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ON DIFFERENTIAL EVASION GAMES*

JIONGMIN YONGt

Abstract. The notions of evadability and strict evadability are defined for a nonlinear differential game
with general closed convex terminal set. Sufficient conditions for strict evadability and evadability and a
necessary condition for evadability are proved. The results are strengthened for the linear cases, including
the heretofore untreated case in which the terminal set is an (n- 1)-dimensional subspace.
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1, Introduction. The problem of differential evasion games was first formulated
and discussed by Pontryagin and Mi,enko [17]. Since then, this problem has been
studied extensively by many authors in various investigations [2]-[6], [8]-[18], [20]
and [22]-[25].

The purpose of this paper is to complement, in some aspects, the known results
about differential evasion games. We now state the evasion problem and some known
results.

Suppose the differential game is governed by the following system:, =f(t, z, u, v),
(1.1)

z(0) Zo

where zRn, u U RP, ve V.._q, R+ [0, c), f:t+ x R x U xV is a given
map and z0 is the initial state. In the game, u is the pursuit control and v is the evasion
control. The sets U and V are compact. Suppose that we are also given a subset M
of ff. The game is terminated if, at some time to < c, the trajectory z(.) of (1.1),
corresponding to a pair of controls u(. and v(. ), satisfies

(1.2) z(to) M.

Naturally, the set M is called the terminal set of the game. The goal of the pursuer is
to terminate the game by choosing a suitable control u(. ), while the goal of the evader
is to prevent the game from terminating by choosing a proper control v(. ).

We denote

o//= {u [0, )--> U[u(" )is measurable},
7/’= {v [0, )--> V]v(. is measurable}.

By admissible controls u(. and v(. we always mean that u(. 6 q/and v(. V. Any
u(. ) 0// is called a pursuit control and v(. ) 7/" an evasion control.

In an evasion game, the evader is regarded as the "primary" player, i.e., the evader
has some advantages in choosing his controls. The pursuer chooses his control u(.
at the start of the game. The evader, on the other hand, chooses the values of his
control as the game evolves and can use {z(s), u(s)[O<=s<=t} when he chooses the
value v(t) of the evasion control v(. ) at time t. We denote to be the set of all
such evasion controls.

We now give some definitions.
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DEFINITION 1.1. Game (1.1) with terminal set M is said to be evadable if, for
any Zo M and any given pursuit control u(.) o//, there exists an evasion control
v(.) such that

(1.3) d(M, z(t)) > 0

Here, z(. is the corresponding trajectory of (1.1) resulting from u(. and v(. ), and
d(.,. is the Euclidean distance in

DEFINITION 1.2. Game (1.1) with terminal set M is said to be strictly evadable
if, for any Zo M, there exists a 6(Zo) > 0 such that for any u(.
so that the corresponding trajectory z(. of (1.1) satisfies

d(M,z(t))>-6(Zo)>O Vt_->0.

In [2]-[6], [9]-[18], [20] and [22]-[25], the terminal set M was assumed to be a
linear subspace of n with dim M =< n 2. For various forms of f(t, z, u, v) in (1.1),
some sufficient conditions for evadability of the game were established in [2], [3],
[9]-[18], [20] and [22]-[25]. Some sufficient conditions for strict evadability of the
game were given in [4]-[6], where the strict evadability was called the possibility of
/-escape. In [8], a strict evadability result was given for the game governed by (1.1)
with f(t, z, u, v)=-f(z, u, v) and having the terminal set M not a linear subspace, but
with some unpleasant restrictions.

In this paper, we generalize the results of [8] by relaxing the restrictions on M.
We get some sufficient conditions for the strict evadability and evadability of game
(1.1) with general closed terminal set M by using a Lyapunov type method. It turns
out that in some cases, our Sufficient condition for evadability is very close to a necessary
condition for the evadability of the game. As consequences of our main results, we
get some conditions for the (strict) evadability of the game (1.1) with f linear in z and
with the terminal set M an (n- 1)-dimensional subspace of n. This case has not been
discussed heretofore.

For 0 =< a < b _-< +, we. denote

//[a, b] {u restricted to [a, b]]u c: }.

By u(. [a, b], we emphasize the control is restricted to the specified interval [a, b].
Similarly, we can define [a, b], [a, b], etc. Also, in the following, when u(-), v(.)
are given, z(. always means the trajectory corresponding to u(-) and v(.).

2. Sufficient conditions for strict evadability and evadability. In this section we are
going to prove the main results of this paper. Let us start with some general assumptions.

(A1) f(t, z, u, v) is continuous in (t, z, u, v) / n U V. There exists a K > 0
such that

(2.1) Ilf(t, z, u, v)-f(t,-#, u,  )ll Kllz- [[
for all z, 6 []n and (t, u, v) 6 + x U x V. U P, V Iq are compact.

(A2) M n is closed.
(A2’) M n is convex and closed.
Remark 2.1. From (A1) we have

(2.2) (z,f(t, z, u, v)) K,(t)(1 + IIz[[ 2)
for all t, z, u, v) + x " x U x V, where

(2.3) K,(t) K + max [lf(t, O, u, v)[[ Lo[0, )
(u,v)UxV

and (.,.) is the usual inner product in n.
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We denote, for 0 _-< s < 6 -< +, that

(2.4) T(M)&{zN"[s<d(M, z) < 8}.

THEOREM 2.2. Suppose game (1.1) and terminal set M are given and (A1) and
(A2) hold. Let V(. Nn

_
+ be a continuous function with the following properties:

(1) There exist strictly increasingfunctions a( ), ( :N+ +, with a(O) (0) 0
such that

(.5) ,(a(M, z))<= V(z)<-(d(M, z)) Vz’.

(2) There exists a 8 > 0 such that (O/Oz) V(z) exists in T(M), and

(2.6) infinfmax inf (0 V(z) f(t, z, u, v))t>--O uU vV zT(M) OZ

Then the game is strictly evadable.
Proof Suppose Zo M and u(.) R[0, ). By Filippov’s lemma and (2.6), we

can find (. ) I710, ) such that

(2.7) inf inf
tO zT(M) (z V(z), f(t, z, u(t), (1)))=>0.

We claim that by using such an evasion control we have

(2.8) d(M,z(t))>--’oa(8^d(M, zo))&rl>O Vt0

where/3- is the inverse function of/3 and 8 ^ d(M, Zo) min {8, d(M, Zo)}. In fact, if
(2.8) is not true, then there exist 0_<- t < te such that

(2.9) d(M, z(t))< rl,,

(2.10) O<d(M,z(t))<8, t(t,, t2],

(2.11) d(M, z(t,))= 8 ^ d(M, Zo).

Here we should know that since a(s)<-fl(s), for any s [+,

(2.12) rl, -’ a(8 ^ d(M, Zo)) <= 8 ^ d(M, Zo) <= 8.

Thus, for (tl, t2], we have

d V(z(t))=( 0
(2.13)

dt z V(z(t)), f(t, z(t), u(t), (t)) >=0.

Integrating on (q, t2], we get

(2.14) (d(M, z(t2)))_-> V(z(t2)) >- V(Z(tl))= a(8 ^ d(M, Zo)).

This contradicts (2.9). Hence (2.8) holds and our theorem follows. [3

Roughly speaking, the geometric meaning of (2.6) is that whenever the state z of
the game gets close to the terminal set M, the evader has enough power to force the
velocity of the state towards the direction of leaving M, so that he can prevent the
state from getting too close to the terminal set. In other words, (2.6) means that the
evader is more (at least not less) powerful than the pursuer when the state is near M.

We note that (2.6) allows us to find, via (2.7), a successful evasion control t3(.
which only depends on u(. ). However, (2.6) seems very restrictive. Thus, we now try
to relax it, but in order to do so, we need a little bit more about V(. ).

TIaEOREM 2.3. Suppose game (1.1) and terminal set M are given satisfying (A1)
and (A2). Let V(. :" -+ be a continuous function satisfying (1) given in Theorem
2.2 and the following:
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(2’) There exist constants 6, 60, c > 0, and a continuous function w(., ): (0, 6] x
+ + with theproperty thatfor all s (0, 6], w(s, is strictly increasing with w(s, O) 0
such that (O/Oz) V(z) exists for all z To(M), and

(2.15) I]z V(Z) <= c Vz T(M),

(2.16) -z V(z)- v(s) <- w(s, IIz-Sll) Vz, T(M),

(2.17) inf inf minmax
t>--O Tg(M) U V

Then the game is strictly evadable.
Remark 2.4. We note that, in general, the left-hand side of (2.17) is greater than

or equal to that of (2.6). Therefore, in general, Theorems 2.2 and 2.3 do not contain
each other. However, if we have

(2.18) f(t, z, u, v)= h(t, z)+g(t, u, v),

then the left-hand sides of (2.6) and (2.17) are equal and then Theorem 2.3 is a trivial
consequence ofTheorem 2.2. Now, in the general case, the difficulty ofproving Theorem
2.3 is that we cannot define an evasion control similar to that in the proof of Theorem
2.2, since if we did so, we would get a control of form v(t, z) which is only measurable
in z. Then we would meet some trouble in getting the existence of the trajectory z(.
of (1.1). That is why we need more conditions on V(. and we need ">--60" in (2.17).

Proof of Theorem 2.3. Suppose u(.) a//[0, ) is given and 0< d(M, Zo)< 6. We
claim that there exist T*-> and t3(. [0, T*] such that

(2.19) d(M, z(t))>= 7o-’o a(^ d(M, Zo)), t[0, T*],

(2.20) d(M, z(T*)) >= 6.

To prove our claim, we first prove the following.
LEMMA 2.5. There exist

2(fl(6)- oe(6/2 ^ d(M, Zo)))
0< t*=< T

60

and (. [0, t*] such that

(2.21) d(M, z(t))>= r/o, t[0, t*],

(2.22) d(M,z(t*))>-&

Note here that, in general, we cannot assure *-> 1.
To prove this lemma, by (2.2), we can let F -> 6/2 such that

(2.23) [If(t, z(t), u(t), v(t))ll<=F, t[0, T+2]

for all possible u(. 6 0//, v(. o//., and corresponding trajectory z(. of (1.1) starting
from Zo. Also, we let ’ be such that

(2.24) w(s, Ft)F+cKFt<= Vt[0, ’], se 6
2
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We then define To f^ (rio/2F), which only depends on T and Zo. Now, since
0 < d(M, Zo) < 6, we can choose 3(. such that

(2.25) (-z V(Zo),f(t, Zo, U(t),(t)))>=6o, t>=O.

Then for the resulting z(.) we set

(2.26) 0o=inf{t [0, T]Id(M, z(t)) => 6}
and let tl To ^ 0o. Thus, we have

(2.27) 6> d(M, z(t)) > d(M, Zo)-F rl >= rio te[0, tl).
2F 2’

Hence, for [0, fi), by using (1.1), (2.1), (2.15), (2.16), and (2.23)-(2.25), we have

d V(z(t))=( 0

d--t V(z(t)), f(t, z(t), u(t), (t))

(2.28) >= 8o-w (, [’z(t)-Zol’)F-cKllz(t)-Zol[
>-_ 6o- w -, Ft F- cKFt >-’2

Integrating over [0, t), t-<_ t, we get

d(M,z(t))>=-(V(z(t)))>=- V(zo)+-
(2.29)

>=fl-1 a(d(M, Zo))+-- > rio.

If d(M, Z(tl)) >- 6, by taking t*= tl, we are done. Otherwise, we have t To. Then,
repeating the above argument replacing Zo by z(To), we can get 3(. ) [ To, ) such
that

(2.30) (-z V(z(To)), f(t, z(To), u(t), t3(t))) -> 6o, t=> To.

Then we define

(2.31) O=inf{t[To, T]ld(M,z(t))6},
(2.32) t2 To + To ^ 01- To).

For To, t2) we have that

6 > d(M, z(t)) > d(M, z( To))- F(t2- To)
(2.33)

rio rio>= rio- F2F- 2"

Thus, as in (2.28) and (2.29) we have that

d V(z(t))>,(2.34) d-- [To, t2),

(2.35) d(M, z(t))>= rio, tE[To, t2).
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By induction, we have for some i=> 1, 0< ti < T, either

(2.36) 6> d(M, z(t))>= rio, t[0, ti-1),

(2.37) d(M, z(t))>= rio, tG[ti_l, ti),

(2.38) d(M,z(t))>-6

(in this case, we take t* ti and the proof is finished) or for all i_-> 1, 0 < t < T, (2.36),
(2.37) hold and

(2.39) 3> d(M, z(t))>= rio.

In this case, we know that ti--iTo. Thus, we have

(2.40) 3> d(M, z(t)) >- rio, t6[0, T),

d V(z(t))>#, t[0, T)(2.41) d- z

Then we have

(d(M, z(T))>-fl-’(V(z(T)))>-fl -’ V(zo)+-f T

>=fl-’ a(d(M, zo))+#(6)-a -^d(M, zo) >=3.

Thus, we only need to take t*= T. The lemma is proved.
Now, we go back to the proof ofthe theorem. It is clear that if toe [0, T+ 2- 6/2F],

with d(M, Z(to))>= 3, then by taking 3(. )= Vo V, we have

(2.42) d(M, z(t))>=-, 6 to, to+

Now, since 0< d(M, Zo)< 3, by Lemma 2.5 we have to* 6 [0, T] and t3(. )6 77[0, to*]
such that

(2.43) d(M, z(t)) >- rio, t[0, to*],

(2.44) d(M, z(t*o )) >= 3.

If to*-> 1, we are done. Otherwise, we let 3(t) Vo, for 6[to*, ’], where (noting (2.42))

(2.45) ’, inf t[t*o,1]ld(M,z(t))<-_ >-t*o+.
2F

By Lemma 2.5 again, we have t* e [-rl, 7" h- T] and 3(. ) [-, t*] such that

(2.46) a(M, z(t))>- no,

(2.47) d(M, z( t* )) >= 6.

By induction, we can define r if t < 1. We say that for some k_-< + [2F/3], t* >- 1.
If not, then for k + [2F/6] we have

6 k6
(2.48) > t* > > tL +->...> to* + >

2F- -=
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which is a contradiction. Hence we have proved our claim. For the case d (M, Zo)--> 6,
we can prove the same claim. Then our theorem easily follows. [3

If we relax (2.17), then we get tle following result for evadability.
TrEOREM 2.6. Suppose all the assumptions of Theorem 2.3 hold except that (2.17)

is replaced by the following:

(2.49) inf minmax V(z) f(t,z,u,v) >0 Vt_->O.
T)(M) U V OZ

Then the game is evadable.
The proof is contained in the proof of Theorem 2.3. However, we should note

that in the present case we do not have Lemma 2.5 (actually, we do not have (2.22)).
Thus, we can only get the evadability.

The author does not know whether ">0" in (2.49) can be replaced by ">_-0". In
our arguments, condition ">0" is crucial.

Now, let us consider the case that the terminal set M is convex and closed. Then,
for any x 0M the boundary of M,

(2.50) N(x)--a {r/ " [[r/l[ 1, r/ is an outer normal of M at x}.

Also, we have that for any z "\M, there exists a unique x OM such that

(2.51) d(M,z)-IIz-xll.

Thus, we get a map x :"\M OM. Now, let us define

(2.52) W(z)= d(M, z)=- IIz-x(z)ll.
Then we can prove the following (see [19]).

LEMMA 2.7. (O/Oz) V(z) exists in "\M and

o z-x(z)
V(z)= N(x(z)).(2.53)

Oz IIz-x(z)ll

Thus, (2.15) holds with c 1 and (2.16) holds with w(s, y)= 3y/s. Also, since f
satisfies (2.1), we can replace f( t, z, u, v), z T(M) in (2.17) and (2.49) byf(t, x, u, v),
x OM. Thus, we get the following.

COROILARV 2.8. Suppose (A1) and (A2’) hold.
(i) The game is evadable if

(2.54) inf inf minmax(q,f(t,x,u,v))>O Vt>-O.
xOM rl_ N(x) U V

(ii) The game is strictly evadable if there exists a 60 > 0 such that

(2.55) inf inf inf min max (r/, f(t, x, u, v)) ->_ 60.
t>--O xOM finN(x) uU vV

Remark 2.9. The method we used in this section is very close to that used in
general stability theory, namely the Lyapunov method (see [1], [21], for example).
The difference is that in evasion games we want to keep the state away from the
terminal set M, while in stabilizing a system to a closed set M we hope to obtain the
result that the state approaches to M as t- . This shows that the Lyapunov method
should give a closer relation between the stability theory and the differential pursuit
games in which we want to bring the state to the terminal set M in finite time. Also,
it is clear that the reachability of control systems should be closely related to pursuit
games. We will discuss these in a forthcoming paper.
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3. Necessary conditions for evadability. In this section we will give some necessary
conditions for the evadability of our differential game.

For a given convex and closed subset M of ", we know that for any x OM,
N(x) is a compact set. Thus, N can be regarded as a map from dM to the space

(3.1) H---a {C c"[C is compact}.

Let us set

(3.2) pH(A, B)== max d(a, B)+max d(A, b)
aA bB

which is a standard Hausdorff metric. Then (H, PH) is known to be a complete metric
space. We say that N is continuous at some point XoOM, if N:OM-(H, PH) is
continuous at Xo.

We now state our theorem.
THEOREM 3.1. Suppose game (1.1) and terminal set M are given and (A1) and

(A2’) hold. Suppose that the game is evadable and N is continuous at Xo OM. Then

(3.3) sup minmax (r,f(0, Xo, u, v))>_-0.
qN(xo) uU vV

Proof We prove our result by contradiction. Suppose (3.3) does not hold. By the
continuity of N at Xo, and f in (t, z, u, v), we have the existence of an e > 0 and a
6 > 0 such that

(3.4) (rl, f(t,z, Uo, v)) <-e

for all t[0, 6], zeC(xo, rleN(x(z)), ve V and for some
element Uo e U. Now, let Fo > 1 be such that

(3.5) [If(t, z, Uo, v)[I =< Fo,
for all z (Xo, 6), v V and [0, 6]. Set

6
(3.6) to- 2Fo,

(3.7) a=min {, eto}.
Then we claim that for Zo Xo+ at/o, with r/o being a fixed element in N(xo) and

any v(. U, there exists t* [0, to] such that the trajectory z(. of (1.1) corresponding
to u(t) Uo and v(. satisfies

(3.8) d(M,z(t*))=O.

If the claim were not true, i.e., if there exists a v(. ) such that

(3.9) d(M, z(t))>0 ’t[0, to],

then

z(t)-x(z(t))
(3.10) O(z(t)) =- N(x(z(t))

is well defined for t [0, to]. By (3.5), (3.6) and (3.7) we have

(3.11)
liT( t)- Xoll -< liT(t)- Toll + Ilzo-- Xol[

36
<-Foto+a<=w<6

4
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for all [0, to]. Then, since to < 6, it follows from (3.4) that

d
(3.12) d-(d(M, z(t)))=(O(z(t)), f(t,z(t), Uo, v(t)))<-e.

Integrating (3.12), we get

(3.13) d(M, z(t))<=d(M, Zo)-et, t[0, to].

Thus, at t- to, we have

d(M, Z(to)) <= d(M, Zo)- eto
(3.14)

a-eto<__O,

which contradicts (3.9). Thus our claim is true. The claim, however, contradicts the
evadability of the game; hence (3.3) holds.

We now let M be a convex and closed set of with dim M n- 1, i.e., M is
contained in some (n- 1)-dimensional hyperplane and has at least one interior point
with respect to that hyperplane. Let 7 , 7 1. We set

(3.15) p(r/) {r/} +/- & {z "l(r/, z) 0}.

Then we can assume that

(3.16) M - yo+p(n)

for some Yo M and r/, r/[] 1. Note that in this case

(3.17) M =OM.

We denote all the interior points of M with respect to yo+p(q) by Int_lM. Then for
any Xo Int_lM

_
OM,

(3.18) N(xo) {+n}.

COROLLARY 3.2. Suppose that game (1.1) is given, (A1) holds and the terminal set
is an (n- 1)-dimensional convex and closed subset in [" satisfying (3.16). Suppose that
the game is evadable. Then for any Xo Int,_lM,

(3.19) min max (+ r/,f(0, x0, u, v)) ->_ 0.
U V

The proof is obvious.
Remark 3.3. It is clear that in both Theorem 3.1 and Corollary 3.2 we only need

the continuity of f(t, z, u, v) at {0} x OM x U x V.
The following result gives a necessary condition for the evadability of the game

where f is linear in z and the terminal set M is an (n- 1)-dimensional convex and
closed set.

COROLLARY 3.4. Suppose that in (1.1)

(3.20) f( t, z, u, v) A( t)z + g( t, u, v)

with A(" ), g(’, .," continuous. The terminal set M is an (n- 1)-dimensional convex
and closed set in satisfying (3.16) and containing an n 1)-dimensional cone. Suppose
that the game is evadable; then

(3.21)

for some A [.
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Proof Without loss of generality, we assume that

(3.22) yo+K(rl) M yo+p(rl)

where K() is a cone in p(r/) and Yo M.
We suppose that the game is evadable and that for all

(3.23) A(0)*r/

We show that this leads to a contradiction. We claim that if (3.23) holds, then there
exists a z Intn_lK(r/) such that

(3.24) (rt, A(0)z) 0.

If (3.24) were not true, then for all z Intn_l K(r/)

(3.25) (A(0)* r/, z) (r/, A(O)z) O.

Since dim K(r/) n-l, (3.25) implies that for all zp(’q)

(3.26) (a(0)*r/, z) 0.

Thus, we get

(3.27) a(0)*r/ p(r/) +/- span

which contradicts (3.23). Hence there is a z K(r/), satisfying (3.24). Since K(r/) is
a cone,/3z K(r/) for all/3 > 0, by (3.22)

(3.28) Yo +/3z M, /3 > 0.

Without loss of generality, we assume that

(3.29) (r/, A(0)z) > 0.

Then we set

(3.30) /3={l(r/,A(0)yo)l+ max IIg(O,u,v)ll/}/(w,A(O)z).
(u,v)UxV

We get

(3.31)

min max (-7, f(0, yo+/3z, u, v))
uU vV

<--_(-rl, A(O)z)+l(rl, A(O)yo)l+ max IIg(0,
(u,v)UxV

which contradicts (3.19) and hence the corollary is proved. [3

Notice that when A(t)= A, then the above corollary says that the evadability of
the game implies that r/ is an eigenvector of A*. Also, we can see that (3.3) is very
close to (2.54), especially in the case that f(t, z, u, v)=f(z, u, v).

4. Sharper necessary conditions for evadability. In this section we will give a much
stronger result than Corollary 3.4 when the terminal set M is of form Yo +P(r/).

We consider the following"

(4.1)
,=A(t)z+g(t,u,v),

z(0) Zo.
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We assume that A(t) is an (n n) matrix-valued locally integrable function, and that
g(’, ", L([0, tl] U V) for all tl > 0. The terminal set is

(4.2) M yo + p( q ).

Our main theorem of this section is the following.
THEOREM 4.1. Ifgame (4.1) with terminal set (4.2) is evadable, then there exists a

real-valued locally integrable function A t) such that

(4.3) a(t)*q A(t)q a.e.

To prove this theorem we need a lemma. We let (t) be the fundamental matrix
of

(4.4) =a(t)z,

satisfying (0)= L
LEMMA 4.2. Let rl ", rl have the property that for all z, " such that

(4.5) (n, z)>0,

we have

(4.6) 7, cb( t)z) >- O, >-_ O.

Then there exists a real-valued locally integrable function t) such that

(4.7) (t)*r=exp I(’) d" r,

(4.8) A()* I ()r a.e.

Proof. We claim that under our hypothesis we have that for all xp(r)--{r}+/-

(4.9) (r/, (t)x) 0, t>=0.

If not, then there exist an x {r/}- and a to>0 such that

(4.10) (n, (to)X) O.

Without loss of generality, we assume that

(,/, (to)xl) - < 0.(4.11)

If we take

(4.12)

where

(4.13)

then we have

(4.14)

(4.15)

O<e_<
+ (/, (to)/)’

(’/, Zl) e > 0

(n, (to)Z,)= e(n, (to)n)- <--e < O,

which contradicts (4.6). Thus our claim is true.
It follows from (4.9) that

(4.16) (t)*qp(7)+/-=-span{n}, t>=O.

Thus, there exists a real-valued function a(t) such that

(4.17) (t)*n a(t)n, >=O.
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Since (t)* is invertible for all t, we get that a(t)# 0 for all t-> 0. Hence, noting that
(r/, r/)= 1 > 0, we have by (4.6)

a(t) (r/, cI)(t) r/) > 0, t->0,
(4.18)

a(0) 1.

From (4.18), it is clear that a(t) is absolutely continuous. Now, for any tl>0, let

(4.19) 6o min a(t) > 0.
t[0,tl]

On [60, ) we have

1
(4.20) I(log s)’l -----< c,

s 6o

and so, log s satisfies a Lipschitz condition on [60, o). Hence, log a(t) is absolutely
continuous on [0, tl] for all t > 0. Thus, there exists a real-valued, locally integrable
function h(t) such that (note a(O)= 1)

(4.21) log a(t)= A(r) dr,

Hence, we get (4.7) by combining (4.17) and (4.21).
To obtain (4.8), we consider the following:

(t)*[A (t)r/] A (t)(t)*r/

(;o")A(t) exp A(r) d’r rl

(4.22) =[exp(f/A(r) d’)r/]’ a.e.

[(t)*n]’

@(t)*A(t)*rl a.e.

But (t)* is invertible, so (4.8) holds.
Remark 4.3. In fact, (4.7) and (4.8) are equivalent. We have seen that (4.7) implies

(4.8). Now, if (4.8) holds, we consider the following initial value problem:

= A(t)z a.e.,
(4.23)

z(0) ,7.

Then, exp (’o A (r) dr)rl and @(t)*r/are solutions of (4.23). By uniqueness we get (4.7).
Now, we can prove Theorem 4.1.

Proof of Theorem 4.1. By Lemma 4.2, it is enough to show that for any z
with (r/, z)> 0, we have (4.6).

We prove this by contradiction. Suppose there exist a z n and a to> 0 such
that (r/, Zl) > 0 and

(4.24) rl, cb( to)Zl) < O.

Then we take

(4.25) Zo yo +
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where c > 0 is as yet undetermined. Then we have

(4.26) d(M, zo)=l(,zo-Yo)l=(,z)>O,
i.e., Zo M. Also, for any u(. and v(.), admissible,

Io g(r, u(r), v(r)) dr-yo)(rl, Z(to) Yo) (rl, (to)Zo+ (to)(7")-1

(4.27) a(r/, (to)Zl)+ (r/, (to)Yo-Yo

g(r, u(r), v(’)) dr).+ (to)(7")-1

Note that the second term is bounded. Hence, if we take a large enough and notice
(4.24), we will have

(4.28) (rl, Z(to)-Yo) <=O.

When we compare this with (4.26) and note that z(t) is continuous, we see that
there exists a t* (0, to] such that

(4.29) d (M, z(t*)) I(w, z(t*) yo)[ 0,

which contradicts the evadability of the game.
COROIIARV 4.4. If A( t)= A, and the game is evadable, then

(4.30)

for some A .
5. Sufficient conditions for systems linear in the state. In this section we consider

a differential game which is governed by (4.1). We assume that A(t) is an (nxn)
matrix-valued locally integrable function, and that g(t, u, v) is in L([0, q] U V)
for all tl > 0 and Borel measurable in u, continuous in v. The terminal set M is given
by

(5.1) M=yo+Q

where Q is a linear subspace of Nn with dim Q < n. It is clear from (5.1) that

(5.2) M =OM.

Also, for all x M

(5.3) N(x)- { 011111-1}.
Let

(5.4) B7(O)- { e e IIll-<_ 1}
and let 7r be the orthogonal projection. Then we have the following theorem.

TIEOREM 5.1. Suppose that game (4.1) is given, A( t), g( t, u, v) are continuous, and

(5.5) IIA(t)ll<-g, t>-O.

The terminal set M is given by (5.1). We assume that

(5.6) A(t)QQ, t>-o,

and that there exists a 6o > 0 such that

(5.7) 6oTrB’(O)_ 71 [TrA(t)yo+Trg(t, u, V)], t=O.
uGU

Then the game is strictly evadable.
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Proof It is clear that under our assumptions, (A1) and (A2’) hold. Thus, it suffices
to prove that (2.55) holds.

For any t>= O, x OM M, and any N(x), it follows from (5.7) that

(5.8) 6o78orB’(0)_ [rra(t)yo+Trg(t,u, V)], t>--O.
uU

Thus, for each u U, there exists a v V such that (t fixed)

(5.9) 8or 7rA(t)yo + 7rg(t, u, v).

From the definition of rr, we have 7r’r/-- r/. Hence, we get that

8o=(rl, A(t)yo+g(t, u, v))
(5.10)

<--(n, A(t)yo)+max (n, g(t, u, )).

Since x-yo Q (see (5.1)), it follows from (5.6) that

(5.11) (l,A(t)yo)=(n,A(t)x), t>-O, 1 N(x).

Thus, (5.10) implies

(5.12) 6o<- max (q,a(t)x+g(t, u, v)),
tEV

for all t>-O, xOM, u U and 7N(x). Thus (2.55) holds and our theorem is
proved. [3

We note that (5.6) means that Q is an invariant subspace of A(t) for all -> 0. In
the case dim Q n 1, we lave seen in the last section that this condition is necessary
for the evadability of the game.

COROLLARY 5.2. Suppose A(t)=- A, g(t, u, v)=- g(u, v), and the terminal set M is
an invariant subspace of A. Suppose further that there exists a t3o > O, such that

(5.13) orB’(0)_ rg(u, V)
uEU

where r" - M+/- is the orthogonal projection. Then the game is strictly evadable.
The proof is immediate.
Now, if dim Q n 1, our strict evadability results can be strengthened. We assume

in the following that A(t) and g(t, u, v) are not necessarily continuous but satisfy the
assumptions that were made at the beginning of this section. By Theorem 4.1, in our
case, (4.3) is a necessary condition for evadability and thus it is necessary for strict
evadability. We have the following.

THEOREM 5.3. Suppose game (4.1) is given, the terminal set M is given by (4.2),
and (4.3) holds. Let

(5.14) /(t) min max (+/-7, g(t, u, v))-IA(t)ld(M 0), t>-O.
U V

Suppose one of the following holds"
(i) If lirn,_ o A (r) dr > -, then

(5.15) tx+(t) >-_0 a.e.

(ii) If lim,_oA(r dr=-, then (5.15) holds and

(5.16) lim/x(t) > 0,

t+-r

(5.17) A(s) ds <-w(r), t>--_O,

Then the game is strictly evadable.

w(" ) Loc[0, ).
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Remark 5.4. In the case of Theorem 5.3, if we denote f( t, z, u, v)
A(t)z + g(t, u, v), then (5.15) is the same as the following:

(5.18) inf inf min max (r/, f(t, x, u, v)) => 0 a.e.
xOM

It is clear that (5.18) is weaker than (2.54) and (2.55). Also, (5.18) is closer to the
necessary condition (3.3) than are (2.54) and (2.55).

Proof of Theorem 5.3. Let Zo M, u (.) e [0, oo) be given. We note that

(5.19) cl(M,z)=l(n,z-yo)l Vz".

Without loss of generality, we assume that

(5.20) d (M, Zo) /, Zo Yo).

Then, by Filippov’s lemma, we can find 23(. ) [0, ) such that

(5.21) (, g(t, u(t), (t)))-lA(t)ld(M, 0)= +(t) a.e.

Under this evasion control, we have (note (5.15))

d(M, z())= I(n, z()-o)l

(,(o+ ((-g(,, u(,(-o

(v, ((o-o

io(5. + (, ((,-l[a(o+

exp (s) ds d(M, Zo)

+ exp (s) ds [(, g(r, u(r), (r))+ 1(r)(, yo)] dr

eexp a(s) ds d(M, zo)+ exp a(s) ds +(r) dr.

Cas (i). Since lim, Io a (s) ds > -, there exists o> 0 such that

(5.23) exp

Thus, from (5.22), we get

(5.24) d(M,z(t))eexp a(s) ds d(M, zo)od(M, Zo) VtO.

This gives the strict evadability.
Cas (ii). By (5.16) and (5.17) we have to> 0 and o> 0 such that

(5.25) /z+(t)-> 8o a.e. t_-> to.
Then we set

(5.26) 6= min exp A(s) ds >0.
0<__ t<_2to
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Then, for [0, 2to], we have by (5.15), (5.22) and (5.26)

(5.27) d(M, z(t))-_>exp a(s) ds d(M, zo)>_gd(M, zo)>O,

and for t [2to, oe) we have by (5.15), (5.17), (5.22) and (5.25)

d(M, z(t))exp A(s) ds d(M, Zo)+ exp A(s) ds 6o d

o exp s ds dr

(5.28)
t-tO

--w()o e d7
dO

fo d7 > O.o e-W()

Hence, we complete the proof.
Remark 5.5. If A(t) A as in Theorem 5.3, then A (t) A is an eigenvalue of A*

(hence of A). In this situation, Case (i) corresponds to A 0 and Case (ii) corresponds
to A<0.

6. A linear autonomous case. In this section we discuss a differential game of the
following form:

Az + Bu + Cv,
(6.)

z(0) Zo,

where A, B and C are matrices of suitable sizes, z R", u U RP, v V q. The
terminal set M is a subspace of" with dim M < n and AM M. We will give a strict
evadability result which is stronger, in some sense, than Corollary 5.2.

Let us first give the following.
DEFINITION 6.1. Let 3 > 0, U RP, V Ro be given. (C, V) is said to be 6-superior

to (B, U) if there exists Vo Rq such that

(6.2)

(6.3)

where

Vo + Bq(o)
_

V,

BU -CVo,

The following proposition gives us some intuitive geometric meaning of the above
definition.

PROPOSITION 6.2. Let U BPl(O), V B(O), and tx > 1, be such that

(6.4) tzB(BP(O)) C(Bq (o)).

Then, (C, Blq(0)) is 8-superior to (B, BlP(0)) with 6 1-(1//x).
Proof Take Vo=(1-6)Bql(O)=-Vo, where 8= 1-(1//x). Then it is clear that

(6.2) holds and

1
B(Bf(O)) _-- C(B(O)) C((1 6)B(O)) -CVo. 13
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Roughly speaking, (C, V) is 6-superior to (B, U) for some 6 > 0 if the evader is
more powerful than the pursuer. We will see that more clearly from the following.

LEMMA 6.3. Suppose 6>0 and (C, V) is 6-superiorto (B, U), thenforanyu(. ) R
there exists a v,(. ) l/" with values in Vo such that

(6.5) Bu(t) + Cv,(t) 0 a.e.,

where Vo is as in Definition 6.1.

Proof. The result follows from (6.3) and Filippov’s lemma.
Remark 6.4. As a consequence of the above lemma, we have that for any u(.

and measurable w(. with values in 6Blq(0), there exists a 3(. ) such that

(6.6) Bu(t)+ c(t)= cw(t) a.e.

This gives the superiority of the evader to the pursuer.
Before stating and proving the main result ofthis section, let us give another lemma.
LEMMA 6.5. Suppose a, b R, b 0 and

(6.7) K
-1 0

Then for to, 6 I

e(aI+bK)" dr
aI bK e(ai+bK)
a2+b2

to

The proof is straightforward.
We now give our main theorem of this section.
THEOREM 6.6. Suppose the terminal set M is invariant under A, and dim M < n.

Suppose that [(A*I)*, (C*I)*] is completely controllable and that ((C’141)*, V) is
6-superior to ((B*I)*, U) for some 6 > O. Then the game with terminal set M is strictly
evadable.

Remark 6.7. In the statement of the theorem, [(A*ltl)*, (C*IM-)* is regarded
as a system in M- not in ".

Proof By choosing suitable orthonormal basis for M+/-q3 M, we have the rep-
resentations of A, B, C as follows:

(6.8) A=
A3 A4 B2 C2

Then the conditions stated in Theorem 6.6 are the following: [A, C] is completely
controllable; (C1, V) is 6-superior to (B1, U). Let us denote, according to the decom-
position of N",

(6.9) z Zo
Z2 Z20/

By applying 7r :"- M+/-, the orthogonal projection to (6.1), we get

(6.10)
1 AlZ + BlU + ClV
z(0) Zo,

and we know that

(6.11) d(M, z(t))= IIz(t)ll IIz,(t)ll.
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Now, we assume that the initial state Zo M, i.e., zlO 0, and also that the pursuer’s
control u(.) is given. Then by Lemma 6.3 and Remark 6.4, we may choose the
evasion control as in (6.6), and so

(6.12) BlU(t)+ Cl(t) ClW(t)

with w(t) 6B(O) being arbitrary. Then (6.10) becomes

.( t) Aaza( t) + Cw( t),
(6.13)

ZI(0) zlO.

Then we have from (6.11) and (6.13) that

d(M, z(t))= IlZl(t)ll
(6.14)

eAltzl0-t e(’-’Cw(r) d"

Now, let us discuss the different cases.
CASE 1. o’(A1) , where o-(A1) is the spectrum of
Since o(A1) o’(A*), we can assume that there exists an r with I1111- such

that for some Ae N

(6.15) A*r Air/1

Since [A, C] is completely controllable, we have

(6.16) C*7, # 0 or TITC1 # 0

where 71 stands for the transpose of the column vector
Now, we set

(6.17) w(t)

sgn (r/lz,o) 6C* r/____L if r/1Tz10 0,

CfTI6 if r/lzo 0.

Then from (6.14), (6.15) and (6.17), we have that

(6.18)
]7Zl(t)]

=e;’"lOTZlol+ e*’, d llCl*’Olll.

Since zlo 0, there exists a 0 > 0 such that for all admissible controls u(. and v(-)

(6.19) d(M,z(t))=llZl(t)]] >- t[0, 0].
2

For >- 0, from (6.18), we have

(6.20)

d(M, z(t))ln, z,(t)l>= e, d" 611c,*n,II

Hence, we have the strict evadability of the game in this case.

=> e*’ d" ,llc,*nlll>o.
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CASE 2. o’(A1) 0 .
Note that in this case, dim M+/->= 2.
Let a + ib o-(A*) r(A1), where a, b and b > 0, then there exist real vectors

and/3 in M+/- such th0t

(6.21) A*l (a + i) (a bi)(c + i).

From this we can see that c and/3 are linearly independent and

(6.22)
A* a aa + bfl,

A fl ba + afl,

(6.23) A*(c, fl) (a,/3)
b

We define Lo= span {c,/3} M-. It is clear that A*Lo
_

Lo; hence, we have

(6.24) AIL
_
L.

Now, by choosing a suitable basis for M= Lo L-, we have

(6.25)
A1--

z,= z 1], z,o= z o]’

where stands for entries which will not concern us and

(6.26) Ao -b
aI + bK.

Here, K is given by (6.7).
Since [A1, C1] is completely controllable, and AIL

_
L-, we know that [Ao, Co]

is also completely controllable. Hence, in particular, we have Co 0 and then there
exists Wo 6B 1(0) such that

(6.27) q Cowo # O.

By applying the orthogonal projection P/o to (6.13) we get

(6.28)
z,(t) aoz,( t) + Cow(t),

zl(O): Z’,o.

Thus,

(6.29)
d(M, z(t)) ]]z,(t)ll []PloZ,(t)]] I]z(t)[I

t--’r)eA’Zo+ eA( Cow(r) dr

Now, we consider two subcases.
(1) zlo 0.
(i) For a->_ 0, we take

(6.30) w(t)=--O, t>=O.
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Then for all _-> 0 we have that
at bKt

Zd(M, z(t))>= Ilz,(t)ll--lie e ’oll
(6.31)

eOtll ebKt z,oll e Ilzloll >= IIzIoll > o.
(ii) For a <0, then, we know that

(6.32) lim e at e bKtZo =0,
t--

and ebm is a rotation on the plane Lo which sweeps all possible angles as varies
from 0 to oe. Thus, there exists to > 0 such that

-ai+bK
(6.33) e’ e Zo a + b

for some 6o (0, 1). Since det(-ai+bK)=a+b2>O, we have ff0. Now, we take

0, ON < to,
(6.34) oWo, to
where Wo is as in (6.27). Then, for 0 < to, we have

d(M, z(t)) Ilzl(t)ll = e’ e’Zloll
(6.35)

e’ollzloll > o,
and for to, by Lemma 6.5 and (6.33), we have

d(M, z(t)) > e(aI+bK)tz 10 + e(a+bK)(t-z)60 dr
to

e(af+bKtzo+ e(+bK)O d

(6.36) e(a+b)’Z e(a+bK)(t-t)

-II e(’+bK)(’-t)[e’ ebKtzllO o] +o
oll[I ea’llloll > 0.

Hence, the game is strictly evadable in this subcase.
() Zlo: 0,
Since d(M,z):llzloll>o, there exists a Oe(O, 2/b) such that (6.19) holds for

e [0, 0] if we take w(t) Wo where Wo is as above. On the other hand, by choosing
such an evasion control, we have

21(0)1

(6.37) e

[e(a+bK)- l]
aI- bK
.:a + b # o.

Then, subcase (1) applies.
Remark 6.8. From the proofofTheorem 6.6, we see that we only need the condition

that there exists a subspace MN, with dim Mo<n, M c Mo, AMo c Mo, and
[A*IM)*, (C’IMP)*] is completely controllable and ((C*IMX)*, V) is &superior to

((N*IMX)*, U) for some >0.
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Remark 6.9. The condition that ((C*[M-)*, V) is 8-superior to ((B*[M-)*, U),
which we imposed in Theorem 6.6, does not imply condition (5.13), which we imposed
in Corollary 5.2. We will illustrate this point by showing an example in the next section.

7. An example. We present an example in this section.
Consider two objects in R3, one pursuing the other. Suppose the pursuer is x and

the evader is y and that they are subject to the following systems:

(7.1)
,6 Aox + Bop + C1 u,

(7.2)
=q’

t Aoy / Boq + C2.
The pursuer wants to "softly" catch the evader; namely, the terminal set M is

(7.3) M={x=y,p=q}.

The problem models an aerial dogfight in which the evader does not want the
pursuer to "get on his tail." The evader is willing to risk a collision, presumably secure
in the belief that the pursuer would not be suicidal.

Now, let us formulate the problem into a standard one. We set

(7.4)
zl =x-y, zz=p-q,

Z X -" y, Z4 p + q.

Then, (7.1) and (7.2) become

Ao Bo 0 0

I
CI(7.5) z=

0 0
z+

0
u+ v Az + Bu + Cv

0 Ao Bo Ci \ C2 ]
and the terminal set is

(7.6) M {(0, 0, z3, z4)lg3, z4 E 3.
It is clear that

(7.7) AM
_
M

and (5.13) does not hold for any 80. However, we have the following proposition.
PROPOSITION 7.1. Suppose

[(2o
is completely controllable and (C2, V) is t3-superior to (-C1, U). Then "soft" capture
can be avoided.

The proof is immediate from Theorem 6.6.
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OPTIMAL PERIODIC CONTROL FOR THE TWO-PHASE
STEFAN PROBLEM*

AVNER FRIEDMAN?, SHAOYUN HUANG: AND JIONGMIN YONG?

Abstract. Consider the two-phase Stefan problem in a domain {(x, t); x D, 0< <} with the heat
flux across a part F of OD being a control function k(x, t) periodic in of period r, and N-<_ k N2,

r, k(x, t) M, where N, N2, M are given positive constants. The solution u(x, t) behaves asymptotically
as a periodic function (x, t). We wish to maximize o p(x)(x, t) where p is a given positive function.
It is proved that any optimal control k has the form

/ N2 if0 < < q(x),
ko(x, t)

N if(x)<t<tr

where p (x) is a smooth function.

Key words, two-phase Stefan problems, optimal control, periodic solutions, bang-bang principle

AMS(MOS) subject classificatioas. 35K85, 35R35, 49A22, 49A29, 49A36

Introduction. Consider the two-phase Stefan problem for the temperature u"

(0.1) --(u+H(u))-Au=O in Dx{0< t<o}
0t

with

(0.2) -k(x,t) forx6F1, O<t<ee (k<O)
Op

OU
(0.3) Ou- g(x,t) forxF2, 0<t<o (g>0)

or

(0.2’) u k(x, t) for x F1, 0 < <,
(0.3’) u -g(x, .t) for x e F2, 0 < < c

where F [’-] F2 , F1U 1-’2 OD and

(0.4) u(x, O) Uo(X) for x e D;

here H(u) is the Heaviside function. It is well known (for the Dirichlet boundary
conditions (0.2’), (0.3’)) that the above problem has a unique global solution [2], [4],
[5], [9]. It was recently proved by DiBenedetto and Friedman [3] that if k and g are
periodic in with period r, then there exists a o--periodic solution (x, t), independent
of Uo(X), such that

(0.5) sup lu(x, t) (x, t)]--> 0 if t-> o.
xED

We now consider k as a control function in a class

(0.6) k; N1 <: k <- N2, k(x, t) M, k(x, t+ tr) k(x, t)
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24 a. FRIEDMAN, S. HUANG AND J. YONG

and introduce a functional

(0.7) J(k)= p(x)a(x, t) dxdt
D

and the optimization problem

(0.8) J(ko) max J(k),
ke

In this paper we analyze the structure of the optimal controls ko. We prove that

f N2 if mcr < < mcr + o(x),
(0.9) ko(x, t)

N1 if mcr + o(x) < < (m + 1)or,

for m =0, 1, 2,..., where 0(x) is a smooth function. This result is established not
only for the Dirichlet data (0.2’), (0.3’) but also for other data, such as (0.2), (0.3’) (in
which case one must impose restrictions on N1, N2 in order to ensure that the free
boundary does not meet the fixed boundary 0D at any time.

The control problem is motivated by the following situation which occurs in a
frozen body of sea water: An object D1 (a pipeline, for instance) is placed in the frozen
water and its boundary F1 is heated, causing the ice to melt in the vicinity of D1. The
temperature of the ice varies with the climate and is thus a periodic function (either
on a scale of one year or on a scale of one day). It is therefore natural to choose for
the flux k on F1 as a periodic control. The functional (0.7), to be maximized, represents
the amount of heat in both the water and ice regions with a weight function p. Since
one is usually interested in raising the amount of heat in the melted ice rather than in
raising it in the ice, one may choose p(x) to decrease away from

In 1 we briefly establish the asymptotic behavior for the system (0.1), (0.2),
(0.3’), (0.4), thereby extending the results of [3] to the case when (0.2’) is replaced by
(0.2). In 2 we consider an intermediate control problem for (0.1), (0.2), (0.3’), (0.4)
with

J(k)= p(x)u(x,t);

here k and g are not assumed to be periodic in t. We establish a bang-bang principle
similar to (0.9) for any maximizer ko.

For the one-phase Stefan problem a bang-bang principle was established (in [6],
[8]) for the functional J(k) representing the volume of ice that has melted by time T.
At the end of 2 we show that such a principle is false for the two-phase Stefan problem.

The analysis of 2 is used in 3 where the assertion (0.9) is established. Finally,
in 4 we extend the results of 3 to the Stefan problem where the boundary condition
on F1 is either of the form (0.2) or (0.2’) and the boundary condition on F2 is either
of the form (0.3) or (0.3’). Here, the fact that the Dirichlet data in (0.2) are in L, but
not continuous in general, requires some approximating procedure.

1. Existence and uniqueness of periodic solutions (under the condition (0.2),
(0.3’)). Let F1 and F be C2+c closed hypersurfaces in v such that F1 lies in the
interior of the set enclosed by F. Denote by D the domain bounded by F1, F2, and
set Dr D {0 < < T}, F,r F x {0 < < T} for any T-<.

We are given a function g(x, t) satisfying

g L(Do), D,,g and Dtg belong to L(D),
(1.1)

0 < Cl =< g =< c2 < (Cl, c2 are constants);
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a function h(x) satisfying

(1.2) hC(D), h=-g on r_ {0};

and a function k(x, t) satisfying

(1.3) O<Nl<-_k(x, t)<-_N2< onFl.(N1, N2 are constants).

The two-phase Stefan problem for the temperature u is formally written in the form

--(u+H(u))-Au=O in’(D),
Ot

(1.4) 0--U-U k on
Ov

u=-g onF2,,
u(x, O) h(x) ifxD

where , is the outward normal to D and H is the Heaviside function. More precisely,
by a solution of (1.4) we mean a weak solution in the following sense.

For any 0< T<c there is a pair (u, :) with scc H(u) such that

(1.5) u6L((O, T); LZ(D))f’)L2((O, T); Hi(D)),

(1.6) u -g on F2,r,

(1.7) [-(u+),+Vu.V]dxdt= kdSdt+ (h+o)q(x,O)dx
D

for every V. Here o is a given initial data with :o C H(h) and

V={H1(Dr), =0 onF (0, T), =0on t= T}.

In order to construct a solution of (1.5)-(1.7) we follow the procedure in [3] and
introduce, for any e > 0,

if s> e,
H(s) e if0< s-<_ e,

if s_-<0.

Define

(1.8) h(x)={h(x) ifh(x)>eorh(x)<O,

eo if O<- h(x) <= e.

Then

(1.9) H(h) :o.
Consider the e-approximate problems

0
--(u+H(u))-Au=O inDr,
Ot

(1.10) -k on Fl,r,

u =-g on F2,T,

u=h on D x {0}.
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Existence for (1.10) can be established by a fixed point argument using standard
parabolic estimates. Uniqueness follows from the following more general stability
result.

LEMMA 1.1. Suppose is a solution of (1.10) corresponding to data c, , . If
fi, >= g on FZ, T, then

IDx{t} [a-u+H(a)-H(u)]+

We shall henceforth assume that k(x, t) satisfies (1.3) with N1 as in (1.13); N2 is
an arbitrary constant.

Denote by Vl(X) the solution of

AVI=0 inD,

(1.14) 0VI_N2 onF1,
Ov

VI -c onF2.
By the maximum principle

(1.15) Vo(x) < V(x) in D.

From Lemma 1.1 we obtain the following.
LEMMA 1.2. There holds

f [Vo-u+H(Vo)-H(u)]+<=f [Vo-h+He(Vo)-H(h)]+,
Dx{t} D

f [u-VI+He(u)-H(VI)]+<=f [he-Vlq-H(h)-He(V1)]+.
Dx{t} D

Using the same method as in [3] we can deduce the following estimates for the
solution of (1.10).

LEMMA 1.3. There holds

(1.16) IlVu ll 2( .  C(Z),

]] u <-C(T, dist (E, 0Dr))
L2(E)

for any compact set E D x (0, T); the constants are independent of .

AVo=0 inD,

(1.12) Vo 6o on F1,

Vo -c2 onF2;

c2 is as in (1.1). By the maximum principle,

(1.13) OVo>__N>O onF1 (Nconstant).
0u

(1.11)
--< [g he + He (/e) He(he)]+ + [/- k]+.

D

Proof We take the difference of the parabolic equations for te and u, multiply
by HA (fie- u) and integrate over Dr. After an integration by parts, we let 0, and
(1.11) follows.

Take any small positive constant o and denote by Vo(x) the solution of
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It follows that the family {u} is precompact in L2(Dr) and that, for a subsequence

u - u in L2(Dr) and a.e. in Dr,

(1.17) Vu- Vu weakly in L2(Dr),

H(u) - weakly in L2(Dr).

Using Lemma 1.2 and arguing as in [3] we can establish the following theorem.
THEOREM 1.4. If

(1.18) Vo(x)<-- h(x) <- Vl(X),

(1.19) H(Vo) -< :o -< H(V)

in D, then there exists a solution (u, ) of (1.5)-(1.7) and

(1.20) Vo(x) <= u(x, t) <= VI(X),

(1.21) H(Vo)<-_(x, t)<-_H(V)

in Dr.
Uniqueness of the solution follows from the more general stability result.
THEOREM 1.5. Let , ) be a solution of (1.5)-(1.7) for data k’, , h’, ’o satisfying

the same conditions as k, g, h, o above. Then

ff’ [[ lg b[2 "- ( )(lg )]

(1.22)

IOTII IOFf,-< C
2 O

where C is a positive constant independent of the data and of T; C depends on N1, N2,
el, C2.

The proof is similar to the proof given in [4] (see also [3], [5]) for Dirichlet data.
The fact that C is independent of T will be of crucial importance in the sequel.

We next consider the periodic case

k(x, + or) k(x, t) on rl x (0, ),
(1.23)

g(x, + or) g(x, t) on F2 (0,

for some r > 0.
LEMMA 1.6. If (1.23) holds then there exists afunction f with Vo(x) <-_ h"(x) <- Vl(x)

in D such that the corresponding solution of the e-approximating problems (1.10) is

periodic in ofperiod
The proof which is similar to the proof of [3, Theorem 7.1] uses the Schauder

fixed point theorem.
Taking a convergent subsequence of the t’s, we obtain the following theorem.
THEOREM 1.7. If (1.23) holds then there exists afunction f and a selection "o H( f

with Vo(x) <-_ f(x) <-_ Vl(X), H(Vo) <-- "o <- H(V1) in D such that there exists a solution, ) of (1.5)-(1.7), with h f, o o, u , which is periodic in ofperiod tr, and

Vo(x) <- (x, t) <-_ Vl(X),

n( Vo) <- (x, t) <-_ n( v1)

in D; the function is uniquely determined by k, g.
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The last assertion (about uniqueness) follows from Theorem 1.5. Indeed, if (h, )
is another periodic solution then (1.22) implies that

I f, lfi(x, t)- (x, t)t2 dx dt < c.

Since, however, - is periodic in of period r, it follows that t--J O.

2. Oltiml control in fiaite time. We now consider k to be a control variable
belonging to the set

= kL(FlX(0, T)),NI<_k<-_N2, k=M

with N1, N2 as in 1; we assume that

(2.1) N1T meas (F1) < M < N2T meas (F1),

for otherwise the set is empty or reduces to one element. Consider the Stefan problem

0

Ot
B(u)-Au=O in@’(Dr)

(2.2) u k on Fl,r,

u=-g on F2,r,

fl(u)=fl(h) ont=0

where/3 (u) u + H(u), and set

Kr {(k, u); k 1, u is the unique solution of (2.2) corresponding to k}.

Let p(x) be a given function satisfying

(2.3)
p is piecewise_ continuous in D,

p0 inD, p>0 onF1.

We introduce the functional

(2.4) J(k) p(x)u(x, t) dx dt

and consider the following maximization problem.
Problem (F). Find ko such that

J(ko) max J(k), ko .
ke

THEOREM 2.1. There exists a solution of Problem (F).
Proof Let (k,,, u,,)e Kr be a maximizing sequence. From the estimates in 1 (cf.

Lemma 1.3) it follows that, for a subsequence,

km --> ko weakly,

u,,.--> Uo weakly in HI(DT) and a.e. in DT.
It is now easily seen that (ko, Uo) KT and that ko is a maximizer.

(1.5)-(1.7) written in the form
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We shall henceforth consider a particular maximizer ko and proceed to study its
structure. For this purpose we set fie(u)= u+He(u) and again consider the e-

approximating problems

Ote(u)-Au=O in Dr,

(2.5) u k onF,r,
u =-g on F2,r,
u=h on t=0.

We define

K)= {(k, u); k e M, u is the unique solution of (2.5) corresponding to k},
and (as in [1], [6]) introduce the functional

Je (k) p(x)u(x, t) dx dt -- (k go)2 dS dt

for any (k, u) K.
Problem (F). Find (k, u) Kr such that

J(k)= max J(k).
(k,u)K-

Similarly to Theorem 2.1 one can prove that there exists a solution (k, u) of
problem (F).

LEMMA 2.2. If k, u) Kr is a maximizer ofproblem (F) then, as e O,
(2.6) k -9 ko in LE(F1 x (0, T)),

(2.7) u Uo weakly in L2((O, T); HI(D)) and a.e. in Dr.
Proof. For a subsequence,

k -/ weakly in L2(F1 x (0, T)),
(2.8)

u weakly in L((0, T); H(D)) and a.e. in Dr
and (/, ) K. It suffices to show that/ ko, for then, by uniqueness, also Uo.
Let (ko, u*)6 K-. By the estimates (1.16) of 1,

(2.9) u* ao weakly in L((0, T); H(D)) and a.e. in Dr
where (ko, fro) K and fro Uo by uniqueness. We have

J(ko) >= J(k) pa (by maximality of ko)
Dr

lim pu -- (k ko)
2

(k ko) (by (2.8))
e-O DT I,T I,T

_-> lim_oinf J(k + limsoup . (k ko)

->liminfJ(k)+llimsup-
-,o 2 -,o fr (k-k) (bymaximalityofk)

1,T

Io l’im  SoUpI 1 pu* +- I,T

J(ko) +- lim2oup (k ko)
I,T
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by (2.9) and fro Uo. It follows that (2.6) holds.
We now proceed to analyze any solution (k, u)K of Problem (F). Let be

a function such that k + 61 for all small enough 8 > 0, and let (k + 61, u,) K r.
Then we have

(2.10)
O>-.L(k + 6l)-J(k)

p(u,,-u)-6 (k-ko)l--f
DT

For fixed e one can establish by standard parabolic estimates that

L2((O,T);H(D))

and, in fact,

(2.11) u,-u
---> Z weakly in L2((0, T); HI(D)) and a.e. in DT

where z is the solution of

0
--(3’(u)z)-Az=O inDr,
Ot

(2.12)
0
z=l onFl,r,
Ou

z=0 on F2,r,

z=0 ont=0.

Denote by Q the solution of the parabolic problem

oQ
3’(u)---+AQ=p in Dr,

(2.13)

Then

0
mQ=0 on Fl,r,
0u

Q=0 on F2,r,

Q=0 on t= T.

o (’(u)z)- ZXz O
DT

’(u)zO,,- zZXO
0 D D

by (2.12), (2.13).
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Using this and (2.10), (2.11), we find that

0=> lima_SoUp - [J;(k + 61)- J (k)]

=f pz-f, (k-ko)l=fv l(-O-k+ko),
DT "I,T I,T

(2.14) | O + k ko)l >- O.
l ,T

From this relation and from (2.6) we can deduce, precisely as in [6], that for any small
r/> 0 there is a set Z, in F,r of measure smaller than r/ such that

(2.15) k {N2 on (O < A r/} {r,,r\Z,},

if e is small enough; is some constant and Z is independent of e.

We shall analyze Q as e O. Observe first that, by comparison,

(2.16)

where Q is the solution of

zxO =p
Q-O

Q<-Q<-O

in D,

onF, Q=0 onF2.
Denote by F a the intersection of D with 6-neighborhood of F1. By comparison, (1.20)
holds also for u u. Hence, by (1.12), (1.14) there holds

/3’(u)=l inVa=F ,x(O, T)

for some 6 > 0 independent of k, e. From this and from (2.16), (2.13) it follows that,
for a sequence e + 0,

(2.17)

and

Q --> Q uniformly in Va,

Q,+AQ=p inV,,

(2.18)
Q 0 on F,r,
Q-<_0 in V,

Q=0 on t= T.

Next, by differentiation with respect to of (2.13) we see that the function sr Q.,
satisfies

flte(Ue)t+A+fl(Ue)U,t--O in DT,

’=0 on Fl,r,

{=0 onF2.r,

(x, r)->_o irxeD (since O <- 0, O(x, T)=0).

By the maximum principle it follows that " _-> 0 in DT, i.e.,

(2.19) 0,,----> 0 in Dr.
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(Actually, since/3 (u) is not bounded, one should define/3 (u) from the outset slightly
differently, so that it is in C)-.) From (2.19), (2.17) it follows that

(2.20) Qt => 0 in

We claim that

(2.21) Q, > 0 on F, (0, T).

Indeed, otherwise we conclude from (2.20) that Qt takes local minimum zero at a point
(Xo, to) on F, (0, T). Since (by (2.18))

(Q,),+AQ,=O inV

and

Q,,(Xo, to) 0,

this is a contradiction to the strong maximum principle for
We can now state the main result of this section.
TrtEOREM 2.3. For any maximizer ko of Problem (F) there exists a function q(x)

in C’/2(F) such that

f N2 ifO<t<qg(x),
ko(x, t)

N, ifcp(x) < < T.

Proof. From (2.15) and (2.17) it follows that there exists a A =<0 such that

ko={N2 ifQ(x, t)<h,
N ifQ(x, t)> A.

From (2.21) we see that the surface

((x, t) r, x (0, T); Q(x, t) A }

is given by 9(x) with 9 in C’/2 (since Q is in C1"/2).
Notice that is in Cm’/2 if F is in C2"’; in particular, 9 C if F C.
Remark 2.1. Denote by V(T) the measure of the ice that has melted by time T

and set Jo(k)= V(T). Consider the problem of maximizing Jo(k) over k e M. For the
one-phase Stefan problems it was proved in [6], [8], that any maximizer ko has the
form (2.22). We wish to show that this bang-bang principle is false for the two-phase
Stefan problem. Consider the one-dimensional Stefan problem

where

If

Ot
(0<x<l,0<t< T),

ux(O, t) -k( t) (0< t< T),

u(1, t) -1/2 (0 < < T),

u(x, O) Vo(x) (0 < x < 1)

Vo(x) -1/2+(1 -x),

= keL(O,T),l<-k()<-2, kdt=r+l

V(x) =1/2+(1-2x)
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then, by comparison,

Vo(x)<-< u(x, t)<-_ Vl(X) (0<x < 1, 0< < T)

and thus the global solution u exists for any k. Set

{1 if0-<t-<T-1, k2(t)={2 if0<-t=<l,
kl(t)=

2 ifT-l<t<oe, 1 ifl=<t<oo,

and denote by ui the solution corresponding to ki. Then ul(x, t) Vo(x) if 0 < < T-- 1
and, consequently, by comparison,

u(, r> v(1/2+ >0

for some e independent of T. It follows that

ul(1/2+ 6, T) => 0 for some 8 > 0,

where 8 is independent of T. On the other hand, by asymptotic stability (cf. [4])

ul(x, t) Vo(x) if az

and, in particular,

u,(1/2+ 8, T) < 0

if T is large enough. It follows that

Jo(k) < J0(k,),

and thus the bang-bang principle (2.22) does not hold for the maximizer of the
functional Jo(k).

3. Periodic optimal control. In this section we consider the case of periodic
boundary conditions with period or. Thus we assume that

(3.1) g(x, + tr) g(x, t)

and take the control set

(3.2) o N, _-< k _<- N2, k(x, + tr) k(x, t), k M

where N1, N2 are as before, and

(3.3) Nltr meas (F1) < M < N2tr meas (F1).

For any k s consider the Stefan problem

Ot
(u)-Au=O in’(D)

(3.4) u,. k on F.,
u =-g on F2,,
/3(u) =/3(h) on =0

and set

P= {(k, u); k s, u is the unique solution of (3.4) corresponding to k}.

From 1 we have, for any (k, u) P,

(3.5) lu(x, t)- (x,/)12 C < oo, C independent of k,
D
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where is the unique periodic solution of

(3.6)

(3.7)

0

Ot
(u)-Au=O in@’(D)

u k on 1-’1,,

u -g on I-’2,c

U(x,t+o’)=U(X,t).

In this section we work with the functional

J(k) p(x)(x, t) dx at.

From (3.5) we get

]u a] (IDI) 1/ lu al e

D D

and, consequently,

lim --1 ml Ij(j+l)rm j----0

p(u-a)=0,

-0 if m

(3.10) lim--1111"1" p(Um--U)---- O.
m- m Jo JD

Proof. Let tm, be the periodic solutions corresponding to k, and k, respectively.
Using the a priori estimate (3.9) we deduce that for any subsequence of {u,} there is
a sub-subsequence, which we still denote by Urn, for which- ff in L2(D)

Then

It follows that for any (k, u) M

(3.8) J(k) pt lim --1 pu.
m D

Problem (P). Maximize J(k) over k .
The existence of a maximizer can be proved as in 2, using the form (3.7) of J(k)

and the fact that

where C is a constant independent of k.
LEMMA 3.1. Suppose (k, u) and (k, u) belong to P, and

k k weak star in L(F,),

uu a.e. inD.
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and is a periodic solution of (3.6) corresponding to k. By uniqueness . Using
(3.5) we get

1,m I p(Um--U
DI D

Dm Dm

C lim ]u a] m’/ + [m a]
pm D

+- I-ul m1/

=<c f Im-1:0,
D

which proves (3.10).
Consider now a pair (ko, Uo) P where ko is a solution of Problem (P). In order

to analyze ko, we introduce, for any positive integer m, the penalized functional

(3.11) Jm(k) --1 pu-- (k-ko)
m D

for (k, u) P.
Problem (P,). Maximize Jm(k) over k.
The existence of a solution can be established as before.
LEMMA 3.2. Suppose (kin, u) P, k a solution of Problem (Pro). en, as m ,

(3.12) km ko in L2(F1 x (0, )).

Proof For any subsequence of (k, urn) there is a sub-subsequence, which we
denote again by (k, u), for which

(3.13) km weak star in L(FI.),

(3.14) um a a.e.,

and (, ) P. Fuher, by Lemma 3.1,

J(k)J()=lim---mlfofDPa
[ lfo ff lflim Jm(km)+-- p(--Um)+ (km-ko)2

m D ,

lim infJ (ko) + lim sup (km ko)

J(ko) + lim sup
1 fm- or

(kin-k)2’
1,

and (3.12) follows.
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In order to analyze the maximizers (k,,, u,,) we introduce the e.approximating
parabolic problems"

/3(u)-Au=0 inD
Ot

(3.15) U=0 onFl,,
u=-g on F2,,
u=h on =0.

Set

P {(k, u); k M, u is the unique solution of (3.15) corresponding to k}.

For any (k, u) P,, consider the functional

Io Io 110" Ir(3.16) J(k) =--1 p(x)u(x, t)-- [(k-k,, +(k-ko)].
m

Problem (P). Maximize J(k) over k 6 .
LEMMA 3.3. Suppose (k, u)P where k is a solution ofoblem (P). en,

as e O,

(3.17) k k in L(F x (0, )).

oo We may suppose that

k weakly in L2(F, ),
Um a.e. in D.

Then (, ffm) P if we extend ff into a solution of (3.4). Let (k,)P. Then

u a.e. ase0.

We now have a sequence of inequalities

L pa- (-ko)Jm(km) Jm(km)
m D ,.

lf n r- pu li f (k- ko)
m

(since k k weak star in L(F,))

lim sup pu- (k- ko)
1,

lim sup J(k;)+ (k-k)
1,

lim inf J(k) + 1
li2p Jr (k k) (by maximality of k)

eO

lim sup (k- k)-lira inf pO (k- ko)+ oe0 D 1,

fo*f lfr Ir1
pu (k ko) + lim sup (k k)

m D , eo0 ,

Jm(k) +- lim sup (k-k)
2 o

from which (3.17) follows.
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Consider Problem (P,) and suppose (k,, u,) P, where k, is a maximizer. Let
be any function such that k,,, + 61 .ff for any small 6 > 0, and denote by u the

solution of (3.15) corresponding to k + 6L Then J(u)-J(u6) O, and, proceed-
ing as in 2, we derive the analogue of (2.14)"

(3.18) --1 ;Iv (O:+2k:-k-ko)lO,
m

where Q is the solution of the parabolic problem

(3.19)

Let

’(u,)Qm,,+AQ=p in Dm,

Q,., 0 on F1 x (0, mtr),

Q, 0 on F2 x (0, too-),

Q,=0 ont=mtr.

m-1

(3.20) P(x, t)=1 Q(x, +jo’).

Since k, and k,,, ko are periodic, (3.18) can be written in the form

As in 2 we have

(3.21) fo" fr (P+2k-k,.-ko) l>=O.

(3.22)

(3.23)

Also,

Q<-Q<-O inDm
with the same function Q, and Q,.,-> 0. It follows that

Q<P=m=<0 inD,,

P,,, _-> 0 in D.

0
(3.24) --P,+AP, p inV--F a x (0, ),

ot

o
(3.25)

Ou
Pm 0 on F x (0, o-).

Using Lemmas 3.2, 3.3 and (3.21)-(3.25) we can proceed to establish, as in 2,
that there exist sequences of {m} and {e,,} such that

(3.26)

(3.27)

(3.28)

and

(3.29) P,> 0 on F,.
Further,

P" - P uniformly in V,

p,+AP=p inVa,

P=0 on F,,

(3.30) ko {N2 on {P < A} f3 r,,,
N on {P> A}f’IFI.

for some A -< 0. Finally, from (3.29), (3.30) we conclude the following theorem.
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THEOREM 3.4. Ifko is a maximizer ofProblem (P), then there exists a Cl’"/2 function
(x) defined on F1 such that

(3.31) ko(x, t)= N2
N1

for m 0, 1, 2,..., and x Ft.

ifmtr < < mcr + q(x),

ifmtr+ q(x) < < (m+ 1)or

and

(4.5)

(4.4)

V {( C(T)" Ox(, Dxp, D, C(/)r), =0on t= TandonODx(O, T)}.

Let Vo(x) and Vl(X) be the solutions of

AVo=0 inD,

Vo=fl onF,

Vo--- -c on F2,

THEOREM 4.1. Assume that

Vo(x) <= h(x) <= V(x)

H( Vo) <- o<- H( V1) inD.

AV =0 in D,

V fl2 onF,,

V =-c onF2.

in D,

where

4. Optimal control for Dirichlet data. In this section we extend the results of
1-3 to other boundary conditions. We begin with

u=k onF(0, T),
(4.1)

u=-g onF2(0, T)

(instead of (0.2), (0.3’)) and assume that F C3+" and

k L(F x (0, oe)), O<fl<-k<=fl2.oo
(4.2) g L(F2 x (0, ee)), 0 < Cl <-- g <-- c2 <

h C(;).

Since g and k are not assumed to be Lipschitz continuous, one cannot expect V u to
be in L2((0, T); HI(D)). We shall therefore employ the following concept of a weak
solution.

A pair (u, s) is called.a weak solution of the two-phase Stefan problem correspond-
ing to the boundary data (4.1) and the initial data u= h, o c H(h) if u L(Dr) and

[(u + )qr + uAq] dx dt k
Oq

dS dt- g
OvIV) 7! Old

(4.3)

-[ (h+sC:o)q(x, 0) dx V V
D
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(4.6)

Then there exists a unique solution u of the two-phase Stefan problem (4.3), and

Vo(x) <- u(x, t) <-_ V(x),

H( Vo) <= ((x, t) <= H( V,).

Proof Let XFm be smooth functions (say in C) in/3r such that their restrictions

k =’t’lv,,, g.

satisfy (4.2) and

k, --> k, g, -> g, weak star in L(OD x (0, T)),

h, ,[,=o -> h uniformly in D.

By [4] there exists a solution (Urn, :m) corresponding to ,, and it satisfies (4.6).
Set

D {x D, dist (x, OD) > 6},

Dr=D x(0, T).

In view of (4.6), for some 6 > 0 there holds

Ou---2-m-Aum =0 in (D\D2) x (0, T).
Ot

But then, by parabolic interior estimates,

where C is a constant independent of m. Considering u, as a solution of the two-phase
Stefan problem in 2Dr, we can apply gradient estimates from [3] and diagonalization
in order to conclude that, for a subsequence,

u,, - u in L2(Dr),, sc weak star in L(Dr).

Taking m-o in the identities (4.3) for (Urn, m) we find that (u, ) is a weak solution.
Finally, uniqueness is proved as in [4], [5].

The stability estimate (1.22) was established in [4] (see also [3]) for smooth data,
say Dirichlet-Lipschitz data. Thus it holds, in particular, for (u,,, ,,). The proof shows
that the constant C is independent of m. Hence, by approximation, (1.22) remains
true for solutions of (4.3) with data in the class (4.2).

Similarly, for smooth periodic Dirichlet data k,,, g, there exists a periodic solution
and, upon taking m c, we obtain a periodic solution (, ) when the periodic data
(k, g) are in the class (4.2). By the stability estimate, the periodic solution is uniquely
determined by k and g.

To extend the results of 2 we introduce

sg= kL(FlX(0, T)),NI<-_k<-N, k=M

with any N> N1 > 0 and M as in (2.1), and the class of solutions

/r {(k, u); k s, u is the unique solution of (4.3) corresponding to k}.
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Consider the functional

J(k) p(x)u(x, t) dx dt (p>0)

for (k, u) Kr.
Problem (). Maximize J(k) over k s.
Let (ko, Uo) be a solution of Problem (F) and introduce the functional

L(k) pu -- (k- ko)2,
D

with (k, u)e/ -, i.e., u is the solution of

0

Ot
B(u)-Au =0 in Dr,

(4.7) u k on F, x (0, T),

u -g on Fz x (0, T),

u=h on t=0.

We also introduce Problem () of maximizing ](k) over/).
We proceed as in 2 to derive the optimality condition for a solution (k, u) of

Problem (F)"

(4.8) Q, + k ko)l O.
"1

Here

,8’(u)Q.,+AQ =p in Dr,

Q=0 on0Dx(0, T) andont=T.

We easily deduce that (-< Q-<_ 0 where

AQ=p inD, Q=0 on0D,

and Q,, >= 0. Hence, for a sequence e 0, Q Q uniformly in v -= Flx (0, T) and

Q,+AQ=p inV,
Q=0 onFlx(O, T),

Q,>-o.

The strong maximum principle can now be applied to Qt; we conclude that Qt > 0 in
V and

0
--Qt>0 On Fl X (O, T).(4.9)
0v

This inequality, together with (4.8) and the uniform convergence Q, Q on F1 x
(0, T), yields the following.
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THEOREM 4.2. Ifko is a maximizer ofProblem () then there exists a cl’/2 function
defined on F1 such that on F x (0, T):

f N: if0< < p(x),
(4.10) k(x, t)

N1 iftp(x) < < T.

The results of 3 can now also be extended in the obvious way.
Remark. Using the approximation procedure of k, g by smooth functions k,, g,

as in the present section, we can extend the results of 1--3 to the case where
g L(D) and O<=c<-g<-c2<=o (instead of g satisfying (1.1)). Finally, the results
of this paper extend to the case of a Neumann condition on F2 x (0, T).
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CONTROL OF FREE BOUNDARY PROBLEMS
WITH HYSTERESIS*

AVNER FRIEDMAN? AND KARL-HEINZ HOFFMANN$

Abstract. We consider the problem of controlling the free boundary of the two-phase Stefan problem
by means of boundary hysteresis control based on the Preisach model. It is proved that for each control/
there is a corresponding solution of the Stefan problem and that there exists an optimal control.

Key words. Stefan problem, hysteresis, optimal control, control variable, Preisach model

AMS(MOS) subject classifications. 35R35, 49B22, 49A36, 80A99

Introduction. In this paper we are concerned with free boundary problems with
a control variable whose structure involves a hysteresis law. In fact we choose the
Preisach model for hysteresis [19]; thus the control variable is a measure defined
on the space of pairs (p, P2) with p < p2. The fact that the hysteresis law is discon-
tinuous causes some technical difficulties. We establish the existence of a unique
solution u to the free boundary problem for any given z, and then proceed to prove
the existence of an optimal control. For definiteness we shall consider in detail only
the two-phase Stefan problem. Other problems, some with free boundary and others
with fixed boundary, can be treated by the same methods as briefly mentioned in 5.

We note that the Preisach model is often used by physicists [3], [6], [17]; for
other hysteresis models see Hornung 11 ]. The two-phase Stefan problem with hysteresis
was treated by Hoffmann and Sprekels [10] for a simple situation of a thermostat
control (cf. also Jiger [12] for a related reaction diffusion problem).

A systematic mathematical treatment of hysteresis has been carried out by Kra-
snosel’skii, Pokrovskii and co-workers (see [13]-[15] and the references therein). More
recently Visintin [22]-[25] has studied several physical models with hysteresis. In [23]
he proved that the hysteresis functional is a continuous mapping, a fact which will be
very useful in this work.

In we describe the hysteresis model for the Stefan problem and then briefly
outline the structure and main results of this paper.

1. The Stefan problem. Consider the one-dimensional Stefan problem:
(1.1) u,=uxx ifO<x<s(t), t>0 orif s(t)<x<a, t>0,
(1.2) u(O, t) y( t) ift>0, y(t) continuous, 0<y-<y(t)=<yz<CX3

u(x,O)=uo(x) if0<x<a, whereuo(x)>0 for0<x<so,
(1.3)

Uo(X)<0 forso<x<a,
(1.4) ux(a,t)+u(a,t)=g(t) fort>0, g(t)<=O,
(1.5) u(s(t),t)=O fort>0, s(0)=So, 0<so<a,
(1.6) (t) -u+(s(t), t) + u-(s(t), t) for > 0

where u(s(t), t)= u(s(t):vO, t); Uo(X) is assumed (for simplicity) to be continuously
differentiable for 0 =< x _-< So and for So--< x _-< a and u0(so + 0) 0.
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1986. This work was partially supported by National Science Foundation grants DMS-8420896 and DMS-
8501397.

? Purdue University, Center for Applied Mathematics, West Lafayette, Indiana 47907. Present address:
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This problem has a unique solution (u,s) for any g Llc[O, ], provided s(t)
does not intersect x a. Furthermore, the free boundary x s(t) is in C(O,
C[0,

For any 0 < pl < P2 < a set p (pl, p2) and define

o Ii 1 if s->- P2’

Mp(s) if p < s < P2,

ifs<pl,

and

f-1 ifs_->p2,

Mp(s) ] if p < s < p,

ifs=<pl.

Given any continuous function s(t), =>0, set So s(0). If p < So< p2 we define the
ohysteresis law based on MOo as follows" Set to 0 and Mp(s(O)) M(so). For k NU {0}

define

inf Tk+ if Tk+ ,
tk+ nt-O(? if Tk+

where

Tk+ { tk, O); s( t) {pP2 if k + 1 even,
if k + 1 odd

and

Mp(s( t)) {O if 6 tk, tk+) and k + l odd,
-1 if [tk, tk+l) and k + even.

The hysteresis law based on M is defined in a similar way:
Set to=O and M(s(O))= Mlp(so) and define

[’inf Tk+ if Tk+ ,
k+ [. +c if Tk+ Q

where

Tk+ { G (tk, O0); s(t)= {pP2 if k + odd,
if k + even

and

if tk, tk+l) and k + 1 even,
if tk, tk+l) and k + odd.

In the case So<=p, or So>-p2 we have M(So) Mo(So) and Mo(s(t)) is defined as
follows"

Set to=O, M(s(O)) M(So) Mp(So). In case p,>=So,

Tk+l={t6(tk, C);s(t)={p, ifk+lodd,
p ifk+l even,
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tk+l is defined as before, and

Mo(s(t))={0-1
In case So--> P2,

Tk+l { E tk, 09); s( t) { plP2
tg+l is defined as before, and

if E tk, tk+l) and k + odd,
if tk, tk+l) and k + even.

if k + 1 odd,
if k + 1 even,

0_ if G [tk, tk+l) and k + 1 even,
Mp(s(t))=

ift6[tk, tk+l) andk+lodd.

We shall denote by Mp(s(t), Mio) the hysteresis law Mo(s(t)) based on Mip(i
0,1).

Set

(1.7) O {(Pl,/92); (/91 </92 ( a

where r/ is a fixed small positive number, 0< r/< a/2. Denote by M(O) the set of all
nonnegative measures on 12 satisfying the following:

(i) /z is absolutely continuous with respect to the Lebesgue measure dp =- dpdp2;
(ii) dl(p)- 1.
Denote by M(O) the set of all in M(12) satisfying the following:
(iii) (A) < C A dpldp2 for any Lebesgue measurable sets A; C is a positive

constan’t depending on .
The hysteresis functional corresponding to/z is defined by

(1.8) M,(s(t))= fn Mo(s(t) M) dl(p) (i=0, 1);

will be fixed throughout the paper. This functional was first introduced by
Preisach 19].

In thermostat control problems it is natural to assume some hysteresis effects. In
this paper we shall be interested in controlling the free boundary of the Stefan problem
(1.1)-(1.6) when g(t) is a control variable whose form is given by the hysteresis law

(1.9) g(t) Mr (s(t)), /z

thus the actual control variable is the measure
We recall the following results due to Visintin [23]: For any/x E M(12),

(1.10) if s C[0, T] then M,(s(t)) is also in C[0, T];

if s,s,C[O, T] and max Is,(t)-s(t)lOasno,
Ot<--T

(1.11)
then max IM,(s,,(t))-M,(s(t))]O as

O<=t<= T

if further/z MI(f), then

(1.12) max [M(sn(t))-M(s(t))l<-C max Isn(t)-s(t)l
O<=t<=T O<-tT

where C is a constant depending only on max Is(t)l.
In 2 we shall prove that the Stefan problem (1.1)-(1.9) has a solution for any

/x M(f) and that the solution is unique if/z E
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In 3 we introduce the functional

(1.13) J(/z) max [s(t)-o(t)l+ f h(p) dtx(p)

where tr(t) is a given continuous function and h(p) is a given nonnegative continuous
function. We establish the existence of a control/Zo M(I) satisfying"

J(/xo) inf J(/z);
(.o.)

here M(I)) is a suitable admissible class of controls contained in M(I)).
In 4 we study the asymptotic behavior of solutions of (1.1)-(1.9) as c, when

(1.2) is replaced by ux(0, t)= 0. In 5 we briefly mention several other problems with
hysteresis (both with free boundary and with fixed boundary) for which the methods
of the present paper can be applied.

2. Existence and uniqueness for (1.1)-(1.9). In general a global solution of (1.1)-
(1.9) may not exist for all > 0 since x s(t) may cross x--a in finite time; this can
be seen by considering already a stationary solution of the form C lx and comparing
with the case where s(O)= a- 7, g(t)=-1. In order to avoid this situation we assume
that

(2.1) max { ’)/2, max Uo(X)} <

Then u(x) Oa O’x is a stationary solution of (1.1)-(1.6) when s(0) Oa/O’ (if 0 < 0’)
and it majorizes the boundary data and the initial conditions of u(x, to), if S(to) a
provided 0’< 1 and 1- 0 is sufficiently small.

THEOREM 2.1. Assume that (2.1) holds. Then for any tx M(I)) there exists a
solution of (1.1)-(1.9).

Proof Take any small 6 > 0 and define

g(t)=-O if0< t<6.

Let (u, s) denote the corresponding solution of (1.1)-(1.6) in {0< < 6}. Next define

ga(t)=M,(s(t-6))
for 6 < < 26. Since ga(t) is known in this interval, we can solve (1.1)-(1.6) for 6 < <
with this g and with the initial values (u(x, 6), s(6)) obtained in the first step.

We continue by defining g(t) for 26 < <36 as before in terms of the function
s(t) obtained in the second step, and solve (1.1)-(1.6) in 26 < <36. Continuing in
this way we obtain a unique solution of (1.1)-(1.6) with g g(t); we designate this
solution by (u, sa).

We claim that there exist positive constants r/o, r/’ such that, for any 6 sufficiently
small, there holds

(2.2) qo<- S( t) <- a q ’,
that is, the free boundary stays uniformly away from {x-0} and {x a} (and, con-
sequently, the solution (u, s) exists for all > 0).

To prove (2.2) we begin by observing that, by the maximum principle, u <- 0 in
{ sa (t) < x < a, 0 < < T} for any T > 0 for which 0 < s (t) < a if 0 < < T, i.e., u cannot
take positive maximum on {x a}. Also, by (1.4), u cannot take negative minimum
smaller than min g on {x a}, for at a point of minimum, on {x a}, Oua/Ox < 0. It
follows that -Co <- u<=0 on {x a}, where Co= maXso<__x__<a lUo(X)]+ 1, and by (1.4),

(2.3) ]-xxU(a,t) <-cl ifO<-t<-T, Cl=Co+l.
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Since us(0, t)=> Yl > 0 we can use a comparison theorem [9, p. 691] to compare
ua with a stationary solution of the Stefan problem (i.e., with a linear function u(x)
satisfying u(0)= y for some small y < yl, u(a)=-el). We then deduce that

s(t) => o> 0 if0<t<T

where /o depends only on yl, a, cl. But then we can apply parabolic estimates for the
heat equation in {0 < x < To, 0 < < T} and obtain:

(2.4) U /o,
Ox

-<C (0<t< T)

where C is a constant independent of T. We may take C > cl and C > sup[u(x)l.
In one of the proofs of global existence for the Stefan problem (due to L. S. Jiang;

see [8, p. 118]) we show that u,x in {O<x<s(t), 0<t< T} does not take negative
minimum smaller than -C on the free boundary and u,x in {s (t) < x < a, 0 < < T}
also does not take negative minimum smaller than -C on the free boundary. Hence

u,(s(t)+O)>=-C if0<t<T.

Since the functions on the left-hand side are actually negative, we deduce that

and, from (1.6),

(2.5)

C is independent of 6, T.

lu,(s(t)+o)lc

-<C if0< t< T;

We can now proceed to establish the right-hand inequality in (2.2). Suppose
x s(t) intersects x a- 7’ for the first time at T. Then there exists a to such that
0< to< T,

a-B=s(to)<S(t)<s(T)=a-q’ if to< t< T.

In view of (2.5), T-to> 2c(7- 7’) for some c>0 independent of 6. Then g(t) =-1
if to+6 < t< T and

0
u(a, t)+ u(a, t)= -I if to+;<t<T.

Ox

Again using comparison with a stationary solution introduced following (2.1) we
deduce that

s(t)_-<a-27’ for to+6<t<T
provided 7’ is sufficiently small (and provided 6 is small enough (depending on c, /, 7’),
which is a contradiction to the assumption that s(T)= a- 7’.

Having proved (2.2) we deduce that (u,s) exists for all t>0. From (2.5) it
follows that for a sequence 6 6n- 0

(2.6) s,,(t)s(t)
for any T < c. Clearly also

(2.7) s,( t- ,)- s( t)

and further, by (1.11),

(2.8)

uniformly in 0_-< _-< T

uniformly in 6 < < T

M.(s,,(t))- M.(s(t)) uniformly in 0 -< t=< T.
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Representing u. by means of the Green and Robin functions (in {u. > 0} and
{ u. < 0}, respectively) in terms of s. and the boundary values M,, (s(t 6,)) on x a

(cf. [7], [21]), taking n and using (2.6)-(2.8), we deduce that (u, s) forms a solution
of (1.1)-(1.6) with g(t) given by (1.8), (1.9).

THEOREM 2.2. If tx M1(12) then the solution of (1.1)-(1.9) is unique.

Proof We represent u by the Green and Robin functions in {u > 0} and {u < 0},
respectively, differentiate in x and let x s(t) (cf. [7]). We then obtain a pair of
Volterra-type integral equations for

having the form

Vl(t)=Ux(S(t)-O,t), v2(t) Ux(S(t)+O, t)

Here

and R is a smooth kernel (so long as s(t)< a).
By (1.12),

max IM, (s(r)) M, (g( r))l -< C max Is(r) g(r)
0-r_--< 0-rt

for any two continuous functions, where C is a constant depending only on max

Using this fact and the standard estimates of [7], we deduce that the mapping
(vl, v2) (31, 32), given by

el I1(vl, s), z I(v2, s)+ I(s)

is a contraction in C[0, r] provided r is sufficiently small. This proves uniqueness for
0 < < r. Proceeding step by step we derive uniqueness for all > 0.

Remark 2.1. Theorem 2.1 extends to models where the measure (p) is supported
on a line segment

1= {(p,, p, + 6o), r/1 </91 < a 6o-

for some 60> 0, 71 > 0 and is absolutely continuous with respect to dpl; if further

f dl-t(Pl) <- C f dpl

for any measurable subset cr of l, then Theorem 2.2 is also valid.
Remark 2.2. Theorems 2.1, 2.2 and Remark 2.1 extend to the case where (1.2) is

replaced by

-Ux(0, t)+Au(0, t): T(t)

where A => 0, 3’(t)> 0, or when (1.4) is replaced by

u(a, t)= g(t) or ux(a, t)= g(t).

Without any restriction on A, 7, Uo, the free boundary may hit the boundary {x 0}.

v, I1(vl, s), v= I2(v, s)+ I(s)

where 11, I2 are Volterra-type operators and

I(s)= R(s(t), t, r)M,(s(r)) dr.
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3. Existence of optimal control. We shall now restrict to belong to a subset of
M(I) given by

(3.1) K {Ix; dl(p)=f(p) dp, ffl+(p) dp <= C}
where 6 and C are some positive constants; the condition (2.1) is assumed throughout
this section.

Let r(t) be a given continuous function for 0 <- <= m and let h (p) be a prescribed
nonnegative continuous function on f. Consider the cost functional

(3.2) J(f, s)= max [s(t)-r(t)l/ f h(p)f(p) dp
O<=tT

for any f K, where T is a fixed positive number. Here (u, s) is any solution of
(1.1)-(1.9) corresponding to dtx =fdp. Since we may not have uniqueness (unless
/z C MI()) there may be more than one pair (u, s). We introduce the set of costs

(3.3) J[J] {J(f, s); (u, s) solution of (1.1)-(1.9) with dtx =fdp}.
Using (1.11) it is easy to see that the set of solutions (u, s) corresponding to a given
z is compact in the uniform topology for 0=< =< T, 0=< x-< a; hence there exists a
solution (Uo, So) such that

(3.4) J(f, So) inf {J(f, s); J(f, s) J[f]}.

Set

(3.5) J(f) J(f, So)

and consider the minimization problem" Find f0 K such that

(3.6) J(fo)=minJ(f).
fK

THEOE 3.1. Problem (3.6) has a solution.

Proof. Let (f, s, u) be a minimizing sequence. By taking a subsequence we may
assume that

s -> So uniformly in t, 0 =< t-< T,

(3.7) un-Uo uniformly in(x,t), 0<=x<=a, 0<_-t<_-T,

f, -fo weakly in Ll(f).

Suppose we can prove that, for any continuous function 4(t),

,Mo)f.(pI b( t) dt [Mp(s.( t)

(3.8) -Mp(so(t),Mip)fo(p)]dp}Oifn-o (i=0, 1).

Then we represent u, by means of the Green and Robin functions and, using (3.7),
(3.8), we find that the same integral representation holds for Uo and the corresponding
so,fo. This means that (Uo, So) forms a solution of (1.1)-(1.6) with g given by
M,(So(t)), dlx =fo dp. Since, as easily seen from (3.2),

J(f,, s,) J(fo, So),

it follows that fo and the corresponding solution (Uo, So) form a solution of the optimal
control problem (3.6). Thus it remains to prove (3.8).
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From the proof of (1.11) we see that the convergence of the M,(s,(t)) to M(s(t))
is uniform not only in but also in/x provided/x is in the class K; in particular,

max IMp, (s,(t))-M, (s(t))[0 ifn-c
0tT

when d, =f, dp. Therefore the proof of (3.8) is reduced to proving that

(3.9) I Mo(so(t))(t de [f(p)-fo(P)] dpO as n.

To prove (3.9) set

(p) Mo(so(t))(t at, do =fo dp.

Let

Bo {(p,, P2) 1; 0 < p2- P, < So}.

Given any e > 0 we can choose eo sufficiently small so that

(3.10) /x,(Bo) + txo(Bo) < e;

here we used the fact that/z, K.
Now, by Sard’s lemma, the set

S*= {s*; there exists a t [0, T] such that So(t)= s* and S’o(t)=0}

has Lebesgue measure zero. Set

Sk --{s’ there exists a t [0, T] such that So(t)= s and ]s(t)[ < 1/k}, k.
It is easily seen that

S*= fqS.
k=l

Since (S*) =0 (where (A)= Lebesgue measure of A), it follows that 5(Sk)- 0 if
k c. Setting

k {(Pl, p2); either pl is in Sk or P2 is in Sx},

we conclude that also/zo(Sk) 0 if k- and, consequently,

(3.11) /Xo(Sk) < e

for some sufficiently large k, say k => ko.
Similarly, if k => ko,

(3.12) /x,(Sk) < e for all n.

Let Z f\(Bo U k) and take any p (pl, p2) . Consider an interval tl < < t2
such that So(t1) P2, So(/2) P, Pl < So(t) < P2 if t < < t. Then

1
s(t)<

2k
if[t-t[<6,

s(t)<
2k

if[t-t,[<
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for some 8 > 0 independent of tl, t2. It follows that if p’= (p’l, p) where

2k’ 2k

then {x= So(t)} crosses {So p;} at time t= /, where

and p’ < So(t) < p for ’ < < }2. Similar consideration holds in case So(t) p, So(t2)
p2, p<so(t)<p2 if t<t<t2.

Summing over the finite number (=<2N) of such pairs (t, t2) we find that
F

[m(so( t), m) M,(So( t), m,)] dt <-_ 4Nk]p

Consequently,

(3.13) I(p)-(p’)I<4CNklp’-pl ifp E.
where C max I1. Recalling (3.10)-(3.12) we see that for any e > 0

By (3.13), 6(P) is continuous on ,. Since AG weakly in L1, it follows that the
difference of the integrals on the right-hand side of (3.14) converge to zero as n.
Consequently,

lim sup Ce.

Since e can be taken arbitrarily small, (3.9) follows.
Remark 3.1. Theorem 3.1 extends to the model described in Remark 2.1 provided

d =f(p,) @, and K {f; [f(p)]l+ C} for some 3 > 0, C > 0. Theorem 3.1 also
extends to the boundary conditions given in Remark 2.2.

Remark 3.2. If we replace K by K M(fl) then (u, s) is uniquely determined
by f and J[f] consists of one number.

4. Asymptotic behavior as . In this section we return to problem (1.1)-(1.8)
with (1.2) replaced by

(1.2’) u(0, t) 0 if > 0.

Assuming that (u, s) is a solution for all > 0 (with 0< s(t) < 1, i.e., the free boundary
does not hit the fixed boundary in finite time), we shall study the asymptotic behavior
of the free boundary as .

LEMMA 4.1. ere holds

(4.1) IM.(s(t))l dt < .
Proof By comparison we have

X _2t/4a2(4.2) u+(x, t) < A cos
2a

(4.3) u-(x, t) <- Bx

where A and B are positive constants.
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Integrating u, ux, over 0 < x < s(t), 0 < < T and over s(t) < x < a,.0 < < T and
adding, we easily obtain, after using (1.2’), (1.3), (1.5), (1.6), (4.2), (4.3) and the fact
that 0 < s(t) < a,

(4.4) -s(T)+so+ u(a, t) dr= u(x, T) dx- Uo(X) dx;

it follows that

T

(4.5) ux(a, t) dt= O(1) as T-oe.
0

Next we integrate

Xlg XUxx

over 0 < x < s(t), 0 < < T and, after integration by parts, obtain

T

(4.6) s( t)u +(s( t), t) dt O(1)
0

Similarly

(4.7)
T

a Ux(a, t) dt- su-(s(t), t) at- u(a, t) dt-0(1).

Using (4.5) and

[s(t)u+(s(t), t)-s(t)u-(s(t), t)] at=- s(t)(t) at
0 -- (s( T) s(O))

O(1),

we get, from (4.6), (4.7) and (4.5),

T

(4.8) [u(a,t)+u(a,t)]at=o(1) asToe,
0

which is the assertion (4.1).
THEOREM 4.2. There holds that

(4.9) lim s( t) exists.
t--

Proof Let v be a solution of the heat equation in {0 < x < a, > 0} satisfying

vx(O, t)=0 if t>0, v(x,O)=-B if0<x<a,

v(a, t)+v(a, t)-- M,(s(t)) if t>0.
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Representing v by means of the fundamental solution associated with the same
boundary conditions as for v and using (4.8), we can deduce that

max Iv(x, t)l- 0 if for any 0 < a’ < a,

Since u- v if B is large enough, the same is then true for u- Recalling also (4.,2),
we obtain

max lu(x, t)l 0 if c
O.x<=a’

In view of (4.3) we then also have

for any 0 < a’ < a.

(4.10) lu(x, T)I dx - 0 if T- oo.

(4.11)

Next we write

By Lemma 4.1,

Ux(a, t) dt= M(s(t)) dt- u(a, t) dt.
o

T

lim M, (s( t)) dt exists.

Since u(a, t) dt is a monotone function of T, it then follows from (4.5), (4.11) that
this monotone function has a finite limit as T-. Consequently, the left-hand side
of (4,11) has a limit as T-. Using this fact and (4.10) with T, the assertion
(4.9) follows from (4.4).

Remark 4.1. If ux(0, t)=0 is replaced by ux(0, t)=-% y>0, then numerical
results suggest that the free boundary is asymptotically periodic.

5. Other control lroblems with hysteresis.
5.1. The Muscat lroblem. Consider the Muscat problem of two immiscible fluids

in a one-dimensional porous medium:

ifO< x < s(t), O< t< To,
(5.1) u,=

bu ifs(t)<x<l, 0<t<To,

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

u(0, t) gl(t) if 0 < < To,

u(1, t)= g2(t) if0< < To,

u(x, O) Uo(X) if 0 < x < 1,

u(s(t)-O,t)=u(s(t)+O,t) if0<t<To,

au(s(t)-O, t)= bux(s(t)+O, t)=-g(t) if0< < To,

s(O) So,

where g, g2, So are given as well as the positive constants a, b.
We recall [1], [4], [5] that for any g, g2 in C’[0, To] and Uo C’[0,1] there

exists a unique classical solution for all t< T, with s(t) C(O, T)fq C[0, T) and
either T To or else T < To and s(t) 0 or s(t) as T. The function u represents
the pressure in the fluids.
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Since the above model may represent, for instance, water and oil, it is natural to
attempt to control the location of the free boundary. Taking

(5.8) ga(t) Mo(s(z), M;) dlz(p) dr

we see that, if a solution exists,

-1 _-< g(t)_-<0,

i.e., g2 C’[0, T].
We can now proceed analogously to 2 and 3 and establish the existence and

uniqueness of a solution of (5.1)-(5.8), as well as the existence of an optimal control
for the problem (3.1), (3.2), (3.6) associated with (5.1)-(5.8).

5.2. One-phase Stefan problem in n-dimension. Consider the one-phase Stefan
problem in an n-dimensional domain [9] and denote the temperature by 0. As usual,
we introduce the associated variational inequality for u, where ut 0. Since 0 is a
continuous function in (x, t) (see [2]), for any fixed point Xo the function U(Xo, t) is
continuously differentiable in t.

Now form the hysteresis function

(5.9) (Mgu)(t)= 2 Mo(u(xj, t), Mo) dtzj(p)
j=l

where/z (/z, .,/x),/zj M(f) and xj are fixed points; each M(u(xj, t), Mo) is
defined precisely as Mo(s(t), M) in 1.

We can apply the methods of 2 and thus establish the existence of a solution to
the variational inequality of the Stefan problem for u, under the boundary condition

tgU
m+ tl Mu

on the fixed boundary of the water region. We can also easily establish the existence
of an optimal control/z (/xl, ", N) with/xi K for the functional

(5.10) max lu(x, )- U(x, t)l+ 2 ri(O) d(O)
(x, t) D i=

where U, r are given, r- 0, and D is a prescribed set.
Similar results can be established for the hysteresis law whereby u(xj, t) in (5.9)

is replaced by the following function of t:

(5.11) a(t) -= 1 u2(x, t) dS

where F is a surface contained in the set {u(x, 0)> 0}.
5.3. Controlling air pollution. Consider the time-dependent two-space dimen-

sional air pollution model: Find c c(x, z, t) such that

(5.12) c,=uc+WCz+(kHC),+(kvcz)z-Ec in(0, a)x(0, h)x(0, T)
with the boundary conditions

(5.13) c(0, z, t) c(a, z, t) =0,
Oc(x,h,t)

(5.14) kv =0,
Oz

oc(x,O,t)
(5.15) kv =Q(x)

oz
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and initial condition

(5.16)

Here

c(x, z, 0) Co(X, z).

c concentration of pollutant,
(u, w)= wind velocity, u and w are positive,
kH horizontal diffusivity,
kv vertical diffusivity,
E rate of chemical decay constant
Q quantity of pollution emitted from the ground.

Let G {(x, z), 0 < x < a, 0 < z < h} and let G’ be a subset of G. Let

s(t)= I (c(x, z, t)) 2 dxdz.
G’

We wish to control the amount of pollution emitted from the ground by replacing the
boundary condition (5.15) by

oc(x,O,t)
(5.17) kv =Q(x)M,(t)

Oz

where

M(t) Mo(s(t), M,) d/(p);

here l-I {p -= (p,/92); 0 < p </92 < A} for some large constant A. The existence of an
optimal control can be established by the methods of 2 and 3. For references on
pollution models see [18], [20].

5.4. Identification problem. Consider the inverse problem associated with

(5.19) dx-f(x, y, t), x(O) Xodt

where

(5.20) y( t) I Mo(x( t), Mip) d/z(p);

that is, we wish to discover the measure/z from measurements of x(t). If we denote
by x(t) a solution of (5.19), (5.20), then the methods of 2 and 3 show that

(5.21) /.,, -/z weakly implies x(t) - x, (t) uniformly;

the/z,, are assumed to belong to a class K, as in (3.1).
In order to identify the hysteresis law/z, we first select a large number of measures

/zi and compute their corresponding solution xi(t) (not necessarily unique, unless the
belong to MI(I)). Next we make measurements and obtain a function x(t). We

compare x(t) with the functions x(t) and denote by io the index for which Xo(t) is
nearest to x(t), in the uniform sense, say. We now identify the unknown measure z
with the measure/zo. The justification for this method of approximation is based on
the result (5.21). For physical background on identification problems in flows in porous
media, see Maulem [16].
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IDENTIFICATION OF MINIMAL ORDER STATE SPACE MODELS
FROM STOCHASTIC INPUT-OUTPUT DATA*

Y. BARAM’ AND B. PORAT’

Abstract. This paper discusses the problem of identifying a minimal order state space representation
of a multivariable linear time invariant system from Gaussian stationary input-output measurements. A
procedure for identifying the system’s order is proposed, based on an approximate probability distribution
of the squared singular values of the Hankel matrix built from the sample cross-covariances. The approximate
distribution converges to the true one as the number of measurements becomes large. The order determination
procedure also identifies sets of linearly independent rows and linearly independent columns of the Hankel
correlation matrix which form a basis for a minimal order representation of the system.

Key words, system identification, stochastic realization
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1. Introduction. The minimal order representation of the relationship between the
input and the output of a finite dimensional linear system has been of interest since
the pioneering work of Gilbert [1] and of Kalman [2]. The construction of such
representations from a finite dimensional Hankel matrix of impulse responses was
proposed by Ho and Kalman [3], Rissanen [4] and Silverman [5], among others. In
the case where the input is a stochastic process, the impulse response function is
naturally replaced by the cross-correlation function between the input and the output.
Akaike [6] gave probabilistic and geometric interpretations to the role played by the
Hankel correlation matrix when the input is a white noise process.

When the cross-correlation function between the input and the output of the
system under consideration is not given, one is faced with an identification problem.
When the exact, unknown correlations are replaced by their estimates from measure-
ment data, the finite structure of the Hankel correlation matrix is normally lost due
to the inaccuracies associated with finite samples. A major consequence is that the
minimal representation order cannot be determined exactly from any finite dimensional
Hankel matrix of sample correlations. In the past, direct identification of the order
from a Hankel matrix of sample correlations has been essentially given up due to the
complexity of the probability distributions involved [7] and other, indirect methods
have been proposed by Chow [7], [8] and Woodside [9]. An approximation technique,
based on canonical variates analysis of truncated data records has been suggested by
Larimore [10]. Order estimation criteria have been suggested by Akaike [11] and by
Fine and Hwang [12], whose method was shown to produce consistent estimates.

In this paper we propose a solution to the problem of identifying the minimal
order and a minimal order representation for the relationship between the input and
the output of a linear system from stochastic measurement data. For the sake of
completeness, we first derive a generalized representation following, essentially,
Akaike’s steps [6]. We then obtain explicit terms for the representation, which define
the model to be identified. The key to this model is a maximal set of linearly independent
rows and linearly independent columns of the Hankel correlation matrix, which defines
both the order and a basis for the representation. The crucial problem is then to identify
a maximal set of linearly independent rows and linearly independent columns of the
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Hankel matrix from measurement data. We propose a procedure which performs this
task by sequentially testing the ranks of submatrices of the Hankel matrix. We then
derive an approximate distribution for the rank test statistics and show how it can be
calculated from measurement data.

2. Minimal order system representation. Let u. q be an uncorrelated Gaussian
input of a system and let y. R" be the system’s output. Suppose that u. and y. are
jointly Gaussian and stationary with a cross-correlation function given by

(2.1) Rk E{ynU n-7" k}

where E denotes the expectation operation. We assume that there exist a positive
integer P and a set of positive scalars a,..., ap_, ao 1, such that for any k => P

P-1

(2.2) Y a,Rk-, O.
i=0

it is well known that when un is the input and Yn is the output of a finite dimensional
linear system, they satisfy a relationship of the type (2.2) where the a’s are the system’s
characteristic polynomial coefficients. In the context of system identification un may
represent a known, synthetically generated "pseudo-random" sequence.

It is desired to find a minimal order representation for the input-output relationship
between un and yn. Let us denote by U (u n-l,T Un_2,T Uo) r the vector of past
inputs and by Y+ (y, r 7"

Yn+, yf._) the vector of n-step future outputs. The
space Y+.IU- of mean square projection
R(n)[E{ U- UT}]-a U, where

(2.3) R(n)

of Y.+ on U is spanned by

R R2 R,,
R2 R3 Rn+n Rn+l R2n-1

It follows from (2.2) that the rows beyond the Pth block row of R(n) are linearly
dependent on the previous ones. This implies that Y+,IU- is spanned by
R(P, n)[E{ U(U)r}]-, U, where

R

(2.4) R(P, n)= Re.
R2

Rp+I

Rn+

Rp+n_

Suppose that R(P, n) has p linearly independent rows and let xn denote the vector
whose elements are the Euclidean inner products between some maximal set of linearly
independent rows of R(P, n) and [E{U U7‘}]- U. Then x, is a vector of minimal
dimension which spans Y,+I U. It follows that there exist matrices An, Bn, Cn and Dn
such that

(2.5) xn+ Anxn + Bntln, Yn Cnxn + Dnun.
T T TLet U-(P) (u,,, un-2, , Un-p) denote the P-step past of un and let Y+,(P)

(y.r, 7- 7‘ T
Yn+,’’’, Yn/P--) denote the P-step future of Yn. Let us denote

R R:z Rp

R= R(P)= E{Y+n(P) U(p)T} R R3 Rp+I

P Rp+l Rzp_
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Since the columns beyond the Pth block column of R(P, n) are linearly dependent
on the previous ones, R is of rank p. Since we have

E{E{ Y+,(P)I U-} U-(P) T} E{ Y+,(P) U-(P) T}
and since xn consists of elements of E{ Y+,(P)I U}, there exists a p-dimensional vector

ton of elements of U(P), such that the matrix E{XntoT,} is of full rank. By simple
operations on (2.5) one obtains

(2.6a) An E{Xn+IOT}[E{x,,OOTn}]-’,
(2.6b) Bn E{Xn+lUT}[E{UnUT,}]-’,
(2.6C)

(2.6d)

Cn E{y,,oT,}[E{x,,wT,}] -1,
D E{ynU T}[E { UnU Tn}]-1.

This is, essentially, Akaike’s representation [6]. We note that the term Dnun is missing
in Akaike’s representation due to inclusion of un in U. Here we have chosen to obtain
the form (2.5) which is often encountered in stochastic system estimation and control.

We proceed to obtain explicit expressions for the matrices An, Bn, Cn and
Let W denote the submatrix of R which consists of the intersection between the first
maximal set of linearly independent rows and an equal number of the first linearly
independent columns of R, i.e., the elements of R which belong to both sets. Let

R: R Rp+l[

S R3 R4 Rp+:z

U+l Up+2 R2p ]
and denote by U the matrix obtained by intersecting the rows and the columns of S
having the same indices as the rows and the columns of W in R. Then, by the arguments
leading to (2.6), we obtain

(2.7a) An A UW-1.

Denote by V the matrix which consists of the intersection between the first q columns
of R with its first p linearly independent rows; then

(2.7b) B B V[cov (un)] -1.

Let Z denote the matrix which consists of the intersection of the first block row of R
with the columns of W. Then

(2.7c) C,, =C =ZW-1.

Finally,

(2.7d) Dn D Ro[cov (Un)] -1.
A minimal order representation for the input-output relationship between un and Yn
is then given by

Xn+l Axn + Bun, Yn Cxn + Dun
where A, B, C and D are given by (2.7a-d). We note that due to the finite initial input
time, n 0, imposed in the definition of U, the state xn, as defined above is nonstation-
ary. Passing to initialization in the remote past, x, becomes stationary, with H E{XnX}
satisfying

H= AIIAT + B cov (un)B T.



STATE SPACE MODEL IDENTIFICATION 59

We have seen that the key to the construction of a minimal order representation
for the input-output relationship between the processes un and yn from their cross-
correlation function is the construction of the matrix W, i.e., the selection of maximal
sets of linearly independent rows and linearly independent columns of the matrix R.
The following procedure, based on a technique for partial realization from impulse
responses suggested in [13], selects a maximal set of linearly independent columns of
R. Modifying the technique so as to select linearly independent rows of R instead of
linearly independent columns is straightforward. Define

R=R(2P)=

R R2 R2p

R2 R3 R2p+

R , Re+ R4p_

Set j 0 and 1. Check the rank of the matrix/-/,i composed of the upper left
(2P-j) x (jm + i) submatrix of/. If/-/,i is rank deficient, delete the (km + i)th columns,
k j, j + 1, , P from/ and repeat the rank check for the new/-/,i. If/-/,i has a full
rank and < m, set + and repeat the rank check. If m, set j =j + and 1.
This procedure is continued until rank/-/,i-- P or until j Pm. The rank p of R is the
rank of the final/-/,i. A maximal set of the first linearly independent columns of R is
obtained by taking the first p elements of the columns of/-/,i.

It can be seen that the above procedure guarantees that each tested matrix has,
at most, rank deficiency of order one, i.e.,

(2.8) rank I-t.i,i >- (jm + i- 1)

(clearly, rank I-I,i<=jm+ i). This property is consistent with the statistical inference
method discussed in the following section.

3. Statistical inference. We now turn to the problem of finding a minimal order
representation for a vector valued process, when the correlations Ri arenot given.
Instead, we assume that estimates Ri are available. Specifically, we take Ri to be the
sample covariances. A natural approach to this problem is substituting the values of
Ri instead of Ri in the representation derived in 2. The problem is, however, that
the minimal order is unknown and R is likely to be of full rank for any P due to the
stochastic nature of the problem. The decision on the order and on the linear indepen-
dence ofrows and of columns of R, which form the basis for the minimal representation,
must be treated, then, by statistical means. Following the procedures suggested in the
preceding section, the order and a maximal set of linearly independent rows and
linearly independent columns will be selected simultaneously by performing sequential
tests on the ranks ofthe matrices Hi. In the sequel we derive an approximate distribution
for such tests.

Let H represent the matrix Hi which is to be checked for having a full rank in
the procedure described in the previous section. Let us denote by hi hi(H), i=
1, 2, , the eigenvalues of HT"H (or the squared singular values of H) in descending
order. Suppose that the smaller dimension of H is k (i.e., that H has k singular values).
Clearly, H has a full rank if and only if hk is nonzero. A test on H having a full rank
can then be formulated as a test on hk having a nonzero value. Since our derivation
of the test distribution will require the assumption that h-i is nonzero when testing
h, and since this assumption is consistent with our rank checking procedure, we shall
make it implicitly when necessary.
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Let r denote a vector of the distinct scalar elements of R(P) arranged in some
order. Let denote an estimate of r and denote by i=Ai(/), i= 1,...,k the

eigenvalues of H H, where the latter is obtained from HrH by substituting in it the
values Rj instead of Rj. The second order Taylor series expansion of k about r is

Xk= Ak +fr+1/2FrF(3.1)

where

and

F=-r, f_OAk
Or

02Ak
Fij-

where ri is the ith element of r. As is well known (e.g., [13, p. 228, Thm. 14]) the
sample covariance/ is asymptotically normally distributed with mean Ri and covari-
ance inversely proportional to the number of measurements T. Therefore, the com-
ponents of are asymptotically of the order of 1/x/. This justifies the second-order
Taylor series approximation given above for large enough T. We note that under the
tested hypothesis we have Ak 0. Since HTH 0, A 0 is a global minimum. Hence,
we have f 0, so (3.1) assumes the form

(3.2)

The vector is asymptotically distributed as a normal random vector. Let us
denote by the covariance of and by 0 the matrix of eigenvectors of/2F/, then

Or/FZ/O L

where L is a diagonal matrix whose elements are denoted by
n is the dimension of r. Defining

z =0E-1/27

i=l,...,n, where

we can see that z is asymptotically distributed as a normal vector with mean zero and
variance 1,.

The quadratic form (3.2) can now be written as

k Ol Z2
i=1

where z, i= 1,- ., n are independent chi-squared random variables with one degree
of freedom. The characteristic function of k is obtained as (e.g. [14])

(w)= l (1-2i%w)-’/2.
j=l

The distribution of k can be found by integrating (w). Several integration and
approximation techniques can be found in, e.g., [14]-[16]. Given a confidence level
(i.e., an acceptable probability of making the right decision) the resulting distribution
defines a statistical test on the rank of the matrix H. A sequence of such tests, performed
in the order of the procedure described in 2 will provide estimates of the minimal
order and maximal sets of linearly independent rows and linearly independent columns
of R..The statistical properties of the rank test sequence remain a subject for further
research.
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It follows from the above derivation that statistical inference on the order and
the linearly independent rows of R requires knowledge of F and E. These are derived
in the following section and in the Appendix as functions of the theoretical correlations
Ri. In practice, however, the values of Ri are unknown and will be replaced by estimates
Ri. Once maximal sets of linearly independent rows and linearly independent columns
of R have been estimated, an estimate of the representation presented in 2 may be
obtained by substituting the estimated correlations in the corresponding matrices of
(2.7).

4. Deriving the matrix F appearing in the rank test statistics. We now seek the
second derivative of the eigenvalues of the matrix HTH with respect to the vector r,
as defined in the previous section. Let

(4.1) HVH=QAQv

be the eigenvalue/eigenvector decomposition of the symmetric matrix HTH. The
diagonal elements of A will be denoted by {A, A2,"" ", A,}, while the columns of Q
will be denoted by {q, q2,"" ", q.}. All the eigenvalues are assumed to be distinct.
Let ri, r denote any two components of the vector r (which may be identical or distinct).
We wish to compute

Ol’l" 0211 < < k}.,
Ori Or

In particular, we are interested in these derivatives for k, in the special case where
Ak=0 and {A,A2,’’’,Ak-} are nonzero. As we will see, the computation of the
second derivatives requires the computation of the derivatives

4.1. The first derivative of the eigenvalues of HrH. Let us denote for convenience

M(A)= AI- HrH Q[AI-A]Q r.
By the definition of the eigenvalues we have

det (M(,X))I=,, O.

Differentiation yields

0__ det (M(A/))= tr {adj (M(Al))
OM(Al) }Ori Ori

tr { adj (OtlI--O HrH)} =0M(A/))\r/ Or-
where tr { } denotes the trace of a matrix, and adj denotes the adjugate matrix.
Hence we get for the first derivative,

01. tr{adj (M(AI))(O/Ori)HTH}
(4.2)

Or tr {adj (M(A/))}
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4.2. The first derivative of the eigenvectors of HTH. We have

M(A1)ql =0.

Hence,

aM(A) aq
q, + M(A/) T- O,

or
or

Oq OM()
(4.3) M(A,) --q,.

Ori Ori

This equation cannot be solved directly because M(A/) is singular. Therefore we
proceed as follows. Note that by (4.3) and by the symmetry of M(A),

Oql TOM(AI)(4.4) qfM(Al)-ri= -ql
Ori

ql O.

Also, since ql is a unit vector,

TOql
(4.5) qfql 1; hence, ql r/=0.
Consider (4.3) after premultiplying by Qr:

"A/-A

(4.6) Qroq.___l= _QrOM(AI)
Ori Ori

A/-- A/_

1 O \-r I--HrHOr q‘"

Hence,

4.3. An expression for adj (M). In order to compute the second derivatives of the
eigenvalues, we will need an explicit expression for adj (M(A/)). Since M(A) is singular,
it is meaningless to use adj (M(AI))=det (M(AI))[M(AI)]-1, and we will have to use
a limiting process. For all A A1, A2,"" ", Ak we have

M-I(A)=Q(AI-A)-IQ T,
k

detM(A)= H (A-Am).
m=l

adj (M(A ))= QQr

where is a diagonal matrix whose/th diagonal entry is I]m. (A--Am).

Oqt
(4.7) Q

Or

0

Al--Ak

By (4.4), the /th equation in (4.6) is an identity 0--0. On the other hand, by (4.5) we
can replace the zero on the main diagonal of the matrix in the left-hand side of (4.6)
by one and still get an equality. Hence, (4.6) has a unique solution

--1
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Now let A approach /l, and use the fact that adj (M(A)) is a continuous function
of A. Clearly, all the entries of go to zero, except for the /th one that goes to

II,,l (AI-A,,). Therefore we get

(4.8) adj (M(A)) l-I (1,-Am) qq,.

Since all the eigenvalues of HrH were assumed to be distinct, adj (M()) is a matrix
of rank 1. We also see from (4.8) that

tr [adj {M()}] [I (A- A,) 0,
reel

i.e., the denominator in (4.2) is nonzero.

4.4. The seeml deductives f the eigelues. Differentiation of (4.2) with respect
to r yields

0A tr {(0 adj (M(A))/O%)(O/Or)HrH +adj (M(A))(O/Or Or.)HrH}
Or 0% [tr {adj (M(A/))}]

(4.9)
tr {0 adj (M(Al))/Or}" tr {adj (M(AI))(O/Or)HrH}

[tr {adj (M(A/))}]2

In order to use this formula, we only need an expression for the first derivative of
adj (M(AI)). Using (4.8) we get

(4.10)
Oadj (M(A))_ [0_M_ (A-A,,)]qqf+ [ H (A-A,,)] [Oqqtr + ---.|Oq-]

The right-hand side of (4.10) can be computed from the previous expressions. Hence
we have all the formulas needed to compute the second derivatives. We just mention
that the derivatives of HrH are easy to compute, because the entries are just the
various components of r. We have

(4.11)
0 HT.H OHr

H + HTOH,
Or Or Ori

02 OH r OH OHr OH
(4.12) HrH -}

OrOrj Or Or) Orj Or

The matrices OH/Or and OH/Or are constant matrices, consisting of l’s and O’s only.

5. Conclusion. This paper has presented a method for identifying a minimal order
linear system from input-output data. The crucial problem is identifying the minimal
order. By identifying maximal sets of linearly independent rows and linearly indepen-
dent columns of a finite dimensional Hankel matrix, both the minimal order and a
basis for the representation are identified. A statistical inference technique, based on
sequential tests on the ranks of submatrices of the Hankel matrix of sample correlations
and on an approximate distribution for the rank test statistics has been derived. The
approximate distribution converges to the true one as the number of observations
becomes large. The proposed method seems to close a gap between the minimal
realization problem and the problem of system identification from input-output
measurement data.

Appendix. The covariance of the normal vector i appearing in the quadratic form. It
was shown in 3 that in order to specify the test statistics distribution, the value of
E =cov () is needed. We have

E{} E{r}- rr r.
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Since the vector r is constructed from elements of the correlations Ri, 1, 2,...,
the value of rrT can be immediately obtained in terms of cross products RiRj, i,j

1, 2,. . We next derive expressions for the second moments of the entries of Rt and

Rk from which E{T} is immediately obtainable.
Let the sample covariances {RI} be defined by

T
T1

ytu t-l.(A.1) l T- t=t+

The (i,j)th entry of Rt will be denoted by Ri,o. The sample covariances thus defined
are clearly unbiased, i.e.,

r

E{/l,0} T " E{yt,Ut_l,} Rt,o.
t=l+l

The second moments of the sample covariances are computed as follows.

r 1,, E Ys,gU,-k,h
1

E Yt, illt-l,j T k =k+l
Rt,ok,gh T- t=/+l

1 T T

E E Yt, iU,-t,ys,gUs-k,h.(T-k)(T-l) t=/+l ,=k+l

Since {u} and {y} are jointly Gaussian, we have

T T1
E E {E{yt,,Ut-l,.i}E{ys,gU-k,h}E{Rt,ok,ag}

T_ k)( T- 1) t=,+l s=k+l

+ E,{yt,,y,g}E { Ut_,,.iU_k,a } + E{yt,u-k,a }E { ut_,,.jy,g}}.

Hence,
T T1
E E {E{yt-s,iYo,g}E{Ut-l-+k,jUO,k}cov {Rl,o, Rk,gh} T- l)( T- k) t=l+, s=k+l

(A.2)
+ E{yt_s+k,,uo,a}E{ut_t+,,jyo,g}}.

Note that, since {u,} is uncorrelated, we have

(A.3) E{ Ut_l+s_k,jUo, h } O, + s k # O.

In practice, the expectations appearing in (A.2) are unknown; hence we approximate
them by

1 T

Yt, iYt- re,j,(A.4a) E{ym’Y’} T- m

1 T

E Yt,iUt-m,j,(A.4b) E{y,,,iUo,.i}
T- m ,:,,+,

(A.4c)
T1

Ut, iUt,J"E {u’iu’J}
’=1
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THE MINIMAL DELAY DECOUPLING PROBLEM:
FEEDBACK IMPLEMENTATION WITH STABILITY*

J. M. DIONt AND C. COMMAULT’

Abstract. In this paper we solve the minimal delay decoupling problem of linear multivariable systems.
We look for feedback implementable solutions which moreover guarantee closed loop stability. We prove
that dynamic state feedback decoupling with stability is achievable if the number of independent inputs is
large enough to compensate the intrinsic "nondecouplability" of the system. We introduce new feedback
invariants characterizing the minimal number of infinite and unstable zeros of the decoupled system.

Key words, linear multivariable systems, decoupling, transfer matrix approach
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1. Introduction. In this paper we solve the minimal delay decoupling problem of
linear multivariable systems. When possible we look for feedback implementable
solutions which moreover guarantee closed loop stability. We focus our attention on
decoupling compensators achieving the minimal McMillan degree of the decoupled
system. Most of our results are expressed in terms of new feedback invariants which
may be useful for solving other control problems.

The decoupling problem has received a great deal of attention during the last
years. For authoritative references representing important steps in the development of
this theory, see [1]-[4]. Let us recall briefly the main results in this field:

--Falb and Wolovich’[1] solved the decoupling problem for square systems by
static state feedback, u Fx + Gv, G nonsingular.

--Morse and Wonham [2], [3] solved the decoupling problem in more general
cases by adding auxiliary integrators ("Extended Decoupling Problem") in a geometric
framework. The decoupling condition by a static state feedback control law on the
extended system turns out to be the same as the decoupling condition by pure
precompensation u G(s)v. Furthermore, for square systems, a minimal stabilizing
solution is provided in the sense that it requires the least possible order of dynamic
compensation.

--Hautus and Heymann [4] have shown that in the square case the decoupling
conditions are the same by static feedback, u Fx + Gv, G nonsingular, and by dynamic
state feedback u F(s)x + Gv, G nonsingular. They have shown that this was not the
case for nonsquare systems when G was no longer restricted to being nonsingular. An
extension for systems defined over unique factorization domains is given in Datta and
Hautus [5].

Discussions on the various types of decoupling compensators may be found in
Hautus and Heymann [4] and Willems [6]. In our approach the exogeneous input v
does not enter the system directly; v is assumed to be measurable and is used by the
designer in order to steer the exogeneous output. A more general setup is considered
in Willems [6]. Notice that in the particular case of row by row decoupling the
admissibility conditions of output controllability preservation are identical in [3]
and [4].
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In the transfer matrix framework of [4] we examine in this paper the row by row
decoupling problem for not necessarily injective systems. We are interested in obtaining
the minimal delay and the minimal McMillan degree of the decoupled system. When
possible we look for feedback implementable solutions which moreover guarantee
closed loop stability. In effect, as will be shown further, the feedback solutions require
that less dynamics be added than the equivalent precompensations.

Our contributions are as follows:
roWe solve the problem of dynamic state feedback decoupling for noninjective

systems which was left open in [4]. The decoupling control law does not contain input
dynamics as in [3].

raThe proposed solution achieves the minimal delay decoupling, i.e., the simplest
infinite structure for the decoupled system is achieved. This corresponds to the minimum
number of delays in the discrete time formulation.

The proposed solution gives the minimal McMillan degree of the decoupled
system which incidentally means that the decoupled system possesses the minimal
number of unstable zeros.

When state feedback decoupling is not possible, decoupling is achievable by
dynamic precompensation with stability for full row rank transfer matrices. We also
give in this case the minimum number of unstable and infinite zeros of the decoupled
system.

This paper is organized as follows. In 2 the decoupling problem is formulated
and some notations and preliminaries are given. We notice that in this formulation
the decoupling by precompensation is quite trivial. Sotne results concerning the feed-
back implementation of bicausal precompensators are recalled. For proper rational
matrices we recall the notion of Hermite form and introduce the infinite column rank.

Section 3 is devoted to the state feedback decoupling problem. First we show that
feedback solutions are advantageous because they need less auxiliary integrators than
the equivalent precompensations. Then we solve the dynamic state feedback decoupling
problem. This problem turns out to have a solution if the number of independent
inputs is large enough to compensate the intrinsic "nondecouplability" of the system.
We then introduce feedback invariants which are useful for characterizing the minimal
delay decoupled system. When feedback decoupling solutions exist we show that
minimal delay decoupling can be achieved by feedback.

In 4 we study the state feedback decoupling problem with stability. In the first
part of this section we briefly recall some mathematical tools concerning factorizations
of transfer functions over the P.I.D. of proper rational stable functions. Then as an
intermediate result we characterize all the precompensators which are feedback
implementable with closed loop stability. We prove that decoupling is achievable with
stability if and only if it is achievable without stability considerations. Other feedback
invariants characterizing the simplest infinite and unstable structure for the decoupled
system are introduced. When feedback decoupling solutions exist we exhibit such a
feedback solution. Some concluding remarks end the paper.

2. Preliminaries and problem statement.
A. Problem setting. Let R(s) be the field of rational functions.

n(s)
/(s)= R(s)

d(s)

is said to be proper (resp. strictly proper) if deg (d(s))-> deg (n(s)) (resp. deg (d(s))>
deg n (s)) where deg n (s)) denotes the polynomial degree of n (s).
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Denote Rp(s) the ring of proper rational functions and Rm(s) the set of proper
rational p x rn transfer matrices.

The units (inversible elements) of the ring R’m(s) are called bicausal matrices
and are characterized by the property that B(s) is a bicausal matrix if and only if

det (lims_ B(s))0.
Throughout this paper we will consider matrices and vector spaces over the real

or over the rational functions. Notions such as independence, rank, span, etc. should
be understood in their usual sense over the basic field.

The system of transfer matrix T(s) RPp"(s) is said to be decoupled if there exist
nonzero positive integers ml’’’mp satisfying

p

such that T(s) has the following diagonal form:

T(s) diag (Tl(s)... Tp(S))
0 Tpp(S)

with
.....lxmTii(s) lp ’l,s), T/(s)=0, Cj.

This means that each input block defined above influences only one output. If we
want this influence to be effective the Tii(s) must be nonnull for each i. In this case
the system is called nondegenerate.

A system T(s) is said to be decouplable if there exists a proper compensator C(s)
such that T(s) C(s) is decoupled. Notice that, at this point, C (s) 0 is a decoupling
compensator. In order to avoid such trivialities we will require the compensated system
to be as "output controllable" as the initial system. We will say that C(s) is admissible
if rank T(s) C(s) rank T(s). This admissibility condition is equivalent to the preserva-
tion of the C controlled output trajectories. This condition which is also called
functional output controllability preservation was introduced in [7].

The decoupling problem above defined is always solvable for surjeetive systems
(rank T(s)=p). A solution is given by C(s)=(1/sk)T*(s), where T*(s) is a right
inverse of T(s) and k is some integer sufficiently large to ensure that C(s) is proper.

In this paper we will focus our attention on decoupling compensators which are
feedback implementable. This type of solution is highly desirable from a practical
point of view as shown in 3. In order to do this we need some complements about
feedback compensators.

B. Precompensators and feedback. Let T(s) be a p x m strictly proper rational
transfer matrix and (A, B, C) be a realization of T(s), i.e.,

) Ax + Bu, x R", u R",
y Cx, y RP,

with T(s)= C(sI-a)-lB.
In the following we will restrict our attention to p x m strictly proper transfer

matrices T(s) with null static kernel, i.e., a minimal basis of Ker (T(s)) contains no
constant vector.
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There is no serious restriction in considering only transfer matrices with zero static
kernel, since this can always be achieved by eliminating the nonindependent inputs.

In the state space framework and for a strictly proper transfer matrix T(s) the
following can be proved: T(s) possesses a null static kernel if and only if B is injective
in any realization (A, B, C) of T(s).

We consider the effect of a dynamic state feedback defined by u F(s)x+ Gv
where F(s) is a m n proper rational transfer matrix and G is a square full rank
constant matrix.

The closed-loop transfer matrix is then"

Tvo(s) C(sI- A- BF(s))-’BG
T(s)(I-F(s)(sI-A)-’B)-’G
T(s)B(s)

where B(s) is easily seen to be a bicausal matrix.
The converse problem was studied in [8] and [9]. More precisely we will use the

following theorem from [9], which is reformulated below using a more traditional
terminology.

THEOREM 1. Let T(s) be a p m strictly proper rational matrix with null static
kernel and let (A, B, C) be a realization of T(s). Let C(s) be an m m proper rational
compensator. There exists a m x n proper rational matrix F(s) and a square full rank
constant matrix G such that

T(s)C(s)= C(sI-A-BF(s))-IBG
if and only if C(s) is bicausal.

The effect of a bicausal precompensator is then equivalent to the effect of a
dynamic state feedback with nonsingular input transformation G. This is true in any
realization and in particular in a minimal one. It is shown in [8] that the effect of a
bicausal precompensator is also equivalent to the effect of a static state feedback, but
when acting on a possibly nonminimal realization of T(s).

A bicausal compensator is clearly admissible in the sense defined above. The
decoupling problem with such compensators has been solved in [4].

As seen on the following example it is too restrictive to impose the invertibility
of the G matrix; it may be possible to decouple by reducing the number of inputs.

Consider the following:

T(s)= [s -2 0 s-]0 S
-2

S
-1

It can be proven that T(s) cannot be decoupled by a bicausal precompensator, while
the constant admissible compensator

G= 0

0 0

works perfectly. It appears that relaxing this invertibility condition extends significantly
the class of decouplable systems.

For this reason, in the following, we will consider the effect of dynamic state
feedback defined by u F(s)x + Gv where F(s) is an m x n proper rational matrix
and G is an m x constant matrix. The equivalent precompensator is equal to B(s)G
where B(s) is bicausal. The problem to be solved in this paper is the row by row decoupling
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problem by this kind of compensator. For practical reasons we are looking for non-
degenerate solutions; this imposes that the system under consideration be full row
rank (surjective). We now state without proof a simple proposition which will allow
us to restrict the set of input transformations G.

PROPOSITION 1. With the above notations, the system of p m surjective strictly
proper transfer T(s) is decouplable by an admissible dynamic state feedback if and only
if the system is decouplable by an admissible dynamic state feedback where G is a m p
full rank constant matrix.

In the following the use of Proposition will allow us to restrict our attention to
such compensators.

C. Hermite form and rank at infinity. In the sequel we will need Hermite forms
over the ring of proper rational functions. More precisely we have the following
theorem.

THEOREM 2 10]. Let T(s) be a p m surjective proper rational matrix. T(s) can
be factorized in T(s)= H(s)B(s) where B(s) is a bicausal matrix (unit of the ring
R’’(s)) and H(s)=[H(s), 0] where

H(s) "..
ho 1/

where 7r s + a is an arbitrary polynomial of degree one and

nij < ni with ni, n!j positive integers and y is a polynomial.
H(s) is called the 7r-Hermiteform of T(s) over the ring ofproper rational functions.

H(s) is uniquely determined by T(s) and
Let us call I(s)= -l(s) the 7r-interactor of T(s). Notice that this definition

coincides with the definition of the interactor I(s) given in [11] where 7r s; for further
details see 12].

Since the bicausal matrix possesses neither poles nor zeros at infinity, H(s) (or
I(s)) contains all the information about the behaviour at infinity of T(s). A related"
and useful notion is the notion of rank at infinity.

DEFINITION 1. Let T(s) be a p x m rational matrix. Denote T(s) as the ith column
of T(s). Define the integers ri such that: lim_ Ti(s)s -r, ti, where ti is a nonnull
constant vector when T(s) is nonnull.

The column rank at infinity of T(s) is defined as the rank (over the real field) of
the matrix To tl, , t,].

It appears that if ri is negative when T(s) is nonnull, then -ri is the infinite zero
order of Ti(s); otherwise ri is the infinite pole order of T(s).

The above notion corresponds with the intuitive rank notion. We have to be careful
in using this concept because, for example, the row rank at infinity may be different
from the column rank at infinity. This can be seen in the following example"

S 0 0

T(s) 0 S
-2 0

S-1 S-1 S-1

has infinite column rank equal to one, and infinite row rank equal to three.

3. Dynamic state feedback decoupling. This section is subdivided into three parts.
In the first we stress the fact that feedback decoupling compensators are simpler, in
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the sense that they need less auxiliary dynamics, than equivalent decoupling precom-
pensators. Necessary and sufficient conditions for dynamic state feedback decoupling
are given in part two. In part three we characterize the minimal McMillan degree
achievable for the decoupled system. The result can also be stated in terms of the
simplest infinite structure achievable or in the discrete time framework by the minimum
number of delays for the decoupled system.

3.1. Why feedback implementation? Consider first the following illustrative
example:

S
-1 2S S-2+2S-3

It can be shown that the system whose transfer matrix is T(s) is decouplable neither
by a constant admissible compensator nor by a dynamic state feedback u F(s)x + Gv,
G nonsingular.

There exists an admissible decoupling precompensator C(s) of McMillan
degree 2.

C(s)= -1 2+s-1

0 -1

then

with

[_2 ]T(s)C(s)=
s 0

0 S
-2"

Consider the following minimal realization (A, B, C) of T(s):

Ax + Bu, y Cx

0 0 1 -1 1 0 0

0 0 1 0 1 1 1 0 0"
0 0 0 0 0

The precompensator is implementable by static state feedback u Fx + Gv with

0 0 -2 0 0 0
F= 0 0 0 -1 G= -1 2

0 0 0 0 0 -1

We can verify that
-2 0 JC(sI-A-BF)-IBG=
0 s -2

In this case the complexity (McMillan degree) of the feedback decoupling com-
pensator is smaller than the complexity of any admissible decoupling precompensator.
We will show that this result is general.

PROPOSITION 2. Consider the system ofp x m strictly proper transfer matrix T(s)
with null static kernel and (A, B, C) a minimal realization ofT(s). Let C(s) be afeedback
implementable (by static or dynamic state feedback) precompensator; then the feedback
implementation of C(s), F(s), has McMillan degree less than or equal to that of C(s).
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Proof From Proposition 1, C (s) is a piece of a bicausal matrix, that is to say that
there exists a m x (m-p) constant matrix C1 such that:

B(s) [C(s), C1] is bicausal.

B(s) can be written as B(s)=(I-R(s))-IG1 with R(s) strictly proper and G1
nonsingular.

Choose F(s)= R(s)B’(sl-A) where B’ is a left inverse of B and

G--al[] where G is an mxp constant matrix.

Notice that F(s) is proper since R(s) is strictly proper. Furthermore the effect of
the feedback compensator u F(s)x + Gv is equivalent to the effect of C(s) because

(I-F(s)(sI-A)-IB)-’G=(I-R(s)B’(sI-A)(sI-A)-’B)-’G C(s).

On the other hand, B(s) and C(s) have the same McMillan degree . A bicausal
matrix possesses the same number of finite poles and zeros; then B-(s) and R(s)=
I-G1B-l(s) have McMillan degree

From the expression of F(s) we conclude that F(s) has a McMillan degree lower
than or equal to

As we have shown above, feedback implementation leads to simpler controllers,
other than the well-known nice properties of feedback controllers.

3.2. State feedback decoupling. In this section we give a necessary and sufficient
condition for admissible dynamic state feedback decoupling. It turns out that the
problem is solvable if the number of inputs is sufficiently large in order to compensate
the rank deficiency at infinity of the transfer matrix interactor. The result is expressed
in the following way.

THEOREM 3. The system whose transfer matrix T(s) is a p x m strictly proper rational
surjective transfer matrix with null static kernel, is decouplable by an admissible dynamic
state feedback on a minimal realization of T(s) if and only if

m>-2p-k

where k is the column rank at infinity of I(s), the interactor of T(s).
Proof Consider first the sufficiency. The proof is constructive. We will build an

admissible dynamic state feedback implementable decoupling compensator. By using
Proposition 1 this compensator is of the form C(s) B(s)G where B(s) is a bicausal
matrix and ,G is a m x p full rank constant matrix. As noted before C(s) is a "piece"
of bicausal matrix characterized by

lim C(s)= Co,

Co being a full column rank matrix. C(s) is a full column rank at infinity matrix,
moreover the infinite zero orders of the columns are all equal to zero.

From Theorem 2, T(s) can be factorized as follows:

T(s) [(s), O]B(s) [I-l(s), O]B(s)

where B(s) is a bicausal matrix and I(s) is the interactor of T(s). Consider the
compensator

C(s)=B-l(s)
X
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where 11 (S) I (s) diag (s -r,, , s-5), the ri’s being chosen as in Definition 1 such that

lim 11 (s) Io

and Io has no null column. By definition Io has a real rank k. X is an (m-p)p
constant matrix such that

has a full column rank. This is always possible from the assumption m _>-2p- k. For
this select k independent rows in Io, choose for the p-k first rows of X such that
with the k’s preceeding they form a p p invertible matrix.

The above compensator C(s) is such that

C(s)= Co+ C(s)
where

B(s)=Bo+B(s),
lim C(s) =0, lim B(s) =0.

By construction Co is a full column rank constant matrix, and C(s) is then a piece
of a bicausal matrix. Co beingfull column rank, there exists a full column rank constant
matrix Qo such that (Co, Qo) is an invertible matrix. Define Bl(s)= (C(s), Qo), B(s)
is a bicausal matrix.

Since

and using Theorem the precompensator C(s) is implementable by dynamic state
feedback on a minimal realization of T(s).

Furthermore,

r(s)C(s) =diag (S-rl, s-).
It follows that C(s) is an admissible decoupling compensator.
Consider now the necessity. Suppose that the problem is solvable by Proposition

1 there exists an admissible decoupling compensator C(s),: dynamic state feedback
implementable such that:

T(s)C(s) =diag (dl(S) dp(s))= D(s)
where di(s) are proper nonnull rational functions.

From Theorem 2 we have

T(s)C(s) [I-l(s), O]B(s)C(s)= D(s).
It follows that

[Ip, O]B(s)C(s)= I(s)D(s)
where Ip is the p x p identity matrix.

Denote

[Vl(s)]=B(s)C(s)V(s)=
V(s)
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where V1 (s) is a p p proper rational matrix and V2(s) is an (m p) p proper rational
matrix. V(s) is a piece of a bicausal matrix; its column rank at infinity is equal to p.

Moreover V(s)= I(s)D(s) is not altered by a right multiplication with a nonsin-
gular diagonal matrix.

V(s) is then such that

lim V(s)= lim
V2(s) V2

where V is a constant matrix of real rank k and V is a constant matrix of real rank p.
It is then clear that V2 must have at least p- k rows, so m-p >_-p- k, which ends

the proof. Lq

Remark. When m ->_ 2p- 1 for any surjective system, decoupling is always achiev-
able, because k is at least 1. Furthermore, as shown on the following example, in some
cases we need effectively 2p-1 independent inputs for dynamic state feedback
decoupling.

where

S 0 0 S
-2

T(s) 0 s- 0 s-3

-1 -2 S-2 -3
--S --S- S --S

0 s- 0 0 O.
-s- -s- s-2 0 0

1 0 0 s- 0

O0 1 0 s -2 0

0 1 0 s-O0 0 0 1 0

0 0 0 1

01

=[I-I(s)O]B(s)

s 0 0 1I(s)= 0 s 0

S
2

S S
2

and B(s) is bicausal.
In this case the column rank at infinity k of I(s) is one, then the five inputs are

necessary for decoupling.
At this point we note that dynamic decoupling is actually related to the column

rank at infinity of I(s), and not to the row rank at infinity of the transfer matrix, which
could have been reasonably conjectured from existing literature [14]. In the previous
example, the row rank at infinity of T(s) is two while k is one.

3.3. Minimal delay decoupling. In this section we will focus our attention on the
minimal McMillan degree achievable for the decoupled system. As will be seen further
what we minimize in fact is the infinite zero order of each entry of the decoupled
system. In the discrete time framework this corresponds to the appealing minimal
delay decoupling problem. The dual problem using a post compensator is studied in
[13]. The minimal delays will be characterized in terms of new feedback invariants.
Furthermore we prove that when they exist, feedback solutions lead to the same minimal
delays as precompensation.
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We focus our attention on the integers ri given by Definition 1 and appearing in
the proof of Theorem 3.

DEFINITION 2. Let T(s) be a p m surjective proper rational matrix and I(s) its
interactor. Denote Ii(s) the ith column of I(s). Let ri be the integer such that

lim Ii(s)s -r, ti where ti is a nonnull constant vector.

The integers rl," ", rp are called the decoupling invariants of T(s). y = r is
called the decoupling degree of T(s).

Notice that the decoupling invariants of T(s) are invariant under the right
multiplication of T(s) by bicausal matrices, hence they are invariant under dynamic
state feedback, with nonsingular input transformation.

Furthermore I(s) (resp. the r-interactor I=(s)) is a polynomial matrix. It follows
that r is the maximal polynomial degree or the infinite pole order of the ith column
of I(s) (resp. I(s)).

It will be shown in the following theorem that the r’s are closely related with the
"simplest" decoupled system achievable by admissible compensation.

As in Proposition it can be proven easily that concerning McMillan degree
minimality there is no loss of generality in considering m p full rank precompensators.
Then the decoupled system will be diagonal.

THEOREM 4. Consider a system whose transfer matrix T(s) is a p m strictly proper
rational surjective transfer matrix with null static kernel.

(i) The system is always .decouplable by an admissible proper precompensator. The
minimal McMillan degree achievable for the decoupled system is y the decoupling degree
of T(s). In this case the ith diagonal entry of the decoupled system has McMillan degree
r

(ii) Ifthe system is decouplable by an admissible dynamic statefeedback compensator
on a minimal realization of T(s), the minimal McMillan degree achievable for the
decoupled system is y the decoupling degree of T(s). In this case the ith diagonal entry
of the decoupled system has McMillan degree ri.

Proof Let us first prove (i). Build a precompensator satisfying the requirements
of Theorem 4. Let T(s) be factorized as in Theorem 2:

T(s) [I-(s), 0]B(s).

Consider

C’(s) I(s) diag (s-r1, s-r).

Choose the admissible proper precompensator

C(s) u-’(s)
c"(s)

where C"(s) is any (m p) x p transfer matrix. We have

T(s)C(s) =diag (s-rl, s-5).

C(s) is then a decoupling compensator with the required properties. Show now
that r is the minimal possible McMillan degree ofthe ith entry ofthe decoupled system.

Let C(s) be a proper admissible decoupling compensator. We have

T(s)C(s) D(s)= diag (d(s), dp(s))
where the d(s)’s are scalar rational functions. Factorize T(s) as in Theorem 2:

T(s) [I-’(s), 0]B(s).
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We have

[I, O]B(s)C(s)= I(s)D(s).

Denote

C’(s) ] =B(s)C(s)
c"(s)

where C’(s) lPP(s)

It follows that

C’(s)=I(s)D(s).

Denote Ii(s) as the ith column of I(s).
C’(s) is a proper transfer matrix, as is I(s)D(s). Then Ii(s)d(s) is proper. It

follows that dg(s) possesses an infinite zero of order at least rg and that d(s) has a
McMillan degree larger than or equal to ri. y is then the minimal possible McMillan
degree.

Consider now (ii). When conditions of Theorem 3 are fulfilled, the constructive
part of the proof provides us with a decoupled system of McMillan degree y, the ith
entry having McMillan degree ri.

Since dynamic state feedback compensators are implementable by precompensa-
tion the minimality here comes from (i).

In order to illustrate the above theorem let us consider the following example:

T(s)
_

The system of transfer matrix T(s) is trivially decouplable by the precompensator

Cl(s)= 0

0

in this case

T(s)C(s)=[s- 0 J0 s -3

The interactor of T(s) is

Is O]I(s)- s4 $3

then rl 4, r 3, 3/= 7.
When we use C(s) the McMillan degree of the decoupled system is 8. From (i)

of Theorem 4 there exists an admissible proper decoupling precompensator C2(s)
leading to the minimal McMillan degree y 7. Following the proof of (i) we get:

C2(s) T(s)C2(s)
0

0 0
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The system of transfer matrix T(s) is decouplable by an admissible dynamic state
feedback compensator on a minimal realization of T(s) since

m 3 -_> 2p k 4 1 (see Theorem 3).

Then from (ii) of Theorem 4 there exists an admissible precompensator C3(s),
dynamic state feedback implementable, leading to the minimal McMillan degree of
the decoupled system. Following the proof of (ii) we get:

and

C3(s)--B-l(s)[ II(s)IX
0 1 -s-1

0 0 1

1 1-s-0 1

of minimal McMillan degree.

s-2 011 1

0 1

T(s)C3(s)__ [sO4 s-30 ]
4. Dynamic state feedback decoupling with stability. In this section we will consider

the dynamic state feedback decoupling as before but with the requirement of closed
loop stability. As in 3 the problem will be solvable if the number of inputs is large
enough. Surprisingly the decoupling condition is exactly the same as before (without
stability considerations).

We introduce other feedback invariants called "stable decoupling invariants"
which are the counterpart with stability of the ri’s defined in 3.

We prove that the minimal delay decoupling problem has the same solution as
without stability. But in this case the minimal McMillan degree of the decoupled
system is generally larger. Minimizing the McMillan degree amounts to minimizing
both the infinite and the unstable structure. In other words the proposed solution leads
to a decoupled system having the least possible number of delays and unstable zeros.
This is very important in practice.

We will present first some mathematical preliminaries and characterize all the
precompensators that are feedback implementable with closed loop stability.

4.1. Preliminaries. As in the case of polynomials we can build on Rps(S), Smith
forms, Hermite forms, and left and right coprime factorizations. This results from the
existence on this ring of a "degree." Rps(s) is a Euclidean domain, defining the degree
6 off(s) Rp(s) as follows: 6(f(s)) d(f(s)) + d2(f(s)) where d(f(s)) is the infinite
zero order of f(s) and d2(f(s)) is the number of unstable zeros of f(s) counted with
their multiplicity 15], 16], 17].

The stability domain under consideration is any region in the complex plane
symmetrically located with respect to the real axis and including at least one point of
the real axis.

Recall now the Hermite form over Rp(S), the ring of proper rational stable
functions.
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THEOREM 5 10], 15]. Let T(s) be a p m surjective proper stable rational matrix.

T(s) can be factorized in T(s)- H(s)B(s) where B(s) is a bicausal and bistable matrix

(unit of Rps(S)) and H(s) [H(s), 0] where

hl(s) 0

H(s)
hij(s) hpp(S)

Furthermore the degree of ho(s is lower than the degree of hii(s) forj < i. H(s) is

called a Hermite.form of T(s) over Rps(S).
H(s) is nonunique, it is defined up to units of Rp(S). Uniqueness of H(s) may

be obtained by adding some conditions (see [10]).
Consider the following example [10]:

T(s) S+ll s+I1s+3 s+

Choose the stability domain as the open left half plane.
The Hermite form of T(s) over Rp(S) is

H(s)
7r

,s + a -1)/ s-_31_
where 7r s + a is any stable polynomial.

Notice that the unstable zero of H(s) is the unstable zero of T(s) (located at
s 1) and that H(s) possesses two infinite zeros of order 1 and 2 as T(s).

DEFINITION 3. Let T(s) be a (p x m) surjective proper rational stable matrix.
Consider H(s)=[H(s.), 0] a Hermite form of T(s) over Rps(S ). The rational matrix
Ig(S) =/r-l(s) is called a generalized interactor of T(s) over Rps(S).

If one considers H(s) the Hermite form of T(s) over Rp(S) we will speak of the
generalized interactor of T(s).

We will present now a complement to Theorem incorporating stability require-
ments.

THEOREM 6. Let T(s) be a p x m strictly proper stable rational matrix with null
static kernel and let (A, B, C) be a stable realization ofT(s). Let C(s) be an m m proper
rational compensator dynamic state feedback implementable (u F(s)x + Gv, G nonsin-
gular) on the realization (A, B, C). Then the consideredfeedback system is stable if and
only if C s is stable.

Proof. Necessity. C (s) has to be a bicausal compensator from Theorem 1. Suppose
C(s) is unstable. Then either T(s)C(s) is unstable contradicting the external stability,
or unstable pole zero cancellations occur and internal stability fails.

Sufficiency. Suppose C(s) bicausal and stable. By Theorem 1, C (s) is implement-
able by dynamic state feedback. There exist F(s) and G such that

T(s)C(s) C(sI A- BF(s))-IBG.

Now prove the closed loop stability.
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We have the following diagram.

(sI-A)-B

We have closed loop stability if the following transfer matrix is stable (see [16]).

[ (I-Z(s)F(s))- Z(s)(I-F(s)Z(s)-I)]F(s)(i_Z(s)F(s))_ (i_F(s)Z(s))_
where Z(s)=(sI-A)-B.

By hypothesis Z(s), (I-F(s)Z(s))- and Z(s)(1-F(s)Z(s))- are stable, where
(1-F(s)Z(s))- is the bicausal stable precompensator and Z(s)(1-F(s)Z(s))-1 is
the closed loop transfer matrix.

Since det (l-Z(s)F(s))=det (I-F(s)Z(s)) and (I-F(s)Z(s))-’ is stable, then
(I-Z(s)F(s))-1 is stable.

It remains to. prove that F(s)(I-(sI-A)-BF(s))-1 is stable. Let N(s)D-l(s)
be a right coprime factorization of-F(s).

(I + (sI a)-’ BF(s))-’ ((sI A)+ BF(s))-l(sI A)

D(s)((sI-a)D(s)+ BN(s))-(sI-a).
We prove now that D(s and (sI A) D(s) + BN(s) are right coprime. Since N(s)

and D(s) are right coprime there exist U(s) and V(s) polynomial matrices of appropri-
ate dimensions such that U(s)N(s) + V(s)D(s) L Choose U(s) an n x n polynomial
matrix such that U(s)B U(s); this is always possible since B is full column rank.

Choose V(s)= V(s)-U(s)(sI-A). V(s) is an n x n polynomial matrix. U(s)
and V(s) satisfy

U(s)((sI A)D(s)+ BN(s))+ V(s)D(s) U(s)N(s)+ V(s)D(s) I;

then (sI-A)D(s)+BN(s) and D(s) are right coprime. Then D(s)((sI-A)D(s)+
BN(s))- is stable, also. From the right coprimeness of D(s) and (sI A)D(s) + BN(s)
we deduce the stability of ((sI-A)D(s)+BN(s))-1. It follows that F(s)(I-
(sI-a)-lBF(s))-= N(s)((sI-a)D(s)+ BN(s))-l(sI-a) is stable.

Consider now the stable dynamic state feedback decoupling problem.

4.2. Dynamic state feedback decoupling with stability. We will now solve the
dynamic state feedback decoupling with stability. The theorem will be stated for stable
systems for clarity of exposition. There is no loss ofgenerality in making this assumption.
In fact, when the system transfer matrix is not stable, we will use a static state feedback
on a minimal realization of T(s) which assigns all the closed loop poles to stable
locations. Denote T(s) the closed loop transfer matrix, T(s) and T(s) are feedback
equivalent on a minimal realization of T(s) without unstable pole zero cancellations.
It follows that T(s) is decouplable with stability if and only if T(s) is. Let us state
first the counterpart of Theorem for stabilizing compensators.

THEOREM 7. The system whose transfer matrix T(s) is a (p x m) strictly proper
stable surjective transfer matrix with null static kernel is decouplable with stability by an
admissible dynamic statefeedback implementable on a minimal realization of T(s) ifand
only if

m>-_2p-k
where k is the infinite column rank of I(s) the interactor of T(s) over Rp (s).
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Proof Necessity. By Theorem 3 if rn < 2p k decoupling is not possible, afortiori
stable decoupling is not possible.

Sufficiency. Consider the sufficiency proof of Theorem 3. A decoupling precom-
pensator C (s) is constructed"

C(s)= Bl(S)[l where B(s)is bicausal.

Let B(s) be a diagonal bicausal matrix such that B(s)B2(s) is stable. Choose
Bz(s) =diag (b(s),. , bin(s)), where the unstable zeros of b(s) are the unstable poles
of the ith column of B(s).

Then B(s) B2(s) is bicausal and stable.

Q(s)= B,(s)B(s)[]
is a stable admissible decoupling compensator which is implementable by dynamic
state feedback with stability on a minimal realization of T(s) by Theorem 6.

Remark that the number of necessary inputs for decoupling is the same as in
Theorem 3 (without stability). As will be seen later the minimal McMillan degree of
the decoupled system with stability is in general larger than in the former case (without
stability consideration).

As before we will focus our interest on the minimal McMillan degree achievable
by feedback. Let us define-first some useful invariants.

DENrON 4. Let T(s) be a (p m) surjective proper stable rational matrix and
Ig(s) its generalized interactor. Decompose Ig(s) as follows:

Ig(s) lg(s) diag (h(s) hp(s))

where h(s) is a rational function such that the ith column of lg(s) possesses neither
poles nor zeros in unstable and infinite locations.

-1Denote q the number of infinite and unstable zeros of h (s) counted with their
-1(multiplicity, i.e., the degree of h s) over Rp.(s). The integers q qp are called the

stable decoupling invariants of T(s). /z
p

=1 q is called the stable deeoupling degree
of T(s).

Notice that for a fixed i, hi(s) is nonunique but defines a unique qi. Moreover the
stable decoupling invariants of T(s) are invariant under the right multiplication of
T(s) by bicausal and bistable matrices.

As shown in the following theorem the qi’s are closely related with the "simplest"
decoupled system achievable by stable admissible compensation.

THEOREM 8. Consider a system whose transfer matrix T(s) is a (p x m) strictly
proper stable rational surjective transfer matrix with null static kernel.

(i) The system is always decouplable by an admissible proper precompensator with
stability. The minimal McMillan degree achievablefor the decoupled system is Ix the stable
decoupling degree of T( s). In this case the ith diagonal entry of the decoupled system has
McMillan degree

(ii) Ifthe system is decouplable by an admissible dynamic statefeedback compensator
with stability on a minimal realization of T(s), the minimal McMillan degree achievable
for the decoupled system is tx the stable decoupling degree of T(s). In this case the ith
diagonal entry of the decoupled system has McMillan degree q.

The proof follows the same lines as that of Theorem 4 replacing the interactor by
the generalized interactor, ri by qi and bicausal matrices by bicausal and bistable ones.
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The h,(s) of Definition 4 now plays the same role as the s -r, of Theorem 4.
h-l(s) possesses an infinite zero of order ri and qi- ri unstable zeros.

This theorem says that minimal delay decoupling is possible with the same number
of input-output delays as without stability considerations. Furthermore the decoupled
system possesses the minimal possible number (/- y) of unstable zeros.

5. Concluding remarks. (i) The decoupling invariants r and q can be character-
ized by other approaches. In particular the r’s are defined geometrically, via the notion
of essentiality and via the infinite structure of some matrices deduced from the system
transfer matrix in 18].

These decoupling invariants r (resp. qi) are not related with the triangular form
of the interactor (resp. the generalized interactor). Any R(s) p p full rank rational
matrix such that T(s)= [R(s), 0]B(s) with B(s) bicausal (resp. bicausal and bistable)
would do as well. For example, as proven in [19], r is the infinite pole order of the
ith column of R-(s).

(ii) When the column rank at infinity k is not equal to p this reflects the nonidentity
between the infinite zero orders of the rows of T(s) and the infinite zero orders of
T(s). In this case the control law u Fx + Gv, G singular, allows us to increase the
infinite structure by decreasing R* the largest controllability subspace of ker C. When
R* is "sufficiently large" static state feedback decoupling is possible [20]. In this paper
we are mainly concerned with dynamic feedback decoupling; therefore only dim (B
R*) has to be large enough (_->p- k), since R* can be arbitrarily extended by dynamic
state feedback.

As an illustration consider the following matrix:

T(s)__ [ s -2 0 s -3 ]__S
-1 S--3 __S

-2

Since the two rows are dependent at infinity this system is not decouplable by
static state feedback with regular G, but this system is decouplable by dynamic state
feedback (see Theorem 3).

This system is no more decouplable by static state feedback with singular G. In
fact dim R*= in a minimal realization of T(s) which is not sufficient to meet the
condition of [20].

In [21] the dynamic state feedback decoupling problem restricting F(s) to being
stable is studied. This problem turns out to be solvable if m => 2p-ks where ks is the
infinite and unstable column rank of Ig(s). ks is generally smaller than k. A necessary
condition for static state feedback with stability is then dim (B 71 R*)_>-p-

Possible extensions of the results presented here are: Block decoupling or output
feedback decoupling as in [22].

Acknowledgment. The authors acknowledge a reviewer for providing them with a
better formulation of Theorem 6.
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EXACT MODELING OF A FINITE TIME SERIES*

CHRISTIAAN HEIJt

Abstract. The problem of modeling a finite time series by means of a linear shift invariant system will
be considered. To analyze this problem the concepts of complexity of a model and corroboration of a model
by data are introduced. Various properties of data modeling procedures are defined. These properties are
investigated for the partial realization procedure. An alternative procedure will be described which takes
into account the concept of corroboration. It turns out that this procedure has many desirable properties.

Key words, data modeling, identification, modeling procedures, corroboration, finite time systems,
partial realization theory
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1. Introduction. The problem considered here is an aspect of the problem of
modeling dynamical phenomena and can be described as follows.

Suppose one wants to model a dynamical phenomenon. Here the following will
be assumed. First, the describing variables of the phenomenon have been identified.
Second, observations of these variables over a finite time interval are available. Finally,
a class of models has been specified. This class reflects a priori assflmptions concerning
the phenomenon, e.g., based upon theoretical considerations concerning the
phenomenon or inspired by mathematical convenience.

The problem now consists in identifying (a) model(s) in the specified class to
describe the phenomenon in a way which is optimal in some sense, taking into account
the observations.

This problem is formalized as follows. Assume at every time instance the observa-
tion consists of an element in the set W. Let denote the time set of observation,
which is assumed to be finite. So the data consist of an element of Wv, i.e., a finite
time series in W. Let M denote the specified class of models. The problem is to construct
data modeling PROCEDURES to assign models to data, i.e., procedures

p: W __> 2.
Moreover, one wants to construct procedures which are satisfactory or even optimal
in some sense.

Clearly this problem is an important topic of scientific research in, e.g., statistics,
econometrics and systems theory and includes problems as structure identification,
estimation and data analysis.

In this paper a very special case of the data modeling problem will be investigated.
This will lead to the formulation of some interesting concepts.

The central issue is the EXACT modeling of a FINITE time series of ONE variable
by means of a (deterministic) AUTOREGRESSIVE model.

It is evident that the case of a multivariable time series and APPROXIMATE
modeling are of more practical importance. Nonetheless, the case considered here is
of interest in its own right and, moreover, it will lead to questions and concepts which
are crucial also in the multivariable case and approximate modeling.

An outline of the paper is as follows. In 2 we define the model class of (finite
time) linear shift invariant systems and discuss some properties of this class and
representation of systems by means of autoregressive equations.
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In 3 we formulate the modeling problem analyzed in this paper, i.e., modeling
a finite time series by means of an autoregressive model. The concept of data modeling
procedure is defined.

The concepts of simplicity and corroboration are introduced in 4. These concepts
play a crucial role and reflect the idea that on the one hand one wants the model to
be as simple as possible, but that on the other hand one only wants to accept simplicity
if there is some evidence for it in the data.

Some possible properties of procedures are defined in 5.
The partial realization procedure for modeling a finite time series in one variable

is described in 6. Its properties are investigated. It turns out that this procedure,
since it pays no attention to corroboration, lacks many desirable properties.

In 7 we introduce a modification of the partial realization procedure which takes
into account corroboration.

In 8 we formulate a refinement of this procedure. The properties of this refined
procedure are thoroughly investigated. It is shown that it satisfies all the properties
defined in 5.

Section 9 contains some concluding remarks. A summary of notation concludes
the main text.

Proofs of the results are given mainly in the Appendix.
Some contributions closely related to the approach taken here are given in Kalman

[2], Rissanen [4] and Willems [5].

2. Linear shift invariant finite time systems. The problem considered in this paper
is that of modeling a finite time series by means of (a) linear shift invariant system(s).
This class of models is described in this section, along with results on representation
of models in this class. It turns out that the class of linear shift invariant finite time
systems is a stri’ct subclass of the models described by a finite number of autoregressive
equations.

The following definition of a dynamical system is given in Willems [5].
DEFINITION. A DYNAMICAL SYSTEM is a triple ($, W, B) with -1]- = E the time

set, W the signal set, B = W the behaviour.
Remark. In the sequel we often will use the words "system" and "model" to

denote the behaviour.
DEFINITION. A FINITE (discrete) TIME system is a dynamical system (I-, W, B)

where $ is a finite subset of 7.
Let NI := {1, 2, 3, .} and for tl, t2 E [, tl _-< t2, t, t2] :-- {t ; t _--< _--< t2}. In this

paper we throughout will assume there exists T E t such that -= [1, T] and we will
take W:= Rq. So a behaviour B c ([q) is a set of sequences in q of length T. We
will identify (q) and (q)r.

We restrict attention to behaviours which are linear and shift invariant. B is called
linear if it is a linear subspace of (q)r.

To define shift invariance, we define the left shift operator tr as follows.
Let w be a sequence in Rq of arbitrary finite length L->2, so wE(q) L. Then

trw E (q)L-1 is defined by (trw)(t):= w(l + 1), 1E 1, L- ]. For B c (q) r, 1 -< t _-< t2 --<
T, let Blt.,21 denote the restriction of B to the set [t, t2].

DEFINITION. Let T_-> 2. B c (q) T is called SHIFT INVARIANT if rB = B[[1,T_I].
It is called TRANSLATION INVARIANT if trB Bl,r_ll.

The interpretation of shift invariance is as follows. Let B be shift invariant and
wEB. Then there exists fE W such that EB, where ll,r_:= rw and (T):=f
Described intuitively this means that there exists a future observation which follows
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on w and which is compatible with the behaviour B. If B is shift invariant but not
translation invariant this means that there exist w B for which there is no past
observation compatible with B. If B is translation invariant then for every w B there
exist a past and a future of w compatible with B.

The following proposition is immediate.
PROPOSITION 2.1. (i) If B is shift invariant, A [N, <-- <- t + A <= nu A T; then

Blt,,+,,+a Blt,,,,.
(ii) If B is translation invariant, A 7/, <-- t <-- t2 <---- T, <- t + A <_ t2 + A <__ T; then

DZFNITION. The class Br(r) of linear shift (translation) invariant finite (T)
time systems is given by

BT := {B (q) T., B linear, trB

T := {B = (q)T., B linear, trB B][,,T_I]}.
It is clear that r = 97- and that both classes are closed under addition, but not under
union. Moreover, and Br are not closed under intersection, which is seen as follows.

Example 2.1. Let q=l, T=4, Bl:={wa;w(4)=W(1)}, B2:={wa’w(3)=,
-w(1) and w(4)=-w(2)}. Then B r, i= 1,2, but B:= B f-I B= {w N4; there exists
cN such that w= c (1, -1, -1, 1)} and BBr.

Next we will show that systems in r can be described by a finite number of
AUTOREGRESSIVE EQUATIONS.

Let gN and R e Ngq[r] a polynomial matrix in cr with rows r (r,..., rq)
Nq[r], i[1, g]. Let d(r!i denote the degree of ro, with d(0):=-oe, and d(r):=
max{d(ro) j[1, q]}, d(R):=max{d(r), i[1, g]}. By Br(R) we will denote the
behaviour where the autoregressive equations r(r)w=0 are satisfied. By definition
we assume that if d(r)>= T then this equation imposes no restriction.

DZFNTON. Let RNgq[o-] and let Ir(R) := {i [1, g]; d(r)<-T-1}. Then
BT(R):={w(Nq)r; [r(o)w](t)=O, iIT(R), t[1, T-d(r)]}.

Remark. We often will write B(R) instead of Br(R) if this does not lead to
confusion. Note that if d(r)>-T then r(cr)w is undefined, as cr is only defined for
sequences of length at least 2. As an example, take q =g 1, T 3, R r3, w e N3.
Then r3w is undefined as rw w(3) has length 1.

PROPOSITION 2.2.

{B T}{Zlg3R gq[o-], d(R) < T- 1, B= B(R)}.

Proof See the Appendix.
Remark. The converse statement is not true, i.e., there exist R gXq[o-] such that

B(R)Z:T. For example, take q 1, g 2, T 4, r(o-) o"3 1, r2(o-) 0"2--[ 1, R [r,r].
Then B(R)={w4; there exists ce such that W=C(1,--1,--1,1)}T. SO T
consists of a strict subclass of the systems described by a finite number of autoregressive
equations. Proposition 2.3 will give a characterization of this subclass.

d.Let 0 # R gq[o] have rows ri q[tr], 1, g]. Let ri(tr) Ek’=d qk’)trk where
d(r,)=d,> d’ and qd) #0# qd. Let L/, L-gq denote the matrices with rows qd0,
qdi;!, respectively. R is defined to be row proper if rank L/= g, bilaterally row proper
if rank L/ = rank L-= g, zero order bilaterally row proper if in addition d’ 0 for all
i [1, g]. We define 0q[tr] to be zero order bilaterally row proper.

PROPOSITION 2.3. (i) {BT}CZ>{there exists g, there exists R gxq[o’], d(R) <-
T- 1, R row p,roper, B B(R)}.

(ii) {BBr}Ce;{there exists g there exists R Ngq[r], d(R) <- T-1, R zero order
bilaterally row proper, B B R }.
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Proof See the Appendix.
Remark. Henceforth, if we write Br(R) or B(R) (with T given) we will assume

throughout that R is row proper (and zero order bilaterally row proper only if we
explicitly assume B(R)T). Note that if B (Eq) T then we can take R=0.

Remark. If R is bilaterally row proper, then B(R) need not belong to r. A
simple counterexample is given by taking q =g 2, T 2, R ( o).

DEFINITION. If B=B(R)r and R has rows ri, i[1, g], then {ri, iI-(R)}
are called the LAWS governing the behaviour B.

We finally will derive representations of the sum of two systems in r and of the
largest system in r contained in the intersection of two systems in [r. Note that the
intersection itself need not belong to r, but for every set in (Eq) there exists a largest
system in r contained in this set, because is closed under addition.

Proofs of the following results are contained in the Appendix.
LEMMA 2.1. Let Rg [gixq[o] be row proper with d(R) <- T- 1, 1, 2. Then

{B(R) c B(R2)}zz{3FGg2g,[0-]R2 FR1}.

Remark. If we drop the condition d (Ri) -< T- 1, 1, 2, then (=:>) no longer holds
true. Take q g g2 1, T 3, R1 0-- 1, R2 0"3.

DEFyXON. Let Ri Eg;q[0-], 1, 2.
(i) R is called a least common left multiple of R1 and R2, notation Re

LCLM(RI, R2) if

(1) Z Fi R FR i=1,2;

(2) {:lii / fiiRi, i= 1, 2}=:>{BF k FR}.

(ii) R is called a greatest common right divisor of R and R2, notation R
GCRD(RI, R2), if

(1) ::l Fi R =FIR, i= 1,2;

(2) {]i Ri-- i/, i= 1, 2}:=>{:::IF R F/}.
LZMMn 2.2. (i) For any row proper R, R2, LCLM(R1, R:) and GCRD(R, R2)

are nonempty and contain row proper elements.
(ii) If R’, R" LCLM(R, R2) are both row proper, then there exists a unimodular

U such that R"-- UR’. The same holds true for GCRD.
PROPOSITION 2.4. (i) B(R1) + B(R2) B(R) for R LCLM(R1, R2).
(ii) B(R)=Y’,{B(); B(_)c B(R1)flB(R2)} for RGCRD(R,R2), d(gi)<=

T-l, i=1,2.
So a (row proper element of the) least common left multiple of R1 and R2 gives

the laws of the sum B(R)+ B(R2), and a (row proper element of the) greatest common
right divisor of R and R2 gives the laws of the largest system in r contained in the
intersection B(R) B(R2).

Remark. The implication {B(R)= B(R1)+ B(R2)}{R LCLM(R1, R2)} does
not hold true. For example, take q gl g2 1, T 3, R1 0-2, R2 0-+ 1, then B(R)+
B(R2) =3= B(0) but 0 LCLM(R1, R2). Moreover (ii) does not hold true generally
if d(Ri)=<T-1, i=1,2 is not satisfied. For example, take q=g=g2=l, T=3,
R1=0-2(0--1), R2=(0--1)3, then GCRD(R,R2)=0--1 but B3(0--1)3=
B(R) f’I B( R2).

3. Modeling of data, procedures. As stated in the Introduction, we will consider
the following problem of modeling a dynamical phenomenon.
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Assume we want to model a dynamical phenomenon concerning which (i) data
is available in the form of a (finite) time series w e (q) r, and (ii) an a priori specified
class of models is available. The aim is to construct data modeling procedures which
assign to data a model or a set of models in the prespecified class. The assigned models
reflect the structure of the phenomenon which one postulates on the basis of the data.

In this paper the only a priori restrictions which we impose on the models are
those of linearity and shift (or translation) invariance. So the problem becomes one
of assigning linear shift (translation) invariant systems to an observed finite time series.

We now first give a definition of a data modeling procedure for deterministic
modeling of a finite time series w e W.

DEFINITION. A DATA MODELING PROCEDURE for is a map Pt" W -> 22w’.
A data modeling procedure on [1, T] is a collection P {Pt, e [1, T]} where P is a
data modeling procedure for t.

So a data modeling procedure P, for every observation w e W assigns a collection
P,w ofmodels, i.e., a collection of subsets of Wt. The interpretation is that on observation
of w, P,w consists of those models which are accepted by the procedure as a description
of the phenomenon.

Here we take W---q and we impose the a priori restriction that the assigned
models belong to t. In this case a data modeling procedure for is a map

p, (q)’ -+ 2a,

or, if one requires translation invariance, a map P,’(Rq)’ - 2,. As an example, we will
describe the procedure P" which assigns the set of undominated unfalsified models
in 8r.

DEFINITION. The model B e, is called unfalsified by we (Rq)’ if we B. B is
called undominated unfalsified if in addition {w e B’ e ,, B’ < B}=>{B’ B}.

DEFINITION. The procedure P" {PT, e [1, T]} assigns to w e (q)’ the set of
undominated unfalsified models in ,.

Example 3.1. Let q 1, T 4. Using a partial Hankel matrix, described in 6, it
can be derived that P(0, 1, 0, 1) B(er 1). For w (1, 1, 0, 1) the class of unfalsified
models is {B(cr2+ty-1}, B(o’3+o’2at-flo’-l-fl), ,fle} and P(1,1, 0,1)
{B(r2+tr-1), B(o’a+atr2+fltr-l-fl), a-fl #2}. So in this case there exists more
than one undominated unfalsified model. This is essentially due to the fact that [r is
not closed under intersection.

4. Simplicity and corroboration. A primary aim of modeling data is to describe
the structure of the phenomenon which generated the data. For assigning structure to
a phenomenon on the basis of data at least two considerations play a crucial role,
which we will denote by the principles of simplicity (or parsimony) and of corrobor-
ation.

On the one hand, one wants to infer from the data as much structure for the
phenomenon as possible in order to get many laws, i.e., small models. (Note that if
both R and (R) =: R’ are row proper, then B(R’) c B(R).) We will call this a FALSIFIA-
BILITY principle or SIMPLICITY principle. A model is considered to be simple if it
is small in some set theoretic sense. Then a more simple model is more easily falsifiable,
as it imposes more restrictions.

Note that simplicity here is connected with systems as sets of trajectories and not
with the simplicity of the laws of systems. For example, (q)r is the most complex
model in Br, although from a viewpoint of laws it is very simple as there are no laws
at all.

As a measure of complexity of a model in Br we here will simply take its dimension.
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DEFINITION. The COMPLEXITY of B [T is defined as c(B):= dim B.
Although one wants to get models of low complexity, i.e., with much structure,

on the other hand one wants to accept structure only if there is some evidence for it
from the data. Note that data independent structure is reflected in the a priori specified
model class and that the data modeling procedure reflects the additional structure
which is accepted after observing the data. One has to have some reason for claiming
structure on the basis of data. We call this requirement of "reason" or "evidence" a
CORROBORATION principle.

We will now first define what we mean by corroboration and afterwards give an
interpretation.

We use the following algebraic concept of genericity. V c R is called an algebraic
variety if V =p-(0) for a polynomial p in n variables. It is called a proper algebraic
variety if V Rn, i.e., p 0.

DEFINITION. 7r c n is called generic if there is a proper algebraic variety V such
that r ("\ V).

A property for points in " is called generic if the set of points which have the
property is generic.

DEFINITION. Let B [l$r, Pr (q) r _> 2aT.
{B WEAKLY CORROBORABLE by Pr}: :>{B Prw is not generic in w 6 B},
{B STRONGLY CORROBORABLE by PT}: :{Prw B generically in w B}.
If a model is not weakly corroborable by a procedure it seems natural to require

that this model never will be assigned by the procedure. For suppose B Prw while
B is not weakly corroborable by Pr. Then generically for w B, Pr assigns only wrong
models. Now if w B P-w, then in fact one accepts that one was very lucky in
observing precisely this w from the phenomenon B, as generically one would not have
"identified" B by Pr using an observation from the phenomenon.

On the other hand, if B is strongly corroborable by Pr then generically for w B
Pr assigns exactly the right model.

Remark. The relaxation that conditions are satisfied generically instead of uni-
versally is essential in the definition of corroborability as well as in many definitions
which follow. This has t9 do with the fact that B(R)Br contains submodels with
more structure, i.e., if R’ is such that there exists F such that FR’ R then B(R’) B(R)
and hence exceptional observations from B(R) may exhibit the stronger structure of
B(R’).

We illustrate the concept of corroboration by means of the procedure pu which
assigns undominated unfalsified models to data.

Example 4.1. Let q= 1, T=4 and consider pu. Now N4 is not even weakly
corroborable by P, as {Pw N4} <=> {there exist 0# a N; w= a(0, 0, 0, 1)}. It can be
shown that every other model in B4 is weakly corroborable by P. B(r2-1) is weakly,
but not strongly corroborable by P. B(r-1) is strongly corroborable by P.

In fact, with c :N4- [0, 4], c(B) := dim B it can be shown that the class of models
strongly corroborable by P is given by c-({0, 1}) and B(r2).

5. Properties of procedures. In this section we will define some possible properties
of procedures and comment on their interpretation. We will investigate the properties
for the procedure PU defined in 3. In 6-8 we investigate the procedures defined
there.

DEFINITION. (i) PT is called EXACT if it only assigns unfalsified models, i.e.,
{B PTW}{W B}

(ii) P {Pt, e [1, T]} is called exact if Pt is exact for all [1, T].
Example. P is exact.
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So a procedure is exact if it assigns only models which are not falsified by the
data. This requirement is very restrictive. The case of approximate modeling in which
one does not require wB but that w is "near to" B often has more appeal in
applications. Even if the data is exact, i.e., there are no errors of observation, generally
one is more interested in approximate simple structure than in exact more complex
structure. If the data is corrupted by noise then exact modeling is not a sound
requirement. In applications generally the phenomenon under observation will not
correspond to any model in the a priori class of models and also the observations will
contain errors.

Nevertheless in this paper we will restrict attention to exact modeling and only
will briefly comment on approximate modeling in 9. This is a topic of current research
in which the insights gained from studying the exact modeling problem play an
important role.

DEFINITION. (i) P is called MONOTONE on B [r if generically in w B the
following holds true for all [2, T]:

{B,_, P,_,(wlt,.,_,l), B, P,(wlt,.,])}{B, It,.,_,I B,_,}.

(ii) P is called monotone if it is monotone on every B B-.
(iii) P is called bilaterally monotone on B T if it is monotone and if in addition

generically in w B the following holds true for all [2, T]:

{BT-,+, PT-,+,(WIr,.T]), BT-,+m P_,+=(wlt,_,,)}{oB_,+= BT_,+,}.
So if P is monotone then, for every phenomenon B BT, on getting a new

observation w(t) the structure assigned on the basis of (w(1), , w(t 1)) generically
is verified or even made more tight, as P(wltl,tl) consists of models which restrictions
to [1, t-l] are submodels of those in Pt_l(Wll,t_la). This is a desirable property in
case the observations successively become available over time. Then the procedure
assigns more structure if the observation period gets longer. This does not only hold
true generically on (q)T but even generically on every system B c (q)T in [T.

Example. For q= P" is only monotone if T=2 or on c-l({0, 1}), i.e., on {0}
and on B(tr-a), a. Consider, e.g., T=3, B=B(o’2)={(a,b,O),a,b} and let
w=(a, b, O) with a #O# b. Then P(w],2)= B(r-(b/a)) while B(tr2)6 pw and
I:z= B(cr:Z)It,.=] B(o-(b/a)).

Next we will define two properties of procedures which are connected with the
a priori restriction that one only assigns models in the class T (or r), i.e., shift (or
translation) invariant and linear models. So one describes the phenomenon which
generates the data as a shift (translation) invariant linear system. This leads to some
desirable properties of P.

DEFINITION. (i) P is called SHIFT INVARIANT on B r if generically in w B
the following holds true for all [2, T]:

{B,_,(R) P,_,(wlt=.,), B’ Pt(wlr,.,])}{B’c Bt(o’.R)}.

(ii) P is called shift invariant if it is shift invariant on every B
PROPOSITION 5.1. If P is bilaterally monotone on B 7- then it is shift invariant

on B.
Proof See the Appendix.
Because of this proposition we do not define a concept of translation invariance

for procedures, as it would be a concept very close to bilateral monotonicity.
An interpretation of shift invariance of procedures is the following. The a priori

assumption that assigned models have to be shift-invariant, i.e., B[[,t_l] Blt2,t, does
not imply any a priori restriction on w(1), given w]t2,,. Assume one only observes



90 CHRISTIAAN HEIJ

wl2., and wants to model the phenomenon on 1, t]. It seems reasonable first to model
w]2., and to impose no restriction on w(1), i.e., if B,_(R)Pt_(w]2.,) then take
B,(trR) as a model on [1, t], which amounts to letting w(1) be arbitrary and assigning
the laws R on [2, t]. Now assume one also observes w(1), so one has more information
concerning the phenomenon. It seems reasonable to demand that one can make more
accurate models and to require that w(1) does not contradict any laws R which were
assigned for the phenomenon on [2, t] on the basis of Wl[z,t]. So if B’ P,(w[t,, one
would like B’c B,(trR), which implies B’ltz,, B,_(R).

Example. For P" take q 1, T 3. pu is not shift invariant on B(tr2- 1) as for
w--(a,b,a), a#b#O, P’(wlt2.3)=B(o-(a/b)) while B3(o-l)P’w and
B3(r2- 1) B3(tr2-(a/b)tr).

DEFINITION. (i) PT is called LINEAR if

(a) Pr(cew) Prw Vw (q) T [0l O.

(b) ’q(B, B2)32r generically in (Wl, w2) B x B2
{B PT( Wl + w), B’ PTWl, B" PTW2} =:>{ B’ + B" B}.

(ii) P is called linear if P, is linear for all [1, T].
The phenomenon a priori is assumed to be linear, so (a) reflects that the observa-

tions w and cw, a # 0, are in a sense equivalent. Concerning (b), consider the situation
of constructing a model for the signal w + w either from observation of w + w2 or
from observation of both w and wz. In the latter case one has more information
concerning the structure of the phenomenon which one wants to model and hence it
is reasonable to demand that one can make more accurate models.

Example. P’ satisfies (a), but not (b). Take q= 1, T= 3, Bi B(r-i), i= 1,2.
Then generically P’wi B, w B, 1, 2. According to Proposition 2.4(i) B + B
B(crZ-3cr+2) and if w=(a,b, 3b-2a)B+B, a#O, then B(o+(2a-3b)/a)
Pw and B(crz-3tr+2) B(o+(2a-3b)/a), so (b) is not satisfied generically on
BxB_.

Finally we will define two properties which reflect the wish to accept laws only
if there is some evidence for them.

We call P truthful if (generically) the laws which are accepted by P in fact are
also satisfied for the phenomenon which generates the data. So the assigned models
contain the phenomenon as a subset. It is not required that all laws of the phenomenon
are detected.

DEFINITION. (i) PT is called TRUTHFUL on BOBT if generically in we Bo
{B PTW}{Bo c B).

(ii) PT is called truthful if it is truthful on every Bo BT.
(iii) P is called truthful if Pt is truthful for all [1, T].
Example. P’ is not truthful. Take q 1, T 2, Bo 2. Then generically in w

Bo dim (P w) 1.
To define the concept of prudence we will use the following notation. 8:=

{Br; B weakly corroborable by Pr}, P := {Be3r; B strongly corroborable by
PT} and im PT := {B T; there exists w such that B PTW}.

DEFINITION. (i) PT is called WEAKLY PRUDENTIAL if im PT ,.
(ii) PT is called STRONGLY PRUDENTIAL if im PT P-.
(iii) P is called weakly (strongly) prudential if P, has this property for all 1, T].
The interpretation is that Pr only accepts laws which it can "verify" itself. For

suppose B PTW while B B,. Then on the basis of the data w, PT assigns a model
B of which one knows that if the phenomenon in fact coincides with B, then generically
one will not assign B on the basis of an observation of this phenomenon. So if B is
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assigned then it seems one was extraordinarily lucky to observe w to identify B..
Assigning B is reckless. So weak prudence seems a minimum requirement. On the
other hand, strongly prudential procedures are very cautious. A model B only is
assigned if this model also generically will be assigned on the basis of observations
of the phenomenon B. So if assigning the right model is not generic for observations
from a model B, then a strongly prudential procedure does not dare to make this
assignment B.

Example. Consider pu for q 1, T 4. From Example 4.1 it follows that P is
not strongly prudential and not even weakly prudential. However, every observation
w a (0, 0, 0, 1), 0 a [2} is modeled in the class B ,.

Summarizing, the procedure PU which assigns undominated unfalsified models is
exact, it is not monotone, not shift invariant, not linear, not truthful and not (weakly)
prudential. Moreover P" is a complex procedure in the sense that generally it assigns
many models to each observation.

In 6 we investigate the partial realization procedure pC for the case of a
one-dimensional time series, i.e., q 1. This procedure is a refinement of P" in the
sense that for all [1, T], for all w [2’, P w Pw. In fact P chooses among the
undominated unfalsified models those of minimal complexity. By using a procedure
pO which takes into account the concept of corroboration and which is described in
7 we will define a procedure P* in 8 which assigns the unfalsified model of minimal

complexity in the class of models for which there is some evidence from the data. This
procedure is exact, monotone, shift invariant, linear, truthful and strongly prudent.

Remark. If q 1, T , then the procedures P, P, pO, p, for modeling a
time series w ([2) can be shown to be equivalent. So P is exact, truthful and even
strongly prudent. One can show that for every system B(R):= {w ([2), R(tr)w](t)
0 for all N} generically in w B(R) the only undominated unfalsified model is
B(R) itself, so Pw Bo(R) generically in w B(R).

6. The partial realization procedure and its properties (q 1). From now on we
throughout will restrict attention to the univariate case, i.e., q- 1.

The "partial realization" procedure P< is a refinement of P. It assigns to data
the least complex model(s) unfalsified by w. This implies that all assigned models are
undominated unfalsified. So in the class of exact procedures pC is the one which
maximizes the simplicity ofthe model, i.e., it minimizes the dimension. Stated otherwise,
one determines the shortest lag AR relations exactly satisfied by the data.

DEFINITION. The partial realization procedure pC assigns least complex unfal-
sifted models, i.e., pC := {p, [1, T]} where

P" [2’ - 2a, is defined by {B P, w}" :> { w B Bt
and c(B) min {c(B’); we B’ B,}}.

To determine P, w one can use an algorithm for the partial realization problem
as described, e.g., in Kalman [2]. There the problem consists in realizing a partial
impulse response sequence in a minimal way (i.e. with minimal dimension of the state
space). Here the problem is to model an arbitrary observation over time of one variable.

The "incomplete Hankel array" for w [2t is defined by

w(1) w(2) w(t-1) w(t)

H,(w) :=
w(2) w(3)

w(- ) w()

w(t)

w(t)

r(1)
r(2)

r(t- 1)
r(t)
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By r(i) we have denoted the ith row of Ht(w).
A matrix M with elements mij, i, j eN is called an extension of Ht(w) if mij

w(i +j 1), e 1, t], j e 1, + 1 ]. It is called a Hankel extension if M is a Hankel
matrix. The rank of M is defined as the dimension of the space spanned by the columns
(or rows) of M.

DEFINITION. The (Kalman) rank of Ht(w), denoted by rank Ht(w), is the minimal
rank of extensions of H(w).

Clearly rank Ht(w) is well defined and rank H(w) <- for all we’.
We will call r(i) linearly (in)dependent on r(1),. , r(i 1) if in the x (t + 1)

matrix consisting of the first rows and first t- + 1 columns of Ht(w) the last row is
linearly (in)dependent on the foregoing ones.

Proofs of the following lemmas are contained in the Appendix.
LEMMA 6.1.

{rank Ht(w)-- n}C:{r(n) linearly independent from r(1),..., r(n-1), r(n + 1)
linearly dependent on r(1), r( n }.

LEMMA 6.2. In the class of minimal rank extensions of Ht(w) there is a Hankel
extension.

The following proposition describes how Pw can be determined by using Ht(w).
This amounts to determining the first row in H,(w) which is linearly dependent on the
foregoing ones.

PROPOSITION 6.1. (i) {Be Pw}Ce,,{we B and c(B) rank H(w)}.
(ii) If rank Ht(w) d, then Pw {B(R); there exists ai, ie [1, d], such that

r(d+l)=a
i:1 ai r(i) and R tra-a i-}.i= ai

Proof Let rank Ht(w)= d. Assume we B eB,. Shift invariance of B implies there
exists w e(), we[t,,l W, welt,+,_lleB for all ’eN. Define an extension M of
H,(w) by mi: we(i-t-j-l), i,j= 1,’’’, t, mi:= 0 elsewhere. Then rank M>=d and
hence we[t,+,_, re[l, t] span a space of dimension at least d in B, hence c(B)>=d.
Further as rank H,(w)=d there exists a=(a,...,aa)ea such that r(d+l)=

d d

i= air(i). Define Ra := o- -i:1 aitr Then clearly w e B(Ra) and c(B(Ra)) d. Using
the definition of P this proves (i) and in (ii). To prove c in (ii), let B(R)e P w,
so c(B(R)) d, which implies R has degree d, say R tra _a i-

i: aitr Then in H,(w)
r(d + 1)=/a_, air(i). I-]

Remark. Note that for q-- if B(R)e BT- the assumption of row properness of
R implies that R e[r], i.e., it consists of one row. Then for RO c(B,(R)):=
dim B,(R)=min {d, t} where d is the degree of R.

The procedure P/ only takes into account simplicity, not corroboration. As a
result there often is no evidence for assigned models.

Example 6.1. Consider the phenomenon B =r, so there are no laws. For xe
define ENT(x):=min {n e’; n->x}. Now generically in we B, rank Hr(w)
ENT (T/2), hence generically in we B {Be Prw}=:>{dim B= ENT (T/2)}. So even
though there are no laws at all, P: still generically imposes them. In fact Pw Nr

if and only if w(t) 0, e 1, T- 1 ], and w(r) 0.
We will illustrate P/ by giving some examples which play an important role in

the sequel to construct procedures with better properties than P/.
Examples. Take T =6.
Example 6.2. w=(1,1,2,3,5,8), rankH6(w)=2, r(3)=r(1)+r(2), P6w

B(o-2- o-- 1).
Example 6.3. w=(1, 1, 1, 0, 1, 1), P6w B(cr3+o’2-2).
Example 6.4. w-(1,2, 0, 1, 1,2), Pw= B(o-3-o’2-o-+1/2).
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Example 6.5. w=(1,2,0,4,4,4), P6nw= B(tr3-cr-2).
Example 6.6. w (1, 0, 2, 0, 1, 1), P6n w B(o’3 q-o’l2 --1/20" --).
P: need not assign unique models.
Example 6.7. Take T= 3 and the phenomenon B =R3. Then for generic w

(a,b,c)eB P3w={B(tr2-fltr-a); aa+b=c} (the condition is ac-b2#O). In
general, if is odd then generically in w eR’ rank Ht(w) (t + 1)/2 and Pw consists
of uncountably many models, while if is even then generically in we rank Ht(w)
t/2 and Pw consists of one model.

Before we state the properties of pK we will define the concept of a selection
rule. If a procedure lacks desirable properties this could be due to the fact that assigned
models are nonunique, as monotonicity, shift invariance, linearity and truthfulness are
requirements which are stronger the larger the classes of assigned models for an
observation. Such a procedure possibly could be improved by a selection rule. By this
we mean a rule which for every observation chooses a unique model from the class
of models which is assigned by the procedure.

DEFINITION. (i) A selection rule for PT- :Er 2a is a map Sr :T_T such that
for all w e T, STW e Prw.

(ii) A selection rule for P= {Pt, e [1, T]} is a collection S= {St, e [1, T]} where
St is a selection rule for P.

To analyze the properties of P the following proposition will be helpful.
PROPOSITION 6.2. Let O# R e R[tr] have degree d(R)= d. Then generically in

we Bt(R) rank Ht(w) min {d, ENT (t/2)}.
Proof See the Appendix.
THEOREM 1. (i) Pn is exact.

If T >= 3, then (ii)-(v) hold true.

(ii) pK is not monotone, not shift invariant, not linear.
(iii) P is not truthful.

w,<={Be[B c(B) <(iv) pKT is not even weakly prudent, as imP
ENT (T/2)}, ,=a ifTis even, a ={na; c(B)<-ent(T/2)} ifTis odd.

(v) There exists no selection rule for pK which has at least one of the properties in

(ii)-(iv).
Proof See the Appendix.
Remark. It is a matter of easy verification to show that, for T 2, pK is monotone,

shift invariant, not linear, not truthful and not weakly prudent.
Remark. The proof of Theorem contained in the Appendix to show that pK

lacks desirable properties concentrates on the case B E T. It can be shown that P
only is monotone and shift invariant on models B for which c(B)e {0, 1} and that PTK
only is truthful for models B e B,. So [R T is not the only model for which pK has
undesirable performance.

The analogue fir of P/ for least complex modeling in t can be defined as follows.
DEFINITION. The procedure /3K ass.igns least complex unfalsified models which

are translation invariant, i.e., /3 .t 2a, is defined by

and c(B) min {c(B’);

Without going into details,/3w can be determined by looking in Ht(w) for the
first row which is linearly dependent on the foregoing ones and which explicitly involves
the first row, i.e., by looking for the smallest d such that there exist (al," ", ad)e d
with al#0 and r(d+l)=id__ air(i). This way of determining /3w is based upon
Proposition 2.3(ii).
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In the same way as pK also/SK only takes into account simplicity, not corrobor-
ation. As a result /3n lacks desirable properties. It can be shown that /Sn is not
(bilaterally) monotone, not linear, not truthful and not even weakly prudent.

At the end of 8 we briefly will discuss a procedure P* for modeling by means
of translation invariant models. Section 7 and the main part of 8 concentrate on
modeling by means of shift invariant models. In 7 we will describe a procedure pO
which takes corroboration into account and which has better properties than pK. In
8 we will refine pO to a procedure P* which has all the properties defined in 5 on

every model B e [,, e [1, T], while P,* coincides with P on those models for which
P: is a satisfactory procedure, i.e., on B := {BeB,; c(B)<--ENT (t/2)-1}.

7. An alternative procedure pO(q 1). The main reason why the partial realization
procedure P lacks desirable properties is the fact that it pays attention only to
simplicity, not to corroboration. In 8 we will describe a procedure P* which has all
the desirable properties defined in 5 and for which the class of corroborable models
satisfies

w,, c(B) ENT(T/2)}e- ev{Ber, c(B)<ENT(T/2)-l}=Be-\{Be37",

This procedure P* will consist of a slight refinement of a procedure pO which will be
described in this section, pO essentially consists of a refinement of PK by taking into
account corroboration.

The idea to refine P is to accept laws which are satisfied by the data only
provided there is some evidence for them. If for an observation a nonfalsified law is
of a type which also generically will be unfalsified for an observation on a phenomenon
which obeys no law at all (i.e. B Rr), then one has reason not to accept this law.
We illustrate this idea by means of an example.

Example 7.1 (cf. Example 6.4). T 6, w (1, 2, 0, 1, 1, 2).

Hr(w)

1 2

2 0

0

2

2

0 1

1 1

1 2
2

1 2
2

r(1)
r(2)
r(3)
r(4)"
r(5)
r(6)

Here r(4) -r(3)+-r(2)-1/2r(1), rank Hr(w) 3, Pw B(o"3 02 --0 -lt--). Note that
it is not at all remarkable that rank Hr(w)= 3, as this generically holds true on R r

for T 6. So one has reason not to accept this third order law, as it is of a type which
generically holds true on N6. It is not remarkable that w satisfies a law of this type.

Nonetheless, in Hr(w) there is a remarkable dependence, as r(5) is linearly
dependent on r(1) and this generically does not hold true on N r for T 6. One has
reason to accept this remarkable law, i.e., to accept the law w(t+4)= w(t), e{1, 2},
and to assign to w the model B(r4- 1).

In general, let w e [r and let r(1),.’’, r(T) denote the rows of Hr(w). Suppose
r(d + 1) is linearly dependent on r(i + 1), , r(ie_ + 1), where 0-<_ i < i2 <" <

-lakr(ik+l) a#0, ke[1 c-l]. Let R:=ra-=aric--1 < d, say r(d + 1) =
then we B(R). The crucial question now is when is it remarkable to find a law such
as R. We define this to be remarkable if and only if the number of elements in r(d + 1)
is strictly larger than the number of explaining rows, i.e., if and only if T-d > c-1,
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i.e., c + d _-< T. Note that this is exactly the class of laws which is not generically satisfied
on

We will now define a procedure pO which assigns to data the most simple (d
minimal) unfalsified models for which it is remarkable that they are unfalsified (c + d _-<

T).
DEFINITION. (i) For R--k=oakO’kG[[O’], d(R):=max {k; ak #0}, d(0):=-o,

c(R) := # {k; a, # 0}.
(ii) R is called REMARKABLE (for T) if R 0 and c(R) + d (R) <- T.
(iii) *T:= {BT(R); c(R)+ d(R)<= T}.
We will call BT(R) remarkable if R is remarkable for T. So *T consists of the

class of remarkable models together with T.
DEFINITION OF pO. (i) P assigns least complex unfalsified remarkable models

if these exist, else it assigns , i.e Pr" T
_
2a. is defined by {B Prw}: {w B B*T

and c(B) min {c(B’); w B’ B’r}}.
(ii) pO := {p,O, 1, T]}.
Comparing the definitions of Pr and T, we see that pkg. is refined to least complex

unfalsified modeling in *r instead of Br, i.e., assigned laws have to be remarkable.
Note that if w satisfies no remarkable law, then Prw [r, so if no remarkable law is
satisfied then no law is accepted. We illustrate pO by some examples.

Examples. Take T--6.
Example 7.2 (cf. Example 6.2). w (1, 1, 2, 3, 5, 8), P6w B(o"2- o- 1).
Example 7.3 (cf. Example 6.3). w=(1, 1, 1, 0, 1, 1), Pw={B(o4-1), B(tr4-tr)}.
Example 7.4 (cf. Example 6.6). w (1, 0, 2, 0, 1, 1), P6w 6.
Example 7.5 (cf. Example 6.5). w (1,2, 0, 4, 4, 4), P6w= B(tr3-o’-2).
Remark. Examples 7.3 and 7.5 will play a role in refining pO to the procedure

P* defined in 8. This has to do with compatibility of remarkable laws, which concept
is defined in 8. For details we refer to Examples 8.1 and 8.2.

To determine Prw one can investigate Hr(w) and determine the first row, say
d + 1, which is linearly dependent on c-1 foregoing ones such that c+ d _<-T. If no
such row exists, then P]-w .

An important question is whether laws which are assigned by Pr also (generically)
are true laws, given that the data stems from a system in r, i.e., the question of
truthfulness of pO. An essential property of pO is the following.

THEOREM 2. Let BOT. Then generically in we Bo, pOTW= {B *T; Bo B, c(B)
minimal}.

Proof See the Appendix.
So, generically on Bo, P- assigns the least complex remarkable models containing

Bo and in particular generically the assigned laws also are true laws.
COROLLARY 7.1. If Bo B*T, then generically in w BoPTW Bo.
Proof See the Appendix.
Theorem 2 indicates some of the main properties of pO, i.e., corroboration is taken

into account (modeling in *T), simplicity is taken into account (c(B) minimal) and
the procedure is truthful.

THEOREM 3. (i) pO is exact.
(ii) pO is truthful.
(iii) pO is strongly prudent, since im Pt- o,- ,o,- *, for all 1, T].
(iv) pO is not monotone and not shift invariant; the inclusion conditions for

monotonicity, shift invariance and linearity are satisfied if the action of prO is restricted
to models in the set

Proof See the Appendix.



96 CHRISTIAAN HEIJ

Remark. If pO is linear it still is an open problem. We do not go into details of
exact characterization of those models for which pO is monotone or shift invariant and
do not answer the question of linearity. This is because (iv) implies that p0 lacks some
desirable properties, although only in quite special cases. In the following section we
will slightly modify pO to get a procedure P* with desirable properties everywhere.

8. The procedure P* and its properties (q 1). pO has some desirable properties
but also lacks some of them. In this section we will refine pO to a procedure P* which
has all the properties which were introduced in 5.

Before we describe P* we will’give three examples indicating in which direction
pO could be refined. The main concepts are those of remarkability, defined in 7, and
compatibility, which we define as follows. By A we will denote an arbitrary index set.

DEFNrroN. Let R c [o-], A cA, and wcr. Then {R,A cA} and w are called
COMPATIBLE if there exists a B c 3r such that w c B c f3 {BT(R), , c A}.

So a class of laws and an observation are called compatible if there exists a linear
shift invariant system for which all the laws are valid and which is nonfalsified by the
observation.

Example 8.1 (cf. Examples 6.3, 7.3). T=6, w=(1, 1, 1,0, 1, 1), Pw={B(o4-1),
B(O-4- o-)}. Note that a priori we want to model in B6, so the phenomenon is assumed
to be linear and shift invariant. Maximizing simplicity under the restriction of corrobor-
ation leads to P6w and a nonunique model being assigned to w. However, {o-4_ 1, o-4_
o-} and w are not compatible. Note that B(o-a-1)("lB(o’4-o’)[6 while due to
Proposition 2.4(ii) the largest model in 6 contained in B(o-4- 1)f’)B(o-4- o-) is given
by B(1)= {0}, and w 0. So given the phenomenon belongs to 6 and given the data
w, the phenomenon cannot satisfy both laws o-4_ and o-4_ o-, and at least one of the
two assigned models has to be false. It seems reasonable to reject at least one of them,
even to reject both. (In case one could wait for w(7) to become available it might be
sensible to store B(o-4- 1) and B(o-4-o-) and to decide on the basis of w(7).)

Example 8.2 (cf. Examples 6.5, 7.5). T= 6, w (1,2, 0, 4, 4, 4), Pw B(o-3- o-- 2).
Note that in this case there is another unfalsified remarkable law, as w c B(o-4-o-3),
which is not accepted by p0. Now {o"3- tr-2, o-4_ 0.3} and w are not compatible, as
B(o-a-o--2)B(o-4-o-3)={a(1,2,0,4,4,4), ac}6 while the largest model in
6 contained in this intersection is B(1)={0}, as GCD(O-3-O--2, o-4_o-3)= 1, and
w 0. So given the phenomenon belongs to 6 and given the data w, at least one of
the remarkable laws o-3_ g-2 and o-4_ O.3 was observed just by bad luck, because for
this phenomenon not both laws can be valid. It seems reasonable to assign no law at
all.

Example 8.3 (cf. the example given in the proof of Theorem 3(iv) in the Appen-
dix). Assume the data stem from a phenomenon with law R
o-o + o-9 + 2o.8 + o.7 + 0.6

__
2o-5 + 0.4 .q_ 0.3 _]_ 2o.2 H- o- -k- and that T 20, e.g., w (0, 0, ’0,

0, 0, 0, 0, 0, 0, 1, -1, -1, 2, 0, -4, 4, 4, -12, 4, 20). Note rank H2o(W) 10 and R is
the only law of degree 10 which is nonfalsified by w, so Pow= B(R). However,
c(R)+ d(R) 21 so R is not remarkable for T= 20. Let R :- (o-- 1)R, R2 := (o--1/2)R;
then c(R,)+d(R,)--19, c(Rz)+d(R2)=20, d(R,)=d(R2)=ll. Here Pow=
{B(R), B(R)} and this also holds true generically on B(R) according to Theorem 2.

Now note that {R1, R2} and w are compatible, as w c B(R) B(R) f-) B(R). This
even holds true for every w c B(R). Although R itself is not remarkable, R and R2
are remarkable and moreover they are compatible with w. So it seems reasonable to
assign B(R) to w, not as it would be remarkable in itself, but because one has evidence
for it from the remarkable and compatible laws R and R2.
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These examples indicate the ideas of how to refine pO.
DEFINITION. The class of remarkable laws for weT is defined by L(w):=

(R#0; d(R)<-_T-1 and weB(R)eB*r}={R; WeBT(R)eB*r, BT(R)#T}.
Remark. Because of the restriction d(R)<_- T- 1, every law in L(w) is remarkable.

In the sequel we throughout will assume that in BT(R) d(R)<_- T-1, without always
explicitly mentioning this.

If for BeBT both the laws R1 and R2 are valid, i.e., if Bc B(RI)f-IB(R2), then
according to Proposition 2.4(ii) with g q 1, B c B(G) where G := GCD(R1, R),
the greatest common divisor of R and R2 in [tr].

For weT let R(w):=GCD{R; R e L(w)}, i.e., the least stringent law implied by
all the remarkable laws for w. Define GCD{}:=0. Now there are two possible
situations.

(i) The class of all remarkable laws for w, i.e., L(w), and w are compatible, i.e.,
there exists BeBT such that weBcf-l{B(R); ReL(w)}. Note that B(R(w)) is the
largest model in T which satisfies this condition, i.e., B(R(w)) is the largest model
unfalsified by w for which all remarkable laws are valid (note B(R(w))= B(R), for
all R e L(w)). Models of less complexity either are falsified by the data or are not
supported by means of unfalsified remarkable laws. So one would like to accept all
remarkable laws and to assign B(R(w)) to w.

(ii) L(w) and w are not compatible, i.e., there is no B e BT which is unfalsified
by w and for which all remarkable laws for w are valid. So given that the phenomenon
belongs to BT, at least one of the remarkable laws has to be false. As one has no
information concerning which law is false it seems reasonable to accept no law at all.

Note that (i) is equivalent to w e B(R(w)) and (ii) to w

_
B(R(w)). We define the

procedure P* as follows.
DEFINITION OF P*. (i) If the class of all remarkable laws is compatible with the

data, P*r assigns the largest model for which all these laws are valid, else it assigns
r, i.e., P*’T .T is defined by

B(R(w))
P*rw= T

if w e B(R(w)), R(w):= GCD {R; R e L(w)},
if w B(R(w)).

(ii) P*:={P*t,te[1, T]}.
Remark. In case the class of all remarkable laws is compatible with the data, P*

accepts all these laws and no other ones, as for other laws there is no evidence. Note
that P* always assigns a unique model to data.

To investigate P*, the following proposition is crucial. It essentially says that
generically all remarkable laws are true laws. That is an important motivation for our
definition of remarkability.

PROPOSITION 8.1. For every BOeT, generically in we Bo, Bo B(R(w)).
Proof See the Appendix.
Proofs of the following corollaries also are contained in the Appendix.
COROLLARY 8.1. Let BoeT. Then generically in we Bo there holds {R e L(w)}=:>

{Bo B(R) and P*TW B(R)}.
COROLLARY 8.2. Let BoeT. Then generically in we Bo P*TW= B(R) where R:-

GCD{/ #0; d(/)_-< T-1 and Bo= B(/)a*}.
So Corollary 8.1 states that generically all remarkable laws hold true for the

phenomenon and that generally true remarkable laws also are accepted by P*. This
indicates a connection between remarkability and corroboration. Corollary 8.2
describes the generic way in which P* models data.

The properties of P* are stated in our main theorem.
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THEOREM 4. (i) P* is exact.
(ii) P* is monotone, shift invariant and linear.
(iii) P* is truthful.
(iv) P* is strongly prudent as im P*=B=B.= {B(R); El{Rh, d(R) <- t- 1,

A 6A}, B(R)ea*, g =GCD {g, h eA}}.
Proof (i) The proof is obvious from the definition of P*.
(ii) For Beit let R(B):=GCD{R#O; d(R)t-1 and B= B(R)e}.
Monot0nicity. Let Boe r, we Bo, P_(w[.,_)= B,_,, P(w[.,)= B,, then we

have to prove that generically B,[.,_= B,_. If B,_ then this is trivial, so
assume B,_ #,-1. Then from Corollary 8.2 one can derive that generically on
Bo, Bt_ B,_(R,_) and Bt B,(R,) where R,_ := R(Bol.,_l) and Rt := R(Bo]l.,).
Now if R is such that B0l[1,t_] Bt_I(R)_,, then Bolt2.,= Bo]t.,_= B,_,(R)
implies BoIt.,=B,(R)8 as c(R)+d(R)t-lt; hence for these RPB,(R,)=
B,(R) (use Proposition 2.4(ii)). This implies B,(R,)= B,(R,_); hence also generically
on BoB, It,,,-l n,(R,)lt,,-, n,(R,-,)lt ,, ,-,= B,_,(R,_)= n,_,.

Shift invariance. Let Bor, wBo, P_(wIt.,)=B,_I(R), B’=P(W[tl.,), to
prove that generically B’= B,(.R). From Corollary 8.2 it follows that generically on
Bo, R= R(Bo]t.,) and gnerically B’= B,(R’) where R’= R(Bo[tl.,). Now if is
such th-at.Bolt2,,B,_(R)_, then Bolt,,n,() as c()+d()=
c()+d(R)+lt-l+l=t. So generically B’=B,(R’)B,() where :=
GCD {0; d()t-1 and Bo[t.,=B,_()L}=R which proves shift
invariance.

Linearity. P(aw)= P(w) for a 0 follows from L(aw)= L(w), a O. Now let
(u,,u)a, U,=U(R,), i=1,, (w,,w:)U, xU, Pw,=U(R’), Pw=U(R"),
P(w+w2)= B(R); then we have to prove that generically B(R’)+B(R")= B(R).
According to Proposition 2.4(i) B +B B(K) with K := LCM (R, R2). According
to Corollary 8.2 generically in w + w2, hence generically in (w, wz)6 B x B, R
R(B(K)). Moreover, generically R’= R(B) and R"= R(B). Because B= B(K),
i= 1,2, if B(K)c B(R) then also B,c B(R), i= 1,2, so B(R’)= B(R), B(R")= B(R)
and hence also B(R’)+ B(R")= B(R).

(iii) is is immediate from Corolla 8.2.
(iv) Let V:= {B(R); there exists {R, d(Rx) t- 1, A A}, B(Rz)6, R =GCD

{R,A A}}. For every procedure 8, 87, im P so it suffices to show V=8 and
im P = E If B then Corollary 8.2 implies that generally on B, Pw B; hence
B8. If Bim’P, then either B=’ V or there exists w’ such that B=
B(R(w)), R(w)= GCD {R; R L(w)}. Because for R L(w), d(R) t- and B(R)

it follows that B E U
To illustrate P* we briefly return to some examples.
Example 8.1. T=6, w= (1,1,1, 0,1,1), L(w)={4-1,4-}, R(w)=l, w

B(1) {0}; hence Pw=6.
Example 8.2. T=6, w=(1,2,0,4,4,4), t(w)={3--2,4-3}, R(w)=l,

w B(1) {0}; hence Pw 6.
Example 8.3. Take w, R, R, R as stated before in this example. Then L(w)=

{R, R, R2}, R(w)= R, w B(R); hence Pow= B(R).
Example 8.4 (cf. Examples 6.2, 7.2). T 6, w (1, 1, 2, 3, 5, 8), R := 1,

(w)={R,R,(-I)R,(+I)R}, R(w)=R, w U(R); so Pw=U(R).
From eorem 2 and Corollary 8.2 we immediately get the following.
PROPOSXOy 8.2. Let Bo r. en generically in w Bo {B Pw} {Pw B}.
e following proposition indicates the relationship between Pr, pO, p. and the

sense in which P* is a procedure with desirable propeies everywhere and which
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coincides with the partial realization procedure on those systems for which pr is a
reasonable procedure. Moreover it describes the sense in which the differences between
Pr, P, P*r disappear if T oo. Proof of the proposition is immediate.

PROPOSITION 8.3. Let B B*t be defined by a := {B ca,; c(B) ENT (t/2)- 1}.

" for odd, aff=a{Ba, c(B)=t/2}
for even.

(ii) For Bo , generically in w Bo, P w Pw Pw; for Bo generically
in w Bo, Pw P7 w.

(iii) For given R [], Pw= Pw Pw generically on Br(R) for Tsuciently
large, i.e., T2d(R)+2.

Remark. The problem of modeling an infinite time series w () by means of a
model in the set :={B (), there exists R [] such that w B[R()w](t)=
0, for all } could be studied in an analogous way. Modeling by undominated
unfalsified models, least complex unfalsified models, least complex unfalsified remark-
able models or by most complex models which accept all remarkable laws if these are
valid, i.e., using P, P, P or P, turn out to be equivalent.

To conclude this section we will describe a procedure fi* for modeling in r, i.e.,
linear translation invariant models.

Let :={Br(R)r; c(R)+d(R)T}, and for wr let (w) := {R O;
d(R)T-1 and wB(R)), (w):=GCD(R;R(w)). As q=l, by using
Proposition 2.3(ii) it follows that B(R)r if and only if R=O, d(R) T of R=
T-1k=O akk with ao0. From this one easily gets B((w))r. Now fi* is defined in

analogy with P* and with theshme motivation.
DEFINITION of *.

B(R(w)) ifw B(R(w))/3*r’Nr-r is defined by/3*rw := r if w e! B(R(w)),

/3* := {/3t* 1, T]}.

POOSTON 8.4. Let Bor. en generically in w’Bo, w=B(R) where
R:=GCD{#0; d()T-1 and Bo c B(R)}.

Proof See the Appendix.
The propeies of P* are stated in the next theorem, which can be proved by using

Proposition 8.4 in a way which is completel analogous to the proof of Theorem 4 by
means of Corollary 8.2.

THEOREM 5. P* is exact, bilaterally monotone, linear, truthful and strongly prudent
with im==={B(R); there exists {Ra, d(Ra)t-1, B(Ra),AA},
such that R GCD {Ra, A}}.

We illustrate * by soe examples.
Example 8.5 (cf. Example 8.4). T=6, w=( 1,2,3,5,8), R:= 2--1, (w)=

{R, (- 1)R, (+ 1)R}, (w)= R, w B(R) so Pw= B(R).
ExampleS.6. T 6, w (1 2,2 3 2,2),Pw B(3-4 -+),nw=nw=

B(4-), W=6.
Example 8.7 (cf. Example 8.2). T=6, w=(1,2,0,4,4,4), (W)={ff3--ff--2}

(W), WG B((w)) so w=B(3--2).
Note that in the last example the extra a priori assumption that the phenomenon

is translation invatiant leads to a model, B(g3-g-2), which is of less complexity
than in case one only assumes the phenomenon to be shift invariant, in which case
we would get Pw 6.This, however, is a situation which generically does not occur,
as for allw (w)c L(w) so B((w)) B(R(w)). As generically Pw= B(R(w))
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and one can show that also generically P*rw B(R(w)) this implies that generically
on every Bo BT-, *w P*w. Even the following holds true.

PROPOSiTiON 8.5. (i.) If Bo ’, then generically on Bo, *T W P*T W.

(ii) If BoT, Bo-T, then generically on Bo, *rw=T.
Proof See the Appendix.
So if a phenomenon is not translation invariant, then generically P* accepts no laws.

9. Concluding remarks. In the foregoing we have introduced some concepts which
are relevant for the problem of modeling data. For the special case of exact modeling
of a finite time series in one variable by means of an autoregressive (deterministic)
model we described a procedure P* which has many desirable properties. An interesting
question is whether there is a sense in which P* is optimal. For example, one could
restrict attention to procedures which are monotone, shift invariant, linear, truthful
and prudent and investigate if there exists a procedure in this class with a maximal
set , of strongly corroborable models. In a sense such a procedure has maximal
discriminatory power on

An important issue is the construction of efficient and preferably recursive numeri-
cal algorithms to compute the assigned models for a given procedure. For pO this
amounts to checking singularity of square submatrices of the incomplete Hankel array,
while for P* also greatest common divisors have to be computed. In case the observa-
tions w(t) become available over time it is desirable to have algorithms which compute
P,+(wl,,+) on the basis of P,(w],,]), w(t+ 1), and as small amount of additional
information as possible.

Two crucial assumptions in the foregoing were the requirement of exact modeling
and that q---1.

If q > 1 then one can again define a partial realization procedure. An important
question is which laws are remarkable and connected with this is the question which
variables are free and which are not. For q 1, the variable is declared to be free if
no remarkable law holds true for it. A problem is the compatibility of laws, which
essentially is due to the fact that Br is not closed under intersection. An interesting
issue is the definition of appropriate measures of complexity, e.g., by introducing the
concepts of input and of state; cf. Willems [5].

The case of approximate modeling, of course, is of most practical interest and it
raises the question of defining appropriate measures of fit, i.e., measuring how well a
model fits the data. By increasing the complexity of a model one generally will be able
to increase the fit. This leads to the interesting question of which decrease in fit is low
enough to make a decrease in complexity sensible. This question is connected with
the concepts of corroboration and remarkability. The approximate modeling question
is a topic of ongoing research.

Notation.
1:= {1, 2, 3,...},
Z:= {... ,-2,-1,0, 1, 2,...},
T t: length of time interval,
71- := 1, T] := { I; =< -< T}; t,, t2] :-- { 6 ; t <-- --< t2}
or: left shift operator; if w (q)/, L_->2, then trw (q)L- with

(ow)(1):=w(l+l), /6[1, L-l],
aT := {B c (q) T; B linear, trB c BliP,T-I]},r := {B = ([q) r’, B linear, orB Bit,. -_},
R =(rij)gq[tr]: matrix with elements in the ring I[o-] of polynomials in
d(r): degree of r[o’]; d(0):=-oo,
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d(R):=max{d(ri), i[1, g],j6[1, q]},
IT(R):= {i [1, g]; d(ri,,’’’, riq)--< T- 1},
BT(R) (=: B(R)):= {w(Iq)T; [(ri,"" riq)(r)w](t)=O, i6 IT(g),

t[1, T-d(ri,’’’, rio)]},
c(B) := dim B,
Bp := {B[T; B weakly corroborable by PT},
,T := {B 6 [T; B strongly corroborable by PT},
im PT := {B [T; there exists w such that B PTW},
ENT (x):= min {n 7/; n >_- x},
ent (x):= max {n 7/; n -< x},

:={B,; c(B)<-_ENT(t/2)-I},
d(R) := max {k; ak 0}, c(R) := #{k; ak 0} for R=k=o akr

k
6 [o-],

a*:= {B(R); c(g)+d(R)<-_T},
L(w):={go; d(R)<-T-1 and wB(R)a*},
R(w):=GCD{R; RL(w)}[tr]; GCD {}:= 0,
*:={BT(R)6T; c(g)+d(g)<= T},
/:(w):={g 0; d(g)<-T-1 and wB(g)*r},
(w):=GCD{R; g /(w)} [cr],

T-1I(R):={k[O, T-l]; ak=0} for g=Yk__o aktrk[tr],
a*(d):={B(g)a*; d(g)=d},
a*(I):={B(R)a*r; I(R) I},
a*(d, I):=a*(d)[*(I),
W(d) := {w[T’, there exists B(R)a*(d), w B(R)},
W(d, I):= {wT" there exists l(R)a*(d, I) w /(R)}
L(w; d, I):= {g L(w); I(R) I, d(g) d}.

Appendix.
_Proof of Proposition 2.2. Let B IT and define Be: {WG N’, B,

for all }. Shift invariance of B implies B Bel,T. Using the terminology and
results of Willems [5], B is a linear, shift invariant complete system and there exist
g[ and row proper Rgq[o"] such that B={w(q); [R(cr)w](t)=O, for all

[}=: B(R). Let R’ consist of the rows of R of degree at most T-1. Then R’ is
row proper, d(R’) <- T- 1 and B BI,T B(R’)I,, because laws of degree => T
do not imply any restriction on [1, T].

It suffices to prove B(R’)t,, B(R’). Let R’ have rows

d.

ri(cr) qkiO"k, qdii) O, [1, g’],
k=0

and let L+ lg’q have rows d

Let wB(R’)I,T, so there exists a w(q) such that wel,T3-W and
[ri(cr)we](t)=O, t. NOW di<:T-1, so [ri(tr)w](t)=O, t[1, T-di], i6[1, g’],
which implies w BT(R’).

Conversely, let w 6 BT(R’). Then define we( T+ 1) as a solution of qdi,)we( T+ 1)+
qdO- w(T) +" + qoi)w(T- di + 1) 0, for all 6 [1 g’] Existence of a solution is
guaranteed because L/ is surjective (R’ is row proper). Next define we(T+2) as a
solution of q(di.)we(T+2)+ q(cli,.)_ W (T+l)+qdi,.w(T)+ "+qoi)w(T-di+2), for all
i[1, g’]. In this way we recursively can define a wee () with we[t,T W and
[R’(tr)we](t)=O, for all t[, so wB(R’)[t,T.

Proof of Proposition 2.3. First let B T. It follows from the proof of Proposition
2.2 that there exists a row proper R with d (R) _-< T- such that B BT(R).
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Conversely, let d(R)<_- T-1 and R row proper. Let R have rows

d.

r,(tr) qki)trk, qdi, O, e [1, g],
k=0

and let L/ e [gq[tr] have rows q,). To show that BT(R)e IIT it suffices to consider
shift invariance, i.e., CrBT(R)c BT(R)ltl,r_ll. Now this condition is equivalent to
existence of a solution a e q of the set of equations qdi,)a + qdi,_lW(T) +. +
qoi)w(T-d + 1)= 0 for all e [1, g’], where w e BT(R). Because R is row proper, L+

is surjective and existence of a solution is guaranteed.
Next assume d (R)_-< T-1 with R zero order bilaterally row proper. One easily

shows by a similar reasoning as before that Br(R)e [T.
Finally let BeBT. Let Bee := {w e (Rq)z; Wl[t,t+T_l]eB for all teZ}. As B is

translation invariant, B Beeltl,rI. It follows from the results in Willems [5] that there
exists a bilaterally row proper R such that Bee= Bee(R): {we(ilq)’, [R(tr)w](t)=O
for all e 7/}. As B (R) B (DR) for any diagonal matrix D diag (dl, , dg)
gXg[O’], d, := tr n’, nie 7/, it follows that R can be chosen to be zero order bilaterally
row proper.

It remains to show that d(R)<_- T- and that Bee(R)Jl,r Br(R). This follows
by a reasoning completely analogous to the one given in the proof of Proposition 2.2. [3

Proof ofLemma 2.1. Let B(Ri)eBT, i= 1,2. Define B:={we(q)t’, W][t,t+T_l]e
B(R) for all teN), 1, 2. Shift invariance of B(Ri) implies Bll,r B(R), 1, 2,
and B(R)c B(R2) is equivalent to B c B.

Define B(R):= {w
T-1 there holds B B(R), i= 1, 2, which is seen as follows. Let R have rows r),
j e [1, g]. If w e B(R), then [r(tr)w](t) =0 for all j e [1, gi] for all teN, especially
for all te [-, -+ T-d(r)-1], for all -eN, so wl,+r_eB(R) for all -eN, hence
we B. Conversely, if we B then with w:= wlt,,+r_ teN, wte B(R), so [r)(tr)w,]
(’)=0 for all je[1, g], for all -e[1, T-d(r))], especially [r)i(tr)w,](1)
[r)(r)w](t)=O for all teN, hence we B(R).

So to prove Lemma 2.1 it remains to prove that (B(R)c B(R2))C=>{there exists
an F such that R2 FR). Now (=) is obvious. For () we refer to Nieuwenhuis and
Willems [3]. In fact there the time axis is 7/ while here it is N, but the results easily
generalize to this case.

Proof of Proposition 2.4 and Lemma 2.2. First we consider the results for LCLM
and addition.

Let Ri be row proper, i= 1,2. Define B(Ri): {we ([]q)l. [Ri(cr)w](t)=O for all
teN} and B:= Boo(R1)+ B(R2). From Willems [5] it follows that there exists a row
proper Ro such that B B(Ro): We will show Roe LCLM (R1, R).

Row properness implies that for all TeN Br(Ri)=Bo(Ri)lt,r, i=1,2, and
BT(Ro)=Bo(Ro)It,,T. As [B(R1)+B(R)]It,. =B(R,)Itl,TI+B(R)It,,T this
implies that for all T e N BT(R) + BT(R) BT(Ro).

Taking T _-> max {d (Ro), d (R,), d(R)} + l, BT(R) BT(Ro) b.y Lemma 2.1. imp.lies
there exists F such that Ro FiRi. Moreover, if for/ there exists Fi such that R FiR,
i= 1 2, then let U unimodular be such that U/= o) with / row proper. Then
B(R) B(R) B(R1) + B(Rz) B(go); hence for all TeN Br(g) BT(Ro). Let
T _-> max {d (Ro), d (R)} + 1; then Lemma 2.1 implies there exists F such that R FRo,
so / FRo where F:= U-(). This proves Roe LCLM (R, R2) and (i) of Lemma
2.2 for LCLM.

Next let R e LCLM (R1, R) be row proper. Then there exists Fo such that R FoRo
and there exists F such that Ro FR. So B(R)= B(Ro)= B(RI)+ B(R); hence
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Br(R) Br(R1)+ Br(R2) which proves (i) of Proposition 2.4. Moreover, R FoFR
and Ro FFoRo. Because Ro and R have full row rank FoF FFo I, which proves
(ii) of Lemma 2.2 for LCLM.

Now second we consider the results for GCRD and intersection.
Let R1, R2 be row proper. From Willems [5] it follows that there exists a row

proper Ro such that Boo(R0)= Boo(R)f-I Boo(R2). That Ro GCRD (R, R2) is proved
in a way analogous to the result for LCLM, and one easily gets Lemma 2.2(i) and (ii)
for GCRD.

To prove Proposition 2.4(ii), let R GCRD (R, R2) row proper and d(Ri)<= T- 1,
i- 1, 2. By Lemma 2.2(ii) there exists a unimodular U such that R URo, so Boo(R)=
Boo(Ro) and BT(R)- BT(Ro). So it suffices to prove that BT(Ro)=_, {Br(/); BT(-)
BT(R,) CI BT(R2)}.

Now Boo(Ro)Boo(Ri) and row properness implies BT(Ro) BT(Ri), i=1,2;
hence BT(Ro) BT(R) CI BT(R). So it suffices to prove that for
BT(R)CIBT(R2)}{BT() BT(Ro)}. Let / consist of the rows of/ of degree at
most T-1, then d(Ri)<-_ T-1, i= 1, 2, and Lemma 2.1 imply there exists an Fi such
that R FiR; hence Boo(R) Boo(Ro) and BT(R) BT(R)

ProofofProposition 5.1. Let P be bilaterally monotone on B r. By taking 2
in the definition of bilateral monotonicity we have that generically in w
PT_I(WI[2,T]), B’ e PTW}{oB’ c BT_I(R)}=C’{B’ Br(trR)}, which proves the shift
invariance condition for T.

To prove this condition for general e[2, r], let B,_(R)e P,_l(Wlt2. and B’
P,(wlt,,). Now BT, SO by Proposition 2.1(ii) there exists v? B, ffltr_,+,T w[t,,
and B,_I(R) Pt_l(Vl[r_t+2.T]), B’ P,(ffltr-,+,r). Now bilateral monotonicity implies
that generically in B, o’B’c Bt_I(R); hence B’c B,(o-R). We have to prove that
this holds generically in w B. It is sufficient to construct a linear bijection w
Without giving details this can be done as follows.

Let B := {W G q)Z; Wl[,r,,r+r_l B for all r e 7/}. Because B is translation invariant
Beelt,r= B. It can be shown that there exists a linear injection L" B Bee. w- w
with weelt,r= W such that for all zeT/L,"B B"w welt,+l,+r is a bijection. Then
for w B take v? := L,_ rw.

ProofofLemma 6.1. (<==) Let r(n) be linearly independent from r(1), ., r(n- 1)
and r(n+ 1) linearly dependent on r(1),..., r(n), say r(n+ 1) =Yi= air(i) (defined
for the columns 1,..., t-n of H(w)). Define w(z), z> t, recursively by w(r)=
-’/=10liW("l"-- n 1 + i) and define a Hankel extension M of H(w) by mj := w(i +j- 1).
Using the Hankel structure one gets rank M n; hence rank H,(w) <- n. To prove rank
H(w) > n, let M’ be an arbitrary extension of Ht(w) and let d :=rank M’. If d < n
this would imply that among the rows 1,..., n of M’ at least one, say row n’, is
linearly dependent on the foregoing ones. This implies that r(n’) is linearly dependent
on r(1), , r(n’- 1), and because of the Hankel structure of H(w) and the fact n’_-< n
this means that r(n) would be linearly dependent on r(1),. , r(n- 1). So rank M’_>- n
and hence rank H(w) -> n.

(:=>) Let rank H(w)=n. Then r(n) cannot be linearly dependent on
r(1),..., r(n- 1) as the construction above would give rank Ht(w)_-< n- 1. Moreover,
r(n + 1) cannot be linearly independent from r(1), , r(n) as this would imply that
any extension of H,(w) would have rank at least n+ 1.

Proof ofLemma 6.2. A minimal rank extension which is Hankel was constructed
in the proof of (=) of Lemma 6.1.

Proof of Proposition 6.2. Let R 0 have degree d. First assume d -<_ ENT (t/2), so
we have to show that generically in w B(R) rank H(w) d.
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For w e B(R) row d + 1 of H,(w) is linearly dependent on the foregoing ones, so
rank H,(w)<-d. To prove that generically rank H,(w)=d, it suffices to show that
generically row d is linearly independent from the foregoing ones. Sufficient for this
is that generically in w e B(R) rank Hd.d (W) d, where

w(1) w(2) w(d)
w(2) w(3) w(d+ 1) /Ha,a(w):=

|
w(d) w(d’+ l) w(2-l)J

Note d<=ENT(t/2), so 2d-l<=t and Hd,d(W) is well defined.
In B(R), w(-), - e 1, d], can be chosen arbitrarily while w(-), - e [d + 1, t] can

be expressed as linear functions of w(’), -e [1, d]. So for we B(R), det Ha,a(w) can
be considered as a polynomial in (w(1),..., w(d))eOd. It suffices to show that
detHa,a(w) is not the zero polynomial, because then {w, rankHd,a(w)<d}=
{w; det Ha,a(w) =0} is a proper algebraic variety and hence rank Ha,a(w) d generally
in w e B(R).

That det Ha,a(w) 0 is seen as follows. We claim that det Ha,a(w) contains {w(d)}a

as a term with coefficient +1. Indeed, detHaa(w)=ppsign(p)., II di=l aip(i) where
Ha,a(w)=(ao) P denotes the set of all permutations of {1,..., d} and sign
{-1, +1}. In order to get {w(d)}a, from every row and column in Ha,a(w) one has to
choose an element which involves w(d). In the first row this is only the element (1, d)
so p(1) d. In the second row only the elements (2, d 1) and possibly (2, d) contain
w(d), so necessarily p(2)= d- 1. Going on in this way one gets for {w(d)}a the unique
permutation p := {d, d 1, , 2, }. This proves our claim and hence det Ha,a (w) O.

Next assume d > ENT (t/2). By a similar reasoning as before one can show that
generically in weB(R) HENT(t/2),ENT(t/2)(W has rank ENT(t/2) and hence row
ENT (t/2)+ 1 of Ht(w) then is linearly dependent on the foregoing ones (its length is
ENT(t/2) if is even, ENT(t/2)-I if is odd). So then rank H,(w)<-ENT(t/2)
and hence it equals ENT (t/2) as row ENT (t/2) is linearly independent from the
foregoing ones.

Proof of Theorem 1. (i) The proof is obvious.
(ii) Not monotone. Let B r and e [3, T] odd. Then generally in w e B there

holds that for B,_ePt_,(w[t,,_l), BteptK(wl[1,,]) dimB,_l=(t-1)/ZdimB,=
(t+l)/2. For t->_3 (t+l)/2<=t--1 and dimBt=(t+l)/2 implies dimB,itl,,_l
(t+ 1)/2 so generally Btltl,,_l B,-1 and P: is not monotone. We have used the fact
that {B e 0,, dim B d}==>{dim Bltl,,=d for all reid, t]} which follows from
dim B d}C:>{there exists R of degree d such *.hat B B(R)}.

=1Not shift invariant. Let B =fl 7 and take 1= 3, so Bit2,, 9. and Bit1,, Let
w B, Wltl,3 (a, b, c) with a # O, b # O, ac- b2 # O. Then
and B3(0-9. (c/a )) e P3K (wit Shift invariance would require that generically B3(0-2
c a )) B3( 0-( o- c/b B3( 0-2 c/b )0-) which clearly does not hold true.

Not linear. Take T 3, B := B(0-2-1), B2 := B(0- + 2). Then B1 + B2 =3 so generi-
cally in (wl, w2) e B1 x Bg. if B e P:(w + w2) then dim B 2. Also generically B e P3 w
and B2 P wg. Linearity would require that generically 3 B1 + B2 B which is false.

(iii) Take for example T 3, Bo 3. Then generically in w e Bo if B e P:r w then
dimB=2so B0B.

(iv) We will determine im P, p, p,.
That im P t is seen as follows. If B r then take w e 7- defined by w(t) 0,

tel1, T-I], w(T)=l, so rankHr(w)=T and by Proposition 6.1(i) =Pw. If
7- # B e r then according to Proposition 2.3(i) there exists R with d d (R) -< T-
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such that B=B(R). Choose weB(R) by w(-)=0, re[1, d-1], w(d)=l and w(-)
for -e [d + 1, t] computed by means of R. Then rank HT(W)= d and by Proposition
6.1 (i) B(R) e P w.

Next we prove [[ =(Belier; c(B)ENT(T/2)}. From Example 6.1 we know
alreadyT. Now letT#BeT and R#0with c(B)=d=d(R)=<T-1 such
that B B(R). If d > ENT (T/2) then from Proposition 6.2 generically in w e B(R)
if B’ePTW then dimB=ENT(T/2); hence B(R)C_Pw, so B(R):,,.. If d
ENT (T/2) then generically in we B(R) rank HT(w) d so B(R)e Pw and B(R)e
WK.

K First let T be even. Let B eBT with d:= c(B) <Finally we consider PT"
ENT (T/2). Then generically in w e B the first d rows of HT(W) are linearly independent
and row d + 1 has T-d >= T/2 >= d elements, and this row is linearly dependent on
the foregoing ones. Using Proposition 6.1(ii) this implies that generically in we B
Pw B (i.e., assigned model is unique)’. So o. , hence equality holds.

Next let T be odd. If c(B)<-ENT (T/2)-1 then by a reasoning as before one
gets Be3,. If d:=e(B)=ENT(T/2) then in HT(W) row d+l consists of T-d=
(T- 1)/2 < d =(T+ 1)/2 elements and generically Pw is not unique; hence B ,.

(v) As can be seen from the reasoning in (ii), (iii) and (iv), lacking the properties
of monotonicity, linearity, truthfulness and prudence has not to do with possible
nonunique assignment of models by P. We shall show that shift invariance also
cannot be obtained by choice of a selection rule S.

To get shift invariance, taking the example in (ii) with a O, b O, c O, ac b O,
this would require that for B P3(a, b, c), B B(crZ-(c/b)cr) while dim B 2, so this
requires S3(a,b,c)=B(cr2-(c/b)o). Moreover it is required that (generically)
S4(d, a, b, c) B(cr3-(c/b)cr2). Now generically if Be P4(d, a, b, e) then dim B=2.
Let B(oZ+ao+)eP4(d,a,b,c). In order that B(cre+acr+/3) B(cr3-(c/b)cr)
according to Lemma 2.1 there has to exist a y such that (cr2+ar+/3)(cr+y)
o3-(c/b)o, which implies that (a, fl)=(0,0) or (ce,)=(-e/b,O). But B(rz)
P4(d, a, b, c) (it requires b=c=0) and B(o’2-(c/b)cr): P4(d, a, b, c) (it requires
ac-b =0). So it follows that it is impossible to construct a shift invariant selection
rule for P:. U

Proof of Theorem 2. The proof of this theorem is quite lengthy and will be split
in a number of steps. The result is proved by using a number of lemmas, some of
which play a role in the proof of Proposition 8.1.

First we introduce some notation. T is assumed to be fixed throughout. For
T--1 kR=y=oar e[r] let I(R):={ke[O,T-1]; a=0}, so #I(R)=T-c(R). Let

[*(d), *(I) and [*(d, I) as subsets of* be defined as follows. *(d):= {B(R)e [*r;
d(R) d}, *(I):= {B(R) e B*; I(R) D I}, *(d, I):= *(d) *(I). Moreover define
W(d), W(I) and W(d,I) as subsets ofT by W(d):=U{B(R);B(R)e*(d)}=
{weT; there exists B(R)e*(d), weB(R)}, W(I):= U{B(R); B(R)e*(I)} and
W(d, I):= U {B(R); B(R)e*(d, I)}.

Let Bo e T be fixed, w e Bo and HT(W) its incomplete Hankel array. We now first
give an outline of the proof of Theorem 2 by means of four lemmas and then will give
the proof of these lemmas.

LEMMA 1. For every (d, I) either (i) we: W(d, I) generically in we Bo, or (ii)
Bo W(d, I).

LEMMA 2. {Bo W(d, I)}=:>{there exist B(R(d, I))e*(d, I) such that Bo
B(R(d,I))}.

This lemma states that if for every we Bo there exists a model Bw(R)e3*(d, I)
such that w e Bw(R), then there exists such a model independent from w e Bo.
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For Bo define doe[0, T] as follows. If Bo W(d,I) for all de[0, T-l] then
do := T, else do:= min {d el0, T-I]; there exists I, Bo C W(d, I)}.

If do T, then generically in w e Bo, w : W(d) for all d e [0, T- 1], which means
that generically row d + of HT is not linearly dependent on less than T-d foregoing
rows of H-, so Pw [T generically on Bo and Theorem 2 follows as obviously there
is no B(R)eB* with Bo B(R) and c(B(R))< T in this case.

For doe[0, T-I] let Jo be defined by Jo := {I; Bo C W(do, I)}. Because by Lemma
generically on Bo, we: W(d) for d <do and by Lemma 2 Bo B(R(do, I)) for I eJo,

it follows from the definition of pO that generally on Bo, {B(R(do, I)); I e Jo}c Pw=
B*(do). Indeed, on Bo generally no remarkable laws of degree d < do are satisfied while
remarkable laws of degree do always exist. Because of Lemma we even have that
generically on Bo, {B(R(do, I)); I eJo}= Pwc LJ{B*(do, I); I eJo}.

LEMMA 3. For IeJo generically on Bo PTWClB*(do, I) is a singleton, i.e.,
B(R(do, I)).

The generic way in which PT assigns models on the basis of data from Bo is
described in Lemma 4, which is a direct consequence of Lemma 3 and the preceding
discussion.

LEMMA 4. Generically for w e Bo, PTW {B(R(do, I)); I e Jo}.
Now from Lemma 2 and Lemma 4 it follows that generally on Bo if B e Prw then

Bo c B and c(B) do. To conclude the proof of Theorem 2, note that by definition of
do, if B e * with c(B) < do, then Bo B. On the other hand, if B e *T, c(B) do, Bo c B,
then generically B e Pw. This proves Theorem 2.

Finally we will prove the foregoing lemmas.
Proof of Lemma 1. Assume that w W(d, I) is not generically true on Bo; then

we have to show that Bo W(d, I).
Let [0, T- ]\I { i, i2, , ie_, d} with 0 -< i < i2 <. < ie-1 < d and for w e Bo

H,(w) :=

define Ht (w) by
w(i,+l) w(i,+2) w(i,+T-d)

w(i2.+ l) w(i.+2) w(i+.T-d)

w(ie_,+l) w(i_,+2) w(ie_,+T-d)
w(d+ 1) w(d +2) w(T)

Now w e W(d, I) if and only if the last row of Hi(w) is linearly dependent on the
foregoing ones. It is given that this is not generically false on Bo and we have to show
that it is then always true on Bo. To do this it suffices to express the statement (S)
"The last row ofM e nln2 is linearly dependent on the foregoing ones" as an algebraic
condition on the elements of M. If this is the case, then w e W(d, 1) is an algebraic
condition on w(1),...,w(do) where do:=dimBo, as w(t), e [do+ l, T], can be
expressed as linear functions of w(1),. ., w(do). As it is given that this condition is
not generically falsified it is satisfied everywhere on Bo, which then proves Lemma 1.

An algebraic formulation of (S) can be derived as follows. Partition M (,,)
where m denotes the last row of M. One easily verifies that {rn linearly dependent on
rows 1/} <::> {ker//= ker M}:>{m r _1_ ker ll}>{m r _1_ ker////}. Let (//T/I/)- denote
the Moore-Penrose generalized inverse of/I///. It is well known (see, e.g., Campbell
and Meijer [1, Thms. 7.3.4, 7.5.1]) that ker/’/)=im(I-(//’m)-)///) and
because//T//is symmetric there exists a polynomial p such that (’///)-= p(////).
Define pi: (1-p(I(/I1I) 1(41(4).e where e denotes the ith unit vector, then (S)
is equivalent to Y (m ,pi)=0 which is an algebraic condition on the elements
of M.
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Proof ofLemma 2. Let Bo C W(d, I) and [0, T- 1]\I= {il," ", ic_, d} as in the
proof of Lemma 1. On Bo the last row of Hi(w) always is linearly dependent on the
foregoing ones, so for all t[1, T-d], for all wBo, {W(ik+t)=O, k[1, c-l]}:=>
{w(d + t)=0}. Because Bo is linear this implies that for all [1, T-d] there is a map
ft Bolik+t;kt,,c--11I nola+,: (w(i, + t)," w(i_, + t)) w(d + t) such that (w(i +
t),. , w(i_ + t), (w(i + t),. , w(i_ + t))) Bol+,;tl,_jia+,I. Linearity of
Bo implies linearity of, say (W(/1 @ t)," ", W(lc_ @ t)):.k= ak(t)W(lk t). Shfl
invariance of Bo implies w(d+t)=(t-w)(d+l)=’ak(1)(t-w)(ik+l)

c--1 c--11k:l ak(1)W(ik+t) for all tel1, T-d] Define R(d,I):= --d+k= ak(1) then
for w "o, w ,(g(d, I)). Hence Bo = ,(g(d, I)) a*(d, I).

To prove Lemma 3 we will make use of a result stated in Lemma 5 which also
plays a role in the proof of Proposition 8.1. Let 0 i <. < ic-1 < d T- c and

(il+ 1) w(il+2) w(il+ T-d)

M(w):= (i+l) w(i+2) w(i+ T-d)

w(i_l+l) w(i_l+2) w(i_+T-d)

LEMMA 5. If rank M(w) c-2 everywhere on Bo, then there exists R O, d(R)
i_l, I(R) [0, T-1]{il,’’’, i-1}, such that Bo B(g)a.

ProofofLemma 5. There is at least one row of M which is not generically linearly
independent from the foregoing ones, say row ko. Exactly analogous to the proof of
Lemma 1 it follows that this row then always is linearly dependent on the foregoing
ones. Exactly analogous to the proof of Lemma 2 this implies existence of ak such

k-I akW(ik+ t) [1 T-d]. By shift invariance of Bo thisthat on Bo w(i+ t) =k=l
then also holds true on [1, T-i]. Define

ko- ikR := ’o k= ak

then BoB(R)a while d(R)=ii_ and I(R) [0, T-1]{il,’’’,ic_l}.
Proof of Lemma 3. Let I e Jo, and define M as before, with { il, , i_l, do} :=

[0, T-1]I.
We state that generically on Bo, rank M(w)= c-1. For suppose this is not true;

then detMMT 0 is not generic, so detMMTO on Bo and rankM(w)c-2 on
Bo. By Lemma 5 this would imply there exists R # 0 such that Bo B(R) *(d’, I’)
where d’i_l < do and I’ [0, T-1]{i, , i_}. Hence Bo B(R)c W(d’,I’) and
d’< do, which contradicts the definition of do.

Now suppose B(R)ePwa*(do, I), j= 1,2. Let R() d +-k=l ai, aJ:=
(, "’’, ac-1), j= 1,2. Using the notation of Lemma 1, this means (a 1, 1)Hi(w)=
(ae, 1)H (w) 0, so (a a)M(w) 0. As generically on Bo rank M(w) c 1, we
get generically on Boa1= a; hence R1 R, i.e., generically on Bo Pw*(do, I)
contains at most one model. From Lemma 2 and the discussion following this lemma
we know that generically on Bo B(R(do, I)) Pw*(do, I). So generically on Bo
PwOa*(do, I) consists of a singleton, i.e., B(R(do, I)).

This concludes the proof of Theorem 2.

Proof of Corollary 7.1. From Theorem 2 we immediately conclude that if Bo 8
then generically on Bo, Bo P w. To prove the corollary, due to Theorem 2 it suffices
to show that {Bo c B8, c(B)=c(Bo)}B= Bo. This easily follows from Lemma
2.1 and the fact that (for R # 0) c(B(R))= d(R).

Proof of eorem 3. (i) The proof is obvious from the definition of pO.
(ii) The proof is obvious from Theorem 2.
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Wo 0(iii) Obviously ptCpt C im Pt c*, so it suffices to show that IBm*c ThisPt"
is immediate from Corollary 7.1.

(iv) Consider pO with the action of pO restricted to models in the set
For monotonicity and shift invariance, consider the inclusion conditions on

which involve modeling wlt,,_j or Wl[2,t] and Will.t]. Assume B= BT(R)[BT with
c(R)+d(R)<-t-1.

For the monotonicity condition, observe wlt,,_jB,_(R)e*_ and
Bt(R)e*,. From Corollary 7.1 it follows that generically in weB o

Bt_I(R) and P,(wlt,,)= ,(R), and the condition B,(R)It,,-, B,_(R)is trivial.
Note that in fact Corollary 7.1 only gives that for example oP,-(wlt,,-)=n,-(R)
generically in wlt.,_e B,_I(R). That this also holds true generically in w e B can be
derived from the fact that d(R)<= t-1 which implies that there is a linear bijection
wlt,,-- w from B,_(R) to B.

d(R) kFor the shift invariance condition, consider two cases for R k=O agO If ak 7 0,
then Wlte.te Blte,t Blt,_l while if ak =0, then wlte.te Bite,,1 Bt_(O"-1g). Generi-
cally in we B, P_(wlre,t)= B,_I(R)in the first case, Pt_l(Wlte,tl)= B,_(O"-Ig) in the
second case. The shift invariance condition is trivially satisfied in both cases.

Concerning linearity, let B e *, 1, 2, then generically in (w, we) e B x
0Pt w B, 1, 2, while due to Corollary 7.1 generically for B e Pt(w + we) B + B B,

which proves linearity. Note that Corollary 7.1 in fact gives B + B2 B e P,w generi-
cally in w e B + Be, but one easily proves that this then also generically holds true in
(Wl, W2) e B x B with w :- w / we.

Finally we will give an example which shows that pO is not monotone and not
shift invariant.

Example. Let T 20, R := O"io + O"9 / 2O"8 / O"7 / 0.6 / 2O-5 / O-4 / O-3 / 2O"2 / O" / 1, SO

c(R)+d(R)=21, and consider B:=B(R). Further define R:=(O"-1)R=
11 O"9 O"8 O"6 O"5 O"3 O"2o- + + + -1 with c(R)+d(R)= 19 and R_ := (O" -1/2)R

O"
11 /1/20.1 0 / _O-9 / _O-7 / _O"6 / 1/20.4 / _O-3 / 1/2o- _1 with c(Re) + d (Re) 20. Then generically

in w= B, P9(w[t,,9)= P,9(wlt,o)= B19(R) while Pow= {Beo(R), Beo(Re)}. So po
is not monotone as B2o(R2)lt,9 B9(R1) and po is not shift invariant as B2o(Re) c
Beo(o-.R). This concludes the proof of Theorem 3.

Proof of Proposition 8.1. For Boer we have to prove that generically in w e Bo
the following holds:

{ReL(w):={R#O; d(R)<-_ T-1 and weB(R)ea*T}}={Boc B(R)}.

We will use some of the lemmas and the notation introduced in the proof of
Theorem 2. Further we define Ko := {(d, I); Bo W(d, I)} and L(w; d, I):= {R e L(w);
I(g)I,d(g)=d}.

According to Lemma 1 generically on Bo, L(w; d, I)= if (d, I) Ko. So generi-
cally on Bo, L(w) (.J {L(w; d, I); (d, I) e Ko}.

The following lemma is crucial in the proof of Proposition 8.1.
LEMMA 6. Let (d, I)e Ko befixed. Then there exist n >-0 and Rj) e [o-],j el0, hi,

such that
(i) d d(g) > d(R) >. > d(g")), I(Rj)) I, j e [0, n];
(ii) Bo B(Rj)) for allje[p, n];
(iii) generically in w e Bo L(w; d, I) spano {Rj), j e [0, hi} := {R; there exists

aj e , j e [0, n], ao # 0, R j=o aR(J}.
We will first give an interpretation of this lemma, then give the proof of Proposition

8.1 using Lemma 6 and finally prove Lemma 6.
Lemma 6 has the following interpretation. Let (d, I)e Ko; then by definition of

Ko for every w e Bo there is a remarkable law Rw with w e B(Rw)e *(d, I). Now the
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lemma states that generically in Bo the class of unfalsified remarkable laws in B*(d, I)
is independent of w e Bo and that this class is spanned by a finite number of "basic
laws" R () which moreover are true laws for Bo.

Proposition 8.1 can be proved by using Lemma 6 in the following way. Generically
on Bo, L(w) U {L(w; d, I); (d, I) e Ko}, and as Ko is a finite set it suffices to prove
that for (d, I)e Ko generically in w e Bo {R e L(w; d, I)}:=>{Bo c B(R)}.

According to Lemma 6(ii), (iii), R e L(w; d, 1) generically is of the form R

=o aR(), ao O, with Bo B(R()), j e [0, n]. Using Lemma 6(i) this implies that for
we Bo,[R)(tr)w](t)-O, te[1, T-d(R())]D[1, T-d].Thisimplies[R(o’)w](t)=O,
re[l, T-d] and hence we B(R) as d(R)=d for ao0. So Bo C B(R), which proves
Proposition 8.1.

Now finally we will prove Lemma 6. First note that if do := min {d; there exists I
such that (d, I)e Ko} then it follows from Lemma 3 that for (do, Io)e Ko, L(w; do, Io)
generically is a singleton B(R(do, Io)), and according to Lemma 2 Bo B(R(do, Io)),
which proves Lemma 6 for do. However, in general for (d, 1)e Ko L(w; d, 1) need not
generically be a singleton. As an example, let T=5, Bo := B(o’-l), then (d, I):=
(2, {3, 4})e Ko and for all we Bo, L(w; d, I) D{R,, c e} where R, := (o-- a)(tr- 1)=
or2- (a + 1)o’+ c.

Proof of Lemma 6. We give the proof by construction. First we define R) and
then we show that these have the desired properties.

Part (i) and (ii). Let (d,I)Ko, [0, T-1]\I={i,i2,...,i_,d}, 0_-<i<&<
< ic- < d (c + d =< T) and define

w(il+l) w(il+2) w(i+T-d)

w(i2.+l) w(6.+2) w(i2+T-d)
H(w) :=

w(it._,+l) W(ic_,+2) W(ic_l+T-d)
l w(d+l) w(d+2) w(T)

and let Mk(w) consist of the first k rows of H(w).
As Bo W(d, I), Lemma 2 implies there exists R) such that Bo B(R))e

B*(d,I).
--1Now note that for R 2k=l ak’k q- actrcl, a 0, a := (al, , a,.), there holds

{R L(w; d, I)}aH(w)=O. If generically on Bo rank M_(w) c- 1, then generi-
cally a is unique up to a constant factor and hence generically L(w; d,I)=
{R;0 } and Lemma 6 is shown with n =0.

So suppose not generically rankM_l(W)=c-1; hence not generically
detM_(w)M_l(W)rO, so detMc_(w)M_(w)O on Bo and on Bo
rank M_(w) c-2.

Lemma 5 implies there exists R’ with Bo= B(R’) and d(R’) i_ < d d(R)),
I(R’) I {d}. Let R be such a law for which d(R) is maximal. Let d(R) id,
and I := [0, T- 1]{1i,. , id,}.

Now either generically on Bo, rank Md_(W) d 1, in which case generically
L(w; id I1) {R(), 0 G} and we stop, or rank Md_(W) d-2 on Bo. In the
latter case we find, using Lemma 5, a law R) of maximal degree in the class of laws
with I(R") IlU{id} such that Bo B(R"). So Bo B(R). Let d(R)) id id,- <
id,= d(R) and I:=[0, T-1]{i,..., ida}.

Going on in this wa we find a number n c- 1 such that forj [0, n] there exists
R) with Bo=B(R)), I(R))I, d(R))<d(R-)) while for id,,:=d(R)), I,:=
[0, T-1]{i,..-, id.} generically on Bo rank Md,,_(w)= d,- 1, so generically on Bo
L(w; id., I,)= {aR("), 0 a }.
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In this way we have defined n, R (j), j [0, n] with d d(R() > d(R()) >. >
d(R(")), I(R ()) I and Bo C B(R()). This proves (i) and (ii).

Part (iii). If R=Zj__o aR) ao#0, then d(R)=d, I(R) I and Bo c B(R)B*r,
so R L(w; d, I). We now have to show that generically on Bo if R L(w; d, I) then
there exists (ak), ao # 0, such that R --o ajRj) Without loss of generality we assume
R and R j) to be monic, j [0, n].

So let R L(w; d, I) be given. If R R( then we are done, else define R :=
{R-R()}.flo with flo such that R is monic. We state that generically on Bo there
exists j [1, n] such that d(R)= d(RO)). For suppose this does not hold true, then
there exists ik I\{d(RJ),j [0, n]} such that in H(w) row k is not generically linearly
independent of the foregoing ones; hence by Lemma 1 it is always linearly dependent
on them and Lemma 2 implies there exists Rik, d(Rik) ik, I(
[0, T- ]\{ i, , ik} with Bo B(Ri). Now ik < d (R ")) is impossible by definition
of n, so d(R")) < k < d(R)). Let j be such that d(Rj)) < k "(d(RJ-)) =: dj_; then
this contradicts the construction of Rj) as being of maximal degree in the class of
laws R such that I(R) [0, T-1]\{i, i2,..., id_,-} and Bo B(R).

So indeed generically on Bo there existsj 1, n], sayj, such that d(R) d(RJ,)).
tf R R,), then stop, else define R:= {R-R,)} fl where fl is such that R2 is
monic. Going on in this way we generically reduce R to laws of lower degree in the
set {d(RJ)), j[1, n]}. The process generically will end either if we find a k[1, n]
such that Rk Rj or get Rk with d(Rk)= d(R")). As rank Md._(w) d,- 1 generi-
cally on Bo, also generically Rk Rn) in the latter case.

In this way we have that generically on Bo if R L(w; d, I) then R R)+flR
R()+flo-R’)+flfl-R and going on in this way we find aj, ao 1, such that
R Y__o aR

This concludes the proof of Lemma 6 and hence of Proposition 8.1.
Proof of Corollary 8.1. According to Proposition 8.1 generally in w

B(R(w)), so generically w B(R(w)) and hence generically P*w= B(R(w)), R(w) :-
GCD{R; R6L(w)}. So generically on Bo if RL(w) then Bo B(R) and P*w=
B(R(w))= B(R). [3

Proof of Corollary 8.2. Let R:=GCD{R#0; d(R)<=T-1 and Bo =B(R)*T},
R(w) := GCD {/;/ 6 L(w)}. From Corollary 8.1 generically on Bo if/ L(w) then
BoB(/)*r; hence by using Proposition 2.4(ii) generically on Bo, B(R)c
B(R(w)) P*w. On the other hand, if/ 0, d (/) _-< T and Bo B(/) *, then
on Bo . L(w) so B(R(w)) B() which implies B(R(w)) B(R), so generically
on Bo P*rw B(R).

ProofofProposition 8.4. Let Bo. As/(w) L(w) we conclude from Corollary
8.1 that generically on Bo, {/(w)}={Bo= B(/)}. So generically on Bo, Bo C
B((w)) and hence generica,ll’y /5*rw B((w)) where /(w):= GCD {/;/ /(w)}.

Now define R := GCD {R 0; d(/) _-< T- and Bo = B(/) /*r}. For every/ 0,
d (/ _-< T with Bo = B(/ * on Bo/ 6/( w); hence B(/ (w) = B R and generi-
cally _b*w= B(R). On the other hand generically on Bo for/ /(w) Bo B(/) *r;
hence generically B(R)= B(fC(w)) and generically B(R)= 15*w.

T-1 kProof of Proposition 8.5. For R ’.k--o aktr [tr] let l(R):= min {k; ak 0}. It
easily follows that {B(R)T}C{I(R)=O}.

Let Bo B(Ro)ST. From Corollary 8.2 and Proposition 8.4 it follows that
generically on Bo, P*rw B(R) and /5*w B(/), where R :-- GCD {R’ 0; d(R’)
T-1 and Bo C B(,R’) a’T} and/ := GCD {/’ 0; d(R’)<-_ T-1 and Bo = B(/’) *r}.

(i) Let Bor, so/(Ro) =0, and R’#0, d(R’) < T-1 such that Bo B(R’)*T"
Then according to Lemma 2.1 there exists F’ such that R’= F’Ro. If := l(R’) l(F’) 0
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then define i#’ by /3,:= o--l. F’ and /’:= ’Ro. So Bo C B(/’)I*T as /(/’) =0 and
c(/’) + d(/’) c(R’)+ d(R’)- 1 _-< T- 1 -< T. Now R’= o-l./ and it follows that R
GCD{R’0; d(R’)<-_r-1 and BocB(R’)eB*r}=GCD{’O; d(/’)_-<T-1 and
Bo c B(/’) ’7-} =/ and hence generically P*rw =/3*T W.

(ii) Let BOBT, Bor, so l(Ro)_-> 1. If d(R’)<-r-1 and Bo B(R’)eB*r then
there exists F’ R’= F’Ro and hence l(R’)-> 1, so B(R’) *r. This implies that g.eneri-
cally on Bo, L(w)= , as according to Corollary 8.1 generically on Bo, {R
L(w)}{Bo B(R)e*r}. So generically on Bo, /(w) =0 and/3*rw=
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ERGODIC CONTROL OF MULTIDIMENSIONAL DIFFUSIONS I:
THE EXISTENCE RESULTS*
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Abstract. The existence of optimal stable Markov relaxed controls for the ergodic control of multi-
dimensional diffusions is established by direct probabilistic methods based on a characterization of a.s. limit

sets of empirical measures. The optimality of the above is established in the strong (i.e., almost sure) sense

among all admissible controls under very general conditions.

Key words, ergodic control, Markov controls, optimal controls, empirical measures, invariant probability
measures
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1. Introduction. The "ergodic" or "long run average cost" control problem for
multidimensional diffusions is one of the few classical problems of stochastic control
that still eludes a completely satisfactory treatment. The problem can be formulated
as follows: Let U be a compact metric space called the control set. Let X(.) be an
R n-valued controlled diffusion process on some probability space satisfying the stochas-
tic differential equation

(1.1) dX(t)=m(X(t),u(t))dt+ty(X(t))dW(t), X(O) Xo,

for O, where
(i) tn(.,.) [ml(’,’)," ", mn(’,’)]r R x U-> R is continuous and satisfies

for all x,yR n, u6 U,

Jim(x, u)- m(y, u)] <= Kllx- yil,

re(x, u)ll--< g

for some constant K > 0.
(ii) r(. liar0(. )]]: R - R satisfies for x, y R n,

r(x)- r(y)]l _-< Kllx-yl], IIo-(x) ]]-< K,

IIxll _-> Ilxll (uniform ellipticity)

for some constants h > 0, K > 0.
(iii) Xo is a prescribed random variable.
(iv) W(. WI(’)," , Wn(’)]r is a standard n-dimensional Wiener process

independent of Xo.
(v) u(.) is a U-valued process with measurable sample paths satisfying the

following "nonanticipativity" condition: For _-> s _-> y _-> 0, W(t) W(s) is independent
of u( y).

A process u(.) as above will be called an admissible control. Of special interest
is the case when u(.)= v(X(.)) for some measurable v" Rn- U. In this case, (1.1)
will have a strong solution [29] implying in particular that u(.) is admissible. X(.)
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will then be a homogeneous Markov process. Hence we call such a u(.) or, by abuse
of terminology, the function v itself, a Markov control. A Markov control will be said
to be stable if the corresponding process is positive recurrent and thus has a unique
invariant measure. (The uniqueness is ensured by our uniform ellipticity condition.
See, e.g., [6], [18] or [28, Chaps. 30-32].) If u(.)= v(X(.),.) for some measurable
v:R"x R/- U, the corresponding process will also be a Markov process, albeit not
a homogeneous one. Call such a u(.), or again, by abuse of terminology, the map v
itself, an inhomogeneous Markov control. The admissibility of these once again follows
from the existence of strong solutions for the corresponding s.d.e, as in [29].

Let c:R"x U U be a continuous function called the cost function. We assume
that

(1.2) c(., .)=>-K
for some constant K. In the ergodic control problem, one typically seeks to minimize

(1.3) lim sup- E[c(X(s), u(s))] ds

or a.s. minimize

(1.4) lim sup c(X(s), u(s)) as
t--

over all admissible controls. An admissible control is said to be optimal in the mean
if it minimizes (1.3) and a.s. optimal if it a.s. minimizes (1.4). The primary aims of the
ergodic control problem are the following:

(i) to show the existence of a stable Markov control which is optimal in an
appropriate sense (cf. above definitions of optimality), and,

(ii) to characterize the same via the dynamic programming equation (the "Hamil-
ton-Jacobi-Bellman" equation).

The first attempt in this direction is perhaps [24, Chap. VII where a one-
dimensional compact state space was. considered. Subsequent works considered the
multidimensional case as well. An extensive survey of these appears in [25]. Here, we
shall briefly recall the focus of some recent works. The traditional approach to this
problem, inherited from earlier developments in discrete time and discrete state space
situations, is to start with the Hamilton-Jacobi-Bellman (H.J.B.) equation and arrive
at an existence result for optimal stable Markov control using this equation, the equation
itself being approached by a "vanishing discount" limit argument from the correspond-
ing H.J.B. equation for the infinite horizon discounted cost control problem. The most
recent development in this direction is [27] where the H.J.B. equation is studied under
a condition on the gradient of the cost. Another recent work [12] also focuses on the
H.J.B. equation, but treats it as a limiting case of finite horizon problems instead of
discounted cost problems on infinite time horizon. The only direct proof of existence
of an optimal stable Markov control by probabilistic compactness arguments seems
to be [21], which also considers the corresponding maximum principle.

These works share one or more of the following limitations:
(a) Optimality in the mean and not a.s. optimality is considered.
(b) Optimality is established only within the class of Markov controls and not

with respect to all admissible controls.
(c) The system model is often more restrictive than the above, e.g., it is sometimes

assumed that o-= the identity matrix and m(x, u)= u.
(d) Either a blanket stability assumption is imposed or a condition on the cost

function which penalizes instability is assumed.
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It is clear that some condition on cost or stability must be necessary to give the
desired existence of an optimal stable Markov control. For example, consider the case

c(x, u) exp (-Ilxl12),
Then the cost of any stable Markov control is a.s. positive while that of an unstable
Markov control is a.s. zero, making the latter optimal.

In this paper, we extend the approach of [7], [8], [11] to multidimensional
diffusions. In the one-dimensional case, this was partially done in [5], [9]. These works,
however, use many specificities of the one-dimensional case in a crucial manner. Here
we address only the first of the two issues mentioned above, viz., the existence of stable
optimal Markov controls, thus subsuming the results of [9]. The second issue, viz., the
dynamic programming equations will be treated in a subsequent publication [15]. The
advantages of our approach are the following:

(1) Almost sure optimality (as opposed to optimality in the mean) of a stable
Markov control is established in the class of all admissible controls.

(2) The approach has a more probabilistic flavor than the previous ones and
brings out certain features of the problem (e.g., asymptotics for the empirical measures)
not apparent in the latter.

The main disadvantage of our approach is that we have to work with the larger
class of relaxed controls. This means that we assume U to be of the form P(V)= the
space of probability measures on some compact metric space V with the topology of
weak convergence and c, m to be of the form

c(x, u) I ?(x, y)u(dy), m(x, u) I r(x, y)u(dy), l <= <= n
v v

for some ’: R" x VR and r R" x V R", r(., .)= [the(., .),..., rh,(., .)], which
satisfy the same hypotheses as c, m, respectively, but with V replacing U. Note that
any V-valued process v(. can be identified with a U-valued process u(. defined by
u(t) =the Dirac measure at v(t) for t-> 0. Thus relaxed controls subsume controls in
the ordinary sense. In fact, if c has no explicit control dependence and m(x, U) is
convex for each x, each relaxed control can be identified with a control in the ordinary
sense by a straightforward application of the selection theorem in Lemma 1.1 [3], as
was pointed out in [9]. In [5], it was shown in the one-dimensional case that the
dynamic programming equations allow us to do away with the relaxed control
framework. Analogous development in the multidimensional case will be reported in
{15].

The use of relaxed controls is tantamount to compactifying the space of control
trajectories in a certain precise sense. A nice exposition of this can be found in [2, 1.9,
pp. 31-36]. The concept of relaxed controls was first introduced in deterministic control
theory in [31]. Its use in stochastic control dates back to [14].

For a stable Markov control v, we shall denote by r/ the corresponding unique
invariant probability measure for X(. ). We assume throughout this paper that at least
one stable Markov control v exists such that

c(x, v(x))n (dx)<-.

Thus

(1.5) a inf f c(x, v(x))rl, (dx)
stabl Markov
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is well defined. We shall prove our existence result under two sets of assumptions. In
the first one, we assume that c is near-monotone in the sense that it satisfies

(1.6) lim inf inf c(x, u) > .
The terminology is suggested by the fact that (1.5) is always satisfied when c(x, u)=
k(llxll) for a monotone increasing k" R+- R. Such costs discourage unstable behavior
for obvious reasons and arise often in practice.

The second case we shall consider is a Lyapunov-type stability condition the
details of which are left to 3. For the time being, we only mention that in particular
it implies the stability of all Markov controls.

The plan of the paper is as follows" Section 2 establishes a characterization of
a.s. limit sets for empirical measures of the joint state and control process along the
lines of [9]. This leads to the existence result in the near-monotone case. Section 3
gives a full statement of the Lyapunov condition mentioned above and uses it to prove
certain moment bounds for a class of stopping times to be defined later, which in turn
implies that all Markov controls are stable and the set of their invariant probability
measures is compact in p(Rn). (P(S) will always denote the space of probability
measures on a Polish space S with the topology of weak convergence.) Section 4 proves
the existence of an optimal stable Markov controls under the conditions of 3.

2. Existence in the near-monotone case. The key result of this section is Lemma
2.2, which characterizes the a.s. limit sets of the process of empirical measures we are
about to define. This immediately leads to the desired existence result for a near-
monotone cost (Theorem 2.1).

Let/" R" U {oo} be the one point compactification of R" and let H {A x BIA, B
Borel subsets of R", V} respectively. For => 0, define the empirical measure , on H by

ff,(A x B) =)- I{X(s)A}u(s,B) ds

for X(.), u(.) as in (1.1), with

u(s, B)= I du(s), B c V.
JB

For each fixed sample point and fixed t, 7, extends uniquely to a v, P(R x V). This
defines the process of empirical measures ,,, => 0, taking values in P(R"x V). Since
the latter is a compact space (because R x V is compact), {,,} converges to a sample
point dependent compact subset of p(Rnx V) as t- c.

Each r/ p(Rnx V) can be decomposed as

(2.1) rl(A)=6(rl)rl’(Af’l(R"x V))+(1-6(rl))rl"(A({oo}x V))

for A Borel in Rx V, where 6(r])[0, 1], r/ 6P(R x V) and r/" P({oe}x V). This
decomposition can be rendered unique by imposing a fixed choice of r/’ p(RnX V)
(respectively, r]"eP({o}x V)) when 6(r])=0 (respectively, 1). Disintegrate r/’ as
follows:

(2.2) f(x, y)rl’ (dx, dy)= f(x, y)v,(x, dy)rl* (dx)
Rn V R V

for all bounded continuous f" R"x V--> R, where r/* is the image of r/’ under the
projection R X V--> R" and v, (x, e U for x e R" is the regular conditional law. Then
the map x--> v,(x,. )" R"--> U can be identified with a Markov control which we also
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denote by v, (i.e., v,(x) U is defined by v,(x) v,(x, ), the right-hand side defined
as above). Note that this v, is defined only r/*-a.s. We pick any one representative of
this a.s.-equivalence class. Throughout this paper, this choice of a representative is
immaterial wherever the above decomposition is used.

Thus we have associated with r/P(RnxV) the objects 6(r/)[0,1],r/’
P(R x V), rl" P({oe} x V), *7* P(R"), vn" R - U a Markov control. If in addition
v vn is stable, we also have its unique invariant probability measure r/. This notation
plays an important role in what follows.

Let Co2=the Banach space of twice continuously differentiable maps R" R
which, along with their first and second partial derivatives vanish at infinity, with the
norm

Ilfll =sup Ifx)l+ sup
il

f(x)
Oxi

+ ,
sup

i,j=l

(x)
OXiOXj

For any f Co, let

and for any Markov control v,

(Lf)(x) f (Lf)(x, y)v(x, dy)
V

(x)

where the meaning of the right-hand side is obvious.
Let G be a countable dense subset of C Then G is also countable dense in0"

Co {f C(R")I limllxll_f(x)--O} with supremum norm. In particular, this implies
that it is a convergence determining class and hence a separating class for P(R") (i.e.,
fd, fdlxforf G, {/n, n 1, 2, ,} P(R"), implies/z, -/xin P(R n) and
Ifd fd for f G, tx, ’ P(R) implies /x ,).

LEMMA 2.1. If , P(R) satisfies

(2.3) f Lfdu 0 forf e G

for some Markov control v, then , 7. (Recall that % is the unique invariant probability
measure under v, whose stability is thus a part of the conclusion.)

Proof By a standard approximation argument, (2.3) holds for all f C =the
space of twice continuously differentiable functions with bounded first and second
derivatives. Let X(. be a diffusion governed by the Markov control v and with initial
law ,. Let ,, the law of X(t) at time t, -> 0. Then { ,,} satisfies the forward Kolmogorov
equation

Since the solution of this p.d.e, is unique and 9, , is a solution by virtue of (2.3),
the claim follows. Q.E.D.

LEMMA 2.2. Outside a set of zero probability, each limit point , of {ut} for which
() > O, satisfies

(2.4) 9*= r/,.

Remarks. Note that we do not claim pathwise tightness of {ut}, which would
correspond to 6(9) a.s. This cannot be true in general, e.g., for an unstable Markov
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control. Thus we must allow for the possibility 6(v) < 1, which necessitates the compac-
tificatio of the state space as done above.

Proof For f G, Ito’s formula gives

f(X( t)) f(X(O)) Lf(X(s), y)u(s, dy) ds
V

(9.)
+ f(X(s)), (X(s)) aW(s).

By standard time change arguments (see, e.g., [13, 6.1] or [17, 3.1,4.4]), the
stochastic integral term above can be shown to be of the form B(r,) for a standard
Brownian motion B(.) and a process of time change r, satisfying

lim sup
rt-< a.s.

t--->

Since

we have

Hence

B(-r,)
lim =0 a.s. on {lim rt oo} and < a.s. on {lim r, < oo},

B(’rt)
lim
l--

=0 a.s.

limlfo’Iv-t--,
Lf(X(s), y)u(s, dy) ds limt_.. Lfdvt =0 a.s.

Since G is countable, we can find a set N of zero probability outside which the above
limit holds for allf G. Then outside N, each limit point u of {u,} with 6(,)> 0 must
satisfy

Lfd,’=O forf G.

The claim follows from Lemma 2.1. Q.E.D.
Lza 2.3. Under a stable Markov control v,

lim
1 o c(X(s) v(X(s))) ds c(x, v(x)) (dx).

See [6] for a proof using the ergodic theorem.
LEMMA 2.4. For a near-monotone c, there exists a stable Markov control v such that

v(x)), (dx)= .
Proof Let {v} be a sequence of stable Markov controls such that

c(x, v.(x)) (dx) .
Define p P(R" x V) by
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for bounded continuous f:R" x V R. Let p be a limit point of {p,} and let

For f6 G, we have

f Lfdrl,. f Lfdp, =0, n=l,2,...

Letting n- c along an appropriate subsequence,

Lfdpo= O.

By Lemma 2.1 and the decomposition (2.1),

p= r/,o if6(p)>O.

Now, the near-monotonicity of c implies that for some e > O,

lim inf inf ?(x, u) > a + e.

Using this, we can construct continuous maps cm" R" V- R, m -> 1, such that

c’(o, u)= a + e, m >- l,

c’(x, u) T ?.(x, u) on R" x V.

Thus

Letting n - ,
limf ’dp’, a_-> (f c’dp’)6(po)+(1-6(po))(a+e).

Letting m- c on the right-hand side,

a >= (f ?dp’) 6(po)+(1-6(po))(a + e).

If 6(po) > O,

fg.dp’Ivoo(x))rl=a= c(x, (dx) >

by the definition of a. Hence we must have 3(p)= 1 and

I?dP’=fc(x,v(x))rloo(dx)=a. Q.E.D.

As we remarked earlier, v is defined p*-a.s, and it does not matter which
representative we pick.

THEOREM 2.1. For a near-monotone c, there exists a stable a.s. optimal Markov
control.
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Proof Using Lemma 2.2 and arguments similar to those employed in the proof
of the above lemma, we can show that

lim inf
1 I c(X(s), u(s)) ds >-_ c a.s.
3o

The claim now follows from Lemmas 2.3 and 2.4. Q.E.D.

3. Tightness of invariant probability measures. In this and the next section, we
study the situation where the near-monotonicity condition on the cost is dropped, but
instead we impose a Lyapunov-type stability condition which, among other things,
will be shown to imply that all the Markov controls are stable and their invariant
probability measures form a compact set in P(Rn). This, in fact, is the principal result
of this section (Theorem 3.1, Corollary 3.2), the proof of the existence of an a.s. optimal
Markov control being left to 4.

Before we give a precise statement of this condition, we mention the following
technical lemma.

LEMMA 3.1. Let Xo x R", > O, u( be an admissible control Then the law of
X(t) has a density p(t, x,. with respect to the Lebesgue measure on R, satisfying

(3.1) clt-"/2exp(-c2llx-yll2/t)<-p(t,x,y)<-c3t-"/2exp(-c4llx-yll2/t)

for some constants ci > 0, 1, 2, 3, 4, independent of x, t, u (.), 0 < =< T.
Proof If u(. is an inhomogeneous Markov control, this is precisely the estimate

of[ 1 ]. For arbitrary u(. ), the law of X(t) is the same as that under some inhomogeneous
Markov control by the results of [10] and we are done. Q.E.D.

The Lyapunov-type condition we use is the following:
Assumption A. There exists a twice continuously differentiable function w: R" - R

lim w(x)=+ uniformly in Ilxll,

(ii) there exist a > 0, Co> 0 such that whenever Ilxll > a,

(3.3) Lw(x, u) <-Co for all u U,

(3.4) IlVwll>

(3.5) (iii) II(x)(x)ll-/exp(-c411x-yll/)dxd<o r>0,

where c4 is as in Lemma 3.1.

Remarks. (a) Equation (3.5) is a mild technical condition that ensures (by viue
of Lemma 3.1) that the stochastic integral

o
((x(, (x( w(, r>0,

is always well defined.
(b) We have chosen the above formulation of a Lyapunov-type condition because

it is easily stated and still quite general. Other variants are possible (see, e.g., [21] for
one). For the general theory of stochastic Lyapunov functions, see [19]. The key
consequence of the above assumption for our purposes is Lemma 3.2 below. Thus any
condition that implies Lemma 3.2 will suce. In fact, the crudeness of estimates used
in proving the lemma shows that there is ample scope for improvement.

satisfying"

(3.2) (i)
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(c) As an example, consider n 1, or(. 1, m(x, u) <= -e for x sufficiently large
and >-e for -x sufficiently large for some e > 0. Then w(x) x will do the job.

Let B1, B2 = R be concentric balls centered at zero with radii rl, r2 and bound-
aries 6B, B2, respectively, where we choose r2> r>a such that for some

a >0,  xllw(x)l < a} is nonempty and contained in B1. Let a2 maxxB2 Iw(x)l and

03 a 02.
LZMMA 3.2. Let Xo=x 6B2 and r=inf{tOlX(t) 6B}. en

(3.6) sup E[r2] <

where the supremum is over all x 6B2 and all admissible u(. ).
Proof For > 0,

P(r t)= P(,to,min, w(X(s))al, r t)
N P min {Vw(X(s)), (X(s)) dW(s)} a + o

by (3.3). Using the random time change argument we used earlier,

o’(Vw(X(s)),

(X(s)) dW(s))= B((t))

for a standard Brownian motion B(. with

io(t)= II  (X(s))Vw(X(s))ll dseAeot.

(Recall that Z is the ellipticity constant for ) Thus

n(r t) 2n(B(&eot) cot + a3)

2(2leot) -1/ exp (-y/21eot) dy.

It is not hard to verify from this that

tP(r t) < <dt K

where the constant K is independent of the choice of x in 8B2 and of u(. ). The claim
follows. Q.E.D.

Now take Xo x 2 and define r’ inf { 0IX (t) 6B2}. We have the following
companion result to the above, which, however, does not need Assumption A.

LZMMA 3.3.

(3.7) sup [(’)] <

where the supremum is over x B2 and admissible u (. ).
In order to prove this result, we need another technical lemma, Lemma 3.4 below,

which will also be useful elsewhere in this paper. Let {F,} denote the natural filtration
of x(.).

LMMA 3.4. For any {F,}-stopping time r, the regular conditional law of X(r+.
given F on {r<} is a.s. the law of a controlled diffusion of the same type as (1.1).
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Proof The results of [30] (see Theorem 4.3 and the final comments on p. 632)
allow us to assume without any loss of generality that {F,} is the canonical filtration
on C([0, ); R") and u(. is of the form

u(t)=G(t,X(.))

for some measurable G’[0, ) x C([0, ); R") U which is progressively measurable
with respect to {G}. By Lemma 1.3.3 of [26, p. 33], a version of the regular conditional
law of X(z+.) given FT on {z<} will be a.s. given by the law of a controlled
diffusion X(. as in (1.1), but with initial condition X(z) and control (.) given by
(t)= G(z+ t, X(. )) with z and the restriction of X(. to [0, z] being held fixed as
parameters. Q.E.D.

From here on, Mi(S), S c R", i= 1, 2, will denote the set of X(. as in (1.1) under
Markov/arbitrary admissible controls, respectively, with initial law supported in S.

ProofofLemma 3.3. By the results of 10], the law of X(t) for any > 0 coincides
with that under some inhomogeneous Markov control and thus by the uniform ellipticity
assumption on gr, is absolutely continuous with respect to the Lebesgue measure.
(Recall (3.1).) Let X(.) M2(/2), z=inf{t>=O[X(t)/2}. Then for t>0,

P(-= t) <= P(X( t) 6 B2) 0

and thus P(-= t)=0. Fix t>0. Let {X"(.)} be a sequence in M2(B2) such that if{""}
denote the corresponding first exit times from B2,

p(.,n > t)’ sup P(’> t).
X(" ) M2(2)

As in the proof of Theorem 3.1 of [20], one can argue that X( .)- X(.) in law
along a subsequence (denoted {n} again by abuse of notation) where X(
(The only difference with Theorem 3.1 of [20] is the varying initial law. This can,
however, be easily accommodated since the initial laws are supported on B and hence
are tight.) By Skorokhod’s theorem 17, p. 9], we may assume that this convergence is
a.s. on a common probability space. (See [20] for an analogous argument.) Let
’=inf{t>=O]X(t)_2} and =inf{t>=OJX(t)6B2}. Path continuity of {Xn(.)}
and simple geometric considerations show that for any sample point, any limit point
of {’"} in [0, ] must lie in [,, -]. By our uniform ellipticity condition on rcr, "= ’a.s. Thus ’" - ’ a.s. Since P(-= t)=0, P(-" > t) P(-> t). Since

P(-> t)<=P(X(t)2)<l,
we have

/3 sup P(-> t)< 1.
X(" M2(/2)

Hence for X(.)M2(3B,)c M2(B2),

P(’> nt)= E[I{’> nt}]

E[E[I{-> nt}]/F,,_,),]I{-> (n- 1)t}]

<=E[I{->(n-1)t}]

by Lemma 3.4. Iterating the argument,

P(’> nt)".

The rest is easy. Q.E.D.
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Define the extended real-valued stopping times

(3.8) rl=inf {t>-OlX(t) B1),

(3.9) sn inf { -> ’n IX (t) 8B2},

(3.10) ’,,+1 inf { _-> s,, IX(t) B1}

for n 1, 2,..., where as usual the quantity on the left is set equal to + if the set
on the right is empty.

Let v be a Markov control and X(.) the corresponding process with initial law
supported on dB1. By the above three lemmas, E[], E[-]< for all with "rl =0.
Then X(r), i= 1,2,..., is a Bl-valued Markov chain having a unique invariant
probability measure (say, q) as argued in [18].

COROLLARY 3.1. The measure rl P(R) defined by

fdn f(X()) dt /E[-], f Cb(R’),

with the law ofX(O)= q, coincides with r. (In particular, v is stable.)
For a proof, see 18].
Let { v,} be a sequence of Markov controls and X"(. the corresponding diffusions

as in (1.1) for some initial laws and suppose that X(.)-X(.) in law for some
process X( ).

LMMA 3.5. X( is.a diffusion satisfying (1.1) for some Markov concrol.
Proofi Let T,, t_-> s, denote the transition semigroup for X (.), n-> 1. Let f

C2(R) with compact support and g Cb(R x R x R (m times)) for same m -> 1.
r rrX(s)))g(Xn(tl),Then for -> s _-> t, _-> tm_ --> _> t _-> 0, E[(f(X(t)) s,,j,

Xn (tm))] 0, r/ 1, 2, For each n, T.", if(. satisfies the appropriate backward
Kolmogorov equation. From standard p.d.e, theory (see [22, Chap. III] or [32, pp. 133-
134]), it follows that T",,f(. ), n 1, 2, , are equicontinuous. Since they are clearly
bounded, they form a sequentially precompact set in C(R) with the topology of
uniform convergence on compacts. Let Ts, tf(" be a limit point of the same in C(R ).
Passing to the limit in the above as n a3, it is easily seen (e.g., using Skorokhod’s
theorem) that E[(f(X(t)) Ts,,f(X(s)))g(X(t),..., X(t,))} 0. Since f, g, {t,}
were arbitrary, a standard argument using the monotone class theorem establishes the
Markov property of X(.). By Theorem 3.1 of [20], X(.) satisfies (1.1) for some
u(. ). Argue as in [15, pp. 184-5], to conclude that u(. must be of the form u(. )=
v(X( ), for some measurable map v R R+ U. Since T,tf depends on t, s only
through t- s for each f and n 1, 2, , the same must be true for Ts,tf in view of
the above limiting argument. It follows that X(.) is a time-homogeneous Markov
process and hence u(.) is in fact a Markov control. Q.E.D.

THEOREM 3.1. The set {r/lv Markov control} is compact in P(R").
Proof. Let {vn} be a sequence of Markov controls and X"(.) the corresponding

diffusions whose initial laws will soon be specified. Define {-’}, {s’} as in (3.8)-(3.10)
correspondingly. Let q" be the unique invariant probability measure for the chain
{X"(-’)}. Set the law of X"(0) equal to q" for each n 1,2,.... Argue as in the
proof of Theorem 3.1 of [19] to conclude that X"(.) X(.) in law along a sub-
sequence, denoted {n} again by abuse of notation. By Lemma 3.5, X( satisfies (1.1)
for some Markov control v. Invoke Skorokhod’s theorem as before to assume that
the above convergence is a.s. on a common probability space. Define {-}, {} as in
(3.8)-(3.10) for X( ). By arguments similar to those used to prove ’" - - a.s. in the



ERGODIC CONTROL OF DIFFUSIONS 123

proof of Lemma 3.3, we can inductively prove that

(3.11) ’’ ’7 a.s., :’ - :7 a.s.

Thus

(3.12)
X"(zT)- X(zT) a.s.,

for all i.

T"i+

f(Xn(s)) ds-, f(X(s)) ds a.s. for all

where f Cb(R n). By Lemmas 3.2 and 3.3,

(3.13) sup E[(r)2] <

and hence {r, n => 1} are uniformly integrable. Thus

[]-[],
(3.14)

E f(X"(s)) as E f(X(s)) as

by (3.11), (3.12). By Corollary 3.1,

f farts.
(3.15)

E[f(X"(s)) as]
E[,r,]

E[Tf(X(s)) ds]

f Cb(R)

Since ’’=0 a.s. n=l,2,..., T --’0 a.s. Since for each n=l,2,..., {Xn(’l’i),i
1, 2, .} are identically distributed, it follows that {X(-i), 1, 2, .} are identically
distributed. Thus the initial law of X(.) equals the unique invariant probability
measure for the chain {X(-i), i= 1, 2,...}. Hence by Corollary 3.1, the right-hand
side of (3.15) equals fdl. Thus r/, r/ in P(R"). The claim follows. Q.E.D.

COROLLARY 3.2. There exists a Markov control v such that

c(x, v(s))rl, (dx)= a.

Proof Pick {v,} above so that

c(x, v.(x))no (dx) , .
Define p, e P(R" x V), n 1, 2, , by

f f(x,y)pn (dx, dy)=fff(x,y)vn(x, dy)l, (dx), fECb(RnxV).

Since V is compact, the above theorem implies that {p,} is tight in P(R"x V) and
hence converges along a subsequence (denoted n again) to some po P(R" x V). Argue
as in the proof of Lemma 2.4 to conclude that p is of the form

p (dx, dy)= n (dx)v(x, dy)

for some Markov control v. Then

c(x, v(x))n (dx)= ,

follows from Fatou’s lemma and the definition of a. Q.E.D.
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4. Existence of an oPtimal Markov control under Assumption A. In this section,
we shall show that the Markov control in the statement of Corollary 3.2 is a.s. optimal.
Before we get down to the main result (Theorem 4.1), we shall collect together a few
minor consequences of the foregoing that will be used later.

LEMMA 4.1. {E[]lX(.)e M1(BB1)] is bounded from above and bounded away
from zero from below.

Proof The upper bound follows from Lemmas 3.2-3.4 in an obvious manner. An
argument similar to that leading to (3.14) can be employed to show the rest. Q.E.D.

LEMMA 4.2. The set ofprobability measures rl defined by

fdr E f(X(t)) dt /E[r], f Cb(Rn),
R

for X(. ) MI(B1) is tight in p(Rn).
Proof. This can be proved the same way as Theorem 3.1 by showing that each

sequence has a subsequence that converges in P(Rn). Q.E.D.
Let {f,} be a collection of smooth maps R [0, 1] such thatfn(x) 0 for Ilxll <- n

and 1 for Ilx --> n + 1.
LEMMA 4.3. For any e >= O, there exists N >= 1 such that for all n >= N and X(.)

M(SB),

E fn(X(s)) ds < .
Proof Let Y(’)=X(I+’). Let /3,. denote the first exist time from

Ilxll--< m}\B where m is any integer sufficiently large so that Ilxll < m for x B2.
(We do not specify for which process, leaving that to depend on the context for
economy of notation.) Consider the control problem for X(. M2(6B2) with the cost

for some n, m. By the results of [4, IV.3, pp. 150-155], an optimal Markov control
exists for this problem. Thus

E fn(Y(s)) ds <= sup E f.(X(s)) ds
’(. ) Ml(6B2)

For large n, f,, 0 on B2 and hence the above is the same as

E f.(X(s)) ds <= sup E f.(X(s)) ds
2(.)Ml(6S)

where y,. (respectively, ,.)=inf{t ,lx(t) (respectively, .,(t)) {x Ilxll m}\B1}.
Since y,.’r2 as., we have

(4.1) E f,(X(s)) ds <

,,( ) M(6B
E f.(X(s)) ds <= e,

for n sufficiently large, by virtue of Lemmas 4.1, 4.2. Q.E.D.
LEMMA 4.4. The set {E[r]lx(. ) M(6B,)} is bounded from above and bounded

away from zero from below.
Proof The first claim is proved by the same arguments that imply the first half

of Lemma 4.1. The second claim follows by arguments similar to those used to prove
a similar claim for M(6B1) in Lemma 4.1 with the following change: We consider
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a sequence {X"(.)} in Mz(6B1) instead of MI(6B1), with initial laws arbitrary in
P(6B,). Q.E.D.

We can now prove the main result of this section.
THEOREM 4.1. There exists an a.s. optimal Markov control.
Proof. Let X(. be as in (1.1). By Lemmas 3.2-3.4, ri <oo a.s. for all i. Thus for

{fn} as in Lemma 4.3,
1 ’ f’+’f,(X(s)) ds

(4.2) lim sup Jo f,(X(s)) ds lim sup =’ ’
By Lemmas 3.4 and 4.3, for any e > 0, there exists N such that for all n N, 1,

(4.3) E (X(s)) ds/F,, < e a.s.

By Lemmas 3.2-3.4,

sup E[(r,+,- -i)2] < .
Hence one can use the strong law of large numbers for square-integrable martingales
[23, pp. 53] to conclude that

,im ]]f,(X(s)) ds E f,(X(s)) ds/F. 0 a.s.,
noo n i=1 "ri

(4.5) lim
1

[(ri+-r,)-E[(r,+-’r,)/F,]]=O a.s.
nn i=1

From Lemmas 3.4, 4.4 and (4.2)-(4.5) above, we conclude that

lim sup- f(X(s)) ds < Ce a.s.

for n large enough, with some constant C independent of n. Recalling the definition
of {fn}, it is easily deduced from this that in the set-up of Lemma 2.2, 8(,)= for all
limit points , of {,,} outside a set of zero probability. The claim now follows as in
the proof of Theorem 2.1 in view of Corollary 3.2. Q.E.D.

Remarks. Let n-1. Pick Markov controls v,v2 such that m(x,v(x))=
max m (x, v), m (x, v2(x)) min m (x, v). Our conditions on m and the selection theorem
of Lemma 1 of [3], guarantee the existence of v, v2 as above. Let X(. be as in (1.1)
for some admissible control u(.) and X(.), X2(’) be the diffusions controlled by
vl, v2 respectively, with the same initial condition as X(.). (Recall that a strong solution
to Markov-controlled (1.1) exists [29]. Thus we can construct X(. ), X(. ), X(. on
the same probability space.) By the well-known comparison theorem for one-
dimensional Ito processes [17, pp. 352-355], it follows that outside a set N’ of zero
probability,

(4.6) X( t) <= X( t) <= X,( t) forall t=>0.

Suppose we assume that vl, v2 are stable. Then (4.6) implies in a straightforward
manner that

(i) all Markov controls are stable,
(ii) 6(v) in Lemma 2.2 can always be taken to be outside N I_J N’(N as in

Lemma 2.2),
(iii) H {r/lv Markov} is compact.
Thus in the one-dimensional case, we have the conclusion of Theorem 4.1 under

a seemingly more general set-up than that of Assumption A.
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AN EXACT PENALTY FUNCTION AND RELAXATION APPROACH FOR
SOLVING DECOMPOSABLE NONLINEAR PROGRAMS*

RAFAEL LAZIMY?

Abstract. An effective approach to solving decomposable nonlinear programs P (large-scale programs
or, e.g., programs that are nonconvex in (x, y) jointly, but convex in x for each y where, e.g., y is a vector
of integer variables) is based on the principles of projection and dual representation, which transform P
into an equivalent master problem in y-space. The master problem may then be solved by either relaxation
or implicit enumeration. However, a serious difficulty arises when solving the master problem in y-space.
For a given trial solution y, the dual subproblem D’(y) may be unbounded from above on its domain, in
which case y is inadmissible, and a new constraint designed to eliminate y needs to be generated and added
to the current relaxed master problem. The problem is that under certain conditions the constraints for
eliminating inadmissible trial solutions are not producible using existing procedures. In this paper, we
overcome this difficulty by employing an exact penalty function approach to derive a relaxation algorithm
for solving P.

Key words, nonlinear programming, duality, relaxation, penalty functions, optimization
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1. Introduction. Consider the nonlinear program

P minimize f(x, y) s.t. g (x, y) -< 0, y => 0, y 6 Y,
(x,y)

where: f:R"l+"2- R, g:Rnl+n2--> R are convex, twice continuously differentiable
functions on the (nl+ n2) real Euclidean space R n,+n2, y c_ Rn is a compact set of
arbitrarily constrained variables.

y is a vector"of "complicating" variables in the sense that P is intractable and/or
unmanageable in x and y jointly, but for each y Y the subproblem P(y) := {minimize
f(x, y), subject to x: g(x, y) <- 0, x _>- 0} is convex and manageable. Following Geoffrion
[5] we have in mind situations such as: (a) Y is a finite discrete set, so that P is not
convex. For instance, y is a vector of integer-valued variables, in which case P is a
mixed-integer nonlinear program. (b) P is a large-scale optimization problem, but
P(y) is of a manageable size. (c) P(y) can be decomposed into a number ofindependent
subprograms, each involving a different subvector of x, such that the solution of P(y)
can be decentralized and done in parallel for each of the smaller independent subpro-
grams. (d) P(y) has some special structure. (Obviously, y may be a vector of integer
variables also in situations (b)-(d), and not only in (a).)

An effective approach to solving P is based on the principles of projection and
dual representation, which transform program P into an equivalent master problem
in y-space. Then, either relaxation or (if, e.g., Y is a discrete set) implicit enumeration
is used in order to solve the master problem and obtain a solution for P. Benders
applied these principles to solve certain programs with a structure similar to P [2].
His work, however, was limited to problems in which f and g are linear in the
"complicating" variables y, and separable in x and y. Balas generalized Benders’
approach to the nonlinear case, but assumed that Y is a discrete set [1]. Also, he used
implicit enumeration to solve the master problem in y-space. Geoffrion developed a
somewhat different generalization of Benders’ approach [5]. He based his generalization

Received by the editors June 30, 1986; accepted for pub.lication (in revised form) April 8, 1987.
? Graduate School of Business, University of Wisconsin-Madison, Madison, Wisconsin 53706.
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on nonlinear Lagrangian duality theory (thus, f and g are not necessarily assumed to
be differentiable). Also, he used relaxation to solve the master problem.

A serious problem arises in solving the equivalent master problem in y-space
(either by relaxation, or by implicit enumeration). The master problem is solved
iteratively. Each iteration produces a trial solution y for the master problem; then the
dual of subproblem P(y) (denoted by D’(y)) is solved. The solution of D’(y) (if it
exists) is used to test the current trial solution y for optimality in the master problem,
and to generate additional constraints if y is not the optimal solution. If D’(y) is
unbounded from above on its domain, P(y) is inconsistent and, therefore, y is not
admissible for P. A new constraint has to be produced, to eliminate the inadmissible
point y. Balas 1, Thm. 5.3 proposed a procedure for generating constraints to eliminate
inadmissible trial solutions. However, a serious flaw exists in Balas’s Thm. 5.3,
which makes it impossible to use it as a general procedure for producing constraints
to eliminate inadmissible trial solutions y.

In this paper, we overcome the above problem by reformulating the dual pair
P(y) and D’(y) so that: (1) The new primal subproblem/3(y) is consistent for any y.
(2) The new dual D(y) is bounded from above for any y. To this end, we employ an
exact penalty function approach. Based on these formulations, we then present a
relaxation algorithm to solve program P.

The paper is organized as follows. In 2 we outline the relaxation approach for
solving P, and identify and describe the problem that arises in the context of eliminating
inadmissible points y.In 3 we present the exact penalty function formulations, derive
the dual pair (P(y), D(y)) and state the relationships between them and the original
pair (P(y), D(y)). Finally, the modified relaxation method for solving P is presented
in 4, and some of its computational aspects are briefly discussed.

We briefly comment now on our notation. The relation x_-> 0 includes the case
x =0; however, x >-0 means that x # 0 (i.e., that xi > 0 for at least one i). Forf:
R, Vxf(X, z) denotes the vector of partial derivatives off with respect to x, evaluated
at (x, z). Also, V,,,zf: (Vf, Vzf). For g" R",+"2 R m, Vx.zg(X, z) denotes the rn x
(nl + n2) Jacobian matrix evaluated at (x, z). A vector of ones in any real Euclidean
space is denoted by e.

2. Eliminating inadmissible solutions in the relaxation process. For some y, let P(y)
be the subproblem obtained by fixing y in program P"

P(y) 7r(y) := minimize f(x, y) s.t. g(x, y) <-_ O, x >-_ O.

In order to obtain a dual of P(y) whose objective function is linear in the "complicating"
variables y and whose feasible set is independent of y, we employ the following
subproblem P’(y) which obviously is equivalent to P(y) (see [1]):

P’(y) 7r(y) := minimize f(x, z) s.t. g(x, z) <-_ O, z y, x >- 0,
(x, z)

where z R"2. The dual of P’(y) is (see Huard [9], Dantzig, Eisenberg and Cottle [3],
Mangasarian [11], and Wolfe [16]):

D’(y) 6(y) := maximize h(x, y, z; u, v, r) s.t. (x, z, u, v, r) ,
x,z, u, v,r

where u 6 R m, /) Rn n,r R and

(1) h(x,y,z; u, v, r):=f(x,z)+ug(x,z)+v(z-y)-rx,

(2) := {(x, z, u, v, r)lVx,z[f(x, z) + ug(x, z) + vz rx] 0, (u, r) _-> 0}.
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Remark 2.1. If x is not restricted in sign, then the vector r does not appear in h
and in .

it is assumed that g satisfies any one of the six constraint qualifications listed in
[12, Thm. 7.3.7].

Define to be the set of admissible solutions y for P:

(3) := {ylg(x,y)<-O for some x->0}.

Based on the duality relationships between P’(y) and D’(y) (see, e.g., [16, Thm. 2],
[9], [11]), we obtain the following projection of P from (x, y)-space onto y-space
(recall that is independent of y):

D’ minimize 6 (y),
Y

(where Y is in P), which is equivalent to

D’

s.t. yY

minimize 0
(0,y)

s.t. (1) O>=f(x,z)+ug(x,z)+v(z-y)-rx all(x,z,u,v,r),

(2) y6 Y.

Programs D’ and P are equivalent in the sense that if (0, y) solves D’, then (x, y)
solves P, where x is the solution of P(y). Thus, one can obtain the solution of P by
solving D’. Program D’ has an infinite number of constraints; therefore, it is natural
to solve it by relaxation. Two programs are solved at each iteration of the relaxation
process: a relaxed version of program D’, denoted RD, and a dual subpr0blem D’(y).
Program RD is used to generate candidate solutions (0, y) for D’, and the dual D’(y)
is used to test (0, y) for optimality in D’. If D’(y) has a finite optimal solution
(x, z, u, v, r) but (0, y) is not feasible for D’, a new constraint (of type (1) of D’) is
added to the relaxed program RD. If D’(y) is unbounded from above on (i.e.,
(y) +oo along some feasible sequence {(x, z, u, v, r)k}), then P’(y) is inconsistent
[16, Table on p. 242], and the trial solution y is not admissible for P. In this case, a
new constraint must be added to RD in order to eliminate the inadmissible point y.
The problem addressed in this paper concerns the generation of these constraints.

Balas employed the following result to generate constraints that eliminate inad-
missible trial solutions y [1, Thm. 5.3]:

If 6(y) is unbounded from above on , there exist vectors (x, z, u) and s R
such that

(4a) (x, z, u, v, r) ,
(4b) sV,,g(x, z) >-_ O, s >= O,

(4c) sg(x, z) + t(z y) qx > O,

where (see the definition of in (2))

(5) v =-Vzl(x, z; u),

(6)

and

r Vxl(x, z; u),

l(x, z; u):=f(x, z) + ug(x, z),

(7) :=-sVzg(x, z), q := SVxg(X, z).
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Remark 2.2. If x is not restricted in sign, then the vectors r and q do not appear,
and condition (4b) becomes

(8) sV,g(x, z) O, s >- O.

Therefore, if D’(.9) is unbounded from above, the above result is used to generate
the following new constraint, which is added to program RD in order to eliminate the
inadmissible point .9:
(9) s-g(, f,)+ (- y) ---<_ 0,

where (if, z, u, v, r) and (, -, ) are vectors that satisfy the conditions (4)-(7).
Theorem 5.3 in 1] is wrong if, for any (x, z, u, v, r) e , the only solution to the

system {slsVxg(x, z) >- O, s >- 0} (if x-_> 0), or to {slsVxg(x, z) O, s >-_ 0} (if x is not
restricted in sign), is s =0. Since s =0 implies =q =0 (see (7)), then condition (4c)
does not hold and, consequently, constraint (9) for eliminating inadmissible trial
solutions y is not producible.

Using Motzkin’s and Gordan’s theorems ofthe alternatives, we obtain the following
characterization of the cases when constraint (9) is not producible. Assume that D’(y)
is unbounded from above on . Then, for any (x, z, u, v, r) , we have

(a) {slsVg(x, z) >- O, s >_ 0} has a solution s iff {w R",lVxg(X z)w < O, w >- 0} has
no solution w (Motzkin [14]). Consequently, in the case that x_>0, if {wlVg(x, z)w <
0, w->_0} has a solution w, then constraint (9) is not producible by the procedure
presented in 1].

(b) {s[sVxg(X, z) O, s >_ 0} has a solution s iff {w R",[V,g(x, z)w > 0} has no
solution w (Gordan [6]). Consequently, in the case that x is not restricted in sign, if
{wlVxg(X z)w > 0} has a solution w, then constraint (9) is not producible.

Remark 2.3. One particular case where constraint (9) is not producible is when
x is not restricted in sign and the rows of the m x nl matrix V,g(x, z) are linearly
independent for any (x, z, u, v) , since s 0 is then the only solution to sVxg(x, z) O.

We next describe two examples in which D’(y) is unbounded, but s 0 and, thus,
constraint (9) is not producible.

Example (x unrestricted in sign). Consider

P minimize (x + y) s.t.x2+y2-1_-<0, xR, yR.

For all lyl > 1, the subproblem P(y) is inconsistent, and the dual

D(y) 6(y) := maximize l(x, y; u) (x + y) + u(x +y- 1)
(x,u)

s.t. + 2ux 0, u -> 0,

is unbounded from above, since any (x, u) such that x= 1/2u, u>0, is feasible for
D(y), and

l(x, y; u)= -y + u(y- 1)-4u-+ as u+

for all lYl > 1. However, s 0 for all (x, z, u, v) , since (see (4)) the only solution
s to

(1)

(2)

(x,z,u,v)xItceVl(x,z;u)=--l+2ux=O, u>O

(where v := -Vz/(x, z; u) -1 + 2uz)

sVg(x, z) 2sx O, s >= 0

The difference between the notation "->" and "->" (as defined in the Introduction) is crucial here.
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is s 0, in which case :=-SVzg(X, z)=0. Indeed, for any x {x[x 1/2u, u > 0}, the
system Vxg(x, z)w 2xw > 0 has a solution w, and by Gordan’s theorem of the alterna-
tive it follows that, for any x {x[x 1/2u, u > 0}, the system STxg(X, z) 2sx 0, s > 0,
has no solution s.

Example 2 (x restricted in sign). Consider

P minimize x y s.t. -+ y2_ 10-< 0, x -> 0, y R.
X

For all y2> 10, the subproblem P(y) is infeasible and its dual D(y) is unbounded
from above, since

D(y) 6(y) := maximize l(x, y; u)-Vfl(x, y; u)x
(x,u)

U
s.t. 1- _--> 0, u _--> 0,

X

and by taking u=x we obtain 6(y)-+o as x+o, provided that y> 10. Thus,
D(y) is unbounded from above for any yZ> 10. However, s= t=q=0 for all
(x, z, u, v, r) e , since (see (4)) the only solution s to

U
(1) (x,z, u, v, r)Ce,,Vfl(x,z; u)=- l-->-_O, u->0,

(where (v, r):= (-Vz/(x, z; u),V,,l(x, z; u))=(-l+2uz, 1-))
S

(2) sVxg(x,z)=- -5_--> O, s=>O

is s 0, in which case (t, q) := (-sVzg(x, z), sVg(x, z)) (0, 0). Indeed, for any (x, u)
{(x, u)[1 u/x >- O, u >- 0}, we obtain: The system Vxg(x, z)w -w/x2 < O, w >-_ O, has
a solution w, and by Motzkin’s theorem of the alternative the system sVxg(X, z)=
-s/x2>-_ 0, s > 0, has no solution s.

Finally, it is worth noting that the problem of having s 0 as the only solution
to conditions (4a) and (4b) does not arise if the constraints of P are separable in x
and y and linear in x, as stated in the following theorem.

THEOREM 2.1. Suppose that g(x, y):= Ax- k(y) where A is an m x n matrix, and
k: Rn2- R is a convex, twice continuously differentiable function on R. For some y,
assume that P(y) is inconsistent, but that its dual D(y) is consistent. Then, D(y) is
unboundedfrom above on its domain, andfor any dualfeasible solution (x, u) the system

sVxg(x, y) O, s >- 0 (if x R ’)

or

sV,,g(x, y) >- O, s>_O (if x-> 0)

has a solution s.
The proof to Theorem 2.1 follows from [16, Thm. 3], the application of Gale’s

theorem of the alternative [4], and from the observation that, if there is a solution
s->0 to sVg(x, y)=0 (or to sV,g(x, y)=>0), then this solution exists for any dual
feasible solution (x, u), since Vxg(X, y) is independent of x.
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In 3 and 4 we present a modified projection and relaxation procedure for
solving program P, under which the problem described above does not arise. Further-
more, this is done without imposing any new restrictions on the structure of P. The
basic idea of the modified procedure is simple" the dual pair (P’(y), D’(y)) is reformu-
lated so that, for any given y, the new primal program is always consistent, and the
new dual program is always bounded from above on its domain. To this end, we
employ an exact penalty function approach.

