
solution is that mixed second partial derivatives on the right side commute [6]. That is,

a---[q,DkX]= a--[q,Dx], j, k= 1,..., m, k>j.
Oe ae
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Expanding this, and using the fact that mixed second partial derivatives of x commute,
we get

DjqiDkX DkqiDjx, j, k 1,..., m, k > j.

Therefore, transposing the left side of this expression and considering each value of
j separately, the integrability conditions for (2.11) can be written in matrix form as
the set of conditions

(2.12) I-IDjq Dx, l m, j l m -1
D"mqi

where

(2.13) [D/xl... IDx].
To show that an appropriate Q(e) exists, two technical lemmas will be given, the

proofs of which are simplified if a convenient transformation is made at the outset.
From the hypotheses on (2.1), it can be assumed without loss of generality that a linear
coordinate change has been applied to (2.1) so that the pair [Df(0, 0), DEf(0, 0)] is
in Brunovsky canonical form (without feedback) [5, p. 501]. It is also assumed that
an input transformation has been performed so that DEf(0, 0) has zero entries, except
for ones in positions (1,1), (k+l,2),...,(k+...+k,,_+l,m), where the
Kronecker indices ki are ordered as k_-< k2--<’" -< kin. Once the closed-loop eigen-
values are specified, this form allows the straightforward choice of a matrix QO
such that Df(O, 0)-DEf(0, 0)Q is in top companion form, has the eigenvalues
specified at fl 0, and is controllable from the first component of the input. We let
q+ [q,’’ ", qi.n_ki] T and q_ [q.-ki+l ,’" ., qn]r and define q+O and q,O._ in the
obvious, consistent manner.

LEMMA 2.2. Suppose the analytic system (2.1) satisfies H 1). Then given rn analytic
functions qi+(e)" R -> R"-k’ with qi+(0) oq+, there exist analytic functions
qi-(e, q+, ., q,+) with q_(O, q+, ., qO,,,+) q_ such that the linearized closed-loop
system (2.8), (2.9) has the specified eigenvalues that are analytic functions of e in an
open neighborhood of e O.

Proof For convenience, let

P sI Df(x, e) + D2f(x, e Q,

det P s +p(e, Q)s- +. .+p,(e, Q),

p(e, Q)=[p(e, Q). pn(e, Q)],
d =[qT,,,_]... ]qT_].

Then, for the given analytic q+(e), we want to choose analytic qi_(e, q+," ", q+)
such that for all e in an open neighborhood of e =0, p(e, Q) equals the specified
vector of characteristic polynomial coefficients (which are functions of e). This will
be accomplished by showing that 0p(e, Q)/od]__o,o__oo is invertible, so that the implicit
function theorem can be applied to complete the proof. The analyticity of the qi_

follows from the fact that p is analytic [6, p. 272].
We first find an expression for ap(e, Q)/q]=o,o:oo. Using Laplace’s expansion

about the jth column of P gives

det P [P][P]
k=l
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where [M]ij is the (i,j) element of M and [M] ij is the cofactor of [M]ij. Since qj,
the jth entry of q, appears only in the jth column of P,

a
oqo det Pl=o,o=oo= [P]l=o,o=oo 0___[p]l=o,o=o

k=l Oqij

[Adj (sI- D,f(O, 0)+ D2f(0, O)Q).]jk[D2f(O, 0)]k,
k=l

where Adj (M) is the adjugate matrix of M. Letting A Dlf(0, 0), B D2f(0, 0), and
bi be the ith column of B, we can write

det Pl=o.o=oo bf Adj (sI A + BQ).oq
Using a standard resolvent identity we obtain

0
det Pl__o,o=oo {b,s- +[(A- BQ)b +p(O, Q)b]s"- +.

oqi

+[(A- BQ)"-’b, +" .+p._,(O, Q)b,]}.
Finally,

(2.14)
0

aq, p(e, Q)[ =o.o=oo= R[b,I(A BQ)b,I [(A- BQ) b,] r

where R is an upper triangular Toeplitz
[1 pl(0, Qo)... p,_l(0, QO)]. Nowwe can write

matrix with first row

a
(2.15) --p(e, Q)l=o.o=oo RrC r

where C consists of particular rows chosen from bil(A-BQ)b,[ I(A- BQ)"- bi].
Because of the special forms chosen for A, B and QO, it is not hard to verify
that C is an upper triangular matrix with ones on the main diagonal. Thus, (2.15) is
invertible. D

The following corollary, obtained by considering (2.14) for i= 1, will be needed
in 3.

COROLLARY 2.3. Suppose the analytic system (2.1) satisfies (HI). Then given rn- 1
analytic functions q2(e),’’’, q,,(e)’R"-->R", with q2(0)=q,.. ", q,,(0) qO,,, there
exists an analytic function q(e, q2,’", q,,,) with q(.O, q,..., qO,,)= qO such that the
linearized closed-loop system (2.8), (2.9) has the specified eigenvaluesfor all e in an open
neighborhood of e O.

Now it must be shown that a matrix Q(e) of the form in Lemma 2.2 can be chosen
to satisfythe integrability conditions (2.12), in order to establish the existence of a
solution k(e) to (2..10).

LEMMA 2.4. Suppose the analytic system (2.1) satisfies (HI). Then there exists an
analytic Q(e) such that, in an open neighborhood of e 0, (2.8), (2.9) has eigenvalues
that are specified, analytic functions of e, and (2.12) is satisfied.

Proof The notation

(2.16) q,_ q_.(e,..., e,, q+,..., q,,,+), qi+ q,+(e,...,

1,. , m, will be used, where the qi/ are as yet unspecified, and the q_ are as in
Lemma 2.2 for the specified eigenvalues. Using the chain rule, with careful attention
to the differentiation notation, the derivative of q_ with respect to e2 can be written as

(2.17) Drn+q,-Djq+ +’’’ + D2,nq,_Djqm+ + Dq,_.
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Then the set of conditions (2.12) can be expressed solely in terms of the qi+ as

(2.18) G F(e, q,+, q,,+, D+,q,+, D,,q,,+), j= l, m-1

where each F is a known, analytic function,

Hj 0 Hj Dm+ql- Hj-D2mq-
(2.19) Gj ".. +

m+0 Hj Hj -D,,+lq,,- Hj -D2,,q,,-

j= 1," ", m-1

is an m(m-j)xn(m-1) matrix partitioned so that the diagonal blocks are of
dimension (m -j) x (n ki), 1,. , m, and where

[Hi+ i-lls -/-/s
is a partitioning of into (m-j)x (n-ki) and (m-j)x k blocks

Using the fact that Dx(O)=-[Dlf(O, 0)]-lD2f(0, 0), and the special forms of
Df(O, 0) and D2f(O, 0), we can see that Hl=o has zero entries, except in columns
k, k + k2, , n. By using a preliminary constant state feedback the elements in these
columns can be specified arbitrarily within the constraint that Hll--o be full rank.
Thus, we will assume that a preliminary state feedback has been performed (prior to
choosing QO), such that Hl=o is full rank and its nth column is zero. Keeping in
mind the ordering of the Kronecker indices, this implies that Hi-]=o 0 and H+]=o
is full rank for i=l,...,m; j=l,...,m-1. Hence Gj[=o is full rank for
j=l,...,m-1.

Now, independent equations .can be appended to each equation in (2.18) in such
a way that each augmented Gj, Gj, is invertible in an open neighborhood of e =0.
Multiplying the augmented equations by tf yields the set of equations

IDjql+l(2.20) Fj(e, ql+, ", q,,+, Dj+lq,+, D,,q,,+), j 1,..’, m- 1.

For a given j and appropriate initial conditions, there exists a solution to (2.20), and
hence a solution to (2.12) for that value of j, by the Cauchy-Kowalewski Theorem.
What must be shown, however, is that there is a solution satisfying (2.12) for
j 1,..., m-1 simultaneously. To this end, we will use (2.20) to construct a trial
solution, i, to (2.12), and then verify that this is indeed a solution to (2.12). For
j m- 1, set el era-2 =0 in (2.20) and consider the resulting equation in the
independent variables e,_l, era. Using the initial conditions q+(0, , 0, e,,) qO+,
i- 1,..., m, an analytic solution exists in an open neighborhood of e,,_- e,,- 0 by
the Cauchy-Kowaleski Theorem. Addressing (2.20) for j m- 2 in the same fashion,
with e em_ 0, there exists an analytic solution using as the initial condition
the previously determined solution of the j- m- 1 case. Continuing in this manner,
there exist analytic solutions q+(e, ., e,), 1,. ., m, for (2.20) with j- in an
open neighborhood of e- 0.

Finally, it will be shown that

qi(el, e,,)= q e,, era, ql+,""", q,,+)],
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satisfy the conditions (2.12). Since the following argument is independent of i, the
index will be dropped and tk will be written for tik. Assuming that (2.12) is satisfied
for j 1,. , J- 1, it will be shown that t satisfies (2.12) for j J. In scalar terms,
(2.12) with j J is

(2.21) DjqkD,Xk D,qkDjXk, l=J+ l, m.
k=l k=l

Now, satisfies (2.21) if and only if

(2.22)

for J + 1, , rn and dl, , d, 0, 1, . By the inductive hypothesis

(2.23) DjkDIXk= DlkDjXk, j= l, ,J-1, l=j+ l, m.
k=l k=l

Applying Dj to (2.23) we get

(2.24) D.DjqkDtXk+ DjqkD.DtXk= D.D,kDjXk+ D,kD.DjXk,
k=l k=l k=l k=l

j=l,...,J-1, l=j+l,. .,m.

Specializing (2.23) to J and then applying D we obtain

(2.25) DtDjq"kD.Xk + DjkDiD.Xk DiD.kDXk. + D.kDtDjxk
k=l k=l k=l k=l

j=l,...,J-1, /=1,...

Subtraction of (2.25) from (2.24) results in

DDjkD,x+ DOD,D)x= D,D)tDxk+ D,?tD.D)x.
k=l k=l k=l k=l

That is,

j 1, , J- 1, l=j+l,...,m,

is satisfied in an open neighborhood of e =0, since (2.23) is satisfied in an open
neighborhood of e 0. Therefore, (2.22) is satisfied for all values of dl,’"’, d,, with
the possible exception of dl dj-1- 0. But this case follows from the fact that
.t(0,..., 0, e,..., era) satisfies (2.21) with el ej-1--0 due to the iterative
construction.

Since Q(e) can be chosen to satisfy the integrability conditions (2.12), there
exists a solution /(e) to (2.10). To complete the proof of Theorem 2.1, we need
only show that existence of/(e) implies existence of a solution k(. to (2.9).

Proof of Theorem 2.1. Since (H1) is satisfied, Dx(0)=-[Dlf(0, 0)]-DEf(0, 0) is
full rank and there are m components, say x,. ., x, for convenience, such that the
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function g(e)=[x,... ,x,,] 7 has a local inverse by the inverse function theorem.
Using ki(e) and Q(e) from Lemma 2.4, we complete the proof by verifying that

(2.27) ki(x) =/(g-(xl,..-, x,,))+ qj(g-l(x,..., x,,))
j=m+l

x [x-x(g-(x,, x))]

satisfies (2.9). Differentiating (2.27) with respect to xj, j m + 1, , n, and evaluating
at x we obtain

Ok
Oxj

(X) qij(g-(Xl,""" ,.x,))= qj( e ), i=l,...,n, j=m+l,...,n.

Proceeding similarly for x,j 1,. ., m we get

--(x) E qik(e)DlXkDg-f(X, Xm)
k=l /=1

L qik(e)DtXkDg-fl(x, X,,)
k=m+l /=1

E ., qik(e)DlXkDjg-’(X,,’’" ,X,,)
k=l !=1

qi(e), i=l,...,n, j=l,...,m.

Remark 2.5. It is tempting to attack the proof of Theorem 2.1 by first reducing
the controllable multi-input nonlinear system to a controllable single-input nonlinear
system, and then applying the single-input results. However, the single-input system
has a one-dimensional operating point manifold, and hence the result would hold only
on a one-dimensional subset of the m-dimensional operating point manifold.

3. State observation. The approach in 2 also can be used to address the problem
of observing the state of (2.1) given an output signal

(3.1) y=h(x)

where h(. )" R" --> Rp, m <= p < n, is analytic with h(0) 0. Corresponding to the constant
operating points for (2.1), the constant-operating-point output is defined by

(3.2) y(e)=h(x(e)).

Also, it will be assumed that (2.1), (3.1) satisfy the following hypotheses:

(1) [Dlf(0, 0), Dh(0)] is an observable pair,
(H2) (2) Df(O, 0) is invertible,

(3) Dy(0), Dh(O) are full rank.

The proposed observer for (2.1), (3.1) is described by

(3.3) : =f(, w) + g(y) g(fi), .P h(;)

where g(. )" Rp --> R" is analytic with g(0) 0. Denoting the difference (error) between
the actual and observed state by x- , satisfies

(3.4) : f(x, w) f(;, w) g(y) + g(fi).
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This error equation has constant operating points for w e, x --x, and y fi y.
Linearizing (3.4) about such an operating point yields the linearized error equation,

(3.5) = [Dlf(x, e)- Dg(y)Dh(x)].

The main result is as follows.
THEOREM 3.1. Suppose the analytic system (2.1), (3.1) satisfies (H2). Then there

exists an analytic observer gain g(. ): Rp R with g(O)= 0 such that the eigenvalues of
the linearized error equation (3.5) are specified, analytic functions of e in an open
neighborhood of e O.

Remark 3.2. With the choice of g(. described above, (3.3) is an observer for the
original system in the following sense. When the system state, x, is close to the constant
operating point x, and the estimate of x, ., is close to x, then will approach x and
the error will be described approximately by (3.5).

Proof. It will be convenient to perform a linear change of output coordinates, and
write (3.1), (3.2) as

(3.6) y Gh(x), y(e) Gh(x(e))

where G is a real, invertible, p x p matrix that is chosen as follows. Differentiating
(3.6), we obtain

Dy(0) -G Dh(O)[Dlf(O, 0)]-lD2f(0, 0).

Deletion of the first column from both sides yields a p x (m 1) matrix equation, and
since rank Dy(0)= m, with m _<-p, it follows that an invertible G can be chosen such
that the first row is [DEy(0).’. D,,yl(0)]=0, and the m-1 columns are linearly
independent.

From (H2) it follows that [Df(0, 0), GDh(O)] is an observable pair, and it can
be assumed, as in the proof of Theorem 2.1, that the pair [Df(0, 0) r, Dh(O)rGr] is
in Brunovsky canonical form (without feedback) [5, p. 501]. Then by Corollary 2.3
there exists an n x p matrix Q(e) such that the eigenvalues of

(3.7) Df(x, e)-Dhr(x)GrQr(e)

have specified values with respect to e. Furthermore, all columns of Q except the first
can be left unspecified. The proof will be completed by showing that these unspecified
columns can be chosen so that there exists an analytic g(. with g(0)=0 and

(3.8) Dg(y(e))=Q(e).

When (e g(y(e )), (3.8) implies

(3.9) D,(e) Q(e)Dy(e)

and existence of an analytic solution to (3.9) is necessary for existence of an analytic
solution to (3.8). Following the development leading to (2.12), the integrability condi-
tions for (3.9) can be written in the form

(3.10) t-lDqf Diy, i= l, n, j= l, m-1

Dmqi J
where

(3.11)
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The ith entry of the first column of Q will be written as qi=

qi(e,..., e,, q.,..., q,.), where qk.=[qk:’’’qkp], and then the derivative of q
with respect to ej is given by

Djql.Dm+,q +’’" + Djqn.Dm+,,q + Djqil

Using this expression we can write the set of conditions in (3.10) in the form

(3.12) W =F(e,q,.,...,q,,.,Dj+,q,.,...,D,,q,,.), j=l,...,m-1

where W is the n(m-j) x n(p- 1) matrix partitioned into (m-j) x (p- 1) blocks
given by

(3.13)

Vj 0 I I zjDm+lqll0 gj zjDm+lqn

D,.y2 Dmyp

zJD"+"q 12jD,n+nqnl

z

Now, by virtue of the choice of G, z(0), ., z,_(0) are zero and V(0), ., Vm_l(0
have full rank. Thus the coefficient matrices W1," ", W,,_l have full rank in an open
neighborhood of e 0. The remainder of the proof follows from the proofs of Lemma
2.4 and Theorem 2.1, with g(. replacing k(. ), and y replacing x.

Remark 3.3. An observer of dimension n-p can be constructed as shown in [1]
and a result similar to Theorem 3.1 can be proved. Also it should be noted that the
observer and state feedback results can be combined to give an output feedback control
law in the usual way 1].

4. Example. In the preceding sections, special forms for linear systems and par-
ticular matrix partitionings were used to prove the invertibility of certain matrices.
However, for specific examples, there are easier ways to proceed. The following simple
example is meant to clarify the basic steps of the design methodology. Only the state
feedback computations will be illustrated. Less simple examples probably would not
yield closed-form solutions and would have to be approached via (truncated) series
expansion methods.

Consider the bilinear system

2=
0

x+ xu + u +

An easy calculation gives

Dlf(x,e)=[l+e, O]E1 2

1

Dx
(1 + e)’ 0

1

2(1 + el)2 2

1 [-1 0
D:f(x, e

el+l k-1 --1--el
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From (2.10), dropping the arguments of each qij(e,
2q+q2

Dfc e
2-+--e--
2q2 + qi22(l+e

and the integrability conditions in (2.12) are

2D2q + D2ql2 2D2q2 + D2q22
(4.1) Dql2

(1 + el)2
Dq22

(1 + e)2

If the closed-loop poles are to be placed at -2, independent of the operating point,
Q(e) must satisfy

det sI Df(x, e) + DEf(x, e) Q(e) s2 + 4s + 4.

Ignoring the qi+, qi- partitioning as unnecessary in this case, and solving this equation
for ql and q12 in terms of q2 and q22 yields

qE2(qE(el + 1)+ e + el)+ q2(7 + 8e -I- e2) 9- 8e + e
qll

q+ q21-1- 1

(e + 1)q2+ (8el + 8)q22+ 16e + 16
q12

q22 + qE1 + 1

Substituting q(el, e2, q:, q22) and qE(e, e2, q2,, q22) for ql(e, ca) and qE(e, e2),
respectively, in (4.1), we obtain (2.18) for this case as

(4.2, [D3q,20 Dq221

Note that since e does not appear explicitly, the solution will not depend upon e2 if
the initial condition does not, and therefore all terms involving derivatives with respect
to e have been set to zero. Choosing the initial conditions

q21(0, e2) 0, q22(0, E2) 0,

we can solve (4.2) to yield

q2,(e,,e)=e,, q22(e,, G2) 0,

Thus (2.10) has the form

-e-8e+l

E1

which can be integrated to yield

8
-el 6 In l1 + e[- 8ez + 8

/(e) l+el
1

l+e
Since =x/(1-x) and =2x2-x, (2.27) gives

-xL +6 In I1 -xl+ 16x- 16x
k(x) 1- x

-x-ln II-xl
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NECESSARY OPTIMALITY CONDITIONS FOR THE CONTROL OF
SEMILINEAR HYPERBOLIC BOUNDARY VALUE PROBLEMS*

MARTIN BROKATEf

Abstract. This paper develops the ditterential version of Pontryagin’s principle for optimal (interior
and boundary) control of a first-order semilinear hyperbolic system in one space dimension with nonlinear
boundary conditions. The proof uses first order necessary conditions for constrained optimization in Banach
space as well as the method of characteristics.
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1. Introduction. We consider optimal control of semilinear hyperbolic systems in
one space dimension of type

zt + A( t, x)z, =f( t, x, u, z)

in a domain fl whose boundary consists of spacelike, timelike and characteristic
portions. We prove necessary optimality conditions along the following line of reason-
ing: In one space dimension, the method of characteristics enables one to rewrite the
IBVP as a Volterra system of integral equations with regular kernel. This provides
sup-norm estimates for the state z. On the other hand, a differentiable sourcef and
differentiable (nonlinear) boundary conditions lead to substitution (Nemytskii)
operators which are differentiable in sup-norm function spaces. It is the strength of
the method of characteristics that this interplay works for quite a general form of the
domain fl, of the boundary conditions and without additional assumptions on the
source f. On the other hand, these arguments usually cannot be extendedto hyperbolic
systems in more than one space dimension, which is a severe limitation.

Anyway, if one proceeds in the manner described above, one obtains a constrained
optimization problem of differentiable type in Banach spaces. We show that the
"abstract" maximum principle from [30] can be applied and derive the first order
conditions.

In the context of optimal control, the constraint qualification (which guarantees
nondegenerate first-order necessary conditions) usually is equivalent to well-posedness
of the IVP, respectively, IBVP plus some controllability property. Since we do not
want to study the latter, we restrict ourselves to a control problem consisting of a
well-posed IBVP and pure control constraints only.

Pontryagin-type and variational maximum principles for control of hyperbolic
systems have been developed at least since the early 1960’s (see Cesari [1], Butkovsky
et al. [2], [3]). Many results for linear-quadratic problems in n space are presented in
Lions [4]. Recently, convex problems in one space dimension have been treated in
[5]-[7]. If more general nonlinearities enter the picture, the simplest situation is the
control problem consisting of the characteristic IVP with nonlinear source f,

(1.1)
zx, f(t, x, u, z, zx, z,) in (0, T) x (0, 1),

z(0, x) f0(x), z( t, 0) --fl(t),

Received by the editors February 18, 1985; accepted for publication (in revised form) May 1, 1986.
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with distributed control u u(t, x), plus some cost functional and control restriction.
Consequently, this problem (or slight generalizations) has been tackled by various
authors with various techniques (see [8]-[ 12] and 13, pp. 233 ff.]), and a Pontryagin-
type maximum principle (adjoint BVP, Hamiltonian is maximized by Optimal control)
has been established. Also, optimal singular controls have been investigated 14]-[ 16].

Nonlinear control of second-order IBVP has been treated with controls in the
coefficients 17] and with piecewise continuous interior and boundary controls 18]-
[20], even in n space [21], [22], and necessary conditions are given there.

The method adopted in this paper is a standard one for control of ODE’s [23]-[25]
and also has been applied to control of FDE’s [26], but it has not been used for
hyperbolic equations except in the linear-quadratic case [27]. Because it leads directly
only to the differential version of the maximum condition, the results presented here
are slightly weaker if applied to the problems in the paper cited above. On the other
hand, this method permits a unified treatment of various IBVP’s and is quite easily
adapted if one modifies the way the control variable enters the problem (e.g. for the
situation in [28]).

It would be interesting to know whether the techniques of [23]-[25] can be
generalized in order to yield the assertion that the Hamiltonian is maximized along
the optimal trajectory.

In this paper, we do not want to discuss the question of existence of optimal
controls seriously. Due to the general geometry and boundary conditions there is no
existence result, which could be cited, for the control problem considered here.
However, if the controls are constrained pointwise by a priori bounds, then from Lions
[4] and Ahmed and Teo [13] and the references cited there, one gets the impression
that the overall picture is similar to the situation in optimal control of ODE’s" a
bounded measurable optimal control exists, if the control problem has convex structure
with respect to the control (e.g., if the set of admissible velocities at a given point is
convex, or if some Cesari property holds). Otherwise, convexity must be obtained by
admitting generalized controls (see e.g. [37], [38]).

The paper is organized as follows: in 2, notation and formulas needed later are
developed to transform the hyperbolic control problem (consisting of (2.2)-(2.4), (2.12),
(2.13)) into the Banach space setting of 2.6. The main theorem is stated in 3 and
proved in 4. It is illustrated with a control problem for the semilinear wave equation
in5.

2. The control problem.
2.1. The domain II and its boundary. Let f be an open bounded set in 2. We

assume af to be of the form

af Fo U F U F2 U Fr,

(2.1) F,={(t,b,(t))lO<-t<-T}, i= 1,2,

ro {0} x [b(O), b2(O)], FT (T) X b1(T), b2( T)]

where bl, b2"[0, TIeR are piecewise C and bl(t)<b2(t) for t(0, T). We allow
bl(0) b2(0) and bl(T)= b2(T). (See Fig. 1.)

2.2. Cost functional and control restrictions. We consider a state z" f-->R", an
interior control u" f ->" and a boundary control u s" [0, T --> P. We want to minimize
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FT

F
II F

Fo x

FIG.

the functional

.(z, u, u)= L(t,x, u,z) dxdt+ Lr(x,z(T,x)) dx

(2.2)
+ LO(t, un(t), z(t, bl(t)), z(t, b2(t))) dt

subject to the pointwise control restrictions

(2.3) u(t, x) U, uO(t) U a.e.

where U and U are closed convex sets in R", respectively Rp.

2.3. The differential equation in II. We consider the semilinear first order system

(2.4) z, + A(t, X)Zx =f(t, x, u, z) for (t, x) 1)

where A(t, x) is a diagonal n x n-matrix. If A is not diagonal, but diagonalizable, a
transformation of z yields a system of form (2.4) with A diagonal [29, p. 44 ff.]. The
classical method of characteristics consists of that transformation and the observation
that one obtains a solution of (2.4) if one integrates f along the characteristics (t, xi(t))
given by :=ai(t, Xi). Or, equivalently, if the coordinate transformation.i=i(t, s)
satisfies Di(t, s)= (1, ai(cpi(t, $))), and if we set

then (2.4) becomes

yi(t, s)= zi(pi(t, s)),

y,(t, s)= y,(t, So)+ f(q,(t, ’), u, y) dr.

2.4. The characteristic transformation i. We need a formal description of qi

corresponding to a diagonal entry a of A. For momentary convenience, we drop
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subscripts i,j and write a(P),b’(P) instead of a,(t,b(t)),b(t), if P=(t,b(t))
r u F2. We need characteristics which reach the boundary to do so transversally.

DEFINITION 2.1. We say that a a(t, x) is a regular left characteristic for f, if
(i) a is C on an open set containing ;
(ii) There exists an e>0 such that for all PF1UF2 either a(P)=b’(P) or

a(P)-b’(P)>-e;
(iii) The initial and terminal portions Fin, Ftr of0fl are connected, where we define

Fchar: {P]P F, U F2 and a(P) b’(P)},

o
A regular right characteristic is defined by (i)-(iii) with the roles of F and r2
interchanged and the inequality sign in (ii) reversed. The matrix A is a regular
characteristic matrix for f if each entry is a regular left or right characteristic.

As an example, two standard situations for the 1D wave equation written as system
zt + Zx =fl, ZEt ZEx =f2 are depicted in Fig. 2. The second corresponds to (1.1) rotated
by 7r/4. If a(t, x) is a regular left characteristic, we define the corresponding by

q(t, s)=(t + s, x(t, s))

where x(t, s) is the solution of the parametrized IVP

--x( t, s) a( + s, x( t, s)),
Os

(2.6) x(t, -t) b(0) t, <= 0,

x(O,t)=b,(t), t>-O.

For right characteristics, take x(t, -t)= b2(0)+ t, respectively, x(t, 0)= b2(t), as initial
conditions. Standard theory of ODE’s implies that q(t, s) is well defined, continuous

r,o( ). r,o(2)

r,.(), r,o(2)

Fha)/re(

r,.(1) / Far(1)

rchar(2) Fin(2)

FIG. 2
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in t, C in s, and that the same holds for Do(t,s) t’or t<0, and t>0 ifb is C around
t. For such we have

(2.7)

and if we define

(2.8)

Dq(t,s)= 0
x(t,s) a(q(t,s))

the chain rule and (2.6) imply

W(t, s)=det Do(t, s),

(2.9)

s Oa
(t, s)=x(o(t s))" (t, s),

(t,O)=a(P)-b’(P), P o(t, 0), t>O,

(t, t) (- for right characteristic),

To define the transformed region G (= o- (fl)) we set

t<0.

yo(t) { 0, t_->0,
-t, --<__0,

y(t) sup {s o(t, s)

T- b,(0)- b2(0),

(3= {(t, s)[ T- -< < T, y(t) <= s <= y’(t)}.

(t, s) is bounded away from zero in G.

Now we have the following.
LEMMA 2.2. Let oi denote the transformation corresponding to a regular characteristic

ai ai t, x ). Then"
(i) , "G- is well defined by (2.5), (2.6), (2.0);
(ii) is continuous and bijective;
(iii) There are finitely many intervals lk covering such that oi[G f3 (Ik x) can

be extended to a C-diffeomorphism defined on an open subset of 2.
Furthermore let oo Gi--> Gj be defined by oo of oi and denote

qij( t, S)= (to(t S), Sij( t, s)).

Then
(iv) t(t, s)+ @(t, s)= + s.

Proof Equation (2.11) and the inverse function theorem yield (i)-(iii). Equation
(2.5) implies (iv).

2.5. The boundary conditions on 0[1. According to standard theory, we expect the
IBVP for (2.4) with fixed control u to be well posed if, along each portion of Oil, we
prescribe the values of the z’s whose characteristics originate at that portion as a
function of the zj’s whose characteristics end there. Thus, if Fo does not degenerate to
a point, we have the initial conditions for P (0, x) Fo:
(2.12) z,(P) Zo(X), 1 <- <= n.

(2.11)

Hence yo, yS correspond to Fin 1-’te [’char corresponds to boundary portions of G with
constant value. It helps to visualize (2.10) for the examples in Fig. 2. Because, of
Definition 2.1, (2.8), (2.9) we know that
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2z

FIG. 3

For P (t, x) e Fin(i), > 0, we take, slightly generalizing,

(2.13) z,(P) g,(t, uS(t), zP(P), z(Q))

where zP is the subvector of z consisting ofcomponents zj with P e Fter(j), and Q (t, )
lies on the opposite boundary.

In order to write (2.13) for the transformed domains Gi, we introduce auxiliary
functions r, . If P (t, x)e Fter(j)\FT, we define r(t) by

(2.14) %()(t), t-)(t))=(t, x)

(this is possible because of 2.1(iii) and (2.5)). The implicit function theorem and (2.7),
(2.8), (2.11) imply that r. is piecewise C and

(2.15) r(t)xltj(t)(t), t- )(t)) a(P)- b’(P).

If P T, x) e FT, we define (x) by

(2.16) %((x), T- (x))= (T, x).

Analogous considerations yield a well-defined 6 which is piecewise C and satisfies

(2.17) (x)xltj(6(x), T- 6(x))= -1.

These considerations prove the following.
LEMMA 2.3. Ifaj a( t, x) is a regular characteristicfor f, then r], are well defined

on intervals determined by Fter(j) andpiecewise C 1. Furthermore, r, , f1), are bounded.
If Fr or Fo degenerates to a single point, we have to exclude the infinite zigzagging

of Fig. 3. This is done formally by the following.
Assumption 2.4. We say that (j, i) is a degenerate pair at T if Fr consists of a

single point and gi depends explicitly on z.
Consider the directed graph ZT- with integers as nodes and all degenerate pairs

(j, i) as vertices. Then Zr must not contain a cycle.
The same is assumed at 0.

2.6. The hyperbolic control problem (C) in characteristic form. We state the control
problem (C) in a compact notation. See 2.7. Assume that A is a regular characteristic
matrix. With T- from (2.10), set S T- T-. For

u L(f; R"), u s L(0, T; RP),

(2.18) y e C(0, S; L(T-, T))"

(i.e. y,(., s) L(T-, T) for s [0, S])
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minimize

J(y,u, ua)=fInL(t,x,u(t,x),y(-(t,x)))dxdt
(2.19) + Ln(t, un(t), y(r(t), S)) dt

b2(T)
+ Lr(x,y((x),S))dx

b( T)

subject to the state equations

(2.20) y(t, s)= y(t, 0)+ (F(u, y))(t, r) dr,

(2.21) y(t, 0)= g(t, un(t), y(r(t), S))

and the control restrictions

(2.22) u(t, x) U a.e., un(t) U a.e.

where U, U are closed convex sets and F (F,..., F,) is defined by

(2.23) (Fi(u,y))(t, z) =f(q,(t, r), u(oi(t r)), y(q-’(q,(t, r))))

if (t, z) Gi and (F(u,y))(t, z)=0 otherwise.

2.7. Comments and explanations concerning problem (C).
(1) We have used the abbreviation

y(r(t), S) =- (y,(rl(t), S),..., y, (r, (t), S))

and likewise y(?(x), S), y(0-’(t, x)).
(2) The convention F(u, y)=0 outside G o-(f) enables one to pick up the

initial values at y(t, 0) and the terminal values at y(t, S).
(3) The initial conditions (2.12) are included in (2.21) by a suitable definition

g g(t) for <0.
(4) In accordance with 2.5, for > 0, the function gi(t,. depends on yj only if

the corresponding P (t, x) Fter(j). Therefore, yj()(t), S) is well defined.
(5) The foregoing remarks show that problem (C) is indeed a weak formulation

of (2.2)-(2.4), (2.12), (2.13).
(6) Concerning the states y, the space C([T-, T]x[0, S]) is too small if we

include discontinuous controls, and the space L([ T-, T] x [0, S]) only causes addi-
tional complications concerning the trace y(., S).

3. The maximum principle. We consider problem (C) as a special case of

Minimize J(y, v)
(P)

subject to K (y, v) 0,

where J" Y x V-> , K" Y x V-> Y are continuously Fr6chet-differentiable mappings
defined on Banach spaces Y and V (whose duals are denoted by Y*, V*) and C is
a closed convex subset of V.
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THEOREM 3.1 (Lagrange Multiplier Theorem). Let (y., v.) be a solution ofproblem
(P) with assumptions as stated, and let DyK(y,, v.)" Y Y be surjective. Then there is
a unique q* Y* which solves the adjoint equation

(3.1) DyJ(y,, v,) q* DyK(y,, v,) O.

Furthermore, the maximum condition

(3.2) (DvJ(y,, v,)-q* DvK(y,, v,), v-v,)>-O Vv6 C

holds.
Proof. This is a special case ofTheorem 4.1(a) in [30]. Uniqueness trivially follows

from (3.1) since DyK is surjective, l’]

If int (C) , Theorem 3.1 is already part of the theory in [23] (see [24]). The
work by Zowe and Kurcyusz [30] relies mainly on the stability theory of Robinson
(see e.g. [31], [32]). A systematic exposition of the latter with emphasis on necessary
optimality conditions may be found in [33].

As can be seen from [30]-[33], the existence part of Theorem 3.1 still holds if the
assumption of surjectivity of DyK(y., v,) is relaxed to the condition of Slater type

0 6 int (DyK (y,, v,) Y+ DK(y,, v,)(C v,)).
However, having also guaranteed uniqueness of q* by (3.1) will be very convenient
later on, since a general element of Y* will be quite irregular, but we will be able to
show that there exists a solution to (3.1) which has more regularity.

The differentiability needed in Theorem 3.1 will be guaranteed by the following.
Assumption 3.2. The functions L, Ln, Lr, g, f in problem (C) are measurable in

(t, x), differentiable in (y, u, un). They are, together with their first derivatives, bounded
on bounded sets in (t, x, y, u, uB)-space and continuous in (y, u, u) uniformly with
respect to (t, x). For the derivatives at.the optimal point we use an abbreviated notation;
for example, DyiF(t, .)r denotes the transpose of the vector DyiF(y,, u.)(t, -), the
jth component therefore being

Dy,f(j(t, r), u.(j(t, r)), y.l(-q,(t, r)),..., y.n(q-lqg(t, ’))).

We apply Theorem 3.1 to problem (C) and get the following.
THEOREM 3.3. Let Assumptions 2.4 and 3.2 hold. Let (y., u,, u) be a solution

of problem (C). Then there exists a unique q C(0, S; Lo(T-, T)) which solves the
adjoint equation

fs Oaq,(t, s) q,(t, S)+ Dy,L(t, r) +x-x (ff,,(t, "r))q,(t, ’r)

(3.3)
+ D,F(t, q(-,(t, )) d

with the boundary conditions

qi(?i(x),S)= Dy,LT(x) ifxdom i,

(3.4) q,(r,(t),S)=o,(t)-’[D,,Ln(t)+ D,e>(t)l’(t,O)lq(t,O)] iftdomr,,
j=l

where

qi( t, S) 0 otherwise

a,(t) la,(P)- b’(P)l

xlt( t, O) as( P) b’( P)

ifP=(t,x)F<,(i),

ifP t, x) Fi,(j).
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Moreover, the following maximum conditions hold

(3.5) (Duf(t,x)7q(o-’(t,x))+DuL(t,x),u-u.(t,x))>-_O a.e. intI,

(3.6) Dugj(t)lj(t 0)[qj(t, 0)+ D,Ln(t), u-u:(t)>-O a.e. in
j=l /

for all u

Proof. The proof is given in 4. [-1

Despite the somewhat technical character of this theorem we can observe that the
adjoint q has the same regularity as the state y (namely, absolutely continuous along
characteristics, Loo across them). Furthermore, portions of 011 which are terminal
for y are initial for q and vice versa. Characteristic portions of 01) are identical for y
and q.

For a rectangular domain 12 we write down the maximum principle in original
(t, x)-coordinates. In this case, regularity of A(t, x) in Definition 2.1 means that A is
nonsingular along the vertical boundaries.

THEOREM 3.4. Let f (0, T) x (0, i), let Assumption 3.2 hold and let (y., u., u)
be a solution ofproblem (C). Then there exists a unique pc L() whose components
p are absolutely continuous along the ith characteristic family and are L along the
boundaries, which solves the adjoint IBVP in reverse time:

Op Op (--+ A( t, x) -OyL( t, x) Dyf( t, x) 7" +_x t, x) p,(3.7)
Ot Ox

(3.8) p(T,x)= OyLr(x), xe(0, 1),

(3.9) la,(t, X)[ p,(t, X) D,,g(t) rlA(t, X)lp(t, X) + D,,L’(t).
Moreover, the maximum conditions

(3.10) (D,f(t, x) rp(t, x) + D,,L(t, x), u u.(t, x)) >= 0 a.e. in

B(3.11) (D,g(t)7"[A(t,X)lp(t,X)+D,L(t),u-u.(t))>=O a.e. int

holdfor all u U, respectively, u U. In (3.9), the left side is evaluated at the boundary
X =0 or X 1, which is terminal for the ith characteristic family, whereas the jth
component of the vector IA(t, X)lp(t, x) in (3.9), (3.11) is evaluated at the boundary
which is initial for the jth characteristic family ([A[ denotes ([al),.).

Proof Take q from Theorem 3.3, set

Pi(t, x) q,(qs, ’(t, x)).

With (2.5), (2.6), (3.3) evaluate the identity

0 0

O-- p q s -’s q t, s)

to obtain (3.7). The boundary conditions are a direct transcription from (3.4). !-]

For the linear-quadratic problem with interior control and space-dependent
coefficients, Theorem 3.4 is given in [13, p. 211].

spread forward respec-From (2.4) and (3.7) one sees that singularities in u., u.
tively backwards in time along the characteristics. Jump conditions may be developed
to describe that situation (compare [18], [20], [21]).
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4. Proof of Theorem 3.3. We denote

(4.1) D := T-, T) x (0, S).

4.1. The operators J and K. Following 2.6, we set

Y= C(0, S; Lo(T-, T)), V= L(fl; R’) x Lo(0, T; RP),

equipped with the sup-norm. The closed convex set C c V is defined by

C={(u, u)lu(t,x) U a.e. and u(t) U a.e.}.

We want to define J: Y x V R by (2.19) and K: Y x V Y by

(Ky)(t, s)= y(t, s)-g(t, u(t), y(r(), S)) (F(y, u))(t, r) dr

with F from (2.23). We have the canonical embedding Y- L(D) (it is easily seen to
be well defined on the set of continuous, piecewise linear maps [0, S]- L(T-, T)
which is dense in Y) and Assumption 3.2 implies that

F: Loo(D; ") x Loo(a; ’) -> Loo(D; W’)

is well defined and continuously Fr6chet-differentiable.
Fubini’s theorem then implies that

y--> y( t, r) dr

defines a linear continuous map from Loo(D) to Y.
The boundary term is composed of an evaluation at s S, a continuous Fr6chet-

differentiabl operator from Loo(0, T; Rp) Lo(T-, T; R") to L(T-, T; ") and the
canonical map L(T-, T; ")--> Y. Therefore, K (and similarly J) is well defined and
continuously Fr6chet-differentiable. The derivatives of J and K are given by

DJ(y., u., u:)(y, u, UB) fro DyL(t, x)y(-l(t, x))+ DuL(t, x)u(t, x) dx dt

(4.2) + DyLn(t)y(r(t), S)+ DuLn(t)uS(t) dt

bE(T)
+ DyLT(x)y((X), S) dx,

.I b( T)

B B(DK(y,, u,, u,)(y, u, u ))i(t,s)=yi(t,s)-Dygi(t)y(r(t),S
(4.3)

-Dgi(t)un(t) DyF,(t, r)y(cp-’oi(t, r))+ DF,(t, -)u(qi(t, .r)) d’r.

4.2. The linearized integral equation. Theorem 3.1 requires DyK" Y-> Y to be
surjective. From (4.3) we see that this is a direct consequence of the following lemma.

LEMMA 4.1. Consider the integral equation for Yi, 1 <- <-_ n,

(4.4) yi(t, s)= hi(t, s)+ gij(t)yj(rj(t), S)+ f fij(t, r)yj(tpij(t, r)) dr
j=l ./0 j=l

with given functions hi C (0, S; Lo( T-, T)), gij e Loo( T-, T), fj e L(D).
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Assume f0(t, z)= 0 outside Gi and if FT consists of a single point, then for each
(i,j) either gij(t) =0 in a neighbourhood of T or (i,j) is a degenerate pair at T (and
the same for 0).

Then (4.4) has a unique solution y Y.
Proof. It is well known that unique solvability of hyperbolic problems in dimension

1 can be proved by successive approximation (see [34] for IVP’s and [35, pp. 471 ff.]
for IBVP’s). To account for the present situation, we define an equivalent norm on Y
such that the linear part of the right-hand side of (4.4) has operator norm less than 1.
For y= (Yl,’",Y,) Y we define

IIY[[ max (lly, ll,: 1 -< =< n},

(4.5) Ily, II,-- sup (n,(t, s)ly,(t, s)l: (t, s)

n,( t, s) c,( t) exp [-M( + 3,( t)) L(min {s, /(t)} yO(t))].

We set c 1 if no degeneracy in the sense of Assumption 2.4 occurs; otherwise,
if e.g. Fo is degenerate, we change ci on some small interval [0, eo] to

(4.6) c,( t) min {1, c( t)[4nllg,ll]-: (j, i) Zo).

Because of Assumption 2.4 this procedure is well defined, and there exists a global
bound

c(t)-l<=Co, l<-i<-n, T-<_t<_T.

Since Y can be identified with a subspace of L(D), (4.5) defines an equivalent norm
on Y. We set

,( t) "y( t) 7( t)

and choose C1 > 0 such that

ci(t) 1
(4.7) c(t)lg,(t) exp (-Clt(t)) _-<n
for all 1-< i,j <= n, T-<= <-T. This is possible because of (4.6) and the hypothesis of
the lemma. In (4.5) we now choose

M=L+C
and with the notation

tr min {s, y(t)},

we estimate the integral term in (4.4) for fixed (t, s):

hi(t, s) [ fij( t, d
j=l

<= n,(t, s) II/ll nj(qij(t,
j=l

<- n,(t, s)follfll Io I111 exp [(M- L)(t(t, ’)+ /.(t(t, ’)))]
j=l

exp [L(t + -)] dr from Lemma 2.2 (iv)

1
Ily I1 exp C(T+ S)]<-- c, Co f -j=l
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We therefore get the norm of the integral term as small as we want if we choose L
large enough. The boundary term is estimated as follows:

hi(t, s) go(t)yj(t)(t), S) <=
j=l j=l

c,(t) o

-=1clg(t)l llyllj exp[(L- M)(’](t)(t))- ’j(r(t)))]

exp [(L- M)y(t)]- exp [-L min {s, r(t)}]

(where we have used (t)+T]((t))= t)

ci(t) 1

-= ig0(t)l exp (-c(t)) by (4.7).

e lemma is proved.

4.3. The adjoint equation. From Theorem 3.1, we obtain a unique q* Y* which
satisfies (3.1), (3.2). Now, Y* is a subspace of L(D)* which is the space of all finitely
additive measures on D [36]. We show that actually (3.1) has a solution q* of the form

(4.8) q(y,) O,(t,s)y,(t,s) dsdt+ O(t)y,(t,S) at
T-

where p e L(D), p L( T-, T). To prove this, we apply the left side of (3.1) to an

arbitra y e C(0, S; L( T-, T)), using (4.2), (4.3) and assuming (4.8):

B,(y,) := [ Dr,J- oDy,K) (y,)
j=l

,(, x(;l(, xl xt+ ,(l(r(,s

+ Dr,LT(x)yi(i(x), S) dx- pi(t, s)yi(t, s) ds dt
d b(T) D

p(t)y,(t, S) dt Dy,g(t)y,(r(t), S)
T- T-

+ pg(t,s) Dr,(g(t z))y,(g,(t, r)) aasat
j= T-

p(t) Dy,(g(t, z))y,(%,(t, r)) drdt.
j=l T-

We define

(4.9)
S

,(t,s)=p(t)+ p,(t, r) dr
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and obtain by partial integration and substitution (which is valid because of Lemmas
2.2, 2.3 and Fubini’s theorem)

B(y,) ffy(t, s) [D,L(,,(t, s))[,(t, s),-p,(t, s)

+ Dy,fj(q,(t, s))j(qij(t, s))lxIti(t, s)[[*j(t, s)1-1] ds dt
_l

+ _y,(t, S) -/,(t, S)+ Dy,Lr(P,(t))lD[l(t)l+ Dy,LB(rC, l(t)lOrC, l(t)l
T

+E Dy,gj(rl(t))j(rl(t), 0))[Drl(t)[] dt.
1

Therefore, a q* of form (4.8) satisfies (3.1) if and only if the bracketed terms
vanish identically. The first term vanishes if and only if

fi,( t, s) --/i (t, S) + IxIti( t,

(4.10)
l"

IDyiL(qi(t, s))+, Dyif(qi(t S))j((lij(t S))" IXIj(t, S)[-l/ ds.
L .1

But (4.10) with the boundary condition inserted from the second bracket constitutes
a system of integral equations for fii of form (4.4) in reverse coordinates (T- t, S- s).
For this reverse problem, the considerations of 2.4, 2.5 as well as the hypotheses of
Lemma 4.1 also hold. Therefore, a unique solution t; Y exists and p, pB can be
obtained via (4.9). We now set

qi( t, s)= i( t, s)]*i(t, s)[ -1

and since we have from (2.9) that

__0 0 0

Os
q’ I*,l-’ -t;,os -/’1"1- --ox a,,

we see that (4.10) implies the adjoint equation (3.3) and the boundary conditions for
t;(t, S) yield (3.4) with the aid of (2.15), (2.17). Since t; is unique, q is unique.

4.4. The maximum condition. Since q* is unique, the adjoint computed in 4.3
also satisfies the maximum condition (3.2). From (4.2), (4.3) and (4.8), we evaluate
(3.2) for arbitrary u Loo(; ["):

(D,J- q* D,K)(u)= D,L(t,x)u(t,x)dxdt
D

+ ._
pi(t,s) D,f(i(t, 7))u(,(t, )) dTdsdt

i=l D

o() o.Z(,(t, s))u(,(t, s)) as at
i=1 T-

u(t,x) oe(t,x)+ i(7(t,x))D(t,x)l*7(t,x)l dxdt
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where again we use partial integration and substitution. Therefore, (3.2) implies

f .lc (DuL( t, x) + Duf( t, x) Tq(cp-( t, X)), u( t, X) u.( t, X)) dx dt >- O

for all admissible u, and a standard argument using Lusin’s theorem yields (3.5). In
the same way, (3.6) is obtained. This completes the proof of Theorem 3.3. [3

5. The semilinear wave equation. The theorems of 3 can be applied to control
problems for a hyperbolic system of order n if the system can be reduced to a first-order
system with regular characteristic matrix and if the boundary conditions are such that
admissible controls produce a state which is L up to derivatives of order n- 1. We
illustrate this with the following control problem for the semilinear wave equation in
1) (0, T) x (0, 1):

Minimize

(5.1)

subject to

(5.2)

r(w)= (x, w(r, x), w,(r, x)) dx

wtt- Wxx f t, x, u, w, wt, wx) in

w(O, x)= Wo(X), w,(0, x)= w(x),

t,X)=ff,x(t, ux, w(t,X)), X=0, 1,
On

(5.3)
u(t,x)U, Uo(t)Uo, u(t)C a.e.

where n is the exterior normal. We write (5.2) as a first-order system

z, + Az f( t, x, u, z)

with the four variables

Z W W Z2 W -Jc- W Z W, Z4 W

and A diag (1, 1, 1, 1),

((t, x, tI, Z3, 1/2(Z2 q- Z1), 1/2(Z2-- Z1))I
f=

t,s, u, z4, 1/2(z2 -" Zl), (z2 Zl))).ZlZ2
The boundary conditions (5.3) become

z z+ 2o(t, uff, z4) at X 0,

(5.4)
z3 z4

z= z + 2(t, u, z3)a X 1.
Z4 Z

The cost functional can be written as

f0l ( Z3-’Z4 zl-’Z4 )(5.5) (z) x, T, x),
2

T, x) dx.
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From Theorem 3.4 we obtain the adjoint system

Plt+Plx=-1/2(f-f2)(p+p2)-P4, P2t-P2x-’-1/2(fl+f2)(p+p2)-P3,
(5.6)

P3, + P3x Bpl P4t P,x Bp

where we abbreviate B Dwf, C1 Dwtf, C Dwxf. One verifies directly that/ p /P2
is a weak solution of

(5.7) , P’xx B CI) C2.)x,

which is the adjoint equation one obtains formally from the linearization of (5.2). The
end conditions are

p(T,x) p2(T,x) =1Ow,L, P3( T, x) p,,( T, x)

which can be written in terms of/ as

(5.8) /( T, x) Ow,f, ,( T, x) -Clp( T, x)-

The adjoint boundary conditions are (note lal 1, b 0)

P2 P, ]at X 0,
P4 P3 + 2Dwo Pl

Pl P2 at X 1,
P3 P4+ 2Dw, P2

which are expressed by/ as

(5.9) O/(t, X) Dwff,x ,6( t, X) +/- C2 ( t, X)
On

with the plus sign at X and the minus sign at X 0. The maximum conditions
(3.10), (3.11) become

</(t, x)O,f(t, x), u u.(t, x)> >_- 0

(5.10) <p( t, 0)D,o(t), u Uo.(t)) _>- 0

(/(t, 1)Du,(t), u-u.(t))>=O

a.e. in f,

a.e. in (0, T),

a.e. in (0, T)

for all u in U, Uff, U, respectively. The system (5.7)-(5.10) constitutes the differential
version of the maximum principle.

We might also consider boundary conditions of the form

,(t,w)=O.

These are treated by taking the time derivative and writing down conditions analogous
to (5.4). However, boundary conditions of form

w=,(t,uB)
fall outside the scope of Theorem 3.4. Here, for nonditterentiable boundary controls
the first-order system does not have Lo solutions.
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SUFFICIENT CONDITIONS FOR LOCAL CONTROLLABILITY
WITH UNBOUNDED CONTROLS*

J. BASTO GONtALVES"

Abstract. Local controllability of analytic affine control systems E with an arbitrary number of controls
is studied, without any restriction on the dimension of the Lie algebra T’ generated by the input vector fields.

A sufficient condition for local controllability at a point is obtained, first for scalar input systems and
then generalized in two different ways to the multi-input case. In all versions, this involves the computation
of Lie brackets at the point under consideration and the verification of a criterion of the type considered

by Sussmann (this Journal, 16 (1978), pp. 790-802).
As an application, controllability of sy’stems defined on [n and with constant input vector fields is studied.

Key words, nonlinear analytic systems, affine systems, local controllability, Lie brackets

AMS(MOS) subject classifications. 93B05, 93C10, 93C15, 49E15, 34H05

Introduction. This article studies the local controllability of affine control systems
E with dynamics .=f(x, u)= X(x)+ Y_,7=luiXi(x) on the n-dimensional analytic mani-
fold M. The codimension of E is the codimension of the Lie algebra T’ generated by
the input vector fields at every point in M.

Local controllability of nonlinear systems is one of the basic problems of the
geometric theory of control systems, but besides the importance it has on its own, in
[3], [8], [13]-[15] global controllability has been shown to depend on the existence
of points where the system is locally controllable in some sense,

There are not many easy methods of verifying local controllability, besides the
linear test, and all sources with the exception of [19] assume 5: to be a scalar input
or a codimension one system; the conditions presented in this paper attempt to provide
criteria as simple to use as that test and valid for any codimension.

It would be nicer to be able to use bounded controls, but the lack of criteria for
local controllability and specially for global controllability in that situation fully justifies
the approach followed here.

The methods now presented are a development of the ideas introduced by Hermes
[9]-[12], Sussmann [19], [20] and Hunt [13]-[15] and already studied by Bacciotti
and Stefani [3] and the author [5], [6]; in particular, the sufficient conditions for local
controllability proved here are natural generalizations to arbitrary codimension of the
computational sufficient condition presented in [5]. For recent and related work see
17] and [21 ].

Basically the method works like this: around p we can choose coordinates on a
neighbourhood U so that U looks like a product of open sets S S_ in [n-k Ek with
$1 the integral submanifold of T’ through p.

As controls appear linearly and are unbounded, the trajectories of the input vector
fields X will be assumed to be admissible trajectories of E [13]-[15]. We can move
in S as we please, and therefore if local controllability at p along directions tangent
to $2 is proved, we have local controllability of E at p.
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In the above coordinates and if X(X1, X2)--(XI(X1, x2) X2(Xl, X2)), we can con-
sider in $2 a family of vector fields with parameter xl given by X2(xl, x2); considering
the movement in $2, we have to prove that family to be locally controllable (to be
rigorous the correct family is not that one, but it takes the same values at p, and the
criterion we are going to use involves just that.)

It is well known that given a family of vector fields a sufficient condition for local
controllability at a point p is that 0 belongs to the interior of the convex hull of the
values of the vector fields at that point.

If k 1 this last condition applied to the family above is fulfilled if arbitrarily
near p we have X pointing to opposite sides of $1; this condition already appears in
one form or another in [3], [5], [6], [10].

To obtain a sufficient condition when k > 1 we consider the trajectory ofX through
p and project it in $1 parallel to $2; Let X’ be a vector field in M belonging to T’ such
that its trajectory through p is that projection. X’ is not uniquely defined, but that
does not alter the situation.

Let us consider the vectors in TpM defined by vi--(ad X’, X)(p) and let V be
the projection onto TpS2 parallel to TpSI of the subspace generated by vj with j
1,...,i.

Assume that X(p) X’(p) 0 and (i) W= U W,. TpS2", (ii) if is even W,. W,._;
then the system E is locally controllable at p.

In fact, if/3 is the trajectory of X’ through p, the components of X((t)) along
$2 can be written in a suitable basis as a(t)=al(t)en_k++’’ .+an(t)e,, where the
least order term in of each ai(t) is odd, using the Campbell-Baker-Hausdortt formula
[9]; it is quite easy to verify that 0 belongs to the interior of the convex hull of the set
{a(t), Itl small and nonzero}.

For scalar input systems (k n- 1) we obtain a better condition, with the input
vector field substituted for X’, generalizing a condition already obtained for systems
defined on a plane (n 2) in [16].

For general systems we also obtain a sufficient condition involving only the input
vector fields, an extension to n > 2 of the previous one.

Applying those sufficient conditions to systems defined on " with constant input
vector fields, we obtain sufficient conditions for their local controllability at a point;
if the codimension of the systems is one, we have then a sufficient condition for global
controllability which reduces to Theorem 2 in [2] for systems in the plane.

1. Basic results and definitions. We shall study the local controllability of affine
control systems E with dynamics f(x, u) X(x) + E

__
uiX (x), defined on an

n-dimensional connected analytic manifold M. The system E is said to have
codimension k if the Lie algebra T’ generated by the input vector fields X, ., X
has codimension k at every point in M.

Denote by T the Lie algebra generated by X, X, X and let To be the Lie
algebra containing (adk X, X) with k-> 0, 1, , s and (ad X, Y) defined by Y if
j 0 and inductively by (ad X, Y) IX, (ad-1 X, Y)] if j > 0.

The definition of local controllability adopted here will be the following: E is said
to be locally controllable at p M if for every neighbourhood U of p the set A(p, U)
of the points attainable from p in positive time without leaving U contains p in its
interior.

A(p, U) is defined as the set of points p such that there exists a piecewise c
continuous map c’[0, T] U verifying

(i) c(0)=p, c(T)=p’ with T/,
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(ii) There exists to, q," ", t,, such that 0 to < tl <" < t,, T and c in ]ti_a, ti[
is an integral curve y of f(., u) for some ui Rs.

If the map (’,’’’,’m)-->X=ym(’,,)’" "oy(’l)p has rank n at the point
(q,’", tin), the corresponding point p’ is said to be normally reachable from p [18].

The set of attainability from p, denoted by A(p), is defined by A(p) A(p, M),
and the set A(p, T, U) of attainability from p in positive time T without leaving U is
defined as A(p, U), but with fixed T.

E is locally accessible at p if A(p, U) has a nonempty interior for any neighbour-
hood U of p; it is obviously a necessary condition for local controllability at p. A
necessary and sufficient condition for local accessibility in the analytic case is that the
Lie algebra T has dimension n at p [22].

E is strongly accessible at p if A(p, T) A(p, T, M) with positive T has a nonempty
interior; in the analytic case a necessary and sufficient condition is that the Lie algebra
To has dimension n at p [22].

Denote by Lp the leaf of T’ containing p, and by X, (p) the trajectory of X through
p at 0; strong accessibility at p is a necessary condition for local controllability of
Z at p, as well as X(p)T’(p) [5].

The constant codimension assumption is important in the last statement, as the
following example shows.

Example (Bacciotti [4]). M=R2, s--1, p--0; X--el, X=xe+xe2, X=
xel + x2e2. It is easy to see that T’ is two-dimensional everywhere except at p, where
the dimension is zero, and that we have local controllability at all points ofM including
p=0.

On the other hand, X(0)0 and therefore the conclusions of Theorem 1 and
Proposition 2 of [5] are not verified.

In the proof of Theorem 1 in [5] and when X(p) is not tangent to Lp we need
to construct an (n- 1)-dimensional submanifold N, containing Lp f’) V and such that
X(p) : TpN. The important point missed there is that N has to be foliated by the
leaves of T’; we describe briefly the alterations needed to correct the situation.

If T’ has constant dimension, we can use the Frobenius theorem to construct N
and then dim T’--n on U; otherwise we can still use that theorem around points of
maximal local dimension.

THEOREM 1.1. If E is locally controllable at every point ofan open set U M, then
dim T’= n on an open dense set U’ in U.

Proof In view of the above remarks it is enough to show that the set U’ of the
points in U where T’ has maximal dimension is open and dense in U. That U’ is open
is obvious.

Assume U-U’ has a nonempty interior A and choose a point p’ in it where T’
has maximal dimesion when restricted to A. We can now apply the Frobenius theorem
in a neighbourhood of p’ inside A to construct the submanifold N already mentioned;
therefore E cannot be locally controllable at p’.

Now we have, as in [5], the following proposition.
PROPOSITION 1.2. If , is locally controllable at p and T’ has constant dimension

or has maximal local dimension at p, then X(p) belongs to T’(p).
The other results in [5] are not affected by these changes; note that if the system

is not analytic we have to consider the smallest integrable distribution containing the
associated vector fields, instead of T’.

The definitions above can also be made for families D of vector fields, instead of
control systems; we just require that c is an integral curve of some vector field belonging
to D in (ii) when defining the set A(p, U).
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Of particular interest are the families D {X, X1, Xs, -X1, -Xs} and
D-= {-X, X1, Xs, -X1, -Xs} as the next lemma shows.

LEMMA 1.3. IfD and D.- are locally controllable, so is

Proof Local controllability of E follows from the local controllability of the family
of vector fields D’ {X, X + uX1, , X + uXs, X uX, , X uXs, u R/} or
equivalently of the family D"= {X, eX +X

From the local controllability of D.- it follows that there exists a neighbourhood
V of p such that V c A(p, U; D-), therefore p A(p’, U; D) for every p’ V.

As D has to be locally accessible, its restriction to V has the normal reachability
property from p [18], i.e., some y in A(p, V; D) is normally reachable from p. Since
p is attainable from y, it follows that p (and every point in A(p, U; D.)) is normally
reachable from p for the family D.

From the stability of normal reachability for small perturbations [7, Prop. 4.2] we
can say that there exists a neighbourhood W of p attainable from p without leaving
U using vector fields in D" corresponding to small values of e; this means the use of
large values for the control, but as there are no a priori bounds, we can say that E is
locally controllable.

The criteria of local controllability presented in this paper are independent of the
sign of X; if they are verified for a system E with dynamics =f(x, u)--
X(x)+i= uiXi(x) they are also verified for the system
-f(x, u X(x) = uiX (x). Thus if they are proved for the D they are automati-
cally true for E, in view of the previous lemma; this justifies that the trajectories of
the input vector fields X

2. Scalar input systems. Let E be a scalar input analytic affine system, of the form
X(x) + uX(x); we are going to study the local controllability of E around a point

p, where the following conditions are verified: E is strongly accessible at p, X(p) T’(p)
and moreover X(p) 0. With these assumptions S is a one-dimensional submanifold
of M.

We denote by W(x) the subspace of TxM generated by the vectors (ad X1, X(x))
with j-- 1,. ., i, and by W the union of the W for all i.

THEOREM 2.1. If Wi(p)= Wi_(p) for even and TpM-- W(p)+ TpS1 then the
system E is locally controllable at p.

Proof. First note that we can assume X(p) 0 without any loss of generality,
since otherwise we can substitute any other associated vector field for X without
changing the hypothesis; also, in convenient local coordinates we can have p--0 and
Xl=el

The system being analytic and strongly accessible, X and X are linearly indepen-
dent at every point x(t)= tel with 0<Ill< e if e R+ is sufficiently small, and by
continuity we have Tx,)M W(x(t))+ T,,)S for small

We can then apply Proposition 4.2 in [9] to obtain the following lemma.
LEMMA 2.2. For each Ill 0 sufficiently small, there exist n -2 analytic vectorfields

Y(i= 1,2,.’., n-2), commuting between themselves and with X, and such that
X(x(t)), X(x(t)), yl(x(t))," ", Y"-Z(x(t)) are linearly independent.

Therefore there exists an integral submanifold N, of the distribution generated
by the vector fields Y and X containing x(t); moreover X(x(t)) is not tangent to it.

Around x(t) the projection 7r" (Xl, x2, , x,) - (0, x,. x,) is a diffeomorph-
ism when restricted to N,; that projection takes the restriction of X to N into a vector
field Z defined on a neighbourhood of the origin in {x =0}, and Zt(0) _._X(x(t)),
where _X is obtained from X by substituting 0 for the first component.
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We have thus defined on a neighbourhood of the origin in {X --0} a family of
vector fields Z’, with It] 0 small. We claim that if that family is locally controllable
at the origin, so is E.

As previously noted, we can assume the trajectories of X and also of-X to be
admissible trajectories of E, therefore if (xl, x2,’’’, x,) is reachable from the origin
so is the set (]x- 6, x + 6[, x2," ", x,) for [6[ small.

Thus, proving that if a point in {Xl 0} is attainable from the origin for the family
tit, it is also attainable for Z, is equivalent to proving the above claim.

Suppose y (0, xz, , x,) is attainable for using only one vector field Z’; to
reach that point following trajectories of we just have to go from the origin to x(t)
along X, follow X from there until the point in Nt which projects on y, and then
follow -X until y.

It is easy to see that the situation is not altered if there are several vector fields
in qt involved, and we can be careful and not leave any fixed neighbourhood of the
origin in M, therefore our claim is proved.

It remains to be shown that is locally controllable; using the criterion in [19]
concerning the values of the vector fields at the point under consideration, it is enough
to show that 0 belongs to the interior in {x 0} of the convex hull of the values of
Zt(O) _X(x(t)) for It 0. and small.

The assumption W(p)= W_I(p) for even means that vi (ad X, X)(p) can
be written as a linear combination of v with j odd and smaller than i; this is also true
for the corresponding projections _v and _v.

Using the Campbell-Baker-Hausdorff formula [9] we can write X(x(t))=
X(O)-tvl + tz/2!vz for small It[; projecting on {0}x"-1 and bearing in mind
the remark above, we obtain Zt=X_(x(t))=al(t)V_l+...+a(t)v_+...+a,,(t)v_,,,
where j is odd, m is the lowest j for which W(p)= Wo(p).

In the power series aj(t) the lowest degree in is of course odd, and we have
either aj(t)=-tJ/j!+o(t) or a(t)=o(t); define b(t) as -t/j! or 0 so that a(t)
b(t) + o( J), and let z(t) bl( t)v_ +... + b(t)v_ +.. + b,,( t)V_m.

It is now trivial to verify that if we take enough values of in the interval ]0, e[
with e positive and as small as we want, we obtain n- 1 linearly independent vectors
Zl,"" ", z,-1 among the corresponding z(t), and we can get their symmetric vectors
by taking the symmetric times; it follows that 0 belongs to the interior in {0} x "- of
the convex hull of

Z1, Zn-1 Zn mZ1, Z2n--2 --Zn_l}.

There exists then a positive 6 such that if lYi-zi] < 6 the origin belongs to the
interior in {0} x "- of the convex hull of {y,. ., Y,-2}; if we take e small enough,
we have [Zt- z(t) < 6 if Itl < e, and thus the interior of the convex hull of {Z t, Irl 0
and small} contains the origin.

Therefore the family is locally controllable at the origin and so is E. 13

The following example is due to Jakubcyk and was presented by Sussmann in [20].
Example. Let M 3, and X(x, y, z) (0, x, X dr-y2), X(x, y, z) e; the local

controllability of this system, proved in [20], cannot be established with the linear test
nor using the sufficient condition presented there; the condition of Theorem 2.1 is very
easy to apply and gives a positive answer:

)1 (ad xl X)(x) (0, 1 3x2)

v2 (ad X’, X)(x) (0, 0, 6x),

D (ad X1, X)(x)-- (0, 0, 6).
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At (x, y, z) 0, vl e2, v2 0, D 6e3, and therefore W2 W1 {0} x R x {0}, W
W3 {0} x R x R, and ToS1 N x {0} x {0}; we have R3 ToS1 + W, and the system is
locally controllable at the origin.

3. Multi-input systems. The system E will now be supposed to have codimension
k and s > 1, and we assume the necessary conditions dim To(p)= n and X(p) T’(p)
to be verified.

For multi-input systems the first version of the sufficient condition involves a
vector field Y that will play the role X has played for scalar input systems. The
construction of Y has already been explained in [5], and goes as follows: locally,
around p, M looks like n-k X.Ek, where we can take p as the origin and X(0)= e,
with the leaves of T’ defined by (Xn_k+l,’’" Xn)--" a k., let a(t) be the trajectory
of X through p, and /3(t) its projection on the leaf S1 of T’ containing the origin,
fl(t) (al(t), C,,_k(t), O, O).

NOW we can define a vector field Y belonging to T’ such that its trajectory through
p =0 is fl" Y(x,. ., x,) X_(a(t)), where _X is the projection of X on the first n k
coordinates, and x a(t); note that can be defined from xl a(t) near the origin
because X(0) el.

We denote by W’i(x) the subspace of T,M generated by the vectors (ad Y, X)(x)
with j 1,. ., i, and by W’ the union of the WI for all i.

We can now state a sufficient condition for local controllability at p, similar to
Theorem 2.1.

THEOREM 3.1. If W(p)= W_l(p) for even and TpM-- W(p)+ TpS then the
system E is locally controllable at p.

Proof The proof is the repetition, with obvious adaptations, of the proof of
Theorem 2.1; we just have to substitute Y for X, except that the rank condition that
allows the use of Proposition 4.2 in [9] to obtain Lemma 2.2 is not valid in this case.

We have to construct Nt, a k-dimensional submanifold transverse to "-kx {0}
and passing through /3(t), such that X is tangent to it at every point. If the last
component of X(/3 (t)) is nonzero, for instance, let H be the plane defined by the k- 1
vectors en-k/, en-1 containing/3(t); near this point, let us say on a neighbourhood
H’ of fl(t) in H, X is transverse to H, and therefore Nt {Xt(H’), It[ small} is the
required submanifold.

For k 1 this theorem reduces to the computational sufficient condition prbved
in [5] for codimension one control systems.

The construction of the vector field Y can be quite difficult in particular examples,
and it would be much nicer to have a condition just in terms of the associated vector
fields of the system E, as in Theorem 2.1.

We denote by rW(x) the subspace of TxM generated by the vectors (ad X r, X)(x)
with j 1,. , i, and r 1,. , s, by rW the union of the rW for all and by W
the subspace spanned by the union of the W for all r.

We can state a new sufficient condition for local controllability at. p.
THEOREM 3.2. IfrWi(p) rW/_l(p) for even and any r, and TpM W(p) q- TpS,

then the system E is locally controllable at p.
Proof Reasoning according to the proof of Theorem 2.1, we can construct families

r, symmetric at p and spanning tWo(p); if we define as the family of all vector
fields belonging to some r, we see that 0 belongs to the interior (in the complement
of S) of the convex hull of the values of at p; as in the proof of Theorem 2.1, the
local controllability of F implies that of :, and we can then conclude that E is locally
controllable at p.
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Remarks. (i) It is clear from the proof that we do not need rWi(p) --rW/_l(p) for
even to be true for every r, if the subspace W spanned by the union of the rW for

those r for which that property is verified is such that TpM- W+ TpS1.
(ii) It is not necessary to have tWo(p)= rW/-l(p) if this is true for their projections

on a complement of TpSI.
As an example of the usefulness of this condition, we are going to consider systems

with M R", Xi= ei (i 1, 2, , s n k); their local and global controllability has
already been studied in [2].

A very easy computation shows that

(adj X, X)(x) (oJ/ox(l,
where q is the ith component of X.

Therefore E verifies W(p)=W_I(p) for even and any r, if all functions
have an odd (or infinite) order zero with respect to x at p (i.e. j(p)= 0 and the first
nonzero derivative at p with respect to x is odd) for every r 1, , s n k. In fact
we have only to consider j_-> n- k / as noted in Remark (ii).

Let d(i, r) be the order of the zero p of with respect to xr, the smallest j_>-0
for which 0J/0x is nonzero at p, with r-1,...,s=n-kand i=n-k+l,...,n;
the dimension of the projection of W is at least the number of functions

_-> n k / 1, having different order at p with respect to x, the number of different d (i, r).
Denote by #d the maximum number of different d (i, r) corresponding to different

values of (i.e. #d is the maximum of the cardinals of all possible sets A such that
the elements of A are numbers d(i, r), all different and corresponding to the different
i). It is clear that if #d _-> k then TpM- Wo(p)/ TpS1 is verified.

This completes the proof of Proposition 3.3 below.
PROPOSITION 3.3. E is locally controllable at p if every d i, r) is odd and #d >= k.
A slightly more general statement can be obtained if in the definition of #d we

only consider those r for which d(i, r) is odd irrespective of i, taking in account the
remark following Theorem 3.2; #d -> k is then a sufficient condition for local controlla-
bility.

Theorem 2 in [2] is a consequence of this proposition for k 1 and n 2, noting
that if the hypothesis above is verified at one point (at least) of every leaf of T’, then
global controllability follows from Theorem 4.2 in [3].

With k 1 and for any dimension n, if d(n, r) is odd for some r on at least a
point in every leaf of T’ (in this case {In =const.}), one has global controllability,
noting that in this case #d _-> 1.

PROPOSITION 3.4. Let , be a codimension one system; iffor any xn the function
has an odd order zero with respect to some xi 1,..., s n- 1) then , is globally
controllable.

Proof. It follows from Theorem 3.2 that E is locally controllable at the zero where
the hypothesis is verified; since to each x, corresponds a leaf of T’, to.prove global
controllability is enough to invoke Theorem 4.2 of [3].

For a more general treatment of local and global controllability of codimension
one systems, see [6].
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LEGENDRE-TAU APPROXIMATION FOR FUNCTIONAL
DIFFERENTIAL EQUATIONS PART II:

THE LINEAR QUADRATIC OPTIMAL CONTROL PROBLEM*

KAZUFUMI ITO? AND RUSSELL TEGLAS$

Abstract. A numerical scheme based on the Legendre-tau approximation is proposed to approximate
the feedback solution to the linear quadratic optimal control problem for hereditary differential systems.
The convergence property is established using the Trotter-Kato theorem. The method yields very good
approximations at low orders and provides an approximation technique for computing closed-loop eigen-
values of the feedback system. A comparison with existing methods (based on "averaging" and "spline"
approximations) is made.

Key words. Legendre-tau approximations, hereditary differential equations, linear quadratic regulator
problem

AMS(MOS) subject classifications. 34K35, 65N35, 93C20

1. Introduction. This paper is the continuation of the study [9] on the use of
Legendre-tau approximation for functional differential equations (FDE) and concerns
the problem of constructing feedback solutions to linear quadratic regulator problems
for hereditary systems. This problem has received a rather extensive study and we refer
to [15], [2] and [4] for the summary of the earlier contributions. Our approach is
based upon the pioneering work of Banks and Burns [2] who clarified the idea of
approximating FDE by systems of finite-dimensional ordinary differential equations
and applied it to optimal control problems, i.e., the convergence of a particular
numerical scheme (so called "averaging" approximation) is established, using the
Trotter-Kato Theorem of linear semigroups. Recently, Gibson [8] has developed the
approximation theory for the Riccati equations associated with a hereditary system
and applied it to the averaging approximation scheme.

The purposes of this paper are (i) to apply the basic idea developed in [9] to the
linear quadratic regulator problem, (ii) to prove convergence of numerical approxima-
tions of the feedback control laws, and (iii) to demonstrate the feasibility of our
numerical schemes.

For the multiple point delay case, the solution to the algebraic Riccati equation
(ARE) has jump discontinuities as shown in [8]. With this consideration, an extended
version of the scheme described in [9] is developed for such a case in 3.

It has been shown in [8] that if a sequence Sn(t) of approximating semigroups
converges to the solution semigroup S(t), the solution FIn to the algebraic Riccati
equation corresponding to the Nth approximation is uniformly bounded, and the
solution II to ARE is unique, then 1-In converges weakly to I-I. This implies the strong
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convergence of approximating optimal feedback gains In 3, we show the strong
convergence of sN(t) to S(t) using Trotter-Kato theorem. In Lemma 5.2 we show the
uniform boundedness of n for certain special cases.

Moreover, Gibson has shown that if (i) the exponential stability is preserved under
approximation, and (ii) the adjoint of approximate semigroups converges strongly to
the adjoint semigroup, then IIN converges strongly to H. For the single point delay
case, (i) and (ii) hold for the Legendre-.tau approximation (see our paper [10, Part
III]), and the numerical computations for several examples indicate the strong conver-
gence of II N. Moreover, we show a rather interesting result in Theorem 5.1. It says
that if a sequence of approximate solutions to ARE converges weakly to the solution
to ARE, then the closed loop system which results from the approximate feedback
control law is exponentially stable for sufficiently large orders of approximation.

As will be discussed in 6, the tau method may offer considerable improvements
over other methods (e.g. those discussed in [4], [8]) and it gives agood approximation
to the closed loop eigenvalue.

The following is a brief summary of the contents of this paper. In 2 we review
the equivalence results between FDE and abstract Cauchy problems on the product
space n x L2 and results on the regulator problem for hereditary differential systems.
In 3 we introduce the numerical scheme based on the Legendre-tau approximation
for the multiple point delay case and discuss the basic convergence of approximate
semigroups using the Trotter-Kato theorem. In 4 we show how one can use the
numerical scheme described in 3 to obtain the feedback solutions. In 5 we state
the basic convergence property of approximate solutions to ARE. Finally, in 6 we
present numerical results and compare these results with those obtained by other
methods [4], [8].

Throughout this paper the following notation will be used. r > 0 stands for the
largest delay time appearing in the FDE. The Hilbert space of n-valued square
integrable functions on the interval [a, b] is denoted by L2([a, b];"). When the
underlying space and interval can be understood from the context, we will abbreviate

]rloc is the space of "-valuedthe notation and simply write L2, LC([0, c), ), or
_

locally square integrable functions on the semi-infinite interval [0, ). Hk is the Sobolev
space of "-valued functions f on a compact interval with f(k-1) absolutely continuous
and f(k) C L2 We denote by Z the product space " x L2([-r 0]; [n). Given an element
z c Z, r/ n and b 6 L2 denote the two coordinates of z: z (r/, b). The bracket (., n
stands for the inner product in the Hilbert space H and the subscript for the underlying
Hilbert space will be omitted when understood from the context. [[-[I denotes the norm
for elements of a Banach space and for operators between Banach spaces, while I.
denotes the Euclidean norm in

If X and Y are Banach spaces, then the space of bounded operators from X to
Y is denoted by (X, Y). .(4) denotes the domain of a linear operator . Xx denotes
the characteristic function of the interval I. Finally, for any function b of independent
variable 0, we shall use 4) or (O/O0)ch to denote the derivative of (h with respect to 0.

2. Riccati equations. In this section, we state the type of problems to be considered
and recall some results on the linear quadratic regulator problem for hereditary
differential systems.

locGiven (r/, b) Z and u L2 ([0, c), E ), we consider the initial value problem

(2.1)-x(t)= dtx(O)x(t+O)+Bu(t), x(0)=r/, x( O) qb( O), 0c[-r, 0)
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where/ is a matrix-valued function of bounded variation on [-r, 0] with the form

(2.2) /z (0) A,X(-o,,ol(O) + A(s) ds
i=0

with 0 00 < 01 <" < Ol r. Ai and A(. are n x n matrices, the elements of the latter
being square integrable on [-r, 0]. Alternatively, for >-0

dtx( O)x( + O) Aix( t- 0,) + A( O)x( + O) dO.
i=0

rloc (2.1) admits a uniqueIt is well known [2], [5], [6] that for (, ) Z and u
solution xL([-r, T];)HI([0, T];") for any T0, and that (2.1) can be
formulated as an evolution equation on Z

d
(2.3) dtZ(t)=z(t)+u(t) t>0

where z(t) (x(t), x(t +. )) Z, 0 and u (Bu, O) Z for u . The infinitesimal
generator is defined by

(2.4) ()={(,)6Zl=(O)andLz}
and for ((0),)()

(.5 ((0,= .(0(0,

The Co-semigroup generated by on Z will be denoted by {S(t) 0}.
Consider the optimal control problem on a finite interval [0, T]: for given initial

(, )ez,

(2.6) minimizeJ(u; [0, r])= (ICx()1+1.()1) +lx(r,
over u e L([0, T]; N) subject to (2.1). Here C and R are p x n matrices.- Within the
framework of (2.3), (2.6) can be written as

or

J(u)= ([z(t) +]u(t)]2) dt+]z(T)[2

where (, )=C and (, )=R for (, )Z. It then follows from [1], [7]
that the optimal solution u to (2.6) is given by

(2.7) u(t) -*H(t)z(t), 0

where H(. is the unique solution, within a class of nonnegative (definite) selfadjoint
operators for which (H(t)z, z) is absolutely continuous on [0, T], ofthe ccati equation

tt(II(t)z, z)= -2(Mz, II( t)z)+(*II( t)z, *II( t)z)-(Cz, z)

for all z @(d),
(2.8)

II(T) *,
and z(t) satisfies the evolution equation

d=z(t) (d *II(t))z(t),
dt

z(O) (, 6).
(2.9)

t>=O,
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Now we consider the optimal control problem on the infinite interval. For given
initial data z (7, 4), minimize the cost functional

(2.10) J(u, z)= (]z(t)l=/]u(t)l) dt,

subject to (2.3).
DEFINITION 2.1. (i) (4, N) is stabilizable if there exists a bounded operator Y{

such that s4-NY{ generates a uniformly exponentially stable semigroup.
(ii)(c, 4) is detectable if (4", c.) is stabilizable.
Remark 2.2 (e.g. [16]). For hereditary differential systems, condition (ii) is

equivalent to

z (sg), sdz hz, z =O

for h C/ imply that z--0. Moreover, (ii) holds if and only if

rank[A(/) r, Cr] n for all h C+

where A(/)= hI-I_ dlx(O) e.
An operator II (Z) is a solution of the algebraic Riccati equation (ARE) if

(ARE) 2(4z, IIz)-(*IIz, *IIz)+(CCz, CCz)=0 forall z @(s4).

The next theorem follows from [7], [19].
THEOREM 2.3. (i) If (S4, ) is stabilizable, then (ARE) has a self-adjoint, nonnega-

tive solution.
(ii) If , 4) is detectable, then (ARE) has at most, one selfadjoint, nonnegative

solution. Moreover, if II denotes the said solution, then 1 NN*II generates a uniformly
exponentially stable semigroup.

(iii) If (s4, Y3) is stabilizable and (, s4) is detectable, then (ARE) has a unique
selfadjoint, nonnegative solution and the optimal control to (2.10) is given

(2.11) u(t) -*IIz(t),
where z(t) is the mild solution to

dz(t)=(C-*rl)z() z(0)=z.
dt

In what follows, we assume that condition (iii) in Theorem 2.3 holds and recall
some of the important results due to Gibson [8].

THEOREM 2.4. If H is the selfadjoint, nonnegative solution to (ARE), then

IIZ (*).

Note that @(*) consists of elements (y,q,)Z for which z(0)=
(0)-= AX-o,oy is absolutely continuous on [-r, 0] vith z(-r)= 0, [18]. If we
write II as a matrix of operators on Z " L2,

[H Hl](2.12) H=
H1o H

where H is a nonnegative, symmetric n n matrix, Hi(.) is a square integrable
matrix function on [-r, 0], II1= H* and

II14 fr HI(o)Tch(O)dO’
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and 1-I 11 is a nonnegative, selfadjoint operator on L2, then from (2.11) the optimal
control u may be written as follows:

u(t)=-BT IIx(t)+ O)Tx(t+O) dO

From Theorem 2.4 we have the following.
THEOREM 2.5. IIl( is piecewise absolutely continuous on [-r, 0] with the jump

conditions at -Oi, 1 <-_ <= 1-1

(2.13) n,o((-o,)/)-n,o((-o,) -) A,noo.
Also,

(2.14) Hl(-r) AfII.
Let us define an operator on Z x Z

= _,
with @() @(M) x @(*). Then we have the following.

THEOREM 2.6. is closed and densely defined and has compact resolvent. For a

complex number h with Re h < 0,

X e o’(d- *II) ifX tr(

The algebraic and geometric multiplicities of A as an eigenvalue ofd- @@*II are finite
and are identical to the respective multiplicities of A as an eigenvalue of Y(. Moreover, A
is an eigenvalue of Y( if det z(A 0 where

o

e* -BBrdtx( O)
(2.15) A(A)=AI- ro

| d (O) e-XO
d

3. Legendre-tau approximations. As pointed out in 2, for the multiple point delay
case, II1( has jump discontinuities. If we were to try to approximate the solution
to 1-11(.) using a series of polynomials on I-r, 0), we would observe the so-called
Gibbs phenomenon. To avoid this difficulty, we proceed as follows. For simplicity of
exposition we deal with the system of the form

d
d--x( t) Aox( t) + A1x( h- (--01)+) -1- A2x( t- 02)

(3.1)
+ A(O)x(t + O) dO + Bu(t),

with -r -02 < -01 < 0,

Alternatively, if z(t, O)= x(t + 0), then

0
(3.1a) O--z(t, 0)= z(t, 0), -r < 0<0,

00Ot

(3.1b) -z(t,O)=Aoz(t,O)+AlZ(t,-O1)+A2z(t,-r)+ A(O)z(t, O)+Bu(t).
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The approximate solution zN(t, O) is assumed to be represented as

(3.2)

where

N N
(2)(zN(t, 0)= 2 a(t)p(kl)(O)X(-o,.o(O) + 2 b(t)pk

k=0 k=0

p(kl)( O) Pk((20 + O)/ O), p(k2)( O) Pk((2( O + O) + 02-- O)/ 02-- O)),

for0--< k=< N and { Pk}k>_-o are the Legendre polynomials on [-1, 1]. Note that (O/O0)zN

is given by the following as an element in H-.
O---zN(t, 0)= (2/A,).a(t) O)x(-o,,o(O)
O0 k=0

N
.(2)(+ (2/A2)b(t)pk ,O)xt-,-o

k=0

+ a(t)pl(o) b(t)p(O) (0-0)
=0 k=0

where 0, 0-0 and (. is the delta function. The underlying ideas of the
tau method for approximating (3.1) are: (i) equating (3.1a) in the sense that

(3.3) ( O )(t,o ,f =0

N-1 N }f= Y CekP(kl)X(-o,,o] + E flkP(k2)X[-r,-O], Cek, k e n
k=o k=o

for all

and (ii) imposing (3.1b) on the approximate solution zN(t, 0). From (i) we obtain
(2N + 1) equations"

d
a(t) (2/A,)(SUaU)k,

dt
(3.4)

O<_k<_ N-1,

Nd
b(t)=(2/A2)(sNbN)k+ E ((--1)’aN--b)(2k+ 1)/A2,

dt i=o

O_k_N

where SN is the matrix representation of the derivative o/oo (i.e. if the vector a is
associated with a series of Legendre polynomials whose coefficients are the components
of a, then the components of SNa give the Legendre coefficients of the derived series),
and is given by

0 1 0 1 0 0

0 0 3 0 3 0 3

0 0 0 5 0 5 0

0 0 0 0 0 2N-3 0

0 0 0 0 0 0 2N-1

(3.5) SN (R)I

for N even Here I is the n x n identity matrix and (R) denotes Kronecker product.
From (ii) we obtain an equation for aN, i.e.,

d
Z a(t) dtz(O)zN(t, O)+Bu(t)

dt k=O
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or

(3.6)
d 1v- d fd--a(t) 2 -,a(t)+.j_ dl(O)z(t, 0)+ Bu(t).

k=O

Here one needs the following modification in order to ensure the numerical stability
of our scheme (see the proof of Lemma 3.3 for detailed discussions). Equation (3.6)
is replaced by

d -1 d
dta(t) Y -a+k=0

1v(O)zlv(t, 0)+ Bu(t)

where

d/1v O)( O) Aoc(O) + AlCk((-O1)+) + A2ck(-r) + A1v O)( O) dO

with

A1V(0) A(:)p(kl)(sc) d p(k’)(O) on [-01,0]

and

AIv(0) A(0) on I-r, -01].

Hence, from (3.4) and (3.6)’ we obtain a system of ordinary differential equations
for col (bV, b, a,..., a):

(3.7)
dt

A1v
a

fl + B1vu(t)

B 1v =(e21v+(R)I)B

where a 1v =col (a, aV,""’, aN), /3 1v =CO1 (bY, bV,..., b)
col (0, 0,. ., 1) 21v/2. If we define the matrices j(1), j(2) and by

and e2N+2

N+I
j(1)= [U, U," ", U]()/,

with u col (1, 3, , 2N/ 1), and

then A1v is given by AIv= Ay+A, where

AoN --22 (2SN
0

SN
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and

with

and

I 1AN= 0 0

Fo" FN DoN" D

D=(Ao+(--1)kA1)+(1--6k,N) jo
--01

A(O)p(k’)(O) dO

Fk=(--1)kA2 + A(O)p(k2)(O) dO for0_-<k_-<N

where (k,N is the Kronecker delta.
Note that in the case when 0, r, the approximation scheme described above for

(3.1) is exactly the same as that given in [9]. Let us introduce the orthogonal projection
QS on Z. For any z (r/, th), QS is defined by

QSz= rl, CekP(kl)(o)x(-O,,O] + kP(k2)(O)X[-r,-O1]
k =0 k =0

where

2k+l I-,qb(O)p(k2(O)dO, O<=k<=N_l,(3.8) ak A2
2k +

(3.9) j 4)(O)p(k’)(O) dO, 0 <- k <- N,
A1 -ol

and we define the projection operator Ls on Z by

(3.10)
LSz QSz + an(O, p()Xt-o,,o),

N-1 N-1

k=0 k =0

Immediately, we can obtain the following lemma.
LEMMA 3.1. If (N, (N)__LN(, (), thetl tN(0)

(3.11) LNQs Ls and QSLN
Moreover, if

rl. For N_->I,

N N

LSz ., ak(p’(O), P’)X(-o,,o) + Y bk(O, P()X-,-o,)
k=0 k =0

and

N-1 N

QNz-- Cek(O p(kl)X(_O,,O])+ r/(1 0)+ ilk(O, ,,(2)..
lk /[--r, Ol]],

k=O k=0

then we have

ak Cek, 0--<k-<-N-1, bk [k, O <---- k <= N,
N-1and aN k=0 Cek i.e.,

fS(bo,""", bN, ao,""", aN-,, aN)T= (flO,""", fiN, aO,""", aN-,, rl) T
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where

1 1

As shown in [9], the tau method without the modification of (3.6) can be interpreted
as follows. Let

(3.12) zN(t)=(zN(t, 0), zN(t, ))cZ

where zN (t,.) is given by (3.2). Then zN (t), t->0 satisfies

(3.13) -d--d zN(t) LNMzN--LNu(t),
dt

From (3.11), the function

(3.14) Y.N t) QNzN t), z >= O

satisfies

dN(t) QNMLSY. (t) + 3u(t),
dt

U(O) QUz.

Similarly, for the modified scheme with (3.6)’ the function defined by (3.14) satisfies

,4
’--N t) MNN t) + u( t)
dt

where

(3.15) MN(n, 6) Qu dlu(O)ch 0), ,
with

(n, 6U)=LU(n, ) for(n, O)Z.

To establish convergence for the tau approximation, we will use the Trotter-Kato
theorem (see [13, Chap. III, Thm. 4.6]).

THEOREM 3.2. Let S(t) and sN(t), N>= 1 be Co-semigroups acting on a Banach
space X with infinitesimal generators M and N respectively. Assume that the following
conditions are satisfied:

(i) (stability). There exists a constant o such that

IIs(t)llx e’t and IIs(t)llx e’, t-> 0.

(ii) (consistency). There exists a subset contained in (M) f’l f] N=I (t’N) which
together with Range (AI- M) for some A > 0 is dense in X and such that gudp Mdp for
all ck as N- c. Then for all ck X,

Ils (t)b S(t) 0

uniformly on bounded t-intervals.
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The following lemma concerns the question of stability of the tau approximation
for (3.1). Following an idea in [2], we define the norm IIg on Z by

i_’Ilzll-Inl2/ 14(o)l=g(O) dO for z=(r/, b)Z,

where g is the piecewise constant function on I-r, 0] defined by

1, Oe[-r, -01),
(3.16) g(0)

2, 0 (-01,0].

LEMMA 3.3. Let {sN( t), t>--_ 0} be the semigroup on Z generated by gN defined by
(3.15). Then there exists a positive constant to such that

IIS(t)ll<-e’, >-o,

i.e., for all z Z, (ANz, Z)g <= ,o Q’zll =-< tollz[I g, where (. .)g denotes the inner product
on Z:

(3.17) {(r 1, 41), (r, 4)} {r 1, r}e + 41, 4}g(O) dO.

Proof. Let

( N N )(r/,b)=LUz "q, akpl)X,-o,o:l + bkpz)xt-r,-o
k ---o k =o

where ak, bk are given in Lemma 3.1 and let (r/, 4)= QNz. Since p is orthogonal to
all polynomials of degree at most N-l, it follows from (3.4), (3.6)’, and (3.7) that

(i
o

)i_-o,
<z’, z>: d’(o)6(o), n + <,/,(o), 6(o)> do

(3.18)

I+2 ((0), 6(0)) dO+ (( ai-bi),obk-01 i=0

Note that

N N

)(0)"-’, 1)((--01)--)"-" bk, b((--O1)+) (--1)kak.
k =0 k =0

Then the right-hand side of (3.18) becomes

dtx(O)dp(O), 4,(0) +-14,((-o,)-)1-14,(-r)1)+14,(o)1-14,((-o,)+)1
+(((-o,)+), ((-o,)-))- I((- o,)-)1

=(Aodp(O)+Alqb((-O1)+)+Azqb(-r)+f A(O)(O) dO,

1 1
214,(_r)12 14,((_0,)+)_4,((_0,)_)12 214,((-o,)+)1 +1(o)1=,

where the term rA(O)(O dO is a result of the modification (3.6)’. Without the
modification, instead, we have A(O)(O) dO. But in general, the absolute value of
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this cannot be bounded by (constant)x [[Q"II since IIQ"II= Inl+ 114;11. Now, the
right-hand side of (3.18) is bounded by

-< l+]Aol +lArA,l+lAA21 I(0)1

+ IA(0)I dO I( 0)[ dO 16(0)1

g g

where
T

to 1 + IAol +1/21AAII +-IA. AI +1/211A(" )11,
and we used the relation 2(x,y><=lxl=/lyl for x,yn, and the fact that QN is
symmetric w.r.t. (., .)gminner product. Q.E.D.

Next we will prove the consistency of the tau approximation. Let us denote by
@k, k 1, the domain of the kth power of . Then k is dense in Z. Let us introduce
the graph norm on k:

Ilzll II’zll for z e k.
i=0

Note that 11611H Ilzll for all z (6(0), &)e k.
LEMMA 3.4. II(-)zll0 asNfor allzk, k2.
To prove this lemma, we need the following technical lemma.
LEMMA 3.5. Let us define the projection operator pN of L2[-1, 1 by

pNf k, fk
2+ 1

f(X)Pk(X) dx.
k=o 2 -1

en for any positive integer m, there exists a constant K such that

IPf(+ 1) -f(+ 1)1 <- gN-’+’/llfll
and

d d
-x PNf + l -xf + l

Proof Note that for k >- 1, Pk satisfies

Pk + k(k + 1)Pk =0

where is the differential operator"

Thus for k _-> 1 and fe H1,

2k+l 11fk=-2k(k+l) _,
Using the relation

(3.19)

d

f(x)Pk dx
2k+l f_ d x2k(k + 1)

(1 x2) -x Pk fdx.

d
(l-x2) xPk

k(k+ 1)
(Pk+,--Pk-1),

2k+l
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we obtain

(Pk+l Pk_l) fdx.A -_,
It then follows that

N

kak ( 1 od)I1(PNf)(+1) E (+/-1 ao+ +
k=0 k" k: d -1

(3.20)

If N is even, then

(Pl+Po)fdx (P+,+Pu)fdx(PNf)(+l) ao
--1 2

fdx - x + l )fdx +- Pu+ Pu)dx
2 -1 -1

(Pu+, e Pu)fdx.=f(l)+
Similarly, for N odd,

Ps -+- Ps+ )fdx.(3.21) (PrVf)(+/- 1)=f(+l)+
Ifm=2k+l, k=>O, then

(Pujdx
N(N+ 1)

(kPN)fdx=
N(N+ 1) _, P,,, f

And, if rn 2k + 2, k ->_ 0, then

( )Pufdx N N+ l)

k+l

i d d
(1 -x) xPuxx(f) dx

and from (3.19)

(PN+l-PN_l)-.x(mkfi)dx.N(+ 4+
Since is a differentiable operator of order 2k with polynomial coefficients on [- 1, 1 ],
there exists a constant c for k 0 such that

]]kfll Ck[’fl[H2+’ and

Now, the first inequality of the lemma follows from (3.20) and (3.21).
To prove the second inequality, we note that

)kk(k+l).fkl (2k;1) fd
(Pf)(+l) (qzl (f)Pkdx.

dx k=0 2
(1)k

k=O -1

Then the same arguments as above enable us to obtain the second inequality.
Proof ofLemma 3.4. From the definition (3.10) of Lu

N N Nz =LUz=(6 (O),ch ), b u b(1)X(_o,,o] + (2)X[_r,_o

Q.E.D.
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where
N N

c(1)= 2 akp1) on (--01,0], b (2)= bkp2) on[--r,--01]
k =0 k=0

and {ak} and {bk} are as given in Lemma 3.1. It then follows from (3.4) and (3.6)’ that

with

z (n, q,u

0

itN ((1)X(_01,0]-[- [)(2)X[_r,,_o,
N 2k+l+(4,(0) 4,(0,)) :-Pk A[-r,-01a"
k =0 A2

Thus, for z c @(s),

(3.22)

61 t_ 62 + 33 -- 64.
Here, we note that

(3.23) ((l) (,) q_ ( (0) (l)(0))p(N1)
where

on [-01,0],

N-1

((1)__ akP(k
k=0

From (3.6)’, for z (b(0), b) c (/),

i
0

i
0

dtxN(O)chN(O) dla,(O)ch(O)

where from (3.23)

It then follows that

on [-01,0].

AI(t (1)(- 01) (- 01)) "- A2( 4(2)(-r) b (- r))

dO+ 1A(0)((2)-)) dO

(1)(-- 01) (1)(--01)-- (-1)N (b (0)- (’)(0)).

+ [[A(" )ll(ll1)- [-- 01,0] + 112)- t-,-o,).
It now follows from Lemma 3.5 and Lemmas 3.1 and 3.2 in [9] that

14[ g ((21A,I + IA21)N-+/2+ 211A(" N-) z I[
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From Lemma 3.2 in [9]

a2 <-

From (3.23)

where we used the fact that

I(0 ao=(+.
-1

It then follows from Lemma 3.5 and Lemma 3.2 in [9] that

Since

(’(-0)- &(-0,)[ + ((0)- (0)1 + I&((-0)- 6(- 0)1,
it follows from Lemma 3.5 that

3 gzN-+3/=llzll,
Hence from (3.22)

I1( )zllz N-+3/=II zll, k 2

where K is independent of N. Q.E.D.
Now we state the convergence result for the tau approximation.
THEREOM 3.6. Let sN( t), 0 be the semigroup on Z generated byN defined by

(3.15). en for all z Z

IIs ()z s(t)z[I 0

uniformly on bounded t-intervals.
Proo The theorem follows from Theorem 3.2. X is the Hilbe space Z equipped

with the inner product (3.17). The stability (i) follows from Lemma 3.3. Note that the
weighted norm I1" I1 and I1" lz norm are equivalent, i.e.,

Thus, from Lemma 3.4

IIz- zll 0 for z e .
Since and (I-) for suciently large are dense in Z, the statement (ii) in
Theorem 3.2 holds if we choose . Q.E.D.

Remark. Although we will not pursue the details here, one can prove that the
adjoint semigroups sN(t)* also converge strongly to S*(t) uniformly on bounded
t-intervals.

4. An approximation scheme for the Riccati equation. In this section, we discuss
an approximation scheme for the regulator problem (2.10) based upon the Legendre-tau
approximation.

Let us consider the Nth approximate problem to (2.10)

(4.1) Minimize J(u, )= (lN(t)l+lu(t)l) at,
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subject to (3.15)"

dN(t) NN(t) + JU(t), Z
N (0) "2 QNz.

dt

It follows from Theorem 2.3 that if (dN, ) is stabilizable and (, dN) is detectable,
then there exists a unique solution IIN to (ARE)"
(ARE)N ()*H +n n*n+* 0,

and the optimal solution to (4.1) is given by

(4.2) uN t) --*nNN t)

where N(t), 0 satisfies

N(t)=(N--*nN)N(t) N(0) .
dt

Remark. For the sinl point delay case, we are able to prov that if (, ) is
stabilizable (respectively, (, ) is detectable), then for N sucintly large ()
is stabilizabl (respectively, (, N) is detectable) [I0]. Th proof is based upon the
characterization of detectability in Remark 2.2.

In terms of the Legcndrc coordinat system,

N-I

N(t)= E a(t)(O,
k=0

N

+ nN 0) + E
k=0

It then follows from Lemma 3.1 and (3.7) that

ag N), t>0

satisfies

d N(t) liNN(t)+ BNu(t), N(0)(4.3) d--
where N=INAN(IIN)- and is the vector representation of ONz in terms of
Legendre coordinates. AN, BN and 1"N are given in 3. Thus we can write (4.1) as

(4.4) Minimize JN(u, )= (IdNN(t)l+[U(t)l) dt

subject to (4.3), where C ()- with

cN ( o ]C[C,* "[C) px2n(N+l)

nx(N+l)

Hence the optimal solution u N to (4.1) can be also given by

U
N (t) -(BN)TNN(t),

where N satisfies the matrix ccati equation

(4.5) (N)TEN +ENN__2NBN(BN)TEN +(N)TN=o"
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If (sg N, ) is stabilizable and c, ,N) is detectable, then (4.5) has a unique, symmetric,
nonnegative definite solution. EN can be computed effectively by Potter’s method (e.g.
14], [11]), which involves the eigenvalue-eigenvector decomposition of the matrix

(4.6) HN--[ AN --BN(BN)T]_(
, ,

_(A,

Let us define the matrix N by

,N=AN,NAN

where AN is a diagonal matrix:

AN diag
2k + 1

A2 A A A1 1)@/,’2N+l’ 1’ ’2k+l’ ’2N-l’

and define the n n matrices cri,j, 0 =< i, j -<_ 2N + 1 by

(4.7) tro (ei+l(R) I) r,N (e+(R) I)

where ei is the ith unit vector in ff2N+2, i.e.,

e,=(O,,l,0.. "0) .
i-1

LEMMA 4.1. Suppose (, ) is stabilizable and , lN) is detectable. Then for
z q, ch Z, II Nz (y, 4’) with

O N-1

y=trr/+ (O’.,k+N+l)P(kl)(o)t(O) dO
.-o k=O

M

+ E (o-., (0)6(0) do,
k=0

and

I I 0 N-1

0(0) (O"i+N+I,’)T-- E (O’i+N+,,k+N+,)P(k’)(O)qb(O) dO
i=0 -Or k=O

f-o, ’,k )Pk2) O qb O
N

+ E (O’i+N+
k=0-- E (O’i,.)Tl-+" (O’i,k+N+l)P(kl)(o)t(O) dO

i=0 -0 k=0

)Pk)(O)dP(O) dO]pl2)(O)X[_r,_O,N

"+ E (O’i,k
k=0

where the symbol (.) stands for 2N + 1, tr O-2N+l,2N+
Proof It is known [19] that

(HNz, Z)z (ENd, )a-+, min jN (u)

for all ze Z, where is the vector representation of QNz. Since EN and HN are
symmetric,

(4.8) (HNZ1, Z2>Z (_,NI, g>2n(+l)
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for all z (r/i, b i) E Z, 1, 2, where i is the vector representation of QNz for 1, 2.
Note that

AN,= (/3i, ce_, yi)T, 1, 2

where for i= 1, 2

(4.9) k (O)p(k2)(O) dO,

Then

(O)p?(o) do,
O1

Now, if HN (r/’, 4)’) (Y, q), then

Equating (4.8), we obtain

N-1 N

Y trr/+ (O",k+N+l)O -- E (O",k)
k=0 k =0

and

I N-1 N

(0)= (o-+,,,+,..),’+ 2 (,,+,,,+,.+,,,+,),+ Z (,+,,,+,.)t
=0 =0 k =0

+ . (cri,.)7’+ 2 (tri,k+.N+,)a,+ 2 (Cri,k)/3
=0 k =0 k=O

which completes the proof along with (4.9). Q.E.D.
COROLLARY 4.2. The optimal solution u to (4.1) can be written in the operatorform"

u t) yc, t).

27{u (Z, ") is given by

(;o )YENz B oo TqbIINr/+ II 0) (0) dO forz=(rl, dp)Z

where

and

N-1

1-I(0)-- E (tri+N+,,.)Pll)(O)X(-o,,o]
i=o

N

" E (O’i,’)PI2)(
i=0

-r__<O_<_O.

Proof Since *(r/, b)--BTr/, the corollary follows from Lemma 4.1 and
(4.2). Q.E.D.

--01
O) (0)) dOo(iIN(r/1, bl), (,2, 4,2))2=(r/2, y)+ (b2(0), q(0)) dO+ (dp-(

0
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5. Convergence proof. In this section we discuss the convergence property of II.
THEOREM 5.1. Suppose IIN satisfies the Nth algebraic Riccati equation (ARE)v. If
) is uniformly bounded on Z and (fig, ) is detectable, then
(i) II rv converges weakly to II which is the unique solution to ARE;
(ii) there exists an integer No such that if N >-No, then

(5.1) IIS(t)ll<-Me

for some positive constants Mand to, where { Srv (t), _>- 0} is the semigroup on Zgenerated
by g *1-I.

Proof of (i). Although (i) follows from Theorems 3.6 and 6.7 in [8], we will give
an alternative proof here. Since {IIs} is uniformly bounded on Z, by Theorem 6.5 in
[8], there exists a subsequence {II%} which converges weakly to some nonnegative,
selfadjoint operator H. If (fig, ) is detectable, then from Theorem 2.3, ARE has at
most one nonnegative, selfadjoint solution. Hence, we only need to show II satisfies
ARE. Without loss of generality we can assume that IIV converges weakly to II. Note
that for N-> 1, I1N satisfies (ARE) N. Since dim (R")<, /*I-IN converges strongly
to *II. It now follows from Lemma 3.4

(5.2) 2(alz, IIz)-(*IIz, N*IIz)+(figz, figz)=O forallz62.

Since 2__ (,5/2) is dense in @(ag), a simple limit argument shows that (5.2) holds
for all z e @(s), i.e., II is a solution to ARE.

Proof of (ii). First of all, we note that s s-NN*II generates a uniformly,
exponentially stable semigroup {S(t), t->0} on Z, i.e., there exist positive constants M
and such that

(5.3) II (t)ll< e t>_-0.

For z ()

eg YaYa *IIl z z a*II Ya *IIN z.

Thus,

(5.4) S(t)=(t)z+ (t-s)(*II-*II)S(s)zds for all z6Z.

For => r, we may write (5.4) as

(5.5) SU(t)z= g(t-r)+ ,(t-s)Ya(*II-*H")S"(s)zds,

with

(5.6) =g(r)z+ (r-s)(*II-*IIN)SN(s)zds.

From [5] we have that g(r)ze () for all z and II(r)zll(<-,,llzll for some
positive constant 71. If

z(t)=(x(t),x(t+.))= (t-s)u(s) ds, t>-O,
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then x(t)E Hi(I-r, T]; R") for any T_->O and satisfies

-x(t) dlz(O)x(t+O)-BBTHx(t)-BBT IIl(O)Tx(t+O) dO+Bu(t)

=- g(Ox(+o+u(.

Hence for u e L([0, oe); W’), (t)e () and

(5.7) ( s)u(s) ds dl O)x( + 0), d/( +"

where

and

Here we note that

(t)= d(O)x(t+O)+Bu(t),

O(t)=O for

I(5.8) d(O)x(, + o) zllxll :<t-,,"
Lz([a,b],n)

for b a 0, where y d[. Since {H is uniformly bounded, it now follows
from (5.6) and (5.7) that (g) for all z Z and

(5.9) I111< 311zllz,

for some positive constant e3. From (5.5) and (5.7), S (t)z (), r for z Z and

(5.0 s(=(-+ (-s(S(s

where F" Z N is given by

F=(,n_N,n)-1.

Since 0P(), ()- exists and moreover, it is compact [18]. Note that

(F)* (*)-’(H --HN)e (m, Z).

SinceHu converges weakly to H() as N and ()- is compact, (FU)* converges
strongly to zero. Hence, the finite dimensionality of m implies

II(F)*II IIFIIO as U,

i.e., for any e >0 there exists an integer No(e) such that llF] e for N No.
For z Z, let us define the Z-valued function (t), r by

(t)=s(t).
Then from (5.7) and (5.10)

(=(-+ g(Ox(+o, (+.
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where for t-> 0

and

(5.11)

@(t)= dl( O)x( + O) + BFNN t)

(x(t),x(t+’))= (t--s)FNflN(S) ds, t>_r

with x(t) =0, t<= r. Now from (5.8), for T> r

(foIlflc(t)]] 2 dt <-_llffll I]g(t-r)[I 2 at +y2 Ix(t)] 2 at

+ y Ix(s)[ as dt
t-2r

+IB IIF[I [[U(s) dsdt
t-r

1/2

and from (5.3) and (5.11),
__<

+ [BIIIF y2(1 -k- (2r)1/2) + (r)l/2 ’

where we used Fubini’s theorem and Young’s inequality. Thus, from (5.9)

]]flv(t)[[ at <- yallzll+Zl[FVll2y2 IlflrV(s)ll 2 ds,

where

Y [B[(T2(l +(2r.)’/z)+(r)l/2).
If we choose e such that 2e2y< 1/2, then it follows that for T-> r

Note that SU(t)z=-’N(t), t>-_r and -’ (Z). Hence, for T>-r

Ils(t)zll = at <- 2

It now follows from Lemma 7.4 in [8] that there exist positive constants M and to

such that

]]S’(t)ll <- Me t>-_O for N>- No(e). Q.E.D.

The next lemma concerns the uniform boundedness of {II u} in Theorem 5.1(i).
LEMMA 5.2. Consider the system with the form

d
(5.12) d--tx(t) Y. Aix(t- 0i) + Bu(t).

i=0

If the pair Ao, B) is controllable and the range of B contains the range of Ai, <= <= l,
then {IIN} is a uniformly bounded sequence on Z.
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Proof. For simplicity of exposition we consider the case, 2. The approximate
solution zs (t) (z (t, 0), zs (t,.)) Z of initial value problem (5.17) satisfies

(5.13)

d zN (t, O) AozN (t, O) + A1zN (t, (-01)+) + A2zN t, -r) + Bu(t)
dt

o zU(t 0)=
o zN05 (t, 0), -r_--< 0_--<0

where the second equation holds in the sense of (3.3). Since (Ao, B) is controllable,
then there exists an rn x n matrix K such that the matrix (Ao- BK) has distinct negative
real eigenvalues hi, 1-<_i -< n with maxl=i=, Ai_<--3/2. Since the eigenvalues of (Ao-
BK) are distinct, there exists a nonsingular matrix P such that

P-I(Ao- BK)P= A= diag (hi,...,

Let us consider the feedback control law to (4.1)"

(5.14) (t)=-KzN(t, O)-(BTB)-’BT(AzN(t, (--Oa)+)+A2zN(tl,--r)).
Then (5.13) has the closed loop equation

d o z(t,o): o
(5.15) d---z (t, O)=(Ao-BK)zN(t, 0), 0-- --z t, 0).

If N(t)=(P-lzN(t, O),p-IzN(t, ")), t->0, then N(.) satisfies

d
^ 0 N.

dt
z (t, O) A. s (t, 0),

0 .s
ot oO

By using the same arguments given in the proof of Lemma 3.3, we obtain

21 dtd o’(t) 2g __< (AN t, 0), N t, 0)) + IN t, 0)l 2

1 2 1
[2-lS (t, (-O1)+)l -lN (t, r)

<
1

--(lN (t, 0)l2 + IN (t, (-- 0,)+)12 + IN (t, -r)l=)

where we used the fact that A_<--31/2. Integration of this with respect to yields

Q,,(t) = ,, = , =-IIQ (o)11 <=- (I (,o)1 +l"(s,(-o,)+)l+l"(s,-r)12)ds

for all _-> 0. Thus, for all >= 0,

o[

N (s, 0)12 ds,

and

’l (s, (-0,)+)1 as,

fo; IIll= ’max(p-rp-1)llzll2Iu(s,-r)l ds<= [IQ’f(o)ll=< , .
Since Ilzll< 21lzll it now follows from (5 14) and (5 15) thatg-’--

(rI"z, z) <- J"(a, z)- (ICz(t, o)l+la(t)l) dt<--llzll
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for some positive constant ft. Since 1-I s is nonnegative and selfadjoint, for N_-> 1,
IIV _<_/31. Q.E.D.

6. Numerical examples and conclusions. In this section, we discuss some numerical
examples which demonstrates the feasibility of the Legendre-tau method for
approximating the optimal feedback solution. We only consider examples of optimal
control on the infinite interval. We solved the Riccati equation (4.5) for the matrix EN

using Potter’s method. All computations were performed using MATLAB developed
by Cleve Moler [12] which provides easy access to matrix software developed by
LINPACK and EISPACK projects.

The Nth feedback control is given by

(6.1) uN(t)=-BT IIx(t)+ H O)Tx(t+O) dO

where IIu and II are given in terms of the coefficients of Eu in Corollary 4.2. The
strong convergence of II to II implies II II and II IIa in L2([-r, 0]; "").
We also discuss below how closely II and II approximate the conditions described
in Theorem 2.5 and how closely the eigenvalues of the Nth Hamiltonian matrix Hv

in (4.6) approximate the closed-loop eigenvalues of -Y3*II.
Example 6.1 (Gibson [8, Example 8.1]). Consider the scalar differential equation

d
(6.2) -x( t) x( t) + x( 1) + u( t);

the performance index of (2.6) is

(6.3) J(u, (r/, 6)) (x2(t)+uz(t)) at.

For each N, II is a scalar and II(.)r L2([-1, 0]; R) and B= 1 in (6.1). Table 1
shows the numerical results for II and the expansion coefficients of H, i.e.,

N-1

H(0)= Z aPk(20+l), --1<--0_--<0,
k=0

and how closely we have approximated the boundary condition (2.14).

TABLE

N 2 4 6 8

2.8139 2.8094 2.8094 2.8094

k 0 1.44222 1.4267 1.4267 1.4267
1.0844 1.0438 1.0438 1.0438

2 0.2919 0.2919 0.2919
3 -0.0424 -0.0420 -0.0420

{ak} 4 0.0046 0.0046
5 --0.0004 --0.0004
6 2.3X 10-5

7 1.2 X 10-6

n?- rl)(-1)l 0.3074 0.0046 2.3 x 10-5 5.3 x 10-8
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For comparison, the following are obtained using the average (AVE) scheme [8]
and the linear spline (SPL) scheme [4].

II74(AVE) 2.8130, II3(SPL) 2.8091.

Note that both schemes have not fully converged yet. However, for the Legendre-tau
method, the result for N 4 appears to give a fairly good approximation of the optimal
feedback, e.g.,

11/400- II] 4.4 x 10-7, IIn- II[I r_1.o3 1.5 x 10-3.

1-I74(0)(AVE and H(0)(L-T), where L-T denotes theTable 2 compares lo

Legendre-tau approximation.

TABLE 2

IIII7(0)(AVE)-II4(0)(L-T)I] 1.9x 10-2

0 1oII74(0)(AVE) II4(O)(L- T)

0.0 0.6435 0.6323
-0.1 0.7273 0.7225
-0.2 0.8258 0.8273
-0.3 0.9607 0.9519
-0.4 1.1023 1.1013
-0.5 1.2694 1.2807
-0.6 1.4965 1.4951
-0.7 1.7315 1.7497
-0.8 2.0480 2.0494
-0.9 2.3748 2.3994
-1.0 2.7541 2.8048

The oscillatory behavior exhibited by the spline approximation to II1 [4] has not
been observed for the Legendre-tau approximation.

Table 3 shows the eigenvalues A/ of HN which give the relatively small equation
error Idet Z(AN)I where A(A) is given by (2.15), i.e., in this example

z(A)= (A- 1-e-)(A + 1+ e) 1.

In Table 3, the numbers inside stand for the corresponding equation errors Idet (A)I
to the eigenvalues A .

Example 6.2 (Gibson [8, Example 8.3]). We consider the problem of minimizing

(6.4) J(u)= (y-(t)+2(t)Wu2(t)) dt,

subject to the harmonic oscillator with delayed restoring force and delayed damping
given by

(6.5)

If we define x(t) R2 by

d2 d
-ESY(t)+-zY(t- 1) +y(t- 1)= u(t).
at-at

(x( t) y( t), -y( t)
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TABLE 3

N 2

i=1 -1.4032
(.019)

-1.4011
(1.9 10-6

-1.6351 +4.1627i
(.38)

N 6

-1.4011
(3.2x 10-11)

i-2 -1.6343 +/- 4.1827i

(8.2 x 10-4)

i=3

1.4011
(2.4x10-5)

-1.6343 +/-4.1827i

(4.5 x 10-7)

-2.4284 +/- 10.6698i
(2.3)

N 16

i= -1.4011
(1.2 x 10-14)

2 1.6344 +/- 4.1827
(6.7 x 10-14)

3 -2.4256 +/- 10.6890i
(2.1X 10-1)

=4 -3.1695 +/- 23.3811
(4.5 x 10-4)

then (6.4) and (6.5) are equivalent to

J(u; (., ))= ([x(t)12+u2(t)) dt

and

d--t 0
x( t) + X( 1) + u( t)

-1 -1 1

respectively.
The optimal control in feedback form is

u(t)= -H oo
,2X (t) I-[ ,22X2(t)

(6.6) o
10 10(II,,(O)x,(t+o)+II,(O)x(t +o)) dO

-1

where II lO
,i,j and II (O) are the i, j -elements of the matrix H 10(,i,j and H 0), respectively.

The Nth feedback control law is

(6.7)
uN(t) --H N,21Xl( t) oo1-1,22X2

(IIIN,,2(O)Xl(t + O)+II’,22(O)x2(t + 0)) dO.



LEGENDRE-TAU APPROXIMATION 1403

Note that if we define so(t) R2 by

(t)= y(t),-tY(t)+ y(t)

then (6.4) and (6.5) are equivalent to

(6.8) J(u; (, 4)) ((t)TQ(t)+u2(t)) dt,

with

and

(6.9) d-- (t) :(t) +

respectively. Here, the initial conditions

(6.1o) (o, o) and

-1
so(t- 1)+ u(t),

:2(0) 0, -1-<_0-<_0

yield :(t) -= 0, -> 0, regardless of the initial functions :a(0), -1 -<_ 0 <_- 0. Hence, for the
initial conditions in (6.10) and any initial history sea(. ), the optimal control is u(t)=0,

_-> 0. Therefore, the optimal control u(t) must have the form

(6.11) u(t) -H.21(t) II,22(O)a(t + O) dO1-I,222(t) lO

where I’I corresponds to the minimization problem to (6.8) and (6.9).
Note that 2(t)=xl(t)+x2(t), t>-l. Hence, it follows from (6.6) and (6.11) that

[i10 10
,12 1-1,22.

Similarly,

II10 10
N,12 I-I N > 1N,22,

Numerically, we have the results in Table 4.

TABLE 4

HzOO= 12.1407 1.2988111.29881.8611

HO6O [2.1387 1.2963]I_1.29631.8579

ii4oo= [2.1387 1.2963 31.29631.8579

HO8O= [ 2.1387 1.29631I_1.29631.8579

N 2 4 6 8

k=0

2
3

{a "} 4
5
6
7

-0.8846
0.8971

-0.0835
-0.0031
0.0014

-0.8821 -0.8821 -0.8821
0.8969 0.8969 0.8969

-0.0835 -0.0835 -0.0835
-0.0030 -0.0030 -0.0030
0.0014 0.0014 0.0014
0.0001 0.0001 -0.0001

2.4x 10-6

2.4 x 10-7

arrOOl 0.2182 0.0024 1.3 x 10-5 3.5 x 10-8lH(-l)-.-t ..,
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In Table 4, {a NIN-1k .fk=0 are the expansion coefficients of II ,12(0), i.e.,
N-1

II 1N,12(0) affPk(20 + 1),
k=0

-1_<0=<0.

Moreover, we have

iri oo n Ol 0-4.4 6.3 10-7, 111710 H 10
4,12 8,211=4.8x 1

Again, one can see that the result for N 4 gives a fairly good approximation. For
comparison, the following are obtained by AVE and SPLINE schemes"

(AVE) H2O(AVE) [2.1034 1.2574]1.2574 1.8123

(SPL) HI6(SPL)=[2"13891.2963 1.85761"2963]"
Table 5 compares II2,,_(0)(AVE) [8, p. 137] and II41,,2(0)(L- T).
In this example, the closed-loop eigenvalues of M-*l-I are roots of the

characteristic equation det A(A 0, where

z(A)= AI Ao e-hA
-I AI + Ao+ eaAI

0 0
B=Ao= A= -1 -1

Table 6 lists the eigenvalues A of HN which lies in the left half plane of C and
give the relatively small equation error Idet

xample 6.3. Here we deal with the equation which has multiple point delays

d
(6.12) -dx( t) x( t) + 2x( 1) + x( 2) + u(t),

with the cost functional

J(u, (rl, b))= (x2(t)+u2(t)) dt.

TABLE 5

IIIIO,I,2(0)(AVE)_ ,o =7.0x 10-2II4,,,2(0)(L- T)]I

0.0 -0.1152 -0.0719
-0.1 -0.2247 -0.2033
-0.2 -0.3449 -0.3462
-0.3 -0.4750 -0.5003
-0.4 -0.6147 -0.6652
-0.5 -0.7631 -0.8404
-0.6 -1.0013 -1.0257
-0.7 -1.1698 -1.2206
-0.8 -1.3455 -1.4247
-0.9 -1.5278 -1.6378
-1.0 -1.7160 -1.8593

0 10 10H22,,,2(O)(AVE) II 4,i,2(O)(L-T)
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TABLE 6

N 2 4

1.3983 -1.3893
(0.0342) (3.3 10-6)

2 -0.7358 + 1.2207i -0.7339 + 1.2235i
(.0277) (3.4 10-6)

N 6 8

1.3893 1.3893
(5.4 x 10-) (3.9 x 10-4)

2 -0.7339+ 1.2235i -0.7339+ 1.2235i
(6.2 x 10-) (2.1 10-4)

3 2.0927 + 7.4395 -2.0890 + 7.4619i
(78.1) (.474)

For each N, the Nth feedback control law is

UN(t)=--IIx(t) II O)x(t+O) dO
2

where II is a scalar and II (. ) L2([-2, 0]; R) is given by
N N-1

II(0)= bff Pk(20+3)X[-2,_l](O)+ aPk(EO+ l)X(_l,o](O)
k=O k=0

TABLE 7

-2_<_O_<_0.

N 2 4 6 8

II 3.2159 3.2074 3.2073 3.2074

bo 1.5306 1.5246 1.5244 1.5243

b 1.220 1.220’5 1.2214 1.2216

b2 0.3295 0.3990 0.3972 0.3969
b -0.0583 -0.0590 -0.0595
b -0.0002 -0.0050 -0.0049
b -0.0008 -0.0001
b -0.0011 -0.0001
b -0.0005

b8 -0.0002

ao 3.3767 3.3911 3.3914 3.3914

a -2.8081 -2.6999 -2.7004 -2.7006

a2 0.8479 0.8477 0.8478
a -0.1119 -0.1092 -0.1094

a4 0.0083 0.0080
a -0.0018 -0.0009
a --0.0002
a7 0.0004

IIIk9(-2)-HI 0.1352 0.0047 6.0x 10-4 6.2 10-5

IHk?((-1)+)- llk?((-1-)- 2tirol 0.8865 0.0090 2.0x 10-4 8.7 10-5
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TABLE 8

-2.0
-1.9
-1.8
-1.7
-1.6
-1.5
-1.4
-1.3
-1.2
-1.0

3.0807
2.6586
2.2761
1.9331
1.6297
1.3658
1.1415
0.9567
0.8114
0.6396

3.2026
2.6892
2.2518
1.8834
1.5769
1.3252
1.1213
0.9583
0.8292
0.6451

3.2067
2.6879
2.2492
1.8830
1.5769
1.3280
1.1229
0.9574
0.8266
0.6443

3.2074
2.6877
2.2498
1.8831
1.5784
1.3277
1.1233
0.9581
0.8265
0.6440

-1.0
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0.0

6.1848
5.6232
5.0615
4.4999
3.9383
3.3767
2.8150
2.2534
1.6918
1.1301
0.5685

7.0508
5.9500
5.0047
4.2014
3.5267
2.9671
2.5094
2.1399
1.8454
1.6123
1.4272

7.0587
5.9477
5.0025
4.2026
3.5303
2.9706
2.5103
2.1375
1.8413
1.6111
1.4360

7.0587
5.9482
5.0031
4.2025
3.5298
2.9704
2.5106
2.1378
1.8411
1.6107
1.4362

N

N

TABLE 9

-1.5217
(.2172)

0.9524 + 2.4826i

(2.090)

-1.5174
(3.0x 10-)

-0.9028 + 2.5445
(.0031

-0.6103 + 5.0272i
(.8349)

-1.5174
(6.9 x 10-1)

-0.9029 + 2.5445
(7.0 x 10-7)

-0.5890 + 5.0114i
(.0030)

-1.3588 + 8.7500i

(10.18)

-1.5174
(6.0 x 10-14)

-0.9029 + 2.5445
(4.6 x 10-ll)

-0.5889 + 5.0114i

(2.7 x 10-6)

-1.3159+8.7703i

(0.1018)

1.0595 + 11.4781
(4.108)
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Table 7 shows the numerical results for H and II(0) and how closely we have
approximated the jump condition (2.13) and the boundary condition (2.14).

We have the function values of H(0) in Table 8. In this example, the closed
loop characteristic equation is given by

,(A (A 1 2e -’x e -2‘x )(A + 1 + 2e’ + e2’ 1 O.

Table 9 shows the eigenvalues of HN in the same manner as before.
The numerical results presented here reveal that numerically one has strong

convergence ofHv for the Legendre-tau approximation. We have not proved the strong
convergence of [Is in the general case (except for single point delay case [10]). It
requires a careful study of the asymptotic behavior of the spectra of . However,
the efficiency of the numerical schemes is most important from the practical point of
view. We observe, from the numerical results of this section, that the Legendre-tau
method provides faster convergence and better approximation at low orders (i.e. small
N) than the AVE and SPLINE schemes. In the above examples, the results correspond-
ing to N 4 give a fairly good approximation of the optimal feedback gain.

As further evidence of the usefulness of the Legendre-tau approximation, one can
use it as an approximation technique for computing closed-loop eigenvalues of the
feedback system. Note that eigenvalues close to the origin are approximated quite well
at low orders on the above examples.

From these observations, we believe the Legendre-tau approximation scheme
offers one of the favorable methods for construction of feedback gains. In future
investigations, our efforts for constructing feedback gains for delay systems will be
combined with the approach to finite-order compensator design for distributed para-
meter systems [17], developed by J. M. Schumacher to develop a design procedure
for the construction of compensators for delay systems.
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Abstract. We analyze the effect of changes in problem functions and/or distributions in certain two-stage
stochastic programming problems with recourse. Under reasonable assumptions the locally optimal value
of the perturbed problem will be continuous and the corresponding set of local optimizers will be upper
semicontinuous with respect to the parameters (including the probability distribution in the second stage).
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1. Introduction. This paper analyzes the effect of perturbations in problem data
on the optimal value and optimal policy set of certain two-stage stochastic programming
problems. We show that under reasonable assumptions, such as are likely to be satisfied
in practice, the optimal value will be continuous in the perturbations and the optimal
policy set will be an upper semicontinuous multifunction. The problem data being
perturbed may include the probability distribution of the right-hand side in the
second-stage problem, and therefore a particular contribution of this paper is the
identification of appropriate classes of probability distributions for which such stability
results can be proved, as well as a suitable topology for those distributions.

Several previous works, including [3]-[5] and 12], have dealt with various aspects
of stability in stochastic optimization, often by applying general theorems about stability
in nonlinear optimization involving, e.g., differentiability conditions. We do not require
any differentiability for the results of this paper, but rather employ the continuity
results of 10]. Those results are also the basis for the recent work of Kall [8] of which
the authors became aware after having completed the research for this paper. Although
the approach of [8] differs somewhat in emphasis from that adopted here, the results
for two-stage stochastic programming are closely related to ours.

In the remainder of this section we state precisely the problem that we shall
consider, and the ways in which it can be perturbed. Then, in 2, we identify an
appropriate combination of topologies for a space of functions and a space of probabil-
ity measures, so that the expectation operator will be a continuous function on the
product of the two spaces. We then show how to apply this knowledge, together with
results from 10], to analyze the stability of the stochastic programming problem under
consideration. In 3 we show how to apply these results to the commonly-used model
of two-stage stochastic linear programming with complete fixed recourse, and we
present two examples to show how the continuity results we obtain can yield information
important in practical applications.

We shall be concerned here with minimizing (in x) the function defined by

(1.1) c(p,x)+ f Q(p,x, )P(d),

* Received by the editors June 2, 1986; accepted for publication October 28, 1986. This work was
sponsored by the National Science Foundation under grants DCR-8502202 and ECS-8542328, and the U.S.
Army under contract DAAG29-80-C-0041. An earlier version of this work was presented by invitation at
the IIASA Workshop on Numerical Methods for Stochastic Optimization, December 1983.

" Department of Industrial Engineering, University of Wisconsin-Madison, Madison, Wisconsin 53706., International Institute for Applied Systems Analysis (IIASA), and University of California, Davis,
California 95616.
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where p is a perturbation parameter, c is an extended real valued function, Q is a
function of p, x and a random variable , and P is a probability measure. Detailed
technical assumptions about these objects will be stated in 2.

Problem (1.1) is called a two-stage problem because the function Q is generally
not explicitly prescribed, but instead is defined by means of an "inner" optimization
problem. Often this is a linear programming problem of the form

(1.2) Q(p,x,):=inf{(h*,y)[Wy=t(p,x,),y>=O}.

This class of problems has a long history; see e.g. [2], [7], [13] and further references
therein.

It is clear from the form of (1.1) that in order to deal with our problem we have
to gain information about how an expectation behaves when both the function involved,
and the probability measure with respect to which the expectation is taken, can vary.
We then have to apply this information to analyze continuity of the optimal value and
optimal solutions of (1.1) as functions of the pair (p, P). This analysis is done in the
next section.

2. Continuity analysis. Let be a family of probability measures on (’, ),
where is the o’-algebra of Borel sets, and let 0% be a family of continuous real-valued
functions on ’. In this section we first exhibit appropriate conditions on, and
topologies for, 0% and so that the quantity

(f, P):= [ f()P(d)
J

will be a well-defined, continuous function on 0% x g. We then use these conditions to
analyze the stability of the optimization problem (1.1).

For our purposes convenient topologies will be those of uniform convergence on
compact sets for 0% and weak convergence for . The latter is defined as follows: if
Z(Em) represents the class of all probability measures on
and Pc Z(E"), then we say Pn converges weakly to P (written P,P) if (f, P,)
converges to (f P) for every f belonging to the class c(Em) of bounded, continuous
real-valued functions on E". This notion of weak convergence amounts to convergence
in the topological space (Z(E"), r), where the topology - has for its base at an element
P Z(Em) the sets of the form

{s z(m)II(f, S)--(f, P)I < e, i: 1,’’’, k},

where e > 0, k is a positive integer, and thef all belong to C(W"). For more information
about weak convergence, see [1].

To see why we need some restrictions on 0% and to make (.,.) continuous,
consider the example in which Po is the probability measure on having mass 1 at
x =0, and P is that having mass 6/(rk) at x k for k 1, 2, , (P is a probability
measure because ,:1 k-2 7r2/6).Forn=l,2,...,letP,:=(1-n-)Po+n-IP. Now
for any bounded function f on , one has

I(f, P) (f Po)l <-- Zn-
where /3 is the bound on f. Therefore PnPo. However, with g(x):= x we have
(g, P,)=+ for each n, but (g, P0)= 0. Thus even (g,.) for a fixed g is not continuous.

The difficulty in this example arose from the fact that, intuitively speaking, Pn
had too much mass in regions where g was large. To avoid this problem we shall use
a slight extension of the idea of uniform integrability ]. If is a family of probability
measures on ([’, ) we shall say that the family 0% is uniformly integrable with respect
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to the family if for each e > 0 there is a compact set K in " such that for each
fe 0% and each P e ,

[f()lP(d)<e
cK

where cK denotes the complement of K. With this definition we can then prove the
following theorem.

THEOREM 2.1. Let 0% and be endowed with the topologies of uniform convergence
on compact sets and weak convergence, respectively. If 0% is uniformly integrable with
respect to , then (.,.) is continuous on 0% x .

Proof Let fo e 0% and Poe , and choose e > 0. We shall exhibit neighborhoods
U of fq in 0% and V of Po in , such that if (f, P)e U x V then I(f, P)-(fo, Po)[ < 4e.

Fi]st, use the hypothesis to find a compact set K such that for each fe 0% and
each P , cI,: If(()lP(d()< e. Let d((, K):= inf{[[(- k[[ [k e K}, the point-to-set dis-
tance function, and let K:= {em Id(, K)=< 1}. Define 0() := max {0, 1- d(, K)};
note that 0 is a continuous function taking the values 1 on K and 0 on eKe. Now define

U := {fe 0%[ sup {[f()-/o()[ e K,}} < e;

this is a neighborhood of fo in the topology of 0%. Let

V:= {P e Z(a’)[[(foO, P)-(foO, Po)l < e};
note that this is a neighborhood of Po since (foO)():=fo()O() is a continuous
bounded function. Choose (f, P)e U x V and write

I(f P)-(fo, Po>l--< I(fo foO, P)I + [<foO, P)-(foO, Po)l
(2.1)

+ I(f( 1 0), P)i + I(fo( 1 0), Po)l-
The first term on the right in (2.1) is less than e since If()o()-fo()o()l<=

If(s) -f0(s)] and sincefe U; recall that 0 is zero off K1, and P is a probability measure.
The second term is less than e by definition of V, and the last two terms are each less
than e because (1- 0) is zero on K so that those terms represent integrals over cK.
This completes the proof.

With the continuity result of Theorem 2.1, we are able to analyze the stability
properties of the optimization problem (1.1). For a family of probability measures
on (", ) and a topological space H, let Q be a real-valued function on II
ForpeH, xe" and Pe,let

(2.2) I(p, P, x):= / Q(p, x, )P(d),
J

provided that the integral exists and is not -. Then the optimization problem described
in 1 can be expressed as

(2.3) infxh(p,P,x)

where

(2.4) h(p, P, x):= c(p, x) + I(p, P, x)
and where c is a given extended-real-valued function from H x" to (-, +].

We shall establish continuity properties of (2.3) by using results from .[10]. Since
in general the function h(p, P,. may not be convex, we deal with local minimizers;
in the convex case there will of course also be global minimizers. To specify precisely
the objects we shall study, we recall from 10] the concept of complete local minimizing
set (CLM set): for given values poe H and Poe , a set M c " is called a CLM set
for h(po, Po," with respect to an open set G c R", if (i) M c G, and (ii) the set of
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minimizers of h(p, Po," on cl G is M. Roughly speaking, to say M is a CLM set is
to say that it contains all of the nearby minimizers of the function being studied.

We shall suppose that an open bounded set G has been found such that if for
(p, P) H x we define

(e.5)

and

(2.6)

O(p, P):= inf {h(p, P, x)Ix cl G}

O(p, P):= {x cl G h(p, P, x) O(p, P)},

then (R)(Po, Po) is a CLM set for h(po, Po,’) with respect to G. We shall then study
the behavior of 0 and 19 as the pair (p, P) varies near (Po, Po).

To use the results of [10] we need to introduce the additional idea of epi-upper
semicontinuity (epi-usc) at a point. We say that the function c appearing in (2.4) is
epi-usc at Xo " (as p - Po) if

c(po, Xo) >- sup lim sup inf c(p, x),
VC(Xo) PPo V

where (Xo) denotes the neighborhood system of Xo. The property of epi-usc at Xo
holds in particular if c(., Xo) is usc at Po. However, it can hold in many other situations
.oo, including some in which c(p, Xo)=+ for p Po but c(po, Xo) is finite, so that
c(., Xo) is obviously not usc at Po. For more details see [10].

The next theorem employs some terms that we now define. An extended-real-valued
function f is proper if it never takes - and it is not identically +. The effective
domain of f is the set of arguments for which f is not +. Finally, the multivalued
function 19 is Berge-usc at (Po, Po) if for each open set W in " with W 19 (Po, Po),
there is a neighborhood U of (Po, Po) in IIx such that for each (p,P) U,
O(p, P) c W.

THEOREM 2.2. Let Q and P be as previously defined, let I be defined by (2.2) and
h by (2.4), and let G be an open bounded set in ". Assume the following hypotheses"

(i) Q is continuous on
(ii) The collection := { Q(p, x, lp 6 II, x 6 cl G} is uniformly integrable with

respect to the family .
(iii) The function c is lsc on H x cl (3, and is epi-usc at some point Xo 19(Po, Po),

with c(po, Xo) finite.
(iv) O(po, Po) is a CLM set for h(po, Po, with respect to G.
Then we have
(a) O(po, Po) is finite and 0 is continuous at (Po, Po).
(b) 19 is Berge-usc at (Po, Po).
(c) There is a neighborhood U of (Po, Po) such thatfor each (p, P) U, thefunction

h(p, P,. restricted to cl G is proper and 19(p, P) is a nonempty, compact CLM set for
h( p, P,. with respect to (3.

Proof We apply Theorem 4.3 of [10] to problem (2.3) to obtain conclusions
(a)-(c). Thus the only proof required is verification that the hypotheses needed in 10]
hold for (2.3). We list these hypotheses below, indicating for each why it holds here.

(1) Gfldomh(po, Po,.)" finiteness of c(po, Xo) (Hypothesis (iii)) and the
fact that I is continuous on o% (Theorem 2.1 with Hypotheses (i) and (ii)).

(2) O(po, Po) is a CLM set with respect to G" Hypothesis (iv).
(3) h is epi-usc at Xo619(po, Po) as (p,P)(po, Po)" Proposition 2.8 of [10]

together with epi-usc of c at Xo (Hypothesis (iii)), continuity of I on fix (see (1)
above), and continuity of Q (Hypothesis (i)).



STABILITY IN TWO-STAGE STOCHASTIC PROGRAMMING 1413

(4) h is lsc on II x x cl G: lsc of c on II x cl G (Hypothesis (iii)) with continuity
of I on x and continuity of Q.

This completes the proof of Theorem 2.2.
Theorem 2.2 gives a general continuity result for (1.1) under Hypotheses (i)-(iv).

In the next section we specialize this result to two-stage stochastic linear programming
with complete fixed recourse, showing how to verify the hypotheses in that case.

3. Application to stochastic linear programming. We are concerned in this section
with the particular case of (1.1) for which

(3.1) Q(p, x, so) infy {(h*, y)l Wy= t(p, x, ), y_>-0},
where W is a linear transformation from Rk to Rl, h* k, and is a function from
17 x cl Gx to t, with G an open set in " (the same G as in Theorem 2.2). The
special form of Q in (3.1) reflects a situation in which realizations of the random
variable : lead to adjustment processes whose costs can be modeled by linear program-
ming. The sum of the expected adjustment (or recourse) cost and the cost c(p, x) of
adopting the policy x then comprises the total cost h(p, P, x) to be minimized. We
shall first show how to apply Theorem 2.2 to (3.1), and then discuss two practical
examples in which the conclusions of that theorem yield important information.

Recall that in order to apply Theorem 2.2 to (3.1) we need to know that Q is
continuous on II x (cl G)XRm, that the collection

:={Q(p,x, .)lp II, x cl G}
is uniformly integrable with respect to a given family of probability measures, and
that for some fixed elements poe II and Po , the set O(po, Po) defined by (2.5) is a
CLM set for h(po, Po," with respect to G. There is also a continuity condition on c,
detailed in Hypothesis (iii) of Theorem 2.2. Here we concentrate on the first two
requirements with the form of Q given by (3.1).

In all of our analysis of (3.1) we shall assume the complete recourse condition

(3.2) { Wy ly >= O} ’.
This condition says that no matter what value assumes in (3.1), the programming
problem has a feasible point. We shall also assume that the dual of that problem is
feasible:

(3.3) {u*l W’u* <= h*} .
If we define a function v on l by

(3.4) v(z) := infy {(h*, y)[ Wy z, y >-_ 0},
then v has the following (well-known) properties.

LEMMA 3.1. Under Hypotheses (3.2) and (3.3), the function v defined by (3.4) is

a finite, Lipschitzian, positively homogeneous convex function on t, andfor each z there
is a y(z) attaining the infimum in (3.4).

Proof The existence of y(z) follows from the elementary duality theory of linear
programming. This shows that v is finite everywhere. It is clearly convex and positively
homogeneous, so we need only prove Lipschitz continuity. Since the cone on the left
side of (3.2) is assumed to be t, its polar {u*] W*u*-<O} must be the origin. But this
polar is the recession cone of the dual feasible set on the left side of (3.3), so that set
(for any fixed h*) is bounded [11, Thm. 8.4]. However, the conjugate function v* is
just the indicator ofthat set" thus v* has a bounded effective domain, so v is Lipschitzian
[11, Cor. 13.3.3]. This proves Lemma 3.1.

We can now state conditions for the properties of Q in which we are interested.
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THEOREM 3.2. Assume that (3.2) and (3.3) hold, and that in addition
(a) is continuous on II x (cl G)x", and
(b) The collection {lit(p, x,. )11 IP H, x cl G} is uniformly integrable with respect

to .
Then thefunction Q given by (3.1) satisfies Hypotheses (i) and (ii) of Theorem 2.2.

Proof. Continuity of Q is obvious from assumption (a) and Lemma 3.1. For
uniform integrability we note that since v(0)=0, we have for any z

(3.5) Iv(z)[ v<0)l--< IIz 
where A is the Lipschitz constant given by Lemma 3.1. As Q is the composition of v
with t, its uniform integrability follows from assumption (b) and (3.5). This completes
the proof.

In practice one often finds given by an expression of the form

(3.6) t(p, x, )= a(p, x)+ S(p)+ T(p, )x
where a H x cl G 1, S: H (m, l) (the space of linear tiansformations from " to
) and T:H x" (n, l). If all of these functions are continuous then assumption
(a) of Theorem 3.2 is satisfied. Further, if H and cl G are compact, if T satisfies a
growth condition of the form

T( p,  )ll <--
where 3’--> 1, and if the members of g happens to come from a family of density
functions dominated for I1 11 -> by some function of the form  11 11-’, where fl and
6 are any positive numbers and /> T + m, then assumption (b) will also hold. Many
common probability density functions fall into this category.

We conclude by considering two examples. Although these are mostly for illustra-
tive purposes, the first ofthem is ofgreat importance in the everyday use ofmathematical
programming techniques to analyze decision making in an uncertain environment.

Example 3.3. Scenario analysis. When mathematical programming models are used
as a tool to help in decision making at the policy level (see for example [6], [9]) the
"practitioner" approach to handling uncertainty is through reliance on a technique
known as scenario analysis. Typically, the situation is as follows: a policy must be laid
out for the next T years. It corresponds to a sequence of decisions x, .., XT, with
x’ the decision in period t. In the PILOT model [9], these decisions are related to
energy planning and involve such questions as the number and the type of generating
plants to support or to start in order to supply the energy needed for industrial and
individual consumption. The model is usually of the type

minimize
T

Y
t=l

(3.7) subject to Aox=b,, t=l,...,T,
j=l

xeCcN, t=l,’’’,T,

assuming that the dynamics are linear (the Ao are m by n matrices, b, E"). The
constraints x’ C, represent the limitations imposed on the possible alternatives avail-
able in period t. The vectors b, include the projections for supply and demand in
period t. The associated costs (not necessarily purely monetary) are modeled by
introducing the objective function

T

f(x) := E f(x’)
t=l
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that may, as is the case here, or may not be time-separable. Of course, the only decision
X
Tthat is crucial is x The subsequent decisions xa, are only included in the

model to measure the implications that a poor or good choice of x may have on the
remainder of the planning period. In some sense it would be more appropriate to
formulate the problem as

minimize f(x 1) + R(x 1)
xCl

(3.8)
subject to AllX1= bl

where

(3.9)
,t. .,x t=2 j=2
Ct

If demands and supplies may be sufficiently well known for period (or stage) 1, so
that we may consider b to be given, there is usually much uncertainty as to the values
to assign to b2," ", br; obviously we are painfully hampered by lack of data to make
reliable predictions for the faraway future. To overcome this obstacle, one technique
is to rely on scenario analysis. Instead of solving the optimization problem (3.8) for
one choice of

sc:= (ba," ", br),
the problem is solved for a number of possible scenarios

:l:=(b,...,btr) forl=l,...,L,
generating a collection of solutions {x 11, l= 1..., L}. These solutions are then
analyzed: how does solution x 11 "hold up" if instead of scenario i, the actual outcome
turns out to be k, with k l; what is the "best"/"worst" solution; how should one
combine the "optimal" solutions to reach a desirable mix; and so on. This involves
solving problem (3.8) a very large number of times and nonetheless being left with no
more than an educated guess about a potentially good choice of x

A second approach is to rely on the model of stochastic programming with recourse
to analyze such a situation. As before, we accept the future as describable by a range
of scenarios, that we again denote by :1,..., L. But this time we attach probabilities
Pl,"" ", P/ to these scenarios and instead of solving (3.8) for each possible scenario
sol, (/, we solve the following stochastic optimization problem:

minimize f(x 1) + Q(x 1)
xC

(3.10)
subjectto A11x

with

Q(x,) E inf (x’) Aox b,- A,lx 1, 2,. ., T
t.x ,’",x j=2xtc Ct

(3.11)
inf p _, f( Aox b-Ax ,t=2,...,T;/=I,...,L

xtlcc /=1 t=2 j=2

we write b, in boldface to suggest that we now view it as a random vector whose
possible realizations are b 1,, b. The solution generated by (3.10) takes into account
not just one scenario, but all ofthem and if one can argue that the (somewhat arbitrarily)
assigned probabilities Pl, ",PL do correspond to the best available information, then
the optimal solution x would provide a reliable basis for arriving at a decision in
period 1.
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The advantage of relying on a stochastic programming model, instead of on
scenario analysis, does not stop at the observation that a solution of (3.10) will take
into account all eventualities, whereas each individual solution of (3.8) only takes into
account one scenario. In fact Theorem 2.2 provides the convincing argument. It informs
us that, under perturbations of the probability measure that we have assigned somewhat
arbitrarily to the scenarios, the set of solutions to (3.10) as it depends on these
"probabilities" is "continuous" (in the sense of upper semicontinuity). Hence a
parametric analysis of the behavior of x 1, with respect to Pl," "’, PL, will reveal a
"continuous" behavior that allows us to zero in on the stable characteristics of the
optimal solutions. Scenario analysis only considers as possible values for the vector
(Pl,"" ", PL) the extreme points, of the simplex of probabilities, and thus it is very
difficult, if not impossible, to recognize the built-in stabilities.