3. Exact penalty function formulation. Let a > 0 be a constant, e, a vector of ones,
w R, a vector of variables, and g be the jth constraint function. For some y, let
P(y; x, a) be an exact penalty function of subproblem P(y). (For instance, the exact

11 penalty function may be employed.) It was noted by Mangasarian [13, Lemma 4.1]
that the two programs

(10) minimizeP(y;x,a):=minimizef(x,y)+a max{O,g(x,y)},
xO x:>O j:l

fi(y) (y) := minimize f(x, z, w):=f(x, z) + aew
(x,z,w)

s.t.g(x,z)-w<-0, z y, (x, w) >= O
are equivalent for any given 37 (provided that a is larger than a threshold value), in
the following sense: If solves (10), then (, if, #) solves P(37) where if=)7 and
v g(:, 37)+ where g(:, 37)+ := max {0, g(, )7)}; and if ( , ) solves /3(97), then
solves (10).

Program fi(y) is consistent for any y. Recalling that P(y) is the program 7r(y):=
minimize__>of(x, y) subject to g(x, y) <- 0, and that is the set of admissible solutions
y of P (see (3)), we obtain the following relationships between fi(y) and P(y):

(a) Let 37 . Then
(1) P(37) is infeasible.
(2) P(37) has an optimal solution at (if, , ), where =37, ff is the global

minimum of P(37; x, a), := g( 97)+, and e:== g(ff, 37)+ > 0.
(b) Let 37 but P(37) be unbounded from below on its domain. Then /3(37 is

also unbounded from below. In this case the original program P is also unbounded.
(c) Let 37 and P(37) have a finite optimal solution ft. Also, assume that g(x; 37)

satisfies the Slater constraint qualification, and that f and g are convex. Then P(37)
has an optimal solution at ( , #) for each value a such that a > 6, where 6 is some
threshold value. (See Luenberger [10], Han and Mangasarian [8], Mangasarian [13],
and Zangwill [17].) Furthermore, =37 and e#:== g(ff, 37)/ 0.

Remark 3.1. Formulation /3(y) could be considered to be an extension of the
well-known big-M method of linear programming 5] to the case of convex programs.
(The potential benefits of extending the big-M method to convex programming were
recently investigated by Mangasarian [13]. In this study, this idea is applied to solving
the decomposable nonlinear program P using a projection and relaxation approach.)

The dual of P(y) is

/(y) g(y) :- maximize /(x, y, z, w; u, v, r, p),
x,z, w,u,v,r,p)r

where u R m, v R" ",rR ,pR ,and

(11) h(x,y,z, w; u, v, r,p):=f(x,z)+aew+u[g(x,z)-w]+v(z-y)-rx-pw,

(12) :={(x,z,w,u,v,r,p)[V,z,wf(x,y,z,w;u,v,r,p)=O,w>-O,(u,r,p)>-_O}.
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Since Vw/ ae-u-p, we can substitute p ae-u in/, to obtain the following form
of D(y)"

/(y) g(y) := maximize/(x, y, z; u, v, r),
(x,z,,,v,)q,

(13) (x,y,z; u, v,r):=f(x,z)+ug(x,z)+v(z-y)-rx,

(14) :={(x,z,u,v,r)lV)c,z[f(x,z)+ug(x,z)+vz-rx]=O,u<--ae,(u,r)>--O}.
The set is bounded and independent of y. Consequently, the dual /(y,,) is

bounded from above (i.e., has a finite optimal solution) for any y, provided that xIt is
nonempty. Next, the projection and relaxation algorithm for solving program P is
presented.

4. The algorithm. Using the modified dual definition D(y), the projection of
program P onto y-space yields

/ minimize 0
(O,y)

s.t. (1) O>-f(x,z)+ug(x,z)+v(z-y)-rx all(x,z,u,v,r),

(2) y Y.

Program/ is solved iteratively by relaxation. At each iteration, the current relaxed
program RD generates a candidate solution (0, y), and the dual D(y) is solved in
order to determine the status of y.^First, we need the following.

THEOREM 4.1. Assume that is nonempty. For some y, let (x, z, u, v, r) be the
(finite) optimal solution of (y), and assume that fand g satisfy either Huard’s [9] or
Mangasarian s 11 strict converse duality theorem conditions. Then

(15) (a) y6 iff ug(x,z)+v(z-y)-rx-O,

(16) (b) y iff ug(x,z)+v(z-y)-rx>O.

Furthermore, u >-0 in part (b).
Proof Under the assumptions of the theorem, it follows from the strict

converse duality theorem ([9], [11]), that (x, z, w) is the (finite) optimal solution of
the primal program P(y), where ew--j=lgj(x,z)/. Furthermore, the optimal
objective function values of/3(y) and/(y) are equal" ,k(y)= g(y), or, f(x, z)+ aew
f(x, z)+ ug(x, z)+ v(z- y)- rx. Therefore,

(17) ug(x, z)+ v(z- y)- rx aew

at the optimum.
Now, recall the relationships between programs P(y) and/3(y) and observe that

y itt ew =0 at the optimum of/3(y), and y itt ew > 0 at the optimum of/3(y).
This, together with (17) and the fact that a > 0, proves parts (a) and (b) of the theorem.

It remains to show that u 0 in part (b). Since relation (17) holds at the optimal
solution (x, z, u, v, r) of/(y), and since cew > 0 in part (b) and u => 0, it is sufficient
to show that v(z-y)=0 and rx =0 at the optimal solution (x, z, u, v, r). To this end,
recall that z=y at the optimum of /3(y). Therefore, v(z-y)=O. Next, since
(x, z, u, v, r)r, then (see (12)):

(18) v=-Vzl(x,z; u), r=V)l(x,z; u),

l(x, z; u):=f(x, z)+ ug(x, z).



134 RAFAEL LAZIMY

Using the complementary slackness property V,[f(x, z)+ ug(x, z)+ v(z-y)]x--0, we
obtain V,l(x, z; u)x =0. By combining this result with (18) we obtain

(19) rx =0

at the optimum of D(y). This completes the proof. Q.E.D.
Letting (0, 37) be the solution of the most recent relaxed program RD (see below),

the algorithm for solving P is"

Step 1. Solve subproblem/(37).
(a) If 3(37) is inconsistent, stop" /(y) is inconsistent for any y, since its feasible

set is independent of y. The original program P is either inconsistent or
unbounded from below on its domain. (This situation can only be encountered

during the first iteration.)
(b) D(37) has an optimal solution (x, z, u, v, r). Then

(i) If tig(2, f)+ t5(-37)--= 0 and O >- h(i, y, z; , , ?)=: 6(37), stop: (2, 37)
is t_he optimal solution of P.

(ii) If 0 < h(2, y, z; u, v, )=: 6(37), add the following constraint"

(20) 0 + y >-f(i, e) + fig(if, e) + vz

to program RD.
(iii) If ag(, e)+e(e-y)->0, add the following constraint to RD"

(21) Oy >- ag(Y., ) +-6.

Go to Step 2.
Step 2. Solve the revised relaxed program RD.

RD minimize 0
(o,y)

s.t. (1) O+vv>-_f(xi,zi)+uig(x,z )+vz, iM,
(2) v’y >= uig(x, z + v z, M2,
(3) yY,

where {(0 yi)i=l 2,...} and {(x,z u v ri)i=l 2,...}, respectively, are the
sequences of solutions of programs RD and D(y i) solved so far, and

(1) GM iff Oi<f(x yi zi 1,li vi r i)
(2) i M2 iff uig(x i, zi)’4Yl)i(zi--yi)--rixi>O.

Let (0, 37) be the solution of RD, and go to Step 1. If RD has no solution, stop: program
P is either inconsistent or unbounded from below.

The following comments are in order.
(a) Optimality conditions. Suppose that the conditions stated in part (b)(i) of Step

1 are met. Then, the optimality of ($, 37) in P is evident from the following observations:
(1) Since (, z, u, v, r) is the optimal solution of/(37) and since the feasible set

of D(y) is independent of y, then

/(x, y, z; ti, 3, ?) _->/(x, 37, z; u, v, r) for all (x, z, u, v, r)

Therefore

0 >-_ h(x, .9, z; u, v, r)

since if=>/(2, y, z; a, 3, ?).

for all (x, z, u, v, r) XIt,
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(2) .9 Y (since (0, .9) is a solution of RD), and .9, since tg(ff, ) + 5(-.9)-
ff= (Thm. 4.1(a)).

The above observations imply that (0, .9) is a feasible solution of the unrelaxed program
/. However, since (fl-].9) is the optimal solution of program RD, and since RD is a
relaxed version of D, it follows that (0-] .9) is also the optimal solution of/. Finally

(3) Programs P and / are equivalent, in the sense that if (0)7) is the solution
of/), then (, .9) is the solution of P, where (x, z, u, v, ) is the solution of/)(.9).

(b) Adding new constraints to program RD. If
/(ff, y, z; fi, , ) (part (b)(ii) of Step 1), then (0-)7) does not satisfy all of the constraints
of type (1) of program D. The new constraint (20) which is added to RD is designed
to satisfy the "most violated" constraint. Next, if the conditions stated in part (b)(iii)
of Step 1 are met, then )7 (Thm. 4.1). The new constraint (21) is designed to
eliminate the inadmissible point 3. (Note that the term rx is not included in both (20)
and (21), since rx 0 at the optimum of D()7)" see (19). Also, note that tlig(x, Z ): 0
in constraints (1) of RD if M Mz, but’that ug(x, z > 0 if 6 M1 Mz.)

Finally, we briefly discuss some of the computational aspects of the algorithm.
First, notice that the constraints of types (1) and (2) of program RD are all linear in
the "complicating" variables y, although the original program P may be nonlinear in
y. Consequently, if y is, e.g., a vector of integer-valued variables, then RD is a
mixed-integer linear program; and if y is a vector of continuous variables, then RD
is a standard linear program. Next, either/(y), or

/51(y .?r(y) := minimize f(x, y, w) := f(x, y)+ aew
(x,w)

s.t. g(x,y)-w_-<0, (x,w)_->0,

can be,,employed as the subproble in Step of the algorithm. The advantages of
using D(y) are" (1) Its feasible set is independent of y. (2) The objective functions
of two consequentive programs D(y) differ from one another in the linear term vy
only. These properties may simplify greatly the solution of consecutive programs/(y).
Another obvious advantage is that the solution of/(y) provides both the primal and
dual solutions. The main disadvantage of using D(y) is its size.Therefore, in some
cases it may be preferable to find the solution (x, z, u, v, r) of D(y) by solving the
primal subproblem/3(y), which has less variables and constraints than /(y).

If P(y) is used as a subproblem in the relaxation process, then the algorithm for
solving it needs to be dual adequate, in the sense that it provides both the primal
solution (x, w), and the optimal dual multipliers vector u. Then, the remaining com-
ponents of the solution (x, z, u, v, r) of/(y) are determined by (see (18))"

(22) z := y, v := -Vzl(x, z; u), r := V,l(x, z; u),

where l(x, z; u):=f(x, z)+ ug(x, z). This provides us with all the information needed
to execute the algorithm.

Finally, we consider the issue of determining the value c used in both/3(y) and
/(y). The parameter c has to exceed a threshold value 6. One example of 6 is due
to Zangwill [17, p. 356]

f(x’,)-f(,)+l
(23)

min,<__j__<m gj(x 1, )’

and another is due to Luenberger [10] (see also Han and Mangasarian [8, Thm. 4.9])

(24)
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where 37 is the current trial solution, 9 the solution of P(97), x is any point satisfying
the Slater constraint qualification, and ti is any optimal Lagrange multipliers vector
for P(37). Obviously, 9 (or ti) are unknown beforehand; thus the exact threshold c7
(or c72) cannot be computed. One way to overcome this difficulty is to use an arbitrarily
large penalty parameter c. In order to circumvent numerical difficulties of ill-
conditioning that may, result from using a large a, the numerical linear algebra has to
be done carefully: see, e.g., Gould [7]. A better way (see [13]) is to compute an upper
bound for the threshold value c7 (either c7, or ff2), and set the penalty parameter a

to be equal to this upper bound. Thus, we can replace the unknown function value
f(:, 37) by a lower bound, and use it in (23) to compute a => ff. Similarly, the threshold
c72 (see (24)) can also be replaced by an upper bound. In [13, Cor. 2.2] it is shown
that the following is an upper bound for c72:

f(x,)-f(g,)
min,_____<, g(x’, 37)’

where 2, 37, t, and x are defined as before. By replacing the unknown value f(, 37)
by a lower bound, we can obtain a penalty parameter a.

Remark 4.1. Given a trial solution y, suppose that we know beforehand whether
y is admissible or inadmissible. Then

(a) If y,,is admissible, we employ the original subprogram P(y) as a subproblem,
rather than P(y)"

P(y) minimize f(x, y) s.t. g (x, y) _-< 0, x -> 0.

In this case, the artificial variables w are not included. Therefore, there is no need to
determine the penalty parameter a. Also, program P(y) is smaller than/3(y), it includes
fewer variables.

(b) If y is inadmissible, then any a > 0 can serve as a penalty parameter, and
program /3(y) will be employed as a subproblem.

The question, of course, is how to establish whether a given trial solution y is
admissible or not. One approach is to use an algorithm fitted with a phase-one procedure
in order to solve program P(y). Thus, given 37, we first solve the phase-one program

minimize ew s.t. g (x, 97) w <= 0, (x, w) _>- 0.
(x,w)

Letting (9, #) be its solution, we will conclude that 37 is admissible if # =0, and
inadmissible if e# > 0.
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TRAJECTORY STABILIZING CONTROLS IN HEREDITARY
LINEAR SYSTEMS*

GILEAD TADMORt

Abstract. The following phenomenon is specific to a class of hereditary control systems: Trajectories
of these systems can be stabilized (i.e., controlled to asymptotically approach the origin). However, it is
impossible to obtain stabilization with controls whose rate of decay is the same as that of the trajectories.
We call such systems trajectory stabilizable. We characterize the class of trajectory stabilizable systems and
present both open and closed loop trajectory-stabilizing schemes. The controllability aspect of trajectory
stabilizability is studied too. Examples illustrate the discussion.

Key words, stabilizability, closed loop controls, spectral controllability, control delays, reduction
schemes
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1. Introduction. Consider the linear hereditary control system

:(t) da (O)x(t--O)+ dfl (O)u(t-O).

In this system x R ", u R" and h is a fixed, positive number, standing for the length
of the system’s memory. Two matrix valued measures of bounded variations, a and
/3, determine the evolution’s dependence on past and present values of the state and
of the control. We shall be interested in stabilizing trajectories of (,).

The following phenomenon is specific to systems with control-delays: It may
happen that the trajectory x(t) can be stabilized, i.e., steered to the origin, at a certain
asymptotic rate (say, proportional to e t, for some negative y), but that the decay of
the corresponding control function u(t), must be slower. This is contrary to the
situations in systems with no delays in the control action, where stabilizing controls
can always be chosen asymptotically proportional to x(t). We call systems which might
exhibit this phenomenon trajectory stabilizable (rigorous definitions are provided in 3).

Stabilization of hereditary systems has been studied already by several researchers,
and the articles cited below, except [2] and [6], are examples of the published results.
In these papers, however, a system is termed stabilizable, or regulable, only if it is
possible to steer x(t) to the origin, using a control function which is asymptotically
proportional to x(t). We distinguish systems having this stronger property from trajec-
tory-stabilizable systems, and term them state stabilizable.

The latter notion is based on the commonly accepted view that the true state of
a hereditary system comprises both the history of x(t) and that of the control, u(t).
Indeed, formally speaking, trajectory-stabilizable systems might be those in which
stabilizing controls must even bear exponential growth, or ever increasing oscillations.
Such systems will not be of practical use, except perhaps in rare cases of very short
operation time. Excluding such anomalies, however, there remains the very rich class
of systems, of real-life interest, in which it is possible (and desirable) to improve decay

* Received by the editors August 12, 1985; accepted for publication April 3, 1987. This is a revised
version of a technical report, prepared at the Department of Electronic Communication, Control and
Computer Systems, School of Engineering, Tel Aviv University, Tel Aviv, Israel.

? Laboratory for Information and Decision Systems, Massachusetts Institute ofTechnology, Cambridge,
Massachusetts 02139.
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rates of trajectories, but no such improvement is possible in the corresponding stabiliz-
ing controls (which remain, nonetheless, bounded, or decay at slower rates). These
are the true subject of the present study. We characterize systems in this class and
describe closed- and open-loop, trajectory-stabilizing controls.

The paper is organized as follows: Using a very simple motivating example, some
basic observations are made in 2. These observations will be further developed in
the following sections. A characterization of trajectory-stabilizable systems, and of the
relations between state- and trajectory-stabilizability, is given in Theorem A, in 3. In
the proof of Theorem A, it is shown how known open-loop state-stabilization schemes
can be modified, to suit trajectory-stabilizable systems. Closed-loop schemes are
developed in 4. In 5, a simple, and perhaps more feasible treatment is suggested
for the simpler case of systems with only commensurate lags in the control term. The
controllability notion which correspond to trajectory-stabilizability (versus state-
stabilizability), and geometrical properties of trajectory-stabilizing controls, are studied
in 6. Some concluding remarks are brought in 7.

Following a well-known analysis of Pandolfi [16] (see also Remark 4.4, in 4
herein), when stabilizing a system with x(. )-delays, one really focuses on an ordinary
system, obtained via a spectral projection of the history of the function x(. ). All our
illustrating examples will therefore have ordinary homogeneous parts, concentrating
on the interesting effects of control delays.

(2.1)

2. A motivating simple example. Consider this next scalar system

(t) Ax(t)+ u(t)- eXu(t- 1).

Assuming u(t) 0 for =< 0, the Laplace transform of (2.1) becomes

hence

(s A )X(s) x(0)+ (1 e-s) U(s);

x(O) 1-ex-s

X(s): +U(s).
s-A s-A

Now, if x(t) is to be stabilized (starting with x(0) 0) at a decay rate y < A (i.e.,
if the pole of X(s) at s A is to be removed), then U(s) must have a pole at s-- A.

This happens because of the zero of B(s)de=fl--ea- at s=A. Observing this
phenomenon for positive A, Olbrot [15] suggested the concept of stabilizability which
we term state-stabilizability, and which excludes systems such as the system (2.1), where
stabilizing controls must grow exponentially.

Here is a different point of view. Suppose A is negative. Then trajectories decay
at rate A when no control force is applied. It seems natural to ask whether this rate
can be improved by use of reasonable control functions (say, square-integrable, optimal
quadratic for large "Q" kernel, bounded etc.). In the ordinary (nondelayed) case, one
obtains the answers by studying the system’s state-stabilizability properties: if x(t) can
be brought to the origin at rate y < A, so can a control function for that task. Here we
have an example for a qualitatively different situation: although x(t) can be brought
to the origin at rate 2’ < A, so can a control function for that task. Here we have an
example for a qualitatively different situation: although x(t) can be brought to the
origin arbitrarily fast, eontrol functions which do the job will be, at best, asymptotically
proportional to eat. Trajectory stabilizability is therefore an appropriate notion in the
presence of delays.
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A basic observation (Theorem A, 3) is that (.) is y-trajectory-stabilizable (given
a decay-rate 3/) if and only if it can be transformed into a y-state-stabilizable system
by factoring undesirable zeros from B(s). State-stabilizing open and closed loop
controls in the transformed system can be used in solving the original stabilization
problem.

Here are two factorization and stabilization strategies, as displayed in the simple
framework of (2.1). The first suits systems of the general form of (*). Here it goes as
follows" Set/(s) (1 e-")/(s A ). Then/(A 0 and/(s) is the Laplace transform
of a measure dfl whose support is the interval [0, l] (as is that of dfl). Precisely,

edO for0[0,1],
d/3 (0) ]. 0 otherwise.

(2.2)

Consider now a new control system

( t) Ax( t) + dfl( O)fi( 0).

By Olbrot’s criterion (see Theorem 3.2 in 3), the system (2.2) is state-stabilizable.
Setting U(s)= U(s)/(s-A), we convert state-stabilizing controls in (2.2) into trajec-
tory-stabilizing controls in (2.1). (Indeed, since B(s)U(s) B(s)U(s), the two systems
share the same trajectories.) Given a state-stabilizing feedback law in (2.2), say of the
form

gt( t) Kx( t) + k( O)fi( O) dO

(cf. Remark 4.4 herein), the following will be a dynamical trajectory--stabilizing
feedback in (2.1)--

;o’ti(t) Au(t) + fi(t), fi(t) Kx(t) + k(O)fi(t 0) dO.

(The problem of defining the history of fi(t) is dealt with in 4.)
A second scheme is for systems in which only finitely many commensurate lags

appear in the control element. In these systems B(s) P(e-*S), where P(z) is a matrix
valued polynomial, and 6 is a positive constant. (. rank P(z)= h.) In (2.1) we have
P(z) 1-ez and 6 1. Now one factors B(s) as a product of polynomials in e-L’.
In (2.1) we may set /(s)= (1- e*-)/1- e-’) 1. There are two advantages to this
technique: First, the measure d/3 maintains the simple structure of (fewer) commensur-
ate lags. Second, the time domain realization of the relation between the functions
u(t) and fi(t) is simpler. Here

u( t) ( t) + ehu( 1).

Both strategies are developed in detail and justified in the following sections.

3. Characterization of trajectory-stabilizable systems. We use the following ter-
minology (compare with Olbrot [15]):

DEFINITION 3.1. Let y be a given real number. The system (*) is y-trajectory-
stabilizable if given any initial data for (.) there exists a control u(. and a real number

such that the functions t->e-Vtx(t) and t->e-tu(t) are of class Ll(0, c). (In
applications, both y and will be negative.) If, in addition, one can always choose
6 y, then the system is y-state-stabilizable. (It will be demonstrated hereafter that in
the earlier case, an upper bound on 6 depends on the structure of the system and not
on the initial data.)
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The following characterization is quoted from Olbrot [15, Thm. 1] and will be
used later.

THEOREM 3.2. System (*) is y-state-stabilizable if and only if
(3.1) rank [A(s), B(s)] n for all complex s with Re s -> y,

where A(s) is the characteristic matrix of (*), defined as

def IO def

A(s) sI- e-da(O) sI-A(s)

and

B(s) e- dfl( O).

Note that A(s) and B(s) are the Laplace transforms of the measures a and /3.
Condition (3.1) comes into effect at spectral points of (,), where det A(s)=0. We shall
later remark on the meaning of Condition 3.1 as a spectral controllability requirement.
An important fact [6, p. 181] is that the number of spectral points with Re s >_- y is finite.

Here is our basic observation.
THEOREM A. The system (,) is y-trajectory-stabilizable if and only if there exists

an m m, nonsingular, rational matrix-valuedfunction R s ), with thefollowingproperties:
(i) R(s) is of the form

+Q, +Q2 +Q
S-- " S I2 S--

where each of the matrices P is an orthogonal projection, Qj I- P, and each Aj is an
eigenvalue of the homogeneous part of (,) (i.e., det A(A) 0) with Re A >_- y.

(ii) The function B(s) B(s)R (s) is the Lpalace transform of a finite measure,
denoted by fl, and fl is supported within [0, h].

(iii) Thesystem

Io I0(3.2) (t) da( O)x( O) + dfl( O)a( t- O)

is y-state-stabilizable. By Olbrot’s theorem this means"

(3.3) rank A(s), B(s) n for all complex s with Re s _-> y,

Proof.
Sufficiency. Assume the existence of a matrix R(s) as stated in the theorem.

Seeking, for the time being, only an open loop stabilizing control, we may assume
furthermore that u(t)=0 for t=<0. (For otherwise, apply u(t)=0 through [0, h] and
start with the new initial time h.)

By assumption, given an initial trajectory of x(. ), there exists a y-state-stabilizing
control a(.) in the system (3.2), with a(t)=0 for t_-<0. Let U(s) be the Laplace
transform of a(. and let u(. be the inverse transform of U(s) R (s)U(s). The latter
is obtained via successive convolutions of (. with exponential functions. It therefore
satisfies the growth condition in Definition 3.1. The equality B(s)U(s)= B(s)U(s)
implies that the trajectory of (*) which corresponds to the control u(. coincides with
the trajectory of (3.2) for a(.). Hence u(.) is a y-trajectory-stabilizing control.

Necessity. We begin with the construction of the function R(s). There are only
finitely many eigenvalues of the homogeneous part of (,) within the half plane
{s" Re s => y} at which Olbrot’s condition is violated. The construction is performed
successively, taking into account one such eigenvalue at a time.
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Fix A, the first spectral point of interest. The matrix B(s) is entire. One can
therefore find an integer k_->0 and a decomposition of R into three orthogonal
subspaces:

R _U(R) _u (R) y,
as follows: (i) For each vector u _U the function B(s)u vanishes throughout. (ii)
For each u _Uk (U # 0), the function B(s)u has a zero at s A of the exact order k
(i.e., (d/dsyB(s)u[s_’_ =0 for each j=0, 1,..., k-1, but (d/ds)kB(s)uls= # 0). (iii)
If v _Vk (V #0), then the function B(s)v does not have a zero at s=A whose order
exceeds k- 1. The proof of existence of such a decomposition is straightforward and
we leave it out.

Let Pk be the orthogonal projection on _Uk and let Qk--I- Pk. At this first step
we define first versions of R(s) and B(s) (which will be revised successively at later
steps) as R(s)= Pk/(S--A)+ Qk and B(s)= B(s)R(s). Note that with this definition,
for each vector u, unless B(s)u =-0, the maximal possible order of zero of B(s)u at
s=A is k-1.

Each of the following k-1 steps repeats the same idea: In the 1 + k-jth step,
R is decomposed into _U0); projections P and Qj are defined and new
versions of B(s) and R(s) are obtained, multiplying the previous ones from the right
by P/(s-A)+Q;. The new version of B(s) has the property that the largest possible
finite order of zero of B(s) u at s A is j 1. After k steps either B(s) u 0 or B(A) u # 0.
This completes the constructions due to the first eigenvalue, A.

An important outcome of this process is that the kth version of B(s) maintains
a constant rank in a vicinity of s A. In particular, it has an analytic generalized
inverse, B(s), at that vicinity. We shall need this fact immediately.

The construction continues in a completely similar manner for the rest of the
eigenvalues in the half plane {s: Re s_-> A}. Of course, the process for each new
eigenvalue starts with the latest versions of B(s) and R(s), as they were obtained for
the previous one.

Property (i) in the theorem’s statement is satisfied by construction of R(s).
Properties (ii) and (iii) are left to be verified. Let us start with the latter. Suppose
equation (,) is y-trajectory-stabilizable and that condition (3.3) fails. Then there
exists a vector r/ R" and some eigenvalue A with Re A _--> y such that r/’A(A)= 0 and
r/’B(A) 0. Let then u(. be a y-trajectory-stabilizing control in (,) for the following
initial data" x(0) r/and x(t) 0, u(t) 0 for < 0. A Laplace transform of (,) yields

(3.4) A(s)X(s)- q B(s) U(s).

Since x(.) is a y-stabilized trajectory, the transform X(s) is continuous on the
closed half-plane {s" Re s=> y}. Since near A we have Im B(s)c Im B(s), we can
substitute the right-hand side of (3.4) by B(s) U(s), where U(s) B(s) (A(s)X(s) ).
Thus defined, U(s) is also continuous near s A. Now, an inner product of (3.4) with
the vector 7 completes the argument, for it implies that 7 0:

Ilnll- rI’A(A)X(A)-rI’B(A)U(A) =0.

Note. (i) The difference between our proof and its counterpart in Olbrot’s paper
is that here U(s) is not necessarily continuous at s A. Thus, r/’B(A)=0 does not a
priori imply rl’B(s)U(s)[= =0. Substituting B(s)U(s) by B(s)U(s) with U(s) con-
tinuous is therefore essential.

(ii) If Re A > y then we can substitute "continuous" by "analytic" throughout.
It remains to establish that B(s) is the transform of a measure whose support is

within the interval [0, h]. Since B(s) is defined via an inductive process, it suffices to
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check the result of a single step construction:

(s) B(s)( P )+ Q where B(h)P 0.
s--h

Obviously, B(s) is the transform of this next measure:

i(o t(oo+ e"-’ t(,lPO.

It follows from the fact that dfl is supported within [0, h] that the whole right-hand
side vanishes for negative 0, and that the first term on the right is zero also for 0 > h.
But when 0 > h, the second term vanishes too, since

e(-) dfl(’r)P= e’ e-’ dfl(’r)P e’B(,)P,

and by assumption, B(A)P 0.
COROLLARY 3.3. Suppose (*) is y-trajectory-stabilizable and let hi,"" ", At be the

eigenvalues appearing in the definition of the rational function R (s), as done above. Set
6o--max {% hi, i= 1,..., l}. Then y-trajectory-stabilizing controls can be chosen in (,)
so that e-tu(t) is an Ll(O, oo)-function for all 6 60. In particular, if (*) is also
l-state-stabilizable for some negative *1 (possibly *1 7), then exponentially decaying
y-trajectory-stabilizing controls do exist.

Proof. The corollary follows from the relation U(s)= R(s)U(s), and’ since t(t)
can be chosen asymptotically proportional to e

Remark 3.4. (i) The corollary shows that, in applications, we would be interested
in systems which are /-state-stabilizable for negative ,/, but in which 7-trajectory-
stabilizability, for y < /, enables improved stabilization rates.

(ii) For phrasing clarity we required in Theorem A (and in the proof) that the
matrices P be orthogonal projections and Q I-P. More compact presentations
might be the result of nonorthogonal choice of P and Q. The properties which should
be maintained are these: Im P , Im Q _U and det (P + Q) # 0. In Example
3.5, hereafter, we consider a system where nonorthogonal choice of P and Qj in one
of the construction steps yields a simpler "B(s)".

Example 3.5. For simplicity and since our main interest is in the control element,
we consider a system with no delays in the state

21(t)=-Xl(t)+ e- cos(2zrO)ul(t-O) dO+u2(t-1)-e-lu2(t-2),

22(t) -2x2(t) + e-2 sin (2rO) u2(t O) dO.

Here rn n 2 and the matrix B(s) is given by

B(s)= [bl(s) e-S(1-e-l-s)]0 b2(s)

where

bl(S) e-(l+s) cos (2zr0) dO and b2(s) e-(2+s) sin (2zr0) dO.

One easily notes that bl(s) has a zero of order 2 and the term e-S(1-e-1-) has
a first order zero at s =-1, while b2(s) has a first order zero at s--2. Thus, at both
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spectral points of the homogeneous equation, Olbrot’s rank condition
(rank [A(s), B(s)] 2) fails. The system is therefore not y-state-stabilizable for y < -1.

Let us check whether the system is nonetheless y-tra]ectory-stabilizable.
(Obviously, the answer to this question will be one and the same for any y_-<-2.) To
that end we construct B(s), following the instructions in the proof of Theorem A and
starting with the eigenvalue h =-1" The subspace _U (on which B(s) vanishes
throughout) is empty. The first decomposition of R2 is into a subspace on which B(s)
has a second order zero at s =-1, denoted _U2, and its orthogonal complement, _V2

_U2 ={(u,, 0)" Ul R} and _V2 ={(0, u2): u26 R}.

Accordingly,

P2= 0
Q2=

s+l

and the first version of B(s) is

/(s) [b,(s)/(S+o 1)

The second decomposition due to the eigenvalue h =-1 is the same as the first:
B(s) still has a zero (of order one) in the first column, while the second column does
not vanish at s =-1. We thus update R(s) as

P2
d- Q + Q:R(s)=\s+l (s+l)

and redefine B(s)= B(s)R(s), namely

(s) [b,(s)/(S+o 1)2

This completes the constructions due to A =-1.
Next we consider B(s) at the eigenvalue A =-2. As before, _U is the trivial

subspace. B(s) has a first order zero on the subspace

e2(l_ e }(Ul’ U2)" Ul bl(-2) u2

which is denoted _g Setting, for brevity,

ef e:(1 e)
C

b,(-2)

the orthogonal projections on _U and on _V _Ui are

and Q1 2+ 1 c c2
P1 c.2+ 1 -c

The final versions of R(s) and B(s) are thereby the result of right multiplication of
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the previous ones by P1/(s+2)+Q. Explicitly, B(s) turns into

C2/1B(s)

i-s ]i ce 1 e -’-s)

bl(S) l--s++ce-’(1--e-
(s/l)

cbe(s)( -1)+ls+2
Cbl(s) c2e-, l-s)+(s+l)2 + (l-e-

Tracking back through our constructions we find out that now the rank condition
(3.3) is satisfied"

rank [A(s)B(s)] =2 for s =-1,-2.

Our system is therefore y-trajectory-stabilizable for all y.
We shall not compute the measure dfl which corresponds to B(s). Instead,

following Remark 3.4, we shall compute a simpler form of B(s), using nonorthogonal
projections in the last step" Let now P and "Q1 be the following:

Pl and Q1
c -1 0 c c

Then the final B(s) will be

1 (cbl(s) -l-,.)1 ( 7/- 2- e-(1- e

c b2(s)
s+2

bl($)
(S/I)

cb2(s)

This version too, satisfies the rank condition (3.3), and is simpler than the former. The
measure dfl in the corresponding reduced equation is

d,,
d=d21

dl1(0
C

where

e-2 c e" (r-r) cos (2rcr) &rdr dO,

e-2 c e" (r-g) cos (2rr) dd’r-e2 dO,

0=<0<1,

1 <- 0-<_2,

0 otherwise,

e (O-r) cos (2zrr) dr dO, 0<- 0 < 1,
0

<- 0<-2,C( l( O) e-l(2( O)),
d/12(O)

C

0 otherwise

(the symbol 6 (0) stands for Dirac’s measure concentrated at 0= e),

d/3-l(O) =-1 e-e sin (2rz) dr dO, 0 <- 0 <- 1,
c

otherwise
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and

f e-2 sin (2 7r0) dO 0 <= 0 <= 1,
aft22(0)

0 otherwise.

4. Closed loop stabilization. The trajectory stabilization strategy suggested in the
previous section (proof of sufficiency in Theorem A) is an open loop strategy. It is
very much so, if we may put it this way, since it suits only the zero initial control. The
purpose of this section is to demonstrate that this is not an inherent property and show
that closed loop controllers can be constructed in trajectory stabilizable systems.

The choice of the zero initial control was convenient. First, it served in simplifying
the proof of Theorem A: This way the control terms, both in (.) and in (3.2), admitted
the forms of convolutions along [0, ). Their transforms were B(s) U(s) and B(s) U(s)
and there was no need to carry over the effects of initial data.

There was a second reason" The control u(.) was obtained from the auxiliary
function tT(. via a series of convolutions. The converse computation, i.e., that of (. ),
given u(.), requires differentiations. This fact creates a difficulty in the computation
of the initial values of tT(.), given an initial u(.) which is not smooth enough. We
shall develop hereby a closed-loop dynamic stabilizing controller in which there is no
need to compute the initial trajectory of tT(. ). Thus the difficulty will be overcome.

We have computed the following:

-+0, +Q,.
s-A s-A

(In this section we maintain the assumption that P are orthogonal projections and
Qj ! P.) The equality U(s) R(s) U(s) gives rise to the following set of differential
equations and dependencies

(4.1) Uo(t)=u(t),

d
(4.2) td-SPi+’ttJ(t):Ai+lPi+’ttJ(t)-t-Pi+’gtJ+’(t)’ j=0, 1,..., l-l,

(4.3) Qj+luj(t) Qj+lglj+l(t), j=0, 1,’’’, l-- 1,

(4.4) ut(t)=a(t).

In [15], Olbrot suggested a dynamic y-state-stabilizing controller which suits
(3.2). In this scheme the evolution of the control ti(.) is governed by a delay
equation

(4.5) d--tft(t) dtx(O)x(t- O) + du(O)a(t- 0).

Our plan is to derive a well-posed set of differential equations from (4.1)-(4.5),
together with our main system (,). These differential equations will involve no delayed
terms other than in x(. and in u(. ). They will form the desired dynamic compensator
for (*).

As an intermediate step, we assea the following.
POeOSTON 4.1. Iffunctions u(" ), Oj l, satisfy (4.1)-(4.4), then we have

at3 o)u( o) o)a( o).
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PROPOSITION 4.2. There exist m m matrices Kj, O <-j <- l, and afinite matrix valued
measure dk( 0), such that iffunctions uj( ), 0 <-j <-_ satisfy (4.1)-(4.4), then thefollowing
representation is valid:

(4.6) du (O)a(t-O)= Kou(t)+ KjPjuj(t)+ dk (O)u(t-O).
0 j=l

PROPOSITION 4.3. Let Y be the product space

def
Y PR’xPR’x...xPRm.

Then there exist linear transformations C Y- R", D and E R R", F Y Y, and
G and H:R - Y, with the following properties:

(i) This next set of differential equations (4.7)-(4.8) form, together with (*), a
well-posed system for the initial data

(x(0), u(0), y(0), x(. ), u(. )) c R x g x Y x L:([-h, 0], g ") x L2([-h, 0], g),

(4.7) (t) Cy(t) + Du(t) + d (O)x(t- O) + Kou(t) + dk (O)u(t- O)

(4.8) fi(t) Fy(t) + Gu(t) + g d (O)x(t- O) + Kou(t) + dk (O)u(t- O)

(ii) Given u(t) and y(t), let u(t), 0j l, be as follows: u0 u(t), Pjuj(t) y(t)
(=the component of y(t) in.the space PR") and Qu(t) be defined successively
by (4.3) for j 1, 2, ., I. Suppose x(. ), u(. and y(. form a solution of (,), (4.7)
and (4.8). Then the function x(.) and u(.), j=0, 1,..., satisfy equations (,)
and (4.1)-(4.5) for _-> I. h. Conversely, assume that the latter system is solved by x(.
and uj(. ), 0-<_j-< l; then the corresponding triple x(. ), u(. and y(. solve (,), (4.7)
and (4.8).

In the proof of Proposition 4.3, hereafter, a precise recipe for building the operators
C, D, E, F, G and H is given. But first we summarize our findings.

THEOREM B. Suppose (*) is a y-trajectory-stabilizable system. Here is a dynamic
feedback scheme which generates y-trajectory-stabilizing controls:

(i) Determine the initial values u(O) and y(0), arbitrarily.
(ii) At each >-0 let the dynamics of the control u(. and of the auxiliary function

y(.) be determined by (4.7) and (4.8).
(iii) Substitute u (.) into (,).
We give the proofs in a reverse order.
Proof of Theorem B. As is borne out by Proposition 4.3, if x(. ), u(. and y(.

satisfy (,), (4.7) and (4.8), then the corresponding functions u(.) satisfy (4.1)-(4.5).
Furthermore, by Proposition 4.1 the pair x(. and fi(. then defines a solution of (3.2)
and (4.5). By Olbrot’s construction (that is, by the choice of the measures d/z (0) and
du (0) in (4.5)) the latter system is y-state-stabilized. In particular, the trajectory of
x(.) is y-stabilized. 3

Proof of Proposition 4.3. No matter what the operators (in fact, the matrices) C,
D, E, F, G and H are, part (i) of the proposition is obvious: The well-established
theory (see, e.g., [2], [6]) tells us that the product space presentation is well posed.

The following two decompositions will be handy along with the proof of part (ii):
Suppose that functions uj(. ), O<-j <-l, satisfy (4.1)-(4.5). Then

j--1

(4.9) uj(t)=Pjuj(t)+ Qj. Qi+lPiUi(t)+Qj" QlUo(t), l<-j<-I
i--1
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(the term with the Y does not appear when j 1) and
l--1

(4.10) tlj(t)--Pj+ltlj(l)+ Oj+l. OiPi+lUi(l)+Qj+l.. Qtut(t), O<=j<=l
i=j+l

(the expression disappears now for j I-1). Both (4.9) and (4.10) are obtained by
successive applications of (4.3), which is the relation Q+luj+l Qj+luj.

Thereby, for each j between 0 and l-1, our assumptions imply

(4.10) :=>-Puj(t)=-P P+lUj(t)+ 2 Q+I"" QiP,+lU,(t)
i----j+l

d
+ PQ;+ Q,u,

dt

(4.2) =:> =P(

(4.5)

Aj+IPj+,uj( t) + Pj+,Uj+l( t)

’-’ )+ E Q+,... Qi(Ai+,Pi+lU,(t)+Pi+,ui+,(t))
i----j+l

+ PQ+I QI dtz (O)x(t- O) + du (O)u(t- O)

(4.9)

l-1

PP+lUj+l(t)+ E PQ+I"’" Q,P+lU,+(t),
i----j+l

j--1

+Aj+IPP+I Pu(t)+ , Qj" Qk+lPkUk(t)
k=l

+ "" O, Uo(

l--1

i=j+l
Ai+ PjQjq-1 QiPi+

l-1

Piui(t)+ E Qi"" Qk+lPkUk(t)
k=l

Proposition 4.2

The last expression involves only the functions x(. and Uo(" ), and the auxiliary vectors
Yi(t) Pui(t), 1 <-_ i<= l, which is the desired formulation. Letting j run through
0,..., l-1, we obtain explicitly most entries in the operators C, D, E, F, G and H.
(Obviously, a more compact and orderly representation is obtained when the coefficients
of each y Ptu are gathered. We shall not do it here.)

For the missing entries it remains to consider the derivatives of Quo(t) and of
PlUl(t). The computations of these terms follow exactly the same lines of those we
have just displayed and we leave them to the interested reader.

Finally, one should note that the various decompositions we made above go both
ways. Thus, if x(. ), u(. and y(. satisfy (4.7) and (4.8), then y(. can be decomposed
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as (PlUl(’)," ", PlUl(" ))’, SO that with the definitions Uo(" )= u(. and Qj+,u+,(. )=
Q+,u(. ), a set of functions which satisfy (4.1)-(4.5) is formed.

Proof of Proposition 4.2. We shall not bring at this point the interesting details,
the justifications, or the exact notations of Olbrot’s and Pandolfi’s developments. These
can be found in [15] and in [16], respectively. What concerns us here is the following
conclusion of their findings: The measure dv (0) in the dynamic stabilizer (4.5) can
be built in the form

(4.11) dv (0)= Foo(O)+ F(r-O) d(r) dO.
0

Here Fo and F(0) are tn x m matrices, 6o(0) is the Dirac measure which is concentrated
at 0 0, and 0 F(0) is an analytic function.

Here is an outline of the proof: The structure (4.11) of d (0) implies that

d O)a( O) du O)u,( O)

(4. ou,(+ F(,- 0 (u,(- 0
0

0

Using formula (4.9) we decompose the first term on the right-hand side of (4.12) into
a sum which involves uo(t) and.y(t)= u(t). With the aid of integration by pas,
d (r)u(t + 0 r) will be substituted by d ()Uo( + 0 r), in the second expression,
while more terms, involving uo() and y(t), will be created as side products (similar,
yet even simpler computations will serve later in establishing Proposition 4.1).

The following notations should clarify our computations: Set first do(0) d (0).
Then define recursively

(0=a_l (0+ e"(-’ a-l
for j 1,..., I. Consequently, d (0)= d(O).

Now we begin the iterative process of integrations by pas. The first step goes
this way"

dt (r)ut(t+O-r)
h

0

(4.13)
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(Recall that the integral oh e(-) dl_ (o’)P vanishes; this was explained in the proof
of Theorem A.) The term which involves u_(t) will be decomposed, using (4.9), into
a sum of expressions in Uo(t) and Puj(t), 1 <-j =< l- 1.

The second iteration is applied to the integral on the right-hand side (4.13). After
steps the process terminates with the desired result.

Proof of Proposition 4.1. Using the notations of the previous proof, we have to
verify the equality

Io d,( r)u,( r) dflo "r)Uo( T).

It follows from iterative application of (4.13), choosing 0=0.
Remark 4.4. The basis for our constructions of a closed-loop controller in this

section is Olbrot’s dynamic controller (4.5). One may prefer to start with a "static"
controller for system (3.2), i.e., with a closed-loop relation of the form

fo
The extensive literature on the subject (and most of the papers cited below) offer

stabilizing controllers of the type (4.14), for various subclasses of hereditary control
systems. We wish to point out that also, in the general case of Olbrot’s theorem, the
stabilizer can be constructed that way. Instead of presenting a rigorous proof, let us

mention just the main arguments.
As in Pandolfi 16], one considers the spectral projection of the 7-state-stabilizable

system on the united generalized eigensubspace for the eigenvalues in the half plane
{s: Re s 3/}. Using Pandolfi’s notation, it is this next ODE,

(4.5 e( c(+(o (oa(- o.

Olbrot’s spectral condition (3.1) implies that the system (4.15) is state-stabilizable. It
thus has (see, e.g., [12], [1]) a feedback stabilizing controller of the form

(4.16) ft(t)=F(c(t)+fof’o el-l(-)(O) d (r)f(t-O) dO).

Finally, since c(t) is given by the spectral projection of the h-history of x(. at (i.e.,
of the function 0 - x(t 0), 0 _-< 0 _-< h) on the relevant eigenmode, the desired form of
(4.14) is obtained.

5. Systems with commensurate lags. A significant simplication can be obtained,
both in the reduction of/3 to /3, and in the stabilization scheme, when the delays in
the control term consist of commensurate lags. The main idea for the reduction has
already been presented in the analysis of the simple example in 2. We repeat it here
in more detail, using the terminology of Theorem A and its proof.

Let 6 now stand for the basic lag in the control term. Then B(s) can be written
in the form

(5.1) B(s)=P(e-),

where P(z) is a matrix valued polynomial. This representation suggests the change of
parameters z e-, which maps the half plane {s: Re s > 5’} onto the punctured disc
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{z" e- >= [z[ > 0}. Here is a variant of Theorem A for the present particular case.
THEOREM C. Suppose B(s) can be represented in the form (5.1) and set z= e-s.

Then (,) is y-state-stabilizable if and only if there exists an m x m nonsingular rational
matrix-valued function S(z), with the following properties"

(i) S(z) is of the form

+Q1 +Q,
Z Z Z Z

where each of the matrices P is an orthogonal projection, Qj I- P, and each zj
where h is a spectral point of (.) within {s" Re s => y}.

(ii) The function P(z)= P(z)S(z) is a matrix polynomial
(iii) rank [A(z),/5(z)] n for all z with e- >= [z > O.
The proof is by now obvious.
As pointed out in 2, one of the advantages of the present case is the existence

of simple recursive relations between the auxiliary control fi(. (in the reduced system,
where P(z) substitutes P(z)) and the true control function u(.). These relations, as
implied by the equality U(s)=S(e-)(J(s), can be stated in a fashion resembling
(4.1)-(4.4)"

(5.2)

(5.3)

(5.4)

(5.5)

Uo(t)=u(t),

P+,u(t)=eJ+’P+,(u+,(t)+u(t-6)), j=0,1,...,l-l,

Qj+,uj(t) Q+,u+,(t), j=0, 1,’’’, l- 1,

a(t)=ut(t).

By repeated application of (5.4) into (5.3) we obtain a recursive definition of the form

u(t) Lo(t) + Lju(t -jS).
j=l

Formulas (5.2)-(5.5) also enable the computation of appropriate initial values of (.
from those of u(.). Thus, any feedback stabilizer for the auxiliary system easily
translates into a feedback stabilizer for (.).

6. Geometrical interpretations. Equivalence between controllability and stabiliza-
bility properties is a basic feature of ordinary, as well as of hereditary systems. Here
are geometrical-controllability interpretations of state- and trajectory-stabilizability.

PROPOSITION 6.1. The system (*) is y-state-stabilizable if and only if given any
positive T, y-state-stabilizing controls can be chosen with u(t)=-0 for > T.

Proof The claim follows since Olbrot’s condition is equivalent to spectral con-
trollability of the united eigenspace for eigenvalues A with Re A y. Let us bring some
detail for completeness.

The spectral projection of (*) on the said eigenspace is the following (recall
Pandolfi’s construction, as described in Remark 4.4):

(6.1) d(t) He(t) + (0) d O)u( 0).

Here the eigenvalues of H are those of (*) within the half-plane of interest, and c(t)
is the projection onto the corresponding eigenspace of the h-history of x(. at t. Hence
x(. is y-stabilized if c(t) is brought to rest. It follows from [12, Thm. 2.2] that Olbrot’s
criterion (i.e., y-state-stabilizability of (.)) implies controllability of this next ordinary
system
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(6.2) .9(t) Hy( t) + Bu( t),
where

def fOB e-no(0) dfl (0).

From [1, Thm. 3.3] we have that if y(0) c(0) and u(t)=0 for t> T, then y(t) and
(t) coincide for > T+ h. In particular, if y(t)= 0 for > T, which is possible when
(6.2) is controllable, c(t) can be brought to rest at T+ h by a control which vanishes
past T. This proves the "only if" part. The "if" claim is obvious.

In trajectory-stabilizable systems we made weaker assumptions on the behaviours
of stabilizing controls. This fact is reflected in the corresponding controllability
property.

THEOREM D. The system (.) is y-trajectory-stabilizable if and only if given any
positive T and 6 > 6o (6o max {y, A" h is an eigenvalue of (.) with Re h > Y and
rank [A(A), B(A)]< n}, as defined in Corollary 3.3), the spectral projection c(t) can be
brought to rest past T+ h, using a control u(t) with e-atu(t) L[0, c); in fact, past

T the values of u(t) will be governed by an autonomous differential (or difference)
equation.

Proof Sufficiency is, again, obvious. For the proof of necessity, derive a y-state-
stabilizable system from (.), following the instructions in the proofs of Theorems A
and C. Given any initial values for c(t) and (t), it is possible to bring c(t) to rest at

T+ h, using nonzero t(t) only through [0, T]. (This follows from Proposition 6.1.)
The obvious idea is thereby to find the appropriate if(t) and convert it into u(t), using
one of the two schemes mentioned above.

The procedure is simpler when the technique of 5 is applied, since initial values
for t(t) are readily obtained from those of u(t). As mentioned in the beginning of

4, this might be harder in the more general case, when the scheme of 3 is employed.
The difficulty is circumvented as follows" an observation which is complementary to
[1, Thm. 3.3] (which is quoted in the proof of Prop. 6.1) is that for t_-> h, the effect of
the initial control can be absorbed in that of c(0). Precisely, when substituting c(0)
by (0) c(O) +ho h eH(O

0 -)(0) dfl(r)u(-O) dO, and then u(t) =0 for t-<0, the new
trajectory of c(t) will not be different from the original one (i.e., for c(0) and the true
initial control) past h. So one can choose O(t) which brings the transformed system
to rest at T+ h, given the initial values (0) and O(t) 0, -<_ 0. The inverse transform
of R(s)U(s) will provide the needed values of u(t) for t->0.

Example 6.2. Consider again the simple example in 2:

(t) hx(t)+ u( t) eu( 1).
This system is already in the form of a spectral projection on the eigenspace of the
eigenvalue . Employing the technique of 5, it converts to

:( t) Ax( t) + ff( t)
with

u( t) (l( t) + eu( 1).
Take (t) to be, e.g., this next step function:

(t)= 1-e-r’
O<--t<- T’
T<t.

Then for > T the control function u(t) satisfies the difference equation u(t-1)=
eu(t), and x(t) will vanish past T. (This situation is better than that stated in the
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theorem, since in the present case there is no delay in (t).)
When using the technique of 3 (which suits the general form of (*)), the

transformed system is

Io’(t) Ax(t)+ ea ( O) dO.

If x(0) and u(t), -h _-< <-0, are the prescribed initial values, we do the computations
for

X(O) x(O)- eau(-O) dO,

and the zero initial control. Following the recipe in the proof of Proposition 6.1, we set

e- (0) dB(O)= e-a ea dO 1.

The current counterpart of (6.2) is

(t)=Ay(t)+(t),

with y(O) (0). This system is brought to zero at T, using, e.g., the control function

o-<t<_- 7,

T<t.

So with this (t), the true trajectory (in the transformed system) is brought to rest at
T + 1. The appropriate control u (t) is the inverse transform of U(s)/(s A), i.e.,

it is given by

u(t)= ea(t-)ft(,r) d’.

For _-> T, the function u(t) satisfies the homogeneous ODE ti(t)= Au(t).

7. Conclusions. Trajectory-stabilizability is a phenomenon which is specific to
systems with delayed control action. It is of interest both from an application-oriented
and from a purely mathematical point of view. We provide general characterizations
of trajectory-stabilizable systems and of their trajectory-stabilizing control functions.

It is often very difficult to handle problems of "spectral-type" (e.g., to locate
eigenvalues, find zeros of B(s) etc.) in hereditary systems of unconstrained form, such
as (,). Our analysis of the commensurate, multiple-lag case might therefore be of
greater value in applications. Let us mention also that similar difficulties, which are
inherent to delay systems, are treated in the literature, in different contexts (see, e.g.,
[12], [13]), and that a variety of available techniques could be adopted in particular
classes of systems.
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SUFFICIENT CONDITIONS IN FREE FINAL TIME OPTIMAL
CONTROL PROBLEMS*
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Abstract. A direct sufficient condition for the optimality of a control in standard control problems with
free final time is proved. The basic tool is superderivative properties of the optimal value of the criterion
as a function of the final time and the final point. Sufficient conditions arise if the superderivatives have
proper signs.

Key words, sufficient conditions, optimal control
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1. Introduction. Sufficient conditions in free final time control problems are not
as easily constructed as in fixed final time prbblems. Some conditions have been given
by Mereau and Powers [1] (see also Peterson and Zalkind [2]).

In this paper new conditions are given, which in our opinion are more useful.
They are more closely related to actual solution procedures, and they seem to be able
to decide optimality in broader classes of problems. In [3], results in less general
circumstances have been proved in the case of no restrictions on the time path of the
system.

While sufficient conditions in suitably concave, fixed time problems are "almost"
necessary, in free time problems sufficient conditions cannot come that close to
necessary conditions, due to an inherent lack of concavity properties.

2. First we shall consider a control problem with no time path restrictions. Let
the abbreviation v.e. (virtually everywhere) mean "for all except a finite number."
Consider the problem

(1) Maximize f(x(
to

where to, rl and ’2 are fixed points, to < ’1 <

(

(3

(4)

: =f(x, u(t), t) v.e., X(to) Xo, Xo fixed in R",

u(t)U, UafixedsubsetofR r,
xi("l’)’--Xl, i=1,’" ",I,
x’() > x’1, i=l+l,...,m,

xi(") free, i= rn+l,..., n.

The optimization problem consists of choosing a piecewise continuous control of
function and its domain of definition [to, T], ’e 1, in such a way that the triple
(x(.), u(. ), ’) is admissible (i.e., satisfies (2), (3) and (4) and such that it maximizes
the integral in (1). The functions fo, f, fo and fx are assumed to be continuous on
R" Rr R (fo takes values in R, f in R", f, fx are partial derivatives with respect
to x, assumed to exist for all (x, u, t)).

Received by the editors February 18, 1985" accepted for publication (in revised form) June 24, 1986.
? Institute of Economics, University of Oslo, Blindern, Oslo 3, Norway.
Piecewise continuous means having one-sided limits everywhere, and a finite number of discontinuity

points.
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If ((.), tT(. ), r*) is an optimal triple in the above problem, it satisfies the following
necessary conditions: For some number po=>0, and some function p(t), (Po, p(t))O
everywhere, we have

(5) H((t), (t), p(t), t) =max H((t), u, p(t), t) forv.e,
uEU

where H(x, u, p, t)= pof(x, u, t)+pf(x, u, t). The function p(. satisfies

15 -Hx((t), (t), p(t), p) v.e.(6)
Finally,

pi(r.) no condition, 1, , 1,

(7) pi(r*)>=O(=Oif gi(r*)> xl), i= l+ 1,’’’, m,

pi(r*) =0, i= m+ 1,..., n,

(8) H((r*), (r*),p(r*), r*)[r-r*]<=O forall reI.

When two additional conditions are added to (5)-(7), we get a set of conditions
that are sufficient in the problem where r is kept fixed equal to r* (see [5]: 2

(9) po=l.

The supremum

(10) H*(x, p(t), t) supuEt; H(x, u, p(t), t)
is finite for all (x, t) and is a concave function of x, for each t.

3. Consider for a moment the fixed final time control problem that arises if we
choose a fixed r in L Assume that we have found a triple (x(.), u (. ), p(. )) defined
on [0, r] such that (2)-(7), (9), and (10) hold for r* replaced by r. Then the pair
(x( ), u( )) is optimal in this fixed final time problem.

Hence, if (x(.), u(. )) is an arbitrary admissible pair defined on [0, r], the value
of the criterion for this pair is smaller than or equal to the value V(r) of the criterion for
the pair (x(.), u( )). Let us assume that such a pair (x(.), u(. )) exists for all r L
Let us furthermore assume that for some r*eI, V(r) < V(r*) for all teL Then
evidently the triple (x’*( ), u’*( ), r*) is optimal.

For the last inequality to hold, a natural sufficient condition to introduce would
be (d/dr) V(r) <-_ 0 if r -> r*, (d/dr) V(r) >= 0 if r_-< r*. Implicitly, such a condition
requires differentiability of V(r). What we actually need is that a superderivative (in
some sense) satisfies such inequalities. Condition (12) below is of this type. Further-
more, it turns out that V is always "superditterentiable"; no ad hoc assumption for
this end is needed.

THEOREM 1. Assume that for each r I there exists a triple (x( ), u( ), p(. ))
defined on [to, ] satisfying (2)-(7), (9), (10) (i.e., u( is optimal for z fixed).

Assume also that all u(. ), z I take values in a fixed bounded subset of U, that
{p(z): re I} is a bounded set, and that z- x(r) is continuous. Assume finally that the
function
(11) d(z) H(x(r), u(z), p(z), z) (with po 1)
has the property that there exists a z*6 I, such that

d() >= 0 for <-_ * ifr < *,
(12)

d ) <- O for >- * if > *.
Then the triple x*(.), u* ), r* is optimal

In [5] max, instead of sup, is used in (10); the proof, however, remains the same.
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Remark 1. If 7- is required to belong to an interval [7"1, O) instead of/, and if
7"* [7"1, ) has the property that the conditions of Theorem 1 are satisfied for each
bounded subinterval ! of [7"1, ) containing 7"*, then the triple (x*( ), u*( ), 7"*) is
optimal. (An example showing the application of the conditions in this remark can be
found at the end of this paper.)

Proof From the remarks preceding the theorem, it suffices to show that V(7")=<
V(7"*) for all 7" /. The essential part of a proof is made up of the following theorem
and the subsequent Remark 2. (To obtain this remark, we have had to repeat--in a
more elaborate formmarguments briefly sketched in [4, Remark].)

In the theorem below, V(y, 7") is the supremum (possibly o) of the criterion
evaluated for all pairs x(. ), u(. defined on [to, 7"], satisfying (2), (3) and x(7") =y. V
is thus defined only at points (y, 7") for which such pairs exists. Points (y, 7") with this
property are called attainable points.

THEOREM 2. Let U be bounded. Let (( ), ( ), p( )) be a triple defined on to, 7"]
for which (2), (3), (5), (6), (9) and (10) hold and let H(7")-H((7"), tT(7"-),p(7"), 7").
Then V(y, 7"’) is finite at all attainable points (y, 7"’) in some ball B(((7"), 7"), 0) around
((7"), 7") and for such points (y, 7"’)

(13)
V(y, 7"’)- V((7"), 7")<-H(7")(7"’-7")-p(7")(y-(7"))

where q converges to zero when both arguments of q converge to zero.

Proof of Theorem 2. Let (x(.), u(. )) be an arbitrary admissible pair defined on
[to, 7"]. If A(7") is the difference between the values of the criterion in (1) for ((.), ti(. ))
and for (x(.), u(. )), we have

(14) A(7") __> p (’r)- p(to)

where q(t) p(t)(x(t) (t)). See [5, p. 372]. Actually, when this property was derived
in [5], the only properties used were the facts that (x(.), u(.)) and ((.), fi(. )) satisfy
:=f and (3), that (:(.), iT(.)) satisfies (5) and (6) and that (9) and (10) hold, for
t6[to, 7-].

Next, we need an auxiliary system arising out of a modification off andf Define
fo and j to be equal to f(:l, u, 7-) and f(l, u, 7"), respectively, in (7, 7-2], where
:1 g(7-). For the optimal value function corresponding to fo and we write and
for the Hamiltonian, we write .

Extend tT(. to (r, 7-2] by letting t(t)= t(7"-) here. Extend :(. to (7, 7-2] as a
solution in the present auxiliary system. The extension of p(. simply becomes p(t)
p(7-), for > 7-. Let 7"’ be any point in I.

Note that in the present auxiliary system, the supremum of the Hamiltonian is
concave in x, for t [to, r2]. When (g(t), tT(t), p(t)) is inserted in , denote it/(t).
(t) becomes a continuous function of and equals *(Z(t), p(t), t). If ((.), u(. ))
defined on [0, 7"’] is any admissible pair in the auxiliary system, then A(r’)-->
q(7"’)-q(to), if A(.) and q now refer to entities of the auxiliary system. (See the
sufficient properties mentioned in connection with (14)). In addition q(to) =0. Thus
if x is attainable at 7"’ in this system (i.e., equals (7"’) for some (. )), we have that

(15) A= lT"(x, 7"’)- t2(:(7"’), 7"’)_-< -p(7-’)(x- g(7-’)).

Use the inequality for A(r’).
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Next, note that B Q(g(r’), r’) Q(gl, r) j’fo(g( t), (t), t) at=

’ gI(t) dt+C, where C=-’p(t)f(Y,(t), a(t), t) dr.
Let us now write s r’- r. We shall, in turn, consider two cases" (i) s < 0 and (ii)

s_->0.

Case (i). Here we get C_-<-p()((’)-,)/ ,(11), for Isl< , where generally,
here and below tri(’), i= 1,2... means a second-order term in the variable(s) it
contains. In fact, (lsl) can be chosen equal to g(sup,llp(t)-p()ll)" Isl, where
J= [7.’, 7.] and K is defined (also for later needs) by K =sup IIf(x, u, t)ll for (x, t)
G, u U, G a bounded set in R"/ containing B(:, 2) x to, 7.2]. We can choose 2/K
(then 2(t) belongs to B(ff, 2) for all (7. , 7.) f) to, 7.]).

Now, A<--p()(x-(’))/2(lsl, llx-(’)ll), where
IIp()-p(’)ll" IIx-Z(’)ll. Then we get A+B= V(x, r’)- V(I, r) <- I;’ IrI( t) dt-
p()(x-)/(Isl)/2(Isl, IIx-(’)ll) for [sl< Note that [[p()-p(’)ll<-tlsl,
where L= sup,ll(t)ll. If we define 3(Isl)--(sup,jlH(t)- H(7.)l). Isl, then A + B =<
IYI(7.)s--p(7.)(X--2l)+O’l+O’2+O’3, for Isl<L Hence, for y=x, (13) is proved in
this case.

Case (ii). In this case, B=H(r)s-p(r).((7.’)-2(r)); hence A+B<=
H(r)s-p(7.)(x-Y,)= D, by (15) and the fact that p(7.’) =p(7.).

Define F= B(, 1) x[r, r+ 6’), where 6’ is chosen so small that if (x(.), u(. ), r’)
is any triple in the original system such that (x(r’), r’)eF, then x( t) e B(21, 2) for
all e [7., r’]. (In fact, 6’ can be chosen as 6’= 1/K.) In what follows, let (x(.), u(. ), r’)
be a triple for which (x(7.’), r’) e F. Let 2(. correspond to this triple. (Then 2(. x(.
on [to, r] while :(. =f(:f; u(t), r)=f((t), u(t), t) on (r, r’]). As before, x= (r’).

Define x x(7.’). When x is near if1, also x(t) is near : for [7., 7.’], more
precisely, II-x(t)ll <= II-xll + Ilx-x(t)ll <= II-xll + K. s. Choose a term
YII, It’- tl) such that (llz-yll, It’- tl)_>-l/(z, u, t’)-f(y, u, t)l and

It’- tl) >= IIf(z, u, t’)-f(y, u, t)ll for all u U, (y, t), (z, t’) G, a(...) nondecreasing in
both arguments and converging to zero if the arguments converge to zero. Since

x x (f(:(t), u(t), t) -f(x(t), u(t), t)) at

(f(:l, u(t), 7-)-f(x(t), u(t), t)) at,

we get

Ilx-xll -< (ll x( t)ll, l- tl) dt <- (ll xll / g s, s) S O’4(S

(a definition of tr4), when Xl B(:I, 1), 7-’ [7, 7.+ 6’].
Similarly,

E- f(x( t), u(t), t) dt
to

__< j}o((t), u(t), t) dt+ o’4(s 111- xll)
to

_-< f’(x, ’)/r4(s, llz-xl[) when xeB(2,l), 7.’[7., 7-+6’].

4The second equality is valid, since if(.), restricted to [0, z’] is optimal in the fixed end problem
(") ("). (See the inequality for A(") above.)
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Note that V(),, r)= t2(),, r). Hence, E- V(X,, r)<_- IT(x, r’)- Ir(l, 7")--0"4--
A + B + 0"4--<- D + 0"4. Furthermore, if the term -p(r)(x :1) in the expression D is
replaced by -p(r)(Xl-)21), the error is less than IIp(r)ll0"4. Thus,

(16) E- V()I, T) <-- IQ(T) s--p(T)(XI--X,)-t-(1

Given any pair (y, r’) in B((I, T), 6), =min (1, 6’). If (y, r’) is attainable, then
(16) holds for all triples (x(.), u(. ), r’) in the original system for which x(r’) x y.
Since the right-hand side of (16) does not depend on the pair (x(.), u(. )), the inequality
(13) is obtained also in this case.

Remark 2. Let G’ be a bounded set in R" X[to, T2], and let K"> 0. Assume that
for each (x, T) G’, there exists a triple ((.), fi(. ), p(. )) defined on to, T] such that
x g(T), :(. ), a(. ), p(. satisfying (2), (3), (5), (6), (9), (10), with lip(T)[[ < K". Then
q(.,. and 8 in (13) can be taken to be one and the same for all such triples.

To prove this assertion, let B(0, b) x to, T2] be the set G in the proof, the number
b so chosen that B(0, b) B(x, 2) for all (x, T’) G’, and let 6=min (1, 1/K, 1/K’),
where K’=sup[](f(x,u,t)+pfx(x,u,t)]] for (x,t)G,u U,pB(O,K"+I). Note
that p(t)B(O,K"+l) if t[T-6, T]=I. Thus [[p(t)-p(T)[[<=Llt-Tl<=K ’. IT’-T[
for t, T’ 18, t> T’. Hence 0- and 0-2 can be taken to be independent of the triple
(x(.), a(.),p(.)).

Both a(.,. and 0"4 are independent of ((.), fi(. ), p(. )). Finally, the function
(x, p, t) max uo H(x, u, p, t) is continuous in (x, p, t), hence uniformly continuous
for (x,t)G,pB(O,K"+l) Since [[p(t)--p(T)[[<=K’lt--TI and [](t)-(T)ll=<
K’It--T for tI, the limit limt_-(t)=(T) is uniform in the triples
(if(.), (. ), p(. )), which shows that even 0"3 can be chosen independent of these triples.

Remark 3. Assume that U is unbounded, and let U’ be a given bounded subset
of U. Assume that the restriction u(t) U (see (3)) is replaced by u(t) U’, and that
V(.,. and the word "attainable" refer to this new system. Assume furthermore that
fi(t), while taking values in U’, nevertheless maximizes H even in U, and that the
supremum of H, still taken for u U, is concave. Then Theorem 2 and Remark 2 are
still valid.

The proofs can be kept unchang,ed, provided K and K’ and a(.,.) are defined
by restricting u to U’ and defining H(x, p, t) max, o, H(x, u, p, t).

In the proof of Theorem 1, a set U’ is chosen such that uT(t) U’ for all and
T. Since u(.) is optimal in the original problem, V(.,.) has the same value at all
points (X’(T), T) in the present redefined system as in the original one.

Proof of Theorem 1. For y X’(T’), X( (’), U(") 0(" ), from (13) and
Remark 2, we get that for IT’--T[ _--< 6

(16’)
V(T’)-- V(T)<= d(T)(T’--T)--p(T)[X’(T’)--X(T)]+

_--< d(T)(T’-- T) + q(IT’--T[,

where we have written out the arguments of q only once, and where we have used
(see (4) and (7)), that

p()x,(’) L p"()x"(’) > 2 p’()x’
i=1 i=1

L Pi(T)Xi(T)--P(T) X(T)
i=1
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Note that z-+ x(z) is uniformly continuous. Given an arbitrary e > 0, let 8’ and
8", 0 < 8’ < 8" be chosen such that

if It’-r < 6" and Ilx"(r’)- x-(r)[I < 6", then q < e and if It’-rl < 6’ then Ilx"(r’)
x()ll <

Observe that 6’ is independent of r e [r, "r2]. Let - e [rl, r*). There exists a finite
partition of [-, r*] into intervals [r i, ri+], i= 1,’’’, i* of lengths <6’. In [-, r*], d(r)>-
0 (see (12)); thus, by (16’)

i*

v()- v(*) 2 v() v(’+’)--<E (’+’-)--< (*-).
i=1

Since e is arbitrary, V(,)_-< V(r*). A symmetric argument also gives that if
(r*, r2], V(’)_<- V(r*), and the proof is finished.

(By a slight modification of the last arguments, it may be seen that it suffices to
assume that (12) holds for v.e.r.)

4. In this section, we generalize the results to problems with state and mixed
state/control restrictions and more general initial and terminal conditions.

(17)

(18)

max f(x(t), u(t), t) dt + S(x(to))+ SI(x(T), ’1")
to

i() =/(x(), u(), ) v.e.,

Rt,(X(to)) O, k 1," ", r’o, to fixed,
(19)

R(X(to))>O,= k= ro+’ 1, ro,

Rl(x(r),r)=O, k=l r’ [,,
(20)

g(x(g), T) >0, k= r1+1," ., r

where to < rl < r2, r, r2 fixed.

(21) u(t) eU, U fixed, convex set in R r.
For all t,

gJ(x(t), u(t), t)>-O, j= 1,... ,s’,

gJ(x(t), u(t), t)=- 3(x(t), t)>-O, j= s’+ 1,...
(22)

(In (22) the assumption is that g-J does not contain u for j> s’.)

(23) fo, f and their partial derivatives with respect to x and u exist and are
continuous; g,So,S1,Ro (Ro o ",R,...,Rro),R =(R,.. ,) and their
derivatives exist and are continuous.

We first formulate as a theorem sufficient conditions for this problem for the case
where r is kept fixed. In the theorem, we assume that p(.) is continuous in (to, r).
When the mixed constraints gO, j 1,..., s’ satisfy certain constraints qualifications,
these constraints do not cause jumps in p(.). Neither do the pure state constraints
g0,j> s’ in the case where gax((t), t)f((t), (t), t) is discontinuous at points e (to, r)
at which go()(t), t)=0, or when u-+ H((t), u,p(t), t) has a unique maximum and a
standard constraints qualification is satisfied.
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Hence, the following sufficient conditions, which assume no jumps in p(.) in
(to, r), have fairly wide applicability.

As before, we define the Hamiltonian as

(24) H(x, u, p, t)= pof(x, u, t)+pf(x, u, t)

and we define the Lagrangian as

(25) L(x, u, p, q, t)= H(x, u, p, t)+ qg(x, u, t).

The following theorem will serve as a reference for our next free final time theorem.
(See [5, Thm. 9], [6, Thm. 6.7.1].)

THEOREM 3. (Final time -r fixed.) Let ((t), a(t)) be an admissible pair in
problem (17)-(23). Assume that there exist a continuous and piecewise continuously
differentiable function p(t) (p(t), , p,(t)), a piecewise continuous function q(t)
(q(t),..., q(t)) and vectors /3 =(/3,,...,/3s), fl= (/3, ,/3), y=(y,..., Yrl),
6 (8,..., 8ro), such that the following properties hold for Po 1"

(26) L*(u-a(t))<-O for all ue U for v.e.t.

(The *, here and below, indicates that the derivative is evaluated along
(g(t), a(t), p(t), q(t)).

(27) p(t) =-Lx* v.e.,

(28) P(7.) flgx((7.), a(7-), 7-)+ Slx((7-), 7-)+ TRI((7-), 7-)

where for k > r, Yk-->0(=0 if Rk((7-, 7-)> O) and where the vector (,..., .)
satisfies

/3j 0, j=l,...,s’,
(29)

flj _-> 0 (=0 if g()(7.), ti(7.), 7.) > 0), j=s’+l,...,s,

(30) p(to) -flgx (.(to),/(to), to) Sx(.(to)) 8Rx((to))
where for k > r’o, 8 >- 0(=0 if R,((to)) > 0), and where the vector /3 (/3, .,/3)
satisfies

(i) fl=0, j<=s’,
(31)

(ii) /3>--0(=0 ifg((to), (to), to)>O), j> s’,

(32) q(t) =>0(=0 ifg(g(t), (t), t) > 0), j= 1,. .,s,

(33) H(x, u,p(t), t) is concave in (x, u)RnRr for each t;

(34) g(x, u, t) is quasiconcave in (x, u) R R for each t;

(35) For each t, SO and S are concave in x and 6kR and ykR are quasiconcave
in x, for each k.

Then (2(.), a(. )) is an optimal pair.
In the next theorem, 7- is again subject to choice in [7-1,7-2].
THEOREM 4. (Final time "r free.) Consider problem (17)-(23). Suppose that 7- is free

to vary in 7-1, 7-2], to <

An admissible pair x(. ), u(. is a pair satisfying (18)-(22), u(. piecewise continuous.
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Assume thatfor each z ’1, z2] there exists an admissiblepair (x( t), u (t)), defined
on [to, z], with associated multipliers p(t), q(t), 6= (6;, 6ro), y=
(Y,’’’,Vrl),flO=(fllO,’’’,flO),fl =(fll,...,fl) that satisfy the conditions (26)-
(35) for [to, z] with Po- 1. Assume, moreover, that u( and q(. take values in

fixed, bounded subsets being independent of z [z, z2], and that z- x(z) is Lipschitz
continuous. Assume also that the functions -- fly and -- 2, are piecewise continuous.
Assume next that u(z) belongs to the closure of the set {u U, g(x(t), u, ’) >O for all
j <-s’} for all -. Finally, assume that the function

F(7") H(x’(’r), u’(r), p’(r), r)+ fl" gt(x’(r), u(r), r)
(36)

+ S(x(r), z)+ "),. g(x’(r), r)

has the property that there exists a r*6 [rl, ’2] such that

F( r) >- O for r < r* ifr < r*,
(37)

F( z) <- 0 for " > z* ifz2 > ’*.

Then the pair (x’*(t), u’*(t)) defined on [to, z*] is optimal.
Proof Again V(z) is the value of the criterion, see (17), for (x’( ), u’( ), z). And

as before, (x’( ), u’(. )) is optimal in the problem where - is the fixed terminal time.
Hence, to show that V(z*) is no less than the value of the criterion for an arbitrary
admissible pair x(. ), u(. defined on [0, r], z e [r, z2], it suffices to show that V(z) -<

V(*).
To give a proof of this property, we shall refer to the proofs of Theorems 1 and

2. Hence, let ((.), tT(. ))= (x( ), u( )) for some given z. Choose an open ball B’
such that u(t) B’ for all " and t, and define U’= U B’. Note that for some K"
we have K">_-sup ]lp(z)[[, (z- x(r), z- y, z are piecewise continuous (see (28),
(29)). Define K’-sup [[f(x, u, t)+pf(x, u, t)+ qg(x, u, t)[[, the supremum taken for
(x, t) G B(0, b) x to, z], u U’, p B(0, K"+ 1), q Q, where Q is a set that has
the property that q(t) Q for all and " and B(0, b) B(x(r),2) for all r. Finally,
let K=sup [If(x, u, t)[[ for u U’, (x, t) G and let 6=min (1, 1/K, 1/K’). For these
definitions, K, K’, K" and 8 can play the same role as in the proof of Theorem 1.

(37’) Define H*(x, p, t) sup {H(x, u, p, t): u U, g(x, u, t) >- 0}.

In [5], property (14) was obtained by establishing the inequality

(38) H(x(t), u(t), p(t), t) H*(:g(t), p(t), t) <- -fi(t)(x(t) .(t)).

For the arguments needed to obtain (38), see the proof of Theorem 6 and Note 3 in
[5]. (The properties used in the proof in [5] are that (x(.), u(.)) and ((.), (.))
satisfy =f u(t) U,p=-L*,L*(u-a(t))<=Ofor u U, qg* 0, q>-O,H concave in
(x, u), g quasiconcave in (x, u)).

Let us first consider the case z’< z. Evidently,

(38’) f(g(t), ft(t), t) dt- f(x"(t), u"(t), t) dt>-ch’(r’)-ch(to)
to to

where q(t) p(t)(x’(t) x(t)) (see property (14)).
With the same arguments that lead from (15) to (13) above, we obtain from (38’)

that if (x’(r’), r’) B((x(r), r), ), then

(38") -(t0) + A"(r’, r)<=d(r)(r’-r)-p(r)(x’(r’)-x(r))+o
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whereA"(’, ’) ’ o ,( o u=,of (x’(t), u t), t) dt-(.,of (x (t), (t), t) dt and tristhe second-
order term of the proof of Theorem 2 (i.e.,

Even the independence of tr and 6 on g(. (i.e., on r) is obtained in the same way.
For r’> -, the argument runs as follows: Since ’- fly and r- y are piecewise

continuous, by (28) and (29), r-p(r) is piecewise continuous. Next, note that for
x(. )= x’( ), (38) can be obtained for all in (to, ’). This means that we can obtain
an inequality similar to (38’) also in this case, namely,

f(g(t), (t), t) dt- f(x"(t), u"(t), t) dt>-b’(r)-(to).
to to

Defining A" as above, we get

’( --A"(r’, -)+ f(x’(t), u t), t) dt >- (r) (to).

The integrand can be rewritten as H(x’(t), u’(t),d(r), t)-dP(’)f(x’(t), u’(t), t),
where (r) p (-). Thus,

’(t), cI)(’), t) cI)(’)(x’(r’) x’(’))=6(r) b(to).-A"(r’, ’)+ H(x’(t), u dt >

Using the definition of b(r) and approximating the last integrand by d (r), we get

(38’") -b(to) + A"(r’, r)<-_d(r)(r’-r)-p(r)(x’(r’)-x(r))+tr
where r =’ X(t, r’, r) dt, X(t, ’, r)=ld(r)-n(x’(t), u’(t), (r), t)l. We are going
to show that A t, r’, r) is uniformly small within each interval of continuity of r p (r),
in a sense to be made precise.

Define A sup {lH(x, u, p, t)l" for (x, t) G, u U’, p B(0, K"+ 1)} and let
(ai, ai+l), i= 1,. , i’ be the intervals of continuity of r p(r).

Let e>0. Define a=e/8Ai’, and let I=[a+a,a+-a]. Define h(’,t)=
H*(x’( t), p’( t), t). Note that llp "(’) -p’( t)ll K’(r’- t) and that [lx’(r’) x’( t)l
K(’-t) when ’,tI,’-6tr’. Hence for any I, limx’(t)=x(r) and
lim p’(t) p() when ’ r, , ’, ’, I. We now asse that there exists a
g6 (0, ) such that’(t, r’, r) IIh(r’, t)- h(r, )11 < e, whenr r’ r+ g; t, ’, r6 I,.
By contradiction, assume that, for all n 1, 2, , there exist points t,, r,, r, I, r,
t, < r, r, + 1/n such that (t,, r,, r,) e. By compactness of L, we may assume that
r, r, for some r L. Then also t, r, and r, - r. Next, observe that the set U’
is compact. Note fuhermore that h(r’, t)=max {H(x’(t), u, p’(t), t)"
u6 0’, g(x’(t), u, t)0}, h(r, ) =sup (H(x(), u, p(r), )" u 0’, f(x(), u, )
> 0 for all j s’}. The first equality gives that lim sup h(, t,) h(, r), the second
one that lim inf h(r, t,) h(r, ). Thus, lim h(, t,) h(, ). But this contradicts the
fact that X(t,, ,, ,)> e. Hence, the asseion made about X(t, ’, ) above is valid.
Exactly the same asseion can also be made about A (t, ’, r) for the following reason:
Observe first that d()= h(r, ), while h(’, t)-H(x’(t), u’(t), (t), t)=
(p’(t) ())f(x’(t), u ’(t), t). In the last expression,f is bounded by K if ’r+2/K, while p’(t)op()=(r) when ’ (and t), uniformly in I, by a simple
compactness argument again.

Since A(t, ’, ) has the asseed propey, e(’- ) when ’- 6, ’, L for some i.
Let be some point in , *) (assuming < *), and let e > 0. Choose a 6’ (0, 6)

such that the term of (38") has the propey that e]’-1 when 1’-1 < 6’ (cf.
the proof of Theorem 1). Choose a paition { F}, j 1,. , j’ of , *], , F’= *,
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such that 0< j+l- < t’. Let r’= j, 7" tJ+l,j 1, 2, , and sum the left, respectively
right, side of (38"). For y(t)= x’(t), @(t)=p’(t), we then get

(39)

For the d’s spaced closely enough (all j+l- small enough), the two former
sums above approximate the integrals .d(t)dt and .O(t)dy(t), respectively.
Evidently, it is possible to obtain

(39’) -E bt"+’(to) + A"( ", ’*)----< d(t) dt+ O(t) dy(t)+e’

where e’= e(’2 ’) + e.

A similar argument also works when - (’*, ’2]. In this case, the term r is the
one defined subsequently to (38’"). Since , (t, -’, -) _-< 2A when - <- -’ -< - + 6, then
r =< 2A("- r), (tr_-< e("- ’) if ", ’ li). Choose a partition {d},j 1,. ,j’ of[z*, -]
such that 0 < d+1- < 3, and such that any of the intervals d, d+1] either belongs to
some L or equals one of the intervals //f3 [’*, "], with = ’*, d’= -.

Otherwise, by letting "= s+l, r= d, and using the facts that r <= e(d+1- d) when
s, d+1] Ii, for some i, and that tr_-< 2A(ts+l d), we get

(40)

jr--

E bt"(to)+A"( ", ’*)----<E d(tJ)(tJ+’-tJ)-E O(tJ)(Y(tJ+)-Y(tJ))
j-l

+ e( j+l s) + i’2A2a

by summing the left and right sides of (38’"). Finally, when the d’s are densely
distributed, the sums can be replaced by integrals, with the effect of introducing at
most an additional error e/2. Hence

(41) -E 4t"(to) + A"( ", ’*)----< d(t) dt- O(t) dy(t)+e"
T* -*

where e"= e(2 ) + e.

Next, let " be either smaller or greater than -. Let g(.)= x(.). Then, for
6 , 8kROk(x’( to)) >--__ 6kROk(g(to)) when g(to) satisfies (19); hence by quasiconcavity,

6kROkx(g(to))(X’(to) g(t0)) __>-- 0. Similarly, for flo 3o, fl.jOg(g(j to), (to), to)
(x’( to) g( to)) O.

Also, S(x’ to) S(g( to) <- Sx(g( to) )(x’ to) g( to) ). Thus, (to) + S(x’ to)
S(g( to)) <- dp( to) + Sx(g( to))(x’( to) g( to)) + 6Rx(g( to))(x’( to) g( to)) + gx(g( to),
O(to),to)(X’(to)-g(to))=O, using condition (30). Define A’(z’,z)=S(x’(to))
S(g(to)). Then, by the last inequality, A’_<_-b(to). Hence, A’(-, t*)=
A’(d, d+)-_<- b’s+’(to) (respectively, =<- b"(to)), when -< ’* (respectively,- > z*). Consider now the case - > z*. Using (39’), we get

(42) A_-< d(t) dt+ O(t) dy(t)+e’

where e’= e(’2-r)+e, and A A’(-, r*) +A"(-, r*).
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Note that y(t) is absolutely continuous. Hence, V(-) V(-*)
7X+ S’(y(’), )-Sl(y(’*), ’*)= 7x+. (d/dt)S’(y(t), t)dt. Thus, from (42) we get

(43) V(-)- V(-*)<= d(t) dt+ (t)(t) dt

f/* (Sx(y(t), t)y(t) + S(y(t), t)) dt + e’.

Next, note that at each point 6(zl,z2), the function t-yR(y(t),t) has a
minimum at t= , i.e., y(R(y(), ). g()+R(y(), -))=0 a.e. Similarly,
(y(-), u(), t). y(-)+/3g,(y(), u(), -)=0 a.e. Then, in a shorthand notation,

--Ir*(d(t)+’g,+S+y ,)dtV(’) V(’*) <

(44)

d

Using (28) and (37), we get V(-)- V(’*)<=e(’z-’)+e, i.e., V(-)_-< V(-*), since
was arbitrary. The case - (-*, ’2], in the case where -*< ’2, is treated completely
symmetrically. Hence the proof of Theorem 4 is finished. Note that the Lipschitz
continuity of --x’(") is used only to establish (43) and (44). Mere continuity is
needed when S-- 0, and (7) is the terminal condition and s s’.

Remark 4. Theorem 4 Can be generalized to the case where the functions p(.
are allowed to have a finite number of discontinuities caused by the constraints g;, j > s’,
of the type (77), (78) of [5], in either of two cases: (i) there exists a 8 > 0 such that
for all ’, p’(. has no discontinuity point in (’- 8, -); (ii) V(-) is a continuous function.

The conditions of Theorems and 4 imply that V(’)is continuous: In the situation
of Theorem 1, this follows from the boundedness of d (.) and (16’), which also holds
for -’ and " interchanged. In the situation of Theorem 4, (43) holds for arbitrary
and ’*(e’ independent of and ’*), which again implies continuity of V(-).

Remark 5. Assume that U R ". Then, in Theorem 3, the concavity condition on
H and g;,j <= s’ can be replaced by the following conditions: H(X(t),/(t), p(t), t)=
H*(.f(t), p(t), t), where H* is defined in (37’). Furthermore, H*(x, p(t), t) has, for
all t, a concave extension to the set co{x: for some u R , gS(x, u, t) _-> 0 for all j =< s’}
as a function of x. Finally, if we define I(t)= {j: gs((t), /(t), t)=0,j =< s’}, the matrix
with elements g,,(X(t), /(t), t), i= 1,. ., r,j I(t) has a rank equal to the number of
elements in I(t), for v.e.t.

(The proof of Theorem 4 remains the same, since (38) holds even for the present
conditions; see the proof of Theorem 9 in [5].

Remark 6. Theorems and 4 also hold if - to, and it is then sufficient that the
conditions of the theorems are satisfied for - (-, ’2]. This assertion follows at once
from the fact that V(-) is continuous at " ’ to. This continuity is a consequence
of the existence of bounded sets U’ and D such that u(t) U’ for all " and t, and
x’(t) D for to_-< t_-<-< t’, t’ near enough to. (In Theorem 4, the Lipschitz continuity
is needed for the last assertion).

Remark 7. A remark exactly analogous to Remark pertains also to Theorem 4.
Remark 8. Assume for Theorems and 4 that instead of (12), respectively (37),

holding for some ’* for all - [-, ’2], there exist subintervals [a_,, a] partitioning
[’, ’2] and points ’* [a_, a] such that (12), respectively (37), holds for ’*= ’* in
the subinterval [a_, a], for all i. Then one of the points -* is optimal.
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Remark 9. Consider the case where z2 oo and let us enlarge the set of admissible
pairs in problems (1)-(4) by adding pairs (x(t), u(t)) defined on [to, oo) satisfying
(1)-(4) with xi(z) in (4) replaced by limT-_oo xi(z) (assumed to exist), 1,. , and
by lim infT-_ x(z), i--14-1,..., m. For simplicity, assume that the integral in (1) is
convergent for z-oo, for any admissible pair defined on an infinite interval. (If the
so-called catching-up criterion is used (see [5]), then this last assumption is not needed.)

We then have the following two results: (I) If
for each admissible solution defined on [to, oo) and the conditions of Remark 1 are

satisfied, then ’* is again optimal. (II) If ((.), (. )) defined on [to, oo) together with
an adjoint function p(.) satisfy the conditions (5), (6), (9), (10) and the conditions
lim infT-_ p( z)(xT- z) ( z) - 0 and lim infT-_o p( z)(x( z) g( z) O for all admissible
solutions x(. defined on to, oo), and finally, the condition d(z)-0 for all z, then
((. ), (. )) is optimal.

The two assertions above easily follow from an application of (14).
Example. Consider the problem

max (qu-c(u)) e-’ dt,

(ii)

is a C2

x(O) =g>o, x(z)>_-o, u_->o

function, c’> O, c"> O, q > O, r > O, c’(O) < q < c’(oo), c(O) >

(iii) (q-c’(u)) e-"’-p<-O (=flu>0).

Note that condition (iii) defines u as a continuous function u(t; .0) being nonin-
creasing in/. For/=0, u(t; 0)-= Uo>0.

Define z’ by o Uo dt . A candidate satisfying the fixed final time necessary
conditions (for Po 1), with z < z’, must satisfy x(z)-> 0 with strict inequality (Uo ->

u(t;/)). On the other hand, for z > z’,/ has to be >0 in order for o u(t; ) dt not to
exceed , i.e., x(z)->_ 0 is satisfied with equality in this case.

Thus for z_-> z’,/ is determined as a continuous nondecreasing function/(z) of
zby

(iv) u(t;/3)- .
(Note that for/0 0, the left side is 20, while for/ q c’(0), u(t;/) 0 by (iii), and
the left side of (4) is <if).

For z<z’, let /(z)=0, and write uT-(t)=u(t;p(z)),d(z)=(quT-(z)-
c(uT-(’r))) e-"’-uT-(’r).

Now, u(t;/) is nonincreasing in t. Hence, by (4), uT-(r) - 0 when z oo. (Actually,
for some ", uT-(t) =0 for z-> -> "). Thus d(z)<0 for all z>_- ’ if z" is large enough,
(c(0) > 0). For z 0,/ 0 and d (0) k > 0, by one of our assumptions. Since d () is
continuous, for some r* > 0, d (*) 0.

Let r* be largest possible. Then 0= d(z*) implies (quT-.(’r*)-c(uT-.(’r*)))e
/uT-.(r*) _-> 0. That is, by the maximum condition, for . < r*, d (’) _->

(quT-.(’r*)-c(uT-.(’r*))) e-rr-uT-.(’r*)>-_d(’r*). By definition of *,0= d(z*)>_-d(-)if. > z*. (We can even show that the two last, weak inequalities are in fact strict ones.)

where c

0, maxuo qu- c(u)= k > 0. The problem can be given the following interpretations:
x is a stock of a natural resource, u the extraction rate (the control variable), q the
price of the resource, c(u) the extraction cost. With H=(qu-c(u))e-r’-p(t)u, we
get that/ =0, i.e., p(t)= >-_ O. By concavity, the Hamiltonian is maximized by u _-> 0
if and only if u satisfies
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It is now easily seen that the conditions in Remark 1 to Theorem 1 are satisfied.
That is, u.(. u(.;/(-*)) is optimal.

Here, what might be called qualitative arguments were used in order to show the
existence of a candidate satisfying all the sufficient conditions. Such arguments are
needed in the numerous cases where no explicit formulas can be obtained. Although
exceedingly simple, this example, we hope, serves as an illustration of the fact that
the tools presented may also be useful in cases of this type.
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DISTURBANCE DECOUPLING PROBLEMS BY MEASUREMENT FEEDBACK:
A CHARACTERIZATION OF ALL SOLUTIONS AND FIXED MODES*

VASFi ELDEMS" AND A. BLENT (ZGOLER-

Abstract. This paper presents a new approach to disturbance decoupling problems by measurement
feedback (DDPM). The novelty in this approach is that it yields a characterization of the sets of all solutions
to DDPM and DDPM with internal stability and that the set of fixed modes of DDPM with respect to

dynamic output feedback is easily identified. The central object used in deriving these results is a minimal

polynomial basis of a rational vector space which conveniently represents the problem data.

Key words, disturbance decoupling, dynamic measurement feedback, internal stability, pole-placement,
minimal polynomial basis of rational vector spaces
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1. Introduction. Disturbance decoupling problems via dynamic measured output
(measurement) feedback (DDPM) have been studied extensively in the last decade.
Solutions to the problem without internal stability constraint have been obtained by
Akashi and Imai [1979] and Schumacher [1980]. The problems with internal stability
and pole placement have been solved by Willems and Commault 1981] and Imai and
Akashi [1981]. In these papers, the concepts from the geometric approach to linear
system theory was primarily used. Through a transfer matrix approach Ohm, Bhat-
tacharyya and Howze [1984] have obtained an alternative solution to DDPM and
using a stable rational fractional approach Pernebo [1981] has obtained solutions to
the problems with or without internal stability. In zgiiler and Eldem [1985] a
polynomial fractional approach has been taken to reduce the problems to the solvability
of matrix equations of the type AXB C where a solution X is being sought on the
various subrings of the field of rational functions. This approach has also yielded
alternative solutions to DDPM with internal stability or pole-placement and the results
have been used in zgiiler [1986] to make the relation between the geometric and
polynomial fractional solutions to DDPM explicit.

Despite the existence of a rich variety of solutions (solvability conditions and
synthesis procedures) and a thorough understanding of the structural aspects of
disturbance decoupling problems, there are at least a few more problems that are worth
studying in the same context. Among these are (i) a characterization of the set of all
solutions to disturbance decoupling problems, (ii) finding an explicit expression for
the set of fixed modes of DDPM in terms of the problem data, (iii) determination of
a minimal McMillan degree (order) solution to DDPM, (iv) obtaining "approximate"
solutions to DDPM which achieve maximal disturbance attenuation when the "exact"
problem is not solvable and (v) examining the robustness issues involved in DDPM.
Recall that the "state-feedback" version of the characterization problem has been
solved by Forney 1975]. However, no such result exists in DDPM; in fact "a computa-
tionally attractive parametrization of the set of all solutions to DDPM" has been stated
as an open problem in Ohm, Howze and Bhattacharyya [1984]. For the fixed mode
characterization of the state-feedback version of DDPM, the work of Wolovich,

* Received by the editors January 6, 1986; accepted for publication (in revised form) August 11, 1986.
t Division of Applied Mathematics, Research Institute for Basic Sciences, P.O. Box 74 Gebze, Kocaeli,

Turkey.
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Antsaklis and Elliot 1977] can be mentioned. As to the characterization of fixed modes
in DDPM, it can be easily seen that the earlier studies concerned with DDPM with
internal stability all come very close to the resolution of this problem. However, this
point is not directly addressed in any of these works. The minimal McMillan degree
solution of the state-feedback version of disturbance decoupling problems has been
obtained by Wang and Davison [1973] and later in a more systematic setting by Forney
[1975]. Concerning the same point in DDPM, one finds nothing more than a brief
discussion in for example Schumacher [1980] and Willems and Commault [1981]. In
the present paper, we do not directly address this problem. We should add, however,
that the approach taken here has already led to some preliminary results towards the
determination of minimal order solutions for DDPM (see Eldem, zg/iler and Baer
[1986]). Concerning issues (iv) and (v), we mention the works by Willems [1982] on
"almost disturbance decoupling" and by Bhattacharyya, del Nero Gromes and Howze
[1983] on "robustness" respectively.

This paper is primarily concerned with points (i) and (ii). In characterizing the
set of all solutions to DDPM with or without internal stability and in identifying the
fixed modes of DDPM (with respect to dynamic measurement feedback), we carry out
the following conceptual program: (1) Identify a rational vector space which con-
veniently represents the problem data. (2) State the solvability condition of various
disturbance decoupling problems on a minimal polynomial basis of this vector space.
(3) Determine the sources of nonuniqueness that enrich the class of solutions and
describe the set of all solutions accordingly. (4) Identify the fixed modes again on a
minimal polynomial basis of the same vector space. Hence it is clear that this work
rests heavily on the work of Forney [1975] on minimal polynomial bases of rational
vector spaces. In identifying the relevant rational vector space the main source of
insight has been the work of Kuera [1983] that considers the same problem for the
scalar case. (The reader may note the similarity between the crucial matrix [A:-B]
in 3 and matrix (8) in Kuera [1983].)

It might be argued that some recent concepts developed through a series of papers
by Hammer and Heymann 1981], Vardulakis and Karcanias 1984a], 1984b] of proper
and proper stable minimal bases for rational vector spaces might provide a more
compact setup compared to the minimal polynomial bases concept of Forney [1975].
However since the "system zeros" play a primary role in disturbance decoupling (see
0zg/iler and Eldem 1985]) we believe that using stable proper fractions and/or stable
proper minimal basis will bring little improvement, if any, to the approach taken in
this paper.

We would also like to mention the fact that the concept of internal stability
employed here is slightly different, and in fact more general, than the corresponding
concept in the papers by Imai and Akashi [1981], Willems and Commault [1981],
zgiiler and Eldem [1985] and Ohm, Howze and Bhattacharyya [1984]. This point is
discussed in more detail at the end of 2.

The paper is structured as follows: In 2 some results in Forney 1975] concerning
minimal basis and solutions of the one-sided matrix equations A--XB are stated in
a suitable form for our purposes. The precise definitions of various disturbance
decoupling problems also appear in 2. Section 3 contains the solvability conditions,
stated on the properties of a minimal basis of the relevant vector space, for the problem
without internal stability constraint. A characterization for the set of all solutions of
this problem is also included in 3. In 4 we identify "the fixed modes of disturbance
decoupling under dynamic measurement feedback" through the employment of
minimal basis and obtain solutions for the problem with internal stability and pole
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placement. We then characterize the set of all solutions to the problem with internal
stability in a similar manner to that of 3. Section 4 is closed with the specialization
of the results of the previous sections to the two-sided matrix equations II4 HaXH2,
where II2, IIa and II4 are arbitrary rational matrices and a solution X is sought over
various subrings of _R(z). The last section is on conclusions.

2. Preliminaries and problem formulation. This section contains a summary of
certain results concerning rational vector spaces, with special emphasis on the concept
of minimal basis and proper solutions X to the rational matrix equation A XB. Our
exposition of the minimal (polynomial) basis and its relevance to model matching
problems closely follows Forney [1975]. The disturbance decoupling problems that
we consider are defined towards the end of this section, where we also emphasize the
difference between the stable disturbance decoupling formulated here and in some
earlier works. For various undefined concepts related to polynomial and rational
matrices such as "right unimodular, proper, greatest left factor, etc." the reader is
referred to (zgiiler and Eldem [1985].

As usual _R, _R[z] and _R(z) denote the field of real numbers, the ring of polynomials
in the indeterminate z with coefficients from _R, and the field of real rational functions
of z, respectively. A rational vector space 7r of k-tuples of rational functions is an
_R(z)-linear set which admits a rational basis consisting of v (=dim ) _R(z)-linearly
independent elements. A k x v full column rank rational matrix, the columns of which
span 7r, will be called a rational basis of 7/’. Among the rational basis of 7r there are
polynomial ones which can, for instance, be obtained by multiplying a given rational
basis by the least common denominator of all its entries. Such a basis is called a
polynomial basis of 7/’. A minimal basis of is defined as a polynomial basis which is

(i) right unimodular and (ii) column proper. Recall that a k x v polynomial matrix V
is column proper iff its high column coefficient matrix Vh has full column rank, i.e.,
p[ Vh] V. The order/z(V) of V is defined as/x Yi=/xi, where/xi s are the column
degrees of V. A minimal base V of 7 has the least order among all polynomial bases
of (Forney [1975]). Furthermore, given two minimal bases V and V of 7/’, they
satisfy (i) V= ’U for some unimodular matrix U, (ii) /x(V)=/x(’’) and (iii) they
have the same column degrees up to a permutation of their columns. In other words,
/x and /x’s are invariant under different representations of the vector space U; thus
they are usually attributed to 7/’, i.e.,/x is called the order of 7r and/z’s are called the
dynamical indices of (Forney [1975]).

The notion of minimal basis proved most useful in solving the following problem:
Let Zg and Zd be p x and m x rational matrices respectively and determine a proper
rational matrix Zc such that Zd ZcZg, i.e.,

(2.1) [Zc’-I][Z 1 =0.
Ze

Further, if a solution exists, then find one with the least McMillan degree. This problem,
known as the exact model matching problem, was first solved by Wolovich [1974] and
minimal McMillan degree solution was first obtained by Wang and Davison [1973];
later, the minimal basis approach of Forney provided a convenient framework for such
problems. We therefore briefly review this approach below.

Let denote the rational vector space spanned by the columns of [Z-Z]’ and
V be a minimal basis for 7/’. The orthogonal complement in _RP+’(z) of V is given by

7#- := {x in _RP+’(z)" x’y=Oforallyin 7#}.

Let W be a minimal basis for V-, where w := dim V=p + m-dim .
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LEMMA 2.1 (Forney 1975]). (i) There exists a proper rational Zc satisfying (2.1)
(equivalently [Zc’-I]V-O), iff the last m rows of Wh are linearly independent.

(ii) If a solution exists, then the set of all solutions of (2.1) is given by (Z :-
Q-R’[R" -Q]’- WT), where T is a w m right unimodular polynomial matrix such
that WT is column proper and the last m rows of (WT)h are linearly independent).

It is possible to state the solvability conditions for (2.1) more directly on the
problem data. For this aim, we first establish the following simple results concerning
column proper polynomial matrices.

LEMMA 2.2. Let W and V be column proper polynomial matrices of sizes k w and
k v, respectively. Then,

(i) V WTfor some polynomial matrix T implies that Vh WhTo for some constant
matrix To,

(ii) W’ V 0 implies W’h Vh O.
Proof. Both statements follow by employing the representation V-- VhAv / Lv of

a column proper polynomial matrix (see Kailath 1980, p. 384]), where A is a diagonal
polynomial matrix with the same column degrees as V and L is a polynomial matrix
such that LA is strictly proper. We omit the details of this easy proof. [5

By using Lemma 2.2 and the equation [Zc’-I] V-0, where V is a minimal basis
for 7, the column span of [Z’’Z’d]’, the solvability conditions for (2.1) can be
alternatively expressed as follows.

LEMMA 2.3. There exists a proper solution Z of [Z"-I]V-O iff the submatrix
consisting of the first p rows of Vh has full column rank v :-dim .

Proof. If [Z’-I]V-0 admits a proper solution Z, then by Lemma 2.1 the last
m rows of Wh are linearly independent. Furthermore, Lemma 2.2(ii) implies W’h Vh --O.
Partitioning Wh and Vh compatibly, we have

wv wv,
where Wg2 has full column rank, i.e., there exist a constant matrix L such that LW,2 I.
Thus Vh2 LW, Vh which implies that Vh I" W L’]’Vh . Now since p[ Vh v,
it follows that p[Vh] v.

Conversely, let Vh be a v (p v) constant matrix such that Vh" V,] is nonsin-
gular and consider Zc:=[V2"O][VI" l?h]-, where V:=[V" V]’. Clearly, ZV= V,
i.e., [Z’-I]V=O. Properness of Z follows by the fact that O[V" Vh]>=O[V2"O],
where O[. denotes the ith column degree. E]

In this paper, we consider the disturbance decoupling problem with measurement

feedback (DDPM), the disturbance decoupling problem with measurementfeedback and
internal stability (DDPMS) and the disturbance decoupling problem with measurement

feedback andpole placement (DDPMP), all of which will be defined in a transfer matrix
(input-output) setting.

Let Z, Z2, Z3, and Z4 be p x m, p s, q m, and q x s rational matrices, respec-
tively, with Z strictly proper, and consider the following composite system"

y Z3 Z4 d’

where y, denotes the measured outputs, y the controlled outputs, u the control inputs,
and d the disturbance inputs.

DEFINITION 2.1. For the composite system given by (2.2) determine an m x p
proper rational matrix Z such that under the control law

(2.3) y=-Zy+u,
where u is a possible external input to the closed-loop system,
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(DDPM) The closed-loop transfer matrix Zdy--Z4-Z3Zc(I-FZ1Zc)-lz2 from d
to y is identically zero.

(DDPMS) Given an admissible stability region 12, which is a conjugate symmetric
region of the complex plane with at least one point on the real axis, Za, is identically
zero and the poles of all for rational matrices A:= Zc(Id-Z1Zc)-1, ZIA AZ1 and
Z1AZ1-Z1 are in 12. (Note that as Z1 is strictly proper and Zc is proper, I + Z1Zc is
bicausal and hence (I + ZIZ)- exists.)

(DDPMP) Find the solvability conditions for DDPMS for an arbitrarily given
admissible stability region 12.

Our definition of DDPMS differs from the earlier definitions in the requirement
of internal.stability. Note that in DDPMS all four transfer matrices A, ZA, AZ1 and
Z1-Z1AZ1 should have all their poles in 12. This is well known to be equivalent in
state space terminology to the condition that a canonical realization of Z internally
stabilizes a canonical realization ofZ1 under the control law (2.3) (see Desoer and Chan
1975]). Let

2: Z1
z z4

and consider a slightly different version DDPMS’ of DDPMS as determining a proper
Z such that, under (2.3), (i) DDPM is solved and (ii) a canonical realization of Z
internally stabilizes a canonical realization of ,. This is, in essence, the problem
considered in Ohm, Howze and Bhattacharyya [1984] in a transfer matrix setting, in
Imai and Akashi [1981] and Willems and Commault [1981] in a state space setting
and in (zgiiler and Eldem [1985] in a polynomial fractional setting. The problems
DDPMS and DDPMS’ are simply related as expressed by the following result: Let
Z- Zs + Zu be the partial fraction expansion of Z into rational matrices Zs and Zu,
where Z has all its poles in 12 and Z, has all its poles outside 12. Also let ,/[Z]
denote the McMillan degree of Z.

PROPOSITION 2.1. DDPMS’ for (2.2) is solvable iff (i) u/[Z1] ,/[,] and (ii)
DDPMS is solvable for (2.2). Further, if (i) holds, then any solution to DDPMS is also
a solution to DDPMS’, and conversely.

Proof. The result follows easily by the definition of DDPMS and by Ohm, Howze
and Bhattacharyya [1984, Thm. 3.1] where one lets Z1--M, Z2-N, Z3-G and
Z:H H. 13

Note that in cases where u+[Z] # +[,], DDPMS’ has no solution whereas it
may still be possible to solve DDPMS. In this sense, DDPMS is a more general problem
definition and in cases where "the plant" is represented by the transfer matrix Z
between the control inputs and the measured outputs, a more realistic approch would
be to solve DDPMS rather than DDPMS’.

We close this section by giving a first set of solvability conditions for DDPMS.
The result follows directly by the characterization of internal stability of the pair
(Z, Zc) given by Desoer and Chan [1975].

PROPOSITION 2.2. Let Z1 Q-1R be a left coprime polynomialfractional representa-
tion ofZ. Then, DDPMS is solvable iff there exists a proper Z such that for some right
coprime polynomialfractional representation Z PQI, both of the following conditions
hold: (i) det (QQc+ RP.) has all its zeros in 1, and (ii) Zdy=Z4--ZaZ(I +ZZ)-Iz2
is identically zero.
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3. A characterization of solutions to DDPM. In this section, we present a new set
of solvability conditions for DDPM, through which it is possible to characterize the
set of all solutions to DDPM.

Let us define

A:= B:=
z3’ z’

where Z1, Z2, Z3, Z4 are as given in (2.2). Also, for convenience let

r := dim (Ker A), g := dim (Ira B),

where Ker A denotes the kernel of A considered as a map from _R(z)p+’’ to _R(z)p+q

and Im B denotes the image of B considered as a map from _R(z) into _R(z)p/q.
Throughout this section, we will be mainly concerned with the rational vector space
[(z)-linear set] A-l(Im B). Since Ker A c A-l(Im B), A-(Im B) can be decomposed,
in general nonuniquely, as

A-(Im B)= Ker A.

This decomposition implies the existence of a polynomial basis W:= IV" N] of
A-l(Im B), where V is a polynomial basis of and N is a minimal basis for Ker A.
Let Z := Q-R be a left coprime polynomial fractional representation of Z with Q
row proper. It follows by strict properness of Z1 that [Q’R]=[Qh’O]’ with Qh
nonsingular. The equality [Q" R]N =0 now implies by Lemma 2.2(ii) that

Nh [0" N2]’,

for some m x full column rank constant matrix Nh.
In order to determine a polynomial basis of the form W V" N] for A-(Im B),

it is enough to consider a polynomial basis for Ker S, where

s:=[.-]=
0 z3 -z

In terms of the (z)-linear sets o and No given by

o:= {[:] in (z)++" x is in KerA},
No:= {[] in (z)+m+" x is in KerB},

Ker S can be written (in general nonuniquely) as

Ker S o@o@ No
for some (z)-linear set o. Clearly, dim o =dim (ImA Im B). Consequently, there
exists a polynomial basis Wo of Ker S in the form,

(3. Wo= o 0 M

where N is a minimal basis for Ker A, M is a minimal basis for Ker B and V"M;]’
is a minimal basis for o. We will now show that W := V" N] is a polynomial basis of
A-(Im B). First note that W has full column rank; otherwise, there would exist a
nonzero rational vector ["1 ff ]’ satisfying VI =-N. Since N has full column
rank, is nonzero. Now note that AV=-AN BMo 0, which implies that
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Moo is in Ker B while Val is in Ker A. Consequently, [V’" M’o]’al is in 4oo,
which is a contradiction. On the other hand since AV- BMo and AN- 0, the column
span of W is in A-(Im B). By the fact that dim Vo dim (Im A Im B), it now follows
that the column span of W is precisely A-l(Im B). This proves the underlined statement
above.

Remark 3.1. The argument above is based on the assumption that there exists a
polynomial basis Wo of Ker S of the form given by (3.1). In order to calculate such a
basis for Ker S, one might start with a minimal basis Ig0 := lYV" BT/’]’ of Ker S, where
I and BT/have p + m and s rows, respectively; and follow the steps given below:

(1) Find a unimodular matrix U such that

WU1 W’0], MU1 [Mo" M]

where W and M are of full column rank and M is column proper.
(2) Find a unimodular matrix U2 such that

/17/o U2 [Mo" 0], WU2=[V’N],

where Mo and N are of full column rank and N is column proper. Clearly, M and
N are minimal bases for Ker B and Ker A, respectively. Thus,

Mo 0 M

is the desired basis for Ker S.
Given a polynomial basis W=[V" N] of A-(Im B), a minimal basis I of

A-(Im B) can be obtained by extracting a greatest right factor T of W so that

]:= WT-1

is column proper (and right unimodular).
Our first main result below yields a solvability condition for DDPM in terms of

a minimal basis for the rational vector space A-l(Im B).
THEOREM 3.1. DDPMfor the composite system model (2.2) is solvable if and only

if (i) p[Z2] g and (ii) the submatrix consisting of the first p rows of Wh has rank g,
where if" is a minimal basis for A- (im B).

Proof Necessity" Let Zc be a solution to DDPM so that by Definition 2.1,
Z4 ZaAZ2 with A:= Zc(I / ZZ)-. It follows at once that

(3.2)

and also that

Im Z4 c Im Z3, Ker Z2 c Ker Z4,

[I0 ZZI][ZI](I+Z1Zc)-IZ2=[Zz]"
The first inclusion in (3.2) in equivalent to Im B = Im A and the second, to p[Z2]
p[B] g. Now let U be an s s unimodular polynomial matrix such that

Z2 U Z2 O],

where Z2 has full column rank g. In view of Ker Z2 Ker Z4, we have Z4 U [Z4" 0]
for some q x g rational matrix Z4. Let V V V] be a minimal basis for the column
span over _R(z) of [I’Z]’(I+ZZ)-2; note as the latter matrix is of full column
rank that V is (p + m)x g and it satisfies

/r2 Z
([ + ZlZc)-lz2
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For a nonsingular g g rational matrix Y; equation (3.3) now yields

I Z V N Z2 U(3.4)
0 Z3 V2 N2 Z4 0 I

where N := [N’I" N]’ is a minimal basis for Ker A. This equality, in turn, implies that
the column span of W := V" N] is in A-(Im B). Also note that, by (3.3), [Z,.’-I] V= O,
where Z is proper. By Lemma 2.3, it follows that the submatrix consisting of the first
p rows of Vh has full column rank g. By the property of a minimal basis N of Ker A,
we now have

Wh=
V2h N2h

where Vh and N2h are of full column rank. This implies that Wh is of full column
rank and, in paicular, p[W]= g+ , i.e., W is also of full column rank. Since
dim [A-(Im B)] dim (Im B Im A) +dim (Ker A) g+ , it now follows that W is
a polynomial basis of A-(Im B). If is any minimal basis for A-(Im B), it is related
to W by W WT, where T is a nonsingular polynomial matrix. By Lemma 2.2(i), and
by column properness of both W and W, it now follows that Wh WhTo for some
constant nonsingular matrix To. Consequently, the submatrix consisting of the first p
rows of Wh is of rank equal to p[ Vhl "0] g.

Sufficiency: Let be a minimal basis for A-(Im B) so that, by hypothesis, the
submatrix consisting of the first, p rows of Wh is of rank g. Let To be a (g+ )x g

constant matrix which picks up those g linearly independent columns of Wh, i.e., T0
is such that V := WTo has the propey that the submatrix consisting of the first p rows
of Vh has rank g. Let W := V" N] WTo" N], where N is a minimal basis for Ker A.
Clearly, W is a polynomial basis of A-(Im B) and

Wh=
Vh2 Nh2

where Vh is the submatrix consisting of the first p rows of Vh, and Vh2,Nh2 are the
submatrices consisting of the last m rows of Vh, Nh, respectively. It follows that W is
column proper, is of full column rank, and that Im V Ker A {0}. By Lemma 2.3,
there exists a proper m x pZ such that [Z" I] V 0 or equivalently, ZV V2, where
V=[V’" V]’. By the fact that W is a polynomial basis for A-(Im B), we have
Im V{A-(Im B) and hence there exists a s x g rational matrix Y satisfying

The matrix BY is of full column rank; since, if BY 0 for some nonzero rational
vector , then AV 0 which contradicts, as V is of full column rank, the fact that
Im V Ker A {0}. Therefore, Im Y Ker B {0} and fuher if is a basis for Ker B,
the rational matrix Y" Y] is nonsingular and satisfies

z3
This equality implies, as I +ZZ is bicausal, that

zz(+zz)-z[ r. ] z4[ . ].
The nonsingularity of[ Y" Y] fuher implies that Z is actually a solution to DDPM. fi
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The solvability condition of Theorem 3.1 is in terms of an arbitrary minimal basis
for A-(Im B). To obtain a useful characterization of the set of all solutions to DDPM,
we fix a particular minimal basis W* of A-(Im B), the high coefficient matrix of
which is in a special form"

where Vh#:l, Vh2, and Nh*2 are p , rn , and rn r constant matrices with Vh* and
N’h2 of full column rank. Note that an arbitrary minimal basis W can be brought to
the desired form W* by multiplication on the right with a unimodular matrix. In
subsequent discussions on the characterization of all solutions to DDPM, we assume
that DDPM is solvable and hence the solvability conditions Theorem 3.1(i) and 3.1(ii)
hold and W* as above exists.

Let W*= V*" N*], where V* is the submatrix consisting of the first columns
of W* and N* is the submatrix representing the last columns of W*. (Caution:
N* may no longer be a minimal basis for KerA!). Let us further consider the
representations

(3.5) V*= Vh*A, + Y,, N*= Nh*A2+ Y
of the column proper polynomial matrices V*, N*, respectively, where A1, A2 are
diagonal polynomial matrices with entries zi, z "i, where/zi and vi denote the column
degrees of V* and N*, respectively. The polynomial matrices Y1 and Y2 have the
property that Y1A- and YzA are strictly proper rational matrixes, respectively. (For
the existence and uniqueness of the representations (3.5), see Kailath 1980]). Consider
the set

(W*) := {L in _R(z)’: AzLA- is proper},

which can equivalently be described as the set of all r g rational matrices whose
ijth entry 0 satisfies the degree constraint

O(lo)<=Os(V*)-O(N*): i=1,. .,r, j=l,...,g.

COrOLtARV 3.1. A proper rational rn p matrix Ze is a solution to DDPM if and
only if there exists L in ( W*) such that

(3.6) [Ze:-I](V*+ N’L) 0.

Proof Necessity: It is clear by the necessity part of the proof of Theorem 3.1 that
any solution Zc to DDPM satisfies (3.3) and (3.4) for some nonsingular x rational
matrix Y, where V V’: V]’ is a minimal basis for the column span of [I Z’]’(I +
ZZ)-*,. Since Im V= A-(Im B) by (3.4), it follows that there exist polynomial
matrices L1 and L satisfying

(3.7) V-- V’L1 + N*L2-- W’T,
where T:= [L’, L]’. Let V and W* be written similar to the representations (3.5) as

V VA+ Y, W*= Wh*A* + Y*,

where A is a diagonal matrix whose nonzero entries are z, with A denoting the degree
of the ith column of V, and Y is such ,that YA- is strictly proper. Note that
A*, Y*, A, Y are related by

A*=[A10 A20] Y*=[Y’Y2].
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By (3.7), we now have

Vh + YA-1 W*h + Y*A*-I)A* TA-1

where Wh* is of full column rank. By strict properness of YA-1 and Y*A*-1, it easily
follows from the above equality that A* TA-1 is proper and that

Vh Wh*(A* TA-1)o

where (.)o denotes the constant term of the argument in its formal Laurent series
expansion in z-1. Letting V,I" V’h2]’= Vh be a compatible partitioning of Vh, we have

Vh2J V’h2 N’h2 (A2L2A-1)0

where, by Lemma 2.3, Vhl has full column rank. We now have Vhl Vh*I(AIL1A-1)o,
where Vhl, Vh*l are both of full column rank. It follows that (A1LIA-1)o is nonsingular
and hence A1LA-1 is bicausal. Therefore, if we let L:= L2L-( the rational matrix

AzLA-I= AzLzA-I(A1LIA-1)-1

is proper, proving the fact that L is in (W*).
Sufficiency: Let Zc be a proper rn x p matrix such that (3.6) holds. Let L L2L-(

be a right coprime polynomial fractional representation of L such that V:=
V’L1+ N’L2 is column proper. Let V V,I" V,2]’ where VI, gh2 are of sizes
p s-, rn s-, respectively. Note, by [Zc"-I]V =0 and properness of Z, that VI is of
full column rank and ZV1 V2, where V= [V’V]’. Since V= W’T, where T:=
[L’L]’, Im V= A-l(Im B). The fact that p[Vl]=g implies by Lemma 2.2(ii) that
Im V f) Ker A {0}. Thus, there exists a rational s x g matrix Y such that A[I" Z’c]’V1
BY, where p[BY] p[B] g. The rest of the proof now follows the steps of the
sufficiency proof of Theorem 3.1.

The above result shows in effect that to obtain the set of all solutions to DDPM,
it is enough to consider the set of all proper solutions Z of (3.6) as L runs over the
elements of (W*). For a fixed L in (W*), it is clear by the definition of the set
(W*) that (3.6) has at least one proper solution. (To see this, let V:= V’L1 + N*L2,
where LzL- is a right coprime polynomial fractional representation of L, such that
Vh has full column rank g. In view of the fact that A2LA-1 is proper, it follows that
the submatrix consisting of the first p rows of V also has rank g. Now, by Lemma
2.3, it holds that (3.6) has at least one proper solution Z.) In order to generate all
proper solutions Zc to (3.6) for a fixed L in (W*), characterization of Lemma 2.1(ii)
can now be used. We remark here that the characterization Lemma 2.1(ii) can actually
be made more explicit by fixing a special minimal basis for (Im V) +/-, obtaining a similar
characterization to that provided by (W*). We omit the details of this complementary
part of the characterization. The important point here is that Corollary 3.1 reduces the
characterization of all solutions to DDPM to the characterization of all proper solutions
of a one-sided equation (3.6).

Remark 3.2. It is interesting to note that two distinct elements L and L (L # L)
of (W*) generate two disjoint classes of solutions to DDPM. To see this suppose
that Z is a proper solution to (3.6) for both L and L. Then [Z’-I](V*+ N’L)=0
and [Z"-I](V*+ N*)=0, which yield [Z’-I]N*(L-)=0. By properness of Zc
and by the fact that Nh* [0" Nh*6]’, it is easy to see that [Zc’-I]N* has full column
rank rh. This implies that L =/_7,, proving our claim. Therefore, our characterization for
( W*) has no redundancy.
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Remark 3.3. The characterization provided by Corollary 3.1 not only yields the
set of all solutions to DDPM; (i) when we set Z--0, it yields the set of all proper
solutions to the two-sided matrix equation Z4- ZaXZ2; (ii) when we set Z -0, Z4- 0,
it yields the set of all solutions to ZaXZ2- 0; (iii) when we set Z1 -0, Z2- I (Z3- I),
it yields the set of all solutions to the one-sided matrix equations Z- Z3X(Z- XZ2).

Remark 3.4. In consistency with the two-sided nature of DDPM, the nonunique-
ness of solution stems from two sources; first, from nontriviality of Ker A, or
equivalently, of Ker Z3 and second from nontriviality of (Im B) +/-, or equivalently, of
(Im Z2) +/-. Our approach to the characterization of all solutions to DDPM handles these
two sources of nonuniqueness in two consecutive stages. Thus, (W*) is nonempty
iff Ker A # (0) and each fixed L in (W*) yields a unique corresponding solution Zc
iff (Im Z2) +/-= {0). Since there is a bijective correspondence between the set of all proper
solutions X to

(3.8) Z Z3XZ2,

and the set of all solutions Zc Z(I-XZ)- to DDPM, the above observations are
also apparent from (3.8). This suggests a slightly different alternative to our method
of characterization of all solutions to DDPM"

(i) Determine the set of all proper solutions X to (3.8);
(ii) Compute for each X, Z- Z(I + XZ)-. Step (i) of this alternative method

can be performed by setting Z 0 in our procedure above (see Remark 3.3). Although
with this alternative method some amount of simplification may result in performing
step (i), altogether, both methods seem to require the same amount of computation.

4. Fixed modes of DDPM. The subject of this section is the determination of the
"fixed modes" of disturbance decoupling problem under dynamic measurement feed-
back, from which the solutions of both DDPMS and DDPMP immediately follow.
Throughout this section we assume that DDPM is solvable and Q-1R Z is a fixed
left coprime polynomial fractional representation of Z1 with Q row proper. Also recall
from 2 that := QQ + RP represents the internal modes of the closed loop system,
where PQ- is any right coprime fractional representation of a solution Zc to DDPM.
The fixed modes of DDPM can now be defined as

(4.1) r := zeros of det QQ + RP),
z

where the intersection ranges over all solutions Z PQ- of DDPM in right coprime
representation. Note that tr is independent of the particular representation chosen for
Zc. Let us also define

(4.2) tro := invariant zeros of Q" R

where is a minimal basis for A-(Im B). Also note that tro is independent of the
particular minimal basis chosen for A-(Im B), since minimal bases are related via
post multiplication by unimodular matrices. Thus, tro is also equal to the set of invariant
zeros of [Q’R]W*, where W*=[V*" N*] is a special minimal basis for A-(Im B)
of the type given in 3, i.e., one such that

(4.3) W.h=[V*h 0 ]V% N"
The following technical lemmas will be used in establishing the main results of

this section.
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LEMMA 4.1. (i) There exists a unimodular matrix U such that

 4.4,
0

where C and C are x and x polynomial matrices with C nonsingular.
(ii) Given L in ( W*), let L LL- be its some right coprimefractional representa-

tion. For every solution Zc PcQ-21 of (3.6), there exist a unimodular matrix U and a

right unimodular matrix U such that

(4.5) U[Q’R](V*LI+N*L2) U(QQc+RPc)U.

Proof. (i) There clearly exists a U such that (4.4) holds and [CI" C2] is of full
row rank. Since [Q’R]’h=[Qh’O] for some nonsingular constant Qh and p[Vh*l] g

in expression (4.3), it easily follows that

(4.6) p{[ Q’R] V*} p[ V*] g.

Using the fact that p[ W*] dim [A-(Im B)] we can also show by simple linear
algebraic arguments that

p{[ Q" R] W*} dim [A-(Im B)] -dim {A-(!m B) Ker Q" R]}.

Note that Ker[Q’R]=Ker[I’Z] contains KerA. By (4.6) and by the modular
distributive rule, it follows that A-(Im B) Ker [Q" R] Ker A. Hence,

p{[Q" R] W*} dim [A-l(Im B)]- dim (Ker A)= g.

This implies that p[C’C2] g and by (4.6) nonsingularity of C1 follows.
(ii) Let V:= V*LI+ N*L. As Ker [Zc’-I] is spanned by [Q’c’P’]’, by (3.6) we

have V Q’’P’]’, for some right unimodular . Substituting for V in the left-hand
side of (4.5) we obtain the right-hand side.

LEMMA 4.2. Given an admissible stability region , there exists an L in ( W*)
such that the set of invariant zeros of Q" R](V*L1 / N’L2) is the union of ro and a
subset of , where LEL- is a right coprime polynomial fractional representation of L.

Proof. Let Co be a greatest common left factor of C and C2 so that C CoG,
C CoG for some left coprime polynomial matrices G1 and G, where C1, C are
obtained through Lemma 4.1(i). Clearly, the set of zeros of det Co is precisely ro. By
Khargonekar and zgiiler [1984, Lemma 2.9], there exist polynomial matrices L1, L,
and G with L and G nonsingular such that the set of zeros of det G are in , the
causality degree of L)_L- 1, O(L2L-I), satisfies c?(LL-l)<-k for a given nonnegative
integer k, and

(4.7) GIL + G:L G.

If k is chosen to satisfy k->_ max {0i(N*)}, then it is easy to see that L:= L2L- is in
(W*). By (4.7) and by Lemma 4.1(i), it now follows that

U[Q R]( V*L + N*L2) [ CoG]
Since the set of zeros of det G are in fl, our claim follows.

THEOREM 4.1. The set offixed modes of DDPM is equal to the set of invariant
zeros of Q" R W, i.e., r ro.

Proof. Let Z PcQ-2 be a solution to DDPM. By Corollary 3.1, there exists an
L= LEL- in (W*) satisfying (3.6). By Lemma 4.1(ii), there exists a unimodular U
and a right unimodular U such that (4.5) holds. Let G := C1L1 + CL, where C1 and
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C are defined via Lemma 4.1(i). Note that (= CoG with Co denoting a greatest
common left factor of C1 and C2 and with G := C( a polyn.omial matrix. We now
have UU G" 0]’ which implies by right unimodularity of U that det G, and hence,
that det Co divides det . This establishes the inclusion roC r. We will establish the
reverse inclusion by showing that the zeros of det can be assigned arbitrarily except
those which coincide with the zeros of det Co by an appropriate choice of Zc.

Given stability region fl, by Lemmas 4.1(i) and 4.2, there exist L L2L- in (W*)
and a unimodular U such that

(4.8) U[Q’R](V*L+N*L2)=IC G10

where the set of zeros of det Co is cro and the set of zeros of det G is in f. Let
V := V*L + N*L2 and partition V and Vh compatibly with [Q" R] as V := V’" V]’
and Vh := V;,I" r2]t. Since p[ Va ] g, there exists a p x p constant nonsingular J such
that

Also let

J-’ v, It. 0]’.

(4.9) UQJ:=
Q1 02 UR:=
Q3 04 R2

where Q1 is g x g and R1 is g x m. We assume here without loss of generality that
[Q3" Q4" R2] is row proper. (This can always be achieved by further premultiplying
UQJ and UR by a unimodular matrix without altering Q, Q2 and R1 .) As Z is strictly
proper and [Q3" Q4" Rz][(J-’ V)" V]’ 0, Lemma 2.2(ii) implies that [Q3" Q4" R2],
[0" "0]’ for some nonsingular . Consequently Q4 is nonsingular and hence by
Khargonekar and zgfiler [1984, Lemma 2.9], there exist polynomial matrices p, P4,
P2, and Po with P4 and Po nonsingular, the zeros of det Po in f, [P’z’P’3]’P- strictly
proper, and [P’2" P’’P’4]’ column proper such that

(4.10) 03P3 + 04P4+ R2P2 Po.
Let P :- [P3" P4] and note that P" P" P], [0"0" T’]’ for some nonsingular T. Now
consider

Qc :: V JP], P :: V2 P2].

By writing the highest column coefficient matrix of [(J- Q)’: P’]’ explicitly in terms
of V and T, we can easily show that Q is nonsingular and P.QIJ, and hence
Zc :- P.Q are proper. Further, as ZV V2, it follows by Corollary 3.1 that Z. is a
solution of DDPM. Finally, by (4.8)-(4.10) we have

[CoGP1]U( QQ. + RP.)
0 Po

where P := Q: Q]JP + RP2. It follows that

det det Co det G det Po.
As the zeros of both det G and det Po are in f, Z,. places all the zeros of det into
f, except those which coincide with the zeros of det Co, i.e., O’o. Note that this can
also be achieved for two given nonintersecting stability regions; consequently r c ro
and the result follows. [3
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COROLLARY 4.1. (i) DDPMS with respect to a given stability region O is solvable
iff O’o c O; (ii) DDPMP is solvable iff tro is empty.

Proof. The proof immediately follows from Theorem 4.1 and the definition of
O-0. [-]

A characterization of all solutions of DDPMS is now in order. A solution Zc of
DDMPS can be constructed in two stages. First, one determines an L in (W*) such
that the invariant zeros of [O:R]V are stable, where V:= V’L1 + N’L2 and L2L- is
a right coprime polynomial fractional representation of L. In the sequel, the class of
such L will be denoted as w,(W*). More specifically,

(4.11) a(W*):={L:=L2Ll in(W*):theinvariantzerosof[Q:R]

V*L1 + N*L2) are in O.}

Second, one constructs all possible solutions Zc of DDPMS, which satisfy [Z’-I]-
(V*+ N’L)= 0, by the synthesis procedure given in the sufficiency proof of Theorem
4.1. Now let/S be a particular element of(W*) and/S:= $2S- be a O-stable rational
fractional representation.of L such that

(4.12) G1S1 + G2S2 I

Here, CoG1 C1 and CoG2 C2, where C and C2 are polynomial matrices as defined
in Lemma 4.1(i). In view of Lemma 4.2 and (4.7) such $1 and $2 clearly exist. Also
let K and K2 be g r and rh rh polynomial matrices such that

(4.13) V*K + N’K2 N,
where N is a minimal basis for Ker A. As Ker A c A-(Im B) such K1 and K2 obviously
exist. Furthermore, since Ker [Q" R] CI A-l(Im B)= Ker A (immediate consequence of
Lemma 4.1(i)), it follows that [K’1"K]’ also span Ker[GI"G2]. Substituting the
representations of V* and N* as in (3.5) and a similar representation of N into the
equation above, we obtain

(V*+ YIAll)A1KI+(N*+ Y2A-I)A2K2 (Nh+ Y3A3 )A3,

where N NhA3+ Y3 with A3 diagonal and Y3A-1 strictly proper. Since Im N*
Im Nh, it is straightforward to show that K2 is nonsingular, A1K1KA is strictly
proper and A2K2A-1 is bicausal. (See the necessity proof for Corollary 3.1. We can
now give an explicit characterization of (W*) in terms of the particular element L
of (W*) satisfying (4.12).

LEMMA 4.3. An r rational matrix L is an element of( W*) iff there exists a
O-stable rational matrix M such that A3MS-A- is proper and

(4.14) L= ($2 + K2M)(S1 + K,M)-1.

Proof Let L and M be rational matrices satisfying (4.14) and with A3MS-IA-1

proper. Consider

A2LA-1= (A2S2SIA-1 + A2K2MS-’A-I)(I 4- A1K1MS-IA-I)-1.
By properness of AaMS]-IA-1 and bicausality of A2K2A-1 it follows that

A2K2MSA- is proper. Hence, the first term on the right-hand side of the above
equation is proper. For the second term note that- 1A-I(A2K2MS-IA 71)A1K1MS-A AK1K

-A-1 is bicausal andAs AK1KA is strictly proper, it follows that I+A1KMS1
that A2LA-I is proper, i.e., L is in (W*). Also note that

G,(S, + K1M)+ G2(S2 q- K2M)= I,
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where both S --KIM and SE+ K2M are 12-stable rational matrices as M is 12-stable
rational. Therefore, if LEL- is a right coprime polynomial fractional representation
of L and GILl + GEL2 --: G, then the zeros of det G are in 12, which implies that L is
in (W*).

For the converse, let L be an element of (W*) and LEL- be its right coprime
polynomial fractional representation. Define G:= GILI+GELE. Clearly, LIG-1 and
L2G-1 are 12-stable rational matrices. Furthermore, as G1L1G-1 + GELEG-1 I, it holds
that L1G-1= S1 / KIM and LEG-l= $2/ KEM for some 12-stable rational M (Recall
that the right unimodular polynomial matrix [K" K]’ spans Ker Gl" GEl and S1 and
$2 are 12-stable rational matrices.) Since AELA-1 is proper, it follows that

AELA-1 (AESES-IA-1 + AEKEMS-IA-I)(I + A1KIMS-IA-I)-1

is proper. After carrying out appropriate manipulations and rearranging the terms of
the equation above, we obtain

AE(L-)A-l= [I-(AELA-(1)A1KIKIAI](AEKEAI)AaMSIA-I.

Since both L and L are in (W*), the left-hand side of the equality above is proper.
By strict properness of A1K1KIA-1 the term in the parentheses is bicausal. Now,
bicausality of AEKEA-1 implies that A3MS-IA]-1 is proper. [2

THEOREM 4.2. A proper Z is a solution of DDPMS only if there exists an L in

(W*) such that

(4.15) [Z -I]( V* + N’L) O.

Conversely, for any L in (W*) there exists a proper solution Z of (4.15) which
is also a solution to DDMPS.

Proof. If Z is a solution, then by Corollary 3.1, there exists an L in (W*)
satisfying (4.15). We just need to show that L is also in n(W*). In order to do this,
note that by Lemma 4.1(i)-(ii) there exist a unimodular matrix U and a right unimodular
polynomial matrix such that

U[Q" R](V*L1 + N’L2) UO,
where LEL-; is a right coprime polynomial fractional representation of L and :-
QQ + RP with Pc, Q right coprime and Z := pQ-l. Clearly, as U is unimodular and
U is right unimodular, the set of invariant zeros of Q" R]( V’L1 + N*LE) are included
in the set of zeros of det which are, in turn, all in 12 as Z is a solution of DDPMS.
Thus, by the definition of a(W*), it follows that L is in (W*).

For the converse, let L be an element of(W*). Then, defining V := V’L1 + N’L2
and following the synthesis procedure given in the proof of Theorem 4.1, one can
easily construct a proper Z, satisfying (4.15), which is also a solution of DDPMS. [3

Remark 4.1 (Dual development). Up to now, the central object used in solving
the disturbance decoupling problems being considered has been a minimal basis for
A-l(Im B). A dual development is also possible where now the central object is a
minimal basis for (C Ker D)" with C and D defined as

C: D:=[Z3"Z4].
-I 0

Duality in these two approaches can easily be seen by noticing that A-l(Im B)=
C Ker D.
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Before concluding this section, we extend our Remark 3.2 to consider the solutions
of the two-sided matrix equation

(4.16) H4 ]-I3XH:z,

where H4, 1-I3 and H2 are arbitrary rational matrices and a solution X is sought over
various subrings of _R(z). Note that (4.16) is actually the starting point for obtaining
solutions to various-disturbance decoupling problems in tzgiiler and Eldem [1985].
Our minimal basis approach yields alternative solvability conditions to the one given
in zgiiler and Eldem [1985] and in (4.16), and has the further advantage of yielding
the set of all possible solutions. The latter has been stated as an open problem in Ohm,
Howze and Bhattacharyya [1984]. The main point is that a solution to (4.16) over
various subrings of _R(z) can easily be obtained by specialization of our procedure in
obtaining a solution and the set of all solutions to DDPM, DDPMS and DDPMP to
the case ZI=0. (Note that both in Theorem 3.1 and Corollary 4.2 we imposed no
restriction of properness on Z2, Z3, and Z4.) Let

A:= B:=
0 1-[:3 1--[4

and W:= W: W]’ be a minimal basis for A-l(Im B). Also partition Wh similarly so

Wh W’hl"W’h2]’. Consider the following condition A, B and W:
(C1) ImB ImA and p[B]=p[H2];
(C2) o[ Wl p[B];
(C3) The invariant zeros of W1 are stable;
(C4) W1 has no nontrivial invariant zeros, i.e., W1 is right unimodular.

Let =Rp(z) and =R,s(z) denote the rings of proper and proper stable rational functions,
respectively.

THEOREM 4.3. The two-sided matching equation 114--H3XH2 has a solution over
(i) _R(z) iff (Cl) holds;
(ii) _R_p(z) iff (C1) and (C2) hold;
(iii) _R_ps(Z) iff (C1), (C2) and (c3) hold;
(iv) _R(z) and _R[z] iff (el), (C2) and (C4) hold.
Proof. If Ha I-I3XH. has a solution, then clearly Im B Im A and Ker I-I2c

KerH4. Consequently, p[B]= p[1-I2]. Conversely, note that Im B c Im A implies the
existence of Y and Y2 such that

0

Let U be a unimodular matrix such that H2U [I’I2"0] and H4U [I4"0]. Define
I71"0] := Y, U, 72" 22] := Y2 U. Clea.rly Im 722 Ker Z3. As I71 has full column rank,

there exists a rational X such that XY I721. Then, II3X --II4, which implies that
1-I3Xl2 1I4 and II3XI-[2 1-I4

For the proofs of (ii)-(iv), set Z 0 in the proofs of the solvability conditions
of DDPM, DDPMS and DDPMP, respectively, and the results follow from the
equivalence between these two sets of problems.

We conclude this section by noting that the characterization of the solutions of
1-I4=H3gl-I2 over _Rp(z) and _R_ps(Z can be established along the same lines as the
characterizations of the solutions of DDPM and DDPMS.

5. Conclusions. In this paper we have employed a "minimal polynomial basis
approach" to obtain solvability conditions and a characterization of all solutions of
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DDPM and DDPMS. By this approach DDPM and DDPMS, which are inherently
two-sided problems, are treated by consecutively solving two one-sided problems, thus
availing us of the results by Forney [1975]. In fact, this has been the main
convenience in obtaining the characterizations given in Corollary 3.1 and Theorem
4.2. With a slight alteration in the problem data (i.e. setting Z 0) the same approach
applies to the two-sided matrix equation A--- BXC, where X is to be determined over
the rings of proper and stable proper rational functions. The principal contribution of
this paper is the characterization in Corollary 3.1 and Theorem 4.2, and identification
of the fixed modes. Since the solvability conditions for DDPM and DDPMs and the
characterization of "the fixed modes with respect to dynamic output feedback in
DDPM" can be easily attained via a minimal polynomial basis for the rational vector
space A-(Im B), this paper presents a compact analysis and synthesis method for
di3turbance decoupling problems.
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ON THE LOCAL STRUCTURE OF TIME-OPTIMAL
BANG-BANG TRAJECTORIES IN I3.

HEINZ SCHTTLERt

Abstract. We consider the problem of time-optimal control for systems of the form =f(x)+ ug(x)
where f and g are smooth vector fields and admissible controls are measurable functions u with values in
-1 =< u <= 1. Under the assumption that f, g and If, g] are independent, we prove that generically every point
has a neighborhood such that bang-bang trajectories that lie in and have more than 7 switchings are
not time-optimal.

Key words, nonlinear systems, time-optimal control, bang-bang trajectories, Baker-Campbell-Hausdortt
formula
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1. Introduction. We study the problem of time-optimal control for a system

E: =f(x)+ ug(x), lul=< 1, x R3, u R

where f and g are smooth vector fields. Admissible controls are measurable functions
with values in [-1, 1] and a trajectory of the system corresponding to a control u(.
is an absolutely continuous curve such that :(t) =f(x(t)) + u( t)g(x( t)) holds almost
everywhere.

As in every optimal control problem, the question of regularity properties of an
optimal solution comes up very naturally. The standard existence results only prove
existence of an optimal solution within the class of measurable functions. The necessary
conditions for optimality given in the Pontryagin Maximum Principle [9] and other
high order conditions (e.g. [7]) imply certain restrictions on the possible structures of
optimal controls, in particular on their regularity properties. But, in general, these
conditions are not strong enough to prove that optimal controls are nice in the sense
that they are for instance piecewise continuous. And, in fact, they do not have to be.
Fuller’s example [6] shows that time-optimal controls with countably many discon-
tinuities (switchings) can occur even for analytic systems in 3. A much more irregular
structure seems possible. In principle, the set of discontinuities of an optimal control
could even be a Cantor-like set with positive measure. The currently known necessary
conditions for optimality fail to exclude such a pathological behaviour of optimal
controls.

On the other hand, certain regularity properties of optimal controls are needed if
one wants to obtain sufficient conditions in the form of a "regular synthesis" [2]. Even
though the strict conditions given originally by Boltyansky have subsequently been
substantially relaxed (Brunovsky [5], Sussmann [13]), mainly due to the introduction
of the powerful theory of subanalytic sets to control theory by Brunovsky, the basic
concept of synthesizing an optimal control from local knowledge does require a certain
degree of regularity. One of the key hypotheses for any type of regular synthesis using
the concepts that are currently discussed in the literature is still the following regularity
property of optimal trajectories: for every compact set K there exists an integer
N N(K) such that any optimal trajectory that lies in K is a concatenation of at
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Washington University, St. Louis, Missouri 63130.

186



TIME-OPTIMAL BANG-BANG TRAJECTORIES IN R 187

most N "nice" pieces [5]. For our problem "nice" simply means trajectories corre-
sponding to the constant controls u +1 or u -1 (bang arcs) orto a so-called singular
control (singular arc), which is a control usually with values in the interior of the
control set and which satisfies certain compatibility conditions. (These are the possible
candidates for time-optimal controls to which the necessary conditions of the Pontry-
agin Maximum Principle lead.)

Fuller’s example shows that such a regularity result about optimal trajectories
need not hold. It has been an open problem in control theory for years to understand
the phenomenon of optimal trajectories with infinitely many switchings in arbitrarily
small times. Recently, important contributions to this problem have been made by
Kupka [8], who showed that Fuller-like extremals necessarily exist if certain conditions
are satisfied, and that these conditions are even generic in spaces of sufficiently high
dimension. For small dimensions, however, it is still not even known whether the
Fuller-phenomenon is generic or not.

In case of an analytic system, i.e., when f and g are analytic vector fields, all the
local properties of , in particular the possible structures of time-optimal trajectories,
are determined by the Lie algebra generated by f and g and, at least in principle, can
be characterized by the Lie bracket configuration. Roughly, the "Lie bracket configu-
ration" consists of all the "Lie relations" that hold between f, g and brackets off and
g. A precise definition is technical and we skip it since it is not relevant for our purposes.
The interested reader may consult [14, 4]. Therefore it makes sense to pose the
following Question:

Given the Lie bracket configuration at a reference point p, what can be said
about the structure of time-optimal trajectories that lie in a sufficiently small
neighborhood of p ?

In view of our remarks above, it is clear that one is interested in conditions under
which time-optimal trajectories are finite concatenations of bang and singular arcs
with a bound on the number of switchings. As far as Fuller’s problem is concerned,
this includes conditions under which bang-bang trajectories with too many switchings
are not time-optimal near p, i.e., conditions when the Fuller phenomenon cannot occur.

For a generic system in the plane a classification of the local structure of time-

optimal trajectories was given by Sussmann [12], [17]. From his results he proved the
existence of a regular synthesis for basically arbitrary analytic systems in the plane,
only subject to a mild "nonexplosion" condition [18], [19]. However, the reasoning
used to exclude optimality of bang-bang trajectories with a large number of switchings
in small time depended heavily on their being in R2; only recently was a general
geometric version of this argument given [15]. Therefore, so far even for the three-
dimensional case, only partial results are known, due to Bressan [4] and Bonnard [3].

Here we examine what in a certain sense are the least degenerate general cases
possible in R3. All our considerations are local near a reference point p where we
assume that f(p), g(p) and If, g](p), the Lie bracket off and g at p, are independent.
In this paper we will exclusively consider bang-bang trajectories. Under additional
assumptions on low order brackets of f and g at p we will show that bang-bang
trajectories with too many switchings are not optimal near p, i.e., if they lie in a
sufficiently small neighborhood of p. So the Fuller phenomenon does not occur. In a
forthcoming paper we will then continue the local analysis of optimal trajectories by
incorporating singular arcs. In particular, we will show there that in the cases under
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consideration here optimal trajectories are indeed finite concatenations of bang and
singular arcs with a bound on the number of switchings.

In 2 we will give a summarizing version of our results in terms of standard
genericity notions. There we will also describe the notation and terminology we use.
In 3 and 4 we develop new necessary conditions for time-optimality of bang-bang
trajectories which form the core of our results. Whereas the conditions of 4 are related
to concepts used to prove the Pontryagin Maximum Principlemthey will follow from
point variations--we present in 3 a new technique to compute necessary conditions
for optimality by making variations along a reference trajectory. This technique is not
limited to dimension 3, but in higher dimensions the computational complexity
increases rapidly. We then use these new necessary conditions to analyze bang-bang
trajectories near a reference point in 5. Due to the length and technicality of some
of the arguments we cannot give a full proof for all generic cases in this paper, but
have to restrict ourselves to a few selected examples.

2. Statement of the result. We identify E with the C map E (f, g)" 3 _..> 6 and
equip C(3, 6) with the Whitney C topology. Let M be the open subset of all
systems E for which f, g and If, g] are independent everywhere. Then we have the
following.

THEOREm. For a generic system E M every point has a neighborhood ll such that
bang-bang trajectories that lie in and have more than seven switchings are not
time-optimal.

The genericity concepts are only used to have an easy way to summarize our
results. By Thorn’s Transversality Theorem it is necessary to analyze bang-bang trajec-
tories near a reference point p in all cases where the Lie bracket configuration at p is
of codimension -<_3. As mentioned earlier, the "Lie bracket configuration" consists of
all the Lie relations at p. The "codimension" is the number of independent equality
type constraints. An elaborate account of these ideas is given in 12]; precise definitions
are long and technical and so we omit them (cf. for instance [14]). Our theorem
combines all generic cases in which the Lie bracket configuration is characterized by
at most three equality constraints. Some more detailed statements of our results are
given in the propositions of 5.

In this paper we will not prove the theorem completely. We will establish all new
necessary conditions for time-optimality of trajectories that will be needed, but we will
then restrict ourselves to analyzing some selected generic cases. In order to keep the
paper within reasonable length we have to omit all the eases which have long and
technical proofs. Also, we will not prove the genericity of our conditions. Aside from
being almost obvious, these are straightforward computations. Complete and detailed
proofs of all the results are contained in the author’s doctoral dissertation [11].

2.1. Notation and terminology. Throughout this paper all our considerations are
local, i.e., hold only on a sufficiently small neighborhood of a reference point p, where
we assume that f, g and If, g] are independent. We always tacitly assume this. Therefore
we can express all higher-order brackets off and g as linear combinations off, g and
[f, g] with smooth coefficients. Equivalently, if we let X =f-g and Y =f+ g, we can
write them in terms of X, Y and [X, Y]. We also use ad X(Y) [X, Y].

[X, [X, Y]] aX + a2 Y+ a3[X Y] af+

Y, [X, Y]] blX + b2 Y+ b3[X, Y] flf+" ",

[X, [X, [X, Y]]] ClX + c2 Y+ c3[X, Y] yf+’" ",
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[X, Y, [X, Y]]] d,X + d2 Y+ d3[X, Y] f+" ",

Y, Y, IX, Y]]] eX + e Y+ es[X, Y] rlf+’" ",

ad4 X(Y)= m,X+ maY+ m3[X, Y]=/xf+. ,
ad X(Y) klX + k2 Y+ k3[X, Y] <f+. .,
-ad4 Y(X) niX + n2 Y+ n3[X, Y] ,f+" ",

-ad Y(X)= r,X+ r2Y+ r3[X, Y] =pf+"

We denote the Lie derivative of a function in direction of X by LxdP. Observe that

Lxa y- a3oz,

LxCl 8 b3oz,

Lxy =/x 3oz,

Lva 8 a3fl

Lyfl rl b3fl,

Lxtx K -m oz.

We use exponential notation for the flows of vector fields, i.e., we write p e’X for
the integral curve of the vector field X starting at p at time 0. We let the diffeomorphism
act on the right to make certain algebraic manipulations involving the Baker-Campbell-
Hausdorf formula come out right later.

Finally, for a trajectory which is a concatenation of X and Y arcs, we use the
corresponding letter combination to denote the trajectory, i.e., an XYX-trajectory is
a concatenation of an X-arc, followed by a Y-arc and another X-arc. Sometimes, in
particular when we talk of subtrajectories of a long concatenation, we indicate the first
switching point in parentheses after the structure, i.e., a YXY(po)-trajectory is a
YXY-trajectory with first switching point Po.

3. Necessary conditions for time-optimality of bang-bang trajectories: A variation
along the trajectory. In this section we will develop new necessary conditions for
optimality of bang-bang trajectories.

3.1. Construction of a variation along a bang-bang trajectory. The idea is to take
a bang-bang trajectory F with three switching points and compare it to a suitably
constructed bang-bang trajectory with only two switching points that has the same
initial and terminal points as F. We will then compute an asymptotic expansion for
the difference in time between these two trajectories in terms of the data along F. This
will give us new necessary conditions for optimality of F.

Let F be a YXYX-trajectory with initial point/ and switching points Po, P and
p2. Let zl and z be the times along the intermediate X and Y arcs respectively (we
assume they are positive) and let s be a small positive number.

LEMMA 1. The equation

(3.1) Po e"x eV e’’x =Po et’V eteX et3V

is solvable by smooth functions t, t, t3 of Zl, ’ and s near the origin.
Proof. The equation

Po etl Y et2X et3Y Po eaV ebX eC[X’V]
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is solvable by smooth functions a, b, c of t, t2, t3 near the origin by the Implicit,
Function Theorem. Notice that a t + t3 + t2t3, b t2 + t2t3 and c t2t3 where a, b
and ? are smooth functions. Therefore also

C t3t
b + t3/

is smooth. An elementary computation shows that the Jacobian of the map
(t, t2, t3) (a, b, d) is nonsingular at the origin and so we can invert locally.

Also, a, b, c are smooth functions of r, r2 and s via

Po eqX e2Y e"SX Po eaY ebX eC[X’Y]

and b=r+sr,+r, r2b-, c=r, r2e, d=c/b=r2e/(l+s+r2). Hence (rl,r2, s) -+
(a, b, d) is smooth and so then is -lo . Vl

For s 0 the solutions are t 0, t2 7"1 and t3 ’1"2 and so t2 and t3 are positive
for small s whereas t is small. Therefore these times define a YXY-trajectory of
which starts at/ and steers the system to some point q P2 e,x on [’ just after the
third switching point. We are interested in the difference in time. Let

(3.2) A(S; 7",r2): t+t2+t3--r--r2-rls.
By Lemma this function is well defined for small r and 7"2. We can choose a
neighborhood of (rl, 7"2) (0, 0) such that this is true uniformly for points P0 in a small
neighborhood V of p. Then k is well defined for any YXYX-trajectory lying in V with
small total time T. But since f(p) and g(p) are independent, we can choose a
neighborhood 0// of p so Small that any trajectory of has to leave 0-// within time T.
Then k is well defined for any YXYX-trajectory which lies in 0//. From now on we
will always assume that we work on such a neighborhood

LEMMA 2. If F is time-optimal, we have/k(0; rl, "r2)--0 and ;(0; r, r2) -> 0 where
the dot denotes differentiation with respect to s.

Proof. Since F is time-optimal, by the Pontryagin Maximum Principle, there
exists a nontrivial adjoint multiplier ,’[0, T]-,R3, "a=-a(Df+uDg), such that
(a(t), g(x(t)))u(t)= Minlvl<__ (a(t), g(x(t)))v. In particular (a, g) vanishes at the
switching points. The first relation,/k 0, is a consequence of this. We simply have to
compute the derivatives of the functions ti at s--0. If we differentiate (3.1) we get

(*) r,(pzX) i,v, + i2v2+ i3v3,

where ii=(d/ds)ls=oti(s; r, r2) and v,=poYe,x e2Y, vz=p,Xe2r, v3=p2X. Now
(a, g) vanishes at Po, P and P2 and if we transport these equations to P2, we have with= a (p2)"

(, g(P2)) 0, (, e-r2 ad Yg(p,)) 0

and

(, e-r2 ad Y e-y, ,d x g(Po)) O.

Since h is nontrivial, these three vectors are dependent. (In the terminology of [14]
the points Po, P and P2 form a conjugate triple.) Let S be the two-dimensional subspace
spanned by these vectors and observe that X(p2) and Y(P2) do not lie in S due to
our independence assumption on f, g and [f, g]. Also X(p2) Y(P2) mod S since
g(P2) e S. An easy computation shows that in fact v v /)3 X(p2) mod S and since
X(p2) { S, we obtain from (.) that r i + i2 + i3. Therefore/k(0; r, r2)= 0.

We call this a conjugate point relation. Since F is time-optimal we have h(s; r, r2) ->
0 for small s -> 0 and hence (0; r, r2) -> 0. l-1
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To get an applicable criterion from this we compute an asymptotic expansion for
A. To state it more easily we introduce the following notation: for a smooth function

4 we write b for terms which are of the form b(1 + O(1)) where O(k) denotes terms
in the times rl and z2 which are of order -> k. Also we write 0.4 for terms of order
b. O(1).

LZMMA 3. A has the following asymptotic expansion
2-2 1-2

(3.3)
"J- ]K’/" "J- 71 "/"20(1)+O(r)+O(5))

+1/2 (o.a,+ ,l’ or;z2+O.+0

-[-0" /T32 4-+ o(1)+ o()+ o())

where all the functions are evaluated at the first switching point Po.
In the expansion we listed only those terms which we actually need later on. A

proof of Lemma 3 will be given in 3.3. First we draw the obvious corollaries to get
as necessary conditions for optimality of F:

the "conjugate point relation"
2-2 1-2 1~3 1-4(3.4) 0= t"F + 7"2 -’1-’/T + g"/’l 7"2-[-’’r2

and the "optimality condition"

(3.5) 0 < 0" C"/" "-7 ’)/T - 0" gT1T2 -}- 0" 9T __1
/[.LZ + 0" /7"32 4

y6t’ +"

3.2. Input symmetries. For later use we need the equivalent versions of (3.4) and
(3.5) when we evaluate all the functions at the last switching point p: and we also
need the corresponding optimality conditions for a YXYX-trajectory. All that can be
obtained easily by exploiting input symmetries of the system Z.

Let Sym denote the input symmetry which formally interchanges X and Y, i.e.,
Sym (X)= Y and Sym 1 (Y)= X. If we apply Sym to the equation

[X,[X, Y]]=af+(a2-al)g+a3[X, Y],

we obtain

-[Y,[X, Y]] Sym l(a).f-Sym l(a2-al).g-Sym l(a3)[X, Y]

and so Sym (a)=-/3. Analogously it follows that

Sym 1(/3)=-a, Sym 1(7) -r/, Sym 1(8)=-8,
(3.6)

Sym l(r/)=-7, Sym l(/x)=-v, Sym I(K)=-p.

Let Sym 2 be the symmetry which formally interchanges X and -Y. Then

Sym 2(a -/3, Sym 2(/3 -a,

(3.7) Sym 2(3,)= r/, Sym 2(8)- 8, Sym 2(r/)= 3/,

Sym 2(/x) v, Sym 2(K p.

Finally, let Sym 3 be time reversal, i.e., Sym 3(X) -X, Sym 3(Y) Y. Then
Sym 3 is just Sym 1 composed with Sym 2, and thus a,/3,/z and v are fixed, whereas
% 8, r/ and p are transformed into -% -8, -r/ and -p.

We now apply these input symmetries along a YXYX-trajectory. Note that instead
of (3.1) we might as well have considered

P2 e-z2Y e-hx e-’r2sY =P2 e-t’x e-t2Y e-t3x.
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This equation is identical with (3.1) if we identify P2 with P0, interchange X with -Y
and also interchange 7.1 and 7.2. Therefore we simply get the corresponding optimality
condition when we apply Sym 2, which interchanges X and Y and reverses time, to
(3.4) and (3.5). This gives as conjugate point relation

0 t(p2)7.1 / fi(p2) 7.2- 1/2(p2) 7.2 g(P2)7.1 7.2-](P2)7.
(3.8)

+/2 (p2)r31 +(p2)r+ r, r2" 0(1) + 0(4)

and as optimality condition

0<---c(p2)7.+0 /(p2)7.2+0" (p2)7.2+0 g( P2) 7.17.2
(3.9)

-1/2(P2)7. +0. fi (p2) 7.31 / 1/47(p2)7.3 + 7.17.2" O(1) + 0(4).

Since here all the functions are evaluated at the last switching point, we refer to these
relations as "backward conditions," whereas we call (3.4) and (3.5) "forward condi-
tions." It is clear that (3.8) and (3.9) are equivalent to (3.4) and (3.5). This can also
easily be seen if one transports all the functions from P2 to Po via Taylor’s theorem.
Both versions will be needed later on.

Finally, we also comPute necessary conditions for optimality of an XYXY-
trajectory. We call the time along the intermediate X arc 7.3 and consider now

Pl e’rEY eaX er2SY Pl eqX etEY et3x
Again this is ofthe form (3.1) with the obvious identifications and we get the correspond-
ing optimality conditions by applying Syml, which interchanges X and Y, to (3.4)
and (3.5). This yields as forward conditions

0 t(p)7" / fi(Pl) 7.2 / 1/2(Pl) 7" + (Pl) 7"27.3 +(P)7.
(3.10)

(3.11)

/ -/.(pl)7.3 //(pl)7.32 / 7’273 0(1)+ 0(4),

O-t(pl)7.3/O" (pl)7.2/0 "(pl)7.32/0 g(pl)r2r3
+(pl)7.22+0 /2(pl)r33+1/4(p,)7.3+r27.3 0(1)+0(4).

The backward conditions follow by time reversal from (3.4) and (3.5)"

0 c(pa).Z3 + fl(P3)7.2 Y(P3)7.- (pa)7.zZa-(p3)7. +1/4fi(P3)7.
(3.12)

/L2(P3)7./ r2r3" 0(1)-(p3)r+ 0() + 0(5),

0<0"= (p3)r3+(p3)r+(p3)r+O" (p3)rr3 + 0" (p3)r (p3)r’’
(3.13)

-0. (p)+. o(1)+Aa(p)+ o()+ 0(5).

3.3. Proof of the asymptotic expansion for z. Here we give the proof of Lemma
3. This section is independent of the remaining parts of the paper and may be skipped
at first reading. It contains the proof of the core of the argument. We rewrite both
sides of (3.1) in terms of canonical coordinates ofthe second kind as Poez’tx" Y] e z2 w ezaX
and then we compare the coefficients to obtain the asymptotic expansion (3.3).

Our computations are based on the following commutator formula [1]"

eA eB e R e(/5!) ad A(B) e(1/4!) ad A(B) e-(1/4!) ad B(A)

(3.14) e(1/6)[A,[A,[A,B]]] e(1/4)[A,[B,[A,B]]], e(1/6)[B,[B,[A,B]]]

e(1/2)[A,[A,B]], e(1/2)[B,[A,B]], e[A,B], eB eA

where eR is the remainder term and R contains only brackets of A and B of length
-> 5, but none of ad4 A(B), ad A(B) or ad4 B(A). This formula can be obtained by
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iterating the Campbell-Hausdorff formula or by a technique known as variation of
constants for formal power series [14]. It is no problem to write down the expansion
which contains all brackets of length 6, but most of these brackets are irrelevant for
our purpose, and we listed only the ones which we do need later on.

If we apply (3.14) to Po e"x e2Y e"sx we obtain

e,X eY e-sX e(1/5!)rlr ad X(Y) e(1/4!)r% ad X(Y) e-(/4!)rr ad Y(X)

(3.15) e(1/6)’r3’r2[X,[X,[X,Y]]], e(1/4)’r2’r[X,[Y,[X,Y]]], e(1/6)’rt’r[Y,[Y,[X,Y]]]

e(1/2)’r’rz[X[X,Y]], e(1/2)’r’r[Y,[X,Y]], e’rl’r2[X,Y] e’r2Y e,(+s)x.

We express the higher-order brackets as linear combinations of X, Y and [X, Y].
Let us explain how to do this in a specific example. We write

(3.16) [X, [X, Y]] al(Po)X + a2(po) Y+ a3(Po)[X, Y]+ W,

where W is defined by this expression. So Wa(Po)=O and hence Po ew -Po. Now
substitute (3.16) into (3.15) and change from the exponential of the sum to a product
of exponentials. All commutator terms which come up in this process are negligible
within our desired accuracy and so we get terms

Po’’" e(1/2)’rZT"2Wa" e(1/2)’rZ ’2a3(P)[X" Y] e(1/2)’rZ ’2a2(P) Y e(1/2)7"z ’2al(P)X

Next we commute the error term all the way up to Po where it drops out of the
calculation. Again, the commutators are of higher order and so we can simply replace

e(1/2)r2’z[X’[X’Y]] by e(1/2)’r21’rza3(p)[X’Y] e(1/2)’r7"za2(p)Y e(1/2)’ra’aa(p)X.

The same is true for all brackets of order _>-3 and we get as intermediate step

Poe’x e’r2Y e"sx Po e(1/5!)’rSz2ks(P)[x’Y] e(/5!)’r2kE(p)Y e(1/5!)z’r2k’(p)X

e(1/24)’r4’r2m3(Po)[X, Y] e(1/24)’r’r2m2(Po)Y e(1/24)’r4’r2m(Po)X

e(1/24)’’rn3(Po)[X, Y] e(1/24)"r’rn2(Po Y e(1/24)’zn(Po)X

e(1/6)’r3’r2c3(Po)[X, Y] e(1/6)z3’r2c2(Po) Y e(1/6):-3-zc,(po)X

e(1/4)’r:’d3(Po)[X,Y], e(1/4)’z2d2(Po)Y e(1/4)’r’d(Po)X

e(1/6)’r’re3(Po)[X, Y] e(1/6)’r’re2(Po Y e(1/6)’r,’r3e(Po)X

e(1/2)r21’2a3(Po)[X,Y], e(1/2)’2’2a2(Po)Y e(1/2)’rz’r2a(Po)X

e(1/2),r, ’b3(Po)[X Y] e(/2), ’22b2(Po Y e(1/2)- rbl(Po)X

e-,-1-,-2[x,Y] e’r2Y er(l+s)x.

Now we have to rearrange terms. Here we find commutators which lie in the range
(-zlzaal(po)X) andof our required accuracy For instance, if we commute exp a

exp (z2 Y), we get a term exp 2 2_
t-zl z2al(po)[X, Y]). But also none of these terms matters.

The reason is that all such terms are small relative to terms which appear already in
2 2the expansion such as -zlz:al(po)<< zlza at IX, Y]. These terms are only higher-order

perturbations and their exact structure is irrelevant. We indicate these perturbations
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by a tilde on the functions. So we get
2 7.3(Po + 0(4)})Poe’’x e" e’’x =Po exp ([X, Y]{’1’2(1 + 0(2)) +’rl’r23(Po) q-’r

12 3T22(Po)+l 2exp Y{2+5,rzd(Po) +,,2(Po) +g, 12"2t Po)

(3.17) +1rY3(Po)+r2m2(Po) +1n(Po)
+yy2k2(Po) +"" "})

2exp (X{I(1 + s)+r2l(Po)+(po)+lzc(po)
2 2 YI(PO)+1231(Po)+

+ 4ml(PO)+1nl(Po)+,2,(Po)+’" "}).

The same calculation has to be done for Po e"V etaX et3 It follows from (3.1) that
12 is divisible by and that tl and 13 are divisible by 2. Also t is divisible by s.
Therefore any term of order k in the t-variables is also of order k in the -variables.
To stay within the desired accuracy we have to pick up the fouh-order terms plus

4terms of orders tt, /3/2 lll 13l and 20(4 in tl, t3). The formal procedures are
exactly as above and the result is

Po 8 q Y e t2X e t3 Y

t)&(o)+ 0(4)})tt&(o) + tt(t,+Po exp ([K Y]{tat3(1 + O(2))+

exp Y{t + t3 +tt3a(Po)+ tat3( 1 + t3)&(P0)+32(P0)
2 2

4 2 t) 2(P0)
(3.8)

ttka(po) +...})+
exp (X{ta+ttBl(po)+ t2t3(tl +t3)(po)+ttBl(po)

2 l)l(P0+ktt t, + t),(po) + tat(t, + t,t+
2 2+htt,(po)+tat(t+tlt+ tlt+tn,(o)

+ttk,(po)+. .}).

Now we compare the coefficients in (3.17) and (3.18). Adding the X and Y
equations we get

& tl + t2 + t3 1 2- 1S

:tt +po ttt
+( -ttt+t)

(3.19)
+po -ttt+tt+t
+ po tt+ po tt

2+ po-ttt+tt+tt+t+....
To transform this into an equation in r, r and s we solve the equations which

we get when we equate coecients in (3.17) and (3.18) for t, t2 and 3. Notice that
all we really need are the leading terms in these approximations since each of the
summands in A has a ceain polynomial in r as a factor; for instance rr2 factors the
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term at Y(Po), and we already allow for perturbations at 3’(Po). Therefore the following
three equations suffice:

(i) 7-,(1 + s)+ 0(3)= t2+ O(3),
(ii) 7-2+O(3)= t1+ t3+O(3),
(iii) 7-1r2(1 + O(1))= t2t3(1 + O(1)).

The approximate solutions are

(1 )+o()tl r2s(l+O(1)), t2 rl(l+s+O(2)) t3 7"2
1--S

We now substitute these formulas into (3.19) to compute the leading terms. For instance,
let us compute the coefficient at (Po)"

7"17"32--t2t3 tlq-tlt3-b-t --7"17"2 -(1+0(1) (1

=,,,3 -;+o. +o(

+ O(1))

We do this for each term and this yields the asymptotic expansion (3.3).
Remark. Observe that the function tl is positive. A consequence of this is that

the structure of the first junction is irrelevant and so (3.4) and (3.5) are in fact necessary
conditions for time-optimality of an XYX concatenation, where the dot stands for
any switching.

4. Necessary conditions for time optimality of bang-bang trajectories: point vari-
ations. Let Reach.,<_7- (/) be the set of all points reachable from/ by a trajectory of
E within time T. In this section we will compute an approximating cone for
Reach,__<r (/) by making point variations along bang-bang trajectories. This leads to
additional necessary conditions for time optimality.

Let 4 Reach,__< r (/). We call a cone / g E3 an almost approximating cone for
Reach.,<__ T (/) at t if for every finite set of vectors v, , v, K and any 6 > 0 there

3exist vectors v,,...,v, with Ilvi-vill <6 for i=l,...,n and a continuous
map " {x3" Ilxll<e,x>=O}Reachz,<=T(fi) such that (x,... ,x,)=
+ x, Vl +’’" + x,v, + O(llxl[) as Ilxll o. We note that, if/ is an almost approximating

cone, so is its convex hull. The following topological fact is well known if vl vi [13]
and can easily be generalized to this slightly more general situation.

PROPOSITION 1. Let F be a trajectory which steers fi to in time T. If 3 is an
almost approximating cone for Reachy.,__<r (/) at , then is an interior point of
Reachz,<__w (/) and therefore F is not time-optimal beyond 1.

We now use this result to prove the following.
PROPOSITION 2. A necessary condition for time optimality of a YXY-trajectory

beyond its second switching point Pl is that

(4.1) -a(p,)7"1 + 1/27(p,)7" -l(pl)7"3 + 0( 7"4) <- 0

where 7"1 is the time along the X-trajectory.
COROLLARY. A necessary conditionfor time optimality ofan XYX-trajectory beyond

its second switching point P2 is that

(4.2) fl (P2) 7-2 n (P2) 7-22+v(p2) 7- + 0(7-) =< 0
where 7-2 is the time along the Y-arc.

The corollary follows immediately from Proposition 2 if we interchange X and
Y, i.e., apply Sym to (4.2). We now prove Proposition 2. First we compute some
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variational vectors. Let F (x(.), u(. )) be a YXY-trajectory with switching points Po
and Pl and let to and tl be the corresponding switching times. Let pl e rr be a point
on F just after the second switching point, i.e., for r small. Everywhere we can shorten
the trajectory by deleting time. The variation is given by

Zl(S X() e-’v or z2(s) x(f) e

depending on whether c(0, to]U (t, t+r] or C(to, tl]. This gives the variational
vectors :1(0)=-Y(x()), respectively, :!2(0)=-X(x()). Another standard variation
is to interchange X with Y. For (0, to] U (tl, t + r] we have

z3(s) x({) e -’Y e"x, 3(0) (X- Y)(x()) -2g(x())

and for (to, t]

z4(s)=x() e-‘x eTM, ,4(O)=(Y-X)(x())=2g(x()).

Finally, we also use two variations which can only be done at the switching points,
namely

zs(s)=poe-YexeYe-x, :5(0) [X, Y](Po)
and

Z6(S) Pl e-x e Y e x e- v 6(0) -IX, Y](p,).

Now transport all these variational vectors :i(0), i= 1,..., 6 along F to t and
call the resulting vectors vi(r). We claim that the vectors vi(r), i= 1,. ., 6, where we
choose - to be one of the. switching times to or t, generate an almost approximating
cone for Reachz.__<,,+ (/) at . To see this, observe first that variational vectors which
are obtained at different times along F can be combined to generate an approximating
cone (this is an almost approximating cone where we require in addition that vl v
for all i). For instance, it is easily checked that

(x,, x2) := e (t-’/-’) Y e"/-’ x e,/-x, Y e tl-X/xl)x e(r-x2)Y

is an approximating map for the vectors v(r) (at -= 1+ r) and vs(r) (at -= to). The
general case is as simple as this one; only the notation really becomes cumbersome.
Since these arguments are fairly standard to everyone in control theory by now, we
omit a detailed proof. (The interested reader may consult, for instance, [7]). In our
case we also use variational vectors at the same times = to or = t. Since we can get
+g(x(Y)) for times - arbitrarily close to the switching times, it is still possible to
combine the vectors vi(r) to obtain an almost approximating map. The definition is
tailored such that exactly this can be done. This proves the claim.

Let/ (r) be the convex cone generated by v(r), 1, , 6. F is not time-optimal
beyond p if /(r)= 3 for sufficiently small r. Let K be the cone generated by the
vectors vi(0), i.e., when we set r=0. Equivalently K is generated by the vectors

-f(p,), +g(p), e-’aX([x, Y](po)) and-[X,Y](p,).

Observe that e-l"ax([x, Y](po))=[X, Y](p,)+O(rl)and that

e-ladx([x, Y](po))-[X, Y](p,)
2-’r,[X, [X, Y]](p,) q-’J’l ad3 X(Y)(P1) __1 4

g’, ad4 X( Y)(pl)+ O(z,)
(4.3)

2(--c (Pl) 7"1 +T(Pl)7"l- /X (Pl)’r + O(’r41)) "f(Pl)
+a linear combination of g(p) and [X, Y](Pl).

If (4.1) is violated, the f-coefficient in (4.3) is positive. Also, e-’ladx([x, Y](P0)) is
only a small perturbation of [X, Y](Pl). Since f, g and [X, Y] are independent, we
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can therefore generate all of R in the positive span of these vectors. This does not
change if we perturb the vectors of order r and so / (r)= R3 for sufficiently small r.
Thus (4.1) is a necessary condition for time optimality of F beyond Pl. I-]

In Proposition 2 we used only the most obvious variational vectors to generate
an almost approximating cone. Doing a little bit more sophisticated combinations, we
get a different result which will be needed in 5.

PROPOSITION 3. Suppose y(p) > 0 and let e > 0 be small There exists a neighborhood
R oR e ofp such that a necessary conditionfor time optimality ofa YXY(po)-trajectory
which lies in is that

(4.4) -a(pl) + (- e) 3;(pl)q -< 0.

Proof We start with a small neighborhood V of p such that y(q)> 1/27(P) on V.
Let M be an upper bound for la3[ and Ic3[ on V. Choose NN such that 1-<_3e(N+ 1)
and choose T so small that TNM < 1/2, TN << 1/2, T<< y(p). Let R be a neighborhood
of p such that any trajectory of E leaves within time T. We claim that this choice
of R does what we want.

As in the proof of Proposition 2 we will show that K =3 if (4.4) is violated.
Recall that -f(p), +g(p) and -[X, Y](p) lie in K. Therefore it suffices to exhibit
a vector in K which has positive coefficients at both f(p) and [X, Y](p). Since
(Y-X)(po), [X, Y](Po) and (X- Y)(p) are variational vectors, the following vector
lies in K"

W= N. e-’rladX([x, Y](po))+(N-1) e-"adX( y-X)(po)+(X- Y)(P1)

=[X, Y](p,)+N. ---"F Int- IX, IX, Y]](pl)4-7" 1+- [X,[X,[X, Y]]]

(Pl) + O(r31)).
Now we express the higher order brackets as linear combinations off, g and [X, Y].
The coefficient at [X, Y](Pl) is of the form 1 + Nrlh, where ]hi -< M. By construction
this term is positive. If (4.4) now is violated then also

1 12N+l
---@(Pl) +- T(Pl) "r, + O(’r2) > 0
2 3 2N+2

and so W also has a positive f-coefficient. Hence K 3 and F is not time optimal
beyond Pl. VI

5. The analysis of time-optimal bang-bang trajectories in generic cases. We now
use the necessary conditions of 3 and 4 to analyze the time optimality of bang-bang
trajectories near a reference point p in some generic cases. All our considerations apply
only on a sufficiently small neighborhood 0?/of p which we adjust whenever necessary
for the argument without changing the name. For instance, if a(p) O, then we can
choose 0// so small that the time T along any trajectory that lies in og is dominated
by a(q) for any q 0//. This is possible since f(p) and g(p) are independent and
therefore we can make T arbitrarily small by choosing 0// small. Henceforth we will
tacitly assume that any function which does not vanish at p dominates on 0//all terms
of order O(1) that come up. Also we will not refer explicitly to a// from now on.
It is understood that all statements are valid only for trajectories that lie in a
sufficiently small neighborhood of p and we use the phrase "near p" to indicate this.
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5.1. The generic cases where at most one of a(p) and fl(p) vanishes. Several of the
cases can be analyzed directly with the necessary conditions of 3 and 4. If a(p) < O,
then YXY-trajectories are not time-optimal by (4.1) and if/3(p) > 0, then (4.2) excludes
XYX-trajectories. The only nontrivial cases occur therefore when a (p) _-> 0 and/3 (p) _-<

0. In the codimension 0 case, a(p) > 0 and fl(p) < 0, the conjugate point relation (3.4)
implies that 7" and 7"2 are comparable in the sense that there exists a constant C, only
depending on the size of a small neighborhood of p, but not on the specific trajectory
under consideration, such that 7"1 --< C7"2 and 7"2 --< C7". Therefore the optimality condition
(3.5) excludes the time optimality of YXYX-concatenations. Since the assumptions
a(p) > 0 and fl(p)< 0 are invariant when we apply Sym 1, the input symmetry which
interchanges X and Y, this excludes also XYXY-concatenations. Equivalently, this
can be seen from (3.12) and (3.13) as well. So we have the following.

PROPOSITION 1. Nearp time-optimal bang-bang trajectories have at most thefollow-
ing form"

(a) XYX if a(p) < 0; YXY if(p) > O.
(b) XY or YX if a(p) < O and/3(p)> 0; XYX or YXY if a(p) > O and/(p) <0.
For the more degenerate generic cases we can assume without loss of generality

that a (p) 0 and/3 (p) < 0. The case a (p) > 0 and/3 (p) 0 is then a direct consequence
of our results when we apply Sym 1.

PROPOSITION 2. Let a (p) 0 and fl (p) < O. Then near p time-optimal bang-bang
trajectories are at most concatenations of the form"

(i) XYXY if y(p) > 0; YXYX if y(p) < O.
(ii) XYXYX if y(p) 0,/z(p) < 0; YXYXY if y(p) O, tx(p) > O.
(iii) XYXYXY ify(p)-O, /x(p)-0, K(p)>0; YXYXYX ifT(p)-O,/x(p)-0,

(p)<0.
COROLLARY. Let a(p) > 0 and fl(p) O. Then near p time-optimal bang-bang

trajectories are at most concatenations of the form"
(i) XYXY if r/(p) > 0; YXYX if rl(p) < O.
(ii) XYXYX if r/(p) 0, ,(p) < 0; YXYXY if rl(p) O, u(p) > O.
(iii) XYXYXY if q(p) O, ,(p) O, p(p) > 0; YXYXYX if rl(p) O, u(p) O,

p(p)<0.
Since this is the first time we use input symmetries to exclude the optimality of

trajectories we give a proof of the corollary. Later on we will omit these arguments.
Let Z* be the system where we replace g with -g, i.e., =f(x)-ug(x). Then 5;*=
Syml(Z) and a*=-fl, fl*=-a, y*=-/, etc. Therefore, by Proposition 1,
X* Y’X* Y* concatenations are not time-optimal if a*(p) 0, fl*(p) < 0 and y*(p) <
0. For this excludes YXYX concatenations if/3 (p) 0, a (p) > 0 and /(p) > 0. All
the other results follow exactly like this.

Remark. In a forthcoming paper we will prove that, in all the cases considered
above, time-optimal trajectories are in fact bang-bang and so this gives then a precise
classification of the structure of time-optimal trajectories near p.

We single out the computational part of the proof in the following lemma.
LEMMA 1. Let F be a time-optimal YXYXYX trajectory with switching points

Po, ",P4 and let 7"i, 1, , 4, be the time along the trajectory between Pi-1 and Pi.
Then the following conditions are necessary for time optimality of the sub-arcs specified"

(5.1) O<---y(p2)+fi(p2)rl-K(p2)r2 + 0(7"31) for YXYX(po),

(5.2) O<= y(pz)+1/41(P2)7"3+r(p2)7"]+O(7"33) for XYXY(pl),

(5.3) O<= -y(p2)-l(P2)7"3-(p2)7" + 0(7"33) for YXYX(p2).
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Proof of the lemma. We first prove (5.1) and (5.3). We use the conjugate point
relation (3.4) to eliminate the term 0. c(po)7., in (3.5) and then we bound all terms
which have the factor 7.2 by fl(P)7.2. This gives

(5.4) 0 <- ]fl(p)7.2-](po)7.2-fi(po)7.3-(p0)7.4 + 0(7.).

Exactly the same condition holds at p2 with 7.3 and 7.4 instead of r, and 7"2. This implies
already (5.3). (We bound /3(p)<0, divide out the perturbation at Y(P2) and absorb
the perturbation at K(p2) in 0(7.).) To prove (5.1), we now transport the functions
y,/, and K from Po to p. By Taylor’s theorem

2 2T(Po) T(P2) q- 0(7.2)- LxT(P2)7.1 +sLx T(P2)7., + 0(7.31)

(p2)-/z(p2)r, +1/2(P2)7.+ a(p2) 0(1)+ 0(7.2)+ 0(7.3),

Iz (Po) tz (P2) Lxl (P2) 7.1 t- O(7.2) t_ O(7.12)

tz(P2)-(P2)7.1 + a(p2)" O(1)+ 0(7.2)+ 0(7.1)
and (po) (p2)+ O(1). Therefore we get from (5.4)

O<1/2(p)7.z+a(p2)7.2 O(1)-’ 27.,(3(P2)- 1/4/ (P2)7.1 + 2(P2)7., + O(7.]) + O(7.2) ).

The a-term and the terms with a factor 7.2 that came up in this procedure are dominated
by/(p)7.2<0 and so this implies (5.1).

We get (5.2) in the same way from (3.13). Using (3.12) to eliminate the a-terms
and again bounding the 7.2 terms by fl(P)7.2, we obtain

2 20 1/2/ (P2) 7.2 -+-57.3( (P3)-/(P3) 7.3 + 136t(P3) 7.3 q- O(7.33)).
Now we transport to P2 to get

20--< /3(p)7.2 + a(p2)7." O(1)+-7.3(’(pz)+1/4t.(pz)7.3+;(p2)7.3+ 0(7.2)+ O(7.))
and this implies (5.2).

We now give the proof of the proposition. Case (i) follows immediately from (5.1)
and (5.2) excluding the time optimality of XYXY-trajectories if y(p)<0 and of
YXYX-trajectories if 3’(P) > 0.

Now suppose y(p)=0. We add (5.1) and (5.2) to cancel out T(P2). This leads to

0 </z(p2)(7., + 7.)_, 2_

Since 7.i/(r, + 7.3) < for 1, 3, this implies that

0 <-I(p2)+y(p2)(r3 7.,)+ 0(7.,,

Therefore YXYXY trajectories are not time-optimal if/x (p)< 0. In the case/x(p) > 0
we combine (5.2) and (5.3) to obtain

(5.6) 0 _-< -/(p2) 1/2# (p2) r3 + 0(7.)
which excludes XYXYX-trajectories. This proves (ii). If also /z(p) =0, we combine
(5.6) and (5.5) to get

O (p2)(-27., 37.3) + 0(7.1,

This excludes the optimality of YXYXYX-trajectories if (p)> 0. Then we apply this
to the time reversed system (i.e., use "time reversal"= Sym 3) to obtain that XYXYXY-
trajectories are not time-optimal in case (p)<0. This proves (iii) and also the
proposition. [3
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5.2. a(p) 0 and fl(p) 0: The codimension 2 cases. The cases when a(p) and
fl(p) vanish are technically more difficult due to the fact that now both linear terms
in the necessary conditions of 3 and 4 are small, i.e., not dominant, and we have
no a priori knowledge about their signs. Our strategy is to combine several necessary
conditions to cancel out the linear terms and to get applicable conditions with dominant
higher-order terms.

PROPOSITION 3. Let a(p) O, fl(p) 0 and assume y(p) > O, q(p) O. Then near
p bang-bang trajectories of the following structures are not time-optimal:

(i) XYXYX or YXYXY if r/(p) < 0;
(ii) YXYX if q(p) > 0 and 6(p) >- 0; YXYXYX if n(P) > 0 and 6(p) < O.
The generic cases when y(p)<0 follow from this by a time reversal argument

(recall that Sym 3(3,)=-y). We get the following corollary.
COROLLARY. Let a (p) 0, /3 (p) 0 and assume 3’(P) < 0, r (p) # O. Then near p

bang-bang trajectories of the following structures are not time-optimal:
(i) XYXYX or YXYXY if r/(p) > 0;
(ii) XYXY if rl(p) < 0 and (p) <- 0; XYXYXY if rt(p) < 0 and 6(p) > O.
Proof of Proposition 3. We consider a YXYXYX-concatenation with switching

points Po, ",P and we let zi be the time along the arc joining p_ and p, 1, , 4.
An important step in the proof will be to get information on how the times - relate
to each other. We will write zi <- Cz+ if there exists a constant, only dependent on
some neighborhood 07/of p, but not on a specific trajectory under consideration, such
that z-<_ Const z+ is a necessary condition for time optimality of any trajectory that
lies in og. We also have to deal with constants which can be made arbitrarily small by
choosing the neighborhood 07/of p small enough. For instance, a necessary condition
like

5(p2)7" =< --fl (p2) 7"2 nt- (p2) 7"2, ’y(p) > 0,

implies that r32-< Const. ’2, where the constant can be made as small as we please
near p since/3 (p) 0 and since r/occurs with a factor r2z. We denote constants of this
type by e. We will not indicate changes in these constants in the notation, that is we
freely use C + C C, e" C e, etc. Another technical problem is to keep track of
higher-order terms. Whenever possible we will absorb cubic remainders at 3’ or rt
terms. This can be done since y(p) 0 and r(p) 0. Therefore these terms are large
relative to the time along trajectories near p. We also use the notation 4i for terms of
order ’ + 0(1)).

(i) Since the conditions of this case are invariant under Sym 1, it suffices to exclude
YXYXY-concatenations. If the first switching point is Po, we get from (4.1) as necessary
condition a(p)>-1/2(p)z. We use this in (3.11) to say

(5.7) --5/(pl)T1T3-}7(pl)T22- 0(’/’33, 7"32"F2) - 0.

Notice that this condition is violated if z and z are comparable since then
dominates the remainders. We distinguish the cases

(a) a(p2) <-_ -y(p2)z3
and

(b) a(p2) > T(p2)7"3.

In case (a) we have

--’(P,)T3 1/4"(P2)T3 (P2)-- (Pl) + (P,)T2"k- O(’r)

->-(p,)’, + g(pl)z+ O(z).
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This can hold only if 6(p)<-0 and it then implies 7"3 CT We now combine (3.11)
and -a(p3)r3+1/2"(p3)r<=O, which follows from (4.1). If we transport the functions
back to p, this gives as necessary condition for a XYXY(p) trajectory that

-sy(p)r3 g( p, 7"27"3 1/2r(pl)r_-<0.(5.8)

This implies z2<= Cz3 and so z_ and z3 are comparable, i.e., (5.7) is violated. We
now treat case (b). Observe that the conjugate point relations (3.4) and (3.10) are
equivalent to

ml 2 2(5.9) 0 (pl)T1 "-F (pl)T2 5"(pl)’rl-}- 5(pl)T2,
1(5.10) 0 c(p2)73-t- (p2)’r2 +533(p2)’r 5r(p2)’r.

If we let r := Pl e-(1/3)rlX (l/3)’r2V --(1/3)r2Yr2 := p e s := p2 e and s2 := P2 e(1/3)%X, then
we can also write

O=(rl)’rl+(r2)’r2+O(3), 0 ($2) 7"3 +/(s,)’r2 + O(3).

Therefore

(/(r2)-/(s)) r2 ($2)r3 (r)71 -+- 0(3) (c (s2)- c(r))r3 + c(r)(r3- 7"1)+ 0(3)

and thus

(5.11) -r/(p,)r22= (y(pl)r, + (p,)r2+/(p,)r3)r3 + c(, ,)(r3 rl)+ 0(3).

In case (b) (5.10)implies -(p2)r2+rt(p2)r2>=/(p2)r and so r<-er2. Therefore
(5.7) yields both r <- er2 and r2=< er3, in particular we can assume that rl < r3. Since

--y(pl)r>--_9(pl)r>O by (4.1), this impliesalso c(r)= c(p)

-(p)r >- (g(p)r2+’(pl)r3)r3>= (1/233(pl)r3 ET3)3"3 -’(pl)T3

and so r -< Cr2. But this contradicts r2 -< er3 and thus YXYXY-concatenations are not
time-optimal near p.

(ii) The subcase when a(p)=> 0 is easy. If we combine (3.5) with (4.2), where we

transport the functions back to Po, we get as necessary condition for time optimality
of YXYX(po):

(5.12) 2y(po)r + g(po)rl r2 +1/2gl(po)r <= O.

This cannot hold if y(p)>0, r/(p)>0 and 6(p)>-O. So let a(p)<0. Then (5.12)
implies that r and r2 are comparable. Analogously it follows that r3 and r4 are
comparable. Near p also r3 <- Cr has to hold. This follows from (5.11) since it suffices

4to consider trajectories which satisfy r3>=r. Then ge(r)(r-r3)>O and we obtain
0_>_y(pl~)r+g(p)r2+/(p.1)r3 which implies even rl+r3<Cr2= We now fix some
constant such that r3 -< Cr is a necessary condition for time optimality near p. Let
? := min (1/24, 1/24) and choose a neighborhood of p such that (4.4) is valid for ?.

This case becomes technical. Therefore we give the argument in a series of lemmas.
The idea is to show that YXYXY(po) is not time-optimal if r_<-r2 and that
XYXYX(pl) is not time-optimal if r4<-_r2. To combine the cases we will show that,
if % > ’r2, then necessarily 7"4 -< ’r2.

LEMMA 2. A necessary condition for time optimality of YXYXY(po) is

(5.13) }’(pl)’rl + g(pz)rz+1/2"(p,)r3<=O.

Proof We subtract (5.9) from (5.10), cancelling out fl(p)r2 exactly by adjusting
the error terms, and rearrange to get

0 C (pl)(T "1)+ 1/2(pl)(7" -t- )-F g(p,) rzr3
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Using c(pl) >- 3(pl)zl > O, which follows from (4.4), and (3.9), transported back to
p, we obtain

0 > 2(p)7"17" +(Pl)( 7"12 + "32) + g(Pl)7"( rl + "3)+](P) 7"2
2

(5.14) (1/2(pl)’/’l -- g(pl)"F2 - 1/2(pl) 3"3)7"1 -- (pl) 7"2
2

+ ((1/2+ )(Pl)’+ g(Pl)’/’27"3 + 1/2(Pl)7)+ (pl)7"3(1’1- ’/"3).

By our choice of g the last term is positive. From (4.4) we have a(pl)>--(-)(Pl)’I
and if we combine this with (3.11) we obtain

(5.15) (+ g)(pl)’ + g(pl)’’3 +(l(pl)’2>= O.

Clearly the perturbations at these terms need not be the same as at the corresponding
terms in (5.14). But we can assume to have exactly the same expression (1/2+ ?)(p)’3z
and so any higher-order perturbations which come up when we use (5.15) in (5.14)
have the factor -. Since - is comparable to ’1 we even conclude

0 -> (1/2(pl)’r + i(p)’r2 + 1/2(p)7"3)7" + 1/2(pl)7"2. [-]

LEPTA 3. If ’/’1-7"3, then a necessary condition for time optimality of
YXYXY(po) is

(5.16) 2’(p2) 7"1 -I- g(p2)’/’2 -- 1-5-’(p2) 7"3 0.

Proof Combining the strengthened approximating cone condition a(p) >
]233(P)’1 with (3.9) and with (3.11) we get

(5.17) i7- (p2)’+ (p2)’ ’2 + (pz) ’22_-< 0,
(5.18) --12(P2) ’/’ g(P2) 7"3 7"3 (P2) "F22 0.

We add (5.17) and (5.18), cancel out r/(p)- exactly and rearrange terms. This yields

((p)(7 + 53)+ g(p))(- 3)+-(p)3 -<- o.
Since --’3 -< -1/4’3 < 0, the term at (’1- 73) is nonnegative and so (5.16) follows from
(2(P2)(7"/’1 -- 5"3) -+" g(p2)’/’2) 7"1 0. [-]

But relations (5.13) and (5.16) are contradictory near p. Therefore YXYXY(po)
trajectories are not time-optimal if ’ _-< ’3.

Next we will show that, if - > ’3, then necessarily ’4 =< It2. We first remark that
(3.1 1) is equivalent to

O (pl)"g --(pl)7"-/(p3) 7"2 Y (p3) 7"2
2 0.

This follows if we use the conjugate point relation (3.10) and fl(P3)--
fl(p) ((p)’r + (pl)’r2. The approximating cone condition (4.4) implies

1 2o(pl)7"3 (Pl)7"3 (Pl)7"3(2’F1- "3) > 0

+5(p3)’r2-->0. Let q :--P4 e-(1/3)4Y. Then we haveand therefore/3(p3) 1-

](q) t( (P3)-t-Y(P3) 7"4 T(P4)(2’F4 "2)

and from (4.4) (along Y, ’4) we get also

(q) 1 (P4) (P4) 7"4 1/2 (P4) 7’4 T (P4)’/’4 T (P4)’F4"
This implies 7"4 7’2, i.e., "/’4 -’/’2 for small times.

LEMMA 4. If "l"4 -7"2, then a necessary conditionfor time optimality ofXYXYX(p)
is that

(5.19) (P2) ’2 + g(p2) T3 -- 1/47 (p2) 7"4 0.
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Proof We now combine (5.18) with the analogous version of (5.17) for 7.3 and ’/’4

in the form
7l’(P2) 7. -- g(P2) 7.37.4 + /(P2) 7. 0.

We can evaluate at P2 since the change from P4 to P2 produces only higher-order
perturbations. We cancel out the term y(p2)r exactly to get

0 -< (1/2 (P2) 7.2 -I- g(p2) 7"3 + 1/2 (p2) 7"4)(77"2 5’4) (P2)7.27.4.
Since 7r2 574>0 we have 1~(17(p2)7"2-1- g(p2)7"3 q-1/2(P2)7.4)(--54) < 0 and the result
follows if we simply omit this term.

LEMMA 5. Ifr4 <- r2, then a necessary conditionfor time optimality ofXYXYX(pl)
is that

(5.20)

Proof. Applying Sym 1 to (5.11), we get the corresponding relation for a
XYXYX(p2) concatenation, namely

(5.21) 1/2/(p2)7"=--(1/2(p2)7.2-t-g(p2)73+1/2(p2)7.4)7"4--[3(Yl)(7.4--7"2)+O(3)
where 1 P2 e-(1/3)’r2Y and we choose to make this term exact. Here all cubic remainders
can be absorbed at the quadratic terms except for those which have a factor 7.22. This
causes a little inconvenience and we split into the subcases (a) -/3(l)-<-r/(p2)7.: and
(b) --fl(l)>r/(p2)r. In case (b) we have in particular/3(?) <0 and thus

Therefore (5.20) follows from (5.21). In case (a) we have

w(p)r -> -/ (e)--> g(p) r3 +(p)2
since fl(p3) --< 0. Thus 7.2=< C7.3 Therefore the 7.22. O(1) terms can be compensated
through y7. on the left-hand side. As above, the lemma therefore follows from (5.21)
if/3(?)_-<0. So we assume/3(?)>0. Now we need to bound/3(1)7.: above. We use
the analogue of (5.9) for 7" and 7"4 and O.’(p3)7" -2(P3)7"3, which follows from (4.4),
to bound

1 2--/ (P3) 7.4 ’(P3) 7. + 1/2 (P3) 7",] 1/43(P2) 7. -k- 5/(P2) 7.4"

Using 7.4 -7.2 we therefore get

/(1)7"2 /(P3)7"2-- i(P3)7"27"3 }(P2)7.2
< 5T(P2)7"-- g Pz) 7"2 7"3 }’’I P2) 7" -’’ P2) 7"24

We substitute this into (5.21) and compensate e7"22 through y7"3 to obtain

((p2) r2 + g(p2)r + (p2) 4) r4--> 7(p2)-/(e,)r2
4 2--> 1/237(p)r + g(p2)’2r3 + 1/2(p2)r +(p2)r4

where the last inequality follows from (5.18). Again we can compensate -e7"2 through
Y7"3 and so the right-hand side is positive. This proves the lemma.

Relations (5.19) and (5.20) imply as necessary condition near p that 7"4--< e7"3. This
contradicts the fact that 7"3 and 7"4 are comparable. Q.E.D.

The proofs for the remaining generic casesmcodimension 3 when a (p) and/3 (p)
vanishmare longer and much more technical. Therefore we do not even attempt to
give an outline here. Complete and detailed proofs can be found in the author’s doctoral
dissertation 1 1 ].
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A MAXIMUM PRINCIPLE FOR OPTIMAL PROCESSES WITH
DISCONTINUOUS TRAJECTORIES*

R. B. VINTERt AND F. M. F. L. PEREIRA$

Abstract. A Maximum Principle is proved which governs solutions to dynamic optimization problems
in which the controls driving the system may be impulsive and give rise to discontinuous trajectories. The
approach, which involves approximating the problem by a conventional one and ueing Ekeland’s theorem,
is new. It permits us to weaken very considerably the hypotheses under which Maximum Principles for such
problems have previously been proved.

Key words, optimal control, impulse control, Maximum Principle
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1. Introduction. We give necessary conditions for optimality, in the form of a
Maximum Principle, for an optimal control problem (we label it (P)) in which the
state trajectories are permitted to be functions of bounded variation and the control
policies incorporate measures:

Minimize h(x(1))+ fo(t,x(t), u(t)) dt+ go(t, u(t))iz(dt)
o,1]

subject to

and

dx(t)=f(t,x(t), u(t)) dt+G(t, u(t))tz(dt) on[0,1],

x(O) Co, x(

u(t) e 12, /x and -a.e.

Range {/x } c K.
Here,

fo:[O, 1]x R" x Rm-> R,

f:[O, 1]xRnxRm-> R n,
are given functions,

Co, C1 are closed subsets of R n,

go:J0, 1Ix Rm- R ’,
G:[O, 1]x R’--> R"k

12 is a subset of[0, 1]xR (, denotes the section {u: (u, t) E}), and
K is a closed convex cone in R k.

To be more precise, we define a pair of elements (u,/x) to be a control policy if

/x is a K valued regular measure on ( denotes the Borel subsets of [0, 1]),
u(. ):[0, 1] R" is a Borel measurable function such that

/x(A)K for allA,

u(t) f,,

almost everywhere with respect to both/x and Lebesgue measure, and if the function
t--> G(t, u(t)) has a/x integrability property made precise in 2.
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t Electrical Engineering Department, Imperial College, London, England SW7 2AZ.
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A trajectory, x’[0, 1]-> R (associated with a control policy (u,/x)), is a function
of bounded variation such that

x(t)=x(O)+ f(s,x(s), u(s)) ds+ G(s, u(s))l(ds
O,t]

for all (0, 1 ]. A trajectory and a control policy with which it is associated, (x, u,/z),
is called a control process.

Problem (P) then is that of minimizing the functional

h + fo dt + gox (dr)
0,1]

over control processes for which t-> go(t, u(t)) is /x integrable and which satisfy the
endpoint constraints x(0)e Co and x(1) C1. A minimizing control process is called
an optimal process. The components are called "optimal trajectory," etc.

This problem is an extension of a control problem of a conventional kind, denoted
(P’), where some components w of the control vector col (u, w) (i.e., [u r wr] r) enter
linearly into the cost and dynamics and the values of w are unbounded in certain
directions:

Minimize h(x(1),x(O))+ (fo(t,x(t), u(t))+go(t, u(t))w(t)) dt

subjectto ( t) f( t, x( t), u( t)) + G( t, u( t))w( t) a.e. t6[0,1],

(u(t), w(t))ftxK -a.e.,
x(O) Co, x(1) C1.

Certain problems arising in midcourse guidance of space vehicles [6], [7], [9],
11 ], and also in resource economics [2], can be formulated in this way. A noteworthy

feature of such problems is that minimizing sequences of trajectories can be expected
to have accumulation point functions which are of bounded variation, but not
absolutely continuous as in the standard theory. The framework adopted in this paper
is one in which the usual class of admissible trajectories is enlarged to include those
of bounded variation. Indeed we can view the processes for (P’) as a subclass of the
processes for (P), via the embedding

(x, u, w)-(x, u,

where/z is the measure

I(A) fA W(S) ds.

Extra hypotheses can be given under which (P) is a proper extension to (P’) in
the sense that the existence of solutions to (P) is guaranteed and the infimum cost for
(P’) coincides with the infimum cost for (P). Results of this nature, but developed in
a somewhat different framework, are to be found in [8], [12] and [13]. We do not
impose such hypotheses here, but rather strive to provide the weakest hypotheses our
methods permit under which necessary conditions can be formulated and proved. This
is not to deny the desirability of having a proper extension. Necessary conditions,
valid under weak hypotheses which do not guarantee the extension considered is
proper, are valuable for several reasons however. Special features of the optimal control
problem at hand might permit one to deduce the extension is proper even though
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hypotheses of available theorems for properness, directed at a broad class of problems,
are not satisfied. Necessary conditions also have a bearing on the question of regularity
of solutions" if the necessary conditions lead to a contradiction, then no solutions exist
with regularity for the minimizing process to which the necessary conditions apply.

Optimality conditions for problem (P) have already been supplied by Rishel 11].
We now briefly comment on the techniques used by Rishel, in order to call attention
to the advantages of the novel methods of this paper.

Rishel’s approach is to introduce a new independent variable, with respect to
which trajectories become absolutely continuous. This leads to consideration of an
auxiliary optimal control problem in which the time variable now has the role of a
component of the state variable. The auxiliary problem has the character of a conven-
tional free-time optimal control problem. Under a so-called "constancy" hypothesis,
we can associate with an optimal process for the original problem an optimal process
for the auxiliary problem. (In the case that the measures are scalar valued and K R/,
a simple version of the constancy hypothesis is

(1.1) co ,(t, Ot) J a(t,f,) forall t[to, tl].

Here := col (go, gl).)
This permits us to apply the standard Maximum Principle to the associated process

and thence to deduce optimality conditions for the original optimal process.
Now, in order to follow through this programme, we require, in addition to other

hypotheses,

(1.2) f, for all [to, tl] (where is fixed)

and

(1.3) f, G, fo, go are regular in their t-dependence.

(By "regular" we mean here "at least Lipschitz continuous.") These arise because time
becomes a component of the state variable in the auxiliary problem and, except in
special circumstances, the conventional Maximum Principle, which we need to apply
to the auxiliary problem, is valid only when the data are regular in the state variable
and the control constraint set does not depend on the state.

By contrast with what is achievable by Rishel’s approach, we prove a Maximum
Principle for (P) in which the data are merely required to be measurable in t, time
dependency of the control constraint is permitted and the constancy hypothesis (1.1)
is dispensed with altogether. The character of our optimality conditions is new too,
since Rishel’s Maximum Principle involves time derivatives of the data and con-
sequently does not even make sense when the data are not regular in t.

Quite different methods are required then for the proof of the results of the present
paper; our approach is to approximate the extended problem by a conventional optimal
control problem in a manner which does not involve change ofthe independent variable,
and to use limiting arguments based on Ekeland’s theorem.

Warga has also provided necessary conditions for optimal control problems with
discontinuous trajectories [14], [15]. Warga’s approach is essentially to view
Rishel’s auxiliary problem as a relaxed version of the original optimal control problem
and to give necessary conditions on optimal processes for the relaxed problem. Clearly
there is no need here for a constancy hypothesis, since we are no longer concerned to
translate optimal relaxed processes back into processes for the original problem. Warga
then addresses a different problem, and his conditions cannot be compared directly



208 R.B. VINTER AND F. M. F. L. PEREIRA

with ours. Note, however, that Warga invokes hypotheses (1.2) and (1.3) since time
in the auxiliary problem is a component of the state.

We mention too that optimality conditions for problems with discontinuous
trajectories, when the data is required to be merely measurable in t, are given by
Rockafellar [12], [13] (in addition to duality interpretations of the multipliers
arising and hypotheses for properness). Rockafellar, however, limits attention to
generalized Bolza problems having Lagrangians jointly convex in the (x, 2) variables,
a restriction which is not present here.

Finally, we mention that the results of this paper can be extended in a number
of directions, notably to accommodate an affine state inequality constraint of the form

A(t)x(t)+b(t)<=O forallt[0,1].

Some refinements appear in [10].

2. Preliminaries. We shall denote the Borel subsets of R k by gk, the Borel subsets
of [0, 1] by g and the Lebesgue subsets of [0, 1] by . The symbol also refers to
Lebesgue measure, as when we write -a.e. (meaning "almost everywhere with respect
to the Lebesgue measure"), -meas (A) (meaning the "Lebesgue measure of A"), etc.

We refer to signed, regular measures (on some extension of the Borel subsets of
[0, 1]) briefly as measures. C*(Rk) denotes the usual linear space comprising k tuples
of measures. We write C* for C*(R1). C (R) is the class of nonnegative scalar valued
measures.

All norms are written [[. [[. In R k the norm is the Euclidean norm. In C*(R k) the
norm is the sum of the total variations of the component measures.

We denote by B the unit ball in Euclidean space.
As is well known, there is a one-to-one correspondence between elements in

C*(Rk) and k-vector valued functions of bounded variation on [0, 1] which are right
continuous on [0, 1]. To indicate that a function x is to be associated with a measure

C*(Rk) we write

dx( t) tz(dt).

This may be viewed as a shorthand for

dx(t)= x(dt) forall se[O, 1]
o E0,s]

in which the first integral is a Stieltjes integral.
Given/z C*(Rk), I/z[, the "total variation measure" denotes the element in C(R):

+ is the Jordan decomposition of the ith componentwhere/zi =/z
The notation

indicates weak* convergence. If the measures are scalar valued this means

h(t)m(dt) f h(t)tz(dt) asjo
IO,1] 0,1]

for every continuous function h on [0, 1]. When the measures are vector valued we
require weak* convergence of the components as just defined.
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It is convenient at this stage to comment on our interpretation of integrals of the
form

forA

in which g and/x are both vector valued.
It would seem natural to take it to mean Ei IA gi(t)lx(dt) (where gi and /x are

components) and to require g to be /x-integrable for 1,..., k. However, trans-
formations we employ in the proof of Theorem 4.1 compel us to adopt a slightly more
general definition. Our approach here is to note that the components of/x are absolutely
continuous with respect to the total variation measure I/x[. Consequently we can define
the Radon-Nikodym derivative w of/x with respect to ]/x[. We summarize the relation-
ships involved by writing

I(dt)= w(t)lxl(dt).
The k vector valued function g will be said to be/x integrable if t--> Ig(t)" w(t)

is integrable with respect to I1. If g is/x integrable we define Ia g(t)" Ix(dr) to be

Iag(t).tx(dt):=I/,.g(t). w(t)lll(dt),

where the right-hand side is the usual integral. (The extra generality arises because
the earlier definition requires each giwi to be I1 integrable, whereas (2.1) permits
components which are not integrable to cancel out in the inner product g. w.) This
definition should be borne in mind when, for example, we interpret components of
the term

G(t’ u(t))tx(dt)
0,1]

in the state equation.
We shall use the concept of continuity set. Take/x Ca. A Borel set A c [0, 1] is

a/x continuity set [1] if tx(OA)=0, where OA is the relative boundary of A.
Given a locally Lipschitz continuous function 49 :R p --> R q, Od/) is the generalized

Jacobian (or generalized gradient in the case q 1), as defined by Clarke [4, 2.6]. If
C c R k is a given closed subset and s C then Nc(s) is the normal cone to C at s in
the sense of Clarke [4, p. 1 1]. We denote by dc the Euclidean distance function from
the set C.

Let D Rk be a given subset. Then cro is the support function of the set D:

O’D(e) =max {e. d: d e D}.

3. Hypotheses. We state here the hypotheses on the data invoked in the Maximum
Principle to follow. The function x* referred to in hypothesis H4 will be the trajectory
under consideration (either an optimal trajectory or one associated with a boundary
point of the reachable set).

H1 Given > 0, there exists Ks L such that

H2

IIf(t, x, u)-f(t, y, u)ll g(t)llx-Yll

when Ilxll, Ilyll , u at and e [0, 1].

The function (t, u) --> f(t, x, u) is x 3 measurable for each x (where
denotes the product r-algebra of and N").
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H3

H4

The subset 11 c R m+l is Borel measurable.

There exists a L such that

H5

sup {llf( t, x*( t), u)ll"

h(.) is locally Lipschitz continuous.

H6 The multifunction F on [0, 1], defined by

{ G( t, u)w }F(t)=co
l+Eily_,jgij(t, u)wjl

uft, wgfq{j" lscil<=l)

is continuous with respect to the Hausdorff metric on the compact, convex
subsets of R n. (co denotes closed convex hull.)

Hypotheses H1-H5 are slightly strengthened forms of standard hypotheses under
which the Maximum Principle has been derived in the absence of singular terms (see,
e.g., [4, Thm. 5.2.1]). The most notable difference is that hypothesis H4, a uniform
integrability condition on the dynamics at the optimal trajectory, is added here. We
can drop hypothesis H4 in many cases of interest and, in particular, when the singular
and nonsingular terms in the dynamics separate, i.e., when the control variable u

comprises two vector components u col (v, w),

{col (v, w)" v g, we Wt}

and

f(t,x, (v, w))=f(t,x, v), g(t, (v, w)) (t, w)

for sets V and W and functions f and . (An argument along the lines of [4, p. 207]
is involved.) Of course, this last case subsumes the conventional control problem (no
singular term).
The remaining hypothesis, H6, is a kind of continuity condition on a compactification

of the singular term in the dynamics. It is automatically satisfied by autonomous
systems and also by problems where the multifunction t-G(t,ft) is uniformly
bounded on [0, 1] and continuous in the sense of Kuratowski.

4. The main results. Necessary conditions are first given for processes associated
with boundary points of a reachable set. The new Maximum Principle for problem
(P) will follow directly from these.

Let :Rn- Rq be a locally Lipschitz continuous function. We define the
reachable set, R., to be

R,I, {(x(1))" (x, u,/x) is some control process and x(O) Co}.

A control process (x, u,/x) such that x(0) Co and W(x(1)) is a boundary point
of R, is called a W boundary process.

We denote by H the unmaximized Hamiltonian function"

H(t,x, u,p):=p’f(t,x, u).

THEOREM 4.1. Let the data satisfy hypotheses H1-H6, and let (x*, u*,/x
boundary process.

*) bea
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Then there exists an absolutely continuous function p and a nonzero vector d R k

such that

-fa( t) OxH( t, x*( t), u*( t), p( t)) W-a.e.,

-p( d O(x*(1) ),

p(O) Nco(X*(O)),
H(t, x*(t), u*(t), p(t)) max {H(t, x*(t), u, p(t)): u

sup{tr<(p(t). G(t, u)): u,}_-<0 allt[O, 1](4.1)

and

(4.2) tr<(p(t) G(t, u*(t)))=O /*-a.e.
Here try< denotes the support function of the set K defined in 2 and 0,, is the

generalized gradient in the state variable.
For purposes of comparison with some of the earlier literature (notably 11]) and

because later we must refer to this special case, we note that the two conditions (4.1)
and (4.2), which give information about the measure / in Theorem 4.1, take the
following form when/ is scalar valued and K [0, co). In this case, (4.1) and (4.2)
become

and

sup{p(t). G(t,u)}=<O for all e [O, 1]

p(t) G(t, u*(t))=O, /z*-a.e.
respectively.

And now a Maximum Principle for problem (P). Here we take H to be the
unmaximized Hamiltonian function arising in this problem"

H(t,x, u,p,h):=p" f(t,x, u)-hfo(t,x, u).

THEOREM 4.2. Let hypotheses H1-H6 be satisfied when the functions col (fo,f)
and col (go, G) are inserted into the conditions in place off and G. Suppose that
(x*, u*, tz *) is an optimal process.

Then there exists an absolutely continuous function p and a nonnegative number A,
IIp + & o, such that

-p(t) e o(t, x*(t), u*(t), p(t), )

(4.3)

and

(4.4)

-a.e.,
-p(1) 6 AOh(x*(1))+ Nc,(x*(1)),
p(O) Nco(X*(O)),
H(t, x*(t), u*(t), p(t), h max {H(t, x*(t) u, p(t), , )} -a.e.,

u-t

sup{r/<(p(t) G(t, u)-Ago(t, u))" ufl,}_-<0 foraltt[O, 1]

o’K(p(t) G(t, u*(t))-Ago(t, u*(t)))=O /z*-a.e.
We point out that, in the special case earlier alluded to (K [0, co)), conditions

(4.3) and (4.4) reduce to

(4.5) sup {p(t)" G(t, u) Ago(t, u)} _-< 0 for all [0, 1
uDt
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and

(4.6) p(t) G(t, u*(t))-Ago(t, u*(t))=0 /x*-a.e.

We now prove, as claimed, that Theorem 4.2 is a simple consequence of
Theorem 4.1.

Let (x*, u*,/x*) be an optimal process for (P). Consider a new control system
(S) in which the state vector z col (y, w, x) now comprises a scalar component y and
n vector blocks w and x:

dy(t) fo(t, x(t), u(t)) dt + go(t, u(t))tx(dt),

dx(t)=f(t,x(t), u(t)) dt+G(t, u(t))tx(dt),

dw(t)
O,

dt

(y(0), w(0), x(0)) [0, o)x C1 x Co.

Define the mapping " R2"+1 R"+1 to be

(z)=[y+h(x)]w-x
and let Rq, denote the reachable set for (S).

Let us examine the control process

7r := (z* (y* w*, x*), u*,/x*)

for (S) in which (x*, u*,/x*) is the optimal process for (P) under consideration,
w*(. x*(1) and

y*(t) fo(s,x*(s), u*(s)) ds+ go(s, u*(s))tx*(ds).
0,t]

It is easy to see that h(z*(1)) lies in the boundary of/,.
Now apply Theorem 4.1 to 7r. (The hypotheses hold under which this is permis-

sible.) It is a straightforward task to show that the assertions of Theorem 4.2 follow.
What does Theorem 4.2 tell us about the minimizing measure /z*? We see that

(4.3) and (4.4) (or (4.5) and (4.6)) locate the support of/x*. At first sight this information
might appear rather meagre. But the fact that the optimal trajectory must satisfy the
terminal constraints, and the conditions on the conventional control, embody additional
implicit information about /x*. In fact it is a simple matter to show that for linear
convex problems, under a normality hypothesis, the conditions of Theorem 4.2 are
also sufficient for optimality of (x*, u*,/x*). This attests to the strength of the necessary
conditions.

5. Approximation of measures. Approximation arguments underlie the proof of
Theorem 4.1, in which the measures driving the system equation are replaced by control
functions (in the customary sense).

Clearly we need to devise schemes for approximation of measures and to examine
the effects of approximation on the state trajectories. Various results required for these
purposes are gathered together in this section. Proofs appear in the Appendix.
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PROPOSITION 5.1. Consider sequences bi: [0, 1] x R - Rn, {Yi} and {ai} with
C*(0, 1; R") and a R", i- 1, 2,....

Suppose that

(5.1) Y Yo,

(5.2) ai - ao
and

(5.3) -meas ({ t" @( t, x) o( t, x), all x R’}) -- 1

for some point yo C*, point ao R and function o" [0, 1] x R - R".
Let Zo" [0, 1]- R be a function of bounded variation such that

zo(t)=zo(O)+ o(s, zo(s)) ds+ yo(ds) for all e (O, 1],
o,t]

(5.4)
Zo(0) ao.

It is assumed that, given any 6 > O, there exist 1(8, L such that

(5.5) cbi(., x) is Lebesgue measurablefor each x

(5.6) II@i(t,x)-,(t,y)ll<-g(t)ttx-y[[ when IIxll, llyll-<_ -a.e.t[0,1]

and

(5.7) [[di,,(t, zo( t))[[ <-- 8( t) -a.e. t[O, 1]

fori=l,2,. ".

Then, for each sufficiently large, there exists a function z ofbounded variation such
that

(5.9)

zi(t)=z,(O)+ cb,(s,z,(s))ds+ yi(ds) forallt(O, 1],
O,t]

zi(O)=ai,

zi(t)- Ito,,l yi(ds)" z(t)- Ito.,l yo(ds) uniformly in [O, 1]

and

(5.1 O) dzi dzo

We remark that limit (5.10) is to be interpreted in terms of weak* convergence of
elements in C*(0, 1; R ") associated with the functions of bounded variation z, i-

1,2,. ..
PROPOSITION 5.2. Take v C*(0, 1; R k) and {vi} with v C*(0, 1; Rk), 1, .
(a) Ifthere exists a Borel measurable subset S c [0, 1], havingfull Lebesgue measure

and containing the point { 1}, if the v’s are uniformly bounded in total variation and

o,t] [o,t]

as c, for all S, then

(5.11)
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Conversely,
(b) If (5.11) is true, there exists a subset Sc[O, 1] which contains {1} and is the

complement of a countable set and also a subsequence { %} of { ’i} such that

ft ,ij(ds) J ,(ds) for all S.
O,t] [O,t]

PROPOSITION 5.3. Let U c [0, 1] R be a Borel measurable subset and let r" [0, 1]
--> R be a Borel measurable function.
We assume that r is uniformly bounded on U and the multifunction t-> c- r( t, U,)

continuous with respect to the Hausdorff metric.
Take tx Ca(O, 1) and a Borel measurable function u such that

u(t) U, and/x-a.e.

Then there exists a sequence of Borel measurable functions { ui" [0, 1 R and a
sequence {mi} in L1 (0, 1; R) such that

ui(t) Ut -a.e.,
mi(t)>=O -a.e.,
t r(t, ui(t))mi(t)

for i= 1, 2,...,

and

is integrable

mi(t) dt- tx(dt)

r(t, ui(t))mi(t) dt- r(t, u(t))tx(dt

q-meas({t’u(t)ui(t)})O asic.

6. Proof of Theorem 4.1. Let us show that, in proving Theorem 4.1, it is permissible
to make a few simplifying assumptions at the outset.

H7
G is uniformly bounded on 1) and the multifunction t--d-6 G(t, 11,) is con-
tinuous with respect to the Hausdortt metric.

LEMMA 6.1. If the assertions of Theorem 4.1 are true under hypotheses H1-H7,
then they are true merely under hypotheses H1-H6.

Proof. Suppose hypotheses H1-H7 are in force and (x*; u*, /x*) is a control
process such that x*(0) Co and (x*(1)) is a boundary point of R,.

We construct a new dynamic system (S’) from the former data as follows:

Here,

dx(t)=f(t,x(t), u(t)) dt+ff,(t, u(t), w(t)),(dt),

(u(t), w(t))f,xK and/x-a.e.,

x(O) Co,

,(A) _-> 0 for all A e .
G(t, u)w,(t,U,w):=

1 + ,il,jgij( t, u)wjl’
g :- {w g. ,lw, I-<- 1},
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and u and w are regarded as block components of a composite control vector col (u, w).
The gij’s are the components of G.

We define w* to be the Radon-Nikodym derivative of/* with respect to I*1. A
simple separating hyperplane argument reveals that

w*(t){vK:]vil<-l,i=l,2,’’’,k} [*l-a.e.
Now define v* C (R)(0, 1) according to

v*( dt) =(1 -F ilZjgo( u*( t))w( t)l)[ *l( dt).
Note that 1 + ilE#gowj*.l is I *l integrable in view of the definition of/ integrability

that we have adopted; consequently v* is well defined.
We claim that (x*, col (u*, w*), v*) is a boundary process for (S’).
To prove this, it suffices to show that the set of trajectories is the same for (S)

and (S’). This in turn will follow provided we can always arrange that the singular
terms in the two extended differential equations, namely G(t, u)d/ and (t, u)dr,
are interchangeable in the following sense.

Let u be any given function. We require that

(i) given any/ C* such that (u, ) is a control policy for (S), there are functions
w:[0, 1]-> R k and v C(R) such that (col (u, w), v) is a control policy for (S’) and

(6.1) Ia G(t, u(t))l(dt)= fA(t, u(t), w(t))v(dt) forall A6 ,
and also

(ii) given any function w:[0, 1]--> R k and ve C(R) such that (col (u, w), v) is a

control policy for (S’), then there exists e C* such that (u, ) is a control policy for
(S), and (6.1) is satisfied.

Full details of the proofs of assertions (i) and (ii) are routine and are therefore
omitted; we point out here merely that, in proving (i), we can take the function w to
be the Radon-Nikodym derivative di/d[ll and v to be that element in Ca defined by

v(dt) (1 -t-iljgo(t u(t))w(t)l)ll(dt),
and, in proving (ii), we can choose/ to be

w(t)u(dt)
l( dt)

1 /ilEjgi#(t, u(t))wj(t)["
We accept the claim then that (x*, col (u*, w*), v*) is a boundary process

for (S’).
It will be observed that (S’) is a special case of the former system in which the

additional hypotheses on the data, listed in the lemma, are valid.
Now apply Theorem 4.1 to (x*, col (u*, w*), v*), the boundary process for (S’),

as is permitted in view of the additional hypotheses. This yields existence of an
absolutely continuous function p and d R k, with Ildll- 1, such that

-t( t) o,H( t, x*( t), u*( t), p( t)) -a.e. 6 [0, 1]

(where H(t, x, u, p) p. f(t, x, u)),

-p(1)=d.Q forsomeQ0(x*(1)),

u*(t) maximizes

(6.2)

u-p(t) f(t,x*(t), u) -a.e.,

{ p(t)’G(t,u)w )sup

_
.i2-q(; 0 for all t,

,,,wg 1 u)w2l
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and

(6.3)
p(t) G(t, u*(t))w*(t)= 0 /x*-a.e.
1 + ,l,jgo( t, u*(t))w[

However (6.2) implies that

sup crlc(p(t)" G(t, u))<=O
u

and we deduce from (6.3) that

for all [0, 1 ],

We see that the special case of Theorem 4.1 applied to (S’) yields the full theorem
for (S). The lemma is proved.

It is assumed henceforth that H7 is in force. We write g in place of G to emphasize
the fact that, under the additional hypothesis, the function is vector, not matrix, valued.

By assumption (x*(1)) is a boundary point of R.. it follows that there is a
sequence of vectors {i} such that :i R., i= 1, 2,. ., and

(6.4) , - (x*(1)) as - .In consequence of Propositions 5.1 and 5.3, for i=1,2,..., there exists
measurable functions r and fi such that r is -integrable and i(t) 1),, -a.e.,
and a trajectory :i emanating from x*(0) with the following properties:

d
-tg,(t): f(t, gi(t), ,(t))+ g(t, ,(t))ri(t)

for i=1, 2,...,

(6.5) ri( t) dt- tz *( dt),

(6.6) -meas ({ t" t,(t) u*(t)}) - 0

and

-a.e. [0, 1

dg,(t)-dx*(t).

Now, by assumption, the ’s have common left point,

(6.7) ffi(0) x*(0).

From Proposition 5.2 it follows we can arrange, by restricting attention to appropriate
subsequences, that

g,(t)x*(t),

on a subset of [0, 1], of full Lebesgue measure, containing the points 0 and 1. Since
the functions Ilx,(t)l[ are majorized by a common constant function we deduce from
the dominated convergence theorem that

llgi(t)-- x*( t)ll - 0.dt

For i= 1,2,..., define e to be

(6.8) e,:= I[X,(t)-x*(t)]] 2 dt+]lj-(y,,(1))l]+][Y,,(1)-x*(1)]] 2

crlc(p(t) G(t, u*(t)))=0 /z*-a.e.
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It follows from (6.4) and the convergence properties of {gi} just described that
Ei ---) 0

Let {K} be the sequence of L functions defined by

Ki(t) := + max {r( t)}.
ji

Note that each K majorizes r and the sequence is monotone with pointwise
limit +c. For each i, consider the optimal control problem (Pi):

Io’Minimize II,-*(x(1))ll+ Ilx(t)-x*(t)ll 2 dt+llx(1)-x*(1)ll 2

dx(t)
subject to -f( t, x(t), u(t)) + g(t, u(t))m(t) -a.e.,

dt

x(0) Co, and

(u(t),m(t))Otx[O, Ki(t)] -a.e.,
in which m is treated as a block component in the control variable col (u, m). The
minimization is conducted over processes {x, col (u, m)} for (P), that is to say, over
triples each comprising Lebesgue measurable functions u and m and an absolutely
continuous function x which satisfy the specified constraints.

Problem (P) can be reformulated as

Minimize i(a)

over a Qi.

Here Q is the set of elements (s, u, w) in which s Co and u:[0, 1] R and
w [0, 1] R are -measurable functions such that u(t) Ot and w(t) [0, K(t)]
-a.e. The function on Q is taken to be

*((s,u,m))=ll,-*(x(1))ll+ Ilx(t)-x*(t)ll2dt+llx(1)-x*(1)ll 2

in which x is the unique solution to the differential equation corresponding to u and
m, and the initial condition x(0)= s.

We provide Q with the metric p:

;oo((s, u, m), (, a, ))= -meas ({" u() a(t)})+

Q thereby becomes a complete metric space (cf. [4, Lemma 1, p. 202]).
We readily deduce from Proposition 5.1 that the mapping is continuous for

this choice of metric.
Observe that, for each i,

(((0), a, ))<= inf (a)+e

by (6.8) and, since 0, it follows from Ekeland’s theorem [5], that, for each i, there
exists (s, u, m)e Q such that

(6.9) ((s,u,m))N(a)+eo(a,(s,u,m))

for all a e Q, and
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Let xi be the trajectory corresponding to (si, Ui, mi). Bearing in mind that ei- 0,
we deduce from (6.5)-(6.7) and (6.10) that

x,(0)- x*(0),

(6.11) -meas ({ t" ui(t) u*(t)}) - 0, and

mi(t) dt- tx *(dt).

A simple contradiction argument based on (6.9) and (6.10) establishes that
((si, u, m))- 0 as i. Examining i, we see that this implies

llx,(t)-x*(t)ll dt-->O and IIx,(1)-x*(1)ll=-o.

Following extraction of a subsequence, we have then that

(6.12) x,(t) - x*(t) for all S t_J {0} t_J { 1 }

for some subset S c (0, 1) of full Lebesgue measure.
It is not difficult to show (application of Gronwall’s inequality is involved) that

the sequence of measures {dxi} associated with the x’s is uniformly bounded in total
variation. By Proposition 5.2 then

dx,( t)- dx*( t).

In view of (6.11), (6.12) and hypothesis H3 we may apply the dominated conver-
gence theorem to obtain

f( t, xi( t), ui( t)) dt-f( t, x*( t), u*( t)) dt.

Noting that gmi dt= dxi-fdt, we deduce that

(6.13) g(t, ui(t))m,(t) dt-g(t, u*(t))tx*(dt).

Inequality (6.9) which holds for all a Qi implies that the process (xi, ui, mi) is
optimal for the control problem (P)"

Minimize II:i-*(x(1))[l+ Ilx(t)-x*(t)ll - dt/llx(1)-x*(1)ll 2

+ x(, u() d)

subject to 2 =f(, x, u) + g(, u)m -a.e.,
x(O) e Co, and

(u(t),m(t))ea, x[O,K(t)] -a.e.
Here

0 if u ui( t),
xi(t, u):=

1 otherwise.

Now () is an optimal control problem for which necessary conditions of optimal-
ity are available.
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As usual let H be the function H(t, x, u, p) p. f(t, x, u). It is convenient also to
introduce the function Hi defined by

Hi(t, u, m):--pi(t) [f(t, xi(t), u)+g(t, u)m]-ei[xi(t, u)+[m-mi(t)[].

Application of [4, Thm. 5.2.1] to the optimal process, (xi, ui, mi), yields the
following information. (Note that (Pi) is a free right endpoint problem whose extremals
are normal.)

There exists an absolutely continuous function p" [0, 1]-> R" and a number K > 0
which does not depend on i, such that

(6.14) -6i( t) o,n( t, x( t), ui( t), Pi( t)) 2(x(t) x*(t)),

(6.15) Hi(t, ui(t),mi(t))=max{Hi(t,u,m)’u6l’,m[O, Ki(t)]},

(6.16) pi(O)

(6.17) -Pi( 0 : /t(xi( 1))11 / 2(xi( x*( 1 )).

In view of the fact that (xi, u, mi) defines a process for S and : R, we have
that i /t(Xi (1))[[ O.

It follows then from (6.17) and [4, Thm. 2.6.6] that

(6.18) -pi(1) E di" Oxlt(xi(1))+2(xi(1)-x*(1))

for some vector di of unit length.
Appealing to Gronwall’s inequality, we deduce from (6.14) and (6.17) that the

pis are a bounded equicontinuous family of functions. Extraction of a subsequence
therefore ensures that

(6.19) Pi(t) --> p(t) for all E [0,

where p is some absolutely continuous function.
We now show that p has the requisite properties for it to serve in Theorem 4.1.
Limit attention to a subsequence, thereby arranging that the vector di in (6.18)

converges to a limit d. Clearly [[d[[ 1.
The transversality conditions

p(0) IOdo(X*(O))
and

( Nco(X*(O)))

-p(1) d O(x*(1))

follow from (6.16) and (6.18) and the upper semicontinuity of the generalized gradient.
We now derive the costate differential inclusion

(6.20) -p(t) OxH(t, x*(t), u*(t), p(t)) -a.e.
Notice that, by (6.14), Pi satisfies

lki(t)F(t, pi(t))+ri(t)B onai(6.21)

where

F(t, p):= -O,H(t, x*(t), p, u*(t)),

ri(t) =/(t)lxi(t) x*( t)l
and

Ai { t" Ui( t) u*( t)}.
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Here / is an integrable function which does not depend on i. We now appeal to
[4, Thm. 3.1.7], which concerns limiting solutions of differential inclusions such as
(6.21). Scrutiny of the proof of[4, Thm. 3.1.7] reveals that the assertions of the theorem
remain true if the hypothesis "the ri’s converge uniformly to zero" is replaced by "the
ri’s are uniformly integrably bounded and converge almost everywhere to zero." The
hypotheses are satisfied under which the theorem, strengthened in the manner just
indicated, applies. (Note in particular that the ri’s have the required properties, since
the x’s are uniformly bounded in L norm and converge almost everywhere to x*.)
It follows that p satisfies the differential inclusion (6.20).

Next we show that

(6.22) p(t)" f(t, x*(t), u*(t)) max p(t)-f(t, x*(t), u) -a.e.
ut

and

(6.23) supp(t).g(t,u)<-_0 for all [0,1].

We shall make repeated use of the following simple observation" If {E} is a
sequence of -measurable subsets of [0, and -meas (E) 0, then we may replace
{E} by a subsequence (we do not relabel) with the property

-meas ({ t" [0, ]\Ej for all j _-> i}) -
as . In fact it suffices to arrange, by extraction of a subsequence if necessary, that
j=o -meas (Xj) < .

Let

and

Ai {t" pi(t) g(t, ui(t)) > el},

Bi t’mi(t)>

Ci={t: sup lp,(t) f(t,x,(t), u)l>#K,(t)}.uct

The fact that the sequence {m} is norm bounded in L tells us that -meas (Bi) 0
as i c. We also know that -meas (A) 0 as i- since the maximization of the
Hamiltonian condition (6.15) implies that m(t)= Ki(t) a.e. on Ai and the Ki(t)’s
increase uniformly to infinity.

Furthermore -meas (Ci) 0 as i since the sequence of functions {t
supua, [pi(t) f(t, xi(t), u)]} are uniformly integrably bounded.

Now let Si be the set of points [0, 1] such that

(6.24)

(6.25)

(6.26)

pj(t)’g(t,u(t))<--e for allj--> i,

sup Ip(t).f(t,x(t),u)l<-x/K(t) for allj_-> i,
ut

mj(t)<--e forallj=> i,

(6.27) uj(t) u*(t) for allj _-> i,

(6.28) Hj(t, uj(t),mj(t))=max{Hj(t,u,m)’uft,m[O, Kj(t)]} for allj -
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and

(6.29) x(t) --> x*(t) as j --> .
In view of our earlier observations, we can arrange by extraction of subsequences

that -meas (Si) --> as --> c.
Now take any LJ iSi and any t ft. For some then Si whence, by (6.27)

and (6.28),

H( t, u*( t), m( t)) >= H( t, , O) for allj => i.

This inequality coupled with (6.24) and (6.26) gives

e for all j -> i.p(t) f(t,x(t), u*(t))+e>=p(t f(t,x(t),

In view of (6.19) and (6.29) we may pass to the limit, j-> oo, and obtain

p( t)" f( t, x*(t), u*(t)) >- p(t). f( t, x*(t),

We have established (6.22) (on the subset U iS of full -measure). Again take
t_J S. For every j, let t) be chosen so that

(6.30) p(t) g(t, t)> sup p(t) g(t, u)-e.
ut

Properties (6.27) and (6.28) give, for some i,

I-I( t, u*( t),m(t)) >= I-I( t, , Kj(t)) for all j -> i.

It follows then from (6.24)-(6.26) and (6.30) that

x/K(t)+x>- -v/K(t)+ sup (p(t) g(t, u))K(t)- e-2eK(t) forallj=>i.
uflt

But K(t) --> oo as j--> o. Dividing across this inequality by K(t) and passing to
the limit, j-> , we obtain

sup p(t). g(t, u)(=lim sup p(t), g(t, u)/ =< 0.
u \ j-oo u_l-I /

(We have used (6.19) and the continuity of p--> supu,,p" g(t, u).)
We see that (6.23) is true on the subset of full -measure, LJ iS. It is true everywhere

then since, under our hypotheses, the function t-> sup,,,p(t), g(t, u) is continuous.
It remains to show that

p(t) g(t, u*(t))--0 /z*-a.e.
For any we have

Hi(t, u,(t), mi(t))>=Hi(t, u,(t), m) forall m[O, Ki(t)] -a.e.
It follows that

pi(t) g(t, u(t))m,(t)>-p(t) g(t,

for all m [0, Ki(t)] -a.e.
Now suppose that m(t)> 0. Examination of the last inequality reveals that this

is possible only if

(6.31) p,(t) g(t, u,(t))>-ei.

To be precise, we have shown that (6.31) is true -a.e. on the set {t: m(t)> 0}.
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and

Define {vi} and v, with v and vi C*(0, 1), i= 1,. ., by

v,(dt)=p(t) g(t, u,(t))m,(t) dt, i= 1,2,.

v*(dt)=p(t) g(t, u*(t))Iz*(dt).

We readily deduce from the properties (6.13) and (6.19) that

According to Lemma 5.2, we can arrange by subsequence extraction that

(6.32)

for all in some dense subset P of [0, 1] which contains {1}. For any 6 P we have

1,’i(ds)-- pi(s) g(s, ui(s))mi(s) ds
[o,t]

f pi(s)" g(s, u,(s))mi(s) ds (since mi(s)>= 0 -a.e.)
s:mi(s)>O}Cl[O,t]

-e f m(s) ds,
0,t]

by (6.31). Bearing in mind that {m) is norm bounded in L we deduce, from this
inequality and (6.32), that

v(dt)>_O
[o,t]

p(t) g(t, u*(t))tz*(dt)>=O.
[o,t]

Since the sets ([0, t]: P) generate the Borel subsets of [0, 1] we have

Ep(t)

g(t, u*(t))tz*(dt)>=O

for all Borel subsets E c [0, 1]. It follows that

p(t) g(t, u*(t))>-O *-a.e.
However we have shown that

supp(t).g(t,u)<=0 for all [0,1].

Of course

We conclude that

u*(t) f, #*-a.e.

p(t)" g(t, u*(t)) 0 /z*-a.e.
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Appendix.
Proof of Proposition 5.1. We shall use the fact that (5.5)-(5.7) remain true when

qo replaces i. This is clearly a consequence of (5.3).
Let o(t)= Zo(t)-to,,1To(ds).
Then o(’) is an absolutely continuous function which satisfies the differential

equation

(A.1) d--]o(t) =o t, -o(t)+ To(as) o(O) ao.
0,t]

Choose 6 > 0 such that

max o(t)II + , <-
t[O,l] 2

for all sufficiently large.
Consider now the functions pi, 1, 2,. .,

pi( t) := ’( t) -dPi( t’ ’( t) + ai a+ f[O, tl
yi(ds))

Since o(" solves the differential equation (A.1), pi can be written

pi(t)= (t’ Y’(t)+ ftO, tl
’(ds)-it’ ’(t)+ a’-a+ fto, tl

Ti(ds))
Introduce the sets Si, 1, 2,. .,

S, { t: i(t, x) qo(t, x), for all x R"}.

For [0, 1]\S,

P(t)<= (t’(t)+ fto, tl
yo(ds))

-< 26,(t) + K( t)si( t).

dPi(t, o(t) + To(ds))
0,t]

+K(t)si(t)

In these estimates,

l’s(t)=la-aol+ (Ti(ds)-To(ds))
[o,t]

(We have used bounds (5.6) and (5.7) for qo in place of .)
For S,

p,( t) <- Ks( t)s,( t).

Now (5.1) and (5.2) imply that the s’s are uniformly bounded in the L norm
and, on a Lebesgue set of full measure, s(t)->O. Noting also (5.3), we deduce by
application of the dominated convergence theorem that

ot
Pi(t) dtO as i-c.

By (5.5)-(5.7), the function (t,x)-(t,x+ai-ao+to,t %(ds)) is measurably
Lipschitz on the (6/4) tube about t o(t)+ a-ao, for sufficiently large. ("Measur-
ably Lipschitz" is taken in the sense of [4, Def. 3.1.4].) It is now evident from the
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proof of [4, Thm. 3.1.6], that there exists an absolutely continuous function i(’)
satisfying

d.i(t)=i(t, .i(t)+f[(A.2) d-- o.,

for sufficiently large; furthermore

(A.3)

and

(A.4)

Ti(ds)), .i(O)--ai

i(t) o(t) - 0 uniformly in [0,

1:/( t)- :o( t)l dt - O.

Now define zi(t :’-i(t)-t-to.,l dTi for t> 0, and zi(0):= ai. By (A.2), Zi(" is a
normalized function of bounded variation which satisfies (5.8).

Property (A.3), expressed in terms of zi(.) and Zo(’), is (5.9). Property (A.4)
implies that

But then

dzi(= d’i + Ti( dt )--*-> dzo + To(at)=) d-o,

since Ti--*--> To. We have proved (5.10).
Proof of Proposition 5.2. We may limit attention to the scalar case (k 1), since

the scalar version of the lemma, applied componentwise, leads to the same conclusions
in the vector setting.

(a) Replace {ui} by an arbitrary subsequence. (We do not relabel.) Define ,-,
,- C(0, 1) by the Jordan decomposition of "+

for i= 1, 2,. .. The sequences { }, ?} are uniformly bounded, and we can arrange
by extraction of subsequences that

for some +, - C(0, 1). Then

,(= ?-)’
where ’= +- -. Since the initial subsequence was arbitrary, pa (a) will be proved
if we can show that ’= .

Let S [0, 1] be the set

S { S" { t} is not an atom of + or -} U { 1 }.

(Here S is the set mentioned in the hypotheses.) Now take any e S

Ito,, v’(ds)(= fto,, v(ds)- fto,t v?(ds)) fto,, v’(ds)

(see [1, Thm. 2.1]).
Noting that S c S, we deduce from the hypotheses that
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But the set $1 is certainly dense in [0, 1], and contains {1}. It follows from the
continuity of t-->to,,l v(ds) from the right on [0, 1) that (A.5) holds for all t[0, 1].
It is now easy to show, using the regularity of v and v’, that

fA V’(ds) fA V(dS)

for all relatively open subintervals A of [0, 1], and therefore for all Borel sets A, since
these sets are generated by the relatively open subintervals. In other words v v’. Part
(a) is proved.

(b) Now suppose (5.11). Define v- and vi- by the Jordan decomposition
+

Vi Vi Vi

for 1, 2,
that

for some v

.. By uniform boundedness, there exists a subsequence { %} of { vi} such

+ Cv Then

+ + "--*-> v-

v= weak* limit {vii}= weak* limit {vi- v}-- v+- v-.

Now take S to be

S {t [0, ]: { t} is not an atom of v+ or v-} O {1}.

S is the complement in [0, 1] of a countable set, and contains {1}. Since [0, t] is a v+-
and v--continuity set for each S, we conclude that

vii ds (vii
o,t] o,t]

v-)(ds)= v(ds)
o,t] o,t]

for each S. The subsequence {vii} and the subset S have the required properties
then, and the proposition is proved

Proof of Proposition 5.3. Let us first note that we can without loss of generality
suppose that

(A.6) /z is singular with respect to Lebesgue measure.

Indeed if/x does not satisfy this condition, we can decompose it into the sum of
absolutely continuous and singular components (with respect to Lebesgue measure)
thus

/x(dt) w(t) dt+tz*(dt ).

Here w is an integrable function and/z* is a measure singular with respect to Lebesgue
measure. Since /z is nonnegative valued, we know that w(t)>=O, -a.e., and /x* is
nonnegative valued. We now apply the proposition (under the additional hypothesis
(A.6)) and conclude existence of sequences {ui} and {mi} with the stated properties,
corresponding to u and/x*. It will be seen that the sequences {ui} and {m + w} fulfill
the claims of the proposition in relation to u and

We then impose (A.6). It follows that a sequence {A} of open subsets of [0, 1]
exists such that/x is concentrated on each of the A’s and

-meas (Ai)->O as i-->.
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Forj =0, 1,..., i-1 and i= 1, 2,..., define the intervals I/j and J/j"

Ij J/j Ij Cl Ai.

Define th/j R +"

(t)
rh/j

when

when

in which [J/j[ denotes -measure (J/j), and m/j’I/j- R+"

rh/j if 6 J/j,
m/j(t)

0 if

We also define /j 6 R""

and ’);/j I/j - R""

0 r(t, u(t))tx(dt
if tfi/j # 0

y/j(t)
r(t, u(t))

Next define y/j" I/j--> R" by

p/j( t)
T/j(t)=

r(t, u(t))

where the function p/j is uniquely specified by

[po( t) o[ rain
pc’- r(t, Ut)

if J/j and rh/j # 0,
if I/J\Ai or rfi/j 0.

if
_

J/j and tri/j # 0,
if I/J\A or tri/j 0

Observe that p/j is continuous on its domain of definition (this follows from the
continuity properties of g-6 r( t, U,)). Consequently y/j is a Borel measurable function.
A simple separating hyperplane argument tells us that /j(t)g-6[Usl, r(s, Us)];
appealing to this fact and also again to the continuity properties of t- g-6 r(t, U,), we
deduce existence of a sequence {e} of real numbers, e 0, such that

(A.7) II//j(t)-yo(t)[[<=e forall i, jand

Now define Borel measurable functions m: [0, 1]- R and y: [0, 1] - R" by

mi (t) Ejm/j (t)X,/( t)

and

yi(t) jy/j (t)x,o (t).

Here XA denotes the indicator function of the set A"

1 if xeA,
’)(A(X)

0 if x A.
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Let us verify that {mi} has the properties asserted in the proposition. Clearly
-+ r(t, ui(t))m(t) is integrable. It is immediately apparent that the mi’s are nonnega-

tive valued Loo functions. To ascertain the limit we take arbitrary b C(0, 1) and
calculate

(A.8) c/b(t)m,(t) dt , cb(t)m(t) dt
j Si

(here S is the set of indices j such that Jo # )

f (f cb(t) dt/’J[) Ix(dt)
jSi

Ij, (t)(dt)+
JSi

where the function qi(" ):[0, 1] R is

Since is a continuous function, the q’s converge uniformly to zero. Consequently
the second term in the right-hand side of the second equality in (A.8) converges to
zero as . In view of the fact that is concentrated on a subset of A, for each i,
the first term is just the desired limit [o,1] (t) (dt). Convergence is proved.

Our next objective is to show that

(A.IO) yi(t)mi(t) dt r(t, u(t))(dt).

Now take arbitrary C(O, 1). We have

(t)yi(t)m,(t) dt (t)omo(t) dt
Ti ij

(A.11)
+ E / (t)" [yi(t)- i(t)]m0(t) dt

Ti d lij

where is the set of indices j such that , (dt) O. By (A.7), the norm of the second
term on the right-hand side of (A.11) is bounded by

0

which tends to zero as . Consider now the first term,

f (t)o(t)mo(t) dt.T Iij
This can be expressed as

fj (t) dt(fj r(t,u(t))(dt)/fj )Ti ij ij ij

--w, b(t)r(t, u(t)).(dt)+ T qi(t)r(t, u(t)).(dt).
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Here qi(" is defined once again by (A.9), though now of course we view & as a
vector valued function. As before the qi’s converge uniformly to zero as --> . (At this
point we make use of the uniform bound on r(t, Ut).) The first term, however, is simply

.1

qb(t) r(t, u(t))l(dt),
o

since/ is concentrated on a subset of Ai. We have proved (A.10).
Now define the functions hi [0, 1] R --> R" and the multifunctions U on [0, 1]

to be

and

hi( t, V) r( t, ))mi( t)

U { Ut if

{u(t)} if tE[O, 1]\Ai.

Taking note of the manner in which yi was constructed, we see that

yi(t)rni(t) -6-6 hi(t, Uit) for all [0, 1 ].

Now let {6i} be an arbitrary sequence of positive numbers such that (i "->0. A
.routine argument in which we consider increasingly fine uniform partitions, Ei, of
[0, 1] into intervals and apply Aumann’s theorem (see, e.g., [4, Thm. 3.1.3]) to the
multifunction

--> hi( t, uit)
on each element of i leads to the conclusion: there exists a measurable function
di(" :[0, 1 --> R" such that

di(t) hi(t, U) -a.e., [0, 1]

and

sup [di(s)- ")/i(s)mi(s)] ds < 6i
t[0,1] 2

for i= 1, 2,. .. However, [3] tells us that there exists a measurable function ui such
that

and

ui(t) UI a.e. [0, 1]

sup
t[o,]

[di(s)- hi(s ui(s))] as

for i--1, 2,.... Taking account of the definitions of hi and UI, we see from these
inequalities that

(A.12) sup
t[0,1]

and

yi(s)mi(s) ds- r(s, ui(s))mi(s) ds

ui(t) u(t) a.e. [0, ]\Ai,
(A.13)

ui( t) Ot a.e. Ai.
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In view of Proposition 5.2, (A.12) implies

[,,(t)-r(t, u,(t))]m,(t) dt-O.

It now follows from (A.10) that

(A.14) r(t, ui(t))mi(t) dt- r(t, u(t))z(dt).

Bearing in mind that -meas (Ai)0 as i, we see from (A.13) and (A.14)
that the functions ui which we have constructed have the properties asserted in the
lemma. The proof is complete.
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SUFFICIENT CONDITIONS FOR THE FUNCTIONAL REPRODUCIBILITY OF
TIME-VARYING, INPUT-OUTPUT SYSTEMS*

KEVIN A. GRASSE"

Abstract. The functional reproducibility of an input-output system refers to the capability of realizing
a given class of functions as outputs of the system by the choice of appropriate inputs and initial conditions.
For linear, time-varying, input-output systems we derive rank conditions that are sufficient for the generation
of all C outputs by means of C inputs. These rank conditions provide an alternative to the structure
algorithm of L. M. Silverman and, in the linear, time-invariant case, reduce to a rank condition of M. K.
Sain and J. L. Massey. We also give sufficient conditions for the local functional reproducibility of nonlinear,
time-varying, input-output systems.

Key wo’rds, input-output system, functional reproducibility, path controllability.

AMS(MOS) subject classifications. 93C05, 93C50

1. Introduction. An important problem in the study of input-output systems is the
determination of whether the output of the system can be made to follow a preassigned
trajectory over a specified interval of time. The term "functional reproducibility" was
introduced by Brockett and Mesarovi6 [3] and, roughly speaking, means the capability
of realizing a given class of functions as outputs of the system by the choice of
appropriate inputs and initial conditions. Other authors have used the terms "output
tracking" [7] and "path controllability" [14] with a similar connotation.

To illustrate the problem to be considered here and to relate our work to the
existing literature, we consider the linear, time-varying, input-output system:

(1) A( t)x + B( t)w, y C( t)x + D( t)w,

where t I (an interval in ),xn, w and yP; the matrices A, B, C, D have
the obvious dimensions and their entries are assumed to be at least continuous. It is
known that under a fixed initial condition x(t0)= Xo one can realize every continuous
function , I -> P as an output of (1) by means of a continuous input u I--> ’ if
and only if rank D(t)=p for every I [1]. This rank condition is quite strong and
it is natural to seek weaker conditions that will still ensure the generation of a reasonably
large class of outputs.

There are two aspects of the problem that can be modified so as to yield a weaker
form of the above rank condition. First, instead of requiring that all continuous
functions b I -> P be generated as outputs of (1), we will only require that all sufficiently
differentiable (i.e., C k for k >_- 1) functions be generated as outputs. Second, instead of
fixing the initial condition X(to)= Xo in advance, we will allow the initial condition to
"float" and possibly depend on the output. With these considerations in mind, the
objective of this paper is to find computable rank conditions involving the system
matrices of (1) which guarantee that given an arbitrary Ck function I P one can
find a continuous input u:I- ff" and an initial condition X(to) Xo such that is the
output of (1) with this input and initial condition. Our results will also show how the
required input and initial condition can be obtained from the desired output by means
of a "right-inverse" system of (1).

* Received by the editors November 25, 1985; accepted for publication (in revised form) December 3,
1986.

f Department of Mathematics, The University of Oklahoma, Norman, Oklahoma 73019.
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The results of this paper are very much in the spirit of the paper of Sain and
Massey [13]. Sain and Massey consider both the invertibility and the functional
reproducibility of linear, time-invariant, input-output systems. Their work requires
certain results from the theory of sequential circuits and makes extensive use of
Laplace-transform techniques, which effectively limits the scope of their results to the
time-invariant case. Our proofs are self-contained and avoid Laplace transform methods
since we deal with the time-varying case. The general method employed here could
be described as "coordinate-free, time-varying, linear algebra." As we will see, the
rank conditions derived here in the time-varying case, when specialized to the time-
invariant case, reduce to precisely the rank condition of Sain and Massey.

The functional reproducibility of linear, time-invariant, input-output systems has
also been treated by Silverman [9] and Silverman and Payne 10]; this work is primarily
based on Silverman’s introduction of the "structure algorithm." In [8] Silverman proves
a necessary and sufficient condition for the functional reproducibility of a linear,
time-varying, input-output system, but this result is restricted to the single-input/single-
output case. Also in [9] he briefly mentions that the techniques used there to prove
results on the invertibility of linear, time-varying, input-output systems can also be
applied to produce results on the functional reproducibility of such systems, but he
does not explicitly state any such results.

The structure algorithm was extended to nonlinear input-output systems by Hir-
schorn in [6] and he used this extension to prove a result on the functional reproducibil-
ity of nonlinear input-output systems in [7]. Hirschorn’s results were refined somewhat
by Singh in [11] and [12]. The results of Hirschorn and Singh are stated for the
time-invariant case, but they can easily be extended to the time-varying case by using
the standard device of incorporating time as the (n + 1)st coordinate of an augmented
state space. In particular, one can apply these results to obtain necessary and sufficient
conditions for the functional reproducibility of linear, time-varying, input-output
systems.

In view of the above remarks, it might appear that the problem of functional
reproducibility has been completely settled, even for nonlinear time-varying systems.
However, the existing results all (with one exception on which we will comment later)
have a drawback. In rough terms, these results say that if the rank of a certain matrix,
produced by k applications ofthe structure algorithm, is p (the output space dimension),
then a Ck function q: IRp is an output of the system corresponding to some
continuous input if and only if there exists an initial condition X(to)= Xo such that a
certain functional relationship

(*) Fi( to, Xo, d/( to), q(k-1)(to)) 0

holds for 0-< i_-< k-1. The functions F are generated by the structure algorithm and
will not be described explicitly here (see, e.g., [7] for details). If one is interested in
the capability of producing all C k functions as outputs, then a natural question occurs
at this point. Given an arbitrary Ck function q’IRP, does there exist an initial
condition X(to) Xo satisfying (.) for 0 _-< _-< k 1 ?

For nonlinear input-output systems the answer is no. As an easy example, consider
the input-output system:

1 ex2 32 U, y X

Taking derivatives of y, we obtain 3 :1 e"2, 3 2ex2 uex2, so the structure algorithm
terminates after two steps and the rank condition is satisfied by every point of the state



232 KEVIN A. GRASSE

space. Nevertheless, any C2 function 0" R- R for which (t) 0 for at least one E R
cannot be realized as an output.

For linear input-output systems, however, the answer is yes. Our results will show
that if certain rank conditions are satisfied (see (31) and (32)), then for every Ck

function " I P there exists a continuous input u" I-" and an initial condition
X(to) Xo that generate as the output of (1). The existence of the appropriate initial
condition is nontrivial and is proved in Proposition 2.13. This is a rather delicate point
and seems to be overlooked in most of the existing literature. The exception is in [8],
where Silverman does address this point for single-input/single-output systems.
However, it appears that he did not pursue it in his later work on multi-input/multi-
output systems. For more discussion on this matter, we refer the reader to [2].

We feel that the formulation of our results has certain other advantages over the
structure algorithm. Our rank conditions are intrinsic to the system matrices of (1) and
do not depend on a series of possibly nonunique matrix operations, as is the case
with the structure algorithm. Also, the matrices whose rank must be examined in our
results are generated by matrix additions, multiplications and differentiations; no
inversions or row reductions are required. Consequently, these matrices could be easily
generated by a symbolic manipulation program.

A short outline ofour paper follows. The main result on the functional reproducibil-
ity of linear, time-varying, input-output systems is proved in 2. In 3 we briefly
discuss how our sufficient condition for the linear case can be applied to the linearization
of a nonlinear input-output system to yield a local functional reproducibility result in
the nonlinear case. As is pointed out in [15], the existing results of Hirschorn and
Singh on nonlinear functional reproducibility are also, in some sense, only local results.
Additional results on nonlinear functional reproducibility can be found in 1], [5], 15].

2. The linear time-varying case. Let I be an interval in (possibly unbounded)
and for nonnegative integers k, (or k =)let ck’(I)denote the set of all C k mappings
of I into Rt. We consider the linear, time-varying, input-output system (1), where, as
mentioned previously, I, x 6 R", w R" and y P. The entries of the time-varying
matrix functions A, B, C, D are assumed to be C functions of t. The C assumption
is invoked to avoid the necessity of counting orders of differentiability and "C’’ could
be replaced by "C for r sufficiently large." We assume that the inputs of (1) are in
."(I).

DEFINITION 2.1. The system (1) is called weakly Ck-reproducible (k_->0) on I if
for every p k,p (i) there exist to, Xo) I x" and u co,m (i) such that for every I

( t) C( t)( t) + D( t)u( t)

where is the solution of the initial-value problem

b( t) A( t)b( t) + B(t)u(t), to) Xo.

In other words (1) is weakly Ck-reproducible if every qgk.P(i) can be realized
as an output of (1) through the choice of an appropriate initial condition in I x Rn
and input in ’"(I). We call the reproducibility "weak" because the initial condition
may depend on the output and cannot be fixed in advance. The reader is referred to
[2] for a discussion and comparison of this type of reproducibility as it relates to other
notions of functional reproducibility that have appeared in the literature.

Our objective in this section is to give a sufficient condition for system (1) to be
weakly Ck-reproducible for k >_-1 (a necessary and sufficient condition for weak
C-reproducibility was mentioned in the Introduction). This sufficient condition will
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be phrased in terms of rank conditions involving the system matrices A, B, C, D and
their derivatives. It will be shown that if the sufficient condition is satisfied, then there
exist C (m x p)-matrix functions

Eo(t), E,(t),..., Ek(t)

(t I) with the property that every 4, ck’P(I) determines (to, Xo) I x" and v
ck’P(I) such that for the initial condition X(to)= Xo and the (continuous) input

k

(2) u(t) X Ei(t)vi)(t)
i=0

where v)(t) v(t) and v)(t) the ith derivative of v(t) for >= 1, system (1) generates
4’ as its output.

Before we specifically determine the matrix functions Eo, E,..., E, let us
examine the relationship between outputs 4’ of (1) corresponding to inputs u of the
form (2), where for the time being Eo, E,..., E are arbitrary C (m p)-matrix
functions of I and we leave the initial condition unspecified. Then (in the sequel
we suppress when convenient)

k

(3) tp Cqb + E DE,v(’),
i=0

where

k

(4) Acb + E BE,v(’).
i=0

We temporarily assume that the function v ’k’P(I) is actually C. Differentiating
both sides of (3) and using (4), we obtain

k

(5) 6=(d+CA)&+(CBEo+o)v()+ E (CBE,+E,+DE,-,)v(’)+DEv(+l.

Define an operator F on differentiable (q x n)-matrix functions M(t) (q 1) by

(6) FM + MA.

For 2 we define FtM inductively by FM F(F-1M) and by convention FM M.
Setting

(7) F DE,, 0 <= <= k,

we can rewrite (3) and (5) as

k

q’= (FC)b+ E Fv() and
i=0

where Fo= (FC)BEo+ Po, F,+I F DEk, and

Fo lEi +F C)BEi + DEi_I,

This process can be continued to yield for 0-< l_<-k

k+l

(8) q,(o (F’C)6+ E F,
i=0

k+l

d=(F1C)b+ E Fv(i)

i=0

l<_i<_k.
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where for 0 the F, 0 < < k, are defined by (7) and for 1 < < k the Fli,O<-i<=k+l,
are defined inductively by

(9a) Flo= (Fl-lC)BEo+ o,
(9b)

(9c)

(9d)

FI (F/-1 C)BE + pli-, + Fly-11, 1 <= <-- k,
--1 k<i<k+l,Fli 1571-1+ F’,_I,

1-1FIk+I Fk+l-1 FOg DEk.

We will derive an alternative formula for the (p x p)-matrix functions Fl(t), e I,
for O<=i,l<=k. To this end we define (m xp)-matrix functions HT(t), tel for 0_-<i,
r<=k by

(10) Hi- (Ei-j) (r-j)

j----0 j

where (;) is the usual binomial coefficient and we take Eq--0 for q < 0.
LEMMA 2.2. For 1 <-- <-- k and 0 <= r <-_ k- we have

/-/[ + HI_ HI+1

Proof. We simply compute and obtain

ILIi + Hi_l (E,_s) +jo j
(El- l_j

(r-j)

-j=o j
(Ei-j)(r-J+l)+ E (E, )r-S+l)

+ l<=j<_r
=o j

(E_j) since
J j-1 j

Remark 2.3. For later reference we observe that

O<=i<=k,

I:-I= H+1, 0<= r<= k- 1.

We also define (p x m)-matrix functions Glr(t), te I, for r, 1->_0 by

Glr=o, l<r.

PROPOSITION 2.4. For 0 < i, < k we have FI l GIrHir=O

(13) Go= D,

for 0 and for l>= 1 inductively by

(14) G/o--(1-’/-1 C)B + 1o-1
It is worthwhile to observe that

(15)

and

(16)

(11) H E,,

and H)= (Eo), 0_-< r_-< k, so that

(12)

GI=D, 1>=0,

Gr-l+0f-1 r_->l.

Gr=0, r_>-1,
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Proof We proceed by induction on /. For 0 and 0-<_ i-< k (7), (11) and (13)
GoHi DEi F, so the formula holds when 0. Let 1 =< l_-< k and assumeimply that o o o

that the formula holds for l-1. Then for 1-<_i-< k (9b) yields

(F-C)BE+ f- -Fi-- +Fi-1

GIr-’H7 + E Glr-1 H7-1-(F’-’C)BH+- r=O r=0

(by (11) and the induction assumption)
l--1 l--1

=(r’-lC)BH + E (O’-lH;+G’r-’/2/;) + E G’r-lU7-,
r=0 r=0

l-l 1-1

=(F’-C)BH + E -’H+ E G-’(/-:/+H-l)
r=0 r=0

!-1 l-1
r+l=(F’-IC)BH+ E (-lH, + E G-1H, (by Lemma 2.2)

r--0 r=O

1-1

(F’-IC)BH + E -’U, +
r=O r=l

l--1

((r’-l C)B + ’o-’)U,+ G_I+Gr Hi+G_IHi.
r=l

By (14) and (15) we infer that

FI GoH + E GH + GH= E GH,
r=l t=0

which is the desired formula for N iN k. A similar computation, staing with (ga),
proves the induction step when i= 0.

Proposition 2.4 can be summarized by the following block-matrix equation (note

(17)

also relation (16)):

Fo F1...F Go 0

Lh Fkk Gok Gk

0 0 Ho HI’’’Hk]

Gk Gkk Hok H1k /J
Up to this point, the Eo, E1,’’ ",Ek have been arbitrary C (mxp)-matrix

functions of I. We will now specify how the Eo, El," , Ek should be chosen so
as to obtain the desired property of weak Ck reproducibility. In the following proposi-
tion Ip denotes the p x p identity matrix and 0p denotes the p x p zero matrix.

PROPOSITION 2.5. Suppose that there exist Coo (mxp)-matrix functions Ko,
KI, Kk of I such that

(18)

Oo 0 0 0 K0 Op
0 0 KI Op

at every L Then there exist Coo m x p)-matrix functions Eo, El, ", Ek of i such
that for the (m x p)-matrix functions H defined by O) we have

(19) Hk= Kr, O<-_r<-k.
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Furthermore, for the (p x p)-matrix functions FI defined by (7) and (9) we have

(20) F, F, F-’= O and F, I
at every L

Proof. By the definition of the matrix functions H" in terms of the matrix functions
Eo, El," Ek (see (10)), in order to satisfy (19) we must choose Eo, El,. ., Ek so that

(21) Kr 2
r

j=o j
(Ek-j)(r-J)

for 0-< r-< k. If we set Ek Ko, then (21) is satisfied when r 0 (recall the convention
that Eq =0 if q<0). Let 1 =<s=< k and assume that Ek,’’’, Ek-s/ have been chosen
so that (21) is satisfied for O<=r<=s-1. Setting

Ek-s Ks Ek-j
j=o j

we see that (21) is satisfied for r s. By induction we can choose Eo, E,..., Ek so
as to satisfy (21) (and hence (19)) for 0_-< r_-< k. The relations (20) follow by using (18)
and (19) and equating the last columns of both sides of (17).

COROLLARY 2.6. Suppose that there exist C m x p)-matrix functions
Ko, K,’" ",Kk of tel that satisfy (18) and let Eo, E,.. ",Ek be as given in
Proposition 2.4. Then for every input u of the form (2), where v cck’P(I), and every
initial condition (to, Xo) I , the corresponding output of system (1) is in cck’P(I)
and we have

k-1

(22) bI) (FIC)& + E FI v’), 0--</--<k-I,
i=0

and

k-1

(23) q,k)= (Fkf)b A- E Fki l)(i)’k-
i=o

where qb satisfies (4).
Proof This follows from (8) with the use of (20), (7) and (9).
Equation (23) is the key factor in determining the required input u from the

desired output 6. Observe that, for the matrix functions Eo, El,’’’, Ek given by
Proposition 2.5, we do not have to assume that v has more than k derivatives to
compute q), , q,k), since the kth derivative of v does not appear until we compute
q,k). The next task is to find a sufficient condition for (18) to hold. This will be done
subsequent to the next two lemmas, the first of which is a modification of a theorem
of Dolezal [4].

LEMMA 2.7. Let N be a positive integer, let {wl,..., Wq} be a finite subset of
r.N (i), 0 <= r <= o, let It(t) RN for I denote the subspace

f(t) span [to(t), , wq(t)],

and assume that for every I we have dim It(t)= p, where p is a constant satisfying
p < N. Let *1 r,N (i) be such that q(t)

_
It(t) for every L Then there exists e c,(i)

such that for every I

(l(t), e(t))= l
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and

(to,(t), e(t)) 0, 1 _--< --<_ q,

where (,) is the standard inner product on R1.
Proof For each I let r/o(t) denote the orthogonal projection of r/(t) onto the

subspace 12(t) and observe that II(t)-Wo(t)ll >0. We will first show that rio is C and
to do this it suffices to show that for every ? I there is a relatively open neighborhood
U of ? in I such that r/olU is C r. Indeed, given ?I we have dimO(t-)=p
by assumption, so there exists a subset {kl,...,ko} of {1,...,q} such that
{,o,(t-)ll _-< -< p} is a basis for O(t-). Since the Wk,’S are at least continuous, the function

rank [tOk,(t),’-’, tOkp(t)]
is locally nondecreasing, so there exists a relatively open neighborhood U of ? in I
such that

Up <--rank[Wk,(t), Wkp(t)].
On the other hand, for every I we have

rank [tOk,(t)," ", tOk, (t)] =< dim (t) p,

so we infer that

6 U=rank [tOk,(t), tOko(t)]-- p.

Consequently, {Wk,(t)ll --< i_--< p} is a basis of l(t) for every Uv. By definition /o(t) 6
l(t) for every tI, so for t U there exist real-valued functions al(t),..., ao(t)
such that

p

(24) r/o(t) Y’. aj(t)tokj(t).
j:l

The relations

(rl(t)--rlo(t), tOk,(t))=O l <=i<=p

imply that for each U the p-tuple (cl(t), , a/9 (t)) is a solution of the linear
system of equations

(25) Y’. (tOkj(t), tOk,(t))tj(t)=(rl(t), Wk,(t)), l <----i<----p.
j=l

The linear independence of {Wk,(t)ll _--< =< p} for U implies that the p x p coefficient
matrix of (25) is nonsingular. Therefore the linear system (25) has a unique solution
(al(t), , a/9(t)) and by Cramer’s rule this solution is a C function of U, since
the tOki and r/ are C. From (24) it is clear that r/olU is C and, as was mentioned
earlier, this is enough to conclude that r/o is C on L

From the relations

[[r/(t)- r/ogt)ll > o, (,(t)- r/o(t), ,o(t)) O,

we obtain

O< 11q(t)-wo(t)llz--(q(t)-Wo(t), r(t)),

for every /, so the function e:I RN given by

e(t)=(rl(t)-rlo(t) q(t))-l(rl(t)-o(t))

is well defined, of class C, and clearly satisfies our requirements. [3
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LEMMA 2.8. Let p, q, N be positive integers, let W(t) be a time-varying (q x N)-
matrix function of I, let Z( t) be a time-varying p x N)-matrix function of I, and
assume that the entries of W( t) and Z( t) are of class C r, 0 <= r <-- o. Suppose that

(26)

and

rank W(t) const, for I

w(t)](27) rank
Z(t)

-rankW(t)-p fortI.

Then there exists an N x p)-matrix function K (t) of I with C entries such that

(28)
Z(t) K(t)=l_ Ip J

Proof. Let wl(t)," , Wq(t) denote the N-dimensional row vectors of W(t) and
let r/l(t),.. ", rip(t) denote the N-dimensional row vectors of Z(t). For each
define subspaces of v by

fo(t) span [to(t),..., t%(t)]

and

fl,(t) span [{tOl(t),’’’, tOq(t), /,(t),..., 1)p(t)}\{’qi(t)}],

From (26) and (27) we see that for t I

r/,(t) fl,(t),

and

l <=i<-p,

l<=i<-p.

(toj(t), e,(t)) 0, 1 =<j _--< q,

(29) (b(t), e,(t))=O, l <=j<=p, jr i,

(rli(t), e,(t)> 1.

Form an (Np)-matrix function K(t) in such a way that its ith column consists of
the N components of the vector ei(t), 1 _-< _-< p. Then the relations (29) show that K (t)
satisfies (28).

We will associate to the input-output system (1) a family {Mk(t)lk>--O} of C
block-lower-triangular matrix functions of I defined by

(30) Mk

where the matrices Glr are as defined in (13) and (14). Observe that the dimensions
of Mk are (k+l)p by (k+l)m. It is perhaps instructive to write out one of

dim [l,(t) dim rio(t) + (p 1) const., 1 _-< _-< p.

Thus for each i= 1,..., p we can apply Lemma 2.7 to obtain a function e cr.V(i)
such that for I
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the Mk’S explicitly directly in terms of the system matrices A, B, C, D; for example,

(31)
and

(3)

D 0 0 0

CB+ D 0 0
M3 (rC)B +dB + D CB +2 D 0

(F2C)B+(F)B+B+ (FC)B+2CB+3ff) CB+3) D

PROPOSITION 2.9. Let k be a positive integer and suppose that

rank Mk-l(t) const, for every I

rank Mk (t) rank Mk_ (t) p for every L

Then there exist C m x p)-matrix functions Ko, KI,. , Kk of I such that (18)
hoMs everywhere on L

Proof. From the form of the matrix Mk it is clear that the rank of the first kp rows
of Mk equals the rank of Mk-, which is constant on I by (31). Assumption (32) allows
us to use Lemma 2.8 to obtain a C ((k+ 1)m xp)-matrix function K(t) of e I such
that

Mk(t)K(t)=
Ip 3"

If we partition the matrix K(t) into a column of k / 1 m x p matrices as

K(t)=
K’(t)

then the matrix functions Ko, K,. ., K are seen to satisfy our requirements.
We will fit together the results obtained thus far in the following theorem.
THEOREM 2.10. Consider the input-output system (1) with C system matrices A,

B, C, D and for k 0 let M be as defined in (30), where the block entries 0 are as
defined in (! 3) and (14). Suppose that for some k 1 the rank conditions (31 and (32)
hold. enfor every ’P(I) andfor every initial condition (to, Xo) Ix there exists
u o.(i) such that the output of (1) corresponding to the input u and initial condition
(o, Xo)saases ’()ana=.
oo By Proposition 2.9 there exist C (m x p)-matrix functions Ko, K, , K

of I such that (18) holds everywhere on L Then from Proposition 2.5 we obtain
C (m x p)-matrix functions Eo, E, , E such that the matrix functions F defined
by (7) and (9) satisfy

F F-’=0e and F=I.
Let 0e ’(I) and (to, Xo)Ix be given and consider the linear time-varying,
nonhomogeneous system of ODEs of order n + kp in the vector variables x and
Zo," , z_ e e given by

=A(t)x+ n(t),(t)z,+n(t)(t). 6((t)-(rCl()x ()z,
i=0 i=0

0 ll

(33)

if’k-2 Zk-1
k-1

e_, O)(t)-(Fc)(t)x E F(t)z,.
i=0
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Choose an initial condition of the form (to, Xo, Wo,’", Wk-1)e Ix’+p, where the
wiRp are arbitrary, O=< -< k- 1, and for I let ((t), sro(t), ., k-l(t)) denote the
solution of (33) subject to this initial condition. If we set v(t)= sro(t), then (33) implies
that

and

V(1)(t) o(t) ’l(t),

V(-’)(t) -2(t) sr_,(t),

k-1

(34) v()(t) ()(t) (FkC)(t)(t) E Fki(t)v(i)(t);
i=0

in particular, v ctqP(I). For e I let

k

(35) u( t) E Ei( t)v(i)( l).
i=0

Then u e O’m(I), satisfies (to)=Xo, and

b( t) A( t)qb( t) + B( t)u( t)

for every e I. Setting 6(t)= C(t)(t)+ D(t)u(t), we see by (23) that for every z I
k-1

(k)(t) (FkC)(t)(t) + E Fi(t)v(i)(t) + V(k)(t)
i=0

)(t)
where the last equality follows from (34). This completes the proof.

A concise restatement ofTheorem 2.10 is that, in the presence ofthe rank conditions
(31) and (32), given any ,e c’P(I) we can generate an output of (1) such that
)= ). The initial condition is arbitrary and the input is of the form (35). The
next step is to show that if the initial condition is chosen properly, then we can obtain

0. We first observe that by (22) (Corollary 2.6) for every initial condition (to, Xo)
I x ’* we hhve

k-1

(36) g((to)=(FC)(to)Xo+ Y Fl(to)W, O<-l<-k-1
i=0

where wi ’i(to)= v((to) for 0_-< iN k-1. Suppose that for a given output q e ’P(I)
we can find an initial condition (to, Xo, Wo," , W_l) for the system (33)that satisfies

k-1

(37) d/(l)(to)=(FIc)(to)Xo + E Fl(to)W, O<=l<=k-1.
i=0

In this case, comparing (36) and (37), we see that the output th of (1) generated by
the initial condition (to, Xo) and the input (35) satisfies

(1)(to) O(t)(to), 0 =< -< k 1,

and

()(t) ()(t), i,

which clearly implies that p. Thus to generate every , e cCk,p(i) as an output of
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(1) it is sufficient that the rank conditions (31), (32) hold and that for every q, k’P(I)
there exist (to, Xo, Wo," ", Wk-) I X R"/kp satisfying (37).

We can rewrite the system of equations (37) in matrix form"

(38)

6(o)(to) (FC)(to) Fo(to) F-l(tO) Xo
tP()(to) (F C)(to) F(to) F_(to) Wo

:
qt(k-’l)(to) (Fk-’ )(to) Fok-’(to)’’" F5’,(to) w_,

It is clear that (38) will have a solution for every ff ck’P(I) if and only if the matrix

(FC)(t) Fo(t) F,_l(t)

(39) Sk(t)
(F C)(. t) Fo(. t) F,_I(. t)

(Fk-lC)(t) Fko-(t) F--_l(t)

has full rank kp when to. It turns out that the rank conditions (31) and (32) imply
that rank Sk(t)= kp for every in an open dense subset of I (later we will improve
this to rank Sk(t) kp for every in I). The proof of this fact requires two lemmas.

LEMMA 2.11. Let r be a C p-dimensional (column) vector function of I and
let C be a C (p x n)-matrix function of L Then for every nonnegative integer r the
operator F defined in (6) satisfies

F,.(,O TC)
r (,qT)(q)[,r_qc

where the superscript T denotes transpose.
Proof. The proof is a straightforward induction on r. D
LEMMA 2.12. Let Eo, El, , Ek (k >- 1) be arbitrary C (m p)-matrixfunctions

of I and let the C (p x p)-matrix functions FI of I be as defined in (7) and (9).
Let 1 <- <-_ k, let J be an open subinterval of I, and let rio, , rlt- be C p-dimensional
(column) vector functions of I such that

T(40) [7o, r/t_,]

FC Fo ...F_,
FC F ’’.F,_

=0 (n+kp)

Ft-C F/o-’’’
for every J. Then for every J and 0 <- <-_ k 1 we have

(41) (r//)(O)F+k-’-o =0.
j=O q=0 q

Proof We will prove by induction on r{0,..., k-l} that for tJ and 0=<i -<

k- 1 we have

(42) E =o.
j=O q=O q

Formula (41) will then follow from (42) by setting r= k-1.
For r 0 we have

j-----0 q-----0 q
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and (40) implies that this expression vanishes for J and 0_-<i_-< k-1. Thus (42)
holds when r 0.

Let 0 _-< r <- k- l- and assume that (42) holds for r. Then for 1 <- _-< k- 1 we can
replace by i-1 in (42) to obtain

(43)
j=O q=O q

and we can differentiate (42) to obtain

(44) {(r[)(+lF+-q+(r[)(q[+-q}=O.
=o q=O q

Equation (40) implies that

/-1

j=0

and if we apply F to this equation and use Lemma 2.11 we get
,1 (tj=o j=o q=O q

Multiplication of this last equation by BE on the right yields

We can now add (43)-(45) to obtain for 1N N k- 1 and e J

0=
r [([)(o+F{+_o+(n)(q{(F+_qC)B+{+_q+F{_o}

=o q=o q

=o q=o q

=o q=O q

This shows that (42) holds for 1N N k- 1 with r replaced by r+ 1. A similar argument
works when i= 0 (using (ga) instead of (gb)), so this completes the induction and the
proof.
Pooso 2.13. Suppose chat for some k

(30) satisfies the rank condiions (31) and (32). Let o, , ", be C m x p)-macrix
functions oft e I such that the C (p x p)-matrixfunctions F oft e I defined by (7) and
(9) satisfy (20). en the matrix S(t) defined in (39) has rank kp for all in an open
dense subset of I.
oo The existence of the matrix functions o, , , follows from Proposi-

tions 2.9 and 2.5. Since the entries of the matrix S(t) are C functions of t, the set

V= { e Ilrank S()= kp}

is open relative to I. Thus it suces to show that V is dense in I.
If V is not dense in I, then there exists a nonempty open subinteal Jo of I such

that

e Jorank S( t) < kp.
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Let

p max {rank Sk(t)lt Jo} < kp;

then there exists a nonempty open subinterval J of Jo such that

J=:>rank Sk(t) p.

Since p < kp, Dolezal’s theorem [4] (or, alternatively, an argument similar to that in
the proof of Lemma 2.7) implies the existence of a nowhere zero C function r/" J --> kp
such that

(46) r/( t) TSk( t) Ol(n+kp) for every J.

Partitioning the kp-dimensional (column)vector function r/ into k p-dimensional
column vector functions r/o," ", r/k-1 we can rewrite (46) as

rc Fo F_,
r FC F F(47) [r/’,""", r/k-l] .--1 =Olx(n+kp)

r -,c Fko-1...F 
for every 6 J. The contradiction will be obtained by showing that each of the vector
functions r/k-l,’’’, r/o must vanish identically on J if (47) is to hold.

We first show that r/k- must vanish on J. From (47) we obtain the equations

n rc +... + nL r - c + nL,r-lc o,
T 0 T 121,k-2 k-1

r/o Fk_l +’" "]- r/ k_2, k_l -lt- r/ _lFk_l =0.

Multiply the first by BEg on the left and add to the second to get
k-2r/{((FC)BEk + F_,) + + r/ _z((Fk-2C)BEk + Fk_,)

(48)
+ r/’_,((Fk-1C)BEk + F-l) O.

From (9b) and (20) we see that for 1 _<-j =< k

F (F-1 C)BEk + #Jk-1 -]- FJkll

(Fj-1 C)BEk + FJk_ll 0p, __--<j --< k- 1,
Ip, j=k,

and using these relations in (48) we obtain r/k-1 =0 on J.
Next we suppose we have shown that r/k-a r/ 0 on J, where 1 -< _-< k- 1;

from this we want to infer that r/_ 0. The induction assumption implies that (47)
reduces to (40). Thus we have E-lo r/fFJC 0, which by Lemma 2.11 implies

0= r , fr c E
\j=o j=o q=o q

Multiplying this equation on the right by BEk, we obtain

!1 1 (k-1) (r/)(q)(Fj+k_l_qC)BEk O.(49)
j=o q=o q

Equation (40) also implies (41) (Lemma 2.12), so we can add (41), with i= k-1, to
(49) and get

(50) Il ! (k- l) (r/7)(q)((rJ+k-l-qC)BEk + tk_1K2j+k-l-q) --0.
)=o q=o q
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Again from (9b) and (20) we see that

ig,j+k_l_q 12,,j+k_l_q+ {Op,(F+--C)BE + - k Ip,
O<-_j+k-l-q+l<-_k-1,
j+k-l-q+l=k.

But given the inequalities 0 _-<j -< 1 and 0 _-< q _-< k l, it is clear that j + k q + 1
kcj= l- 1 and q =0, so (50) reduces to (k-/)(r/f_l)( 0 or r/l-1 =0on J. By induction,
we infer that r/k-1 r/o 0 on J. However, this contradicts the fact that the function
rl:J Rkp is nowhere zero, and the proof is complete. D

We can now prove the principal result of this paper. Some of the earlier notation
will be repeated here so as to make the statement of the theorem reasonably self-
contained.

THEOREM 2.14. Consider the input-output system (1) with C system matrices A,
B, C, D and for k >-0 let Mk be the time-varying matrix function defined by

G 0 0 0

o...o

where

G=D, G 0, r=>l

and for 1>= 1

Go (F,-1C)B+ i/0--1 a l-1 ",-Ir=G,.-l+Gr r>-_l.

Let k >-1 and suppose that

rank Mk-l( t) --const. for every I

and

rank Mk(t) rank Mk_ (t) p for every I.

Then for every e cck’P(I) there exists u cO’m(I) and (to, Xo) I x R such that 0 is
the output of (1) corresponding to the input u and the initi, al condition X(to) Xo; that is,
system (1) is weakly kC -reproducible on I.

Proof. Under the assumptions of this theorem, we saw in Theorem 2.10 that for
every e ck’P(I) and for every (to, Xo) I x l there exists v k’P(I) such that for
u c0,m (i) defined by

k

(51) u(t)= E Ei(t)v(i(t)
i=0

the output of (1) corresponding to the input u and initial condition X(to) Xo satisfies
ck’P(I) and k)=@k). The Eo, F_,I,..., Ek are C (m x p)-matrix functions of
I that are independent of the desired output and are chosen so that the (p x p)-

matrix functions FI defined in (7) and (9) satisfy (20). The function v is in ck’P(I)
and v(t)= ’o(t), where (b(t), ’o(t), , k-(t)) is a solution of the linear system of
ODEs (33) subject to the initial conditions &(to)= Xo and ’i(to) arbitrary, 0=<i=< k-1.
From the form of the system (33) it is clear that vi)(t) sri(t) for 0=< i-< k- 1.
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Equatio.n (22) of Corollary 2.6 shows that for every initial condition b(to)= Xo
the output p of (1) corresponding to the input (51) satisfies

k-1

I(l)(to) (rlc)(to)dp(to) + 2 Fl(to)v(i)(to), 0 <- <= k 1
i=0

(5:2) or
k-1

l(l)(to) (r/C)(to)Xo-t- . Fl(to),(to), 0 <- <- k 1.
i=0

Now by Proposition 2.13 there exists to I such that the matrix Sk(to) defined in (39)
has rank kp. Hence given any q, ck’P(I) there exists (Xo, Wo,’’’, Wk-1)l"+kp such
that

(3) col [,(to), q(to), , q,-(to)] s(to) col [Xo, Wo, , w_,].

If we solve system (33) subject to the initial condition (to, Xo, Wo," "’, w_) given
by (53), if we denote the solution by (4(t), sro(t), ., Srk_l(t)), and if we define
u c’’(I) by (51), where v(t)= ’o(t), then the output of (1) corresponding to the
input u and the initial condition (to, Xo) satisfies k)= k) by Theorem 2.10 and

ql(to) ffl(to), 0 <_-- _--< k 1,

by (52) and (53). We infer that q=q and, since q k’P(I)was arbitrary, system (1)
is weakly Ck-reproducible on I.

Remark 2.15. Contained in the proof of Theorem 2.14 is a procedure for obtaining
the required initial condition (to, Xo) I and input u o,,,(I) from the desired
output 0 ck’P(I) Choose toe I so that rank Sk(to)= kp and let Rk(to) be a right
inverse for Sk(to) that is,

Sk (to) Rk (to) Ikp.

For example we could take

gk (to) Sk (to) 7" Sk (to) Sk (to) r)-l.
If we define

col [Xo, Wo,’" ", Wk-1] Rk(to) col q(to), ql)(to),..., qk-1)(to)],
then the required initial condition for (1) is (to, Xo); the required input u is the output
3’ of the system (cf. (33)) with input to and state (x, Zo,’", Zk_)"+kp given by

k-1

2=(A(t)-B(t)Ek(t)(FkC)(t))x+ B(t)(Ei(t)-Ek(t)Fki(t))z,+ B(t)Ek(t)to,
i=0

0-- Z1,

’k-2 Zk-1

k-1

k-, --(Fkc)(t)x E Fi t)zi + o,
i=0

k-1

y:-E(t)(FC)(t)x+ Y (E,(t)-Ek(t)Fk(t))zi+ Ek(t)to
i=0

where we use the input w(t)= yk)(t) and the initial condition (to, Xo, Wo,’", Wk-1).
Remark 2.16. In Proposition 2.13 we proved that the rank conditions (31) and

(32) imply that the matrix Sk(t) has rank kp for all in an open dense subset of L
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We can now see that we must have rank Sk(t) kp for every L For a given q k’P(I)
let u 2 k ’)

i=0 Eiv be the input that generates q as described above. Then u and q are
connected by (22), which we can write in matrix form as

col [(t), p(1)(t), (k-’)(t)] Sk(t) CO1 [b(t), v(t), v(1)(t), v(k-1)(t)]
for every I. Since q m cck’P(I) is arbitrary, this forces Sk(t) to have rank kp at every
t6I.

Remark 2.17. We briefly interpret our results for a time-invariant input-output
system

Ax + Bw, y Cx + Dw.

Because the system matrices are constant, we see that FC ff + CA CA, F2C CA2,
etc. It follows that the matrices Glr defined in (13) and (14) are given by

r > _-> 0,

Gl--r D, r= 1>0,=
CAl-r-l B, > r >= 0,

so the matrix Mk defined in (30) takes the form

D 0 0 0 0

CB D 0 0 0

CAB CB D 0 0

CA’k +/-
B CA’k-2B CA’k-3B B D

Hence in the time-invariant case the rank condition (31) is automatically satisfied and
the rank condition (32) is precisely that of Sain and Massey [13].

Remark 2.18. We conjecture that the rank conditions in Theorem 2.14 are also
necessary for the weak Ck-reproducibility of (1). For k 1 this is proved in 1], and
the type of argument used there could probably be extended to the general case, though
we have not checked the details.

Example 2.19. Consider the linear time-varying input-output system with n =4
and m p 2:

0 0

2 0 0

:3 e 0

4 0 e

Y2 --sint

0 -2 x2 0 0 u
+

0 0 x3 cost 0 u2
0 0 x4 [sint 0

Xl

+
cost 0 0 x /./2

X4

The first few matrices Mk(t) (as defined in (30)) and their ranks are as follows:

t2
J rank Mo(t) 1Mo(t)=

1- 0 0

1 0 0
Ml(t)=

2t 1 t2 i1 0

for every 6 R,

rank Ml(t) 2 for every 6 R,
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ME(t)

"t2 0 0 0 0

1 0 0 0 0

2t 1 2 0 0

1 0 1 0 0

0 0 4t 2 E

0 0 2 0 1

rank ME(t) 4 for every R.

Since rank Ml(t) is constant for every and rank M2(t)-rank Ml(t)= 2 for every, Theorem 2.14 implies that the system is weakly C2-reproducible on R. The matrix
functions Ko(t), Kl(t), KE(t) given by Proposition 2.9 can be chosen as

(note that these are not uniquely determined). e matrices o(t), (t), (t) that
define the input u =o Nv( are computed by the procedure in Proposition 2.5. We
get

E2(t) Ko(t) [-1/2 t/2
t/2 -t/2J

Eo(t)= K(t)_(t)_2(t)= [O0 0].1
e right-inverse system (cf. Remark 2.15) can be explicitly determined once we know
the matrix functions F. These in turn can be determined by Proposition 2.4, where
the matrix functions H are defined in terms of the E’s by (10).

3. The nonlinear case. In this section we state a result on the local weak Ck-
reproducibility of the nonlinear input-output system

(54) =f(t, x, w), y g(t, x, w)

wheref: I x R" xR R" and g I x R" xR RP and C mappings. It is to be expected
that a global reproducibility result for linear input-output systems should give rise to
a local reproducibility result for nonlinear input-output systems by applying the global
result to the linearization of the nonlinear system. This is indeed the case, but one has
to exercise some care in the definition of "local" weak Ck-reproducibility.

NOTATION 3.1. Let Io be a compact subinteal of I and fix a point to in Io. For
o,(io) we set

where . is the usual norm on Rl, and for k 1 and k’l(Io) we set

i=0

DEFINITION 3.2. Let Uo ’(I), let (to, Xo) I x R, and let Io I be a compact
subinteal containing to on which the solution o of the initial-value problem

o(t) =f(t, 6o(t), Uo(t)), 6o(to) Xo,
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is defined. Let o c’P(Io) be the output ofthe input-output system (54) corresponding
to the initial condition (to, Xo) and input Uo defined by

@o(t) g(t, o(t), Uo(t)), Io.
We say that the input-output system (54) is locally weakly Ck-reproducible at o if for
every e > 0 there exists a 6 > 0 having the property that for every cck’P(Io) with

,oll < there exist x R" with Ix xol < e and u (O,m (i0) with u uollo <
such that

where b(to)= x and

d/(t)= g(t, (t), u(t)),

(t) =f(t, b(t), u(t)) for every Io.
We omit the proof of the following theorem as it is fairly routine and contains

few surprises.
THEOREM 3.3. Consider the nonlinear input-output system (54), let Uo6

let (to, Xo) I x R", and let Io I be a compact subinterval containing to on which the
solution qbo of the initial-value problem

qo(t) =f( t, bo(t), Uo(t)), bo(to) Xo,

is defined. Let d/o6 c’’(Io) denote the corresponding output defined by Oo(t)=
g(t, qbo(t), Uo(t)). If the linearized input-output system

(55)
D2f(t, dpo(t), Uo(t))x + D3f(t, dpo(t), Uo(t))w,

y D2g(t, bo(t), Uo(t))x + D3g(t, o(t), Uo(t))w,

satisfies the rank conditions (31) and (32), then the nonlinear input-output system (54)
is locally weakly Ck-reproducible at o. l-1

Remark 3.4. In the course of proving Theorem 3.3, one can also show that given
d/ k’P(Io) sufficiently close to o in the II’ll-norm, the input u cO’m(Io) that
generates is of the form

k-1

u(t) Uo(t) + Y’. Ei(t)i(t) + h(t, tx(t), ’o(t), ’k-l(t), (k)(t) 0k)(t))
i=0

where the matrix functions Eo, El," ", Ek are those associated to (55) by Proposition
2.5, the functions/x, sro, ., Srk_l are solutions of the nonlinear system of ODEs

.=f t,x, E Ei(t)zi+Ek(t)h(t,X, Zo," ",Zk_l, b(k)(t)--d/ok)(t))
i=0

20-- Zl,

’k-2 Zk-1,

d/(k-1 h( t, x, Zo, ", Zk-1, k)(t) d/ok)(t)),
the function f is defined by

f( t, x, w) f( t, bo(t) + x, Uo(t) + w) -f( t, bo(t), Uo(t)),

and h is some function defined and C in a neighborhood of Io x {0} x {0} x... {0} in
xnx Rk+)p. In other words, we can generate the required input from the desired

output by a local right-inverse system of (54).
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SUR LA MODIFICATION DE LA STRUCTURE A
L'INFINI PAR UN RETOUR D'ETAT STATIQUE *

JEAN JACQUES LOISEAUt

Résumé (Abstract) . Le bouclage d'un système linéaire par un retour d'état statique non régulier ,
c' est-à-dire du type u = Fx + Gv avec G non inversible, modifie en général sa structure, et en particulier s a
structure à l'infini qui joue un rôle-clé dans les problèmes de commande . L'objet de cet article est d' étudie r
ces modifications . Nous donnons une condition structurelle nécessaire et suffisante pour qu ' une liste donné e
soit la liste des ordres des zéros infinis du système bouclé par un retour d ' état statique . Nous calculons alor s
explicitement un retour d'état (F, G) qui produit cette modification de structure à l'infini .

Mots-clés (Key words). système linéaire, commande, retour d ' état statique non régulier, structure à l'infini

AMS(MOS) subject classifications. 15A03, 15A21, 3A30, 93 B

1 . Introduction. Durant la dernière décade, de nombreux auteurs utilisant différ-
entes approches ont contribué à l'étude de la structure à l'infini des systèmes linéaires .
On peut citer parmi eux Rosenbrock [1], Pugh et Ratcliffe [2] qui reprennent les
travaux de MacMillan [3] et définissent cette structure à partir de la forme de Smit h
et MacMillan de la matrice de transfert du système .

Rosenbrock [1] définit aussi les zéros à l'infini à partir de la matrice système, e n
exploitant la décomposition de Kronecker (voir à ce sujet Gantmacher [4]) des
faisceaux singuliers de matrices . Jaffe et Karcanias [5] reprennent cette méthodologi e
et effectuent le lien avec le concept géométrique de sous-espace presque de command-
abilité défini par Willems [6], [7] .

Une approche purement géométrique a été développée par Commault et Dio n
[8], qui ont montré que la liste ordonnée des ordres des zéros à l'infini d'un systèm e
linéaire (C, A, B) est la liste I 4 d'invariants structurels du système définis par Morse [9] .

La motivation de ces travaux est l'importance prépondérante de la structure à
l'infini pour la résolution des problèmes classiques de commande des systèmes linéaires ,
et en particulier pour le problème du découplage (voir Dion [10], et Descusse, Lafay
et Malabre [1 1] ) .

Les études récentes concernant le découplage dans le cas non régulier, c'est-à-dir e
à l'aide d'une loi de commande du type u = Fx + Gv lorsque G n'est pas inversible
(voir Descusse, Lafay et Malabre [12], [13]) onto mis en évidence le rôle de la liste
I 2 définie par Morse [9] dans le problème de la modification de la structure à l'infin i
du système qui est bouclé par un tel retour d'état statique non régulier . L'emploi de
commandes de ce type est très important puisqu'il existe des systèmes qui ne peuven t
être découplés qu'en employant des commandes non régulières, mais complique
singulièrement le problème comme le montre l'étude du découplage des systèmes ayant
deux sorties (voir Descusse, Lafay et Malabre [13]) .

La difficulté inhérente à l'emploi de telles commandes non régulières est que nou s
ne sommes plus en présence d'un groupe de transformations du système, contrairemen t
au cas G inversible . La bibliographie traitant de ce type de loi de commande est d e
ce fait peu développée . La principale contribution dans ce domaine est due à Heymann
[14] qui a complètement caractérisé les modifications possibles de la liste des indice s

* Received by the editors February 5, 1986 ; accepted for publication (in revised form) December 18, 1986 .
t Laboratoire d'Automatique, Ecole Nationale Supérieure de Mécanique, Unité Associée au Centre

National de la Recherche Scientifique, UA CNRS 4/823, 1 rue de la Noë, 44072 Nantes, Cédex, France .
Present address : BE ER, ECAN d'Indrat, 44620 La Montagne, France .
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de commandabilité d'une paire (A, B) sous l'action de retours d'états statiques (F, G )
non réguliers .

L'objet du présent papier est de caractériser l'ensemble des modifications possible s
de la structure à l'infini d'un système (C, A, B) sous l'action de retours d'états (F, G )
non réguliers . Le problème est posé de la manière suivante : étant donné un systèm e
(C, A, B) et une liste d'entiers positifs {na, existe-t-il une loi (F, G) telle que {na soit
la liste des ordres des zéros à l'infini du système bouclé ( C, A+ BF, BG) ?

Après avoir au § 2 introduit les notations et rappelé les concepts utilisés, nou s
répondons à cette question au § 3 sous la forme d'une condition structurelle nécessair e
et suffisante (Théorème 3 .1) dont la nécessité et la suffisance sont établies dans le s
paragraphes suivants . Au § 4 sont introduits des sous-espaces qui sont le suppor t
géométrique de cette condition structurelle et nous établissons la nécessité de cette
condition .

Les §§ 5-7 sont consacrés à la démonstration de la suffisance de notre condition .
Nous y exhibons explicitement un retour d'état (F, G) tel que la liste des ordres de s
zéros à l'infini du système bouclé (C, A+ BF, BG) soit une liste {n } fixée qui vérifie
les conditions structurelles du Théorème 3 .1 . Un cas particulier est examiné au § 5 et
généralisé au § 6 où nous résolvons ce problème du placement des ordres des zéro s
infinis pour le cas où le rang du système (qui est le nombre de ses zéros à l'infini )
n'est pas modifié . L'examen d'un second cas particulier au § 7 nous permet de conclur e
quant à la suffisance de notre condition structurelle .

Enfin, le § 8 est consacré à quelques remarques finales .

2 . Préliminaires .
2.1 . Notation. Le corps des nombres réels est noté R . Les minuscule s

x, u, • • • , désignent des vecteurs, les majuscules romanes A, B, • • • , des applications
linéaires ou leur matrice représentative dans une base donnée, les majuscules curviligne s

C, • • • , des espaces vectoriels .
Im M et Ker M désignent l'image et le noyau de l'application M. La restriction

de M à un sous-espace ~/' est notée et son image ME Si Im M nous
désignerons par fil/'/ M la restriction de M au codomain e

La dimension d'un sous-espace ~/' est notée dim 'V. L'espace quotient de fil/' par

c 'W sera noté 'Gr/ 'It ou

	

suivant le cas . L'espace engendré par les vecteurs

x i , x2 , • • • , xi est noté span {xi , • • • , xi } .

Une suite x i , x2 , • • • , xi • • • sera dite finie s'il existe un entier k tel que xi = 0 pour
tout i supérieur à k. Le plus petit de ces entiers, soit 1, est appelé longueur de la suite ,
et pour spécifier cette longueur nous écrirons quelquefois la suite De plus, nou s
identifierons cette suite avec la liste {x i , x2 , • • • , xl } . Le nombre d'éléments d 'un
ensemble fini 1 . } est noté card 1 . 1 .

Un nombre nul, un vecteur nul, un espace vectorie nul ou une matrice nulle seron t
tous écrits O .

2.2 . Rappel des principaux concepts utilisés . Dans tout ce qui suit, nous appellerons
système (C, A, B) le système linéaire stationnaire décrit par les équations suivantes :

ac = Ax + Bu ,

y = Cx,

où x E X---, R n, u E 611 = m, y E qi = p . Nous pourrons toujours supposer sans restric-
tion de généralité que B est injective et C surjective . Nous poserons X= Ker C e t
y3=1mB.
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Rappelons les algorithmes de base de l'approche géométrique (Wonham [15]) :

(2 .1)

	

n =---
V =nA -1 (

	

+ A )

pour i = 1, 2, • • • , qui est non croissant et converge vers

	

le plus grand sous-espace
(A, B) invariant inclus dans 1( ;

+A(n 1 n x)
pour i = 1, 2, • • • , qui est non décroissant et converge vers n, le plus petit sous espace
(C, A) invariant contenant A .

Nous poserons RI =

	

n 91 . RI est le plus grand sous espace de com,
mandabilité de (A, B) inclus dans 1( [15] .

On définit quatre listes d'entiers à partir des étapes de ces algorithmes :

f&+7t \
( 2.3)

	

p i = dim

	

+

	

pour = 1, 2 , • •

(2 .4)

	

ni = card {j pi i}

	

pour i = 1, 2, • •

(2.5)

	

a i = dim

	

i i	 n	 pour i =1, 2, •n

	

•~~ 1/*l

(2 .6)

	

cri = card {j ai i}

	

pour i =1, 2, • • • .

Ces quatre suites d'entiers positifs sont non croissantes et finies . {n i , • • • , ni,,} es t
la liste des ordres des zéros à l'infini du système (C, A, B), qui coïncide avec la liste
I4 d'invariants structurels décrits par Morse [9] (voir Commault et Dion [8]) .

{al , • • • , Q'ai } est la liste des indices de commandabilité de la paire (1 tIA +
BFI P1 t , BR ), où Im BR = A n RI et (A + BF) R c (Morse [9] ), qui est appelée
liste I2 de Morse .

Rappelons qu'une suite finie et non croissante d'entiers positifs, par exemple
{p i },,,, définie en (2.3), est en bijection avec la suite {ni}, qui en est déduite par
comptage (2 .4 )

n i = card (Api

	

i}

Nous avons en effet (Brunovsky [16])

pour i=1,2, • • •

(2 .7)

	

pi = card {jIni

	

i} pour i=1,2, • • •

Les listes fad o., et {o-i } a , satisfont la même bijection .
Cet isomorphisme peut être visualisé sur le schéma suivant (voir Fig . 1) :

Pi

	i

FIG. 1 . Si n i est le nombre de blocs dans la colonne i, alors pi est le nombre de blocs dans la ligne j .

,q) (; = 4 ,
(2 .2)

	

i
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Nous allons maintenant détailler la structure fine de n qui sera largement utilisé e
dans la suite de cet article .

Les sous-espaces de commandabilité ont été introduits et leurs propriétés étudiées
par Morse et Wonham et 1970 (ces résultats sont détaillés dans Wonham [15]) . Ainsi ,
il existe Fo : X-> 011, et des vecteurs bi , • • • , b al de A n R qui nous permettent d'écrire
(avec Ao = A + BFo )

(2 .8)

	

gl i 0+ gI2@ . @ Ra ,

avec

i = span { bi, Aobi, . . . , Ao i -i bi } pour 1 i a i ,

Aio-ibi E /C pour 1

	

o-i ,

Aôibi =0 pour 1i :a i .

Dion et Commault [8] ont donné une décomposition similaire de la partie irréduc-
tible du système qui correspond au quotient &l/n. Il existe des vecteurs 6 i , • • • , Sp,
de A tels que

(2 .9)

	

R1@2'l +OY2+0

	

0Yp ,

avec

= span {6i, Aoti, . . . , Agi-ib i } pour 1 ç i pi ,

Aôi 6 i E

	

pour 1jn i -1 ,
X.

Dans ces conditions, les vecteurs C . Aoi_iti sont indépendants et engendrent
C . ~ .

Cette première décomposition est relative aux listes { o-i } a 1 et { ni }pl . 11 existe un e
deuxième manière de décomposer 91, et qui est relative aux listes fad o., et {pli que
l'on déduit par comptage . Willems [6] a montré qu'il existe un F : P1f - all, et une
chaîne {Al de sous espaces de A tels que

(2 .10)

	

= A + AFP l +	 CAF-ibn- i

avec AaA i DA2 D . . . D@ n .
La matrice F et la chaine de A ne sont pas uniques . Malabre [17] a montré que

l'on peut toujours choisir {Ai} de la manière suivante :

(2 .11)

	

Ai=A(1e- pour 1n.

D'autre part, il est clair que l'on peut toujours choisir F de la manière suivante [18] :

(2 .12)

	

F = Fo .

Ce choix particulier de F et de la chaine de A, du fait des conditions Aôi bi = 0,
permet d'écrire

	

sous la forme d'une somme directe :

=~+OAo(An

	

A ( 33 n

avec

A n Vix = span {b i , . . . , bai ;

	

, . . . , 6pi±1} .

Nous obtenons aussi la caractérisation suivante :

Aô

	

n=Aôi span {b i , . . ., bal ; 6i, . .

= span {Ai
0
-i

b1 , . . . ,

	

ba l ;

	

,
. . .0

	

0

	

1

	

, 0

	

p~ •

(2 .13)
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Et donc

	

(2 .14)

	

dim Aô-1 (J~ (1 r;r-1 ) = a i + pj pour i 1 et j 1 .

Notons encore que ce choix particulier de Fo et de la chaîne ( n n} permet
d'écrire

	

(2 .15)

	

9' = C+ Ao( n vl,c)Q+ . . . $Aô 1 (A n

	

pour i > 1 ,

	

(2 .16)

	

n

	

= ( A n riz) Ao(1 n CV 1 ) +Q . . . 0 Ag -i
(A n v) pour i 1 .

3. Caractérisation des structures à l'infini atteignables par retour d'état . Etant
donné un système (C, A, B) nous dirons qu'une suite finie non croissante d'entier s
positifs est une structure à l'infini atteignable par retour d'état si il existe des matrices
F et, G telles que cette liste soit la liste ordonnée des ordres des zéros à l'infini (list e
I 4 ) du système bouclé (C, A+ BF, BG) .

Le Théorème 3 .1 caractérise l'ensemble des structures à l'infini atteignables pa r
retour d'état pour un système donné .

THÉORÈME 3 .1 . Soit un système (C, A, B) avec {o-t}al pour liste I2 et {ni},, pour
liste 14, et considérons les listes qui en sont déduites par comptage :

ai --- card { jio-j ; i} pour i ? 1 ,

pi card

	

il pour i 1 .

Soit {nap une suite non croissante finie d'entiers positifs, et {p} 1 la liste qui en est
déduite par comptage :

p : = card { j ln; il pour i 1 .

Considérons alors la liste des différences { p —p i le Cette liste n'est pas ordonnée e t
comporte même en général des termes négatifs . Soit {0 1 } la liste obtenue en ne gardan t
que les différences non négatives et en renumérotant pour obtenir une suite non croissante .

Alors il existe une loi de retour d'état statique (F, G) telle que {n'} p i soit la liste I 4
du système bouclé ( C, A+ BF, BG) si et seulement si les deux conditions suivantes son t
vérifiées :

( 1 )

	

p 1 —pi dpi —p ; pouri 1 ,

i
E Grj E oj

	

pour i1 .
j=1

	

j = 1

La démonstration de ce résultat sera effectuée dans le § 4 pour la nécessité, §§ 5- 7
pour la suffisance .

L'énoncé du Théorème 3 .1 appelle quelques précisions indispensables . En ce qu i
concerne le type de transformation utilisée pour modifier la structure à l'infini, l a
constatation suivante s'impose .

PROPOSITION 3 .2 . Etant donnés un système (C, A, B) et une suite {na non croissante
finie d'entiers positifs, les affirmations suivantes sont équivalentes :

(i) Il existe une loi de retour d'état statique (F, G) telle que {n'}p soit la liste I4
du système bouclé (C, A+ BF, BG) .

(ii) Il existe une loi de commande (T, F, G), où T est un isomorphisme, telle que
{ni}p soit la liste I 4 du système bouclé (CT -1 , T(A+BF)T -1 , TBG) .

(iii) Il existe une loi de commande ( T, F, G, R, H) où T et H sont des isomorphismes ,
telle que {nl}p soit la liste I 4 du système bouclé (HCT -1 , T(A+ BF+ RC) T-1 , TBG) .