Example 3.4. Approximation schemes. To solve stochastic programming problems
one must usually rely on a discretization of the probability measure, in order to be
able to calculate the integral that appears in the objective function (for a general
discussion cf. 14]). The discretization is refined, in the appropriate fashion, to guaran-
tee the convergence of the solutions of the approximating problems to the solution of
the given problem. Theorem 2.2 allows us to work out the conditions that would
guarantee local convergence. Earlier results 13, Thm. 3.9] required global convergence
and were, for all practical purposes, only useful in the convex setting. Similarly,
Theorem 2.2 allows us to deal with a situation when we have only partial information
about the probability measure associated with the random elements of the problem.
We can think of this last case as a refined version of "scenario analysis."
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BOUNDARY CONTROL OF THE TIMOSHENKO BEAM*
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Abstract. It is shown that the Timoshenko beam can be uniformly stabilized by means of a boundary
control. A numerical study on the spectrum is also presented.
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0. Introduction. The purpose of this paper is to investigate uniform stabilization
ofthe Timoshenko beam with boundary control. The motion of a beam can be described
by the Euler beam equation when the cross-sectional dimensions are small in com-
parison with the length of the beam. If the cross-sectional dimensions are not negligible,
the effect of the rotatory inertia should be considered and the motion is better described
by the Rayleigh beam equation. If the deflection due to shear is also taken into account
in addition to the rotatory inertia, we arrive at a still more accurate model, which is
called the Timoshenko beam. Its motion is described by the following system of
equations:

02W
K

Ozw
+K=0,(0.1) P Ot Oxz Ox

02)
E1 +K - =0.(0.2) I,

Ot

Here, is the time variable and x is the space coordinate along the beam in its
equilibrium position. We denote by w(x, t) the deflection of the beam from the
equilibrium line, which is described by w 0, and by (x, t) the slope of the deflection
cue when the shearing force is neglected; for the precise meaning of, see Timoshenko
11 or Traill-Nash and Collar 12]. We assume that the motion occurs in the wx-plane
and that 0 x L. The coecients p, I, E and I are the mass per unit length, the
mass moment of ineia of the cross section, Young’s modulus and the moment of
ineia of the cross section, respectively. The coecient K is equal to kGA, where G
is the modulus of elasticity in shear, A is the cross sectional area and k is a numerical
factor depending on the shape of the cross section. The boundary condition we employ
at x 0 is

(0.3) w(0, t)=0, b(0, t)=0,

which is for the clamped end at x 0, and the boundary control at x L is of the form

(0.4)
ow ow

Kc(L, t)- K-f-- (L, t) a-7-? (L, t),
ot

(0.5) EI
Odp

(L, t)=
Ox -- (L, t)
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where c and/3 are positive constants depending on the control device. This boundary
control corresponds to a control mechanism which monitors Ow/Ot and Och/Ot at x L
and transforms them into the lateral force and moment applied at x L, respectively.
Russell [10] and Washizu [13] derived (0.1) and (0.2) through the energy principle by
using the natural energy of the beam given by

(0.6) e(t) = p + I, + K - + E1 dx.

One can also derive an equivalent fourth-order equation in terms of w; see Timoshenko
[11] and Traill-Nash and Collar [12]. In particular, [12] discusses various boundary
conditions.

This paper consists of two main parts. In the first part, we show that the energy
e(t) decays exponentially fast under (0.3), (0.4) and (0.5). For the one-dimensional
wave equation with boundary control, Quinn and Russell [9] established the exponen-
tial decay of solutions. Later, Chen 1], [2] obtained the same result for a wave equation
in any space dimension under some geometrical conditions on the domain. A very
restrictive part of these conditions was eliminated by Lagnese [5] with the aid of a
new energy estimate. Lagnese [6] also extended the result to linear elastodynamic
systems. In contrast to the above works, Lasiecka and Triggiani [7] employed boundary
feedback acting in the Dirichlet boundary condition to achieve exponential decay of
solutions to the wave equation. More recently, Chen et al. [3] discussed the case of a
chain of Euler beams and obtained a similar result. Our result for the Timoshenko
beam is most closely related to [3]. We use the energy method combined with C0-
semigroup theory as in [1]-[3], [5] and [6]. The essence of the method is to construct
a suitable energy functional associated with e(t). Details are given in 2.

The second part of this paper is concerned with a numerical study. Since the
nature of the spectrum is an important question in the investigation of the stability of
a linear system, we carried out numerical experiments on the spectrum of (0.1) and
(0.2) under (0.3)-(0.5). We express the temporal variation of the eigenfunction in
normal modes ofthe form ea’, transforming (0.1)-(0.5) to ordinary differential equations
with boundary conditions. The Chebyshev-tau method [4], [8] is used to discretize the
spatial variation of the eigenfunctions, thus yielding a matrix eigenvalue problem with
discrete complex-valued eigenvalues A. These are computed using a NAG routine in
quadruple precision on a VAX 11/785. Results of numerical experiments are presented
in3.

1. Notation and preliminaries. We shall use the notation

f,=o,f =Of A=Oxf Of Ax=O,,,,f O2f
at’ ox’ OX2’ etc.

L always denotes L2(O, 1) and we write

gin= f, fL,k=l, ,m

Our basic function space 03 is the set of all quadruplets

W1
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satisfying

wiH1, wl(0)=0, wzL2,
(])1 f H’, bl(0)= 0, b2 Le,

equipped with the inner product

(1.1) (z, z) (oxwl)(a.l)+w2.,2+-i-o(axd,)(oxl)+O2e dx.

We shall also use the function space 5e which is the set of all quadruplets

W1

W2

satisfying

Wl He, W1(0 0, w2 Hl, we(0) 0,, e He, (DI(0) 0, 2 H’, 4,2(0) 0,

K61(1)- K OxW,(1)= awe(l), EI 0,,b (1) -/34,2(1),

equipped with the inner product induced by H2 H H2 H1. Here, K, a, E, I and
/3 are the same as in the previous section. It is easy to show that 0 is dense in

We define the operator A in "

i i
id 0 0

(1.2) A=
(K/ 0,,, 0 -(K/p) O,, 0

0 0 id

[(K/Io) Ox 0 (EI/Io) O,,,,-(K/Ip) id 0

where id is the identity mapping and the domain of A is taken to be be. It is then easy
to see that (0.1), (0.2) with (0.3), (0.4) and (0.5) can be put in the abstract form"

dz
(1.3) --=Az wherez=

dt
and L is taken to be 1.

We also observe the following.
LEMMA 1.1. A is an infinitesimal generator of a Co-semigroup in .
Proof Let us write A Ao+ A1, where

(1.4) Ao

with @(Ao) and

(1.5) A

0 id 0 0

(K/p) Ox, 0 0 0

0 0 0 id

0 0 (EI/Io)0,, 0

0 0 0 0

0 0 -(K/p)O, 0

0 0 0 0

(K/Ip) O, 0 -(K/Ip) id 0
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It is apparent that A1 is a bounded linear operator on . Thus, it is enough to show
that Ao is an infinitesimal generator of a Co-semigroup. By virtue of the Lumer-Phillips
theorem, it is enough to show that

(1.6) (Aoz, z) <- cllzll for all z 5,

where c is a positive constant, and that

(1.7) Range of (hid- Ao)= for some h > c.

By integration by parts using the boundary condition of z e , we find that

K E1
(Aoz, z) w.2(1) a,,w,(1 + 4_(1) a,,tbl

)=l (K6(1)- 62(1

1
(1.8) -< K24,(1)2

4pa

1 K2fo )2dx_-< (axe,
4pa

g2

-4paEI I llzll ,

from which (1.6) follows. We next prove (1.7) for any A > O. Let A > 0 and

f,
f2 e
g

Then, we have to find

W1

14"2

such that

(1.9) IW1-- W2"-- fl
K

(1.10) hWz---O,,,,wl=f2,
P

(1.11) a4,1 42 gl,

EI
(1.12) A42 --}7 O,,x4l g2

We can find (1 H2 such that

(1.13)

(1.14)

Oxx g2 q-Agl,

cb,(O) O, ,BAch,( + EI O,,cb,( fig,( ).
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In fact, tl is given by

(1.15) cb(x)=csinhlxx
tzEI

(g(s)+,g(s))sinhtz(x-s) ds

where tz=,(Io/EI)/ and c is uniquely determined from [3Adp(1)+FIOxdl(1)
flgl(1).

Then, b2 is determined by (1.13). It is obvious that b2 H1, b2(0)-0 and
EI 0xbl (1) -flb(1). Similarly, we can find Wl HE such that

(1.16) (h :z K )---Oxx w=f+ Aft,
P

(1.17) Wl(0 =0, aAwl(a) + K 0xWl(1)= Kb,(1) + afl(1).

Then, w2 is determined from (1.19). It is easy to see that

W1

w zO

and (1.9)-(1.12) hold.
We shall use the following elementary inequality later on:

Io’ Io’2(1.18) wxdx<-2 (b wx)2 dx+2 dP dx

for all b HI, w H satisfying b(0) 0.

2. Statement and proof of the main result. In this section, we take L 1 without
loss of generality. Let S(t) be the Co-semigroup in c generated by A in the previous
section. We assert the following.

THEOREM 2.1. The operator norm of S(t) satisfies

(2.1) Ils(t)ll<-Me-’ for all t>-O

where M and r are positive constants.
Before giving details of the proof, we shall outline our arguments. Let us fix any

Zo 5e. Using e(t) associated with S(t)Zo, we define

(2.2) F(t) Ite(t)+ G(S(t)Zo)

where/z is a positive constant depending only on the coefficients of (0.1), (0.2), and
G(.) is a suitable functional on such that

(2..3) [G(z)]_-< C[[z][ for all z .
With the aid of (1.18), we can derive that

(2.4) dllS(t)zo[12 <- e(t) <-_ d[[ S( t)zoll

holds for all t->0, where d and d2 are positive constants depending only on the
coefficients of (0.1) and (0.2). We then show that

(2.5) F(t) <= Toll
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holds for all 0, where M1 is a positive constant depending only on a, /3 and the
coefficients of (0.1) and (0.2). Formulae (2.3) and (2.4) imply

1
(2.6) IIs(t)Zoll<-_TM2llZolla for all t>0

where M2 is a positive constant depending only on a,/3 and the coefficients of (0.1)
and (0.2). Since is dense in , (2.6) implies

(2.7) IIs(t)zll [Izoll for all z

Finally, we use the semigroup property of S(t) to arrive at (2.1).
Proof of Theorem 2.1. Fix any z0 5. Then,

(2.8) S(t)Zo6 C([0, oo); )tq C1([0, oo); )

and

d
(2.9)

dt
S(t)Zo AS(t)Zo for every t-> 0.

Hence, we can write

(2.10) S(t)Zo=

w(x, t) ]
O,w(x,
b(x, t) I
O,c(x, t)J

where w(x, t) and th(x, t) satisfy (0.1)-(0.5).
We now construct F(t):

F(t) =-- { pw2t + Ipdp2t + K qb wx)2 + Eldp2x} dx

(2.11) + p xW,Wx dx + Io xcb,Cbx dx+Io cbcb, dx
o 2+r/

p ww, dx
2+7

where and are positive constants which will be determined later on. By virtue of
(2.8) and (2.10), we can differentiate (2.11) to obtain

9

(2.12) dF_ IJ1 + ItJ2 + Y J
dt n=3

where

J1 e(t)=- {pw2, + lo62,+ K(cb wx)2+ ElcbZx} dx,

J2 {pw,w,, + Iodptcb,, + K(d Wx)(Cb,- Wx,)+ EI4’xCbx,} dx,
o
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J p xw,w, dx, & I. x..G dx.

1
J4 p xw,,Wx dx, J7 2 + "0

P 2 Pw dx wwu dx.
2+’0 2+’0

Using (0.1)-(0.5), we can integrate by parts to arrive at

(2.13) J2 -aw,(1, t)z- fld,(1, t)2,

1 )2 1 2(2.14) J3=- Ow,(a, - p wt dx,
o

(2.15)
.14 XWx Kwxx Kthx dx

o

z K w dx K XWxbx dx,

(2.16)
1

J5--" Ipt(1, t)2-- Ip ch2t dx,

J6 x&x EI&x Kdp + Kwx dx

(2.17)
1
Elc/bx(1 t) 2

1 Io 1=- -- EI 6 dx-- Kth(1, t)2

1K 2 dx + K xchxwx dx,

b Eldp)x Kqb + Kwx dxJr-
2+’0

1
EI

1
EI4)(1, t)6,(1, t)-2 / ,q2+’0

(2.18)
11

K cb2dx+
2+’0 2+,/

Kch(1, t)w(1, t)

Kwx(1, t)w(1, t)

1
K wxdx.

2+’0 o

Let us choose ’0 > 0 such that

(2.19)
1

K
2 1)12+’0 =
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and then, choose/ > 0 such that

(2.20)

(2.21) 2/x<=2 2+7

Then, we find that

dt- 2

1
EI 62x dx

2+r/ - 2 2+r/ wx dx

oqxtwt(1, t)-- fltxtd,bt(1, t)2 +1/2pwt(1, t)2

(2.22) +1/2Kwx(1, t)2+1/2Io6t(1, t)2+1/2EI4b(1, t)2

1
-1/2 Kb(1, t)2+EId)(1, t) t;b,,(1, t)

2+/

1 1
K6( l’ t)w( l’ t) 2 ++ r/

Kwx(1, t)w(1, t).

By means of (0.4) and (0.5) and the inequalities

Io’ )2(2.23) tk(1, t)2 px(X, dx,

(2.24) )w(1, t)2 Wx(X, dx

we deduce from (2.22) that for all >_- T,

dF
(2.25)

dt

where T is a positive constant depending only on a,/3 and the coefficients of (0.1)
and (0.2). Consequently, we arrive at (2.5). The argumem following (2.5) completes
the proof.

Remark 2.2. Finally, we remark that our arguments with the same energy func-
tional also yield exponential stabilization for a hinged boundary condition at x 0"

04,
(2.26) w(O, t) O, xx (0, t) O.

However, in this case it seems necessary to impose the zero mean condition o b dx 0
in order to avoid some technical difficulties (see [1]).

3. Numerical study of the spectrum. We present numerical results on the linear
stability of our system. We use normal mode analysis and set

(3.1) w(x,t)=e;’tp(x),

(3.2) 6(x, t)= ea’Q(x).
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Thus, (0.1)-(0.5) become the following system of ordinary differential equations with
boundary conditions:

(3.3)

(3.4)

(3.5)

-KP,, + KQ. + ApP O,

-EIQxx + K Q P) + AEIpQ O,

P=Q-0 atx=0,

(3.6) EIQx + AflQ 0 at x L,

(3.7)

This system is of the form Ao+A1A 4-AzA2=0, where

(3.8) Ao

(3.9) A1

(3.10) A2

K(Q-P,,)-AaP=O atx=L.

We rewrite this in the form

-KPx + KQx
-EIQxx+K(Q-P)

P(O)
Q(O)

EIQx(L)
KQ(L) KP(L)

0

0

0

0

flQ(L)
uaP(L).

loP

0

0

0

0

1 AI+AA2

so that our system takes on the customary form A AB, where

(3.12) A=
0

1 A

(3.13) B
0 -Az

We discretize P(x) and Q(x) by the Chebyshev-tau method [4], [8]. This is a
spectral method where the expansion functions are the Chebyshev polynomials T, (z)
defined by T,(cos 0)=cos nO when z=cos 0. This method approximates discrete
eigenvalues belonging to C eigenfunctions with infinite-order accuracy.
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We rescale the spatial variable to z (2x)/L-1, so that -1 <-z-< 1. We set

N

(3.14) P(z)= Y p,,T,,(z),

N

(3.15) Q(z)= E q,,T,,(z)
n=O

and substitute into (3.3)-(3.7). Thus, there are 2N+2 unknowns. In the differential
equations, we equate coefficients of like powers of the Chebyshev polynomials. Since
the first equation (3.3) contains Px,, it yields equations for the coefficients up to degree
N-2 in the polynomials, thus "giving N-1 equations. Similarly, (3.4) yields N-1
equations. In the tau approximation, the expansion functions T,,(z) are not required
to satisfy the boundary conditions individually. The four boundary conditions are
imposed as part of the conditions determining the coefficients Pn and q,. The total
number of equations is 2N + 2. The size of the final matrix equation A AB is 4N+ 4
square. Our computer program uses the NAG routine F02GJF to compute the eigen-
values in complex quadruple precision on a VAX 11/785.

The accuracy of our numerical results was established in the following way. The
eigenvalues must satisfy the characteristic equation:

[m,l(A) m12(A) m13(A) m14(A)

/m21(A) m22(A) m23(A) m24(A)
=0(3.16) det

/ m31(A m32(A m33(A m34(
L m41(A m42(A m43(A m44(/

where, for j 1, 2, 3, 4

mlj 1, m2j I,A 2rlj Elrl., m3j =(EIrb + flA en,
(3.17)

m4j EIA}- IA3- IoA+ EIn e,
and are the roots of

1 [ ()(A4( )2 )1/2(3.18) 2= A2 I0+

__
_4pEIA2

In order to check that our computed eigenvalues satisfy the determinant equation
(3.16), we have chosen moderate-sized parameters so that the evaluation of the deter-
minant avoids cancellation between large numbers. We choose p 1, K 1.5, I 2,
E =2.5, I 3, L=0.1, a =3.5 and fl =4.1. Computations at N= 15, 20, 25 and 30
showed that a few eigenvalues are already converged to about 15 digits at N= 15.
About 12 eigenvalues at N 15 are converged to at least 5 digits, and satisfy (3.16)
to that accuracy. All converged eigenvalues have negative real pas and are either real
or complex conjugates. The number of digits to which each pair is a complex conjugate
is an indication of the amount of roundoff error present. The eigenvalues consist of
two groups. One group is lined up approximately along the line -4.47 and the imaginary
pas are almost multiples, staing with A =-4.4709 and then A -4.4769 38.475 i,
-4.4770 76.951i and so on. The other group is lined up approximately along -34.45,
and the imaginary pas are almost multiples, staing with A =-34.505 and then
A =-34.44660.829i, -34.452 121.68i and so on.
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Computations were done at the following set of parameters to model a solid
aluminum bar: p =400 g/cm, K =2.8 1013 g" cm/sec2, Ip =3,332 g" cm, E
7.6 1011 g/cm/sec2, I 833 cm4 and L= 200 cm. We allow a and fl to be

(i) a 10 g/sec, fl 10 g. cm2/sec;
(ii) a 2 x 10 g/sec,/3 2 x 10 g. cm2/sec;
(iii) a 5 10 g/sec, fl 5 107 g" cm/sec.
By comparing the results of N 40 and N 45, we conclude that about 20 complex

conjugate pairs have converged to 5 digits at N =40, and there are no real-valued
eigenvalues. The results for case (i) are plotted in Figs. 1 and 2. Figure 2 is a

magnification of Fig. 1 close to the origin. All eigenvalues have negative real parts.
Figure 1 does not indicate that the ratio Im (A)/Re (A) approaches a constant for large
IAI. Results of cases (i)-(iii) are displayed in Table 1. Essentially, the real parts of A
are approximately proportional to a or/3 and the imaginary parts of the three cases

IHGINRY 10
J3) 10.00 20.00 BO.O0 40.00 50.00 60.00 70.00 80.00

FIG. 1. The graph displays the upper half quadrant of the first 23 complex conjugate pairs of case (i).

FIG. 2. The graph is a magnification of Fig. close to the origin to clarify the location of the eigenvalues
there.
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TABLE
This table displays to 5 digits the first 22 to 23 complex conjugate pairs for cases (i)-(iii) described in 3.

Case (i) Case (ii) Case (iii)

-0.36717E-01 +/-0.11039E+03 -0.73434E-01 +/-0.11039E+03 -0.18359E+00
-0.16364E+00 +0.68450E+03 -0.32729E+00 +0.68450E+03 -0.81822E+00
-0.38376E+00 +0.18853E+04 -0.76753E+00 +0.18853E+04 -0.19188E+01
-0.69283E+00 +/-0.36108E+04 -0.13857E+01
-0.10607E+01 +0.58051E+04 -0.21214E+01
-0.14663E + 01 +0.84010E+ 04 -0.29326E + 01
-0.18925E+01 +0.11335E+05 -0.37851E+01
-0.23278E+01 +0.14548E+05 -0.46555E+01
-0.27652E+01 +0.17990E+05 -0.55303E+01
-0.32017E+01 +0.21620E+ 05 -0.64033E+01
-0.36372E+01 +0.25401E+05 -0.72743E+01
-0.40737E+01 +0.29306E+05 -0.81472E+01
-0.45146E+01 +0.33310E+05 -0.90290E+01
-0.49647E + 01 +0.37395E+ 05 -0.99293E+ 01

+0.36108E+04 -0.34641E+01
+0.58051E+04 -0.53033E+01
+0.84010E + 04 -0.73313E+01
+0.11335E+05 -0.94624E + 01
+0.14548E+05 -0.11638E+02
+0.17990E+05 -0.13825E+02
+0.21620E+05 -0.16007E+02
+0.25401E+05 -0.18184E+02
+/-0.29306E+05 -0.20366E+02
+0.33311E+05 -0.22570E + 02
+0.37395E+05 -0.24820E+02

-0.54301E+01 +/-0.41544E+ 05
-0.59180E+01 +0.45745E+ 05
-0.64370E +01 +0.49986E +05
-0.69979E+01 +/-0.54258E+05

-0.76138E +01 +0.58553E +05
-0.83016E+01 +0.62865E+05
-0.90827E+01 +/-0.67186E+05

-0.99853E+01 +0.71509E+05
-0.11047E+02 +0.75828E+ 05

-0.10860E+02 +/-0.41544E+05 -0.27146E+02
-0.11836E+02 +/-0.45745E+05 -0.29584E+02
-0.12874E+02 +0.49986E+05 -0.32178E+02
-0.13995E+02 +/-0.54258E+05 -0.34982E+02
-0.15227E+02 +0.58553E+05 -0.38061E+02
-0.16603E+02 +0.62865E+05 -0.41499E+02
-0.18165E+02 +/-0.67186E+05 -0.45405E+02
-0.19970E+02 +0.71509E+05 -0.49919E+02
-0.22093E + 02 +0.75828E + 05

+0.11039E+03
+0.68450E + 03
+0.18853E +04
+0.36108E + 04
+/-0.58051E + 04
+0.84011E +04
+0.11335E+05
+0.14548E+ 05
+0.17990E+ 05
+0.21620E+ 05
+/-0.25402E + 05
+0.29306E + 05
+0.33311E+05
+/-0.37396E+ 05
+0.41545E + 05
+0.45745E+ 05
+0.49987E + 05
+0.54259E+ 05
+0.58554E+05
+0.62866E + 05
+0.67187E+05
+0.71510E+05

are approximately equal. This indicates that when a and/3 are zero, the real parts are
zero and the eigenvalues are purely imaginary. The relative importance of the damping
terms in our computations is seen from the dimensionless equations. There are 6
dimensionless parameters: C LQ/P, where Q is the scale of Q and P is the scale
of P, C2 h:pL/ K, C3 KL:Z/ El, C4 h :zI,L:Z/ El, C5 hilLE1 and C6 haL/K. Our
values for case (i) are: C2=h2610-7, C3=1.8103, C4=h2210-7, C5
h x 3 x 10-6 and C6 h x 7 x 10-9. The dimensionless equations are

(3.19) -Pxx+CQx+C,P=O,

C3(3.20) -Q,,, + C3Q -- P+ C4Q O,

(3.21) P=Q=0 atx-0,

(3.22) Qx + C5Q 0 at x 1,

(3.23) C, Q P C6P 0 at x 1

where P, Q and x have been made dimensionless. The largest eigenvalues in Fig.
are O(10) so that C5 is O(10-1) and C6 is O(10-3), indicating that the damping terms
are not large. For the smallest eigenvalues, the damping terms are small so that the
property of proportionality of Re (h) to a or/3 may be an asymptotic behavior for
small damping.

We note that the qualitative features obtained for the computation with moderate
data are very different from those of the model of an aluminium bar. This is reminiscent
of the qualitative differences in Figs. 5 and 7 of Chen et al. [3].
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FINITE DIMENSIONAL FILTERS FOR A CLASS OF NONLINEAR
SYSTEMS AND IMMERSION IN A LINEAR SYSTEM*

J. LEVINE

Abstract. We study the finite dimensionality of the filter associated with the following system"

dx, f(x,) at,
(E)

dy, h(xt) at + J dr,,
Xo: random with probability measure

Yo 0.

E is distinguished by the absence of noise in the dynamics.
A necessary and sufficient conditioh for the existence of a finite dimensional filter is obtained, providing

an explicit formula for the minimal filter. Furthermore, this condition is proved to be equivalent to each of
the following properties:

raThe finite dimensionality ofthe estimation algebra (the Lie algebra associated to the D-M-Z equation);
--The immersi6ility of E in a linear system (input-output equivalence with a linear system of larger

dimension).

Key words, finite dimensional filtering, realization of nonlinear systems, immersion into linear systems,
estimation algebra

AMS(MOS) subject classification. 93Ell

1. Introduction. After R. Brockett [5], V. Benes [3], Mitter [19], Ocone [20], and
others (see also the beautiful survey paper by Marcus [18]), most of the works on
finite dimensional filters (FDF) make explicit use of the finite dimensionality of the
estimation algebra (the formal Lie algebra generated by the drift and diffusion operators
of the Duncan-Mortensen-Zakai (D-M-Z) equation, considered as an infinite
dimensional bilinear system).

A general method, outlined by Brockett [5], consists of finding sufficient conditions
for finite dimensionality of the estimation algebra and of obtaining a filter by the
Wei-Norman integration technique. Nevertheless, its complexity is such that finding
new classes of systems admitting FDF constitutes a challenge to virtuosity (see for
example [22]).

General necessity results can also be found in [7], and seem to be as difficult to
exploit as Brockett’s method.

Another stream [2], [6], 18], 19], consists in classifying the transformations that
leave the estimation algebra unchanged. Diffeomorphic changes of coordinates in the
state-space and gauge transformations are among those invariant transformations.

A natural question then arises as to whether one can characterize the existence
of FDF directly from the system’s input-output mapping rather than from the estimation
algebra. Note that for discrete-time systems the input-output approach is useful (see
[15]), whereas Lie algebraic ideas actually do not have a discrete-time counterpart.

The purpose of this paper is precisely to give a complete answer to this question
for the particular class of systems without dynamical noise.

Received by the editors September 11, 1985; accepted for publication (in revised form) November
18, 1986. This work has been partly supported by the French Army.

t Centre d’Automatique et Informatique, Ecole Nationale Sup6rieure des Mines de Paris, 35, rue St.
Honor6, 77305 Fontainebleau, France.
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More precisely, we consider a system of the following form"

dx, =f(x,) at,
(’)

[dy,=h(x,) at+Jay,,
Xo: random with probability measure/Zo,
yo=0.

In applications, it may be interesting to modelize systems without dynamical noises
in at least two situations:

--Processes with short life duration, or short observation histories.
mProcesses with fast-slow time scales, without noise in the fast components and

small noises in the slow ones.
By FDF, we mean a universalfinite dimensionalfilter (see [7], [18]), or, roughly

speaking, a finite dimensional diffusion :, driven by the observation process of E such
that the unnormalized conditional measure of xt knowing the observations history up
to time is obtained as a function of :t only.

Our main result is that E admits FDF if and only if there exists an immersion
from E into a linear system.

This result turns out to be quite negative since, on the one hand, the systems that
are immersible into one that is linear are rare and on the other hand.since, at least for
our restricted class of systems without dynamical noise, finite dimensionality of the
filter reduces in some sense to. linearity.

The same result was obtained by Hijab 12] for a slightly different problem: Hijab
considered systems E with scalar observations, and addressed the existence problem
of finite dimensional realizations of the scalar input-output map Yt--> E(h(x,)lY),
where Yt denotes any continuous path of observations between 0 and t. Using formal
arguments, he showed that the immersion property ofE into a linear system is necessary
and sufficient for the existence of a finite dimensional realization. We use here similar
input-output realization ideas.

Coming back to the FDF problem, our results generalize those of Roth and Loparo
[21] who proved that a sufficient condition for E to admit FDF is that the estimation
algebra is nilpotent.

The paper is organized as follows. In 2, we give an explicit formula for the
unnormalized conditional measure. The necessary and sufficient condition for the
existence of FDF is proved in 3 and the minimal filter is explicitly obtained. Finally,
4 is devoted to the study ofthe equivalence between existence of FDF and immersibil-

ity into a linear system.

2. The unnormalized conditional measure. Let us assume that xt e R", Yt RP, Xo:
random with probability measure/z0 on Rn, and v, is a standard Brownian motion of
Rp, dv being its Stratonovitch differential. J is an invertible p p matrix.

We denote x’ for x transpose, Yt ={ysl0-<s -< t}, and we also assume that

f C(R"; R"), h C(R"; RP),

::!c1> 0 s.t. Ix’f(x)lc(l+ Ilxll ) Vxe,,
Elc2 > 0 s.t. Idiv f(x)l-< ca Vx R",

with divf(x) Y,=l (Of/Ox,)(x).
Formulae (2.1) ensure that the flow (x, t)-> X,(x) of the differential equation

: =f(x), with Xo(x)=x, is such that X, is a C diffeomorphism of R", for all t->_ 0.
We also denote (X,).tXo the image of/Zo by X,
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THEOREM 1. Suppose that (2.1) holds. Then the unnormalized conditional measure

of xt knowing Y,, noted frye, exists and is given by"

(2.2)

rY(x) exp hi(Xs (x))(JJ’) - dye-
1

_, ,. - {{J-’h(Xs_,(x)]] 2 ds (X,),o(X)
i,j=l

V O a.e. x e R", Ya.s.

Furthermore, J solves the D-M-Z equation (in Stratonovitch form and in the sense

of distributions):

d= -div)- IIJ-’hll dr+ 2 h(JJ’)-, d,
i,j=l

o o.
Proo Let Q, be the law of (x,, E), and let us define Q by:

with

Z,=exp h’(Xs_t(x))(JJ’) -1 dy- [[J-lh(X_,(x))ll 2 ds

By Girsanov’s Theorem, y, is a Wiener process independent of x for Q.
On the other hand, the probability measure of xt is the imageby the flow X, of

/o, denoted by:

tx,(x) (X,),/Xo(X) a.e. x e R.
Thus Q= x,(R)/v,, with P the Wiener measure on (C(R+; RP), F,). Hence, Q,
Z,./x, (R)/F, and rr,r Z, ,,, which proves the result.

Equations (2.3) are trivially obtained by the It6-Stratonovitch formula for (4, rr,r)
for every bC with compact support in R".

3. Existence of finite dimensional filters and their minimal realization.
DEFINITION 1. An FDF for 2; is a stochastic system on Rr.

(3.1)

P

d, a(,) dt + Y bi(,) dye,
i=1

r o’(:,, .). v, in the sense of measures on R",77, Y a.s.,

with a, b, , b, e C(Rr; Rr), a having linear growth, bi bounded for all i, v, bounded
positive measure on R", for all _-> 0, r e C(R x R"; R+), and :o s.t. >o o’(:o, Vo.

Our FDF’s definition is, apart from integrability details, equivalent to the definition
of universal filters of [7] (see also [18]), but appears more naturally with (2.2).

The FDF problem can be seen as a special case of realization theory for nonlinear
systems in the following sense: one can see the mapping dY--> rr Y as an input-output
mapping where the Stratonovitch differentials of the observations play the role of the
inputs and where the unnormalized conditional measure plays the role of the output.
A filter is thus a realization of this input-output mapping, and it is finite dimensional
if the dimension of its state-space is finite.

Of course, by construction, this mapping is causal. Nevertheless, the input set
which is considered in realization theory, namely the set of piecewise constant controls,
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has P-measure O. Furthermore, the output is infinite dimensional (for each and Y, 7r
Y

is a bounded positive measure on Rn). Consequently, the standard theory does not
apply.

Let us introduce the following notation. If hi denotes the ith component of the
function h in E, let us denote Lfhi(x) the Lie derivative of hi along f:

(3.2) Lfhi(x)
j=l OXj

We also need the following space:

(3.3) H R-Span {Lhill <= p, Vk >= 0}.

In terms of system theory, H is the observations space of E [10].
THEOREM 2. The three following assertions are equivalent:
(i) Z has an FDF.
(ii) dim H < o.
(iii) ::it N, :!01, , Or H, :IA Rrr, :IBI, , Bp Rr such that

LfO aO,
(3.4)

hi-- BiO /i= l, ..,p,

with O(x) (01(x), ", Or(x))’.
Proof Assertion (i) implies (ii): Suppose that an r-dimensional filter exists, given

by (3.1). Comparing (2.2) and (3.1), we obtain:

exp h’(X_(. ))(JJ’)-I dy r o’(, ).

with

(3.5) r/, exp- IlJ-lh(Xs_,( ))112 as (x,),o.

Thus, r/, is absolutely continuous with respect to u,, and if we denote drlt/du, its

Radon-Nikodm derivative (which is necessarily a nonnegative C function), we have"

P 0: d(3.6) 2 h(X_,(x))(JJ’)- dy log ( x)-log (x)
i,j=

On the other hand, since Y and Y (,) are two descriptions of the same
input-output map, they must coincide for P-almost every input in C(R+; RP).

But, in viue of the following integration by pas formula:

h’(Xs(x))(JJ’)- ds h’(X,(x))(JJ’)-lt- Lzh’(X(x))(JJ’)-y ds

it is immediately seen from (2.2) that is continuous from C(R+; RP) (endowed
with the uniform topology) to M+(R) (endowed with the strong topology). Thus, the
equality of the two aforementioned input-output maps, and therefore (3.6), must hold
for every observation path in C(R+; R). In paicular, (3.6) holds for every observation
path of the form: Yt + e ’o u, ds, with e 0, u e L2(R+; RP), and Y C(R+; RP).

Now, with u L2(R+; RP), let us compute the directional derivative of both sides
of (3.6) with respect to y in the direction o u, ds, in the quadratic mean sense. Precisely,
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changing y, into y, + e to u ds in (3.6), we get"

fO drlt(3.7) h’(X,_t(x))(JJ’)-l(dys + eus ds)= log tr (:7, x)-log (x)

where s7 is the solution of

p

(3.8) d7 a(7) dt + E bi(,fT)(dy + eu dt)
i=1

with Co.
Denoting "l.i.m." the limit in the mean-square sense, we obviously have:

1.i.m.
1

h’(Xs_,(x))(JJ’)-(dys + eu, ds)- h’(X_,(x))(JJ’)- dys
e-O E

(3.9)

Io’ h’(X’-’(x))(JJ’)-usds"

On the other hand, it is well known (see for example [1]) that the mapping e--> :7 is
mean-square ditterentiable around e 0 and, denoting sr, 1.i.m._o (1 ! e)(:7 :), it
is straightforward to check that " satisfies"

pOa P Ob, + Y’, bi(t)u’ dtdt=- (t)tdt+ i=12 -(t)tdyt i=

with sro= 0. Thus, introducing T(t, s) the fundamental matrix solution of

Oa P Ob
dT(t,s)=-(t)T(t,s) dt+ i=12 -((t)T(t,s) dy’t,

T(s,s)=I,

we easily get

,= 2 T( t, s)bi(,s)u’, ds.
i=1

Hence

l.i.m.
1
(log o- (,, x)-log cr (t, x))

O log o" p

-o e 0sc
(:,, x), ,=iX T(t, s)b,()Us ds

for every t, x, and every u in L2(R+; RP), where (., .) denotes the scalar product of R.
Thus, grouping (3.6), (3.7) and (3.9), we have proved that

h’(Xs(x))(JJ’)-us ds
0 log

(,, X,(x)), r(t, )b,(,)u’, as
(3.10) i=1

Vu e L(R+; RP), Vt 0, Vx e R, and with probability 1.

Now, being fixed, let us denote 1 the p-dimensional vector whose ith component is
1, all the others being 0.

Let us choose r e [0, t], and

Us lto. ,](s)(JJ’)li Vs R+.
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Equation (3.10) becomes

(hi(Xs(x)) ds= p(t, Xt(x)), T(t,s)b(s)(JJ’)j,,ds

with

0 log tr
(,,X,(x))- (,,X,(x)).

Differentiating with respect to , we obtain:

hi(X(x)) (p(t, Xt(x)), T(t, ’)bj()(JJ’)j.)
(3.11) j=l

’’ [0, t] and Vi= 1," ",p.

Let us denote

ob oa
[a,b]=--a---ba a

the Lie bracket of the vector fields a and b, and

adkb=[ adk-lb], Vk >= 1 with adb=b.

Applying the It6-Stratonovitch formula to (3.11) (see [4]), we obtain:

Lrhi(X(x)) dr= p(,, Xt(x)), T(t, r) [a, b](,) dr+ E [bk, bJ(sC,) dyk (JJ’),,
k=l

Thus

(3.12)

P

Lfhi(X.(x)) Z (P(t, Xt(x)), T(t, "r)ad,bj(.)(JJ’)j.i),
j=l

P

E (O(,, Xt(x)), T(t, r)[b, bj](,)(JJ’)j,,)=O
j:l

Vk=l,’.’,p V’.

From (3.12) it is not difficult to prove by induction that for every a =0, 1,...

(3.13)

P

thi(X(x)) E <O(t, Xt(x)), T(t, r)adbj()(JJ’)j,,),
j=l

P

,Y_., (p(,, Xt(x)), T(t, ’r)[bk, ad-’bj](,r)(JJ’)j,,)=O
j=l

Vk=l,...,p.

Therefore, at r t, and using the fact that X, is a diffeomorphism

P

(3.14) Lh,(x) E (P(,, x), adabj(,)(JJ’)j.i) Vk >=0 Vi 1,’" ,p Vx
j=l

and, since adkb(,) for every j, k, is independent of x,

H= R-Span {Lhll <- <- p, k >- 0} R-Span {Pl(,, ), ",pr(,, )}

which proves that dim H _<- r.
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Assertion (ii) implies (iii): Let 0,. , Or be a basis ofH. Since hi H and LsH c H,
the assertion is proved.

Assertion (iii) implies (i): Let us consider the r-dimensional diffusion (3.1) with

a() -A’, bi() (B’(JJ’)-’)i Vi= 1,...,p

where (B’(JJ’)-l)i denotes the ith column of B’(JJ’) -, and the output functions

(given by (3.5)), cr(, x)= exp
i=1

We have the following:

’,o(x,(x)) o(x,(x)) d’,+ ’,Lo(x(x)) as

y o(x,(x(J.rl- yi,j=

h,(X,(x(jj,- ,.
Thus

r(t, x)’t exp h’(Xs_,(x))(JJ’) -1 dys 9, 7rYe(x)

which proves that (a, b, ,, o’) is an r-dimensional filter for . [3

In fact, we have almost proved the following minimal realization result.
THEO/EM 3. If dim H r < o, the minimal realization of ,’s filter is linear of

dimension r, and explicitly given by:

(3.15)

P

d,=-A’,dt+ 2 (B’(JJ’)-l),dyit, o =0,
i=1

i=1

with A, B, ., Bp, 01, ", Or given in (iii) of Theorem 2, , q (given in (3.5)), and
(B’(JJ’)-)i being the ith column of B’(JJ’)-.

Proof In (i) implies (ii), we have proved that dim H is less than or equal to the
dimension of any realization. On the other hand, in (iii) implies (i), the system (3.15)
is proved to be a realization; and since it has the same dimension as H, the result is
proved. [3

Remark 1. If the unnormalized conditional measure has a density still denoted
Y

7rt, the relation (3.10) can be interpreted as the gradient in the sense of Malliavin
(see for example [14]) of the logarithm of 7r,

Y and, by (3.13), the differentiability of
this gradient with respect to " can be seen as a robustness result in the spirit of [8].

Remark 2. In the finite dimensional deterministic nonlinear realization theory,
the dimension of the minimal realization is determined by the rank of Jakubczyk (see
[13]) of the input-output map. This result still holds in our infinite dimensional
framework since it can be checked that this rank is precisely equal to dim H and, by
Theorem 3, to the dimension of the minimal filter.

Remark 3. In [21], Roth and Loparo propose to exploit the fact that the D-M-Z
equation (2.3) is an ordinary first order partial differential equation after transformation
into robust form, and to compute a filter via the method of characteristics. Our method
has the advantages of being simpler and of providing explicitly the minimal filter.
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Notice also that this filter is obtained without using Wei-Norman equations. The
reader can check with the results of the next section that this method applies and
produces a nonminimal and not completely explicit filter.

On the other hand, the filter (3.15) is linear and this fact is made clear in the next
section, where we identify the class of systems for which (ii) of Theorem 2 holds as
the class of systems that are immersible into a linear one.

4. FDF, immersion in a linear system and estimation algebra. Let us first recall
what is meant by immersion in a linear system [9], [12], and by estimation algebra [5]:

DEFINITION 2. is said to be immersible in the linear system A:

dzt Azt dt, Zo R
(A)

dyt Bz, dt + J dvt, Yo 0

if there exists a C mapping 0 from R" to R (m arbitrary) satisfying:

(4.1) h(Xt(x))=BeA’O(x) VxR Vt>=O.

The mapping 0 is called the immersion from to A.
Thus, the concept of immersion simply means that a nonlinear system has the

same input-output behavior as a linear system, which has possibly a larger dimension.
DEFINITION 3. Let us denote by Lo," ", Lp the following operators:

Lo i,j hj t
j=l(4.2)
Vi= 1,...,p, th m C(R"; R).

The estimation algebra of , denoted E() is the Lie algebra generated by Lo," ", L,.
THEOREM 4. The following conditions are equivalent:

has an FDF.
(ii) is immersible in a linear system.
(iii) E() is finite dimensional.
Furthermore, if there is an immersion from to the linear system A, then one can

find an isomorphism of Lie algebras from E(Z) to E(A).
Proof Condition (i) equivalent to (ii): Assume first that dim H r< c. By (iii)

of Theorem 2, there exist r functions 0,. ., Or, satisfying:

tfO A0, hi BiO, 1," p

and H=R-Span {0,..., Or}.
Thus, denoting zt O(x,), we have:

dz, LfO(x,) dt Az, dt,

dy, h (st) dt + J dvt Bzt dt + J dvt

with B the matrix whose lines are B,..., Bp, and this proves that 0 is the desired
immersion. Conversely, if 0 is an immersion from Z to A, using (4.1), we have for
every t, x and i= 1,...,p:

hi(St(x)) n eAt O(x)

and, differentiating with respect to t, it is easy to obtain for every t, x, and every k -> 0:

Lhi(Xt(x))-- BiAk eAtO(x).



1438 J. LEVINE

Thus, at =0, we have:

H=R-Span(Lh,[i= 1, p, k->O}c R-Span {01, Or)

and thus dim H =< r. The conclusion follows from Theorem 2.
Condition (i) equivalent to (iii): It is not difficult to check that for every k >= O, i,j

1,. ., p, and every b C(Rn; R):

adkLoLi(dp) ( (JJ’) -1 ),,j Lhj ok, L ad kLoL, dp 0
j=l

which proves that the estimation algebra of is:

E(X) =R. t0@R-Span {(Lhi)" [k->0, i= 1,...,p}

where, denotes the multiplication operator. Thus, clearly, we have dim H
dim H -1, which proves the equivalence.

Isomorphism of estimation algebras. Let E(E) be defined as in the preceding
paragraph. By the same arguments, we can easily check that the estimation algebra
E(A) of the corresponding linear system A in which is immersed is:

E(A) R. Mo@R-Span {(BiAkz) ]k >-_ O, i= 1,..., p}

with Mo defined by:

Mo(g,) LAzg,-1/2[[J-’Bz[[-cp Vcp C(R"; R).

Let O be the linear mapping from E(;) to E(A) defined as follows:

O(Lo)=Mo, O((Lhi).)=(BiAkz) ., Vi=l,...,p, Vk=>0.

It is a consequence of the immersion that E(Z) and E(A) have the same dimension
and thus O is one to one. Also it is straightforward to check that

O([L, M])= [O(L), O(M)] VL, M E(E)

which achieves the proof.
Remark 4. In [12], the equivalence between (ii) and (iii) is proved for one-

dimensional outputs (p 1), and in [21] a special case of Theorem 4 is obtained: If
E(E) is nilpotent, then E has an FDF.

Remark 5. As a consequence of Theorems 3 and 4, it appears that there is a
duality, in the classical meaning of the theory of linear systems, between the minimal
filter (3.15) and the linear system A in which E is immersed.

Remark 6. One might try to take profit of the linearity of A by remarking that a
filter can be obtained via Makowski’s method 17] for linear systems with non-Gaussian
initial measure. Unfortunately, this filter has twice the minimal dimension and is not
completely explicit since it involves an inverse Fourier transform.

Remark 7. In the language of statistics, the state sc of the minimal filter is a finite
dimensional vector of sufficient statistics, and it must be noted that, similarly to the
static parameter estimation problem, the conditional measure belongs to an exponential
family.

Remark 8. The results of this section prove that the existence of FDF is basically
a property of linear systems when expressed in suitable (nonminimal) coordinates,
and thus is quite restrictive. Real applications exist however (see 16] where the problem
is solved in discrete time).
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STATE CONSTRAINTS IN OPTIMAL CONTROL: A CASE STUDY IN
PROXIMAL NORMAL ANALYSIS*

FRANK H. CLARKE? AND PHILIP D. LOEWEN:

Abstract. We consider an optimal control problem on a given interval [0, T] whose trajectories must
satisfy the state constraint g(t, x(t))<=0 a.e. Infinite-dimensional perturbations of this constraint give rise
to a value function V, whose epigraph is a closed set containing sensitivity information, controllability and
penalization results and even necessary conditions for optimality. Studying epi V when the domain of V is
L2[0, T] and AC2[0, T] allows the derivation of a variety of necessary conditions, each with its own merits,
and provides a concrete illustration of the intricacies of infinite-dimensional proximal normal analysis.

Key words, optimal control, state constraints, necessary conditions, value function, proximal analysis,
proximal normal analysis

AMS(MOS) subject classification. 49B10

Foreword. Value functions have a long and distinguished history in the study of
dynamic optimization. For instance, they provide the cornerstone of the Hamilton-
Jacobi sufficiency theory. Until recently, however, the role of such functions in the
study of necessary conditions has been limited to their appearance in rather informal
attempts to motivate and interpret multiplier rules like the maximum principle. The
passage from informal arguments to the rigorous and systematic use of value functions
in the study of necessary conditions is not an easy one, the main obstacle being lack
of smoothness. Value functions are defined by minimization, an operation which may
produce corners, discontinuities, and even infinite values. Functions with such bad
behaviour, although beyond the capacity of classical analysis, can be successfully
studied using generalized gradients. The modern theory of nonsmooth analysis is now
capable of giving value functions a rigorous treatment which does justice to their
intuitive significance.

The present article is designed to substantiate the assertions above in the case of
a well-known problem: the derivation of necessary conditions for optimal control
problems with state constraints. We consider a differential inclusion formulation"

P(0) min {f(x(0), x( T))" x’(t) F(t, x(t)) a.e., x(0) C, g(t, x(t)) _-< 0}.

Additive perturbations of the state constraint g(t, x)<=0 lead to a value function V
which dominates the discussion. Besides its obvious sensitivity implications, a first-order
analysis of the behaviour of V near 0 permits the simultaneous derivation and interpre-
tation of necessary conditions and controllability results. This completely new approach
leads to necessary conditions comparable to those in the literature [11], [14], [16]-[18],
with the considerable advantage of an interpretation which is both intuitive and
rigorous.

1. Introduction. Let H be a Hilbert space on which a lower semicontinuous
function V: H R t.J {+} is given; assume V(0) < +. The generalized gradient of V
at 0, denoted 0 V(0), is a closed convex set of points in H*= H which describes the
local behaviour of V near 0. Although this set can be defined in terms of limits of
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difference quotients, a geometrical definition based on the closed set epi V=
{(a, r)" r_-> V(a)} has recently proven extremely useful. We define

0V(0) {’" (sr, -1) Nepi v(0 V(0))},
(1.1)

OV(O) {r. (’, 0)e Nepi v(0, V(0))},

where Nep v(0, V(0)) denotes the normal cone to the set epi V at (0, V(0)), a set for
which the next paragraph provides a formula.

Let C be a closed subset of H containing a point c. The set of proximal normals
to C at c, denoted PNc(c), consists of all v e H with the following property"

(1.2) 3M>0s.t..<v,’->MIl’-ll
The set PNc(c) is a convex cone containing 0. The normal cone to C at c can be
recovered from the proximal normal cones nearby:

1.3) Nc (c) cl co {w lim v" v PNc (c), c c in C}.

This is the "proximal normal formula" due to Clarke [6], whose validity in infinite-
dimensional Banach spaces has recently been established by Borwein and Strojwas
[3] (see also [13]). Its relevance to us is that it essentially reduces the study of Nc to
the study of vectors v obeying (1.2). And (1.2) can be viewed as an optimization
problem in its own right, since it says that c minimizes the functional (-v, c’)+
M[[c’-eli over C. When C is the epigraph of a suitably chosen value function V, we
find that 0 V(0) can thus be studied in terms of a sequence of auxiliary minimization
problems of a particularly simple form. This approach has been used in a broad range
of finite-dimensional applications (see [6], [9], [5], [8], 15] for example); and infinite-
dimensional applications are multiplying quickly ([7], [12]).

In our application, the proximal normal inequality (1.2) leads to an auxiliary
optimization problem of the same form as P(0), but without state constraints:

(Q) min {/(x(0), x( T))" x’(t) F(t, x(t)) a.e., x(0) C}.

Necessary conditions for optimality in (Q) are well known, and involve the
distance function dc(x) =inf{Ix-c]" c6 C} and the Hamiltonian H(t, x,p)
sup {p" v" v F(t, x)}.

PROPOSITION 1.1 [5]. Let the data in problem (Q) obey (H1)-(H4) listed in 2. If
x solves (Q), and p > (2Ks+2)(1 + K In K), then there exists an arcp AC([0, T]; R")
such that

(a) (-p’(t),x’(t))OH(t,x(t),p(t)) a.e.;
(b) (p(O),-p(T))(6o, 6T)+p[(1, E)[Odc(x(O))x{O} for some (60,

Of(x(O),x(T)).
Here OH signifies the generalized gradient of H in the (x, p) variables only, and E
o-p(0).

We conclude this introduction by noting that when the domain H of a lower
semicontinuous (1.s.c.) function V" H R {+} is infinite dimensional, complications
unknown when H R" may arise. For example, we may have 0 V(0) and OV(O)
{0} even for a lower semicontinuous convex function V. J. M. Borwein gives an example
of such a situation in [2], where he also identifies a class of comparatively well-behaved
functions. He calls a lower semicontinuous map V" H R [2 {+o} Lipschitz-like at 0
if V(0)< +c and if there exist an open set 1 containing (0, V(0)), a closed convex
set C with locally weakly compact polar, and a constant e > 0 such that

(1.4) (3epiV+hC_epiV h(0, e).



1442 F.H. CLARKE AND P. D. LOEWEN

This condition is easy to verify whenever V is directionally Lipschitzian at 0. Moreover,
it holds for any lower semicontinuous function V when H Rn, since one may then
choose f Rn R and C {(0, 0)}. (In particular, many Lipschitz-like functions on
R" fail to be directionally Lipschitzian.)

PROPOSITION 1.2 [2]. Ifa lower semicontinuous map V: H - R t_J {+o} is Lipschitz-
like at O, then the following are equivalent:

(a) V is Lipschitz near 0;
(b) ov(o)= {0};
(c) O V(0) is bounded and nonempty.

Consequently, any such V obeys either 0 V(O) or OV(O) {0}.
PROPOSITION 1.3. Let P

_
H be a closed convex cone with vertex at 0 and nonempty

interior. If an l.s.c, map V: H - R U {+} is finite at 0 and obeys

(1.5) -oz P V(a)<-_ V(fl),

then V is Lipschitz-like at O.
Proof. To verify (1.4), take e 1, f H R, and C -P {0}. Any point in the

left side of (1.4) has the form (a, v)+(-fl, 0) for v>_ V(a) and/3 P. Then (1.5) implies
V(a-/3) <_- V(a)-<_ v, so (a-/3, v) epi V as required. The local weak compactness of
CO follows because int P

2. The value function. Let B denote the closed unit ball in R". The following
hypotheses concerning the data of problem P(0) are assumed throughout this paper:

(H1) The multifunction F: [0, T] R R has nonempty compact convex
values. For each x Rn, F(., x) is measurable.

(H2) There are nonnegative functions tp(t), k(t) L2[0, T] such that
(a) F(t,x)_p(t)B Vt[0, T], VxR;
(b) F(t, y)

_
F(t, x) + k(t)ly xIB Vt [0, T], Vx, y R".

We define KF exp ( k( t) dt).

(H3) The set C is compact.

(H4) The function f: R" x R" - R is globally Lipschitz of rank Ky.

These are standard assumptions for problem P(0), identical to those in [5] except for
the assumption k L2 in (H2) instead of k L in [5]. This condition assures that any
F-trajectory (i.e. any absolutely continuous function x obeying x’(t) F(t, x(t)) a.e.)
lies in the Hilbert space

(2.1) AC2([0, T], R) {x= AC([0, T]; R): x’ L2([0, T]; Rn)}.

This space, also known as Hi(O, T) or WI’-(O, T), comes with inner product

(2.2) (x, y) x(O) y(O) + x’( t) y’( t) at;

evidently AC2 is isometric to R"x L, with x(t) and (Xo, v(t)) being identified lit
x(t) Xo +o v(s) ds. In particular, x(t) converges weakly in AC2 to x(t) iff x(0) - x(0)
and xl- x’ weakly in L. When this is the case, one has sup ]]xl]]+c, and the
Arzela-Ascoli Theorem implies that x- x uniformly on [0, T].

The conditions governing the state constraint function g:[0, T] x R" R depend
on our choice of the perturbation scheme and the interpretation of the state constraint.
In general terms, let H be a Hilbert space of functions a:[0, T]- R, and let P

_
H

be a closed convex cone with vertex at 0 defining the "positive" elements of H: write
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a -<_ p 0 iff -a P. Then additive perturbations of the state constraint by elements a H
give rise to a value function V: H--> R {+oo} as follows:

P(a) V(a):=min{f(x(O),x(T)):x’(t)F(t,x(t))a.e.,x(O)C,

g( t, x( t)) + a( t) _--<p0}.

One possible choice of H is L2[0, T], with P consisting of all functions which are
nonnegative almost everywhere; another possibility is H AC2[0, T] with P consisting
of functions which are nonnegative everywhere. In any case, a(.) and g(., x(.)) must
be comparable, so we cannot hope to get far without the following assumption.

(hS) For all F-trajectories x, the map -> g(t, x(t)) lies in H; also, if a sequence
of F-trajectories {x} co/averges to x weakly in AC, then g( t, x( t)) -g(t, x(t)) weakly in H.

The hypothesis will be strengthened considerably when we come to consider specific
choices for H and P. For our present purposes, however, it is enough to establish a
satisfactory existence property and prove the lower semicontinuity of V.

PROPOSITION 2.1. (a) Let (xi} be a sequence of F-trajectories with xi(O) C. Then
{xi} has a subsequence converging weakly in AC2 to an F-trajectory x such that x(O) C.

(b) Suppose that, along with the sequence {xi} in part (a), there is a sequence
{ai}_ H suchthat g(t, xi(t))+cri(t)-P for all i, and such that Oi-’>Ol. weakly in H.
Then the subsequence in (a) can be chosen so that one obtains the limiting relationship
g(t,x(t))+a(t)-P.

(c) If V(a) < +oo for some a, then P(a) has a solution.
(d) The function V is weakly sequentially lower semicontinuous. (In particular, V is

norm lower semicontinuous.)
Proof. Proposition 2.1(a) is a minor revision of[5, Thm. 3.1.7, p. 118]; in view of

(hS), (b) follows immediately from (a).
To prove (c), let {xi} be a minimizing sequence for P(). Taking ai= c in (b),

we find that there is a subsequence along which x tends weakly in AC2 (hence
uniformly) to an F-trajectory x obeying both x(0) C and g(t, x(t)) + a(t) -P. By
(n4), f(x(O), x(T)) lim f(x,(0), x(T)) V(a).

As for (d), let a--> c weakly in H and V(ai)->v. We must show v>_- V(cz). If
v- +oo this is trivial, so assume v < +oo. Then (c) gives a solution xi for each P(ci):
in particular,

V(,)-f(x,(O),x,(T)) and g(t, xi(t))+a,(t)-P.

Mimicking the arguments of (c) leads to the conclusion that v =f(x(0), x(T)) for some
limiting F-trajectory x admissible for P(c). Hence V(a)<-_ v as required.

Without specifying the space H further, we can state the basic features of a
proximal normal to the closed set epi V in H x R.

THEOREM 2.2. Let (,-e) PNepi v(a*, v*). Then there is a constant M>0 and
a solution x* for P(a*) such that

(a) e >_-0 and e[v*-f(x*(O),x*(T))]=O;
(b) -’ Np(r*), where r*(t)=-g(t, x*(t))-a*(t);
(c) among all F-trajectories x starting in C, x* minimizes

ef(x(O), x( T)) + (( t), g( t, x( t)))+ Miig( t, x( t)) g( t, x*( t))[[ 2

+ M[f(x(O), x(T))-f(x*(O), x*( T))I 2.

Proof. For any F-trajectory x starting in C, we have

V(-g( t, x(t)))<-f(x(O), x(T)).
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Moreover, this inequality is preserved if a scalar s-> 0 is added to the right side and
a function r P is subtracted from the argument of V. Thus

(-g(t,x(t))-r(t),f(x(O),x(T))+ s) epi V.

From the definition of a proximal normal (1.2), there exists M > 0 such that (suppressing
the t-dependence of x for simplicity)

(2.3) ((’, -e), (-g(t, x)- r,f(x)+ s)-(oz*, v*))
<-_ Mll(-g(t x)- r,f(x)+ s)-(a*, v*)ll 2.

Now since V(a*)=< v* < +oo, Proposition 2.1(c) implies that P(a*) has a solution x*.
Taking x= x* and r= r* =-a* g(t,x*) in (2.3) gives

O<=e(s-v*+f(x*(O),x*(T)))+MIs-v*+f(x*(O),x*(T))l2 Vs>=O.

This implies that s*= v*-f(x*(O), x*( T)) gives a minimum to the right-hand side
over the set [0, +o). Hence the right derivative of this expression must vanish if s* > 0,
or at least be nonnegative if s* =0. This is conclusion (a).

If we now take x x* and s s* in (2.3), we get

(- sr, r r*) _-< M r r* [12 V r P.

This says -r PNp(r*), which implies -" Np(r*) by the proximal normal formula.
This is conclusion (b).

Finally, taking r= r* and s s* in (2.3) gives conclusion (c).
The conclusions of Theorem 2.2 illustrate the general claims made in 1" the

proximal normals which will ultimately characterize a V(0) can be understood in terms
of the differential inclusion problem (c) without state constraints. Conclusion (a) simply
captures the geometrically obvious fact that a proximal normal to an epigraph must
point downward. Since P is a closed convex cone, conclusion (b) may be decomposed
as follows:

(2.4) - Np(r*):)(, r*)=0 and -sr Np(O).

Note that none of our calculations so far have precluded the study of equality
state constraints of the form g(t, x(t))-0. The choice P {0} allows Proposition 2.1
and Theorem 2.2 to be used in this case also.

3. The choice H L2[0, T]o A Hilbert space of functions very common in analysis
is L2[0, T], with the inner product

(ct, fl)= a(t)fl(t) dt.

Given a closed subset J of [0, T], a natural choice for the positive cone is

P={aL[O, T]" a(t)>-Oa.e.tJ}.

In this case the state constraint g(t, X(t))<=pO must be interpreted as

g(t,x(t))<-O a.e.tJ.

With these specifications, the value function V" L[0, T]->Rt.J{+o} of 2 is well
defined and permits a straightforward application of proximal normal analysis. Loewen
has given a detailed account of this procedure in [12]. We sketch his main results in
this section, paying particular attention to the subtleties of the infinite-dimensional
context.
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We proceed under the following hypothesis.

(H5) The state constraint function g:[0, T] R" - R is Lebesgue measurable in
and Lipschitz in x, with Ig(t, y) g(t, x)]-< Kgly xl for all [0, T],

x, y R". Also or [g(t, 0)12 < +.
(Note that (H5)(h5), and that any function g defined only on J R but satisfying
(H5) on J is easily extended to [0, T] R in a way which preserves (H5).)

LEMMA 3.1. Let r* P and L2[0, T] be given. The following are equivalent:
(a) - Np(r*);
(b) (t) >= 0 a.e., (t)r*(t) 0 a.e., (t) 0 a.e. J.
Proof. Clearly (b)(a). Conversely, -Np(r*) implies both (’, r*)=0 and

(, r) >= 0 for all r P by (2.4). The second of these statements implies st(t) -> 0 a.e.,
with ’(t) 0 a.e. J. The first then forces

PROPOSITION 3.2. Let (, -e) PNep v(Ce*, v*). Then P(a*) has a solution x* to
which there corresponds an arc p AC2([0, T]; R) and a measurable selection y(t)
O,g( t, x*( t)) a.e. such that

(a) e >--_ O, -" Np(-g(t, x*(t)) a*(t));
(b) (-p’(t)+f(t)y(t),x*’(t))OH(t,x*(t),p(t)) a.e.;
(c) (p(0), -p(T)) eOf(x*(O), x*(T)) + Nc(x*,(O)) {0}.
Proof Conclusion (a) follows from Theorem 2.2(a). Items (b) and (c) arise when

Proposition 1.1 is applied to the minimization problem described in Theorem 2.2(c).
Details are given in [12].

PROPOSITION 3.3. Assume V(O)< +o. Suppose (’, -e)= w-lim (’, -el) for a
weakly convergent sequence (,-ei) of vectors proximal normal to epi V at base points
(ai, vi)-> (0, V(0)). Then P(O) has a solution x to which there corresponds an arc p and
a measurable selection y(t)6Oxg(t,x(t)) a.e. on {t6[0, T]: st(t)#0} such that

(a) e >_- 0, -" Np(-g(t, x(t)));
(b) (-p’(t)+(t)y(t),x’(t))OH(t,x(t),p(t)) a.e.;
(c) (p(0),-p(T)) eOf(x(O), x(T))+ Nc(x(O)) {0}.
Proof Proposition 3.2 asserts that to each a there corresponds a solution x to

P(a) together with corresponding quantities p, and y, such that conclusions (a)-(c)
hold for each i. We are now concerned with their validity in the limit.

The arguments of Proposition 2.1 show that {x} has a subsequence converging
uniformly to a limiting arc x which actually solves P(0). Hence conclusions (c) show
that {p(T)} is a bounded sequence, while {Pl} is a sequence of functions bounded in
L([0, T]; R") by (b). So along a further subsequence, p converges uniformly to some
arc p, and p- p’ weakly in L2. Taking limits in (c) with the aid of [5, Prop. 2.1.5(b)]
and [5, Prop. 2.4.2] yields conclusion (c). (To be completely precise, we recover (c)
from the slightly stronger versions of (c) in which Nc(x(O)) is replaced by ROdc(x(O))
for a large constant R independent of i, as in Proposition 1.1(b).)

As for (a), it is clear that the weak limit of points e-> 0 and ’ e P obeys e => 0
and " e P. Also, the uniform convergence of x to x implies that g(t, x(t)) g(t, x(t))
strongly in L[0, T]. Consequently the relationship ’(t)[g(t, x(t)) + a(t)] 0 a.e. e J
implies ’(t)g(t, x(t)) 0 a.e. e J. Finally, st(t) 0 a.e. J is obvious, so we have- Np(-g(t, x(t))) as (a) asserts.

Finally, it remains to verify (b). By a modification of [17, Lemma 4.5], we are
assured that the bounded sequence y(t)(t) in L2([0, T]; Rn) has a subsequence
converging weakly to y(t)(t), where " is the given weak limit of {sr} and where
y(t)eO,g(t,x(t)) a.e. on {t: ’(t)0}. Therefore the left-hand sides (-p+y,x)
converge weakly to (-p’+ y’, x’). At the same time, the Hamiltonian arguments
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(xi, pi) converge uniformly to (x, p). By [5, Prop. 3.1.7], the limiting relationship (b)
follows.

Proposition 3.3 enables us to give a succinct characterization of Nep v(0, V(0)).
Let us write for the set of solutions to P(0); for every x E and e > 0, we write
M (x) for the collection of all vectors r satisfying Proposition 3.3(a)-(c). We then have

(3.1) Nepi v(0, V(0))=cl co [NU N],

where

(3.2)
N= {h (r,.-1): h >_-0, r M’(E) a V(O)},

N {(’, 0): " M(E) f’l a V(O)}.

Lines (3.1) and (3.2) carry information about the sensitivity of problem P(a), and
about its relation to multiplier rules. For example, if Nep v(0, V(0)) {0} then (3.1)
implies that N U N contains a nonzero point. Definitions (3.2) then imply that either
MI(E) or M(Z)\{0} is nonempty. This fact, which we may write as

(3.3) MI(E) U [M(E)\{O}] ,
affirms that some solution x to P(0) has either a nontrivial multiplier with e 0 or
else a multiplier with e 1.

We emphasize that the multiplier rule (3.3) is valid only under the assumption
that Nepi v(0, g(0)) {0}. If the domain of V were finite-dimensional, this assumption
would hold automatically. But with H L2[0, T] the situation is considerably more
delicate, and it is possible for every weakly convergent sequence appearing in the
proximal normal formula (1.3) to converge to zero. J. M. Borwein [2] presents a
comparatively simple instance of P(a), meeting all our hypotheses, for which this
pathology occurs. In the remainder of this report we will discuss three ways to avoid
this problem. The first is to introduce a certain constraint qualification ("calmness")
to guarantee the nontriviality of Nep v(0, V(0)). Alternatively, one can use different
limiting techniques along a sequence of proximal normals to derive a nontrivial
multiplier rule without regard for monitoring the sensitivity of P(a). Finally, one can
start over at the beginning with a different choice of H, in the hopes that a "smaller"
infinite-dimensional space might give better results. Each of these alternatives has a
lesson to teach: the dense validity of the calmness condition shows that the analysis
above is not trivial; taking weak limits of measures leads to the most widely applicable
necessary conditions given in this paper; and the analysis when H AC2[0, T] shows
how strongly the outcome of the proximal normal approach depends upon the choice
of V’s domain, while giving sensitivity information unknown until now.

Calmness. Problem P(a) is calm at ao if V(ao)< +c and

v(, v(,o)
lim inf > -.

Since V: L2[0, T]- RU {+} is lower semicontinuous, [1, Thm. VI.65, p. 281] implies
that the points at which P(a) is calm are dense in Dom V= {a L2[0, T]: V(a) < +oO}.

Calmness is a well-respected constraint qualification in other settings--the calculus
of variations and mathematical programming, for example [5]. Here, too, it guarantees
the nontriviality and normality of the necessary conditions proposed in (3.3).



STATE CONSTRAINTS IN OPTIMAL CONTROL 1447

THEOREM 3.4. Suppose P(a) is calm at O. Then for any x , there is a vector

’ L2[0, T], an arc p, and a measurable selection 3,(t) Oxg(t, x(t)) a.e. on {t: ’(t) 0}
such that

(a) (t) >- 0 a.e., (t)g(t, x(t)) 0 a.e., (t) 0 a.e. : J;
(b) (-p’(t)/(t)3,(t),x’(t))OH(t,x(t),p(t)) a.e.;
(c) (p(O), -p(T)) Of(x(O), x(T)) + Nc (x(O)) x {0}.

Ifx is the only element of Y, then may be chosen to lie in c9 V(O); in any case, we have

(3.4) 0 V(0) cl co [MI(E) 0 V(0) + M(E) 0V(0)].

Proof. Formula (3.4) is valid even without the assumption of calmness, being a
direct consequence of (3.1)-(3.2) ([13, Prop. 4.2]). But when P(a) is calm at 0, [12,
Prop. III.4.2] implies 0 V(0) , so (3.4) has nontrivial content. Indeed, one of its
consequences is that MI(E) 0 V(0) . Consequently there exists x E and " 0 V(0)
such that (a)-(c) hold. If E is a singleton then the proof is complete. If E contains
several points, then we may fix our attention on any x* E and consider the modified
problem P*(a), which is identical to P(a) in every way except that the cost functional
f(x(0), x(T)) is replaced by f(x(0), x(T)) +( [x(t) x*(t)[2 dt). Now E* {x*} and

v*(,)_-> v(,) v,, v*(o) v(o).

Consequently P*(a) is calm at 0, and the conclusions derived above allow one to
choose ’* OV*(O) such that (a*)-(c*) hold. These conclusions reduce immediately
to the desired results (a)-(c).

In order to compare the conclusions of Theorem 3.4 with the known necessary
conditions of Vinter and Pappas [17], let us define an arc

q(t)=p(t)- 3,(s) ’(s) ds.

Then conditions (a)-(c) become
(a) ’(t) _-> 0 a.e., ’(t)g(t, x(t)) 0 a.e., ’(t) 0 a.e. J;

(b) (-q’(t),x’(t))eOH t,x(t), q(t)+ y(s)(s) ds

(c (q(0,-q(r-Io ,(s(s aseof(x(O, x(r+ N(x(0 x {01.
To recover the measure conditions of [17], it sutfices to introduce the nonnegative
measure x via dx ’(t)dr. Conclusion (a) then states that
cl {t: g(t, x(t)) =0}, while conclusions (b) and (c) assume the forms given in [17]. Thus
Theorem 3.4 is very close in spirit to the necessary conditions proposed in the literature,
with one very significant advantage: it shows that the measure may be taken to be
absolutely continuous with respect to Lebesgue measure, with a square-integrable
density ’. This advantage is due both to the method of proof via proximal normals,
and to the assumption of calmnessa condition known to hold arbitrarily near to any
problem of interest.

Remark The proximal normal approach used here adapts very easily to the
treatment of equality state constraints, which have the form g(t, x(t))=0 a.e: Indeed,
it suces to take the positive cone P {0} to find that Theorem 3.4 remains valid in
this case, except that conclusion (a), which states that -" e Np(-g(t, x(t))), becomes
trivial. In the remainder of this paper, however, we make much more use of the detailed
properties of Np. To go beyond Theorem 3.4 in the case of equality state constraints
would therefore require separate study.
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Weak* convergence of measures. The scope of proximal normal analysis goes
considerably beyond the simple application of (1.3). For example, the theory guarantees
that for any closed subset C of a Hilbert space, the boundary of C contains a dense
subset of points c where PNc(c) {0}. So even in the case where Nc(c)= (0), there
is no shortage of nontrivial proximal normal cones based near c. In terms of our
problem, we can certainly find a weakly convergent sequence of unit vectors (st,, -e,)
PNepiv(a,, vi) at points (ai, v,)-(0, V(0)). Despite the possibility that every such
sequence might tend weakly to zero in L2x R, nontrivial results are still available if
we take limits in a different topology. The cost of doing so is the loss of sensitivity
information about P(a); the benefit is a proof of known necessary conditions which
is closely related to the proximal approach, but which requires no constraint
qualification.

Given a weakly convergent sequence of unit vectors (st,, -ei) as described above,
Prop6sition 3.2 asses that there is a sequence x of solutions to P(a) such that ceain
conclusions hold for some p and 7. Let us define constants m, arcs q, and measures

via

(3.5) m, e, + , [[,

( Io(3.6) q,(t)= pi(t)- %(s)ff,(s) ds mi,

(3.7) d/z, (sri(t)/m,) dt.

We then have

-miq( t) -P’i( t) + Ti(t)Ci(t)

and the conclusions of Proposition 3.2 imply

(3.8) ei>--O, i(t)>--O a.e., ’i(t)=O a.e.tJ,

(3.9) (-ql(t),xl(t))OH t,x(t), q,(t)+ y,(s) dl(s)

( fo )(3.10) q(O),-q(r)- 7(s) d(s) Of(x(O),x,(r))+Nc(x(O)){O}.

Definitions (3.5) and (3.7), together with condition (3.8), imply that each is a
nonnegative measure supposed on J [0, T] with (J) 1. Hence some subsequence
of {} converges weakly* to a nonnegative measure supposed on J with

(J) lim (J).

Defining e/m [0, 1] implies that (perhaps along a fuher subsequence)
for some [0, 1], and that + (J)= 1. Now exactly the same limiting argument
used in [5, p. 129] establishes the following result, in which we use the notation

Nc(c) {lim n n Nc(c), c c in C},

Og t, x) {lim z z Og t, xi), t, xi) t, x)}.

PROPOSITION .5. Assume (H1)-(HS). If V(O) <+ then P(O) has a solution x to
which there correspond an arc q, a measurablefunction % a constant and a nonnegative
measure such that

(a) [0, 1], is supported on J, and + (J)= 1;
(b) 7(t) Oxg(t, x(t))-a.e.;
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(c) (-q’( t), x’( t)) OH( t, x( t), q(t)+o T(s) d/(s));
(d) (q(0), -q(T)-or y(s) dtx(s)) AOf(x(O), x(T))+ mc(x(O)) {0}.
The only substantial difference between Proposition 3.5 and 17, Thin. 3.1 concerns

the support of the measure /z. In [17], Vinter and Pappas assume that g is upper
semicontinuous in and deduce that/z is supported on the set of "active" constraint
times

J{t" g(t,x(t))=O}.

Taking J [0, T] for simplicity, we now derive their result from Proposition 3.5.
THEOREM 3.6 [17]. In addition to (H1)-(H5), assume that J=[0, T] and that

g(., x) is upper semicontinuous (u.s.c.) for each fixed x. Then for every solution x to

P(O), there correspond an arc q, a measurablefunction % a constant A, and a nonnegative
measure tx such that

(a) A [0, 1],/z is supported on {t: g( t, x( t)) O}, and A +/x[0, T]= 1;
(b) 7( t) O,g( t, x( t)) Iz-a.e.;
(c) !-q’(t),x’(t))aon(t,x(t) q(t)+Ito T(s) dp.(s));
(d) (q(0),-q(r)-Io" 7(s) dlzis))e Aof(x(O), x(r))+ nc(x(O)) x {0}.
Proof. Let us assume for the moment that x is the unique solution to P(0). This

temporary hypothesis will be dispensed with later. For any positive integer i, consider
the problem Pi(0) which is identical to P(0) in every way except that the closed set J
is replaced by

Ji={t: g(t,x(t))>--1/i}.

(Ji is closed because g is u.s.c, in t.) Now x remains the unique local solution for
Pi(0), since any arc y which is admissible for Pi(0) and obeys Ily-xllo<=(iK,)-1 has

g(t,y(t))<-_O for Ji,

g(t,y(t))<=g(t,x(t))/Kglly-x[[<(-1/i)/i-l-o for Ji.
Thus y is admissible for P(0) and hence performs strictly worse than x. We may apply
Proposition 3.5 to P(0) to find q, /, Ai, and/z, such that

(a)i ,i [0, 1], ]-/i is supported on Ji, and /i //.i[0, T]--- 1;
(b)i o/i t) Oxg( t, x( t)) /zi-a.e.;

(cl (-q:(l. x’(ll e 0n . x(. q( + ,(s d.(s

(d) q(O),-q(T)- %(s)(s et,Of(x(O,x(r+(x(Olx{Ot.

Once again, there is a subsequence along which xi- weak*, Ii- I, qi q uniformly,
7idxi-Tdx weak* for some y(t)eOg(t,x(t)) -a.e., and so on. Taking limits in
(b)i-(d)i yields (b)-(d) of the theorem. As for conclusion (a), the support of xi is the
closed set Ji. Since J1

_
J _. , it follows that the support of the limiting measure

lies in

Ji {t: g(t, x(t))=0},
i-=1

as required.
Now if x is one of several solutions to P(0), then it is easy to define a modified

problem P*(0) for which x is the unique solution and the conclusions derived above
imply that x obeys (a)-(d). The idea here is to modify the objective function
f(y(O), y(T)) by adding a term of the form o [y(t) X(t)l2 dt. Details are given in the
proof of [5, Thm. 3.5.2].
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4. The choice H AC2[0, T]. In the special case when the state constraint function
g(t, x) is smooth, the mapping t- g(t, x(t)) actually lies in AcE[o, T] for any F-
trajectory x. The space ACE, defined in (2.1), (2.2), has certain advantages over L2 as
the domain of V. The most striking of these is that the natural positive cone

P={aACE[O, T]: a(t)>-OVt[O, T]}

actually has interior. Hence Propositions 1.2 and 1.3 imply that either 0 V(0) or
OV(O) (0), and consequently that weak limits of proximal normals will yield both
nontrivial necessary conditions and meaningful sensitivity results without any constraint
qualifications at all. These facts make it worthwhile to pursue the analysis when
H AcE[0, T] even though this space is more difficult to work with than LE[0, T] and
despite the extra regularity assumptions which must be imposed on F and g to complete
the analysis.

Throughout this section, (H1)-(H4) of 2 are augmented by

(H5) The function g" R R is autonomous and of class CE on Rn.
(H6) The nonnegative function appearing in (HE)(a) is actually constant.

The smoothness of g required by (H5) will appear as a necessary evil in the proof
of Proposition 4.4. Explicit time dependence of g can be allowed, provided that Og/Ot
is smooth in x, but we have chosen to simplify the presentation by taking Og/Ot--O.

Let us now interpret the conclusions of Theorem 2.2 in the space H AcE[0, T].
The first step is to consider the normal cone Np(r*).

PROPOSITION 4.1. Let r* P and AcE[0, T] be given. The following are
equivalent:

(a) -st Np(r*);
(b) there is a finite nonnegative measure tz with support in Z[r*]=

{ [0, T]: r*(t) 0} such that

’(t) =/x[0, T]+ ttx(O, T]- tz(O, s) ds.

Proof. The arguments of Hestenes [10, p. 50] show that -sr Np(O) if and only
if "(t) is a nonincreasing function which obeys

(4.1) ’(0) => "(0+), "(T-) => 0.

Recalling (2.4), one may verify that a function of this sort obeys (’, r*)=0 if[ sr is
constant on all relatively open subintervals off[r*] { [0, T]: r*(t) > 0} and equality
holds in (4.1) if[ r*(0)> 0, respectively, r*(T) > 0. Certainly the " defined in (b) meets
these criteria; conversely, any " in -Np(r*) gives rise to a rheasure as in (b) when we
set

/x{0}=sr(0)-sr’(0+), /x{T}=sr’(T-), tz(s,t)=’(s)-’(t). I]

The conclusions of Proposition 4.1 support the following remarkable fact.
PROPOSITION 4.2. Let {ri} be a sequence in -Np(O) converging weakly to . Then

{’i} actually converges strongly to ; in fact, {’} converges to ’ in every LP[0, T] for
p[1,).

Proof. Since {sri} is weakly convergent, it is norm bounded. In particular, there
exists M > 0 such that ’i(0) [0, M] for all i. From (4.1) it follows that sr[(t) [0, M]
for all a.e. Moreover, each ’I is nonincreasing (see the proof of Proposition 4.1).
Thus Helly’s selection theorem implies that any subsequence of ’I has a further
subsequence converging pointwise to a nonincreasing limit function, which must be
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sr’. This shows that ’ - sr’ a.e., so the bounded convergence theorem implies that ’; "in any LP[O, T], p 1, oo). In particular ’ - sr’ in L2 and it follows that ’i" " strongly
in AC2[O, T].

COROLLARY 4.3. Let {ri}___ P be a sequence converging weakly to r, and let {’} be
a sequence converging weakly to while obeying - Np(r) for all i. Then one has- Np(r).

Proof We have ’ -Np(ri) -Np(O) for all by (2.4). Since -Np(0) is convex
and strongly closed, it is also weakly closed and " -Np(0). Also by (2.4), we have
(’, r) 0 for all i. Now r --> r weakly by assumption and r -> " strongly by Proposition
4.2, so we obtain (sr, r)= 0 in the limit. From (2.4) it now follows that

Now we turn to the remaining conclusions of Theorem 2.2.
PROPOSITION 4.4. Let (,-e) PNep v(O*, I)*). Then P(a*) has a solution x* to

which there corresponds an arc p AC2([0, T]; Rn) such that
(a) e >_- 0 and - Ne(-g(x*(t))- a*(t));
(b) (-p’( t) + ’( t)gx(X*( t))x*’( t), x*’( t)) OH(t, x*( t), p( t) ’( t)g(x*( t)))

a.e.;
(c) (p(0) sr(0)gx(x*(0)), -p( T)) eOf(x*(O), x*( r)) + Nc(x’(O)) x {0}.
Proof Conclusion (a) follows from Theorem 2.2(a, b); we will deduce conclusions

(b) and (c) from Theorem 2.2(c). We know that among all F-trajectories x starting in
C, x* gives the lowest value to the functional

ef(x(0), x(T)) +, ’(0)g(x(0)) + st’( t)g(x( t))’ dt

+ Mlg(x(O)) g(x*(0))] + MIf(x(O), x(T)) -f(x*(0), x*( T))I

/ M Ig(x())’- g(x*())’l

Now a careful review of Clarke’s proof of [5, Thm. 3.2.6] (the result we have quoted
as Proposition 1.1) shows that the necessary conditions for this minimization problem
are the same as those when M 0. The intuitive reason for this is that the conclusions
of Proposition 1.1 are first-order conditions, and the terms multiplied by M here are
all of second order. The technical justification of this fact relies on (H6).

To write the first-order conditions when M 0 we introduce the auxiliary state
y e AC[O, T], governed by

y’( t) ’( t)gx(X( t))x’( t), y(O) O.

Then the arc (x*, y*), where y*(t) o ’(s)g,(x*(s))x*’(s) ds, satisfies the conclusions
of Proposition 1.1 for the problem of minimizing

ef(x(O), x(T)) + ’(O)g(x(O)) + y(T)
over all trajectories (x(t), y(t)) for the multifunction

G(t, x, y) {(v, ’(t)gx(X)V): v F(t, x)}.

The Hamiltonian for this problem, evaluated at (x, y, p, q), equals

sup {pv + q’(t)g,,(x)v: v F(t, x)} n(t, x, p + q’(t)gx(X)).

We deduce the existence of arcs p(t) and q(t)---1 such that

(-p’(t),x*’(t)){(d-’(t)g,,,(x*(t))e, e): (d, e)6OH(t,x*(t),p(t)-’(t)g,,(x*(t)))},

(p(0), -p( T)) eOf(x*(O), x*( T)) + (’(0)g(x*(0)), 0) + Nc(x*(O)) x {0}.

These reduce easily to the desired conclusions (b) and (c).
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Remark 4.5. The crux of the preceding proof is our ability to take M 0 when
writing down necessary conditions for the auxiliary problem solved by x*. This is the
only place in the development where (H6) is required. For smooth relaxed problems
where F(t, x) (t, x, U), even (H6) can be removed. Indeed, let ,: [0, T] x R x R -->

R" be measurable in t, differentiable in x, with ,x(t, ",’) jointly continuous, and
suppose U is compact. We also require F(t, x) ,(t, x, U) to obey (H1), (H2). In this
situation the analysis of the auxiliary problem solved by x* involves the additional
arc y given by

y’(t) {’(t)gx(X(t))x’(t)+ Mlgx(x(t))x’(t)-g,(x*(t))x*’(t)lE,
y(0) =0,

and the arc (x*, y*) really minimizes

ef(x(0), x(T)) / ’(0)g(x(0)) / y(T) / MIg(x(O)) g(x*(0))l

+ Mlf(x(O), x(T))-f(x*(O), x*( T))[
over all trajectories (x(t), y(t)) for the multifunction

G(t, x, y)- {(v, ff’(t) g(x)v/ Mlgx(X)V-gx(X*(t))x*’(t)]): v (t, x, U)}.

This multifunction is not convex, but it does satisfy all other hypotheses of Proposition
1.1. And since we are dealing with a free-endpoint problem, it follows [5, p. 117] that
(x*, y*) continues to solve the problem above when co G is used instead of G. The
latter problem satisfies the hypotheses of Proposition 1.1, in whose conclusions the
Hamiltonian is now effectively

M(t, X, p) sup {(p "(t)g(x))" V Mlg,(x)v g,(x*(t))x*’(t)[2: v q’(t, x, U)}.

Under the above conditions on q,, M(t,’," can be viewed as the maximum over the
fixed compact set U of a family of functions whose (x, p)-gradients are continuous
in x, p, and u. Consequently this function is regular [5, Thm. 2.8.2]. Since M(t, X, p) <=
0(t, X, p) with equality when x x*(t), it follows that

0M(t, x*(t), p) O)o(t, X*(t), p) Vp e

Thus the Hamiltonian inclusion for the auxiliary problem, when M> 0, implies the
Hamiltonian inclusion we.would obtain for the problem when M 0, and the proof
of Proposition 4.4 proceeds as above. Clearly, any hypotheses ensuring that (t,.,
is regular may be used in place of F(t, x)= O(t, x, U) in this argument.

To simplify our study of the limiting stability of Proposition 4.4(a)-(c), we
introduce some notation. The set E(a) will consist of all solutions x(.) of problem
P(a): by Proposition 2.1(c), V(a)<+E(a)#f. If xE(a) and e>_-0, the index
e multiplier set for x, denoted Me(x), consists of all sr ACE[0, T] for which there is
an arc p(. such that

(a) e _>- 0 and -" Np(-g(x(. ))- a(. ));
(b) (-p’(t)+’(t)gx(x(t))x’(t),x’(t))on(t, x(t),p(t)-’(t)g(x(t))) a.e.;
(c) (p(0) (O)gx(x(O)), -p(T)) e eOf(x(O), x(T)) + Nc(x(O)) x {0}.

(Recall the definition of Nc given just before Proposition 3.5.)
The multiplier sets have a useful scaling property:

(4.2) sr M(x)=>VA > 0, A" Ma(x).
In case E(a) contains several points, we define M(E(a)) to be the union of Me(x)
over x in E(a). This definition allows Proposition 4.4 to be restated as follows:

(4.3) (’, -e) PNepi v(a*, v*) M(E(a*)).
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To emphasize the relationship between the multiplier sets defined here and those
current in the literature ([17], [5]), we introduce the arc q and the measure/z via

(4.4) q(t)=p(t)-(O)gx(x(O))- ’(s)g,,(x(s))x’(s) ds,

(4.5) st(t) =/x[0, T]+ tlx(O, T]- ix(O, s) ds.

(Compare Proposition 4.1.)
We may then reduce p(t)-’(t)gx(x(t)) to

q(t)+#[0, T]gx(x(O))+ Iz[s, T]gx(X(S))’ ds-tx[t, T]gx(X(t))

q(t) + g,(x(s)) dtz(s).

It follows that Me(x) can also be written as the set of all " of the form (4.5) arising
from a nonnegative measure/z on [0, T] and an arc q such that

(a’) e->0 and supp (/z)__c_ {t[0, T]: g(x( t)) + a( t) O};
(b’) (-q’(t),x’(t))OH(t,x(t), q(t)+togx(X(S)) d/z(s));
(c’) (q(0),-q(T)- gx(X(S)) dtz(s))e eOf(x(O),x(T))+ Nc(x(O)) x {0}.
In view of (4.3), the following result makes a statement about weak limits of

proximal normals.
PROPOSITION 4.6. Let {a}_ AC2[0, T] be a sequence converging strongly to a,

along which V(ai) - V(a). If a sequence {(’i, e)}
_
AC2[0, T] x R converges weakly

to (,-e) and obeys M,(,(a)) for all i, then we have the limiting relationship
M (,(a)). Moreover, in norm.

Proof. Since sr M(E(a)) for all i, it follows that sr is a weakly convergent
sequence of elements in -Np(0). Proposition 4.2 implies that sr-, " strongly in
AC2[0, T].

Implicit in the hypotheses of this result is the existence of a solution x to each
P(a,), with a corresponding arc p, for which the conditions (a)-(c) defining ’ M,(x)
hold. Now the growth and Lipschitz conditions (H2) on the multifunction F imply
similar restrictions on OH (see [5, Prop. 3.2.4, p. 121]), so some subsequence of (x, p,)
converges weakly in AC2 to a limiting arc (x, p). This follows from Proposition 2.1(a);
the proof of Proposition 2.1 also shows that one has g(x(t))+a(t)-P and
f(x(O),x(r))<-limsupf(xi(O),xi(T))<-_ V(a). Hence xE(a).

Now since (t)gx,(xi(t)) is bounded and converges pointwise to ’(t)g,x(x(t))
by Proposition 4.2 and (H5), we infer that

(-p( t) +(t)g,x(xi( t))xl( t), xl( t)) (-p’( t) + ’( t)gxx(X( t))x’( t), x’( t))

weakly in L2([0, T], R x Rn). Also

(xi(t), Pi(t) I( t)g(xi(t))) (x(t), p(t) ’( t)g,(x(t))) a.e.

The proof of [5, Thm. 3.1.7] shows that this allows us to pass to the limit in Proposition
4.4(b) to obtain

(-p’(t) + ’( t)gxx(X( t))x’(t), x’(t))
_
OH( t, x(t), p(t) ’( t)gx(X(t))) a.e.

Finally, Proposition 4.4(c) states that for some ii 0f(x,(0), x,(T)) one. has

(p,(0)- ,(O)gx(x,(O)), -p,(T)) e,, e Nc(x,(O)) x {0}.
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By passing to a further subsequence if necessary, we may assume that i "->

Of(x(O), x(T)); it follows that

(x(0)) {0}.

This completes the proof.
COROLLARY 4.’7. If V(a) <+ and M(E(c)) {0}, then MI(E(c)) is bounded.
Proof If the conclusion were false, then MI(E(a)) would contain a sequence

with II ill-" Consider the vectors zi ’i/[l’]l. They form a bounded sequence, so
we can extract a subsequence converging weakly to some z. By (4.2), we have

z,

It follows from Proposition 4.6 that z--> z strongly, so Ilzll- 1, and that z M(E(a)).
This is a contradiction.

The following result, using the notation E=E(0), establishes the relationship
between the multiplier sets M(E) and Nep v(0, V(0)).

PRoPOSIXIOn 4.8. Assume V(O) < +c, and define N, N as in (3.2). Then

(4.6) Nepi v(0, V(0)) cl co [NU N].

In particular, N U N contains nonzero points and therefore

(4.7) MI(E) LI [M(E)\{0}] .
Proof. Propositions 1.2 and 1.3 imply that Nep v(0, V(0)) contains nonzero points,

so (4.7) will follow immediately once we prove (4.6). Now the definitions given in
(1.1) show that the inclusion

_
holds in (4.6). To prove the reverse inclusion, it suffices

to show that any weak limit of proximal normals (st,-e) as described in Proposition
4.6 lies in N t.J N. This is clear if e =0, for then " OV(O) by construction, while
srM(E) by Proposition 4.6. So (sr,0) N. Likewise, if e>0 then the vector
(,-e)/e=(/e,-1) lies in Nepiv(O,,V(O)) by construction, so /eOV(O). But we
also have r/e M(E) by Proposition 4.6 and the scaling property (4.2). Hence
(sr, -e) N.

Conclusion (4.7) is a succinct statement of the necessary conditions for optimality
in P(0). It says that some x E either gives rise to a multiplier " Ml(x), or else yields
a nontrivial multiplier " M(x). This is easily extended to treat each x in separately:
indeed, the same proof as in [5, Thm. 3.5.2] establishes the following.

THEOREM 4.9 (Necessary Conditions). Let V(O) < +. Then E , and

(4.8) Ml(x) [.J [M(x)\{0}] Vx E.

As advertised, however, proximal normal analysis does more than offer a new
approach to necessary conditions for optimality. It also enables us to write down a
formula for 0 V(0).

THEOREM 4.10 (Sensitivity). Let V(O) <+ and assume (H1)-(H6). Then

(4.9) 0 V(0) cl co [0 V(0) 71MI(E) -k- OV(O) (’] M(E)].

IfM(E) {0} then OV(O) {0}. In this case O V(O) is a nonempty norm.compact convex
subset of AC2[O, T] obeying

ext O V(0) m(E).

Proof Conclusion (4.9) follows straight from Propositions 4.8 and [13, Prop. 4.2].
To deduce the additional conclusions, note first that M(E)= 0 implies N= {0}, so
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N contains nonzero points by Proposition 4.8. In particular, a V(0) is a nonempty set
which, by (4.9), obeys

(4.10) 0 V(0) cl co [0 V(0) fq Ma(E)] __c cl co Ma(E).
Now M() is a bounded set by Corollary 4.7, so the set (9 V(0) is a nonempty, closed,
convex, and bounded subset of-Ne(0). It follows that every sequence ’i chosen from
O V(O) has a weakly convergent subsequence, and that this subsequence actually
converges strongly by Proposition 4.2. So 0 V(0) is compact, as claimed. The conclusion
that ext 0 V(O)_ Ma() follows from (4.10) and the fact that Ma(E) is closed is proven
in Proposition 4.6.

Controllability and penalization. Problem P(0) is called normal if M(E)= {0}.
From Theorem 4.10 we deduce that the value function for a normal problem is Lipschitz
near 0, a fact which has attractive consequences both for controllability and for exact
penalization. For instance, a value function which is Lipschitz near 0 must certainly
be finite near 0, from which it follows that a feasible trajectory for the system

x’(t)F(t,x(t)) a.e., x(O)C, g(x(t))<-_-a(t)

exists whenever a is chosen sufficiently near to 0 in ACE. Of course, a Lipschitz
condition on V implies more than the local finiteness of V, so stronger controllability
conclusions than this are readily available. We will not present these in detail: the
reader may consult [5, Thm. 3.5.3] to discover the spirit of such results.

A related issue, with applications in numerical analysis, is exact penalization. If
the original problem is normal, then all of its solutions will be found among the
solutions to a modified problem in which there are no state constraints. The ACE-norm
is used in the following result.

COROLLARY 4.11. Suppose P(O) is normal, and x* ,. Then there is a constant
M > 0 so large that x* provides a local solution for the problem

min {f(x(0), x( T)) + Mllg(x( t))/ll x’( t) F( t, x( t)) a.e., x(O) C}.

Here g+-max {0, g}, and "local solution" refers to a neighbourhood ofx* in the norm
topology ofAC2.

Proof. Since P(0) is normal, V(.) is Lipschitz near 0 by Theorem 4.10. In
particular, there exist positive constants e and M such that

I1,11 < v(o)_<- v(,) + MII, II.
Now (H5) ensures that the mapping x g(x)+ from AC2 into AC is continuous near
x*, so there exists 3>0 such that IIx-x*ll< implies IIg(x(,))/l[<. But for any
F-trajectory x with x(0) C, one has V(-g(x(. ))/) <-f(x(O), x(T)). So if x also obeys
lix x* < , we obtain

f(x*(O), x*( T)) V(O)

<= V(-g(x)+) + M[[g(x)+ll
<-f(x(O), x( r)) + M[Ig(x)+l[.

REFERENCES

J.-P. AUaIN AND I. EKELAND, Applied Nonlinear Analysis, John Wiley, New York, 1984.
[2] J. M. BORWEIN, Epi-Lipschitz-like sets in Banach space: Theorems and examples, to appear.
[3] J. M. BORWEIN AND H. M. STROJWAS, Proximal analysis and boundaries of closed sets in Banach

space, part I: Theory, Canad. J. Math., 38 (1986), pp. 431-452.



1456 F.H. CLARKE AND P. D. LOEWEN

[4] J. M. BORWEIN AND H. M. STROJWAS, Proximal analysis and boundaries of closed sets in Banach
space, part II: Theory, Canad. J. Math., to appear.

[5] F. n. CLARKE, Optimization and Nonsmooth Analysis, John Wiley, New York, 1983.
[6] ., Necessary conditions for nonsmooth problems in optimal control and the calculus of variations,

Ph.D. thesis, Univ. of Washington, Seattle, WA, 1973.
[7] ., Perturbed optimal control problems, IEEE Trans. Automat. Control, AC-31 (1986), pp. 535-542.
[8] F. n. CLARKE AND P. D. LOEWEN, The value function in optimal control: sensitivity, controllability,

and time-.optimality, this Journal, 24 (1986), pp. 243-263.
[9] J. GAUVIN, The generalized gradient ofa marginalfunction in mathematical programming, Math. Oper.

Res., 4 (1979), pp. 458-463.
[10] M. R. HESTENES, Calculus of Variations and Optimal Control Theory, John Wiley, New York, 1966.
11] A. D. IOFFE, Necessary conditions in nonsmooth optimization, Math. Oper. Res., 9 (1984), pp. 159-189.

[12] P. D. LOEWEN, Proximal normal analysis in dynamic optimization, Ph.D. thesis, Univ. of British
Columbia, Vancouver, Canada, 1985.

13] ------, The proximal normalformula in Hilbert space, Nonlinear Anal., to appear.
[14] L. W. NEUSTADT, An abstract variational theory with applications to a broad class of optimization

problems, II: Applications, this Journal, 5 (1967), pp. 90-137.
[15] R. T. ROCKAFELLAR, Extensions of subgradient calculus with applications to optimization, Nonlinear

Anal., 9 (1985), pp. 665-698.
16] ., State constraints in convex problems of Bolza, this Journal, 10 (1972), pp. 691-715.
17] R. B. VINTER AND G. PAPPAS, A maximum principlefor nonsmooth optimal-control problems with state

constraints, J. Math. Anal. Appl., 89 (1982), pp. 212-232.
18] J. WARGA, Controllability and necessary conditions in unilateralproblems without differentiability assump-

tions, this Journal, 14 (1976), pp. 546-573.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 25, No. 6, November 1987

1987 Society for Industrial and Applied Mathematics

007

AN ANALYSIS OF THE POLE-ZERO CANCELLATIONS
IN H(R)-OPTIMAL CONTROL PROBLEMS

OF THE FIRST KIND*

D. J. N. LIMEBEERt AND Y. S. HUNG

Abstract. The aim of this paper is to study the pole-zero cancellations which occur in a class of
H-optimal control problems which may be embedded in the configuration of Fig. 1. H control problems
are said to be of the first kind if both P12(s) and P21(s) are square but not necessarily of the same size. It
is primarily this class Of problems which will concern us here. A general bound on the McMillan degree of
all controllers which are stabilizing and lead.to a closed loop which satisfies [[(s)[[o -< p (p need not be
optimal in the L-norm sense) is derived. As illustrated in Fig. 1, (s) is the transfer function relating
yl(s) to Ul(S). If the McMillan degree of P(s) in Fig. is n, we show that in the single-loop (SISO) case
the corresponding (unique) H-optimal controller never requires more than n states. In the multivariable
case, there is a continuum of optimal controllers whose McMillan degree satisfies this same bound, although
other controllers with higher McMillan degree also exist. The derivation of these bounds require several
steps, each of which is of independent system theoretic interest.

Key words, pole-zero cancellations, H-optimal control, approximation theory, Nehari’s Theorem,
degree bounds

AMS(MOS) subject classification. 93C35

1. Introduction. Figure 1 represents a generalized, or abstract, regulator configur-
ation in which a large class of H-optimal control problems may be embedded. If
P12(s) and P21(s) are square, we call the associated problem a problem of the first
kind. (Problems of the second kind are characterized by having either P12(s) or P21(s)
nonsquare. If both off-diagonal blocks are nonsquare, the problem is said to be of the
third kind.) Depending on the specific design situation, the inputs ul(s) could be
references, external disturbances, sensor noise signals or the outputs of models rep-
resenting unknown plant dynamics. The outputs yl(s), on the other hand, may be plant
outputs, plant inputs or the signals driving plant perturbation models. The H control
problem for Fig. 1 is to minimize the L-norrn of (s) as K(s) is allowed to range
over the set of all stabilizing controllers. The general theory of these problems is now
well developed and we refer the reader to the expository articles of Francis and Doyle
10], Doyle et al. [6], Safonov et al. [22] and the numerous references therein for details.

u(s)

F P21(S)

---, y(s)=R(s)u(s)

y(s)

FIG. 1. Generalized regulator configuration.
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The purpose of this paper is to carry out a detailed analysis of the cancellation
phenomena which occur as a result of H-optimality in the standard regulator configur-
ation mentioned above. Although algorithms for computing these controllers already
exist [6], [22], the procedure is so involved that issues such as McMillan degree
propagation and the final controller order are obscure. A naive inspection of the
procedure may lead one to suspect that the controller degree is several times higher
than that of P(s). Since high order controllers are inevitably preceded by computations
in high dimensional state-space, expensive and unreliable computations are likely to
cause difficulty in complicated design situations. For these reasons, it is our opinion
that the complete structural analysis ofthe computational framework which is presented
here will lead to improved computational methods and will also shed light on several
aspects of the theory. Our approach is to analyse the entire calculation process in the
state-space. This has the advantage of establishing clear links between the theoretical
development and existing computer algorithms [6], [22] and also allows one to use
Glover’s explicit parametrization of all solutions to the Nehari extension problem 12].
This methodology has also been successfully employed in the analysis of cancellation
phenomena in H problems ofthe second kind. This will be reported on elsewhere 16].

The paper is organized as follows: In 2 we define notation, describe the problem
in specific terms and briefly review the relevant parametrization and optimization
theory. Theorem 2.1 is a reformulation of an existing result and it gives an explicit
state-space characterization of all the solutions of the L-norm optimization problem
in terms of bounded real type equations. In 3, we establish by way of balancing two
Riccati equations associated with the parametrization, the role of the right and left
half plane zeros of PI(S) and P21(s). In the case of some problems of the first kind,
the lowest achievable infinity norm of the closed loop can be expressed in terms, of
the solutions to these Riccati equations. Lemma 3.1 and Theorem 3.2 are new results.
In 4, we study the pole-zero cancellations which occur in the closed loop of Fig. 1
when K(s) is chosen to be H-optimal (or suboptimal in a sense to be defined later).
This will lead to a general McMillan degree bound for all these controllers. An
illustrative example is presented which shows that midcalculation model reduction
can produce undesirable effects if done in an ill-advised way. An extension of the
McMillan degree bound to the case of minimum entropy controllers is also given in
this section. The five results given in 4 are all believed to be new. Section 5 contains
the conclusions. All the proofs have been placed in a series of Appendices.

Some of the proofs involve long calculations. For the reader’s convenience, we
have written the paper so that no loss of continuity is experienced if these proofs are
not studied in the first instance.

2. Notation and background theory.
2.1. Notation.

R,C
R(s)
2m!

C+,C+

h (A), max(A)
A*
In(A)

A=>0, A>0
A=<0, A<0

fields of real and complex numbers,
field of rational functions in s with real coefficients,
set of rn x matrices with elements in z(=, C, (s) etc.),
open (resp. closed) right half plane,
open (resp. closed) left half plane,
eigenvalues of a square matrix A, largest eigenvalue of A,
complex conjugate transpose of A C "1 (transpose if A ,,1),
=(r, u, 6), the inertia of A, where zr, , and 6 are the number of
eigenvalues of A in C+, C_ and the jto (imaginary) axis,
A is positive semidefinite (resp. positive definite),
A is negative semidefinite (resp. negative definite),
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RL

RH, RH

_
F

G(s)ll,-,
Re (), g, Isl
G*(s)

space of matrices in N(s) "t which have no poles on the jto axis
(including the point at m),
L-norm of matrices in RL,
subspaces of RL of matrices which have no poles in C/ (resp. C_),
Hankel operator associated with G(s) RH,
ith Hankel singular value of G(s) (i.e. of F) in decreasing order of
magnitude,

or1(G(s)), the Hankel norm of G(s),
the real part, complex conjugate and modulus of s e C,
=G(-g)*, the parahermitian conjugate of G(s),
implies, is implied by, if and only if.

Associated with a transfer function matrix G(s)eN(s) ’’ of McMillan degree n
is a state-space realization

(2.1a) G(s) O+ C(sI-A)-IB
where A e N"" B e Rn C e R"n and D e N" We will use the alternative notation
G(s) (A, B, C, D) or

In the above notation, we have G*(s)= (-A*, C*,-B*, D*) and in the case that
D is nonsingular, we also have G-l(s) (A- BD-1C, BD-1, -D-1C, D-l). If G-l(s)
G*(s), then G(s) is all-pass. G(s) is called stable (asymptotically stable) if it has no
poles in C/ (resp. C/).

If G(s) (A, B, C, D) the system matrix corresponding to the given realization is
defined as [19]

and the system zeros are defined to be the points at which the system matrix loses
normal rank. In the case when D is nonsingular, the system zeros are also given by
A (A- BD-1C). The input decoupling zeros (uncontrollable modes) are points at which
[sI-A B] loses rank. The output decoupling zeros (unobservable modes) are the
points at which [sI-A* C*] loses rank. In the sequel, the term "zero" refers to
"system zero" unless stated otherwise. Obviously, {input decoupling zeros} U {output
decoupling zeros} is a subset of both A (A) and the set of system zeros. The realization
(A, B, C, D) is minimal if it has no input/output decoupling zeros. A sufficient condition
for this is that all system zeros are distinct from A (A).

If Gl(S) (A1, B1, C1, D1) and GE(S) (AE, BE, C2, DE) then the cascade system
G1GE(S) has a realization given by

(2.2) [AIIB1][AE]BE]IA1B1CEB1D2 10 A2 BEC2 DE C2 02
C1 DICE D1D2

where we have taken the "multiplication" of two realizations to mean cascading the
two systems. This is not to be confused with ordinary matrix multiplication. The context
will always make the distinction between these two possible interpretations clear.

If a basis change T is introduced into the state-space of G(s), we will take this
to mean G(s)= (TAT-1, TB, CT-1, D). The McMillan degree of G(s) will be written
as deg (G) and the set of poles of G(s) will be denoted {poles of G}.
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(2.3)

then

Let P(s) be a partitioned matrix with a state-space realization given by

[P . IA B1 B2 1P(s)= P22|(s)= C1 Dll D12
C2 D21 D22

(2.4) Po(s) Ci(sI- A)-IBs + Dis
is a state-space realization of Po(s). A linear fractional transformation ofthe partitioned
matrix P and a matrix K is defined as

F,(P, K)-= P,1 + P12K(I- P22K)-lp21

where K is of dimension x m if P22 has dimension m x L

2.2. Prolflem descriltion. Consider the generalized regulator configuration illus-
trated in Fig. 1. From the equations governing this diagram we see that the transfer
function relating yl to u is given by

(s)= F(P, -K)

Pll- P12K (I + P22K)-1p21

We seek to bound the McMillan degrees of all the compensators K(s) which
simultaneously achieve an internally stable closed loop and minimize
Throughout this paper we will assume that P2(s) and P(s) are square (although not
necessarily of the same size). We also assume that both DiE and Dul are nonsingular
and that P1E(S) and PEl(S) have no zeros on the imaginary axis.

It is worth noting that two particular H-optimal control problems which have
already received particular attention can be posed in the above setting. The first is the
optimal sensitivity problem which has been analysed by Zames and others [3], [7],
[8], [21], [27], [28]. In this case we wish to minimize the L-norm of a weighted
sensitivity operator given by

(2.5) s(s) W2(I + GK)-1Wl](S

where G(s) is the transfer function of a square plant, and W(s) and W2(s) are
weighting matrices. If we put

(2.6) Ps(s)=[WW1 G]Wl ’l
then direct calculation shows that

s(s)= F(P(s), -K(s)).

The second problem is the optimal robustness problem which has been studied by
Glover 13] and Kimura 15]. In the case of optimal robustness with respect to additive
perturbations to the plant transfer function, we wish to minimize the L-norm of

(2.7) a(S) W2K (I + GK)-’ W1](s).

It can be readily shown that if we set

(2.8) P(s) ,
Wl

(S)
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then

a(s)= Fl(Pa(s), -K(s)).

In the sequel, we will study the general class of problems of the first kind and establish
common pole-zero cancellation properties which are shared by the specific problems
just mentioned.

2.3. Review of/-/W-optimization theory. The solution of H-optimal control prob-
lems may be subdivided into two distinct steps. In the first, all the compensators which
lead to an internally stable closed loop in Fig. 1 are parametrized. The second step
then identifies a subclass of stabilizing compensators which minimize II(s){1 or else
satisfy ]](s)]]oo -< peR. In the follbwing sections, we will briefly describe the calcula-
tions involved in these two steps.

2.3.1. Parametrization of all stabilizing controllers. Let P(s) in Fig. 1 be given by
(2.3) and suppose that (A, B2, C2) is stabilizable and detectable. Under these conditions
K (s) stabilizes the feedback system in Fig. 1 if and only if it stabilizes PEE(S). Further,
such stabilizing compensators always exist [6], [22]. Let

(2.9) PEE(S) Nr(s)D-/(s)= D-f(s)Nl(s)
be right and left rational coprime fractional factorizations of P22(s) and

the corresponding Bezout identities. All the matrices in (2.10) belong to RH and the
set of all compensators which stabilize P(s), and thus also P(s), are given by [4], [26]

(2.11) K (s) Ul + DrQ)( V NQ)-’(s)

(2.12) V QN)-( U, + QD,)(s)

in which the indicated inverses are assumed to exist and Q(s). RHC. It is easy to
verify that

K(I + P22K)-’(s) U! + DQ)DI(s).(2.13)

Hence

(2.14)

(s) [P- P2K(I + P22K)-lP2,](s)
[(P,, P,2 UIDIP2,) (P12D.)Q(DIP21) (s)

[ T,- T2QT2,](s)

where the To(s) are defined in an obvious way. Equation (2.14) shows that 9(s) is
parametrized linearly in Q(s). Since (s)RH if and only if Q(s) RH, we would
expect that T, T12 and T2 all belong to RH.

Since (A, B2) is stabilizable, there exists a state feedback matrix F-such that
A-B2F is stable. Similarly, since (A, C2) is detectable there exists an output injection
matrix H such that A-HC2 is stable. Given any such pair of stabilizing matrices F
and H, the right and left coprime factorizations of P22 together with the solutions of
the Bezout identities are given by [6], [18]

(2.15)
N V

(s)- -f I 0

C2- D22F D22 I
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and

(2.16)
-N!

A- HC2

Ur] (s) F
D1

-C2

B2- HD22 H’|
I 0 J-D22 I

Using (2.11) and (2.12), it can be verified by direct calculation that the family of all
stabilizing compensators can be parametrized in terms of the linear fractional transfor-
mation [6]

(2.17)

where

(2.18)

K(s) F(Ko(s), Q(s))

K,, K,](s)=[V-’UrKo(s)
K2, K22J V

v:’ ]
VT,NJ (s)

H B2 HD22 "|
0 I JI D22

A routine computation will show that the realization of Ko(s) in (2.18) is minimal if
(A, BE, C2) is minimal.

In order to simplify later calculations, it is helpful at this point to scale (2.3) by
replacing it with

A B1 B2S1
(2.19) P(s) CI DI D12S

S2C2 SED21 S2DE2S1

in which S D- and $2 DI1. From now on we will assume that P(s) has been
scaled so that both the (1,2) and (2, 1) blocks of the D-matrix are identities; we
therefore assume that the Si’s have already been absorbed into BE, C2 and DEE. Such
an assumption does not incur any loss of generality in our development because the
effect of any prescaling on the compensator to bring P(s) into the form of (2.19) may
be reversed by replacing K(s) with S1K(s)S2 at the end ,of the design process [22].
We now make the following specific choices of the pair of.stabilizing matrices F and
H, as was suggested by Doyle et al. [6]:

(2.20) F C + B*X
where X is the unique positive semidefinite stabilizing solution to the algebraic Riccati
equation

(2.21) X(A- B2C,) + (A- B2C1)*X XB2B*2 X 0

and

(2.22) H B / YC*2
where Y is the unique positive semidefinite stabilizing solution to the algebraic Riccati
equation

(2.23) Y(A B1 C2)$ q- (A B, C2) Y- YC*2 Ca Y O.
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It can be shown that the T(s) of (2.14) are then given by

[A-oB2FB2FB1 B2

(2.24) T(s)=
T21

(s)=
F Dll I

c I 0

Note that T12(s), TEl(S) and Tl(s) belong to RH as expected. Further, F and H
have been chosen to make TE(S) and T21(s) inner [6].

2.3.2. Parametrization of all H-optimal controllers. In this section we briefly
review the parametrization of all optimal Q(s) RH which solve the minimization
problem

(2.25) min II(T..- T.2QT.)(s)II= IIT*.=T.. T*.(-s)ll.. QRH
or suboptimal Q(s) RH which satisfy

(2.26) [I( TI TIQT,)(s)II<= p

for some given p > r* T1, r2* (s)ll H-
Due to the norm-preserving properties of the inner matrices T(s) and Tl(S),

we may write [21]

(2.27) I[( TI- T12QT21)(s)II-]]( rl*2 TI r2*l Q)(s) [[.
From (2.24), we obtain

-(A- B2F)* X(BDll-B1)C2Y
(2.28) T* T,, T2*l(S) 0 -(A HC)*

B2* (F D1, C2) Y

X(B B2DI) ]
-C*
DI

which shows that T*2TIT*2(s) RH_. Setting T*12T1T*1(s) X*(s) we get

(2.29) I1( T,- T,2OT21)(s)II= IIX(s)- Q*(s) I1
which turns (2.25) into a multivariable version of the Nehari extension problem [17].
We will call any Q(s)RH which satisfies (2.26) a p-suboptimal extension. Glover
has shown that all Q*(s) which satisfy (2.25) or (2.26) may be generated by means of
a balanced realization of X(s). In [12], the characterization of all Q*(s) in the general
nonsquare case is given in terms of a linear fractional transformation of transfer
function matrices (see [12, Thm. 8.7]). We will however need a state-space version of
this characterization in order to derive the main results in 4. This is stated in the
next theorem and a proof which makes use of [12, Thm. 8.7] is given in Appendix A.

THEOREM 2.1. LetX(s) (A, B, C, D) be a stable, minimaland balanced realization
with Hankel singular values

O’1 " 0"2 0"k 0"k+l 0.k+2 0.k+r > 0.k+r+l O’n 0.

Assume that the Hankel singular values have been arranged so that the gramians are
given by

(2.30) diag (E, 0.k+llr)

where

E diag (0.,..., 0.k, 0.k+r+,
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and let (A, B, C) be partitioned conformally with (2.30)

kA21 A22J,
B--

B2
C =[C1

Also let

(2.31)

C2].

F Y_,2- o-+L
Then for any error system E (s) X(s) f(s) Q*(s) with

(a) Ilff(jw)l]oo=< o-+,;
(b) X(s) is stable ofMcMillan degree k and Q*(s) is totally unstable

there exists ,, , and D such that E (s) has a realization

(2.32) E(s)

B
B2

F-’(;B, + o-k+, C,*b)

O’k+1B
O’k+15

which satisfies both

+ PeA*e + BeB*(2.33)
-(DeS*e + CePe)

and

(2.34) [-(A* Qe + QeAe + C* Ce)
-(D* C + B* Qe)

where in the above equations

E 0

0 O’k+IrPe I 0 EF
o o

and

2 , [L*IW*],
O’k+ I DeD We

-(C*eOe+QeBe)]=[ L*ed ]W*d

E 0 -F 0

O’k+l/r 0 0

0 EF 0

0 0 d

(2.35a) L*=[00 O’k+ $C1F-10"k+l$], Lea--[00 --O’k+ Be$ d]
for some , a, , a,/3 =/S, < 0, ( (* < 0 and further
(2.355) We (Tk+l

, Wed (Tk+l Vd and PeQe o’2+,I.
Remark 2.1. Note that (2.33) and (2.34) are reminiscent of the state-space charac-

terization of bounded real matrices 1], as one would expect because of the condition
(a) on E(s). We note however that E(s) is in general not bounded real in the strict
sense since it may contain unstable poles.

Remark 2.2. When giving a bounded real type state-space characterization of
p-suboptimal extensions we make use of the idea given in [12, Remark 8.4]. In this
case (2.33) and (2.34) remain in force, F ,2-p2I replaces (2.31) (with trk> p > Ok+l)

A 0 0 B

(2.36) E(s)=
0 F-(pZA*+EAE-pC*B*) F-C* F-(EB+pC*I)
0 -pB* A p
c -(c+pbB*) p5
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replaces (2.32),

(2.37)

and

E I 0 E -F 0

Pe’-" 1 o Qe---r
o o o o Q

Le* [0 pIC’*CF-1 p*], Lea [0 -plfVaB* a ],

replace (2.35a) and We p I?V, Wea p lfVa and PeQe pI replace (2.35b).
For readers who are interested in following through the proof for the p-suboptimal

case, (A.4) in Appendix A should be replaced by

[ Hll H12]
F-(pzA*+AE) F-IB-F-C*’(2.38)

H21 H2
(s)= CE D I

-pB* pI 0

Conditions (A.5) and (A.6) remain valid but (A.7) no longer applies.
Remark 2.3. Theorem 2.1 and Remark 2.2 are more general than we need in

H-optimal control problems since they give a state-space characterization of all error
systems associated with Hankel norm approximation problems whereas we are only
interested in optimal anticausal (or Nehari) type approximations. Specifically, we will
make use of Theorem 2.1 (or Remark 2.2) with k 0 (zeroth order Hankel approxima-
tion) so that X(s)=0 and Q(s) becomes a Nehari extension (or p-suboptimal
extension) of X(s). Also IlE(s)l[ g, or IIE(s)l[ p (where p > 1) for the optimal
or p-suboptimal case respectively. U

COROLLARY 2.2. In the notation of eorem 2.1 and Remark 2.2 let k =0 and
U(s) , h, , ] (see (2.32) and the proof of eorem 2.1) en

(i) If Q(s) is a Nehari extension of X(s),

(2.39) deg (Q) deg (X)- r+deg (U)

where r is the multiplicity of the largest Hankel singular value ofX;
(ii) If Q(s) is a p-suboptimal extension of X(s),

(2.40) deg (Q) deg (X) + deg (U). U

This corollary follows immediately from an inspection of (2.32) and (2.36).
Remark 2.4. For k 0, Theorem 2.1 characterizes all

(2.41) X(s)-O*(s)

satisfying conditions (a) and (b). At ceaain points in the sequel, it is more convenient
to work with a realization for E*(s)= X*(s)-Q(s) instead of (2.41). For this purpose,
we remark here that the form of the bounded real type equations (2.33) and (2.34) is
invariant under parahermitian conjugation. It is easy to see that if E(s) E*(s), then
we only need to perform the following substitutions in (2.33) and (2.34)

A -A, n C, C -n,
DD, Pe-Qe, Qe-Pe.

3. Balancing Riccati equations. In this section we will establish some preliminary
results which will be needed in the later analysis.
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It is well known that the H-optimization problem given by (2.25), or equivalently
(2.29), is equivalent to a matrix version of the classical Nevanlinna-Pick interpolation
problem, the set of interpolation points being the right half plane zeros of T12(s) and
T21 (S). Since T12(S) and P12($), and T2(s) and Pz(s) have the same zeros, it is clear
that the set of interpolation points is

{zeros of P12(s) in C+} U {zeros of Pzl(s) in C+}.

In this section we will bring this issue into sharp focus by balancing the two
Riccati equations (2.21) and (2.23). Furthermore, we will show that the number of
right half plane zeros of P:(s) and P2(s) are given, respectively, by the ranks of the
solutions X and Y to these two equations.

Consider a change of basis T in the state-space of P(s) in (2.19). In this new
basis, P(s) becomes

P(s) C T--’ D,, I

CT- I Dz
and the algebraic Riccati equation (2.21) becomes

(3.1) X(TAT-’- TB2C1T-1)+(TAT-1- TB2CIT-’)*X-XTB2B* T*X=O
or equivalently

(3.2) T*XT(A B2C,) + (A B2C,)* T*XT- T*XTB2B*2 T*XT O.

This shows that the effect of the basis change on X is the congruence transformation

(3.3) X - T-*XT-1

where T-* denotes (T*)-. Similarly, in the new basis, equation (2.23) becomes

(3.4) T-YT-*(A-BC2)*+(A-BC2)T-1YT-*- T-IYT-*C*2C:T-YT-*=O
and hence the effect of the basis change is

(3.5) Y TYT*.

(Incidentally, in problems of the second and third kind, (3.1) and/or (3.4) have an
additional constant term. This term makes no difference to the balancing arguments.)

Combining (3.3) and (3.5) we obtain

(3.6) YX TYXT-and it is immediate from (2.20) and (2.22) that

(3.7) F FT-,
(3.8) H TH.

Condition (3.6) shows that A (YX) are invariant under basis changes in the state-space
of P(s). Conditions (3.3) and (3.5), together with X X*-> 0 and Y Y*=> 0, suggest
that we may use the construction in [12, Appendix B] to find a basis change T so that
in the new basis
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and

(3.10) X

are balanced diagonal matrices. The balancing of the positive definite solutions of
standard LQG type Riccati equations has been studied by Joncheere and Silverman
[14]. For convenience of analysis we introduce a permutation matrix J such that

0 0

0

Clearly E1 > 0 and Ez > 0.
For notational simplicity, we will absorb the coordinate transformation matrix T

into the state-space matrices and rewrite TAT-1, TB2,.’’ of (3.1) and (3.4) as
A, B2,.’..If we set M=A-B, C2 and C=(C[C22), where the partitioning is
consistent with that in (3.9), we obtain from (2.23)

r MllM* M*2J
+

LM
(3.12)

I10
The (1, 1) block of (3.12) yields

(3.13) M*I +Ml,-,C*C2, =0,

that is,
-1(3.14) MI CCI -lM

From the (1, 2) block of (3.12) one obtains

Making use of (2.22) and what has been deduced above,

MI2I [01 00]
C*. C

(3.16)

A- HC2 M YC* C2

[Mll-,ICg21C21 M12-’1C21C22]0 M22

[-1M19171 Mla-1Cg21C22].0 M22

Applying [12, Thm. 3.3(2)] to (3.13) establishes the implication

(3.17) 6(71) 0 => 0= 7r(-7)-> v(Ml).

Since we have assumed that P(s) has no zeros on the imaginary axis, t(Mll =0 and
therefore

(3.18) In (M,1) (rank (Y), 0, 0).
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Note that {A (MI)} -= {right half plane zeros of P21(s)}. Since A- HC2 is asymptotically
stable so too is M22.

^* 121B22] we obtain from (2.21)Defining Z J(A- BzC1)J* and (JB2)* B2 [/* ^*

Oo] rz,, Oo]L z,,, zJ * z*J
(3.19)

_[E2 00] [/12
By an argument similar to the one given for (3.12), we have that

(3.20) Z,1-- B,2B*2E2 -E’Z*,Ez,

(3.2) Z,2 0,

(3.22) In (Z,,)= (rank (X), 0, 0),

(3.23) J(A-B2F)J*=[ -Z#’^Z*)Z= 0]LZ_, BBE Z
and that Z22 is asymptotically stable. The eigenvalues of Z are the right half plane
zeros of P2(s). Next, we partition the matrices

(3.24) J[BIlB2] [BIlB2]

(3.25) F= [FIlF2]
where B1 and B are partitioned conformally with (3.11) and F is partitioned confor-
mally with (3.9). Making use of (3.16), (3.23), (3.24) and (3.25), we can rewrite (2.24)
as

(3.26)

Thus

(3.27)

J(A- BF)J* JB2F
TIEl 0 A HC2
0

(s)
-B*J*JXJ* F

0 C=

JB1 JB2
YC* 0

Dll I
I 0

-EZ*E_ 0

Z21- B2B*!,2 Z22
0 0

0 0

^-B12E_ 0 Fa F
0 0 C21 C22

Bll
B21

-;C*
0

Oll

S212FIE1
-M*I

C2E

B12

0

0
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It follows from (3.13) that Y21(s has observability gramian El and controllability
gramian X-I. Similarly, T12(s) has observability gramian X and controllability
gramian 2. Equations (3.18) and (3.22), 1>0 and 5:2>0 together with [12, Thm.
3.3(5)] establishes the minimality of the realizations in (3.27). To deduce that the
realization (3.26) is also minimal, we note that the A-matrix of the inverse system of
(3.26) is similar to

(3.28) Z (B12Dl-Bll)C21
0 Mll

It follows from this that the realization (3.26) has no left half plane zeros and since
this realization is asymptotically s.table, it must be minimal as well because no pole-zero
cancellations can occur. We remark however that the realization for T(s) need not
be minimal. Replacing the realization (2.24) by (3.26) allows the realization (2.28) for
T*12TI T*(s) to be replaced by

Z11
(3.29) T2 T11T#21(s) 0

(BIDll-Bll)C2I
MI

F1 Dll C21

BI-B12DI

Dll

which need not be minimal. The results of our analysis up to this point are now
summarized in the next lemma for easy reference.

LEMMA 3.1.
(i) The number of zeros of P2(s) in C/=rank (X).
(ii) The number of zeros of P2(s) in C/ rank (Y).
(iii) The realization in (3.26) is minimal with degree (rank (X) + rank (Y)).
(iv) The realizations for Tl(S) and T21(s) in (3.27) are minimal with deg (T12)

rank (X) and deg (TI) rank (Y),
(v) deg T*2 TI T2"1) --< rank (X) + rank (Y).
Early in this section we showed that A(YX) are invariant with respect to an

arbitrary similarity transformation in the state-space of P(s). It is natural to ask whether
or not these invariants contain any fundamental information pertaining to the optimal
solutions of H control problems. We conclude this section with a result which shows
that the lowest achievable L-norm for the closed loop may be expressed in terms of
Amax (YX) in the case of certain specific problems of the first kind. These problems
are: (i) The unweighted optimal sensitivity problem; (ii) the unweighted optimal
complementary sensitivity problem; (iii) the unweighted problem associated with
optimal robustness towards multiplicative perturbations at the plant input, and (iv)
the weighted optimal robustness problem.

THEOREM 3.2. If .. is the set of all stabilizing compensators, then

(3.30)

(3.31)

(3.32)

(i) inf [[(I + OK)-l(s)ll (1 +/max YX))I/2;
Ke

(ii) inf ]]GK(I+GK)-(s)[Io=(1 -"/max (YX))I/2;
K

(iii) inf IIKG(I+ KG)-l(s)ll (1 +max (YX))I/2;

(iv) If W1 s and W(s are stable and minimum phasefrequency dependent
weights with proper inverses, then

(3.33) inf W1K(I + GK)-1 W(s)ll =/max (YX) 1/2. ["]
KE
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Remark 3.1. A detailed analysis will reveal that the Riccati equations defining X
and Y in the case of problems (i) and (ii) are the same and therefore that

(3.34) inf II(Z +g)-111
K

This result was originally proved by Kwakernaak in the SISO case and Glover in
the MIMO case (private communication). In general, the (X, Y) pairs associated with
the other problems given in Theorem 3.2 are different leading to different achievable
L-norm infima. It may be shown by counterexample that the results for problems
(i), (ii) and (iii) do not carry over to the weighted case. [3

4. Main results. In this section we consider the pole-zero cancellation properties
ofthe H-optimal (or suboptimal) system of Fig. 1 and we will derive general McMillan
degree bounds for all H-optimal controllers (denoted Kopt) or suboptimal controllers
(denoted Kopt) for problems of the first kind. An outline of our development is as
follows.

Let n=deg(P), t=deg() and let m =(number of cancellations which occur
between P(s) and K(s) as a result of closing the feedback loop in Fig. 1). Then

t=n+deg(K)-m,

that is

deg (K) t+ m- n.

To obtain an upper bound for deg (K), we proceed in two steps:
(1) Theorems 4.1, 4.2 and 2.1 establish an upper bound tb for the McMillan degree

of all optimal closed-loop transfer functions (s), and
(2) Theorem 4.3 establishes an upper bound mb for the number of pole-zero

cancellations between P(s) and K(s). Given such bounds, we then have

(4.1) deg K <- tb d- mb n.

In the case of single-input-single-output (SISO) problems we will show that

(4.2) deg (Kopt) --< n 1,

(4.3) deg (Kopt) --< n.

In the case of multivariable (MIMO) problems, we will show that there is a continuum
of controllers which satisfy the bounds given in (4.2) and (4.3). These results are stated
in Theorem 4.4. We remark that a bound of this type has already been discovered by
Glover in the special case of the optimal robustness problem [13].

In an earlier paper, Zames and Francis [28] establistied that there are interpolation
constraints associated with both the right half plane poles and zeros of the plant in
the single loop optimal sensitivity problem. If the weighted sensitivity is given by

(4.4) s(s) w(s)/(1 + g(s)k(s)),

then they have shown that

(4.5) s(z,) w(z,)

at each right half plane zero zi of g(s), and that

(4.6) s(pi) =0

at each right half plane pole. These observations lead us to an interesting factorization
phenomenon which may occur in H control problems of the first kind. We will
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motivate the main idea by way of the unweighted sensitivity minimization problem
(weights are neglected for ease of exposition).

From (2.6), we have after prescaling that

I G(s)D_I
C I
C I

Substituting into (2.20) to (2.24) we get

A-BD-1F

(4.8) [ T11(s) T12(s)] 0

T21(s 0 -D-*B*X C
0 C

BD- 1I
I

YC*C
A- HC

YC* BD-1

YC* 0

I I
I 0

after the change of basis

An inspection of (4.8) shows that it can be factorized as

(4.10)
T21(s) 0 0 0 I

where

(4.11) Tll(S)= A1)_,B.X_
Consequently, (s) can be written as

(4.12) (s) ’ll(S)- T12Q(s)) T21(s)

in which we note also that {zeros of T21} {poles of G} and {zeros of T12} {zeros of
G}. At each pole of G(s) there exists a vector xi such that

(4.13) T21(pi)x, =0 for all Q(s) in RH
which implies

(4.14) (p,)x, =0.

This is a generalization of (4.6) to the MIMO case. The point we want to emphasize,
however, is that in certain H control problems, T may have natural all-pass common
factors with T2 and/or T2, as illustrated in (4.12). Theorem 4.1 gives a general
treatment of the properties of this type of all-pass common factor.

THEOREM 4.1. Let

G
(4.15)

A2

All A12
0 A22A1 (s)=-T:0 C12
0 C22

Bll B12]

in which A(s) and A2(s are assumed inner Suppose also that the realizations for Al(S)
and A2(s) given in (4.15) are minimal. Then there exists a change of basis such that
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(4.15) can be put into the form

G All (s)=(4.16) A2 0

/00 /01
0
0
0

Ao2 Ao3

0 0 A33

0 0 C C3

01 /02

B21 0

B31 0

D I
I 0

which admits the following factorizations

(4.17)

(4.18)

(4.19)
A12 B1~I A33 J31
C12 D

in which Al(S) and At(s) are inner. Consequently, we have

(4.25) l(s) Al(S)[ L,- L2Q2,](s)Ar(s).
Furthermore, a minimal realization for

[" "]T,1 TI= (s)(4.26) V21 0

The proof of this result, which is inspired by the work of Van Dooren and DeWilde
[23], is given in Appendix C.

Theorem 2.1 shows that the realization (3.29) for T*Tll T*l(s) is controllable if
and only if T11 (s) and T12(s) have no common inner left divisors and that it is observable
if and only if T11(s) and Tl(s) have no common inner right divisors. The realization
is thus minimal if and only if neither type of factor exists. However, if such inner
common factors do exist, they may be extracted to form the cascade factorization

(4.24) Tll 2 (s)=
At(s) 0 11~ T12 (S)

At(s) 0

T21 0 I T21 0 0 I

Further
(a) Al(S), A_(s), At(s), At(s), are inner.
(b) The factorizations in (4.17), (4.18), and (4.19) are minimal in the sense that

(4.20) deg (A1) deg (A,) + deg (A1),

(4.21) deg (A2) deg (At) + deg (-2),
(4.22) deg (G) deg (At) + deg (G) + deg (At).

(c) A* GA*E(S)=* ,*(s) has a minimal realization given by

--11 z12 --[-- 1121 --b ll 12 "-b DI) IID+ Jll"1(4.23) 0 -/2"2 -t2"2
-"L ]12 (-12 "4- D/21 D
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will lead directly to a minimal realization for ’211 2"1(s). Hence the function to be
minimized in (2.25) or (2.26) can be written

(4.27) I1( T,,- T,=QT2,)(s)]Io= I1(,*= ,1 *, Q)(s) I1.
Using Theorem 2.1 or Remark 2.2, Q(s) can therefore be obtained as a Nehari extension
or p-suboptimal extension of ’2112"1(s). It then follows from Theorem 2.1 and
Remarks 2.2 and 2.4 that the corresponding "error system"

(4.28) E(s) 12]11 21 Q)(s)

satisfies the bounded real type equations given in (2.33) and (2.34). These equations
form the basis of the.hypo.thesi.s of the next theorem which enables us to deduce that
the set of poles of (TI- TEQTE)(s) reduce to a subset of the poles of Q.

THEOREM 4.2. Let

G
(4.29)

A2

All A12

All (s)=
0 A22

0 ,J Cll C12
0 C22

Bll B12]

(4.30) A,(S)=lC,,
are also minimal and balanced. Then

(a)

in which Al(s) and A2(s are inner and their realizations

and A(s)
LC I

(4.31)

-A*ll -C*1( C,2 + DB*21) A12- BllB*2
A* GA(s) 0 -A*2

-Bl*2 -(C12 + DB*21)

C*llD+ Bll

D

A B

(b) for any

such that

(4.32) (A* GA*2 Q)(s) 0
c_

satisfies the bounded real type equations

(4.33) -(/5* +d tr2I -//* W
[L*[W*]

and

(4.34) [-("*( + (’+ (*() -((*/ + (/)] [La*]o’2I-/*/ W*. [LdlWd]
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in which

(4.35) (i)

(4.36) (ii)

.bO tr2Ifor some cr R, and

L* [OIL*I], Ld [OlLd21]
where the partitioning ofL and Ld is conformable with that of and in (4.32), we have

(4.37) (i) (G-AQA2)(s)=
CllQ13_ /

where P23 and Q13 are the (2,3) and (1,3) partitions of .b and t (see (D.1) in
Appendix D).

(4.38) (ii) {poles of Q}_{poles of (G-A1QA)}.

Proof See Appendix D.
Clearly, if we substitute ll(S), ’2(s) and ’21(s) into G(s), A(s), AE(S) of the

last theorem, it follows immediately from part (b)(ii) that

(4.39) {poles of Q}
_

{poles Tll- T12QT21)}

and this together with Theorem 4.1 and (4.25) yields

(4.40) {poles of Q} (_J {poles of At} (_J {poles of AI}
_

{poles of }.

Given (4.40), it follows that an upper bound for the McMillan degree of (s) is

(4.41) -< deg (At) + deg (AI) + deg (Q) tb.

Further, we have by Corollary 2.2 that

(4.42) deg (Qopt) <= deg ]12 ’11 21) -- deg (U) r

in the case of optimal extensions (r is the multiplicity of the largest Hankel singular
value of ’’2 ’2*l(S)); and

(4.43) deg (Qsopt) _-< deg 1"_ 11 2") + deg (U)

in the case of p-suboptimal extensions. Now (3.26) and Lemma 3.1 in combination
with (4.24) and Theorem 4.1 imply that

(4.44) deg ’*lZ’l*2)=rank (X) +rank Y)-deg (A)-deg (At).

Direct substitution of this into the previous two inequalities and then into (4.41) yields

(4.45a) topt <= tb rank (X) + rank (Y) + deg (U) r

and

(4.45b) tsopt <- b rank (X) + rank (Y) + deg (U)

which provides a McMillan degree bound for the closed-loop system and completes
step 1 of our analysis.

We will now begin the second step. In order to establish a McMillan degree bound
on all Kopt(S) and Ksopt(S controllers, we need to bound the number of cancellations
between P(s) and K(s) in Fig. 1; we call this bound mb as was given in (4.1). In
Theorem 4.3, we will show that every unobservable mode of the system in Fig. 1 is
due to a cancellation with a zero of Pz(S) and every uncontrollable mode is due to a
cancellation with a zero of P:(s). (After this paper had been submitted for publication,
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it came to our attention that a result similar to Theorem 4.3 had been discovered
independently by Anderson and Linnemann [29].)

THEOREM 4.3. Let

P11(4.46)
P21 PJ

(s) C Dll D
C2 D2 D22

in which PI:z(S) Ep’xm2(s) with m2<-p and P21(S)Ep2xml(s) with p2<-_m. Suppose
also that

(4.47) K(s)= /

is a minimal realization and that the well posedness condition det (I + D22D) 0 is

satisfied. Then in the closed loop of Fig. 1
(a) every unobservable mode is a zero of P12(s) and
(b) every uncontrollable mode is a zero of Pz(S).
Proof See Appendix E.
Using this theorem, we see that the number of cancellations m between P(s) and

K(s) is bounded above by

(4.48)
m <--{number of zeros of P12(s) in C_}

+ {number of zeros of P21(s) in C_} rob.

This follows from the fact that any other cancellation (i.e. one corresponding to a right
half plane zero of P2(s) or Pz(S)) violates the proven internal stability of the closed
loop.

From (4.48) and Lemma 3.1, we have

(4.49)

mb= {number of zeros of P12(s) in C_}

+{number of zeros of P21(S) in C_}

{ n rank (X)} + { n rank (Y)}

2n rank (X) rank (Y).

We are now ready to prove the main theorem by combining together the results
which have been established. Substitution of (4.45) and (4.49) into (4.1) proves the
following.

THEOREM 4.4. For any H-optimal control problem of the first kind, every H-optimal controller satisfies

(i) deg (Kopt) -< n r + deg (U)

where r is the multiplicity of the largest Hankel singular value of ’*2’ ’2(s), and every
p-suboptimal controller satisfies

(ii) deg (Ksopt) -< n + deg (U).

Furthermore, (4.2) and (4.3) follow from the fact that deg (U) --0 if U(s) is chosen
constant. In the SISO case only U is allowed.
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4.1. Computations. In this section we assemble together the ideas presented so

far into an algorithm style procedure for solving H control problems of the first kind.

ALGORITHM.
(1) Given P(s) as in (2.3), do a prescaling to get P(s) into the form (2.19).
(2) Solve the Riccati equations (2.21) and (2.23) and evaluate the stabilizing

matrices F and H using (2.20) and (2.22).
(3) Assemble T*2T11T*21(s) as in (2.28).
(4) Remove the hidden modes of T*2 Tll T*21(s). This can be done in a numerically

reliable way by balanced truncation methods. The result is a minimal realization for
’211 *l(s). Note the balancing process for model reduction at this step forms the
bulk of the computation required at the next step.

(5) Determine a Nehari or p-suboptimal extension Q(s) of ’2112"1(s) using
Theorem 2.i or Remark 2.2.

(6) Back substitute Q(s) into (2.17).
(7) The previous step will typically produce a nonminimal realization for the

(sub-)optimal controller K(s). Again, a minimal realization may be obtained by
balanced truncation methods; the bounds given in Theorem 4.4 must apply.

It should be noted that the model reduction performed in step 4 will simultaneously
remove all the nonminimal states in (2.28) introduced by the left half plane zeros of
P12(s) and P2l(s), and the all-pass common factors shared by Tll(s) and T12(s), and
Tll(s) and Tl(s). Although Theorem 4.1 is an essential component of the theory, it
does not need to be implemented in software. The second model reduction (step 7) is
used to remove any nonminimal states introduced by cancellations predicted by
Theoreln 4.3.

4.2. Model reduction considerations. It is natural to consider reducing the number
of controller states by model reduction methods such as those discussed in [12]. If we
suppose that A(s) is the change in M(s) produced by the model reduction error
AK(s), then the difficulty with this approach is that any general bound on
in terms of a bound on IIAg(s)ll tends to be weak. An alternative and less direct
approach is to consider the possibility of model reducing Q(s) before obtaining K (s)
by back substitution. An argument might be that if AQ(s) is the perturbation produced
by the model reduction of Q(s), then by (2.14)

(4.50) (s)+A(s)=[T,l- TI(Q+ AQ)T,](s)

leads to

(4.51) IIA(s)ll IlaQ(s)llo,
since T2(s) and T2(s) are inner. Further, if the reduced order model of Q(s) is
obtained by retaining the first k states of a truncated balanced realization, then

(4.52) IIA(s)ll 2
i=k+l

This inequality follows from 12, Thm. 9.6] and shows that it is possible to reduce the
number of states of Q(s) while simultaneously keeping track of the resulting maximum
possible increase in IIl(s)llo. However, contrary to the objective, this approach will
tend to increase the number of controller states rather than decrease it. This is because
replacing Q(s) with a lower order approximation will destroy the "built in" cancella-
tions predicted by our previous results. Since K(s) Fl(Ko(s), Q(s)) and deg (Ko) n
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we see that

deg (Kopt) deg (Ko) + deg (Q)

(4.53) -(no. of cancellations between Ko and Qopt)
_-< n- 1 (in the case deg (U)= 0 in Theorem 4.4).

If Qopt is replaced by an approximation Qa(s), then in general the cancellations no
longer occur and the corresponding controller Ka(s) has higher degree than that of
Kopt(s), specifically

deg (K) deg (K0) + deg Q _-> n.

This point is now illustrated with an example.
Example 4.1. Consider the unweighted robust stabilization problem in which we

seek

inf K (I + GK)- Iloo ( is the set of stabilizing compensators).

Referring back to (2.8) we recall that the corresponding P(s) matrix is

[0 I]P(s)=-I G(s)

and after scaling ($2 =-I and S1 I) we get

P(s) 0 I
I -D

If

G(s) {(s+ 3)}/{(s- 1)(s- 2)(s- 3)},

we get (by computer) a calculation which is based on 4.1 that

[AI)] 1-1.54049 0.89744 307.989 1QPt= C =-0.912165 -0.17001 60.1637
-0.083009 0.0159534 61.4750

which has Hankel singular values 8.2979 and 2.8229. The corresponding optimal
controller Kopt(S) has McMillan degree two and has Hankel singular values 38.084
and 8.3797.

In a second calculation, we replaced Qopt(S) with a 1-state truncated balanced
realization. In this case K(s) had McMillan degree four with Hankel singular values:
38.065, 8.3596, 0.0016269 and 0.00010428. In this example therefore, removing a state
from Qopt(S) leads to an increase of two in the McMillan degree of the controller. 1-1

4.3. Minimum entropy controllers. In a private communication N. J. Young
pointed out to us that Arov and Krein [2] had studied a class of p-suboptimal extensions,
which they called minimum entropy extensions. Assuming that II(s)ll<=p 1 (a
convenient normalization), we define the entropy of the closed loop system at some
point So C_ by

1 I Re(so)
(4.54) I(; So)= -- .- In Idet (I-*(jto)(jto))[ ijto _Sol2



1478 D.J.N. LIMEBEER AND Y. S. HUNG

Using the fact that det (I + AB) det (I + BA), it is easy to see that inner matrices are
entropy preserving. Since Nt(s)= T12ET21(s), where E(s) is given by (4.28), it is clear
that I(; So)= I(E; So). From now on we will work with E(s) knowing that it has the
same entropy as the closed loop transfer function matrix (s).

After some introductory comments we will state the result of Arov and Krein and
thus show that (4.54) may be minimized while ensuring [[(s)[Ioo=< 1 with the aid of
an n-state controller. It will be shown that the controller which minimizes the closed
loop entropy is generated by setting U =-H*2(So) in the general parametrization of
all Nehari extensions.

From [12] we recall that

(4.55)

or alternatively,

(4.56)

in which

(4.57)

(4.58)

(4.59)

(4.60)

E*(s) (’’2 11 ’2"1)*(s)- Hll(s)
+ Hl(s)U(s)(I + Hz2(S)U(S))-IH21(S),

E*(s) {A(s)U(s)+ B(s)}{C(s)U(s)+ D(s)}-1

Substituting from (2.38), using p 1, we get

A 0 -2;F-1C*

a(s) B(s) ] 0 -a* F-1C*
(4.61)

C(s) D(s)J C 0 I
0 B* 0

in which we have denoted

Also, (4.61) is easily shown to be J-unitary, that is

(4.62)
C(s) O(s) 0 B*(s) D*(s) 0

From the J-unitary equations we get

A(s)A*(s)- B(s)B*(s) I,

C(s)C*(s)- D(s)D*(s) -I,

A(s)C*(s) B(s)D*(s) O.

(4.63)

(4.64)

(4.65)

Also

(4.66)

(4.67)

(4.64) =:> D-l(s)D-*(s) I H22(s)H*(s)

IIn22(s)[Ioo 1.

Glover [12] has shown that H(s)e RH_; a fact which is required in the proof of
Theorem 4.5.
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THEOREM 4.5 (Arov and Krein [2]). IfI(H22;So)<O,soC_ and
then

I(; So)= I(H22; So)+ I( U; So)+ In Idet (I + H22(So)U(so))].
Also, there exists a unique Uo such that I(; So) attains a minimum value of

I(; So)= I(H22; So)+ In Idet (I-H22(so)H*22(So))l/2.
The optimizing Uo is given by

U0 H*2(So).

A proof which mimics the disirete time proof in [2] is given in Appendix F.

5. Conclusions. Our purpose was to carry out a detailed analysis of the pole-zero
cancellations which occur in the class of H-optimal control problems described
in 2.2. If deg (P)= n, we have shown that SISO H controllers never require more
than n-1 states and that MIMO problems have a continuum of controllers whose
McMillan degree satisfy this same bound. A general bound on deg (K) has been
derived for all Nehari and p-suboptimal extensions and is given in Theorem 4.4. The
bounds in Theorem 4.4 are tight in the sense that there exist problems for which they
are met with equality. We have found in numerous examples that these bounds typically
give the actual McMillan degree of the controller.