(2)
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Démonstration. Les trois systèmes (C, A+ BF, BG), (CT-' , T (A + BF) T-1 ,
TBG) et (HCT -', T (A + BF + RC) T-1 , TBG) sont équivalents au sens de Morse [9 ]
puisque H et T sont des isomorphismes : ils ont donc en particulier la même structur e
à l'infini . q

Le choix d'une base particulière pour X, qui se traduit concrètement par l'introduc -
tion de la transformation supplémentaire T, ne modifie donc pas le problème . Cela va
nous permettre d'utiliser sans restriction de généralité la base décrite en (2 .9) et (2 .10) .

La première condition du Théorème 3 .1 peut s'écrire directement en termes des
listes {ni } et {na. Il apparaît alors que la structure à l'infini ne peut être qu'augmentée ,
ce qui est assez naturel lorsqu'on voit la structure à l'infini comme l'équivalent de s
retards pour les systèmes discrets .

PROPOSITION 3 .3 . Etant données les listes {ni}pi{pi}ni{napi et { pi} n i du Théorèm e
3 .1, les conditions suivantes sont équivalentes :

(i) p l -pi ? Pi - P ; pour i1,

(ii) Pi p', et np, -j n i,' -j pour O j pi - 1 .

Démonstration . Supposons que (ii) ne soit pas vérifiée, c'est-à-dire qu'il exist e
un entier k, 0 k pi -1, tel que

npl _ k > nP_k .

Cela implique

card { jInj < npl _ k } < card { jIn; < np 1 _k} ,

P1-PnP1 -k < Pi ~` Pnp 1 _k •

Pour i = np1 _ k , la relation (i) ne serait pas vérifiée . Cela montre que (i)--> (ii) .
Réciproquement, si (ii) est vérifiée, alors il est clair que pour tout entier i, on a

card {

	

< il card {j J n., < il,

soit :

soit

p1-pi

	

pour i ? 1 .

Cela montre que (ii) -> (i), et achève la démonstration . q
De la même façon, la condition (2) du Théorème 3 .1 peut s'énoncer de plusieur s

manières différentes .
PROPOSITION 3 .4 . Considérons les listes {ai}, {pi}, { pi} et {Ai} du Théorème 3 .1 .

Les affirmations suivantes sont équivalentes :

E aj E Ai pour i 1 .
;=1

	

;= 1

(ii)

	

Pour tout choix {Ic i , • • • , ki} d'entiers positifs distincts, on a

E + E Pkj E Pkj pour

	

1 .
;=1

	

j=1

	

j= 1

Démonstration. Les termes non nuls dans la liste des différences {p -p i } sont
en nombre fini 1 puisque les deux listes {pi } et {p ;} sont finies .

(i)
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Considérons une permutation {k} des indices qui regroupe ces termes non nuls
en début de liste et qui les ordonne de la façon suivante :

pkl-pklpk2pk2 . . . > pk,

pk; -pk,0 0 pour 1

	

-.5-.1,

pk; -pk, =0 pourj> 1.

La liste {D i } est alors obtenue en ne gardant que les termes non négatifs :

A i = mat {0, -pkj pour l >-_ 1 .

Notons que cette liste {A il est unique, alors que la permutation {k1 } ne l'est pas
en général .

La somme des i premiers termes de la liste {A i} est un majorant de l'ensemble
des sommes de i termes choisis sans répétition d'indice dans la liste I p -'p} . De là
se déduit la partie (i) (ii) de la Proposition 3 .4 .

La partie (ii) --~ (i) s'établit en considérant que les premiers termes de la liste { A i }
sont choisis parmi les différences I p -AI . D

La démonstration du Théorème 3 .1 va être effectuée dans les paragraphes qu i
suivent. La nécessité des conditions (1) et (2) du Théorème 3 .1 sera montrée dans le
§ 4 en utilisant directement les énoncés (i) de la Proposition 3 .3 et (ii) de la Propositio n
3 .4 . Pour la démonstration de la suffisance, qui est développée dans les §§ 5-7, nous
utiliserons plus particulièrement les énoncés (ii) de la Proposition 3 .3 et (i) de la
Proposition 3 .4.

4 . Le support géométrique des conditions structurelles.
THÉORÈME 4.1 . Soit un système (C, A, B), et considérons les étapes r; et 9 de s

algorithmes définis par (2 .1) et (2.2), et les listes {a i } et {pi } définies par (2 .3) et (2.5) .
Alors nous avon s

(i)

	

dim (	 +X) = p, -pi+l pour i 0.

De plus, {k, , • • • , ki } étant une liste strictement croissante d'entiers positifs distincts ,
posons

T,(k,, . . , ki) = .i n v,r 1 ,
11)

T+1(kl, . . . , ki)_(Ag":,(k,, . . . , ki )+ A) n

	

1 pour 1i-1.

Nous avons alors

(4 .1) dim Ti ( k, , . . . , k i ) = a, + • • • +

	

± • • .

	

pour 1 j i.

Et donc en particulier

dim GTi (k,, . . . , ki) =a1+ . . . + ai +pkl + . . .+ pk1 ,

Démonstration . (i) Malabre a donné dans [19] quelques déterminations
géométriques de la structure à l'infini, et en particulier la suivante :

pi+1 = dim
,+

pour i O .

L'affirmation (i) s'en déduit aisément .

(4 .2)
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(ii) Nous pouvons écrire les sous espaces Y.; sous forme de sommes directes en
utilisant la description donnée dans le § 2 . En utilisant le retour d'état particulier
introduit en (2 .12), on montre aisément que :

;(kl , . . . , ki ) _ Aio-1 (A n

	

-1 )O+ Aô2 (
n yk -t-1) +O . . . ($ n rk -'+'-1 )(4 .3)g

pour 1 ;j{i.

La dimension de ces sous-espaces se déduit alors de (2 .15), et l'on obtient ains i
(4 .1) et (4 .2) .

Démonstration de la nécessité des conditions (1) et (2) du Théorème 3 .1 . Le
Théorème 4.1 permet d'établir rapidement la nécessité des conditions structurelles (1 )
et (2) du Théorème 3 .1 . On peut facilement établir l'inclusion suivante entre les
sous-espaces J; (k 1 , • • • , ki ) relatifs au système (C, A, B) et J;(k l , • • • , ki) relatifs au
système bouclé (C, A+ BF, BG) :

Y(k1, . . .,ki) .

Cette inclusion conduit à
l

	

i

	

l

	

l
(4 .4)

	

1 a;+ E Pk1 E a gi + E p k; .
;=1

	

;=1

	

;=1

	

;= 1

Du fait de la Proposition 3 .4, cela établit la nécessité de la condition (2) du
Théorème 3 .1 .

La nécessité de la condition (1) s'établit d'une manière similaire, en considéran t
les espaces

(Y' ig3

	

f+x\

	

,9'5-+J~

La liste I2 du système bouclé intervient dans (4 .2) qui est de ce fait plus forte que
la condition (2) du Théorème 3 .1 . En fait, (4.2) doit être vue comme une condition
nécessaire pour l'assignation simultanée des listes I 2 et I 4 du système [20] .

Les sous-espaces 9; (k 1 , • • • , k . ) qui sont décrits dans le présent paragraphe son t
le support géométrique naturel des conditions (2) du Théorème 3 .1 . Comme le montre
(4.1), ces sous-espaces sont des sous-espaces presque de commandabilité de (A, B )
(voir Willems [6], [7]) .

Nous allons maintenant montrer dans les §§ 5-7 la suffisance des condition s
structurelles (1) et (2) du Théorème 3 .1 . Nous allons pour cela construire un retou r
d'état (F, G) qui permet d'atteindre la structure à l'infini {na choisie à l'avance e t
vérifiant les conditions (1) et (2) du Théorème 3 .1 .

5 . Le cas particulier fondamental . Deux points importants ont été soulevés pa r
les études récentes concernant le découplage par retour d'état non régulier [12], [13] .
D'abord le fait que la liste I 4 de Morse (structure à l'infini) ne puisse qu'être augmentée ;
ensuite le fait que les augmentations possibles de la liste I 4 de Morse ne proviennent
que de la liste I 2 . de Morse du système : c'est bien ce que traduisent les conditions (1 )
et (2) du Théorème 3 .1 .

Notons toutefois que le problème du découplage par ligne qui est considéré dan s
Pl et [13] impose l'inversibilité à droite du système (p 1 =p), et la conservation d e
cette inversibilité à droite à travers la transformation du système par retour d'état

(pi = PI) .

Nous allons dans les §§ 5 et 6 étudier dans une première étape le problème d u
placement des ordres des zéros à l'infini avec cette condition supplémentaire, imposé e
pour le problème du découplage par ligne, de conservation du rang du système p', = p l .
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Le cas particulier fondamental, qui est l'utilisation d'un seul des termes de la list e
12 de Morse pour augmenter la liste I4, va être décrit dans le présent § 5 . Le § 6 sera
consacré à la généralisation de ce premier résultat (utilisation de tous les termes de l a
liste I 2 ) .

THÉORÈME 5 .1 . Soit un système (C, A, B), avec {o-i } ai pour liste I 2 et {ni}pi pour
liste 1 4 de Morse, et soient {a i } o .i et {pi}n, les listes qui en sont déduites par comptage .
Soit {n} P i une liste finie et non croissante d'entiers positifs, et définissons { p i } :

pi =card{fini >—_ i} pour i1 .
Supposons que l'égalité suivante voit vérifiée :

PI = PI .
Alors il existe un retour d'état statique (F, G) tel que Wh . . . , nl, i } soit la liste I 4 de
(C, A+ BF, BG) et {0.2 , • • • , o-ai } en soit la liste I 2 si et seulement si les deux conditions
suivantes sont satisfaites :

(1) O-pi–pi 1 pour i 1 ,

(2) card {i)p l –pi =1}

Démonstration.
Nécessité. La nécessité est une simple conséquence des hypothèses et de l a

nécessité des conditions (1) et (2) du Théorème 3 .1 . fo-} désignant la liste I2 de
(C, A+ BF, BG) et {al} la liste qui en est déduite par comptage, nous avons par
hypothèse

o-i = o.i+1 pour i 1 ,

et donc

1

	

a i –1 pour 1 ▪

	

a- 1 ,
a . =

0

	

pour i ▪ 0. 1 + 1 .

D'autre part, les conditions nécessaires du Théorème 3 .1 donnent en particulie r

p 1 –p i p i – p l pour i 1 ,

a 1 +pi >_ a ;–p pouri 1 ,

n

	

n

	

n

aj + E pj E a;+ E p, .
j=1

	

j=1

	

j=1

	

j= 1

La condition (1) du Théorème 5 .1 découle alors de (5.1)-(5 .3) ; la condition (2 )
découle de (5 .4), de (1) et du fait qu e

~
n
`

	

n

	

n

	

n

L . aj E aj E

	

E
j=1

	

j=1

	

j=1

	

j= 1

et que

n

	

n

	

n

E p; – E pj = E ( p) – pj )
j=1

	

j=1

	

j= 1

=card {j I p; – pj =1} .

Nous aurons besoin pour montrer la réciproque de traduire les conditions (ii) e n
termes des listes {n i } et In!" .

(5 .1 )

(5 .2 )

(5 .3)
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LEMME 5 .2 . Soient {n i}, et {n} 1 deux listes finies et non croissantes d'entier s
positifs et soient {pi}, et {p!}ni les listes qui en sont déduites par comptage. Alors :

(1) Les conditions suivantes sont équivalentes :

(5 .5)

	

0 pi —pi pour i > 1 ,

(5 .6)

	

0 = nT — ni pour i 1 .

(2) Les conditions suivantes sont équivalentes :

(5 .7)

	

pl —pi < 1 pour i 1 ,

(5 .8)

	

n +1 n i

	

pour i 1 .

(3) Les conditions suivantes sont équivalentes :
n

	

n

(5 .9)

	

E p ~ — E pi0-1
i=1

	

i=1

n

ni Ç n l + U1 — E
i= 2

Démonstration du Lemme 5 .2. Les conditions (1) et (2) sont des conséquence s
immédiates de la bijection (2 .7) qui existe entre les listes {n i } et {pi } d'une part, e t
entre { n i } et { p } d'autre part .

La condition (3) se déduit par équivalences :

n

	

n

E p ~ — E pi 0- 1
i=1

	

i= 1

n

	

n

<=). E n i — E ni o- 1
i=1

	

i=1

n

ri-n 1 +47 1 — E (nt — n i) ;
i= 2

ceci achève la démonstration du Lemme 5 .2 .

	

0
Suffisance du Théorème 5 .1 . Nous allons maintenant établir la réciproque d u

Théorème 5 .1 en construisant des matrices F et G qui réalisent les modification s
voulues des listes I 2 et I 4 .

Supposons dans ce but que les conditions (1) et (2) du Théorème 5.1 soient
vérifiées . Cela s'écrit en utilisant le Lemme 5 .2 :

n
`̀n1Çn1Çn1+

	

~~
U1~ Lr (n i —n i) ,

i= 2

n i n Çni-1 pour 2p1 .

Nous pouvons toujours choisir une base de ' sous la forme suivante (voir (2 .9 )
et (2.8)) :

{b1 A 0 b 1 , . . . , Aa1-1b1 ,
. . . . >. bal, .

	

, A0u«1-1bal ,
.

61, . . . , A 0ni`1 61 .,

	

,
- 1~. . .

;~Pt , . . . ,

	

o
n

p

	

Pt ; xl ,

Définissons maintenant la famille des vecteurs xi; de la façon suivante :

xi; — Aô 1 ~i—1

	

pour 1 i~p 1 et 1

	

— ni ,

(5 .13)

	

xi; =

	

pour 1

	

p l et n — ni c j< n

xOj =Aô+'-160

	

pour 1jfr1 —cr

(5 .10 )

(5 .11 )

(5 .12)
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avec

o. .
. —
= (nl — n i ) .

i= 1

Il est alors facile d'établir l'égalité suivante :

span {xi;} = span {b1,

	

, A o '-1 b 1 ; 6 1 ,

	

, Aol-161 ; . . . ;

	

.

L'inclusion provient directement de la définition des xi; et les deux espaces ont
la même dimension du fait de l'indépendance des xi; .

Il en résulte que la famille suivante est une base de T.

{b 2, • . .
,

	

0
A~2-lb2

, •
. . . >•

	

x01,
. . .

, xo,Q 1 -ar ,.a l ,

	

>

	

0

	

a l ,

. . .

	

1•	 1 •

	

. . .x i i ,

	

, x1n1,

	

xPl,l~

	

, xPl,npl, x 1 ,

	

, xA •

Définissons alors F et G sur cette nouvelle base de T. Posons tout d'abord

6 ; =xi1 pour 1

ImBG=span {b2, . .
.,ba1

;6i, . . .,6pl} .

Enfin définissons F de la manière suivante :

F := Fo + F '

pui s

(5 .14)

	

10

	

sij ~ni —n i ,

	

6 i

	

sij — ni— n i et 1 ,
BF' xi; =

avec

BF'xo; = 0

	

pour 1-j o 1 -- cr,

BF'Aôibi=0 pour 2a1 et 1j cri ,

BF 'xj=0

	

pour 1jA.

Nous obtenons alor s

xi;+1 = (A 0 + BF')xi;

=(A+BF)xi; pour 1 i-p l et1 j~nl—1 ,

xo;+1 = (A+BF)xo; pour 1ja1 —a--1 .

De plus, nous pouvons vérifier que

xi, ;—(A+BF)'-16E

	

pour 1p 1 et 1n—1,

xi, n ~ ~ ~Lr

	

pour 1p1 .

Le triplet (C, A+ BF, BG) est donc décomposé par cette nouvelle base de '
comme il est décrit dans le § 2 . Les listes de Morse correspondantes sont don c

4,1 0 se.12 = {0 .2,

	

,

	

I4={nl 1,

	

,

Ceci achève la démonstration du Théorème 5 .1 . D
Remarque 5 .3 . Le retour d'état que nous venons d'exhiber pour la démonstratio n

du Théorème 5.1 modifie aussi la liste des zéros invariants du système, tout au moins
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dans le cas où a-1 > a> 0 . En effet, il apparait dans ce cas dans la structure du systèm e
bouclé un zéro invariant fini de valeur 0 et de multiplicité (r 1 – a, qui correspond au x
vecteurs xo; :

{A0'b1 , A0
a+1 b

1,

	

,

	

0

	

1 •

En fait il est toujours possible d'assigner la valeur de ce zéro invariant en bouclant
le système, avant d'appliquer la procédure décrite précédemment, par un retour d'éta t
Fô tel que la restriction Y 1 f (Ao + BFo) IP 1 ait a arbitraire pour valeur propre d e
multiplicité o-1 .

Un tel retour d'état existe toujours du fait que R 1 est un sous espace de comman-
dabilité (voir Wonham [15]) . Lorsqu'on applique alors la démonstration du Théorèm e
5.1, les vecteurs xo; correspondent à un zéro invariant a de multiplicité (cr1 - a) .

6. Première généralisation : conservation du rang du système . Nous sommes main-
tenant en mesure d'établir la suffisance des conditions (1) et (2) du Théorème 3 .1 sous
l'hypothèse de conservation du rang : pl = p 1 , hypothèse qui sera abandonnée dan s
le § 7 .

Nous n'allons pas construire explicitement le retour d'état (F, G) qui fait que l a
liste {ri '}p1 choisie à l'avance, et que l'on suppose vérifier les conditions nécessaires d u
Théorème 3 .1, soit la liste des ordres des zéros à l'infini du système bouclé (C, A +
BF, BG) ; mais nous allons utiliser le Théorème 5 .1 pour définir (F, G) d'une façon
algorithmique .

L'idée de cette construction est de définir une suite de listes { p';'", pµ , • • .} qui
vérifient les propriétés suivantes :

—La suite est initialisée à {AI :

p i =pi pour i 1 .

—Pour j

	

1, les conditions du Théorème 5.1 sont vérifiées de l'étape pi–1 à

l'étape p, :
µ = µ- 1

Pi Pi

0 pµ_pr -1 ~1 pour i 1 ,

card {ideµ--pµ-' =1} Grµ .

—La suite converge vers {p}; pour ,u, a i , on a

pµ = p pour i 1 .

En effet, si de telles listes peuvent être définies, alors le problème peut être résolu
de la façon suivante :

—Posons :

(C, Ao, B o) = ( C, A, B ) .

—Pour µ 1, nous pouvons calculer à l'aide du Théorème 5 .1 un retour d'état
(Fµ , Gµ) tel que les listes I 4 et I2 de Morse du système bouclé :

( C, Aµ , Bµ) -(C, Aµ +

	

Bµ -1 Gµ) ,

soient respectivement, (nµ} et {o- µ } :

n µ = card {je' i} pour i 1 ,

~µ = 0'T+-i l = a'i+µ

	

pour i 1 .
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-01 ;1 sera alors la liste 14 de Morse du système

(C,Aai , Bai ) =(C,A+BF, BG )

avec

F= F1+G1F2+ . . . +G 1 G2

	

Ga l - 1Fa 1 ,
G=G 1 G2 . . Gai .

La suite de ce paragraphe va être consacrée à la description de telles listes .
Définissons tout d'abord les listes { pµ } de la manière suivante .

DÉFINITION 6 .1 . Posons pour µ = 0 :

(6 .1)

	

p? = pi pour i 1 .

Pour µ 1, considérons la liste {Ar -l} des différences (p – p µ -1 ) rangées dans un
ordre non croissant. Cet ordre de rangement n'est pas unique à cause des possibles
répétitions de différences égales pour des indices différents . Soit {kµ -1 } l'unique
permutation des indices définie par

~µ-1 = I

	

µ-1 pour i 1(6 .2 )

et

Si A µ-' =0+1' et O µ-' 00,

	

alors kµ-'> kl+l ' ,

Si Dµ-' = 0 1+1 1 = 0,

	

alors kµ-' < k1+1 1 pour i } 1 .

Dµ -' –1 pour 1

	

Aµ-1

	

pour l;
-1 + 1ÇiÇI2 -' +1i -1 O„µ '

D
µ-1

–1 pour l2-'+l; -1-aµ+1 Ç i

	

Dµ-1

	

pour lµ-' + 15- i.

Finalement définissons { pµ } et {nµ} de la façon suivante :

	

pk

	

= p k – Dµ

	

pour i 1 ,

	

i

	

i

nµ= card {JIp; il pour i 1 .

Rappelons que { D i } est une liste finie et non croissante d'entiers positifs . De plus
{Ar} possèdera cette propriété si {Ar -i l la possède, comme le montre la lecture d u
tableau 6 .1 qui traduit les définitions (6 .4) ,

TABLEAU 6. 1

i 1 .

	

.

	

. g- 1 li - 1 +1 .

	

.

	

. ~ µ-1 ~µ -1 + 1 .

	

.

	

. lµ- 1 l2 - 1 +1 .

	

.

	

. 6,,'- 1 81 -1 +1 .

Qµ -i Ar-l> ~µ~µ 1 Ar' ~
~~µ

Dµ-1
~~vµ 1 o

Ar' rDµ 1 o 1 o o

où
:= lµ-1 + lµ-1 - o-1

	

2

	

µ ,

61 -1 := card {JIA; -' � 1} .

Posons alor s

et définisson s

(6 .4)

	

–

AL' =card {JIA; -1> ~~µ ,

r~ -1 = card {J I z - ' et 0~ -' �- 11 ,
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Les listes {i } sont donc toutes des listes finies et non croissantes d'entiers positifs .
Cela nous permet d'affirmer que {kµ} est toujours une permutation des entiers ; pour
tout entier j positif, il existe i tel que kµ = j. Par conséquent (6 .5) définit complètement
la liste { pµ}.

La liste I 2 de Morse des systèmes (C, A, , Bµ ) que nous cherchons à définir doit
être {O +1, o•,+2, . . . } .

Introduisons donc la notation suivante :

aµ = card { j l o- ,+j il pour i 1 .

Nous allons maintenant vérifier que ces listes { pµ} possèdent les propriétés qu e
nous en attendons.

PROPOSITION 6 .2 . Pour µ 1, les propriétés suivantes sont vérifiées :

(i) {pµ} est une liste finie et non croissante d'entiers positifs ,

(ii) p, = Pi =p 1 ,

(iii) O ç pµ -- pµ1 Ç 1 pour i 1 ,

(iv) card {j I Pµ –P; = 1} crµ

(v) E ca; ? E 6; pour i 1 .
j=1

	

j= 1

Démonstration . La démonstration de (v) est un peu technique et pour cela reporté e
au § Annexe . {pµ } est bien une liste finie d'entiers positifs, du fait de l'encadremen t
suivant :

De plus, l'examen du tableau (6 .6) permet d'affirmer que { pµ} est non croissante

si {pr - '} l'est . Cela établit (i) .
L'affirmation (ii) se montre aisément à partir du fait qu e

pi
= pi =p 1 •

En observant les définitions (6 .4), nous pouvons constater que (Ar-1 – Aµ) ne
peut prendre que les valeurs 0 ou 1 . De là, et de la définition (6 .5) découle l'affirmation
(iii) .

Enfin, l'affirmation (iv) provient des définitions (6 .4) et (6 .5) et de l'égalité suivante :

card

	

=1} .

	

D

Les quatre premières affirmations de la Proposition 6 .2 permettent l'application
à chaque étape du Théorème 5 .1 . Il existe donc des retours d'état (F,, Gµ ) tels que
{nµ} et {teµ} soient respectivement les listes I 4 et I2 de Morse du système boucl é

(C, A,,B, ) .
A partir de l'étape p, = a1 , les listes {e} et {an sont nulles . Puisque {0 µ} est

une liste positive, la condition (v) s'écrit :

E 0; = 0 pour i 1 .
j= 1

La liste {O, µ} est donc elle-même nulle, ce qui traduit l'égalité des listes {p ;' } et { p'} .

Autrement dit, {na est la liste des ordres des zéros infinis de (C, Aa,, Ba i ) .
Ainsi s'achève la démonstration de la suffisance des conditions (1) et (2) du

Théoréme 3 .1 pour le cas où p =p i . Nous allons maintenant résoudre le problème
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du placement des ordres des zéros infinis par retour d'état statique dans le cas général :

pi p i •

7. Le placement des ordres des zéros à l'infini dans le cas général . Le découplag e
ligne par ligne [12], [13] a motivé l'étude du cas où le rang du système est conservé :
p i = Pi . En revanche, le découplage par blocs d'un système n'implique pas son inver-
sibilité à droite, ni même la conservation du rang du système à travers l'action d u
retour d'état qui modifie sa structure à l'infini . C'est une motivation pour étudier l e
cas général où le nombre de zéros à l'infini du système bouclé peut être inférieur au
nombre des zéros à l'infini du système initial : p; pi .

Le Théorème 7 .1 va permettre cette généralisation .
THÉORÈME 7 .1 . Soit un système (C, A, B) et soient {n1}P, sa liste I 4 et

	

la
liste qui en est déduite par comptage :

pi = card n; il pour i 1 .

Soient {ni}P l une liste finie et non croissante d'entiers positifs, et {pi}ni la liste qui en est
déduite par comptage :

p i = card {j (n ; ? il pour i >—_ 1 .

Alors il existe un retour d'état (F, G) tel que la liste I 4 de (C, A+ BF, BG) soit { naP Ç ,
et sa liste I2 soit la liste I 2 de (C, A, B) si et seulement si les inégalités suivantes son t
vérifiées :

(1) p i --pi--p : pour i 1 ,

(2) pi p~

	

pour i 1 .

Démonstration. Nous n'allons pas détailler cette démonstration qui est très
similaire à la démonstration du Théorème 5 .1 .

Les conditions (1) et (2) sont manifestement un cas particulier des condition s
nécessaires (1) et (2) du Théorème 3 .1, et donc sont nécessaires .

Montrons maintenant la suffisance de ces conditions, et commençons pou r
cela par les traduire en termes des listes {ni } et {na . Nous obtenons à partir de la
Proposition 3 .3

nPi -P i+i Ç n

	

n i pour 1 i p i •

La construction de F et G s'effectue alors avec la même technique que pour l e
Théorème 5 .1 . Les vecteurs {ti, Aoei, . . • , A ' } étant associés à chaque zéro à l'infini
d'ordre n i , posons pour 1 i { p

	

e
, _ 6i

	

si nPi -P +i < n = ~

'

	

i

	

si nPi-Pi +i ^
puis

	

1A'e i

	

pour 1 j n ~

0

	

i

	

o n,-n,+i

	

6Pt-Pi+i pour ni nP ,_pi+i `--j n i •

On peut vérifier que les vecteurs xi; sont tous indépendants . Définissons alors F

et G comme suit :

(7 .1)

	

Im BG = { 6 i , . . . , 6 1p , ; bl, . . . , b«,} ;
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►
BFx

. . _ I
~Pt-Pi+i pour j = n

_'

	

0

	

pour j n' — nPl _P~ += •

Le résultat cherché est alors obtenu . q
Le Théorème 7 .1 va nous permettre de compléter la démonstration du Théorème

3 .1 pour le cas général . Il nous suffit pour cela de réinitialiser l'algorithme présent é
dans le § 6 .

PROPOSITION 7 .2 . Considérons les listes {p i }, {1) ;} et {ai} respectivement déduite s
par comptage de la liste {ni} des ordres des zéros à l'infini, de la liste {111 à atteindre,
et de la liste fui } qui est la liste I 2 de Morse de (C, A, B) .

Soit {A i } la liste des différences (p i -- pi) rangées par ordre non croissant, et supposon s
que les conditions du Théorème 3 .1 sont vérifiées :

(1) p 1 —p i — pi pour i 1 ,

(2) E

	

E ®j

	

pour i 1 .
;=1

	

;= 1

Définissons la liste { p°} de la manière suivante :

(7 .3)

	

p° = min {pi, pl} pour i 1 ,

et appelons {Q,°} la liste des différences (p ; -1)7) rangées par ordre non croissant .
Alors les propriétés suivantes sont vérifiées :

(i)

	

pi p 0i pour i ; 1 ,

( 1i )

	

p 1 —p i ~
p?— po pouri 1,

(iii) p° — p° p", — p' pour i 1 ,

(iv) E a; ? E 0° pour i 1 ,
j =1

	

j= 1

(v) p
°
= Pi

Démonstration . La condition (i) provient directement de la définition (7 .3) . De la
même définition et de l'hypothèse (1) découle (v) .

Les conditions (ii) et (iii) découlent également de l'hypothèse (1) .
Afin d'établir (iv), notons l'égalité suivante qui provient de la définition (7 .3) :

pi—p°-- lp'—p i l pour i? 1 .

Donc la liste {0°} n'est autre que la liste {D i }, et (iv) traduit directement l'hypo-
thèse (2) .

Les conditions (i) et (ii) étant satisfaites, nous pouvons calculer un retour d'éta t
(Fo, Go) à la manière du Théorème 7 .1 . La liste des zéros à l'infini du système boucl é
(C, A+ BFo, BGo) est alors {n°} :

n° = Gard {j I p° i} pour i 1 .

Les conditions (iii)-(v) étant satisfaites, il existe un retour d'état (F, G) du type
détaillé dans le § 6, tel que {na soit la structure à l'infini du système bouclé ( C, A+ BF0+

BGoF, BGoG) . Cela achève la démonstration du Théorème 3 .1 . q

Afin d'illustrer cet article et de récapituler la méthode à suivre pour résoudre u n
problème de placement de structure à l'infini, nous conclurons sur un exemple trè s
simple (et très académique) .



26 7SUR LA MODIFICATION DE LA STRUCTURE A L ' INFIN I

Exemple 7 .3 .

0

	

1
0

	

0

0

	

1

0

	

0

0

0

A=

0

1

0

1

1

1

B =

1
(les blocs non spécifiés son t
nuls) .

Ce système est sous la forme normale qui correspond à

{ni}={1, 1},

	

{pi }={2},

fo-i l = {2, 2},

	

{ai } = {2, 2 }

(les termes nuls ne sont pas écrits) .
On se propose d'atteindre la structure à l'infini suivante :

{ n ~.} = {4, 21,

	

{pÎ}= {2, 2, 1, 1} .
Or on a

{Ail ={2,1,1}.

Les conditions nécessaires du Théorème 3 .1 sont vérifiées donc la liste {na est
atteignable .

Du fait que p1 = p 1= 2, le Théorème 7 .1 n'a pas à être utilisé . Nous posons don c

(Co,A0,Bo)=(C,A,B) .
Appliquons alors la définition 6 .1 :

µ {kµ} li lµ {Dµ} {pµ}

1 {2, 4, 3} 1 3 {1, 1} {2, 1, 1 }

2 {4, 2} 0 2 0 {2, 2, 1, 1}

Calculons maintenant (F1 , G 1 ) et (F2 , G 2 ) comme dans le § 5 :

1

	

0

1

C=
1

1

1
F1 =G 1 =

1

1

G2 = 1 F2 — 0 1

0 1 -1 0
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Tous calculs faits, nous obtenons :

0

	

1

0

	

0

0

	

0

0

	

1

0

	

1

0

	

0

1

	

1 -1

	

0 0

0

	

1 -1

	

0 0

A +BF1 +BG,F2 =

0

1

0
BG 1 G2 =

1

8. Remarques finales. Notons tout d'abord l' intérêt pratique du Théorème 3 .1 . Les
conditions structurelles du Théorème 3 .1, qui caractérisent l'ensemble des structure s
à l'infini atteignables par retour d'état statique, sont en effet très simples à vérifier .
Cette vérification s'effectue en fait en quatre étapes :

(i) Calcul des étapes successives des algorithmes (2 .1) et (2 .2) .
(ii) Calcul des listes I2 et I 4 de Morse du système par les formules (2 .3), (2 .4) ,

(2 .5) et (2 .6) .
(iii) Calcul de la liste ordonnée des différences {D i } .
(iv) Vérification des inégalités (1) et (2) du Théorème 3 .1 .
Le nombre des inégalités à vérifier est en fait 2 max {n 1 , n1} .

Le problème du placement par retour d'état de la structure à l'infini est également
résolu de manière pratique . La construction d'une solution (F, G) s'effectue en troi s
étapes :

(i) Calcul d'une base de qui décompose RI comme en (2.9) et Y% comme
en (2.10) . Cela s'effectue de manière standard à partir des étapes des algorithmes (2 .1 )
et (2 .2) . La procédure est détaillée dans Morse [9] .

(ii) Réduction si nécessaire du rang du système à l'aide des formules (7 .1) et
(7 .2)du§7 .

(iii) Utilisation successive des termes de la liste I 2 à l'aide de la définition 6 .1 e t
des formules (5 .14) et (5 .15) .

Le calcul, assez lourd dans le cas général, d'un retour d'état qui décompose RI
et 9t ne s'effectue qu'une seule fois, au début de la procédure . A partir de cette
première étape, les calculs demandés sont très simples, et particulièrement aptes à êtr e
traités sur ordinateur . L'algorithme peut être modifié afin de réduire le nombre de s
calculs, par exemple en appliquant la procédure de modification aux seuls vecteurs
correspondant à des zéros à l'infini dont l'ordre n'est pas dans la structure à atteindre .
Ainsi, avec {ni } = {3, 3, 2,11 et {n} _ {4, 4, 3, 2}, il suffit d'appliquer la procédure qui
correspond aux listes {ni } = {3, 11 et {na = {4, 4} .

La solution (F, G) au problème de placement des ordres des zéros à l'infini qui
est déterminée de cette manière est en général différente de la solution obtenue par
l'algorithme de départ. En fait, il est bien clair que la solution, si elle existe, n'est pa s
unique. La détermination de l'ensemble des solutions (F, G) d'un problème de place-
ment de structure à l'infini est pour l'instant un problème ouvert . Il semble que la
solution de ce problème, ou plus exactement la détermination de l'ensemble de s
sous-espaces Im BG correspondant à une solution, soit une clé importante pour la
solution de problèmes de commande tels que le découplage .

L 'étude effectuée dans le présent article s'inscrit dans le cadre plus général d e
l'étude des transformations (sous l'action de retours d'états statiques) des quatre listes
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d'invariants structurels de Morse [20] . Une référence importante dans ce domaine es t
celle d'Heymann [14] qui a caractérisé pour une paire (A, B) donnée l'ensemble des
listes d'indices de commandabilité atteignables par retour d'état . Les travaux d'Hey-
mann s'appliquent aux transformations de la liste I 2 de Morse, qui n'est autre que l a
liste des indices de commandabilité de la paire restreinte (IA + BF(1 I , BcR) où
ImBR = (1Jlt, et (A+BF)Rtc .

Etant donné un système (C, A, B) dont la liste I 2 de Morse est lai }, la conditio n
nécessaire et suffisante donnée par Heymann pour qu'une liste finie d'entiers positifs
{o-} soit la liste I2 d'un système bouclé (C, A+ BF, BF) est la suivante :

(8 .1)

	

E

	

E o pour i 1 ,
J E ~ ` (t)

	

J E ,( i )
avec

<_ i} .

La condition (8 .1) exprime en fait les dimensions possibles des sous-espaces de
commandabilité du système considéré inclus dans %. Ces dimensions ont d'abord été
étudiées à l'aide de considérations polynomiales par Warren et Eckberg [21] .

Les liens qui relient la décomposition de Morse des systèmes et la décompositio n
de Kronecker des faisceaux de matrices sont bien connus (voir Morse [9] et Wonha m
[15] pour l'approche géométrique, Thorp [22] et Rosenbrock [1] pour l'approche des
systèmes par la théorie de Kronecker, Jaffe et Karcanias [5] et Loiseau [18] pour l a
synthèse des deux approches) . Utilisant ce lien, nous avons développé dans [20] une
approche par les faisceaux de matrices du problème du placement par retour d'éta t
statique des listes de Morse . Cette étude nous suggère que la condition (2) du Théorèm e
3.1 exprime les dimensions possibles des sous espaces presque de commandabilit é
inclus dans (%+ AJC+ ), alors que la condition (1) est la condition sur la dimension ,
ou plutôt sur la structure, d'un tel sous-espace pour qu'il soit le plus petit (C, AF )

invariant contenant un sous-espace de du type Im BG.

Annexe. Afin de montrer que l'inégalité (v) de la Proposition 6 .2 est toujours
vérifiée, nous allons utiliser le lemme suivant .

LEMME A.1 . Soient {ai} et {D i } deux listes finies et non croissantes d'entiers positifs,
et posons :

i=i

	

1(i ) =

o_i = card { j (a; il pour i 1 ,

Si = card { j (0; il pour i ? 1 .

Alors les affirmations suivantes sont équivalentes :

(i)

	

E

	

E

	

pour i 1 ,
J=1

	

j= 1

00

	

00

E a-; E S; pouri 1 .

Démonstration du Lemme A.1 . Montrons tout d'abord que (i) --> (ii), et supposon s
pour cela que (i) soit vérifiée.

Remarquons tout d'abord les égalités suivantes :

«>

	

s,

E Sj - E;=i

	

i= l
~

	

~.

E crJ —

	

aJ—(i—1)0`i •
;=1

	

;= 1

(A.1 )

(A.2)
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La meilleure preuve de ce résultat est le schéma suivant :

BJ

A i

Deux cas peuvent se présenter :
(1) Supposons que 5 i ui .
Nous avons par hypothèse

s i

	

s i
E Ai E ,

j=1

	

j= 1

et donc

	

si

	

cri

	

E

	

E
j=1

	

j=1

	

»=s i + l

Mais puisque { ai} est non croissante, nous avon s

E aj — (i — 1)((ri — 8i) (ui — 8i)a, i — (i — 1)((ri — 8i) ,
;=5,+ I

et puisque

a, = card {A

	

cri }

nous obtenons finalement

E

	

— (i—l)(cri —3 i )
;=5,+ I

et donc nous avons

si
E

	

E
j=1

	

=

(2) Supposons que ai 5i
Nous avons par hypothèse

s i

	

s i
E Ai E aj ~

j=1

	

j= 1

ce qui s'écrit de la manière suivante :

si

	

(Ti

	

s i
E

	

E

	

ai —(i—1)5 i +(i—l)ui ;
j=1

	

j=1
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or
Si

~ ajÇ(vi~~i)av +1 <(l~1)(~i_~i) •
;= o-i + 1

Par conséquent, nous obtenons
s .

	

or.
E Aj — ( i — 1 ) U i L, aj r (i - 1 )~i •

j=1

	

j= 1

Ceci, compte tenu des relations (A .1) et (A.2), achève de prouver la partie (i) -~ (ii )
du Lemme A.1 . La réciproque s'établit de manière identique grâce aux égalité s
suivantes :

E

	

= E 8j + izii ,
j=1

	

jl0~+ 1

t

	

a o

(A.4)

	

E ai —

	

crj + iai ,
j=1

	

j=--a ; + 1

qui peuvent être visualisées par le schéma suivant :

AMEN
AM/AFIN
ANIME»

l► -
A i

Nous allons maintenant achever la démonstration de la partie (v) de la Propositio n
6 .2, et montrer que la relation suivante est vérifiée à chaque étape A :

E o-; E

	

pour i 1
i -i

	

;- i

avec

a-µ = -µ+i

	

pour i 1 ,

= card { jIO; i}

	

pour i 1 .

L'algorithme introduit par la proposition (7 .2) est facilement décrit en terme des
listes { S µ } :

(A.3 )

(A.5)

S µ- 1

Sµ = 8µ-1 +t

	

t+1

	

1
µ- 1
i+l

• µ-1 C µ- 1
S1 O= ~i +1 ,

sl ~ tµ -•

	

11 < ,,.g
-1 < 8 µ- 1

S1 5
µ-1 U1-l .

L'inégalité que nous voulons établir est vérifiée pour = 0, comme l'indiquent l a
définition 6 .1 et le Lemme A .1 . Nous allons voir par récurrence qu'elle est vérifié e
pour toutes les valeurs de A.



272

	

JEAN JACQUES LOISEA U

Supposons donc que l'on ait pour une valeur fixée de µ

E S;-' E of ' pour i 1 .
i=i

	

J= i

Deux cas sont à envisager :
(1) Supposons que Œi- '

On obtient alors

Sµ = S +î ' pour i 1 .

Par conséquent nous pouvons écrir e

oo

	

oo

	

oo

	

oo

E 8j T
~ Sj -1 <

	

E

	

•
j=i

	

j=i +1

	

j=i +1

	

j= 1

L'inégalité est alors satisfaite pour tout i .
(2) Supposons que

	

>

Dans ce cas, il existe un entier 1 tel qu e

S µ '14- =l

	

0'j -1 = Sµ—1 .

La liste {Sµ} s'écrit donc de la manière suivante :

{Sµ} = {Sµ—' . . . agi -1 , 8r,-1 1 + Sµ—1
–

O,µ—1 Sµ—1 .
~

	

1

	

~

	

~

	

I

	

1

	

~

	

l+2 ~

	

•

Suivant la valeur de i, trois cas sont à considérer :

(i)

	

Pour i 1 + 1, on a

oo

	

oo

	

oo

	

oo

E
Sj —

	

S j ^'Ç

	

6j —'— E a
j ,

j=i

	

j=i +1

	

j=i +1

	

j= i

Pour i ; 1, on a

oo

	

cc

	

oo

E SJ r
E SJ

	

E o'J
j=i

	

j=i

	

j=

oo

	

oo

	

00

	

oo

(iii)

	

E

	

0-i -1

	

O µ—1 + Q, µ—1 ^ criC

	

Ur' — E Ui .
j =i

	

j =i+1

	

j=i +1

	

j= i

L'inégalité (A.18) est donc toujours vérifiée à l'étapeµ si elle l'était à l'étape
µ --1 . Cela prouve la partie (v) de la Proposition 6.2 compte tenu du fait que cette
inégalité est vérifiée pour = O.

REFERENCE S

[1] H . H . ROSENBROCK, State space and multivariable theory, John Wiley, New York, 1970 .
[2] A. C . PUGH AND P. A . RATCLIFFE, On the zeros and poles of a rational matrix, Internat . J . Control ,

30 (1979), pp . 213-226.
[3] B . MACMILLAN, Introduction to formal realizability theory, Bell . System Tech. J ., 31 (1952), pp . 541-600.
[4] F. R . GANTMACHER, Théorie des matrices, Dunod, Paris, 1966 .
[5] S . JAFFE AND N . KARCANIAS, Matrix pencil characterization of almost (A, B)-invariant subspaces : A

classification of geometric concepts, Internat. J. Control, 33 (1981), pp . 51-93 .
[6] J . C . WILLEMS, Almost A (mod )-invariant subspaces, Astérisque, 75-76 (1980), pp . 239-248.
[7]	 , Almost invariant subspaces : An approach to high gain feedback design—Part 1 : Almost controlled

invariant subspaces, IEEE Trans . Automat . Control, 26 (1981), pp. 235-252 .

or



SUR LA MODIFICATION DE LA STRUCTURE A L ' INFINI

	

27 3

[8] C . COMMAULT AND J . M . DION, Structure at infinity of linear multivariable systems : A geometric

approach, 20th IEEE Conference on Decision and Control, San Diego, California, 1981 ,
pp. 112-117 .

[9] A. S . MORSE, Structural invariants of linear multivariable systems, this Journal, 11 (1973), pp . 446-465 .
[10] J . M . DION, Feedback block decoupling and infinite zero structure of linear systems, Internat . J. Control ,

37 (1983), pp . 521-533 .
[11] J . DESCUSSE, J. F . LAFAY AND M. MALABRE, On the structure at infinity of linear block-decouplable

systems : the general case, IEEE Trans . Automat . Control, 28 (1981), pp. 1115-1118 .
[12]	 , Further results on Morgan's problem, Systems Control Lett., 4 (1984), pp . 203-208.
[13] •	 , Solution of the static state feedback decoupling problem for linear systems with 2 outputs, IEE E

Trans . Automat . Control, 30 (1985), pp . 914-918 .
[14] M . HEYMANN, Controllability subspaces and feedback simulation, this Journal, 14 (1976), pp . 769-789.
[15] W. M. WONHAM, Linear multivariable control : a geometric approach, 2nd edition, Springer-Verlag,

Berlin, New York, 1979.
[16] P. BRUNOVSKY, A classification of linear controllable systems, Kibernetika, 3 (1970), pp . 173-187 .
[17] M . MALABRE, A complement about almost controllability subspaces, Systems Control Lett., 3 (1983) ,

pp. 119-122 .
[18] J . J . LOISEAU, Some geometric considerations about the Kronecker normal form, Internat . J. Control, 42

(1985), pp. 1411-1431 .
[19] M. MALABRE, Structure à l ' infini des triplets invariants. Application à la poursuite parfaite de modèle,

in Analysis and Optimization of Systems, Lectures Notes in Control and Information Sci ., Vol .
44, Springer-Verlag, Berlin, New York, 1982, pp . 43-53 .

[20] J . J . LOISEAU, Structural modifications of linear systems : a matrix pencil approach, 7th International
Symposium on Mathematical Theory of Network and Systems 85, Stockholm, June 10-14, 1985 .

[21] M. E . WARREN AND A . E . ECKBERG JR., On the dimensions of controllability subspaces : a characteri-
zation via polynomial matrices and Kronecker invariants, this Journal, 13 (1975), pp. 434-445.

[22] J . S . THORP, The singular pencil of a linear dynamical system, Internat. J . Control, 18 (1973), pp. 577-596 .



SIAM J. CONTROL AND OPTIMIZATION
Vol. 26, No. 2, March 1988

(C) 1988 Society for Industrial and Applied Mathematics
002

OPTIMAL CONTROL OF STRONGLY MONOTONE VARIATIONAL
INEQUALITIES*
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Abstract. By using the penalty method and Ekeland’s variational principle, this paper proves the
optimality condition for a solution to a nonconvex optimal control problem, in which the system is governed
by a strongly monotone variational inequality.
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1. Introduction. The optimal control problem for a system, governed by an elliptic
variational inequality, is proposed by J. L. Lions [13], [14], and discussed in Mignot
[15], Barbu [2], [3] and Mignot and Puel [16]. The formulation of this problem is as
follows:

Let V and H be two Hilbert spaces ("state spaces") such that

VH=H* V*

where V* is the dual of V, H* is the dual of H, identified with H, and injections are
dense and continuous; let U be another Hilbert space ("control space"). Suppose that
A . L( V, V*) is coercive, i.e.,

Av V, <Av. v>cllvll2v, c>0

where (.,.) is the duality pairing on V* V and identified with the inner product on
H, B L( U, V*) is compact, K c V and Uad U are two closed convex subsets respec-
tively in V and in U, g: K R/ and h Uad R/ are two functions, and f V* is given.
Then, the optimal control problem for an elliptic variational inequality is to find
existence conditions and optimality (necessary) conditions of solutions to the following
minimization problem"

min{g(y)+h(u)},

(1.1) y6K, ue Uad,

(Ay, z-y)>= (Bu +f z-y)

In Mignot [15] and Mignot and Puel [16],

g(y) 1/21l y- za ll2..

VzEK.

zd H,

N
h(u) --- llull, N>O,

and in Barbu [2], [3], Uad U, g is Lipschitz on each bounded subset of K and h is
coercive, lower semicontinuous and convex (then, it can implicitly consider the case
Ua U).

* Received by the editors March 24, 1986; accepted for publication (in revised form) April 16, 1987.
This research was supported in part by the FCAR.

t Nankai Mathematics Institute, Nankai University, Tianjin, China and Centre de recherches
math6matiques, Universit6 de Montr6al, C.P. 6128, Succ. A, Montr6al, Qu6bec, Canada H3C 3J7.
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Under the above assumptions, the existence of a solution to (1.1) is easily proved.
In fact, assume that {u,} Uad is a minimizing sequence. Then, from the coercivity of
h, {u,} is bounded. Without loss of generality, we can assume that {un} converges
weakly in U, and thus, by the compactness of B and using Lions and Stampacchia’s
theorem, the solution sequence to this inequality in (1.1), {yn}, corresponding to {un,
converges strongly in V. Finally, the weak limit u of {u,} and the strong limit y of
{y,} are an optimal control and an optimal state, respectively.

The difficulty is to find optimality conditions for a solution to (1.1). For this one,
Mignot [15] and Mignot and Puel [16] utilize the conical derivative and Barbu [2],
[3] uses smooth approximation.

The aim of this paper is, by penalty method, to prove the optimality condition
for a solution to an optimal control problem, in which the system is governed by a
strongly monotone variational inequality. The general form of this problem will be as
follows:

(1.2)

where

(1.3)

min J(y, u),

yK, u Ud,

(f(y,u),z-y)>=O VzK

(1) K is a closed convex subset of a Banach space V, Uad is a closed convex
subset of another reflexive Banach space U;

(2) J:K x Uad- RU.{+o} is a lower semicontinuous-.function for the norm
topology of K and the weak topology of Uad, and when

Ilu[I -, inf J(y, u) +;
yK

(3) F:K Uad V*, dual of V, is such that for all R > 0, there exists a
homeomorphism CR :R+ R+ such that

Vu n.: (u e Uadl Ilullu < R} Vy,, y2e K,
(F(y, u)-F(y2, u), Yl-Yz)v.. v R(IIY-Y2I[v)I[Y,-Y2[v;

(4) for any a Ud, if ya K satisfies

(1.4) (F(y,,a),z-y)v..vO zK,
then uF(y,, u) is weakly continuous at u a, i.e., if u, in U
weakly, then F(ya, u,) F(ya, a) in V* strongly.

It is also not difficult to show the existence of a solution to (1.2). In fact, we can
prove the following theorem.

T8EOREM 1.1. Assume that (1.3) (1)-(4) hold. Then theproblem (1.2) has a solution
(y, a) K x Uad.

Proo By Browder’s [5] and Hartman and Stampaechia’s [10] theorem and
(1.3)(3), for any u Uao, there exists a unique y K such that (1.4) holds. Then,
suppose that {u,} c Uao satisfies

(1.5) lim J( y,, u,) inf J( y, u)
Uad

where

y := y,,.
From (1.3)(2), {u,} is bounded, i.e., for a sufficiently large R>0,

(1,6) Ilu II <R,
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Since U is reflexive, by extracting a subsequence, we can suppose that

(1.7) un a in Ua weakly.

Set j5 := Ya. Then, from (1.4) we have

(1.8) (F(y,,,u,,),z-y,,)v,,v>=O IzK, n=l,2,....

(1.9) (F(.9, a),z-.9)v..v>=O gzK.

Taking z 37 in (1.8) and z y, in (1.9), and adding these two inequalities, we obtain
that

(1.10) (F(y,,, u,,)- F(.9, a), y,, -.9)v.,v<=O.
But by (1.3)(3) and (1.6), we have

(1.11) (F(y,, u,)- F(fi, u,), y, -fi)v.,v>= (IlY-Y, II)IIP-Y, II,
and on the other hand, by (1.3)(4) and (1.7), we have

(1.12) F(35, u,) F(37, fi) in V* strongly.

From (1.10)-(1.12), it follows that (llY-y.llv)-o, which is equivalent to

(1.1 3) y, .9 in K strongly.

By (1.3)(2), (1.5), (1.7) and (1.13), it is easy to see that (.9, a) is a solution to (1.2). i
We can see in Theorem 1.1 that sufficient conditions for the existence of a solution

to (1.2) are very mild. we do not even use the reflexivity of V. However, to obtain the
optimality conditions of solution to (1.2), we will have to assume some regularity on
J and on F. Hereafter, we show that under some regularity hypotheses, the following
optimality conditions for a solution to (1.2) hold:

(F’(y, a), p)., o,
(1.14) F’y(y, a)*pe Nz(y)+OyJ(y, a),

F’,(y, a)*pe Nuad(a)+O,J(.9, if)

where/ V ("costate"), NK(.) is the normal cone to K at )5, N(a) is the normal
cone to Uaa at a, means the adjoint and 0yJ and O,J refer to the generalized gradient
or the subdifferential of J in respect to y and to u. Certainly, our main results will
include the results on (1.1) as a special case.

In 2, the preliminary material is provided. Section 3 is contributed to the "global
Palais-Smale condition," which will be applied to our main results. The main theorems
concerning (1.13) are given in 4 and some explanatory examples are cited at the end.

2. Preliminaries. We shall use the following three theorems as tools.
BERGE’S MAXIMUM THEOREM 2.1 [4], 1, p. 120]. Let X and Y be two Hausdorff

spaces, f: X x Y R continuous and W" Y:::X a continuous set-valued map with non-
empty compact values. Then,

(1) q" Y R, defined by p(y):=maxxw(y)f(x, y), is continuous.
(2) " Y:= X, defined by (y) := {x X]f(x, y) cp(y)} is upper semicontinuous.
Remark. Recall that a set-valued map W" Y=tX from a Hausdortt space Y to

another Hausdortt space X is called upper (respectively, lower) semicontinuous, if
for all closed (respectively, open) subset A of X, W-I(A):= {y YI W(y) f) A # } is
closed (respectively, open). If W is both upper and lower semicontinuous, then it is
called continuous.
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EKELAND’S VARIATIONAL PRINCIPLE 2.2 [9], [1, p. 255]. Let (E, d) be a complete
metric space and G" E --> R+ U(+oo lower semicontinuous, +c. Iffor a given e > O, Xo
E satisfies

G(xo) <- inf G + e,

then there exists x E such that

G(x) <-_ G(xo), d(xo, x) <- 1,

for all x # x, G(x) > G(x)- ed(x, x).
LOPSIDED MINIMAX THEOREM 2.3 [1, p. 319]. Let E and F be two closed convex

subsets of Hausdorff topological vector spaces andf" E x F -> R. If
(1) for all y F, x->f(x, y) is convex;
(2) for all x E, y-->f(x, y) is upper semicontinuous and concave;
(3) F is compact;

then, there exists fi F such that

inf f(x, 37) inf maxf(x, y).
xE xE yF

Adopting a notation from [6], for a closed convex subset K c V and y* V*, we
define

K := sup (Y* P)v*,v,(2.1) Ily*ll
p( K-y)f’lBv

where Bv is the closed unit ball of V. Then, the variational inequality (1.4) can be
rewritten as

(2.2) II-F(Y )11’-0,Ya

and the minimization problem (1.2) with an "inequality constraint" can be represented
as the following minimization problem with an "equality constraint""

min J(y, u),

(2.2)’ y K, u Uad,

II-F(y,u)llr
Therefore, it can be approximated by

:},min {J(y, u)+ NII- F(y, u)ll
(2.3)

yK, u Uad
where Nn > 0 is a "penalty factor" and Nn -> +oo. By using Berge’s Maximum Theorem
2.1, we have the following.

PROPOSITION 2.4. Let V be a reflexive Banach space with its dual V*, K a closed
convex subset ofV, Uad any Hausdorfftopological space andF" K x Uad ---> Vg a continuous
map. Then

(1) q K x Uaa R, defined by
Ko(y, u):= II- F(y, u)lly

is continuous;
(2) M" K x Ud =* By, defined by

M(y, u):= {p e (K -y) CI B,I(- F(y, u), p)v..v= II- f(y, u)ll }
is upper semicontinuous for the norm topology ofK and the weak topology of By.
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Proof Set X V, Y= K x Uad,f: V x (K x Uad)-> R, defined by

f(p; y, u):= (- F(y, u), P)v.,v
and W: K x Uad -- By, defined by

W(y, u):= (K y) fq By.

Then, for the norm topology of K and the weak topology of Bv, f is continuous and
W is continuous with nonempty (weakly) compact values. So, the proposition is a
consequence of Berge’s Maximum Theorem 2.1. [3

Our idea is as follows: by using Ekeland’s Variational Principle 2.2 to the problems
(2.3), we shall obtain an almost minimizer sequence {(Yn, un)} to the problem (1.2).
Then, by using Lopsided Minimax Theorem 2.3, we shall find an "almost costate (or
Lagrange multiplier)" sequence {p,}. Finally, we shall extract a subsequence of
{(y,, u; p,)}, which will converge to (37, 3,/), satisfying (1.14). This idea has been
applied in Chang and Shi [7] to obtain a local minimax theorem.

A word about the normal cone. Let K be a convex set of a reflexive Banach space
V and y K. Then, the closed convex cone of V*

(2.4) NK(y) := {y* v*l(y*, z-Y)v*,v<-- O Vz K}

is called the normal cone to K at y, and the closed convex cone of V

(2.5)
TK (y) := {pc Vl(y*, p)v.,v<=O Vy* N(y)}

=cl(Ux>ol/A(K-y))
is called the tangent cone to K at y. NI,:(y) may be considered as the subdifferential
at y K of the indicator function

0 ifye K,
(2.6) 6/ (y) :=

+o otherwise,

which is lower semicontinuous and convex, provided K is closed and convex. Hence,
the last two inclusions of (1.14) may be rewritten as

(2.7)
Fty(, a)*ffCOtK(y)+OyJ( 3),

l’(fi 3)*ff COtUad(3)+OuJ( 3).

If we set

(2.8) J(y, u):=J(y, u) + 6K ()7) + tu.(3),
we shall have a more symmetric form of (2.7) as

F’y( fi, )* OyJ( fi,
(2.9)

F(37, 3)*/ e O,J(.9, 3)

under some hypotheses.
On the other hand, variational inequality (1.4) may be rewritten as either (2.2),

or, by (2.4),

-F(y., u)

In the same way, the last two inclusions of (1.14) or (2.7) may be rewritten as two
(quasi) variational inequalities. For instance, if u--J(y, u) is convex, then

F’( y, 3)* Nuad( 3) W OuJ( fi, 3)
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is equivalent to

where

’.(y, a; v a) -(’.(y, a)*p, v ).. _-> 0 vv Uad

J’,()7, t; v- if):= lim
t-,0

J(fi, if+ t(v-))-J(fi, )

and even equivalent to

(y, v)- (y, )-<F’(y, )*p, v->,, >-0 /’/.) E Uad.

3. Global Palais-Smale condition. To obtain the optimality condition (1.14), we
want some compactness condition of Palais-Smale type. The Palais-Smale condition
for a Cl-function on a Banach space has been generalized to a Cl-function on a
closed convex subset of Banach space by Chang and Eells [6] as follows:

Let Q be a closed convex subset of Banach space U and f C(Q; R), i.e., a
continuously differentiable function on an open neighbourhood of Q. We say that f
satisfies the Palais-Smale (P.S.) condition if

(3.1) Any sequence {un}c Q, along which {f(un)} is bounded and II-f’(u)ll -Un

0, possesses a convergent subsequence.

This definition is readily to be generalized to a lower semicontinuous function f’Q-->
RU{+c} as follows: we say that f satisfies (P.S.) condition, if

(3.2) Any sequence {u} c Q, along which {f(u,)} is bounded and

II-f’(u,, .)11 := sup {-f’(u,," w)}-->O,
w(Q-un)NBu

where

possesses a convergent subsequence

(3.3) f’(u; w) := lim inf
t-,o

f(u + tw) -f(u)

is Dini lower derivative. A lower semicontinuous function f: Q- RU{+}, which
satisfies (P.S.) condition (3.2), has many interesting properties. For instance, by using
Ekeland’s Variational Principle 2.2, it is easy to show the following.

PROPOSITION 3.1. Let f:Q->R+U{+o} be a lower semicontinuous function
satisfying the (P.S.) condition. Then f achieves its minimum on Q.

The (P.S.) condition (3.1) or (3.2) is used to characterize the behaviour near a
"critical point," which means a point u Q such that II-f’(u)ll or II-f’(u;, )11- 0.
If we want to characterize a similar behaviour near a "noncritical point," it is natural
to propose the following definition.

DEFINITION 3.2. Let f:Q-->RU{+) be a lower semicontinuous function and
u* U*. We say that f satisfies u*-(P.S.) if

(3.4) Any {u,,} Q, along which {f(u,)} is bounded and II-/’(u.,"
+{u*, .)e.,cll -0, possesses a convergent subsequen:e.

If for all u* U*,f satisfies u*- (P.S.) condition, then we say thatf satisfies the global
(P.S.) condition.
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We shall need later that u--J(y, u) satisfies the global (P.S.) condition. Such
functions form a very large class. For instance, if U is reflexive and locally uniformly
convex, a function, satisfying the global (P.S.) condition, may be of the following
general form:

(3.5) a(u) a,(u)+ 2z(u)+ as(u)

where
(1) J C(Q, R) has a compact derivative J:Q U*;
(2) J2:Qo RU{+oo} is any lower semicontinuous convex function;
(3) J(u):- (llu uoll ) with Uo U and :R+ R+, a convex homeomorphism.

We shall show some more general conclusions.
PROI’OSITION 3.3. Assume that J:Q RU{+o} satisfies that

(3.6) 1 J is coercive, i.e., J(u)
(2) J Jo+ J where Jo satisfies the global P.S.) condition andJ C(Q; R)

has a compact derivative J’Q U*.

Then J also satisfies the global (ES.) condition.
Proof. Suppose that for u* U*, a sequence {u,}c Q satisfies that

(3.7) (1) {J(u,)) is bounded;
(2) II-_’(u.. )+<u*,. >.,11Q II-_,(u.. )+<-Ji(u)+ u*,. >.,,11 -,o.

Then, from (3.6)(1) and (3.7)(1), {u,} is bounded, i.e.,

(3.8) Ilu.llc,

where C >0 is constant. Since J is compact, u-llJ(u)llu, is bounded on CBu,
and thus,

(3.9) sup IIJ()ll*" Ilu.-uollC=
C1 Bu

where C2 is another constant. Hence, from (3.7)(1) and (3.9), we have that

(3.10) {Jo(u.)} is bounded.

On the other hand, also by the compactness of J, there exists a subsequence

such that

(3.11) J(u,k) u* a* in U* strongly,

and joining up with (3.7)(2), it follows that

(3.12) ^,II-_J,(u,.)+<u ,.>.,11 -o.

Since Jo satisfies the global (P.S.) condition, from (3.10) and (3.12), we deduce that
{u,,,,} has a convergent subsequence. I-]

We now show a convex function class, in which each function satisfies the global
(P.S.) condition.
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DEFINITION 3.4. Let U be a reflexive Banach space, Q c U closed convex and
J: Q --> R U{+}. We say that J belongs to the (H)-class, if J is lower semicontinuous,
convex and satisfies the following (H) condition:

(H) Any {u,}c D(J):= {u QIJ(u) < +}, along which u, -> u in Q weakly and
_J(u,; u- u,)-> 0, possesses a strongly convergent subsequence.

We prove that every coercive (H)-class function satisfies the global (P.S.) condition.
In fact, we have a more general proposition as follows.

PROPOSITION 3.5. Let U be a reflexive Banach space, Q c U closed convex and
J: Q-> RU{+o}. If
(3.13) 1 J is coercive;

(2) J=Jo+J2, where Jo:Q->RU(+o} belongs to (H)-class and
J2: Q -> R U{ + o} is any lower semicontinuous convex function,

then, J satisfies the global (P.S.) condition.
Proof. Suppose that for u* U*, a sequence {u,}c Q satisfies (3.7). Then,

D(Jo) D(J2) is bounded, and since U is reflexive, by extracting a subsequence, we
can assume that

(3.14) u, -> u in Q weakly.

If {u,} does not possess any strongly convergent subsequence, then, without loss
of generality, we can also assume that

(3.15)

Therefore,

(3.16)

n= 1,2,....

I, :- -II-_J’(u,". )+ <u*,. >,. Q

inf {_J’(u,; v- u,)-(u*, v-

{J’(u.; u u.)-(u*, u un),..

<- d{a_’(u.; u- u.)-(u*, u-

Since J Jo+ J2 and Jo and J2 are convex, we have

_2’(u; U--Un)=J(u; u-u)+J(u; u-u)

Jo(Un + t(U Un)) Jo(un)
(3.17 inf + inf

t>o t>o

So, from (3.16) and (3.17), we obtain that

1/dl, +(u*, u-u,)v..v+J2(u,)-J2(u)<=J(u,; u-u,)
<-_ .o( U Jo( U.

and it follows that

(3.18) J(u.; u- u.)-O,

J2(u, + t(u- u,))-Jo(u,)

because from (3.7)(2) and (3.16), 1/dl, oO, from (3.14), (u*,u-u,)v..u-O and Jo
and J2 are lower semicontinuous convex, hence, weakly lower semicontinuous. By the
(H) condition and (3.14), (3.18), we obtain that {u,} has a strongly convergent
subsequence. This contradiction completes the proof, l-1
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The following proposition shows two sufficient conditions for (H), and then, with
the coercivity, also for the global (P.S.) condition.

PROPOSITION 3.6. IfJ" Q-> R U{+oo} is lower semicontinuous convex and in one of
the following two cases"

(3.19) (1) J<)-J()-J’(; -)->’(ll-ll) Vor all u,uD(J),
where C(R/; R+) is a homeomorphism;

() J()-(ll- 011) for all uD(J), where Uo U and C(R/; R+)
is a convex homeomorphism, provided U is locally uniformly convex;

then J belongs to the (H)-class.
Proof. (1) If {u} D(J) weakly converges to u and J’(u; u-u)->0, then we

have that

J(u)-J(u,)-J’(u,;

Since J is weakly lower semicontinuous, it follows that

’(11- ull)-o,

which is equivalent to u. u - o.
(2) If (3.19)(2) holds, then it is easy to see that for all u D(J), the subdifferential

of J at u

OJ(u):={u* U*]J(u’)-J(u)>-(u *, u’-u)tj.,v Vu’D(J)}.

Hence, for any u* OJ(u), we have

(u*, u,,-u)e,.,t,<-J(u,,)-J(u)<-J’(u,,; u-u,,),

and thus, when {u,}c D(J) weakly converges to u and J’(u,,; u u)-> 0, it follows that

J(u) (u):- (11u UoJl )- ,(ll u uoll )- 0,

which is equivalent to

(3.20) I[u. uoll - Ilu Uoll .
Since U is locally uniformly convex, (3.20) implies that {u,} strongly converges to u. 13

COROLLARY. If U is reflexive and A L( U, U*) is coercive, then

J(u) := (A(u Uo), u Uo)u*.v

with any Uo U satisfies the global (ES.) condition for any closed convex subset Q U.
Proof. Without loss of generality, we assume Uo O. For this J, we have that

J(u,)-J(u2)-J (u2, u,-u2)=(Au,, u,)tj..v-(Au:,, u2)tj*,v

-((A + A*)u2, u

(a(u- u2), (Ul- U2)) U*,U C]]U U2]] J.
We end here the study of the global (P.S.) condition.

4. Main theorems. In order to simplify our discussion, we first assume that

(4.1) J(y, u)= g(y)+ h(u), F(y, u)= F(y)+ E(u)

and then, we shall generalize the result obtained from (4.1) to the general case.
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(4.2)

THEOREM 4.1. Assume that

(1) V and U are two reflexive Banach spaces with their duals V* and U*,
respectively; K V and Uad U are two closed convex subsets, respec-
tively, in V and in U;

(2) g: K R/ is locally Lipschitz;

h hi + h2" Uad --> R+ U{+oo} where hl CI( Uad; R)

and h2: Uad--> R+ U(+oo} is lower semicontinuous convex; in addition, h
is coercive and satisfying the global (P.S.) condition;

(3) F CI(K; V*), i.e., a continuously differentiable operatorfrom an open
neighbourhood ofK to V*, satisfiesfor allyl y K, (F(yl) F( yz), y
ygv..v >= cll yl y_llv, c>O; E cl(Uad; V:) has a weakly continuous
derivative: E’: Uad--> L( U, V*) (i.e., E’ is continuous for the weak
topology Of Uad) andfor all u Uad; E’(u) L( U, V*) is compact (com-
pletely continuous).

Then, there exist (37, 5) K x Uad, which satisfies

(4.3) (F(37) + E (tT), z-)v.,v>-_O

and is a solution to the following problem:

min{g(y)+h(u)},

(4.4) y6K, u6 Uaa,

(F(y)+ E(u), z- y)v.,v>=O

and ff V such that

VzK

VzK

(F(fi)+ E(O), fi)v.,v=O,

(4.5) F’()7)*/ 6 NK (37) + Og(),

E’( fi)*\ff Nv.(5) + Oh(5)

where 0 refers to the generalized gradient in a broad sense, especially, Oh(u):=
h(u)+Ohz(u).

Proof Suppose that N, > 0 and G, :K x Uad RU{+} is defined by

K(4.6) G.(y, u):= g(y)+ h(u)+ NII f(y)- E(u)ll
From Proposition 2.4, G, is lower semicontinuous. By using Ekeland’s Variational
Principle 2.2, for any e, > 0, there exists (y,, u,) K x Uad such that

(4.7)

(4.8)

Set

(4.9)

0_<- inf G.<-G.(y,,,u.)-< inf G,,+e,,,
K Uaa K Uad

V(y, u)#(y., u.) G.(y, u)> G,,(y., u.)-.(lly-y.ll+llu-u.llL)’/

M,(y, u):= N,M(y, u)

{p, N,[(K-y) f3 Bv]l(-F(y)-E(u), P,)v*.v

N.II- F(y)-



284 SHUZHONG SHI

which is an upper semicontinuous set-valued map for the norm topology of K x Vad
and the weak topology of NnBv, provided by Proposition 2.4. Obviously, for any
(y, u) K Uad, Mn (y, u) is nonempty, weakly compact and convex.

Taking any s K-y,, any we Uad--Un and any sequence tk->0+, from (4.8), we
have

G.(y. + tkS, U. + tkW) > G.(y., u.)-  .t (llsll / wll ) ’/2,
and then taking any

p M.(y. + tkS, U. + tkW),

it follows that

g(y. + tkS)+ h(u. + tkW)--(F(y. + tkS)+ E(u. + tkW), P)v*,v
(4.10)

> g(y.) + h(u.) -(F(y.) + E(u.), p)- ektk(llsll + wll )’/z.
We apply the mean value theorem to the function

(t) := (F(y. + ts)+ E(u. + tw), P)v*,v,
and then, there exists a Ok ]0, 1[ such that

(F(y. + tkS)+ E(u. + tkW)-- F(y.)- E(u.), P)v*,v
(4.11)

(F’( y. + OktkS)S + E’(u. + OktkW)W, P)V*,Vtk.
Hence, from (4.10) and (4.11), we obtain

g(y. + tkS)- g(y.) + h(u. + tkW)- h(u.)-(F’(y. + OktkS)S
tk tk

(4.12)
+ E’(u. + OktkW)W, p)v*.v>

Since N.Bv is weakly compact, by extracting a subsequence, we can assume that

(4.13) p pw in N.Bv weakly, as k ,
and since M. is upper semicontinuous for the weak topology of N.Bv, it follows that

(4.14) pWM.(y.,u.).

Therefore, letting k in (4.12), we obtain

(4.15) gO(y.; s)+ h’(u.; w)-(F’(y.)s+ E’(u.)w, pW)v..v-.(llsll+ Ilwll ) ’/z

where

g(v+ts)-g(v)
(4.16) gO(y.; s):= lim sup

t-,o

y

is Clarke directional derivative [8].
Now, consider the function H" (K y) x Ud u,) x M(y, u) R, defined

by

H(s, w;p):=g(y;s)+h’(u.; w)
(4.17)

-(F’(y.)s+ E’(u.)w, p)v.,v+  .(llsll / wll) l/=,

Then, (s, w)-> H(s, w; p) is convex, p->H(s, w; p) is weakly continuous affine and
M.(y., u.) is weakly compact. Therefore, we can use Lopsided Minimax Theorem 2.3
and conclude that there exists p. M. (y., u.) such that

inf max H(s, w; p).(4.18) <.w)inf H(s, w p.)
<.w) pM,,(y,,, un)
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But from (4.14), (4.15) and (4.17), the right side of (4.18) is ->0, and thus, we deduce
that

inf H(s, w; p,) >- O,
(s,w)

which implies that for (y,, u,) K x Uad and p, M, (y,, u,), we have that

(4.19) gO(y,; z- y,)-(F’(y,)*p,, z- y,)v..v>= -e.llz- y.llv Vz K,

(4.20) h’(u,; v-un)-<E’(u.)*p, v-u.>,.,t,>=-llv-unll, ’v Uado
We shall show that when Nn-’> oo and en " O, {(y,, Un, p,)} has a subsequenee,

which converges to (y, u, p), resolving to (4.4) and satisfying (4.5).
By (4.2)(3) and Browder, Hartman and Stampacchia’s theorem, for any u e Uad,

there exists Yu K such that (4.3) holds, or

(4.21) II- F(yu)- E(u)ll 0.Yu

Then, from (4.7), we have

OG.(yn, Un)<=G.(yu, U)+e. lUe Uad
or

(4.22) O<g(y.)+h(u.)+N.l[-F(y.)-E(u.)lls:<g(y)+h(u)+e. ue Ua
Therefore, when N.-> oo and e.--> 0, we have that

(4.23) 8n TM II-F(y.)-E(u)II" =-<F(yn)+E(un) Pn)V*,V’->O,Yn

and that (h(u,)} is bounded. The eoereivity of h implies that (u) is bounded and
without loss of generality, we can assume that

(4.24) u, - in Uaa weakly.

Set 2:-ya. Then we have that (4.21) holds for (ya, ) and (4.3) holds. On the
other hand, from (4.23), we have that

(4.25) (F(y,)+E(u,),z-y,)v,v-5, max(1,11z-y, llv) zK, n=1,2,....

Taking z y, in (4.3) and z in (4.2), and adding these two inequalities, we obtain

(.6) (F(y)- F(), y ).,+((u)- (a), y ).,
max 1, JJ y v).

By (4.2)(3), we have

(.) (v(y)- (),y-).,c-yJ
and it is easy to show that E is weakly continuous; then, from (4.24)

(4.28) E(u)oE() in V strongly.

From (4.26)-(4.28), we deduce that

(4.29) y in V strongly.

We now show that (} is bounded and then, by extracting a subsequenee, we
can assume that

(4.30) in V weakly.
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From (4.2)(3), we have that if for y K and t>0, y+ tp K, then

<F(y/ tp)- F(y), tp>,,.,,>- Ct211Pll,
and it follows that

(4.31) <F’(y)p,p>,.,,>-cllPll VzK, VpTK(y).

(4.35)

because

By joining up with (4.19) and (4.29), we deduce that

(c: + .)11 p. --> gO(y,; p,)+

>- (F’(y,,)p,,, p.)v,,v>= Clle. I1
where C is the locally Lipschitz constant of g near )7. Hence, {p.} is bounded and we
can assume that (4.30) holds.

Since E’ is weakly continuous and E’(t) is compact, (4.30) and (4.24) lead to

(4.32) E’(u.)*p. (E’(u.)- E’(fi))*p. + E’()*p. E’()*p in U* strongly,

because E’(fi)* is also compact. Thus, from (4.20), wededuce that

(4.33) II- h’(u,,’. )-I-(E’(u)*’. >*, Uad "- O.

Since h satisfies the global (P.S.) condition, we finally obtain that

(4.34) u, o a in Uaa strongly,

provided by extracting a subsequence.
At last, we take the limit in (4.22), (4.23), (4.19) and (4.20) and thus, the proof

will be complete. Here, we merely say one word about (4.20), for which the limit is
not evident. By (4.2)(2) and (4.20), we have

h(un; V-Un)+h2(v)-h2(un)-(E’(un)*Vn, V--Un)U*,U
__--> h(u.; v- u.)+ h(u.; v- un)-(E’(u.)*p., v- u.)u..u

-->-.llv-u.ll Vv Uad

and taking n oo, we obtain

h(t; v-)-h:z(v)-h:,(a)-(E’(a)*ff, v-a)u.,u>=O Vv Uad

lim inf h2(u. -> h2(t).

But (4.35) is equivalent to

h(t;

h’(t; v-a)-(E’(a)*p, v-tT)u.,u=>0 Vv Uad. r]

From Proposition 3.5, for any t Uad

(4.36) Ic,(U) =-11 u
satisfies the global (P.S.) condition. Then, we can use Theorem 4.1, Definition 3.4 and
Proposition 3.5 to obtain the necessary conditions for a solution to problem (4.4),
under a weakened assumption to h.



OPTIMAL CONTROL OF VARIATIONAL INEQUALITIES 287

THEOREM 4.2. Assume that

(4.37) (1) (4.2)(1) and (3) hold;
(2) g" K R+ is locally Lipschitz; h" U,d U{+} is the sum of a h

Cl(Uad; R/) with compact derivative and a lower semicontinuous
convexfunction h2" Uad R+ U{+}.

Then (37, tT) K Uad is a solution to the problem (4.4) only if (4.3) holds and there
exists p V such that (4.5) holds.

Proof. Consider the following problem"

min {g(y) + h(u)+&llu 11,
(4.38) y K, u e Uad,

(F(y)+E(u),z-y)v.,v>=O VzK.

Then, obv.iously, (37, t) is the unique solution to (4.38). By Definition 3.4 and Proposi-
tion 3.5, h(u):= h(u)+llu-11 satisfies (4.2)(2). Hence, by Theorem 4.1, there exists
p V such that

(4.5)

But,

(F(fi)+ E(ft), ff)v.,v=O,

F’()7)*j6 N:(fi)+Og(fi),

E’(t)*/ e

Oh(a) O( h + la)() Oh(O) + Ola() Oh().

Therefore, (4.5)’ is the same as (4.5). [3

By the same way, we can prove the following general theorem.
THEOREM 4.3. Assume that

(4.39) (1) (4.2)(1);
(2) F CI(K x Uad; V*) satisfies

(i) VR>0, IqCNcBRUad:--{UC Uad Ilull<gI,
ICR > 0 Vy, Y2 K,
(F(yl, u)- F(y2, u), el-yE)v.,v >= cll y,- y=ll,

(ii) Vy K, u F( y, u), partial derivative with respect to u, is weakly
continuous,

(iii) Vu Uad, F’(yu, u) is compact, provided II-F(yu, u)ll. -0;
(3) J:K x Uad--) R+ U{ +13o} satisfies

(i) y J(y, u) is locally Lipschitz and for any R > 0 and any u e
B ta, J(., u) has same locally Lipschitz constants;

(ii) J(y,u)=Jl(y,u)+h(u), where for all yeK, Jl(y,-)e
C(Uad; R+), (y, u) J[,, (y, u) is continuous and h U,d
R+ U{ + oo} is lower semicontinuous convex;

(iii) infy u, J(y, u) - + oe as u , -, / oo and for any y K, J(y,.
satisfies the global (P.S.) condition on Uaa.

Then, there exist fi, K Uaa, which satisfies

(F(7, a), z-y).,,,>_- o(4.40) Vz e K,
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and is a solution to the following problem:

min J(y, u),

(4.41) yK, UC. Uad
(F(y, u), z- u)v.,v >- 0 /z K

and p V such that

(F()7, t),/)v.,v 0,

(4.42) F(y, t)*/ NK(y)+OyJ(y, ),

F’(y, a)*p Nuad(a)+O,J(.,
ff (4.39) (iii) is not necessarily satisfied and (y, u)J/,(y, u) is continuousfor the weak
topology of Ue, then (4.40) and (4.42) are necessary conditions for a solution (, a) to

the problem (4.41).
Finally, we devote the end of this paper to some explanatory examples.
Example 1. (1) V:= H() and U := L:(O) with a bounded regular open subset

(2) g(y) := n G(x, y(x)) dx, where

G(x, y):= (x, t) dt with (.,. e C(a x R; +),

(’, t):= -(’, -t),

[ [1, (n +2)/(n -2)] ifn3,
[g(x, t)[ GIt} + Co, s [,[ otherwise,

h(u> == h u<x>> dx h lu(x>l dx,

H(x, u):= f(x, t) dt

/(’, t) -/(’, -t),

I/(x, t)l chltl + Cno,

with/(.,. C(f x R; R+),

[1,(n+2)/n[
she [1,[

if n>-3,
otherwise,

H(X, u) >= au2- C with a > -1;

(3) F(y):= -Ay(" )+ o(., y(" )), where

o(., Cl(fl x R; R),yo(x, y) is increasing,

[1,(n+2)/(n-2)] if n>-3,
Itp(x, t)] <--_ C, It] * + C,o, s, [1, oo[ otherwise,

E(u) := (., u(. )), where

(., .) C’(i x R; R),

[1, (n +2)/n[ if n>=3,
[W(x, t)[ =< cwltl. + C.o, s+ [1, o[ otherwise;

(4) Formula (4.3) becomes

{Vy(x). y(x))+ q,(x, a(x)))(z(x)-y(x))} dx >-oV(z(x)- y(x))+(q(x,

Vz e K H(12),
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Formula (4.5) becomes

. {Vy(x) Vp(x)+(,(x, y(x)) +,I,(x, (x)))p(x)} dx=O,

. {Vp(x) V(z(x)- y(x))+[,p’(x, 2(x))p(x)-g(x, 2(x))](z(x)-p(x))} dx<-O

Vz e K = H(I2),

[q(x, fi(x))ff(x)- h(x, fi(x))- fi(x)](v(x)- fi(x))} dx<=O

Vve Udc L2(I).

Example 2. (1) V:= Ho’P(’), 1 <p_-<2 and U:= Lq(12), q> 1 with a same fc R",

K c {ye H’p(f)lllyll.,.(. > 1};

(2) g(y) is the same as in Example 1(1), but

sg n-p
[1, c[

if n_>-3,

otherwise,

h(u) := fc H(x, u(x)) dx + l/q In lu(x)[’t dx

where H(.,.) is the same as in Example 1(2), but

qn(p-,!)+P[ if n_->3
Sh e n-p L

1, oo[ otherwise,

H(x, u) >- alulq C witha>-l;

(3) F(y) := ._ + p(., y(" ))
i=1

where q(.,.) is the same as in Example 1(3), but

s n-p
[1, [

if n_->3,

otherwise.

Notice that

yl_ y_ll ,,.
2-p 2-p

E(u) is the same as in Example 1 (3), but

1, q if n 3,
s, e np

1, [ otherwise;
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(4) Formula (4.3) becomes

(z(x)-p(x))+[(x,p(x))+q,(x, a(x))](z(x)-p(x)) ax
i=1

Vz K c

the first and second representations of (4.5) are similar, and the third representation
becomes

a
{[W’.(x, a(x))p(x)-h(x, a(x))-lf(x)l-a(x)](v(x)-a(x))I dx<-O

I/) e Uad c L(O)
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APPROXIMATING THE LINEAR QUADRATIC OPTIMAL
CONTROL LAW FOR HEREDITARY SYSTEMS WITH DELAYS

IN THE CONTROL*

MARK H. MILMAN

Abstract. A factorization approach is presented for deriving approximations to the optimal feedback
gains for the linear regulator-quadratic cost problem associated with time-varying functional differential
equations with control delays. The approach is based on a discretization of the state penalty which leads
to a simple structure for the feedback control law. General properties of the Volterra factors of Hilbert-
Schmidt operators are then used to obtain convergence results for the controls, trajectories and feedback
kernels. Two algorithms are derived from the basic approximation scheme, including a fast algorithm, in
the time-invariant case. A numerical example is also considered.

Key words, optimal control, delays, factorization

AMS(MOS) subject classification. 93

1. Introduction. This paper is concerned with the application of factorization
techniques to approximating the optimal feedback gain for the finite time linear
regulator quadratic cost problem for systems governed by retarded functional differen-
tial equations (RFDE) with control delays. Feedback control laws for these systems
have been previously derived for both the finite and infinite time problems in several
articles under various hypotheses (see for example [6J, [13], [14], [17], [24], [25]).
The departure point for this paper is the representation derived in [24], in which the
feedback kernel is realized in terms of solutions to a certain nonlinear integral equation
corresponding to a Volterra factorization problem. Heavy use is made of the variation
of constants formula for RFDE’s (due to Banks) and general factorization results for
Hilbert-Schmidt operators 11 ], [22]. Difficulties, due to the presence of an unbounded
input operator because of the control delay, are circumvented in the factorization
approach. Other applications of Volterra factorization include, for example, filtering
and smoothing of nonstationary processes over a finite interval [15], [16], inverse
problems in the spectral theory of differential operators [8], [18], solutions to two
point boundary value problems and Fredholm equations of the first and second kinds
[11], [21].

Although the specific approximation problem we consider in this paper has not
to the author’s knowledge been treated in the literature, several articles (e.g., [5], [10],
[19]) have considered approximating the feedback kernel in systems without control
delay terms. The approach in each of these articles involves expressing the RFDE as
an evolution equation in the state space R S X L2, and then approximating the resulting
dynamical system. Delfour [5] discretizes in both the spatial and time variables, while
Kunisch 19] and Gibson 10] discretize in only the spatial variable. Delfour considers
the time-varying problem and obtains weak convergence of the solutions to the
approximating Riccati equations. In [10] and [19] the open-loop semigroup is first
approximated by discretizing the history space, and then the approximation theory of

* Received by the editors February 14, 1984; accepted for publication (in revised form) May 6, 1987.
This research was carried out at the Jet Propulsion Laboratory, California Institute of Technology, under
contract with the National Aeronautics and Space Administration.

" Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109.
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[9] is used for subsequent convergence analysis. This analysis is based on exploiting
the relationship developed in [9] between the open-loop semigroup and the Riccati
equation defining the feedback law. (We note that the integral Riccati equations of
[9] are also equivalent to certain factorization problems [23], so that the convergence
analysis in [10] and [19] can also be performed within a factorization context.)
Ultimately, Kunisch demonstrates weak LE-Convergence of the kernels, while Gibson
establishes a strong L2-convergence. Neither provide a priori rates of convergence.
Although Gibson and Kunisch restrict their attention to the time-invariant case, the
approach is extendable to time-varying problems by using the approximations of Banks
and Rosen [3]. We also note that Gibson importantly considers the infinite time
problem.

The convergence analysis presented in [10] and [19] depends heavily on the fact
that the control map has finite rank. This condition does not hold in the control delay
problem and straightforward extensions of these convergence results to the control
delay case are not apparent.

Our approach to the problem does not rely on analysis of the associated Riccati
equations. It will be shown that if the cost on the state in the regulator problem is a
discrete sum with no integral term, then the associated factorization problem is solved
by matrix inversion, and the exact feedback kernel can be defined in terms of the
fundamental matrix solution, quadrature, and the solution to finite-dimensional linear
equations. (This form of the solution generalizes a result of Manitius [20] for the
problem with terminal state penalty and no control delays.) Thus an approximation
scheme for the problem containing an integral state penalty term can be developed by
approximating this term by quadrature and solving exactly for the feedback kernel of
the resulting discretized state cost problem. Using this approach together with factoriz-
ation arguments we will be able to establish O(1/n) Loo-convergence for the approxi-
mate feedback kernels in the time-varying control delay case.

This result is (analytically) somewhat sharper than Gibson’s in that the L,
convergence of the kernels applies on the square as well as the diagonal, and also that
a priori rates can be provided. The principle reason this sharper result can be obtained
is that we exploit the fact that only the fundamental matrix solution is required to
define the feedback kernel, and thus it is never necessary to consider the less tractable
problem ofapproximating the entire semigroup. We now briefly outline the organization
of the paper.

In 2 the necessary mathematical preliminaries are developed and discussed.
Because the approach does not follow along a Riccati synthesis, we will recapitulate
in this section some of the relevant discussion from [24] concerning the relationship
between Volterra factorization and the RFDE control problem.

Section 3 contains the Loo-convergence results for the feedback kernels, controls
and trajectories. Instead of considering specific quadrature schemes approximating
the state cost, all the results are proved with respect to a sequence of Borel measures
satisfying certain convergence hypotheses. The key tool of this section is a factorization
lemma which asserts that the factorization problem is well posed (in an appropriate
sense) in the space of integral operators with essentially bounded kernels.

In 4, the explicit form of the optimal feedback kernel associated with discrete
state cost is derived. The resulting approximation scheme developed from the cost
discretizations is then used as an analytical tool to obtain further results regarding the
feedback kernel. For example, using essentially matrix manipulations, a Wiener-Hopf
integral equation for the optimal feedback kernel is derived which is shown to be the
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control delay generalization ofthe Wiener-Hopf equation Manitius [20] had previously
derived for the feedback kernel via a maximum principle.

In 5 two algorithms representing implementation of the basic approximation
scheme of 4 are derived. In the time-invariant case a fast algorithm is derived by
exploiting the near Toeplitz structure of the system of equations that defines the
feedback kernel. A simple numerical example is also presented.

2. Preliminaries. Let [-r, T] denote a closed and bounded interval in the real
line with r >-0 and T> 0, and let E denote the class of Borel subsets of I-r, T]. For
an arbitrary Banach space Y, lYl will denote the norm of an element y Y, B( Y, Z)
will denote the space of bounded linear maps from Y into another Banach space Z,
and for brevity we write B(Y) for B( Y, Y). Subscripts will sometimes be attached to
the norm of an element to remove any ambiguities that might arise due to the fact that
several different topologies will be used in the paper. The notation A* (respectively
A’) will be used to denote the adjoint (transpose) of an operator (matrix).

In the sequel the Banach space of continuous functions C([-r, T], RN) will be
denoted X, the Hilbert space L2([-r, T], RM) will be denoted U, and H will denote
the Hilbert space .L2([-r, T], RN). Now define the resolution of the identity E :E
B(U) by multiplication by the characteristic function, i.e., [E(to)u](t)=X(to)(t)u(t)
(g(to)(t) 0 if tto, X(to)(t)= 1 if t to), and let P’ denote the family of projections
E([-r, t]). The complementary family I-P’, will be denoted P,. Note that P’ is
strongly continuous, i.e., t- P’u is continuous for each u U.

In this section we shall review some of the results in [24] pertaining to the linear
regulator problem with dynamics

(t) dorl(t O)x(t + O)+(BPou)(t),

x( t) dp( t), t [-r, 0]

tO,

and quadratic cost functional

(2.:z) (u, x= (x(s, Q(sx(s)) d(s)+ lu(s)l ds.

In (2.1), we assume that b(t) is continuous, x(. X, u U, B B( U, H) and Po
is the projection E([0, T]). (It would not affect subsequent convergence analysis of
the feedback kernels to allow an arbitrary projection P,o, to I-r, T], in place of Po.
The choice to 0 reflects the problem formulation in which control policies cannot be
implemented until time 0.) The only constraint we impose on B at this time is that
it be causal, i.e., for each t[-r, T], if u u2 almost everywhere on [0, t] then
(Bu)(s)=(Bu2)(s) for almost every s<-_t. The matrix valued function r/ is assumed
measurable on R x R and is normalized so that r/(t, 0)= 0 for 0 -> 0 and r/(t, 0)=
r/(t,-r) for 0_-<-r. It is further assumed that r/(t,. is left continuous for each and
there exists a function rn L(0, T) such that

(2.3) IVar r/(t,. )1 =< m(t)

where I. denotes any matrix norm. In the cost (2.2),/z denotes an arbitrary positive
regular Borel measure on I-r, T l, and Q(.) is Borel measurable with Q(s)>_-0
/z almost everywhere and is/z-essentially bounded.
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At this time it is convenient to introduce some operators that will play a prominent
role in subsequent analysis. We define"

(2.4) LB(X);

(2.5)

and the adjoint-like

Lx’t o

do(s, O)x(s + O) ds, >= O,

FeB(U,X); Fu F( t, s)u(s) ds

t

(2.6) F# B(X, U); F#x" t- F’(s, t)Q(s)x(s) d(s)

where F(t, s) [PoB* Y’(t," )]’(s) and Y(t, s) is the fundamental matrix solution of
the homogeneous problem (see [12]). Y(.,.) satisfies the Volterra equation

(2.7) Y(t, s)
l Y(t, o’)/(tr, s tr) do-, s <_- t,

0, s> t,

and the solution to (2.1) can be realized as

(2.8)
I ;ox(t)= Y(t, O)&(O)+ d Y(t, tr)/(o’,/ or) do" 6(,8)

+ Y( t, tr)(BPou)(tr) dtr.

Also, sup]Y(t, s)] < oo, Y(t, s) is absolutely continuous for t- s for each s, and
Y(t,. is of bounded variation for each t. We note from the definition of F(t, s) that
F(t, s)=0 for s < 0. Hence, FPo F and PoF#= F#.

Using a completing the squares argument, the open loop control law for (2.1)-(2.2)
can be easily derived in terms of the operators defined above.

THEOREM 2.1. The optimal control for the regulatorproblem (2.1)-(2.2) is Mch,
where M B(X, U), 4) X,

M -(I + F#F)-IF#(I L) -1,

{,/,(0), t>_-0,
6(t)=

6(t), t[-r, 0].

Proof The proof is shown in [24].
In [24] the feedback control law for (2.1)-(2.2) was derived from the open loop

control law above using certain embedding and Volterra factorization arguments. This
paper also requires factorization arguments, and now we digress a bit to give some
pertinent background. (The interested reader is referred to 11], [22] and [24] for more
details.)

Let G :[-r, T]- B(U), and assume that G is strongly continuous, i.e., t- G(t)u
is continuous for each u U. Now let K e B(U) be a Hilbert-Schmidt operator and
consider Riemann sums of the form, E(O,)KG(tl), -r= to<" < tn T,
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0i [ti, ti+l], and t’ 0. These sums can be shown to converge in the operator norm
as the mesh of the partitions tend to zero 11 ]. This limit is expressed as the projection
integral

(2.9) f dE KG( t),

and it can further be shown that

(2.10) dE KO(t)
HS

IKll.s sup Io(t)l.

Here 1. Ins denotes the Hilbert-Schmidt norm.
Two important projection integrals on the space Y{ of Hilbert-Schmidt operators

in B(U) are obtained from the selections G/(t)= P’ and G_(t)= P,. The resulting
operators, p/ and p_, respectively,

p+(K) f dE KG+(t) and p_(K)= f dE KG_(t)

are bounded projections on Y{. If K R(p+)(R(p_)) we say that K is causal (anti-
causal). The elements of R(p/) and R(p_) are quasinilpotents. In the sequel we shall
also write K/(K_) for p/(K)(p_(K)). Note also that P’U and PtU are invariant
subspaces of p/(K) and p_(K), respectively.

We note that in the space U a Hilbert-Schmidt map K is necessarily an integral
operator with kernel, say K(t, s). In this case the projections p/(K) and p_(K) are
simply the Volterra operators

p+(K)u’t K(t,s)u(s) ds, p_(K)u’t- K(t,s)u(s) ds.

With this bit of background we can now state the basic factorization results that
will be used in the sequel.

THEOREM 2.2 (Gohberg-Krein). Let K YL Then there exist unique operators
X+ R(p+/-) such that

(2.11) I+K=(I+X_)(I+X+)

if and only if (I+PKPt) is invertible for each t[-r, T]. Furthermore, W_=

(I + X_)-- 1 is given by the projection integral

W_ f dE KG( t)

with

G(t)=Pt(I+PKPt)-’.
The decomposition of (I + K) into the product in (2.11) is called the Volterra or

special (right) factorization of I + K, and we will sometimes refer to X+/- as the causal
(anticausal) factor of K. Note that uniqueness of the factorization implies that X_
(X/)* when K is self-adjoint.

Two results that will be useful in subsequent convergence analysis are stated as
corollaries below.

COROLLARY 2.3. Suppose K ?7{ is self-adjoint with

sup I(I + PtKP,)-’I <- k.
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Then I + K has the factorization (2.14) and W+ (I + X+/-)-1- I satisfy

COROLLARY 2.4. Let Ki 7[, i= 1, 2 be self-adjoint with

sup

Let W (I + Xi)-l- I where Xi denotes the causal factor of Ki. Then

W W2[HS <- min kilL,- KZlHS(1 + kjlKjlHS).
ij

Proof It suffices to prove the result for the adjoint operators. Thus let Gi(t)=
Pt (! + P,KPt)-, and note that

[W*-W*,HS<= f dEK,(G,-G2) + f dE(K1-K2)G2
HS HS

<= IK, l.slK, K2lnskk2 + ]K K2lusk2
k2lK, K2lus(1 + IK, l,-,sk,).

Symmetry of the argument with respect to K and K gives the result.
In [22] the Lebesgue analogue of the projection integral was introduced. This

outgrowth of the projection integral provides the basis for the results of [24], which
in turn is the departure point for the present paper. We will not, however, have any
need for working directly with this variation of the projection integral. The current
background is sufficient for defining the feedback solution to (2.1)-(2.2) and performing
subsequent analysis. (Complete details can be found in [24].)

Define the Hilbert space H=L2([-r, T],RN;) as the space of /-square

integrable functions on [- r, T] with values in R N. It is evident that the map Q" H.
defined by (Qx)(t) Q(t)x(t) is bounded and that F# has the representation F# F*Q
where F* is the adjoint of F considered as an element of B(U, H.). Hence, F#F
F*QF>=O. In [24] it is Verified that F#F is Hilbert-Schmidt, so that Theorem 2.2
implies that (I + F#F) has the factorization

(2.12) I + F#F (I + X*)(I + X)

with X causal.
Since I+X* is invertible (recall that X* is a quasinilpotent) let W*=

(I + X*)-- L And furthermore, since W* is Hilbert-Schmidt, it has an M x M matrix
kernel W_(t, s). Next define the M x N matrix valued function P(t, ) on [-r, T] x
[-r, T] by

(2.13) P(t, a)= K(t, s) Y(s, a) dtx(s)

where

(2.14) K(t, s)= F’(s, t)Q(s)+ W_(t, tr)F’(s, tr)Q(s) dtr

and Y(t, s) defined as in (2.7). The function P(t, ) provides the feedback solution
to the regulator problem. This is made precise in the following.
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THEOREM 2.5. The optimal feedback control for (2.1)-(2.2) is given by

a(t)=-P(t, t)(t)- P(t, ) d3(ce, fl-ce)(fl) da
t-r

P(t, a)(BP’u)(ce) da

where denotes the optimal trajectory, and for each t, P’ denotes the projection on U,
(P’u)(e)=x[-r,t](s)u(s). Furthermore, P(t,a) is square integrable (Lebesgue
measure) on both the diagonal and the square I-r, T] x I-r, T].

Proof. The proof is shown in [24].

3. Convergence results. The specific optimization problem we shall be considering
is the following:

(3.1) minJ(u,x)=(x(T), Qox(T))+ (x(s), Q(s)x(s)>+lu(s)l ds

subject to the constraint

(3.2) x(t)= for do(t, O)x(t+O)+(BPou)(t), t>=O,

(3.3) x(t)=c/)(t), t[-r, 0],

where b(: ) C([-r, 0], R N) and

(3.4) (Bu)(t): x[r,-r, T](t)Bi(t)u(t-ri)+ B(t, O)u(O) dO.
=0 t--r

The assumptions on r/(.,.) are the same as in the preceding section. We shall
assume that 0= ro> ri >’’’ > --rk --r and sup IB,(t)l b, < o, sup IB(t, 0)ol b <. In the cost (3.1) we impose continuity on Q(s).

Interpreting these assumptions in the context of 2, we have/z A + 6 where A
denotes Lebesgue measure, 6 is the Dirac measure with support on { T}, and Q(. is
uniformly continuous on I-r, T] with Q(T)= Qo.

Now consider the following sequence {J,} of approximations to the cost J(u, x):

(3.5) 12Jn(u, x)= (x(s), Q(s)x(s)) dl,(s)+ lu(s) ds

where/zn is a sequence of positive regular Borel measures such that"

(H1)

(U2)

/zn(T) 1 for all n.

Given e>O there exist m such that n>-m implies ]/z,[a, b)l-lb-all<e
for all a<b; a, b[-r, T].

In this section we will discuss the convergence properties of the solution and
feedback laws corresponding to the cost approximation above. Henceforth we refer
to the optimization problem with cost (3.1) as problem , and the problem with cost
(3.5) as problem n. Unless otherwise noted, subscripts appearing on operators,
functions, etc. (e.g., F) will indicate that these terms are associated with problem .
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LEMMA 3.1. Let iz be defined as above and let tx, satisfy (H1) and (H2). Then
tXn 6 --> A (Lebesgue measure) in the w* topology of C*(-r, T).

Proof. The proof is shown in [34].
Since by definition F(t, s) [PoB* Y’(t," )]’(s) (cf. (2.5)-(2.6)) from (3.4) it follows

that

(3.6) F(t,s)=Y,f(t,s)

where

and

fo(t, s)= Y(t, s)Bo(s)+ fmin
(s+r),

Y( t, O)B( O, s) dO

f(t, s) Y(t, s+ ri)Bi(s+ ri), i= 1,..., k.

Now let 3,=sup IY(t, s) I. Then using [12, p. 149] and the bounds in (3.4), we have

(3.7) sup Ifo(t, s)l<= y(bo+ br), sup If(t, s)l < biT.
Also, for t2 > t -> s + ri,

(3.8) Ifo(t2, s)-fo(t, s)l-< exp Im[1 m(cr)dtr{bo+ br}+ bT(t2- t)
ti

and

(3.9) If(t2, s)-f(t,, s) --< b, exp Iml, m(o’) do-, i= 1,..., k.
tl

It is not difficult to show (see [24]) that F= F’j, Fn F*j, where F* is the
B-space adjoint of F, i.e., F*:X*- U, and j,j, are the mappings of X into X*,

j(x)y J (y(s), Q(s)x(s)) dtz(s),

j,(x)y (y(s), Q(s)x(s)) dtz,(s).

Now it follows easily from definition and the estimates above that F is compact.
Thus, using the w*-convergence of j,(x)-->j(x) for each x (from Lemma 3.1), it can
then be deduced that Fn- F strongly. Consequently from the compactness of F it
also follows that FF--> F*F uniformly. Noting the form of the open loop control
law (in Theorem 2.1), these general considerations are enough to demonstrate the
Lz-convergence of the approximate optimal controls and the uniform convergence of
the corresponding optimal trajectories resulting from approximations based on
However, the major aim of this section is to produce the stronger L-convergence of
the approximations for the feedback kernels as well as the controls, and this requires
a somewhat more specific analysis.

Let Z denote the space L([-r, T], R4). From the definition of F(t, s) it is
evident that F* and F are also in B(X, Z). Our first result sharpens the convergence
of F F discussed above. This result (and the method of proof) will form the basis
for the L-convergence arguments later.

LEMMA 3.2. F, - F strongly in B(X, Z).
Proof Let x e X. By definition

i=0
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For each define

(f/(s, t),
fi(s, t)

[f(t + ri, t),
S + ri,

s<= t+ ri.

Similarly define

Q(s),
Qi(s, t)

Q(t+ ri),
S> t+ ri,

s<--t+r
and

x(s), s > + ri,
Xi S’

X + ri s <: + ri

Considered as families of functions parameterized by t, {f/(., t)} is equicontinuous
by virtue of (3.7)-(3.9), and {Qi(’, t)} and {xi( ", t)} are equicontinuous by virtue of
the uniform continuity of Q(. and x(. ), respectively. Furthermore these families are
clearly uniformly bounded. Hence we have the set

S:{x,E C([-r, T],RM): xt(s):f(s, t)Qi(s, t)xi(s, t), tE[-r, T-ri], i=0, 1,’’’ ,k}

is relatively compact in C([-r, T], R u). Now note that

I[F-F.](x)(t)l <- Z fi(s, t)Q(s, t)xi(s t)d(tz-t.)(s)
i=0

t)Qi(s, t)xi(s, t)d(t.t- t.tn)(S)

By the compactness of S it follows from Lemma 3.1 that the first integral above
converges to zero uniformly with respect to t. And since the second integral has constant
integrand for each and i, uniform convergence is obtained here by using (H2). S

Now let H(t,s) and Hn(t,s) denote the kernels of FF and FF, respectively.
Fubini’s theorem implies that

(3.10) [H,(t,s)-H(t,s)l<=l. f f;(tr, t)O(o’)f(cr, s)d(t-tz,)(o’)].

Using an argument similar to the one in the lemma above, we can prove the following
result (see [34]).

LEMMA 3.3. With the notation above, Hn (t, s) H(t, s) uniformly on [- r, T] x
[-r, T]. In particular, F2F-. FF in the Hilbert-Sehmidt topology (in B( U)) and in
the B(Z) topology.

To obtain L-convergence of the feedback kernels we will use a result analogous
to the one above regarding the convergence of the kernels of the Volterra factors of
I + F2 F. Already we can use Corollary 2.4 and Lemma 3.3 to obtain Hilbert-Schmidt
convergence of the factors (hence, Loo-convergence of their kernels). But our ultimate
aim is to demonstrate the stronger Loo-convergence of the kernels. We shall need the
following two results which are of some interest in their own right.

PROPOSITION 3.4. Let K be an integral operator on U with essentially bounded kernel
K (t, s) where ess sup,.. IK (t, s)l: fl < . Suppose that

(3.11) sup I(I + P,KP,)-’I o <

so that I + K has the factorization
(3.12) I + K (I + X*)(I + X)
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with X causal Theorem 2.2). Then W (I + X)-1 I and W* are integral operators
with kernels W+/-( t, s) satisfying the bound

(3.13) esssuplw(t,s)l<p(,13)

where

p(a,/3) =/311 +/3(T+ r)(1 + c/3(T+ r))2].

Proof. First note that Corollary 2.3 implies W (I + X)-1 I is Hilbert-Schmidt
with Wl.s < lgl.s. Now the factorization (3.12)implies that

(I + X*) (I + K)(I + W).

Subtracting the identity from the above and applying the projection p_ (i.e., taking
anticausal parts) results in, for 0-> t,

X_(t, 0)= K(, 0)+ K(t, r) W/(r, 0) dr a.e. t, 0
o

where X_(t, 0) and W/(t, 0) are the kernels of X* and W, respectively. Hence for
almost every t, O,

{ }IX_(t, 0)l_-</3 1 + W+(o’, 0)1 do.

Consequently,

IX_(t, 0)12 dO-< f12 1 + W+(o., O)l do" dO

(r+(+ .l.s
(r+(+ Is
(r+ r)[1 + (r+ r)] a.e.t

Let g (r+ r)[1 + (T+ r)]. Then since W* satisfies the identity W*
-X*- X* W* we have

W-(, 0)1N IX-(t, 0)1 + IX-(t, ) W_(, 0)1 d a.e. t, 0.

Hence,

]w_(t, 0)1= dO ]X_(t, 0)12 dO+2 ]x_(t, 0)1 Ix_(t, s)llw-(, 0)1 aao

)2
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Thus,

(3.14) ess sup IW_(t, 0)12 dO<=fl2(T+r)[l+afl(T+r)]4.

Now (3.12) also implies that

I +X (I + W*)(I + K).

Subtracting the identity and applying p_ yields

W*+K_+[W*K]_=O.
Hence,

w_(t, o)l<=lK(t, o)1/ w_(t, s)ilK(s, 0)1 ds

<-_ l+(r+r)l/2esssup IW_(t,s) ds

The result follows from (3.14).
As the result above may be regarded as the L, analogue of Corollary 2.3, the next

proposition is the L analogue of Corollary 2.4. The notation X, W, X+(t, s) and
W+(t, s) will have the same meaning below as in the preceding proposition.

PROPOSITION 3.5. Let K be as in the proposition above and let {K,} denote a
sequence of integral operators on U with essentially bounded kernels Kn t, s) such that

esssuplK.(t,s)l<-_

and

lim ess sup IK,(t, s)- K(t, s)l 0.
t,s

Assume further that K. >-0 for each n so that I + K,, has the factorization
I + K. (I + X*.)(I + X.) (with X. causal).

Let W. (t, s) denote the kernel of the integral operator (I + X.)-I- L Then

lira ess sup W.(t. s)- W+(t. s) O.

Proof First write I + K,, I + K + (K, K) so that

(3.15) I + K, (I + X_)(i + A,)(I + X/)
where A,=(I+X*)-I(K,-K)(I+X)-1. By Proposition 3.4 esssup,,,lW(t,s)l<-_a
for some a <. Now since I + K, has the factorization, so does I + A,. Specifically,
I + A, (I + Y*,)(I + Yn) where I + Y, (I + X,)(I + W). It then follows from the
identity

I + P,A.P, (I + P, Y*.P,)(I + P,Y.P,)

that

sup I(I + PtA.P)-’I <- sup I(I + P, Y.P)-’I2

<= + W, l)2 sup I(I + PWP)-’!
<= (1 + IK.I.s][exp {1/2(1 + [K[,)}].

Here we have used Corollary 2.3 to obtain the first term in the product, and the
fact that W is Hilbert-Schmidt and quasinilpotent together with [7, p. 1039] and
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Corollary 2.3 to obtain the second term. Now define Z. =(I+ Y.)-I-I and let Z.(t, s)
denote its kernel. Then since

ess sup IA.(t, s)[ =< fl.[1 + (T+ r)+ (T+ r)]
/,s

where /3. ess supt.s IK(t, s)- K.(t, s)[ and a -> ess sup,.s [W+/-(t, s)l Proposition 3.4
implies that

ess sup Z.(t,s)<=p(.,.)

with

and

Finally, note that

/. =/3.[ 1 + a( T+ r) + a2( T+ r)2]

c;. 1 + IK.l.s][exp {1/2(1 + IKls))]2.

W. W+ Z. + WZ.,

so that

ess sup IW,(t, s)- W+(t, s)l=< p(ti,,/,)[1 +(T+ r)c].

But p(,, B,)= 0(/3,). This completes the proof. D
Before proceeding to the main result of the section, we state the following "open

loop" result concerning convergence of the approximate control sequence and trajec-
tories. Below, Z again denotes the space L([-r, T], RN). (See [34] for proof.)

THEOREM 3.6. Let B denote the unit ball in C([-r, 0], RN), andfor dp e B let ,(dp)
and (d) denote the optimal controls for problems , and , respectively. Also let , (dp)
and (dp denote the corresponding trajectories. Then uniformly on B,

(i) lim ].(b)- t()lz-0,

(ii) lim [;.(b)-:(b)lx =0.

Next we present the convergence properties of the sequence of approximating
feedback kernels.

THEOREM 3.7. Let P, (t, t) and P(t, o) denote thefeedback kernels of Theorem 2.5
associated with problems , and . Then,

(i) lim ess sup ]P, t, a) P( t, a)] 0,
t,

(ii) lim ess sup IP.(t, t) P(t, t)l- 0.

Proof. From (2.13)-(2.14) we can write

IP,(t, ce)-P(t,
i=0

(3.16)
+ j K,(t,s)Y(s,a)d(tx-lx.)(s) }

where

K.,i(t, s)=f(s, t)Q(s)+ w.(t, o)f[(s, O)Q(s) dO
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and

Ki(t, s)-=f(s, t)Q(s)+ ftS-r’ W(t, o)f(s, O)Q(s) dO.

Now note that

IK,,.i( t, s) Ki( t, s)[ <= Iw,(t, o)w(t, o)llf’,(s, o)[IQ(s)[ do.

Lemma 3.3 and Proposition 3.5 imply that

lira ess sup Iw(t, o)- w(t, 0)1 0.
t,O

And since [f(s, 0)[ and IQ(s)] are uniformly bounded, routine arguments yield a
measurable set fx[-r, T] whose complement has zero Lebesgue measure such that
Kn,i(t, s) --> Ki(t, s) uniformly on fx[-r, T].

By the uniform boundedness of Y(s, a) and the sequence of measures /xn, it
follows that the first integral in (3.16) tends to zero uniformly on fx[-r, T]. To prove
convergence of the second integral in (3.16) we argue as in Lemma 3.2. Define the
family of functions { I7"} parameterized by a and/3,

Y(s, a), s>=,IT"(s, a,/3)= y fl, a ), s < [3

and the family of functions {/i} parameterized by and r,

{K(t,s), s>-",
Ki( t, r, s)

Ki( t, r), s < ’.

It is straightforward to verify using the properties of K and Y that the set

{/,(t, 8,. I7"( , a, 8)" =max {a, t+ r,}}

is relatively compact in C([-r, T], RaN). Thus the argument in Lemma 3.2 applies
here to demonstrate in the second integral that

limesssup f Ki(t,s)Y(s, a)d(tx-tz)(s) =0.
t,

The theorem is proved.

4. Applications. In this section we begin by deriving the optimal feedback kernel
associated with an arbitrary discrete state cost penalty. It will be evident that given
the fundamental matrix Y(t, s), the feedback kernel in this case can be derived by
quadrature and matrix inversion. This feedback structure when combined with the
results of the preceding section leads to approximations to the optimal feedback kernel
of problem (recall (3.1)-(3.3)), a Wiener-Hopf characterization of this kernel, and
a priori bounds on its magnitude.

Let/3 denote a positive discrete measure on I-r, T] of the form

fail =f(s,)+ E aif(si), si[-r, T], s, T.

Inserting this measure into (2.2) results in the cost

(4.1) J(u,x)=(x(T),O(T)x(T))+2ai(x(si),O(si)x(si))+ lu(s)l=ds,
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The optimal feedback kernel for this cost has the following semiseparable
structure.

THEOREM 4.1. Define the matrix functions G(t) and Y(t),

G(t)=[v/-doF’(so, t)i" ::va-_lF’(sn_,, t)iF’(s,, t)]’,

(t)=[oY’(so, t)i" iV-, Y’(s._,, t)iY’(s., t)]’.

Also define the block diagonal matrix Q by

0 diag (Q(so),’", Q(s,)).

Then the optimal feedback kernel P(t, a) for the problem with dynamics (2.1) and cost
(4.1) can be expressed as

P(t, )=G’(t)O[I+ U(t)]-’(a)(4.2)

where
T

(4.3) U(t) G(s)G’(s)O ds.

Proof. It is straightforward to verify that the map FF resulting from the measure
/3 in (4.1) is an integral operator with separable kernel G’(t)OG(s). Now Theorem
2.5 implies that

P(t, a)= X aiK(t, s,) Y(s,, a).

Here
T

K(t, s,)= F’(s,, t)Q(si)+ w_(t, r)F’(s,, r)Q(si) dr

and W_(t, r) denotes the kernel of the anticausal operator W* in the factorization

(I + F*F)-1 (I + W)(I + W*).

Using the fact that FF has a separable kernel, it can be verified 11, p. 188] that

W_(t, r)=-O’(t)O[I+ U(t)]-"O(r)

with U(t) defined as in (4.3). Thus we can write

P(t, a) )-’. {x/rd, F’(s,, t)Q(s,)-G’(t)O[I+ U(t)]-
G(r)x/-diF’(si, r)Q(si) dr x/-diY(s,, a).

Noting the definitions of G, Y and U, it follows that

P(t, a)=[O’(t)O-G’(t)O[I+ U(t)]-U(t)](a)
=O’(t)O[I+ U(t)]-’ ’(a). [!

The kernel K(t, s) of an integral operator K is semiseparable if there exist matrix functions Hi(t)
and Gi(s),i= 1,2, such that K(t,s)=H(t)Gl(s) for s<t, and K(t,s)=H2(t)G2(s) for s>=t. The kernel
is separable if we can choose H H2 and GI G2. In this case the associated operator K has finite rank.
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Note that if in (4.1) we take for # n, a, =0, and let the operator B denote a
multiplication operator, Bu’t- B(t)u(t), then (4.2) reduces to Manitius’ result for
terminal state penalty [20],

P(t, )=’(t)Y’(r, t)(r) + g(r, r)B(r)B’(r)Y’(T, r)Q(r) dr g(r, ,).

Thus Theorem 4.1 can be viewed as an extension of this result to problems with control
delay and arbitrary discrete state penalty.

Now let/, be a sequence of discrete positive measures satisfying (H1) and (H2),
and let P, (t, a) denote the corresponding feedback kernels. The theorem implies each
P,(t, a) has the semiseparable form (4.2), while Theorem 3.7 implies the L-conver-
gence of P,(t, a) to P(t, a) (the optimal feedback kernel for problem ) and also the
L-convergence of P,(t, t) to P(t, t). Introducing subscripts in the obvious way, define
for each n,

V(t)=[I+U,(t)]-l-I,

so that the identity

V(t)=-U(t)[I+ U(t)]-1

holds. Multiplying by G’,(t)Q, we obtain

G’.(t)O..V.(t)=-G’.(t)(.[I+ U.(t)]-’ U.(t).

If we use the definitions of U. and multiply by Y. it follows that

(4.4) a’(tlOv(L(- a’(tO[+ U,,(t)]-lG.(r)G(r)O,,dr f"().

From (4.2) and the definition of Vn we have for a-> t,

P,(t, a)-G,(t)QnY,(a)= G,(t)Q,Y,(a).

And substituting (4.4) into the above,

(4.5) P.(t, a)= G’,,(t)(,, ’. (t) Ir, G’(t)O.[I+ U.(t)]-’G.(r)G’(r)O. dr .(a).

Now let P, denote the integral operator with kernel P,(t, a). We then recognize
G,(t)Q,[_/+ U,(t)]-G,(r), with r_-> t, as the kernel of the operator [P,B]_. Also
G’,(t)Q,Y,(a) is recognized as the kernel of F,* Y, where Y is the operator in B(H, X)
defined

(4.6) Yu Y( t, s)u(s) ds.

Thus (4.5) represents the Wiener-Hopf equation

P, F Y]_ (P,B)_F*, Y]_.

Let P denote the operator with kernel P(t, c). Then since P. P and F. Y F* Y in
the Hilbert-Schmidt topology (the latter convergence is essentially Lemma 3.3), by
continuity of the projection p_ on the space of Hilbert-Schmidt operators we obtain

(4.7) P F Y]_ PB)_F Y]_.

This discussion is formalized in the following corollary.
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COROLLARY 4.2. The Wiener-Hopf equation (4.7) has a unique Hilbert-Schmidt
solution P. A version of the kernel ofP is the optimalfeedback kernelfor the optimization
problem (3.1)-(3.2). Furthermore, this version of the kernel can be approximated in the
Loo topology on the diagonal as well as the square by the semiseparable kernels P, t, a).

Proof We only need to establish the uniqueness assertion. Suppose there exist
two solutions of (4.7) and let 8 denote their difference. We then obtain

8+[(SB)_FY]_=O.

Clearly it suffices to show that (SB)_- 0. Define 8 =-(SB)_FY so that 8_- 8. Then
since B is causal it follows that 8"B]_ 8B]_ and / 8"B]_F* Y 0. Multiplying this
latter equality on the right by B and noting that YB F (cf. (3.6) and (4.6)), we obtain
the identity

(4.8) 8"B]_ + [(8"B)_F F]_ 0.

We will show that zero is the only solution to the equation

X + [XF F]_ O,

thus proving [SB]_ 0, and the result.
Now (4.8) is equivalent to

[X(I+F*F)]_=O,

with X anticausal. SinceFF_-> 0, there exists a causal Hilbert-Schmidt map V such
that I+FF=(I+ V*)(I+ V). Thus X solves (4.8) if and only if Z solves

(4.9) Z+[ZV]_=O.

(These solutions are related: X- Z(I / V*)-I.) Next consider the operator 11 on the
space of Hilbert-Schmidt operators defined by I):Z- [ZV]_ with V as above. Then
(4.9) is equivalent to (I+I))Z=0. By induction we find

so that

n"(z)=[zv"]_,

But V is quasinilpotent, and hence so is f. Thus the only solution to (4.9) is Z =0,
and the theorem is proved.

We note that the existence portion of the corollary was proved in a different
manner in [24].

When B is a multiplication operator, [PB]_ PB, so (4.7) reduces to

P F Y]_ PBF Y]_.

The kernel of F*Y is of the form B’(t)A(t, s) where

A(t,s)= Y’(r, t)Q(r)Y(r,s) dr+ Y’(r, )Q(r)Y(r,s).
t,s

Let A denote the operator with kernel A(t, s) and note that F Y B A. Next consider
the following modification to the Wiener-Hopf equation (4.7),

(4.10) H=A_-[HBB*A]_.
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Using the same techniques as in the proof of Corollary 4.2 it is possible to show that
(4.10) has a unique Hilbert-Schmidt solution II0. Also note that the corollary implies
that B*II0 P. The Wiener-Hopf equation (4.10) is equivalent to the parameterized
family of Fredholm equations Manitius [20] derived via a maximum principle for
obtaining the feedback kernels:

(4.11) II(t, s)-- A(t, s)- II(t, O)B(O)B’(O)A(O, s) dO.

Corollary 4.2 extends this Wiener-Hopf characterization of the feedback kernel to
problems with control delays, and simultaneously provides approximate solutions.

The special factorization has been previously exploited in solving Wiener-Hopf
equations on finite intervals of the type (4.10), (4.11) that arise in inverse problems in
the spectral theory of differential operators [8], 18], and in the filtering and smoothing
problems for nonstationary processes [15], [16]. The corollary is in a sense a solution
finding the right Wiener-Hopf problem.

Now we return to the original problem (3.1)-(3.3) and consider a specific sequence
of measures for generating approximations to the optimal feedback kernel.

Let {/z.} denote the sequence of measures

(4.12) fdl., =f(T) + T+ r)/ n 2 f( i( T+ r)/ n r).
i----0

This sequence is easily shown to satisfy (H1) and (H2). Now suppose the majorizing
function re(t) (cf. (2.3)) is bounded and the weighting function Q(. has a bounded
derivative. Letting Pn (t, a) denote the feedback kernel corresponding to the cost with
measure/n, it is straightforward (although tedious) to derive a constant C from the
estimates in 3 such that

(4.13)

ess sup IP(t, a)-P,(t, )l<=C/n,
f,

ess sup IP(t t)-P(t, t)l<=C/n.

We can also use the approximations P(t, ) to obtain the following a priori
bound on IP(t, a) (see [34]):

IP(t, a )l-<- T+ r + 1 sup Q(s)l sup IF(s, t)l,-,s sup

where I" IHS denotes the Hilbert-Schmidt matrix norm (the square root of the sum of
the squares of the matrix elements). When the system (3.1)-(3.4) is time-invariant and
stable, a bound independent of T can be established. If we assume for simplicity that

Bu" t-* Bou(t)+ B(t-s)u(s) ds
t--r

and Inol, sup In(t)l < b, then it can be shown that [34]

[P(t, a)[ =< IQlb(1 + 47) [g(t)l dt.

(Note that for the system to be time-invariant, Q constant and Y(t, s)= Y(t- s).)

5. Algorithms. In this section we will examine in greater detail algorithms based
on Theorem 4.1, with particular attention to time-invariant systems. We note that it
has.already been observed that combining (4.2) with the discretizations (4.12) produces
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(in most cases) an O(1/n)Loo-convergence of the feedback kernels,2 regardless of the
presence of control delays. However computing these kernels presupposes having the
fundamental matrix Y(.,.) in hand. In the general time-varying case with discrete
state cost at the nodes {si}, 1,..., n, this amounts to solving the n+ 1 Volterra
equations

(5.1) Y(si, tr)= I- Y(si, u)rl(u, or-u) du.

In the time-invariant case these computations reduce to the single equation

(5.2) Y(t) I- Y(u)rt(u- t) du.

Once we have solutions (5.1) or (5.2), the feedback structure (4.2) is straightforward
and can be computed from quadrature, matrix inversion and multiplication.

Of course we are not constrained to directly solving (5.1) or (5.2), and we can
use other methods for obtaining the fundamental solutionme.g., state approximation
methods [2], [3], the method of steps [26], [27] or other available methods for solving
Volterra functional differential equations [28]-[30]. Having said this, we assume
throughout this section that the functions Y(t, s) and F(t, s) have been computed. (A
few issues associated with these computations will be addressed later.)

One straightforward implementation of (4.2) consists in defining the grid {si}’_-o
so that si- s_ A T n, taking a A, and replacing the integral in (4.3) by a first
order Euler quadrature With nodes {s}. To see where this leads us, first write P(t, a)
in the more symmetrical fashion

where

P(t, re)= O’(t)O/2[I+ .U( t)]-101/2 ’(cz),

T

.U(t) 0’/- O(s)O’(s) dsO’/2.

Let U(s) denote the approximation to .U(si),

//(s,) X AO’/2G(s))G’(sj)O
j_>

and form the approximations {P(s,, sj)})_>_ to {P(s, s/)})i,
(5.3)

Now note that

and that

/3(s,, s:)= G’(s,)O/2[I + O(Si)]--lO1/2r(Sj).

[I+ [r(Si_l)]-I [I+ ll(s,)+AO/2G(s,)G’(s,)O’/2]-
Rank (AO’/2G(s,)G’(s,)O1/2) <- M.

(Recall that M dimension of the input space.) Thus, using the matrix identity,

(X+ YY’)-=X--X-Y(Y’X-1y+I)-Y’X-

It is unfortunate that although this convergence is obtained using a first-order quadrature scheme, it
is not a priori evident that employing a higher order scheme would result in improved convergence. The
stumbling block is that the convergence analysis we have used is based on properties of the fundamental
matrix, which is generally only absolutely continuous, and thus precludes any straightforward extensions.
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for cornpatible matrices X and Y, it follows that (I +/(si_))- can be updated from
(I+ U(si))- in about 2MN2n2 operations. Further, exploiting the semiseparable
structure of P(.,-), a rough operation count shows that {/3(si, s)}j__>i can be computed
in approximately 3MN2n operations when M =< N<< n.

Considering that there are more than MNn2/2 values in the matrices {/3(s, sj)}.__>,
this algorithm is fairly efficient. However, we will subsequently show that it is possible
to do substantially better in the time-invariant case. (We will also provide a more
complete analysis in this case.)

For the remainder of this section we consider the problem defined by the dynamics

(5.4)
x( t) b( t),

u(t) =0,

and cost

( t) dq O)x( + O) + Bu( r) + B( O)u( O) dO,
i=0

0],

tE I--r, 0]

j(u, x)= <x(s), Qx(s)>+lu(s)l

The assumptions here are the same as in (3.1)-(3.4), except that now everything is
time-invariant. (Previously the lower limit in theintegral defining the cost J was taken
as -r. This served as a notational expediency in the preceding sections, which we
dispense with in the present section.)

We will explicitly consider the discretizations of J,

(5.6) Qx(s,)>+ lu(s)l=
i=0

where {Si}i%0 is a regular partition of the interval [0, T] with mesh A si+- s T n.
(Although the mesh points of the partition change with n, we will not double subscript
the s. This will not lead to any confusion in the sequel.) We will also assume that the
point delays in the control, r, 1,. ., k, correspond to some subset of the {s},
0,...,n.

Again we let Pn (’, denote the optimal feedback kernel for cost Jn and let P(.,.
denote the optimal feedback kernel for cost J. In the time-invariant case Var It/(-)1
and Q(. are constant, so that (4.13) holds for the sequence {P,(., )}. The particular
algorithm which we will be developing is based on approximately P,(., .) at the mesh
points {si}; thus it is first necessary to prove that (4.13) actually holds everywhere.
Before showing this we need some notation and a couple of simple observations.

For any matrix M, as before IMl,,s denotes the Hilbert-Schmidt norm of M (the
square root of the sum of the squares of its entries), and for specificity we write IMI2
for the operator norm of M with respect to the corresponding Euclidean metrics. Note
that IMl,_,s > IMI .

The fundamental matrix solution Y(t, a) to (5.4) (cf. (2.7)) has the form Y(t, a)
Y(t a). We set

(5.7) Yv sup [Y(t)[.s,
t[O, T]

and using [12, p. 149] we note that

(5.8) [Y(t)- Y(s)[.s o(It- st), t, s [o, r].
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Similarly F(t, s) (cf. (3.6)) is a difference kernel, F(t, s)= F(t-s), and using (5.7)
and (5.8) we have

(5.9) sup IF(t)lHS YF < C
t[0, T]

and

(5.0) IF(t)-F(s)l.s=O(It-sl) when t,s(r,r+) forsome i,O<-i<--k-1.

LEMMA 5.1. Let P(t, a) denote the optimal feedback kernelfor the problem (5.4)-
(5.5). Then

[P(t, re) P(t’, re’)l O([t t’ + Ire
Proof. From Theorem 2.5 we have

P(t, re) K(t,s)g(s-re)ds,

where

K(t,s)=F’(s-t)Q+ W_(t, cr)F’(s-cr)Qdcr.

Since supt.s IK(t, s) < o (cf. Proposition 3.4 and (5.9)), it follows from (5.8) that

IP( t, re) P( t, re’)] < K, la a’l
for some constant K1 independent of t, re, re’. Thus using (5.7) it remains to show the
existence of a constant K2 such that

]K(t2, s)- K (t,, s)l ds <-_ K2[t2- t,I.

Now F(t) has only a finite number of jump discontinuities, so (5.9) and (5.10) imply

lF(s- t2)- F(s- tl)l ds O(It2- tll).

Hence, it is only necessary to verify that

(5.11) f W-(t2, o’)- W_(tl, o’)l dcr O(It2 tl ).

To this end let W* denote the operator with kernel W_(t, or) and let X*=
(I+ W*)--I. Denote the kernel of X* by X_(t,s). Also let W and X denote the
adjoints of W* and X* respectively, with respective kernels W/(t, s) and X/(t, s).
Now the factorization (recall Theorem 2.5)

I + F#F= (I + X*)(I + X)

implies

(5.12) X* F*F]_ + F*FW]_,

where F*F has kernel H(t, s),

H( t, s) F’(cr- t)QF(cr- s) do’.
(t, s)
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Note that

(5.13)
Now (5.12) is equivalent to

X_(t, s)

Because H(, s) is continuous, X+(t, s), W+(t, s) are also continuous [11], and the
equation above holds pointwise. Thus (5.13) and the triangle inequality imply

IX_(t, s)- X_(t, s)l- O(It-t,I)
independently of s. Then (5.11) follows from the estimate above and the resolvent
identity

W_(t, s)+ X_(t, s)+ j-,s X_(t, O) W_(O, s) dO =0.

PROPOSITION 5.2.

sup IP,(t, a)-P(t,
t,a(O,T]

Proof Using the identity

A[I+ BA]

for A, B > 0, write the feedback kernel (from Theorem 4.1) as

P,(t,a) .F’,,(t)[/+ .U.(t)]-’ .Y.(a)(5.14)

where

(5.15)

(5.16)

and

if(t)= A’/2[F’(so t)Q’/: F’(T- t)Q’/2] ’,

.U,(t) .F,, (tr)g(tr) do-

Q’/2Y(so-a) 1(5.17) Y(a) =A’/2

QW2Y(T-a)

Note the following bounds independent of n (recall (5.7) and (5.9))"

(5.18) sup

(5.19) sup

(5.20) sup I(I + (t))-l[z 1.

Now fix (to, ao) (0, T]x (0, T] with to ao. Then there exist indices i,j such that
(to, ao) (s_, s]x (s_, s], ij. From (5.8)we obtain

=O(1/n).
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Similarly, expressing F(-) as a sum (as in (3.6)) and using (5.10) we obtain

(5.22) [.F, (s,) .F,(to)lHs O(1/n).

Next observe that

I(I+ .U.(to))-’ (I +

(5.23) <--I .U. (to)-
But from (5.16) and (5.19) it follows that

(5.24) .u(to)- .U(s,)l.s O(1/n).

Putting (5.21)-(5.24) together with the bounds (5.18)-(5.20), and using the triangle
inequality, we get

(5.5) IP.(to, o)- P.(s,, s)l o(1/n).

Then using the fact that (4.13) holds for a.e. t, a, and that the estimate (5.25)
holds for any (to, ao) (s_, s] x (s_, sj], Lemma 5.1 and the triangle inequality imply

IP,,(t, a)- P(t, a)l= O(1/n)

for all t,
Since the idea behind the algorithm defined in Theorems 5.3 and 5.4 is based on

a relatively simple observation that gets somewhat obscured in the notation and proofs
of the theorems, it is worthwhile here to briefly remark on this motivating idea.

If we return to the approximate gain defined in (5.3), it turns out that in the
time-invariant case each U(s) is a principal minor of U(0). Thus what we would like
to do is to invert I +/(0) via a recursion in which all of the principal minors of
! + (0) are also inverted. Now by inspection /(0) can be identified with the covariance
matrix of the random process {Aa/},, A y Q1/F((i-j)b)w

j=0

where E(wiw)= 6iL In the signal processing literature (see, for example, [31]) it is
shown that processes of this type admit "fast" filter implementations due to their
"near" Toeplitz covariance matrix structure. This is precisely the prope.,rty we exploit.

THEOREM 5.3. Define the symmetric N(n + 1) x N(n + 1) matrix U" with N x N
block entries where (for 0 <=j <- <- n)

J= A2QI/2F((i-j)A+crA)F’(o’A)Q1/2.

Let Z. denote the matrix on R N(’+l),

O.
1

Zn-
0

0 1

i’"
and for each p 0, 1,. ., n, let 1-Imp denote the projection

rI..(x ,. ., x.+.)’ (x X(p+, 0,. ., 0)’.

For p, q O, 1,. , n define (recall A T n)

fi,(Ap, Aq) ^’X..._,Z. .y.(Aq)
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where .Y, is defined in (5.17) and

Xn p l + IIn,p n,p]

Then

0

0

max I/3. (Ap, Aq)- P(Ap, Aq)12- O(1/n), p, q{0, 1,’..,n}.

Proof. Recall the representation (5.14) for the optimal feedback kernel for cost J,,

Thus we can write

(5.26)

where

FP,(t, a)=~ ,(t)[I+ .U,,(t)]-

p,(Ap, Aq)= X’(Ap) .Y, (Aq)

0

(5.27) X(Ap) [I + .U, (Ap)]-1 A1/2Q1/:F(O)

A1/2Q’/2F((n -p)A)
Note that U.(Ap) is an N(n+ 1)x N(n+ 1) symmetric matrix with Nx N block

entries .UT,(Ap), i,j=O, 1,..., n where (for 0-<j -< i)

(5.28) -U.(AP) Q1/2 F((i-j)A+tr)F’(r) do’Q1/2, j>p,=

otherwise.

For each p =0, 1,..., n, let

(5.29) x.,. x + rI.,,, .u.

A1/2Q1/2F(O)-

A1/2Q1/2F(Ap)
0

Observing that

.uT+._,,,+._,,(a(n p)) .u,.;(o), i,j=O, 1,. .,p,

it follows from (5.27) and (5.29) that

X(A(n-p))=Z(’-P)uX,,p.,,
Therefore (using (5.26)),

P.(ap, Aq)= Xtn,n_pZNn (n+l-P).Yn(Aq).
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Now,

Ipn(ikp, Aq)- pn(Ap, Aq)[2<= T1/21Q1/212,YylXn,n_p-n,n_pl2

(Here we have used (5.18).) But using (5.29) and the definitions of X and , we find
that

and

l0o- u.(0)l.s y. u0- .v0(0)l% 

It follows from (5.26) that

I- .v(o)l,, o(a)

independent of i,j. Thus the right side of (5.30) is O(A). Hence,

max IP,(Av, aq)-/3, (Ap, Aq)12 O(A).
P,q

The result follows from the estimate above and Proposition 5.2.
Using the extended LWR algorithm [31] we will next show that {X,,p}p=o can be

computed in a total of O(n2) operations. The theorem above represents the approximate
gain in the form

P,,(Ap, Aq)=

Now fixing p and letting q vary, we can view these products as a convolution. Since
convolutions have fast implementations in O(n log n) operations, it will follow then
that {/3(Ap, Aq)}q>=v can be computed in O(n log n) operations.

THEOREM 5.4. {X,,p}&=0 can be computed in O(n2) operations.
Proof By definition X,,p satisfies

(5.31) [I + II ,,p U"II.,]x.,. n.,.F. (0)

We will exhibit a fast recursion for solving (5.31). A simple calculation shows that

U,+I,j+- Ui, A2Q1/2F((i + 1 )A)F’((j + 1 )A)Q/2.

Therefore the matrix (’) with block entries Ui/,/- U,, i,j =0, 1,..., n- 1, can
be written:

QI/EF(A) 1t(") A2 [F’(A)Q1/2’’’ F’(nA)QI/2].
Q1/2F(nA)

Consequently, rank (6("))-< N<< n. Furthermore (and importantly [31]) 6(") has
a factorization of the form

with D an nN x N matrix and an N x N signature matrix. In fact, this factorization
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is easily done by inspection"

N-M

Q/:F(A) 0

D=A Z=L
Q1/:F(nA)

Therefore the LWR algorithm [31, p. 655] can be used to recursively compute the
solutions Mv to

(5.32)

Uo,p+l

gp,p+l
0

0

p--0, 1,. ., n in a total of O(N2n2) operations With these solutions in hand we can
argue as in the scalar Toeplitz case (see, for example, [32]) to recursively solve the
system (5.31). These details are supplied below.

So now consider solving the problem

(5.33) I + II.,p ’II ",.,p]X. p II,,,;_F. (O),
given X.,,_ and Mp_ (from (5.32)).

Let Fp denote the N(p+ 1) M matrix composed of the first N(p+ 1) rows of
.F.(0), and let fp denote the N x M matrix composed of the Np + 1 through N(p+ 1)
rows of .F.(0). Thus we can write

Let Rp denote the N(p+ 1)x N(p+ 1) matrix composed of the northwest corner of
I + U, and let rp denote the N x N southeast corner of Rp. Also let Mp
denote the matrix consisting of the first N(p+ 1) rows of Mp, and similarly let Np
denote the N(p + 1) x M matrix consisting of the first N(p + 1) rows of X,,p.

Now define

p+l

and consider the equation

(5.34)
Rp Up+, Fp
’/, /, If. 3

Note that

From the top of the equations in (5.34) we obtain
-1(5.36) /x R-’F, Rp Up+,, Np- .Mpv.
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Substituting this into the bottom equation, we get

Noting that

and

max I0 -/"l.s O(e)A,

all independent of n. Substituting these errors into the appropriate places in Theorem
5.3, it follows that an O(e) perturbation in the data Y(t), F(t) yields an O(e)
perturbation in the estimate of the feedback kernel (all of these estimates in the sup
norm).

Another feature to note is that although the implementation defined by Theorem
5.3 and Theorem 5.4 is recursive backward in time. for the computation of the feedback
kernel (just as one would suspect--e.g., the Riccati equation is solved backward in
time), in terms of the algorithm’s utilization of the fundamental matrix Y(t), it is
actually forward in time. Thus any approximating scheme for the computation of Y(t)
can be readily incorporated into the algorithm. This remark is also true for the
implementation of Theorem 4.1 introduced in the beginning of this section.

One final remark concerning the algorithm is that in the event that the point delays
{ri}k= do not correspond to a subset of the nodes {si}io. the estimate in (5.22) is only
O(I/v/if). Thus the estimate in Theorem 5.3 would also be O(1/x/). Ofcourse Theorem

0<
-.Mp INxN up+ rp+

0 rp+l-M, ptlp+

(INN N X N identity matrix), we find that

u’(5.37) v= [rp+, up+ p+

Thus, given Mp and Np, Np+ can be computed from (5.36) and (5.37) in O(Mp)
Xoperations (p>> N) Hence, in paaicular { ,.p}p=o in (5.31) can be computed in a

recursive manner in a total of O(n2) operations.
In [33] infinite-dimensional Chandrasekhar equations are derived for time-

invariant hereditary systems without control delay. A fast algorithm based on
approximating the Chandrasekhar equations is obtained and is shown to possess the
same convergence propeies as reposed in 10]. Although there are no direct connec-
tions between the algorithm we developed here and the one in [33], there are some
general connections between Chandrasekhar equations and the inversion of near
Toeplitz systems [31 ].

We note that stability of the algorithms of this section with respect to the data
Y(t), F(t) is easily demonstrated. For suppose Y(. and F(. were replaced by Y (.)
and F(-) with

sup IY(t)-
[o, r]

Using the obvious notation, we obtain the corresponding error estimates,

sup sup
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4.1 has the flexibility to place nodes anywhere, and it may be possible to recover the
stronger convergence by considering algorithms arising from different discretization
strategies.

We conclude this .section with the following simple scalar example:

minJ(u,x)-- ]x(t)l+lu(t)l dt

subject to the constraint

(t) x(t)+ x(t- 1)+ u(t).

Since we are seeking the optimal feedback kernel P(t, a), it is not necessary to prescribe
an initial condition above.

The algorithm described in the beginning ofthe section based on the approximation
(5.3) and the recursive inversion of I / U(si) via the "matrix inversion lemma," was
programmed using a few lines of Fortran code. Because the fundamental solution Y(t)
to the differential equation is easily derived for this problem, the exact solution was
used in the algorithm. (Recall that an O(e) error in the approximation of Y results
in an O(e) error in P(t, t).)

Discretizations with mesh width- .025, .01, .005, were considered. The results for
this problem coincided fairly well with the theory. We observed essentially linear
(uniform) convergence of the feedback kernels as predicted. Tables 5.1-5.3 contain
these results. As an independent check for the correctness of these values, Table 5.4
contains values of the kernel obtained via the Riccati equation approach using the
Kappel-Salamon [35] linear spline approximation of the history space with ten ele-
ments. The gain using these approximations appeared to have converged to about two
significant figures.

This example is intended only to be illustrative of the general methodology. The
fact that the algorithm of this example requires virtually no modification to handle
the more complex case of control delays, underscores our comments in the introduction
concerning the transparency ofthe factorization approach to the control delay problem.
However, our numerical experience with possible algorithms that can be derived via

TABLE 5.1
A =.025.

+ 0.0 2.7881 2.4237 1.7011 0.7462
+ 0.1 2,3699 2.0632 1.4473 0.5799
+ 0.2 2.0210 1.7566 1.2222 0.4252
+ 0.3 1.7237 1.4972 1.0213 0.2789
+ 0.4 1.4712 1.2790 0.8406 0.1381
+ 0.5 1.2576 1.0972 0.6765 0.0000
+ 0.6 1.0780 0.9411 0.5258 0.0000
+ 0.7 0.9280 0.8037 0.3855 0.0000
+ 0.8 0.8040 0.6822 0.2528 0.0000
+ 0.9 0.7029 0.5472 0.1252 0.0000
+ 1.0 0.6221 0.4775 0.0000 0.0000

P( t, ce 0.0 0.5 1.0 1.5
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TABLE 5.2
A .01.

P(t, t) 0.0 0.5 1.0 1.5

+0.0
+0.1
+0.2
+0.3
+0.4
+0.5
+0.6
+0.7
+0.8
+0.9
+ 1.0

2.7300
2.3279
1.9844
1.6919
1.4335
1.2335
1.0570
0.9096
0.7878
0.6886
0.6093

2.3951
2.0378
1.7341
1.4770
1.2609
1.0808
0.9270
0.7916
0.6721
0.5659
0.4710

1.6943
1.4110
1.2165
1.0162
0.8361
0.6727
9.5228
0.3832
0.2513
0.1244
0.0000

0.7521
0.5845
0.4285
0.2810
0.1391
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

TABLE 5.3
A .005.

P(t, a) 0.0 0.5 1.0 1.5

+0.0
+0.1
+0.2
+0.3
+0.4
+O.5
+0.6
+0.7
+0.8
+0.9
+1.0

2.7140
2.3140
1.9724
1.6814
1.4344
1.2556
1.0500
0.9036
0.7825
0.6839
0.6051

2.3855
2.0293
1.7265
1.4703
1.2549
1.0753
0.9223
0.7876
0.6887
0.5631
0.4688

1.6919
1.4388
1.2145
1.0144
0.8346
0.6714
0.5217
0.3824
0.2508
0.1241
0.0000

0.7541
0.5859
0.4295
0.2817
0.1394
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

TABLE 5.4
Spline approximation.

P(t, a) 0.0 0.5 1.0 1.5

t+
t+
t+
t+
t+
t+
t+
t+
t+
t+
t+

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

2.6915
2.2986
1.9639
1.6749
1.4243
1.2114
1.0443
0.8994
0.7775
0.6786
0.6013

2.3742
2.0177
1.7215
1.4685
1.2489
1.0605
0.9234
0.7862
0.6620
0.5567
0.4690

1.6860
1.4355
1.2165
1.0150
0.8284
0.6658
0.5230
0.3881
0.2404
0.1079
0.0323

0.7491
0.5894
0.4366
0.2776
0.1257
0.0217
0.0005
0.0032
0.0005
0.0004
0.0000
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these methods is limited, and beyond the operation counts and convergence characteris-
tics provided in 4 and 5, it would be premature to make any assessment regarding
how well these algorithm work in general. (See additional comments in 6.)

6. Concluding remarks. Our focus has been on the control problem for the RFDE
on a finite interval. A natural question which arises is whether the approach can be
adapted to treat the infinite time problem. Although several technical difficulties have
to be dealt with, progress on this problem has been reported in [36]. We note that a
factorization based approach to the regulator problem has been previously investigated
by Davis [4].

Our treatment of the numerical aspects of the control problem has been from a
fairly general perspective, and one might suspect that stronger results may be established
in a more specific setting. One area, for example, that was not pursued either analytically
or numerically was the use of higher order methods for time-invariant problems, where
there appears to be room to improve upon the results. Along these lines, in the case
of time-invariant systems without control delay we have obtained some new results
utilizing (4.7) as a point of departure that substantially sharpens the analytical and
numerical results of the present paper [37]. We essentially exhibit a fast Chandrasekhar-
type set of equations that admits a second order implementation for construction of
the kernel P(t, a) in the general case of incommensurate delays, and in the case of a
single delay, arbitrarily high order methods are shown to be admissible. It is not clear
at this time whether these results have extension to problems with control delay.

Acknowledgment. The author thanks Professors Alan Schumitzky and J. S. Gibson
for some very fruitful discussions on the subject of this paper, and to Professor Gibson
for providing the values shown in Table 5.4.
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THE SENSITIVITY OF THE STABLE LYAPUNOV EQUATION*

GARY HEWERS" AND CHARLES KENNEYt

Abstract. We present an analysis of the sensitivity of the solution of the Lyapunov equation A*X +
XA =-W, where A is stable. This analysis leads to a spectral norm bound on the relative perturbation of
the solution which is optimal for a certain class of estimates and which is essentially equivalent to the
Frobenius norm bound obtained from the associated Kronecker product system. The latter bound can be
expressed in terms of sep (A*,-A) and is known to accurately reflect the sensitivity of the Lyapunov
problem, but it is hard to interpret in terms of the original matrix A. In contrast, the spectral norm bound
which we derive is directly.related to the minimal L2 damping of the dynamical system Az. Moreover,
this dynamical link with the sensitivity problem leads to a new method of systematically investigating the
norm behavior of eat as well as providing a wealth of information about control theoretic aspects of Az,
when A is the closed loop state matrix.
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1. Introduction. In this paper we consider the sensitivity of the solution X to the
Lyapunov equation

(1.1) A*X +XA W

where A, X and WC and A* denotes the conjugate transpose of A. We do not
make any special assumptions about W such as symmetry or positive definiteness, but
we do assume throughout that A is stable, that is the eigenvalues of A have negative
real part:

(1.2) Re A,(A)< 0, i= 1,..., n.

This condition on A ensures that (1.1) has a unique solution (see [20]). Now let AA, AX
and AW be such that

(1.3) (A + AA)*(X + AX) + (X + AX)(A+ AA) -( W+ A W).

Our goal is to develop bounds on IIAXII which are reasonably sharp, in a sense to be
specified later, and which are easy to interpret. Here 11" is the spectral or 2-norm
defined by

llMxll
Ilxll

for M C n’<n where the maximum is taken over all nonzero x C and Ilxll- , Ix, =.
In order to place our work in the proper context, it is helpful to review some

established results. For example, a central fact in dealing with (1.1) is that it is equivalent
to a linear system of order n2:
(1.4) Px= -w
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where

P=I(R)A*+Ar(R)I,
x =Vec (X),

w Vec (W).

Here (R) indicates the Kronecker product, Vec (M) is the n2 vector formed by stacking
the columns of M (see [12]) and AT(A*) is the (conjugate) transpose of A. The
equivalence of (1.1) and (1.4) means that sensitivity information about (1.1) can be
obtained by applying the well-developed theory of perturbations of linear systems to
(1.4). This approach was taken in 10] for the more general Sylvester equation

AX+XB C

and when applied to (1.1)-(1.3) we can state a Lyapunov version of their results as
(see [10, IV]) the following theorem.

THEOREM 1.1. Assume that (1.1)-(1.3) hold with W #O. Let e>0 be such that

IlaAll-< IIAII,
(1.5) IlaWll-<- 11 wll,

4e Ilall IIP-II-< 1,

then

(1.6) IlaXll8ellAilllP-,ll
IlXll

where I1" I1 denotes the Frobenius norm defined by

M --- E IM,I.
(Note the work in [ 10] was restricted to real matrices but the extension to complex matrices
is straightforward.)

This result is sharp in the sense that there are matrices and perturbations as above
such that the bound in (1.6) is nearly an equality. Moreover numerical experiments
show that the right side of (1.6) is an accurate predictor of sensitivity of the Lyapunov
equation for small perturbations, and that lIP-111 can be efficiently estimated by
techniques similar to those used in [5] (see [4]).

For these reasons we will adopt the bound in Theorem 1.1 as a standard against
which we measure our work and that of others ([21], [13], [14]); however, we must
make allowances when comparing results based on the Frobenius norm and results
based on the spectral norm. If we use (see [11])

(1.7) IIMII- IIMII -<-,/-fillM
where M Cnn, then we have

Ilaxll Ilax,!!<__4-ffllaxll(1.8) 4-ffllxll <-
IIxli Ilxll

In view of (1.8) we will say that a bound on Ilaxll/llXll is reasonably sharp if it
is no more than a small multiple (say less than 10 times) of the right-hand side of
(1.6) when we disregard any factors of resulting from the conversions between
norms. All the results which we survey in this paper, including our own, satisfy this
condition.
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The above applies to small perturbations but is easily extended to large perturba-
tions. For example, let AW 0 and assume that (1.1)-(1.3) are satisfied with X + AX
0. Then we have by (1.4)

PAx=-AP(x+Ax),

IIAxll--< IIP-II Ilael/IIx + Axll,
SO

Ilax II 2[[AAII P-all.(1.9) IIX+AXII
In [14] Jonckheere has given a clever way to exploit inequalities such as (1.9):

instead of thinking of (1.9) as a bound on sensitivity we consider the problem of
finding a minimum perturbation AA, such that A + AA is unstable. That is, we define

sup {gl IlAallv < g==>a + AA is stable}
and let IIZXAolI 6 such that A + AAo is unstable. Now by choosing W appropriately
and letting aa- aao with Ilaall < we have that IIAxII- o. TUis means that (1.9)
becomes

(1.10) 1 21]AAoIIIIP-II,
and so

1
(1.11)

2IIP-’II
-< IlaAoll .

We thus have the Jonckheere-type result (for more details see the proofofTheorem 2.2).
THEOREM 1.2. Let A C"" be stable and let

1
(1.12) IlaAIl <----.2liP-all
Then A + AA is stable.

Clearly lip-11 is important to the sensitivity question, but how are we to interpret
it? One result in this direction is

(1.13) Ile-lll-=minllA*X+XallF=sep(a*,-a),
Ilxll

where the minimum in (1.13) is taken over all nonzero XC"" (see [27] and [28]).
However the lack of an interpretation of Ile-ll in terms of the original system has led
to the search for new sensitivity bounds which are more readily understood.

We now consider three results along these lines for normal matrices:

(1.14) A*A AA*.

In describing these results we will assume that W= W* and AW=0. Lyapunov
problems involving normal matrices occur naturally in some flexible body aerospace
systems (see 15]). Laub [21] gives the result that for P I (R) Ar + Ar (R) I with A and
W real

max IX *(a) + xj(a)(1.15) IIPII IIP-II- min IA,*(A) / Aj(A)I"
When A is also stable we then have

(1.16)
dX _<_ da

IlXll min }Re
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where dA is any differential perturbation of A (that is (1.16) holds in the limit as
[[dAll-0). Inequality (1.16) has a clear interpretation: if any of the eigenvalues of
A are near the imaginary axis we can expect the Lyapunov equation to be sensitive
to small perturbations. In [13], Hammarling derived a similar bound for arbitrary AA:

llaxll < Ilaatl 2,/-ff max l,(a)l(1.17) IIx+axll---IIall min [A *(a) + Aj(A)[
which for stable, real and normal matrices A reduces to

Ilaxll < IIAAII,/-ff(.8)
llX + aXll =min IRe ;,(A)["

Inequality (1.18) has the same interpretation as (1.16).
In [14], Jonckheere derives a result for arbitrary AA which is sharper than

Hammarling’s"

(1.19)
Ilx + AXII <-- 211aall IIMII

where

( , )M (M) A,(A) + hi(A)
but which is harder to interpret in terms of the eigenvalues of A.

That each of the above estimates is reasonably sharp is easily seen when we note
that if A is normal then so is P and (see [20])

Aij(P) Ai(A*)+ Aj(A)= A*(A) + Aj(A).(1.20)

Thus

1
(1.21) IIP-’II =min min I, *(A) + X(A)I"

Our work on the sensitivity of the Lyapunov equation has centered on matrices
A which are stable but not necessarily normal. We have also dropped the assumptions
that W W* and n W 0. Our main result is that if (1.1)-(1.3) are satisfied then

]IAX]] [ ]IAA[I(1.22) x /ax --< 2 A + AA n
!1A + AA

/ w/a wll
where H satisfies

(1.23) A*H + HA -I

and we assume that w/ a wll, A +AA and X / AX are all nonzero. Inequality
(1.22) is proved in 2 where we also show that it is reasonably sharp as defined above
and that it is optimal for a certain class of estimates. We may compare (1.22) with the
results of Laub, Hammarling and Jonckheere for the normal case by noting that when
A is stable, real and normal there exists a unitary matrix Q such that

(1.24) a QDQ*
where D=diag (Ai(A)). In this case the solution H to ArH+ HA =-I is given by
H QDQ* where

(1.25) D=diag ( -1 )A (A) + A,(A)
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This gives

1 1
(1.26) I]Hll=minl,*(a)+,x,(a)l=2minlRe ;ti(a)l"
Thus for AW 0 and arbitrary AA we have

Ilaxll < IIAAII(.27) IIX + AXII =min IRe ;,(A)I
which is the large variation analogue of Laub’s differential peurbation result (see
(1.15) and (1.16)).

In 3 we show that the norm ofH in the sensitivity bound (1.22) can be interpreted
in terms of the damping behavior of the solutions to the dynamical system

(1.28) =Az, z(O)= Zo6 C".

We say that a solution Y to (1.28) with (0)= o, ]o1] 1 is minimally damped in the
L2 sense (or minimally Lz damped) if

(1.29) max

where z in (1.29) satisfies (1.28) and

(1.30) Ilzll IIz(t)ll = dt

is the usual L2 norm of z over 0 <. In 3 we show that the term nil in (1.22)
is the square of the minimal L damping of the dynamical system (1.28) as measured
by the right-hand side of (1.29):

1.31) n max z
zoll L2"

Thus the sensitivity of the Lyapunov equation and the minimal L2 damping of
the system (1.28) are related through IIHII and (1.22). This connection is of interest
in light of the fact that the Lyapunov equation originally arose from the study of the
stability of the solutions of the dynamical system (1.28).

The method used to establish (1.31) also provides a wealth of information about
(1.28) which is useful from a control theory point of view. For example, any normalized
eigenvector of H corresponding to the largest eigenvalue, A max (H) represents the
initial conditions of a minimally L2 damped solution to (1.28). This result is easily
extended to a finite time interval to t by considering the solution H,o, to

(1.32) A*Hto,,+ Hto,,A eA*q eaq -ea*’ eA’,
in which case IIH,o,,ll determines the minimal L damping over the interval tot t"

(1.33) IIH,o,ll max
zoll

where z satisfies (1.28) and

(1.34) Ilzllt,0.,, IIz(t)ll = at
t0

As in the case ofthe infinite time interval 0 <, the eigenvectors of H,o, correspond-
ing to A max (H,o,) represent the initial conditions of minimally L damped solutions
for to tl.
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In the remainder of 3 we consider the problem of approximating the norm
behavior of eA’. Our approach is based on the heuristic argument that since the curve

Y ea’[I is the upper envelope of the family of curves y z(t)II where Az and
ilz(0)ll 1, the minimally L2 damped solutions to (1.28) should provide a reasonable
approximation to y [[eat 1[. Various numerical experiments show that this approach
works well, especially when we use the minimally L2 damped solutions associated with
the time interval 0=< <-tl to approximate the short term behavior of y [[ea’[l The
final section is devoted to bounding the sensitivity of the matrix exponential along the
lines of Van Loan [22] and KagstrSm [16], but with an emphasis on bounds obtained
by using the solutions to various Lyapunov equations.

2. Lyapunov sensitivity. In this section we develop bounds on the sensitivity of
the solution to the Lyapunov equation and compare these bounds with established
results. Our main result is the following theorem.

THEOREM 2.1. Let (1.1)-(1.3) be satisfied and let H satisfy

(2.1) A*H+ HA -I

then

IIAAII + IlaWll ]IlaS _< 2IIA + AAII n
IIA + AAII w+a Wll

(2.2)
IIX+mXll-

where we assume that IIX + axll, IIA + AAII and W+A Wll are all nonzero.

Proof. Since A is assumed to be stable, H in (2.1) is positive definite (H > 0) and
may be represented as

(2.3) H eA*’ eAt dt.

Now expand (1.3) and use (1.1) to get

(2.4) A*AX +AXA -(AW+AA*(X +AX)+ (X + AX)AA).
This may be rewritten as

(2.5) AX= eA*t(AW+AA*(X+AX)+(X+AX)AA) eA’ dt.
0

Let u and v denote the left and right singular vectors of unit length of AX such that

(2.6) u*aXv = IIxll.
Combining (2.5) and (2.6) we get

Ilaxll u* eA*t(AW+ AA*(X + AX) + (X + AX)AA) eAt v dt

(2.7) <-IIAW/AA*(X/AX)+(X+AX)AAII lleA’ullll eAtvll at

< (IIA wil /2IIAAII IIx /AxII) ea’ull eA’vll dt.

By the Cauchy-Schwarz inequality we have

Io [Io(2.8) [[eAtull IleA’vll dt < IleA’ull dt IleA’vll dt
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Moreover

]leA’ull at u* eA*t eAtu at u* eA*’ eAt dtu = u*Hu.

Using H H* and H > 0, together with the fact that u has unit length gives

u*Hu Ilnll.
Thus

(2.9) fo lle’ull - dt<- Ilnll.

Similarly

(2.10) Ile’vll dt<= Ilgll.

Using (2.8)-(2.10) in (2.7) we get

(2.11) IlaxII<--(IIA WII+211AAII IIX+AXII)IIHII.

From (1.3) we have that

(2.12) w/awll 211A+amll IIX/aXll

so that (2.11) can be written as

IIAX 211A + AAII HII IIA + AAIIIIX+aXll
Ilawll ]IIW+AWII

which is the desired result. !-1
Remark. Different bounds on I[AxII can be obtained by using

in (2.7). This gives

IIAXII-<-(ll A Wll + 211AAII IIX + AXII) e’il = dt.

Now any integrable bound on Ile’ll can be used to estimate o Ilea’ll = dt. For example,
the bound

e’ll_ e(A)

is integrable if

tz(A) 1/2Amax (A* + A) < O.

In this case we obtain

IlzXx (11A wll / 2llamll ilx / AXII) 21/z (A)I.
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For other bounds on IleAtll, see [22] and [16]. However, the bound obtained in (2.11)
is optimal for this class of estimates because

Ilgl}- eA*‘ eat dt <= Ile’’ll 2 dt.

We may compare (2.2) with (1.6) for small perturbations by assuming that for e > 0

(2.3) IlaAII-<- e Ilall,
(2.14) 11A Wll--< 11

1-e
(2.15) 8e [Iall Ilnll-<.

Then after some algebra, (2.2) gives

AS
_< 8 a n I1( ) 8 a n(2.6) [Ixll

for e small.
If we disregard the ditterence in norms, (2.16) has the form of (1.6) except that

IIP-ll is replaced by IIHII. These two terms may be compared by using (1.13) and (1.7)

Thus

(2.17) Ilnli----4-IIP-’II.
In order to assess how accurately (1.6) and (2.16) measure the sensitivity of the

Lyapunov equation we have selected four control problems of the form

(2.18) x Aox + Bu, y Cx,
from the literature and formed the closed loop state matrix A by using standard
quadratic regulator techniques (see [1]):
(2.19) A= Ao- BBP
where P is the positive extremal solution to the algebraic Riccati equation

(2.20) 0 CTC + AffP + PAo- PnnP
and (A, B, C) is observable and controllable. These examples were chosen because
we had used them in some earlier studies of the algebraic Riccati equation.

This method ensures that A in (2.19) is stable"

(2.21) Re A,(A) <0.

A variant of this procedure is to let P P(p) be the positive extremal solution to

(2.22) 0= crc +(Ao+ pt)rP+ P(Ao+ p!)- PmP
for p > 0. This gives

Re Ai(Ao+ pI- BBTP(p)) < O

so that

(2.23) Re A,(Ao- BBrP(p)) < -p.

Because of (2.23), Anderson and Moore (see [1, Chap. 4]) refer to/9 as a prescribed
degree of stability.

In Table 1 we compare the principal terms Ilall IIHII and IlallllP-ll of (2.6)
and (1.6) respectively, for A Ao-BBrp(p) for various values of p. These terms are



SENSITIVITY OF THE STABLE LYAPUNOV EQUATION 329

TABLE

Sensitivity estimates for A’X +XA W.

Example ]IHII liP-ill [[AI[ ][H]] ]]AIIF liP-l[[ p

Moore-Laub 1.60 1.57 11.7 12.2 1.7 10-16 1.8 10-16 0
n 4 7.79 7.85 3.8 102 4.1 x 102 1.4 x 10-15 1.4 x 10-15 2
m 2 21.6 21.6 3.7 103 4.5 x 103 6.2 x 10-Is 6.2 x 10-is 4
l= 38.2 38.i 1.6x 104 2.0x 104 2.0x 10-14 2.0 10-14 6

55.3 55.3 4.6 x 104 5.4 x 104 3.5 x 10-14 3.5 x 10-14 8
72.7 72.7 9.9 x 104 1.1 x 0 2.9 10-13 2.9 10-13 10

Kailath 52.8 53.0 1.0x 105 1.0x 105 5.4x 10-13 5.410-13 0
n 5 3.2 102 2.9 102 1.9 106 1.8 106 3.1 10-13 3.1 x 10-13 2
m 2 9.3 x 102 8.5 x 102 1.2 107 1.1 x 107 2.2 x 10-12 2.1 10-12 4

3 1.6 103 1.5 103 3.3 107 3.0 107 1.9 10-12 1.8 10-12 6
2.4103 2.2103 7.0107 6.4107 1.3x 10-12 1.310-12 8
3.1 x 103 2.9 103 1.2 108 1.1 x 10 7.4 10-12 7.3 10-12 10

Chung-Shapiro 73.1 68.0 4.2 103 4.4 103 4.5 10-15 5.3 10-15 0
n =6 35.1 30.9 1.9x 104 1.9x 104 5.6 10-13 5.8 10-13 2
m 2 140 136 2.7 x 105 3.1 x 105 1.9 10-12 1.9 10-12 4

3 349 345 1.5 106 1.7 106 2.2 1011 2,3 10-11 6
652 648 4.9 106 5.8 x 106 8.0 x 10-11 8.4 x 10-11 8
1.0x 103 1.0x 103 1.2x 107 1.Sx 107 1.Sx 10-1 1.5x 10-1 10

Davison-Maki 687 684 2.3 x 105 2.6 105 2.8 10-13 2.8 10-13 0
n=9 8.0x 104 5..4 x 104 8.2x 108 5.6x 108 3.6x 10-1 3.5x 10-1

m 1.4 106 9.1 x 105 1.6 x 1011 1.1 x 1011 1.6 x 10-8 1.6 x 10-8 2
/=9 8.8 106 6.2 106 5.9 1012 4.3 x 1012 1.510-6 1.410-6 3

5.4107 4.6107 1.51014 1.2 10TM 1.2x 10-5 1.2x 10-5 4

almost identical over the entire example set. The same is true for the terms [[HI[ and

lIP-111 which are included so as to test (2.17). The computation of P(p) in (2.22) was
performed by the numerically stable subroutine RICCND of Laub [21] and the spectral
norms were evaluated by using the Linpack singular value decomposition subroutine
DSVDC (see [9]).

In order to see how well (2.16) and (1.6) measure sensitivity, we used the
numerically stable subroutine AXXBC of Golub, Nash and Van Loan 10] to solve

A’X +XA W,

where X was chosen to be the nth order Hilbert matrix X (xij) 1/(i+j-1) and W
was obtained by forming the matrix -(ATX + XA). The computed solution Xc is then
the exact solution to a perturbed problem (A+AA)rXc+X(A+AA)=-(W+AW)
(see [10]) and we can estimate the sensitivity of the Lyapunov equation from the terms

liX- Xcll/llXll and x -XIIF/IIXIIF. All computations were performed on a VAX-780
in double precision for which the machine epsilon is about 10-17. The results are given
in Table 1 and we can say that for the problems tested the right-hand sides of (1.6)
and (2.16) are accurate predictors of the sensitivity of the Lyapunov equation in that

8 IIAII IIHII.IIXII
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Since Theorem 2.1 applies to arbitrary perturbations we can obtain a Jonckheere-
type bound on the size of the smallest destabilizing perturbation for A.

THEOREM 2.2. Let A be stable and let H satisfy A*H+ HA =-L Let AA satisfy
za < 1/2 n II. Then a+AA is stable.

Proof. We will use the fact that for any square matrix P the equation

Px=w

has no solution x if P*w 0 and w 0. For the Lyapunov equation, this means that

(A + aA)*(X +AX) + (X + aX)(A+ AA) W

has no solution X +AX if P*w 0 where

P= I(R)(A+ AA)*+(A+ AA)r(R)I
and w = Vec (W) 0 (see [ 12]).

Now define

(2.24) sup {gi IIAAII < g a+ AA is stable}

The stability of A and the continuity of its eigenvalues ensure that 8 > 0. We may find
AAo such that A + AAo is unstable but A+ tZAo is stable for 0_-< < 1 where IIAAoll .
Now let X X(t) be the solution to

(2.25) (A+t/XAo)*X(t)+X(t)(A+tAAo)=-W, 0<t<l,

where P*w=O for w=Vec(W)0 and P= I(R)(A+AAo)*+(A+AAo)r(R)L
This ensures that lim,. ilx(t)ll =oo because (2.25) has no solution at 1 by the

choice of W. If we set AX X(t)-X(O) and A W=0 we obtain from Theorem 2.1

Ilx(t)-x(o)ll<_ 2tllaaoll ]lUll,IIX(t)ll
which in the limit as 1 gives

1 211aAotl Ilnll.
Thu

1

211Hl---- < IIAAoll

which is the desired result.
Note that the above argument suffices to prove Theorem 1.2 if we use (1.9) to

bound IIX(t)-X(O)li/llX(t)ll and then take the limit as t 1.
It is interesting that a more general version of Theorem 2.2 can be proved by a

completely different argument which relies on the following well-known stability
theorem (see [20]).

THEOREM 2.3. Let I?V be Hermitian and positive definite and let .,, IYI satisfy

(2.26) *+
(2.27) Then , is stable if and only if 121 is Hermitian positive definite.

Using this theorem we can prove the next theorem.
TnorM 2.4. Let A be stable and let H, W satisfy

(2.28) A*H + HA W
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where W is Hermitian positive definite. Let AA satisfy

Amin (W)
(2.29) IIAAll < 21IHI---"
Then A + AA is stable.

Proof. By Theorem 2.3 we have that H is Hermitian and positive definite. Now
define

(2.30) ITV W+AA*H + HAA,
(2.31) ,=- A+ AA,
(2.32) H--- H.

Then (2.26) is satisfied and I is Hermitian positive definite because

’-min (W) ,min (W) 2 AA [1A H > 0

by (2.29). Therefore by Theorem 2.3, A is stable.
Theorem 2.1 and the numerical results in Table 1 show that Ilnl[ plays a role in

spectral norm sensitivity estimates which is analogous to the role of P- in Frobenius
norm sensitivity estimates. This analogy extends to the lower bounds 1/2IIP-’I[ of
Theorem 1.2 and 1/2IIHII of Theorem 2.2 for the smallest destabilizing perturbations
of A for the Frobenius and spectral norms respectively. In the next section we seek
to understand the roles of H and Ilnll in the sensitivity problem by establishing a
relationship between H and the dynamical system Az.

3. Interpretation. In this section we explore the connection between H satisfying

(3.1) A*H + HA -!

and the norm behavior of solutions z z(t) to the dynamical system

(3.2) .=Az, z(0) Zo C".

This connection gives us one way of understanding the sensitivity estimate (2.2) and
provides a great deal of information about the norm behavior of eat. As a by-pr0duct
we also obtain a means of identifying solutions to (3.2) which are of interest in control
theory.

Our main tool in establishing the connection between (3.1) and (3.2) is the following
theorem which portrays H as the "area matrix" associated with (3.2).

THEOREM 3.1. LetA be stable and letHsatisfy (3.1). For Zo C" definef z( 2

where z satisfies (3.2). Then the area underffor 0 <-t <- oo is equal to Z*o Hzo.
Proof. Since A is stable, H can be written as

H eA*t eAt dt.

The area under the curve f for 0-< _<-o is given by

Io f(t)dt I[z(t)ll - dt

eA’zoll = dt

*o e* eao dt

Z*0 eA*t eAt dt Zo Z*o Hzo. [3
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As in (1.29) we will say that is minimally damped in the L2 sense (or minimally
L2 damped) if satisfies (3.2) with (0)= :o of unit norm and

(3.3) 11= max z
zoll

where z in (3.3) satisfies (3.2) and

Ilzll== IIz(t)ll = dt

is the usual L norm of z over 0 < <. As an immediate consequence of Z*oHzo <-_

for Zoll 1, we have by Theorem 3.1 that H is the square of the minimal L damping
for the system (3.2)"

(3.4) IIHII max Ilzll,
zoll--

where equality is attained when Zo is a normalized eigenvector of H corresponding to
/max (H). Thus minimally L2 damped solutions of (3.2) determine the norm of H
and hence govern the sensitivity of the Lyapunov equation by (2.2). This generalizes
the result for the real normal case" If A is real, stabl and normal, the sensitivity of
the Lyapunov equation (see 1.16) is governed by where a =max Re A(A).
Moreover it is easily shown in this case that 1/1[ determines the minimal L2 damping
for z Az:

1
max z -(3.5) 211

This follows from the fact that for such matrices

(3.6) [Iz(t)ll =< IIz0ll e’
and that there exists an initial vector Zo such that

IIoll-- 1 with IIz(t)ll--e’ where az.
From the proof of Theorem 3.1 we see that the initial conditions Zo, which give

rise to minimally L2 damped solutions of (3.2), are simply eigenvectors of H corre-
sponding to the largest eigenvalue max (H). The identification of such initial condi-
tions is important in a control theory context because the corresponding solutions are
either weakly damped or have large norm transient behavior relative to other solutions
of (3.2).

The area interpretation of nil is also very useful in understanding the numerical
results given in Table 1 for the "prescribed stability" procedure. In that procedure the
closed loop state matrix A A(p) is forced to have eigenvalues to the left of x =-p
where p is the margin parameter. This would seem to be desirable in that solutions to

Az are forced to decay more rapidly as p increases"

z t)ll -< c e-
where C is a constant depending on p but independent of the initial condition Zo z(0).
However an inspection of Table 1 reveals that IIHII increases as p gets larger, thus
indicating that the constant C C(p) is increasing with p fast enough to mask the
exponential decay for small values. This is illustrated in Figs. l(a), 2(a), 3(a) where
we plot the maximal area curves Ilz(t)l[ as a function of for several value3 of p. Here
=A(p)z and z(0) is a normalized eigenvector of H=H(p) corresponding to
’max (H) where A*H+HA=-L These figures clearly show that the price of fast
asymptotic decay can be large norm transient behavior.
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FIG. l(a). Moore-Laub: norm z(t) versus time where Az.
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FIG. l(b). Moore-Laub" spectral norm of exp (At) versus time.

In Theorem 3.1 we considered the time interval 0-< < oo. In general however we
are more often interested in a restricted time interval to_< =< tl. For example, the
interval 0-<_ _<- h is of prime importance in analyzing the transient behavior of solutions
to (3.2). The next theorem shows that we can obtain area results for such finite intervals.

THEOREM 3.2. Let A be stable and let H satisfy

(3.7) A*H+ HA eA*t eAt, e*t et.

For Zo C", definef t) [Iz( t)li 2 where z satisfies (3.2). Then the area underffor to <= <= t
is equal to Z*o Hzo.

Proof. Since A is stable we may represent H as

H eA*’(e/t*’, eA’’- eA-t eAt) e’ dt

(3.8)

eA*(t+t) e(+t) dt- e*(t+t) e(+) dt
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FIG. 2(a). Chung-Shapiro: norm z(t) versus time where Az.
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FIG. 2(b). Chung-Shapiro: spectral norm of exp (At) versus time.

eA*t eAt dt- eA*t eAt dt

(3.9)

eA*t eAt dt.
to

Now as in the proof of Theorem 3.1 we have

f(t) dt= IIz(t)ll = at= Ilea’zol( 2 at
tO

Zo* ea* ea’zo dt Z*o Hzo. [q

As in the case for 0-< t--<c, the eigenvectors of H in (3.7) corresponding to the
eigenvalue Ama (H) represent the initial conditions of solutions to the dynamical
system (3.2) which are least stable during the time interval to_-< t=< t in the sense of
having maximal L2 norms.
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FIG. 3(b). Kailath: spectral norm of exp (At) versus time.

If we turn to the problem of approximating the norm curve N( t) eAtl] of the
matrix exponential, we find the area approach convenient because N2(t) is the upper
envelope of the family of curves f=f(t, Zo) where we let Zo vary over all vectors of
unit length"

(3.10) [[ea’[I z- max Ilea’zol[ 2-- maxf(t, Zo).

Thus we have that for any Zo of unit length, f(t, Zo) is a lower bound on Ilea’ll =
and in particular when H satisfies (3.1) and Zo is an eigenvector of H corresponding
to h max (H) then fl/2=fl/2(t, Zo) generally provides a good approximation to
This can be seen by comparing the maximal area curves fl/Z( t, Zo) Ilz(t)ll in Figs. 1 (a),
2(a), 3(a) with the curves Ilea’[[ in Figs. l(b), 2(b), 3(b). In all cases except p=0 for
the Kailath problem (Figs. 3(a), 3(b)) the agreement is excellent.

In the Kailath problem with p =0, the short term behavior of Ilea’ll is determined
by solutions of (3.2) which exhibit large transients before decaying rapidly. However
the asymptotic behavior of eTMII is very closely matched by the norm of the minimally
L2 damped solution to (3.2). The short term behavior of Ilea’ll for this problem can
be well approximated by using minimally L2 damped solutions for restricted time
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intervals: in Fig. 4(b) we plot.lleA’l[ and in Fig. 4(a) we plot IIz(t)[I for two solutions
z to (3.2) whose initial conditions are eigenvectors of H, corresponding to Ama (H),
where H satisfies (3.7) for 0-< t-<0.04 (curve 1 in Fig. 4(a)) and 0.06_-< t-<_0.1 (curve
2 in Fig. 4(a)) respectively. The next theorem shows that if we restrict ourselves to an
interval to -< t-< tl then the approximation to IleA’ll by the maximal area curve IIz(t)ll
becomes exact as tl--> to.

THEOREM 3.3. Let He denote the solution to

(3.11) A*H +HA eA*q eAt’ eA-t eAt

where t to+ e and A is stable. Then

(3.12) lim He eA.,o eato.

Proof. As in the proof of Theorem 3.2, He in (3.11) satisfies
tOq-

(3.13) H e"*’ eAt dt.
d/0
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FIG. 4(a). Kailath: norm z(t) versus time where . Az.
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FIG. 4(b). Kailath: spectral norm of exp (At) versus time.
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Thus, by the continuity of the matrix function eA*’ eA’ we have
to+e eA*t At

lim H= lim
,o e dt__ eA.,o e,,o.

eO E 0 E

We may interpret Theorem 3.3 as

(3.14) H e eA-t eAt

for small e. In particular, this means that the eigenspace of /-/ corresponding to

’max (He) tends to the singular vector space of eA’ corresponding to O’ma (eAt). Also
notice that if we wish to find a solution z z(t) to . Az which satisfies Ilz(to)ll e’’ll
for given value of to, then we need only choose Zo to be a normalized singular vector
of eA’ corresponding to O’ma (eAt) because we then have Ile"’zoll--Ile’’ll and z(t)=
eAtzo.

A nice feature of the area approach is that many established results can be proved
quite directly. For example, the following theorem was implicit in the work of Pao
[25] and explicitly proved by Bass in [2] (see also (4.9) in 4 for a proof based on
the logarithmic norm/x (A) Amax (A + A*)).

THeOrtEM 3.4. Let A be stable and let H satisfy A*H+ HA=-W where W is

positive definite and Hermitian. Then

(3.15) max IleA’ll <-_ K/=(H)
Ot<oo

where K(H) n n-’ II.
Proof. Let t>--0 and letxoCN satisfy Ilea’ll- Ile’xoll, Ilxoll- . Then

X*O eA*s weaSxo ds <= X*o ea*S weaSxo ds x*o Hxo

-<- Amax (n)-- Ilnl[,
since H o ea*sweAs ds, H H* and H > 0.

On the other hand,

X*o eA*SWe/txods X*o eA*(’+)WeA(’+)XodS

X*o eA*’ eA*s WeAs ds e’xo
1

X*o eA*tHeatxo>= Amin (n)lle’xoll-- Iln"il Ilea’l[2"

Thus Ile’ll<=llHllllH-ll for all t->_0. E!
The above theorem gives an upper bound on the "hump" height (see [23])

(3.16) h- max

The next theorem shows that the bound (3.15) also applies to all matrices A
A + AA in a neighborhood of A.

THEOREM 3.5. Let A be stable and let W W* be positive definite such that

(3.17) A*H + HA W.

Let AA satisfy

min (W)(3.18) IImAII < 211HII
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Then

(3.19) max Ile(A+aA)tll K1/2(H),

Proof As in the proof of Theorem 2.4 let, A + AA, W+AA*H + HA.A.
The ,*H + H, if" and A is stable, W is Hermitian positive definite. The result
now follows from Theorem (3.4).

The connection between the Lyapunov equation and the norm behavior of the
matrix exponential is further brought out by the next lemma.

LEMMA 3.1. The following are equivalent:

(3.20) (1) max Ilea’ll _<- 1,
t__>0

(3.21) (2) /z(A) =< 0,

(3) There exists positive definite Hermitian H commuting with A such that

(3.22) A*H + HA W

where W W* and W >= O.
_Proof. Since (1) and (2) are well known to be equivalent [22] we show that

(2) => (3) => 1.
Assume (2)" tz(A)=1/2Amax(A+A*)<-O. Then W-(A+A*) is positive semi-

definite Hermitian and H I satisfies A*H / HA--W and commutes with A. That
is (2) (3).

Now assume (3). Since H is positive definite Hermitian there is a unique positive
definite Hermitian square root of H; say H/2. Moreover since H commutes with A
so does H/2 (see [8]). In particular

(3.23) A H1/2H-/2A HI/2AH-1/2

so that

(3.24) I[eAtll IleH/2AH-/2tI[ < eI(nl/2AH-l/2t).
The result now follows when we note that

tz(H1/2AH-/2) (H-/2A,H/2Ama / H/2AH /2)

1/2max (H-1/2(A*H / HA)H-l/2)

1/2max -H-l/2 WH-/2) O. [’]

As a simple numerical test of the bound IleAtl[ <--_ K/2(H) we have taken

A=
0 -1

for increasing values of a with W L The results are given in Table 2.

TABLE 2
Testing max IleAtll <. K1/2(H) for W= I.

a max ]leA’ll K’/2(H)
0<!

0 1.0 1.0
101 3.7 101
102 3.7 x 101 102
103 3.7 102 103
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TABLE 3
Further tests max Ile’’ll _-< K/(H).

Example max IleA’ll K/2(H) tz(A) max p
Ot<o

Moore-Laub 1.12 4.08 .630 .290 0
n =4 4.01 12.1 18.9 .239 2
m 2 8.94 26.1 78.9 .145 4

14.8 41.9 2.0 x 101 .096 6
20.8 58.3 4.0 x 10 .070 8
27.0 74.8 6.6 x 101 .054 10

Kailath 19.6 81.4 9.2 102 .026 0
n 5 68.8 2.1 102 2.9 103 .030 2
m 2 1.3 102 3.7 102 6.2 103 .027 4
/=3 1.8x 102 5.1 102 1.0 104 .023 6

2.3 x 102 6.6 102 1.5 x 104 .020 8
2.9x 10 7.6 102 2.0x 104 .018 10

Chung-Shapiro 2.47 60.7 17.2 1.10 0
n 6 14.4 46.8 2.7 x 102 .087 2
m 2 37.2 1.1 x 102 9.4 102 .052 4

3 66.5 1.8 102 2.1 103 .041 6
99.4 2.7 102 3.8 103 .033 8

1.3 x 102 3.6 102 5.9 x 103 .029 10

Davison-Maki 18.1 36.1 1.7 x 102 .087 0
n =9 3.2 102 1.4 103 5.1 103 .069
m 2.1 103 9.1 103 5.9 x 104 .041 2

9 8.0 x 103 2.9 x 104 3.4 x 105 .028 3
2.5 x 104 8.5 x 104 1.4 x 106 .022 4

As Table 2 indicates, the bound (3.15) is quite reasonable for this example.
Moreover it can be shown that for large a

max eA’ll a, K1/2(H)-- a.
o<, e

As a second numerical test we found max Ilea’ll, K/2(H) and /z(A) for the
examples from 2 for W L With the single exception of p 0 for the Chung-Shapiro
problem we see in Table 3 that K1/2(H) is always within a factor of 10 of max [lea’I[.
It is of interest to note for these problems that max Ile’ll and /z(A) are generally
increasing with p and that the time max at which the hump in Ilea’ll occurs is
decreasing with p.

4. Sensitivity of the matrix exponential. In [22], Van Loan developed several upper
bounds for the exponential sensitivity measure

(4.1) (t) =- I]e(a+E)t--eatl[

by using the variation of parameters identity

(4.2) e(a+E- ea’ ea(’-E e(a+e ds

(see [3]). This approach was also adopted by Kagstr6m [16] who sharpened some of
the bounds in [22] and developed new bounds based on similarity transformations.
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In recognition of the work of these two investigators we shall use the phrase
"Kagstr/Sm-Van Loan sensitivity estimate" to denote any bound on q which is obtained
from (4.2). In this section we present an estimate of this type as well as a second bound
on q based on two results of Van Loan from [23] instead of (4.2). This latter bound
is given in terms of the commutator [A, E] AE EA and reduces to a standard result
when [A, E] 0.

Both Van Loan and Kagstr6m used

(4.3) Ile’ll <-- K( Y)etH)t

where A YBY-, in order to obtain bounds based on the Jordan and Schur decomposi-
tions of A. In the next theorem we use (4.3) in connection with the Lyapunov equation

(4.4) A*H+ HA W.

THEOREM 4.1. Let A be stable and let Wbe positive definite Hermitian. Let H satisfy
(4.4). Then for >- 0

p(t) <__ K/2(H)(eIIEIIt 1)e- e-,,,(4.5)

where

g(n)--- Ilnll IIn-’ll,
H-/2v Ami. WH-

a max Re Ai(A),

and Ht/2 denotes the unique positive definite Hermitian square root of H.
Proof. Since A H-/2(H/2AH-/2)H/2 we have by (4.3) that

(4.6) Ilea’ll K(H/2)e(H’/2AH-’/2)’
for any 0. But Ht/2 is positive definite Hermitian so

K(n/) K/(H)(4.7)

and

I.( HI/2AH-t/2) 1/2’max H-/2A*H/2+ H/2AH-/2)

(4.8) H-/2(A*’max ( H + HA)H-/2)
1/2 -t/2) H-/2 /2)--Amax(-n- WH -Xmi WH-

Using (4.7) and (4.8) in (4.6) we get

(,1.9) e’’ll-< K’/(H)e-’.
Now expand (4.2) as an infinite series of multiple integrals:

(4.1tl) e(a/E ea’ + ea(’-E ea d+ ea(’-E ea(-,N e", d ds + .
Apply (4.9) to (4.10) and integrate to get

(4.1) lle+’-e’t’ll< K’/2(H)e-’ IIEIIt+IIEII-2_
K/2(H)e-’(eI111’- 1).

/ /llEIIS )
Inequality (4.11) with ]]e’ll _-> et gives the desired result. El

Note H- W is similar to H-/2 WH-/2 (see [29]) so Amin (H-l/2 wn-1/2)
Amin (H-IW).
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An important aspect of Theorem 4.1 is the freedom involved in choosing W in
(4.4). For example, if we set W-I then

(4.12) ’ ’min (n-1/2wn-1/2) ._1

so that (4.5) becomes

alP(t) <= K1/2(H)(elI’II’- 1)e-t/211t-lll e-a’.
Moreover from (4.9) we have in this case

(4.13) Ilea’ll <= gl/2(n)e-t/211HIt
which points up the connection between damping and maximal area (llnll) discussed
in3.

In general, however, we are faced with the problem of selecting W and it is natural
to want to make this choice so as to maximize the damping term v in (4.9). From
Ilea’ll--> e’ and (4.9) we see that no matter how we choose W we cannot make v
greater than I,(A)I. Following Pao [25] let H H(p) be the solution to

(4.14) (A + pI)*H + H(A+ pI) -I

for p < la(A)l. This may be rewritten in the form of (4.4) if we take W I + 2pH, in
which case

=1 I + 2pn)n- /2)"-" )/min + 2pI).(4.15) ’ /min (H-l/2( H-1
Now for A stable and p < [a(A)[ we have A + pI stable so that H satisfying (4.14) is
positive definite Hermitian. We may thus bound v below by p from (4.15)"

(4.16) p < (p) < I(A)[.
Inequality (4.16) shows that we may come arbitrarily close to the optimal damping
rate I,(A)I. In some cases, for example when A is normal, K1/2(H) remains bounded
as p- I(A)II; however if A has a defective eigenstructure associated with eigenvalue
A where Re A =a(A) then K1/2(H)->cx3 as p- [(A)I (see [26]).

As noted in [22], when A and E commute we may obtain a simple bound on

(4.17) (t) _--< lie’- III =< e IIEIIt- 1.

The desire to obtain a general bound on which reduces to (4.17) when A and E
commute motivated the following.

THEOREM 4.2. Let >-- 0 then

(4.18) dP(t)<-lle’t-Ill+(cosh(ll[A,E]lll/2t)-l)e((A)-’(A))t e

where [A, E] is the Lie product

(4.19) [A,E]=AE-EA
and

cosh (x)-=
e + e

The proof of this theorem relies on two results of Van Loan [23]"

Lemma 1 (Van Loan) eB ec eB+c + eSB[e(1-s)(+c), C]escds;
o

Lemma 2 (Van Loan)



342 G. HEWER AND C. KENNEY

Proof of Theorem 4.2. We show that

][ea+--ea[[ <= IleAII e- 111/ e(a) eg(E)[cOsh (Ilia, E]/=II)- 1]

which proves the result upon replacing A, E by At, Et and using i(tM)= t.,(M)t for
=> 0 with e’’ll _-> e(a)t.

InLemmal setB=A+E and C=-A

then

eA+E e-A= e" + eS(A+E)[e(1-s)E, -A] e-sA ds

e + eS(A+)[A, e(1-s)]e-sA ds.

Multiply both sides by eA on the right to get

eA+= ee e+ e(a+[A, e(-e]e(-a ds.

Repeated substitution gives

s)E]e(1-s)AeA+ e eA + e eAS[A, e(1- ds

e, esiA[sA, e(-,)]e(-,)A

[A, e(1-s)E]e(1-s)A ds ds +’"

so that

eA+E eA e" eA- eA + eS eAS[A, e(-s)E]e(1-s)A ds +

Taking norms we have

ea+ eAII <--IIe III IleAll + Ilell IleAs[[ liEN, e(1-s)Elll Ile(1-)All ds +....

Now use Ile’ll-< e"(M)r for r=>0 and Lemma 2 of Van Loan to get

IleA+-eAll<-_lle-I[llleAll+e"() e"(A)II[A, EIII (l-s) ds

+ e"( e’ll[e, 111 ( -s)s ds ( -s) ds+...

1 1lie III IleAll + e"(e) e"(A)II[A, Ellis+ ILIA, E]ll 2

lie Ill Ileall + e"() e"(Al{cosh (llEm, E]II 1/2) 1}.

When A and E commute (4.18) reduces to (4.17) because

[A,E]=AE-EA=O.
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Conclusion. An analysis of the sensitivity of the solution to the Lyapunov equation
A*X +XA W has been presented. This analysis leads to a spectral norm bound
on the relative perturbation of the solution which is essentially equivalent to the
Frobenius norm bound obtained from the associated Kronecker product system. The
latter bound can be expressed in terms of sep (A*,-A) and is known to accurately
reflect the sensitivity of the Lyapunov problem, but it is hard to interpret in terms of
the original matrix A. In contrast, the spectral norm bound which we have obtained
is directly related to the minimal L2 damping ofthe dynamical system Az. Moreover,
this dynamical link with the sensitivity problem leads to a new method of systematically
investigating the norm behavior of eAt as well as providing a wealth of information
about control theoretic aspects of : Az. In a future paper, we show that the dynamical
approach also works well in analyzing the sensitivity of the Riccati equation.
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A PARALLEL ALGORITHM FOR A CLASS OF CONVEX PROGRAMS*

SHIH-PING HAN" AND GANG LOU"

Abstract. A parallel algorithm is proposed in this paper for solving the problem
rain {q(x)[x C N. f’l C,,} where q is an uniformly convex function and Ci are closed convex sets in R n.
In each iteration of the method, we solve in parallel m independent subproblems, each minimizing a definite
quadratic function over an individual set Ci. The method has attractive convergence properties and can be
implemented as parallel algorithms for tackling definite quadratic programs, linear programs, systems of
linear equations and systems of generalized nonlinear inequalities.

Key words, convex program, parallel algorithm
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1. Introduction. In this paper we study a method for solving the optimization
problem:

minimize q(x)
(P)

subject to x C C. f C
where q is uniformly convex and ditterentiable on R and Ci are closed convex sets.
In particular, the method can be used for tackling definite quadratic programs and,
therefore, can be incorporated into a sequential quadratic programming algorithm for
solving some more general problems (see, for example, [1]-[3], [6]).

The method is an iterative process. The main computation in each iteration is to
solve m subproblems of the following form:

minimize 1/211- w,

subject to z Ci
with vector wi varying iteratively for each set Ci. The key feature here is that the m
subproblems are independent of each other and can be solved simultaneously and,
therefore, the method is suitable for parallel computation. As its special applications,
the method can be implemented as parallel algorithms for solving systems of linear
equations, linear programming problems and systems of nonlinear inequalities.

The method is actually intended to solve some dual problems of (P) and is closely
related to the successive projection method presented in [4], [5]. Not as in the successive
projection method, the subproblems here can be solved independently rather than one
after another. Moreover, the objective function q in (P) is more general than the one
treated in [4], [5].

We present the method in 2. In 3 we study the dual problems that our method
is actually dealing with. Convergence analysis is given in 4. Some applications of
the method to systems of linear equations, linear programming and systems of general-
ized nonlinear inequalities are given in 5. In 6 we also present a modified version
of the method which can avoid some difficulties that may occur in choosing a parameter
of the method.

Results in Rockafellar’s book [10] will be frequently referred to and most of the
symbols and notation used here are also the same as in that book. Recall that the

* Received by the editors October 27, 1986; accepted for publication May 14, 1987. This work was
supported in part by the National Science Foundation under grant DMS-8602419.

" Department of Mathematics, University of Illinois, Urbana, Illinois 61801.
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indicator function of a set C is denoted by 6(" IC) and defined as" 6(xlC) =0 if x C;
6(xlC) =o otherwise. Its conjugate 6"(.[C) is the support function of the set C as
given by 6*(ylC)=sup {(x, y)lx C}. We also use ri C to denote the relative interior
of the set C. Unless specified otherwise, the symbol is to denote the summation from
1 to m, where m is the number of the sets Ci in problem (P).

2. The method. For the proposed method to work properly we require the objective
function q in (P) to be smooth and uniformly convex; that is, the function q is finite
and differentiable everywhere on R" and also there exists a positive number p such
that for any x, y in R" and for any h in (0, 1)

(2.1) Aq(x)+(1-A)q(y)>--q(hx+(1-h)y)+ph(1-h)llx-Yl[ 2.

Under these assumptions, the function q is, of course, strictly convex. Moreover, it is
also co-finite. This can be seen easily from the definition of cofiniteness (see 10, p. 116])
or by checking the value of the recession function q0/ at any nonzero point

qO+(y) sup {(1/A)(q(Ay)- q(0))lA > 0}

_->sup {p(A 1)llyll=+ q(y)-q(O)lA >0}

Therefore, as a consequence of Theorem 26.6 of [10], the conjugate q* of q is also
smooth, strictly convex and co-finite. The method can now be stated as follows.

The method. Let c be a sufficiently large number and let y(O)= yO) y)= 0
and x(= Vq*(y()). For k 1, 2,. ., we do the following computation"

(a) For i= 1,..., m, find zlk) which solves

minimize 1/211z+ aYk-’)-xk-lll2
subject to z Ci;

(b) Set yk)=yk-)+(1/a)(zlk)--x(k-’));
(C) Set yCk= y]k+... +y);
(d) xk Vq*(yk)).
Remarks. (1) The bulk of the computation is usually in step (a) where the m

subproblems are independent to each other and can be solved in parallel. The efficiency
of the method certainly depends on how effectively we can solve the subproblems.
When the sets Ci are subspaces or half-spaces, the subproblems are relatively easy to
handle as will be seen in the later examples.

(2) The computation of xk) in step (d) is an evaluation of a gradient of the
conjugate function q*. When an explicit form of the conjugate is known, the calculation
is straightforward. For instance, if the function q is definite quadratic as q(x)=
1/2(x, Qx)+(c,x) then we have X

(k)-- Q-l(y(k)--C). For a more general function whose
conjugate is not readily available, we need to do an unconstrained minimization to
find xk) as follows:

xk)= arg min q(x) -(x, yk)).

(3) The number a should be sufficiently large. Theoretically, the method will work
properly if a is chosen to be larger than m/p where p is a uniform convexity constant
satisfying (2.1). In particular, when q is definite quadratic then p can be chosen as
one half of the smallest eigenvalue of the underlying matrix. The parameter a need
not be a fixed constant. When an uniform convexity constant p is not known in advance,
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the parameter a can be adjusted and updated iteratively. A more detailed discussion
on how to update the parameter is given in 6.

To illustrate the usefulness of the method we consider some special cases.
(I). Linearly constrained problem:

minimize q(x)

subject to (ai, x)_-< fli, 1,. .,j,

ai, x) i, =j + 1," ", m.

For this case the method becomes the following. Let y(O)=yO)+... +y)=0 and
x) Vq*(y)). For k 1, 2, , we compute:

(a) yk)=--(y/a(a, ai))ai, (i= 1,’’ ’, m)
where Yi max {
(i=j/l,...,m);

(b) y<k yk + +y);
(C) X(k)= Vq*(yk)).
(II). Projection problem (cf. [4], [5])"

minimize 1/2(x- d, Q(x- d))

-subject to x C1 fq" f’) C,,.

For this case the method can be implemented in the following way. Let yO)=
yO)+... /y)= 0 and x<)= d. For k-1, 2,. ., we carry out the following compu-
tation:

(a) for i= 1,..., m, find zk) which solves

minimize llz + otyk-)- X(k-)[I2
subject to z e Ci

and set ylk)=yfk-1)+(1/a)(zlk)--xk-’));
(b) y(k) y]k + + yk)
(C) X

k) Q-lyk) + d.
(III). Definite quadratic programming"

minimize 1/2(x d, Q(x d))

subject to (a, x)_<- fl, i= 1,. .,j,

ai, x)= fli, i=j+l,.-. ,m.

This is, of course, a special case of both (I) and (II). As in (I), because each y is a
multiple of the corresponding vector a, we can represent vectors y by scalars. In so
doing, the calculation of vectors reduces to that of scalars and the method becomes
extremely simple.

Initially, we compute p (1/ce(ai, ai))Q-lai, (i 1," ., m) and x) d. Let yl)
0, (i-1,..., m), and x()=-d. For k= 1,2,..., we compute:

(a) yk=max{fli+yk---(a,,x(k-)),O}, (i=1," ",j); ylk)=fli+yk-l)-
(a,, x(-’)), (i =j + 1,. , m);

(b) x(k) ., ylkp, + d.

3. Dual problems. For analyzing the convergence of the method we study in this
section some duality problems which the method actually solves. Without too much
extra effort we can present the duality results for the slightly more general problem:

(P) minq(x)+f(x)



348 s.-P. HAN AND G. LOU

where f=fl+" "+f., and q, fl,... ,f., are all convex functions. The two duality
problems of (P) to be considered are:

(D) min g(y):= q*(y) +f*(-y),

(D’) min h(yl ,’" ", Ym) := q*(Yl +’’" + Ym) dr y.f*(-y).

Clearly, problem (P) is a special case of (P) with functions f being the indicator
functions ofthe sets C. The two corresponding duality problems of (P) are, respectively,
as follows:

(D) min g(y) := q*(y) + i$*(yI-C),

(D’) min h(yl ym): q*(Yl +’" + Ym) + a*(yI-C).

It is noted that the duality problems (D) and (D) are essentially the same as those
considered in Fenchel’s duality theory 10]. Problems (D’) and (D’) simply result from
applying infimal convolution operation to (D) and (D), respectively.

The basic assumption for the following duality results to hold is that the function
q is strictly convex, co-finite and differentiable everywhere on R". In view of Theorem
26.6 of [10], under this assumption, the conjugate q* of q is also a function of this
type and Vq* (Vq)-.

We first give a result on the connection between Problems () and (D).
THEOREM 3.1. Let q be strictly convex, co-finite and differentiable on R and let f

be proper closed convex. A vector solves () if and only if Vq() solves (D). Dually,
a vector solves (D) if and only if Vq*(.9) solves (). Furthermore, such . and exist
and are unique.

Proof. solves (P)OVq(X)+Of(X)

:>0 +Of*(-Vq())

0Vq*(Vq(X))-Of*(-Vq(X))

Vq(X) solves (D).

The second statement follows from a similar argument. In view ofdora q dora q* R,
the existence of solutions (P) and (D) is a result of Fenchel’s duality theorem [10,
Thm. 31.1]. The uniqueness of solutions of () and (D) follows from the strict
convexity. Q.E.D.

The following theorem explores the relationship between () and (D’).
THEOREM 3.2. Let q be strictly convex, co-finite and differentiable on R and let f

be proper closed convex. A vector (,. .,) solves (D’) if and only if there exists a
vector such that

(a) Vq*(E )7,);
(b) -fiiEafi(X), (i= 1,..., m).

Furthermore, any vector satisfying (a) and (b) solves ().
Proof. (y,,... ,y)soves (’)<=>0 Vq*(EY,)-f,*(-Y,), (i= ,"" ,m)

=0f*(-), (i= 1,’’’, m), and =Vq*( y)

<=>(a) and (b).

If a vector satisfies (a) and (b) then ,-yOf()Of(), which implies O
Vq() + df(). Consequently, solves (). Q.E.D.

The theorem below concerns how problem () is related to problem (’).
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THEOREM 3.3. Let q be strictly convex, co-finite and differentiable on R and let f
be proper closed convex, then

solves (lI)==l(fil,... fi"), (ill,..., fi") solves ([D’) and fi=

Moreover, if f,... ,fp are polyhedral and fp+l,""" ,f" are closed convex such that
domfl fq. fq domfp fq ri(domfp+) f’) f’) ri(domf") then

infg(y) =inf h(yl, y").

Proof The necessity of the first part of the theorem is a direct consequence of
Theorems 3.1 and 3.2. To prove the sufficiency we note that if 37 solves (D) then, by
Theorem 3.1, the vector X:= Vq*()7) solves (P). Hence,

-fi -Vq(X) of(X) , Of(X).

Therefore, it follows that there exists ()71,...,)7,.) such that )7= 37 and -37i 0f(X),
(i 1,. ., m). Then, the result follows immediately from Theorem 3.2.

To prove the second part of the theorem, we note that inf h _-> inf g. When dom
..fqdomfpf’lri(domfp+l)fq...fqri(domf,.), then for any y there exist

Yl,’",Y,. such that Yl+’’’+Ym=Y and f*(-y)=(f*lVl’’’U]f*m)(-y)=
fl*(-yl)+"" "+f*,,(-Y,.). Therefore, it can never occur that infh> infg and, con-
sequently, we have inf g(y) inf h(yl, , y,.). Q.E.D.

4. Convergence analysis. In this section we study the convergence of the method
for solving problem (P). For the results of 3 to be applicable here and for the method
to work properly we assume throughout this section:

(a) q is uniformly convex and differentiable on Rn;
(b) Ci are closed convex and C C1N N C t 0.
Assumption (a) above implies that q is strictly convex and co-finite and, in

conjunction with assumption (b), makes Theorem 3.1 applicable. Therefore, problems
(P) and (D) have unique solutions, which will be denoted by X and 37, respectively.

In the subsequent discussion we will also assume that the parameter a is chosen
to be larger than m/p where p is an uniform convexity constant of q that satisfies
condition (2.1).

For establishing our convergence theorems, we first give some useful lemmas below.
LEMMA 4.1. The vector yk) solves the problem

(4.1) min "-’)-y, yll +(x(k-1 Y)+ a*(yl-C,).

Proof. In the method, the vector zl k) solves

minimize 1/211 + oY}k-1)-x<-l)ll
subject to z e C.

Let o(z)=(1/2)]lz+ayl-)-x-)]l. Therefore, the vector z) solves the
problem"

min (z)+ a(zl C,).

By applying Theorem 3.1 to the above problem, we have that the vector yk)=
yk-1)+(1/a)(zk)--x(k-1))=V(Zlk)) is the solution of

min q*(y) + a*(yI-C,)

which is equivalent to (4.1). Q.E.D.
LEMMA 4.2. (x(k)--X(k-l), y(k)-- y(k-1)) <-(m/2p) y-)-y)ll.
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Proof. By the uniform convexity of q, we have that for any two vectors u and v,

(u-v, Vq(u)-Vq(v))>-2pllu-vll (see, for example, [8, p. 86])

which yields

[[y(-l_y([I- IlVq(x(-l)_Vq(x(g)l >__2pllx(--x(ll.

Therefore, it follows that

X(k)_ x(k-), y(k) y(k-)) <= iix(-,_x(ll
(1/2p)llY(k-’-y(gll

-<_ (1/2p)(E Ily-l-y}ll)

(1/20)m(N

where the last inequality is a result of the Cauchy-Schwarz inequality. Q.E.D.
LEMMA 4.3. Let h be defined as in (D’), then

h(yk-1), y(-l)) h(y]k), y))+ (ap- m)/(2p) Ily-’)-yll=.

Proof By convexity we have that

q,(y(k-)) q,(y(k)) + (V q,(y(k)), y(k-1)-

which, in conjunction with x(k)= Vq*(y(k)), implies that

h(yk-l), y-)) e h(y]k), y)) + (X(k), y(k-1) y(k))

+ E (6*(y-l-C,)- 6*(y)l- C,)).

Because yk) solves (4.1), we get

6*(y-l[-C) *(yl-C) (x(-), y)-y-))+ (/2) Ily-)-y}) [.
Thus, combining the two inequalities above, we have

h(y]k-) (k-)
Y ) h(y]k, ,Y)+(x(k)--X(-I), y(k-) y(k)

+ (/2) [[y-l)-y})ll=.

The desired result follows from the above inequality and Lemma 4.2. Q.E.D.
COROLLARY 4.4. (a) For i= 1,..., m, Ily--yll 0, as k ;
(b) IlY(-’)-y()ll0, as k ;
(c) IIx(-l)- x(ll 0, as k .
Proof By adding the inequalities in Lemma 4.3 from k 0 to p, we have that

p

h(y), y)- h(yPl, y) >-_ to E (, IlYk-’ -y}ll)

where to (ap m)/(2p) > 0. Because h(y]P), ., y)) >= inf h >_- g(37) > -, the left-
hand side of the inequality is bounded above by a finite number which is independent
of p. This implies (a) and (b). Statement (c) follows from (b) and [ly(--y(ll
IlVq(x(k-’))--Vq(x(k))ll >=2Pllx(k-’)--X(k)ll. Q.E.D.

LEMMA 4.5. The sequences {x(g)} and {y(k)} are bounded.
(o)Proof. Since g(y()) -<_ h(y), Y)) <= h(Y), Ym ,, we have that the

sequence {y()} is in a lower level set of g. The level set is bounded because the infimum
of g is attained at one point, namely 37.
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With {y(k)} {7q(x(k} bounded, the boundedness of the sequence {x(} is a direct
consequence of the co-finiteness of q (see [10, Lemma 26.7]). It is also evident from
the following observation"

<- (1/2p)(llyk)l] + ]]Vq(0)[]). Q.E.D.

We now give a convergence theorem of the method for the case that the sets
are polyhedral convex.

THEOREM 4.6. If C are polyhedral convex and C , then {x(k} and {y(k}
converge to the solution of (P) and the solution of (D), respectively.

Proofi Since yk solves (4.1), we have that

Oe x(k-1) + a(yk yk-l))+ O,(yk[_C,)

which implies that

(4.2) _yk

where wk=xk-)--xk)+a(yk)--yk-)). Let x* be an accumulation point of {xk)}
and assume xk
x*. By the polyhedrality of C, it follows that for all sufficiently large k,

-y o(x+wlc,) = o(x*lC,).

Therefore, we have that for all sufficiently large kj

-y E o(x*lC,) o(x*lC).

Hence, from y,)=Vq(x))Vq(x*) it follows that -Vq(x*)o6(x*lC), which
implies that x* is the unique solution ff of (P). Therefore, no point other than can
be an accumulation point of the sequence {xk)}. Then it follows from the boundedness
of the sequence that {xk)} converges to the solution of (P). Meanwhile, we have
that yk)= Vq(xk)) Vq() ft. Q.E.D.

We now consider the case that C are general convex sets. For this situation the
proofs of our convergence theorems are based on the existence of an accumulation
point of the sequence (y]k),..., y)).

PROPOSIWOY 4.7. Let ri C . en any accumulation point of the sequence
{(y]k), ", y))} is a solution of (D’). Furthermore, ifsuch an accumulation point exists
then the sequences {xk} and {yk)} converge to the solutions of (P) and (D), respectively.

Proof Let (y, ., y)) (y,. ., YL). Since {xk)} is bounded, by passing to
a further subsequence, if necessary, we can find a point x* such that x x*. In view
of (4.2) and wk) O, we have that for i= 1,. ., m,

-y o(x*lC,).

On the other hand, it follows from x)= Vq*( y)) that x*= Vq*( y). Therefore,
by Theorem 3.2, (y,..., y) solves (D’).

To prove the second statement, we note that h(y]k), y)) g(yk)) and, by
the monotone decrease of {h(y]k), y))} and by the first part of the proof,

lim h(yk), .., y))= inf h inf g.

Thus, we have lim g(yk)) inf g. Therefore, {yk)} converges to fi because the infimum
of g is attained at the unique point . At the same time, we have xk) Vq*(yk)
Vq*(). Q.E.D.
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In view of Proposition 4.7, to show the convergence of {X(k)} to the solution of
(P) we need to study when the sequence {(yk),..., y(,,k))} has an accumulation point
or, more conveniently, to consider when the sequence is bounded.

LEMMA 4.8. If int C) then the sequence {(yk), ", y)} is bounded.
Proof. Let z int (C). Then

q(z)+ q*(0)= q(z)+ h(y), y))

>- q(z) + h(yk, y))

>-_ q(z) + q.(y]k) + +Y)) +E ,*(y)l-C,)

>-- (z, yk +... +yl)+2 *(yl-C,)

>- E 6*(Ylkl z C).

Therefore, it follows from z e C that 6*(ylk)[z Ci)>-0 and, hence, yl k) is in the level
set {yl6*(y[z- Ci) <- q(z)+ q*(0)}, which is bounded because

0 z-int Ci int (dom (. [z- C)). Q.E.D.

THEOREM 4.9. Ifint (C) # , then {x(k} and {y(k)} converge to the unique solutions
of (V) and (D), respectively.

From a practical viewpoint it is important to study when the sequence
{(y]k),..., y))} converges because the vectors yk),..., y) are really computed in
practice. For this reason we conclude this section with a result on this matter.

THEOREM 4.10. Let C1," , Cp be polyhedral convex such that C1
ri Cp+ f’) fq ri C" # . If att (06([C)) are linearly independent in the sense:

and z, 6aff (o6(g]C,)) (i=l,...,m)=:>z,=0 (i=l,...,m),

then the sequence {(yk),...,y))} converges to the unique solution of (D’). Con-
sequently, the sequences {x(k)} and {y(k)} converge to the solutions of (P) and (D),
respectively.

Proof By the nonemptiness assumption, the infimum of (D’) is attainable.
Actually, the infimum is attained at a unique point. Suppose (fi,... ,37") and
(y*,"" ", Y’m) are two solutions of (D’), then it follows from Theorem 3.3 that 37=
fi +. +)7,. y* +. + Y’m- Then, if we let zi 37 y*, then

Yz=0 and z6aff(O6([C,)) (i=l,...,m).

Therefore, by the linear independence assumption, we have 37i y* for i= 1,..., m
and, consequently, the solution of (D’) is unique. The uniqueness of the solution, in
turn, implies that the level sets of h are bounded and, hence, the sequence
{(y]k),..., y))} is bounded. Therefore, convergence of the sequence {(yk),..., y))}
to the solution of (D) follows immediately from Proposition 4.7. The last statement
of the theorem is also a direct result of Proposition 4.7. Q.E.D.

5. Applications. The proposed method can be used to solve some problems which
are not explicitly of the form (P). We consider some of such applications in this section.

(1) System of linear equations. We consider the fundamental problem

Ax= b
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where A is an m x n matrix with full row rank. To find a solution to the system, we
can apply our method to the following problem:

minimize 1/211xll -
subject to Ax b.

By partitioning the matrix A and the vector b into row blocks as

tAll"A- b=

we can set C {xlAx b,}. For this case the objective function q(x)= 1/211xll =--
hence, we have

(k) (k)
X =y

(5.1) =ylk

x(k-+y, (yk_yk-l).

Meanwhile, both yl k) and yk-) are normal to the set C; therefore, there exists a
vector Dk) such that

yk>--yk->=afvk"
By zk>= x(k-+a(yk>--yk->) and zk> C,, we have that

T. (k)(5.2) A,A, v, =(1/a)(b,-A,x(k 1).
Thus, when the vectors vk are known, we can compute xk from xk- by (5.1). To
do this computationally, we first find a QR-decomposition A QR of A and the
system (5.2) becomes

R, R,., =(1/a)(bi-Aix(k-’).
With vectors uk to represent Rivk), the method can be further simplified. We state
the resulting method: Find the QR decompositions Af QR, (i= 1,. ., m). Let x(

be an estimate to a solution of the system. For k 1, 2,..., we do the following
calculation:

(a) fori=l,...,m, solveRfu=(1/a)(b-A,x(k-)foruk;
(b) x(= x(-+E Q, u.
We note that m triangular linear systems are solved in parallel in each iteration.

Of course, the matrices Q should be in product forms so that the products Q uk can
be done very efficiently. It is also noted that, according to the theory given in the
previous sections, the method should work properly with the parameter a larger than

(2) Linear programming. According to Mangasarian and Meyer [7], a linear
program

minimize (c, x)

subject to Ax b

can be tackled by solving the quadratic program

minimize (c, x)+(12)llxll
subject to Ax <= b
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where tr is any sufficiently small but positive number. Clearly, the quadratic program
is a problem to which our method is applicable. Through this approach our method
can be implemented as a parallel algorithm for linear programming. Unlike many other
parallel algorithms for solving linear programs, the method does not require the matrix
A to have any sparse structure.

(3) Systems of generalized nonlinear inequalities. Consider the following system
of generalized nonlinear inequalities:

(5.3) F(x)K

where F is a continuously differentiable function from R" into R" and K is a closed
convex cone. For solving the problem Robinson [9] presented a method in which a
sequence of points {u (k)} calculated iteratively by solving subproblems of the form:

(5.4)
minimize

subject to F(u(k)) + F’(u(k))(X- u (k)) K.

The method has a quadratic rate of convergence and is an extension of Newton’s
method to systems of nonlinear inequalities. If we can partition the function F and
the cone K so that Problem (5.3) becomes

Fi(x) Ki, i= 1,’’’, m,

then subproblem (5.4) reduces to

minimize

subject to x e C f"l fq C,,

where Ci := u K,}, For this situation, our method again
becomes applicable and the resulting method provides a way for solving Problem (5.3)
in parallel.

6. Discussion. In many situations, as in all the examples given in 5, the parameter
a can be easily chosen. But, even when the objective function q is definite quadratic,
it is sometimes very costly to determine this parameter in advance. However, as
mentioned before, the parameter need not be fixed and can be adjusted iteratively.
We present in this section such a procedure. It is noted that the method is more efficient
with a smaller a; therefore, even when a large workable a is available, it may still be
more advantageous in some cases to start with a smaller parameter and let it be adjusted
gradually.

The modified method. Let ao and/3 be positive numbers and let A > 1. Let y(O)=
yO) y)= 0 and x()= Vq*(y()). For k 1, 2,. , we do the following compu-
tation:

(a) c a_;
(b) For i= 1,..., m, find ffi which solves

minimize  llz+ Y k-1)-
subject to ze G;

(c) Set )7 ylk-)+ (1/C)(g x(k-));
(d) Set 37 371 +. + tim and set ) Vq*()7);
(e) Check the condition

(6.1) ((if/2)- fl) Y Ilyl-’)-Y, ll= > <)--X(k-l), y_y(k-,)).
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If (6.1) is not true then set c hc and go to (b); otherwise, set Olk
, X

(k) , y(k) y.,
and ylk=y’, (i= 1,"" ", m).

In view of Lemma 4.2, when q is uniformly convex, condition (6.1) will hold after
increasing ak at most a finite number of times. Therefore, as in the proof of Lemma
4.3, we still have

h(y]k-1) y(k-1))> h(y]k), y(,,k)) + fl
Consequently, all the convergence results hold equally well for this modified version
of the method.
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FIXED POLES IN TRANSFER FUNCTION EQUATIONS*

G. CONTEt, A. M. PERDONt AtD B. F. WYMAN

Abstract. In this paper we study the pole structure of the solutions H(z), if any, of equations of the
form T(z)= H(z)G(z) or, dually, T(z)= F(z)H(z), where T(z) and G(z), or F(z), are given matrices of
rational functions (multivariable transfer functions) over a field K. This study is motivated by various design
problems in linear dynamical system theory (such as model matching or factorization problems), whose
solutions are systems with an internal dynamics determined by the pole structure of H(z). The methods we
use are algebraic and module theoretic methods and the main tools are represented by the modules of the
poles and of the zeros associated with a transfer function. The main result is a complete description of the
"essential" pole structure which is common to all the solutions H(z). This is given by means of a module
whose invariant factors are explicitly computed in terms of fractional representations of the data T(z) and
G(z) or F(z). The essential pole structure is shown to consist, in a suitable algebraic sense, exactly of the
poles of T(z) which do not appear as poles of G(z) (resp. F(z)) together with the zeros of G(z) (resp.
F(z)) which do not appear as poles of[T’(z)G’(z)]’ (resp. [T(z)G(z)]). The possibility of stating this fact,
which agrees with the basic intuition, in a precise meaningful way, is due to the chosen algebraic framework.
Furthermore, it is shown that no design limitations, except a technical one, apply to the remaining
"inessential" part of the pole structure of any solutions.

Key words, fixed poles, zero module, algebraic system design

AMS(MOS) subject classifications. 93B25, 93B50

1. Introduction.
1.1. From the input/output point of view, a finite-dimensional, stationary, linear

dynamical system E with m inputs and p outputs is given by a transfer function T
which can be represented by a p rn matrix of rational functions. More generally, if
K(z) is the field of rational functions over a scalar field K, a transfer function is a
K(z)-linear transformation T(z):U(z)--> Y(z), where U(z)=K’(z) and Y(z)=
KP(z) are finite-dimensional K(z)-vector spaces of input and output signals.

Given two transfer functions T(z): U(z)--> Y(z) and G(z): U(z)--> W(z) with the
same space of inputs, we study the connecting transfer function (if any) H(z) W(z) -->

Y(z) such that T(z)= H(z)G(z). This equation and the dual one, namely T(z)=
F(z)H(z) where T(z): U(z)-> Y(z) and F(z): W(z)--> Y(z) are given, arise naturally
in various control problems, such as, for instance, system inversion, model matching
and system factorization (see [9], [12], [13], [16]-[18], [20] for a general treatment
and, more specifically, [3]-[5], [7], [8], [10], [11], [19], [22]).

The fundamental criterion for the existence of a solution H(z), when T(z) and
G(z) are given, is quite simple and well known" the nullspace condition Ker (3 c Ker T
is necessary and sufficient for the existence of H(z). In many problems, however, the
existence of a generic connecting transfer function is scarcely interesting; what is
required is a solution H(z) which has, in addition, some special property. For instance,
we may seek a solution which is proper and/or stable or which, more generally, has
no poles in a fixed subset $ of K LI {}. Various methods based on the analysis of the
invariant factors of the matrices involved ([14], [16]) or on other matrix theoretic
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techniques ([7]-[9], [11], [12], [15]) can be used to check the existence of solutions
of this kind. However, in the multivariable case, other interesting properties of the
connecting transfer function H(z) do not depend specifically on the location of its
poles in K t_J {}, but on the pole structure, in the sense of [12, 6.5.3], at the point of
K U {}. For instance, the existence of a cyclic structure, which implies single input
controllability, on the modes associated to a certain frequency c is equivalent to a
pole structure at a of the form (0,. ., 0, o’e). It is therefore natural to look not only
for the existence of solutions having no poles in S, but also for more complete
information on their pole structure. In this case, the analysis of the invariant factors
or the use of other direct matrix theoretic methods do not appear capable of providing
satisfactory results. One explicit result in this direction obtained by means of such
techniques is Theorem 2.4 of [20]. It permits the computation of a lower bound for
the total order of pole, at a given point c, of any solution H(z). Clearly, in the
multivariable case, this information on the pole structure is quite poor.

1.2. In this paper we study the pole structure of the solutions in a module theoretic
framework, employing the notions of pole module and zero module of a linear transfer
function (see [21], [22]). The advantage in this approach is the fact that it supplies a
complete description of the pole structure we are considering. The basic result in this
setting is that there is an "essential" pole structure which appears in every solution of
T(z) H(z)G(z) and which is representable by means of a suitable module determined
by T(z) and G(z). Using this module theoretic characterization one can not only check
the presence in the solutioas Of poles in a certain region S, but one can also compute
explicitly the list of multiplicities which form the structure. The results previously
mentioned concerning the existence of solutions with specific polar properties are
therefore effectively improved in this way.

Moreover, due to the richness ofthe module theoretic framework, a clean interpret-
ation in terms of poles and zeros of T(z) and G(z) of the essential pole structure of
the solutions is possible. Let us remark that, intuitively and roughly speaking, one can
expect that the essential part of the poles of any solution H(z) must supply the poles
of T(z) which do not appear already in G(z) as well as the poles needed to cancel
the zeros of G(z) which do not appear in [T(z)’G(z)’]’. (In general, it is necessary
to consider [T(z)tG(z)’] since some zero of G(z) may fail to appear as a zero of
T(z) for nondynamical reasons, i.e., without being canceled by a pole of H(z), if T(z)
is not injective). Indeed, these phenomena appear clearly in the scalar case. If T(z)=
p(z)/q(z) and G(z) p’(z)/q’(z) are given as fractions in lowest terms, then the unique
solution has a representation H(z)=p(z)q’(z)/p’(z)q(z) which is not necessarily
reduced. Restricting the present discussion to the finite poles of H(z), we have that
they consist of roots of q(z), which do not already appear as roots of q’(z), that is
poles of T(z) which are not poles of G(z), together with roots of p’(z), which do not
appear as roots of p(z) (zeros of G(z) which are not zeros of T(z)). A straightforward
generalization of these observations to the multivariable case is not possible because
numerator matrices may not be invertible and numerically coincident multivariable
poles and zeros may not cancel. An attempt to extend the above interpretation of the
essential poles to the multivariable case is found in [20]. The matrix theoretic techniques
used in that paper do not give complete information on the pole structure. On the
other hand, we can show here that the module which represents the essential pole
structure of the solutions consists, in a precise algebraic sense, of two modules which
have a natural direct interpretation as the module of poles of T(z) which do not appear
in G(z) and as the module of zeros of G(z) which do not appear in T(z)’G(z)’]’.
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1.3. Let us describe the framework of the paper in greater detail. Essentially, we
represent the zero structure and the pole structure of a transfer function T(z) by means
of appropriate modules. The finite pole structure is given by the state space X(T) of
the minimal realization of (the strictly proper part of) T(z) provided with the module
structure over the ring of polynomials K[z] induced by the internal dynamics matrix.
The finite zero structure is given by the zero module Z(T) first introduced in [22] (see
[21] for the general theory). In this setting, our aim is to describe, as completely as
possible, the pole module X(H), H(z) being a solution of T(z)= H(z)G(z).

After some preliminaries and notation we prove, in 3, that for every H(z) there
exists an exact sequence

OoPoX(H)oC(H)oO,

where P P(T, G) is a module easily described in terms of T(z) and G(z). Hence, P
represents, for any solution H(z), a fixed or essential pole structure. The explicit
computation of P in terms of fractional representations of T(z) and G(z) is made
possible by the procedure presented in 3.6. Moreover, we show that P is the middle
term of an exact sequence

where the modules X and Z can be naturally viewed as representing, respectively, the
poles of T(z) not in G(z) and the zeros of G(z) not in [T(z)’G(z)’]’. Thus P consists,
in a precise algebraic sense, exactly of the poles and zeros suggested by the basic
intuition. Note that this interpretation, which generalizes the scalar case, makes sense
because of the module theoretic framework in which we are working. In 4, we show
that the Cokernel C(H) of inessential poles is subject only to technical restrictions
on the number of invariant factors, while the location of the modes in C(H) is arbitrary
when C(H) 0. Therefore, the fixed finite poles of every solution are entirely represen-
ted by P and solutions whose finite poles are all essential can be constructed. More
generally, we describe how to construct, by means of matrix fraction techniques,
solutions whose poles are all essential except, possibly, those at an arbitrarily fixed
point of K t_J {oo}. Easy counterexamples show, however, that globally essential sol-
utions, i.e., solutions all of whose poles, finite and at infinity, are essential, may not
exist. Two examples are described at the end of 5.

Although for simplicity we limited our discussion in this introduction to the case
of finite poles and zeros, the main text of the paper studies the structure of H(z) with
respect to an arbitrary subset of K t_J {oo} (see for example [21] for background to the
general theory). In addition, the problem T(z)= H(z)G(z) described above and the
dual one T(z)= F(z)G(z), where T(z) and F(z) are given and H(z) is sought, are
treated simultaneously. The above results generalize those obtained in the special case
of system inversion, namely when Y(z) U(z), T(z) is the identity and G(z) is monic,
by Wyman and Sain in [22], [23].

Some of the results in this paper appeared in [3]. In that paper the equation
T(z) H(z)G(z) is first reduced to a simpler form, multiplying both members by the
left least common multiple of the right coprime matrix denominators of T(z) and
G(z). The use of this technical artifice is made unnecessary in the present paper, with
the advantage of providing clearer proofs, different from those of [3], and a better
understanding of the role played by poles and zeros of T(z) and G(z) in determining
P. The procedure to compute explicitly the essential pole structure was announced
in [6].
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2. Preliminaries and notation. Let K be a field and let K[z] and K(z) denote,
respectively, the ring of polynomials and the field of rational functions in the variable
z over K. Given a point aK, any g(z)K(z) can be represented as g(z)=
(z-a)r(p(z)/q(z)) with r72, p(z) and q(z) polynomials not divisible by (z-a). The
valuation of g(z) at a is then defined by v(g)=r. If g(z)K(z) is written as the
quotient of polynomials g(z)=p(z)/q(z), the valuation of g(z) at oo is defined by
vo(g) deg q deg p.

Given a proper subset $ c K t.J {oo}, we denote by Os the ring

Os {f(z) K(z): v(f)>-O for all a in S}.

We say loosely that Os is the ring of rational functions which are regular at every
point of S. The ring Os is a principal ideal domain. When $ consists of one point, say
S {a }, we use the notation O. We assume that the reader is familiar with the theory
of modules over a principal ideal domain as described in [1], for example.

Given a K-vector space V, we denote by V(z) the K(z)-vector space V (R): K(z)
and by fsV the Os-module V (R)K Os. lsV is, in an obvious way, an Os-submodule
of V(z).

Given two K-vector spaces U K and Y Kp, by a transferfunction we mean
a K(z)-linear map T(z): U(z) Y(z) or, equivalently, the p xm matrix of rational
functions which represents T(z) with respect to the canonical K(z)-basis of U(z) and
Y(z).

For a given subset S c K (_J {}, we associate (see [21]) to any transfer function
T(z):

(i) a right (left) S-coprime fractional representation T(z)=Ns(z)D’(z)
(respectively T(z)= D’(z)]Qs(z)), where Ns(z), Ds(z) (respectively 1Qs(Z), )s(Z))
are matrices with elements in Os whose common right (left) factors are S-unimodular,
i.e., they have an inverse with elements in Os, and Ds(z) (s(Z)) is nonsingular;

(ii) a finitely generated torsion Os-module Zs(T), called the module of zeros in
S, defined by

Zs( T)
T-’(OsY) +isU
KerT+fsU

(iii) a finitely generated torsion Os-module Xs(T), called the module ofpoles in
S, defined by

Xs(T)= T-’(IsY) fq lsU"
By abuse of notation, using the natural isomorphism induced by T(z), we will

also use the representation

Xs(T)=
T(fsU)+fsY

I’sY
Note that, when S K, then Os is the ring of polynomials K[z], Zs(T) coincides with
the (finite) zero module introduced by Wyman and Sain in [22] and Xs(T) coincides
with the state space of the minimal realization of (the strictly proper part of) T(z).
On the other hand, when S {c}, then O is the ring of rational formal power series
in z- and Zoo(T) and X(T) (for which the notation P(T) should be preferred in
order to avoid confusion with the generalized state space introduced previously in the
literature) are, respectively, the infinite zero module and the infinite pole module
introduced in [2].
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In general, the following isomorphisms hold [21]:

Zs( T) Tor (fsY/ Ns(12sU)) Tor (fsY/ Ns(fsU))

(where Tor denotes the torsion submodule over Os) and

Xs( T) llsY/Ds(lls Y) 12sU/ Ds(lIsU).

In other words, the invariant factors of Zs(T) and of Xs(T) coincide with the nontrivial
elements in the Smith form, over Os, of Ns(z) and ls(Z) or of Ds(z) and s(Z),
respectively. Since the zero and the pole structure of T(z) at a point a of $ are given
by the ordered list of the valuations at a of the elements in the Smith form of N(z)
and, respectively, of D(z) (see, for instance, [12, 6.5], where the "classical" case
S K and the "local" case S {oo} are considered), all the invariant factor information
about the zeros and the poles of T(z) in S can be derived from Zs(T) and Xs(T).

3. Fixed poles. Let the transfer functions T(z)" U(z)-> Y(z) and G(z)" U(z)->
W(z) be given. The design problem which consists in factoring T(z) through G(z),
i.e., in finding H(z)" W(z)-> Y(z) such that

(3.1) T(z)=H(z)G(z),

is solvable if and only if

(A) Ker G Ker T.

Dually, given T(z) as above and F(z)" W(z) Y(z), the design problem which
consists in factoring T(z) through F(z), i.e., in finding H(z)" U(z)- W(z) such that

(3.2) T(z) F(z)H(z),

is solvable if and only if

(B) Im Tc Im F.

From now on, we deal with pairs of transfer functions T(z), G(z) (respectively,
T(z), F(z)) as above, which are assumed to verify condition (A) (respectively, (B)).
The set of solutions H(z) of (3.1), (3.2) is therefore not empty and, unless G(z)(F(z))
is nonsingular, it contains morethan one element. Our aim in this section is to introduce
a suitable algebraic notion of "fixed poles" for (3.1) and (3.2), which allows us to
describe the pole structure of the solutions H(z) with respect to an arbitrary fixed
subset S c K U{oo}. Therefore, let us start by considering the following two Os-
modules:

G-(sW)
Ps G_l(fsW)fq T_(flsy)

and /3s T(flsU)+ F(fsW)
F(12sW)

associated, respectively, with (3.1) and (3.2).
Now, we can state the following basic results.
PROPOSITION 3.3. For any solution G(z) of (3.1) there exists a natural inclusion

j:Ps+Xs(H).
PROPOSITION 3.4. For any solution H(z) of (3.2) there exists a natural projection

I-I -, f’s.
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Proof of Proposition 3.3. The map j’Ps Xs(H) is induced in the following
commutative diagram by (1):

G-’(OsW) f’l T-’(fsY) G-’(fsW) Ps

lsW(’l H-’(OsY) lsW Xs(H)

Furthermore, since G-(12sW) f’l T-(IlsY) G-(12sW f’l H-(12sY)), the map j
is easily seen to be injective.

Proof of Proposition 3.4. The map 7r" Xs(H) Ps is induced in the following
commutative diagram by (2).

OsW H(fsU)+fsW Xs(H)

 (asW) r(ast  + (asW) , es
Furthermore, since r(asU)+ F(asW) F(H(OsU)+OsW), r is easily seen to

be surjective, l-1
When we compare with [4] and [20], the above propositions justify the following

definitions.
DEFINITION 3.5. The modules Ps and Ps are called modules offixed poles in S

of (3.1) and (3.2), respectively.
A first consequence of the above results is that the invariant factors of Ps or Ps

appear, in the same order, in the Smith form, over Os, of the denominator matrices
of any solution H(z) and, clearly, the conditions Ps =0 or/3s =0 is necessary for the
existence of solutions having no poles in S. However, much more can be said, since,
as shown below, the fixed pole structure can be computed explicitly in terms of
fractional representations of T(z) and G(z) or F(z).

3.6. Computation of the fixed pole structure. Assume that the data T(z) and G(z)
of (3.1) have right S-coprime fractional representations T(z)= N(z)D-(z), G(z)=
N(z)Db(z) and let M(z)=D(z)A(z)=D(z)B(z) be the least common left
multiple, in the ring of matrices with elements in OS, of D(z) and D(z). By the same
technique used in the proofs of Propositions 3.3 and 3.4, it is not difficult to see that
the map [u(z)]-->[M(uz)] induces an isomorphism between the modules
(NB)-(fsW)/((NB)-(fsW)fq(NA)-(OsY)) and Ps. Now, let r be the rank of

[No(z,B(z,] and let [No(z,B(z,] r_v2(.._z"-"-_l_V_(._z)_l,,. [__)i_01 r_u_(_z)_l} r
N(z)A(z) N(z)A(;) L V,_tz v4(z)J oJ L

be the Smith decomposition. Denoting by S(z) the full row rank r x m matrix S(z)=
A(z) U(z), which can be viewed as the maximum (nonsingular) common right divisor
of No(z)B(z) and N(z)A(z), the equalities No(z)B(z)= V(z)S(z) and N(z)A(z)=
V2(z)S(z) hold. Then, writing U’=K r, we have (NoB)-(12sW)fq(NA)-I(12sY)=
S-(12sU’) and hence Ps=(VS)-(12sW)/S-I(12sU’). Remarking that V(u)=0
implies, for a suitable u’ such that u S(u’), VS(u’) NoB(u’) =0 and that, by (A),
Ker NoB c Ker NA, one can show that V(z) has full column rank. Then, as before,
the multiplication by V(z)S(z) induces an isomorphism between Ps and (fsWf’l
Im V)/V(fsU’). The last module is isomorphic to the torsion submodule
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Tor (sW/V(fsU’)) of lsW/V(sU’) and, as a consequence, the invariant factors
of Ps which form the fixed pole structure are the nontrivial element in the Smith form
of V,(z).

The analogous result for the fixed pole structure in (3.2) can be obtained by duality.
Remark 3.7. Note that the equality between the nontrivial elements in the Smith

form of V(z) and the fixed pole structure does not follow directly from the above
computation. In order to state its validity, we need the abstract result of Proposition
3.3, which is primarily due to the module theoretic framework we are employing.

Now, we can give a description of Ps and Ps in terms of zeros and poles of the
data T(z) and G(z), or F(z), which, in connection with the scalar case recalled in
the Introduction, will clarify the nature of the fixed poles. Let us consider (3.1) first.
Since (A) holds, the zero module of the transfer function [T(z)’G(z)t]" U(z)
(Y W)(z) can be represented as

()-ls(Y W) +fsU

r-(asg) c G-l(asW)+asU
Ker T Ker G +sU

r-l(asY) G-l(asW) +asU
Ner G+sU

Therefore, as Zs(G)=(G-(asW)+asU)/(KerG+asU), we have a natural
inclusion i" Zs(g) Zs(G) induced by the obvious inclusion ofthe numerator modules.
On the other hand, we have a natural projection p" Xs(g) Xs(G) between the pole
modules

asU and Xs(G)= G_l(asW)asUXs T-l(asY) G-l(asW) asU
induced by the obvious inclusion of the denominator modules.

Notation 3.8. We denote by Zs and Xs the Os-modules defined, up to isomorph-
ism, respectively, by the short exact sequences

oz z(G)zo,

0

It is clear that the module Zs represents the zeros of G(z) which are not zeros of
T(z)’G()’]’. In particular, the above sequence splits over K and, as a K-vector space,
Zs(G) Zs((TG’) ’) Zs. In other words Zs represents exactly the zeros that one
expects to be cancelled by the poles of any solution H(z) of (3.1). Analogously, since
Xs((TG’)’) describes the union of the poles of r(z) and of G(z), Xs represents the
poles of T(z) which are not poles of G(z) (see also [3, Remark 3.5] for this and for
a description of the modules in matrix terms). They are exactly the poles that one
expects to appear as poles of any solution H(z) of (3.1). This is made precise by the
following proposition.
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PROPOSITION 3.9. There exists a natural inclusion (p Xs Ps and a natural projec-
tion d/’Ps Zs such that the following sequence is exact:

o xs Ps Zs O.

Proof. By a natural isomorphism, Xs can be represented as

G-(sW) fq fsUXs T_l(fsy CI G-l(fsW) C112sU"
Then p:Xs --> Ps is the map induced in the following commutative diagram, where
denotes the canonical projections, by (1):

xG-l("sW) T-l(asY) f’l sU G-(OsW) CI lsU Xs

G-’(EsW) CI T-’(EsY) a-l(fsW) " Ps
and o is injective by diagram chasing. Analogously, representing Zs as

G-l(sW) + l-ssZs r_l(flsy) fq G_(asW) f3 asg’

we have that is the surjective map induced in the following commutative diagram
by (2):

G-(lIsW) f’l T-l(fsY) G-’(lIsW) Ps

G-(asW)n T-(EsY)+EsU G-I(EsW)+ESU

Now, let 7rx(u)e Xs. This implies, in particular, that u e lIsU and that d/oTrx(u)=
pzr(u)=0. Hence, o(Xs)cKerq,. On the other hand, let r(u)eKercPs: this
implies, in particular, that u G-(IIsW) and that u G-(fsW) f’l T-(IIsY)+ D.sU.
Therefore, u u’+ u", with u’ G-(IIsW) f’l T-l(lIsY) and u" lIsU fl G-I(12sW),
and zr(u)=cr(u"). As a consequence, 7r(u)=Trx(u")ep(Xs) and KerOco(Xs).
Thus we have shown the exactness of the sequence 0- Xs Ps Zs O. V1

The proposition we have just proved implies, in particular, that Ps Xs 03: Zs as
a K-vector space. Then, summarizing Proposition 3.3 and Proposition 3.9, we can say
that the fixed poles of (3.1) consist of the zeros of G(z) which are not zeros of T(z)
and of the poles of T(z) which are not poles of G(z). This statement makes sense
only if we refer to the module theoretic definitions of zeros and poles.

The situation concerning (3.2) can be treated dually. Without giving the details,
let us simply remark that the inclusion i2" W U0)W induces a natural inclusion

" Xs(F) Xs(T F) between the pole modules and, since (B) holds, a natural projec-
tion/" Zs(F)- Zs( T F) between the zero modules with which we are dealing.

Notation 3.10. (i) We denote by s the module defined, up to isomorphism, by
the short exact sequence

0 - Xs F - Xs T F -- Xs --. O
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(ii) We denote by Zs the module defined, up to isomorphism, by the short exact
sequence

0-.- Zs--* Zs(F)-- Zs( T F)--O.

Just as in the discussion following 3.6, we can give an interpretation of and in
terms of poles of T(z) which are not poles of F(z) and of zeros of F(z) which are
not zeros of (T(z) F(z)). They are exactly the poles that one expects to find as poles
of any solution H(z) of (3.2) and, in fact, the following can be proved.

PROPOSITION 3.11. There exists a natural inclusion Zs -> Ps and a natural projec-
tion " ff’s -> s such that the following sequence"

o--, f’s Xs O

is exact.
As in the previous case, we have that Ps Xs O)r Zs as a K-vector space.

Summarizing Propositions 3.4 and 3.11 we can say, in a precise algebraic sense, that
the fixed poles of (3.2) consists of the zeros of F(z) which are not zeros of (T(z) F(z))
and of the poles of T(z) which are not poles of F(z).

4. Essential solutions. The results of the previous section imply, in particular, that
for any solution H(z) of (3.1) or (3.2) we have an exact sequence of the form

or one of the form

O-> Ps-> Xs(H)-> Cs(H)->O

O--> Cs(H)-> Xs(H)--> Ps->O.

We say that the modules Ps and Ps describe the essential pole structure in S of the
solutions of (3.1) and (3.2) and that, for any H(z), the cokernel module Cs(H) or the
kernel module Cs(H) is the module of inessentialpoles in S (compare with [22], [23]).
Since we have a complete knowledge of Ps or Ps, the aim of this section is to study
the module of inessential poles, describing in particular what restrictions, if any, apply
to it. We restrict our investigation to (3.1), since the analogous results concerning (3.2)
can be obtained by transposition.

To begin with, let us state some technical results and introduce some notation.
Remark 4.1. Let Q(z) be an S-unimodular matrix such that Q(z)G(z) has the

form Q(z)G(z)=[Gl(z)’ 0] t, with G(z) of full row rank. Writing W(z)= W(z)
W2(z) with W(z)= Q(z)G(U(z)), we can represent any solution H(z) of (3.1) as
H(z)=[n(z) H2(z)]Q(z), where n(z)’W(z)Y(z) is such that T(z)=
H(z)G(z) and H(z)" W(z) Y(z) is arbitrary. Since G(z) is full row rank, H(z)
is uniquely determined and given by H(z)= T(z)G(z), where G’(z) is any right
inverse of G(z). Moreover, since Q(z) is $-unimodular, the pole (and zero) structure
of H(z) in S is that of [Hl(z) H(z)].

LZMMA 4.2. Given the S-coprime fractional representations H(z)= D-(z)N(z)
and H2(z)= D(z)N2(z), let M(z)= A(z)D(z)= B(z)D(z) be the minimal common
left multiple ofD(z) and D(z). Then [H(z) H(z)] M-(z)[A(z)N(z) B(z)Nz(z)]
is an S-coprime fractional representation.

Proof See [3, Remark 3.5].
Now, let us consider again the diagram in the proof of Proposition 3.3. With the

notation introduced above, and applying the isomorphism induced by Q(z) to the
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second row and. adding the Cokernels of the vertical maps, we obtain the following
commutative diagram:

G-’(lqsW) CI T-’(IsY)

(lsW,lsW) l [H, H2]-’(12sY)

Ks

a-’(asW) Ps

asW,+asW Xs(H)

12sW --, Cs(H)

in which j, Xs(H) and Cs(H) are employed with an obvious abuse of notation. The
last row is exact and, by the commutativity of (1), it is possible to evaluate the image
of the module Ks in 12sW2. In fact, it consists of the elements w l)sW2 for which
there exists w’l)sW such that H(w’)+H2(w) belongs to fsY. This is to say that
AN(w’)+BN2(w)=M(y) or, equivalently, that BN2(w)=A(N(-w’)+D(y)) for
some w’ l)sWI and y l)s Y- Since N1 (z) and D(z) are S-coprime, the last equality
is equivalent to BN2(w) A(y’) for some y’ sY; hence the image of Ks is given by
sW2 -) (BN2)-I(A(sY)). In conclusion, we have that Cs(H)=
12sWE/(IlsWEfl (A-1BN2)-I(IqsY)) Xs(A-1BN2) and, since A(z) and B(z)N2(z) are
easily seen to be S-coprime, Cs(H)-fsW/A(12sY). We state explicitly the above
results as follows.

PROPOSITION 4.3. Let Q(z) and Gl(z) be as defined in Remark 4.1. Then, any
solution H(z) of (3.1) has the form [Hi(z) H2(z)]Q(z) where Hi(z) is uniquely deter-
mined by Hi(z)= T(z)G(z), G(z) being any right inverse of Gl(z), and H(z) is an
arbitrary (dim Y) x (dim W-rank G) transfer function. Moreover, if H(z)
D-((z)N(z) and H(z)= D(z)N(Z) are S-coprime fractional representations and if
M(z)=A(z)D(z)= B(z)DE(Z) is the minimum left common multiple of Dl(z) and
D2(z), we have Cs(H)-I)sY/A(IsY) and, since Xs(H)-fsY/M(fsY), Ps-
12sY/D(sY).

COROLLARY 4.4. Given any finitely generated torsion Os-module E, whose number
of invariant factors is less than or equal to min {dim Y, dim W-rank G}, there exists a
solution H(z) of (3.1) such that Cs(H) E. In particular, for any S there exists a solution
H(z) of (3.1) whose poles in S coincide with the fixed poles.

Proof. By Proposition 4.3, if A(z) is a p x p matrix such that E =IsY/A(12sY),
it is sufficient to take H(z)- D-(l(z)A-l(z). Solutions whose poles coincide with the
fixed ones are obtained whenever the arbitrary transfer function H2(z)- Dl(z)NE(Z)
is chosen in such a way that D(z) is a left multiple of D2(z ).

By Corollary 4.4 we can now say that no restrictions, except for the number of
invariant factors, apply to the module of inessential poles Cs(H) or s(H). This
implies, in particular, that in each solution H(z) the fixed part of the pole structure
in S is entirely described by Ps or Ps. The location of other poles in S, if any, is
arbitrary. When the module of inessential poles is zero, the corresponding solution is
said to be essential in S. Solutions of this kind have the "smallest" possible pole
structure in S, but they are not necessarily essential also in K U {c}\S. In general,
there do not exist solutions that are essential at a for any t K U {}. An example
of this is given by the equation 1 [z2 z + 1]H(z). The transfer function [z2 z + 1] has
no zeros, finite or at infinity, and, since the left-hand member is 1, this implies that
Ps =0 for any S. However, no solution without poles can exist, since no linear
combination with coefficients in K of z and of z+ 1 is equal to 1. Nevertheless, if
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G(z) is surjective or F(z) is injective, the unique solution H(z) of (3.1) or (3.2) is
essential in any S, since j’Ps Xs(H) or 7r’Xs(H) ’s turn out to be respectively
surjective or injective.

5. Conclusion. It has been shown that for each solution H(z) of the equation
T(z) H(z)G(z) and for each subset S of K U {c} there exists an exact sequence of
0s-modules 0- Ps - Xs(H) Cs - 0 where Xs(H) is the module of pole in S of H(z).

As suggested by the notation, Ps does not depend on the particular H(z), but
only on the data T(z) and G(z). It represents the fixed poles which appear in every
solution and, as an abstract module, it is described by Ps
G-’(OsW)/(G-(OsW) f’I T-’(fsY)).

A dynamical interpretation in module theoretic terms of the fixed poles is given
by the exact sequence 0- Xs - Ps -> Zs O, where Xs and Zs represent, respectively,
the poles of T(z) which are not poles of G(z) and the zeros of G(z) which are not
zeros of

The invariant factors of Ps, which form the fixed part of the pole structure in S
of any solution, are explicitly computed by means of the procedure of 3.6, using
fractional representations of T(z) and G(z).

The cokernel Cs(H) represents the inessential poles in the solution. It is subject
only to a technical restriction on the number of the invariant factors, while the location
of the poles in Cs(H) is arbitrary. These results give a complete description of the
pole structure in $ of H(z).

Example 5.1. Consider the transfer functions:

1/(z+2) -2/z(z+2)
T(z)=

1/2(z+l) -1/2z(z+l)]’
(z+2)/z(z+ 1) (z+2)/z(z+ 1)

G(z)= 1/z (z2+z+l)/z(z+l)2

(z+2)/z(z+ 1) (z+2)/z(z+ 1)

Condition (A) is trivially satisfied since both T(z) and G(z) are full rank. Taking
S K, we compute the invariant factors of Ps, the module of finite fixed poles of the
equation T(z)= H(z)G(z), using the procedure viewed in 3.6. Coprime fractional
representations for T(z) and G(z) are the following: T(z)= N(z)D-l(z) and G(z)=
No(z)Dbl(z), where

z+2

No(z) z + 1

z+2

D(z)=( 2z 3z+2)-2z Z
2

Do(z)= +z (z+
0 -(z + 1 ):’]"

The minimum common left multiple of D(z), Do(z) is given by M(z)= D(z)A(Z)=
Do(z)B(z)

M(z)=(z(z+l)(z+2) 2z(z+l)2)0 -2z(z + )2
with

A(z)=(z2/2 (z+l)2) (z 0
B(z)=

z+2 0

0 2z
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Then, since

z(z+2)/2 (z+l)]
and N(z)B(z)= (z+l)(z+2)

(z+2)2

turn out to be right coprime, their maximum common right divisor S(z) is unimodular;
hence Ps=(NB)-I(IsW)/IsU-Tor (IsW/NB(IsU)) and the invariant factors
of P are the nontrivial elements in the Smith form over Os of N(z)B(z), which is
given by

t! tz(z +2)2

0

This means that any solution H(z) has a pole of total order 1 at 0, whose structure is
(0, 1), and a pole of total order 2 at -2, whose structure is (0, 2). This last one is due
to the presence of a pole of total order 1 at -2 in T(z), which does not appear in
G(z), and of a zero of total order at -2 in G(z), which does not appear in
[T’(z) G’(z)] t. Note that in this example the pole at 0 which appears in T(z) and the
one which appears in G(z), both of order 1, are "distinct", in the sense that they give
rise to a pole of order 2 in [Tt(z) Gt(z)] ’. This causes the presence of the pole at 0
of order 1 in every H(z). Modifying the numerator matrix of G(z) into

N= z+l z+2
0

we obtain a second example in which the pole and zero structure of the data are the
same as before. However, the computation shows that the invariant factors of Ps, in
this case, are given by the Smith matrix

0 z(z +2)
0 0

Thus, we have, as before, a pole of order 1 at 0 and a pole of order 2 at -2 in every
solution H(z), but now the structure at -2, which is (1, 1), is not cyclic. The methods
mentioned in 1.1 are not capable of pointing out this difference between the two cases.
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CHARACTERIZATION OF ALL CONTROLLED INVARIANT SUBSPACES
FOR SPECTRAL SYSTEMS*

HANS ZWARTf

Abstract. For a class of spectral systems a complete characterization of all controlled invariant subspaces
contained in a closed subspace will be given. This characterization is given in terms of the invariant zeros
of the transfer function. As a consequence of this we derive necessary and sufficient conditions for the
existence of V*(Ker C), the largest controlled invariant subspace in the kernel of C.

Key words, infinite-dimensional linear systems, controlled invariance, invariant zeros, discrete spectral
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1. Introduction. In this paper we shall consider the following linear controlled
system described by the set of equations"

(1.1a) Ax + Bu,

(1.1b) y Cx

where x _H, u _U and y _Y. _H and _Y are separable Hilbert spaces and _U is _C or
_R; we take it to be the same as the field of _H. Furthermore A is assumed to be a
generator of a Co semigroup, Bu b. u with b in _/4 and C is a bounded linear operator
from H to Y.

In 1969 Basile and Marro [1] introduced the concept of controlled invariance for
the case that _/4 and _Y are finite-dimensional; starting in a subspace it is possible to
find a control such that the system stays in that subspace. This concept catalyzed the
beginning ofthe geometric theory, which led to the solution of various control problems
(see Wonham [19]).

The concept of controlled invariance for infinite-dimensional Hilbert spaces was
introduced by Schmidt and Stern in 1980 [16], and later this theory was extended by
Pandolfi [12] and Curtain [4].

One concept that plays an important role in the geometric theory is that of the
largest controlled invariant subspace in the kernel of C, usually denoted by V*(Ker C).
From Basile and Marro [1] it follows that V*(Ker C) always exists if _H is finite-
dimensional. If _H is infinite dimensional, however, this does not necessarily hold, as
was shown by Pandolfi [12], at least for retarded systems. In Curtain [4] sufficient
conditions were given such that V*(Ker C) exists.

The aim of this paper is to give sufficient and necessary conditions for the existence
of V*(Ker C) for the class of spectral systems. We shall express this in terms of the
invariant zeros of the transfer function C(sI-A)-IB.

That there exists a close relationship between invariant subspaces in Ker C and
invariant zeros is well known in finite dimensions and can be illustrated by the following
problem. We can ask a very simple question. What is the form of all one-dimensional
controlled invariant subspaces in the kernel of C?

* Received by the editors May 12, 1986; accepted for publication (in revised form) May 6, 1987. This
research was supported by the Netherlands Organization for the Advancement of Pure Scientific Research
(Z.W.O.).

f Institute of Mathematics, University of Groningen, P.O. Box 800, 9700 AV, Groningen, the Nether-
lands.
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Let span {e} be such a subspace; then since it is controlled invariant it is also
A + BF invariant, for some feedback law F (see Basile and Marro [1]). Thus eis an
eigenvector of A+ BF. We shall distinguish between two cases"

(i) Fe 0. In this case e is an eigenvector of A and in the kernel of C.
(ii) FeO. Without loss of generality we may assume that Fe= 1, so that

(A+BF)e=a. e implies (aI-A)e=b. If we assume that a is in p(A), then e=
(aI-A)-lb. Since e is in the kernel of C, we obtain C(aI-A)-Ib=O. Thus a is a
zero of the transfer function. So we see that a one-dimensional controlled invariant
subspace is either an eigenvector in the kernel of C or it is span {e} where e satisfies
the equations Ce=O and (aI-A)e= b for some a in _C. And if this a is an element
of the resolvent set of A, then it is a zero of the transfer function.

For finite-dimensional systems the concept of zeros is very well understood. In
infinite dimensions, however, only a few articles have been published; see Pohjolainen
[14].

The proof of the existence of V*(Ker C) is based on the result of pole placement
from Sun [17]. To get an idea that there exists a relationship between the existence of
V*(Ker C) and the problem of pole placement we refer to the finite-dimensional case.
It is well known (Wonham [19]) that in this case tr(A + BFIv.(Ke, c)) is fixed for all F
subject to (A+ BF)V*(Ker C)c V*(Ker C). In this paper we shall prove a similar
result for spectral systems, see Theorem 6.1. Otherwise we have from the results of
Sun [17] a restriction on tr(A+BF), and hence especially on the fixed part of
tr(A + BFIv.(Ker c)) and therefore on V*(Ker C).

The organization of the paper will be as follows. In 2 we will recall some facts
and properties of discrete spectral operators. In 3 various concepts of invariance and
of system invariance will be discussed. We will derive some properties of these concepts
and for the class of discrete spectral operators we will give a full description of all
invariant subspaces. In 4 we will give the definition of invariant zeros. Properties of
these invariant zeros for the class of spectral systems will be given in 51 In 6 the
main theorems of this paper will be presented. In this section we will give a full
description of all closed loop invariant subspaces in the kernel of C. In particular we
will give necessary and sufficient conditions for the existence of V*(Ker C). Application
of these theorems will be given in 7. The examples in this section were calculated
by L. Nooitgedagt [11 ].

2. Discrete spectral operators.
DEFINITION 2.1. Discrete operator. A linear operator A from _H to _H is discrete

if there exists a number )t in its resolvent set for which the resolvent R()t; A):=
()tI +/- A) -1 is compact.

LEMMA 2.2. IfA is discrete, then"
(a) Its spectrum, tr(A), is a denumerable set ofpoints with no finite limit point.
(b) The resolvent R()t, A) is compact for every )t not in tr(A).
(c) Every )to in tr(A) is a pole offinite order O()to) of the resolvent and if, for some

positive integer k, x satisfies the equation

(A-- )toI)kx =0
then x satisfies the equation

A )toI) (o)x O.

The set of all vectors x satisfying the equation (A-)to/)X)x 0 is a finite-dimensional
linear space, called the space of generalized eigenvectors of A corresponding to the
eigenvalue )to.
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(d) I

(2.1) E(Ao)
1 [-27"g"- .]I"

(/I A)-’ dA,

where F is a small closed curve surrounding only the eigenvalue Ao and F is traversed
once in the positive sense, then E Ao) projects _H onto the space ofgeneralized eigenvectors
corresponding to A0.

Proof. See Lemma XIX 2.2 of Dunford and Schwartz [8].
Remark. The spectrum of A shall be denoted by {A,}n >= 1.
DEFINITION 2.3. Discrete spectral operator. A discrete operator is spectral if the

spectral projections E (Aj) defined by (2.1) satisfy:
(a) The family of sums of finite collections of projections E(A)) is uniformly

bounded; and
(b) No nonzero x in _/-/satisfies all of the equations E(A))x =0, A in r(A).
Remark. The spectral projections E(Aj) are not necessarily selfadjoint.
LEMMA 2.4. IfA is a discrete spectral operator then the spectralprojections {E Aj ), Aj

in o’(A)} generate a uniformly bounded Boolean algebra with the completeness property"

(2.2) Y E(A))= I
j=l

where the convergence is in the strong topology.
Proof. See XVIII.1 of Dunford and Schwartz [8].
3. Invariant subspaees. In this section we shall discuss some concepts of (system)

invariance. Let A be a generator of a Co semigroup, T(t), on _/q. For a generator A
we can define two concepts of invariance: semigroup invariance and generator invari-
ance. In finite dimensions these two concepts are equivalent but as we shall see they
are in general not equivalent for unbounded generators of Co semigroups. We shall
first recall the definition of semigroup and generator invariance.

DEFINITION 3.1. Semigroup invariance of T(t)-invariance. A closed linear sub-
space _V of _H will be called semigroup invariant or T(t)-invariant if T(t)_Vc _V, for
all => 0.

DEFINITION 3.2. Generator invariance or A-invariance. A closed linear subspace
_V of _H will be called generator or A-invariant if A(_VCI D(A))c _V where D(A) is
the domain of A.

We will recall some basic facts about these definitions. Semigroup invariance
always implies generator invariance but the converse is in general not true for
unbounded generators; see, for example, Schmidt and Stern 16] for a counterexample.
But there is a class of subspaces where the two concepts of invariance is equivalent.

LEMMA 3.3. If _V is a closed linear subspace in the domain of A then generator
invariance is equivalent to semigroup invariance.

Proof. See Lemma 2.3 of Curtain [4].
Since the generator A is completely determined by T(t) and vice versa it may

seem strange that the two concepts of invariance are not equivalent. But, as in the
Hille-Yosida theorem, the relation between A and T(t)-invariance is determined by
the resolvent of A. Define Coo to be the largest connected subset of p(A) that contains
an interval of the form Jr, +oo); since A generates a Co semigroup this set is nonempty.

LEMMA 3.4. Let _V be a closed linear subspace of _H; then the following co,scepts are
equivalent"

(a) _V is semigroup invariant;
(b) (aI A)- yc _Vfor a h in Coo;
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(c) (AI A)- _V c yfor all A in C;
(d) The range of (AI-A) restricted to V is Vfor all A C.
Proof.
(a) --> (b): see Pazy [13, pp. 121].
(b)--> (c): see Kurtz [10].
(c) --> (a)" see Pazy 13, pp. 121].
(a) o (d): see Kurtz [10].
LEMMA 3.5. Let y be a closed linear subspace which is T(t)-invariant; then

_V gl D(A) V_.
Proof. From p. 37 of Davies [6] we have that every element x in _H is the limit

of A (AI- A)-x, A -> +o.
Assume that x y; then by the previous lemma we have, for A sufficiently large,

that (AI-A)-x is in _VCI D(A).
Combining these results we have that x is the limit of a sequence in _V D(A).

So _V gl D(A) V_.
If a subspace y of _R is invariant with respect to a diagonal matrix then y must

be of the form span {e, e I c {1 n}} where e is the ith basis vector of _R. For the
class of discrete spectral operators a similar theorem holds. First we shall recall a
lemma of Dunford and Schwartz [8] that gives some invariance properties of the
spectral projections, E(A).

LEMMA 3.6. Let A be a discrete spectral operator and lj an element of tr(A). Then
D(A) E(Aj) _/-/, the subspace E(Aj) _/-/is A-invariant, AE(Aj)x E(A)Ax for all x in

D(A) and ,r(AIE(X)_H)=
Proof. See Dunford and Schwartz [8, pp. 2294].
TIq.OZM 3.7. Let the discrete spectral operator A generate the Co semigroup T( t);

then a closed linear subspace _V of H_ is T( t)-invariant if and only if’

(3.1) _V E _W
j=l

where _W is a subspace of _I.-I which is contained in E(A)_H and is A-invariant.
The summation (3.1) is in the strong topology, i.e.,for all x _V there exist {w; _N,

with ws _W} such that= w converges to xfor n--->oo; otherwise if{w, _N}; ws _W
is such that ’.= w converges for n---> oo, then the limit is in V_.

Furthermore the spectrum of A restricted to V is equal to the set of all A tr(A)
subject to the corresponding _W is not the zero subspace.

Proof (If.) Since the dimension of E(A)_H is finite, the dimension of _W must
also be finite. So _W is a closed linear subspace of _H. Furthermore E(Ai)_H is contained
in D(A), and with Lemma 3.6 and Lemma 3.3 we may conclude that _W is T(t)-
invariant.

Every x in _V is the limit of a sequence x,, with x, = _W. So with the above
we have T(t)x, is in

__
_W. T(t) is a bounded linear operator; thus T(t)x converges

to an element in _H, but also to an element of Y since T(t)x, is in _V. So _V is
T(t)-invariant.

(Only if.) Let _V be a T(t)-invariant subspace. Since tr(A)= {A}, i _N We have
that the resolvent set, p(A), is connected With Lemma 3.4 this implies that y is also
(AI-A)- invariant for all A in the resolvent set of A. So

E(A’)V=1-’-
2ri fr (A" I-A)-’VdA_ _V (see (2.1)).
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So E(Ai) _V c (E(A,) _H) _V. Using the fact that E(Ai) is a projection we get (E(A,)_H)
y= (E(Ai) _H) f3 (E(A,)_V)c E(Ai)_V. Thus E(Ai)Y= (E(A,)_H) fq _V.

If we set _W equal to E(Ai)_V and xi: E(Ai)x;x _V, then A(_W)=AE(Ai)_V=
AE(Ai)E(Ai)_V AE(Ai)(E(Ai)_H f) _V) = AE(A,)(_V f-! D(A)) E(A,)A(_V f’l D(A))
E(Ai)_V= _W/ (see Lemma 3.6). So A_Wm _W.

By (2.2) and Definition 2.3 every x in _H can be uniquely written as Y= x. Hence
_v EF__, _w,.

We shall now prove the last assertion.
Let ] denote the index set of all Ai r(A) subject to dim (=W) is larger than zero.

Since _W E(Ai)_H is A invariant it must contain an eigenvector corresponding to
thus Ai; ) (Al_v).. From Lemma 3.4 we have for that all A C_, (AI A)-l_v is
a bounded linear operator from _V to _V and since A is discrete it is also a compact
operator. Furthermore, it is the inverse of (AI- Al_v). So Al_v is a discrete operator and
hence the spectrum of Al_v is a pure point spectrum. Now it is easy to show that
{A,; ]} r(Al_v).

With this theorem we can prove an interesting corollary.
Let A be of the following form" A i=1Ai(’, i)_H i, with {i} an orthonormal

basis of _/-/, Ai e _R and i=1 A -2 < oo. If we set the domain of A equal to all x in _/-/
such that i--1 [Ai(x, cki)_HI2 exists, then A is a discrete spectral operator with spectral
projections E(Ai) i)" . Furthermore if sup {Ai]i e _N} < oo, then A generates a

Co semigroup T(t) (see Curtain [3]) and

T( t) eAt= E ei" i)!2I (i"
i=1

Let C be a bounded linear operator from _H to a Hilbert space _Y. This operator
can be seen as an observation. An important concept in system theory is the nonobserv-
able subspace _Vo, i.e., all trajectories that are nonobservable.

COROIAARY 3.8. If A and C satisfy the properties as stated above, then V_o is
span {/)ilC(i)--O}. So _Vo-- {0} iffC(/)i) # 0 for all i.

Proof. From Curtain [4] we obtain that _Vo is the largest subspace of _/-/that is
semigroup invariant and in the kernel of C. From Theorem 3.7 and the special structure
of A we have that _Vo Span {&i[iJ_m _N; C(bi) 0}. Combining these results for _Vo
we conclude this corollary.

We can also define a controlled version of generator invariance. Let b be an
element in _H. With this element we can define an input operator B, i.e., Bu--b.u
where u is an element of _U, the input space. Here we shall assume that _U is _R or _C.

DEFINITION 3.9. Bounded closed loop invariance. A closed linear subspace _V of
_/-/is called (bounded) closed loop invariant if there exists a bounded linear feedback
law F from _H to _U such that T(t) _V _V for all _-> 0. T(t) is the semigroup generated
by A+BF.

Remark. If there is no doubt about the feedback law then we will simply use
Tz(t)-invariance.

DVNTION 3.10. Generator feedback invariance. A closed linear subspace _V will
be called generator feedback invariant if there exists a bounded linear feedback law
F from _H to _U such that (A+BF)(V_CID(A))m V_.

DEFINITION 3.11. (A, B) invariance. A closed linear subspace _V will be called
(A, B)-invariant if A(_Vfq D(A))c _V+ Im B.

If _/-/is finite-dimensional, then these three concepts of invariance are equivalent
and a subspace which satisfies one of these concepts is called controlled invariant.
However, if _H is infinite dimensional and A is an unbounded operator, then these
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concepts no longer are equivalent (see Schmidt and Stern [16]) and here we shall
mean by controlled invariance closed loop invariance.

In Curtain [4] the relation among Definitions 3.9-3.11 is studied. From this we
have the following lemma.

LEMMA 3.12. If _V is a closed linear subspace contained in D(A), then closed loop,
generator feedback- and (A, B)-invariance are equivalent.

Proof. See Lemma 4.6 of Curtain [4].
DEFINITION 3.13. V*(K). Let _K be a closed linear subspace in _/4. By V*(K)

we shall denote the largest (bounded) closed loop invariant subspace in _K.
Remark. In general V*(K) need not exist; see, for example, Pandolfi [12].
Since we do not have equivalence between (A, B)- and closed loop invariance,

we must derive new proofs for results that, in the finite dimensional case, were proved
by this equivalence. One of these results is given in the next lemma.

LEMMA 3.14. Let _V1 and Y2 be closed linear subspaces of H that are (bounded)
closed loop invariant and assume further that _V2 is finite dimensional; then V_ / _V2 is
also (bounded) closed loop invariant.

Proof. By the definition of closed loop invariance we have that there exist F and
F2 both bounded such that TF,(t) c , i-- 1, 2. Define Fo to be such that

Fol_v, F, I_v,,
Fo[v’ F21 y where y Y2 f’ Y1 f’ Y2) -1-,

Fol(_,+_+/- =0.

This Fo is a bounded linear operator. So there is a real Ao such that [Ao, oo)c
p(A + BFi)i 0, 1, 2. For a A e [Ao, oo) we have

(3.2)
(aI A BFo)-1 (aI A- BFi)-1 + (aI A- BFo) -1

B(Fo- Fi)(aI A- BF,)-’ i= 1 2

If x is an element of _V then, by Lemma 3.4, we have that (AI-A-BF1)-lx is in _V1.
So by (3.2) and the definition of Fo we have that for x e _V

(3.3) (aI A BFo)-’x (aI A BF1)-’x,

so (aI A- BFo) -1 _V c _V.
Since _V2 is closed loop invariant we have from Lemma 3.5 that D(A) is dense in

_V2. And since _V2 is finite-dimensional, it must be a closed subspace contained in D(A).
If x is an element of _V2, then it can be written as x Xl / x2, where Xl _V1 _V2 D(A)
and x2G_V’2cD(A). And so we have that B(Fo-F2)x=B(Fo-F2)(Xl/X2)
B(F-F2)x,+O= (A+BF)x,-(A+BF2)x,. From this equation we see that
B(Fo F2) _V2 c _V + Y2) f3 Im B. Since B b we must consider two cases.

(i): b _V+ _V2. In this case we have that B(Fo-F2)_V2=O. So with (3.2) we have

(3.4) (AI A- BFo)-lx (AI A BF2)-x for all x in

So (AI-A-BFo)-I(_vI+_V2)c(_V+_V2) and with Lemma 3.4 we conclude that
(_V + _V2) is closed loop invariant.

(ii): be _V + _V2. In this case we can decompose b in b+ b2 with bl _V and
b2 _V. Choose A such that I1<1; where r=(Fo-F)(AI-A-BF2)-b2. This is
possible since A + BF2 generates a Co semigroup. From (3.3) we have that

(3.5) (aI- A- BFo)-’ bl (AI- A- BF1)-lb,
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and from (3.2) we have that (AI-A-BFo)-bz=(AI-A-BF2)-lb2+
(AI A BFo)- B(Fo- F2)(AI A- BF2)-lb: (AI A- BF2)-lb2+z
(AI A BFo)-. b. Adding this last equation to (3.5), we obtain

(AI A BFo)-I b (AI A- BF1)-lbl + (AI A- BF)-b2
(3.6)

+ z. (AI A- BFo)-. b.

Now since < 1

(3.7) (AI A BFo)-b (1 z)-. {(AI A BF1) -1b + (AI A BF2)- b2}.

So (AI-A-BFo)-b is an element of _V+_V2. Let x be an element of _V2; then
from (3.2), (AI-A-BFo)-x=(AI-A-BF2)-x+(AI-A-BFo)-b (Fo- F2)
(AI-A-BF2)-x. Since (Fo-F2)(AI-A-BF2)-lx is in _U and (AI-A-BFo)-b is
in _V1 + Y2 we may conclude that (I-A- BFo)-x is in _V + _V2. Combining this with
(3.3) we have proved this lemma.

Remark. This lemma can easily be generalized to the case that Im B is finite-
dimensional.

As in Theorem 3.7 we pose the question of what the TF(t)-invariant subspaces
look like. This question is in general not solvable even if A is a discrete spectral
operator since A+ BF need not be a discrete spectral operator. Furthermore we are
not interested in all TF(t)-invariant subspaces but only in those which are in the kernel
of C. Before we can give a complete description of all TF(t)-invariant subspace we
must investigate the notion of the zeros of a transfer function.

4. Invariant zeros. In this section we will discuss the concept of invariant zeros
which will play an important role in the investigation of TF(t)-invariant subspaces in
Ker C, the kernel of C.

We will consider the following controlled system"

Ax + Bu,
(4.1)

y= Cx

where A is a generator of a Co semigroup on _H, Bu bu; b _H and C is a bounded
operator from _H to _Y, where _Y is a Hilbert space.

For the definition of invariant zeros it is convenient to introduce the following
sequence of subspaces"

_Z := {0}; _zk := {X D(A)" there exist y in C and z in Zk-1

such that (tzl A)x y b + z} f’) Ker C, k > 0.

DEFINITION 4.1. Invariant zero. /x in _C is called an invariant zero if _Z is not
the zero subspace.

Remark. If/z p(A) then/z is an invariant zero if and only if C(txI-A)-b =0.
Remark. ix is an invariant zero if and only if there exist nonzero x _/4 and u _U

such that

[/X-Ac B][X]u =0 (see Davison and Wang [7]).

The next lemma will show that _zk is a nested sequence of subspaces.
LEMMA 4.2. _zk is a linear subspace in Ker C. _zk-lc _zk and if _zk-1= _zk, then

zk+l k., _Z, k=> 1.
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Proof. The first assertion can be proved by induction. We shall prove the second
and third assertions. Since _Z {0} we have proved the second assertion for k 1.
Suppose it holds for all n -< k, then we will prove it for n k + 1. Let x be an element
of _zk, then there exist 3’ _C and z_zk- with (IXI-A)x= 3" b+z and x is in

Zk+lKer C" z _zk- c _zk. So x __.,
Suppose _zk-= _zk. Let x be an element of ___,zk/’, thus x Ker C and there exist

3" _C and z _zk with (IXI a)x 3’. b + z, z _zk _zk-. This implies that x _zk.
So _zk+ c _zk and _zk+ _zk; thus _zk+= _zk.

DEFNrrON 4.3. Order (IX). Let IX be in _C. By order (ix) we mean the smallest
number k >-0 such that _zk+= _zk. If such a number does not exist then order (ix)
is

Remark. Ix is an invariant zero if and only if order (Ix) is larger than zero.
DEFiNiTiON 4.4. _Nk. By _Nk we mean the kernel of (IxI-A) k intersected with

the kernels of C(IxI-A) for0-<_ < k. Thus _Nk {x 6 D(Ak) subject to (IxI--A)kx =0
and C(IxI-A)x=O for 0<-1 <k}.

Remark. If _N is nonzero, then Ix is called an output decoupling zero; see Davison
and Wang [7].

The next lemma will give some properties of _Nk similar to those of _zk.
LEMMA 4.5. _Nk has the following properties for k N_
(a) _Nk c Nk+l

=Nk+ then N_ k+ Nk+2

(C) _Nk is not the zero subspace for a k > 0 iff Ix trp(A) and there exists a nonzero
eigenvector, corresponding to Ix, in the kernel of C.

Proof. The proof is the same as that for Lemma 4.2.
LEMMA 4.6. Suppose that _Nk={0}, then _zk=span {x... xn} where n is the

minimum of k and order (Ix) and xi satisfies"
xi Ker .C,

(4.2) (IxI- A)x b and

(tzI A)x x_.

Proof. Let us first remark that since _N={0}, we have that the equation
(IxI-A)x =y has at most one solution in Ker C.

If order (Ix)= 0, then _zk {0}. SO in this case the assertion is proved.
Assume now that order (Ix) 0 and consider the assertion for k 1. Then n 1

and (IxI A)x b has exactly one solution x Ker C and the assertion holds for k 1.
Now suppose that the assertion holds for -< k-1. We will prove it for k.
If k 1 _>- order (Ix), then _zk- _zk and min (k, order (Ix)) min (k 1, order

(Ix)). So the assertion holds.
If k- 1 < order (Ix), then n := min (k, order (Ix)) k and _zk- _zk SO there exists

x_Z,k and x Zk-_, Since x _zk there exist 3’0 C_ and z in _zk- such that (IxI A)x
3’0" b + z. By the induction hypothesis we have that there are constants 3’i such that
Z=Yk 3"i" X. Since x is not in _zk- we must have that 3’k- S0. Defining Xk as

i=o 3’" X+)/3"k-! we have
k-2

A)x A)x- E
i=0

(by the definition of xi, i< k),
k-1 k-2

3’0" b + Y 3".x-3"0" b- Y 3".x 3"k-’Xk-.
i=1 i=1
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So Xk satisfies the conditions (4.2) and by the definition of Xk we have that
span {xl Xk} _zk- + span {Xk} z_k.

Now we shall show that all elements of _zk are in span {x Xk}. Suppose that
x’ is an arbitrary element in Zk_,. Then by the definition of _zk there exist )’ C_ and
z’ _zk- such that (I-A)x’=)"o" b+ z’. By the induction hypothesis we have that

k-1

z’=Y 3, x.
i=1

Defining y as )’k_IX’--)’_1X we have that

(txI A)y (pI A)( ),k_iX’-- )’-lX)

)’k-, )’" b + 2 )’" x, )’:-1 )’o" b+ 2 )’i" x,
i=1 i=1

By the definition of _zk- and the induction hypothesis for k 2, the above equation
implies that y Zk- Thus

x’= (y+)’tk_lX)/)’k_ _zk-1 +span {x}= _zk-’ +span {Xk}-- span {X, Xk}.

Since x’ is an arbitrary element in _zk we have proved that _zk c span {Xl""" Xk}.
Thus _Z span {Xl""" Xk}.
COROLLARY 4.7. If tZ p(A), then _zk span {(/zI A)-b, ., (txI A)-"b },

where n is the minimum of k and order (p ).
Proof This is a simple corollary of Lemma 4.6.
The last lemma of this section and the first remark after Definition 4.1 will give

an explication for the name invariant zero.
LEMMA 4.8. If _zk is finite-dimensional, then it is TF(t)-invariant.
Proof By the definition of _zk this subspace is contained in D(A). And by

assumption we have that Zk is finite-dimensional. So from Lemma 3.12 we only have/x

to prove that _zk is (A, B)-invariant.
k andLet x be an element of _zk, then (/x-A)x-)’. b+ z where z _zk-c _Z,

)’ _C. So Ax txx z- )’’ b, and A(_zk) = _zk + Im B.

5. Invariant zeros for the class of spectral systems. In this section we shall consider
system (4.1) with some additional assumptions and discuss the concept of invariant
zeros for this special kind of system. The additional assumptions we make on the
system (4.1) are:

(1) The generator A is a discrete spectral operator with spectral decomposition

A= Y A,. E(Ai)
i=1

where Ai Aj (for all j) and dim E(At)= 1(i_-> 1). Without loss of generality we may
assume that the E(Ai)(i >- 1) are selfadjoint operators in _H (see Wermer [18]). The
normalized eigenvector of A corresponding to E(Ai) will be denoted by (i=> 1),

(V2) b, := (,, b)_n # O.

Let us remark that (72) is the controllability assumption; see, e.g., Curtain and
Pritchard [5].
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If/x o-(A), then (AI-A)-’ 1/(A-pt).E(I)+R(A) where R,(A) is analytic
in kt and commutes with E() (see Kato [9, III.6.5]). R(A) can be seen as the inverse
of {A-Y’-,=I,X,# AiE(A,)}. Define P as I-E().

With assumptions (1) and (2) we shall give a full description of _zk.
LEMMA 5.1. Let I- o’(A) be an invariant zero; then _zk span {Xl, , xn} where

n is the minimum of k and order (pt) and xi satisfies:
a xi Ker C

(5.1) (b) Xl 4); 4) is the eigenvector corresponding to , and
(c) x,=(R,.(l))’-lp,b; i> 1.

Proof. Let x e _Z; then (lI-A)x y. b for some ),e _C. Since e o-(A), there
exists a nonzero vector such that (II-A)=O. So O=((lI-A)b,x)=
(, (I-A)x)=(, b). y. With (U2) we conclude that y=0. Thus (I-A)x=O. This
implies that x e _NI and that x is an eigenvector corresponding to . The multiplicity
of all eigenvalues is one so x e span {} _N. Thus we have _ZI,. _151, span {}. And
so the assertion holds for k 1.

Suppose that k is larger than 0. Then since _Z1. _Z k. and P._Z. 0, _Zk. can be
decomposed in _Zk. _ZI) P._zk span {}P._zk,. We shall prove that P._zk can be
interpreted as "7k-1"__. for the system (PA, Pb, CP) on the Hilbert space PH._

Let x P_zk; then x Px’; x’ _zk. Since x’ _zk there exist z _zk-1 and y _C
such that

(5.2) (IA)x’=y b+z=y. P,b+y.(,b). +z.

Defining z’=y. (, b).+z we have

(5.3) (, z’) (, (I A)x’}-(, y. P,b) ((I A), x’)-(P., y. b) 0.

k-1So z P,_Z Since (I-A)P (/I-A) we have that

(5.4) (lI-AP,)x=(beI-A)P,x’=(lI-A)x’= y. Pb+z’,

Recall that P,,_Z {0} _Z,, so by induction and (5.4) P,zk,, "Zk-’’’ for the system
P.A, P,.b, CP,. ).

Since iep(P,A) we can apply Corollary 4.7. So we have P,Zk=be

span {X1," ", X,,} where X (R(tx))iPb and n’ min (k, order (/x)- 1). If we define
xi/l X, then these vectors satisfy (5.1).

COROLLARY 5.2. If (A, B) satisfies (1) and (U2), then dim (_zk)= n where n is
the minimum of k and order (tx).

Proof See Lemma 5.1 and Corollary 4.7.
LEMMA 5.3. Let C(AI-A)-B#O. If (A,B) satisfies (U1) and (2), then the

order of every invariant zero is finite.
Proof Since C and B are bounded operators we have that C(AI-A)-B is an

analytic function on p(A). Let/z o-(A) be an invariant zero, then from the previous
lemma C(AI-A)-B= C{1/(A -/x). E(/z)B}+ CR,(A)B= CR(A)B. This function
is analytic in/x and has a zero with multiplicity order (/z)- 1 at/z, Lemma 5.1.

So at all invariant zeros C(AI-A)-B is analytic or has an analytic extension.
And from the well-known zero-set theorem for analytic functions (see Rudin
15, p. 209]) we have that the multiplicity of the zeros is finite, thus order (/z) is finite.
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LEMMA 5.4. If (A, B) satisfies (V1), (V2) and the transferfunction C(AI-A)-IB
is not identically zero, then _Z,,fq spanj_/i {_Z,j} {0}, where J_ denotes the index set of
all invariant zeros and 0j order (ixj).

Proof The complete proof is very long and rather technical; here we shall give
the proof in the special case that the order of all invariant zeros is one and none of
these zeros is in tr(A). So we have to prove that (tzI-A)-lb is not in span,,
{(ixiI-A)-Ib}. Suppose that this is true; then there exists a sequence y’ such that
II(I-A)-b-Y,=, ,, (,I-A)-bll < 1/n. This implies that

< IIC(I-A)-II 1In.
By the resolvent identity we have that

(5.6) (ixI-A)-(ix,I-A)-b=(ix-ix)-l{(ixI-A)-lb-(ixI-A)-b}.

Using this identity we have

(IXI-A)-{ (ixI-A)-lb- i=l
3’’" (ix,I-A)-Ib}

(ixI A)-eb y’. (ix ixi)-l{(ixiI A)-Ib (txI A)- b}.
i=1

Notice that since ix and ixi are invariant zeros we have that C(IXI-A)-b and
C(ixiI A)-- b are both zero. With this property and (5.7) we can simplify the expression
inside the norm signs of (5.5)"

(5.8)
C(IXI-A)-{(ixI-A)-lb-

i=

y’"

C(ixI- A)-b.

Combining (5.8) with (5.5) implies that C(ixI-A)-2b is zero, so ix is a zero of order
two. This is in contradiction with the assumptions. So (ixI-A)-Ib is not in
span,, {ixiI A)- b}.

6. Characterization of all invariant subspaces. In this section we shall give a
complete characterization of all TF(t)-invariant subspaces in Ker C. This is yet not
possible for an arbitrary generator, but there is a large class, introduced by Sun [17],
where we can give a complete answer. We shall start by defining this class.

We say that (A, B) satisfies condition if it satisfies (T1) and (V2), see 5, and
we have the following extra conditions on the eigenvalues of A:

(V3) inf[A,-AjI > 0,
j

(74) sup
1---<i<x j=

ji

1 2

Our main results are as follows.
THEOREM 6.1. Suppose that C(AI-A)-BO and (A,B) satisfies condition .

Then a closed linear subspace _V in Ker C is TF( t)-invariant for some boundedfeedback
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law F iff there exists a subset of _N, denoted by J_, such that"

(6.1) (a) _V _zk,
jeJ

where txj is an invariant zero, Ii Ij ifij;
(b) dim (_zk) > O for allj in J_ and dim (_zk) 1 for all butfinitely manyj in J_ and
(c) There exists a subsequence nj(j J_) in _N such that

2

(6.2) E [ A.,.......- m < c

where A,, is the njth eigenvalue ofA and b,.j (b,, b).H; b,j is the eigenvector corresponding
tO A,.

Remark. From Theorem 3.7 and the proof of this theorem we have that
tr(A + BFI_v {/.;j }. So if y is closed loop invariant with A+ BF stable, then
{; j }= {z ; re(z) < 0}.

With this theorem we can solve the existence of V*(Ker C).
THEORE 6.2. Suppose that C(AI-A)-BO and (A,B) satisfies condition .

en V*(Ker C) exists for a bounded feedback law iff the following conditions hold"
(i) For all but finitely many j’s the order of the invariant zero, , is one; and
(ii) ere exists a subsequence n(j ) in such that

(6.3) j ’- <m

where is the index set of all invariant zeros and ,, b, are the same as in eorem 6.1.
Remark. If C(1I A)-lB O, then V*(Ker C) exists and is equal to the controlla-

bility subspace (see Cuain [4]). Since (A, B) is controllable (condition (V2)) we have
that V*(Ker C) .

Remark. For the proof of the sufficient pa in both theorems, condition (V4) can
be omitted (see Clarke and Holland [2]).

Before we can prove these theorems we must first prove some lemmas.
LMMA 6.3. IfA satisfies conditions (V 1), (V3) and (V4), then A + BF is a discrete

spectral operatorfor all boundedfeedback laws E e spectral projections ofA+ BF will
be denoted by Ev(v). Furthermore if is sufficiently large, then dim (E(v))= 1.

Proof See Sun [17, Thm. 2.1 and p. 734]. See Kato [9] for the fact that
(I-A-BF)- is a compact operator.

LZMMa 6.4. Suppose that (A,B) satisfies assumption V. If W is an
A + BF)-invariant subspace ofEv( in the kernel ofC with dim (W)= k, k > 0, then

is an invariant zero with k order () and W .
Proof Since W is a finite-dimensional, (A+ BF)-invariant subspace in Ev()O,

there exists a nonzero vector e in W such that (A+ BF-I)e =0. Thus

(6.4) (tx A)e bFel

e e _Wc Ker C. So /z is an invariant zero and e is in _Z. Since dim (_Z,)= 1 (see
Corollary 5.2) A+ BFI_w has only one eigenvector, and span {e} _Z.

Since _W is finite-dimensional, (A + BF) _W _W, tr(A + BF[ _w) z and A+ BFI _w
has only one eigenvector we have that _W=span{e,..., e} where ei satisfies:
(A + BF- /z )e 0 and (A + BF- tx )e e_, 2 <= <-_ k. This last equation implies that
(txI A)ei bFei e_, 2 <= <= k.

By induction it is now easy to prove that =<order (/x) and span {e,..., e}
_Z/, 2<i<k.=
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Proof of Theorem 6.1. (Only if.) Let y be TF(t)-invariant, then by Lemma 6.3
and Theorem 3.7 _V is of the following form"

(6.5) Y= E _W,
i=1

where _W is a (A + BF)-invariant subspace of EF(tZi)H_.
Define _J to be the set of indices with _W not the zero subspace. By Lemma 6.3,

we have for all but finitely in _J, dim (_W) dim (EF(/Xi)_H) 1. Since _V is in Ker C
we have that _W is in Ker C, so by Lemma 6.4 we have that _W _zk’, i _J. Since
{/xi; iJ_} is contained in the spectrum of A+BF we have from Sun [17] that (6.2)
must hold.

(If.) Let _J1 be the subset of _J that contains all indices j such that dim (_zk) is
one, then by Corollary 5.2 _zk _Z. By condition V and (6.2) we may apply Theorem
1.1 of Sun [17]. So there exists a bounded feedback law F1 such that tr(A+ BF)
{]j _J}. We will prove that _V := spanj_j {_ZI} is closed loop invariant with respect
to the operator Tzl(t). Let ej be an eigenvector of A+ BF with eigenvalue /x, then
(A + BF1) ej =/x. e or equivalently

(6.6) (fl- A)ej b Fe.
Again we have to consider two cases:
(i) j or(A). In this case we can premultiply (6.6) with (tzI-A)-. So

(6.7) ej (p,jI A)-b Flej.

This equation implies that Cej C(tzjI-A)-b Flej. And this last expression is zero
since /zj is an invariant zero. So ej Ker C. This combined with (6.6) implies that
span {ej} Z From the fact that _Z is one-dimensional we have that _Z =span {e}.

(ii) /. r(A). Let be the eigenvector of A corresponding to txj, then

(6.8) 0=(0, e}_, ((/xj-A), e/}_H (, (Ixj--A)e}_H=(, b}_H" F, ej.

By (2), (6.8) implies that Fe=O. This together with (6.6) and the fact that there
exists only one eigenvector, of A, corresponding to the eigenvalue y, implies that

r. ey; r # 0. Since # {0} and e g(m) we have from Lemma 5.1 that
span { } span { ej }.

So for every j in J we have that Z is Tz,(t)-invariant, and so is y
Let J2 be the subset of J that contains all indices j such that dim (5) is larger

than one. Then by the condition in Theorem 6.1 we have that J2 is finite. And with
Lemmas 4.8 and 3.14 we conclude that Y2 := spanjg {5} is Tv(t)-invariant, for some
bounded operator F2. Since y= + Y2 we can apply Lemma 3.14 to conclude the
proof.

Proofofeorem 6.2. (IE) Define y to be the closure of the span over all 5,j e J,
where are the invariant zeros and Oj is their order. From Theorem 6.1 we have that
this subspace is bounded closed loop invariant and by definition it is the largest closed
subspace with this propegy.

(Only iE) By Theorem 6.1 we have that Y*(Ker C) is of the form g g5" If
there were a o such that jo is not in J or kjo is smaller than 0yo; the order of o, then
by Lemma 5.4 (a Zg,_, + Z0*o_. is larger than. Zb_. and is closed loop invariant by
Lemma 3.14. This i in contradiction to the fact that V*(Ker C) g g5 is the largest
closed subspace with this property. So V*(Ker C)=j g5, where the summation is
over all invariant zeros and 0 order (j). Conditions (i) and (ii) are direct consequen-
ces of Theorem 6.1.
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7. Examples. In this section we will discuss some examples. The example that
will be discussed in this section is the heated rod with various controls and observations.
This can be schematized as below"

sensor

x 0 control x

and for the mathematical model we take

tgX

ot o2+ b() u(t),

(7.1) x(O,t)=O=x(1, t),

y(t) c(sC) x( t, sc) dsc.

This can be formulated as a system of the form (4.1), where we take _H L2(0, 1)
and the system operator A is given by

a2

A-O2, D(A)= {h H_ h" H_ and h(0)=0=h(1)).

A is selfadjoint and has eigenvalues {-n2Tr-; n- 1,..., o} and eigenvectors {bi(s)
x/. sin iTr; i= 1,...,

In this section we take b(s) I[o,2/](s), the characteristic function of the interval
[0, 2/7r], and we shall investigate the existence of V*(Ker C) for the two measurement
functions Cl(sc) and c2(sc)

-20:+40:, : 0,

(7.2) c,(s)

-202s2+ (2 202- 40)- (202- 40),

(7.3) c2(sc) I[o, ,l(SC).

It is easy to see that A satisfies (1), (V3) and (74). Furthermore since

(7.4) b, (b,, b)= I[o,2/](x) sin iTrx dx
iTr

{cos 2. i- 1} # 0,

(A, B) satisfies .
Since (Ck, b2j)= 0, k 1, 2; j _N, we have that --4j2’7/’2; j _N are invariant zeros,

for both measurements; these are the only invariant zeros in r(A). In Nooitgedagt
11] the position of the other invariant zeros, that are proper zeros of the system, is

calculated. The values of these zeros are listed in Table 1.
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TABLE
The "odd" zeros are located at eigenvalues of A.

zero-
number G G2 pole

2 -88.57748 -88.57290 -88.82644
4 -235.48318 -234.91203 -246.74011
6 -478.77778 -478.28330 -483.61062
8 -797.61298 -797.27853 -799.43796
10 -1184.41496 -1181.63195 -1194.22213
12 -1666.41632 -1665.76207 -1667.96314
14 -2217.35020 -2215.29725 -2220.66099
16 -2846.10865 -2840.74241 -2852.31567
18 -3562.80012 -3562.64551 -3562.92719
20 -4349.23549 -4343.64385 -4352.49554
38 -15011.66046 -15000.01489 -15011.66829
58 -34355.85119 -34350.98638 -34356.09292
78 -61596.20066 -61593.72592 -61596.20107
98 -96731.78108 -96719.44637 -96731.99273
198 -390846.20363 -390836.43821 -390846.2039

The first column contains the zeros of G1 and G2 and the last column the eigenvalue
of A that is closest to that zero, where Gk(S)=(Ck, (s-A)-Ib)_H, k 1,2.

Calculating the partial sum,

s(n) :=
i=1

where /i+1 :"- -(i+ 1)27r2 is the eigenvalue closest to/xi (see the Remark at the end of
this section), for both transfer functions yield the values in Table 2. And, if we plot
this as function of n, we obtain Figs. 1 and 2.

TABLE 2

2 1734.50 1799.62
4 6356.74 6902.80
6 13935.26 16111.46
8 25473.00 32265.61
10 39831.54 55928.94
12 72852.55 88338.93
14 88931.69 132997.56
16 103183.24 188896.95
18 114984.03 258928.29
20 137389.40 345927.28
38 145466.20 2404081.04
58 148906.37 7737351.82
78 151658.92 17903511.5
98 152989.63 34452776.5
118 154363.54 58960201.8
138 155064.37 92969495.8
158 155885.73 138039382
178 156317.35 195748288
198 156863.13 267624120

n G G
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Remark. For the calculated zeros,/xi; =< i-< 198, it can be shown that

min{j_N

SO

198

S(198) :=
i=1

is smaller than

198
Ji- iji

2

i= bji

for every subsequence {ji; 1 <=i_< 198} in _N.
Thus concerning Theorem 6.2 we have (numerical) evidence that for

cl(sc) V*(Ker C) exists but not for c2(:).
From Curtain [4] we have that the existence of V*(Ker C), C =(c(), ")_H, for

bounded F, is closely related to c(C) D(A). In this example we see that, in spite of
the fact that ci(:) and c2(:) are close in L2-norm, V*(Ker C) exists for c but not for
c2. Notice that cl D(A) and c2-D(A). Research is continuing for the case that
c(): D(A) and there we see that we must not restrict our attention to bounded
feedback laws. In the near future I hope to publish some results on this subject.

8. Conclusions. In this paper we have shown that for the class of discrete spectral
systems there exists a complete characterization of all (bounded) closed loop invariant
subspaces. With this characterization we obtained necessary and sufficient conditions
for the existence of V*(Ker C). We calculated these numerically for a simple example.
On the other hand if we know a priori (for example, see Curtain [4]) that V*(Ker C)
exists, then the conditions give information concerning the asymptotic distribution of
the zeros of the transfer function.

Furthermore we have shown that (as for a finite-dimensional state space) if F is
such that yc Ker C is Tv(t invariant, then the spectrum of (A+ BF)I_v is a subset
of the set of all (invariant) zeros of the transfer function C(AI-A)-B and it is fixed.
So if a part of this lies in the unstable region, then it is impossible to have invariance
and stability at the same time.

Acknowledgment. I would like to thank Ruth Curtain for her careful reading of
this manuscript and for her valuable suggestions.
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HOMOGENEOUS INDICES, FEEDBACK INVARIANTS AND CONTROL
STRUCTURE THEOREM FOR GENERALIZED LINEAR SYSTEMS*

MARK A. SHAYMAN’

Abstract. We define a new set of indices for a generalized linear system. These indices, referred to as
the homogeneous indices, are a natural generalization of the minimal column indices (Kronecker indices)
of an ordinary state-space system. We prove that the homogeneous indices are a complete set of invariants
for the action of a natural group of feedback transformations on generalized linear systems. We also show
that the homogeneous indices determine exactly which closed loop invariant polynomials can be assigned
by feedback, thereby generalizing the Control Structure Theorem of Rosenbrock.

Key words, generalized linear system, proportional and derivative feedback, feedback invariants,
homogeneous indices, singular pencils
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1. Introduction. In the past several years, there has been considerable interest in
generalized linear systems (also called "descriptor systems"), i.e., generalized state-
space models of the form

(1.1) E( t) Ax( t) + Bu( t)

with the matrix E possibly singular (see, e.g., 1 ], 16], 17]). We represent this system
by the matrix triple (E, A, B) and refer to it as a regular system if E is nonsingular
and as a singular system if E is singular.

Recently, Shayman and Zhou [2] have presented a unified theory of control
synthesis for generalized linear systems using constant-ratio proportional and derivative
(CRPD) feedback. The framework includes the theory of static state feedback and
output feedback for regular systems as a special case. The main elements of this theory
include (1) a covering of the space of all systems, both regular and singular, by a
family of open and dense subsets indexed by the unit circle; (2) a group of transforma-
tions which may be viewed as symmetries of the cover; (3) an admissible class of
feedback transformations on each subset which is specifically adapted to that subset.
A general procedure of control synthesis of CRPD feedback for generalized linear
systems is obtained which uses the symmetry transformations to systematically reduce
each synthesis problem to an ordinary static state feedback (or output feedback)
synthesis problem for a corresponding regular system. This procedure was used to
obtain natural generalizations of the Disturbance Decoupling Theorem, the Pole
Assignment Theorem and Brunovsky’s canonical form.

In order to give a precise statement of the problems to be addressed in the present
paper, we review the three main elements of the theory presented in [2]. We begin
with the covering of the space of generalized systems. Let E(n, m) denote the space
of all matrix triples (E, A, B)"x xm. Let E(n, m) denote the open and
dense subset of (n, m) characterized by the requirement that det (sE- A) does not
vanish identically. This condition guarantees uniqueaess for the solutions of (1.1). In
the literature, the systems belonging to E(n, m) are generally referred to as "regular

* Received by the editors September 22, 1986; accepted for publication (in revised form) August 12,
1987. This research was partially supported by the National Science Foundation under grants ECS-8696108
and CDR-8500108, and by a grant from the Monsanto Company.

t Electrical Engineering Department and Systems Research Center, University of Maryland, College
Park, Maryland 20742.
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systems." However, we will reserve the word "regular" to refer to a generalized linear
system (E, A, B) for which E is nonsingular. We refer to the systems in E(n, m) as
the admissible systems, and to the condition det (sE-A)O as the admissibility
assumption.

We now define a covering of the space E(n, m) of admissible systems. For each
0, let Eo(n, m) denote the subset of E(n, m) given by

(1.2) Eo(n, m)= {(E, A, B) E(n, m): det (cos OE-sin OA)# 0}.
It is easy to show that Eo+(n,m)=Eo(n,m), and that {Eo(n,m): 0[0, 7r)} is a
covering of 5:(n, m) by open and dense subsets. By virtue of the periodicity, it is natural
to regard the parameter 0 as a point on the unit circle. Note that in the special case
where 0 0, Eo(n, m) consists of those triples (E, A, B) for which E is nonsingular,
i.e., the regular systems.

Next, we define a group of symmetries of the cover {Eo(n,m):Oe
[0, 7r)}mtransformations which ap these subsets into each other. For each b,
define a mapping R6" (n, m) - E(n, m) by

(1.3) R6(E, A, B) =(cos bE +sin bA, -sin bE +cos &A, B).
It is straightforward to show that R6 maps Eo(n, m) isomorphically onto E0/(n, m).
In particular, this implies that each subset Eo(n, m) in the covering is isomorphic to
the set Eo(n, m) of regular systems.

We now define a class of admissible feedback transformations for each subset
Eo(n, m). Specifically, we allow feedback of the form

(1.4) u F(cos 0x-sin 0)+ v

to be applied to the systems belonging to the subset Eo(n, m). In (1.4), 0 is fixed while
the m x n gain matrix F is arbitrary, and v represents a new external input. The fixed
parameter 0 specifies the ratio of state to derivative in the feedback law. Consequently,
we refer to (1.4) as constant-ratio proportional and derivative (CRPD) state feedback.
This specialized form of proportional and derivative feedback was suggested as a
design tool for singular systems in the doctoral thesis of Zhou [3] (also Zhou, Shayman
and Tarn [4]), and independently by Christodoulou [5].

Remark 1.1. As mentioned previously, in the special case where 0 =0, Eo(n, m)
is the set of all regular systems. In this case, (1.4) is ordinary state feedback. Thus,
the theory outlined above includes the theory of state feedback for regular systems as
a special case.

There are three main contributions in the present paper. The first is the introduction
of a new set of indices for a generalized linear system, which we refer to as the
homogeneous indices of (E, A, B). These indices are a natural generalization of the
minimal column indices ("Kronecker indices") of a regular system. In fact, we will
show that if (E, A, B) is a controllable regular system, its homogeneous indices and
its minimal column indices coincide.

The second contribution is a solution to the CRPD feedback equivalence problem
for generalized linear systems. We determine necessary and sufficient conditions for
two controllable systems in E0(n, m) to be transformable to each other via the CRPD
feedback (1.4) together with change of basis in the state-space, change of basis in the
input space and left-multiplication of (1.1) by a nonsingular matrix. We show that two
such systems are feedback equivalent if and only if they have the same homogeneous
indices. This generalizes the well-known result that two controllable regular systems
are equivalent under the state feedback group if and only if they have identical
Kronecker indices.
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The third contribution in this paper is a generalization of Rosenbrock’s Control
Structure Theorem [6]. Rosenbrock’s Theorem describes precisely which closed-loop
invariant polynomials are attainable by applying state feedback to a given controllable
regular system. Using the concept of homogeneous indices, we are able to describe
exactly which closed-loop invariant polynomials are attainable by applying CRPD
feedback (1.4) to a controllable system in 0(n, m). Rosenbrock’s Theorem is recovered
as a special case of our result by setting 0 0.

2. Homogeneous indices. We begin by reviewing Kronecker’s definition of the
minimal column indices of a singular pencil of matrices [7]. (See also [8, p. 37] and
[18, p. 55].) Let M and N be real m x n matrices. The matrix pencil AM + N is called
a regular pencil if m- n and det (AM / N) does not vanish identically. Otherwise, it
is called a singular pencil.

The minimal column indices of a singular pencil are defined as follows" Let vl
be a minimal degree nonzero polynomial solution to the equation

(2.1) (AM+N)v=O.

Let v2 be a minimal degree solution which is linearly independent (over the polynomial
ring [A]) of v. Let v3 be a minimal degree solution which is linearly independent
of {v, v2}. Proceeding in this way, we obtain a sequence Vl," ", Vp of solutions. Such
a sequence is called a fundamental series of solutions of (2.1). Let e_-< e2=<... -< ep
denote the degrees of v,. , Vp, respectively. Using the fact that column vectors over
a polynomial ring are linearly independent if and only if they are linearly independent
over the corresponding field of fractions, we can easily show [8, p. 38] that these
nonnegative integers are independent of the choice of fundamental series. (e,. , ep)
are called the minimal column indices of the singular pencil AM + N.

Recall that two mx n pencils, AM+N and AM+N, are said to be strictly
equivalent [8, p. 24] if there exist nonsingular constant matrices P and Q of dimensions
mxm and nxn such that

(2.2) P(AM + N)Q AM+ N.

It is well known that strictly equivalent singular pencils have identical minimal column
indices.

Let (E, A, B) be a regular system, i.e., (E, A, B) o(n, m), and assume (E, A, B)
is controllable. Let (e,..., ep) denote the minimal column indices of the singular
pencil [AE-A, B]. Let r denote the rank of B, and let Mi denote the matrix
[E-’B,(E-’A)(E-1B), (E-’A)-’(E-1B)]. Let l,=rankM, and let 1=
rank M rank M_, 2, , n. Then 11 -->" ->- 1, _>- 0. The following facts are well
known (see, e.g., [9]).

PROPOSITION 2.1. Let (E, A, B) be a controllable regular system. Then,
(a) (e,..., ep) is a partition of n into m parts, with e,..., em- zero and

em-r+l, ", em strictly positive. (Thus, p m.)
(b) e=Card{i’l->m-j+l} (j=l,...,m).
Remark 2.1. Proposition 2.1 is no longer true if the assumption that (E, A, B) be

a regular system is dropped. Rosenbrock has shown 10] that if the system (E, A, B)
:E(n, m) has no finite or infinite input decoupling zero (i.e., is controllable), then the
pencil [AE- A, B] has no finite elementary divisor and no minimal index for the rows.
It has infinite elementary divisors, each of degree 1, equal in number to the rank defect
of E. It has m minimal indices for the columns. Thus, p m, and (el,’", ep) is a
partition of rank E, rather than a partition of n as it is in the case of a regular system.



390 MARK A. SHAYMAN

We now define the homogeneous indices of a generalized linear system. Let
(E, A, B) (n, rn). We associate to (E, A, B) the degree one matrix polynomial in
two variables given by [AE-/xA, B]. Abusing terminology slightly, we refer to [AE-
zA, B] as a matrix pencil. Let z be a column vector with entries in the ring I[A,
of polynomials in two variables which is a minimal degree nonzero solution to the
equation

(2.3) [AE IxA, B]z=O.

(For a polynomial in two variables, "degree" refers to the total degree, and the degree
of a solution z is the highest degree of its components.) Let z2 be a minimal degree
solution which is linearly independent over [A,/z] of z. Let z3 be a minimal degree
solution which is linearly independent of {z, z2}. Proceeding in this way, we obtain
a sequence z, , Zq of solutions, which we refer to as afundamental series ofsolutions
of (2.3). Since linear independence over [A,/x] is equivalent to linear independence
over the fraction field (A,/x) of rational functions in two variables, it follows that q
is at most equal to n + m. Let 3 =<. -< 3q denote the degrees of zl, , Zq, respectively.
Using the fraction field (,X,/z), it follows by an argument which is analogous to the
one given in [8, p. 38] for the minimal column indices that , , 3q are well defined,
i.e., independent of the choice of fundamental series. We will refer to (61,. , 3o) as
the homogeneous indices of the system (E, A, B).

Remarks2.2. It should be noted that the pencil [AE-/xA, B] is not the homogeniz-
ation of the pencil [AE-A, B]. Since [,E -A, B]= AlE, 0] + [-A, B], the homogeniz-
ation of[AE -A, B] would be A[E, 0] +/x[-A, B] [AE-/zA,/xB]. However, the term
"homogeneous indices" seems appropriate since the submatrix AE-/zA of [AE-
/xA, B] is the homogenization of the submatrix AE -A of [AE -A, B]. The homogeniz-
ation of AE-A to AE-/zA plays a crucial role in the Weierstrass theory of regular
matrix pencils [8, p. 26].

We now establish important properties of the homogeneous indices which will be
needed later. Given a triple (E, A, B), let HI (E, A, B) denote its set of homogeneous
indices, and let CI (E, A, B) denote its set of minimal column indices, i.e., the minimal
column indices of the singular pencil [AE- A, B].

The following result shows that the homogeneous indices of (E, A, B) are invariant
under system rotation.

PROPOSITION 2.2. If (E,A, B), (,, B)6,(n, m) with (,,, B)= R6(E,A, B),
then HI (E, A, B)= HI (E, A, B).

Proof Let z,..., Zp be a fundamental series of solutions of the equation

[hE txA, B]z 0,

and let i(,/2)= z,((cos b) +(sin &)/2, (-sin &) +(cos b)/2). It is easy to verify that,..., p is a fundamental series of solutions of the equation

0.

Since deg z deg zi, the result follows immediately. [3

Remark 2.3. Proposition 2.2 describes a crucial difference between the
homogeneous indices and the minimal column indices. In contrast to the homogeneous
indices, the minimal column indices are not invariant under system rotation. For
example, consider the system (E, A, B) with

E=[00 ;] A=[1 ] B=[]0
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Let th 7r/2, and let (/,/, B)= R6(E, A, B).,,Then / A and , -E. It is easy to
check that CI (E,A, B) (1) whereas CI (E, A, B) (2). On the other hand, we have
HI (E, A, B) HI (E, A, B)= (2).

The next result shows that for a controllable regular system, the homogeneous
indices coincide with the minimal column indices. The proof is deferred to the next
section.