It is our belief that state-space dimension inflation is an impoant consideration
in practical H design problems. Apa fl’om being interesting in its own right, a
complete cancellation theory is a prerequisite for the development of reliable computa-
tional software. Example 4.1 is an illustration of how a seemingly sensible, but
ill-advised intermediate model reduction step may aggravate the problem of degree
inflation rather than alleviate it.

H design problems which may be embedded in Fig. 1 but with either P2(s) or
P(s), or both, nonsquare have been studied by several researchers [6], [9], [10], [11],
[22], [25]. In this class of problems cancellation phenomena are more dicult to
analyse [16]. However, the added complexity and iterative nature of their solution
makes a cancellation theory even more essential. An additional layer of diculty is
introduced by the various scaling strategies which are introduced in the -synthesis
work of Doyle [5], Doyle et al. [6], Safonov [20] and others.

Appendix A.
Proof of eorem 2.1. By assumption, the Hankel singular values have been

ordered so that

A A 0 0 A A +(A.1)
A21 A2 0 +lI

+
+,I A A2 B

[BIB]=0

and

(A.2)
LA*. A2* 0 cr+,I o’+,I

are satisfied.

+ [c, lc:] =o
A22 C2"..]

Next, we invoke 12, Thm. 8.7] which states that all error systems with the desired
properties may be generated by

(A.3) f(s)+Q*(s)=Hll(S)-H12(s)U(s)(I+H22(s)U(s))-lH21(s)
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in which

(A.4)

and

[H, s H,(s ] -C-U(s)=
H,(s)I4(s)

(A.5) U(s)eRH

_
satisfies

(A.6)

and

(A.7) C2+ U(s)B*2=O.

1-’-IB10"k+ID
-F- C* 10

I

In order that we may obtain the required state-space characterization of all
error systems we assume that an arbitrary U(s),, wjththe desired properties has a
minimal state-space realization U(s) (A, B, C, D). Since

I-U(jw) U*(jw)>-0, the bounded real lemma [1, p. 308] ensures the existence of
P * < O, Q- Q < o, L, W, Ld and Wd such that

-(AP+, PA +BB*) -(BD*+* *PC*) f_.
(A.8) -(D*+) I- DD* [/-*1

and

(A.9)

are satisfied.

I-D*D [LulWu]

(A.10) (A.7) => C2 + U(o)B*2 0 => C2+/B* 0,

(A.7) and (A.10) (sI-,)-lB*2=O
(A.11)

=>/B2*=0 (since [, ] is observable).

The condition U(jto)llo<-_ 1 implies that there exists a spectral factor A(s) such that

(A.12) I U*(s) U(s) A*(s)A(s),

(A.7) B2U*(s)U(s)B*2 C’2C2,

(A.13) (A.12) =:> BEB*2-B2A*(s)A(s)B*= C*C2.
The (2,2) blocks of (A.1) and (A.2)=> BB*2=C*2C2 and this together with (A.13)
means

(A.14) A(s)B* =0.

Multiplying (A.7) on the left by U*(s) we get

U*(s)C2+ U*(s)U(s)B*2 =O

: U*(s)C2+B*-A*(s)A(s)B*2=O (by (A.12))

(A.15) U*(s)C+B*2 =0 (by (A.14)).
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Hence

(A.16)

(A.17)

(A.18)

(A.15) => U*(c)C2+ B*= b’C2+ B2* =0,
(A.15) and (A.16) => b*(sI+fi,*)-l*c2=o

=> *C2 0 (by the controllability of [,,/]).
The state-space model (2.32) for E(s) can be obtained by deriving a state-space
realization for the linear fractional transformation (A.3) from the realizations of H(s)
and U(s).

Equations (2.33) and (2.34) are proved by simple calculations which are reminis-
cent of those in [12]. We will begin with the (1, 1) block of (2.33). The validity of
partitions (1, 1), (1, 2), (2, 1) and (2, 2) follows directly from (A.1).

partition (1, 3)= All + (tr+a +,A*E-O’k+BII*C)F-+ BI(B*+ o’k+l/:’g cl)r-1

(A,,Z2- g+lA,, + g+,A,1 +A,E
-(A+A))F- (by (A.))

=0.

paition (1, 4) -+aB*++BB =0.

paition (2, 3)= Aa + B(BZ++*C)F-(A21E2-+IAzl-(k+IA2+
+ (A2E + +,A,)k+,)F-’ (by (A.1, A.2, A.10))

=0.

paaition (2, 4)= k+,B* =0 (by (A.11)).

partition (3, 1) F-’{ 2 , CB+EZAI_g+IAk+lA11 + EAIE gk+

+ (ZB, + +ICD)B, }

=F-’{EAE+EA-E(AaE+ZA)} (by (A.1))

=0.

paition (3, 2) F-’{EZA +A+ (EB, ++C D)B}

r-’{XA, +,a, X(+A,+
++,(+,a+EA,)}

=0 (by(A.), (A.2), (A.0)).

paition (3, 3)= F-{(+,A+EAE-+C DB*)E
+2+,a,, +XA,-+,B,*C)
+ (XB, + +,C)(B++,*C)

F-{ff+aaE+Ea,E ++EA+E2AE

+,(a,x+
0 (by (A.1), (A.2), (A.8)).
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partition (3, 4) F-’{cr,+,CI*t/5-
+ (EB, + O’k+lClfi)O’k+lJ* qF +1C

+1F-lc( +5*+
=0 (by (A.8)).

paition (4, 1)=-+aBB+ +IBBa =0.

paition (4,2)=+BBa =0 (by (A.11)).
pa,ition (4, 3) {-+,BE++,*C++l(BE++,*C1)

which has a state-space realization

(B.2) P(s)= C I D (s).
C I D

After scaling as in (2.19), we get

(a.3) P(s) =IA 0 BD- 1C I I (s).
C I I

O’+1{t3$ -]-/}: -it- V’*}C1F-1
0 (by (A.8)).

partition (4, 4) O’k+(AP +*+ BB* + LL*)
0 (by (A.8)).

The (2, 1) and therefore also the (1, 2) blocks of (2.33) are verified next.

partition (1, 1) O’k+,B* + C,E- CE-O’k+IB* =0.

partition (1, 2) O’k+l(DB2 + C2) 0 (by (A.10)).
partition (1, 3) {o’k+lD(Bl*; + o’k+lD C1)+ C1E2- r,+,C1

--(Cl q-o’k+l/B1") q-o’+ I*C1}F-1

o’+1{tiff* I + I*}C
=0 (by (A.8)).

partition (1 4)= r,+l{//}* + + If*} 0 (by (A.8)).
The (2, 2) block of (2.33) follows immediately from (A.8); (2.33) is thus proven.

The validity of (2.34) is established in the same waymin this case use is made of
equations (A.1), (A.2), (A.9), (A.16) and (A.18). Since the calculations are very similar
to those used to establish (2.33), these details are omitted.

Appendix B.
Proof of Theorem 3.2. As one would expect, the proofs associated with problems

(i) to (iii) are similar. We will therefore only prove the result in the case of (i); the
sensitivity proof being marginally more intricate than the others.

Equation (2.6) shows that the P(s) matrix associated with the unweighted sen-
sitivity problem is

(B.1) P(s)
I
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(B.4)

(B.6)

(B.7)

We have already established that the interpolation points are the right half plane
zeros of G(s) and that the left half plane zeros play no part. For simplicity, we will
assume that G(s) has all its zeros in C+. If this is not the case, the Riccati equation
balancing theory of this section may be used to reduce the general problem to one in
which Re [A(A-BD-’ C)]> 0. We leave the details to the reader.

If we now substitute the various partitions of (B.3) into (2.20) to (2.23) we obtain

X(A- BD-’ C) + (A- BD-1C)*X XBD-’D-*B*X O,

YA* 4- AY- YC*CY O,

F C + D-*B*X,
H= YC*.

Since Re [A(A-BD-1C)]>O by assumption, the stabilizing solution X to (B.4)
is nonsingular.

Next, we use (B.3) and (B.4) to (B.7) in (2.28) to obtain

-{A- BD-I(c + D-*B*X)}* XBD-’CY
(B.8) TI*2Tll T2*l- 0 -{A- YC*C}*

D-*B* -D-*B*XY

XBD- 1C*
I

Introducing the basis change

(B.9) T-
0

gives

(B.10)
-{A- BD-’(C + D-*B*X)}* 0

T* T,, T*,= 0 -{A YC*C}*
D-*B* 0

X(BD-1

C*
I

t-{A- BD-I(C + D-*B*X)}*
D-*B* X(BD-I-I YC*)].

YC*) 1
The fact that the (1,2) block of the A-matrix in (B.10) is zero may be proved

using (B.4)Y and X(B.5).
The equation defining the observability gramian of T*2T T2*,(s) is

-{a- BD-’(C + D-*B*X)}Q Q{A- BD-(C + D-*B*X)}*
(B.11)

+ BD- D-*B O.

Comparison of (B.11) with X-I(B.4)X- =0 reveals that

(B.12) Q=-X-’<0.
The equation defining the controllability gramian of T*2T T*z,(S) is

{A- BD-’(C + D-*B*X)}*P + P{A- BD-’(C + D-*B*X)}
(B.13)

-X(BD-I- YC*)(D-*B*- CY)X =0.

Substituting pX-I(B.4) and (B.4)X-1p into (B.13) we get

X(A- BD-’ C)X-Ip + PX-’(A- BD-’C)*X
(B.14)

+ X(BD-1- YC*)(D-*B*- CY)X =0.
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(B.15)
whence

Substitution of (B.4) and (B.5) into (B.14) now shows that (B.13) is satisfied by

P= -X(I + YX) < O,

and

PQ= I+XY

II( Tl*2 Tll T*21(s)IIH Amax (pQ),/2 1 + Ama YX)] 1/2.

Finally, we know (from the discussion of 2) that

inf II(t + GK)-(s)II I1(T*12TIT2*,)*(s) II,-,,
K..

and this concludes the proof of (i). Parts (ii) and (iii) and the unweighted version of
(iv) can be proved using similar calculations. To prove the weighted version of (iv),
one may invoke the ideas in [13] whereby a weighted optimal robustness problem can
be transformed into an equivalent unweighted problem. These details are left to the
interested reader. F1

Appendix C.
Proof of Theorem 4.1. We may assume without loss of generality that the

realizations for Al(S) and A2(s) are balanced. Since they are minimal also, the following
six all-pass equations [12] are satisfied.

(C.1) All + al*l + B2B*2 0,

(C.2) 311 / A* + CI*I CI 0,

(C.3) C1+ B*2 0,

(C.4) Az2 + A*2z + B:IB*2, 0,

(C.5) A22 + A’22 + C’22C2 O,

(C.6) C22 + BI 0.

The first part of the proof will be concerned with the extraction of a maximal
degree all-pass left factor A(s) from AI(S and G(s). Let us consider

0 A22 B21AI G(S)-- L-B12 I
Cll C12 D

(C.7)
-A*I C 1*1 C11 C 1*1 C12 C*ID
0 All A12 Bll
0 0 A22 BE1

-Bl*2 CI C12 D

Introducing the change of basis
I I 01T= 0 I 0

0 0 I

and then making use of (C.2) and (C.3) we obtain

(c.8)
-A*I A12+ CI C12

A*G(s) 0 A22
-Bl*2 C12

CD+ B11
B
D
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Our purpose now is to show that all the uncontrollable modes in A*G(s) are the poles
of A*(s). Since (A22, B21) is controllable by assumption, every uncontrollable mode
in (C.8) is an eigenvalue of-A*I. First, we observe that without loss of generality, we
may assume that the state-space basis of the realization in (4.15) has been chosen so
that in addition to (C.1)-(C.6), we have

(C.9) A,2 + C*, C12 0.

To show that this is so, consider the following change of basis in (4.15)
I -T]

(c. [c c] [Cl G] o
We now demonstrate that T may be chosen to make

(C.12) 12 "+" 11 12 0.

From (C.10) and (C.11), (C.12) is equivalent to

(C.13) (A,2+ TA22-A,,T)+C*1,(C,2-C,,T)=O.
Using (C.2), (C. 13 becomes

(C.14) A* r+ TA22 + (A12 + C* C,2) 0.

Since AI and A22 are stable, (C.14) always admits a unique solution in T. Such a T
ensures that the transformed state-space matrices satisfy (C.12). For notational
simplicity, we assume that this basis change has been carried out initially and we revert
to the original notation. In view of (C.9), (C.8) becomes

-A*ll 0 C*ID+ Bll
(C.15) A*l G(S) 0 322 B2

-BI*2 C12 D

If the realization (C.15) has any uncontrollable modes (which must be eigenvalues of
-A*) we may introduce a basis change

(C.16) T--[ U10 I0]
in which U is orthogonal, to transform (C.15) to [24]

-io*o o o ,*oD+ o,
A*G(s) -1 -i11 0 (*ID + Bll

0 0 A22 B21
--J02--12 C12 D

in which all the uncontrollable modes are eigenvalues of-Ao*o. That is

l*oD+o, =0(C.17)

and thus

(C.18)
-,i,*, 0

A* G(s) 0 A22
-*,

*ID+ B, 1B21D
is a controllable realization.
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Introducing the basis of (C.18) into (4.15) allows us to write

Aoo Aol Ao2 Bol Bo2
0 All A12 Bl! B2(C.19) G A1](s)=
0 0 A22 /21 0

to tll C12 D I

in which we have by (C.9)

(C.20) /12
"4- l,lj C12 O.

Noting that orthogonal transformations map balanced realizations into balanced
realizations in the case of minimal realizations of inner matrices gives

(C.21)

(C.22) 10l 11] + 212] 0.

Substituting foro from (C.21), o2 from (C.20), o from (C.17) and 2 from (C.22)
into (C. 19) we get

(C.23) [G All(S) Bll B12
B21 0

D I

LClo I -"1 C,2 D I

(C.25) At(s)[t
where A(s) and ,l(S) are as given in (4.17) (note that /o2=-t*o). It follows
immediately from (C.21) and (C.22) that A(s) and hence also A(s) are inner.

By using dual arguments, we can extract a maximal degree all-pass right factor
At(s) from G(s) and A2(s). We begin this calculation with the change of basis

in the state-space of

(C.27)

A12 Bll
C

(s)=
A2 [011 C12

/

D ]
where $ is the unique solution of

(C.28) AllS+ SA*z:- A12- t,lB2l O.

The purpose of this basis change is to transform the realization (C.27) to

C
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in which

(C.30) 12 +/11B2*1 O.

Next, a second orthogonal transformation

together with arguments which are duals of those invoked previously (see equations
(C.15) to (C.25)) allow us to write

(C.31)

(C.32) , (s)A,(s)

in which both A2($ and At(s) are inner. Further,

(C.33)

A* (s) * (s)

is an observable realization.
Equations (4.17), (4.18), (4.19) and parts (a) and (b) of the theorem have now

been established and it remains for us to prove (c). Multiplying (C.33) on the left by
/*(s) and using (C.21) and (C.22) we get

(C.34) /1" t/2*(s)

The minimality of the realization in (C.34) is established by first showing that it is
observable. Using (C.21) and (C.22) we have that

sI + ,*, -,,- ,,*, *l,(,_+ D*,) "].
0 sI+,*2 J

0 I 0 0 sI+,’22
o o

Since the [A, C] pair in (C.33) is observable, and because the polynomial matrices on
both sides of (C.35) have the same Smith form, the realization in (C.34) is also
observable 19].
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The minimality of the realization in (C.34) can now be established by showing
that it is controllable. We note that

[sI+,*l, --A12- 112"1- 1"1(12 + D2"1)1"1D +/11 ]0 sI+fii*22 -’22
(C.36)

0 01(*D+~/] 0 I 0
B21 0 -/}2" I

(C.37)

and thus

(C.38)

Hence

(C.39)

ll

[8 A,(s)]= o_
11 12

/}2 0

D I

BI -Js* I
D

This cascade realization is system similar (in the sense defined in 19]) to the controllable
realization in (C.18) and thus both realizations in (C.39) are controllable. This shows
that the realization of (C.38) is controllable as required. The controllability and thus
minimality of (C.34) now follows. This completes the proof of the minimality of
(4.23).

Appendix D.
Proof of Theorem 4.2. Since the realizations for AI(S) and A2(s) in (4.30) are

assumed to be minimal and balanced, equations (C.1) to (C.6) are again satisfied. The
proof of part (a) follows by a direct calculation which is similar to the analysis contained
in the proof of Theorem 4.1 and is consequently omitted.

To prove part (b), we will need a number of equatio,ns which can be deduced
from various partitions of (4.33) to (4.36). Since P and Q in (4.33) and (4.34) are
symmetric, we may introduce the notation

P1, P,2 P13 O,1 Q12 Q,
(D.1) /5= n*2 P22 P23 0--Q*2 Q22 Q23

P.* P* P. Q.* Q* Q.

where the partitioning is conformable with A of (4.32) in which _A is partitioned as in
(4.31). The (2,2) partition of the (1, l) block of (4.33) gives

(D.2) -A2*2P22- P22A22 + C2"2C22 0

and this together with (C.5) P22-- _jr. The (3, 2) partition of the (1, 1) block of (4.33)
gives

(D.3) AP23- P*23A22 + BC22 O.

The first matrix on the right of (C.36) is the [sI A, B] pair of a controllable realization
of ,*(s). To show this we assemble from (C.34), (C.31) and (C.32)
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The (1, 1) partition of the (1, 1) block of (4.34) gives

(D.4) -All Qll QI1A*I / B12B*12 0

and this together with (C.1) QI =-I. The (1,3) partition of the (1, 1) block of
(4.34) gives

(D.5) -AI Q13 / QlaA + B12C O.

Making use of (C.3), the (1, 1) partition of the (1, 2) block of (4.34) gives

(D.6) B12/- BI / Q1_C’22 + Q13/ 0.

The (2, 1) partition of (4.35) gives

(D.7) QIaP*23 P2/

If we make use of (C.6), the (1, 2) partition of the (2, 1) block of (4.33) yields

(D.8) -/C22- B*EP2+ C12- P*3 0.

Finally, the (1, 2) partition of the (1, 1) block of (4.34) together with (C.3) gives

(D.9) -AIQE+A2+ BIB*E- QI2A*2=O.

By direct calculation we obtain

(D.10)

A, B,2/C22 B12 B,2/

(G-A1QA2)(s)= 0 A22 .B21- 0 /C22 ACll C12 D
Cll bC22 C D

The rest of the proof is based on detailed manipulations of the state-space realizations
of AQA2(s) in (D.10). First, we introduce the change of basis

I 0 Q13
(D.11) T= 0 I 0

0 0 I

and this together with (D.5) yields

A,1 (B12b + Q13/) C22 0

(D.12) A1QA(s)=
0 A22 0

o A
Cll DC22 C Cll Q13

B12b+O13
B2

15
Next, the coordinate transformation

(D.13) T= 0 I 0

0 -P*3 I

together with (D.3) gives

A (B12/ + Q3)C2

O0 A22(D.14) A1QA2(s)--
0

Cll /C22 + P*3 Cll QlaP*3

0

0-- CllQ13

B12D/Q13B

BI- P2321
D
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A third change of basis

(D.15)
I -Q12 01T= 0 I 0

0 0 I

leads to

(D.16)

AQA2(s)

A,1 (B12)+Q3)C22-Q12A22+AQ2 0

0 A22 0

o o
C,, 5C22+P*23-C1,Q,3P*23+C,,Q,2 -C,,Q,3

B12b+QI3-QI2B21
B21- P*2B:,

Substituting (D.6)C22 and (D.9) into the (1, 2) block of the A-matrix in the above
realization together with (C.5) and (C.6) gives

(D.17) (B12b / Q13]) c22 Q12A22 / A,, Q,2 A,.

Substituting (D.6) and (C.6) into the (1, 1) block of the B-matrix in (D.16), we obtain

(D.18) B12b+ Q,a-Q,2B21 Bll.

Finally, (D.7), (D.8) and (C.3) will verify that

(D.19) /C22/ P2"3 Cll QlaP2*3 + Cll Q12 C12.

Thus

(D.20) A,QA2(s)

All A12 0

0 A22 0

o o
Cl, C12 CllQ1,3

Bll
B21

lO- P*EaB2i

Consequently

(D.21) (G-AIQA2)(s)= ’
A /} P2*3B21 ]D-D

and this proves (b)(i). Part (b)(ii) is obvious.

Appendix E.
Proof of Theorem 4.3. The equations describing the closed loop of Fig. 1 are

Ax + Bltl + B2u2,

Yl CIX / D11u1 + D12u2,

Y2 C2x / D2//1 / D22u2,

= Ax + By2,

1,12 --(C/ Dy2).
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Eliminating the variables u2 and Y2 leads to the following state-space model ,for

the closed loop

E. 1)
A B2,, DMC2

BMC:

(E.2) [Yl] C,- D12MC2

-B2[I B1 B2DMD21, MD2C J
+ MD:: [u, ],

-D,2[I-MD_]] [] +[DI,- D,.MD,][u,]

in which

(E.31 M:=(I+D22D)-

If So is an unobservable mode of the closed loop state-space model (E.1)-(E.3),
then there exists a vector [w*w*2]* 0 such that

(E.4)

Defining

SoI A + B2JMC2

C-DDMC
sol ft + MD22C.^ w2W1 O.

-D12[I DMD22]

Z2 := DMC2w I DMD22]Cw2

we have from (E.4) that

(E.5) 0.
C1 Z2

The proof of the (a) part is concluded by establishing that [W1W2] 0 :: [WlZ2$] 0,

Suppose for contradiction that w*z*] 0. This implies that

I -/MD221w2 0

(E.6) Ca (I +/DI)-’w2 0

Ca CW2-’O.
We also.have from (E.4) that

(E.7) sol A) wa O.

Equations (E.6) and (E.7) taken together contradict the assumed minimality of the
realization in (4.47) which proves the (a) condition. The (b) part may be established
by a parallel sequence of arguments.

Appendix F.
Proof of Theorem 4.5. We begin by pointing out that

(F.1) (4.66) =:> I(H22; So) _1 foo [In [det D(jo)lRe (So)/{ljw-Sol2}a dro.

Next, by invoking the system of J-unitary equations (4,63) to (4.65), one may verify
that (note that if G(s) is J-unitary, so also is G*(s))
(F.2) I- E(s)E*(s) (D+ CU)-*{I- U*U}(D+ CU)-’(s)
so that

(F.3)

det (I-E*E)(s)= {det(D + CU)}-2 det (I- U’U)

{det (D(I+ D-’CU))}- det (I- U’U)

{det (D)}-Z{det (I + H2z U)}- det (I- U* U).
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Therefore

I(E; So) -- {-21nldet(D)l-21nldet(I+H22U)l

(F.4) +In Idet (I + U* U)

I(H:2; So)+ I( U; So)

(F.5) +lTr fo [In Idet (I + H22U)I Re (So)/{ljto Sol2}]

Since SoeC_, H22(s)e RH

_
and U(s)e RH

_
we have by Poisson’s integral formula

(F.6) lr f_ [In ]det (I + H:2 U)] Re (So)/{ljto So12}] alto In Idet [I + n2_(So) g(so)]l.

Hence

(F.7) I(E;so)=I(H22;So)+I(U;so)+lnldet[I+H22(so)U(so)]]
which proves the first part.

We now need to prove that

(F.8) I( U; So)+ In Idet (! + H22(So)U(so))]
attains a minimum at Uo -H2*2(So). This is obvious when H22(So) 0 since I( U; So) -> 0
and I(0; So)=0. Let us now suppose that H22(So)# 0 and consider the constant linear
fractional map"

(F.9) 190(U(s))-- (Oll U(s)-]--O12)(O21U(s) -- O22) -1

where the O ij are sub-blocks of the J-unitary matrix O given by

(F.IO) O= 011 012] (Ira-XX)-l/2 -(Ira-XX) XO 1
021 022J -(In XoXo )l/2Xo _n XoXo 1/2 J

where

Xo := -H(So) e C

By applying (F.7) to (F.9) we get

(F.11) I(Oo; So)-I(Xo; so)+I(U; so)+lnldet(I+n(so)U(so))l
and substituting (F.11) into (F.7) we get

(F.12) I(E; So) I(H2:; So)+ 1(19o; So)- I(Xo; So).

Since I(Oo(U(s)); So)>-O and I((R)o(Xo*); So)=0 we have that the minimum value of
I(E; So) is given by

I(E; So)= I(H22; So)-I(Xo; So)

I(H)_2; So)+1/2 In ]det (I-H2:(so)H*2(So))] (by (F.1))

which completes the proof.
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AN OPTIMAL STOCHASTIC PRODUCTION PLANNING PROBLEM WITH
RANDOMLY FLUCTUATING DEMAND*

W. H. FLEMING, S. P. SETHI AND H. M. SONER

Abstract. This paper considers an infinite horizon stochastic production planning problem with demand
assumed to be a continuous-time Markov chain. The problems with control (production) and state (inventory)
constraints are treated. It is shown that a unique optimal feedback solution exists, after first showing that
convex viscosity solutions to the associated dynamic programming equation are continuously ditterentiable.

Key words, production planning, stochastic optimal control, viscosity solutions
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Introduction. Thompson and Sethi [13] consider a production-inventory model
which determines production rates over time to minimize an integral representing a
discounted quadratic loss function. The model is solved both with and without nonnega-
tive production constraints. It is shown that there exists a turnpike level of inventory,
to which the optimal inventory levels approach monotonically over time. The model
was generalized by Sethi and Thompson 11 and Bensoussan et al. 1 by incorporating
an additive white noise term in the dynamics of the inventory process.

In this paper we consider an analogue of the Thompson-Sethi model, in which
the demand rate z(t) is a finite state Markov chain. A similar, but technically more
complicated, analysis applies if z(t) is a jump Markov process or a reflected diffusion
subject to bounds 0< Zo<-_ z(t)=< zl < (see [7]). We denote by y(t), p(t) the inventory
level and the production rate. Production is the control variable, subject to the constraint
p(t) >= O. In 5 we impose the state constraint y(t)>= Ymin on the inventory level.

The control objective is to minimize an expected discounted cost of the form (4.1),
which involves convex holding or shortage costs h(y) and productions costs c(p). The
value (or minimum cost) v(y, z) defined in (1.4) for initial data y(0)= y, z(0)= z obeys
the dynamic programming equation (1.6). Special features of the model allow us to
show that v(., z) is convex and that the quantity Ov/Oy which appears in the dynamic
programming equation exists and is continuous. The optimal feedback production law
p*(y, z) is expressed as a function of Ov/Oy by formula (4.3). We do not know that
p*(., z) is Lipschitz continuous. However, since p*(., z) is a nonincreasing function
of y, the differential equation

dy*
-p*(y*(t),z(t))-z(t), y*(0) y,

dt

has a unique solution for the optimal inventory level y*(t).
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We begin in 1 by formulating a more general class of discounted optimal control
problems with Markov chain parameter z(t). It is elementary that the value function
is convex in the state y, provided the state dynamics are linear in state y and control
p and the cost criterion is convex jointly in (y, p); see Lemma 1.1. In 2 we find that
the value v(y, z) is the unique solution to the dynamic programming equation, and
that the gradient Vyv is continuous. For the continuity of Vyv, an additional assumption
(2.2) on the Hamiltonian appearing in the dynamic programming equation is needed.

In 3 we discuss optimal controls, both from the viewpoint of dynamic program-
ming and the theory of controlled piecewise deterministic processes. Under a strict
convexity condition (3.1) on the cost criterion, there is a continuous optimal control
policy p*(y, z) and the corresponding optimal control process p*(t) is unique.

These results are applied to the production planning model in 4. Finally, in 5
the analysis is modified to deal with a state-space constraint y(t)>=Ymin Such a
constraint imposes an inequality (5.2) on Ov/Oy at Ymin.

The production planning model considered here does not impose any upper bound
on the production rate. A more interesting extension ofthe problem involves production
processes, which are bounded from above by a stochastic process representing the
capacity of the production system. The capacity process over time may be modelled
as a jump process or a piecewise deterministic process [5], [14]. Moreover, there may
be several different products competing for a variety of scarce capacities. This is a
problem faced by flexible manufacturing systems [10], upon which the methods
developed in this paper have some bearing.

1. Discounted optimal control problems with Markov chain parameters. Let us begin
with a model of the following rather general form, and then specialize. Let
y(t), p(t), z(t) denote, respectively, state, control and parameter processes for t-> 0.
We assume that y(t) R", p(t) K, z(t) Z for each => 0, where R" is n-dimensional
Euclidean space, K is a closed convex subset of some Euclidean space, 0 K and Z
is a finite set. The parameter process z(t) is a finite state continuous time Markov
chain, defined on some underlying probability space (f, , P) with jumping rate qzz,
from state z to state z’. The associated generator L of the Markov chain z(t) has the
form

(1.1) Lg(z)= E q=,[g(z’)-g(z)].

In the general formulation, the state dynamics are dy(t) =f(y(t), p(t), z(t)), _>- 0.
Actually we shall consider only f of the special form (1.5) below. A control process
P={p(t, to), t->0, to12} will be called admissible if: (i) P is adapted to fit=
o-(z(s): 0-<s-< t); (ii) sup {[p(t, to)l: t->0, to 12} <; (iii) p(t, to) K for all t>-0 and
to 11 (in whatever follows the to-dependence will be SUlressed). Let denote the set
of admissible control processes.

We consider a cost criterion l(y, p) about which the following assumptions are
made:

(a)

(1.2) (b)

(c)

1(’,’) is convex on R" x K,

-c<-_l(y,p)<-_f(+lyl) whenever Ipl<_- N,

lim l(y, p)]p1-1 =’+m if K is unbounded

where m, C are fixed constants and CN may depend on N. Let c >0 denote the
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discount rate. For every P M and y y(0), z z(0), let

Io(1.3) J(y, z, P)= E e-tl(y(t), p(t)) dt.

The value function is

(1.4) v(y,z)=inf{J(y,z,P): PM}.

From now on, let us assume that the dynamics have the following special form:

(1.5) dy(t)=[B(z(t))p(t)+C(z(t))]dt, t>0.

(In the simple production planning model to be considered in 4, both y(t) and p(t)
are scalar valued and B(z)= 1, c(z)=-z.) Instead of (1.5) we could take equally well
dy(t) [a(z(t))y(t) + B(z(t))p(t) + C(z(t))]dt provided that the eigenvalues of a(z)
have strictly negative real parts.

LEMMA 1.1. For each z Z, v( z) is convex on R" and -C
for some C > O.

This lemma is easily proved, after observing that J(., z,.) is convex jointly in
(y, P) for each z Z and p(t)---0 is an admissible control process.

The dynamic programming equation associated with this optimal stochastic control
problem is as follows:

(1.6) av(y,z)=H(y,z, Vv(y,z))+Lv(y,z), yR", zZ

where Vv is the gradient in y

Lv(y, z)=[Lv(y, .)](z)= Y qzz,[v(y, z’)-v(y, z)]
z’z

and for y, z, r R" xZ Rn

(1.7) H(y, z, r)= inf [l(y,p)+(B(z)p+C(z)). r].
PK

Since Z is a finite set, (1.6) is a system of nonlinear first order PDE’s in y, coupled
through the zeroth order term Lv.

We are concerned with solutions to (1.6) belonging to the following space Do.
DEFINITION 1.2. We say that a real-valued function v with domain Rn Z is in

Do if
(i) v(., z) is convex on R" for each z Z,
(ii) -C <- v(y, z)-<- C(1 +ly]), for suitable C and/3 (depending on v),
(iii) The gradient Vv(y, z) is continuous.
The following "verification theorem" is standard, but for completeness we indicate

the proof.
THEOREM 1.3. Let v Do satisfy the dynamic programming equation (1.6). Then
(a) v(y, z) <- J(y, z, P) for all P
(b) Suppose that there are P* , y*( t) that satisfies (1.5) with y*(0) y, r*(t)

Vv(y*(t), z(t)), and

n(y*(t), z(t), r*(t))= l(y*(t), p*(t))+(B(z(t))p*(t)+ C(z(t)) r*(t))
a.e. in with probability 1. Then

v(y,z)=J(y,z,P*).

Proof For T <, we have the usual dynamic programming relation

(1.8) v(y,z)<=E e-’l(y(t),p(t)) + e-v(y(r, (r.
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Since any admissible P is bounded, [y(t)[=< Clt+ C2 for suitable constants cl, c2. We
obtain (a) as T’, using the polynomial growth condition (ii) in Definition 1.2. In
part (b), inequality (1.8) becomes an equality.

In the next section we shall show that, under an additional condition (2.2) on H,
the value function in fact belongs to Do.

2. Viscosity solutions to the dynamic lrogramming equation. The definition of
viscosity solution used here is a straightforward generalization of the original definition
given by M. G. Crandall and P.-L. Lions [4]. See also [3], [9] for more information.

Let v be a continuous function on R" x Z. For each (y, z) we define convex subsets
Dyv(y, z) of R as follows:

Dy+v(y, z)={rR"" limsup(v(y+h,z)- v(y,z)-r, h)lh]-l<0},=
h-O

D-v( y, z) { r R"" lim inf (v( y + h, z) v( y, z) r. h)]h1-1 >= 0}.
h-0

We say that any continuous function v is a viscosity solution of (1.6), if for each
+y,z:(i) cv(y,z)<-H(y,z,r)+Lv(y,z) for all rDyv(y,z), and (ii) v(y,z) >-

H(y, z, r)+ Lv(y, z) for all re D-v(y, z).
Remark 2.1. v is differentiable in the y-direction at (y, z) if and only if D-v(y, z)

and D-v(y, z) are both singletons. In this case, the singleton is the gradient 7v(y, z).
+v( is empty unless v is ditterentiable thereMoreover, if v is convex in y, then Dy y, z

and D-v(y, z) coincides with the set of subdifferentials in the sense of convex analysis,

(2.1) D-v(y, z)=co F(y, z)

where

F(y,z)={r= lim 7v(y,,z)’y,-y as noo and v(.,z) is differentiable at y,}

and where co F denotes the convex closure of F. (See [2, Thm. 251, pp. 63].)
We now make the additional assumption that the Hamiltonian H y, z, is constant

on no nontrivial convex set:

(2.2) If H(y,z, Ar+(1-A)r2)=constant in A for0<=A_<--l, then r=r2.

THEOREM 2.2. Let (2.2) hold and let v be a viscosity solution to the dynamic
programming equation (1.6). If in addition v(., z) is convex for each z, then V v(y, z)
exists for all (y, z) and V v(., z) is continuous on R n.

Proof By Remark 2.1 and formula (2.1) it suffices to show that D-/v(y, z) is a
singleton. If v(., z) is ditterentiable at yn, then (1.7) holds at (y, z)"

v(y,, z)-H(y,, z, Vv(y,, z))-Lv(y,, z)=0.

We then obtain, taking y, y as n c,

av(v,z)-H(y,z,r)-Lv(y,z)=O forrGF(y,z).

Moreover, H(y, z,. is concave, and hence by (2.1)

cev(y,z)-H(y,z,r)-Lv(y,z)<=O forrD-v(y,z).

However, the viscosity property implies the opposite inequality, and hence

ov(y,z)-H(y,z,r)-Lv(y,z)=O forrD-v(y,z).

Thus, for fixed (y, z), H(y, z, .) is constant on the convex set D-v(y, z). By (2.2),
D-v(y, z) is a singleton, which proves Theorem 2.2.
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The remainder of this section consists of a proof that the value function v(y, z)
defined by (1.4) is a viscosity solution to (1.6): the argument is rather standard.

LEMMA 2.3. Suppose K is bounded. Then v is a viscosity solution to (1.6).
Proof It is a direct modification of Theorem 1.1 of [12].
THEOREM 2.4. V is a viscosity solution to (1.6).
Proof Let K,,= {p K: Ipl_-< m} and v,, be the optimal value function of the

corresponding control problem. Then, v,, is a viscosity solution to (1.7) with H(y, z, r)
replaced with H,,(y, z, r) =minp: {r. [B(z)p+c(z)]+ l(y, p)}. Also, v,, converges
to v uniformly on bounded subsets of R as rn tends to infinity.

Take rD-v(yo, Zo). For each e>0, let q(y,z)=q(y,z)-e(y-yo)2 where
q(y, Zo) v(yo, Zo) + r(y Zo), and q(y, z) v(y, z) if z Zo. Since v is convex, the map
y-v(y, Zo)-o(y, z) has-a strict maximum at Yo. Therefore, y-v,,(y, Zo)-q(y, Zo)
has a maximum at Ym, and Ym converges to Yo as rn tends to infinity. But this implies
that Vo (y,,, Zo) Dv, (y,, Zo) and the viscosity property of v,, implies that

OlVm(Ym, ZO)>-- Hm(y,, Zo, r-2e(y,,-Yo)) + Lv,,(y,,, Zo).

Now send m to infinity, and then e to zero in the above inequality, to obtain

av(yo, Zo)>= H(yo, Zo, r)+ Lv(yo, Zo) for all re D-v(yo, Zo).

The reversed inequality for r D-v(y, z) is proved by a similar argument.

3. Optimal controls. Let us now assume the following stricter form of convexity
for the cost criterion than what was assumed in (1.2)(a)

(3.1) l(Ayl + (1 A )Y2, Apl + (1 A )P2)
=Al(yl,pl)+(1-A)l(y2,p2) for some 0<A <1 implies Pl---P2.

For example, for the production planning problem that will be considered in 4,
l(y,p)= c(p)+ h(y) and (3.1) holds if h is convex on R" and is strictly convex on
K. Assumption (3.1) also holds, if l( .,. is convex and the second derivative of in
p exists and is positive at each (y, p).

Condition (3.1) implies, in particular, strict convexity of l(y, ), by taking y Yl
y2. This fact together with the superlinear growth condition (1.2)(c) imply that the
minimum in (1.7) is attained at a unique P (y, z, r). Moreover, is continuous on
R x Z x R". Consider the control policy

(3.2) p*(y, z)=(y, z, Vv(y, z)),

where v is the value function. By Theorems 2.2 and 2.4, p* is continuous. The differential
equation,

(3.3) dy(t)=[B(z(t))p*(y(t), z(t))+ C(z(t))] dt,

has locally a solution y*(t). Let us assume the following"

(3.4) There exists a bounded solution y*(t) to (3.3) for t->0.

In 4 we shall verify (3.4) in the production planning example. The control process
P* {p*(t); _-> 0}, where

(3.5) p*(t) :p*(t*(t), z(t))

is admissible, by the superlinear growth condition (1.2)(c) and is optimal, by the
verification Theorem 1.3(b). Also, a straightforward application of (3.1) yields that P*
is unique. This implies, in particular, uniqueness of y*(t). We sum these results into
the following proposition.
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PROPOSITION 3.1. Let (3.1) and (3.4) hold. Suppose P d and J(y, z, P) v(y, z).
Then with probability 1, P( t) P*( t) for almost all > O. In particular, there is a unique
solution to (3.3).

Proof. For 0<h_-<l, let P=hP+(1-h)P*,y=hy+(1-h)y*, where y(t) is a
solution to (1.5) corresponding to P, with y(0) y. By convexity of and J, J(y, z, Px)
v(y, z) which implies with probability one

l(y (t), pX(t)) h/(y(t), p(t)) + (1 h)l(y*(t), p*(t))

for almost all -> 0. Assumption (3.1) then implies, with probability one,/9(t) p*(t)
for almost all _-> 0.

Remark 3.2. The optimal policy P* was obtained by the method of dynamic
programming. The theory of piecewise deterministic processes [5], [14] provides an
alternate approach. In the present context, the piecewise deterministic theory considers
bounded, Borel measurable functions r [0, ) x R x Z- K. Given initial data
y(0) y, z(0)=z, each such r determines an admissible control process P as follows.
Let % 0 and ’1 < ’2 < denote the successive jump times of the Markov chain z(t)
and let

p(t) r(t-’i, Y(’i), z(’7)), -i < <-- -i+

where y(t) is determined by solving (1.5) successively on each interval [’i, ’i+1]. An
optimal r* is found as follows. For fixed z, as in (3.4), assume that there is a solution
to

(3.6)

with )7(0)= y. Let

(3.7)

d.(t)=[B(z)p*(,(t), z)+ C(z)] dt,

rr*( t, y, z) p*(( t), z).

We claim that r*(’, y, z) is unique, almost everywhere on [0, ), for each y, z. This
can be seen by slightly modifying the uniqueness proof above. We write the dynamic
programming equation (1.6) as follows. Let

qz 2 qzz,, vl(y, z)= Z qzz,V(y, z’).
Z’Z Z’Z

Then (1.6) becomes

(3.8) (c + qz)v(y, z)= H(y, z, VV)d-Vl(y, Z).

For fixed z, (3.8) is the dynamic programming equation for a discounted deterministic
control problem, with dynamics (3.6), discount factor a + qz and cost criterion l(y, p)+
vl(y, z). As before, p*(., z) is an optimal feedback control and zr*(., y, z) determined
by (3.7) is the unique optimal (open loop) control.

4. Production planning problem. Let us return to the model mentioned in the
Introduction. We now have the following:

y(t) inventory level at time

p(t) production rate at time

z(t) demand rate at time

(y(t) 6R),

(p(t)>--O),

((t)Z).

In the notation of 1, we now have n 1, K [0, c). The demand process is a finite
state Markov chain, with state space Z {zl,. , ZM}. The dynamics are as follows:

dy(t) [p(t) z(t)] dt.
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Thus, in (1.5), B(z)= 1 and C(z)=-z. It is assumed that zi > 0 for all i= 1,..., M.
We assume that the cost criterion has the form

l(y,p)=h(y)+c(p)

and we seek to minimize

(4.1) J(y, z, P)= E e-’[h(y(t))+ c(p(t))] dt.

The following assumptions are made about the holding cost h and production cost c:
(A1) h is convex, nonnegative on (-, c) with h(0)=0.
(A2) c is twice continuously differentiable, nonnegative on

[0, ) with c’(0) c(0) 0 and c"(p) > 0 for p > 0.

(a3) C([yl’-l)<-_h(y)<-_C([y[V+l) for all y R.

(A4) C(Ip[-l)<-c(p) for all p-> 0,

where C > 0 and y,/3, v > 1 are fixed constants.
The Hamiltonian H in (1.7) now takes the form H(y, z, r) F(r)- zr+ h(y) where

(4.2) F(r) min [pr + c( p ].
pO

The assumption (2.2) is satisfied since z >0 for all z Z, F(r) is strictly concave for
r < 0 and F(r)= 0 for r => 0. Theorems 2.2 and 2.4 imply that the value function v(y, z)
belongs to the class Do and is the unique viscosity solution to the dynamic programming
equation.

The optimal feedback production policy is now given by

(4.3)
c,)_,( Ooy ) o

-_--- v( y, z) if-- v( y, z) > 0,
Oy

P*(y, Z)
0 ifO---v(y,z)<=O.

Oy

Since v is convex in y, and (c’) -1 is an increasing function, p* is nonincreasing in y.
Therefore, the differential equation

(4.4) dy(t)=[p*(y(t), z(t))-z(t)] dt

has a unique solution y*(t) (see [8, Thm. 6.2].)
In the rest of the section, we shall show that y* satisfies (3.4).
LEMMA 4.1. There is a constant C, depending only on the initial condition y*(0) y,

such that [y*(t)[ <= C for all >-_ O.
Proof Let 37 sup {y (-, ): p*(y, z) >- z for some z Z}. Since v is convex

in y and is nonnegative, (4.3) implies that 37 is finite. Similarly, let 37--inf {y (-, )"
p*(y, z) -< z for some z Z}. Suppose that 37 is not finite. Then, there is z Z such that
(O/Oy)v(y, z) >- -c’(z) for all y R. But this contradicts with Lemma 4.2, which follows.
Now one completes the proof of the lemma, by observing that [37, 97] is an attracting
set for the differential equation (4.4). We refer to this set as the turnpike set in [7]. [3

Let max {z Z}.
LEMMA 4.2. For each y, z, v(y, z) >- C(]y[-1) for a suitable constant C> c’().
Proof Let 3(y) be the value function of the following variational problem:

5(y)=inf e-’ h(y(t))+C -dy(t) dt;y(O)=yandy(.) W’
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with v > 1. In view of (A4), *3(y) -<_ v(y, z) for a suitable C > 0. It suffices to show that
,3(y)ly[ -1 converges to M > sup {c’(z)" z Z} as y tends to -oo. Since *3(. is convex,
M=-limn (d/dy)*3(y,,) where {y} is any sequence which converges to -oo and ,3(.
is differentiable at Yn, invoke Theorem 2.4 to conclude

(4.5) a*3(yn) --d-fy *3(Y") + h(y)

where P(r)= sup {rp+ clpl . -o< p < oo} -Clrl /(v-l>. The positivity of *3 yields M
[0, oe]. Suppose that M < ee. Then divide (4.5) by ly l and pass to the limit to obtain

aM a lim *3(y,)ly,[-1 lim h(y,)ly,[-= oo.

Hence M oe and the proof of the lemma is complete.

5. Inventory constraints. In this section, in addition to the nonnegative production
constraint earlier, we impose the constraint that the inventory level cannot fall below
a certain prescribed level Ymin" For each y, z [Ymin, Oe)xZ, the set of admissible
production processes sg(y, z) is given by

s(y,z)= Ps’y+ [p(s)-z(s)]ds>=ymforall t>=O

Then the corresponding value function is

v(y, z) inf {J(y, z, P): P s(y, z)}.

The following characterization of v is a straightforward analogue ofTheorem 1.1 of[ 12].
TEOREM 5.1. The value function v for the constrained problem is in Do and is the

only solution to the following equation:

(5. v(,= ,,v(, +v(,, ,e[m.n,xZ,

0
(5. V(m, Z --C’(, Z e Z

oy

Proo The first two conditions in the definition of Do are easily verified after
observing that if P (y, z) and (, z), thenP+ (y+y z) and J(., z,.
is convex for each z Z

Repeating the proofs of Theorems 2.2 and 2.4 we show that v is continuously
differentiable in the y-variable on (y, ) and satisfies (5.1). Define (O/OF)v(y,
as the limit of (O/Oy)v(y, z) as y approaches to Ymin from above (this limit exists due
to the convexity of v in y). Now proceed as in Lemma 2.3 and use the fact hat for
any P (y, z) the corresponding inventory level y(t) is no less than Ymin, to obtain:

0
(5.3) V(Ymin, z)H(Ymin, ar)+Lo(Ymin, 2) for r -- V(Ymin, Z)

oy

(also, see Theorem 1.1 of [12]). Equations (5.1) and (5.3) yield

0 0
(5.4) H(Ymin, z, V(Ymin, Z)) n(Ymin, z, r) for rNoy O(Ymin, Z).

The inequality (5.2) follows from (5.4), after observing that the map r H(Ymin,
achieves its maximum only at r=-c’(z).
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Uniqueness follows from the verification theorem, by observing that the optimal
feedback policy P* constructed in (3.5) is admissible on account of (5.2). [3

Remark 5.2. For each e > 0, define h (y) h (y) + (1 / e) 1 max { Ymin Y, 0}.
Let v be the value function of the unconstrained problem with inventory cost h .
Then, the following estimate is proved in [7]:

Ov(y,z)--v(y,z)<--x/KR fory, z6[Ymin, R]XZ

where KR is a suitable constant.
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Abstract. We prove a mesh-independence result for the BFGS method in Hilbert space and apply it to
a class of unconstrained optimal control problems. A new fourth order discretization scheme is used in the
implementation. Observations from numerical experiments are presented.
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1. Introduction. Quasi-Newton methods play an important role in the numerical
solution of problems in unconstrained optimization. Optimal control problems in their
discretized form can be viewed as optimization problems and therefore, be solved by
quasi-Newton methods. Since the discretized problems do not solve the .original
infinite-dimensional control problem but rather approximate it up to a certain accuracy,
various approximations of the control problem need to be considered. It is known
that an increase in the dimension of optimization problems can have a negative effect
on the convergence rate ofthe quasi-Newton method which is used to solve the problem.
The purpose of this paper is to investigate this behavior and to explain how this
drawback can be avoided for a class of optimal control problems. We show how to
use the infinite-dimensional original problem to predict the speed of convergence of
the BFGS-rnethod [1], [8], [11], [23] for the finite-dimensional approximations.

In several papers [7], [15], [25], [28] the DFP-rnethod [4], [9] and its application
to optimal control problems were considered but rates of convergence were. given at
best for quadratic problems. In [26], [27] a linear rate of convergence was proved in
Hilbert spaces and applied to optimal control. All the applications to optimal control
problems were carried out for finite-dimensional approximations. This fact is important,
because in [24] it was shown, that contrary to the finite-dimensional case [2], the
BFGS-method can converge very slowly when applied to an infinite-dimensional
problem. Hence it is desirable to know whether this convergence behavior can occur
also for fine discretizations of control problems.

Sufficient [18] and characteristic [13] conditions for the superlinear rate were
given in other analyses. As in the linear case for Broyden’s method [29] and the
conjugate gradient method [3 ], 10], an additional assumption on the initial approxima-
tion of the Hessian, i.e., one that approximates the true Hessian up to a compact
operator, is needed to guarantee superlinear convergence (see [12]). In [10] a connec-
tion to quadratic control problems is shown. Here we want to consider nonlinear
control problems and their discretization.
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Let L:Rn+m+l-R, f:[n+m+ln for some n, rn N and consider the following
optimal control problem"

(1.1)

Minimize L(x ), u ), dt

subject to 2(t) =f(x(t), u(t), t), x(0) Xo.

If we think of x(t) x(u, t) being dependent on u, then the cost function can be written
in terms of u only:

F(u)= L(x(u, t), u(t), t) dt.

The gradient of F is given by

VF(u) =p(’)Tf,(x(’), U(" ), )+ L,(x(" ), u(" ), ),

where p solves the adjoint equation

(1.2) -O( t) p(t) Tf,(x( t), U(t), t) + L)(x( t), u(t), t)

with p(T)= 0 (see e.g. 19]). Hence each gradient evaluation involves the solution of
an additional system of differential equations. If one wants to apply Newton’s method
to the numerical solution of the control problems in order to use a higher order method,
it becomes necessary to compute the second derivative of F(.). Even in the one-
dimensional case, rn n 1, this calculation is quite tedious. V2F(u) is given as follows.

Define H: 3 .. by H(x, u, t) p(t)f(x, u, t)+ L(x, u, t) for fixed p(t), then with
(u, V)= u( t)V( t) at

(w, V2F(u)v)= (((w), Hxx(X, u, )((v)) + (w, Huu(x, u, )v)

+(w, H.x(X, u, )(v))+((w), I-Iu(x, u,

where x solves (1,.1), p solves (1.2) and s(w) is the solution of

(t)= (t)f(x(u, t), u(t), t)+f(x(u, t), u(t), t)w(t), (o) =o.
Also for the finite-dimensional approximations, the computation of the Hessian is not
a simple task. Therefore, the quasi-Newton methods where the Hessian is approximated
by an updating procedure provide a useful alternative because of their superlinear rate
of convergence under certain assumptions.

In order to minimize a twice Fr6chet-differentiable function F over a Hilbert space
H one chooses in the BFGS-method an operator Bo(H), the space of linear
continuous invertible operators on H, and some Uo H and defines the following
sequence: Given ui H, Bi W(H).

(i) Solve Bis=-VF(u);
(ii) Let ui+ ui + si

(1.3)

(iii) Let

(Yi, Bis,,
ni+ Ji 31-

si, Yi) Yi si, B,si- niSi"

In this paper we will investigate finite-dimensional approximations of this algorithm.
In the second section we will show how the convergence behavior of the BFGS-

method for finite-dimensional approximations is influenced by the convergence
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behavior of the BFGS-method applied to the infinite-dimensional problem. The state-
ments will be phrased in terms of the number of iterates which are required to achieve
a certain termination criterion. This approach, which we also used for the solution of
nonlinear integral equations [16] will be taken because no uniform convergence rate
estimates are available for the family of approximating problems. This is in contrast
to the analyses of discretized control problems solved by the gradient projection method
or conditional gradient method [6] and Newton’s method [21]. The results in 2 can
be applied to any sequence of approximating problems. In the third section we show
how to utilize these techniques for finite difference approximations of the optimal
control problem. We point out that our goal is not to estimate the error between the
solutions of the discretized and the original problem which can be found in the existing
literature 14]. Since the discretized problems also need to be solved by some algorithm
we deduce statements on the convergence of this algorithm, in our case the BFGS-
method, for the whole family of discretized problems. The nature of the discretized
problem, i.e., the fourth order Runge-Kutta scheme with Hermite interpolation at
intermediate points, does not assure the symmetry of the Hessian of the approximating
problem. Since these problems, however, are still close to the original one with a
self-adjoint Hessian, we used an approximate version of the BFGS-method on these
problems and the numerical results are quite successful. A numerical example demon-
strates that the proper choice of the initial approximation Bo with regard to the
compactness requirement leads to qualitatively different convergence behavior for the
finite-dimensional problems. These results for optimal control problems underscore
the observation made by the authors in [16] for integral equations and in [17] for
elliptic differential equations that quasi-Newton methods can be successful, also for
infinite-dimensional problems when the special structure of the problem is taken into
account.

2. An approximation of the infinite-dimensional BFGS-method. The BFGS-method
was introduced by Broyden [1], Fletcher [8], Goldfarb [11] and Shanno [23] as a
version of quasi-Newton methods which takes into account the symmetry and positive
definiteness of the Hessian of the function to be minimized. In this paper, we first
consider the infinite-dimensional analysis.

Let H be a Hilbert space and

F:HR

a nonlinear twice continuously Fr6chet-differentiable functional on H. We consider
the following minimization problem.

Find u. H with

(P) F(u.) <= F(u) for all u H.

Any solution u. of (P) is also a solution of the nonlinear equation

(E) G(u,) =0

where G(u)= rF(u). The BFGS-method, outlined in 1, finds solutions of (E) itera-
tively by updating linear operators Bi which approximate G’(ui) and by solving a
linear equation for each step. Daniel [3] pointed out in 1965 that for conjugate gradient
methods a superlinear rate of convergence can be attained in Hilbert spaces if, for
example, the initial approximation B0 of the Jacobian of G is close and differs only
by a compact operator. Recently, Griewank [12] showed that a similar result holds
for the BFGS-method.



1506 c.T. KELLEY AND E. W. SACHS

We will show in 3 that for a large class of optimal control problems the
compactness condition can be satisfied in a natural way. However, the numerical
solution of (E) and (P) requires some sort of discretization. If we approximate the
space H by finite-dimensional spaces Hiv and replace F by Fiv defined on H, then
we obtain problems of the type

(pN) Minimize FN(uN), U
N Hs.

With this approach we are automatically assured that the Hessian of Fiv is symmetric.
Iv is an additionalThe positive definiteness of the Hessian VEFN at the solution u.

requirement of convergence theorems for finite-dimensional quasi-Newton methods.
For control problems, however, we take the different point of view in this paper that
we want to solve the Pontryagin maximum principle which is a classical approach for
olving control problems by gradient or Newton’s method, see e.g., the review article
by Polak [20]. We approximate the necessary optimality conditions G(u*)-O and
solve these approximate problems by a finite-dimensional analogue of a quasi-Newton
method for the infinite-dimensional problem. The approximate functions Giv need
not be gradients of scalar valued functions and, in general, they are not if defined by
finite difference schemes. A choice of Giv as the gradient of some Fiv would result
in the loss ofthe simple structure ofthe discrete version of (1.2). Instead of (E) we solve:

(EN) N N N NFind u, e H with G (u,) O.

Except for simple discretization schemes such as Euler’s method, however, it is not
reasonable to assume that Giv has a Jacobian which is symmetric. Computational
results indicate that it is still possible to treat these problems successfully with an
approximate version of the infinite-dimensional BFGS-method.

Let (.,.)iv denote the inner product on HIv and let GIv" HIv HIv be Fr6chet-
differentiable Let some initial approximations u HIV and B (HIV) for the

Iv be given such that Bo is symmetric withIv and the Jacobian of Giv at u,solution u,
regard to the inner product (.,.

Then with i= 0,

(2.1a) solve

(2.1b) set

and

Bs= -Oiv(u), s
1V

/’/i+1 U/N -" S/N,
N NyN Giv(u,+l)- G (u),

(Y, }N
Yi(2.1C) niN+l B+(s, Y}N

<Bs, ">iv
--if----if- -if-- Bisi.(s B s

The inner product (’,’)N on the N-dimensional space HIv is not the Euclidean
inner product on iv and therefore, algorithm (2.1), in general, is not identical with
the BFGS-method on N. In order to ensure that the convergence behavior of {u}
is similar to that of {ui} for large N, we impose the following conditions on HN.

Let {Piv} denote a sequence of linear prolongation operators

where Z is a normed subspace of H with II" Ilz II" II . For the application to control
problems, where Hiv is a space of N-dimensional vectors, Piv may be interpreted as
a piecewise polynomial interpolation operator.
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We introduce a notion of Z-convergence as follows: A sequence u
Z-convergent to u Z, i.e., us -zU, if

(2.2) lim IIPu- ull 0.
Ncx

NHN is

We also have to assume that the discrete inner products approximate the original
one in the following sense:

(A1) If uff -z uj Z for j 1, 2, then

lim (u, uV)N =(u, u).
N-+c

Since for control problems the evaluation of GN includes the numerical solution
of differential equations, the Z-convergence of GN(u) to G(u) may require more
smoothness of u than u Z. Hence we introduce a subspace W of smooth functions
in Z and because the iterates should remain in W we assume the following:

(A2) There is u. 6 W with G(u.) 0 such that G is defined for all u W sufficiently
near u. in the Z-norm, and if for a sequence u N H, uN z U W, then

G (u) ---} G(u) W.
z

These assumptions enable us to show the following theorem.
THEOREM 2.1. Assume that (A1) and (A2) hold. Let u H, Uo W, (B)-I

(HI), B- (Z) such that for i=0

(2.3) B71(W) c W,

(2.4) u/ --* u,
z

and

(2.5) (B)-’vN -- BT, ’v
z

for all sequences v H which are Z-convergent to v W. Iffor Ul and B as given by
(1.3) we have B71 (Z) and G(u) well defined, then for N large enough we have

(2.6) (BN) -1 (H)

ana (2.3)-(2.) hoa for .
Proofi Note, that in the case

(2.7) (So, yO)N # 0 and (sr, Bso)s O,

(Bo)- can be updated directly by

<s._if, )__ w(2.8) (B)-’ (Bo)-’ + (So yo}

Wo soN BoN)-’yg.
In the infinite-dimensional case a similar formula holds for B7. By (A2) we know
that G(uo)e W and with (2.3) we obtain So=-BO(uo)6 W. Hence

U f W and Yo G(Ul) G(Uo) W.
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From this and the formula for B-1 it is easy to see that B-1 leaves W invariant.
Condition (2.4) and (A2) imply that

GrV(Uo) -* G(uo).
Z

By (2.5)

So
N

SOz

and (2.4) holds as for i-1. In addition,

Yo-- Yo
Z

holds. Together with (A1) this yields

(2.9a) lim (So, y0N)N (So, Y0),
No

(2.9b) lim (Sou, Boso)N (So, Boso).
Ncx3

Since by assumption B-1 is well defined, we know that (So, Yo) and (So, Boso) are both
nonzero. Hence (2.9) ensures that (2.7) holds for N sufficiently large. If we update
(B)-1 and B-1 according to (2.8), then (2.4), (A1) and (2.9) together yield (2.6).
Then for any sequence vu HN, which is Z-convergent to v W, (A1) implies (2.5)
for 1. This completes the proof.

If B-1 (Z) for 1 <- _-< i*, then we can show with an induction argument based
on Theorem 2.1 that

(2.10) lim max ]]pNuiN-- UilIZ 0
Noc l<=ii

holds for any integer i*=> 1.
A reasonable choice of a termination criterion for (EN) is [[G(u)l[ being

sufficiently small. Let i(e) denote the smallest iteration index for which the norm of
the gradient is less than e:

i(e) =min {iN: IlG(u,)ll <e},
iN(e)=min {i6N: IIGN(u, )IIN <}.

The following relation holds between and iN.
THEOREM 2.2. Let all the assumptions in Theorem 2.1 hold, G(ui) be defined and

BT (Z) for all >- 1. Then for each e > 0 there exists N with

(2.11) i(e + 6) <- iN(e)<- i(e)

for all N > N and > O.
Proof Equation (2.10) and (A2) imply that for each

Gu(u) - G(u,)
Z

and by (A1)

(2.12) lim IIG’(uU)I[,--IlG(ui)l[.

Clearly, if G(u)II then G (u)[I , for N sufficiently large, and therefore

irv( e <- i( e ).
Hence

(2.13) lim max Ill GN u  )11 ,, G( u)lll o.
No l<=ii(e)
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If, now, for a given 6 > 0, in(e) < i(e + 3) for infinitely many N then there is j < i(e)
and a sequence Nk- oe such that

Letting N-oe we have Ila(u)ll->- / which contradicts (2.13).
Theorem 2.2 is independent of any rate of convergence for the infinite-dimensional

problem and would therefore also be useful to explain slow convergence behavior for
the finite-dimensional approximations. For the superlinear rate we state the following
theorem.

THEOREM 2.3. Let G: H H, Grq H - Hr be continuously Frdchet-differentiable
and u, H such that

G(u,) O, G’(u,) is self-adjoint, positive definite.
Choose Bo 5(H), B (Z), Uo Z such that

Bo- G’( u,) is compact

and Bo- G’(u,)II and Uo- u, are sufficiently small to yield the superlinear convergence
of the BFGS-iterates for (E). Select H, G, Uo H, Bou (HN) such that (A1),
(A2), (2.3)-(2.5) hold. Then for the BFGS-iterates u for (EN) the following is true:

For each e > 0 there exists N with

(2.14) i(e)-l<=i(e)<--i(e) for N>-N.
Proof. The superlinear rate for (E) follows from [12]. The updates Bs are well

defined by using an induction argument identical to the proof of Theorem 2.1.
Note now that [IG(u)ll is a strictly decreasing sequence. To see this note that

boundbdness and invertibility of G’(u,) imply that there are Cl and c so that for all
u sufficiently near u,

cllu u, II-<-II G(u)ll-<- c=llu u, ll.
We let An u/, u, II! u u, II. For n sufficiently large, An < c2/c by the superlinear
convergence and hence, for n large

a(u,,+l)II--< c2l] u,,+l- u, II--< c=,.[[u. u,

C2-<--.llG(u.)ll <
Cl

Hence, for sufficiently small

i(e+)>--i(e)-l,

which implies (2.14) instead of (2.11).
Let us point out that (2.14) gives an estimate for the number of iterates necessary

to achieve a certain stopping criterion for the finite-dimensional problem that is
independent on the dimension N and is only determined by the iterate number of the
infinite-dimensional analogue. For this problem, however, the superlinear rate can be
proved directly. Theorem 2.3 also does not require that BoN is self-adjoint or even
positive definite as long as (2.4) holds. This facilitates the application to control
problems in the next section.

3. Optimal control problem. We want to apply the BFGS-method to optimal
control problems which are formulated in infinite-dimensional spaces. Let

f: Rn+,+l
_

Rn, L: n+m+l ._.)
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be given functions. Then the optimal control problem is given by:

(OCa) Minimize L(x( t), u( t), t) dt

(OCb) subject to (t) =f(x(t), u(t), t), x(0) Xo.
Suppose that for a given control u the differential equation (OCb) is uniquely solvable
with solution x denoted by

x=Su.

Then we can define an objective on L[0, T]- H

(3.1) F(u)= L(Su(t), u(t), t) dt.

For the convergence analysis we assume that F is twice continuously Fr6chet-differenti-
able on an open convex set containing u, and all iterates. Then we can express the
gradient VF(u) of F at u through a system of adjoint equations (see e.g. [19]):
(3.2) VF(u) =p(. )f,(x(. ), u(" )," )+ Lu(x(" ), u(" ),"
where x satisfies (OCb) and p solves

(3.3) -p(t)=p(t)rfx(x(t), u(t), t)+ L(x(t), u(t), t) with p(T)=0.
As we have seen in the previous section, the important condition for superlinear

convergence is imposed on the Hessian of F, which is of a rather complicated form
for control problems. We observe in (3.2) that x and p as solutions of differential
equations depend on u through a compact operator and hence the second derivative
does too. This leads to the following theorem.

THEOREM 3.1. Suppose that F is twice Frehet-differentiable in a neighborhood of
u L’[0, T]. Then with p defined in (3.3) and

(3.4) H(x, u) p rf(x, u) 4- L(x, u),
the operator R’L’[O, T]- L’[0, T] defined by

(Rv)(t)-(V2F(u)(v))(t)-H,,(x(t), u(t))v(t)
is compact.

The proof follows from the fact that the Hessian of F is given by

V2F(u) M*H,(x, u)M + M*H,(x, u)+ H,x(x, u)M +
where My : denotes the solution of

( t) ( t) Tfx(X( t), u( t)) + v( t) Tf,(x( t), u( t)), (0) 0.

Obviously, M and its adjoint operator M* are compact operators, so that the multiplica-
tion operator H,, is the only noncompact part in V2F(u), which must be known
exactly. Since

Huu(X, u)=pfu,(x, u)+ Luu(X, u),
all control problems with f,, 0 and L,, known are examples where this demand is
reasonable. This includes problems where the control u enters the differential equation
linearly, i.e.,

:( t) q( t, x( t))u( t) + r( t, x( t)), x(0) Xo,

and the objective function L depends on u, for example, in the following form:

(3.5) (g(t, x(t))+ (t)u(t)) dr, given.
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In order to satisfy the compactness condition on Bo-V2F(u.), we would have to
choose in the case of (3.5) for Bo
(3.6) (Bov)(t)=a(t)v(t), t[0, T].

Then we might expect a superlinear rate of convergence. If c(t)# 1 and we choose
Bo I, we do not necessarily obtain a superlinear rate. The numerical examples illustrate
this point.

As an application of the results in the second section we consider a finite ditterence
discretization of a control problem. Various authors have studied these problems in
connection with the convergence of solutions or optimal values of discretized problems
to the solution or optimal value of the original problem (see e.g. 14]). In this section
we investigate the performance of quasi-Newton methods when applied to the finite-
dimensional approximations of optimal control problems.

In the sequel we solve G(u)= Vf(u)= 0, where for given control u the state x is
computed by (OCb) and the adjoint p by (3.3). Therefore, instead of discretizing (OC)
and having to compute the gradient of the finite difference scheme for (OCb), we
discretize the differential equations (OCb) and (3.3) and set VF(u)=0 in (3.2) at the
grid points. Although it is known (see e.g. 19, p. 68]) that the gradient for a discretiz-
ation of the optimal control problem (OC) can be expressed through a finite ditterence
adjoint equation, we found similar to the results in 14] that this gradient ditters from
a discretization of the equation VF(u)=0. One exception to this observation is Euler’s
method which, however, is inadequate for our purposes because it is a low order
discretization scheme. If a Runge-Kutta scheme is applied to the state equation (OCb)
or the adjoint equation (3.3) this requires the evaluation of and x at intermediate
points. We introduce these points as additional variables for the controls u only and
interpolate to obtain values for x at these intermediate points.

Let N be the discretization parameter and let us restrict for our examples to
the one-dimensional case: The time interval [0, T] is divided into 2N subinterval of
equal length h/2, where

T
(3.7) h --.

N

Let u R2v+ be given. For given Xo,’’’, Xsj--2 compute x2j x2j_ by

(3.8a) kl hf(u2j-2, x2j-2),

(3.8b) k2 hf(u2j-1, x2j-E+1/2kl),

(3.8c) k3 hf(u2-l, x2-2+1/2k2),
(3.8d) k4 hf( u2, x2_+ k3),

(3.8e) x2j (kl / 2k2 + 2k3 / k4),

(3.8f) k(= hf(UEj, X2),

(3.8g) x2-i 1/2(x2 + x2-2) +(kl + k-).

The formulas (3.8) represent a Runge-Kutta scheme of fourth order, i.e., the global
truncation error for the values {x2} is of order O(h4). For the odd indices we use
(3.8g), i.e., a Hermite interpolation based on x2-2 and x2, which has a local truncation
error of O(h4). Hence the error for all points xi, i-0,... ,2N is of order O(h4). The
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equations for the adjoint equation which is backward in time are: Given
P2N, P2N-1, P2j, compute P2g-1, PEg-2 as follows. Let o(x, u, p) pf,(x, u) + L,(x, u)

(3.9a) kl hO(XEg, UEg, PEg),

(3.9b) k2 hq(x2j_1, x2j_, P2j +)k),
(3.9c) k3 h(x2g_, XEg-1, PEg + k2),
(3.9d) k4 h(x2g_2, x2g-2, P2g + k3),

(3.9e) PEg-2 (kl + 2k2 + 2k3 + k4),

(3.9f) k h(XEg-2, UEg-2, PEg-2),
(3.9g) pEg- (p2g +p2g_2)+(kl + k).

The endpoint condition for p 2s+ is PEN =0. In order to apply the approximate
BFGS-method in ] 2 we need to satisfy assumptions (A1) and (A2). Let us choose

(3.10) H L2[0, T], Z C[0, T]

with the usual norms. The subspace W and the finite-dimensional spaces are

(3.11) W C5[0, T], H 2+1
with inner products which stem from the composite Simpson’s rule

(312) (u% v) T( N--1 N )u2v+4 E U-lV-l+UsV
j=l j=l

The prolongations PS" Hs + Z are defined as follows"

(3.13) For u eR2+ let PSue C[0, T] be the piecewise parabolic interpolant
with (Pu)(t)=u, t=jT/2N, j=0,... ,2N.

The nonlinear mapping Gs" 2S+l2s+ is defined as follows:
For uN e R2+ let x e R2+ be the solution of (3.8) and let pN e R2+ be the

solution of (3.9). Then

(3.14) (GUuN),=pNf.(xrf U)+ L.(x, ui).
LEMMA 3.1. Assume there exists an optimal control u, C5[0, T] and (OCb) is

uniquely solvable for all u sufficiently close to u, in the C[0, T]-norm. Iff, L, f,,
L C5[0, T], then (A1) and (A2) are satisfied with the definitions (3.10)-(3.14).

Proof. If (2.2) is satisfied, then for u, u Z

ui( )1 O, 1 2.(3.15) lim max luo tg
N+o O<=j2N

Since Ul and //2 are continuous on [0, T], the quadrature rule (3.12) implies that

T

lim (UlN uN)v u,(t)u2(t) dr,
N-->

which proves (A1).
If u W C5[0, T] is chosen, then, by the smoothness assumptions on f and L,

any solutions x and p of differential equations (OCb) and (3.3) lie in W and Gu is
an element of W. If
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then for the corresponding trajectories and solutions of the adjoint equations

By (3.14) this implies

N ._, X pN .__ p.
Z Z

GNuN -- Gu.
z

Obviously (3.8)-(3.14) are not the only choices which are feasible. An Euler
scheme with a simple quadrature rule would yield the same results theoretically, but
the numerical observations are easier to obtain for a higher order scheme. The Runge-
Kutta scheme with Hermite interpolation for intermediate points approximates the
true solution up to order 4, which under appropriate smoothness on f and L, means
that the gradient is approximated up to that order. The same order of accuracy holds
for the second approximation, the inner product, which is done by composite Simpson’s
rule. In fact, one can see from the formula for the updated iterate ul, with the inverse
of Bo, that us differs from Ul, by an order of four; this is why set W= C5[0, T].

The numerical example represents a simple production inventory model (see [22,
p. 145]) which is described as follows:

Min e-’ (x(t)-a(t))+-(u(t)-b(t)) dt

such that

(t) u(t) s(t), X(0) Xo.

The parameters were chosen as follows:

p=l, d=c=l, a=15, b=30, s(t)=t2, Xo 10.

Using Pontryagin’s maximum principle, it is possible to compute the optimal control
u, for the infinite-dimensional problem. It is of the form

u,(t) aiA ext + ce2A 2 ex2t at- te-2t +4
where A1/= (1 +x/)/2 and a are other constants (see [22, p. 145 for details). The
Hessian of F for this problem is given by

V:F(u)(v) d e-s v() d+ c e-Otv( t).

The first summand of the Hessian is a compact operator from L2[0 T] into itself and
the second is not. By the theory from the previous sections it is important for the
superlinear convergence of the iterates that the noncompact part is approximated
correctly in the initial approximation of the Hessian. We consider two choices for Bo:
(3.16) Bo=aI and Bo=
where (Hu.v)(t)=ce-Ptv(t). For given T we choose a in (3.16)such that
is small. A simple estimate yields

II,’(u.)- n..ll- G’(u,)- zll I_< II,z- H..II--<0.041 [0.19]
Ila’(u,)ll -IIG’(u,)ll-

for a 0.86 and T 0.3 a 0.63 and T 1.0]. For each case of a and T, this indicates
that aside from the compactness the two choices for Bo, aI and H,, have roughly the
same relative distance from the Jacobian at the root.
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Analogous to (3.16) we choose Bv as diagonal matrices,

BoN=diaga and Bv=diagd,
where

%=a and d=ce-pt
for j =0,..., 2N with b as in (3.13). Furthermore, we let

Uo =u,+l and (Uo)j=u,(b)+l
forj =0, ,2N.

Condition (2.3) follows from the choices of Bff 1, whereas (2.4) and (2.5) are a
consequence of the choice P

In Tables 1 and 2 we list the number of iterates iN(e) necessary to achieve the
tolerance in the norm of the gradient.

TABLE
iN(10-6) for T 0.3.

N

B 0.86I

10 40 100 200

3 3 3 3
6 6 6 6

TABLE 2
iN(10-4) for T 1.0.

N

Bo 0.63I

20 40 100 200

3 3 3 3
7 7 7 7

TABLE 3
T .3, N 200.

i ri/’i % Tli "qi/li

.1027E + 01 .2732E-01 .2911E-01
2 .2913E 01 .2836E 01 .5859E 04 .6889E 04 .2367E 02
3 .6928E 04 .2378E 02 .3312E 06 .4041E 06 .5866E 02
4 .4042E 06 .5834E 02 .1276E 09 .1472E 09 .3641E 03
5 .1481E-09 .3664E-03 .2626E- 12 .1625E- 11 .1104E-01

B .861

.1037E/01 .9753E-01 .1047E+00
2 .1041E/00 .1003E/00 .6389E-02 .7445E-02 .7112E-01
3 .7426E-02 .7137E-01 .5431E-03 .6308E -03 .8473E-01
4 .6276E-03 .8452E-01 .3685E-04 .4268E-04 .6766E-01
5 .4280E-04 .6819E-01 .3054E-05 .3520E-05 .8247E-01
6 .3490E-05 .8156E-01 .2092E-06 .2433E-06 .6912E-01
7 .2446E-06 .7008E-01 .1714E -07 .1968E -07 .8087E-01
8 .1948E-07 .7963E-01 .1186E-08 .1383E-08 .7027E-01
9 .1391E-08 .7144E-01 .9633E -10 .1100E-09 .7955E-01
10 .1092E-09 .7847E-01 .6715E-11 .7792E-11 .7085E-01
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TABLE 4
T=I, N 200.

Bo

tr o’/0"i+ "Yi "i ?i/Ti+I

.1239E+01 .2302E+00 .2503E+00
2 .2503E+00 .2021E+00 .1095E-02 .1997E-02 .7978E-02
3 .2074E-02 .8286E-02 .4516E-04 .7991E-04 .4001E-01
4 .7995E-04 .3856E-01 .3111E-06 .4719E-06 .5905E-02
5 .4824E-06 .6034E-02 .6810E-08 .1102E-07 .2366E-01
6 .1102E-07 .2283E-01 .5234E-11 .8576E -10 .7779E-02
7 .9126E-11 .8285E’-03 .3077E- 12 18607E- 10 .1004E+01

B .63I

.1325E+01 .4879E+00 .4876E+00
2 .4703E+00 .3551E+00 .4691E-01 .8533E-01 .1750E+00
3 .7501E-01 .1595E+00 .1630E-01 .2900E-01 .3398E+00
4 .2576E-01 .3434E+00 .3081E-02 .5786E-02 .1996E+00
5 .5718E-02 .2220E+00 .9685E-03 .1506E-02 .2603E+00
6 .1333E-02 .2331E+00 .2020E-03 .3692E-03 .2451E+00
7 .3532E-03 .2650E+00 .5661E-04 .9058E-04 .2454E+00
8 .8372E-04 .2370E+00 .1259E-04 .2186E-04 .2413E+00
9 .2034E-04 .2429E+00 .3386E-05 .5589E-05 .2557E+00
10 .5219E-05 .2566E+00 .7557E-06 .1295E-05 .2316E+00
11 .1214E-05 .2325E+00 .2047E-06 .3360E-06 .2595E+00
12 .3085E-06 .2542E+00 .4539E-07 .7897E-07 .2350E+00
13 .7538E-07 .2443E+00 .1233E-07 .1990E-07 .2520E+00
14 .1806E -07 .2395E+00 .2772E-08 .4874E-08 .2449E+00
15 .4655E-08 .2578E+00 .7392E-09 .1194E-08 .2450E+00
16 .1086E-08 .2333E+00 .1695E-09 .3017E-09 .2527E+00
17 .2792E -09 .2571E+00 .4441E- 10 .1118E-09 .3707E+00

Tables 3 and 4 show that not only is is(e) quite different for aI and Hu but also
that the convergence behavior is qualitatively different. The numbers tabulated are as
follows"

The sequence tri/o’i_l illustrates the difference between linear and superlinear conver-
gence behavior in Tables 3 and 4. The linear rate of convergence which is observed
in Tables 3 and 4 even for the case where Bo is not Hu., is to be expected from known
theory (see e.g. Dennis [5]). Since the optimal control u, for the infinite-dimensional
problem is known, we also list the distance between u and u,. The numbers for r/
indicate that for Bo aI the last three iterations are redundant because the predicted
and also the actual magnitude of the discretization error exceeds the distance between

N This effect is delayed when the accuracy is increased. In Table 4 alsou/ and t,.
observe that an error bound of 10-9 which is reasonable from the discretization results
in a large difference in the iteration count:

i2oo(10-p) 6 for Bo H.,,

i2oo(10-9) 15 for Bo 0.63/.

The computations were done on the Cyber 205 at Purdue University in single
precision. Single precision on the 205 is roughly 14 place decimal accuracy.
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EXISTENCE OF OVERTAKING SOLUTIONS TO INFINITE DIMENSIONAL
CONTROL PROBLEMS ON UNBOUNDED TIME INTERVALS*

D. A. CARLSON?, A. HAURIE$ AND A. JABRANE

Abstract. The optimal control of an infinite-dimensional linear control system with unbounded time
interval is considered. The results obtained are an extension to a Hilbert space setting of the results reported
in Brock and Haurie [Math. Oper. Res., (1976), pp. 337-346]. In particular, it is shown that (under
appropriate conditions) overtaking optimal trajectories asymptotically approach a unique optimal steady
state. This is the so-called turnpike property found in the economics literature. When this condition is
combined with an associated optimal control problem, results concerning the existence of overtaking optimal
solutions are obtained. Both distributed, and boundary controls are considered. Finally we demonstrate the
applicability of our results by considering several examples arising in the context of economics and resources
maragement.

Key words, overtaking solutions, optimal control, distributed parameter and boundary control
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Introduction and motivation. The theory of optimal control of lumped parameter
systems defined on an infinite time horizon stemmed from two main fields of applica-
tions:

(i) the regulator problem where a stabilizing feedback with constant gain is to
be designed for a given linear system, and

(ii) the optimal economic growth model where a path of optimal capital accumula-
tion is searched for, which permits an optimal asymptotic sustainable consumption in
the economy.

A classical reference for the first problem is [23] and for the second class of
problems is 1].

The extension of the regulator problem to a class of systems having infinite-
dimensional state and controls (e.g. distributed parameter systems) has retained con-
siderable attention in the systems theory literature. As examples of such generalizations
we cite [25] and [12].

In the present paper we are interested in obtaining an extension to a Hilbert space
setting of the existence results obtained in [3], [4], [8] and [24] for overtaking solutions
of infinite horizon control problems. This previous work is clearly related to the second
field of application, as it is based on an intensive use of convex analysis and it implies,
as a by-product, the fundamental elements ofthe turnpike property of optimal economic
growth models. This property states that, under sufficient regularity and convexity
conditions, a unique optimal steady state is an asymptotic attractor of all optimal
trajectories. Another distinctive feature in [8] is that it establishes a link between the
optimal control problem considered and an associated convex problem of Lagrange,
as introduced in [30], the solution of the second problem being also the desired solution
of the first problem.
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Some generalizations to a Hilbert space setting, of the work of Rockafellar, have
already been made by Viorel Barbu [3]. However, to our knowledge, the concept of
overtaking optimality, the existence of such optimal trajectories and the relationship
to the turnpike property has not yet been the object of a complete study for infinite-
dimensional systems.

There is a need for such a generalization, as more economic models deal with
distributed parameter systems where the space variable is either associated with a
regional distribution of the economic variables (e.g. investment and capital as in [22],
advertisement and goodwill as in [13]) or associated with the age distribution of a
population as in [21] and [20]). Indeed the extension of the turnpike property to such
models, so intimately linked to dynamic economic models since the work of Dorfman,
Samuelson and Solow [14], Gale [18], McKenzie [28], as well as the proof that there
exists an optimal solution to the problem posed, should be an important step toward
the diffusion of these models as valid economic paradigms.

The paper is organized as follows: in 1 the optimal control problem is formulated
for the case of distributed control. In 2 the turnpike property is established. In 3
the associated problem of Lagrange is defined, its solution is proved to exist, a
fundamental inequality is established, and these properties are used for proving that
the solution of the associated problem of Lagrange is also overtaking optimal solution
for the original problem. In 4 these results are extended to the case ofmixed (boundary
and distributed) control. Finally, 5 presents two examples dealing with typical
economic and resources management models.

1. The optimal control problem. We consider a system described by the following
input-output relationship:

(1.1) x(t)-S(t)x+ S(t-s)Bu(s) ds, t>=O

where E and F are separable Hilbert spaces, x E, {S(t); _>- 0} is a strongly continuous
semigroup on E with generator A, u(. Loc(R+, F), the space of all strongly measur-
able functions u(. ): R+- F, which are square-integrable on every finite interval [0, T],
and B: F- E a bounded linear operator.

Thus x(. is the mild solution of the state equation

(1.2a) (t) Ax(t) + Bu(t), _>- 0,

(1.2b) x(0) =x

where A is a possibly unbounded, closed and densely defined operator in E.
In addition we know (see [2], [7]) that although a mild solution need not be

absolutely continuous it does satisfy the following mild differential equation:

d
(1.3a) ’ye@(A*),-((x(t),y))=((x(t),A*y))+((Bu(t),y)) a.e.t_>-0,

(1.3b) lim ((x(t), y)) ((x,
t0

where A* is the adjoint operator associated with A, with domain @(A*). We impose
the following additional constraints on state and control:

(1.4) lt >= 0 x(t) X, a convex and closed subset of E
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and

u(t)U(x(t))cF /t>=O where U(.):X2v

is a point to set mapping which is convex valued and satisfies

(1.5) aU(x)+(1-a)U(x’)c U(ax+(1-a)x’) Vx, x’eX, Va6[0,1],

(1.6) {un w u, xn w x, u, U(x,)Vn}ue U(x)

where stands for the weak convergence in E. Notice that (1.6) implies that U(x)
is weakly closed, for each x in X.

The performance of the system on any interval [0, l, >= 0 is evaluated by the
cost functional

(1.7) Xo(t; u(’),x(’)) a= fo(x(s), u(s)) ds

where fo: E F R is a convex functional which is lower semicontinuous on E F
and satisfies the following growth condition: there exists K > 0 and K > 0 such that

(1.8) Ilxll2/ Ilul12> KlZ::z>fo(x, u)>=K(llxllZ/llull2),
We call 5e(x) the set of pairs (u(.), x(. )) where
(i) u(.)Loc(R+ F)
(ii) x(.) is given by (1.1),
(iii) x(t) X and u(t) U(x(t)) for all => 0.
Then u(. is called an admissible control at x, and x(. is the associated trajectory.
Since we consider our model on an infinite horizon, we do not a priori assume

the convergence of (1.7) as c. Hence we need to consider the following weaker
notions of optimality.

DEFINITION 1. ((’), (’)) 9(X) is overtaking (resp. weakly overtaking)
optimal at x if for any other pair (u(.), x(. )) 6e(x)

lim inf{xo(t; u(.),x(.))-Xo(t; t(’), (’))}=>0,
(1.9)

(resp. lim sup {Xo(t; u(. ), x(. )) Xo(t; (. ), :(. ))}

These are the optimality concepts used in [8]. The weak overtaking optimality
concept was also studied in [19] from the point of view of necessary conditions for
optimality in lumped parameter systems. For other recent contributions to the theory
of optimal control on infinite time horizon making use of these solution concepts see
[9], [10], [11], [17] and [24].

2. The turnpike property. In this section we investigate the asymptotic convergence
properties of optimal trajectories in the sense of Definition 1 in 1. In the economics
literature these are the so-called turnpike properties first introduced by Samuelson [32]
in the context of economic growth theory.

Assume the following.
Assumption 1. The optimal steady state problem (OSSP) consisting of

Minfo(x, u)
s.t. 0=((x, A*y))+((Bu, y)) k/y @(A*),

xX,
u U(x)

has a solution denoted (2, fi), with 2 uniquely defined.
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By the convexity assumptions already made on fo(’," ), X, and U(. ), the OSSP
is a convex programming problem in a Hilbert space. Thus there exists/ (A*) such
that (see [31], [15])

fo(2, a) <=fo(x, u)-(((x, A*fi))+((Bu, )))

for every x in X and u in U(x). Let Lo: E F- [0, +] be defined by

[fo(x, u)-fo(g, a)-((x, A*p))-((Bu,/)) if x X and u U(x),
(2.2) Lo(x, u) +c otherwise.

Then we have Lo(ff, tT)=0. Furthermore, since Lo differsfrom fo through an affine
function of x and u, it still satisfies the growth property (1.8), with fo replaced by Lo.

As a consequence of this property we have the following technical lemma, whose
proof is relegated to 7.

LEMMA 1. If an admissible pair ((. ), (. )) S(Xo) is such that

(2.3) Lo(Y( t), if(t)) dt <

then necessarily (. is bounded and for every fixed T> 0 there exists a constant C( T)
s.t.

t+T

(2.4) Vt -> 0 t(s) 2 as <-_ C(T).

Proof The proof is given in 7.
We can now establish the Weak Turnpike Theorem.
TI-IEOREM 1. Under Assumption if ((. ), (. )) 6(x) is such that

(2.5) lim sup (fo(;(t), t(t)) -fo(g, tT)) dt a <,
Too

then necessarily

l or(2.6)
T

Y( t) dt --w as .
Proof. First we show that (2.3) is satisfied. As a result of the nonnegativity of

Lo it suffices to exhibit a sequence {Tk}, Tko as k-, such that, for a given
constant C

(2.7) Vk=l,2,... Lo(;(t), (t)) dt < C.

According to (2.5), (2.7) will be satisfied if for a given sequence { Tk} the set

{((’(Tk), ))" k 1, 2,...}

is bounded. We show now that one can obtain such a sequence.
We claim, first, that under Assumption 1 there exists a constant C > 0 such that

(2.8) - ;(t) dt C VT>O.
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Suppose the contrary, then there exists a sequence { Tk} Tk c as k oo such that

--k
; d -+ as kc.

Using Jensen’s inequality on fo and relation (1.8) we obtain the following from (2.5)

(2.9) K Y(t) dt -fo(ff, a)<---kk {fo(.(t), a(t))--fo(X, ti)}----<-k.
As k tends to infinity the right-hand side in (2.9) goes to zero whereas the left-hand

side goes to infinity. This is a contradiction, and so (2.8) holds.
Notice that a similar argument would show that there exists a positive constant

C’ such that

Illlor(2.10) - if(t) dt <-C’ VT>0.

Suppose, now, that for every sequence {Tk}, the set {((X(Tk),ff)): k= 1,...} is
unbounded or, equivalently, that

VC>0, ::IT>0 s.t. Vt>T
(2.11)

I((( t), /5))1 >C.

Since (.) is continuous, by (2.11), (((t),/5)) keeps a constant sign in [T, o) and
therefore, for any T> T

(2.12) - ((x( t), p)) dt

Take C such that

]((x( t), /5)) dt.

c>cIlll.(2.13)

Then, using (2.8) and (2.12), we obtain

(2.14) - ((;(t),/)) dt <= dllfi[ +- ;(.t) dt II/ 11.

When T goes to infinity in (2.14) the R.H.S. tends to cllffll whereas the L.H.S.
remains greater than C, and this contradicts (2.13). This establishes (2.7).

Integrating the state equation in the mild form (2.3), we have

(2.15) (((T)-x,z)) (t) dt, A*z + a(t) dt, z

By Lemma 1, Y(.) is bounded, and since X and U(.) are convex, any weak
cluster point (x*, u*) of the set

7 1 7-

dt) O}{(- fo :(t) dt’- fo (t) ,T>

is an admissible pair for the OSSP. By Jensen’s inequality and the lower semicontinuity
of fo, the inequality (2.5) yields

(2.16) fo(x*, u*) <-fo(g, ).
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Therefore, by the uniqueness of 2 (Assumption 1), we have from (2.16) that

x*=2

and this completes the proof.
Remark 1. The weak turnpike property relates to the weak convergence of the

average state (1/T) (t) dt toward g as soon as the inequality (2.5) is satisfied.
Remark 2. As a consequence of (2.16) the average control (1/T) ro if(t) dt has

to converge weakly toward an optimal control t for the OSSP.
In order to obtain a stronger turnpike property we introduce the set

(2.17) G {x E" =lu F s.t. Lo(x, u) 0}

and the following definition.
DEFINITION 2. Let be the family of all trajectories x(. ) 5e(X) such that

(2.18) x(t) G a.e. on [0, oo).

We say that G has Property c (for Convergence) if x(t) -$w g as + oo, uniformly in
The following theorem is an adaptation of results obtained in [24] for lumped

parameter systems.
THEOREM 2. Under Assumption 1, if G has the property c and if a feasible pair

((" ), (t (’)) is such that

(2.19) Lo(;( t), (t( t)) dt <

then, necessarily, ;(t) converges weakly to 2 as t-

Proof. Assume the contrary. Then, there exist )7 E, )7 0, times k -)o0 and an
e > 0 such that

(2.20) I(((tk) 2, )7)) >= e for all k _-> 1.

Let to be such that, for any x(. ) if,

(2.21) [((x(t) 2, 37))1 <- a.e. on (to, ).
2

Define Uk(t) (tk to + t) and x(t) :(tk to + t), _--> 0. A simple calculation involv-
ing (1.1) shows that (Xk("), Uk(" )) is a feasible pair such that Xk(0) :(tk to). Further,
Lemma implies that {u(.)} is bounded in L2(0, T, F) for any fixed T>0, and
{x(t-to)} is bounded in E. Thus, extracting a subsequence if necessary, we may
suppose that for each T> 0

u -> u* weakly in L(0, T, F),
(2.22)

Xk(O) X*o weakly in E.

Furthermore, it is easy to see that

(2.23) Xk - X* weakly in L2(0, T; E)

and (x*(.), u*(. )) is a feasible pair such that

(2.24) lim ((x*(t), y)) ((Xo*, y)) Vy (A*).
t-0

Since Lo -> 0, then, using (2.19) we obtain
T

(2.25) Lo(x(t), u(t)) dt+O as k-.j f T+

Lo(Xk( t), Uk( t)) dt
0 dt
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On the other hand the lower semicontinuity of fo implies that, for every T> 0, the
convex function p" (x(.), u(. )) o Lo(x(t), u(t)) dt is lower semicontinuous (1.s.c.)
on L2(0, T, E) L2(0, T, F). Since Lo is convex and 1.s.c., then for every k R, the set

qb= (x,u)L(O, T,E)xL2(O, T,F)" Lo(x(t),u(t))dt<=k

is convex and closed. It is well known that a convex set is closed iff it is weakly closed.
Hence b is weakly closed and convex and then the function p is weakly 1.s.c. Hence
(2.25), (2.22) and (2.23) imply that

or
LO(X*(t),u*(t))dt=O VT>0.

Since Lo>-O, this implies that Lo(X*(t), u*(t)) =0 a.e. on [0, +o). Hence x*(.) is in, and, according to Property , x*(t) converges weakly to as - . For k sufficiently
large we have

[((.( tg)- :, 37))1 [((Xg (to)-

<-[((xg(to)-X*(to), ))[ + [((x*(t0)- :,

which contradicts (2.20).
Remark 3. The turnpike property relates to the weak convergence of (t) toward

: as t-c, when the inequality (2.19) holds.
Remark 4. If, instead of weak convergence, strong convergence (in the norm of

E) is assumed in Property , then a strong turnpike property holds where ]](t)- []- 0
as t-, when (2.19) holds.

The usefulness of Theorem 2 for infinite horizon optimal control problems is
illustrated by the following corollary.

COROLLARY 1. In addition to the hypotheses given in Theorem 2, let us suppose
that there exists a pair ((.), (. )) in (x) such that

(2.26) Lo(:( t), a( t)) dt < o.

Then if in the class of all bounded trajectories, there exists an overtaking optimal solution,
say ((. ), ;(. )), it happens that

lim (t)= g in the weak sense.

Proof. Since (a(.), (. )) is overtaking optimal we have

lim inf fo(2(t), a(t)) -fo()(t), (t)) dt _-> 0.

Thus we may write,

0 N lim inf Lo((t), a(t)) Lo(2, (t), (
T

+ ((x(t)-;(t),p) dt
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Therefore,.for any e > 0 there exists T(e) > 0 such that for all T_-> T(e),

-e<= Lo(,(t), a(t))-Lo(;(t), a(t))

or equivalently,

0<= Lo(;(t), a(t)) dt<e+ Lo(;(t), a(t))
o

The boundedness of ; along with the assumption made on (a(.), 5(. )) ensures that
the right-hand side of the above inequality is bounded as T- +. Thus,

o(;( t), a( t)) <,dt

so that by Theorem 2 we must have

lim ;(t) g in the weak sense.

The assumption made on the pair (a(.), 5(. )) given by (2.26) above is guaranteed
for example if there exists a pair (u(.), x(. )) e (x) defined only on [0, T] for some
finite T> 0 satisfying the terminal condition x(T)= . Having such a control allows
us to define ((.),5(. )) in (x) by the following:

(u(t), x(t)) if 0 < T,
(a(t),;(t))=

(,g) ifTNt.

Conditions for such a controllability property are well known; see for example [2, 4.9].

3. Sucient conditions for existence of overtaking optimal solutions. In this section
we associate with the originally defined control problem a so-called Associated Problem
of Lagrange (APL). For this problem we are able to adapt an approach due to V.
Barbu [3], [4], which shows the existence of a solution which is optimal in the usual
sense. Under Assumption 1 (resp. Propey ) we will show that a solution to the APL
leads to a weakly oveaking (resp. oveaking) optimal solution for the original
problem.

We begin by defining the APL as consisting of minimizing the functional

(3.) Lo(x(t), u(t)) dt

over all pairs (u(.), x(. )) e (x).
Assumption 2. There exists (if(.), (. )) e (x) such that

(3.2) Zo(( t), a( t)) dt < .
LEMMA 2. Under Assumptions 1 and 2 there exists ((. ), (. )) e (x) such that

for all (u(. ), x(. ))e (x)

(3.3) Lo((t), a(t)) dtN lim Lo(x(t), u(t)) dt.
T

Proof. Let

q inf Lo(x(t), u(t)) dt, (x, u) E 5(x)
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By Assumption 2 ,p is finite. Let (x, (.), u,(. )). 5e(x) be a minimizing sequence. For
any fixed T> 0 we claim that the sequence {(x,( ), u,(- ))} is bounded in L2(0, T, E) x
L2(0, T, F).

Suppose the comrary, i.e., there exists a divergent subsequence {(x,,(-), uk(. ))}.
Consider the family of sets fk defined by

Obviously we have

(3.4) In llx’(t)ll=+llu"(t)l]2} dt- .as k,.

On the other hand, the coercivity assumption (1.8) made on fo shows that, since Lo is
nonnegative,

dt

(3.5) r.

Jo Io(X.(t), u.(t)) dr.

The right-hand side is finite, and thus contradicts (3,4). Therefore, for any fixed T> 0,
the sequence {u,}, respectively {x,}, is bounded in L2(0, T, F), respectively L2(O, T, E).

By extracting a subsequence if necessary, we may find (:(.-), (. )) such that for
each T> 0

(3.6) u, weakly in LZ(0, Z F),

(3.7) x, weakly in LZ(0, T, E),

and moreover, where Lo(R+, F) and (t)= S(t)x+*o S(t-s)B(s) ds, for t,0.

The hypotheses made on U(-) and X show that (R(.), ,(. )) (x). Relations (3..6),
(3.7) combined with the weak l.s.c, of the functions 6r" Lz(O, T, E)x Lz(O, T, F)
[0, +] defined by

6T(X, U)= Lo(x(t), u(t)) dt,

shows that o Lo((t), (t)) dt . Hence the result follows,.

The next lemma establishes a comparison propey between the performance
criteria associated with two admissible pairs for the original control problem.

LEMMA 3. Let ((-), d(-)) and (x(. ), u(,. )) .be in (x) ,and assume that
((.), (. )) is a solution to the APL. en the following holds"

V.e > 0, T(e)>O s.t. VT T(e)
(3.8)

{f0((t), a(t))-fo(x(t), u(t))} < +((x(r)-dt

Proof The proof is similar to the one of Lemma 3.3 in [8], except for the fact
that a .calculus of variations formalism was used in [8].

The next two theorems are then direct extensions of similar results obtained in
[8] for lumped parameter systems.
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THEOREM 3. Under Assumptions 1 and 2 there exists a weakly overtaking optimal
pair.

Proof. By Lemma 2 there exists a solution x* for the APL. Assume that x* is not
weakly overtaking optimal. Then there is a pair (x(.), u(. )) 6e(x) such that

(3.9)
Ve>0, EIT>0: Vt>T

fo(x*(s), u*(s)) ds > fo(x(s), u(s)) as + e.

By Lemma 3 we have

(3.10)
Ve’>0, 3T>0 s.t. Vt> T2

u*(s))-fo(X(S), u(s))} as < e’+((x(t)-x*(t),

taking e’ e/2 and T_>- max T1, T2) we have

-< ((x( T)- x*(T) /)).(3.11)
2

Remembering that limr_ (1/T) x*(t)dt= in the weak sense, then, if the
same property holds for x(. ), we have

-<-lim ((x(t)-x*(t) if)) dt=O,
2 t-o -which is a contradiction.

Suppose now that limT_ (1/T) x(t) in the weak sense. The contrapositive
of Theorem 1 shows that

(3.12) {fo(X(t), u(t)) -fo(2, a)} dt 00.

A simple calculation, using (3.7), shows that for every e > 0, there exists T’> 0
s.t. for every T> T’

(3.13)
,(Lo(x*(t), u t)) dt+((x*(T)-xo, p))-e

> {fo(x(t), u(t))-fo(E, t)} dt.

Since x*(.) is bounded and is a solution of the APL, (3.13) contradicts (3.10). [q

THEOREM 4. If, in addition to the assumptions of the previous theorem, one assumes
that the set G satisfies Property (, then there exists an overtaking trajectory in the subclass
bn(Xo) consisting of bounded trajectories emanating from Xo.

Proof. By Lemma 2, there exists a solution x* for the APL and by Lemma 1
(x*(.), u*(. )) 6en(Xo). Consider any other pair (x(.), u(. )) (x) and define

(3.14) e(T)= {f(x*(t), u*(t))-f(x(t), u(t))} dt.
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Using Lemma 3 and (3.14), we obtain

(3.15) re>0, ::IT>0: Vt >- T e(t)<e+((x(t)-x*(t),));

by Theorem 2, x*(t) converges weakly to g as t--> +c. Assume that the same holds
for x(-). Then taking sufficiently large in (3.15), we have

Ve>0, :IT>0 s.t. Vt_->T

fo(x*(, u*(t a< fo(x(, u( d+.

Thus x* is overtaking optimal.
Now if lim,_,oo x() : in the weak sense then, by Theorem 2,

(3. o(X(l,

A simple calculation using (3.14) shows that

r

*(t)) Lo(x(t), u(t))} dt+((x*(T) x(T),/5)).(3.17) e(T) {Lo(x*(t), u

Since x(. and x*(. are bounded and x* is a solution for the APL, then, taking the
limit in (3.17) and using (3.16) we have

lim e(T) -oo,
Too

and therefore, x* is overtaking optimal in 6eB(Xo).

4. Extension to the case of systems with distributed and boundary controls. We now
extend the existence results obtained in 3 to the case of infinite-dimensional control
problems with distributed and boundary control. By appealing to the boundary control
theory of Fattorini [16] and Barbu [5] we transform the boundary control system to
a linear evolution equation on a Hilbert space. This allows us to exploit the results of
previous sections and give sufficient conditions for the "turnpike" property to hold as
well as conditions for the existence of overtaking solutions.

We consider the following control system:

(t) o’x(t)+ B, Ul(t),

yx(t) B2u2(t),

(4.1)

(4.2)

with initial condition

(4.3) x(0) x

and the following additional constraints

(4.4) x(t) X c El, ui(t) Ui(x(t)) c F, 1, 2, [0, )

where El, E2, F and F2 are separable Hilbert spaces, x El, o- is a closed, linear
and densely defined operator on E, 3’ is a linear operator (the boundary operator)
with domain in E and range in E2, and Bi:F Ei, i= 1, 2, are linear continuous
operators.

The sets X and U(x), i= 1, 2, x X, satisfy the assumptions (1.4)-(1.6).
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A solution to the system (4.1)-(4.3) satisfies the following input-output relation

(4..5) x(t)= S(t)x+ S(t-$)(B1Ul(S)-k crBtt2(s)) ds-A S(t- s)Btt2(s) ds

where the operators A, B and S(. are, defined in the assumptions below.

(A1) We assume that 9(cr)c 9(y) (here 9(.) denotes the domain), and
that the restriction of 3’ to 9(o-) is continuous, w.r.t, the graph norm of
().

(A2) The operator A: 9(A)c E1 - El, defined by

(4.6) Ay o3,

(4.7) y (A) A {y 9(or): /y 0}

is the infinitesimal generator of a strongly continuous semigroup
(S(t): => 0} on El.

(A3) There exists a linear continuous operator B’F2 El, such that

(4.8) crB (F2, E,),

(4.9) y(Bv) B2v Vr F2,

(4.10) IIBvil,-<- clIB2vllz Vv F2.
(A4) For each >- 0 and v Loc([0, oo), F

(4.11) S( t- s)Bv(s) ds e (A)

and there exists L2oc(0, o0) such that

(4.2) {Ias(t)Bil <= 8(t) a.e.,
t+h

(4.13) Vt=>0, ’h[0, 1] 8(s) ds<=f.

Under the above hypotheses, the expression (4.5) is well defined for u(.)
Ll2o([0, oo), F), i= 1, 2, and agrees with the formulation presented in [5] by Barbu.

The performance of the system on any interval [0, t], t_>-0, is evaluated by the
cost functional

(4.14) xo(t; u(" ), x(" ))= fo(x(s), ,l(S), u(s)) ds

where fo:/71 x F1 x F- N is a convex lower semicontinuous functional, which satisfies
the following coercivity assumption: there exist positive constants K and K such that
the following hold:

fo(x, t/l, /’/2)
> K.(4.15) Ilxll=+llull+llu=ll->=g impliesllxll2+llUlll2/]lul]2__

The steady-state system corresponding to (4.1), (4.2) is defined by

(4.16) 0= crx + BlU,
(4.17) yx B2u_.
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Under (A2), (A3), this system can be rewritten as follows:

(4.18) 0= A(x- Bu2)+ BlU + trBu2.
Assume the following.

Assumption 3. The optimal steady-state problem (OSSP) consisting of

Minfo(X, u, u2)

(4.19) s.t. 0=((X Bu2, A*z))+((BlUl + o’Bu2, z)) Vz (A*),

(4.20) x X, u2 U(x), u2 U2(x)

has a unique solution (2, fi, 2).
THEOREM 5. Under Assumption 3 if ((u(. ), u:(. )), x(. )) (x) is such that

(4.21) lira sup (fo(x(t), u(t),

then

(4.22)
T

x( t) dt w 2 as T

and

(4.23)
T

u, dt fii 1, 2 as T --> .
Proof Proceeding exactly as in Theorem 1, it is easy to show that any weak cluster

point (:, , a2) of the set

(( fo . Io )x(t) dt,: u(t) dt,: u(t) dt T>O

satisfies

(4.24) fo(), if1, t72)-----fo(2,

it remains to show that (Y, 1, 2) satisfies (4.19). From (4.5) we may rewrite x(t) as

(4.25)

where

(4.26) ce(t) S(t)x+ S(t-s)Blu(s) ds,

(4.27) ( t) S( s)o’Bu2(s) ds,

(4.28) n(t)= S(t-s)Bu2(s) ds.

The functions, a(.), /3(.), and r/(.) are the mild solutions to the systems &(t)=
Ace(t)+ Blu(t), c(0)= x; (t)= A(t)+ crBuz(t), /3(0)=0; (t)= An(t)+ Buz(t),
n(0) =0, respectively. Hence for all z e (A*)

d
(4.29) ((ce(t), A*z))=-;-;((ce(t), z))-((Biu(t), z)),

at
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(4.30)
d

((fl ), A*z)) -7?(([3 ), z)) (( crBu2( ),
al

Moreover, since rt(t) (A) by (A6), rt(. is a weak solution and so it satisfies

d
(4.31) ((Art(t), y))--((rt(t), y))-((Bu2(t), y)) Vy E.

Combining (2.14), (2.15), (2.16) gives, for all z (A*)

(4.32)

d
((x( t), A’z)) --t ((a t) + fl( t) Art(t), z))

-((BlUl( t), z))-((o’Bu2( t), z))+((Bu2( t), A’z)).

Notice that we apply (4.31) with y= A*z. Integrating (4.32) and using (4.25), we
obtain

(4.33) - ((x(t),A*z)) at: ((x(T)-x,z))-- ((BlUl(t)+trBu(t), z)) dt

+- ((Bu( t), A*z)) dt.

Letting T- c, we obtain (4.19) for any weak cluster point (5, t71, t2), if x(. is bounded.
By taking account of (4.12) and (4.13) the proof of the boundedness of x(. is a direct
adaptation of the proof of Lemma 1. [3

Once again the convexity assumptions we have imposed allow us to define the
nonnegative convex lower semicontinuous functional Lo: E1 x F x F- by

u,, u2)-fo(g, ft,, ft2)-((x- Bu2, A*ff))-((BlU, + o’Bu2, if))
(4.34) Lo(x, Ul, //2) [X x, ui Ui(x), 1, 2,

1+ otherwise

where/ is a fixed element in (A*).
THEOREM 6. Under Assumption 3, if G satisfies property c then every pair

(u( ), x( )) 6f(x) which satisfies

(4.35) Ul(t), u(t)) dt < o

has the property that

(4.36) x( t) as c.

Proof The proof is identical to the proof of Theorem 2 in [2], with obvious
modifications to account for the boundary control u.

With these results it is now a routine task to obtain the desired existence results.
The statements and the proofs of the existence theorems remain exactly the same as
in 3.



OVERTAKING SOLUTIONS TO CONTROL PROBLEMS 1531

THEOREM 7. If there exists (t(.),(.))e(x) such that (4.35) holds and if
Assumption 3 holds then there exists a weakly overtaking optimal pair
((u*, (. ), u* )), x*( )).

THEOREM 8. If in addition to hypotheses of Theorem 7, the set G satisfies property
% then there exists an overtaking optimal pair.

5. Examples.
5.1. A regional economic growth model. The following model is a slight

modification to a model proposed in [20, 6.3].

(5.1) Min fo(C(t, y), K(t, y)) dy dt

(5.2) s.t.
02

-:-K(t,ot y) I(t, y)+ aOy2K(t, y)-tx(y)K(t, y),

I(t, y)+ C(t, y)<= F(K(t, y)),

(5.3) I(t, y)>=O, C(t, y)>-O, K(t, y)>-_O,

(5.4)

Vt_->0, Vy[0, h],

K(O,y)=K(y) given fory[0, h],

OK( OK
t, 0) (t, h) =0.

Oy -y
Here K(t, y) represents the stock of capital in the economy at time which is

available at location y. The control variables I(t, y) and C(t, y) represent respectively
the investment rate and consumption rate at time t, location y. F(. is the production
function, assumed to be concave and Lipschitz continuous, and/x (y) is thedepreciation
rate of capital at location y, assumed to be a continuous function of y. The boundary
conditions represent the fact that all capital remains in the region [0, hi. The cost
functional fo(C(t, y), K(t, y)) is the negative of the utility derived from consumption
and capitalization at (t, y). We assume that fo is strictly convex, in C, decreasing and
convex in K. The meaning of having K in the performance criterion could be related
to, e.g., environmental costs associated with the presence of production equipments.

For a justification of the diffusion term in (4.14) we refer the reader to [20].
We now formulate this system in the framework considered here by introducing

E a__ L2[0, h ],

X a_g_ {x E" x(y) >= O, x(y) <- },

(5.5) U(x) a-g{uExE: u(y)=(I(y), C(y))>-O,I(y)+C(y)<-F(x(y))},

A a a /x(y) with (A) x E
Ox 02X OX OX,E and (0)= (h)=0

Oy2 Oy Oy2 oy y
The upper bound/ for the state variable x which corresponds to the capital stock K
is ensured by the classical Inada economic growth conditions (see 1]). This bounded-
ness property is stronger than the coercivity condition (1.8). We intend to show that
there exists an overtaking (or weakly overtaking) solution at any initial state Xo Ko
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which is strictly sustainable, i.e., such that there exists a consumption function Co and
an investment function Io such that, a.e. on [0, hi

(5.6)

OKo(y)
Ko(y) + Io(y) O,

Io(y)+ Co(y) < F(Ko(y)),

lo(y) > O, Co(y) > O,

0._ OK(h)=o.
Oy

We shall establish the following properties: (i) the OSSP has a unique solution (K, C, I),
(ii) the steady state K is asymptotically reachable from Ko, and (iii) the set G has
the Property if fo is also strictly convex in K. Properties (i) and (ii) imply the
existence of a weakly overtaking solution at Ko. Properties (i)-(iii) imply the existence
of an overtaking solution of Ko. (Theorems 3 and 4, respectively.)

(i) The OSSP is formulated as follows:

Min A(K (y), C(y) dy

02K(y)
s.t. txK(y) + I(y) O,

Oy

l(y) + C(y) <= F(K (y)),

K(y)>=O, I(y)>=O, C(y)>=O,

OK(o) =,0 _OK(h)
Oy Oy

This is a standard optimal control problem for which there exists a solution (e.g.
see Lee and Markus [27]). The strict convexity of fo w.r.t. C ensures the uniqueness
of the optimal steady state consumption C. Since fo is strictly decreasing in C, the
output constraint is active at the optimum, and the optimal steady state solution satisfies

OY2
IK(y)+F(K(y))-C(y)=O,

K(y)>=O, C(y)>=O,

OK(h)
=0, -0.

Oy oy

Since F is Lipschitz, the uniqueness of C implies the uniqueness of K. This establishes
that this system satisfies Assumption 1. The multiplier/ will be defined as the adjoint
variable in the Pontryagin maximum principle for the control problem (5.7).

(ii) To establish the asymptotic reachability of K from Ko, let us consider, for a
given a > 0 the following function

(5.8) /(t, y) e-’’Ko(y) + (1 e-"’) (y).

Let us also define the functions

(5.9)

(5,.10)

( t, y) e-"’[Io(y) a(Ko(y) -. (y))] + (1 e-"’)(y),

(y, t) e-"’[ Co(y) + a(Ko(y) R(y))] +(1 e-"t)(y).
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If a is taken small enough, since Ko is strictly sustainable (5.6), and t remain
nonnegative for all _-> 0. Furthermore

(5.11) (t,y)+(t,y)=e-t(Io(y)+Co(y))+(1-e-t)(_(y)+(y))

and, by the concavity of F,

(5.12) I+C<=F(K).

It is straightforward to check that (/, , ) constitute an admissible pair (x, u) 5e(Xo),
which converges asymptotically toward K.

Now let us consider the integral

(5.13) J(T) {f0(d(t, y), (t, Y))-Io((Y),/((Y))} dy dt.

By the convexity of fo, we have

J(T)<= e-’[fo(Co(y)+ a(Ko(y)-I((y)), Ko(y))

(5.14)
-fo(C(y), K (y))] dy at.

Clearly J(T) remains bounded above when T- oo. This establishes Assumption 2.
Therefore Theorem 3 applies, and there exists a weakly overtaking optimal trajec-

tory at Ko.
(iii) Assume now that fo is also strictly convex in K. Then the set G reduces to

the singleton {K} and, therefore, the Property c is trivially verified. In that case,
Theorem 4 guarantees the existence of an overtaking solution at Ko.

5.2. The cattle ranching lrolflem. This problem has been formulated in [13]. It
concerns a cattle rancher who must decide the number of cattle in different age groups
to be bought and sold at each instant in order to maximize his profit.

To conform to our notation we reformulate the problem as follows.
Let x(t, y) denote the density of cattle of age y at time t, y [0, h ] c R. The cattle

are slaughtered at age h. The control variable u(t, y) is the number of y-aged cattle
bought at time t; when u(t, y) is negative, that means a sale. The process is governed
by the system:

(5.15)
Ox Ox

+ U,
ot oy

(5.16) x(0, y)- x(y)

where x( ): [0, h]-> R is the given initial state which is assumed to satisfy

(5.17) x(0) =0.

The birth rate of the cattle at any time is assumed to be 0, which means that
the following boundary condition holds:

(5.18) x(t, 0)-= 0, t->_0.

In addition, we assume the state constraints

(5.19) O<-x(t,y)<-a a.e. t_->0 ’y[0, h]
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for a given a > 0 which represents the ranch capacity constraint. The control u(t, y)
is supposed to be nonnegative which means that no cattle is sold below the age of
maturity.

(5.20) O<-_u(t,y) a.e.t=>0 Vy[0, h].

The objective function for the cattle rancher is given by

(5.21)

xo(T; u(. ), x(. ))

{P(y)u(t,y)+C(y)x(t,y)+D[u(t,y)-d(y)]2} dy-Qx(t,h) at

where P(y) is the unit price of cattle of age y, C(y) is the unit feeding cost of cattle
of age y, Q is the selling price of mature cattle (of age h), and D is a positive constant
associated with a quadratic cost for deviation of the control from a desired level d (y).

To formulate (5.18)-(5.22) as a problem of type (1.1) we set

E L2(0, h) with usual norm,

with domain (A)= H(0, h),

the Sobolev space of functions which are L2(0, h) with derivatives, in the sense of
distributions, in L2(0, h), and vanish at y=0 ([25]). The solution of (5.15) with (5.16)
is given by

(5.22)

Xo(Z- t)+ u(s, 7"- + s) ds

x( t, )
U(t-+s,s) as

if 0_<- <_- 7.,

if t>-7".

Introduce

(5.23) X - {x: x e L2(O, h), x(O) =O, O<=x<= a},

(5.24) U(x) a= U= {u: u L:(0, h), 0_-< u(y)},

(5.25) g(x, u)= {P(y)u(y)+C(y),x(y)+D(u(y)-d(y))2} dy,

(5.26) fo(x, u)=-Qx(h)+ go(x, u).

It can be readily checked that X is closed and convex in E, U(. )= U satisfies
(1.4)-(1.7), and go is convex and continuous if P(. ), C(. and d(. ). are continuous.
However, fo is not well defined over L2(0, h) x L(0, h) because of the boundary term
Qx(h). Nevertheless, the theory still holds with minor modifications. We shall show
that (i) the OSSP is well defined and admits a unique solution, (ii) there exists a
functional L, slightly different from Lo introduced in 2, (iii) the reachability of the
optimal steady state and the Property rg are guaranteed.
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(i) The OSSP can be formulated as follows:

(5.27) Min -Ox(h)+ {C(r)x(r)+ P(r)u(r)+ D(u(r)-d(r))2} dr

ax(,
(5.28) s.t. u(r),

(5.29) x(0) =0,

(5.30) 0<- x() -< ,
(.31) 0_<-u().

This problem is well defined since (5.28), (5.29) admits a continuous solution yielding

(5.32) x(h) x(0)+ u(r) dt.

The convex optimal control problem (5.27)-(5.31) admits a unique solution which
satisfies the maximum principle. Thus there exists an adjoint function

if(.):[0, h]-R

such that

(5.33) dff(y)_ C(y) a.e. on [0, h],
dy

(5.34) /5(h) -Q

and such fi(y) maximizes the concave function

(5.35) u(r)[ if(r) + P( r) 2D d r) + Du( r)

s.t. u(z)-> 0. Therefore the OSSP has a unique solution given by

/5(r) =-Q+ C(s) ds,

O if(r)+P(r)-2Dd(r)>O,

=LD(2D’-- d(r)-if(r)-P(r)) otherwise,

(-) a(s) ds, -e [0, h].

(ii) Let us consider the functional

where ’(r) stands for d()/dr. If we assume that x is a N(A) then L(x, u) must be
nonnegative, since x(h) is well defined, and (5.33) reduces to the separation propey
for the OSSP. Since N(A) is dense in , L(x, u) is nonnegative in x F. The existence
theory of 3 can then be developed with L replacing Lo.

(iii) Let a(t, y) be defined by

0 if t<h,
ff(t’Y)=la(y) if teh.
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Then it is easy to check that the associated state trajectory satisfies (t, y)= (y) for
> 2h. We thus have reachability of the steady state in a finite time. Property c is

trivially verified for L. Therefore there exists an overtaking solution for any. initial
condition Xo.

5.3. Example with boundary control. To illustrate the application of the above
results concerning the boundary control problems we present the following simple
example. This example is the infinite horizon analogue of the "Mixed Dirichlet
Problem" considered in Barbu [5]. Specifically, we let/l c R" be a bounded open set
with smooth boundary F and we let X and U2 denote fixed, closed bounded intervals
of R. The boundary-control system we consider is as follows:

(5.37)

OX
S(t, ’)-A(t, ’) 0

XlF U2

x(O, )= x()

X( t, ’r) X

u( t, ’) U

for (t, ’) [0, c) x fl,

for t[0, c),

for " 1,

for (t, ’) [0, 0)xIl,

for (t, z) [0, )xF.

Following Barbu [5] we let E1 F1 L2(II), E2 H-1/2(F) and F2 L2(F). Further,
we define the operators Bi: Ei--> F/, i= 1, 2, by BIa-O, B2 a-- I and we define tr: (tr) --> E
as tr= A,, (tr)={x L2(fl): Axe L2(II)}. We define the operator T: El--> E2 as the
"trace" operator ToY which is well defined and belongs to H-/2(F) for each y (tr).
Finally, we take A: (A) --> E to be A A, (A) Hol([l) f’) H2(fl), and we define the
linear operator B: F2--> F1 by Bu w,, where wu L2(II) is the unique solution (general-
ized) to the Dirichlet boundary-value problem

Awu=0 infl, Wu[r u.

With this notation it follows, exactly as in [5], that the hypotheses (A1)-(A4) are
satisfied. Further, since X and U are compact intervals the Assumptions 1 and 2 are
trivially met.

To describe the performance ofthe system on any interval [0, t] we let g: [l x --> 1
and ho: U-> R be two given functions satisfying the following conditions:

(i) g is continuous and convex in x, measurable in z, and satisfies the growth
condition

[g(’r,x)l<=cfx[2+(’r) a.e. in IlxR

where c > 0 is constant and " L2(fl).
(ii) ho is convex and lower semicontinuous.

With these functions we define fo: E x F2--> by

fo(x, u) In g(q’, x(q’)) dZ+ fr h(U2(’)) d’:

This function is seen to be lower semicontinuous (see [5]). To summarize, the optimal
control problem we consider consists of "minimizing" the integral

fo(x(t), u2(t)) at
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over all pairs of functions (u2(’),x(’)) in L2oc([0, c); Lz(r))x C([0,); L2(I))
satisfying the relations (1.5) and (1.4) (with the obvious modifications to account for
the absence of the distributed control ul).

The optimal steady-state problem consists of minimizing

fo(x, u)

over all (u, x) L(F) L(I) satisfying the Dirichlet boundary-value problem

x(r)-- 0 in

X]F U2

as well as the constraints

x(’) X and u(’) U2.
For u2 L2(), the Dirichlet boundary-value problem above has a unique generalized
solution g 6 L2(f/). Therefore, if the interval X is taken sufficiently large there exists
feasible pairs (tz, g) and so the optimal steady-state problem will have solutions. To
assert uniqueness we need only require strict convexity of fo.

Consequently, the existence results of 4 are applicable if one can show there
exists a feasible pair (tz, ) satisfying

to(x( t), u( t)) dt < o

where Lo is given as in (2.19). To this end, take ff2(t) ff a.e. and 5(. the corresponding
trajectory emanating from Xo. Since (t2, ) is a steady state pair, it satisfies (5.3) with
x(r)=g(r) and u2(t, z)=2(r). Hence the difference (;(t)-) satisfies (5.3) with
u2 0 and Xo replaced by Xo- and then

:( t) S( t)(Xo- ).

Since the semigroup generated by A, is exponentially stable we have

II;( t) Xll M e-’

where M at/z are positive constants.
If the cost function g is quadratic, i.e.,

g(’, x(r)) c( )llx( )ll = / g(r),

then the exponential stability implies Assumption 2, therefore there exists an overtaking
solution at any Xo.

For more formulations of the function g, checking Assumption 2 would require
more specific computations.

6. Conclusions. The results presented here extend the existence theory for overtak-
ing optimal solutions of infinite horizon optimal control problems given in Brock and
Haurie [8] to the case where the state dynamics are described by a mild solution of a
linear control system on a Hilbert space. These results permit us to consider both
distributed and boundary control problems, and their applicability is demonstrated by
the examples given in 5. In addition our work incorporates the recent advances to
the theory given in Leizarowitz [24] which eliminate the compactness of the state
constraint set, X, as well as the uniqueness of the optimal steady state. The compactness
of X is removed by assuming that the cost integrand satisfies the coercivity relation
(1.8) and the uniqueness of the optimal steady state is removed by assuming that the
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set G (given in (2.7)) enjoys the convergence property cC The set G utilized in [24]
differs from ours. In our notation, the set G of [24] is a subset of (A)x E and is
defined by

G {(x, z): =lu U(x) such that Lo(x, u) 0 and z Ax + Bu}.

In our setting G c E. Further, in [24] the convergence property is shown to hold if
the differential inclusion

:(t){zE: (x(t),z)G}

has no "elliptic solutions" (see [24, Thm. 5.2]). Moreover the nonexistence of elliptic
solutions is a generic property (see [24, Thm. 7.1]). At present it is not known if a
similar result holds in the settihg considered here. Further, as we consider only mild
solutions of the control system, the arguments given in [24] clearly cannot be extended
directly. Hence the question requires further investigation.

In closing, we mention that another direction for research would be the introduc-
tion of nonlinearities into the control system. From our remarks in the Introduction
it is evident that as the development of distributed parameter economic models
progresses, there will be a need to consider such problems.

7. Proof of Lemma 1. Let (,) 5(Xo) be as indicated in Lemma 1. We first
show that for each T> 0, there exists a constant C(T)> 0 such that

T+t

(2.4) 11 7(s)ll = as < C(T).

To do this we proceed by contradiction and suppose there exists T > 0 and a sequence
{ k} k-- with tk - c as k - such that

tk+T
lim ff ( )11 ds
k-oo

dt

For each index, k, we let -k--{t[tk, tk+ T]: [[t(t)[[2=> K2}, where K2 is as given in
the growth condition (1.8) (with fo replaced by Lo) and let f/, [tk, tk + T]\lk. With
this notation we observe that for each k 1, 2,...,

f lift(t)[[ 2 dt<-K2 measure (-) =< K2T.

This implies that

| [It(t)ll 2 dt:+,
k-ec) ,,]1

and so from the growth condition (1.8) and the nonnegativeness of Lo, we arrive at

+--lim | Ila(t)l[ = dt
k-) ,l

--< k-,olim In Lo((s), a(s)) ds

<= Lo((s), (s)) ds

an obvious contradiction of (2.3). Hence the conclusion (2.4) holds.



OVERTAKING SOLUTIONS TO CONTROL PROBLEMS 1539

We now show that [[;(t)[[ is bounded for all >-0. To this end, we define for each
T> O, the set

where K2 is as indicated above. As a result of the growth condition (1.8), the nonnega-
tiveness of Lo, and the integrability condition (2.3) we have

.42

0 =< measure (fir) _--<- II;(t)ll = dt

-- o((t, a(t t,
K

which implies

lim measure (II r) 0.
Tc

Therefore, we can choose T> 1 sufficiently large so that

measure (l-I 7-) < 1/2.
We now observe that since the map t--> II(t)ll is continuous on [0, T], there exists a
constant A1 > 0 so that

II(t)ll--<al on [0, T].
Further, for t T, c)\l’lr we have

Hence the desired result follows if we can show II(t)ll is bounded on 07-. To see this
we observe that, since measure (Ilr)<1/2, for each [lr, there exists h [0, 1] so
that t+hC_Ilr. Indeed if no such h exists, the interval It-h, t]Ilr implying
measure (Or) > 1. By appealing to the variation of constants formula (1.1) with r t- h
we obtain

l/7(t)ll- [[;(r + h)ll

S(o’+ h)xo+ S(r+ h s)Ba(s) ds
dO

S(h) S()Xo+ S(g-s)Ba(s) ds + S(+ h-s)Ba(s) ds

S(h)()+ S(+h-s)a(sls

Since {S(t): NO} is a strongly continuous semigroup, there exists C > 0 such that
lls()ll c or all N O. Hence, by the triangle inequality,

II(t)llCll()ll+Cllnll I[a(s)ll ds

cll()ll + C, IIBII Ila(s)[I d

c,l[()ll + cIIBII Ila(s)[I = d

where the last inequality follows from the H61der Inequality.
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From the first part of our proof (with T 1) there exists a constant C C(1) > 0
such that for all tr > 0

I1 ( )11 c(1).

Therefore we obtain, with C C1 B[[/C 1 ),

II(t)ll -< Clll()ll / c
=clll(t-h)ll+c
-<_ c max {A, /K}+ C

for all llr, and so the desired result follows.
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SENSITIVITY ANALYSIS OF CONTROL CONSTRAINED OPTIMAL
CONTROL PROBLEMS FOR DISTRIBUTED PARAMETER SYSTEMS*

JAN SOKOLOWSKIt

Abstract. The differential stability ofsolutions to control constrained quadratic optimal control problems
for distributed parameter systems is investigated in this paper. The form of the right-derivatives of optimal
controls for such problems with respect to the real parameter is derived. The differential sensitivity of optimal
controls with respect to the perturbations ofthe coefficients ofthe state equation as well as to the deformations
of the domain of integration is considered. The right-derivative of an optimal control with respect to the
parameter is obtained in the form of an optimal control to the auxiliary control constrained optimal control
problem.

Key words, distributed parameter system, sensitivity analysis, right-derivative of optimal control, Euler
derivative, Lagrange derivative, shape sensitivity analysis

AMS(MOS) subject classification. 49B22

1. Introduction. This paper is devoted to the sensitivity analysis of a class of
optimal control problems for distributed parameter systems. Sufficient conditions for
the directional differentiability of an optimal control with respect to the parameter for
an abstract luadratic control constrained optimal control problem are presented. The
conditions are verified for a class of optimal control problems provided the related
metric projection onto the set of admissible controls is directionally differentiable. The
differentiable stability of solutions to convex, constrained optimal control problems is
investigated by Malanowski [5] for a system of ordinary differential equations. The
same method of the proof is used by Malanowski and Sokotowski [6] for the sensitivity
analysis of a control problem for a system of elliptic equations.

Our approach is based on results of the sensitivity analysis of solutions to abstract
variational inequalities and on differential stability of the metric projection onto the
set of admissible controls. We refer the reader to Sokotowski [10], for related results
on the sensitivity analysis of the convex, constrained optimization problems.

Since in many applications the functional parameters of a model for a distributed
parameter system are not known exactly, the presented results on the sensitivity analysis
can be used to compute increments of the optimal control corresponding to increments
of the functional parameters of the model. Some related numerical results for an
optimal control problem arising from air quality control are presented in [15]. On the
other hand the results on the shape sensitivity analysis of an optimal control problem
can be used for the optimal design of the distributed parameter systems. We refer the
reader to 16] for related results on the shape sensitivity analysis of boundary optimal
control problems for parabolic systems.

In this article we investigate the local sensitivity of optimal Controls for two
different examples. In 3, a boundary optimal control problem for a system described
by a parabolic equation is considered. The local sensitivity of an optimal control with
respect to the perturbations of the boundary conditions is examined.

* Received by the editors August 30, 1983; accepted for publication (in revised form) December 28, 1986.
t Systems Research Institute of the Polish Academy of Sciences, ul. Newelska 6, 01-447 Warszawa,

Poland.
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In 4, a distributed control problem for the Laplace equation is taken under
consideration. The local sensitivity of an optimal control with respect to the deforma-
tions of the domain of integration is investigated. The existence of the so-called Euler
(material) derivative of an optimal control in the direction of a vector field is shown.
Furthermore, the form of the so-called Lagrange derivative of an optimal control is
derived.

We refer the reader to Haraux [2] and Mignot [7] for abstract results on differential
stability of solutions to variational inequalities. Applications of some abstract results
of this type to the shape sensitivity analysis of elliptic free boundary problems are
given by Sokotowski and Zolesio [11]-[13]. A compilation of results on sensitivity
analysis in nonlinear programming is presented in Fiacco 1].

The outline of this paper is as follows. Section 2 describes the results obtained
for an abstract optimal control problem. In 3 the sensitivity analysis of a boundary
optimal control problem of a parabolic initial-boundary problem is presented. Section
4 describes the results obtained for the shape sensitivity of a distributed optimal control
problem for the Laplace equation. Standard notation [4] is used throughout this paper.

2. Sensitivity analysis of an optimal control problem. Out object is to determine
the form of right derivative of an optimal control problem to the abstract optimal
control problem (P) defined in 2.1 with respect to the parameter e at e =0. Let u
denote a unique optimal solution to problem (P), e [0, 6), 6>0. We prove the
existence and uniqueness of an element q, the so-called sensitivity coefficient for the
problem (P), such that for e > 0, e small enough

(2.1) u=u+eq+o(e).

2.1. Optimal control problem. We shall use the following notation. Let U, Y, W,
H be Hilbert spaces. We identify U with its dual U’ and we denote by A (H, H’)
the canonical isomorphism. Let there be given linear, continuous mappings L
(Y, W), B ( U, W), C ( Y, H), N ( U, U), e [0, 6) and elements z H,
v U, e [0, 6). We assume that there exists the inverse mapping

(2.2)

and denote

(2.3)

(2.4)

(L)-’ (W, Y) Ve [0, 6)

S=C(t)-’Be(U,n),

A (S)*AS + N e( U, U)

where (S)* (H’, U) denotes the adjoint mapping.
Let N" ( U, U) be a selfadjoint mapping for all e [0, 6) such that NO= NI.

I denotes identity mapping in U. We assume that there exists a constant e > 0 such that

(2.5) (Nv,v)llvll Vv u, v[0,).

Let us denote by Ua the set of admissible controls. We assume that Uaa U is a
closed and convex subset.

We shall consider an optimal control problem for the system described by the
state equation of the form

(2.6) Ly(v)=Bv+, VvU, Ve[O, 6)

where e W, e e [0, 6] are given elements. We assume in the sequal that = O, for
all e e [0, 6).
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Let us consider the following optimal control problem.

Problem (PC). Find an element u Uad which minimizes the cost functional

(2.7) J(v)=1/211Cy(v)-zll+1/2(N(v-v), v-v)e,

over the set Uaa.
It can be verified [3] that under our assumptions for a fixed parameter [0, 8), there
exists a unique element u Ua such that

(2.8) J(u)<-J(v)

It can be shown that the element u is given by a unique solution of the following
variational inequality"

/,/e Oad,
(2.9)

a(u, v-u)>-(f, v-u)v Vv Uad
where the bilinear form a(.,.): U x U- R and the element f 6 U are defined as
given below"

(2.10) a(u, v)=(Au, v)u u, v U,

(2.11) f=(S)*Az+Nv.

Let us consider the variational inequality (2.9) for 0. We denote by H: U- U
the mapping defined as follows:

For anyf6 U the element Hfis given by a unique solution ofthe variational
inequality

(2.12)
Hf Ua,

a(Hf v-Hf)_>-(f, v-Hf) Vv Uad.
It can be proved that the element Hf U minimizes the cost functional

(2.13) I(v) =kllSvllG
over the set Ua. Furthermore, u= Hf. In order to derive the form of the sensitivity
coefficient q in (2.1) we assume that there exists a continuous and positively
homogeneous mapping

(2.14) H’: U- U

such that for -> 0, " small enough

(2.15) Vv U: H(f+zv)=II(f)+zII’(v)+o(z) in U

where [[o(’)[[t/z-->0 with ,0.
Remark 1. In some cases the assumption (2.15) can be verified-[10] using the

related results [2], [7], [9] on the differential stability of the metric projection in space
U onto the convex set Uad. The explicit form ofthe mapping H’ is derived in Sokolowski
[10] for the particular case of the so-called polyhedric set Ud. We present an example
of the polyhedric set Uad in 3.

TnEOREM 1. Assume that condition (2.15) is verified; furthermore assume that for
e > O, e small enough,

(2.16) A A + eA + Re in ( U, U),

(2.17) f =/o+ efl + r in U
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where AI,Rs(U, U),fi,rsU are given elements for e[0,) such that
IIRllu,u)/-O, IIrllu/-o with e$O. Then for e>0, e small enough

(2.18) u=u+elI’(fl-Alu)+o(e) in U

where o(e)}} u/e 0 with e0.
Proof. It can be proved that by (2.9), (2.16), (2.17) there exists a constant C <

such that

(2.19) Ilu-ull<-_c
From (2.9), (2.16), (2.17), taking into account (2.19) we obtain

(2.20) u II(f+ e(fl-Alu)+ r(e))

where r(e)l} t/e - 0 with e+0.
On the other hand, there exists a constant C1 such that

IIn(fl)-n(S)ll c, llS,-Sll vS,,f v.(2.21)

Hence

(2.22) rI(f + (f, A1 u) + r( e )) II(f + e(fl A1 u)) + o(e

where IIo()11/-0 with e0. We can conclude from (2.15), (2.20), (2.22) that

u II(f+ e(f,-Alu))+ o(e)

(2.23) H(fo) + eH (fl A1 uo) + o e

u+ eH’(fl-A,u)+ o(e)

which completes the proof.
Remark 2. Let us assume that for e [0, 6):

(2.24) N=NI+eN,+r,(e), N,,r,(e)(U, U),

(2.25) S=S+eSl+r2(e), SI,r2(s)(U,H),

(2.26) z zd ez d- r3(e), z1, r3(e) G H,

(2.27) v 19+ 8191-1- r4(8), 191, r4(8) U

where ri(e)/e 0 with e 0 for 1,. , 4 in norms of spaces ( U, U), ( U, H),
H, U, respectively.

It can be shown that (2.24)-(2.27) imply (2.16), (2.17). In this case the element

fl U and the mapping A1 ( U, U) are defined as follows:

(2.28) fl (S)*Azl + S*Azo+ Nvl + N,v,
(2.29) A, S* AS+(S)*AS1 + N1.

Remark 3. Theorem 1 is presented in a different setting in [9], [11], [12].

3. Sensitivity analysis of boundary optimal control problems. This section is devoted
to the sensitivity analysis of a boundary optimal control problem (P) for a parabolic
equation. The functional coefficient c (., in the mixed boundary conditions depends
on the parameter e [0, ). We prove that the optimal control u is right ditterentiable
with respect to the parameter e. Furthermore, the sensitivity coefficient q for the
problem (P) is given by a unique solution of an auxiliary optimal control problem (Q).
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3.1. Parabolic equation. Let f c R be a given bounded domain with smooth
boundary F Off. We denote Q f x (0, tl), X F x (0, h) where tl > 0 is a given
constant. We shall use the following notation [7] for functional spaces:

(3.1) U=H=LE(X),

(3.2) W= L(0, t,; (HI(f))’),

(3.3) Y= W(0, t)= b e L2(0, tl; Hi(f)) --e L2(0, tl; (H(f))’)

We assume that there are given elements Co(’," ), Cl(’,’), re(’, ") L(E), e [0, 3)
such that Co(X, t)>c>0 for a.e. (x, t)E, with e$0.

We denote

(3.4) c(x, t)-Co(X, t)+ec(x, t)+r(x, t), (x, t)E.

Let v LE(E) be a given control. The state y(v) W(O, tl) is given by a unique weak
solution of the followingparabolic equation"

(3.5) O__.y
Ot
(v;x’t)-Ay (v;x,t)=O inQ,

(3.6) n(V; X, t)+ c(x, t)y(v; x, t)= v(x, t) onE,

(3.7) y (v; x, O) 0 on f.

It can be shown [4] that y(v;., .) H3/2"3/4(Q) therefore the trace y’(v)lxe LE(E) is
well defined, hence a bounded linear mapping

(3.8) S L2(E) v -* y(v)lx e L2(X)
is defined for all e [0, 3). It can be verified [4] that the mapping (3.8) is compact
and selfadjoint for every e [0, 3). Furthermore, for e > 0, e small enough

(3.9) S So+ eS1 + Re in (L2(E), L2(E))

where IIRII:e(LE(X),LE(X))/e-->O with e0. The linear, compact, selfadjoint mapping S1
is defined as follows:

def

(3.10) S,v z(v)lx Vve L2(E)
where the element z(v) W(0, tl) is given by a unique weak solution of the parabolic
equation

oqZ
(3.11) tO-7(v; x, t) Az(v; x, t) 0 in Q,

(3.12) ---Z (v; x, t)+ Co(X, t)z(v; x, t)=-Cl(X, t)y(v; x, t) on E,
On

(3.13) z(v; x, O)=0 on f.

In this example the mapping (2.4) is defined by

(3.14) A SS + NI (L2(E), L2(E))
where N> 0 is a given constant.
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3.2. Boundary optimal control problem. Let us consider the following optimal
control problem.

Problem (P). Find an element u" L2(E) which minimizes the cost
functional

(3.15)

over the set of admissible controls of the form

(3.16) Uad {V L2(E)]0 -< v(x, t) <= M for a.e. (x, t) E}

where M > 0 is a given constant and Zd L2(E) is a given element.

A unique optimal control u is given [8] by a unique solution of the following
optimality system.

Find elements (u, y, p) Uad X W(0, tl) X W(0, tl) which satisfy the
following system:
State equation.

Oy
(ue;x,t)-Ay’(u;x,t)=0 inQ,
ot

(3.17) OY--(u; x, t)+ c(x, t)y(u; x, t)= u(x, t)
On

y’(u; x, 0)=0 onlY.

Adjoint-state equation.

Op
-(x, t)-Ap(x, t)=0

ot
in Q,

(3.18) OPt(x, t)+c(x, t)p(x, t)=y(u; x, t)--Zd(X, t)
On

on ,
p(x, tl) 0 on fl.

Optimality condition.

(3.19) ft. (Nu(x’ t)+p(x’ t))(v(x, t)-u(x;t)) dE>_-0 Vv Uad.

The optimality condition (3.19) can be represented in the equivalent form

u= PUS(--aPl)(3.20)

where for any element f L2(X) its metric projection Ptaf in space L2(X) onto the
set Ua is given by a unique solution of the following variational inequality:

/’f U,

(3.21) I{((Pv’f)(x’ t)-f(x, t))(v(x, t)-(P,f)(x, t))} dX_>-O Vv Ua.

3.3. Sensitivity analysis. We derive the form of the sensitivity coefficient q L2()
for the problem (P).
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We will use the following notation"

(3.22) r/= SlZl-(SoS1 / SISo)u,
1

(3.23) X =--- So(Zd -Sou),
r/E L2(E),

(3.25) o {(x, t) E 5:]u(x, t) 0},

(3.26) ’M {(X, t) E X U(X, t) M}.

THEOREM 2. There exists a unique sensitivity coefficient q L2(5:) for the problem
pO), i.e., for e > O, e small enough

(3.27) u’=u+eq+o(e) inL2(5:)

where IIo(e)llt2(x)/e-->0 with eO.
The element q is given by a unique solution of the following optimal control

problem.

Problem (Q). Find an element q L2() which minimizes the cost func-
tional

L2(X) + -- L2(X)

over the cone K(E)

Proo We shall apply Theorem 1. To do this we must verify all assumptions of
this theorem.

Since in our case A=SS+NI it follows from (3.9) that (2.16) holds with

A SoS + SSo. Since f S,Zd, it follows that (2.17) holds with f SlZd.
Let us verify condition (2.15). For a given function f L2(X), the corresponding

element Hf L2(X) minimizes the cost functional

(3.29) I(o)= lISoo[[ 2 l[ 1 112
over the set (3.16).

It can be shown that there exists a constant C <+ such that

(3.30) II(f+ ,h)

From (3.30) it follows that there exists an element H’ 6 L2(E) such that for a subsequence
still denoted r 0

(3.31) H(f+zh)=Hf+rH’+r(r) in L2(E)

where

Furthermore, by K (5:) c L2(5:) we denote the closed, convex cone ofthe following form:

K(X)=(vEL2(5:) V(X, t)=>0a.e, onEo, v(x, t)--<0a.e, onE,
(3.24)

f_ X(X, t)v(x, t) dY,=O}
oOM

X e



SENSITIVITY ANALYSIS OF CONTROL PROBLEMS 1549

where r(r)/rO weakly in L2() with z$0. it can be shown [3] that for z>0, z small
enough

(3.32) Pta(X+rv)=PVad(X)+rPI()(V)+O(r) inL2(E) VveL2(E)
where IIo()11>/0 with zO.

Let us denote r() SoSor(z), then we have r ( )II 0 with r $ 0 since
So (L2(E), L2(E)) is compact.

Obsee that

H(f+ zh) PUad((fO+ zh-SoSoH(f+ ,h)))
(3.33) PUad (f-SoSou)+(h-SoSoH’)+ rl(r)

Puaa(X)+ TPK(2)((h- SoSoH’)) + O(r).

From (3.31), (3.33) it follows that

(3.34) n’= P( (h SoSon’)

i.e., H’= H’(h) minimizes the cost functional

(+ v-h(3.35) I(v)  ll ovll (

over the set K (N).
Denote =f Au then by Theorem 1 we obtain q H’().

4. Ne sesfi lss. This section is devoted to the sensitivity analysis of
an optimal control problem (P) for the Laplace equation defined in a domain c R.
In this case the domain of integration depends on the parameter e e [0, ).

We recall briefly [14] how to construct a family of domains {}c R, e el0, ),
depending on a given vector field g(.,.). We prove that an optimal control u to
problem (P) is right differentiable with respect to the parameter e.

The sensitivity coecient for problem (pO) is obtained in the form of an optimal
control for the auxiliary optimal control problem.

4.1. Fflfs{}. We define a family of domains {}c R depending
on the parameter e e [0, ). Let c R be a given domain with a smooth boundary
F 0a. Let us assume that there is given a vector field g(.,. e C([0, o); C(R, R)).
We denote by T T() the mapping

(4.1) T(V) R X x(e, X) e R

where the vector function x(t)= x(t, X), el0, ), X e R, is given by the solution of
the ordinary differential equation"

d
x( v(t, x(, e (0, ,

(4.
x(0=x.

The mapping (4.1) is defined for e e [0, ), < o. We denote by DT(X), DT2(X),
*DT21(X) the Jacobian matrix of the mapping (4.1) evaluated at point X e , inverse
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of matrix DT(X) and transposed matrix DT-’(X), respectively. We denote by 1
the domain of the form

(4.3) 1 {x R" IzlX l) such that x x(e, X)}, i.e., T(V)(fl).

We will consider the Laplace equation defined in the domain fl
-Ay(v; x) v(x) in,

(4.4)
y(x) =O onO

where v L() is a given element. The solution to (4.4) is uniquely determined and
belongs to H()H2(). Hence a bounded, selfadjoint, compact linear mapping

(4.5) F L2(fl) v y(v) L2(fl)
is defined for any e 6 [0, 6).

4.2. Optimal control problem. Let Zd H(Rn) be a given element. We denote
z=z[aeH’().

Let us consider the following optimal control problem.

Problem (P). Find an element u e L() which minimizes the cost
functional

I N
(4.6) J(v) llFv-zll == =

over the set of admissible controls

(4.7) U={veL(a)[Ov(x)M a.e. on }

where M > 0 is a given constant.

It can be shown that an optimal control u for the problem (P) is given by a
unique solution of the following optimality system"

-Ay u in 1, y 0 on 01"l,

-Ap y z in, p 0 on 01-1,(4.8)

Ue Uad. (Nu+p)(v-u) dx>-O Vv Uad

hence the optimal control takes the following form:

(4.9) u(x) max 0, rain --p(x), M x e 12

since p e H(I)) from (4.9), it follows that

(4.10) u e H(I)) Ve e [0, 6).

We denote by t e H(R") an extension of the function u e H(fl)"
xe, ee[0, ),

(4.11) a(x)
O, xeR"\12, e e [0, 6).

4.3. Sensitivity analysis. We will prove that the function alae L(I)) is right
ditterentiable with respect to the parameter e at e 0. This means that there exists the
so-called Lagrange derivative u’(l)) of the optimal control u in the direction of a
vector field V(.,.).
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We will use the following notation. Let us consider the system of two coupled
Laplace equations"

(4.12)

OZ
-Ay=0 in f/, y=v, on Of/,

On

-Az= inf,, z=O onOO

where L2(f/) is a given function, n(x), x Of/ denotes the unit outward normal
vector on Ol) and v,(x)=(V(0, x), n(X))R", X Of/ is the normal component of the
vector field on Of/. The solution (y, z) to (4.12) is uniquely determined and belongs to
Hi(f/) x (H(f/)fq HE(o)) hence a linear, selfadjoint, compact mapping

(4.13) F1 L() y() 6 L2()

is defined.
We denote by , X L(O) the elements:

1
(4.14) X Fo(Zd Fouo),

(4.15) FZd -(FIFo+ FoF)uo.