PROPOSITION 2.3. Let (E, A, B) be a controllable regular system. Then,

HI(E,A,B)-CI(E,A,B).
Remark 2.4. Using Propositions 2.2, 2.3 and 2.1, we can obtain a simple procedure

for computing the homogeneous indices of a controllable generalized system. Let
Co(n, m) denote the subset of Xo(n, m) consisting of those systems which are control-
lable according to the definition of Yip and Sincovec 11]. (That is, there are no finite
or infinite input decoupling zeros.) It is proved in [2] that controllability is invariant
undersyem rotation. Thus, R,(Co(n, m)) Co+,(n, m). Let (E, A, e) Co(n, m), and
let (E, A, B)-- R_o(.,E,,,A, B) Co(n, m). By Propositions 2.2 and 2.3, we have
HI (E,A, B)- HI (E, A, B)-CI (E,A, B). Thus, the homogeneous indices of(E, A, B)
can be determined by computing the li’s for the controllable regular system (E, A, B),
and then using Proposition 2.1(b) to obtain CI (E, A, B). For example, let(E, A, B)
be as in Remark 2.3, and let 0=-r/2. Then, (E,A,B) Co(n, m) and (E,A,B)=
R_o (E, A, B) (A, -E, B). Since rank B 1 and rank B, -EB] 2, we get ll 1, 12 1.
Applying Proposition 2.1(b), we obtain HI (E,A, B) (2).

PROPOSITION 2.4. If (E, A, B) is a controllable admissible system, then HI (E, A, B)
is a partition of n into m parts, of which rank B parts are strictly positive.

Proof By assumption, (E, A, B) C2(n m) for some /9. Using the notation of
Remark 2.4, we have HI (E, A, B) -CI (E, A, B). The result follows from this together
with Proposition 2.1(a).

Remark 2.5. Proposition 2.4 describes an important difference between the
homogeneous indices and the minimal column indices of a controllable system. The
homogeneous indices sum to n regardless of whether the system is regular or singular.
In contrast, the minimal column indices sum to rank E (Remark 2.1), which is equal
to n only if the system is regular.

Remark 2.3 shows that in contrast to the homogeneous indices, the minimal column
indices are not invariant under system rotation. However, what is true is that if two
controllable regular systems are related by a system rotation, then they have identical
minimal column indices.

PROPOSITION 2.5. If (E, A, B) and (, {, B)^are controllable regular systems with
(E,A,B)=R6(E,A,B), then CI (E,A,B)=CI (E,A,B).

Proof Using Pfo[?ositions 2.2 and 2.3, we have CI (E, A, B)= HI (E, A, B)=
HI (E, A, B) CI (E, A, B).

3. Feedback invariants. We begin by reviewing the definition of the state feedback
group. (See, e.g., [9], [12]-[14].) Consider the ordinary state-space model

(3.1) (t) Ax( t) + Bu( t)
where (A, B)nn Xnm. We consider three types of elementary transformation on
the system (3.1). They are (1) change of basis in the state-space, x Pz with P a
nonsingular n x n matrix; (2) change of basis in the input space, u Qv with Q a
nonsingular m x m matrix; (3) state feedback u Fx + v. These operations transform
the matrix pair (A, B) as follows:

(3.2) (A,B)-(p-1Ap, p-1B),
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(3.3) (A,B)(A, BQ),

(3.4) (A,B)(A+BF, B).
The transformation group generated by (3.2)-(3.4) can be conveniently represented

in the following way. Recall that a right group action of a group G on a set X is a
mapping :Xx GoX satisfying the conditions ,/(x, e)=x and /(x, glg2)=
/(/(x, gl), g2) where e denotes the identity element of G. If x eX, the orbit of x,
denoted xG, consists of the subset {/(x, g): g e G} of X.

Let C(n, m) denote the space of all matrix pairs (A, B)eR xRnm which are
controllable. Let H(n, m) denote the group consisting of all nonsingular (n + m)x
(n + m) matrices of the form

]
with P n x n, Fm x n, Q m x m. We refer to C (n, m) as the space of controllable pairs
and to H(n, m) as the state feedback group. Define a right group action of H(n, m)
on C(n, m) by

( [P 0])(3.5) q (A,B),
F

The transformations (3.2)-(3.4) correspond to the special cases of (3.5), where F =0
and Q I, P I and F 0, P I and Q I, respectively.

It is of interest to know when two systems (A1, B1) and (A2, B2) are related by a
transformation in the state 1feedback group, i.e., belong to the same H(n, m)-orbit. It
is also useful to have a canonical form for this group actionmto identify the "simplest"
element on each orbit. This is provided by the following result of Brunovsky 12]. (See
also [9], [6], [15].)

THEOREM 3.1 [12]. (a) (AI, B1), (A_, B2)e C(n, m) belong to the same H(n, m)-
orbit if and only if CI (/, A, B)=CI (/, A2, BE).

(b) Let r be a positive integer with r_-<min (n, m), and let n>-n2 >-. ">-nr be a
partition of n into r positive parts. The H(n, m)-orbit consisting of those pairs (A, B)e
C(n, m) for which CI (/, A, B) (0,. , 0, nr, nr_, , nl) contains the canonical pair
Ac, Bc given by

0 0

J. 0

Ac 0 0

0 0

e 0

.
where Jk is a k x k matrix of the form

0 1
0 0

0 0

0

0

erl

0

0
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and ek is a k-dimensional column vector in which the only nonzero component is the last,
which is 1.

We will refer to the pair (Ac, Be) in Theorem 3.1 as the Brunovsky canonicalform
associated with the set of minimal column indices (0,. ., 0, nr," ", nl).

The following result is needed for the proof of Proposition 2.3.
LEMMA 3.1. If (A, B), (t, ) C(n, m) belong to the same H(n, m)-orbit, then

HI (I, A, B)= HI (I, ,, ).
Proof.^Itsuffices to consider the following two special cases"

(a) (A, B)= (p-lAp, P-IBQ);
(b) (/, ) (A+ BF, B).

First consider (a). We have

(3.6) [AI-/x,,/]= P-[AI-txA, B] [P 0

0 (2"
Let z,. , Zp be a fundamental series of solutions of the equation [,I- lzA, B]z O.
Let

zi= 0 Q z.

Then it is clear that ,..., p is a fundamental series of solutions of theequation
[hI-tx,/] =0. Since deg z =deg z, it follows that HI (I, A, B)= HI (I, A, B).

Now consider (b). We have

(3.7) [I_tx,, ]=[hI_IzA, B] [ I 0].-/zF I

Let z,. , Zp be a fundamental series of solutions of [hi-/xA, B]z -0, and let

Zi Zi

Then 1,..., Zp are solutions of [hI-txA, B]z =0 which are linearly independent
(over [h,/x ]).

We claim that deg deg z Let z [’] and let z [’,, a,]- Then x x and t
txFx + u. Thus, it suffices to show that deg t deg u. Let d deg x, and write

Xi Xioh
d 4- XilA a-lid 4-... 4- Xia]da At

with deg i < d. Suppose that Xio,’’ ", Xi.k- are zero, but Xik is nonzero. Since Bu-
tzAxi-hx, it follows that the coefficient vector of }i.d-k+ll.k in u is nonzero. In
particular, deg u-> d + 1. If deg u > d 4-1, then since deg tzFx _-< d 4-1, it follows that
deg a =deg ui. Therefore, we may assume deg u d + 1. Since u contains l.d-k+lld, k

but txFx does not contain h d-k+ll.l,k it follows that deg =d + 1 =deg ui. Thus,
deg z deg z as claimed.

We claim that ,. ., p is a fundamental series of solutions of [hi-/z,,/]= 0.
Suppose not. Then there is a smallest positive integer k for which deg Zk is not minimal.
Thus, there exists a solution Yk with deg Yk <deg Zk such that 1,"’, Zk-, Yk are
linearly independent. Let

Yk=-/xF I

Then, zl, , Zk-, Yk is a linearly independent set of solutions of [hi-IxA, B]z O.
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Essentially the same argument as given in the preceding paragraph shows that deg Yk
deg fig, SO deg Yk deg Zk. This contradicts the assumption that zl, , Zp is a funda-
mental series. Thus, 1,..., p^is^a fundamental series. Since deg i-deg zi, this
proves that HI (/, A, B) HI (I, A, B). [3

Remark 3.1. We can use (3.5) to define the action of H(n, m) of all matrix pairs
(A, B)Rnn xRn’, rather than on the set of controllable pairs C(n, m). Since the
proof of Lemma 3.1 does not use controllability, it follows that the statement of Lemma
3.1 remains true with C(n, m) replaced by nn X n,.

Proof of Proposition 2.3. Let (E, A, B) be a controllable regular system. Since
left-multiplication is a strict equivalence transformation, it does not change either the
minimal column indices or the homogeneous indices. Consequently, it suffices to show
that HI(I,E-1A, E-1B)=CI(I,E-A,E-B). Let (At, Be) denote the Brunovsky
canonical form of (E-1A, E-B). From Theorem 3.1(a) and Lemma 3.1, we have
CI (I, Ac, Be)=CI (I, E-IA, E-B) and HI (I, A, B)= HI (I, E-IA, E-B). Thus, it
suffices to show that HI (I, A, B)= CI (/, A, Be).

Let (0,. -, 0, nr," ", nl) denote the minimal column indices of (I, A, B). We
can choose an (n / m)x (n + m) permutation matrix N such that

[AI-tzA, B]N [diag {K(nl),..., K(nr)}, O,(,-r)],
where K(n) denotes the n x (n + 1) pencil [A/n,- lzJ,,, e,,]. Although [AI-txA, B]N
is not of the form [AE-/xA, B], we can define a fundamental series of solutions for
the equation [AI-txA, B]N=0 in the obvious way. Hence, homogeneous indices
are well defined for the pencil [AI-IxA, B]N. If ,1,..., p denotes such a funda-
mental series, then it is clear that Nl, , Np is a fundamental series for the equation
[AI-IxA, Bc]z 0. Since deg N deg i, it follows that the homogeneous indices of
[AI-/xA, B]mi.e., HI (I, Ac, B)mare equal to the homogeneous indices of [AI-
txA, B]N. Thus, it suffices to show that the homogeneous indices of [AI- txA, B]N
are(0,...,0, nr,...,n).

It is easy to see that for a block-diagonal pencil, the complete set of homogeneous
indices is obtained as the union of the corresponding systems of homogeneous indices
of the individual diagonal blocks. (This is analogous to the situation for the minimal
column indices noted in [8, p. 39].) Consequently, the homogeneous indices of [AI-
txA, B]N consist of 0,..., 0 (multiplicity m-r) together with the homogeneous
indices of the r pencils [A/n,-/zJn,, en,]. Let z,*, denote the (n+ 1)-component vector
with jth component AJ-1/x n,-j (j 1, , n) and (n + 1)th component -A n,. It is easy
to verify that every nonzero solution of [A/n,-/zJn,, e,,]z-0 is an [A,/z]-multiple of
z*,,. Consequently, [AIn,-txJ,,, en,] has the single homogeneous index (n). Thus, the
homogeneous indices of [AI-lzAc, Bc]N are (0,. ., 0, n,..., n), completing the
proof.

We now review the definition of the CRPD state feedback groups given in [2].
We consider four types of elementary transformations on the system (1.1). They are
(1) change of basis in the state-space, x Pz with P a nonsingular n x n matrix; (2)
change of basis in the input space, u Qv with Q a nonsingular m x m matrix; (3)
CRPD feedback u F(cos Ox -sin 0g) / v with 0 a fixed number in [0, 7r) and F an
arbitrary m x n matrix; (4) left-multiplication by a nonsingular n x n matrix R-. These
operations transform the matrix triple (E, A, B) as follows:

(3.8) (E, A, B)- (p-IEp, P-AP, P-B),
(3.9) (E,A,B)(E,A, BQ),

(3.10) (E, A, B)-(E +sin OBF, A+cos OBF, B),
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(3.11) (E, A, B)(R-’E, R-1A, R-’B).
The transformation group generated by (3.8)-(3.11) can be conveniently represen-

ted in the following way. For each 0, let Go(n, m) denote the group consisting of all
nonsingular (3 n + rn) x (3 n + rn) matrices of the form

(3.12)

R 0 0 0

0 P
sin OF cos OF

We refer to the family of groups {Go(n, m): 0[0, r)} as the CRPD state feedback
groups.

Remark 3.2. If cos OF and sin OF in (3.12) are replaced with arbitrary rn x n
matrices F1, F2, then we obtain a larger group which we denote by G(n, m) and refer
to as the proportional and derivative statefeedback group. This corresponds to replacing
the CRPD feedback (1.4) with the more general proportional and derivative feedback
u= Gx-F2+v. Each of the CRPD feedback groups, Go(n, m), is a subgroup of
G(n,m).

Define a right group action of Go(n, m) on (n, m) by

(3.13)

R 0 0 0

E’A’ B) ! 0 PO isin OF cos OF

--> (R- EP+ sin OR- BF, R-AP+ cos OR- BF, R-1BQ).

Each of the transformations (3.8)-(3.11) is a special case of (3.13). Let go(R, P, Q, F)
denote the transformation on (n, m) induced by the matrix (3.12) in Go(n, m). In
other words, go(R, P, Q, F)(E, A, B) denotes the right-hand side of (3.13).

Recall from Remark 2.4 that Co(n, m) denotes the controllable systems in the
open and dense subset Eo(n, m), and that R6(Co(n, m))= Co+(n, m). The following
three results are proved in [2].

PROPOSITION 3.1 [2]. Eo(n, m) is invariant under the action of Go(n, m).
PROPOSITION 3.2 [2]. The following is a commutative diagram:

go( R,P,Q,F)
Eo(n, m) ,o(n, m)

Eo+ n m) Eo+ (n,m)
go+,t,( R,P,Q,F)

That is, R6 go(R, P, Q, F)= go+6(R, P, Q, F)o R,.
PROPOSITION 3.3 [2]. Co(n, m) is invariant under the action of Go(n, m).
By virtue of Proposition 3.3, we can restrict the action of Go(n, m) on ;(n, m) to

the invariant subset Co (n, m). The problem which we consider is the one of determining
a complete set of invariants for the action of Go(n, m) on Co(n, m). Roughly speaking,
this means finding a set of functions of (E, A, B) with the property that these functions
have the same values on (E, A1, B) as on (E2, A2, B2) if and only if (El, A, B1)
and (E2, A2, B2) are related by a transformation in the CRPD feedback group Go(n, m).

Remark 3.3. In the special case where 0 0, Co(n, m) consists of the controllable
regular systems, and Go(n, m) can be regarded as the state feedback group H(n, m)



396 MARK A. SHAYMAN

augmented by lemultiplication. In this case, it follows from Theorem 3.1(a) that the
minimal column indices are a complete set of invariants. In other words, (El, A1, B1),
(E2, A2, B) Co(n, m) are equivalent under the action of Go(n, m) if and only if
CI (El, A1, B1) CI (E, AE,

The following result is the main result of this section. It presents the solution to
the problem posed above, and represents a natural generalization of Theorem 3.1.

THEOREM 3.2. (a)(E,A,B), (EE, A2, B2)Co(n,m) belong to the same
Go(n, m )-orbit if and only if

HI (El, 31, B1) HI (E2, AE,
(b) Let nl >-" >-- n,, be a partition ofn into m nonnegative parts. The Go(n, m)-orbit

consisting of those triples (E, A, B) Co(n, m) for which HI (E, A, B)=(n,...,
contains the canonical triple (cos OI + sin OAc, -sin OI / cos OA, B where A, Bc is
the Brunovsky canonicalform associated with the minimal column indices n,,

Proof. (a) Let (El,A1, B1), (EE, A2, B2) Co(n, m), and suppose there exist R,
P, Q, F such that (EE, A2, BE)- go(R, P, Q, F)(E1, A1, B1). Applying successively
Proposition 2.2, Proposition 2.3 and Theorem 3.1(a) together with Remark 3.3, Proposi-
tion 2.3, Proposition 2.2, and Proposition 3.2, we have

HI (E, 31, B1)= HI (g_o(E1, A,
CI (g_o(E1,31, B.)) CI (go(R, P, Q, F) R_o(E1, A1, B1))

HI (go(R, P, Q, F) R_o(E1,31,

HI (go go(R, P, Q, F)o R_o(E, 31,

HI (go(R, P, Q, F)(E, A1, B1))= HI (E2, AE,

Conversely, suppose (El, A1, B1), (EE, AE, B2) Co(n, m) with HI (El, A1, B1)
HI (EE, A2, BE). By Proposition 2.2, we have HI (R_o(E, A1, B1))
HI (R_o(EE,A,BE)). By Proposition 2.3, it follows that CI (R_o(E1,A1,B1))
CI (R_o(EE, A, BE)). Consequently, by Theorem 3.1(a) together with Remark 3.3,
there exist R, P, Q, F such that R_o(E2, AE, B)=go(R, P, Q, F)o R_o(E1,A,
Thus, it follows from Proposition 3.2 that (E2, A, BE)= go(R, P, Q, F)(E1, A1, B1).

(b) Let (E,A,B) Co(n, m). It is proved in [2] that there is some partition of n
into m nonnegative parts, nl --> hE-->" -> n,, such that the Go(n, m)-orbit of (E, A, B)
contains the triple (cos 0I/sin OAc, -sin OI+cosOA,B), where (A,B) is the
Brunovsky canonical form associated with the minimal column indices (n,,, ..,
It remains to show that (n,,,..., nl) are the homogeneous indices of (E,A, B).
By successively using part (a), Proposition 2.2, and Proposition 2.3, we have HI (E,
A, B)=HI (cos 0I+sin OAc, -sin 0I+cos OAc, Bc) HI (/, Ac, Be) =CI (I, Ac, B,;)=
(n,,. ., n,).

Remark 3.4. Kalman has noted [9] that the action (3.5) of the state feedback
group can be regarded as a special case of the strict equivalence action on matrix
pencils. To see this, let (ft,,/) denote the right-hand side of (3.5). Then,

(3.14) [AI-,/] P-I[AI-A, B][ P 0]-F Q’_
Thus, the pencil [AI-,/] is obtained from the pencil [AI-A, B] by a strict
equivalence transformation. Consequently, Brunovsky canonical form is a special case
of the Kronecker canonical form for matrix pencils.

An obvious question to ask is whether the action (3.13) of the CRPD feedback
group Go(n, m) can somehow be regarded as a special case of the strict equivalence
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action on matrix pencils. It is easy to show that the answer to this question is negative.
One way to show this is to note that if (3.13) corresponded to a strict equivalence
transformation, then the minimal column indices would be invariant under the action
of Go(n; m). This is not the case. For example, let (E, A, B) be as in Remark 2.3, and
let 0- zr/2. Then, R_o(E, A, B)= (-A, E, B), which is a controllable regular system,
i.e., an element in Co(n,m). Thus, (E, A, B) Co(n, m). Let F-J1 0]. Then
go(I, I, I, F)(E, A, B)- (E / BE, A, B) with

Thus, (E + BF, A, B) is a controllable regular single-input system. Consequently,
CI (E+BF, A,B)=(2). On the other hand, it was noted in Remark 2.3 that
c (, , (.

Another way to appreciate the distinction between the action ofthe CRPD feedback
groups and the strict equivalence action is to express (3.13) as a transformation on
matrix pencils. Let (E, A, B) denote the right-hand side of (3.13). Then,

(3.15) [AE-/x/, B] R-’[AE-IzA, B]
(h sin 0-/x cos O)F Q

In contrast to (3.14), the transformation (3.15) is not of the strict equivalence type
since the right-multiplication is not by a constant matrix.

In the literature, other types of feedback groups have been considered in conjunc-
tion with generalized linear systems. Hayton 19] studies the action ofthe state feedback
group H(n, m) on generalized linear systems. Pandolfi [20] considers the transforma-
tion group generated by exponential rescaling, left-multiplication, change of basis in
the state-space, change of basis in the input space, and static state feedback. A complete
set of invariants for the action of this group on the set of controllable admissible
generalized linear systems is determined.

The transformation groups {Go(n, m)} which we study differ considerably from
those in [19] and [20]. The feedback in [19] and [20] is static state feedback, which
implies that the rank of E is invariant. In contrast, the feedback in Go(n, m) is of the
CRPD-type, and can modify the rank of E. Only when 0 0 does the CRPD feedback
coincide with pure state feedback. If (E, A, B) is a singular system, then (E, A, B)
Eo(n, m). Since the transformations in Go(n, m) are applied only to the systems in
E0(n, m), pure state feedback (i.e., no derivative contribution) is never applied to a
singular system.

4. Control structure theorem. The problem of pole-assignment by state feedback
for singular systems has been studied by Cobb [21] and Pandolfi [22]. Armentano [23]
and Lewis and Ozcaldiran [24] have investigated eigenvector-assignment by state
feedback. Mukundan and Dayawansa [25] have studied pole-assignment by propor-
tional and derivative state feedback. In this section, we consider a different problem,
namely, the determination of which closed-loop invariant polynomials can be obtained
using constant-ratio proportional and derivative feedback.

The Control Structure Theorem of Rosenbrock [6] is an important result which
describes precisely which invariant polynomials can be assigned by application of state
feedback to a controllable regular system:

THEOREM 4.1 [6]. Let (A, B) be controllable. Let r rank B, and let nl >-" >= nr
be the nonzero minimal column indices of (I, A, B). Let q <= r, and let ql(h),. , q(h)
be any set of nonunity monic polynomials such that qi+l[qi (i= 1,..., q-1) and

q
i=l deg n. Then there is a state feedback gain F such that the given polynomials
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are the nonunity invariant polynomials of the closed loop system A + BF if and only if
P P

deg qi--> n,, p 1,..., q.
i=1 i=1

Let (E, A, B) be an admissible generalized linear system, i.e., (E, A, B) E(n, m).
By the invariant polynomials of (E, A, B), we mean the invariant polynomials of the
pencil hE- A. In order to generalize Rosenbrock’s Theorem, it is necessary to define
the homogeneous invariant polynomials for (E, A, B). In the Weierstrass treatment of
infinite elementary divisors for a regular pencil [8, p. 26], (homogeneous) invariant

polynomials are defined for the homogeneous pencil hE-/zA. Let Dk(A, x) be the
greatest common divisor of the minors of order k (k 1,..., n). The invariant poly-
nomials of hE-/xA are the quotients il Dn/Dn-, i2 Dn-1/D,-2, etc. Each Ok, ij
is homogeneous. We define the homogeneous invariant polynomials of (E, A, B) to
be the invariant polynomials of AE-/zA. Note that these polynomials are defined
modulo multiplication by nonzero real numbers.

Let r6 2_2 with

(4.1) r6(h,/z) ((cos th)h +(sin th)/z, (-sin &)h +(cos b)/x).
The following proposition describes how the homogeneous invariant polynomials
transform under system rotation.

PROPOSITION 4.1. Let ql,’’’, d/n denote the homogeneous invariant polynomials
of (E, A, B) E(n, m). Then the homogeneous invariant polynomials ofR, (E, A, B) are

O r," 6, r..
Proof Let (E, A, B) R6(E, A, B), and let (,/2) r_+ (h,/z). Then,

(4.2) AE IA .. I..
Since(A,/x) r+(,/2), it follows immediately from (4.2) that the invariant polynomials
of AE-/zA are q r6, , I rb. [3

Remark 4.1. It follows from Proposition 4.1 that the degrees of the homogeneous
invariant polynomials of R4(E, A, B) are equal to the degrees of the homogeneous
invariant polynomials of (E,A, B). However, the corresponding statement for the
ordinary invariant polynomials is definitely not true. For example, let (E, A, B) be as
in Remark 2.3, and let b= 7r/2. Then R4,(E,A B)= (A,-E, B). The homogeneous
invariant polynomials of (E, A, B) are /x, l, which have the same degrees as A, 1,
the homogeneous invariant polynomials of R,(E, A, B). On the other hand, the
(ordinary) invariant polynomials of (E, A, B) are 1, l, whereas those of R6(E, A, B)
are A

PROPOSITION 4.2. (E,A,B)6E(n,m) is a regular system if and only if no

homogeneous invariant polynomial is divisible by tz. In this case, there is a

degree-preserving one-to-one correspondence between the homogeneous invariant poly-
nomials and the invariant polynomials given by 0i(A,/z) - 0i(h, 1).

Proof See [8, p. 27].
Remark 4.2. The condition in Proposition 4.2 that no homogeneous invariant

polynomial is divisible by/x is equivalent to the condition that det (hE-/zA) is not
divisible by/z.

Remark 4.3. Roughly speaking, Propositions 4.1 and 4.2 are the analogues for
the homogeneous invariant polynomials of Propositions 2.2 and 2.3 for the
homogeneous indices.

We are now ready to state and prove the generalization of Rosenbrock’s Theorem.
THEOREM 4.2 (Control Structure Theorem for Generalized Linear Systems). Let

E, A, B) Co(n, m ). Let r rank B, and let n >-... >-nr be the nonzero homogeneous
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indices of (E, A, B). Let q<- r, and let l(h,/z),. ., pq(h,/z) be any set of nonconstant
homogeneous polynomials such that i+l[q, (i 1,. , q- 1) and q-1 deg n. Then
there is a CRPD statefeedback gain Fsuch that the given polynomials are the nonconstant
homogeneous invariant polynomials of the closed loop system go(F)(E, A, B) if and only
if the following two conditions are satisfied"

(i) Pi is not divisible by (-sin 0)h + (cos 0)/z, i= 1,..., q;
(ii) YP= deg->/P__ n, p 1,..., q.
Proof Let (E, A, B) R_0(E, A, B)ff Co(n, m). By Propositions 2.2 and 2.3, we

have HI (E, A, B) HI (E, A, B) CI (E, A, B). Thus, nl -->" --> nr are the nonzero
minimal column indices of (E, A, B). Let q q r_o, and let qi(h) i(h, 1). Clearly,
deg qi deg i.

Suppose that q, , qq satisfy (i) and (ii). Since q is not divisible by (-sin 0)h +
(cos 0)/x, O is not divisible by/z. Consequently, deg q =deg q. Thus,

P P

degqi-> ni, p=l,...,q.
i=1 i=1

R,eplacing, q,..., qq with nonzero scalar multiples if necessary, we may assume
q, , qq are monic. Applying Rosenbrock’s Theorem (Theorem 4.1) to the control-
lable pair (/-,,/-B), we conclude that there is a feedback gain F such that
q,.-., q. are the nonunity invariant polynomials of/-/+ .-IBF, i.e., of the pencil
AI- E-’A+ E-’BF). Thus, p,..., qq are the nonunity invariant polynomials of
the pencil AE (+ BF), and hence of the regular system (/,/ + BF, B). By Proposi-
tion 4.2, q, , ffJq are the nonconstant homogeneous invariant polynomials of (E, A +
BF, B). By Proposition 4.1, q,. qq are the nonconstant homogeneous invariant
polynomials of Ro(ff-., ,+ BF, Bi go go(F) R_o(E, A, B) go(F)(E, A, B), as
required.

Conversely, suppose that there exists a feedback gain F for which the closed loop
system go(F)(E, A, B)has q’2 "" qq as its nonconstant homogeneous polynomials.
By Proposition 4.1, Ol,’’’, [/q are the nonconstant homogeneous invariant poly-
nomials of g_oogo(F)(E,,A,B)=-,go(F)(,,,,B). By Proposition 4.2, q,...,q
are not divisible by /x, q,..., q are the nonconstant invariant polynomials of
go(F) /, /], B), and deg deg q. Since q, is not divisible by/z and p qi ro, it
follows that q is not divisible by (-sin 0)h + (cos 0)/z. Thus, condition (i) is satisfied.
Applying Theorem 4.1, we conclude that P= deg q>Pi-- n, p=l,..., q. Since
deg qi deg bi deg q, it follows immediately that condition (ii) is satisfied.

Remark 4.4. Theorem 4.2 says that for a generalized linear system (E, A, B)
Co(n, m), the closed loop homogeneous invariant polynomials can be assigned
arbitrarily by CRPD feedback go(F) subject to two restrictions. Let (EF, AF, B)--
go(F)(E, A, B). The first restriction, that the homogeneous invariant polynomials of
(EF, AF, B) cannot be divisible by (-sin 0)h + (cos 0)/z, is equivalent to the restriction
that det (AEF- IJ,AF) is not divisible by (-sin 0)h + (cos 0)/x. This corresponds to the
fact that Xo(n, m) is invariant under the CRPD feedback go(F), so we must have
det (cos OEF sin OAF) O.

Remark 4.5. Rosenbrock’s Theorem (Theorem 4.1) can be ,easily recovered by
setting 0 =0 in Theorem 4.2. Let (A, B), r, n >_-...-> nr, q and Ol(h),’", qq(h) be
as in the hypotheses of Theorem 4.1. Then (I, A, B) Co(n, m), and by Proposition
2.3, n_->.. "_->nr are the nonzero homogeneous indices of (I,A,B). Let q(h,/x) be
the homogenization of q(h). That is, qi(h,/z) =/d’(h//z), where di denotes the
degree of q. Since q is automatically not divisible by/z, it follows from setting 0- 0
in Theorem 4.2 that there exists F such that (I,A+BF, B) has nonconstant
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homogeneous invariant polynomials q, , $q if and only if Pi= deg $i>= Pi= ni,

p= 1,. "2 q" By Proposition 4.2, (I, A + BF, B) has nonconstant invariant polynomials
q,’", 0q if and only if it has nonconstant homogeneous invariant polynomials,..., $q. Since deg deg q,, we conclude that there exists F such that A + BF
has nonconstant invariant polynomials 1 $q if and only ifp deg q >gp__ ni
p=l,...,q.

Remark 4.6. The analogue of condition (i) in Theorem 4.2 is absent from Theorem
4.1 only because Theorem 4.1 is stated in terms of the invariant polynomials rather
than the homogeneous invariant polynomials. If Theorem 4.1 were restated in terms
of the homogeneous invariant polynomials, it would be necessary to include the
requirement that they not be divisible by/.
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INVARIANT POLYNOMIAL CURVES OF PIECEWISE
LINEAR MAPS*
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Abstract. Consider a system which evolves in n-space from x to f(x) as time moves from to t+ 1.
Assuming f is piecewise linear our interest is in establishing conditions for existence of and an algorithm
for computation of polynomials y[. in time with the property that f(y[t])=y[t + 1], that is, the system
moves from y[ t] to y[ + 1] in one unit of time.

Key words, piecewise linear functions, invariant curves, Markov decision chains, system evolution,
ordered fields
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1. Introduction. Consider a system that evolves according to the piecewise linear
function f:R -> R n; that is, if the system is found in state x at time t, then it will be
found in state f(x) at time + 1. Our goal is to determine conditions under which there
exists a vector poynomial y[. in the variable t, such that

(1.1) f(y[t])=y[t+l] for all _-> 0.

Moreover, in the case where these conditions are satisfied we shall compute a vector
polynomial y[. satisfying (1.1). Evidently, if y[. satisfies the system (1.1), then the
set { y[ t]: >= 0} is mapped by f into itself. Accordingly we call the vector polynomial
y[. satisfying (1.1) an invariant polynomial curve.

The task of determining invariant polynomial curves arises in system theory,
stochastic games, matrix theory, dynamic programming and branching Markov decision
chains, e.g., Rothblum and Veinott [1987]. Note that if f has a fixed point y, i.e.,
f(y)=y, then y[t]=- y is an invariant polynomial curve off. As a trivial example we
take the function f: R2- R2, defined by f(xl, x2) (x -it- x2, x2). Then both y[ t] (1, 0)
and y[ t] (t, 1), t-> 0, are invariant polynomial curves of f, that is, they both satisfy
the system (1.1).

Fixed points of PL maps have been studied extensively; see Eaves [1976], Eaves
and Scarf [1976], Todd [1976], or Allgower and Georg [1980]. In the special case
where the solution y[. ] to (1.1) is linear, we refer to the set {y[ t]: -> 0} as an invariant
ray off Kohlberg [1980] considered the invariant ray problem and showed that if f
is nonexpansive, then f must have an invariant ray. Note that f is defined to be
nonexpansive if for some norm on R ", we have {[f(x)-f(y)[[ <-Ilx-y[[ for all x
and y in R ". Kohlberg’s proof is based on the existence of a unique fixed point for
contraction operators on R"; in particular, his analysis is not concerned with the
computation of invariant rays. We extend Kohlberg’s results in three directions. First
we weaken the requirement that f is nonexpansive and conclude the existence of an
invariant polynomial curve which is not necessarily a ray (the fact that our requirement
is weaker than nonexpansiveness is demonstrated in Eaves and Rothblum [1986],
[1987]). Second, our proofs are constructivewe obtain an explicit finite algorithm
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for computing invariant polynomial curves. Third, our results hold for all ordered
fields whereas Kohlberg’s results are restricted to the reals; however, we hasten to add
that by Tarski’s principle, his results extend immediately to any real closed field.

Preliminaries about ordered fields are listed in 2. In 3 we formally introduce
the notion of piecewise linear maps and obtain the main theorem about existence of
fixed points for such maps. The main result asserts the existence of a fixed point for
a piecewise linear map f whenever the determinants of the Jacobians off- I preserve
sign for points that are sufficiently far away from the origin. In 4 we discuss extensions
of piecewise linear maps to larger fields. Next, in 5 we show how an ordered field
can be augmented by an infinitesimal to obtain a larger ordered field and in 6 we
show how fixed points for the perturbed extension of piecewise linear maps to that
larger field can be used to obtain invariant polynomial curves of the original maps.
Finally, in 7 we discuss an algebraic representation of the fixed point of the perturbed
extension of a piecewise linear map, and obtain a simple upper bound on the degree
of invariant polynomial curves, when they exist. In particular, we show that under
Kohlberg’s assumption of nonexpansiveness (over the reals) invariant polynomial
curves must be invariant rays.

The present paper has been extracted from the technical report by Eaves and
Rothblum [1986]; indeed, many ideas developed in the present paper are carried
further in the technical report, especially the relationships of the sufficient conditions
for existence of invariant polynomial curves. The latter will appear in Eaves and
Rothblum [1987]. Also, occasionally we refer to Eaves and Rothblum [1984] which is
unfinished and not readilyavailable; our intent in doing so is merely to indicate that
we have given the matter at hand full attention.

2. Preliminaries. Our main framework, throughout, consists of ordered fields,
such as the set of rationals Q and the set of reals R. We begin by defining ordered
fields. Let G be a set having two distinctive elements called "zero" and "one," denoted
0 and 1, respectively, where two operations called "addition" and "multiplication,"
denoted + and., respectively, are defined on G. Also, a relation called "greater than,"
denoted >, is defined on G. The tuple (G, 0, 1, +,., > is defined to be an ordered
field if 0 is the addition identity, 1 is the multiplication identity, addition and multiplica-
tion are both associative and cummutative, multiplication is distributive over addition,
all elements in G have an additive inverse, all nonzero elements have a multiplicative
inverse, and greater than is a total order that is preserved under addition and under
multiplication by positive elements, the latter means that for x, y and z in G with x > y
we have that x + z > y + z and if z > 0 then xz > yz. If (G, 0, 1, +,., >) satisfies the
above axioms except for the existence of a multiplicative inverse, the tuple is defined
to be an ordered ring. For convenience we shall usually refer to the ordered ring or
field (G, 0, 1, +,., >) by G.

In an ordered ring or field Glet-x,x- x y, xy, x/y xy- [x[,and x >,x, --y
have the usual meanings of additive inverse, multiplicative inverse, subtraction, product,
division, power, absolute value, and greater than or equal, respectively. We refer to
addition, multiplication, subtraction, division, and comparison as the five field
operations. If x > 0 we say x is positive, etc. Given two ordered rings or fields G and
F, the words subordered ring or field, extension, isomorphism, imbedding, and iden-
tification are employed in the usual way.

Let G be an ordered field. For nonnegative integers rn and n, let G denote
the set of all m x n matrices whose elements are in G. We shall use subscripts to denote
the rows of a matrix, superscripts to denote its columns and both sub- and superscripts
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to denote its elements, e.g., Ag, A and A. For A, B G’n, we write A <- B or A << B
if A-<B or if A<B for all i= 1,..., m and j= 1,..., n, respectively. Also, we
write A < B if A-< B and A B. The zero matrix and the (square) identity matrix will
be denoted 0 and/, respectively (their order will be clear from the context). As usual,
Gnl will be denoted G" and its elements will be called vectors. The l-norm on G"
is defined by [[z[[=max {Iz, I. i= 1,..., n}. As usual vectors a l, a k in G" are
called linearly independent if fll /3k in G and k flga =0 imply the fig’s are alli=1

zero.
A set r_ G" is called a cell if it has the representation cr {x G" Ax <- a} for

some matrix A G and a G where m is some nonnegative integer. In this case
we say that (m, A, a) is a representation of r. In particular, if m- 0, we have that
o-= G. Let r_ G" be a cell. The tangential hull of r, denoted tng o-, is the set
{a(x-y)" x,yr, a G}. The dimension of r is the maximal number of linearly
independent vectors in tng r. The affine hull of o-, denoted aft o-, is the set {x + z" z
tng r} for some, or equivalently every, x r. The cell o- is called affine if r- att o-.
We say that r is unbounded if for every K G there exists some z r with []z[[> K.
If (m, A, a) is a representation of r, then r is unbounded if and only if o-# b and
{x G" Ax <- 0, x # 0} # 4’. A function f" r - G is called affine if for some B G"
and b G,f(x) Bx + b for all x in r.

The determinant of a square matrix A will be defined as the usual sum of signed
products of the elements of A and is denoted det A. In anyordered field the following
conditions remain equivalent: det A # 0, A has a multiplicative inverse and Ax 0 for
all x G"\{0}, and, in this Case, A is called nonsingular.

We say that a statement depending on a parameter e holds for sufficiently small
positive e if for some > 0 the statement holds for all e with 0 < e < ; also, we use
the phrase for sufficiently large in a similar way.

3. Pieeewise linear maps and fixed points. In this section we formally introduce
piecewise linear maps, and determine conditions under which such maps have fixed
points. Moreover, we identify an algorithm that can be used to compute corresponding
fixed points under those conditions.

Throughout let G be a given ordered field. A functionf" G - G is called piecewise
linear, abbreviated PL, if G" can be expressed as a finite union of cells having dimension
n where the restriction of f to each of these sets is affine. If X is such a set of cells
and for o- E,

(3.1) o" {x G"" Ax <= a,}
and

(3.2) f(x) Bx + b for all x o-,

where A G"", a Gm’, B Gkn and b Gk, we say that {(m, A, a, B, b)"
tr 6 E} is a representation off Evidently, a finite set of quintuples {(m, A, a, B, b)"
tr E} where for each tr E, m is a nonnegative integer, A G", a Gm, B
Gkn and b Gk form a representation of a PL function if and only if

(3.3) dim {x G"" A,Tx <--_ a,} n for all cre E,

(3.4) U {x

and

(3.5) (A,x <-_ a,) ^ (Ax <= a,) => (B,x + b, Bx + b,) for all x
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In this case we identify each tr e X with the n-dimensional cell {x e G": Ax <= a}. Of
course, representations of two distinct PL functions cannot coincide, i.e., a representa-
tion of a PL function uniquely defines that function. However, each PL function will
have many representation. A PL function f: G" --> G" will be called a PL map on
or simply a PL map.

In the following theorem and corollary we cite conditions which insure that a PL
map is onto or has a fixed point. The proof is constructive and identifies an algorithm
that can be used to compute fixed points under the corresponding conditions.

THEOREM 3.1. Let g: G G" be a PL map having a representation
{(m,, A,, a, B, b): treE}. Suppose that the signs of det Bfor every unbounded tree
are either all positive or all negative. Then g is onto.

Proof A constructive proof of this result when G R is the central issue of Chein
and Kuh [1976]. The construction is a special case of the more general PL homotopy
method; see Appendix A.

COROLLARY 3.2. Let f:G"-->G" be a PL map having the representation
{(m, A,T, a, B, b,): tre E}. Suppose that the signs of det (B- I) for every unbounded
cell tr e E are either all positive or are all negative. Then there exists a vector x
satisfying f(x) x.

Proof Apply the Theorem 3.1 to f-/.
In Eaves and Rothblum [1986], [1987] necessary and sufficient conditions are

given for the determinant conditions in the above theorem and corollary.

4. Extending PL functions. In this section we show how representations of PL
functions can be used to extend such functions to larger ordered fields. We first
demonstrate that representations of cells can be used to extend them to larger ordered
fields in a unique way while preserving some of the algebraic properties.

LEMMA 4.1. Let o’ G be a cell having the representation (m, A, a) and let F be
an extension of G. Let {x F": Ax <= a}. Then:

(a) t is independent of the representation of o- used to define it;
(b) The dimension of (as a cell in Fn) coincides with the dimension of r (as a

cell in G and
(c) # is unbounded if and only if tr is unbounded.
Proof We present arguments for (a) and (c) here to give the flavor of the

development; however, further details are given in Eaves and Rothblum [1984].
First assume that (m’,A’, a’) is an alternative presentation of tr. Now, {x

F: Ax <- a} {x Fn: A’x <= a’} if and only if either for some 1, , m’ the system

(4.1) Ax <-_ a, Ax > a
has a solution in F", or for some 1,. ., m, the system

(4.2) Aix > ai, A’x <- a’

has a solution in F". By Corollary B.2 of Appendix B, this happens if and only if
either system has a solution in G", respectively, implying that (m, A, a) and (m’, A’, a’)
cannot be representations of the same cell. So, part (a) followg.

Next, to establish (c), recall that tr is unbounded if and only if the system

(4.3) Ax-<a, Ay<-O, yO

has a solution in G". Similarly, the cell # is unbounded if and only if (4.3) has a
solution in F". By Lemma B.2 of Appendix B, the system (4.3) has a solution in
if and only if it has a solution in G". So, (c) follows.
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Given a cell r
_
G" and an extension F of G, we shall use the notation #F for

the cell in F" constructed in Lemma 4.1.
We next show how a representation of a PL function f: G" - Gk can be used to

extend f to a function on F" whose range is Fk where F is any extension of G.
Moreover, we show that the extension is independent of the representation of f

LEMMA 4.2. Suppose f" Gn Gk is a PL function having the representation
{(m, A, a, B, b: o- E} and let F be an extension of G. Consider the coordinates of
A, a, B and b as elements in F. Then {(m, A, a, B, b): cr E} is a representation
of a PL function on F" which coincides withfon G". Moreover, the resulting PLfunction
on F" is independent of the representation off

Proof Here, we only sketch the arguments of the proof; however, further details
are given in Eaves and Rothblum [1984]. First, recall that in order to show that the
quintuples {(m, A, a, B, b)" r E} form a representation of a PL function
mapping F" into Fk we have to establish (3.3)-(3.5) with F" replacing G". As
{(m,A,a,B,b): o-E} is a representation of f we have that (3.3)-(3.5) hold
without any modification. Now (3.3) and part (b) of Lemma 4.1 imply the modified
version of (3.3). Also, (3.4) asserts that for every set of integers J={i," trEE} with
i { 1, , m} for each r E, the system

A (ao.)ix >
iJ

has no solution in Gn. Hence, by Corollary B.2 of Appendix B neither system has a
solution in Fn, establishing the modified version of (3.4). Next, the modified version
of (3.5) follows from similar arguments by examining the systems

Ao.x<-a, Ax<=a, (Br)ix-l-(bc)i<(B.r)ixW(b.)i
for o’E, -E and i{1,...,k}. Finally, assume that {(m’,A’ a, B, b’)" r 6 ’}
is an alternative representation off for which the corresponding extension off to
does not coincide with the one obtained from {(m, A, a, B, b)" o- E}. Then for
some o- E, r’ E and { 1, , k} the system

ax<=a, ax<=a’, (B)ix+(b)i(B’)ix+(b’)i
has a solution in F". Then, by Corollary B.2, this system has a solution in
contradicting the assumption that we had two representations of the same PL map.

Given a PL function f" G" Gk and an extension F of G, we shall denote by fF
the extension of f to F" constructed from any one representation of f in the way
described in Lemma 4.2. In particular, we identify the set of cells in the representation
of f and fF. Of course, f might have many other extensions to F". For example if
f:G G is defined byf(x) =0 for all x G and G(w) is the ordered field of rational
functions with an infinitesimal over G (see 5 for formal definitions), then the function
h" G(w) G(w) defined by

0 if x <_- w or x => 3w,
h(x)= x-w, ifw-<_x-<2w,

3oo-x if2w<=x<=3w

is a PL function and f(x)= h(x) for all x G. In this example f,o) is the function
mapping each x G(w) into O.

5. Extending an ordered field with an infinitesimal. We turn our attention to two
important extensions of a given ordered field G. Let G{w} be the set of all infinite
sequences a (..., a_l, ao, al,...) of elements of G such that ai--0 for sufficiently
small (possibly negative). For a G{w} we shall use subscripts to denote the elements
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of the corresponding sequence. We next define addition, multiplication and order on
G{to}. Let a (..., a-l, ao, a,...) and b (..., b_l, bo, b,...) be elements in
G{to}. We define a + b and a. b to be, respectively, the sequence of elements in G
with (a + b)i ai + b and (a. b) k--- akb-k, for all integers i; of course, the infinite
sum Yk=-o akbi-k has only finitely many nonzero elements and is a finite sum. We
note that under the above definitions a + b G{to} and a. b G{to}. The order in G{to}
is taken to be the lexicographic order, namely, a > b if the first nonzero elements in
the sequence (..., a-l--b-l, ao-bo, a-bl," .) is positive; of course, as a G{to}
and be G{to} the above sequence has a first nonzero element whenever a b. The
following lemma asserts that G{to} is an ordered field under the above definitions of
addition, multiplication and order.

LEMMA 5.1. The set G{to} with the above definitions of addition, multiplication
and order is an ordered field. In particular, the element x G{to } with x 0 for all is
the "zero" in G{to}, and the element x6G{to} with xo=l and xi=O for all
integers SO is the "one" in G{to}. Also, if a G{to}, then (-a)i -afor all integers
i, and if a 0 and a 0 for <= q and aq O, then (a-1) 0 for all < q, (a-1)_q
(aq)- and (a-1)i can be determined inductively for i>-q by (a-l)=
--( aq )-1("-l_q (a-1)jai+q-j). [’]

Notice that G is imbedded in G{to} by the imbedding c x where Xo a and
x-0 for integers 0. Thus, we consider G to be a subset of G{to}. In particular,
0 G and 1 G are clearly the "zero" and "one" elements of G{to}. Also, we denote
the element x G{to} where Xl 1 and xi- 0 for integers 1 by to. In particular, for
every integer k, (tok)k 1 and (tog)i=0 for integers iS k. Thus, when x G{to} we
write x-=_oxto We emphasize that this is a formal notation and does not
represent convergence. Also, we write x i=q xitoi for any integer q for which x 0
for all < q.

For any positive ce G we have that a > to (in G{to}). We therefore speak of to

as being an infinitesimal relative to G. In particular, for every positive integer n, n-1 > to;
so n -1 does not "tend" to zero in G{to} as the integer n becomes large. However,
does "tend" to zero in G{to} as n becomes large.

Call an element a G{to} a polynomialform over G if a- 0 for all negative and
all sufficiently large i. In particular, in this case, a i=o ato The set of all polynomial
forms over G will be denoted G[to]. Of course, G[to] is a subordered ring of G{to}.
Next, call an element in G{to} a rationalform over G if it has the representation ab -1

where a, b G[to] and b 0. The set of all rational forms over G will be denoted
G(to). The next lemma characterizes this set.

LEMMA 5.2. The set G(to) is a suborderedfield ofG{to}. Moreover, it is the smallest
subordered field of G{to} that includes G and contains to.

Each of the five field operationsaddition, multiplication, subtraction, division
and comparisonin G{to} is defined via a countable number of field operations in G.
However, our principal interest will be in G[to] and G(to) where it is next shown that
each of the five field operations can be executed through a finite number of field
operations in G. This is accomplished by representing elements in G(to) by pairs of
polynomial forms over G. Specifically, represent x G(to} by any pair (a, b) where
a, b G[to], b 0 and x- ab-. Evidently, if a, b, c, d G[to] where b 0 and d 0,
then ad / bc, ad bc, bd, ac, bc and ad are polynomial forms over G and

(5.1) ab -1 + cd-1= (ad + bc)(bd)-,
(5.2) (ab-)(cd-) (ac)(bd) -1,
(5.3) ab- cd ad bc bd )- 1,
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(5.4) ab-/ ca- ad)( bc)-,
the ,latter only if c O, and

(5.5) ab-1 > cd -1 if and only if (ad bc)(bd) > O.

Hence, if x and y in G(to) have the representation (a, b) and (c, d), respectively,
where a,b,c,dG[to],bO and d0, then x+y, xy, x-y and x/y have the rep-
resentation (ad + bc, bd), (ac, bd), (ad bc, bd) and (ad, bc), respectively, the latter
only if x 0 which occurs if and only if c # 0. Of course, addition, multiplication and
subtraction of polynomial forms over G can be executed by a finite number of
operations in G. Also, (5.5) shows that x > y if and only if (ad bc)(bd) > 0, the latter
being checkable by a finite number of comparisons in G. A bound on the finite number
of field operations in G needed to execute the various field operations in G(to) is
easily obtained; such a bound, of course, depends upon the representations in G(to).

We have seen the virtue of representing an element x G{to} by a pair (a, b)
where a, b G[to], b 0 and x ab-1. In the following (see Corollary 6.3) we shall
have an element x G(to) and will have to use the elements of the sequence
(.-., x_l, Xo, Xl," "). We shall next see how each element in this sequence can be
computed by a finite number of field operations in G from any representation of x by
a pair of corresponding polynomials. See Winograd [1980] for corresponding efficient
computational procedures.

LEMMA 5.3. Suppose x (. ., X-l, Xo, x, .) ab- where a ?=0 aitoi
G[to] b=Ep bitoi=o e G[to and b O. Let q min { >- O" bi 0}. Then

fo
(5.6) x, J--l’-q
where the cj’s are defined inductively by

ifi <-q,

cjai_ if >- -q,

(5.7)

0 ifi<-q,

Ci-- (bq)- ifi=-q,

-(bq) -1 cb+q_ ifi>-q.
j=--q

Proof. Let c b-. Then (5.6) follows from the representation of the inverse of
an element in G{to} given in Lemma 5.1. So, (5.7) follows from the rules of multiplica-
tion in G{to}.

For a positive integer p, let p!=p(p-1)... 1 and let p!= 1 if p =0. Next for
G and integer p we define the binomial coefficient choose p, denoted (), by

(5.8) (t) "l[t(t-1)’’’(t-p+l)]/p!l forp=l,2,...andalltG,forp 0 and all G,
P 0 for p =-1,-2,... and all t G.

It is easy to verify the (standard) identity that

(5.9) +
p-1 p

for all integers p and all G.

LEMMA 5.4. Suppose a G{to} where a .=-k aj. If a <--_ 0 then for sufficiently
large G, Y,=o a_,() _-< 0.
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Proof. The result is trivial if a 0. In particular, this happens if k < 0. Next assume
that a 0 and k >- 0. Let q max {i <= k" a_i 0}. As a -< 0, clearly a_q < 0. Now, if

k a_i() ao<0 for all G, establishing the desired assertion. Nextq 0, then --0
assume that q > 0. Now, if > 2q 1 then for j 1, , q, (t -j + 1)j-1 > 1, implying
that for i= 1, ., q-1

O< (t--q)q-’< I-[ [(t--j+l)j-1]
j=+l q

q-1Hence, if in addition (t- q)la-l > (E,=0 la-,l)q, then

+ la_,l(t-q)-q 0,<--[a-alq i:0 q

completing our proof.
Each coordinate of a matrix A G{to} has representation as a power series in

to with coefficients in G. Thus, A can be expressed as a corresponding power series
A(t)to’ where each A(t) is in Gmn.in to with coefficients in G e.g., A

Addition and multiplication generalize to matrices in the natural way. In particular,
we have the "infinite distributivity" asserted in the following lemma. The verification
of the result is straightforward and is omitted.

LEMMA 5.5. Let A G and B G{to}"P where B ,_ B( t)to’. Then AB
E [AB(t)]to’ D

6. Existence of invariant polynomial curves. In this section we show how an
invariant polynomial curve of a PL map f can be computed from a fixed point of a
perturbation of f<o,). For notational convenience we will use the notation f for f<o,).
We consider extensions of PL functions to G(to) rather than G{to} because the field
operations in G(to) are executable by a finite number of field operations in G (see 5).

We first use Corollary 3.2 to determine conditions that assure that for a given PL
map f on G" and/3 in G(to), flf has a (computable) fixed point (in G(to)").

PROPOSITION 6.1. Let f’G"-->G" be a PL map having the representation
{(m,A, a, B, b)" o-E} and let fl G(to). Suppose that for every unbounded cell
tr E, the signs of det (flB- I) (as elements in G(to)) are either all positive or are all
negative. Then there exists a vector x G(to)" satisfying

(6.1) f(x)=x.

Proof Evidently, /3f is a PL map on G(to)" having the representation
{(rn,,A, a,, flB,, fibs)" treE} (see the proof of Lemma 4.2). By Lemma 4.1 {x
G"" A,,x<=a}_ G" is unbounded if and only if {x G(to)"" Aox<=a} G(to)" is
unbounded. It follows that/3f with the above representation satisfies the assumptions
of Theorem 3.1 and therefore the existence of x G(to)" satisfying (6.1) follows from
Corollary 3.2.

We remind the reader that the proof of Corollary 3.2 was constructive. In particular,
the algorithm described in Appendix A can be used to compute fixed points of the
map flf examined in Proposition 6.1.

We next show how an invariant polynomial curve of a PL map f can be obtained
from a solution of (6.1) with/3 =(1 +to)-. In Appendix C of Eaves and Rothblum
1986] it is shown how invariant polynomial curves off can be computed from solutions
of (6.1) for other values of/3; however, we consider here only the (restricted) case of
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/3 (1 + to)- for two reasons. First, the expressions representing the corresponding
polynomials are simpler, and second, as is shown in Appendix C of Eaves and Rothblum
[1986] solutions of (6.1) for other corresponding values of/3 can be obtained by the
methods discussed earlier in this paper if and only if this can be done for/3 (1 + to)-1.
That is, the wider range of corresponding/3’s does not increase the applicability of
the methods of this paper for computing invariant polynomial curves.

Given a PL map f for which (6.1) has a solution over G(to) for/3 =(1 + to)-,
we shall determine a function z" G G for which

(6.2) f(z[t]) Tit + 1] for all sufficiently large.

Of course, if z satisfies (6.2) with the corresponding equality holding for all => t*,
then y: { G: _-> 0}- G" defined by y[ t] z[t + t*] satisfies (1.1). So, if z is a poly-
nomial in its variable t, then y is an invariant polynomial curve of f.

Recall the binomial coefficients defined by (5.8).
THEOREM 6.2. Let f: G - G" be a PL map and let x G(to)" satisfy (1 +

to)-lf(x) x. Suppose x =i=-q xito where q is a nonnegative integer. Consider the
function z: { G: >- 0} - G defined by

Then for sufficiently large

(6.4) f(z[ t]) z[ + 1 ].

Proof. Let tr E be a cell containing x, i.e., Ax <= a. Lemma 5.5 implies that

(Ao.xi)to i--" A Z, x, toi Ax <- a,,
-q -q

immediately implying that oi=-q (Ax)to <= a. It now follows from Lemma 5.4 that
for sufficiently large t, q--o ()Ax_i <= a, and therefore, by the associativity of matrix
multiplication, for such t, A(Y’.q=o ()x_) <= a, i.e., z[ t]

We next observe that as f(x)= (1 + to)x and x e tr, we have from Lemma 5.5 that

)Z (B,,.x,)to’+ b, B, Z x, to’ + b,
--q --q

)=B,x+b,=f(x)=(l+to)x=(l+to) Z x, toi
i=--q

E x,o’+ Z x,a,
--q i= --q

i+1

By equating corresponding coefficients of the left-hand side and right-hand side of the
above equation we conclude that

(6.5) Bo-xi X "Jr- Xi--1, -q, , -1

and

(6.6) Bxo+ b Xo+ x-1.
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(By convention, X-q_1 =0.) Now for for which z[t] tr we have, from elementary
arguments (6.5) and (6.6), that

X_i+ X-
i=o = i- 1

+ x_ +Xo x= z[t+ 1],
i= i- 1 i=o

proving that for suciently large t, z[ t] satisfies (6.4).
We next combine Proposition 6.1 and Theorem 6.2 to obtain a sucient condition

for a PL map to have an invariant polynomial curve.
COROLLARY 6.3. Let f:GG" be a PL map having the representation

{(m, A, a, B, b): E}. Suppose that for every unbounded cell m the signs of
det ((1 +)-IB-I) are either all positive or are all negative. en f has an invariant
polynomial curve.

We note that a PL map f need not have an invariant polynomial curve when no
assumptions are imposed on y For example, let G R and f: R R be defined by

2x + 1 if x 0,
f(X

-2x+l ifx0,

and suppose that z[. satisfies (6.4) for t*. Let # f(z(t*)). As # > 0 we conclude
from (6.4) and the explicit definition off that for k 1, 2,...

k-2

z(t* + k)=fk(z(t*))=fk-(fl) E 2’ +2kfl 2k(l + fl) -1,
i=0

immediately implying that z[ t] is not a polynomial in t. Of course, by arbitrarily
selecting z[ t] for 0 1, one can inductively construct z[ t] for all 0 so that (6.4)
is satisfied (when G is not Archimedean the induction is transfinite).

We next demonstrate that for every positive integer k there exists a PL map having
an invariant polynomial curve of degree k only. Let k be a positive integer. Set G R
and consider the function f: R k Rk defined by f(x) Bx + b where

1 0 0 0 0

1 1 0 0 0

0 1 1 0 0
B=

0 0 0 1 0

0 0 0 1 1

b

1
0

0

0

The results of Eaves and Rothblum [1986], [1987] show that this map satisfies the
assumptions of Theorem 6.2. We will next construct an invariant polynomial curve of
the above map. For j 1,. ., k, let e be the jth unit vector in R k and let ek+= O.
Evidently, (B--I)k=o and for j=l,...,k, (B-I)J-b=e and Be=e++e. Let
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z[t]=k=l()e i. Then z[t] is a vector polynomial in of degree k and for t=>0 we
have from the above and (5.9) that

(i) (i) [(i) (t)]eBz[t]= Be= (e’++e’)= +
i= i= i= i-1

i=1

establishing (6.4). We next argue that if z[. is any polynomial satisfying (6.4) for
sufficiently large , then the degree of z[. is k. Now suppose that z[.] is such a
polynomial and that (6.4) holds for t-> t*. Then, for p 1, 2,... we get from the
binomial formula that

p--1

z[t*+p]=fP(z[t*]) Bb+BPz[t*]
i=0

B I)Jb + P B I)Jz[ t*].
j=o j

As (B--I)k =0 and (B-I)b=#+1 for j= 1,...,k-1 we get that

=o j+l +ii () (B-I)z[ t*]

is a polynomial in p of degree k (with leading coefficient (k!)-lek). It immediately
follows that z[ t* + p] is a polynomial in p of degree k (with leading coefficient (k !)-1 ek).
Standard arguments show that the degree of the polynomial z[t] (in the variable t)
is k.

We include the following theorem for its curiosity value; indeed, we do not know
what to make of it.

THEOREM 6.4. Let f: G - G be a PL map and let x G(to) satisfy (1
to)-lf(x)=x. Suppose x=i=_q xito where q is a nonnegative integer. Consider the
function z { G: >-_ 0} G" defined by

Then for sufficiently large

(6.8) f(z[t]) z[t- 1].

Proof. The proof of this theorem follows from arguments similar to those used in
the proof of Theorem 6.2. We review only the modifications. First let
{(m,A, a,B, b)}: o-} be a representation off and let rE satisfy Ax<-_a.
The arguments of the proof of Theorem 6.2 show that for sufficiently large t, z[ t] -.
Next, (6.5) and (6.6) have to be modified to

Bq x xi_ 1, q, , 1
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and

Bxo+ by Xo- x_ 1.

So, for E o- with z[ t] E ’,

=Xo--X--l--(:)

XoAf" X_i: z[ t- 1].
i=1

Our final result in this section characterizes solvability of (6.1) with =(1 + )-
in terms of solvability of related systems over G.

THZORZM 6.5. Let f: G G" be a PL map. en there exists a vector x G()
satisfying

(6.9) (l+)-f(x)=x

if and only iffor sufficiently small positive e the system

(6.10) (l+e)-lf(x):x
has a solution in Gn.

Proof. The conclusion follows from Corollary B.2 and the arguments used in
Kohlberg [1980, 6] (see also Eaves and Rothblum [1985, 5]).

The previous lemma was the major tool in the existence proof of fixed points of
(1 + to)-f in Kohlberg [1980]. In that paper, Banach’s contraction theorem was used
to show that iff is nonexpansive, then (1 + e)-lf has a fixed point for each e > 0, and
therefore so does (1 + to)- We note, however, that the contraction arguments cannot
be used in any other ordered field but the reals because of the lack of completeness.

7. Representations of invariant polynomial curves and bounds on their degrees. Our
construction of an invariant polynomial curve of a PL map f given in Theorem 6.2
uses a fixed point x G(w) of the PL map (l+to)-l It follows directly from this
construction that the degree of the corresponding invariant polynomial curve equals
the integer q that is the largest integer with x_i 0; moreover, the constructed invariant
polynomial curve is determined by X_q,..., Xo. Now, suppose it is known that x lies
in a specific cell o-E. Then (l+to)-(Bx+b)=x. As det [(l+to)I- B,] is a poly-
nomial in to of degree n we have that it is nonzero. So, (1 + to)I-B is nonsingular
and x has the representation

(7.1) x [(l + to)I- B,]-lb.
It follows that representations of [(l+to)I-B]- can be used to compute x.

Equation (7.1) suggests that representations of inverses of matrices of the form
toI Q G(to), where Q 6 G"", can be useful. We will obtain such a representation
after introducing some definitions and stating an auxiliary lemma.

Let B E G"n, A 6 G and Q AI-B. The index of A for B, denoted u (B), is the
smallest integer m -> 0 for which the null spaces of Qm and Q,,+I coincide. In particular,
we have that , (B) _-< n. The following result is well known (see Rothblum [1981] where
the case G--R is considered).
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LEMMA 7.1. Let Q G"’, let u be the index of zero for Q, and let M and N be,
respectively, the range and null spaces of Q". Then:

(a) G’=M+N,
(b) there is a unique projection E on N along M,
(c) QE=O,
(d) Q-’E SO if,>O,
(e) Q E) is nonsingular,
(f) QD I E where D =- (Q E)-I(I E),
(g) QD+I D forj= 1,2,.... [3

For a given matrix B G and A G, the matrices E and D defined in Lemma
7.1 for Q =- B- AI are called, respectively, the eigenprojection and Drazin inverse of B
at A. Methods to compute these matrices are well known (e.g., Rothblum [1976] or
Campbell and Meyer [1979]).

We are now ready for the promised representation of inverses of matrices of the
form toI-Q G(to) "" where Q G(to) n. The result resembles known expansions
of resolvents of complex matrices (see Rothblum [1981, Thm. 3.1]).

THEOREM 7.2. Let Q G" have eigenprojection E and Drazin inverse D and let
, be the index of zero for Q. Then toI-Q is nonsingular and

(7.2) (toI- Q)-l= Q-lEto-j Dj+ltoj.
j=l j=o

Proof. First observe that part (c) of Lemma 7.1 implies that

(7.3) (toI-Q)( Q-IEto-J) E-Q"E= E,
j=l

and parts (f) and (g) of Lemma 7.1 imply that

(7.4) )(toI-Q) D+lto =-QD+ E (D-QD+I)toJ=-(I-E)

As noted earlier det (toI- Q) is a polynomial in to of degree n and therefore det (toI-
Q) 0. So, toI- Q is nonsingular. Subtracting (7.4) from (7.3) and premultiplying the
resulting equation by (toI-Q)-I yields (7.2).

Theorem 7.2 yields an immediate bound on the degree of invariant polynomial
curves constructed by the methods of Theorem 6.2.

THEOREM 7.3. Let f: GnG" be a PL map having the representation
{(m, A, a, B,, b): o’ Z}. Let x G(to) satisfy (1 + to)-l(x) X and suppose that
Ax <-a, i.e., x -. Let z[. be the polynomial obtained from x via the construction
described in Theorem 6.2. Then the degree d of z[.] is bounded from above by
in particular, d <= max { ,1(B): tr E} -<_ n.

Proof Theorem 6.2 shows that if q => 0 and xi 0 for all <-q then the degree
of the constructed invariant polynomial curve is bounded by q. By (7.1) we have that
x [to1 (B I)]-1b and therefore Theorem 6.2 ensures that xi 0 for all < ’1(B),
immediately implying our conclusions.

The example following the proof of Theorem 6.2 shows that the bound in Theorem
7.3 is tight and there exist PL maps mapping G into itself while satisfying the
assumptions of Theorem 6.2 where the degree of any invariant polynomial curve is n.

A norm on R" is a function II, mapping each x R into llxll R such that

Ilxll =0 if and only if x=0, IIx +Yll--< Ilxll + IlYll and IIAxll IAI Ilxll for all x, y R". For
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example, the l-norm defined by Ilxll=max, Ix, for all x R" is a norm. A map
f" G" G is called nonexpansive with respect to the norm if

Ilf(x)-f(y)l[ <-IIx-yll for all x, y G".

We conclude this section by demonstrating that the degree of invariant polynomial
curves of nonexpansive PL maps over the reals are necessarily of degree one or less
(see Kohlberg [1980]).

LEMMA 7.4. Let f: R R be a PL map that is nonexpansive with respect to some
norm defined on R n. Suppose y[. is an invariant polynomial curve off Then the degree
ofy[. is one or less.

Proof Suppose y[ t] =0 Yjtj for all -> 0 where q > 1 and yq 0 and we will
establish a contradiction. For t-> we have that

y[t + 1]-y[t]ll [If(Y[t])-f(Y[t- 1])11<--II Y[t]-y(t- 1111.
A simple inductive argument shows that for each positive integer k,

(7.5) IlY(k)-y(k- 1)ll <--I[ y(1)-y(0)ll.
But y(k + 1)-y(k) can be easily expressed as a polynomial in k of degree q- 1 with
leading coefficient qyq, say qyqkq- /y=- /3k, As Ilqyk-/\- /3kll >_-

qllyollkq--Y-o IIllk- as kc, we get a contraction to (7.5). [3

Appendix A. The PL homotopy method. Let g" G"- G" be a PL map with rep-
resentation {(m,A,a,B, b): treE}. Our purpose here is to briefly describe the
PL homotopy method for solving g(x)=y under the conditions of Theorem 3.1; we
follow the formalism of Eaves [1976]. The general idea is captured in the homotopy
principle (see Eaves [1972]).

Homotopy principle. To solve a given system of equations, the system is first
deformed to one which is trivially solved. Beginning with the solution to the trivial
problem a route of solutions is followed as the system is deformed, perhaps with
retrogression, back to the given system. The route terminates with a solution to the
given problem.

For our purposes herein we assume that the det B for all unbounded tr of E have
the same nonzero sign (see Chein and Kuh [1976]). First observe that g(x) is bounded
when x ranges over the finite union of bounded cells o- of E. Also, since det B 0
for all unbounded tr in E, we have that g(x)= Box + b is unbounded when x ranges
over any given unbounded tr in E. Thus, for each unbounded o- in E there exists some
x cr having the property that g(x) g(x) for all x belonging to any bounded cell
or. Let x G" be any vector having the property that g(x) g(x) for all x belonging
to bounded cells r in Z.

We deform the target system g(x)=y to the trivially solved system g(x)= g(x).
Specifically, define the PL homotopy F:G"+IG" by F(x, O)=g(x)+O(y-g(x))
and consider the system

F(x,O)=y.

For 0 1 we have a system with solution x and for 0 0 we have the target system.
In the full PL homotopy method the next step is to perturb y infinitesimally to

avoid degeneracies, however, here we forego this technical matter and merely assume
nondegeneracy (see Eaves [1976] for details).

A path is defined to be a route or loop which, in turn, is defined to be a finite
union of closed line segments that is PL homeomorphic to the line G or to the PL
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circle {xe G2: Ilxll -1}, respectively. Assuming nondegeneracy, the set F-l(y) =-
{(x, 0): F(x, 0)= y} is known to be a disjoint collection of routes and loops (see Eaves
[1976] for details).

Beginning at the point (x , 1) in F-(y) we move along the path in F-(y) that
contains (x 1, 1) in the direction that 0 decreases. With such an orientation at the
beginning it can be shown that the assumption concerning the determinants of the
B’s implies that 0 will decrease on any unbounded cell tr E (see Eaves [1976, 12]).
Consequently, 0 cannot return to unit value on the selected path. To see this fact
suppose that the first point (x, 0) along the path with 0= 1 is the point (w, 1). In
particular, g(w) g(x) and therefore by choice ofx, w cannot belong to any bounded
cell; hence, w must belong to some unbounded cell. We conclude that when moving
along the selected path in the selected orientation, 0 decreases as (x, 0) passes through
(w, 1). Since 0 decreases as (x, 0) leaves the initial point (x, 1), the mean value theorem
for PL functions in ordered fields ensures that somewhere between (x, 1) and (w, 1)
we pass through a point (x, 0) with 0 1. This conclusion contradicts the selection of
(w, 1). So, it follows that 0 cannot return to unit value, and therefore the selected path
must be a route. For crE, let p be the intersection of our route with the set
{(x, 0): x tr, 0 G}. It follows that if tr is bounded, p is either empty or a line
segment, and if tr is unbounded p is either empty or is a line segment or half line. Since
a route is PL homeomorphic to G we cannot just pass through finitely many line
segments, but must reach a hairline. Since such a hairline corresponds to an unbounded
cell tr we have that 0 decreases on it indefinitely. It now follows from the mean value
theorem for PL functions over ordered fields that we will encounter a point of the
form (x, 0) (x, 0). In particular, F(x, 0)=y, or equivalently, g(x) y. So, x is
a solution to the target system.

The task of following the path in F-(y) is essentially an oscillation between
pivot steps as in the simplex method and movement from cell to adjacent cell in the
covering E.

Appendix B. Linear inequalities over ordered fields. In this Appendix we review
some useful facts about solvability of systems consisting of linear inequalities. Our
discussion borrows from Kohlberg [1976].

The first result is a variant of Farkas’ Lemma (e.g., Stoer and Witzgall [1970]).
LEMA B.1. A system

Ax <- a, Bx << b, Cx c,

where A G"", B Gk", C Gpn, a

if and only if there exist vectors A Gm, tx Glk and r GIp such that

AA + txB + r/C =0,
A =>0, /x =>0,

Aa +/.b + r/c _-< O,

The following corollary to Farkas’ Lemma will be useful.
COROLLARY B.2. Suppose a finite system of equalities, weak inqualities and strict

inequalities with coefficients in the ordered field G does not have a solution in G. Then
it also has no solution in any ordered field extension of G.

Proof. The existence of Farkas’ multipliers in G follows from our assumptions
and Lemma B.1. Since these multipliers are also in F, Lemma B.1 implies that the
system does not have solutions in F.
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THE EXPANDED LAGRANGIAN SYSTEM FOR CONSTRAINED
OPTIMIZATION PROBLEMS*
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Abstract. Smooth penalty functions can be combined with numerical continuation and bifurcation
techniques to produce a class of robust and potentially fast algorithms for constrained optimization problems.
The key to the development of these algorithms is an expanded Lagrangian system which is derived and
analyzed in this work. This parametrized system of nonlinear equations contains the penalty path as a
solution, provides a smooth path into the first-order necessary conditions, and sometimes yields a method
for finding multiple optima. Furthermore, the inevitable ill-conditioning present in a sequential optimization
algorithm is removed for three and essentially only three smooth penalty functions: the quadratic penalty
function for equality constraints, the logarithmic barrier function (an interior method), and the quadratic
loss function (an exterior method) for inequality constraints. Preliminary test results for several nontrivial
test problems are included to demonstrate the robustness, efficiency and potential of the methodology.

Key words, smooth penalty functions, logarithmic barrier, quadratic loss and quadratic penalty functions,
expanded Lagrangian system, constrained optimization, nonlinear programming, numerical bifurcation and
continuation techniques
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I. Introduction. The use of smooth penalty functions in a sequential optimization
algorithm to solve constrained optimization problems has long been regarded as
unfashionable and numerically defective, principally because of an inevitable ill-
conditioning that occurs as the penalty parameter tends to the prescribed limit. This
view, which is prevalent in most texts and review articles [6], [7], [9], [15], [16], is
quite valid and has certainly motivated development of other numerical optimization
techniques such as exact penalty functions and multiplier methods. Our objective
herein is to re-examine the use of these smooth penalty functions, not in a sequential
optimization algorithm, but in a continuation-based algorithm for following the penalty
function path defined as a solution of a parametrized system of nonlinear equations.
This methodology now becomes viable because of the extensive development of
numerical continuation/bifurcation techniques during the last decade [2], [12], [13],
18] and because we can remove the ill-conditioning for three fundamentally important
smooth penalty functions. These continuation methods are capable of producing robust
and potentially fast algorithms, and some times provide a method for finding multiple
optima.

Although the techniques discussed here apply to constrained optimization in
general and to linear and nonlinear programming, calculus of variations, optimal
control and parameter identification in particular, the main focus in this work is on
the general nonlinear programming problem

(1.1) min {f(x)lh(x O, g(x) >- 0}

where f:n _.[1, h’ --)q and g.n _[p are assumed to be twice continuously
ditterentiable. The essence of the idea is as follows: We first convert the constrained
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optimization problem to an unconstrained optimization problem min P(x, r) where r
is the penalty parameter arranged so that the desired limit is r=0 and where the
equality and inequality constraints are incorporated into the penalized objective func-
tion P(x, r) through the use of smooth penalty functions. Then the penalty path(s) is
described as the solution set of min P(x, r) as r varies and must, by the first-order
necessary conditions, be a solution of VP 0. (The gradient operator V is with respect
to x and VP denotes a column vector.) Then the gradient of the penalty function VP
is formally identified with that of the Lagrangian Vw by defining the multipliers
appropriately. Using the definition of these multipliers as additional equations, we
obtain an expanded Lagrangian system (ELS) of nonlinear equations which, with an
additional modification, becomes a perturbation of the Fritz John first-order necessary
conditions. This modification prevents unbounded multipliers. Two different systems,
one based on the quadratic penalty-logarithmic barrier function and the other on the
quadratic penalty-quadratic loss function, are derived and analyzed in 2 and 3.

Returning to the question of ill-conditioning, we shall show in 4 that there are
only three smooth penalty functions that yield well-conditioned expanded Lagrangian
systems (ELS) and each is a method of order one in the sense of Lootsma [15]. The
canonical examples ofthese three classes are the quadratic penalty function for equality
constraints, logarithmic barrier function (an interior method) and the quadratic loss
function (an exterior method) for inequality constraints. The remaining smooth penalty
functions introduce artificial singularities and ill-conditioning into the ELS and thus
are not used numerically.

The salient features of this class of algorithms can now be described. We first use
an unconstrained optimization technique to get on the penalty path at a value of r,
say r, where the problem is reasonably well conditioned. Predictor-corrector continu-
ation techniques [12], [13], [18] are then used to follow the penalty path as a solution
ofthe expanded Lagrangian system to optimality at r 0. Section 5 contains a discussion
of one such algorithm based on the quadratic penalty-logarithmic barrier function.
Numerical test results are then presented to demonstrate the robustness, efficiency and
potential of the methodology.

2. The mixed quadratic penalty-logarithmic barrier function. In this section we
derive and analyze the expanded Lagrangian system (ELS) for the general nonlinear
programming problem when the quadratic penalty function is used for the equality
constraints and the logarithmic barrier function, for the inequality constraints. This
mixed quadratic penalty-logarithmic barrier function leads to an expanded system
which we modify to bound and normalize the multipliers. The resulting equations,
which represent a perturbation of the Fritz John first-order necessary conditions, are
summarized in Theorem 2.1. The existence and regularity of the penalty path is given
in Theorem 2.2. Throughout this section we assume that f, g and h are at least cgl.

The mixed quadratic penalty-logarithmic barrier function is

(2.1)
P

P(x, r)=f(x)+rr h r(x)h(x)- r E In (gi(x)).
i=1

Assuming {x: g(x)>0} to the nonempty and robust [16], the first-order necessary
condition for a minimum of P is that VP=0, which is a parametrized system of
nonlinear equations. However, this system suffers from the numerical problem that
the Jacobian of V P, the Hessian of P, becomes increasingly ill-conditioned as r 0/.
(The 12 condition K2(V2P)=(1/r) as r0/.) To remove the ill-conditioning, we
expand the equations VP =0 as follows: Assuming g(x)>0 and r> 0, (x, r) solves
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VP=Vf+Vhr(h/r)-Yp Vgi(r/gi)=O if and only if (x,a,/x, r) solves the expandedi=1

system

vf- Vh -vg =o,

(2.2) h+rA =0,

Mg re 0,

where M diag (/zl, ,/Zp) and e (1, 1, , 1) r e Rp. (The last two equations are
derived from the definitions h =-h/r and/xi r/&(x).) This expanded sytem (2.2) is
not new; it has been in the literature for some time and was used by Fiacco and
McCormick [5] to investigate the behavior of the penalty path near r--0. The system
(2.2) still has a numerical deficiency in that a multiplier may tend to infinity when
either a constraint cannot be satisfied or a constraint qualification fails. Also the use
of shifts in the barrier function can sometimes cause a multiplier/x to tend to infinity
at a finite value of r. The modification that we now introduce trades this problem for
limit point singularities for which the arclength or pseudo-arclength predictor-corrector
continuation methods are particularly effective.

THEOREM 2.1. Let f: -, h: "-)q, and g:ff -P be c functions, and let
flo, r andx be such that flo>O, rO and g(x)>O, componentwise. The vector
(x; r) solves

(2.3) VP=Vf+Vh r Vg, =0
i=1

ifand only ifthere exist a q, 1 P, txo with/xo> 0 such that thefollowing equations
hold:

V =0,

(2.4) F(x, A,/x,/Xo; )
h + A O,
Mg lze O,

where =/xof- h rA g /x, M diag (/x l, ",/zp), /x (/x l, ",/J,p) , A
(A1," , Ao), and = r/txo.

Proof. Suppose (2.3) is valid. Multiply through VP=0 by /Xo=

o[l+E(hj/r)2+E(r/g)2]-/2 and define =r/txo, A=-h/ /x,=(/xg)/g, so that
(x, A,/x,/Xo, ) now solves the expanded system (2.4). When/J,o> 0 and (x,
solves (2.4), the reduction to (2.3) also follows directly from these definitions once the
normalization has been dropped.

Note that if we drop the normlization and set/Xo 1, we are back to the system
(2.2). The use of the parameter/3o allows for the efficient transfer from the solution
of the minimization problem min P(x, r) to the system F 0. For example, if x is a
solution of minP(x,r), we could define A=-h(x)/r, tx=r/g(x), and /30
[1+ II/z1122+ ]lA]l] /2. Then (x, A,/z,/Xo; )-(x, A,/x, 1; r) is a solution of F=0;
and, assuming no singularities are encountered, we can follow the penalty path
(min P(x, r)) to r 0 by following the solution of F 0 to -- 0. Given this formulation
we now give necessary and sufficient conditions for the system (2.4) be regular at -0.

THEOREM 2.2. Let the system (2.4) be denoted by F(z; )= 0 with z (x, A, , tXo).
Let (z; 0) be a solution off 0 and assumef h and g are twice continuously differentiable
in a neighborhood of x. Define two index sets 1 and and a corresponding tangent
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space T by

={i" l<-i<-p,g,(x)=O}, /={i :/x,. 0},

{y n. y 7-Vh(xo) O(j 1, , q), y 7"Vgi(x) O(i )}.

A necessary and sufficient condition that the Jacobian DzF(z; O) be nonsingular is that
each of the following three conditions hold"

(a) .’ ;
(b) S := {{Vg(x)}i.9 U {Vhi(x)}__} is a linearly independent collection ofq +

vectors, where [[ denotes the cardinality of
(c) The Hessian of the Lagrangian V is nonsingular on the tangent space at z.
If DzF(z; O) is nonsingular, there exist open neighborhoods of 0 and of

(z; 0) and a function b c() such that F(b(), )=O for all and b(0) z.
This solution is locally unique in the sense that if (z; ) : and F(z; )=0, then z
belongs to the manifold defined by b, i.e., z b(). Furthermore, iff, g and h are k

or real analytic) then b is k- (c or real analytic, respectively) on .
Proof. The necessary and sufficient conditions for the nonsingularity of the

Jacobian DzF(z; 0) have been established in the work of Poore and Tiahrt [17] in
the context of the parametric programming problem and will not be repeated here.
The remaining part of the theorem follows from the implicit function theorem [3 ].

Several remarks are in order: If x is a Fritz John or Karush-Kuhn-Tucker point,
condition (a) is called strict complementarity (g(x) =0 implies/x i is nonzero) while
condition (b) is the linear independence constraint qualification. Furthermore, if
conditions (a) and (b) are satisfied and condition (c) is strengthened to the Hessian
of the Lagrangian being positive definite on the tangent space T, then we have a
second-order sufficient condition for x to be a local minimum provided/z-> 0 and
g >-0. Finally we note that the theorem is valid regardless of the type of extremal:
local minimum, saddle point, local maximum, feasible or nonfeasible critical point.

3. The quadratic penalty-quadratic loss function. In this section we will use the
quadratic loss function, an exterior method, to handle the inequality constraints. Since
the virtues of exterior methods have been discussed previously [5], we forego an
extensive comparison of interior and exterior methods. The essence of their advantage
is that an initial strictly feasible point is not required and that when many inactive
inequality constraints are present, the resulting problem size is much smaller than that
for an interior method. The price to be paid for these advantages is a lack ofhigher-order
differentiability; however, when the three conditions (a)-(c) of Theorem 2.2 hold,
second-order differentiability is present along the solution path for r positive and
sufficiently small, as will be shown in Theorem 3.2.

The quadratic penalty-quadratic loss function used in this section is

1 1
(3.1) P(x, r) f(x) +-r h (x)h(x) +-r (g-(x)) (g-(x))

where g-=(g-,..., g-)7- and g-(x)=min (g(x), 0). A difficulty with this penalty
function is that the Hessian becomes discontinuous across an inequality constraint
boundary g 0. Although this discontinuity is a simple finite jump discontinuity, the
jump in V-P tends to infinity as r tends to zero, and the additional and inevitable
ill-conditioning is still present in V2p. In the expanded Lagrangian system the jump
discontinuity tends to zero as r tends to zero and the ill-conditioning is removed! In
the presence of a second-order sufficient condition, Fiacco and McCormick [5] have
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shown that there is no jump along the path for sufficiently small r. We extend this
result in Theorem 3.2, but first we derive an appropriate expanded Lagrangian system.

THEOREM 3.1. Let f " 1, h " -+ q, and g R" - RP be (gl functions, and let
o, re, xe be such that/30>0 and r#O. Then (x; r) solves

(3.2) VP=Vf+Vhr ()+vgr (5)=O
where g- is defined following (3.1), if and only if there exist , q, p, RP, o R with
o> 0 such that the following equations hold:

V=0,
h+A =0,

(3.3) G(x,h,/x,/Xo; ):= g,+/z/=0 (ie V(x)),
/x,--0 (i V(x)),
g+ + a o

where Ixof h TA g fix r/tXo, and V(x) { i: 1 <= <- p, g,(x) .<_- 0}.
Except for the manipulation of g- and its derivatives, which is explained in

Luenberger [16], the proof is similar to that of Theorem 2.1. The corresponding
trajectory analysis around f 0 is given next.

THEOREM 3.2. Let the system (3.3) be denoted by G(z, )=0 with z =(x, h,/x,/Zo),
and assumef h and g are twice continuously differentiable in a neighborhood ofx. Then
(z; 0) is a solution of (2.4) (F= 0) if and only if it is a solution of (3.3) (G-0). Let
(z; 0) be a solution of either system and let x denote the corresponding x component.
Modify the equations G=0 by fixing the index set V(x) to be V(x), and denote the
resulting equations by G(z; F)=0. Then if DzF(z; O) is nonsingular so is DG(z; O)
and thus the three conditions (a)-(c) in Theorem 2.2 guarantee the nonsing,ularity of
DG(z 0).

Let (z; 0) be a solution of G =0, suppose DG(z; O) is nonsingular. Then the
system G(z; f)=0, has a solution (z, f)= (4(f), f) with the following properties: There
exist open neighborhoods, of f=0 and 2 of (z;0) such that
G(b(f), f) =0 for all and 4(0) z. This solution is locally unique in the sense
that (z; f)e N2 and G(z; )=0 implies z 4(f). Furthermore, iff, g and h are in gk
(cgoo or real analytic) then 4) is cgk-1 (cgoo or real analytic).

The proof follows directly from the implicit function theorem [3] and our previous
work [17] and is thus omitted. This theorem gives a smooth path through the given
solution (z; 0) only by fixing V(x) and thus by modifying G. In practice we start
with a positive f so that (3.3) implies /x-_>0. If in addition conditions (a)-(c) of
Theorem 2.2 are satisfied, then /xg> 0 for e V(x) and /,-0 otherwise. Thus the
eventual active inequality constraints approach from the exterior of the feasible region,
which implies that the solution (z; f)= (4(f), f) of G=0 has the stated smoothness
only for f e (0, oo) N1. In fact, the "solution" of G 0 may not be continuous across
f-0. On the other hand, we can still continue in the positive r direction in hopes of
hitting a turning point and returning to f-0. In this sense this method still maintains
a capability of determining multiple optima.

4. Other leaalty functions. In this section we show that the three penalty methods
described in the previous section are essentially the only smooth penalty methods that
do not introduce artificial singularities and thus ill-conditioning into the penalty path
for nonsingular nonlinear programming problems. Our classification of interior and
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exterior methods for inequality constraints and of equality penalty methods is based
on the work of Lootsma [15].

We shall use the customary term "barrier function" instead of "interior penalty
function." These functions generally have the following properties:

(4.1)

(i) ’0+-R, lim 6(u)= +,
uO

(ii) &’(u)<0 and "(u)>0 foru>0.

For our purposes we need a refinement of these properties and use a classification
given by Lootsma [15].

DEFYrnOY 4.1. A barrier function :R/--> satisfying properties (i) and (ii) in
(4.1) is said to be a barrier function of order c if ’ is real analytic on E/ and has a
pole of order a at the origin.

The three most popular barrier functions are -In u(a 1) due to Frisch (1955),
u -1 (a 2) due to Carroll (1961), and u -2 (a 3) due to Kowalik (1966), Box

(1969) and Fletcher and McCann (1969) [15]. The principal result is contained in
Theorem 4.1.

THEOREM 4.1. Let ch be a barrier function of order ct and let f, g and h be c2
functions. Then a >-_ and if a > 1, the expanded Lagrangian system is singular at the
penalty parameter value r O.

Proof. We first note that a < implies that limu_o (u)= +o is violated. Thus
we restrict ourselves to the case a >-1. We consider, without loss of generality, the
nonlinear programming problem min {f(x): g(x)>-0}, which has the penalized objec-
tive function

P

P(x, r)=f(x)+ r Y (gi(x))
i=l

where the power of r is included so that the minimizer x(r) will be smooth in r
(Lootsma [15]). A minimizer x(r) must satisfy

P

(4.2) VP= Vf+ r E ’(g,)Vg =0

for which the expanded system is

(4.3) V37 =0, MG+ re =0

where M=diag (/’1,"" ", [d,p), G=(-1/’(g,),’’.,-1/ch’(gp)) T and =f--gTtx.
Now since has a pole of order a at the origin, "(u)/[’(u)]2=(u-1) as u-0.
Thus a> 1 implies ch"(u)/[’(u)]2-->O as u0+. To complete the proof for a> 1, it
suffices to consider the case gi(x)--> 0 as r--> 0 either smoothly or as a sequence. Now
the (n + 1)th row of the Jacobian of the expanded system (4.3) has as the only potential
nonzero entries 1/’(gi) and (-tzi"(gi)/[’(g)]2)(Vg) ’, both of which tend to zero
as g--> 0/. Thus, the (n + i)th row of the Jacobian approaches zero at r--> 0/. (Notice
that we could have arrived at this same conclusion by extending the definition of
,,/[&,]2 to u 0 by continuity.) [3

In case a 1, the quotient "(u)/[ch’(u)] tends to a finite nonzero limit as u-->0/

and we can establish the nonsingularity of the expanded Lagrangian system just as in
Theorem 2.2. Of course, the canonical example from the class of barrier functions of
order one is the logarithmic barrier function which was examined in 2.
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The next class of penalty methods to be considered is the class of exterior penalty
functions which we call loss functions [5]. We generally require that a loss function
satisfy the properties

(iii) q,(u)=0foru=>0,(u)>0foru<0,

(4.4) (iv) q/(u)<0and q/’(u)>0foru<0,

(v) p is continuous across u 0.

Following Lootsma [15], we further restrict this class of exterior methods as follows.
DEFiNiTiON 4.2. A loss function satisfying (4.4) is said to be of order y> 0

provided O’(u) is a real analytic for u<0 with a zero of order 3’ at u=0, i.e.,
q,’(u) ((-u)) as u --> 0-.

Given this definition we can state the principal results for exterior methods.
THEOREM 4.2. Let f, g, h be c2 functions and suppose O(u) is a loss function of

order 3,. Ifeither 3, < 1 or 3, > 11 the corresponding expanded Lagrangian system is singular
at r=0.

Proof. It suffices again to consider the problem min{f(x): g(x)=>0} with the
corresponding penalized objective function

p

P(x, r) =f(x) + r- , (gi(x))
i=l

where is a loss function oforder 3’ and the power 3’ of r is included to ensure a
smooth dependence of x on r [15]. Then a minimizer of P satisfies

VP=Vf+r-r(Vgr)(O’(g), O’(gp))r=o,
which has the expanded Lagrangian system

V =0,
(4.5)

(t’(gl),""" b’(gp))r-rVtz=O
where the Lagrangian ? f- g r/x. If 3’ < 1, then q/(u) becomes unbounded as u --> 0-.
Thus (4.5) is singular in that q/(u) becomes unbounded as u-> 0-. If 3’ > 1, then gi-> 0
as r--> 0/ implies that the (n + i)th row of the Jacobian tends to zero so that the system
(4.5) becomes singular. ]

For the case 3’ 1, we can again prove a result similar to that obtained in 3 for
the canonical quadratic loss function. Finally we come to the penalty functions for
equality constraints. In analogy with our two previous definitions we define penalty
functions for equality constraints in the following definition.

DEFINITION 4.3. Let 0 :-->+ U {0}. We say that 0 is a penalty function of order
fl, provided 0"> 0, 0’ < 0 for u < 0 and 0’ > 0 for u > 0, 0 is analytic on {0} and 0’
has a zero of order/3 at u 0, i.e., 0 t(lult) as u--> 0.

For this class of penalty methods, the corresponding result is contained in Theorem
4.3.

THEOREM 4.3. Let 0 be a penalty function for equality constraints of order ft. Then
the use of 0 to incorporate equality constraints into the penalized objective function yields
a corresponding singular expanded Lagrangian system if fl < or fl > 1.

We omit the proof of this theorem since it closely parallels the previous proof. If
/3--1, we can prove a theorem corresponding to those in the previous two sections.
The canonical order-one method is the quadratic penalty function O(u)= u.
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In conclusion, any of the order-one methods lead to well-conditioned expanded
Lagrangian systems, and the canonical examples of these order-one penalty functions
are the quadratic penalty function for equality constraints, the logarithmic barrier
function, an interior method, and the quadratic-loss function, an exterior method, for
inequality constraints.

5. An algorithm and numerical examples. The alternatives for dealing with the
constraints in the general nonlinear programming problem (1.1) can be summarized
as follows:

Equality constraints Inequality constraints
(a) Quadratic penalty (c) Logarithmic barrier
(b) Not penalized (d) Quadratic loss

where the "Not penalized" means that the equality constraints are handled directly
and are not incorporated into the penalized objective function. This appears to be
particularly advantageous for dealing with linear (affine) constraints. In this section
we present the salient features of a class of algorithms based on the use of the
combination (a)-(c) and the corresponding expanded Lagrangian system (2.3). We
conclude this section with the preliminary results of our testing on some nontrivial
test problems [10] to demonstrate the robustness, efficiency, and potential for the
methodology.

Although the algorithms have many variants, we separate the different phases as
follows" In the first phase we perform an initialization to produce an initial point :
satisfying g()>0. An alternative is to introduce a shift into the log function by
choosing a so that at an initial point the inequality g()+ > 0 is satisfied. Then
we use the shifted penalty function P(x, r) =f(x) + h T(x)h(x)/
(2r)-rE In (gi(x)+ ri/r) which is well defined at r--r and x . If the point : is
not close to the feasible region, the path can be long and the resulting algorithm
degrades in time and the number of iterations. Although we have not experienced it
numerically, an additional difficulty is that the introduction of the shift can introduce
limit point singularities into the solution path of the normalized expanded Lagrangian
system (5.1). In the numerical examples to follow we start with the given initial value
of x, [10], minimize the loss function g-(x)Tg-(x) to produce a point at least close
to the feasible region, and then introduce the shift to complete the initialization.

In the second phase we use an unconstrained minimization technique such as
quasi-Newton with a BFGS update or a preconditioned conjugate gradient method to
minimize the penalty function P at a value of r, say r, at which the problem is
reasonably well conditioned. In the examples to follow we have used a quasi-Newton
method with a quadratic-cubic line search and an Armijo stopping criterion [4],
modified to maintain feasibility (g(x)+>0). Since a highly accurate answer of
min P(x, r) may have only a digit or two in common with the final answer, we have
found it to be more efficient to compute the answer to within a moderate to low
accuracy and then add a homotopy to the equation V 0 to account for a moderate
value of VP. Thus given an approximate answer x to min P(x, r) we convert to the
expanded system

V-(ix/r)VP(x, r) 0,

h+A =0,
(5.1)

M(g + tXo/ r) ?tz e O,

+ + II, o
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where =/zof- h rA g r/x, M diag (/x),/z (,,. .,/Zp) r, F r/IZo. At x x and
r= r we have a solution of (5.1) given by (x, A,/x,/Xo, F) (x, A,/x, 1, r), where
A -h(x)/r, i r/gi(x) and where /30 is defined and fixed by /30

Notice that Theorem 2.2 remains valid for this system even
though it is a perturbation of the one discussed in 2. Continuation is performed on
system (5.1) in the scaled penalty parameter ? with/30 fixed.

In the path following phase we use a predictor-corrector continuation technique,
which is closely patterned after the work of Keller [12], to follow the solution of the
parameterized system of (5.1) to optimality at =0. However, we use higher-order
Adams-Bashforth predictors [1], [18] to increase the efficiency. In this methodology
we start with an Euler method (an Adams-Bashforth one-step method), and then
increase the order of the method as more steps are taken. The error-stepsize control
is based on the use of consecutive order methods wherein the higher order method is
used to estimate the error in the lower order method 1]. The stepsize is then adjusted
to achieve the desired error in the predictor. Typically, two to three steps are needed
to get to r 0 where we complete the convergence with Newton’s method. Thus the
method is locally quadratically convergent.

To get some estimation of the relative performance of this algorithm, we have
solved several test problems from the book by W. Hock and K. Schittkowski 10] and
give a comparative summary of the number of function evaluations in the table below.
The function evaluation for the codes other than PENCON are taken from [10]. To
be consistent with those function evaluation counts, we count the evaluation of a
p-dimensional vector as p function evaluations; however, we do not count upper and
lower bounds on variables, since they are handled directly in the code and gradient
evaluations of linear constraints are counted only once. The approximation of the
Hessian of the Lagrangian in the continuation phase is based on finite differences [4].
Several values of r ranging from 1.0 to 0.0001 have been tested and indeed the initial
minimization is sensitive to this choice. In the test results in Table 1 we have used the
value r= 0.1; however, in some cases we found the number of function evaluations
to be less for smaller values of r.

TABLE

Code Author Method

VFO2AD Powell Quadratic approximation
OPRQP Bartholomew-Biggs Quadratic approximation
GRGA Abadie Generalized reduced gradient
VFO1A Fletcher Multiplier
FUNMIN Kraft Multiplier
FMIN Kraft, Lootsma Penalty
PENCON AI-Hassan, Poore Penalty-continuation

Comparison in Table 2 illustrates that this penalty-continuation algorithm as coded
in PENCON [1] currently comes in second or third and occasionally first and fourth;
however, the methodology is quite robust, primarily because of the robustness of
penalty paths leading to optimality and the robustness ofthe continuation methodology.
Thus this algorithm offers an alternative to sequential quadratic programming illustrated
by the codes of Powell and Bartholomew-Biggs above. Furthermore, these test results
are even more promising because of what we have not done in the implementation of
the algorithm. Between 50 percent and 90 percent of the function evaluations occur
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TABLE 2

Code

Prob no. VFO2AD OPRQP GRGA VFO1A FUNMIN FMIN PENCON Our Rank

10 48 126 678 280 554 687 88 [2]
12 48 132 277 300 492 306 130 [2]
13 180 300 192 565 928 4,178 269 [3]
29 52 206 646 421 482 414 155 [2]
34 48 291 346 619 ** 2,483 221 [2]
38 218 213 185 212 95 739 83 [1]
43 96 220 1,580 448 1,032 1,949 509 [4]
44 84 245 203 1,470 2,394 8,547 127 [2]
55 14 84 ** ** 2,737 4,767 523 [3]
63 54 153 758 276 555 1,065 125 [2]
64 28 65,238 532 416 990 2,113 365 [2]
65 44 3,942 249 308 2,520 374 148 [2]
71 30 201 411 557 1,575 6,165 350 [3]
118 ** 1,800 3,857 ** ** 2,804 [2]

Function evaluation count

** indicates failure.

in the first and second phases wherein we perform the unconstrained optimization.
However, the efficiency could be considerably improved through the use of scaling of
the constraints, weights and special line searches for the log barrier function [8]. In
the continuation phase, efficiency could be improved through the use of updating
procedures after a prediction along the path and during the correction back to the
path. Finally, our answers are computed to approximately twelve digits of accuracy
on a 14+ digit CDC machine, whereas the remaining answers listed above are computed
on a 10 digit machine [10]. It is also interesting to note the value of the objective
function in problem numbers 64 and 65 are off by two orders of magnitude and 300
percent, respectively, for Powell’s VFO2AD, whereas the values in our tests agree to
at least ten digits.

6. Summary and conclusions. One of the objectives in this work has been to
re-examine the use of smooth penalty functions as an effective computational technique
in light of recent developments in numerical continuation techniques. The expanded
Lagrangian system, which has been a focal point of this work, is the key link between
these methods as well as the key to the removal of the ill-conditioning traditionally
associated with smooth penalty methods. This parametrized system of nonlinear
equations is well conditioned only for three smooth penalty methods as explained in

4. The canonical examples are the quadratic penalty function for equality constraints,
logarithmic barrier function, an interior method, and the quadratic loss function, an
exterior method, for inequality constraints. An additional technique is to leave linear
(affine) equality constraints out of the penalized objective function and treat them
directly. In linear programming this technique leads to a class of algorithms which are
qualitatively similar to the interior point methods [8], [11]. Finally, this methodology
generalizes in a natural way to optimal control, calculus of variations, and parameter
identification.

The robustness and efficiency of this class of algorithms based on these smooth
penalty functions, corresponding expanded Lagrangian system, and predictor-corrector
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continuation techniques have been illustrated in 5. The methodology shows consider-
able promise and potential for solving constrained optimization problems; however,
as with any method, a word of caution is appropriate. We can construct simple examples
illustrating the following situations for penalty paths: given e > 0 a penalty path may
exist only for the penalty parameter >_- e or only for <_- e, may not exist at all, may
diverge, or may exist for > 0 but the limit point at 0 is not a local minimum of
the original problem. (When this last situation occurs, the expanded Lagrangian system
is singular.) Despite these examples, penalty path following is a mathematically robust
method of solving constrained optimization problems as is illustrated by the examples
in Hock and Schittkowski 10], and we hope that these penalty-continuation algorithms
based on the expanded Lagrangian system make the methodology numerically robust
and efficient.
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NUMERICAL APPROXIMATION FOR THE INFINITE-DIMENSIONAL
DISCRETE-TIME OPTIMAL LINEAR-QUADRATIC

REGULATOR PROBLEM*

J. S. GIBSON," AND I. G. ROSEN$

Abstract. An abstract approximation framework is developed for the finite and infinite horizon discrete-
time linear-quadratic regulator problems for systems whose state dynamics are described by a linear semigroup
of operators on an infinite-dimensional Hilbert space. The schemes included in the framework yield
finite-dimensional approximations to the linear state feedback gains which determine the optimal control
law. Convergence arguments are given. Examples involving hereditary and parabolic systems and the
vibration of a flexible beam are considered. Spline-based finite element schemes for these classes of problems,
together with numerical results, are presented and discussed.

Key words, linear-quadratic regulator, discrete-time, distributed parameter system
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1. Introduction. Recent advances in microprocessor technology have led to
increased interest in digital, or discrete-time, control systems. In addition, because
many current application areas involve complex systems which are most appropriately
modeled using functional and/or partial differential equations, it has become important
to study digital control techniques in the context of infinite-dimensional or distributed
systems.

A great deal of attention has been given to the continuous-time infinite-dimensional
linear-quadratic regulator problem. The general theory and characterization of the
linear state feedback form of the optimal control are discussed in [5], [6], [9], [10],
[23] and [24], while its application to hereditary, parabolic and hyperbolic systems
with emphasis on approximation is treated in [2], [3], [8], [11], [13], [15], [16] and
[19], to mention just some of the work that has been done.

On the other hand, relatively little can be found in the literature concerning the
corresponding discrete-time problem. The major contributions in this area can be found
in the papers by Lee, Chow and Barr [22] and Zabczyk [30]. In these studies the
Riccati difference equations that characterize the linear feedback form of the optimal
control for the finite-time problem are given and limiting properties as the length of
the time horizon tends to infinity are discussed. However, the issue of approximation
is not considered.

In the present paper, we develop numerical approximation schemes that yield
finite-dimensional approximations to the feedback gain operators which determine the
discrete-time optimal control law. We consider control systems whose dynamics can
be described in terms of a linear semigroup of operators on an infinite-dimensional
Hilbert space. The basis of our approach is the construction of a sequence of finite-
dimensional (presumably finite-element based) state approximations which in turn
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leads to a sequence of finite-dimensional discrete-time linear-quadratic regulator prob-
lems each of which can be solved using standard techniques.

Under appropriate assumptions on the nature of the original problem and the
convergence of the state approximation, we are able to prove that the approximating
optimal controls and feedback gains converge to the true optimal control sequences
and feedback laws for the original infinite-dimensional system. Depending upon the
convergence properties of the state approximation, we are able to establish strong or
uniform norm convergence of the approximating gain operators and the corresponding
weak or strong convergence of the approximating feedback kernels which are used in
the implementation of the optimal control. We treat both the finite and infinite horizon
problems.

We have tested our schemes on a wide variety of examples. This paper includes
numerical results for problems with state dynamics given by hereditary and parabolic
(heat/diffusion) differential equations and a hybrid system of partial and ordinary
differential equations for the vibration of an Euler-Bernoulli beam connected to a
rigid rotating hub and a lumped mass at the tip. We implemented and tested the
methods on an IBM Personal Computer.

We provide a brief outline of the remainder of the paper. In 2 we briefly outline
previous results concerning the characterization of the optimal control and feedback
gains for both the finite and infinite horizon discrete-time regulator problems for
distributed systems. The Riccati difference and algebraic equations whose solutions
determine the optimal feedback control law are discussed. In 3 we develop the
abstract approximation framework and convergence arguments. Section 4 contains a
discussion of particular schemes for the classes of problems mentioned above together
with the results of our numerical studies. Some concluding remarks are given in 5.

2. The optimal control problem.
2.1. Optimal control on a finite interval. Let Z and U be Hilbert spaces with inner

products (., ")z and (., ")t, respectively, with U finite dimensional. For {H, (., ")H}
a Hilbert space, let /2(to, ty; H) denote the usual Hilbert space of sequences x
{x(t)} -r

’=,o {X(to), X(to + 1)," ", x(tj-)} with t, to and s integers and x(t) H together
with the inner product

(2.1) (x, y)t 2 (x( t), y( t))n.
t=

The discrete-time linear-quadratic regulator problem on the finite time interval
[to, tf is:

(1)

(2.2)

Choose u 12(to, ty; U) to minimize the quadratic performance index

J( G; to, tf, Z( to), u)

[(Qz(t), z(t))z +(Ru(t), u(t))t]+(Gz(tf), z(tf))z
t=

subject to the discrete-time control system

(2.3) z(t+l)=Tz(t)+Bu(t), t>-to (t and to integers), Z(to) 6Z,

where T and B are bounded linear operators from Z into Z and U into
Z, respectively, Q and G are bounded, nonnegative self-adjoint operators
on Z, and R is a positive definite self-adjoint operator on U.
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The solution to problem (1) has been given for infinite-dimensional control
systems in [22], [30], and the equations representing the solution have the same form
as in the finite-dimensional case. We will now give the version of the solution that is
most useful for our purposes.

For given Z(to), J(G; to, s, Z(to), u) is a bounded linear-quadratic functional on
12(to, ts; U) with coercive quadratic part. Therefore, for each Z(to), there exists a unique
optimal control sequence in 12(to, tf’, U). Also, the minimum value of the performance
index is a quadratic functional of Z(to), so that there exists a unique nonnegative,
self-adjoint II(to) f(Z) such that

(2.4) J. min J(G; to, tf, Z(to), u) (II( to)Z(to), z( to))z.

Application of the principle of dynamic optimality establishes that the optimal control
has the feedback form

(2.5) u,( t) -F( t)z,( t), to<= <= tf -1,
where z,(t) is the optimal trajectory,

(2.6) F(t)= (t)-B*II(t+ 1)T,

(2.7) /(t) R + B*(t+ 1)B

and II(t) satisfies the Riccati difference equation

(2.8) II(t)= T*[II(t+l)-II(t+l)B(t)-lB*II(t+l)]T+Q, t<_tf-1,
The optimal trajectory z. is given by z, (t + 1) S(t)z. (t), for _-> to where
(2.9) S( t) T- BF( t).

2.2. Control on the infinite interval. Here, t/= and G 0. To simplify notation,
we will write J(to, oo, Z(to), u) instead of J(0; to, o, Z(to), u).

DEFINrrION 2.1. A control sequence u 12(0, oo; U) is an admissible control for
the initial condition z if J(0, , z, u) < c.

The discrete-time linear-quadratic regulator problem on the infinite interval is

(2) Choose an admissible control u. to minimize J(0, , z, u), if an admissible
control exists for the initial condition z.

That a unique control u, exists whenever at least one admissible control exists
follows from the fact that the quadratic part of J(0, , z, u) is coercive on a subspace
of 12(0, ; U). See the discussion following Definition 4.1 of [10].

DEFINITION 2.2. A bounded linear operator II on Z is a solution to the algebraic
Riccati equation if

(2.10) II T*[II-IIB(R + B*IIB)-’B*II]T+ Q.

The following theorem summarizes results from Zabczyk [30].
THEOREM 2.3. The following are equivalent:
(i) .There exists an admissible control for each z Z;
(ii) For each z Z, sup,<,s (H(t)z, Z)z < o, where II(t) is the Riccati operator in

(2.10) and II( tf O for fixed tf’,
(iii) As -oo, II (t) converges strongly to a nonnegative self-adjoint solution to the

algebraic Riccati equation;
(iv) There exists a nonnegative self-adjoint solution to the algebraic Riccati equation.
For uniqueness of the solution to the algebraic Riccati equation and characteriz-

ation of the optimal control, Zabczyk treated two cases" when Q is coercive and when
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the spectral radius of T is less than 1 (i.e., the open-loop system is uniformly exponen-
tially stable). Since neither is the case in the example we discuss in 4.2 and other
applications in which we are interested, we will need the following hypothesis and
theorem.

Hypothesis 2.4. The operators T, B and Q are such that, if z(0) Z and u is an
admissible control for z(0), then

(2.11) limlz(t)lz-O.

In finite dimensions, Hypothesis 2.4 is equivalent to saying that the pair (Q, T)
is detectable. In infinite dimensions, Hypothesis 2.4 implies that any unstable finite-
dimensional eigenspace of T is observable by output Qz, and this is sufficient for
Hypothesis 2.4 in most applications, including those discussed in 4.

THEOREM 2.5. When Hypothesis 2.4 holds, there exists at most one nonnegative
self-adjoint solution to the algebraic Riccati equation. If such a solution II exists, then
there exists a unique solution to problem (2) for each initial condition z(O) Z, the
minimum value of the performance index is

(2.12) J, min J(0, , z(0), u)= (IIz(0), z(O))z,
admissible

the optimal control has the feedback form
(2.13) u.(t) -Fz.(t),
(2.14) F= -’B*IIT,
(2.15) .= R + B*IIB

(2.16) S T- BF.

Proof. Let II be such a solution and note that, for any finite tl, II is a constant
solution to (2.8) with G=II. Then the corresponding F(t) and R(t) defined by (2.6)
and (2.7) are the constant operators in (2.14) and (2.15). For z(0) Z, define (0) z(0),
(t + 1) (T- BF)(t), >- O, and t(t) -F(t), => 0. Now suppose that u is an
admissible control for z(0) and that z(t) is the corresponding solution to (2.3). For
tl > 0, the preceding results about the solution to problem (1) with G- II imply

(2.17)
s(ri; 0, re, z(0), a)_-< s(0; o, te, z(O), u)+(rlz(ts), z(ts))z

<=S(0; 0, , z(0), u)+(IIz(tf), z(tf))z.
Also,

s(II; 0, re, z(0), tT)= (IIz(0), z(0))
(2.18)

J(0; 0, tf, z(O), tT)+ (IIf,(tf), (tf))z.
Since z(tj.) - 0 as ty- c, (2.17) shows that t is both admissible and optimal for problem
(2). Since (ty)-O as tj.oo, (2.18) shows (2.12). As we see now, (2.12) must hold
for any nonnegative self-adjoint solution of the algebraic Riccati equation; therefore,
such a solution is unique.

Remark 2.6. When Hypothesis 2.4 does not hold, the algebraic Riccati equation
may have more than one nonnegative self-adjoint solution. In this case, the minimal
such solutionthere will be one--gives the solution to problem (2) as in Theorem
2.5. Throughout this paper, we assume that Hypothesis 2.4 holds.

and the optimal trajectory z, (t) satisfies z, / 1 Sz, (t), >= O, with
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LEMMA2.7. Suppose that Q>-m for some positive constant m, and set C,
=o T*)tQTt, fr n= 1,2, Then ICnz[z is bounded in n for each z Z if and only
if Cn converges in norm to the operator C ,o T*)tQTt and

(2.19) IT’l(Iel/m)(1-m/ICI)’, t= 1,2,....

Proof. Since C is an increasing sequence ofbounded self-adjoint linear operators,
C converges strongly to some bounded self-adjoint C if and only if (Cnz, Z)z is
bounded in n for each z, if and only if Cnzlz is bounded in n for each z. ’/’his is a
standard result. The proof of the lemma is then a standard exercise using the Lyapunov
functional (Cz(t), z(t))z for the homogeneous part of (2.3).

COROLLARY 2.8. IfQ >- m > 0 and the algebraic Riccati equation has a nonnegative
self-adjoint solution II, then the spectral radius of the operator S in (2.16) is less than 1,
and

(2.20) IS’l(ll-II/m)(1-m/IHI)’, t= 1,2,....

Proof. This follows from Lemma 2.7 and

(2.21) (IIz, z)z E ((S*)’[Q+ F*RF]S’z, z)z.
t----O

For Q coercive, Zabczyk proved a stronger result than part (iii) of Theorem 2.3:
if a nonnegative self-adjoint solution to the Riccati algebraic equation exists, then
III(t)-l-ll- 0 geometrically fast as -. (Also, see [14].) We will need such a result,
along with an explicit convergence rate, for the approximation theory in 3.2. Since
Zabczyk’s proof does not yield an explicit convergence rate, we give the following
theorem.

THEOREM 2.9. Suppose that there exists a nonnegative self-adjoint solution II to
(2.10) and that

(2.22) IStl <= Mr’, t= 1, 2,...,

where M and r are positive constants with r < 1 and S is the optimal closed-loop operator
in Theorem 2.5. If II (.) is the operator in (2.8) with ty 0 and II(O) >- II, then

(2.23) (Hz, z)z<-(H(-t)z,z)z<-(IIz, z)z+(Mrt)2[H(O)[, t= 1,2,....

Proof For to a negative integer, let Uo be the optimal control sequence for the
finite-time problem (1) on the interval to, 0] with initial condition Z(to) Z, with Zo
the corresponding optimal trajectory. Also, let u, be the optimal control sequence on
the infinite interval for problem (2) with initial condition z(to), with z, the correspond-
ing optimal trajectory. Since II is a constant solution to (2.8) for the final condition
G II, we have

(2.24)

(IIz(to), Z(to))z J(II; 0, -to, Z(to), u,(’- to))
_-< J(0; to, 0, Z(to), Uo) + (Ilzo(0), zo(O))z

_--< J(0; to, 0, Z(to), Uo) + (n(0)Zo(0), Zo(0))

(H( to)Z( to), Z(to))z.

On the other hand (note that z,(-to)= S-tZ( to) ),

(II(to)Z(to), Z(to))z _-<J(0; O,-to, Z(to), u,)+(II(O)z,(-to), z,(-to))z
(2.25) _-<J(0; 0, , Z(to), u,)+(II(O)z,(-to), z,(-to))z

-_< <he(to), z( to)>z / In(0)l (I s-*oll z(to)lz)2.
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3. Approximation theory.
3.1. The finite time interval problem. In this section we develop a general approxi-

mation framework for the finite time interval problem (1) and describe associated
convergence results

For each N 1, 2, , let ZN c Z be a finite-dimensional subspace of Z and let
PN" Z Z denote projection-like mappings of Z onto Z. We require the following
hypotheses.

Hypothesis 3.1. There exist operators T :Z Zv, Bv U Z, Q :z ZN
and G Zlv - Zrv which satisfy TP T, T*P - T*, BN B, QNP - Q and
GrvP- G strongly, as N- o with QN and G self-adjoint and nonnegative.

Hypothesis 3.2. The spaces ZN are approximating subspaces in the sense that the
Prq satisfy PN I strongly on Z as N-.

We note that since U has been assumed to be finite-dimensional, Hypothesis 3.1
above necessarily implies that BN - B and BPN B* in the uniform norm topology
on ( U, Z) and (Z, U), respectively.

We define a sequence of approximating discrete-time linear quadratic regulator
problems on the finite time interval [to, ty] as follows:

N 12(1) Find u, (to, ty-1; U) which minimizes

(3.1) Js(Grv, to, tf, Z(to), u) !I [(Qrvzu(t), zN(t))z +(Ru(t), u(t))t]
l=

+ Gz te),
subject to

(3.2) Zl(t + 1) Trvzs(t) + BNU(t), >-- to, zN(to) Prvz(to).

The results stated in 2.1 concerning the existence and uniqueness of solutions to
problem (1) apply to the problems (IN) as well. Indeed, there exists a unique

Nsolution u. 12(to, ts-1; U) to problem (1) which is given in feedback form by
N(3.3) u( t) -F(t)z. t), to <- <= tj.- 1,

(3.4) Fs(t) s(t)-lB*HN(t+ 1)TN,

(3.5) fiN(t)--R-4-B*NHN(tA-1)BN
and the operators {HN(t)} 9

,=,o on ZN satisfying the Riccati difference equation

n(t) T*N[n(t + )--l-tN(t + 1)BNN(t)-’B*NIIN(t+ 1)]TN
(3.6)

+ QNII(b)= GN.
N is given by zN NThe optimal trajectory z, , (t+ 1)= Srv(t)z(t), >- to, z, (to) PNZ(to)

where

(3.7) SN( t) TN BNFI( t), >-_ to.

The operators {HN(t)},=, are bounded, self-adjoint and nonnegative. The minimum
value of the performance index (3.1) is given by

N N N(3.8) J=Jrv(GlV; to, tf, Z(to), u. )=(I-IN(to)Z. (to), Z. (to))z.

The fundamental convergence result is given in the following theorem.
and u. be the unique solutions to problems (1 N) and (1),THEOREM 3.3. Let u,

zv and z. the corresponding optimal trajectories. Let JN, II and FNrespectively, with z.
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and J, II and F be given by (3.1), (3.6) and (3.4) and by (2.2), (2.8) and (2.6). Then,
if Hypotheses 3.1 and 3.2 hold, we have

N(i) lim lu, u.}2 0,
Noc

N(ii) lim Iz. z, lt2 O,
Noc

(iii) lim IJv J,I 0,
Nooc

(iv) lim II-I(t)PNz--II(t)zlz--O, zZ, to<=t<-ty and
N

(v) lim IF(t)P-F(t)I=O, t<=t<=ty-1.
N

Proof We first note that IIN(t) being nonnegative implies that I/(t)l >--IRI and
consequently that I/(t)-’{ =< [RI-. It follows therefore that for u U.

(/N (t)-1-/(t)-l) Ul v I/N( t)-(l( t)- v(t))( t)-lUlu
(3.9)

<= RI-’I(( t)- (t))/(t)-’ ult.
The above estimate together with (2.7), (3.5), the fact that II(ty) G and IIN(ty) GN,
and Hypothesis 3.1 imply that (ty-1)-/(ty-1)-1 asNstrongly on U. Since
U is finite dimensional the convergence is in fact uniform. It then follows immediately
from (2.6), (3.4) and Hypothesis 3.1 that F(tf-1)P- F(tf-1), uniformly as N
and from (2.8) and (3.6), that IIN(ty--1)P--II(ty--1) strongly on Z as No. A
simple induction yields (iv) and (v) from which (i)-(iii) then follow trivially.

Remark. It will, on occasion, be the case that in constructing a particular approxi-
mation scheme TNPv- T strongly but T*P T* only weakly (see, for example,
[3]). However, by using the fact that (T*IIN(t+I))*=IIv(t+I)TN implies that
T*II(t+l)- T*II(t+l) weakly if IIN(t+l)-II(t+l) weakly, we conclude that
Theorem 3.3 continues to hold under these somewhat weaker hypotheses with the
strong convergence in (iv) replaced by weak and the uniform convergence in (v)
replaced by strong.

Under certain additional hypotheses it can be shown that the operators II(t),
to<= t<= tf given by (2.8) are trace class (see [17]) and that limN_o Ilrl(t)P, -rI(t)ll,-
o, to <= <- tf, where I1" denotes the trace norm, the strongest of all common operator
norms. To show this we require the following lemmas.

LEMMA 3.4. If {ai}i is an absolutely summable sequence of real numbers then
there exist sequences {bi}7:1 and {Ci}7:1 such that limi_bi--O, {Ci}ic= is absolutely
summable and ai bici.

Proof. Let a i= la, and for j =0, 1,2,..., define nonnegative integers n as
follows. Let no 0 and let n denote the first index for which

1
(3.10) Jail > a

i=1 j3,

j=l,2,.... Set hi=I/j, c =jai, n_l + l, n,j l, 2, Then bici a, i=
1, 2, , limi_ bi 0 and

(3.11) E [ci[ Z J E la,[ <- +Y.= <.
i=1 j=l k=nj_+l

LEMMA 3.5. If L is a self-adjoint trace class operator on a separable Hilbert space
H, then L can be written as L1L2 where L is compact and L is trace class.
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Proof Let {hi}i= denote the eigenvalues of L repeated according to multiplicity
and let {bi}=l denote the corresponding eigenvectors. Then { i}i=l is a sequence of
real numbers, each of finite multiplicity, and

(3.12) Z IA,I--[L[ < c.
i=1

According to Lemma 3.4, there exist sequences {/z}i and { v} with limi_/z 0,
i= ]vil<c and A=/zv. With L and L: defined by Lb =__1/xi(b, b)nb and
L:b = v(b, b)bi for b E H, respectively, the lemma immediately follows.

LEMMA 3.6. Let {SN}= be a sequence ofbounded linear operators on a separable
Hilbert space H that converges strongly to a bounded linear operator S. Let {Ln}t= be
a sequence of trace class operators on H that converges in trace norm to an operator L.
If L can be written as L L1L with L compact and L trace class then the sequence
{SnL}= converges in trace norm to SL.

Proof. The result follows immediately from the estimate"

IISL SLII, <--IIS(L L)II, + II(S S)L1L2111
(3.13)

--<ls[ IIt -tll, /[(SI,,-S)L’I IIt=ll,.
THEOREM 3.7. If Q and G are trace class operators then the operators {II(t)}t=to

given by (2.8) are trace class. Moreover, if Hypotheses 3.1 and 3.2 hold and QPI --> Q
and GNP --> G in trace norm as N--> o then we have

(3.14) lim IIH(t)P-1-I(t)ll,-0, to<= t<= tf.

Proof. That the operators II(t), to <- <- ty are trace class is an immediate con-
sequence of the hypotheses of the theorem, (2.8) and the fact that the trace class
opera.tors form a two-sided ideal of (Z), the space of bounded linear operators on
Z (see [17]). The trace norm convergence stated in (3.14) will follow once we have
shown that limN_ Iln(t+ 1)PN-II(t+ 1)ll,- 0 implies

(i) lim IIT*,,,rI(t+ 1)TPN- T*II(t+I)TII=O, and
N--->

(ii) lim [[T*IIs(t+ 1)BN(t)-B*IIN(t+ 1)TnP
N--->

T*II(t + 1)B(t)-’B*II(t+ 1)TII, 0.

To argue (i) we first note that Hypothesis 3.1 and Lemmas 3.5 and 3.6 imply
liram_, Y*rI (t / 1)Pm- T*H + 1)11, 0, Taking adjoints we obtain
limm_, Ilrl(t+ 1)TnPm-H(t+ 1)TI],=0. Another application of the previous two
lemmas yields

lim IIT*H(t+ 1)TNP-- T*II(t+ 1)TII,

(3.15) -< lim IYmlllH(t+ 1)TnP-II(t+ 1)Yll,
Nc

+ lim [(TPm- T*)II’(t+ 1)1 IIn-(t+l)Tl[,
N

where H(t + 1) H(t + 1 )1-I2( -t- 1) is the factorization of II(t + 1) described in Lemma
3.6. The verification of (ii) is analogous and the theorem is proven.

We note that if Hypotheses 3.1 and 3.2 hold and if the operators Q and G are
trace class with QN and GN defined by QN PQ and GN PsG, then Lemmas 3.5
and 3.6 imply that the trace norm convergence hypotheses in Theorem 3.7 hold. This
is the case in the time delay problem considered in 4.2 below.
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3.2. Approximation on the infinite interval. Problem (2N) is problem (2) for
the control system in (3.2) and the performance index

(3.16) Js(0, , zs(0), u)= [(Qszs(t), zs(t))z +(Ru(t), u(t))v].
t=0

Hypothesis 3.8. For each N, there exists exactly one nonnegative self-adjoint
solution to the Riccati algebraic equation

(3.17) 1-Is T*N[IIN -IIsBs(g + B*I/sBs)-IB*I/N]Ts + Qs.

One may suspect that solvability of the approximating finite-dimensional Riccati
equations should follow from solvability of the infinite-dimensional Riccati equation,
but we have no such result. Even in the corresponding continuous time case, which
has been studied extensively, the solvability of the approximating problems must be
established for particular approximation schemes and does not follow from solvability
of the infinite-dimensional problem.

By Theorem 2.3, Hypothesis 3.8 implies that lim,__[Hs-i/s(t)[=0 for each
N, since dim (Zs) <.

As in Theorem 2.5, we write

(3.18) Fs= IB*l-IsTs,
(3.19) .s g + B*IIsBs,

(3.20) SN TN BsFN.
From here on, II will be the nonnegative self-adjoint solution to the infinite-dimensional
Riccati algebraic equation (2.10)when it existsF will be the corresponding feedback
operator in (2.14) and S will be the corresponding closed-loop operator in (2.16).

THEOREM 3.9. If II sPs converges strongly to some bounded linear operator II, then
I is a nonnegative self-adjoint solution to (2.10), FsPs converges in norm to F and SsPs
converges strongly to S.

Proof. This follows from Hypotheses 3.1 and 3.2, and the fact that the control
space U has fixed finite dimension.

THEOREM 3.10. Suppose that there exist positive constants M and r, independent of
N, with r < 1, such that

(3.21) Hs <-_ M, N l 2, and

(3.22) IS’I<=Mr’, t= l,2, N=l,2,’’’.

Then a nonnegative self-adjoint solution I to (2.10) exists, and I/sPN - II strongly as
N- c. If there exists a positive m, independent of N, such that QN -> m, N 1, 2, ,
then (3.21) implies the existence of an r less than one and independent of Nfor which
(3.22) holds.

Proof. For each N, let I/s(" satisfy (3.6) with ty=O and 1-IN(0)= MI, where I
denotes the identity operator on Zs. From (2.23), II-Is --IIs(-t)l-0 as - , uniformly
in N. Now, for z Z, write

((rl,,,- H.)z, Z)z ((II- rl,,,(-t))z, Z)z +((rl(-t)-rI,,,,(-t))z, Z)z
(3.23)

+((n,(-t)-n,)z,z)z.

For e>0 choose t>0 such that ](II-II(-t))zlz<e and l(II,-II,(-t))z[<e.
Then, for N and N’ large enough, I(I/N(--t)--IIN,(--t))zIz < e. This shows that I/sz
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is a Cauchy sequence in Z for each z. Therefore, II N converges strongly to a nonnegative
self-adjoint solution to (2.10). The last sentence in the theorem follows from
Lemma 2.7.

An important application of this theorem is the case when the approximating
open-loop operators Tu have an exponential decay rate independent of N, Q is coercive
and QN--PNQIzN. In this case, the zero control gives an upper bound, independent
of N, on HN. Such is the case in the example discussed in 4.1 and in applications
to flexible structures with no rigid-body modes and coercive structural damping.

THEOREM 3.11. Suppose that IINPN converges strongly to II, QNPN converges in
trace norm to Q (hence Q is trace class), and (3.22) holdsforpositive Mand r independent
ofN with r less than one. Then II NPN converges in trace norm to II.

Proof. From (3.18)-(3.20), it follows that F*N and hence FN converge in trace
norm and that SN converges strongly. Then for each N, it follows from Lemmas 3.5
and 3.6 that (S*N)t[QN + F*NRFN]StN converges in trace norm for each t. Writing (2.21)
for the Nth approximating problem yields IIN ,0 (S)t[QN q- F*RFN]Sv where
the series converges absolutely in trace norm, uniformly in N, because ]l(S*)t[Qu +
F*uRFu]SII1 <=lsulE]lQu + F*RFNII1. Therefore, since each term in the series con-
verges in trace norm, IIu converges in trace norm to H.

Note that QNPN converges in trace norm to Q if Q is trace class and Q PuQPu Iz.
THEOREM 3.12. If IIIl is bounded in N, then a nonnegative self-adjoint solution

II to (2.10) exists, II NPN converges weakly to II, and FuPN and SuPu converge strongly
to F and S, respectively.

Proof According to Theorem 6 of 12], II uPs converges weakly to some nonnega-
tive self-adjoint bounded II. It follows from (3.17) and Hypotheses 3.1 and 3.2 that II
satisfies (2.10) and that Fu and Su converge as indicated.

Note that Theorem 3.12 holds if SuPs converges strongly but S*Pu converges
only weakly.

3.3. Implementation of the approximation schemes. The expressions given by (3.3)-
(3.6) are operator equations and although they are finite-dimensional, they are not
appropriate for computations. To make use of our approximation framework, we must
first determine equivalent matrix formulations. Toward this end we assume, without
loss of generality, that U R with the standard basis and inner product and let
{b}= be a basis for ZNo Define the KNKN Gram matrix MN by [MN]ij--

N, bN)Z For an operator A we denote its matrix representation with respect to the
bases defined above by [A]. Similarly, for an element z Z or u U, we let its vector
representation be given by [z] or [u] respectively. Standard calculations yield T’N]
M[.TN]TMN and [B’N] [BN]TMN. Defining IN( t) MN[IIN( t)], ON MN[QN],
and GN MN[GN] we obtain

[uV(t)] -[Fu(t)][z(t)], to<-_ <- ty- 1,
T[Fu(t)]=[Ru(t)]-l[Bu] rI(t+ 1)[T],

(3.24)

(3.25)

(3.26)

(3.27)

[/N (t)] [R]+[Bu]T^IIu(t+ 1)[Bu],

flu(t) [Tu]T(IN(t+ 1) flu(t+ 1)[Bu][u(t)]-l[Bu]T^H(t+ I))[T]+ QN,

to<- t<-- tf -1,

(3.28) Hu(tf)=Gu.
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Note that since Qu and Gv are self-adjoint and nonnegative, QN and GN are
also. Equations (3.24)-(3.28) are therefore in the form of the standard ones obtained
for the feedback law for a discrete-time linear-quadratic regulator problem in R KN.
Consequently they can be solved using conventional techniques. The minimum value

Nof the performance index is given by J=[z(to)]TIu(to)[Z. (to)].
Analogously, for the infinite horizon problem, we have

(3.29) [u(t)]=-[Fu][z(t)], >- to,

(3.30) Fu [/u ]-1[Bu ]TII S[ Tu ],

(3.31)

where 1-"Iu is the solution to the matrix algebraic Riccati equation

(3.32) IN=[TN]T(IN--Iu[BN][N]-’[BN]TIN)[TN]+ON
N [z(t0)]The minimum value of the performance index is given by J*u [z, (to)]’IIN

4. Examples and numerical results. In this section we describe the application of
the general approximation framework developed above to a variety of examples. In
addition to theoretical considerations, in each of the examples below, we discuss some
numerical results for an infinite horizon problem of the form given in problem (2).

Of primary concern to us will be applications in which one considers piecewise
constant controls in the sampled form of the continuous-time control system

(4.1) (s).=sgz(s)/lu(s), s>0, z(0) Zo,

where .’ is the infinitesimal generator of a Co-semigroup of bounded linear operators
-(s), s_-> 0, on Z, is a (possibly unbounded) linear operator from U into Z and

Zo Z. In this case we have

(4.2) T= (’) and B -(s) ds,

where - is the length of the sampling interval. If, as in the example in 4.1, where u

is a boundary control in a heat equation, is unbounded (more precisely, maps
U not into Z but into some larger space), then the integral in (4.2) is not interpreted
literally (see, for example, [7]).

In constructing the approximating operators Tu, Bu, QN and Gu a standard
Galerkin approach is often taken; that is, TN PNT, Bu PNB, Qu PNQ and GN
PuG. We note however that explicit representations for the operators T and B are
frequently not available. In particular, this can occur when the discrete-time system
(2.3) arises from the sampling of an infinite-dimensional continuous-time system as
was described above. In this case it is the operators 1 and which are approximated
by a sequence of finite-dimensional operators u and u on Zu, from which an
approximation to the semigroup {,3-(s): s _>- 0} is obtained as -u (s) exp (,us), s _-> 0.
The operators Tu and Bu are then Tu -N(’)and BN =o ’u(S)lNdS, respectively.
The strong convergence TuPu T and BN B is then usually argued using an appropri-
ate formulation of the Trotter-Kato theorem, a well-known semigroup approximation
result (see [17], [25]).

Matrix exponentials were computed from eigenvalue-eigenvector decompositions
obtained using the QR algorithm. The matrix Riccati equations (3.32) were solved
using a Schur-vector decomposition of the Hamiltonian matrix (see [20], [26]). It
should be noted that if the eigenvalue pairs of the Hamiltonian matrix for a continuous-
time linear-quadratic regulator problem are asymptotic to +/-y(n) as n , then the
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eigenvalue pairs ofthe Hamiltonian matrix for the corresponding discrete-time problem
will be asymptotic to e+/-rn) as n -. Consequently, for all but very small -, condition-
ing problems arise more quickly than in the continuous-time case when the approximat-
ing matrix algebraic Riccati equations are solved.

All numerical studies were performed on an IBM Personal Computer. The machine
we used was equipped with an Intel 8087 math co-processor chip and 640K bytes of
random access memory (of which less than 384K was required).

4.1. A heat equation with boundary control. In this example we consider the scalar
parabolic system with boundary control given by

(4.3) --w(s,x)=os a(x)w(s,x) s>0, x(0,1),

(4.4) w(s, O) O, w(s, 1) v(s),

(4.5) w(O, x) b(x)

with a H(0, 1), a(x) >= a > O, x [0, 1 ], b L(0, 1) and v L(0, o).
To formulate the discrete-time state equation for this system we let - denote the

sampling interval and consider piecewise constant controls v given by v(s)=u(t),
s t-, (t + 1)’), 0, 1, 2,. . We choose our state space Z to be L2(0 1) with the
usual inner product denoted by (.,.). The state z(t) Z is

(4.6) z(t)=limw(s,.), t= l,2, z(O)=
t’r

For {0, 1, 2, }, we define y(s) Z by

(4.7) y(s)=w(s,.)-tPoU(t), s(t%(t+l)r), y(t’)=z(t)-qoU(t),

where qo Z is the ramp function given by qo(X)= x, x [0, 1]. A straightforward
calculation reveals that y(s)= y(s,. satisfies

(4.8) j,(s)=O(aDy(s))+a’u(t), s(tr,(t+l)r),

(4.9) y(s)lo=0, y(s)l,=0 s(t’,(t+l)’),

(4.10) y(tT") z( t) oU( t),

where D denotes the differentiation operator on H1(0, 1). Let " Dom ()cZZ
be given by q= D(aDq) for q Dom ()= H2(0, 1)fq H(0, 1). The operator s is
densely defined and self-adjoint. It satisfies

(4.11) = z Dom (d)

for some to > 0 and has compact resolvent. Also, M is the infinitesimal generator of
an analytic semigroup of contractions {3-(s)" s->0} on Z which, in light of (4.11),
satisfies [3-(s)l <- e-, s-> 0. It follows, therefore, that

(4.12) y(s):-(s-tr)y(tr)+ -(s-r)a’ dcru(t), se[tr,(t+l)r).

The continuity of y, (4.6) and (4.7) imply z(t) y(t-) + qoU(t) and z(t+ 1)
y((t + 1)’) + qoU(t), and hence that

z(t+ 1) y((t + 1)’) + oU(t)
(4.13)

(t+l)r

ff(r)(z(t)-qoU(t))+ -((t + 1)r-r)a’ &ru(t)+6oU(t).



440 J. S. GIBSON AND I. G. ROSEN

Defining the operators T(Z) and Bd(R,Z) by Tz=-(r)z for zZ and
Bu=[(I-3-(r))tPo+[.o 3-(o-)a do’]u, for uR, we obtain a discrete time control
system of the form (2.3).

We take the performance index to be

(4.14) J(go; 0, ty, th, u)= Y {qo[z(t)l+ru(t)2}+golz(ty)[
t=0

with qo, go -> 0 and r > 0.
Applying the theory developed in 2.1, we have, for the finite time interval

problem, that the optimal control u. is given by u.(t)=-F(t)z.(t), t=
0, 1, 2, , s 1, where for each t, F(t) is the continuous linear functional on Z given
by (2.6)-(2.8). It follows that F(t) has a representation f(t, .) L2(0, 1) and that
F( t)@ of( t, .)(0) dO, for q L2(0, 1), t=0, 1,2,..., ts-1.

For the infinite interval problem it is immediately clear that Hypothesis 2.4 is
satisfied. It is also clear that (4.11)implies that for each z(0) L2(0, 1), u(t)=0,

0, 1, 2, , is an admissible control, and hence that there exists a unique nonnega-
tive self-adjoint solution of the algebraic Riccati equation (2.10). From (2.13)-(2.15)
we obtain u.(t) Fz.(t), 0, 1, 2, , where F is a continuous linear functional
on Z and Fq=f(O)q(O)dO for q L(0, 1)with f L2(0, 1).

We define a standard Ritz-Galerkin approximation scheme. We define the space
V H(0, 1) together with the inner product (b, q)v (aD4, DO). We note that V is
the energy space associated with the coercive operator -’, V= Dom ((-)/), and
it is the closure of Dom (sO) with respect to the V-norm defined above.

For each N 2, 3,..., let AN denote the uniform partition of the interval [0, 1]
j’N--1given by (0, 1/N, 2/N,..., (N-1)/N, 1}. Let le?= denote the usual linear

splines ("hat" functions) on [0, 1] corresponding to the partition A which satisfy
e(0) e(1) =0, j 1, 2, , N- 1. Let ZN span {e} V. Define PN" Z-
to be the orthogonal projection of Z onto Z with respect to the L inner product
and "-Z to be the orthogonal projection of V onto ZN with respect to the
inner product. Define the operator Z -Z as the inverse of the operator
-[z. The invertibility of of course follows from the coercivity of- (see
(4.11)). On the other hand, a straightforward calculation yields that

(4.15) (4-zv, zrv)v IZll
for ZN ZN and consequently that the operator s4v is invertible and the operator
is well defined. It is also self-adjoint. Indeed, for ZN, yu Zu, (4vzu, yN) -(zu, Yu)v.
Also (gNZu, ZN) <- -,olz l= for Zz ZN and therefore 4u is the infinitesimal generator
of a semigroup of bounded linear operators on ZN, {-u (s)" s >= 0} with 3-u (s)
exp (4NS), S >= 0 and e-’s, s >- O.

Elementary properties of spline functions (see [29]) imply PN - I strongly on Z
and N " I strongly on V as N-. Furthermore, 4-1 compact and the estimate

(4.16) [NS--Z----ZI<--IN--IZ----ZIV--[(N--I)s--ZIV
imply that u-4- as N in the uniform operator topology on (Z). We
have, therefore, that [-IpN--C-I[zO as N and we conclude (see [4], [15])
that 3l(S)PNz 3-(s)z and ff*(s)Puz 3-*(s)z as N c for each z Z, uniformly
in s for s in compact subintervals.

With Tv 3-N(r), QN qoPu, GN goPu and BN I TN Pud/ +
o 3-u(tr)Pva dtr, Hypotheses 3.1 and 3.2 hold and hence the convergence results
for the finite time interval problem given in Theorem 3.3 apply.
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For the infinite interval problem, the uniform coercivity of the -N implies that
Hypothesis 3.8 is satisfied. Moreover, if qo> 0 the conditions given in the statement
of Theorem 3.10 are satisfied (see the remark following the proof of Theorem 3.10)
and consequently the convergence results for the infinite horizon problem given in
Theorem 3.9 hold.

Define the R N-1 vector valued function EN on [0,1] by EN(O)7"=(e(O),
e(0), , e-1(0)), O e [0, and the N 1 x N 1 Gram matrix MN EN, E >.
Let the matrix HN be given by HN--(EN, ,9NE)--(aDeiN, Oe). The matrix rep-
resentation [N] for the operator 4N is given by [4N] M-N1HN, while, for the
operators TN, QN and GN, we have TN exp ([N]r), QN qOIN and GN golN
where IN denotes the (N- 1) x (N- 1) identity matrix. If we define @0N, a e RN-1

by ’0N (EN, Po) and av (EN, a’) we obtain

[BN]=(IN-[TN])MoN+ exp ([N]o.)Mla do"

(4.17)
(IN -[ TN])M oN + [N]-([ TN]- IN)Ma.

When the finite-dimensional approximating gain matrices [Fs(t)],
0, 1, 2, , ty- 1 for the finite interval problem have been computed an approximation
fN(t,’) to the feedback kernel f(t,.) can be obtained from fN(t,O)=
EN(O)rM[FN(t)] r, t-0,1,2,...,9-1, 0e[0,1]. We have fN(t,’)-f(t,’) in
L2(0, 1) as N--> for each t-0, 1,2,..., ty-1. Similarly, for the infinite interval
problem, an approximation fN to f is given by fN(0) EN(O)rMI[FN] r, 0[0, 1]
where the matrix [FN] is computed from (3.30)-(3.32). We have fN->f in L2(0, 1) as
N-> c.

We demonstrate the feasibility of our schemes on an infinite interval problem.
Taking qo-1.0, r--1.0, a(x)-a-l.0, x[0,1] and z-.01 we obtained the
approximating feedback kernels shown in Fig. 4.1.

4.2. A time delay system. In this example we consider linear hereditary control
systems of the form

(4.18) (s)=Aox(s)+AlX(S-r)+Bov(s), s>-O, x(0)=r/, Xo=b,
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where r > 0, x(s) R", u(s) R’, rt R", ck L2(-r, 0; R") and Ao, A1 and Bo are real
matrices of appropriate dimensions For each s-0 the function x. represents the
history of the state x on the interval [s-r, s]; that is xs(O)=x(s+O), O[-r, 0]. The
extension of the results outlined below to more general linear hereditary systems (i.e.,
ones involving multiple discrete delays and integral terms with distributed history
kernels) is straightforward. In the state space Z R" x Lz((-r 0); Rn), the hereditary
system (4.18) can be reformulated as an abstract evolution system of the form (4.1)
with z(s)=(x(s),Xs), sg:Dom(sC)cZ-->Z given by sg(b(0),4)=(ao4(0)+
A,4(-r), Dth) for (4(0), 4) Dom (sO)={(s, q)Z: qj6HI((-r,O);R"), = qJ(0)},
:R" - Z defined by u (Bou, 0), u R’, and Zo (/, 4) (see 1 ]). The discrete
time performance index is taken to be

(4.19) J(G, O, tj., Zo, u) t,, {(Qz(t),z(t))+u(t)TRu(t)}+(Gz(tf),z(tf))
t-----0

where R is a positive-definite symmetric rn x rn matrix and the operators Q: Z--> Z
and G:Z- Z are given by Q(s, q) (Qo, 0) and G(, q) (Go, 0) respectively with
Qo and Go nonnegative, symmetric n x n matrices. For the infinite time problem we
of course have tr oe and Go 0.

For the finite time problem, the optimal control is given by (2.5)-(2.8). The operator
F(t) can be represented by a matrix of operators, [F(t), F(t)] with F(t) W(R", R")
and F(t)(Lz((-r, 0); R"); R"). It follows therefore that

(4.20) u,(t) _fo(t)x,(t.) f’( t, O)(x,),( O) dO, O, 1, 2,..., tf- 1,

where f(t) is an rn n matrix, fl(t,.) is a square integrable rn n matrix valued
function on (-r, 0) and z,(t)=(x,(t-),(x,),), t=0, 1,2,..., tr is the optimal
trajectory.

For the infinite time problem we assume that our original hereditary system and
Qo are such that there exists an admissible control for each z(0)= (r], 4) Z and that
Hypothesis 2.4 is satisfied. (This is equivalent to assuming that any unstable modes of
the original hereditary system, ofwhich there are at most a finite number, are stabilizable
and detectable.) Then Theorems 2.3 and 2.5 imply that there exists a unique nonnegative
self-adjoint solution II to the Riccati algebraic equation (2.10) with the optimal control
u, given by (2.13)-(2.15). The feedback gain F can be represented by a matrix of
operators [F, F1] with F (R", R") and F (Lz((-r, 0); R"), R"). We have

(4.21) u,(t) -fx,(t’)- f(O)(x,),(O) dO, t=0, 1, 2, ,
where fo is an m x n matrix and fl is a square integrable rn x n matrix valued function
on (-r, 0).

Approximation methods for the solution of the continuous time linear quadratic
regulator problem for hereditary systems in closed-loop form have been studied
extensively (see, for example, [3], [8], [12], [18], [19], [21], [27], [28]). Recently, a
new spline-based state approximation for hereditary systems has been proposed in
15]. This new method appears to exhibit those characteristics which are most desirable

in an approximation scheme when it is used to solve linear-quadratic control problems.
It also performs at or above the level of any of the approximation schemes for delay
systems which have been described in the literature to date. We have chosen this
scheme to describe and implement here for the discrete-time problem.
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For each N 1, 2,..., define g,% (In, 0) and (0, eIn),j= 1, 2,.", N+ 1,
where In denotes the n x n identity matrix and the ev are the "hat" functions with
respect to the uniform mesh {-r, -(N-1)r/N,...,-r/N, 0} on the interval I-r, 0].
Let

(4.22) Zu z Z" z= E aiJN, a 6 Rn
j=0

.N+ N+ RWe shall refer to the collection { vj=o as a "basis" for Zu and a vector a =o
as being a "coordinate vector" for an element in Zu. Defining/ (eu,eu,.."^ .,g,+)

"r S+l

R"}. Let MN denote the Gram matrix corre-we haveZ={zZ:z=Ea,a =o
sponding to the oass lej’=o v, (E, E). IfP denotes the orthogonal projection
of Z on to Z then P(:, q)- (, pq) where p is the orthogonal projection of

N+IL((-r, 0); R on to span
Noting that Z Dom (), we motivate the definition of by first formally

extending the operator to an operator defined on Z. For z (s, p) Z define
Nz (Ao + Ab(-r), D+b +( limo_o- (0))) where is the Dirac delta
impulse concentrated at zero and D+h denotes the right-hand derivative of b.
For each N 1, 2, , let ’Z Z be given by z
(Ao( + A,ON(--r), pvP+qv)+
M col (0, limo_o--ev(0),’’’, limo_o- eN+’(0)).

We define the operators "PN, Q PNQ and G PNG.
Once the matrix representations for the approximating feedback gains have been

computed, [FN(t)], t=0, 1,2,.. ", ty--1 from (3.25)-(3.28) for the finite time interval
problem and [Fu] from (3.30)-(3.32) (assuming, for the moment, that solutions to
(3.17) exist) for the infinite interval problem, approximations for fo, fl(t .), t=

0,1,2,...,ty-1 and fo, fl(.) can be computed from ((fN( t)) T, (fN(t,’))T)=
--1 TNMN[FN(t)] T, t--0, 1, 2, , tf 1, and ((fN) r, (f(.))r)=/rNM-1N FN respec-

tively.
For the approximation scheme defined above, it is shown in [15] that PN - I

strongly on Z and that exp (gS)PN- -(S) and exp (*Ns)PN- -*(s) strongly on
Z and uniformly in s for s in compact intervals. Hypothesis 3.1 is a simple consequence
ofthese results. The present scheme, therefore, satisfies all ofthe hypotheses ofTheorem
3.3 and we may conclude that the convergence results for the finite time interval
problem given in the statement of the theorem hold. In particular, we havef(t)_fo(t)
in g andflN(t,.)-->f(t, in L2((-r, 0); Rren) for each t=0, 1,2,...,ty-1.

With the operators Q and G and the operators Q and GN as they have been
defined above it is clear that the hypotheses given in the statement of Theorem 3.7 are
satisfied. We have therefore that for the present example the operators {H(t)} ,=o are
trace class and that limN_ [[HN(t)PN--II(t)[II=O, t=0, 1,2,..., t.r.

For the infinite time problem and the approximation scheme discussed here, we
believe the situation with regard to Hypothesis 3.8 and convergence is much the same
as it is for the continuous time problem (see [15], [16]). It is shown in [16] that for
the present scheme, in the continuous time setting, the existence ofa unique nonnegative
self-adjoint solution to the infinite dimensional algebraic Riccati equation (i.e., the
stabilizability and detectability of the underlying hereditary system) implies the
existence of unique, nonnegative self-adjoint solutions to the approximating finite
dimensional algebraic Riccati equations for all N sufficiently large. We expect that
the situation is much the same but rigorous verification of this would be very tedious
and probably unenlightening--and outside the scope of this paper. In general we are
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unable to demonstrate the existence of an M and an r < 1 for which (3.19) holds nor
do we expect to be able to. Indeed, our numerical studies yield sequences of closed-loop
eigenvalues of the approximating discrete-time control problems (2N) which tend
toward the unit circle as N c. This agrees with what is observed in the continuous
time case; see [16]. Of course Theorem 3.10 provides only sufficient conditions for
strong convergence of IIN to II. The existence of the uniform bounds (3.18) and (3.19)
and the uniform coercivity of QN notwithstanding, our numerical studies appear to
indicate that we do in fact have strong convergence. We note that in [16], for the
continuous time problem, Kappel and Salamon show that the present approximation
scheme does satisfy a somewhat weaker uniform stability conditionuwhat they call
uniform output stability--and indicate that this is sufficient to conclude strong conver-
gence of the Riccati operators for the infinite time problem. Once again we suspect
that an analogous result holds in the discrete-time case.

Upon solving the approximating problems it can often be observed that III NI is
uniformly bounded in N. Consequently Theorem 3.12 may be applied to conclude that
a solution YI to (2.10) exists, I-INPN.,-> 1-I weakly and FNPN-- F strongly as N- oo. It
would then follow that f0_fo in R’n and f-fl weakly in L2((-r, 0); R"n) as
N- c. When IIN does converge to II strongly, f-fl strongly in L2(-r, 0); R’").

We applied the scheme to an infinite-time problem with n 2, r 1, m 1,

Ao= A
-1 0

This system is the first order form of a second order linear harmonic oscillator with
delayed restoring force. It is not dicult to show that the stabilizability and detectability
conditions which guarantee the existence of a solution to the infinite-dimensional
algebraic Riccati equation are satisfied for this system. The nature of this system and
the approximation scheme is such that we must have [f(0)]2 [f(0)] 0, -1 -<_ 0 -<_ 0,
N 1, where [v]2 denotes the second component of the vector v e R2 (see [12]).

Setting " .01 we obtained the results shown in Table 4.2 and in Fig. 4.3 below
with R .05. With R 1.0, the results shown in Table 4.4 and Fig. 4.5 were obtained.
As the cost of control increases the effect that the optimal control for the infinite-
dimensional problem has on higher modes decreases. Consequently, the finite-
dimensional approximations converge more rapidly.

4.3. Control of a flexible structure. We consider an Euler-Bernoulli beam can-
tilevered to a rigid hub which is free to rotate about its fixed center, point 0. Also, a
point mass m is attached to the other end of the beam. The control is a torque u
applied to the hub, and all motion is in the plane. See Fig. 4.6 and Table 4.7.

The angle 0 represents the rotation of the hub (the rigid-body mode), w(t, r/) is
the elastic deflection of the beam from the rigid-body position, and w(t) is the
displacement of m from the rigid-body position. For technical reasons, we do not yet
impose the condition w(t) w(t, l).

N

TABLE 4.2

4.5483
5.2954

4.5452
5.2948

4.5451
5.2948

10

4.5451
5.2948
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-0.1 0

N

[fN],
[f]2

TABLE 4.4

1.4050
1.9477

1.4054
1..9479

1.4054
1.9479

10

1.4054
1.9479
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FIG. 4.5

The control problem is to stabilize rigid-body motions and linear (small) transverse
elastic vibrations about the state 0 0 and w 0. Our linear model assumes not only
that the elastic deflection of the beam is linear but also that the axial inertial force
produced by the rigid-body angular velocity has negligible effect on the bending stiffness
of the beam. The rigid-body angle need not be small.
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FIG. 4.6

TABLE 4.7

hub radius
beam length

Io hub moment of inertia about axis perpendicular to page through 0
rn beam mass per unit length
m tip mass
E1 product of elastic modulus and second moment of cross section for beam
fundamental frequency of undamped structure

10 in
100 in
100 slug in
.01 slug/in
slug

13,333 slg in3/sec
.9672 tad/sec

For this example, it is a straightforward exercise to derive the coupled ordinary
and partial differential equations of motion in 0, w and wl. However, rather than
writing these equations explicitly, it is easier and more useful for our purposes to
derive an abstract second order evolution equation for the structure. To do this, we
define the generalized displacement vector x (0, w, wl) H R x L2(0 1) x R1. The
kinetic energy in the system is then 1/2(Mo, )H where Mo is the unique bounded
self-adjoint linear mass operator Mo on H such that

(4.23) (MoX,)H=IoOq-mb(Wq-bOO, q-bo)q-ml(wq-qto(1)O)(q-o(l)),
where @o L2(0, 1) is given by @o(r/) r + r/. It is easy to show that Mo is also coercive.
The elastic strain energy is 1/2a(x, x) with a(x, ;)= EI(D2w, D2). We make a( .,.
into an inner product by setting (x, :)v a(x, )+ O0 and define the strain-energy
space V= {x (0, b, b(/)): b H2(0, l), b(0)= Db(0)= 0}. The additional term in the
definition of (.,.)v is necessary because there is no strain energy associated with the
rotation of the hub.

We define the stiffness operator Ao:Dom(Ao)cH-H by Dom(Ao)=
{x (0, th, b(l)) V: qbn4(o, 1),D2qb(1)=O} and

0 0 0

(4.24) Ao 0 EID4 0

0 -EIO 0

This operator is self-adjoint with compact resolvent and all positive eigenvalues except
the one zero eigenvalue corresponding to the rigid-body mode. Note that V is the
domain of the square root of Ao.
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With these mass and stiffness operators, we can write the equations of motion as

(4.25) MoS(s)+coAoYc(s)+Aox(s)= Bou(s), s>-O,

where Co is a positive constant and the term coAo represents viscoelastic damping in
the beam. The input operator is Bo (1, 0, 0).

Letting Z Vx H with inner product ((v, h), (3,/))=(v, )v+(Moh, I)H, this
system can be written in the form (4.1) where z=(x, )Z and M is the unique
extension of the operator

[ 0 I ], Dom()=Dom(Ao)xDom(ao)(4.26) -_MAo _coMAo
that generates a o-semigroup on the space Z. Of course, is

(See [11] and [13].) The hub-beam-tip mass structure here is discussed in more detail
in [13], along with the continuous-time control problem.

As in the previous examples, we will solve a discrete-time optimal control problem
on the infinite interval. In the performance index, we take the state weighting operator
Q to be the identity on Z. This means that {Q, Z}z is twice the total energy in the
structure plus the square of the rigid-body rotation. Since there is one input, the control
weighting R is a scalar. The optimal control has the feedback form

(4.28) u.( t) -(f x( t))v -(Mog, ( t))H

where f and g have the form f (f, f2, f3) V and g (g, g2, g3) H.
To see that there exists a solution to the infinite-dimensional discrete-time regulator

problem for this example, we note that all open-loop modes except the rigid body
mode are exponentially stable and that any control which stabilizes the controllable
rigid body mode is admissible. Existence of a solution to the infinite-dimensional
Riccati equation then follows from Theorem 2.3. Uniqueness follows from Theorem
2.5, since Hypothesis 2.4 holds because Q I is coercive.

Our approximation of the structure is based on a finite element approximation of
the beam which uses Hermite cubic splines as basis functions ([29]). We define the

JNsequence of spaces VN =span {e}j= wth e=(1, 0, 0), e=(0, 4, b(l)), j=
2, 3,"’, JN, where the ’s are the cublic splines. Each VN is a subspace of V, and
our approximation scheme is a Ritz-Galerkin approximation obtained by projecting
(4.25) onto VN. See [13] for details. Writing

JN
(4.29) xu(s)= [XN(S)]e,

j=l

we have

(4.30) Mu[Yu(s)] + CoKN[N(S)]+ Ku[xu(s)] BoNu(S)

to solve for the vector XN (S) of time-dependent coefficients xu (s)]. The mass matrix

Mu and the stiffness matrix KN are given by [Mu]j =(Moeu, e)H, and [Ku]j--
(e u, e)v and the input matrix is BON [1 00." .0] r. With zu (xu, ) Vu x VN,
(4.30) is the matrix representation of an evolution equation

(4.31) (s) z(s)+u(s)
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where Mv and N approximate M and . It is shown in [13] that, as N increases,
the semigroup {-N(s)’s >= 0} generated by M converges strongly to the semigroup
{-(s): s => 0} and that the adjoint semigroup {*N(S)" S >= 0} converges strongly as well.
Since is the Z-projection of

For each N, the solution to the infinite-time optimal control problem is based on
the Nth Riccati operator equation (3.17). As in the previous examples, we solve the
Riccati matrix equation (3.32) for IIN, which is related to [IIs] (the matrix representa-
tion of the operator II) as in 3.3, except here we have lI Wt[Ht], where

(4.32) W M
and K is the stiffness matrix with 1 added to the first element. Since Q I in the
infinite-dimensional problem, Orq is the identity on VN x V and it follows that the
matrix Q for (3.32)is

The optimal feedback control for the Nth problem is given by (3.29) with the
matrices in (3.30) and (3.31), and it has the equivalent representation

(4.33) u(t) -(fv, xN(t))v-(Mog, :v(t))H,
where fs =(f,f,f3)e V, gs (gv, gv, g) H. From (3.29), (4.29) and (4.33), it
follows that

(4.34) [fv] =[EN 0 ] wvl[Ftv]r,
g 0 E

where E= (ev, eN, evN).
To see that Hypothesis 3.8 holds, we note that for each N, there are N-1

exponentially stable modes and one controllable rigid body mode. If there were no
rigid body mode, we would have a uniform positive lower bound on the stiffness
matrices KN and this would imply a uniform decay rate for the open-loop systems
which would yield the uniform bounds (3.18) and (3.19). With the rigid body mode,
the argument becomes more tedious but essentially similar. For more detail, see the
continuous time case in [13].

For the sampling interval " .01, the damping coefficient Co .001 and the control
weighting R 1, Tables 4.8 and 4.9 give the values of the corresponding scalar gains,
f, git, 1 and 3, for various values of N. The values of the functional gains DEf
and g along the length of the beam also are plotted in Figs. 4.10 and 4.11. We plotted

N

TABLE 4.8

3

.9991

.1030
.9992 .9990
.1040 .1043

7

.9992

.1044

N

f
g3

TABLE 4.9

.1750
-18.1231

4

.1769
-18.3385

5

.1774
-18.3902

.1777
-18.4158
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D2f because this is what appears in the V inner product in (4.33) and also to show
the H2 convergence. We note that the form of the V inner product is such that f
does not appear in the feedback law.

$. Concluding remarks. We have presented an approximation theory for numerical
solution of the discrete-time optimal linear regulator problem in Hilbert space, on both
finite and infinite time intervals. The motivation for this theory comes from optimal
control problems for systems involving diffusion equations, hereditary differential
equations and distributed models of flexible structures. We have demonstrated the
application of the theory to examples from all three areas.

The solution to the infinite-dimensional optimal control problem is based on an
infinite-dimensional Riccati operator equation--a difference equation in the finite-time
problem and an algebraic equation in the infinite-time problem. We have shown that
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the solution to the infinite-dimensional problem can be approximated by the solutions
to a sequence of finite-dimensional problems each of which involves a finite-
dimensional Riccati matrix equation to be solved numerically. The finite-dimensional
problems are just the corresponding optimal control problems for finite element
approximations to the infinite-dimensional control system. For the infinite-time prob-
lem, the finite-dimensional Riccati equations usually are solved via eigenspace
decomposition of the Hamiltonian matrix.

In both continuous and discrete-time optimal regulator problems for distributed
systems, the numerical solution often involves solution of large Riccati matrix equations.
As we observed at the beginning of 4, the asymptotic relationship between the
eigenvalues of a continuous-time Hamiltonian system and the eigenvalues of the
corresponding discrete-time Hamiltonian system is exponential. This means that the
approximating finite-dimensional discrete-time Riccati equations for a given distributed
system invariably are not as well conditioned as the corresponding continuous-time
Riccati equations. Nonetheless, as our examples should illustrate, the numerical sol-
ution of such problems is well within the reach of current computing. To emphasize
this, we obtained all ofthe numerical results in this paper on an IBM Personal Computer
(not an XT or AT) with 640K of random access memory and an Intel 8087 math
co-processor chip. The largest Riccati matrix equation that we solved here was a 30 x 30
steady state equation for the hub-beam-tip mass example. This solution takes 15-20
minutes on the PC. We have solved much larger Riccati equations easily on larger
mainframe computers.
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OPTIMAL PERIODIC CONTROL:
A SCENARIO FOR LOCAL PROPERNESS*
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Abstract. A fundamental problem in optimal periodic control is to decide whether proper periodic
controls and trajectories yield better average performance than constant steady-state solutions. The present
paper describes a situation where this holds true, because "nearby" the linearized system equation has a
pair of eigenvalues on the imaginary axis. An example involving a retarded Li6nard equation is discussed
in detail.
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1. Introduction. In optimal periodic control theory, one looks for periodic controls
and corresponding periodic trajectories of a control system described, for example,
by a functional differential equation such that a certain average performance criterion
is minimized. Suppose that a constant control u and a corresponding steady state x
of the system are given, which are optimal among all such pairs (x, u). If it is possible
to obtain better average performance in every neighborhood of (x, u) by allowing
proper periodic controls and corresponding periodic trajectories x, then the pair (x, u)
is called locally proper. It is the purpose of the present paper to explore a situation
where one may expect local properness because of structural properties of the system
equation. In particular these properties are related to those of a Hopf bifurcation. The
guiding idea is that local properness will occur, if the considered system has "nearby"
a "natural" periodic motion giving better performance.

A connection between Hopf bifurcation and optimal periodic control theory has
already been observed by Russell [20]. He was interested in coupled nonlinear oscil-
lators, where a Hopf bifurcation causes periodic motions which he wanted to dampen.
Since this was not possible by linear regulator theory, he considered this problem as
an optimal periodic control problem where the performance criterion is constructed
in such a way as to minimize the amplitude of the oscillations.

Observe, however, that the spirit of the present paper is quite different: Instead
of trying to dampen periodic motions we are willing to introduce them in order to get
better performance. This is motivated by problems from chemical engineering (output
maximization of chemical reactors [19], [24], [25]) and aircraft flight performance
optimization (fuel optimal flight [22], [23]). Further references are given in [8], [17],
[18].

In 2 the optimal periodic control problem is formally defined for systems
described by retarded functional differential equations. Furthermore, among other
preliminaries, relevant information on necessary optimality conditions is cited from [8].

Section 3 exhibits a scenario for local properness. Theorem 3.6 contains the main
result of this paper, in conclusion, 4 discusses an example which, in fact, was the
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" "Institut fiir Dynamische Systeme," Universitit Bremen, FB 3, D-2800 Bremen 33, Federal Republic
of Germany.

452



OPTIMAL PERIODIC CONTROL 453

starting point of the present analysis. The importance of the result in 3 is twofold:
(i) It explains a mechanism by which local properness may occur and thus gives some
insight into this phenomenon. (ii) It gives a hint, where to look for local properness,
namely near equilibria, where the linearized system equation has a pair of eigenvalues
on the imaginary axis.

It is worthwhile emphasizing that these results, which may be viewed as a contribu-
tion to the qualitative theory of optimal control, are also new for the special case of
systems governed by ordinary differential equations.

Notation. The transpose of an element xE" is denoted by x T’, similarly for
matrices. For a map F between Banach spaces X and Y, F(x) denotes its FrOchet-
derivative at x e X. For maps between finite dimensional space we also use a subscript
x in order to denote the partial derivative with respect to x. The second Fr6chet-
derivative at xe X is denoted by F(x). For an element x e E", denotes the
constant function (s)--x (in various function spaces).

2. Problem formulation and optimality conditions. In this section, a parameter
dependent optimal periodic control problem (OPC) and the corresponding optimal
steady-state problem (OSS) are formulated. Furthermore optimality conditions and
results on smooth dependence of optimal solutions are cited, slightly modified for our
purposes, from [8].

Consider the following optimal periodic control problem.

(OPC) Minimize 1/z g(x(s), u(s)) ds

over (x, u) C(-r, r; E") x L(O, ; E")

subject to

(2.1) (t) =f(x,, u(t), a) a.e. [0, "r],

(2.2)

(2.3)

(2.4)

X0

h(u(t))E’_ a.e. t[O,r],

k(X(t), u(t)) 0;dt

here x,(s) x(t + s) E", s [-r, 0], r > 0 is the length ofthe delay, a A is a parameter,
AcE open, f= (fi) C(-r, 0; E") xE" xa E", g’E" xE" R, h (h)’ RI, k=
(ki). " X[ -- nl.The period length ->0 is considered fixed here (we also allow ’<r). The
requirement (2.2) is imposed in order to allow periodic extensions of x and u to
periodic solutions of (2.1) on E+ := [0, ).

Abbreviate

(2.5)
12 := {u E"" h(u)

0ad {U L(0, a’; [")" u(t) 6l a.e. t[0, r]}.

The corresponding steady-state problem has the following form:

(OSS) Minimize g(x, u) over (x, u)E" xE

subject to

(2.6) O=f(,u,a),

(2.7) h(u)I,
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(2.8) O=k(x,u);

here f, g, h and k are as in (OPC)%
We are interested in the behavior of (OPC)

"" of (OSS)% (i.e., near the constant pair (o, o) C(-r, r; ") L(O, r; 1")).
DZFNITION. A local solution (x, u) of problem (OSS)" is called locally proper,

if for all e > 0 there exist (x, u) C(-r, r; ") L(0, r; ’) with sup,to, Ix- x(t) <
e satisfying (2.1)-(2.4) and

1/’r g(x( t), u( t)) dt < g(x’, u’).

As is well known, first order necessary optimality conditions (based on weak variations)
do not allow one to decide the question of local properness. Hence we will give below
second order necessary optimality conditions for (OPC)L

Let the Pontryagin function H" C(-r, 0; ") x" xI"+", x A- for (OPC) be

(2.9) H(q, u, y, a):= g(q(O) u)+ yr( f(q’ u’ a)
k(q(O),u)]

and let the Lagrange function "" "+", x t A- for (OSS) be

(2.10) (x, u, y, z, a):= g(x, u)+yW(f(g’ U,

\ k(x, u)
+Zrh(U)"

The following hypotheses will be used.
Hypothesis 2.1. The functions f g, h and k are twice continuously Fr6chet

differentiable in a neighborhood of (o, uo, ao) (respectively, (x, u), u, (x, u)); the
function f and its first and second derivatives are bounded for bounded arguments;
the set 1 is convex.

Hypothesis 2.2. There exist (yO, zo) Rtl+tll X [! such that

(2.11) zh(u) -0,

(2.12) ,2(xo, uo, yO, zo, ao) 0,

(2.13) ,,2@,,(xo, uo, yO, zo, ao)((x, u), (x, u)) > 0

for all (x, u) " m with 1,2f(30, u0, Oo)(3,/,/) 0, kx,u(xO, u)(x, u) 0, hiu(bl)U < 0
if h’(u)=0, i{1,..., 1}.

Hypothesis 2.3. The gradients in

,2fi(ig, U, Ceo) i= 1,’’’, n,

(2.14) (0, h(u)) with h(u) -0, i {1,..., 1},

k,,(x, u), i= 1,’’’, n,

are linearly independent and the multiplier z= (z’) from Hypothesis 2.2 satisfies
z’>0ifh(u)=0, i{1,...,1}.

Hypothesis 2.4. For all a a in a neighborhood of ao, the linearized equation

(2.15) :(t)= f(g", u, a)x,, >-O

neehas only the trivial r-periodic solution; here (x are elements in x to be
determined in Theorem 2.7, below.

Next we comment on these hypotheses.
Remark 2.5. Hypothesis 2.4 is equivalent to

(2.16) rankA(jw, a)=n forw=2kcr/r, k7/,
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where A(z, a) is the characteristic function of (2.15),

A(z,a)=zI-f(,u,a)(eZ’I), zC.

This hypothesis will guarantee that all Lagrange multipliers for (OPC) can be obtained
from Lagrange multipliers for (OSS)L

Remark 2.6. Hypotheses 2.3 and 2.2 are a constraint qualification and a second
order sufficient optimality condition, respectively, for the steady-state problem (OSS)o.
Note that in (2.14) f(., u, ao) is considered as a map W’ ", x--f(, u, ao).

First we analyze the steady-state problem (OSS)s.
THEOREM 2.7. Suppose that (x, u)"x satisfy Hypotheses 2.1-2.3. Then
(i) The pair (x, u) is an isolated local minimum of Problem (OSS)o, and the

Lagrange multipliers (yO, zo) ,+,, x are uniquely determined by (2.11) and (2.12).
(ii) There exists a continuously differentiable function a->(xS, u,yS, zS)6

nxmxn+n’xl defined on a neighborhood of ao such that (x, u s) is an isolated
minimum of (OSS), (x", u, yo, zo) (x, u, yO, zo) and (x, u, yS, z satisfy con-
ditions (2.11)-(2.13) with ao replaced by a.

Proof This follows from a result in Fiacco [9, 3.2].
Next we state second order necessary optimality conditions for (OPC)s.
THEOREM 2.8. Let (x, u) E" xn satisfy Hypotheses 2.1-2.3 and suppose that

(xs, u s) determined by Theorem 2.7 satisfy Hypothesis 2.4. There exists a neighborhood
Ao of ao with the following property. Let a Ao, a ao and assume that the constant

functions (s, as) C(-r, r; n) L(O, z; m) are a local minimum of (OPC)s.
Then for all (x, u) C(-r, z; ) x L(O, r; m) with

(2.17) [g(xs, uS)x(t) + g.(xs, uS)u( t)] dt 0

and

Xo=X, :(t)=,f(:fs,us,a)xt+f(gs,u s,a)u(t) a.e. t6[0,
(2.18) _u+ u int

it follows that

[,lH(:gs, u s, yS, a)(x,, x,)+ 2l2H(:gs, u s, yS, a)(x,, u(t))
(2.19)

+ /4(x, u, yL =)(u(t), u(t))] dt >-0.

Sketch ofproof By continuity Hypotheses 2.1-2.3 hold for a in a neighborhood
of ao. Problem (OPC) can be reformulated as an optimization problem over (o, u)
C(-r, 0; [") L(0, r; ) (with o :- Xo) using the implicit function theorem near
(x C(-r, r; L(0, z; ") (cf. [8, Chap. 5]). Application of optimization
theory in Banach spaces (cf. [8, Chap. 2] or [16]) yields second order necessary
optimality conditions for (qs, s) with qs := s, involving Lagrange multipliers
(ls, yS, zS) C(-r, 0; ")* x "+", X[] 1. Since by assumption a+u int 0ad the term
with z vanishes. Hypothesis 2.4 yields that the Lagrange multipliers for (OPC) can
be obtained from Lagrange multipliers for (OSS) (cf. [8, Prop. VII.2.7]); these,
however, are unique by Theorem 2.7.

For more details see Theorem VII.3.1 of [8].
Theorem 2.8 furnishes a test for local properness" If there are (x, u) satisfying

(2.17) and (2.18) but violating (2.19), then (s, tTs) cannot be a local optimal solution
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of (OPC)s. Using Hypothesis 2.4 it is advantageous to consider special (sinusoidal)
test functions (x, u). First we introduce the following abbreviations (to R/, a Ao):

P(to, a):= 1H(2s, u ’, yS, a)(e,O.i, e-,o.i),

(2.20)
Q(to, a):= 2H(2", us, yS, a)(ej,o.I),

R(a) := 2N2H(s, u s, y’, a),

B(a) := 2f(:s, u s, a)
and for later purposes

L(o) :-- llf(.s u s, o).

Identify P(to, a), Q(to, a) and R(a) with elements in C"", C and Rmxm, respec-
tively. Define

H(to, a)= B(a)TA(-jto, a)TP(to, a)A(jto, a)B(a)

(2.21) + Q(-to, a)rA(jto, a)B(a)
+ B(a)7"A(-jto, a)TQ(to, a)+ R(a).

COROLLARY 2.9 (H-Test). Let the assumptions of Theorem 2.8 be satisfied. Then
(xs, u s) is locally proper, if there exist Vo, vl C with (to 27r/’)

[gx(xs, uS)A(O, a)B(a)+ g,,(x s, uS)] Vo

(2.22)
+ [gx(Xs, uS)A(jto, a)B(a)+g,,(xs, uS)] v, -< 0,

h(uS+vo+Re(v e’’))eint t_ for all re[0, r],

(2.23) n(o, ,)o+ 2,n(,o, ), < 0.

Sketch ofproof Choose u(t) := Vo + Re (v e’’), [0, r]. Then (2.22) ensures that
(2.17) and (2.18) are satisfied. Computation of the expression in (2.19) yields the one
in (2.23) (cf. [8, Thm. VII.3.3]).

3. A scenario for local properness. Now we will relate local properness to structural
changes in the system equation. The analysis is motivated by the following consider-
ation. Suppose a Hopf bifurcation occurs at a =ao. See Hale [12] or Hassard,
Kazarinoff and Wang [13] for an exposition of Hopf bifurcation theory of functional
differential equations. Ifthe generated periodic solution is "better" than the steady-state
solution, one will expect local properness at a ao. It turns out that under a controlla-
bility condition this is true for all a close to ao. The controllability condition guarantees
that the free periodic motion can be approximated by forced periodic motions for
a ao. In fact it is not necessary that a Hopf bifurcation actually occur; instead some
weaker properties stated below are sufficient.

Throughout this section we assume that Hypotheses 2.1-2.4 hold and hence the
assertions of Theorems 2.7, 2.8, and Corollary 2.9 hold. Recall that the characteristic
function of the linearized equation (with L(a):= f(2s, u s, a))

(3.1) (t)=L(a)x,, t>---O

is given by

(3.2) A(z, a) zI- L(a)(eZ’I), z C.

(3.3)

LEMMA 3.1. Suppose that for a pair (tOo, ao) (0, oo) x A

rank A(jtoo, ao) n 1,

rank A(jto, a)= n for all (to, a) (tOo, ao) close to (tOo, ao).
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Then for all a in a neighborhood of ao, (3.1) has a simple eigenvalue z(a) and z(a) has
a continuous derivative z’(ao)at ce ao.

Proof. By Theorem 2.7, the map a--) L(a) is continuously Fr6chet differentiable,
and Hale [12, Lemma 2.2, p. 171] implies the assertion.

Remark 3.2. Condition (3.3) does not require that an eigenvalue actually cross
the imaginary axis at a- Co.

LEMMA 3.3. Condition (3.3) implies that there exists a nontrivial z-periodic solution

of (3.1) with a=Oo, ’:=27r/too; furthermore, there exists pC such that for every
such z-periodic solution p

(3.4) p(t) 23, Re(eJ’tp), t>-_O,

for some , R.
Proof. By assumption the eigenspace corresponding to z =jtoo is one-dimensional

and the assertion follows (cf. Hale [12]).
LEMMA 3.4. Suppose that condition (3.3) is satisfied. Then the following two condi-

tions are equivalent:

(3.5) There exists , C with Pl [Adj A(jtoo, ao)]B(ao)q

where p is given by Lemma 3.3 and Adj denotes the adjunct;

(3.6) [Adj A(jtoo, Co)]B(ao) 0.

Proof. Recall that

A(jtoo, Co)[Adj A(jtoo, ao)] det A(jtoo, ao)" I

(see, e.g., Kowalsky [15, Kap. 4]). Thus the range of

[Adj A(jtoo, ao)]B(ao)

is contained in the kernel of A(jtoo, ao) which is spanned by Pl.
Condition (3.5) may be viewed as a "controllability condition" for the periodic

solution (3.4).
LEMMA 3.5. Let condition (3.3) be satisfied. Then

pP(coo, ao)p l.2.2H(gO, uo, yO, a)((p,, 0), (p,, 0)) dt

where Pl, P(" are as in Lemma 3.3.
Proof. Obvious from the definitions and Lemma 3.3.
The next theorem establishes the connection to local properness.
THEOREM 3.6. Let (x, u) " x" satisfy the constraints ofProblem (OSS)" and

suppose Hypotheses 2.1-2.4 hold. Furthermore, assume that conditions (3.3) and (3.5)
are satisfied, and that there exists ’o C" such that t,o and z, satisfy (2.22) with a Ceo.
Let po := [Adj A(0, Ceo)]B(ao),o and assume for P given by (2.20)

(3.7) /5oTP(0, Ceo)Po+/lvP(too, Ceo)Pl <0.

Then there exists a neighborhood Jf of (tOo, ao) such that the steady states (x, u being
isolated local minima of (OSS)" are locally proper and (2.22), (2.23) hold for all
(,o, ), (,o, ) (Oo, o).

Proof. In view of Theorem 2.7 and Corollary 2.9 it only remains to establish (2.22)
and (2.23). By continuity, (2.22) is satisfied for (to, a) near (too, ao) and ’o, ’ replaced
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by some elements v, u, which depend continuously on a. Furthermore B(a),
Adj A(jw, a) and P(w, a) are continuous with respect to (w, a) and

[det A(jw, a)]2> 0

for (w, a) (Wo, ao) in a neighborhood of (Wo, ao). We have

TB(a)TA-I(o, a)rP(O, a)A-l(0, a)B(a)u

+ 9TTB(a)wA-’(--jto, a)rp(to, a)A-’(jto, a)B(a)v

=[det A(0, a)]-2{B(a)W[Adj A(0, a)]n(0, a)[Adj A(0, a)]B(a)u}

+ [det A(jto, a)]-2{ B(a)W[Adj A(-jto, a)W]n(to, a)[Adj A(jto, a)]B(a)v}.

For (w, a)-* (Wo, ao) we have that det A(jw, a) tends to zero, while the second factor
{...} in the second summand converges to firlp(wo, ao)p < O.

Now consider the definition (2.21) of II(w,a)" For (w, a) (tOo, ao) the first
summand tends to minus infinity with [det A(jw, a)] -2, the others tend to infinity with
at most [det A(jw,

Thus the first summand becomes dominant and hence

(3.8) rH(0, a)u+ ’rH(jto,

for all (to, a) # (tOo, ao) in a neighborhood of (tOo, ao).
COROLLARY 3.7. Let (x, u) " m satisfy the constraints ofproblems (OPC)"

and (OSS)"o without control constraints (i.e., h O) and assume that Hypotheses 2.1-2.4
hold and conditions (3.3) and (3.5) are satisfied. If
(3.9) p(P(too, ao)p, < 0

where p is given by Lemma 3.3, then there exists a neighborhood of (tOo, ao) such
that the steady states (x, u) being isolated local minima of (OSS) are locally proper
and

(3.10) (II(to, a)v, < 0 for all (to, a) /’, (to, a) (tOo, ao),

where Vl is given by Lemma 3.4.
Proof Follows from Lemma 3.4 and Theorem 3.6.
Remark 3.8. In Corollary 3.7, Condition (3.5) may be replaced by (3.6).
Remark 3.9. The second order sufficient optimality condition for the steady-state

problem (i.e., Hypothesis 2.2) and the "complementary slackness" condition in
Hypothesis 2.3 are needed in order to guarantee smooth dependence of (x, u, y")
on a. If this can be guaranteed by other arguments (e.g., if the steady-state problem
is independent of a as in the example of 4, below) we can replace Hypothesis 2.2
by the assumption that (x", u ") are a local minimum of (OSS).

The following result is a partial converse of Corollary 3.7.
THEOREM 3.10. Let the assumptions of Corollary 3.7 be satisfied. If there exists a

sequence (to,,, a,) (tOo, ao), (to,, a,) (tOo, ao) with

(3.11) 9TII(w,,, a,) u > 0

where u ul is given by Lemma 3.4, then

(3.12) fiP(wo, ao)p, >-- 0

where Pl is given by Lemma 3.3.
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Proof. Condition (3.12) and (2.21) imply

O< I/(w, a,)v

B(a.)A-’(-jw., a.)P(to., a.)A-’(flo.,

+Q(-., a.)TA-’(jw., a.)B(a.)+R(a.)}.
The first summand equals

[det A-’(-flo,, a,)]-z{vB(a,) [Adj A(-flo,, a,)]TP(w,, a,) Adj A(fio,,

Again [det A(-flo., a.)]2> 0, and the second factor converges to

TB(ao)[Adj A(-flOo, ao)]’P(wo, ao) Adj A(flOo, ao)B(ao)V

=/P(wo, Oo)Pl

Arguing as in the proof of Theorem 3.6, we obtain (3.12).
Remark 3.11. Suppose that a Hopf bifurcation occurs at a Cro (cf. Hale [12,

Thm. 1.1, p. 246]). Then Theorem 3.6 may be interpreted as follows: At a Cro, a
"natural" periodic solution of (t)=f(x,, u", a) bifurcates from the steady state x",
a ao. By (3.7), this periodic motion shows better average performance than the steady
state. Condition (3.3) is satisfied and the controllability condition (3.5) guarantees (by
continuity) that for all a near Cro the periodic trajectory can be approximated by
trajectories corresponding to a sinusoidal control. Hence, for a near ao, the points
(x are locally proper. Suppose nontrivial periodic trajectories exist for a > ao.
Then, also for a < Cro, where no free periodic trajectory exists, we can generate periodic
trajectories by appropriate sinusoidal controls. Thus it is not surprising that the
assumption can be weakened by requiring only the assumptions of Theorem 3.6: it is
not necessary that the nonlinear equation actually has a free periodic trajectory. In
view of this discussion, it seems feasible to me to use the expression "Controlled Hopf
Bifurcation" if conditions (3.3) and (3.5) are satisfied.

Remark 3.12. The stability properties of the periodically forced equations near
a ao may be very complicated; cf. Gambaudo 10] for a classification in the case of
two-dimensional ordinary differential equations.

4. An example. In this section we consider an optimal periodic control problem
for a retarded Lienard equation where Corollary 3.7 applies. First results for this
problem were obtained in [6]. The problem is the following:

Minimize --1 x(s) ds+ u(s) ds

subject to

(4.1) Y(t)+f(x(t)):(t)+g(x(t-r))=u(t) a.e. t[0, -],

(4.2) Xo=X, ()o= (),

(4.3) u(t) dt 0;

here f and g’R-R; x(t), u(t)6R, and r, r>0. We require that

f,and g are C2-functions in a neighborhood of zero with f(0)= g(0)=0,(4.4)
g (0) 1, g"(0) -1, and f(x) 0 for x > 0.
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Writing (4.1) as a system of first order equations and applying the time transformation
:= tr, we get

(t) lx_(t),
r

(4.5)
g2(t) -[-f(xl t))x2( t) g(x( 1)) + u( t)].

Consider a 1/r > 0 as bifurcation parameter.
The corresponding steady-state problem is

(OSS) Minimize -xl+1/2u2 subject to

0-" X2,

(4.6) 0 -f(x,)x- g(x) + u,

O--u.

The assumptions in (4.4) guarantee that (x, u) (0, 0) is the unique optimal solution
of (OSS). Observe that (OSS) is independent of c; hence Remark 3.9 applies and we
can omit Hypothesis 2.2.

Furthermore Hypothesis 2.3 is satisfied and the corresponding Lagrange multipliers
are

(4.7)

y, -g’(0)-f(0)=0,

Y2 -g’(0)- -1,

Y3 g’(0)= 1.

The linearized system equation is

(4.8) (t) a x(t)+oz
-1 )x(t-1)+()u(t)

or

(4.9) 5(t) + ce2x(t 1 u(t).

Thus the characteristic equation is

(4.10) det A(Z, 0l) Z2" ae =0.

LEMMA 4.1. (i) There exists an eigenvalue z of (4.8) on the imaginary axis if and
only ifa a, 1/(2nTr), n 1.

(ii) Ifa a,for some n [, then the eigenvalues z on the imaginary axes are z +j.
(iii) For a--> 0 all eigenvalues in the right half-plane tend to the origin.
(iv) For a close to a,, there exists a C-funetion a --> z(a) such that z(a) is a simple

eigenvalue of (4.8) and z(a,) =j, z’(a,) > 0 and Re z(a) < 0 for a < a,.
Proof The proof follows by an elementary analysis of (4.10).
The lemma shows that for a a,, n 1, a Hopf bifurcation occurs with frequency

(.O0 1.
A nontrivial periodic solution of

(0 ;) (0(t) c,, x(t)+oz,
-1
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with period r 27r is given by

p(t)=2
-sin

The Fourier coefficients of p are

Pl P 1)=
j

/5,=p -1)=
_j,

p^(k)=0 fork+l.

The function H: C(-1, 0; 2)xN xN3x (0, oo) - is given by

H(49, u,y, a):=-4l(0)+g +ay -f(ql(0))q2(0)-g(ql(-1))+tt

We compute

thus (3.9) holds.

fiP(wo, ao)p, (1 -j)
f’(O) 0 j

=-1 <0;

It only remains to show the controllability condition (3.6) (cf. Remark 3.8). We
easily compute

Adj [A(jw, a)]Bo(a)=
-exp (-rio, a) jto jto

FIG. 1. Shows II(to, r), 0=<o9-<4, for different values of between r=0 and r=3 (X=to, Y=r,
Z II(to, r). The function values are cut offfor z < -3.
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FIG. 2. Shows H(w, r), 0<=w 4, for different values of between r=0 and r= 10.

FIG. 3. Shows II(w, r), O<=w<-4, forr=lO.

Clearly

Thus all the assumptions of Corollary 3.7 are verified. It is advantageous to write II
as a function of the delay r and the frequency w. Then a simple computation yields

(4.11) II(o, r)= 1-1/[w4-2w cos (mr)+ 1]
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FIG. 4. Shows Fl(to, r), O<=to<=4, forr=30.

for (w, r) (1, rn), where ro 1, rn := 1/an, n N. Zones of local properness, indicated
by II(w, r)<0 occur for (w, r) close to (1, rn).

An analysis of the function II given by (4.11) yields that for all to, r E+
1- 1/[to2- 112 <_-- II(to, r)--<_ 1- 1/[to2+ 1]2,
II(0, r)=0, lim II(to, r)= 1.

Figures 1-4 show II(to, r) for different values of r (here X to, Y r, Z II(to, r)). A
significant feature of this example is that the zones of properness (i.e., the to-intervals
where II(to, r) < 0) which occur at a Hopf bifurcarion at r rn (indicated by a negative
pole of II(to, r) at to= 1) do not vanish for increasing r. Thus for large r, II(to, r)
becomes very oscillatory (see Fig. 4).

Remark 4.2. It is easy to check that the function II:+ x/ CI {-c} has no
local minima besides (to, r)= (1, rn). This may be interpreted in the following way:
Local properness in this problem occurs only via the mechanism described by Corollary
3.7. Naturally, this may not be true for other problems (e.g., local properness may be
due to nonlinearities in the performance criterion).

Acknowledgments. I thank Professor H. T. Banks for the invitation to work at
Brown University. Furthermore I would like to acknowledge the use of programs by
Dr. M. Pratt for the plotting of the diagrams.
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REMARKS ON A PAPER BY R. M. HIRSCHORN*

A. KUMPERAf

Abstract. We indicate some imprecisions appearing in a paper by R. M. Hirschorn and suggest
modifications.

Key words, nonlinear control system, reachable set, Lie algebra

AMS(MOS) subject classification. 93B05

1. Introduction. In 1976, R. M. Hirschorn published in this journal 1 far-reaching
results concerning the relationship between the structure of the reachable sets of a
nonlinear control system of the form

dx

dt
A(x) +/,/1Bl(X) +. + u,B,(x)

and the properties of the associated, eventually infinite-dimensional, Lie algebra of
vector fields

={A, B," ", B,,}LA.

Unfortunately, the underlying hypotheses are revealed to be insufficient. In 2, we
provide a counterexample to Theorem 3.6 of[ 1 and, consequently, to the main Theorem
3.2, and point out the gap in the proof. In 3, we discuss weaker forms for the
above-mentioned theorems. The basic definitions as well as the notation are borrowed
from Hirschorn’s paper.

2. A counterexample. We consider on the manifold M 2 the system

dX
A(X) + uB(X) X (x, y)(*)

dt

where A 0/0x + O/Oy and B sin2 (x) O/Ox. Let C sin (2x) 0/0x, D cos (2x) 0/0x
and E =O/dx; then

= {A, B, C, D, E}Ls,

={B}rs,

o {B, C, D, E}

and the commutation relations read as follows:

[B,C]=-2B, [C,D]=-2E, [D,E]=2C.[A, B] C,

[A,C]=2D,

[A, D] =-2C,

[A,E]=O,

[B,D]=-C, [C,E]=-2D,

[B, E] =-C,

The algebra is composed of analytic complete vector fields and the hypothesis
[0, Y3(a)] c (a) (cf. [1, Thm. 3.6]) is satisfied since [C, B]=2B and [D, B]=
[E, B] C vanishes whenever B does.

* Received by the editors May 13, 1987’ accepted for publication July 20, 1987.
t lnstituto de Matemitica, Universidade Estadual de Campinas, 13.081 Campinas SP, Brazil.
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Let us now examine the reachable sets for the system (.). Since, for any constant
c, A + cB O/Oy +fc O/Ox, where fc(X) 1 + c sin2 x, and since

we infer that any point Q (x, y) reachable from P (x0, Yo) at time (i.e., Q e ,(P))
via the finite succession of constant controls el, c2,..., c, during respective times
tl," , tl with ti (i.e., the control function u in (.) takes the value u(s) ci when
s e [t +...+ ti_, t +...+ ti]) can, in fact, be reached from P by steering initially
along the vector field O/Oy, during time t, thus attaining the point P (Xo, Yo + t) and
subsequently, steering along the succession of vector fields fc, OOx, , f, O/Ox during
the corresponding times tl," ", tl. Hence, the reachable set Yt,(P) for the system (.)
is equal to the reachable set Yt,(P1) relative to the family of vector fields {f O/Ox}.
Observing that f(0) 1 > 0 whatever the value c, we infer that any solution of (.) with
initial data x(0) 0 necessarily enters into the domain A {(x, y): x > 0} since x’(t) > 0
as long as control u el is maintained. Let us switch now to control u c2 and initial
data x(q)>0. Then, either c2->-l--hence f2(x)>-O, and consequently x’(t)>=0; or
c2 < -1, and the following two possibilities arise: (a) fc2(X(q)) >= 0 or (b) fc2(x(h)) < O.
In case (a), x’(t)>=0 as before and in case (b), x’(t)< 0. However, in the latter case,
the solution x(t), though decreasing, never attains the first zero point offc2 to the left
of X(tl), as shown by the graph of f2 (see Fig. 1).

k +i)

FG.

We infer that X(t) remains in the domain A as long as control c2 is maintained
and, iterating the above argument to the finite succession of controls Cl,O..,Cl, we
eventually conclude that ,(0)c A. On the other hand, since the constant controls ci
can.be arbitrarily chosen, it follows that ,(0)= {(x, t): x > O} for any > O. A similar
argument shows, in general, that ,(P)= {(x, yo+ t): x> kr} where P (Xo, Yo), t>O
and kr _-< Xo < (k + 1) r. In conclusion,

,(P) # I’(o, P)= {(x, yo+ t): x 6E}.
The gap in the proof of Theorem 3.6 of [1, p. 707, 1-19] appears in the claim: "A
straightforward computation. ." In fact, according to our example, the vector field
=sin (x) O/Ox satisfies the property se(a) (a), for all a e M, but[E, (] cos (x) O/Ox
fails to do so.

3. The stronger hypothesis. If we assume that the distribution x-- Y3(x) on the
manifold M is regular, then the above-mentioned claim is true and Theorem 3.6 holds.
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However, regularity conditions are strange and inconvenient to control theory.
Moreover, in the context of [1], such a condition would make any attempt to define
a suitable A-radical extremely difficult. It seems, therefore, that the simplest and most
convenient remedy consists in precisely assuming whatever the proof requires, namely,
replacing the hypothesis [o, ](x)c (x) by the stronger version

(ado N)(x) N(x), k_->l.

Under this assumption, Theorem 3.6 holds and, if we redefine accordingly the A-radical
for , Theorem 3.2 also holds. Needless to say, the above assumption is, for practical
purposes, rather discouraging.

REFERENCE

[1] R. M. HIRSCHORN, Global controllability of nonlinear systems, this Journal, 14 (1976), pp. 700-711.
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GAMES WITH REPEATED DECISIONS*

STEVE ALPERN-

Abstract. Extensive form games are traditionally required to obey the axiom of "nonrepetition": No
information set may contain more than one node from any directed path in the tree. However, in order to
model games where the players are teams or automata, it is necessary to consider extensive forms which
do not satisfy the nonrepetition axiom. This paper develops a noncooperative strategic theory for such
games. Mixed or behavioral strategies are inadequate for such games, but there always exist Nash equilibria
in finite combinations of behavioral strategies. It can also be shown that any given pair of such strategies
form the unique Nash equilibrium for some two person zero-sum game. Mathematically, the theory is closely
related to that of polynomial and separable games as developed by Dresher, Karlin and Shapley (Ann.
Math. Stud., 24 (1950), pp. 161-180) and by Gale and Gross (Pacific J. Math., 8 (1958), pp. 735-741).

Key words, games, extensive form, polynomial games

AMS(MOS) subject classification. 90D

1. Introduction. Game theory has traditionally been studied under the assumption
that a player is never confronted with the same decision problem more than once in
any play of a game. This assumption arises, in the conventional definition of an
extensive form game (tree), through the following "nonrepetition" hypothesis placed
on information sets: No information set may contain more than one node from any
directedpath in the tree. We will call games which satisfy this hypothesis "nonrepetitive,"
and those which do not "repetitive." It is clear that games where the players are
individuals and have perfect memories can be modeled as nonrepetitive games and
even as games of perfect recall. However, the contention of this paper is that repetitive
games may be required to model situations where the players are teams (and the
decisions are not agent-specific) or automata with limited memories. We outline a
noncooperative strategic theory for repetitive games which establishes that there are
always equilibria in finite mixtures of behavioral strategies. We rely extensively on
ideas from the theory of polynomial and separable games, as developed in [DKS],
[GG], and [K].

Before going further into the mathematical analysis, some interpretive material
may be useful to justify the whole enterprise. When games of imperfect recall are
modeled by considering players to be represented by teams of agents, all decisions
made by a team are assumed to be agent-specific. This means that there is an implicit
map from information sets of player to agents of player i. For example, in bridge,
every information set of player North-South is uniquely assigned to either agent North
or agent South. Such team games, where decisions are agent-specific, clearly satisfy
the usual nonrepetition hypothesis because the individual agents are assumed to have
perfect memories. Furthermore, such games can alternatively be modeled as games of
perfect recall, with agents as players. However the situation is entirely different for
team games where decisions ofteams are not agent-specific. In many large organizations
(teams) it is more a matter of chance which agent deals with a given decision. Sometimes
this allocation of agents is formally randomized, as when incoming calls are handled
on switchboards and given to the next available agent. More often it is informal. It is
clear, for example, that if in two separate instances a policeman had given me a warning
for speeding (as opposed to a fine) on the same day, both were confronted with the

* Received by the editors August 18, 1986; accepted for publication (in revised form) August 21, 1987.
t Department of Mathematics, London School of Economics, London, WC2A 2AE, England.
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same decision problem. That is, neither one knew that he was the first or second to
warn me. The situation would have been different (worse for me in this case, I’m
afraid) if an individual agent had been permanently assigned to me. In summary of
these arguments, repetitive games are needed to model team games in which decisions
are not agent-specific.

As an example, consider "Team Chess" played by two large teams called White
and Black. At every move for, say, White, a referee randomly selects a White agent,
shows him the current position and requests a move. Since the agent is not told the
moves which led to this position, he may select a move (such as castling when the
king has already moved) which is illegal in standard chessmin Team Chess such moves
are legal but lose. In this model positions are information sets, and thus the same
information set may be entered more than once in a play of the game.

The/second application of repetitive games is to cases when players are modeled
as automata (for example, [Ru]). When a node of player is reached, the referee
inputs the code for the information set of that node into an automaton which is playing
for player (or is player i). Depending on the number of internal states (memory size)
it is possible that the automaton "cannot distinguish" whether or not that code has
been previously inputted. To carry out the types of strategies outlined in this paper
the automata must be probabilistic.

To illustrate the extensive and normal forms to be studied in this paper we consider
the two-person zero-sum game shown in Fig. 1. If player I goes right at his single
information set with probability x and player II goes right with probability y then the
payoff (to maximizer I) is given by the behavioral-normal form

A(x, y) 3( 1 x) + 4x( 1 y)( 1 x) + 5x(1 y)x + 6xy.

While this has the form of a polynomial game, with both x and y chosen from the
unit interval, it is clear that as soon as some player has more than one information set
the expression for A will be somewhat more general. We will call this form a "multi-
nomial game." While the theory of polynomial games is not sufficient for our purposes,
it turns out that an extension called "separable games" developed by Karlin et al.
[DKS], [KS], [K] can be adapted to analyze the solutions of games with repeated
decisions.

5
6

start)

FIG.

The organization of the paper is as follows. In 2 we give the definition of an
extensive form game and of some related strategic notions. This is as usual (in fact
we follow Owen [O]) except for the omission of the restriction on information sets
and the inclusion of randomized strategies. We outline the easy argument which shows
that there is always a Nash equilibrium in randomized strategies. Section 3 consists
of examples of two-person zero-sum games with repeated decisions. These examples
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demonstrate the inadequacy of mixed and behavioral strategies. Section 4 employs an
analysis of the generalized moment space to establish that randomized strategies
concentrated on a finite number of behavioral strategies are sufficient. Theorem 2
relates the required complexity of strategies to the informational complexity of the
extensive form game. The results on strategic complexity given here are not sharp and
can undoubtably be improved by a better description of the moment space. In 5 we
use an algorithm of Gale and Gross [GG] to find an extensive game with a given pair
of unique optimal strategies.

2. Extensive form games. In this section we define a game in extensive form. Our
definition is standard (see [O]) except that the assumption of "no repeated decisions"
is omitted. We define various notions of strategy and the resulting behavioral-normal
form. We prove that all games possess a Nash equilibrium in terms of randomized
strategies.

DEFINITION. By an n-person game in extensive form the following is meant:
(i) A tree T with a distinguished vertex v* called the "starting point," with all

the edges of T directed away from v*.
(ii) A function U, called the "payoff function," which assigns an n-vector U(v)

to each terminal vertex v of T.
(iii) A partition of the nonterminal vertices of T into n + 1 sets So, S1,’’ ", Sn,

called the "player sets."
(iv) A probability distribution, defined at each (chance) vertex of So, among the

immediate followers of the vertex.
(v) For each 1, , n, a subpartition of Si into subsets S, called "information

sets," such that two vertices in the same information set have the same number of
immediate followers.

(vi) For each information set S, an index set I (called choices), together with
1"1 mappings of the set I onto the set of immediate followers of each vertex of S.

If no two vertices of S, for any j, lie on a single directed path, then player is
said to have "no repeated decisions." If all players have no repeated decisions we
call the game "nonrepetitive"; otherwise we call it repetitive. In our terminology,
traditional game theory is the study of nonrepetitive games.

The primitive strategic notion for repetitive games is the behavioral strategy. A
behavioral strategy bi for player is a function which assigns to each information set
S of player a probability distribution over the choices I. The set of all behavioral
strategies for player is therefore the Cartesian product of a finite number of simplices,
which we denote by Bi. We observe for future use that each set Bi is compact and
convex, and hence so is their Cartesian product B. The extreme points of Bi are those
(finitely many) b which assign only the probabilities 0 or 1 to all choices, and we call
these "pure strategies." A Borel probability measure/x on B is called a randomized
strategy, and these are denoted collectively by B*. If/xi has finite support we will call
it a "finite randomized strategy" and if additionally the support consists entirely of
pure strategies then we call/x a "mixed strategy."

Corresponding to any n-tuple of behavioral strategies b- (bl,. , bn) there is a
distribution D D(b,..., bn) over the set of terminal vertices. For each terminal
vertex v, Db(V) is the probability of the game ending at v if the strategies, b are
employed. The number Db (v) is computed by multiplying all the probabilities assigned
by b to the edges (choices) leading from the starting vertex v* to v. It is important to
note that D(v) is a continuous function of b. Since U(v) is the von Neumann-
Morgenstern utility to player of the play ending at v, the expected utility for
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corresponding to b is given by Ui(b)=,,D,(v)Ui(v) (summation over terminal
vertices v) which is therefore also continuous in b. We call these maps Ui’B R the
behavioral-normal form of the game. Finally, if/x =(/xl," ’’,/z,) is an n-tuple of
randomized strategies, then we define the expected utility to player by U(/x)=
I I U,(b,, b,,) d/z,(bl)...

There are many equilibrium concepts which have proved useful in the study of
nonrepetitive games. However in this first study of repetitive games we will consider
only the most basic concept, that of a Nash equilibrium. An n-tuple
of randomized strategies is called a Nash equilibrium if for each i- 1,..., n and all
/x, in B Ui 12 ., l l, jti+l, ., l <: Ui ffl, ).

Since each of the n utility functions Ui is continuous on the compact set B, a
well-known result (see [O, p. 78] or [BO, p. 168]) asserts that there is a Nash equilibrium
in Borel probability measures (usually called mixed strategies, but that term would be
misleading here) on the sets Bi. Reinterpreting this result in our setting, we obtain the
following.

THEOREM 1. Everyfinite extensiveform game has a Nash equilibrium in randomized
strategies.

3. Examples. In this section we solve three repetitive two-person zero-sum games.
The first is given in extensive form, while the latter two are given in behavioral-normal
form together with an algorithm (Theorem 2) for constructing an inducing extensive
form. We will simplify an otherwise notationally complex problem by choosing only
"binary" games in which all choices made by the players are binary, or equivalently,
in which all nonterminal vertices have outdegree two. In the formal notation of 2,
this requires that #(I)--2 for all and j. Since any choice among a finite number of
alternatives can be reduced (nonuniquely) to a sequence of binary choices, every
extensive form game is equivalent to a binary game. For binary games the probability
distributions over the (two) alternatives at any information set may be identified with
the unit interval [0, 1] and hence the set of behavioral strategies B for each player
is a finite-dimensional cube, as is the product B of these sets.

For binary games there is a simple notation both for behavioral strategies and for
labeling information sets. Let x (y) denote the probability of going to the right at the
ith information set of player I (II) according to the behavioral strategy x (y). Label
the corresponding edges of the tree x, and the complementary edges with "l-x."
Such a labeling of the edges of a binary tree indicates all the game theoretic information
(player sets, information sets and identified alternatives) and also makes clear the
corresponding Markov chain with absorbing barriers.

Example 1. Consider the game with extensive form shown in Fig. 2.
The behavioral-normal form corresponding to this extensive form is

A(x,, x2; Yl) 6(1 x,)y, + 5x,(1 y,) + 4x,yl 1 x2) + 6X,ylX2(1 X,).

We can reduce the dimension of player I’s strategies by the following observation. If

0 6 5. 4. 6N
_

y 1-

X

FG. 2
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Xl is known to the agent choosing x2 at the vertex labeled v, then clearly a maximizing
(with any x2 if xl ). Moreagent should choose x2 1 if x <3 and x2 0 if xl >3

precisely, (Xl, 1) dominates (xl, x2) for x <1/2 and x2 < 1, and similarly for (x, 0) if

x > . Hence the game with normal form A(x, x:; y) is equivalent (with x x and
y y) to the game on the square with kernel

3K(x,y)=
6(1 x)y+5x(1 y)+6x(1 x)y ifx <

6(1 x)y + 5x(1 y) + 4xy if x .
It is not hard to calculate that infy supx K (x, y) 5 q, which is attained uniquely for
y=q=(170+40/-)/386"-0.694. This mixed (or behavioral) strategy for player II is
optimal. We next observe that the supx K(x, q) is attained only at the two points
x a 5(1-q)/12q’-O.184 and x 1. It follows that player I has an optimal random-
ized strategy involving only the two behavioral strategies (a, 1) and (1, 0). To calculate
the probability p such that the randomized strategy p(a, 1)+(I-p)(1, 0) is optimal
we consider the 2 2 matrix game shown below.

(a, 1)

(1,0)

y=0 y=l

5a 6(1-a2)

The minimax solution to this matrix game is given by y 1 with probability q
(which we already knew) and (a, 1) with probability p =-l/(6a:+ 5a-7)-" 0.17. The
value of this 2 x 2 game, and hence also of the original extensive form game, is 5- q.
It is worth noting that in contrast to nonrepetitive games, neither the value nor the
probabilities used in the optimal strategies lie in the field generated by the payoffs (all
integers in this example). This is of course due to the nonlinearity of the normal form.
We wish to make one further remark concerning the nature of the optimal strategies
found for this game. Observe that player I had to randomize over only two behavioral
strategies. We could have anticipated this qualitative feature by observing that
02/OyA(x,x2;yl)=O and referring to Karlin’s result [K, Thm. 4.3.1] that if
On/OyA(Xl, Xrn; y)>--O, then player I has an optimal strategy involving at most
n points. This is part of the theory of "generalized convex games." See also Owen [O,
Prob. 2, p. 83]. In the next section we will see how weaker results in this direction can
be obtained even if both strategy spaces are multidimensional.

Observe that the behavioral-normal form of the game in Example 1, and indeed
of any binary two-person zero-sum game, has the form

L

A(x, y)= at,fk(X, y) where fk(X, y) X 1’’’" x’Y’[ YJn"’
k=l

the exponents depend on k. We will call such games, where the maximizer I chooses
x in [0, 1]" and the minimizer II chooses y in [0, 1]", "multinomial games." This is
an obvious generalization of the class of polynomial games, where m n 1. It is clear
that the behavioral-normal form of a binary two person zero-sum game is always a
multinomial game. Our next two examples are given most naturally as multinomial
games, so it is useful to know that they arise from a (repetitive) game in extensive
form. This follows from Theorem 2.

THEOREM 2. Every multinomial game is the behavioral-normalform ofsome exten-
sive form binary two-person zero-sum game. If the degree (highest exponent) of the
multinomial is one, then the inducing extensiveform game may be taken to be nonrepetitive.
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Proof Unfortunately we know of no efficient algorithm for constructing the
extensive form, so we give only the following trivial one: Suppose the multinomial
A(x, y) is in the form written above. At a starting vertex v* we begin a tree by drawing
L out-edges which are chance moves with probability 1/L. The vertex following the
kth of these edges is follwed by i il(k) consecutive vertices of information set 1 of
player I, with every node following a (1- xl) left choice being a terminal vertex with
utility 0. At the vertex following i(k) choices of x (right) place a similar tree based
on i2(k) choices of information set 2 of player I. Finally, at the terminal vertex Vk
following chance move k, i choices to the right (x) at information set 1 of player
I,...,j,, choices to the right (y,) at information set n of player II, let the utility be
given by U(Vk) Lak. Since the probability of arriving at a vertex of type Vk is
(1/L)fk(X, y) and the utility of all vertices not of this type is 0, the behavioral-normal
form of this game is the given multinomial A(x, y). This construction clearly has the
property claimed in the second part of the theorem.

Example 2. Consider the multinomial game given by A(x, y) (Xl y)- (x- y2)2.
The associated game A(x, y)=(x-y) with xl and y in [0, 1] has the unique
optimal strategies x equal to 0 or with 1 equiprobability and y =. Since the game
Az(X2, Y2) -(x2- y2)2 is the same with the players’ roles reversed, and A is in a natural
sense the sum of these games, the solution to the original game A is given by the
randomized strategies x=(0,1/2) or (1,1/2) equiprobability and y=(1/2,0) or (1/2, 1)
equiprobability. The value of this symmetric game is of course zero (see Fig. 3).

In the solutions given in Fig. 3, no pure strategies (corners of the square) are
used. We now compute player I’s security level if he is restricted to using mixed
strategies (concentrated on the four corners). Suppose player I uses the generic mixed
strategy denoted by (p, q, r, s), where these entries are the respective probabilities of
the extreme points (0, 0), (1, 0), (1, 1) and (0, 1). If player II counters with the behavioral
strategy (z, w) (that is, y z and y= w) then the expected payoff is computed as

p( z2 w2) + q(( 1 z) w2) + r(( 1 z)2 1 w)2) + s( z2 1 w)2)

[pz2 + q( z) + r( 1 z)2 + sz [pw + qw2 + r( 1 w) + s( w)2]

=f(z)-g(w).

+-b
la,,, 1/2b,, +1/2b,
B B [0, 1]

FIG. 3
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It follows that the minimizer II chooses z to minimize f and w to maximize g. Hence
player II takes z =q + r and w equal to 1 or 0 depending on whether p + q is greater
than or less than r+s. Assuming the former, we obtain without loss of generality
that the expected value of A resulting from an optimal response to (p, q, r, s) is
(p+ s)(q+ r)-(p+ q) which has maximal value -- when all four corners are equally
likely. Thus no mixed strategy is optimal.

Example 3. Our last example is a geometric game in the spirit of Ruckle [R]. A
new town is to be built around a circular expressway. To minimize the cost of additional
spur roads, new residents are fined according to the square of the distance that they
choose to locate from the expressway. We consider the early stages where only two
players, I and II, decide to live in this town. We assume that a player’s fine is distributed
among the remaining players. The final rub is that I hates II but II likes I, feelings
which are related to utilities according to the square of the distance beween them.
More precisely, the expressway is centered at (0, 0) and has radius r, and the two
players must independently choose their respective positions x and y in the plane.
The payoff to maximizer I is A(x, y) 2[d(y, Sr)]2-2[d(x, Sr)]2+[d(x, y)]2. Here
d(y, St) denotes the Euclidean distance from the point y to the circle S representing
the expressway. The squares are used to ensure that the kernel is a multinomial and
the example was created so that the radial symmetry would produce optimal randomized
strategies symmetrically distributed about the origin (and, in particular, with infinite
nonconvex support).

Let G(a, b) denote the average square of the distance from a point on Sa to a
point on the concentric circle S0. It is easily calculated that G(a, b)=aZ+b2. From
the symmetry of the problem it is easy to see that the only real decision of each player
is how far from the origin to locate. Let F(a, b) denote the expected value of A(x, y)
if x and y are chosen uniformly over the circles of radius a and b, respectively. Then

F(a, b 2(b r)2 2( a r) + G(a, b

[3b-4rb] -[aZ-4ra].

Since d/db[3b-4rb] 6b-4r and d/da[a2-4ra] 2a-4r it follows that the values
a=2r and b=2r/3 constitute the unique saddle point for F(a, b). Hence for the
original game the uniform distributions/xl and/x over the concentric circles of radius
2r and 2r/3, respectively, are optimal randomized strategies for players I and II.
Consequently the value of the game is F(2r, 2r/3) 2r2/9 2r2 + 4r2 + 4r-/9 8r2/3.

The above analysis assumes that the strategies available to the players are all
points in the plane, whereas for a multinomial game they must be restricted to the
unit square. However if the circle is chosen with center at (1/2, 1/2) and radius r < 1/4 so that
the concentric circle of radius 2r lies in the unit square, then the resulting multinomial
game with strategies restricted to the square will have as optimal strategies scaled
versions of the/xl and ’2 given above. In Fig. 4 these optimal strategies are indicated
by dotted circles.

We have not proven uniqueness so the question remains whether the players have
optimal finite randomized strategies. To answer this we must use the following geometric
lemma: If Yo,’", Y,,- are m > points equally spaced along the circle So then the
average squared distance from any point x on the concentric title S,, to the points
yo,’",y,,- is G(a, b). It follows that any finite randomized strategy which gives
equal weight to a set of equally spaced points along So is optimal for player II. In
particular, any pair of equiprobable antipodal points on So constitutes an optimal
randomized strategy for II, with a corresponding result holding for player I.
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FIG. 4

The proof of the geometric lemma used in the above analysis is easy. Let x aei’
and forj =0, , m 1 let yj b ejqi where q 2trim (i2= -1). The sum ofthe squared
distances from x to yj is given by

f(t)= E [beqi-aei’[2= E (beJqi-aei’)(be-’i-ae-i’)
j=o j=o

Hence
m-1

f’(t)= E [(beJqi-aei’)(aie-i’)+(be-iqi-ae-i’)(-aiei’)] =0
j=O

because 1 eq, .o.,=-o, e_jq, O. Thus the sum, f(t), is constant The average must
also be a constant, which upon examination must be G(a, b).

4. Sufficiency of finite randomized strategies. Let G be a two-person zero-sum
game. According to Theorem 1 there are optimal strategies for each player consisting
of probability distributions over their behavioral strategy spaces. In this section we
further demonstrate that the players need to average over only a finite number of
behavioral strategies, and give an upper bound for that finite number in terms of the
complexity of the information structure of the game.

First suppose that G is a binary game. We define the multiplicity of an information
set as the maximum number of times a game path may pass through it. (Thus a game
is nonrepetitive if all information sets have multiplicity one.) Suppose player I has N
information sets of multiplicities k, k,. , kN and player II has M, of multiplicities
q,..., q. For each play of the game we consider the N-tuple (i,..., iN) where
i, is the number of times the nth information set of player I has been entered. Since
each i satisfies 0_-< i-<_ k an upper bound on the number of possible N-tuples
(il, N) is given by the number K I] S= (k + 1) which we call the informational
multiplicity of player I Similarly let Q l-I ,=1 (q-, + 1) be the informational multi-
plicity of player II. If the game G is not in binary form, define its informational
multiplicity, K(G), as the minimum of K(G’) as G’ varies over all binary games
equivalent to G. Define Q(G) similarly. The behavioral-normal form of the binary
game G can be written in the form

K Q

A(x, y)= air(x)s(y)
i=lj=l
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where ri(x) is of the form XlX2""Xu and sj(y) is of the form y’...y. This
notation is explained in the previous section. The strategies x and y are chosen from
B [0, 1] and B [0, 1] M, respectively.

THEOREM 3. Let G be a two-person zero-sum game, whereplayer I has informational
multiplicity K. Then he has an optimal randomized strategy which uses at most K + 1
behavioral strategies.

Proof By Theorem player has an optimal randomized strategy, which we
denote by/2. This means that

a(fi, y)= f a(x, y) dg(x)>- V for all y in Bl,
dB

where V denotes the value of the game G. Actually we use the version of Theorem 1
appropriate for two-person zero-sum games. Let R denote the set of all points r

(rl, ", rK) ofthe form ri B, ri(x) d(x), 1,. , K, for some randomized strategy
/ in B*. Let C denote the subset of R determined by the point measures (behavioral
strategies)/Zx in B*. That is, C {r: ri r(x), 1, , K, for some x in Bl}. It follows
in a straightforward manner from the separating hyperplane theorem that R is the
convex hull of C. This is stated in [K, Thm. 3.1.1], where a proof for B=[0, 1] is
given which applies equally well to all compact convex sets B.

Let ? be the point in R represented by the optimal randomized strategy/2:, r(x) dry(x), i= 1,..., K. Since R is a subset of K-dimensional Euclidean space,
every point in R is a convex sum of at most K + 1 extreme points. Hence we may write

K+I-- 2 ZpCp
p=l

where the Zp are nonnegative numbers summing to one and each Cp in the set C has
the form Cp r(x p) for some behavioral strategy x p in Bt. Define a finite randomized
strategy/’ by the convex sum

K+I

,= y’, z[x p]
p=l

where [x p] denotes the point measure whose support is x p. For i= 1,. ., K
K+I

ri(x) dtx’(x)= Y, Zpl’i(X p) i
B p=

In other words, the finite randomized strategy /z’ has the same K + 1 generalized
moments with respect to the ri as the given optimal randomized strategy/z. It follows
that for any behavioral strategy y in B,

a(tz’, y)= f a(x, y) dlx’(x)
dB . aijri,(x)s(y) dtx’(x)
B i=1 j=l

, Z ais2(Y) ri(x) dtx’(x)
i= ,j= B
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=,21 Z aoss(Y) ri(x) dry(x)
j=l B!

l’ (A(x,y) dfi(x)
Bl

A(fi, y).

This shows that any randomized strategy is in fact strategically equivalent to a
finite randomized strategy, which in particular establishes the theorem.

For those interested in sharper bounds on the number of behavioral strategies
one needs to average over, the theory of separable games as developed in [DKS] and
[K] will prove useful. In particular it can be shown (using [K, Cor. 3.5.1]) that each
player has a finite randomized strategy which involves at most min (K, Q) behavioral
strategies. However, since our estimates which initially gave the numbers K and Q
were themselves far from sharp, we have decided not to go into these details here.

5. Games with given optimal solutions. In the previous section we established
(Theorem 3) that zero-sum two-person extensive form games have solution pairs
consisting of finite randomized strategies. In this section we determine which such
pairs are solutions of some game. To make this question more precise, define f(m, n)
to be the class of all binary extensive form games (zero-sum, two person) in which
the two players have m and n information sets, respectively. Let F(j) denote the set
of all finite convex combinations of point measures on [0, 1IS. Then we can prove the
following.

THEOREM 4. For any pair (Ix, p) of measures-in F( rn F( n there is an extensive

form game in f(m, n) such that Ix and p are the unique optimal (randomized) strategies.
Proof. Gale and Gross [GG, Thm. 2] showed how a multinomial function A(x, y)

can be explicitly constructed on [0, 1] x[0, 1] such that /z and p are the unique
optimal (mixed) strategies for the abstract multinomial game. The explicit construction
of Theorem 2 (of this paper) may then be applied to obtain an extensive form game
in f(m, n) which has A(x, y) as its behavioral-normal form. It now follows that/z and
p, interpreted as finite randomized strategies, are uniquely optimal for the extensive
form game.
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Abstract. A nonlinear differential pursuit game with a general closed terminal set is studied. Notions
of various terminabilities are introduced. These notions include the notions of asymptotic stability, stabiliza-
bility and reachability of control systems. By using Lyapunov’s direct method; some sufficient conditions
for these terminabilities of the game are obtained. As a special case, a linear differential pursuit game with
the terminal set as a subspace is discussed as well.
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1. Introduction. Consider a differential game governed by the following system:

.=f(z, u, v),
(1.1)

z(0) Zo,

where z R" is the state of the game and Zo s R" is the initial state, u U c__ p is the
pursuit control and v VG [q is the evasion control, f’"x U x VI" is a given
map and the dot above z means the derivative with respect to time t. A nonempty
subset M of I" is also given. The game is terminated, if at some time to <, the state
of the game hits M, namely, the trajectory z(. of (1.1) corresponding to some pair
of controls u(. and v(. )satisfies

Z(to) M.

Thus, M is called the terminal set of the game.
We denote, for 0-< a < b <- + c, that

//[a, b)= {u :[a, b) Ulu is measurable},
F[a, b)= {v:[a, b) VIv is measurable},
Z[a, b) {z a, b) " Iz is absolutely continuous}.

For b <, we can define q/[a, hi, Via, b] and ’[a, b] in a similar way.
In the game, the pursuer wants to terminate the game by choosing a suitable

control u(. ) //[0, ), while the evader tries to prevent the game from terminating
by selecting a proper control v(. ) V[0, ).

The pursuer is regarded as the "primary" player in a pursuit game, namely, the
pursuer has some advantages in choosing his controls. To make it precise, let us
introduce the following definition.

DEFINITION 1.1. Let 0--<_ a < b _-< +oo, and U
_
P, V_q are given. A strategy S

on a, b) is a map from Z[a, b) x 7/’[ a, b) to q/[ a, b), such that for any a, b), z(. ),
(" 6 [a, b) and v(. ), 3(-) 7/’[a, b),

(1.2) S(z(. ), v(. ))(r)= S((. ), t3(. ))(r)
whenever

(1.3)

a.e.z[a,t],

z(r)=(r) Vre[a, t],

v(r) t3(7") a.e. 7" [a, t].

* Received by the editors March 12, 1986; accepted for publication (in revised form) July 17, 1987.
t Department of Mathematics, University of Texas, Austin, Texas 78712. Present address: Department

of Mathematics, Fudan University, Shanghai, People’s Republic of China.
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Moreover, S is called admissible if for any Zo
[a, b), u(. ) //[a, b), such that

.(t)=f(z(t), u(t), v(t)) a.e. t[a, b),
(1.4)

z(a)=zo,

(1.5) u(t)= S(z(" ), v(" ))(t) a.e.t[a,b).

We call the control u(. determined by (1.5) an outcome of the strategy $. We denote

[a, b) {u(. ) [a, b)lu(" is an outcome of some admissible strategy S on [a, b)}.

The pursuer will take his control from [0, oa). We see that, roughly speaking,
the pursuer can use the information that {z(s), v(s)[0 <- s -< t} when choosing the value
u(t) of the pursuit control u(. at time t.

DEFINITION 1.2. A point Zo R" is said to be asymptotically terminable, if for any
given v(. ) //’[0, ), there exists a u(. ) [0, o), such that the corresponding trajec-
tory z(. of (1.1) satisfies

(1.6) lim d(M, z(t)) 0,

where d(., is the Euclidean distance in ". If (1.6) is replaced by the following:

(1.7) Z(to) M for some to [0, ),

we call Zo terminable.
We denote

Co(M) {Zo "lZo is asymptotically terminable},

C(M) {Zo "lZo is terminable}.

Trivially, we have

(1.8) M_C(M)_Co(M).

DEFINITION 1.3. The game (1.1) with terminal set M is said to be:
(i) Locally asymptotically terminable, if there exists a neighborhood N of M,

such that

(1.9) Nc Co(M).

(ii) s-locally asymptotically terminable, if there exists a > 0, such that

(1.10) Oo(M)=--{z6"lO<-d(M,z)<6}c Co(M).

(iii) Locally terminable, if there exists a neighborhood c of M, such that

(1.11) fc C(M).

(iv) s-locally terminable, if there exists a 6 > 0, such that

(1.12) G(M)cC(M).
(v) (Globally) asymptotically terminable, if

(1.13) Co(M)

(vi) (Globally) terminable, if

(1.14) C(M) =l".
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Remark 1.4. The following implications about the above definitions are clear:
(vi) :=> (iv) => (iii)

(1.15) ,U,
(v) :=) (ii) =V (i)

Also, if M is bounded and closed, then

(1.16) (i) : (ii), (iii) v (iv).
The problem of various terminabilities introduced above for differential pursuit

game (1.1) with general terminal set M is closely related to many control problems
and stability problems. First, we can easily see that if both U and V are singletons,
then we can refer (i), (ii) and (v) to be the local, s-local and (global) asymptotic
stabilities, respectively, of the system to set M. See [2] for similar notions. Second, if
V is a singleton, then our problem is just the usual control problem. We can refer (i),
(ii) and (v) to be the local, s-local and (global) asymptotic stabilizabilities, respectively,
of the system to set M, and (iii), (iv) and (vi) to be the local, s-local and (global)
reachabilities, respectively, of the system to set M. See [1], [4], [9] for some similar
notions. Finally, regarding v(. as the uncertain parameter, our problem is related to
the problem of stabilizability or reachability of dynamic systems with uncertainty. For
relevant results, see [3], [6], [16], for example, and the references cited therein.

The problem of differential pursuit games, especially the linear differential games
with terminal set M being a subspace of l has been substantially studied (see [5],
[11]-[14] and [18], for example). The purpose of this paper is to give a (unified) way
of treating the nonlinear differential pursuit games with general closed terminal set M
using Lyapunov’s direct method. Thus, our approach is different from those used in
[5], [11]-[14]. We will also discuss the case that M is a convex and closed set, in
particular the case that M is a subspace and the system is linear.

2. Preliminaries. We denote the Euclidean norm and inner product in
and (.,.), respectively. For any smooth function (z) defined on a domain of E", we
denote its gradient by (OdP/Oz)(z).

Now, let us make some assumptions.

(A1) The sets U_ gP and V_cq are compact. The function f(z, u, v) is con-
tinuous in (z, u, v)x U x V, and there exists a constant K > 0, such that

(2.1) If(z, u, v)-f(z", u, v)l<-KIz-l Wz,, (u, v) Ux V.

(A2) The set M
_
l" is nonempty, not equal to " and closed.

(A3) The set M is convex.

Remark 2.1. If (A1) holds and we set hereafter,

(2.2) K, K + max If(0, u, v)l
(u,v)UxV

then, by (2.1), we have

(2.3)
LEMMA 2.2. Suppose (AI) holds. Then for any u(. //[0, oo), v(. 7/’[0, oo) and

Zo ffn, the trajectory z( of (1.1) satisfies
(2.4) ]z(t)] _-< (1 + Izol) e 1 V _--> 0,

(2.5) max If(z(t),u,v)]<=K,(l+lzol)e,’ Vt>=O.
(u,v)UxV

The proof is straightforward.
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Next, let M be a convex and closed subset of R n, nonempty, not equal to II n. We
let 0M be the boundary of M. For any x OM, we say that a vector

is an outer normal of M at x if

(y-x, rl)<=O VyM.
We define for any x e aM that

N(x) {r/e S"lr/is an outer normal of M at x}.
Then, by the supporting hyperplane theorem, we have that N(x) for all x e aM.
Also, it is clear that, in general, N(x) may contain more than one point. On the other
hand, we know that for any z e I"\M, there exists a unique x e aM, such that

(2.6) Iz x d (M, z).
Thus, the above defines a map x:"\MOM. About this map, we have the following
lemmas.

LEMMA 2.3. For all z, "\M,
(2.7) Ix(z) x()[ _----Iz l.

For the proof, see 32 of [7].
LEMMA 2.4. If we define xlt(z) ]z x(z)l2, for z , then

(2.8) OXIt(z) 2(z x(z))
Oz

LEMMA 2.5. For any z "\M, we define
z-x(z)

(2.9) O(z)=lz_x(z)[.
Then, for any z, G(m)=-{zff"ls<=d(M,z)<c} (s>0)

(2.10) IO(z)-O(S)l <3 Iz- l
S

The proof of Lemmas 2.4 and 2.5 are straightforward (see [18]).
Now, we return to the case with terminal set M simply being closed. Let Zo C(M).

We define
ffM (Zo) {t >_-- 01’q’v 7/’[0, o0), =lu(.

such that z(s) e M, for some s -< t},
T (Zo) inf (Zo).

In the case where there is no confusion, we simply denote -(Zo)= ’4(Zo) and
T(zo) T4(Zo). We call T(zo) the terminal time of Zo.

3. Various terminabilities. In this section, we prove the main results of this paper.
We divide this section into several subsections.

3.1. Local and s-local terminabilities. We define (cf. (1.6)), for O_< s < 6 =< +,
G](M) a= {z "]s <- d(M, z)< 8}.

Our first result is concerned with the s-local terminability of the game.
THEOREM 3.1. Suppose (A1) and (A2) hold. Let there exist constants 8, 80, C > 0

and continuous functions oa" (0, 8]+, I," G(M)- +, such that

(3.1) ai,(z) is nondecreasing with respect to d(M, z), z Go(M), i.e., cI,(z)>-(),
whenever d(M, z) >= d(M, ), for all z, Go(M),
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(3.2) 14=0, (z)>0 VzG(M)\M,

(3.3) --z (Z) <= C Vz G(M)\M,

(3.4) -z(Z)--z() <_-o()lz-l Vz,G(M), 0<<,

(3.5) sup inf (O(z,,f(z, u, v,] -6o Vz G(M)M.
vV uU koz /

en, the game (1.1) with terminal set M is s-locally terminable with

(3.6) G(M)=C(M).
Moreover, for any z G(M), the terminal time

(z)
(3.7) T(z).

6o

Proof Let zoeG(M)kM, 0<A <1 and v(.)e [0,) be given. We define the
following functions:

z(d)=max{1, d} Vde+[0,),
F(z, r)= g,(l +Izl) e r’ V(z, r)"x+,

{(1-A)d (l-A)ao . +F) rain
1 + F (JKFJ V(d, F) x

where K, is determined by (2.2). We denote do=d(M, Zo), Fo F(zo, r(do)), to
t(do, Fo). Let u(. ) [0, to] be such that

(3.8) (O(Zo),f(zo, u(t), v(t))) -6o a.e. te(O, to).

Then, we claim that for the trajectory z(.) of (1.1) corresponding to u(. and v(. ),
we have

(3.9) z(t)e Gao(M), tel0, to].

In fact, since to(1-A)do/(l+Fo)dor(do), by (2.5), we have

(3.,0) d(M, z(t))d(M, Zo)-FotoXdo qte[0, to].

On the other hand, if (3.9) were not true, then there would exist [e [0, to], such that

(3.) a(M,z(;))=, a(M,z(t))< Vt[0, ;).
Then, by (3.8), (3.10) and our assumptions, we have

de(t))=(a )( (Zo),f(zo, u(t),

(a( 0 )+ ())-(=o),A(), (), ())

+ (o),f(z(t), u(t), v(t))-f(o, u(t),

o+ do) Fg + CKFo
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Hence, it follows that

(3.12) dP(z(t))<--dP(Zo)-Ato t, t[0, t).

By (3.1), we then have that

d(M, z(t))<-_d(M, Zo)< Vt[0, t).

Thus, we end up with a contradiction to (3.11). Hence (3.9) holds. Then, from the
above argument, we obtain

(z(to)) _-< ,(Zo)- ;oto.
Set z Z(to), d d(M, z). Repeating the above procedure, we have

z(t) Gd,(M), [to, t],

(z(t,)) <- (z,)- ;to(t,- to)

for tl to+ t(d,Fz), F= F(zi,z(d)). In general, we have, for some u(.) q/[0,
that for k =0, 1, 2,

Zk Z( tk_), ZO given,

(3.13) dk d(M, Zk), Fk F(Zk, z(dk)), tk tk- + t(dk, Fk),

z(t) Gd(M), t[tk_, tk],

(3.14) d(Z(tk)) <= (Zk)-- hSO(tk tk-1) <- <-- dP(Zo)-- hSOtk.
Then, from (3.14), we see that (note _-> 0)

(Zo)
tk <= Vk>_O.

hto
Thus, we can assume that

(3.15) lim tk ’ [0, (Zo)].kc Ate0 J
By (3.1), we see that {dk} is nonincreasing. Thus,

lim dk d >- 0
kc

exists. We claim that d--0. Suppose the contrary, i.e., d > 0. Then, we let

o3 =max {o(y)ly [A 8]} <,
F= F(zo, t) <

Then, it is clear that for any k 0,

t(dk, Fk)min {(1-I), (1-I)o }1+ 2+CK >0.

This is a contraction to (3.15). Thus d 0, and

d(M, z())= lim d(M, Z(tk))=O,
k

i.e., z(t) M. Thus obtain (3.6). Finally, from (3.15), we have

(Zo)
T(zo).

Sending h 1, we get (3.7).
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Remark 3.2. It is easy to see that in the above proof, only some local arguments
have been used. Thus, some of the conditions in Theorem 3.1 can be slightly relaxed.
For example, the constant C in (3.3) can be replaced by a continuous function
C" Go(M)-->/. The relaxation of condition (3.5) is a little interesting. To state the
relaxed condition, let us set

(3.16) o-(R) sup sup inf/I)0__z(z),f(z, u, v))
\

zGg(M)\M V U

Then, the relaxed conditions states as follows: There exists a continuous function
ro" G(M) - [0, ) such that

-o"((1 + Izl) e :’(’()/"(z))- 1) <= -go(Z) Vz Go(M)
where K1 is determined by (2.2). It is clear that the proof of Theorem 3.1 applies if
we replace 6o by O-o(Zo), and (3.5) implies (3.5’) with ro(z) -= 60. The above idea leads
to the following result.

THEOREM 3.3. LetWbe a neighborhood ofM. Suppose all the assumptions ofTheorem
3.1, except (3.1) and (3.5), hold with G(M) replaced by W. Let or(R) be defined as in
(3.16) with Go(M) replaced by W and

(3.5") o-(R) < 0 VR>0.

Then the game (1.1) with terminal set M is locally terminable.
Proof We define

(3.17) p(z) sup {p > OlgY(z, p) W},

(3.18) o zlp(z)>(lz,), ((+lzl) e

Then, it is not hard to see that o contains an open neighborhood of M. We claim
that Wo C(M). In fact, for any ZoaVo\M, by arguments similar to those used in the
proof of Theorem 3.1, we can get Zo C(M) and

T(zo) <= 2(Zo)

Hence, by definition, the game is locally terminable.
We should note that in the proof of dk--> O, we do not need the monotonicity of

(.). The monotonicity of (.) in Theorem 3.1 is only needed to guarantee (3.9).
While in the proof of Theorem 3.3, by letting Zo o, we automatically have z(t)
for =< 2(Zo)/r(IZo]). Thus, we do not need the monotonicity of (. in Theorem 3.3,

Now, let us give some consequences of the above.
COROLLARY 3.4. Suppose (A1)-(A3) hold. Suppose there exists a 60>0, such that

(3.19) sup sup inf (q,f(x, u, v))<=-6o.
rl N(x) V U

xOM

Then, the game (1.1) with terminal set M is s-locally terminable, with

(3.20) G/K(M)c C(M).

Moreover, for any z Goo/ t M),

Kd(M,z)
(3.21) r(z)<=

6o-Kd(M,z)"
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Proof Let

Then, by Lemma 2.4,

o z-x(z)
oz (z) o(z)= Iz-x(z)l

e N(x(z)).

Thus, (3.2)-(3.4) hold with C 1 and to(s)= 3/s (note Lemma 2.5). Next,

sup inf (O_--- (z),f(z, u, v) =sup inf {(O(z),f(x(z), u, v))
vV uU \ OZ ] v_V uU

+(O(z),f(z, u, v)-f(x(z), u, v))}

<---60+ Kd(M, z).

Hence, for any e (0, 6o/K), we have

sup inf (O-7- (z),f(z, u, v)] -<- -(6o- e) < 0 VzE G(M).
vV uU \oz /

Thus, by Theorem 3.1, G(M)c C(M). Sending e io/K, we get (3.20). Finally, (3.21)
follows from (3.7) and the above arguments.

COROLLARY 3.5. Suppose (A1)-(A3) hold. Suppose

(3.22) sup sup inf (q,f(x, u, v))<0 VxOM.
1 N(x)’v V U

Then, the game (1.1) with terminal set M is locally terminable.

Proof Since (,1,f(x, u, v)) is Lipschitz continuous in x, uniformly in r/, u, v, we
obtain that

sup sup sup inf(,1,f(x,u,v))<0 VR>O.
IxlR lN(x) vV uU

xOM

Then, as in the proof of Corollary 3.4, by using Theorem 3.3, we can get the conclusion.

3.2. Local and s-local asymptotic terminability. We note that if f(z, u, v)= 0 for
z M, then all the results of 3.1 do not apply. In this section, we will discuss the
situation allowing f(z, u, v) 0 for z M. The Lyapunov functions we are going to use
in this section will be different from those in 3.1.

THEOREM 3.6. Suppose (A1) and (A2) hold. Let there exist a constant e >0, a
.+ + +neighborhood oV ofM and continuous functions tx -> " such that

(3.23) Ix is nondecreasing, Ix(0)=0, Ix(y)>0 VT>0,

(3.24) (z)>0 VzaV\M, 14=0,
(3.25) ==-{z"l*(z)<-_e}c,

(3.26) axis( C(C\M),
Oz

(3.27) supvv ,uinf (Ozz (Z),f(z, u, v)) <--ix(d(M, z)) Vz \M.

Then, the game (1.1) with terminal set M is locally asymptotically terminable with
c Ca(M). Moreover, suppose instead of (3.25); we have, for some 6 > O, that

(3.25’) G(M) - Ace
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Then, the game (1.1) with terminal set M is s-locally asymptotically terminable with
G(M)cCa(M).

Proof. Let Zoe A/’\M and v(. )e //’[0, oo) be given. Denote

2(Zo)
do d (m, Zo), ’to .

/(do/2)

We claim that there exist a toe [0, ’o] and a u(. ) [0, to], such that the trajectory
z(.) of (1.1) corresponding to u(. and v(. satisfies

do(3.28) d(M, z( to)) <=-.
Suppose it is not the case. Then, we have for any u(.

do(3.29) d(M, z(t))>-- Vt[O, ’o].
Z

Now, we set

F0 K 1

Let Oo(’) be the modulus of continuity of (O/Oz)(z) on the set
(1 + ]Zo]) eK’- 1}, Then, we define

sup / / 0.

Then, similar to the proof of Theorem 3.1, we can find a u(.)e [0, t], such that
z(t) for e [0, t] due to (3.25) and

.(z( ;)) .(Zo)

Thus, the procedure can be repeated. Since only depends on ro and Zo, noting (3.29),
we see that by repeating finitely many times of the above procedure, we will have the
following"

 o=0.

Thus, z(o) M which contradicts (3.29). Hence (3.28) holds. Then, replacing Zo by
z Z(to), we can repeat the above arguments. By induction, we see that Zoe C(M).
Hence, we obtain the local asymptotic terminability. It is clear that if we have (3.25’),
then the above argument gives us that Gg(M)c C(M). Hence, we have the s-local
asymptotic terminability of the game.

The following result is well known (see [2, p. 135], for example).
COROLLARY 3.7. Suppose (A1) and (A2) hold with U and V being singletons and

M being bounded. Let there exist a neighborhood of M and a continuous function
’+ satisfying (3.24) and (3.26). Also, we assume that (let f(z)f(z, U, V))

en, the system (1.1) with terminal set M is (locally) asymptotically stable.
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Proof Since M is compact, we can easily define a continuous function /z(.)
satisfying (3.23) and

(3.27") -z (Z),f(z) <= -(d(M, z)) Vz \M.

Also, we can find e, 6 > 0, such that (3.25’) holds. Then Theorem 3.6 applies.
Remark 3.8. In the case where V is a singleton, Theorem 3.6 gives a sufficient

condition for stabilizing system (1.1) to set M. In particular, for M being compact,
we have a result similar to Corollary 3.7 for the stabilization of the system (1.1) to M.

The next result says that if in Theorem 3.6, (z) goes to zero (as d(M, z)O)
much faster than tz(d(M, z)) does, then we can have local (s-local) terminability of
the game.

COROLLARY 3.9. Suppose (A1) and (A2) hold. Let there exist a constant e > O, a
neighborhood /" of M and continuous functions , Ix :+ +, qt ag" +, such that
(3.23)-(3.27) hold. (. also satisfies (3.23) and

(3.31) (z)<- fl(d(M, z))

In addition, we assume that there exists a sequence of decreasing positive numbers {dk}
such that

(3.32) lim dk 0, do e,
k--,,

(3.33) fl(dk) <.
=0 tz (d+)

Then, the game (1.1) with terminal set M is locally terminable with C(M), andfor
any Zo , ifd+ < d(M, Zo) <= d, then

(3.34) T(zo) --<2 2
i=k /Z (di+l)"

Furthermore, if there exists a 6>0, such that (3.25’) holds, then the game (1.1) with
terminal set M is s-locally terminable with G(M)c C(M).

Proof Let Zo \M, v(. ) [0, ) be given. Let

2q(Zo)
7.0 o/(d)

Then, as in the proof of Theorem 3.6, we have that there exist toe [0, 7.0] and u(.
[0, to], such that

d(M, Z(to))<-_d.

Set z Z(to), and repeat the procedure. In general, we have (t_ _a 0)

2q(z)
Zk=Z(t-), 7.k= t=t_+

(d+,)’
d(m, Zk)<--dk, k=0, 1,2,. .

Then, by (3.31) and (3.33), we have

tk=2 <--2 <c.

Hence, limk_ tk exists and it is easy to see that Zo C(M). The remaining assertions
follow immediately.
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To close this section, we give some consequences of the above results for the case
that M is convex.

COROLLARY 3.10. Suppose (A1)-(A3) hold. Let there exist a constant 6>0, a
continuous function " +-- +, satisfying (3.23), such that

(3.35) sup inf (O(z),f(z, u, v))<--fi(d(M, z)) Vz G(M)\M,
vV uU

where O(z)=-(z-x(z))/(Iz-x(z)l), (See 2.) Then, the game (1.1) with terminal set M
is s-locally asymptotically terminable with G(M) C(M). Moreover, if there exist c > O,
0 < a < 1, such that

(3.36) /2()_->c Vy[0, 8],

then the game (1.1) with terminal set M is s-locally terminable with Go(M)c C(M).
Proof. Let (z)=d(M, z)=[z-x(z)[. Then, (3.24) and (3.26) are satisfied. By

(3.35), we have (note Lemma 2.4)

supply ,tinf (O-zz(Z),f(z, u, v))<=-d(M,z)fi(d(M,z)) VzeG(M).

Thus, by Theorem 3.6, we have Go(M)c C,(M).
Now, if (3.36) holds, then we let

1 1
dk k,,

m >,l a
k >- ko.

Then, with fl(d)= d 2, x(d)= (d)d, we have

fl(dk) <__1 d2k 1/k+l, "(1+) 1 <2’(’+ 1

/x(d+) c d+k+l C k (
C km(-)

Hence, k>__ko(dk)/lz(dk+)<03 and Corollary 3.9 applies, l-1

3.3. Global terminabilities and remarks. In this section, we will briefly discuss the
global (asymptotic) terminability ofthe game. The results are essentially the consequen-
ces of those in 3.1 and 3.2.

PROPOSrrION 3.11. Suppose all the assumptions of Theorem 3.1 holdfor a sequence
of3 k > O, with limk_, (k --OO. Then, the game 1.1 with terminal setM is terminable
and for any z ", (3.7) holds.

PROPOSITION 3.12. Suppose all the assumptions of Theorem 3.6 hold with =".
Then the game (1.1) with terminal set M is asymptotically terminable. Furthermore,
suppose (3.31 holds in for some fl (.) satisfying (3.23) and there exists a sequence
{dk}=-o, such that

dk+l dk Vk =0, +/-1, +2,- .,
(3.32’)

lim dk =0, lim dk --+03,
k-+o

(3.33’) 2
fl(dk)

< 03.
k=-oo/X (dk+l)

Then, the game (1.1) with terminal set M is terminable.
The proofs of the above two propositions are obvious.
To close this section, let us make the following remarks. In the proofs of Corollaries

3.4, 3.5 and 3.10, we have given the prototypes of the Lyapunov functions used in
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Theorems 3.1, 3.3 and 3.6, respectively, namely, (M, z)=d(M, z) and (M, z)=
d(M, z)2. Each of them has different advantages. We can see this from Corollaries 3.4,
3.5 and 3.10. It seems possible that we can give results as in Theorems 3.1 and 3.3 by
using Lyapunov functions of type q used in 3.2 instead of type used in 3.1. But
the proofs will be different since O/Oz =0 for z M. Also, it seems to us that if we
used instead of @, then the corresponding result of Corollary 3.4 would not be as
neat as the present Corollary 3.4, especially for (3.21).

Finally, we see that in the proofs of our above results, the basic idea is Lyapunov’s
direct method. Since in our case, we have an evader control v(.) in the system and
our pursuit control u(. is restricted to be in ?/[0, ), the proofs become a little bit
difficult. The same idea was also used in a previous paper on differential evasion games
[17].

4. Linear cases. In this section, we discuss the case that f(z, u, v) is of form
Az+g(u, v).

4.1. The case M {0}. Let us consider the following system:

Az + g(u, v),
(4.1)

z(0) Zo,

where A is an (n n)-matrix, g’U x VR" is a continuous function, U___RP and
V___ q are compact sets, and the terminal set M {0}. It is clear that in this case;
(A1)-(A3) hold, and

(4.2) N(0) S-= {n "llwl 1}.

We denote by r(A) the spectrum of A, A* the conjugate of A, and Re or(A)
{Re AIA r(A)}. By Re o-(a) _-< a, we mean that r(A)

_
{A ClRe A _-< a}. The meaning

of Re o-(A)< a is similar. The following result is concerned with some necessary
conditions for certain terminabilities.

THEOREM 4.1. Suppose 6 > O, such that

(4.3) G(M) = C,,(M),

namely, the game is s-locclly asymptotically terminable. Then,

1
(4.4) Re tr(A)<=- inf sup Ig(u, v)l.

vV uU

In particular, if the game is (globally) asymptotically, terminable, then,

(4.5) Re o-(A) .0,.

that
Proof Since g(., is continuous and U and V are compact, wehave Vo V, such

(4.6) Y--a inf sup Ig(u, v)l sup Ig(u, Vo)l.
uU uU

We let A max Re r(A). Suppose (4.4) is not true, i.e.,

(4.7) A >--Y>= 0.
6
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Case 1. h or(A). Then there exists an W Sn, such that

A* q Aq.

Now, let the evader take control v(t)-= Vo, and let the initial point satisfy

Then, zoe G(M)c C(M). But, for any u(. )e [0, ), we have

d(M, z(t))= [z(t)l [(, z(t))[

, e’zo+ e(’-’g(u(r), vo) dr

e- e(- d

- e--->0 Vt0.

This means that zo C(M), which is a contradiction.
Case 2. I i e (A), > 0. Then we can find , e N, such that they are linearly

independent and

Set L span {, }. By choosing a suitable basis for LLZ N, we have that

g= z=

where stands for the entries which will not concern us, and

0

By applying the orthogonal projection P to (4.1), we get

S= z+ (u, v),

Again, let the evader take v() vo. Take the initial point to be

(4.11) Zo

Then, Zo G(M)= C,(M). But for any u(. ) [0, ), we have

d(M,

e ]e’ e"% e"(’-’eb(’-’(u(), vo) dr

-Z>0e e’lzl- e’- de Iol
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which contradicts z0 Ca (M). Hence, we must have (4.4). It is clear that if (4.4) holds
for all 6 > 0, then (4.5) holds. Thus, the last assertion of the theorem holds. [3

By (1.15), we see that Theorem 4.1 holds if we delete the word "asymptotically"
in the theorem. Next, we consider some sufficient conditions.

THEOREM 4.2. Suppose there exist 3" > 0 and an (n x r)-matrix B, such that [A, B]
is completely controllable and

(4.12) 3"B(B(O))c f-) g(U, v),
tV

where Br(o) a_ {z Rrllz] __<- 1}. Then, the game is s-locally terminable. Furthermore, if (4.5)
holds, then the game is terminable.

To prove this theorem, let us first give the following lemma.
LEMMA 4.3. Suppose the system [A, B] is completely controllable. Thenfor any 3’ > O,

(4.13) 0e Int U e-A* Bw(’) dr
t0

Moreover, if (4.5) holds, then

(4.14) CI e-ABw(7") d"
t0

For the proof see Chapter 6 of [9] and Chapter 4 of [15].
Proofof Theorem 4.2. Since [A, B] is completely controllable, by (4.12) and (4.13),

we get

(4.15) M {0}
___

Int C(M).

Thus, the game is locally terminable. Then, by Remark 1.4, the game is also s-locally
terminable. Now, if (4.5) holds, then by using (4.12) and (4.14), we can get that the
game is terminable.

Actually, the result of Theorem 4.2 is not new. It is just a version of Lemma 4.3
for differential pursuit games.

THEOREM 4.4. Suppose that

(4.16) Re o’(A) < 0,

(4.17) 0 CI Co g(U, v),

where Co g(U, v) is the convex hull of g(U, v). Then, the game is asymptotically
terminable.

To prove this theorem, we need the following lemma.
LEMMA 4.5. Let p(t),’’’ ,p,,(t) be measurable, bounded functions defined on

[0, T], with values in Rr. Let tx( t), , tz,,( t) be measurable nonnegative scalarfunctions
defined on [0, T], satisfying Y i=

tzi( t)= 1. Then for any e > O, there exists a measurable
function p(. with values p(t) in the set {p(t),..., p,(t)} at any [0, T], and the
value p(t) ofp(. at time only depends on {/zi(s), pi(s)ls<= t, 1 <=i<= m}, such that

(4.18) x(-)p(,r)-p(’) d" <_- e Vte [0, T].
i=1

For the proof, see [8].
Proof of Theorem 4.4. For any Zo"\M-="\{0} and any v(.) 7/’[0, o), by

(4.17), we have u(. ),. ., u,+(. ) [0, ), such that
n+l

0-- E /’i(7") e-arg(ui(’r), v(’r)), 7G [0, 3),
i=1
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n+l
where i(r)_>-0, 2i:1 j[/.i(’/’)---1. Then, by Lemma 4.5, we see that there exists a
a(.) [0, c), such that for k_-> 0,

+’

e-Ag(t(T), V(’)) dr

i=
/xi(r) e u,(r), v(z))-e (a(,), v()) d <(k+ 1)----"

Thus, by this (. ), we have (note (4.16))

le’zol+le’ =0 as t.

Hence, the game is asymptotically terminable. S

4.Z Soe generalizations. Now we consider the game. (4.1) with terminal set M
being a subspace of N, with dim M < n. We let Mz be the ohogonal complement
of M and " N Mz be the ohogonal projection onto M. It is clear that for any
x OM M, we have

(4.19) N(x) M S" {n e Mllnl 1},

d (M, [n l.
Since in the present case, the terminal set M is convex and closed, Corollaries

3.4 and 3.5 hold. Let us observe the implication of (3.22) (or (3.19)). Explicitly, (3.22)
is equivalent to the following:

0> sup supinf(,Ax+g(u,v))
MaS vV uU

sup (n, Ax)- sup [g(u,v)] VxeM.
eMzS" (u,v)e Ux V

This implies that

(rl, Ax) =0 Vx M, r e M+/-.

That means AM c (M+/-)+/-= M, i.e., M is an invariant subspace of A. Let us assume
this is in the rest of this section. By choosing a suitable orthonormal basis for
M+/- O) M ", we have

A=
A3 A4

Then applying II to (4.1), we get

Z Z0"-g
g2 Z2 \ Z20]

’1 AlZ + g(u, v),
(4.21)

z(0) Zo.

Also, by (4.20), we see that z M if and only if z 0. Hence, we have reduced the
game (4.1) with terminal set M to the game (4.21) with terminal set {0}. Thus, we have
results similar to those in 4.1. We state these corresponding results below.

THEOREM 4.1’. Suppose 3>0, such that

(4.3’) Gg(M) c Ca(M).
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Then,
1

(4.4’) Re r(A*lr)=< inr sup IIIg(u,
V U

In particular, if the game is globally asymptotically terminable, then,

(4.5’) Re r(A*[) <= 0.

THEOREM 4.2’. Suppose there exist "), > 0 and an (mx r)-matrix B, with m dim M+/-,
such that [(A*[MI)*, B] is completely controllable and

(4.2’) B(Br(O)) C rig(U, v).

Then, the game is s-locally terminable. Furthermore, if (4.5’) holds, then the game is

terminable.
THEOREM 4.4’. Suppose that

(4.6’) Re r(A*[.) < 0,

(4.17’) 0 Co Hg(U, v).

en, the game is asymptotically terminable.
Remark 4.6. For the game (4.1) with terminal set M being an invariant subspace

of A, (2.1) holds with K [A[. (We assume A 0.) Then under (4.12’) with B being
the identity on Mz, by Corollary 3.4, we only have

(4.22) a/(M) C(M).

Then, by Theorems 4.1’ and 4.2’, we see that in this case, the game is globally terminable
if and only if (4.5’) holds.

5. Examples. Our first example shows that in general, local terminability does not
imply the s-local terminability (recall Remark 1.4).

Example 5.1. For simplicity, take U, V to be singletons. The system is given by
(on )

--e-Y
(5.1)

The terminal set is

(5.2)
We take a Lyapunov function

M {(x, y) e NIx -< 0}.

(5.3) dp(x,y)=d(M, (x,y))=x+=max{x,O} V(x,y).
Then, we see that (recall (3.16))

(5.4) tr(R) =-e--R VR > 0.

Thus, (3.5") is satisfied but (3.5) is not satisfied. Actually, we can claim that this game
is locally terminable (by Theorem 3.3) but not s-locally terminable. In fact, by (5.1),
for any (Xo, Yo) "\M,

x( t) Xo- e-y-" d"

Xo- e-Y(1 e-t).
Hence, (Xo, Yo)e C(M), if and only if Xo < e-y, and thus

(5.5) C(M) {(x, y)lx < e-Y}.



494 JIONGMIN YONG

We see that no > 0 exists such that

GcC(M).
Similarly, we see that

(5.6) Co(M) {(x, y)lx<- e-}.
Hence, this example also shows that the local asymptotic terminability does not
necessarily imply s-local asymptotic terminability.

Example 5.2. Let us consider two objects in g3, one pursuing the other. Suppose
the pursuer is x and the evader is y, and they are subject to the following systems"

--0,
(5.7)

# Aox + Bop + C1 u,

(5.8)
)=q’

t Aoy + Boq + C2v.

The pursuer wants to "softly" catch the evader, namely, the terminal set M is

(5.9) M={x=y,p=q}.

Let us set

Then, (5.7) and (5.8) become

0 I 0

(5.10) = Ao Bo 0

0 0 0

0 0 Ao
The terminal set M becomes

z x- y, z2 p- q,

z3 x + y, z4 p + q.

0 Cz+ u+
I 0

Bo C1 \ C2 /

(5.11) M {(0, 0, z3, z4)[z3, Z4 E

v =- Az + Bu + Cv.

is completely controllable. Let there exist a T > 0, such that

(5.12) TC,(B3(O)) (") (C1U-C2)),
uV

Then the "soft" capture is possible if initially the positions and the velocities of these two
objects are close enough. Furthermore, if we have

-0,(5.13) Retr
Ao Bo

then, for any initial state, the "soft" capture is possible.
The proof is immediate.
Finally, we present an example in which the Lyapunov function is not a function

of d(M, z). This example is a modification of that given in [3].

It is clear that AM
_
M. Thus, we have the following proposition.

PROPOSITION 5.3. Suppose
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Example 5.4. Let the game be governed by the following system:

Z2,
(5.14)

2 -sin z, + u v cos z,,
where z,z2eR, ue U[-a, a], v V=[-b, hi, a> b_>- 0. The terminal set is M {0}.
We define

(5.15) ’t,(z) z + 2z,z + z+ 2( 1 -cos z,).
Then, we have

sup inf (--z (z)f(z, u, v))=2sup inf {z,z.+z+(z,+z_)(u-vcosz,)-z, sinz,}
ceV ueU oeV ueU

(5.16) __--> 2(-a + b + Iz21)Iz, + z21- 2z, sin

Hence (note a > b), we can find constants c > 0, e > 0, such that

(5.17) sup inf (O.---(z),f(z, u, v)) <=-c(Iz12+lz2[2) -cd(M, z) [z[, [z21<_- e.
veV ueU /

Thus, by Theorem 3.6, the game is s-locally asymptotically terminable.
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A PRODUCT FORMULA APPROACH TO NONLINEAR
OPTIMAL CONTROL PROBLEMS*

VIOREL BARBUf

Abstract. In this paper we prove the convergence of an iterative scheme of Lie-Trotter type for optimal
control problems governed by nonlinear systems. The numerical implementation of the resulting algorithm
is also discussed.

AMS(MOS) subject classification. 35

Key words. Lie-Trotter product formula, maximal monotone operators, nonlinear semigroups, dis-
tributed control systems, free boundary problem, optimal control, Stefan problem

0. Introduction. This work is concerned with an iterative scheme ofthe Lie-Trotter
product formula type for optimal control problems of the following form:

(P) Minimize f/g(y(t))dt+h(u)+o(y(T))
on all (y, u) C([0, T]; H) L2(0, T; U)

subject to

(0.1) y’(t)+Ay(t)+Fy(t)(Bu)(t)+f(t), t[0, T],

y(0) =yo.

Here H and U are real Hilbert spaces,f L(0, T, H), Yo H, g" H --> R, o" H --> R
and h" U--> R =(-, +] are given functions, A and F are maximal monotone
operators in H x H and B" U- L2(0, T; H) is a linear operator. (The exact hypotheses
will be given later.)

In few words, the main result of this paper amounts to saying that in certain
situations problem (P) can be approximated for e0 by the following sequence of
optimal control problems

(P) Minimize g(y(t)) dt+h(u)+o(y(T))

on all y" [0, T] H, u L(0, T; U)

subject to

(0.2) y’(t)+Ay(t)=(Bu)(t)+f(t) for t(ie,(i+l)e),
/ y/y (ie)=w(e) fori=l,... S-1 (0)-yo,

(0.3) w + Fw, 0 in (0, e), e T/N,

w,(O)=Py-(ie) for i=l,2,...,S-1.

Here P is the projection operator ofH into the closed convex subset K D(A) f-) D(F).
As we will see later the iterative scheme (0.2), (0.3) is related to the Lie-Trotter

formula for nonlinear semigroups and it provides a theoretic algorithm for obtaining
the solutions to problem (P). The convergence of this scheme is proved in the cases

* Received by the editors February 18, 1986; accepted for publication May 6, 1987.

" University of lasi, 6600 lasi, Romania.
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described in Theorems 1 and 2 below which include a large class of distributed and
boundary optimal control problems governed by nonlinear parabolic equations and
free boundary problems (see Examples 1, 2 below).

The semigroup approximation theory has already been used by H. T. Banks (see,
for instance, [1]) to derive numerical algorithms for infinite-dimensional optimal
control problems. However, these results differ in spirit from our own.

The numerical implementation of this algorithm, which was written by Dr. V.
Arnutu from the University of Iasi, is discussed in 5.

1. Preliminaries and the main result. Notation and hypotheses. (1) H and U are
real Hilbert spaces with the norms ]. and l" Its, respectively. B is a linear continuous
operator from U to L2(0, T; H).

(2) V is a real Hilbert space continuously and densely imbedded in H. Identifying
H with its own dual and denoting by V’ the dual of V we have

VcHc V’

algebraically and topologically. Assume that the injection of V into H is compact and
denote by ]].]] the norm of V. We will denote by the same symbol (.,.) the scalar
product of H and the pairing between V and V’.

(3) A" V--> V’ is a linear, continuous, symmetric and coercive operator, i.e.,

(1.1) (Ay, y)>-to[[y]] Vy V

where to > 0.
(4) F" D(F)c H -> 2n is a maximal monotone operator of subgradient type, i.e.,

F 0q, where " H --> R (-, +] is a lower semicontinuous, convex function. (We
have denoted by 0q the subdifferential of q.) We assume that for every A > 0 and all
y D(A) {y V; Ay H},

(1.2) (Ay, FAy) >- 0

where

F A-l(/-(/+ AF)-) (I is the identity operator on H).

(5) P is the projection operator of H into K- D(F). We shall assume that P
maps V into itself and

(1.3) (APy, Py)<-(Ay, y) Vy V.

(6) The functions g" H --> R and Oo’ H -> R are Lipschitzian on bounded subsets,
Fr6chet difterentiable and bounded from below by affine functions. The function
h" H-> R is convex, lower semicontinuous and coercive, i.e.,

(1.4) lim h(u)/lulu

We will assume, finally, that

(1.5) Yo e D(q) f’l V and f L2(0, T; H).

We note that assumption (1.2) implies that the operator A/ F is maximal monotone
in H x H and D(A)fq D(F)= D(F) (see for instance [6] or [3, p. 19]). Moreover,
A 4- F 0, where

$(y)=1/2(Ay, y)+(y).
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Then according to standard existence results for nonlinear evolution equations of
subgradient type (see [6] and [2, p. 188]), (0.1) admits a unique solution y
W’2([0, T]; H)f)L2(0, T; D(A)). (We have denoted by WI’2([0, T]; H) the space of
all absolutely continuous functions y :[0, T] --> H such that y’ L2(0, T; H)). Moreover,
since by our assumptions on V, A and F the map u--> y" is compact from U to
C([0, T]; H) we infer by standard device that problem (P) admits at least one solution
(y*, u*). (We have denoted by y" the solution to state system (0.1).)

Now we come back to iterative scheme (0.2), (0.3) and note that for Yo
and f satisfying (1.4) this system has a unique solution y:[0, T]--> H which is
piecewise continuous and belongs to W’2([ie,(i+l)e];H)fqL(O,T;V) for
all =0, 1,..., N-1. Indeed, by assumption (1.2), we know that (see for instance
[2, p. 183])

(1.6) e-F’vv for allt:>O

and so y/(ie) V for all i.
As a matter of fact we may rewrite system (0.2), (0.3) as the impulse differential

equation
N

y’+Ay: Bu+f+ , (e-Fpy-(ie)--y-(ie))(R)6(ie),
i=1

where e-Ft is the nonlinear semigroup generated by -F and 6 is the Dirac measure.
It is readily seen that for each e > 0, problem (P) has at least one solution (y, u).
We set

(1.7)

and

b(u) g(yU(t)) dt+qo(y’(T))+h(u)

(1.8) 6(u) g(y(t)) dt+po(y(T))+h(u)

where y is the solution to approximating system (0.2), (0.3).
Then we may rewrite (P) and (P) as

(P) min {b(u); u U},

(P,) min {b,(u); u U}.

The main result is the following theorem.
THEOREM 1. Assume that beside (1)---(6) at least one of the following hypotheses

holds:
(i) The set {w= Bu; h(u)-<_A} is compact in L(O, T; H) for every A R.
(ii) F OIc, where C is a closed convex subset of H.
Then limo inf b inf b, and if { u* } is a sequence ofoptimal controlsfor problems

(P) then

(1.9) lim b u* inf b.e+o

Moreover, every weak limit point of {u*} is an optimal control for problem (P).
In (ii) we have denoted by OIc the subdifferential of the indicator function Ic of

C, i.e.,

(1.10) OIc(y) {p H; (p, y w) >- 0 Vw C}.
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Conclusion (1.9) of the theorem amounts to saying that {u*} is a sequence of
suboptimal controllers for problem (P).

Now we shall present some typical situations where Theorem 1 applies.
Example 1. Consider the distributed control system defined on an open domain

11 of R" with a sufficiently smooth boundary:

o__y
ot

(t’ x) Ay(t, x) + y(y(t, x))

(1.11)
=f(t, x) + , vi( t)ai(x),

i=1

y(O,x)=yo(x), xef,

Oy
y+an=0 inE=(0, T)xF,

Ov

(t,x)Q=(O, T) x 1,

(1.12)

d/)
--+ D( v) Bou a.e. t[O,T]
dt

v(O) Vo, v v,, v, v).

Here, a,e L2(I)), a >-0, y is a maximal monotone graph in R x R (eventually
multivalued) such that D(y)- R, 0e y(0), D is a Lipschitzian mapping from R to
itself and Bo is a linear continuous operator from a control space U to LI(0, T; R’).

Theorem 1 is applicable if we take V H(I)), H L2() and A V- V’, F: H -H, B: U L2(Q) defined by

(1.13) (Ay, z): Ia Vy" 7z dx + a-’ I,.yz do" Vz H’(II),

(1.14)
(Fy)(x)= y(y(x)) a.e. x 1),

(Bu)(t, x)= E ai(x)vi(t),
i=1

(t,x)eQ.

Assumption (i) is obviously satisfied as an immediate consequence of the Arzelfi
theorem.

Example 2. Consider the free boundary problem

O---Y-Ay>--_f+Bu, y>--_O a.e. inQ,

(1.15) -Ay-Bu- y=0 a.e. in 0,

y(O,x)=yo(x) a.e. xell,

3,=0 in

where yoe H(II) and yo(x)>--0 almost everywhere x e II.
The control system is of the form (0.1) where V= H(I), H L2(II), A =-A,

F OIc where C {y e H(II); y(x) >-_ 0 a.e. x e ll}.
Note that (Py)(x)= max {y(x), 0} almost everywhere x ell and it is well known

that assumption (1.3) is satisfied, i.e.,
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Optimal control problems governed by the free boundary problems of the form (1.15)
have been studied in [3], [11], [14], [15].

2. Proof of the main result. We begin by establishing a Lie-Trotter product formula
for the nonhomogeneous evolution equation

y’+Ay+Fy=x,
(2.1)

y(0) x

where xL(R/; H), xD(A)f’ID(F)= D(F)= K and A, F satisfy assumptions
(1)-(5) of 1.

We know that (2.1) has a unique integral solution y C(R/; H) in the sense of
1,2B6nilan (see [2], [6]). If X L2oc(R+; H) then y Woc([6, T]; H) on every interval

[6, Tic (0, +c).
Following an idea due to Dafermos and Slemrod [10] we may write (2.1) as an

autonomous differential equation in the Banach space X H x L(R+; H) with the
norm II(x, x)ll , Ixl/ o Ix(s)l as,

Let :X--> X be the operator defined by

(2.2)
M(x, X) {(A + F)x-x(O), -X’}, (x, X) D(M),

D(M) {(x, X) X; x D(A) I"1D(F)}, X e W’"(R+; H)

by

(2.5)

and

(2.6)

where

S,(t)(x, X) ()7(t), X,), t=>0

S2(t)(x,x)=(e-Ftx, x), t>_O

’+A=x inR+, )7(0)=x

and e-F’x w(t) is the solution to the evolution equation

w’+Fw=O inR+, w(0)=x.

We see that &(t) and S2(t) are generated by the operators and ’2 defined below"

.Sl(X, X): {Ax-x(O), X’}, 2(x, X)= {Fx, 0}.

Let P" H+ K be the projection operator on K D(F) and let II’X+’c=
K x L1(R+; H) be defined by

(2.7) II(x, X)= (Px, X), x e K, X e L’(R+; H).

and

(2.3) S(t)(x,X)=(y(t),X,), X,(s)=x(t+s), t,s>=O;

then we may write (2.1) as

d
(2.4) d-- S(t)(x, x)+ S(t)(x, x) O, >=O.

In other words, S(t):K LI(R+; H)-> K L(R+; H) is the semigroup of non-
linear contractions generated by the m-accretive operator via the Crandall-Liggett
generation theorem [9].

On Y" K L (R+; H) consider the nonlinear semigroups S(t) and $2(t) defined
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PROPOSITION 1. For all x K and X L(R/; H) we have

(2.8) irn 1-IS, $2 (x,x)=S(t)(x,x) Vt_->0

in X, and the convergence is uniform in on compact intervals of R+= [0, ).
Proof We will employ the nonlinear version of Chernoff theorem due to Br6zis

and Pazy [7].
Let {F(h)}h>O be the family of nonexpansive operators on Y{ defined by

F(h)= IIS,(h)S2(h)

and set

(2.9) Xh=(I+Ah-l(I-F(h)))-’(x,x), A>0

where I is the identity operator in X.
According to Theorem 3.2 in [7] to prove (2.8) it suffices to show that for h 0

(2.10) Xh (I + AC)-(X, X) for all A > 0.

Taking into account (2.5)-(2.7) we may rewrite (2.9) as

(2.11) (h/A)xh-Ap e-Ahe-Fhxh4- e-A(h-s)yh(s)ds =hx,

(2.12) (h+A)yh(s)-Ayh(s+h)=hx(s), s>--O

where (xh, yh) Xh X and e-At is the Co-semigroup generated on H by the operator

Inasmuch as the operators (I 4- A.ff)- and (I + Ah-(i-F(h)))-1 are nonexpansive
on X, without any loss of generality we may assume that x D(A) f’l D(F) and

X, X’ L2(R+; V)f’l LI(R+; V).

Then by (2.12) we see that yhG LI(R+; V)fqL2(R+; V), yh is absolutely continuous
on compact intervals in the V-norm and

Ily i= 1,2,

-ssY _--< i= 1,2.
Li(R+; V) Li(R+; V)

Hence {yh}h>O is compact in L(R+; H) C(R+; H) and since the limit is unique we
may infer that for h 0

(2.13) yh W strongly in H, uniformly in s on compacts.

Since by (2.12)

}y(s)l ds Ix(s)l ds V > 0

we infer by (2.13) that {yh} is compact in L(R+; H), and therefore

(2.14) yh w strongly in L(R+; H).
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On the other hand, we see that for each q W’2(R+; H), q(0)=0, we have

lim lo(yh(s+h)-yh(s) ) foh-O h
O(s) ds (w(s), ’(s)) ds.

Hence for h -, 0

1 h-(yh(s+ h)-y (s)) weakly in LZ(R+; H)

and letting h tend to zero in (2.12) we see that

(2.15) w- hw’ X a.e. in R+.
Next by (2.13) we see that for h0

(2.16) h- e-(h-yh(S) ds- w(0) strongly in H.

To complete the proof of (2.10) it remains to be shown that for h +0

(2.17) xh - x strongly in H
owhere x. e D(A) 1D(F) is the solution to the equation

(2.18) x + h (Axx + Fxx)= x + hw(0).

To this purpose we set qh=h-ho e-a(h-s)yh(s)ds and noting that P=(I+OIr.)-(1 is the identity operator in H) we may put (2.11) under the following form"

h-l(xh e-Ahxh)-}- hh- e-Ah(xh e-Fhxh)
(2.19)

+ Ah-OIK(A-(h + A )xh hA ’x) x + Aqh -xh.

Let z(s)= e-ASxh, i.e.,

hz’ + Az 0 in [0, h], z(0) x

and let u be arbitrary but fixed in V. We multiply the latter by z(s)- u and integrate
on [0, h]. After some calculation we get

x 1_ Io(2.20) (e-ahxh--xh, --U)+-Ie-Ahxh--x + (q(Z(S))--q,(U)) ds<--O

where o(u)=1/2(au, u).
Similarly,

le-x 1 Io(2.21) (e-Fhxh--xh, xh--u)+- --X + (q(e-F’xh)--O(U)) ds<=O.

Hence

(2.22)

h-l(e-Fhxh --Xh, e-Ah(xh u))+(2h)-’le-Vhxh

-xhl2+ h-’ (o(e-F’xh)--q(U)) ds

< h-l( e-Fhxh
Xh, e-ahXh xh) .31- h-lle’Fhxh Xhl le-ahu U I.
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Now we multiply (2.19) (scalarly in H) by xh--e-Fhxh-t hA-l(xh x) and use the
accretivity of e-Ah along with the definition of OIK (see (1.10)) to find

h-l(xh e-Ahxh, Xh e-Fhxh <= --(Xh e-Ahxh, Xh --X)--(Xh e-Fhxh, e-ah(Xh X))

X
h -Fhxhd-(Xd-Aqh--xh, --e

+ hA-t(x + Aqh -xh, xh -x).

Then combining the latter with (2.20) and (2.22) yields

A(h-(e-Ahxh --xh), Xh U)+ A(h -1 e-Ah(e-Fhxh --xh), Xh U)

J’"+ Ah-’ ((e-FSxh)q l(e-Asxh)) ds
o

(2.23) <-- A((U)+ (U))+(2h)-Ale-Ahu-- ul
+ Ix h e-xhl(21Xh Xl + IX + Aqh xhl)
/hA-lx/Aq-xhllx-xI.

Now by (2.11)

(2.24) X
h h(A + h)-’x + A (h + A )-P(e-Ahe-Fhxh + hqh).

Since assumption (1.2) implies that (see [2, p. 183])

dI(e-Fhx)<=d(X) Vh>=O, x V

it follows by (2.24) that

IIxll<-Ilxll+Allq"ll<-c for all h>0

because, as we have seen above, {qh} is bounded in L(0, 1; V).
We may conclude therefore that Xhh>0 is a compact subset of H. Hence on a

subsequence again denoted h, we have
0(2.25) xh --> xx strongly in H.

Since the functions b and b are lower semicontinuous it follows by the Fatou
lemma that

(2.26) lim inf h -1 (dp(e-FSxh)q bl(e-Asxh))ds >= b(X)q p(X).
h0

Next from (2.25) and the strong continuity of e-F’ and e-A’ we infer that

(2.27) le-ahXh XI + le-hxh xhl- 0 as h - 0.

Now once again, using (2.19) and the definition of cglk, we get

Ah-(OIk(A-l(h + A )xh hA-x), X
h U)

>-- -(3Ik(A-’( h + A )xh hA-x), xh -x)

xh Fhxh -Ah --X))--A h(x+Aqh-xh,x -x)--( e-Ahxh Xh, x) e- xh, e (xh -1 h

and by (2.27) we conclude that

(2.28) lim inf h-(OIk(A-(h + A )xh hA-ix), xh u) >- O.
n-0
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Along with (2.19), (2.23) and (2.26) the latter yields

X
h-lim (X+,qh--xh, --U)<=,((U)--(X))

h-.O

where " q+o. Then by (2.16) and (2.17) we have

(x w(O- x, x u)-<_ ((u)- x)).
Since u is arbitrary in H and 9" A+ F we conclude that

x + Aw(0) x e A (A + F)(x).
oHence xx is the unique solution to (2.18) and the proof of Proposition 1 is complete.

In the following we shall denote by y the solution to control system (0.1) and
by y the solution to system (0.2), (0.3).

PROPOSITION 2. For each u U we have

(2.29) y (t) y (t) strongly in Hfor all [0, T].

If Bu,, Bu strongly in L(O, T; U) for e, 0 then

(t) y (t) strongly in Hfor [0, T].(2.30) y,,.

Proof. We extend (Bu)(t) with 0 on [T, +c) and apply Proposition 1. Then the
sequence {)7}>o defined by

(2.31) (fi(t),(t))=(IIS(e)S2(e))’(yo, Bu) fort[ie,(i+l)e]

or equivalently

(2.31)’ y’ P(y)-(ie) for t[ie, (i+ 1)el

is strongly convergent in H to y(t) for all [0, T]. On the other hand, it follows by
(0.2), (0.3) that

(2.32) ](y)-(ie)-(y)+(ie)l=l(y)-(ie)-e-Fp(y)-(ie)[
and by (0.2)

(2.33) y-(ie)= e-A e-Fpy-((i-1)e)+ e-A(’-’(Bu+f) ds.
i--l)e

Note also that

f’ ]((y)’12 ds+(Ay(t), y(t))

Since as a consequence of assumptions (1.2), (1.3)
Fe FeN(A(y)+(ie), (y)+(ie))=(A e- P(y) (ie), e- (y)-(ie))

(P(y-(i, P(y-(i

<-_ (A(y)-fie), (y)-(ie))

the latter yields

(2.34) [(y) ds + (Ay"(t), yU(t)) <- (Ayo, Yo) + (]Bu + ]f]2) ds.
i=0 d ie
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In particular, it follows that {y} is bounded in L(0, T; V) and {(y)-(ie)} is compact
in H.

Now since e-aD(F) D(F) for all e >0 we see by (2.33) that

[y-(ie)-Py-i(ie)[<-_ ]Bu+flds<=Ce ’/ forall i.
i-1)e

Along with (2.32) the latter yields

(2.35) lim I(y)-(ie)-(y)+(ie)l =0
e-0

because {y-(ie)} is compact and e-vt is continuous in t.
Now again by (0.3) we have for t[ie, (i+ 1)e]

ly:(t)-(yj)+(ie)l=<-_ c(ell(yj)+(ie)[[=+ (IBul2+lf[) ds

and so by (2.31)’, (2.35) we infer that

limy(t)=lim(t)=yU(t) strongly in H for t[0, T]
e-0 e0

as claimed.
The second part of Proposition 2 follows by (2.31) and the previous discussion

if we take into account the fact that for each e>0 the operator IIS(e)S2(e) is
nonexpansive on X. An immediate consequence of Proposition 2 is that lim,_,o b(u)
b (u) for all u U.

Proof of Theorem 1. Let u* be an optimal controller for problem (P) and let y*
be the corresponding solution to system (0.2), (0.3). By assumption (1.4), {u*} is
bounded in U and so on a subsequence en--> 0 we have

(2.36) u, u* weakly in U

while by Proposition 2

(2.37) y*,,(t) yU*(t) strongly in H for all [0, T].

(We set y*--y..) Since by estimate (2.34), {y*,,} is bounded in L(0, T; H) we see
by (2.37) that g(y*,) g(y*) in L(0, T). Finally, since h is weakly lower semicon-
tinuous, it follows by (2.36) that

lim inf h(u*,,) >-_ h(u*).

Then if we let en tend to zero in the obvious inequality (if* is an optimal control for
problem (P))

it follows by (2.29) that

(2.38) b(u*) =< lim bn(un) <- b(ff*).

Hence

lim bn(u )= b(ff*)=inf{b(u)" u U}
n_0
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and u* is an optimal controller as claimed. To prove (1.9) we set 37 =y and note
that by (2.36) and the Arzelfi theorem, we have

37,--> y* yU. in C([0, T]; H).

Hence

g(y,(t)) dt+tpo(,,(T))-> g(y*(t)) dt+qo(y*(T))
o

and by (2.38) we see that h(u,)--> h(u*). Hence lim,_, $(u*.) b(u*) and since {e,}
is arbitrary (1.9) follows.

Assume now that Hypothesis (ii) holds, i.e., F=OIc. Then e-eFP=P
(l+eOIc)- for all e>0, K =C and system (0.3), (0.4) becomes

(2.39)
y’(t) + Ay(t) (Bu)(t)+f(t)

y+ ie Py- ie ).

a.e. ts[ie, (i+ 1)el,

Let {u*,,} be a weakly convergent subsequence of {u*} and let u* be its weak limit (see
(2.36)). We see u, u*,, and yn Y*,,. For simplicity we set e, e and N, N.

By estimate (2.34) we have

( Io )
(i+l)e

[2 2(2.40) [y’,(t) dt+ [ly,(t)[I <- c Ilyoll+ (luol+lf[= dt
i=0 die

and therefore

(2.40)’ IAy.( t)l= dt < C.

On the other hand, we have

(2.41)

N

ly+(ie)-y-(ie)l
i=0

N

-Aeey IOF< Z Iey(ie)-e ;((i 1)e)l+ (IBu,,(s)l/lf(s)l) ds.
i=O

Since by virtue of assumption (1.2), e-a’c c C for all t_>- 0 (see [6] or [2, p. 183]) we
have

IPy(ie) e-aeey(( 1)e)l- ]ey(ie)- P e-Aeey-(( 1)e)l
<-lY-(ie) e-Aepy(( i-- 1)e)]

<-_ <lBu.I / I/I) as

and by (2.41) we conclude that
v Ior(2.42) Y lY+.(ie)-Y-(ie)l <-2 (Inl/lfl) d.
i=0

The functions y. are of bounded variation on [0, T] and by estimates (2.40), we
see that

T

V y,, + Ily.(t)ll c for all n and [0, T]
o

where Vo
r y stands for the variation of y "[0, T]- H. Since the injection of V into
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H is compact we conclude, by virtue of the infinite-dimensional Helly theorem, that
on a subsequence, again denoted Yn, we have

(2.43) yn( t)--> y*( t) strongly in H for all tel0, T] and weak* in L(0, T; V).
By estimate (2.40)’ we see that Ay*e L2(O, T; H).

Now let yC be arbitrary but fixed and let t[ke,(k+l)e], s[ie,(i+l)e],
i< k, two points on the interval [0, T]. By (2.39) we have

1 k

12 (lY"(t)-YI--IY+"(ke)-YI)+-=, (lY:(Je)-YI2-IY+"((J- 1)e)-Yl)

/(]y2((i+ 1)e)-y -]y (s)-y])

(Bun +f- Aye, y, y) dr.

Hence

l
(Bun +f-Ay., y. y) dr+- ly.(s)- y

1 k+l

+2- j=,
(lY+(Je)-yl2-1Y(Je)-yl2)"

On the other hand, we have

1/2(ly+.(je)- yl-ly(je)- yl) <-_ (y(je)- y(je), y(je)- y)

=((je)-y(je), (je)-y)O

because P A (OIc)a AOIcP for all A > 0. Hence

(ly.(t)-y -ly.(s)-yl) (Bu.+f-Ay.,y.-y) d.

Letting n tend to in the previous inequality we get

(2.44) 1 (ly.() _y ly*(s)-y) =< (Bu* +/-ay*, *-) d,

for 0 < s < < T.
Before proceeding fuher let us observe that y*(t)e C almost everywhere

[0, T]. Indeed by (2.39) we have

y(t)=e-(’-(ie)+ e-(’-(Bu+f) ds for ce[ie,(i+l)e]

and therefore

ly(t)-.(t)l e-A(t-)(Bu+f)ds NCen/2 for te[ie,,(i+l)e,]
iE

because e-A’c C. Hence y*(t)= *(t) as claimed.
Now in (2.44) take y y*(s). By Gronwall’s lemma we obtain

[y*(t)-y*(s)[ ]Bu*+f+Ay*l d. for 0st T

and therefore y*" [0, T] H is absolutely continuous and almost everywhere differenti-
able. Now (2.44) yields

(.45 (y*(-y*(s,y*(s-yl (u*(,l+f(,-y*(,l,y*(,-y
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Then dividing by t-s and letting s tend to zero we see that

(y*’(t) + Ay*(t) Bu*(t) -f(t), y*(t) y) <_- 0 a.e. [0, T]

for all y C. Hence

y*’ + Ay* + OIc(y*) f+ Bu* a.e. [0, T].
In other words, we have proved that y* y*. From now on the proof is identical

with that of first case.

3. Problem P in a particular case. We will consider here the special case of free
boundary problem (1.15), where for the sake of simplicity we take (o 0. In this case
system (0.2), (0.3) becomes

yt-Ay=Bu in Q’=(ie,(i+l)e)x,

(3.1)
y=0 inE’ (ie,(i+l)e)xF,

y(O,x)=yo(x), xf,

y+( ie, x) Py-( ie, x), x

where Pz=max(z,O) for all zL2(l)) and yoH(f), yo>-O a.e. in
We may approximate system (3.1) by the following the family of penalized smooth

control systems

Yt-Ay=Bu in Q
(3.2) y=0 in

y+(ie, x)=(l+;,)-y-(ie, x), y+(O,x)=yo(x) in

where A > 0 and

(3.3)
A-r+2- for r=<-A,

fl(r)= -(2A2)-’r2 for -A<-r_-<0,
0 for r>0.

We may obtain first-order necessary conditions of optimality for problem (P) by
using the method developed in [3]. To this aim consider an optimal pair (y*, u*) to
problem (P).

Let (y, u) be an optimal pair for control problem with state equation (3.2) and
cost functional

It follows that for A -> 0

T 1
g(y(t)) dt+ h(u)+-lu-u12v.

strongly in U,

strongly in every C([ie, (i+ 1)e]; H) and
weakly in W1’2([i, (i+ 1)e]; H)f’l L2((ie, (i+ 1)e); H()).

The optimality conditions for this problem can be written as

(P )t + Ap Vg(y in Q;,
(3.4) (p)-((i + 1)e) (1 +fl’((y)+((i+ 1)e)))-(p)+((i+ 1)e)

(p)-(T) 0,

(3.5) B*p Oh(u)+u
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Multiplying (3.4) by p and integrating by parts, we obtain after some calculations
the following estimates"

’" [[p(t)[[ 2 dt+lp(t)[<-_ C for all A >0,
0

’f(i+’) [[(p),[[2,dt <= C for all A >0.
i=0

(We have denoted as usual by II’ll, I’l and II’ll, the norms in V= Ho(fl), H= L2(I)
and V’= H-(fl).)

Then by the Helly theorem we infer that on a subsequence again denoted A, we have

p(t)p(t) strongly in H-(fl) for every t[0, T],

p p weakly in L2(0, T; Ho(l)), weak-star in L(0, T; L2(fl)).

Recalling the inequality (see [12])

where ,/(8) --> 0 as 8 -> 0, we conclude that

p --> p strongly in L)-(Q).

Then letting h tend to zero in (3.4), (3.5) we see that

p,+Ap=Vg(y*) in Q,

p-((i+l)e,x)=,p+((i+l)e,x), xfl; i=O, 1,...,N-2,

p-(r, x) =o

where

(3.6) /z, w-lim (1 +fl’((y)+(i+ 1)e)) -1 in L2(fl).
A0

We set E=(x; (y)+((i+ 1)e,x)_-<-A} and

E {x 1;-h < (y)+(((i+ 1)e, x))_-< 0},

We have

fl((y)+((i+ 1)e))= fl’((y)+((i+ 1)e))(y)+((i+ 1)e)
(3.7)

+ 2-’X,(x) + (2X2,)-’((y})+(i + 1)e)zXZx(x)
and EZa respectively.where a,,, xz, are the characteristic functions of E

Since {fla((y})+(i+ 1)e)} is bounded in LZ(f) and weakly convergent to some
veOlc((y*)+((i+ 1)e)), i.e., v(x) =0 in {x; (y*)+((i+ 1)e) > 0}, v(x)<=O in tl, we see
by (3.6) and (3.7) that

/,(x)= in [(y*)+((i+l)e)>0],

/,(x)=0 in [(y*)+((i+l)e)=0].

PROPOSITION 3. Let (y*, u* be any optimalpair in problem (P) with state equation
(3.1). Then we have p BV([0, T]; H-(fl))f’l L(0, T; L2(I)))f’l L2(0, T; H(I))) such
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that p, w’E([ie, (i+ 1)el; H-(II)) for i=0, 1,..., N-1 and

p, + Ap Vg(y* in Qi for all i,

p-((i+l)e,x)=p+((i+l)e,x) in [x;(y*)+((i+l)e,x)>0],
(3.8)

p-((i+l)e,x)=O

p-(T,x)=O in ,
in Ix; (y*)+((i+ 1)e, x) =0],

(3.9) B*pOh(u*).

To solve problem (P) numerically we shall use the following gradient type
algorithm (6 is a prescribed precision, MAXITER is the prescribed maximum number
of iterations and e- TN)"

Step O. Choose u) L2(O, T; U);

n := 0, iter :- 1.

Step 1. Compute y, solving

Oy...__,_ Ay, Bu") on Qi,
ot

y,=0 onE i=0,1,... N-1

y+,(ie, x) max (y,+(ie, x), O) for x s fl,

y+,(O, x) yo(x) for x II.

Step 2, Compute p, solving

i= 1, 2, N- 1,

aP---z"+ Ap, Vg(y,) on Q,
ot

p,")=O onE fori=O, 1,...,N-1,

p-((i+l)e,x)={Po+"((i+l)e,x) if Y+"((i+l)e’x)>O,
if y+,((i+ l)e,x)=O,

p-(T,x)=O for xfl.

Step 3. Compute w") Oh(u")) B*p,;
compute p,nthe steplength of the gradient method.

Step 4. Test:l]p,w<")[[ <-_- 6?
-YES--> STOP (the algorithm is convergent).
-NO --> iter := iter + 1;

Test: iter=< MAXITER?
-YES u"+) := u") p,w")"

n:=n+l;
GO TO Step 1.

-NO STOP (the algorithm is
not convergent).

Remark 3.1. The convergence test may also deal with the difference b(u"+))
(u").
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This gradient algorithm yields a sequence {(u("))} which is convergent to a
value corresponding to a stationary point of [8, p. 70]. Moreover, if the sequence
above is convergent to inf , then {u (")} is a minimizing sequence for problem (P),
that is

lim dp(u(’)) =inf 4).

A numerical example will be presented in 5.

4. Product formula for a boundary optimal control problem. We shall consider
here the following problem: Minimize

(4.1) g(y(t)) dt + h(u)+ oo(y(T))
0

on all y e L(Q) and u e L:(l) subject to

y,-Ay=fo in[(,x)eQ;y(,x)>0],

y,-Ay>-fo, y>-O in Q=(0,

y(O,x)=yo(x),
(4.2)

0y+y= (Bu)(s) ds for (,x)e;=(0, r)Xrl,
0,

y=0 in=(0T) xF.
Here II is a bounded and open subset of R" with a sufficiently smooth boundary
1-" 1-’ 1U F2, where F fl F , B is a linear continuous opeator from a Hilbert space
of controllers U to L(l), ff 0, and Yo, fo are given functions such that

(4.3) foe W’([O, T];

(4.4) yoeH’(12), yo=>0 in a, yo=0 in F2.
In regard to the functions g:LZ(12)--->R, qo:L(l)->R and h: U-->/ we will

assume that hypothesis (6) in 1 holds.
It is well known (see, for instance, [3], [4]) that the one-phase Stefan problem

0, A0 0 in {(t, x) e Q; l(x) < < T},

0=0 in{(t,x) e Q; l(x) >= t},

VxO. V/(x)=-p in {(t,x)e Q; t=/(x)},

00
+a(O-w)=O in:, 0=0 inE2,

O(x, o)= Oo(x) in 12o; 0(0, x)=0 in

(here l(x) is the equation of liquid-solid interface) can be put into the form (4.2),
where

y( t, x)= O(s, x)x(s, x) ds

(X is the characteristic function of the set {(t, x); l(x)<= t}) and

(4.5) (Bu)(s, tr) w(s, r) a.e. (s, tr) e

(4.6) fo(x) Oo(x) for x rio, fo(x) -p for x
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Under assumptions (4.3), (4.4) the free boundary problem admits a unique solution
y wl’2([0, T]; L2(I-I)) ["1L(0, T; V) (see 13, p. 157]). Here V= {y n(fl); y 0
in F2}.

First-order necessary conditions for problems of this form have been established
in [3], [4], [11].

We associate to problem (4.2) the approximation scheme

y,-ay=fo in Q’=(ie,(i+l)e)xfl,

O---Y+ay=v inEl’=(ie,(i+l)e)XFl,
(4.7)

y=0 inE"=(ie,(i+l)e)xF2,

y+(ie, x)=Py-(ie, x), x, i-1,...,N-1

where

y(O, x) yo(x), x e ll

V(t) (Bu)(s) ds for t [0, TI, Py= max(y, 0).

Note that for every e>0, problem (4.7) has a unique solution y
L(O, T; V)fq W’2([ie, (i+ 1)el; L2(II)) on every interval [ie, (i+ 1)el. We set

(4.8)

and

6(u)= g(y(t)) dt+h(u)+oo(yU(T))

(4.9) ,(u) g(y(t)) dt+h(u)+oo(yU(T))

where y and y are the solutions to (4.2) and (4.7), respectively.
Then we consider the optimal control problem with cost functional (4.1) and state

equation (4.7), i.e.,

(4.10) min {(u); u U}.

We have for the approximating problem (4.10) a convergence of the type shown
in Theorem 1.

THEOREM 2. Let {u*} be a sequence ofoptimal controllersforproblems (4.10). Then

(4.11) lim (u*)= inf{,(u); ue U}
e0

and

(4.12) lim inf inf ,.
e->0

Moreover, every weak limitpoint of { u* }for e --> 0 is an optimal controllerforproblem (4.1).
Proof. Let (y*, u*) be an optimal pair for problem (4.10). Then as seen earlier in

the proof of Theorem 1 there is a subsequence en-> 0 such that

(4.13) u*o --> u* weakly in U.

We postpone for the time being the verification of Lemma below.
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LEMMA 1. By (4.13) it follows that

(4.14) y.(t)-> y*(t) strongly in Hfor all t[0, T] and weak star in L(O, T; V)

where y*= y"* is the solution to system (4.61), where u u*.
Then by (4.13), (4.14) we infer that

lim inf h(u.) >- h(u*), lim g(y.) g(y*) in LI(0, T)

and this implies that

(4.15) lim ,.(u.) ,(u*) inf ,.
Now if z =y then we have the estimate (see, for instance, [3, p. 157])

II(t)llv / ’( t)l] .2(n dt<= C(1 + IIBullL ())
and this implies via the Arzelfi theorem that {z} is compact in C([0, T]; L2(fl)). Hence
without loss of generality we may assume that

z. y* in c([0, T]; L(n)).
Since h(u,,) h(u*) as easily follows by (4.15), we infer that (u.) (u*) as claimed.

oof of Lemma 1. The proof is similar to pa (ii) of Theorem 2 with some
modifications. We set u. u, y. =y. and v.(t)=o (Bu.) ds. By (4.7) we have (setting
En :E)

ly:((i+l)e)l+f ]Vy.2dxdt+a[ ly,]2 dx dt

JQ

and
(i+l)e

I(y.)ldt/[Vy((i/l)e)l/ ly((i/l)e,x)l dx
die

<:-IVy+"(ie)’+a fr lY+"(ie’ x)’2 dx+ Io [f[2 dxdt+ I: Iv"[2 dxdt

where [. 12 stands for L2(fl)-norm. Combining these two inequalities we obtain

(4.16)
N-1E f (i+l)e

i=0 die

I(y.),l= dt + Ily.(t)ll

=< IlyII=/ I Ifl= dx dt + I. Inu"l= dx at

where I1" is the H(f)-norm.
In order to estimate

N-1 N-1

(4.17) E lY+.(ie)-Y(ie)12 E ]Py-(ie)-y-(ie)12
=0 i=0

we observe that y(ie)= z.(ie)+ .(ie) where

(z,),-Az,=fo in Qi,

(4.18) oz,+az. v. in Z ’i

ov z. 0 in z2’i

z.((i-1)e)=O in fl
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and
(sc.),-A:. =0 in Q,

(4.19) 0s"+a:, 0 inY_,’ s, 0 in 2

Ov

.((i- 1)e)= Py((i- 1)e) in

We have

]Py- ie y ie )]2 <-- PY ie . ie )]2 + ]z. ie )]2

<__lpy-(ie)-pe-,py:((i-1)e)l+ Ifol dxdt
Q’

+ Iv l dx de

where A=A for D(A)={H(fl); /v+a=O in F; =0 in F2}.
Putting the latter estimate in (4.17) we get

N-1

(4.20) E
i=O

Hence the total variation of y on [0, T] is uniformly bounded. We may therefore
apply the Helly theorem to sequence {y,} to conclude that on a subsequence, again
denoted {y,}, we have

(4.21) y,(t) y*(t) strongly in H for all [0, T] and weak star in L(0, T; V).
Now let K {y V; y(x) 0 almost everywhere x s fl} and let y be any element of K.
Let st be two arbitrary points of [0, T]. If se[ie,(i+l)e] and t[ke,(k+l)e],
where i k, by (4.7) we obtain

1 1 k

1
(ly-((i+

dr Vy.(r, x) V(y.(r, x)-y(x)) dx

-(_ (v.(r,x)-ay.(r,x)) (y.(r,x)-y(x) dx)

and arguing as in the proof of Theorem 1 we obtain

1 (ly.(t)- yl- ly. (s) yll)

<- dr (Vy.. V(y.-y)-fo(y.-y)) dx+ (v.-ay.)(y.-y) dx

and if we let n tend to + it follows by (4.21) that

!(,y*(t)-y,_-,y*(s)-y,_)+l I1 I dr (Vy*. V(y*-y)-fo(y*-y)) dx
2

(4.22)
+ a dr *(*-y) dx- dr v*(y*-y) dx O

where v*(t) 5’o Bu* dr.
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By (4.1) and (4.19) we see that for t[(i-1)e, ie]

y.(t) .(t) + z,,(t): e-a(t-(i-’))Py((i-- 1)e)+ z,,(t).

Since e-at maps K into itself we have

(4.23) ]y.(t)-Py,,(t)[z<-21z.(t)12 for te[(i-1)e, ie].

On the other hand, by (4.18) we see that

i--1)e

Hence y*(t) K almost everywhere e [0, T].
Now if we take y y*(s) in (4.22) and use Gronwall’s lemma we find after some

computation that

ly*(t)-y*(s)l<-_ c (11*()11%(,.,)/ I/o(,)lN for all s_-< t_-< T.

Hence y*’[0, r]-L2(a) is absolutely continuous and y*,eL(Q), i.e.,
w’,([0, T]; L(a)).

Now by (4.22) we have

(y*(t)-y*(s),y*()-y)+ d, (Vy*.V(y*-y)-fo(y*-y))dx

+ dr (ay*-v*)(y*-y) dx<-O
"1

for all y e K and all s-- t-< T. (Here (.,.)z is the scalar product of L2(l’t).)
Then dividing by t-s and letting s tend to we obtain

(y,*(t), y*() -y)+ f Vy*(t, x). V(y*(t, x)-y(x)) dx

(4.24)
+| (y*(t,x)-v*(t,x))(y*(,x)-y(x)) dx

"1

<-Iafo(t,x)(y*(t,x)-y(x))dx a.e. tel0, T] forall yeK.

Inequality (4.24) shows that y* is the solution to (4.1) thereby completing the
proof of Lemma 1 and of Theorem 2.

5. Numerical results. In this section, we present numerical results for the algorithm
described in 3.

The algorithm was tested on the following example: lI =(0, 1), T= 1. Let us
consider a little more generally that l)= (a, b). The cost functional is

(u, t)= (y(t,x)-yo(x)) dxdt+- u t,x) dxdt

and B is the identity operator.
The problem was discretized by use of finite differences. Consider the grid defined

by the following equidistant points:

0= t < tz<" < tu+ T
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with the steplength e T/N and

a x <X2<" "<XM+ b

with the steplength h =(b-a)/M. The state y is approximated by two matrices,
namely YL and YR, whose components are defined by

YL(i, j) y(x,, tj -0), YR(i,j) y(x,, tj +0).

The adjoint state p is approximated the same way by the matrices PL and PR. The
control u is represented by the matrix U with components

U(i,j) u(xi, ")

where rj (tj + t+)/2, w defined in Step 3 is also represented by only one matrix W.
In what follows we shall omit the iteration index (n).

The state system in Step 1 was solved ascending with respect to time levels, level
by level. We have from the initial condition

YR(i, 1)=yo(x) fori=l,2,...,M+l.

Assume now that we know the values corresponding to level j. In order to reach the
level j + we proceed as follows:

(i) We use the implicit method to discretize the differential equation. We obtain

(YL(i,j+ 1)- YR(i,j))/ e =(YL(i/ 1,j+ 1)-2*YL(i,j+ 1)

(5.1) + YL(i- 1,j+ 1))/h2+ U(i,j)

for 1, 2,. ., M.

From the boundary conditions we know that

YL(1,j+ 1)= YL(M+ 1,j+ 1)=0.

Hence we obtain an algebraic linear system with respect to the unknowns YL(i, j + 1),
1, 2, , M. Its matrix is a band one having the structure

(5.2)

1+2c -c 0 0 0 0
-c 1+2c -c 0 0 0

0 0 0 c 1+2c c

0 0 0 0 -c 1+2c

where c e/h 2.
(ii) Solving the system above we may compute

YR(i,j+l)=max(YL(i,j+l),O) fori=l,2,...,M+l.

The adjoint state system in Step 2 was solved descending with respect to time
levels, level by level. We have from the final condition

PL(i,N+I)=O for i=l,2,...,M+l.
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Assume that all values on level j + 1 are known. In order to reach the level j we proceed
as follows:

(i) We use the implicit method to discretize the differential equation, thus
obtaining

(PL( i,j + 1) Pg( i,j)/ e + (Pg( + 1,j) 2*Pg(i,j) + Pg(i- 1, j))/h2

(5.3)
=g’(Yg(i,j)) fori=E,...,M.

We have from the boundary conditions

PR(1,j)= PR(M+ 1,j) 0

and we obtain an algebraic linear system with respect to the unknowns PR(i,j),
2, , M. If all equations (5.3) are multiplied by (- 1) then the matrix of this system

is again (5.2).
(ii) We may now compute

PR(i,j) if YR(i,j)>O,
PL(i,j)=

0 if YR(i,j)=0

for 1, 2, , M+ 1. Of course the test dealing with YR(i,j) and 0 must be carefully
implemented with respect to the floating point arithmetic.

It is very important to point out now that all systems to be solved in Steps 1 and
2 have the same matrix (constant with respect to time levels). Therefore this matrix,
namely (5.2), is inverted once and all linear systems are solved by multiplication of
the inverse matrix times the corresponding right-hand side vector. Hence a large amount
of time is saved concerning computations. This is a direct result of decoupling the
operators A and F. In the presence of both operators the resulting nonlinear system
cannot be solved in such a simple way. Moreover, in our case even the structure of
the computer program is more simple and therefore the programming task is easier.

Concerning the computations of w in Step 3, a general idea is to replace the
function h by a smooth approximation. Its gradient will be taken instead of the
subdifferential Oh. No regularization was necessary in our particular case since
the function h is quadratic, p(x,, ) was interpolated by (PR(i,j)+ P(i,j+ 1))/2.

Setting the steplength p of the gradient method is known to be a delicate problem.
Moreover, in our case as in the general case of control problems it is necessary to
solve (numerically) the state system in order to evaluate the cost functional for a given
control. We have used an interpolation method for the one-dimensional minimization
to set p at each iteration (see also [12, p. 14]).

We now give more information about the computational complexity of the
algorithm. We omit the inversion of the band matrix (5.2) since it is done only once.
It enables us to solve an n x n system of linear equations using at most 2n2 arithmetical
operations. Let us recall that by O(n) we mean such a quantity that limn_,oo O(n)/n l,
with 0 < < oo (a polynomial of first degree in n). The computational complexity of
the algorithm is given by:

--Solving the system in Step 1--O(M2N);
--Solving the system in Step 2--O(M2N);
--Computing w in Step 3--O(MN);
--Computing p in Step 3--kO(MEN), where k is the number of evaluations of

the cost functional (a double integral requires O(MN) operations). It follows that a
loop in our algorithm involves (k + 2)O(M2N).
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The numerical tests were made for e, h < 10-. The number of iterations (loops)
necessary to satisfy the convergence criterion was only 2. The precision obtained for
the test in Step 4 was 10-3 and for the one in Remark 3.1 was 10-7. The CPU time
spent by an IRIS-50 computer (using 6 hexadecimal digits per number) for the two
loops was 8.64 seconds.

The computed (sub)optimal control is symmetric with respect to x, that is
U(i, j) U(k, j) for + k M+ 2 and for every j. In other words u(x, ) U(Xk, )
for x + Xk a + b and for every j.

Some values u(x, 7)) are given in Table 1.
Here yE-p means y times 10-p. Values for x >-0.5 may be obtained from the

symmetry property given above.
The behaviour of the functions t-> u(x, t) for different fixed values of x is given

in Fig. 1. The matrix U has been scaled in the following sense: if umin-min { U(i,j);
i=I,...,M+I,j=I,...,N} and umax=max{U(i,j); i=I,...,M+I, j=
1,..., N} then the interval [umin, umax] is divided into 50 subintervals of equal
length numbered from to 50. Every value U(i,j) belongs to one of these subintervals.

FIG.
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TABLE

0.0625 0.125 0.25 0.375

0.0294 0.347372E-2 0.678692E- 2 0.124198E- 0.161045E-
0.1470 0.442166E -2 0.864465E -2 0.158430E 0.205661E
0.2647 0.479155E -2 0.937017E -2 0.171834E -1 0.223170E -1
0.3824 0.491861E -2 0.961941E -2 0.176439E 0.229187E
0.5000 0.491650E-2 0.961527E-2 0.176363E- 0.229087E-
0.6176 0.478334E -2 0.935406E -2 0.171536E -1 0.222781E -1
0.7353 0.440011E -2 0.860234E -2 0.157646E 0.204634E
0.8569 0.342352E -2 0.668698E -2 0.122272E 0.158438E
0.9706 0.944482E-3 0.184004E-2 0.334439E-2 0.431399E-2

The corresponding number is assigned to it. The graphical representations are given
for the scaled values. Here x2=0.0625, x3=0.125, x4=0.1875, x5=0.25, x6--0.3125,
x7 =0.375, x8 =0.4375, x9 =0.5. For x> 0.5 the graphics are the same because of the
symmetry property explained above.
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STABILITY AND SENSITIVITY ANALYSIS
IN CONVEX VECTOR OPTIMIZATION*

TETSUZO TANINO’

Abstract. In this paper stability and sensitivity of the efficient set in convex vector optimization are
considered. The perturbation map is defined as a set-valued map. It associates with each parameter vector
the set of all minimal points of the parametrized feasible set with respect to an ordering cone in the objective
space. Sufficient conditions for the upper and lower semicontinuity of the perturbation map are obtained.
Because of the convexity assumptions, the conditions obtained are fairly simple if compared to those in the
general case. Moreover, a complete characterization of the contingent derivative of the perturbation map
is obtained under some assumptions. It provides quantitative information on the behavior of the perturbation
map.

Key words, stability, convex vector optimization, upper and lower semicontinuity, perturbation map,
contingent derivative
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1. Introduction. In this paper we consider a family of parametrized vector optimiz-
ation problems"

P-minimize f(x, u)= (fl(x, u), ,fp(X, u))
(1.1)

subject to x X(u) c

Here x is an n-dimensional decision variable, u is an m-dimensional parameter vector,
f (i= 1,..., p) is a real-valued objective function on Rnx ", X is a set-valued map
from R to I", which specifies a feasible decision set, and P is a nonempty pointed
closed convex ordering cone in P. We can define another set-valued map Y from
to P by

(1.2) r(u):={yPly=f(x, u) for some xX(u)}.

Y(u) is the parametrized feasible set in the objective space. The cone P induces a
partial order _-< p on RP, that is, we define the relation -<_p by

(1.3) y =<p y’-y’- y P for y, y’ EP.

This relation <_-e is reflexive, antisymmetric and transitive. In the problem (1.1), we
aim to obtain all the minimal points of the feasible set Y(u) with respect to the order
_-< p. In other words, the solution set in the objective space to the problem (1.1) is given
by

Minp Y(u) {fi Y(u)lthere exists no y 33 such that y
(1.4)

={)3 y(u)l(y(u)-fi)O(-p)={O}}.
Therefore, we can define another set-valued map W from the parameter space " to
the objective space P by

(1.5) W(u) :- Minp Y(u).