Fuhermore we denote by K() the cone

K()
(4.16)

f x(x)(x) dx=O}.oU

THEOREM 3. ere exists a unique element u’() L2() such that for e >0, e

small enough:

(4.17) ,[= Uo+ eu’()+ o(e) in LZ()

where [[o(e)i[(/e0 with eO.
The Lagrange derivative u’(O) is given by a unique solution of the following

optimal control problem.

Problem (P’). Find an element u’() L2() which minimizes the cost
functional

(4.18) I(v) llGvl] L2(fl)

over the cone K (fl) c L(fl).

Proo The proof is divided into three pas.
Step 1. We apply Theorem 1 in order to prove that there exists a unique element

fi(fl)e L(fl) such that

(4.19) lim II(u 

The element fi(fl) denotes the Euler (material) derivative of an optimal control u in
the direction of a vector field V(.,.).
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Step 2. Taking into account the relationship between the Lagrange derivative and
the Euler derivative [14]:

(4.20) u’(I) ti(f)-(grad Uo, V(O))R"

we derive the form of the Lagrange derivative u’().
Step 3. We prove that the domain derivative u’(f) minimizes the cost functional

(4.18) over the cone K (fl).
Step 1. Euler Derivative ti(f). We define an optimal control problem (pc) such

that a unique optimal control u for this problem takes the form

(4.21) Ue=Ue Te e[0,3).

To this end we transport the state equation (4.4), the cost functional (4.6) and the set
of admissible controls (4.7) from the domain fie to the fixed domain f using the
mapping (4.1). We obtain the state equation in the form of the following elliptic
boundary-value problem

-div (Be(x) grad ye(v; x)) be(x)v(x) in
(4.22)

ye(v; x)=O on0f

where v6 L2(1) is a given element, B =det (DTe)*DT-1. DT- is a matrix function
and b det (DT), e [0, ).

The solution y(v) of the problem (4.21) is uniquely determined and belongs to
H(f) 0 H2(12). Hence a compact, selfadjoint linear mapping

(4.23) F L-(f) v--> y(v) L2(f)
is defined.

It can be shown that [14]

(4.24) F Fo+ eF’+ Re in (L2(f), L2(1))
where the mapping Fo is defined by (4.5) for e 0, the mapping F’ is defined below
and [IRII.),<.))/-0 with e$0. The mapping F’ (L2(fl), L2(fl)) is defined
in the following way:

For any element b L2(f), the element w F’b is given by a unique solution
of the following boundary value problem:

-Aw(x) =div V(0, x)b(x)+div (B’(x) grad z(x)) in

Here z Fob H(I)) f’) H2(I), and

B’(x) =1! (B(x)-B(x))/e=div V(O,x)I-*DV(O,x)-DV(O,x),

DV(O, x) is the Jacobian matrix of V(0, x), x 1.
We define the cost functional J(v), v L2(I) of the form

1 N
(4.25) Je(v) =-(b(Fv ze), Fv ze)tn)+2(bv, V)Ln).

Here ze= za T Hl(fl), and the set of admissible controls

(4.26) Ua={vL2(l))lO<-v(x)<=M a.e. on 1}.

Let us consider the optimal control problem.

Problem (P). Find an element u L2(’) which minimizes the cost functional
(4.25) over the set (4.26).
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It can be verified that a unique optimal control u for the problem (P) takes the form
(4.21). Let us verify the assumptions of Theorem 1 in the case of problem (P). In
this case U H W- L2(f), Y= H(f) f’l H2(f), the mapping A (L2(f), L2(f))
and the element f L2(f) are given by

(4.27) A FbF + Nb,
(4.28) f=Fbz.
It can be shown [14] that

(4.29) b=l+e div(V(O))+o(e) inL(l)),
(4.30) z za +e(grad za, V(O)),+ o(e) inL2(l),
therefore, by (4.24) and (4.27)-(4.30) it follows that the assumptions (2.16), (2.17) are
satisfied, and we have

(4.31) a,= F’Fo+ FoF’+ FoFo+ N,
(4.32) f F’za + Fo,SzD + Fo(grad za, V(O))R,.
Here 3 aiv (v(0)), v(o) v(o,. ).

Finally, assumption (2.15) can be verified using exactly the same argument as in
the proof of Theorem 2. The element II’(h) is a unique minimizer of the cost functional

L2(a) + v h(4.33) I(v) -llFovll 2

L2(I’)

over the cone K(f/) defined by (4.16), for any h L2(). Since all assumptions of
Theorem 1 are verified, from (2.18) it follows that

t (’) 1-I’(f A,uo) II’(F’Zd + FoflZd + Fo(grad Zd, V(O))R"
(4.34)

+ (F’Fo+ FoF’+ FoFo+ N)uo).
Step 2. Lagrange Derivative u’(ll). From (4.20), (4.34) we obtain

u’(ll) II’(F’za + Foza + Fo(grad za, V(O))R,
(4.35)

+ (F’Fo+ FoF’ + FoFo+ N)uo)-(grad Uo, V(O))R"
and

(4.36) u’(fl)eKo(l’l)={4LZ(l)lzlqK() such that 4=-(grad Uo, V(0))-}.
Observe that grad Uo(X) =0 a.e. EoU.. hence K(I) K(fl) for any vector field V
whence

(4.37) u’(O) K(1).
From (4.35), (4.37) it follows that the Lagrange derivative u’() L2(-) is a unique
minimizer of the cost functional

1
L2()I(v) -llFov+ Fo(grad Uo V(O))R =

+ llv+ (grad Uo, V(O))R

(4.38)
1

--77((F’Fo+ FoF’+ FoSFo+ N8)Uo

+ F’Zd + Foflzd + Fo(grad Zd, V(0))R")

over the cone K (fl).
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Therefore the Lagrange derivative is given by a unique solution of the following
variational inequality:

(4.39)

where

(4.40)

u’() K(),

ao(u’(f), 6 u’()) -> G(uo, V(0), 6 u’(12)) v6 K(O)

ao(u, qb)=(Fou, FoCh)L2(a)+ N(u, qb)t2(m Vu, bEL2(f/),
G(uo, V(O), b) (fl, b)L:(m-- ao((grad Uo, V(O))R., )

(F’za, b)t(m (Fza, qb)(, +" ",

(Fo/3Z,, )(n)=0+. ,
(Fo(grad Zd, V(O))R., b)(a)=0+"

we have

(4.41)
-(A,uo, 6)() Vq E {K(f)- K(I)}.

Step 3. We must prove that

(4.42) O(uo, V(O), 6)=(r/, 6)2(,) V6{K(I)-K(I)}.

We will use the same argument as in [13]. It can be shown [14] that for any vector
field V(.,. ) C([0, 6); C-(R ", R")) such that

clef
(4.43) v, (V(0), n)e- 0 on 0O

we have u’(f)=0. Since the mapping

C(R", R") V(O)- O(uo, V(O), (;b)E R

is linear for all b E {K()-K(I)} it implies that G(uo, V(O), b)=0 for every
{K(f/)-K(f)} for any vector field V(0) which satisfies (4.42). Hence there exists the
distribution g,(b) @(0f/) such that

(4.44) G(uo, V(0), b)--(gn(b), Vn)i(a.),(a. VbE{K(f)-K(f)}.

From (4.41) by integration by parts, taking into account (4.43) we obtain (4.42) in the
following way.

In what follows in view of (4.44), we neglect terms of the form

, V(O, x), R(X))R. dX

where R(. ) L2(f; R") is a given element. For example, we write

Ia (x)div V(O, x) dx I (V(O, x), grad (X))R. dX + fo v,(x)s(x) dx

f v,(x)(z) dx +. for any sc H(Y)

0+. for any : E Ho(f).
Let us consider subsequently all terms in (4.41).
(i) For the first term

(fl, C)L2(n)=(F’za, (/))L2()-v(FoZd, b)L2()+ (Fo(grad Zd, V(O))R", ()L2(fl)
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therefore,

(fl, b) (F, za, b),2(n +’’’.

(ii) For the second term

-ao((grad Uo, V(O))R", b)=-(Fo((grad Uo, V(O))R-), Foqb)t2(m

(iii) For the third term

we have

-((grad Uo, V(O))R", ck)L(m
=-((grad Uo, V(0))R-, (FoFo+ N)ck)L(m
=0+. .

A uo qb t m F Fo+ FoF + Fo Fo+ Nfl Uo

(F’Fouo, 6). (FIFo, 6).+’’ ",

(FoF’uo, ). (FoF.uo, )..+’’ ",

FolFouo, (Foyo, Fo4 .
div V(0, x)(Fouo)(x)(Fock)(x) dx =0+"

The element z(u; ) HI(I) is given by a unique weak solution of the following elliptic
boundary value problem:

-Az(u; x)= u(x) in f,
(4.46)

z(u; x)= v,(x) _--Y(Uo; x) on

functional

lln fo Oz OPO(x NIn )2(4.45) I(u) = (z(u; x))2 dx+
n
v,(x) nn(U; x)

dn )d+ (u(x) dx

over the cone K (f).

-(AlUo, )L2(n)=((flfo+ FoF1)uo, b)L2(n)+"
and in view of (4.15), we obtain the representation (4.42) of the distribution (4.44),
provided the set {K(I’)-K(f)}fqH(f) is dense in the set {K(f)- K(f)}c L2(f).

Remark 4. Let us present an equivalent form of the problem (P’).

Problem (P’). Find an element u’(I) L-(f) which minimizes the cost

therefore,

since Fouo, Fock H(f).
Let us recall that by (4.10) it follows that Uo H(f). Hence

(Nfluo, b)L(n) N fn div V(O, X)Uo(X)d(x) dx

-N fn (V(O, x), grad (Uo(X)Ck(x)))R. dx

=0+... V6Hol(f);



1556 JAN SOKOLOWSKI

The element poe H(I)fq H2(I’) is given by the solution of the adjoint-state equation
in the system (4.8) for e- 0.

Acknowledgment. The author is very indebted to Professor Kazimierz Malanowski
for stimulating discussions concerning the sensitivity analysis of optimal control
problems.
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OPTIMAL PORTFOLIO AND CONSUMPTION DECISIONS FOR
A "SMALL INVESTOR" ON A FINITE HORIZON*

IOANNIS KARATZASf, JOHN P. LEHOCZKY$ AND STEVEN E. SHREVE

Abstract. A general consumption/investment problem is considered for an agent whose actions cannot
affect the market prices, and who strives to maximize total expected discounted utility of both consumption
and terminal wealth. Under very general conditions on the nature of the market model and on the utility
functions of the agent, it is shown how to approach the above problem by considering separately the two
more elementary ones of maximizing utility of consumption only and of maximizing utility of terminal
wealth only, and then appropriately composing them. The optimal consumption and wealth processes are
obtained quite explicitly. In the case of a market model with constant coefficients,, the optimal portfolio
and consumption rules are derived very explicitly in feedback form (on the current level of wealth).

Key words, portfolio and consumption processes, utility functions, stochastic control, martingale
representation theorems, change of probability measure, Feynman-Kac Theorem

AMS(MOS) subject classifications. Primary 93E20; secondary 60G44, 90A16, 49B60

1. Introduction. This paper treats a very general consumption/investment decision
problem for a single agent, endowed with some initial wealth, who can consume the
wealth at some rate Ct and invest it in any of d + 1 available assets. The agent is
attempting to maximize a linear combination of two quantities, namely:

(i) E or exp (-Jtofl(s)ds)Ul(Ct)dt, the total expected discounted utility from
consumption over the time-interval [0, T], and

(ii) E[exp (-or/3(s) ds)U2(XT-)], the expected utility from terminal wealth.
The d / 1 assets or securities available to the agent in this paper are very general.

One of them is a bond, a security whose instantaneous rate of return may fluctuate
(possibly randomly), but which is otherwise riskless. The other assets are stocks, risky
securities whose prices have randomly fluctuating mean rates of return bi(t) and
dispersion coefficients tro(t). Section 2 provides a careful exposition of these matters.
The stock prices are driven by d independent Wiener processes; these represent the
sources of uncertainty in the market model, which we assume to be complete in the
sense of Harrison and Pliska (1981) and Bensoussan (1984). In our context, complete-
ness amounts to nondegeneracy of the "diffusion" matrix a(t) tr(t)tr 7" (t), as imposed
by condition (2.3).

This condition guarantees, roughly speaking, that "there are exactly as many
stocks as there are sources of uncertainty in the market model." It also enables us to
construct a new probability measure under which the stock prices, discounted at the
rate r(. of the bond, become local martingales; this fact is of great importance in the
modern theory of financial economics, and we refer the reader to Harrison and Pliska
(1981), (1983) for a fuller account of its ramifications.
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The processes r(t), bi(t), tr(t); l<-_i,j<-d and/3(t), the instantaneous discount
rate in the economy, will be collectively referred to as the coefficients of the market
model. We assume that our agent is a "small investor," in that his decisions do not
influence the asset prices which are treated as exogeneous.

Single-agent consumption/investment problems have been investigated by a num-
ber of authors. A significant plateau was reached by Merton (1969), (1971). In the
special case of a market model with constant coefficients, he found closed-form
solutions for the associated Bellman equations in the infinite-horizon and the zero-
bequest, finite-horizon cases, when the utility of consumption belongs to the HARA
class, i.e., Ul(c)- acp, -1 <p < 1, p 0 or Ul(c)--a log c. The infinite-horizon model
was generalized by Karatzas, Lehoczky, Sethi and Shreve (1986) (abbreviated hereafter
as KLSS (1986)) who presented closed-form expressions for the value function and
the optimal consumption and investment policies, corresponding to general utility
functions and general assumptions concerning the effect of bankruptcy, a possibility
altogether ignored by previous authors. The work cited thus far allows short-selling
of both the bond and stocks; indeed, such short-selling is mandated by the optimal
investment process. A model in which such short-selling is prohibited, but in which
the interest rate on the bond and the mean rate of return on the only stock are constant
and equal, was studied by Lehoczky, Sethi and Shreve (1983).

The present paper generalizes previous work in two major ways. First, the time-
horizon is finite and general utility functions for consumption and terminal wealth are
allowed. Second, the coefficients of the market model are required only to be adapted
and bounded processes. This means that stock prices can fluctuate in an almost arbitrary,
not necessarily Markovian fashion. Such generality notwithstanding, explicit results
for the solution of the problem are provided, and it is shown how to use the resulting
formulas in order to derive more simply the results of Merton (1969) and KLSS (1986).
The methodology that accounts for both the simplicity and generality is the Girsanov
change ofprobability measure, which removes the differences in mean rates of return
among the investments and thus endows certain processes with the martingale property.
Such an idea appeared in the context of option pricing in Harrison and Kreps (1979)
and was more fully developed by Harrison and Pliska (1981). To our knowledge, this
is its first application to optimal consumption and investment.

In this paper, an eminent role is played by the process " of (4.6), which is closely
related to the Radon-Nikodm derivative of the measure transformation mentioned
earlier. This process starts at ’o 1 and satisfies a linear stochastic differential equation
(cf. (4.7)) with random coefficients, determined by the market model only and not by
the utility functions of the investor. These functions determine in turn, in a surprisingly
simple way, the number y > 0 that serves as the initial value of the process

Yt =Yt,
in terms of which the optimal consumption and wealth processes C*, X* are construc-
ted in (6.7) and (6.8). Thus, in a sense, the only real decision on the part of the investor
takes place at 0 with the determination of the constant y > 0; cf. (i.3) below. Once
this decision has been taken, the further evolution of the processes Y, C* and X*
depends only on the market, and not on the investor’s preferences (utility functions).

The article is organized as follows: 2 contains a detailed discussion on consump-
tion/portfolio process pairs which are admissible from the point of view of the investor,
i.e., do not get him into debt (negative wealth) when his initial endowment is x >_-0.

Section 3 lists our assumptions on the utility functions. Section 4 discusses the optimiz-
ation problem when utility comes only from consumption; we exhibit two strictly
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decreasing functions G1 and 1 on (0, ), the latter with inverse 0".01, such that the
optimal consumption and wealth processes are given by (4.9), (4.10) with y= l(X)
and the value function for this problem is given by the composition Vl(X) Gl(l(x)).

Section 5 solves the "complementary" optimization problem, in which utility is
derived only from terminal wealth; a version of this problem was discussed by Pliska
(1986). Again, we produce two strictly decreasing functions G2, 2 and set 2 1;
the optimal consumption process is then identically equal to zero, the optimal wealth
is given by (5.8) with y 2(x), and the value function for this problem is V2(x)=
G((x)).

In 6 we take up the original problem, in which utility comesfrom both consumption
and terminal wealth. Here the situation is most interesting: it is shown that the investor
has to divide at time 0 his endowment x-> 0 into two parts"

(1.1) Xl->0, x20 Xl-x2=x.

From then on, he faces two separate problems: one with initial wealth x and utility
coming only from consumption, the other with initial wealth x2 and utility coming
only from terminal wealth. The "superposition" of his actions for these individual
problems yields an optimal procedure for the original one, provided that the splitting
(1.1) is donein such a way as to produce "equipartition in the y-scale":

(1.2) X1 (y), x2 2(Y)

where y is now determined uniquely via

(1.3) (y) __a (y) + 2(y) x;

the value function for this problem is then given as

(1.4) V(x) Vl(Xl) q- V2(x2) G(-l(x))

where G ___a G + G2.
In 7 we specialize this problem to the case of constant coefficients. We employ

results from KLSS (1986) and ideas from the theory of option pricing in order to
characterize the functions , G above in terms of suitable Cauchy problems for a
degenerate parabolic equation, and we then obtain the solutions of these Cauchy
problems in closed form (Proposition 7.3 and Remark 7.4). We also provide the optimal
consumption and portfolio strategies in explicit "feedback" form (Theorem 7.7).

2. Portfolio and consumption processes. Let us consider a market in which d + 1
assets (or "securities") are traded continuously on the fixed time-horizon [0, T],
0 < T <. One of these assets, called the bond, has a price which evolves according
to the differential equation

(2.1) dPo(t)= r(t)Po(t)dt, Po(O)=po, O=< t=< T.

The remaining d assets, called stocks, are risky; their prices are modelled by the linear
stochastic differential equations:

(2.2) dP,(t) Pi(t) b,(t) dt + , cr,(t) dW) Pi(O) p,, 0 <-_ <= T
j=l

for i=l,2,...,d. Here W={Wt=(W1),’’’,Wd)) r, t’, 0<t<T}= is a d-
dimensional Brownian motion on (fl, , P) and the filtration {,} is the augmentation
underPoftw or( W; 0 <- s <- t),O <- <- T.Theinterestrateprocess{r(t), ;,; 0 <- <- T},
as well as the vector of mean rates of return {b(t)=(bl(t)," bd(t)) T, ;t; 0 <-- <-- T}
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and the dispersion matrix {tr(t)=(tru(t))l<_i.j<_d, t; O<=t<=T} are assumed to be
measurable, adapted and bounded, uniformly in (t, to) [0, T] x f. We introduce the
covariance matrix a(t) A tr(t)trT (t) and assume that for some e > 0,

(2.3) :a(t,,o):>-ll:ll v:e, (t,,o)e[0, T]xf.

LEMMA 2.1. Under the assumption (2.3), the matrices o’T(t, to) and tr(t, to) are
invertible and we have

1
(2.4) ll(crr(t,’o))-’ll-<- IIII V,
(2.5) ll(cr(t,’o))-’ll II:II V

for every t, to) [0, T] x
Proof For a (d x d) matrix F we recall the operator norm

llrll sup llrll
o II:II

and an snow asiy that llrll llrll. ow (2.3)implies that efT(t, to)is nonsingular,
for otherwise we could find a vector :d\{0} which would make II:a(t,
II(t, ,o)11=-- 0. Letting so= (trT(t, to))-lr/, we may then rewrite (2.3) as

1
ll(o(t, o))-’nll--<e llnll vn

for every (t, to)E[0, T]xf, which is equivalent to II(r(t,o))-lll-_<l/v/7. Because
II((t, o,))-’11- II((t, ,o))-111, the condition (2.3) is equivalent to

(t, o,)(t, o,)>- 1111’- v
for every (t, to) [0, T] x I. From this relation we derive (2.5), in the same way that
we established (2.4) from (2.3). I-1

We envision now an investor who starts with some initial endowment x->_ 0 and
invests it in the d + 1 assets described above. Let Ni(t) denote the number of shares
of asset owned by the investor at time t. Then Xo x Yd__o N(O)pi, and the investor’s
wealth at time is

d

(2.6) Xt= Y Ni(t)(t).
i=0

If the trading of shares (and hence the adjustment of the portfolio) is allowed to take
place only at discrete time points, say at t-h, t, + h,.. and there is no infusion
or withdrawal of funds, then

d

(2.7) X+h-X= Y N(t)[Pi(t+h)-P(t)].
i=0

On the other hand, if the investor chooses at time + h to consume an amount hft+h
and reduce the wealth accordingly, then (2.7) should be replaced by

d

(2.8) X,+h-X, Z Ni(t)[Pi(t + h)- P(t)]- hC,+h.
i=0
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The continuous-time analogue of (2.8) is
d

dX,= N,(t) dP,(t)-Ctdt,
i=0

which becomes
d d d

(2.9) dX,=(r(t)X,-C,) dt+ Y (b,(t)-r(t))Tri(t) dr+ E Y. 7r,(t)o’o(t) dWO/)
i=1 i=lj=l

if we take (2.1), (2.2), (2.6) into account and denote by ri(t) ---a Ni(t)P(t) the amount
invested in the stock i, 1 <- -< d.

DEFINITION 2.2. A portfolioprocess r { zr(t) (Trl(t), ., 7rd(t)), t; 0 <= <-- T}
is a measurable, adapted, d-valued process for which

d for(2.10) , 7r2( t) dt< o a.s.
i=1

A consumption process C {Ct, t; 0 < C} is a measurable, adapted process with
values in [0, ) and

(2.11) Ctdt<c a.s.

Remark 2.3. Any component of the vector r(t) may become negative, which is
to be interpreted as short-selling that particular stock. The amount

d

7to(t) a= X- E 7ri(t)
i=1

invested in the bond may also become negative, and this corresponds to borrowing at
the interest rate r(t).

The conditions (2.10), (2.11) guarantee that the stochastic differential equation
(2.9) has the unique, strong solution

(Io )( (Io )Xt=exp r(s) ds x+ exp r(u) du [Tr(s)(b(s)-r(s)l,)-C] ds

(2.12) + exp r(u) du -r(s)o’(s) dW

O<_t<=T

where .1 is the d-dimensional vector with every component equal to 1. All vectors are
column vectors, and transposition is denoted by the superscript T.

DEFINITION 2.4. A pair (Tr, C) of portfolio and consumption processes is said to
be admissible for the initial endowment x >= 0 if the wealth process X of (2.12) satisfies

(2.13) X>-O, O<- t<= T a.s.

We denote by (x) the class of all such pairs.
If b(t)= r(t).l; 0=< t_-< T, then the discount factor exp {- r(u) du} exactly offsets

the rate of growth of all assets, and (2.12) shows that

(2.14) ) ; )Mt a__ Xt exp r( u) du -x + Cs exp r( u) du ds

is a stochastic integral. In other words, the process consisting of current wealth plus
cumulative consumption, both properly discounted, is a local martingale. When b(t)
r(t)l., M of (2.14) is no longer a local martingale under P, but becomes one under a
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new probability measure/5 that removes the drift term rr t)( b( t) r(t)l.) from (2.9).
More specifically, recall from Lemma 2.1 that the process

(2.15) O(t)&(o’(t))-(b(t)-r(t)l.), O<-t<- T

is bounded, and let

(2.16) Zt Aexp O,(s) dW’)-- }}0(S)II 2 ds
i=1

Then (Zt, ; 0_-< t_-< T) is a martingale; the new probability measure

(2.17) /5(A) A E[Z-IA], A

is such that P and P are mutually absolutely continuous on -, and

(.

is a standard, d-dimensional Brownian motion under P (Girsanov (1960) or Karatzas
and Shreve (1987, 3.5)). In terms of W, we may rewrite (2.12) as

(.9
=x+ exp r(u) du -r(s)o’(s) dW.

For any (-, C)e s(x), the left-hand side of (2.19) is nonnegative and the right-
hand side is a local martingale under/;. It follows that the left-hand side, andhence
also X exp (-o r(u) du), is a nonnegative supermartingale under/3. Now with

(2.20) ’o r ^ inf {0 _-< _-< T; X 0},

we have from Chung (1982, Thm. 1.4) or Karatzas and Shreve (1987, Problem 1.3.29)
that

(2.21) X =0, -o_< t_-< T holds a.s. on {’o< r}.

We say that bankruptcy occurs at time ’o on the event {-o < T}.
The supermartingale property yields in (2.19)"

(2.22) Xr exp r(u) du + C, exp r(u) du dt <- x,
o o

whence the following necessary conditions for admissibility:

(2.23) / Ct exp r(u) du dt <- x,

(2.24) / Xr exp r(u) du <-_ x.

These conditions will also turn out to be sucient" for admissibility, in the sense of
Propositions 2.6 and 2.8.
DFrro 2.5. For a given x_-> 0, let
(i) (x) (respectively, (x)) denote the class of consumption processes which

satisfy (2.23) (resp., (2.23) as an equality),
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(ii) (x) (respectively, (x)) denote the class of nonnegative random variables
B on (f, r, P) which satisfy

(2.25) E Bexp r(u) du <-_x

(resp., (2.25) as an equality),
(iii) (x) denote the class of portfolio processes, such that (or, 0) M(x) and the

corresponding terminal wealth Xr belongs to ///(x).
We shall show that CO(x) consists of exactly those "reasonable" consumption

processes, for which an investor, starting out with wealth x at time 0, is able to
construct a portfolio that will avoid debt (i.e., negative wealth) on [0, T], almost surely.

PROPOSITION 2.6. For every given C CO(x), there exists a portfolio process 7r such
that r, C) (x).

Proof. Let D Ct exp (- r(u) du) dt, and define the nonnegative process

:, A/ C exp r( u du ds ;, + x _,D exp r( u du

(2.26)

{x+m,-//Csexp(-fr(u)du)ds}exp(f/r(u)du),
where

m,(DI,)-,D= E DZT ;t
-E(DZT),

thanks to the so-called "Bayes rule" (Karatzas and Shreve (1987, Lemma 3.5.3)). By
choosing a proper modification, we may assume that the paths of the martingale

N, a__ E[DZTI;t], 0<= t<= T

are P-a.s. right-continuous and admit finite left-hand limits (Karatzas and Shreve (1987,
Thms. 1.3.8, 1.3.13)). Now the fundamental representation result for Brownian martin-
gales (Karatzas and Shreve (1987, Problem 3.4.16)) guarantees the existence of a
measurable, {t}-adapted and d-valued process Y with

j----1

and

(2.28) Nt E(DZT)+ Y Y(s) dW]), 0 <= <= T
j=l

valid a.s.P. We conclude that mt u(Nt, Z) E(DZr), where u(x, y) x/y, and from
ItS’s rule we obtain with q(t) a=(1/Z,)(Y(t)+NtO(t))

(2.29) mt Y opt(s) dlTV), 0<= t<= T.
j=l

We have used the relations

(2.30) dZt -ZtO T(t) dWt
and (2.18). Now define

(2.31) or(t) Aexp r(u) du (trr(t))-lcp(t)
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so that (2.26) becomes (2.19) when we make the identifications sc X, m M. Condition
(2.10) follows from (2.4), (2.27), the boundedness of II011, and the path continuity of
Z and N; the latter is a consequence of (2.28). [

Remark 2.7. The wealth process X in (2.26), corresponding to any C @(x),
is given by

(2.32) X,=I C, exp r(u) du dsl, ON T.

In paicular then, Xr 0 almost surely.
Pooso 2.8. For every given B (x), there exists a pair (, C) (x) with

corresponding wealth process X, such that

Xr B a.s. P.

Proo Let Q B exp (-Ig r(u) du), and define the nonnegative process by

n, exp r(u) du (QI)+(x-Q). 1-

(2.33)
=x+m-pt, OtN T

where mt (QI,)-Q, p=(;-EQ)/T. Obviously, o x and r B hold almost
surely. We obtain a stochastic integral representation of the form (2.29) for the
P-maaingale m; then (2.33) is cast in the form (2.19) once we take as in (2.31),

C=p.exp r(u) du ON N T

and X .
CooA 2.9. For any given B (x), there exists a portfolio process (x)

with corresponding wealth process

(2.34) X,= Bexp r(u) du ON tN T.

Proposition 2.8 and the relation (2.24) show that (x) consists of precisely those
qevels of terminal wealth" which are attainable from the initial endowment x 0, via
the usage of some pofolio/consumption pair that avoids debt. The terminology here
is due to Pliska (1986). Corollary 2.9 shows that the extreme" elements of (x) are
attainable by strategies that mandate zero consumption.

3. Vfilfes. Consider a strictly increasing, strictly concave and C function
U" (0, m) N with U(0) limw U(c) -m, U’(m) lim U’(c) 0. We allow the
possibility that U’(0) lim,o U’(c) m. A function with these propeies will be called
a utility function in the sequel.

Because U" [0, m]t [0, U’(0)] is strictly decreasing, it has a strictly decreasing
inverse I’[0, U’(0)] t[0, m]. We extend I to be a continuous function on the
entirety of [0, m] by setting I(y) 0 for U’(0)N y N m, and note that

(3.1) U(I(y)) U(c)+yI(y)-yc, 0Nc<, 0<y<m.

For pa of our development in 4-6, we shall need to impose the assumption

(3.2) U e C and U" is nondecreasing on (0, m).
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Under this condition, I is convex on (0, co) and continuously differentiable on
(0, oo)\{ U’(0)). If we define I’(U’(0)) 0 in the case U’(0) < oo, then because I’(y) 0
for every y > U’(0), the identity

(3.3) U(I(y)))’= yI’(y)

becomes valid on the entirety of (0, co). This identity is also valid on (0,

4. Maximization of utility from consumption. In this section we formulate and
study a particular stochastic control problem for the "small investor" model of 2.
Suppose that, in addition to the data given there, we have a measurable, {,}-adapted
and uniformly bounded discount process {B(t), ,; 0t T}, as well as a utility
function U. The objective will be to maximize the expected discounted utility from
consumption

(4.1) J(x; , C)= E exp (s) ds U(C,) dt

with an initial endowment x 0, over the class (x) of pofolio/consumption pairs
(m C)e (x) for which

(4.2) E exp 3(s) ds U(C) dt <.
The expectation in (4.1) is well defined for every pair (, C)6(x); of course,
(x) (x) if U(0) > -.

We denote by

(4.3) Vl(X) & sup Jl(X; , C)
(,C)e(x)

the value function for this problem, which is trivial if x 0. Indeed, the admissibility
condition (2.23) implies then VI(0)= UI(0)" E exp (-fl(s) ds) dt, and this
obviously can be achieved by u 0, C 0. We concentrate, therefore, on x > 0.

Because utility comes only from consumption, it is plausible that one should strive
to increase the net effect of the latter, up to the permissible limit dictated by (2.23),
by considering only consumption processes C in (x).

PROPOSITION 4.1. For eve x > 0 we have

Vl(X)= sup
(u,C)e,(x)
Ce(x)

oof Take (, C) (x) and obsee that the number z
exp (- r(u) du)Ctdt lies in [0, x]. If z>0, we may define , &(x/z)C, so that
(x), and construct a pofolio process such that (, ) (x); cf. Proposition

2.6 and Remark 2.7. Because U(C) U(C); 0t T and C satisfies (4.2), so does, i.e., (, ) (x) and we have

(4.4) Ja(x; , C) J(x; , ).
If z 0 then C 0, a.e. [0, T], almost surely, and the consumption process given
by

(4.5)
x

belongs to (x). Again, (4.4) holds for some chosen so that (,
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Recall the Radon-Nikodm derivative martingale Z of (2.16). The related process

(Io(4.6) ta=Ztexp (fl(u)-r(u))du O<=t<=T

will be of fundamental significance in what follows. It determines the optimal consump-
tion process, C of (4.9) below, in a very direct and explicit manner. It is easily seen
from (2.30) to satisfy the linear stochastic differential equation

(4.7) dt (fl(t)- r(t))t dt- tOr(t) dWt,
whose importance we already documented in KLSS (1986) in the context of constant
coefficients and infinite-horizon.

We recall now from 3 the notation 11 for the inverse of the function U, and
assume

(4.8) (y)/ exp r(u) du I(y,) dt < oe, V 0 < y <

LMMA 4.2. Under the condition (4.8), the function defined there is continuous
and strictly decreasing on (0, ) with (0) g lim,o (y) m, (m) lim (y)
0.
oo Because I is nonincreasing, and strictly decreasing on (0, U(0)), we need

only show that

P Zexp ((s)-r(s))ds <;some0NtNT >0

holds for every fixed y e (0, ). But

2
 Io’ IoO(s) dW 1

=, - IIo(s)ll = ds+ ((s)-r(s)) ds

=BA(t)+ (s)--r(s)--llO(s)ll = ds

where B is a standard, one-dimensional Brownian motion and A(t)= [0(s)ll ds.
The strict monotonicity of now follows easily from the propeies of Brownian
motion and the boundedness of the processes 0 II, fl r. The other propeies claimed
for are also inherited from I.

Let us denote by :[0, ]t [0, ] the inverse of the function . For a fixed
number x (0, ) we introduce the consumption process

(4.9) c? ,(,(x,),), 0t T,
which belongs to (x). Thanks to Proposition 2.6 and (2.32), (2.19), there exists a
pofolio () such that ((), C()) (x), and the corresponding wealth process X
is given by

xl)exp(-f2r(u)du)=[ftTc:l)exp(-flr(u)du) dS t]
(4.10) =x- C exp r(u) du ds

+ exp r(u) du (’B’(1)(s))To’(s) d/"
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In particular, X(1) is nonnegative on [0, T) and vanishes at T. If U(0)=, then
X() is positive on [0, T).

TrEOREM 4.3. Let us assume that (4.8) holds. Then for any xl>0 and with
C(1) (x1) given by (4.9), the pair (r(), C(1)) constructed above belongs to ,Sl(Xl) and
is optimal for the problem of (4.3)"

(4.11) g(x)

oo It suces to show that C( satisfies (4.2) and to establish the comparison

(4.2) E exp #(s) ds U(C,) dt E exp (s) ds U(C) dt

for any other C (Xl) with the propeay (4.2).
Recall now the process of (4.6) and obsee that, for any C (x), the integral

of ffC with respect to the measure

(4.13) (d, d)exp (s, ) ds dtP(d)

on 0 [0, T] x is given by

(4.14) CCd= exp r(u) du C, dtx,

with equality if C (x). For any C (x), the comparison (3.1) yields

(4.5) u(

almost surely. Corresponding to the special choice C C (Xl) of (4.5) with x
replaced by x, the right-hand side of (4.15) is integrable with respect to the measure

of (4.13); recalling (4.14), we see that the value of this integral is actually UI()"
E exp (-$ (s) ds) dt. It follows then that C<) satisfies (4.2).

Let us now take an arbitrary C (x) with the propey (4.2), integrate both
sides of (4.15) against the measure of (4.13), and recall (4.14); we obtain the
comparison (4.12).

In order to guarantee the finiteness of the value function V in (4.3) and to obtain
a useful representation for it, let us impose the condition

(4.16)

We shall have more to say about the conditions (4.8), (4.16) in Lemma 4.6 below, as
well as in 7, where we specialize the model to the case of constant coecients.
Pooso 4.4. Suppose that che utility function U obeys the conditions (3.2),

(4.8) and (4.16). en the function G’(O, ) given by

(4.17) G,(y) exp (u) du U(I(y)) dr, O<y<

is strictly decreasing, continuously differentiable, and satisfies
(4. a(=y(y,

as well as

(4.19) V(x) G((x)), O<x
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Proof. Under condition (3.2), the function 1 of (4.8) inherits the convexity on
(0, ) from I1. Fix y > 0 and observe that

(y)-(y ) E exp r(u) du {I(y’,)- I((y )’,)} dt

-< ./ exp r(u) du ,I(y,) dt

holds for 0< < y. It follows that the left-hand derivative D-I(y) satisfies

oo< D-(y) < o(y) a E exp (u) du ,Ii(yt) dt

where this last function (. is easily seen to be nondecreasing and continuous. In a
similar manner, one shows

(y)D+I(y)<.
A convex function of a real variable, whose left- and right-hand derivatives bound a
continuous function (. in such a way, must be continuously differentiable (Karatzas
and Shreve (1987, Problem 3.6.20(iv))) with (.) as its derivative:

(4.20) (y) exp (u) du ,I(y,) dt.

On the other hand, the double inequality

(Y+ )CI(Yff,) U(Ii((y+ ),))- U(I1(y,)) yII((y+ ),)
follows easily from (3.3) and the convexity of I1, and yields, in conjunction with (4.16),

(y+ 8)(y) GI(y+ )- GI(y) y(y+ ).

The conclusion (4.18) now follows easily; (4.19) is a consequence of Theorem 4.3.
Remark 4.5. Differentiation in (4.19) shows that

Because is strictly decreasing, is negative and V is strictly concave. Because
1() 0, we also have V(0) .

LEMA 4.6. If UI(0)>-, then (4.16) implies (4.8).
Proo From the concavity of U we have in this case

(4.21) cU;(c) u (o) lu (c)l+lu (o)l
for every 0 c <, whence

y,I(y,) lu(I(y,))l + u,(0)l.
From this inequality it follows that

y(y) y. exp (u) du ,I(y,) dt

NU(0)I. E exp (u) du dt

+ exp- (u) du U(I(y,))dt<m

holds for every 0 < y < m.
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Remark 4.7. In the important special case U(c)=log c, the functions of (4.8),
(4.17) are given by

I(Y) a’-! and
Y

GI(y) -al log y + tl,

respectively, where

ala--E exp fl(u) du dt

and

t ---- E exp /3(u) du

O,(u) dWi)- du dt.
i=1

In particular, the conditions (4.8) and (4.16) are satisfied rather trivially, and the value
function is given by (4.19) as

5. Maximization of utility from terminal wealth. With a utility function U2 as in
3, the problem now is to maximize the expected discounted utility from terminal wealth

(5.1) J(x; r, C) - E, exp el(s) ds U(Xr)

over the class ,22(X of pairs (m C) M(x) for which

(5.2) E[exp(-I(s) ds) U(Xr)] < c.

Obviously 22(x (x) if U2(0) > -oo. We denote the value function of this problem
by

(5.3) VE(X) & sup J_(x; 7r, C).
(Tr, C) 62(x)

Again, the case x 0 is uninteresting: for every (’rr, C) M(x) we have Xr 0 a.s. from
(2.24), and thus V2(0) U2(0) E exp (-or/3(u) du); this is achieved by 7r=0, C=0.
We shall take x > 0 from now on.

This problem is analogous, and in a certain sense complementary, to that of the
preceding section, with the same process " of (4.6) playing again a distinguished role.

Because utility comes now only from terminal wealth, it is quite reasonable that
the latter should be increased, within the constraints mandated by the level of the
initial endowment as quantified by (2.24), by considering portfolio processes r in the
class (x) of Definition 2.5.

The following is, then, an analogue of Proposition 4.1.
PROPOSITION 5.1. For every x > 0 we have

V2(x) sup J2(x; m 0).
(’rr,0) ,52(X
r(x)
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Proof. Forany (Tr, C) (x),thenumberA a_/(Xr exp (-oT r(u) du)) is in [O, x]
by virtue of (2.24). If A > 0, then B __a (x/A)Xr belongs to d/t (x). From Proposition 2.8
and Corollary 2.9, there exists a portfolio (x) with corresponding terminal wealth
XT- B -> XT-, a.s. Obviously then (zr, 0) d2(x) and

(5.4) JE(X; r, C) <-_ J2(x; r, 0).

On the other hand, if A 0, the role of the random variable B above can be played
by the number

(5.5) b " x

E[exp (- r(u) du)]

and we also have Xr 0, a.s. The same reasoning as before leads to (5.4) for some- (x).
Recalling from 3 the notation 12 for the inverse of U, we introduce now the

condition

(5.6) (y)

and notice, just as in Lemma 4.2, that the function 2 is continuous and strictly
decreasing on (0, ), with (0) lim,o (y) and (m) lim (y) = 0. Let
us denote by : [0, m]t [0, ] the inverse of this function.

For a fixed number x e (0, m), we introduce the random variable

(5.7 x h((x.

Obviously Xe (x), and from Corollary 2.9 we can find (e (x) with corre-
sponding wealth process X( given, as in (2.34), by

X exp r(u) du

(5.8

=x+ exp r(u) du (((s))(s) d.

TOM 5.2. Let us assume that (5.6) holds. en for any x> 0 the above pair
((, O) belongs to (x) and is opimal for the problem (5.3):

(5.9) V(x) E exp (s) ds U(X)

Proo It suces to show that the random variable Xe(x) of (5.7) satisfies
(5.2), and that for any other random variable Xr e (x) satisfying this condition we
have

(5.10) E[exp(-ff fl(s) ds) U2(XT)]E[exp(-f;fl(s)ds) U2(X))].
The argument imitates the proof of Theorem 4.3; it hinges on the consequence of

(3.1):

U2(Ar, > U2(XT) +yTX-yTXT a.s.

which is valid for every XT (X) and is applied, first to the constant b M(x2) of
(5.5) with x x2, and then to an arbitrary XT (X) which satisfies (5.2). The details
are omitted.
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The condition

(5.11) E exp /(u) du

guarantees the finiteness of the value function V2.
PROPOSITION 5.3. Let the utility function U: satisfy (3.2), (5.6) and (5.11). Then

the function G2: (0, ) - given by

(5.12) Ga(y)g exp (s) ds U(h(yr)) 0<y<

is strictly decreasing, continuously ifferentiable, and satisfies
(5.3 a(yl

(5.4 V(x=a((x, 0<x<.

The proof follows that of Proposition 4.4. Finally, just as in Lemma 4.6, if
U(0) >-m then (5.11) implies (5.6).

Remark 5.4. Just as in Remark 4.5, under the conditions of Proposition 5.3 the
function V is strictly concave with V(0)= m. This follows from the formulas

V(x=(x, Vg(x=;(x, 0x<m.

Remark 5.5. In the special case U(c)= log c, we have

2(=--, (y -. og +,
Y

+

where

=exp (u) du
o

:&E exp fl(u) du O,(u) dWL’>- (u)-r(u)-
II(u)ll

du
i=1

6. Maximization of utility from both consumotion and terminal wealth. A stochastic
control problem, which is arguably more interesting than those studied in 4 and 5,
concerns the maximization of the total expected discounted utility

J(x; , c)& J(x; , C)+&(x; , C)

(6.1) =E [ff exp(- f/ (s) ds) Ul(Ct) dt]
+ E [exp (- If fl(s) ds) U2(XT)]

from both consumption and terminal wealth, over the class M,2(x) M(x) M2(x):

(6.2) V(x) sup J(x; , C).
(,C),2(x)

Unlike the two problems studied already, this one calls for balancing competing
objectives. Single-minded determination to "become rich" (i.e., to maximize J2(x; , C))
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mandates no consumption whatsoevermrecall Theorem 5.2. On the other hand, single-
minded "consumerism" (i.e., maximization of Jl(X; m C)) will leave the investor broke
at the end; cf. Remark 2.7 and Theorem 4.3. Both these alternatives are suboptimal in
the present context.

We shall demonstrate that the proper compromise between these two competing
objectives can be drawn in a very simple way. At time 0 the investor simply divides
the endowment x into two parts x 0, X20 with xl + x2-- X; for the amount x
(respectively, x2) the investor will face, from then on, an optimization problem with
utility coming only from consumption (respectively, only from terminal wealth). It will
be shown just how Xl, x2 should be determined, in order for the resulting procedure
to be optimal.

Throughout this section it will be assumed that U1, U2 are utility functions ( 3)
for which (3.2), (4.8), (4.16) and (5.6), (5.11) hold.

PROPOSITION 6.1. For x >-- 0 and an arbitrary portfolio/consumption pair (r, C)
,l,2(X), let

Xl A / exp /3(u) du Ct dt.

Then there exists a pair (’, ) M1,2(x) such that

(6.3) J(x’ m C)J(x’ 7, )- VI(X1)’+ V2(X-Xl).

In particular,

(6.4) V(x) <= V.(x) a_ max Vl(X1) -I- V2(x)] max
Xl,X2 0,x3) Yl,Y2 (0,o0]

+x ’1 (Yl)+2(Y2)

GI(Yl) + G(y)].

Proof From (2.22) we have that X f [0, X] and

/ exp r(u) du XT X2AX--X1

If xi 0, take 7r
(i) 0, C (i) 0. If xl > 0, then the pair (zr(1), C (1)) of Theorem 4.3, with

corresponding wealth process X(1) as in (4.10), is optimal for Vl(xl). Similarly, if
x2>0, the pair (r(-), 0) of Theorem 5.2, with y /o/2(x2) and corresponding wealth
process X(2) as in (5.8), is optimal for V2(xz). Now let _a C(1), ____a r(1)+ r() and
observe from (4.10), (5.8) that " _a X(1)+ X() can be written in the form (2.19):

-(;o’ )yo-Xtexp r(u) du =x- Cexp r(u) du ds

(6.5)

+ exp r(u) du rr(s)tr(s) dlTVs

=E Csexp r( u) du ds

+ ’r exp r(u) du t

because X)=O, a.s. The process is nonnegative, and thus (-, ) 1,:(x). Now
C belongs to fi(xl) and satisfies (4.2), whereas Xr belongs to (x2) and satisfies (5.2);
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from (4.11), (4.12) and (5.9), (5.10) we obtain the following comparisons:

(Io E exp fl(u) du UI(Ct) dt<--E exp fl(u) du UI(C1)) dt= Vl(Xl),

Memberwise addition leads to (6.3). The identity in (6.4) is a consequence of Proposi-
tions 4.4 and 5.3.

Remarks 4.5 and 5.4 show that for any initial endowment x > 0, the maximum
over x, x2 [0, ), x + x: x indicated in (6.4) is obtained by Xl > 0, x2 > 0 which
satisfy V(x)= V(x2). Recalling from these remarks that (x)= V(x); i= 1, 2, we
conclude that the constrained maximization in the last expression of (6.4) is achieved
by

yl=Y2y

where this common value is determined uniquely by

(6.6) (y)+E(y)=x.

With y specified by (6.6), we recall the process of (4.4) and set:

(6.7) C I(y), XI2(y),

(6.8) X& Cexp r(u) du ds+Xexp r(u) du t

for 0 T. The process X* is nonnegative with

X Io Im(y) exp (- f; r(u) du) ds+ [exp (- Io r(u) du) I2(y,)]
=l(y)+E(y)=x.

Remark 2.7, Corollary 2.9 and the idea of superposition of pofolio, consumption and
wealth processes as in the proof of Proposition 6.1 can be employed to show that X*
is the wealth process corresponding to the pair (*, C*) M.E(X), for a suitable
pofolio *.

THEOREM 6.2. e above pair (*, C*) Ma,E(X) is optimalfor the problem (6.2).
Proof From (4.17), (5.12) and (6.4) we have

V(x)e E exp (u) du U(C) dt

+exp (-If (u)du) U2(X )]
(6.9) =N [f exp (- ] (u) du) U(I(y)) d]

GI(y) + G(y) V,(x) e V(x),

because the value of y > 0 determined by (6.6) achieves the maximum in (6.4).
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Remark 6.3. The functions

(y) _a_ I(Y) + 2(Y)
(6.10)

=. [foreXp (- f/ r(u) du) Ii(y,) dt+exp (-If r(u) du) I:(YCr)],
G(y) A_ GI(y) + G2(y)

[Io ( Io )(6.11) E exp /3(u) du U(I(y,)) dt

+ exp (u) du U(h(yr))

are C and strictly decreasing on (0, m), and satisfy

(.

there (cf. (4.18), (5.13)). The former actually maps [0, ] onto itselL with (0) =m,
(m) 0; if we denote its inverse by :[0, ]t [0, m], then (6.9) and (6.6) show
that the value function V of (6.2) is representable as

(6.13) V(x)=G((x)), 0<x<.

As in Remarks 4.5 and 5.4, V is strictly concave with V’(0)= and V’(x)= (x);
0 x <. It is shown in the next section that the functions , G (and thus also V)
above can be computed in closed form in the case of constant coefficients B, r, b and, for fairly general utility functions U, U2.

Example 6.4. In the case U(c)= U2(c)= log c, the functions of (6.10), (6.11) and
(6.13) are given by

(y) a__, G(y) -a log y + /5, 0<y<oo
Y

and

V(x) a log () + /5,

where a
a_ a + a2,/5 a__/51 +/52 in the notation of Remarks 4.7 and 5.5.

7. Model with constant coelticients. The developments in 4-6 were based on
martingale methods and provided useful and very explicit information about the
optimal consumption and wealth processes, in the respective problems.treated there.
Concerning the optimal portfolio process, however, these methods were able to ascer-
tain only its existence, without shedding much light on its properties or providing any
useful characterizations. In order to amend this drawback, we shall specialize in this
section the model to the case of constant coefficients

(7.1) fl(t)=--fl, r(t)=--r, b(t)=-b, cr(t)=-cr, O<-t<-- T

where /3, r are given real number, b is a fixed vector in d and cr is a constant,
nonsingular (d x d)-matrix. The section culminates with Theorem 7.7, which provides
the optimal portfolio/consumption pair in a closed and "feedback" form.
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It will be assumed throughout that the utility functions U; j 1, 2 satisfy the
conditions of 3, including (3.2); in addition, it will be supposed that they are ofclass
C and

(7.2) lim
U(c))_____

exists,
o U;(c)

(U(c))(7.3) !iIn U’(c)
-0 for some a > 2,

(7.4) U(0) >-hold for j 1, 2. These are certainly not the weakest conditions which permit the
ensuing analysis, but they are convenient for our purposes. Furthermore, they include
all of the so-called HARA functions (see KLSS (1986) for a definition) except for
(c) log c. We have dealt with this case separately, however, in Remarks 4.7 and 5.5.

The assumption of constant coefficients will permit us to employ "Markovian"
methods, such as the Hamilton-Jacobi-Bellman (HJB) equation of Dynamic Program-
ming (Proposition 7.6), in contrast to the "maingale" techniques of the previous
sections. In this regard, it will be helpful to consider the problem of 6 with initial
times other than zero. Thus, for fixed (t, x) [0, T] x (0, ), we define the value function

(7.5) V(t,x)= sup El[tre-sU(cs)ds+e-rU2(Xr)]---Ldd(mC)e(t,x)

where the class M t, x) consists of those pofolio/consumption process pairs for which
the corresponding wealth process

X=x+ (rX-C) du+ (b-r),(u) du
i=1

(7.6)
+ ,(u)OdW), tsNr

i=lj=l

remains nonnegative, almost surely. Corresponding to a given consumption process
C, there exists a pofolio w with (w, C) M(t, x) if and only if

Z e--’C, ds x

(Proposition 2.6), where we employ the notation

(7.7) Z,gexp {-0r( ) -ll01l(s )t, e(-(-z’,
Now for (t, y) e [0, T] x (0, m) we consider the process

(7.8) yt,y) & yts, s T

and the functions

(7.9) G(t, y) e-o(-U(I(Y")) ds+e-(r-’U(h(Y"))

(7.10) S(t, y) e e-(’-’Y"’I(Y’’) ds+ e-(r-’Y"h(Y")

(7.11) (, y)
S(t, y).
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We shall show (Lemmas 7.1, 7.2) that G and S are well defined and finite, and
then just as in Lemma 4.2, we have that for every 0 -< < T the function (t,. is
continuous and strictly decreasing on (0, ), with (t, 0)---a limy,o(t,y)=o and
(t, c) --a limy_o (t, y)=0. We denote by (t,. )’[0, ] _.>onto [0, 030] the inverse of
(t,. ), namely

(7.12) (t, (t, y))= y, O<-_ < T, O<-_ y<-_o.

If we define, for any given x > O, the processes

(7.13) q"x) a-- (t, x) ,
(t.x)(7.14) C.,,x _a 11(r/ <- s _<- T

and the random variable

(7.15) X,,) _a_ i2(r/,,)),
then we can show, as in Theorem 6.2, that

(7. v(, x e-u(c" as + e-u(x’l

The new feature here is that, for y= (t, x), one has r(’= Y(’ from (7.8), (7.13),
and consequently

(7.17) g(t,x)=e-mG(t, o(t,x)), O<-t<-T, 0<x<oo.

On the other hand, by analogy with (6.8), the optimal wealth process is seen to be as
follows:

x’ - e-(-z;I(no’) ao+ e-r-Zrh(n

almost surely. In (7.18) we used the "Bayes rule" for conditional expectations under
the measure Z dP (cf. proof of Proposition 2.6) and the Markov propey for
( r’,e, ; s r}.

Our program now is to characterize G, S of (7.9), (7.10) in terms of two Cauchy
problems involving the linear differential operator

O( t, y+ (# r)y
O( t, y_(t, y),L t, y) & yyZ

OYz Oy

where
A A 1(y---ll011 =, o- ,- b-r!)

in accordance with (2.15). We shall produce closed-form solutions for these Cauchy
problems (7.23), (7.24) and (7.25), (7.26), and thus also for the function (t, y) of
(7.11). In this manner, an expression for the value function V(t, x) will be made
available via (7.17).

We shall need the following Feynman-Kac result, whose proof is deferred to the
Appendix.
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LEMMA 7.1. Let the real-valued function q(t, y) be defined and continuous on
[0, T] x (0, o), as well as H61der continuous in y uniformly with respect to (t, y) on
compact subsets of the domain. Also, let f: (0, o)-> be continuous, and assume that
both q, f satisfy a growth condition of the form
(7.19) max [u(t,y)l<-K(l+y+y-’), 0<y<

for some K > O, a > O. Then the function

(7.20) H(t,y) E e-O(-’q(s, Y("Y) ds+e-(r-f(Y"y)

solves the Cauchy problem

(7.21) (+L)H(t,y)+q(t,y)=0, O<=t<T, 0<y

(7.22) H( T, y) f(y), 0 < y <,
and is actually the unique solution of (7.21), (7.22) in the class of C([0, T]x (0,
C1’2([0, T))x (0, )) functions which satisfy a growth condition of the type (7.19).

We shall use Lemma 7.1 to characterize G and $ as the unique solutions to the
Cauchy problems

(7.23) (_--?.+LG(t,y)+U(I(y))=O, O<=t<T, 0<y<,
\Ot l

(7.24) G(T, y)= U2(I2(y)), 0<y<,

and

(7.25) (t +L)S(t,y)+yI(y)=O, O<=t<T, O<y<o,

(7.26) S( T, y) yI2(y), 0 < y <,
respectively. We will then solve these Cauchy problems explicitly. For this second task,
we introduce the function

(7.27)
O<t< T,

v(t, y, ) _a_
(-y)+, t=T,

for 0 < y, sc < c, where

e dx, +/-(t,y, :)= 2#- log +(fl-r+)t

Straightforward computation shows that, for fixed , v is of class C([0, T] x (0, oo))fl
C’2([0, T)x (0, oo)) and solves the Cauchy problem

(7.28) +L v(t, y, :) 0,

(7.29) v(T,y,)=(-y)+,
It is apparent that for 0_<- <= T,

(7.30) lim

0_<-t<T, 0<y<,

0<y<.

lim
Iv(t, y, sc)l

OO,
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and from the Mills’ ratio (e.g. McKean (1969, p. 4))

1 z212x/-p(-z) <=- e-
z

one can also establish that for every a > 0,

(7.31) lim y-lv(t, y, :)1< ,
y$O

limUlv(t,y,)l<.
o

In particular, for each fixed 0< : < o, Lemma 7.1 can be invoked to provide the
stochastic representation

(7.32) v(t, y, )= E[e-t(T-’)( Y’Y))+].
We also introduce the functions

(7.33) g(y) a UI(II(y)) 1 {yl+X+ yl+_ J-(Y)}fl y(A+-A_) I+A+J+(Y) I+A_

(7.34) s(y) a yi,(y)__ 1 {yl+X+ J+(Y)
yl+a_ }j_(y)r y(A+-A_) A+ A_

where
q(Y) dr/ q(y) dr/(7.35) J+(Y) )x+, J-(Y)
o (u;(n) J, (u(n))-’

and A+, A_ are the positive and negative roots, respectively, of the quadratic equation

(7.36) yA2-(r-/3- T)A r 0.

Note that A+A_=-r/y, (I+A+)(I+A_)=-/% and A_<-I. Direct computation
shows that

(7.37) g’(y)

(7.38) g"(y)

{yX+j+(y) ya_j_(y)},

{A+yX+-lj+(y) A_y’--’j_(y)},

(7.39) s’(y)
II(y) 1 {1 +r y(A+-A_) A+ A_

Y-J-(Y)

(7.40) s"(y)

and

{(1 + A+)yX+-lj+(y)-(1 + A_)yX--’J_(y)},

(7.41) Lg(y)+ Ul(Ii(y))=O,

(7.42) Ls(y) + yI,(y) O.

Our arguments will utilize the following growth, integrability, and limit properties,
whose proofs are deferred to the Appendix.

LEMMA 7.2. Each of the functions g(y), s(y), U(/(y)), y/(y); j= 1,2, satisfies
the growth condition (7.19) for some K > O, a > O. Furthermore, each of these functions
is of class C2(0, o) and satisfies the integrability conditions

(7.43) 1/"()1 d< o, I/"()l d <
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for some a > O. Finally, the limit property

(7.44) lim f’(s) 0

holds for each of the above-named functions. For s(y), yI(y); j 1, 2 we have

(7.45) lim f( s) 0,

whereas

u,(o)
(7.46) lim g(s) lim Uj(/j())= Uj(0) j= 1 2. [3

:- fl
Lemmas 7.1 and 7.2 imply that G and S, defined by (7.9) and (7.10), are indeed

characterized by the Cauchy problems (7.23), (7.24) and (7.25), (7.26).
PROPOSITION 7.3. Thefunctions G, S of (7.9), (7.10) admit the following stochastic

representations:

(7.47) G(t, y) g(y)+ E[e-t(T-t){ U2(I2(Y’Y))) g( Y’Y))}],
(7.48) S(t, y) s(y) + E[e-(r-t){ r,y)12(Y’Y)) s( Y’Y))}],
and are expressible in closed form as

( U,(O) -(r-,) Io(7.49) G(t,y)=g(y)+ U2(O)-
/3 ]e + (Uz(Iz())-g())"v(t,y,)d,

(7.50) S(t,y)=s(y)+ (esI2(es)-s())"v(t,y,) d.
Proof. We deal with the function G only; the treatment for S is similar. Because

of the growth assertions in Lemma 7.2 and the special form (7.7), (7.8) of yt,y), the
functions Gl(t,y)g(y), G2(t,y) /-E[e-OT-t)U2(IE(Y’Y)))] and G3(t,y)A
E[-e-t<r-t)g( Y’Y))], as well as their sum A G1 + G2+ G3, satisfy growth conditions
of the type (7.19). By virtue of (7.41) and Lemma 7.1, these functions satisfy in
[0, T) x (0, ) the equations

+ L GI(I y)+ UI(II(y))-0, (t+ L) Gj( t, y) O, j=2, 3,

and the terminal conditions

G2( T, y) U2(/2(y)), al( T, y) -G3( T, y) g(y).

Thus G solves the Cauchy problem (7.23), (7.24) which characterizes G; (7.47) follows.
Turning to (7.49), we note first that the integral on the right-hand side is defined

because of (7.30), (7.31), (7.43). In conjunction with Fubini’s Theorem, (7..32) yields

U2(I2())-g())"v(t, y, s) ds
(7.51)

E e-C(T-t)(U2(/2()) g())"(- Y’Y))+ d.

Integration by parts shows that

f"()(-y)+ d=f(y)+ lim ,ff’() f()



1580 I. KARATZAS, J. P. LEHOCZKY AND S. E. SHREVE

for any function f for which the limits are defined. Relations (7.44)-(7.46) thus allow
us to evaluate (7.51) and discover that (7.49) is equivalent to (7.47). 13

Remark 7.4. The nonnegative function (t, y) of (7.11) satisfies the Cauchy
problem

t( t, y) + yy2yy( t, y) + (fl r+ 2y)yy r( t, y) + II(y) =0,

O<-_ < T, 0<y<c,

(7.53) ( T, y)= I2(y),
For its inverse (t, x), as in (7.21), we have

0<y<.

1 Ft(t,y)
(7.54) (t, (t, y))

y(t, y)
< 0, t(t, (t, y))

y( t, y)"
Furthermore, it can be shown by analogy with (6.12) that

(7.55) Gy( t, y) y y( t, y), 0 <= < T, 0 < y <.
Example 7.5. In the special case Ul(c)= U2(c)= c for some 6 (0, 1), we set

k=l_ 6 fl-r6-12 6

and

Then

i_e-k(7-t)

p(t) k
1+T-t,

d" e-k( T-t), k O,

() /(-1)

G(t,y)=p(t) S(t,y)=6G(t,y),
1/(8-1)

F( t, y) p( t)

and

V( t, x)= e-t3t(p( t))l-x.
PROPOSITION 7.6. Thefunction V(t, x) [0, T] x 9 9 of (7.16) satisfies thefollow-

ing initial-boundary value problem for the Hamilton-Jacobi-Bellman (HJB) equation of
dynamic programming, associated with the stochastic control problem (7.5) and the
dynamics (7.6):
(7.56)

Vt(t,x)+ max [ 11  11 =. Vxx(t,x)+{(rx-c)+TrT(b-rl.)} Vx(t,x)+e-OtU(c)]=O
c>_O

in [0, T) x (0, ),

(7.57) V( T, x) e-tTU2(x), 0 <-- x < o,

t l(O)](7.58) V(t,O)= U2(O)- /3 ]e +/3 e 0__< t_< T.

Proof. The last two conditions are quite obvious; on the other hand, if we recall
the expression (7.17) for V, we can cast the HJB equation (7.56), with the help of
(7.54), (7.55), in the form

Gt( t, -31( t, x)) G( t, -31( t, x)) + Gy( t, ( t, x))t( t, x) + rx( t, x)
(7.59)

+max [Ul(c)-c(t, x)]+ ma x)/ rl) (t, x)]-- 0.
c_-->0 9

The maximizations over c >-0, 7r Yt d are achieved by

(7.60) =I((t,x)),
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and

(7.61) =-(ro.T)-l(b-rl.) (t, X)
(t, x)’

respectively. Substitution of these values into the right-hand side of (7.59) makes the
latter read as follows:

Gt(t, (t,x))-flG(t, qY(t,x))+Gy(t, (t,x)). t(t,x)+{rx-Ii((t,x))}(t,x)
-(t, x)

Y ,(t,x)+ U(Ii((t, x))),

or equivalently, with the change of variable y= d/(t, x) and the help of (7.23)"
G,( t, y) flG( t, y) yct( t, y) + rye(t, y) yIl(y) yy2y( t, y) + UI(II(y))

Y[-t( t, y) + r( t, y) (fl r + 2y)yy(t, y) yyZyy( t, y) -/I(Y)].
But this last expression vanishes, thanks to (7.52).

Notice that we have achieved a closed-form solution of the strongly nonlinear HJB
equation (7.56), by solving instead the two linear equations (7.23), (7.25) subject to
the appropriate initial and growth conditions, and then performing the composition
(7.17).

The functional form of the maximizers in (7.60), (7.61) now suggests very strongly
the nature of an optimal portfolio/consumption process pair in feedback form, i.e., in
terms of the current level of wealth. Let us recall from (7.18) the optimal wealth process
X<’x) for the problem (7.5).

THEOREM 7.7. The pair (Tr<’’x), C’’)) given by

(7.62) C’’x)= I((s, Xt’x))),

(7.63) _,)o . (o.o.7" -, (s, Xt’x))
rrrs (b- rl.)

qY,(s, Xt’x))
for <- s <- T, belongs to M t, x) and is optimalfor the stochastic control problem of (7.5).

Proof It suffices to show that Xt’) is the wealth process corresponding to the
pair (Trt’x), Ct’x)) above. Now (7.62) is just a restatement of (7.14), because of (7.18);
applying It6’s rule to the latter, in conjunction with

drl(,,) _(,) t,x) T=(fl-r) as- o dWs < < =x,Is rl s T, rift’x)
and (7.52), we obtain:

(t,x)’:z.ga (.,dX’x)= ,(s, rl‘’)) as+ y(S, rl’,x)) dr/’,x)+ y(r/s ::yy,:, r/]t’’)) as
\T (tx)=(rXt’x Ct’x)) ds+(b-rl.) rs" ds+(rt’x))o’dWs.

But this is equation (7.6) in differential form. rq

Example 7.5 (continued). In this case (7.62), (7.63) read as follows"
(t,x)

C’x)-Xt’ -<")) (trtrr)-’(b r.1)1-6’p(s) 7rs t<=s<= T.

8. Appendix.
Proof of Lemma 7.1. For any solution H(t, y) of (7.21), (7.22) in the indicated

class, the function Yg(t, z) H(t, e):
(i) belongs to C([0, T] x ) fq C’2([0, T) x ),
(ii) satisfies a growth condition of the type

(8.1) max [(t, z)] <-_ M elzl, z
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for some M > 0, c > 0, and
(iii) solves the Cauchy problem with constant coefficients

(8.2) Ygt+)’Ygzz+(fl-r-/)z-flYg+q(t, eZ) 0, [0, T]x,

(8.3) Yg( T, z) f(eZ), z .
Conversely, if (t, z) is a function which satisfies (i)-(iii) above, then H(t, y) A

(t, log y) belongs to C([0, T] x (0, c)) f’) C1.2([0, T) x (0, c)), satisfies the Cauchy
problem (7.21)-(7.22), as well as a growth condition of the type (7.19).

For every given (t, z) [0, T] x , let us now consider the process

L"Z)Az+(fl-r-y)(s-t)-Or(Ws- W), t<-s<= T.

Friedman (1975, Thm. 6.4.6, p. 142) proves the existence of a function Yg(t, z) with
properties (i) and (iii) and satisfying the growth condition

max t, <- e z
O<=t<=T

for every e > 0 and some M M(e). According to Karatzas and Shreve (1987, Problem
5.7.7), this function is unique and has the stochastic representation

(t, )= e-(s-q(s, exp (L")) ds+ e-(r-’f(exp (L’))

from which one can obtain the growth condition (8.1). If we take log y= z, then
log Y’ L(’, and H(t, y) N(t, log y) is given by the right-hand side of (7.20) and
satisfies the assertions of the lemma.

Proof of Lemma 7.2. We simplify the notation by writing U U, I I. We
assume that

(8.4) U’(0) o,

for when U’(0)< o we have I(y)=0 for y sufficiently large, and then the assertions
of the lemma are more easily proved. We observe from concavity that cU’(c)<=
U(c)- U(O), so according to (7.4),

(8.5) lim cU’(c)=0.
c+0

From (8.4), (8.5) and the Fundamental Theorem of Calculus,

U"(c) 1 U"(
lim ) lim Jo ’(r/) dr/- -lim oo,
c,o U’(c) c u n)) cV’(c)

so in the presence of (8.4), (8.5) the existence of the limit in (7.2) implies the stronger
statement:

(O’(c))
(8.6) lim=0.

co U"(c)

Finally, from L’H6pital’s rule and (7.3) we obtain

(8.7) lim (U’(c))U(c)=O for some a>0.

To study the properties of U(l(y)), yI(y), g(y) and s(y), we make the change
of variable y= U’(c). In particular,

lim yU(I(y))= lim (U’(c))U(c)=0
y$O
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for some a > 0, by (8.7). This establishes (7.19) for U(I(y)). Similarly,

lim y"+lI(y) lim c( U’(c))+l < lim U(c)- U(0))(U’(c))
y$0 c-,o c-x

so yI(y) also satisfies (7.19). L’H6pital’s rule yields

y,-l+,/j+(y) lim (U’(c))-1+/ I: d?lim
o o (u’())+

1 (U’(c))
lim 0

1 A+- a c-,o U"(c)
for some a > 2.

Likewise,

(8.8) lim y"-+’/J_(y) 0
y$O

for some a > 2.

Finally,

(8.9)

lim yl+_j_(y) lim (Ut(C)) I+A-
r
i dB

y-oo c,l,O .J (Ut(?))A-

1 (U’(c))2

lim 0
l+h_ c,o U"(c)

by (8.6). This concludes the proof that (7.19) is satisfied by all the functions under
consideration. On the other hand, just as in (8.9) we have

(8.10) lim yl+,/j+(y) O,
yc

and taken together, these relations give us (7.44) when f-g or f-s: The proof of
(7.45) hinges on the observation from (8.5) that

(8.11) lim sI(:) lim cU’(c)=O.
--,c c$0

For the function U(I()), (7.44) becomes

(8.12) lim : d- - U(I()) -,lim :2I’(s) lim,o (U’(c)):U"(c)
For the function I(:), we have

d:--;-: (sI(:)) :I(:) + :I’(:),
a

and (7.44) follows from (8.11), (8.12). It is now easy to verify (7.46).
It remains only to establish (7.43) for the functions under consideration, and for

this it suffices to prove that

(8.13) :lI’()l d<,
(a.4 elr’(el a < oo,
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(8.15)

(8.16)

and for some a > O:

(8.17)

(8.18)

(8.19)

and

Ion ’1I’()1 d: < co,

[7c-I+A IJ--(g)l d <(8.20)

In each of these integrals, we will make the change of variables c= I(:), so d:=
U"(c) dc, I’() 1/U"(c) <=0, and I"() -U’"(c)/( U"(c))3 0. Beginning with (8.13),
we write

ff if0/(1)1I’()1 d= U’(c) dc= U(I(1))- U(O) <.
Because of (8.13), finiteness of the integral in (8.14) is equivalent to finiteness of

[r’(+W(]= u"(c

(U’(cl
lira

U" Iu"(( ,, u"(c (, (’

thanks to (8.6). Because U’ is decreasing, we may bound (8.15) by

+1<()1 d= U’(c))a+lU"(c)l dc
o (v’(n))+

()

cU"(c) dc

=-cU’(c) + U’(c) dc.

These last expressions are finite because of (8.5) and (7.4). In (8.16) we integrate by
pas to obtain

-IJ-()l d= (U’(c))-U"(c) dc,, (U’(n))-
+_ (U’(c+" ’(c c.

We conclude from (8.9) that the resulting expression is finite.
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Now let us take up (8.17)-(8.20). For (8.17) we write

-1

U"((8.21) 1’()1 d:= (U’(c))" dc-<_ const, c) dc<oo
0 (1) (1)

where we have used (7.3). Because of (8.17), finiteness of the integral in (8.18) is
equivalent to finiteness of

(U’(c))
lim

u"(c) oo u"(c)

and again we use (7.3). From the monotonicity of U’, we may bound the integral in
(8.19) by

o (,)- c(U’(c))-’ U"(c) dc
(1)

c
(U,(c)) + (U’(c)) ac

c=I(1) a (1)

(1) +-- (U’(c)) dc;
()

we conclude as in (8.21). For (8.20) we write

’(’)

-’+"-IJ (e)l de (U’(c))-’+"-lU"(c)l (U,(,))._
de.

According to (8.8), (U’(c))-l+a- (d/(U’())x-) is bounded for c 1, and (8.20)
follows from the integrability on [1, ) of U".

Acknowledgments. We wish to thank the Center for Stochastic Processes, Univer-
sity of North Carolina in Chapel Hill and the Institute of Mathematics and its
Applications, University of Minnesota for their hospitality.

Note added in proof. Lemma 4.2 notwithstanding, the function defined by (4.8)
might not be strictly decreasing on (0, o), because we may have Aoo A fo IIO(s)ll=ds <
oo, a.s. However, 6f is strictly decreasing on (0, ), as is G defined by (4.17), where

y- zx sup {y>0"
is in (0, ]. Consequently, we must restrict to (0,)7] in order to obtain an "inverse"
0"/O [0, 3] .._onto [0, ll]. The same comments apply to 2 defined by (5.6), to its "inverse"
0-2" [0 00] __,onto [0, ff2], where

sup (y>0. X(y) > o)
and to G2 defined by (5.12).

The functions of (6.10) and G of (6.11) are strictly decreasing on (0, 7 V ff_).
We should define ag’[0, c] "-ont [0, }1 V ff2] to be the inverse of restricted to
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[o, v ].
In 7, the assumption should be made that there is at least one stock whose mean

rate of return is different from the interest rate, i.e., 0 & a-(b r.1) is nonzero. Under
this assumption Lemma 4.2 and its proof are correct, as are the conclusions drawn from
it in 5-7.
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Abstract. Stabilization of families of finite-dimensional linear systems by constant linear feedback is
studied by introducing a sequence of finite horizon parameter optimization problems. If the set of stabilizing
constant linear feedback controllers is not empty and a regularity condition holds, a subsequence of solutions
to the optimization problems converges to a constant stabilizing controller.