W is often called the perturbation map for (1.1).

* Received by the editors March 24, 1986; accepted for publication (in revised form) June 26, 1987.
This research was conducted when the author stayed at the International Institute for Applied Systems
Analysis, Laxenburg, Austria.

Department of Mechanical Engineering I|, Tohoku University, Sendai 980, Japan.
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In usual scalar optimization where p 1 and P =R+ (= the set of nonnegative
real numbers) W is at most single valued and so it can be identified with the function

(1.6) w(u):=min{f(x, u)lxX(u)}.
And the stability and sensitivity analysis in scalar optimization is mainly a study of
continuity properties and derivatives of the function w. In case of vector optimization,
we investigate the behavior of the set-valued map W.

Some results for general vector optimization problems from this point of view can
be seen, for example, in [2], [7] for stability and in [6] for sensitivity. In this paper
we consider the case in which convexity is assumed. It is shown that the convexity
assumption considerably simplifies the sufficient conditions for the semicontinuity of
the perturbation map W and also makes .it possible to characterize the contingent
derivative of W completely.

2. Convexity assumption and preliminary results. Throughout this paper we
assume the following convexity on the feasible decision set map X and the
objective function f.

Convexity assumption (CA).
(1) The set-valued map X is convex, i.e., the graph of X which is defined by

(2.1) graph X= {(u, x)lx X(u)}
is a convex set in R x Rn. In other words, for any u , u2 R" and any a, 0 =< a _<- 1,

(2.2) aX(u’)+(1-a)X(u2)c X(au’+(1-a)u2).
(2) The function f is P-convex, i.e., for any (x , u), (x2, u 2) e R" x R" and any

a, 0-< a-<_ 1,

af(x, u)+(1-a)f(x2, u2)ef(ax + (1- a)x2, au + (1- a)u2)+ P.

LA2.1. IfP is a pointed dosed convex cone andfis P-convex, thenfis continuous.

Proof. Since P is a pointed dosed convex cone, the interior of the negative polar
cone po of P is not empty. It is easy to prove that -(/,,f(x, u)) is convex as a function
of (x, u) for/ po. Hence (/,, f(.,. )) is continuous [3, Cor. 10.1.1]. Take/ e int po

and/2 + ,5 e e po for sufficiently small > 0, where e; is the ith unit vector in Re. Then
both (,f(.,.)) and (/2 + a e,f(., )) are continuous and hence f(.,. is continuous
(i I,. , p). Namely f is continuous.

POVOSrnON 2.1. Under the convexity assumption (CA), the set-valued map Y
defined by (1.2) is P-convex, i.e.,for any u , u2 R and a, 0-< a_-< 1,

(2.3) aY(u)+(1-a) y(u2) c Y(au +(1- a)u2)+ P.

In other words, the graph of the set-valued map Y+ P is convex. Here Y+ P is defined by
(2.4) (Y+P)(u):= Y(u)+P for each ueRm.

Proof. This proposition can be easily proved. 121
Now we introduce concepts of semieontinuity of set-valued maps. Let F be a

set-valued map from R to Rp hereafter in this section. We denote it by F:Rm =a
DwNrro 2.1. (1) F is said to be upper semicontinuous at

yk F(u k) and yk
_

fi all imply that F(t).
(2) F is said to be lower semicontinuous at R" if u k and )3 F() imply

the existence of an integer K and a sequence {yk} Rp such that yk F(u k) for k _-> K
and yk ft.

po {/z Rv I(z, d)_<- 0 for all d P}, where (.,.) denotes the inner product.
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(3) F is said to be continuous at . R" if it is both upper and lower semicontinuous
at u.

Remark 2.1. F is upper semicontinuous on W" if and only if graph F is a closed
set in " x P.

We shall provide lemmas concerning the semicontinuity of convex set-valued
maps. Given F and P, we define the function p from.W" to R U {+} by

(2.5) p(u) dist (, F(u)):=inf{lly-ll]Y F(u)}.
If F(u)=, let p(u)=+o. The domain of the set-valued map F is defined and
denoted by

(2.6) dom F := {u W"IF(u }.

Clearly dom p {u I I/9 (u) < +} dom F.
LEMMA 2.2. IfF is convex, then thefunction p defined by (2.5) is a convexfunction.
Proof. Let u , u2 dom p, which is a convex set, and 0 < a < 1. Since F is convex,

aF(u)+(1-a)F(u2)c F(au+(1-a)u2)
and hence

p(OU "[- 1 a )u2) inf {lly ll [Y F(au’ + 1 a )u2))
--<inf{lly-fill ]y aF(u’)+(1-a)F(u2)}

inf {}Jay’ + (1 a)y-yll Jy’ F(u), y F(u2)}
_-< inf {a Ily’ 11 + (1 a)lly2- )911 ly F(u), y2 F(u2)}
a inf{lly-)3[] ly F(u)}+(1-a)inf{l]y2-fill ]y2 F(u2)}
ap(u’) + (1 a)p(u2).

LEMMA 2.3. If F is convex and int (dora F), then F is lower semicontinuous
at u.

Proof. Let u t/and F(). Define the funaion p by (2.5). Then, from Lemma
2.2, p is a convex function and dora p dora F. Since t/ int (dora p) and u -- t/, there
exists a number K such that u dom p for any k >- K. For each u (k => K), from the
definition of p(u), there exists y F(u) such that

Since the convex function p is continuous at aint (dom/9) and p() =0, by taking
the limit of the above inequality, Ily-ll-0 as k-, namely, yk )3. Therefore F is
lower semicontinuous at

Remark 2.2. Since the spaces considered here are all finite dimensional, the
assumption in Lemma 2.3 is weaker than in the result of Aubin and Ekeland 1, p. 131],
where F is assumed to be not only convex but also upper semicontinuous.

Remark 2.3. The following example illustrates that the condition a int (dom F)
is essential in Lemma 2.3. Let F’I2--- be defined by

if(u--a)2+(u2)2=a 2 for a>0, u#(0,0),
F(u)= {y a ly _-> O} if u=(O, 0),

otherwise.

Then, for u k 1 COS (r/k), sin (zr/k)), F(u k) {y [y >__ } for all k 1, 2,. .. Clearly
uk (0, 0). However, by taking 0 F((0, 0)), we can easily see that F is not lower
semicontinuous at (0, 0).
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LEMMA 2.4. IfF is convex, int (dom F) and F() is a closed set, then F is upper
semicontinuous (and therefore continuous in view of Lemma 2.3) at .

Proof. Let u k -> , yk F(u k) and yk __> ft. Define p as in (2.5). Then p is a convex
function from Lemma 2.2. Hence p is continuous at t int (dom F) -int (dom p). On
the other hand, taking the limit of the inequality

0 <= p(u k) <-_ Ily k ll,

as k--> o, we can prove that p(t)- 0. Since F(t) is a closed set, this implies )3 F().
Hence F is upper semicontinuous at t. [q

Remark 2.4. It is easily understood that the closedness of F() is very important
in the above lemma. The following example illustrates the inevitability of the condition
e int (dom F). Let F" be defined by

F(u)= ly_->l}
if u > O,
if u=O,
if u<O..

Then, for uk= 1/k, yk=O F(u k) (k= 1,2," "). However, the limit 0 of {yk} is not
contained in F(0).

3. Upper semicontinuity of the perturbation map. In this section we shall consider
sufficient conditions for the upper semicontinuity of the perturbation map W. First we
provide sufficient conditions in terms of the feasible set map Y.

THEOREM 3.1. If the following three conditions are satisfied, then the perturbation
map W is upper semicontinuous at m.

(1) t int (dom Y);
(2) Y is upper semicontinuous at

(3) W() w- Minp Y(t), where w- Minp Y(t)is the set ofall weakly P-minimal
points of Y(), i.e.,

(3.1) w-Minp Y(t) := {y Y()l(Y()-y)fq(-int P) }.

Proof. Let uk-> , yk W(Uk) and yk_>fi. Since Y is upper semicontinuous at, 33 Y(t). Hence, if we suppose that fi W(t)= w-Minp Y(a), then there exists
)7 Y() such that )3-)7 int P. Since int (dom Y)= int (dom (Y+ P)) and Y+ P
is convex, Y+ P is lower semicontinuous at from Lemma 2.3. Namely there exist a
sequence {)7k} c p and a number K such that

37 k-->)7 and ky(uk)+P fork->K

since yk_fik_>fi_)7int P, yk_fik int P for all k sufficiently large. However, this
contradicts that yk W(uk)= Minp y(uk) Minp (y(uk)+ P) (see [5, Prop. 3.1.2]).
Therefore )3 W(), as was to be proved.

Remark 3.1. We can guarantee the upper semicontinuity of W under the following
conditions without the convexity assumption (CA) [7]"

(i) Y is continuous at
(ii) W(t) w Minp r(t).
If we compare these conditions with Theorem 3.1, the following can be observed:

we can replace the lower semicontinuity condition of Y by the weaker condition
t int (dom Y) under the convexity assumption.

Now we shall derive sufficient conditions for the upper semicontinuity of W,
which are described in terms of the feasible decision set map X and the objective
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function f. For the purpose we shall introduce a set-valued map . from R’x RP to
Rn as follows"

(3.2) (u,y):={xX(u)lf(x, u) =y}.

The following proposition provides sufficient conditions for the upper semi-
continuity of Y at .

PROPOSITION 3.1. If int(dom X), if X(a) is a closed set and if the map f is
locally bounded at , )3) 2 for any (Yl(a, y) cl (graph Y)}, then Y is upper semicon-
tinuous at .

Proof. Let u k , yk y(u k) and yk . Then there exists a sequence {xk}c
such that xk f(u k yk) for all k 1 2,.. Since ." is locally bounded at (t,)3) {xk}
has a convergent subsequence. By taking the subsequence if necessary, we may assume
that {xk} converges to some . From Lemma 2.4, X is upper semicontinuous at and
so X(a). On the other hand, since f is continuous from Lemma 2.1, f(, t)=)3.
Therefore )3 Y() and Y is upper semicontinuous at t.

Remark 3.2. If X is locally bounded at t, then . is clearly locally bounded at
(a, y) for any y P.

Now we can prove the following theorem.
TrEOREM 3.2. If thefollowingfour conditions are satisfied, then the set-valued map

W is upper semicontinuous at "(1) a int (dom X).
(2) X is a closed set.

(3) .. is locally boundedat (a, ) for any fie {yl(a, y) cl (graph Y)}.
(4) W(a) w Minp Y(a).
Proof From (1), int (dom Y). From (1)-(3), in view of Proposition 3.1, Y is

upper semicontinuous at . Hence W is upper semicontinuous at t by Theorem 3.1.
Remark 3.3. The following examples illustrate that each condition in the above

theorem is essential.
(1) Take F in Remark 2.3 as X and let f(x, u)=x and P=/. Then t (0, 0)

int (dom X) and

W(u)= {o}
if (Ul--O)2"-(U2)2: O

2 for a >0,
if u (0, 0),
otherwise,

u (0, 0),

which is not upper semicontinuous at (0, 0).
(2) Let m=p=n=l, P=+,f(x,u)=xand

X(u)={{xlx>=O} if u#0,
{xlx>O} ifu=O.

Then W(u)= {0} if u # 0 and W(0)=. Hence W is not upper semicontinuous at 0.
(3) Letm=n=p=l,P=R/andX(u)=foranyu.LetCbeaconvexset

in x defined by

C={(u,x)lux>= 1, u>O}

and f be defined by

f(x, u)=d((u,x), c)=inf{[l(u,x)-(u’,x’)lll(u’,x’) C}.

A set-valued map F is said to be locally bounded at a if there exists a neighborhood N of t such
that t.J,, N F(u) is bounded.
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Then f is P-convex and

Hence

Rly_->0}
Y(u)= {yRly>_u}

if u>O,
if u=<O.

{0} ifu>O,
W(u)

if u_<_0,

which is not upper semicontinuous at O. In this example, . is not locally bounded
at (0, 0).

4. Lower semicontinuity of the perturbation map. In this section we consider
sufficient conditions for the lower semicontinuity of the map W. First we should
introduce several concepts.

DEFINITION 4.1. A set S in [P is said to be P-minicomplete if

(4.1) S c Minp S+ P.

Remark 4.1. Since Minp S c S, if S is P-minicomplete,

(4.2) S + P Minp S+ P.

DEFINITION 4.2. For a nonempty set S in RP, its recession cone S+ is defined by

(4.3)
$+ {y RP ]there exist sequences {hk} R and {yk} c RP such that

hk > 0, hk 0, hkyk y and yk S for all k}.

Remark 4.2. S+ is a closed cone which contains the origin. Moreover, if S is a
nonempty closed convex set, S+ coincides with the set 0+S which is defined by

(4.4)
o+s {y " lY+ Aye S VA ->0, V)7 S}

={y’lS+yS}
and therefore it is a closed convex cone [3, Thm. 8.2].

LEMMA 4.1 (Sawaragi et al. [5, Lemma 3.2.1]). A nonempty set S is bounded if
and only if S+= {0}.

LEMMA 4.2 (Sawaragi et al. [5, Lemma 3.2.3]). Let S and $2 be nonempty closed
sets. If S-fq (-S-)= {0}, then S1 + $2 is also a nonempty closed set.

In view of the above two lemmas, the following concept plays an important role
in this section.

DEFINITION 4.3. A nonempty set S in P is said to be P-bounded if

(4.5) S+ f’l (-P) {0}.

LEMMA 4.3 (Sawaragi et al. [5, Thm. 3.2.12]). IfS RP is a nonempty closed convex
set, the following statements are equivalent"

(1) S is P-bounded.
(2) Minp S .
(3) S is P-minicomplete.
LEMMA 4.4. Suppose that F is P-convex, int (dom F), and F() is P-bounded.

Then there exists a neighborhood N of such that F(u) is P.bounded for all u N.
Proofi If the conclusion of the lemma were not true, there would exist sequences

{uk}R and {dk}Rp such that uk- , dk SO and

-d k [F(uk)]+ M (-P).
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Since [F(uk)]+fq (-P) is a cone, we may assume that IIdll-- 1 for all k. By taking a
subsequence if necessary, we may assume that {d k} converges to some d. Since P is
closed, d P. Moreover, Ildll-- 1 and so d # 0. Since -d k [F(uk)]/, there exist
sequences {Ak}C R, {dkt}c-F(u k) such that Ak>0,

kl -’ 0 and hkld kl
_
d k as o.

If we take sufficiently large,

1
Aki <- and

By choosing those ’kl and d kt as k and dk, respectively, we can construct sequences
’k and dk satisfying

1- F(u), 0<X<, IIX-dl <k"
When kc, k0 and kkd. Now take an arbitrary F(a). Since 2a-u"--, a
and F+ P is lower semicontinuous at a by Lemma 2.3, there exist a sequence {)7k}
and a number K such that

)7k 37 and k F(2a- u")+ P for k => K.
Since F is P-convex,

1/2(fik--k)F(a)+P for k>-K.

Moreover, 2k’1/2(fik--k)--d. This implies that -d [F(a)+ P]+ and hence
[F(t) + P]+ f"l (-P)# {0}. In view of Lemma 3.2.4 of [5], this means that F() is not
P-bounded, which is a contradiction. Hence F(u) is P-bounded for all u in a certain
neighborhood of . 13

Now we can obtain sufficient conditions for the lower semicontinuity of W.
THEOREM 4.1. If the following conditions are satisfied, then the perturbation map

W is lower semicontinuous at "(1) int (dom Y).
(2) Y/ P is upper semicontinuous in a neighborhood of .
Pi’oof. If W(a) , the theorem is trivial. Hence we suppose that W() # . Let

u k - and )3 W(t). From Lemma 2.3, Y/ P is lower semicontinuous at t and hence
there exist a sequence {yk} and a number K such that

yk.fi and yk(uk)+P for allk>-_K.

Since Y() + P is a nonempty closed convex set and Min, (Y(t) + P) W(t) # ,
Y(t) + P is P-bounded from Lemma 4.3. Therefore, in view of Lemma 4.4, Y(u)+ P
is P-bounded for all u in a certain neighborhood N of t. (Note that int (dom Y).)
From Lemma 4.3 and Remark 4.1, this implies that

W(u)+ P=(Y(u)+ P)+ P= Y(u)+ P

in a neighborhood of t. Hence there exist a sequence {fig} and a number g2 => K such
that

yk_)3kp and kW(uk) fork_->K2.

First we will show that {)3k} is bounded. If this were not the case, from Lemma 4.1,
we can take a subsequence of {)3k}, for which there exist a sequence {hk} of positive
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numbers and a nonzero vector )7 such that Ak-0 and Akk. Since Ak(yk--k)e P
and yk y,,, the limit -)7 of{Ak(yk --)3k)} is contained in P. Take an arbitrary )7 Y()+ P.
Then there exist a sequence {)7k} and a number K K2 such that

97k 97 and )7k Y(2t u k) + P for k >- g3,

since Y+ P is lower semicontinuous at t. Then, from the convexity of Y+ P,

1/2(k +)k) y(t) + P for k _>- K3.
Moreover, Ak(k+fik)’. This implies that )7[Y()+P]+ and hence leads to a
contradiction to the P-boundedness of Y(a)+P. Therefore {3k} must be bounded.
Hence {ilk} has a cluster point, which is denoted by y’. Since yk _k p and yk,
--y’ P. Since Y+ P is upper semicontinuous at a, y’ Y(a)+ P. Recalling that
)3 W(a), we can conclude that y’=)3. In other words, is the unique cluster point
for the bounded sequence {3k} )3. Therefore )3 k - y", which indicates that W is lower
semicontinuous at t.

Remark 4.3 We can generate the lower semicontinuity of W under the following
conditions without the convexity assumption (CA) [7]"

(i) Y is continuous at a;
(ii) Y is locally bounded at
(iii) Y(u) is P-minicomplete for every u near

Theorem 4.1 considerably simplifies the above result.
The following proposition shows that Y+ P is often upper semicontinuous when

W(t) is not empty.
PROPOSITION 4.1. If X(u) is a nonempty closed set for every u near , W()f

and X(a,) is bounded for some fie W(a), then Y(u) is a P-bounded closed set in a
neighborhood of. In this case Y( u + P is also a closed set by Lemma 4.2 and therefore
the set-valued map Y+ P is upper semicontinuous in a neighborhood of

Proof. (a) First we shall prove that Y(u) is a closed set in some neighborhood
of t. If this were not true, we can consider sequences {u k} and {yk} such that

uk and ykcl y(uk)\y(uk).

Corresponding to each yk, there exists a sequence {xkl} c X(tl k such thatf(xkl, u k) - yk
aslo.TakeksufficientlylargesothatX(uk)isclosed If{xkl}l= has a convergent1,2,’"

subsequence, the limit x k of it is contained in X(uk). Since f is continuous, f(xk, u k)
yk, which contradicts that yk y(tlk). Hence, if k is sufficiently large, {xkll=l,2,... has
not a convergent subsequence and so IlxkllI- +o as l-oo. We may assume that the
sequence converges to some gk as l- o. Furthermore, since II  ll- 1
for all k, we may also assume without loss of generality that {gk} converges to a vector
x. In this case I1:11- 1, i.e., 0. From the assumptions, we can take )3 W(t) for
which "(t, fi) is bounded. Let .(t,)3). Since X is lower semicontinuous at t from
Lemma 2.3, there exist a sequence {;k} and a number K such that

k and kX(uk) fork=>K.

Let k_-__ K. For an arbitrary a >=0, 0<= a/llxktll <-1 for all k sufficiently large, for
IIx ’ll-, +oo as l-- oo, Since X is convex,

Ol ) Ol
xk uk1-iix,l IIX ,I x().

Taking the limit when 1-oo, we obtain from the closedness of X(uk),
(4.6) k

__
olk X(u k) for all k sufficiently large.
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Since f is P-convex,

f 1-lix + ilxk, -,, Ilxk’ll f(.k, U + ilxk, If(x k’, u

Let o. Then, since f(xkl, u k) yk,

(4.7) f(k+ a.k, U k) <_pf(:k, U k) for k sufficiently large.

Take the limit of (4.6) and (4.7) as k c. Then, since X is upper semicontinuous at
t from Lemma 2.4 and f is continuous, : + a e X(a) and

f(+ a..g, a) <--ef(:, a)= .
Since fie W(fi), these imply that f(+a2, a)%y", i.e., +a2e ’(fi, 33) for all agO.

However, this contradicts the boundedness of X(fi, 33). Hence Y(u) must be a closed
set for every u in a certain neighborhood of .

(b) Next, we shall prove that Y(a) is P-bounded. Let ye [Y(a)]+ (-p). There
exist sequences {ak}C R and {xk} C X(/,) such that ak>0 ak-’>0 and akf(X k, )-->y.
Then, for all k sufficiently large, AkXk +(1 Ak)2 X() and

(4.8) f(AkXk + (1 Ak)), a) <--pAkf(X k, a) + (1 Ak)f(), a)

due to the P-convexity off. The right-hand side of (4.8) converges to y+fi. First we
assume that {AkXk} has no convergent subsequence. Then Ak IIx - /. We may assume
without loss of generality that {x/llxllI converges to a vector with I111-1. For any

0-<  /llx ll _<- for all k sufficiently large, and so

from the convexity of X(). Since X(t) is a closed set, the limit of the above relation
implies that :+aX(). Moreover, since f is P-convex,

f xk / , a <= Akf(x k, a / iI,x f(), a)

for all k sufficiently large. Thus, as the limit of the above inequality, we have

f(. + a:, t) --<pfi.

Since 33 e W(a),f(2 + a, a) . This implies that 2 +a e ’(a, )3) for all a _-> 0, which
contradicts the boundedness of )(a,)3). Hence {Ax} necessarily has a convergent
subsequence whose limit is denoted by x. We may assume that Ax --> x from the first.
Since X(a) is closed, from the limit of Ax + A) e X ), x + e X ). Therefore
the limit of the left-hand side of (4.8), which is f(x + x, ), belongs to Y(a). Since
(4.8) leads to

f(x+x", a) <=py+y

when ko, y-P and )3 W(a), y must be equal to the zero vector. Thus Y(t) is
P-bounded.

(c) Finally, the result proved just above and Lemma 4.4 imply that Y(u) is
P-bounded in a neighborhood of . This completes the proof of the proposition.

Now we can immediately obtain the following result by combining Theorem 4.1
and Proposition 4.1.
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THEOREM 4.2. If the following conditions are satisfied, then the perturbation map
W is lower semicontinuous at "(1) int (dom X).

(2) X(u) is a closed set for every u near .
(3) When W(). X(,fi) is bounded for some fie W().
Remark 4.4. The following examples show that each condition in the above

theorem is essential.
(1) Consider the case in Remark 3.3(1). Then we can easily understand that the

condition t int (dom X) is essential.
(2) Let m= n=p= 1, P=I+,

J{xRIx>u2} ifu0,
X(u)

{x RIx>-O} if u=0,

and f(x, u) x. Then

W(u)=(0}
ifu0,
if u=0,

which is clearly not lower semicontinuous at - 0.
(3) Let m=n=p=l,P=+,X(u)=+and

0

f(x, u)= lul e -x/l’l

I l-x

if x _>- 0,
if x > 0,
if x<0.

Then

{0}
Y(u)

[{y 10 < y _-<
if u 0,
ifu0

and so

W(u)
if u 0.

Now X(0, 0) R/, which is not bounded, and W is not lower semicontinuous at 0.

5. Contingent derivative of the perturbation map. In this section we will show some
quantitative results concerning the behavior of the perturbation map by using the
concept of contingent derivatives of set-valued maps. The author has already provided
an "inner" approximation of the contingent derivative of the perturbation map for
general multi-objective optimization problems [6]. In this paper, a complete characteriz-
ation of the contingent derivative will be obtained under the convexity assumption
(CA) and some additional conditions.

First we briefly review the concept of contingent derivatives for set-valued maps.
DEFINITION 5.1. Let S be a nonempty subset of q and eq. The set Ts()

defined by

Ts() := { v q [there exist sequences { hk} c + and {vk } g
(5.1)

such that hk "- O, 1)
k
" 13 and 3 + hkl) k S for all k}

is called the contingent cone to S at v, where + is the set of all positive real numbers.
DEFINITION 5.2. Let F be a set-valued map from " to P and 37 F(fi). The

set-valued map DF(a, ) from" to P defined by the following is called the contingent
derivative of F at (, 97)"
(5.2) yDF(,)(u) iff (u,y) TgraphF(a,)7).
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In other words, y DF(ff, )7)(u) if and only if there exist sequences {hk}
and {yk}c ip such that hk 0, uk u, yk y and

-1- hkyk F(a + hkuk) k.

The purpose of this section is to provide a complete characterization of the
contingent derivative of the perturbation map. Throughout this section let )3 be a
P-minimal point of Y(), i.e., )3 W(t). First we can simplify Theorem 3:2 in [6]
under the convexity assumption (CA) as in the following theorem.

THEOREM 5.1. If Y(u) is P-minicomplete for every u near , then

(5.3) MinpDY(,)(u) DW(,fi)(u) VuUm.
Proof. Let yMineDY(a, fi)(u). Since yDY(,fi)(u), there exist sequences

{hk}I+, {uk} and {yk}cP such that hk-O, uku, yky and

+ hkyk Y( + hkU k)
Since Y(u) is P-minicomplete for every u near t, there exists a sequence
such that

(5.4) fi+hkpk W(+hkUk) and yk_k p

for all k sufficiently large. We may assume (5.4) for all k. Suppose that {)7k} has no
convergent subsequence. Then 11)Tkll +o. There exist sequences {xk} and {k} in
such that

+ hkXk X(+ hku),

f( + hkXk, a + hktl k 4r hkyk,
+ hkk X( + hkU k),

f(+ hk,k, a + hkU k) + hk.k.

For any t satisfying 0 <- a =< 1, we have

+ hk(aXk +(1 --c)k) X( + hkU k)
from the convexity of X. Moreover, from the P-convexity of f,

+ hkyk(a):=f(+ hk(aXk +(1 a):k), t+ hkU k)
<----pfi+ hk(tyk + (1 C))7k)
<-- p fi-t- hky k.

And, since f is continuous,

+hkyk(a) fi+hkfik as a-0,

fi + hky
k a -- fi + hky

k ascel.

Since 11)Tk + and yk
_

y, by taking ak appropriately close to 1, we have

ehk <-- / hky k (fi + hkyk
ak ))ll <- hk Vk sufficiently large

where e is a fixed number such that 0 < e < 1. Taking this yk(otk) as k, we see that

e <-Ity k -fig <- Vk sufficiently large.

Since yk_y, the sequence {fig} is bounded and so we may assume without loss of
generality that {)7k} converges to a vector )7. It is clear that )7 DY(u, )(u). Since
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Ily-fill e for all k sufficiently large, lie-fill e, that is, y # 37. Since yk_fik p,
y-fi P. However, these contradict the assumption that y Minp DY(a, fi)(u). There-
fore {fig} always has a convergent subsequence. Hence we may assume from the first
that fig.ft. Then DW(,fi)(u)DY(,fi)(u) and yk_fik,y_yp. Since y
MinpDY(a, fi)(u), y= ft. This implies that y DW(a, fi)(u), and completes the proof
of the theorem.

Remark 5.1. We can see from the example in Remark 4.4(3) that the P-mini-
completeness condition is essential for Theorem 5.1. There, DW(, )(u) for a 0,
=0 and u 0. However DY(, fi)(u)= [0, lull and MinpDY(, fi)(u) {0} for u #0.

Next we consider sucient conditions for the converse inclusion of (5.3).
DEFINITION 5.3. Let S be a nonempty set in P and P. The normal cone

Ns() to S at is the negative polar cone of the tangent cone Ts(), i.e.,

(5.5) Ns(O)=[Ts(O)]= { P](, v)O Vve Ts(O)}.

When S is a convex set and O e S,

(5.6) Ns(O)={PI(, )(, v)VvS}.

DEFrON 5.4. Let S be a nonempty P-convex set in P. If a point MinpS
satisfies the condition

(5.7) Ns+p(f) cint PU {0},

then fi is called the normally P-minimal point of S.
Remark 5.2. A point S is said to be the properly P-minimal point of S if

(5.8) Ts+e() (-P) {0}.

If is a properly P-minimal point of a convex set, there exists a vector
Ns+p()Dint po. The relation (5.7) is a stronger requirement than the existence of
such as long as e Minp S. In other words, the normal P-minimality is a stronger
concept than the proper P-minimality. From the geometric viewpoint, the latter implies
the existence of the supporting hyperplane to S at ff with the normal vector # in int po
and, on the other hand, the former implies that all the normal vectors of the supposing
hyperplanes to S at belong to int po. (The existence of such a hyperplane is guaranteed
by the fact that e MinpS.)

Remark 5.3. It is not dicult to show that the normal P-minimality of ff to a
convex set S is equivalent to the following condition"

(5.9) int T+() U {0} = P.

THEOREM 5.2. If int (dom Y) and is a normally P-minimalpoint of Y(), then

(5.10) DW(,)(u) MineDY(,)(u)

Proo Let y e DW(, ff)(u). Of course y e DY(, ff)(u). Hence if we assume that
yMinpDY(,)(u), there exists eDY(,)(u) such that y-fie P{0}. Since
DY(, )(u), there exist sequences {h} +, {} and {ff} P such that 0,
a u, and

+ kfik Y(a +a)

There are several definitions of the proper P-minimality (see, e.g., [5]). However they coincide under
the convexity assumption.
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On the other hand, since y DW(, )(u), there exist sequences {hk}+, {uk}cR
and {yk} c RP such that hk --> O, u k --> u, yk _.> y and

fi + hkyk W( d- hktl k) Vk.

Since hk - 0, we may assume that hk <- hk by taking a subsequence if necessary. Since
fi+hkyk W(+hkuk), (+hkUk,+hkyk) is a boundary point of the convex set
graph (Y+ P). Hence there exist a vector (A k, tzk) Xp such that

(5.11) (A k, +hkuk+(txk,+hkyk)>--_(A k, U’+(txk, y’ V(u’,y’)graph(Y+P)

for each k. Since we may normalize these vectors so that II(A k, /xk)II_ 1, we may assume
that {(A k, /zk) converges to a nonzero vector (A,/x) " x[p. By taking the limit of
(5.1 1) as k o, we see that

(5.12) (A, t+ (/x, 33 -_> (A, u’ + (/z, y’ V(u’,y’)graph(Y+P).

Since t int (dom Y), /x 0. Take an arbitrary )7 Y(t)+ P. From Lemma 2.3, the
set-valued map Y+P is lower semicontinuous at and so there exist a sequence
{)k} C p and a number K > 0 such that )k

_
and

(5.13) fiky(+hkuk)+p fork>--_K.

From (5.1 1), for k _-> K

(A k, q.. hktlk) ..]...([j,k, _. hkyk) >__ (A k, l + hkuk) + ([.lb k, fig).

Letting k- o, we have that

This implies that / Nyca+p(). Since ) is a normally P-minimal point of Y(t),
/ int po. Since y- P\{0},

(5.14) (/x, y) < (/x, .9).

Recalling that 33+ gkgk Y(a+ga), Y(a) and hk <=gk, we obtain that

+ h97 Y( + ht7) + P

from the P-convexity of Y. Hence, from (5.11),

(A k, a -- hktl k d- ([Ub k, "c hky k (A k, a -- hkl k + (Idl, k, -Jr-

(A k, uk)+(lk, yk)>--(A k,

By taking the limit as k , we have that

(A, u)+(,u,, y)_-> (A, u)+ (p,,.).

That is,

(/x, y)_-> (, .9),

which contradicts (5.14). Therefore y MinpDY(, fi)(u), as was to be proved. 13
Remark 5.4. The following examples show that the conditions in Theorem 5.2

are essential.
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(1) (t int (dom Y)). Let m 2, n p 1, P

I{’x>=O} iful>-O, u2>O,
X(u)= ]x>-u} ifu=>0, u2=0,

otherwise,

and f(x, u) x. Then Y(u) X(u) and

{0} if u_>- 0, u2> 0,
W(u)= {u} ifu->_0, u2=0,

otherwise.

Let a=(0,0)int(dom Y), =0 and u=(1,0). Then DW(a,p)(u)={O, 1} and
DY(u, )(u)= {y ]y-> 0}. Hence DW(a, )(u) Mine DY(a, 3)(u).

(2) ( is not normally P-minimal). Let rn 1, n =p 2, P !2+,
(x 0, x= >-lul e -x’/l"l} if u 0,

X(u)=
{x R2lx >= O, x2>=O} if u=0,

and f(x, u) (xl, x2). Then Y(u) X(u) and

{Y2IY >=0, y=-lul e -y’/I"I}
W(u)=

{(o, o)}
if u 0,
if u=0.

Let 0 and (0, 0). Then . is not a normally P-minimal point of Y(a), though it
is properly P-minimal. In this case (O, O) e DW( a, ;)(O) = DY(,)(O) and (1,0)e
DW(a, y)(0). Hence DW(a, )(0) MinpDY(a, )3)(0).

Now we can consider the case in which every objective functionf is ditterentiable.
DEFINITION 5.5. Let F be a set-valued map from I" to P and )7 e F(t). F is

said to be upper pseudo-Lipschitzian at (fi,)7) if there exist neighborhood N and N
of t and )7, respectively, and a positive number M such that

(5.15) F(u)f’lNc F(a)+Mllu-allB
PROPOSrrON 5.1. fiX(a) is a closed set and ff (a, ) is bounded, then f( is locally

bounded at (, ).
Proof. Suppose that the conclusion of the proposition is not true. Then there exist

sequences {uk}cR", {yk}cRp and {xk}cR" such that uk a, yk fi, iixll_,+ and

xkeX(uk) and f(xk,uk)=yk Vk.

We may assume without loss of generality that {x/llxll} converges to a nonzero vector
x. Let a > 0. Since x - +, 0 < a! IIx -< 1 for all k sufficiently large. Hence, from
the convexity of X,

(5.16) -iix +.llxll x 1-ilxil a+llx ll
Since X is upper semicontinuous at a from Lemma 2.4, by taking the limit of (5.16)
as k 0% we see that

+axeX().

Since f is P-convex,

f 1-1IX (,a)+ilxli,(x,. = 1--11xk’ll f(, a)+’llxk’llf(xk U ).
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Letting k m, we have

f(+ ozx, a) <-p.
Since fie w(a),f(+,x, a)= Hence +axeff(,fi) for any a>0. However, this
contradicts the boundedness of ,(a, fi). Therefore ," is locally bounded at

PROPOSITION 5.2. fiX(a) is a closed set, ifff (a, ) is a singleton, i.e., ,(, )3) {:}
and ifX is upper pseudo-Lipschitzian at a, fi, ), then

(5.17) DY(a,#)(u)=Vxf(x", a). DX(a,)(u)+Vuf(, a). u lueR".

Proof. It has been already proved that

DY(a,)(u)=Vxf(, ) DX(a,)(u)+Vf(, ) u

[6, Prop. 4.1]. So we shall prove the converse inclusion here. Let yDY(,fi)(u).
Then there exist sequences {hk}c +, {uk}cff and {yk}Rp such that hk 40, uk U,
yk
_
y and fi+ hkyk Y(+ hkuk) for all k. Hence there exists another sequence

{xk} " such that . + hkXk f(( + hkU k, fi + hkyk)
From Proposition 5.1, the sequence {hkxk} is bounded and so has a convergent
subsequence. We may assume from the first that hkxk-) X n. Since X is upper
semicontinuous at and f is continuous,

;+xeS:(a,).
Since (, .f) {;}, x 0. Namely, hx - O. Since " is upper pseudo-Lipschitzian at
(,), ), there exists M > 0 such that, for any k sufficiently large,

I1,/ hx-ll <= MIl(a / hkU k, ;/ hkuk)--(a,

i.e.,

ykIIxll<MIl(u, )11,
Since uk U and yk y, {Xk} is bounded. Hence we may assume that xk.. Then
clearly e DX(a, fi)(u) and

k f(" + hkxk, a + hkU k) --f(, a)
y=limy =lim

k-c k hk

Vxf(;, t). 2 + V,f(;, t) u.

Therefore yeV,f(, ). DX(,;)(u)+V,f(x, a).u. This completes the proof. I-i

Thus, from Theorems 5.1 and 5.2 and Proposition 5.2, we have the following
theorem which provides a complete characterization of the contingent derivative of
the perturbation map W.

TVIEOREM 5.3. If the following conditions (1)-(5) are satisfied, then

(5.18) DW(a, fi)(u)=Mine [V,f(2, ) DX(a,)(u)+V,f(, ) u]

(1) a e int (dom Y),
(2) is a normally P-minimal point of Y(),
(3) X(u) is a closed set for every u in a neighborhood of ,
(4))(, )3) is a singleton, i.e., ’(t, 33)= {},
(5) X is upper pseudo-Lipschitzian at u, y, ;).
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Finally we briefly mention sufficient conditions for the pseudo-Lipschitzian
property of X. The following proposition can be obtained by applying Theorem 4.12 in
Rockafellar [4].

PROPOSITION 5.3. If the following two conditions are satisfied, then f( is (upper)
pseudo-Lipschitzian at , fi, )"

(1) X(u) is a closed set for every u in a neighborhood of ,
(2) If pi= aiVxfi(, )+ ,=O for some (A, ,) NgraphX(, -), then

(5.19) for i= 1,..., p and h O.

Remark 5.5. When X(u) is specified by inequality constraints such as

X(u) {x Ig(x)-<- u}

condition (2) in Proposition 5.3 is nothing but the Mangasarian-Fromovitz constraint
qualification at for the set

f( a, fi) {x " lf(x a) f O, g(x) a <- o}.

In view of Proposition 5.3, we can replace the condition (5) in Theorem 5.3 by
the condition (2) in Proposition 5.3.

6. Conclusion. We have obtained sufficient conditions for the upper and lower
semicontinuity of the perturbation map, which provides the set of all cone minimal
points depending upon the parameter vector, in convex vector optimization. It has
been shown that the convexity assumption considerably simplifies the results in the
general case. We have also provided a complete characterization of the contingent
derivative of the perturbation map when the nominal point is normally minimal.
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POSITIVE SEMIDEFINITE MATRICES: CHARACTERIZATION VIA
CONICAL HULLS AND LEAST-SQUARES SOLUTION OF A

MATRIX EQUATION*

J. C. ALLWRIGHT’

Abstract. Any real symmetric n xn matrix A can be described by an n(n+ 1)/2-component vector.

Positive semidefiniteness of A is characterized by the associated vector belonging to the conical hull of a

suitable convex set. This characterization is used to facilitate least-squared error solution, with respect to

such A, of F AG, where F and G are given matrices. The solution method involves finding the point in
the conical hull of a convex set which is nearest to a vector. An algorithm is given for solving that proximal
point problem.

Key words, positive semidefinite matrices, least-squared error solution of matrix equations, optimization
on cones

AMS (MOS) subject classifications. 15A57, 65F99, 90C25

1. Introduction. A real symmetric n x n matrix A can be identified uniquely by
an n(n+ 1)/2 component vector vec (A) associated with the entries of A. In 2 it is
shown that A is positive semidefinite if and only if vec (A) lies in the conical hull of
a suitable specified convex set fl, and that A is positive definite if and only if vec (A)
lies in the interior of that conical hull. That characterization of positive semidefiniteness
is used in 3 to solve the problem of least-squared error solution, with respect to
symmetric positive semidefinite A, of the equation F AG. The error measure used
is the Frobenius norm of F-AG, [IF-AGIIF. The solution method involves finding
the closest point in a conical hull to a vector. An algorithm for solving that proximal
point problem is given in 4. Approximation issues are addressed throughout. Compu-
tational effort and numerical results for an example are the subject of 5.

Some algorithms for optimization problems associated with symmetric positive
semidefinite matrices have received attention in the recent literature, e.g., [1], [2].
Least-squared error solution ofF AG with respect to such matrices A is a fundamental
problem which does not seem to have been tackled before. A result of Higham [3,
Lemma 2.5] reveals that for the case when F F’ (i.e., when F is symmetric) and
G I, an approximation to the minimizer/ of F- AG[IF is given by e polar factor
H in the polar decomposition F UH, with F- HG F --<-- 211 F- AG F. In fact,
for general F when G=/, the global minimizer A of [[F--AGIIF is actually
1/2[F + F’]<o), where the notation M]<o) denotes the result of changing to 0 all the negative
eigenvalues in the spectral form of M [4, Thm. 2.1.3]. Unfortunately, there does not
seem to be a simple formula for the global minimizer for the case of general G--hence
the analysis and algorithm of this paper. The original motivation for consideration of
least-squared error solution of F AG actually arose in connexion with the develop-
ment of new methods for estimating the inverse Hessian matrix in quasi-Newton
algorithms.

The approach adopted here is more attractive computationally than the direct use
as constraints in an optimization algorithm of the conventional tests for positive

* Received by the editors October 1, 1984; accepted for publication (in revised form) July 27, 1987.
? Department of Electrical Engineering, Imperial College of Science and Technology, London SW7 2BT,

U.K.
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semidefiniteness (nonnegativity of all of the eigenvalues of A or of all the principal
minors), since they depend in a complicated way on the entries of A.

A fact is that a symmetric matrix A is positive semidefinite iff it can be written
as A B2 for some symmetric B. The obvious way to use that fact is to consider
minimization with respect to symmetric B of the Frobenius norm of F- B2G. Unfortu-
nately, the resulting optimization problem is, in general, nonconvex in B. The approach
of this paper has the advantage that it involves only convex optimization problems,
even though the representation of positive semidefinite A as B2 plays an important
role in one of the conical hulls, which is used later.

Proofs are given at the end of the section concerned. The following notation is
used throughout.

The range of a real matrix B is written RIB], its null space N[B], the dimension
of its null space NB and its Moore-Penrose pseudoinverse B*. The smallest singular
value of B is written O’min[B], and when B is symmetric its most negative eigenvalue
is denoted by Am,[B]. For symmetric positive semidefinite B, [B]) denotes the matrix
obtained by replacing all the zero eigenvalues in the spectral form of B by the real
scalar a.

The Kronecker product of matrices B and C is written B)C.
The Frobenius-norm of B is denoted lIB]IF and the 2-norm of a vector or matrix

is written [].
The sets of nonnegative and strictly positive reals are written as R_> and R>,

respectively. For A R"", the notation A =>0 means that A is positive semidefinite
and A > 0 means that A is positive definite.

The convex hull of a set X is denoted by conv [X], the conical hull of X
(i.e., cony [{ax" a R>_., x X}]) by cone [X], and the interior by int [X]. The set BX
is {Bx" xX} and the line {ax+(1-a)y: a [0, 1]} between two points x and y is
written line {x, y}.

Minimization and minimizers will always refer to global minimization and global
minimizers. A minimizer of f" R"--> R with respect to x from a set X will often be
denoted . The unique point in a closed, convex set X which minimizes
with respect to x X is often called minpoint [d, X] and mindist [d, X] is the corre-
sponding minimal distance d-  11. Notation regarding minimization will only be used
when the minimum exists, even when the statement and proof of existence of the
minimum actually appear later in the paper.

Two minimization problems will be said to be equivalent if they have the same
minimal value, and a global minimizer of either may be found easily from a global
minimizer of the other.

2. Conical hull characterizations of the set of symmetric positive semidefinite
matrices. For C R"n, let vec (C) be the following vector containing all the entries
of C"

vec (C) C1.C2- Cm*]’

where ci. denotes row of C.
Let

R

S"=(AR"".A’=A},

S={AR"".A’=A>=O},

S={AR"".A’=A>O}.
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Consider the linear subspace vec (S") {vec (A): A S"} c R n2 of all vectors
vec(A) associated with symmetric A. It has dimension r=n(n+l)/2. Suppose
w, w2," ", wr is an orthonormal basis-set for vec (S"). For example, suitable wi for
n=2 might be w=[1 000]’, w2=[O2-/22-t/20]’, w3=[000 1]’. Consequently

(2.1) W WW Wr] R n2xr

is a basis-matrix for vec (S") and

(2.2) W’W= Lr’, R[ W’] R r, R[ W] vec (S").

For symmetric A, let ve (A) denote the vector of coordinates of vec (A) with
respect to the basis-set w, w2,. ., Wr, i.e., with respect to the columns of W. Then, in
view of (2.1) and (2.2)

vec (A) W ve-- (A) R", ve--- (A) W’ vec (A) R r.(.3)

Let

(2.4) U {B e R""" B’= B and Ilnll 1},

(2.5) fl =conv {xlt}, {vec (BZ)

The functions vec-" R "2 R--> and ’-I R _.> S will be useful later.
The characterizations of positive semidefiniteness which follow are based on the

idea that any A e S"__> can be represented either as A aB2 for some a R_> and some
symmetric B with IIBII 1-, or as A aB for some a R_> and some B S"__> with

Ilnll-< 1. In detail, the two characterizations of S"=> are

S"_>_ cone [E], where

_
{nZ: n S", n 1},

s"=> =cone [], where

For optimization purposes it is convenient to consider conical hull characteriz-
ations of ve-- (S"=>):= {vec (A): A S"=>} and of ve--- (S>):= {ve--- (A)" A S}, which are
cones of vectors associated with n n symmetric positive semidefinite matrices and
positive definite matrices, respectively. Those cones are next characterized in terms of
fl, using an approach based on the fact that S"=> cone [E]. Some useful properties of
ft and W, both of (2.5), are also given.

THEOREM 2.1.
(i) vec (S"=>) cone Ill], vec (S"=>) cone W’fl];
(ii) vec (S.) =int cone
(iii) is a compact set; 11 is a nonempty convex compact set with mindist [0, fl]

n -l/z and cone [fl] is a nonempty closed convex cone;
(iv) mindist [0, LW’fl] _-> O’min[L]n -/2 for all L Rr;
(v) For g R and L R’r" minv.w,t g’y Amin[Z]

and a minimizing 5, is " LW’ vec (uu’). Here

[ vec-’
(2.6) Z R for g WL’g

2

and , is a normalized eigenvector ofZ corresponding to the minimal eigenvalue Amin[Z]
ofZ.

Minimization of F-AGI[, to be performed later, involves the determination of
the point in cone[LW’fl] which is nearest to a vector u, for a specific L Rrr. An
algorithm for doing that is given in 4. Actually any set fl could be used so long as
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cone [] S and properties (4.3)-(4.5) of 4 are valid. An alternative to f of (2.5)
is that used in an earlier version of this paper [5]. Yet another corresponds to the
characterization above of S as cone [..] and is

fi {vec (B)" B S"__> and Ilnll --< 1.
The following results guarantee that properties (4.3)-(4.5) are actually valid when lq

is replaced by f.
THEOREM 2.2.
(i) vec (S) cone [fi]; vec(S) cone W’h]; vec (S) int cone (W’fi).
(ii) is a nonempty, closed convex set.

(iii) Suppose L R rr. Then, for any x LW’, there exists a point y along the ray
through 0 and x such that y LW’fi and Ilyl[_-> rm.[L].

(iv) Suppose that L Rrr and that Z of (2.6) has the spectral form Z VA V’,
where A=diag (A1[Z],... ,An[Z]). Let .=[,,, A,[Z]2] /2 where I= {i" hi[Z]<0}
Then for any g R"

man g,y {0_ ifAmin[Z] >= O,
L w’fi . otherwise

and a minimizing, 3" from LW’ is " =0 if /min[Z] :: 0, and is , LW’ vec VV’]
otherwise, where A diag {,..., .n} for i -min {0, Ai}/.. 13

These results for will not be proved here as the proofs are similar to those of
the results concerning 11 in Theorem 2.1, which will be given shortly.

Considerable numerical experience will be needed before it can be decided which
of the possible sets f is best from the computational point of view. If were used
by the algorithm of 4 instead of f of (2.5), then that algorithm would require the
minimization of g’3’ (for an appropriate g) with respect to 3’ e LW’f at each iteration,
instead of with respect to 3’ e LW’f for f of (2.5). Since it is clear from Theorems 2.1
and 2.2 that such minimization is more expensive for than for f, and since f of
[5] is about as easy to use as f of (2.5) but is defined in a less direct way, the set f
of (2.5) will be used in the rest of this paper.

The proof of Theorem 2.1 is facilitated by the following lemmas. The proof of
the first is omitted as it is straightforward.

LEMMA 2.1. (i) For any A, B R and any x, y Rn

trace [AB] trace [BA] trace [B’A’],
x’y trace [vec- (x) vec- (y)’].

(ii) For any B U and for , and Z of (2.6)

’ vec (B2) trace BZB].

(iii) For any C R"", any A S" and any orthogonal P, Q Rn"

Ilcll-Ilvec(C)ll, IlV(a)ll-llvec(a)l[, IlallF=trace[a2], IIPAQII-IIAII.
(iv) For orthogonal V R"n

U { VBV’: B U}. [3

LEMMA 2.2. For A=diag{A,A,...,An} with AI_->A=> "_->A,

min trace [CAC] An. 13
cu

Proof of Lemma 2.2. For any C U

trace CAC] (C2).A, => it, trace C2] An c A.
i=1
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Further, for C=e,,e’,,, where e,=(O00...01)’, C U and trace[CAC]=h,. The
result follows. V!

n2+l
Proofof Theorem 2.1. (i) Let "-’i denote i= By the Caratheodory representation

theorem [6, Thm. 17.1], since [of (2.5)] is a convex subset of R n2, every xf can
be represented as

(2.7) x ,ia, vec [B]
for some a R= with Eiol 1 and for some B U. Hence every x cone [I] can be
written as x= ,(aai)vec IBm] for some a R>=. The matrix X corresponding to x is
X vec- (x) ,i(aa)B and consequently is positive semidefinite. Hence cone [f] c
vec [S].

Also, vec [S]c cone [f] since any X S"__> can be written as X aB for some
a R__> and for some B U so that vec IX] cone [f].

Hence vec[S]=cone[f] and consequently, in view of (2.3), vec[S"__>]=
W’ cone [f] cone W’f], which proves Theorem 2.1(i).

(ii) Now
XS"cc,there exists 6>0 such that X+YS"> whenever YS" and

=>there exists 8>0 such that vec (X)+vec (Y) vec (S"_>_) whenever Y
S and Ilvec (Y)II < ;

:>there exists 8>0 such that vec(X)+zvec(S) whenever z R and

Ilzll < (since, by Lemma 2.1(iii), {YES"" Ilvec (Y)ll < )= (7e-- (z).
z R and Ilzll < });

:> vec (X) int vec (S>_),
so vec(S)=intvec(S). Consequently, in view of Theorem 2.1(i), vec(S)=
int cone W’f], which proves Theorem 2.1(ii).

(iii) Since U is compact, the set {vec (B2) B U} is a compact subset of R "2

so , its convex hull, is also compact [7, Thm. 3.2.18].
Let Ej denote j=. For any B U

(2.8) (B2)j= (bjk)2>=O, trace[B2]=j, (B2)j 1.
k=l

Using representation (2.7) of any x from

lixll 2 II,,a, vec(B2)[I 2 II,,a,B
Hence, since [8, 2.1] :z.-[,lzjl]2/n for all z R", and in view of (2.8) and the fact
that each B is in U of (2.4)

(2.9)
Ilxll = [jiOli( 2B,))j]2/ n [,,a,,)( B2)jj]2/ n

[,c]2/n n-’ Vx

Take B= n-/2I U. Then vec (B2) and Ilvec (B2)11 n -/2. Consequently, in
view of (2.9)" mindist [0, Ill n -/2.

Since f is a nonempty, convex compact set and mindist [0, f] > 0, it follows from
[6, Cor. 9.6.1] that cone [1] is a nonempty convex closed cone. This completes the
proof of Theorem 2.1 (iii). l-1

(iv) Ifx LW’f,, then x LW’to for some to f and Ilxll--> ’min[L][[ w’,o II. From
(2.1)-(2.2), WW’ projects R "2 orthogonally onto R[W]=vec (S"). Hence w’,oll ==
,o’ww’,o -II,o = since, by Theorem 2.1(i), to vec (S"__>) vec (S") when to f. Hence,
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by Theorem 2.1(iii)

x O’min[ L]II O’min[ L] n -/z Vx LW’I,

which proves Theorem 2.1(iv).
(v) Put Z of (2.6) in the spectral form Z VA V’, where A diag {h, h2," ", h,}

with h => h2_->... h, Amin[/]. Then, since the minimization of g’y with respect to
), L W’I’I is equivalent to minimization of ’to with respect to to efl for g WL’g,
and since minimization of g’to with respect to to fl is equivalent to minimization with
respect to to because, from (2.5), ll cony {}

min g’y=min
T LW’

min g’ vec (B2) from (2.5))
BU

(2.10)

min trace BZB]
BU

min trace V’BVA V’BV]
BU

from Lemma 2.1 (ii))

(by Lemma 2.1(i) and since Z VA V’)

min trace [CAC]
CeU

(from Lemma 2.1(iv))

/n /min[z] (from Lemma 2.2).

Now consider B u,’, where u is a normalized eigenvector of Z corresponding
to the eigenvalue Amin[Z].Then / U, since B’=B and since llBll=trace[B ]=
I1 11 =- 1, so ( rom (2.5)) vec

Let LW’ vec (/). Then LW’f and

g’g/=’vec(/)=trace[/Z/] (by Lemma 2.1(ii))

"--/min[Z] (since Zu imin[Z]p and 1).

Consequently, in view of (2.10), minimizes g’y with respect to y LW’f, which
completes the proof of Theorem 2.1. !-1

3. Minimization of [IF-AG[[ with respect to symmetric positive semidefinite A.
Suppose A Rn" and F, G R"". The optimization problem is

(3.1) P1 min IIF- AGIIF.
AS

The conical hull characterization of the set of positive semidefinite matrices developed
in 2, vec(S)= cone W’f], is used later to prove the following result.

TrEOREM 3.1. The minimum in P1 exists.
Remark 3.1. There is actually a unique global minimizer , for P1 when G has

full rank (see Theorem 3.2) but A is not necessarily unique when G does not have
full rank (see, e.g., Theorem 3.5(i)).

When G has full rank, the conical hull characterization can be used to transform
problem P1 into a problem, P2 of (3.3), for which the solution can be computed fairly
easily. It will be seen shortly that the case with general G can be solved by employing
the results for the full rank case which follow.

THEOREM 3.2. Suppose A R""; F, G R with m >= n and rank [G] n.
Let J =[I,n(. G’]W R where r= n(n+ 1)/2. Then J has rank r. Factorize J

as J P[ L’0’]’ for some invertible L Rrr, where P R"""" is some orthogonal matrix.
Using that P, factorize f vec F] R’" as f P[ u’l’]’ with u
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Then A solves P1 if and only if
(3.2) , --’ (L-’/),
where k is the unique solution of
(3.3) P2 rain u k ]1,

kK

and

(3.4)
Here K is the convex cone

(3.5)

(3.6)
(3.7)

Further

K cone LW’f].

f u ffve-----1 L- u >_ O

is not positive definite if fc # u.

Remark 3.2. Supposeve--- (L-lu) >= O. Then, from (3.6),/ u, so that, from (3.2),,=- (L-u). Hence A is very easy to find in that case.
Now suppose vec- (L-u) O. Then/ u and there does not seem to be a formula

for/; however, an arbitrarily close approximation / to / can be obtained using an
iterative procedure, Algorithm 4.1 of 4 (later). By Theorem 4.2, for any e>0,
Algorithm 4.1 can be used to find an approximation k which satisfies condition (3.8)
below. The corresponding approximation , to , vec- (L-/) is .= ---1 (L-/).
Theorem 3.3, which follows, reveals that A can be made an arbitrarily good approxima-
tion to , by choosing e to be small enough. Hence, when G has full rank, an arbitrarily
accurate approximation A to the solution A for P1 of (3.1) can be found. I-I

THEOREM 3.3. Suppose F, G, L, u and are those ofTheorem 3.2, with rank G] n.
Consider any real e >- O. If k K satisfies

(3.8) [llu-11=+llill=]<-(l+e)=[llu-,ll+lllll]
and ,=vec- (L-/), then , approximates , of (3.2) in that

(i) A->0,^
(ii) II-AIl.(2e+ e=)’/=llL-’ll IIF-,II,
(iii) IIf-ll_<- (1 / )llF-,ill.
Now consider the case when G does not have full column rank in that rank G]

q < n. Then use of the next result, Theorem 3.4, enables an accurate, approximate
solution , of P1 to be obtained easily from a matrix F2 R"-q)" and from an accurate
approximation/ to the global minimizer/J for

(3.9) P3 min F, n ,
s

where G has full column rank, for suitable F, G Rq". Hence the above results
for the case when G has full rank may be used to find a suitable B. The details are
given next.

Suitable matrices F, F2 and G2 are obtained from F and G as follows. When
rank [G] =q < n, there is an orthogonal Q R"" such that

(3.10) QG=[GO’]’

for some G Rqxm of rank q. Using that Q, the matrices F Rq" and F2 R(n-q)xm

are obtained by partitioning QF as

(3.11) QF=[FF]’.
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The results which facilitate accurate approximate solution of P1 when G does not
have full column rank are given next.

THEOREM 3.4. ^Suppose rank G] q < n; Q, F, F2 and G are as specified by
(3.10) and (3.11); A solves P1 of (3.1) and B solves P3 of (3.9). Then

(3.12) (i) IIF-,GII llF- G, + F=(l- GIG,)II ,
(3.13) (ii) =O’(
is a positive semidefinite approximate solution for P1 which satisfies
(3.14) liE-GII
for any prspecified e, e R if

(a) B S approximates the solution of P3 in that

(3.15) >0 and

(b) and satisfy

(3.16) ’= F2G,
(3.17) S-q with

Further, of (3.13) is positive definite i in addition,

(3.18) > ’-’.
An impoant point in connection with Theorem 3.4 is that the B which solves

P3 of (3.9) is not necessarily positive definite even though it is positive semidefinite.
Hence even if were available, it might be necessary to peurb B slightly to yield a
positive definite suitable for use with Theorem 3.4. The next result, Theorem 3.5,
concerns the determination of such a positiv definite B and the consequences of its
use when finding an approximation to A for P1 of (3.1) using Theorem 3.4. In
Theorem 3.5, [B]() and N are as defined in 1.

Tnzogz 3.5. Let L, and be the L, u and of eorem 3.2 when applie tP
of (3.9) instead of to P1 of (3.1). Consider the solution of P3, the matrices A, B, C
and D of eorem 3.4 and any solution A of P1. ere are three cases, depending on
whether- -) is positive definite, positive semidefinite or not positive semidefinite.

(i) Suppose vec- (-a)> 0. en=(-) and >0 and if is chosen
to be , then solves P1 or any S-q with ’-) and

(3.19) [IF,- ,[ FII,
ii) Suppose vec- (- if) 0 with vec-’ (-’ if) 0. en -’ (-’) 0

with B 0 and (3.19) aplies.
For any R, if B []() then B is a positive definite approximation to B and

A is a positive semidefinite approximate minimizerfor P1 which have thefollowing absolute
error properties if 0:

(3.20)

(3.21) IIF-GII% IIF-GII%+ NII a, ll%
and which have the following relative error properties if # O"

(3.22) liE,- G1 v
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(iii) Suppose vec-1 (--1/) 0. Then [[F- G, II > 0. Further, for e Re, suppose
an approximation B Sq>= to B has been found which satisfies
(3.24) liE,-/G, --< (I / )II F,-
For a R>_, if is chosen as [/](,) then is a positive definite approximation to , and
A is a positive semidefinite approximate solution for P1, with the following relative error
properties:

(3.25) llF,- O, II -< (I + e)(l +,[(N,,)’/IIO, II,/IIF, BO, II])IIF,- DG, II,
(3.26) llF-,ll<-(l /)(l /,E(N,,)’/=ll,ll/llF,-,ll])llF-?tll.

Remark 3.3. For case (i), Theorem 3.5 reveals that an A which solves P1 of (3.1)
exactly can be found explicitly.

Case (ii) ofTheorem 3.5 reveals that an A giving an arbitrarily good approximation
to the minimal value of P1 can be obtained easily by choosing a to be small enough.

Consider case (iii). The corresponding version of P2 of (3.3) is

P2’ min Ila-kll
kcone[LW’f

and thecorresponding/ which_ minimizes_ F, -nG,
where k solves P2’. Here L, W and f are L, W and of Theorem 3.2, (2.1) and (2.5)
for n replaced by q. Since vec- (/S-ff) 0 in case (iii), it follows from (3.6) that
Hence, by Theorem 4.2 (later), Algorithm 4.1 can be applied to obtain an accurate
approximate solution k for P2’ which satisfies the corresponding version of (3.8), namely

Ella- ?II = / I1111 =] -<- (I -I- )=[ a- II = / II/’II=].
Then the corresponding approximation/ to / is / vec- (/S-/) and, by Theorem
3.3(iii),

llF,-, <=(1 -I- e)II F,- G,
so that / satisfies (3.24). It follows from (3.26) that use of/=[/]() yields an
which solves Pl.arbitrarily accurately if a and e are chosen to be small enough.

Hence, an A giving an arbitrarily accurate solution for P1 can be obtained, whatever
the rank of G.

Proofof Theorem 3.1. By considering vec (F-AG) and using Lemma 2.1(iii) and
the fact [9, p. 42] that vec (XYZ)= [X(Z’] vec (Y), we find that

(3.27) F AG -IIf- Hall,
where a vec (A) R n2, f vec (F) R"n and H

In view of (3.27) and Theorem 2.1(i), problem P1 is equivalent to

P4 min Ilf- Hall
aK

where K cone [F], which is equivalent to

P5 min liT- bll
be K

with K2-- HKI.
If rank G] n, then N[ G’] {0} so N[H] {0}. The recession cone 0/K of the

convex cone K, i.e., of cone [], is Kt itself [6, Cor. 8.3.2]. Therefore N[H] fq 0+K
{0}. Consequently the nonempty convex cone K2 HKI is closed [6, Thm. 9.1], since
Theorem 2.1(iii) reveals that K is closed. Therefore the minimum in P5 exists [7,
Lemma 3.3.1] and, since P5 and P1 are equivalent, the minimum in P1 exists. This
proves Theorem 3.1 when rank G] n.
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When rank G] < n, the null space of H is nontrivial and consequently the fact
that K is closed does not reveal immediately that K2 is closed [6, p. 73]. Therefore
the existence of the minimum in P5, and hence of the minimum in P1, cannot be
established so easily as for the case when rank [G] n. The structure of P1 has to be
considered in more detail when rank [ G] < n, as follows.

There exists an orthogonal Q so that (3.10) and (3.11) are valid, where q=
rank [G] rank [G]. Any A E S can be written as A Q’MBcoQ, where

for B E Rqq, C Rq(’-q), D R(’-q)"-q). By [9, p. 197] and the orthogonality of Q

(3.29)

where

(3.30)

Let

S {MBco" (B, C, D)e Y>_}={Q’MocoQ" Mnco e S">=}

Y=>= {(B, C, D)" BeSq>=, R[C] RIB], D’= D>= C’B*C}.

(3.31) Snco= C’ C’ -Then

min F AG min Q[F AG]II %
AS_ AmS_

min !1[’]-[B,C,D)e Y_ F2 C’

min [IQ[F-Q’M,coQG]IIZF
MBCD S<

D 0

,c,o) Y= F C’ 0

min P- All %
A Stco

where F [FF2], G [ G0’]’.. The first equality is a consequence of the orthogonality
of Q, and the second and third are from (3.29).

Hence P1 is equivalent to

P6 min Y- a %
K

where f vec (F) and g H vec (Sco) for H Inn(.G’.
From Theorem 2.1 (i)-(iii), vec ($n__>) is a nonempty, closed, convex cone. Therefore

it follows from (3.31 that vec (Snco) is a nonempty, closed, convex cone. A consequence
is that its recession cone, 0/vec (SBco), is equal to vec (Sco) [6, Cor. 8.3.2]. Hence
g is closed if !1/ xll > 0 whenever 0 # x. vec (Saco) [6, Thm. 9.1], i.e. (since vec (Ate)

vec (A)) if IIAt3ll > 0 whenever 0 # A . Snco. From (3.31), every nonzero A in Saco
has the form of MBco of (3.28) with B and C not both zero. Further, in view of (3.29)
and (3.30), R[C] R[B] so that C is zero if B is zero. Hence A=Maco with B#0
if 0 A Saco. Now R[ G1] Rq, because rank [G] q and G Rq", so BG 0
when B 0. Since tlat31t%-IIBG, II%/IIC’G, II% when. A= Mnco, it follows that
ItAt311 > 0 whenever 03 A . Saco. Consequently, K3 is closed.

Since K is closed, the minimum in P6 .exists. Hence, since P6 and P1 are equivalent,
the minimum in P1 exists when rank [G] < q.
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Therefore the minimum in P1 exists whatever the rank of G, which completes the
proof of Theorem 3.1. I-i

Proof of Theorem 3.2. Now J=[I,,,,(G’]W, so that R[J’] R[W’(I,,,(G)]=
R[ W’] R r, where the penultimate equality occurs because G has full rank and the
final inequality is from (2.2). Hence rank [J] r.

As in (3.27), IIF-aGll,-llf-[I,,(R)G’]all, where a=vec(a), so, in .view
of (2.3)

(3.32) IIF-AGIIF- IIf-[I.,,(R)G’]Wall- IIf- Jail
where ti vec(A). Use in (3.32) of Lemma 2.1(iii) and of the factorizations of J and
f given in the statement of Theorem 3.2 yields

f aG
Hence. solution of P1, i.e., minimization of liE- AGIIF with respect to A e S, can be
achieved by solving

P7 min u tall
aevec(Sg)

and then , ve--- () if solves P7.
Since, by Theorem 2.1(i), vec(S"=>) cone W’f/], P7 becomes P2 of Theorem 3.2,

namely

a2 min u k
keK

where K L ve-- (S)=cone [LW’fl], a convex cone, and then = L-/ if/ solves P2.
It is known, from Theorem 3.1, that P1 has a solution. Since P1 is equivalent to

P2 (via P7), because it is clear from above that the solution of P1 can be found from
that of P2, and vice versa, P2 has a solution.

Hence the solution ti of P7 is = L-1/ and consequently the solution of P1 isz ve----’ (d) e-- (L-/).
Clearly P2 is solved by/ u if and only if u K, i.e., (since K ve-- (S"__>)) if and

only if u=Lvec(A) for some AS, i.e., if and only if - (L-u)>=O. So, since
A =V- (L- k), A =F- (L- u) if and only if F-- (L-u)>-O.

if/ # u then clearly/ c3K o cone LW’f], and consequently, since L is invert-
ible and RILl= R, L-/3 cone [W’f]. Therefore, by Theorem 2.1(ii), then ,
ve--- (L-/) is not positive definite.

Proof of Theorem 3.3. (i) Now k K L cone W’II], so, by Theorem 2.1(i),
/ L ve--- (S). Hence ve---- (L-I/) S, which proves part (i).

(ii) Clearly

(3.33) u-/?ll-- u -/ll=/2(- u)’(tT- t?) / IItT- 11
Since/ minimizes Ilu-kll, with respect to k from the convex set K

2(/- u)’(k-/) _>- 0

Hence a consequence of (3.8) and (3.33) is that

so, by (3.4)
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Therefore, by Lemma 2.1 (iii)

IIA-AII 117--(L-/7)--’ (L-/)]IF ILL-’/7- L-1/II

which establishes part (ii).
(iii) As in (3.32), and using the factorizations of Theorem 3.2

So, in view of (3.4), the result of pa (iii) is implied by (3.8).
Proof of eorem 3.4. Much as in the proof of Theorem 3.1, let

Yu={CeRq("-q}" R[C]= R[B]} forBeS,

(3.34) Y>{(B,= C,D)" BSq, C Y,DS D>C’B*C}I=

(3.35) anc O’[ BC’ ] O e

where B Sq, C Rq*("-q, D S"-q and where Q e R"" is the ohogonal matrix
specified in Theorem 3.4.

From p. 197 of [9]

(3.36) [Anco gO][(B, C, D)e Y].

Fuher, since Q is ohogonal

(3.37) [IF--AcDGI[= IIQ[F-AcoG]II= IIF1-BG, I+IIFz-C’G, II.
If we write as A.C.D., (3.37) gives

(3.38)
liE-GII [IF,- B’G, + IIFz-c*’Glil

since minimizes IIF1-BG, II on S; and since, from [9, p. 119], FzG minimizes
F=- C’G1 with respect to C’ R("-qq.

Consider now Aoeo when is []( (of 1), ’= FzGI, S with ’*.
Since [](> 0, for all a > 0, it follows from (3.36) that Aeo S, for all a > 0. So,
since a minimizes IIF-AGII on S;

(3.39) IIF-GIIIIF-AeoGII=IIFI-r])GIlI+IIFz(I-GG1)II
where the equalityis from (3.37). Hence, from (3.38), (3.39) and since IIF-

(3.40) [liE, a, + (N)/=IIG F]=

Consideration of (3.40) as a converges downwards to zero reveals that

which proves pa (i).
Now consider =A6 of (3.13) for the , and of Theorem 3.4. From

(3.36),0 and from (3.37), since of (3.16) minimizes IIF=--C’GIIF with respect
to C Rqx(n-q)

(3.41) [F-GI[=IIF,-GII+ min IIF=-C’GII,
CR
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(1 + e) min IIF- AcoGll+
B,C,D) Y>__

=(l+e) min llF-AGllF+ e
AS">

where the first equality is from (3.34), the second is from (3.37) and the third is a
consequence of the fact that, from (3.35), (3.36) and the orthogonality of Q

S= {AscD" (B, C, D)e Y>_}.

This establishes (3.14).
From [9, p. 197], Anco of (3.35) is positive definite if and only if B>0, B-

CD*C’> 0 and D-C’B-C>O. In fact, the first and last of these three conditions
imply positive definiteness; the following proof is from [4]. The first and third conditions
imply that ABco is positive semidefinite [9, p. 196]. Hence ABco is positive definite
if it is invertible. Now the first and third conditions ensure that IBI>0 and that
[D.- C’B- CI > 0. Hence aBco is invertible because Iaol IIBIID- c’n- CI > o.

This completes the proof of Theorem 3.4.
Proof of Theorem 3.5. If vec- (-ff)->0, it follows from (3.2) and (36) of

Theorem 3.2 that the/ solving P3 is/ ve---- (/,-a). The formulae for
and IIF-,G[I of (3.19) are from (3.4) ofTheorem 3.2 (since/= u) and from Theorem
3.4(i).

If/ > 0, then the choices/ =/ and e e_= 0 can be used in Theorem 3.4(ii) to
show that A of (3.13) solves P1 exactly, which proves (i).

Now suppose vec- (-if) => 0 with vec- (-t) 7, 0. Then / 7, 0 and the choice
/ [/]()for a>0 gives />0 and II/-/11--c(N) /=. Hence we have (3.20).

From (3.19), if /=0 then IIF-BGII-0 in (3.20). Consequently (3.15) of
Theorem 3.4 applies with e=0 and e=-=NIIGII. Then (3.14) of Theorem 3.4
yields (3.21).

However if # 0 then

where the equality is from (3.19). Hence we have (3.22).
In view of (3.22), Theorem 3.4(ii) can be applied with e defined by + e

(1 IIF/I II) and with e2=0, in (3.15). Then (3.23) follows from (3.14).
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Since it is assumed in Theorem 3.5(iii) that -- (-a) 0, it follows from (3.6)
that / # u so that, from (3.4), liE,-11 > ’11. Hence llF BG, > 0, as claimed.
Therefore, since B IBId,)in this case

--<[(1 + e)+ (No)’/IIG, II/IIF, O, ]llF,
_-< (1 / )[1 / (N)’/=IIG, IIF/II F, O F] liE,

where the second and third inequalities are from (3.24). Hence we have (3.25).
Therefore / satisfies (3.15) with el defined by (l+el)=(l+e)2[l+

(N)’/=IIG, IIF/IIF,-GIIF3= and with e2=0. Then (3.26) follows from (3.14). l1

4. A proximal point algorithm for conical hulls. The problem considered here is
P2 of (3.3), rewritten here as

(4.1) P2 min v(k)
ketone [F]

where

(4.2) v(k)=llu-kll VkeR, r:LW’O, K:cone[r]

and where K, u and the invertible matrix L are those of Theorem 3.2, W is specified
by (2.1) and f by (2.5). Algorithm 4.1, presented shortly, finds an approximation k
to the solution k of P2 which is acceptable in that condition (3.8) of Theorem 3.3 is
satisfied. The algorithm relies on the following properties of F:

(4.3) F is a nonempty closed convex set;

There exists a 7r e R> such that for any point x in F, there is a point y e F
which is in the ray through 0 and x and for which Ilyll--> ;

(4.4)

For each g R r, a member of arg min {g’y" 3’ F} can be found.(4.5)

Remark 4.1. From Theorem 2.1(iv), a suitable r is 7r--O’min[L]n -/2. From
Theorem 2.1(v), the minimal value of g’ 3’ and a minimizing 3’ can actually be determined
by solving an eigenvalue problem.

Algorithm 4.1 for approximating the minimizer / of v on the unbounded set
cone IF] is based on the fact that k is also the minimizer of v on a bounded set S,
actually a suitably truncated version of cone IF]. Consequently k may be approximated
by approximately minimizing v on S. The result regarding S is stated next.

THEOREM 4.1. Let Ilull/; s=(v. [0, n], yr}. Then S is a convex set
and minpoint u, S] minpoint u, cone IF]].

The algorithm for finding an acceptably accurate approximation k to k by minimiz-
ing v on $ is stated next.

ALGORITHM 4.1.
O. Select parameters by choosing

e (0, ) (e occurs in post-condition (4.12) and defines the degree of
suboptimality acceptable in k),

ko cone [F] (an initial estimate of k).
I. Initialize variables

ko:=minpoint [u, cone [{ko}]] (the point nearest u in the ray through 0
and ko),
/_ := 0 (the best lower bound for v(/) available so far),
i:=0 (the iteration index).
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II. Decide when to stop iterating
Find a yi arg min Vv(ki)’(y- ki),

yes

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

III.

by finding a

and setting

),i arg min V v(k)’y
/eF

r/),i if Vv(ki)’),i < 0,
Yi= ki otherwise.

Compute a lower bound bi for v(/)
b, := v(k,)+Vv(k,)’(y,-

Compute/, the best lower bound for v(k) found so far

i :"- max {/i-1, bi}.

If

v(k,) + II/11 ] =< (1 + e)2[/i + II/11 ] (where is that used in Theorem
3.2), then set k k and stop; else continue.

Choose the next iterand

(4.11)
ki+, :-" minpoint (u, cone [line {ki, yi}]),

i:=i+l.

Go to II. l-1

Remark 4.2. Minpoint (u, cone [line {k, y}]) may be found simply and exactly
owing to the simple nature of the set cone [line {k, yi}]. F1

THEOREM 4.2. If f U, Algorithm 4.1 stops after a finite number of iterations with
k an approximate solution of P2 which satisfies
(4.12) /?cone[F], I1 ?11<=11 711,
Further, if fc u and stopping condition (4.10) is omitted from Algorithm 4.1 so that it
iterates indefinitely, then

k, s S c cone IF] and b <_ v(f) V >-_ O, k, --> f, --> v(f).
Remark 4.3. In view of (3.6),/ u if and only ifvec-1 (L-lu)>= O. Hence Theorem

4.2 reveals that Algorithm 4.1 may be used to find an approximate solution k for P2
of (3.3), approximate in that condition (3.8) of Theorem 3.2 is satisfied, whenever
ve---1 (L-lu) 0. i-1

Remark 4.4. It is desirable to use, in Algorithm 4.1, an initial approx,,imation
ko cone IF] which^ is a good approximation to k. The connection between k and A
is, from (3.2), k L vec (A). Also, cone [F] L vec (S"_>_), in view of Theorem 2.1(i)
and the fact that F LW’I). Hence a suitable k-o is k= L vec (A) for any A S"__> which
approximates ,. If vec (L-u)->0, then (by (3.6)) A =vec- (L-u) and we could use
k-o L vec (,,) except that Algorithm 4.1 is not actually needed in that case. Algorithm
4.1 is needed only when vec-1 (L-lu)O. This suggests that when -- (L-u)O,
the choice k-o L ve--- (’) be used where ) minimizes --’ (L- u) X with respect
to X from S. It is easy to check that " [--1 (L-u)]<o), where the notation ]<o)
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has the meaning assigned in 1. Consequently a reasonable choice to use is ko=
L [vec (L-u)]o).

Proof of Theorem 4.1. The convexity of S may be verified easi,,ly.
Suppose k minpoint u, cone [F]]. Then, since S c cone IF], k minpoint u, S]

if and only if / S. It will be shown next that / S. Clearly II ll-<-Ilull. Because
/ cone IF],/ may be written as/ 0 for some 0 R__> and for some F such that

(owing to propey (4.4)of F)IIll_-> ,. Hence o<-IIfll/<-Ilull/,= . Consequently
k S. Therefore k minpoint u, cone [S]].

Proof of Theorem 4.2. First it will be shown that k S, for all i>= 0.
By the definition of ko in part of Algorithm 4.1, and by the definition of k+ in

part III" for all i=> 0, k minimizes v along the ray through k. Consequently

(4.13)

Now, by its definition in Algorithm 4.1, yi S c cone [F] for all i=> 0. Therefore,
from (4.11), if kicone IF] then ki/lcone IF]. Since kocone IF], by the way it is
constructed in Algorithm 4.1"

cone[F] Vi_>-0.

Since ki cone [F], it follows that ki ay for some a R>__ and for some y F.
Therefore, from (4.4), [[ki[[ a[[y[[ >_- ar. Consequently, in view of (4.13), a _-< [[u[]/-
7. So, owing to the definition of S in Theorem 4.1, ki S, for all i_-> 0, as claimed in
Theorem 4.2.

It will be shown next that the assertions made in the statement of Algorithm 4.1
regarding yi and bi are correct.

Consider the determination of Yi in step II.
Since each yi constructed by the algorithm is from F, and since each ki is from

S, it follows from (4.7) that Yi S, for all i_-> 0.
For i_>- 0, ki minimizes v of (4.2) on the ray through ki. So V v(ki)’ki 0, for all

>- 0. Further, any y S may be written as y 0y for some 0 [0, r/] and some y F.
Hence, for Yi of (4.6)

min Vv(k,)’(y-ki)= min min OVv(k,)’y
yeS 0[O,x/]

*IV V( ki )’i if V v(k,)’i < O,
0 otherwise.

The above minimal value for Vv(ki)’(y-ki) is achieved by Yi of (4.7), which, since

Yi S, proves that y minimizes Vv(ki)’(y-ki) on S, as asserted in Algorithm 4.1.
Next, it will be shown that for bi of (4.8), bi -< v(/). Now

v(k) v(ki) + V v(ki)’(k ki) + k ki 2 --> v(ki) + V v(ki)’( k

so, in view of Theorem 4.1,

(4.14)

v(/) min v(k) >= min (v(k,)+Vv(k,)’(k-ki)}
kS kS

t)(ki)+ Vt)(ki)’(yi- ki)

which proves the assertion that the computed value of bi is a lower bound for v(k).
A simple consequence is that bi of (4.9) is also a lower bound for v(k), as claimed in
Theorem 4.2.

The behaviour of Algorithm 4.1 will now be studied assuming that stopping
condition (4.10) is omitted from the algorithm so that it iterates indefinitely.
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Now, since F is bounded and r/is finite, S is bounded and there is a finite number
d so that k y --< d, Vk, y S. Let

D--llVv()lld/d.(4.15)

Then

(4.16) v(k)=v(c)+Vv(c)’(k-)+llk-cll<=v()+D VkS.

Consider the determination of k+ from k, using (4.11). Since line{k,y}
cone [line {ki, Yi}),

(4.17) v(k,+) min v(k) <= min v(k + a[y,- k,]).
k cone[line{ ki,y [0,1

From (4.14)

(4.18) V v( k,)’( y, k,) <-_ v( k) v( ki)] --< 0.

Suppose yi ki. Let ai denote the value of a which minimizes v(k+ a[y-k])
with respect to a from [0, 1], and let c be the unconstrained global minimizer, so that

(4.19) (, -Vv(k,)’(y,- k,)/[2lly,- k, II].
Then, from (4.18), c >-0. The following two cases are possible"

(i) d, [0, 1];
(ii) c > 1.
For case (i), a ci and consequently, from (4.17) and (4.18),

v(k,+)_-< min v( k, + a[ y, k,])
ct[O,l]

(4.20) v(k) [V v(ki)’(y- k,)]/[411 ki-y 2]
_-< v(k)- [v(k)- v(/)]-/[4D]

where the last inequality is from (4.15) and the fact that k, y S, for all i=> 0.
Now consider case (ii), for which a 1. From (4.19), the fact that ti > 1 implies

that Vv(k)’(y k) < -211yi kill -, and consequently

< v(k)+[Vv(k)’(y- ki)]/2
(4.21)

<= v(k,)- [v(k,)- v(k)]/2

<= v(k,)- Iv(k,)- v(fc)]2/[4D]
where the penultimate inequality is from (4.18) and the last inequality is from (4.16)
and the fact that ki S, for all i=> 0.

Hence, from (4.20)-(4.21), whether case (i) or case (ii) occurs, if y s k then

v(k,+,) v(/)] -<_ v(k,) v(/)] -[ v(k,) v(/)]2/[4D]
and, from (4.18), if Yi ki then

v( k,) v( f).
Consequently v(ki)-)v(fc).and, since v is strictly convex, k--)k", as claimed in
Theorem 4.2.
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Also, bi v(f) since, because ki /, it follows 10, Thm. B.3.20] that

b, min { v(k,) + V v(k)’(y ki)} min { v(/) + V v(/)’(y -/)} v(/).
yS yS

Therefore b v(k), as claimed.
It will be shown next that execution of the algorithm actually terminates after

a finite number of iterations if stopping condition (4.10) is included in the
algorithm.

Now v(/) > 0 since the case/ u is being considered. Hence since v(k), b v(/)
and v(/)>0, stopping condition (4.10) will be satisfied eventually and iteration will
cease after some finite number of iterations.

The proof of Theorem 4.2 will be concluded by showing that satisfaction of the
stopping condition guarantees satisfaction of post-condition (4.12) of Theorem 4.2.

Now ki S __. cone IF], for all >- 0, so it follows from the way k is defined in part
II of Algorithm 4.1 that k cone [F], which establishes the first part of (4.12).

Since k and k are the closest points to u in the rays through k and k, respectively:
IIk, = u’k,; Ii!1== u’. So

v(k,) Ilull
and consequently, since v(k,)>= v(f)" IIk, ll_-< I1 11 for all i->_0. Further, since/_<- v(/),
satisfaction of (4.10) ensures that (4.12) is satisfied when k is the last ki which is
generated by Algorithm 4.1.

5. Computational considerations and an example. The interesting issue is the actual
behaviour of Algorithm 4.1 for the cases when it is required. By Theorem 3.5, the
algorithm will be used when it is necessary to determine the solution for P1 of (3.1)
when G has full rank and --1 (L-1u) 0, where L and u are those of Theorem 3.2.
Recall that r n(n + 1)/2 when F, G Rnm.

The main computational requirements associated with the use of Algorithm 4.1
are outlined next. Procedures for computing the varous matrix factorizations, singular
values, etc, which are mentioned below are given in, for example, [8].

(i) Determination of quantities associated with Theorem 3.2. The main computa-
tional task involved in the evaluation of L Rrr, u R and R is the factoriz-
ation of J R"n as P[L’0’]’ for orthogonal P and for L of full rank. Any standard
method for Q-R factorization could be used to perform that factorization of J.

(ii) Specification of the set S of Theorem 4.1 This requires evaluation of rmi,[L],
where L Rr.

(iii) Steps 0 and I ofAlgorithm 4.1 (performed once). The suggestion of Remark
4.4 is adopted here for the selection of the initial approximation ko, so the evaluation
of X ve---- (L-u)=vec-1 (WL-u) is needed where We Rn2r. The determination
of X just involves the assembly of the entries of the vector WL-u R" into the rows
of X Rnn. Thenko L[X]o), where the computation of [X]o) requires evaluation
of the result of changing all negative eigenvalues to 0 in the spectral form of X.

(iv) Step II of Algorithm 4.1 (performed once per iteration). The main burden
here is the evaluation of ), which, in view of Theorem 2.1(v), can be done by finding
a normalized eigenvector corresponding to the most negative eigenvalue of the corre-
sponding symmetric Z R of (2.6).

(v) Step III of Algorithm 4.1 (performed once per iteration). This can be done
by projecting u onto the subspace spanned by y and ki and checking whether the
result is in cone [line {ki, y}]. If the projection is in that cone, it is the required k+t.
Otherwise k/ is the closer to u of the closest points to u in the rays through k and



POSITIVE SEMIDEFINITE MATRICES 555

Yi, respectively. The main effort involved is the evaluation of five inner products in
R, the inversion of a 2 x 2 matrix and some logic.

The total amount of work involved depends very much on the matrices F and G
which are considered and on the tolerance parameter e chosen. To give an indication
of the performance of Algorithm 4.1, some results follow for a case with

1 0 0 1 6 0

F= 0 -2 3 G= 4 3 0

0 2 4 0 0 -0.5

The computations were coded in Fortran 77 using double precision for all real
variables and were run on a VAX 11/750 with e 10-9. Matrix inversion, Q-R
factorization, singular-value decomposition and spectral decomposition were carried
out using NAG subroutines F01AAF, F01QAF, F02WCF and F02ABF, respectively.

To make their interpretation easier, results are presented in Table 5.1 in the way
described below.

TABLE 5.1

liE- A,GIIF [/i + II/11-] ’/2 e,

0 5.7824024346400 3.4277369606866 0.69
5.6385825638432 3.4277369606866 0.64

2 5.6180824578471 4.9565077042185 0.13
3 5.6041856642211 5.3160031568303 0.054
4 5.6029033847332 5.5351521480910 0.012
5 5.6016185784600 5.5433693128397 0.011
6 5.6013936067946 5.5867131439601 0.0026
7 5.6011842684349 5.5880547888253 0.0023
8 5.6011222214277 5.5972897504430 0.00068
9 5.6010076584435 5.6002056202548 0.00014
10 5.6010045000615 5.6008035555207 0.000036
11 5.6010016190206 5.6008195158433 0.000033
12 5.6010007751979 5.6009475009531 0.0000095
13 5.6009992047102 5.6009865012541 0.0000023
14 5.6009991545482 5.6009959775124 0.00000057
15 5.6009991089662 5.6009962263921 0.00000052
16 5.6009990956352 5.6009982523879 0.00000015
17 5.6009990708254 5.6009988658921 0.000000037
18 5.6009990700160 5.6009990174372 0.0000000094
19 5.6009990692812 5.6009990174372 0.0000000093
20 5.6009990690662 5.6009990646315 0.00000000079

Let Ai =vec- (L-ki). Then Ai is the approximation to associated in a natural
way with k of Algorithm 4.1. Much as in (3.4), it can be seen that

liE- a,GII --Ilu k, = / II111 .
By Theorem 4.2, k/ for Algorithm 4.1 so we would expect that

F-a, - F-,ll.
Again by Theorem 4.2, b =< Ilu 11 and / Ilu 11 =. Hence, in view of (3.4)

[f,,+lltll]’/<=llF-,GIl,, [f,,+lllll]’/-->llf-all,,,.
The second and third columns of Table 5.1 are consistent with these claims.
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The entries in the column headed ei give the smallest value of e for which stopping
condition (4.10) would be satisfied at iteration i. Consequently we find (without
knowledge of the value of IIF-GIl)that IIF-a,GIl<-_(1 +,)llF-GIl at iter-
ation i. The results show that ei decreases quite rapidly with increasing iterations i,
indicating that liE- A,GII fairly rapidly becomes a good approximation to IIF- GII.

Acknowledgment. Thanks are owed to K. G. Woodgate formany useful discussions.
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STRUCTURAL STABILITY FOR SINGULAR SYSTEMS-
A QUANTITATIVE APPROACH*

LIYI DAI-

Abstract. This paper studies the structural stability for singular systems. The problem is solved via the
matrix perturbation analysis method. Allowed perturbation regions for structural stability are given.

Key words, matrix perturbation analysis method, singular system, structural stability, data point,
perturbation, regulator
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1. Introduction. In the design of control systems much attention has been paid
to the problem of structural stability, for which many methods have been proposed in
normal system theory (see, e.g., [1]). The reason for doing this is that when treating
a practical system we always use a mathematical model to approximate it. The model,
however, is generally only an approximation because of the influence of many external
factors such as the nonaccuracy in system modeling and the aging of executive circuit
elements. In this sense the structural parameters of a system model always have
uncertainties. Here we will call them perturbations, defined as the deviations from the
nominal points. The same problem exists for controllers" the realizations of controllers
are also only approximations of the theoretical ones due to the same reasons, although
they are accurately designed. In some cases, these reasons may cause the practical
closed-loop system to be unstable, although it is well-designed on the basis of the
nominal model. Then a problem naturally arises in the control system design: the
designed controller should make the closed-loop system not only stable but also
structurally stable. Only such controllers have practical interests and make the closed-
loop system resistible to system parameter perturbations. Accurately speaking, a system
is called structurally stable if it is stable and the stability is preserved in the presence
of small arbitrary variations in system parameters. Papers [3] and [4] have studied
qualitatively the existence and design methods of structurally stable compensators and
regulators for singular systems. This paper deals with the same problem but from a
completely new point of viewma quantitative approach. This is solved via the matrix
perturbation analysis method.

The paper is divided into five sections. Section 2 introduces some notation that
will be used. Section 3 reviews the related algebraic preliminaries. Section 4 analyzes
the effects of parameter perturbations on system stability, and further presents the
main results of this paper. Section 5 shows an application of the results to the structural
stability analysis of closed-loop control systems.

2. Notation. The following notation will be used throughout this paper:

C"’(R"’) Set of all n x m complex (real) constant matrices;
C"(R") Set of all n dimension complex (real) vectors;
e () Belonging to (not belonging to);
--() Identically equal (not identically equal);
c Included;

* Received by the editors October 6, 1986; accepted for publication (in revised form) July 28, 1987.
This work was supported by the Science Foundation of Academia Sinica.

t Institute of Systems Science, Academia Sinica, Beijing 100080, People’s Republic of China.
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tr(A)

A

Re(a)
tr(E, A)

tr(A)
deg (.)
Uv(r)

Complex plane, open left half C, respectively;
Norm of matrix A, see definition;
Conjugate transpose of matrix A, i.e., A*=
Trace of matrix A;
Variation (perturbation) of matrix A;
Data point, which is a vector formed by listing the elements of A in

arbitrary order;
The (distinct) eigenvalue of a matrix;
Defined as, by definition;
Real part of a complex constant a;
Set of eigenvalues of matrix pencil (E,A), i.e., tr(E,A)-

{slsE-Al=O,sC);
tr(A) r(/, A);
Degree of a polynomial;
Neighborhood at the origin with radius r under norm v, i.e., Uv(r)=

{xlllxll < r, r > 0}.
3. Algebraic preliminaries. First we define the norm for matrices. For an arbitrary

given matrix A C the norms

IIAll=-- (,max(A*A)) 1/2

and

IIAll -(tr(A*A)) 1/2

are called the spectral norm and Frobenius norm, respectively. It is easy to see the
following.

Property 1, IIAll=--< IlA ,
Property 2. Let B C"r. Then II(AB)II -> max{llA[[, Ilnllo}, v 2, F.
Property 3. Let A C"’, tr(A) {tri}. Then

IIAA*-A*AII<--2(IIA[[4-( Ir’I))"
LEMMA 3.1 [6]. LetA, A e C". Thenforanytx e tr(A + A) thereexistsaA tr(A)

such that

< fallall2(3.)

where m is the highest order of the Jordan blocks ofA and

am (1 + HAGA)( + naGa +’" + (I-Iaaa)-’),

/gl n

max G ifk > 1
k1Nik-I GiHA- 1

(max+,l,-1 + g)’-1
G L,+I 1,-l’

k is the number of distinct eigenvalues A ofA. A Aj, ij. k is the multiplicity of A. d
is the highest order of Jordan blocks belonging to A and m=k++.. "+kk,
i=1, 2,...,k-1.
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LEMMA 3.2 [8]. Let A, tA C"". Thenfor any Ix tr(A + 6A) there exists a certain
such that

IA zl-<- A(A)/:.(r)(3.3)

where

AF(A)
AF(A)= !IAII%- Io’il- IIAII’ ,=,

and n (rl is the unique nonnegative solution of the equation

L() :"+’" "++=,7.
Generally, the eigenvalues of A and B A + 6A (A B A) are different. So we

may ask the questions" "How far are the two eigenvalue sets?" and, in the presence
of small perturbation A, "How do the eigenvalues of A +A depend on it?" Lemmas
3.1 and 3.2 answer these questions and give an upper bound on the eigenvalue changes
in the presence of perturbation A. Obviously, if AII is sufficiently small the matrices
A and B are very close; so are their eigenvalues.

One more lemma is needed for future discussions.
LEMMA 3.3 [6]. For arbitrary matrix A Cn" there exists a nonsingular matrix T

such that

(3.4) T-1AT block diag(A1, A2, , Ak)’,

here Ai hiI + Li C kixki, k and k are as defined in Lemma 3.1. Li is a strict upper-
triangular matrix (whose diagonal elements are all zeros) and

(3.5)
T- I1=11TII=-<- -A,
L, I1=--< Ha, 1, 2,..., k.

The matrix T that transforms A into (3.4) is not unique. IITII [IT-II may change
greatly for different choices of T. However, Lemma 3.3 assures us that an appropriate
T can be chosen such that TII T- is bounded by fa. TII T- II--> may be viewed
as a deviation measure of A from a triangular form, the smaller the better. It reaches
its lower bound if A is upper triangular.

4. Structural stability for homogeneous singular systems. It is well known from
classical linear system theory that if the homogeneous normal system

: Ax

is stable, it is structurally stable. This fact is not true for singular systems. The results
of [4] show that a stable homogeneous singular system

(4.1) E: Ax

where x R" and rank E < n may not be structurally stable. To be accurate we first
give the following.

DEFiNiTiON 4.1. Assume that system (4.1) is stable. If there exists a certain
neighborhood at data point P{E, A} such that the stability of system (4.1) is preserved
in the presence of arbitrary variations of structural parameters in this neighborhood,
we shall term the system (4.1) structurally stable at data point P{E, A}.

PROPOSITION 4.1 [4]. Let the system (4.1) be stable, i.e., tr(E, A)c C- Then
(1) (4.1) could not be structurally stable at P{E};
(2) (4.1) is structurally stable at P{A} if and only if

(4.2) deg([sE AI) rankE __a d.
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To have a further look at the results above, we now examine the following two
examples.

Example 1. Consider the singular system

(4.3) 0

0 0

with parameter perturbations

0 x

0

Then

8E 0, 8A 0 e > 0.

0

r(E, A) {-2}, tr(E, A + tA) {-2, 1/e}.
The nominal system (4.3) is stable. But the perturbed system has an unstable pole 1/e
no matter how small e (thus IlaAII)is.

Example 2. The system

ti
o t(4.4) 0 2=

0 0

0 0 x

0

is stable. r(E, A)= {-1,-2}. But if it has a small perturbation

6A= 3.10-4 0

0 0

we will have tr(E,A+6A)={-x/-/2-3/2, x/-i3/2-3/2}. The perturbed system has
an unstable pole x//2-3/2, although we can easily verify from Proposition 4.1 that
system (4.4) is structurally stable at P{A}.

Example 1 shows that (4.2) is necessary to ensure the structural stability at data
point P{A}. An equivalent expression of (4.2) is that for any sufficiently small 116All,
tr(E, A + A) does not create new unstable eigenvalues.

On the other hand, Example 2 reveals the fact that although the system (4.4) is
structurally stable, the structural stability neighborhood depends on the matrix A and
may be too small to be of any practical interest. Then, here naturally arises the question
of how large the neighborhood is and of whether it could be estimated for any
structurally stable system (4.1) using only E, A. The next section of this paper will
provide an estimation via the matrix perturbation method.

From Lemmas 3.1 and 3.2 we know that for any matrix A and its perturbation
6A, the eigenvalues of A and A +A will be very close provided 6A is small enough.
Then by setting IIAII small enough we will be certain that the eigenvalues of both A
and A + 6A are in the left open-half complex plane. In the next step we need only find
the upper bound in terms of E, A.

In view of the above results and to guarantee that our discussion proceeds, we
hereafter assume that E is not perturbed, that tr(E, A)c C- and that (4.2) holds.

Since the results are very obvious when E 0, we also suppose hereafter that E 0.
First a helpful result is proved.
LEMMA 4.1. Let M C"" be nonsingular and

M block diag(M1, M2,’’’, Mk),

Mi--ATII+LiC k,xk,, i=1, 2,... k
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where L is a strict upper-triangular matrix. Ai Aj, j, i, j 1, 2, , k. Then for any
tx r(M-l + 6M) there exists a A r(M-1) such that

(4.5)

where m max/{k/} and

-I i=1, max{JAil}.

when m 1,

when m > 1,

Proof If/x r(M-), (4.5) obviously holds. So we assume that/x C o-(M-l). From
our definition we know that M-l+ 6M- tzI is singular, but M-1-/xI is nonsingular.
Therefore

I + (M-1- t.tI)-16M (M-1- txI)-l(M-’-I+ 6M)

is singular. Thus

(4.6) (II(M-’- I)-’ I1=)- IIMII=.
Noticing the special form of M we know that there exists an io such that

II(Mo’ I)- ll2- II( M-1-

-l_/zi),(Mol-/I) by s2 >... >s2 > 2If we denote the eigenvalues of (M k,o= S > 0, it
follows that

1
[[(Mio -/z_. [12-

s1

and

(4.7) ,o I+

Since L/ is a strict upper-triangular matrix, it is easy to verify that

(A-l/+ L)-l h(I AL+. + (-hL)k,o-’)
Hence (4.7) becomes

s,[ 1+11-2 2,oZm + X,oZ,o + Xm(-XLm)’o-’ 112
k.

j=l

On the other hand we also know that

ss2" s,o- (I(M- -t 1/2 kio"/o -II)*(Mio -/xI)l) IA-/zl
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Therefore

I/o 1 ,o
S <

"" ,o-(n +-l),o-=(+I-1)-’

we can now obtain (4.5) by combining the above with (4.6). Q.E.D.
This lemma allows us to estimate the eigenvalue peurbations of M- in terms

of M.
The following theorem is our main result.
THEOREM 4.1. Consider the homogeneous singular system (4.1). Assume that

(E, A)- and (4.2) holds. en the stability is preserved in the presence of arbitrary
variation A satisfying

(4.s) A v(/.).

i.e., (E, A+6A)C-, here

e
( + Ae)_ + A, A min{[Re(A)[]A,, (E, A)} > 0,

0 hen m 1,
(4.9) fl X {+J when m > 1,

j=l

1

6 i=1

(E, A) {i}.

e other unspecified terms are the same as those defined in (3.2).
Proo The proof is completed in four steps.
(a) Finding an appropriate decomposition of E, A. By the assumption (E,

C- we know that A is nonsingular. Then it follows from Lemma 3.3 that there exists
a nonsingular matrix T C such that

T?’A-’ET block diag (,, :,..., , )
where =AI+LiCk,xk, A0, i=1 2 k, ij ij. k ki=d(n. , L

1, 2," ", k, are strict upper-triangular matrices, k is the multiplicity of the eigen-
value Ai of A-E. And fuhermore

TV’ I1 T, I1 -’
where flA-’e is as that in (3.2). It is easy to know from (4.2) that N 0. Thus we have

(4.10) T?’A-’ET, block diag (,, :,..., , 0).

Denote E block diag (, :,..., k)e Cdd, which is nonsingular, and

-’, I,_ T’A-’ P T(4.11) Q block diag (E, d

By summing the above results we easily get the following decomposition:

(4.12) QEP=block diag (Id, 0), QAP=block diag (E?, I,-d).
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(b) Evaluating Hu,. From our definition we know that

H, ((d3- d)/12)/4(llEE- EE, II,=) ’/.

By Property 3 we obtain

(4.13) He, : ((d3- d)/12) 1/4 2 IIE, II- E [tr,E)l-i=1

Since

r,(E) tr}-’(E-) r-,
according to (2.8) we have

O’eiE o’(E A),

IIE I]block diag (E, 0)11% tr( T-A-ET T*E*(A-)*(T-)*)

=< T tr(E*(A-’)*( T-’)* T-’A-E)

--< T, IIll
Thus (4.13) becomes

(4.14) HE,H.

(c) Calculating the characteristic polynomial ofthe peurbed system. For arbitrary
variation A, the peurbed system is

(4.15) E=(A+A)x.

We denote

6Ao Q_6Ap_ =(6A 6A2.
6A21 6A2]

then when condition (4.8) is satisfied, direct computation shows that

(4.16)
Ilall=a-’ max

i.e., IImoll < e. On the other hand, we also have by repeatedly using Propeay 2 that

IIaoll= max {ll"oa,,llz, IIa,=llz,

Combining this with (4.16) we finally obtain

(4.17) IIA,II= < e, i,j 1, 2.

Now we return to the characteristic polynomial of (4.15). The calculation shows
us that

1011PIIE -(A + 6a)l IOEP- O(A + 6A)PI

--A21 (I + A22
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Noting the fact that e < 1, from (4.17) we see that 116AII < 1. Then (I + A22)-’ exists.
The above equation becomes

]Q]lpiIsE_(a+6a)]= [sI-(E-+tAll) -dA2 ][ I 0]-6321 -(I-k- 6322)] L -(I + 6Az2)-gA2 I
-1 _8Alz(i+gaz2)-16A211=l-(I+6Azz)l’lsI-(E1 +6All

(4.18) -1 6A1(I + 6A22)-16A21r(E, a + 6A) tr(E d- 6All

(d) Under the assumption of (4.8) we analyze the stability of the system (2.15).
Note the fact that E1 is nonsingular and has the same form as that of (3.4). So we

-1 has the same property. Therefore from Lemma 4.1 we deduce that for anyknow E
tz o’(E- + 6All- 6A1(I + 6A)-16Al) there exists a h r(E]-1) o’(E, A) satisfying

(4.19) < IIA 8A (I+ 6A2z)-’
(UEl + A

-1 (or (E, A)). Furthermore thewhere m is the highest order of Jordan blocks of E1
result of (b) indicates that

"/0 when m 1,

H,.= E IXIJ+’HJ, whenm>l
j=l

Combining this with (4.17) and also noting that A=zll= < e < 1, we obtain the following
from (4.19)"

-< e + ez(1 e)-1= e(1 E’) -1

( -- Ae)m-l --- A 7"
Since the function x"(/3 +x) -(’-1) is strictly monotone increasing on x_>0, we thus
have

* u2(me)o

Hence Re(/x)<Re(A)+Ae_-<0. We know from (4.18) that r(E,A+A)cC-. The
perturbed singular system (4.15) is stable. Q.E.D.

This theorem gives us an estimation of the structural stability region in terms of
E and A. We would like to make some comments on it.

Remark 1. It ay be seen from the proof procedure of Theorem 4.1 that if
is used in lieu of H in (4.9) (sometimes) a much more accurate estimation may be
obtained. On the other hand, the matrix E1 is not unique and cannot be determined
in advance in this case. So this method presents great difficulty in determining an
appropriate



STRUCTURAL STABILITY FOR SINGULAR SYSTEMS 565

In the proof of Theorem 4.1 it is also indicated that if we use (3.3) instead of
(3.1) to estimate the bound of (6A-6A2(I + 6A22)-16A2), the same procedure can
be used to prove Theorem 4.2.

THEOREM 4.2. Consider the homogeneous singular system (4.1). Assume that
r(E, A)c C- and (4.2) holds. Then the stability of (4.1) is preserved in the presence of
6A satisfying

A UF(g/a)(4.20)

where

,71A
fd(,)_

_
"m " --me,

(4.21)

/=( IIeilJ+I’JA-’EI]A-1EI]F)i=lj=l

e other unspecified terms are the same as those defined in (4.9).
-1Proof From Lemma 3.2 we know that for any (E +

8A-6A. (I+A:)-6A) there exists a X (E)= (E, A) such that

(4.22) Ia-1

Fuhermore, by Lemma 3.2, we have

-’) ’ e,e(E (E, A).(4.23) AF(E, liE
i=l

Thus from the definition of E we obtain
k d

-1 -1liE, I1
i=1 i=1

=j=o

k k k

E E IAe, I+’I[TIA-’ELII + E kilAe,[
i=lj=l

k k k
< E E ]Ae. I2(j+I)]IA-1E[[ 2jO2j-FaA ’E + kilAe,

i=lj=l i=1

The substitution of the above inequality into (4.23) immediately yields

-1)(4.4)

Using a procedure similar to that in the proof of (4.17), it is not dicult to verify that

(4.5)

Hence

A-A(t+ 8A)-’A, V(+( )-) V((- )-’) W(ae/f()).
Note that the function 1/a() a- +...++ 1 is strictly monotone increasing on

0. The above shows that
-1f(a( )/ae) <

This is equivalent to

(4.26) () > a(ET)/ae.
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We thus get from (4.22) and (4.26) that

[A --/t2,[ U2(Ae)

Re(t,) < 0, i.e., r(E, A + aA) C-. Q.E.D.
Remark 2. Generally speaking, R is very small. Therefore g/ is often very large.

Consequently we know g is very small. This means that the structural stability region
given by Theorem 4.2 is conservative.

Theorems 4.1 and 4.2 include the worst-case perturbationwe need to know only
the norm bound of perturbation aA. However, in practice, it is usually the case that
much more may be known about parameter perturbations. For example, aA may take
the form of

6A FaDG.

In such cases, the same procedure may be applied to the analysis of a perturbation
region for the structural stability of 6D. Careful analysis may result in a much larger
region.

Remark 3. Suppose that the matrix pencil (E, A) has only simple eigenvalues
(with multiplicity of one); so does El. Then m ki 1, 1, 2,..-, k d. In this
special case, we have the following corollary.

COROLLARY 4.1. Suppose that the matrix pencil (E, A) has only simple eigenvalues.
Then the perturbed system (4.15) is stable if either of the two following conditions is

satisfied:
(1)

aA U2(e/ce),
(4.27)

e Ae/(1 +Ae), a=max{lla-’EII2IIa-,., 1}llallzfla-,e;

(2)

(4.28)
aA UF( g/ a ),

g is the same as in (4.21).

5. Structural stability for regulation systems. In the previous section we have
analysed quantitatively the structural stability region for homogeneous singular systems.
Now, by utilizing these results, we consider the structural stability for general regulation
systems. Such systems have the property of being able to resist small parameter
perturbations and external disturbances. Our aim here is to find a perturbation region
for the nominal system or its compensator so that the perturbed system is still internally
stable, and output regulation (for definition, cf. [4]) provided the perturbation is within
the above region.

Consider the following singular system:

E: Ax + Bu + Aif

(5.1)
f= A2f,

y Cx + C2
z DIX + D2f

where x R" is its state, u R is its control input, y R h is its measure output, f6 Rp

is its external disturbance (or reference signal, or any other signals to be tracked) and
z Rq is the vector to be regulated. E, A, B, A, A2, C, C2, D, D2 are constant
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matrices of appropriate dimensions. We also suppose that rank E < n, E 0, and
IsE-a[o.

DEFINITION 5.1. For the system (5.1) if there exists a dynamic compensator

(5.2) 2c Acx + Bcy, u Fx + Fy

where Xc R",, A, Bc, F, F are constant matrices of appropriate dimensions, such
that the closed-loop system is internally stable (i.e., it is stable when f= 0) and output
regulation (i.e., lim,_ z =0), we shall term (5.2) an output regulator for the system
(5.1). Furthermore, if there exists a certain neighborhood at data point P{E, A, B, C1}
such that (5.2) is an output regulator for (5.1) with arbitrary variations of structural
parameters in this neighborhood, we shall call (5.2) a structurally stable output regulator
(SSOR) for the system (5.1) at P{E, A, B, CI}.

Dai and Wang [4] have shown qualitatively the following theorem.
THEOREM 5.1. Suppose that rank E < n. Then we have that
(1) System (5.2) could not be an SSOR for system (5.1) at P{E};
(2) System (5.2) is an SSOR for system (5.1) at P{A, B, C, A, B, F, F} if and

only if
(i) (E, A, B) is stabilizable and (E, A, C) is detectable;
(ii) z is readable from y, i.e., z Gy;
(iii) The closed.loop system is internally stable;
(iv) System (5.2) incorporates an internal model of A2. This model is observable

about u and controllable about z;

([E 0] [A+BFC BFI )(v) deg s
0 I BcC A I nc + rank E.

In view of the above results, we now consider the structural stability for regulation
systems.

First we suppose that only the nominal system (5.1) is perturbed. Let

[E O] ,=[A+BFC1 BFc]E=
0 I BCI A I"

Theorems 4.1 and 4.2 give us Theorem 5.2.
TrEOREM 5.2. Consider the system (5.1) and its output regulator (5.2). Assume

that conditions (i)-(v) in Theorem 5.1 are satisfied. Then (5.2) is an output regulatorfor
the system (5.1) in the presence of 3A and 3B, provided one of the following conditions
is satisfied"

(1) [SA 3B]e UE(e/aa), a,=
FC F 2’

(2) [gA 3B] UF(g:/aa).

Here the unspecified values are as defined in (4.9) and (4.21), where E, A are replaced
byE, A.

In another case, let only the compensator (5.2) be perturbed. We have Theorem 5.3.
THEOREM 5.3. Assume that conditions (i)-(v) in Theorem 5.1 are satisfied. When

the perturbation 3Bc, 8F, 8F satisfy either of the following conditions"

e U2(e/aa2) a
8B 0 I 2 0 I

(b)
3B

UF(F:/aa_).
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Formula (5.2) is still an SSORfor the system (5.1). Here the unspecified terms are similar
to those in Theorem 5.2.

6. Conclusion. This paper studies the robust region for structurally stable singular
systems using the matrix perturbation analysis method. This is a completely new method
based on state space description. The results are applied to analyzing the structural
stability of singular regulation systems. But it is worthwhile to point out that the robust
regions given here are conservative. Therefore, further studies are needed to find a
more useful and better method to estimate the robust region.
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NEARLY OPTIMAL SINGULAR CONTROLS FOR
WIDEBAND NOISE DRIVEN SYSTEMS*

H. J. KUSHNER" AND K. M. RAMACHANDRANf

Abstract. Singular stochastic control problems arise in many applications, for example, in storage,
inventory, finite fuel, consumption and investment and limits of impulsive control problems. Here, the
increment of the control effort is not of the usual form u(t) dt, but is the differential of a nondecreasing
and suitably adapted process. The diffusion process models used are only approximations to some "physical"
process--which might be a "wideband" noise driven system or a suitably scaled discrete parameter process.
Since the optimal controls for the "physical" processes are usually impossible to obtain, it is of interest to
know whether "nearly" optimal controls for the diffusion model are "nearly" optimum when applied to the
physical problem. It is shown that this is true under broad conditions, for discounted and average cost per
unit time problems. The usual weak convergence analysis via the Skorokhod topology on D[0, o) is not
appropriate here, due to the nature of the singular controls, and it is necessary to use a combination of the
Skorokhod and "pseudopath" topology.

Key words, singular stochastic control, approximately optimal control, weak convergence, pseudopath
topology, control of wideband noisy systems, modeling of physical systems by singular control processes

AMS(MOS) subject classifications. 93E20, 93E25, 60F17

1. Introduction. Let Y(.), i--0, 1, be nondecreasing processes with Y(0)=0,
which are nonanticipative with respect to a Wiener process w(. ). Define x(. ), Y(.
and Z(.) by x(0)=x, Z(0)=0, Y(.)= Yo(’)- Y(’) and

(1.1) dx=[b(x) dt+o’(x) dwJ+[dYo-dYJ=- dZ+ dY.

We assume that there is a B (0, o) (given as part of the problem statement) such
that we are obliged to keep x(t)[0, B]. Unless otherwise mentioned, we always
assume that the Y(.) process is such that x(t) [0, B]. The process (1.1) has been
widely used as a model of storage and dam processes, both with and without control
[1]-[5], [16]. The Y(. might denote the "withdrawal" process, whereby actual use
is made of the system’s contents. Yo(’) might simply denote a process which is used
solely as a modeling device to guarantee that x(t)-> 0, (see, e.g., [4]). The process z(.
might denote the difference between the "natural" inputs and "natural" demand. See
the discussion in [4] on this point. Other interpretations are discussed in the references.

Let ko> k > 0 and let k(.) be a bounded continuous function. Define the two
types of costs (Ex denotes the expectation under initial condition x(0)= x)"

Vo(X, o, gl) e-’[o ro(- gl(+ (x()) ],
(.

V(x)= inf Vo(x, Yo, Y)
Yo, Yt
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and

(1.3)
To(X, Yo, Y,) =lim Ex [kodYo(t)-k, dY(t)+k(x(t))dt]/T,

T

yo(X) inf yo(X, Yo, Y).
Yo, Yt

In (2.1), the infis over all admissible Y(. ), namely over all nonanticipative, nondecreas-
ing Y(. such that x(t) [0, B]. The class over which the inf is taken in (1.3) will be
described in 7.

Reference 1] gives an elegant presentation of the optimal control problem (1.1),
(1.2) and of the properties of the associated Bellman equation. Most of the other
current literature seems to concern the case where Z(. is a Wiener process (perhaps
with drift). Since there are likely to be few applications which are perfectly modeled
by (1.1), we must look at the model in the sense that it approximates in some way an
actual physical problem. Since the model (1.1) would be simpler than the approximated
"physical" process, it is attractive to use it for calculating a control for the actual
physical process. But the question arises concerning how good it is in comparison with
the optimal control for the physical process.

Models such as (1.1) also arise as limits of suitably interpolated discrete parameter
processes. Consider one type" For each e > 0, let (i= 0, 1) Y(.) be nondecreasing
processes, piecewise constant on the intervals [he, he+e), and define 6Y(ne)=-
Y(ne + he)- Y(ne). For appropriate functions F and G, define {X, Z,} by X) x,
Z 0, and

X,+I X + (Z+, Z) + 6Y(ne) Y(ne),

(1.4) z;+,-z; eG(x., ;)+4-d F(X;, ),

EF(x,)=-O,

where {s,} is a random sequence. We say that the controls with values Y(ne) in
(1.4) at time n are admissible if they depend on the "full information" {X, -< n,
Yf(ei), j =0, 1, i_-< n, scf, j < n} available at time n. Define the interpolated processes
X (t) X, and Z (t) Z, on ne, ne + e) and the costs

(1.5)
V(x, Y, Y)=E, e-’[kodY(t)-kl dY(t)+k(X(t)) dt],

W(x)= inf V(x, Y, Y).

In general, we know virtually nothing about the optimal or 6-optimal policies for (1.4),
(1.5). Suppose that, for reasonable Y(.), the set {X(.), Y(.), Y(.)} converges
weakly in some sense to a solution of (1.1), thus providing justification for use of (1.1).
It is of considerable interest to know just how good (compared to the optimal controls
for (1.4)) are the optimal (or 8-optimal) policies which we obtain for (1.1), (1.2), when
suitably adapted to and applied to the system (1.4), (1.5). Consider the following
example.

Let Y,(. ), 0, 1, denote the optimal or (for some given 6 > 0) 6-optimal controls
for (1.1), (1.2). Frequently [1], [4] they are of the barrier form" There are 0_-< L* < U* <
oo such that Yo(’) is used only to keep x(.) from "falling below" L* and Y(.) is
used only to keep x(.) from going above U*. The policy (.) adapted to (1.4) (call
it Y(. )) is a policy which returns X( to L* or to U* immediately if it ever drops
below L* or exceeds U*.
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From the point of view of optimal control, we wish to show that the costs V(x)
and V (x, Yo, Y) are close for small e, whether or not the optimal controls for (1.1),
(1.2) are of the barrier policy type. This is the class of problems dealt with here. The
basis tools are those of weak convergence theory. The work here extends that of [6]
and [7]. The methodologies of these references require considerable modification to
be of use here.

Owing to lack of knowledge of the properties of the optimal Y(. ), we cannot
generally prove tightness or weak convergence of {X(.), Y(.), Y(.)} in the
Skorokhod topology on D3[0, o3). A weaker topology must be used, and it is described
in 2. Section 3 concerns a weak convergence result for a continuous time model, and
4 extends it to the discrete time case. Section 5 contains some auxiliary results which

are needed later. The optimal control problem for the discounted cost case is dealt
with in 6, where it is shown that the suitably adapted optimal policy for the limit is
indeed "nearly" optimal for the actual physical process. Section 7 concerns the average
cost per unit time problem. Here, owing to the natural requirement of stationarity, we
impose a Markov structure on the problem.

The basic methods work just as well for many nonscalar modelsmand several
extensions to such models are discussed in 8. There are extensions of the results to
cases where the dynamical terms are not smooth or the noise is state dependent. We
would then adapt the weak convergence technique and assumptions of [8, Chaps. 5.3,
5.5, 5.8] to the problem here. The results also extend to the case where there is also a
"nonsingular" control component b(x, u)dt (as in [16]), via a combination of the
methods developed here and those used in [6] for the nonsingular case). Another
extension would be for the problem in [9], where the singular control problem appears
as a limit of impulsive control problems" Let 8 denote the fixed cost per impulse and
(for some/> 0)/1Y(t) Y(t-)l the variable cost, for an impulse at time t. Then we
can let 8 - 0 as the noise bandwidth goes to , to get an approximation theorem for
small fixed impulsive cost and wide bandwidth simultaneously.

2. The pseudopath topology. In this section, we discuss the topology on D[0, )
(replacing the Skorokhod topology) which will allow us to obtain the desired weak
convergence results.

Let the physical system be modeled by

X(t)=Z(t)+Y(t)
where X(O)= x, Z(O)=0, Y(. )= Y(. )- Y(. and define X( .)= (X(.), Y(. ),
Y(.), Z (.)). The X (.) can be viewed either as a continuous parameter interpolation
of a discrete parameter system as discussed in 1, or it might be an actual physical
model for a continuous parameter system. We always take the paths of X( ), Z(
and YT(.) to be right continuous and Y(.) nondecreasing.

We suppose that the .,(.) take values in D4[0, o), the space of .R4-valued
functions which are right continuous and have left-hand limits. The appropriate
topology for our purposes on D4[0, cx3) is what Dellacherie and Meyer [10] and Meyer
and Zheng 11 call the pseudopath topology. For completeness, we state some definitions
and results from [11] which will be needed in the sequel. The results are stated for a
real-valued process, but the natural extensions for the Rr-valued case should be obvious
and are used below.

Let y(. D[0, o) and define the measure h (.) on the Borel subsets of [0, o) by
A (dt) e-’ dt. Let/3 denote the compact space of probability measures (with the weak
topology) on the compactified space [0, oo] x R, where R is the closure of the real line.
The pseudopath of y(. is defined to be the probability measure on the Borel subsets
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of [0, o]x R which is the image of h(.) under the map t-(t, y(t)) of [0, oo] into
[0, o] x/ (i.e., it is a point in /). Let @ denote the map which takes y(.) into its
pseudopath, the corresponding point in ,6. If we write P @(y(. )), then the pseudopath
P is the measure defined by P(A x B)=A e-tI(y(,)m dr, where A is a Borel subset of
[0, e] and B is a Borel subset of R.

@ is 1" 1 on D[0, o), since it identifies all paths which are equal almost everywhere
(Lebesgue measure). The topology which fi induces on D(0, o) via @ is called the
pseudopath topology. The associated g-algebra on D[0, o) is the same as we get with
the Skorokhod topology. In fact [11, Lemma 1 and comment after its proof], the
pseudopath topology on D[0, ) is the topology of convergence in measure. The last
assertion remains true if R and D[0, o) are replaced by R and Dr[0, c), where
then maps points y(. ) Dr[0, ) into a measure on the Borel subsets of [0, o] x W.
Let fir denote the space of probability measures on the Borel subsets of [0, o] x

The process .,(. induces a measure (which we denote by /5) on 4 via the
pseudopath mapping . The set {/5} is obviously tight since/54 is compact. If/5 is a
limit measure of any weakly convergent subsequence, then for the convergence to be
useful we need at least that /5 be supported by O(D4[0, 00)), since then the limit
would correspond to some process X(. )= (X(.), Yo(" ), YI(’ ), Z(. )) with paths in
D4[0, ), via the mapping . A convenient criterion for this is given by Meyer and
Zheng [11], and will now be described.

Let " denote a finite partition { ti, <- n}: 0 to < tl <. < t," 00. Let U(. denote
a process with paths in D[0, 00) and adapted to a nondecreasing sequence of or-algebras
{;,}, and with EIU(t)l<oo for each <00. For convenience in comparing with [11],
let U(t)= 0 for large t. Define the conditional variations

vary (U) E E[E,, U( t,+) U(
i<n

(2.1)
var (U) -sup vary (U).

If var (U) < o, then U(. is said to be a quasimartingale.
For u < v, let N’(U) denote the number ofupcrossings of U(. on [0, c) between

the levels u and v. If U(.) is a quasimartingale, then

lul + var (U)
(2.2) EN’(U)

an extension of the usual result for martingales [11, Lemma 3]. The main result is [11,
Thm. 4].

THEOREM 2.1. For each n 1, 2,..., let P," be a probability law on the Borel subsets
(with the pseudopath topology) of D[0, o) with the associated process U,’(. being a
quasimartingale with sup,, var U," < o. Then there is a subsequence { P,’ } of { P," } which
converges weakly on D[0, ) (with thepseudopath topology) to a law P, and the associated
process U(. is a quasimartingale. (Alternatively, let P," be the measure induced on P by
the map acting on U,’(. ). Then {/5,’} is tight on and there is a weakly convergent
subsequence {P,’ } with limit denoted by P. P is supported on D[0, o) and the associated
process is a quasimartingale.)

Combining this with the previous results, we have the following theorem.
THEOREM 2.2. Assume the conditions and terminology of Theorem 2.1 and let h(.

be any bounded real valuedfunction on D[0, c) which is continuous (with probability 1

The Skorokhod topology and the pseudopath topology generate the same tr-algebra on D[0, oo).
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with respect to P) when the topology ofconvergence in measure is used on D[0, o). Then
there is a subsequence { nk} of the integers such that Eh( Unk (")) Eh( U(, )). Also 11,
Thm. 5] there is a further subsequence {mk} c { nk} and a set I offull measure (depending
on P) such that the finite-dimensional distributions of {Urn(t), I} converge to those
of { U( t), I}. Let f(. be bounded and continuous on [0, o). Then 11, Thm. 6] the
function tl, ", tq)- Ef( Unk tl), U, tq)) converges in measure to the function
t, to) Ef( U( tl), U( tq)).

Notation. To simplify the exposition, we often abuse terminology and (in the
terminology of Theorem 2.1) speak of the { Un} (rather than the associated measures)
as being tight or converging weakly to some U(.) on D[0, ) in the pseudopath
topology.

3. The quasimartingale property and weak convergence of X (.) = (X(.), Z(.),
Y(.), Y(.)). A continuous parameter case will be discussed in this section. The
discrete parameter case requires only a few modifications and is discussed in the next
section. For concreteness, a specific model which is of a widely used form [8], [12],
[13] for representing wide bandwidth noise driven systems will be treated. The tech-
niques are usable for a much broader class of systemsjust as for the case where
Y(.)--0 dealt with in [6] or the various continuous parameter models in [8]. The
model to be used is

(3.1) dX=G(X,)dt+F(X,)dt/e+dY(t),

where sc(t)= :(t/e2), (. is. a right continuous random process and Y= Y- Y.
Let E denote the expectation conditioned on {X(s), sC(s), Y(s), Y[(s), s <- t},

and E, the expectation conditioned on {sO(s), s=< t}. Define

Z(t) =- G(X(s), (s)) ds+- F(X(s), (s)) ds.

We will use the following assumptions. Various extensions (vector case, discontinuous
dynamics, state dependent noise) are possible, as was discussed in the Introduction.

(A3.1) G(.,.), F(.,.), and Fx(’,’) are bounded continuous functions and the
latter two are continuous in x uniformly in :.

(A3.2) For each scalar x, EF(x, (s))-=0 and so(.) is right continuous and
sufficiently mixing such that there is a K < c for which for each T <

(3.2) sup E,g(x, (s)) ds <-_ K w.p.1,
x,t<= T

where g( .,. represents either F( .,. or Fx( "," ).

Remark. Owing to the "with probability 1" statement of (A3.2) the inequalities
which use (A3.2) will hold uniformly in to, with probability 1. In particular, the o(e),
O(e) and O(A) of the sequel will not depend on to.

DEFINITION. The Y(.) are said to be admissible if for each t, the Y(t) are
nondecreasing, measurable and adapted to the tr-algebra measuring {sc" (s), s --< t, X (s),
s<t}.

Write Yi(" ), Yid(" and Y(. ), Y(. for the continuous and jump components
of Y(.) and Y(.), respectively. By our convention on the right continuity of the
Y(. ), we use the "left" differential dYed(U) Yd(U)-- Yd(U-) in the integrals below.
The same applies for the discontinuous components of the Y(.).
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THEOREM 3.1. Assume (A3.1) and (A3.2) and let Y(.) be admissible with
sup [EY)(t)+ EY t)] < c for each t. Then (possibly having to add to each component
a process whose maximum value goes to zero as e 0), {X( ), Y)(. ), Y(. ), Z( )}
are quasimartingales whose conditional variation is bounded uniformly in e (with probabil-
ity 1) on each bounded time interval.

Remark. We need not assume that X(t) [0, B] in this theorem.
Proof. Since supEY(t)<c, the Y(.) are obviously quasimartingales with

uniformly (in e) bounded conditional variation on each interval [0, t]. Thus, we need
only work with the Z’( ). We will use the so-called perturbed test function method
described in [8], [12], [14] but adapted to our present needs. For some sufficiently
large T, define the process Z(.) on [0, T] by

lI I T/ETF(X(t), (s)) ds e ETF(X(t), (s)) ds.Z,(t) -To get the second integral, we used the change of variable s/e2- s, which will be used
frequently in the averaging and bounding in the sequel, when working with integrals
such as z(. ). (Perturbations such as Z(. play a basic role in the "averaging" of the
noise. See the cited references.) By (A3.2)

sup [Z( t)l O(e).
t<=T

We will show that the function defined by if(t)= Z(t)+Z(t) is a quasimartingale
whose conditional variation is bounded uniformly in e (with probability 1) on each
interval [0, T]. The calculations will be done in a slightly indirect way so that they
can be reused later. Let f(.) denote a "test" function with bounded and continuous
derivatives up to order three, and define f(t)=f(Z’(t))+f[(t), where f(.) is the
"perturbation" defined by

f;(t)= fz(Z(t))EF(X(t), (s)) as

T/e

e f(Z(t))EF(X(t), (s)) ds.
Jt/e

By integrating the derivative of f(Z( )),

Ef(Z" + A)) f(Z t))

ft+A [ F(X(u), ,(u))] du.
(3.3)

E7 fz(Z(u)) O(X(u), :(u))+

Similarly, by evaluating [Ef(u+ A)-f(u)]/A and letting A0, we get

1 fE,f(t+A)-f(t)=-- fz(Z(u))EF(X(u), (u)) du

I,,+A f
r F(X(u) (s))+ du-1 E dsfzz(Z(u))E

E E,

[ F(xe(u)’’e(u))+G(xe(u)’’e(u))]E
(3.4) + dYc(U) - f(Z(u))E F(X(u), (s)) ds
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t+A

E [F(X(u)’ + G(X(u), :(u))] du

F(X(u), (s)) ds

E

+ Z -1 fz(Z(u))E[F(X(u_)
t<u<=t+A E

+ dYS(u)’ (sl)-F(X(u-), sC(s))] ds.

By a change of scale s/e2--> s and the use of (A3.1) and (A3.2), the second and
fourth terms on the right-hand side of (3.4) are seen to be O(A), with probability 1.
By a similar scale change, the third term is seen to be O(e)E (Y(t + s)-Y(t)),
with probability 1. The first term of (3.4) is the negative of the "l/e" term in (3.3).
For the evaluation of the last term in (3.4), first use the law of the mean to rewrite it
as

(3.5) , _1 E dsfz(Z(u))E u dr[Fx(X(u-)+zdYd(U), sC(s))] dYed(U).
t<u<=t+A E

Now, by a change of scale s/e2--> s and the use of (A3.1) and (A3.2) again, we see
that this term is O(e)E[ Yd(t + A)- Y,(t)], with probability 1.

Putting all the estimates together and canceling the "1/e" term on the right-hand
side of (3.3) and the first term on the right-hand side of (3.4), we get (with probability 1)

Ef(t+A)-f(t)=O(A)+O(e)E(Y(t+A)- Y(t))
(3.6)

+O(e)E(Yd(t+A) Yd(t)).

Equation (3.6) yields the quasimartingale and the uniformly (in e) bounded conditional
variation properties on each interval [0, T] for f(.). By letting f(z)= z and noting
that z(t)= O(e), with probability 1, we see that the theorem holds for the {Z(.)}
component. Hence, it also holds for {X (.)}, since sup E (Y(t) + Y(t)) < 03 for each
and

X(t)=(Z(t)+Z(t))+ Y(t)-Z(t).
We summarize (3.3) to (3.6) for future use:

Q.E.D.

Ef(t+A)-f(t)

(3.7)

Etfz(Z(u))G(X(u), (u)) du

+-- Et du (Z(u))E, F(X(u), (s)) as F(X(u), (u))

+-- E du E, fz(Z(u))Fx(X(u), (s)) ds F(X(u), (u))

+O(A)+O(e)E(Y(t+A)- Y(t))+O(e)E(Yd(t+A) Yd(t)).
Theorem 3.1 implies that {X( )-Z, Y(. ), Y(. ),Z( )+Z(. )} are quasimar-

tingales with uniformly bounded conditional variation on each interval [0, T] and their
probability laws are tight on D4[0, cx3] in the pseudopath topology. Hence, the same
tightness in the pseudopath topology on D4[0, 03] holds for the laws of {,g(.)}. In
the next theorem, we choose and work with a weakly convergent subsequence, also
indexed by e and with the limit denoted by X(. (X(.), Yo(" ), Y(’ ), Z(. )). Clearly,
the sample functions Y(.) can be taken to be nondecreasing .elements of D[0, 03).
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Although Y’(0)= 0, the limits Y,(. might not have value zero at 0. To account
for this possible jump in the integrals, we use the normalization Y,(0-) 0 in defining
integrals with respect to the Y(. ), so that dye(0) includes this possible jump.

Since the pseudopath topology is equivalent to convergence in measure, for almost
all to, t,

(3.8) X(t)= Z(t)+ Yo(t)- Y,(t).

In fact, (3.8) holds also at all at which the functions are continuous. In the next
theorem, we obtain the stronger and more useful result that there is a Wiener process
w(. such that X(. is nonanticipative with respect to w(. and (X(.), Yo(" ), Y(" ))
satisfies (1.1) for that w(. ). The limits Y(. would not be too useful were this not the
case. We impose the following "ergodic" assumptions.

(A3.3) There is a continuous function G(.) such that for each x,

1 f"+- EuG(x, s(s)) ds --* (x)
asuand Ngoto.

(A3.4) For g equal to either F or Fx and T> u+ N,

E sup Eug(x, (s)) ds 0,
u+N

as u, N, T go to oo.

(A3.5) There is a continuous function or(. such that for each x

l fT+"E,F(x, s(z)) dz F(x, s(s)) ds - o’S(x)/2

as T, u and T go to o. Also, there is a continuous function Go(" such
that for each x

f,,+, f r+, p

E,F(x, s(’)) dr Fx(x, se(s)) ds Go(X).

Remark. If so( is stationary, then

cr2(x)=f ooEF(x,’(O))F(x,’(s))ds,
Go(x) EF(x, :(0))Fx(x, (s)) ds.

The requirements in (A3.4) and (A3.5) are simply conditions on the rate of convergence
as r-u of the conditional expectation of functions g(z), of the noise data after
time z, given the data up to time u.

THEOREM 3.2. Assume (A3.1)-(A3.5) and let sup Ex[ Y(t)+ Y(t)] < oo for each
< oo. Then {Z( )} is tight in the Skorokhod topology on D[0, oo) and any weak limit

process is continuous w.p.1. Let {X,,(.), Y,,(.), Y[,,(.), Z,,( .)} converge weakly in
D4[0, oo), where we use the product topology obtained by using the pseudopath topology
on the first three components and the Skorokhod topology on the last. Denote the limit
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by X(" (X(" ), Yo(" ), Yl(" ), Z(" )). There is a standard Wiener process w(. such
that X(. is nonanticipative with respect to w(. and with probability 1

Io fo(3.9) Z(t)= G(X(s)) ds+ Go(X(s)) ds+ cr(X(s)) dw(s).

Also, for all t, with probability 1,
(3.10) X(t) Z(t) + Y0(t) Yl(t).

Remark. We need not require that X(t) [0, B] in this theorem. When a conver-
gent subsequence indexed by e is referred to below, we let e range over a countable set.

Proof. we will do the proof under the assumption that the x-support of all
functions is compact, and that the Y(.) are uniformly bounded. The general case
follows from this by taking appropriate limits on the bounds. This assumption implies
that the Z(.) are uniformly bounded. Hence we can also assume that the z-support
of all functions is compact.

(a) Tightness of {Z( )} in the Skorokhod topology. Let f(. ), f(. and f(. be
defined as in Theorem 3.1. We use the perturbed test function method of [8] or [14]
for proving tightness. Since f(t)= O(e), with probability 1, Theorem 3.4 of [8] or
Lemma 1 of [14] applied to the perturbed test function f(.) yields the tightness of
{f(Z( )} in D[0, ) with the Skorokhod topology used, for each smooth f(. ). Hence
(Z( .)} is tight on D[0, oo) in the Skorokhod topology.

(b) The limit of {Z( .)}. We will show that Z(.) is the solution to a particular
martingale problem. Fix and work with a weakly convergent subsequence of {X( ),
Y(. ), Y(. ), Z( )}, also indexed by e for simplicity (and not by e,). The first three
components converge in the pseudopath topology and the last in the Skorokhod
topology. Let h(. be a bounded and continuous function. For 0 < k < oo and Ai > 0,
b >- 0, let us define the function H(.) with "averaged" arguments by
H(e, Aj, tj,j<--k)

h( f 9 __119 X(s) ds’ 11Y(s) ds, i=0, 1, ,
,j-a - Z s ds, j <-_ k

Let and s be such that t _-< < + s, for all j. We have from (3.7)

lim EH(e, Aj, tj,j<-k)[f(t+s)-f(t)
(3.11)

where
Itt+s E(T(u)+ T(u)+ T(u)) du] =0,

T(u) f(Z(u))G(X’(u), (u)),

(3.12) r.(u) =-5 fz(Z(u))E,Fx(X(u),(s))dsF(X(u),(u)),

T(u) fzz(Z(u))E, F(X(u), (s)) ds F(X(u, (u)).
E

Fix s. Let 6. --> 0 such that e2/6 --> 0 as e --> 0. Write s m6 and suppose (without
loss of generality) that the me are integers. The limits of the terms in (3.11) are the
same if the f(.) components of the f(.) are dropped (since they are O(e) with
probability 1). We next replace the integrals tt+s ETTT(u) du by the equivalent
expression

e- i" +j8 +8

(3.13) E E " | E+jT(u) du.
0 dt+j6
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We evaluate only the limit of (3.13) with T(.), since the others are treated in essentially
the same way.

The limit as e 0 will be obtained by a sequence of substitutions, each being
more convenient to evaluate. In the substitutions, we use the scale change, the ergodic
assumptions (A3.3)-(A3.5), the tightness of X(.) in the pseudopath topology (and
the consequent upcrossing bounds), and the tightness of Z(.) in the Skorokhod
topology.

Rewrite (3.13) (with i= 3) as

E X ] E+j,fzz(Z(u)) du

(3.14)
j=o

T

| F(X(u), (s)) dsF(X(u), (u)).
d o

Via a scale change, write (3.14) as
me-1 e2 " s+E , I E+jfzz(Z(e2u))F(X(e2u), (u)) du
j=o

(3.5)
c/

J v(x(eu), (s)) as,

where s (t -jS)/e2. Note that E+, is the expectation conditioned on { Y(s), O,
1, s t+jS, (s), ss}.

Let {B} be disjoint intervals covering the range of X( and with diameter less
than 8>0, and let x denote an arbitrary point in B. Recall that X(.)+Z(.) is a
quasimaingale with uniformly bounded (with probability 1) conditional variation.
Thus the uncrossings result (2.2), and the fact that Z(. O(e), w.p.1 imply that the
fraction of the number of intervals in the set of intervals {[ +jS, +jS + 8), j m}
for which sup [X(t +jS + u) X(t +jS)l 8/2 holds goes to zero in probability
as e 0. The facts above in this paragraph, (A3.4) and the tightness of Z( in the
Skorokh0d topology imply that the limit of (3.16) as e and then 8 0 is the same
as the limit of (3.15) as e 0:

j=0

(3.16) "e2 ;q+’ dufzz(Z(t+j))UT+F(x,, (u)) F(x,, (s)) ds.

Assumption (A3.5) implies that the limits of (3.17) as e 0 and then 8 0 are the
same as those of (3.16):

(3.17) E Z 8 Z Ix’(t+2)nPi fzz(Z(t+JS))
2=0 2

The upcrossing bounds for X (.) and the tightness ofZ (.) in the Skorokhod topology
imply that the limit of (3.18) as e-0 is also the limit of (3.17), as e-0, then 8-0:

t+s

fzz(Z(u)) du.
o-2(Xe(u))

(3.18) E;
2

Define the operator A(X) (acting on twice ditterentiable functions with compact
support) by

(3.19) A(x)f(z) =fz(Z)(x)+fz(Z)o(X) +fzz(Z)r(x)/2.
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Repeating the procedure leading to (3.18) for the terms in (3.13) with T(. and T(.)
yields

lim EH(e, A, t,j <-- k) [f(z’(t + s))-f(z(t))
L

t+s

A(X(u))f(Z’(u)) du =0.
,,it

The sequence Z(.) converges in the Skorokhod topology on D[0, oo), but we
have not yet proved the continuity of the limit Z(.). Thus, there might be a set (at
most countable) I of t-points for which P{Z(t) # Z(t-)} > 0. Let and + s not be in
/. Recall that {X(.), Yo(" ), Y(’)} converge in the pseudopath topology, and that
convergence in this topology is equivalent to convergence in measure. Thus, taking
limits in (3.20), we have

(3.21) EH(ZX, b,j<-k) f(Z(t+s))-f(Z(t))- A(X(u))f(Z(u)) du =0

where the function H(A, tj, j<=k) is defined to be just H(e, A, tj, j<=k) with all
arguments replaced by their limits as e 0.

Owing to the arbitrariness of k, tg, Ag and h(. and of the points s and + s (not
in I), (3.21) implies that for each smooth f(. ), the process defined by

f(Z(t))- [’ A(X(u))f(Z(u)) du My(t)
do

is a martingale with respect to the sequence of tr-algebras generated by {X(s), Yo(s),
Y(s), Z(s), s<= t}. The fact that the operator A(x) is "local" implies the continuity
of Z(. ). (See a proof of a related continuity result in [8], [14].)

Iff(z) z, then the quadratic variation of My(. is ’o tr2(X(u)) du. Owing to these
facts we can construct a standard Wiener process w(. such that X(.), Z(.), Y0("
and Y(.) are nonanticipative with respect to w(.) and

(3.22) Z(t)= [G(X(u))+Go(X(u))] du+ tr(X(u)) dw(u).

It follows from the continuity of Z(.) and the nondecreasing property of the Y(.)
that we can define the limit X(. of {X( )} by (3.10). Q.E.D.

4. The discrete parameter problem. The discrete parameter analogue of Theorems
3.1 and 3.2 is obtained in a way very similar to the schemes used in those theorems,
and we discuss only a few of the details for one discrete parameter form. Just as for
the continuous parameter case, the general ideas are applicable to a much broader
class of processes than used here. Define {X,} by X x and

(4.1) X+ X+ eG(X, )+v/- F(X, )+8Y,

where we define 8Y, 8Yn Yn and Yi, => 0. Let E, denote the expectation
conditioned on {X, j<=n, 8Y, 8Y, , j<n}. Define the processes Y(.) by
Y7(t) 8 Y,.i, 0, 1, and X (t) X, for ne, ne + e). Define Z 0 and
Z+ Z+ eG(X,, ,)+v/- F(X, ,). Let Z( denote the continuous parameter
interpolation. We will use the following.

(A4.1) supE(Y(t)+Y(t))<o for each t. G(.,.), F(.,.) and Fx(’,’) are
bounded and measurable and the latter two functions are continuous in x,
uniformly in :.
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(A4.2) For each x, EF(x, s) 0. There is a K < oo such that for all N and n _<- N,

(4.2) sup
N, Eg(x, se)

j=n
with probability 1,

where g equals either F or Fx.
THEOREM 4.1. Assume (A4.1) and (A4.2). Then (possibly changing their values by

at most O(x/-))(X( ), Y(. ), i=0, 1} is a quasimartingale with conditional variation
uniformly bounded (with probability 1) in e on each interval [0, T].

Remarks on the proof. The proof is very similar to that of Theorem 3.1, and only
a few remarks will be made. For a smooth test function f(. and sufficiently large N,
define the "perturbation"

N

f,, Z Efz(Z)F(X, ) O(x/-)
j=n

Define f, =f(Z,) +f,.
It can be shown that

with probability 1.

Ef+, f, O(e)+ O(v’-)El Yl.
Letting f(z)= z yields the desired conditional variation result, since f;, O(x/-) and
sup E Y(T) + Y(T)) <

Theorem 3.2 can also be carried over to the discrete parameter case. We will use
the following conditions.

(A4.3) G(., s) is continuous in x, uniformly in . There is a continuous G(. such
that for each x

1 n+N p

--N E" G(x, ;) G(x)

Define

(A4.4)

(A4.5)

as n andNgoto

There are continuous R(j, x) and Ro(j, x) such that for each x

1 m+N p

N .m E F(x,.+j)F(x, ) --> R(j, x)

1 m+N p

N ’ E Fx(x, +)F(x, 1 - Ro(j, x),

as m, Nand n-mgoto

For g equal to either F or Fx,
N

Esup ., Eg(x, ) 0
n+Ni

as N, n and N go to oo (with N > n + N).

cr2(x) R(0, x) + 2 E R(j, x) , R(j, x),

Go(x) ., Ro(j, x).

A proof parallel to that of Theorem 3.2 yields Theorem 4.2.
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THEOREM 4.2. Assume (A4.1)-(A4.5). Then the conclusions of Theorem 3.2 hold
for the model (4.1).

5. Auxiliary results. In this section, we obtain some estimates which will be useful
in 6, for the proofs of the convergence of the costs V(x, Y, Y) to either Vo(x, Yo,
Y) or V(x). We will show, for several reasonable classes of control policies, that
sup, EI Y(t)Ik< for each k>0 and <oo. This implies the uniform integrability
property needed in the next section.

The symbol z, will denote a stopping time with respect to either of the "data"
tr-algebras B{(s), s_-< t} B or B{,, en < t} =- B depending on the case, and we
write E and P. for the expectation and probability, conditioned on the data up to
time

THEOREM 5.1. Assume either (A3.1), (A3.2) or (A4.1), (A4.2). Let Q,(.) and Q,
be bounded and B measurable (for ne < t, in the latter case). Define X( andX by

(5.1a) dX [G(X, )+ F(X, )/e + Q/e] at,

(5.1b) X,+ X, + eG(X,, ,)+x/’ F(X., ,)+x/ Q,.

Define Z( as in 3 or 4 (continuous and discrete parameters case, respectively). For
integer k and <, there are oo > Kk(t) 0 as 0 such that (for small e > O)

(5.2) E sup IZ’(’ + s)-Z(’)l2k - K2k(t)
st

for all finite (with probability 1
Remark. The proof will treat only the continuous parameter case, since the

"discrete parameter" details are similar.
Proof. A perturbed test function method will be used. For arbitrary T < oo and

T, define the processes

(5.2’) f(t) 2kZ(t)-EF(X(t), (s)) ds/e- O(e)lZ(t)l-1.

The right-hand equality is a consequence of (A3.2) and a scale change. We carry out
the proof only for - =0, G(-)=0 for simplicity. The proof of the other cases is
essentially the same.

By analogy with the procedure that led to (3.4) and (3.7), we have

t+s

(5.3) E[Z(t + s)2k +fk(t + s)]-[Z(t)2k +fk(t)] E Ck(U) du,
dt

where

Ck(U)=-’ 2k[(2k-1)Z(u)2k-2E,F(X(u), (s)) ds]F(x(u), (u))

1
+--5 2kZ(u Fx(X u), (s)) ds[Q(u)+ F(X(u), s(u))]

T/e

Z(u):-:E, F(X(u), s(s)) dsO(11
d,,/2

T/e

Z(u)2k-’E, Fx(X(u), (s)) as.+ 0(1)
d,/,
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By (A3.2), we can write this expression as

(5.4) Z(u)-zc(u)+^ z (u)- c(u)=o(1)(IZ(u)l-+lz (u) -’),

where the Cz and C are defined in the obvious way and are bounded.
By (5.3), (5.4) and the bound on f(.), there are > K2(-)0 as -0 and

constants K such that, for <= z,

E[Z(t)z +f,(t)]<=K’2 ff El1 +lZ(s)[2-’] ds<- K2(’).

Define.

M;(I=[Z(+f;(l]- [Z(sl-d;(sl+Z(s-C;(s]s.

By (5.3), M(.) is a martingale. From the above estimates there are functions
K(t)-O as t-0 such that (use Doob’s inequality [15, Thin. 7.3.4]

(5.5) E sup IM(s)I<--_4EIM(t)I<= Kgk(t).
st

By the bound on fk(" and (5.5), we get (5.2) for re 0. Q.E.D.
TrEOREM 5.2. Assume the conditions of Theorem 5.1, except with Q(t)=0 (or

Qn O) for >- ’. Given Ao > 0, there are 6o > 0 and To > 0 such that for all small e

(5.6) P{suplZ(r.+t)-Z(r)l>-Ao}<=l-6o.
t<= To

Proof The result follows from Theorem 5.1.
Recall the definition of B in 1. We now describe some classes of controls and

obtain some estimates of path excursions under the controls. Let L and U be numbers
such that 0-< L < U -< B. Define

dY(t)=[F(X(t), (t))/e+G(X(t), (t))]- dtIx,)=l.,
(5.7)

dWi(t)=[F(X(t), (t))/e+G(X(t), sc(t))]+ dt Ix,)=t,.

For obvious reasons, we call this the (L, U)-barrier control (following the usage in
[4]). Define the discrete parameter barrier policy in the analogous way" the dYT(.)
are just large enough to keep X( in the set [L, U]. The dY/dt will be one of the
candidates for the Q in Theorem 5.1.

Let Ao <//2. We define a specific control policycalled the (B-, Ao)-policyas
follows. Continuous parameter case: If X(t-)=B, immediately set Y(t)=
Y(t-)+Ao and X(t)=B-Ao. Also, Y(.) will increase just fast enough to keep
X(t)>-_O, i.e., Y(. is given by (5.7) for L=0. Use the analogous definitions for the
discrete parameter process. The (B, Ao)-control has some nice properties which render
it useful for the discussion in the next section.

THEOREM 5.3. Let the YT(. be the control values given by the (Ao, B)-policy and
assume either A3.1) (A3.2) or A4.1) (A4.2). For each and integer k (the ’ are
random times),

(5.8) supEIYT(’+t)-YT(z)lk<.
’e

Remark. Owing to the conditioning in (5.6), the estimates for Y are proved
almost as if the "return" process from the point (B- Ao) to (either B or B- 2Ao), then
back to B-Ao, etc., were constructed from a Bernoulli sequence.
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Proof. We prove the continuous parameter case only, and i= 1. The case i= 0 is
treated by an argument based on Theorems 5.2 and 5.4. Without loss of generality set

z 0.
Define the stopping times: r=min{t=>0: X(t)=B-Ao} and for i>0, pi

min {t> r_" Ix(t)-(B-ao)l>_ao}, r min {t>=p X(t) B-ao}. We will esti-
mate the kth moment of N(t)=max {i" r<=t}. Define the {0, 1} valued random
variable U as follows. With To as in Theorem 5.2, set

1 ifp-o’____> To ("success"),
U

0 ifp-r_ < To ("failure").

Let N denote the number of successive passages of X(.) from B-Ao to either B
or/-2Ao which are failures, after the ith success. Then

’/To-

N(t)<=Z+ ’o N.

There areKk < oo such that

N t) k <-- Kk( t To) k + Kk( t/ To) k
t/ro-
E (Ni
o

We will bound E(NT) k. Let r, denote the return time of X(.) to /-Ao
immediately after the ith success. Then, by Theorem 5.2,

P,{N7 > n} P,,:.,{o’,+j+- o-,+j < To, for all j < n}

(1 ao)"-

This yields E(N)k<=(constant)/6o, and the proof is concluded, since Y(t)<=
aoN(t). Q.E.D.

THEOREM 5.4, Assume either (A3.1), (A3.2) or (A4.1), (A4.2) and let the Y(.)
be the control values associated with the (L, U).barrierpolicy. Then for each

(5.9) sup[E(Y(t+ T)- Y(T)):+E(Y(t+ T)- Y(T)):] <oo.
e,T

Proof. Again, we do only some of the details for Y(,), and for the continuous
parameter case. For notational simplicity, we only present the case O(. )= O. Denote
the initial time by to and let Ao < (U-L)/2, Define the stopping times

o’ min => to: X (t) L)

and, for i=1,2,...,

o’i=min{t>p X (t)=L}, pi=min{t>cr,_, X(t)=L+Ao},

with the convention that the min over an empty set is infinite. All the needed estimates
can be shown to be uniform in to and we set to 0 for simplicity.

We can write (and simultaneously define ’(.))
E[X(pi+lt)-X(o’;t)]=E[Z(pi+t)-Z(o’;ct)]+ Y(t)

(5.10)

Z(t)+ Yo(t).

The mean square value of the term on the left of (5.10) is bounded above by z$
times the second moment of the number of for which p T-< t. By an argument very
similar to that used in Theorem 5.3, this can be shown to be bounded uniformly in e
for each t.
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Define M(t)=Z[(t)-oC(s)ds, where Z[(.) is defined in Theorem 3.1.
Equivalently, it is the f(. of (5.2’). The C(. is defined in (5.4). The (. defined
in (5.4) does not appear here, since 2k 1. Define N( as in the proof of Theorem
5.3. Then, since M(.) is a martingale, on the "interval where dye(. )=0" we have

( )2E [M(p,+ n t)- M’(tr t)]

(5.11)

K <oo.

The last inequality follows from Theorems 5.1 and 5.3. Since C(.)= O(1), Z(.)=
O(e), and supE(N(t))2<oo, there are K2<oo, K3<o3 such that the left side of
(5.11) can be bounded below by

K2E 2[Z(p,+t)-Z(tr;t)] g3= g2EI;(t)l- g3.

The proof that sup El’(t)12< oo follows from these inequalities. Q.E.D.

6. Convergence of the costs and controls. In 1 ], it is shown that there are 0-< L* <
U*<c such that (under appropriate conditions) the optimal control for (1.1) is an
(L*, U*)-barrier control. We assume that/ is large enough so that U*_-</. Let (. ),

0, 1, denote this optimal control. The set of increments of the "local time" control
processes { (n+ 1)- (n), i=0, 1, n < 1} are uniformly integrable. Let ’(. ), i=0, 1,
denote the (L*, U*)-barrier control for X(.) (continuous or discrete time). The
following theorem says that the optimal control for X(.) is "nearly" optimal for X (.).

THEOrZM 6.1. Assume either (A3.1)-(A3.5) or (A4.1)-(A4.5). Let (1.1) have a
unique weak sense solution for the L*, U*)-barrier policy, and let this policy be optimal.
Then {X(.), Y(.), Y(.)}=,,(X(.), Yo(’), Y(’)) in the pseudopath topology, and
there is a Wiener process w(. such that (X(.), Yo(" ), Y(" )) is nonanticipative with
respect to w(. ), and (1.1) holds. Also, as e--> O,

(6.1) V(x, Yo, Y,)--> Vo(x, Yo, Y)= V(x).

In addition, for > O, let ’(. ), ’(. be g-optimal policies for X (.) such that
the set (6.2)

(6.2) { I7(n + 1)- I7(n), e > 0, n < oo}

is uniformly integrable. Then

(6.3) + li___m W(x) >- lirn V(x, ", ") >= V(x).

Remark on (6.2). The uniform integrability condition on (6.2) is used basically
to assure that the cost associated with the limit process is the limit ofthe costs associated
with X’( ). We have not been able to prove the theorem without this condition, unless
all cost terms are positive (see Theorem 6.2).

The uniform integrability condition holds for a wide variety of control processes,
and the methods of Theorems 5.3 and 5.4 can be used to show that it holds for the
following cases" (1) Let there be numbers L, U, Ao, A where Ao+A < (U-L)/2
and Y(.) changes only when X(.) is in [L, L+Ao], Y(.) changes only when
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X (’) is in U- Ao, U], and the maximum jump is no greater than A; (2) Let Y(.
denote any admissible policy and fix N. Define

r, min {t> n" (Y(t)- Y(n))+(Y(t)- Y(n))>-_ N}o (n+ 1).

Now, choose the control policy on the interval In, n + 1) as follows. Use Y(.) on
In, z,). then switch to a barrier or (B, Ao) policy on [z,, n+ 1).

In Theorem 6.2, it is shown that the uniform integrability condition is not needed
if-kdY(t) is replaced by the positive cost increment k dYl(t).

Proof We deal only with the continuous parameter case. Let X( denote the
process with the Y(.) used. By Theorem 5.4, { Y(n + 1)-Yi(n), e > 0, n < oo} is
uniformly integrable. Extract a weakly convergent subsequence of {X(.), Y(.),
Y[(.)} (pseudopath topology) and denote the limit by (X(.), Yo(’), YI(’)). By
Theorem 3.2, this triple satisfies (1.1) for some w(. ).

It follows from the weak convergence and the fact that the Y(. ), Y(. is a (L*,
U*)-barrier policy that the limit Yo(" ), Y(" is a (L*, U*)-barrier policy for X(. ).
Thus Y(. Y(. ). This is true for any weakly convergent subsequence. By hypothesis,
the solution to (1.1) associated with any (L*, U*)-barrier policy is unique (in the
sense of distributions). Thus, the (distribution of the) limit does not depend on the
chosen subsequence.

By the uniform integrability asserted in the above paragraph and the weak
convergence, we have

lip V;(x, ";, I7") =lip E e-’[kod’;(t)-k,d(t)+k(X(t))dt]

(6.4)

Vo(x, Yo, Y)= V(x).

To get (6.3), repeat the procedure with the controls Yo(’), Y(’). With these
controls, the limit (X(.), Yo(’), Y(’)) might depend on the chosen subsequence.
But, if {en} indexes any weakly convergent subsequence, with limit (X(.), Yo(’),
Y(. )) we have limn V(x, Y, Y’;) Vo(x, Yo, Y)>= V(x). Hence, by the definition
of 8-optimality and the weak convergence,

8 + lirn W (x) => lirn V(x, ", ’)

=> inf Vo(x, Yo, Y)= V(x). Q.E.D.
Yo, YI

THEOREM 6.2. Assume the conditions ofTheorem 6.1, exceptfor the uniform integra-
bility of the set (6.2), but for ki > 0 let the cost be

Ex e-O’[ko dYo(t)+ k dY(t)+ k(x(t)) at] Vo(x, Yo, Y1),

and similarly define the cost V(x, Y, Y). Then the conclusions of Theorem 6.1 (with
the in (6.3) repced by 28) hold.

Proof. Let Y(.), i=0, 1, denote a -optimal policy. We can suppose that
sup ExY(t) + ExY(t) < for each < o and that

lim sup e-O’[ko dY(t)+ kl dYe(t)+ k(X(t)) dt] =0,
T- T
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since this holds for any barrier policy. In fact, there is an N < such that if we switch
to the (L*, U*)-barrier policy (or to any barrier policy) once the Y(t) exceeds N,
we change the cost by less than 6. But, then the set in (6.2) is uniformly integrable,
and Theorem 6.1 holds. Q.E.D.

7. Average cost per unit time. The methods of 1-5 can be used to adjust the
proof of Theorem 8 in [6] to get the result which is analogous to Theorem 6.1 for the
average cost per unit time problem. Only an outline of the method will be given. The
reader is referred to [6] for more details on the structure of the approximation for the
average cost problen for the nonsingular case (and which can be carried over to our
case).

For the average cost per unit time problem, we wish to work with feedback controls
and, hence, use only Y7 (.), i= 0, 1, or Y(- ), 0, 1, for which the associated processes
:(. and (X( ), s( )) or X(. ), respectively, are bounded Markov-Feller processes.
Also, we let ((t), e > 0, < c} be bounded. The cost criteria are"

1 forlim E- [kodYo(t)-k, dY(t)+k(X(t)) dt] y(Yo, Y),
T

lim E- [kodY;(t)-kldY(t)+k(X(t))dt]=y(Yo, Y).
T

For simplicity, we discuss only the continuous parameter case. The discrete
parameter case uses very similar assumptions and proof. Let PM (PM, respectively)
denote the class of feedback control processes for which X(.) ((X(.), (.)),
respectively) is a Markov-Feller process. Let NA (NA, respectively) denote the class
of nonanticipative controls. We will use the following assumptions.

(A7.1) There is an eo> 0 such that for each 6 > 0 and e =< eo, there are 6-optimal
controls PM of the form

(7.1) dY QT(x, ) at, o, 1,

where the QT(.,.) are continuous.
Note. If the Q(x, ) are Lipschitz continuous in x, uniformly in ,

then Y(. ), -0, 1, is in PM. See the remark below where it is shown that
the barrier policy can be smoothed to yield a continuous QT(.,. ).

(A7.2) A (L*, U*)-barrier control (. ), =0, 1, is optimal for (1.1), and with this
control (1.1) has a unique invariant measure. This control is in PM and its
adaptation Y(.), i=0, 1, to X(.) is in PM. When applied to PM,
(X( ), (. )) has a unique solution and invariant measure.

(A7.3) inf y( Yo, Y) inf y( Yo, Y).
Yi PM Yi NA

Remark. The (L*, U*)-barrier control can be approximated for X( in such a
way that it is of the form in (A7.1). In particular, let A 0 as e 0 and define

(7.2)

dYe. t)= at[F(X t), t) )/ e + G(X (t), t))]+Ix(,)[ t*-A, t*])

and similarly for Y(.). It can be shown that

(7.3) Y(Yo, Y) Y (Yo, Y),
AO

[x(t)



NEARLY OPTIMAL SINGULAR CONTROLS 587

where the ’7 is the (L*, U*)-barrier policy for X(.). Clearly, the 7(. are of the
form used in (AT.l). By (7.3), for each e, we can choose A so that the left and right
sides of (7.3) are as close as desired. By using the techniques in 5, it can be shown
that {7(n+l)-IT"7(n), i-0, 1, n<o, e>0, X(0)=x, (0)=sc} is uniformly
integrable.

THEOREM 7.1. Assume (A3.1)-(A3.5) and (AT.1)-(A7.3). Let G(x, ) be Lipschitz
continuous in x, uniformly in . Let 6 > O, and let Y7 (.), 1, 2, be the 6-optimal controls
defined in (AT.l). Suppose that the set

(7.4){ YT(n + 1)- YT(n), e > 0, n <, X(0) x, (0) ,for all x [0, B], for all }

is uniformly integrable. Then

6 + lirn , Y, Y) -> lim y Yo, Y) Y( Yo, Y1).

Proof For each e, 6, T, define the measure

Ioe)(. =- P,(x(0, ,(0, ,. ,
where P’ is the transition function for (X(.), (. )), under the 6-optimal control
g(.) (or Q) of (AT.). Then

y(Y;, Y) =lim f Pf(dxd)[koO;(x, )-kiQ(x, )+k(x)].
T

Choose a subsequence T- oe such that both the li--- is attained and P) converges
weakly (with limit denoted by x ). Then, by the Markov-Feller property of (X(.),
sc(’)) for (Y;(.), Y(.)) e PM, tz’ is an invariant measure for (X(.), :(.)) and,
by the continuity of the Q7 and the weak convergence,

(7.5) T(Y, Y)= f tx’(dxd)[koQ(x,)-klQ(x,)+k(x)].

Let (’(.), (. )) denote the stationary process associated with the control function
QT(.,.) and measure tx’(.), and let I7(.) denote the corresponding stationary
control processes. Then we can write (7.5) as:

y(Y;, Y)=E dt[koQ;(2(t),(t))-k,Q;(f;(t),(t))+k(2(t))]
(7.6)

= (2( a+og( eg(.

By the uniform integrability (7.4), { I);(1), t)(1), e > 0} isuniformly integrable.
Now, choose a weaklyconvergent subsequence of {X(.), Y;(.), Y(. )}, with

limit denoted by ((.), Yo(’), Y(’)). The limit is scationary, satisfies (1.1) and
(indexing the subsequence by e also), we have

Y Y;, Y) Y( Yo, Y) >-- Y( Yo, Y),

where the optimality of Yo(" ), Y(" is used.
The proof is concluded by applying the same procedure to (. ), (. ), where

the "smoothing interval" A (see remark above the theorem where and A are
defined) goes to zero fast enough as e O. Q.E.D.
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8. The vector case. Formulation, quasimartingale estimates and the approximation
theorem. Most of the foregoing analysis and results can be carried over to the case of
vector (x R, Euclidean r-space) valued G, F in (1.4) or (3.1). Since the details of
the proofs are essentially the same as in the foregoing sections, only an outline will
be given. Only the continuous parameter case will be discussed, but under the obvious
changes in assumptions (A3.1)-(A3.4) and (AS.l) used below, the discrete parameter
results also extend to the vector case.

We use the model (vector F, G)

(8.1) dX =[G(X, :)+ F(X, )/e] dt + dY(t),

with cost

(8.2) V(x, Y)= e-t[ko[dY(t)[+ k(X(t)) dt],

The results of 7 can also be extended to the vector case.
THEOREM 8.1. Assume (A3.1), (A3.2) with vector G, F used, and let

sup E [dYe(t)[ oo for each T < oo. Then (possibly having to add to each component
a process whose maximum value goes to zero as e-->O){X(.), Z(.), Y(.)} are
quasimartingales with uniformly (in e) bounded conditional variation on each bounded
time interval.

Remark. The proof is essentially identical to that of Theorem 3.1. Similarly, the
proof of Theorem 8.2 below is essentially identical to that of Theorem 3.2.

We will next use (A8.1), the vector form of (A3.5).

(A8.1) There is a matrix E(.) with a continuous and bounded square root tr(.)
such that for each x,

l ,,,+ r, fr+- E,F(x, so(z)) d" F’(x, (s)) ds

+
T,

EF(x, (z)) dr F’(x, (s)) as E(x)

as Z u and T go to . There is a continuous function Go(" with com-
ponents Go(" ), i r, such that for each x,

I [u+T, f,r+. p_

Z (x, ()) d x,(X, (s)) ds o,(X)
j

as T, u and T1 go to .
THEOREM 8.2. Assume (A3.1)-(A3.4) and (A8.1), and let sup E,, [dY(s)l<o

for each T <. Then {Z( )} is tight in the Skorokhod topology on Dr[0, ) and any
weak limit process is continuous with probability 1. Let {X( ), Y(. ), Z( )} be a
weakly convergent subsequence in DSr[0, c), with the pseudopath topology used on the
first two components and the Skorokhod topology on the last. Let X(. )= (X(.), Y(. ),
Z(. )) denote the limit of a weakly convergent subsequence. Then the conclusions of
Theorem 3.2 continue to hold, with the limit Y(. replacing Yo(" )- YI ("). In particular,
the limit satisfies

X(t)=Z(t)+ Y(t)+X(O),
(8.3) dZ(t)=[G(X(t))+Go(X(t))] dt+r(X(t)) dw,

z(o) -o.
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Definition and assumptions. Below, v(. will be a continuous vector field on
with Iv(x) 1, and S a compact set with a piecewise differential boundary and with
the following properties" (a) There is a truncated cone such that the apex can be placed
at any point on 0S such that the cone is in S. (b) There is a Ao> 0 such that for x S
and AAo, the points x+Av(x) are interior to S. Define the (S,A, o(.))-reflecting
policy for X (.) as the (admissible) policy which sets X (t) x + Ao(x), ifX
S. Then, of ourse, dY(t)=A(x). We define similarly the (S, A, v(.))-reflecting
policy for the X(. of (8.3).

A policy Y(. for (8.3) is called a (S, v(. ))-reflecting policy if the associated
process X(. is a reflected diffusion in S, with continuous reflection direction v(. on
S, and there is a Ao0 such that for AAo, the policy which sets X(t)=x+A(x)
if X(t-)= x OS is an admissible (S, A, v(. ))-reflecting policy.

The conditions on S, v(. ), are motivated by the optimal control for the "finite
fuel" problem [2].

THEOREM 8.3. Assume (A3.1) and (A3.2) (ector case), and let Y’(.) denote a
S, , (. ))-reflecting policy for X (.). en for each T and integer k,

(8.4) sup Ex IdY’(s)l <.
e, o

THEOREM 8.4, Let X(. satisfy, (8.3) with bounded and continuous G(. ), Go("
and (. ). Let Y(. be a (S, , v(. ))-reflecting policy for x(. ). en, for each T <
and integer k,

sup N IdY(s) <.
AA
xS

We will prove Theorem 8.4 only. The proof of Theorem 8.3 is similar and uses
the (vector case) estimate (.5) for the process Z(t)Z(t), where Z(. here is the
appropriate "vector" case form of the Z(.) used in

oof of eorem 8.4. Let Y(. denote the (S, A, (. ))-reflecting policy and
X( the associated solution to (8.3). For small a0 let N(x) denote the
neighborhood of x. There are x,..., x on OS such that N(x)OS and

(.) sup I(x)- ()l -.
x,y N(x)

Let denote the first time of entry of X( into (x). Define

7 raint:X(t) N(x),

7 rain (t 7" X(t) (x).
Define Nmax i:7 T, Y’(T) Y( T)- Y(7 T)and

Owing to (8.5) and the smallness of a, there is a K (depending on a, but
not on A) such that

Hence we need only evaluate [Y’(T)]. We have
N N

il
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The absolute value of the first term on the right-hand side of (8.6) is <=aK2Na, for
some constant K2 <. The absolute value of the last term on the right-hand side of
(8.6) is bounded above by

(8.7) N. sup ]zA(t)- Z/(s)l.
s,t<= T

Since Za( is just the sum of an ordinary integral and a stochastic integral whose
integrands are bounded uniformly in A, all the moments of the last factor in (8.7) are
bounded uniformly in A. Hence it is enough to show that sup,s,a ExINIp < o for all
integers p.

This last problem is similar to that dealt with in Theorem 5.3. The structure of
the (S, A, v(. ))-reflecting policy implies that there is an a’>0 (not depending on )
such that in order for Xa(.) to move from the exterior of N2(x,,) at time p’ to
(xm) at time try’, we must have supo?=,<=",[Za(t)--Za(pT’)[>--a ’. Let z (< with
probability 1) be a stopping time. For each 6o (0, 1), there is a To> 0 such that for
all small A > 0,

(8.8) sup P/sup [zA(t + 7")- ZX(’r)[ _--> a’/2! <--_1- 60.
xS, I t<=To

Inequality (8.8) and an argument like that used in Theorem 5.3 (to get the upper
estimate on E]NI there) completes our proof. Q.E.D.

DINITON. We now add an additional condition on the control problem. It is
supposed that there is a compact set S with a piecewise differentiable boundary
satisfying the cone condition (a) above and such that X(.) and X(.) are to be
confined to S. For small enough A and some continuous v(.), let there exist a (S,
A, v(’))-reflecting policy. In Theorem 5.1, we assume that the optimal control for
X(. is (S, v(. ))-reflecting for some compact S and continuous v(. ). The result can
be extended to cover (for example) combined singular and nonsingular controls or
true impulsive controls.

Remark. In many applications S is not compact, but the special structure of the
optimal policy (as for the "finite fuel" problems which have been investigated to date)
yields /2-optimal policies for which we have the required uniform integrability.

THEOREM 8.5. Assume (A3.1)-(A3.4) and (A8.1), and the condition on S1 in the
above paragraph. Suppose that there are S, v(. such that the optimal policy Y(. for
X(. is a (S, v(. ))-reflecting policy. Let ra( denote the (S, , v(" )) reflecting policy
obtainedfrom Y(. ). Let (8.3) have a unique weak sense solution under both policies, for
all small A. Let I’a( denote the S, A, v(. ))-reflecting policy adapted to X( ). Given
6 > 0, there is a A > 0 such that ’’(. is 8-optimalfor X( and small e in the sense
that

(8.9) + lim V (x) >_-lim Wo(x, ,a) >= inf Vo(x, Y) Vo(x, ’) V(x).
Y adm.

Proof The method is that of Theorems 6.1 and 6.2, but is simpler since all cost
terms are nonnegative. Let Y(.) denote the optimal (or 6/2-optimal, if there is no

optimal policy) policy for X( and let x’A( denote the process corresponding to
y,a(. ). By an argument of the type used in Theorem 6.2, there is no loss of generality
if we suppose that the second set of the pair of sets

} +l )Id’(s)l, e >0, n <oe IdV(s)l, e >0, n <oo

is uniformly integrable. The first set is uniformly integrable by Theorem 8.3. Choose
a weakly convergent subsequence of {x’A(’), y,a(.)}, {X(.), y(.)} with the
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subsequence also indexed by e and with the limit denoted by (xA( ), I’a( )), (X("),
Y(’)), respectively. Then xA(") is the (S, A, v(. ))-reflecting diffusion and I’A( )=
,a(. ). Thus, by the weak convergence and the optimality of I7"(. ), we have

(8.10) -+lim (x) -> lim Vo(x, Y) >-_ inf V(x, Y) >- Vo(x, Y) V(x)
2 Y adm.

Also by the weak convergence

(8.11) lim V

Another weak convergence argument and the uniqueness assumption on the
reflecting diffusion X(.) under policy ’(.) yields the weak convergence of {Xa( ),
.a(. )} to (X("), I7"(. )) as A 0. Also, the set {,,+1 id?(s)l, A-_< Ao, n <} is uniformly
integrable. This yields

(8.12) -+ V(x) >= Vo(x, .,a)

for small A. Now, (8.9) follows by combining (8.10)-(8.12). Q.E.D.
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NECESSARY CONDITIONS FOR OPTIMAL
CONTROL PROBLEMS: CONJUGATE POINTS*

V. ZEIDANf AND P. ZEZZA

Abstract. In this paper we introduce a definition of"normality" and of"conjugate points" for a general
optimal control problem. Using these concepts we obtain new second-order necessary conditions for
optimality. In the special case when the control set U is the whole space or in the classical setting of calculus
of variations, our conditions reduce to known results, namely, the Jacobi condition and the existence of a
solution to a certain Riccati equation.

Key words, optimal control, conjugate points, normality, Riccati equation, necessary conditions
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Introduction. In the classical calculus of variations, conjugate point theory plays
an important role in establishing second-order necessary and sufficient conditions for
optimality (as reference, see among others [2], [4]-[6]). It is well known that if is
optimal and the "strengthened Legendre" condition holds, then there is no point in
(a, b) conjugate to b. On the other hand, the nonexistence of conjugate points to b in
[a, b) is a condition that belongs to a set of sufficient conditions. It is also known as
the Jacobi condition and could be formulated in terms of the existence of a solution
to a certain Riccati equation.

For optimal controls, the Jacobi condition in a form of Riccati equation has been
used in developing sufficient conditions when the control set U is open [9]. Then, it
was extended .to the general case in [12]-[ 15]. Dealing with the question of necessary
conditions, the accessory problem was obtained in [8] for the case when U is open;
then it was generalized, in [10] for the case when U is closed, and in [7] for the
abnormal problems. However, the results on necessary conditions using conjugate
points in the calculus of variations are not yet transferred to the optimal control context,
particularly when the controlset U is not trivial. The books [8] and [ 11 ], for instance,
stop short of conjugate points in their discussion of optimal control theory.

There have been several attempts to define when a point c in [a, b) is conjugate
to b and then to show that the nonexistence of conjugate points in (a, b) is necessary
for optimality. For instance, the first formulation for the case when U R was
introduced in [3]. There, the definition of a conjugate point is not the one needed,
and moreover, in 16] we provided a counterexample to the necessity theorem therein.
A recent attempt was made in 1 to treat the case when U is given by smooth functions.
Here again the results are incorrect, as is shown by two counterexamples in 16].

It is then clear that a mathematically rigorous proof of the necessity theorem is
needed for the case when U Rm. Moreover, an extension of the concepts and the
results to the general case is desired.

In this paper we use the results involving the accessory problem [10] or [7] to,
first, formulate definitions of "conjugate points" and of "normality" for general optimal
control problems. Naturally, they must involve the control set U. Second, we show
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that, under the "normality" assumption, the nonexistence of points conjugate to b in
(a, b) is necessary for optimality. Then, we formulate our new necessary conditions
in terms of the existence of a solution to a certain Riccati-type equation, Corollary
3.2, which reduces to the classical form used for sufficiency when U R or when
the optimal control t is in the int L[a, b] (see for instance [9]). We present an example
illustrating that the "normality" assumption cannot be eliminated. Then we study the
special case when we have a free endpoint. There, we show that our results can be
strengthened. Finally, we give an example to which we apply our new necessary
conditions.

1. Statement of the problem. Given a compact interval I [a, b], A R, open
sets X R ", V R", a set U V and functions f, g, K and q)

g:IxXx V-R,

f: I x X x V-> R,
K :X-> R,
:X -> R k,

the optimal control problem can be stated as

(P) Minimize J(x, u):= K(x(b))+ g(t, x(t), u(t)) dt

over all absolutely continuous functions x, x AC(I, X), and measurable functions u
satisfying

2(t) =f(t, x(t), u(t)) a.e. e I,

(1.1) u(t)e U a.e. teI,

x(a)=A, (x(b)) 0.

DEFiNITiON 1.1. A pair (x, u) is said to be feasible for (P) if x AC(I, X), u is
measurable and (x, u) satisfies the constraints (1.1).

DEFINITION 1.2. A feasible pair (, a) is a weak local minimum for (P) if for
some positive e, (R, t) minimizes J(x, u) over all feasible pairs (x, u) satisfying

x(t)(t)+eB., tI,
u(t) t$(t)+ eBr a.e. /,

where BN is the unit ball in R N.
2. Preliminary results. For F := (f, g), the following smoothness assumptions will

be recalled.
Assumption (A). For all /, F(t, .,. is C 1, for all (x, u) X x V, F(., x, u),

Fx(’, x, u) and Fu(’, x, u) are measurable on I; there exists an integrable function
a :I --> R such that

(2.1) IF(t,x, u)l+lFx(t,x, u)l+lF.(t,x, u)l <_- c(t), (t,x, u)elxXx V;
and K and q are C on X.

Assumption (B). For all e I, F( t, .,. is C2, for all (x, u) e X x V, Fxx( x, u),
Fx,( ", x, u) and F,,(., x, u) are measurable on I; there exists an integrable function
/3:I--> R such that

IFxx(t,x, u)l->lFx(t,x, u)l+lF(t,x, u)l-<_/3(t), (t,x, u)IX V;
K and q are C2 on X.
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Given t(. and e > 0, we denote the e-tube in U around t(t) by

U(t)={uR": u Uf"l((t)+eB,,)}.
In what follows the notation k(t) means a(t, ;(t), (t)).
THEOREM 2.1 (Pontryagin’s Principle). Let (;, t) be a weak local minimum for

(P) with a corresponding e > O. If Assumption (A) holds then there exist an absolutely
continuous function p: I - R", a number Ao, and a vector y Rk such that

(1) ao 0,
(2) -p(t)=f[(t)p(t)+ Ao,,,(t) a.e. /,
(3) p(b) r= yTD((b))+AoDK((b)),
(4) min {(p(t),f(t,(t), u))+aog(t,(t), u): u U(t)}=(p(t),(t))+o,(t) a.e.

tel

If in addition U is convex, then (4) implies
’T(2.2) (f, (t)p(t) + og,(t), u t(t)) => 0, u U a.e. L

When Assumption (A) holds and U is convex we will use the following.
DEFINITION 2.1. An extremal for problem (P) is a feasible pair (x, t) such that

there exist an absolutely continuous function p:I R", a number Ao and a vector
y Rk that satisfy conditions (1)-(3) of Pontryagin’s principle and condition (2.2).

Let (, t) be a feasible pair. To identify the set of admissible directions define:

{(n(. ), w(. )) AC(I, R") -It satisfying (2.3)-(2.5)},
where

(2.3)

(2.4)

(2.5)

Define

’ll={w(.)L(I, Rm) w(t) U-(t) a.e.tI},

"/l(t) =f,(t)rl(t)+fu(t)w(t) a.e. t I,

/(a) =0, D(;(b))rl(b) =0,

DK((b))q(b)+ [x(t)(t)+u(t)w(t)] dt<-O.

(2.6) H(t,x,p, u,A)=(p,f(t,x, u))+Ag(t,x, u).
The following result can be derived from Theorem 1.1 [10] or of Theorem 3.1 [7] upon
writing our problem in Mayer form.

THEOREM 2.2. Let (, ) be a weak local minimum for (P). If U is convex,
Assumptions (A) and (B) hold, and L(I, R "), then for each (rl, w) there exist
p, Ao and that can depend on (, w), satisfying conditions (1)-(3) of eorem 2.1,
condition (2.2) and

(J2(n, W):= b){aoD2K((b))+[D2((b))]ry}n(b)

fb T( T((2.7) +a { t)x(t,p(t),ao)(t)+2 t)Hx,(t,p(t),ao)W(t)*

+wT(t),,(t,p(t),Ao)W(t)} dtO,
where

H(t, p(t), Ao) H(t, ;(t), p(t), t(t), Ao).
The following proposition provides conditions under which Ao 0 and hence the

set of admissible directions for the control variable can be described in terms of the
Hamiltonian.
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PROPOSITION 2.1. We are given an extremal (;, ) such that D((b)) is offull
rank and the only solution of the system

^T-f( t) f t)p( t) a.e. e I,

p(b)r iTDdp((b)) for some e R k,
"T(fu(t)p(t), u a(t)) >= 0 a.e. e I Vu e U

is p =--O. Then ho can be taken to be 1 and if, moreover, (, ) is a weak local minimum
then (2.5) reduces to equality and is equivalent to:

(I2Iu(t,p(t),l), w(t))=O a.e. teI.

Proofi Any ho, y, p satisfying conditions (1)-(3) of Theorem 2.1 and (2.2) must
have ho 0. Otherwise, we get

-(t) =f(t)p(t) a.e. e I,

p(b)T=yrD(;(b)),
"T(f,(t)p(t),u-(t))>-O a.e. teI VueU.

Thus p=-O and yTDd((b))=0, and hence y=0, contradicting condition (1) of
Pontryagin’s principle.

Let (;, t) be a weak local minimum. From Theorem 2.2 we know that there exist
p, ;to, y satisfying conditions (1)-(3) of Theorem 2.1 and (2.2). Since ,o 0, then ,o
and (2.2) implies that, for (r/, w) e ,

O<-(I2I,(t,p(t), 1), w(t))=(f(t)p(t)+(t), w(t)) a.e. tel.

Thus

0<= (f t)p( t) + g,( t), w( t)) at

{(p(t), l(t)-fx(t)rl(t))+(,u(t) w(t))} dt

{{p(t), "O(t)}-{fx(t)p(t), r(t)}+{u(t), w(t)}} dt

{(p(t), r(t))-(-/()-(), r(t))+((t), w(t))} dt

p(b)r(b)+ I {(g(t), r(t))+((t), (t))} dt

(’,’rD((b)), n(b))+ DK((b))n(b)

+ {(x(,n(+((,w(td--<0.

Therefore (2.5) can be replaced by equality, in other words, by

(/-)(t, p(t), 1), w(t))=0 a.e. e I. Q.E.D.

Let (, ) be an extremal for (P) and let/(. ), ,o, Y satisfy conditions (1)-(3) of
Theorem 2.1 and condition (2.2). We can then take.for the control variable admissible
directions belonging to the set"

(2.8) (t)={we R n" we U-a(t) and (l?I,(t,(t),Ao), w)=0}.
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In order to use the previous results the following assumption will be made:

(H) The matrix Ddp((b)) is of full rank, and the pair (, a) is strongly normal
on [a, b], i.e., the only solution of

-(t) =frx(t)p(t) a.e. I,
p(b)T= lTD((b)) for some l Rk,
(f(t)p(t), w)>-_O a.e. tel Vwe O(t)

is p--0.

Remark 2.1. Assumption (H) is not merely a technical condition; it is related to
the controllability of the linearized system. In fact, it can be easily proven that
assumption (H) is equivalent to the following.

Denote by 9 the reachable set for the system

(t) -fx(t)y(t) +.(t)w(t),
y(a) =0,

w(t)s O(t) a.e. teI;
then 0 rel int Ddp((b)).

PROPOSITION 2.2. Let (, a) be an extremal for (P), and ,(. ), Ao, y satisfying
conditions (1)-(3) of Theorem 2.1 and condition (2.2). /f (H) is satisfied, then Ao#0.
Set Ao 1, then Ao 1,/(. ), and y are unique.

Proof. The proof is by contradiction. Suppose there exists another triple/(. ), /,
Ao corresponding to (, a). Since U-a(t)= O(t) then assumption (H) implies that
Ao 1; set Ao 1 and we get

^T-((t)-(t))=fx(t)(ff(t)-(t)) a.e. t I,
(ff -)T(b) (/-- 7)TD((b)),
^T(fu(t)fi(t)+,u(t),w)>--O a.e.tI Vw U(t),

(fr(t)/(t) + ,(t), w) 0 a.e. s I ’w 0(t).
Thus

(S(t)(p(t)-p(t)), w)>--O a.e.tl Vw O(t),
and by (H) we get/--/$. Since Ddp(b) is of full rank we obtain 7. Q.E.D.

Let (:, t$) be an extremal. From the preceding we obtain: let/(. ), Ao, y satisfying
(1)-(3) of Theorem 2.1 and condition (2.2). Define 0(t) by (2.8) and

(2.9) ={w(.)L(I,R")" w(t) O(t)a.e.tI}.
Assume (H); then Ao can be taken to be 1. Consider the so-called accessory problem
to (P), i.e.,

(AP) Minimize

over all. (r/, w) e AC(/, R ") x cone 0//, satisfying

Yl( t) =L(t)( t) +L( t)W( t)

r/(a) =0, r/(b) O,

a.e. teI,
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where

DcP(:(b)),

F= D2K(R(b))+ D2(R(b))ry,

/(t) H(t, (t), p(t), (t), 1).

When (, ) is a weak local minimum, then (0, 0) solves (AP), i.e.,

(,, w)_>-0.

3. Main results. Discussion. In the classical calculus of variations the definition
of conjugate point is derived by computing the second variation of the original problem
which yields what is known as the accessory problem, whose Euler-Lagrange equation
is the Jacobi equation. However, in the optimal control setting, the uniqueness of the
adjoint function p(t) (which is guaranteed by assumption (H)) is required to obtain
an accessory problem out of the second variation, as we have done in 2. The
application of the maximum principle, Theorem 2.1, to the accessory problem (AP)
motivates the definition of conjugate point below.

Throughout this section we will suppose that Assumptions (A) and (B) and (H)
are satisfied and that (, t) is an extremal for (P) with e L(I, Rm).

DEFINiTiON 3.1. A point c e [a, b) is said to be conjugate to b if there exists
nonzero (A, ,/, w) e AC(i, R") x AC(I, R ") x cone 0 such that, for some l e R k,

l(t)=fx(t)l(t)+fu(t)w(t) a.e. tel,
(3.1)

-A(t) =/(t)7(t)+ Il(t)w(t)+fx(t);(t) a.e. e I,

*r/(b) =0, r/(c) =0,
(3.2)

a(b)=r,+r(b),

and

(3.3) (Il,,(t)w(t)+12l,x(t)(t) "T+f(t)A(t),z)=O a.e. tel Vz e span U( t).

Remark 3.1. Since Assumption (H) holds, then a straightforward application of
the Pontryagin principle to the accessory problem yields that whenever (, w) is its
solution, there exists A such that (A, 7, w) satisfies (3.1), (3.2) with c a, and

(ffI,,(t)w(t) + t?I,x(t)rl(t) +](t)A (t), z) => 0 a.e. e I tz e (t),
instead of the equality in (3.3).

Remark 3.2. If U is convex with nonempty interior, then

span/.(t) =/(t)- := {w e Rm" (/,(t), w) 0}.

Remark 3.3. Some geometrical assumptions on the original problem may simplify
Definition 3.1. For instance, if U is op.en or (t) e int U almost everywhere e I then,
for almost all in/, H(t)= 0, span U(t)= Rm, and cone 0 cone o//. But cone
L(/, R") if and only if e int L(/, U).

Solving (3.3) for w allows us to replace (3.1)-(3.3) by a 2n-system of linear
differential equations in terms of +/and A only.

From now on all the functions appearing in any formula have to be considered
evaluated at t.
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(3.4)

(3.5)

with

PROPOSITION 3.1 Assume that U is convex with nonempty interior. If Hu,(t) > 0
almost everywhere e I, then (,1, A, w) satisfies Definition 3.1 if and only if 0 (A, r/)e
AC(I, R") x AC(I, R) and

=[fx-f,KH-’H,x]q-f,gH,,f a.e. tel,

X I2Ixx IIx.KII .-X I.x ,l +[fxT- Hx.KH ?T.,,,.... a.e. e I

and

where

(3.6)

and

,(b) =0, ,/(c) =0,

A (b) Tl + Fl (b) for some ll e R k,

w:= -KH,u[H,,q+f,A],

(3.7)
/fg.(,t) 0,

K(t)= /.- 1/2/ /2/T-.: ":";".+ i fg,(t) 0.
H, H-, H,

Proof. If c is conjugate to b, then there exists (h, ,/, w)# 0 satisfying Definition
3 1 The function w can be taken in o. Since span t)(t) A+/-H, (t), from (3.3) it follows
that

Hu.(t)w(t)+ H.x(t)rl(t)+f.(t)A(t =0 if Hu(t)=0

or

Huu(t)w(t)+I2Iu(t)q(t)+f,(t)A(t)=a(t)H,(t) if Hu(t)#O,

where a (t) e R.
Thus, when/, (t) 0,

w(t) 12I-(t)[Iux(t)q(t) AT+f(t)h(t)].

On the other hand, when H. (t) # 0,

W(t) - T-H.(t)[H.(t)(t)+f.(t)A(t)]+ a(t)H=(t)H.(t).
TMultiply both sides of the above equation by H. (t). Note that w cone to get

T T0 -H. (t)-’(t)[H.x(t),(t) +f,(t)h(t)]+ a(t)HH(t)u(t
and hence

TH t)H(t)
a(t) T

(
[H,(t)(t)+f,(t)h(t)]"H,(t)H,(t)

substituting a(. in the above equation it is easy to get

[H,-(t)H,(t)H(t) ](=.,.,.. -I

Therefore (3.3) yields

(3.8) (t)=-K()H-(t)[H(t)n(t)+f()()] a.e. te I,
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where K(t) is given by (3.7). Now replace (3.8) in each of (3.1) and (3.2). We obtain
that (A, r/) satisfies (3.4)-(3.6) and the boundary conditions.

Conversely, assume that there exist (A, r/) satisfying the conditions of Proposition
3.1. From (3.6) and (3.7) the following result:

If Hu (t) 0, then
If ,(t)#0, thenJ

Hu(t)w(t)=O;

’T ^-1 T
(t)w(t) H(t)H.(t)H.(t)H(t) T TH(t)(Hx(t)(t)+f(t)A(t)) =0.

H(t)H,-(t)H,(t)
H,(t) -1

Thus w, defined by (3.6), is in . If we replace (3.6) in (3.4) and (3.5) we obtain that
(3.1) and (3.2) are satisfied by (A, ) and w. It remains to show (3.3). If H,(t)O,
(3.6) and (3.7) give

(t)w( t) + ,(t)( t) +f(t)X(t)

H(t)(t)H,(t)"’x""T t’)H2(t)H’(t)(Hx(t)(t)+f,(t)A(t))=a(t)Hu(t),H(

where a(t) is defined as above. Therefore, for all z (t),
<(t)w(t)+ (t)(t)+](t)A(t), z)=O a.e. I.

If H(t)=0, then (3.3) follows immediately from (3.6). Q.E.D.
Remark 3.4. Some regularity assumptions on H imply that the control defined

b (3.6) is in L. For instance, if for some a > 0, <d aI, for almost all I, then
H2(t)L(I,R). If, in addition, H(.,x,u) and f(.,x,u) are essentially
bounded, so is the function w iven by (3.6)Since (, ) is essentially bounded, thus,
it remains to show that, when H(t) O, -KH:2 is essentially bounded. Let 0< A(t)

A(t) be the eigenvalues of H(t); then

lA (t)l i: 2, m.

Thus the Ai’S are in L(I, R). Since H is symmetric, then

2(t)= P(t)A(t)P(t),

where

But for any i, j

i=l O2kAk
Therefore w is essentially bounded.

2

1 1
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Our main result concerning the nonexistence of conjugate points corresponding to
a weak local minimum requires the following two normality assumptions"

(H) D((b)) is of full rank and there exists a unique solution of

(H2)

-p(t)=fx(t)p(t) a.e. te[c, b],

p(b) lI for some R

and

(f(t)p(t), w) >- 0

on any subinterval [e, b] of I.

There exists a unique solution of

-6(t)=fr(t)p(t) a.e. t[a, e],

(fr,(t)p(t), w)>-_O a.e. t[a, c]

a.e. t[c, b] Vwe U(t)

on any subinterval [a, c] of I.

Our main result is given by the following theorem.

/w U( t)

THEOREM 3.1. Let (:, t]) be a weak local minimum for (P) with fie L(I, Rm).
Assume that (H) and (n2) hold and that U is convex with nonempty interior. If
I2lu, (t) >- aim, for a > 0 almost everywhere I, then there is no point in (a, b) conjugate
to b.

Before proving Theorem 3.1, we will present an example which illustrates the
indispensability of the strong normality assumptions (H) and (HE).

Example 1. Consider the following optimal control problem:

lfo 2(t) dtMinimize J(u) u

subject to

where

and U R.

,(t)) =B(t)u(t)
:2(t)

x(O) x(1) (),
a.e. [0, 1],

n(t)

It is clear that the solution of the problem is (R, t) -= ((o), 0). Let us first show that
Assumption (H) holds. Let p=(,) satisfying on [0, 1],/J(t)=0 and Br(t)p(t)=O;
then p-= (’) and el c2 =0. Thus (H) is satisfied.

Now take p --- (o); it is clear that, on an interval of the form [0, e], when 0 < e < 1/2,
such p satisfies/(t) =0 and Br(t)p(t)=O. Thus Assumption (H2) is violated. On the
other hand, for p---() we have/J(t) 0 and Br(t)p(t)=0 on any interval of the form
[c, ], where 1/2 < e < 1. Thus (H) does not hold; therefore Theorem 3.1 does not apply.
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In fact, take

(t):
0

on[0,1/2],

(:) on[1/2, 1]

and A(t)=-=-(). Then (?, A) satisfies (3.4) and (3.5), that is,

(t)=-B(t)Br(t)A(t) a.e.t[0,1],

=0,

with

/(1)=/(c)=0 for any c [1/2, 1].

This implies that any point in [1/2, 1] is a conjugate point to 1.

Proof of Theorem 3.1. Suppose that there exists a point c (a, b) conjugate to b;
then there exists (h, 7, w)# 0 satisfying Definition 3.1. We can assume that w satisfies
2w q/. Define

((t), )(t), (t)) (h (t), q(t), w( t))x(,b( t) for r e I

(XA(") is the characteristic function of the set A). Then: (), )eAC(I, R")x q and

(3.9)
q(t)=fx(t)Ct(t)+f(t)(t) a.e. e I,

#(a) =0, ’O(b) =0.

Thus (, ) is feasible for the accessory problem. By using (3.1)-(3.3) on [c, b] we get

1 rJ(, )= (b)r(b)

1 r +lf= t (b)F(b)
2

{--Ar(t)t(t)--Ar(t)(t)q(t)--rtT(t)H"(t)w(t)

+2/T( ^T T(t)Hx,(t)w(t)+ w t)H,,(t)w(t)} dt

1 r( +1 I T(t)flx(t)w(t= b)F(b)
2

{-Ar(t)(t)-’Xr(t)]x(t)(t)+

--,1T(t)12lx,,(t)w(t)--A T(t)],(t)W(t)} dt

1 T( 1 I’ r(= b)I’v(b)+. {--T(t)(t)--;t t)#(t)}dt

1 T 1 Tn (b)rn(b)-:n (b)A(b)

1 r r= / (b)F,i(b)- 1 (b)[ltTll+F,I(b)]

1=-- ? T(b)Tl,=O.
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(3.10)

(3.11)

(3.12)
and

Thus (, ) minimizes J2(r/, w) over (r/, w) 0-//with ffcone o. In particular, (, )
provides a minimum for the accessory problem (AP), with the additional condition
w . By the Pontryagin principle we get the following" there exist a number ao, a
vector v R k and an absolutely continuous function p such that

o0, v]+o0,
-(t)=fx(t)p(t)+ o[Hx(t)(t)+ Hx(t)(t)] a.e. I,

p(b)=V+or(b),

Tmin {(f,(t)p(t), w>+1/2ao[2(t)H,,,(t)w+ wTff-luu(t)w]" lW //(t)}
is attained at if(t) almost everywhere L

This last condition implies
’T(f,(t)p(t)+ao[I2Iu,(t)(t)+I2Iu,(t)(t)], w-(t))>=O a.e. tI tw U(t).

Since 0 and 2(t) are in (t), almost everywhere t/, then

(3.13) (f(t)p(t)+ao[i2I,,(t)l(t)+I2l,.(t)(t)], w)>--O a.e. t6I lw6 //(t);
and equality in (3.13) holds at if(t).

If ao-0, then
^T-#(t)=f,(t)p(t) a.e. /,

p(b) v,
and

T(f,(t)p(t),w)>=O a.e. t6I Vw6U(t).

and

and
^T(fu (t)[p(t) A (t)], w) _--> 0

Using (H1) the following results"

T(f,(t)p(t), w)>--O a.e. lw U(t).

Thus by (H2) we obtain

p-=0 on[a,c].

Now, if we use (3.1)-(3.3) with (3.11)-(3.13) we get for t[c, b],
"T-((t)-(t))=f,,(t)[p(t)-A(t)] a.e. t,

[p(b)- A(b)] 7(v 11)

a.e.t w U(t).

p--A on[c,b];

hence A(c)=0. But from Proposition 3.1 we know that (A, 7, w) satisfies (3.4)-(3.6).
Since A(c)= r/(c)-0 it follows that

A--r/--w--0 on[a,b],

which contradicts the fact that (A, r/, w)# 0. Q.E.D.

By hypothesis (H), p 0 and hence v 0, which yields a contradiction. Thus we can
take ao to be 1.

On [a, c], (3.11) and (3.13) yield
^T-p(t)=f,(t)p(t) a.e. t,
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(3.14)

with

(3,15)

Define

(3.16)

Let us now consider the matrix system corresponding to (3.4) and (3.5)"
yc ]X A,

-f I?tx Hx,KH-l"u Hu,]X + [f HKH-’,,f]A^T

qX(b) =0,

A(b)=rN+FX(b) for some N.

ATZ= {a R -K(t)H-,(t)[Hx(t)X(t)+f(t)A]a U-(t) a.e. t I}.

From Proposition 3.1, Remark 3.4 and Theorem 3.1 we can deduce the following
corollary.

COROLLARY 3.1. Assume that Hu,(’, x, u) andfu(., x, u) are essentially bounded.
Then under the conditions of Theorem 3.1, we have:

X(t)a # 0 /a c Z and /t (a, b) where X(. solves (3.14) and (3.15).

Remark 3.5. When int L(/, U), then cone Z= R" and hence X(t) is invertible
on (a, b).

Let (X, A) be a solution of (3.14) and (3.15) and let S be any subspace: S c
(cone Z) (_J (-cone Z). Let r be its dimension and Y be an n r matrix whose columns
form an orthonormal basis of S.

COROLLARY 3.2. Under the conditions ofCorollary 3.1 there exists a locally Lipschitz
matrix function Q on a, b) such that:

(3.17)

and.

(3.18)

where

YrXr(t)[Q(t)-Qr(t)]X(t) Y=O on (a, b),

L(Q(t))X(t)Y=O a.e. t (a, b),

Remark 3.6..If tint L(/, U), then X(t) and Y are invertible and (3.17) and
(3.18) reduce to Q being symmetric and satisfying the Riccati equation

L(Q(t))-O a.e. t(a, b).

Proof of Corollary 3.2. We first notice that any (X, A) satisfying (3.14) and (3.15)
also satisfies

XT(t)A(t) AT(t)X(t).
From Corollary 3.1 it follows that the rxr matrix YrX(t)X(t)Y is invertible on
(a, b). Define

(3.19) Q(t):=A(t)Y[Y’Xr(t)X(t)Y]-YTXr(t).
Equation (3.17) can now be easily deduced.
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From Remark 3.4 and (3.14) it follows that Q(t) is locally Lipschitz on (a, b).
Now using (3.14) and (3.19) we can verify that Q(t)satisfies(3.18)on(a, b). Q.E.D.

4. Special eases. In this section we study some special cases in which the results
can be strengthened and the hypotheses can be simplified.

Consider the optimal control problem (P) where 0, that is, we have, a free
final state. In this case the problem is automatically normal on any [ c, b] [ a, hi, that
is Hypothesis (H), and hence (H), holds. Proposition 2.2 is then valid and if (, d)
is a weak local minimum, then

with

we have

V(7, w) AC(I, R") x cone

j(t) =fx( t)r/(t) +.,, (t)w(t)
n(a) =0

a.e.tI,

where

={w(. ) L(/, Rm): w(t) U-a(t) a.e. te I and

(w(t), H,(t)) 0 a.e. e I}.

THEOREM 4.1. Let (, a) be a weak local minimum for (P) with =-0 and a
I, Rm), and let U be closed and convex. Then

with

where

J2(n, w) >=0 v(rl, w)AC(I, R")x W

(t)=fx(t)rl(t)+f,(t)w(t) a.e. t I,

n(a) =0,

W {w(" e L(/, R")" w(t) e cone { U a(t)} a.e. I and
(4.1)

(H,( t), w( t)) 0 a.e. I}.

(In general W cone q/.)
Proof. Let (r/, w) satisfy the conditions of the theorem, and define

a,={tI’d(w(t), U- t(t)) O}
={ tI’lw(t)n U-(t)}
={tel" l w(t)+(t)U}
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then A. is measurable. Since 0 U-(t) and U-(t) is convex, then A,c A,+.
From (4.1) we get

=il’lc I:/z(l’l)=O and Vt.lc, w(t).cone{U-(t)},

where [lc { e I: fI}. Thus fc U ,__ A,, and hence from the inclusion A, A,+
we get

lim i(AC, )=O.

Define

Wn(t)= W(t)xA.(t where Ao=[a, b]

and let /,(t) be the solution of

"il(t) fx(t)(t)+fu(t)w,(t),
?(a)=O.

Let E (t, s) be the evolution operator associated to

l( t) fx( t)( t).

We get

thus

*l(t)-ln(t)= f[ E(t, s)f,(s)w(s) ds;

where

f[ IE(t, s)ll(s)llw(s)l ds

=< M[Iw[[ [f.(s)l ds t e I,

M=maxlE(t,s)l.

On the other hand,

I(t)+,.(t)l<-XMllwllooll.ll, vt z,

IW(t) w,,(t)l Iw(t)lxA.(t) a.e. I,

[w(t)+w,(t)l<-2iiw[[ a.e. t.I.

Since J2 can be written as

J(/, w)=,lr(b)D2K((b)),l(b)+- (*1 (t))D,.ii(t) l(t)
w( t)

dt
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and D2K((b)) and D2uII(t) are symmetric, thenX,

21J2(7, w)-J2(%, w,)l<=l(7(b)+%(b))TD2K((b))(l(b)-’q,(b))[

+ (n t)+,2(t), w (t)

+

+ (21l wll+ Mll wl[llL )IIDZ,(t)ll

Since (A) 0, as n , we get

lim Jz(,, w,)= J(, w).

But w, n U (t)) or w, cone almost everywhere I. Therefore J2(,, w,) 0
for all n, which implies that

Jz(, w) 0. Q.E.D.

Let us make the following hypothesis:

(H)* There exists a unique solution of

T-p(t)=f(t)p(t) a.e. 6 I,
T(f,(t)p(t),w)O a.e.tI Vwcone U(t)

on each subinterval [a, c] of [a, b].

In Definition 3.1 and in the definition of , replace cone and U-(t) by W
and cone { U-(t)}, respectively. If this is done we obtain the following corollary.

CorollAry 4.1. en O, then eorem 3.1 and Corollaries 3.1 and 3.2 remain
valid if (H)* is assumed instead of (H) and (H) and if in (3.16) we replace U-(t)
by cone { U t)}. If in addition we have int U, almost everywhere I, then

w: (, ), s:

and

L(Q(t))=O a.e. 6 (a, b).

Remark 4.1. When 0, we know that the results of the second part of Corollary
4.1 hold if and only if int L(I, U)., Hence the condition int U, almost everywhere

I, is not enough to get the results and does not give a special case unless --0.
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5. An example. Consider the following optimal control problem"

(P) Minimize J(u)= x(t) e-t + tu(t) e -t sin--+ua(t) dt
t(27r- t)

1
subject to (t) x(t) + u(t) sin

t(2,rr- t)’

x(0) x(27r) 0,

u(t) U=[O, 1] a.e.

Here f(t, x, u)=x+u sin (1/t(27r- 1)) and g(t, x, u)=xe-’+tue-’ sin (1/ t(27r- t))
+ u 2. Let us first show that the solution of the above problem is (, )--0.

The solution of the differential equation satisfying the boundary condition is

(5.1) x(t) e’ e-’u(s) sin ds,
s(2r-s)

with

fo’ 1
dx O.(5.2) e-u(s) sin

s(27r- s)

Thus,

J(u)= e-Su(s) sin ds+ tu(t)e-’
s(2r s)

sin-
t(27r- t)

Integrating the first term by parts and using (5.2), we get

J(u) e-Su(s) sin ds e-’u(t) sin--
s(27r- s) ,=o

Io’= 1 Io’=+ tu(t) e-’ sin dt + u 2

t(27r- t)
t) dt

u2(t) dt.

Since (x t)- (0, O) is admissible for the problem (P), then it is optimal.
Define

(t)=-te-.

then it satisfies

and

Thus

^T --t-( t) f t)fi( t) + if,x( t) fi( t) + e

Tfu (t)fi(t) + ,(t) 2(t) 0.

U(t)=U=[O, 1].

Now we show that (H) and (H2) hold. If p(t) solves the system

-/6(t) p(t),

sin
1

t(27r- t)
p(t)>-O’

+ u2(t) } dt.

t(27r- t)
dt
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then p(t) ce-’ and ce-’ sin (1/t(2cr t)) >= 0. Since sin (1/t(2w t)) oscillates near
0 and near 2w, then p -ffi 0 on any interval of the form [0, c] .or [c, 2r]. Therefore,

Hypotheses,,(Hl) and (H2) are satisfied.
Since Hu,(t) =- 2 for this problem then, by Theorem 3.1, there is no point in (0, 2r)

conjugate to 2r, i.e., there exists no (A, ,/) 0 such that

il(t) n(t)-’ sin2 t(2w-t) A(t) a.e. t [0, 11,

-,(t)=A(t) a.e. tel0, 1],

-(t) sin t(2cr- [0, 1],

and /(2w) ,/(c) =0 for some ce (0, 2w).
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FILTERING WITH OBSERVATIONS ON A
RIEMANNIAN SYMMETRIC SPACE*

MONIQUE PONTIERf AND JACQUES SZPIRGLAS:

Abstract. The point under discussion in this paper refers to a problem of filtering in which observation
Y of a system state X is a process with values in a symmetric space M. The observation is a Brownian
motion transformed by an isometry of M depending on the state. It takes its values in manifold M and its
multiplicative formulation is nonstandard. In many physical situations, e.g., mechanics, robotics, spatial
fields, the filtering problems are naturally set up in manifolds as well for the signal and the observation.
The reference probability method is used to construct the model. Then filtering equations are deduced;
these comply with the conditional law according to its observation. Unique characterization ofthis conditional
law is given. Last, two examples are investigated. First the multivariate case: the observation Y is in Rd so
that Yt Y.t(X) W + H(X), where W is a multivariate Brownian motion; (a rotation) and H (a translation)
are absolutely continuous with respect to time t. The second example is filtering on the sphere; observation
Y is of the following form: Y g(X) Wt, where W is a Brownian motion on sphere $2 and gt(X) is a
rotation of M absolutely continuous with respect to time t.

Key words, filtering, manifolds, symmetric space

AMS (MOS) subject classifications. 93E11, 60G35, 60J60

1. Introduction. This paper is devoted to a filtering model with observations taking
their values in a manifold, and.the multiplicative formulation of which is nonstandard.
In many physical situations, e.g., mechanics, robotics, spatial fields, the filtering
problems are naturally set up in manifolds as well for the signal and the observation
(for instance, satellite tracking). The model is as follows: the observation Y of a
Markovian signal X with generator (A, (A)) takes its values in a symmetric space
M. Briefly speaking, M is such that there exists a subgroup G of the Lie group I(M)
of all isometries of M, which acts transitively on M. Process Y, is assumed to be

(1.1) Y, gt(X). W
where Wt is a Brownian motion-on M and g,(X) is a G-valued functional of signal
X such that gt(X) is absolutely continuous on [0, T]:

dg=(R,),O(t,X;s<=t) dt, go=e; te[O,T],

where 0 is a bounded semimartingale functional of and the sample path of X, taking
values in Lie algebra , and (Rg)., is the right invariant vector field associated to .

This paper is devoted to the construction ofthe filtering model and the computation
of the stochastic ditterential equation which is satisfied by the conditional law of signal
X, given its observation Y, filter r of X. given Y. We construct this model by the
reference probability method [5], [21], [22], using an important result by Shigekawa
[18] about equivalence of the laws of g. W and W: it can be seen that the problem
is finally reduced to a nontrivial multivariate problem with a nonbounded signal. Then
we get the filtering equation for a bounded function f in domain 59(A) of X,:

Io’ Io’(1.3) "trt(f)=g(f)+ "rrs(Af) ds+ to,,c$v,,) dYs- s(f(+ll,,ll)) ds

* Received by the editors July 1, 1985; accepted for publication (in revised form) August 4, 1987.
"t" Universit6 d’Orl6ans, D6partement de Math6matiques et d’lnformatique, 45046 Orleans Cedex, France.
Institut National des T616communications, 9, rue Charles Fourier, 91011 Evry Cedex, France.
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where f =f(X,)-7r,(f), * is a vector field on M deduced from q and the stochastic
integral is this of the one-form associated to vector field 7rs(f@*) (defined in [19]); K

is a real process, due to symmetric structure of space M.
Then, applying Kurtz and Ocone’s results 11], we give a unique characterization

of the conditional law of signal X given its observation Y.
Our results are similar to those of Ng and Caines 15] for the general Riemannian

case. But our restriction to a symmetric space allows a more general formulation of
the filtering problem. Duncan [5] was also concerned with filtering on symmetric
spaces, but he used this last structure to ensure the nonexplosion of the Brownian
motion and studied the same problem as Ng and Caines. Furthermore, Duncan’s
construction of the Brownian motion on a manifold is quite different from that of
Ikeda and Watanabe [8]. The relations between those two constructions are studied
in [4]. For more details about diffusions on manifolds, see [14] or [17].

A few necessary results about symmetric spaces and Brownian motion on Rieman-
nian symmetric space are given in 2. Section 3 is devoted to the construction of the
filtering model and filtering equations, which have, under slight conditions, unique
solution as measure-valued equations. We conclude with examples about multivariate
and spherical cases.

Notation. All filtrations in this paper are assumed to be complete and right
continuous. For any process Z defined on a probability space (f, sO, P), z will denote
the natural filtration generated by Z, completed with respect to probability P, and right
continuous.

Moreover, the Stratonovitch integral is denoted by y dB and Ito’s integral
by" Y. dB.

Last, (Lg), and (Rg), denote the differential of the left and right translations
on G; so (Rg),q is the right invariant vector field associated to any p in (. Except
in (1.2) we are concerned essentially witch left invariant vector fields on G defined
from vectors sc of ( by (Lg),, denoted by (g), and we generally omit the point where
they are taken.

2. Stochastic calculus on symmetric spaces. In this section, some definitions about
symmetric spaces are first recalled. Then Brownian motions on symmetric spaces are
introduced according to different points of view. This induces some results about their
natural filtrations which obviously have an importance in our applications to filtering.
Some rules about stochastic calculus for semimartingales on Lie groups 18] are recalled
in 2.3.

2.1., Symmetric spaces. A d-dimensional symmetric space M is a C d-
dimensional Riemannian manifold such that for each p M, the geodesic symmetry
sp with respect to p is an isometry and p is an isolated fixed point of sp. The following
properties will be useful in the sequel (for more details, see [3] or [7]). Let I(M) be
the isometric transformation group of M and G be a subgroup of I(M), which is a
connected component containing identity e; it is well known that the Lie group G acts
on M on the left transitively. Take a point O of M and let K be the isotropy subgroup
of G at O (i.e., for all k K, k. 0= 0); K is a compact subgroup of G; furthermore
G/K and M are diffeomorphic.

Let ( and , denote, respectively, Lie algebras of G and K. Let cr be an
automorphism of G defined by

(2.1) or(g) sogso, g G.

Because cr is involutive, its differential or, on ( has + for eigenvalues. The eigenspace
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for 1 is ,ff. Let denote the eigenspace for -1. Then we have the direct sum: @ r0),’.
Space is d-dimensional. This can be proved as follows. Define mapping i: G-+ M by

(2.2) i(g) g O, g e G;

its differential at point e, i., is an isomorphism between 0 and To(M), the tangent
space at point O.

As in Shigekawa’s paper for a better understanding we use indices I, J, K,. for
vectors x (x; 1 1,..., n) in algebra ( (n-dimensional); indices i,j,.., for vectors
x=(x;i=l,-..,d) in 2 (d-dimensional); indices ,/3,... for vectors x=
(x; a 1,...,p) in , (p= n-d dimensional).

Now take a point (O, Uo) in O(M), the bundle of orthonormal frames. We extend
mapping to O(M) as follows:

(2.3) i(g) g" Uo {(g.)eU); i= 1," , d}

where the Uo are the basic vectors of frame Uo. To any vector C of ( is associated a
vector field C* on M such that

d
(2.4) C*f(x) =--iTf(exp tC x), x M.

at

Then we define a linear map L" To(M) by

(2.5) L(C)=C*(O)

and an isomorphism A from a to

(2.6) -+ Uo()-+ L-’(Uo())= A().

Hence from a standard basis (e) of Rd, a basis of 2 can be constructed (A; i=
1,...,d)"

(2.7) A, A(e,)= L-l(uo(e,)).

Take any basis (Ad+, , Aa+p) of,; then (A, , AdAd+, , md+p) form a basis
of(.

Let us recall that adjoint representation Adg denotes the differential at e of the
following automorphism of G:

(2.8) h -+ ghg-.
Mapping Ad is a homomorphism of group from G to GL(gfi), the linear group of .
On the other hand, it is known that , is the Lie algebra of K and is invariant under
Acl(K), i.e.,

(2.9) Adk(2) c 12, k K.

Furthermore, Adkl:.e belongs to O(d). For all C in ( with decomposition C. + C,a.e in
,@0, the decomposition of Adk(C) is given in the same way:

(2.10) Adk( C.) + Adk( C.,).

2.2. Brownian motions on Lie groups and symmetric spaces. Let B be a standard
d-dimensional Brownian motion defined on its canonical space (fn, 3n, pn). There
are two classical ways to construct a Brownian motion Y taking values in a symmetric
space M" Shigekawa’s construction [18] and that of Ikeda and Watanabe [8]. In [8],
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process Y is defined as the canonical projection from a bundle of orthonormal frames
O(M) to M:

(2.11) Yt z(Ut).
Process U is the solution of the stochastic differential equation

(2.12) dU, B(e,)( U,) aBe, Uo (O, Uo)
where B(e) are the canonical horizontal vector fields of O(M), associated to the
Riemannian connection of M [7].

Shigekawa defines Brownian motion Y as the image obtained by mapping of a
Brownian motion h taking values in G, which is easier to deal with because h is a
dittusion on G and stochastic calculus on Lie groups is well developed (see Proposition
2.2 below, and [ 1 ], [ 18])"

(2.13) Y i(ht)= hr. O.

Process h is the solution of the stochastic differential equation

(2.14) dh, A(h,) dB; ho e

where the As are vector fields defined by (2.7). It can easily be proved that the two
definitions coincide and, moreover, that

(2.15) h,. Uo u(t).
We have the following result, asserted in 15].
LeMMa 2.1. Let Y be the Brownian motion on M defined by (2.11) and (2.12). The

natural filtration of Y coincides with those of U, h and B.
Proof. On one hand, process Y is q3tLadapted because of definition (2.11); hence

cY v. On the other hand, process U is locally defined by the system [8]:

(2.16)
dy’(t) uj(t) dB,

duj(t) -r( g(t))u(t)o ay (t)
where F is the Riemannian connection of M. Now a system U,, ,) oflocal coordinates
in O(M) is easily deduced from that of M, (U,,, ,,), as follows"

(J, { U (x, u)/x U,, u orthonormal frame at x},
(2.17)

local coordinates of u.(x, u)= ((x), (uj)), u
Thus the sequence of stopping times defining U, are Y-stopping times. Then, the
pathwise uniqueness of system (2.16) between two stopping times implies as in [16]
that u(t) is cY-measurable, and this proves qffY= q3 t. Now, from (2.13) we get

(2.18) (Y

and from (2.14) and the unicity of its solution,

(2.19) qdh a.
In [19], Shigekawa expresses B with respect to U. Let to be the d-valued 1-form
defined by

(2.20)
Then B satisfies

,o(,) u-(r,)(:), u O(M), T,,O(M).

(2.21) B, to,,, dU.

This implies that qda qd This inclusion and (2.18)-(2.19) conclude the proof.
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2.3. Stochastic calculus on Lie groups. To enlighten the next section we give some
stochastic calculus rules for semimartingales on Lie groups [18]. Let k and be the
solution of the following stochastic differential equations on G"

(2.22) dk ,t dB + o. dr, ko k,

(2.23) dlt q,., dB + /o.t dr, lo
where sr, /, 1,..., d are @-valued continuous semimartingales and sro, /o are
@-valued locally integrable processes. From [18] we have the following proposition

PROPOSITION 2.2. Let us denote m, the product ktlt; then process m satisfies the
following stochastic differential equation on G:

dmt (Adl-:(,t)+ "rl,,,) dB +(Adl-(o,t)+ ’r/o;t) dt,
(2.24)

mo= kl.

Let (Adl-:) denote the elements ofmatrix Adl-: expressed in basis (A; I 1,..., n);
then we hate

L dt),dB + o.d(Adl-) Cz.(Adl’)(l,.t
(2.25)

(Adl) (Adl-)
where Cr.’s are the structure constants defined by

(2.26) [At,

Moreoter process - satisfies the following equation

dl:=-Adl,(6.,) o dB-Adlt(o.t) dt,
(2.27)

1 =0.

3. Construction of the model-filtering equations. In this section we first construct
the filtering model by the reference probability method [5], [21], [22]. We derive the
filtering equations with respect to Brownian motion B (which is observable from
Lemma 2.1). Then we express those equations with respect to the observation process
Y. This implies Stratonovitch calculus and the extension of some projections theorems
to Stratonovitch integrals.

3.1. Construction of the filtering model. Let us construct the filtering model by the
reference probability method; we use some of Shigekawa’s results [18]. Let signal X
be a Markov process valued in a Lusin space E with generator (A, (A)) and initial

x). Let observation Y be alaw p. We consider X on probability space (1x, qx, p,
Brownian motion valued in M, defined in 2.2 by means of a standard d-dimen-
sional Brownian motion B on probability space (1, q3a, Pa). Notice that q3= q3g

(Lemma 2.1 ).
Let us define

fz (fz x fz’), @
Processes X, B, Y can be extended trivially to (1, , ,,). Let us notice that B and Y
are still qd-Brownian motions because of the P,,-independence of q3x and q3.

The probability space modelizing the system signal-observation (1.1)-(1.2) will
be constructed by a change of equivalent probability measure.

Let a transformation g, be given on G with the following assumptions:

dgt=(Rg,).(t,X; s<-t) dr, tel0, T],
(3.1)

go=e
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where q, is a X-continuous semimartingale (hence a -semimartingale), uniformly
bounded on [0, T] x 12x, taking values in t. For example, q, can be taken in (A) as
in 3.3. Because of independence of X and Y, process X can be considered as a
parameter, and so (3.1) is deterministic and has a unique solution.

We have the following proposition, thanks to the results of Shigekawa.
PROPOSITION 3.1. With assumption (3.1) a process L can be defined by

(3.2) L, =exp 4 dB,-- (4) ds

where qbs is defined in ( by

(3.3) qbs Adh - d/s ).

Moreover, process L is a strictly positive uniformly integrable (, c, p,)_martingale which
is Y-locally square integrable. Therefore, let us define: Lr. ,; and P, are
equivalent probability measures. Furthermore, there exists a (12, c, ) Brownian motion
W valued in M such that

(3.4) Y, g,(X). W,.

Proof. Process X is considered as a parameter and so it is possible to use
Shigekawa’s results working on (12Y, Y, [Y).

The idea of Shigekawa’s proof is to find the following decomposition for h, with
a Brownian motion h’ on G:

(3.5) h, g,. h. P,

where p is a semimartingale on K (hence p,. 0=0), the solution of the following
differential equation:

(3.6) dp, =-(Adh? q,). dt, po e.

So, let us define process h’ as

(3.7) h’, g-l. h,. p-l.

If we apply results recalled from 2.3, we get

(3.8)
dh’t Adp,(A,) dBi-Adp,(Adh- t),J dt,

h=e.

Then we define the d-dimensional process Z:

(3.9)
dZi (adp,)j dB (adp,)j(adh-; @,) dt,

z,= O.

The results of [18] ((2.7)-(2.10)) for semimartingales valued in G prove easily that
(3.8) is equivalent to

’= A,(h’,)o dZ, h= e.(3.10) dh,

Thus, h’ is a Brownian motion on G as soon as Z is a d-dimensional Brownian motion.
This is the case, if we apply a Liptser and Shyrayev result [13] on absolute

continuity of probability measures.
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Shigekawa’s result is concerned with left invariant vector fields. So we get an
expression of g- with respect to such a vector field. Define process : taking values
in (:

(3.11) so(t,

where.g is the unique solution of (3.1). So we have

(3.12) (gg).(b,) (gg). Adgit(,)

So, the right invariant vector field associated to tpit and the left invariant vector field
associated to :it coincide and (3.1) becomes

(3.13) dgit- so(t, X; s=< t)(git) dt, go- e

and because of (2.27), we get

(3.14) dg-1- Adgit(it) dt, go- e;

that is to say, because of definition (3.11)
(3.15) dg-1= (Lg_).(-tpit) dt, go e.

The (-valued continuous semimartingale tp is bounded, so by Shigekawa [18, Thm.
4.1] g- Yt and Yt have equivalent measures. Thus, Wt g-i y is a Brownian motion
associated to G-valued process h’ because

(3 16) h’. 0= g- hitp- 0- g-i h,. 0= g-i. Yt Wit
At last,let us notice that process L defined by (3.2) is ((d,’/d,)( W. ))-1 where , and
,’ are the measures of Y and W under probability P; so L is a Radon-Nicodym
derivative and it is a strictly positive uniformly integrable P-martingale. On the other
hand, Girsanov’s Theorem and (3.9) show that Z is a Q- L. -Brownian motion.

It is left to prove that L is (4 Y locally square integrable. Process is bounded on
[O, T] by assumption (3.1) and Adh- is a continuous process which is r-adapted
by Lemma 2.1. Hence, is V-locally bounded and as a consequence, it is classical
(see, for example, [11]) that L is 3r-locally square integrable and thus satisfies the
conclusions of Proposition 3.1.

3.2. Filtering equations. However, we assume, as in the standard filtering model,

where is a (-valued bounded continuous application on E.
Now, let us define filter 7r and unnormalized filter . It is easy to derive filtering

equations with respect to B. We shall insist on the derivation of equations with respect
to observation Y, which are perhaps less standard.

Filter 7r of X given Y is defined as the unique measure valued process such that,
for all bounded function f on E, 7tit(f) is the Q-optional projection with respect to
filtration Y of process f(Xit). Briefly speaking, zrit(f) is a "smooth version" of the
conditional mean E,(f(Xit)/qtY). The reference probability method allows simple
computations, thanks to the existence of probability equivalent to such that,
under , and qr are independent conditionally on t, i.e., if

(3.17) Zt t, E, (Zt/ c,Y) E, (Zt/ c).
Here, this property is implied by the ,-independence of X and Y. This allows us to
express a complex operator ofoptional projections by means of simpler operators of
conditional means"

(3.18)
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This induces the definition of a new measure valued process" the unnormalized filter,, such that for all bounded function f on E, ,(f) is the conditional mean of process
L. f(X) with respect to qdooY:

(3.19) r, (f) ,(f)/,(1 ).

We get classically the filtering equations by projecting, with respect to ca,Y, the product
L,.f(X,) and its expression obtained from It6 formula. Martingale L is car-locally
square integrable and B is caY-adapted; the classical derivation ofthe filtering equations
works locally. Process and ,r are trivially extended to Ca-adapted and raY-locally
bounded functionals of X, and process Y:

(3.20)

(3.21)

r,f(., Y) Eo(f(X,, Y)/ fY).
Hence we get the following proposition.
PROPOSITION 3.2. Under the assumptions of 3.1, for allf in (A), we have

,(f) (f)+ ’(Af) d+ (f4’) dB,

zr,(f)=tz(f)+ ,rs(Af) ds+ zrs(fb’)(dB-zr(t#’) ds)

where qb = (Adh-/)(tl,,) and ft f(Xt)-,r,(f).
In Proposition 3.2, the equations are expressed with respect to B. Although B is

observable, we prefer to derive them with respect to observation Y. It could have been
possible to use (3.20), (3.21) to get new equations. However, a new proof is given,
using Stratonovitch calculus.

Let us define the integral of 1-form tOc (associated to vector field C on M) along
the path of Brownian motion Y (see [19]):

(3.22) tOc dY c,go(y,)ody’,=

where c and yi are local coordinates of C and Y; and the ys satisfy (2.13).
Let us define the following processes" b, K, such that 4} is valued in @ and K is

a real process:

(3.23) b, Adh’/t. ,,
(3.24) to, C,(Adh, Cr,thx.
Then we get filtering equations depending only on the observation.

PROPOSITION 3.3. Let us consider the model constructed in 3.1; for allfin (A),
we have

(3.25) $,(f)=/z(f)+ r(Af) ds+ ,(f,,)o dY- (f(.+ll*,ll)) ds,

(3.26) Ix(f)+ r(Af) ds + to,,.(y,,) dY,-- ,r(f(tq + ds

where f,=f(X,)-rt(f), t is defined above and vector field * in (2.4).
Proof. The first step of the proof is to express process L with respect to Y; the

second is to compute product L,f(X,), thanks to the formula of integration by parts.
The next is to prove a projection lemma of Stratonovitch integrals which is applied
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to the previous formula. Last, we derive (3.26) from (3.25) with a Stratonovitch calculus
of ratio (3.18).

(1) From [18, p. 513] and (2.15) we have that

(3.27)
4 (adh-[)$,=[(h, u0)-$*(Y,)]

(u(t)-)j(0*( Y,)).
Hence, from definition (3.22) it follows that

(3.28) $ dB= to**, dY.

Furthermore, by the definition of the Stratonovitch integral, we get

(3.29) I b dB’ I dB’ 1

From (2.24), (3.23) and the independence of X and B, we get

d
(3.30) d-- 4 ’,

From (3.27) and because u(t) belongs to O(d), we have

(3.31) I1(,),,,11 =-- II,*(Y,)II.
Then, with (3.28), (3.31), process L can be written as follows:

(3.32) L,=exp to**, dYs -’ (+ll,*(Y,)ll)= as

(2) Process L is a solution of the following "Stratonovitch" equation:

(3.33) dL, 0,,.,,, dY, -1/2t,(, / ’*(Y,)ll’) at.

Let f be in (A)"

(3.34) M(f) f(X) f(X) Af(Xs) d

is a dx (hence a d)-semimartingale.
Then we compute product L,. f(X,) with the formula of integration by parts"

L,f(X,)=f(Xo)+
(3.35)

_l, L,f(X,)(K, + IlO*( Y,)II 2) as.
2

(3) Let us notice that the bracket of processes L and M(f) vanishes; then process
L, dM,f is a @X-maaingale whose projection, with respect to (@ P"), classically

vanishes. The other terms, except the integral of the 1-form along the path of Y, can
be easily projected.

LMMA 3.4. Let oc be the 1-form associated to @-adapted vectorfieM C as defined
in (3.22) the local coordinates of which are continuous @-semimartingales, @Y-locally
square integrable; then

(3.36) E,, (Io C., dY/:) Io, o dY

where is the vector field on M defined by E C,/).
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Proof. There exists a sequence (T,; n N) of 3Y-stopping times such that

fo(3.37) N,= toc. dY 2 c.igij(y) dye"0
n,i *l TnAt

where T,+ is defined recursively as the last exit time of (U", "), neighbourhood of

YT. in M (cf. [16]), and c"’ and y"’ are the local coordinates of C and Y in (U", ).
Thus, we shall work only on real Stratonovitch integrals

(3.38) N, cg(Y) dye.

(For the sake of simplicity, we now omit indices n and i, and denotes Ep, and we
note dy instead of g(Y). dy.) This can be written in Itg’s form

(3.39) N, c, dy, +! (c, Y)t.
2

The It6 integral is projected as follows"

(3.40) E

because local coordinates c are r-locally square integrable. We now have to show that

(3.41) E((c, y),/) (E(c/), y),.Y

Let Z be a - (hence a -) bounded maaingale"

(3.42) E(Z,. (c, y),)= E Z d(c, y) E c, Z. dy

using [9, Thm. 2.51 ].
Let M denote the maingale pa of c as a semimaingale. Then we get

(3.43) E (c, f Z. dy),=E (M,. Z dy,) =E (E(M,/) f/ Zdy,).
From propey (K) [21] the -maingale pa of E(c/)which is a r_
maingalecoincides with E(M,/). Hence, coming back to (3.42), it follows that

(3.44) E(Z,. (c, y),)= e(Z," (e(c/), y},),

and this achieves the proof of Lemma 3.4.
Now, as L is r-locally square integrable, Lemma 3.4 can be applied to the vector

field C, L,f(X,)$*, and we get easily the unnormalised filtering equation (3.25).
(4) We have seen that ,(f)= 6,(f)/ 6,(1). We get formula (3.26) by computing

this ratio as a Stratonovitch integral:

(3.45)
u, Uo fo" fo’+ dus us

Remark. Equations (3.25), (3.26) are actually the Stratonovitch form of (3.20),
(3.21) as a consequence of the following equality:

d

proved by means of (2.25) and (3.27).
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3.3. Uniqueness of the solution of the filtering equations. In this section, .Kurtz’ and
Ocone’s results 11 are applied to show that, under slight hypotheses, filtering equations
(3.21)-(3.26) have a unique Y-optional measure valued solution which is the filter.
In that sense, these results are not a strict extension of Szpirglas’ results [20], but they
apply to more general situations, for example, unbounded nonregular signal functions.
Our result is a new application of the work of Kurtz and Ocone 11 with an unbounded
signal function that depends on the observation process.

Recall that X is an E-valued Markov process with infinitesimal generator
(A, (A)). Let us assume the following hypotheses.
(HI) E is a locally compact, separable, metric space (for instance, a Riemannian

manifold).
(H2) @(A) is a sense (in the sup norm) subalgebra in Co(E) (space of continuous

functions that vanish at infinity).
(H3) Generator A applies @(A) in Co(E ): A (A)) c Co(E ).
(H4) Uniqueness holds for the martingale problem associated to (A, @(A)), i.e.,

a unique family of probability measures px exists on canonical space
(fx, 3x, X,) of continuous functions taking values in E such that coordinate
process X satisfies

Xo=x px a.e.,

(3.46) Vf (A),

f(Xt)-f(x)- Af(X) ds is a (fx, x, pX).martingale.

(H5) Function q(x) belongs to (A).
So, we have the following theorem (which can be transposed to the other filtering

equations).
THEOREM 3.5. Let tx be a cadlag adapted process taking its values in the space of

probability measures on E (i.e.,for all Co(E)-function f, tx,(f) is a cadlag cgV-adapted
process). Let I be such that, for each function f of (A)

;o io(3.47) /xt(f)=/x(f)+ tx.,(Af) ds+ o%xy**) dYs-- ,(f(./llq,ll=)) ds

where the notation is the same as in (3.26). Then, processes i and 7r are indistinguishable.
Remark 1. Here we have to extend/z (as for 7r) to functions on E depending on

Y as a parameter; first, to functions as product f. g, f over E, g over M, so

(3.48) I,(f g)= tz,(f)g(

or more general functions on E x M"

(3.49) tx,(f(’, Y))= f f(x, Y)tz,(dx).
E

Remark 2. The uniqueness here is only among 3Y-adapted measure processes.
In this sense, the result is weaker than that of Szpirglas [20], and it is not a real
pathwise uniqueness.

Before giving the proof, let us recall the results of Kurtz and Ocone [11]. First,
a filtered martingale problem has to be defined with respect to a given generator
(A’,(A’)).

DEFINITION. Let (A’, @(A’)) an operator on a product space E1 x E2; (/, Z) is a
solution of the filtered martingale problem (F.M.P.) associated to (A’, (A’)) if (/, Z)
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is a cadlag process in product space of probability measures on E1 by E2, i.e., for each
f in (A’), (g,(f), Z,) is a cadlag process in R x E2, such that

(3.50) ,(f)is dZ-measurable and f(.,Z)- Af(.,Z)disa Z-martingale.

Then, Kurtz and Ocone prove the following.
TORN 3.6. Le a filtering problem wih ignal X take it value in E and

observation Y in ; are locally compact separable metric pace; (X, Y) i a olution
of a martingale problem asociated to generator (A’, (A’)) verifying (H2) and (H3).
Then, there is uniqueness for the filtered martingale problem aociated to (A’, (A’)),
namely, to olution (, Y) and (’, Y’) have the ame la.

COROLLARY. If (, Y) and (’, Y) are olution of the F.M.P. (A’, @(A’)), for
each f in (A’), e get I(f) r, (f) almost everywhere.

We now sketch the proof ofTheorem 3.5. First, the generator (A’, (A’)) of system
(X, Y) has to be defined; then it is sufficient to verify the hypotheses of Theorem 3.6:
hypotheses (H1) to (H5) imply that (A’, (A’)) verifies (HI) to (H4). Thus we get
four steps.

Step 1. Let N(A’) be defined as

(3.51) (A’) linear span {f. g,fe (A), ge C(O(M))},

i.e., the vector space generated by product of elements of fl(A) and functions on
O(M), C and with compact support.

Let f belong to (A) and g to C(O(M)); A’ is defined by

(3.52) A’(f g)(x, U)= Af(x)g( U)+f(x)(1/2Ag( U)+(u-l*(x, y))’B,g(U))

where x belongs to E, U (y, u) belongs to O(M), A is the horizontal Laplacian of
Bochner (cf. [8]) and Bi are canonical horizontal vector fields on O(M) used to define
diffusion U (cf. 2.12).

Expression (3.52) is just a consequence of the It6 formula.
Step 2. As was already remarked,/x is extended to functions of (A’), so we get

a new relation, similar to (3.47) with f in (A’) and A’ instead of A.
Step 3. A point of the proof that is not obvious is the following: if/z satisfies

(3.47), can (/z, Y) be a solution of the filtered martingale problem associated to
(A’, (A’))? That is to say: a probability measure Q, such that

(3.53) ,f(., U,)- A’f(., U) d is a (11,, )-martingale

is to be exhibited. Actually, there exists a sequence of probability measures, solution
of the F.M.P. (A’, (A’)):

" L". P where L’ L,^z.,

(3.54) dL, L,l,( qb i) dBi , is the signal function),

 /Io’ }Z,=inf ds>=n or" 1  (6)1= ds>=n

Notice that Z, is chosen such that L, ^z. is an uniformly integrable strictly positive
martingale; Z, can be proved to increase up to infinity. Then, (3.47) is developed with
the Stratonovitch integral written with local coordinates of * and Yand transformed
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in an It6 integral with respect to P-Brownian motion B (cf. (2.12)-(2.14)). After tedious
computations, we get

(3.55) tztf(’, U,)- tzA’f(’, U) ds= I(fqb’)(dB-Iz(tk’) ds),

so , is a solution, whatever n.
Step 4. Finally, it remains to prove that hypotheses (H1)-(H5) imply (H1)-

(H4) for (A’, 2(A’)). The construction of (A’) and (H2) prove that (A’) is a dense
subalgebra of Co(E x O(M)), by applying the Stone-Weierstrass theorem to the one-
point compactification ofE x O(M). Then, (A’) is the set of finite linear combinations
of product f.g, f in (A), g in C(O(M)), so the image by A’ of (A’) is in
Co(E x O(M)); indeed, let us remark that in (3.52) the last term can be written (cf.
[18, p. 513])"
(3.56) f(x)( u-’ @*(x, y))Bg( U) f(x)@ (x)(Adh-) Bg( U)
where h is such that U h. Uo; Adh- is an unbounded function on G, but Bg(U)
is with compact suppo, so is the product and (3.56) belongs to Co(E x M), and
hypothesis (H2) is verified by (A’, (A’)).

Now we are concerned with hypothesis (H4). We adapt the proof of Lemma 4.4
of Kuz and Ocone 11] when the signal function is dependent on the observation.
First, we prove that uniqueness holds for the maingale problem deduced from the
filtering model under the reference probability. Indeed, the maingale problem associ-
ated to (, C(O(M)) has a unique solution: the Brownian motion on O(M) [8].
So, hypotheses (H2) and (H4) and Lemma 4.3 of [11] show the following"
(3.57) Uniqueness holds for the maingale problem associated to (B, (A’))

with B defined by linear extension of

B(f g)(x, U) Af(x)g( U)+f(x)Ag( U), f g (A’).
Besides, let (’, ’, (t, Or), ) be any solution of the maingale problem

associated to (A’, (A’)) and let process E g?" Ot such that

(3.58) dg7= g?(-O(,)) at, go e

(that is to say gT(-$) is a left invariant vector field on @). We want to prove, for
each f. b in (A’) and s lesser than t,

(3.59) (f()b()/,)=f(,)b()+ B(f. b)(, ) du/

So, (a’0, .0, (, E), ) will be a solution of maingale problem (B, (A’)) as
is the initial system under reference probability (, , (X,, U), P). Then, (3.57) proves
that and g are independent and g is a Brownian motion on O(M) as (X, U) are
under P; fuhermore, the laws of X and are the same: so , is the transformation
of Brownian motion E by g,, solution of dg, O()g, dt (consequence of (3.58); see
[18, 2.16]) and uniqueness holds for the maingale problem associated to (A’, (A’)).

Now, let us prove (3.59). Thanks to derivation rules on a manifold ((3.58), (3.56)),
if we define R(s, t) as b(g2 U), we get

0
;)*(x, Et(,b(g u,)

For instance, if s equals t, we get

(3.61) f(X,)b()=f(X)b(U,)- f(X)(u;)j*(X, )(B,b)(g’U) dr.
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Expression f(Xt)(OR/Ov)(v, t)--as a function of (X,, Ut)--is a bounded function of
@(A’) thanks to (HS) and (3.51), when v is fixed. Thus, to compute cgs-conditional
mean of (3.55), we cut the integration at v s. After s, we apply d-conditional mean
before (q.-conditional mean"

E f(X,)-v(V,t)dv/

(3. f(x,(Ov v, s) dr+ E f(Xo) v, v) dv/,

+ A’(f OR

This last term, by exchanging the order of u and v-integration, becomes

(3.63) E(’A’(f.OR ) )(v,. (x, vu/

Let u be fixed and consider f. R as a function on E x O(M) x [0, T]"

(3.64) f. R’(x, U, v)f(x)b(g; U) (f. bo L-l)(x, U).

Since f. OR belongs to (A’) and A’(f. R(v,.)) is time-differentiable, operators
A’ and O/Ov are commuting, so we get

(.65) A’ f. (v,.) (X, U) dv (a’(f. R(u,. )) -A’(f. R(0,. )))(X, U).

Definition (3.58) shows that the first term is

(3.66) a’(f R(u, ))(X, U)= a’(f b L,-,)(X, U).

We use the fact that B(b L)(U)=(Lg).(B)(b)(gU)=(Bb)(g. U) because B=
(i).(A), L L and A is left invariant; the same is true for which equals

B(B); so we get

(3.67) A’(f b Lg)(x, U)= B(f b)(x, g. U)+(u-O*(x, y))’(B,b)(g. U)f(x).

Thus, we can write (3.59) as

(’(f. (v,. -’(f. (0,. , (x, u
(3.a (f. b(x, v-(f, b(x, u

+[(u*(x, gll(,bl( v-(u*(x, g(,b)( u)]f(x.

Hence, if we apply -conditional mean to (3.55) and use (3.56), definition (3.54) of
OR v) and (3.57)-(3.62) lead to (3.53). This concludes the proof.

4. Eles. In this pa, we apply the previous results to filtering with observa-
tions taking values in space Ne and in sphere S considered as symmetric spaces. The
first example which can be directly solved is however a nonstandard filtering problem.
Observation Y is the transformation of an Ne-valued Brownian motion by a space
displacement (translation plus rotation). This simple model leads to an unbounded
signal function of the observation.
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The second example is a more interesting application of the previous theory.
Observation Y is then the transformation of a spherical Brownian motion by a rotation.
When sphere $2 is embedded in R3, the dynamics of Y can be expressed by a
three-dimensional diffusion. But this diffusion is degenerate, so this example cannot
be solved by classical multivariate filtering methods.

4.1. Multivariate case. Observation Y is such that

(4.1) Y,=Y.,,(X)W,+H,(X)

where W, is a d-dimensional Brownian motion independent of X; E,(X) is a matrix
in SO(d); Ht(X) is a vector in [d. Thus Y, is the transformation of W, by space
displacement (Y, H), rotation E and translation H being functional of X. Assume that

(4.2) , (Xt)Zt, , (xt)nt + h()

where is a bounded skew matrix and h a bounded d-dimensional vector. Hypothesis
(4.2) implies (3.1) for M a endowed with a structure of symmetric space as follows:
we identify it to the affine hyperplane (a, 1) of Ra+. The isometric transformation
group G of M can be modeled by the set of matrices as follows:

where N is a matrix in SO(d) and H is in Re. The corresponding Lie algebra N of G
is the set of matrices 0 such that

(4.4) = 0

where is a (d, d) skew matrix and h is in e. Let , be defined by

(4.5) ’ O(X’) ( (X’)O h(X,))
So by (3.3) we get

(4.6) b, b(Xt, Yt) o’(Xt) Y + h(X)

and application of Proposition 3.3 leads to the filtering equation for a bounded function

f in domain (A) of X:

rt(f) =/x(f) + 7rs(Af) ds+ (Trs(fd,b)-’rrs(f)’rrs(c/b), (dYe- 7rs() ds).

4.2. Spherical case. We now apply the previous results to the sphere $2 considered
as a two-dimensional symmetric space. Sphere $2 is, embedded in l3, defined as the

2set of x (xl, x2, x3) such that .,i xi 1. As a manifold $2 is endowed with the following
open covering associated to spherical coordinates"

U x X -{x/x2 =0; Xl _<--0},
i=l

(4.7) 4" U ]-’rr, +,rr[x]--, +-[,
q, x -> (0, 4’) / x (cos 4’ cosO, cos 4’ sin O, sin 4’),
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U’= x xi l -{x/x3=O; x_->O},

(4.8)

/ x (cos b’ sin 0’, sin 4’, cos 4" cos 0’).

(4.12)

Let us consider Lie group G SO(3), the isometric transformation group of $2;
G naturally acts on $2. Let be given g in SO(3) and x (x, x2, x3) in $2; the action
g. x is defined by

(4.11) (g x), gxj.
The isotropy subgroup of G at 0, K, is the group of rotations around the first axis, that
is to say the set of matrices k

k= cos 0 sin

-sin 0 cos

The Lie algebra O(3) of SO(3) is the set of (3, 3) skew matrices. The sub-Lie algebra
of K is generated by the following matrix A3"

(4.13) A 0

1

Let A and A2 be the following matrices of 6eO(3):

(4.14) A 0 A2 0

0 0

It is easy to show that (A, A2) is a basis of, the eigenspace of mapping tr. associated
to eigenvalue -1 (see 2.1). The structure constants are now simple to compute:

(4.15) C:,=0, I=1,2,3 and C23=-C32=-C23=1.

Then, the Jacobian matrix J is

ao’ /.  o ,_sin,_si_nO_  os0

a0 -0/=/ 1-cos24,sin20 -1-cos24sin20(4.9) J=
ab’ ab’/ | cosbcos0 -sinbsin0

Let us now define $2 as a symmetric space.
Fix point 0 (1, 0, 0) in $2 and ohonormal frame Uo in O($2) such that (Uo) 0

and defined by (e, e2), with tangent vectors at 0: e (0, 1, 0) and e2 (0, 0, 1). On the
other hand, for any p in $2 the involutive symmetry sp associates to any x its symmetric
point on the great circle which contains points p and x. For instance, if p 0, symmetry
So is done by the matrix

(4.10) o -1
0
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Let us now consider the filtering model constructed in 3.1, applied to the spherical
case. Let g,(X) be defined as in (3.1) where $, $(X,) is a matrix in eO(3) such that

(4.16) d/(X,) ’ (X,)A, (I 1, 2, 3)
and $(X) are bounded continuous real semimartingales. We define on (fl, d, P,) a
standard two-dimensional Brownian motion B and a Brownian motion Y valued in
$2, which can be defined by the following system"

dht htA dB + htA2 dB2 ho e,
(4.17)

Yt ht. O

or by the other expressed in 0($2):

’- u2(t) dB2 Yo O,dY =-u(t) de,

(4.18) du(t) Yt an, ul(0) e,,

du2( t) Yt dB2, u2(0) e2.

To apply Proposition (3.3) we need vector field ($(Xt))*. Let us remark [10] that
mapping C--> C* (2.4) is a Lie algebra homomorphism. Hence it follows that

(4.19) ($(x))*(y) ,’ (x)A*(y)
and we have to compute A*(y). Returning to its definition,

d
(4.20) a*f(y) -f(exp a.y)lt_o,

we easily get

exp A1
0 \sin 0 cos

exptA= cost -sin

sin cos

thus we get the local coordinates of A* in (U, O)

(4.21)

and in (U’, O)

(4.22)

a a o
=m; re+cosOA*(0, b)
00

A2*(0, b) tg b sin 000
0 0

A*3(O, b) =-tg b cos 0--+ sin 0--,
Ai*(0’ ’)=-tg ’ cos 0’ ---+ sin 0’

ao’ o"
0 0

A3*(0’, b’)= ,tg b’ sin 0’ 00,- cos 0

A*2(O’, ’)= 00"

Then, it only remains to apply Proposition (3.3) to this spherical filtering model. In
this case, for all f in (A), we have

fo’ /o’ lfo’ *Ys 2)(4.23) r,(f)=/x(f)+ m(Af) ds+ to.(y,,)A, dY,-- 7r(fll$ ds
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because of (4.19) and (4.15). Finally, we can give an explicit formulation with respect
to the local coordinates (0,, qbt) or (0’,, b’t) whenever process Y belongs to U or U’:

dTr,(f) 7rt(af) at + (Tr,(fff 1) + r,(f2) tg b, sin O,- 7r,(fff3) tg b, cos 0,)o dO,
(4.24)

+ (r,(f2) cos 0, + 7r,(f3) sin 0,)o db, -1/27r,(f/,) dt

where

It(x)= II(Y)ll= ((x)+ (=(x) sin 0,- ff3(x) cos Or)tg

+ (,2(x)cps 0,+ 3(x) sin

if Y belongs to U and

(4.25)
dTr,(f) 7rt(Af) dt + (-Tr,(fO 1) tg 6’, cos 0’,-7rt(fd/2) 7r,(f03) tg 6’, sin 0)o dO’,

+ (r,(fo) sin O’,-zr,(fO) cos 0’,)o db’, -1/2zr,(f/,) dt
where

l,(x) (O2(x) +((x) cos 0’, + O2(x) sin 0’,) tg b’,)2 + ((x) sin 0’,- 02(x) cos 0’,)2

if Yt’belongs to U’.

5. Conclusion. We have studied a nonstandard filtering model. Observation pro-
cess Y takes values in a symmetric space M. This particular assumption allows us to
consider process Y under a multiplicative form, and then generalizes the previous
cases of [15] and [16]. More precisely, process Y depends on signal X by means of
a stochastic isometric transformation Y, g,(X) IV,, where W, is a Brownian motion
taking its values in M. We get intrinsical filtering equations under both Stratonovitch
and It6 forms which are unique characterizations of conditional distribution of X
and Y.

Acknowledgment. We thank the reviewer for suggesting that we study uniqueness
of the solution of filtering equations.
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SENSITIVITY ANALYSIS OF NONLINEAR PROGRAMS AND
DIFFERENTIABILITY PROPERTIES OF METRIC PROJECTIONS*

ALEXANDER SHAPIRO"

Abstract. This paper is concerned, with a study of differentiability properties of the optimal value
function and an associated optimal solution of a parametrized nonlinear program. Second order analysis
is presented essentially under the Mangasarian-Fromovitz constraint qualification when the corresponding
vector of Lagrange multipliers is not necessarily unique. It is shown that under certain regularity conditions
the optimal value function possesses second order directional derivatives and the optimal solution mapping
is directionally differentiable. The results obtained are applied to an investigation of metric projections in
finite-dimensional spaces.

Key words, nonlinear programming, sensitivity analysis, optimal value, parametric programming, metric
projections, second order directional derivatives

AMS(MOS) subject classification. 90C31

1. Introduction. In this paper we consider the mathematical programming problem

(y) minimize f(x, y) subject to x O,(y),

where the objective functionf(x, y) as well as the set t),(y) of feasible solutions depends
on the .parameter vector y sRn. It will be assumed that the point-to-set mapping
(multifunction) l)’Rn xm is defined by equality and inequality constraints

(1.1) fl(y) =(x: g,(x, y) =0, i= 1,..., q; g,(x, y) <-- O, i= q+ 1, p}

and that all involved functions f and g,, 1, , p, are at least C smooth on
The optimal value function

o(y) inf (f(x, y)" x fl(y)}

is associated with program (y) and the corresponding set M(y) of optimal solutions.
By convention o(y) is defined to be +oo if the set (y) is empty.

The aim of this paper is to investigate first- and second-order differential properties
of 0(y) and differential properties of an optimal solution (y) M(y) in vicinity of a
given point Yo. In the case fl(y) is defined by (1.1), this is the standard problem of
sensitivity analysis in nonlinear programming which has been discussed extensively
[4], [6], [7], [10], [11], [16], [25], [28], [30], [33], [34], [37]. The approach we adopt
here is to try to approximate the nonlinear program (y) by a simpler one rather than
to "linearize" equations representing optimality conditions of (y) (cf. [4], [7], [16],
[27], [28]). Thus the present investigation can be considered as an extension and
generalization of an approach suggested in [34]. The regularity conditions ensuring
uniqueness of Lagrange multipliers [18], which have been employed in [34], will be
replaced by the Mangasarian-Fromovitz constraint qualification (MF-condition) [20].
Since the MF-condition is necessary and sufficient for the set of Lagrange multipliers
to be bounded [9], this appears to be a natural assumption we should use in order to
investigate (y) by means ofthe differential information at the point (Xo, Yo), Xo M(yo).

* Received by the editors April 14, 1986; accepted for publication (in revised form) August 10, 1987.
f Department of Mathematics and Applied Mathematics, University of South Africa, Pretoria, 0001

South Africa.
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When the objective function f(x, y) is taken to be f(x, y)= Ily-xll, where x, y I
and I1" is a chosen norm, the optimal set valued multifunction M(y) becomes the
set-valued metric projection onto the (moving) set fl(y). We consider a corresponding
selection mapping Pn:n R", Pn(Y) M(y). Thus Pa(y) is a closest point of the set
f(y) to the point y. In the case of the constant (independent of y) and convex set
f(Y) fo differentiability properties of the associated metric projection Pn have been
studied in a number of publications (see [1], [8], [12], [14], [23], [39] and references
therein). Recently Malanowski [19] applied some results from sensitivity analysis of
nonlinear programs to an investigation of differentiability of metric projections. On
the basis of our study of program (y) we will be able to strengthen some results due
to Haraux 12], Holmes 14], Malanowski 19] and others. We show that under certain
regularity conditions Pn is directionally differentiable at yo R"\l(yo), although the
corresponding directional derivative P(Yo; v) is not necessarily continuous in v. It
should be mentioned that, in general, directional differentiability of Pn is not guaranteed
even in the case of constant and convex set I(y)= 1)o and the Euclidean norm (see
[17], [24, p. 696]).

Throughout the paper we assume that the feasible set f(Yo) corresponding to the
point Yo is nonempty. For a multifunction I we write gph 1 for its graph,

gph fl {(y, x): x fl(y)}.

The multifunction f is called closed (convex) if gph f is a closed (convex) subset of

" x R". A multifunction 5:: ." Rm is said to be positively homogeneous if E(ty)
tE(y) for all > 0 and y ". Clearly E is positively homogeneous if and only if its
graph gph E is a cone. A (closed, convex) positively homogeneous multifunction is
called a (closed, convex) process [29, 39].

We make use of the concept of pseudo-Lipschitzian multifunctions [2, p. 98], [31 ].
A multifunction I(y) is said to be pseudo-Lipschitzian at a point (Xo, Yo), x0 f(Yo),
if the distance function d,(x, y)=dist (x; I(y)) is Lipschitzian in a neighborhood of
(Xo, Yo). For an equivalent definition andthorough discussion of pseudo-Lipschitzian
multifunctions see Rockafellar [31]. Here and subsequently we denote by dist (x; S)
the distance from a point x to a set S,

dist (x; S) --inf {llx- zll: z s).

Finally we recall that a function (mapping) f(y) is said to be directionally ditterentiable
at Yo if the directional derivative

exists for all v.

f’(Yo; v) lim
t-,O

f(Yo+ tv) f(Yo)

2. The reduction theorem. In this section we show that under certain regularity
conditions the basic problem (y) can be replaced by an equivalent one which is more
convenient for sensitivity analysis. The following regularity conditions will be required.

Assumption 1. There exist a number, a and a compact,set Sc" such that
a > q(Y0) and

{x e II(y): f(x, y)<- aIc S

for all y in a neighborhood of Yo.
This condition is required in order to ensure some continuity properties of the

optimal value function and optimal solutions. It has been employed in [30] and [32]
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and goes back to Wets [38]. Assumption is similar to the condition of uniform
compactness of f(y) utilized in [10] and [11].

Assumption 2. The optimal set M(yo)= (Xo} is a singleton.
Notice that the uniqueness Assumption 2 does not necessarily imply that M(y)

is single-valued in a.neighborhood of yo.
In order to simplify notation we assume subsequently that all inequality constraints

are active at the point (Xo, Yo), i.e., gi(xo, Yo) 0 for q / 1,. ., p.
Assumption 3 (MF-condition). (i) The gradient vectors Vxgi(xo, Yo), 1,. , q,

are linearly independent.
(ii) There exists a vector u such that

tl TVxgi(Xo, Yo) O, 1, q,

u rVxgi(xo, Yo) < 0, q.+ 1, ,p.

Assumption 3 is the standard Mangasarian-Fromovitz constraint qualification
[20] applied at the point (Xo, Yo). It follows from Assumption 3 that the Mangasarian-
Fromovitz constraint qualification is satisfied at all ((y), y) sufficiently close to (Xo, Yo)
and thus the first order (Kuhn-Tucker) necessary conditions hold" If $(y) is a
solution of (y), then there exists a vector (y)Ep of Lagrange multipliers such
that

(2.1)
VL(, y, A) 0,

,g,(.f,y)=0 and ,_->0, i=q+l,. .,p.

Here L(x, y, A) is the Lagrangian function associated with program (y),
p

L(x, y, A) f(x, y) + E A,g,(x, y).
i=1

We denote by A(:, y) the set of vectors X satisfying the first order necessary
conditions (2.1). It follows from the definition that A(g, y) is a closed convex polytope.
Moreover, it is implied by the MF-condition that the set Ao A(xo, Yo) is nonempty
and bounded (Gauvin [9]). Consequently Ao is the convex hull of the finite set Eo of
its extreme points. For a vector ,EP denote J+(A)={i’A>O,i=q+l,...,p},
Jo(A) ={i" ,,X,=O,i=q+l,...,p} and J(A)={1,...,q}wJ+(A). It is not difficult to
see that a point A Ao is an extreme point if and only if the gradient vectors Vxg(xo, Yo),

J(A), are linearly independent.
We are prepared now to formulate a reduction theorem in which program (y)

is replaced by a more convenient one. Consider the function

(2.2) F(x, y) max {L(x, y, A )" A Ao}.
Since L(x, y, A) is linear in A, the maximum in the right-hand side of (2.2) is attained
at extreme points of Ao. Consequently F(x,y) is representable as the pointwise
maximum of a finite family of smooth functions Fa (x, y) L(x, y, A),

(2.3) F(x, y) max { L(x, y, A )" A Eo}.
We also consider the reduced feasible set

(2.4)
where

f(y) U {a, (y)’A E Eo},

Oa (y) {x: g,(x, y) O, J(A ); g,(x, y) <= O, Jo(A )}

l(y) f’) {x: g,(x, y) O, J+(A )}.
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THEOREM 2.1. Suppose that Assumptions 1-3 hold. Then for all y in a neighborhood
Ofyo,

(2.5) q(y) inf {F(x, y)" x l)(y)}

and the optimal set M(y) coincides with the set of minimizers of F(., y) over f(y).
We shall make use of the following continuity property of the optimal set M(y),

which is a variation of well-known results in stability theory of parametrized nonlinear
programs (e.g. [7, 2.2]).

LEMMA 2.1. Suppose that Assumptions 1-3 hold and let (y) be an optimal solution
of the program ,(y). Then ,(y) converges to Xo as y tends to Yo.

Proof. First we observe that the multifunction 1) is closed and .because of the
MF-condition the set l)(y) is nonempty for all y in a neighborhood of Yo such that
there is a point u(y), u(y)lI(y), converging to Xo as YYo. Together with the
inf-compactness Assumption 1 this implies that the minimizer )(y) exists for all y
near Yo.

Suppose that )(y) is not continuous at Yo. Then there exist a sequence Yn Yo
and a constant 6 > 0 such that IIx. xoll > , where x, )(yn). It follows from Assump-
tion 1 that there is a compact set S such that )(y) S for all y in a neighborhood of
Yo. Therefore the sequence {y,} can be chosen in such a way that {x,} converges to a
point x* S. Since O is closed, x* Oo 12(yo). The function f(x, y) is continuous and
hence there exists e > 0 such that

(2.6) f(x, Yo) >f(xo, Yo) + e

for all x { v" v xol[ v s o. Now consider a sequence un f(y,) converging
to Xo. It follows from the continuity off(x, y) that

(2.7) If(xo, Yo)-f(u,,, y.)l < e/2

and

(2.8) IT(x*, yo)-f(x,,, y.)l < e/2

for sufficiently large n. Moreover, f(x,,, y,,) <- f(u,,, y,,) and hence by (2.7) and (2.8)

f(x*, Yo) <f(xo, Yo) + e.

The last inequality contradicts (2.6) and hence the proof is complete.
Proof of Theorem 2.1. Consider the following optimal value function"

qS(y) inf {f(x, y)" x f(y)}.

First we show that q (y) q5 (y) and the set M(y) coincides with the set of minimizers
off(., y) over f(y) for all y in a neighborhood of Yo. Clearly for every y, l)(y) c fl(y)
and hence qS(y)-> q(y). By continuity of )(y) the Mangasarian-Fromovitz condition
holds at 9 )(y) and hence A(), y) is nonempty for all y near Yo. Furthermore, a
vector h(y)e A(,y) of Lagrange multipliers converges to Ao, that is there exists
A*(y) e Ao such that (y) A*(y) 0 as y Yo. Vector h* A*(y) is representable as
a convex combination of some points from Eo. Let/x =/x(y) e Eo be an extreme point
which takes part in this convex combination with the largest coefficient. Since coordin-
ates/xi, =q + 1,..., p, of/x are nonnegative we then have that

h* >--_ (1/N)/zi, i=q+l,... ,p,

where N is the number of extreme points in Eo. Because the number of extreme points
is finite it follows then by continuity that J/(/x) J/(h) for y sufficiently close to yo.



632 ALEXANDER SHAPIRO

This implies that the inequality constraints gi, i J/(/z), are active at ((y), y) and
hence (y) f(y). Therefore (y)=> qS(y) and M(y)c f(y) for all y near Yo. This
completes the proof of the assertion stated above.

It remains to show that for every x fi(y), f(x, y)= F(x, y). Since l)(y)c f(y)
we have that gi(x, y) O, 1,. , q, and g(x, y) <= O, q + 1,. , p, for all x f(y).
Moreover, A _-> 0, q + 1,. ., p, and hence L(x, y, A) <=f(x, y) for all A Eo and
x l(y). Consequently F(x, y) <=f(x, y) for all x fi(y). Now if x l)(y), then x e
f, (y) for some/z e Eo. By the definition of I, (y) we have that L(x, y,/z) f(x, y)
and hence F(x, y)=f(x, y).

It follows from Theorem 2.1 that M(y) f(y) and hence the multifunction f is
nonempty valued for all y in a neighborhood of Yo. In the remainder of this section
we study local behavior of the reduced feasible set (y) near the point (Xo, yo). In
particular it will be shown that f is tangentially ditterentiable at (Xo, Yo) in the sense
of the following definition.

DEFINITION 2.1. We say that a multifunction" R" ::, l" is tangentially differenti-
able at (Xo, Yo), Xo I)(yo),.if there exists a closed process E’R" ::t R" such that

and

dist (x; (y))
(2.10) lim

x.,-,xo.yo II(y yo, x- Xo)II
0.

(Y--Yo ,x--x0) gph

The process X is said to be a tangential approximation to at (Xo, Yo) and is denoted
X D(xo, Yo).

The concept of tangential differentiability has been introduced and discussed in
[36]. It was shown that whenever D exists it is unique. Fixing y Yo in (2.9) and
(2.10) we obtain that the set o (yo) is approximated at Xo by the cone 5;0 (0)
[35]. Also Xo+Eo and o are tangent at Xo in the sense of Robinson [26, Def. 3]. For
a detailed discussion and derivation of basic properties of cone and tangential approxi-
mations and relevant references the reader is referred to [26, p. 504], [22, 4], [35]
and [36], respectively.

Under the MF-condition the multifunction I is pseudo-Lipschitzian [31, Thm.
2.3] and tangentially ditterentiable at (Xo, Yo) [36]. Moreover, the tangential approxima-
tion X Dl(Xo, Yo) is given by the linearization

(2.11) X(v)={u’a,(u,v)=O,i=l,...,q;a,(u,v)<-O,i=q+l,...,p},

where

a(u, v)= u’Vxgi(xo, yo)+ v Tvygi(Xo, Yo).

For the reduced multifunction I a natural candidate for the tangential approximation
is provided by the corresponding linearization

(2.12) X(v) U {Ex(v)" A Eo}

with

Xa(v) ={u" ai(u, v)=0, i J(A); ai(u, v)<-O, i Jo(A)}.

The following characterization of E(v) will be useful.

dist (x Xo; X(y Yo)
(2.9) lim =0

(x’Y)(Xo’Yo) (Y Yo, x Xo)
(y,x)gph
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LEMMA 2.2. Suppose that the MF-condition holds. Then for all v the set (v) is
given by the set of optimal.solutions,of the linear program

(2.13) minimize u rVxf(xo, Yo) subject to u Y(v).

Proof. First we observe that because of the MF-condition the set Eo is nonempty.
Consider a point v and let a Ea (v) for some A Eo. Because ofthe first order necessary
conditions (2.1), applied at the point (Xo, Yo),

Vxf(Xo, Yo) + , A,Vxg,(xo, Yo) 0
iJ(h)

and hi->0, i=q+l,...,p. By the definition of Ex(v), ai(fi, v)=0 for all iJ(h). It
then follows from the optimality conditions for linear programs that t is an optimal
solution of the program (2.13). Conversely, similar to the proof of Theorem 2.1 it can
be shown that if is an optimal solution of (2.13), then a E (v) for some h Eo. [-!

Lemma 2.2 implies that for all v the set 5:(v) is a closed convex polytope. Moreover,
perturbations ofthe linear program (2.13) are determined by the right-hand side changes
corresponding to v T"Vrgi(xo, Yo), i= 1,..., p. It follows then that the multifunction
:(v) is Lipschitzian (Mangasarian and Shiau [21]) and hence is pseudo-Lipschitzian
at (0, 0).

LEMMA 2.3. Suppose that the MF-condition holds. Then the multifunction fl is
tangentially differentiable at (Xo, Yo) and Dfl(Xo, Yo) ,.

Proof. Without loss of generality we can assume that (Xo, Yo)= (0, 0). First we
show that condition (2.9), applied to the multifunctions fl and E, is satisfied. Suppose
that (2.9) does not hold. Then there exists a sequence (x,, y,) --> (0, 0), x, II(y,), and
e > 0 such that

dist (x,; X(y,)) > et,,

where t, II(xo, y )II. Since the set Eo is finite we can assume that there is A Eo such
that x, Ilx (y,) for all n. By the standard argument of compactness we can assume
that the sequence {t(x,, y,)} converges to a vector (u, v). Since ,is pseudo-Lipschit-
zian the distance function d(x, y) dist (x; X(y)) is Lipschitzian and hence continuous.
It follows that

dist (t-x,; .(ty,)) > e

and then by the continuity of the distance function dist (u; X(v)) > 0. Therefore u does
not belong to the set ,(v). On the other hand

gi(x,, y,) ai(xn, yn) + o( t,)

and hence ai(u, v) =0for J(A) and ci(u, v) =< 0 for e Jo(A). Consequently u
a contradiction.

Now consider condition (2.10). Because of the MF-condition (i), for a given y
sufficiently close to Yo 0 the equality constraints define a smooth manifold

O(y) ={x: g,(x,y)=0, i= 1,..., q}

near zero. It follows from the MF-condition (ii) that II(y) has a nonempty interior
relative to this manifold in a neighborhood of Xo 0. The multifunction fl is tangentially
differentiable and hence for every (y, x) gph E in a neighborhood of (0, 0), there
exists a vector (y, u) gph [l such that x- ull o(ll(x, Y)II). Consider the index set

I(u,y)={i" g,(u,y)=O,i=q+.l,...,p}
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and the normal cone to l(y) at u, which is polar to the contingent cone of O(y) at u.
This normal cone is generated by the gradient vectors Vxgi(u,y), e I(u,y), with
nonnegative coefficients and 7xg,i(u, y), i= 1,..., q, with unrestricted coefficients. By
the MF-condition the point u can be chosen on the boundary of l(y) relative to the
manifold O(y) such that the contingent cone of O(y) at u tends to the contingent cone
of E(y) at x as y tends to Y0 0. That is, the distance from -7,f(xo, Yo) to the normal
cone (to (y) at u) tends to zero, i.e., there are multipliers A* A*(u, y) such that

q

V,f(xo, yo)+ E h*Vxg(u, y)+ E A*Vxg,(u, y)
i=1 il(u,y)

tends to zero as (u, y) (0, 0). By the first order necessary conditions this implies that
there is/z =/z(u, y) Eo such that J+() c J+(A*) for (u, y) sufficiently close to (0, 0).
Then J+(/z)c I(u,y) and hence u el,(y). Consequently u e(y) and this completes
the proof of (2.10).

Now let us consider the polyhedral convex cone

(2.14) C {U" U r7xgi(Xo, Yo) O, 1,. ., q;

U rVxgi(Xo, Yo) <- O, q + 1,. ., p; u rVxf(Xo, Yo) <- 0}.

The cone C is called critical and is useful in deriving second order optimality conditions
for program (o). The result of the following lemma clarifies a relation between C
and the multifunction E (see [30, (1.13), (1.14)]).

LEMMA 2.4. Suppose that the MF-condition holds. Then C ,, (0) for all A Eo.
Proof Because of the MF-condition the set Eo is nonempty. Consider u e C and

A e Eo. Then

O lg TVxf(Xo, YO)-- --uT( E liVxgi(Xo, YO)] E /iu TVxgi(Xo, YO)"
\ ieJ(A) / iJ+(A)

Since Ai is positive and -urVxgi(xo, Yo) is nonnegative for all e J+()t), it follows that
u rVxgi(Xo, Yo) O, e J+(A), and hence u e E (0). Conversely, if e Eo and u e Z (0),
then u rVxf(Xo, Yo) 0 and hence u

It follows from Lemma 2.4 that C E(0). Moreover, the characterization of E(v)
given in Lemma 2.2 implies that for all v, C is the recession cone of E(v) (see
[29, pp. 61, 62]).

3. Pointwise Lipschitz continuity of optimal solutions. In this section we study
Lipschitz continuity of an optimal solution (y) M(y) as y tends to Yo. For that
purpose we utilize second order sufficient conditions corresponding to the program
(yo). Consider the index set

= U {i:A#O,i=l,...,p}
AEo

associated with nonzero Lagrange multipliers. It will be assumed that the functions f
and g, e , are C while the functions g, e{1,... ,p}\\5, are C smooth. This
implies that the Hessian matrices V],,L(xo, Yo, A) do exist for all a e Eo. Then, under
the MF-condition, a feasible point Xo satisfying the first order necessary conditions is
an isolated local solution of program (o) if

(3.1) max UT72,, L(xo, Yo, h )u > 0
AAo

for all u e C, u 0, where C is the critical cone defined in (2.14), [5], [13], [15]. The
corresponding second order necessary conditions are obtained if the strict inequality
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sign ">" in (3.1) is replaced by the sign "_->". We shall refer to (3.1) as the weak
second order sufficient conditions.

Unfortunately the weak second order sufficient conditions do not guarantee
pointwise Lipschitzian behavior of g(y) (see an example in [10, p. 308]). Therefore a
stronger form of second order conditions is required. For a given vector v consider
the following set of Lagrange multipliers:

Ao*(V) {A 6 Ao: vrV L(xo Yo A) max vTVyL(xo Yo A)}Y AAo

The set Ao*(V) is a face of the convex polytope Ao and hence is the convex hull of the
corresponding set Eo*(V), Eo*(V) Eo, of its extreme points.

Assumption 4 (strong second order sufficient conditions). For every v the inequality

(3.2) max /.,/T72 L(xo, Yo, A)u > 0
XA(v)

holds for all u C, u 0.
It may be noted that the sets Ao and Ao*(V) in (3.1) and (3.2) can be replaced by

the corresponding sets of extreme points Eo and E*o(V), respectively.
Without further discussion we shall make use of the following principle. If

f(Y),"" ,fk(Y) and (y),..., qgk(y are continuous functions such that

f(y) oi(y)+ o(llyll=), i= 1, , k,

then

max {f(y)" i= 1,..., k} max {o,(y)" i= 1,..., k}/o(llYll).
The Hessian matrices V xxL(xo, Yo, A), VyL(xo, Yo, A) and V2yyL(xo, Yo, A) will be

A Adenoted by Hx, Hxy and Hyy, respectively. We write sea for the corresponding quadratic
function

T A T A(3.3) a(u,v) 1/2u Hxxu+u Hxyv+vrHyyv.
THEOREM 3.1. Suppose that Assumptions 1-4 hold. Then there exists a positive

constant K such that

(3.4) xoll--< g lly-yoll

for all y in a neighborhood ofyo.
Proof. Without loss of generality we can assume that (xo,Yo)=(0,0) and

f(xo, Yo)=0. Suppose that (3.4) is false. Then there exists a sequence {Yn} converging
to yo 0 such that for xn 2(y,) and t, Ilx.ll,
(3.5) lim t, Ily, -1 .
It follows from Lemma 2.1 that t, 0. By the argument of compactness we can assume
that tx, tends to a vector a. Of course I111-1 and hence t7 0. From Theorem 2.1
we have that xn lq(y,) for sufficiently large n. Furthermore, Lemma 2.3 implies that
there exists a sequence {u,}, with u, E(y,), such that

IIx- ull- o(ll(x, y II).
It follows that t-lu, tends to a. Since gph. is a cone

t-l(y,, u,) gph

and by (3.5), t--l(y,, un) (0, ). Moreover, gph , is a closed set and hence (0,
gph E. Consequently by Lemma 2.4, t C.
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Now expression (2.5) of Theorem 2.1 implies that c(y.)= F(x., y.). Then by
employing second order Taylor expansions of functions F (x, y) L(x. y, A we obtain

q (y.) max {yr.VyL(xo, Yo, X + s (x., y.) + o(ll(x. y.) 112)}.
A Eo

Notice that because of" the first order necessary conditions the gradients VL(xo, Yo, A),
h.Eo, vanish. It follows from (3.5) that yT T AHyyy. and A are.x. Hxyy., Eo, o( t2.).
Consequently

T 2 T hcp (y.) max {y. VyL(xo, Yo, h +t. nxx}+ o(t2.)
h Eo

and then

(3.6) (y.) -> max {yVyL(xo, yo, A) 2 r =+t. Hxxu} + o( t.),
A En

where E. E*o(y.). Moreover, by the definition for every A E.
r L(xoY.VrL(xo, Yo, A) max y. Vy Yo, A)

A Eo

Consequently it follows from (3.6) that
T L(xo 2 T(3.7) p(y.) >= max y. Vy Yo, A) +1/2t. max t Hxxu +.o(t).

A E A E

Now since the set Eo is finite and hence the number of different sets E*o(V) is finite,
we may assume that there is a vector 5 such that E. Eo*(,5) for all n. By the strong
second order sufficient conditions (Assumption 4) the number

Ae 1/2 max {aTHxu" A E*o ()}
is positive. Then (3.7) implies

(3.8) q (y.) -> max {yVL(xo, Yo, A )" A Eo} + te + o(t2.).
On the other hand it follows, from Lemma 2.3 and pseudo-Lipschitz continuity

of $,, that there exist > 0 and a sequence w. fi(y.) such that w. -< Ily= II. Therefore
tp(y.)<=F(w.,y.) max{yT L(xo sa(w, y..Vr yo. A)+ )+o(ll(w.,

AEo

_<- max {y TVyL(xo, Yo, A )+ clly. =}
h.e E

max {y T.VyL(xo,Yo, A): A Eo}+c}ly.ll 2

for some positive constant c. Because of (3.5) this implies that

(y.) < max {y T L(Xo A ): A Z t.),Vy Yo, Eo} + o

a contradiction to (3.8).
We say that (y) is pointwise Lipschitz continuous at Yo along a given direction

if there are positive constants K and e such that

(3.9) II(yo+ t5)- xoll--< gt
for all s [0, e). It follows from the proof of Theorem 3.1 that (3.9) is ensured by the
second order condition (3.2) applied to v

Pointwise Lipschitz continuity (3.4) of optimal solutions was proved by Robinson
[27, 4] under stronger second order sufficient conditions than those of our
Assumption 4.

Finally it is worthwhile to note that Assumption 4 is reduced to the weak second
order sufficient conditions in the following particular cases.
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(i) The constraint functions gi, 1, , p, are independent of y and hence the
feasible set l’l(y)= [lo is constant.

2xL(xo, Yo,(ii) The constraint functions gi(x, y) are linear in x and hence V A)
vExf(xo, yo) for all A.

(iii) The Lagrange multipliers set Ao-{Ao} is a singleton.

4. Second order analysis of the oltimai value function. In this section we study
second order differential properties of the optimal value function to(y). Consider the
function

(4.1) fl(u,v)=max{vrVyL(xo,Yo, A)+(u,v):AEo}
where sea is the quadratic function defined in (.3.3). We have that F(xo, Yo)+
fl(X-Xo, y-yo) gives a second order approximation of the function F(x,y) at the
point (Xo, Yo). The main result of this section is given now in the following theorem.

THEOREM 4.1. Suppose that Assumptions 1-4 hold. Then

(4.2) to(yo+ v)-to(yo)= inf{fl(u, v)" u s ,(v)}+

Proof Without loss of generality we can assume that (Xo, Yo) (0, 0) and to(Yo) 0.
Consider the following optimal value function:

First we show that

q,(y) inf (/3 (x, y): x ll(y)}.

(4.3) t0(y) q,(y) + o(llyll).

By the reduction Theorem 2.1 we have that to(y) F((y), y) and hence

to(y) fl(.(y), Y) + o(llyll = / IIz(y) I1=).
Together with (3.4) of Theorem 3.1 this implies that

to(y) fl((y), Y)+ o(llyll=).

By the definition of q,, q,(y)-</3(:(y), y) and hence

(4.4) to(y) -> ,(y) + o(lly I1=).
Let a(y) be a minimizer of/3(., y) over l)(y). It follows from Theorem 3.1 that a(y)
is pointwise Lipschitz continuous at Yo 0. Then the other inequality

(4.5) 4’(Y) -> to(Y) + o(llyll =)

can be proved in a way similar to the proof of (4.4). Inequalities (4.4) and (4.5) imply
(4.3).

It remains to show that

(4.6) q,(y) inf {fl(x, y)" x ,(y)} + o(llyll=).

From Lemma 2.3 we have that Dll(Xo, Yo). By the definition of tangential approxi-
mations (condition (2.9)) this implies ihat there exists u*(y) (y) such that

a(y)- u*(y)ll-- o(ll(a(y), y)ll).

Moreover, because of the pointwise Lipschitz continuity of a(y) we have

a(y)- u*(Y)ll-" o(llyll).
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Then

(y) fl(a(y), y) max {yTVyL(xo, Yo, A + : (fi(y), y)" A e Eo}

max {y TVyL(xo, Yo, A )+ (u*(y), y)" A e Eo} + o(llyll z)

(u*(y), y)+ o(lly 112).
Since fl(u*(y), y) is greater than or equal to the infimum on the right-hand side of
(4.6) we obtain that

(y) -> inf {fl(x, y)" x ,(y)} + o([]yl[).

The other inequality can be proved in a similar way by using condition (2.10) applied
to the tangential approximation

The quadratic approximation result (4.2) of Theorem 4.1 allows us to calculate
various forms of second order directional derivatives of the optimal value function.
As an example we calculate a curved second order directional derivative of q(y) in
the sense of Ben-Tal and Zowe [3].

It follows from Theorem 4.1 that under Assumptions 1-4, the optimal value
function is directionally differentiable at Yo and

(4.7) q’(Yo; v) max {v TVyL(Xo, Yo, A)" h e Eo}.

Consider a continuous curve

(4.8) y(t) Yo + tv + tEw + t2e( t), > O,

with v, w R" and e(t) --> 0 as --> 0+. We have that for a fixed A e Eo,

L(xo+ u, y( t), A L(xo, Yo, A + tv TVyL(xo, Yo, A

+ t2wTVyL(xo, Yo, A)+ : (u, tv)+ o(t-+ II ll ),
Furthermore, under the MF-condition the tangential approximation to the multifunc-
tion l)(y(t)) is given by E(tv). Then Theorem 4.1 implies that

tp(y(t))-o(yo)=inf {l(u, t)" u ,(tv)}+ o(t2),
where

7(u, t)= max { tv TVyL(xo, Yo, A)+ twTVyL(xo, Yo, A)+ (u, tv)}.
AE

Let (t) be a minimizer of 7(., t) over E(tv). By Theorem 3.1, II (t)ll/t is bounded
for all positive sufficiently close to zero and hence

t2w TVyL(xo, Yo, A + j fi( t), tv) o( t).

Therefore the set Eo in the definition of ?(u, t) can be replaced by the set of extreme
points E*o(V), which corresponds to the maximal value of v TVyL(Xo, Yo, A), A e Eo.
By (4.7) this maximal value is equal to q’(Yo; v). Consequently, we obtain

(4.9) q(y(t))-O(yo) to’(yo; v)+inf {t,,?w(U)" u ,(tv)}+ o(t2),
where

(4.10) r,w (u) max {wVyL(xo, Yo, A + u, v)" A E*o V)}.

We have that E(tv) tX(v) and

t-2,,t2w(U)=v,w(t-lu).
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It then follows from (4.9) that the second order directional derivative

p(y(t)) tp (yo) tqg’(yo; v)
"(Yo; v, w)= lim 2

tO

of Ben-Tal and Zowe [3] exists and can be calculated as follows.
TIaEOREM 4.2. Suppose that Assumptions 1-4 hold. Then "(Yo; v, w) exists and is

equal to the minimum of o,w(" over the set E(v).
Notice that it will be sufficient in Theorem 4.2 to assume second order conditions

(3.2) (Assumption 4) only for the vector v which appears in the definition (4.8) of the
curve y(t). Since C is the recession cone of E(v), these conditions imply that the
minimum of ’o,w(’) over (v) exists and the corresponding set of minimizers is
nonempty and bounded.

Without strong second order sufficient conditions the following inequality holds.
THEOREI 4.3. Let Xo M(yo) and suppose that the MF-condition holds at (Xo, yo).

Then

q(y(t)) q9 (yo) t6(yo; v)
(4.11 lim sup t2

_-< Z(v, w),
t-O

where

6(Yo; v) max {v’VyL(xo, Yo, A)" A Ao}

and

Z(v, w)=inf{,w(U)" u E(v)}.

Proof For a given a > 0 consider the function

f (x, y) f(x, y) + a IIx- xoll 2

and the corresponding problem of minimizing f(x, y) over the feasible set f(y). It
will be enough to show that for all positive a, (4.11) holds with f replaced by f (see
[33, p. 211] for details). We have that Xo is the unique minimizer off(., Yo) over f(Yo)
and Assumption 1, applied to f,, is satisfied. Therefore without loss of generality we
can assume that our regularity conditions (Assumptions 1-3) hold, and hence the
reduction theorem 2.1 is applicable. Consider now a vector u Z(v) and choose
u’= u’(t) u such that Xo+ tu’ ,(y(t)) as 0+. Then we obtain from Theorem 2.1
that

p(y(t)) -<_ max {L(xo + tu’, y(t), A): A Eo}

=<max {L(xo+ tu’, y(t), A): A Eo*(V)}
p(yo) + t6(yo; v)+ t2,w(U’)+ o(t).

Since the function ’,w(’) is continuous, it follows that lim sup in the left-hand side
of (4.11) is less than or equal to ,w(U). Vector u is an arbitrary point of E(v) and
hence (4.11) follows. 1-I

Notice that unless Assumptions 1-4 are satisfied, 8(yo; v) defined in Theorem 4.3
is not necessarily the directional derivative ’(yo; v) of the optimal value function. In
some cases the infimum Z(v, w) can be -. Then the optimal solution (y) cannot
be pointwise Lipschitzian at Yo.

COROLLARY 4.1. Suppose that Assumptions 1-3 of Theorem 4.3 hold and Z(v, w)=
-. Then

(4.12) lim t- II(y(t))- xoll- .
t0
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Proof. Without loss ofgenerality we can assume that g(y(t)) --> Xo as t--> 0/. Suppose
that (4.12) is false and hence there exists t,-->0+ such that tllx-xoll is bounded,
x, g(y,) and y, y(t,). Then by Theorem 2.1

q (y,) max {L(x,, y,, h )" h Eo}

q(yo)+ t6(yo; v)+ max {tZnw’VyL(xo, Yo, h )+ (x, -xo, y, yo)}+ o(tZn).

It follows that

((Y,)- P(Yo)- t,6(yo; v))/tZn
is bounded, a contradiction to (4.11). l-1

In particular Z(v, w) is -oo if there exists a vector s C such that

max arV2xxL(xo, Yo, it )a < O.

Therefore, in order to ensure pointwise Lipschitz continuity of the optimal solution,
the strong second order sufficient conditions of Assumption 4 are the weakest possible.

Now let us consider some particular cases of Theorem 4.1. If the constraint
functions gi, i= 1,..., p, are independent of y, then (v) coincides with the critical
cone C and

where

/3(u, v) vrVyf(xo, Yo) + ..(u, v),

E(u, v) max {:x (u, v)" it s Eo}.

COROLLARY 4.2. Suppose that functions gi, i= 1,..., p, are independent ofy and
Assumptions 1-4 hold. Then

q(yo+ v)- q(yo) vrVyf(xo, yo)+ K(v)+ o(11 vii=),
where

K(v) inf{..(u, v)" us C}.

If the functions gi are affine, then ca (u, v) :(u, v) for all it with

(u, v) 1/2u rVxxf(Xo yo)u + u rVZxyf(Xo yo)v +1/2v rV2yyf(xo, Yo) v.

COROLLARY 4.3. Suppose that gi, 1, , p, are affinefunctions and Assumptions
1-4 hold. Then

P(Yo+ v) q (Yo) q’(Yo; v) + K(v) + o(11 vii=),
where P’(Yo; v) is the directional derivative given by (4.7) and

K(v) inf{:(u, v): usE(v)}.

Notice that Assumption 4 in Corollaries 4.2 and 4.3 is reduced to the weak second
order sufficient conditions. In the case Ao {ito} is a singleton the MF-condition follows
[18], [34] and we obtain the next corollary.

COROLLARY 4.4. Suppose that Ao is a singleton, Assumptions 1 and 2 hold and the
weak second order sufficient conditions are satisfied. Then

tp(yo + v) ’P (Yo) v rVyL(xo, Yo, ito) + (v) + o(11 I1 ),
where

(v) inf{xo(U, v)" u s Exo(V)}.
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The second order conditions employed in Corollary 4.4 are weaker than a strong
second order condition utilized in [34, Assumption 8]. Therefore the result of Corollary
4.4 is stronger than a similar result in [34,Thm. 4.1].

In the situations of Corollaries 4.2-4.4 the first term in the second order approxima-
tion of q is the directional derivative q’(Yo; v). The corresponding function r(v) is
positively homogeneous of degree 2 and, since E is pseudo-Lipschitzian, is continuous.
Consequently r(v) gives a second order directional derivative of p in the following
sense:

q(Yo+ t) q (Yo) tq’(yo; )
lim t2 K (t).
tO

5. Directional differentiability of optimal solutions. In this section we study
differentiability properties of an optimal solution (y) M(y). Consider the curve y(t)
defined in (4.8) and the function ’,w given in (4.10). Denote by II(v, w) the set of
minimizers of ,(.) over E(v). As has been mentioned earlier, the second order
condition (3.2) ensures that the set H(v, w) is nonempty and compact. The result of
the following theorem shows that if II(v, w)={z} is a singleton, then z gives the
directional derivative of (y) along the curve y- y(t).

THEOREM 5.1. Suppose that Assumptions 1-4 hold. Then

dist ((y(t)) Xo; tH(v, w))
(5.1) lim =0.

t-,O

Proof We assume that (Xo, Yo) (0, 0) and (yo) 0. For v 0 the set II(0, w) is
{0} and, by Theorem 3.1, (y(t)) is o(t). Thus in this case (5.1) trivially holds. Therefore
we assume subsequently that v # 0. Suppose that (5.1) is false and hence there exist a
sequence t, -> 0+ and e > 0 such that

(5.2) dist (x,; tII(v, w))-> eta,

where x, (y,) and y, y(t). Theorem 3.1 implies that the sequence {lly I[-x,} and
hence { t-lx,} are bounded. Therefore we can assume that { t-lx,} converges to a vector
ft. Since the distance function dn(’)-dist (.; II(v, w)) is continuous it follows from
(5.2) that

dist (3; II(v, w))-> e

and thus ff does not belong to the set II(v, w). Since x, ll(y,) and ,(tv) is tangent
to l(y(t)), there exists a sequence {u,}, with u ,(t,v), such that IIx -u ll-o(t ).
It follows that t-u, tends to ft. Furthermore, gph , is a cone and hence t-(t,v, u)s
gphE. Since E is closed we obtain that (v, ff)sgph E, i.e., E(v).

On the other hand,

p(y,) F(x,, y,) max {yr 2VyL(xo, Yo, A + (x,,, y,,)" A Eo} + o(t,,)

max { t.vrVyL(xo, Yo, + t2. WrVyL(xo, Yo, A + t2. (3, v)" A Eo} + o(t2.)
2t,tp’(yo; v) + t,sro,(ff) + o(t2,,).

This implies that q"(Yo; v, w)= ’,w(ff). It then follows from Theorem 4.2 that

,w()=inf{,w(U)" u E(v)}
and we already have shown that ff E(v). Consequently ff H(v, w), a contradiction.

Consider the case of w=O and let the set II(v, 0)={z} be a singleton. Then it
follows from (5.1) that (y) is directionally differentiable at y Yo in the direction v
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and the corresponding directional derivative is given by g’(Yo; v)= z. It is interesting
to note that since the set E*o(V) may change for various values of v, the optimal set
II(v, 0) can depend discontinuously on v even if II(v, 0) is a singleton for all v. Therefore
it may happen that g(y) is directionally ditterentiable at y= Yo, but the directional
derivative g’(Yo; v) is not continuous as a function of v. This then implies that g(y) is
not locally Lipschitz near Yo. An example of this type is given in Robinson [26, p. 219].
We consider below a simplified version of that example.

Example. Consider the following program:
2minimize 1/2(xl 1)2 +x2

subject to xl -< 0,

Xl + yx2 + Y2 <= 0

depending on the parameter vector y (y, Y2). For Yo (0, 0) it has a unique solution
Xo (0, 0). Assumptions 1-4 are satisfied with the set Eo consisting of two points (1, 0)
and (0, 1). Consider directions v=(1,0), w=(0, a) and the associated curve y(t)=
(t, at2). We have that E*o(V)= Eo, (v)= {u" u =0} and

S%.w(U) max {1/2uZ+1/2u2; a+u2+u,+1/2u}.

It follows that II(v, w)= {(0, 0)} if a <=0, II(v, w)= {(0,-a)} if0< a <- 1 and II(v, w)=
{(0,-1)} if 1 < a, which gives the directional derivative of (y) along the curve y(t)
for various values of a. For y_->0, straightforward calculations give :(y)= (0, 0) if

Y2 <= O, (y) (0, -Y-;Yz) if 0 < Y2 -<- y2 and

(5.3) )(y) (1 +Y)-’(Y-Y2,-Yl-YlY2)
for y2 <

Now consider y(t)= tv with v v(3’)= (1, 3’), 3’ > 0. Then E*o(V) consists of one
point (0, 1) and E(v) {u" ul -3’}. The set II(v, 0) consists of the minimizer of the
function -u 2 +1/2u + u2 over the set ,(v). This minimizer is (-3, -1) and hence :’(yo; v)
(-3’,-1). Straightforward calculations, based on (5.3), confirm this result. As 3’-->0+
this directional derivative tends to (0, 1) while the corresponding directional derivative
for 3’ 0 is (0, 0). A reason for such discontinuous behavior of the directional derivative
is that E*o(V) contains two points for 3’ 0 while E*o(V) is a singleton for 3’ > 0.

6. Differentialility ot" metric projections. In this section we study ditterentiability
properties of metric projections P, at a point Yo "\l)(yo). For the sake of simplicity
we consider the case where ll(y) is defined by inequality constraints only"

(6.1) [l(y) ={x" g,(x, y) <-O, i= 1, p},

with gi being Cz functions and x, y e N". We also suppose that the functions gi(., Yo),
1, , p, are convex and hence the set rio fl(yo) is convex. Now sensitivity analysis

of the previous section can be applied straightforwardly if the objective function is
taken to be f(x, y)= Ily-xll, where I1" is a given norm in

It will be assumed that the norm I1" is strictly convex and C smooth in a
neighborhood of the point yo-Xo. We write Vllyll and vllyll for the gradient vector
and the Hesssian matrix of the norm II, at a point y. It will be assumed that the matrix

is positive definite. Because of the convexity assumption there is a unique minimizer
Xo of the objective function f(., Yo) over rio and hence our Assumption 2 is satisfied.
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By definition, Pt(yo) Xo. Moreover, here the MF-condition is equivalent to the Slater
condition; that is, there exists a point u such that gi(u, Yo)< 0 for i= 1,..., p.

The associated Lagrangian function is

P

L(x, y, A) Ily xll + 2 A,g,(x, y).
i=1

Under the Slater condition the first order necessary conditions hold at Xo (we suppose
subsequently that all constraints are active at (Xo, yo), i.e., gi(xo, yo) O, 1,. , p)"
The set Ao of nonnegative vectors A satisfying the equation

P

VxL(xo, Yo, A)=-Vllyo-xoll+ Y x,Vg,(xo, yo)=0
i=1

is nonempty. Furthermore, Ao is a convex compact polytope and hence is the convex
hull of the set Eo of its extreme points. We retain essentially the same notation and
terminology as in the previous sections applied to the present situation. In particular
the set E*o(V) is defined as the set of Lagrange multipliers A Eo maximizing
V TyL(Xo, Yo, A) and we consider the function

(6.2) r(u, v) max {sea(u, v)" ,X Eo*(V)}.

For all v the function r(., v) is the pointwise maximum of strictly convex (quadratic)
functions and hence is strictly convex. Consequently or(., v) has a unique minimizer
over the convex set E(v). We denote this minimizer by II(v). Finally we note that here
Assumptions 1 and 4 hold automatically. Therefore we obtain from Theorem 5.1 the
following result.

THEOREM 6.1. Suppose that the Slater condition holds. Then P is directionally
differentiable at Yo and its directional derivative P(Yo; v) is given by II(v).

As we have mentioned earlier, the mapping II(v) and hence the directional
derivative P(Yo; v) are not necessarily continuous in v (see the example in 5).

Now we consider some particular cases of Theorem 6.1 parallel to the situations
of Corollaries 4.2-4.4. First suppose that the functions gi, 1, , p, are independent
of y and hence f(y)= 11o is constant. Then

(6.3) 7r(u, v)= (v- u)’ru(v- u)+ tx(u),

where

/x(u)=max u AiV2gi(xo) u’A Eo
i=1

COROLLARY 6.1. Suppose that functions gi, i= 1,..., p, are independent ofy and
the Slater condition holds. Then Pt is directionally differentiable at Yo and P(yo; v) is

equal to the minimizer of the function 7r(., v) defined in (6.3), over the critical cone C.
In the situation of Corollary 6.1 the metric projection P, is ditterentiable at yo in

the usual sense if and only if P(Yo; v) is linear in v. (Strictly speaking, linearity of
P(Yo; v) implies G’teaux dillerentiability only. However, here P is Lipschitz con-
tinuous (e.g., [39]) and hence Fr6chet ditterentiability follows.) A sufficient condition
for such linearity is that the function (u) is quadratic and C is a linear space. It is
not difficult to see that the critical cone C becomes a linear space if and only if
I_J{J+(A): A Eo} ={1,... ,p}. When Ao is a singleton this mean that all Lagrange
multipliers are positive, i.e., there is strict complementary slackness. Moreover, if Ao
is a singleton, then/x(u) is quadratic and the strict complementary slackness becomes
a necessary and sufficient condition for differentiability of P,. In the case where the
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gradient vectors of the constraint functions are linearly independent this result is due
to Malanowski [19].

Now suppose that the functions gi, i= 1,..., p, are aft)ne. Then

(6.4) zr(u, v)=(v-u)rO(v-u)

and we obtain the following result.
COROLLARY 6.2. Suppose that gi, i= 1,.-., p, are affine functions and the Slater

condition holds. Then Pn is directionally differentiable at Yo and P(Yo; v) is equal to the
minimizer of the quadratic function given in (6.4) over the set ,(v).

If in addition the norm I1" is Euclidean, then P(Yo; v) is given by the metric
projection of v onto the set X(v). When the (affme) functions g, i= 1,...,p, are
independent of y, and hence X(v)= C for all v, this result is due to Haraux [12].

COROLLARY 6.3. Suppose that Ao {Ao} is a singleton. Then Pn is directionally
differentiable at Yo and P(Yo; v) is equal to the minimizer of the quadratic function
o(’, v) over Xo(v).

Notice that in the cases of Corollaries 6.1-6.3 the directional derivative Ph(Yo; v)
is continuous in v.
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A CONTROLLER DEGREE BOUND FOR
;/’-OPTIMAL CONTROL PROBLEMS OF THE SECOND KIND*

D. J. N. LIMEBEERf AND G. D. HALIKIASf

Abstract. This paper is a continuation of our work on -optimal control problems which may be
embedded in the linear fractional configuration of Fig. 1. In two previous articles [19], [20], a controller
degree bound was established for problems in which both Pt2(s) and P2(s) are square (problems of the
first kind). If the McMillan degree of P(s) is n, it was shown that there exist -optimal controllers with
McMillan degree no greater than n -1.

Here we switch our attention to problems of the second kind. That is, we allow P2(s) to have more
rows than columns (with P2(s) square), or alternatively, we allow P2(s) to have more columns than rows
(with P(s) square). Our main result shows that the degree bound derived previously for problems of the
first kind carries over to problems of the second kind without change. In addition to the controller degree
bound, our analysis suggests a number of modifications which are easily made to currently available computer
programs [7], [26]. Test calculations (for problems of the second kind) show that these improvements result
in a marked reduction in computation time and also enhance the numerical robustness of the software.

Key words. -optimal control, approximation theory, cancellations, degree bound, Nehari’s theorem

AMS (MOS) subject classification. 93C35

1. Introduction. The generalized regulator in Fig. has been adopted as the standard
configuration on which -optimal control studies are based. By appropriately choos-
ing the four partitions of P(s), most design examples of engineering interest may.be
embedded in this diagram. Early studies were special in the sense that P12(s) and
P21(s) could be chosen square. Examples of such problems (which we call problems
of the first kind) are the optimal sensitivity problem [5], [11], [12], [25], [30], [31],
and the robust stabilization problem [15], [16]. Problems of the first kind have now
been fully analysed and a controller degree bound has also been found [19], [20].
Although this class of problems admits a particularly elegant and simple solution, it
is too special for most practical engineering problems.

If we allow one of the off-diagonal blocks of P(s) to be nonsquare, the range of
problems which we may study becomes considerably larger. We call such problems,
problems of the second kind. A popular example of which is the so-called mixed-
sensitivity problem [8], [9], [10], [13], [27]. As one would expect, this enlarged class
of problems is more difficult to analyse as well as being computationally more demand-
ing. In this paper we carry out a detailed analysis of these problems and prove that

ff(s) y(s)=R(s)u:(s)

lYa(S)

FIG. 1. Generalised regulator configuration.
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the transition from problems of the first kind to problems of the second kind is free
in terms of the controller state dimension. We believe that this is a most surprising
and encouraging development. Despite advances in microprocessor technology, the
potentially high McMillan degree of %-optimal controllers is an issue which worries
engineers. The implementation of high order controllers is not necessarily straight-
forward. Computation time constraints and finite precision effects are the obvious
bugbears.

In a conference paper [21] we derived a bound of 2n- 1 (where n =deg (P)) for
the degree of a class of -optimal controllers for problems of the second kind.
I. Postlethwaite and his colleagues inform us that several of their computer
examples suggest the existence of controllers requiring only n- 1 states. Subsequent
to their comments, we traced this discrepancy (of n states) to a weak step in our
original (unpublished) proof. This oversight has been rectified, and the present paper
contains a cancellation analysis of the state-space algorithm described in [7], [26].
This work has not only lead to the degree bound, but it has also suggested a number
of improvements to our current software [26].

A recent paper by Ball and Cohen [4] addresses the central model matching
problem from a geometric viewpoint. Although their approach is still essentially
iterative, it may lead to better computer algorithms and a shorter proof of the controller
degree bound. This work may also be helpful in the case of problems of the third kind.

Section 2 contains the notation, a problem description and a brief review of the
parametrization and optimization theory. In 3 we use Riccati equation balancing
techniques to derive minimal realizations for the transfer functions associated with the
model-matching problem [7], [26]. Section 4 contains the cancellation analysis, the
degree bound derivation and some computer time trials. The conclusions are in 5.
All the detailed calculations are contained in appendices at the end of the paper.

2. Notation and background theory.

2.1. Notation.
R, R+, C
(s)
IFm!
C+,C+
C_,C_
(A), (A)

A*
A_>-0, A>0
A-<0, A <0

Re (s), g, Is[
G*(s)

real, nonnegative and complex numbers;
field of rational functions in s with real coefficients;
set of rn x matrices with elements in IF (=1, C, l(s) etc.);
open (respectively, closed) right half-plane;
open (respectively, closed) left half-plane;
eigenvalue of a square matrix A, largest eigenvalue of A;
complex conjugate transpose of A C"t (transpose if A ff,,l)
A is positive semidefinite (respectively, positive definite);
A is negative semidefinite (respectively, negative definite);
space of matrices in I(s)"lwhich have no poles on the jw axis
(including the point at oo);
-norm of matrices in;
subspaces of; matrices which have no poles in / (respectively,
c_);
Hankel operator.associated with G(s)
ith Hankel singular value of G(s) (i.e., of F) in decreasing order of
magnitude;

trl(G(s)), the Hankel norm of G(s);
the real part, complex conjugate and modulus of s C;

G(-g)*, the para-Hermitian conjugate of G(s);
implies, is implied by, if and only if.
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Associated with. a transfer function matrix G(s) R(s)" of McMillan degree n
is a state-space realisation

(2.1) G(s)= D+C(sI-A)-B

where A R"" B ,! C "" and D t We will use the alternative notation
G(s) (A, B, C, D) or

(2.2) G(s)=
C

In the notation above, we have G*(s) (-A*, C*,-B*, D*) and in the case that
D is nonsingular, we also have G-(s) (A-BD-C, BD-,-D-C,D-1). If
G-(s) G*(s), then G(s) is all-pass. G(s) is called asymptotically stable if it has no
poles in C/.

If G(s) (A, B, C, D), the system matrix ofthe given realisation is defined as [24]"

and the system zeros are defined to be the points at which the system matrix loses
normal rank. In the case when D is nonsingular, the system zeros are also given by
A (A BD-1C). The input decoupling zeros (uncontrollable modes) are points at which
[sI-AIB] loses rank. The output decoupling zeros (unobservable modes) are the
points at which [sI-A*IC*] loses rank. In the sequel, the term "zero" refers to
"system zero" unless stated otherwise. Obviously, {input decoupling zeros} U {output
decoupling zeros} are a subset of both A (A) and the set of system zeros. The realisation
(A, B, C, D) is minimal if it has no input/output decoupling zeros. A sufficient condition
for this is that all system zeros are distinct from A (A).

If G(s) - (A, B, C, D) and G2(s) _s__ (A2, B2, C2, D2) then the cascade system
GG2(s) has a realisation given by

EA B], [A2CI D C2

B2 q A BIC2 BD2
0 A2 B2DE

where we have taken the "multiplication" of two realisations to mean cascading the
two systems. This is not to be confused with ordinary matrix multiplication. The context
will always make the distinction between these two possible interpretations clear.

If a basis change T is introduced into the state space of G(s), we will take this
to mean G(s) (TAT-l, TB, CT-, D). The McMillan degree of G(s) will be written
as deg (G) and the set of poles (zeros) of G(s) will be denoted {poles of G} ({zeros
of G}).

Let P(s) bc a partitioncd matrix with a state space rcalisation given by

(2.3) P(s)= P22j(s)= C D,, D,2

C2 D2 D2

then

(2.4) Pti(s) C,(sI A)-Bj + D0
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is a state-space realisation of Po(s). A linear fractional transformation for the partitioned
matrix P and a matrix K is defined as

F(P, K) P + P12K(I- P22K)-P2
where K is of dimension x m if P22 has dimension m x I.

When proving the main theorem of this paper we will require a standard result
describing the properties of the solutions of algebraic Riccati equations of the form

(2.5) A*P+ PA + PBB*P+ C*C O.

The Hamiltonian matrix associated with (2.5) is

[ABB*](2.6) H=
-C*C -A*

LEMMA 2.1. (i) If (A, B) is stabilisable and H isfree ofimaginary axis eigenvalues,
there exists a unique stabilising solution P P*>-0 to (2.5).

(ii) If (A, C) is observable, every solution P to (2.5) is nonsingular.
Proof. The proof of the first part is essentially due to Kuera 17], although Doyle

noted that changing the sign of quadratic term in (2.5) did not invalidate Kuera’s
proof [7].

To prove the second part, we suppose for contradiction that P is singular. This
supposition means that there exists v 0 such that Pv =0. Now v*(2.5)vCv =0 and
(2.5)v=C, PAv=O. if v’:= Av, then v’*(2.5)v’=c, Cv’= CAv=O and (2.5)v’:=>pAEv=O.
Continuing in this way gives Cv O, CAv O, , CAn-. v 0 or
v*[ C* A*C* .IA"-*c*]--0 which contradicts the assumed observability of
(A, C). Since these arguments apply to any solution, every solution P to (2.5) is
nonsingular. 13

2.2. Problem description. The aim of our work is to analyse the cancellation
phenomena which occur in the general class of design problems characterised by
the assumptions that P21(s) is square while P12(s) has more rows than columns..We
also assume that D21 is nonsingular, D2 has full column rank and that Re (A(A-
BDC2))O and Re(A(A-B2(D*2D2)-D2C))#O. If we consider 97(s), it is
easy to see that an equivalent characterisation is given by the assumptions that P2(s)
is square while P(s) has more columns than rows. Any problem fitting either of these
alternative descriptions will be called a problem of the second kind. Our analysis will
show that certain cancellations are a direct consequence of t optimality.

The weighted sensitivity problem [5], [9], [10], [12], [13], [25], [30], [31] is given
by

(2.7)

where .. is the set of stabilizing compensators. By choosing

(2.8) P(s)=[ WW’ G](s)
wl

we may embed this problem in the generalized regulator configuration in Fig. 1. Since

(2.9) (s) Ft(P, -K) P P2K(I / PEEK)-IP2

direct comparison with (2.9) reveals that

(2.10) (s) Ft(P(s),-K(s)).
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In the case that G(s) is square, this problem falls into the class of problems of the
first kind which have been analysed elsewhere [19], [20]. If, on the other hand, G(s)
has more outputs than inputs and W:(s) is square, Pl:(S)= W:G(s) will have more
rows than columns giving rise to a problem of the second kind.

Another problem which has received attention is the mixed sensitivity problem
[8], [9], [10], [13], [27]. In this case we seek

(2.11) inf Ill W:GK(I+GK)-IW1]II=inf II   (s)lloo,
KZ Ws(I + GK)-l Wl K_

Setting

(2.12)

we have that

P,s(S) w w1 (s)
w,

(2.13) ,,s(s) FI(P,,s(s),-K(s))
which is also an example of a problem of the second kind.

Several other problems of the second kind may be found in the literature. See for
example [9], [13] and the numerous references therein. Rather than analyse these
problems individually, we have chosen to identify the common characteristics shared
by all control problems of the second kind.

2.3. Review of oo optimisation theory. In this section we will briefly mention the
Yt theory which is required in the later analysis. In the next subsection we summarize
the Youla parametrisation [6], [29] which is used to characterise the class of all
stabilising compensators and the corresponding closed-loop transfer functions (s)
in Fig. 1. Following that, the closed loop transfer functions which have minimum
norm are identified.

2.3.1. Parametrization of all stabilising controllers. Let P(s) in Fig. be given by

(2.14) P(s)=[ PII PI2](s) ’C Dll DI2P21 P2:J C2 I D22
and suppose that (A, B:, C:) is stabilisable and detectable. We remind the reader that
there is no loss of generality in assuming that D: I and that Dr2 is part of an
orthogonal matrix [20], [26]. It is always possible to achieve this by a constant rescaling
of the problem. Under these assumptions there exist unique stabilising positive semi-
definite solutions to the algebraic Riccati equations [7], [26]
(2.15) .T.(A B2D*12Cl) + (A B:D*2C,)*Y B2B* + C* D_D*C, 0

and

(2.16) (A-B1C:)*+(A-B,C:)-C*C:=O.
D_ has been chosen to make the augmented matrix [DI:]D_] orthogonal [7], [26].
Associated with these two Riccati equations we have the stabilizing matrices F and H
given by [7], [20], [26],

(2.17) F= D*2C, + B*z
and

(2.18) H= B, +C*
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(2.19)
and

(2.20)
in which

(2.21)

and

Tll T12(2.22)
T21 0

The Youla parametrization theory allows us to write [6], [7], [23], [26], [29]
t(s) T1, T,2XT2,](s)

K(s) Ft(Ko(s), X(s))

Ko(s)
A B2F HC2 q- HD22F

-F

C2 D22F

H B2 HD22
0 I
I .022

A- B2F B2F
T_] = 0 A- HC2
0 J C-D12F D2F

0 C2

BI B2 -Y#C* D+/-
-c’2 o o
D D2 D+/-
I 0 0

3# is the Moore-Penrose generalized inverse of 3. With the particular choice of the
matrices F and H given in (2.17) and (2.18), T21 and T21T+/-] are inner [7], [26]. We
call T+/-(s) an inner or all-pass extension of T12(s).

2.3.2. The y-iteration. In this section we will outline an algorithm [7], [8], [9],
[10], [13], [26], [27] which reduces the problem of finding an upper bound for

(2.23)

to the Nehari problem [22] of identifying those matrices in which are closest
(in the sense of the -norm to a given point (matrix) in w. The approach will
be to generate a sequence yi [IRi(s)lloo lIT1,-T,2XiT2,11o which converges on Yopt
(from above). In applications, the calculation of this sequence is terminated when an
upper bound a for )’opt has been found such that (a-)’opt) < E for some sufficiently
small e > 0.

It may be seen from (2.19) that

(2.24) l(s) ( Tll-[T12’ T+/-][] T2,) (s).

Since ITs2] T+/-](s) and T2(s) are inner and thus norm-preserving, we can write

(2.25)

T*2T T*21- X
T* T, T*21(s s)]]lo

(RI-X)($)

-{(C,- D,2F)*D,, + YB,}C2O
-(A- HC2)*

(C1-D2F)*DI
-C’2
D*D
D*_Dll

and a routine direct calculation from (2.22) shows that

(2.26) -(A-BzF)*
+/- 0

-B2*
D**_Gy#

F D*lzD,,C2
D*_LDl C2

=R(s) is completely unstable.
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We also observe that if

(2.27) II-(s.)ll-<

then

(2.28) (.25)(R- X)*(s)(R,- X)(s) <-_ ,I- R* (s)R:(s) M*(s)M(s)

where M(s) is a stable and minimum-phase spectral factor of y21-R*2(s)R2(s) (the
existence of which requires y=> IIR=(s)ll). Continuing, we deduce from (2.28) that

(2.29a) IIRM-’(s)- XM-’(s)ll= <-- 1.

Decomposing RM-(s) into stable and unstable parts gives

(2.29b) II[R,M-’(s)]--(s)II I <= 1

in which

(2.30) (s) [RIM-(s)]+ + XM-(s).
Rearranging leads to

(2.31) X(s)=(f((s)-[RM-(s)]+)M(s).
We observe that (2.29) is a Nehari or optimal approximation problem [14], [22].
The specific algorithm for the y-iteration is essentially a binary search procedure

which is described elsewhere [7], [9], [10], [13], [26], [27].

2.3.3. Characterization of all solutions to the Nehari approximation problem. The
purpose of the y-iteration, which was mentioned in the last subsection, was to reduce
the problem in (2.23) to a Nehari problem. That is, the problem of finding all X(s)s
which achieve

(2.32)

or else which satisfy

(2.33)

inf IIB(s)-X*(s)ll

H(s)- X*(s)ll > IIH(s)ll..
Glover [14] has shown that all the solutions to these problems may be characterised
in terms of a balanced realisation of H(s). In [14], this characterisation is in terms of
a linear fractional transformation which contains a free matrix contraction. In [20],
we give a different version of these results which characterize all the solutions in terms
of a bounded real type condition. We will use this characterisation to establish the
main theorem in 4. We refer the reader to Theorem 2.1 and Corollary 2.2, together
with Remarks 2.1-2.4 in [20].

3. Balancing the Riccati equations. Our subsequent analysis is greatly simplified
if the Riccati equations (2.15) and (2.16) have a diagonal balanced structure. As we
have already established [20], this procedure allows us to remove the right half-plane
zeros of the square off-diagonal block of P(s) in the early stages of the analysis. A
similar dimension deflation corresponding to the nonsquare off-diagonal block is also
possible. In addition, the balanced Riccati equations lead directly to a minimal
realisation for

,7%, 0
(s)

(review (2.22)).
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We begin by considering any basis change T in the state-space of P(s) in (2.14).
In the new basis, the realization of P(s) becomes

TAT- TB
(3.1) P(s) = C1V-1 Dll

C2 T-1 D21
and the algebraic Riccati equation (2.15) becomes

D22

(TAT-1- TB2D*2Cl T-l)+( TAT-1- TBD*2C1
(3.2a)

-,TB2B*2 T*, + T-*C* D+/-DC1T-1 =0

where T-* denotes (T-l)*. After pre-multiplication by T* and post-multiplication by
T we get

T*T(A B2D*2C1) + (A- B2D*2C1)*T*T
(3.2b)

T*, TB2B*2 T*E T+ C* D_LD**L C1 0

which shows that 3 undergoes the congruence transformation

(3.3) - T-*E T

Similarly, in the new basis, (2.16) becomes [20]:

(3.4) T-IT-*(A-BIC2)*+(A-B1C2)T-I)T-*- T-IT-*C*2 C2T-IT-*=O
and hence

(3.5) 9 - T9 T*.

Formulae (3.3) and (3.5), together with E =E*_>-0 and 9-9"-->0, show that the
construction in [14, App. B] may be used to select a T so that

(3.6) 3= /
0 L _l0

0

and

(3.7) 9
0

3
0

It is convenient to introduce a permutation matrix J so that

(3.8) jj,= 3 =l2 l
r

0 0

0

Clearly, El > 0 and 22 > O.
In the rest of the analysis we will assume that the realization in (2.14) has been

put into a basis corresponding to balanced Riccati equations. We continue by defining

(3.9) M := J(A- B1C2)J*,

(3.10) Z := A- B2D*2Cl
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and introduce the partitioning

(3.11)

(3.12)

C,--[C,lCl2],

[B,,B2]=[B,,B B22
which is consistent with that in (3.6). We will also make use of the partitioning

(3.13) C2J* ’:, (2:]
and

(3.14) FJ* [ff’l 2]
which is consistent with that in (3.8). Allowing (3.6) to induce a partitioning on Z and
substituting into (2.15) gives

[1 ] [;121 Z12 rz , ;]+Lz z

+ c
From the (2, 2) block of (3.15) we get

(3. cIc 0Cl 0cCl 0.

Consequently, from the (1, 2) block of (3.15) we obtain

(3.17) 1212=0212=0 (since 1>0).

Finally, the (1, 1) block gives

(3.18) Z+Z BB+CDDC, 0

which is a deflated Riccati equation with a positive definite solution 1. Since

(3.19) A-BF=Z-BB
we get from (3.17) that

A-BF= Z Z BJ 0
(3.0

Since (A-BF) is asymptotically stable, Z is also. We conclude also that each
eigenvalue ofZ corresponds to a stable mode of A-BDCI which is undetectable
chrough DC

A similar procedure has already been applied to (2.16) [20] to obtain

0 M
in which {h(M)} {right half-plane zeros of P}.
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Making use of (3.12), (3.14), (3.16), (3.20), (3.21) and (2.15), we can rewrite (2.22)
as

(3.22)

T T2 T+/-]T21 0 0

Z- B2B*2Y
+/- 0

D+/-D*C D2B*12,
0

B12F1 Bll
-EMSE --221

D12F1
CI I

B12 , -(1C D_L
0

D_
0

We also note that the change of basis

(3.23) T= []/20
will balance the realisation in (3.22). From the balanced version of (3.22) we obtain

(3.24) T21 (s)
-’21/2M11’2 1
21-1/2 I

which has the identity as both its controllability and observability gramians. We
conclude, therefore, that (3.24) is both a minimal and a balanced realisation of T21(s).
We also deduce that

(3.25) r,2J r] D+/-D**_CE
11/2B12 --Y-.,, 71/2 C1$1D+/- ]D12

is balanced with controllability and observability gramians the identity; this
realisation is thus also minimal.

We conclude this section by pointing out that the realisation in (3.22) is also
minimal. This may be established by proving that all the system zeros in (3.22) lie in
the open right half-plane and consequently cannot cancel any of the poles of this
realisation which lie in the left half-plane. An almost identical argument may be found
in 3 in [20].

As one would expect, replacing the realisation (2.22) with (3.22) allows the
realisation in (2.26) to be reduced to

(3.26)

-(ZI- BI2B*2,i)*
0

R s "B* -1D_LC11E

AR(1, 2) BR(1, 1)

M E2(21

D*,DCI D*D
where

AR(1, 2) C’liD+/-DD,, 21 + XlB,, 21 ,lB12D*12Dll 21
and

BR(1, 1)= C*,D+/-D*Dll-,lB12D*2D,, +XlBI.

The realisation in (3.26) need not be minimal. The results of the analysis of this section
are summarised in the following lemma.
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LEMMA 3.1.
(i) (a) The number of zeros, of P21 (s) in C+ rank ()

(b) The number ofstable modes ofA- B2D*2Cl which are undetectable through
D*Cl rank defect ()

(ii) The realization (3.22) is minimal with McMillan degree rank () + rank ()
(iii) The realization (3.24) is minimal and deg (T21)= rank ()
(iv) The realization (3.25) is minimal and deg ([ T12l T+/-])= rank ()
(v) deg (R)-<rank ()+rank () (see 3.26).

4. Main results. In this section we combine the results we have already obtained
with a new theorem to obtain the controller degree bound for all problems of the
second kind. We will be treating both the optimal and suboptimal cases.

Suppose n deg (P), deg () and let c (number of cancellations which occur
between P(s) and K(s) as a result of closing the feedback loop in Fig. 1). Then

(4.1) t=n+deg(K)-c,

that is,

(4.2) deg K <- tb + Cb n

where tb and Cb are upper bounds on and c, respectively. We will derive the upper
bound tb in 4.1 while Cb will be found in 4.2. These results will be combined in
4.3 to give our main theorem.

4.1. An upper bound for the McMillan degree of all closed loop systems of the
second kind. Our derivation of the bound t for the degree of the closed loop requires
several steps. Before stating and proving the main theorem of this section we will
briefly sketch the route we intend to take:

(a) The reader will recall from Lemma 3.1(ii) that

[ Tll Tl2 +/-] rank () + rank (9).(4.3) deg
T21 0

(b) If Tll and TEl are all-pass right coprime, and Tll and T12[ Tx] are all-pass
left coprime, we have shown that [20, Thm. 4.1]

R1 deg rank () + rank ()).(4.4) deg
RE T*

Tll and TEl will be called all-pass right coprime if in

(4.5)
TEl

(s)= 21
all all-pass common right divisors A(s) of Tll(s) and T12(s) are constant orthogonal
matrices. All-pass left coprimeness is defined in a similar way.

(c) We will assume throughout that the all-pass coprimeness condition is satisfied.
If this is not the case, there is always a factorisation

Tll T12 A,(s) 0 Tll T12 Ar(s)
(4.6)

T21 0
(s)

0 I 21 0 0.

in which ll and ’21 are all-pass right coprime, and ll and [’121 ’aY] are all-pass left
coprime [20, Thm. 4.1]. For reasons which are almost identical to those given in [20],
the existence or nonexistence of these all-pass common factors males no difference
to the bound tb that we seek.
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(d) Next, it will be proved that

(4.7) deg ([RM-1]_)-< rank (3) +rank ().

We remind the reader that the definition of M(s) may be found in (2.28). In the
hypothesis of Theorem 4.1 we will assume that. (4.7) is met with equality since this
assumption simplifies one of our later calculations.

(e) Section 4.1(d), together with the work of Glover [14], ensures that

(4.8a) deg (X) =< rank () + rank () + deg (U)- 1

in the optimal case, and

(4.8b) deg (X) -< rank () + rank () + deg (U)

in the suboptimal case. In the above U(s) X_ is a free matrix contraction to be
chosen by the designer and .(s) is defined in (2.29b).

(f) We will prove that

(4.9) deg (X) -<_ deg (.)
and that

(4.10) deg () _-< deg (X).

X(s) and .(s) are related in (2.31). Consequently,

(4.1 la) tb rank (3) + rank () + deg (U) 1

in the optimal case, or

(4.11b) tb rank (3) + rank () + deg (U)

in the suboptimal case. In the first instance the reader may wish to skip to 4.2-4.4.
In this way we may get an initial overview without getting swamped in the details
surrounding the proofs of claims (d)-(f) above; these details are considerable.

The general form of the state space model for

[TIlTI2T-I- 1T21 0 0
s)

(in (3.22)) is the basis of the hypothesis for our next theorem.
THEOREM 4.1.

(4.12)

Let

All

T2 0
(s)=

C
0

be asymptotically stable and suppose also that

s[A22 B21](i) T2(s)=
C22 I

is. all.pass, minimal and balanced;

(ii) .[ TI2 Th](s)

AI2 ell
A22 321
C12 Ol
C22 I

B12 B13
0 0

D12 D13
0 0
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(iii)

(iv)

(4.13)

(4.14)

Then

is all-pass, minimal and balanced;

Tl(S) and T:(s) are all-pass right coprime;

Tl(S) and T12] T2] are all-pass left coprime;

(V) D13C12-O;

(vi) A12 -’[- Cll C12 0.

(4.15)

(a)

-C*D,,B*- B,,B*
-A

D*2(DI B*21-F C,2)
-D*13DllB*2

C*DI + BI

D*2D
D*13D

is a minimal balanced realisation.

[-* F*E ’/2](4.16) (b) (R1M-1)_ _/, 0

where the matrices E and F are defined in the proof; see (4.41) and (4.45), respectively.

(c) If (R1M-1)- [-* F*E1/2]-l* o
is minimal and

is chosen so that

(4.17)

2(s) := c D

0

[(R,M-’)_ + ff](s) 0

satisfies the bounded real-type equations

-(.P+ P,* +//*)(4.18) -(//* + dP)
and their duals

(4.19) [-(*O+-(f3*d +/*Q)

-(BD* ~+.PC*) L*
I- DD*

I-b* W’ [Ld

in which

(4.20) (i) QP I

and

(4.21) (ii) L*=[0 L2*,]; La [0 L21a]
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where the partitioning in (4.21) is conformal with that in (4.17).
Then

(4.22) (1)

(4.23) (2)

{poles of X}
_

{poles of .},
{poles of T + T12XT21} {poles of .}.

Explicitformulaefor X(s) and [TI + T12XT21](s) are given in (4.59) and (4.71) below.
Remark 4.1. The validity of the bounds in (4.11) is proven by applying Theorem

4.1 to a balanced version of (3.22). In this regard we should note the following:
(a) The general form of the realisations in (3.22) and (4.12) is the same.
(b) T21 and [T21T+/-] are both inner and their realizations are minimal and

balanced.
(c) Equations (4.13) and (4.14) are easily seen to be satisfied after balancing

(3.22). This will also be true should it be necessary to extract all-pass common factors.
(d) Theorem 2.1 and Cor. 2.2 in [20] ensure that the error systems corresponding

to any Nehari or suboptimal extension of [RM-]_ will satisfy the bounded real-type
equations (4.18) and (4.19).

(e) Theorem 4.1 and Lemma 3.1(ii) thus establish the validity of (4.7)-(4.11).
Remark 4.2. In the case that the final value of y > Yt, the cancellation phenomena

predicted by Theorem 4.1 can only be guaranteed if X(s) is a suboptimal extension
of (RM-)_(s) corresponding ,to an error system with an infinity norm of one.

Proof In the interests of clarity, we have relegated long calculations and the
treatment of certain technical, details to a sequence of appendices. The appendices and
the main body of the proof will share common notation.

The assumed properties of the realisation of T(s) enforces

(4.24) A22 + 32*2 + B2,B*2 0

and

(4.25) C22 -B2*.
Similarly, the realisation of [ T21T2] must satisfy

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

All " A*1 + B12Bf2 - BI3Blq:3 0,

A11+ A* + C11C* =O,

D*C+ B* O,

D*3C + B*3 O,

DI2B2+ D13B3 + Cll 0,

O,2 D,3][D,2 IO,3]* I.

The reader may wish to consult Glover 14, Thm. 5.1 for a state-space characterisation
of all-pass matrices.

From (4.12) and (,4.25) we get

IAll A12 BI1 1T T2* 0 A22 B21_ *
CI C2 DI
"A A12 B12B2*1
0 A22 B2B*2
0 0 -A2"2
Cll C!2 DB*2

/11
B2
.B21
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Introducing the change of basis

I 0 01T-- 0 I -I
0 0 I

and making use of (4.24) gives

(4.32)

A A12 AI2+BIIB1 Bll
0 A22 0 0
0 0 -A2*2 B21
C C12 DlB2*+C2 D

0 -A2"2 B21

Next,

-A*I C*C,, C*(D,,B + C,2)
0 A A2+BB*2
0 0 -3*22

-B*2 D*2C,, D*2(D,,B*I + C,2)
-B*a D*aC,1 D*aD,,B*2

by (4.13). Introducing the change of basis

I
T= 0

0 01
and invoking (4.14), (4.27)-(4.29) gives

(4.33)

R,] (s)
R

-C*D,,B*2- B,,B*2
-A*:

D*2(D,, B2* + C,)
D*3DI B*21

C*D +B"
n21

D*12D
D*3D

which is the same as (4.15). The minimality of this realisation follows from assumptions
(i)-(iv) together with Limebeer and Hung [20, Thm. 4.1]. This completes the proof
of (a).
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We begin the proof of the remainder of the theorem by writing down the equations
describing the spectral factorization of (),2i_ R’R2)(s). Clearly,

(4.34) y2I R*2 R2)(s) = .0 -,*. -*
Our first step is to carry out the decomposition

(4.35) (,2I_ RR2)(s) Z(s) + Z*(s)

in which Z(s) is positive real. Since is asymptotically stable, there exists a unique
O = O* 0 which satisfies the Lyapunov equation

(4.36) O+O*+2 0.

For our later convenience we will also introduce the paitioning

(4.37)

which is conformable with that of A in (4.33).
The change of basis

in the state space of (4.34) gives

(4.39)

in which

Z(s) [, N,-C,1/2]

(4.40) N= #0*+0g’* [ N’]N
where the partitioning is also induced by that in (4.33). Finally,

(4.41 E ),21 -/)2/2".
The spectral factor M(s) may now be expressed in terms of the unique positive definite
solution of the Riccati equation [ 1 ]

(4.42) Y(+NE-)+(+NE-)*Y+ YNE-N*Y+*E-=O.
The next lemma shows that the required solution to (4.42) always exists.
LEMMA A. The Riccati equation (4.42) always has a unique positive definite

stabilizing solution.
Proof. See Appendix A.
As with (4.37), the solution to (4,42) has a partitioning induced by (4.33):

(4.43) y=
Y* YJ"

Since Y is stabilising,

(4.44)

in which

(4.45)

M(s) = [., N,-E’/F, E ’/]

F E-l( + N* Y) FIF2
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is a minimum phase spectral factor (it is easy to check that M*(s)M(s) Z(s) + Z*(s)).
y > IIR_II ensures the positive definiteness of E and therefore that

(4.46) M-(s) [+ NF, NE-/2, F, E-/2]

is proper.
We will now carry out the calculations which lead to.state space realisations of

RM-(s), [RM-(s)]+, and [RIM-(s)]_.

(4.47)
I-A*RM-(s) _.
I -A*0

0"] [A+NF NE-I/21
* * F E-’/2 J
*F *E-/21,+ NF NE-/2

* F J* E-’/2

The change of basis

in the state space of (4.47) together with (4.42) and (4.45) yields

(4.48)
-A* 0

RM-(s) - 0 ,+ NF F*E /2

1NE-/2

J* E-/2

In (4.48) we note that -,* is completely unstable while ,+ NF is asymptotically
stable. Thus

(4.49) RM-(s)]_ I-A*, F*E/2,.-*, O]

and

(4.50) [R,M-’(s)]+ = [A+ NF, NE-’/:, )* F+ ;* Y,

The remainder of the proof is based on detailed manipulations requiring various
partitions of the bounded real-type equations (4.18) and (4.19). The (1, 1) and (2, 1)
blocks of (4..18) may be written out in full as

I-A*O0 -(C*1D1+B)B*21_A,220 AoO II PIp,aP*2 P2,aP12p22 P13lP23P33
P22 P23 -B2(DfiC + B*) -A2: 0

P2"3 P33 0 0 ,,*

P,
+ P*2

P*3
(4.51)

F*2E ’/2 [E’/2FI E’/2F2 /*]+ 0 [0 0 L2*l]=O
B L:
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and

(4.52) [E’/2F1 E’/2F2 /*]+[-/* -/2"
P PI2 P3

] P*2 P22 PEa
P3 P23 P33

+w[o o L2*] O.

In the same way the (1, 1) and (2, 1) blocks of (4.19) may be written out as

(4.53)

-B2,(D*C+B*) -A22 0 Q*2 Q22 Q23
0 0 A* Q*3 Q2"3 Q33

+ Q*2 Q22 Q23 0 -A2"2 0

Ql*3 Q2"3 Q33 0 0 ,
+ -2 [-/*-/2" t]+ 0 [0 0 L2d]=0

C* Lld

and

(4.54)
Q Q2 Q3

+ Wd*[0 0 L2d]=0.

An easy rearrangement shows that (4.42) may be written in the alternative form

(4.55) Y,+,* Y+ F*EF=O

which together with (4.51) yields

Y*: Y22_1 P*2 P::
The (1, 1) block of (4.53) together with (4.26), (4.36) and (4.37) yields

(4.57) I+Q=O.

Next, we have

X(s) ff (RM-)+)M(s)

0 A+ NF
C O*F+*Y

-NE-/2 ,
if) -E/2F

D*t E-l/2 +
El

0 -Ei/2F E/2

A+ NF NF N
0 A N
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which after the change of basis

I 0 01T= 0 I I
0 0 I

becomes

(4.58)

The change of basis

X(s)= 0 A N

I P*3 P2"3"1T= 0 I 0

0 0 I

together with the (3, 1) and (3,2) blocks of (4.51), and the (1, 1) and (1,2) blocks of
(4.52), gives

r ,,,,"’+.,.,,,,, +(4.59) X(s) L ff)E ’12- D* J
thereby proving (4.22).

The last part of the proof is concerned with showing that (4.23) is true. We will
establish this by a chain of intricate manipulations of the state-space realization of
T12XY2(s). From (4.12) and (4.59) we have

T,XT,(s) C,- D,J )E’i-D* LCa I

(4.60) All B,2(IE ’i2- D*t )C22 B,2 BI2(6Ell2- *1)
0 A22 0 B2I
0 (/E/2+ P*aN + P*23N2)C22 , /E1/2+ P*3Nt + P*aN2
Cll D,(IE Ii’’’’S- ,,)c:: D,,e D12(Ei/ ]*l)

The first change of basis in the state space of (4.60) is given by
I 0 -Q

(4.61) T= 0 I 0

0 0 I

This together with the (1, 3) block of (4.53) gives

(4.62)

0

0

Our next lemma gives a simplified expression for II in (4.62).

II

B21
E’/+ P*t3N, + P*3N2
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LEMMA B.

Proof See Appendix B.
A second change of basis

(4.63)

H (02- Q2)B2- B.

I Q12-O12 0

T= 0 I 0
0 0 I

gives

T2XT2t s) =
LEMMA C.

Proof. See Appendix C.
Making use of Lemma C yields

(4.64)

A A12 0

0 A22 0
T’2XT2’(s)

0 -(/E’/2 + P*3N, + P*3N2)C2,
C,I -D,2(IE ’/2- /t*)C22 + C,,(Q,2-0,2) D,2-t-C,,Q,’3

(4.65) + Z(C*D,, + B,,)E-’(D* C,, + B*)Z

+ B,s[I + D*sD,, E-’D*D,s]B,s O.

Further,

(4.66) Ho (B,3D*3D,, + Zo( C*D,, + B,,))E-’

is a destabilizing output injection for A, (D*C+ B])]. In other words, Re A (A +
Ho(D,*, c,, + B,*,)] > o.

(b) The stabilizing solution to (4.42) is related to Zo and 0 by

(4.67) y_l+o= IZo 0 ]0 )’21
where the partitioning is induced by that in (4.37) and (4.43).

Proof See Appendix D.
For convenience we introduce the notation

{A,, + B,3D*3D,,E-’(D* C,, + B*)}Z + Z{A,, + B,3D*3D,,E-’(D* C,, + B*)}*

Before continuing further, we need to link O and Y (the solutions to (4.36) and (4.42),
respectively). This connection is provided next.

LEMMA D. (a) There exists a unique "largest" solution Zo to the Riccati equation
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and the last transformation we require is

I 0 0

(4.69) T= 0 I 0.

0 P1"3 rl 2 -}- P2"3 "22 I

Applying this to (4.64) gives

(4.70)

All A12 0

0 A22 0
T12XT2 0 c

Cll D12 + CllQ13

-Bll
--/21

D12()E1/2 ]l

LEMMA E.

’kI3’ C12

A E’/2+ P*3B,3D*3D,, + P*23C*22E + (P*30,, + P230,2)(C*1,D,,* * + B,,).

Proof. See Appendix E.
Invoking Lemma E gives

(4.71) (TI+ T2XT2)(s) D,2d+ClQ13
which verifies (4.23) and concludes our proof. I-!

D,2(IE ’/2 *

in which P2(s) E Rp’xm2(s) with p >-_ m and P2(s) E RP2"’(s) with ml >-_p2. Suppose
also that

(4.73) K(s)= /

is a minimal realization and that the well-posedness condition det (I-D22D)# 0 is

satisfied. Then, in the closed loop of Fig. 1,

(a) Every unobservable mode (from y) is a Smith zero of

(4.74) [ sI A B2 ]Cl DI2

4.2.. The bound eb. We will establish Cb by counting those points, (including
multiplicities) at which cancellations may occur in F(P(s),-K(s)) in the case that
K (s) is stabilizing.

Theorem 4.2 below shows that every uncontrollable mode in Ft(P(s),-K(s)) is
due to a cancellation at a zero of P2(s). In the case that K(s) is (internally) stabilizing,
the number of uncontrollable modes is bounded above by the number of zeros of
PE(S) in C_ (counting multiplicities). In the same way, the number of unobservable
modes is bounded above by the number ofzeros of P2(s in C_ (counting multiplicities).

THEOREM 4.2 [2], [19], [20]. Let

[PII P121 : ’Cl" DI D12(4.72)
I_P2 P22J

C2 D2 D22
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(b) Every uncontrollable mode (from u) is a Smith zero of

(4.75)
sI-A B
C D_

Proof. See [19], [20].
Theorem 4.2 thus allows us to write

cb {number of zeros of Pl: in e_} + {number of zeros of zeros of P in e_}

and, as a result of Lemma 3.1(i) and Lemma 4.3 below, this becomes

Cb {n-rank (;)} + {n-rank (g))}
(4.76)

2n rank (;) rank ().

Lemma 4.3 provides a link between the Smith zeros of P (A, B, CI, D) and the
modes of (A-BDC1) which are undetectable through DC1.

LEMMA 4.3. Suppose that

(4.77) P(s)=
sI A
C D

is a polynomial matrix of dimension (n + p) x (n + m) with p > m. If D is pa of an
ohogonal matrix and Dz is its ohogonal completion, then every Smith zero of P(s)
is an unobservable mode of [A-BDC, DC] and vice versa.

Proo If so is a Smith zero of P(s), there exists a vector [*lv*]0 such that

(4.78)
k C

We note also that w 0 since if this were not the case, we would have Dzv 0 which
is impossible. From (4.78) we get

(SoI-A)w-Bv=O(4.79)

and

Multiplying (4.80) on the left by [Dzl D_]* gives

(4.81a) D*2Cw + v O,

(4.81b) OC,w=O.

Substituting (4.81a) into (4.79) and combining the result with (4.81b) yields

(4.82) [sI-A+ B2D*2C1] w =ODC
which completes the proof in one direction.

If (4.82)is satisfied, we may write

(4.83) (SoI-A)w-Bzv=O

where

(4.84) v:= -D*zCw.
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Combining (4.84) with the (2, 1) block of (4.82) gives

D* Cw+ =0

and hence also

(4.85) CW + D2t 0.

Finally, we note that (4.85) combined with (4.83) gives (4.78) thereby establishing the
result.

4.3. The controller degree bound. The main theorem is proved by substituting
(4.11) and (4.76) into (4.2).

THEOREM 4.4. For any -optimal control problem of the second kind, every
’-optimal controller satisfies

(4.86) (1) deg(K)<-n+deg(U)-I

and every suboptimal controller (11 (s)[Iv > Topt) satisfies

(4.87) (2) deg(K)<-n+deg(U).

In (4.86) and (4.87), U(s)_ is an arbitrary matrix contraction of specified
dimensions, which may be chosen constant (or even zero).

4.4. Jct’-optimal control problems of the third kind. The n- 1 degree bound has
now been proved in the case of problems of the first and second kind. With this
background it is natural to ask: "Does this bound carry over to problems of the third
kind?" Problems of the third kind are characterized by the assumption that P12(s) in
(2.14) has more rows than columns while P21(s) has more columns than rows. Several
small computer examples (n 1, 2, 3, 4, 5) indicate that the answer to this question is
indeed ".yes." In the case of larger problems, finite precision effects make cancellation
phenomena increasingly difficult to detect. On the basis of these experimental observa-
tions, we offer the following conjecture.

CONJECTURE. For any -optimal control problem of the third kind, every o.
optimal controller satisfies

(i) deg(K)<-n+deg(U)-I

and every suboptimal controller (11 s ]]oo > )’opt) satisfies

(ii) deg(K)<-n+deg(U).

As before, U(s) XC

_
is an arbitrary matrix contraction which may be chosen

constant.

4.5. Computation time trials. In this subsection we present quantitative data which
substantiate our claims regarding the importance of removing cancellation phenomena
from computer software. We performed a number of test computations on both
the original software, and an improved program which takes into account many ofthe
cancellation phenomena predicted by the results in this paper. Both programs were
run on a VAX 750 computer under UNIX. The timing data was obtained using the
UNIX routine dtime. In every case .we allowed the T-iteration to run until the solution
was almost optimal" The computation exited from the iterative loop when/z (see again
(2.29)) was in the interval 1-0.5 x 10-s =</z _-< 1.
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TABLE 4.1

Number of states Modified program Original program

4.517 18.23
2 11.617 67.95
3 53.417 406.98
4 102.47 442.32
6 141.43 692.98
8 215.77 1611.42
14 1128.48 25273.70
17 1703.47 terminated after 12

hours of processor time

The results given in Table 4.1 show the state dimension of P(s), the execution
time of the original program and the execution time of the improved program (both
in seconds). Apart from a marked reduction in computation time, the improved program
demonstrated improved robustness properties.

5. Conclusions. The purpose of this paper has been to generalise the analysis in
[20] to problems of the second kind. if in Fig. 1 deg (P) n, we have shown that any
-optimal control problem of the second kind has an associated controller which
requires no more than n- 1 states, in the case that a suboptimal value of y (> yopt) is
chosen, there is a continuum of controllers with deg (K)-< n. These results are stated
formally in Theorem 4,4.

Our experience has been that the solution of "large" (big n) control problems
is time consuming, especially when several iterations corresponding to various weight
selections are required. Further, long calculations of this type are susceptible to severe
numerical difficulties. The work in this paper has shown that there is considerable
scope for reducing these problems by using cancellation theory to remove state inflation
effects from computer code. Although the level of benefit varies from problem to
problem, a cpu calculation time reduction of between five and ten times is easy to
achieve. The modified code is also considerably more robust from a numerical point
of view.

Appendix A.
Proof of Lemma A. Since A is asymptotically stable, [A, N] is stabilisable.

y> IIR(s)ll,I *=E is positive definite and

[sI-AIN] _E_ E_,/2 =[sI-A-NE-IINE-/2]

ensures that [,+ NE-, NE-/2] is also stabilisable.
The Hamiltonean matrix associated with (4.42) is

H [,+ NE-’ (: NE-’N* ]-O*E-’O -(A+ NE-’ O)*
and we note that

(A.1) {A(n)}_{Smith-McMillan zeros of (y2I-R*2R2)(s)}U{A(,)}U{A(-)}.
Siney > IlR2(s)l[ no Smith-McMillan zero of (y2I R*2R2)(s) lies on the imaginary
axis. This together with the asymptotic stability of A ensures that H is free of imaginary
axis eigenvalues. Finally, the stabilisability of [A+ NE-, NE-/2] and Lemma 1(i)
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ensure the existence of a unique stabilising solution Y Y*-> 0 to (4.42). Part (a) in
the theorem statement ensures that [,,, E-/2(?] is observable and Lemma l(ii)=:> Y is
nonsingular or else that the unique stabilising solution satisfies Y Y*> 0.

Appendix B.
Proof of Lemma B. The change of basis (4.61) in the state space of (4.60) gives

II B,2()E’/-* Q,z(E’/ + P*3N, + P*23N2).
Making use of the (1, 1) block of (4.54) yields

II Q,F* E + Q,2F*E E B,D*D,, Q13P*13N, Q,3P*23N2

From the (1, 1) and (1, 2) blocks of (4.20), and from (4.56), we get

II -S + Q(C*ID + BI)+ QC*-BED*ED
Equation (4.57). gives

II -C*I D, B,1 + (Q,- 0,2)C2"2- B13D*3D, B,D*2D,

Finally, from (4.30) we get

n -B,, + Q,-O,)C*.

Appendix C.
Proof of Lemma C. After the coordinate change (4.61) in (4,60) we get

E (Q O)A22 A(Q O12) -[- B12(IE/ *)C22
Qa(E1/ + P*laN1 + P*23N)C2.

Making use of (4.15) and the (1, 1) block of (4.54) gives

E= (Q-OI)A-AI(QI-OI)- BE.D*lDlC22
Qa(PaNI / P*aN)C2+ (QF*IE + QF*E)C22.

Substituting from the (1, 1) and (1, 2) blocks of (4.20), (4.40), (4.45), (4.24), (4.25).and
(4.15) yields

E (QI O)A Al(Q O1) (BaD*3DI + O11(C*D 4- BI) + O2C*)C2
+ QI(B + CI*D1)C22 B1ED*DC+ Ql(-A22 A2).

Invoking (4.24), (4.25), (4.30) and (4.57) gives

E A(O- Q12)- (Q12- Ol)A*_- BIC.
Finally, the (1, 2) block of (4.36), the (1, 2) block of (4.53) and (4.25) lead to the
required result

E -A2. 13

Appendix D.
Proof ofLemma D. A minor variant of Lemma 2.1(i) shows that the existence of

the destabilising solution Zo is established by proving
(i) [A*, C*DI + BI is controllable;
(ii) The Hamiltonean matrix corresponding to (4.65) is free of imaginary axis

eigenvalues.
The fact that Zo is the largest solution (i.e., Zo-Z >-0 for all other solutions) is only
of peripheral interest and consequently will not be proved here. In fact, all that is
needed is.a minor modification of an argument in [28, Lemma 3].
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We begin by showing that (i) is true. We know from part (a) of Theorem 4.1 and
(4.25) that

(C*IIDll + Bll)C221 [C*llDll + Bll]}-A*2 C*2

is controllable. Next, we suppose for contradiction that (i) is not satisfied. That is,
there exists a vector w #0 such that

w*A*l AW*,

w*( C*IDI + BI) O.

From this we have

(D.1) [w*l] [ 0
(CIID11-t- Bll) C22]-A*2

[-Aw*10]

and

(D.2) [w*10 C*llD’I + B’I =[010

which contradicts part (a) of Theorem 4.1 (which is already proved). This contradiction
establishes (i).

As we will now show, (ii) is in fact a consequence of Lemma A. Direct substitution
into the Hamiltonean in Lemma A gives

H=
(C*ID, + B1,)E-I(D*,C, + B*), -1 ,-CE (DllCll + B*)

N1E C22
A+ N2E-1 C22

-(C,D1, + B1,)E-1C22
-C2E-1C22

NIE -1N*I
NE-’N*

-A*,-(C*D,, + B,,)E-’N*
-C*E-’N*

N1E-I N*2

(B1, + C* D, ,)( E-’ N* Cu)
-A*- C2E-’N*

A tortuous but routine computation based on (4.13), (4.24), (2.25), (4.33), (4.40) and
(4.41) shows that

(D.4)

THT-1

"A*, +(C*1D,, + B,,)E-1D*D,3B*13
-B,3D*3[I + D,,E-’D*]D,3B*3

0

C2E-ID* D,3B*3

(C*D,, + B,,)E-’(D*C,, + B*)
-A,,- B,3D*3D,,E-’(D*C,, + Bl)

0

C*2_E-’(D*Cll + B*)

(C*D + BI)E-1C:,2 0

-B3D*3DE-1C22 0

A*: 0

C2E -1Cg=z -A22
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where

(D.5) T =

0 0 I 0 ]

0 0

Since H in (D.3) is free of imaginary axis eigenvalues (Lemma A), so too is the matrix
in (D.4). Suppose

[(, 1) (, 2)](D.6) S
[.(2, 1) (2, 2)

where (i, j) represents the (i,j)th block of (D.4). Then it is easy to see that
(a) S is the Hamiltonean associated with (4.65);
(b) A(S)c A(H)=}(ii).

This concludes the proof of the existence part of (a).
Let us suppose that the orthogonal matrix W transforms S into an ordered upper

Schur form [ 18], specifically

(D.) S[ Wll W121 .._.. [ Wl W121 [ Tll T121
W21 W22j W21 W22J 0 T22j

in which TI is completely unstable and T22 is asymptotically stable. Substituting from
(D.4) into (D.6) gives

(D.8)
S2I S22J W2,

where

SI {A,1 + B13D3D1,E-1(DCI, +

S12 CD,, + B,I)E-I(DI C,1 + BI),

$2, -B,3(I + D*3D,,E-’D*,D:)B*3,

S22 -S,*,.

and the Riccati equation solution is [18]

(D.9) Zo= W2 W].
Conjugating the (1, 1) block of (D.8) and multiplying on the left by W]* gives

(D.10) ai +{(BI3D*aD +Zo(C*D + BI))E-}(D*C + B)= W-*T*I W*
which proves that Ho in (4.66) is a destabilising output injection. Thus (a) is proved.

The (b) part of the lemma will be established in two steps. First, we will prove
that any solution to (4.65) will generate a solution to (4.42) via (4.67). Following that,
we show that the largest (destabilising) solution to (4.65) generates the stabilising
solution to (4.42).

From (4.55) we get

(D.11) Y-* +/Tt Y-l + y-1F*EFY- =0;

adding this to (4.36) gives

(D.12) Y-I + 0),.* + ,’{( Y-’ + O) + Y-’F*EFY-’+#2*2=O.
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Substituting from (4.67) and writing (D.12) out in full gives

(D.13)

Z
0

in which

(D.14) ft.,2 B2(B* + D*C,,).

Equations (4.40) and (4,25) allow the (2,2) block (denoted (2,2)) of (D.13) to be
written out in full as

(2, 2)= 2A22+ /2A2"2 +[B.,E + N2]E-[EB*2 + N*2]- N2[B*2 + E-’ N*2]

+ N2E-’N*-[B2, + N2E-’]N*2 + B2,(T2I E)B*2.

After we cancel terms this becomes

(D.15)
(2, 2) 3,2(A22 + A’22 + B2,B*2)

=0 by (4.24).

The definitions of N and E in (4.40) and (4.41) allow the (1,2) block of (D.13)
(denoted (1, 2)) to be written out in full as

(1, 2) Zfi.*2 + [Z(C*D,, + B,,) + B,3D*3D,, N,]E-’[-EB*2 N*
N,[B*2 + E-’N*2]+[Z(C*D,, + B,,)+ B,3D*aD,,- N,]E-’N*2

+ N,E-’ N*2 + B,3D*3D,,B*2.

After we cancel terms this becomes

(D.16)
(1, 2) Z(,*2- C*D,, + B,,)B*2)

=0 by (D.14).

Clearly, (2, 1)= 0 follows by symmetry.
As with (D.15) and (D.16), it is easy to show that the (1, 1) block of (D.13) is

zero provided Z is a solution of (4.65). This verification only requires the definitions
of N and N2 in (4.40).
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We now begin a sequence of arguments which prove that the largest solution Z0
to (4.65) generates the stabilizing solution to (4.42). Since Ho in (4.66) is a destabilizing
output injection, and since A22 is stable, the matrix

A*I q-(C*ID,, q- B,,)H*o 0 ](D.17) C*2E-’[D*ID,3B*3 + (D’11Cll + B*ll)Zo

is completely unstable,

A* +(C*D1 + BI)H*o
(D.18) :=>

C*22E-’[D*,D13B*3+(D*,C,,+B*,)Zo]
*_+ (C 1"1D,,. + B1,) C22]A22 "- C22 C22

is completely unstable by (D.14), (4.24) and (4.25), and

[A*I AI2] [C*IlDII+BI](D.19) =:>
0 az*2J

+
C’2 E-[D,lD13B,13+(D,11Cll+B,11)ZolEC22]

is completely unstable by (4.66). Using the notation

(D.20) y-l= Y,1 Y,2

together with (4.67) and (4.40) establishes that

(D.21) (D.19) :=>. [ AI*I Al2] [ C*llDll+Bll ]0 A2*2J
-k-

C2*2
E :-’[fl II]

where

= N* +(D*C,, + B*l) I,+C22*2,
a N2* + (D*I C,, + B*) 19+ C22 I9"22

is completely unstable. Substituting from

(D.22) (4.15) =:> * + *E-’(N* +*)
is completely unstable. From (4.42) we get

(D.23) ,,*+*E-I(N*+*)=-Y{,+NE-’(;+NE-’N*Y},
whence by (4.45)

(D.24) (D.22) =:> + NE-I( + N* Y) ,+ NF
is completely stable. This thus proves that Z0 generates the required solution to
(4.42). l-1

Appendix E.
Proof of Lemma E. We begin by proving that

XIt Cll Q12 O12) D12(/)E 1/2 D,2D1)C22
(E.1)

(D2+ C11Qla)(P*3’2 + P2"322) C2.
From the (1, 1) and (1, 2) blocks of (4,52), and from (4.56) and (4.15), we get

(E.2) -P*3 bE’/FI + B*2 Y,, + D*(DI1B*, + C12 Y2,

(E.3) -dP2*3-- )E’/2F2+ B*2 Y12 + D*2(DllB*2, + C,2) Y22.
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We will also use the three equations from (see (4.68))

y,:
Substituting (E.2), (E.3) and (E.4) into (E.1) gives

XI, Cll(Q12- O12 D,2bE’/2C22 q- D,2bE1/2F, ,2+ D,D:C,

Using (4.13), (4.31), (4.45), (4.25) and (E.4) gives

V C,,(Q,2- O,:- Q,3P3 G2- Q,3P3 G:)+ C,2
(E.6)

+ D,:E-’/a[(D C,, + B) G:+ C:2G: +N+
Using (4.13), (4.25), (4.67) and (4.41) we get from (E.6) that

Ga-O, P  
By (4.20) and

(E.7) Ga=(Y:2 Y:Y)Y2)-1 (Y>0 Y,>0 Y) exists),

(E.8) G2 Y Y:( Y:2- Y: Y) y:)-i

gives (E.1) as required.
We now establish that

(E.9)
(E1/2+ P3N1 + P3N2)C22 =0.

Substituting the (3, 1) and (3, 2) blocks of (4.51), (4.45) and (E.4) gives

E-’/2{D, C,, G2+ B,G+N+ C2G2- EC::}

(E.10) P3{X12 12+ A22 G2+ N2C22- GaA22}
P3{A1, G2+ N,G2- GA22}.

By (4.40), (4.41) and (4.67) we get

(E.11) -Pa{X: + A:2+ NC2a 22322} Pa{All 12+ N1C2- 12A2}.
Making use of (D.14), (4.13), (4.24), (4.40), (4.67), and the (2, 2) block of (4.36) gives

(E.12) = -Pa{A+BaDaDC22+O(ClDl + Bll)C22-O12A2}.

From the (1, 2) block of (4.36) we obtain

(E.13) AIO2-O(CID + B)C2:+OEA2 BaDaDC2:
and this together with the (1, 2) block of (4.67) gives

(E.14) =0

as required.
Finally, we have from (4.64), (4.69) and (4.70) that

(E.15) A= E/2+PaN + PaN2-(P32+P3 22)Bal
From (4.40) this becomes
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Using (4.25), (4.41) and (4.67) to caned terms gives

A= E’/2+ P*3(B3D*3D,, + (R),,(C*,D1, + B,,)) + P3(C*22E + O*2(C*,D + B,,))
, * + BI1)E1/2 d- P*3BI3D*13Dl q" P3C*22E d-(P*3OI 1-I- P23) I2)( C*l Dl

as required.
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Abstract. For certain reduced-order optimization problems where assumed fast dynamics are neglected,
chattering optimal solutions occur. The chattering optimal solution is represented.by some of the variables
alternating between distinctively differentvalues at an infinite rate. For a simple and somewhat transparent
periodic optimal control problem, the neglected dynamics are included by an asymptotic expansion about
the chattering solution. The periodic chattering arc is approached as a weighting parameter, associated with
the control penalty in the performance index, goes toward zero. This weighting parameter is used. as the
expansion parameter to form an asymptotic expansion about .the chattering arc. In particular, two time
scales are used in the expansions. A time scale proportional to the period is used to transform the problem
to one similar to that of a relaxation oscillator where the problem is characterized by slow, almost equilibrium
motions connected by fast, jump type transitions. The asymptotic expansion is divided into two parts, an
outer part at the time scale of the period and an inner part characterized by an even faster time scale which

captures the fast transitions. These two solutions are matched together to obtain the resulting asymptotic
solution in which the performance index and the optimal period are obtained up to third order, and the
states and the control are obtained up to second order. Comparison with the exact solution shows extremely
good agreement.

Key words, periodic optimal control problems, relaxation oscillation, chattering solution, asymptotic
expansion, singular perturbation

AMS(MOS) subject classification. 41A60

1. Introduction. For many models of physical systems, optimization leads to a
chattering optimal solution where the control alternates between distinctly different
values at an infinite rate. For this class of optimization problems, the hodograph of
the velocity space is not convex. Problems in this class are given for a chemical batch
process of Horn and Lin [1] and for aircraft cruise [2]-[4]. This phenomenon seems
to occur because the model simplification assumed that certain dynamics are fast and
can be neglected. Motivated by the physical problems and analysis given in [1]-[5],
the objective of this work is to show how these neglected dynamics can be included
by an asymptotic expansion about the chattering solution. In particular, a simple and
somewhat transparent optimal control problem that induces a periodic optimal control
is selected [6]. Asymptotic expansions are obtained for this problem about the minimiz-
ing static optimal solution [7]. Here, the chattering phenomenon is approached as a
weighting parameter associated with the control penalty in the performance index goes
toward zero. Therefore, this weighting parameter is used as the expansion parameter
to form an asymptotic expansion about the chattering arc.

Periodic solutions of singularly perturbed differential equations are called relaxa-
tion oscillations. The most prominent example of a relaxation oscillator is the singularly
perturbed Van der Pol equation in which the order of the differential equation is two
and the frequency of the oscillation remains finite for all values of the perturbation
parameter [8]-[10]. This and other interesting examples can be found in [11]. In this
paper, we investigate a fourth-order, singularly perturbed, differential equation rep-
resenting the first-order necessary conditions for a periodic optimal control problem,
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where the periodic optimal solution converges to a minimizing chattering arc as a
perturbation parameter goes to zero. This example is considered to extend the perspec-
tive of relaxation oscillations to the infinite frequency case. By scaling the optimal
control problem with a fast time scale, say r, the resulting first-order necessary
conditions have properties very similar to that of a relaxation oscillator. The essential
feature characterizingboth problems is the slow, almost equilibrium motion connected
by a fast 0r jump type motion. Therefore, the asymptotic expansion is divided into
two parts, an outer part characterized by the time scale ’l and an inner part characterized
by an even faster time scale r2. These two solutions are matched together, and a
resulting asymptotic solution is given for the performance index, the optimal period,
the state variables and the Lagrange mutipliers.

This paper is organized as follows: In 2, a two-dimensional periodic optimal
control problem is formulated and necessary conditions for its optimal solution are
stated. In 3 the optimization problem is transformed with respect to two time scales"
a time scale proportional to the period (called the outer region) and a time scale
associated with the fast motion of the relaxation oscillation (called the inner region).
in 4 an expansion in the outer region is developed, whereas in 5, an inner expansion
is developed. The matching of the outer expansion with the inner expansion, a
minimization of a performance index with respect to an optimal period, and comparison
of the asymptotic expansion with the numerical solution are presented in 6. Finally,
conclusions are given in 7.

2. Problem statement and conditions for optimality. A two-dimensional periodic
optimal control problem which Was first proposed by Speyer and Evans [6]’is formulated
in this section. First-order necessary conditions which supply differential equations
and boundary conditions for states, and Lagrange multipliers, and second-order
necessary conditions, are reviewed. An optimality condition utilizing a frequency
method is also discussed.

The object of this periodic optimal control problem is to find a period T, a scalar
control function u(. ), and an initial state vector xr(0) [x(0), X2(0)] that will minimize
the performance index

(2.1) J =- +--- dt
4 2 2,/

subject to a dynamic constraint of a second-order differential equation

(2.2) : X2, 3 U

and periodic boundary conditions

(2.3) x,(O)=x(T), x(O) x(T),

where the dot operation denotes derivatives with respect to time and b is a weighting
parameter for the control. The periodic optimal control problem above has been
conceptually considered as the simplest example of a periodic optimal control problem
[6]. Since a nonconvex cost seems to induce periodic optimal paths, a negative quadratic
term is included in the performance index (2.1).. A quartic term is also included in
(2.1) so that the states of the optimal solutions are bounded. The weighting parameter
b determines whether the optimal solution is a periodic or a static path. This will be
discussed in the latter part of this section.

The problem might physically represent a sailboat attempting to maximize its
average velocity into the direction of the wind. Suppose y is the distance in the direction
of the prevailing wind, and x, x2 in (2.2) represent the lateral position and velocity.



680 C.-H. CHUANG, J. L. SPEYER, AND J. V. BREAKWELL

The cost function (2.1) may be rewritten as

-’T - + dt,

where the average velocity -y(T)/T is to be minimized subject to an integral penalty
on the lateral position or (x2/2) dt/T associated with the tack of the sailboat, and the
cost of tacking (bu2/2)dt/ The longitudinal velocity :(t) is assumed to be a
function of the lateral vlocity as : =-x/4+ x/2.

The first-order necessary conditions [6] which are used to obtain a two-point
boundary-value problem for the states and Lagrange multipliers are presented as
follows. A variational Hamiltonian function is defined in terms of (2.1) and (2.2) as

2 4 bu2

2 4 2 2

where and 2 are Lagrange multipliers associated with the dynamics of the system
(2.2). The first-order necessary conditions produce

(2.6) 1 X2, 2 --,2
b X=-xl X2=-x]+x2-X,

with boundary conditions

(2.7) x,(0) x(T), x2(0) x2(T), X,(0) X,(r),
(2.8) H=J,
where the supereript o indicates an optimal value. The optimal control u =-.2/b,
solved by using H, 0, has been eliminated in obtaining (2.6).

The transversality condition (2.8) is a special boundary condition which exists
only for periodic optimal control problems 1 ]. Since the period optimizes the perform-
ance index (2.1), the derivative of J with respect to T must vanish; that is,

OJ I
[_jO + H( T)] O.(2.9) a ’Furthermore, for an autonomous Hamiltonian system the Hamiltonian function H is

a constant of the motion, i.e., H(T) H(t) H, and this implies (2.8). Finally, for the
second-order necessary conditions of this problem, if b > 0, it follows that H,, > 0,
and hence the Legendre-Clebsch condition is satisfied in its strong form.

A frequency test [12], [13] is used to determine the range of the parameter b
where the steady-state optimal control solutions are not minimizing. According to the
frequency test, a steady-state solution which satisfies the first-order necessary conditions
is a locally minimizing solution if a function r(to)= 1/to4-1/to2+ b is nonnegative
for all values of the frequency to. It is easy to show that r(to).>-]+b0 for local
optimality. Therefore, for b > -, r(to) is nonnegative for all to, and thus the steady-state
solution is locally minimizing. For 0 < b <- there exists to such that r(to) is negative
and the steady-state solution is not minimizing. This implies that periodic optimal
paths which are locally minimizing can be obtained for 0 < b < 1/4. For the case b
(1- g2)/4, where g is a small expansion parameter, a regular perturbation scheme is
developed by using the Lindstedt-Poincar6 expansion method [7]. The steady-state
solution for b 1/4 is used as a reference path to expand the solution. However, in this
paper the expansion will be obtained for a small positive b. Therefore, a chattering
optimal solution with an infinite frequency, where H,, is identically zero, is used as
a reference solution for the asymptotic expansion. This will be illustrated in the
following sections.
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3. Time scales and associated optimal control formulations. The chattering solution
of the system specified by (2.1)-(2.3) as b goes to zero is presented in this section.
Then, some useful symmetry properties are presented. Finally, two time scales are
suggested and the associated optimal control formulations are presented. The relation-
ship between the first-order necessary conditions for these two optimal problems is
also given in this section.

The chattering solution for b 0 is demonstrated as follows. The performance
index J in (2.1) can be rewritten in the form

l for[ (X22--1)2 ] 1
(3.1) J= +- at--.

4 4

From this, it is clear that the minimum solution is J =-, and the states which give
this minimum solution are x = 0 and x2 +/- 1. However, this solution requires a control
which is neither piecewise continuous nor bounded.. Conceptually, if x2 jumps back
and forth between +1 and -1 in an infinite rate, then the magnitude of x remains
zero, and x2 stays at an absolute value of one. It is about this seemingly complex arc
that an asymptotic expansion will be produced.

To simplify the problem, the existence of symmetric planes in the surface of initial
conditions is used. These symmetries are found by examining the Lagrangian, which
is being extremized:

L= H-.T
(3.2)

2 bu2

+Lu2 2 2

to determine the symmetries in x, x2, X, 2 and u that keep L invariant. The symmetry
used for all the expansions produCed here is

xI(t)=--XI(t), X2(t)=x2(--t), l(t)=l(--t), 2(t)=-2(-t),
(3.3)

u(t)=-u(-t).

Since x is odd and x2 is even, then t(t) is even and 2 is odd. Introduction of these
symmetries into (3.2) shows that L remains invariant. Note that u =-72/b, so that if
A2 is even, so is u, as specified in (3.3). A second symmetry, however, not investigated
here, is found by reversing the symmetry in (3.3) by taking x and A2 and u as even
functions, and x2 and , as odd functions. Again (3.2) is left invariant. However, both
symmetric paths are only different in phase. The condition that the extremal path be
closed is replaced by the stronger conditions that the initial values of [,,.2] be
orthogonal to the initial values of [x, x2] r. As a consequence of this restriction,
nonsymmetric periodic paths which can exist are not determined.

Two time scales can be used to expand the solution; one time scale approximates
the magnitude of the period such that x and the part of x2 before its jump can be
expanded, and another faster time scale is used to expand the jump. The time domain
defined by the first time scale is calld an outer region and that defined by the second
time scale is called an inner region.

The outer time scale and outer variables are defined as

(3.4) "r,=-, X*l x’ T
b--d, v bl/2tt, TI:-4bm,

where m is to be chosen. Since x is of order one and x in the limit as b-, O, then
x* and - are scaled by the same power of b such that dx*/d’rl x2 remains of order
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one. The control variable is scaled by b/2 so that effect of the small parameter on the
control appears in only one place, the differential equation (see (3.6)) rather than the
cost (see (3.5)). Finally, note that ’ls is only a fourth of the scaled period T/b" since
the solution is periodic and symmetric such that each quarter provides equal contribu-
tions to the cost. The periodic optimal control problem defined by (2.1)-(2.3) can be
rewritten in terms of the new variables in (3.4):

(3.5) J b2" x*--2 +-----+ drl,
rls o 2 4 2

(3.6) dx /2_= dx2
X2, b ,

dr dr

(3.7) x(0) 0, x2(r.r) 0.

If m = is chosen, then only one expansion parameter e b/3 will appear in the
expansion since the powers of b in (3.5) and (3.6) are both equal to . The boundary
conditions (3.7) are different from (2.3), since r, is only one-fouh of the original
period, and by symmetry x must be an even function of (r- r,) and x2 must be an
odd function of (r r,).

Since e multiplies the derivative dx=/dr in (3.6), this problem is seen as a singular
peurbation problem. Therefore, to determine the motion in the "boundary layer" a
faster time scale is required; that is,

(3.8) ’r2
"/’l

e b /2"

If we change the time variable from ’ to z2, the system defined by (3.5)-(3.7) becomes

(3.9) eq---+ d’r2,
7"2, 2 4 2

dx,* dx(3.10) ex2, vd,/-2 dT-

(3.11) x*(0) O, x2(7"2.r) O,

where e =b/3 is substituted into (3.5) and (3.6) to obtain (3.9) and (3.10). The
Hamiltonian function H for (3.9) and (3.10) is

X1(i)2 x(2i)4 (i)2

(3.12) H() E’ "2 t-+ eA()"()+-’2 A(2i) D(i)
2 4 2 2

and the two-point boundary-value problem related to (3.9)-(3.11) is

dx*,
(3 13) ex(2i) A eX*l (i) -x(2i)3""Xi)- eA (i)

d72 d72 d72 d72

(3.4) x’(,) 0,
()where the superscript (i) denotes the inner variable and the use ofan equality v() -A 2

to obtain (3.13). Note that the boundary conditions x(0)=0 and A2(0)=0 will not
be used to obtain the inner expansion since the left-hand boundary conditions are not
required for the inner region.



ASYMPTOTIC EXPANSION FOR RELAXATION OSCILLATOR 683

By changing the independent variable from r2 to r in (3.12) and (3.13), we obtain
the Hamiltonian function and the first-order equations for the outer expansion"

*(0) X(20) X(20)2 )( 0)2- (2o)/)(o),(3.15) H() e q F+eA])x2) + A
2 4 2 2

(3.16)

dx*, ax o, da )

x, =-a --x* ()

dr d’rl d’rl
dX o o"(0)3 -I- eAEm "2

(3.17) x*()(O) =0, A)(O) =0,

where the superscript (o) denotes the outer variable,. Note that the boundary conditions
XE(rs )--0 and Ai(zs )-0 which are not presented in (3.17) will not be used to obtain
the outer expansion since the outer expansion is not valid near r. Note also that the
definitions for the state variables and Lagrange multipliers are the same for both regions.

4. Asymptotic expansion in the outer region. The series solution for the system
specified by (3.15)-(3.17) in the outer region is developed as follows. Let the states

x*) and x2) and the Lagrange multipliers A) and A) be expanded in ascending
powers of e:

(4.1)

(4.2)

(4.3)

(4.4)

By substituting (4.1)-(4.4) into (3.16), sets of differential equations for the parameters
in the series are obtained by equating like powers of e on either sides of (3.16). For
the order of e, the following equations are obtained:

..(o)o x o=A ,,,o O=-x+,:o,(4.5)
dx*()

dr dr1

which determine the zeroth-order solutions

,(o) ) )(4.6) Xo =’, A =0, A =-1/2r+Cl, x)=l,

where c is an arbitrary constant. The boundary condition ,..o)
-o (0)=0 is used to

eliminate an integration constant in (4.6), and the integration constant c will be
determined during the matching. The Hamiltonian function in ascending powers of e

is

(4.7) H) Ho) + eH]) + e2H)+
where H, =0, 1, 2,..., can be determined in terms of the series parameters in
(4.1)-(4.4) by substituting (4.1)-(4.4) into (3.15) and by using v) -A ,o). The resulting
H(o) is

(4.8) H(oO

where the zeroth-order solutions (4.6) are used to determine the value of H.
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If this procedure is extended to higher orders, then the differ.ential equations for
the order e are

dx dx2o dA
21

__
(o) x(O),21dz dr dr1

(4.9)
dA ()20

320 21 10"

It follows that the first-order solutions are determined by using the above equations as

x)= -1,, ) o, ) -+c, + 2,
(4.0) x -c,,
where c2 is an integration constant and x)(O)= 0 is used to eliminate the integration
constant for x(). The Hamiltonian function H) is also obtained by using the above
solutions

(4.11) HO) .(o)
20 +(o)%(o) (o)(o)

20 21 20 21 10 20 1"

To second order in e, the dierential equations are

,(o) ax o) 212 22(), ----22 ----X12

(4.12)
dz dz dr

20 22 21 11

and the second-order solutions are determined to be__
+1 2

12 Cl1 + --Cl C2) rl

x)= -,,
(4.3)

) 6 Cl--C2)Z + C3,

+ZCr, +( --C2)--C
.(where c3 is an arbitrary integration constant for A) and where x2)(0)= 0 is used to

o)eliminate an integration constant for x It follows that we obtain the Hamiltonian
function H)"

HO) *(O)XO)+ (O)2(O) + (O)3(O) (O) (O)(O) (O)=X10 220 21 20 22 221 20 22 21

(4.14) A)A)+ A (o) (o) + (o) (o)
10 21 11 20

2
C2--C.

in terms of the results of (4.6), (4.10) and (4.13), we obtain the states and Lagrange
multipliers for the outer region"

(4.5) x() + (]-c,)+[-+c,+ -c, c),],
(4.16) x) 1 + (--Cl) + 2[__+1 + (__3C12 C2)]

(o)=__1 2(4.17) r + c + e(-r+cr+ c2)
2r 6 3 2+e L-6,’r, c, "r4 1/2( 2-c -c2)’r + c3],

(4.18) A(2)= e2(-1/2z,).
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The Hamiltonian function is also written by combining the results of (4.8), (4.11) and
(4.14) as

1 2(4.19) n(")= --+ e(l)+ e2(2 1)"

Note that the unsolved constants c, c2, and c3 will be determined by the matching of
the outer solution with the inner solution in 6.

5. Asymptotic expansion in the inner region. The expansion in the inner region for
the system specified by (3.12), (3.13) and (3.14) is developed in this section. Let the
states x*(i) and x2i) and the Lagrange multipliers A i) and A 2) be expanded in ascending
powers of e as those in (4.1)-(4.4), except that all the coefficients are now functions
of r2 instead of rl. By substituting these series into (3.13) and by equating like powers
of e on either sides of (3.13), differential equations for the unknown coefficients can
be obtained for different orders of e.

For the order of e, the differential equations for the zeroth-order solutions are
i) (i)
10 20 .(i)3 + .(i)o, dX

20, O, --20 20"d72 d,2 d.2
A second-order differential equation for x can be derived from (5.1)"

(5.2)
dr 2o

(i)By integrating (5.2) with respect to o, we obtain a first-order ifferential equation,
which might be considered an energy equation:

l(dx x,,),(5.3) k] =4 2o -2-2o +c,

where c is an integration constant which will be determined as follows. If 20--

-dx2/dz2 is substituted into (5.3) and the expression (4.8) for the zeroth-order
Hamiltonian function in the outer region is used here for the inner region, the constant
c is found to be equal to -H); that is,

(5.4) c 42o -2-2o 2o ,=

where the fact that the zeroth-order Hamiltonian functions are equal is used to obtain. It follows that

(5.5) 2o -1),
dr2

where the positive sign will be used to solve for <) since <) decreases from one to20 20

zero in the inner region and that gives dx/dr2O and -2o<) 1. Equation (5.5) is
integrated again and an integration constant is chosen to fix the boundary conditions
for <) that is <)

-2o; 2o(r2)= O, so the solution for x is

<’)= tanh(5.6)

Therefore, the solutions for *<) "<) and*o ao 2o are obtained by substituting (5.6) into
(5.1).

,(i) kl A(i)_ 1
10(5.7) Xo 20 x/cosh2 ((’r2,.-’r2)/.)’ A<i)=0’
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where the boundary condition A (’T2f 0 is used to determine the integration constant
for I (o and where k is an undetermined integration constant.

It is convenient to define a new time variable:

(5.8) s ’:

for solving the high-order inner solution since the zeroth-order solutions (5.6) and
(5.7) both include a term of (’%-’r2)/x/. For the order of e l, the differential equations
for the first-order solutions in terms of the new time variable, s are

dx*’ dx( ’)l
ds ds ds

(5.9)
d()21

20 21 10 "ds

A sond-ordr dierntial equation for x is obtained b using (.9)"

(5.10) d2xi?+ 2( 1 20(i)2 (i)=]21 0,

() tanh s.her th solution ()=o 0 is used to obtain th abov quation and hr 2o

The solution to th tim,-varying quation (.10) is an impoant stp in dtrmining
th inner pansion.

It can b sn from the epansion produr that th homogeneous solutions for
all th high-order solutions of x), 2,() hre n 1, 2, 3, satisf

2 + 2(1 ()() =0.(.11)
d2(i)

2o ]2n
ds2

Th solution to (.11) or ($.10) is dvlopd as follows. If th solution x =tanh s is
substituted into (.11) and th oint of 2,() 2(1- 3 tanh2 s), is pandd in a serial
form of s, thn ($.11) bcoms

2() [2n(5.2) es-4 1 +6 (-)ie-2 2.()=0.
i=l

Let the solution for () be assumed as.’2n

(5.13) 2,() Y a e -2is.
i=1

By substituting (5.13) into (5.12) and equating the coefficients of each order of e-2is

to zero, the relationships a (-1)-ia, for 1, 2, 3, are obtained. Therefore,
the solution for () becomes2n

(5.14) (i) i-1 e-2is.,2n=a (-1) :A
i=, cosh2 s

where A all2.
It follows that the solution to (5.10) can be found by using (5.14) and applying

the method of undetermined coefficients. Let x(2i in (5.14) be

(5.15) x(2i)=A’(s)(’oslh2 s)’
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where Al(s) is a function of s instead of a constant as in (5.14). By substituting (5.15)
into (5.10), we obtain the differential equation determining dA(s)/ds"

(5.16)
cosh2 s -s \ ds

+ 2s cosht"s ds ]
o.

Hence, it follows that

(5.17) dA(s)= B cosh4 s,
ds

where B is a constant. An integration of (5.17) gives

(5.18) Al(s)=B(s+1/4sinh2s+sinh4s)+B2,

where B2 is a constant. Therefore, the solution to (5.10) becomes

(5.19) x2i) B[s+1/4sinh2s+Esinh4s] (0 1 )Scosh2 s

The solution (5.19) can also be verified by a direct differentiation of x2il in (5.10).
It will be shown that the constants B and BE must be equal to zero by the following

statements. Since x2i is an odd function of (ZE-ZEs), that is, x)(s)=-x2)(-s), it
follows that l2 must be equal to zero to satisfy this relation. The solution of x2i appears
in the series form of x’) as ex), and the limit of lim_o ex) must be bounded to
ensure that the expansion for x2i is an asymptotic series expansion. Since for large s
the coefficient of B goes as e, then lim_o e[s+1/4 sinh 2s+2 sinh 4s]/coshs goes
to infinity. It is concluded that B must be equal tO zero to bound lime_.o ex2. Therefore,
the solution, x2, is equal to zero and higher-order solutions, 2,, n 1, 2, 3,. ., may
exist only if a forcing term appears in (5.11).

The first-order solutions for (5.9) are now obtained:

(5.20) X*l’= -x/ In cosh s + k2, A ’) 0, h ’) k,s, ,x(2i)l O,

where kl and k2 are unknown constants to be determined. The Hamiltonian function
Hi for the inner solution is found by substituting the solutions of (5.6), (5.7) and
(5.20) into (4.11)"

(5.21) Hi) =-k. 2

For the order of e2, differential equations for the second-order solutions in the
inner region are

dx (,)12 __V/ X(2,1) --V ,.
22, --V/ XI(I i),

ds ds ds
(5.22)

22 _x/r(_3 .(i ,.(i)2 a (i)2 v.(i) v.(i)
"4’20"4’2i --d’’20 22 "F" .a,22 --/ il) ).

ds

By differentiating dA(2/ds with respect to s, we derive a second-order differential
equation for x(2 from (5.22)"

(5.23)
d2x(2i2)

+ 2(1 3(i)2’(i)=.,2o1"22 2A i?,
ds2

where 2A) is the forcing term for the above differential equation. By substituting x(2
and A) from (5.6) and (5.20) into (5.23), the solution to (5.23) is obtained as follows.
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Let the solution to (5.23) be

(5.24) x2[ A2(s) h’2
The differential equation for dA2(s)/ds is obtained by substituting (5.24) into (5.23):

1 d(d’s)) +2 d( 1 )(.d.s,)=2x/ k,s.(5.25)
eosh2 s s ss cosh2 s

The solution for dA2(s)/ds is obtained by solving (5.25) as

(5.26) dA2(s)= I’s 2v/ kls_______ dsl cosh4 s at- D cosh4 s,
ds . cosh2

S

where the lower limit of the integral, , is chosen such that the solution "a’22"(i) will not
grow exponentially and all the exponentially growing terms are included in the constant
D1. Therefore, the solution for x2 is

k’ f s----!--- ds, cosh4 s2 ds2cosh2 s cosh2
S

(5.27)
+D s + sinh 2s + sinh 4

+Dcosh2 s sh2

where D2 is a constant. The constants D and D2 must be equal to zero for the same
reasons as B1 and BE are zero in (5.19); that is, O2 is equal to zero to satisfy
x(’)ts) =-XE)(-s), and D1 is equal to zero to bound lim,_,o ex<2 since for large s the22

coefficient of D1 grows as e2s. Note that for D DE =0, x(2 behaves as -ks/,/ fOr
large s, and dx2E)/ds(s=O)#O and XE)(s 0) =0.

It follows that the second-order solutions for (5.22) are

X,(i) k312

(5.28)

A (’)22 4k’ tanh s Io’ I2cosh2 s cosh2s sl
ds, cosh’s2ds2

s ds+ 2kl cosh s
cosh2 s"----

A)= -2 In cosh s dsl + x/ k2s,

k’ fo’ f Sl ds, cosh4 s2 ds2.cosh2
S cosh2

S

The Hamiltonian function H2 is also obtained by using the inner solution and the
expression (4.14)"
5.29 H<2’> k k2 +x/ In 2).

Therefore, the inner solution can be written in terms of the results in this section
as

(5.30)

(5.31)

(5.32)

X*l <i)= kl + e(-v/ In cosh s+ k2)+ e2(k3),

x2,) =tanh s+ e2[ 2x/ k Io’ f s
ds cosh4 s2 ds2]cosh2 s cosh2

sl

e(. ks)+ e2 -2 In cosh sl ds+ k2
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(5.33)

A,) 1 _e2[_4ktanhSlo:f2 $ dSlCOSh4s2ds2cosh2 s cosh2 s cosh2 s--’-----

e $1+ 2kl cosh2 s cosh2 $1

The Hamiltonian function H(i) .in ascending powers of e for the inner region is

(5.34) H(’)= -I+ e(1/2k21)+ e2[k,(k2+v In 2)].

Note that the constants kl, k2 and k3 in (5.30)-(5.34) will be determined by a matching
procedure in the next section.

6. Matching of the outer expansion with the inner expansion and the determination
of the optimal period. The matching of the outer solution with the inner solution is
developed in this section by using a principle proposed by Van Dyke 14]: the m-term
inner expansion of the n-term outer solutions is equal to the n-term outer expansion
of the m-term inner solution. After the matching is completed, a minimization of the
performance index with respect to the period is presented.

The outer expansion in (4.15)-(4.18) and the inner expansion in (5.30)-(5.33) will
be used in the following matching. The integrals in (5.31), (5.32) and (5.33) cannot be
solved in closed forms. However, this fact does not obstruct the matching procedure
since only the limits of those integrals are required for the matching. A three-term
inner expansion of the three-term outer solution is obtained by replacing rl in (4.15)-
(4.18) with zl zle e (’2e 2) and by using a Taylor series expansion of the resulting
equation

XI(01)
’rlf + El--( 7"2f 7"2) + ’rlf--1/2C 7"lf ](6.1)

+e[--(,lf Cl)(% ,2) A,+Cl,f+ -32c
(oi) 2

x2 l+e[Zrlf--Cl]
(6.2)

+ 2[-- }lf(2f 2) llf4 +C lf2 + __gCl32 }C2)],
(oi) 2

Z2f r2) 4

(6.3) + E2[_(,f ,2)2 (_ _,2)+ 6

(oi)
E 2(__ ,lf),(6.4) A2

where the superscript (oi) denotes the inner expansion of the outer variables.
The three-term outer expansion of the three-term inner solution is determined by

letting s=(Zl:-r)/( e) and then by expanding the solutions of (5.30)-(5.33) in a
Taylor series expansion of e with (z:- z) fixed; that is, when e 0 then s m. The
integral term e2(-2 I In cosh s ds) in (5.32) is expanded as follows. If the integrand
is expanded in a Taylor series of exponential functions for small e, the integral becomes

e 2 -2 In cosh s ds e2 (Zlz-Z): (-1)"(rb-z)
e: -2,= n 2e

.=, n -]]+
1

=-(zb.-z +e[ln2(rb.-r,)]+e: -
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where the results of exp(-2n((rs-r)/x/e))O, and ,= (-1)"/n=-ln2, and
Y,= (-1)"/nE=-r2/12 areused to obtain the final form of the above equation.
Therefore, by using the above results, we obtain the three-term outer expansion of the
three-term inner solution"

(6.6) X*l(’)=k-(rs-r)+e(k2+x/ln2)+eE(k3),
(6.7) x’)= 1 + e[-k( )],

(6.8) Ai)=k(-)-(-l)2+e[(k2+ln2)(l-)]+e2 -(6.9) A)= e2(-k),
where the superscript (io) indicates the outer expansion of the inner variables. Note
that the substitution of s (rz-r)/ e is necessary to calculate the order of e in
the above Taylor series expansion by fixing (zz-z). However, in order to match
(6.6)-(6.9) with (6.1)-(6.4), (zz- r) in (6.6)-(6.9) is replaced by e(%- r:) such that

(6.10) x’)=k+e[-(rzz-r2)+(k:+ln2)]+eE(k3),
(6.11) io)

s2 1 +eE[-)k(zzz-r2)],

(6.12)

(6.13) A’)= e(-k).
The unknown constants c, c2, c3, k, k2 and k3 are determined by equating

(6.10)-(6.13) with (6.1)-(6.4). Comparing (6.13) with (6.4) for A2 gives

(6.14) k Zle.
By comparing (6.11) with (6.2) for x2, the constants c and c are obtained:

2 4(6.15) c z, c=
For a comparison of (6.10) and (6.1), k2 and k3 are

(6.16) k -ln 2-gZ.r, k3 7,
and it follows that c3 is obtained by a comparison of (6.12) and (6.3) as

19 zr 2
(6.17) c3= 1440 12"

Finally, the outer solution is written as

(6.18) x)‘=r,+e r-r,zz, +e -z+ rb,r,

(6.19) x)= 1 +. e z- r. + e2 -z+z,/Zl 2_r;

(6.z0)
+ E2( 1 1 2 4 4 19 )’-zb’’ 48 "bz’- 1440zr-

(6.21) A) e( 1 )
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and the inner solution is given by

(6.22) x*(’) +e(-/lncoshs-x/ln2-1ras)+e2(6-’s)TI.

2
(6.23) x’)= tanh s + 2[ rr ds cosh4 s2 ds2[cos/ s cos s

(6.24) I= e( rbs) + e -2 In cosh s ds 2 In 2s-s6
+ e L JoJ ds cosh4 s2 ds2cosh2 s cosh s cosh2 s

(6.25)
+ 2rz cosh

2 s
cosh2 s

Note that s is defined in (5.8) and r.r is the period, which will be determined later in
this section. The scaled controls v in the outer and inner regions are the negative
functions of (6.21) and (6.25). It can be seen from (6.21) and (6.25) that the scaled
control in the outer region is almost zero for a small e, and the scaled control in the
inner region reaches a value of-1/. Note that the control u can be obtained, by
using u v/b/2= vie3/2. Therefore, u is of order e in the outer region and of order
1/e in the inner region.

The constants in (6.14)-(6.17) are substituted into (4.19) and (5.34) to determine
the Hamiltonian function, and the result of the substitution shows that the two
expressions in the outer region and inner region are identically equal to

2 4(6.26) H -+ e(z.r)+ e(-grb.).
An extension of the Hamiltonian function up to the order, of e 2 can be made by using
the fact that H3 is a function of the states and the Lagrange multipliers up to the order
of e 2 only; that is,

6 2
(6.27) H3=-zlz 12"

Therefore, the Hamiltonian function becomes

1 ():(1 ) ((6.28) H --+ e r] + --r4.r + e --r6,.
The optimal period can be determined as follows. The performance index J is

evaluated in the two regions, the outer region and the inner region. After J is expressed
in terms of the undetermined rl, J is minimized with respect to r.r to determine the
optimal value of r.c. The performance index J in (3.5) is rewritten by changing the
independent variable from r to s in the inner region

x(): X0)2 (0)4 (0)2
2 t2

(6.29)
+e e

2 2
++ ds

4

where s (r.,.- r,,,)/( e) and rl,,, rb., and where v -A o) and v’) -A ’)’ are
used to eliminate v) and v).
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For convenience, the performance index J is written in a serial form of e

(6.30)
’lf

where the superscripts (o) and (i) denote the cost for the outer region and inner region.
By subsituting (6.18)-(6.21) into (6.30), Jo), jo), and jo) are obtained as

(6.31) jo) 13 j(o) 12 ?--7 4+,oTlfTlm.

The term J3) can be evaluated by using the results of the expansion of x*(), x2), and
A2) up to the order e2; this can be seen from the following expression for jo).

(6.32)

where x2) 1 is used to eliminate the term (x2))3 -2o"()"()J,23. Thus, x2 does not appear
in the expression for jo).

For the inner region, the performance index is integrated with respect to s, and
then s=(rf-zlm)/(v/ e) is substituted into the resulting equation. In (6.29) the
integral for the inner region is multiplied by e. Therefore, the states x*(), x) and
Lagrange multiplier h 2) are expanded to the order of e2, and the integral for the inner
region in (6.29) can be evaluated up to the order of e 3. A substitution of the serial
forms of the statesand Lagrange multiplier into (6.29) gives an expression for the cost
in the inner region:

(i>2 X(24 X 10__’A20 + .. -- e 2j(i) =x/ e
2 4 2

(6.33)
,()x+ Ea[x10 +20 --20122 20"t22a ds,

where J() is simplified by using x 0, and A 0. The closed form of J() seems to
be impossible to obtain since the integration in (6.33) involves a nonintegrable term

x). However, it will be shown by the following manipulations that the term x is
eliminated. After substituting the solutions (5.30)-(5.33) into (6.33), the inner cost
becomes

J(= e
4
+

2
(6.34)

rb. -lncoshs-ln2-,. +[(1-tanh s)xl ds.
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Therefore, the integration of j(i) gives

1

ji)=tanh

-3-- tanh3 \ v/ e ] """l’f(Tlf--"l’lm)--" "l’If(Tlf-’l’lm)2’
(6.35)

2

where the result in (6.5) is used to obtain -/12 and where x(s O) 0 comes from
the boundary condition x(s =0)= O.

It is noted that 1 iS the intersection point of the outer expansion and inner
expansion and if r is chosen as ,,, r-(e)1/, where p > 1, then the following
approximations are true:

(6.36) ,1., ,, ,, r,,,,) O, tanh k] 1, exp -2n
r r’e 0,

where
(6.31), (6.32) and (6.35), the performance index J is given by

1
(6.37) J=--+4 e +r +e -r +e

12 2520
Since the performance index J in (6.37) is minimized with respect to r, the first

derivative of J with respect to must be zero; that is,

(6.38)
0,1s 3Zs

+

To obtain Zs, rls is assumed as a serial form of e

(6.39) Zs Zs + ers, + eZs: +. ..
By substituting (6.39) into (6.38), an expression of ascending powers of e is obtained,
and it follows that the coefficients in (6.39) are determined by setting every coefficient
of (6.38) for each order of e zero:

2" 23/6 463" 25/6
(6.40) rs 21/6+ e ’15 + e2

6300

Therefore, the performance index is obtained by substituting the expression for zs in
(6.40) into (6.37):

(6.41)
1 e2 2-l+e -e +J=

4 2-i75 - 6300]"
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In terms ofthe original system parameter b and period T, (6.40) and (6.41) are rewritten
as

=4bl/6(21/6+ bl/3 --2"23/6
b2/3 463 25/6(6.42) T

15  30-6
1 1 2 !17_--+ bl/3 2/3 b +(6.43) J=
4 2---b 30 - 6300]"

The transversality condition (2.8), which was not used for the expansion of rs, is
verified by substituting r.r in (6.40) back into (6.28) and comparing the resulting
equation with (6.43). This ensures that both the outer and inner expansions are correct.

The asymptotic expansion is compared to the numerical optimal path. Due to the
assumed symmetry, the numerical optimal path is obtained by minimizing the average
cost over one-fouh of the period subject to the boundary conditions x(0)=0,
A(0) =0, x2(T/4)=0, A(T/4)=0, and H jo. The numerical algorithm of[4] is used
to find the optimal solution. First, all the boundary conditions are satisfied except
H jo, and then, a shooting method is used to search the family solutions, which are
indexed by the period, until all the boundary conditions are satisfied. The comparison
presented in Table 1 shows good agreement of the exact and approximate solutions
for several values of the expansion parameter. The outer, inner, and numerical
solutions for the control u are presented in Fig. 1 for b 0.01 and in Fig. 2 for b 0.001.
For b 0.001, the asymptotic expansion is almost identical to the numerical solution
indicating that the matching procedure works well in this case.

7. Conclusions. An asymptotic expansion for an optimal relaxation oscillator has
been obtained in terms of a small parameter b of the system by proper scalings of the
outer and inner variables. The expressions for the states, Lagrange multipliers, control,
optimal period and performance index have also been derived. Since.the system is
autonomous, the Hamiltonian function is a constant and equal in both regions, and
its related transversality condition H jo is shown to be satisfied. The performance
index is equal to -, and the period is equal to zero for the chattering solution of the

TABLE
Comparative results.

Series Numerical
b e solution solution

0.01 0.215443 x2(0) 0.922761 0.926674
AI(0) 0.129654 0.135114
u(T/4) -6.31876 -6.48800
T/4 0.542678 0.545912
J -0.125146 -0.123484

0.005 0.170998 x2(0) 0.940427 0.943486
A (0) 0.104998 0.105603
u(T/4) -9.33586 -9.45965
T/4 0.479076 0.480376
J -0.148031 -0.147349

0.001 0.1 x2(0) 0.966649 0.967318
A (0) 0.0626525 0.0627276
u(T/4) -21.8598 -21.9192
T/4 0.361331 0.361497
J -0.188374 -0.188289
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O. 14 O. 27 O. 41 O, 55

FIG. 1. Inner, outer and numerical solutions for b- 0.01.

o
o

O0 O. 09 O. 18 O. 27 O. 36

FIG. 2. Inner, outer and numerical solutions for b 0.001.

problem in which the system parameter b is made to be zero. For nonzero b, the
performance index of the optimal solution is greater than -, and the period is no
longer zero. Comparison of the expansion of the cost and period agree extremely well
with the numerical solution.

The results of this paper demonstrate a procedure for expanding an optimal
solution about the high-frequency chattering solution obtained from a reduced-order
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system. An outer expansion is obtained by scaling time to the order of the optimal
period, and an inner expansion is obtained when the fast variable approaches the
switch point by using a scaling faster than that used in the outer expansion. A careful
study of the chattering solution and formulation here may give clues as to how to scale
the outer and inner variables for more complex problems.
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NOT ALL FEEDBACK STABILIZED HYPERBOLIC SYSTEMS ARE ROBUST
WITH RESPECT TO SMALL TIME DELAYS IN THEIR FEEDBACKS*

RICHARD DATKO’

Abstract. We present two examples of hyperbolic partial differential equations which are stabilized by
boundary feedback controls and then destabilized by small delays in these controls. We show that in a
general case, when the controls are distributed, stabilized hyperbolic systems possess nontrivial periodic
solutions if small time delays are introduced into their feedbacks. We also indicate by means of an example
that the general case of this phenomenon is harder to demonstrate for boundary control problems.

Key words, stabilization, hyperbolic, delays

AMS(MOS) subject classifications. 93D15, 93C20, 35L35, 35R10

Introduction. The purpose of this paper is to indicate that certain hyperbolic
partial differential equations involving Neumann type boundary conditions which
stabilize the system are not robust with respect to arbitrarily small delays in the
boundary conditions. These boundary conditions are of feedback type in that they
depend on certain time derivatives of the solution evaluated on a part of the boundary.
The lack of robustness with respect tO time delays means that when arbitrarily small
delays are introduced into their feedbacks the resulting system has periodic or
even exponentially increasing solutions. A previous paper [3] demonstrated this
phenomenon for the one-dimensional wave equation. In this paper, in 1 and 2, we
supply further examples of this "anomaly." In 1 we consider a stabilized Euler beam
equation and in 2 the two-dimensional wave equation on a square.

The question naturally arises as to whether this behavior is able to be demonstrated
for general classes of hyperbolic systems. The answer to this is probably yes. As yet
we have not been able to accomplish this generalization. However in 3 we do indicate,
by means of an example, where the main difficulty seems to be in such an extension.
We also show in this section that for distributed systems in a Hilbert space H ofthe form

(0.1) i( t) + B:( t) + Ax( t) O,

where A is an unbounded positive definite self-adjoint linear operator on H and B is
a linear symmetric operator on H such that A-/2BA-/2 is compact, an arbitrarily
small delay e in the first derivative of (0.1) which leads to the system

(0.2) 5(t) + B( e + Ax( t) 0

results in nontrivial periodic solutions of (0.2).
Thus for distributed control systems of the form

(0.3) i( t) + Ax( t) Cu( t),

where C is a linear mapping from a Hilbert space H --> H, the control u(t) -C*.(t)
(C* is the adjoint mapping), which in some sense stabilizes (0.3), is not robust with
respect to small time delays if A-/2CC*A-/2 is compact. Hence for distributed
controls of the form (0.3) there is a general theory concerning destabilization with
respect to small delays.

* Received by the editors May 12, 1986; accepted for publication (in revised form) July 17, 1987.
t Mathematical Reviews, 416 Fourth Street, Ann Arbor, Michigan; Georgetown University, Department

of Mathematics, Washington, D.C.
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(1.1)

(1.2)

(1.3)

1. Consider the system

u, + Uxxxx 0, 0 < x < 1, > 0,

u(O, t)= ux(O, t)= Uxxx(1, t)=0,

Uxx(1, t)=-Ux,(1, t-e) where e>O is fixed.

The initial values of u and u, are

(1.4) u(x, t)- o(x, t),

(1.5) u,(x, t): b(x, t),

for 0< x < 1, -e < < 0, and for simplicity we assume that o and are infinitely
ditterentiable in (x, t).

The Laplace transform of (1.1) with the initial conditions (1.4) and (1.5) satisfies
the two-parameter family of ordinary differential equations in x

d4U
(1.6) to2U(x, to, e)+-x4 (X to, e)=toq(x, 0)+ d/(x, 0).

If we let

(1.7) x/e(r/4)i r, to -i’r

and apply the first two conditions in (1.2) we can write the solutions of (1.6) in the form

(1.8)

U(x, "r, e)= A(cosh rx- cos rx)+ B(sinh rx-sin zx)

+5 [sinh r(x- o’)-sin z(x-o.)][-izo(o.)+ q(o.)] do"

A(cosh zx- cos zx)+ B(sinh rx- sin rx)+ Up(x, r).

The following statement is obvious but will be needed below so we state it as a
proposition.

PROPOSITION 1.1. (i) The expression Up(x, r) (implicitly defined in (1.8)) is an
entire functio.n in -.

(ii) The term (cosh rx- cos rx) in (1.8) has a zero of order two at r O.
(iii) The term (sinh zx- sin rx) in (1.8) has a zero of order three at z O.
To obtain the coefficients A and B in (1.8) we apply the last boundary condition

in (1.2) and the boundary condition (1.3) via their Laplace transforms. The first
condition leads to the equation

r3[A(sinh z-sin z)+ B(cosh ’+cos r)]
(1.9) - (cosh z(1 o.) +cos z(1- o.))(-izq(o.)+ (o.)) do’.

The second condition results in the equation

7"2[A(cosh 7"+cos 7")+ B(sinh r+sin r)]

"2-- (sinh r(1 o.) + sin z(1 o.))(-izp(o.) + 0(o’)) do"

(1.10)
i’7"3 e"e2[A(sinh z+sin r)+ B(cosh r-cos ’)]

+ i’-x (1, r)+q(1,-e)+iz2e q(o’, 1) e’do’.
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Dividing (1.9) by r and (1.10) by r2 and rearranging terms we obtain the following
equations for the solution of A and B"

(1.11)

(1.12)

1
A(sinh z-sin r)+ B(cosh r+cos r)=-r3f(r)

A[(cosh r+cos r)-irei:(sinh r+sin r)]

1
+ B[(sinh r+sin r)- ir e’2(cosh r-cos r)] g(r)+-rf2(r),

where f, f2 and g are entire functions of r. The matrix equation associated with (1.11)
and (1.12) has the structure

(1.13)

(sinh r-sin r)
(cosh r+cos r)+rq(r)

(cosh r+cos r)
(sinh r + sin r) + rq2(r)

__lf,()
r l/A\\

R(r)ll"l/
\\B))’

g(r) +--sf2(r)
where q(r) and q2(r) are entire functions of r. Notice that, at r---0, det R(0)S0. The
inversion of (1.13) leads to the following equations for A and B:

(1.14) A(r)=
(sinh r+sin r+rq2(r))f(r) (cosh r+cos r)(g(r)+f(r)/r2)

det R(r) r det R (r)

(115) B(r)
-(csh r+cs r+rq(r))f(r) (sinhr-sinr)(f2r()det R(r) r - det R(r)

g(r)+

Thus (1.14) and (1.15) show that A(r) has a pole of order at most two and B(r) a
pole of order at most three at r =0. Hence by Proposition 1.1 it follows that U(x, r, e)
has no poles at r- 0, and we can state the following proposition.

PROPOSITION 1.2. The poles of U(x, r, e) are determined by the zeros of det R(r),
i.e., by

(1.16) F(r, e)=-1/2detR(r)=(1 +cosh rcos r)-irei:(sinh rcos r+cosh rsin r)=0.

Proof. By the discussion preceding the statement of Proposition 1.2 we know that
r=0 is not a pole of U(x, r, e) and by Proposition 1.1 that Up(x, r) is entire. Thus
the only poles of (1.8), i.e., of U(x, r, e), that can occur are in the coefficients
A(r)(cosh rx-cos rx) and B(r)(sinh rx-sin rx). By (1.14) and (1.15) these occur
where det R(r)= 0, which proves the proposition.

Chen et al. have proven in 1 that when e 0 the system (1.1)-(1.5) is uniformly
exponentially stable. We shall show, using elementary techniques, that for e 0, system
(1.1)-(1.5) has at most a finite number of poles and that these, if they exist, must be
in the left half plane Re o < 0.

We first consider the energy functional associated with (1.1)-(1.5) when e 0:

lfo’(1.17) E(t) = [u2t(x, t)+ U2x(X, t)] dx.

Along trajectories of (1.1)-(1.5) an easy computation shows that

(1.18)
dE
dt

(t)=-U2x’(l’ t)=<0"
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Thus if a pole of U(x, to, 0) occurs in Re to > 0, the energy function associated
with the real part of the inverse Laplace transform of that solution would have to
increase exponentially, which because of (1.18) is absurd. Hence the eigenvalues of
(1.1)-(1.5) or equivalently the poles of U(x, to, 0) must be in Re to-<_ 0.

PROPOSITION 1.3. The poles of U(x, to, O) are at most finite in number and if they
exist lie in Re to < 0.

Proof. The proof is in two parts. (i) If to itoo, too real, is a pole of U(x, to, 0),
then by (1.7) the corresponding value of - is either real or imaginary, depending on
whether too is negative or positive (too 0 is clearly impossible). But since the poles
of U(x, to, 0) must satisfy (1.16) this cannot occur.

(ii) To prove there can exist at most a finite number of poles in Re to =0 we
assume the contrary, that is, there are an infinite number of poles in Re to < 0 ofthe form

(1.19) to -2a + ifl, " a + ib,

where a, /3, a and b are real. (We omit using sequence notation for economy of
expression.) Since .2= ito, (1.19) reduces to the two real equations

(1.20) b2- a fl, a -ab.

Clearly if I l-, , then , and, from (1.20), we see that since a > 0, a and b
must be of opposite sign. Also observe that, when ’=a+ ib and e =0, (1.16) can be
rewritten as

1
(ea+ib _a_ib)(eia_b -in+b)

b-ia

1+ +e +e +
4

(ea+ib--e-a-ib)(eia-b+e-ia+b)
(1.21)

b- iaq- ea+ib + e-"-’b)( e ia-b e -ia+b) O.
4i

Since the left-hand side of (1.21) is an entire function in r a + ib, it follows that the
zeros of (1.21) can have no finite point of accumulation in the complex z plane. Hence
if an infinite number of zeros of (1.21) exist, one of the following three cases must
hold for some infinite sequence of these zeros (we again omit the sequence notation
for convenience of expression)"

(a) [al- o, Ibl- 0, [bl-, lal- 0,

(b) [a[-o, lim Ibl- bo>0, Ib[-, lim [alao>0,

(c) lal, Ibl-.
We shall now show each case is impossible and hence that (1.21) can have at

most a finite number of zeros in the r plane which is equivalent to saying that for
e O, U(x, to, 0) has at most a finite number of poles.

Proof that case (a) is impossible. Assume a and b->0. Then (1.21) may be
written as follows:

a+ibe
1+(1 + e-2aq(a, b))(e ’a-b + e-’a+b)

(1.22) + (e"+ib)
(b-ia)(1 -e-Z’q,(a, b))(ei"-b+ e-’’+’)

4
ea+ib
+(b ia)(1 + e-Z"q(a, b))(e’-b e-’+’) O,

4i
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where [q(a, b)l<qo<C for all a, b. Multiplying both sides of (1.22) by e-(’+ib) and
observing that b--> O, we conclude that the following expression must tend to zero as

(1.23)

1 --ia (4a) , e_, ia _, 1 ia
-(eia+e )/ (e / )---(eia-e )=-cosa-(cosa+sina)->O.

But this is impossible since it would imply that cos a--> 0 and cos a +sin a--> 0. The
-a-ibcase when a->-oc and b->0 is similarly proved. In this case we factor out e

in (1.21).
When b -> o and lal-> 0, we factor out e-ia+b in (1.21) to obtain

1
ea+ib e_a_ib -2ei-b+-( + )(e bqa(a, b)+ 1)

b-ia
--ib)((1.24) +(e+b-e e-abq2(a, b)+ 1)

4

b- ia
(ea+ib + e_a_ib)(e_2bq2(a b)- 1)=0,+ 4----f-

where Iq2(a, b)l < qo < o for all a, b. Since a--> 0 this implies that

11 ib

b+ (sin b/cos b)->0

as b --> o, which is impossible.
The cases where a->-o, b-> 0 or b-->-c, a-->0 can be treated similarly. Thus

case (a) is not possible.
Proof that case (b) is impossible. Assume b-> c and a-> ao 0, a constant. Then

factoring out e-a+b in (1.21) we obtain (1.24). Dividing (1.24) by (b- ia) we conclude
that

1
(ea+ib -a-ib)+ ee-a-ib)

e-- (cos b sin b) / i(sin b / cos b)

e-a
+ -cos b + sin b + (sin b + cos b

4

(ea-e-) (e"+e-")
(cos b sin b) + (cos b + sin b) -> 0.

4 4

But, unless e" -> 1, this is impossible. Thus, since case (a) does not hold, neither
does case (b) for b --> c, a --> ao. The other three possibilities b -> -; a -> ao
b-> bo 0 are treated in the same manner and in each situation a reduction to case (a)
results which has already been shown to be impossible.

Proof that case (c) is impossible. We assume a-->c and -b->oc. (The
other three cases are similar, as will be seen by the treatment.) Dividing (1.21) by
e’+ibeia-b((b ia)/4) we arrive at the contradiction

(1.25) -(1 i)--> 0 as a2+ b2--> .
This concludes the proof of the proposition.
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Remark 1.1. Proposition 1.3 may not seem as unusual as it first appears if we
recall that the system (1.1), (1.4), (1.5) with (1.2) and (1.3) replaced by

(1.2)’ u(O, t) ux(O, t) Uxx(1, t) 0,

(1.3)’ Uxxx(1, t)=cp(t)

(e--the control) is controllable between two arbitrary finite energy states in an
arbitrarily short time for some L2[0, T], T-arbitrary (see, e.g., [7, 4]).

PROPOSITION 1.4. There exist to -iton, ton -> oo and en > O, en - O, which satisfy
(1.16) when to is substituted for " via the relations (1.7).

Proof Let n 1, 2, , and consider the interval I (2n- /2, 2n- /4).
Choose e such that :e, /2. Then the left-hand side of (1.16) is

()=(l+coshcosr)+(sinhcos+coshsin).(1.26) F ,
22

Notice that the value of (1.26) at the right-hand end point of I satisfies the condition

cosh(2 -)+(2n-) (sinh(2n-) cosh(2n-)) 01+ n

for n suciently large, whereas the left-hand endpoint of (1.26) satisfies

for all n. Thus for n suciently large we can find a eI for which (1.26) is zero, and
when e /2 and r , (1.16) is satisfied. The corresponding value of is from

2(1.7) =-r which proves the proposition.
We proved in Proposition 1.4 that there exists

with %(1.27) 2 -i and e 2
such that (1.16) is satisfied for these values of-i and e. This is equivalent to stating
that for these values of e the spectrum of (1.1)-(1.5) has points on the imaginary
axis. We shall now show that there exist e 0 such that the spectrum of (1.1)-(1.5)
has points in the right half plane. First notice that (1.16) is actually a function of
and e, because of the relations (1.7), which implicitly define the functions (e) or
e(). We seek to compute their derivatives at the points which satisfy Proposition 1.4.
The paial derivatives of F are:

OF OF OF

[(sinh cos -cosh sin )-ie(sinh cos +cosh sin )
2

+22ee(sinh cos +cosh sin )-2ie cosh 7 cos ],
OF 3e(sinh cos + cosh sin ).
Oe

Evaluating OF/O and OF/Oe at the points obtained in Proposition 1.4 and noting that
e= we obtain the following expression:

OF/OFI sinh cos -cosh sin +27(cosh cos )
+iq()(1.28) / ..... 2 sinh cos z +cosh sin 7

i
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where q(zn) is real. The denominator in the first term on the right in (1.28) cannot be
zero for large values of n since, because (1.16) must also be satisfied, this would imply
that Icos ’nl 1/x/ and 1 / cosh -n cos 0 which is impossible for n sufficiently large.
Similarly the numerator of the first term on the right in (1.28) cannot be zero, since
this would imply cos - ----0, which is impossible if (1.16) is satisfied.

Since (1.28) has the form a+ib, where a0, and since -1/(a+ib)-
-(a ib)/(a2+ b2) this implies that

(1.29) Re(d-)
Hence for e "near" e, (1.16) has solutions in Re to > 0. Thus we can state the following
result.

TI-IEOREM 1.1. The system (1.1)-(1.5) has for e 0 at most a finite point spectrum
which must lie in Re to < 0 if it exists. However there exist values e, 0 for which the
resulting system has its spectrum in Re to > 0.

Proof. The proof follows from Proposition 1.2 which essentially states that the
spectrum of (1.1)-(1.5) is determined by (1.16), Proposition 1.3 and (1.28), which states
that for some sufficiently small values of e 0, (1.16) has solutions in Re to > 0.

2. Consider the two-dimensional wave equation described by

(2.1) utt(x, y, t) Uxx(X, y, t) + Uyy(X, y, t), 0<x<l, 0<y<l, t>0,

(2.2) u(0, y, t)= u(x, O, t): u(1, y, t)= O,

(2.3) uy(x,l,t)=-u,(x,l,t-e),t>-e, where e>-0is a fixed constant,

(2.4) u(x, y, O)=f(x, y), u,(x, y, O)= g(x, y).

Condition (2.3) may be viewed as a boundary feedback control. In fact we shall
show (Proposition 2.5 below) that for e 0 it places the point spectrum of (2.1)-(2.4)
in the left half of the complex plane.

Remark 2.1. We shall not be unduly concerned with the space of initial conditions
(2.4) except to assume that they represent functions which are real valued and analytic
in the variables x and y, i.e., we want to ensure well-posedness of the problem at hand
in terms of L2 representations of the solutions with regard to the variables x and y.

DEFINITION 2.1. For a given f, g and e we shall denote the solution (2.1)-(2.4)
by S(f, g, e).

Notation. Since frequent reference will be made to complex functions whose
arguments depend on the term (s2+ n27r2)1/2 (s is complex and n is a natural number),
we let

(:.S) (s + nzr)/ (s, n).

The Laplace transform with respect to the variable of S(f, g, e) for a fixed
(x, y) (0, 1) x (0, 1) will be denoted by

(2.6) U(x, y, s, e)= e-tu(x, y, t) dt.

For f, g and n fixed we denote by r,(tr, f, g, s) the function

(2.7) r,,(o’, f, g, s) sin nrr(sf(’, o’)+ g(r, o’)) dr.
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DEFINITION 2.2. By the spectrum of (2.1)-(2.4) we mean the set of points in the
complex plane for which the Laplace transform of some nontrivial solution has a pole.

The following propositions will be used to prove the main result.
PROPOSITION 2.1. An energy function for (2.1)-(2.4) in the case e-0 is

(2.8) 2E(t)= [u(x, y, t)+uy(x, y, t)+u2t(x, y, t)] dxdy

and its derivative along solutions is

(2.9) d-- (t) u(x, 1, t) dt.

Proof. The proof is by direct calculation using conditions (2.2) and (2.3).
PROPOSITION 2.2. For f, g fixed the Laplace transform of S(f, g, e) is given by the

expression

sin nrx [U(x, y, s) ?--1 sinh p(s, n)
A,(s) sinh (s, n)y

(sinh p(s, n)(1-y))(sinh p(s, n)o-)r,(o-,f g, s)+
(s,n)

do"

sin nrx
sinh q(s, n)

+ I (sinh q(s, n)y)(sinh q(s, n)(1- o-))r,(o-,f g, s) do"1(2.10) (s,n)

A.(s) sinh o(s, n)y + G.(y, o-, s)r.(o-,f g, s) do"

Proof. The proof is a direct application of the Laplace transform to (2.1), (2.2),
(2.4). A description of the procedure may be found in [2, Ex. 3.3, p. 14].

PROPOSITION 2.3. Ire =0, then A,(s) in (2.10) satisfies the equation

(2.11)

A,(s) _[sinh p (s, n

1 ]p(s, n) cosh p(s, n)+ s sinh q(s, n)

[fo’(Sinh(s,n))r,(,f,g,s)Jf" + sinh (s, n)
do-

where f, is the nth coefficient of the sine expansion

(2.12) f(x, 1)= Y. f, sin nTrx.
n--1

If e > O, then A, s satisfies

(2.13)

A,(s)
sinh 0 (s, n) o(s, n) cosh q(s, n)+ se

J(sinh q(s, n)o-)r,(o-,f g)
do"b.(s)+

sinh q (s, n
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where b.(s) is the entire function of the nth coefficient of the sine expansion

e-f(x, 1, O)- e-(+u(x, l, tr)dtr Y b,,(s) sin nTrx.
n=l

Proof. The proof is to observe that the Laplace transform of (2.3) for e -0 is

(2.14) Uy(x, 1, s)--sU(x, 1, s) +f(x, 1)

and for e >0 is

(2.15) Uy(x,l,s)=-e sU(x,l,s,e)-u(x,l,O)+ e-Su,(x,l, tr)dr.

Then we apply (2.14) or (2.15) to (2.10) to obtain (2.11) or (2.13), respectively.
PROPOSITION 2.4. The poles of U(x, y, s, O) for a given f and g are determined by

the zeros of the function
S

(2.16) ’(s, n) cosh p(s, n)+ sinh o(s, n) n 1 2,. .
p (’s, n)

Proof When e 0 we see, using (2.11), that U(x, y, s) can be written by Proposi-
tions 2.2 and 2.3 as

x (sin nzrx) sinh p(s, n)y
U(x, S)y,

--1 (s, n) cosh (s, n)+ s sinh q(s, n)

fot (sinh (p(s, n))rn(tr, f, g)
dr(2.17) fn + sinh tO (s, n

G,(y, tr, s)r,(tr, f g, s) dtr]+
sinh tp (s, n

(2.18) p(s, n) cosh 0(s, n)+ s sinh o(s, n) =0,

s +nri. But another way of phrasing this is to look for the zeros of

z(s, n) cosh (s, n)+
s sinh p(s, n)

(s,n)

This proves the proposition.
PROPOSITION 2.5. For each n the set of zeros of r(s, n) lies in Re s <0 and is

uniformly bounded away from the imaginary axis.

Proof. It follows from Proposition 2.1 that U(x, y, s, 0) can have no poles in
Re s > 0 since E (t) is decreasing for each set of initial values (f, g). There can also
be no zeros of z(s, n) on the imaginary axis since elementary calculations show that
[z(s, n)[ => 1 if s ito. Hence the only zeros of z(s, n) lie in Re s < 0. Thus assume there
is a sequence of zeros of z(s, n) of the form s, -, + ito,,, where 0< 8, and 8,0
as mc. Clearly I,o1-o since I’(s, n)l->4 on the imaginary axis. But if
and , 0 then using the identities cosh ito cos to and sinh ito sin to we can write
for m sufficiently large

(2.19) -(s,, n)=cosx/to 2 n27r2+i
to"sinx/to2

,+(s),

Using l’H6pital’s rule we can exclude points of the form s= +nri, n- 1,2,... as
poles, since the numerators and denominators in (2.17) have zeros which cancel each
other out at such points. Hence the only poles of (2.17) occur when
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where [e(s)[O as meo. But then

lim r(s,, n)[ 1

which is impossible. This proves the proposition.
PROPOSITION 2.6. If e > O, then the spectrum of (2.1)-(2.4), i.e., of S(f, g, e), is

given by the zeros of
se-eS

(2.20) q(s, n, e) cosh o(s, n)+ sinh o(s, n).
(s,n)

Proof. Using (2.11) and (2.13) we can write U(s, y, s, e) in the form

(sin sinh )
U(x, y, s, e) n (S, n) cosh (s, n)+ se sinh (s, n)

(2.21) b,(s)+
sinh (s, n)

Ilo a.(y, , ).(,X g, )+
sinh (s, n ]

Arguing as in the proof of Proposition 2.4 we see that the poles (2.21) are determined
by the zeros of

se
cosh (s, n) + sinh (s, n) 0,

(s,n)

which proves the proposition.
PROPOSWO 2.7. For any r > 0 there exists an e > 0 such that 0 < e < r and such

that (2.20), i.e., (s, n, e), has a zero on the imaginary axis.

Proof Let w > n and set s iw. Then,

iwe -io sinw-n2

(2.) O(iw, n, e) cos-n +
2__ n22

If (2.22) has a zero, then

(2.23)
ito

4to2_ n27r2
tan 40)2- n27r ei)e

must be satisfied. Since the right side of (2.23) has absolute value equal to one, we
shall seek a value of to for which

(2.24)
x/to2_ n27r2

tan 4to2- n2r2 1.

Such a choice is possible since when /to2-n27r2=2mqr+ r/3, m a positive integer,
or zero, the left side of (2.24) is greater than v/ and when x/t02- nZTr2- 2mTr the left
side of (2.24) is zero. Hence, by continuity, in each interval of the form

(2.25) I (x/4m2r2 + n2r2, x/(2mr + r/3)2 + nZr2)
there exists a zero 03 of (2.24). Set

(2.26) a3 2kTr+, k=0,1,...
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For these values of o3 and e, (2.23) is satisfied. But then ia3 is a zero of (2.22) and

2kr+ 7r/2 2ker + zr/2
(2.27) O<e= <

03 "4/mTr2 + n27r
Since the right-hand side of (2.27) can be made arbitrarily small by choosing rn large
this proves the proposition.

PROPOSITION 2.8. Given r > 0 there exists an eo and So, with Re So > 0 and 0 < eo < r,
such that p(So, neo)=0. That is, U(x, y, s, eo) has a pole at So where Re So> 0.

Proof. Let f and ko satisfy Proposition 2.8 for a given r > 0. We shall compute
Oq/Os and Oo/Oe at (e, w) and show that an implicitly defined function s(e) exists in
a neighborhood of f whose derivative is not zero at f and is such that p(s(e), n, e) =0
in that neighborhood. Thus

0 S s2e
Os p(s, n)

sinh (s, n)
(q(s, n))

sinh q(s, n)

(2.28)
ese sz e sinh # (s, n

q(s, n)
sinh o(s, n)+

(#(s, n))
cosh.q(s, n)+ e

q(s, n)

and

Oq, s2e sinh o(s, n)
(2.29)

Oe p(s, n)

At s io and e the following relations, which are consequences of (26), the fact
that ei’ i, sinh is sin s and cosh is cos s hold"

(.o 2(2.30)
/wi nEzr

tan x/w2- 7r 1,

(2.31) q(ko) i4w- nw,
(2.32) iw 2k+ i, k O, 1,. .
Substituting the above into (2.28) and (2.29) we obtain

O i

i+2 2--+2 n2 2----cosh (s, n) Os
(2.33)

=-+i 1+ n + n-
1

(2.34)
cosh (s, n)

Thus from (2.33) and (2.34) we deduce that there exists an implicitly defined Nnction
s(e) such that (s(e), n, e)=0 and

ds
i -+ 1+ k -(.35) d

Since may be chosen to be arbitrarily large, the imaginary term in the denominator
of (2.35) can be made to approach one. Consequently

ds
=a+ib,(2.36)

de
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where a 0. Relation (2.36) implies that as e varies on.any sufficiently small interval
I() (-51, + 51), 51 > 0, Re s(e)>O for some e in I(), which prove the propo-
sition.

DEFINITION 2.3. Let Xn (t(x, y): t(x, y) (sin nrx)q(y), where q is analytic on
the set [0, 1].

By Propositions 2.4 and 2.6 any point in the spectrum of (2.1)-(2.4), where e 0,
has its corresponding eigenfunctions in Xn for some n. Moreover iff(x, y) u(x, y, O)
and g(x, y) u,(x, y, 0) are in any X for some n then, using (2.7), (2.17) and (2.21),
we see that the corresponding solution of (2.1)-(2.4) for any e 20 is also in X for
each fixed 0. Thus we can state the following theorem which is the main result of
this section.

THEOREM 2.1. For each 0, fixed, and e >- 0 the solution of (2.1)-(2.4) with initial
values at 0 in X is also in X. The eigenfunctions associated with any point of the
spectrum of (2.1)-(2.4) lie in Xn for some n. For e =0 and n fixed the solutions of
(2.1)-(2.4) in X have a spectrum which lies in Re s <-_ -5, where Sn O. However given
any r O, there exists an Co, 0 < eo r, such that at least one point of the spectrum of
the projected system lies in Re s > 0.

Remark 2.2. It would be most satisfactory to state that for e =0 the system
(2.1)-(2.4) has its spectrum uniformly bounded away from the imaginary axis. However
our boundary feedback prohibits this. What Theorem 2.1 does state is that for each n
fixed the projected solutions of (2.1)-(2.4) on X have a "jump" in the real part of
their spectrum across the imaginary axis of width at least 5 as e changes from 0 to e 0.

3. Distributed control versus boundary control. In this section we shall indicate
that when the stabilizing control for a hyperbolic system is distributed a type of
destabilization phenomenon similar to that exhibited by the examples in the previous
sections is easily obtained. We first prove a general result for linear hyperbolic ordinary
differential equations in a Hilbert space and then compare it vis-A-vis a simple example
of the wave equation with boundary feedback.

Thus let H be an infinite-dimensional real Hilbert space with inner product (.,.)
and norm[. and let H be the complex extension of H. We assume A is an unbounded
linear self-adjoint positive definite operator on H with domain (A) whose inverse
A-1 is compact. Let A/2 denote the positive square root of A. and let B be a linear
self-adjoint operator on H such that (i) (B) (A) is dense in H, (ii) A-/2BA-/
is compact when considered as a mapping on H and (iii) the ordinary differential
equation defined on H x H by (3.1)"

(3.1) _All2 tO,

has "mild" solutions on H x H and strong solutions for a dense set of initial values

on HxH.
If B is positive in the sense that (Bx, x) 0 for x (B), Ixl 0, then the solutions

of (3.1) are nonincreasing with respect to the functional

(3.2) V(t) 1/2[(x(t), x(t))/ (y(t), y(t))],
since strong solutions of (3.1) satisfy

(3.3) dV_ (Bx(t), x(t)) 0.<
dt
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Let e > 0 be fixed and consider the delay system

(3.4i)
\)(t)] (_ 0(2(t) x(t) x(t-e)

A1/2 Ao/2)(y(t))+(--oB :)(y(t-e))’ t>e,

(3.4ii) (x(t) (p(t))\y(t)] O(t)
[-e, 0].

THEOREM 3.1. For any eo> 0 there exists an el, 0 < el < eo, such that (3.4) possesses
a nontrivial strong periodic solution.

The proof of Theorem 3.1 is based on the following lemma.
LEMMA 3.1. The eigenvalueproblem

(3.5) [A-I-AB-A]x=O,
Ixl 1 (I is the identity mapping in H), has an infinite number of eigenvalues {to,} such
that to, --> "Proof. Equation (3.5) is equivalent to the equation

(AI-B -a/2
in HxH.

If

(3.7) A
B /2

A1/2

then

0 A-1/2

(3.8) ,-1
A-’/2 -A-’/2BA-1/2]"

By hypothesis -1 is compact and self-adjoint in H H; hence there exists an infinite
number of solutions of (3.6), i.e., eigenvalues of , satisfying the conclusion of the
lemma (see e.g. [4, VII, 4.1]).

Proof of Theorem 3.1. We seek Xo H, to R and e > 0, with e < eo, such that
e-’ -i and xoe’ is a solution in Hc of (3.4).

Such a triple must satisfy

(3.9) [--o921 + itoe-’B + A]xoe’t [-o921 + toB + A]xoei’t O.

By Lemma 3.1, (3.9) has an unbounded sequence {to} of real eigenvalues. Thus for
each n we select e, 7r/2to, if to,>0 and e, (3/2)(Tr/to,) if to, <0. In either case
for each n (3.9) is satisfied for some x, H, Ixl 1,

Clearly, e, --> 0 as I,o.l- and

(3.10) x(t) (cos to,t)Xo

satisfies (3.4) for e e,, which proves the theorem.
Remark 3.1. If H =R and B>0 (3.4) is uniformly asymptotically stable for

0-< e <= eo, where

eo= man [ zr 3zr

B +/B2 + 4A’ B -x/B2 +4A
and has a periodic solution for e eo (see e.g. [5]). Thus, if we let A--) and B/AO,
we see that eo 0.
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Hence, if the abstract system (3.4) can be reduced to an infinite number of
uncoupled harmonic oscillators of the form

(3.11) ,+Bnn(t-e)+Anxn(t)=O, n=l,2,...,

where An- c and Bn/An- O, there can exist no minimum interval [0, Co) for which
the overall system is asymptotically stable. Clearly system (3.11) is a special system
(3.4), where H

Remark 3.2. Theorem 3.1 has the following obvious application to distributed
control stabilization problems. Suppose we are given the abstract problem

(3.12) ( t) + Ax( t) Cu( t), > O, Ix(O) Xo, (0) Xo,

where x(t) H (a real Hilbert space), A is a closed unbounded linear self-adjoint
positive definite operator on H with a dense domain and C" H - H is a closed linear
mapping from a real Hilbert space H into H such that C*, the adjoint of C, and C
satisfy the conditions (CC*) f’) (A) is dense in H, CC* is closed and

(3.13) A-/2CC*A-/2- K

is a compact mapping.
If u (t) in (3.12) is defined by

(3.14) -u(t) -C*(t)

and the resulting system

(3.15) J( t) + CC*:( t) + Ax( t) 0

is asymptotically stable in some sense, then the conditions of Theorem 3.1 hold and
we can always find an e > 0 sufficiently small such that

(3.16) 5i(t) + CC*(t e) + Ax( t) 0

has a nontrivial periodic solution.
We might suppose that Remark 3.2 could be extended to hyperbolic systems which

are stabilized by boundary feedback and such may be the case. This would then
partially obviate the necessity of examples such as the ones given in and 2. However
the next example, which is a special case of one given in [3], indicates that even when
analogous formulations of type (3.12) are given to boundary control problems the
extension is nontrivial. The reason is that the operator C in (3.12) is often either a
distributional operator or (3.12) may be equivalent to variational problems of the type
considered in Lions’ book [6, Chap. 4, 7.1-7.2], which lead to operators CC* which
are not closed in H.

Example 3.1. Consider the one-dimensional wave equation

(3.17) u,,(x, t) u,,(x, t), 0<x < 1, t>0,

with initial conditions

(3.18) u(x, O)= ’(x), u,(x, O)= "y(x)

and boundary conditions

(3.19) u,(1, t) v(t), u(0, t) 0.

It is easy to show that all solutions of (3.17)-(3.19) (with reasonable initial data) are
zero for > 2 if v(t) in (3.19) satisfies

(3.20) v(t)=-u,(1, t).
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Moreover we can always find e > 0, arbitrarily small, such that if (3.19) is replaced by

(3.21) Ux(1, t)=-u,(1, t-e), u(0, t)=0

the resulting system is unstable (see e.g. [3]). What we wish to do is frame (3.17)-(3.19)
in a form similar to (3.12).

Using the formal procedure described in Lions [6, pp. 342-345] we define for
T> 0 the family of functions

O= {: 6 L2[(0, T); Hi(0, 1)]; o, L2[(0, T) x (0, 1); t,-xx L2[(0, T) (0, 1)];

Cx(1, t) 0, (0, t) 0, (x, T) t(x, T) 0},

where H(0, 1) and L2 denote the usual Sobolev and square integrable spaces, respec-
tively.

We can easily show that the solutions of (3.17)-(3.19) satisfy the equation

Io’u(,- xx) dx dt r(x),(x, O) dx + v(x)v(x, O) dx

(3.22)
+ v()(, )

for all e .
We express the solutions of (3.17)-(3.19) in the form

(3.23) u(x,t)=
,=o (sin(n+)x)g(t),

where g, are to be determined using (3.22). (Note that sin(n+ /2)x, n =0, 1, ,
satisfy the problem wx A,w", w"(0)=0, w(1)=0, o w"(x)wS(x) dx 6,,s, where 6s
is the Kronecker delta.)

For each n =0, 1,...,we consider of the form

(T) (T) 0.

Substituting (3.23) and (3.24) into (3.22) and integrating by pas with respect to
on the left-hand side we obtain the infinite system of equations

(3.5 +(-*lv+ n+ g t+g(0(0-g(0(0=0.

Thus the formal solution of the original problem assumes the Hilbe space
formulation of (3.12) (with one exception) when H l. To see this observe that the
operator corresponding to A in (3.12) is

(3.26) A=diag + ,..., n+ ,...
However the C operator obtained from (3.25) is

(3.27) c (1,-1, 1,..., (-1)",...),

which unfounately is not a vector in l. Moreover CC* is not a closed operator in

12 even though it is symmetric. In fact CC* is the infinite square matrix

(3.28) CC*=(co) where co=2(-1)+, i,j=O, 1,....
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It can be easily seen that the domain of CC* in 12 consists of all sequences
a-(ao, al,"" ,) such that

(3.29) E (-1)Jaj =0.
j=0

Moreover for such an a

(3.30) CC*a O.

It is also easy to show that the domain of CC* is dense in 12.
Interestingly enough for A defined by (3.26) and CC* by (3.28),

(3.31) A-I/ECC*A-1/2= Q (qij),

where

2(-1)’+
(3.32) qJ

(izr + r/2)(jr + zr/2)’
i,j=O, 1," ",

is a compact operator in I, since if a in 12 satisfies

(3.33) a =(ao,-al,’", (-1)"aj,...),

then

A-1/2CC*A-1/2a= 2 a 1 (-1)

= (jr+ rr/2) 7r/2’ kTr+ rr/2’

From (3.25) the explicit Hilbert space formulation of the control problem is

(3.34i) ft, + nTr+ g, =x/(-1)"+’v,

(3.34ii) g,(0)=x, ,(0)=y,, n=0,1,....

If we consider the homogeneous system

(3.35) ,,+(n.a’+-)G,, =0, n=0, 1,...

with initial conditions (3.34ii) we can show that for

(3.36i) v(t)= Y, (-1)
=0 v/

(j(t) if0_-<t<=2,

and

(3.36ii) v(t) 0 if > 2,

the control problem (3.34) satisfies the conditions

g,(t)=,,(t)=O for t--> 2, i=0,1,....

(See the Appendix for a proof.)
Thus this example has some of the flavor of a distributed control problem, but

not enough to handle the relatively simple theory given in Remark 3.2.
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Appendix. For each n the explicit solution of (3.34) when t_-> 2 is

gn(t)=x, cos mr+ t+ nr+r/2Sin nqr+ t4 tr-r-)2 sin nzr+ (t-tr)

(4.1)

[j=o (’l)J(- (Jr/)xJ sin (Jr/)(ryJ cs

Since

(i) sin(nqr+)(t-o’)=sin(nr+)tcos(nr+)o"
-cos(mr+)tsin(nr+)o’,

(ii) Isin ((mr+-r)o’) cos ((j’+)o’) do’=O,

(iii) Isin ((mr+-r)cr) sin ((j+)cr) dv

(,j is the Kronecker delta) it follows by simple calculations that g,(t)--O for t_->2.

A similar observation shows that , (t) 0 for _>- 2.

Acknowledgment. The author thanks the referees for their helpful suggestions,
particularly in regard to 1, where the original result was much improved due to their
comments.
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ON THE MATHEMATICAL MODEL FOR LINEAR ELASTIC SYSTEMS
WITH ANALYTIC DAMPING*

FALUN HUANG’

Abstract. In the present paper we investigate linear elastic systems with damping fi+ B+ Ay 0 in
Hilbert spaces, where A is a positive definite unbounded linear operator and B is a closed linear operator
related in various ways to A (1/2_-< c _-< 1). We discuss the spectral property of these systems and obtain some
fundamental results for the holomorphic property and the exponential stability of the semigroups associated
with these systems.

Key words, elastic systems, damping, exponential stability, holomorphic property
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1. Introduction. Let H be a Hilbert space with inner product (-,o) and let it be
associated with norm [l" [I. An unbounded self-adjoint linear operator A in H is called
positive definite if (Ax, x)>-_ hllx[[ 2, for all x D(A), the domain of A, where h >0
is a constant number. Let A for a real number a be the fractional power of a positive
definite operator A [1], [2]. Chen and Russell [3] studied the following linear elastic
systems with structure damping:

(1.1)
+B+Ay=O,

y(0) =yo, )(0) =y,

where means d/dt, y, Yo, Y H, A and B are positive definite self-adjoint unbounded
linear operators in H and B is A/2-bounded. Letting x A/2y, x2 P, we get the
equivalent first-order linear systems

dt x2 -A/2

(1.2)
x(O)=A/2yo,

Chen and Russell [3] have proved that

Xl

x2(0) =yl.

LB _AI/2

generates an analytic semigroup on W= HH, if some additional conditions are
satisfied. In the same paper, they pose the following conjecture proved by Huang [4],
[5: Let D(B) D(A/2); then either of the following conditions (1) and (2) implies
that La generates an analytic semigroup on W:

(1) pl(A/2x, x)<-_(Bx, x)<-_p2(A/2x, x) /xD(A/2)
or (not, in general, equivalent)

(2) p,(Ax, x) <= (B2x, x) <= pz(Ax, x) Vx D(A)

for some p, p2> 0 with p =</92. In addition, the semigroup e’ generated by Ln is
exponentially stable, i.e., there exist positive numbers M and tr such that e’. --< Me-’’
for t_>-O.
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But these results do not contain the situation that B pA, which could possibly
appear in engineering applications. For this situation, Massatt [6] shows that if B pA
with p > 0, then

(04
-A -pA

generates an analytic semigroup which is exponentially stable.
In the present paper we will investigate the more widely used linear elastic systems

(1.1) with damping B related in various ways to A (1/2<-a =< 1), so that the Co-
semigroups associated with them are analytic and exponentially stable. Our approach
agrees with those of previous studies. Moreover, we will still make use of the representa-
tion (1.2) to study the systems (1.1). This approach is new for a (1/2, 1] and has many
advantages in engineering applications. In 2 we describe some preliminary results.
In 3 we investigate the spectral property of the systems (1.1) associated with a [1/2, 1 ].
Finally, in the last section, we obtain some new results for analytic property and
exponential stability of the semigroup associated with the systems (1.1),

2. Preliminary results. Let the spectral measure E .be the resolution of the identity
for a self-adjoint operator A and let f be a complex Borel function defined E almost
everywhere on the real axis R. Then the operator f(A) is defined by

(2.1)

and

D(f(A))= xeH; ]f(t)12(E(dt)x,x)<oo
R

(2.2) (f(A)x,y)=IRf(t)(E(dt)x,y) forxeD(f(A))andyH

(see [7], [8] for the A-function calculus used in this paper).
Below, we assume that A is a positive definite unbounded linear operator in H

and B is a closed linear operator in H with the domain D(B)D D(A") for some
a [1/2, 1 ]. Let tr(A) and p(A) be the spectrum and the resolvent set of A, respectively.
We will study the linear elastic system

(2.3) fi + By + Ay O.

Setting x, A1/2y, x2 )) and w (12) (xl, x2) +/-, we obtain the first order representation
of the system (2.3)

(2.4) rO=
2: -A1/2

x2

where

(2.5) D(Ln) D(A1/2)O) D(A/) CI D(B).

The energy of the system (2.3)

(2.6) Eo(t) [ [l = / IIAl/y i1=3,

provided that the initial data belongs to D(A/-) H, decays exponentially if and only
if L generates an exponentially stable Co-semigroup on W= H0)H, where the bar
indicates closure.
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LEMMA 2.1. Let D(B*)f’ID(B) D(A) for some c e [1/2, 1]. Then we have"
(a) A-(’-’)BA-,e(H), for re[0, a] and IIA--BA-II<=IIA"-BII/

IIBA-II-/ for ’ [0, a], where A-B have bounded extension on H;
(b) A-1/2BA"-I/2 ’(H) and

Ilnm-"ll (-)/, where x, =inf{x; ;t r(A)};
(c) D(A-1/2BA1/2) = D(A) and IIa-/=nA’/=xll <-_ Ila-nll(=-l)/2llna-ll/-

ax II, fo all x D(a ).
Proof. For x H and h r + ito with to R and r [-a, 0], we define

AXx tXE(dt)x.

Clearly, Aax is analytic for (-a)< Re h < 0 and

IIm+/-’xll =-- It’+/-1211E(dt)xll=-- IIE(dt)xll -- Ilxll =.
Now for x D(A’) and A z+ ito, since BA ..(H), T(A)x A-(+X)BAXx
A-(’+XBA-AXA"x is analytic for z (-a, 0). Observing that B*A (H), A"B
(B*A-’)* is bounded on H; thus we have

and

T(O+ io)xll IIA-(+’)nm’xll- IIm-im-nm’xll
=< A-’’ A’B A" x < A-’B x

T(-a + ito)xll IIm-’nA-m’xll IIBA- Ilxll.
By the three lines theorem [8, pp. 520], for r [-c, 0], we have

sup T(r+ ito)xll <_- sup T(0+ ito)xil sup T(-a + ito)xl[
touR R touR

Especially, for A r [-c, 0], we have

T()x a-(+)BA"x -<- a-BII-/ BA-’ (/)/ IIx VxD(A’).

Since D(A) is dense, (a) is proved.
From (a), we have A-1/EBA-1’/2 A-(1-’)’A-’(-I/2)BA-/2 . (H) and

-(-)llA-Bil,/= IIBA-II(2-)/=IIA-1/2BA-’/-II <= iiA-l-)ll IIA--(--1/=)BA-,/2II <= A
This is (b). Also from (a), A-I/2BA-(c’-/2)o(H) and IIA-1/=BA-<a-’/"II<=
IIA-BII="-’)/=IIBA-II’/=% Therefore D(A-1/2BA/2)= D(A-/2BA-<-I/2)A)
D(A’), and so (c) holds.

THEOREM 2.2. Let D(B*) f-I D(B) D(A’) for some ct [1/2, 1]; then LB is closable
and D(L-)= {(-A-/2BA-I/2x-A-1/y, A-/=x)’; (x, y)+/- W}.

Proof Let to, (x,, y,)_L D(LB), to. -> too (Xo, yo) +/- and Lw,
(A/2y,,-A1/2x,,- By,)’-> (u, v)’, as n -> a3. Then by the closedness of A/2, we have
yo D(A1/2) and A1/2yo= u. Moreover, from A/2x, + By,, ->-v and x, -> Xo as n->,
we have A-1/2By,->-A-1/2V-Xo as n-->c. But A-1/2By,=A-1/2BA-1/2AI/2y,,->
A-/2BA-/2u as n -> by Lemma 2.1(b); thus Xo -A-/2BA-/2u A-I/2v. Therefore,
if Wo=0, then u=0 and v=0, so Ln is closable. If Wo#0, then Wo
(-A-/2BA-1/2u A-1/2v, A-/2u)" and the set of all these wois D(/Sn) bythe definition
of closure. Thus D(L-n) Do {(-A-1/2BA-f/2x-A-I/2y, A-/2x)+/-; (x, y).L W}. On
the other hand, for any (u, v) W and (Xo, Yo) (-A-/2BA-/2u-A-1/2v, A-/2u),
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there exists u, D(BA-t/2) such that u, u and A-/2BA-/2u,- A-/2BA-/2u as
n oo. Thus w, (x,, y,)+/- (Xo, yo)
A-/u, and LBw,=(u,,v)-(u,v) as noo. Therefore (xo,Yo)+/-D(B) and DoC
D(Ln), and so D(Ln) Do.

DEFINITION 2.3. The elastic system (2.3) is said to have the Analytic Damping
Property (ADP) if and only if La generates an exponentially stable analytic semigroup.
In this case B is called an AD-operator for the system (2.3).

Clearly, if a 1/2, then analytic damping is structural damping as in [3]. For a 1,
it is strong damping as in [6].

3. Spectral analysis. In the present section we investigate the spectral property of
the system (2.3) and the representation of the resolvent of the operator Ln.

THEOREM 3.1. Let B be a closed linear operator with D(B*) f-I D(B) D(A) for
some a [1/2, 1 ]. Then"

(a) A p(L-) ifand only if A(A)=(AI+AB+A) has inverse A-(A) (H) and
A-(A)A/2,S(H) and A-(A)A1/2H D(A1/2).

(b) For A p(Ln), we have

(3.1)

(c) For 1/2<-a < 1, has compact resolvent if A has, but if a 1, fn does not, in
general.

Proof. Let h p(/.n). Then for (u, v) W= HO)H there exists a unique (x,y)l
D(L) such that (h-/-[n)(x, y)= (u, v) +/-. Thus there exist (x,, y,) D(Ln) such that
(x,, y,)-> (x, y), ( -Ln)(x,, y,)+/- (u,, v,) +/-, i.e.,

(3.2) hx,, A/2y Un,

Al/2x "" i -F" B)y,, v,,(3.3)

and (u.,v.)(u,v) as no. Equation (3.3) implies that x.= A-/2(A+B)y.+
A-/Zv. and from (3.2), [A/2+ AA-/2(A + B)]y. AA-/v. u.. Letting n , we
obtain

(3.4) [AI/2+ AA-/2(A +"B)]y AA-/21) it.

Taking v=0 in (3.4), we see that [At/2+AA-/2(A + B)] is one to one from D(A/2)
onto H, because D(A/2) {y; (x, y).L D(/.Tn)} by Theorem 2.2. It follows from the
closed graph theorem that [A/+ AA/z(AI + B)]- A-(A )A/:’ .5(H) and its range
is D(A1/). Therefore A/zA-(A )A/, A-/ZBA-(A )A/2 ’(H), and so
A/ZA-I(A)A/2 has bounded extension on H and A-(A), A/A-(A)6&(H).
Moreover, from (3.4), we have

(3.5) y -A-(A )A/2u + A A-(A )V

and

(3.6)
x (hA-t/2 + A-’/2B)A-t(A)A’/2u AA-/:(A + B)A-(A )v +

A’/2(A + B)A-’(A )A/2u + A’/2A-(A )v.
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But for A # 0,

1
A"/2(A + B)A-’(A)A1/2u 1 A1/2A-’(A)A’/]u

(3.7)
A1/2a-’(X)(X + B)A-/2u.

Thus, from (3.5)-(3.7) we have obtained (3.1).
Conversely, let A-(A)(H) and A-(A)A1/2=[A/2+AA-1/2(A-(-B)]-

(H) and A-(A)A/2H D(A/2). Then A/2A-I(A)A/- (H); thus
A-1/2(h + B)A-I(A)A/2 A-/2(A + B)A-1/2A/2A-I(A)A/2 S(H) by Lemma 2.1,
and so the matrix operator in (3.1) belongs to (W) and it is equal to (A-/Sn) -.
Thus h p(Ln).

Finally, since A-(O)=A-(H) and A-/2BA-/(H) by Lemma 2.1, we
have A 0 p (Ln) and

(’-I/2BA-1/2A/2)(3.8) R(0; Ln)= It _A_,/2

If a [1/2, 1) and A is discrete, i.e., having compact resolvent, then A-’ is compact for
/3>0. And so, since A-("-/2)BA-/2(H) by Lemma 2.1, A-1/2BA-/2=
A-(-")(A-(-/2)BA-1/2) is compact. Also from (3.8) we get that R(0;/Sn) is compact,
and so R(A;/Sn) is compact for Ap(En). If a=l and B=pA with p>0, then
A-/2BA-/2= pI is not compact, and so Epa cannot have compact resolvent. El

COROLLARY 3.2. If B pA for some a [1/2, 1 and p > O, then A p(En) if and
only if A-(A) exists and (H).

Proof If A-(A) (H), then (A +pA)A-(A) (H) and it is a bounded
extension of A/2A-I(A)(A + B)A-/2 on H. Also A-I(A)A1/2 has the bounded extension
AI/2A-I(A) on H. El

Remark 3.3. If D(B) D(A) for some a (-oo, 1/2], then, by the analogical
method used to prove Theorem 3.1, we can prove that A ep(/Sn) if and only if
A-(A) (H). In that case, D(Ln)= D(A/)D(A/).

TH.ORZM 3.4. Let p > O, a (-oo, 1] and

(3.9) tz(t)=1/2(-pt +/pt -4t)=-2t-p-(1 +/-/1- 4p-et(-)) -.
Then

(a) For a e (-oo, 1), tr(LoA=)= {/x,(t); e r(A)};
(b) o’(LpA)={I, (t); tetr(A)}U{-p-’};
(c) For tx (-oo, 1/2), arg (/(t))-> +-/2 as -->oo.
Proof. Let fx (t) A 2 + Apt" + t; then f (A) A(A A 21 + ApA" + A. If c < 1 (or

A _p-l), we have It[ =0 ([A (t)l) as t-> oo. From (2.1)it follows that D(f (A)) D(A).
Hence we obtain that f(A)= A(A), and so A-(A) (H) if and only if [fx(t)]- is
E almost everywhere bounded on R. By Corollary 3.2 and the observation that
[/z :( t)l -> c as t->oo, (a) holds.

Let a 1. Then by the same reasoning used above, we have that {/x =(t); tr(A)}
tr(L",A)C {/z=(t); a tr(A)}U {-p-}. Furthermore, A(-p-) p--2IIDA)f_,-)(A),
and so A-(-p-) (H). Hence (b) holds. Obviously (c) holds from (3.9).

It is seen that tr(oA)lz(t)->--p- as t--> o in tr(A), even if A is discrete. We
do not know what this means in regard to engineering applications.

LEMMA 3.5. Let p, a and Ix( t) be the same as in Theorem 3.4. Let Re A _>-0 and
A(A A + ApA + A. Then

(a)
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(C) IIAA-(,X)ll_--<max {1, 4p-2A-(2-l)}, for a [, 1].
Proof. Observing that for X r + ito with z _>- 0,

If (t)l2= 2+ APt + tl2

(3.10) p2 2I 12 + 2pt’lX 12 + 2pt’*r +42r2 + (r2 2+ t)

we have E-suplxt[A(t)]-lp-(tx>o). Hence (a) holds from
AA[]-(A).

If we set (t), then fa(t) (A +)(X --). If p2t2 > 4t it is obvious that

IA-1> IAI for Re A 0. If p2t2 <4t, it is also obvious that IA-+1> IAI when
Im A < 0, ]A -I > IAI when Im A > 0, and I1 =pt I1 i4p-at(-2) 11 1/2. This
implies that for Im A < 0 and Im A 0, respectively,

1

x- (-*)(--)

=<1+
Re (A -/x

:

tl/2
+ for p2t2 < 4t.
Re A +-pt

Therefore, for a [1/2, 1 we obtain that

E-sup IA2f;(t)] <- 1 + 2p-iX 1/2-a,

and so (b) holds.
Finally, we prove (c). If p2t2’ _4t, then from (3.10) we have

(3.11)
]f (t)l p2t7" + to(p2t’ 2t)+ 2pt-I, +2pt+ + I,X 14 + 2’r2t +

=> 2,

and so [tf-’(t)[ < 1. If p2t2 < 4t, then

t2lf-l(t)[2 t2l(A =-</2IRe (A -/z+)l-2lRe (A -/x-)[--
-4 -4A -2(2a-1)<=t2(z+pt =<42p

Therefore (c) holds.
LEMMA 3.6. Let B be a positive definite self-adjoint linear operator with the domain

D(B) = D(A) for some a [1/2, 1]. Then

Re h < -minsup

where p >0 such that IIxll <=pllA"xll, for all x D(A) and u, inf{A; A r(B)}.
Proof. We need only to prove that A-(A)=(A2I+AB+A)-1, A-I(A)A1/2 and

A1/A-(A)A1/ (H) for Re A > -80 by Theorem 3.1, where 80
min {1/2ul, p-lA-"}. In order to do this, it is sufficient to prove A/2A-(A)A/2 (H)
for Re A>-80. Since D(B)D(A)DD(A), we have that D(B1/)D(A/2)
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[9, 12.5], and so B’/2A-’/2, A-’/2B’/2(H). Let p,= IIB’/A-’/=II; then IIA’/=xll >-

7’llB’/=xll for xD(A/2). Thus, for A z+io with z>-8o and xD(A), if o=0,
since IIA-’/=BA-’/II <-X ?<’-)f, by Lemma 2.1, we have

(3.12)

If o # O, then

Re (A(A)x, x) =llxll = + IIm’/=xll + lln’/=xll =

(accordingly as r 0 or -8o < z < 0).

Iim (a(A)x, x)l I,o I[ ’/=x + 2,llxll -]
(3.13) ===l’olll’/=xll or 1ol(1-2;’l.l)ll’/=xll =

(accordingly as z 0 or -$o < < 0).

Since A/2A-(O)A/= I (H), and so A/2A-(O)B/, B/2A-I(O)A/2,
B’/2A-I(O)B ’/ (H) and I1’/=-’(0)’/11 II’/=A-’’/=II p. Therefore, for 0<

T, [- v, + v+ 4vp20o)/] with 0 < Oo < 1, we have A/2A-()A/2 (H) and

A’/2A-’(z)A’/= A’/2A-I(0)[1 + (+ n)a-’(O)]-lA’/2= A’/A-’(O)A’/

+ A’/2a-l(o)B’/2 E (-r)"[(zB-’+I)B’/2A-’(0)B’/2]("-’)

(zB-+ I)B/2A-(O)A/2

because I=III(=B-’+)B’/a-’(0)B’/II,(,T’+ 1)pOo and so the series is
absolutely convergent in norm. Let y2=[-(v+2y)+((v+2T)2+4vT8o)/2],
observing that Ilel/=a-’(r,)’/llr; from (3.]2) and
I]B/2A-(r)B’/=II r=[(2 r, + r=)’ +]]rT’ Oo for z [ r,, r, + r=]. We also obtain
A/2A-(z)A/2 (H) and

A/2A-(r)A/ A/2A-(r)A/+ A/2A-()B/

X (r,-,)"[((,+,)n-’+)n’/a-’(r,)B’/=]"-’
=1

((r, + z)e-’+ I)B’/A-’(yl)A’/

for ,[Tt, T+T2]. Repeating the process, we see that A/2A-(z)A/2(H) for
z0. Similarly, we have from (3.12) and (3.13) that A/2A-(A)A/2(H) for
A (-o, 0) and Re A > -o with Im A # 0, respectively.

4. Sucient conditions for AD-operators. By semigroup theory [1], [2], [9], a
closed linear operator Ao densely defined in H is the infinitesimal generator of a
holomorphic semigroup if and only if there exist real numbers Zo > 0 and M 1 such
that A p(ao) and II(X-Ao)-’IIMIXI-’ whenever Re A to. In addition, for
[/2, /2+arcsin(1/2M) we have that {A=zo+re’, 0<r<,= O<lOl<n}p(Ao)=
if A0 is such. Therefore by (a) and (c) in Theorem 3.4, for a [0, }) and B pA", Ln
cannot generate a holomorphic semigroup.That is, the elastic system (2.3) with this
B does not have ADP. However for a [, 1] we have the following theorem.

THEOREM 4.1. Let B pA + B, where p > O, e [, 1] and B is a closed linear
operator with D(B) D(B) = D(A) and IIn,xll Opllaxll, IInxll Opllaxll for
all xD(A) with some O[0, 1). en B is an AD-operator for the system (2.3).
Moreover, we have the estimate

(4.1) Ile’CllMe-’ fortO,
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where 0<o-<o’o=min{pX’(1-02), 1/2p-lXl-")} and e’r denotes the semigroup
generated by Lo.

Proof. We first prove that Ln generates a holomorphic semigroup on W. For, p(LB), from (3.1), we have

(4.2) (A -/_’,t) -1 (A/2A-I(A)(A +B)A-/2 A/2A-(A))
where A-(A)= (A2+ AB + A)-. For Re A =>0 and A rs 0, by Lemma 3.5(a), we obtain
that

a’/-a-’(x)ll--Ila’/2(x2I + ,pa" + A+
Ila(/2-")a"(A2I + Apa" + A)-[I+XBA-A(,2I+XpA + A)-]-lll

(4.3)
_<-[Ia(’/2-")ll Ila(x2! + hpa" + a)-

IIEt + ABA-A(,2I + ApA + a)-’]-’

<= A ’l=-)p-l(1

Similarly, we have

Ila-(x)a/ll II[I + (I+ hpa +A)-AA-B]-(A2I + hpa + a)-a/2l[
(4.4)

A]’/2-)p-(1-0)-’IA]-’ for RehOandh #0.

Also by Lemma 3.5(b), we have

IIA -’(A)II llA (2 + Apa + A)-t[I + AB,A-A(A21 + Apa + a)-]-
(4.5) [ P ]/2-)] 1

l+h (1 0)[h[ forReh0andh0.

Now we estimate A/-(h)(h + B)A-/2. For 0, from (3.7), we have

(4.6) A/_( )( + B)A_,/2=
1
[I A’/2A-’(A)A’/2].

Since IIA-/2BA/2A-II < 0O by Lemma 2.1(c) and IIA(X2I+XpA+A)-Ii<
1 +2p-lA-) by Lemma 3.5(c), we have

A’/=A-’(A)A’/Zll Ila’/Z(x a-’/z + Apa-’/2 + a1/2 + xa-’/zn,)-’ll

IIa(XZI + xpa +A+ AA-/=BAa/Z)-II
IIA(A2I + ApA + A)-[I + X(A-/BA/A-)

(A"(A2I+ApA+A)-’]-II

(l+2p-A-))(1-0)- for ReA0.

Thus, from (4.6), we obtain

IIA’/=A-’(A)(A + B)A-’/=II
(4.7)

<[ +( +2o-’x’-)(- 0) -’] forReA0andA#0.
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Therefore, from (4.3)-(4.7), we see that {h; Re A_->0, A #0}c p(L) and there exists
M > 0 such that

M
for Re h =>0 and h #0.

It is proved that Ln generates a holomorphic semigroup on W.
Next we prove that (4.1) holds. Since lim,_ -1 log T(t)[ sup {Re A; A or(a)},

for any holomorphic semigroup T(t) with the infinitesimal generator A, we need only
to prove that

(4.8) sup {Reh;Amcr(Ea)}=<-min ’A{SPA, (1 02), {p- -4)}.

In fact, above, we have proved that A p(Ln) for Re A _>-0 and A S0. Also by (3.8),
we have that A =0 p(Ln). Let A -+ ito with - (-tro, 0); then

[A 2+ APt + t[2= p2t2[A 12+ I1’+ 2prt+’ + 2m-l;t l + t(, + X)+

where w=[Al-2(-Z-o)+pt2-((1-02)/2-p-’l-lt-). Since (1-2pl-lt"-)’/z>
when it fol-

lows that Ia=+ At + t[> oplAlt for t A and r (-o, 0). Thus, [Ia"(AI + Apa +
a)-’ll <[0plxl]-’ and .IIAA-’/2B,A’/Z(A2I+ApA +m)-ll
IIA(AI+ApA"+A)-II< by Lemma 2.1(c), and so [I+AA-’/BA’/2(AI+
ApA + A)-]- (H). Therefore A-(A)A/ (A 2A-/2 + ApA-/2 + A/+
AA-/2B)- A/(A2I+ApA"+A)-[I+AA-/BA/2(AI+ApA+A)- (H)
and A-(A)A/H=A/2(A2I+ApA+A)-H=(A2A-/Z+ApA-/2+A/2)-H
D(A/2) and A p(Es) by Theorem 3.1. Thus (4.8) is proved.

COROLLARY 4.2. LoA generates an exponentially stable analytic semigroup on

W=H@nfor a[, 1].
COROLLARY 4.3. Let B be apositive-definite self-adjoint operator with D(B D(A

for some a[, 1] and let BA-+A-B6I for some 6>0. en Es generates an
exponentially stable holomorphic semigroup on

Proof Since D(B)=D(A), there exists r>0 such that IIBA-IIr, and so B
r2A2. Taking p>6-r2, then there exists 06(0, 1) such that r2+p2(1-O2)p6. Since

< < (BA-"+A-B), we have that B+A-B2A-+p2(1 02)Ir2+p2(1 02)I=p6l=p
p2(1-OZ)A2p(AB+BA), i.e., (B-pA)2O2p2A2. Setting B=B-pA, then B
is self-adjoint and BA Op. Thus, by Theorem 4.1, generates an exponentially
stable holomorphic semigroup on

TnEORE 4.4. Let B=pA+B for some p>0 and a[, 1] and let B be a closed
linear operator with D(B) D(B) D(A,) for some a<a. en B generates a
holomorphic semigroup on Moreover, ifB is positive self-adjoint, then the semigroup
e" is exponentially stable.

Proof If a>, since D(A,)=D(A) for[a, a], we can assume that a[, a).
Thus, by Lemma 2.1(c), D(A-/ZBA/2)=D(A,), and so by Corollary 2.6.11 in [2,
p. 73] there exists Co>0 such that

(4.9) IInxllfo(n,/=llxll+n,/-’llAxll) (j= 1, 2)

for all r/>0 and x6D(A’), where B2=A-/BIA1/2. Let A-(A)=(A2I+AB+A)- and
A-(A)=(AI+ApA+A)-, taking r/o and ’o>0 such that Coqo/’-<1/4p" and
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Co’q’’/’7"-(l+2p-A]/2-’))<-. Then for Re A =>-o, by (4.9) and Lemma 3.5, we have

IIR2(A A-’ A )A/2[I=[[A’/2A-(A )[I+AA-’/2B,A/2A;’(A
(4.10) ilA’/2aT’(x)ll[-[Xlfo(wg,/llaT’(x)ll+wg,/-llAaT’(x)ll)]-
By the same reasoning, from (4.9) and (4.3)-(4.7), there exists M>0 such that for

(4.11) IIRj(A)II=MIAI-’ (j=l, 3, 4),

where R(A)=A/ZA-(A)(A+B)A-/2, R3(A)=A/ZA-(A) and R4(A)=AA-(A).
Therefore from (4.2) it is proved that Ln generates a holomorphic semigroup,

Writing

(0 a’/2 ) (; O )=LoA,/2+,,(4.12) Ln _A/2 _pA/2_B =LoA’/2+
-B1

if a =, then for Z p(n) we have

(4.13) (A-n)-=(A--oA,/2)-[I-,(A --.A’/)-]-,
and from (3.1)

(4.14) ,(--oa’/O-=( 0 O)B,aT’(A )A’/ -AB,7’(A
where (A)=(AI+ApA/+A)-. Thus, if we apply (4.9) for a= to (4.14), there
exists Zo>0 such that for Re A ro

While by Theorem 4. l, LoA’/ generates an exponentially stable holomorphic semigroup,
there exists M>0 such that for Re A ro
(4.  l(x MIx I-’.
Therefore, from (4.13), (4.15) and (4.16), we have

I(A-En)-’H2MIAI-’ for Re Aro.
This shows that Ln generates a holomorphic semigroup on

Moreover, if B is a positive self-adjoint operator, by Lemma 3.6 it follows that
the semigroup eten is exponentially stable.

We note that Theorem 4.4 cannot be proved by the peurbation theory of
holomorphic semigroups in [1], [2].

Example 4.5. Let H=L(0, 1) and A=d4/dx4 with D(A)={u6H4(O, 1); u(0)=
u(1)=u’(O)=u’(1)=O}. Let B,=bo(x)+b,(x)(d/dx)+bz(x)(d2/dx)+b3(x)
(d3/dx3) with D(B,)= H3(O, l) and Bo=-(d/dx)(a(x)(d/dx))+C(x) with D(Bo)
{u H2(0, 1); u(0)= u(1)=0}, where b)(x)6 C(0, 1) (j=0, l, 2, 3), a(x)6 C’(O, l) and
0, C(x)6Lz(O, l) and 0. Then by Theorem 4.4, (oA+n,) and oa+no) generate a
holomorphic semigroup on H@H, while the semigroup et,A+"o is exponentially stable.

Finally we remark that although A is a differential operator, this does not ensure
in general that A is such (a< 1). This does not impede the usefulness in computa-
tions in this paper (see the last paragraph in the 2 of [3]). On the other hand, from
Theorem 3.4, a and a= are the break for the stability and the analytic propey
of the semigrpup e’A", respectively. Thus, perhaps if <a<l, the propey of the
semigroup e’,a" should be the best for application.
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A SEPARABLE PIECEWISE LINEAR UPPER BOUND
FOR STOCHASTIC LINEAR PROGRAMS*
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Abstract. Stochastic linear programs require the evaluation of an integral in which the integrand
is itself the value of a linear program. This integration is often approximated by discrete distributions
that bound the integral from above or below. A difficulty with previous upper bounds is that they
generally require a number of function evaluations that grows exponentially in the number of variables.
We give a new upper bound that requires operations that only grow polynomially in the number of
random variables. We show that this bound is sharp if the function is linear and give computational
results to illustrate its performance.

Key words, stochastic programming, upper bounds, convex functions, integration
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1. Introduction. Stochastic linear programs can be formulated for a variety of
applications. Some examples include airline scheduling (Ferguson and Dantzig [1956]),
financial planning (Kusy and Ziemba [1986]), energy modeling (Birge [1987]) and water
resource planning (Prkopa and Szantai [1978]). The basic model we consider here is
the stochastic linear program with recourse in the following general form:

minx(cTx + (x)lAx b,x >_ O}

where

(x) / Q(x, , )P(d, de)

and the recourse function is defined as

Q(x, , ) min{qTylWy Tx, u + >_ y >_ 0},

where x E nl, y E n2, b ml, and (,) is a random vector on the probability
space (m2+n, y’, p) with support, - . The vectors, c, q, and u, and matrices, A,
W, and T are dimensioned correspondingly. The fundamental problem in stochastic
programming is to evaluate the integral of . In this paper, we describe a method for
finding an upper bound on that requires a polynomial number of operations in the
number of random variables.

Previous results in bounding expressions for are described in Birge and Wets
[1986a]. The bounds are based on the convexity and positive homogeneity of Q.
The first result is due to Jensen’s [1906] inequality which provides a lower bound on. The usefulness of this lower bound is that it requires an evaluation of Q at one
point (the mean of the random variables) and has been found to be generally sharp
in some practical examples (see, e.g., Hausch and Ziemba [1983]). Madansky [1959]
provided an upper bound following Edmundson [1956] that is based on the theory
of moment spaces and amounts to weighting the extreme points of the support of
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[ Department of Industrial and Operations Engineering, University of Michigan, Ann Arbor,

Michigan 4810fi. The work of this author was supported in part by Office of Naval Research
grant N00014-86-K-0628, by Dalhousie University during a visit in the Department of Mathematics,
Statistics, and Computing Science, and by the National Research Council under a Research
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the random variables. Ben-Tal and Hochman [1972] and Huang, Ziemba and Ben-
Tal [1977] refined this bound for independent random variables. Dupa(!ov [1976]
formulated a bound of the same general type for dependent random variables that
was extended to unbounded ranges and nonpolyhedral sets in Gassmann and Ziemba
[1986]. Frauendorfer [1986] provided a sharper bound in the bounded range, dependent
variable case, and Birge and Wallace [1986] gave a bound and method for refinement
for special cases of dependent random variables.

The upper bounds mentioned above all have the property that they are solutions
to moment problems with varying conditions. Dupaov’s work on minimax solutions
(ikov [1966]) led to these conclusions and to the use of the generalized moment
problem. Ermoliev et al. [1985] provided a general programming framework for solving
the general problem. It is used in Birge and Wets [1987] for bounds with piecewise
linear approximations on moment constraints and in Cipra [1985] with first and second
moment constraints.

The problem with each of these bounds is that they require an exponentially
increasing number of function evaluations as the number of random variables increases.
An alternative for this situation was given by the ray approximation procedure in
Birge and Wets [1986a]. This uses the sublinearity property of the recourse function
to obtain a separable function that majorizes Q. This approach is generalized in
Birge and Wets [19865]. Wallace [19875], on the other hand, formulated a procedure
that applies to problems in which the recourse function involves the solution of a
network problem. Our procedure is a combination and generalization of these two basic
approaches. The algorithm we give provides a separable piecewise linear function that
bounds Q throughout the support of the random variables and can be easily evaluated.

Section 2 presents our basic algorithm and the separable piecewise linear upper
bound (SPLU). Its properties are described in 3. Section 4 gives an illustrative small
example and provides comparison with the upper bound of Edmundson and Madansky.
Extensions of the basic algorithm and conclusions are given in 5.

2. The basic algorithm. We give a general method for finding an upper bound on
the expected value of the value of a linear program with random right-hand sides and
random upper bounds on the variables. To simplify notation and to establish general
results, we consider the following system

(1) AlX bl + , A2x b2, 0 <_ x <_ c +
where AI E mln, A2 (m--ml)n, (AllA2)T A is the coefficient matrix,
(bilbo)T b is the fixed part of the right-hand side, c is the fixed part of the bounds
on the variables, c is the random availability of resources and is the random part of
the variable capacities, where _> 0. We assume that there is a positive probability
that 0. Next define Q(, ) by

(2) Q(, ) = min{qTxl(1)}..
Finally define X(c, , d-, d+) as the set of x-vectors satisfying

(3) Alx , Ax O, d- <_ x <_ + d+.
Our goal is to find an upper bound on Q(, ), or, more precisely, on EQ(, ). We
do this by finding a separable piecewise linear function U(, ) defined by

"tl { qTxi+( i-
) Q( c, O)+ H()+E qTxi-i--1
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where i Ei, and H() is a piecewise linear function in .
ALGORITHM 1.
Step O. Find Q(, 0) with optimal solution x, where

z(i) 0
c(i)

if i is basic,
if i is nonbasic at lower bound,
if i is nonbasic at upper bound.

Assume for simplicity that the first m variables are basic. Let xi+ (B-lei, 0, 0,..., 0)
and xi- (-Blei, O, 0,..., O) where i 1, 2,..., ml. Let

O (i) max- xO(i)

subject to

Let

subject to

j-- 2,...,ml.

ml ml

fl (i) min x(i) Z xi+ (i)Yi+ Z xj- (i)YJ- + c(i)
i=2

j 2,...,ml,

for all i 1,...,n.
If a(i) > 0 for some i or f/l(i) < 0 for some i, let xi+ xi- (0,...,0),

a(i) -x(i), and (i) c(i)- x(i) for all/= 1,...,m and go to Step 1 with
r- 1. Otherwise, check

e(i) max- X
lq- (i)y-b x1- (i)y-

subject, to

and

subject to

f(i) min x+ (i)y+ x- (i)y-

y-b y-- 1 1,
nin < 1 < max

if c + e _< 0 and + f _> 0, then Q(, ) is linear in , go to Step 4. Otherwise, let
r 1 and go to Step 1.

Step 1. If < +oc, solve

min {qTx x[(F )e,0,,]} qTxr+(ax r).
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Else (let ,r(i)= c if/r(i) +cx), ,r(i)= 0 otherwise) and solve

min{qTx x(er, 0, 0,/,) } qTXr+.

If Cin > --OC, solve

min{qTx X[(nin r)(r, O, o/r, r]} qTxr+(--in + r).

Else (let ,r (i) c if r (i) +cx), ,r (i) 0 otherwise) and solve

min{qTx x(-er,O,O,,)} --qTxr-.

If Step 1 was entered with xi+ (0,..., 0) for all i, go to Step 2; otherwise, go to
Step 4.

Step 2. For i- 1,...,n, solve

cr+l(i) max x (i) E
jr+l jr--i

subject to

<_ j <_ x, j C r + l,

r+i(i)=min-x(i)- E xJ+(i)YJ+- E xJ-(i)YJ-+c(i)

subject to

Step 3. If r < m, let r r + 1 and go to Step 1. Otheise, go to Step 4.
Step 4. Find

subject to

subject to

ml ml

a* (i) max x (i) x+ (i)y+ x- (i)y-j--1 j----1

* (i) min x(i) E x+ (i)Y+
j----1

j: 1,...,ml,

ml

+ c(i)
j=l

for/= 1,...,n.
Let x* argmin {qTxlx(O, Cma, a,, ,)}. Find a conformal realization of x*

(Rockafellar [1984, p.455]), so that x* akX with Ck > 0, such that x*(i) > 0

x(i) >_ 0 and x*(i) < 0 = x*k(i <_ 0, and x*(i) 0 x(i) 0. An algorithm



A SEPARABLE PIECEWISE LINEAR UPPER BOUND 729

for finding such a realization is the "painted index algorithm" in Rockafellar [1984,
p.476]. Paint all columns A. of A such that

white if x*(j) > 0,
black if x* (j) < 0,
red if x* (j) 0.

Let k 1. Pivot until a Tucker tableau is reached in which there is a compatible
column. This will always be possible in our case. Let the compatible column be A.,
and let F be the set of indices for the basic columns in the final Tucker tableau. We
now have that

If A is white, let

AiA(i) + Aj O.
iEF

xk(i) { A(i) if i E F,
1 ifi j,
0 otherwise.

If A. is black, reverse all signs in x. (Note that the sign convention in a Tucker
tableau is opposite of the convention in the standard simplex tableau.)

Let ak min{x*(i)/X*k(i),x*k(i) 0}, x*(i) x*(i) akX(i) and repaint every
column for which x* (i) 0 red.

If x* 0, let k k / 1 and repeat. Otherwise, go to Step 5 with the conformal
Kreahzatlon k=l akxk"

Step 5. Using the cost coefficients qTxi=l=, find EU(,). This amounts to
performing m simple line integrals.

Step 6. If z*(i) > 0 (so that z(i) >_ 0, for all k), we are using a variable x(i)
with random capacity *(i)+(>_ ). If z*(i) < 0, we are using a variable x(i) with
deterministic capacity (*(i)(< 0). We shall in the following assume that each variable
x(i), such that x* (i) 0, has associated with it a random arc capacity . If x* (i) < 0,
we have Pr{; c*(i)} 1, if x*(i) > 0, * + *(i). For each k 1,... ,K, let
qk q(i)x(i)(<_ 0). Sort the primal supports x such that q

_
q2

_
<_ qK.

Let k 1, p 0 (where p will become EH()).
Step 7. Let P {ilx*k(i 0}. Consider the random variable

k max{O, minp{./x(i)}}, lk [0, ak].

Find Eqkk. (This work amounts to increasing the capacity of each conformal flow
until the first variable capacity is met. This continues on each conformal flow. Details
are given for the network case in Wallace [1987b].) Let p p + Eqkk, and ** akX. If k K or if qk+ O, stop with p EH(), otherwise let k k + 1
and repeat Step 7.

End.

The value obtained in Algorithm 1 is indeed an upper bound on the expected
linear program value.

THEOREM. The value SPLU E,[U(, )] obtained in Algorithm 1 is an upper
bound on . E,[Q(, )].

Proof. The proof requires only showing that x x + (x+( )+ + x-(-
j)+) + (kqkx) is feasible in X(,*,0, c). This is obtained by noting that the
definitions of xr+/-, ar, and r in Steps 0 to 2 maintain feasibility for *. [--]
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The algorithm as described above is our basic version. We prove certain properties
of it in the next section. In 5, we present alternative versions of some of the steps in
Algorithm 1.

3. Properties of the upper bound. The purpose of this section is to show that
the upper bound presented in this paper has some desirable properties and to relate
the procedure to other bounding methods.

3.1. Exact bounds for linear problems. All other bounds used in stochastic
programming are exact whenever Q(, ) is linear in and over the support of the
random variables. This is true of the Madansky upper bound, the piecewise linear
upper bound in the pure network case (Wallace [1987b]), the linear upper bound on
the expected max flow in a network (Wallace [1987a]), the Jensen lower bound, and
the sublinear approximation in BArge and Wets [1986b] (if the random variables have
unbounded support). All acceptable bounds should have this property.

PROPERTY 1. The bound SPLU given by Algorithm 1 is exact if Q(, ) is a
linear function.

Proof. Assume Q(, ) is linear in and and that the reduced cost. of a non-
basic variable is always different from zero (a dual nondegeneracy assumption). Then
EU(,) EQ(, ). Of course, if Q is linear, it can be written as

ml

) 0) + +
k:l j

Clearly, Step 0 provides us with Q(, 0). Also, if Q is linear, O --e

_
0, 1

__
f

_
0 in

Step 0, since the basis corresponding to Q(, 0) is feasible for all E . Hence, fk
qxk+ --qxk-. Therefore, if Q is linear, the algorithm will discover the coefficients
of in Step 0 and then go to Step 4.

Let us define a variable i to be stochastic if (b
Ti > 0; otherwise, it is determin-

istic.. Consider the conformal realization of x* akx. First note that x is an
elementary vector (Rockafellar [1984, p.453]). This means that there is no way to split
xk* into two or more other vectors where at least one has fewer nonzeros than xk.

Assume there exists an elementary vector y such that y(i) 0 for more than
one stochastic random variable. Then fix the value of i at 0 for all variables except
for those with y(i) O. Then, Q would not be linear. (Compare with the random
variable in Step 7.) Hence, if Q is linear, there is no elementary vector with more
than one stochastic variable.

Now, assume that we have found two elementary vectors yl and yu, such that
they share the stochastic variable i (i.e., yI(i) : O, yu(i) 0). Also assume that
ql/Yl (i) q/y:(i). (The variable q defined as in Step 6.) Let all 0 for i = j.
Then Q is not linear in variable i, because the marginal gain of increasing i is not
the same in both elementary vectors. Hence, two elementary vectors can only share a
stochastic variable if q/yl (i) q/y2(i). (This corresponds to two circuits in a pure
network that have the same cost and share an arc with a random capacity.) Of course,
hi allY1 (i).

Hence, if Q is linear, no elementary vector x has more than one stochastic
variable and two elementary vectors can only share a stochastic variable if they have
the same cost (in the sense described above). Since Step 6 only creates elementary
vectors x, the random variable flk in Step 7 is linear in its single random variable.
Hence, our method produces the exact solution. [--]



A SEPARABLE PIECEWISE LINEAR UPPER BOUND 7:31

3.2. The bound is polynomial. The Edmundson-Madansky bound requires that
Q(,) be solved in all extreme cases .of c and . There are 2ml+nl such points;
hence, the method is exponential in the number of stochastic variables. Only for very
moderate values of n and m is it possible to apply this bound.

The major goal of this paper is therefore to find a good upper bound that can
be computed in a number of operations that is polynomial rather than exponential in
the number of random variables.

PROPERTY 2. Algorithm 1 calculates SPLU in a number of operations that is
polynomial in the number of random variables.

Proof. The amount of work is in the worst case:
Step O. One linear program (c1, f]l can be found by inspection).
Step 1. Two times m linear programs.
Step 4. One linear program to find x*. The conformal realization is. independent

of nl and ml. (The worst case is n linear programs, n <_ nl.)
Step 5. The integration is a constant amount of work for each random variable.
Step 7. Finding Eqkkamounts to checking the ml ,maxi(mi) (in the worst case)

possible values of 3k. The value mi is the total number of possible values for i. This
has to be done not more than n times (since the number of zeroes increases by one
for each k).

Hence, the algorithm is polynomial in n and ml. [-

3.3. Relation to networks. The method presented in this paper is closely related
to the network method in Wallace [1987b]. The major difference is in Step 1, where
we only solve two networks in the network case and not 2ml as here. Below is a short
network interpretation of some of the vectors and scalars used in the algorithm to help
in its understanding.

Step O. The variable xi+ shows how the flow changes on the basic arcs as the
supply at node i is increased by one unit (or the demand is decreased). Hence,

/l
xi+(j) -1

0

if .arc j is a forward arc on the path from node i to the slack node,
if arc j is a reverse arc,
if arc j is not on the path.

The Variable xi- is similarly defined for increased demand (or decreased supply).
The value a(i) > 0 implies that with the chosen set of paths (x) there are

supply/demand combinations that give a negative flow on arc i, even when we disre-
gard node 1.

The value fl (i) > 0 implies that with the chosen paths, there are supply/demand
combinations that overuse arc i even when we do not consider node 1.

Step 1. x are still paths, but not along a basis. Both basic and nonbasic arcs
are used.. If Step 1 finishes successfully, we have actually replaced the original network
by a star-shaped network (where the slack node is in the center of the star). The arc
going from the center node to node i has unit cost qx, the arc in the other direction
has unit cost qx+i. The way we have used ar and fr has guaranteed that whatever
combination we get of supply and demand, sending that flow along the paths x would
be feasible and cost the same as in the star-shaped network.

Hence, we have found an upper bounding simple recourse problem (Wets [1983]).
In stochastic programming this approximation depends on the actual value of the first
stage decisions (as in the recourse function in the introduction). Hence, in some sense,
it is a local approximation.
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Step . a* <_ 0 shows how much flow can be sent along the original arcs in the neg-
ative direction without making that total flow negative (whatever the supply/demand
is). Similarly,/* shows how much is left of the capacity in the arcs in the worst case.

The vector x* is just a circulation in the network, and x are circuits of minimal
length (in terms of the number of arcs in them), ak shows how much flow the circuit
can take (or, more precisely, how much flow it has been allotted.)

Step 7. k is a random variable describing the capacity of circuit k.

3.4. Relation to sublinear approximations. The separable piecewise linear upper
bound is also a generalization of the ray function approximation in Birge and Wets
[1986a] and its extension in the sublinear approximation in Birge and Wets [19865].
These procedures find the value of Q(, ) in different coordinate directions again to
obtain a separable function that can easily be integrated. The approach in Birge and
Wets [1986b] uses varying choices of the coordinate system that leads to an extension
of the SPLU bound given here. This extension would involve solving for x+ and x-in different directions so that a variety of bounds could be obtained.

The ray function approximation amounts to solving for

qTxJ+ min{qTx Ax ej, x >_ 0}

and
qTxj- min{qTx Ax _e, x >_ 0}.

These values of x+ and x- are then used in U(, ) as in SPLU. The extension is to
use the elements of other coordinate systems in place of +e in the definitions (i.e., use
some vectors d that form a basis for n). This procedure can be used in Algorithm
1 to obtain an alternative bound.

The sublinear approximation with varying directions has been found to produce
accurate approximations in a variety of examples. The advantage of the SPLU bound
is that it applies to bounded regions so it may be used on partitions of the support
of the random variable in a refinement procedure in solving a stochastic program.
Algorithm 1 also incorporates the procedures for handling random bounds that often
arise in practical examples.

3.5. Finiteness. There is no guarantee that our upper bound is finite, i.e., that
all linear programs that must be solved are feasible. An infinite bound of course
results if EQ(, ) +(x, i.e., the problem itself is infeasible, but it can also be that
EQ(, ) < +oc, whereas EU(C, ) +(x. This is not always avoidable. We note that
the only other polynomial upper bound, the ray approximation, is never better than
our bound (assuming the possible extensions mentioned above), and that exponential
bounds may be necessary in some cases.

3.6. Partitioning. When approximations, such as the one in this paper, are used
in two-stage stochastic programming, a comparison is made with a lower bound (EL)
usually based on Jensen’s inequality. Then, if EU EL is too large (according to
some rule), the support rectangle (for independent random variables) is partitioned
into smaller rectangles called cells, and the bounding procedures are applied to these
cells, which in turn are weighted by their probability.

Hence, whenever a partition is called for, one must decide which cell to partition
and along which coordinate direction to perform the partition. With an upper bound-
ing method that can take on the value +oc even for a feasible problem, one should
clearly partition the cell where EU +o, along the coordinate direction that was
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0 2 4 6

FIG. 1. Example with two random variables.

being treated when the infeasibility was discovered. This provides a dynamic scheme
in which the algorithm is applied on each cell until either an infinite value is obtained
or the difference between lower and upper bounds is above the acceptable threshold.
A partition is made in either instance. Partition strategies are discussed in Birge and
Wets [1986a], Birge and Wallace [1986] and Frauendorfer and Kall [1986].

4. Examples. In this section, we first present a small example to illustrate the
bound. We then give computational results on a larger problem from energy modeling
(Louveaux [1987]).

4.1. A problem with two random variables. The first example is a problem with
two random variables and without random capacities. We wish to find bounds on
EQ() where

(4.1) Q() min Xl - x2 -{- x3 -- x4 - 10x5 + 10x6

subject to

(4.2)
(4.3)

X -- 3X2 -- X3 X5 --1,
3Xl -- X2 -{- X4 X6 2,

x,...,x6 _> 0

where cl and 2 are uniformly distributed on [1, 4]. This problem is illustrated in Fig.
1, where A.i refers to the ith column in the constraint matrix of (4.2-4.3). We follow
Algorithm 1 step by step.
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Step O. Find Q() 1.25.
x (0.625, 0.625, 0, 0, 0, 0).
x1+ (-0.125, 0.375, 0, 0, 0, 0); x1- (0.125, -0.375, 0, 0, 0, 0).
x2+ (0.375, -0.125, 0, 0, 0, 0); x- (-0.375, 0.125, 0, 0, 0, 0).
al(1) -0.0625; o1 (2) -0.4375 (Note: 1(i)
Now e(1) 0.1875 > -c1(1) -0.0625, so go to Step 1. Note in Fig. 1 that we

have essentially moved along the vertical line through . The bound Cg recorded the
(negative) minimum multiples of the vectors A.1 and A.2 for points along that line.
The value e(1) recorded the greatest change in the multiple of A.1 from the multiple
for for other points along the horizontal line through . The function is not linear
because this change is greater than the minimal multiple (ai (1)) for movement in the
vertical direction.

Step 1. Solve min{qVx X[1.5ei, 0, (-0.0625,-0.4375, 0, 0, 0, 0), oo)]} 1.125
(0.75). (1.5) qTxi+(a ), where x1+ (-0.0625,0.1875, 1.0, 0, 0,0), and
min{qTx X[-1.5ei, 0, (-0.0625,-0.4375, 0, 0, 0, 0), oc)]} 1.375 (0.9167) (1.5)
qTxl-( nin), where x1- (-0.0625,-0.4375,0, 0.625, 0.125,0). Next go. to Step
4.

Step ,4. We can skip this since there are no random bounds. Step 5 then is the
terminal step.

Step 5. Here we compute

xl+ xl-(I I)dF(I)EU() Q() + f >1 (1 I)dF(I) -{- f{ <1
x2+ x2-(2 2)dF(2)/f: (2 u)dF(52)+ f:<

1.25 + (0.5)(0.75)(0.75)+ (0.5)(0.9167)(0.75)
+

1.875.

End.
So, we have SPLU 1.875. We compare this with the Edmundson-Madansky

(EM) bound. In this example, the EM bound assigns equal weights to the values of
Q(c) at each of the extreme points of Hence,

EM 0.25 (Q(1,1) + Q(1, 4) + Q(4,1) + Q(4, 4)) 1.625.

The EM bound is better than the SPLU bound but this difference may be eliminated
by refinements of the SPLU bound. We describe possible refinements in 5.

4.2. Computational results for an energy model. The usefulness of the SPLU
bound is best demonstrated on a practical example in which the number of random
variables varies. We wish specifically to observe the performance of SPLU relative
to the EM bound as the number of random variables increases. The performance is
measured in the sharpness of the bound and the computational effort. As a practical
example, we consider the small energy model in Louveaux [1987]. We do not consider
random bounds because that is directly analogous to the network case discussed in
Wallace [1987b].

In this example, we have four technologies which can be used to satisfy three
demands at varying costs. High cost "backstop" technologies are also available to
satisfy demand so the problem is feasible for any demand realization. The random-
ness occurs in the capacity of the technologies and the demands. This allows from
one to seven random variables. The examples we.re also chosen with varying ranges
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PROBLEM*

1-NAR

1-MED
1-WID

2-NAR
2-MED
2-WID

3-NAR
3-MED

3-WID

4-NAR
4-MED
4-WID

5-NAR
5-MED
5-WID
6-NAR
6-MED

6-WID

7-MED
7-WID

TABLE
Results .for Edmundson-Madansky and SPLU bounds

EM

9

10

10

16

17

22

22

25

33

51

44

47

94

87

75

163

193

149

366

304

TIME]

SPLU

10

18

21

20

26

35

28

38

40

41

41

45

52

51

54

54

61

72

70

76

EM

182.75

220.50

385.50

183.38

220.50

389.85

183.38

221.38

433.60

184.09
227.22

434.26

184.19

227.41

434.35

185.58

235.91

443.52

236.27
444.12

VALUE

SPLU

182.75

220.25

341.50

183.06

220.50
389.10

183.38

222.50

439.58

185.50
255,18

469.50

186.44

278.38
499.18

192.49

303.35
524.30

328.35

549.30

Jensen

182.75
220,00

297.50

182.75

220.00

297.50

182.75

220.00

297.50

182.75
220.00

297.50

182.75

220.00
297.50

182.75

220.00

297.50

220.00
297.50

Number of random variables range of random variables

) CPU milliseconds

(narrow, medium, and wide) on the random variables resulting in twenty-one sets of
examples. We assume uniform distributions. This assumption favors bounds (such as
the Edmundson-Madansky bound) that place weights at extreme values since other
distributions generally have more mass around the center of the support.

The experiments were conducted on the Amdahl 5860 at The University of Michi-
gan Computing Center. The SPLU and EM bounds were both implemented in FOR-
TRAN codes using the same linear programming routine LPM-1 (Pfefferkorn and
Tomlin [1976]). Each bound was computed for each of the twenty-one test problems.
The Jensen inequality lower bound was also computed to determine the values of the
upper bounds relative to the lower bounds. The results are given in Table 1.

The results in Table 1 show that the polynomial bound SPLU does not generally
provide as accurate a bound as the EM bound, but that as the number of random
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variables increases the computational time in SPLU increases much less rapidly than
the time for EM. In these examples, the growth of time for SPLU is indeed approxi-
mately linear (gaining ten milliseconds for each random variable), while the time for
EM approximately doubles as each new random variable is introduced. This demon-
strates that the real advantage of the SPLU bound is in problems with a large number
of random variables where the EM bound cannot be computed. These results are
comparable with the results in Wallace [1987b] for networks.

Refinements are also possible to reduce the error in SPLU. In 5, a refinement
scheme using parametric linear programming is introduced. The use of different co-
ordinate directions is another possibility as mentioned above. For unbounded ranges,
the resulting sublinear approximation values were reduced up to thirty percent from
the coordinate direction values for a similar set of test problems (Birge and Wets
[198651).

5. Extensions and conclusions. The SPLU bound can be refined in a variety of
ways. The use of other coordinate directions may be possible, but it is best used when
linear transformations of the random variables have a known distributional form as is
the case for normally distributed random variables. As mentioned above, a common
procedure is to partition the support of the random variables and to apply the bound
on each of the partitions. Here we give a parametric programming approach that can
obtain more accurate results without partitioning the random variables. The following
modifications of Algorithm 1 provide this basic bound.

ALGORITHM 2. Substitute the following steps into Algorithm 1 to obtain

U’(, ) Q(, 0) + H() +

Step 1. Solve the parametric linear program

min{qTx x(eer, O, ar, r)}

for e E [0, nax r] (or e e [0, oc) if r is unbounded). This generates a piecewise
linear function fr+ (eer) with break points {0, el,..., eT}, and with slope values, qTXrl+

qTXrT+. Then, solve the parametric linear program

min{qTx X(-eer, O, a, r) }

for e E [0, r rmin] (or e [0, oo) if r unbounded.) We obtain a piecewise linear
function f with breakpoints {0, el,..., eT}, and with slope values, qTXrl-,... qTXrT-.

Step and Step 4’. Substitute mint{x{+(i)} for xJ+(i) and mint{x-(i)} for
xJ-(i) in the definitions of ar+l(i) and a*(i) and substitute maxt{x+(i)} for xJ+(i)
and maxt{xt-(i)} for x-(i) in the definitions of flr+l(i) and f*(i).

The changes in Step 1 of Algorithm 2 lead to better bounds if ar and fir are the
same and qTXrl ( qTx" In Algorithm 2, the approximation obtains as low a value as
possible for all , for changes in the rth direction given the values found for movement
in previous directions. In Algorithm 1, the approximation just uses the extreme values
of r.
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This difference can be seen in the example from 4.1 which is illustrated in Fig. 2.
The dashed line corresponds to the function used in Algorithm 1 by using the extreme
values. The solid line corresponds to the functions f+ and fr-. The new bound is

SPLU’ E[U’(, )] 1.449.

We note that SPLU is now below the EM bound value of 1.625.

o

FIG. 2. Parametric linear program bound.

The bound from Algorithm 2 is not always better than SPLU because the bounds
may change for different values of r, i.e. ar+l may increase and r+l may decrease.
Although this difference appears to rarely make SPLU worse than SPLU according
to our limited computational experience, it may be advantageous to guarantee that a
bound at least as good as SPLU is obtained. This guarantee is accomplished in the
following modification of Step 1.

Step 1. Solve

min{qTx x((4?"" o, qT-.

Let
/(i) if<0,
0 otherwise

and
,(i) if>0,
0 otherwise.

Then solve the parametric linear program

min{qTx x((ee,)e,O,a,,,)}
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to obtain f+ (eel) as explained in Step 1’.
This modification of Algorithm 2 results in bounds that are at least as sharp

as SPLU and can still benefit from the parametric program as in the example given
above. The key benefit of the SPLU bound that the computational effort only grows
polynomially with increases in the number of random variables is maintained. We have
demonstrated how this improvement results in reduced times on one set of examples
and that the greatest value of the SPLU bound may be in cases where the EM and
other exponential bounds cannot be reasonably computed. The refinements mentioned
above may allow the SPLU bound to be even more useful in the solution of practical
stochastic linear programming problems.
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ERRATUM AND ADDENDUM: THE EXISTENCE OF VALUE
AND SADDLE POINT IN GAMES OF FIXED DURATION*

LEONARD D. BERKOVITZ

Martin Brokate has pointed out an error in the proof of the crucial Lemma
8.3. The point defined on page 186 depends on the strategy Fr, and thus the assertion
that the right-hand side of (8.7) equals W-(tl, gl) is incorrect. Below, we shall present
a proof of Lemma 8.3 suggested to us by K. Haji-Ghassemi. Before presenting this
proof we shall take this opportunity to improve our definition of strategy.

Let [a, b] denote the set of measurable functions u on [a, b] such that u(t)e Y
almost everywhere. Let [a, b] denote the set of measurable functions v on [a, b]
such that v(t) Z almost everywhere.

A strategy F for Player i is a choice of a sequence II {Ii,} of partitions of to, T]
and a choice of a sequence of maps Fn {Fri,n}, where the Fn,n are to be defined
below. Thus F (Fn, II). For typographic smplicity, we will suppress the dependence
on II in the notation and write F for Fn and {Fn} for {F,n}. We restrict the choice of
sequences of partitions to those such that IIrI.II 0, as n-, c. Let the partition points
of IIn be to < t < < tp T. Each map Fn is a collection of maps Fn,, , i’n.p as
follows. The map Fn, selects an element in [to, h). For 2 -<__j --< p, the map Fn/is a
map from [to, tj_) ’[to, tj_) to ld[tj_, tj).

A strategy A for Player II is a choice of sequence of partitions II {IIn} of to, T]
such that III  11-,0 as n-,oo and a choice of sequence of maps {An}. Each An is a
collection of maps An.,’" ", An,q as follows. If IIn has partition points to So < s <

< sq T, then An, selects a function v in [So, s). For 2 =<j _-__ q, An/is a map from
[to, sj_) x [to, sj_) to Lr[s_, s).

As before, each pair (Fn, A,) determines an outcome (un, vn), and we proceed as
before. The change in definition does not involve any major modifications in the
arguments of the paper, and in fact simplifies some of the constructions. We note here,
however, that in defining the extremal strategies Fe and Ae the associated sequences
of partitions {lien} and {fien} must have the number of partitions at the nth stage equal
to n. Thusp=q=n.

We now turn to the proof of Lemma 8.3. The first paragraph of the proof stands,
and the rest of the proof is replaced by the following.

Let (u) {x" xl (t, , , u, )" an arbitrary relaxed control}. Then
C(vo) ck. Let Fn denote the constant strategy over [, t] with value u. By Lemma
6.1, (u)={x" x=o[t, , :, F,, A], A arbitrary over [, hi}. By Lemma 6.2,
is compact.

Let v inf { W-(h, x)" x q)(u)}. Since W- is continuous and q)(u) is compact,
there exists an .1 q)(u) such that v W-(h, ). Moreover, since q)(u) fq C(vo)
if c vl Vo, then c > 0.

For every x(u), there exists a F(x) on [h, T] such that for all A on [h, T]
and all motions o[ t, x, F(xl), A], we have

(1) g([ T, t,, x,, F(x,), A]) >-- v--.
From Lemma 6.5, with z’= and 0 the identity map, and from the continuity of g we

* SIAM J. Control. Optim., 23 (1985), pp. 172-196.

" Department of Mathematics, Purdue University, West Lafayette, Indiana 47906.
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get that for every x ebb(u) there exists a 6(x)> 0 such that if Ix-xl< 6(x), then

(2) g(p[ T, t,, x, F(x,), A*]) >. v, a/2 >. v0+
2

for all A* over [q, T].
The open balls B(x, 6(x)) in R" with center at x and radius 6(x)>0 cover

(u). Since (u) is compact, there exists a finite set of points ,,.., .k in (u)
such that the balls B(i, 6(i)), i= 1,..., k cover (u).

The remainder of the proof is devoted to the definition of a strategy on [r, T]
such that for all strategies A over r, T] and all motions o[ r, s, F, A], we have

(3) g(0[ T, n , r, a]) => Oo+.
This, of course, will lead to a contradiction of the assumption that (r, sc)e C(vo), and
the lemma will be proved.

Corresponding to each of the points ,..., g.k which serve as centers of the
balls in the finite open cover of (u) there exists a strategy F(g.) as in (1). Let
II’(i)={IIl.,} denote the sequence of partitions of [t,, T] associated with F(:.),

1,..., k. Let II’, be the partition of [q, T] that is the common refinement of
1-I,,..., II,,. Let 1-I, be the partition of [r, T] such that t is a partition point, the
interval [z, fi] is partitioned into n equal subintervals and the interval [fi, T] is
partiti^oned by II’,. We thentake II {II,} to be the sequence of partitions associated
with F. It follows from the definition of II that JlII,[I--> 0 as n-->

For each n 1, 2,. , we now define F, (F,,, , F,.p). Let zo < r < <
rp T be the partition points of II,. Let the integer r be such Zr q. For 1, , r
we define F,.i to be the mapping that always selects the function u on the interval
[Ti--1, ’i)" Thus

(F,.,([ro, r_,) [Zo, ri_,)))(t) u(t), < t< ’ri_

for i=l,...,r.
For i= r+ 1,..., p we define F,, as follows. Let v ’[z, q). The pair of controls

(u, v) determine a function o uniquely as the solution of the differential equation

(4)
dt

f(t, x, u(t) v(t), X(Z) .
If (q, o(t)) does not belong to the cover LI k= B(,i, 6(i)) of (u), we define ’,.,,

r+ 1, , p to be the map that always selects a fixed element y* in Y. If (fi, o(fi))
belongs to the cover there will be a smallest index io, which we take to be 1 for
typographic simplicity, such that (q, o(t)) B(g, 6(:)). For i= r+ 1, r+2,..., p,
we shall take F,. to be F,() in the following sense.

Let t r < r, < ri, < < ’p =Zp T denote the points in the partition II, that
are also points in the partition II., for F,(). Let u,.i, be the control that F,.()
selects on [’r, ri,). The map ’,.r+ then selects the control u,., on [rr, rr+,). For any
other integers such that r+i<= i, the map ’,.r+ will select the control u,., on the
interval [zr+_, zr+). If u,.i denotes the control that F,.2() selects on [r,, -2) then
at any partition point of the form r,+j with i +j =< i2, the map ’,.,+j will select
on [r,,+_, ri+). Proceeding in th fashion we define all of the maps ’,,, i=
r+ 1,..., p. Thus, we have defined F, (F,.,..., ’,.p). We define F {F,}.
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Now let A be any strategy for Player II over [-, T]. Then (’, A) will result in a
sequence of outcomes (un, vn), where u,(t) u(t) for -<_- t<_- t. Let Ar At(A) be the
strategy on tl, T] such that the partition of tl, T] is that induced by A on this interval
and such that At,, is the constant component strategy which always selects v, at the
nth stage.

Let o[ , , F, A] be any motion in the game over [-, T] resulting from (F, A).
Let o,,( -, ,, un, vn) be the relabeled subsequence of nth stage trajectories converging
uniformly to [ r, , ’,A]. Since " always chooses u over [% tl] we have that
xl [tl, ’, :, [’, A] belongs to (u). Thus x B(gi, t(gi)) for some e {1,. ., k}.
Let i0 be the smallest integer for which this is true. To simplify the notation, we again
suppose that io 1.

Let

Xn n(t, "r, Sin, Un, Vn): (Pn( tl, % Cn, U, Vn),

where the equality occurs because u u for -= =< t. For t-> tl

(5) c#,,(t, % , u,,, vn)= q,(t, t,, Xl,,, u,,, v,,),

where o( t, Xl,, un, vn) is the solution of (4) with u u, v v and initial conditions
x(t) x. Since x B(, ()) and Xl- x, there exists an integer N such that
for n > N, x, B(, (.1)). Thus, for n > N, the pair (u,, v), which is the outcome
of (F,, A) on [-, T], when restricted to the interval Its, T] is the outcome of
and At.,. If we let n-->oo in (5) we can conclude that there exists a motion
q[ tl, x, F(., )A(A)] such that for tl _<- _<- T

tp[ t, % r, t, tl, X1,

Since x B(g, ((gl)) it follows from (2) that (3) holds for the given A and the
given motion. However, A and the motion were arbitrary, so (3) holds for all A and
all motions q[ r, :, F, A]. The lemma is proved.
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Abstract. We develop a computational method for the estimation of parameters in a distributed model
for a flexible structure. The structure we consider (part of the "RPL experiment") consists of a cantilevered
beam with a thruster and linear accelerometer at the free end. The thruster is fed by a pressurized hose
whose horizontal motion effects the transverse vibration of the beam. We use the Euler-Bernoulli theory to
model the vibration of the beam and treat the hose-thruster assembly as a lumped or point-mass-dashpot-
spring system at the tip. Using measurements of linear acceleration at the tip, we estimate the hose parameters
(mass, stiffness, damping) and a Voigt-Kelvin viscoelastic structural damping parameter for the beam using
a least-squares fit to the data.

We consider spline based approximations to the hybrid (coupled ordinary and partial differential
equations) system; theoretical convergence results and numerical studies with both simulation and actual
experimental data obtained from the structure are presented and discussed.

Key words, identification, distributed parameter systems, approximation, flexible structures
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1. Introduction. The difficulties involved in the design of practical and efficient
control laws for large flexible spacecraft (e.g., the inherent infinite dimensionality of
the system, a large number of closely spaced modal frequencies, high flexibility, light
damping, a fuel-limited, hostile, highly variable environment, etc.) have stimulated
research into the development of system identification and parameter estimation
procedures which will yield high fidelity models. A particular area of interest involves
schemes for the estimation of material parameters describing, for example, mass,
inertia, and stiffness or damping properties in distributed models for the vibration of
viscoelastic systems-specifically, mechanical beams, plates and the like. In addition,
since the resulting inverse problems are often infinite-dimensional, substantial attention
has been focused on approximation; see, for example, [1]-[4], [8], and [12]. In these
treatments, the parameter estimation problem is formulated as a least-squares fit to
measurements of either displacement or velocity which in many cases involves a
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problem with bounded observations of the state variables. Although significant gains
have been made in the development of instrumentation to measure displacement and
velocity (e.g., laser technology, etc.), one of the least expensive, most reliable, and most
commonly used sensors is the linear accelerometer. While in principle it is possible to
integrate acceleration measurements once or twice to obtain respectively velocity or
displacement data, in practice this task can pose significant challenges. For example,
integration of the signal could result in the amplification of low frequency measurement
noise or dynamic effects which have not been included in the underlying model. In
light of this, we have undertaken to show here, both theoretically and computationally,
that a scheme in the spirit of those developed in the previously cited references can
also be effectively used with acceleration measurements. Since such schemes entail
inverse procedures for problems with unbounded state observations, their theoretical
foundation involves a nontrivial extension of the familiar variational arguments which
have been used to demonstrate the convergence of the finite element state approxima-
tions upon which the identification schemes are based.

The other primary motivation for the present effort is that while these methods
have been extensively tested and evaluated with simulation data, they have never been
tried with actual experimental data. We have tested our scheme with data obtained
from an experimental structure which was designed and constructed at the Charles
Stark Draper Laboratory in Cambridge, Massachusetts, with funding provided by the
United States Air Force Rocket Propulsion Laboratory (RPL). The RPL structure (as
we will henceforth refer to it) was designed to serve as a test bed for the implementation
and evaluation of control algorithms for large angle slewing of spacecraft with flexible
appendages. The structure was specifically designed to exhibit structural modes and
damping characteristics representative of realistic large flexible space structures.

In 2 we describe the RPL structure (its geometry, instrumentation, etc.) and
formulate an inverse problem involving a distributed system. In 3, we use the resulting
infinite-dimensional estimation problem to motivate the development of a finite-
dimensional, finite-element-based approximation scheme. We also discuss our theoreti-
cal convergence results. In 4 we present numerical findings.

We use standard notation throughout. For X a normed linear space, L(X) denotes
the space of bounded linear operators from X into X. For an interval and k
0, 1, 2, , ck(f; X) denotes the space of functions from into X which are k times
continuously strongly differentiable on . When k 0 we shall simply write C(f; X).
A function f from f into X will be said to belong to L2(; X) if a If(t)[ dt <.
For k =0, 1, 2,..., Hk(f; X) denotes the completion of Ck(.f; X) with respect to
the norm

IfJ)If] (t)l at
j=0

If, in addition, X is a Hilbert space with inner product (., ")x, then Hk(-; X) is a
Hilbert space with inner product

(f g)k f (fJ)( t), g(J)( t))x dt.
j=0

When X R, we use the abbreviated notation ck(f), L2(f) and Hk(f). Note that
H(O) L2(f) and (.,,.)o is the standard inner product on L2(f).

2. The identification problem. The RPL structure (see Fig. 2.1 below) consists of
four flexible appendages which are cantilevered at right angles to one another from a
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FIG. 2.1

rigid central hub. The hub is mounted on an air bearing table thus permitting the near
frictionless rotation of the structure about the vertical axis.

Two of the appendages (which are mounted to the hub 180 apart) are "active";
each has two nitrogen cold gas thrusters mounted in opposing directions at its tip. The
remaining two appendages are "passive" with only counterbalancing masses affixed
to their free ends. The presence of the tip masses on the passive arms serves to preserve
the overall symmetry of the structure. Nitrogen gas from tanks mounted on the central
hub is supplied to the thrusters via two stainless steel mesh-wrapped high pressure
hoses. The explusion of propellant from the thruster nozzles is controlled by electro-
mechanical or solenoidal valves. Each of the four appendages is equipped with a
sensor in the form of a linear accelerometer attached at its tip. Data from the
accelerometers is processed and recorded and control input signals to the thrusters
are generated by a MINC 11/23 microcomputer. A detailed description of the struc-
ture’s design specifications can be found in [6] and [15].

The problem which is of primary concern to us here involves the modeling of the
effects of the nitrogen supply hoses on the transverse vibration of the active members.
We consider therefore, the structure with the central hub immobilized and look only
at the vibration of one of the active appendages and view it as a simple cantilevered
beam (see Fig. 2.2).

We treat the thruster assembly as a point mass that is rigidly attached to the beam
at the tip and propose a model for the hose effects in the form of a proof mass which
reacts against the tip mass. In effect, we consider the idealized, simplified structure
depicted in Fig. 2.3 below involving a single, cantilevered, flexible, uniform beam with
a two-mass-dashpot-spring system affixed to its free end.

In formulating a mathematicalmodel for the structure shown in Fig. 2.3, we
assume that .the beam is of length with uniform rectangle cross section of height h
and width b. We let u(t, x) and y(t) denote, respectively, the.transverse displacement
of the beam at position x along its span and the displacement of the proof or hose
mass, each at time t. Both are measured relative to the x-axis in the coordinate frame
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FIG, 2.2

FIG. 2.3

determined by the longitudinal axis of the beam in its undeformed state with origin
located at the beam’s root or fixed end. Assuming the beam undergoes only small
deformations (i.e., lu(t, x)[<< and [(Ou/Ox)(t, x)] << 1) and has a small height to span
length ratio, the Euler-Bernoulli theory (see [5]) including Voigt-Kelvin viscoelastic
structural damping (see [10]) yields the partial differential equation

192 U 19419/,/ 410.(2.1) p-(t,x)+colox------(t,x)+E (t,x)=0, 0<x</, t>0

where/9 is the linear mass density of the beam, E is the modulus of elasticity, co is
the coefficient of viscosity, and I is the second moment or moment of inertia of the
cross-sectional area A about the neutral axis. For the beam we consider here with
constant rectangular cross-section, ! bh3/12. Since the beam is assumed to be uniform,
the parameters p, E, and co are taken to be constant in time and space.
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Balancing forces at the free end, elementary Newtonian mechanics yields the
equations of motion

02u 03 Ou
E1

03u
mr Ot--’T( t, 1) colox--- -( t, 1) Ox---( t, I)

(2.2)

(dy Ou )(2.3) m,(t)+co --d(t)---(t,l) +ko(y(t)-u(t,l))=O, t>0

for the tip and hose masses mr and mH, respectively. Here ko is the hose stiffness, co
is the hose damping coefficient, and f(t) is the externally applied force at time due
to the firing of the thrusters mounted at the tip.

Making the assumption that the rotatory inertia of the proof mass system is
negligible, we can express rotational equilibrium at the tip as

0 OU 2I_x 2(2.4) coIox--5 -( t, l) + E t, 1) O, > O.

The zero displacement and zero slope constraints at the fixed end are given by

ou((2.5) u(t,O)=O and xx t, 0)=0, t>0,

respectively. Taking. the structure to be initially at rest, we have the initial conditions

(2.6) u(0, x) 0 and -(0, x) 0, 0-<_ x _<- l,

(2.7) y(0) 0 and -tY(0) 0.

In the mathematical model given by (2.1)-(2.7) above the parameters O, mr and I can
be measured or computed directly. The modulus of elasticity E is typically determined
in the laboratory. For the most commonly used materials (including aluminium, which
is the naterial from which the structure of interest to us here is made) its value can
be readily looked up in standard engineering tables. The parameters Co, re.o, c, and
ko, on the other hand, must be determined experimentally; that is, they will have to
be identified according to the observed response of the structure to a given input
disturbance. This is one class of inverse problems which we formulate and consider
below. In the system of equations (2.1)-(2.7) we explicitly modeled (albeit, in a rather
simple fashion) the dynamical effects of the hose. The unknown hose parameters are
then determined as the solution to an inverse problem.

An alternative approach to obtaining a model which exhibits a reasonable degree
of fidelity involves a technique sometimes referred to as model adjustment. We start
with a simple model and the parameters are then ’adjusted" so as to compensate for
unmodeled dynamics. The choice of parameters to be adjusted and the resulting
variations may or may not be motivated by physical considerations.

In our problem, for example, we might consider a simple Cantilevered beam with
tip mass (i.e., mH CH---ko =0) and then adjust the theoretical or measured values
of E and mr to compensate for the dynamical effects which result from the hose mass
and motion. A value for the parameter co could also be identified if damping effects
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are considered significant. Model adjustment was used in [6] to obtain a model for
the RPL structure upon which control design could be based.

We define an inverse problem which encompasses both of the general approaches
which have been outlined above. We assume that an input disturbance described by
the function f(t), [0, T] is applied to the structure via the tip thrusters, and that
the linear acceleration at the free end of the beam, z(t), is measured and recorded for
each [to, tl], where 0=< to =< tl < T. (Of course, in actual practice, z could in fact only
be sampled discretely.) Let R/ denote the positive real numbers and let Q be a closed
and bounded subset of R6+. We seek a t Q which minimizes

J(q)= Ot--(t, l;:q)-z(t) dt
to

where u(., .; q) denotes the solution to the initial-boundary value problem (2.1)-(2.7)
corresponding to q (mT, E, co, ran, Cn, ks) Q.

Our primary concerns in the next section will include well-posedness of the system
(2.1)-(2.7), existence of a minimizer for J, and development of approximation tech-
niques to find this minimizer.

3. Approximation theory. A computational method for the solution of the estima-
tion problem posed above will invariably involve finite-dimensional approximation of
the initial-boundary value problem (2.1)-(2.7). We have been successful in solving
inverse problems for distributed parameter models for flexible structures (see, for
example, [1]-[4], [12]) using spline-based Ritz-Galerkin techniques. These previous
efforts, however, involve problems with displacement and/or velocity observations
which can be essentially treated as bounded in the state variables in many cases. For
the problems under consideration here, the state variables are (t)=
(y(t), u( t, I), u(t, )) and thus even when the state equations are rewritten as a first-order
system, tip acceleration observations (i.e., observations of u,(t, 1)) involve unbounded
observations for which theoretical approximation results are not readily obtained.
Nonetheless, we show below (Lemma 3.1 is the significant new theoretical result) that
a theoretical framework can be developed for finite element approximations based
upon an abstract Hilbert space formulation of the hybrid system of ordinary and partial
differential equations and boundary conditions given in (2.1)-(2.7). This abstract
formulation is also useful in establishing existence, uniqueness, and necessary regularity
results for solutions. We briefly outline the essential features of our general approach
(including theoretical convergence results) in the context of the particular problem of
interest to us here.

Let H R2 L2(0, 1) be endowed with the usual product spaces inner product

and let

((’, , 6), (, , q,)),, Ca + , +(6, 6)0

V= {(sr, r/, &) H: th H2(O, l), &(O) D&(O) O, r/= ,b(l)}

be endowed with the inner product

((sr, b(l), d), (A, O(1), t))v (’-b(/))(A-O(1))+(D2ch, Dd.S)o

where the symbol D is used here and beloW to denote the spatial differentiation
operator d/dx. The space V together with the inner product .,. v form a Hilbert
space which is densely and compactly embedded in H.
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We rewrite the system (2.1)-(2.7) as the abstract second-order initial value problem
in H

(3.1) Ma,,(t) + Ca,(t) + ga(t) F(t), > 0,

(3.2) (a(t) + a,(t)) 0, > 0,

(3.3) a(0) =.0, a,(0) =0

in the states a(t)=(y(t), u(t, l), u(t, .)). The operators ML(H), C’@cHH and
K’ cHH are given by

M(’, r/, b) (mn’, mr,pck),

(3.4) C(L r/, (h)= (CH(Sr--r/), CH(q--)--CDID3d(I), CDID4ck),

K(, r/, 6)= (k,(’-n), kH(-)-EID36(l), EID4ck)

where ={(, r/, b)e V: q6H4(0,/)}. For each t>0, F( t) (O, f( t), O) H, 8.c
HR is given by 8((, r/, th)) D2ck(l) and e=CD/E.

The restrictions t and / of the operators C and K that appear in (3.1) above
to W(8), the null space of the operator 8, have natural extensions to bounded operators
from V (which is. the V-closure of 3;(8)) into V’, the dual of V. The extensions are
defined in terms of the bilinear forms c(-, )" V x V R and k(., )" V x V R given
by

(3.5) ()(q) c(, )=CH(-ck(1))(,-d/(l))+coI(D24),D2d/)o,
(3.6) (/)() k(, )=kn(-@(l))(A-(l))+EI(D2ck, D2d/)o

for ,=(sr, b(1), b) V and =(A, (l), ) V.
The finite element method we develop below could be derived from standard

energy considerations. While this is not the approach we take, it is worth noting that
the usual energy expressions can be given in terms of the forms, operators, and inner

products defined above. The kinetic energy is given by

fro 1/2(Ma,( t), a,( t))H,

the potential or strain energy by

Uo 1/2k( a( t), a( t)),

and the Rayleigh dissipation function by

o=1/2C(a,(t), a,(t)).

Written in its weak, variational, or distributional form

(3.7) (Ma,,(t), ),_, + c( a,( t), d))+k(a(t),,)=(F(t),,>,_,, t>0, , V,

(3.8) t(0) =0,

the initial value problem (3.1)-(3.2) in H becomes an initial value problem in V’. If
we assume that fe L(0, T) and rewrite (3.7), (3.8) as an equivalent first order vector
system, the theory of abstract parabolic systems (see [9], [14]) yields the existence of
a unique mapping

a C([0, T]; V) fq H’((0, T); V) VI C"([0, T]; H) VI n((0, T); V’)
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which satisfies (3.7), (3.8). Ifwe are willing to assume further thatfis H(51der continuous
then there exists a

(3.9) a C([0, T]; V) f] C((0, T]; V) fq C([0, T]; H) f’l C2((0, T]; H)

with (t) + e,(t) 9, > 0 which uniquely satisfies the initial value problem (3.1)-(3.3).
In order to demonstrate the convergence of the approximation schemes we develop

below, we shall require a somewhat more regular solution to the initial value problem
(3.7), (3.8) than either of the conditions off stated above can guarantee. In addition
to (3.9), we shall require that H2((0, T); V). This can be guaranteed (see [7]) if
we assume that f H(-z, T) for some r > 0 with f(t)= 0, < 0 and we modify our
original mathematical model so that

(3.10) F(t) =f(t)0, . [-% T]

for some (0, 0(l), 0), a fixed element in V. We note that with chosen appropriately
in V, F given by (3.10) may in fact represent an improved model of reality when
compared with our present choice of F, where (0, 1, 0) H.

Central to our approach is a cubic spline, based Galerkin approximation to the
initial value problem (3.7), (3.8), For each N 1, 2,..., let AN denote the uniform
mesh {0, I/N, 21/N,..., 1} on [0, 1] and let {B}ff=+_ denote the usual cubic B-splines
defined with respect to the nodal set AN (see [11], [13]). Briefly, each BjN is a C2

function on [0,/] which is a cubic polynomial on each subinterval [(k-1)x
(l/N), k(l/N)], k= 1,2,..., N. The support of B is [(j-2)(l/N), (j+2)(l/N)]f’)
[0, l] with B(j(I/N))=4, DB(j(I/N))=O, B((j+/- 1)(1/N))= 1, and DB((j+/-

I-.I N’I. N+1)(I/N))=:N/l. Defining {j ,j__ by [3=B-2B-2B_ and /3=B. J
2,3,..., N+I, we have/3(0) DB.(O) =0, j= 1,2,..., N+I. With/3o= (1,0,0)

.f t;I N I. N+and /3N=(0,/3(/),fl), j=I,2,’’’,N+I, VN=spant,j,=o is an (N+2)-
dimensional subspace of V.

The Galerkin equations in VN corresponding to (3.7), (3.8) for aN(t) VN are
given by

^N ^N AN(Ma,N (t), flj )H +C(aN(t), flj
N(311)

=(F(t),flj ),, t>0, j=0,1,2,...,N+I,

(3.12) aS(O) O, a(O) O.

We set

N+!
aN(t) E w(t), t>--O,

j=O

and the initial value problem (3.11), (3.12) in Vs is equivalent to the linear, non-
homogeneous, second-order (N+ 2)-vector system

Nd2wN( NdWN(3.13) M dt-t)+C --ff-(t)+KSwS(t)=FS(t), t>0,

(3.14) ws (0) 0, dr (0) 0

where wS(t)=(w(t),w(t),’’’,WN+l(t)) v. The entries in the (N+2)(N+2)
matrices Ms, C s, and K s are given by

MN AN AN AN S=k(/,.j=<g[3i j ),, C ,,, c(, j ), Ki,j
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i, j 0, 1, 2, , N+ 1, respectively. For each > 0 the components in the N + 2-vector
FN(t) are given by FN(t)=(F(t),N)H =f(t)fl(l) or, if we recall (3.10), by

F(t)=f(t)(O",)n=f(t)(O(l)flN(l)+(O, fl)o), i=0, 1,2,...,N+I.

We consider the sequence of approximation finite-dimensional identification prob-
lems which consist of finding qN Q which minimizes

02U N 2

(3.15) jN(q)= 3t2 (t, I; q)-z(t) dt
to

where for each qz Q, fiN(t; q)=(yN(t; q), uN(t, 1; q), uN(t, .; q)) is the unique solu-
tion to the initial value problem (3.11), (3.12) in V corresponding to q=
(mr, E, co, ran, c,, k,) Q. In actual practice, for a given q Q, JN (q) is computed as

jN(q) Iw_,(t; q)+4w(t; q)+ w+l(t; q)-z(t)l- dtto

where wN(.; q)=(w0N(’; q)," ",W+I(’; q))r is the unique solution to the
(N + 2)-vector system (3.13), (3.14) corresponding to q Q.

With finite-dimensional state constraints, the solution of the Nth estimation
problem above is, at least in principle, routine. For inverse problems which are closely
related to the one we treat here, our earlier numerical studies have shown that
satisfactory results can be obtained using any one of a number of standard computa-
tional techniques for least-squares minimization (for example, Newton’s method,
conjugate gradient, steepest descent, Levenberg-Marquardt, etc.; see [2]).

Our fundamental theoretical result is that each of the approximating identification
problems and the original problem have solutions. Moreover, we show that the solutions
to the approximating problems, in some sense, approximate solutions to the original
problem. We require the following lemma.

LEMMA 3.1. Suppose {qN}= Q with qN qO as No. Let N(.; qN) denote the
unique solution to the initial value problem (3.11), (3.12) corresponding to q N and let
a(.; qO) denote the unique solution to the initial value problem (3.7), (3.8) corresponding
to qO. If u(.; qN)H2((O, T); V) then

(3.16) ate(t; qN)_ t,,(t; qO) dt0

as N-->.
Proof. For each N 1, 2, , let pN denote the orthogonal projection of H onto

VN defined with respect to the standard inner product on H, (., .),. Using the
approximation theoretic properties of interpolatory splines, we can argue with little
difficulty that (see [3])

(3.17) lim I(PN I)(sr, r/, b)l H --0

for each (sr, r/, b) H and that

(3.18) lim I(P =0
Noo

for each V.
For q (mT:, E, co, mH, CH, kH) Q it is immediately clear that M, c(.,.), and

k(.,.), the operator and forms defined in (3.4)-(3.6), respectively, depend upon q.
For q=(m, E, co, mn, Cn, kn) Q and qN =(m, EN, co, m, c, k) Q we
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adopt the shorthand notation M= M(q), c( .,. )= c(q)( .,. ), k(., )= k(q)( .,. ),
Ms M(qN), c (.,.) c(qS)(’, ), and ks (.,.) k(qS)(., ). Similarly, we denote
t(.; qO) and (.; qN) by o and t n, respectively.

From (3.17), the assumption that t H2((0, T); V) and the inequality

u,, (t) (t) dt < 2 (t) NO N 0
utt ,t -e u,,(t)]% dt+2 1(I- e )u,,(t)]% dt

0

it is clear we need only to consider the first term on the right-hand side of the above
estimate.

Letting (t) aN (t) Pa(t) for 0, and using (3.7), (3.8), (3.11), (3.12),
and VN V, we find that

=(M(I-P )u... ). + ((M MN )Utt, )H+C ((I pN) Ut, N
(3.19) o o )-c (u,,)+ ((I-P)a,)+ c (u,,

0+k(a, 8)-k(u, ), t>0, 6 V,
(3:20) (0):0, (0):0.
Choosing N Vt, (t) VN, from (3.19) we obtain

(Mv.....
d

)u,, )- c ((I+((i_p o _p o

+-(k(a, t3,N) (u, ,N)}

{kO(^O 3,) kN ^o
Ut, (tit,

d
dt

^N kN---km(3, v, )+ (, ), t>0.

(3.21),

Integrating the above expression from 0 to and recalling (3.20), we find

{(MN (I pN ^o ^ Mo n ^o)u, ((v), M

0 N 0c((I P)u, ) (cO(.O )_cu,..,

k((t p).o e7) (kO(.O 7) k .ou,,. u,, (u,, eT))+ k (, 7)) a
+c(( p).Ou,, )+ (c( *u,, ) c u,,* ))

N *0 N N+k((t-P)a, v, )+(k(a, ) k(u ))-k ( ).
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We recall that Q has been assumed to be a closed and bounded subset of R6
/ and

observe therefore that the forms cO(., ), c N (.,.), k( and kN (.,.) are uniformly
bounded. These two facts, together with the repeated application of the inequality

1
(a, b) =< lal Ibl-< a[a[ 2 +a-a Ib[2, a > 0

in (3.21), yield the estimate

-o I(x- 1< 1+
1

+ll+(Ic- cl=+lc- cl=)lal+lYl+l(z-

+ IYI+ ([k k[2+[EN EOl=)lO,=
1+--I(I-P Utlv+a4a

1
12 1

+--([c-c4a / Ic7 c’l=)la’l / c 3’1 /-d
1

N }4a

where 7o is a positive constant. Choosing a > 0 suciently small, we find

Io’ fo’ fo(3.22) N..()lE ds+[(t)l<o(t)+= 1() ds+, v()1 ds

where

o(t) {l(-P)(t)l+l(-P)a(t)15
+ Iq ql=(I(t)l + I(t)l) + I

o q ( o

and , 1, 2, 3, are positive constants which do not depend on N.
If we choose N= (t) VN in (3.19), arguments similar to those used above

(see [2], [3]) yield

(3.e3) im I(t)l 0
N

for each [0, T]. Using o H((0, T); V), (3.18), and an application of the Gronwall
inequality to (3.22) we obtain the desired result.

We note that we also obtain

N

for each t[0, T]. From (3.23) and (3.24) we find IrON(t; qC)-t(t; q)]v0 and
[t(t; qU)-t,(t; q){-0 as N-o for each t6[0, T].
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We remark that it is the L2 convergence (more precisely, H convergence) in (3.16)
which necessitates, at least in theory, that we be provided with distributed time
observations (i.e., observations which are continuous in time). It is clear from (3.23)
and (3.24) that for fits based upon displacement, velocity, or slope, time-sampled
measurements are sufficient. Of course when the approximating optimization problems
are solved, the integral least squares performance indices (3.15) are discretized. Con-
sequently, in practice, only discrete measurements of linear acceleration at the tip are
required.

THEOREM 3.1. Each of the approximating identification problems has a solution t N.
The sequence {I N } c Q admits a convergent subsequence { gl’} with 1 1 Q asj o.
Iffor each q Q, (. ;q), the unique solution to the initial value problem (3.7), (3.8)
corresponding to q is an element in H2((O, T); V), then t is a solution to the original
identification problem. In addition, the limit point ofany convergent subsequence of { }
is a solution to the original identification problem as well

Proof. Standard continuous dependence results for linear ordinary differential
equations, the fact that Q has been assumed to be a closed and bounded subset of
R6, and the form of J are sufficient to conclude that a solution N Q to the Nth
approximating identification problem exists. Once again since Q is a closed and
bounded (and therefore compact) subset of R6, the sequence {t}c Q admits a
convergent subsequence. If { t]s} c {tS } with tS t Q as j o and q is any point
in Q, then two applications of Lemma 3.1 (the second one with the constant sequence
{q}) yield

J(t) lim JS(t%)_--< lim J%(q)= J(q)

and the theorem is proved.
Although Theorem 3.1 guarantees only subsequential convergence, in all test and

simulation examples we have considered, we in fact observe the convergence of the
sequence {t] } itself to the optimal parameters t]. Also, it is not difficult to verify that
with only minor modification (see [2]) the approximation scheme reported on here
(together with the convergence theory outlined in the lemma and theorem above) could
be applied to inverse problems involving the estimation of spatially varying parameters
(such as linear mass density p, flexural stiffness El, or damping coefficient col) which
appear in (2.1)-(2.4). We note, of course, that when either E1 or col are spatially
varying, the Euler-Bernoulli equation and corresponding boundary conditions are of
a slightly different form than those given in (2.1)-(2.4) (see [3]).

4. Numerical results. We used our scheme to attempt to solve the inverse problem
which was posed above with data obtained from an experiment on the RPL structure.
We report on our findings and observations here.

All computer codes were written in Fortran and run on the IBM 3081 at the
University of Southern California. The approximating finite-dimensional least-squares
minimization problems were solved using the IMSL implementation of the Levenberg-
Marquardt algorithm (routine ZXSSQ), an iterative Newton-method steepest-descent
hybrid (see [2]). The second-order (N+2)-vector systems (3.13), (3.14) were solved
(integrated) in each itegration (for the evaluation of Jn and its gradient) using Gear’s
method for stiff systems (IMSL routine DGEAR). The integral least squares perform-
ance index was approximated by a discrete sum over a uniform mesh on [to, t]. The
integral inner products in the definitions of the matrices Ms, C N, and K N were
computed using a composite two-point Gauss-Legendre quadrature rule.
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The second-time derivative of w N, or generalized acceleration, (d2wN/dt2), was
computed using a second-order centered difference on the generalized displacement,

(4.1)
d2wN N

W
N N

dt
(t)_w (t+zX) 2 (t)+w (t-a)

A

We found this to be a somewhat more stable method for computing acceleration (an
unbounded measurement) than was a first-order centered difference on the generalized
velocity,

d2w N (dwN/dt)(t+(A/2))-(dwN/dt)(t-(A/2))
(4.2)

dt
t)

A

Using either of the time-differencing formulas (4.1) or (4.2) proved to be significantly
more stable than solving the differential equation (3.13) directly to compute
(dZwN/dt2)(t) via an inversion of Ms. AS to why this was so, we can only offer the
conjecture that the time differencing provided, at least to a certain extent, some filtration
of the signal.

Before turning our attention to the experimental data, we tested our scheme with
simulated data. "True" values for the unknown parameters co (actually coI), mn, CH,
and kn were chosen and a quintic spline-based semidiscrete Galerkin scheme applied
to the initial value problem (3.7), (3.8) was used to generate data.

We set p .03, mr .15, EI 80.0, 4.0, and

1.0, 0 <= _-< 0.05,
f( t)

0.0, 0.05 < _--< 5.0;

the fit was carried out based upon observations of linear acceleration at the tip at times
ti 0.1i, 2, 3, , 50. We note that this is equivalent to taking to 0.1, t 5.0 and
using a standard rectangle rule with uniform mesh spacing 0.1 to discretize the integral
appearing in the definition of the least-squares performance index J U. The initial
estimates coI =0.0035, mn =0.035, and kn =0.4 were used to start the interactive
optimization procedure. In (4.1), A was taken to be 0.1. Our results are summarized
in Table 4.1.

TABLE 4.1

NN ,DNI nq , /H J(,)

2 0.037537 0.039471 0.003428 0.298626 2.57 x 10-3 0.066997 0.039485 0.003907 0.298875 4.37 x 10-2

4 0.005063 0.39777 0.003997 0.299455 5.06 10-3

5 0.005667 0.039899 0.003971 0.299787 7.66 10-4

6 0.005049 0.040035 0.004006 0.300087 4.63 10-5

True value 0.005000 0.040000 0.004000 0.300000
Initial estimate 0.003500 0.035000 0.003500 0.400000

The experiment which we describe below was carried out for us on the RPL
structure by Dr. Michel A. Floyd, formerly ofthe Control and Flight Dynamics Division
of the Charles Stark Draper Laboratory and the Department of Aeronautics and
Astronautics, MIT.

The air bearing table was clamped so that the central hub could not rotate. The
thruster lines for one of the active appendages was set to 300 psi and the thruster was
fired for 0.05 seconds (50 milliseconds). With the appendage initially at rest, the firing
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of the thruster was assumed to have begun at time 0. Linear acceleration at the tip
was observed over the time interval 0 to 5 seconds. With a sampling period of 0.005
seconds (5 milliseconds) a total of 1000 measurements were recorded. The data is
plotted in Fig. 4.1. The scale factor for the accelerometer is 5 volts/g (g 32 ft/sec2).

oo

TIME IN SECONOS

FIG. 4.1

The noticeably higher frequency ( 14 Hz) component of the data is a torsional
mode of the arm excited by the motion of the thruster valve mechanisms and inertial
and elastic forces applied to the tip of the arm by the nitrogen supply hose. The opening
or closing of the solenoidal valve in the thruster generates an inertial force which acts
as a torque on the tip of the arm. Consequently, torsional modes are excited. Also, in
addition to modifying transverse bending characteristics, since the hose is attached to
the top of the arm, its horizontal motion will tend to generate torques which have a
"twisting" effect. Although the accelerometer is mounted at the center of the arm (and
therefore on a nodal line of the longitudinal torsional modes, if we assume vertical
symmetry), as the arm twists, the accelerometer picks up a component of the earth’s
gravitational force. Since the first torsional mode has a much higher frequency than
either of the first two flexible modes (0.75 Hz and 7.5 Hz, as identified from an FFT
of the data) and since it is rapidly damped, we neglected its contribution to the
accelerometer signal, treating it as white noise, and left it unmodeled. A detailed
discussion of the causes of the excitation of the torsional modes and its effect on the
transverse bending characteristics of the active appendages can be found in [6].

The physical characteristics of the structure are as follows. The arm is made of
aluminum and is 4 feet in length, 6 inches in width and 0.125 inches in height. From
this we obtain /=4.0ft, p=0.027 slug/ft and I=4.71 x 10-8(ft)4. The theoretically
predicted value for E is 15.84x 108 lb/(ft)2. The mass of the thruster assembly was
determined to be mr =0.149 slug. From the calibration table in [6], we find that a hose
pressure of 300 psi is equivalent to a force of 0.297 lb. Therefore we set

lb, 0 -< _-__ 0.05,
f(t)

I. 0.0, 0.05 < _-< 5.0.
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To obtain a basis for comparison, we neglected the hose effects and structural
damping (i.e., we chose co mn Cn kn --0) and used the standard Euler-Bernoulli
model with the parameters p, E,/, and roT- and input f as specified above to generate
the plot of linear acceleration at the tip given, Fig. 4.2.

The plot was obtained by integrating the initial value problem (3.13), (3.14) with
N =4, and then using (4.1) to compute the acceleration at the free end. The residuals
((02u/ot2)(t, l)-(o2uN/Ot2)(t, 1)) over the time interval [0,5] are plotted in Fig. 4.3.
The sum of the squares of the residuals (at intervals of 0.1 seconds) was found to be
3.03.

Using the data on the interval 3.0 to 5.0 (where the contribution from the torsional
modes has been significantly damped) with a sampling period of 0.1 seconds, we used
our scheme with N 4 to obtain optimal estimates for the coefficient of viscosity co
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and the hose parameters m,, CH, and kH. In the set of runs we are about to describe
the values of E and mr were held fixed at their theoretically predicted values. A rough
calculation, based upon "matching" the first two observed natural frequencies of the
data with the first two modal frequencies of the model, was used to obtain a crude
initial estimate for the ratio kn/mn. Then, using our scheme to minimize over the
parameters mn and k, only, we obtained the optimal values shown in Table 4.2.
Integrating the system (3.13), (3.14) over the time interval [0, 5] with mH and k/ set
to the values in the table and co-cn 0, we found the sum of the squares of the
residuals (at intervals of 0.1 seconds) to be 0.73.

Next, holding mn and ks fixed at the values shown in Table 4.2, we carried out
a search on CH (the initial estimate for c, was taken to be zero and co was held fixed
at zero). Then we used the resulting values of mn, cn, and k, as initial estimates and
performed a fit over all three parameters. The result is shown in Table 4.3. The sum
of the squares of the residuals was found to be 0.728.

Continuing to use the same procedure to generate "start-up" values, we eventually
used our scheme to search over all four parameters co, ran, CH, and kn simultaneously
obtaining the values given in Table 4.4 and the fit plotted in Fig. 4.4. The residuals
are plotted in Fig. 4.5. The sum of their squares was computed to be 0.70.

In designing a controller for the RPL experiment, Floyd [6] used model adjustment
to tune a simple, undamped, cantilevered beam with tip mass model for the active
arms (i.e., the arms with the hoses) of the structure. He used the following procedure:
The air-bearing table was locked in a stationary position. With the hose depressurized,
an impulsive force was applied to the beam and linear acceleration at the tip was
measured and recorded. Based upon the physical assumption that with the hose
depressurized, the presence of the hose serves only to add mass to the tip of the arm,
the parameter mr was adjusted so that the first mode or frequency of the model agreed
with the first observed cantilever mode (obtained via an FFT) of the data. Then, with
the hose pressurized, the same experimental procedure was carried out. This time,
however, the modulus.of elasticity E of the beam was adjusted to compensate for the
variation in stiffness which results from the presence of the hose. The adjusted values
of the tip mass rr, and the modulus of elasticity E, obtained by Floyd are given in

TABLE 4.2

(slug) k. (lb/ft)

0.039269 0.339935

TABLE 4.3

mH (slug) cH (lb. sec/ft) kn (lb/ft)

0.043431 0.004056 0.351385

TABLE 4.4

Co (lb’ sec/(ft)2) mt4 (slug) cH (lb. sec/ft) kn (lb/ft)

127.40 0.0801 0.007804 0.412977
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TABLE 4.5

nST (slug) / (lb/(ft)2)

0.254 17.31 x 108
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Table 4.5. We integrated the system (3.13), (3.14) using the adjusted values of mT and
E given in the table (and co mH CH kH 0) and obtained the plot shown in Fig.
4.6. The corresponding residuals are plotted in Fig. 4.7. The sum of the squares of the
residuals was computed to be 5.1.

Starting with the same basic model, we used our scheme to determine the values
of mT- and E which minimize the sum of the squares of the residuals over the time
interval [3.0, 5.0] with a sampling period of 0.1 seconds. Taking the theroretically
predicted values of mT- and E (mT=0.149slug, E 15.84x 108 lb/(ft)2) as start-up
values for the optimization routine yielded the results given in Table 4.6. The corre-
sponding fit and residuals are plotted in Figs. 4.8 and 4.9, respectively. The sum of
the squares of the residuals (over the interval [0, 5]) was computed to be 0.73.

Data

0 Fit

00 .00 9_.00 .00 4.00
Time (Se(x,rds)

FIG. 4.6

o

0.00

+
-t- +

-i-+ q_ + +
+

-t- +
+ +-i-

+
++++ + +4.

4

,00
Y

2.00 3.00

FIG. 4.7

-t- +

+ +
+ +

++
/++

4.00



IDENTIFICATION OF A DISTRIBUTED PARAMETER MODEL 761

TABLE 4.6

mr (slug) E (lb/(ft)2)

0.185 21.95 108
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In summary, we have seen that analysis of the RPL experimental data can be
carried out in several ways with a number of different models. Our techniques can be
used to provide reasonable fits of the data to models with or without hose and/or
beam damping. Even if one attempts to leave the physics of the hose-beam dynamic
interaction unmodeled and perform "model adjustment" (by adjusting the values of
the tip mass mr and beam modulus of elasticity E), our estimation techniques provide
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a much better fit than that obtained using "modal matching" methods common in
engineering practice.

One of the primary objectives of our effort here was to demonstrate the efficacy
of our scheme and in particular, to assess its effectiveness when provided with actual
experimental data. While we are pleased with the results obtained for the RPL data,
we are careful to point out that to provide a fair and complete evaluation of the
usefulness of our models for the RPL experimental structure, a more complete and
in-depth study involving extensive experimental work and statistical analysis would
necessarily be required.
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RPL structure and for providing us with the experimental data upon which this research
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PROBLEMS FOR PARABOLIC SYSTEMS*
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Abstract. This paper is concerned with the shape sensitivity analysis of a class of boundary control,
constrained, optimal control problems for parabolic systems. The notion of Euler and Lagrange derivatives
of a boundary optimal control in the direction of a vector field is introduced. The derivatives are obtained
in the form of optimal solutions of auxiliary optimal control problems. The method of sensitivity analysis
used in this paper is based on related results on the differential stability of metric projections in Hilbert
space onto a convex, closed subset, combined with the material derivative method ofshape sensitivity analysis.

Parabolic initial-boundary value problems with Dirichlet and Neumann boundary conditions are
considered in this paper.

Key words, shape sensitivity analysis, boundary control, Euler derivative, Lagrange derivative, optimality
system, metric projection
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1. Introduction. This paper deals with differential sensitivity analysis of control
constrained boundary optimal control problems with respect to the deformations of
the domain of integration. We use the method of sensitivity analysis proposed by the
author [31]-[35] combined with the material derivative method [42] throughout this
paper.

This method of sensitivity analysis is based on the concept of the conical differen-
tiability of metric projection in Hilbert space onto a convex and closed set [6], [8],
[21], [31]. In addition, the material derivative method is used to handle the sensitivity
analysis with respect to the perturbation of the domain of integration of the state
equation.

New results obtained for convex, boundary optimal control problems with con-
straints on control are presented in this paper. It is shown that the right-derivative of
an optimal control in the direction of a vector field is given by a unique optimal
solution of an auxiliary convex, control constrained optimal control problem, or,
equivalently, by a unique solution of an optimality system.

In [35] we presented the method of sensitivity analysis for control constrained
optimal control problems for distributed parameter systems. An example of the shape
sensitivity analysis for distributed control problems for the Laplace equation is provided
in [35]. However, the method proposed in [35] cannot be directly applied to the shape
sensitivity analysis of boundary optimal control problems. Therefore, new results on
shape sensitivity analysis of optimal controls are derived in this paper for systems
described by parabolic initial-boundary value problems with Neumann and Dirichlet
boundary conditions. The notion of the so-called Euler and Lagrange derivatives of
an optimal boundary control in the direction of a vector field is introduced in this
paper. We prove the existence and we derive the form of the Euler and Lagrange
derivatives. We refer the reader to [1], [5], [11], [13], [28]-[30], [36] for the related
results on the sensitivity analysis of optimization problems. The differential stability
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of optimal solutions of optimal control problems for distributed parameter systems is
considered in [12], [20], [31]-[35]. Therelated results on shape.sensitivity analysis of
unilateral problems are presented in [37]-[40]. We refer the reader to [14], [15],
[17]-[19] for the results on optimal control of distributed parameter systems and, in
particular, on boundary control problems for systems described by partial differential
equations of parabolic type.

The shape sensitivity of solutions of partial differential equations has been studied
extensively in the literature, e.g. [2]-[4], [7], [9], [10], [22]-[27], [37]-[43]. Several
applications of shape sensitivity analysis in the domain of structural optimization are
presented in, e.g., [3], [9], [10], [23], [25].

We refer the reader to, e.g., [42] for the results on the material derivative method
which we use throughout the paper.

The outline of the paper is as follows. Section 2 is devoted to the shape sensitivity
analysis of a boundary optimal control problem for a parabolic equation with Neumann
boundary conditions. The form of the Euler and Lagrange derivatives of an optimal
control in the direction of a vector field is derived. Section 3 describes the results
obtained for a boundary optimal control problem for a parabolic equation with Dirichlet
boundary conditions.

Notation. Standard notation is used throughout this paper [16]. Let fc R be a
bounded domain with smooth boundary F 0f.

The Sobolev space H’(f) is a Hilbert space [16] with scalar product

(1.1) (u, /))HI(I’) fl’ {gi(X)V(X)+Vgl(X)" VV(X)} dx Vu, V HI(-).

HA(I) is a subspace of space HI(f) of the form

(1.2) H(t)
here V]rH/Z(F)c L-(F) denotes the trace [16] of an element vH(t’) on the
boundary, F of domain 1. The space H/z(F) is defined in [16].

W(0, T) is a space of elements

(x,t), xe, te(O,T)

defined as follows:

(1.3) W(0, T) { b L2(0, T; HI(-)) --e L2(0, T; (Hi(n))’)

We denote by W(0, T), e e[0, 6) a space of the form (1.3) with the domain [l replaced
in (1.3) by a domain [l, e [0, 3).

We denote

(1.4) Hz’I(Q)={6LZ(Q) at oxi oxioxj
LE(Q), i,j= l, n}

where Q Ox(0, T).
The Sobolev space HI’I(E) Hi(0, T; L2(OI))fqL2(O, T; Hl(0-)) is a Hilbert

space with the scalar product

(1.5) -Vru" Vrv dE Vu, v Hl’l().
ot ot

C(ol)) is the vector space of all functions b which have compact support in 0fl
and together with their gradients Vi-b are continuous on F 0[l.
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l(0f) denotes the space C(Of) with the standard definition of the convergence,
i.e., b,--)b in the sense of 1(0) provided.the following conditions are satisfied:
there exists a compact set A c 0f .such that supp (b. b) c A for every n; furthermore

lim 49.(x) b(x), lim Vrb. Vrb

uniformly on A.
(0f) is the dual of the space (0f).

2. Neumann boundary conditions.-This section is concerned with an optimal control
problem for a system described by a parabolic equation with Neumann boundary
conditions. The form of the so-called Euler and Lagrange derivatives of an optimal
control in the direction of a vector field V(.,. ) C(0, 6; C(R", R’)) is derived.

Let 12 c R" be’a given domain with smooth boundary F 0fl; we denote Q
lx(0, T), E Fx(0, T), where T> 0 is a given constant. For a given control u L2(E),
the state y y(u; x, t), x 12, (0, T) is given by a unique solution of the following
parabolic equation:

(2.1) 0Y-Ay=0 in Q,
ot

oy
u on ,(2.2)

On

(2.3) y(u; x, 0) =0 in

here Oy/On =(Vy, n)R", n is a unit outward normal vector on F.
It is well known that there exists a unique weak solution to the system (2.1)-(2.3)

such that

(2.4) y L(0, T; HI()),

(2.5)
Oy L2 H1-- (0, T;( (1))’),
Ot

(2.6) YI H’"/(,)
for any control u L2(,). Furthermore, the element y=y(u) satisfies the following
integral identity"

(2.7)
Oy

4) +VY" V4 dx u dr V e H(a) for a.e. e (0, r).

From (2.4) it follows [16] that

(2.8) y e C(0, T; L:(a)).
Therefore, the following cost functional:

(2.9) J(u)= [y(u;x, r)-za(x)] dx+ (u dE, a>0

is well defined for any control u 6 L(Z). We denote by K K() the set of admissible
controls defined by

(2.10) K={uL(E)[Ou(x, t)M for a.e. (x, t)6E}

where M > 0 is a given constant.
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Let us consider the following optimal control problem.
Problem (P). Find an element u K(X) such that

(2.11) J(u)<=J(v) Iv K(E).

We will consider the differential stability of the solution of Problem (P) with
respect to the perturbations of the domain 1 R". To this end we introduce control
problems (P,) defined in the cylinder Q =1, x (0, T), e [0, ); e is the parameter.

First we define a family of domains {1} Rn, e [0, 8).
2.1. Family of domains {f,}. In order to derive the form of the so-called Euler

and Lagrange derivatives of an optimal control u in the direction of a vector field

(2.12) V(., .) C(O, 6; C’(Rn; Rn))
we introduce a family of domains {fl} R n, e [0, 6) which is defined in the following
way.

Let

(2.13) T’R"R", ee[0, 6)

be a mapping of the form

(2.14) T,(X)=x(e),
where

(2.15)

XeRn, e[0,6)

ax
(s) V(s, x(s))

ds
s(O,),

x(0) =x.
We denote

(2.16) 1) T,(I)) {x R IzIX 1) such that x(O) X, x(e) x}.

Let us note that

no To(n)
for any vector field V(.,.). We will use the following notation" DT,(x) denotes the
Jacobian matrix of the mapping (2.13) evaluated at a point x6 Rn, DT-(x) is the
inverse of matrix DT(x) and *DT (x) is the transpose of matrix DT- (x). Further-
more, we denote

(2.17) y(x)=det(OT(x)), xl,

(2.18) A(x) y(x)OT-(x) *DT-(x), x

(2.19) o- (x) ]]y(x)*DT-(x) II(X)]IR,, X E On.

It can be verified [41] that for e small enough

(2.20) ,. 1 + e3;+ o(e) in C(f),

(2.21) A=I+eA+o(e) in C(fi; R"),
(2.22) r 1 + e+ o(e) in

where in (2.20)-(2.22), IIo(e)ll/ -,0 with e -->0, in an appropriate norm, and elements
q, A, are given by

(2.23) (x) div V(0, x), x

(2.24) A(x) div V(0, x)I -*DV(0, x)- DV(0, x), x

(2.25) #(x) div V(0, x) (DV(0, x). n(x), n(X))R", X



SHAPE ANALYSIS OF BOUNDARY CONTROL 767

2.2. Optimal control problem (P.), Let a family of domains {e} R" defined by
(2.16) be given. We define an optimal control problem (Pc) in the cylinder Qe
le (0, T), [0, 6). To this end, we first define the state equation, the cost functional
and the set of admissible controls of the following form.

State equation. Find an element y=y(u; x, t), ue L2(E), (x, t)e Q., such that

(2.26) ---- Ay 0 in Q,
ot

oy
(2.27) u on E ole x (0, T),

(2.28) y(u; x, 0)=0 in

Here n, e e [0, 6), is a unit outward normal vector on
Cost functional

(2.29)

L(u) = [y(u; x, t)--Zd(X)] dx+ (u(x, t) dE, a >0, u L2().

Here Zd(" ) H(R") is a given element.
Set of admissible controls.

(2.30) K(E) {u L2(Z) O u(x, t) M for a.e. (x, t) e }.

Let us consider an optimal control (P) defined in Q, e e [0, 6).
Problem (P). Find an element u e K(Z) such that

(2.31) L(u)L(u) Vu e K().

There exists a unique optimal solution u L2(Z) of Problem (P) which is given
by a unique solution of the following optimality system.

Optimality system for oblem (P). Find (u,y,p)K(Z)x W(O, T)x
W(0, T) which satisfy the following system.

State equation.

(2.32) O._____v Ay 0 in Q,
ot

(2.33) one- u onE,

(2.34) y(x, O) =0 inf.

Adjoint state equation.

(2.35) --Ap=O in Q,
ot

(2.36)
Op

-0 onE,
One

(2.37) p,(x, T) y,(x, T)- Zd(X) in 115.
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Optimality conditions.

uK(),
(2.38)

(au-p)(u-u) dZ>=O VueK(Z).

In order to differentiate an optimal solution u with respect to the parameter e at
e -0+, we transport the optimal solution u to the fixed domain using mapping (2.13),
i.e., we denote

(2.39) u u T. Lz(E) Ve e [0, ).

By the change of variables in optimality system (2.32)-(2.38) we obtain Lemma 2.1.
LMMA 2.1. e element ue L2(Z) is given by a unique solution of the following

optimal control problem.
Problem (W). Find an element ue K(Z) which minimizes the following cost

functional"

J(u) = [(u; x, T)-zS(x)]Zy(x) dx

(2.40)

+ (u(x, t))(x) d overthe set K().

Here (u) is given by a unique solution of the state equation:

0(2.41) (x) (u; x, )-div (A(x). V n (u; x, t))=0 in Q,

(2.42) (A(x) Vn(u; x, t), n(X))R" g(X)U(X, t) on ,
(2.43) (u; x, 0)=0 in ft.

We show that the optimal solution of Problem (W) is Lipschitz continuous with
respect to the parameter.

THEOREM 2.1. For e > O, e small enough

(2.44) ][u u] L() Ce.

Proof The unique optimal solution u K(E) of Problem (W), e [0, ), is given
by the unique solution of the following variational inequality:

Find u K(E) such that

(2.45)

where

(2.46)

(2.47)

a(u, u-u)>=(f, u-u) rusK(E)

defa(u, v) ,(x)n(u; x, T)/(v; x, T) dx

+ a I r(x)u(x, t)v(x, t) dE lu, v L2(E),

def Ill(f, v) y(x)rl(v; x, T)zS(x) dx Vve L2(E).

From (2.62)-(2.64), in view of (2.41)-(2.43), it follows that

(2.48) Vu L2(E): r(u) ?(u)+ eil(u)+ o(e) in W(O, T)
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where IIo()ll vo,)/-0 with e->0. An element r)(u.) W(0, T)is given by a unique
solution of the following parabolic equation:

(2.49) Ol(u--)-A(u)+ q/(x) 0r/(u-----)-div (A. Vr/(u))=0 in 0,
ot ot

--(u)+(A. 7r/(u),n)R,,=6"u onE,(2.50)
On

(2.51) (u;x, 0)=0 inf,.

In view of (2.48), it follows that the bilinear form a(., is differentiable with respect
to the parameter, i.e., there exists a continuous bilinear form d(.,. such that

(2.52) lim sup I(a(u,v)-a(u, v))/e-6(u, v)l=0.
I111.)---

The bilinear form d(.,. ): L()x L() is defined by (2.56). On the other hand,
since

(2.53) za za + eVza" V(0)+ o(e) in LZ(f)

in view of (2.20), (2.48) it follows that the element f in (2.47) is differentiable with
respect to the parameter e; i.e., there exists the element f such that

(2.54) lim sup i(f fo, v)/ e -(f, v)l O.

Since for e > 0, e small enough the bilinear from (2.46) is coercive:

(2.55) L2(;) VU Ga(u, u)>- llull 2

therefore by a standard argument [35], from (2.45), in view of (2.52) and (2.54), (2.44)
follows. The bilinear form d(.,. and the element f are given by

(2.56)

(2.57)

def

/ o( r) o(i(u, v) {3(x) u" x, q v" x, T)+ el(u" x, T)q(v x, T)

+ n(u; x, T)r)(v; x, T)} dx

respectively.
Using (2.44) we show that an optimal control u is actually right-differentiable

with respect to parameter e, at e 0.
THEOREM 2.2. For e > O, e small enough

(2.58) u u+ eft(Z)+ o(e) in Lz(z)
where IIo()ll(,)/e-0 with e+O.
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The Euler derivative ti ti(X) of an optimal control u in the direction of a vector
field V(.,. is given by a unique solution of the following optimality system.

Find (ti, z, w) S(X)x W(0, T)x W(0, T) which satisfy the following system.
State equation. Find z z(x, t), (x, t) Q.

(2.59) _OY)Ion ftdp dF- fon v" Vi’uock dF+ Ion v,,l(Huo -] qb-Vry Vrdp} dF
for a.e. a (0, T) Vb H2(fI),

(2.60) z(x, 0) 0 in

Adjoint state equation. Find w w(x, t), (x, t) Q.

Io{w ) l’  o,o(2.61) - b+Vw. Vb dx= v, b-Vrp" Vrb dF
on I Ot

(2.62) w(x, T) z(x, T) in 1).

(2.63)

where

for a.e. (0, T) Vb H2(D,),

(2.64)

Optimality conditions.

Here we denote

(2.65)
(2.66)
(2.67)
(2.68)

Vuc S(X)

S(X) {u &(X) u(x, t) >-- 0 for a.e. (x, t) .. o,
u(x, t) 0 for a.e. (x, t) "+LI’+

’--2

u(x, t) <= 0 for a.e. (x, t) 22}.

, {(x, t)Xlu(x, t)--- 0},

2 {(x, t)Xlu(x, t)= M},
,0 "’i--i {(x, t) [au(x, t) po(x, t)}, i= 1 2,

,o

Remark 2.1. Let us consider the following optimal problem.
Problem (). Find an element ti S(E) which minimizes the cost functional

I(u) = [y(u; x, T)- :(x, T)]2 dx

o

+- vn t-’(x, t)y(u; x, t)-Vrp(x, t) Vry(u; x, t) dE

+ [,(x, ]a

over the set S(X)c L2(Z).
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Here y(u;., .), u EL2() is the solution of state equation (2.1)-(2.3), sO(x, t),
(x, t)E Q denotes the solution of problem (2.59), (2.60) for ti =0. Let us observe that
the optimality system for Problem () takes the form (2.59)-(2.63).

Proof of Theorem 2.2. By Theorem 2.1 it follows that there exists an element
q e L2() such that for e > 0, e small enough

(2.69) u=u+eq+r(e) in L2()
where r(e)/e0 weakly in L2(E), with e$0.

We denote y =y T; after the change of variables in (2.32)-(2.34) it follows
that the element y satisfies the following state equation in the form of integral identity:

(2.70)
y(x)- (x, t)q(x)+(A(x) Vy(x, t), Vb(X))R,, dx

Io tr(x)u(x’ t)(x) dr

(2.71)

Furthermore, we denote

(2.72)

V,/, H’(f) for a.e. E (0, T),

y(x, O) 0 inl.

p’=p, TE W(O, T) reel0,6),
and from (2.35)-(2.37), after the change of variables, we obtain

(2.73) -y(x)- (x, t)O(x)+(A(x) Vp(x, t), VO(X))R" dx=O

V@ E H(f) for a.e. E (0, T),
(2.74) p(x, T)=y’(x, T)--Zd(X) intl.

Here Zd(X) (Zd T)(X), X 1.
Finally we change the variables in the optimality conditions (2.38). This leads to

the following variational inequality:

u E K(2),
(2.75)

Vu E K().

From (2.69), in view of (2.70), (2.71) and (2.73), (2.74), it follows that

y. yO+ ez + r( e in W(0, T),
p=p+ew+r(e) in W(0, T)

(2.76)

(2.77)

and

(2.78)

OZ
(2.80) +(A Vy, n)R,, q + (ru onE,

On

(2.81) z(x, 0) =0 in

pl.=pl.+ewlx+o(e) in L2(2)
where IIo( )11 with e$0.

The elements z, w are given by unique solutions ofthe following parabolic problems:

(2.79) 0__z_ Az +,-0y div (A. Vy) 0 in Q,
ot ot
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(2:82) -O--W-Aw-4/-Op
div (A. Vp)=0

ot ot
in Q,

OW--+(A.Vp,n)R.=0 onE,(2.83)
On

(2.84) w(x, T)= z(x, T)- VZd" V(O) in f,

respectively.
It follows by Lemma 4.2 inthe Appendix that, in view of (2.78), the solution u

of variational inequality (2.75) can berepresented for e > 0, e small enough, in the form

(2.85) u u+ eti + o(e) in Lz(E)

where IIo(e)ll.)/-0 with e$0. Furthermore by Lemma 4.2 an element ti in (2.85)
is given by a unique solution of the following variational inequality:

(2.86)
as(),

(afi + a6"u- w-p(r)(u ft) dE >= O Vu E S(Z)

where the cone S(E) is defined by (2.64). We can simplify (2.86), since by definition
of the set S(E) it follows that

(2.87) Ix (ceu-P)b dE=0 V@ E S(E);

therefore

(eu- ep)(u- a) ax=0 Vu E S(X).

Hence (2.86) takes the form

(2.88)
Vu E S(X).

From (2.85), in view of (2.69), it follows that we actually have the equality

(2.89) ti=q.

Therefore, an element ti is uniquely determined by the following optimality system.
Find (ti, 3),/J) E S(E) x W(0, T) x W(0, T) such that the following system is

satisfied.
State equation.

oi, oy
(2.90) -(x, t)-ap(x, t)+/(x),(x, t)-div(A(x). Vy(x, t))=0 in Q,

(2.91) --n (X, t)+(A(x) Vy(x, t),n(x))R,,=ft(x, t)+6"(x)u(x, t) onE,

(2.92) 3(x, 0)= 0 in
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Adjoint state equation.

Op
(2.93) _-7. (x, t)-A/(x, t)-q/(x)

ot
(x, t)-div (A(x). Vp(x, t))=0 in Q,

(2.94) -n (X, t)+(A(x) Vp(x, t),n(X))R,,=O onE,

(2.95) 6(x, T)=p(x, T)-VZd(X)" V(O, x) in f.

Optimality conditions.

(2.96) ti e S(Z), (ati(x, t)-p(x, t))(u(x, t)-ti(x, t)) dZ_->0 Vu e S(,).

in order to obtain (2.59)-(2.63) from (2.90)-(2.96) let us observe that if a vector
field V(.,. is selected in such a way that the normal component satisfies

(2.97) v,(x) V(O, x), n(x))e,, 0, x e

Then for e > 0, e small enough f f; here we use the assumption that 012 is smooth.
Therefore u Uo for such a vector field V(.,. and it follows that

(2.98) a(x) (Vuo(x), v(x)).,,, x 0

where v is a tangent vector on 00,

(2.99) v,(x) v(0, x)- n(v(0, x),

and VrUo is a tangential component of the gradient on 01. Condition (2.98) provides
an additional regularity of an optimal control Uo, since by (2.88) it follows that

ti e L2(E) for any vector field V(.,. e C(0, 6; CI(R "; R"));

hence (2.98) implies that

(2.100) Vruo e L:(Z; R"),

so we obtain the following regularity of an optimal control"

(2.101) u0e L2(0, T: HI(0f)).

Let us assume now that

(2.102) v,(x) 0, v,(x) 0, x e aO;

then by (2.98) it follows that

(2.103) ti(x) 0 for a.e. x e 0.

On the other hand, the element ti e S(Z) is given by a unique solution of the following
variational inequality:

(2.104) tieS(Z)’Ix(ti-G(V))(u-ti)dZ>=0 VueS(Z).
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Here we denote G(V) (l/a)/lx, V V(0) V(0,. ), and V V(0) satisfies the condi-
tions (2.102). By (2.103), (2.104) it follows that

(2.105) Ix G(V)u dE >- 0 Vu S(X).

The mapping V G(V) is linear; so taking + V in (2.105), we obtain

(2.106) Ix O( V)u dX = 0 Vu S(E)

for any vector field V V(0) such that conditions (2.102) are satisfied.
Equation (2.106) provides Green’s formula for optimality system (2.90)-(2.96).

It allows us to simplify the state equation and the adjoint state equation in the
optimality system. In paicular, by (2.106) it follows that for any $ H() there
exist distributions

g.(), h.() (0), g(), h() (0; g")=(O)

such that the state equation (2.90)-(2.92) in the optimality system (2.90)-(2.96) can
be replaced by the state equation of the following form:

Find z z(x, t), (x, t) Q, such that

(2.107) f d dr+(g(), v)(on),(oa)+(g,(),

for a.e. (0, T) $ H(fl),

(2.108) z(x,O)=O inO.

Similarly the adjoint state equation (2.93)-(2.95) in the optimality system (2.90)-
(2.96) can be replaced by the following adjoint state equation:

Find w w(x, t), (x, t) Q, such that

(2.109)
for a.e. (0, T) V$ H(fl).

The representation ofdistributions g, (0), g($), h, (), h,($) is obtained by integration
by pas in the weak formulations of problems (2.90), (2.91) and (2.93), (2.94),
respectively, with a test function $ H2(fl) such that

Finally, we obtain the following representation of distributions: g, ($), h,($),
g(b), h(4,):

(2.110)

(2.111)

(2.112)

oyO)gn(b)= Huo---/b-Vry" Vrb,

g(4,) -Vruo,

Op
hn($)= $---Vrp Vrb,

(2.113) h.(4) =0
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for b H’(Ofl). Here H is the mean curvature of the boundary 0fl of domain and
Vr4, is the tangential gradient on 0II of an element b HI(Ofl).

This concludes the proof of Theorem 2.2. l-1
Now we are in a position to present the main result of this section. Let t denote

an extension of an optimal control u L2(0, T; H(Ofl)) to an open neighborhood
of Of such that t[v. is a well-defined element of space L2().

We denote by u’ L2(E) the Lagrange derivative of an optimal control Uo u in
the direction of a vector field V(.,.):

(2.114) u’(x, t) (x, t) -v(x) VrUo, (x, t) Z.

THEOREM 2.3. For e > 0, e small enough

(2.115) al=uo+eU’+O(e) inL2(Z)

where o( )11 ,)/ - 0 with e ,[O.
The Lagrange derivative u’ L2(E) of an optimal control Uo L2(E) in the direction

of a vector field V(., is given by a unique solution ofthe following optimality system.
Find (u’, z, w)e S(E)x W(0, T)x W(0, T) such that the following system is

satisfied.
State equation. Find z z(x, t), (x, t) Q.

(2.116)

(2.117)

+Vz.Vb dx= nu’bdF+ avn Huo-’--/qb-Vry’Vrdp dF

for a.e. (0, T) /b e H2(I)), nn 0,

z(x, O) O in

(2.118)

(2.119)

Adjoint state equation. Find w w(x, t), (x, t) Q.

n --qb+Vw’Vqb dx= v, qb-Vrp’Vrqb dF
n LOt

afora.e. (o, T) (), :0,
w(x, T) (x, T) in .

Optimality conditions, u’ S(Z)"

(2.120) au’- w)(u- u’) dE_->0 Vu S(Z).

Proof The Lagrange derivative of an optimal control Uo u is defined by (2.114),
where ti s L2(Z) is the Euler derivative of an optimal control Uo. The element ti L2(E)
is given by a unique solution of (2.59)-(2.63). Let us note that from (2.59), (2.60), in
view of (2.114), we obtain (2.116), (2.117); therefore (2.118), (2.119) follow from (2.61)
and (2.62). We shall show that (2.120) follows from (2.63). Since Uo L2(0, T" Hl(0II))
and

(2.121) Vruo(x, t) 0 for a.e. (x, t) e E, 1,2
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where sets ..i, 1, 2 are defined by (2.65), (2.66), respectively, then in view of (2.64),
it follows that

v. Vruo S(E)c Lz(E) for any vector field V(.,.) C(0, 6; CI(R"; R"))

furthermore we have

(2.122) u’= ti v. VrUo S(;),

(2.123) n u-v. VrUo S(:) Vu S(;).

Hence by (2.63), (2.120) follows, which completes the proof, l-1
Let us observe that, in view of (2.116)-(2.120), it follows that an element u’ L2(E)

can be defined in the form of an optimal control for an auxiliary optimal control
problem.

COROLLARY 2.1. The Lagrange derivative u’ L2(E) ofan optimal control Uo in the
direction of a vector field V(.,. is given by a unique solution of the following optimal
control problem.

Problem (P’). Find an element u’6 L2(E) which minimizes the cost functional

(2.124)

J(u) = [z(u; x, T)] dx +- [u(x, t)]2 dE

+f v.(x)p }(--- (x, t)z(u; x, t)-Vrp(x, t) Vrz(u; x, t) dE

over the set S(E) of admissible controls.
Here we denote by z z(u; x, t), u L(E), (x, t) Q, a unique solution of the

following state equation:

(2.125)
{04,+Vz.Vb dx= aubdF+ av,{(Huo ---/bVry.7rb dF

fora.e, re(0, T) ’beH2(l)), z-=0,
on

(2.126) z(x, 0) 0 in 1).

3. Dirichlet boundary conditions. This section is concerned with the shape sensitiv-
ity analysis of an optimal control problem for a parabolic equation with the Dirichlet
boundary conditions.

Let us consider the following parabolic equation defined in a cylinder Q=
f x (0, T).

For u LE(E), find an element y y(u; x, t), (x, t)e Q which satisfies the following
parabolic initial-boundary value problem"

(3.1) OY-Ay=O inQ,
ot

(3.2) y=u onE,

(3.3) y(u; x, 0) =0 in 1).
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There exists a unique weak solution y L2(Q) of the problem (3.1)-(3.3) which verifies
the following integral identity [19]:

y + A4 dQ u-- dE
On

(3.4)
VbH2’(Q)f-ILz(O, T;H(f)), (x, T)=0 in,

and it is known [19] that for any u Lz(E)
(3.5) y 6 L2(0, T; H/2()),

(3.6)
Oy-- L2(0, T; H-3/2()).
Ot

WeWe refer the reader to [16] for the definition of Sobolev spaces H(O), s=,-.
assume that the set of admissible controls K(E) is given by (2.10) and we define a
cost functional of the form

(3.7) I(v)= (y(v;x, r-z(xx+ (v(x,,
2

which is well defined for any control v e K(N) L(); hence there exists a unique
optimal control u e K() such that

(3.al

It seems, however, that the optimal control u fails to be differentiable in the direction
of a vector field g(.,. )e C(0, ; C(R; R)).

Therefore we will consider the following optimal control problem.
oblem (P). Find an element u eK()H’(N), which minimizes the cost

functional

(3.9) J(u)= ((u;x, r)-,(xx+llull., >0,

over the set gl( K() H’().
Here ze e H(R) is a given element; an element y y(u; x, t) is given by a unique

solution of parabolic initial-boundary value problem (3.1)-(3.3), u eH’() is the
control.

Remark 3.1. The Sobolev space H’() can be replaced in (3.9) by a Sobolev
space H’(), with some s, r, 0< s < r < 1. For the sake of simplicity, we do not consider
here the optimal choice of space H’() in (3.9).

In order to derive the form of the Euler and Lagrange derivatives of the solution
of Problem (P) let us consider an optimal control problem defined in a cylinder
Q =a x (0, r), where the domain a, e e [0, ) is defined by (2.16).

Problem (P). Find an element u e K() which minimizes the cost functional

(3.0

over the set K(E,).
Here ,(u; x, t), uH’(E), (x, t) Q, denotes a unique solution of the

following parabolic equation:

(3.11) n-am =0 in Q,
ot
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(3.12) r/=u onZ,

(3.13) r/(u; x, 0)=0 in 12.
There exists an optimal solution u K(Z) or Problem (P) which is given by a
unique solution of the following optimality system.

Optimality system for Problem (P). Find (ue, y,p) Kl(Xe) We(O, T) x
We(O, T) which satisfy the following system.

State equation.

(3.14) 0___ze_v AYe 0 in
Ot

(3.15)

(3.16)

Adjoint state equation.

(3.17) -OP---Z-Ap =0 in Q,
ot

(3.18)

(3.19)

Pe --0 onE,

p(x, T) ye(x, T)- Za(X)

Optimality conditions.

fr.

Op
(3.20) ueK,(Z)" a(u,u-u),,.,..)>= -n(U-u)dE VuK,(E).

In order to derive the form of Euler derivative fi of an optimal control ue K(5:)
we transport the optimality system (3.14)-(3.20) to the fixed cylinder Q 1 x (0, T).

Let us denote

(3.21) u u T H1’1(;),
(3.22) y=y T W(0, T),

(3.23) p=po T W(0, T).

for e[0, ); then the change of variables in (3.14)-(3.20) leads to the following
optimality system.

Find (u e, y, pC) K(5) x W(0, T) W(0, T) which satisfy the following system.
State equation.

Oy
(3.24) y-div (A. 7y)=0 in Q,

ot

(3.25)

(3.26)

Adjoint state equation.

(3.27)

ye u onE,

y(x, O)=O in

Op
-ye -div (Ae" Vp) =0

Ot

(3.28) p 0 on X,

p (x, T) y (x, T) Zd(X)

in Q,

(3.29) in f.
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Optimality conditions, u K(E):

(3.30) a(u, b u) >= (f, ck u) Vdp KI().

Here at(., ), (f,.) are defined by (4.28), (4.37), respectively.
THEOREM 3.1. For e > O, e small enough

(3.31) u- ull..... c.

Proof. It can be verified that an element u H’(E), e[0, 6) is an optimal
solution of the following optimal control problem.

Problem (W). Find an element u K(E) which minimizes the following cost
functional:

(3.32) J*(u) = ),[r/(u; x, r)-z,(x)]2 dx +- a u, u),

over the set K(E) H’(X).
Here the element r/e= r/(u) is given by unique solution of the following state

equation:

(3.33) y-div (AVr/)=0 in Q,
ot

(3.34)

(3.35) r/(u; x, 0)=0 in

Taking into account Lemmas 4.3-4.5 in the Appendix, the estimation (3.31) follows
by the same argument as in the proof of Theorem 2.1.

From (3.31) it follows that there exists an element

(3.36) qHl"(.)

such that

(3.37) u u+ eq+ r(e) in HI’(E)

where r(e)/e - 0 weakly in H’(E) with e$0. Hence, in view of (3.24)-(3.29) it follows
that

(3.38) y yO+ e3+ o(e) in W(0, T),

(3.39) p pO+ ep + o(e) in W(0, T)

where elements 3), p are given by unique solutions of auxiliary parabolic initial-boundary
value problems. It is important to observe here that by (3.37)-(3.39) it follows that
assumption (4.38) of Lemma 4.5 is verified. On the other hand, it can be shown, using
the same argument as in the proof of Theorem 2.2, that the element q in (3.37) is given
by a unique solution of an optimality system. This leads to the following result.

THEOREM 3.2. For e > O, e small enough

(3.40) u u+ efi + o(e) in H’l(.,)

where with $0.
The Euler derivative ri of an optimal control u= Uo in the direction of a vector

field V(.,. is given by a unique solution of the following optimality system.
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Find (ti, p,/) SI(X) x W(0, T) x W(0, T) such that the following system is
satisfied.

State equation.

,’,zv_Z_ A) /Ooy___ + div (A. Vy) in Q,(3.41)
ot ot

(3.42)

(3.43)

Adjoint state equation.

(3.44)
ot

(3.45)

(3.46)

.f ti on X,

)(x, o) =0 in 12.

A# 4/Oop+ div (At. Vp)
Ot

/=0 onE,

p(x, t) =.(x, T)-Vz. v(0)

in Q,

in 12.

over the set $1 (X) c H1’1 (E).
Here we denote by :(u; x, t), U G HI’(E), (x, t) Q the solution of (3.41)-(3.43)

for ti=u.
The proof of Theorem 3.2 is similar to the proof of Theorem 2.2 and is omitted

here. The bilinear form a’(.,.) and the linear form (f’, .) in (3.47) are defined by
(4.30), (4.41), respectively.

In order to derive the explicit form of the right-hand side term in inequality (3.47)
we use (4.30), (4.41) and take into account the following condition:

(3.48) (u, b)H,,(X)= (f, q) Vq G S(X)

which is satisfied by definition (4.11) of the cone SI(E)c H’(E). In view of (3.48)
we have

(3.49)

Ou 0

Ot Ot
(de)+Vru. V,.(eqb)} dE

fl’ Oop (4)#) dE Vth e
xOn

2

Optimality conditions.

i S(X),
(3.47)

a(ti, b- ti),,,,(.)=> <f’, ck-ft)-aa’(u, b-)
where the cone S(E) H’(E) is defined by (4.11).

Remark 3.2. The system (3.41)-(3.47) coincides with the optimality system for
the following optimal control problem.

Problem (P). Find an element tie S(E) which minimizes the following cost
functional:

I(u) = [:(u; x, T)--VZd(X) V(O, x)]2 dx

+ (x)--(x, t)+div ((x)" Vp(x, t)) (u; x, t) dO
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here &(x) div V(O, x) -(DV(O, x). n(x), n(X))R", X e 0. Therefore

f’, 4-a’(u, 4 4 a

+ f {4Vru" ro"+((DV+*DV)" Vru, Vr4),,} d

ck (DV" n, n) R"
On

V s,(z).

Now, if fo a given ecto field V(.,.) the condition . <V(0), a>.,. =0 is satisfied
on aD. then the optimalffy system (3.41)-(3.47) is identically vfied by <7r#, %) a,,.

We recall that the Lagrange derivative of an optimal control u in the direction
of a vector field V(.,. is defined as follows:

u’ i (Vru, v),,.

THEOREM 3.3. The Lagrange derivative u’ e HTM (TL) of an optimal control u Uo
in the direction of a vector field V(.,. )e C(0, 6; C2(R"; R)) is given by a unique
solution of the following optimality system.

Find (u’, z, w)e S(E) x W(O, T) x W(O, T) which satisfy the following system.
State equation.

Oz
(3.51) ---Az=O in Q,

ot

(3.52) z u v
Oy

’- onE,
On

(3.53)

Adjoint state equation.

z(x, 0) 0 in f!.

OW
(3.54) Aw 0 in Q,

ot

opO
(3.55) w -v. on X,

(3.56) w(x, T)= z(x, T) in f.

Optimality conditions.

u’ S(X):

(3"57) a(u’ b-u’) > IxOw I.n "(x)= nn $ u’) dE + a VrU’ Vr(v,,H)(ck u’) dE

-fxrapav-2"+v"v"’v"I’](4"-u’)axLan an V&e s,(z).

The proof ofTheorem 3.3 is similar to the proof ofTheorem 2.3 and is omitted here.
Let us observe that from (3.51)-(3.57) it follows that the Lagrange derivative

u’ H’1(X) can be equivalently characterized as the unique solution of the following
optimal control problem.
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Problem (P’). Find an element u’ S(E) which minimizes the following cost
functional"

I(u) :- [z(u’, x, T)] dx- v,(x) OpOn (x, t)z(u’, x, t) dE +-
(3.58) + L(X, t)(x)+Vrv(x) VFp0(x’ l) U(X, t) dE

- {Vi.u(x, t) V,.(v,(x)n(x))}u(x, t) d

over the set S(E)c H,(E).
Here z(u; x, t), u H’(E), (x, t)e Q denotes the solution of Problem (3.51)-(3.53)

for u u.

4. Appendix.
4.1. Metric projection PK(’) in L2() onto K(). We recall briefly the properties

of the metric projection PK (") in the space L2(E) onto the set K (E) of the form (2.10)
which are used in this paper. Suppose there are given elements f, h L2(E); we denote

f =f+ eh + o(e) in L2(E), e [0, ),

and let u P (f), i.e.,

u K(E),
(4.1)

d,>-O luK(,).

LEMMA 4.1. For e > O, e small enough

(4.2) u Uo- ePs(h)+ o(e) in L2(E)
where with e,O.

The element q Ps(h) is given by a unique solution of the following variational
inequality:

(4.3)
q S(E),

dE=>O VbES(E),

i.e., q is the metric projection of h in space L2(E) onto set S(E). For an elementary
proof of Lemma 4.1 we refer the reader to [32].

Now, let an element u L2(E), A [0, 6) be given a unique solution of the
following variational inequality:

u K(E),
(4.4)

d2.>-O

here a L(E), e [0, 5) is a given element such that

a=ao+eal+o(e) in L(E) where llo()lloo>/e-0
(4.5)

with e$O, ao, al

are given elements such that ao(x, t)>_-c > 0 for almost everywhere (x, t)
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LEMMA 4.2. For e > O, e small enough

(4.6) u=uo+eq+o(e) inL2(E)
where IIo(e)ll L2(x)/e- 0 with e,O. The element q L2(E) is given by a unique solution
of the following variational inequality:

(4.7)
qS(Z),

dE>=O VS().

The proof of Lemma 4.2 follows by Theorem 1 in [35] and is therefore omitted here.

4.2. Metric projectioa ia H’(). We present some results on the differential
stability of the metric projection in space H’() onto the set K(E)- K(E)fq H’(E).

For a given element f HI’(E), we denote by Pf its metric projection in space
H’(E) onto set K(), i.e., the element Pf is given by a unique solution of the
following variational inequality"

Pfe Kl(,),
(4.8)

(Pf-f, dp-Pf)H,.,(x)>=O VthEK,(E).

It can be shown, using the results of Mignot [21], that for e > 0, e small enough

(4.9) Vh e H"I(E): P(f+ eh) Pf+ en’h + o(e) in H’"()
where I]o(e)llH,.,(r.)/e-->O With e$0.

The mapping P" HI’(E)--> HI’(E) denotes the metric projection in space HI’I()
onto a cone S(E) H’I(E), i.e.,

(4.10)
P’hS(Z),

(P’h-h, dp-P’h)H,.,r.>>-O
where

(4.11)

SI(E) {h e H’"(E)I (x, t)->_ 0, q.e. on Z,, 4,(x, t)=< 0, q.e. on .._, (Pf-f, 4)rt’,’ 0}

{ e HI’I(E) (x, t)=>0, q.e. on .. o, (x, t)-<0, q.e. on E2, 6(x, t)=0,

q.e. on .. - U ..-}.
Here we denote

(4.12)

(4.13)

(4.14)

(4.15)

E,- {(x, t).lUo(X, t) 0}, Uo-- Pf6 H’"(E),

E-- {(x, t).lUo(X, t)- M},

’’i {(X, t) i Uo(X, t) =f(x, t)},

=E,\Ei, i= 1,2.

Remark 4.1. Let us recall [21], that in (4.11) "q.e." means everywhere with possible
exception of a set of capacity zero.

Let us consider the differential stability with respect to the parameter of solutions
of the following variational inequaity:

u K,(E),
(4.16)

a(u,-u)=>(f,b-u) VCeK,(E)
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where a(., )" HI’I()x H’(E)- R is a bilinear form and (f, .): H’(E) R is a
linear form for e E [0; 8). We assume that the following conditions are fulfilled"

(4.17) a(u, v) (u, v) ,,.,() Vu, v H’(E)
and there exists a continuous bilinear form

(4.18)

such that

(4.19)

a’( .,. )" H’(;) x H’(E) R

lim sup l(a’(u,v)-a(u,v))/e-a’(u,v)l=o;
--,o Ilull,llvll----

here we denote I1" I1" Furthermore, we assume that there exists an element

(4.20) f’ e H’= (H’"(,))’
such that

(4.21) f=f+ef’+o(e) inH’

where IIo()!1,,,/-,0 with e$0.
LZMMA 4.3. For e > O, e small enough

(4.22) u u+ eq+ o(e) in Hl’(;)
where with e$O. The element q H’(,) is given by a unique solution

of the following variational inequality"

q e S(,),
(4.23)

(q, 4) q) H’"(r.) >= (f, rh q)-- a’( u, 49 q)

The proof of Lemma 4.3 follows, in view of (4.9), by Theorem 1 in [35] and is
therefore omitted here.

4.3. Transport of surface integrals. We recall the results concerning the transport
.of surface integrals defined on ;, to the fixed surface ; using the mapping T.

Let us denote

def

a(u, v) (u, v),,.,(.) Vu, ve H,(E).

def
(4.25) a(u, v) gte(u T-1, v T2’) VU, ve H"(E).
For any qb e H(0a) we will write Vrff instead of Vr@.

LZMMA 4.4. e bilinearform (4.25) verifies condition (4.19).
Proo We first find the explicit form of a(., ). We have for all u, v e H’l(e)"

ot ot

=a(uoT,voT)
(4.26)

(uo T)(vo T)+(uo T)(vo T)

dE.

Here we change the variables, using the mapping T.

(4.24)

We define
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It can be shown that for all E H(O)
(Vrdp)o T =*DT-’. Vr( T)

(4.27)
II*DT-’ nII;’’(*DT2 Vr(. T.),*DT-’ n)R,,*DT- n;

therefore

Since [42]
(4.29) *DT-/’=I-e*DV(O)+o(e) in C(I; R"2),
then from (4.28), in view of (2.22), it follows that the condition (4.19) is satisfied
where the bilinear form a’(., .) is given by

a’(u, v) f. {(r[uv+ Ou Ov
--+ (Vru,

(4.30) Ot Ot

-((DV(O)+*DV(O)). 7vu, 7vv)R,, t dE Vu, veH’(Y).

Remark 4.2. If the tangential component v,(x), x e Oil, of a given vector field
V(O) satisfies

(4.31) v,(x) O, xOII,
then it can be shown that

(4.32) d-= v,H;
furthermore for

(4.33) ((DV(O)+ *DV(O)),t,
on 0; here H is the mean curvature of ofl. Finally, let us consider the linear form

(4.34)
(f’ ’)" H’"(E)R givenby

def
(f, )= b dE, H’"(E)

where Op/On (Vp, he)R,, G (HI’I(E)) is a given element.
We define an element f E (H’(E))

def
(4.35) (f, v) (fi, v T-) Vv HI’(E)
and after the change of variables in (4.34), we obtain

(4.36) (f, T)= r -nO T, o T dE V e gl’l(e).

Thus simple calculations show that

(4.37) (f, v)=

where we denote p=p T,.
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LEMMA 4.5. Let us assume that the element p is differentiable with respect to e at
e 0+, i.e., there exists the strong limit

(4.38) lim I(A(Vp -Vp), n)R"
0/

in (H’(,V_,)) ’.
0 e 0r/

Then the element f" (H1’(E)) defined by (4.37) satisfies the condition (4.21).
Proof. We have

Ao =/,(4.39)
and hence

(4.40) (fo, v)= f v Op----On d,.

In view of (4.38), (2.21), (2.24), it follows that

le (f _fo, v)= l_e f. v(A(VP -VP)’ n)R" dE

+- v((A I). Vp, n)R" dE v dE
e On

(4.41)
+ v div V(O)-((DV(O)+*DV(O)). Vp,},, d

=(f’, v) Vve H"() for e0.
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A QP-FREE, GLOBALLY CONVERGENT,
LOCALLY SUPERLINEARLY CONVERGENT ALGORITHM
FOR INEQUALITY CONSTRAINED OPTIMIZATION*

ELIANE R. PANIER’, ANDRI L. TITSS", AND JOSl N. HERSKOVITS:I:

Abstract. An algorithm is proposed for the minimization of a smooth function subject to smooth
inequality constraints. Unlike sequential quadratic programming type methods, this algorithm does not
involve the solution of quadratic programs, but merely that of linear systems of equations. Locally the
iteration can be viewed as a perturbation of a quasi-Newton iteration on both the primal and dual variables
for the solution of the equalities in the Kuhn-Tucker first order conditions of optimality. It is observed that,
provided the current iterate is feasible and the current multiplier estimates are strictly positive, the primal
component of the quasi-Newton direction is a direction of descent for the objective function. This fact is
used to induce global convergence, without the need of a surrogate merit function. A careful "bending" of
the search direction prevents any Maratos-like effect, and local superlinear convergence is proven. While
the algorithm requires that an initial feasible point be available, the successive iterates it constructs are
feasible as well, a valuable property in the context of engineering system design.

Key words, constrained optimization, quasi-Newton iteration, global convergence, superlinear
convergence, engineering design

AMS(MOS) subject classifications. 90C30, 65K10

1. Introduction. By analogy with a technique widely used in equality constrained
optimization, it is proposed to solve the inequality constrained problem

(1.1) minf(x) s.t. g(x) <- O,

where f" I --> [ and g" I --> I" are smooth, using a quasi-Newton iteration applied
to the solution of the equalities in the Kuhn-Tucker first order necessary conditions
of optimality

Vo,L(x,A) O,

Aigi(x) =0, i= 1,’’’, m

where L(x, A) =f(x) += Ag(x) is the Lagrangian associated with (1.1). Specifically
consider the linear system in (d, A o)
1.2) Ha + VxL(x, a o) = O,

(1.3) i.l,i(Vgi(x), d)+ Ag,(x)=0, i= 1,..., m

where H is an estimate of the Hessian of L, x the current estimate of a solution
x*, x + do the next estimate, /z the current estimate of the Kuhn-Tucker multiplier
vector associated with x*, and A o the next estimate of this vector. Locally, this iteration
is a higher order perturbation of the sequential quadratic programming (SQP) iteration
and a stabilization scheme to force global convergence has been proposed in the form
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of a compound algorithm involving the solution of a quadratic (or a linear) program
at each one of the early iterations [14]. In this scheme, the local iteration is used if
the step it yields is "small. enough’, according to a prespecified linear convergence
rate. Although this algorithm iS proven to converge, it is subject to "false starts" and
repeated switching that are bound to reduce its efficiency.

In [5], [6], an iteration similar to (1.2)-(1.3) is considered, although /z is not
interpreted as the current multiplier estimate. There it is observed that, if H is positive
definite, if tz has strictly positive components, and if x satisfies the constraints as strict
inequalities, do is a descent direction for both f and L(., A). To allow a reasonably
long step to be taken without leaving the feasible set, a modified direction d is computed
by replacing the right-hand side of (1.3) by a suitably small negative quantity. With
such a search direction and with a stepsize rule based on the decrease off and of the
g’s for which the estimated multiplier A is negative, global convergence to Kuhn-
Tucker points is proven [6]. However, local superlinear convergence of the quasi-
Newton iteration is lost due to truncation of the step. Thus it is proposed in [5] to use
instead a line search based on a decrease of L( , A). Under the assumption that the
sequence of iterates converges, it is proven that the limit point x* is still a Kuhn-Tucker
point. However, since A (and thus the.merit function L(. ,A)) changes at each
iteration, oscillations between several accumulation points are dearly possible. It is
then proven in [5] that, under the previous assumption and provided the components
of/x corresponding to constraints that are active at the solution x* are forced to
converge to the Kuhn-Tucker multipliers at x*, local superlinear convergence occurs.
However, the question of devising a suitable updating rule for/x is not addressed and,
as global convergence requires that the components of/x corresponding to constraints
that are active at the solution be uniformly bounded from below, knowledge of a lower
bound for the corresponding multipliers is required.

The algorithm proposed in this paper overcomes the shortcomings just pointed
out, namely, (i) by using a stepsize rule based on a decrease off, it avoids oscillations;
sufficient descent is achieved by carefully limiting the size of the perturbation defining
d, (ii) by using a further correction .d and a search along an arc [9], [13], it prevents
the step from being truncated close to the solution, and (iii) it includes an updating
rule for the vector/x which, while preserving global convergence, ensures convergence
of the components of that vector to the true multipliers at the solution, thus ensuring
superlinear convergence. While the need to provide an initial feasible point may be
felt as a liability, the fact that all iterates are feasible, coupled with the decrease of
the objective function at each iteration, can be of great value, for instance in the context
ofengineering design 12]. To our knowledge, the only existing superlinearly convergent
algorithm enjoying these properties is the one in [13], and it requires the solution of
two quadratic programs at each iteration. It is clear that the proposed algorithm can
be extended to handle equality constraints as well, since for equality constrained
problems the SQP iteration itself amounts to solving a system of linear equations.
Obviously, however, feasibility of the successive iterates with respect to equality
constraints cannot be preserved, and a merit function taking these into account must
be used. A scheme such as the one used in 10] and in [6] may be appropriate. Finally,
Coleman and Conn [1], [2] and Spellucci [17] have also proposed superlinearly
convergent algorithms in which computation of a search direction requires only the
solution of linear systems of equations. Unlike ours, these schemes are based on active
set strategies.

Thus, let do be as defined in (1.2)-(1.3). Suppose that /z > 0 and g(x)<0, and
assume that H is positive definite. Clearly, d o is a descent direction for f at x since
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(1.2) and (1.3) yield

(Vf(x), dO) -(d,,Hd) Z A(Vg,(x), d)
i=l

(1.4) -(d, Ha)+ Z
(A)

gi(x)
i=1 i

-(d, Hd)
(1.5) -rlldOll
for some positive tr. However, as pointed out above, do is not entirely suitable as a
search direction. Indeed, if any gi(x) becomes very close to 0, (1.3) forces do to tend
to a direction tangent to the feasible set. Since feasibility of all iterates is required,
this may result in a collapse of the step length, and convergence to a nonstationary
point may occur. This effect can be avoided if one substitutes in the right-hand side
of (1.3) a negative number -e. in order for the convergence properties of the quasi-
Newton iteration to be preserved, e would have to tend to zero faster than d, say,
e--IIdll for some v > 1. Thus, after do is obtained, a new direction d would be
computed by solving the linear system .(see also [5], [6], [13])

(1.6)
Hd + VxL(x, A 1)=0,

dotz,(Vg,(x), d’)+ A,g,(x)----,ll II,
The introduction of/ in the right-hand side of (1.6) reflects the fact that the correction
is necessary only close to the constraint boundaries. Unfortunately, the new direction
d may.no longer be a descent direction for fi Indeed, (1.5) now becomes

(Vf(x), d’) -rlldlll 2 / dll Y

We thus propose to use a search direction of the form

d =(1-p)d+pd
and the corresponding approximate multiplier vector

A (1-p)A+pA
with p [0, 1] as large as possible subject to the constraint that

(Vf(x), d)<-_ O(Vf(X), d)
for a prespecified 0 e (0, 1). It turns out that, with such a search direction, the basic
convergence properties of the quasi-Newton iteration are preserved.

Equation (1.4) suggests that linear system (1.2)-(1.3) may be singular if any of
the component of t vanishes (since do may then tend to infinity), and that chronic
ill-conditioning is likely to occur if some of these components are small. While, as
shown below, bounding the components of/ away from zero ensures convergence to
Kuhn-Tucker points, such strategy may prevent superlinear convergence as /z may
not converge to the true multiplier vector at the solution. It thus seems reasonable to
bound z away from 0 unless convergence to a Kuhn-Tucker point is detected, i.e., to
use an update rule of the type (superscript "+" indicates the next iteration)

/z, max {A,, Ildll , i- 1,..., m

if all multipliers Ai seem to converge to nonnegative numbers, and
+

/xi =0.i, i=l,...,m
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otherwise, where/Xo.i are given positive numbers. The multipliers Ai can be considered
not to converge to nonnegative numbers if, e.g., they belong to the set

J {i s.t. hi <-- gi(x)}.

Indeed, assuming that strict complementarity holds, J will be empty in the vicinity of
a Kuhn-Tucker point. With such an updating scheme, components of/z may become
very small only in the vicinity of a Kuhn-Tucker pair (x*,/x*), where (1.2)-(1.3) is
well behaved whenever second order sufficiency conditions of optimality hold.

Maratos [8] pointed out that, in the case of the SQP iteration (direction referred
to below as dsop) with line search based on the decrease of an exact penalty function,
the unit step may not be accepted close to a solution. Mayne and Polak [9] later
showed that, although x + dsoP may not be "lower" than x, x + dsoP-F a will, if solves

(1.7) min1/211dll s.t. gi(x+dsQp)W(Vgi(x), )=O Viii(x*)

where I(x*) is the index set of active constraints at x*. To combine the global
convergence properties associated with dsQp and the local convergence properties
associated with dsQp+ a, Mayne and Polak then suggest that the search be performed
along the arc x + tdsop+ t2. Correction (1.7) can be viewed as a second quasi-Newton
iteration (with Vg(x + dsp) estimated by Vgi(x)), analogous to an equality constraint
"restoration" phase, aiming at better approximating the solution x* by more closely
approaching the boundaries of the constraints thought to be active at the solution.
With a strict complementarity assumption in mind, we estimate the set I(x*) by

I {i s.t. g,(x) ->_ -A,}.

It turns out that, if d is close enough to dsoa, since the penalty function used in [9]
is exactly f(x) when x is in the feasible set, a correction a obtained with d substituted
in (1.7) does result in f(x + d + ) being sufficiently lower than f(x), close to x*. As
d is a second order correction on d, the condition is that d- dsQP be of order higher
than 2, which can be ensured by selecting u > 2 in (1.6). A remaining difficulty is that
x + d + may fail to be in the feasible set, resulting in the unit step being rejected due
to infeasibility. To prevent such an occurrence, a further "bending" of the search
direction will be used here (see [13]), i.e., the correction d will be obtained by solving

min1/211ll, s.t. g(x+d)+(Vg,(x), )=-q fiI

where the norm I1 11. is now used for the sake of uniformity. The positive
quantity q has to be carefully chosen, as excessive bending would jeopardize the
descent property on f we just obtained. Also, if is too large, even the unit stepsize
may not yield superlinear convergence.

A careful implementation ofthe ideas just put forth does indeed allow achievement
of the properties claimed. The proposed algorithm is precisely stated in 2. In 3, it
is shown that, under mild assumptions, this algorithm is convergent irrespective of the
initial guess. Rate of convergence analysis is the object of 4, where conditions for
superlinear convergence are given. In 5, implementation issues are discussed. In
particular, it is shown that computational requirements can be reduced, in the worst
case, to little more than two m x m matrix decompositions per iteration (in addition
to function evaluations).

A similar idea had previously been used by Maratos [8], McCormick 11 ], and Gabay and Luenberger
[3], among others.
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Throughout the paper, we will denote the feasible set by

X {x E " s.t. gi(x) <= 0, 1,. , m}

and the strictly feasible set by

Xo={XE"s.t. gi(x)<0, i=l,...,m}.

The set of active indices at a point x is defined as

I(x) {i {1,-’’, m} s.t. gi(x)=0}.

The Euclidean norm of any vector v will be denoted by v II, the corresponding induced
norm of a matrix M by I[Mll and the cardinality of any finite set I by ]I], and the
empty set will be written as . A point x is said to be stationary for (1.1) if it is feasible
and satisfies the equalities

Vf(x) + A,Vg,(x) O,
i:1

Aigi(x 0, 1,’" ", m

for some multipliers Ai, 1,. ., m. If, moreover, the multipliers are all nonnegative,
the point x is said to be a Kuhn-Tucker point associated with problem (1.1).

2. The algorithm. The following algorithm is proposed for solving problem (1.1).

ALGORITHM A.
Parameters. c (0, 1/2),/3 (0, 1), 0 (0, 1), u > 2, r E (2, 3), K (0, 1),/.Z > 0.
Data. Xo Xo; Ho ["", symmetric positive definite matrix; Zo. scalars satisfying

0’</Zo, =</2, 1, , m.
Step O. Initialization. k O.
Step 1. Computation of a search direction.
(i) Compute d, and A, solving the linear system in (d, A)

(2.1)
(LS1) Hkd +Vf(Xk) + ,=,E A,Vg,(Xk)=O,

(2.2) /Xk.,(Vg,(Xk), d)+ A,g,(xt,)=0, i- 1," ’, m.

If d 0, stop.
(ii) Compute d, and A, solving the linear system in (d, A)

Hkd -F f(Xk + E A Vgi (xk) O,
i=1

(2.4) t2,k,i(Vgi(Xk), d)+ A,g,(xk)=--/Zk.,[I d[[ , i= 1,
(LS2)

,m.

(iii) Compute the search direction dk and the approximate multiplier vector /k
according to

(2.5) d l pk d+ pkd k, Ak (1 p,)A]+ pk,
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where

(2.6) Pk (1- O)
(Vf(x), a,)

(Vf Xk ), dk d k)

if (Vf(x,), d) <- O(Vf(xk ), d),

otherwise.

(iv) Compute the set of indices of "active" constraints

(2.7) Ik {i s.t. gi(Xk) >- --Ak,i}

and the set of indices of constraints with multipliers of "wrong sign"

(2.8)

in d

J {i s.t. )t., _-< g,(x)}.

(v) If Jk , compute a correction d, solution ofthe linear least squares problem

(LS3) min 1/211dl[, s.t. g,(Xk + dk)+(Vg,(Xk), d)= --qk Vi ik
where

{ d’k,i(2.9) k =max II&ll , max 1 IIdll =
i

If Jk or if (LS3) ha no oufion or if k > dk II, set a O.
Step 2. Line search. Compute tk, the first number of the sequence {1,/,/3 2, .}

satisfying

(2.10) f(x + td + t2d) <--_f(xk) + at(Vf(xg), dk>,

(2.11) g,(x + td + t2dk) <= gi(Xk), Jk,

(2.12) gs(Xk + tdk + t2tjk) < O, J.
Step 3. Updates. Compute a new symmetric definite positive approximation nk+

to the Hessian matrix. If Jk , set

(2.13a) /Zk+, =/X0,i, 1," ", m;

otherwise, set

(2.13b) /Xk+l., min {max {Ak.,, Ildkll}, f*}, i= 1,’’’

Set Xk/ Xk + tkdk + tk. Set k k + 1. Go back to Step 1. [3

,m.

Condition (2.11) in the line search has not been discussed so far. By forcing a
decrease of the constraints with multiplier of "wrong" sign, it ensures that stationary
points that are not Kuhn-Tucker points will be avoided. This will always be possible
since, as is easily checked, dk is a descent direction for these constraints.

3. Global convergence. In this section, it is first shown that Algorithm A is well
defined, i.e., that (LS1) and (LS2) always have a unique solution and that the line
search (Step 2) completes successfully. This is the object of Lemmas 3.1 and 3.2 and
of Proposition 3.3. The case when the algorithm stops after finitely many iterations is
then considered in Proposition 3.4. Finally, Lemmas 3.5-3.9, Proposition 3.10 and
Theorem 3.11 constitute the actual convergence analysis.

The following is assumed throughout the paper.
Assumptions.
A1. The strictly feasible set Xo is nonempty.
A2. The objective f is continuously ditterentiable.
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A3. The constraints gi, i= 1,..., m are continuously ditterentiable.
A4. The set X (q {x such that f(x)-<f(xo)} is compact.
A5. For all x X, the vectors Vgi(x), I(x) are linearly independent.
A6. There exist o-1, o’2>0 such that n d><-, =lldll for all k, for all
dn.

Our first task is to show that the algorithm is well defined. That (LS1) and (LS2)
have a unique solution follows from Lemma 3.1. This lemma will be of further help
later on, in the convergence analysis.

LEMMA 3.1. Given any vector x X, any positive definite matrix H and any
nonnegative vector tx " such that/zi>0 ifgi(x) =0, the matrix F(x, H, tz) defined by

is nonsingular.

H Vg,(x) Vg(x)

F(x, H, Ix)
tx,Vg.,(x) r g,(x)

0

/zVg,,, (x) r 0 gin(X)

Proof. It is enough to show that the only solution (d, A ofthe homogeneous system

(3.1) Hd + E A,Vg,(x) O,
i=1

(3.2) la,,(Vg,(x), d)+ Aig,(x)=0, i= 1,.’., m

is (0, 0). Scalar multiplication of both sides of (3.1) by d yields

(3.3) (d, Hd)+ E A,(Vg,(x), d)=O.
i=1

On the other hand, it follows from (3.2) and the assumption on/z that

(Vg(x), d)=O Vi I(x).

Similarly,

(3.4) A 0 /i s.t./x O.

Therefore,

E ii(Vgi(x), d) E
i= {i= l(x) s.t. >0}

/i(Vg,(x), d).

Again using (3.2), we get

"-’J- gi(x).(3.5) E ii(Vgi(x), d) 2
A2

i= {i: (x) s.t. tx>O}

Relationship (3.3) thus yields

(d, Ha)- E 3A_._, g,(x) O.
{i l(x) s.t. V,i>O}

Since H is positive definite and gi(x) <= 0, 1, , m, the last inequality implies d 0
and A =0 for all i_ I(x) such that/z > 0. In view of (3.4), Assumption A5 together
with (3.1) then implies that (d, A)= (0, 0).
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Thus, (d, A) and (d,, A) are well defined. The descent properties of dk follow
from the next lemma.

LEMMA 3.2. The search direction dk satisfies
(3.6) (Vf(xk), dk) - O(Vf(Xk), dk) <-- O(dk, Hkdk).
Moreover,

(3.7) (Vg,(xk), dk)<0 ViJk.

Proof. Scalar multiplication of both sides of (2.1) by d, yields, using (2.2),

(Vf(Xk), d,)=-(d, Hkdk)+ 2 g,(Xk).
i=1 \[d,k,i]

In view of the feasibility of iterate Xk, we have

<Vf(x), d) -(d, Hd)
and (3.6) follows from (2.5) and (2.6). Finally, (2.2), (2.4), and the definition of dk in
(2.5) yield

(Vgi(Xk), dk) Ak
g, (Xk) Pk d, II, 1, , m

[Jbk,

so that, in view of (2.8),

1
(Vg,(xk), d><----- (g,(x))=-Plldll < o Vi e Jk. []

[’k,i

These descent properties are the key to proving that the line search is always
completed, and thus that the algorithm is well defined.

PROPOSITION 3.3. The algorithm is well defined.
Proof. We only need to show that the line search yields a step tk =/3 for some

finite j =j(k). Since g(Xk)<0, in view of regularity Assumption A3, it is enough to
show that (2.10) and (2.11) hold for small enough. The Mean Value Theorem yields

f(xk +tdk + t2dk) f(Xk) + t(Vf(Xk + dk + 2dk), dk + 2dk)
for some e [0, t]. Since f is continuously differentiable, (Vf(Xk), dk) < 0 (see (3.6) and
Assumption A6) and a < 1, there exists > 0 such that

f(Xk + tdk+ tdk) f(Xk)+ at(Vf(Xk), dk) Vt [0, jr].

For i{1,..., m} it also holds that
2g,(x + td + td) g,(x) + t(Vg,(Xk + dk + ,dk), dk + 2k)

for some [0, t]. If belongs to Jk, in view of (3.7) and of the fact that g is
continuously dierentiable, there exists > 0 such that

g, x + td + d g, x V O, , ].
Define min {ly, , i Jk}. The line search conditions (2.10) and (2.11) are satisfied
for all in [0,!]. H

The paicular case when the algorithm stops at an iterate x at Step l(i) is
considered next.

PROPOSITION 3.4. If the algorithm stops at a point Xk with d =0, then Vf(Xk)=0.
Proo If the solution d of (LS1) is zero, from (2.2) and the strict feasibility of

the iterate Xk, it follows that A. 0, i= 1,..., m, so that, in view of (2.1), Vf(Xk)=
0. H
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Thus, a point at which the algorithm stops is a particular Kuhn-Tucker point.
From now on, it is assumed that the algorithm never stops.

The next two lemmas, direct consequences of Lemma 3.1, give asymptotic proper-
ties of the solutions of (LS1) and (LS2) as {Xk} approaches a limit x*, not necessarily
a stationary point. Lemma 3.5 asserts that dk is a good approximation to d whenever
d is small, provided a certain condition, related to strict complementarity, holds at
x*. Lemma 3.6 establishes that, under the same assumptions, the solutions of both
problems are well behaved as Xk approaches x*. These lemmas will be of use in proving
global convergence of the algorithm as well as in proving superlinear convergence in
4.

LEMMA 3.5. Let K c [ be a subset of indices such that, for some x* and Ix*,

{x}---, x*
K

{/x}K *"
Suppose moreover that > 0 if g(x*)=0. en there exists C such that forall k K,

IId dll C Ildll .
Proo Let C sup {llF(x , such that k K}, where F(Xk, Hk, k) is

as in Lemma 3.1. Under the present assumptions and in view of Assumption A6 and
Lemma 3.1, C is finite. We now define AAk Ak--A and Adk dk-d. The vector
(Adk, AAk) is the solution of

F(x, H,)
AA/ -p[[d[[

Since the coecients Pk are bounded from above by 1 it follows that

so that

(3.8)

Ilmdll C[Idll . 3

LZMMA 3.6. Let K c N be a subset ofindices such that, for some x*, H*, p* and Ix*,

{x} ----, x*,
kK
k

(3.9) {Hk} H*,
kaK
k-

(3.10) {Ok} P*
kK
k

(3.11 {ixk} IX*.
keK
k

Suppose moreover that Ix* > 0 for all such that gi(x*)= O. Then
(i) {d} --->kK.k-o d

o* .and {h} --->kK.k- h* where .(d*, h*) is the solution of
the nonsingular linear system in d, h

H*d + Vf(x*)+ E A,Vg,(x*) =0,
i=l

Ix (Vg,(x*), d) q- higi(x*) 0,
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(ii) {dk}--->kK,k_. d’*, {dk}’-->k,K,k-, d*, {A}-’OkK,k_. A 1.,
and {Ak} "-k,K,k-. A*, where (d*, A *) solves the linear system in (d, A),

n*d +Vf(x*)+ Z ,,Vg,(x*)=0,
i=1

/x *<Vg,(x*), d)+ A,g,(x*)= -z,* IId* , i= 1,..., m,

and d*=(1-p*)d*+p*d*, A* (1 p*)A* + p*A 1..
(iii) do* 0 if and only if d* O.
Proof. The first assertion follows from Lemma 3.1 and the Implicit Function

Theorem. The second assertion follows from Lemma 3.1, the Implicit Function
Theorem, and the definition of dk in (2.5) and (2.6). The "only if" part of the third
assertion follows from Lemma 3.5. Finally, by continuity, (3.6) implies that

(Vf(x*), d*) <- -O(d*, H*d*)
so that, in view of Assumption A6, the "if" part of the third assertion also holds.

In the balance of this section, it is shown that any accumulation point of the
sequence {Xk} constructed by Algorithm A is a Kuhn-Tucker point. This result follows
easily under the assumption that the directions dk tend to zero and that the sets Jk of
indices of constraints with multiplier of wrong sign are empty, even when the assump-
tions of Lemma 3.6 are not satisfied. This is the object of the next lemma.

LEMMA 3.7. Let x* be an accumulation point ofthe sequence generated by Algorithm
A and suppose that {Xk}-’-kKkc X:" If {dk}--kK,ko O, then x* is a stationary point
and {Ak}-gkK.k-oc I : where A* is the multiplier vector associated with x*. If moreover
Jk f for all k K then x* is a Kuhn- Tucker point. If in addition A <= ft for all i, then
{ ]Ul,k+ } "-’> k K,k

g

Proof. In view of (3.6) and Assumption A6, if a subsequence of directions {dk}kK
converges to zero, the corresponding subsequence {dOk}kK must also converge to zero.
Now, the quantities Ak and dk satisfy

(3,12) nkdk +Vf(Xk)+ E Ak,,Vg,(Xk) =0,

(3.13). ,.,(Vg,(x), d)+ ,.,g,(x)= -,,.,lldll , i= 1,..., m.

Let us show that the coefficients Ak, must be bounded on K for all i. By contradiction,
suppose that there exists K’ K and io such that

kK’
k

Dividing (3.12) by IAk.,ol gives

1 1 ik,i(3.14) ]hk,,o[ Hkdk + ihk,,o Vf(Xk)+ ,Z,.= I* i,ol vg,(xk)= O.

The scalars [, X,/IA,ol, 1,. , m, satisfy <_- [,-< 1, 1,. , m, so that there
exists K"c K’ such that {,;}--K",-, , for some , i= 1," ", m. Taking the limit
on K" in (3.14), we thus get, in view of Assumptions A2, A3, A6, and the fact that
{d} is bounded on K,

(3.15) iVg(x*) O.
i=1
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Now, from (3.13), we have

,, x,, -Pz"lldll i= 1 m.(Vg,(xk), d)+lX,ol._, g,(Xk)
iAk.,o

Taking the limit on K" in the last equality, we obtain

,g,(x*) =0, i= 1,..., m,

i.e., =0 for all such that g(x*)<0. Therefore, (3.15) becomes

E 0.
il(x*)

.In view ofAssumption A5, this implies that 0, 1, , m, which is a contradiction
since o=lim,,,.x,o/IX,ol{-1, 1). Thus, the coecients Ak. are bounded on
K. Let us now consider an accumulation point of {Ak}kr and K’ K such that
{Ak}kr’.k,. Taking the limit on K’ in (3.12) and (3.13) yields, in view of
Assumptions A2, A3 and A6, since {d} kr.k- 0 and {dk} kr.k, O,

Vf(x*) + E 0,
i=1

,g,(x*)=O, i=l,. .,m.

Since x* is feasible, as the limit of a sequence of feasible points, it follows that it is
a stationary point. Also, in view of Assumption A5, the accumulation point is equal
to the unique multiplier vector A* at x*. If the sets Jk are empty on K, i.e., if

Ak.> g(Xk), i= l, m Vk K,
it follows .by continuity that

A g(x*), i= 1,. ., m
so that the multipliers associated with active constraints are nonnegative, and x* is a
Kuhn-Tucker point. Finally, the last result comes directly from the definition of k+
in (2.13).

For the overall proof, assuming that the sequence {Xk} has an accumulation point
x* corresponding to some K c , two cases will be considered, according to whether
or not the assumptions in Lemma 3.7 are satisfied at the previous iteration, i.e., whether
or not {dk-l} k.k, 0 and Jk- for all k K. If this condition is satisfied, it is
a simple consequence of Lemma 3.7 that x* is still a Kuhn-Tucker point (Lemma 3.7
asses that limit points of {Xk-1} on K are such). This is established in Lemma 3.8.
If the condition is not satisfied, in view of the update formula (2.13) it can be assumed,
without loss of generality, that the components of k are bounded away from zero on
K, so Lemma 3.6 can be used. It will be shown that, in such case, {dk} must tend to
zero on K (Lemma 3.9) so that, in view ofLemma 3.7, x* must be stationary (Proposition
3.10). Under an additional mild assumption, Theorem 3.11 will establish convergence
to Kuhn-Tucker points.

LEMMA 3.8. Let x* be an accumulation point of the sequence {Xk} generated by
XAlgorithm A and let K be such that {Xk} k r.k-- If

(3.’i6) {dk-} 0
kK
k

and

(3.17)

then x* is a Kuhn-Tucker point.
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Proof Reducing K, if necessary, to a subset of indices we may assume, in view
of Assumption A4, that the sequence {Xk-1} converges on K to some vector x**. In
view of Lemma 3.7 and relationships (3.16) and (3.17), x** is a Kuhn-Tucker point.
We show that x*= x**. For k K, we have

Xk Xk- + tk-dk- + t]-lk-1.

Therefore,

Since (dk-,} tends to zero on K, this implies (llx x-, II},oo, thus x* x**. [:]

LEMMA 3.9. Let K c N .be a subset of indices such that either infkK > 0 or

Jk- # for all k K. Then {dk } --)k K,k-. O.
Proof Suppose by contradiction that there exists a subset K’ of indices such that

infk r, dk > 0. In view of Assumptions A4 and A6 and the definitions of the quantities
Pk and/xk in (2.6) and (2.13) respectively, it can be assumed, without loss of generality,
that (3.8)-(3.11) hold on K’ for some x*,H*,p* and /z*. Also, from the definition
of the multiplier vector estimate (2.13), it follows, under the present assumptions,
that all the components of/x* are strictly positive, so that, from Lemma 3.6(iii), the
sequence {lid211}, k g’, is bounded away from zero. Let _d > 0 be a lower bound on
{lldll}, k g ’.

We first show that there exists _t > 0 such that, for all [0,!] and k K’ large
enough, conditions (2.10), (2.11), and (2.12) of the line search are satisfied. It follows
from (3.6) and Assumption A6 that, for k K’,

(3.18) (Vf(Xk), dk) <- -Ooh_d.
Since, using the Mean Value Theorem, we can write

f(Xk +tdk + t2k) f(Xk) + (Vf(Xk + tdk + t22k), tdk+ 2t2k)d,

it follows that, for k e K’ large enough,

f(Xk + tdk+ t2k)--f(Xk)- cet(Vf(Xk), dk)

<--_ [(Vf(Xk + tdk + t2k), dk + 2tk)--(Vf(Xk), dk)]d-(1-a)&r,_d

- t{ sup IIx7f(x + tdk + t==)-Vf(x)ll IIdll

+2t sup IlVf(x 
e[O,1]

Since, from Lemma 3.6, dk and ,k are bounded on K’ (by definition II-<-II d II) and
since f is continuously differentiable, this ensures that there exists _ty > 0 independent
of k, such that, for k e K’ large enough,

(3.19) f(xk +tdk + t2k) f(xk) at(Vf(Xk), dk) <= O Vt [0,_tf].
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Similarly, for {1,. , m}, k K’ large enough, we have

g,(Xk / tdk+ te)<=g,(Xk)+ sup IIVg,(x + tdk + t)-Vg,(x)ll IIdll
[o,1]

+2t sup

Let us define

u,,(t)- sup IIg,(x + td +
e[o,l]

+ 2t sup IIVg,(x + tNk + t22dk)ll Ildk[[, i= 1,. , m.
[o,1]

In view of (3.19), our first claim will hold provided we can find a uniform range of
t’s for which we have

(3.20) y.,g,(x)+ t{u.,(t)+(Vg,(Xk), dk)} < O, i= 1,""", m

with

0 if iJk,
Yk.i 1 if : Jk.

Using (2.2), (2.4), and (2.5), we can write

(3.21) (Vg,(Xk), dk)=
Ak,.... g,(Xk)--pklldOk[[ , i= 1,’’’, m.

Since, in view of (3.6) and Assumption A6, d satisfies (Vf(Xk), d)_-<-cr_d 2, it follows
from the boundedness of the sequences {Xk}, {d} and {d,} on K’, from Assumption
A2 and from definition (2.6) of Pk that there exists p > 0 such that Pk >= P for all k K’.
Relationship (3.21) thus yields, for k K’,

ik(Vg,(x), d)<-_ g,(x)-p_d i= l, m.
[d,k,i

In order for (3.20) to be satisfied, it is thus sufficient to have, for k K’ large enough,

(3.22) /k.g,(Xk) + Uk.,( t) g,(Xk) p_d < O, i= 1,’’’, m.
[.I,k,

Let A* be as defined in Lemma 3.6. For such that A *- 0, in view of the definition
of Uk,i(t), the boundedness of {dk} and {dk} on K’, the convergence of {/Xk} to a vector
with positive components on K’, and the fact that gi is continuously dilierentiable,
there exists _t > 0, independent of k, such that, for [0, t_i], k K’ large enough,

Uk.i( t) A gi(Xk) p_d < O,
bk,

thus (3.22) holds. Now, let be such that A * 0. In order for (3.22) to be satisfied, it
is sufficient to have,

i.k
(3.24) /k.- _--> 0.