Key words, robust stabilization, stochastic stabilization, stochastic control, parameter optimization
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1. Introduction. The design of controllers for deterministic linear systems with
parameter uncertainties has been studied using guaranteed cost control [4], zero
sensitivity [17], geometric [20] and minimax [9], [16] methods, bounding methods for
Lyapunov equations [14], [19], nonlinear controllers [11], and dynamic compensators
5], [6]. Quadratic mean stabilizability for families of stochastic systems with multiplica-

tive noise has also been studied [7], [20], [21]. For families of deterministic linear
systems, a parameter optimization problem was formulated in [8] that has a solution
if and only if there exists a stabilizing state feedback controller, which may be computed
as a solution of the first order necessary conditions. The contributions of this paper
are: (i) the generalization of that result to output feedback control of systems with
jump Markov coefficients and additive and multiplicative white Gaussian noise, and
(ii) the definition of a sequence of finite time horizon optimization problems whose
solutions converge to solutions of the infinite horizon problem whenever the latter
exists and a regularity condition holds. If the set ofstabilizing controllers is not empty,
the latter result permits the computation of stabilizing controllers without any prior
knowledge of that set.

To illustrate these results, consider the problem of stabilizing the family of linear
systems (d/dt) =Ai+ Bu, where runs over a finite index set, by finding a constant
control u =-K: that minimizes the functional ,, (T+ UrU) dt. If the initial condi-
tion is a zero-mean Gaussian random variable with unit covariance, the expected value
of this functional is

(1)

trace (P(T)) if T <

trace (Y) if T

subject to the constraint that P(t) be the solution of the matrix differential equation

d
d-- P (A’ BK Tpi .+ p(Ai BK + I + K TK, P,(O) =0

* Received by the editors February 18, 1986; accepted for publication (in revised form) January 27,
1987. This work was supported by the National Science Foundation under grant ECS-8351621.

" Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544.
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and Y be the solution of the corresponding Lyapunov equation. This problem may
be solved by introducing multiplier matrices W(t), Zi, adjoining the constraint to the
cost functional with the inner product

trace(P(t)Wi(t)) dt if T<,

trace (YZi) if T co,

and computing Fr6chet derivatives. The resulting necessary condition for a minimum
is that K be a solution of the n’onlinear equation

(2)

if T <,

where the multiplier matrices are defined by

d
d--- W (A,- BK) W + W(A,- BK) T, W,(T) I,

(A,- BK)Z + Z(A, BK)T + I O.

For this example, the results of this paper are as follows:
(i) For each T < oo, (1) is minimized by a solution K*r of (2).
(ii) If the pairs (A, B) can be simultaneously stabilized by constant state feedback

and T c, then (1) is minimized by a (stabilizing) solution of (2) which may
be computed from K*r in the limit T

The proofs involve constrained optimization and rely on the divergence of (1) as the
norm of K becomes large. The novel idea here is that restricting the optimization to
constant controls for T < o allows convergence to be proven by showing that

lim W,. (t) dt Zi, lim Pi (t) W(t) dt YZi.
T- 0

These limits may be computed by interpreting the integrals as responses of a stable
linear system having the impulse response W(T- t) and driven by convergent forcing
functions.

An interesting feature of this example is that it provides an algorithm for solving
matrix Riccati equations. If there is only one system and it is controllable, then (2)
may be rewritten as follows:

(3a) g Br P(t) W(t) dt W(t) dt if r < eo,

(3b) ArY+ YA+ I- YBBrY=O if T=oo.

Therefore, the unique, positive definite solution of the Riccati equation (3b) may be
computed as the limit of solutions of (3a) as T
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2. A parameter optimization problem. The model of parameter uncertainty used
in this paper is parametric dependence on a random variable a taking values in a
closed and bounded subset S of a Euclidean space according to a known probability
distribution i(da). The linear system consists of an autonomous, finite-state jump
Markov process /3(t) {1, 2,..., N} with prior distribution , R, ’i > 0, and gen-
erator r RNN which depends continuously on the random variable, and a controlled,
stochastic differential equation with additive and multiplicative white Gaussian noise
whose coefficients and prior distribution depend on both the jump process and the
random variable"

(4)

q

d [A+ Bu] dt + DJ dvj +F dvo, > O,
j=l

:(0) x R".

Here 8 {0, 1 }, Vo R", vi R 1, 1 < <= q are independent standard Wiener processes,
and the coefficient matrices A, D, F R", B R are continuous functions on
S. It is assumed that FFf> 0, the zero eigenvalue of 7r has multiplicity one, and the
random variable x has a positive-definite second moment r.

An optimization problem is defined by considering the expected value of the
finite-horizon, quadratic cost functional

VT(a, i,x)--
I+T
-E e(I-)a’(TQa+uTu) dtl(O)=x, fl(0)

and seeking constant output feedback controls to minimize the averages

JT(K) E{ VT(a, i, X)} for T < J(K) lim JT(K).
T-oo

Here Q R"", Q Qf->_ 0, and Ai R are continuous functions on S. The parameter
allows the simultaneous study ofboth infinite horizon (8 0) and average cost (8 1)

criteria for the limit problem.
The admissible controls are restricted to the gain schedule u =-Krr/, where % r/

are noiseless observations of/3, :. Here r/(t)= C:(t) where C Rrn is of full rank,
and y(t) j whenever/3 (t)/ where Uj /j is a disjoint partition of { 1, 2,. ., N}.
(For example,/3, y might correspond to a multi-dimensional jump process, only some
of whose components are measured.)

Computation of the optimal feedback gains involves solving systems of transcen-
dental equations. For T < oo, the minimization of JT is carried out by transforming
the problem into a parameter optimization problem with terminal cost. For notational

o, Rmconvenience, denote K K1, KM ), U I-I define an indicator function
by 0 =j whenever /, and introduce G A- BKo,C. For P R", define

q

(5) L,(P)=G.T, p+PG,+ E (D)TpD,
j=l

q

L*(P)= pGT +G,P+ E D{P(D{) T.
j=l

PROPOSITION 1.

(K)
1 fs ,i(trace (P/(T, T)cr)+p,(T, T))l(da)

I+Ti=
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where Pi( t, T), Pi( t, T), 1 <- <-_ N, are defined for K e U by

d N

dt Pi=
L(Pi)+ . 7rijPj+(Qi+ CTKT )X.(T-t)

o, Ko,C) e(- 0<t T,
j=l

(6)
P,(0, T) 0,

d N

dt
p, E 7roPj+6 trace(FfPF), 0<t<_- T,

j--1

p,(0, T) 0.

To state the first order necessa.ry conditions for a minimum, define adjoint variables
W( t, T), w,( t, T), l <= <- N, by

d N

d--t W L W + E 7rk Wk + 6w FFf 0<= < T,
k=l

W,(T, T)= ,,
(7)

d N

dt wi Tl’kiWk,
=1

Wi( T, T) vi

and set fT (f T, ft) where

O<-t<T,

(8)

THEOREM 1. The equation K fT(K) has a solution K*r that minimizes JTover U.
The limit problem of minimizing J requires further assumptions and a more

complicated notation. Define F1 e R" N N by

Fl= r@Ina+diag [In@(Gi)T +(ai)T@I,+ (DJi)T@(DJi) T]j=l

and define the open sets

Uo f’l Uo(a), Uo(a)={Ke U:max{real(r(F))}+(1-)max{,}<O}.
aeS

PROPOSITION 2. IfK Uo then

&o(K) (1- 6) vtrace(Yor)lx(da)+6N Y atrace(FrYjF)tx(da)
i,j i,j

where a is the normalized left zero eigenvector of 7r and Yo, 1 <= i, j <= N, are defined for
K Uo by

N
r Ko.C) O-(9) L,(Yo)+ Y "n’,kYkj+(1--6)Ajj+X,:j)(Q,+CTKo,

k=l

(As will be seen in Lemma 1, 4, Uo(a) is a set of feedback gains for which (9)
uniquely defines Y/ as a positive-semidefinite, symmetric matrix.)

01 if i#j,
X1=jI

if =j.
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To state the first order necessary conditions for a minimum, define adjoint matrices
Zo, 1 _<- i, j <= N, for the limit problem by

N

(10) L*(Z0)+ E ’n’k,Zks +(1-6)AZ0 +(1-6)v,o’+ 6Na,F,FS=O
k=l

and for K e Uo set foo= (fT,""", ft) where

( )_l.. BYoZoCrix(da) ,E, CZ.C(da)(11) fT(K) ,E,
Finally, the following regularity hypothesis implies J is ditterentiable at its minimum"
There exists a symmetric matrix Q e R satisfying 0-< Q -<_ Qi such that Xo R"",
1 _-< i. j _-< N. defined for a e S, K e Uo by

N

(12) L,(Xo)+ E ’rr,kXks+(1--8)AsXo+x,=sQ =0
k=l

satisfies

lim trace (Xq)tx (da) +oo for all Ko e 0 Uo.(13)
C-,Ko,j

THEOREM 2. If Uo is not empty and (13) holds then the equation K =f(K) has
a solution K that minimizes J over Uo. Conversely, ifK =f(K) has a solution then
Uo is not empty.

THEOREM 3. Suppose Uo is not empty and (13) holds. Let T be an unbounded
sequence of positive numbers, and let K’T, be a solution of K =fT’(K) that minimizes

JT,. Then K, has a subsequence which converges to a solution of K =f(K) that
minimizes J over Uo.

The proofs of Theorems 1-3 will be given in 4. Using integral representations
of P(T, T), p(T, T), and Y0, the optimization problems will be recast as ordinary
minimization problems for scalar functions of several variables. The equations K
fT(K), K =f(K), correspond to the requirement that the first derivatives of JT, J
be equal to zero. The convergence properties will follow from limits to be proven in
Proposition 5. (An equivalent derivation of equations (7), (8) (respectively (10), (11))
consists of using Y, or s trace (MiN)Ix(da) dt (respectively, Y Is trace (MN)Ix(da))
to adjoin equations (6) (respectively, (9)) to the cost Jr (respectively, Jo) and computing
Fr6chet derivatives.)

3. Discussion of results. Theorem 2 is important because of the following connec-
tion between stability and the set U0. (The proof is given in Appendix A.)

PROPOSITION 3. Assume K Uo. If 8 =0 and max {A}_->0 then is stable in

quadratic mean. If 8 1 then has an invariant probability distribution.
Calling the system (4) stable if either of the conclusions of the proposition holds,

we find that Theorems 2 and 3 characterize stabilizing controls when (1- 8) max {Ai}
0. If the model is deterministic apart from the initial data and the parameter a, then
quadratic mean stability is the same as Lyapunov stability for every a S. Therefore,
the theorems apply to problems of simultaneous stabilization of families of linear,
deterministic systems. If the model includes Gaussian noise but no jump process, the
theorems apply to problems of quadratic mean stabilization in the case of multiplicative
noise, and to weak stochastic stabilization in the case of additive noise.

Theorem 2 may also be interpreted as a generalization ofthe result that stabilizabil-
ity and detectability imply the existence of a unique, positive semi-definite solution of
the matrix, algebraic Riccati equation [24]: The equation K =f(K) generalizes the
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Riccati equation, the hypothesis Uo# b plays the role of stabilizability, and the
regularity hypothesis plays the role of detectability. Subject to the regularity hypothesis,
f has a fixed point if and only if Uo is not empty. There is no claim of uniqueness.
The novelty of Theorem 1 is the restriction of admissible controls to constant rather
than time-varying feedback gains. Although JT can be redefined for, and minimized
with respect to, time-varying controls, study of the passage to the limit appears to be
technically intractable unless S is a singleton set. In that case, results are known for
some nonlinear systems 18]. Theorem 3 is important for computing stabilizing control-
lers. Since gradient methods for computing fixed points offo require an initial guess
Ko U0, they are not practical if the set Uo is unknown. Theorem 3 ensures that at
least one sequence offixed points offT converges to Uo as T o, and since limTo K*T--
0, that sequence may be computed without any "initial guess." However, rates of
convergence are not known. Numerical algorithms could be based on solving K
fT(K) for T o, or Theorem 3 could be used to compute starting points for gradient
search algorithms.

When S is a singleton set, some special cases of Theorem 2 are known. The case
when (4) is deterministic and 6-0 recovers the output feedback regulator problem
studied by Levine and Athans [12]. State feedback regulation (6 =0) of a linear
differential equation modulated by a jump process, and some state feedback, long run
average cost problems (6 1) with no jump process were studied by Wonham [23],
[22]. Recently, Mariton and Bertrand have studied the former problem when the
control is independent of the jump process [13], and Hyland and Bernstein [10]
have studied extensions of the latter problem with dynamic output feedback control.
In [2], the state feedback problem with no jump process and only multiplicative noise
was studied as an approximation for a control problem with wide bandwidth
disturbances.

Whereas most previous work on stabilization of uncertain systems has focused
on developing verifiable sufficient conditions, Theorem 2 gives an analytical characteriz-
ation as solvability of a set of transcendental equations. The difficult issue of verifiable
criteria is hidden in the regularity hypothesis and the assumption that Uo is nonempty.
Many sufficient conditions for Uo to be nonempty are given in the references cited in
the Introduction. The regularity hypothesis (13) is the weaker assumption that the
solution of (12) has singularities which are not integrable.

PROPOSITION 4. Suppose Qi > 0 and either N or 7rij > O, #j. The regularity
hypothesis (13) holds if either (i) S is a finite set and tz is positive on S, or (ii) S is a

finite interval, tz(da) >= ok(a) da where ck > O, and Li, Ai, r are polynomialfunctions ofa.
The proof of Proposition 4 is given in Appendix A. It is not known if (13) holds

for polynomial parametrizations when S is a hypercube. Also, the regularity hypothesis
may fail when some discount rates are negative and the jump process is not irreducible.

Example 1. For the scalar problem (d/ dt) A+ u, u =-K, consider choosing
K independent of the jump process/3 to minimize E o (2+ u2) dt. (Here 6 =0 and
0i 1.) Then Uo (Ko, ) where Ko is the maximum real part of any eigenvalue of

1/2 7r+ diag [A], and the regularity hypothesis holds if

(14) lim trace KIN -- r-diag [A] Ix(da) +c.
KSKo

The equation K =f(K) may be rewritten as follows:

(15)
2K s uT(KIN -1/2 7r-diag (A,))-Jtx(da)

1 + K2 s ’T(KIN-1/27r-diag (Ai))-lJtz(aa)
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where J =(1,..., 1). By calculus, (14)implies (15) has a solution in Uo. Depending
on the data, (15) may also have solutions in (-oo, Ko). (This example was studied in
[8] in the case N= 1.)

Example 2. Suppressing subscripts and superscripts let d (A+ Bu) dt +Ddr,
where u=-KC,

For the case C I it was shown in [20] that (i) for any e 0, ao> 0, there exists a
feedback K which stabilizes the system for all a e [0, ao), and (ii) if e 1, then one
may take ao=m. For the case C =(1, 0), let e e R, S =[0, a], a>0, (da) da/a,
==0, Q=O==h. Then det(F)=bK+bK+bo, where b=-32a, b=
4-Sa(e-4e+ 1), bo=-2ae. Let (1) +m and for e 1 let (e) denote the unique

)-4bbo 0. Applying the Routh-Hurwitz stability criterionpositive solution of (b
to the characteristic polynomial of F, it may be shown that Uo is nonempty if and
only if a < (e). If a < (e) then Uo (K_, K+) (0, m) where K are the ordered
roots of det (rl)l=a2 0, Uo (0, ) as az O, and Uo ff as a2 T a(e). Equation (11)
has the form

Io J=o cj dK + doK (b2K+ bK + bo)2
da

b2K2+ blK + bo
where cj, dj are quadratic polynomials in a for every e. By Proposition 4 the regularity
hypothesis holds and by Theorem 2 equation (11) has a stabilizing solution K Uo
if a <

4. Proofs. The compactness of S and the continuity of Pj, , , Zo, X0 with
respect to a justify the frequent use of Fubini’s theorem and the dominated convergence
theorem. Several of the proofs use the fact that o ea’c em dt is the unique solution
of AX +XB + C 0 if A, B are square matrices and the sum of the maximum real
pas of their eigenvalues is negative. Also, since the zero eigenvalue of has multi-
plicity one, there exist a R aj> 0, A(t)RS continuous on & such that e
Ja + A, where J (1,. ., 1) r and IIAII e > 0. The proofs of Propositions
2 and 5 use the fact that if A is a stable matrix and g(t) is continuously differentiable,
then by a version of l’Hospital’s rule [15, p. 375]

lira
1 or

( d )ea(r-’g() de= -A- lira (1-)g(t)+r 1 +T

whenever the limit on the right-hand side exists.
La 1. (i) If K e U then P(t, T) are symmecric, posiive-semidefinite macrices

and (t, T) are symmetric positive-definite matrices. (ii) If K e Uo, then , Xo are
symmetric, positive-semidefinice macrices uniquely defined by (9), (12) respectively, and
Zo are symmetric, poitive-definice matrices uniquely defined by (10).

Proof ofpare (ii). (e proof of pa (i) is similar.) Define , , e R" by
=(vec(X0 =(vec( 2 (vec(zoi,j i,jJ. 1, and defineFR
Rn2NxN, F5, F6 G R

n2N for a S, K Uo, by2

Ko.C)],F2 diag [A], F4=diag[vec(Q+CKo,
r (, vec (F,FY)) L, r6 (, vec ())ui=1"

For any matrix E, vec (E) denotes the vector of stacked columns of E [3].



1594 WILLIAM E. HOPKINS, JR.

By properties of Kronecker products [3], (9), (10), (12) are equivalent to

(9’) F1Y+(1 6) Yr:+ F4=0,

(10’) rT2+(1-)2r:+6Nrj + (1- 6)F6JT 0,

(12’) F,X + (1 6)XF2+ diag [vec (Q)] 0.

Therefore, the existence of unique, symmetric solutions follows from the definition of
Uo and the symmetry of (5).

To prove Zq > 0, define Eij (1 6) vir + 8NaFF> O,

# r-diag [0 I + ,
j=i j=i

let be a Markov jump process on {1, 2,..., N} with generator , and let be the
solution staing at x of

k=l

Then Zo > 0 since for fixed j the solution of (10) has the representation

The semi-definiteness of , X is proved similarly.
ProofofProposition 1. gr is a quadratic function of x and Vr v(O, x)/(1 + r),

where v satisfies the backward system of linear, paial differential equations (x e R)

0
ll 0 T. T Ko.Ci)x] e(1-)xt=O,v,t,x,+Lv,t,x,+--.ag,xT,,i+-,Ko

Ot
O<=t<T,

v(r, x) =0.

Here L is the generator of the joint process/3, ::
L= r+diag xrGr 0 + trace 6FFr + Y D{xxr(D{) r

Ox j=

Therefore, by a standard calculation v(0, x)= xP(T, T)x+p(T, T) and the result
follows.

Proofof eorem 1. Since P 0, Proposition 1 and a comparison theorem imply
there exists a constant , independent of T, such that

 fs( r

)(16) JT(K)> trace(P(T))+6 trace (P(t)) (da)=l+6Ti=
where P(t) are defined by

d ( 1 )r ( 1 )K" e
dt P’ G,+ ,, P, + P, G,+ ,, + C o, Ko,C O < T,

=0.

Therefore, limllll Jv , implying Jv is minimized by some K6 U. The fact that
K is a fixed point off v follows from Proposition B1, Appendix B, by a long calculation
using onecker products to express (6) and (7) in vector form. The details are omitted.
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Proof of Proposition 2. Define Po( t, T), Po( t, T), by

d N

d--t P= L’(P)+ E 7r,kPkj+X(,=))(Q,+ CTK To, Ko.C), e(1-)x’(T-’)
k=l

O<t<-T,

(17)
Po(0, T) 0,

d r

dt Pi
Y 7rikPkj + t trace (Fr PoF),
k=l

p,(o, 7,) o.
Then P jN__ Pij, Pi jN= PO’ and.

1 fs u’(trace(P(T’ T)tr)+pi(T, T))lx(da).JT(K)-
1 +T

The formula then holds by the following calculations. Let /3(t, T)= (vec (P0))vi,j=l,
(t, T)=(pi) N,,j= 1, and define F ’3(t) ERNxN by

(F3) trace (FfYF), (’3)j trace (FP(t, t)Fi).

By properties of Kronecker products [3], (17) is equivalent to

d-
dtP=FP+F4e(1-)r2(r- 0<t< T,

(18)
P(0, T)=O.

Therefore,

/5(t, T) =/5( t, t) e(1-)r2(r-’), /5( T, T) er, tr4 e(1-z)r’t dt,

fi( T, T) i e(T-t)’3(t) dt

and fi(t, t) satisfies (d/dt)p= rp+(1-)pF:+ F3. If K E Uo, then

lim 1---/5(T, T) (1-) er"r4 e(-r, de ( -,) f’.
r-, I+T

If 6 0, then fi( T, T)= 0 and if 3 1, then

1 1
r_-p(T,lim T) lirn- o (Jar+A(T-t))’3(t)dt=JarF3.

Proof of Theorem 2. t= G+1/2(Tr,+(1-)Ai) is stable if K Uo. Therefore, by
Lemma 1, Proposition 2, and a comparison theorem,

Jo(K)>=r 2 trace(Xi)tx(da),
i=1

7- Ko,C 0. Therefore,where X are the unique solutions of
limllrll-,o Joo oo, implying Joo is minimized by some K*oo closure (U0). Also,

J(K)>--2 fstrace(Xo)lx(da), :>0.
i,j
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Therefore, the regularity hypothesis (13) implies K*oo: OUo. The fact that K*oo is a fixed
point of fo follows from Proposition B1, Appendix B, by a long calculation using
Kronecker products to express (9), (10) in vector form. The details are omitted.

PROPOSITION 5. Let E Rn" andK. Ufor T>0. If limT_, K-=K Uo, then

(ii) lim
1 J"v ()P(t, T)(, T)

w I+T o

oo By the continuity of , Ze, P0, with respect to t, a, K, there is no loss
ofgenerality in assuming Kv K. Define (t)
and note lim. (t) F. Define and let #(t, T) (vec ()).=

m
1. Then

(7) is equivalent to

d
=r#+(T-t)L 0<T,

dt

#( T, T) rd
and (10) is equivalent to

(9) 2= eP(( )rd + NF,Jr) e(-r’ dr.

Therefore

(, T) e(-r(r- dr=
I+T o

I 1 +T erTJr e

h-
1 + r err(’-’Ts(s)J

To prove pa (i) it Suces to show that
converges to (19), and if 1, then I converges to zero and h converges to the
solution ofF+ FsJr 0.

The proof ofpa (ii) depends on the equations for , Z0 decoupling with respect
to Z Define . e,, e,, e,, 2 e,.3 Then by (18) and (19)

i(t, T)= (t, t) e(1-alxi(T-t), i(t, t)= er"F4 eie(1-)"’s ds,

erF4 e e(-", ds,

(, T) err(r-’r+ err(-’Ps(T- s) ds,

2,= erP((1- a)r+ aNr) e(-*),t dr

e denotes the vector consisting of zeros except for a one in the ith position.
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By a change of coordinates and order of integration,

1 for1 + 8T (t, T)T(t, T) dt I3 + I,

1 for er(T-0F6 e(-)’(T-O.T, (t, t) dt,I-I+T
1 term(r-t) Ps(t-s)Pf(s,s) ds dt.L-l+ T

To prove pa (ii) it suffices to show that I3 + 814 converges to f. If 6 0, then I3
converges to the solution of F(x + Ax + F6 0. If 6 1, then I3 converges to zero
and, by repeated application of l’Hospital’s rule, I4 converges to the solution of
r x+r  y=0.

LEMMA 2. Let K Ufor T> O. If Uo is not empty, the regularity hypothesis (13)
holds, and lim Kr K Uo, then

lira 2 trace (Po( 
T j

oo Let U Uo, U U-Uo be bounded. Since S is compact and F is a
continuous function of a, K, by (18) there exist positive constants , such that for
any T r, Ke U, Ke U,

trace (Po(T, trace (Po(T,

The result follows by (13) since limr trace (P(T,
oofofeorem 3. Let e > 0. By Propositions 1 and 2 and (17) there are constants, ro such that for TN

J(K)+ e e JT(K) e JT(K)

(20) trace (P0 T, T))
-(l+r) ,.=

+ trace (P(, t)) dt (da)l=.

Therefore, there exist constants O, such that K, e Uo and K,II < 0 for e ,
since otherwise equation (16) or Lemma 2 would contradict (20). Hence (20) and
Proposition 5 imply the limit of each convergent subsequence minimizes J and is a
fixed point off.. Cels. For a large class of families of linear systems with unceainty,
this paper has shown that, subject to a mild regularity hypothesis, stabilizability is
equivalent to solvability of a system of transcendental equations. These are the station-
ary equations for a related parameter optimization problem. A procedure for their
solution has been given.

Several minor extensions of Theorems 1-3 are possible. For instance, if (4) is
generalized to include control dependent noise in the form

q
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then Theorems 1-3 hold with D replaced by D-EKo,C in (5) and the right-hand
sides of (8), (11) replaced by the unique solutions X of the linear equations, I,,, e’-a)"’’-t+ (Eki)’PiEki XCWiCtz(da) dt

k=l
(89

iI k=

,Z,, XCZ,,cT + Z Z (E)TyoEXCZoCT ,(da)
(11’)

2=1 k=l

The results may also be extended to ceain eases when FFf is not positive definite,
the observation structures Q depend on a, and the control is affine in the null space
of B. Open problems include study of the solution space of (11), study of numerical
methods for solving (8), (11), including determination of rates of convergence of K*T
and extensions to jump processes with continuous state space.

Appendix A.
Proof of Proposition 3. Since (1-6)max {Ai}>-O implies Il is stable, let Xi,

l<-_i<-_N, denote the unique solution of Li(’) +Yj 7rij. + I, O. if aS and 6=0,
then as in the proof of Proposition 2

E Tdrip(O)= x, (0) xr2ix,

implying E{ll:(t)[[[(0)= x,/3(0)= i}-0 as t-->. If 1, then

lim E cTcs at N Z a, trace (FT ,F,)Ix(da).
T-oo i=1

Therefore, (t) has bounded second moments, implying the existence of an invariant
probability distribution 1].

Proof of Proposition 4. Choose Q eI,, e > 0 and let Ko Uo. Since S is closed
and bounded, Ko 6 0 Uo(ao) for some ao S. Fuhermore, it may be shown that 0 Uo(ao)
is a subset of the cue {K U: det (F1)+(1-8) max {h}=ao=0} and

N
limrro,= trace (Xo)=+ for a=ao. The result follows trivially in (i) while in
(ii) it follows from the inequality"

strace(Xo)(da)s(l+g)/hda
where > 0 and g, h are polynomials in (a, K) vanishing at (no, Ko).

Appendix B. The notation does not correspond to that used in the body of the
paper. Let S be a closed and bounded subset of a Euclidean space. Let A R"", b(t),
b, c R" be continuous functions of [0, T], a S, k R, which are continuously
differentiable in k. Let {k: real ((A)) < 0 for all a 6 S}. Define



OPTIMAL STABILIZATION OF FAMILIES OF LINEAR SDE’S 1599

and for k f define

Joo(k) fs c’z(da)’ ’= -A-’’ g= -(A)-c"

PROPOSITION B1.
(i) IfJT has a local minimum at k* R" then

Iorls (OA Ob)hT(t) -g(t)/-O(t) i(da)dtl_-.-0, l<-i<=m.

(ii) IfJ has a local minimum at k* 2 then

, -b tz(da)lk=k.=O, l <= <-- m.

Proof. Because is open, the formulas follow from a computation of the gradient
of J(k), utilizing the formulas (O/Oki)A-1= -A-I(OA/Oki)A- and (27) of [3],

e= ea(_ OA eA ds.
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INFINITE HORIZON OPTIMIZATION FOR FINITE STATE MARKOV CHAIN*
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Abstract. We consider the infinite horizon optimal control of a finite state Markov chain from the point
ofview ofovertaking optimality and the long-run average cost. The stochastic model is cast into a deterministic
framework by considering the distribution of the original state as a new state. Using known results about
deterministic control systems we obtain short proofs of existence and characterization ofstationary overtaking
optimal strategies for the stochastic problem.

We characterize and prove existence of stationary strategies which have a minimal cost growth rate in
the class of all nonanticipative strategies. Restricting our attention only to stationary strategies we show
that for every given initial state there exists an overtaking optimal strategy. Finally, under more restrictive
conditions, we establish the existence of a stationary overtaking optimal strategy for all the initial values.

Key words, infinite horizon control problem, long-run minimal cost, overtaking optimal, finite state
Markov chain
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1. Introduction. This paper studies infinite horizon control of a finite state Markov
chain from the point of view of the overtaking optimality criterion and the long-run
average cost. The stochastic model is cast into a deterministic framework by considering
the distribution of the original states as the new state. Using known results about
deterministic control systems will enable us to give short proofs of existence and
characterization of stationary overtaking optimal strategies for the stochastic problem.

We shall consider nonanticipative strategies, namely strategies for which the value
of the control applied at time k depend on the values of the controlled process up to
time k. Here k =0, 1, 2,... is the discrete time variable. A subclass of this set is
composed of the Markov strategies for which the value of the control at the time k is
a function of k and the current state of the controlled process at this time. Of special
interest are the Markov strategies which are stationary strategies, namely, the value of
the control u which is applied at time k depends only on the current state of the
controlled process, and not on the.time variable k.

There are two main results in this paper. One is concerned with the existence and
characterization of stationary strategies which have a minimal cost growth rate in the
class of all nonanticipative strategies, while the second is about overtaking optimal
strategies in the class of all stationary strategies. In the first main result we prove the
existence of a stationary strategy with a minimal long-run average cost and we show
how it can be computed. Existence results about strategies with a minimal long-run
average cost have been displayed in the literature under various assumptions. In
Whittle’s book 10] it is assumed that the set of action controls is finite. In Kushner’s
study [6] it is assumed that the controls take values in a countable set. In our framework
the set of admissible controls is considerably larger, and the result about strategies
with a minimal long-run average cost will be established while assuming that the set
of admissible control values is convex and compact. Moreover, any two statescommuni-
cate after a finite number of steps under the action of a stationary admissible strategy.
These assumptions are denoted in the sequel as Assumption B. The convexity assump-
tion is natural since we allow mixing of controls. Namely, we assume that if vl," ", vk

* Received by the editors March 31, 1986; accepted for publication (in revised form) February 5, 1987.
This research was supported in part by the Institute for Mathematics and Its Applications with funds
provided by the National Science Foundation.

" Department of Mathematics, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213.
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are some possible action controls and if hi > 0 are such that Y=I hi 1, then the action
of choosing vi with probability hi is a possible control also.

In [1] Borkar proved the existence of stationary strategies with a minimal cost
growth rate for Markov chains. The framework of his treatment is different from ours.
The state space in 1] is denumerable rather than finite, and the optimization is a.s.
rather than of the expected average cost. However, the cost expression considered in
1] is a function of the current state only, while we consider a cost expression which
depends on both the current state and the applied control.

The other main result is concerned with overtaking optimality of stationary
strategies. We will establish the existence of a stationary overtaking optimal strategy
for every initial state. Moreover, the existence of a stationary overtaking optimal
strategy for all the initial states will be established under the following assumption.
Let {1, 2,. ., n} be the state space. Then for every initial state at time k 0 and a
distribution p (Pl,"" ", Pn) with pi>0, 1 <_-i<_-n there is a control u for which the
distribution of the process at time k 1 is p. We will demonstrate in an example that
this assumption, which looks quite restrictive, holds naturally in certain systems. We
want to emphasize that this assumption, which is denoted in the sequel as Assumption
A, is needed only in the part of the paper which deals with overtaking optimality in

6. The existence of optimal strategies with a minimal long-run average cost is proved,
in 5, under the relaxed Assumption B described above. The Assumption A is employed
merely as an auxiliary tool in 4.

We will show that, under Assumption A, the stationary strategy with a minimal
cost growth rate possesses an additional optimality property. Denote this strategy by
O’o and let o- be any nonanticipative strategy. Then there is a constant K such that the
cost of ro on the time interval [0, k] is not larger than that of o- on this interval by
more than K, and this for every k-> 1. This property clearly implies that O’o has a
minimal cost growth rate. One can, however, construct two nonanticipative strategies,
both having a minimal long-run average cost. Nevertheless, the difference between
their respective costs on the time intervals [0, k] diverge to infinity as k grows to infinity.

The fact that the minimal cost growth is attained by a stationary strategy gives
some justification to restricting the discussion to the class of stationary strategies.
Moreover, we assume that the cost incurred when applying a certain control while the
system occupies a given state does not depend on the time when this control is employed.
Therefore one expects that strategies which are optimal in a reasonable sense would
be stationary. Indeed, we will prove that under Assumption B there exists an overtaking
optimal stationary strategy, for every given initial state. However, under Assumption
A, we will establish the following much stronger property: Every stationary strategy
with a minimal long-run average cost is in fact overtaking optimal, for all the initial
states, in the class of stationary strategies. This main result will also provide us with
a computational tool for overtaking optimal stationary strategies. In the course of
proving our main result we will show that the deterministic problem associated with
our stochastic problem has the remarkable property of having overtaking optimal
solutions with respect to a vector cost criterion.

We will consider now some possible extensions and discuss some inherent limita-
tions of our approach. Concerning overtaking optimal strategies, there are several
possible extensions. One is to establish the existence of overtaking stationary strategies
in the class of all the Markov strategies, rather than in the smaller class of stationary
strategies. Another possible extension is to relax the controllability assumption that
every distribution can be obtained in a unit time from any initial state. Our approach
has the inherent limitation of requiring this in order to exploit results about the
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deterministic control systems. It would be desirable to prove existence and characterize
overtaking optimal strategies under the natural assumption that the constraint set for
admissible controls is convex and compact. Such a result is motivated by the two main
results of this paper. Another possible extension is to consider controlled Markov
chains with infinite denumerable state space.

Our approach is to consider the distribution of the states as a new state, and
accordingly we study the expected cost values. Thus there is no hope to get a.s.
optimality results. This, however, is not much of a limitation as far as overtaking
optimality is concerned, since, in general, one can hardly expect a.s. optimization in
this context.

The paper is organized as follows. In 2 we describe the stochastic control problem
and display examples which satisfy the assumptions of our model. In 3 we associate
a deterministic control problem with the original stochastic one. The existence and
computation of a stationary optimal strategy with a minimal long run average cost is
proved in 4 under Assumption A and in 5 under the relaxed Assumption B.

In 6 we restrict our attention to stationary strategies and show that, under
Assumption B, there exists an overtaking optimal stationary strategy for every initial
state. Furthermore, assuming Assumption A, we will show that every stationary strategy
with a minimal long-run average cost is in fact overtaking optimal for every initial state.

2. The stochastic control problem. We consider the controlling of a discrete time
stochastic process which is defined on a probability space ([l, F, P). The state space
of the controlled process is the finite set {1, 2,..., n}. We denote the discrete time
variable by k 0, 1, 2, If we apply a control u at time k while the system occupies
the state i, _-< i-< n, then as a result the system will occupy the state j at time k + 1
with probability pij(u), which does not depend on time k. We assume that the class
of controls is closed under mixing, namely: If ul,’", Uk are admissible controls, and
A >--0, /k_ A 1, then the control u which is obtained by choosing ui with probability
Ai is an admissible control also.

We denote by S the following subset of

where qi denotes the ith component of q. S is a convex subset of R n, and let S be the
smallest affine subset of R which contains S. Then we denote by rel int S and by OS,
respectively, the interior and boundary of S as a subset of S (see Rockafellar [8]).

Suppose that when the system occupies the state then a cost 4)(i, u) incurred if
the control u is applied. If the control u is obtained by mixing the controls Ul, , Uk
with the respective probabilities A1,""", Ak, then the cost of using it when the system
occupies the state is -=1 Aj((i, uj). For a given state and q S, let U(q) be the set
of all the controls u such that pij(u)=q for all 1 _-<j-< n (q is the jth component of
q). Then we define

dp,(q)=inf {d(i, u)" u U(q)}

agreeing that the infinum over the empty set is +oo. b(q) is the infimal cost for obtaining
the distribution q at the next sampling time if the present state is i. We thus consider
the set of all stochastic matrices M (M), 1 <_-i, j <_-n, as the set of our admissible
controls. The controller chooses at every instant of time such a matrix M, and if the
system occupies the state at that time then the incurred cost is b(M), where M is
the ith row of M.
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Remark. Because we allow mixing of controls in the original framework of the
model, the set of admissible stochastic matrices is convex.

We say that q R is positive and denote q > 0 if qj 0 for every 1 -j n. We
shall assume the following.

ASSUMPTION A.
(i) Let q S be positive. Then for every there is a control u such that pij(u) qj

for all 1 -j <_- n.
(ii) The cost expression q thi(q) satisfies

(2.1) lim b(q)=oo as qOS

for every 1 <- _-< n.
Remark. The meaning of (i) is that every distribution q > 0 can be achieved in a

unit time from every initial state by a choice of a suitable control. Example 2.2 will
display systems for which this holds under natural assumptions.

To explain the meaning of (ii) we observe that if q belongs to OS then at least
one state is a.s. unoccupied. Thus assuming (ii) means that all the states communicate
in the unit time interval, under the action of every admissible control. Moreover, an
action which guarantees a high probability for the nonoccupancy of a certain state
would also be very expensive and the relation between these two quantities is expressed
in (2.1). These remarks are further demonstrated in the following example.

Example 2.1. We consider a continuous time Markov chain with the state space
{1,-.., n}. If A(t) is its generator and q(t) is its distribution at time t, then

(2.2)
dq
at

Ar(t)q(t)’ q(O) qo

where qo is the initial distribution at time 0, and Ar is the transpose of A (see e.g.
Elliott [4]). The entries Aj(t) of the matrix A(t) determine the rates of transition from
to j at the time t. In the case of a controlled Markov chain the controller can influence

these values. The function A(.) is thus the control function and we assume in this
example that the class of admissible controls is composed of all the continuous functions

A(t) such that Aij(t) >= 0 for j and A,(t) -ji Aij(t). This assumption will
be much relaxed in Example 2.2. Let denote the set of n x n matrices A such that
Aij>-O whenever ij and A,=-jAj. Let X cR be the subspace {x
Rn" , xi 0} where x is the ith component of x. Then for every q rel int $ we have

{Arq: A sd}= X,

as can easily be seen from the definition of sg and the fact that Arq is a convex
combination of the columns of Ar with the weights {ql,. , qn}. From this it follows
that for every q e rel int S and every initial distribution qo there is an admissible control
A(. such that the solution q(. of (2.2) satisfies q(1) q..Thus Assumption A(i) holds.

The following discussion serves as motivation and explanation of A(ii). If for two
different states and j the value of Aq(t) is very small then this means that transitions
from to j in a short time interval after are very unlikely to occur. On the other hand
very large values of A0(t) mean that there is a high probability that the state will
change from to j during such a time interval. Thus we see that extreme values of Aq
correspond to a more predictable’behavior of the system. It is, however, reasonable
to expect that controls which achieve a less random behavior of the system will also
be the more expensive ones. Thus a reasonable cost expression in the present model is

(2.3) 2 b(Aq(t)) dt
ij
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where b :R+ R+ is a convex function satisfying lim b() =az as -c or e 0+.
(The convexity is natural in light of the possibility of mixing controls.)

For a given let Ci(a, ) be the set of all values q(1), where q(.) is a solution
of (2.2) and where A(. runs over all the possible measurable functions A(t) such
that 0 < a -< Aq <-/3 for all 0 -< -< 1 and all # j, 1 <- i, j =< n. It is not hard to see that
Ci(a,/3) is a closed set and Ci(og, c rel int S, namely C(a,/3) is bounded away from
OS. (Consider tA(t) as matrices whose entries are bounded elements of L2[0, 1].
Then the solutions of (2.2) are uniformly continuous. For a sequence {Ak(’)}=o of
controls with a corresponding solution {qk(" )}k=o we can assume that Ak(" ) Ao("
weakly and qk(’) qo(’) strongly, both in L2[0, 1]. Therefore q0(’) is the solution
corresponding to Ao(" ).) This .means that if q is sufficiently close to OS, then there
must be values of Aq(t) which are either very small or very large, thus causing the
cost expression in (2.3) to become large.

The following example relaxes the assumption on M in Example 2.1.
Example 2.2. The controlled process is as described in Example 2.1. Let X c R

be the subspace {XERn:7=lXo=O} and let al,...,an be in X such that (a)>0
wheneverj # i. Denote by K the convex hull of al, , an (namely the smallest convex
set in X which contains {al, an}). We assume that K has a nonempty interior as
a subset of X, and moreover, zero belongs to this interior. Then every x E X can be
written as

(2.4) x= aia
i=1

1 =< _<-n. Let the set of all admissible values for the controls o befor some o 0,
defined by

t/lal

Mo A" A= ui>O, l<-i<-n
T

Una

where the n vectors a, 1 =< _-< n, are as above. An admissible control is thus a continuous
function t A(t) such that A(t) Mo for every 0 t_< 1.

Thus the situation is that, for every given state, the rates of transition to the other
states during short time intervals have fixed ratios on which the controller does not
have any influence at all. The controller can choose the "intensities" of the transitions
from each state and at all the times, and thus can either increase or decrease all the
transition rates from a certain state by the same factor. In this framework a control
function can be identified with a continuous function u :[0, 1] R such that each
component u(t) is nonnegative for all 0-_< t-< 1.

Let q rel int S and consider the set

Cq {ATq: A so}.

Then we claim that Co X. Let x e X; then it can be written as in (2,4) for some
nonnegative a l, 1 _-< =< n, and then

X= Ulal Un q

where u a/qi, which proves that x Cq. Therefore for every initial distribution qo
and every q rel int S there is an admissible control A(t) such that the solution
q(1) of (2.2) satisfies q(1) q, namely Assumption A(i) holds.
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PROPOSITION 2.3. Let Assumption A hold. Then q- bi(q) is a convex function on
tel int S for every 1 <= <- n. For every q rel int S and 1 <- <-_ n, we have i(q) > -.

Proof. It follows from the possibility of mixing controls that whenever ql and
are in relintS and q=1/2(ql+q2), then dpi(q)<-1/2[(ql)+bi(q2)], which proves the
convexity of b(. ). If a convex function is larger than -c somewhere in the relative
interior of its effective domain then it is greater than - everywhere (see Rockafellar
[8]). Thus the second assertion of the proposition follows from (2.1).

We consider the control problem on an infinite time interval. The controller chooses
a strategy tr in order to control the system’s dynamics. In our framework a strategy is
a sequence {M(k)}(= of stochastic matrices. Thus if

M(k)=
(k)Mn

M(k) is the jth row of M(k), then Mk) is the distribution of the stat’es of thewhere
system at time k 4-1 if it occupies the state at time k.

DEFINITION 2.4. Let the random variable (k) be the state of the system at time
k. A strategy tr--{M(k)}k=0 is nonanticipative if M(k) is a function of ,(o),..., (k)
only. A Markov strategy is a sequence {M(k)}=o of stochastic matrices (with no
functional dependence of M(k) on (0), (k-1)). A Markov strategy r is a stationary

Mstrategy if tr { }k=O for some fixed stochastic matrix M.
With every initial state and every Markov strategy tr- {M(k)} k=0 there is associ-

ated a Markov chain {’k}=o where

P(sr)=i)--1 and srk){1,2,...,n}.

The conditional distribution of (k+l) given that (k)__j is given by M)k), the jth row
of M(k)

p((k+) l[(k)=j)= Mk).
We denote by x(k) the distribution of ,(k) and thus have the relation

(2.5) x(k+) (M(k)) rx
(where Mr is the transpose of M).

If the system occupies the state then the cost b(M) is incurred if the control
M is applied. Thus the expected cost on the [0, N] time interval which corresponds
to the strategy tr is

N--1

(2.6) CN(i, or)= E, E ch((v"
k=0

We call the sequence {C(i, tr)}__ the cost flow which corresponds to tr, and are
interested in the behavior of this sequence as N tends to infinity. We will be interested
in finding a sequence which is minimal according to one of the following criterions:
The minimal long-run average cost, or the overtaking optimality criterion. A cost flow
{C} has a minimal long-run average if limN-, (1/N)C exists and is not larger than

N} N=I" (The overtaking optimalitylimN_, inf(1/N)C’N for every other cost flow {C’
criterion will be defined in the next section.) We write (2.6) as

(2.7) Cg(i, (r) xj dpj(M)k))
k=0 j=l
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where
(k) p(sr(k) sro)xj =j[ =i, cr),

namely x(g), is the distribution of sr() given the initial state and the strategy
Motivated by (2.5) and (2.7) we define the following function: Let x and y be in
rel int S, then

(2.8) u(x,y)=inf { xjIj(Mj)" Mrx=y}
j=l

where the infimum is carried over all the stochastic matrices M which satisfy the
equation Mrx y. It is easy to see that u(x, y) is finite whenever y is in rel int S.

3. The associated deterministic problem. We now relate a determinstic control
problem to the stochastic control problem described in the previous section. To every
sequence {Xk}kO, where Xk S, there corresponds the cost flow

N-1

(3.1) Cu() E u(x,
k=0

where u is the function defined in (2.8). Let the initial value Xo be fixed. We want to
find a sequence for which the cost flow { CN()} is minimal, either according to.the
long-run average cost criterion, or according to the oveaking optimality criterion.
More precisely, if g is such that

lim
1

u- C(g) < lim inf
1

for every other with Yo xo, then we say that has a minimal cost growth rate. As
mentioned, it can also be minimal in a more refined sense, namely in the overtaking
optimality sense. This notion was introduced in the economic literature by Gale [5],
yon Weizsacker [9] and used in the control literature by, e.g., Brock and Haurie [2]
and Carlson [3]. A version of this notion is given by the following.

DEFINITION 3.1. Let the initial value Xo be fixed. We say that is an oveaking
optimal sequence if for every with Y0 Xo and every e > 0 there exists an No such that

<

for all N No.
Namely, up to an arbitrarily small e > 0 the sequence 2 is better than any other

sequence from a ceain time on. In paicular, it follows that 2 has a minimal cost
growth rate.

PROPOSITION 3.2. For every x, y rel int S the infimum in (2.8) is attainedfor some
stochastic matrix with positive rows. e function (x, y) u (x, y) is continuous on
(rel int S) x (rel int S).

Proof For given x, yrel int S, it follows from (2.1) and (2.8) that there is a
Mminimizing sequence of stochastic matrices { j}= such that ()K c rel int S for

every j 1 and 1 n, where K is a compact set, and

u(x, y)= tim x(()).
J

(Here () is the /th row of .) We can assume that Mo asj and then
u(x, y)= x((Mo)), proving the first asseion. A similar argument proves that
(x, y) u(x, y) is a lower semicontinuous function in (rel int S) x (rel int S).



1608 ARIE LEIZAROWITZ

Let (x, y) (rel int S) x (rel int S) and let u(x, y) ET=l xiti(Mi) where M is a
stochastic matrix with positive rows Mi, =< =< n. Given an e > 0 we can find a 8 > 0
such that whenever x’,y’ rel int S satisfy Ix-x’l+ly-y’l < then there is a stochastic
matrix M’ with M’-M < satisfying y’= (M’)rx’ (here I1" is a norm on the space
of n x n matrices). This follows from the observation that y Mrx is equivalent to
saying that y is a convex combination of the rows of M with the weights
Therefore the function (x, y)- u(x, y) is also upper semicontinuous in (rel int S)
(rel int S). This concludes the proof of the proposition.

Thus there is a correspondence between the original stochastic control problem
with state space consisting of n points and the deterministic control problem of
minimizing the cost flow CN(2) in (3.1), for sequences {Xk}kC=0 in S. As described
above every initial state and a strategy tr induces a sequence 2 in S. On the other
hand, for the sequence {Xk}kO in rel int S there exist, by Proposition 3.2, matrices
{Mk)}_-o such that Xk/ (Mk))rXk for k >-0, and Xk is the distribution of srk)where
{’<k)}k=0 is the Markov chain associated with the initial distribution Xo and the strategy
tr= {M<k)}__o. The cost flows corresponding to 2 and to tr and Xo are the same.

4. Strategies with a minimal cost growth rate. The deterministic problem which
was described in 3 was studied by Leizarowitz [7] in light of the overtaking criterion.
The framework is to consider sequences 2= {Xk}k=o in a compact set D in R and
study the associated cost flows

N-1

c() E u(x,,, x/,).
k=0

The function u(., is assumed to be continuous on D x D. The following result was
established there [7, Thm. 3.1].

THEOREM 4.1. There exist constants K > 0 and tx such that:
(i) For every in D

N-1

(4.1) E [U(Xk, Xk+I)--IZ]>--K for all N >-1.
k=0

(ii) There is a sequence 2" in D such that

(4.2)
N-1

E u(x*, x*,)
k=O

< K for all N>= l.

Remark. It is clear that the constant z is unique, and it describes the minimal
cost growth rate possible for sequences in D. The sequence 2" which is mentioned in
the theorem indeed has a cost flow with this minimal cost growth rate. It is not true,
however, that any sequence with a minimal cost growth rate satisfies (4.2). It is true
for stationary strategies: If tr is stationary and of a minimal cost growth, then
]CN(Xo, tr) IxN] < K for some K and all N >- 1. This is easily obtained for tr {M}k__o
by considering CN(Zo, tr) where Zo satisfies Mrzo Zo and U(Zo, Zo)=/z, realizing that
Cn(zo, tr) =/zN for every N>-I and C(i, tr)-tzN>-K for some K and all N>=I
and i.

It is also proved in 8 of[7] that if u(., is continuous on R" x R and u(x, y) o
as Ix I/ [y I-, o the conclusions of Theorem 4.1 remain true for sequences in R ". In
fact, the same proof as that in [7] implies that these conclusions still hold under the
assumption that u(x, y) as yl- uniformly for x in R n. Thus, since rel int $ is
homeomorphic to Rn- and u(.,.) in (2.8) is such that

lim u(x, y) c as y --> OS
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uniformly for x S we conclude that the relations (4.1) and (4.2) hold when we consider
sequences in rel int S.

Let r be a nonanticipative strategy and let, as in (2.6), CN(i, r) be the expected
cost while using tr on the [0, N] time interval beginning at the initial state i. If, however,
the intial state is with probability xi, 1- n, then the expected cost is given by

(4.3) XiCs(i, t) X T" Cs(tr)
i=1

where we denote x--(xi)il in R" and CN(tr) is the point in R" whose ith component
iCN(i, o-). We have the following result.

PROPOSITION 4.2. There is a Markov strategy tro such that the following holds"

(4.4) C(i, ro) < CN(i, tr) 4- K for all S >- 1

for some constant K and for every initial state and a nonanticipative strategy tr. In
particular the strategy ro has a minimal cost growth rate

1
lim C(i, tro) < lim inf

1

N- N--, -- Cs(i, r)

for every nonanticipative tr and every 1 <=i <- n.

Proof. Let u(.,.) be the function defined in (2.8). It follows from Theorem 4.1
and the discussion following it that there is a sequence *= {X*}k=o in tel int S for
which (4.1) and (4.2) hold. It follows from Proposition 3.2 that there is a sequence of
matrices {M<k)}=o such that

X*k+=(Mk))TX*k for all k>-0

(4.6) u(x, X’k+,)= (X*);ch;(Mk)).
j=l

Let cro be the Markov strategy {M(k)}=o. Using the notation employed in (4.3), we
get from (4.5) and (4.6) that

(4.7) -K’ (Xo*) T. C(tro)-/N - K’

for some constant K’ and all N ->_ 1. Since the following holds for every 1 = n and
every N 1

Cs(i, cro) -/N ->_ -K’,

it follows from (4.7) and the fact that Xo* rel int S that there is a constant K" such that

(4.8) ICN(i, Cro)--/NI -- Kfor all N _>- 1 and all 1 n.

We now claim that

(4.9) CN( i, tr) pN >- -K

for every nonanticipative strategy or, all 1 i- n and all N 1. This is true for every
Markov strategy, as a consequence of Theorem 4.1. Now let cr be any nonanticipative
strategy, say cr {N(k)}k=o, where each N(k) is now a random matrix which is measur-
able with respect to the or-algebra that is generated by the random variables
.(o),. "’, st(k). Let the distribution x() of sr() be given and let x(k) R be defined by

(x())=P(()=j).

(4.5)

and
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Thus {x(k)}k=0 is the sequence of distributions of {’(k)}=0 as determined by the strategy
r {N(k)}=o. Let us define also

(4.10) L(k)-- EN(k).

Then # {L(k)}=o is a Markov strategy and we will show that

(4.11 Cs( i, tr) >--_ CN( i, 6")
for every N _--> 1 and every 1 _-< _-< n, which will imply the validity of (4.9) for tr, since
(4.9) holds for Markov strategies.

To prove (4.11) we will show that {L<k)}:I in (4.10) and {xk)}:o are related by

(4.12) X
(k+l) (L(k)) Tx(k),

which means that {x(k)}k=o is the sequence of distributions ofthe Markov chain {(k}=o
which corresponds to the Markov strategy #. We have

p(,(g+l) _jk+, ,(k)--jk)
E[p((g+’)=jg+,](), ’(’),..., ’(g)) s(g) =j]

(k),,,.(k) r(O) (k)) (k)=j] J,J/E[v (k),Jk+lk s

Therefore

P(’(+’) =j+,) P(’(+’)=j+, I"() =j)" P(’()=jk)
Jk

Xlk)r(k)L,i,jk+l
i=1

which is the equality (4.12). To obtain the estimate (4.11) we examine a typical term
in the cost expression (2.6). Thus we have that

r(k)((:( ((,(((() C )

xkE(i(Nk)[(k= i)
i=1

> M() () i))
i=1

where we used Jensen’s inequality in the last step. But since E(Nk](g= i)= (L(k),
we get the estimate

(4.13) 1 (k))

Summing (4.13) for k=0, 1,..., N-1 and recalling (4.12), we get (4.11), since the
whole discussion holds for every initial state i< n. As explained above this proves
the validity of (4.9) for every nonanticipative strategy . Now the inequality (4.4) is
a consequence of (4.8) and (4.9). Dividing (4.4) by N and letting N we get that
o has a minimal cost growth rate. By (4.7) limN (1/N)CN(i, o) exists and is equal
to .

The Markov strategy o which has a minimal cost growth rate is not guaranteed
to be a stationary strategy, namely such that M(k M for some fixed stochastic matrix
and all k 0. However, since the problem is time homogeneous and defined on an
infinite horizon, one expects the existence of a stationary strategy with a minimal
long-run average cost. This we will now prove.
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To this end we will carefully examine the constant /x which is guaranteed in
Theorem 4.1. It is proved in [7] that

(4.14) /x inf bl(Xk, Xk+l)
k=0

where the infimization is carried over all the integers N => 1 and all the possible choices
of sequences {Xk}=o such that Xo XN. For a general discrete time deterministic control
system, the infimum in (4.14) is not realizable for a finite N and a finite sequence
{Xk}_o. However, we will see that for the function u(.,. in (2.8) which is associated
with our stochastic control problem, the infimum in (4.14) is realized for N 1, namely
there is a point 0 rel int S such that

(4.15) tx u(O, O).

This will be demonstrated while proving Theorem 4.4. Assume now that (4.15) holds
and let M be a stochastic matrix with positive rows such that

(4.16) /x 0b(M) and 0 MTo.
j=l

The existence of such an M follows from Proposition 3.2.
PROPOSITION 4.3. Assume that 0 rel int S satisfies (4.15) and M is a stochastic

matrix for which (4.16) holds. Let or* be the stationary strategy

tr* {M}=o.

Then or* has a minimal cost growth rate for every initial state and

lim
1

rq-,oo - Crq( i, or*)

Moreover, there is a constant K such that

(4.17) C(i, or*) _-< Crq( i, or) + K

for all the nonanticipative strategies o’, and all N >-1, 1 <-_ <-n.
Proofi Let 0 and M satisfy (4.15) and (4.16). The constant sequence

*={0}Lo

is such that

N

E [u(x*,xL,)-]=o
k=O

for all N >= 0.

Therefore we can choose, in the proof of Proposition 4.2, the strategy tro to be equal
to tr*. Hence tr* possesses all the properties of tro in Proposition 4.2, which completes
the proof of the proposition.

THEOREM 4.4. There is a stationary strategy tr* with a minimal cost growth and
Mwhich satisfies relation (4.17) Such is the strategy or* { }k=O where M satisfies (4.16)

Proof As discussed above the only thing that remains to prove is the existence
of a point 0 rel int S satisfying equation (4.15). Let N>_-1 and let x(), x(s) be
a sequence in rel int S such that x() x(N). To prove the existence of a 0 as in (4.15)
it is enough to show that there is a z rel int S satisfying

1 N-1

(4.18) u(z, z) <--_--- E u(x(k), x(k+))
k=O
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This will show that the infimum in (4.14) can be computed using N 1, which is our
assertion. The right-hand side of (4.18) is

(4.19) 1 {= xJO)4,(MJO))+= x}l)d/)J(Ml))+’’’+
j=l xJN-1)tJ(MJN-1))}

where the stochastic matrices {M(k)}jg are such that

(4.20) x(k+I)--(M(k))Tx(k), k=0, 1,..., N-1.

Changing the order of summation in (4.19) we get

{ } -1

)$j(M z E I$]((4.21)
N j=l k=0 j=l k=0 Nz

where we denoted z=(1/N) x). Then z= {z} is in rel int S. For every fixed
j the numbers {xk)/Nz} are positive and sum up to 1. Therefore, by the convexity
of (.), the expression in the right-hand side of (4.21) is not less than

z4 q
j= =o j=

where q=(1/Nz)2d xJ)MJ is a convex combination of points in relint S and
hence is in rel int S itself. Let Q be the stochastic matrix whose jth row is qj. Then we
claim that

(4.23) Qrz=z.

e last equation is equivalent to saying that z is a convex combination of the rows
of Q with the weights {z}. But

() ()

j=l j=l k=o

()vj()= x(k+l)

N =o j= N k=0

where the last equality follows from (4.20). However,

1NIx(k+I) 1 1 X
(k)

2
N :o N k:O

since x<)=x<N). This proves the equality (4.23). It now follows from (4.21), (4.22)
and (4.23) that

1 u(x(,x(+).(z,

and, as explained above, this completes the proof of the theorem. S

5. Stationa strategies with a minimal cost-growth rata general constraint set
for the controls. In the discussion up to now we assumed Assumption A(i) namely
that every distribution can be realized from every initial state in a unit time by some
control. This assumption will now be relaxed and we will assume that the controls
take values in some convex and compact set. The convexity assumption is natural since
we allow, in the original framework, mixing of controls.
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Let M be the set of stochastic matrices which are admissible controls for our
system. If the system occupies the state and the control M M is employed, then
the cost (M) is incurred. We assume the following:

ASSUMPTION B.
(i) The set M is convex and compact.
(ii) The functions i: M R1U {) are lower semicontinuous and bounded below

for every 1 -<_ -< n.
(iii) If M e M, then any two states communicate on some time interval [0, no]

under the action of the stationary strategy g { }k=O, namely ((M) ) > 0
for some no.

We shall prove in this section that for a constraint set M as in Assumption B there
is a stationary strategy M M which is of a minimal cost growth rate among all the
nonanticipative strategies. For every M M let (M) be the point whose ith component
is (M). The functions (. can take the value +, and we agree to interpret scalar
products x r. O(M) as equal to

xi>O

and possibly equal to +. We define the following:

(5.1) u(x, y)=min {xr.(M): Mrx=y, M}.
PROPOSiTiON 5.1. efunction u(.,.) is lower semicontinuous.

Proo Let (x, y) (x, yO) as i, and let M be such that

u(x’,y’):(x’)O(M’) and (M’)x=yi.

Then there is an M such that (M)rx=y. Letj be such that (x) > 0. Then we
claim that

5.2) (xb6j M)j lim inf (x’)jOj M’)j ).

This is clear if bj((Mi)j) as i, and it follows from the lower semicontinuity
of bj(. if {bj(Mi))}i__l is bounded. If (x) =0, then (5.2) holds again since b(. is
bounded below. Thus we have

u(xo, yO) <= (xo) -b(Mo) <= lim inf u(x, y)
proving the assertion of the proposition. [3

Let tr be any nonanticipative strategy with control values in . Then, by the same
proof as that of (4.11), there is a Markov strategy # such that (4.11) holds for every
N >-1. The proof of (4.11) did not make use of Assumption A, while the convexity
assumption on J/guarantees that the expectation of the random controls with values
in M are also in J/. Thus we can consider from now on only Markov strategies and
establish the existence of a stationary strategy with a minimal long-run average cost
is this smaller class.

The constant/ which is the minimal cost growth rate is given by

(5.3) /z=inf{liminfl N }N-oO " k=O
l(Xk’ Xk+l)

where N varies over all the integers and {Xk)k% varies over all the sequences in S
such that Xk+ MrXk, M ./I,t (which depends on Xk, Xk+).
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PROPOSITION 5.2. For every e > 0 there are points z1, z2 E S such that

Proof Given e, there is by (5.3) a sequence {Xk}=o S such that
N-1

N k=o U(Xk, Xk+) < + e

where N can be taken arbitrarily large. We define

1 u- 1
(5.4) Zl k=O2 Xk, Z k=l
Repeating the calculation between (4.18) and (4.23) in the proof of Theorem 4.4, while
using the fact that is convex, we get that there is a matrix M such that

(5.5) z= Mza and (z,)(M) + e

and therefore u(z, z2) + e. But if N is large enough, then it follows from (5.4)
that ]Zl- z2 < e, which concludes the proof.

THEORE 5.3. Let satisfy Assumption B. en there is a stationary strategy
o {Mo}kO which is of a minimal cost growth rate in the class of all nonanticipative
strategies with control values in . Mo is any matrix such that

(.6) o o, {" (o)= U(o, o),
and

(5.7) U(Zo,Zo) min u(z, z).
zGS

Proof As remarked above, it is enough to establish the existence of an optimal
stationary strategy as in the theorem in the smaller class of Markov strategies {Mk)}=o,
Mk) for all k0. It follows from Proposition 5.2 that there is a Zo such that
U(Zo, Zo)= , thus Zo also satisfies (5.7).

Let Mo be such that (5.6) is satisfied and consider the stationary strategy o
{Mo}kO. It follows from Assumption B(iii) that the corresponding Markov chain has
a unique equilibrium distribution Zo. Thus, if xk) is the distribution of the Markov
chain at the time k, then

1 N--1

Z u(x x+’) U(Zo, Zo)=
N k=O

proving that o is of a minimal cost growth rate.

6. Overtaking aptimal strategies. In this section we confine our attention to station-
ary strategies, i.e., {M}=o for some stochastic matrix M. In this situation it is easy
to derive simple expressions for the cost flows. We will prove that under Assumption
B for every initial state there exists an oveaking optimal strategy (recall Definition
3.1). The difficulty is to obtain a stationary strategy which is oveaking optimal for
all the initial states. We will show that under Assumption A every stationary strategy
with a minimal long-run average cost is in fact oveaking optimal for all the initial states.

We assume now that Assumption B holds. Let M , ={M}k=o, {k)}k=0 be
the Markov chain associated with this strategy and the initial distribution x), and
{xk)}=o is the corresponding distributions. Then xk+)= Mrxk) and it is well known
that

(6.1) xk) z exponentially fast as k
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for some z rel int $ which satisfies z Mrz (see Kushner [6, Lemma 3, p. 54]). Thus
we get a mapping

(6.2) M --> th(M)= z4

which associates with every M At the equilibrium distribution zM, and we claim the
following.

PROr’OSITION 6.1. The mapping in (6.2) is continuous.

Proof. Let {M} and {z}, -> 1, be related by z=(M)Tz, and suppose that
and M--> Mo as l-->oo. Then the uniqueness of Zo implies that every convergent
subsequence of {z} I%1 must coverage to Zo. implying that z--> Zo as l--> oo and proving
the proposition.

MOFor a stationary strategy tr { }k--o and an initial state we have

1
(6.3) -- Cv i, tr z4 7" b M as

where we denote (tk(M))T (bl(M1), Sn(Mn)). By Assumption B every bj(.) is
a lower semicontinuous function. Thus it follows that the right-hand side of (6.3) is a
lower semicontinuous function of M, and it obtains its minimal value on At. Let the
minimal value be Ix and the compact set of matrices where it is obtained be Ato c At.
Thus we have for every M Mo

tx =(z)r’Mkdp(M) for every k->0.

MoOFor a stationary tr { } k=O and an initial state we consider the modified costflow
N i, tr Cv i, tr ixN

which is equal to Y v__-o (x(k--ZM)" dp(M), namely
N-1

(6.4) N(i, tr)=(e,-zM). E Mkck(M)
k=0

(ei is the ith vertex of S). By (6.1) the limit in (6.4) exists as N--> oo and we denote

,(i, M) lim s(i,
N-oO

and

N--1

(6.5) p(i, M)= limoO (ei-z) 7". Mkck(M)
k=0

and (,(M)) T ((1, M),. , b(n, M)). For an initial distribution x( the modified
expected cost is then (x() r. (M). In order for a strategy tr {M}__o to be overtaking
optimal for the initial state it must satisfy b(i, Mi) -< (i, M) for every M At. If
tr= {M*}kO is to be overtaking optimal for all the initial states, then it must satisfy
if(M*) =< (M) for every M At, the inequality being understood componentwise.

The discussion which leads to (6.4) shows that for every y R the limit

N-1

(6.6) lim (x- zl). Mky
/V--> k =0

exists for every x S. If we denote
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then the limit in (6.6) defines a linear function on X which can be represented uniquely
as

w--> w T" *I(Y)

for some r/(y)e Xn. Then r/(y) depends linearly on y, therefore, it depends on it
continuously. It follows that we can write (6.5) as

p( i, M) (e, zM) T. 7(qb(M)),

hence g(i, M) depends continuously on M and it attains its minimal value on Mo,
say at Mi. Then tr {Mi}koo__o is an overtaking optimal strategy for the initial state i.
We thus have proved the following.

THEOREM 6.2. Let Assumption B hold and let the initial state be i. Then there is a

stationary strategy cr {M} koo=o which is overtaking optimal in the class of all stationary
strategies.

We will assume now that Assumption A holds and will establish the existence of
a stationary strategy which is overtaking optimal for all the initial states.. In fact we
will prove the stronger result, that is, that every stationary strategy with a minimal cost
growth rate is overtaking optimal for all the initial states.

MLet { }k=0 be the overtaking optimal strategy guaranteed by Theorem 6.2 for
the initial state i. We assume that at least one of the matrices Mi, 1 =< =< n, is not
overtaking optimal for all the initial states. We shall now show that this assumption
leads into a contradiction. We define the matrix M* as the stochastic matrix whose
ith row is equal to the ith row of M. We define the following strategies: o-* {M*}_-o
is a stationary strategy. Let trv, N >- 1, be the nonanticipative strategy which coincides
with tr* as long as there occurred no more than N changes of states. If after N changes
of states the state is j, then from that time on trN coincides with the stationary strategy
{M}k__o. Note that cr is not a Markov strategy. Finally, let tro be a strategy which
coincides with the stationary strategy {M}kO if the intial state is i, and where the
initial state is a random variable sr>.

We also define the sequence of random times kl<k2<’" <kl<’’" where
changes of states occur, namely, ’r for 0 <- r < k, and k i, ’r kl for kl _-< r < k2
and ’k rk, and so on.

The expected modified cost of tr if the initial state is is given by

(6.7) Y {[((M),)-tz]E(k],=j)+ g/(M., j)}P(g=j)
jy

(here (Mi) is the ith row of M). This expression is not greater than

(6.8) [dp((M),)-tz]E(klk =j)+ g/(Mi, j)P(k,=j)
ji

for every 1_-< i<-n, since g(M, j)-<@(M, j). However, since at least one of the
Moostrategies { }k=O is not overtaking optimal for every initial state, there is some for

which the expression in (6.7) is strictly smaller than that in (6.8). This discussion
implies the following.

PROPOSITION 6.3. Assume that at least one ofthe strategies {M} koo=O is not overtaking
optimal for every initial state. Let the initial state o have a distribution. 0 rel int S.
Then the cost of applying the strategy cr is strictly smaller than that of applying the
strategy fro.

Proofi The assertion follows from the above discussion and from the fact, that
with a positive probability the initial state is one for which a strict inequality between
the expression (6.7) and (6.8) will occur. [q
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We are looking now for a special probability distribution for .(o), say 0", which
will have the following property: If .(k) is the Markov chain which is obtained while
employing the strategy tr* then the distribution of (kl) is 0* for every l=> 1, where
{k}=l are the random times of changes of states.

LEMMA 6.4. There exists a 0" rel int S as asserted above.
Proof The probability that (k,)=j if the initial state is and we employ the

strategy tr* is given by

0 ifj= i,

No= M/ ifj# i.

If n 2 (the number of states) then

0
and O*N=

1

satisfies the assertion of the theorem. If n > 2 then N2 has only positive entries and
there is a unique 0" rel int $ which satisfies NTO*= 0". This 0* is the one we are
looking for. [3.

THEOREM 6.5. Ifthe stationary strategy {Mi} k=o is overtaking optimalfor the initial
state then it is overtaking optimalfor every initial state. In particular there is an overtaking
optimal strategy, for all the initial states, in the class of stationary strategies.

Proof. Assume that the assertion of the theorem is false. Let 0* be as in Lemma
6.4 and assume that it is the initial distribution. If we employ the strategy trl then the
distribution of (k,) will be 0* also. Therefore the expected modified cost of applying
try, after time k, is equal to the expected modified cost of applying tro from the initial
time. It thus follows from Proposition-6.3 that the expected modified cost of applying
trl up to time kl is negative, say -e. Then, since the distribution of .(k, is given by
0", it follows that the expected modified cost of applying tr2 on the time interval
[kl, k2] is -e also; and, in fact, the expected modified cost of applying tr2 on [0, k2]
is -2e. It then follows that the expected modified cost of applying the nonanticipative
strategy rN on the time interval [0, krv] is -Ne, which tends to - as N tends to +.
This, however, is a contradiction to Proposition 4.2 and the inequality (4.9), which
implies that there is some lower bound on the modified costs of all the nonanticipative
strategies and for all the times. This concludes the proof of the theorem. 1

We shall now establish our main result.
THEOREM 6.6. Let tr {M}k=o be a stationary strategy which has a minimal cost

growth rate. Then tr is overtaking optimalfor every initial state, in the class ofall stationary
strategies.

Proof By Theorem 6.5 there exists an overtaking optimal strategy tr*= {M*}k=O
and if tr is not overtaking optimal then

(6.9) $(M*, i)< b(M, i)

for some initial state i.
It follows from (6.9) that there is an integer L such that the following holds:

(6.10) CN( i, tr*) < C(i, tr)-e

for some e > O, for this i, and for all N> L.
Let be the initial state, and let {’k)}=o and {rtk)}k=O be the Markov chains

corresponding to tr* and tr, respectively. Let kl be the first time k which is greater
than L where the equality srk)= r/k)= occurs. Inductively, let kr+a be the first time
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k which is larger than kr / L where the equality .(k_ r/(k occurs. Clearly P(kr <
oo)- 1 for every r>_-1. It follows from (6.10) that

LiCk, i, tr*) <-- E,Ckl i, or) e.

It also follows from (6.10) that for every r_-> 1

(6.11) E(k;Ckr/_kr(kr), tr*) < E,(krCkr/,_k( qk), cr) e.

Adding the inequalities (6.11) for 1-< r-< l-1, we get

(6.12) E,Ck,( i, tr*) -- E,Ck,( i, or) le.

The strategy tr is such that

(6.13) IC(i, cr)-Nl K
for some K > 0 and all N _-> 1, since it is stationary and of a minimal cost growth rate.
Also, for every strategy

C(i, t’) -/zN _>- -K

for all N_-> 1. Therefore, also for every random time k(to)

(6.14) E[Ck(i, cr’)-ktz]>-_-K, LICk(i, cr)-kl]<-K.

Taking r’-tr* and letting oo, however, we find that (6.12) contradicts (6.14). This
concludes the proof of the theorem.

Theorem 6.6 provides us with a tool of computing overtaking optimal strategies.
We have to compute the function (x, y)- u(x, y) and consider its restriction to the
diagonal z-> u(z, z). Let Zo be in rel int S such that

U(Zo, Zo) <<- u(z, z)

for every z $. We have then to compute the stochastic matrix Mo which satisfies the
relations

Mzo= Zo, (Zo)Ck,((Mo)i)= U(Zo, Zo).
i=1

This matrix Mo is such that Cro { o}g=o is overtaking optimal for every inital state.

Aeknowlelgment. I would like to thank Professor Steven Orey for many fruitful
discussions concerning this work.
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