[d’k,i

Inequality (3.23) will obviously hold for all => 0 small enough and k K’ large enough,
and similarly for (3.24) if A* <0. Suppose A* >0. For k K’ large enough, Ak.> 0

(3.23) Uk.i( p_d < 0

and
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and, in view of the strict feasibility of the iterates, : Jk. Therefore, );k,i and (3.24)
reduces to <-_ tZk, i/hk, i. The latter ratio is bounded away from 0 on K’. Therefore, there
exists again a number _t > 0, independent of k, such that, for [0,_t;], k K’ large
enough, inequality (3.22) is satisfied. Thus the first claim holds.

From the line search rule (2.10) and relationship (3.18), it follows that, for k K’
large enough,

f(Xk d- tkdk + t2kk) f(Xk) _t0O’l_d 2,

which, in view of the monotonic decrease off on the entire sequence {Xk}, contradicts
the convergence of {f(Xk)} on K’.

We have thus established the following proposition.
PROPOSITION 3.10. Let x* be an accumulation point of the sequence generated by

Algorithm A. Then, x* is a stationary point. []

To conclude this section we show that, under an additional mild assumption,
accumulation points of the sequence {Xk} are Kuhn-Tucker points. The proof relies
on condition (2.11) of the line search, which forces decrease of the constraints with
multiplier of "wrong sign."

A7. The number of stationary points is finite.
THEOREM 3.11. All the accumulation points of the sequence {Xk} generated by

Algorithm A are Kuhn-Tucker points.
Proof. From Proposition 3.10, every accumulation point of the sequence generated

by the algorithm is a stationary point. Thus, in view of Assumption A7, there exists
e > 0 such that every accumulation point is unique in a ball of radius e about it.
Consider an accumulation point x* and, proceeding by contradiction, suppose that
x* is not a Kuhn-Tucker point.

We first show that the entire sequence converges to x*. Let us suppose, by
contradiction, that, infinitely many times, the sequence leaves the e-ball about x* at
some points Xk-’kK,koc X*, jumping into the neighborhood of another stationary
point. A contradiction argument based on Lemmas 3.8 and 3.9 shows that
{dk}"keK,kc O. Then, the subsequence cannot possibly jump outside of the e-ball
about x* at k K since IIll <= Ildkll and tk--<--I and the new iterate is defined by
Xk+ Xk + tkdk + t2kk. This contradiction establishes that {Xk} --’k- X*. We then sup-
pose now that x* is a stationary point, but not a Kuhn-Tucker point, and we show
that this leads to a contradiction. Let us denote by A* the multiplier vector associated
with x* (which is unique in view of Assumption AS). From the stationary conditions,
it holds, A *g(x*) 0, 1,. , m. Therefore A * 0 if g(x*) < O, 1,.. , m. The
fact that x* is not a Kuhn-Tucker point thus means that there exists an index
io { 1, , m} such that gio(X*) 0 and A < 0. Again, a contradiction argument based
on Lemmas 3.8 and 3.9 shows that the sequence {dk} converges to zero so that, from
Lemma 3.7, {Ak} converges to A*. It follows that, for k large enough, say k-> _k, Ak, io

go(Xk), i.e., io Jk. Thus, in view of (2.11),

g,o(Xk) <-- g,o(Xk_) <--’’" <-- g,o(X_k+) <-- g,o(X_k) < 0

for k large enough. This contradicts the fact that go(X*)= O.

4. Rate of convergence. We now strengthen the regularity assumptions on the
functions involved. Assumptions A2 and A3 are replaced by

A2’. The objective function f is three times continuously ditterentiable.
A3’. The constraints g, 1,..., m, are three times continuously dif[erentiable.

We also make the following additional assumption, which supersedes Assumption A7.
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A8. The sequence generated by the algorithm possesses an accumulation point
x* (in view ofTheorem 3.11, a Kuhn-Tucker point) at which (i) second-order sufficiency
condition and strict complementary slackness hold, i.e., the Kuhn-Tucker multiplier
vector A* R (unique in view of Assumption A5) is such that

A*i >0 Viii(x*)

and the Hessian of the Lagrangian function VxxL(x*, h*) is positive definite on the
subspace {h such that (Vgi(x*), h)=0 for all I(x*)}, and (ii) the multiplier vector
h* satisfies h* =</2, i= 1,..., m.

The first task is to show that, under these additional assumptions, the entire
sequence {Xk} converges to x*, the sequences {hk} and {/Xk} converge to A* and the
sets Ik and Jk eventually become identical to I(x*) and respectively. This is the
object of Proposition 4.2 below. It makes use of the following result.

LEMMA 4.1. If there exists a subset of indices K tN such that {Xk_l} "-->keK,k-
and {Xk}--->kr.k- X*, where x* is as in Assumption AS, then {dk}--->kr.k-.o O.

Proofi Let K tN be as stated and, proceeding by contradiction, suppose that there
exists a subset of indices K’ K such that infkr, Ildkll > 0. In that case, in view of
Lemma 3.9, we may assume, without loss of generality, that {dk_l}-->kK,,kooO and

Jk-= for all k K’. From Lemma 3.7 and Assumption Ag(ii), it follows that
{lk}’-->keK,,keeA*. By possibly reducing K’ to a subset of indices, it can also be
assumed, in view of Assumption A6 and the definition of Pk in (2.6), that the subsequeno
ces {Hk}kr’ and {Pk}keK’ converge respectively to some matrix H* and some value
p*. Therefore, due to Assumption Ag(i), the assumptions of Lemma 3.6 are satisfied,
so that the matrix of the limit system in (d, A)

(4.1) H*d +Vf(x*)+ A,Vg,(x*)=0,
i=1

(4.2) A/*(Vg,(x*), d)+ A,g(x*)=0, i= 1. , m
is invertible, and the sequences {d,} and {dk} converge on K’ to the solution 0 of (4.1)
and (4.2), a contradiction.

PROPOSITION 4.2. The entire sequence {Xk} converges to thepoint x* given by Lemma
4.1. Moreover, it holds, for k ->oo,

(i) {dk}-0 and {hk} A*,
(ii) Jk and Ik I(X*),
(iii) {/Zk}- A*.
Proofi Consider a ball of radius e > 0 about x* where there is no Kuhn-Tucker

point other than x* (in view of Assumption AS, such an e exists). Let us suppose by
contradiction that the sequence {Xk} leaves that ball infinitely often. Consider the
subsequence {X}k of points at which the ball is entered and define the related
subsequence {X(k>}kr of points at which the sequence is about to exit the ball. We
first show that l(k)= k for all k K. Indeed, if this were not the case, there would
exist a subset K’ of indices such that {Xl(k)_l} "-->k_K’,k-->o Xg and {Xl(k)} "-->kK’,k->eo
In order for the sequence to leave the ball at iteration l(k), since O<tl(k)<= 1 and

-<- d,<)ll, it is necessary that dl(k)ll ----> /4 for all k e K’ large enough. But this
contradicts Lemma 4.1. Therefore, /(k)-k. Let us now show that this leads to a
contradiction. In order to enter the e-ball without creating another accumulation point
in that ball we must have ]]dk-ll] > e/4 for all k e K large enough. But in that case, in
view of Lemma 3.9, it follows {dk}-’->keK,k_>oo O. This contradicts the fact that, for
k K, Xk/l is outside the ball. Convergence ofthe sequence {Xk} to X* is thus established.
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Claim (i) then follows by successive applications of Lemmas 4.1 and 3.7. Claim (ii)
is a direct consequence of definitions (2.7) and (2.8), and strict complementarity
Assumption A8(i). The last result follows from Lemma 3.7, making use of
Assumption AS(ii). [3

Since Algorithm A is based on a quasi-Newton iteration with higher-order correc-
tions, we can expect that it will exhibit superlinear convergence if (Hk) converges to
the Hessian of the Lagrangian at the solution. In the context of SQP type algorithms,
it has been shown [16] that two-step superlinear convergence occurs under the weaker
condition that the Hessian of the Lagrangian be well approximated along the projection
ofthe search direction in the tangent subspace to the active constraints. This is fortunate
since, under Assumption AS, it allows the possibility of keeping Hk positive definite.
Since the iteration in Algorithm A is a higher-order modification of the SQP iteration,
one can hope that a similar property will hold. We thus make the following assumption.

A9. The sequence of matrices (Hk satisfies

P H -VL(x*, X *) Pdk 0

where

P, I Rk(RRk)-IR]
with

Rk =[Vgi(Xk) s.t. e I(X*)] R "ll(x*)l.

It will be shown below (Theorem 4.6) that under this assumption, two-step
superlinear convergence is ensured, provided the full quasi-Newton step is taken close
to the solution. Proving that the latter will indeed occur is the object of Lemmas 4.3
and 4.4 and of Proposition 4.5. The proof will rely crucially on the properties of the
estimate Hk. It turns out that Assumption A9 is exactly what will be needed there.

Under Assumption A9, Hk is a good approximation to the Hessian as far as its
action on the component of dk in the tangent subspace to the active constraints is
concerned. The following lemma gives bounds on the component of dk of[ this subspace.
These bounds will be of use in Proposition 4.5 below.

LEMMA 4.3. For k large enough, the direction dk can be decomposed into

d Pd + d
with

dk 0 E g, Xk
ieI(x*)

+o(lld ll

where Pk is as defined in Assumption A9.
Proof. By definition, the direction dk satisfies, for i= 1,..., m,

/z,,(V g,(Xk), dk} + A,,g,(x) --tk,,Pk d ".

in particular,

Rdk hk
where hk is a II(x*)l-vector whose components are the numbers

x’---c’ g,(x)-P, lldll , i I(x*).
[d,k,i
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Therefore, dk Pk dk + dk with

so that

dk Rk(R[Rk)-lhk

The introduction of dk is essential in order to obtain a unit step close to the
solution. However its size, directly related to the size of /k (see (2.9)), must be closely
monitored to avoid undesirable effects. Suitable bounds, to be used in Proposition 4.5,
are established in the following lemma.

LEMMA 4.4. For k large enough, the correction dk is obtained as the solution of
(LS3) (this solution exists) and it satisfies

o max dk = max 1 dk
il(x*)

Proof. For k large enough, in view of Proposition 4.2(ii), the correction dk is first
computed by attempting to solve the linear least squares problem in d

man 1/211dl[. s.t. <Vg,(xk), d}= --k --gi(Xk-F dk) Wi I(X*)

or equivalently the linear system in (d, A)

Hkd + E AiVgi(Xk) :0,
il(x*)

(Vg,(xk), d)= --’k- g,(Xk + dk) Vi I(x*).

First-order expansion of g(Xk + dk) yields

--k --g,(Xk + dk)= --q’k --g,(Xk)--(Vg,(Xk), dk)+ O([Idkll 2) Vi I(x*)

and, from (2.2), Proposition 4.2, Assumption A8, and Lemma 3.5, and since v > 2, we
have

--k--gi(Xk + dk)= --d/k + (,k,i_ l(Vgi(Xk), dk)+ O(lld.II =) Vi I(x*).
/

Since, from (2.9), the definition of z (z > 2) and of (u > 0), Proposition 4.2, and strict
complementarity Assumption A8(i), it follows that d/k =o([[dk[[), the result is a
consequence of Lemma 3.1.

We are now ready to show that the use of correction dk on the search direction
causes the line search to accept a unit step close to the solution, thus avoiding any
Maratos-like effect.

PROPOSITION 4.5. For k large enough, the step tg 1 is accepted by the line search.
Proof In this proof, we will constantly make use of Lemma 3.5 without explicit

mention. The assumptions of Lemma 3.5 are satisfied on the entire set of indices
(see Proposition 4.2 and strict complementarity Assumption AS(i)). Throughout the
proof, the phrase "for k large enough" will be implicit. According to Step 2 ofAlgorithm
A, and in view of Proposition 4.2(ii), two conditions are needed for the line search to
yield a unit stepwise, namely strict feasibility of the resulting point (2.12) and sufficient
decrease (2.10). Thus, this proof will be in two parts.

(i) We first show that a step of 1 brings a sufficient decrease on f. In view of
Lemma 4.4 and Assumption A2’, we can write

(4.3) f(x, + d, + dk)=f(xk)+(Vf(x,), dk + d)+1/2<d, Vf(x,)dk>+ o(lldll).
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From the definitions of dk and dk and Proposition 4.2(ii) and Lemma 4.4, it follows that

(4.4) Hkdk +Vf(Xk)+ E Ak.,Vg,(xk)=0,
i=1

(4.5)

(4.6)

,,<Vg,(x), d>+ ,,g,(x)- -,,p dgll ,
g,(Xk + dk)+(Vg,(Xk), k) --6k, I(X*).

From (4.4), we get

(4,7) (Vf(xk), dk)=--(dk, Hkdk)-- E Ak.(Vg(Xk), dk)
i=1

and, again using (4.4), we obtain, in view of Lemma 4.4 and Assumption A6,

(4.8) (Vf(Xk), ak)--- Y’, Ak,(Vgi(Xk), k)+ o(lldll).
i=1

In view of (4.7) and (4.8), (4.3) yields

(4.9)

1 +1_f(Xk+dk +dk)=f(Xk)+-(Vf(Xk), dk)
2
(dk, (V,,f(Xk)--Hk)dk)

_1_ E Ak,,(Vgs(Xk),dk)-- E Ak,,(Vg,(xk),
21= i=1

For i i(x*), expanding (4.6), we obtain, using Assumption A3’ and the identity
iPk O( dk I1=),

g,(Xk)+(Vg,(Xk), dk)+1/2(dk, Vxg,(Xk)dk)+(Vg,(Xk), ak) o([Id, ll2).

Multiplying by Ak, and summing for i I(x*) we get, using (4.5),

_1 Z Ak,s(Vgs(xk), dk>-- Z Ak,,(Vg,(Xk), lk>

(4.10) E Ak ,--- g,(Xk)
it(x*) 2 Idbk, i/

1

+2- ,,(,,*)E Ak,,(dk, Vxxg,(Xk)dk)+= o(lld, ll=).

We also have, for i I(x*), using (4.5) and the convergence to zero of the multipliers
associated with the nonactive constraints,

(4.11) Ak,,(Vg,(Xk), dk) -Ak’--2" g(Xk)--Ak,i(dk, V.,,gi(Xk)dk)+ o(lld, =)
]dbk,

where we have added a term bounded by o(lldkll2). Also, for i I(x*),

(4.12) Ak,,(Vgi(Xk), d’k) O(lldkll 2)

since, from Lemma 4.4, k.=O(lldk[[) and since, from (4.5), the convergence of the
numbers lUbk, to zero (Proposition 4.2(iii)), and the fact that --gi(Xk) is bounded away
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from zero, Zk, o(lld ll). From (4.11) and (4.12), we obtain, summing for all i: I(x*),

(4.13)
2_1 E ,__2 g,(Xk)

2 i(x*) tXk.i

1
Ak,,(dk, Vxg,(xk)dk)+

In view of (4.10) and (4.13), (4.9) can be rewritten as

f(Xk + dk + d) f(xk) +1
2
(Vf(xk), dk)

(4.14) +-(dk, (V]xf(xk)+ E Ak,Nxg,(Xk)--Hk)dk)

I 1 A 2

+ E Ak, --Ak’’ g,(Xk) + E
i(x* 2 t.l,k,i/ - i:l(x*) t.l,k,i

If in (4.14) we substitute for dk its decomposition obtained in Lemma 4.3, we obtain,

f(xk + dk + dk f(xk +: (Vf(xk), dk
Z

(4.15)

+-(dk, Pk(Vxf(xk)+ E Ak,Vxxg,(Xk)--Hk)Pkdk)

+o E Ak’i gi(Xk)
iel(x*) \.i,k,i

) 1 AA_i_ gi(Xk)+ k,i

2 .k,i/ - il(x*) [-ll, k,i

Now, since by construction /Zk.i > 0, we have

E ’ig,(Xk)<=O.
2 i-l(x*) ]d,k,i

Also, since for ieI(x*),A*>O and g(x*)=0, and since, for all k,g(xt)<O,
Proposition 4.2(i), (iii) and the continuity of g imply that

Ak’i
gi Xk0

ie l(x*) \ 1A2)k,i-JI- E lk,i---- gi(xk) <: O.
il(x*) 2 [d,k,

Thus (4.15) yields
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or

1
f(x + d + d f(x + (Vf(x ), d

1 IIn(vLf(x)/Y,Z A,VSg,(X)--Hk)PdII /o(lldll)+- d

and, in view of Assumption A9,

f(x + d + dL)af(x) +} (Vf(x), d)+ o(11 d I1),
Now, from (3.5) and Assumption A6, {Vf(x), dk} -, d + o(lld =) and condition
(2.10) of the line search obviously holds for 1, since a <

(ii) We now show that a step of 1 preserves feasibility. Since J (Proposition
4.2(ii)), the line search only requires g(x+d+d)<O, i= 1,..., m. For i I(x*),
this is always satisfied since the sequences {d} and {d} both converge to zero. Consider
a I (x*). We have

g,(x + d + d)= g,(x + d)+(Vg,(xk + d),

g,(x + d)+(Vg,(x), dL)+ O(lld
From the definition of the solution of (LS3), we get

and from Lemma 4.4,

(4.16) gi(Xk+dk+d)=--kWO(max{[[dkll3, maxl#k’i]2}),,(x.)-- 1 [[dk[[

Thus, since z<3 and r < 1, (4.16) and (2.9) yield gg(Xk + dk + dk)< O.
THEOREM 4.6. Under the stated assumptions, the convergence is two-step superlinear,

i.e.,

lim
Xk+-- X* [l= 0.
llx-x*[l

Proo In view of Lemma 4.5, the line search gives a step tk 1, for k large enough.
Two successive iterates are thus related by

Xk+--Xk dk + dk
SO that, in view of Proposition 4.2, Assumption A8(ii) and Lemmas 3.5 and 4.4,

(4.7) x+,-x d + o(lldll).
Let us now consider the quadratic program in d,

min f(Xk) + (Vf(Xk), d) +d rgkd
(4.18)

s.t. (Vg,(x), d)+g(x)o, i= 1,..., m.

In [16], the two-step superlinear convergence of the sequence defined by

Xk+ Xk + d k

where d solves (4.18), is proven under assumptions similar to those of this theorem.
A straightforward but lengthy analysis shows that, if Xk+ Xk d+ o(1 d[]), this result
will still hold. Thus, in view of (4.17), it is enough to show that

(4.19) d d+ o(lldll).
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Let us then show, to conclude, that (4.19) is satisfied. From the optimality conditions
associated with the solution d of (4.18) and in view of Lemma of 16], the direction
d satisfies

V(4.20) Hkd k + Vf(x) + E A ,, g,(Xk) =0,
iI(x*)

(4.21) (Vg(x), d,)+ g(x)=0, i I(x*)

for some coefficients A k., I(X*), for k large enough. Now, by definition, the direction
d satisfies

(4.22) Hkdk +Vf(Xk) + 2 A,Vg(x)=0,
i=l

(4.23) /z,(Vg(x), d)+ A.g(x)=0, i= 1,..., m.

For i_ I(x*), we have, from (4.23) and Proposition 4.2(iii), A o(lld,[[). Thus, (4.22)
yields

(4.24) Hkdk +Vf(Xk) + 2 Ak,Vg(Xk)= O(lldkl]).
iI(x*)

In view of Proposition 4.2(i), (iii), (4.23) yields

(4.25) (Vg(x), d)+ g(Xk)= o(lld,[]), i I(x*).

Now, the values dek, A ek,, I(X*) are solutions of a linear system with invertible matrix
(4.20), (4.21) and d, A are solutions of the same system (4.24), (4.25) with right-hand
side perturbed by o(lld]]). We then must have d= d,+ o(lldl]), !-1

5. Implementation issues. The first issue to be addressed is that of selecting an
updating rule for H (in Step 3 of Algorithm A). The natural choice is to use the BFGS
updating formula with Powell’s modification [15] to ensure positive definiteness,
although it is not clear whether Assumption A9 will then always be satisfied. Computa-
tional requirements are minimized if, instead ofH itself, the Cholesky factor is updated
(see, e.g., [4]).

The next question is that of efficiently solving (LS1)-(LS3). A key is given by
Propositions 5.1 and 5.2 below, where the following notation is used"

Ak [Vg,(Xk), Vgz(Xk), Vg,.(Xk)] 6 n"’,
zk [Vgi(xk) s.t. e I]

G diag (gi(Xk), 1," ", m) "",

M diag (/z,, 1, , m) e m,,,,,
k (g,(x + dk)+ qk s.t. i Ik)6 R I’kl,
/=(1,1,...,1)TRm.

PROPOSITION 5.1 (see [18]). The matrix Bk MkAH-1Ak-Gk is invertible and
the solutions of (LS1) and (LS2) can be expressed as

(5.1)

(5.2)

(5.3)

(5.4)
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Proofi In order to show that the matrix Bk is invertible, it is sufficient to prove
that the matrix A[H-Ak M- Gk is positive definite. The latter holds due to positive
definiteness of Hk, strict positiveness of the coefficients/Xk.i and strict feasibility of the
iterate Xk. NOW, with the notation just introduced, (LS1) can be written as

(5,5)

(5.6)

Also, (d , h ) satisfies

(5..7)

(5.8)

From (5.5), we have

and, from (5.6),

Thus,

Hkdk + Vf(Xk) + AkAk O,

MkA7- od+ G,X 0.

Hkdk + Vf(Xk) + Akh 0,

MkAT

A dk -A[H-’[Vf(Xk) + Akhk]

M-GkAk A[H-I[Vf(Xk)+ AkA],

(A[H-Ak M-’ Gk)A, -A[H-’Vf(xk).

A -(A[H-’Ak M- Gk )-’A H-’Vf(Xk),

A k -MkB-’A[H-Vf(xk).
Expression (5.2) is obtained directly from (5.5). Expressions (5.3) and (5.4) can be
obtained similarly by (5.7) and (5.8). [3

For the computation of the search direction, which is a convex combination of
d and d (see (2.5), (2.6)), we essentially need to compute the matrix Bk defined in
Proposition 5.1, and its inverse. Since, from the BFGS update, the Cholesky factor
associated with Hk is known, matrix B can be easily evaluated, its inverse is not
computed explicitly. Rather, an LU decomposition is performed. The computation of
the search direction dk thus essentially requires the decomposition of an m x m matrix.

The next proposition addresses the computation of the correction dk.
PROPOSITION 5.2. Ifthe matrix k t[H-lk is invertible, the solution k of (LS3)

can be expressed as

(5.9) ak --H-"k;-’k.
Proof. The solution dk of (LS3) satisfies the optimality conditions

(5.10) Hkd’k + ikk O,

for some multiplier vector ’k e R I1kl. Relationship (5.10) yields

(5.12) d\ -H;].
Multiplying by [ and using (5.!l) gives
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Therefore, the vector t k is given by

Substituting this expression into (5.12) yields (5.9).
In order to save computation, evaluation of the correction dk should be attempte.d

only when the iterate is close to a solution of problem (1.1) (dk small); otherwise, dk
should be set to 0. Since, close to a solution, the matrix Bk is always invertible due to
linear independence of the gradients of the active constraints (Assumption A5), the
computa,tion of the correction dk essentially requires the Cholesky factorization of the
matrix Bk of dimension at most equal to rn x m.

Thus the total work per iteration (in addition to function evaluations) is essentially
that associated with two Cholesky factorizations of size at most m, the total number
of constraints. Note however that Algorithm A can be modified in a straightforward
manner so as to ignore the "obviously inactive" constraints in the computation of the
search direction.

The strict feasibility of the successive iterates is essential in order to identify the
sign of the multipliers associated with the active constraints. A value gi(Xk) close to
zero could possibly prevent the sign identification from occurring. Thus, rule (2.12)
in Step 2 of Algorithm A may lead to numerical difficulties. An alternate rule could be

gi(Xk + tdk + t2k) <- max
2

In view of (2.9) and (4.16), such a modification would not affect the convergence
properties of Algorithm A.

Algorithm A, in its present form, may present some instability problems. First of
all, independence of the active constraints is essential for the computation of a search
direction. Near dependence may lead to numerical problems. Linear system (2.1), (2.2)
may also become very ill-conditioned if some multiplier/zi corresponding to a nearly
active constraint g becomes very small. This may occur close to a solution of problem
(1.1) at which the strict complementarity conditions are not satisfied. In order to avoid.
that kind of problem, we could bound from below the approximate multipliers
associated with nearly active constraints by a suitably small positive number.

Finally, it is clear that scaling can be (and should be) introduced at various places
in Algorithm A, in particular in the definitions of Ik and Jk, in expression (2.9) for
and in the update formula (2.I3b) for k. We could consider, for example, redefining
Ik as

Ik {i s.t. g,(x)>= -A,.,llVg,(x,)ll=llx, xollZ}.

and similarly for Jk, SO that asymptotically, it would be insensitive to the scaling of g.
Preliminary numerical experiments have been performed using test problems from

[7]. The algorithm parameters were given values a 0.3,/3 0.8, 0 0.8, v 3, 2.5,
K 0.5,/2 . To improve the behavior of the algorithm in the early iterations, lid2 II"
in the right-hand side of (2.4) was replaced by min(10-lld[[, IId211 ). On most
problems, the performance of Algorithm A was roughly comparable to that of VF02AD
as reported in [7] and to that of the algorithm in [13]. The behavior of the algorithm
appeared to be relatively insensitive to changes in the values of the algorithm
parameters, as could be expected from the asymptotic convergence properties.
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FEEDBACK STABILIZATION OF LINEAR DYNAMIC SYSTEMS
WITH MULTIRATE SAMPLED OUTPUT*
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Abstract. In this paper a new feedback control technique called multirate sampled output feedback is
introduced and investigated in the context of finite-dimensional and infinite-dimensional linear control
systems. This control technique has three outstanding properties: the feedback gain function which transforms
sampled output information into a control function is independent of the choice of the sample sequence,
the sample sequence may be chosen randomly, and the gain function values are only needed on a finite
interval (they can be reused cyclicly as in the case of periodic output feedback). It is shown that linear
control systems satisfying certain rather weak assumptions can be stabilized by multirate sampled output
feedback. An algorithm is presented for designing multirate sampled output feedback controls.

Key words, multirate sampled output feedback, feedback stabilization, infinite dimensional systems
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1. Introduction. Feedback stabilization of infinite-dimensional systems is a rela-
tively new field of research which has seen major advances in the last few years. The
results obtained to date are concerned with one of three traditional feedback schemes:
state feedback, dynamic feedback, or direct output feedback. The work of Chammas
and Leondes concerning periodic output feedback control of finite-dimensional systems
1 ]-[4] was extended to a large class of infinite-dimensional systems by Tam, Zavgren,
and Zeng [5]. This novel form of control, a departure from the three traditional
feedback schemes, holds promise as a useful yet general stabilization technique. In
this paper we introduce a generalization of periodic output feedback control--first
presented in Zeng [6]--which we will call multirate sampled output feedback control.
The main results of this paper prove that multirate sampled output feedback, is a
control scheme of considerable versatility because (1) it can stabilize systems under
rather weak assumptions, (2) it uses sampled output information only, and (3) the
sample times may be chosen randomly. This control scheme should prove to have
many practical advantages and it will be quite easy to.implement.

Before we develop the details of multirate sampled output feedback control’ a
little background information on the general subject of feedback control of infinite-
dimensional systems is provided to help put this work in perspective. As mentioned
before, feedback control schemes normally fit into one of three categories: state
feedback, dynamic output feedback, or direct output feedback. State feedback control
is an interesting area of research which generates useful results from a theoretical
viewpoint. From a practical viewpoint these results are of limited value because we
cannot measure the state of an infinite-dimensional system. The quantities which have
physical meaning are those that can be observed, namely, the output of the system.
Direct output feedback may be considered as a step toward utilizing output information
in stabilizing a control system, but this method of stabilization is fraught with difficulty,
even in the finite-dimensional realm, due to the fact that 0nly a relatively small subset
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of stabilizable systems can be stabilized by this technique. We do not consider that
this stabilization scheme holds much promise for stabilization of infinite-dimensional
systems in general. Dynamic feedback is an especially useful stabilization method
because it utilizes information solely obtainable from the output of the system. Even
though this stabilization scheme is consistent with the philosophy of utilizing only
available information, it has another shortcoming. The compensator we develop for
an infinite-dimensional system is itself usually an infinite-dimensional system" this can
present difficulties in implementation.

To date, two significant results have been obtained which guarantee the existence
of a finite-dimensional compensator. Schumacher [7] and Kobayashi [8] obtained
sufficient conditions for special classes of infinite-dimensional systems which guarantee
the exixtence of an observer of finite order such that the closed-loop system is
exponentially stable. Kobayashi’s work is especially interesting in that the author uses
only sampled output values. In practice, output information is not always available as
a continuous stream. In fact, output information is often only available at discrete
time instants. These results are important steps toward the development of practical
feedback stabilization methods for infinite-dimensional systems. A feedback stabiliz-
ation scheme which only uses sampled data, is easy to implement, and is capable of
stabilizing a wide range of infinite-dimensional systems is an attractive choice from a
practical viewpoint.

In 1978 Chammas and Leondes introduced a new feedback control scheme, for
finite-dimensional time invariant linear systems which they called periodic output
feedback control [1]-[4]. To define periodic output feedback control consider the
linear time invariant system

(t)=Ax(t)+Bu(t),
(1.1)

y(t) Cx( t)

where x R n, u Rp, y R’, and A, B, C are constant matrices of the appropriate
size. A periodic output feedback control scheme for this system is defined by

u(t)=K(t)y(nr), m’<-t<(n+l)", n=0,1,2,
(1.2)

K(t)=K(t+7")

where the time-varying periodic gain matrix K(. takes values in Rpxm. The primary
result obtained in their four papers is that if system (1.1) is stabilizable and detectable,
then there exists r > 0 and a periodic function K(. with period r such that the use
of the feedback control scheme (1.2), in conjunction with the system (1.1), achieves
the result that the state of the closed-loop system approaches zero on the sampling
points, i.e.,

lim x(n-) 0.

These papers contain the basic ideas which we extended to infinite-dimensional
systems [5].

Periodic output feedback is a new departure from the control schemes just
mentioned and should, at least in principle, be an attractive alternative in light of the
following observations.

The choice of - is limited only by a technical consideration which must be made only if two or more
eigenvalues of the matrix A have the same real parts.
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(1) This control scheme uses sampled output data only, i.e., it does not require
continuous system monitoring which is needed in the case of state feedback or output
feedback.

(2) The feedback gain function, K (.), is periodic; therefore it is enough to specify
its values on a finite interval of width z and then reuse these values cyclicly as we
progress down the real line.

This control scheme can be thought of as a hybrid of open-loop and closed-loop
control in the following sense: the control is a closed-loop control at the sampling
times and it is an open-loop control between the sampling times. The control function
u(.) has no information concerning the state of the system on the open intervals
(nz, (n+ 1)’) for n =0, 1,2,....

After some technical preliminaries which serve to define the class of infinite-
dimensional systems we are to investigate, we will generalize the concept of periodic
output feedback to a new type of control scheme which we call multirate sampled
output feedback control. This new control scheme differs from periodic output feedback
control in that the sample times are not equally spaced; they can even be randomly
spaced.

2. Technical preliminaries. The infinite-dimensional systems we considered in [5]
and in this paper are modeled by evolution equations of the form

(2.1)

z,- T(t)Zo+ T(t-s)Bu(s) ds,

y(t)= Cz,

where z, is an element of the Banach space Z, {T(t); t-_> 0} is a strongly continuous
semigroup ofbounded linear operators on Z, and B and C are bounded linear operators
from Rp to Z and from Z to R", respectively.

DEFINITION 2.1. A closed linear operator A mapping a Banach space Z into Z
is said to satisfy the spectrum decomposition assumption ifthe spectrum, o-(A), contains
a bounded part, trl, separated from the rest, o’2, in such a way that a rectifiable simple
closed curve, F (or, more generally, a finite number of such curves), can be drawn so
as to enclose an open set containing r in its interior and r2 in its exterior.

THEOREM 2.1 [9]. Let A be a closed linear operator mapping the Banach space Z
into Z which satisfies the spectrum decomposition assumption; then

(1) The operator A can be decomposed in accordance with the space decomposition
Z Z1 O) Z2 in the following sense:

P1D(A) D(A), AZ1 Z,, AZ2 Z2

where P1 is the projection on Z1 along Z2, and is given by the expression

P1
1 I2r--- (hi A) -1 dA

and the A invariant subspaces Z and Z2 are defined by P1Z AZ and (I- P)Z a_ Z2.
(2) tr o’(A), tr2= tr(A2), where A and A2 are the restrictions of A to Z and

Z2, respectively, i.e., 31 a_ A[z, AP1, 32 6- AIz2 A(I- P1).
(3) A is bounded.
(4) P and (I P) commute with A, i.e., PIA c AP, (I P)A c A(I P).
COROLLARY 2.1. The following results are direct consequences of Theorem 2.1:
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(1) Because T( commutes with P1 and (I P1) we have

T( t)Z1 c Z r( t)Z2 c Z2,

i.e., Zi is T( t) invariant for any >= 0 for 1 and 2.
(2) The restriction of { T( t); >-_ O) to Zi is a strongly continuous semigroup which

is given by (T(t) A T( t)P; >= 0} with infinitesimal generator A, respectively, for 1
and 2, where P2 - I P1.

(3) D(A1) Z1 and ( T1 (t); >- O) is a uniformly continuous group given by

Tl(t) =exp (At)= 2 A
---0

When the spectrum of A has an isolated point, say I, o-(A) can be divided into
two separated parts o’1 and o’2 such that o’1 consists of the single point I. In this special
case any closed Jordan curve enclosing A but no other point of o-(A) may be chosen
as F. If the subspace Z is finite-dimensional then A is an eigenvalue of A, and the
dimension of Z1 is called the algebraic multiplicity of I. If I is a pole of the resolvent
of A of order m, then I is in the point spectrum of A. In this case we have

Z, {z e zl(,xI-e)"z=O}= N((AI-A)"),

Z R((AI a)r") N((AI a)’).

Z1 is often called the generalized eigenspace of A associated with A and any z e Z1 of
nonzero norm is called a generalized eigenvector associated with the eigenvalue A.

Fundamental assumptions and definitions of terms. In the remainder of this paper
the following conditions will be imposed on system (2.1).

(A1) The infinitesimal generator A of the strongly continuous semigroup
{ T(t); _-> 0} satisfies the spectrum decomposition assumption in the sense
that o’1 {A tr(A) IRe A => -6} has the property that for some 6 > 0 the
dimension of the union of the generalized eigenspaces generated from
points in oh, Z1, is finite. For any such 6 we define the following subspaces,
semigroups, infinitesimal generators, and operators:

z.z,, z -z,
T,,(t) A Tl( t), T( t) - T2( t),

A - A1, A A2,

p -p, p -p:.
(A2) { T(t); t_->0) satisfies the spectrum-determined growth condition, i.e.,

In [ITs (t) In T (t)
sup Re cr(A.) inf lim

t>o t-,

(A3’) The pair (A, B) is controllable on Z, where B is the restriction of B
to Z, i.e., B & PB.

(A3) R(To) Z, where R(To) is the set of all states reachable from the initial
condition z(0)=0 on the interval [0, To] for some To> 0 (the overbar
indicates closure).

(A4) (A, C) is an observable pair on Z, where the operator C g CIz..
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Let W L2([0, To]; RP). If we define the mapping G: W--> Z by

Gu= r(ro-s)Bu(s) ds,

then R(To) R(G). The following theorem is a useful tool for verifying that a particular
system satisfies Assumption (A3).

THEOREM 2.2. Assumption (A3) holds if and only if Ker (G*)c (qzz,, Ker (z**)
where * and ** denote the conjugate and the second conjugate space or operator
respectively. (z** is the canonical image of z in the second conjugate space Z**.)

Proof. If R(G) D Zu and G*z* 0, then (Gu, z*) (u, G’z*) 0 for all u W.
Therefore (v, z*)=0 for all v Zu and z* fqzz. Ker (z**). Conversely, if there is a
point v Z\R(G) then by the Hahn-Banach Theorem, there exists a nonzero element
z*Z* such that R(G)cKer(z*), i.e., (u, G*z*)=(Gu, z*)=O for all u W, but
v Ker (z*), i.e., (v, z*) 0. This implies that z* Ker (G*)\fqzz,, Ker (z**).

Remark. In 1975, Triggiani [10] investigated infinite-dimensional linear systems
of the form (2.1) under the Assumptions (A1), (A2), and (A3’) and proved that such
systems are stabilizable by state feedback control of the form u(t) Dz(t), >= O, where
D is a bounded linear operator from Z to Rp. In I-5] the authors used assumptions
(A1), (A2), (A4) and the slightly different assumption (A3’) to prove the following
theorem which is a direct extension of the original result of Chammas and Leondes
on stabilization of finite-dimensional linear systems.

THEOREM 2.3. Suppose the linear system (2.1) satisfies Assumptions (A1)-(A4);
then there exists " > 0 and a periodic p x rn matrix-valued function K t) with period
such that the closed-loop system with the periodic sampled output feedback control

u(t)=K(t)y(nr), nr<=t<(n+l)

is stable in the sense that

lim II (t, Zo, u(t))[[ 0

for all initial conditions Zo Z.

3. Multirate sampled output feedback control. In the previous theorem, we
assumed that the output information of the system which was used in the feedback
control is sampled at equally spaced times {nr}n:o,,2,..., i.e., if the sampling time
sequence is denoted by {t.}.=o,,..., then

(3.1) t,+l t,, "
for alln=0,1,2,....

In this section we will extend the work of Chammas and Leondes in another
direction. We will relax condition (3.1) and consider the more general sampling
sequence {tn},=o,,..., i.e., we will consider the stabilization of linear dynamic systems
using multirate sampled output feedback control.

First of all, the "natural" condition

should be satisfied, i.e., the length of the interval between two sampling times must
be uniformly bounded from below and above.
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We will now prove by example that this relatively weak condition is too general
even for finite-dimensional systems.

More specifically we shall consider finite-dimensional linear systems of the form

(t):Ax(t)+Bu(t),
(3.3)

y(t) Cx(t)

in conjunction with a feedback control of the form

u(t)= K(t)y(tn), tn<- < t+
where

K t)
_
Loc(0, oo; Rpxrn).

For such systems the state of the closed-loop system at the sampling points can be
expressed by the following formula:

Io(3.4) x(t) exp (A-,)+ T(ri-s)nK(s+ t,_) ds C Xo.
i=1

If (A, C) is an observable pair and we choose the sequence {tn}=o.,... correctly
[11], then (exp (Az), C) will be an observable pair for each i. The only action we can
take to. ensure the sequence (3.4) converges is to control the eigenvalues of the matrices

(3.5) exp (A-)+ GC
by the choice of the sequence of matrices {Gi}, where

(3.6) G a= r(ri-s)BK(s+ t_) ds.

Suppose all the eigenvalues of exp (A-)+ GC are located inside the open disk
centered about the origin in the complex plane with radius, r < 1 for every i. Then for
fixed i,

II(exp (a’i) + GiC)l[ <- tt

for sufficiently large k, where gt (0, 1). The smaller r is, the more quickly II(exp (Az,) +
G,C)II converges to zero. In the extreme case where r 0, every matrix is nilpotent
and its norm will be zero after a finite number of steps. As the next example will
illustrate, the nilpotency of every element of the sequence {exp (Azi)+ GC} is not a
sufficient condition for the convergence of the sequence (3.4).

Example 3.1. For system (1.1) let x.R2, yR, uR, C &- (1, 0), Xo= (0, 1) r,
A__a [A 1] B__a [0]0 A

It is easy to verify that (A, B) is a controllable pair and (A, C) is an observable pair.
Using the fact that

0
exp (’)

we can easily verify that (exp (A-), C) is an observable pair if r O. Let G (gig2) r,
then

exp (At) + GC |exp + gl

l g2
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For the particular choices g -2 exp (as), and g2 -(1/z) exp (hz), this matrix
becomes

-llz
which can be easily verified to be a nilpotent matrix. Now, for any two choices of
say z and r2, define G1 and G2 the way G was defined above for z. In this case

E __a_ (exp (A’1) + GC)(exp (A’r2) + G2C)

exp (A(r, + z2))
t/r,- l/r2

For the particular choices r 1, ’ 3 and , In we have

E=
1 -3

and E has a spectrum consisting of the points {0,-2}. It can be shown that

E"xo L(-2)"
which has no limit as n goes to infinity. This result has the implication that if we
choose the sampling sequence {t,} for the system (3.3), such that z, _.A t,+l- t,, 1 for
all even n, and -, 3 for all odd n and tl 3, and if we use a feedback gain function
K(. such that

(r exp(Ar,)+ r(’i-s)BK(s+6_l) dsC ={0},

for all i, the state of the closed-loop system with initial condition Xo may be divergent.
This means that constraints must be put on the sampling time sequence to be used in
multirate output feedback if stability is to be achieved. For infinite-dimensional systems
of the form (2.1) we have the following result.

THEOREM 3.1. Assume that an infinite-dimensional system oftheform (2.1) satisfies
Assumptions (A1)-(A4) and; that the sequence of reals {ri}=o, 0= ro< r < r2 <" <
rq < satisfies the following two conditions:

(i) rt+- r >= To To as in Assumption (A3)), 1, 2,. ., q, and rl >= z* for some
7"*>0;

(ii) (exp (Ari), C,) is an observable pairfor each i.
Then there exist integers m, m=, ., m and a function I L(O, r; R"’) such that
for any sampling time sequence { t,},_-o...., which satisfies

(i) ’, a__ ,+,_ t, {rl," ", r} for all integers n =0, 1,.
(ii) , r ,-1 implies z,+ r for all k < m,

the closed-loop system with the feedback control

(3.7)
t. <-: < tn+

is stable in the sense that lim,_o [}z(t, Zo, ts(t))]l =0 for all initial conditions zoZ.
We shall break up the proof of this theorem into several lemmas.
LEMMA 3.1.1. Suppose that Assumptions (AI) and (A2) are satisfied and Ix’ (0, 1).

Then there exists z*> 0, sttch that for any " > ’* which gives rise to an observable pair
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(exp (A,’), C,) on Z,, there exists no>0, and a linear operator G mappiug R" to Z
such that

for all integers n no.
Proof Choose " (0, ’). From Assumption (A1), Theorem 2.1, and Corollary

2.1 we know that sup {Re (A)[A e (A)} -6. Because { T(t); 0} satisfies the spec-
trum-determined growth condition, there exist M > 0 and ’> 0, 6’< 6, such that

IIT+(t)ilM exp (-6’t)

for all 0. This implies the existence of a lower bound *> 0 such that

for all *. Since (exp (A.), C.) is an observable pair and *, we can find a
linear operator G from R’ to Z. such that

(exp (A,,)+GC,) {AC IAI <1.
Therefore, there exists an integer n’> 0, such that

for all n n’. Now let us define the following operators:

H exp (A,z)+

F OC (C,.=Cz),
R =a

Then the mapping (T(z)+ GC)" can be expressed in an alternate form as

H" Hk-FR"-k

(T(z)+GC)"=[HO ]" 0
k=l

R

Now we can derive the following inequalities:

If n > n’ then

n-’FR"- E n-’FR"- + H-’FR"-1t
k=l k=l k=n’+l

n’

t)n-k t)n-I< [IH-F[I(t + ItFII(,
k=l k=n’+l

[[/-/-’FII( +(.- n IlFII(")- (")
=1
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Because/z" </z’,
lim (n(tz"/tz’)n)= lim (M(tx"/tz’)")=O

for any constant M > O. From the inequality

II(T() + OC,)"
k=l

we get the result

lim II(T()+ oc)’ll/(’)" =0.

This implies that there exists an integer no such that

I1(T(r) + GC)" II/(’)" 1

for all n no. If we multiply both sides of this inequality by (’)" we have the desired
result, i.e.,

for all n no.
LEPTA 3.1.2. Let A be any linear #ounaed operatorfrom Z to Z satisfying IIAoll

’ < 1 for some integer no > 0; then for any "< 1, "> ’, there exists eo > O, such that
for any linear ounaed operator from Z to Z, say B, with tlnll o, we have

II(a + n)"o (")
for all integers k > O.

Proof Define the term M(e) by

oM(e)

Then M(e) is a polynomial in e without a constant term and all its coefficients are
positive. This implies that M(e) is monotonic, nondecreasing, and M(e) 0 as e 0+.
This means there exists e0 > 0, such that

0< ’+ M(e) "for all e e [0, eo]. Therefore,

II(A + n)" II(a + n)ll

j

o
j

(")
for all integers k.

Proof of eorem 3.1. Let r* be as in Lemma 3.1.1 and (0, 1); then, by
hypothesis, (exp (A,r), C,) is an observable pair for each i= 1, 2,..., q. From the
proof of Lemma 3.1.1 we know there exists for each an integer n and a linear operator
G mapping Y to Z, such that

for all integers n
Let the linear operator A from Z to Z be defined by A A T(r)+ GC; then A

satisfies the property

IIa;ll
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As in the proof of Lemma 3.1.2, given " (t*’,/z) there exists ei such that for any
linear operator B from Z to Z with lIB I[--< e,, we have

II(a + B)""1I--< (t,") *

for all integers k > 0. Consequently there is a positive constant, M, such that

I}(A+B)"II<--_M(,")
The inequalityif n kni’ + e, for an integer, e, 0 < e < n.

II(A +B)"II<M(tz,,/ k

implies that there exists an integer m for each integer such that II(A + B)"II-<-, for
all n >- rn. Let

a min(e,,. ., eq)
8"-

Go 0 and to 0. Because of the assumption, r/l -ri >- To, and Assumption (A3) there
exists a function

such that

r’(t), L(ri_,, r; Rp")

r,
T(r,- s)BK’(s) ds- G, + T(r,- r,_l)G,_ <2(2M)q_

where M> 1 is a constant satisfying IIT(t)II<-_M, tel0, r]. We will define /(t) on
[0, rq] by/(t) K(t) for t[ri_, ri]. Now we have the following inequality:

q
T(rl- s)BK(s) ds- al <

2(2M)q_
<
(2M)q_.

Assume that for arbitrary but fixed

T(ri_- s)BK(s) ds Gi_ <

then

8

(2M)q-i-’)

T(r-s)BK(s) ds-Gi

II IoT(r- r_) r(ri_l -s)B(s) ds T(r- ri-,)Gi_l

< T( ri ri-1 )11

T(ri-s)BI (s) ds-Gi+T(ri-

T(ri_l-s)BK(s) ds-Gi_ +

M8 8,

(2M)q-(’-’) 2(2M)q-’

2(2M)q-i

2(2M)q-’ 2(2M)q-’

8

(2M)q-i
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By use of the principle of induction, we know that the inequality

holds for all integers 1, 2,., , q.
Because of the way we have chosen the sampling time sequence, {tn}n:o,.... the

state of the closed-loop system with feedback control (3.7) at the sampling time tn+
can be expressed by

j-

T(a)+ T(a- s)BK(s) ds Zo

where n n + n2 +’" + n, and for each integer j there exists an integer such that

at r and n ->- m (with the possible exception of j I). Hence for each integer j <

( IoT(a)+ r(a-s)fC(s) dsC

(r(n)+G,C)+ T(r,-s)B(s) ds-G, C

Because

we have

=< i,

T(a)+ T(a s)BK(s) ds C <- I,

where n kn’+, e and O=< e < n’i. This implies that

II(t.+,) --< M’++’’’+’-’,
for some constant M > O. Because k + k2 +-’" + k_ as n we have the result

IIz(t.+,)ll0 as n,

For any [0, ), we can find an n such that t < t+ which implies, as ,
n . Given any t, z(t) can be expressed as

z(t)= T(t-t,)z(t,)+ T(t-s)Bu(s) ds

r(-,,l+ r(--s)B() sC
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Because 0 <- t- t, < rq there exists a constant M > 0 such that

T(t-t,)+ T(t-t,-s)BK(s) dsC <-M

for all t-> 0. This implies that IIz(t)ll is bounded above by a monotonically decreasing
function with limit zero as goes to infinity, and thus by the "sandwich theorem"

lim z()ll 0.

Example 3.2. Let Z __a L2[0, 1] and VC--a Loc[0, ); R). Consider the controlled
diffusion equation

Oz 02z
+z+u(t), t>0, 0<0<1,

at 002
oz Oz: =o, z(.,o:oZ,(3.8)
00 (o.,)

y(t)= (o, ,to, (., ’[o, ool-, z, u()e W.

When we define the mapping A" Z- Z by

Az z"+ z,

D(A) {zlz Z, z"e Z, z’(0)= z’(1)=0},

the mapping B:R--> Z by

BV b(x)r where b(x)= 1 Z,

and the mapping C :Z R by

Cz o’ z(x) dx,

then the controlled system (3.8) becomes

d
dt

z, Az, + Bu (t)
(3.9)

y(t)= Cz,.

(The operators B and C are bounded.) It is easily shown that the operator A has a
pure point spectrum tr(A) {A, An (nzr)2, n 0, 1,. .}, and the normalized eigen-
vectors are given by

{b0 1 and b, x/ cos (nTrx), n 1, 2,. .}.

Hence, {b, In =0,1,...) is an orthonormal basis for the space Z and the semigroup
{ T(t); >-0} generated by A is given by

(3.10) T(t)z e,.’6,(x)(,, Z)z.
n=0

If we choose to work with the mild solution, system (3.8) becomes

T(t)Zo+ [’ T(t-s)Bu(s) ds,

(3.11)
y(t)=Cz(t).
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Remark. The controlled system (3.11) is neither exactly controllable nor approxi-
mately controllable. (If we choose b(x) ex, the system will be approximately control-
lable.)

Now, let Z,=span {bo} and Z=span{b,, n= 1,2,...}. If zZ,, then z is a
constant function and Cz o z dx z. Therefore (Au, Cu) is trivially an observable
pair on the space Zu. Since the semigroup { T(t); >= 0} is analytic, (A2) is satisfied. It
is obvious that (A1) is satisfied. Now we show that (A3) is also satisfied.

Because Z is a Hilbert space we have Z Z*= Z**. For any z Z

(Io(z, Gu)z z, T( To- s)Bu(s) ds
Z

oT(z,

T(To s)Bu(s))zds

((7"(7"o- s*z, u(s, s

(G’z,

i.e., G*z (T(To- s)B)*z. For any point , e R, (3.10) implies that

(T(To-s)B% z)z=(n=O Z

Y eX"(v-)(4,, B’)z(dp,, Z)z
rl=O

y . eX"(v-)(b,, 1)z(4)., Z)z..

Hence,

(T(To- s)B)*z Z e*"(v-)(dP,, 1)z(49,, Z)z.
n----O

If z Ker (G*), i.e.,

E ea"(v-)(4)., 1)z(4),, z)z -0
n=O

then

for a.e. s [0, To]

(,,, 1)z(Ck,,, Z)z 0 for all n 1, 2,. ..
In particular, this must be true for n =0; hence (bo, Z)z =0. This implies that

z Ker (bo)= f’) Ker (z**);
Z

hence by Theorem 2.2 Assumption (A3) is satisfied. We now summarize the main facts
at our disposal.

(1) R (To) D Zu for any number To > 0. Note, .there is no restriction on how small
To is allowed to be.

(2) Because dim Z, 1, (exp (Aur), C,) is a trivially observable pair for any r > 0.
(3) Because dim Z, 1, all the integers mi, 1, 2,..., q in Theorem 3.1 may

be chosen equal to 1.
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In the proof of Lemma 3.1.1, we can choose G to get H-0, which implies that

T( ;r) + GC
T(z)

Any point ze Z may be expressed in terms of the orthonormal eigenvectors, i.e.,
z E-o a,,4,,, a,, (z, 4,,,>z, and ilzllZ= E. o ..

T(’r) + GC)z Ts()_] n__l Oln)n n=l Ol’n eAn’r)n

implies that

ll(T(z)/GC)zl[Zz E . e"<eh’ <e’llzll.--
n:l n:l

This last inequality implies that T() + GC e,’. Due to the fact that A 2 <
0, e, < 1 for any > 0. In other words, the number * in Theorem 3.1 may be taken
to be arbitrarily small but positive, and the constraints imposed on the sampling time
intervals in Theorem 3.1 are unnecessary for this example. Let us make the particular
choice of z* 0.08, then T(z) + GC for all z > If we choose K (s) such that

r(r-s)B(s) ds-G fori=l,2,...,q,

then

][z(t./,)ll= T()+ T(’-s)BK(s) asc Zo
j=l

<- I-I (r(.)+a)c)+ r(.-s)BI(s) ds-G C IlZoll
j=l

-<- + IlZoll

(For any zeZ, IIcll- I(o, >1 Ilzll; hence we know that Ilcll 1o Note that we did

not need to use Lemma 3.1.2 to obtain this result.)
At this point we make the following conclusion.
For any given sequence 0< r < r2 <’’" < rq < oO, there exists a feedback gain

function K e L(O, rq; R) such that for any sampling time sequence {}=o,.... which
satisfies r t t_ e {r, , rq} for all n 1, 2, , the closed-loop system with
the feedback control

K(t)=(t-t,)
is stable in the sense that lim, ][z(t, Zo, u(t) =0 for any initial condition Zo6 Z. (The
function may be chosen to be piecewise constant, hence the control can be imple-
mented exactly using a digital computer.)
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In the case of finite-dimensional systems of the form (1.1) we can prove an
interesting, stronger result which gives more freedom in the selection of the sample-time
sequence. We just proved a result (Theorem 3.1) for infinite-dimensional systems which
says that if we choose our sample-time sequence appropriately, then a stabilizing
multirate sampled output feedback control exists. An admissible sample-time sequence
allowed only a finite number of preordained intersample times. In addition when the
sample-time sequence changed rate, or intersample times, the sample-time sequence
was required to utilize this new intersample time for at least a certain number of
consecutive samples. In the finite-dimensional case a result can be proven (Theorem
3.2) which shows that a much more general sample-time sequence may be used in
designing a stabilizing multirate output feedback control. In loose terms, the intersample
times must be uniformly bounded above and below and this interval can be represented
as the union of closed subintervals with nonintersecting interiors which have the
following significance. The intersample times are allowed to range within any of these
closed subintervals at random, however, whenever the intersample-time sequence moves
from one subinterval to another subinterval, then the intersample-time sequence is
required to remain within this new subinterval for a certain number of consecutive
samples.

THEOREM 3.2. Assume a finite-dimensional system of the form (1.1) satisfies the
following constraints:

(i) (A, B) is controllable;
(ii) There are positive reals m, M such that (exp (Az), C) is observable for all

z[m, m].2

Then for this system there exists a finite set of integers n l, n2, ", nk, a finite set of reals
0 < m rl < r2 <" < rk <- M, and a function K L2(0, M; Rpxm) such that for any
sampling sequence { t, }, =o,1,... satisfying the following:

(i) r, t, t,_ Ira, M] for all n;
(ii) If rk and rk- are located in different intervals of the form [r, r1+1) and zk is in

interval [ri, ri+), then {’k+j}jn’=o [ri, ri+), the control

where n’ is defined by

u(t) K(t)y(t.), t. <- < t.+,

K(t) A(t--t.)
0 fort6[t.+r.,t.+)

achieves stability in the sense that

rn’ <: tn+l- tn /’n’+l

lim x(t, Xo, u) 0

for all initial conditions Xo R".
Proof Let/x 6 (0, 1). For each point d [m, M] the pair (exp (Ad), C) is observ-

able; hence there exists a matrix Gd R"p such that

(3.12) o-(exp (Ad) + GdC) { A C

The connection between the observability of the pair of matrices (A, C) and the observability of the
related pair of matrices (exp (At), C) for given r>0 may be derived by using a result in [11] (stated in
terms of controllability) and a duality argument.
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and all eigenvalues of (exp (Ad)+ GdC) are distinct. Because this matrix has distinct
eigenvalues there exists a nonsingular matrix Qq, such that

Ql(exp (Ad) + GaC)Qa Aa
is a diagonal matrix and [[a ll < /2. Let Q(exp (As)+GC)Qa =a A. Then by con-
tinuity there exist h(d) > 0 and e(d) > 0 such that

(3.13) IIAI[ <z/2
for all s (d h(d), d + h(d)) and for any matrix G satisfying

By a similar continuity argument there exists h2(d)> 0, such that

(3.14) Ilexp (As)- Ill <= IIG II-(d)
for all s (-h2(d), +h2(d)). If we define h(d) by h(d)---a min (h(d), h2(d)), then for
every s (d- h(d), d + h(d)), (3.13) holds for every s (-h(d), +h(d)), (3.14) holds.

The set of intervals (d-h(d)/2, d + h(d)/2)[d Jr1, M] forms an open cover of
the compact set [r, M]; hence there must exist a finite subcover which we denote by

{(d,- h,/2, d + h,/2)},__

where hi a_ h(di). Similarly, we shall denote Gd,, Qd,, e(di), and A, by Gi, Qi, ei, and
AI, respectively. For each integer 1, 2, ., k,

(exp (As)+ GC)=

where the matrix A(s) satisfies IIAl(s)ll </x/2 for all s Ii a= (di-hi/2, di + hi/2) and
for all G satisfying G-Gill =< ei. This implies that

II(exp (As)+ GC)"

<--11(2,1111 Q-’[[(/x/2)
Hence there is an integer n such that

]l(exp (As)+ GC) _-<

for all n>-ni, all s(di-hi/2, di+hi/2) and all G with
Without loss of generality, assume there is no open interval which is contained

in any other interval in the chosen subcover. This means the points {di}i=.2,....k satisfy

0< d <d2<. < dk--<-- M.

For each integer 1, 2, , k, we choose a point ri/ Ii fq// such that di< ri/ <
di+. These points are illustrated in Fig. 1.

m d d di d/ d.
’,:) :: ’,:) (=) I;

0 rl r2 ri ri+l M

FIG. 1. The finite cover and the partition of the interval.

The matrix A actually depends on and in addition is not necessarily a diagonal matrix for all s

for which it is defined.
Throughout the remainder of this paper every matrix norm will be assumed to be a spectral norm,

unless stated otherwise.
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Because (A, B) is controllable, for any matrix Q R and reals hi and h2 there
exists K L2(h, h2; Rpxm) such that

exp (a(h2- s))BK(s) ds Q.

In particular, for each integer 1, 2, , k, there exists K L2(ri_, r; Rp’) such
that

ri-

exp (A(r s))BK’(s) ds G -exp (A(r- ri_,))G_,.

(We define Go, ro, and to by Go =0, ro 0, and to- 0.) If we define/ by

I(t) Ki(t) for (r_l, r],

=0 for (rk, M],

then we can prove the following technical lemma.
LEMMA 3.2.1. For each integer 1, 2,. , k

exp (A(r-s))BK(s) ds= Gi.

Proof If 0, the conclusion holds by definition. Suppose that the conclusion is
true for an arbitrary but fixed integer i-1; then

exp (A(ri-s))BK(s) ds

exp (A(r- s))BIg2(s) ds + exp (A(r- s))B(s) ds

=exp(A(ri-ri_)) exp(A(ri_-s))BI(s) ds+G,

-exp (A(ri- ri-1))Gi-,

exp (A(r;- r;_))G,_ + G,-exp (A(ri- ri_))G,_,

and by the principle of induction the results holds for any integer 1, 2,. ., k.
satisfying ’n

a
tn- t._Suppose that we choose any sampling sequence { t. }. =o,,...

[r, M] for all integers n 1, 2,. and the multirate output feedback control is given
by

u(t)=K(t)y(t,),

K(t) a-- I(t- t,,)
a__ o

tn =< < tn+l,

for t[t,,t,+r,,),

for t[t,+r,,,t,+)

where n’ is defined by

rn, <= in+ tn < r.,+
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then the state of the closed-loop system at the sampling time t,+l can be expressed by
+

x(t,,+l) exp (At,+l)Xo+ exp (A(t,+-s))Bu(s) ds

=exp(A(,+l-t,)) exp (At)xo+ exp(A(t-s))Bu(s) ds

(3.15) + exp (A(t+- s))Bu(s) ds

exp(A(t,+-t))+ exp(A(t+-s))BK(s) dsC

exp(As)+ exp(A(5-s))BK(s) dsC xo.
j=l

For each integerj, there is an integer i, such that 5 t+ t e r, r+), i.e., r < d < r+ <
d+. The relative positions of these points is illustrated in Fig. 2. Consequently,

exp(A(z;-s))BK(s) ds= exp(A(z;-s))BK(s) ds

exp (A(5- r)) exp(A(r,-s))BK(s) ds

=exp(A(5-r))G.
Because - r < h,

’ exp (A( s))B(s) ds- a l(exp (A(5 r))- I)a,

Ilexp (A( r,))- tll

Since z;(d-(h/2), d+(h/2)), the corresponding factor in the product (3.15)
satisfies the inequality

(exp (As)+ exp (A( s))B(s) ds C) N

for all n n, The elements of the set

exp(Azi)+ exp(A(-s))BK(s) dsC [r,,r+)
j=l

for all j= 1,2, , n, n < n, i= 1,2, ., k
are uniformly bounded by virtue of the fact that the elements of the set
{z, i= 1, 2,...} are uniformly bounded. This means there exists a constant M > 0,
independent of n, such that

[Ix(t.+,)ll MIIxoll

d
,,,,I t; : :

o

"r ti/

di/l

FIG. 2. lntersampling time and the partition of the interval.
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where m -> as n -> c. This implies that

lim x t,, +,)ll 0.

The proof that lim,_ [[x(t)[[ 0 proceeds as in the end of the proof of Theorem 3.1.
We now present an algorithm for computing multirate sampled output feedback

gains. In this algorithm we shall use the L norm on R", i.e., IIx[I- Yi=, [xi[ for any
x R". For any element E of R we will define [JE]] to be the maximum of the
absolute values of all the elements of E. (There is no loss of generality in choosing
these particular norms. The choice was made for reasons of simplicity and convenience.)

Algorithm for computing multirate feedback gains. Let m, M, and /.t (0, 1) be
fixed (m < M).

Step O. Let rl m, k 1, choose/z’,/x" such that 0</x"</x’<
Step 1. Choose G such that o’(ear +GkC)--{A,... ,An}, where the points

are distinct and IAI </x".
Step 2. Determine the orthogonal matrix QR such that Q-(ea+

GC)Q =diag (Al, Az,...,
Step 3. Compute IIGII, IIQ ’II and IIQII.
Step 4. Choose e > 0 and h > 0 so that

(1) Ilea--Zll<=llGl[-e for all SG[--hk, hk].
(2) IIQ-l(ea + GC)Q.II <- ’ for all s [rg, rk + hk] and all G satisfying

G- II--<
Step 5. Determine the smallest integer nk such that IIQ ’ll IIQ.II( ’) -<.
Step 6. If m + hi / h2+" + hk -> M, then go to Step 7; else let

increment k by 1 and go to Step 1.
Step 7. Determine the functions K L2(ri_l, ri" Rpxm) such that

i-1 eA(r’-S)BKi(s) ds G,- eA(r’-r’-)Gi_ for each integer i=
1, 2,..., k. The feedback gain function is given by

/(t) gi(/) (ri_,, ri],

--0, 6 (r, M].

The particular feedback gain function computed by the algorithm depends on how
computations are done at euch step. This presents a great amount, of latitude in designing
an algorithm for a specific problem.

In Theorems 3.1 and 3.2, multirate sampled output feedback control was shown
to provide a stabilizing control scheme which allows considerable freedom in the
choice of sample times and yet admits a gain function K which is independent of the
particular way in which sample times are chosen. Both theorems imply we can choose
sample times randomly. In the infinite-dimensional case we can randomly progress
from one sample-rate to another provided we stay with the new choice for a preordained
number of successive samples. In the finite-dimensional case there is a finite set of
bounded adjacent sampling intervals from which we can choose sample rates randomly,
provided each time a choice is made which crosses into a new sampling interval a
certain number of successive choices come from this interval. The gain function K in
both cases can be computed by translations of a canonical gain function / which
means in practice we can store a representation of/, on a bounded interval and use
these stored values cyclicly. Another important aspect of this control scheme is, there
is much latitude in our choice of the class of functions that the gain function comes
from, as long as the class of functions is dense in L. For example, we can choose a
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gain function which is piecewise constant. This would be a natural choice for a digital
computer implementation. On the other hand we might wish a control scheme which
is very smooth in its action, in which case we could restrict the gain function to reside
in the class of analytic functions which vanish at the endpoints of the interval of interest.

Example 3.3. In this section we will illustrate the computations involved in
designing a multirate sampled output feedback control for a specific finite-dimensional
control system of the form (1.1). The system we will consider is defined by

A=
0’ 1

Let G (g, g2) r., then

[10 t] exp(At)+GC=[g+l t]exp (At)
1 g2

and det [AI- exp (At)- GC] A2- (g + 2)A +(gl + 1)- tg2.
For this example we have computed a multirate feedback gain by using the previous

algorithm. The particular computations performed and choices made at each step are
listed below. We start the procedure by assuming that m 1, M 2 and/x --0.9. (This
example leads to algorithm Steps 2 and 3, which are trivial; hence they have been
omitted.)

Step 0. z’= 0.8, z"= .
Step 1. Gk (--Z, --8/9rk) , A,,2=+].
Step 4. Condition (1) becomes hk <= [IGkll -lek.
Step 5. nk 1 for all k.
Step 6. The final value of k 14.
Step 7. On each interval ri_, ri), let

K’(t)=a,, t_[r,_,,(ri_l+r,)/2),

i, [(r,_, + ri)/2, ri).

From the expression

exp(A(ri-s))BKi(s) ds= ri-s Ki(s ds gi

ri g2

ai+l -exp (A(ri ri_l))ai ai+l [;
we obtain the following formulas for a and fli"

4 1
ai-

(ri- ri_)
2gi’

(ri- ri_i)
gi2,

-4 3
fl

ri ri- ri ri-1)):g+ g12.

Q, 0;’11 (.8/.9)", <_- 1.

For the problem under solution we obtain k 14 and n for 1, 2, 3, , 14.
The numerical values for {ri} 14 14_1 14

=, {a}i {/3i} are contained in Table

For the particular choice of/z 0.9 for each integer i, we find the smallest integer ni,

such that
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TABLE
Numerical solution of Example 3.3.

1.00 -8.10 6.56 8 1.72 28.15 -27.69
2 1.09 21.92 -20.91 9 1.79 31.82 -31.40
3 1.22 21.69 -20.85 10 1.85 37.23 -36,85
4 1.34 21.98 -21.21 11 1.90 45.64 -45.30
5 1.45 22.62 -21.99 12 1.94 60:01 -59,71
6 1.55 23.81 23.25 13 1.97 89.22 89.00
7 1.64 25.59 -25.08 14 2.00 0.00 0.00

4. Directions for further research. An interesting area of further research is a
generalization of the control technique outlined in this paper. We know that when a
system of the form (1.1) is observable, then there exists a matrix G such that

lim II(A + GC)" 0.

By using a continuity argument we can easily show that G can be chosen so that

lim [] I (Ai+GC)][=Onc i=

provided IIA- All < e for some e > 0 (which depends on A and C). Example 3.1 shows
that a sequence of matrices {E} may have the property that

limll II ’11n-c i=1

does not exist when tr(Ei) {0} for all 1, 2, . This does not prove it is impossible
to choose Gi so that

lim [I II (ai+GiC)l[:Ono3 i=1

when (A, C) is observable for every integer i. This observation leads to the following
conjecture.

If (A, C) is observable for each integer i, is it possible to choose {G} such that

lim II (Ai+GiC)II =0?n-oo i=1

If the answer to this question is positive, then the result of Theorem 3,2 can be
strengthened considerably.

Another important area of research is the integration of an objective function into
the theory of multirate output feedback control. The theorems in this paper haveproven
that multirate output feedback will stabilize a wide variety of linear systems under
mild hypotheses. Although these theorems prove the existence of stabilizing controls
they say nothing about optimality. If we were to examine multirate output feedback
control in the light of an objective function and random sampling corresponding to a
finite-state Markov process, we would gain more insight and evaluate the practicality
of this control technique.



OUTPUT FEEDBACK STABILIZATION OF DYNAMIC SYSTEMS 833

Acknowledgment. The authors thank the referee for suggesting several improve-
ments ,for the presentation of this work.

REFERENCES

[1] A. B. CHAMMAS AND C. T. LEONDES, O/1 the design oflinear time invariant systems by periodic output

feedback. Part I, Discrete time pole assignment, Internat. J. Control, 27 (1978), pp. 885-894.
[2] On the design oflinear time invariant systems byperiodic outputfeedback. Part I, Outputfeedback

controllability, Inter.nat. J. Control, 27 (1978), pp. 895-903.
[3] Pole assignment by piecewise constant outputfeedback, Internat. J. Control, 29 (1979), pp. 31-38.
[4] On the finite time control of linear systems by piecewise constant output feedback, Internat. J.

Control, 30 (1979), pp. 227-234.
[5]. T.-J. TARN J. R. ZAVGREN, JR., AND X. ZENG, Stabilization of infinite-dimensional systems with

periodic feedback gains and sampled output, Automatica, 24 (1988), pp. 95-99.
[6] .X. ZEN(3, Sampled outputfeedback stabilization ofinfinite-dimensional systems, Ph.D. thesis, Washington

University, St. Louis, MO, August 1985.
[7] J. M. SCHUMACHER, A direct approach to compensator design for distributed parameter systems, SIAM

J. Control Optim., 21 (1983), pp. 823-836.
[8] T, KOBAVASHI, Feedback stabilization ofparabolic distributed parameter systems by piecewise constant

output feedback, SIAM J. Control Optim., 22 (1984), pp. 509-523.
[9] T. KATO, Perturbation. Theory for Linear Operators, Springer-Verlag, New York, 1966.
10] A. TRIGGAIi, On the stabilization problem in Banach space, J. Math. Anal. Appl., 52 (1975), pp. 383-402.

[11.] R. E. KALMAN, Y. C. no, AND S. K. NARENDRA, Controllability of linear dynamic systems, Contrib.

Differential Equations, (1963), pp. 189-213.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 26, No. 4, July 1988

(C) 1988 Society for Industrial and Applied Mathematics

005

SHAPE SENSITIVITY ANALYSIS
VIA MIN MAX DIFFERENTIABILITY*

M. C. DELFOUR- AND J.-P. ZOLISIO$

Abstract. The object of this paper is twofold. We introduce a new theorem on the differentiability of
a Min Max with respect to a parameter and we show how such a theorem can be applied to compute the
material derivative in shape sensitivity analysis problems. We consider the Min Max of a functional which
is parametrized by t. We show that, under appropriate conditions, the derivative of the Min Max with
respect to is the Min Max with respect to the points solution of the Min Max problem of the derivative
of the original functional with respect to t. To illustrate the use of this theorem, we apply it to the control
of an elliptic equation with a nondifferentiable observation and to shape design problems.

Key words, shape sensitivity analysis, minimax, optimal design

AMS(MOS) subject classifications. 35R35, 49A29, 49A52

1. Introduction. Many problems in shape sensitivity analysis can be expressed as
a Min Max of some Lagrangian functional which depends on the domain 12. By
introducing a velocity field of deformations V over 12 (cf. C6a [1]-[3], Zol6sio [1], [2]),
a family of perturbations 12,, => 0, of the domain 12 is obtained and the sensitivity
analysis reduces to the study of the differentiability of a Min Max functional with
respect to the parameter for fixed velocity fields V and domains 12.

The object of this paper is twofold. First we present a new theorem on the
differentiability of the Min Max:

g(t) ={Min [Max G(t, x,y): y ]: x}

of a functional G(t, x, y) with respect to a real parameter t->_ 0 for some fixed subsets
X and Y oftwo topological spaces X and Y. We show that, under appropriate

hypotheses, the derivative of g(t) with respect to is the Min Max of the partial
derivative O,G(t, x, y) with respect to all points (x, y) Y3 which are solutions of
the Min Max problem. The second objective is to show how such theorems can be
applied to shape sensitivity analysis. Thus we give a precise mathematical justification
to some results which are usually obtained formally in the literature. For instance,
some interesting examples can be found in the book by Haug, Choi, and Komkov 1],
Dems and Mroz [1], in the proceedings by Haug and C6a [1], and the recent paper
on quick computations by C6a [1].

In order to motivate our approach we shall first consider a special and useful case
in 2 when G(t,., is a convex-concave functional with a unique saddle point (x,*, y*)
in Y3 for each t. We show that under some reasonable hypotheses

dg(t)
OtG( t, x* y*t ).

dt
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In control theory this is a natural tool in the computation of the directional derivative
of the cost function with respect to the control variable when the state is the unique
solution of some partial differential equation. In fact this problem can also be expressed
as the Min Max of an appropriate Lagrangian. In that context, the existence and
uniqueness of the saddle point is equivalent to the well-posedness, existence and
uniqueness of the solution to the associated adjoint problem. A very simple nonlinear
example will be given in 3 to illustrate this point.

In 4 we give the main result where G(t, .,.) is no longer assumed to be a
convex-concave functional with saddle points. It is a slight generalization of the earlier
result by Delfour and Zol6sio [1], [2]. It also extends the work of Zol6sio
[3, Thm 1.1, p. 1458] on the differentiability of a Min or a Max with respect to a
parameter in the shape sensitivity analysis context.

This theorem and its eventual generalizations have many interesting applications.
To illustrate that point we describe the associated techniques for two examples. The
first, in 5, is a control or identification problem with a nondifferentiable observation
which depends on the state which is the solution of an elliptic equation which itself
depends on the control function u. The second example, in 6, is a shape analysis
problem where this technique makes it possible to completely bypass the problem of
the existence and interpretation of the Eulerian or material derivative of the state.
These two simple examples are given for the purpose of illustration. However, the
techniques used here apply to the general linear case and some nonlinear situations
(cf. 7). A first version of the main theorem and its application to the examples of

5 and 6 have been announced in Delfour and Zol6sio [1], [2]. They generalize the
earlier finite-dimensional result of Dem’yanov [1] for compact subsets and N, G
continuous in its arguments, and O,G(t, x, y) bounded on [0, -]x x N, -> 0, and
continuous with respect to t. Another interesting result has been obtained by Correa
and Seeger [1] when the functional G(t, x,y) has saddle points for in [0, -] for
some ’> 0. It contains as a special case the theorem given in 2 and it is discussed
in 4 after the presentation of our main result.

Notation. R will denote the field of real numbers, R/ the subset of positive or
zero reals, and R". (n _-> 1, an integer) the n-fold Cartesian product of R. The inner
product .and norm in R will be defined as

x.y E xiy,, Ixl (X" X) 1/2.
i=l,n

The dual operator of a continuous linear operator A" X Y will be denoted by A*.
The identity matrix in R" will be written Id. The composition of two applications f
and g will be denoted by f g.

2. Derivative of a Min Max with a unique saddle point with respect to a parameter.
Let c X and c Y be two nonempty subsets of two topological spaces X and Y,
let r > 0 be a real number, and let

(1) t,x, y-> G( t, x, y) [O, z[ x x -> R

be a functional which is differentiable with respect to t. Denote by 0,G(t, x, y) its partial
derivative with respect to t.

THEOREM 1. Let sg, g, and G be given as in (1) with G differentiable with respect
to for each x s and y . Assume that for each in [0, ’[, the functional G( t,.,.
has a unique saddle point (x,, y) and that the following set of hypotheses is verified.
(HA) There exist topologies rx on X and ’, on Y such that
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(i) the map

(2) (x,, y,) [0, 7"[ --> (X, ’x x Y, ’y)

is continuous (see also Remark 2.2);
(ii) Vy3, (t,x)-->O,G(t,x,y):[O, ’[x(X, rx)-->R

is lower semicontinuous
(iii) Vx , (t, y) --> 0,G( t, x, y) :[0, ’[ x Y, ry) --> R

is upper semicontinuous.
Then the function g(t) G(t, x,, y,) is differentiable from the right and
(3) dg(t)= lim [g(t+s)-g(t)]/s=O,G(t,x,,y,),

s-0

Proof. Write the saddle point conditions at + s and for some s > 0:

(4) G(t + s, x,+, y) _-< G( + s, x,+., Y+s) -<- G( + s, x, y,+)
for all x in M and y in , and
(5) -G(t, v, y,) <-_ -G(t, x,, y,) <--G(t, x,, w)
for all v in M and w in . Denote by AG the difference

G( + s, xt+, Yt+s) G( t, xt, Yt ).
Choose

19 Xt+s, Y Yt, X Xt, W Yt+s
and add (4) and (5). We get
(6) G( + s, x,+., Yt) G(t, xt+., y,) <-<- AG <= G(t + s, xt, yt+.) G(t, xt, y,+.).
By the Mean Value Theorem, (6) can be rewritten as

(7) OtG( + Os, xt+., yt) <- AG/s <= OtG( + O2s, xt, Yt+)
for some 01 and 02 in ]0, 1[. By going to the limits as s goes to zero we get

(8) 0,G( t, x,, y, =< lim inf AGs <- lira sup AGs <- 0tG( t, x,, y,

by using hypothesis (HA). [3
Remark 2.1. It is important to emphasize that no differentiability of the map

-> (x,, y,) is required to differentiate g(t). So no implicit function theorem is necessary
to obtain an equation for the derivatives of x, and yt with respect to t. The continuity
of the saddle point with respect to is sufficient.

Remark 2.2. When hypotheses (HA)(ii) and (HA)(iii) are both strengthened from
lower and upper semicontinuity to continuity, then g is differentiable for all > 0 in
a neighborhood of 0:

dg(t)
(3’)

dt [imo [g(t + s) g( t)]/ s OtG( t, xt, Yt), > O.

This is readily seen if we take s positive or negative in the proof of Theorem 1.
Remark 2.3. In Theorem 1, the continuity hypothesis (HA)(i) can be modified in

the following way: there exists -> 0 such that for all to in [0, z]:
(i) There exists compact Ko c X x Y (with respect to the ’x x zwtopology)

such that for all t,--> to, t, > to, there exists a subsequence of { t,}, still denoted {t,},
such that for all n, (x,,,, y,,,) Ko;

(ii) For all y , (t, x) G(t x, y) is lower semicontinuous at (to, x,o);
(iii) For all x d, (t, y) -> G(t, X, y) is upper semicontinuous at (to, Y,o).

Under this hypothesis we prove Theorem 1 by using convergent subsequences in Ko
and the following lemma.
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LEMMA 1. Assume that the above three hypotheses are verified. Let t, to, t, > to,
and denote by (x*, y*) in X x Y a limit point of (x,,,, y,,,). Then (x*, y*) (X,o, Y,o).

In order to make Theorem a computational tool, it is necessary to obtain a
characterization of the saddle point. This can obviously be done in several ways and
independently. To illustrate that point we give a standard set of hypotheses under
which the saddle point is easily characterized.

Assume that

(HB) (i) For all t, x G(t, x, y) is convex and G.teaux differentiable;
(ii) For all t, y G(t, x, y) is concave and G.teaux differentiable.

We quote the following proposition from Ekeland and Temam [1, Props. 1.6, 1.7, pp.
157-158].

PROPOSITION 1. Assume that and 3 are convex subsets of two Banach spaces X
and Y and that hypothesis (HB) is verified. Then for each t, (x,, y,) is the unique saddle
point of G( t,.,. if and only if:

(HC) There exists a unique solution to the following system of inequalities:

(9) :Ix, s Vx s, dG(t, x,, y,; x x,, O) >= O,

(10) 3y, ly., dG(t,x,,y,;O,y-y,)<-O

where when it exists

dG( t, x, y; v, w) lim G( t, x + sv, y + sw) G(t, x, y) ]/s.
sO

So under the hypotheses of Proposition and hypotheses (HB) and (HC), there
exists a unique saddle point for each and under hypothesis (HA) the derivative of
g(t) is given by (3).

Remark 2.4. When s and are two linear subspaces of X and Y, respectively,
then (9) and (10) are equivalent to

(9’) :Ix, sg. Vx , dG( t, x,, y,; x, O) O,

(10’) :Iy, 3. Vy , dG( t, x,, y,; O, y) O.

3. An immediate application to nonlinear control. We have seen at the end of 2
that under hypotheses (HA), (HB)-(HC), the derivative of the function g(t) is com-
pletely characterized by (2.3) provided that system (2.9)-(2.10) has a unique solution.

The above results are readily applicable to classes of nonlinear control problems.
Equation (2.9) is usually the state equation which is independent of the y-variable.
Equation (2.10) is the adjoint equation and hypothesis (HC) reduces to the well-
posedness of that last equation.

So let U, X, and Y be three Banach spaces, Uad a convex subset of U and for
each u in Uad

(1) Au:X Y’

a continuous linear mapping from X into the topological dual Y’ of Y. Given f in lm
(A,) c y’ and the convex, ditterentiable functional F:X R, consider the problem of
differentiating the functional

(2) J(u)=F(x(u))
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where we assume that, for each u in U, x x(u) is the unique solution in X of the
equation

(3) Aux f
To recast this problem in our framework, introduce the Lagrangian functional

(4) _G(u, x, y)= F(x)+(A,x-f y)y

where )y denotes the duality pairing between Y’ and Y. It is well known that the
cost function can be rewritten:

(5) J(u)=Min{Sup[G_ (u,x,y): y Y]:xX}.

We can always formally introduce the adjoint problem:

(6) :ly(u)Y Vx’X, dF(x(u);x’)+(Aux’,y(u))y=O.

Following 2, assume that for all (x, y) in X x Y, the mapping

(7) x

has a Gteaux derivative

(8) (A’;x,

in all admissible directions v in U(u Uad, > 0 such that u + tv Uad). Define

(9) G(t, x, y)= _G(u + tv, x, y)

and assume that

(10) O,a( t, x, y) (A’+,;x, y)

verifies hypothesis (HA) for the weak topologies of X and Y.
THEORZM 2. Assume thatproblems (3) and (6) are wellposed (existence ofa unique

solution (x(u), y(u)) e X x Yfor each u in Uaa) and that the map

(11) u-(x(u), y(u)): Uaa(X-weak) x (Y-weak)

is continuous. Then the cost function J(u) defined by (2) is Gteaux differentiable and
for any admissible direction v:

(12) dJ(u; v)=(A;x(u), y(u))y.

Consider the following illustrative example. Let f be a smooth bounded domain
in RU with boundary

X {q H(f): q 0 on Fo}, U L(F), Uaa {u U: 3a, u(x) -> a > 0 a.e.}.

To each u in Uaa, we associate the boundary value problem

-Ao(u) =0 in@’(O), q(u)X,
(13)

Oq(u)/On + uq(u) g on

for a fixed g in L2(I’I).
We can associate with problem (13) the minimization over X of the energy

functional

(14, E(u, q, =f, IVql 2 dx+ I, [()q2_gq] dF.
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For each x(u) define the cost function

1 fl [0q(U)]2 lfrdF=- [g-u,p(u) dF(15) J(u) - On 2

and the Lagrangian functional G’[0, r] x X x X --> R,

G(t, o, g,)= F(r) + dE(u+ tv, ,,o;

(16) = [g-(u+ tv)]2 dF+ V. Vg/dx

+ f [(u + tv)- g]q dF.
./F

Apply Theorem 2 to get

(17)
aJ(u; v)= 0,G(0, (u), q,(u))

f, [-g+urp(u)+d/(u)]o(u)vdr

where q(u) is the solution of (13) and q q(u) X is characterized by

(18)

or

(19)

dG(O, q(u), ]; q, O) 0 Vq X

But this is equivalent to

=Ii -u[g-uq(u)]dF+IV’Vqdx+I uoqdF
"1 "1

=0 VX.

Aq 0 in ’(f),
(20)

Og//On + uq, uOo(u)/On(=u(g- u,,o) L2(F,))

which is a well-posed problem. To completely justify (17) it suffices to check the weak
continuity of o(u+ tv) and g,(u+ tv) which is easily done.

4. Derivative of a Min Max with respect to a parameter. Let M X and Y be
subsets of two topological spaces X and Y and let > 0 be a real number. Given a map

G:[0, z]xX x Y R,

we consider the following functions:

H(t,x)=Sup{G(t,x,y):yN}, [0, z], xM,

g(t) Inf {H(t, x): x M}, [0,

(1)

(2)

As a result

(3) g(t) Inf {Sup G(t, x, y): y 6 ]: x 6 M}.

We wish to show that under appropriate hypotheses the function g is differentiable
at t- 0 from the right:

(4) lim (g(t)- g(O))/t exists.
tO
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For >= 0 we shall need the set

(5) A(t)={xc: g(t)=n(t,x)}

and for x in g the set

(6) B(t, x)= (yc : H(t, x)= G(t, x, y)}.

In order to better see the role of each hypothesis in the final result, we proceed
in a step-by-step fashion. We first introduce hypotheses to ensure that the Sup and Inf
problems have solutions.

(HI) There exists r>0, for all t, 0<=t=<r:
(i) A(0) , for all Xo A(0), B(t, Xo) ,
(ii) A(t) , for all x, A(t), B(0, x,) .

LEMMA 2. Under hypothesis (H 1) we have thefollowing estimates: for all t, 0 <- <- r

g(t) g(O) <--_ G(t, Xo, y*) G(O, Xo, y*) VXo A(O) Vy* B(t, Xo)(7)

and

(8)

(9)

g(t)-g(O)>-G(t,x,,z*)-G(O,x,,z*) Vx, eA(t) Vz*eB(O,x,).

Proof The proof uses standard arguments and will be omitted.

In a second step we obtain upper and lower bounds on the differential quotient

(g(t)-g(O))

We need the following additional hypothesis:

(H2) (i) For all Xo A(0), the function

(10) s G(s, Xo, y)

is differentiable in a neighborhood of 0 for all y in

[.J{B(t, Xo): 0=< t r};

(ii) For all t, 0 =< =< r, for all x, A(t), the function

s - G(s, x,, y)

is ditterentiable in a neighborhood of 0 for all y in

I,.J {B(O, x,): O<-_ t<-_ 7"}.

LEMMA 3. Under hypotheses (HI) and (H2), for each t, 0 < -:
(i) There exists 0, 0< 0 < 1, such that

(11)
(g(t)-g(O))

<=O,G(O,t, xo, y*) VxoA(0)

(ii) There exists 02, 0 < O: < 1, such that

(g(t) g(0))
>_-- O,G(O2t, x,, z*) Vx, A(t)(12)

Proof. (i) For Xo A(0) and y* B(t, Xo) define

, (s) G(st, xo, y*).

Vy* e B(t, Xo);

Vz* B(0, x,).
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By hypothesis (H2), h is diiterentiable in a neighborhood of 0. So by Taylor’s Theorem
there exists 01 ]0, 1[ such that

A(1) A (0) +-s (0,)

and

G( t, Xo, y*) G(O, Xo, y*) tO,G( O1 t, Xo, y*)

where O,G denotes the partial derivative of G with respect to the first argument. The
proof of part (ii) is similar and will be omitted. [3

In the next step we go to the limit in (11) and (12) as goes to 0. So we introduce

(13) g(O)=limsup
(g(t)-g(O))

_dg(O)=liminf
(g(t)-g(O))

t-,O t- ,O

They are the smallest upper and greatest lower bounds of the differential quotient
in R. So there exist sequences {t,} and {t’,} of positive numbers in ]0, r] going to zero
as n goes to + such that

(14) ag(0) lim (g(t,)-g(O)),
t?

(g(t’,) g(0))
(15) _dg(0) lim

We first consider the upper bound in (11). We use the following hypotheses of
continuity.

(H3) There exists a topology ,y on Y such that for all Xo A(0)"
(i) For all sequences t, 0, t, > 0, there exists Yo B(0, Xo) and a subsequence

of {t,}, still denoted {t,}, such that for all n, there exists y, B(t,, Xo),
and y, Yo in the rwtopology;

(ii) The map

(t, y)o,G(t, xo, y)

is upper semicontinuous in {0} x U {B(t, Xo): 06 t } in the ,y-topology.

PROPOSITION 2. Under hypotheses (H1)(i), (H2)(i), and (H3)

(16) dg(O) inf Sup O,G(O, x, y).
xA(O) yB(O,x)

Proof Fix Xo in A(0) and let {t,} be the sequence in (14). Then by hypothesis
(H3)(i), there exists Yo B(0, Xo), there exists a subsequence of {t,}, still denoted {t,},
such that there exists y, B(t,, Xo), for all n, and

Y, Yo in ry-topology.

From (11), using hypothesis (H3)(ii), we obtain

dg(O) lim sup O,G( Ot t,, Xo, y,) O,G((O, Xo, Yo)).

As a result

dg(O) <- sup {0,G(0, Xo, y)" y B(0, Xo)}.

The last estimate is true for all Xo in A(0). This is sufficient to establish (16).
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Remark 4.1. (H3)(i) is the Kuratovsky hypothesis at t=0 for the set-valued
function t:=> B(t, Xo).

We now turn to the lower bound (12). We formulate the following hypotheses.

(H4) There exist topologies ’x on X and ’v on Y such that:
(i) For all sequences tn - 0, tn > 0, there exists Xo A(0), for all Yo B(0, Xo),

there exists a subsequence of {t,}, still denoted {t}, such that for all n,
there exists x, A(t,) and there exists zn B(0, xn), such that xn Xo in
the zx-topology and zn Yo in the ’y-topology;

(ii) The map (t,x,y)OtG(t,x,y) is lower semicontinuous in {0}x
{(x, y): x A(0), y B(0, x)} in the ’x x ’v-topology.

Remark 4.2. Hypothesis (H4)(i) is verified when the following two hypotheses
are verified:

(H4)(i1) There exists a topology rx on X such that for all sequences t.--> 0, t > 0,
there exists Xo A(0), there exists a subsequence of { t}, still denoted { t,},
and for all n, there exists x, A(t) such that x,- Xo in the rx-topology.

(H4)(i2) There exists a topology zy of Y for which the set-valued function x:=:>
B(0, x) is lower semicontinuous on A(0) in the sense of Aubin [1, D6f.
9.4, p. 121]" for all convergent sequences x -. x0 in X and all z* in B(0, Xo),
there exists a sequence z,* B(0, x,) such that z*- z* in the rv-topology.

Hypothesis (H4(i)) is the Kuratovsky condition at 0 for the set-valued map tA(t).
We state the analogue of Proposition 2 in the other direction.
PROPOSrrION 3. Under hypotheses (H1)(ii), (H2)(ii), and (H4), we have

(17) _dg(0)_>- Inf Sup 0,G(0, x, y).
xA(O) yB(O, x)

Proof. Consider expression (15) and the converging sequence t’-o+, t’>0. By
(H4)(i), there exist topologies "Cx on X and ’r on Y such that there exists Xo A(0),
for all Yo B(0, Xo), there exists a subsequence of {t’}, still denoted {t’}, and for all
n, there exists x A(t’) and there exists z, B(0, x), such that

x, Xo in the rx-topology and zn yo in the ry-topology.

Now from (12)
[g(t’,,) g(0)]/t’ >--_ O,G( 02tn, Xn, Zn)

and, in view of (H4)(ii)

_dg(0) _-> lim inf O,G( Ozt,, x,, z,) >-_ O,G(O, Xo, yo)

for some Xo A(0) and all Yo B(0, Xo). Finally

(18)

_dg(0) >-- Sup O,G(O, Xo, Yo) >- Inf Sup O,G(O, Xo, Yo).
yo B(O,xo) Xo A(O) yo B(O,xo)

We now state our main result.
THEOREM 3. Under hypotheses (H1)-(H4), we have

_dg(O) dg(O) Inf Sup O,G(O, x, y)
xA(O) yB(O(O,x)

(g(t)-g(O))
(19) lim exists.

Proof The proof follows from Propositions 2 and 3. 0

and the function g is differentiable at 0 from the right:
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The following propositions give sets of sufficient conditions to verify (H3)(i) and
(H4)(i). They are the conditions given in Delfour and Zol6sio [1], [2] in their initial
version of Theorem 3.

PROPOSITION 4. Iffor each Xo in A(0):
(a) There exists a topology -y on Y and a sequentially compact subset Ky of Y such

that for all sequences

t,-->0, t,>0, B(t,,Xo)(3Ky;

(b) For all y in , the map - G( t, Xo, y) is lower semicontinuous;
(c) The map t, y --> G( t, Xo, y) is upper semieontinuous in {0} x [.J {B(t, Xo): 0<- -<_ ’}

in the -y-topology.
Then hypothesis (H3)(i) is verified.

Proof Fix an arbitrary Xo in A(0) and let tn--> 0, tn > 0, be an arbitrary converging
sequence. By (a) we can choose for each n

y, E B( t,, Xo) f"l Ky.

But since Kv is sequentially compact, there exists a subsequence of {y,}, still denoted
{ y, }, such that

y, --> y* in the ’y-topology.

By definition of B(t,, Xo),

G(t,,xo, y,)>=G(t,,xo, y) VyE3

and from (c)

G(0, Xo, y*) >- lira sup G(t,, Xo, y,) _-> lim sup G(t,, Xo, y) Vy 3.

But from (b)

lim sup G(t,, Xo, y) ->- lim inf G(t,, Xo, y) -> G(0, Xo, y) Vy 3.

By combining the two inequalities above we conclude that y*B(O, xo). Thus
hypothesis (H3)(i) is verified.

PROPOSITION 5. Assume that the following hypotheses are verified:
(a) There exists a topology Tx on X and a sequentially compact subset K ofX such

that A( t) (3 K (, for all t, 0 <- <-_ ’;

(b) For all x in l the map t--> H( t, x) is upper semicontinuous at 0;
(c) The map (t, x)-> H(t, x) is lower semicontinuous in {0} x LI {A(t): 0=< <- -} in

the ’x-topology.
Then hypothesis (H4)(il) is verified.

Proof The proof is similar to that of the previous proposition.
Remark 4.3. In order to obtain the lower bound on _dg(0), we have used (H4)(i).

This hypothesis is to be compared with its counterpart (H3(i)) for the upper bound.
In the first we have for all Xo A(0), there exists Yo E B(0, Xo) while in the second there
exists Xo A(0), for all Yo B(0, Xo). If in (H4)(i) the statement is weakened to: there
exists Xo A(0) and there exists Yo B(0, Xo), then the upper and lower bounds on the
differential quotient will no longer coincide. This suggests the following weaker form
of hypothesis (H4)(i).

(H4)(i)-weak There exist topologies ’x on X and ’v on Y such that for all sequences
t, -* 0, t, > 0, there exists Xo E A(0), there exists Yo B(0, Xo) and there
exists a subsequence of {t,}, still denoted {t,}, such that for all n,
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there exists x, A(t,,) and there exists z, B(0, x,), such that x, --> Xo
in the rx-topology and z,--> Yo in the ry-topology.

THEOREM 4. Under hypotheses (H1)-(H3), (H4)(i)-weak and (H4)(ii)

(20) Inf Inf O,G(O, x, y) <-_ dg(O),
xA(O) yB(O,x)

(21) dg(0)<_- Inf Sup tG(0, x,y).
xA(O) yB(O,x)

COROLLARY. If in addition to the hypotheses of Theorem 4, the set B(O, x) is a
singleton for each x in A(O),

(22) Vx A(0) B(0, x)= {yo(x)},

then g is differentiable at 0 from the right and

(23) dg(O) inf {0,G(0, x, yo(x))" x a(0)}.

Remark 4.4. The corollary can also be proved directly by two consecutive applica-
tions of the theorem on the ditterentiability of a Min.

Remark 4.5. A sufficient set of conditions to verify (H4(i)-weak) is given by
(H4)(i,) and a Kuratovsky condition on the set-valued map xB(O, x):

(H4)(il) There exists a topology ’x on X such that for all sequences tn 0, tn > 0,
there exists Xo 6 A(0), there exists a subsequence of { t,}, still denoted {
and for all n, there exists xn A(t,) such that x,- Xo in the rx-topology.

(H4)(i2)-weak There exists a topology ’y on Y such that for all x,-+ Xo in the
rx-topology, there exists a subsequence of {x,}, still denoted {x,},
z* B(0, Xo), for all n, there exists z, B(0, x,) such that z, z* for
the -y-topology.

Remark 4.6. A set of sufficient conditions to verify (H4)(i2)-weak is given in
Delfour and Zol6sio [1], [2]:

(a) Given a converging sequence x, -+ Xo in X, there exists a subsequence of {x,},
still denoted {x,}, there exists z* Y and there exists z, B(0, xn), for all n, such that
z, -+ z* in the ry-topology;

(b) For all z in , the map x G(0, x, z) is lower semicontinuous on ag and the
map x, z-+ G(0, x, z) is upper semicontinuous on ag x .

In order to complete this section we quote a recent result by Correa and Seeger
[1] which assumes the existence of a saddle point of the functional G. First introduce
the function

(24)

the associated sets

h(t) Sup {Inf [G(t, x, y)" x 6 ag]" y },

(25) B(t)={y" h( t) Inf G( t, x, y)" x6 ag]},

(26) A(t, y) = {_x /" Inf[ G(t, x, y)" x .d] G(t, _x, y)}, y Y

and the set of saddle points

(27) S(t)= {(x,, y,) ag x J: g(t)= G(t, x,, y,)= h(t)}.

Then the following lemma is immediate.
LEMMA 4. If S( t) ( for some >= O, then

(28) S( t) A( t) x B( t), A(t)#, B(t)#,

(29) /x, e A(t) B(t, x,) B(t) and ’qy, e B(t) A(t, y,) A(t).
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THEOREM 5 (Correa and Seeger [1]). Assume that there exists -> 0 such that the
following hypotheses are verified"
(HH1) S(t) # , 0_-< t-<_ z.

(HH2)

(HH3)

(HH4)

Then

(30)

(31)

For all (x,y) in t_J{A(t)’O<-t<-r}xt.J{B(t):O<-t<=z}, the map t
G( t, x, y) is differentiable everywhere in [0, ’].

There exists a topology Zx on X such that
(i) For all tn 0, 0 <- tn <-- , there exists Xo A(0), there exists a subsequence

of { tn}, still denoted { t,}, andfor all n, there exists x, A(t,), such that
x, Xo in the Zx-topology;

(ii) For all y U{B(t):O<-_t<-’},

t, x) - O,G( t, x, y)

is lower semicontinuous at {0} x A(0) for the rx-topology.

There exists a topology Ty orl Y such that
(i) For all t, 0, 0 <- t, <-_ % there exists Yo B(0), there exists a subsequence

of { t,}, still denoted { t,}, andfor all n, there exists yn B(t,), such that
Y Yo in the Zy-topology;

(ii) For allx {A(t):O<-t<-_’},

t, y) --) OtG( t, x, y)

is upper semicontinuous at {0} x B(0) for the -y-topology.

dg(O) lim (g(t)- g(O))/t Inf Sup O,G(O, x, t)
t-O xA(O) ye B(O)

Sup Inf O,G(O, x, y).
xB(O) yeA(O)

This theorem contains as a special case Theorem 1 in 2 and can be proved by
the same technique. The hypotheses are essentially those given in Correa and Seeger
[1], except for the fact that we have used Kuratovsky’s conditions (HH3)(i) and
(HH4)(i) for the set-valued maps instead of the notion of sequential semicontinuity for
a set-valued map t=>M(t) from [0, -] to X:

There exists a topology Zx on X such that for all sequences t, 0, tn > 0, there
exists xoM(O) and for all n, there exists x,M(t,) such that x,xo in the
rx-topology.

5. Derivative of a nondifferentiable observation functional with respect to the control
variable. Let f/be a bounded domain in R" with smooth boundary F, f L2(f) and
u be a function on the subset Uao of U L(I) defined as

(1) Ua {u L(f)" _::la > 0 such that u(x) >= a a.e. in f}.

Consider the solution y=y(u) in H(f) of the variational problem

(2) -div (uVy) =f in f, y 0 on F.

Associate with u and y the cost function

(3) J(u) f lY-Yal dx, Yd L(f).

We want to compute the derivative of J(u) with respect to u subject to (2).
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We consider the state equation (2) as a constraint and remove it by introducing
a Min Sup. It is easy to check that

(4) J(u)= Min Sup [f l(q-yd)dx+dE(u,q;O,b)[
Lda J

where dE (u, q; 0, q) is the Gteaux derivative of

(5) E(u, ,)= JulY,el2- 2f,] dx

at (u, o) in the direction (0, ,) and

(6) M

In this form, it is not directly possible to apply Theorem 3 in 4. It is necessary
to introduce a perturbed functional indexed by a parameter r>0 (which is not
necessarily infinitesimally small):

(7) -Gr(u,(,O),q)=Iatz(q-yd)dx+dE(u,q;O,d/)+r{E(u,p)-e(u)}
where

(8)

Define

e(u) Inf{E(u, q)" q H()}.

(9) Jr(u)= Min Sup -Gr(u, (q, I), q)
H(,O.) (/, q,) M H(D.)

and the dual quantity

(10) J* (u) Inf Sup Gr(u, (q, p), q).
(/,) M x/-/o(1)

Theorem 3 will be applied to J* with r > 0. Prior to doing this we show that Gr has
saddle points and characterize the associated sets.

PROPOSITION 6. FOr each u in, U and r, 0< r<2, the functional Gr(,,.,. has
saddle points and

(11) J* (u) Jr(u)=- Min Max Gr(u, (tz, d/), q).
(/,g) M x/-/(11) H(I)

Proof (i) The first part of identity (11) follows from Ekeland and Temam [1, Prop.
2.4, p. 177] applied to the functional

(12) Fr(u, , q) Sup {-Gr(U (l, rl), (): M}

which is equal to

(13) fa {[q-ya[ dx+ dE(u, q; O, qt)+ r[E(u, q)- e(u)].

It suffices to check the following two conditions:

(14) Zlp H(fl), such that lim Fr(u,p, q)= +,

lim Inf F(u,p,(15)
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The first condition is verified for p 0. For the second condition, we fix p and choose

Inf {Fr(u p, q)" q E H(I))} _-< Fr(tl, p, --p)

and show that the upper bound goes to -oo as p goes to +:

(16) Fr(u,p,-p)= {]--p--yd[--ulVpl2--fp+r/2(ulVpl2+2fp)} dx-re(u).

The L2-norm of Vp goes to + since it is equivalent to the H()-norm. So for r,
0< r <2, the right-hand side of (16) goes to - and (15) is verified. This shows the
existence of a saddle point for F(u, .,. ):

(17) Min Sup F(u, , )= Max Inf F(u, , ).

(ii) The next step is to show that for a fixed p,

(18) Inf Sup -G(u, , p, ) Max Inf-G(u,
M

In view of the properties of -G and the fact that M is bounded, this is a consequence
of Remark 2.3 and Proposition 2.3 in Ekeland and Temam [1, p. 162]. If we combine
(17) and (18)

Min Sup -Gr Max Inf-Gr,
(,+) (,)

and by Proposition 1.2 in Ekeland and Temam [1, p. 155], -Gr(u, (’,’)," has saddle
points. In view of (10), this is sufficient to establish (11).

It is now important to note that for all r 0

(19) Z(u)=A(u)=J(u).

We have shown that for 0 < r < 2, G(u, .,. has saddle points and that

(20) Z(u)=J(u).
For u Uao and v U L(), there exists > 0 small enough such that u +

Uad. Define for in [0, ]

(21) o(t, q, )= (u+ tv, q,

for q (, 0) X M x H() and Y= H(). In view of the above proposition,
the saddle points of G(t,.,.) are completely characterized by the following set of
equations (cf. Ekeland and Temam [1, Prop. 1.6, p. 157]):

-div[(u+tv)Vy,]=f infl, y,=0 onF,

-div[(u+tv)Vp,]+,=O infi, p,=O onF,
, Md, {sgn (Y--Yd)--aga,: a M}

(22)

(23)

(24)

where

(25)

is a measurable set.

12, {x : y,(x) yd(X)}

Remark 5.1. For this special case where the functional F can be expressed as a
Sup, we could have completely bypassed the technique with the term in r by noting
that the system of equations (22)-(25) has solutions and applying Proposition 1.6 in
Ekeland and Temam [1, p. 157] to show that they are saddle points of Gr for all r_-> 0.
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We introduce the constants

(26) fl =llull.,), =
The sets , are

(27) s M x H(f), H(f)
and the sets A(t), O<-_t<-_r, and B(s, q), O<-s<=r, are characterized by the following
lemma.

LZMMA 5. (i) Given r >- O, then for all t, 0 <-- <-r,

(28) A(t) {(/xt(a), p,(a))"/x,(a) sgn(y,--Yd)-- aXad,, a M}

where y, is the solution of (22),/.,(a) is given by (24) and p,(a) by (23) with tz,
For r > 0 and all q q, Ix H(II x M and all s, 0 <- s <= r,

(29) B(s, q)= {o(q)}

where o--o.,(q) is the unique solution in H(O) of the variational equation

(ii) Moreover for all r >- O, , 0 <- >- r, and q, (p,, I,) e A(),

B(,q,)=B(t)={y,}

where y, is che soluion of (22) which is independent of q, e A(t). In particular for all
r > O, S(t) A(t) x B(t) is the set of saddle points ofG , q, o ).

Proof. The proof follows from previous considerations and Lemma 4 in 4.
We now apply Theorem 3 of 4 to J*(u) with r>0. For O<-t<-r, A(t) and

(H1)(i) is verified. For each s in [0, r], the set B(s, q) reduces to a singleton. So by
Lemma 5 it is nonempty and (H1)(ii) is verified. Hypothesis (H2) is obvious. For
(H3)(i) we use Proposition 4. For (a) choose for ry the weak topology on Y H()
and for Ky the weakly compact ball of radius R since for all in [0, r] and {y,} B(t)

/3 fn .Vy’I2 dx<= fa (u+ tv)lVy,12 dx Iafy dx<-_

llY, ll,<-_R- c/1311fll t[0, ].

Conditions (b) and (c) and (H3)(ii) are also obvious. For (H4)(i) we use Proposition
5. For (a) we choose for rx the weak topology on X M x H(f) and for K the ball
of radius R’= c’/ (c’ as defined below). Indeed for all in [0, r]

/ IIVPII2 <-- I (u + tv)Vp Vp dx= fn [sgn (Yt--Yd)-- aXaa,]P dx

IIVp[[ =< R’- c’/ Vt e [0, -].

For (b)

O,G(s, q, o)= -J vVp. Vq dx + r[dE(u+ sv, o; v, O)-de(u+ sv; v)].

From Zol6sio [2, Thm. 1.1, p. 1458], it is known that

de(u + sv; v) dE(u + sv, y.; v, O)
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where y. is the solution of (22) with t--s. With -v being the strong topology on
Y H(f), O,G is jointly continuous with respect to its arguments.

Conditions (b) and (c) are on the functional

(31) H(t, q)= Sup G(t, q, q)
,( Hol(f)

where for q (/x, q,)

G(t, q, q) -{ I.. tX(P--Yd)dx+dE(u+ tv, ; O,

(32)
+ r[E(u + tv, q) e(u + tv)]l.

Since G is lower semicontinuous in the variables (t, q, q), the functional

(t, q)-> n(t, q)

is lower semicontinuous and (c) is verified. Condition (b) essentially requires that
t--> H(t, q) be continuous at 0. This follows from the continuity with respect to of
the minimizing element qt of-G(t, q, q) with respect to t. For (H4)(ii), the map

q--> B(O, q)= {q(q)}

is single valued, affine and continuous with respect to q.
We summarize our results in the next proposition.
POPOSITION 7. For all u in U, v in L(f) and r >= O, there exists " > 0 such that

hypotheses (H1)-(H4) on the functional G(t, q, q) in (32) be verified (recall that
q (Ix, p) X M H(fl) and that q Y= H(fl)). For in [0, -], the sets A(t) and
B(s, q) are given by (28) and (29).

THEOREM 6. For all u in U and v in L(fl), the functional J(u) is Gteaux
semidifferentiable at u in the direction v and

(33) dJ(u; v)= lim,_.o [J(u+tv)-J(u)]/t=Sup{IavVp(c .Vydx" aM}
where y and p(a are the respective solutions of
(34) -div(uVy)=f in fl, y =O on F,
(35) -div(uVp(a))+sgn(y-ya)-aX,=O in fl, p(a)=0 on F,
(36) lid {x l’l: y(x) yd(X)}.

Proof Recall that for r => 0 and 0- t-<_ "
J(u+tv)=J(u+tv).

Computing the derivative of J is equivalent to computing the derivative of J for some
fixed r > 0. The results of 4 are now available. It is sufficient to note that the integral
in (33) is O,G(O, ((a), p(a)), y), where

/x(a) sgn y yd aXsad a M.

Expression (33) then follows from Proposition 7 and Theorem 3 in 4.
Remark 5.2. Note that the map a-->p(a) is affine and continuous. In (33) the

Sup occurs at extremal points of M. By defining

(37) Md {a L(fl): a(x) + in lid and a(x) 0 elsewhere},

we obtain

(38) dJ(u; v)=Sup{IavVp(ce .Vydx" ozGMd}.
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Remark 5.3. Throughout our analysis, the parameter r is fixed but arbitrary and
the saddle points of Gr are independent of r. Thus Theorem 6 could also have been
obtained by applying Theorem 5 to G(t, q, ).

Remark 5.4. The interest behind this method for cost functionals of the form

(39) J(u)=F(u,y(u))

is to justify the differentiation of J(u) at u in the direction v without using the
intermediate step of differentiating the state y(u) at u in the direction v.

The above results formally extend to the class of linear variational problems. For
instance, let

(40) _E" UadXX --> R, _E(u,x)=1/2a(u,x,x)-L(u,x)

for some open set Uad of a Banach space U, a Hilbert space X, a continuous symmetrical
bilinear form a(u, .,. ), and a continuous linear form L(u,. ). For each u in Uad, define

(41) e_(u)=Inf{_E(u,x)" xX}

and assume that the minimizing element y =y(u) in X is unique and completely
characterized by the variational equation

(42) d_E(u, y; O, d/) =0 V X.

We can readily extend this method to cost functionals of the form

(43) J(u)=_F(u,y(u))

for some map

(44) _iF" Uad X X "- g

where y(u) is the solution of (42).
Then the associated functional _G is given by

(45) -G_ (u, d/, x)= if(u, x)+ d_E(u, x; O, )

for u Uad, e X and x X. Assume that F is semiditterentiable at y(u), that is,

(46) lzeZ, d_F(u,y(u);z)=lim[_F(u,y(u)+tz)-_F(u,y(u))]/t exists.
t->0

Let P(u) be the set of solutions p=p(u) of the adjoint inequality

(47) dF(u,y(u); O, ,)+d_E(u,y(u); 0, p; 0, ,)->_0 V,X

where y(u) is the solution of (42).
TVIEOREM 7. Let E and F be as described above. Fix v in V and " > 0 such that for

all t, 0 <- <- -, u + tv Ua.d. Assume the following"
(a) For all t, O<-t<-", P(u+tv)#QS;
(b) For all o, d/X, t->a(u+tv, p, d/) and tL(u+tv, d/) are continuously

differentiable in [0, ’];
(c) There exists a>O, for all t, O<-t<-r, and for all , a(u+tv, ,  11 ,112;
(d) For all d/, (t, )- d_F(u+ tv, ; O, d/) is upper semicontinuous at (0, y(u));
(e) There exists a neighborhood W(u) of u, and there exists c( u) > O, such that

(48) VeX, Vwe W(u), d_F(w,y(w); O,

(f) For all , for all v and for all [0, r], the limit

(49) d___if(u+ tv, ; v, 0)= lim [_F(u +(t + s)v, )- _F(u + tv, o)]/s
sO
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exists;
(g) For all v, (t, q)-> d_F(u+ tv, tp; v, O) is lower semicontinuous at (0, Yo);
(h) For all q and for all v, --> d_F(u + tv, p; v, O) is upper semicontinuous at O.
Then J(u) defined by (43) is semidifferentiable at u in the direction v and

(50) dJ(u; v)=Sup{d_F(u,y(u); v,O)+d2_E(u,y(u);O,p; v,O):pP(u)}.

The proof of this theorem will be given after a short discussion of the fundamental
hypothesis (a).

Remark 5.5. If the map

(51) q-> dF(u, y; O,

is linear and continuous, the adjoint problem (47) is variational and P(u) reduces to
the usual solution of the associated variational problem.

When (54) is nonlinear we can use the augmented Lagrangian technique previously
developed.

PROPOSITION 8. Assume the existence of a number r, 0 < r < 2, such that

r

(52) Fu,x)+-’ a(u,x,x)+o,
as I1 11- o .

-F(u, -x) + (1 r/2)a(u, x, x)-->

Then P( u is not empty.
Proofof Theorem 7. We show that the hypotheses of Theorem 5 are verified. From

(a) the sets of saddle points

S(t)=P(u+tv)x{y(u+tv)}f /t[0,-]

and (HH1) is verified. Define

-G(t, d/, )= if(u+ tv, p) + d_E(u + tv, q; O, ).
From (b) and (f) for all in [0, r[ and , 4’ in X

-O,G(t, , ,)= d_F(u+ tv, ; v, 0)+ d-_E(u+ tv, ; O, ; v, O)
and (HH2) is verified. For each in [0, r], y, y(u + tv) X is the unique solution of

a(u+tv, yt,)-L(u+tv,)=O VX.
From the above equation and (b)

(53) a(u+tv, y,-yo, d/)+a(u+tv, yo, d/)-L(u+tv, O)=O /OX.
But there exists 0 ]0, 1[

a(u + tv, Yo, d/)- L(u + tv,

a u, Yo, d/) L( u, d + t[O,a u + Otv, Yo, ’ 0,L( u + Otv, d/)
and for small the term in the square bracket is bounded by c llll where c > 0 is a
constant which is independent of t. So

a(u + tv,

and by (c) with , y,-Yo

lly, yol[ <-- tcl[y, yo[[.
So the map t-> yt is continuous at 0 in X-strong and (HH4)(i) is verified.

(HH4)(ii) reduces to the lower semicontinuity of the map

(t, )---> d_F(u+ tv,
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for each q in X. For the first term, it is true by (g). As for the other two terms it follows
from (b) and the linearity of Ota with respect to o. Similarly (HH3)(ii) follows from
(h), (b) and the linearity ofO,a(u + tv, y, d/) with respect to . As for (HH3)(i) we know
that for all in [0, z] there exists at least one solution Pt X to the variational inequality

(54) d_F(u+ tv, y,; O, )+d2_E(u+ tv, y,; O,p,; O, d/)>-_O VX
where y, =y(u+ tv) is the unique solution of (53). We first show that p, is bounded
in X. First (54) reduces to

(55) d_F(u+tv, y,;O,d/)+a(u+tv, p,,d/)>-O VX
and for q =-p,

IIp, =-< dE(u+ tv, y,; o,-p,)

and by (e) for small enough

lip, = --< c(u)llp, II.
So {p," 0 <= <- z} is bounded in X and there exists p* and a sequence t, 0/ such that

p, p,,. p* in X-weak.

Going back to (55)

d_F(u+t,v,y,;O, d/)+a(u+t,v,p,, d/)>-O Vd/X.

From (b)

and by (d)

a(u+t,v,p,, q)oa(u,p*, )

lim sup d_F(u + t.v, y,; 0, ) -<_ dE(u, Yo; 0, )

since y, Yo in X-strong. As a result

d_F(u, yo;O, tp)+a(u,p*, g/)>=O Vg/X

and p* P(u). So (HH3)(i) is verified and Theorem 5 applies.
Remark 5.6. Theorem 7 can also be obtained by using for some r>0 the

Lagrangian

(56) _Gr(u, P, o)= if(u, p + d_E u, q O, d/ + r _E u, q)-_e(u)],

hypothesis (52) for u + tv instead of S(t) and applying Theorem 3 or 4 to

(57) J*(u) Inf Sup Or(U, all, q).

In general it is not possible to verify hypothesis (H1) in Theorems 3 and 4 for

(58) J(u) Inf Sup-_Gr(u, , q).
qX qX

ProofofProposition 8. As in our illustrative example, we construct the augmented
Lagrangian

-G_r(U, p, x)= -_G(u, p, x)+ r[_E (u, x)-_e(u)].

It is easy to show that the functional -_G is convex and lower semicontinuous in x
and concave and upper semicontinuous in p. From hypotheses (52),

-_G(u,x, 0)+o as Ilxll-,oo,
Inf _Gr(u, p, x) _G (u, p, -p) -9, -oo as lip
xX
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Again by Proposition 2.4 in Ekeland and Temam [1, p. 164], _Gr(u, .,.) has saddle
points in X x X. They are completely characterized by the system

(59)

(60)

-dG_r(U,p,y;O,O, tp-y)>-O VtpX,

-d_Gr(u, p, y; O, d/-p, O) <-_ O

which is equivalent to (42) and (47). This is sufficient to establish that P(u) is not
empty.

6. Shape derivative of a functional: a simple example.
6.1. Shape optimization problem. Shape and structural optimal design is quite a

broad field of activity. A good account of recent work can be found in the two volumes
of the proceedings of the NATO Advanced Study Institute held in Iowa City (cf. Haug
and C6a 1 ]) which contain an enormous amount of material covering the engineering
and mathematical aspects of that class of problems. Relatively few books have been
published on optimal design problems based on PDE models or in engineering
terminology distributed parameter models. According to Haug and C6a [1], we find
the book of Prager [1], the proceedings of the symposium held in Warsaw in 1973
edited by Sawczuk and Mroz [1], the books of Rozvany 1] in 1976, Haug and Arora
[1], Banichuk [1] (original version in Russian, available in English), and the more
recent books by Pironneau 1 and Haug, Choi, and Komkov 1 ]. The method presented
here and in 7 can be used to obtain a mathematical justification for some parts of
the results formally obtained in C6a [1], Dems and Mroz [1], Haug and C6a 1], and
Haug, Choi, and Komkov 1 ].In this section we consider the shape sensitivity analysis
problem. We do not cover variational inequalities. For this we refer to the recent papers
by Sokolowski and Zol6sio [1], [2] and Sokolowski [1] and their bibliographies.

Consider the following simple example. Let fl be a bounded open domain in R
with a smooth boundary F. Let y y([l) be the solution of the variational problem

(1)

where

Inf {E(fl, ,): ,

(2) E(,o)-- rlv l +l -2fic]dx

for some fixed function f in Hi(R"). We associate with y a cost function

(3) J(fl) F(fl, y(fl)).

For instance we can choose the standard cost function

(4) F(f, y)= (y- Yd)2 dx, Yd e H’(R").

6.2. The velocity field method. We briefly recall the notion of a shape derivative.
Let V(t, x), -> 0, x R, be a velocity field of deformation. Under the action of V, the
points of fl are transported onto a new domain fit Tt(fl), where the transformation
Tt:R --> R is generated by the solutions of the equation

(5) (O/Ot) Tt(x) V(t, Tt(x)), >-- O, To(x) x

(cf. Zol6sio [3]). Let y, be the solution of problem (1) on the transformed domain

(lt) Inf{E(f,, q): ( Hl(t)}



854 M.C. DELFOUR AND J.-P. ZOLISIO

and associate with y, the cost function

(3,) J(t)=F(t,y,).

Traditional methods involve the computation of the shape derivative (or partial deriva-
tive) Y’ or the Material derivative . The shape derivative is defined as

Y’(x) lim Y( t, x) Y(O, x)]/
t-O

where for some z>0 Y(t, x) is an appropriate extension of y,(x) to [0, z]x D for
some fixed domain D containing all perturbations , of , 0<_-t <- z. The material
derivative is defined as

3) lim y Y]/
t-O

in an appropriate function space on fl, where yt is the transported solution (from
to f)

y’=y, T,.

In classical examples Y’ is the solution of a boundary value problem which depends
on y and the normal component of the velocity field on the boundary F. However, in
general, the material derivative is also the solution of a boundary value problem on
fl, but it depends on the velocity field in the whole domain. In fact the two derivatives
are related through the formula

Y’= y-Vy. V

where V is the velocity field at 0, x- V(0, x). In general Y’ is "rougher" than the
material derivative.

The next step consists in differentiating J(,) using the material derivative or Y’.
Then an appropriate adjoint variable p is introduced to eliminate those derivatives
and obtain a final expression which depends on fl, y, p and V. The adjoint variable
p is the solution of a boundary value problem which is dual to the corresponding
boundary value problem for the material derivative or Y’.

The final expression can then be used for shape sensitivity analysis or as a necessary
condition characterizing an eventual minimizing domain fl*.

6.3. The Inf Sup formulation of the perturbed problem. In general our objective is
the minimization of the cost function J with respect to . In particular we want to
compute the shape derivative of J at in the direction of the velocity field of
deformations V. To do this we transform the problem (1,)-(3,) into an Inf Sup problem.
This approach is widespread in the engineering and mathematical literature.

The solution of (1,) is completely characterized by the variational equation

(6) dE(,, y,; o)=0 Vo H’(,)
where

(7) dE(l),, ; p)= In [V0" Vp + P9-tip] dx,

Define for r_-> 0

(8)

where

-Gr(t, p, p)= F(,, (,o)+ dE(,, p; p)+ r[E(t, q)- e(t)]

(9) e(t) Min {E(,Q,, o): p H’(,Q,)}.
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But

) if is a solution of (6),
Sup {-Gr(t, , p): p c Hl(t)}

/oo otherwise.

As a result for all r 0

J(t)- Inf {Sup [-Gr(t, ,p):

In this form the spaces depend on the parameter and it is not readily possible to
apply the theorems of 6. However, for the Neuman problem it is possible to embed
everything in HI(Rn). It is readily seen that

) if is a solution of (6),
(10) Sup{-G(t,,p)" pcHl(Rn)}

+oo otherwise.

As a result for all r 0

(11) J(fl,) Inf{Sup [-G(t, , p): pc Hl(gn)]: c Hi(R")}.

The spaces involved are now fixed and independent of the parameter 0.

6.4. Perturbed dual functional J* and existence of saddle points. Our objective is
to show the existence of saddle points for r 0 and use the results of 4 together with
identity (11).

For r >_-O, define the functionals

(12) Jr("t) -Sup {Inf [G(t, q, p): p

and

(13) Jr*(,) --Inf {Sup [G(t, q, p): q c Hi(R")] pc H1(R")}.

Recall that in view of (11)

(14) Jr(l’,) Jo(l",) J(D,,) Vr >= O.

In general

(15) J*r (t) Jr("t)

since J* is the dual functional associated with the perturbed functional Gr.
We have made the above construction in order to apply Theorem 3 to the dual

problem for r > 0 (for r 0 hypothesis (HI) would not be verified) or Theorem 5 for
r_-->0.

The functional G has a saddle point for all r >= 0.
PROPOSITION 9. (i) Given " > 0 small enough, then for all r, 0<= r, and t, 0<= <-_ ’,

Gr (t, .,. has saddle points Y, P) in H (R) HI(R) and

(16) J*(f,)=Jr(f,).

(ii) The restriction of each saddle point to

(17) (Y, PT)= YI,,
coincides with the unique pair (y,, p,) solution of the system

(18) dE(l),, Yt; ) =0 Vo c Hi(D,,),

(19) dF(f,, y,; )+ dE(Sq,, y,; p,; q,) =0 Vq, H(,)
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where

(20)

(21)

dF(f,, y,; O)= fa (Yt- Yd)O dx,

d2E(a,, Y,; P,; O)= fa [Vp," V0 +p,6] dx.

Proof. The conditions characterizing a saddle point (Yr, Pr) of G are precisely
(18)-(19). Both equations are elliptic with a unique solution in Hi(l),) which is
independent of r>_-0. El

6.5. Application of Theorem 3. The next step is the application of Theorem 3 from
4 to the function g(t)= Jr*(f,). We first study the differentiability of the functional

G,(t, #, ) as defined by (8) with respect to for all o and 6 in the space X HI(Rn):

-Gr(12,, , b)= (- Yd dx+ IVY. V+0q-fi#] dx

(22)

+ [1,1+11-2/] dx.

If and o were smoother (e.g., in H2(Rn)) to make sure that the traces of ]Vol2 and
Vq. V exist, the standard expression for the derivative would be given by a boundary
integral of the integrand in (22) (cf. Zolsio [3]). Unfortunately this is not the case.
Expression (22) transported from ft onto 12 is given by

A(t) V(0 Tt)+(V#o T,) V(#o T,)dx

+{ (# T,-Yd T,)2

+ (o r,-fo r,+(0o r,-fo r, (o r, .( &

where DT, is the Jacobian matrix of the transformation T, and

(23) J(t) =det (DT,), A(t) J(t)((DT,)-)*(DT,) -1

(* indicates the transposed matrix). Again to differentiate the above expression with
respect to would require that o and be in H2(R’). To get around this difficulty
we need the special technique which is described below and which does not seem to
have any counterpart in control.

As before, given the smooth velocity field V, define the transformation

(24) T, T,( V) R R

which transports R onto R n, Ilo=f onto f, and Fo F onto F, =012,. The space
H(f,) is transported in a similar way. As the functions and 6 fill in the whole
space X, so do the functions T-1 and q T-. As a result

(25) g(t) J(12,)= J*(ll,)= Inf Sup -_G(t, , )
eX qeX

where

(26) _Gr(t, #, O)= G(t, # T-’, O T;-’).
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By introducing the quantities

(27) J(t)=det(DTt), A(t)=J(t)((DTt)-)*(DTt)-
(DT, is the Jacobian matrix of the transformation T,) and the change of variable
x’ T, (x), we obtain

_G(t, q, ) -_Go(t, q, )+ r[E(l), p T)- e(t)](28)

where

(29)

and

e(t) Inf {E(O,, q)" q H’(R")}= Inf {E(fl, qg Tt)" q H’(R")}

-_Go(t, p, )= I [(A(t)V). Vp + ffpJ(t)] dx

(30)

Io[l ]
(31) E(a, o )= {(A(t)V). 7+J(t)[-(fo )]} dx.

The derivative with respect to can easily be obtained for every term in (t,.,
except possibly e(t). Fortunately we know from ZolOsio [3, Thm. 1.1, p. 1458] that

d,e(O) Inf {0,E(Oo, ): X, E(no, ) e(0)}
(32)

o,E (o, Y)

where Y is the solution of

E(o, Y) Inf {E(o, ): 6 H’(R")}

or equivalently

(33) YeH’(R’), dE(O, Y; p)=O VeH’(R").

We finally obtain the following intermediate result prior to the application of Theorem
3 in 4.

PROPOSITION 10. For all r, 0<r<l, t, 0_-<t<_-", G_(t, p, O) is differentiable with
respect to at t- 0 and

-Ot_G,.(O, q:,, )= fa [(A’(O)V). Vq:, + q:, div V(O)] dx

(34) fa[(- Yd)VYa+d/Vf] V(O) dx

+ fn [- (re-yd)2-fg/]div V(O) dx+r[O,E(flo, q)-OtE(lo, Y)]

where

(35) A’(0) [div V(O)]Id-[DV(O)+(DV(O))*].

((DV(0))* is the transposed matrix of (DV(0))). 13
All the hypotheses of Theorem 3 in 4 are now verified.
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THEOREM 8. For all r, 0 < r < 1,

(36) dJr(; V(0))= -a,_Gr(0, p, y)

where y and p are the solutions of

(37) dE(O, y; )=0 V H’(f)

and

(38) dF(f, y; O)+ d2E(f, y; p; )=0

Remark 6.1. The derivative of Jr was obtained without our ever considering the
problem of the differentiability of y.

Finally recall identity (14) to obtain the desired result.
THEOREM 9. (i) The function g is differentiable at =0 and

dJ(12; V(0)) I [(A’(O)Vp).Vy-[(y-Yd)VYd+pVf]" V(0)] dx

(39)

f [1 ) -fp]divV(O) dx+ (Y--Yd +PY

where y and p are the solutions of (37) and (38).
(ii) I in addition, p and y belong to H3/2+P(), p > 0, then

(40) dJ(O; V(0))= Vy. Vp+yp-fp+(y- Yd)2 V(O) ndF.

Proof It suffices to note that for =y the term which contains the r in identity
(36) is identically zero. When y and p are sufficiently smooth, (39) is equivalent to
the standard boundary integral formulation in shape optimization. To show that set

Vpo V in (37) and Vyo V in (38), add the resulting two equations and reorganize
the terms. This yields an identity which shows that the right-hand sides of (39) and
(40) are equal.

Remark 6.2. The simple example above contains several techniques which will
turn out to be fundamental to the general theory. For instance the introduction of the
functional

G_r(t (0, O)= Gr(t, q TT’, q TT’)

followed by the transport of the resulting expression from the domain f, onto 1 makes
it possible to keep the test functions in HI(f) instead of going to the larger space
HI(R n). For instance this feature is extremely important in the homogeneous Dirichlet
problem in H(f) where it would not be possible to substitute H(R").

7. Shape derivative of a functional: The general method and other examples. In this
last section we formalize the ideas and techniques introduced in 6 and describe two
other examples to further illustrate the applicability of Theorems 3 or 4 and our
associated techniques.

The first goes over the discussion at the end of 6 in Remark 6.2. Key details are
provided to show how problems with Dirichlet boundary conditions can be handled.
In fact the suggested construction could also have been used right from the beginning
in 6, but we preferred to do it in a different way to better emphasize its importance.
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The second example shows that we can handle problems where the smoothness
of the solution of the saddle point equations is minimal. Other techniques based on
the Implicit Function Theorem would require more smoothness.

7.1. Dirichlet boundary condition. We go back to problem (1)-(4) in 6 but with

H (f) instead of H(I)). Let y=y(fl) in H(I) be the solution of the variational
problem

(1) Inf{E(12, o)" o H(f)}
where

1 I.. 12(2) E(f, q)= [IVo +11 -2fi#] dx

for some fixed function f in H(R"). This is the homogeneous Dirichlet problem. We
associate with y a cost function

(3) J(I)= F(f, y (f)).

Again for simplicity we assume that it is of the form

1 f (-yd)2dx, oeH(l)), YdeH’(R").(4) F(, o)
a

Assume that V is a smooth vector field which transports f/onto I1,, its boundary
F onto F, and the Sobolev space H(f) onto H(I),) at time >_-0. As a result it also
transports functions in H(I) onto functions in H(I),) and

(5) H(fl,) { TT" e H(II)}.
Here we use techniques described at the end of 6 in Remark 6.2. We introduce the
new functional

p _E(t, q)= E(f,, qo TT’)" H(a)- R(6)

and notice that

(7) Inf _E(t,0)= Inf E(I,, O).

Denote by y’ and y, the minimizing unique solutions of _E(t, ) in H() and E(,,
in H(12,), respectively. Then in view of (5)

(8) y, y’ T-’.
The two formulations are equivalent, but the differentiation of _E (t, ) with respect to
does not require that the function be smoother than H(O) since

_E(t, p)= [!V(# TT’)12+[o TT’12-2f(q T-I)] dx

and after a change of varial:.!c

1 f {(A(t)V). V+[l,#]-2(fo T,),#]J(t)} dx,(9) _E(t, q)= a

where DT, is the Jacobian matrix associated with the transformation T,,

(10) J(t) det (DT,), A(t)= J(t)((DT,)-)*(DT,)-
and * denotes the transposed matrix.
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If we want to work with _E (t, fl) and y’, we must also transform the functional F
into a new functional

(11) tp --> if(t, tp F I) q T- H I --> R.

As a result the cost function

(12) J(fl,) F(II,, y,): F(f/,, y’ T-1) _F(t, y’).

Again the differentiability of _F(t, 9) with respect to does not require that the function
# be smoother than H (g2).

if(t, o)= o T-/ Yd 2 dx

and after a change of variable

(3 F(t, o-- (o- g r,lJ(t ax.

Thus we are led to the construction of the functional

(14) (p, 0)--> _Gr(t, p, ,)= Or(fl,, q T-1, T-) H(fl) x H(fl)--> R
and the technique used in 6.

We do not repeat the details here since the results are the same as those in Theorem
9 except that the functions y and p are the solutions of the variational equations

(15) y n(fl), dE(fl, y; tp)=0

(16) pH(f),dF(g),y; t)+d2E(l),y;p,O)=O
So formally it suffices to substitute H() for Hl(f) in Theorem 9.

7.2. An example with less smoothness. In the two previous examples, the solutions
(y, p) of the optimality system (42)-(47) or (15)-(16) are smoother than anticipated
and belong to H2(fl). So it would be possible to argue that all the results can also be
obtained by application of some form of the Implicit Function Theorem.

It is not difficult to slightly modify the example of 6 to prevent this situation
from happening. First change the functionals E and F to

1 f [IVl=/ll=-2f vo] dx, , H()(17) E(f, o)= .a
wheref (Hi(l)))"
(18) F(f, o)- / IVl dx, o HI().

d
The minimization problem

(19) e(II) Inf{E(fl, q): H(O)}
still has a unique solution y in H() which coincides with the solution ofthe boundary
value problem

(20, -divVy+y-divf=O inO, () 0

As in 7.1 we introduce the new functionals

(21) _E(t,p)=E(fl,,qo T-[’), _F(t, p)=F(fl,, po T-[’), J(t)=J(fl,)

and transport all the integrals from fl, to fl. We are now back to the setup at the end
of 5, and Theorem 7 and Proposition 8 apply with u t.
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As a result

dJ(l; V)=(d/dt)J(t)[,=o
(22) Sup {d_F(0, y; 1, 0) + d_E (O, y; O, p; 1, 0)’p P(0)}

where y is the solution of

(23) d_E(0, y; 0, $)=0 V$ H(I)
and P(0) is the set of solutions of the adjoint variational inequality

(24) dff(O,y; O, )+d2_E(O,y; O,p; O, )>=O
Note that the set P(0) is not empty since the hypotheses of Proposition 8 are verified.
However, the elements of P(0) belong to H(l) but again not much more. In fact
(24) reduces to

(25) In (Vy/,Vyl).Vd/dx+ f ,Vd/ldx+ f [Vp. Vd/+pd/]dx>-O,

p H(fl) Vq H(fl)
where

(26) f+ {x f/: Vy(x) 0}, fo= {x f Vy(x) 0}.
It is readily seen that (25) has at least one solution since the following variational
equation has a unique solution"

(27) fn (Vy/]Vyl).V,dx+. f [Vp. VO+pO]dx=O, pHl(l)) VHI(’).

Of course, as in 5, this problem can be solved by replacing the nondifferentiable
cost function (18) by a Sup

F(gI, o)= Sup {F(I’/,/.t, o)" o M}
of the functional

over the weakly compact subset

M
of (L2(fl))" where denotes the Euclidean norm in R". Instead of the variational
inequality (25) we would obtain the set of variational equations

p=p(t)H(l’l) V$ HI(g/),

In (Vy/lVyl).VOdx+ I t.V,dx+ f [Vp.V@+p$]dx=O
o

indexed by a e M and the Sup in (22) would be taken over M:

dJ(l; V)=Sup{d_F(O,a,y; 1, O,O)+d2(O,y;O,p(a); 1, O)’a M}
where

LF(t, a, tO) F(t, a r-1 o r-1)
The proof is the same as the one given in 5 for the nondifferentiable observation.

Note added in proof. The shape sensitivity analysis problem has also recently been
studied by a penalization technique. The results apply to some classes of nonlinear
problems and some problems governed by variational inequalities (see U. C. Delfour
and J. P. Zol6sio, Shape Sensitivity Analysis via a Penalization Method, Ann. Mat.
Pura Appl., to appear).
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REALISATION AND APPROXIMATION OF LINEAR
INFINITE-DIMENSIONAL SYSTEMS WITH ERROR BOUNDS*

KEITH GLOVER’, RUTH F. CURTAIN:I:, AND JONATHAN R. PARTINGTON?

Abstract. The class of linear infinite-dimensional systems with finite-dimensional inputs and outputs
whose impulse response h satisfies h L f3 L2(0 0; Cp and induces a nuclear Hankel operator is said
to be of nuclear type. For this class of systems it is shown that balanced or output normal realisations always
exist and their truncations converge to the original system in various topologies. Furthermore, explicit L
bounds on the transfer function errors, L and L bounds on the impulse response errors, and Hilbert-Schmidt
and nuclear bounds on the Hankel operator errors are obtained. These truncations also generate an

approximating sequence to the optimal Hankel-norm approximations to the original system, and various
error bounds of these approximants are deduced.

Key words, infinite-dimensional system, linear infinite-dimensional system, Hankel operator, realisa-
tions, balanced realisations, optimal Hankel-norm approximations, Hankel operator
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1. Introduction. Infinite-dimensional linear systems are quartets of linear
operators (A, B, C, D) mapping between various infinite-dimensional linear vector
spaces. Under suitable assumptions they lead to the existence of a nonrational transfer
function, G(s)= D+C(sI-A)-B. In [15] Fuhrmann develops a realisation theory
for linear systems for which the linear vector spaces are Hilbert spaces and the transfer
functions have values in Hardy spaces. The results are reminiscent of the finite-
dimensional case, but they are less complete. In any case, for a very large class of
transfer functions there exists a restricted shift realisation ([15, p. 298]) and for the
discrete-time case, a balanced realisation (Young [27]). Balanced realisations for
continuous-time systems were treated by Curtain and Glover in [5].

While realisations are of theoretical interest, of more importance for the applica-
tions is the question of approximation of infinite-dimensional systems by finite-
dimensional ones. For finite-dimensional systems it has been found that balanced
realisations (Moore [21], Pernebo, and Silverman [23]) give good approximations
when truncated (Enns [14], Glover [16]). In this paper we prove convergence of
truncations of balanced realisations with error bounds for a class of linear infinite-
dimensional continuous-time systems including the case when the impulse response
h L fqL_ (0, o; Cpm) and the induced Hankel operator is nuclear with distinct
singular values. Moreover, we obtain approximations with error estimates to the optimal
Hankel-norm approximations (cf. [1]). At the same time we show the existence of
optimal Hankel-norm approximations to infinite-dimensional linear systems of nuclear
type and we give a parametrization in terms of a linear fractional map. This is similar
in spirit to the parametrization given by Ball and Ran in [3] for the special case of
A, B, C bounded operators.

In 2 we define systems of nuclear type and introduce the Hankel operator and
prove some elementary properties of its singular values and Schmidt vectors. The
output normal realisation derived in 3 has the same sequence of truncated transfer

* Received by the editors February 3, 1986; accepted for publication (in revised form) September 18, 1987.
Information Engineering Division, Department of Engineering, University of Cambridge, Cambridge

CB2 1PZ, United Kingdom.
Department of Mathematics, University of Groningen, Groningen, the Netherlands.
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functions as the balanced realisation found in [5], but it is more convenient to work
with. In 4 the convergence of the truncated realisations is proved" for nuclear-type
real systems the truncations have impulse responses which converge in L1 and transfer
functions which converge in L. Using finite-dimensional results from [16], we find
explicit bounds on the truncation errors in terms of the singular values in 5. In 6
the relationship between optimal Hankel-norm approximations to the infinite-
dimensional system and its truncations are considered. This leads to an existence result
to the optimal Hankel-norm approximation problem for infinite-dimensional systems
of nuclear type (cf. [1]) and to a sequence of approximations with explicit error
estimates. The estimates in 5 and 6 are the natural analogues ofthe finite-dimensional
estimates in 16], together with many that are also new for finite-dimensional systems.
Finally, we conclude with an example in 7 that can be completely analysed.

2. Hankel operators. We consider the class of linear, infinite-dimensional linear
systems defined by the following input-output map:

(2.1) y(t)= h(t-s)u(s) ds

where the outputs y L2(0, ; Cp) and the inputs u s L2(0 o; Cm) and the impulse
response satisfies

(2.2) h e L1 L2(0, m; CP’).

Corresponding to (2.2) we have the Hankel operator F’L2(0,;cm)+
L2(0, m; Cp) defined by

(2.3) (ru)(t) h(t+ s)u(s) ds.

As in [1] and [20] the condition h e L1 f’l L2(0;.m; Cp’) implies that F is a compact
operator from the spaces Lq(O, m; cm), q >= 1 and CI(0, m; C") to Lq(0, m; Cp) and
C1(0, m; CP), where the latter has norm

(2.4) Ilfll sup If(s)[+ If(s)[ ds.

Functions in C are absolutely continuous, and their derivatives exist in the L1 sense.
For the sake of completeness, we outline a proof of these assertions in Appendix

1 of this paper.
F*F is compact and positive on L2(0 cx3; C m) and so it has countably many positive

2 >... > 0. tr > 0 are the singular values of F. If vi andeigenvalues trl -> try->. -> tri

wi are the corresponding normalized eigenvectors of F*F and FF*, respectively, then
(vi, w), i_-> are called the Schmidt pairs of F and therefore we have

F)i O’iWi(2.5)
F* wi trivi,

1, 2," .
Now w is an eigenvector of FF* which is compact in the spaces Lq(0,; CP)
C1(0, m; CP), q => 1. As in it follows from results of Gohberg and Zambickii [28] that

(2.6) W L,(O, m; Cp) fq L2(O, m; Cp) C’(O, oo; Cp)

and similarly

(2.7) v, e LI(O, o; C L2(O, ; Cm) f"l C1(0, ; C").
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A more accessible source for the results of [28] is [29]. There the following results
are derived independently.

Let B be a Banach space on which is defined a continuous scalar product (x, y),
which induces a new norm under which the completion of B is a Hilbert space H.
Suppose that T is a bounded linear transformation on B such that (x, Ty)= (Tx, y)
for all x and y in B. Then

I: T is bounded with respect to the Hilbert norm,

II" The spectrum of T over H is a subset of the spectrum of T over B.
III" If A belongs to the point spectrum of T over B, then A belongs to the point

spectrum of T over H and the nullspace of T-AI over B and H is the same.
For the application above we take B to be L f)L2f’)C(0, ; Cp) with the usual

L2 scalar product. The compactness of T FF* guarantees that every nonzero point
of the spectrum of T is actually in the point spectrum, and hence is an eigenvalue.

For simplicity of notation we shall subsequently suppress the C", Cp.
Hankel kernels may be expressed in terms of their Schmidt pairs and singular

values.
LEMMA 2.1.

(2.8) (Fu)(t)= h(t+s)u(s) ds= _, o’iwi(t) v*i (s)u(s) ds,
i=1

(2.9) (ru)(t+s)= h(t+s+a)u(a) da

2 o’w,(t) v*(s+a)u(a) da in L(dt) for all s>-_O,
i=1

(2.10) h(t+)= w(t)o’v* (a) in L(da) for all

Proof. Equation (2.8) is just the polar decomposition for F [15], [20], [24].
For equation (2.9), we define for fixed s, the function

u(3
u(13 s), 13 e s,

(0, /3<s.

Then we have

h(t+s+a)u(a) da= h(t+)u() dfl

=,Z.__ (r,w,(t) v*i (fl)us(fl) d[3 from (2.8)

2 ,w,(t) v*,(s+)u()

and (2.9) is established.
For (2.10), since h L(0, oc) the shifted function h,(. h(t +. and its rows h,k.

Thus

h v*>v* + Y. (h,(.)= Y. (h,, ,,
i=1 i=1
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where (.,.) is the usual inner product in L2(0, c) and where t3i extends vi to form a
complete orthonormal basis for L2(0, c). From (2.5) we obtain

(h,, v*)= hk(t+s)vi(s) ds=triw(t)

and so for => 0

h(t + s): wi(t)triv*i(s)+ Ai*(s).
i=1 i=1

Substituting u i in (2.8) shows that Ai =0 for all and (2.10) is established.
Of course relationships dual to (2.8)-(2.10) also hold for the adjoint Hankel

operator F*, but we shall need only the following:

(2.11) h*(t+a)= v,(t)triw*(a) in LE(da) for all t->O.
i=1

Since F*F and FF* are self-adjoint we have first

(2.12) (v,, vj)= 6j =(w,, wj).

This equality together with the representations (2.10) and (2.11) for the square
integrable functions h and h* lead directly to the following useful inequalities"

(2.13) Y lw,(t)l=<o, r, lv,(t)l<o, t->0.
i=1 i=1

F is Hilbert-Schmidt if and only if

(2.14) o-, <
i=1

which is equivalent to the condition t/ e Lz(0, oo; Cp’) [20]. However, in parts of
4 and 5 we need to impose the stronger assumption that F is nuclear, that is

(2.15) tr <.
i=1

We write Ilrll to denote ’i=1 O’i’ the nuclear norm of F.
We have the following relation holding between the nuclear norm of F and the

L1 norm of h.
THEOREM 2.1. Ilhll,--<211rll.
Proof. Suppose first that h is continuous and of compact support [0, M]. For a > 0

and n=0,1,2,.., define e,(t)=(1/v/-d)u,x(,.(,+l))(t), where u,C satisfies

Ilull- 1 and IIh(2n)ull-IIh(2n)ll. Also define f(t)=(1/x/-d)yx(,.(,+)(t),
where y, Cp satisfies Ilyll- 1 and (h(2na)u,, y,) IIh(2n)ll. Thus eo, e,, e=,.
forms an orthonormal sequence in L2(0, o; C") and f,f,f,.., forms one in
L2(0, o; CP).

Consider

(Fe., f,,)
O

(h(s+ t)u, yO) ds dt.

By the uniform continuity of h, given e > 0 we have, for sufficiently small a, that

Ilh(v,)-h(v=)ll<- if
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Writing v s + t, w s- t, we obtain

(re,f:) =-a (h(v)u:, y:) dv dw

where

h(v) min (v-2na, 2(n+ 1)a- v)

1 f 2(n+l)(

2A(v)(h(v)u, y:) dv
2a d 2no

so that

(re:,f:)-
1 [2(.+,) 2x(v)llh(2na)[I dv

8 8

2A(v)-dv=a2-,
since the mean value of A (v) is a/2. Hence

8
I(re:,f:)- IIh(2n)ll =<

2M

and so

(Fe,f)- IIh(v)ll dv

using again the uniform continuity of h. Hence

Z (re,/)- IIh(v)ll dv
n=0

and so

E (re:,f:) Ilhll
n=0 " as a --> 0.

(For each a the sum is finite, with at most (M/a + 1) nonzero terms.)
However, for any ho L1 and a > 0, with corresponding operator Fo,

I(Foe:,f:)l-<- [2(n+l)a
2ha

ho( v)ll dv,

v ICF esince A(v) < a for all v. Thus ,,=o, o ,,f:)l < Ilholl
Given e > 0, and arbitrary h e L1, we may write h hi + h2, where hi is continuous

with compact support and IIh=ll, < e/2. Correspondingly, F F1 + F2.
Let (e,f’) be chosen as above, corresponding to h. Then

1
E I(re:,f:)l- Ilhll,
n=0

--< E I(re:,f:)[+
n=O

2: I(r,e:,f:)l- hill
n=O

n=0

< e for sufficiently small a.
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It now follows from standard results, e.g., [33, p. 215], that

r --> h

since, when F’X- Y,

Ilrll, -sup I(re ,f  l" (e orthonormal in X, (f,,) orthonormal in Y

The above result was also proved by Gohberg and Doyle (see [13]) for the case when
h has a rational Laplace transform.

There are a variety of conditions on h to ensure nuclearity (see Power [24], Curtain
[9]). The class of systems satisfying (2.2) and (2.15) has particularly nice approximation
properties and so we introduce the following definition.

DEFINITION 2.1. The infinite-dimensional linear system (2.1) is of nuclear type if
it determines a bounded Hankel operator F whose singular values satisfy

The approximation of infinite-dimensional systems by finite-dimensional ones is
aided by the results of Coifman and Rochberg [31] (see also [24]). These imply that
there exist complex numbers in the left half plane such that a Hankel operator F is
nuclear if and only if its tranfer function G(s) can be expressed in the form

(2.16) G(s) Y a(Re :)(s- )-i

where lal c llrll, (c an absolute constant). The series converges uniformly in
Re s > 0 and in the nuclear norm of the associated operators. This result will be of use
to us later, but does have the following consequence.

COROaR 2.1. If h(t) yields a nuclear Hankel operator F, then h(t) is equal
almost everywhere to a function j(t) which is continuous on (0, oo) and satisfies
[j( t)[ <- MllFll/ for all t>O, where M is an absolute constant.

Proof. Consider first the SISO case p m 1. Let

(2.17) j(t) ai(Re sCi)e’’i=1

where (a,) and (i) are as in (2.16). Since la,l=<

the series for j(t)converges uniformly on every [8, oo) and ]j(t)l<-_cllFll/et.
However, the right-hand side of (2.17) converges in L1 norm to h. Hence h(t) =j(t)

almost everywhere.
In the MIMO case the argument proving continuity of j is still valid. The fact

that M is independent of p and m follows because

Ij(t)[ sup {[(j(t)e,f)[: eC",fcp, llel] [Ifl[ 1}

_-< M sup IIr , ll
e,f

where rey is the Hankel operator with kernel (j(t)e,f). Since Ilre.rll Ilrll, the result
follows.

In the sequel we restrict ourselves to the generic case where the singular values
are distinct. Extensions to the case where cr has a multiplicity greater than one should
be possible by introducing chains of Schmidt pairs as in [1], but it would add
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complications to some of the proofs. Consequently we make the standing assumption
that all singular values are distinct.

3. An output normal realisation. For approximation of finite-dimensional systems
we often start with a balanced realisation (Moore [21] and Pernebo and Silverman
[23]). For infinite-dimensional systems satisfying (2.2), Curtain and Glover have shown
in [5] that balanced realisations also exist. However, for technical reasons we find it
more convenient to work with a closely related realisation, called the output normal
realisation.

First we give a time domain definition of a realisation for an infinite-dimensional
system. This definition is less general than 15, p. 296] which covers impulse responses
which are distributions. However a time domain definition is more appropriate for our
purposes as our systems are specified in terms of an impulse response which is a
function in L1 (0, ; cpm).

DEFINITION 3.1. A Hilbert space realisation of the Hankel operator F (as defined
in (2.3)) is a triple (C, T(t), B), where T(t) is a Co-semigroup in the Hilbert space H
(with infinitesimal generator A) and B’C" Dom (A*)* and C’Dom (A)Cp are
linear maps such that

(i) The reliability operator _B" _L2(0, ; C")- H given by

(3.1) _Bu= T(t)Bu(t) at

is bounded;
(ii) The observability operator C_" H L2(0, ; Cp) given by

(3.2) C_x=CT(t)x
is bounded;

(iii)

(3.3) r _C_B.

We remark that

(3.4) dom (A)c H c dom (A*)*
and T restricts to a Co-semigroup on dom (A) and has a unique extension to a
Co-semigroup on dom (A*)*. This implies that (3.1) and (3.2) are well defined.

Furthermore the following controllability and observability gramians P and Q
are well defined whenever the reachability and observability maps are: they are given
by

(3.5)

(3.6)

P 0_B*= T(t)BB*T*(t) dt,

Q= C_ *C_ T*(t)C*CT(t) dt.

In [5], balanced realisations were considered, but here we are concerned with output
normal realisations.

DEFINITION 3.2. (C, T(t), B) is a balanced realisation for the Hankel operator F
if (3.1)-(3.3) hold and the observability and controllability gramians are both equal
to the same positive operator.

(C, T(t), B) is an output normal realisation for F if (3.1)-(3.3) hold, the observabi|-

ity gramian equals the identity operator, and the controllability gramian is a positive
operator.
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Furthermore, it is often convenient to choose coordinates in which the above
gramians have a diagonal form.

We now propose an explicit representation for an output normal realisation on
the state 12, for the class of infinite-dimensional linear systems (2.1) satisfying (2.2).
In fact it is a special case of the restricted translation realisation of [15, Thm. 6.5]
using a suitable matrix representation. However, we have chosen to given a simpler
self-contained derivation, which is directly related to the results on balanced realisations
in [5], to which we appeal in 4.

From (2.6) and (2.7) the following realisation is well defined:

(3.7) T(t)ij w*i(s)wj(t+s) ds,

(3.8) c [w(0), w(0),..., w,(0),..-],

(3.9) [,v,(o), v:(o),..., o-,v,(o),... ]*.

If we define E to be the diagonal operator

(3.10) E diag (trl, tr2, ", tri,... ),

then the balanced realisation given in [5] is precisely (C;,I/2,;,-/2T(t);,/2,,-/2B).
We proceed to prove some results concerning T(t).

LEMMA 3.1.

Proof.

%T(t)o

v*i + s)v(s) ds.T(t)q

w*i(s)Fv(t+s) ds from (2.5)

w*(s)h(t+s+a)v(o) dods from (2.3).

Formula (2.2) implies that we may interchange the order of integration. Thus

trT(t),= (F*wi(t+a))*vj(a) da

tr v + t v t dt by (2.5).

LEMMA 3.2. T(t) is a contraction on 12 for each >-_ O.
Proof (a) Let 12 denote the subspace of 2 comprising all sequences of finite length.

Then for x l we calculate

IIT(t)xll- E x w* (s)wj(t+s) ds
i=1 j=l

(3.11) i=,E E,.: k=1Xjk W*i(S)Wj(t + S) ds W*k(t -- S)Wi(S as

N N

E E Xjk(Wk(t+’), wj(t+’))
j=l k=l

since from (2.5) and (2.9) w(t +. has an expansion in terms of the orthonormal series
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w,(" ). Thus

llT(t)xll -- Y x - w*(s)w(s) ds by (2.13)
j=l =l

-Ilxll=- , xw.(s) xw(s) as
j=

Ilxll- 2 x() ds
j=l

Now since l is dense in , we can extend the inequality IIr(xll IIxl to all x e l,
which proves that T(t) is a contraction.

LEMMA 3.3. T(t) is a strongly continuous contraction semigroup on l whose
infinicesimal generator A satisfies

(. a (s(s s e(sv(s s.

Proo (a) r(0)= I follows from the fact that

lim w(s)w(t + s) ds w(s)w(s) ds
0

since w e C(0, m) L(0, ).
(b) For the semigroup propey, we calculate

w()w(+) d w()w(s+) d from (3.7)

( t(s+l

since w(s +-) can be expanded as a series in

w()w(t+s+) d= T(t+s) by (3.7).

(c) For strong continuity at the origin it suces to show it for all x e l, since by
(a, r(ll , Now or x

r()x xll r(xll

w(s)w(+s) ds- w](s)w(t+s) ds by (3.11)

=2.= fl= xjx [w](t+s)-wT(s)lw(t+s ds

+ w(s)[w(s)-w(t+s)] ds by (2.12)

0 as t0 by(2.12)
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and the Lebesgue dominated convergence theorem.
(d) Parts (a)-(c) show that T(t) is a strongly continuous semigroup and so it has

an infinitesimal generator A which satisfies [12]

T(8)x-x
Ax lim

-0

Now since w C(0, c)ffl L2(0, eo) L(0, ), the integral in (3.12) is well defined
and for all i, j

lim w(s)(w2( + s)- w2(s)) ds w(s)2(s) ds.

So componentwise

(- (sl(s s(3.13) A =lim0
and A satisfies (3.12) with a certain dense domain, which we do not specify.

We now examine the operators B and C.
LMNa 3.4. B given by (3.9) is a bounded operator from C to l and

(3.14) T(t)B= {v(t)}l.
Furthermore, the teachability operator e (L(O, ), -l) is given by

Proo Equation (3.14)" For u e C, we calculate

IIBull == 2 I,(0)ul
i=1

i=1

and (2.13) shows that B is bounded. Now

k=l

w(s)h(t+s) ds by (2.10)

v(t) by (2.5).

Equation (3.15): For u e L(O, ) we have u Io r(s)Bu(s) ds. Thus from (3.14),
(u) {v, u} and this proves (3.15). Finally, -u=(v, u} and so

i=1

LMM 3.5. C given by (3.8) is an A-bounded operator from 12 to Cp and the
observability operator is a contraction from 12 to L2(0, ; Cp) and satisfies
(3.16) x E w,(t)x,.

i=l

Proo (a) Since wi C(O, ), we have

-(0(0 ((s(s+(sl(s s.
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So for x D(A), from (3.12)

(Ax, x)+<x, Ax)=2x (v*i(s)wj(s)+w*(s)&)(s)) ds

-Z Z ,xw*,(O)w(O).

Thus for x e D(A),

[Cx[2= -(Ax, x)-(x, Ax)

<-- 211axll Ilxll
--< (llaxll + Ilxll) =,

Hence D(C) D(A) and C is A-bounded.
(b) For x e 12 we have

C_x=CT(t)x= ., "1 w*(O) ..2 v*(t+s)v(s) dsx by (3.11)
i=1 O’j

2 h(t+s)v(s) dsx by (2.9)

N

E ws(t)xs by (.)
j--1

and

II_Cxll=: w x
j=l

N

dt E x Ilxll = by (2.12).
j=l

So _C is a contraction on 1 and since 1 is dense in 12 we have proven (3.16) and that
_C is a contraction on 1:.

Finally we prove that (3.7)-(3.9) is the sought realisation.
THEOREM 3.1. (C, T(t), B) given by (3.7)-(3.9) is an approximately controllable,

exactly observable output normal realisation for h on the state space 12.
Proof. From Lemma 3.5, the observability operator _C is bounded from 12 to

L2(0, o; CP); since B (C", 1), _CB is a well-defined function in L(0, o; Cp) and
from (3.16) and (3.9) we have

(3.17) CT(t)B= C_B E Wi(t)O’il)*i (O)
i=1

=h(t) a.e. in by (2.11).

Furthermore, the reachability and observability operators are bounded by Lemmas 3.4
and 3.5 and

C__Bu=CT(t) T(r)Bu(z) dr= h(t+r)u(r) dr=ru.

Hence (C, T(t), B) realises F.
Now (3.15) shows that the controllability gramian P E2, since

P ij _B_B* o’i v o’jvj o.j2
and (3.16) shows that the observability gramian Q I, since

Qij C_ * C_ ij wi, wj) tO.
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Finally, P 2;2 => 0 shows that (T(t), B) is approximately controllable and Q I > 0
shows that (C, T(t)) is exactly observable 11 ].

COROLLARY 3.1. The transfer function G of system (2.1) is given by

(3.18) G(s) C(sI A)-IB.

Proof. By definition, the transfer function is given by 15]"

G(s)= e-S’h(t) dr= e-S’CT(t)Bdt from (3.17)

but C is unbounded and it is not so evident that (3.18) immediately follows. From
Lemma 3.5, C is A-bounded and so it is a bounded operator on D(A) with the graph
norm. Thus for x D(A) it follows that [20]

(3.19) C(sI A)-x C e-"r( t)x dt e-"cr( t)x dr.

Now C(sI-A)- is bounded on 12 as is _C (Lemma 3.5) and so we may extend (3.19)
to all x 12. Letting x Bu proves (3.18).

4. Convergence of the truncated realisations. Truncations of (3.8), (3.9), and (3.12)
yield finite-dimensional systems (C,, A,, B,) given by

(4.1) (An)ij w*i (s)(s) ds tr--2 f*i (s)v.i(s ds, i,j= 1, ,’’’, n,

(4.2)

(4.3)

c=[w,(O),...,w(O)],

n. [,v,(0), .,
In this section it will be shown that, as n , h,(t)= C,eA"’B, converges to h(t)

and G,(s)= C,(sI-A,)-B, converges to G(s), the Laplace transform of h(t). The
proof involves using an intermediate sequence of rational approximants similar to the
Coifman-Rochberg decomposition in (2.16).

Initially we consider system (2.1) under the same assumptions made in 3, namely
those given by (2.2). However, to obtain stronger convergence results we shall later
make further assumptions, including the nuclear property (2.15).

LEMMA 4.1. The truncated system (C,, A,, B,) satisfies the Lyapunov equations
2(4.4) A.E +E.A. + B.B* O,

(4.5) A.+A*+C*C=O
where E, diag (rl," tr,).

The singular values of C,, A,, B,) are O’i, 1," , n and the controllability and
observability gramians are P, E2, and Q, I,, respectively. A, is asymptotically stable
and

(4.6) Ilexp (A,t)ll e,2 <= 1.

* *,(s) (s) as +, v*,(s)(s) ds

----O’iO’jVi(O)vj(O) since V

-(B.B*.)j.



APPROXIMATING INFINITE-DIMENSIONAL SYSTEMS 875

So (4.4) is satisfied and similarly for (4.5). From (4.5) we may deduce for all x 12

(A,x, x)+(A*x, x)= Ic xl
and so A, and A,* are dissipative and A, generates a contraction semigroup on 12
([4, p. 22]).

The rest of the proof uses results on truncations of the balanced realisation

(C~E/2,E-/2T(t)E/z,E-/2B)~ from [5]. The balanced truncations are then
(C,,,A.,B.)=(C,L;,./2,,-,/ZA.E,,/2, L;,-,/2B,,). Theorem 4.1 of [5] proves that , is
asymptotically stable with gramians/5. (. E.. So A. is asymptotically stable with
gramians P. . and Q. I.. P.(2. E 2. diag (o’2, r) and so (A., B., C.) has
singular values r,..., or. using Lemma 4.2 from [5].

From now on we assume that the system is of nuclear type. As in 2, the
Coifman-Rochberg theorems give us a decomposition for the transfer function G(s)

(4.7) G(s) ai(Re sci)(s- s:) -’.
i=1

Here the s:i are complex numbers in the left half-plane, and we have
Convergence occurs in the nuclear norm, which, by Theorem 2.1, implies that the
impulse responses converge in L, and the transfer functions converge in H, that is,
uniformly over the right half-plane.

Given that h is in L2, our next result shows that convergence in L2 can also be
obtained. To simplify the notation, we shall write IIGII to denote IIFII , where G is
the transfer function corresponding to the operator F.

LEMMA 4.2. ere exists a sequence offinite-rank Hankel operators, corresponding
to rational transferfunctions F. m 1, 2, such that F G in nuclear norm and also
in H2 norm. us the impulse responses converge in both L and L2 norms.

Proof We write G(s) a(Re )(s- )-, and consider the Hankel operators
X, m 1, 2,. , associated with F(s) G(s)/(1 + se), where (e) is a positive
sequence to be determined.

H2 convergence.

IIlfm -all + -a
1 + s 2 1 + se

hus if 0 are chosen such that IIG-GI]I()’<O (hich is possible sine

I1- GIlt-O), boh terms tend to ero (the second dominated
Ndr eonrgne. It is sucient to Foe the scalar case:

since a rank k operator X satisfies Ilxl[ ktlXll

2 la, l+ 2la,
Re se for all n N m,
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since in the second sum I1" I1 1. Thus, given any e > 0, by choosing n sufficiently
large, the first term can be made less than e. Then choosing m => n such that e,, is
sufficiently small, the second term can also be made less than e since there are only
n terms and each tends to zero. Hence

We remark that, in the case when h is real, we may also guarantee that its
approximants are real. For since G(s)= G(g), we may replace (4.7) by the decompo-
sition

1
(4.8) G(s) =- , ai Re (sci)(s- s)-’ + a Re (:i)(s- )-’.

i=1

The partial sums of this modified decomposition may now be modified, as in the proof
of Lemma 4.2, to obtain H2 convergence.

We are now interested in the effects of truncating the realisations given in 3.
With (F,) and G as in Lemma 4.2, let F and G, denote the transfer functions
corresponding to the n-dimensional truncations of the output-normal realizations
analogous to (3.7)-(3.9), defined as in (4.1)-(4.3), of F,, G, respectively.

Since F,, G in nuclear norm (and hence in Hankel norm), and G has distinct
singular values, the singular values and Schmidt vectors of the (F,) also converge, as
the next result shows.

LEMMA 4.3. Let (crlm)), (1)I m)) and (w") be the singular values and Schmidt vectors

of F,.. Then for some suitable normalization of the Schmidt vectors, we have, as m
(i) ]rl’- o’[ 0 for all i;
(ii) Ilvl’-o, ll=-0 and
(iii) ol , I1- 0 ad I1"
Proof. Parts (i) and (ii) follow from standard operator-theoretic arguments, which

are outlined in Appendix 2.
Now w,(t) (1/o-,)’ h( + s)v(s) ds and w"(t) (1/cr’) h,( + s)v"(s) ds,

where the (h,,) are the impulse responses corresponding to F,. Since IIh-hll=-0
and IIoI)-oill2-0, we have that

Iwl’(t) w,(t)l--< Ilhll ,-rmll=/
0 uniformly in t,

and similarly v’ vi uniformly in t, for every i.
Examining (4.1)-(4.3) again, we see that the C(," and B(" corresponding to the

truncations F, do converge to Cn and Bn. Moreover, (4.4) and (4.5) imply that for j

-,,w,*(0) w(0) + ,,v*(o)v(o)(4.9) Aij :z 2
o" --O’)

and similarly for A), and hence the off-diagonal elements of the A(,") also converge
to those of An.

In the case when the system is real, (4.5) implies that the diagonal elements of
the A(,") also converge to those of An, since Al’)=-1/2w*(O)w(O); however, in the
complex case, (4.4) and (4.5) do not determine the imaginary part of (A,), and we
must impose stronger conditions on h to guarantee convergence.

LEMMA 4.4. Suppose that h LI fq L2 is of nuclear type and either
a h is purely real, or
(b) h is complex, f exists (in the sense that h .is the integral of its derivative) and

l is the kernel of a bounded Hankel operator.
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Then the finite-dimensional truncations F" converge to G, in nuclear norm, H_ and
Boo as m--> oo.

(Note also the standing assumption that the singular values of F are distinct.)
Proof We verify first that the entries of the corresponding A("), B(,"), and

do converge. In case (a) this follows from Lemma 4.3(iii) and the arguments above.
In case (b) it remains to show that the diagonal entries

(4.10) A’)= 14’m)*()]m)(S) ds

converge to Aii.
Let F, F, be the Hankel operators corresponding to h, hm and A the operator

corresponding to/. By arguments similar to those in 2, the eigenfunctions w,
have derivatives in L f’l L:.

Consider the identity

(4.11)
(o.i o.m))wi + o.im)( Wi wm)).

The derivative of each term is in L2 and so we may consider its L2 norm. Note that,
if u L2 [") L

so that

(4.12)

and also

(4.13)

Hence

(l"u)’(s) l(s+ t)u(t) dt

-h(s)u(O) + h(s + t)ft(t) dt

II(ru)’ll= Ilhll=llull/ Ilrll

II(r)" I1= A u I1=.

I)11 ,- I)11= II(r(/)i- I))" I1= + II((r r)(l)-

+ ll((r- r.)v,)" + I,- )[
=< Ila[I IIv, um)ll2+ Ilh h. ll=llvi v’)ll+ lit r. Iloi Ui"(m) 112

+]i-)]llill=, using (4.13), (4.12), and (4.12) again.

Hence I1i-)11= (ll-ll/))lli-)ll=+terms tending to zero. Similarly we
can deduce that

I1,- )11= IIr*-rLII
) lie,- e)ll=+ o(1).

Hence llff,-ff’)l[0 and 6,-)0 and thus A)A, from (4.10) and
Lemma 4.3.
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Given that A,’)- A,, B,’)- Bn and cm)’+ C,, as m- oo for each n, it is routine
to verify that F- G. in H: and H, and hence also in nuclear norm since I[F-

2n eT- I1.
LEPTA 4.5. Under the hypotheses of Lemma 4.4, G GII 0.
Proo With the notation introduced earlier, and for n m,

Now, for all n,

G F7 0 as m by Lemma 4.4.

We have also that IIFT-FII2 E,>, from similar finite-dimensional results
[16], since F C(sI-A)B is an output-normal truncation of F, similar to
a balanced truncation.

Suppose e >0 is given. From Theorem 2.1 there exists an m such that for all
m > m, IIf- G[I < e/3. Moreover, there exists mz such that for m

i>, =,+ 6 3

for all n N, say, by the nuclearity of F.
Finally, for any n N, there exists an m3 such that for m > m3, [IG, F71< e/ 3,

as above. Choosing such an m > max (m, m, m3) we have [1G, GI] <
We can now show that the Schmidt vectors of the truncations {v, w} converge

to the Schmidt vectors {v, w} of the original Hankel operator F. From now on we
shall be making the assumptions of } 2, together with those of Lemma 4.4.

Note that the Hankel operator F, and its Schmidt vectors {v, w} satisfy the

(4.14) (F,u)(t) C. exp A,(t + s)B,u(s) ds,

F*.w"=r,v7(4.15) F.v’] trw

(4.16) h,(t+a)=C, expA,(t+a)B,= wT(t)o’vT(a)*
i=1

where (4.16) now holds for all and a because of the analyticity of h, and the finite
summation.

COROLLARY 4.1. IIVT--V, II2"O and IlwT- w,l[2--O if suitably normalisea.
Proof. Note that Ilrll--< I111 for any Hankel operator, since it acts on H2 by

multiplication, reflection, and projection. Thus, since JIG,- 11-’0 and [[Fn-VII <=
[IG.- GII, we have the result that the corresponding Hankel operators converge in
norm to F. The result now follows as in Lemma 4.3, using standard arguments which
are given in Appendix 2.

We can now prove convergence of F to F in the nuclear norm.
TrEOREM 4.1. If the hypotheses of Lemma 4.4 hold, then
(a) lit. I’ll O;
(b)
(c) IIh
Proof. (a) As in (4.16),

h,(t+a)-h(t+a)= rwl(t)vl(a)*- rw’/(t)v’/(a)*.
i=1 i=1

relations
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So if I> n, writing FI-F, as a sum of rank 1 operators gives

IIr,-roll= IIw,-w, ll2,ll,ll/ IIw, ll:,ll,-,ll:/ Y
i=1 i=1 i=n+l

since
wli wi in L2, Vi Vi in L2, Zo-i <

But since G.- GI[ 0 (Lemma 4.5), it follows that the limit of the F, in nuclear
norm is F.

(b) This follows from (a) and Theorem 2.1.
(c) Lemma 2.1 and (4.16) show that the following hold for k < n and almost

all _-> 0:

k

h(t)-h.(t)= E w(O)o’j(vj(t)-v.(t))*+ E wj(O)o’jvj(t)*
j=l .i>k j=k+l

w(O)v;( t)*

since w(0)= w;(0) by (4.1)-(4.3) and (4.14)-(4.16).
Hence, since {v} and {v} are separately orthonormal sets in L2(0, c; Cm) we

have that

(4.17) [[h-h.[[z= ,1w(0)111,-711=+2 Iw,(O)12r,
i=1 i>k

Given any e > 0, (2.13) shows that the second term can be made <e/2 by choosing k
sufficiently large. Corollary 4.1 then shows that the first term will be <e/2 for all n
sufficiently large.

A simple consequence of Corollary 4.1 gives convergence of the controllability
operators, observability operators and semigroups to those of the infinite-dimensional
system of 3. Here we will identify (C,, A,, B,) on C" with (C/I,, II,AI-I,, H,B) on
12, where H, is the orthogonal projection onto the first n coordinates in 12.

COROLLARY 4.2. [l_B- _BnI[HS -->0 as n-c, where the norm is the Hilbert-Schmidt
norm in (L2(O, ; CP), l).

Proof From (3.15) it follows that for x 6 12,

_B’x= E
i=1

and so calculating the Hilbert-Schmidt norm of B*, we obtain, with {e} the usual
orthonormal basis for /2,

liB*- U*llHs- 2 II_B*e,- B*e, =

rffllv,-vTII =+ 2 ,llv, =
i=1 n+l

0 as n-o

by Corollary 4.1, since IIvTII- 1 and by the Hilbert-Schmidt assumption (2.14).
n.* II,s II- n II-s completes the proof. [3
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COROLLARY 4.3. II_Cx-_C.xll-0 as n for all x 12, where the norms are in
L2(0, ; CP).

Proof Since from Lemma 3.5, _c II--< 1 and _co II--< a. it sumces to prove the strong
convergence on l, a dense subspace of 12. Suppose that x l has length N; then for
n > N we calculate

N, (w’(t)- wi(t))xi
i=1

2

N

Ilxll IIwT- w,
i=1

0 as n by Corollary 4.1.

Finally, the truncated semigroups converge strongly as n
COROLLARY 4.4. For all x 12,
(a) lim,_ supo__<t< Ilexp (a,t)x T(t)xll- 0,
(b) lim,_ supo<__,< Ilexp (A,t)B,- T(t)nll-o

where the norm is in L(C’, 12).
Proof. (a) This follows from (3.7) and Corollary 4.1, using the fact that exp (At)

is a contraction for each n (cf. Lemma 3.2).
(b) Since B and B, have finite rank, B B, I1, - 0 as n - and the result follows

from (a).

5. Error bounds on the truncated realisations. It was shown in 4 that the truncation
to order n of the output normal realization of 3, with impulse response h.(t), transfer
function G(s), and nankel operator F(s), satisfied IIh-hll-0, IIh-hll-0, IIG-
G. I1 0 and IIF F. N 0 under the assumptions of Lemma 4.4 (principally that the
system is of nuclear type). In this section explicit bounds on these truncation errors
will be derived in terms of {tri}. The approach is first to calculate explicitly the L
error between the Schmidt vectors for G. and G-I (an optimal Hankel-norm approxi-
mation to G), and those for G_ and G._ (Lemma 5.1). This new finite-dimensional
calculation can then be exploited to give bounds on the L and L2 norms of (h- h.),
which are also believed to be new for finite-dimensional systems. The bounds on

G-Go I1 are immediate from finite-dimensional results.
LEMMA 5.1. Let G,(s) be as defined in (4.1)-(4.3) and let G,_l(s) be an optimal

Hankel-norm approximation of degree n- 1 to G(s) and as obtained in 16, Lemma
9.1]. Let {v’/, w’/} and "- w } be the Schmidt pairs for G, and G,_I, respectively.
Then

"-’(a) IIw, -, I1== I1, I1=
(b) ^n-I --1 ^n-, n-1

(Note that for r,/ri << 1 the exact expressions are approximately o’,/r, so that
the above upper bounds will be conservative by a factor of x/.)

Proof (a) The proof requires a detailed result from [16] and for convenience we
will temporarily aopt the notation in 6].,: ize.,let G, (s) have a balanced realization
(A, B, C, D) and G,_ the realisation (A, B, C, D) given in 16, Thm. 6.3 ]. Further, let
e’ be the ith standard unit vector in C"; Z1 =diag (r,. , r,_l) Z diag (Z1, r,);
1-’= (2-- o’2n/); At =diag (A, ); Be*=[B*,/*].

Then Theorem 6.3 of [16] shows that

(5.1) AePe h- PeA*e + BeB*e 0
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for

Pe tr,, O
0 EF-1

The Schmidt vectors will be given by

"=B*(5.3) v ea* E-/e,

(5.4)

n_ .,*n--l_._ B,eeA*, ei
n-I(5.5) /’)i V, --(1’-1) -1/9-

ei

Equation (5.1) implies that Pe eAetBeB*e eA*t dt and hence

n--1 Pe __(1--1)--1/2

2--2(ei.-1),-1/2.1/2 -1/ei
.-1

The result for ]lw’- is obtained analogously and hence part (a) is proven.
(b) Note that G,,_l(s) will have the realization (A11, B1, C1, D) (the first n-1

rows and/or columns of (A, B, C, D)), since the output normal and balanced realisa-
tions are similar via a diagonal transformation. Hence

(5.6) ^.- .-1 IAI/3 V B*,/*] exp
0 (lr_l)_,/2 ei

Deleting the nth row and column from (5.1) we obtain

0(AI )/3+p(A0*l ,)+(B,/)(B*,/*) 0 for/ (E, I )I ElF-

Thus by the same reasoning as before,

^n--1 n--1 --1 r _-1/2 ] n-1Ilvi -l)i II--(e7 ),[___1/2, (.__1-1)-1/2]//-L (z1_1)_1/2j ei

,;’(,,-,.)’/:.
n--1 n--1This, together with the analogous result for IIi -wi ]12, completes the proof of

part (b). [3
n--1Parts (a) and (b) can now be combined to bound Ilvi-vi ]12 and then this is

repeated one step at a time to bound 11 7- , 112 as in the following corollary.
COROLLARY 5.1.

j=k+l
2x/( 1 (]/o’,) 1/2} 1/2

--< 2V/(O’k+l + O’k+2 +’’" + o’.)lcri.
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The nuclearity assumption on F and Corollary 5.1 now imply that {v’},=l,
form Cauchy sequences in L2(0, oo) and their unique limit points will be vi and wi,

respectively, by Corollary 4.1.
Hence taking the limit as n oo in Corollary 5.1 gives the next corollary.
COROLLARY 5.2.

2 1/2Ilwi-w 112, IIv,-v, 112--< E 2x/{1-(1-o’j/o’) /2}
j>n

<-_ 2/( + r./ +. )/ r.

Explicit bounds on the truncation errors in the transfer function and the impulse
response can now be derived.

THEOREM 5.1. Let (2.1) be real and ofnuclear type with G(s) the Laplace transform
of h ). Define
(5.7) M,= E o’i

and let h,(t) and Gn(s) be the impulse response and transfer function, respectively, of
the truncated system given in (4.1)-(4.3). Then

(a)

(b) [[G-G,I]u<=Ek=min {(4x/k-1)M,+ZMk}
ken

=< 2(ko-k+, + M)

for the largest k such that o-+ >_- 2VM,;

(c) Ilh- h.lll =-2E;

(d) ]]h-h. ll_-<min 2x/M, ]wi(0)[+2 2 ,rlwi(0)l2

k i=1 i>k

Proof. (a) Finite-dimensional results [16, Thm. 9.6] show that for l> n,

a ,I1-< 2(/1 /... / ,) -< 2M.

Hence taking the limit as l oe and using Lemma 4.5 gives the result.
(b) Let l> n. Then, as in the proof of Theorem 4.1,

ht(t+a)-h,(t+a)= E o’wl(t)vl(a)- iwT(t)vT().
i=1 i=1

So that if k < n, then

k

i=1

Now by Corollary 5.1

(5.8)

and

(5.9)

/ll2 + ,llw"ll=llvll=
i=k+l i=k+l

< 2,,/(M. M)
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and hence

IIF,-FII, <= 4kv(M,, MI) + (Mk Mt) + (Mk M,,).

Taking the limit as l and using Theorem 4.1 gives the first upper bound and the
second is immediate.

(c) Immediate from (b) and Theorem 2.1.
(d) The L2 error bound is obtained from the proof of Theorem 4.1, (4.17) and

substituting the bounds in (5.9).

6. Optimal Hankel-norm approximations. In this section we consider the minimiz-
ation problem,

(6.1) inf IIG-Xllo,p
XH-(k)

where G is the transfer function of the input-output system (2.1) of nuclear type (see
Definition 2.1); ,-k) is the space,of p m matrix-valued^ functions of a complex
variable with a decomposition X--G+ F, where G has MacMillan degree <_-k with
poles in Re (s)<0 and F H_"p" is the Hardy space of functions analytic and
bounded in the left half plane. For the rational functions in H_"pxm, we write RH_"pm.

These spaces can be regarded as being contained in ’P", the space of p m
matrix-valued functions of a complex variable with norm,

[Ixllo sup 6"(X(jo)).

The dimensions p m may be omitted in the sequel.
Problem (6.1) is closely related to the Hankel-norm approximation problem

inf IIG- tlls

where ( has MacMillan degree _-<k, and the Hankel-norm, I1 I1., denotes the largest
singular value of the corresponding Hankel operator.

Solutions to problem (6.1) showing that the minimum is trk/l have been obtained
by Adamjan, Arov, and Krein [1], Ball and Helton [2], Glover [16], and Nikol’skii
[22], for various classes of function G. For the case when G is rational and matrix-
valued, Glover 16] gives explicit state-space algorithms characterizing all the solutions
(see also Ball and Ran [3]). If G is not rational, Adamjan, Arov, and Krein [1] give
a solution in the scalar case, but in the matrix case the solutions in [2] and [22] are
not computationally explicit. Here we provide approximate algorithms for transfer
functions of systems of nuclear type. This is done by relating solutions to problem
(6.1) to the sequence of approximating problems

inf IIG.-xII(6.2) xnfl

where G, is the truncated transfer function of 4. It will be shown that solutions to
(6.2) are very close to those of (6.1), the difference being much smaller than can be
deduced from only knowing that G, G. Many of the error estimates are also believed
to be new for the rational case.

6.1. Preliminaries. The solutions to (6.1) and (6.2) are characterized by a linear
fractional map and the definition and some properties of such maps are first reviewed
(see, for example, Redhetter [25], Helton [18], Doyle [13]).
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DEFINITION 6.1. Let

(J, J12
and K be matrix valued functions defined on a subset of the complex plane (of
dimensions Jl: pxm; J12: pxr; J_: qm; J22: qxr; K: rxq); then the linear
fractional map of K with coefficient matrix J, is the p x m matrix-valued function
(J, K) given by

(, K) 3 +:K(-::K)-2
when all the terms are defined.

Note that if J is a transfer function, then (J, K) will be the transfer function
between its first set of inputs and outputs when the feedback K is connected from
its second set of outputs and inputs (see Fig. 1). The linear fractional map takes K to
(J, K) for K such that (I-J::K)- exists, and some propeies of for ceain
classes of J and K are now given.

FIG. 1. Linear fractional map.

LEMMA 6.1 (Redhetter [25]). For J, K E G#oo (matrix valued) with IIJIIoo=< , IIK IIoo<=
-’, II/_=g I1o <1 then (ZK)E and !1(1, g)ll=<.

O’(P+q)x(m+r) O’rxo have state space realisationsLEMMA 6.2. IfJE (k) K E ,,,,_()

then

where

D12 + (sI a)- (BIB2)
D22] C2

K= D+C(sI-A)-’;,

(a) (J, K)= D,1 + D,21L, D2,-1L (Cl + D12L21C2, D,2L2’)

x (sI- .)-1 B1 + B2DL1D21

L1 (I- D22)-I L2= (I- D22)-1

,,= A+B2DLIC2, B2LC2, + BLD22C
(b) If IlJ=zgll< , then (J, K)e
Proof Part (a) is obtained by considering the state space realization ofthe feedback

system of Fig. whose transfer function is (J, K) (cf. Doyle [13]). Part (b) is proved
by considering. (J, aK) for a el0, 1] which will have the state-space realization in
pa (a) with D and multiplied by a (denote the resulting matrix by (a)). The
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poles of (J, oK) will be the eigenvalues of ,(a) in (a) and will be continuous
functions of a. Since J H_(k) and K H_() at a 0 the matrix /(a) has (k + l)
eigenvalues in the open left half plane and none on the Lrnaginary axis. Furthermore,
it can be shown that as a increases the eigenvalues of A are s C such that det (I-
CJE2(S)K(s)) 0 together with a subset of the eigenvalues of A and ,. However,
det(I-aJ2(j(to)K(jw))#O for all to and c [0, 1] since ]]aJ22KIIo<l so that
s =rio is not an eigenvalue of for any a [0, ]. Hence the eigenvalues of/ do not
cross the imaginary axis and hence (k + l) of them remain in the left half plane whieh
implies that (J, K) H_(k+l).

We now consider convergence of functions in H_tk).
uo.pm is closed in L’pxmLEMMA 6.3 (k)

/.gc,pProof. Suppose that X, --> X in L’pxm with X, ,,-(k) n 1, 2, . Then Fx,,
has rank at most k and Fx,,--> Fx in operator norm, since IIr ,,-r,,ll-<-Ilxo-xll , so

/_/-o,prank (Fx) <k. Thus X,,_k l-1

6.2. Solutions to inf IIG,-XIlo. We can now return to the minimization problem
(6.1). All rational solutions to (6.2) are obtained from Theorem 8.7(2) and Remark
8.3 in [16], but an alternative interpretation using Theorem 7.2 in [16] and Lemmas
6.1 and 6.2 will be presented here. Theorem 7.2 in [16] gives a construction of

Ll’(pxm--1)(P+m-1) which is an optimal &oo approximation in that class to G,jn ,,-(k)

augmented by zeros and such that the error

(6.3) E, a- ( G" -J72n-J21, -J22]
satisfies

(6.4) E*,E,, O’+ L

X J’ is clearly one solution to (6.2). However, for/9, rn > 1 a family of solutions
can be obtained by letting

X= (", K)

for K H_’(p-’)("-’) IIKII < --1
---O’k+ 1. This follows since (i) G,-X- (E,,-K) and

./oo,pby Lemma 6.1 and (6.4), [[G,--X[l<--trk+; and (ii) (J",K),,_(k) by Lemma
6.2(b).

In order to construct a state-space realization for J" a (m 4-p 1) x (m +p 1)
unitary matrix, U, is required such that (cf. [16], eq. (6.23)]

(6.5) [v*+,(0), 0] -[w*+,(0), 0]U
where (v, w) are Schmidt pairs of F. A possible solution is to take

g--
021

where

(6.6) U,, --Wk+,(O)[w*+,(O)Wk+,(O)]-V*+(O)
and the (p-1) columns of U2 are orthonormal and orthogonal to w+(0), and the
(m-l) rows of U2 are orthonormal and orthogonal to v*+(0). (This implies that
U’U= I by noting that Iv+(0)lZ=lw+(0)l2 follows from (3.12)). The state-space
realization for J" is now obtained from Theorem 6.3 in 16] as

(6.7) j.(s)=).+.(si_.)-.=(J’ J2
Jl J2,]
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where

(6.8)

(6.9)

(6.10)

(6.11)

and where ((4.1)-(4.5) transformed via S/2 to balanced coordinates for compatibility
with 16])

A=E-/2AnEln/2 with (k+ 1)st row and column deleted,

B=E-/2B,, with (k+l)st row deleted,

C CnEn/2 with (k + 1)st column deleted,

E1 5n with (k + 1)st row and column deleted and slight abuse of notation,

The following theorem now summarizes the result from [16]. (Note that this
particular interpretation was not given in [16]; however the present derivation only
shows that (6.12) is a family of solutions but not all solutions.)

THEOREM 6.1. All ratiOnal solutions to problem (6.2) are characterized by

(6.12) X=(Jn, K)

where K RH_"<p-’)(’’-’), and IIKII+ <= O’k+l,-I and J" is given by (6.7)-(6.11). Further,

To verify that (J", K) is well defined even when IIKII= r+,,-’ the following
lemma is useful.

LEMMA 6.4. J2 given by (6.7)-(6.11) satisfies II1 =11 
Proof. The construction ensures (6.3) and (6.4), which imply that

tn,tn r,+,I"J’2*J’2 + 22 -’22

hence we just need to show that J2 is full rank for Re (s)=0. From (6.7)-(6.11)

J’: -r+,(I ,(sI z{n)-’’-’ C* U12
and

det (I-,(sI-n)-l-lc*)=det (sI-n-’-’C* l)/det (sI-n)
det (sI + 1a*F)/det (sI-An)

(from (6.8) and (6.10), and since A*IZ+YA+ CC* =0)

0 for Re(s)->0 since ReA(A)<0

(by Thm. 4.1 in [5]).

By our construction of U, U2 has full column rank and this completes the proof.

6.3. Convergence of truncations. In order to study the properties of the truncations
the following lemma is helpful (the proof is a minor variation on Lemma 9.5 in [16]).
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LEMMA 6.5. Given (A, B, C) satisfyingAP + PA* + BB* 0, A’Q+ QA+ C*C =0,
for P=diag (P,plr), Q=diag (Q1, qlr) with P and Q diagonal and (PQ-pqI)
invertible, then pq >= 0 and

(6.13) [IC(sI-A)-B-C(sI-A)-BII<=2v/-
where (AI, B1, C) is the truncated system obtained by deleting the final r rows and/or
columns of A, B, C ).

With these preliminaries established we will now consider the convergence of J".
TrtEOREM 6.2. Let (2.1) be of nuclear type with transfer function G and define

(6.14) M.= E tr..
i>n

IfJ is defined by (6.7)-(6.11), then
(6.15) (a)

l"l’(P+m-1)x(p+m-1) such that(b) there exists joo ,,-(k)

(6.16) II1-111-,0 as n o,

(6.17) II1" -111o-<- 2M..
Proof Theorem 6.3 in [10] shows that

(6.18) a,- +El-a* + BnB O,

(6.19) AI"+l"/n -[- n -n 0.

An examination of the equations for (,/, ,) shows that (,_,/_, (,_)
can be obtained by deleting the final row and/or column from (A,, B,, C,). Hence
Lemma 6.4 applies to give (6.15). This, together with the nuclearity assumption, shows
that J" is a Cauchy sequence in o and by Lemma 6.3 there exists a jo

H_i(kP)+m-1)x(p+m-1) satisfying (6.16). Equation (6.17) follows from (6.15) and (6.16).
We can now show that the solution of problem (6.2) converges to the solution to

problem (6.1).
THEOREM 6.3. For any K RH_"(p-)(m-1) with Ilgl[ < -’trk/, and J defined

above, we have

(6.20) (a)

and

(b) there exists XK -’-(k) such that

(6.21) (i) II(J,K)-xll-,o as n-;

(6.22) (ii)

(6.23) (iii)
--1(6.24) (iv) If in addition IlKll<r+ or 11J22[l<r+, then

XK of(J, K).

(Note that of(J", K) solves problem (6.2) and XK solves problem (6.1).)
Proof (a) First consider (J", K) when K is a constant matrix, such that K*K <-- I. Then a routine manipulation (a special case of Lemma 6.2(a)) gives us thatO’k+

of(Jn, K)-- )n + n(SI-,n)-’
where

(6.25) ,,=,+2Kz=-’(rk+la*,+E1all,l-rk+lC* VB*),
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(6.26) ,,=+2K)z=-(E,B+o’t,+,C* V),

(6.27) (, , +/,2K CE + g+, VB,

(6.28) b. bll + bl2Kb21 --k+l( Ull- U12k+IKU21)= --k+l

Note that since U is unitary and KK* < +-I,
W* UU+ U+KK*U

i- ,(-+,*)

L

Also (6.5) and (6.6) show that v+(0)=-w+(0) Hence by Corollary 7.3 in
[16], (6.25)-(6.28) are the formulae for an optimal approximation corresponding to
E Now as in the proof of Corollary 7.3 in [16] we can augment this system into a
square system satisfying equations analogous to (6.18) and (6.19). Hence Lemma 6.5
can be applied (as in the proof of Theorem 6.2), and (6.20) is proven for any constant
matrix K with ]]K< -’k+. For K a rational function of s, (6.20), follows from the
constant case by taking the constant equal to any boundary value K(jw).

n ,p(b) Theorem 6.1 shows that (J K),,_k) and (6.2) and Lemma 6.3 allow
’P satisfying (6.21), and (6.22) followsus to conclude that there exists an Xr H-k)

from (6.20). To prove (6.23) consider

G x G + G (J. g + (J. g X I1
2M,+k++2M,k+ as n,

by Theorem 5.1, (6.22), and Theorem 6.1.
Finally, if IIKJ: then (J, K) is a continuous function of J and K and

lim (J", K)= (J, K).

Note that (6.24) gives a linear fractional map describing a family of solutions to
(6.1). The condition IIJ=ll < +. is satisfied for all n < by Lemma 6.4.

6.4. Convergence of oltimal Hankel-norm approximations. The optimal Hankel-
norm approximants of G are given by of MacMillan degree k, such that IIG-
is minimized. The solution to (6.1) induces solutions to the optimal Hankel-norm
problem in that if X ,,_k) is such that

(6.29) IIa-Xll= +.
with X + F, of MacMillan degree k, and F H"pxm, then by Nehari’s Theorem
[16, Thm. 6.1],

(6.30) [l-ll.
We will again consider how solutions to (6.2) converge to solutions to (6.29).
TnzogM 6.4. Suppose that G is the transfer function of a system (2.1) of nuclear- and J" defined by (6.7), decomposetype, andfor any K RH"(p- )x (m- ). g :< +.

(J",K) as

(6.31) (J",K)="+F"
where " has Macmillan degree k, "()= 0 and F" RH"pxm.
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The sequences " and F" have the following properties"

(a)
(6.32)

(b)
n -> oo, and

(6.33)

(6.34)

889

H"- -’[l<4ko-
There exists a of Macmillan degree k such that 6- ll-> 0 as

and o is an optimal Hankel-norm approximant for G.
(c) There exists an FH_"p" such that IIF-Fll-->0 as -o and

(6.35) F" FII <= (4k + 2)M,.

(d) IfK is a constant matrix and G, Gn, , o defined above have inverse

transforms h, h, g ^oh respectively, then
(i) There exists a constant matrix DO such that

(6.36)

(6.37) (ii)

(6.38) (iii)

(6.39) (iv)

(6.40) (v)

(6.41) (vi)

Proof (a) Expressions (6.20) and (6.31) give

(6.42) + F --Fn- [[oo-< Err,
and hence by Nehari’s Theorem,

(6.43) t" (’- t --<- 2trn.
Now since t"-t"- has MacMillan degree -<2k, Corollary 9.3 in [16] gives
lid"- "-’11oo<_-4. which is (6.32).

(b) Hence t forms a Cauchy sequence in oofq {the space of rational functions
of MacMillan degree <-k} and has a limit t satisfying (6.33). Equation (6.34) follows
from G. d" II- +, for all n.

(c) Now (6.42) and (6.33)imply liE"-F’-’llo<--(4k+2) which proves (c).
(i) To prove (6.36) we observe that for all n there exists D" such that

!1G. d D" IIo-<- +, /"" /, by Corollary 9.9 in [16], with
D" I1 --< ,+, +" +. The limit point of any convergent subsequence

of {D"} can be used as a suitable Do.
(ii) Corollary 9.9 in 16] gives bounds for the singular values of the Hankel

operator for the error system, G,- G" (of MacMillan degree =<n + k).
Hence using the bound in Theorem 2.1 we obtain (6.37).

(iii) Similarly since the MacMillan degree of/"-/o is -<2k, Theorem 4.1
implies that

Ilg"-gll,<=aklld"-dll.<-_ak2M,, by (6.42)

which gives (6.38).
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(iv) Expression (6.39) follows from (6.37), (6.38), and (4.23).
(v) Expression (6.40) is the Hilbert-Schmidt norm of the error in the Hankel

operators, and as in (ii) the result follows from [16, Cor. 9.9].
(vi) This is similar to the proof of (6.37)-(6.39).

The L error bound of (6.39) obtained for an optimal Hankel-norm approximation
can be directly compared with the upper bound for truncated output-normal realizations
given in Theorem 5.1(b); it is substantially smaller.

In [16, Thm. 9.2], a decomposition of a causal transfer function into the sum of
causal all-pass terms scaled by tri is given for rational G. This is based on one-step-at-a-
time optimal Hankel-norm approximations, and is now generalized to infinite-
dimensional systems of nuclear type.

TrEOREM 6.5. Suppose G is the transfer function of a system (2.1) of nuclear type
with m p; then there exist Ei(s) and a constant Do such that

(6.44) G(s) Do+ riEi(s)

where

Ei s are all-pass and causal;
(ii) For all k > 1, Gk Do+,= o Ei has MacMillan degree <-_ k.
Proof The decomposition (6.44) for Gn was shown in [16] to be

G,, Do + erie
i=1

but it is not clear that E7 converge as n- o. However, since D and E7 are all in
compact sets, convergent subsequences can be selected, first from {D}, then from
{E’}, etc.

It is seen that whereas for finite-dimensional systems the decomposition of (6.44)
was easy to calculate from a balanced realization, this is not the case for infinite-
dimensional systems. does, however, provide a MacMillan degree k approximation
to G satisfying G [1_-< M.

7. Example. In this section realisation and approximation of the following impulse
response is considered:

l-t, O_--<t<l,
h(t)=

0, t_->l,

with transfer function

g(s) (1 t) e -st dt
e-S_l+s

2

This system will be infinite-dimensional since h(t) is not analytic and g(s) contains
e -s. Note that g(s) is an entire function and hence does not have a modal expansion.
For the purpose of illustration this example is particularly attractive since closed form
expressions can be obtained for most terms. First the Schmidt pairs (v(t) and wi(t)),
and the singular values, try, of the Hankel operator, F, are calculated. Then the output
normal realization can be written and the errors in its truncations compared with the
theoretical bounds. Finally, the method of 6 for approximating optimal Hankel-norm
reduced-order models is compared with the exact Hankel-norm solution.

7.1. The Schmidt pairs. Since the Hankel operator is real and symmetric, its Schmidt
vectors will be its eigenfunctions and its singular values, r +Ai the eigenvalues.
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TABLE

2ai/Tr A, --(--1)i/ai

1.19373 0.284413
2 2.98835 -0.453834 x 10-3 5.00049 0.162082 10-t

4 6.99998 -0.827117 x 10-2

5 9.00000 0.500351 10-2

i>6 (2i- 1) -(-1);4/7r2(2i-1)

Values accurate to six significant figures.

Functions of this type will be considered in detail in Glover, Lam, and Partington 17]
and the results for this particular function will be summarized here.

Let ce > 0 satisfy the transcendental equation

tan a/2 tanh a/2 1,

then it is shown that A a -2 is an eigenvalue with corresponding eigenfunction

cosh c(t- 1/2)_sin c(t- 1/2)
v(t)= cos (a/2) sin(a/2)

0=< t<=l’

0, t> 1.

Now let a > 0 satisfy the equation

tan c/2 tanh a/2 =-1

then A =-a -2 is an eigenvalue with corresponding eigenfunction

fsinh a(t- 1/2) cos c(t- 1/2)

v(t)={---n/i}2) cos (a/2)
0----< t--< 1.

[.0, t> 1.

Solving the equation tan (a/2)= +coth (a/2) numerically gives the values for ce and
corresponding A, which are given in Table 1. From Table 1 and _>_ 1/(2i- 1)2= 7r2/8
we obtain __> o’=0.380 and hence F is indeed nuclear. The corresponding wi(t)
functions will be

wi(t) (-1)i+1 vi (t)

and further vi(0) 2(-1)i+, w;(0) 2.

7.2. State-space realization and its truncations. From the results of 4 we can now
write the state-space realization (A, B, C), as follows"

(B), IA, Iv;*(0) 2A,.

(C), w,(0) 2.
2(A). -w, (0) -2.

(B),(B)j o’( C),( C)jm ij (cry-o’S)

4i -4 --4Ai
.2 2
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Note that B is bounded from R to /2, C is unbounded from 12 to R and A is
unbounded from 12 to 12.

The bounds of Theorem 5.1 on the truncation errors can be evaluated for large n
using the accurate asymptotic formula 0-, - 1/7r(n _1/2)2. This gives us that M, 1/,rrEn,
and for large n,

< 2/,rrEn.r2(n / 1/2)=
G . I1--<

Theorem 5.1(b) gives, after a small calculation,

1
< IIh h, Ill --< 53.8/(7r2n5)7T2( yl -- 1/2) 2--

and Theorem 5.1(c) gives

h h, 112 =< 6.37/(or2n 0.6).

(Note that the latter two bounds could be reduced by a factor of/ using the remark
in Lemma 5.1.) Although these upper bounds decrease quite slowly as n increases,
their existence suggests that this approximation method will be well behaved. This is
indeed confirmed in the following numerical calculations.

The impulse responses of the truncated realizations are plotted in Fig. 2(a) for
orders 2, 5, and 20. The L errors in these truncations are approximately

0.0033 0-6 -< h hll 0.015 < 0.54,

0.016-- 0-3 <---IIh h211, 0.074 < 1.45

(upper bounds from Theorem 5.1(b)).
The Bode diagrams of the truncations are given in Fig. 2(b) and compared with

that of G(s). The L errors and the lower and upper bounds are as follows (see
Theorem 5.1):

0.0033 0"6 < G- G II -- 0.0048 < 2M5 0.04,

0.016--0"3 < IIG-G211--O.O245<2M2--O.lO.
It is seen that the approximation errors are much closer to the lower bound than the
upper bounds.

1.0

o.o-

0.60_
o./o

0.20

2.0 TIME
0.0

o.o ’?o .7"ZS.......’ -"’-" -.o

egrees)

10
FREI1

1.o

FIG. 2(a). Impulse responses. FIG. 2(b). Bode diagrams.
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2.0
FULL ORDER

1.5
n=S

FiG. 2(C). Second Schmidt vectors.

The fact that the Schmidt vectors of the truncated realisations tend to the correct
functions is illustrated in Fig. 2(c). Here the v’(t) is plotted for i= 2 and n 2, 5, and
20. Upper bounds on the L2 error were derived in Corollary 5.2.

7.3. Hankel-norm approximation. For this example the method of Adamjan, Arov,
and Krein [1] can be performed explicitly. For this we need the Laplace transforms
of vi(t) and wi(t)"

Vi(s) I vi(t) e -s’ dt

-2
__--(S4 0/4 i(S’4"Olii)} for odd{(--S + Oliji)S2 + e-a

-2
--($4_O) {(s-aiflT,1)s2+e-Sa2i(s+cifl?)} for even

where/3= tanh (ai/2).
If Gk (s) + F(s) is the optimal L approximation to G(s) with F(s) anticausal,

then the error is

G- Gk F Ak+, Vk+i(s)/Vk+,(-s)

and the optimal Hankel-norm approximation Ok(s) can be obtained by calculating
the zeros of V(-s) in the left half plane. These will be the k poles of Gk and the
corresponding residues found from

V/,(s)R lim Ak+l(s--Pi) V-+(-s)pi

Vk+ (Pi
--Ak+l lZ(1)--k+,(--Pi)

For the purpose of illustration take k 1; then the pole p satisfies

(-p a2)p + e+Pa(-p + a2/3i) 0.
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TABLE 2

n d,- d’,’l Upper bound 4M,,

2 -2.768446 1.574761 0.0303 0.20
5 -2.427493 1.431449 0.005925 0.08

10 -2.450397 1.427323 0.001327 0.04
20 -2.446133 1.427402 0.001095 0.02

(Note this equation has a solution p =-a which is cancelled in V(- s).)

==>p =-2.436089, R 1.422083, ((s)= R/(s-p).

The procedure given in 6 has also been carried out and has given the results in
Table 2, where G’ R/(s-) is the optimal Hankel-norm approximation to G, of
degree 1. This illustrates the convergence proven in Theorem 6.5.

Finally, we consider the error bounds given in Theorem 6.5 for the optimal
Hankel-norm approximation of degree k, with impulse response/ and transfer function
t. These give

G- d- Ooll-<M 1/(Tr2k),

fo tlh(t)-f(t)l dt<=7/(3r4k3) Y o’,

IIG-ll<-3/(Zk).
The second bound is substantially smaller than the corresponding one in 7.2.

The third bound is on the square of the Hilbert-Schmidt norm of the Hankel operator
error and must be greater than Yi>k r for any rank k approximant. Hence for this
example, although the Hankel norm is being minimized, the Hilbert-Schmidt norm is
within a factor of of an unachievable lower bound.

Similarly, the nuclear norm is within a factor of 3 of the lower bound

8. Conclusions. We have shown that output-normal and balanced realisations for
real systems of nuclear type are attractive in that their truncations form a sequence of
approximations whose impulse responses converge in Ll and Lz and whose transfer
functions converge in Loo. Sufficient conditions are given for this convergence but in
some cases weaker conditions may be sufficient. Further explicit bounds on the
approximation errors have been derived in terms of the singular values {} of the
corresponding Hankel operator. It has also been shown, that output-normal and
balanced realisations give a suitable initial realisation from which to derive optimal
Hankel-norm approximations. A family of solutions to this problem was derived via
a linear fractional map of a ball in H, and a large number of error bounds were
derived. Many of the error bounds in 5 and 6 are believed to be new even for
finite-dimensional systems. The error bounds can be used informally to compare the
relative merits of the balanced realisation and Hankel-norm techniques. The Hankel
norm scheme would appear to be generally superior in the IIG-rill.. IIG-
IIh-  11.. and IIr- ll.s norms, whereas the balanced realisation technique appears to
be a good compromise between these norms and IIh- 112. Computational experience
has indicated good performance for both methods on many examples.
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These results can be applied to problems in robust control as follows. If the initial
infinite-dimensional system can be modelled as a finite-dimensional totally unstable
system in parallel with a system of nuclear type, then the methods of this paper will
derive a rational approximation with a prescribed error bound. Robust design tech-
niques for uncertain rational systems can then be applied. For example, the robust
stabilisation problem has been solved by Curtain and Glover [7], [8]. Other applications
are in the order reduction of filters and controllers. The major difficulty with the
technique is in performing the initial polar decomposition of the Hankel operator.
"Exact" algorithms are presently being developed for systems with dead time in [17],
using similar techniques to those in 7. For more general problems, however, it is
likely that approximation techniques will be required as in, for example, [6] and [19].

Appendix 1. We show that h LI(0 cx3; Cpm) implies that F is a compact operator
from Lq(O, cx3; C m) to Lq(O, o0; Cp) (1 -< q < ce) and also from C(O, oe; C’) to
C(0, o; Cp).

Letf Lq and g tr(1/q-k I/r--- 1) satisfy Ilfll, Ilgll --< 1. Then

;o io(Ff)(t)*g(t) dt (h(t+s))*f(s)g(t) dsdt

< Ilh(u)ll IIf(s)ll IIg(u x)ll d an
u=0 =0

letting u s /

< IIh(u)ll an
=0

since fllf(s)ll g u s)ll as
=0

-<1,

by Holder’s inequality.
It follows that IIfll <--II h I1,, so that the operator norm of F is at most h I1.
For compactness in Lq we require that

_<-1"(i) limx_o IFf(x + y) rf(y)l dy 0 uniformly over Ilfllq
(ii) lima_,7 Irf(y)l dy=O again uniformly over Ilfll_-< 1. (See Dunford and

Schwarz [32, p. 298].)
To obtain (i) we note that, if Ilgll-<l

Io IIFf(x + t) Ff(t)l I]g(t)]] dt <- [Ih(s + + x) h(s + t)ll IIf(s) IIs(t)ll ds dt

Ilh(u + x)- h(u)l IIf(s)II I[g(u s)ll as an
u=O =0

h( + x) h (u)ll d, -, 0 as x - 0 since h e L.
-=0

Similarly (ii) follows since

]lh(t+ s)ll Ilf(s)][ IIg(t)ll ds dr= IIh(u)ll IIf(s)l} IIg(u-s)ll ds du
t=A =0 =A+s =0

-<- IIh(u)ll du-,o as
=A

To obtain compactness in C 1, we may argue similarly using conditions in
[32, p. 343], or alternatively as follows:
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Write

j(t) h(s) ds, j(t) h(t) a.e.,

(Ff)(t)=- j(t+s)f(s) ds forf C

d-- [j(t + s)f(s)]- j(t + )f(s) d

d {-j(t)f()-f? ds}
-h(t)f(O)-(F)(t);

also

(Ff)(O) h(t)f(t) at <- Ilhll,ltfllo.

The map D" C(0, ; C’) L1(0, c; C")0)C" defined by Df= (f,f(0)) estab-
lishes an isomorphism ofnormed spaces. The induced map E DFD-" L(0, o;
C L(0, c; CP)0)Cp given by E(g,x)=(-(Fg)-xh(t),(h,D-!(g,x))) is compact
by the above arguments in L. Hence F D-lED is also compact.

It now follows, since X L f) L2 fq C is dense in each of L1, L2 and C and the
operator F" X X is compact, that all the singular vectors lie in X, and indeed in
every Lq space (1 <- q < oo), as shown in 2.

Altmndlix 2. We show here the result used in the proof of Lemma 4.3, namely that
if (H,,) is a sequence of compact operators on a Hilbert space, such that H,, H - 0,
and if H has distinct singular values (tri) and Schmidt vectors { v,, w,}, then the singular
values of H,, (cry") converge to o, and the Schmidt vectors {vT’, w’} suitably normalized
converge in norm to {v, wi} for each i.

Proof. As given in [30, p. 30], 17’-,t-< IIn- nil, and so the singular values
converge.

We show first that the leading Schmidt vectors converge, that is, that v v, - 0.
Write v7 r,,vl + x,,, where (x,,, v) 0, so that IlXm II- 41 -Irl

rT’ IIHv? =< Ilnv?ll + liB- Hm
r, w, /nx / n -nm

<-_(lrl=/(-irl=))’/=/llH-Hll since (Hx,,, w,)=0.

Hence

o-lr I= + o-(1 -I,.I) _> (7’ -IIH- H,. II)=
> (:-m.iln-H,,ll)=

Thus

Ir,.l: >_
(or’ 2IIH- H,,, 11)2-’,

tr2_tr 1 as m.

Therefore, choosing the normalisation of v’ appropriately, we have that v’- v - 0,
and since IIn*- n*ll-0, IIwT’- w, II-,0 similarly.
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The general result now follows by induction on i, since, if it is given for
1,-.-, k-l, then we observe that

k-I

Hk., Hk where Hk.,(x)= H.,(x)- E o"(x, v’)w’,
i=1

k-1

n"(xl =/-/(x)- E ,(x, v,)w,.
i=1

The leading Schmidt vectors are now v’ and 1)k and hence the result follows for k,
using the arguments above.

The result extends easily to maps between different but isometric Hilbert spaces.

Aeknowletlgment. The assistance of J. Lam in computation of the numerical results
presented in 7.2 is gratefully acknowledged.
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THE LOCAL STRUCTURE OF TIME-OPTIMAL TRAJECTORIES
IN DIMENSION THREE UNDER GENERIC CONDITIONS*

HEINZ SCHtTTLERt

Abstract. We consider the problem of time-optimal control for systems of the form : =f(x)+ g(x)u,
where f and g are smooth vector fields and admissible controls are measurable scalar functions u with
values in -1 =< u -< 1. Under the assumption that f, g and If, g] are independent, and that also one of the
triples (g, [f, g], [f+ g, If, g]]) or (g, If, g], [f- g, If, g]]) consists of independent vectors, we show that
generically every point has a neighborhood U such that time-optimal trajectories that lie in U are concatena-
tions of at most six bang and singular arcs. This implies that globally time-optimal trajectories are finite
concatenations of bang and singular arcs with a bound on the number of switchings; in particular,
time-optimal controls are piecewise smooth. Results of this type are relevant for the existence of a regular
synthesis.

Key words, time-optimal control, nonlinear system, generic, regular synthesis, singular controls

AMS(MOS) subject classifications. 49B10, 93B10

1. Introduction. We study the problem of time-optimal control for a system

(1.1) Z: =f(x)+g(x)u, In I<-l, xR

where f and g are smooth vector fields. Admissible controls are measurable scalar
functions with values in -1 <- u -<_ 1 and a trajectory of the system corresponding to a
control u(. is an absolutely continuous curve x(. such that =f(x(t))+ g(x(t))u(t)
holds almost everywhere.

The particular topic we are interested in is regularity properties of optimal
trajectories, both local and global. For a system which is degenerate in the sense that
all controls are time-0ptimal (i.e., time is a coordinate) obviously no such results can
hold. In the class of smooth systems it is also easy to construct an example where an
a priori given, but arbitrary, control u is the unique control which transfers a point q
into a point p (see Sussmann [21]). This means that a selection of optimal trajectories
with additional regularity properties may not be possible. Nevertheless, these are quite
pathological cases, and it is natural to ask whether or not for a large class of systems
optimal controls are more regular than just being measurable functions. The answer
to this question has immediate connections with the concept of a "regular synthesis"
(i.e., with sufficient conditions for optimality) as defined by Boltyansky [1] and later
refined by Brunovsky [3] and Sussmann [14]. In order to explain this in more detail
it is necessary to establish some terminology. To do so we review the necessary
conditions of the Pontryagin Maximum Principle [9].

If F (X("), u(. )) is a time-optimal pair defined on an interval [0, T], then there
exist a constant Ao_>-0 and an absolutely continuous curve A(.):[0, T]-R (called
the adjoint vector), which is not identically zero, such that

(1.2) (t)7"=-A(t)7"(Df(x(t))+u(t))Dg(x(t)),
(1.3) (A (t), g(x(t)))u(t)=min (A (t), g(x(t)))v,

Ivl_-<

(1.4) (A t), f(x( t)) + u(t)g(x(t)))+ Ao 0,

* Received by the editors August 11, 1986; accepted for publication (in revised form) October 2, 1987.
? Department of Systems Science and Mathematics, Campus Box 1040, Washington University, St.

Louis, Missouri 63130.
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almost everywhere on [0, T]. (We write vectors as columns and (., .) denotes the
Euclidean inner product on I3; Df and Dg are the Jacobian matrices off and g.) Any
pair F for which an adjoint vector A and a constant Ao=>0 exist such that these
conditions hold is called an extremal. The function dr(t):=(Z(t),g(x(t))) is called
the switching function. On an interval where br is positive (respectively, negative) the
optimal control is constant and equal to -1 (+ 1) almost everywhere. We call trajectories
which correspond to these constant controls bang arcs. A concatenation of bang arcs
is a bang-bang trajectory. At times where the switching function vanishes the optimiz-
ation condition (1.3) gives no information about the control. If, however, br vanishes
on an open interval I, then also all the derivatives of br vanish on I and this may
determine the control u on I. We have (as usual let If, g] be the Lie bracket off and
g)

t,-(t) (A (t), [f, gJ(x(t))),

,-(t) (A (t), [f+ ug, [f gJ]),

and so, assuming (A, [g, If g]]) does not vanish on/, we get

(A (t), [j; [f g]](x(t)))
(1.5) u(t)

(A (t), [g, If, g]J(x(t)))"

A control of this type is called singular and the corresponding trajectory is a singular
arc.

Therefore bang and.singular arcs are the obvious candidates for time-optimal
trajectories. It seems natural to conjecture--and many people seem to take it for
grantedthat apart from the degenerate case mentioned above optimal controls are
concatenations of bang and singular arcs. However at the moment, little, if anything
at all,. is known to consolidate such a conjecture for arbitrary dimension n. If it is true,
then in view of Brunovsky’s results on regular synthesis a very important aspect is
whether the number of switchings is bounded or not.

Brunovsky substantially relaxed the conditions given originally by Boltyansky 1]
by applying the theory of subanalytic sets to the problem of synthesizing a globally
optimal solution out of local information [3]. It also became clear that crucial for this
approach is a certain degree of regularity of the optimal trajectories relating to a local
finiteness property of subanalytic sets. Specifically, for an analytic system of the form
(1.1) the crucial hypothesis is that time-optimal trajectories are finite concatenations
of bang and singular arcs with a bound on the number ofswitchings. The precise meaning
of this phrase is that for every compact set K and for every positive time T there exists
an integer N =N(K, T), with the property that whenever F (x(.), u(. )) is a time-
optimal trajectory which steers a point p to a point p in time _-< T and lies in K, then
u(.) has at most N switchings. If we consider the problem of steering points to a
target point p time-optimally, then this implies that as long as an optimal trajectory
is restricted to the compact set K consisting of all points which can be steered into p
within a fixed time, then there exist an a priori bound on the number of switchings
which depends only on K. If f and g are analytic vector fields, and if the singular
control can be written in feedback form as an analytic function, then it follows from
this that the problem of steering points to a target point p time-optimally has a piecewise
analytic feedback solution [ 12, Thm. 6]. In particular, the corresponding value function
V is piecewise analytic in the sense that there exists a stratification of the set of points
which can be steered into p such that the restrictions of V to the strata are analytic
functions [12, Thm. 5].
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That regularity results of this type need not hold shows in Fuller’s example [8],
which can be viewed as a time-optimal control problem of the form (1.1) in dimension
three. There we find optimal bang-bang trajectories with infinitely many switchings in
arbitrarily small time. Recent work of Kupka [7] shows that this phenomenon occurs
generically in sufficiently high dimension (n-> 13).

Attempts to understand the mystery of the Fuller phenomenon as well as the work
of Brunovsky again raised the interest in qualitative questions having to do with
regularity properties of optimal trajectories. Note that the problem of describing
time-optimal trajectories essentially is a local problem: the global structure can be
obtained from the local structure at every point by a simple compactness argument.
More precisely, if it is known that every point p has a neighborhood U U(p) such
that time-optimal trajectories which lie in U are concatenations of at most N N(U)
bang and singular arcs, then time-optimal trajectories are globally finite concatenations
of bang and singular arcs with a bound on the number of switchings. (The argument
will be carried out in 2.) Therefore it suffices to study the local structure oftime-optimal
trajectories near reference points.

It is well known (cf., for instance, [16]) that for an analytic system the local
behavior nearpuin particular, the structure oftime-optimal trajectoriesnis determined
by the Lie algebra generated by f and g at p and all the Lie relations that hold at p,
i.e., by all finite linear combinations of f, g and brackets of f and g that vanish at p.
We call this the Lie bracket configuration. (For a precise definition see [16]; [15]
contains a very readable explanation of the concept.) It is this connection with Lie
algebra which makes the general n-dimensional case so difficult. Therefore attention
has focused on low dimensions.

In a series of papers Sussmann [18]-[20] was able to solve the two-dimensional
problem. For a generic smooth system in the plane he gave a classification of the local
structure of time-optimal trajectories at every point. In particular, he showed that they
are finite concatenations of bang and singular arcs with a bound on the number of
switchings. For the class of analytic systems he extended his results to prove the
existence of a regular synthesis for basically arbitrary analytic systems only subject to
a mild "nonexplosion" condition. Such a precise description of time-optimal trajec-
tories in higher dimensions seems unlikely, but it is natural to ask about the generic
case. Is the Fuller phenomenon also generic in low dimensions? More generally, are
infinite concatenations of bang and singular arcs possible in arbitrarily small time for
a generic system? Can even more pathological situations occur? Since some of the
crucial arguments in Sussmann’s work on the plane are two-dimensional in nature,
even the step to dimension three is nontrivial.

The first result in this direction is due to Bressan, who studied the problem of
controlled stability (i.e., f(p)=0) under generic conditions [2]. He proved that an
equilibrium point p has a neighborhood U, such that any point q U can be steered
into p by a trajectory which is bang-bang with at most two switches or is at most a
concatenation of a bang arc, followed by a singular arc and one more bang arc. It is
clear that, if we want to get a global description of time-optimal trajectories, we must
also consider the nonequilibrium case. Global structure resultsmsuch as time-optimal
trajectories having a limited number of switchingsmare equivalent to local results of
this type at every point. It is not enough to know what happens near the equilibrium.
Therefore the analysis of nonequilibria is equally important. In fact, generically
equilibria will be an isolated phenomenon, whereas nonequilibria occur in an open
dense set. Therefore the nonequilibrium case may even be considered more pressing
to begin with.
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To analyze the generic situation it is natural to begin with the least degenerate
case and to proceed toward more degenerate situations. In dimension three the natural
nondegeneracy assumption to make is that f, g and If, g] are independent. In [10] we
presented a new technique to compute necessary conditions for optimality ofbang-bang
trajectories. This technique is based on Lie-algebraic computations. We applied it to
the three-dimensional case with these vector fields as basis for our computations. We
showed that under additional generic assumptions bang-bang trajectories with too
many switchings (locally more than seven) are not time-optimal. In this paper we
continue the analysis of time-optimal trajectories under this assumption by incorporat-
ing singular arcs. The aim is to restrict possible concatenations between bang and
singular arcs and, in particular, to prove that time-optimal trajectories are in fact
concatenations of bang and singular arcs with a bound on the number of switchings.
Under the additional assumption that also one of the triples (g, If, g], If+ g, If, g]])
or (g, If, g], If-g, If, g]]) consists of independent vectors this is true generically.
Depending on the Lie bracket configuration we give a specific upper bound on the
switching structure for time-optimal trajectories in each case.

A precise statement of our results will be given in 2. We also show briefly how
global structure results for optimal trajectories (including the case of controlled stabil-
ity) follow from the local results we prove. Then we comment on how close our results
are to a solution of the full generic problem. The proofs will then be given in 3-6.
In 3 we analyze singular arcs and singular junctions (i.e., junctions where one arc is
singular); in particular we will give new necessary conditions for optimality of concate-
nations of bang and singular arcs. In 4 and 5 we then determine the local structure
of time-optimal trajectories under generic conditions. We distinguish between the cases
when optimal trajectories are bang-bang and when optimal singular arcs are possible.
In 6 we prove the genericity of our results.

2. Statement and interpretation of the results. We start with a convenient summariz-
ing version of our results using standard genericity notions; then we give more detailed
statements relating the local structure of time-optimal trajectories to the Lie bracket
configuration.

We identify E with the C map E (f, g):13 R6 and equip Coo(R3, 6) with the
Whitney Coo topology. (A definition of this topology is included in 6.) Let
(respectively, _) be the open subset of all systems E for which both triples (f, g, If, g])
and (g, If, g], If+ g, If, g]]) (respectively, (g, [f, g], If- g, If, g]])) consist of indepen-
dent vectors everywhere. Let := / U _.

THEOREM 1. _For a generic system E d every point has a neighborhood U such
that every time-optimal trajectory that lies in U is a concatenation of bang and singular
arcs with at most six pieces.

To state our results more precisely we need some notation. Our considerations
will be local, i.e., they will hold only on a small neighborhood of some reference point
p. We assume that f, g, and If, g] are independent there. If we let X :=f-g and
Y:=f+ g, then we can write all higher order brackets as linear combinations of X, Y
and [X, Y]. We write, using ad X(Y)= [X, Y],

IX, [X, Y]] alX + a2 Y+ a3[X, Y] af+.

Y, IX, Y]] blx -t- b Y+ b3[X Y] f+. .,
[X, [X, [X, Y]]] c,X + c2 Y+ c3[X Y] /f+"

(2.1) Y, Y, [X, Y]]] e,X + e:, Y + e3[X, Y] r/f+. ,
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ad4 X(Y)= rn,X+ mY+ m3[X, Y]= lzf+"

ad X(Y) k,X + k Y+ k3[X, Y] nf +. .,
-ad4 Y(X) nX + n2 Y+ n3[X, Y] vf+. .,
-ad Y(X) rlX + r2 Y+ r3[X, g] pf+" ",

Y, IX, [X, [X, Y]]]] o,X + o2 Y+ o3[X, Y] oaf+" ".

The independence of g, [f g], and [X, [X, Y]], respectively, Y, IX, Y]], is therefore
equivalent to c 0, respectively,/3 0. We denote the Lie derivative of a function
in direction of X by Lxch. Observe that

Lxa y- a3a, Lxy [.lb C30g

Lxtx m3ce, Lvy (.O C3[.

Finally, for a trajectory which is a concatenation of bang (X or Y) and singular arcs
(S), we use the corresponding letter sequence to denote the trajectory. So an XYSX-
trajectory is a concatenation of an X-arc, followed by a Y-arc, then a singular arc and
another X-arc. To simplify the notation we also allow this to stand for concatenations
of at most these arcs, i.e., we allow for pieces to be absent. In this sense XSX is also
of the form XYSX. Furthermore, we use B to denote a bang arc, i.e., an arc which is
either X or Y. We can now state our results more precisely.

PROPOSITION 1. Let fl(p) < O. There exists a neighborhood U ofp such that time-
optimal trajectories that lie in U have the following structure:

(0) a(p) O: XYX if a(p) < O, BBB if a(p) > O;
(i) a(p)=O, y(p)#O: XYXYify(p)>O, YXYXify(p)<O;
(ii) c(p)-O, T(p)-O,/x(p)O: XYXYX if tx(p)<O, rxrxrif(p)>O;
(iii) a(p) o, y(p) o,/x(p) o, (p) o: xYxYXY if(p) > O, YXYXYX if

(p)<0.
PROPOSITION 2. Let (p) > O. There exists a neighborhood U ofp such that time-

optimal trajectories that lie in U have the following structure:
(0) a(p) O: YXY if a(p) > O, BSB if a(p) < O;
(i) a(p) 0, y(p) # 0: BSXY if y(p) > O, YXSB if y(p) < 0;
(ii) a(p)=0, y(p)=0,/x(p)#0: YXSXYiftx(p)>O, BSXSB if tx(p)<O;
(iii) a(p)=0, y(p)=0, /x(p)=0, K(p)#0: BSXSXY if K(p)>0, YXSXSB if

(p) < 0.
In 6 we will prove that Propositions 1 and 2contain all the generic cases in N

where/3 does not vanish. The remaining cases, i.e., those where a does not vanish,
can easily be obtained from this using an input symmetry which interchanges X and
Y (cf. [10, 3.2]). Let Z* be the system where g is replaced by -g, i.e., with X*= Y
and Y* X. Then

af+ [X, [X, Y]] Y*, Y*, X*]] -fl*f+....
So we have/3* =-a and it follows similarly that a* =-/3, y* =-r/, r/* =-y,/x* =-,,
and *=-p. Using this, we can translate all our results for the case /3(p) 0 into
results for the case a (p) 0. For instance, if c (p) > 0, /3 (p) 0 and ,/(p) > 0, then
/3*(p) < 0, a*(p)= 0 and y*(p)< 0. Therefore time-optimal E*-trajectories are at most
of the form Y*X*Y*X* by Proposition 1. Hence time-optimal trajectories of ; are
of the form XYXY near p. Analogously we get the following corollary.
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COROLLARY 1. Let a(p)>0. There exists a neighborhood U ofp such that time-

optimal trajectories that lie in U have the following structure:
(0) fl(p)0: YXriffl(p)>O, BBB if fl(p)<O;
(i) fl(p) 0, r/(p) 0: XYXY if q(p) > O, YXYX if r/(p) < 0;
(ii) fl(p)=0, /(p)=0, ,(p)0: XYXYX if,(p)<0, YXYXYif,(p)>O;
(iii) fl(p)-0, r/(p)-0, ,(p)-0, p(p)0: XYXYXY ifp(p)>O, YXYXYX if

O(p) <0.
We will show below that singular arcs are the integral curves of the smooth vector

field S (a Y-X)/(c-fl). So S*= S and we conclude the following from Proposi-
tion 2.

COROLLARY 2. Let a(p) < O. There exists a neighborhood U ofp such that time-

optimal trajectories that lie in U have the following structure:
(0) fl(p) 0: XYX if(p) < O, BSB if fl(p) > 0;
(i) fl(p)=0, r/(p)0: BSYX /f r/(p)<0, XYSB if rl(p)>O;
(ii) fl(p)=0, ,/(p)--0, ,(p)0: XYSYX if ,(p)<O, BSYSB if ,(p)>O;
(iii) fl(p)-0, r/(p)-0, ,(p)-0, p(p)0: BSYSYX if p(p)<0, XYSYSB if

,(p)> o.
Remark. The codimension-0 cases When a and/3 have the same sign are special

instances of a general nonlinear bang-bang theorem of Sussmann [ 13]: if g(p), [f, g](p)
and [f, If, g]](p) are independent, and if

[g, If, g]] ag + b[f, g]+ c[f, If, g]]

with [c(p)[ < 1, then time-optimal trajectories are bang-bang with at most two switchings
near p. (This follows from Lemma 3of [13].) Under out’standing assumption f(p)^
g(p) ^ If, g](p) 0, [c(p)! < 1 is equivalent to a(p)fl(p) > 0. The other codimension-0
cases correspond to Ic(p)l> 1 and the cases (i)-(iii) correspond to the degenerate
situation when Ic(p)l 1. A bang-bang theorem is then still valid if ct(p)> fl(p) and
a or/3 vanishes at p. Under generic conditions we have given a bound on the number
of switchings.

These results give efficient upper bounds for the local switching structure under
easy to verify assumptions. For several reasons, however, we will not answer the natural
question whether our bounds are sharp. In the codimension-0 cases (0) it is intuitively
clear and in fact easy to see (cf. [6]) that the bounds are sharp; for more degenerate
cases such as the ones of codimension three this is not only not obvious, but also a
nontrivial problem. From an aesthetical point of view it would be very satisfying to
know that the bounds are sharp, but solutions to optimal control problems different
from the standard textbook examples are extremely difficult and these degenerate cases
do not fit into any easy category. More important, the issue of sharpness of the bounds
is not really at hand here. In view of Brunovsky’s results (see above) it is clear that
the question whether the number of switchings is locally bounded or not is important,
but the question of a precise bound is less significant. Furthermore, if we view the
results as giving global structure results for time-optimal trajectoriesby analyzing the
local behavior near every point, the issue of sharp bounds diminishes even more. To
support this claim let us rephrase our results in the following theorem.

THEOREM 2. Let Y. be a three-dimensional system which at every point satisfies one

of the conditions of Propositions 1 or 2 or of Corollaries 1 or 2. Then time-optimal
trajectories arefinite concatenations ofbang and singular arcs with a bound on the number
of switchings.

This follows from our results by a simple compactness argument. If K is a compact
set in the state space, cover K by a finite number of neighborhoods Up,,..., Up,, as
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constructed in Propositions and Corollaries 1 and 2. Let L be a Lebesgue number for
this covering. There exists a constant C C(K) such that if x(.) is any trajectory
contained in K, then [[x(t)-x(t2)[[<= Cltl-t2[ for all h, t2 in the domain of x(.).
Given T, choose M such that ML>= CT. If (x(.), u(.)) is a time-optimal trajectory
defined on [0, t], t-<_ T, and contained in K, then we can partition [0, t] into at most
M subintervals/ such that [[x(t)-x(t2)[I -< L for t, t2 in/j.. Hence x(. restricted to

/ lies entirely in one of the neighborhoods Up, and so it is a concatenation of at most
six bang and singular arcs. Then N 6M gives a bound on the number ofswitchings.

Theorem 2 can readily be combined with Bressan’s results to include the case of
controlled stability.

COROLLARY 3. Suppose , is as in Theorem 2 except for an equilibrium point p,
f(p) 0, where the triples (g, If, g], If+ g, If, g]]) and (g, If, g], If- g, If, g]]) consist

of independent vectors. Then time-optimal trajectories steering the system into p are finite
concatenations ofbang and singular arcs with a bound on the number ofswitchings which
only depends on a compact set in which the trajectories lie.

Proof It was proved by Bressan [2] that there exists a neighborhood U of p such
that time-optimal trajectories steering points in U to p are bang-bang with at most
two switchings or are concatenations of a bang arc, followed by a singular arc and
one more bang arc. Let R be the set of points that can be steered into p. Deleting an
open neighborhood V of p with Clos V

_
U from R, our analysis applies on R\ V and

trajectories steering points p R into V are finite concatenations of bang and singular
arcs with a bound on the number of switchings. Since the set of points which can be
steered to p within a given time is compact, the corollary follows, l-!

If E is an analytic system which has the properties mentioned in Corollary 3, then
this implies the existence ofa piecewise analytic optimalfeedback solution for the problem
of stabilizing the equilibrium time-optimally. This is an immediate corollary ofTheorem
6 in 12]. (We shall show in 3 that the singular control is given as u (a +/3)/(a -/3)
where f, g and If, g] are independent, and that this is not an admissible control if
and fl have the same sign. Near the equilibrium it is easy to see, as shown in [2], that
the assumption of independence of g, If, g], If+ g, If, g]] implies that singular controls
can be written as analytic feedback as well. Therefore hypothesis (B3) of [12] holds;
the nontrivial property is the one proved in Corollary 3.)

Let us close this discussion of our results with some brief remarks about the
generic three-dimensional case. Our results cover a large portion of the generic cases,
but there still is some work left to clear up the complete generic picture. We give
affirmative answers to the key questions within our assumptions" time-optimal trajec-
tories are finite concatenations of bang and singular arcs with a bound on the number
of switchings, the Fuller phenomenon is not possible within the class zd of [10], more
general, infinite concatenations of bang and singular arcs are not possible within the
class considered in this paper. To answer these questions for a generic system in
R3, the major open task is to analyze nonequilibrium cases where f(p), g(p) and
If, g](p) are dependent. Some of these cases are covered by Sussmann’s nonlinear
bang-bang theorem [13] (see the remark above). Recent work of Krener and Schittler
[6] about the geometric structure of small-time reachable sets in low dimensions unifies
Bressan’s result with our results for the codimension-0 case, which give the same
conclusion under different conditions and which were proved with very different
techniques. They are in fact special instances of a more general result which holds
only assuming the independence of (g, [f, g], [f+ g, [f, g]]) and (g, [f, g], [f- g,
[f, g]]) at p, but making no hypothesis about f. This technique, however, is restricted
to nondegenerate (-codimension-0) cases and so many generic questions are still
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unsettled and require further investigations. In particular, it is not known yet whether
infinite concatenations of bang and singular arcs, the Fuller phenomenon, or an even
more pathological behavior is possible for a generic three-dimensional system.

The local structure results do not simplify in the case of an analytic system. But
the strong analyticity property has implications of a global nature. Basically, for an
arbitrary analytic system the local structure result for the codimension-0 case holds
away from an analytic set of positive codimension. But properties due to analyticity
are the topic of a separate paper [11].

3. Singular arcs. Necessary conditions for optimality at singular junctions. Singular
controls are uniquely determined due to our independence assumption on f, g, and
If, g]. If u is singular on an open interval I, we have br(t)--r(t)= v(t)=0 on L
So (A, g) and (A, If, g]) vanish and

O=r(t)=(A(t),[X+ Y,[X, Y]](x(t))-u(t) [X- Y,[X, Y]](x(t)))
is equivalent to

0= (A(t), {(a + fl)(x(t))- u(t) (a -)(x(t))} f(x(t))).
It follows from (1.4) that (A,f)=-0<=0. Since )t is nontrivial, (A,f) cannot vanish
and so Ao is positive for a singular extremal. Hence

ce(x( t)) + (x( t))
(3.1) u(t) ce(x(t))-(x(t))"

LEMMA 1. There does not pass a singular arc through a point q where a q fl q > O.
If a(q) (q) < O, then there exists a unique singular extremal Fq passing through q. It is
the integral curve of the smooth vector field

(3.2) S aY-X

which is well defined near q.
Proof If a(q) and fl(q) have the same sign, then (3.1) defines a number which

is greater than one in absolute value, and hence not an admissible control. If a and
/3 have opposite signs, then S=f+(c+fl)/(a-fl)g=(aY-X)/(a-) is well
defined near q and the integral curves of S are singular arcs of E. Conversely, singular
arcs are integral curves of S. [3

However, not all of these extremals Iq are time-optimal. They must also satisfy
the Legendre-Clebsch condition [5]" If u(.) is a singular control of order k, which
takes values in the interior of the control set, then a necessary condition for time
optimality of u(. is that

(_l)k 0 d2k O

ou dt o-u H(A (t), x(t), u(t)) <-_ 0

where H is the Hamiltonian of the problem. In our case k= 1 and H(A,x, u)=
(A,f(x)+ug(x)). So Hu=(A,g)=bv, and hence fflu=(A,[f+ug,[fg]]). Therefore
the Legendre-Clebsch condition states (A(t), [g, If, g]](x(t)))<=O. In our notation this
is equivalent to

(3.3) a(x( t)) fl(x( t)) <= 0 along S.

COROLLARY. If a(q) > 0 and fl(q) < O, then Fq is not time-optimal near q.
Our aim is to analyze the structure of time-optimal controls locally. One major

issue is the question of optimality for finite concatenations of bang and singular arcs.
Now we will develop necessary conditions for optimality of concatenations of this
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type. Before we do this, we establish our terminology. Let F :[0, T] - R be an extremal.
We call 6 (0, T) a switching time if br(t)- 0, but thr does not vanish identically on
a neighborhood of (i.e., times where the control is singular are not considered to be
switching times). The point q x(t) is then called a junction; it is called a singular
junction if also d)r(t)= 0. This happens at concatenations of bang and singular arcs,
but also at switching points which are limits of other switching points. Notice that Ao
is positive for any extremal F that has a singular junction. We denote singular junctions
by., whereas a dot stands for any junction.

We will now examine necessary conditions for optimality at singular junctions
and we start with well-known junction conditions. Suppose we have a .X-junction at

at time . Since thr(t)> 0 for shortly after , we must have r(’+)>--0. Now
r(t) a(x(t))(A(t),f(x(t)))+(a2-al)(X(t))(A(t), g(x(t)))

+ aa(x(t))(A (t), [X, Y](x(t)))

and so r(+)=a(). (-Ao). Since Ao>0, we get a(t)<-0. Similar considerations
establish the following result.

LEMMA 2. Necessary conditions for time optimality at singular junctions are

(i) a is nonpositive at singular junctions with X;
(ii) fl is nonnegative at singular junctions with Y.
Additional necessary conditions have to hold if a singularjunction is to be followed

by another switching point. Assume for instance, we have a trajectory of the form .X-.
Call the two switching points Po and p and let - be the time along the X-arc. Let
be the value of the adjoint vector corresponding to the singular junction. Then we
have (,g(po))=(.,[f, g](po))=0, and if we transport the vector g from p back to
Po, we also have (, e adXg(pl))=0. Since 0, these three vectors are dependent.
(We say Po and pl are singular conjugate points (cf. [11]).) Analytically this yields

0 g(po) ^ [X, Y](po) ^ e’ ad X y_ X)(pl)

1
g(Po) ^ [X, Y](po) ^ 2g(po) + -[X, Y](po)+-’[X, IX, r]](po)

1 1 4+--r3 ad X(Y)(po)+’, ad4 x(r)(po)
3!

r5 ad’ X(Y)(po)+O(r61)4- 5
We now express the higher-order brackets as linear combinations of f, g, and [X, Y].
Since f, g, and [X, Y] are independent, the coefficient at f of the last term must vanish.
This gives the following singular conjugate point relation:

(3.4) 0 c (po)+1/2y(po)’r + (po)r +(po)r3 + O(r).
For a .X.-concatenation only the time gets reversed and we have

(3.5) 0 a(pl)--y(p,)’r +i/x (pl)’r g!6o (pl)’r3 + O(’r’).
LEMMA 3. If y(p) > 0 (respectively, y(p) < 0), then there exists a neighborhood U

ofp such that .X,- (respectively, ,X.-) trajectories that lie in U are not time-optimal. In
particular, no ,X,-junctions are time-optimal near p in case y(p) 0.

Proof Since f and g are independent, it is always possible to choose a neighbor-
hood U of p so small that any trajectory of the system has to leave U within an a
priori given time T. Therefore, if y(p) 0, we can assume that any value of [y[ on U
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dominates the time T along any trajectory that lies in U. Then we have for y(p) < 0 that

a(po) +1/2(Y(Po) + O(’r,))’r, <_- 0 + T(p)’r, < 0

and so (3.4) cannot hold. Hence ,X--concatenations are not time-optimal near p in
this case. Similarly (3.5) excludes .X,-junctions if y(p)>0.

The conditions for ,Y.- (and .Y,-) concatenations follow by an analogous
computation or simply by an application of the input symmetry which interchanges
X and Y. If we call the time along Y to, then we have

(3.6) 0 fl +lro+ O(r) (0 -1m-o+ o(-))
where all the functions are evaluated at the singular junction. This implies the following
lemma.

LEMMA 4. If rl(p) > O (respectively, r/(p) <0), then there exists a neighborhood U
ofp such that Y.- (respectively, Y,-) trajectories that lie in U are not time-optimal.
In particular, no Y,-junctions are time-optimal near p if *1 (P) O.

To deal with more degenerate casesmwithout loss of generality we may restrict
ourselves to the case when y(p) vanishes--we first need some elementary observations
about convexity properties of the switching function.

LEMMA 5. There exists a neighborhood U ofp with thefollowing property" whenever
F is an extremal steering a point qt U to q: U in U, and F is not bang-bang with at
most one switching, then the following monotonicity relations hold.

(i) Along X-trajectories"

i- has constant sign equal to -sgn a p if a,( p O,

b? has constant sign equal to -sgn y(p) if "),(p) O,
(3.7)

b[. has constant sign equal to -sgn/x(p) if Ix(p)0,
b,5) has constant sign equal to -sgn to(p) if to(p) O.

(ii) Along Y-trajectories"

[r has constant sign equal to -sgn fl p if fl p 0,
(3.8)

ck 3) has constant sign equal to -sgn rl (p) if q (p) O.

Proof. We choose coordinates (xt, x2, x3) near p defined by

(X,, X:, X3)->p exp (-x3[f, g]) exp (x2f) exp (x,g).

Here exp (.Z) denotes the flow of a vector field Z and we let the diffeomorphisms act
on the right. In these coordinates

f(x) + Xl h(x), g(x)

X

where h is a smooth vector field near 0 with h(0)= 0. The adjoint equations are, -- ;t2 h2(x) + x, (x)
j-=l OXl

= ox (x)

= ox3
(x)
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and the switching function is just Al. We normalize A so that IIA(0)ll 1. We want to
show that the only interesting case is when we have approximately AI(0) =0, A2(0) -1
and A3(0) 0.

We express all brackets of X and Y of orders 3, 4, 5, and 6 as linear combinations
off, g and IX, Y] as in (2.1). On a small neighborhood V of p let M be an upper
bound for the absolute values of all the coefficients that come up in this way. Choose
e, 0< e < , such that, whenever b is a coefficient of f in such an expression with
b(p) #0, then we have 24Me <[b(p)l. We furthermore assume that I(q)l>l(p)l
for all q V.

We first show that, if we choose U small enough, then any extremal in U for
which IA=(0)l -< 1-e is bang-bang with at most one switching. Since f and g are
independent, it suffices to show that there exists a small time T such that any extremal
of this type with total time -< T is bang-bang with at most one switching. Gronwall’s
inequality gives an a priori bound IIx (t)- A CT where the constant C depends
only on V. Near p we can also assume that the components of h and the coordinates
xi are of order e. Then we have for sufficiently small T

IA,(t)[ < Iz (o)l / [Ai(t)l < Ce, i-- 2, 3.

Note that > . If IA3(0)[ < e/4, then we get

IA ( t)l > IA (0)1- IA (t) A ,(0) >- CT>:-4
for small T, so u is constant. If [A3(0)I e/4, then

I&,(t)l > IA3(t)l- E
j=l

Aj(t)(hj(x(t))+ Xl(t) OhjOXl(X(t)))
F_. ., E

-->--CT>1’3(0)1- IA3(t)- A3(0)I 8--8 =16

for small T. So in this case the derivative of the switching function has constant sign,
i.e., u is bang-bang with at most one switching. This proves our assertion above.

We now consider extremals which satisfy Ix=(0)l> 1-e. By shrinking U and T
further, if necessary, we can assume that for any such multiplier the following
inequalities hold for [0, T] and q U:

I(A(t), I(Z(t),f(q))le, I(A (t), [f, g](q))l 2e.

If Ao =0, then we have (A(t),f(x(t)))=0 at switching times. Therefore extremals with
Ao -0 correspond to constant controls. For a positive Ao we get from (1.4) (A(t),f(q)) <=-. We can now prove the monotonicity relations (3.7) and (3.8). For instance, assume
fl(p) # 0. Then we have along Y-trajectories

2t,-(t) (A (t), Y, [X, Y]](x(t)))

(x(t))(A(t),f(x(t)))+ (b2- b,)(x(t))" (A (t), g(x(t)))

+ ba(x(t))" (A (t), [X, Y](x(t)))
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and so, by construction

2l,F(t)l >1(p)l- 8Me -4Me

=l(p)l-12Me

Hence (I" has constant sign. Since (A,f)< 0 it follows that the sign is -sgn fl(p). This
proves the first relation in (ii). The other relations follow exactly like this one. l-]

We now return to the analysis of singular junctions in more degenerate cases. The
following lemmas are elementary, but useful observations.

LEMMA 6. Suppose y(p) 0 and tx (p) > O. There exists a neighborhood U ofp such
that ,X,-trajectories that lie in U are not time-optimaL [3

Proof We choose U so small that/z is positive on U and such that the monotonicity
relations (3.7) hold. So b-3) is decreasing along X-trajectories. Let tl, t2] be the interval
where X is used, with singular junctions at tl and t2. We have cr(t+)>-O and
qI’(t2--)-->0; tI" has a maximum on It1, t2], say at ? (q, t2), and there @(?)_<-0.
So 41- cannot increase everywhere in (q, ?) and it cannot decrease everywhere in ?, t2).
Hence there exist a time less than ? where @ is negative and a time greater than ?
where bi- is positive. But bi-decreases on (q, t2). This is a contradiction.

LEMMA 7. Suppose 3"(p) 0 and tz (p) < O. A necessary conditionfor time optimality
ofa .X,- (respectively, X.-) trajectory nearp is that 3" be negative (respectively positive)
at the singular junction. In particular, if 3" decreases along a singular arc, then ".XSX.-
trajectories are not time-optimaL

Proof We choose U so small that b.4) is positive along X-trajectories that lie in
U. Without loss of generality we consider a .X,-junction. Let t, t2] be the X-interval
and let ? (t, t2) be a time where the switching function has a maximum on [fi, tz].
Then we have ;F(?)--< 0 and ;F(t--) => 0. Since 4’r does not vanish identically on
[t, t], 4.3) is positive somewhere in (?, t2), and since b-3) increases, 4I.3)(t2-) >0
follows. But 4,.3)(t-) -Ao" 3’(x(t_)) and ,0 is positive. Hence 3’(x(t)) < 0 follows.
Analogously, 3’(x(q)) > 0 follows in case of a .X--concatenation. The last observation
is a consequence of these conditions. [-I

LEMMA 8. Suppose 3’( P O, Iz p 0 and p > O. There exists a neighborhood
U ofp such that any time-optimal .X.-trajectory (with switching points p and p) that
lies in U has to satisfy 3"(pl) > 0 and tz (p) < O.

Proof We choose U so small that bl-) is negative on U along X-trajectories. If
we call the Xl-interval [t, t], then it follows that 4,.3) is concave over (t, t). As
above, we have as necessary conditions @(t,+)>-0, v(t-)>= 0 and F(?)_-<0, where
? is a time where 4’F has a maximum over [t, t2]. This implies that 4.3) is negative
somewhere in (t, ?) and positive somewhere in (?, t2). Hence we have 4,1.3)(t+)< 0
and 4,.4)(t,+)> 0. Now 43.)(t,+)=-)to3"(p)and b.4)(t+)=-Ao /z(p,). Since Ao>0,
the lemma follows. [3

4. The bang-bang cases. We now start to analyze the local structure oftime-optimal
trajectories for a generic system in . As shown in 2, we can restrict ourselves to the
case when fl(p) O. Here we consider those systems for which time-optimal controls
are bang-bang. These are the cases where fl(p) is negative.

It is clear that singular arcs are not optimal near p if/3 (p) < 0. For, if also a (p) < 0,
then no singular arcs exist near p, and if a (p) > 0, then the Legendre-Clebsch condition
is violated. For bang-bang trajectories we proved the following result in [10] (cf.
Propositions 5.1 and 5.2).
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PROPOSITION 3. Let fl(p) <0. There exists a neighborhood U ofp such that time-
optimal bang-bang trajectories that lie in U are at most concatenations of the following
forms:

(0) XYX if a(p) < O, BBB if a(p) > 0;
(i) xYxrif a(p)=O, y(p)>0, YXYX if a(p)=O, T(p)<0;
(ii) XYXYX if a(p) 0, T(P) 0, /x(p) < 0, YXYXY if a(p) 0, y(p) 0,

(p)<0;
(iii) XYXYXY if a(p)=O, y(p)=0,/z(p)=0, (p)>0, YXYXYX if a(p)=O,

r(p)=0, (p)=0, (p)<0.
Remark. Actually, we proved a slightly more general result than this one in the

sense that we excluded the optimality of concatenations where the first or last switchings
did not need to be bang-bang, but could be arbitrary junctions. For instance, we
excluded the optimality of .XYX.-concatenations in the case a(p)=0, y(p)=0 and
/x(p) < 0. For bang-bang trajectories this yields the result above; below we will also
use the more general version.

Proposition 1 will follow immediately from this result once we know that time-
optimal trajectories are bang-bang. There is, however, a minor technical problem here
which is due to the fact that an optimal control is only known to be measurable. In
particular, we do not know a priori that optimal controls are concatenations of bang
and singular controls. We take care of this now.

We call a switching time which is a limit of switching times t,, n , t, # t, a
nonisolated switching time. For a trajectory F we denote the set of its nonisolated
switching times by N Nv. Basic properties of N are:

(i) If N, then dv(t) 0 and r(t) 0;
(ii) N is closed and nowhere dense.

For all the cases considered in Proposition we know in addition that a bang-bang
trajectory with more than five switchings is not time-optimal. This implies that no point
in N can be isolated if F is time-optimal. Therefore, if N is not empty, then N is a
perfect set (i.e., it is closed and every point is a limitpoint of points in N). If N is
empty, then F is a finite concatenation of bang and singular arcs, and so is a bang-bang
trajectory with finitely many switchings in our case. Hence Proposition 1 will follow
from Proposition 3 and the following lemma.

LEMMA 9. Let U be a sufficiently small neighborhood ofp and let F be a time-optimal
trajectory that lies in U. Then, in all the cases considered in Proposition 1, we have
N= Nr=.

Proof. We assume F is a time-optimal trajectory defined over an interval [0, T]
and that N is not empty. Then there exist times tl, t2 Nmwithout loss of generality
we may assume 0 < tl and t2 < T--such that F is bang-bang over (tl, t2). At t and t_
we have singular junctions. Since/3(p) # 0, the singular conjugate point relation (3.6)
cannot hold for small time T, i.e., on a sufficiently small neighborhood ofp. Equivalently,
we could say that br is strictly convex along Y-trajectories by (3.8) and so at ends of
Y-arcs a switching to X must occur. Similarly, no singular junctions with X are
possible near p if a(p) 0 by (3.4) and (3.5). So N can only be nonempty if a(p) 0.

We first consider the case when the bang-bang trajectory over (tl, t2) contains a
Y-arc. Since at the endpoints a switching to X occurs, F contains then both a .XYX.-
and a .XYX.-concatenation over [t, t2]. We claim that this part of F is not time-
optimal. In the cases y(p) 0 and y(p) 0, /x (p) < 0 this follows from Proposition
3, (i) and (ii), and the subsequent remark. To treat the other cases we have to recall
a couple of necessary conditions for optimality of bang-bang trajectories which we
proved in [10]: we consider a ,XYX.-concatenation with switching points Po, P, P2,
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P3 and times rl, r2, 7"3 along X, Y, and X, respectively. A necessary condition for time
optimality of the .XYX-trajectory with first switching point Po is that

2(4.1) O<= (p)r2+r(1 + O(1)){-y(po) -fi(po)7. -K(po)r}

where O(1) stands for times which are at least linear in the switching times r and 7"2,

and 4 stands for expressions of the form 4(1 + O(1)) (of. [10, (5.4)] and note that the
specific form of the first junction is irrelevant for the condition obtained there. It holds
equally for YXYX- and for ,XYX-concatenations). Furthermore, a necessary condition
for time optimality of a .XYX.-concatenation is that

(4.2) 0=

(cf. [10, (5.5)]).
We now assume that y(p)= 0 and/x(p) > O. Since there is a singular junction at

Po, in addition we have (3.4) as a necessary condition and since a(po)<=0 (Lemma 2)
we get

0 <- y(po)+1/41z(po)7. +-o;(Po)7"2.
We use this in (4.1) to conclude that

0 <= 1/2fl(P)7"2 + 7.1(1 + O(1)){-1/2/2 (Po)7",- ;(P0)7"21).
Next we transport the expression in {. .} from Po to P2 by Taylor’s theorem. The terms
with a factor r2 that come up in this process are all dominated by fl(P)7"2 < 0 and so
we obtain as necessary condition for optimality that

(4.3) /- (P2)- 1/2(P2)7.,

It is clear from this that ,XYX-concatenations are not time-optimal near p if tz (p) > 0.
If y(p)=0 and/x(p) =0, we combine (4.2) and (4.3) to get the following necessary
condition for a ,XYX.-concatenation"

0 <- 1/2if(P2)(7"3 7"1) + 1/2if(P2) 7. -off(p2)(37. + 27"3).

This excludes XYX.-trajectories near p if K (p) < 0. In the case (p) > 0 a time reversal
argument shows that .XYX,-concatenations cannot be time-optimal near p: Time
reversal is the input symmetry which changes X into -X and Y into Y. The functions
a,/3,/x are fixed under this operation, but 3’ and change into -y and -. Therefore,
if ,XYX.-concatenations are not time-optimal in the case :(p)> 0, it follows that
XYX,-trajectories are not optimal if K(p)<0 (cf. [10, 3.2]).

This proves that F does not contain a Y-arc over (t, t). So we can assume that
F is an X-trajectory on (t, t). Concatenations of the type ,X, are not time-optimal
if y(p)0 (Lemma 3) or if y(p)=0 and /x(p)>0 (Lemma 6). In the remaining
cases--/z (p) < 0 and /z (p) 0, r (p) 0we cannot quite exclude ,X,-concatena-
tions. But since N is a perfect set, there are ,X,-trajectories arbitrarily close to each
other. We will show that such a structure cannot be time-optimal.

If/z(p) < 0, we have by Lemma 7, as necessary conditions for time optimality of
a ,X,-concatenation, y(p)>0 and y(p2)<0, where p and P2 are the consecutive
switching points. Since N is a perfect set, there exist times t* N arbitrarily close to
t2; in particular, we can choose t*-t2 so small that y(x(t)) is negative on It2, t*].
Since N does not contain an interval, there exist times ?, ’: N, ’, ’2) - t, t*] such
that F is bang-bang on (’, ’). Without loss of generality we may assume that this is
another ,X,-concatenation since the optimality of other concatenations has been
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excluded already. But then y(x(tl))<O, contradicting the necessary condition
y(x(tl)) > 0 of Lemma 7.

In the case /x (p) 0, K (p) 0 we can restrict ourselves to the subcase K (p) > 0
since the result will then follow for n (p) < 0 as well by time reversal. By Lemma 8 we
have as necessary conditions y(p)>0 and /z(p)<0. As above, we conclude that
there exists another .X.-concatenation over an interval (’, ’2) arbitrarily close to the
left of t. By choosing t- small enough we get y(x(t))>O and /x(x(t))<0 on
1, t,]. So we have 4I.3)(t+) < 0 and $I.3)(t2-) < 0. Also, bl.3) is positive somewhere

in (’1, ’2) and so 4-4) has a zero in (t, ’2). The monotonicity relation (3.7) implies
that 1.4) is strictly decreasing along X-trajectories--(p) > 0mand so b-4)(t2-) < 0.
This contradicts/x(’2) < 0.

So in all the cases considered in Proposition we have contradicted N # . This
proves Proposition 1.

5. The singular eases. We now consider the cases when optimal singular arcs can
exist and when bang-bang trajectories occur only in a trivial way. This happens for
fl(p) > 0. On a sufficiently small neighborhood of p the monotonicity relations (3.7)
and (3.8) hold; in particular it follows that the switching function is concave (and
negative) along Y-trajectories. Therefore Y-trajectories necessarily lie at the ends of
the interval [0, T] over which the extremal is defined. Here now the problem is to
control concatenations of X and singular arcs.

In the case when a(p) 0 nonisolated switching times cannot exist since the
singular conjugate point relations would be violated otherwise. If a(p)>O, then
singular controls do not exist near p and so time-optimal trajectories can only be of
the form YXY. If a(p)< 0, then the switching function is in addition convex (and
positive) along X-trajectories; so they also lie at the ends of the interval [0, T]. Now
singular arcs can be optimal and therefore this allows for time-optimal trajectories
which are of the form BSB. This proves case (0) in Proposition 2.

PROPOSITION 4. Suppose a(p)=0. There exists a neighborhood U ofp such that
the following concatenations are not time-optimal in U in the cases specified:

(i) .X* if y(p) > O, *X. if y(p) < 0;
(ii) *X* if y(p) 0, (p) > 0;
(iii) .XSX. if y(p)=O,/x(p)<0;
(iv) .XSX* ify(p)=O,/z(p) =0, (p)>O,*XSX. ify(p)=O, (p)=0, (p) <0.
Proof Statements (i) and (ii) were proved in Lemmas 3 and 6 and we just listed

them for convenience. Also, (iii) will follow from Lemma 7 once we show that
decreases along singular arcs. This is so since S X + (a/ce -fl)( Y- X), and therefore
Lsy(p) Lxy(p)=/z(p) <0. Hence Lsy is negative on a small neighborhood of p.

A new result is (iv). We may assume K(p) > 0 since the result for the case (p) < 0
follows then by time reversal. By (3.7), br5 is then negative on intervals where X is
used. First let us establish notation. We consider a .XSX.-concatenation and call the
switching times to < t < t2 < t3 and the switching points Po, Pl, Pz, P3. Lemma 8 implies
as necessary conditions 3’(P) > 0 and/z (p2) < 0. We claim that it suffices to show that
3’ decreases along the singular arc between p and P2, since, if this holds, we have
y(pl) > 0, and therefore the singular conjugate point relation (3.5),

0= a(p)--y(pl)’rl +]! (pl)7"l 6-!6K (pl)’r3 + O(’r4),

and Lemma 2 imply/(Pl) > 0. Also Lstz(p)= Lxl(p)= (p)> 0, and so/z increases
along singular arcs near p. So we get/z (p) > 0 as well and this contradicts the necessary
condition/z (p) < 0.
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So it only remains to show that y does indeed decrease along S over [0, T]. Note
that

Lsy=L,T-LxT=.

Since (p) =0, y(p) =0, and (p) =0, we have Ls(p)=O and so

Ly(p) Ls(p) Lx(p) (p) > O.

Therefore y is convex along singular arcs near p. In particular, Lsy(X(t)) increases
on [t, t] and so it suffices to show that Lsy(p2)< 0. Since -B is negative near p,
we have to show that (pz)w(p2) B(Pz)(P2) > 0.

If w(p2)0, this follows from the necessary conditions (P2)0 (Lemma 2) and
(p2)<0 (Lemma 8). The case w(p)>0 needs more care. We use the singular
conjugate point relation along the SX.-concatenation (cf. (3.4)) to say

T2 T3(5.1) 0=(pz)+sy(p)r+(p2) +(P2) +O(r4)
where r t3-t2. Since the junctions are singular at both ends we have a second
singular conjugate point relation, namely also the vectors g(P2), IX, Y](P2) and
e""d X([x, Y](P3)) are dependent (since v(t3) 0 as well). Analytically this yields

0 g(p2) A [X, Y](P2) A e""d x ([X, Y](P3))

g(P2) A [X, Y](pz) A [X, [X, Y]](p2)+ ad X(Y)(P2)

+r ad4 X(Y)(p)+r4 ad X(Y)(p2)+O(rS).

If we express the higher-order brackets as linear combinations off g and [X, Y], the
coefficient at f must vanish. This yields

(5.2) 0 (p) +(p)+k,(p)+ (p)3 + 0(,4).
Now subtract twice (5.2) from three times (5.1) to eliminate y. This gives

(p) h,(p)+ (p)3 + 0(,4)
and so we have in small time (pz)(1/12)(p2)r2. Hence, for w(p2)> 0, we get

(pz)w (pz) B(P2)(P2) (Pz)(-B (Pz) +w(P2)2) > 0.

<0 <0 for small
This proves that y decreases along S on [t, t2].

Proposition 2 will follow immediately from Proposition 4 once we know that
time-optimal trajectories are concatenations of bang and singular arcs. We now prove
this.

LEMMA 10. Let U be a sufficiently small neighborhood ofp and let F be a time-optimal
trajectory that lies in U. en, in all the cases considered in Proposition 2 we have that
N= Nv=.

Proof We may assume (p)=0. Again we prove Lemma 10 by contradiction,
i.e., we assume that Nv .

A consequence of Proposition 4 is that N is a perfect set--it has no isolated
points. We first show that there exist two .SXS.-concatenations (where the singular
arcs may be absent) arbitrarily close to each other. By omitting finitely many bang and
singular arcs we may assume O N and T N. Then no Y-arcs occur in F and since
4. does not vanish identically, it is positive somewhere, say at Then there exists an
interval tl, t), t N, t2 N, t, tz) such that F is a finite concatenation of X and
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singular arcs on (tl, t2), at least one of them being an X-arc. The optimality of an
XSX.-concatenation is ruled out by Proposition 4, and so we may assume that F is

of the form .SXS. on (tl, t2), allowing for the possibility that the singular arcs be
absent. Furthermore, since N is a perfect set, 2 is a limit point of times in N from
above and so for every e > 0 there exists a N, 0 < - t2 < e. Now repeat the same
construction over the interval (t2, ). This establishes our claim. We call the second
interval (t3, t4).

In the cases y(p) 0 and y(p) 0, x (p) > 0 this already contradicts the optimality
of F. For the other cases we can basically mimic the arguments used to prove (iii) and
(iv) of Proposition 4 since it is possible to choose t2 and t3 arbitrarily close to each
other. First, let us establish notation" let , ’2) and ’3, ’4) be the X-intervals in (t, t)
and (t3, t4), respectively. If, for instance, there is no singular arc before the first
X-trajectory, then t [; we call the corresponding switching points Pi and/i, i= 1,
2, 3, 4 (see Fig. 1).

I)F

s x s s x s

tl tl t2 t2 t3 t3 t4 t4

FG.

Now consider the case y(p)= 0 and x(p)< 0. By Lemma 7 we have as necessary
conditions for optimality y(/2) < 0 and y(/3) > 0. In this case 7 decreases along singular
arcs near p, and so we have also y(P2) < 0 and Y(P3)> 0. This cannot be since it is

possible to choose t3 arbitrarily close to t2. This is a contradiction.
Now suppose y(p)=0, x(p)=0, and without loss of generality, assume that

K(p) > 0. Then by Lemma 8 we have as necessary conditions y(/)>0, x(/)< 0 and
Y(/3) >0, /x(/3) <0. We will be done if we can show that y(/2)>0, since this will
lead to the same contradiction as in the proof of Proposition 4(iv): The singular
conjugate point relation at P2 implies/x(/) > 0 and since x increases along singular
arcs, and since we can choose t3 arbitrarily close to t2, we then get x(/3)> 0 as well,
contradicting x(/3)< 0. To show that y(/)> 0, we first recall the following formula
from the proof of Proposition 4:

Since y is convex along S, we get Lsy(p3)< 0 and if we choose sufficiently close to

t2 also Lsy(p)< 0. This implies that 7 decreases on the intervals ([2, t2) and (t3, [3).
Therefore T(P3) > 0 and for t3 sufficiently close to also 7(Pz) > 0. This then implies
]/(fi2) > 0. This concludes the proof of Proposition 2.

6. The genericity of the conditions. In this section we show that the conditions of
Propositions and 2 and of Corollaries and 2 are generic within the class N. This is
an almost immediate consequence of Thom’s Transversality Theorem.

For the convenience of the reader we briefly recall some basic concepts and results
from differential topology, following [4] in our exposition. In particular, all the proofs
can be found there. Let M and N be smooth manifolds; let TM and TN be the tangent
bundles and let TM be the tangent space at a point p M. We denote the set of all
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smooth mappings from M to N by C(M, N). If p M and f and g are smooth
mappings withf(p) g(p) q, we sayf has first order contact with g at p if (Df)(p)
(Dg)(p) as maps from TpM to TqN; f has kth order contact with g at p, f"k g, if

Df" TpM TqN has (k-1)st order contact with Dg at every point in TpM. Let
Jk(M, N)(p,q) denote the set of equivalence classes under ""k at p" of mappings

jk be the dis-f C(M, N) with f(p) q and let jk(M, N):= U p,q),MN (M, N)p.q)
joint union. Elements in jk(M, N) are called k-jets of mappings, p is the source and
q is the target. It can be shown that jk(M, N) is itself a manifold and that it has a
fiber bundle structure; jk(M, N) is called the k-jet bundle. For every f C(M, N)
there is a canonically defined mapping jkf. M - jk(M, N) which assigns to every p M
as image jkf(p) the equivalence class of f in jk(M, N)(p,f(p)). This map is called the
k-jet off It is an invariant way to describe the Taylor expansion off at p up to order
k. If f C(M, N), then jkf. M jk (M, N) is smooth. Finally, let jk. CO(M, N)
C(M, jk(M, N)) be the map which assigns to f C(M, N) its k-jet.

We now define the Whitney C topology. For U_jk(M, N) let M(U):=
{f C(M, N)" jkf(M) U}. The family of sets {M(U)}, where U is an open subset
of jk(M, N), form a basis for a topology on C(M, N), called the Whitney C k

topology. Let Ok be the set of open subsets of C(M, N) in the Whitney C k topology.
The Whitney C topology on C(M, N) is the topology whose basis is 0 t-Jkc Ok.
This is a well-defined basis since Ok -- O1 for k <- I. It can be shown that C(M, N) is
a Baire space in the Whitney C topology. Therefore a countable intersection of open
dense subsets (i.e., a residual subset) is dense. We also note that the mapjk is continuous
in the Whitney C topology.

Letf C(M, N), let W be an embedded submanifold of N, and let x M. We
say f intersects W transversely at x if either f(x) W or f(x) W and T.rx)N
Tix W+(Df)(x)(TxM); f intersects W transverselywfY W--iff intersects W trans-
versely at every x M. Notice that, if the codimension of W is greater than the
dimension of M, thenf W means f(M)f3 W.-.

THOM’S TRANSVERSALITY THEOREM. Let M and N be smooth manifolds and let
W be an embedded submanifold of jk(M, N). Then the set Tw=
{f C(M, N)" jkf W} is a residual subset ofC(M, N) in the Whitney C topology;
in particular, it is dense in C(M, N). If W is closed, then Tw is also open.

We now apply this to our situation. Recall that we identify with the C map
( g).3._.> 6 and that we equip C(3, 6) with the Whitney C topology. Let

jk := jk (3, 6). The sets

B+ := {p JZ: f(x) ^ g(x) ^ [f g](x) 0, g(x) ^ [f g](x) ^ [X, [f, g]](x) 0,
where x is the source of P}

and

B_ := {p e j2: f(x) ^ g(x) ^ [f, g](x), g(x) ^ [f, g](x) ^ Y, [f, g]](x),
where x is the source of P}

are open in j2. Therefore M(B+) and M(B_) are open subsets of C(E3, 6) in the
Whitney C (and hence in the C) topology. Observe that these sets consist of all the
systems E for which f, g and If, g] are independent everywhere and a, respectively,
/3 does not vanish on E3, i.e., these sets are the sets / respectively _. We will show
that the systems E6 +U _which satisfy at every point at least one of the
conditions of Propositions and 2 and Corollaries and 2 contain an open and dense
subset of , and hence are generic. This will prove our theorem.
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Let ]k := {p jk. f(x) ^ g(x) ^ [f, g](x) # 0, where x is the source of p}. Define

W+ := {P e ]5: g(x) ^ [f g](x) ^ ad X(Y)(x) O, r 2, 3, 4, 5 x source of P},

W_:={Pe]" g(x)^[fg](x)^ad Y(X)(x)=O, r=2,3,4, 5 x =source of P}.

LEMMA. W+ and W_ are closed embedded submanifolds of codimension 4 in ]5.
Proof The functions defining the sets W are smooth and so it is clear that the

sets W+ are closed. To prove that they are embedded submanifolds of codimension
4, it suffices to show that in each case the defining map " ]5__> R4 has maximal rank
everywhere. To see this we compute some special partial derivatives of the functions
Cr-l(P) :=f(x) ^ g(X) ^ ad X(Y)(x), x the source of P, in local coordinates. (We only
do it for W+.) Note that the ith component of [f, g] is

j=l OXj ’dJ OXj
gj’

k=l j=l OXk OXj
fj(fk--gk) +derivative terms of order one \

or second order derivatives of f).
Therefore, if ei denotes the ith unit vector in R3, we have

O(02gi/OXr OXs)
(fr(Z g.,) +A(fr gr))(g(x) ^ If g](x) ^ el).

We claim that not all of these partial derivatives vanish. Since g(x) and [f, g](x) are

independent, g(x)^ [f, g](x)^ ei # 0 for at least one i. So, if the partials are all zero,
we must have

f,.(Z-g)+Z(fr-gr)=O for all r, s{1,2,3}.

In particular, we get for r= s that fr(fr--gr)--0 for all f If fr # O, this implies fi g,.
For fr 0 we have fsg,. 0 for all s. Since f(x) 0 there exists an s such that fi # 0,
and hence g=0. Therefore we have f(x)= g(x), contradicting the independence off
and g. This shows that not all partial derivatives of 1 with respect to second-order
partials of g vanish. Since l depends only on the 2-jet of E, it is clear that all partial
derivatives of l with respect to higher-order partials of g do vanish. Analogously it
followS for r= 3, 4, 5 that not all the partial derivatives of r-1 with respect to rth
order partials of g vanish, whereas all partial derivatives with respect to higher order
partials of g vanish trivially since Cr-I only depends on the r-jet of 2. This shows that
the gradients of 1, 2, 3, and 4 are independent everywhere in ]5.

Let Tw := {E Yd:jsE W}, W= W+, or W= W_. By Thom’s Transversality
Theorem the set {E C(3, 6): j5gy W} is dense in C(3, 6) and so Tw is dense
in 9. Also, since W is a closed embedded submanifold of ]5, the set {js2
Co(R3, ]5). js2 W} is open in C(3, ]5). Furthermore, ]5 is open in j5 and the map
j5 is continuous in the Whitney C topology. Therefore Tw is open and dense in
then so is Tw+ fl Tw_. And for E e Tw+ Tw_ at every point at least one of the conditions
of Propositions 1 and 2 and Corollaries 1 and 2 holds. For, if/3(p) # 0, then not all
of a, 7, /, and K can vanish at p, since jSg(p) W_ means jSg(p) W_. So one of
the conditions of Proposition or 2 holds. Analogously, if a(p) 0, then one of the
conditions of Corollary 1 or 2 is satisfied since jSg(p) W+. This proves our result.
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AN APPROACH TO SIMULTANEOUS SYSTEM DESIGN. PART II:
NONSWITCHING GAIN AND DYNAMIC FEEDBACK COMPENSATION

BY ALGEBRAIC GEOMETRIC METHODS*

BIJOY K. GHOSH?

Abstract. This paper studies structured uncertainty problems in feedback system design, considers a
compact parameterization of the space of linear dynamical systems and introduces "base points" and "critical
points" as two algebraic-geometric objects that have significance in sensitivity and robustness studies,
respectively. Using the Nevanlinna-Pick interpolation theory, the author obtains a necessary and sufficient
condition for simultaneous stabilization of a structured one-parameter family of plants. A recent result due
to Kharitonov, on the simultaneous stability of a parameterized family of polynomials, leads to a sufficiency
condition for simultaneous stabilization of a structured multiparameter family of plants. Furthermore the
author considers "simultaneous pole placement" of an r-tuple of plants as a means to arbitrarily tune the
natural frequencies of a multimode linear dynamical system. The concept of"nondegenerate" and "twisted"
r-tuples of plants is introduced as the pole placement problem is studied via Schubert enumerative geometry
as an intersection problem on the associated Grassmannian. Various other design problems, viz., the strong
stabilization problem and the dead beat control problem, are also considered.

Key words, simultaneous stabilization, pole assignment, base point, critical point, interpolation, non-

degenerate, twisted

AMS(MOS) subject classifications. 93, 14

1. Introduction. In the last decade, control theorists have witnessed significant
progress in multi-input multi-output system design. The central issue is the classification
of plants or families of plants that admit a robust, nonswitching, dynamic output
feedback compensator and satisfy a specific set of design constraints (viz. sensitivity
minimization, stabilization, pole assignment, etc.). The basic problem without any
additional design restriction is the robust stabilization problem described as follows.

Problem 1.1 (Nonswitching compensator problem). Given a family G of p m
real, linear dynamical systems, does there exist a nonswitching m p real compensator
K(s) such that the closed-loop systems G(s)[I + K(s)G(s)]- have poles only in the
open left half of the complex plane for every G(s) G?

The above problem is important in the design of a compensator for a dynamical
system whose parameters are uncertain and where A, the region of uncertainty, is
known. This would indeed be the case if the parameters of the system were poorly
identifiable. In this situation it is important to ascertain the existence of a compensator
which is robust with respect to the parameter uncertainty and which stabilizes the
family (G (s), A A) of plants. Likewise, the above problem would arise if the dynami-
cal system has a continuum of operating points (for example, the altitude of an aircraft
or the r.p.m, of an induction motor). The parameters of the system may vary depending
upon the choice of the operating points and the objective of the design is to synthesize
a compensator robust with respect to the parameter variation. As has been originally
pointed out by Saeks and Murray [37], this problem also arises if a control system
G(s) operates in many failed modes, all within a given family G, and the design
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objective is to continue to maintain stability even if a component of the control system
G(s) should fail. For a detailed discussion concerning many other illustrative examples
ofthe above design problem, we refer the reader to the monograph edited by Ackermann
[1], and many other references, e.g., [8]-[10].

We now detail the contribution of this paper. In 2 we pose Problem 1.1 as a
classification or parameterization problem and propose an algebraic geometric
framework which enables us to characterize some of the design aspects of the stabiliz-
ation and pole assignment problem that have not yet been recognized. In particular
we compactify the space of dynamic compensators, study the continuity of the pole
placement map, and show the existence of "base points." Finally We argue that the
base points are significant, and that, in fact, around these points the location of the
closed-loop poles is extremely sensitive with respect to the plant and the compensator
parameters. We also study the asymptotic behavior of the closed-loop system as the
plant/compensator parameters tend to the base points. We also show the existence of
critical points, which are those infinite points in a neighborhood Of which the stability
of the closed-loop system is not robust with any margin of stability. The principal
message of 2 is therefore to avoid the base points and the critical points in any
feedback system design.

In 3 we describe explicit system design techniques for robust stabilization of a
structured family of plants simultaneously. We consider the one-parameter family of
plants and, using Nevanlinna-Pick interpolation methods [35], [36], obtain a necessary
and sufficient condition for simultaneous stabilization of the family. We also obtain a
bound on the degree of the compensator if it exists. Thus whereas the conjecture that
"the set of pairs of simultaneously stabilizable plants of bounded degree has simul-
taneously stabilizing compensators of bounded degree" is false [13], in this paper we
show the existence of a suitable class of one-parameter families of simultaneously
stabilizable plants of bounded degree that admits simultaneously stabilizing com-
pensators of bounded degree. In other words, the bound on the degree of the com-
pensator can be a priori computed as a function of the degree of the plants to be
compensated. In 3 we also consider the multiparameter family of plants and obtain
a sufficiency condition for simultaneous stabilization of such a family. Finally we
consider robust simultaneous stabilization problems, wherein we study the extent to
which a structured family of simultaneously stabilizable plants can be perturbed by
an unstructured perturbation.

In 4 and 5 we describe explicit system design techniques for pole assignment.
In 4 we consider a general ansatz for pole placement as a Schubert intersection
problem 19] and derive explicit bounds on the degree of the compensator for generic
simultaneous pole placement of proper and strictly proper plants. We also obtain
similar bounds for the strong stabilization problem, wherein the dynamic compensator
is assumed to be stable. In 5 we analyze a simultaneous pole assignment problem
via gain feedback. We also pose and analyze a classically well-known "dead beat
control" problem.

Section 6 concludes this paper with a summary and discussion on future research
directions.

2. A parameterization of the space of linear dynamical systems. In this section we
consider the set of rn p proper or strictly proper transfer functions of McMillan
degree q denoted, respectively, Sqp,., and Ep

,,.. In order to study degenerating families
of systems and asymptotic properties of systems under deformation, it is useful to
compactify the spaces Xp,q and Sqp,,. and obtain the spaces Xpq,. and Spq,., respectively.
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This construction enables us to study the behavior of a sequence of feedback control
systems, in particular the closed-loop poles, as an asymptotic property of a sequence
of compensators of a given McMillan degree q. Clearly the above study is useful in
system identification, adaptive control and in high gain feedback control system design.
It also enables us to study variations in the plant and in the compensator parameters
simultaneously arising possibly as a result of parameter changes or structured uncer-
tainty. (For some further details and previous work on families ofsystems, see [20]-[22],
[25], and [32].) The main point that we wish to illustrate in this section is that in every
feedback system design problem which involves a family of plants and a family of
compensators, there exists a set of points called "base points"’ in the plant/compensator
space which needs to be avoided. Otherwise near the base point the corresponding
closed-loop poles are sensitive with respect to changes in the plant and the compensator
parameters. Likewise we show that there exists a set of points called "critical points"
in the compactified plant/compensator space which cannot be robustly stabilized by
a nonswitching regulator.

2.1. A compactification of the space of dynamic compensators. Using a construction
due to Hermann and Martin [26], compactification of Sqp, has been developed by
Brockett and Byrnes [3] for q =0 and more recently by Byrnes [4] for q->_ 0. Although
it is repetitive, we discuss the main results for the sake of completeness. (For a detailed
description, see [12].)

oTo begin with, consider Sp,, of m x p gain matrices -K. If we consider -K to
be a feedback gain matrix, it defines a relationbetween the m input u and p output
y as follows"

(2.1.1) Jim K][u T y]r=O.
The matrix [I,, K] is an rn x (m + p) matrix with linearly independent rows. In fact,
multiplying (2.1.1) by a nonsingular rn x rn matrix does not change the relation between
u and y. Thus the matrix [I,, K] in fact defines an m-plane in R"/p via its row span,
and is therefore a point in Grass (rn, rn + p). (See [ 19] for details about a Grassmannian.)

More generally, consider Sp,, of rn x p proper transfer functions K (s) of McMillan
degree q. If we consider -K(s) to be a feedback compensator, it defines a relation
between u(s) and y(s) as follows:

(2.1.2) [I,. K(s)][u(s) T y(s)r]r=O.
Let us now consider the left coprime factorization of K(s) given by

(2.1.3) K(s)=[ k(s) 0 ]-Ikl(S) kip(S)]0 k(s) kml(S) k,,p(S)
where k(s), ki(s), i= 1,..., m;j= 1,...
write

p are polynomials in s of degree q. Let us

(2.1.4)

(2.1.5)

k(s) A k<) +. + k(q)sq

ko(s) & k) +. .+ k(ifl)s q

and define

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

b A [k() k(qI],

ko a k..o).., k(q)
c’"j "’q

_, A- [Ui(S), SU,(S), squi(S)]T

_y __a [y2(s), sy2(s), ", sqyj(s)] T,
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We now rewrite (2.1.2) as

(2.1.10)

-Ul

The associated matrix in (2.1.10) defines (via its row span) an m-plane in R(q+l)(m+p)

and is therefore a point in Grass (m, (q + 1)(m +p)). Thus we have

(2 11) Sq c Grass (m, (q+l)(m+p)).p,m

Dually, by considering the right coprime factorization of K(s) in (2.1.3), we also have

(2.1 12) Sq c Grass (p, (q+ 1)(m+p)).

The closure Sq of q
p,m Sp.m inside either Grass (m, (q+ l)(m+p)) or Grass (p, (q+l)

(m +p)) is compact and is the compactification obtained by Byrnes [4] for q-> 0 and
by Brockett and Byrnes [3] for q 0.

DEFINITION 2.1.1. The set of points

Sp,

is defined to be the "infinite points" in the above compactification.
Note that the infinite points are the set of limit points which needs to be added

to qSp, in order to obtain a compact set.
The following example taken from [12] explicitly describes S, in Grass (2, 8).
Example 2.1.2. Consider the set of two-input and two-output proper systems of

degree 1 given by

[(aTs+a,)/(a6s+as)(aas+a)/(a6s+a,)](2.1.13) G(s)=
(a9s+a3)/(a6s+as) (alos+a4)/(a6s+as)

where

(2.1.14) (a7as- a,a6)(aaa- a:za6) (a9as- a3a6)(aloas- a4a6).

The transfer function (2.1.13) defines the point

row span of [ a5 a6 0 0 al a7 a2 as](2.1.15) k 0 0 a5 a6 a3 a9 a4 alo

in Grass (2, 8). Not every element in Grass (2, 8), however, corresponds to an element
in S,2 or in S.. To see that, consider the point p defined by

p____a row span of [x X2 X3 X4 X5 X6 X7 X8](2.1.16)
Y Y Y3 Y4 Y Y6 Y7 Y

in Grass (2, 8). In order that p S,z it should satisfy

(2.1.17) r/12 T]34 0,

(2.1.18) r/14 r/3,

(2.1.19) r/13 r/68 + r/zar/_s7 + r/z3[ r/s8 + r/67] 0,

(2.1.20) "/24 0,



SIMULTANEOUS SYSTEM DESIGN II 923

and

(2.1.21) (T124T54 Tl14T]64 or TI24T]74 TI14T]84 or ?Q2425 TI14T]26 or TI24T]27 T11428

where rl0--xy- xsy is the set of Plucker coordinates (see [7]) via which Grass (2, 8)
can be imbedded in Rp7. Note that the infinite points in S, are described by
(2.1.17)-(2.1.19) and

(2.1.22) T24 0

or

(2.1.23) T24 ’164 T84 "i26 28

’114 54 T74 T25 T27

We remark that (2.1.17)-(2.1.19) and (2.1.22) contain the set of improper transfer
functions in $2,2, and that (2.1.17)-(2.1.19) and (2.1.23) describe the set of transfer
functions of degree 0 in 82,2

By analogous technique we can compactify Z q the set of rn p strictly
proper transfer functions of degree q as a point in Grass (m, (q+ 1)m+qp) or
Grass (p, (q + 1)p + qm). Let us now consider the following example.

given by (2.1 13) (2 1.14) with av a8 a9Example 2.1.3. Consider the set Z2,2
ao 0. Every transfer function in Z defines a point in Grass (2, 6) given by2,2

(2.1.24) row span of |
0 0 a5

In fact if p is a point in Grass (2, 6) defined by

(2.1.25) row span of ]xl X2 X3

Y Y2 Y3

thenpZ if and only if2,2

(2.1.26) r/2 r/34 0, r/4 r/23,

It follows that Z -Z is described by2,2 2,2

(2.1.27) TI T34 T56 T24 0,

0 a a2].a6 a3 a4

X4 X5 X6/
Y4 Y5 Y6

T56 0 ’i24 0,

14 23 O.

2.2. Continuity of the pole placement map and the base locus condition. Classically,
root locus 11] was studied by considering a single-input single-output plant together
with a scalar gain feedback, and a plot of the closed-loop poles as a function of the
feedback gain was obtained. Since root locus is continuous with respect to the scalar
gain, the closed-loop poles asymptotically and continuously approach the open-loop
zeros as the gain tends to infinity. For the multi-input multi-ouput case the generalization
is not immediate. However, as we shall see in this section, the asymptotic locus of the
closed-loop poles as a function of the compensator parameters is not necessarily
continuous. Furthermore, as we have seen in 2.1, infinity is not a single point and
therefore there is more than one way to tend to infinity leading to distinct closed-loop
behavior of the dynamical system. These are now detailed as follows.

Let G(s) be a proper p m plant of McMillan degree n and let K(s) be a proper
m p compensator of McMillan degree q. Let us represent them in their coprime
fraction representation as follows:

(2.2.1) G(s)= N(s)Dv(s)-’
(2.2.2) K(s)= D.(s)-’Nc(s)
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where Np (s), Dp (s), N,. (s), D,. (s) are matrices of appropriate orders with elements in
the ring H of stable proper rational functions. It is well known that K(s) places the
poles of the plant G(s) at s s, s2, Sn/q provided

(2.2.3) det [Nc(s)N,(s)+ D,.(s)Dp(s)](s,) =0

for i= 1,. ., n+q. Let

(2.2.4) Co+ Cl S "Jl- "-1- Cn+qS
n+q & p(s)

be a polynomial which vanishes precisely where det [NcNp+ DD] vanishes. The
polynomial p(s) is called the characteristic polynomial. For a fixed G(s), (2.2.3) defines
a mapping between the compensator parameters and the coefficients c of the charac-
teristic polynomial p(s) in (2.2.4). We therefore define the pole placement map

(2.2.5) X" sq B’> Pn+qp,

defined by

(2.2.6) x(K(s))=[Co,

where the right-hand side of (2.2.6) is written in homogeneous coordinates. The set B
is called the base locus (see [19], [34]) and is defined to be the set of points in
where X does not have a continuous extension. It is a well-known fact (see [34, p. 98])
that the base locus B is given by

(2.2.7) B n X-I(H)
H

where H is a hyperplane in "+q and X-(H) is the closure of X-(H) inside
The significance of the base locus is made clear in the following proposition.

Por,osvoy 2.2.1. The base locus B is equivalently described as

(2.2.8) B {K(s) det N(s)Np(s) + D(s)Dp(s)] 0}.

Proof Every s defines a hyperplane H in "+q, viz., the hyperplane
n+qorthogonal to the vector [1 s s... s ]. It follows that

(2.2.9) X-’(H) {K (s) det N,.Np + DD](s) 0}.

Let s,..., s++ be a set of distinct real numbers. It follows that

n+q+l

(2.2.10) ( X-’(H)= {K(s)Idet[NcN+ DD](s)O},
i=1

since the characteristic polynomial of the closed-loop transfer function is of degree
n + q. Finally since

n+q+l

(2.2.11) B f) X-’(H,),
i=1

we have

(2.2.12) B= {K(s)ldet[N,.(s)Np(s)+ D(s)Dp(s)]--O}.
Conversely, let us assume that

(2.2.13) K,(s) {K (s) det N,.(s) Np(s) + D(s)Dp(s)] 0}.

Clearly K(s) is a compensator for which the associated characteristic polynomial p(s)
is identically zero, i.e., c0 c c,+q 0. Hence X cannot be defined at K(s). By
choosing two different sequences of compensators approaching K(s), we can show
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that X does not even have a continuous extension to a mapping which is defined at
K(s). Otherwise X has to be multivalued at K(s), which is absurd. Therefore

(2.2.14) {K(s)ldet[N.(s)N(s)+D.(s)D(s)]=-O} B. [3

In the following example we characterize the base locus for a particular compensa-
tion problem.

Example 2.2.2. Consider a single-input single-output plant g(s) of degree 1 given
by (s+ 1)/(s+2). Consider a proper compensator k(s) of degree given by (ks-
2)/(s+k2). The compensator is parameterized by two parameters k and k. The
closed-loop transfer function is given by

(s+l)(s+k2)
(2.2.15)

(k, + 1)s + (k, + k)s+(2k-2)"
Using Proposition 2.2.1 we infer that the base locus B is the point set given by

(2.2.16) B&{k(s)lk, =-1, ke= 1}.

The pole placement map X is described as

(2.2.17) X" S,, -B->[[2,
(2.2.18) x(k(s)) {k, + 1, k + k, 2k_- 2}.

Clearly X is continuous everywhere except at k(s)=-(s+2)/(s+ 1) where it is not
even defined. To show that X cannot be extended to a function X continuous at
-(s+2)/(s+ 1), we assume the parameterized family of compensators F, given by

(2.2.19) F a= {k(s)l(k + 1)= t(k2-1)}

where [. Consider a sequence of compensators h]’)(s), h2’)(s), in Ft approaching
the compensator -(s+2)/(s+ 1). It is easy to see that

(2.2.20) x(hl’)(s))=[t (t+l) 2]

independent of but dependent on t. Note that the closed-loop system is stable if > 0
and unstable otherwise. This indicates that when the compensator parameters k, kz
approach arbitrarily close to the point (-1, 1), possibly along two different lines in
the (k, G) plane, the closed-loop system can be stable in one case and unstable in
the other. Thus stability is not a robust property in the neighborhood of (- 1, 1) primarily
because the closed-loop poles are extremely sensitive with respect to the parameter t.
Finally the asymptotic locus of the roots of the characteristic polynomial is not
continuous with respect to the parameters k, k at the point (-1, 1). Hence X does
not have a continuous extension to a function X defined at the point (-1, 1).

2.3. Degeneration of a family of closed-loop systems. In the last section we derived
the base locus condition assuming that the plant is fixed and the compensator par-
ameters are allowed to vary. In this section we describe a general theory, wherein both
the plant and the compensator parameters are allowed to vary. Let us consider the set
S,,p of p x m plants of degree n and the set Sqp, of m x p compensators of degree q
suitably compactified. As an extension of the pole placement map (2.2.5) we define

(2.3.1) b: S" ,,-m,p X Sqp,
_
n+q

(2.3.2) (G(s), K(s))=[Co, Cn+q]
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where G(s), K(s), ci, i=0,..., n+q are described via (2.2.1)-(2.2.4). Similar to the
definition of B, we define/ to be the base locus of the map 0. We now consider the
following proposition.

PROPOSITION 2.3.1. The base locus B is described as

(2.3.3)
B {(G(s), K(s))I [N.(s)Nn(s)+ D(s)Dp(s)] =0 Vs C

where _o-(. denotes the minimum singular value}.

Proof The proof follows from Proposition 2.2.1 since

(2.3.4) _[Nc(s)Np(s)+Dc(s)+Dp(s)]=O for all sC,

(2.3.5) <=> det Nc(s)Np(s) + Dc(s)Dp(s)] =- O.

We now consider the following illustrative example from the literature [33, Ex.
2.1], wherein the compensator is fixed and the plant parameters degenerate into the
base locus.

Example 2.3.2. Assume b2 # 0. Consider the following state-space system:

(2.3.6)
k2 1 U2

(2.3.7) [y( y/]T=[x( X2] T

together with the feedback compensator

(2.3.8) [ur u/]r=_[yr y’]r.

The closed-loop system above is stable and has a pair of poles at -2, -2. Let us now
perturb (2.3.6) and consider

(2.3.9)
92 0 -1 x2 5/b12 u2

The perturbed system (2.3.9), (2.3.7), (2.3.8) is an unstable system with closed-loop
poles at the zeros of (s + 2)2- 5. Note that the stability of the closed-loop system and
the instability of the perturbed closed-loop system are independent of bl. This fact
is quite disturbing because, for arbitrary large b2 the matrix components of the two
systems are "close."

From the viewpoint of the parameterization proposed in 2.1, it may be trivially
checked that the unperturbed system defines a point in Grass (2, 8) given by

0 0 1 0 b 0
(2.3.10) row span of

0 1 0 0 0

which degenerates to the point

[0 0 0 0 0 0 1 0](2.3.11) row span of
0 0 1 1 0 0 0 0

as b2 oe. The perturbed system, on the other hand, defines the point

[1 1 0 0 1 0 b,2 00](2.3.12) row span of
0 0 b2 b12 5 0 1

which also degenerates to the point (2.3.11) as b->o. Thus the two closed-loop
systems under consideration are "close" as points on Grass (2, 8).
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It may be trivially checked that the point (2.3.11) is on the base locus of the map

(2.3.13) @" S22,2S,-/}-->[IP2.

Thus, following the argument presented in Example 2.2.2, we conclude that stability is
not a robust property around the point (2.3.11). This may also be viewed as an
algebraic-geometric interpretation of the conclusion presented in Example 2.1 of [33].

Remark 2.3.3. Proposition 2.3.1 serves to justify the comment on page 78 of [33]:
"A multivariable system will not be robust.., if its return difference transfer function
matrix.., is nearly singular at some frequency In fact, a near singular transfer
function matrix is close to the base locus.

In multivariable feedback system design, a good design strategy is to avoid the
base locus. In particular, around the base locus, the closed-loop poles are sensitive
with respect to the plant and the compensator parameters. (For an original reference
on the application of base locus in system theory, see Byrnes [45].)

2.4. Robust system design and the critical point condition. Let S, be as defined
in 2.1. For the purpose of robust system design, in this section we pose the following
problem.

Problem 2.4.1 Parameterize the set f q of points in Sp, with the property thatp,m

for every crE) qp,., there exists an open neighborhood N(cr) of cr in S,,, such that
every plant in Sn,, (3 N(r) is simultaneously stabilizable.

Analysis of the above problem is clearly important in the study of "system
degeneration" and "high gain" compensation. (For motivational remarks and other
details pertaining to the case m =p 1, see [6].)

DEFINITION 2.4.2. The set of points

(2.4.1) Sq

is defined as the "critical points" in the compactified sqp,
We now state the following simple proposition.
PROPOSITION 2.4.3. Every critical point is an infinite point in Sq

p,

Proof The finite points in Sq q
p,, are points in qSp,,,. Moreover, every point in Sp,

has an open neighborhood in Sq that can be simultaneously stabilized by a dynamicp,m

compensator. Therefore no point in qSp,,, is a critical point.
The set of critical points are now explicitly characterized as follows.
THEOREM 2.4.4. The points

(2.4.2) row span of
_k

"..
0 kll" k12... kp. 10 _k kml kin2 kmp

belonging to Sq
p,, are critical points of qSp,,, if and only if there exists in the closed

right half of the complex plane such that the row rank of the matrix M(s) given by

(2.4.3) M(X)&
k(s) 0 k,,(s) k,p(s)

0 k(s) km,(S) kmp(S)

at s s* is < m.
Remark 2.4.5. The vectors _k, _ki2 and the polynomials k(s), ko(s) i= 1,

j 1,..., p are defined in (2.1.4)-(2.1.7).
,m;
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ProofofTheorem 2.4.4. The sufficiency is clear, since the closed-loop characteristic
polynomial

k(s) 0 k,,(s) k,p(S)

(2.4.4) det
0 k(s) k,,,(s).., k,,p(S)

K(s) I

corresponding to any p x m compensator transfer function K(s) always vanishes at
s* and therefore (2.4.2) is indeed a critical point.

In order to show "necessity" assume that the row rank of the matrix M(s) in
(2.4.3) is m for all s C. Then clearly M(s) is right invertible, i.e., there exists an
(m+p)m matrix N(s)lM(s)N(s)=A(s), where det A(s) vanishes only in Cs, the
open left half of the complex plane. We partition N(s) as [Nl(s) r N2(s)r], where
Nl(S) is mxm and where we choose N(s) such that det Nl(s)0 and N-(N2 is
proper. Thus we have a transfer function N-;N2 of a compensator which stabilizes
the transfer function corresponding to the plant (2.4.2). Moreover, a sufficiently small
neighborhood of (2.4.2) in qSp,, is stabilized by the compensator. It follows that (2.4.2)
is not a critical point. The only case left is that where the rank of the matrix M(s) in
(2.4.3) is <m at some points in C., the open left half of the complex plane. This fact,
however, implies that M(s) can be factored as

(2.4.5) M(s) Al(S)M,(s)

where det A(s) vanishes at s sl and where M(s) has either rank m at all s C. or
rank <m for some s se in C Proceeding as above it follows that M(s) can be
factored as

(2.4.6) M(s) A*(s)M*(s)

where det A*(s) vanishes only in C and where M*(s) is of rank m at all s C. By
obtaining a right inversion of M*(s) and considering the reasoning as before it follows
that (2.4.2) is not a critical point. [3

Example 2.4.6. If q- m =p 1, the space S1,1 contains proper transfer functions

(2.4.7) q(s) =as+a
s+bo aoabo

of degree 1, that can be parameterized as points in3 via the homogeneous coordinates
[1 bo al ao]. The set of infinite points S,-S, in [3 is described as

(2.4.8) {[ho, h, he, h3]: hoh3 h,hz}

and the set of critical points are described as

(2.4.9) {[h0, h, he, ha]: hoh3 hhe and hoh <-_0 and heh3_-< 0}.

Remark 2.4.7. The significance of a critical point may now be emphasized. By
definition, if is a critical point in Spq,,,, then there exists a sequence of points
i, 1, 2,... in Sq which tends to in the limit and with the property that thep,

family of plants {sci} is simultaneously unstabilizable by a dynamic compensator. Since
critical points are those infinite points in Spq,,,, neighborhoods of which are not
simultaneously stabilizable, a good design strategy is to avoid the critical points in
system design.

In order to describe Corollary 2.4.9 of Theorem 2.4.4 we need the following
definition.
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DEFINITION 2.4.8. A compensator is said to stabilize a plant with margin of
stability e > 0 if the closed-loop poles are in the region {s e C: Re s < -e}.

COROLLARY 2.4.9. Let, l(s), 2(s), be a sequence of plants in Sp,,,q which
approaches a critical point in So -oq arbitrarily close. Then the family {i(s), i=p, p,

1, 2,." .} ofplants is not simultaneously stabilizable with any margin of stability.
Proof Suppose the corollary does not hold. Then there exists a compensator which

simultaneously stabilizes the given family with a margin of stability e > 0. This, however,
implies that the plants (t(s) in the family are not in the associated base locus. Thus
the closed-loop poles are continuous with respect to the plant parameters. It follows
from the definition of a critical point that there exists an integer N sufficiently large
that N(S) has a closed-loop pole arbitrarily close to a point s* in the closed right half
of the complex plane. However, this is a contradiction. [3

3. Simultaneous stabilization of plants with structured uncertainty. In this section
we restrict our attention to single-input single-output plants and consider the following
problem.

problem 3.1. Let P be a subset of ’,1 for some integer n. Does there exist a
dynamic compensator of degree _-<q which stabilizes each and every plant tr P?

Of course if tro is a plant in P and if the subset P represents structured perturbation
of O-o in 1)’,, the above Problem 3.1 is a robust stabilization problem with structured
uncertainty. Also, for the purpose of estimating the complexity of the compensator
which solves a particular design problem, it is of interest to consider.

Question 3.2. Is q a priori bounded?
If P is a single point it is well known that an upper bound on q is given by q _-< n.

On the other hand it has been shown [13], [12] that if P is a pair of points in
an upper bound on q does not exist.

3.1. A general ansatz for simultaneous stabilization. In this section, we consider
a family P of single-input single-output proper plants of degree n given by

(3.1.1)
P {x (s)/y (s)" A e A, x, y e H; x, y

are coprime and deg x/y n for all A e A}.

Assume that P contains at least two distinct plants. Furthermore let us define

(3.1.2) 70(s)-- Xi(S)yj(S)--Xj(s)yi(s), i,j A

where A is an arbitrary parameter space. We now state without proof the following
result from Theorem 5.1 of 13].

PROPOSITION 3.1.1. Let x(s)/y(s), x2(s)/y2(s) be two distinct plants in P. There
exists a proper compensator which simultaneously stabilizes each and every plant in P if
and only if there exist A(s), A2(s) J, the set of multiplicative units of H, such that

(i) Y2- A:y and Azx Axz vanish at s, , s, Cu with multiplicities at least
ml, , m,, respectively, where Sl, ", s, are the zeros ofqz(s) in Cu with multiplicities
m1," , m,, respectively. (Here C C C..)

(ii) Azxl-Ax2 does not vanish at with multiplicity m unless 12(s) vanishes
at with multiplicity at least m.

(iii) There exists A Jfor all A A { 1, 2} such that

(3.1.3)

In the proof of the next theorem we will introduce four auxiliary return difference
polynomials which we denote by at(s), i= 1, 2, 3, 4.
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We now consider the main result of this section described in the following theorem.
THEOREM 3.1.2. Assume that P contains at least two proper plants and does not

contain three plants gl, g2, g3 such that gl(s*) g2(s*) g3(s*) for any s* C U{c}.
Furthermore assume that A is a compact subset of for some integer a and that the
parameters of x (s)/y (s) depend continuously on A. A sufficient condition that every
plant in P is simultaneously stabilizable by a dynamic compensator is given by the stability
of the four polynomials cei(s), 1, 2, 3, 4, defined in (3.1.10).

Remark 3.1.3. For details on the simultaneous stabilization of a finite number of
plants, see [12]-[14], [16], [17], [37], [42].

Remark 3.1.4. The above problem is a version of the robust stabilization problem.
It is indeed surprising that such a problem may be tackled via simultaneous stabilization
of a finite number of plants, in particular, four. We consider Theorem 3.1.2 to be a
theoretically significant result, since simultaneous stabilization of four plants by a
stable, minimum phase compensator (currently an open problem) is conceptually
simpler than simultaneous stabilization of a family of uncountably many plants.

Proof of Theorem 3.1.2. Let us consider the two proper plants gl(s), ge(s) in P
defined as follows:

gl(s) Xl(S)/yl(s), g2(s)-- x2(s)/y2(s)

where xl, x2, Yl,Y H and xi, y are coprime 1, 2. Assume that there exists
A1,A,A J, AeA-{1,2} such that (3.1.3) is satisfied. We now show that P is
simultaneously stabilizable by a possibly improper compensator.

By easy algebraic manipulation of (3.1.3) we first obtain the following two iden-
tities:

(3.1.4) [Alx2-A2xl] r/, [,x- Axa
(3.1.5) [Aly2- Azyl] r/; [Aayl- Aly ]TI

Noting that r/AI(S) does not have a zero at any point where r/lz(S) has a zero for all
A A-{l,2}, we find from (3.1.4) and (3.1.5) that condition (i) of Proposition 3.1.1
is satisfied. Since condition (ii) of Proposition 3.1.1 is imposed in order to make the
compensator proper, it follows that P is simultaneously stabilizable by a possibly
improper compensator.

Since A is compact we now claim that P is actually stabilizable by a proper
compensator. This is because there exists a rl, o’2 > 0 such that the closed-loop poles
with respect to the improper compensator is in the region {s"-o-2<Re s < o-1}. It
follows that we can perturb the improper compensator and obtain the required proper
compensator.

From the argument presented so far we conclude tfiat a necessary and sufficient
condition for the simultaneous stabilization of P is the existence of
A-{l,2} such that (3.1.3) is satisfied.

We now obtain a sufficiency condition for the existence of
A-{l,2} such that (3.1.3) is satisfied.

Clearing the denominator, we may assume without any loss of generality that in
(3.1.3), A1,A2,AA, TA2, ’A1 and r/12 are polynomials of appropriate degrees. By a
suitable algebraic manipulation we conclude the existence of two polynomials r/2(s)
and r/(s) such that the following two statements are equivalent"

(1) There exist A1, A2, AA J, A A-{1,2} such that (3.1.3) is satisfied.
is stable for all(2) There exist stable polynomials A’, A such that A’

A A-{1,2}.
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Let us now write

n,(s) a0(A)+a,(A)s+’’’+a,(A)s",

r/12(s) bo(A )+ b,(A )s +. + b,(h )s".

andand r/Since the coefficients of r/hi 2 are linear combinations of coefficients of
ra2, respectively, it follows that ai(h) and hi(h) are continuous functions of . Since
A is compact, these functions attain a maximum and a minimum Assume ai(A)e[ai, ],
b(h)e[y,6] for a<_-fli, Yi--<3, i=O,...,n. Let us denote the columns of the
(2q + 2) x n + q) matrix

O0 O O

To 71

O0 n--1 n
To Y,,-I

tO
0 ’YO ’/1

(3.1.6)

by v{,. l)n+q_l,T respectively, and the columns of the above matrix (3.1.6) by a
T Treplaced with fl, Yi replaced with 6i, i= 0,. ., n, with Uo, ", U,+q_l, respectively.

Let us denote A’I/A by

(3.1.7) A’/A(s) cd E dd + Sq
=0 =0

where

(3.1.8) if&leo do Cq_l dq-1 Cq 1],

(3.1.9)

By Theorem 1.3 of[ 15] it follows that a sufficient condition for the family ofpolynomials
Ar/,2- A71 for all A A-{I, 2} to be stable is given by the stability of the following
four polynomials: - -...]_,

3U4

3() 6[V2Ul u v3 v4

4(s)=6[UoV 3u4v4

Remark 3.1.5. The four polynomials in (3.1.10) have the same structure as we
would obtain as return difference polynomials from four single-input single-output
plants compensated by a stable, minimum phase compensator with the exception that
the associated (2q+2)x(n+q) matrices in (3.1.10) are not the Sylvestor matrices
corresponding to any single-input single-output plants.

Remark 3.1.6. The proof of the above theorem relies on some recent results due
to Kharitonov [28] (see [15] for details).

3.2. Simultaneous stabilization of one-parameter family of plants by interpolation
methods. Let x(s)/y(s) and X2(s)/y2(s)" Xl, X2, Yl, Y2 H be a pair of proper but not
strictly proper plants in f]’, written in their coprime representation. For ease of
exposition and notational simplicity we assume that the zeros of Xly2--Xzyl(S) in C,
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are simple and are in the interior of C We now consider a linear one-parameter
family of plants described as follows"

(3.2.1) F={g(s)" g(s)=[x,+(1-)t)x2]/[,y+(1-,)yz], 6[0, 1],g ]., V,}.

In order to state the main result of this section we need the following notation.
Let a,. ., a, denote the zeros of xyz-xzy in C,. Let us define b as follows"

(3.2.2) b Xz/x(a) if the multiplicity of a as a common zero of x(s) and x2(s)
is less than or equal to the multiplicity of a as a common
zero of y(s) and y2(s)

y2/y(a) otherwise

for i= 1,..., t. Letus also define s=(a- 1)/(a + 1) and z (x/-b- 1)/v/b- + 1), where
the branch cut for the square root is taken to be the nonpositive real axis. Furthermore
let k be the largest real number such that

(3.2.3) 1 k2z,z]/[ 1 ss l..i
is nonnegative definite. The main result of this section is now described.

TrOeM 3.2.1. The following three statements are equivalent"

(1) F is simultaneously stabilizable by some dynamic compensator.
(2) F is simultaneously stabilizable by some dynamic compensator of degree

<-_3n -2.

(3.2.4) (3) k>l.

Remark 3.2.2. We find Theorem 3.2.1 quite surprising. In fact, whereas the conjec-
ture that "pairs of simultaneously stabilizable plants of bounded McMillan degree
have simultaneously stabilizing compensators of bounded McMillan degree" is false
(see [13]), the conjecture that "simultaneously stabilizable linear one-parameter
families of plants of bounded McMillan degree have simultaneously stabilizing com-
pensators of bounded McMillan degree" is true. In this sense, stabilizing a discrete
r-tuple of plants (in particular a pair of plants) simultaneously appears to be a much
more difficult problem.

Remark 3.2.3. Results similar to Theorem 3.2.1 are unknown for the multipara-
meter family of plants.

The following corollary of Theorem 3.2.1 is also quite interesting.
CooIl.AeY 3.2.4 (Gain margin in problem). The family of plants

(3.2.5) {g(s)" deg g(s) n, , [0, 1]}
is simultaneously stabilizable if and only if it is simultaneously stabilizable by a
compensator of degree _-<3 n 2.

Thus Theorem 3.2.1 and Corollary 3.2.4 recover a result previously due to
Khargonekar and Tannenbaum [27] on the gain margin problem. Furthermore we
obtain an explicit bound on the degree of the compensator if one exists.

Proof of Theorem 3.2.1. Let us define

(3.2.6) xx(s) )x(s)+(1-,)x2(s),
(3.2.7) yx (s) =/y,(s) + (1-,)y2(s).

From Proposition 3.1.1 it follows that a necessary and sufficient condition for the
simultaneous stabilization of F is the existence of A, A2, Ax J, , (0, 1) such that

(3.2.8) ZXz/A,(a,) b, i= 1,..., t,

(3.2.9) Az/A,(eo) : xz/xl(oO),

(3.2.10) XAl+(1-A)A2(s)=Ax(s



SIMULTANEOUS SYSTEM DESIGN II 933

for all A (0, 1). Condition (3.2.9) is imposed in order to make proper the simul-
taneously stabilizing compensator. However, since [0, 1] is compact, we may ignore
(3.2.9) according to an argument similar to the proof of Theorem 3.1.2.

Thus a necessary and sufficient condition for the simultaneous stabilization of F
is the existence of A2/A(s), which interpolates (ai, hi), i= 1,..., and which does
not intersect the nonpositive real axis including infinity at any point in

Recall that R- is the nonpositive real axis including infinity. It is trivial to check
that C is conformally equivalent to D via the following transformation"

p: C,- D,
s-1

s+l

Likewise C-E- is conformally equivalent to D-, the open interior of the unit disc,
via the following transformation:

(3.2.11)
2" C lt- --> D--,

-1
s ->/+ 1

where the branch-cut for the square root is taken to be the nonpositive real axis.
Thus the above interpolation problem reduces to the following Nevanlinna-Pick

interpolation problem [35], [36]: "Does there exist a rational function with real
coefficients which defines a map from D to D- in the complex plane, which interpolates
the points

(3.2.12) (a,-I x/-l)ai + 1’ b-+ 1

for i=1,. ., t?"
From standard results in the Nevanlinna-Pick interpolation theory [35], [36] it

follows that if (3.2.4) is satisfied there exists a rational function of degree -< t- 1 which
solves the above interpolation problem. Working backwards, if (3.2.4) is satisfied there
exists a rational function A2/A(s) of degree =<2t-2 that satisfies (3.2.8) and (3.2.10).
Since the plants x/y and x2/y are of degree n, it follows that if k > 1, the simul-
taneously stabilizing compensator is of degree <_-2t 2 n. Since <= 2n we have 2t 2
n<-3n-2. Thus we have (3)=:>(2).

On the other hand, if k; 1 it follows that the Nevanlinna-Pick interpolation
problem cannot be solved even by an analytic function and therefore the one-parameter
family of plants F is simultaneously unstabilizable. Thus we have (1)==>(3).

However, this completes the proof since (2)=:>(1) is clear.

3.3. Robust simultaneous stabilization methods. The basic question we pose in this
section is the following: Given a subset S of plants in fl,,p (where c is a given fixed
integer) which is simultaneously stabilizable by a dynamic compensator? To what
extent can S be perturbed to S’ in 12-a--U=o 12,%.p such that

(3.3.1) S c S’ c 12

and S’ is simultaneously stabilizable?
If/90 is a nominal plant in S, we shall call S a structured perturbation of Po. This

may result from gross variation of one or more parameters of the plant because of
component degradation, a change in the working condition, or failure of one or more
components. S’, on the other hand, is an unstructured perturbation of Po. This may
be introduced at a high frequency of operation as a result of unmodeled dynamics.
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(3.34)

(3.35)
(3.36)

In order to describe the main results of this section we need the following
assumptions and definitions.

Assume that po(s) is a single-input single-output proper plant of degree /Xo -> 1
and let r(s) be a 1 x 1 stable proper transfer function of degree/x. Furthermore assume
the following:

(1) All the unstable poles of po(s) are simple and their real parts are positive.
(2) The relative degree of r(s) is either 0 or 1 and Ir(jo)l>0 for all w. Let us

define the following subset S’ of f"

S’= {p(s)" Ip(joo)-po(jw)l<=lr(jw)l voo and p(s) has
(3.3.2) the same number of unstable poles as does po(s)}.

Also we define the subfamily S of S’ as follows:

(3.3.3) S A S N ,-/0+/x+l
|,!

The main result of this section is described in the following theorem.
THEOREM 3.3.1. The following statements are equivalent:

(1) S’ is simultaneously stabilizable by a proper dynamic compensator.

(2) S is simultaneously stabilizable by a proper dynamic compensator.

(3) S or S’ is simultaneously stabilizable by a proper dynamic compensator of
degree <- 2lXo + Ix 1.

Remark 3.3.2. Theorem 3.3.1 is an adaptation of a recent result due to Kimura
[29] and is therefore not entirely surprising. We remark however that Theorem 3.3.1
is the only known result on the simultaneous stabilization of a structured multiparameter
family of plants other than the sufficiency condition in Theorem 3.1.2.

Proof of Theorem 3.3.1. Condition (3.3.4) of course implies (3.3.5) since S is a
subfamily of S’o To see that (3.3.5) implies (3.3.4) we proceed as follows. Let C(s) be
a stabilizer of po(s). Assume that S’ is simultaneously unstabilizable. It follows from
Lemm 1 of [29] that there exists a p(s) in S’ such that for some o)= Wo we have

(3.3.7) I[p(jwo)-po(jwo)]C(jwo)]l>=ll +po(jwo)C(jwo)l.

We now claim that there exists p*(s) in S such that

(3.3.8) C(jwo)[po(jwo) -p*(jwo)] + po(jwo)C(jwo)].

Such a plant p*(s) therefore cannot be stabilized by the controller C(s) since the
closed-loop system has a pole atjwo. S would therefore be simultaneously unstabilizable
by C(s). To prove the claim we proceed as follows.

Using Nevanlinna-Pick interpolation methods [35], [36], we construct a proper
rational function 0(s) with real coefficients of degree with the following property"

(3.3.9) 10(jo)l- 1 Vto,

(3.3.10) arg O(jwo)= arg [1 +po(jwo)C(jwo)]-arg [C(jwo)rl(jw)]

where r(s) is any stable, proper rational function of degree /x and Ir(jw)l =lr(jw)
for all w. Let us define

(3.3.11) p,(s) po(s) rl(s)O(s).
It follows from (3.3.7), (3.3.9), and (3.3.11) that

[C (jwo)[ po(jOOo) Pl (jwo)]1 }C (jooo)l lr, (jwo)l
(3.3.12) Ic(joo)l Ir(jwo)l

->-I1 / po(jo)o) C (joo)l.
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Moreover, using (3.3.10) we have

(3.3.13) arg [(C(jwo))[po(jo2o)-p(jwo)]]=arg [1 +po(jooo)C(jwo)].

From (3.3.12), (3.3.13) it follows that there exists an e [0, 1] such that

(3.3.14) p*(s) po(s) er(s)b(s)

satisfies condition (3.3.8). Finally p*(s) clearly belongs to S, implying that S is
simultaneously unstabilizable.

The condition (3.3.6) of course implies (3.3.4). To see that (3.3.4)==>(3.3.6), note
that if S’ is simultaneously stabilizable, it follows from [29] that there exists a strictly
bounded real function u(s) which satisfies an interpolation condition. The degree of
u(s) depends only on the total number of interpolating points (see [41, pp. 139-143])
and is therefore one less than the number of unstable poles of po(s). In turn, the degree
of the compensator (if it exists) is -<2t +/z + 1, where is the number of unstable poles
of po(s). Clearly <-/Zo and we have the required inequality.

4. Simultaneous pole placement of multimode linear dynamical systems Iy dynamic
compensation.

4.1. Statement and motivation of the problem. The pole placement problem arises
from an interest in knowing if we can arbitrarily tune the frequency response of a
dynamical system by a proper choice of a feedback compensator. Of course if the
plant is multi-model, we need to consider an r-tuple of p x m rational transfer function
matrices G(s),. ., Gr(s) of McMillan degrees n,. , tlr, respectively, modeling all
the various modes of the m-input p-output plant. In fact, the r modes of a strictly
proper plant can be topologized as points in the set

(4.1.1) E=E",,.,p x...xEp
where

(4.1.2) Z.p {p x m strictly proper Gi(s), deg Gi(s)= n}.

(For details on the above topology, see [7], [23], and [24].) A set s,..., s,,+q of
unordered self-conjugate set of complex numbers can be topologized as a point in
",+q via the coefficients of the polynomial

ni+q

(4.1.3) 1-I (s s).
j=-I

We now address the following problem, which constitutes an important result of this
section.

Problem 4.1.1 (Generic simultaneous pole placement at a generic set of poles). Is
it true that for all r-tuple G(s),..., G(s) of p rn real, strictly proper plants of
McMillan degree n;, 1,..., r, respectively, except perhaps those contained in a
proper algebraic set, we can arbitrarily assign a set of r self-conjugate sets of n + q
poles, 1,. ., r, with the possible exception of a proper algebraic subset of poles,
of the closed-loop systems G(s)[I+K(s)]-, i= 1,..., r, respectively, by a real,
proper compensator K(s) of McMillan degree q?

Roughly speaking, Problem 4.1.1 refers to the question of whether or not it is
possible to place the closed-loop poles of almost all r-tuples of plants almost everywhere
by a dynamic feedback compensator. Clearly, the exact location of the closed-loop
poles is unimportant. Otherwise numerical errors in the location of the closed-loop
poles would affect the closed-loop response of the system. Consideration of a generic
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r-tuple of plants, although a restriction, enables us to compute explicit bounds on the
degree of the compensator. We remark, however, that in this section we say nothing
about the pole placement of a nongeneric r-tuple of plants. (For an explicit parameteriz-
ation of the generic set and a discussion on the nongeneric pole placement problem,
see [16].)

As noted in [4], a general method of solving pole placement problems is, first, to
parameterize, as an open dense subset of a compact space, compensators with certain
of their discrete invariants fixed, and second, to parameterize, for fixed So C and fixed
plant G(s), the subset of those compensators K(s) which place a pole of G(s)[I+
K(s)G(s)]- at So. Now that we have done this, the pole placement problem becomes
a problem of intersection theory on this compact space. For m, p, and q fixed the first
phase of this program has been completed in 2. We now analyze the second phase
of this program.

4.2. Analysis of the simultaneous pole placement map. As an immediate extension
of the pole placement map in (2.2.5), we define the simultaneous pole placement map

(4.2.1) X"

defined by

(4.2.2) x(K(s)) ([c,,0, , c,,,,+q], [C2,o, , ez,,2+q],""", [Or,0, ", e.....+q])
where

n.+q(4.2.3) Ci,o

is the characteristic polynomial of the closed-loop system

(4.2.4) Gi(s)[I + K(s)Gi(s)]-i

for i= 1,..., r, respectively. The set B, as before, is the base locus and is described
as follows:

(4.2.5) B __a U 1’3
i=1 H

where Hi is a hyperplane in ",/. Moreover if proji is the projection map

(4.2.6) proji: ",+q x. x ",-+q-->

for i= 1,. ., r we define

(4.2.7) Xi(" proj X(" ).

Finally X(Hi) is the closure of X(H) inside Sq The base locus B can be
qequivalently described as the closure of {K(s) Sp," det [I + K(s)Gi(s)] 0 for some

{1, r}} where the closure is taken inside S Problem 4.1 1 can be equivalently
described as follows: "For almost all r-tuples of plants in (described in 4.1.1), is it
true that the simultaneous pole placement map is almost surjective?"

Remark 4.2.1. If X is continuous, then almost-surjectivity of X would imply that
X is surjective. However, since the base locus is not necessarily empty, X is not, in
general, continuous at all points.

Consider a set of r self-conjugate tuples of n + q distinct poles given by

(4.2.8) {si,, s, si,i+q}
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1,..., r. Of course we may define the associated closed-loop characteristic poly-
nomials as follows:

ni+q ni+q

(4.2.9) K,(s)= I-I (s-si) cos
j=l j----0

for 1, 2, , r. The point C,o, , c.,,+q] in [",+ can be defined as the intersection
of the hyperplanes H,j 1, n + q, where Ho is the hyperplane in ",+q orthogonal
to

n.+q].(4.2.10)
A necessary condition for pole placement at the locations described by (4.2.8) is
therefore given by the condition that

hi+ q
(4.2.11)

i=1 j=l

Remark 4.2.2. Even when f is nonempty there may not exist a simultaneously
pole assigning compensator. This is because l-I may be contained inside the base locus
B and therefore for every compensator inside l’l, one of the associated r closed-loop
characteristic polynomials would vanish identically. Moreover II may contain only
points in S,.m Sqp,m which are the infinite points of the compactification.

We have therefore established the following theorem.
THEOREM 4.2.3. Given an r-tuple ofproper plants, there exists a finite compensator

of degree q which places the poles of the ith plant Gi(s) at conjugate set of distinct

si, j 1,. ., ni + q, for all 1,. , r if and only if
(4.2.12) (fI-B)Sq

p,m

is nonempty.
Example 4.2.4. For the purpose of this example, let us assume that the base field

is complex. Consider the problem of placing all eight poles, in the closed loop, of a
2 2 proper plant of degree 7 by a 2 2 proper compensator of degree 1. From Example
2.1.2 we know that S,2 is parameterized in Grassc (2, 8) by a set of four hypersurfaces
described by (2.1.17), (2.1.18) and (2.1.19). Moreover the algebraic curve (2.1.17)
describes a Schubert hypersurface (see [31]). Equation (2.1.18) is not itself a Schubert
hypersurface but it is a hypersurface homologous to a Schubert hypersurface. To see
this, let b be the functional in 4 describing the hypersurface (2.1.18). In the dual
space of 4, b is deformable to a functional b describing a Schubert hypersurface.
This follows by considering the deformation

(4.2.13) tth + 1 t)q where 0 =< <= 1

which is clearly an element of (4). for all [0, 1]. Similarly the quadratic curve
(2.1.19) is homologous to a pair of Schubert hypersurfaces.

It has been shown by Byrnes [5] that in order to place all eight poles in the closed
loop, we must intersect S.2 in Grassc (2, 8) by eight Schubert hypersurfaces, each
corresponding to a given pole. In other words, the problem reduces to computing the
intersection of 11 Schubert hypersurfaces together with a union of two Schubert
hypersurfaces in the 12-dimensional Grassc (2, 8). The problem is to compute the
number of points in the intersection.

It follows from Schubert calculus [31 that if the hypersurfaces are in the "general
position," then the number of points in the intersection remains invariant with respect
to perturbations. The intersection number is computed by considering the homology
class tr of the Schubert hypersurfaces as elements of H*2 (Grass (m, m+p),Z) and
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computing 2tr2 in the above homology. By Schubert calculus [31], tr
12 is the generic

intersection of 12 Schubert hypersurfaces in Grassc (2, 8) and is given by d(2, 6), where

1!... (p-1)!l!... (m-1)!(mp)!
(4.2.14) d(m,p)=

1!... (m+p-1)!

Thus, if we assume general position, there are at most 264 complex compensators
which place the poles. Note that not all of the 264 compensators are necessarily finite;
some may even be in the base locus.

Remark 4.2.5. In general, ascertaining whether or not certain points in the
intersection of several Schubert hypersurfaces of a Grassmannian are indeed in the
base locus or are infinite points is difficult. In the remainder of this section we shall
study this problem under the special cases min (m, p) 1, and in 5 we shall assume
min (m,p) >- 1, q=0.

4.3. Analysis of simultaneous pole placement map under the special case
min(m,p)= 1. Let us now reinterpret Theorem 4.2.3 under the special case when
min (m, p) 1. We shall see that for this special case, simple linear algebraic techniques
enable us to ascertain whether or not (4.2.12) is nonempty. Without any loss of generality
let us assume that m 1. Otherwise we can transpose the plants and the compensator.
Consider an r-tuple of p x 1 plants of McMillan degree ni, i= 1,. ., r, given by

1-1(4.3.1) d,js ," dp,js dp+js
j=0 j=0 j=0

for 1,. ., r. Consider the 1 x p compensator given by

(4.3.2) ajs.i, ap,jS ap+l,jS
=0 =0 j=0

We now ask the following simultaneous pole assignability question.
Question 4.3.1. Do there exist suitable choices of the coefficients ak,, j=

0,’’’,q;k=l,’’’,p+l such that

(4.3.3) d kjs akjs cos
k=l j=0 j=0 j=0

for all i= 1,..., r and where cgs are defined in (4.2.9)?
We would now like to write (4.3.3) as an equation that involves only the coefficients.

Consider the notation

(4.3.4) _a _a, ,
where

(4.3.5) _ak ak,o, ak,q.

Furthermore let us define for k 1,..., p + 1, the following:

dk,o(4.3.6) D= d q 1,
k,O d k,n

T T]_D(4.3.7)

and

n.+q].(4.3.8) s__ 1 s s,../
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We may now write (4.3.3) as
n.+q

(4.3.9) aDis rij Oils ij 0
l=O

for j= 1, ---, rti+ q; i= 1,---, r.
It follows from (4.3.9) that a necessary condition for the existence of a compensator

which places the poles of each of the plants Gi(s) at distinct conjugate points s,j
1,---, ni + q for all i= 1,---, r is given by

rid- q

(4.3.10)
i=1 j=l

Condition (4.3.10) is a necessary and sufficient condition for solvability of (4.3.9) for
a suitable vector _a. However, the vector _a may correspond to a compensator (4.3.2)
in the base locus B which needs to be avoided.

The base locus is the set of compensators for which Ki(s)= 0 (defined in (4.2.9))
for some i= 1,..., r and is given by

(4.3.11) [_J Ker _D i.
j=l

Analogously to Theorem 4.2.3 it follows that we have Theorem 4.3.2.
THEOREM 4.3.2. Assume min (m, p) 1. An r-tuple ofproperplants (4.3.1) ofdegree

ni, 1, , r is simultaneously pole assignable by a proper, or possibly improper, com-
pensator (4.3.2) of degree q at conjugate set of ni + q complex points for all 1, , r

if and only if
hi+q

(4.3.12) Ker _Ds- Ker _D
i=1 j=l i=1

is nonempty. [:]

Remark 4.3.3. The fact that (4.3.12) is nonempty does not imply that it contains
a finite compensator. In fact we must ensure separately that ap+. 0 in order for the
associated compensator to be finite. This is done in 4.4.

Finally we describe the base locus condition purely as a rank computation under
the case min (m, p)= 1 and derive a necessary and sufficient condition when the base
locus is empty.

THEOREM 4.3.4. Assume min (m, p)= 1. The base locus associated with the pole
placement map (4.2.1) for a generic r-tuple ofplants is empty if and only if
(4.3.13) (q + 1) max (m, p) -< min ni.

i{1,...,r}

Proof. The matrix _D is of order (q + 1) (m p) (hi + q + 1) and is of full rank
for a generic r-tuple of plants (see 12], 17] for a proof). Clearly Ker _D is nonempty
for some if

(4.3.14) (q+ 1)(m +p) > n,+q+ 1

for some i= 1,. ., r.
Remark 4.3.5. Since a necessary condition for simultaneous pole placement of a

generic r-tuple of min(m, p)= 1 plants of McMillan degrees ni, i= 1,..., r, respec-
tively, is given by

(4.3.15) qm + qp + mp >= n + rq
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we can infer from Theorem 4.3.4 that in most cases of interest, i.e., when (4.3.15) is
satisfied, the base locus is nonempty.

To sum up, so far in this section we have studied the simultaneous pole placement
problem as an intersection problem in an appropriate compactified space of com-
pensators Sq The set of compensators f which indeed places the poles simul-p,

taneously would in general include infinite compensators and compensators in the
base locus. In order to obtain a finite compensator we must exclude the infinite
compensators and the base locus from the set f. Furthermore we have also analyzed
the case min (m, p) 1 and obtained descriptions of the set , and the base locus B,
explicitly.

4.4. Simultaneous pole placement of proper plants by dynamic compensation. In
this section we propose to address the simultaneous pole placement Problem 4.1.1. In
particular we obtain an upper bound for the degree of the simultaneously pole
assignable compensator as a function of ni, m, p and r. The main result of this section
is now stated as follows.

THEOREM 4.4.1. A generic r-tuple ofproper plants (G(s),. ., G(s), deg Gi(s)=
n, 1, , r, can be pole assigned arbitrarily by a dynamic compensator provided

(4.4.1) r_<-max (m, p).

Indeed if (4.4.1) holds then we have the following:
(a) A compensator of McMillan degree q would assign an arbitrary r set of ni + q

self-conjugate poles, 1, , r provided

(4.4.2) (q+l)[max(m,p)+l-r]> hi.
i=1

(b) A compensator of McMillan degree q would assign an arbitrary r set of n / q
self-conjugate poles, i= 1,. ., r except perhaps a proper algebraic subset, provided that

(4.4.3) (q+l)[max(m,p)+l-r]>_ n,+(1-r).
i=1

It may be noted that even when r= 1, (4.4.2) and (4.4.3) are ditterent. This
distinction is fundamental and is a reflection of the fact that since the pole placement
map is not continuous in general, the exact pole placement and the approximate pole
placement problems are different. Thus a generic pair of 1 2 plants of degree one
can be pole assignable by a gain feedback almost everywhere. However, for specific
pole locations, the associated gain may either be infinite or is in the base locus and
therefore cannot be assigned. Indeed, for r 1 we have the following corollary.

COROLLARY 4.4.2. A generic p x m proper plant of degree n is pole assignable if
(4.4.4) (q+ 1)max (m,p)>-n+l

and pole assignable almost everywhere if
(4.4.5) q + max m, p -> n.

In order to prove Theorem 4.4.1, we need the following lemma which also indicates
that (4.4.2), (4.4.3) represent tight bounds.

LEMMA 4.4.3. Assume min (m,p)= 1. A necessary and sufficient condition for
simultaneous pole placement of a generic r-tuple of proper plants is given by (4.4.2). A
necessary and sufficient condition for simultaneous pole placement ofa generic set ofpoles
for a generic r-tuple ofproper plants is given by (4.4.3).
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We now proceed to prove Lemma 4.4.3.
ProofofLemma 4.4.3. We assume m 1 without any loss ofgenerality and consider

the r-tuple of plants given by (4.3.1). There exists a compensator of type (4.3.2) which
places the poles of the ith plant Gi(s) at si., , si,,,/q provided that, in the notation
of 4.3,

(4.4.6) _a[Olo Or] --[cl,o,... el,hi+q, C2,0,""", C2,n2+q, Cr,O," Cr,nr+q]

can be solved for a suitable vector of compensator parameters _a. By a simple algebraic
manipulation, we might describe the vector _a which satisfies (4.4.6) as the set

(4.4.7) $1-$2

where

(4.4.8) S, Ker/i,
i=1

(4.4.9) S U Ker Di,
i=1

(4.4.10) /= col (01, ", Qp+l),
dkO

~i0=diag (ci,,,+q ci,+q) d" kO

(4.4.11) 0 d’

[o, o,. ., o, ,][co,. .,
01dkn

d kn

Note that the matrix D has already been defined in (4.3.7). Furthermore, note that
the set $2 parameterizes the compensators in the base locus and that $1- $2 contains
finite or infinite compensators which simultaneously place the poles.

Now that we have described the set S1- $2, the following two questions seem to
be relevant.

Question 4.4.4. Is the set $1- $2 nonempty?
Question 4.4.5. Does the set $1- $2 contain vector _a for which am+p,q 7 0 9.
Of course Question 4.4.4 would ascertain if there indeed exists a finite or infinite

compensator which simultaneously places the poles. Question 4.4.5 would analyze the
possibility of such a compensator being finite. The following two lemmas answer the
above two questions.

LEMMA 4.4.6. The set $1- S is nonempty if and only if
(4.4.12) column span of Dis column span of [/1 /r]
for all i= 1,. , r.

Proof. (Necessity.) Suppose the contrary. Then there exists io such that

(4.4.13) column span of Dic column span of [/1 ./r].
Hence,

(4.4.14) KerD’Ker[/’ /r]=S,
Therefore,

(4.4.15) $1 c S
so that S1- S2 is empty.
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(Sufficiency.) By assumption,

(4.4.16) Sl Ker D

for all i= 1,..., r, so that S1 S Hence, S ["] S is a proper subspace of S. Thus
S-$2 is nonempty. [3

LEMMA 4.4.7. The set S- S2 contains a vector _a for which a,,+p,q 0 if and only if

and

(4.4.17) (0, 0," ", O, 1) r : column span of )1, ", b].

Proof (Necessity.) Sl-S2 is clearly a necessary condition. Assume on the
other hand that the vector (0, , 0, 1) 7- column span of[/, .,/r]. Every element
of $1-$2 is orthogonal to column span of [/1,...,/r] and hence orthogonal to
(0, , 0, 1) r. Thus if _a S Sz, then am+p,q O.

(Sufficiency.) Suppose on the contrary that every vector _a of S- $2 is such that
am+p,q--0. Hence either (0,. ., 0, 1)r _1_ $1- $2 or $1- $2 is empty. If $1- $2 is non-
empty then S (’1 $2 is a proper subspace of S and therefore (0, 0, , 0, 1) r _1_ S or
equivalently (0, 0,. , 0, 1) r column span of

The proof of Lemma 4.4.3 now follows.
LEMMA 4.4.8. For some { 1, 2, , r} if there exists v column span ofD, then

there exists some choice of Ci,.j for which v
Proof Let f,---, f,,+q be the columns of Di. Let the given vector v be described

as

(4.4.18) v a0fD+--- + a,,+qf,i+q
’’, ’’’, D,wherefor some choice of ao, a,,+q. Let fo, f,,+q_ be the columns of ~

(4.4.19) f ci,,,+ qfj c,,.if’, +q
for j 0, ---, ni + q 1. Writing (4.4.19) as

Ci,(4.4.20) f 1__._] nt- fini+q
Ci, hi+ q Ci, hid- q

for j =0,. ., hi+ q- 1 and substituting (4.4.20) in (4.4.18), we have

(4.4.21) v 2 -i- fin,+q nt- Olni+qfin+q.
=0 Ci, ni+q Ci,ni+q

It suffices to show therefore the existence of c,j such that

ni+q

(4.4.22) ajci, O.
j=0

Of course (4.4.22) can be satisfied by some choice of ci,. [3

LEMMA 4.4.9. Assume min(m, p)= 1. A generic r-tuple of proper plants can be
simultaneously pole assigned by a proper compensator if and only if (4.4.2) is satisfied.

Proof (Sufficiency.) For a generic r-tuple of plants [D Dr] is a matrix of full
rank. Thus

(4.4.23) column span of D column span of [/, /r]
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for all values of Cl,0," , Cl,nl+q, Cr,o, C.....+q and for all i= 1,. ., r. Hence
by Lemma 4.4.6, S1- $2 is nonempty for the right-hand side of (4.4.6). Moreover, since
(4.4.2) is satisfied, we may conclude for a generic r-tuple of plants that

(4.4.24) (0, 0, , 0, 1) 7- column span of (D, , Dr)

so that the hypothesis of Lemma 4.4.7 is also satisfied for the right-hand side of (4.4.6).
(Necessity.) If

(4.4.25) (q+ 1)[max (m, p)+ 1 r] -< n,,
i=1

then for a generic r-tuple of plants

(4.4.26) (0,. , 0, 1)7 e column span of [D D

Let vi be the projection of (0,..., 0, 1)r on the column span of Di. By Lemma 4.4.8

vi column span of/i for some choice of c., i= 1,..., r, j=0,..., n+q. Hence

(4.4.27) [0,. , 0, 1 r column span of [/l,.. ",/r]
for some choice of c.j, 1, , r, j 0, , n + q. It follows from Lemma 4.4.7 that
there does not exist a finite proper compensator which places the poles corresponding
to the above choice of c,.

LEMMA 4.4.10. Assume min (m, p)= 1. A generic r-tuple ofproperplants can be all
simultaneously pole assigned, with the possible exception of a proper algebraic subset of
poles, by a proper compensator if and only if (4.4.3) is satisfied.

Proof (Necessity.) Let us assume that (4.4.3) is not satisfied. For a fixed i= io,
we have

dim [column span of Dif’) column span of (/,...,/r)]
(4.4.28) >-dim[column span of D]+dim [column span of (/l,...,/r)]

-(q+ 1)(max (m, p)+ 1).

It has been shown in [12] that for a generic set of c.- s,

dim [column span of (/l, ,/r)] E ni + rq.

From the assumption we conclude that

(4.4.29) dim [column span of (/l,.. ,/r)]_ (q+ 1)(m +p)_>_0.

Thus from (4.4.28) and (4.4.29) it may be inferred that generically

(4.4.30) [column span of D]c [column span of (/,...,/r)].
Hence it follows from Lemma 4.4.6 that for a generic ei,j, S- $2 is empty. Hence a
pole assigning compensator does not exist.

(Sufficiency.) It is necessary to show that S-$2 is nonempty for a generic ci,.i.
Suppose on the contrary that

(4.4.31) column span of D column span of [/,...
for some io. For a generic c,, j 0, , n + q

(4.4.32) column span of D column span of [/o, Vo]

where

(4.4.33) Vo (0, 0, d o 0, ,0, d io--, 1, nio, --, r, nio)
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or equivalently the matrix

(4.4.34) V0 /1, /r]
is not of full rank. However, for a generic ci.j, (4.4.34) is of full rank which is a
contradiction. Thus $1- $2 is nonempty for a generic ci.j. Moreover, for an algebraic
set of

(4.4.35) [0,..., 0, 1] T column span of (/1, ,/r).
This algebraic set misses the point Ci, ni+q-- 1, ci. 0 for all j 0,. , n, i-- 1,
so that it is a proper algebraic set. Thus for a generic set of c,
(4.4.36) (0, 0, ---, 0, 1) T column span of [/5, .,/r].

,r,

Thus by Lemma 4,4.7, S --S2 does indeed contain, a vector _a for which am+p,q Y O.
Thus there exists a finite (proper) compensator in

The proof of Lemma 4.4.3 clearly follows from Lemmas 4.4.9 and 4.4.10.
Proof of Theorem 4.4.1. In order to prove Theorem 4.4.1 we need the results of

the following two lemmas which are now stated without proof.
LEMMA 4.4.11 [40]. Given an r-tuple ofp x m plants G(s) of degree n, each with

n simple poles, there is an open dense set of 1 x p vectors vRp such that vG(s) has
degree n for all i.

LEMMA 4.4.12 [17]. Given an r-tuple ofp x m plants G(s), there exists a constant
gain output feedback K such that the closed-loop systems Gi(s)[I+ KGi(s)]- have
distinct simple poles.

Theorem 4.4.1 now follows by choosing (D,K)cRPxmp. We have a mapping
from an open dense set

/11

(4.4.37) q)(,.,,K)" ,Y_., X...X i --> X...X i
m, p m, m, m,

(4.4.38) @(.K)(G(s)) r= vG(s)[ 1 + KG,(s)]-1)=
which is rational in the Hankel parameters (H0) of (G). Applying Lemmas 4.4.11,
4.4.12, and (4.4.3) to the case min (m, p)= 1, i.e.,

(4.4.39) Y x--- x Y

gives, via composition with , an open dense set of

(4.4.40) E x---x i
which can be simultaneously pole assigned.

4.5. Examples. In this section we consider three illustrative examples.
Example 4.5.1. Let r n m =p 1 and q 0, so that (4.4.5) is satisfied and by

Corollary 4.4.2 almost all poles can be placed. Let the plant be written as

(4.5.1) do+ds
d2o q- d21 s

and the compensator be written as ao/a2o. The sets S and $2 defined by (4.4.8) and
(4.4.9) may be described as

(4.5.2) S, Ker [ c’ld’- c’d’’ ]el ld2o- Clod2!
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[dlo dll](4.5.3) $2= Ker
d2o d21

where

(4.5.4) Co+CS

is the associated return difference equation. For a generic plant, $2 contains the trivial
vector so that

(4.5.5) S- Sz

is nonempty and the base locus is empty. Moreover when

(4.5.6) cdo clod

the condition of Lemma 4.4.7 is satisfied and there exists a finite compensator which
places the poles. Condition (4.5.6) implies that the pole -do/dll is not assignable and
hence, almost all but not all, poles can be placed.

Example 4.5.2. Let us consider the case r n m =p q 1, so that from Corol-
lary 4.4.2 it follows that a generic plant is pole assignable. Let the plant be written as

(4.5.7) (do+ dllS)/(d2o -t- d21 S)

and the compensator be written as

(4.5.8)

The sets S1, $2 are given by

cdlo
2d2o(4.5.9)

/
1--1od21

(4.5.10) S Ker

(a,o+ a,,s)/(ao+ a,s).

Cl2dll
c12d21

c2do- cl d
cl2d2o-cd2

do dll 0

d20 d21 0

0 d10 d
0 deo d21

where the return difference equation is given by

(4.5.11) Co + cls + cs O.

For a generic plant, $2 is nonempty and hence the base locus is nonempty and is of
dimension 1. Since S1 is a subspace of dimension 2 we infer that S- Sz is nonempty.
Moreover, for a generic plant the matrix

0 dlo d 0

0 d2o d2 0
(4.5.12)

0 0 d0
1 0 d2o

is nonsingular and therefore the condition (4.4.17) is satisfied. Hence there exists a
finite compensator which places the poles.
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Example 4.5.3. Consider the case r m 2, q 0, p nl rt2 1. Since the condi-
tion (4.4.3) is satisfied, it follows from Theorem 4.4.1 that almost all poles can be
simultaneously assignable for a generic pair of plants. Let the plants be

(4.5 13) [d -130+d3s] [do+ds d + d s]20 21

for 1, 2 and let the compensator be

(4.5.14) [ao/a3o azo/a3o].

The sets S and S2 are given by

10 11(4.5.15) S Ker cld clod
cdo cod

c21 d 21o c2od 211 ]c21d2o-c2od,
and

(4.5.16)
do 11 dlo dl

S2=Ker do d, U Ker d220 d221
do d d320 d21

The base locus is a union of two subspaces of dimension 1 for a generic pair of plants.
It may also be checked that generically condition (4.4.17) is satisfied so that almost
all poles can indeed be placed.

4.6. The stable stabilization problem. It has been shown that to simultaneously
stabilize a pair of plants is equivalent to solving a well-known problem considered by
Youla, Bongiorno, and Lu [43]: When can a single plant be stabilized by a stable
compensator? Motivated by the solution of Youla, Bongiorno, and Lu [43], we consider
the following question.

Question 4.6.1. When is a stabilizing compensator of a multi-input multi-output
plant stable ?

As pointed out by Vidyasagar and Viswanadham [42], the problem of simul-
taneously stabilizing r + 1 plants by a stable or unstable compensator is equivalent to
the problem of simultaneously stabilizing r plants using a stable compensator (see also
Sacks and Murray [37] for r 1). It may be pointed out that Question 4.6.1 is interesting
in its own right since the unstable compensator might result in poor overall sensitivity
of the feedback system to variations in plant parameters.

The following theorem is now stated and proved as an immediate consequence
of Theorem 4.4.1 (see [12] for details).

THEOREM 4.6.2. A generic r-tuple ofproperplants (Gi(s), ", Gr(s)), deg Gi(s)=
hi, i-- 1," ", r can be stabilized by a stable proper dynamic compensator if
(4.6.1) r<max (m,p).

Indeed if (4.6.1) holds then it is enough to choose a compensator ofMcMillan degree q,
where q satisfies

(4.6.2) q[max (m,p)-r]+max (m,p) >- , rti.
i:1

It may be noted that the bound (4.6.1) is consistent with the following lemma due
to Vidyasagar and Viswanadham [42].

LEMMA 4.6.3 (Vidyasagar and Viswanadham [42]). A generic r-tuple ofplants is
stabilizable generically if and only if a generic (r-1)-tuple of plants is stabilized by a
stable compensator.

Due to the above lemma the following corollary can be stated.



SIMULTANEOUS SYSTEM DESIGN II 947

COROLLARY 4.6.4. Assume min (m, p)= 1. A necessary and sufficient condition for
generic stabilization by a stable compensator of an r-tuple of proper or strictly proper
plants is given by (4.6.1).

Proof of Theorem 4.6.2. Consider the compensator in (4.3.2) with the choice of

(4.6.3) (a,,+p,o," ",a,,+p,q)

in such a way that

q

(4.6.4) a,,+p,jS
j=0

is a stable polynomial. By fixing the vector (am+p,o,
associated pole placement map X

(4.6.5) X" (qW1)rn .._) ,ni+r(q+l),

Clm+p,q) we can obtain the

(4.6.6) x(a,o, a,q, a,,,,o, "’, am,q)--(c’1,o, C’r, nr+q)
with an associated Sylvestor matrix of order (q + 1)m by Y ni + r(q + 1). By a treatment
analogous to the proof of Theorem 4.4.1 we compute the rank of the affine map X and
the result follows.

ProofofCorollary 4.6.4. Sufficiency is clear from Theorem 4.6.2. To prove necessity,
let r max (m, p). If stabilizability by a stable compensator is generically satisfied, by
Lemma 4.6.3 there exists a generic (m+p)-tuple of simultaneously stabilizable
min (m, p)= 1 plants. By Theorem 4.4.1 and Lemma 4.4.3, this is a contradiction.

5. Simultaneous pole placement of multimode linear dynamical systems by constant
gain feedback.

5.1. Statement and motivation of the problem. In 4 we considered the simul-
taneous pole placement problem by a dynamic compensator and analyzed the case
min (m, n)= 1 in considerable detail. In this section we consider gain feedback, i.e.,
q 0 without the restriction min (m, p)= 1. Specifically, we consider special cases of
the Problem 4.1.1 described as follows.

Simultaneous pole placement problem 5.1.1. Given an r-tuple G(s), , Gr(s) of
p X m real, proper transfer functions, deg Gi(s)= hi, i= 1,. ., r, does there exist an
m x p real gain K such that the closed-loop systems Gl(S)[I + KGI(S)]-, , Gr(s)
[I + KGr(s)]- have poles in a prescribed r set of the conjugate set of complex numbers
Si, l, Si,2, Si, ni+q for 1, , r?

A parameterization to the solution of Problem 5.1.1 above is obtained in [14].
In particular, the set of simultaneously pole assignable plants have been described
qualitatively as a semialgebraic subset in the space of r-tuples of plants. However, in
order to get an indication about the relative size of the space of simultaneously
stabilizable r-tuples of plants as a subset of the space of r-tuples of plants we consider
the following.

Generic simultaneous pole placement at a generic set ofpoles 5.1.2. Is it true that
for all r-tuples G(s), , G,.(s) ofp m real, proper transfer functions, except perhaps
those contained in a prope" algebraic set, we can arbitrarily assign all but possibly a
proper algebraic subset of poles of the closed-loop systems Gi(s)[I+KG(s)]-,
i= 1, 2,..., r, by a real gain feedback K?

First, it is quite evident that the conditions of pole placement involve solving a
set of simultaneous polynomial equations. It is also clear that the existence of a solution
to these equations is equivalent to the surjectivity of the associated pole placement
map X. In this chapter, the pole placement map is analyzed for the various special cases.
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Consider an infinitesimal analysis of X, viz., a calculation of the Jacobian dx on
krap, the rap-dimensional space of feedback gains and on a certain submanifold of krap.
By adapting a technique due to Brockett and Byrnes [3] we can show the following.

THEOREM 5.1.3. A g’eric r-tuple of strictly proper p x m real transfer functions of
McMillan degree hi, i= 1,. ., r, may be pole assigned arbitrarily if

(5.1.1) m+p-l >= hi.
i=1

Moreover, a generic r-tuple ofproper p x m transferfunctions ofMcMillan degree
i= 1,..., r, may be pole assigned arbitrarily if

(5.1.2) m+p-r-1 > ni.
i=1

For the case of a single proper plant, Theorem 5.1.3 specializes to the following
corollary.

COROLLARY 5.1.4 (Brockett and Byrnes [3]). A generic strictly proper p x rn real

transfer function of McMillan degree n may be pole assigned arbitrarily if

(5.1.3) m +p- 1 ->_ n.

COROLLARY 5.1.5 (Kimura [30]). A generic strictly proper p x m real transfer
function of McMillan degree n is pole assignable almost arbitrarily (i.e., a generic
n-tuple ofpoles may be assigned) if

(5.1.4) m+p- >-- n.

Using the infinitesimal computation, in particular by showing that the Jacobian
of the pole placement map is nonsingular at a given gain Ko and by applying the
dominant morphism theorem over C, a technique due to Hermann and Martin [26]
has been adapted to show the following theorem.

THEOREM 5.1.6. A generic r-tuple ofp m strictly proper complex transferfunctions
may be assigned a generic i= ni-tuple of complex poles by a complex gain feedback K
if and only if

(5.1.5) mp >- ni.
i=1

COROLLARY 5.1.7 (Hermann and Martin [26]). A generic p m strictly proper
complex transferfunction may be assigned a generic n-tuple ofcomplex poles by a complex
gain feedback K if and only if

(5.1.6) mp >-_ n.

Of course over , (5.1.5) and (5.1.6) give rise to necessary conditions for arbitrary
pole assignment.

In an earlier paper [3], Brockett and Byrnes have shown that the number of
complex gains which places a distinct self-conjugate set of n poles for a nondegenerate
strictly proper p rn transfer function assuming mp n, counted with multiplicity, is
given by d(m, p) defined in (4.2.14). In this section we describe nondegenerate and
twisted r-tuples of proper plants and generalize the results presented by Brockett
and Byrnes [3] as follows. Consider a set of distinct complex numbers sij, 1,. , r,
j 1,. ., ni, where for any i= i0 the set {So} is self-conjugate.
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THEOREM 5.1.8. Assuming mp Y.[= ni and that there exists an r-tuple of proper
plants that are nondegenerate and twisted at so, 1,..., r, j 1,- ., ni (to be defined
in Definitions 5.3.4 and 5.3.5), the set of complex gains that places the poles si for a
generic r-tuple of real proper plants is finite and the number is given by d m, p) (defined
in (4.2.14)).

In particular, the number (4.2.14) is odd if and only if (5.1.7) is satisfied, and we
have the following.

COROLLARY 5.1.9. Under the hypothesis of Theorem 5.1.8, it is possible to assign
any arbitrary r set of the self-conjugate set of ni distinct poles, i= 1,. ., r, for a generic
r-tuple of real proper plants by a real feedback gain if and only if

(5.1.7) min (m, p) 1 or min (m, p) 2 and max (m, p) 2r- 1.

Remark 5.1.10. The intersection number d(m, p) counts the number of self-
conjugate complex gains (finite or infinite) which places the poles provided that the
associated Schubert hypersurfaces are in general position. In [3] it was shown that for
a nondegenerate p x m strictly proper transfer function if mp n then the associated
n Schubert hypersurfaces were indeed in general position. In this section we show
that if mp =1 n and if the r-tuple of proper plants are nondegenerate and twisted,
then the associated mp Schubert hypersurfaces are in general position and intersect
in d (m, p) finite gains.

In general it is difficult to ascertain if an r-tuple of proper plants is nondegenerate
and twisted. However, we have the following.

LEMMA 5.1.11. Assume m =p= 2, n 1, r=4. There exists an r-tuple of proper
plants that are nondegenerate and twisted.

In the above case m p 2, n 1, r 4 if the four Schubert hypersurfaces are in
general position, there are d (m, p)= 2 complex gains which place the notes. Although
two is not an odd number, in this case we are able to show the existence of a real gain
which places the poles.

THEOREM 5.1.12. Assume m =p 2, n 1, r =4. There exists a finite gain K such
that the generic simultaneous pole placement for an r-tuple of strictly proper plants is
possible.

In fact it is known from Schubert calculus that under the hypothesis of Theorem
5.1.12 there are exactly two conjugate hyperplanes that are either in the base locus or
place the poles. The proof of the above theorem follows by showing that the base
locus misses one of the two hyperplanes and that both the gains are real.

Consider, on the other hand, the following special pole placement problem with
the assumption that

(5.1.8) s.j=0, i=l,...,r, j=l,...,ni.

The special pole placement is known as the dead beat control problem, which is
stated as follows.

Dead beat control problem 5.1.13. Given an r-tuple of proper plants,
G(s),..., Gr(s) each of a given McMillan degree n, i= 1,. ., r, with m inputs, p
outputs, does there exist a gain K such that det [I + KGi(s)] have zeros only at s =0
for every i=l,...,r?

Notice that in the above problem the poles to be placed are not distinct. Hence
the Schubert calculus as applied to Theorem 5.1.8 would not be directly applicable.
A result due to Anderson and Byrnes [2] has been adapted to show the following
theorem.
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THEOREM 5.1.14. A necessary condition forplacing all the i=t ni poles ofan r-tuple
ofproper m p plants of McMillan degree hi, 1,. ., r, respectively, at the origin by
a gain feedback K is given by

(5.1.9) mp >- n.
i=1

COROLLARY 5.1.15 (Anderson and Byrnes [2]). A necessary condition for placing
all the n poles ofa generic m p strictly proper plant G(s) at the origin by a gain feedback
K is given by mp >-n.

It is unknown whether (5.1.9) is a necessary condition for generic simultaneous
stabilization as well. Present knowledge is limited to min (m, p)= 1, in which case
(5.1.9) is known to be a necessary and sufficient condition. On the other hand, by
posing the generic simultaneous dead beat control problem, not as a Schubert intersec-
tion problem, but as an intersection problem in the associated homology ring of real
or complex Grassmannians, we show the following theorem.

THEOREM 5.1.16. A sufficient condition for simultaneous dead beat control by a real
feedback gain of a generic r-tuple of m-input p-output real proper plants is given by
rain (m, p) 1 or min (m, p) 2, max (m, p) 2r- 1 under the condition that mp

= ng and that there exists an r-tuple of nondegenerate and twisted proper plants.
We remark that although we conjecture the existence of an r-tuple of nondegener-

ate and twisted proper plant whenever mp =Y__ ng, we have only shown this result
whenmin(m,p)=l or when rn=p=2, r=4, n=l, i=1,...,4.

The main results of this section are now summarized. First, by restricting the
simultaneous pole placement map X onto rank 1 gains and via infinitesimal analysis
of X we obtain a sufficient condition for simultaneous pole assignment of an r-tuple
of proper/strictly proper plants by a feedback gain. Furthermore, using infinitesimal
analysis of,t’ over the complex base field and using the dominant morphism theorem,
we obtain a necessary and sufficient condition for simultaneous pole assignment by a
complex feedback gain. Next we pose the simultaneous pole assignment problem as
a Schubert intersection problem and show that if mp = ni, then for a nondegenerate
and twisted r-tuple of plants, there exists d (m, p) complex conjugate gains which place
the poles. If d (m, p) is odd there exists a real gain which places the poles. Even when
d (m, p) is not odd we show that for a special case there exists a real gain which places
the poles. Finally we analyze the dead beat control problem as a particular case of
the pole assignment problem.

5.2. Analysis of the simultaneous pole placement map via rank I gains. Let k denote
the real or complex field. We now consider a specialization of the simultaneous pole
placement map (4.2.1) assuming q =0. To say that the gain K places the poles of
G(s),..., Gr(s) is to say that

1,1 Cl,n Cr,l Cr,nr)
(5.2.1)

x(K)=(c’

c=’ ci/ Co, i= l, r, j= l, n
is surjective. The coefficients c..i are defined in (4.2.3) and are also the numerator of
the rational function

(5.2.2) det [I + KG(s)] for all i= 1,. , r.

Proof of Theorem 5.1.6. Let us represent generically the kjth entry of Gi(s) by
g(i) g(i) ,v(i)g,i)/ (s) where (s), (s) are polynomials of degree ni The derivative of thek,j
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pole placement map (4.2.1) is given by

(5..3)

dXlo(K) (coefficients of the numerator of trace [(K + Ko)Gi(s)], i= 1,. ., r).

Let Gij,j 0, 1,. ., be the Laurent series coefficients corresponding to Gi(s). Regard-
ing Gi as vectors in k rap, and expressing the map dX[Ko with respect to the standard
basis for the space of m p matrices, if and only if Gio,’", G,,_I are linearly
independent, there exists a gain K such that dx is of full rank at Ko 0. If mp >= Y= n,
it is possible to realize G(s),..., Gr(s), deg G(s)= ni so that Go,’’ ", G,,_I are
linearly independent.

By the dominant morphism theorem [38], a necessary and sufficient condition
that the image of X is almost surjective for generic G(s), i= 1,..., r, is given by
(..).

LEMMA 5.2.1. For a pm r-tuple of real proper plants (G(s),..., Gr(s)),
deg G(s)= ni chosen generically, there corresponds an r-tuple of generic 1 (re+p-1)
real proper transfer functions i(s) of McMillan degree n, where i(s) is obtained from

(5.2.4) (g]’) g)+p)=a[1 0,’’" 0"1 0,’’" 0][ G/(s) 0 ]’’ 0 ()
by deleting g)+l for each i= 1,..., r.

Proof A generic r-tuple of p m proper plants with distinct simple poles may be
written as

(5.2.5) G,(s) 2 R,,/(s+ s,,;)+ R)

j=l

where Ri,l,..., R,,, is a self-conjugate set of complex rank 1 matrices for any i=
1, , r and R) is the value of G(s) at infinity. From (5.2.4) and (5.2.5) we may write

(5.2.6) (gi), g+p)= (k?)Ro k])R w
i )/(s + so) + (kORlO ,,t’((7",,,

j=l

where

(5.2.7) k ’2

0 0

1 0 0

For a fixed i{1,...,r} and for all j=l,...,n all the coefficients in
(k)Ri k)R w,.j), (k)Rl)lk)RlT) except the (m + 1)th coefficients, can be obtained
arbitrarily for rank 1 matrices R,.i chosen generically. Indeed, for an r-tuple of plants
G(s),..., Gr(s) chosen generically, the matrices R,, i= 1,. ., r,j 1,..., n, can
be chosen generically so that (5.2.6) takes the form

(5.2.8) (g]’), ", g), g]’), Sm+2,"i) "’, g)+p)
where

(5.2.9) ,(s) (g’) g) -’)
,’’" ,g,,+2," ,g)+p)

and corresponds to a generic (m + p 1) transfer function of McMillan degree n.
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Proofof Theorem 5.1.3. Consider the following notation: If p(s)/q(s) is a proper
rational function of degree n, let us denote by {p(s)/q(s)} the vector of n coefficients
of the numerator of p’(s)/q’(s)=p(s)/q(s) where p’(s) is a monic polynomial of
degree n.

Consider the restriction of the simultaneous pole placement map X to the submani-
fold M of rank 1 matrices. Let us write a rank 1 matrix K in its dyadic representation

K kTk2(5.2.10)

where

kl is a 1 x m nonzero vector,

k2 is a x p nonzero vector.

Consider the r-tuple of proper plants G(s),..., Gr(s). The map X is written as

(5.2.11) x(K) ({1 + k2Gi(s)k(}, i= 1,..., r).

Let M be a submanifold of rank rn x p matrices of dimension rn +p-1. The
derivative dx acting on TkM may be obtained as

(5.2.12) dX,Ko(K)=({(1, 0,... ,0,1, 0,... 0)[ Gi(s)0

where Ko is given by (5.2.7). By (5.2.6) and (5.2.12)

(5.2.13) dX[Ko(K)=[{(g]i),...,g)+p)(k k)r},i=l,...,r].
By scaling the first entry of the vector k as 1 and calling it k (1, k) it is possible

to write, using (5.2.8) and (5.2.9),

(5.2.14) dXlo(K) ({g,(s)k r + gi)(s)}, i= 1,’’’, r)

where

(5.2.15) k= (k, k).

A generic gi(s) may be written as

(5.2.16) i(s (gi), g), _(i), g(oi),... ,g,+2, ,g-p)/
where

(5.2.17) gJ)= gJ)/g(oi), j=l,...,m,m+2,...,m+p

g(o>, gJ) for all i,j are polynomials of degree n.
Using the notation in (5.2.16) it is possible to write

dx[ Ko(K coefficients of
(5.2.18)

(g)’ g)’ _(,,
,’’" g+2, gp)kT + (gi),, i= 1,’’’, r).

Consider now the matrix representation of the linear map dXIKo in the coefficients of
(gi, ,g,, .(i,

V,,+2, ", gp). With respect to the standard basis, we obtain a matrix
M of order (m + p 1) by (Y n + r), for generic g.li’, and for all i, j, the matrix M is
of full rank. Hence for a generic r-tuple of proper plants it follows using Lemma 5.2.1
that dX[Ko is surjective if

(5.2.19) rn +p- 1 -> n + r.
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If, on the other hand, G(s), Gr(s) are strictly proper, then _(i) for all i,j areg.j

polynomials of degree n 1 so that the corresponding matrix M is of order (m +p 1)
by ( ni). Hence for a generic r-tuple of strictly proper plants dXIKo is surjective if

(5.2.20) (m +p 1) => n.
Finally, by the implicit function theorem, if dxlm has full rank, then image X

contains an open neighborhood around X(Ko). We now claim that X is surjective. To
see that it is, consider scaling either k2 or k in (5.2.10) by a scale factor A. By choosing
a rank 1 matrix Ko such that X(Ko) contains a neighborhood around the origin and
multiplying by an arbitrary scale factor A, an arbitrary r-tuple of a closed-loop
characteristic polynomial can be achieved.

5.3. Simultaneous pole placement as a Schubert intersection problem. In this section
we generalize the pole placement strategy introduced by Brockett and Byrnes [3] to
analyze the simultaneous pole placement problem. Though repetitive, the main con-
struction is described as follows.

Consider the basic multivariable feedback equations

(5.3.1) G(s)u=y, u=-Ky

where u is an m vector and y is a p vector. The closed-loop poles are given by the set
of all s* C where det I + G(s*)K 0, i.e.,

(5.3.2, det[ G(s*)I., -K/] =0
or equivalently

(5.3.3) dim[row span of[G(s*) -I]f’lrow span of[I,, K]]>0.

Row span of [G(s*) -I,] is a p plane in m+p space and is therefore a point in
Grass (p, m +p). Every plant G(s) gives rise to a curve _G: CP Grass (p, m +p)
defined by _G(s) row span of G(s) I, ]. We denote the above curve in the Grassman-
nian by the graph G(s)]. Likewise, row span of [Im K is a point in Grass (m, m +p).

oNote that Grass (m, m +p) is in fact the compactification Sp,,, as described in 2. Not
every point in Grass (m, m +p) comes from a feedback gain. The point

(5.3.4) row span of[K Kz]Grass(m,m+p)

corresponds to the gain K-K2 provided det K 0. On the other hand, the set of points

(5.3.5) row span of [K K2], det K =0

are the infinite gains in Grass (m, m +p).
If W is a point in Grass (p, m +p) we define o’(W) as follows:

(5.3.6) r(W) a--- {W Grass (m, m +p) Idim (W f3 W) > 0}.

o-(W) is classically known as the Schubert hypersurface. It follows from (5.3.3) that
r([G(s*) -Ip]) parameterizes the set of gains (finite or infinite) which places the
poles of G(s) at s s*. Thus if the objective is to place the poles at distinct points
s,..., sn, the pole placement problem is to ensure that

(5.3.7) f o’([G(s) -Ip])
i=l
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contains a finite gain. The contribution of Brockett and Byrnes [3] is that (5.3.7)
indeed contains a finite gain for a nondegenerate strictly proper plant.

We now consider Problem 5.1.1 under the assumption mp =Yi=l ni. The simul-
taneous pole placement problem is interpreted as a geometric intersection problem
and we ask the following question.

Question 5.3.1.

(5.3.8) When is fq fq r[G (si,j) Ip nonempty?
i=1 j=l

DEFINITION 5.3.2. A set of mp, m planes in m +p space W, i= 1,. ., mp are in
(w,) 0.general position if dim fq

i=1

Consider an r-tuple of proper plants G(s),..., Gr(s) of McMillan degree n,
i= 1,..., r. Let s), i= 1,. ., r,j= 1,..., ni, be the poles to be placed. It is clear that
the necessary condition for the simultaneous pole placement problem is that (5.3.8) is
nonempty. Conversely, however, if (5.3.8) is nonempty it does not imply that there
exists a finite gain K which places the poles. First of all the gain placing the poles
might be infinite as defined in (5.3.5) or otherwise the gain K might be in the base
locus of the pole placement map, i.e.,

(5.3.9) det[ N(s) -D(s)] -= 0
K K2

for some i=l,...,r.
Remark 5.3.3. Consideration of the base locus for the analysis of the pole place-

ment problem is a new ingredient of this section and does not appear in [3]. This is
because the plants we consider are proper as opposed to being strictly proper.

The following two definitions generalize the notion of nondegeneracy introduced
in [3].

DEFINITION 5.3.4. An r-tuple of m-input p-output proper plants is nondegenerate
at s if no Schubert hypersurface tr(W) in Grass (m, m +p), where

(5.3.10) We
i=lj=l

contains at least one of the curves graph [G(s)] for all i= 1,. ., r.
DEFINrrION 5.3.5. An r-tuple of m-input p-output proper plants is twisted at si,

if and only if the set

(5.3.11) o[G,(s,.)l-Ip]f)o’[O -Ip]
i=1 ,j=l

is empty.
Example 5.3.6. m =p n r 1.

(5.3.12) G(s) (as + b)/(cs + d).
Every G(s) satisfying ad bc is nondegenerate at any s. Every G(s) satisfying aso + b
0 is twisted at s- So.

Example 5.3.7. p 1, m n, r 1.

(5.3 13) G(s)= -("+)s P)s, 2 P(’m)sj
=o =o =o

Every G(s) satisfying

a t[ ]kpg+ p 0
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is nondegenerate at any sl,’’ ", sn. Every G(s) satisfying

(5.3.15) det [ al(s,) al(sn)] #0(s,) (s)

is twisted at s,. .,s,, where Cei(S)=(po+P’lS+’’’+pms ), i= 1,...,m.
Example 5.3.8. p 1, n 1, m r.

Gi(s)=(a,,+l.iS+ b,,+l,i)-l(ais+ bi, a,,is+ b,,i).

The nondegenerate r-tuple is given by

(5.3.16) det

allS -4r b am+l,lSl + b,,+,

al,i_lSi ._[_ bl,i_l am+l,i_lSi_l qt_ bm+l,i_l
all am+l,

bi bm+l
al,i+lSi 4;- bli+ am+ i+lSi+l --I- b,,+ i+1

amSm "+" bm am+ mSm -4- bm+

The twisted r-tuples are given by

(5.3.17)
as.+b amSl.d- b,

det #0.

a,,s, + bm a,,s, + b,,

#0, i=l,...,m.

Example 5.3.9. This example shows that for r 4, n 1, m p 2 a generic 4-tuple
of strictly proper plants is degenerate. Consider the generic plant

Gi" CP Grass (2, 4),

[s 1 - row span of
a b s + e 0

ad bc.
c d 0 s+e

Clearly the Schubert hypersurface given by

[ Io row span of
0 0 0

contains the graph of Gi(s) for 1, 2, 3, 4, since

a b s+e 0

det
d 0 s+e
0 1 0

=0.

0 0 0

Note. This example provides a counterexample to the folklore conjecture that a
generic r-tuple (mp i= ni) of strictly proper plants is nondegenerate.

The following two properties are now established.
LEMMA 5.3.10. An m-inputp-outputproperplant G(s) ofdegree n is nondegenerate

at distinct sj,j 1,..., n, if and only if graph G(s) is not contained in any Schubert
hypersurface.
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Proof. (=>) Suppose not. Then there exists W e Grass (m, rn +p) such that tr(W)
contains row span of G(s) -Ip] for all s so that

(5.3.18) We f tr[G(s) -Ip]
j=l

which is a contradiction since G(s) is nondegenerate at s,j 1,..., n.
() Suppose not. Then there exists We fq__ r[G(s) -Ip] such that tr(W)

contains graph [G(s)], which is a contradiction. [3

LEMMA 5.3.11. An r-tuple of m-input p-output strictly proper plant is nondegenerate
at distinct so if and only if it is twisted at distinct so, 1,. , r, j 1,. ., n.

Proof. If the r-tuple of plants is degenerate at s, there exists W in Grass (m, m +p)
satisfying (5.3.10) and tr(W) contains graph G(s)] for some 1,. ., r. Since G(s)
is strictly proper, [0 -Ip]e tr(W) or

(5.3.19) We tr[0 --Ip].
Thus from (5.3.10) and (5.3.11) it may be concluded that the r-tuple of plants is
untwisted at so

Conversely, if the rotuple of plants is untwisted at s, 1,. ., r, j 1,. ., n,
by defining s.,+ =oo for all i- 1,. ., r there exists We Grass (m, re/p) such that

n+l
(5.3.20) We f’l trCG,(s,) -Ip].

i=1 j=l

To say that (5.3.20) is true is to say that the parameters of W satisfy a set of r

polynomials in s of degree ni at ni + different complex points sil,’’ ", si,,+l. Hence
the polynomials must be zero polynomials or equivalently We tr[Gi(s) -Ip] for all

1,. ., r. Thus the r-tuple of plants is degenerate, l’]

Finally, consider the following lemma, because of which the set of nondegenerate
and twisted r-tuples of plants is interesting to study.

LEMMA 5.3.12. For an r-tuple of nondegenerate and twisted proper plants, the set

of gains contained in. the set (5.3.11) is finite and places the poles of the ith plant at
distinct si.j,j 1,..., n.

Proof. Suppose not. Then the set (5.3.11) contains

W [K K2]
which either satisfies the condition We cr[G(s) -Ip] for all s and for some e
{1,..., r} or satisfies

The former case contradicts the fact that the r-tuple is nondegenerate. The latter case
contradicts the fact that the r-tuple is twisted. [3

Proof of Theorem 5.1.8. Consider the set

(5.3.21) V--Snm,pX .xS,pxGrass(m,m+p)
which topologizes the r-tuple of m-input p-output proper plants together with the
finite or infinite compensators. For a fixed s.j, i= 1,. ., r, j 1,. ., n, let us define
the algebraic subset of V as follows:

(5.3.22)

s { a,(s),..., v
i=1 j=l

and graph G(s)e tr(V) for some i= 1,..., r or [0
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Consider the projection of S onto

U---Snml,pX. .XSm,p

which is an algebraic set S’ since Grassc (m, m+p) is projective [19].
Thus the set of r-tuples of complex plants that are either degenerate or untwisted

forms an algebraic subset S’ of U.
Let k be or C. It is well known [24] that U over the field k can be viewed as

a manifold of dimension N i= (ni(m +p)+ mp), and hence the algebraic set S’ is
described locally by a set of algebraic equations. By [14, Lemma 2.2] the same set of
algebraic equations describes the complex plants over the complex variables and the
real plants over the real variables. Let

(5.3.23) p(_z) =0

describe the set S’. By restricting _z to its real part, _x Re (_z), the equation

(5.3.24) p(_x) =0

describes the set of real plants in S’ that is either degenerate or untwisted.
By identity theorem, p(_x) 0 for all _x N if and only if p(_x) 0. However, since

by hypothesis there exists one real nondegenerate and twisted plant, it is not in the
zero set of p(_x). Hence p(_x) 0, and there is a contradiction. Thus the set

(5.3.25) (_xlp(_x) 0
is a proper algebraic subset of the set of real r-tuple of plants. Hence the set of real
nondegenerate and twisted plants is a generic subset of the set of real r-tuple of plants.

Thus by Lemma 5.3.12 there exists a generic real r-tuple of plants for which if
the set (5.3.8) is nonempty, it contains finite gains which place the poles of Gi(s) at
s,, 1,. ., r, j 1,. ., r/i.

By a special property of Schubert hypersurfaces [38], we claim that the space X
of all gains in the set (5.3.8) has dimension => mp-Y__ ni. It follows that dim X => 0
and we conclude that X is nonempty. In fact, dim X =0. Otherwise by the same
property of Schubert hypersurfaces the space X f) tr[ G(s*)l-Iv] is nonempty for some
s* C different from s.. Hence there exists W X such that tr(W) contains graph
Gi(s), which is a contradiction.

Thus dim X 0 and the Y.__ n Schubert hypersurfaces are indeed in a general
position so that by Schubert calculus [38] the number of finite gains which place the
poles is given by (4.2.14).

Proof of Corollary 5.1.9. The claim clearly follows from the fact that the set of
gains which places the poles of Gi(s), at s,, i= 1,..., r, j= 1,..., n, is a complex
conjugate set. Moreover, the number (4.2.14) is odd if and only if (5.1.7) is satisfied.
Finally since the r-tuple of plants is real, and for a fixed the set s..j is a complex
conjugate set, the set of equations that describes the set (5.3.11) has the property that
if row span of [K K2] is in (5.3.11), then the row span of [K K2] the conjugate
of the row span of [K Ke] is in (5.3.11).

LEMMA 5.3.13. IfM and M are two matrices such that rank (M-M)= 1, then
there exists a 2x2 proper rational function G(s) of degree 1 such that G(s)= M1 and
G(s2) M2 for a given s, s.

Proof. Writing

(5.3.26) G(s)= R/(s+h)+J
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we obtain the following pair of simultaneous equations:

(5.3.27) R/(Sl+A)+J=M1, R/(s+)t)+J=M.

Here, R is a rank 1 matrix which may be solved simultaneously to obtain

(5.3.28) R [(s + )t)(s_+ X )/(s2- s)](M- M2).

Since rank (M-M)= 1, there exists a rank 1 matrix R satisfying (5.3.28). Using
(5.3.26) we can now solve for J.

ProofofLemma 5.1.11. For m p 2, n 1, r 4 there exists an r-tuple of proper
plants that is nondegenerate and twisted.

Let M, M2, M3, M4 be four 2 2 matrices such that

5.3.29) rank M Mj. 1

and

4

(5.3.30) f’l r[M -I]f’lr[0 I]
i=1

is empty. Clearly the above property is satisfied generically.
Consider the row span of

(5.3.31) L=[Mi I], i= 1,2,3,4

as points in Grass (2, 4). By Schubert calculus it is known that

4

(5.3.32) I’q o-(L,)
i=1

contains exactly two points W1, W2 in Grass (2, 4), provided Li is in general position.
Moreover, by considering the cell decomposition of a Grassmannian it can be seen
that W, i= 1, 2 are irreducible (see Milnor and Stasheff [44]). Define

(5.3.33) {row span of [m I]l(m M) is of rank 1, j 1, 2, 3, 4}

which is an irreducible Schubert hypersurface in Grass (2, 4).
If/-!/= o-(W1) then since or(W1) is irreducible or(W). Hence, L, L2, L3, L4

which, however, contradicts (5.3.29). Hence,

(5.3.34) /-/. -/-/ f/r(W)

is nonempty. Since is irreducible, -H/f’l r(W1) is dense in/-/.. Hence

(5.3.35) f"l [/-/- f"l o-( V)]
i=1

is nonempty and it is possible to choose a point M in it.
Consider Gj(s) passing through and Mj, where Gj(s)= M, j= 1,2, 3, 4. By

Lemma 5.3.13 such a G(s) indeed exists. Moreover, Gj(s), j 1,2, 3, 4, are clearly
nondegenerate. Otherwise either of the plants would be contained in W1 or W2, which
is a contradiction. Finally the 4-tuple is twisted by (5.3.30).

Proofof Theorem 5.1.12. Define O’o(OO) to be the set of infinite gains distinct from

(5.3.36) U] row span of
0 0 0 1
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Let G,(s), G2(s), G3(s), G4(s) be the four plants and let s, s2, s3, s4 be the set
of real poles to be placed. By Schubert calculus [31], the set

4

(5.3.37) ffl o-[G,(si) -I]
i=1

contains two points for a generic 4-tuple of plants. Consider the set

(5.3.38) E.2 x E, E,2 E,2 Grass (2, 4)

together with the subset

(5.3.39) X ={(G1, G2, G3, G4, V)lGi(s)=o’(V),forsome i}.

Consider the projection

(5.3.40) p2: X - Grass (2, 4).

Let Vg be a generic point in image p:; then pl(vg) is a generic fiber at Vg. Moreover,
it is known [5] that if Vg, and Vg2 are two generic points, then

p;’( V,)=pI( vg).(5.3.41)

First

(5.3.42)

where

(5.3.43)

Choosing V* to be the

4

p-l(Vg) 1-I Pi’(
i=l

p’( Vg) {G,(s)I G,(s) r( V)}.

(5.3.44) rowspanof[01 0 1 0]0 0 0

we may describe pl(v,) as follows"

(5.3.45) pl(vg) (Gl, G2, G3, G4)" Gi g(2i?

Since G(s) is a 2 x 2 plant of degree it is clear that

P2i’( Vg 2,1 1,2(5.3.46)

and hence

(5.3.47)

and

(5.3.48)

dim (p’(V*)) 3

dim (p-’(V*)) 12.

Since O-o(OO) is of dimension 3, it follows that

(5.3.49) dim p’[ro(OO)] 15.

Define

(5.3.50) ={G1, Ga, G3, G4, V] Vero(OO), and Gieo’(V) for some i= 1,2,3,4}

and consider the projection

(.3.5) p" f’- ’2,2 X 2,2 X X -2,2 2,2"
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From (5.3.49) we conclude that dim I7" 15. If Y image p it follows that H4 Ei=1 2,2m Y
is open and dense. Hence for a generic 4-tuple of plants, there does not exist any
element in tro() which is in the set (5.3.37).

Since U] as given by (5.3.36) is in (5.3.37), we have two choices. Either U] is
to be counted twice, or there is a finite gain which places the poles. For a generic
r-tuple of plants, the former choice is impossible. To show this, it suffices to construct
a particular 4-tuple of plants G, G2, G3, G4 for which (5.3.37) contains an element
other than U].

5.4. Simultaneous dead beat control problem. Consider the following interpretation
of the dead beat control problem defined in (5.1.14). Let the state space realization of
the plants G(s),..., Gr(s) be given by

(5.4.1)
g( t) Aix( t) + Biu( t),

y(t) fix(t) + Diu( t).

The dead beat control problem may be posed as follows.
Problem 5.4.1. Given an r-tuple of matrix triplets A;, B;, Ci, k 1,..., r, does

there exist a matrix K such that

(5.4.2) Ai + BiKCi

for all i= 1,. ., r are nilpotent?
In this section, Theorem 5.1.12 has been proved by obtaining a necessary condition

to Problem 5.4.1. This proof has been adapted from the proof by Anderson and
Byrnes [2] for r 1.

Proof of Theorem 5.1.12. Let Ni be the space of the nilpotent ni x n matrix. It
is known that N is a subvariety in R, having dimension n-n. For a fixed
B1, C, ., Br, Cr consider the mapping

(5.4.3) X: N X" X NrXmp _>RZn,

defined by

(5.4.4) x(N, ., N,., K) (N, B, KC1, ., N,. BrKCr).

By assumption, X is almost surjective so that

2(5.4.5) Y’. (n2-ni)+mp> n

or, equivalently, (5.1.9) is a necessary condition, l-]

Proof of dead beat control problem 5.1.13. Stated in other words, an r-tuple of
plants is dead beat controllable only in the case where

(5.4.6) det[ G(s)Ir. -/P]=0
only at s =0, for all i= 1,..., r.

Let W be the m plane in Grass (m, m+p) which solves Problem 5.4.1. W may
be defined by the common zeros of 4, ", bp on C"/p. Let gi(s) denote the jth row
of

(5.4.7) Gi(s) -Ip]
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so that

(5.4.8)
t, A’’’A tp(gli(S A’’’A 0

d ni

dsni 61A’’’A tp(gli(S A A gpi(s))l:o- 0

for i= 1,. ., r. If we embed Grass (m, m +p) by the Plucker embedding

(5.4.9) Grass (m, m+p)c Proj (Am(C’+P)),
then each of the above conditions represents a functional

(5.4.10) 4o: Am(Cm+p) C

for i-- 1,..., r, j= 1,..., r/i, where ker bij is a hyperplane intersection of the
Grass (m, m +p), i.e., H0 ker b0 f3 Grass (m, m + p). The Hij s are not necessarily
Schubert hypersurfaces but have the same homology class. That is, if ker 4 corresponds
to a Schubert hypersurface, then

(5.4.11) [H()]:[H(cho)] H2,w_2(Grass (m, m+p),Z).

To show (5.4.11), it is enough to check that the space of linear functionals in C"/p is
path connected and that b can be deformed to b0 by the path

(5.4.12)
: [0, 1]- C r"+p*,

b( t) t -F (1- t)dPij.

Indeed, tb + (1 t)bi 0 for every t. Otherwise either b, b0 0 or b and b are linearly
dependent. Finally by Spianer [39] and Greenberg [18], if the hyperplanes ker h0 are
in general position for all i, j then the number of points in Grass (m, m +/9) that belongs
to Ho is finite and is given by (4.2.14).

Finally, it is claimed that for a nondegenerate and twisted r-tuple of plants, H0
are in general position. Otherwise

dimf3 H > O.

Hence there exists [K1 K2] which satisfies (5.4.8) together with another condition

(5.4.13) oh1 A A p(g(So) A’’’A gpio(SO))--0
for a fixed io and s So 0. However, (5.4.8) and (5.4.13) together imply that

(5.4.14) det G(s)
K1 K2

since a nonidentically vanishing polynomial of degree n cannot have n roots at the
origin together with a root at s So. The condition (5.4.14) gives a contradiction to
the fact that the r-tuple of plants is nondegenerate.

Finally, since the r-tuple of plants is twisted, we have

(5.4.15) det
gl K

or det Ks 0. Hence the set of gains K K2] are finite gains. The proof of the theorem
now follows analogous to Corollary 5.1.9. [3

6. Conclusion. The main purpose of this paper has been to introduce robust system
design techniques by using algebraic geometric methods. First, we addressed the



962 BIJOY K. GHOSH

question of parameterization and compactified the space of dynamical systems of a
given McMillan degree. Next, we considered a family of systems and studied how a
family of closed-loop systems degenerates as a function of plant and compensator
parameters. Finally, we considered two explicit design problems: the simultaneous
stabilization problem and the simultaneous pole placement problem. Many other design
problems in this context remain open. We hope that the proposed parameterization
ofthe space of linear dynamical systems will find application in parameter identification
and indirect adaptive control problems. In fact, with parameterization of the space of
pairs of dynamical systems, the adaptive control problem may be viewed as a
degenerating plant/compensator family that is stable in the closed loop.
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ON IMPULSE CONTROL WITH PARTIAL OBSERVATION*

G. MAZZIOTTOt, L. STETTNER$, J. SZPIRGLAS, AND J. ZABCZYK

Abstract. This paper presents an existence result for an impulse control problem with partial observation.
The unobserved process evolves between any two successive impulse times as a Feller-Markov process on
a locally compact separable state space, and the observation process is of a "signal + white noise" type.
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1. Introduction. The impulse control problem with partial information which is
solved in this paper has been motivated by the following practical situation. The
evolution of a stock of goods when not controlled is modeled as a Feller-Markov
process X (X,; ->_ 0) with value in some locally compact space E. An impulse control
v is a sequence ((Tn, :n); n N), where Tn denotes the nth ordering time and sn is the
control parameter which determines the amount of goods ordered at T, for n N. The
stock, when submitted to the control policy v, is denoted by X. For every n, X-,, is
the inventory level at time T, and X-,,+ denotes the new level just after the ordering. Thus

MY+,, (x,,, :.)

where function 4’ indicates how the ordering amount fin depends on the previous level
X-,, and the control ’,. If E Rd the 4’ could be defined as b(x, :)= x + :.

Between two successive ordering times, say Tn and T,+I, the process X has the
same evolution as X, but with the new initial value X.+ at Tn.

Now, assume that the inventory level X is only known through a noisy observation
Y. The observation process Y (Y,; t_>-0) is related to the state process X as in the
classical filtering model"

Y, h(X) ds + W,

where W (W,; t-> 0) is a Brownian motion which does not depend on the evolution
of X between any two successive ordering times. An impulse control is said to be
admissible if it is a nonanticipative functional of the observation Y. To each admissible
control v (Tn, n; n N), we associate an average cost J(v) of the following form:

J(v)= E e- X) ds+ , e- (Xr.,, ,
m=l

where f represents the storage cost per unit time, a is a positive actualization factor,
and c the ordering cost. The impulse control problem with partial observation consists
in finding an admissible control for which the average cost J achieves its infimum.
This control is said to be optimal

A model of this kind has been studied by Menaldi [21] for the linear Gaussian
case with quadratic cost. The solution proposed in the present paper is essentially
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concerned with the nonlinear case, and strictly speaking it is not an extension of the
former. The impulse control of partially observed Markov chains and assimilated
processes is treated in a series of papers by Anderson and Friedman 1 ], [9]. A different
impulse control problem with incomplete information is studied by Rishel in [25].

The paper extends results of the paper [18] by Mazziotto and Szpirglas to the
case of locally compact state spaces. The assumption that the state space is locally
compact and not merely compact is motivated by a rich variety of specific examples
as described for instance in the monograph "Contr6le impulsionnel et in6quations
quasi-variationnelles," by A. Bensoussan and J. L. Lions [3b]. The majority of the
examples treated there and related to such areas such as control of electricity, inventory
control, control of production, quality control, and portfolio selections require noncom-
pact state spaces. In some situations we can reduce the general noncompact case to
the compact one. This is possible if we can compactify the locally compact state space
in such a way that functions defining the cost functional and observation can be
extended to continuous functions on the compactification and the Markov semigroup
preserves its Feller property on the space of all continuous functions on the compac-
tification In general, however, such compactification does not exist. Another important
feature of the present paper is that here we dispense with the finite life time of the
state process, a technical assumption imposed in [18].

The present paper is organized as follows. In 2, we formulate the impulse control
problem with partial observation, the setting being a modification of that from the
paper by Mazziotto and Szpirglas [18]. The basic tool to construct the appropriate
model is Girsanov’s theorem, which permits work with a fixed observation filtration
that does not involve the control. In 3, a filtering process for the noncontrolled model
is studied. The emphasis here is placed on the dependence of the filter on the initial
data. It turns out that although the filtering process evolves on a nonlocally compact
space, it possesses many properties of a Feller-Markov process on a locally compact
state space. Several results of this section are proper developments of those obtained
in [28] and [29] by Stettner and Zabczyk. The main properties are expressed in
Theorems 3.1 and 3.2.

Section 4 is concerned with a stopping time problem for Markov processes on
general state spaces. It is shown in particular that if a process is as regular as the filter
process of 3, then the value function (a-reduite) corresponding to a continuous gain
function is also continuous. This result formulated as Theorem 4.3 is a basic step in
constructing an optimal separated strategy for our impulse control problem. Continuity
of the a-reduite for Feller semigroups on compact space was proved by Robin in [26]
and in 8] by E1 Karoui. For nonlocally compact state spaces, such a result is established
in [3] by Bensoussan and Lions under various conditions not fulfilled in our setting.
The first result concerning the filtering process in the noncompact case is due to Stettner
[28].

Section 5 treats the properties of the filtering process for the impulsively controlled
partially observed process. Using the Kallianpur-Striebel formula we show (see
Theorem 5.1) that the filtering process has, between any two successive impulsions,
the same probability law as the filter of the uncontrolled case.

Section 6 starts from a discussion of a weak version of the Hamilton-Jacobi-
Bellman equation of the problem. Results of 3-5 imply that the equation has a
continuous solution. Moreover, they allow us to define a separate strategy (i.e., a
strategy which can be recursively computed in terms of the filter itself) which is a
candidate for the optimality. Proof that this strategy is indeed optimal is contained in
Theorem 6.1. The methods developed in these last two sections are analogous to those
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of [18], but they do not reduce to trivial extensions. The results proved in this paper
were announced in [19].

2. Formulation of the control problem. The model describing the evolutions of the
unobserved process X subject to the impulse control v is constructed as in the works
of Robin [26], Lepeltier and Marchal [14], [15], Menaldi [20], and Nagai [23]. In
order to have an observation filtration independent of each possible control, we define
the filtering model by using the Girsanov Theorem together with the reference probabil-
ity method. The approach developed in this section is analogous to that of Mazziotto
and Szpirglas in [18].

The observation is represented by the coordinate process Y (Y; >-0) on the
space fl- C([0, ), Rd) of the continuous functions from [0, ) into Rd (for d N
fixed). Let o= (o,; >_-0) filtration generated by Y, and=M is the Borel g-field

on . As will be seen, the impulse control problem leads us to consider various
probabilities which are not equivalent on (fl, M). We must extend certain canonical
g-fields to ensure that various applications as first hitting times of closed sets are
stopping times, and to allow the construction of nice versions of various processes of
conditional distributions. On the other hand, these g-fields cannot be too large as we
can lose the Markov property as well as the physical meaning of the constructed
objects. Let pO be the Wiener probability on (1, M). Let (pO) be the set of all the
P-negligible sets which are contained in a tr-field o, for at least one finite time t. By
this definition, (pO) may not contain some P-negligible sets ofo oM. It is worth
noticing that for any probability P on (12, M) such that, for every finite time t, the
restrictions of pO and P to the g-field q, are equivalent, (P)= (pO).

Finally, we define the filtration c_ (%; _-> 0) to be the smallest right-continuous
filtration such that, for every finite time t, c, contains q3, and (pO), and we set M
As a matter of fact, for any finite t, the filtration ’= (c; s _-< t) verifies the usual
conditions of [6], and this is true for any other probability P which is equivalent to
pO on c,. Such an operation will be called, in the sequel, the finite pO completion of
the filtration co.

A strategy or an impulse control is a sequence v (T,, ,; n N) of random
variables where the T,’s represent the successive instants of impulse, and the ,’s are
the corresponding impulsions assumed to take their values in a compact set U. Not
all arbitrary sequences v will be allowed as legitimate strategies; their choice will be
limited by the amount of available information. The proper strategies, called admissible
control, must depend on the observation Y in a nonanticipative way.

DEFINITION 2.1. An admissible control is a sequence v (T, :; n N) of random
variables on (12, M) such that T.; n N) is an increasing sequence of -stopping times
such that T.+> T. on {T.<c}, n N, and lim. T. =c, and such that : is a

7;,-measurable random variable with values in U, for all n 6 N. The set of admissible
controls is denoted by

From a classical result on the stopping times with respect to the Brownian filtration
(see [6, pp. IV-100] and the same application in [18]), we can associate to each
admissible control v (T., .; n N) a sequence (S.; n N) of random variables on
(’, M)(R)2 such that

S,, is r,, (R) M-measurable for every n N;

For pO almost surely, every w 6 f: S,,(w,. is a Y-stopping time;

For pO almost surely, every wXq: T.+l(w)= T.(w)+S.(w, O-,,w),
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where (0,; => 0) is the translation semigroup of operators on f (such that Y, 0.
Y,+.-Y),s, t>-O). The admissible control (T,, so,; nN) will also be denoted
(Tn, Sn, n; nN).

In order to represent the evolution of the unobserved process between two
successive impulsions, we first consider a standard Markov process (see [5]) in its
canonical form (, , ,, O,,Xt, (Px; x E)), where f is the set of all the right-
continuous left-limited functions from [0, o) into E= E {6}, = (,; t_>0) is the
filtration generated by the coordinate process X (X,; t_->0), with @, properly
completed with respect to the family of probabilities (Px; x E) and made right
continuous; (0,; >= 0) is the translation semigroup on I. The state space E will be
further assumed to be separable locally compact and equipped with its Borel o--field. The point at infinity is denoted by 6. The set of all the probability laws on E is
denoted by M(E), and (E) is its Borel o--field. For any /xM(E),P is the
probability measure defined on (, ) by P, tz(dx)P.

Let P (P,; _-> 0) be the semigroup on E of the process X. The unobserved process
X subject to the admissible control v=(T, ; n N) is assumed to have free
Markovian evolution in the state space E, according to the semigroup P, and to have
a forced jump at each time T, of amount th (X-,,, ), where b is a given transformation
from E x U into E, the operational function, such that th(6, sc) 6 for all U. In
order to construct the model describing the evolution of X, together with the observa-
tion process Y, we consider the following space"

fi f x fi, (R) (R).

Let Y=(Y," t>0) and (X" =(X"",, 0) n N) be the coordinate processes. To the
Uoadmissible control v (T,, s:; n N), we associate the process X (X,, -> 0) defined

on (f, s) as follows"

Vt > 0: X’ X +,_r,, Itr,,<,_-<
n-----0

where To is 0 by convention.
The process X is right- and left-limited, and is right-continuous between two

successive times T, T/. We also set X--6 for all v. The observation filtration
generated by Y on (, ) is again denoted by o. The filtration ff=(ff; t=>0)
describing the whole evolution of the syst.ems is defined as in [22], [15], or [18]. For
all t, is the tr-field of all the sets B such that

Vn N" Bn :(
with the following properties"

B,= B CI (0<_- t=< T),..., B.+,= BCI(T. <t<= T.+,}

for fixed (w,. ., w,), the application w- Iz.(w, w,..., w,) is q3,-measurable and
for fixed w, the application (w,...,w,+)Iz,,(w,w,...,w,+) is
F,_ r,, w)-measurable.

The processes Y and X are indeed adapted to the filtration o%, but this filtration
is a priori larger than the natural filtration of (Y, X). Let =.

Now, for a given control v and an initial law/.t, let the reference probability be
defined on (, ) by

P(d) P(dw)K,(w; dWl, dw,, .),
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where K. is the Markovian kernel from (f, ’) to (12, )(R)N obtained, thanks to the
Ionescu-Tulcea Theorem (see [24]), from the following projective family of kernels
(K.V’n; n N). For all n N, K.V’n is the kernel from (l), ) to (, )(R) defined by

K’(w’, dw, dw,, +1 )= P(dw). P,x,,w,....w,,).,,w))(dw,,+),
where & is the operational function.

We assume that two simultaneous orders : and :2 have the same effect on the
inventory level described by X as does a unique order, i.e.,

VxE, V,,2U, 3scU such thatb(b(x,

The definition of P. implies that/x is the initial law of X, and for every

n N" X-,+, b(X,,, :.) P-almost surely.

For each law /z and each admissible control v, let ’" (respectively, ’") be the
right-continuous finitely P-completion of (respectively, o), and let ’" be the
P-completion of . ~ ).ItThe reference probability space is by now defined as (fl, , ", v’" P.
can be verified that under the probability P., the filtrations ’" and ’ satisfy the
following conditional independence property (K)"

(K) For every t, the or-fields ff" and are P-conditionally independent given
the o--field ’.

As is shown in [33],this property is of basic importance in order to apply the
reference probability method.

Now, let us introduce the change of probability which leads to the filtering model.
Given an admissible control v, we define the nonnegative local martingale L’=

t,/z.Lt > 0), with respect to ff’" and P,, by

Vt_>-O: L""=exp h(X) dY-- Ih(X)l ds

The process L’" depends on/x only through the stochastic integral with respect to Y.
By using results from the parametrized stochastic calculus, as it is developed in [7]
and [30], we can choose a version of the stochastic integral, and as a consequence, a
version L of the above local martingale which does not depend on/., is everywhere
right-continuous from R/ into R, and is adapted to all the filtrations ff’", for/z M(E).
The function h being bounded, L is therefore on arbitrary finite interval [0, t], an
almost surely strictly positive pointegrable (p>-1) martingale, i.e.,/x M(E)"

L > 0 Pr-almost surely,

and moreover, Ep;(L’)= 1. For each finite t, we define a probability Q/t
equivalent to P, by setting

IA ’: QI’(A) Eps(L,’ Ia).
The family of probability measures ""Q, t->0) is projective To conclude that it
generates a probability Q on (l’l, ), we must recall the functional structure of this
space. From its definition l) is the product ofthe space of all the continuous functions
from [0, ) into R, by the N-Cartesian product, of spaces l) of the right-continuous
left-limited functions from [0, ) into E. Then f can be endowed with a topological
structure of a Polish space (see [6]) such that is the Borel tr-field. In other words,
(l, ) is a standard measurable space (see [11, Def. I-3.3]), and therefore there exists
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(see [11, Thm. 1-3.1]) a probability Q on (, v) such that, for any finite t, the
restriction of Q to , coincides with Q’.

With these definitions of the completed filtrations, we see that the filtrations
and 3’" are also right-continuous and 0-complete.

To complete the definition of the model, we have to check that the process X
on (, , ’", ’", Q.) enjoys the desired regenerative property, i.e., its evolution
between any two successive impulse times remains Markovian with the semigroup P,
and that the processes (X, Y) represent the classical filtering system; i.e., "observa-
tion signal + white noise."

This is the purpose of the following two results.
PROPOSITION 2.1. Let v T, S, ; n N) be an admissible control, and let

M(E). en, for any measurable bounded functions fand g on E, the following equality
holds Q, almost surely for every n"

Eo e-,+’g(X,,+,) + e-f(X) ds/,,()
T,

f(e-’(wEo,,,; e-S’,(w"g(Xs,,(w,.)+ e- X) ds

for Q, all ff of . In this formula, Qx and X stand for the probability and the process
corresponding to the admissible control such that the first (and the others) impulse time
is identically infinite, i.e., for the situation where no control is applied.

Proo Using the definition of P. we have as in [18] the following regenerative
propey:

e.( u(o,,w, w.)/},,)= e.:(U(w’))
for all U(w, w) if-measurable bounded functions.

From the relation

T.+,(w)= T.(w)+&(w, O,,w) VweO,

we get for all < m

r.+,(w) t= r.(w) t+ &(w, o,,w) (t-r.(w))+.
Then it is easy to show, as in [18], that

},,+,()= },,(#),,w,%w(O.w, w.) Weft
or, for all < m

Lr,,+(ff) Lr,,(ff)L{{,-r,,w}mS.{w,%,w(Or. w, w.).

We first prove the formula of the proposition for a fixed time < m. For this we can
use the fact that the restriction of Q to has L for Radon-Nikodym derivative
with respect to P. Then, the proof is similar to that of [18], and is based on the
regenerative propey under P.. We have the following equalities"

L^r,,+,(Lr,,) -’ e-’^r"+’)g(X^r.+,) + e-f(X) as r,,
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e-atg(X, + I,> T,,} e

+ e-’f(X,) ds

Hence, as t’ +, the term in I{,=T,, e -st vanishes, and the term in I{,> -,,
converges to e-, (with the convention e-=0). The various processes in this
term being either continuous or quasileft continuous and bounded, we get the required
equality by Lebesgue dominated convergence.

PROPOSITION 2.2. Let there be given an admissible control v. For any initial law

Iz M(E), the processes X and Y considered on the space ([l, M) endowed with
probability Q are such that the process W, defined by

Vt<oo W Y- h(X) ds,

is a Brownian motion.

Proof We apply the Girsanov Theorem [16] on any finite interval [0, t]. Then
W, s =< t) is a Brownian motion for any finite t, and the conclusion follows.

3. Some properties of the filter. In this section we work on the following filtering
model. The unobserved process or signal X is a strong Markov process taking its
values in a locally compact space E with a countable basis. Its semigroup P (P,; =< 0)
is assumed to be Feller in,the sense that

(i) P,Co Co for all t->0,
(ii) P,f(x)-->f(x) as t$0 for arbitrary x E andf Co,

where Co denotes the set of all the real continuous functions on E which vanish at
infinity.

Let h be a fixed, bounded, continuous function from E into R d. The observation
is an Rd-valued process Y Y,; -> 0) such that the process W-- W,; => 0), defined
by

Vt => O: W, Yt h(X) ds

is a d-dimensional standard Brownian motion independent of X.
Both processes X and Y are assumed to be defined on a fixed measurable space

(fl, M) endowed with a family of probabilities (P,; x E) such that X and Y have
the prescribed distributions and P,,(Xo x)= 1 for all x E. Let M(E) denote the set
of all the probability measures on E considered as a topological space with the weak
topology and its Borel tr-field d//(E). For any/x M(E), P,, denotes the probability
on (12, M) defined by P /z(dx)P,.

Let (,; ->_ O) (respectively, ,; => 0)) be the natural filtration generated
by the processes X and Y (respectively, by the process Y). For any/ M(E), M",
(respectively, ) denote the r-fields generated by all the subsets which are contained
in a P-negligible set of some r-field (respectively, 3) for s finite, and by the
tr-field t+---(e>Ot+e (respectively, %+=O>o +). Moreover, we put
(.,; _-> 0) and " ,; _-> 0).

In summary, the collection (fl, M", ", cg,, p,, X, Y) is a mathematical rep-
resentation of our filtering model with which we deal in this section.

The filter of X given Y associated to any initial law/x M(E) is defined as the
unique, up to a P,,- negligible set, process II" (II,; t-> 0) adapted to ’ with values
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in M(E), and such that for an arbitrary bounded Borel function f on E, the process
II"(f)--(II(f); t_>0) (where II(f) Ef(x)II(dx), for t_>0), is the optional projec-
tion of the process f(x)= (f(X,);t>=O) with respect to the filtration q3" and the
probability P, (see [6]). Thus, in particular, for arbitrary => 0,

1-l,(f) E,(f(X,)/u3,) P,-almost surely,

where E,(. is the expectation operator with respect to the measure P,.
It is well known that the filtering process is Markov and can be described by two

types of stochastic equations. In the sequel we mainly use the notion of weak solution
or solution in distribution of these equations. To formulate them let (, , ) be an
arbitrary probability space with a complete right-continuous filtration (if,; >-0).
Let B (B,; t-> 0) be a d-dimensional Brownian motion with respect to the filtration. and the probability , and u (u,; -> 0) be an -adapted, almost surely continuous
process with values in M(E). Moreover, let L and @(L) denote the infinitesimal

ge.ner.ato.r .of the semigroup P (P,; -> 0) acting on Co and its domain. The collection
(f, , , P, B, u) is said to be a solution ofthe filtering equation ofthe first, respectively,
second type, if and only if P-almost surely:

(I) u,(f)=uo(f)+’oU(Lf)ds+’o(U(fh)-u,(f)u(h)), dB, for arbitrary
-_>0 and fe (L).

(II) u,(f)=uo(Pf)+Io(u(hP_f)-u(h)u,(P_,f)), dBforallt>-Oandall
bounded, measurable functions f defined on E.

It follows from the works of Fujisaki, Kallianpur, and Kunita [10] and Kunita [13],
that the collection (f, sg", cg,, p,, i., ii,), is a solution of both the equations with
the constant initial condition Uo =/x and the Brownian motion I" being the following
innovation process:

Vt_>-0: I= Y,- II(h) ds.

The pathwise uniqueness of the solution of (II) has been proved by Kunita [13] for
the case of E compact, and his proof carries over to the case of locally compact state
spaces E as verified by Stettner and Zabczyk in [29]. The equivalence of (I) and (II),
as well as the pathwise uniqueness and uniqueness in law of the solutions, follow from
a straightforward extension of the results due to Szpirglas [32]. Consequently an
arbitrary solution u -(ut; =< 0) of (I) with the initial condition Uo-/z, denoted in the
sequel as u= (u; >-0), has the same law as II= (H,; t-> 0).

We are now going to establish some results concerning the dependence of the
filtering process on its initial data. Let C denote the space of all continuous bounded
functions on M(E), and /3 (/3,; t__> O)the operators defined for f ( as follows"

Vt-->_O /3,(/x) E,,(f(II",)).
We start from the following theorem.

THEOREM 3.1. If the semigroup P=(P,; t->_0) satisfies (i) and (ii) then

’,; c for all t>= O.

This theorem for the case of compact spaces E is contained in [13], but the second
part of the proof from [13] does not generalize to the more general case considered
in the present paper. The proof of the following lemma can be found in [13].
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LEMMA 3.1. If (ix,; n N) is a sequence converging weakly to ix in M(E), then for
arbitrary f C,

lim E(lu,,,(f) u,(f)l2) -0

for any fixed t.
To prove Theorem 3.1, let f and (f; i N) be a countable set of functions

from Co dense in Co, and assume that (ix,; n e N) converges towards ix weakly. Then,
by Lemma 3.1,

E(lut"(f)-u,(f)12)’->O as n-->+o.

By a diagonalization procedure we can construct a subsequence (ix,; nk N) such
that for arbitrary i- 1, 2,...

nut (f) u(f) P-almost surely.

This implies in turn that P-almost surely

u,,- u weakly as k- +.

Since f is a bounded and continuous function on M(E), therefore

and this easily implies continuity of the function
We will also need the following theorem in formulation of which p stands for the

following metric on M(E):

p(, .)= E 2-’ Ig()-
,:, l+l]f[[

ToM 3.2. (i) If (g; n N) is a sequence weakly convergent to , then for
arbitrary e > O, T > O, there exists a compact set F

P,,(H ,, F for all T)

(ii) Ifu (u?; O) denotes a solution to (I), then for arbitrary > O, e > O, there
exists > 0 such that for all M(E)

The proof of (i) will follow from the next two lemmas.
LEMMA 3.2. For arbitrary compac set K c and arbicrary numbers T> 0, e > O, >

O, we can find a compact set L containing K such that if (K)N , then

Proo Let D denote the set of all nonnegative dyadic numbers. For arbitrary
D, N T the event {X, e L} is contained in the event B {X eL for some

s e D, s N T}. Therefore

n(L) P,(X, e EL/) P,(B/) P,-almost surely.

Since the process (P,(B/); e D) is a "-maingale, from Doob’s inequality we
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get the following estimate"

t<=T,tD ,_,,o
P(nl, >- e)

--<_- sup E(P(B/))
E t<= T,t D

1
sup P.(B).

l t T,t D

In order to conclude, we need the following result on Feller processes, which is given
by Mackevicius in [17] and can also be found in [29]. For an arbitrary compact set
K c E and numbers T> 0, 8 > 0, there exists a compact set L containing K such that

sup Px(Xs E\L for some s -< T) -< &
xg

Consequently,

K E\K

-<_ 8/z(K) + tz(E\K) <-28,

Px(B)l(dx)

as required.
LEMMA 3.3. Let Vn; n N) be an increasing sequence ofcompact subsets ofE and

(An; n N) a sequence ofpositive numbers increasing to one. Then the set

F={/z e M(E): tz( Vn)>- hnfor all n= 1,." .}

is compact in M E ).
Proof. Define

Fn =(Ix M(E)" tx( Vn) >- An), n 1,...

then the F,s are closed subsets of M(E). Thus f’), F, is also closed. Since F f’l,
therefore the set is also tight. Consequently F is compact.

Proofof Theorem 3.2. (i) We will show that we can take F from Lemma 3.3, where
(V,;nN) and (A,; nN) have to be properly chosen. Since the family
{/z l,/z2," ",/z} is tight, we can find an increasing sequence of compact sets

n e N), such that for all 1, 2, ,
/x,(E\ I7",)<-e2-2"-1 for n N.

By Lemma 3.2, we can find compact sets V, Vn for every n, such that

P, (supH,(E\t<_T Vn)>--2-n))=<e2
for 1, 2,. ., o.

Therefore taking F with A, 1 2-", n e N we get, for 1, 2, , o,

P,,(H,e F for all t<=T)=P,,(H,,(E\V,)<2-";tt<=T,/nN)

>-1-n P’ (sup II’(E\ V") >- 2-")
>=l-e 2-"=l-e,

and the proof of (i) is complete.



974 G. MAZZIOTTO, L. STETTNER, J. SZPIRGLAS, AND J. ZABCZYK

(ii) Let us notice that for arbitrary 8 > 0,

tiS, i= l, , k

where k is an integer such that 2 -k+2 < r/. It is sufficient to show that we can find
such that

P( sup [u,(f)-tx(f),<’O/2)>=l-e.t<=,i<_k

From the filtering equation (I) we get

;ou(f)-/x(f)= u(Lf) ds+ M’

where M is the following square integrable martingale"

(u(hf) u(h)u(f))dB,.Vt_-->0: Mt

Thus

t<=iS, i<--k i=1

=< E e sup tllef[[ > r//4 +P sup
i=1 t8

Since for 8 > 0 sufficiently small,

Iltf, < n/4 for i= 1,..., k

and

P(sup,<__ ]MI]-> ,//4) _-< 16n-E(lM’l)<-64n-2]lf, llllh]l ),

the required estimate independent of the initial condition/z holds.

4. A general optimal stopping result and its application. To construct an optimal
strategy for the impulse control problem formulated in 2 we will need an existence
result for optimal stopping problems related to a Markov process X on a state space
/. We use here and in the sequel superscript to underline the fact that introduced
objects are related to general separable complete spaces E rather than to locally
compact spaces E; as a basic example of E, we will take M(E) and . will be the
filter of 3.

4.1. An optimal stopping result. Let B and C denote, respectively, the space of
all bounded, Borel functions and the space of all bounded continuous functions,
euipped with the sup-norm to topology, defined on a complete metric space E. Let
P=(P,; t>=0) be a fixed Markov semigroup acting on B. On a probability space
(f, ff, P) with an increasing family if= (,; t.,->0) of sub-or-fields of $;, let X
(.,; -> 0) be a stochastic process with values in E. X is said to be Markov with respect
to (/3, ) if and only if for arbitrary f (, t-> s => 0,

E(f(X,)/s)= P,f(Xs) P-almost surely.

The following conditions will play the same role in our general situation as the Feller
property plays for processes on locally compact spaces E. We will require that

(1) /3, for all t>-0.
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(2) fitf f for arbitrary f , as t, 0, uniformly on compact sets.
(3) For arbitrary convergent sequence x, x2, , x arbitrary e > 0, 6 > 0, there

exists a compact set F c E and a sequence of right-continuous processes .1, 2,...
starting from x,x,..., respectively, Markov with respect to (P,") on
(,, P"), n 1,2,..., , such that

P"(X7F for all t) l-e, n 1, 2, .
The main results of this section are the following theorems. In their formulation, ff
stands for the set of all the if-stopping times.

THEOREM 4.1. (i) Assume that conditions (1)-(3) hold; then for arbitrary
the following set of inequalities:

ve-’P,v Vt0

has a minimal Borel solution which is a continuous function on .
(ii) If (2,; 0) is a right-continuousprocess, Markovian with respect to (, )

on (, , P), and is an arbitrary bounded and nonnegative o-measurable random
variable, then

(4) E((0)) sup E(e-r(r)).
T ,

TZORZM 4.2. If in addition to assumptions of eorem 4.1, the process is also
quasi-left-continuous, then there exists an -stopping time T* such that

T* inf {t 0: (,) (,)} almost surely

and

E((0))= E(e-*(2.)).
A result similar to Theorem 4.1(i) for general state spaces U was given by

Bcnsoussan in [2, pp. 315-316]). In particular the continuity of was proved in [2]
under condition (1) and condition (2).

(2) f-f for arbitrary f as + 0, uniformly on .
Condition (2) is, however, stronger than (2) and rarely satisfied for specific examples.
Theorem 4.2 follows from Theorem 4.1 and classical results on optimal stopping, given
in [4] or in [8] for instance, and therefore its proof will be omitted.

Wc will prove Theorem 4.1 using discrete-time approximation, as in Mackcvicius
[7].

Proofof eorem 4.1(i). For arbitrary r > 0, the transformation T" B B given by

Trf max ( e-rprf

is a contraction from into and also from into . It has therefore a unique fixed
point r - We chec easily that r is the minimal Borel solution of the problem

V , v e-arprv.

Denote w v, where r =2-, for m 1, 2,.... Since

r > and > 2r r=e PrVre- "r

therefore r 2r, and we see that (; m N) is an increasing sequence of continuous
functions converging to a lower semi-continuous function . Note that is the minimal
solution of

V,
V e-rPrv for all dyadic numbers r > 0.



976 G. MAZZIOTTO, L. STETTNER, J. SZPIRGLAS, AND J. ZABCZYK

The function l can be easily interpreted as the value function of a discrete time
optimal stopping problem (see [27]). Let S-, denote the set of all the -stopping times
with values in {k2-’; k N} t.J {}, and consider

E(’.(.’o)) sup E(e-"r(v))
T

for any o-measurable integrable random variable .
From this we can immediately deduce part (ii) of Theorem 4.1. Since an arbitrary

if-stopping time T can be approximated by a decreasing sequence of stopping times
from U , since v and since is right-continuous

sup [e-"W(w)] sup E(e-"r(v))= sup E((o)) E((o)).
T T U,,, m mN

Now let us prove (i). We first have to show that the inequality

e-’p,
holds for an arbitrary real positive number t.

For a given t, let (t; k N) be a decreasing sequence of dyadic numbers converging
to t. Then for arbitrary k and m,

e-’p,e-"’,.
Letting k and taking into account that e , we obtain from (2) that

P,w Pw and e-’P,.

Since , the stipulated propey holds.
It is not difficult to check that is the minimal solution of the set of inequalities

(i). Finally, we have to show that is continuous. This will be a consequence of
property (3) and of thfollowing lemma.

LEMMA 4.1. Let X=(X,; t0) be a Markov process with respect to (P, ) on
(, ff, P); let T be an -stopping time and T its dyadic approximation of order m,
defined as follows:

T=k2 if(k-1)2-<Tk2-, keN,

T= T ifT=O or T=.

en for arbitrary , and for T, defined on by

Vx ..),,,,,(.)- sup
t2

we have

(5) [E(e-’r(XT))-- E(e-"r"’(XT,,,))l <-- E(e-’rym(XT) ).

Let us admit for a while the validity of the preceding lemma in order to achieve
the proof of the theorem. From (5) and part (ii), we have

E(t3(2o)) sup E(e-’r(2r))<= E(m(2o)) +sup
T- T

Let us notice that for an arbitrary set F c t and numbers S > O,

E(e-"rym(Pr) <-_ (sup,,. y(x))P(X, F for all tN S)+ e-S supx Y"(/)"
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Now let us consider a convergent sequence xl, x2," ". Property (3) implies that for
arbitrary e > 0, > 0, there exists a compact set F such that

3(x.)_--< ,,.(x.) + (1 e) sup %(x)+e-s sup 7(x).
xI" xeE

Property (2) implies that SUpxr y(x)-0 as m. Taking this into account, we get

lim (x)Nlim (x).

The fact that is continuous and that N implies

(li x,)=lim, (x,),

the required continuity.
ProofofLemma 4.1. Let q(dt, dx) denote the distribution of T, Xr). Then by the

Markov property,

E(e- (Xr)- e- (Xr,,,)) (e-r(x)- e-’P,_,O(x))q(dt, dx),

where s(0)=0 and s(t)=(k+l)2 if k2-<t(k+l)2 for k=l,..., and (5)
follows.

4.2. Partially observed optimal stopping. We now applyesults of 3 and 4.1 to
an optimal stopping problem with partial observation. Let E M(E) and let F and
G be two functions from C. Our aim is to maximize the expectation

(6) J,(T)=E, e-"’F(H) ds+e-ra(H)

with respect to all "-stopping times This problem will reappear later. It is more
general than a classical stopping time problem with partial observation ofmaximizing
with respect to the same set of stopping timesthe payoff

(7) g, e-’f(X) ds + e-rg(Xr)
where f and g are bounded and continuous functions defined on N.

Taking into account the definition of the process of conditional distribution H",
we can easily write functional (7) in the form (6) with F and G defined as

Define

then

F(/x) =/z (f), G(/x) =/x (g).

H(/x) E e-"F(II) ds

J(T) H(/x) + E.(e-"r(G-H)(IIr)).
Therefore the problem of maximizing J, (.) can beAreduced to the simpler case with
F 0 and G^e C provided that H itself belongs to C. However, in the situation which
interests us P,F C for all t, and since

H e PsFds,

therefore H e C as needed.



978 G. MAZZIOTTO, L. STETTNER, J. SZPIRGLAS, AND J. ZABCZYK

The following theorem will be an easy consequence of the previous results.
THEOREM 4.3. Under the Feller assumptions (1) and (2) of 4.1, the function on

M(E) defined by

v e M(). ()= sup/, e-F(II) ds+ e-G(n)
Te

is continuous and bounded, and the random variable

=inf{te0: (H) (n)}

is an optimal -stopping time.

roof From what was said earlier it follows that we can assume that F 0 and
G C. To apply Theorem 4.1 we must check that the properties (1)-(3) of ]4.1 hold
in the present situation. Property (1) is exactly the same statement as in Theorem 3.1.
To show that (2) holds we apply Theorem 3.2(ii). Let K be a fixed compact subset of

M(E) and let F be an arbitrary function from . For e’> 0 we can find > 0
such that [F() F( v)[ < e’ for all K and v provided that p(, v) < . It follows
from Theorem 3.2(ii) that we can choose > 0 in such a way that

E,(F(H))-F(#)IE,([F(H)-F(#)[; p(#, H) < )

+ f.([F(n)- F(O); (,n))

’+2lF[[,

provided that < 6.
Since e’ and e can be chosen arbitrarily small the uniform convergence of fi,F to

F on K as { 0 follows.
Property (3) is given by part (i) ofTheorem 3.2. This way the proof ofthe continuity

of is complete. Optimality ofthe stopping time T follows from the pathwise continuity
of the process H" and Theorem 4.2.

5. The controlled anti uacontrolle filters. In this section, we study the filtering
pocss associated to a given admissible control v, defined on the system
(, , y,’, ,’, Q.), say n.-= (nTM >0). If the control v is (T =,...), and
so the system is uncontrolled, we denote by H (H,; 0) the corresponding filtering
process.

We prove here that, for any admissible control v, the filter H ’" can be expressed
in terms of the uncontrolled filter H by means of regenerative formulae somewhat
analogous to those which relate X to X.

For a fixed initial law #, the filtering process of X given Y is generally defined
on (, ", ’’, ’’, Q) as an M(E)-valued process" H’’(f)= (Hf’’(f); t 0) is
Q-undistinguishable from the optional projection of the process f(X)
(Xf); 0) with respect to the filtration ’" and the probability Q.. As in [33] or
[18], it can be seen that the property (K) of 2 allows us to consider a version of the
filtering process defined on the space (, ) endowed with the right-continuous finitely
completed filtration and with the restriction of the probability Q (still denoted by
Q). Moreover, we consider the filtering process as being defined on the space
M(E)x in order to take into account the dependence on the initial law. Let
H=(H; t0) be the M(E)-valued process defined by the Kallianpur-Striebel
formula [12] as follows"

qt<, Vfeb(E), VeM(E) H(,.)(f)=K,(L,f(X,))/K,(L).
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The uncontrolled system is the system associated to the admissible control v
(oo,...), where the first impulse time is identically infinite. Let L be the martingale
which governs the corresponding change of probability, as defined in 2, and let IIu

be the associated filtering process of X(oo,...) with initial law/x given Y.
PROPOSITION 5.1. The process II associated to the uncontrolled system, defined in

M(E) f by the preceding Kallianpur-Striebel formula, is adapted to the filtration
(J/t(E)(R) ,; >-_ 0), such that for any (Ix, w) M(E) fl, the application --> IIt(/x, w) is

right-continuous with respect to the weak topology on M(E). Moreover, for all tx
M(E), H(.,/x) is a version of the filtering process with initial law Ix, that is to say: for
all f b(E) and for all >= O,

II,(/x," )(f) Eo:(f(X)/ t’) n,(f) Q-almost surely for v (oo,...).

Proof The fact that II (/z, is a version of the filtering process of X with initial
law/z is an immediate consequence of the property (K) recalled in 2 (see [33], and
also [18]). Moreover, as underlined in 2, the martingale L which governs the change
of probability on (1, zd) is chosen to be independent of the initial law/z, with all its
paths right-continuous, and adapted to all the filtrations ,u, for any given admissible
control v. In order to show that H enjoys the regularity properties of the proposition,
we only have to study the process (Ku(L,f(X,)); t>0) for an arbitrary continuous
and bounded function f, and/x e M(E). If v (oo,...), then the process X reduces
to X and is right-continuous. From the fact that L is uniformly integrable on any
finite interval, we deduce easily that the process (Ku(L,f(X,)); t>0) has all its
trajectories right-continuous. It is clear that the dependence of the kernels Kus on/x
is measurable, and that if we integrate a Pu-negligible set of ff,u by Ku, we obtain
a P-negligible set of %, for < m. These remarks lead to the desired adaptation property
for H.

When the system is subject to an admissible control, we have a similar result.
More impoant is the fact that the filtering process associated to an arbitrary admissible
control can be expressed in terms of the filtering process of the uncontrolled system.
We summarize that expression in the following theorem.

THEOREM 5.1. e process H associated to a given admissible control v=
T,, S, ; n N), and defined on M(E) x by the Kallianpur-Striebelformula, is such

that for all M(E), H(, is a version of the filtering process of X having as
initial law. Moreover it satisfies the following properties:

(i) e process H is adapted to the filtration ((E)@%; t0) on M(E)x and
all its paths are right-continuous with respect to the weak topology of M(E) everywhere
except on the impulse times T,. At each instant T,, the process H admits a right-hand
limit and

n,, 4(n,,, :.) on { To < o} Vn N,

where denotes the continuous function from M E x E into M E defined by

k/tx M(E), V E, Vf b(E)" (tx, )(f)= tz(f(c(’, ))).

(ii) Let T be a -stopping time on f such that Tn <- T <- Tn+ for some n N, with
the following decomposition:

Vwf: T(w)=T.(w)+S(w. OT,,W).
where S is a T,, (R) -measurable variable on f2. Then we have on { T. <

rl(, w)= IIw. o,,w(rI+,,(z, w), o,,w).
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(iii) Given any bounded Borel functions f and , on M(E), the following identity
holds for the time T of assertion (ii):

Eoa e-Sf(II (/z, )) as + e-rff(II -(, ))/d}:,
T,,

[ f(w,.)e-L,(WEol,(, e-f(H(H(, w),.)) ds

+ e-Sw"(s(w..(n:(, w),.))].
Proo The regularity result contained in the first asseion is proved as Proposition

5.1. We only have to check the formula for the right-hand limit. Let us remark that
the Kallianpur-Striebel formula which defines the process H also holds when we
replace the constant time by a bounded stopping time. Therefore for an arbitrary
stopping time T and for any e R+

n,(,. )(f)= r.(,f(x,))/r.(,).

Using the fact that { T N t} e % r, we also have on { T N t}

v()

By letting tm, we obtain the same formula on {T<m}. With this, we prove the
asseion (i) as in [18]. Given an impulse time T,, we can write the above formula for
any stopping time T + e, with e > 0. Taking the limit in e, we get on { T < m}

n +(,. )(f)= K.(L,,f(x:))/K.(L,,)= K.(Lr,,f(6(X,, )))/K . (L,,)t

k=O

where To 0 by convention.
Then, if we consider a stopping time T as in the theorem, we deduce from this

and from the Kallianpur-Striebel formula (see [18]) that

), Or )r,(, ) ((,-r,,(os(, o,,((, r,,( + (,

Taking the limit for m, we obtain on { T < m}

(, )=s(,o,,(,(, ), o,,).
The third assertion is only a weaker formulation of the preceding relation.. Nertet!le etrl. In this section, we prove the existence of a
solution for the considered impulse control problem with partial observation. Moreover,
the proposed optimal solution is a separated control v, that is to say that we can
construct both an impulse control v and a process H, which depend nonanticipatively
on each other, such that v is an admissible control and H is the filtering process of
the system subject to the control v.
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Let us recall the impulse control problem in partial observation to be solved. To
each admissible control v (Tn, Sn, n; n N) and each initial law Ix, we associate an
average cost J(v, Ix) as follows:

J(v, Ix)= Eol e-"f(X) ds+ 2 e-r"C(X,,,
where f is a given positive bounded continuous function on , C is a bounded
continuous function on x U greater than a positive constant k, and is a positive
number.

To avoid simultaneous orders, it is natural to assume that the ordering cost C
verifies the following:

For arbitrary x e N, , e U, there exists e U such that

C(x, 1)+ C((x, 1), 2) > C(x, ).

The average cost J(v, ) can be easily expressed by means of the filtering process
of X given Y:

J(v, )= o: e-""f(n(,. )) as+ 2 e-"’d(n,,(, ), )

where f and are the positive bounded continuous functions defined, respectively,
on M(E) and M(E) x U by

f() (f), d(, ) (C(., )) for arbitrary e M(E).

The following result expresses the Bellman principle for our optimization problem.
The proof is based on a technique mainly developed by Robin [26], and also by
Bensoussan and Lions [3] and Menaldi [20] in a context of complete observation. The
same type of result is stated in [18] for a less general problem in partial observation,
with a similar proof. It must be stressed that the fact that the reduite of some continuous
function of the filter is continuous is of crucial importance in this theorem.

TZORZM 6.1. ere exists a unique continuous boundedfunction u on M(E) such
that for arbitrary M(E):

(;o )u() T.(’:qinf EO, e-"f(H,(,. )) ds + e-"TMu(Hr(, ))

where M is the operator on , the space of all bounded continuous functions on M(E),
defined by

ez U

Moreover, the infimum is achievedfor thefollowing g-stopping time T*(tx ), for any initial
law Ix,

T*(Ix) inf {t->-0: u(II,(/x,. ))= Mu(II,(Ix,. ))}

and there exists a measurable selection Ix *(Ix) on M(E) such that

Mu(Ix) d(Ix, *(Ix))+ u((Ix, :*(Ix))), Ix e M(E).

Sketch of proof. We give just a sketch of the proof, which is classical (see [26],
[20], or [3]). Let us define inductively the sequence (un; n=0, 1,...) of functions on
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M(E) by

uO(IJ,) EQ e-’f(H.(ix, )) ds

(I/u" (ix) T.inft(.) EO2 e-’f(H" (ix,")) ds+ e-rMun-l(HT(ix, )) Vn c N.

From the Feller property of the filter, it is clear that u is continuous and bounded on
M(E). Let us prove by induction that all the functions u s are continuous and bounded.
If u n- is continuous and bounded, so is Mu"- by a classical argument. Then u is
the optimal cost function for a stopping time problem associated to the functions f
and Mu"-; it is continuous on M(E) by the result of Theorem 4.3. The rest of the
proof is classical (see.[26]): it can be shown that the sequence (u"; n c N) is decreasing
and converges uniformly towards a limit u which is the unique solution of the equation
given in the theorem. The second part of the theorem follows again from Theorem 4.3.

Now let us define what will be our optimal separated control. We first construct
inductively both a sequence of random variables v (T,, G; n N) and a process H*
with values in M(E) and starting from ix. To this end, we mainly use the random
variables T* and (* defined in Theorem 6.1 and the filter II associated to the uncon-
trolled system defined by the Kallianpur-Striebel formula of 5. We define the com-
mutation set I as in [3] or [18] by

I {ix M(E) such that u(ix)= Mu(ix)}.

Let ix be given. We distinguish two cases.
Case 1. If ix I, we set

T 0, no* ix, l $(ix), no*+= 7,(no*, ,),

T(w) T*(IIo*+, w), rI*,=n,(rI*o+, w) for t=< Tz(W),

72(W) (1-I T, (W)), I’ITz
T3(w) T*(II*rf(w), 0r2w) + T_(w),

II*(w)=rIt(IIz*+(w), 0r2(w)) for T2(w)<t<-T3(w)

and inductively, for n-> 3,
+.._.(w) :*(n*,.(w)), n,, ,(n*,.,

Tn+,(w)= T*(1-I*,,+(w), O-,,w))+ T.(w),

n,*(w) n,(n ,+r,. (w), Or.w) for T.(w)<t-< T.+l(w).

Case 2. If ix I, we set

T(w) T*(ix, w),

H TI

II,* IIt(ix, w) for <- T(w), sC,(w) sC*(H*T,(W)),
T2(w) T*(II *+, (w), OT,(W))+ T,(w),

and inductively, for n _>-2

+n(W *(HT,,(W)), HT,, ((HTn, :Tn)

Tn+,(w)= T*(II*,,+(w), O.,,w)+ T,,(w),

n,*(w) n,(n*,.+(w), o,.w) for T,(w) < <- T,+,(w).

PROPOSITION 6.1. (i) The control v T, G; n N) defined by the above construc-
tion is admissible.



IMPULSE CONTROL WITH PARTIAL OBSERVATION 983

(ii) The process H* is the filtering process of X with initial law tx, given the
observation Y.

Proof. We first check that the construction given above defines an M(E)-valued
process H* which is adapted to the filtration , right-continuous except at the instants
Tn, where

II*,,+ lim II*,,+
e$0

From this, we deduce easily that the Tn’s are q3-stopping times and each , is a

T.-random variable. We verify that the sequence (T,; n N) is strictly increasing
towards , as in [18]. This proves (i). Then, using Theorem 5.1, we see that the process
II* and the filtering process II v’" associated to the admissible control v and the initial
law / coincide on every stochastic interval IT,, T,/I]. Therefore they are equal on
[0, o[.

More generally, every control v such that Proposition 6.1 holds is called a separated
control. Then, the times Tn appear to be the successive entry times of the process II
into the set I.

Finally, by using the results of the preceding sections, we get the separation
theorem for the partially observed impulse control problem.

THEOREM 6.2. The separated control v (T,,, ; n N) defined above is optimal
when tx is the initial law, that is to say

J(v, /z) inf J(w, Iz).

The proof is quite similar to the one given in [18] and therefore is omitted.
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A DUAL APPROACH TO MULTIDIMENSIONAL Lp
SPECTRAL ESTIMATION PROBLEMS*
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Abstract. A complete duality theory is presented for the multidimensional L, spectral estimation
problem. The authors use a new constraint qualification (BWCQ) for infinite-dimensional convex programs
with linear type constraints recently introduced in [Borwein and Wolkowicz, Math. Programming, 35 (1986),
pp. 83-96]. This allows direct derivation of the explicit optimal solution of the problem as presented in
[Goodrich and Steinhardt, SIAM J. Appl. Math., 46 (1986), pp. 417-426], and establishment of the existence
of a simple and computationally tractable unconstrained Lagrangian dual problem. Moreover, the results
illustrate that (BWCQ) is more appropriate to spectral estimation problems than the traditional Slater
condition (which may only be applied after transformation of the problem into an Lp space [Goodrich and
Steinhardt, op. cit.] and which therefore yields only necessary conditions).

Key words, spectral estimation, infinite-dimensional convex duality, constraint qualifications, moment
problems
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1. Introduction. A basic problem in spectral estimation is the estimation of a power
spectrum, a measure/z [", with a known support, given a finite collection of measured
correlations. This problem arises in a wide range of settings such as geophysics, radio
astronomy, sonar, and radar, to mention just a few. (See Kay and Marple [8] and the
references therein.) In many ofthese physical problems, the power spectrum is represen-
ted by a density. Let K [n be a measure space with a o--finite positive measure dk
and let/x be absolutely continuous with respect to dk with density (Radon-Nikodym
derivative) s(k)=dtx/dk. Then the problem of estimating a power spectral density
function may be stated as the following: Find a nonnegative integrable s .on K which
vanishes outside of K and exactly matches the measured correlations:

(1.1) r(/)=f eJks(k) dk, SeA (j:=x/-2--1)
.JK

where A is a finite subset of " with 0e A, A =-A and f(/)= r(-) for e A. Even
when feasible, this problem does not have a unique solution. To overcome this
ambiguity, the selection of such an estimate s from the infinite number of possible
choices is done by requiring the spectral estimate to optimize some convex functional.

One popular method is Burg’s maximum entropy method [2]. In this method the
spectral estimate is required to maximize the entropy functional

(!.2) H(s) f log s(k)
K
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subject to the correlation-matching constraints(1.1). It can be shown [2] that if there
exists a strictly positive trigonometric polynomial P such that the spectral density
1/P(k) satisfies the constraints (1.1), then so(k)= 1/P(k) is the unique spectral density
function solving (1.2) subject to (1.1) (see also the Appendix). In some applications
[8], a strictly positive solution ofthe form 1/P(k) fails to exist. This motivated Goodrich
and Steinhardt [5] to suggest in a recent paper, an alternative way for selecting a
solution to problem (1.1) by formulating the following minimal L2 norm problem; find
s* e L2 solving

(1.3) inflf s(k)2dk’f: eks(k) dk=r(6),A,S>=O).
Under appropriate conditions, it is shown there that the optimal solution s*(k)=
max (0, P(k)), where P is a trigonometric polynomial. The method of proof used in
[5] is the Lagrange multiplier technique (11) applied to problem (1.3). The difficulty
with this approach is that the nonnegative orthant in L2 has an empty interior and
thus the usual "Slater type" constraint qualification fails. To overcome this difficulty,
it is shown in [5] that problem (1.3) can be reduced to a minimization problem in L
by using the transformation t(k) (s(k) 1/2. For the transformed problem the constraint
qualification is satisfied and thus a Kuhn-Tucker theorem for infinite-dimensional
problems (see Luenberger [13, p. 217]) is applicable.

In this paper we develop a duality theory for problem (1.3) which enables us to
derive the results obtained in [5], directly from this duality framework. We prove our
results using a constraint qualification recently introduced by Borwein and Wolkowicz
[1], called accordingly (BWCQ). The dual problem obtained is a finite-dimensional
concave program and the optimal dual variables are exactly the parameters of the
optimal spectral density s*. Moreover the simple unconstrained nature of the dual
problem is suitable for computational purposes and may lead to the construction of
reliable algorithms for computing the L optimal spectral estimate s*. In 2 we review
some basic results on the extendibility problem as developed by Lang and McClellan
[11] and state the multidimensional spectral estimation problem (P) in an appropriate
vector space. In 3 we present the new constraint qualification (BWCQ) and obtain
an explicit version of it for problems of type (P). In particular we show that the
(BWCQ) is equivalent to the extendibility condition given in 2. In 4 a complete
duality theory for the multidimensional problem is derived, including the explicit
solution presented in [5]. In 5 we specialize the duality results to the one-dimensional
time series problem. In this case we prove that (BWCQ) simply reduces to the classical
test of positive definiteness of a Toeplitz matrix formed from the correlation samples.

Finally, 6 contains concluding remarks and briefly discusses how to extend our
results when the constraint qualification fails.

2. Multi-dimensional spectral estimation and properties. We collect in this section
some preliminary results needed in the sequel. We follow the work of Lang and
McClellan [11]. Let A be a finite set in [" of the form A={0, +6,..., +3} and
assume that

{ejk’" 6 A} (j denotes v/- 1)

is a set of linearly independent functions on K a compact subset of R n. The measure
correlations r(6) are conjugate symmetric functions, i.e., r(- 6) ?(6) for all 6 A. The
set A has (2m + 1) elements and so a conjugate symmetric function on A is characterized
by (2m+ 1) real numbers; thus we may think of (r(6))A as a (2m+ 1) vector r in
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2m+l. Similarly we denote by 6k the vector in the (2m+ 1)-dimensional Euclidean
space with components 6k (6) ej.

Let E denote the set of extendible correlation vectors, that is, r E if

(2.1) r
K

for some finite positive measure/x on K. We define a real-valued A-polynomial by

P(k)= Y p(6)e- where p(-6)=(6).

Here we will also use the vector notation pGZm+l for the coefficients (p(6))a
of a A-polynomial P(k). Define the set Q of positive A-polynomials Q:=
{p[Zm+l: p(k)>=O,kK}" The inner product between a vector r of correlations
samples and a vector p of polynomial coefficients is defined as

(r, p)= Z ()p().

Note that if r= K 0K d/z then (r,/9)= K P(k) dlz. The following theorem provides a
characterization of extendibility.

TrEOREM 2.1 [11]. The vector r is extendible if and only if
(2.2) r, p) >= 0 for all p

Note that E and Q are closed convex cones and thus (2.2) simply states that
E Q+, the polar cone of Q..A simple property of extendibility 11 is that int E
and

(2.3) int E { r E: (r, p) > 0 for all p Q, p 0}.

As mentioned in the Introduction, in many applications the power spectrum is not
represented merely as a measure but as a density. Let K be a measure space with a
o--finite positive measure dk. For 1 < a < c, L L(K, dk) will denote the Lebesgue
space of ath power integrable real-valued functions on K, i.e.,

L {f: I ]f(k)’dk<}.
K

Let x be absolutely continuous with respect to dk with density (Radon-Nikodym
derivative) s(k)= dx/dk. The constraint correlation measurements (2.1) are now

r [ qs(k) dk, s L.
K

This leads to the following modified extension theorem for spectral densities.
ThEOrEM 2.2 11]. Suppose that K has a finite measure. If every neighborhood of

each point in K has a strictly positive dk-measure (as holds with dk equivalent to Lebesgue
measure on K), then r int/ if and only if there exists a continuous strictly positive

function s(k) such that

r= [ Oks k dk.
K

Remark 2.1. It is interesting to note that Theorems 2.1 and 2.2 remain valid when
the linear independence assumption of the particular functions {eJ’" 6 A} is replaced
by any linear independent set of continuous functions on K.

Remark 2.2. It can be shown easily using Theorem 2.1 that in Theorem 2.2 the
statement "there exists a continuous strictly positive function s(k)" can be replaced
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by the formally weaker statement "there exists a strictly positive function in L." This
weaker version will in fact be sufficient for our purposes (see 3).

We close this section by formulating our problem (1.3) in the appropriate normed
vector space. We denote the nonnegative cone in L, by L+ {fe L," f=> 0 a.e.}. Con-
sider the integral functional I:L, --> defined by

!(s) :-IIs[[, Is(k)l dk
K

and the linear operator A" L __> $2,/1 given by

(2.4) s - f q,s k) dk.
,IK

Then our L,-density estimation problem is to solve

(2.5) (P) inf {I(s)" As r, s L+}.
Note that for < a < oo, I(s) is a convex Fr6chet ditterentiable functional and so (P)
is a linearly constrained convex differentiable optimization problem.

3. A constraint qualification for prollem (P). In this section we study programs
of type (P) and introduce a duality theory for them using a setting recently developed
by Borwein and Wolkowicz [1]. We state a version of their results which will be
appropriate for problem (P). Consider the following primal problem:

(A) v(P)=inf{f(x): Ax=b, xeS}
where f: X[ is a differentiable convex functional on X, A:X __>NN is a continuous
linear operator, X is a normed space, b e NN and S c X is a convex cone. We let X*
denote the continuous dual space of X and (.,.) the bilinear form in the duality
between X and X*. The Lagrangian dual problem (B) associated with (A) is defined
as

(B) v(D) sup {yrb+ inf {f(x)-(y, Ax)}}.
yl

The main result concerning the dual pair (A) and (B) is the existence of a saddle point
(x*, y*), for (A) or equivalently the validity of a strong duality result:

(3.1) v(P)= v(D) and v(D) is attained by some y*e[N.
Usually, under the familiar "Slater type" constraint qualification,

(SCQ) There exists x e int S such that Ax b

the strong duality relation is guaranteed. Unfortunately, in problem (P) (see (2.5))
(SCQ) does not hold, since there S L+ the nonnegative cone in L,, which has empty
interior. However, we shall make use of a recent result given in [1] which guarantees
the strong duality relation (3.1). We need the following definitions and notation.
Given any set C in X, the polar cone of C is the set

C+ {x’ e X*: (x’, x) => 0 if x e C}.
Let P be any generating set for S+, i.e.,

cl {cone P} = S+

and define

(3.2) P= := {s+ P: Ax b, x S:::>(s +, x) 0}.

We denote by F {x: Ax b, x S} the feasible set of (A) and we assume F .
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THEOREM 3.1 [1]. Assume that v(P) is finite. If (BWCQ): p--c {0} holds. Then,
v(P) v(D) and v(D) is attained by some y*

Remark 3.1. It is interesting to mention that (BWCQ) is equivalent to the condition
cl cone (F S) X (see 1 ]).

We specialize (BWCQ) to a problem of type (P). Let K be a measure space with
tr-finite positive measure dk. Let X L(K, dk)= L, 1 <a <, and S:= L+ be the
nonnegative orthant in L,. Further, the bilinear form

(s, x)= f s(k)x(k) dk
.1K

defines the duality between L and L, where L is identified as usual with the dual
space of L, and a +/3 aft, (1 </3 < ).

THEOREM 3.2. Suppose L,, is separable. For 1 =< a < c (BWCQ) holds if and only
if the weak "Slater type" condition

(3.3) :IL:A=b, >0 (a.e.)

is satisfied.
Proof. First, we show that if (3.3) holds then P-- c {0}. Let L such that A b

and :>0 (a.e.). If s+P=, then by Definition (3.2), s+s+ and (s+,): s+(k)(k) dk =0. Let An := {k: (k)-> I/n}, n 1, 2,...; then since s/ S/ implies
that s/ L with s/-> 0 (a.e.), we have

l fAX/ f0 <-- (k) dk <- s+(k)(k) dk=O
n K

so that A,,S/(k) dk-O. But (k: x(k)O)-(A= A; hence

O- f s/(k)dk f s/(k) dk implying s/(k)-O (a.e. dk).
(_J A,, .I K

Next, we show the reverse implication. Since L is assumed separable, and since P=
is trivial, there is a countable set {xn}= in L such that

(i) Axn b, x,, S;
(ii) If 0 s+ S+, (s+, Xn) > 0 for some n e t.

If A---0 there is nothing to prove; then let us assume A O. We distinguish between
two cases.

Case 1. b #0. Then since F#f, axn b implies that Ilall Ilxn[I => Ilbll and
thus IIxll->_c>0. Hence the series Y= 1/2llxll converges, say, to % Let
:=l/y7=,x/2llxll. Since L is Banach and yW=,llx/2llxllll--1, then
1/Y x/2llxll converges. Then (i) shows that is feasible and so satisfies (3.3) if
we show > 0. Now (ii) shows that (s/, ) > 0 if s/ 0, s/ S/. In particular, for any
E in K of finite measure

(k) dk>O
E

which easily shows that > 0 almost everywhere.
Case 2. b-0. From (ii) xn>0. Thus with :==, Xn/2nl[Xnll. Part (i) of Theorem

3.2 shows that A- 0 and with the same proof as above we also have : > 0 almost
everywhere.

Note that the separability assumption on L in Theorem 3.2 is needed only to
prove the second implication.
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An immediate consequence of Theorem 3.2 which associates the notion of extendi-
bility with (BWCQ) is given in the next result.

COROLLARY 3.1. Suppose K has a finite measure. Assume that every neighborhood
ofeach point in K has a strictly positive dk-measure and (ejk’’, t E A is linearly indepen-
dent on K. Then (BWCQ) holds if and only if r int E.

Proof. The result follows from Theorem 3.2. Indeed, under our assumptions,
Theorem 2.2 and Remark 2.2 are applicable and thus r int E if and only if

(3.4) =is L" 1 kS(k) dk- r, s > 0 (a.e.)

which is exactly (3.3) with b :-r2m/ and A as defined in (2.4).

4. Duality theory for problem (P). Throughout this section we assume that
{ejk: 6 A} is a linearly independent set of functions on K, which has finite measure
and that every neighborhood of each point in K .has a strictly positive dk-measure.
Recall also that 0E A---A so that A has 2m + 1 elements, and r(-6)-- (8) so that the
problem (P) is potentially feasible. For a real number a we denote a/-max (0, a).
Our results are given in L with 1 < a <.

TrtEOREM 4.1. If r int E, then

(4.1) min (P)- max (D)
where the dual problem (D) of (P) is explicitly given by

(4.2) sup Y’, p()()-c(a, fl) E P(6) e-k dk
p2,n+! ,5A K A +

Moreover ifp* solves (D) then the unique optimal solution of (P) is given by

(4.3) s,(k) d(a, fl) p*(6) e-k
+

where c( a, fl a-/fl > O and d a, Cl a l-t.
Proof. Consider problem (P) defined in (2.5)"

(4.4) inf I(s) s.t. fk Ok()s(k) dk= r(),

eA, seL, s(k)>-O a.e.

To construct its Lagrangian dual we associate a complex dual variable p() (with
p(-6)-/5(g)) to each complex constraint. In order to work in the real field, we split
the real and imaginary parts of (4.4). Observing that for two complex numbers z, z2
we have

(4.5) Re z Re z2 + Im z Im Z 1/2(Z152 -- ’1
Then, using relation (4.5), the Lagrangian function for (P) can be written

L(s, p)= I(s) +-A {r(6)/(t) +

-1- { . p(6)4’-k(6)+ .a (6)4,k(6)} s(k) dk.

But since r(6) and p(6) are conjugate symmetric on A and A -A, thus L(s, p) is simply

L(s, p) I(s)+ Z r(6)(6)- f P(k)s(k) dk
A K
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where

P(k):= 2 p(3)tp(3)= Z P(3)e-Jk.

A Lagrangian dual for (P) is then

(4.6) sup { p(6)f(6)+,infL+ {I(s)--(s, P)} }.pG[]2m+l GA

Since here I (s) K IS( k)ldk with 1 < a < ee, l(s) is a proper convex integral functional
[15], and thus applying Theorem 3A of Rockafellar [16] we have

(4.7) inf {I(s)-(s, P)} | inf {s(k) P(k)s(k)} dk.
L+ ’K s0

Now it is easily verified that

(4.8)

inf {s" Ps} {max (0, P)}
sO

=-c(a, /3)(P(k))+=-c(a, ) 2 p(6) e -/k’a

A +

Hence, substituting (4.8) in (4.7), from (4.6) we obtain the dual problem (4.2).
From Theorem 2.2, r int E implies that the feasible set

F:={s6L" As=r,s>-O}

is nonempty. Also note that F is a closed convex subset of the reflexive space L, so
that the existence of an S* with minimal L-norm is guaranteed, and since I(s) is a
strictly convex functional, S* is unique. Moreover, by Corollary 3.1, r int E if and
only if (BWCQ) holds, thus Theorem 3.1 is applicable and (4.1) is proved.

The optimal solution s* given in (4.3) is just the optimality condition for s s*
to solve the minimization problem (4.8). Now, the dual problem (D) in (4.2) is an
unconstrained problem; its supremum is attained say at p* only if p* is a critical point
of the supremand which is differentiable since fl > 1, i.e., p* is a solution of

(4.9) (6) flc(, ) p*(6)-’ e-k dk, 6 A.
K +

Since r(3) and q’k(6)= ek are conjugate symmetric on A, and A =-A, thus (4.9) is
nothing else but

r(6) f s,(k)k(a) dk, A
K

p*(6) e-’ +-’with s,(k)=d(a,)(A and the proof of the theorem is com-
pleted.

We notice that in the simplest case a 2, the dual problem (4.1) is

(4.10) sup 2 (6)p(6)-- 2 p(6) e-k dk
pEi2m+l tEA K 6GA +

and when p* solves (4.10) the optimal L2-estimate is given by

p*(6) e-’k"s.(k)
A +
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Remark 4.1. The corresponding problem (P) in L1, is trivially solved by all feasible
s. Indeed

ro s (k) dk s
K

since s => 0.
We have shown thatwe can directly derive the explicit solution ofthe L,-estimation

problem as presented in [5] by using convex programming duality. Moreover, Theorem
4.1 demonstrates that the multidimensional estimation problem subject to correlation
matching constraints can be solved via an unconstrained finite-dimensional concave
programming problem (D). The desired parameters p* for the optimal spectrum
estimate s* are precisely the optimal dual variables of problem (D), which can be
solved efficiently via nonlinear programming techniques [17].

Consider the case when the spectral support may be approximated by a finite
number of points:

K {kiE[ n’. 1," ", N}.
A measure , on the discrete support K is completely characterized by its value ,(ki)
at each point. Thus

p() e-k dk= , p() e-jk,
K 5A + A +

and the dual problem (D) gives rise to the nonsmooth optimization problem

(D) sup r()p()+,2 , p()e-’
p2m+!

where

3’i(t) := -c(a,/3)(ti)+u(k,).
Problems of the above type are typical in the nonsmooth optimization literature and
may be solved using existing numerical schemes [9], [12]. It is also worth mentioning
that the objective function of problem (D) has a very special structure which can be
exploited using techniques for convex composite optimization problems (see, e.g., [4],
[18]).

5. Duality for the time series ease. In this section we specialize our duality results
derived in 4 for the important time series case. While for the multidimensional
problem we show that (BWCQ) holds if and only if r E int E, a condition which is not
always easy to check; in the time series case we will show that to satisfy (BWCQ) it
is necessary and sufficient to test the positive definiteness of a specific Toeplitz matrix
(see Theorerr. 1 ).

Let K [-Tr, 7r]. Given a finite sequence of complex numbers {r,}lnl<_ with r_, n
the problem is now to find a nonnegative finite measure/z on [-rr, rr] satisfying

1 eJkn(5.1) rn=--- dlz(k), n=0,+l,. .,+/-m.

This is the so-called trigonometric moment problem (see, e.g., Grenander and Szeg6
[6]. A necessary condition in order to find a nonnegative finite measure/z satisfying
(5.1) is that the Toeplitz matrix

M rt--h] =ol,h

must be positive semidefinite. This condition is also sufficient (see [6, p. 19]).
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We now ask the same question for problems involving densities, i.e., finding an
integrable function s => 0 that satisfies

1
e s(k) dk, n =0, +/-1 +m.(5.2) rn --A necessary condition is that M must be positive definite. In fact this condition is also

sufficient as has been shown in [6]. (See also the appendix; this also provides a nice
illustration of duality theory,)

For the convenience of the reader, we state and prove this result in the following
theorem.

THEOREM 5.1. The following four statements are equivalent:
a M is positive definite;
(b) rint E;
(c) (BWCQ) holds;
(d) Equation (5.2) has a nonzero measurable solution.
Proof. That (b) and (c) are equivalent is direct from Corollary 3.1. It remains to

show that (a) is equivalent to (b) and (d). Suppose that (d) holds. Let d,..., d, be
given complex numbers, not all zero, and consider, for a feasible s, the following
Toeplitz form"

T,, := Y dldhri_ h didh ejkle-jkhS(k) dk
/,h=0 27/" /,h=O

A(eJk)2(e+Jk)s(k) dk
27r

where 3 z := Y/=o dlZ !, z e jk.
Any such nonzero polynomial gives rise to a nonnegative trigonometric polynomial

(see [6, p. 20]):

(5.3) p(k)= A(e;k).(e .ik) Z (z)A(Z)

which is nonzero (except finitely) for [zl 1. By (d), s is positive on a set of positive
measure. Thus

T,, - s( k)p( k) dk > O

and M, being a Hermitian matrix, is positive definite. This gives (a).
Now suppose (a) holds. Let be the convex cone of positive semidefinite Toeplitz

matrices, and let L be .the linear operator which sends M to the transverse diagonal
r:= (Re r, Im r). Then, using Theorem 6.6 in [14]; M relint implies r= L(M)
relint L(J/[) and thus if we show that relint L()= relint E then we have shown that
(a) implies (b). In fact L()= E as follows from the classical moment spaces theory.
That is r E is extendible if and only if M is in (see Karlin and Studden [7, Thin.
4.1, p. 184]). Finally, (b) implies (d), which follows from Theorem 2.2. [3

Theorem 5.1 is exactly what we need in order to derive our duality results for the
time series L-norm estimation problem"

(P) inf s"(k)dk" - s(k) ejkn dk r,, n =0, +/-1,..., +m
Se L+[- rr, "rr]

The one-dimensional analogue of Theorem 4.1 is given in the following result.
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THEOREM 5.2. Suppose M is positive definite. Then

(5.4) min (P1)= max (D1)
where the dual problem (D1) of (P1) is explicitly given by

(5.5) sup ,,A, A,, e-jk" dk
A[

Moreover if* solves (D) then the unique optimal solution of (P) is given by

(5. s,() - a e-Proo Since M is assumed positive definite it follows from Theorem 5.1 that
(BWCQ) holds. Thus theorem 3.1 is applicable. The remaining statements in the
theorem follow immediately as a special case of Theorem 4.1.. Celss. A complete duality theory for the multidimensional spectral esti-
mation problem has been developed by using the (BWCQ). The simple unconstrained
nature of the dual problem seems appropriate for computational purposes and may
lead to the construction of reliable algorithms for computing the L optimal spectral
estimate. Furthermore, the results in the paper demonstrate that the new constraint
qualification of Borwein and Wolkowicz [1] is very natural and is equivalent to the
extendibility condition.

We also mention that a duality theory without constraint qualification was also
developed in 1 ]. Following 1 ], particularly example 5.1 therein, it can be shown that
our duality framework can also be extended when the constraint qualification fails.
Finally we remark that our duality framework can be used to consider problem (P)
with other convex objective functionals. In paicular the choice of the entropy type"
functional I(s):= I s(k) log s(k) dk lead to the explicit solution s*(k) ee(. Note
that while the computational tractability of this solution seems less attractive than the
L norm solution, it provides us automatically with a unique strictly positive optimal
solution.

Appendix.
THEOREM. If M is positive definite, then there exists a unique strictly positive

trigonometric polynomial

P(k)= an e-jkn, an a-n for lnl<m

such that so(k)= liP(k) solved the maximum entropy problem

max H(s) Ln s(k) dk

subject to the constraints (5.2).
Proof. Consider the primal entropy maximum problem

p=sup H(s)" ekns(k) dk=2rr, n=O,+l,...,+m,s>-_O

First we note that, since H(s):= Ig Ln s(k) dk is a strictly concave integral functional,
then if an optimal solution exists it is unique. The Lagrangian dual of p (following
the same arguments as in Theorem 4.1) is

d= inf 2 2 fy+sup H(s)- 2 Yn e-jkn s(k) dk
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It is easy to verify, using again Theorem 3A of [16], that the inner supremum (where
necessarily s > 0 a.e.) is

Ln -jkn dk- 2
y,, e.

with the optimal s*(k)=(1/Y,"=_,, y,e-k"). Hence the dual is

d= inf 27r Y r-,y,-1 + Ln
yE[2m+ --jkn

By Theorems 5.1 and 2.2, a suitable form of Slater’s condition is met (in L1); thus
p d and d is attained. By differentiating in the last equation, we can see that this
happens if and only if y* solves

i I1 e-jkn 1 -jkn
S*(A1) , =- y, Y, e_Jk dk= e (k) dk, n =0, +/-1 +m.

2r

However, f, r_, thus (7.1) is equivalent to

1 f eJkn ,(a2) r,
.l

s (k) dk, n =0, +1, , m.

It remains to show that M positive definite guarantees the existence of a finite strictly
positive s*(k). To this end observe that when M is positive definite (A2) implies that

p(k)
(A3) dldhrl-h dk > 0

t.h=O J-= q(k)

with

q(k):= y,e-Jk"-
s*(k)

for all nonzero positive trigonometric polynomials p(k) defined in (5.3). Suppose
q(k)=0 for some k. Then using the representation (5.3) which is valid for any non-
negative trigonometric polynomial, we can write

q(k) 1-I le -Jk- al2

where a,..., a,, denote the zeros of q(k). Also note that there exists at least one
hell, rn] such that ]ahl=l. Now since (A3) holds for any nonzero positive
trigonometric polynomial p(k), by choosing p(k)= 1-Ih le-k-al2 we have

oo >
p(k)

dk
dk dk =-1 dk

_=q(k) _=le-k-ahl2 _=[e-i-ll2 2 _l-cosk

Hence q(k)>0 and so 0<s*(k)<oe. [-1

We note that it is formally "obvious" that (A1) holds by differentiation. It is,
however, technically nontrivial to justify this step. Indeed a fully satisfactory proof is
somewhat extended and requires reorganizing the proof we have given.
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It is also important to mention that we can solve (7.2) explicitly to find the
parameters (Yn} (see [3] for details). The maximum entropy spectrum is then given by

s*(k) I(M-’)Tck(k)l2

where 4(k)=(1,..., eJ’k), =(1,0,’’ ",0) and M-1 is the inverse of M (which
exists since M is positive definite).
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ERRATUM:
Differentiability of Relations and Differential Stability of

Perturbed Optimization Problems*

JEAN-PAUL PENOT

S. Dolecki has kindly pointed out to the author that one of the assumptions of
Theorem 5.11 of [1] is wrongly used" the proof of this result is correct when X is
finite-dimensional but the assumption of B-tangential compacity of A is slightly more
general (for instance, A may be a finite-dimensional submanifold of W x X). Let us
give, in the following theorem, a slightly reinforced hypothesis for replacing 5.11(a).

THEOREM. With the notation of Theorem 5.11 of [1 ], under the following three
conditions"

(a) For each a S(O) A is B-tangentially compact at (0, a) in the directions zero
and w;

(b) The perturbation (f, A) is well set in the direction w at zero;
(c) For each a S(O) and each v 0 in DA(O, a)(0), _dr(0, a; 0, v) > 0,

the following inequality holds:

_dm(0, w)-> inf{_df(0, a; w,x)" aS(O),xDA(O, a)(w)}.

Proof. Let (tn, wn) be a sequence of (0, +c)x W with limit (0, w) such that
_dm(O, w)=limt-l(m(tnwn)-m(O)). We may assume m(tw,)<+o for each n;
hence tnw dom A. Taking en t, we can find an infinite subset K of and a
sequence (Xk)kI( with limit a S(0) such that Xk Sek(tkWk) for each k K.

We may assume that the sequence (Sk)kK :=(t-Irk)kl( with rk:=lXk--al has a
limit s in [0, +c]. When s +c the sequence (t-l(xk_a))(Xk--a)kl( is bounded so
that, by assumption (a), it may be assumed to have a limit v, with Ivl s. We have
(w, v) To,aA or veDA(O, a)(w) and

_dm(0, w) _-> lim inf t-[f(twn, x) -f(O, a)] _-> _dr(v, a; w, v)

and the inequality is satisfied in this case.
Letus now suppose that s +o. Then we can write Xk A(rkS’Wk) and (s-lWk)ksK

has limit zero in W. As r-l[Xk a[ for each k K, using assumption (a) we may
assume that (Uk)kr := (r-(Xk a))kl( has a limit u in X, with lul 1. Then we have
u DA(O, a)(0); hence _df(0, a; 0, u)>0. Let us first suppose m(tkWk)>--c for k K
large enough. Then we have

_dm(0, w) => lim inf t-(f( tkWk, Xg) f(O, a) t2k)
kK

_->lim inf Skr-’(f(rks-lwk, a + rkUk)--f(O, a)) +
kK

and again the inequality is satisfied in this case. Finally, when m(tkWk)----00 for k in
an infinite subset L of K, we have f(tkWk, Xk) --f(O, a) <= 0 for k L large enough since

* Received and accepted by the editors May 9, 1986.
Facult6 des Sciences, Avenue de l’Universit6, 64000 Pau, France.
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f(tkWk, Xk) < --t for k 6 L; hence

O< _df(O, a; u) <--_lim inf skr-1(f(rks-1Wk, a+ rkUk))--f(O, a) <--O,
keL

a contradiction. Therefore this case does not occur and the inequality holds true.
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A GENERALIZATION OF A THEOREM OF
ARROW, BARANKIN, AND BLACKWELL*

JOHANNES JAHNt

Abstract. This paper presents a generalization of a known density theorem of Arrow, Barankin, and
Blackwell ("Admissible points of convex sets," in Contributions to the Theory of Games, H. W. Kuhn and
A. W. Tucker, eds., Princeton University Press, Princeton, NJ, 1953). This result is shown to hold even in
a real normed space partially ordered by a Bishop-Phelps cone.

Key words, vector optimization, support, functionals

AMS(MOS) subject classifications. 90C31, 46A55

1. Introduction. In 1953, Arrow, Barankin, and Blackwell [1] proved a famous
theorem concerning the density of the set of minimal solutions of strictly positive
support functionals in the set of minimal elements of a compact convex subset of R n.
This result has some important and interesting consequences in multi-objective
optimization. But this theorem is restricted to the space Rn partially ordered with
respect to the componentwise ordering. An alternative proof of this result was also
given by Peleg 11].

In the past decades the theorem ofArrow, Barankin, and Blackwell was generalized
by several authors. Hartley [6] and Bitran and Magnanti [3] extended this result to
other ordering cones in R" space. Radner [13] and Majumdar [10] generalized the
Arrow-Barankin-Blackwell result to the case of l. Salz [14] extended this theorem
to real normed spaces partially ordered by a convex cone with a base norm, and
Borwein [4] presented a special version in a normed space with a weakly compact
based cone.

The investigations of this paper are based on the idea of the proof given by Salz
[14] and some results of Bishop and Phelps [2] (see also Phelps [12]). It is shown that
the Arrow-Barankin-Blackwell Theorem remains true in a real normed space partially
ordered by a Bishop-Phelps cone.

2. Minimal elements and strictly positive support functionals. Throughout this
paper let X be a real normed space partially ordered by a Bishop-Phelps cone C. This
cone can be written as

C ={x X Iallxll <=/(x)}

for some number a (0, 1 and some continuous linear functional X* with II/ll 1.
Notice in the case a 1 that C may be trivial in general although it may be nontrivial
for instance in R" equipped with the ll norm. Such a cone (with a # 1) was used by
Bishop and Phelps [2] (see also [12]) for the investigation of maximal elements of
subsets of a normed space whose partial ordering is induced by this cone C. Obviously,
the Bishop-Phelps cone C is convex and it is also pointed, i.e., C fq (-C)= {0}. Such
a Bishop-Phelps cone is also a so-called nuclear cone introduced by Isac [7, p. 310]
in a locally convex Hausdorff space.

* Received by the editors February 2, 1987; accepted for publication (in revised form) October 27, 1987.

" Institut fiir Angewandte Mathematik, Universitit Erlangen-NiJrnberg, Martensstr. 3, 8520 Erlangen,
Federal Republic of Germany.
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In this setting we consider a nonempty subset S of X. Recall that an element 2 S
is called a minimal element of S, if ({2}-C)fS={2} (where the expression in
parentheses denotes the algebraic difference of sets)’. It is a well-known fact in the
case of a convex set S with a nonempty interior (see, e.g., [8, Thm. 5.4]) that for each
minimal element 2 of S there exists a continuous linear functional C*\{0} such that

l(2)<-l(x) for allxeS

where the dual cone C* is defined by

C* :- {x* X*lx*(x) >-_ 0 for all x C}.

So, in this case minimal elements are supported by a positive continuous linear
functional. The converse statement is not true in general. But if we consider the
quasi-interior

C := {x* X*lx*(x) > 0 for all x C\{0}}

of the dual cone C*, it is a known result (see, e.g., [8, Thm. 5.18(b)]) that an element
2 S is. a minimal element of the set S, if there exists some C with the property

I(2) <- l(x) for all x e S.

So, strictly positive support functionals lead to minimal elements by a minimization
procedure.

Before going further, notice that the quasi-interior C * of the Bishop-Phelps cone
C is always nonempty because

l(x) >- allx[[ > 0 for all x C\{0}

and therefore the continuous linear functional belongs to C *. Not every pointed
convex cone has a nonempty quasi-interior of its dual cone. But by a theorem of Krein
and Rutman [9] (see also [5, Prop. 2.8] and [8, Thm. 3.38]) in a real separable normed
space X with a closed pointed convex cone C the quasi-interior C * of the dual cone
is nonempty. So, in this setting strictly positive continuous linear functionals exist.

Since the dual cone C* and its quasi-interior C * play an important role in this
paper, let us first remark that the closure of the quasi-interior equals the dual cone.

LEMMA 2.1. Let X be a real normed space partially ordered by a pointed convex
cone C with a nonempty quasi-interior C of the dual cone C*. Then

cl C) C*

(where cl denotes the closure in the norm topology ofX*).
Proof. It is obvious that C c C*, and since C* is closed we get

el (C *) c cl (C*) C*.

In order to show the converse inclusion we take any e C*. Since C * is nonempty we
choose some l*e C. Then we have

I:=I+AIC for allA>O

and we get

lim II/- l lim A 1" 0.
A--->O+ AO+

So e cl (C *).
Since we are concerned with a special ordering cone, namely a Bishop-Phelps

cone, next we investigate the relations between this and other cones. For that purpose
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recall that a nonempty convex subset B of the pointed convex cone C is called a base
for C, if every x C\{0} has a unique representation of the form

x=Zb for someZ>OandsomebB.

It is a well-known result in this setting (see, e.g., [8, Lemma 3.3]) that a subset B of
the ordering cone is a base for C if and only if there exists a strictly positive linear
functional with

B={xCll(x)=l}.

Notice that does not need to be continuous.
The following lemma says that every pointed convex cone with a bounded base

is contained in a Bishop-Phelps cone (fora related result on nuclear cones compare
also [7, Prop. 5]).

LEMMA 2.2. Let X be a real normed space partially ordered by a pointed convex
cone C with a closed bounded base. Then there exists some continuous linear functional
1 C with lll and some real number a (0, 1] with the property

(1) C {x X Ilxll--< Z(x)},

Proof. The proof of this lemma is contained in the proof of Lemma 1.2 in [12].
Let B denote a closed bounded base for C. Since B is closed and convex and 0 B,
by a known separation argument (see, e,g., [8, Cor. 3.19]) there exist some continuous
linear functional e C * with II/11 1 and some real number/3 with

0</3 <= inf l(b).
bB

Since the base B is bounded, there exists some positive real number

y := max {/3, sup lib,l},beB

If we set ce :=/3/y, we have a (0, 1] and we obtain for every x e B

y

This implies

Bc {x X[cllx[[ <_-/(x)}.

If we notice that C is the cone generated by B, then the inclusion (1) follows
immediately.

In general the inclusion (1) is strict but there are also cases where equality holds.
For instance, take X ", C "+ and the l norm in

3. The main result. In this section we present a generalization of the Arrow-
Barankin-Blackwell Theorem. The proof makes use of the idea of proof given by
Salz 14].

THEOIEM 3.1. Let X be a real normed space partially ordered by a Bishop-Phelps
cone C. Moreover, let S be a nonempty convex subset of X, and let Y, S be a minimal
element of S for which the set
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is weakly compact. Thenfor every e (0, 1) there exists some l C and some x S with

l(x) <-_ l(x) for all x S

such that

Proof. Notice that the ordering cone C can be written as

c; (x xl Ilxll /(x)}
for some e C* with II/11 1 and some a e (0, 1]. Then we define for an arbitrary
/3 e (0, a) the functional fo X - N by

f(x) llx-ll / Z(x) for all x e X.

For each fle (0, a) the functional f is weakly lower semicontinuous and therefore it
attains its minimum on , i.e., there exists some x e with

fe(x) Nf(x) for all x e .
Especially, we get

and

f(x)<-f(),

Ilx ll + l(x3) <-/(),

1
(2) [[/-ll t(-/),

respectively. As a necessary optimality condition there exists a subgradient l X*\{0}
with

lt3(x xt >= O for all x S

and

l(x- x) <=f(x)-f(x)
llx-ll + l(x)-[[/-[[- t(x)

<_-/3 [Ix x + l(x xt) for all x X.

For every x c C\{0} we get

l(-x) [I-xll + l(-x)

<-l(x)-l(x)
-’-0.

Consequently we have lo e C* and

(3) It(xt)<-_lt(x) for all xe.
Because is assumed to be a minimal element of S we notice that

) x C for all x e S\ {)}.
Since C is a Bishop-Phelps cone, we conclude

a 1[ x[[ > l(- x) for all x e S\{}
and especially

(4) a 11- xll- l() x) > 0 for all x c \{9}.
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Finally, take an arbitrary e e (0, 1). Then we consider the case that the set

:={x l(-x)>-_)
is nonempty. Since S is weakly compact and the functional on the left-hand side of
the inequality (4) is weakly lower semicontinuous, there exists some > 0 with

IIg- xll- 1()- x) > 6 for all x e .
Then we obtain for all/3->_ c-

> l(N-x)+- ll-xll
=> 1( x) for all x .

But this impl.ies, with the inequality (2), that x S, i.e., l(-x)< e/2. In the case
that the set S is empty it is evident that the previous inequality is satisfied. Hence it
follows from (2) for fl _-> a- 6 and fl-_> 1/2

Since e < 1 and S is convex, we conclude with (3) that x is also a global minimizer,
i.e.,

l(xo) <- l(x) for all x e S.

So, the proof is complete.
In vector optimization support points which are obtained by strictly positive

support functionals are sometimes called properly minimal. But there are also other
definitions in use which coincide with the following concept in special cases (see, e.g.,
[8]).

DEFIYITIOY 3.2. Let X be a real normed space partially ordered by a pointed
convex cone C with a nonempty quasi-interior C* of the dual cone, and let S be a
nonempty subset of X. An element e S is called a properly minimal element of the
set S, if there exists some C* with

l() <-_ l(x) for all x e S.

In the previous section we mentioned that properly minimal elements are minimal
but the converse statement is not true in general. But with Theorem 3.1 and Lemma
2.2 we immediately get a density result.

COROLLARY 3.3. Let X be a real normed space partially ordered by a Bishop-Phelps
cone, and let S be a weakly compact convex subset ofX. Then the set ofproperly minimal
elements of S is dense in the set of minimal elements.

If the space X is even reflexive, then it is sufficient to require that the set S is
closed and convex.

COROLLARY 3.4. Let X be a real reflexive Banach space partially ordered by a
Bishop-Phelps cone, and let S be a closed convex subset of X. Then the set ofproperly
minimal elements of S is dense in the set of minimal elements.

With Lemma 2.2 we know that, in a real normed space X partially ordered by a
pointed convex cone C with a closed bounded base, this cone C is contained in an
appropriate Bishop-Phelps cone C. These two cones have a nonempty quasi-interior
with the property that C * c C *. Therefore, proper minimality with respect to t implies
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proper minimality with respect to the ordering cone C. So .Theorem 3.1 can also be
applied in the case that X is partially ordered by C, if a minimal element : of the
considered set S is also minimal with respect to the Bishop-Phelps cone C. This result
is summarized in the following corollary.

COROLLARY 3.5. Let.X be a real normed space partially ordered by a pointed conv,ex
cone C with a closed, bounded base, and. let S be a weakly compact convex subset of X.
If S is a minimal element of S which is also minimal with respect to a Bishop-Phelps
cone containing C, then for each e (0, 1) there exists a properly minimal element x S
with IIx z <-- .

4. Some examples. Salz [14] considered a pointed convex cone C with a base
norm. In this case the base B for C is given as

B:--{xCll[xll--1},
i.e., the strictly positive linear functional which describes the base equals the norm
on C. It is evident that such a base is closed and bounded, and therefore Corollary
3.3 may be" applied. It is pointed out by Salz [14] that the natural ordering cones in
the spaces 11, Ll(f, Z,/x) and ca (, Z) satisfy the assumptions on C. Obviously, this
result may also be applied to the naturally ordered space R", if we take the l norm.

Next we turn our attention to the real linear space L2[a, b] with -< a < b < .
It is well known that the natural ordering cone

C:= {x L2[a, b]lx(t)>=O a.e. on [a, b]}

has a base, e.g.,

x(t) dt=l

which is unbounded. But if we restrict ourselves to thesmaller ordering cone generated
by the set

B := {x B x( t)z dt <= a

for an arbitrary large a > 0, then Corollary 3.5 applies to this special ordering.
Finally, we consider the space X of all real symmetric (n, n) matrices (with a

fixed n N) partially ordered in the natural sense, i.e.,, the ordering cone C is given as

(5) C:={AxlxrAx>=O for all xRn}.

The space X is a real Hilbert space with the scalar product (.,.) defined by

(.6) (A, B):= trace(A. B) for all A,.B X.

LEMMA 4.1. Let X be the real Hilbert space of all realsymmetric (n, n) matrices
with the scalar product (6). Then the pointed convex cone C given in (5) has a closed-
bounded base.

Proof Let us first remark that the set C is indeed a pointed convex cone. Theset

B:={ACI(A,I>=I}
(where I denotes the identity matrix) is a base for the, ordering cone C. This base is
certainly closed. In order to see that. it is also bounded, take any A B. Then we get

HAll2- (A, A)= trace(A2) < (trace(A))2= (A, i)2__ 1,

and the proof is complete.
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So, with the aid of Lemma 4.1, the result presented in Corollary 3.5 can immediately
be applied in .this setting. This result may be useful for the investigation of minimal
covariance matrices which fit into this setting.

5. Conclusion. The presented density result has potential consequences for theor-
etical as well as numerical investigations. On the basis of this theorem, it seems to
make sense in our setting to use the proper minimality notion instead of the minimality
notion for converse duality theorems and sufficient conditions of the Lagrange multi-
plier type. From a numerical point of view it is certainly permissible for the solution
of convex problems to work with strictly positive linear functions for scalarization. In
this case the scalarized problems are much simpler to solve since uniqueness assump-
tions can be avoided.

Acknowledgments. The author thanks Professor R. Nehse andT. Staib for helpful
discussions on this subject and M. Petschke for pointing out the last example. Moreover,
the author gratefully acknowledges the comments of a referee which improved the
presentation of this paper.
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MAXIMUM LIKELIHOOD ESTIMATION OF DISCRETE
CONTROL PROCESSES*

JOHN RUST"

Abstract. Consider the following "inverse stochastic control" problem. A statistician observes a realiz-
ation of a controlled stochastic process {d,, x,} consisting of the sequence of states x,, and decisions d, of
an agent at times 1, , T. The null hypothesis is that the agent’s behavior is generated from the solution
to a Markovian decision problem. The inverse problem is to use the data {dr, xt} to go backward and
"uncover" the agent’s objective function U, and his beliefs about the law of motion of the state variables
p. The problem is complicated by the fact that the statistician generally only observes a subset x, of the
state variables (x,, r/t) observed by the agent. This paper formulates the inverse problem as a problem of
statistical inference, explicitly accounting for unobserved state variables rl, in order to produce a nondegenerate
and internally consistent statistical model. Specifically, the functions U and p are assumed to depend on a
vector of unknown parameters 0 known by the agent but not by the statistician. The agent’s preferences
and expectations are uncovered by finding a parameter vector that maximizes the likelihood function for
the observed sample of data. The difficulty is that neither the dynamic programming problem nor the
associated likelihood function has an a priori known functional form. In general the solution is only described
recursively via Bellman’s "principle of optimality." This paper derives a nested fixed-point maximum
likelihood algorithm that computes ( and the associated value function V for a class of discrete control
processes {dr, xt}, where the control variable dt is restricted to a finite set of alternatives. Given M independent
realizations of {d,, xt} for T time periods, it is shown that converges to the true parameter 0* with
probability and has an asymptotic Gaussian distribution as M (or the number of periods T) approaches
infinity. Uniform convergence of the algorithm is established by showing that the estimated value function
Va (a random element in a Banach space B) converges with probability to the true value function and
has an asymptotic Gaussian distribution in B.

Key words, stochastic control, inverse problem, maximum likelihood estimation, contraction mappings,
Newton-Kantorovich algorithm, nested fixed-point algorithm

AMS(MOS) subject classifications. 62M05, 65J15, 90C40

1. Introduction. The theory of statistical inference for stochastic processes, which
began with the monograph by Ulf Grenander (1950), is now a well-developed field
(cf. Basawa and Prakasa Rao, 1980). The theory of stochastic control, which began
with the work of Richard Bellman (1957), is now also well developed (cf. Gihman
and Skorohod, 1979). For reasons which are unclear, there has been little interface
between these fields, and ,only recently has work begun on a theory of statistical
inference for controlled stochastic processes, i.e., stochastic processes that arise as
solutions to well-defined optimization problems. In certain fields such as engineering
or economics, observed time series data can be interpreted as realizations of controlled
stochastic processes of the form {dr, xt}, where dt is the agent’s decision and xt is the
agent’s state at time t. The goal of statistical inference for these data is not simply to
infer the form of the stochastic process governing the historical evolution of {dr, xt},
but to go deeper and attempt to infer the underlying determinant of this stochastic
process, namely, the mathematical objective function of the agent. This type of
structural statistical inference is required in order to test the null hypothesis that the
agent’s behavior corresponds to the solution of the stochastic control problem. If

* Received by the editors June 16, 1986; accepted for publication (in revised form) November 4, 1987.
This research was funded by National Science Foundation grant SES-8419570.

t Department of Economics, University of Wisconsin, Madison, Wisconsin 53706.
In engineering this inference problem is also known as an "inverse optimal control" problem. In

economics it is known as the problem of "revealed preference."
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indeed such a hypothesis is supported by the data, then structural inference is also
required in order to perform policy experiments that forecast how the stochastic process
governing {d,, xt} changes in response to changes in parameters or constraints affecting
the agent’s objective function. While the existing literature on estimation of stochastic
processes allows us to consistently estimate the historical stochastic process governing
{dr, x,}, it is of limited use for forecasting the effects of policy changes that alter the
agent’s objective function. An alteration in the agent’s objective function induces a
corresponding shift in the solution to the stochastic control problem, implying that
the stochastic process governing {d,, x,} after the policy change is generally different
from the historical process governing {d,, xt} before the policy change. Marschak (1953)
and Lucas (1976) have shown that the existing nonstructural or reduced-form statistical
methods can produce dramatic inference and forecasting errors under commonly
analyzed policy experiments.

To make this somewhat abstract discussion more concrete, consider the following
example analyzed in Rust (1987a). The data {d’,x’}, t= 1,..., Tin, m= 1,’.’, M
consist of monthly observations on the mileage xT’ of each bus m in the fleet of the
Madison (Wisconsin) Metropolitan Bus Company. The agent is Harold Zurcher, main-
tenance manager of Madison Metro, who decides each month whether or not to replace
the engine on bus m with a rebuilt engine" d? 1 (replace) versus d’ =0 (keep). The
null hypothesis is that Zurcher follows an engine replacement strategy that minimizes
the expected discounted costs of operating each bus over its lifetime. The statistical
problem is to use the data {d’,x’} to infer the unknown parameter vector 0=
(/3, 01, 02, 03), where fl is Zurcher’s intertemporal discount factor, 02 is the cost of a
replacement engine, 03 is a vector of parameters describing the stochastic evolution
of the state variable {x?} and 01 is a vector of parameters specifying the functional
form of the operating cost function c(x, 01) (the conditional expectation of monthly
operating and maintenance costs as a function of accumulated mileage since last
replacement, x). The cost function c cannot be directly estimated from cost data
because operating costs include Zurcher’s subjective evaluation of the cost of "lost
customer good will" associated with the increased frequency of breakdown of older
buses. Structural estimation of this model is required because (1) we want to test the
null hypothesis that Zurcher’s behavior is in fact consistent with this simple model of
optimal replacement, and (2) we want to forecast the effect of certain policy changes
on the frequency and timing of engine replacement. For example, we might want to
forecast how the demand for replacement engines is affected by changes in replacement
costs 02, or by bus utilization intensity (represented by an appropriate change in 03).
Since engine replacement costs and utilization rates have not changed much in the
past, existing reduced-form estimation methods (which, for example, attempt to directly
measure replacement costs and utilization rates and include them as independent
variables in a regression on the total number of engine replacements) will yield imprecise
and unreliable forecasts.

This paper defines a class of controlled stochastic processes, discrete control
processes, which are explicitly derived as solutions to a class of Markovian decision
problems where the choices dt are restricted to a finite set of alternatives. The inverse
problem is to use the data {d,, x,} to go backward and "uncover" the agent’s objective
function, U, and his beliefs about the law of motion for the state variables, p. The
problem is complicated by the fact that the statistician generally only observes a subset
x, of the vector of state variables (x,, r/,) observed by the agent. We solve the inverse
problem by formulating it as a problem of statistical inference, explicitly accounting
for unobserved state variables 7, in order to produce a nondegenerate and internally
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consistent statistical model. Specifically, the functions U and p are assumed to depend
on a vector of unknown parameters 0 known by the agent but not by the statistician.
The agent’s preferences and expectations are uncovered by finding a parameter vector

that maximizes the likelihood function, for the observed sample of data. The difficulty
is that neither the dynamic programming problem nor the associated likelihood function
have an a priori known functional form. In general the solution is only. described
recursively via Bellman’s "principle of optimality." However, under a strong but
statistically testable restriction on the joint process {x,, 7,}, we can develop a tractable
maximum likelihood algorithm, the nested fixed-point algorithm, that computes. and
the associated value function Ve. Given M independent realizations of {d,, x,} for T
time periods, we show that converges to the true parameter 0* with probability 1
and has an asymptotic Gaussian distribution as M (or the number of periods T)
approaches infinity. Uniform convergence of the algorithm is established by showing
that the estimated value function VO (a random element of a Banach space B) converges
with probability 1 to the true value function and has an asymptotic Gaussian distribution
in B. To our knowledge, the nested fixed-point algorithm allows us to formulate and
estimate structural parameters for a class of.controlled stochastic processes for which
there were no previously known estimation methods.

Section 2 summarizes the existing literature on estimation of controlled stochastic
processes. Section 3 defines the class .of discrete control processes and derives the
probability density for the observable components. {d,, x,} of the controlled process
{d,, x,, r/,}. Section 4 presents the nested fixed point maximum likelihood algorithm
and establishes the asymptotic properties of its estimates of 0 and the value function
Vo.

2. Summary of existing literature. To put the results of this paper in perspective,
it is useful to briefly summarize the existing literature on estimation of controlled
stochastic processes. The literature dichotomizes into four cases depending on whether
or not the time variable and the control variable dt are discrete or continuous. The
latter distinction is more important, since under very general conditions we can
approximate a continuous-time controlled Markov process arbitrarily closely, by a
discrete-time controlled Markov process (cf. van Dijk, 1984). If dt can take any value
in some convex subset of a Euclidean space, {d,, x,} is a continuous control process;
otherwise if d, is restricted to a countable set, {d,, x,} is a discrete control process (the
intermediate case where certain components of dt are discrete and others are continuous
has not been analyzed). Although continuous control processes can be approximated
by discrete control processes, in certain circumstances there are analytical advantages
to working directly with the continuous formulation instead of the discrete approxima-
tion. In an important .contribution, Hansen and Singleton (1982) have developed a
practical technique for estimating structural parameters of a class of discrete-time,
continuous control processes. Their method uses the generalized method of moments
technique (Ferguson (1958), Hansen (1982)) to estimate first-order necessary conditions
of the agent’s stochastic control problem (stochastic Euler equations), avoiding the
need for an explicit solution for the optimal decision rule and analytic formulae for
the probability distribution of { d,, x,}. The Hansen-Singleton method depends critically
on the assumption that the agent’s control variable d, is continuous in order to derive
the first-order necessary conditions by the usual variational methods. Unfortunately,
many cases such as the bus engine problem have discrete rather than continuous control
variables, ruling out the use of the Hansen-Singleton method. A further limitation is
their assumption that all variables entering the agent’s objective function are .observed
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by both the agent and the statistician" "this latter qualification does rule out some
models in which the implied Euler equations involve unobservable forcing variables"
(Hansen and Singleton (1982, p. 1271)).

The difficulties created by allowing discrete control variables dt and unobserved
state variables ,/t are twofold. First, discrete stochastic control problems rarely possess
closed-form solutions or convenient first-order conditions amenable to estimation.
Instead the solution is almost always determined only recursively, from Bellman’s
principle of optimality. The second problem is that the optimal control d, will generally
be a function of all the state variables in the model. This implies that, if the agent’s
state variables consist of the vector (x,, /,) but the statistician only observes x,, then
we obtain a statistical model of the form

(2.1) d, =f(x,, 1,, O)

which is generally a highly nonlinear, nonseparable function of both the "explanatory
variables" x, and the vector of"error terms" /,. These considerations lead to a statistical
model in which (1) the dependent variable d, is finite valued, (2) the data {d,, x,} are
serially dependent, (3) the unobservables /, enter in a nonlinear, nonseparable fashion,
and (4) the model f has no a priori known functional form.

In spite of these difficult statistical problems, pioneering efforts by Gotz and
McCall (1984), Miller (1984), Pakes (1985), and Wolpin (1984) have successfully
estimated several specific formulations of the discrete control process (2.1). Gotz and
McCall estimated a "dynamic retention model" of Air Force officers by maximum
likelihood, numerically solving the optimal stopping problem of when to leave the Air
Force for private industry. Miller estimated a multi-armed bandit model of occupation
choice by numerically computing Gitten’s (1979) "dynamic allocation indices." Pakes
estimated an optimal stopping model of patent renewal behavior of European firms
by tabulating the distribution of times at which realizations of a simulated stochastic
process of patent returns crossed a parametrically determined optimal stopping barrier.
Wolpin estimated a model of Malaysian. women’s decisions about the number and
timing of births over their fertile period by solving a dynamic programming problem
by backward induction from the last year of the fertile period. Although these papers
have produced ingenious methods for interfacing stochastic control and statistical
estimation theory, none ofthe methods offers a general approach for estimating dynamic
programming models of discrete sequential choice. With the exception of Miller.’s work
(which is restricted to bandit processes), each of the papers handles only specific
finite-horizon binary decision problems. Section 3 develops a class of discrete control
processes that allows choice sets with arbitrary (finite) numbers of elements, and
handles both finite and infinite horizon Markovian decision problems. In particular,
all of the. above models can be reformulated and estimatedas discrete control processes.
This framework can also handle problems that fall outside the domain of any of the
above methods. Examples are the bus engine replacement problem (Rust, 1987a),
retirement behavior of older workers (Rust, 1988), utilization and retirement of cement
kilns (Das, 1987), and women’s choice of contraceptives (Montgomery, 1987).

3. Discrete control processes: main results. At each time period t, 1, 2, 3,...,
an agent observes his state (xt, 7,) and chooses an action d, from a finite choice set
C(x,) resulting in a known reward or utility U(x,, Bt, dr). The null hypothesis is that
the agent’s objective is to maximize the expected discounted value of U over a possibly
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infinite horizon.2 A statistician observes d, and a subset of the state variables x, for
time periods 1,..., T. The goal is to use the realization of {d,, xt} to infer the
objective function U and the law of motion for the state variables p. The only clear
way to do this is to specify parametric functional forms for U and p, calculate a
probability density for {d,, x,} and estimate the unknown parameters 0 by maximum
likelihood. The conditional probability of d, given x,, P(d, lx, 0), can be calculated by
"integrating out" the unobserved state variables *i, in the agent’s decision rule f in
(2.1). However, this creates serious computational problems, since f generally does
not have an a priori known functional form, but must be calculated by numerical
solution of the agent’s dynamic programming problem. Once f is calculated it must
be integrated many times (once for each possible value of x), and this whole process
must be repeated for each trial value of 0 over the course of a numerical search for
the maximum likelihood estimate 0. In the interest of computational tractability, we
impose the following restrictions.

(A1) U has the following additively separable representation:

(3.1) U(x, *i, d)= u(x, d, 01)+ w(*i, d), where 01 is a vector of parameters known
to the agent but unknown to the statistician.

(A2) Let e=-{w(*i, d)ld C(x)} be the vector of unobserved utility components.
The joint stochastic process {xt, et, dr} is a controlled Markov process with
probability density p:

(3.2) Pr {xt+l, et+ldt, xt, *It, dr-l, Xt-1, ’Ot--1, } =p(xt+I, et+]Xt, et, dr, 02, 03),
where (02, 03) is a vector of parameters known to the agent but unknown to
the statistician.

(A3) For each (xt, et) and all d C(xt), the Markov transition density p factors as

(3.3) p(xt+l, et+llX,, e,, d, 02, 03)=q(e,+llX,+l, 02)Tl’(Xt+llXt, d, 03) d C(xt).

Assumptions (A1) and (A2) imply that the agent’s decision problem is a Markovian
decision problem on the transformed state space with elements (xt, et). Assumption
(A3) is a conditional independence restriction that limits the pattern of dependence in
{xt, et} in two ways. First, Xt+l is a sufficient statistic for et+l, implying that any statistical
dependence between et and et+l is transmitted entirely through the vector xt+. Second,
the probability density for Xt+l depends only on xt and not on et. Intuitively, the
process can be regarded as noise superimposed on the underlying {xt} process, since
et is drawn from the density q(e, lx, 02) given the realized value of xt. Certainly
(A1)-(A3) are strong restrictions. The payoff, as we will show, is a substantial sim-
plification of the numerical problems of (1) solving the agent’s stochastic control
problem to obtain the decision rule f, and (2) integrating f to obtain the associated
conditional choice probability, P(d Ix, O) (see Fig. 1).

The agent may not literally solve the control problem in the sense of consciously performing the
calculations involved, much the way a good pool player exploits the laws of physics (the angle of incidence
equaling the angle of reflection, conservation of momentum, etc,) without being consciously aware of these
principles. Recent research in learning algorithms (Wheeler and Narendra, 1986) shows that relatively simple
adjustment rules lead to optimal behavior in finite state controlled Markov processes even though the agent
has no initial knowledge of his objective function or the law of motion of the state variables. Other arguments,
based on evolutionary principles, also support the notion that agents can behave "as if" they had solved a

complicated control problem even though they may not be consciously aware of having solved it.
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FIG. 1. Pattern of dependence in a controlled Markov process.

Table 1 summarizes the agent’s decision problem, formulated as an infinite-horizon
Markovian decision problem on the transformed state space (x, e).3 The agent chooses
a sequence of decision rules or controls ft(xt, et, O) to maximize expected discounted
utility over an infinite horizon. Define the value function Vo by

(3.4) Vo(x,, e,)=sup E { J-"[u(xj,f, 01)+ej(f)]
1-I

where II {ft, ft+l,f+2, "},ft(xt, e,) C(xt) for all t, xt, and e,, and where the expecta-
tion is taken with respect to the transition density for the controlled stochastic process
{x,, e,} determined from II’ and the transition density p(xt+, et+ ]xt, e,, d, 02, 03), This
treatment implicitly assumes that the controls f, are nonstochastic and depend only
on the current state of the process (xt, e,). The Markovian structure of the problem,
together with Blackwell’s theorem (Blackwell, 1968), implies that these assumptions
involve no loss in generality.

Problem (3.4) differs from the standard formulation of a Markovian decision
problem presented by Blackwell (1968), Denardo (1967), and Bertsekas and Shreve
(1978) due to the fact that the utility function [u(x, d, 01)+ e(d)] will generally not be
uniformly bounded in (x, e) under usual statistical assumptions about the distribution
of unobservables (e.g., e is jointly normally distributed). The unboundedness of the
utility function could potentially lead to unbounded values of the value function (3.4)

TABLE
Summary of notation for the discrete control problem.

Symbol Interpretation

C(x,)

e,={e,(d)ldC(x,)}

x, ={x,(1),..., x,(M)}

u(x,, d, o,)+ e,(d)

p(x,+l, e,+lx,, e,, d, 02, 03)

t9 "-(B, 191, 02, 03)

Choice set; a finite set of feasible values for the control variable d, when the
observed state variable is x,.
A C(xt)-dimensional vector of "state variables" observed by the agent but
not by the statistician. We interpret e,(d) as an unobserved component of
utility of alternative d in time period t.

An M-dimensional vector of state variables observed by the agent and the
statistician.
Realized single period utility obtained in state (x,, et) when alternative d is
chosen.
Markov transition density for next period state variable when alternative d
is chosen and when the current state is (x,, e).
The complete (1 + K + K + K3) vector of parameters to be estimated, where
/3 e (0, 1) is the agent’s intertemporal discount factor.

Notice that by allowing the observed state variable x to be an element of a complete, separable metric
space, the framework also implicitly covers the finite horizon and nonstationary cases as well. In addition,
via a well-known transformation of state variables (see, for example, Bertsekas, 1976), the framework also
implicitly covers Bayesian control of Markov processes where the agent has imperfect information about
transition probabilities or state variables and learns by sequentially updating his or her beliefs according
to Bayes rule.
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and nonexistence of an optimal policy l-I*. The following additional assumptions are
sufficient to insure the existence of an optimal stationary policy l-I* -(f, f, f,. .) with
Markovian decision rulef In order to present the assumptions, we need some additional
notation. We require that the number of elements in each choice set C(x) are uniformly
bounded in x, so that we have C(x) C ={1,-.., N}, where N is the least upper
bound on the number of elements in each C(x). Define the state space of the controlled
process by S {(x, e)Ix A, e RN}, where A is a Borel subset of a complete, separable
metric space. Typically A will be a Borel subset of RM, as indicated by the notation
x, {x,(1), , xt(M)}. Strictly speaking, et R c(x’. However, since the dimension-
ality of et changes with the number of elements in C(x,) we imbed the state space for
e, in the common space RN and fill out the remaining components with values drawn
from some arbitrary continuous distribution .independent of the other #C(x,) com-
ponents of e,. Let h be a Lebesgue measure on RN and let be a Borel measure on
A; the latter need not be nonatomic. Define a measure v on S in the usual way by
v= x h. The first assumption guarantees the existence of a probability density that
provides the basis for maximum likelihood estimation.

(A4) For each d C(x,) and (x,, e,) S, the conditional probability distribution
of (xt+l, e,+l) given (x,, et, d) is regular and has a Radon-Nikodym density
p(.x+l, e+l[x,, et, d, 02, 03) with respect to the measure u on S.

The remaining assumptions guarantee the existence of a stationary optimal policy H*
to (3.4). Throughout the remainder of the paper we will use the shorthand notation
Ef(x, e, d) to denote the conditional expectation of a function f: S R with respect
to the conditional probability density p, namely,

(3.5) Ef(x, e, d)=------ ff(y, "q)p(y, "q Ix, e, d, 02, 03)p.,(dy) A (d7).
3s

(A5)

(A6)

(A7)

(A8)

0</3<1;

C(x)C={1,...,N} for all x6 A;

For each d C(x), x A, u(x, d, 01) is upper semicontinuous at x and has
bounded expectation in the sense that R(x,e)=-.=oflRj(x,e)<+c,
(x, e) S, where Ro(x, e)=maxdcx [u(x, d, 01)+ e(d)[, Rj+l(x, e)=
maxdcx) ER(x, e, d), where ER(x, e, d) is defined in (3.5);

For each x C(x), Eh(x, e, d) is continuous at each point (x, e) S for all
Borel measurable functions h:So R satisfying [h(x,
(x,e)eS.

THEOREM 3.1. Under assumptions (A1), (A2), (A4)-(A8) a stationary optimal
policy l-I* (f, f, f, exists for some Borel measurable function f: S - C. The decision
rule f is nonstochastic, Markovian, and is determined from Bellman’s equation

(3.6)

by the identity

(3.7)

Vo(X, e)= max [u(x, d, O1)+e(d)+[3EVo(x, e, d)]
dC(x)

f(x, e, O)=-- argmax [u(x, d, O1)+ e(d)+ flEVo(x, e, d)].
dC(x)

Theorem 3.1 is a specialization of Theorem 2.1 of Bhattacharya and Majumdar
(.1985), who extend the basic results of stochastic dynamic programming to allow for
unbounded rewards. Note that although Vo(x,e) is finite for each (x, e)S, it is
generally not uniformly bounded in (x, e). As a result, we cannot apply the standard
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results of Blackwell (1968) and Denardo (1967), who use uniform boundedness to
show that Vo is a fixed point of a contraction mapping on the Banach space B of all
uniformly bounded upper semicontinuous functions from S to R. This is unfortunate,
since the main numerical method for solving stochastic control problems consists of
computing the value function by solving the associated fixed-point problem. Lippman
(1975) provided alternative conditions under which Theorem 3.1 holds, where Vo is
the unique fixed point of a contraction mapping on the Banach space Bw of all bounded,
upper semicontinuous functions under the weighted supremum norm defined by
Ilhllw-sup,)lh(x, e)l/w(x, e), where w is a specified weight function satisfying
w -> 1. However even if we adopt Lippman’s approach, there are two difficulties
hampering direct statistical implementation of the model d, =f(xt, et, O) given by the
solution to (3.2) and (3.3). First, standard distributional assumptions for unobservables
imply that e, will be continuously distributed on R N with unbounded support. However,
this raises serious dimensionality problems since the optimal stationary policy f will
ordinarily be computed by solving for the fixed point Vo to Bellman’s equation (3.2).
Since e is a vector of continuous state variables, it must be discretized in order to
compute Vo on a digital computer. The discretization procedure approximates the true
value function Vo, an element of an infinite-dimensional space, by a suitable vector
in a high-dimensional Euclidean space. Even ifwe take a very rough grid approximation
to the true continuous distribution of e,, the dimension ofthe resulting finite approxima-
tion will be too large to be computationally tractable. Second, since e, appears
nonlinearly in the unknown function EVo, we face the additional problem of integrating
out over the e, distribution to obtain the conditional choice probabilities P(d, Ix,, 0)
that enter the likelihood function. The conditional independence assumption (A3) enables
us to circumvent these problems. The payoff to (A3) is twofold. First, (A3) implies
that EVo is not a function of e, so that the required choice probabilities do not require
integration with respect to e over the unknown function EVo. Second, (A3) implies
that EVo is a fixed point of a separate contraction mapping on the space F=
{(x, d)lxeA, d C(x)}, eliminating the need to compute the fixed point Vo on the
much larger space S and avoiding the numerical integration required to obtain EVo
from Vo. Admittedly, (A3) is a strong assumption adopted in the interest of computa-
tional tractability. In 4 we present a simple Lagrange multiplier test of the validity
of (A3).

Before presenting the main results, we need additional notation and a mild
regularity condition. Let g be a measurable, bounded, real-valued function from F to
R. Define the norm of g, Ilgll, in the usual manner by Ilgll-supx,d)rlg(x, d)l. It
follows that the set of all measurable, real-valued and [1" I1-bounded functions on F
is a Banach space B. Given a vector r(x)=-{r(x, d)ld C(x)}, define the function
G(r(x) lx, 02.) by

(3.8) G(r(x)lx’ 02)==-I [LaC([r(x’d)+e(d)]]q(elx’ O2)A(de)"

G(r(x)lx, 0.) is simply the conditional expectation of the maximum of [r(x, d)+
e(d)], d C(x). McFadden (1981) calls G a social surplusfunction. G has an important
property, apparently first noted by Williams (1977) and Daly and Zachary (1979),
which is a key to our subsequent results.

THEOREM 3.2. Suppose the density q( e Ix, 02) has finite first moments for/x almost
all x A. Then for any vector r(x) { r(x, d) d C (x)}, the social surplus function
G(r(x)lx, 02) defined in (3.8) has the following properties:



1014 JOHN RUST

(a) For each x, G is a positively linear homogeneous, convex function of r(x).
(b) G has the additivity property G(r(x) + a Ix, 02) = a + G(r(x) x, 02) for any

scalar a, where r(x) +
(c) Let Gd denote thepartial derivative ofG with respect to r(x, d ), and let P(d x, 02)

denote the conditional probability that r(x,d)+e(d) is the largest: P(dlx, 02) =-
I{d argmaxc<x)[r(x,j)+ e(j)]}q(de lx, 0). Then we have

(3.9) P(al , 0)= Ga(r(x)lx, 0) as in formula (3.8)

We need one final regularity condition for u and q.

(A9) u B and for each r B, EG B where G(r(x) Ix, 02) is given in (3.8) and
EG is defined by

(3.10) EG(x, d) =- fy G(r(y)ly, 02)rr(dylx, d, O3).

Assumption (A9) will be satisfied for most choices of q. A sufficient condition for (A9)
to hold is that q(e Ix, 02) has finite first moments that are uniformly bounded in x. We
are now ready to state the main results of this paper.

THEOREM 3.3. Under assumptions (A1)-(A9) the value function Vo is given by

(3.11) Vo(x, e)= max [vo(x, d)+ e(d)]
dC(x)

where vo F --> R is the uniquefixed point of the contraction mapping Ao B --> B defined by

(3.12) Ao(v)(x,d)=u(x,d,O)+ IrG(v(y)ly, O_),r(dylx, d, 03), dC(x),

and where G is the social surplus function defined in (3.8).
THEOREM 3.4. Under assumptions (A1)-(A9) the controlled process {d,, x,} is

Markovian with transition density given by

(3.13) Pr{d,+,,x,+,la,,x,}=P(a,+,lx,+,, o)r(x,+,lx,, a,, 03)

where the conditional choice probability P(d lx, o) is given by

(3.14) P(alx, 0)= Ga(vo(x)lx, 0)
and where vo is the fixed point of Ao in (3.12) and Gd is toe partial derivative of the
social surplus function G in (3.8) with respect to Vo x, d ).

The proofs of Theorems 3.3 and 3.4 are given in Appendix 1. Theorem 3.3 shows
that under (A3) the dynamic programming problem can be solved by computing the
fixed point vo to the contraction mapping Ao on the reduced state space F rather than
the full state space S. Furthermore, the unobserved state variables {e(d)ld C(x)}
enter linearly and additively separably inside the max operator in the value function
Vo in (3.11). This implies that the choice probabilities P(dlx, O) in (3.14) can be
computed using the same formulas used in static discrete choice models with the
addition of the expected discounted future utility EVo(x, d) to the usual static utility
term u(x, d, 01). To see this, note that EVo and Vo are related by the equations

(3.15) Vo(X, d)= u(x, d, 0,)+/3eVo(x, d)

where EVo is the fixed point to the contraction mapping To" B--> B defined by

To(v)(x, d)= f G([u(y, O)+ flv(y)]ly, O)zr(dylx, d, 03).(3.16)
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By choosing specific functional forms for q we obtain concrete formulas for the
choice probability P(d Ix, O) and the contraction mapping A0. For example, if e has
a multivariate extreme value distribution

(3.17) q(elx, 0)= U exp{-e(d)+O2}exp{-exp{-e(d)+02}},
dC(x)

then P(d Ix, 0) is given by the well-known multinomial logit formula

(3.18) P(dlx, O)=
exp {vo(x, d)}

.,c(x) exp {vo(x,j)}’

and vo is given by the fixed point to the contraction mapping Ao:

(3.19) A(v)(x’d)=u(x’d’O1)+fl lylg[ jC(y) exp{v(y,j)}](dy[x,d, 03).

4. The nested fixed-point maximum likelihood algorithm. Suppose we observe a
realization of the process {d,, x,}. We can uncover the agent’s preferences u and
expectations p qTr by finding a parameter that maximizes the likelihood function
Ly defined by4

(4.1)
T

U(x,, ,x, d,, drlxo, do, 0)= 1-I P(d, lx,, O)(x, lx,-1, d,_,, 03).
t=l

The difficulty is that Ly does not have an a priori known functional form: the conditional
choice probability P(d[x, O) entering (4.1) depends on the value function vo which is
only implicitly defined as the fixed point of the contraction mapping Ao in (3.12).
Theorems 3.3 and 3.4 suggest the following nested fixed-point algorithm: an "inner"
contraction fixed-point algorithm computes the unknown function vo for each value
of 0, and an "outer" hill-climbing algorithm searches for the value of 0 that maximizes
Ly. Theoretically, such an algorithm should be able to estimate a wide range of discrete
control processes. However if the approach is to be of any practical use, the algorithm
must be able to (1) rapidly compute the fixed point vo for any given value of 0, and

f(2) find the argmax of L, , in as few likelihood function evaluations as possible. In
particular Ls should be a smooth (i.e., continuously ditterentiable) function of 0 so
that more efficient gradient maximization algorithms can be employed. The smooth-
ness of Ly is also crucial for establishing large sample properties of such as
asymptotic normality.

Since the underlying "primitive objects" u, q, and 7r are specified a priori, they
can be chosen to be smooth functions of 0. It follows from (4.1) that the issue of
smoothness of L reduces to the question of the smoothness of P(d Ix, O) in 0. By
Theorems 3.2 and 3.4, P(d[x, O)=Ga(vo(x)[x, 0) is a continuously differentiable
function ofthe vector { vo (x, d d C(x) }. Therefore the question ofsmoothness further
reduces to the question of finding sufficient conditions under which the mapping 0 --> vo
is a smooth mapping from R 1/r,//2/K3 into B. The smoothness of this mapping follows
from the implicit function theorem in Banach spaces (cf. Kantorovich and Aiklov
(1982, Thm. 3, p. 520)). To see this, note that the pair (v0, 0) is a zero of the nonlinear
operator F: B x RI+I,+I2+:3--> B defined by

(4.2) O=F(v,O)=-(I-Ao)(V)

If we have panel data, independent realizations of {d,, x,} for a collection of different agents, then the
likelihood function for the panel is simply a product of the individual agent likelihoods in (4.1).
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where 0 is the zero element of B and I is the identity operator on B. The implicit
function theorem implies that vo will be a continuously differentiable function of 0,
provided that F has continuous derivatives in 0 and the Fr6chet derivative of F with
respect to v, OF(v, O)/Ov, is a continuous linear operator on B with continuous inverse
at the point v= Vo. Let A(vo) denote the Frchet derivative of Ao evaluated at the
point Vo. By Theorem 3.2 and dominated convergence, A(v0) is a linear operator on
B with integral representation

(4.3) A’o(Vo)(m)(x, d)= fl fy [ Zjc(y) m(y,j)P(j,y, O)] r(dy,x, d, 03).

It is obvious from (4.3) that A(v0) is a continuous linear operator with norm
[[a’o(Vo)[[o<-_fl < 1. By the Banach inverse theorem (Kantorovich and aiklov (1982,
Thin. 3, p. 154)), it follows that OF(v, O)/Ov is a continuous linear operator with con-
tinuous inverse given by

(4.4) =[l-A(v)]-1-- Z [A(v)]’
OV t=o

where the latter series is the Neumann expansion of [I-A(v)]-1.
THEOREM 4.1. Under regularity conditions (A10)-(A13), OVo/O0 exists and is a

continuous function of 0 given by

(4.5) 0V0
O0

-[I-A’(v)] kJ =o"
The regularity conditions (A10)-(A13) guarantee that the operator Ao is a con-

tinuously differentiable function of 0, and are listed in Appendix 2.
Equation (4.2) suggests an efficient method for computing the fixed point Vo,

namely, apply Newton’s method to find the zero Vo B of the functional equation
F(v, 0)= 0. This leads to an iteration of the form

(4.6) v+= v-[l-A’o(v)]-l[I-ao](V)
known as the Newton-Kantorovich iteration. Kantorovich established that the sequence
(vj} generated by (4.6) converges to the fixed point Vo at a quadratic rate starting from
an initial estimate v in a "domain of attraction" sufficiently close to Vo. Since Ao is
a contraction mapping, the contraction iteration

(4.7) vJ+l=Ao(v)
is guaranteed to converge to Vo at a linear rate starting from any initial estimate v.
This suggests the following hybrid method of"polyalgorithm"" we start with contraction
iterations (4.7) until we generate an estimate v in a domain of attraction of Vo and
then switch to the Newton-Kantorovich iteration (4.6) to rapidly converge to the
solution. Convergence and numerical stability of the polyalgorithm are guaranteed
by the contraction property for Ao and the fact that [I-A(v)] is necessarily invertible
for all /3 (0, 1) and v B. The main work involved in computing the Newton-
Kantorovich iteration is solving the linear system involving the operator [I-A(v)].
However, we obtain as a by-product the derivatives OVo/O0 at negligible marginal cost
using (4.5).

The Newton-Kantorovich algorithm is not an "optimal" algorithm: a variant due to Werner (1984)
evaluates A at an intermediate point w av +(I a)Ao(v), a (0, 1), to accelerate convergence. Werner
showed that a good choice is a 1/2.
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Given the derivatives OVo/O0, it is a straightforward exercise to compute the
derivatives of the likelihood function Ly. This allows us to employ more efficient
quasi-Newton gradient maximization algorithms to search for the maximum likelihood
estimate O. In particular, the well-known information equality implies that the
information matrix (the cumulated outer products of the first derivative terms
P(dt+l Xt+l, O)’Tl’(Xt+l [Xt, dt, 03)) is a good approximation to the negative of the Hessian
of Lf in large samples. This idea forms the basis for the BHHH optimization algorithm
(Berndt et .al., 1974) which only requires first derivatives of the likelihood function.6

The nested fixed-point algorithm combines the contraction/ Newton-Kantorovich fixed
point polyalgorithm and the BHHH/Broyden gradient optimization algorithm in order
to obtain an efficient and numerically stable method for computing the maximum
likelihood estimate . The algorithm is summarized in Fig. 2 (where the fixed-point
problem is stated in terms of the operator To in (3.16) instead of A0 in (3.12)).
Computational experience with the algorithm has verified its favorable theoretical
properties. Fixed .points as large as several hundred dimensions can be rapidly calcu-
lated on an IBM-PC (e.g., in the bus problem a 180-dimensional discretized fixed-point
problem can be computed to a tolerance of 10-]6 within 60 seconds). Fixed points in
the hundreds of thousands and even millions of dimensions have been computed in
a matter of seconds on supercomputers such as the Cray-2. For further details on the
computational performance of the algorithm, see Rust (1987c), (1988).
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FIG. 2. Nested fixed-point maximum likelihood algorithm

Convergence of the BHHH method in small samples can be accelerated by Broyden and Davidon,
Fletcher, and Powell updating procedures that adaptively improve the accuracy of the information matrix
approximation to the Hessian of L’
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To conduct inference, we need to know the large sample properties ofthe maximum
likelihood estimates of 0 and vo. The asymptotic distributions can be derived for three
separate cases. In Case One, we have a fixed number of observations T, for each
realization m, m- 1,..., M, and the number of realizations M tends to infinity. In
Case Two, we have a fixed number of realizations M, and the number of observations
per realization T, tends to infinity. In the final case both T, and M tend to infinity.
Currently, most panel data sets have only a limited number of time periods Tm so that
approximating the finite sample distribution of the maximum likelihood estimator
(MLE) by its asymptotic distribution as T, o is not likely to yield accurate results.
Calculation of the asymptotic distribution of the MLE in Cases Two and Three is
complicated by the serial dependence in the (dr, xt) process. Since (dr, x) is Markovian,
we can show that the log-likelihood function is a zero mean martingale, allowing us
to use the law of large numbers and central limit theorems for martingales to establish
consistency and asymptotic normality of . Application of these results appears to
require continuous third derivatives of the likelihood (see Billingsley (1961)). To
simplify both the assumptions and presentation, we focus on Case One and leave
Cases Two and Three to future work. In Case One we further assume the following"

(A14) The realizations of {d’, x’} and {d, x} are independent if j m;

(A15) The observation period T, is the same for all realizations rn 1,..., M;

(A16) {d’, x’} has a unique ergodic distribution l(d, x, 0) from which the initial
observations (d’,x’) are drawn, m 1,..., M.

Assumptions (A14)-(A16) imply that the data are independent and identically dis-
tributed among a cohort of individuals. This enables us to use the simpler IID strong
law of large numbers and Lindeberg-Levy central limit theorem to establish the
consistency and asymptotic normality of 0, requiring only continuous second derivatives
of the likelihood.

THEOREM 4.2. Suppose (A1)-(A16) hold. Ifadditional regularity conditions (A17)-
(A35) hold, then we have the following"

(1) The maximum likelihood estimator is a well-defined random variable;
(2) converges to the true parameter vector O* with probability one as the samplb.

size M - o;
(3) The distribution of x/-(-O*) converges weakly to N(0,-H(0*)-I), where

H(O*) is given by

H(0*) E(c92 log[P(dlx 0")]/00 00’)

+ E{O2 log[Tr(xt[xt-1, dt-1, 0*3)]/00
(4.8)

=-E{[O log P(dt [xt, 0")/00][0 log P(dr [xt, 0")/00’]}

-E{[O’rr(xtlxt-1, dr-,, O*3)/O0][O’n’(xtlxt_l, dr-l, 03")/00’]}.

Assumptions (A17)-(A35) are standard regularity conditions guaranteeing com-
pactness of the parameter space, continuity of the second derivatives of the likelihood,
and asymptotic uniqueness of the maximum likelihood estimate (a necessary condition
for identification). The large number of conditions arise from the need to make separate
assumptions on each of the "primitive objects" u, 7r, and q and are listed in Appendix
2. The proof of Theorem 4.2 closely follows standard treatments of the liD case found,
for example, in LeCam (1953), Huber (1967), or White (1982), and is therefore omitted.
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Although the parameter estimates are the end result of maximum likelihood
estimation, in many cases interest focuses not on the parameters themselves but on
the form of the estimated value function vo, a B-valued random element. For example,
in many cases we would like to compute confidence bands for v to judge how precisely
we estimate the unknown value function Vo..

THEOREM 4.3. Let be a consistent estimator ofO* with the distribution ofx/-( O4
0") converging weakly to N(O,,). Then if (A1)-(A13) hold, we have the following"

(1) v6 is a B-valued random element;
(2) v6 converges to vo. with probability 1;
(3) The distribution of (v-vo.) converges weakly to a Gaussian random

element in B with expectation 0 and covariance operator [Ovo./OO],[Ovo./O0’].
The proof of Theorem 4.3 is given in Rust (1987b).
We conclude the paper by suggesting a simple specification test for the validity

of the conditional independence assumption (A3). Recall that (A3) implies that e, is
independent of e,-1 conditional on xt, a restriction that seems to be necessary for a
computationally tractable estimation algorithm. A natural way to test this assumption
is to add some function of last period control variable d,_l to the value function vo
entering the choice probabilities P(dtlx,, o), say, vo(xt, dt)+ 04I{dt_ dt}. Under the
null hypothesis that (A3) is valid, formula (3.11) of Theorem 3.3 implies that the
previous period choice dt_ has no effect on the choice dt, so the maximum likelihood
estimate of 04 should converge to 0. However, if (A3) is not true, et will not be
independent of et- given xt. Thus, d,_ =f(xt-, et_, O) will not be independent of
e,. It follows that if (A3) does not hold, then the maximum likelihood estimate of 04
will converge to a nonzero value. Thus, standard Likelihood Ratio, Lagrange multiplier,
or Wald tests of the hypothesis that 04 0 provide a simple way to test the validity
of (A3).

Appendix 1: Proofs of Theorems 3.3 and 3.4.

Proof of Theorem 3.3. First we show that (A3) implies that the conditional
expectation EVo(x, e, d) does not depend on e, and so can be written as EVo(x, d).
By (A3) and Fubini’s Theorem we have

EVo(x, e, d)= fs Vo(y, )p(y, l x, e, d, 02, O3)l(dy)A(drl)

(1) f lie V(Y’)q(Iy’O2)A(dq)] r(ylx’d’O3)/x(dy)

EVo(x, d).

It follows that the e only enters linearly inside the max operator in Bellman’s equation
(3.6), so that Vo is represented by (3.11) for some function Vo of the form Vo u + flEVo.
Substituting the formula for Vo given in (3.11) into Bellman’s equation (3.6) we obtain
the fixed-point condition for EVo given in (3.16)

[u(y’j’O1)+e(J)+flEV(y’J)]] q(de’y’O2)’a’(dy’x’d’03)

(2) f G([u(y, O)+EVo(y)]ly, O:)r(dylx, d, 03). y
To(EVo)(x, d).
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Assumption (A9) guarantees that EVo is a member of B, since for any x e A and any
measurable function f: S- F we have

(3) E{[u(y,f(y, e), 01)+ e(f(y, e))]lx}-< a(llulllx, o),

(4)
[I j=t

which imply that

(5) IIEV011 < IIEGII/(1-).

Since IIGII < +oo by (A9), it follows that EVo e B. Thus EVo is the fixed point of a
well-defined mapping To from B to B. To show that To is a contraction mapping, note
that for each y and each g, h e B we have

max [u(y, O1)+e(j)+g(y,j)]- max [u(y,j, 01)+e(j)+h(y,j)]
jC(y) jC(y)

(6)
=< max /3 ]g(y,j)- h(y,j)l.
jC(y)

It follows immediately from (6) that

(7) To(g)- To(h)ll<= llg- hll
so that To is a contraction mapping and EVo is the unique fixed point of To in B.
Since Vo(X, d)= u(x, d, 01)+EVo(x, d), it follows that roe B. A similar argument
shows that Vo is the fixed point of the contraction mapping A0 defined, in (3.12).

Proofof Theorem 3.4. Formula (3.14) follows immediately from (3.11) of Theorem
3.3 and (3.9) ofTheorem 3.2. The controlled process {dr, x,} is Markovian since Theorem
3.3 implies that the conditional probability of d,+l given xt+l is given by P(d,+l Xt+l,
and the conditional probability of xt+l given (dt, x) is r(x,+llx, d,, 03)by assump-
tion (A3).

Appendix 2: Regularity conditions for Theorems 4.1 and 4.2. Assumptions (A10)-
(A13), used in Theorem 4.1, ensure that Vo is a continuously differentiable function
of 0. In what follows, L(R k, B) denotes the Banach space of all-bounded, linear
operators from Rk to B.

(A10) 0///1901 e L(R K’, B) and is a continuous function of 01.

(All) For any reB, OG(r(y)[y, O2)/OO2existsandisdominatedbya 7r(.[x,d, 03)
integrable function for all y except on sets A(x, d) of 7r(. x, d, 03) measure
zero.

(A12) For each r B, OEG/O0 L(R K2, B) and is a continuous function of 0 and r.

(A13) ForeachreB, OEG/OO3eL(RK3, B) andisacontinuousfunctionof Oandr.

Assumptions (A17)-(A35), used in Theorem 4.2, are regularity conditions that
guarantee consistency and asymptotic normality ofthe maximum likelihood estimator 0.

(A17) O2u/O0100 e L(R, B) and is a continuous function of 01.

(A18) For any re B, and for anyj, ke C(y), G;k(r(y)ly, 0) exists and is dominated
by a 7r(. Ix, d, 03) integrable function for all y e A except on sets A(x, d) of
r(-Ix, d, 03) measure zero.
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(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

For any g, r e B,

Iy {j,kC(y)22 g(Y,J)g(y, k)Gk(r(y)ly, O2)} Tr(dylx, d, O3)e B

and is a continuous function of 0 and r.

For any re B, O2G(r(y)[y, 02)/O0200’2 exists and is dominated by a
r(.]y,d, 03) integrable function for all y except on sets A(x,d) of
7r(. Ix, d, 03) measure zero.

For any re B, E{O2G/OO2OO’}e L(R u’, B) and is a continuous function of
0 and r.

For any r e B,

O2[f G(r(y)ly 02)Tr(dylx, d 03)]/00300 e L(R t’:, B)

and is a continuous function of 0 and r.

For any reB, jeC(y),OG(r(y)ly 02)/002 exists and is dominated by a
7r(’lx, d, 03) integrable function for all y except on sets A(x,d) of
7r(. Ix, d, 03) measure zero.

For any r, g e B,

fy{ -’jC(y) g(y,j)OG(r(y)ly, 02)/O0_}Tr(dylx, d 03)eL(R t’:2, B)

and is a continuous function of 0 and r.

The parameter space tO is a compact subset of R1+/q+/2+/%).

For all 0 e 19 and initial distributions , log 7r(ylx, d, 03)1 has finite expecta-
tion with respect to (y, x, d).

For any initial distribution f, E{log P(dlx, o and E{log r(ylx, d, 0)}
have unique maxima at 0 0* and 03 03", respectively.

Olog 7r((ylx, d)03)/00300t3 is a continuous function of 0 for
almost all (y, x, d)e A x F, where is a counting measure on R.

[02 log r(ylx, d, 0)/a0a0l and I[0 log r(ylx, d, o)/ao][a log.Tr(ylx d,
03)/a0ll have finite expectation in (y, x, d) for all 0 e 19 and initial distribu-
tions f.

For each r e B,/z almost all x e A, and all. i, j, k e C(x), the third partial
derivatives Gik(r(x)lx 02) exist and are continuous in r(x) and 02. Further-
more, for any g, h e B

f.,, ( i,j,kC(y,22" g(Y’J)h(y’ k)Gijk(r(y)ly’ 02)} 7r(dy[x’ d’ O3) e B"

For each r eB,/x almost all x eA, and all j, k e C(x), the derivative
OGjk(r(x)[x, 0)/002 exists and is continuous in r(x) and 02. Furthermore,
the function

fy {j,kC(y g(y, k)OGk(r(y) ,y, 02)/O02} "n’(dy lx, d, 03)

is an element of B, for any g e B.
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(A32) For each rB, tx almost all xA and all j C(x), the derivative
02Gj(r(x) Ix, 02)/00200 exists and is continuous in r(x) and 02. Furthermore,

jC(y)
O2Gj(r(y)ly, 02)/00200} r(dy]x, d, 03) L(R r’], B).

(A33) 0* is interior to 19, A(0*) is nonsingular, and 0* is a regular point of H(0*),
where A(O*) is defined by

A(O*) E ([0 log P(dllX,, O*)’(XllX’o0 d0, 03")]

[0 log P(dllXl, O*)Tr(xl]xo,o0 do, 03")]}
(A34) For/x x K almost all (x, d) F, the support of 7r(. [x, d, 03) does not depend

on 0.

(A35) There exists an integrable function h(y, x, d) which satisfies for x x K

almost all (y, x, d) (relative to the product measure/z x/z x on A x F)

h(y,x, d)e (ylx, d, 03) fyI,fdh(y,x,d)la’(dy)xl(dx)xr’(dd) <+"
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EXISTENCE OF AN OPTIMAL MARKOVIAN FILTER
FOR THE CONTROL UNDER PARTIAL OBSERVATIONS*

NICOLE EL KAROUI,- DU" HO0 NGUYENqt, AND MONIQUE JEANBLANC-PICQU

Abstract. This paper concerns the control of diffusions under partial observations. Part studies the
control of the signal process dXt b( t, X,, Ut)dt+cr(t,X,, U,)dB, when the observation is dY,
h(t,X,) dt+dW and when the objective is to maximize a reward function E{f k(s,X,., U.)ds+g(XT)}.
The existence of an optimal relaxed control is proved.

Part II studies the separated problem and proves the existence of an optimal Markovian filter. Then,
the authors compare the two problems and prove, under mild conditions, that the value functions for the
two problems are equal.

Key words, control theory, partially observable diffusions, optimal filter

AMS(MOS) subject classifications. 60G, 60H, 93E

Introduction. In this paper, we are concerned with optimal control problems of
the following case. Let X, denote the signal process which we wish to control and Yt
the observation process. The signal and the observation processes are governed by
stochastic differential equations:

dX, b( t, X,, Ut) dt + tr(t, Xt, Ut) dB, for _-> r,

X,=Xr for t<=r

where X has a given distribution/x, and

dYt h( t, Xt) dt + dW for t-> r

Yr=O for t<= r

where B and W are independent Brownian motions. The problem is to maximize a
criterion of the form

k(s, X,., U.) ds+ g(XT)}
where T is a terminal time (T < ). The control U is A-valued, where A is a compact
metric space.

In the first part of this paper, we introduce a wider class of controls. In a customary
version of stochastic control under partial observations, the control U, is a process
which is measurable with respect to the o’-field generated by the observation process
Ys s <= t) _F.

Here we use controls which are measurable with respect to a or-field which is
larger than o-( Ys, s _-< t) but smaller than the filtration on (12, __F, P). (All the processes
X, Y, U are defined on the same space (l-l, =F, __F,, P).) This idea was used for the first
time by Fleming and Pardoux [FP]. Moreover, we work with relaxed controls, i.e.,
controls (q,) which are measures. Many authors have used, such controls (see Fleming
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and Nisio [FN]). We prove the compactness of the set of laws of controlled processes
(Xt, qt, Y,) which are called rules. We establish the existence of an optimal control
and we study the properties of the value function with respect to the initial value (r,/z).
We end Part I with a comparison of the original problem and the relaxed one: we
prove that the two value functions are equal.

In Part II we study the "separated problem." It is well known that the filter rt,
i.e., the conditional distribution for X, given =F’tY satisfies the so-called Kushner-
Stratanovich equation:

(KS) dTr,(f) 7r,(LUf) dt+(Tr,(fh)-Tr,(f)Tr,(h))(dYt-Tr,(h) dt).

We study the control of the solutions to the (KS) equation, with an objective similar
to the one in the partially observable case (Part I)

J(r, tx):=E 7rs(K) ds+err(G)

under a supplementary condition" we retain only the solutions to (KS) which are filters.
We transport this problem on a canonical space and we prove the existence of an
optimal relaxed control. We establish the stability of the set of controls under condition-
ing and concatenation and prove the existence of an optimal Markovian filter. Hence
we obtain the equations of dynamical programming.

Finally we prove, under a hypothesis of uniqueness of the solutions to the (KS)
equation, the equality of the value functions for the initial problem and the separated
one. These’ results generalize those of Fleming and Pardoux, Fleming and Nisio,
and Borkar.

Let us now give some details.

Part I. We define exactly the partially observable control problem in 1 and state
the precise assumptions. Zakai’s transformation allows us to consider the observation
process as a Brownian motion. We give a martingale formulation to the admissible
control problem with a careful study of the different filtrations.

We introduce the relaxed controls in 2. They are controls which take values in
a "generalized action" space, i.e., the space of Radon measures on R+x A whose
projection on R+ is the Lebesgue measure. We transport the relaxed control problem
on the canonical space ( 3), and we define controls as probability measures on the
canonical space which satisfy a martingale problem and under which the observation
process is a Brownian motion. These controls are called rules. We prove ( 4) the
compactness of the set (r,/x) of rules with initial conditions (r,/z) and show that
the graph F of the set-valued application (r,/x) =: (r,/x) is closed and contained in
a product of compact spaces if (r,/z) belongs to a compact set of + x (Rd).

We study the measurability and continuity properties of the value function, under
the assumption that the reward functions are continuous. Then we compare the relaxed
control problem and the nonrelaxed one, and prove the equality of the two value
functions.

Part II. We study the separated problem as a control problem for the solutions
to the Kushner-Stratanovich equation ( 1). We only consider the solutions which are
filters for a partially observable problem, and we modelize this restriction as a constraint.
We transport the problem on the canonical space and define separated rules. In 2,
we establish the compactness of the separated rules, then we apply the ideas of E1
Karoui [EK]" we establish the stability of the rules by conditioning and concatenation
( 3) in order to set the equations of dynamic programming ( 4) and study the
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properties of the "Nisio semigroup." We apply Krylov’s ideas in 5 and find an optimal
control which is such that the filter is a strong Markovian process. Under a hypothesis
on uniqueness of the solutions to the (KS) equation, we are able to prove that the two
problems, the original one and the separated one, have the same value function. Under
this uniqueness hypothesis, any solution to (KS) is a partially observable (P.O.) filter.
The separated problem which we have studied becomes a problem of control of (KS)’s
solutions without constraint. If we assume also that h belongs to C, we prove that
our separated problem is equivalent to the problem of Fleming [F13]. Fleming controls
a process rt such that

’t(f)-rr(f)- r. qs(Lf)(s) ds

is a martingale which admits

]cov rs(f, h)l as

as an increasing process.

PART I

Controls and Rules for the Control Problem Under Partial Observations

1. Partially observable controls.
1.1. Statement of the problem. The control for partially observed diffusions with

the following model is usually studied: let X be the process which we wish to control
(X is called the state process or the signal process). We denote by Yt the observation
process and by Ut the control process, where R/. The state and observation processes
are governed by stochastic differential equations:

(1.1.1)

(a) dX,=b(t,X, Ut) dt/tr(t, Xt, Ut) dBt
(b) dYt h( t, X) dt / dW

(c) for t<-_r
Y,=0

for t>--r,

where Z is an Rd-random variable, independent of (W,) and of tr(Bt+r-B, >= 0),
and where B and W are independent standard Wiener processes of dimension m
(respectively, k), i.e., (B, W) is a (m / k)-dimensional Wiener process. We denote by
_F,Y the tr-algebra tr( Y, s _-< t). The control process (Ut) is required to be _FrY-adapted,
since the information available to the controller at time is described by the observations
(Y, s_-< t). The process Ut is A-valued, where A is a given compact metric space,
which is called the "control space." All these processes are defined on some probability
space (1, =Gt, Q), where __Gt is an increasing family of r-algebra. The case where the
two Brownian motions are correlated is studied in [EK2].

(1.1.2) The term a//o (1), G,, X,, Y,, U,, B,, r, Z, Q) is called a strictly admissible
P.O. (partially observable) control.
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The problem is to find a strictly admissible P.O. control which maximizes a criterion
in the form

(1.1.3) j(r, tx; //) := E k(s, Xs, Us) ds+g(XT)

where k and g are the instantaneous and terminal rewards and where /x is the law
of Z.

The superscript zero obliges us to remember that we are working with controls
U, which are processes instead of relaxed controls (see 2).

Under these conditions, the strictly admissible control problem is close to the
completely observable strong control problem, where the measurability conditions on
control processes are fixed" the modelization space cannot be used by the controller
as a parameter. As in the completely observable strong problem, the problem of the
existence of an optimal strictly admissible P.O. control has no solution in a general way.

We introduce here a larger class of controls: the relaxed controls and the control
rules. We will give a precise formulation of these words in 2 and 3.

First, we set up some specific notation.

1.2. Conventions. (a) Let (f, __F, Q) be a probability space and let X, Y be two
positive random variables. We denote by Q(X) and cov Q(X, Y) the expectation and
the covariance of X and (X, Y) under Q, i.e.,

Q(x) := Qx := f x(,o) dQ(,o),

(1.2.1)
cov Q(X, Y):= Q(XY)- Q(X)Q( Y).

(b) Let (E, =E) and (F, __F) be two measurable spaces and let Z be a positive
random variable defined on (E F; __E (R) =F). If Q is a probability kernel on E into __F,
we set

(1.2.2) Q,(Z) := Q(Z)(x)= I Z(x, y)Q(x, dy).

If P is a probability measure on E, we denote by P. Q the unique probability measure
on E F such that

P. O(Z) := P{O(Z)(. )} := f O(Z)(x) dP(x)
(1.2.3)

:= I {I Z(x,Y)Q(x, dy)} dP(x):= P(Q, (Z))

In particular, if Q does not depend on x, Q(Z)(x) Q(Z(x, )) and P. Q is the product
measure P(R)Q.

1.3. Hypotheses.

(1.3.1) Let A be a compact metric space, called the action space.

(1.3.2) The functions {b, cri,; j 1,’", d, i= 1,’’’, m} are measurable bounded
functions. They are defined on [+a A. Moreover, they are uniformly
continuous in the pair (x, a). We denote by b (respectively, o-) the vector
with general term b (respectively, the matrix with general term ri,./).
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(1.3.3) Let h be a bounded measurable function from +xd into k which is
uniformly continuous in x.

(1.3.4) The elliptic operator L associated with the signal process (Xt)<=r is defined
on the functions f of C,’2(+ x d)"

1
Lf( t, x, a):= 2 ai, Di3f( t, x, a) + , bDjf( t, x, a) + Drf( t, x).

i,j

In this formula, D. (respectively, D, Dr) denotes the operator of derivation with
respect to xx (respectively, x, t); a3D3f(t x, a) is equal to a3(t, x, a)D3f(t, x),
where a3(t, x, a) is the generic term ofthe d x d symmetric positive matrix (crcr’)(t, x, a).

(1.3.5) Let rn be a probability measure on A. We denote by or(t, x, m) a square
root ofthe matrix of generic term m(a3) (t, x) a3(t, x, a)m(da) (notation
(1.2.2)). In general, r(t; x, m) differs from m(r)(t, x), except if rn is a Dirac
measure.

(1.3.6) The functions k and g which define the objective are defined on N+ x Na x A
(respectively, Ne). We assume that they are bounded measurable functions.

1.4. Zakai’s transformation. The problem of existence of strictly admissible con-
trols associated with nonconstant policy U, is not easy. We must know the observation
in order to determine the adapted control U, which is used to control the signal Xt,
which gives the observation Y,. ., and so on.

All these difficulties disappear when the observation Yt is only a white noise IV,
(i.e., when h-= 0). In this case, the Brownian B, related to the signal is independent
of the observation; therefore B, is independent of the control U,.

DEFINITION 1.4.1. A strictly admissible P.O. control under h 0 is called a W-N
(White Noise) strictly admissible control

It is well known that, with a change of probability, the general case can be reduced
to a W-N strictly admissible case; this transformation is due to Zakai.

THEOREM 1.4.2. Let s,h--(-, G=t Xt, Yt, Ut, Bt, r, Z, Q) be a strictly admissible
P.O. control. There exists a probability measure P which is equivalent to Q, defined by

P:=exp h’(s,X) dY+- Ih(s,X)l2 ds Q

such that (f, G= t, X, Y,, Ut, B,, r, Z, P) is a W-N strictly admissible control. Conversely,
let R= (12, G=t, X,, Yt, U,, B,, r, Z, P) be a W-N strictly admissible P.O. control, and
define

(1.4.2.1) Lt := exp h’(s, X) dY, -- Ih(s, X,)l 2 ds.

There exists a unique probability measure Q on (f, G=t) such that dQ= LtdP on G=,
moreover, R.h (1, G__t, Xt, Yt, Ut, Bt, r, Z, Q) is a strictly admissible P.O. control.

Remarks. Here, the prime denotes the transpose of the vector; (Yt/r-- Y),>-o is a
P- Brownian motion.

Proof This is exactly Girsanov’s theorem [SV, Thm. 6.4.1]. The boundedness
hypotheses on the coefficients ensure that Lt is an uniformly integrable martingale
such that

(1.4.2.2) suptT P(Lt)<-K (convention (1.2.1)), where K is a constant which
depends only on IIh I1 and T. [3
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Let us recall that, if Mt is a bounded Q-martingale, and if ((M, Y)) denotes the
bilinear form associated with the Meyer process [DM2, VII.39] under the probability
Q, Mt-tr h’(s, Xs) d((M, Y))s is a P-local martingale.

We now establish the properties of the Brownian motion Bt, in order to give
another formulation of a W-N strictly admissible control which allows us to set a
"good" definition of an admissible control.

PROPOSITION 1.4.3. Let (gl, G__t, P) be a probability space and let Yt, Bt be two
Brownian motions. The following conditions are equivalent"

(a) The pair (Yt, Bt) is a Brownian motion.
(b) Bt is a F= v G=t Brownian motion.

Proof. In order to prove a:=> b, we must establish that, for s < t,

P(1AI exp (O’Bt-1/21OI2t))= P(1AI exp (O’B-1/21OIEs))

where A =Fr and Gs __Gs.
The expression exp (O’Bt-1/2[O[2t) is a martingale which is one plus a stochastic

integral with respect to the Brownian motion Bt. We denote this stochastic integral by
o Hu dBu. We can describe the elements of __Fg with stochastic integrals, of the form
c+oKudY,. Hence we study the term P{(c+oK, dY,)l(toHudBu)}. It is then
easy to verify that, if (a) is satisfied, the two terms

P(IItH,dB,) and P(1G ftH,dB, ff K,,,dYu)
are equal to zero, and result (b) follows.

Conversely we prove that, if (b) is satisfied, then Bt is independent of __FY. It
suffices to show that, for each step function h defined by h i ai llt,.t,/,l, where ai k,

P[exp (- ai(Bt,+-Bt,))[ _F_ Y]=exp [1/2_, a2(t,+- t,)].

Since exp (-[.o h’ dB-1/2 o Ihl ds)is a =FY v =G martingale, it follows that, for each

P lexp h’ dN,- Ihl ds Q(A)- e(A).

It remains to note that o Ihl as y t/2(/i+l- t,) and the result (a) follows. [2]

1.5. Admissible controls. Let us weaken the measurability conditions on the control
Ut. We require the measurability of U with respect to a tr-algebra which is larger than
__FY and smaller than Gt. We follow here the ideas of Fleming and Pardoux [FP] which
are used again by many authors, such as Bismut [Bi], Borkar [Bo], Fleming and Nisio
[FN] and Haussmann [Ha].

DEFINITION 1.5.1. A W-N admissible control is a term R(r, k) defined by
(r,/) := (l),.fft, __Gt, Xt, Yt, Ut, Bt, r, Z, P) such that we have the following:

(a) Ft and __G are two right-continuous filtrations such that __G __Ft;
(b) (Yt/r--Yr) and (Bt+r-Br) are two Brownian motions with respect to the

filtration G= t/r

(c) Ut and Yt are Fradapted, and Yt =0 for t_-< r;
(d) (Bt/r-Br) is an __F v __Gt/ Brownian motion;
(e) Z is a random variable which is independent of __F and of (Bt+r-B); its

distribution is/;
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(f) Xt is a process with continuous paths, which is the solution of the stochastic
differential equation (S.D.E.)"

dXt b( t, Xt, Ut) dt + or( t, Xt, Ut) dBt for -> r,

Xt--Z for t<-r,

Xt is __G,- adapted.

We denote by o/O(r,/z) the set of W-N admissible controls with initial conditions
(, ,).

We remark that if (d) is satisfied, then (Bt+r-Br) is a =Gt+r-Brownian motion,
since it is =G+r adapted.

DEFINITION 1.5.2. A P.O. admissible control is a term (r,/z) which is deduced
from a W-N admissible control (r,/) with the change of probability given by
ph Lr" P, where Lr := exp rr h’(s, Xs) dYs -1/2 r [h(s, X)[ ds. We denote by
j(r,l; h) the reward associated with the control a//(r,/z), i.e., j(r, tz; ):=
Ph{rk(s, Xs, Us) ds+g(Xr)}. We denote by (r,/z) the set of P.O. admissible
controls.

Remark. Under the probability ph, the process Yt+r-Y-tr+ h(s, Xs)ds is a
Brownian motion, and Bt+r- Br remains a Brownian motion.

Remark 1.5.3. (a) From the definition (properties d and f) it follows that for each
f Clb’2(R+ x gd)

(1.5.3.1) C(f):=f(t,X)-f(r,X)- Lf(s, Xs,

is an __Foo v __G, martingale and is __Gradapted and Xt X for < r where Xr is independent
of _F and has a distribution equal to

(b) Conversely, it is well known that the formulation with a martingale problem
is equivalent to an S.D.E., up to a change of probability space [IW].. Relaxed lmrfilly lservlfle emrls. In the preceding section, we have enlarged
the set of controls by weakening the measurability conditions.

As in the deterministic case, or as in the case of degenerate diffusions [EHJ] we
give a convex formulation of the problem by introducing randomized" controls which
take values in the space of generalized actions.

DEFINITION 2.1. The space ofgeneralied actions. The space of generalized actions
V is the space of Radon measures on N+x A whose projection on N+ is the Lebesgue
measure. We endow V with the topology of vague convergence, checked on the
functions which are continuous on (t, a) with a compact support. With this topology,
V is a metric compact set. This topology is the same as the stable topology, checked
on the functions which are bounded measurable, with a compact support and which
are continuous in a. We refer to the paper of Jacod and Memin [JM1 for more details
about stable topology.

We will often use the disintegration of an element q of V in the following form:

(2.1.1) q(ds, da) ds q(s, da), where q(s,. is a measurable kernel with mass equal
to 1.

The set of measurable functions v from + into A is embedded in V in a natural
way by the formula q(ds, da)= ds vs(da), where z is the Dirac measure at z. We
denote by V the set of these atomic measures.
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The space V is endowed with its natural or-algebra __V, which is the smallest
r-algebra such that the applications q--> q(f) are measurable for any f bounded,
continuous in a and with a compact support. We give to V the natural filtration y,
generated by lt0.,l, q for q V. The following theorem is proved in [GH] or [FI2]
under the name of the "chattering lemma." The proof can be found in Appendix B.

THEOREM 2.2. (a) The space V is a metric compact space.
(b) The set V of atomic measures is dense in V. More precisely, there exists a

sequence 1k of measurable maps from V into V, adapted (i.e., d/-(y,) V=t) such that
bk(q) converges to q in Vfor any q V. Moreover, we can choose tPk(q) such that d/k(q)
are step (with respect to the time) measures.

By analogy with the preceding section, we define a W-N relaxed control as follows.
DEFINITION 2.3. A W-N relaxed control is a term (r,/x) with the form a//(r,/x) :=

(f, F=,, G ,, X,, Y, q, r, tx, P) such that we have the following:
(i) __F, and __G, are two right-continuous filtrations and =F, __G,
(ii) q is a V-valued random variable. We suppose that q is =F,- adapted, i.e.,

q-’(__V,) =F,
(iii) Y,+- Y is a G,+-Brownian motion which is __F,+-adapted, Yt =0 for t<= r,

X, is a continuous =G,- adapted process;
(iv) C,(f, q):=f(t,X,)-f(r,X)-’ q(Lf)(s,X) ds is a =Fv =G,- martingale if

=> r and is __(],-adapted;
(v) X, Xr for =< r, where X is a random variable which is independent of =F.

The distribution of Xr is equal to
The set of W-N relaxed controls is denoted by 74/’(r,/x).
Remarks. Remember that q(Lf)(s, x)- A Lf(s, x, a)q(s, da).
From Remark 1.5.3 we deduce that each W-N admissible control is a W-N relaxed

control.
Conversely, if // is a W-N relaxed control such that q V P-almost surely we

can associate with // a W-N admissible control.
DEFINITION 2.4. A P.O. relaxed control is a term 0h(r,/x) which is deduced from

a W-N relaxed control (r, z) with the change of probability ph__ LrP, where LT is
defined in Theorem 1.4.2.

The reward associated with 0//h(r, /x) is equal to

j(r,/z; h): ph q,(k)(s,X,) ds+g(Xr)

The set of P.O. relaxed controls is denoted by h (r,/x).
In fact, it suffices to work with the canonical space of ((y,), q, (x,)) in order to

define the control problem. Thus, we now formalize the statement of the problem with
the canonical spaces.

3. Partially observable control rules.
3.1. Notation. Let (, _,) be the canonical space of continuous functions from

R/ into Rd, endowed with its right continuous filtration. A point of gg is denoted by
Ix] or (x,). For each function f in C,’2(E+ Ed), we define the function C, on x V
by the formula

(3.1.1) C,(f,[x], q):=
(t,x,)-f(r,x)- q(Lf)(s,x;) ds if

if t<=r.

C,(f, .,.) is an ,(R) y, adapted function which is bounded on [0, T] and con-
tinuous in (Ix], q).
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3.1.2. The function y([x], q):= r q(k)(s, xs) ds+g(xT) is a bounded Borelian
function.

3.1.3. In the same way, we denote by (, t) the canonical space of continuous
functions from / into k which are equal to zero at 0. t is the canonical right
continuous filtration. A point of is denoted by (y) or [y]. We denote by (V, ) the
space ( x V, , (R) ). We denote by (, ) the space x V , with its filtration
,(R) (R). The tr-algebra (__V,(R){, }) is still denoted by . A W-N control rule
is a probability on which defines a W-N relaxed control.

3.2. Hypothesis. Throughout this work, we will assume the following hypothesis.
For each q V, for each initial condition (r, It), there exists one and only one probability
measure S(r,,)(q) on (, t) such that we have the following:

(i) Ct(f, [x], q) is a ,vr-martingale under S(,.)(q),
(3.2.1)

(ii) S,,)(q)(x A) It(A).

It is well known that the inhomogeneous Markov property holds:

(3.2.2) S,,)(q)(.l,)=S,x,(q)(.) Sr,,(q) almost surely on the
tr- algebra tr(xs, s => t).

3.3. Remarks. (a) Hypothesis 3.2 is equivalent to the following: for each constant
control q, the S.D.E. dXt- q(b)(t, X,) dt +or(t, Xt, qt) dWt, where or(t, x, q) is defined
as in (1.3.5) has a unique weaksolution. It is satisfied if the coefficients b and tr are
uniformly Lipschitzian with respect to x, or if the matrix (ai,j(t, x, q)) is uniformly
elliptic and uniformly continuous with respect to x (see [SV]).

(b) Under the uniqueness hypothesis, the continuity conditions which we assume
on the coefficients ofthe operator L imply that the map (r, It, q) -> S(,(q) is continuous.
Indeed, it suffices to show that if (r,, It,, q,) converges to (r, It, q), then Sn S(,,,,,)(qn)
converges to a probability measure $ which is the unique solution to the martingale
problem. Since (S) is tight, it suffices to show that any cluster point is a solution to
the martingale problem. The only difficulty is to verify that if qn - q and S, - S, then
for each function p which is measurable, continuous in (x, a), and uniformly continuous
in x with respect to a, S j ,(t, x,, a)q(t, da) dt converges to S d/(t, x, a)q(t, da) dt.
A classical method is to use Skhorohod’s representation theorem and the uniform
continuity of . Another method is to consider the probability measures S (R) q,, on
the space C(Rd) x V. It is then obvious that S(R)q converges to S(R)q and the result
follows.

(c) In fact, the uniqueness hypothesis is not necessary. If it is not satisfied, we
must work with the set b(r,/x, q) of the probability measures which verify (3.2.1).
Condition (3.2.2) is then modified into: if SSf(r, It, q), then S(,,)(.[=t)S(t, xt, q)
if >-r. It is then possible to show that the set-valued map (r, It, q):: 6e(r, It, q) is
upper semicontinuous (u.s.c.).

The approach we have discussed in the preceding sections allows us to state the
following definition.

DEFINITION 3.4. A W-N control rule with initial conditions (r, It) is a probability
measure R on (, ) such that we have the following:

(i) (Yt+r--Yr)t is a t+-Brownian motion, y,=O, for t<=r;
(ii) Ct(f, [x], q) is a y v __t, R) martingale;
(iii) xt Xr for t--< r; xr is independent of __V, its distribution is equal to It.
We denote by (r, It) the set of the W-N control rules with initial conditions (r,/x).



1034 N. EL KAROUI, D. H. NGUYEN, AND M. JEANBLANC-PICQUI

DEFINITION 3.4.1. A P.O. control rule with initial conditions (r, It) is a probability
measure R h on , which is deduced from a W-N control rule R with the formula
Rh-" LT R, where

LT := exp f
T

lfrTh’(s, Is) dys-- h:Z(s, x) ds.

The reward associated with this rule is

j(r, it, Rh)= R h q(k)(s, x) ds+ g(xr)

We denote by h(r, It) the set of P.O. control rules with initial conditions (r, It).
Hypothesis 3.2 allows us to give an easy characterization of the elements of (r, It).

PROPOSITION 3.5. A probability measure R on belongs to (r, It) if and only if
R admits a factorization in the form R QS(r,,), where S(r,)(q) is the solution to the
martingale problem (3.2.1), and where Q is a probability measure on (V, ) such that
(Yt+r--Yr)t is a (V=t+r, Q) Brownian motion and Yt--0 for < r.

DEFINITION 3.5. We denote by (r) the set of probability measures on (V, __V,)
such that (Yt+r--Yr) is a (_Yt+r, Q) Brownian motion and yt=0 for t=< r.

Proof of Proposition 3.5. Necessity is trivial; therefore we show sufficiency.
From the uniqueness hypothesis 3.2 we know that, conditionally with respect to

__V, the law of (x,) is Sr.,(q) and 3.4(ii) and (iii) follow. It is obvious that, for each
A =, R(A y)= Sr,,(q)(A) is -adapted since Sr,,(q) on , depends only on
1]o.t](q) for > r. Suppose now that M, is a __V,-bounded martingale. For each A ,
andA Be , R(1A1B(M,+s-M))=R(1B(M,+-M)Sr.,(’)(A))=O; thus M, is an
,+r-martingale. In particular, Yt+r--Yr remains a ,+r-Brownian motion, lq

The set of P.O. rules enables us to describe the optimization problem under partial
observations.

PROPOSITION 3.6. Let l(r, It) (f, F:,, G= ,, Xt, Yt, Bt, q, r, Z, P) be a W-N relaxed
control. There exists a W-N rule R such that the two rewards are equal"

j(r, It; R h) R(Lry)= P(Lry(XT, q)).

y is defined in (3.1.2).
Proof. We transpo,rt the W-N relaxed problem on a canonical space. Let be

the map from f into F defined by/(to)= (Yt(to), q(ds, da)(to), Xt(to)). This map is
measurable and adapted. The term (, i-(=t), i- (t), q, Yt, Xt, P) is also a W-N
relaxed control with the same reward as 0-//. The usual rules of probability image show
us that Poi- is a W-N rule.

4. Compactness of the set of partially observable rules. We will now use the
canonical space and give a "convex compact" frame for the optimization problem
under partial observations. We will endow the space of laws of controlled process with
the topology of weak convergence.

The semimartingale properties of the process we consider give an easy characteriz-
ation for the precompactness of the space of laws. We have proved in Remark 3.3 that
the uniqueness hypothesis 3.2, the continuity and the boundness of the coefficients
imply that the map (r, It, q) -> Sr.)(q) from [0, .T] x (a Vinto () is continuous.

We have denoted by (E) the set of probability measures on E.
PROPOSITION 4.1. The space (r, It) of W-N rules is a compact subset of ().

The graph of the set-valued map r, It) (r, It) is closed.
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Our reference for set-valued maps is the book by Aubin and Celina [AC]. We
have used such maps in a preceding paper [EHJ]. In Appendix A we give the most
important definitions and properties of set-valued maps.

Proof of Proposition 4.1. Since the mapping (r, Ix, q) Sr,,(q) is continuous, it
suffices to prove that (r) (Def. 3.5) is a compact subset of (V). The restriction to
V of the elements of (r) is equal to (V). The space V is compact; hence the space
(V) is compact. The projection of an element of (r) on is a probability measure
such that (Yt+r--Yr) is a Brownian motion, and Yt =0 for t=< r. The set of these
projections is obviously a tight set. Then, (r) is tight in (V).

Notice that, with a similar method, we can show that, if (r, Ix) belongs to a compact
subset of R+x (Rd), the set {(r, IX, Q); Q(r)} is tight: it suffices to say that the
canonical process Yt is a martingale which is equal to 0 at 0 and whose increasing
process is equal to (t-r)/ and is bounded.

It remains to prove that (r) is closed: indeed, the martingale property remains
valid when we pass to the limit.

We remark that Y,+r--Yr is a __V,+r-Q Brownian motion equivalent to y, being a
Q-martingale with an increasing process equal to (t-r)/. This proves that if (rn,
converges to (r, Q) and if Qn (rn), then Q (r).

It is then easy to verify that the graph of the set-valued map r, Ix := (r, Ix) is
closed. [-1

REMARrS. The set (r, Ix) is convex. It is obvious from Definition 3.4 that if
R (r, Ix), and if R Y aiR with t --1, O 0, R trivially satisfies (i) and (iii),
and R((Ct-Cs)s)=Y aiR,((C,-Cs)dp)=O; then R satisfies (ii).

COROLLARY 4.2. The set-valued map r (r) is continuous.

Proof The continuity is a local property. Then, we can suppose that re [0, T]
with T <. We have seen in the above proof that { Q[ Q (r), r [0, T]} is tight and
closed. Then, this set is compact. The set-valued map r-- (r) from [0, T] into a
compact set has a closed graph. Therefore, this map is upper semicontinuous (see
Appendix A).

In order to prove the lower semicontinuity, we must approximate each probability
Q (r) by a sequence Q, (rn), where rn is a given sequence which converges to
r. (See Appendix A for the definition of 1.s.c.).

We consider two cases"

(a) rn > r. Let Q’, be the image law of Q under the map

Yt -> yt Yr. if _->

-0 if t rn.
It is easy to see that Q’, belongs to (rn).

(b) rn < r. Let Q’, be the image law of Q under the map y, y, + Z(,^-r.)+, where
z is a Brownian motion which is independent of =Vow. Then Q’, (r,).

With this construction, Q’, converges to Q.
In order to establish the existence of an optimal control we have to prov.e that

the above properties of stability are still valid for the P.O. rules, i.e., that these properties
are not removed under the Girsanov transformation.

PROPOSITION 4.3. Let Rn be a sequence ofprobability measures on such that y,
is an Rn-martingale with a deterministic increasing process An(t), where IAn(t)[ _-< t.

Let L’ be equal to

L exp h’(s, x)dy-- Ih(s, x) dA’2.
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If the sequence R, converges (weakly) to a probability R, and ifA’; converges to At, then
the probability measures R h converge to R h (Definition 2.4).

Proof Since h is bounded, we have R,{(Lr)2}<-_K (1.4.2.2).
Furthermore, L’ is a martingale which satisfies dL’=L’h’(t, xt)dyt. It is well

known [JM2] that the laws of L’ on the canonical space c([0, T], R+) are tight,
although the coefficients of the stochastic differential .equation are not bounded.
Therefore, the probability measures /"= R"(R)6L. on x are tight. Let / be a

cluster^ po.int of these measures, y, remains a martingale on the product space (x w,
=, (R) t, R) and its increasing process is equal to At. Moreover, if we denote by It the
canonical coordinate process in , the following equation is satisfied: dlt lth’(t, xt) dyt.
The pathwise uniqueness of the solution of this equation implies that, R almost surely,

It exp h’(s, x) dy -- Ihl2(s, xs) dAs

Moreover, for bounded continuous f and for N <

I f(Lr ^ N) dRC I f f(lr ^ N) dR"- I f f(lr ^ N) dR I f(Lr ^ N)

Now the uniform integrability of R"((Lr)2) <- K implies that Lr dR" converges weakly
to Lr dR.

Taking Proposition 4.3 into account, we can transfer onto the set of P.O. rules
the properties that we have established for W-N rules.

THEOREM 4.4. (a) The set h(r,
(r,/x)} with initial conditions (r, tx) is a compact convex set.

(b) The set-valued map (r, la,) h (r, tx is continuous.
The convexity is obvious" aiR h ( aiR)LT-= RLr, where R (r,/z) since

this set is convex, (see 4.7).
All these results allow us to establish some measurability and regularity properties

of the value function: we recall that we assume hypothesis 3.2.
THEOREM 4.5. Let v(r, tx) be the value function of the P.O. control problem, i.e.,

v(r, tz):=sup {Rh(y); R h
G ?h(r,/Z)} where

y([x], q):= q(k)(s,x) ds+g(xr).

Then we have the following:
(a) If k and g are uniformly continuous, the application y is continuous and v is

continuous.

(b) If y is 1.s.c., v is also l.s.c. If y is measurable, v is universally measurable.
(c) If), is u.s.c., the set Ylh*(r, tx) of optimal P.O. rules is compact and nonempty.

The graph of the set-valued map r, tz):: h.( r, tz) is universally measurable.
Proof (a) If k and g are uniformly continuous, 3’ is continuous. The set-valued

map (r, tz)---Yh(r, tx) is continuous and has compact values. Therefore (see Appen-
dix A) v(r, lz) is continuous since it is a marginal function.

(b) This is also a consequence of the properties of set-valued maps.
(c) If 2’ is u.s.c., the map R R(T) is also u.s.c. The set h(r, lz) is compact.

Therefore, this map attains its maximum on h(r, ): there exists R*h h(r, tx) such
that R*h(T)--sup{Rh(y); RhGh(r, lz)}. Since h(r,/x) is the set of probability
{LrR, R (r,/x)}, this last equality implies that there exists R* (r,/x) such that

j(r, ; R’h) sup {j(r, ; Rh); R (r, /z)}.
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Therefore, the set of optimal rules is not empty. It is easy to verify that this set is
closed.

Remark. If h and g are u.s.c, uniformly in x, 3’ is u.s.c.
Some compactness arguments allow us to compare the different control problems.
THEOREM 4.6. Assume that k and g are uniformly continuous. The relaxed problem

and the nonrelaxed problem have the same value function, i.e.,

v(r, /x) sup {j(r, Ix; Rh); R (r,

=sup {j(r,/x; 0-//); 6 M(r,/x)} (Definition 1.5.2).

Proof. We have to prove that any control rule R h h(r, [d) may be approximated
with a sequence of elements of M(r,/z). Let qk be the sequence of maps from V to
V that we have defined in Theorem 2.2. Let Q be the probability on x V defined
by Rh= LT R and R Q. S(r,,). Let Qk be the image law of Q under qk. The
applications qk are adapted, therefore (Yt/r--Yr)t remains a Qk-Brownian motion
(indeed, the conditional law of l lo, q with respect to under the probability Qk
is t-adapted). Qk converges to Q; QkS(r,w) converges to Q. S(r,p,). Therefore Proposi-
tion 4.3 implies that LTQkS(r,) converges to LTQSr,,).

4.7. An example constructed from the counterexample of Duncan and Varaiya
[DV]. Let W be the law of a two-dimensional Brownian motion (B 1, B2). We consider
the weak solutions of the two-dimensional system, for 0_-< =< T 1"

U(t," dt + dBdXtS( t): dXZt dB2
t"

Let U1 and U2 be two control processes defined as follows:

Ul(t, ") 0,

U2(t,’)=O if <1/2

=sgn (X2(1/2)) if 1/2=< t=< 1.

The weak solutions of the two problems $1 Sty, and $2 St_ are of the form p A t, W,
1= 1 andwhere A is the exponential density. We have At

log A2, 0 if 0 < < 1/2

sgn (X2(1/2))(X(t) XI(1/2)) -1/2(t-1/2) for -> 1/2.

We now construct a probability W on f x{1, 2} which is the product of W with

at${1}+(1-ce)t${2}. We extend in a natural way the two Brownians Bi to fx{1,2}
as follows: P=ArU(o, i) lYV=aP 6l+(1-a)P2" 62, where A(to, i)=
A r(tO) 1 = + A27-(tO) 1 =2 and T 1. Duncan and Varaiya [DV] show that aA1 + (1 a)A2

is not an "admissible density," i.e., the set of admissible densities is not convex. Here
under/5, B1, and B2 are solutions of the equation

dXt U(t, i) dt + dBt(tO, i)

where U(t, i)= U. Hence, the law of the solution to this equation is the convex
combination of the law of X and



1038 N. EL KAROUI, D. H. NGUYEN, AND M. JEANBLANC-PICQUI

In the first part we solved a special aspect of the control problem for partially
observed diffusions. In order to give more information for the optimal rules and to
find a "Markovian" control, it seems natural to introduce the filtering process and to
transform the P.O. problem into a problem with complete information for the filter.
This problem is well known under the name of "separated problem." We will study
it in Part II.

PART II

Separated Controls.
Existence of An Optimal Markovian Filter

1. Separated controls. Let ,(r, i,)=(, F=t, G=t, Xt, Yt, q, r, t-, P’) be a P.O.
relaxed control. The filter associated with this control is the conditional law of Xt
given the r-algebra __Ft under the probability ph. For the W-N relaxed control
associated with 0h, the conditional law of Xt given the r-algebra =F is the probability
S(r,u,)(q). Hence, the conditional law ofX given =F depends only on ll0,t q. Therefore,
this conditional law is equal to the conditional law of Xt given =Ft. This property allows
us to establish that the two filtrations __Ft and __Ft v r(Xs, s -< t) satisfy to the K-hypothesis,
i.e., for all __Ft v r(Xs, s =< t) and __F are conditionally independent with respect to =Ft.
It is well known [SM], [FKK], [Yo] that, under the K-hypothesis, the filter (rt) verifies
an S.D.E. (which is measure-valued) called the "Kushner-Stratanovich" equation: for
f6 C,’2(lt+ x)

frtffArt(f) rr(f)+ Lf(s, x, a)r,(dx)q(s, da) ds

(KS)

+ {r,(fh)- r,(f)rs(h)}{dY r(h) ds}.

The process Y-It r(h)ds is the innovation process." It is a (__Ft-P) Brownian
motion.

The separated problem is the problem of control (under complete information)
ofthe measure-valued solution ofthe equation (KS). As in the case of finite-dimensional
S.D.E. we have different notions of control.

Fleming [F13] considers a separated problem as a weak control of the weak
solutions of (KS), i.e., the solutions associated to any Brownian motion.

We introduce here a less general separated problem. We consider only the solutions
of (KS) which are filters for a (P.O.) relaxed model. (We denote these filters by P.O.
filters).

As we have already noted in [EHJ], the comparison between the different problems
of control (strict P.O. separated ones) can be deduced from weak or strong uniqueness
of the filtering equation.

1.1. The filtering equations. We recall the notation in I.l.1. If m is a probability
measure

cov re(f,, h):= m(fh)- re(f)re(h):= cov m(fh).

If h is a vectorial function, coy m(fh) denotes the covariance vector; we denote by
coy’ m(fh) the transpose vector.



EXISTENCE OF AN OPTIMAL FILTER 1039

DEFINITION 1.1.1. Let (f, __F,, P) be a probability space endowed with a filtration
and (Y+r-Yr)t a Brownian motion.

Let q be an adapted process which takes values in V. An adapted continuous
process 7rt which is (Rd)-valued is a solution of the (KS) equation if:
for all f C,2(Rd

(KS) ,(f) ’(f)+ s" q,(Lf) ds+ cov’(fh){d-(h) ds}.

It may be possible to construct many solutions of the (KS) equation. Moreover,
it is possible that there exist some solutions which are not filters," except when we
have weak uniqueness" of the solutions of (KS). In the last section ( 6) we study
the uniqueness problem, this problem has only a paial solution.

Sometimes, it is easier to work with the Zakai’s equation. We consider ,(f), the
conditional expectation of L,f(X,) given , where L is defined as in Theorem 1.1.4.2.
We have

(Z) t(f)=(f)+ ,q,(Lf) ds+ ’(fh) dYe.

It is proved in [SM] and [Kul] that the two equations (KS) and (Z) are equivalent, i.e.:

If r(f)=r(f)=(f), then t(f)=t(f)/t(1) and dt(1)=(t(h)t(1), dYt).

1.2. Separated controls. A separated control is a weak control of the solutions of
the infinite-dimensional equation (KS), subject to the condition that it be the filter
process associated with a P.O. control. (We call this condition the constraint.)

DEFINITION 1.2.1. A separated control (S-control) is a term (r,):=
(, t, Qt, t, X,, , q, r, , P) such that we have the following:

(i) and Q, are two right-continuous filtration and Qt
(ii) q is an ,-adapted variable which takes values in V;
(iii) (Y+- Yr) is an +r-adapted process and a Q,+-Brownian motion;
(iv) t is an t-adapted solution of the equation

,(f) (f)+ /sq(Lf)(s)ds
(s)

+ cov (fh){dY-,(h) ds} P almost surely,

r(f) , P almost surely.
We also modelize the following constraint"
(v) The term (a, ,, ,, X,, Y,, q, r, , P) is a P.O. relaxed control with initial

condition equal to (r, ).
(vi) For each bounded Borelian function f and for each -measurable variable, e(gf(x, e(,(f.

I.ZZ Te ]eefie. Let (r,) be a separated control and I,:=
exp I; :(h)dY-I; (h)ds. It is a solution of the S.D.E. d1= ,(h)dY.

By analogy with Theorem 1.1.4.2, we make the change of probability of Girsanov
type P IrP.

Let K and G be two bounded measurable functions from N+xN(Ne)xA,
(respectively, from (Ne)) into .
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The objective associated with the separated problem is

J(r, tx; o//.) := p, q(K)(s, Tr) ds+G(Trr)

P AT q(g)(s, 7r) ds+ ATG(TrT)

1.2.3. Remarks. The constraint (vi) in Definition 1.2.1 that we have imposed on
7r,, the solution of the (KS) equation implies that , is the filter of the associated P.O.
problem. Therefore A,,(f) is a version of P(Lrf(X,)I). Hence, the restriction of
ph to fr is equal to P.

In paicular, if K(t, m, a)= m(k(t,., a)) and G(m)= re(g), where k and g are
the reward functions for the P.O. relaxed problem, we have

J(r, ; )=P q(k)(s) ds+ r(g)

P q,(k)(s) ds+ (g)

=ph q(k)(s,X) ds+g(XT) =j(r,; ).

1.3. Separated rules. We now formalize all the previous definitions on the canoni-
cal spaces. We denote by H the space of continuous applications from R+ into (Nd);
its canonical right-continuous filtration is ,.

Let , V, and be the spaces that we have defined in Pa I. Here we use many
product spaces and we have a lot of notation. We use a bar when we have two spaces:

x V; we use a hat for three spaces: x V x ; x V x H; and we denote
by the product of the four spaces x V x H x . We use the same convention for
the canonical filtrations and for probability measures. A current point of is denoted
by (y., q, ., x.) or by ([y], q, [], [x]).

DEFINITION 1.3.1. A separated rule is a probability on such that the term
(, ,, ,, ,, x,y,, q, r, , R) is a separated control. We can write all the conditions
we imposed on R"

(i) (Y,+r--Yr), is a Brownian motion;
(ii) C,(X [x], q) is a g v martingale;
(iii) (L,Hf(x,)) O(x,g,(f)) for each g,-measurable H, where O is the restric-

tion of R toH;
(iv) (f)=(f); x, =x for N r, where the distribution of x is equal to

y =0 for tN r.
Recall that L,=expI;h’(s,x.,)dy,-)I;h(s,x.)ds and x,=expl; :(h)dy-

1.3.2. Remarks. Condition (iii) in Definition 1.3.1 is the constraint h(Hf(x,))=
h(H,(f)) (see 1.2.3).

We have not used the equation (KS); a continuous process , which satisfies (iii)
is a solution to (KS) (see the Introduction of 1).

1.3.3. Notation. Let us denote by (r, ) the space of separated rules with initial
conditions (r, ) and by

.):= (Oe O is the restriction to fI of an element

We denote by r([], q) the function I q(K)(s, ) ds+G(r).
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1.3.4. The objective. The objective associated with a separated rule is

J(r, tx;):= A7 q(K)(s, Tr,)dS+ATG(TrT)

d

Pooso 1.3.5. A probability measure on belongs to r, if and only
g has a factoriation in che form OS(,,, where

(i) ,, is the soluion of che marigle problem (1.3.2) of Part I.
(ii) Q is a probability measure on (H, ,) such

(a) (,+r-Y), is (O,+-d) Brownian motion;
 (Lf(x,ll.

Proo The proof is the same as that of Proposition 1.3.5, since property (ii)(b)
above is analogous to (ii) of Definition 1.3.4.

When no confusion can arise, we will use the term separated rules to describe the
probabilities 0 which satisfy (ii).. Cetess f te serte rles. We now prove the compactness of the set
of separated rules. We use the same arguments as in 4 of I, where we have proved
the compactness of the set h= {Rh= LTR, R e (r, )}. In the separated case, we
will study the sets (r, ) and (r, ) which are defined by

We can now prove a theorem which is similar to Theorems 4.5 and 4.6 of Part I.
TOM 2.1. (a) e space "(r, ) is convex compact in ().
(b) e set-valued map (r, ) " (r, ) is u.s.c.
(c) If che function QQ(F) is u.s.c, the value function V(r,):=

(d) e set of optimal separated rules is nonempty.
The main difference between the P.O. case and the separated (S) case is the

introduction of the canonical space II.
Tightness criteria for probability measures on H are less well known than criteria

for probability measures on . They have been utilized in [FV], [JM] and [RC]. Let
us recall this criterion, which allows us to work with laws of real processes.
ToM 2.2. Let N(II) be a family ofprobability measures on H. Let (f) be

a sequence in Co(R which is dense. I for each k e N, che laws of che processes (, (fi))
are tigh in C(R+, R) and i for each fixed t, the image ofN(H) under the map
(rl (Re)) is tight, chert N(H) is precompact.

In order to prove Theorem 2.1, we establish three lemmas.
LMMa 2.2.1. e set r, of separated rules with initial conditions r, is

precompact in ().
Proofof the lemma. It suces to prove that the marginal sets lv, 1, 1, and

ln are preompact. As in Pa I, we prove the precompactness of the three sets
0, and

In order to establish the same property for lr, we notice that for fe C,
,(f)-I’ ,q(Lf) ds is a martingale with increasing process equal to
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t [COV "F/’s(fh)[ 2 ds. All the coefficients are bounded and zr is a probability; thus the
semimartingale zr,(f) satisfies the hypotheses ofTheorem 1.4.6 in Stroock andVaradhan
[SV], therefore the laws of zr,(fk) are tight for fk as in Theorem 2.2.

We must show that, for each t, the laws of r, are tight on (Ra). Lemma 3.2 of
Sznitman [Sz] tells us that it is equivalent to the tightness of the family/z (Ra)
defined by

x (f) rt (f) dR where R e (r, x).

This last integral is equal to f(xt) dR and we know that the laws of x, are a tight set.
LEMMa 2.2.2. (a) L(r, x) is a compact set.
(b) The graph of the set-valued map (r, x)-- L(r, I) is closed.
Proof. We proceed in the same way as we did in Part I. The only new difficulty

is establishing the stability of the constraint in Definition 1.3.1(iii) when we pass to
the limit.

(a) Let /n be a family of (r, x) which converges to e (). It is obvious
that (i) /(rr x)= 1; (ii) Y,+r--Yr is an /-Brownian motion; (iii) C,(f, [x], q) is an
/-martingale (Definition 1.3.1). In order to verify that the constraint is satisfied by/,
we show that the probability LrRn converges weakly to LrR, this is done as in
Proposition 1.4.3.. The same method, shows us that ArR, converges weak.ly to ~ATR"

(b) Let Rn be a family of (rn,/zn) such that rn-> r, /xn-->/x, and Rn-> R where
(b).
As in part (a) we prove that/ (r,/z).
LEMMA 2.2.3. (a) The set (r, i) is convex compact in (I).
(b) The graph of the set-valued map (r, tz) -- r, tz) is closed.
Proof. We emphasize that we must work with probability measures on II which

are restrictions of probability measures that belong to Y (r,/.). The convexity is obvious:
E Ogi6i is the projection of Y Ogii, which belongs to .

If (n converges to (, the family/n associated with 0n belongs to (r,/x); thus

we. can pick up a subsequence which converges to / (r,/x) and the projection of
R is equal to Q. The same method is used to establish that the graph of the set-valued
map (r,/x - a (r,/z is closed.

It remains for us to prove Theorem 2.1. Part (a) has been established in Lemma
2.2.3. Let K be a compact set in R+ (Rd). With the same method as in Lemma
2.2.2 we establish that r,,):(r,/x) is a compact set. Since the graph of the
set-valued map (r,/x) X(r,/x) is closed, we obtain the u.s.c, of this set-valued map
(see Appendix A). Part (c) follows from the properties of set-valued maps. Part (d)
follows from (c) and from the compactness of X(r,/x). 1-]

3. Conditional rules. The properties of stability under conditioning and concatena-
tion for the laws of the controlled processes are the fundamental statements from
which we can deduce the equations of dynamic programming, and the existence of
optimal Markovian controls.

For the separated problem, we must prove these properties for the probabili.ty
measures in (r,/z) {AT" Q, where ( is the restriction to H of an element R e

(r, )}. We will use the characterization of elements in (r, ) given in Proposition
1.3.5. We use the techniques developed by Stroock and Varadhan [SV, Chap. 6 1].
Let us remark that V- Vo,.l x V.1. We recall here the notation of [SV]. Let s _-> 0 be
given and suppose that Q is a probability measure on (I], ), where II x W x II
(=o’(y(t), t>-s) .). If ’C([0, s], R) Vto,, C([0, s], ’(Rd)) and
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Q((x, q, r)(s)= (s))= 1 then there exists a unique probability measure 6(R),Q on
(II, )such that

6(R)Q((x, q, r)(t) -k(t), O-< t<-_s) 1,

6@Q(A) Q(A) for all A .
We say that @Q is a version of Q extended to the algebra by the probability
measure 6.

THEOREM 3.1. Let z be a O,-stopping time and let hr. Q= 0 be an element of
A(f, ). Let us denote by Q([],. a version oj the conditional law of 0 with respect

to , extended to te -algebra by the probability measure 6o(dy)@6qt(dq)@
6=(d ]). enQ([],. belongs to z( ), ), Q almost surely with respect
to .

Proof (a) We first note that the probability ([],.) may be written on the
form A0([]," ), where 0([]," )is a regular conditional probability distribution
(r.c.p.d.) of Q with respect to , with an extension to the -algebra given by
6o(dy)@6q(dq)@6)d([]). In this decomposition, we have set

I := exp h’(s, x) dy- h(s, x)l ds.

It is easy to check that, under the probability ,([],. ), the process y,+,(-y,(s is
a Brownian motion and that y. is equal to [0] before ().

(b) In order to prove that )([], .) belongs to a(r(), ,()), it suces to
prove that Q,([], .) is the restriction of a separated rule, i.e., (Proposition 1.3.5),

r() r()Q([], A,+()t+(6)(f)) O([ ])S(),=,(6)),+()f(x,+())).
Let F be an element of Since Q is a version of Q]H for the events after 7,

we have

.)t+(.)(f))) O(hFht+t+(f))
Moreover, Q is the law of a separated process; hence, by definition

O(,+Ft+(f))
Clearly

QS(r,(,+Ff(x,+)) Q(FS(,)(,+f(x,+))).
We apply the Markov property for S(r,)"

s(,,(. ){,(., [x])f(x,+(.))}

s(,,){(., [x])S(.),(.)(. )(+(., [x’])f(x’,+(.)))}.
The crux of the matter is contained in the observation that, for each Ae the
application [x] 1A([6], IX]) is o() measurable for each 6. The point in the above
formula replaces the variable 6 and the prime in x’ is for the integration variable.
Therefore

OS(,)(,+Ff(x,+)) OS(r,)(FS,,(" )(f(x’,+)),(", Ix’I)).

The random variable S,,(. )(f(xt+)Lt( ", [x])) depends onlon yt+(.)-y(.), q and
(z, x)(. ). Hence, its conditional expectation with respect to is equal to

O,([], d[6l])S,(6)..(6)(q(6l) ,(6))(f(x,+())L,+(6)([6], [x]))
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where 0([],’) is the conditional expectation with respect to 777 which we have
defined at the beginning of the proof.

Thus, we see that

(S(r,)(L,+,Ff(x,+,)) OS(r,,)(FL.O.(" )S.,.,x,.(" )(f(x,+,)L’+,(., [x])));

indeed, OSr.)(L,F(’,x,)) is equal to QS,)(A,(ff(’, ")))if F(.,x)is
measurable. This property follows from the fact that QS,) is a separable rule.

We conclude that

OS(,)(Lt+Ff(x,+)) OS,,(F*O( )S....(f(xt+)L+(’, [x]))),

which establishes the result that we wanted to prove.
Let r be a 0,-stopping_ time, and 0 be a probabilit measure on ft. There exists

a regular conditional probability measure (r.c.p.d.) of Q with respect to , denoted
by 0([],’), where [] belongs to ft. This r.c.p.d, verifies 0(f0)([])=
f(Y, q, )0([], + dq d) for any f that is 0C-measurable. It is a probability kernel
from (H,) into (H, ). Conversely if 0([]," is a pob/bility kernel from (H,)
into (H, Or) and if P is a probability measure on (H,H), there exists a unique
probabili(y measure on (, 0) denoted by O[rl.0 such that we have the following:

(i) The restriction of r}0 to is equal to ;
An r.c.p.d, of lrlQ with respect to is equal to Q([],. ).(ii)

n paicular, if Q([],.) is an r.c.p.d, of Q with respect to 0, we have
Q=QIz[Q.

We now establish the following theorems.
TzogzM 3.2. x (r, ) is stable by concatenation with the following meaning" Let=hO be an element of a(r, ), and z a Or-stopping time, bounded by T. Let

Q([]; .) be a probability kernel from (H,) into (H,) such that we have the
following"

(i) Forall,O([];{y(z(),.)=y(z(), )},{(z(),.) (z(), )})= 1;
(ii) If ([];. is a family ofprobability measures on such that

Vm &([];{y.,=0},{,=(z(),)},sz())=l,

thenfor all , a[ belongs to r( ), ()). Under these hypotheses
belongs to r, ).

The proof follows from Theorem 3.1. We check the stability of 0110 as in
Theorem 6.1.2 of [S] The only difficulty results from complicated notation.

TzozM 3.3. ar, ) is stable b conditioning with the following meaning. Let
O be an element of (r, ) and a ,-stopping time. If O([]," is an r.c.p.d, of
O with respect to , and is a family ofprobability measures such that

a([]; {Ys =0}, { (r(), )}, s r())= 1,

then there exists N such that 0*(N) =0 and for all fi, N, tlrlO belongs to

((), ()).
Remark 3.4. If a (r, ; r, O* is the set of probability measures in x (r, ) which

coincide with 0x up to r, we have a complete description of this set by

X(r, ; , Oa)=
Indeed, the rules O l lQ j with 49] *(r(), z()) belong to (r, ;

(from Theorems 3.1 and 3.2 and the definition) and if 0 belongs to (r, ;
we can write Q z[ with *Q, Q, (r(), ()) (Theorem 3.1).

The dynamical programming principle follows, as we will see in the next section.
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4. Equations of the dynamic programming principle. The dynamical programming
principle follows from the stability of the rules by conditioning and concatenation, as
in [EK].

In order to simplify the notation, we set, for each Borelian bounded function
F" F(F):= q(K)(t, 7rt) dt + F(s, 7rs), where K is the instantaneous reward function.
With a notation of the same type we have, for a separated rule R" J(r,/x; R)=
(LrFT(G)) t(ArFT(G)), where G is the terminal reward function (1.3.4).

THEOREM 4.1. (a) Let r be a ,-stopping time, which is bounded by T. Let t be
an element of r, i) and V the vdlue function defined in Theorem 2.1. Then

(b)

(4.1.1)
(I )Oh q(K)(s, 7rs) ds+ V(’, 7r)

--sup {Q"(FY(G))I Q, e dX(r,/x; r, (a)} (Remark 3.4),

(4.1.2) V(r,/x)=sup ( q(K)(s, rG) ds+ V(z, 7r) ( dZ(r, ix)

Proof (a) With the same method as in [EHJ] we prove

Oh q(K)(s, rr)as+ v(r, yr,)

=sup d" q((s, , ds+,,(..(s q((s, s+6(
where varies in the set of measurable selectors of "sup ((O"lrl,O")(FY(G)); 10cdX(r, )}.

It remains to note that {11,0’, 0 x (r, )} (r, ," r, 0a) in order to
obtain (4.1.1).

(b) We note that if 0 belongs to d(r, ),
T A A

(see the proof of (a)); hence
A OAO(r;(v))=sup{O(rYo), O, *d(r, , , )} V(r, ).

The reverse inequality follows from (4.1.1). [q

PROPOSITION 4.2. Assume that K and G are uniformly u.s.c. The set a*(r, tx) of
optimal rules is stable by concatenation and conditioning.

Proof The dynamic programming equation enables us to write that, if Q* is an
optimal rule,

Q* q(K)(s, 7r.) ds+ V(’, 7r) Qh* q(K)(s, 7r.) ds+FY(G).

Hence Qh*(V(z, 7r))= Q*(F(G)). The stability under conditioning follows easily.
The stability under concatenation follows from (4.1.2). [3

PROPOSITION 4.3. Let T be defined by

TF(tz)=sup{O;’(f/ q(K)(s, Tr.) ds+F(t, Tr,)); O (r, tx)}.
Then T is a nonhomogeneous semigroup, i.e.,

(4.3.1) T(TF)(lx)= TTF(), r<=s<=t.
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Proofand remarks. This result follows immediately from Theorem 4.1. The formu-
lation of the equations of dynamic programming in terms of semigroup is the idea of
Nisio [Ni].

In the partially observable case, (4.3.1) is proved under stronger hypotheses on
the coefficients by Fleming [Fll ], when there is linear dependence on the control, and
by Fleming and Nisio [FN] when there is no control in the functions ai,j. Under these
hypotheses, they prove that the semigroup T7 is a homogeneous semigroup, and that
its generator is an extension of the operator , defined on

--{n:(d)-+; n(/z)=((fl,/Z),’’’,(f/,

with e C(R’) and fl,...,

by the formula

F()=sup K(,a)+ ((f, },... ( })(L(. a),
aeA i=1

1 02b
+2E ((f ),’’’ ( ))cov(f h) cov( h). Oz Ozj

That is, if Fe , lim,+o+ (TF()-F())/t= F().
In paicular, if we can show (in the homogeneous case) that V(0, ) belongs to, the equality V(O,)=(TV)(>) implies that V satisfies the Hamilton-Jacobi-

Bellmann equation

OV
() V()

Ot

(see also Bensoussan [Be], Davis and Kohlmann [DK]).
In the case of linear control, Benes and Karatzas [BK1] describe an extension of

to the functions H(t,p) (where p is a density of probability on Ra) which are
continuous differentiable in and twice Fr6chet differentiable on p.

5. Existence of a Markovian optimal filter. Using Krylov’s ideas, which are
explained in Stroock and Varadhan [SV, Chap. 12], we prove the existence of a family
of optimal separated rules such that (,) is a strong Markovian process.

TnzoeM 5.1. We suppose that K and G are u.s.c, uniformly. ere exists on the
space (I1, ,) an (r, )-measurabte family of optimal separated rules Q,,) such that
is a strong Markovian process.

Proof The proof is adapted from [SV, p. 293] and is the same as in [EHJ].
Let (,) be a dense subset of[0, T], and (f,) be a dense subset of Co(R+ x (Ra)).

Let (t, =)m be an enumeration of {(,, f), n 1, k g 1 }. We define by induction the
following control problems:

(r, )= {0a" 0a e *a(r, )} (Proposition 4.2).

The set (r,) is convex compact and the graph of the set-valued map
(r, ) (r, ) is an analytic set:

u(r, ) sup {0(6{m, =,,,,)); 0 _,(, )},

(r, )= {0a _(r, ) such that 0a(=(t=, ,,.)) urn(r, )}.

We have forgotten the subscript and the hat for , since we are a little bit tired.
As we have seen in the preceding sections (}} 2 and 3), the u.s.c, character of K

and G implies that the sets (r, ) are convex compact and not empty, and that
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are analytic. Moreover, the sets 2,*(r,/z) are stable by concatenation and conditioning.
Therefore, their intersection *(r,/z) f3,o ,*(r, z) is a compact nonempty set of
’(1) and the graph of the set-valued map (r,/z) *(r, z) is analytic. We will now
show that the restriction of *(r,/z) to H__* T has at most one member for each pair (r,/z).

Let Q and Q be two points in *(r, z). Then for each pair (p, n) we have
Q(f(A,, zr.)) Q(fv (A,, zr,,)). Therefore by density of , and by continuity of
Q(fv( ", or)) we have Q(f(t, zr,))= Q(fv(t, zr,)). But (f) is dense in Co(R+ (Rd))
and so Q(f( t, zr,)) Q(f( t, r,)).

Moreover, if Q*(r, tz) we prove the analyticity of the graph of the map
(r, /z) Q(f(t,

The stability by conditioning and the above measurability enable us (as in Thm.
6.2.3 of [SV]) to conclude that Q(f(zr,,)fz(zr,2)...f(,k)) Q(f(zr,,).." f(zr,k));
hence the uniqueness of the restriction of *(r,/z) to - follows. The restriction of
the set *(r,/z) to II__*r is stable by conditioning and concatenation. It has only one
element" it is exactly the strong Markov property.

6. Comparison between the different control problems. As in the classical case of
control of diffusion processes [EHJ], the uniqueness of the solution of controlled
equations in an essential property in order to compare the relaxed and nonrelaxed
control problem and to show that the value function is 1.s.c.

In the (P.O.) case, these problems are solved (Theorems 1.4.5 and 1.4.6), since we
are working under the hypothesis 1.3.2 of uniqueness of the solution to the martingale
problem on .

For the separated problem, we must consider the uniqueness of the solutions to
equation (KS).

DEFINITION 6.1. (a) A solution of (KS) is a term S-:= (f, __Ft, Y,, 7rt, q, r, , P)
such that

(KS) dzr,(f) zr, q,(Lf)(t) dt+cov zr,(f h)(dY,-zr,(h) at), Zrr=tZ
for fe C,’2(R+ xRd), where Y is an __F,-Brownian motion.

(b) There is strong uniqueness of solution of (KS) if there is at most one process
zr, on the space (f, =F,, Y,, q, r, z, P) such that (KS) is satisfied.

(c) There is weak uniqueness if the following property is satisfied: Let 3 and 3-’
be two solutions associated with processes (Y, q) and (Y’, q’) such that (Y, q) and
(Y’, q’) have the same law (on x V). Then the laws of the two processes (or.) and
(zr) on H are equal.

The hypothesis of weak uniqueness of the solutions to (KS) implies that each
solution is associated with a (P.O.) filter, more precisely, we have the next result.

LEMMA 6.2. Assume that there is weak uniqueness of the solution of (KS). The
space (r,/ (defined in (1.3.3)) is exactly the space of probability measures O on
x V x II II such that we have the following:

(i) (Yt+,--Yr) is a II=t+r-Brownian motion;
(ii) dzrt rtqt(Lf)(t) dt+cov rt(f h)(dyt-zr,(h) dt),

Proof Let ( be an element of (r, ). The term (I,It Yt, q, 7"l’t ]J, Q) is a
solution to (KS). Let / be the probability measure on 1I x= described by /
Q,S(,.). Define eh= Lr. e (Definition 1.1.5.2). The filter ,(f)= eh(f(xt)l V=t), where
__V, y, (R) =V, satisfies (KS), i.e., I7, __9t, y,, q, t, z, () is a solution to (KS), where ( is
the restriction of ( to f’. The law of the process (y, q., ) on lI is (.6r.(d[cr])..Thus
under the weak uniqueness hypothesis, we conclude that this law is equal to Q. The
conditional laws of the two processes -, and , are the same, - is the canonical process,
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and the law of 7 is a Dirac measure. Therefore, the process (rt) is Q-indistinguishable
from the process (6) which is __V,- adapted.

Under the hypothesis of weak uniqueness of the solution to (KS), the separated
control problem of Part II can be viewed as a problem of control of the solution to
the equation (KS) without any constraint.

We can use the same approximating result as in the P.O. problem and prove the
following proposition.

PROPOSITION 6.3. Assume there is weak uniqueness of the solution to (KS).
(a) If the function F (1.3.3) is lower semicontinuous, the relaxed and the nonrelaxed

separated problem have the same value function.
(b) Let V be the value function for the S-problem"

V(r, l):= sup {J(r,/z;/);/ 6 (r, )}.
If the functions K and G are continuous, the value function V is continuous.

Proof Let ( be an element of (r,/). The terms/h, r’, t have the same meaning
as in Lemma 6.2. Let 0k(q) be the sequence of mappings which approximate q by
step control process, and tk be the image law of ( under Ok. From the proof of
Theorem 1.4.6, LT(QkS(r,.)) converges to Lr(OS(,,)). Let (k--’0.kt[.k](d[Tr]) and
/k= (.ks(,)2 From Lemma 2.2.3 the sequence k,h is relatively compact and all its
limit points R’h belong to g L(r, /), and the restriction of/’ to is equal to
Lr(Q.S(,). Since we assume that weak uniqueness holds for (KS),/ almost surely,
the canonical process [r.] is indistinguishable from r,. The proposition follows with
classical arguments.

Proofof (b). The continuity of the mapping V is obvious, if we use the properties
of set valued functions (see Appendix A). V is the so-called marginal function
associated with the set-valued map (r,/)-- (r, ) and with the application (r,/, ) -->

J(r,/; Q). The set-valued map is u.s.c, and compact valued, and the application J is
continuous.

The purpose of the following propositions is to compare the P.O. problem and
the S. problem. We follow Krylov [Kr, Chap. 3] and prove an important result: under
the hypothesis of weak uniqueness of the solution to (KS), the value function of the
S. problem is equal to the value function of the P.O. strictly admissible problem
(Definition (1.1.2) in Part I), i.e., the P.O. problem where the controls are processes
which are adapted to the filtration of the observation y, (enlarged with the initial
condition).

From now on, we work with the weak uniqueness hypothesis. We introduce some
new objects. Let us take m (A) and a function u defined on (d). Let us use the
deterministic control dt m(da) and denote R r,u the rule associated to the constant
control m on r, T], with initial conditions (r,/). With notation similar to that of ( 4),
we set

Jr,u(i) := r,(L,I"r(u))

Rr.. L, K(’, a)m(da) ds+u(rt)

We recall that in these expressions the density L depends on r. If there is an ambiguity,
we will denote

L exp h’(s, x) dys -- Ih(s, x)l2 ds.

Let Gr,U() sup {J,u(/), m (A)}. It is obvious that Gr,G(I) is the upper bound
of J(r, 1, Q) with respect to constant measure control. Let r to < tl < t, T. Then
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Gtot," Gt._,t.G(l) is the upper bound of J(r,/, () with respect to controls q, which
are step-constant deterministic controls, i.e., such that q(t, da)=dtqi(da) for
It1, tl+l[- and ql E (A). It is easy to verify that if u is a bounded Borelian function,
the mapping (m,/ J,() is Borel and Gr.,U( is an analytic application. Moreover,
if u is a bounded continuous function, G,tu is a continuous function. As Krylov, we
introduce (r, ), the set of the laws of the processes (, t, , q, t, P) such that
q is a "step feedback" process, i.e., there exists a subdivision r to < tl < tn T of
Jr, T] such that q is S-adapted, and we set V(r,)=sup{J(r,; ); (r, )}.

(a) First we prove that if q is a step feedback process, we can find a P.O. strictly
admissible control with the same gain.

LEMMA 6.4. Let be a probability on Rd and (, , , P) be a Brownian motion.
Let qt([Y], []) be a t-adapted control which is constant on the interval t, ti+l[ and
constant for r. ere exists an -adapted process, which is the solution to

dt(f) t" qt([Y], [])(Lf)dt+cov t(f h)(dYt-t(h)dt),
(6.4.1)
= iftr.

Proof When the control is constant, this result is proved by Kunita [Kul]. In our
case, since y and are constant before r, we have q([y], [])= q(). Let us denote
by the solution of (KS) associated with q(). This solution is v w()-measurable.

YDefine ql(., ")=qt(Yt,, tl)" This random variable is t, v ()-measurab!e and is
independent of +,- ). Then we can construct the solution , starting from
at time tl associated with the control ql(.) and with the Brownian Y,+- Y,, which
is independent of the control. This construction is done for It1, t2]. Therefore, the
process t t for t It, tl], for t Its, t2], is a solution of (6.4.1) on [r, t],
and is v ()-adapted. It remains to define inductively the process . Moreover,
since we are working under the weak uniqueness hypothesis, we obtain a P.O. strictly
admissible relaxed control associated with the pair (q, ).

(b) Now we prove the following result.
LEPTA 6.5.

V(r,) G,o,, ,,,,,,,()
for any subdivision to R tl t

Proof Let u() Grit,+, Gti+lti+2. Gt,,_,t,,G(). Since the set {(m, )" JrtU()
e G,,u()} is analytic, a selection theorem (as in 5) shows us that there exists an
analytic function () which is (A)-valued such that for each " u()

,,,+l Ui+m()+ e. We define the control q’ with the following formula:

q([y], [])= i(ti) for [ti, ti+[.

Then we use Lemma 6.4, which enables us to construct a solution of the (KS) equation
associated with the control q, and such that the solution is Y-adapted. We remark
that, under the construction which was done in Lemma 6.4, we have an equality similar
to the Lemma 2.14 of Krylov:

(6.5.1) Ltl q(K()) ds+u(,2) g, G,2 ,,,2 u(,l) almost surely.
t

We add up all the terms with the form (6.5.1) on the intervals [t, t+[ and we find
V(r, )J(r, ; q). Thus V(r,) G,o,,...,,,_l,,,G( ).

(c). Let us now show that if q is a step control, i.e., if q, l,,.,,+,(t)q(. ), where
q is a ,,- adapted (A)-valued process, we have

(6.5.2) J(r, ; q) Gto,, G,,,
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with obvious notation. We introduce functions uj defined by un(/x)=G(/x) and
uj(tx)=G,,j+,ug/l(Ix). The stability of the rules by concatenation and conditioning
and the weak uniqueness hypothesis allow us to set, for/ (r,/z) associated with
the control q,

ti+

Therefore

R Ltj+l
dtj

qs(K(s)) ds+Uj+l(tj+l) (Gtjt,+lHj+l(tj)),.

and, adding up a]] the inequalities, we obtain (6.5.2).
(d) The last step is to prove that any control q may be approximated with step

controls, i.e., if q is a relaxed control, there exists a sequence q" of step controls such
that

J(r, /x; q) lim J(r, I.*; q").

The proof is the same as in Krylov.
It remains to gather together all our results. The inequality Vs(r,/x)-< V(r,/z) is

obvious. Part (d) proves that V(r, tx)=lim J(r, tx, q), where q" are step controls; thus
from (b) and (c), we can state that

J(r, tx, q")<=Gto,, Gt.,._,G(tx) <- V(r, tx).

Then V(r,/x) V(r,
We have proved the following result.
THZOZM 6.6. Assume the weak uniqueness ofthe solution to (KS). Then the strictly

admissible S-problem and the relaxed problem have the same value function.
If we apply these results to the P.O. problem, we obtain the following.
COROLLARY 6.7. Assume the weak uniqueness of the solution to (KS) and the

continuity of k and g. The strictly admissible P.O. problem and the relaxed S-problem
are the same.

Fleming IF13] defines a separated problem (E) which seems to be more general
than our separated problem (S). A control, in IF13] is a term (f, __F,, P, b, q, or) such
that for each f

dTr,(f) ors. qs(Lf)(s)+cov’ Try(f, h) db

where b is a Brownian motion.
Girsanov’s theorem implies that, under the change of probability pO=/XT" P,

where/XT satisfies to d/x, =-/x,(cov 7r,(f, h ), db,), the term (12, _F_ ,, P, b, +o Try(h) ds, q,
7r,, pO) is an S-control, under the hypothesis of weak uniqueness of the solution to
(KS). Under the assumption that the coordinates of h belong to C’2 (we call this
condition the robustness hypothesis), we can give a weaker form to this problem. We
suppose only that 7rt is a (Rd)-valued process which satisfies the following: for each
f C’2

M(r,f):= r,(f)-r(f)- r. q,(Lf)(s) ds

is a martingale which admits A,(r,f):= I; Icov r(f, h)l ds as an increasing process.
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This assertion is a consequence of the following proposition.
PROPOSITION 6.8. We assume the robustness hypothesis on h. Let (, F=t, P) be a

probability space, and let rt be a (Rd )-valued process defined on which is continuous
and which verifies the following: for each f C’2([d),

M(’,f):= rt(f)-r(f)- r. qs(Lf)(s) ds

is a local martingale with an increasing process equal to

At(r,/) := Icov ’s(f h)l 2 ds.

Then there exist a larger space (fi, Ft, P) in the form (lI x fl, F__t (R) F , P (R) PI) and a
Brownian motion bt on such that, for each f C1"2,

M,(’,f) (cov rr(f, h), db).

Proof. (a) The proof is easy in the one-dimensional case. The robustness hypothesis
on h implies that Mt(r, h) is a continuous martingale with an increasing process which
satisfies dAt(r, h)= var rrt(h)2 dt. The theory of the stochastic integral ensures that the
martingale bt defined by

dbt
var rt(h l{var "trt(h) 0} dMt(, h) + l{var r,(h)=O} d/t

where b is a Brownian independent of (fl, _Ft P) (constructed on (1) F P)), is a
Brownian motion, and dMt(r, h)= vat rt(h) dbt. A simple calculus derived from the
formula

d(A,(r,f+ g)-A,(rr, f)-At(rr, g))= 2 cov rs(f, h) cov r(g, h) ds

implies that the martingales Mt(’,f) and Mt(r, h) have a Meyer process equal to
cov r(f, h) var rs(h) ds. Hence we can compare Mt(r,f) and Zt It cov r(f, h) db.
Let us denote by ((,)) the Meyer process of two martingales"

d((Mt(r,f)-Zt, Mt(r,f)-Zt)) 2 cov2 rt(f h) dt-2d((Mt(r,f), Zt))

and

d((Mt(mf), Zt)) =cov Tl’t(f h) d((Mt( r, f ), b,))

=cov rt(f, h)
var rt (h)

l{varw,(h)O d((Mt(r,f), Mt(’, h)))

(we have used bt independent of Mt(r,f)). Hence

d((Mt(’n’,f), Zt)) =cov2 rt(f h)l{varr,(h)0} dt.

Since cov 7"/’t( h) is equal to zero on {var 7rt(h) 0}, we have d((Mt(’a’,f),Zt))=
cov2

7rt (f, h) dr. Therefore, the increasing process associated with Mt (’a’, f) Zt is equal
to zero, and the two martingales are indistinguishable. [3

(b) Let us now solve the general case. The robustness hypothesis on h implies
that Mt(r, h) is a k-dimensional martingale and that its matricial increasing process
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is D,(zr, h) with general term equal to [D,(Tr, h)]i,. := ’r ds(’rr, h)i,ds, where

k

ds(r, h)i, cov ’rr(hi, ho,) cov 7r(h, h).

Indeed, it suffices to note that D,(Tr, h) is the matrix of the quadratic form 0-
A,(r, (0, h)). The matrix d(r, h) admits a square root with general term cov r(h, h),
i.e., the covariance matrix of h under probability 7rs. We denote this matrix by K: (h).
Since K,. (h) is a symmetric matrix, it admits a representation of the form K.,. (h)
HA(h)H*, where H and H satisfy HH* I and A(h) is a diagonal matrix.
The theory of stochastic integration proves that tH dM(, h) is a maingale
associated with an increasing process in the form ’ H;1K (h)(H;1)* ds t a2 (h) ds.s s

--1Since .(h) is a diagonal matrix, the coordinates ofIH dM(, h) are maingales
which are pairwise ohogonal. We write s(h) in the form

0 (h)

Let us denote by ()) k-Brownian motions independent of (, ,, P), which are
constructed on a probability space (H, , P). We set

1(h) ll[(hel(H2 dM(, h))+ l(h=ol d.

An easy calculation gives that (t) is a Brownian motion which is ,+-adapted
F,+) and that H2 dM(, h)= (h) db,, i.e.,

dM , h) K h dbs if db Hs d.
Then b is a Brownian motion.

We now prove that dM(,f)=cov s( h) db. First, we remark that, iff and g
belong to C’, the Meyer process of M(,f) and M(, g), which is equal to
C,(, g)={A,(mf+g)-A,(mf)-A(m g)}, can easily be calculated:

dC(, g) {(cov ,(f+g, h), cov (f+g, h))

-(coy ,(X h), coy ,( h)) -(coy

(cov ,( h), cov ,(g, h)) t.

Let Z be equal to I’ (cov ,( h), db,}. In order to prove that M(,f) and Z, are
indistinguishable, it suces to show that the increasing process of M,(,f)-Z, is
equal to zero. Notice that M,(,f) and Z, are continuous local maingales with the
same increasing process (cov ,( h), cov ,( h)) ds. It remains to study the Meyer
process of M(,f) and Z. We denote this process by d{{M(,f),Z}} or
((dM,(mf),

((M,(,fl, Z,=((M,(,fl, (coy ,(X h,

=((M,(,f,

={{dM(,f)

with the convention that 1/0=0 for the eigenvalues of -(h), since , is independent
of M(mf). We must now calculate d((M,(mf), M,(, h))). This term is equal to
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Y cov 7r,(f, hi) cov 7r,(hi, hi)dt. We can write this equality in a vectorial form"
d((M, (or, f), Mt (Tr, h))) K=, (h) cov 7r, (f, h) ds. We substitute this last equality in the
calculation above"

d((M,(mf) Z,)) (H- coy r,(f, h),A-l(h)H-/1K,,(h)cov r,(f h)) at

=(COV 7rt(f nil(h)), A-I(h)H-1,, H,A,,(h) cov 7r,(f, H-[(h))) dt.

Denote by /,(Tr, h) the k x k diagonal matrix, with diagonal terms equal to la_-o.
Then A-(h)H-, H,A,,(h) Id-I,(Tr, h). This quite surprising equality results from
the convention 1/0=0 for the eigenvalues of A-l(h). Moreover, under the probability
7r,, the vector H-[h has a covariance matrix equal to H-[K,,(h)H A,,(h). Hence
the vector I,(Tr, h)H-[lh has a covariance matrix equal to zero (under the probability

-h) 0. We come7rt). It follows that It(’rr, h) cov ,’/’rt(f H-lh) =coy "a’t(f, It(’n’, h)Ht
back to the previous calculation:

d((Mt(’a’, f), Zt)) (cov "a’t(f, H-l h ), Id It(’n’, h cov 7rt (f, H-lh)) dt

(cov 7rt (f, H- h), cov "n’t(f, Hh)) dt

(coy 7rt(f, h), coy 7rt(f, h)) dt

since H, is an orthogonal matrix.
We have just established d((Mt(Tr, f), Zt)) A,(r,f)= ((Z, Z))t. Hence the increas-

ing process of the martingale Mt(rr, f)- Zt is equal to zero and the desired theorem
follows, l-]

THEOREM 6.9. Assume the weak uniqueness of the solution to (KS) and the robust-
1,2ness hypothesis on h, i.e., the coordinates of h belong to C b Let be the set of elements

of the form (1), if_t, q, 7rt, P):

7rt(f)-7rr(f)- 7rs" qs(Lf)(s) ds is a P-martingale

with an increasing process equal to Icov 7rs(f, h)l 2 ds.

Then

sup {P ( frr qs(K (s, "n’s)) ds + G( TrT")); P 3 ) V( r, lx

sup {J(r,/x, (), ( (r,/x)).
We have defined the same control problem.

Proof The proof is immediate from Proposition 6.8.
Under the hypotheses of Theorem 6.9, the optimal Markovian filter can be

associated with a control which is a function, which is Markovian given the filter.
TIaEOREM 6.10. Assume the same hypotheses as in Theorem 6.9. Let Or,,) be a

family oj optimal rules such that (II, H__t, 7rt, Q(r,,)) is a strong Markovian process. Then,
there exists a function q*:+(d)(A) which is measurable and such that
(Trt, q*(t, rr,), Q(r.,)) is a separated filter.

Proof Under these hypotheses, rr,(f) is a semimartingale and an additive func-
tional for each law (* Then there exists for each f’ a function /3(f)"(r,)

(d ...> [ such that

(6.10.1) 7rt(f)- (f)(s, 7r.) ds is a (,,) martingale.
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Thus Q(r.,)()dt almost surely fl(f)(s, 7rs)= 7rs" q(Lf). Let us denote by B the subset
of ((d) X V) defined by B:= {(m, q)l for all f: (f)(s, m)= m. q(Lf)}. Obviously
it is sufficient to check that 6.10.1 holds for the functions f(x)= e(,’x>, where 0i is a
denumerable dense set in d. Since {m, q I/3(f)(s, m)- m. q(tf)} is measurable, the
set B is also measurable. From a selection theorem [DY, p. 57], [CV, p. 65] there
exists a measurable map m-q*(m) such that {m, q*(m)}B. From Theorem 6.9,
zrt(f) is a solution to (KS) associated with q*(s, zr) and thus, from the uniqueness
hypothesis, it is a separated filter.

7. Comments on the uniqueness of the solution to Zakai’s equation. The problem
of uniqueness of the solution to Zakai’s equation has been studied by many authors.
Here we only discuss the different results that they have obtained.

In the case where the signal process is an d-valued diffusion with coefficients
independent of the control, most recent work has led to the study of the existence of
unique solution of partial differential equation (P.D.E.) satisfied by the unnormalized
conditional density of the filtering problem. This P.D.E. is not a stochastic equation
but an "ordinary" differential equation in which the observed path occurs as a parameter
in the coefficients. Davis [Dal] calls this problem "the pathwise filtering problem."
The uniqueness result is established under hypotheses on the coefficients" we require
ellipticity or (and) coercivity of the matrix ai.j and boundedness assumptions on h
and its derivatives (robustness conditions) (Pardoux [Pa2]). When the signal is a
Markov process, Kunita [Kul also establishes the uniqueness of the sotution to Zakai’s
equation. The boundedness hypothesis on h is too strong (it is not verified in the linear
case): if h and its derivatives have a linear (or polynomial) growth, Blankenship, Baras
and Hopkins [BBH], Pardoux [Pa3] and Sheu [Sh] establish the uniqueness. Kallianpur
and Karandikar [KK] require H61der conditions on h. Ferreyra [Fell, [Fe2] has also
studied his problem with various hypotheses on the coefficients (e.g., tr may be
degenerate). In all these studies, this is the "pathwise" uniqueness which is proved.
Kurtz and Ocone [KO] use a martingale problem in order to study Zakai’s equation.
They assume that the signal process X is a solution to the martingale problem for
(A,/z), where A is a linear operator which satisfies the so-called Echeverria conditions.
Under some supplementary hypotheses on h, they establish the uniqueness in law.

The case where there is control in the coefficients of the signal process is studied
by Bensoussan [Be] and is generalized by Haussmann [Ha2]. In Bensoussan’s work,
h is bounded and there is no control in the coefficient or. We recall here the result
obtained by Haussmann under the hypotheses

let(t, x, a)-cr(t, , a)]

(B) Icr( t, x, a)l K,

(B2)

cr( t, x, a)o"( t, x, a) >- aI

Ib(t, x, a)[_< K(1

x- b(t, x, a) is Lipschitzian uniformly with respect to
(t, x, a) in a compact set,
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(B3) ]h(t,x)]+
Oh

Xi (t’ x)

L*nv Lnv + (’qtht(x))xiai,j( x, rl )Vxj(X
+{[(rltht(x))xfli.j(t x, r/)]x + T(t, x,

(r/ belongs to C ([0, T]; Ra)).
L*,.,v=1/2(ai.jV)x,x-(biv),, is the adjoint to the generator L,.,,

y(t,x, rl)=-(rltht(x)),ai,j(t,x rl)(rh ht(x))x2

o 1
-rtt ht(x)-L,,n(rtt" ht)(s)--lh(t, x)l 2

where Vx, Ov/Oxi.
If we denote by qn the unique solution to this equation, pt’(x):=

6,"(x) exp (rt," h,(x)) is the unnormalized conditional density of the filtering problem
(and is the solution to Zakai’s equation).

Haussmann then obtains the uniqueness of the solution to Zakai’s equation for
controls in the form u(t, y). When the control is in the form u(t, rr,), Benes and Karatzas
[BK2] show the uniqueness of the solution when there is no control in tr, under
robustness conditions on h.

Borkar [Bo] obtains results similar to those of Haussmann when there is no control
in the term o-.

The arguments of Haussmann, which utilize the interpretation of the unique
solution to the robust system (7.1) can easily be modified in order to study the case
when the controls are relaxed and adapted with respect to the filtration __Vt.

We change hypothesis (B2) into

[b(t,x, a)l-<_ g(1 + Ixl),
(B) x b(t, x, a) is Lipschitzian uniformly with respect to (t, a) and so are the

partial derivatives;

and (B3) becomes

(B) h belongs to C2, with a linear growth and its partial derivatives too.

Under these hypotheses, Zakai’s equation has a unique solution (uniqueness in
law).

Appendix A. Here we recall only the definitions and the properties of set-valued
maps. We state a series of definitions concerning the continuity of set-valued maps
[AC, p. 41].

where

Oh
-(t,x)

(B4) ,u(t, y)l<-K (1 +sup ly, I), y C(0, T; Rd).
/

Haussmann shows the uniqueness of the solution to the "robust Zakai equation"

d#, L.ntxt=O(7.1) dt
o Po
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DEFINITION [AC, Def. 1, p. 41; Def. 2, p. 43]. Let X and Y be Hausdorff metric
spaces, and a set-valued map with nonempty values of Y into subsets of X:

(a) is upper semicontinuous (u.s.c.) at yo Y if, for any open N containing
(Yo), there exists a neighborhood M of Yo such that {(y): y M}_ N.

(b) t is lower semicontinuous (1.s.c.) at yo Y if, for any Xo (Yo) and any
neighborhood N(xo) of Xo, there exists a neighborhood M(yo) of Yo such that for all
y M(yo), (y) (’1S(xo) .

(c) is continuous at Yo if it is u.s.c, and l.s.c, at Yo.
REMARKS. The spaces X and Y are metric. Therefore, condition (b) is equivalent

to the following: given any sequence Yn converging to y and any x (y) there exists
a sequence xn (Yn) converging to x.

The graph of a u.s.c, set-valued map with closed values from Y to X is closed,
i.e., if y, converges to y and if xn (y,) converges to x, then x belongs to (y) [AC,
Prop. 2, p. 4]. A set-valued map from Y to a compact set X whose graph is closed is
a u.s.c, map [AC, Cor. 1, p. 42]. Moreover, it is a measurable map from Y into
comp (X), where comp (X) is the space of all compact subsets of X (see Stroock and
Varadhan [SV, Chap. 12]).

THEOREM [AC, pp. 51-53]. Let X and Y be separable metric spaces, let t be a
set-valued map from Y to X, and let w be a function from Y x X to R. The marginal
function v(y) := sup {w(x, y); x (y)} and the marginal map y My :=
{x (y); w(x, y) v(y)} have the following properties:

(a) If w is l.s.c, on Y x X and is 1.s.c., then v is 1.s.c.
(b) If w is u.s.c, on .Y X and t is u.s.c, with compact values, then v is u.s.c.
(c) If w is continuous and is continuous with compact values, then the marginal

function v is continuous and the marginal set-valued map M is u.s.c.
If we are interested in measurability results, we can weaken the hypotheses. The

proof of the following theorems can be found in Castaing and Valadier [CV, p. 86],
Dellacherie and Meyer [DM1, Chap. 3], or Stroock and Varadhan [SV, Chap. 12].

PROPOSITION. Let w be a u.s.c, function on Y x X and let y - (y) be a measurable
map of Y into comp (X). Then we have the following.

(a) The marginal function v is a Borel function and the marginal map M is
measurable.

(b) For each probability measure Iz on Y

(dy)v(y) sup { tz(dy)w(y, h(y)), where h varies
in the set ofmeasurable map of Y into X
such that h (y) (y) for all y Y}.

THEOREM. Let Y, ) be a measurable space and let be the universal completion
of . Let X be a Polish space endowed with the Borelian or-algebra 3 (X). Let w be a
measurable function from Y x X to and let t be a set-valued map with nonempty
values such that graph q (R) (X).,. Then we have the following"

(a) The marginal function v is W-measurable;
(b) The graph of the marginal map M is q(R)(X)-measurable.

Appendix B. We again state Theorem 2.2 and we give its proof.
THEOREM 2.2. There exists a sequence (d/k) of measurable functions from V to V,

which are adapted (i.e., (@k)-l()c ) such that @k(q) converges to q for each q V
as k converges to o.

Proof. (i) The spaces VT- (sets of measures on [0, T] x A whose projection on
[0, T] is Lebesgue measure) have been studied most thoroughly. The proof of their
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compact metrizable properties can be found in [GH] or [Wa, Chap. IV, 2.6]. A projective
limit argument allows us to extend these properties to V.

(ii) The density of atomic measures (with support in [0, T]) in Vr is proved by
an explicit construction in [Fll] and [FN]; this construction is described by the
"chattering" lemma. We use the same kind of arguments to construct the applications
0k of the lemma. The space A being metric compact, we choose a partition (Bn,
k 1,. ., k(n)) into Borelians with diameter less than 1In. We denote by an a point
of Bn). We divide [0, n] into intervals Tn) of length 2-n, with endpoints (tn), -J+’n ).

For the sake of simplicity, we omit the superscript n where there is no ambiguity.
Let 6 be a fixed number 6 > 0. In order to construct adapted approximations, we
introduce the E-adapted processes

q(s,B)ds ifq(t)
t-

q (s, B) ds if _-< &

We also omit the superscript in q(t). The step process y,(t, q) q(t)l:,</, is
adapted and satisfies the relation

for all j: Z Yj,k(t, q) 1 if 6 tj, t+l[ and tj ---> 6.
k

We now divide the interval T=[tj, t+l[ into k(n) intervals T,k(q) of length
(tj/l- t), where is any point in T. For each n, there exists an index jn such that
6 -< tj, < 6 + 2-". We will denote t, by e. Notice that 6 =< e =< 6 + 2-". Let /3 (n, 6) be
an arbitrary point in A and set a(t)= ak (the point in B, that we introduced at the
beginning of the proof): if t [_Jj>_,, T,k(q) for k= 1,2,..., k(n), and a(t)=(n, 6)
if t ]e, hi; and let 0("’)(q) ll,,t(t) dt6(,)+ lto,l(t) dt6n,), where 6 is the Dirac
measure on A. All the operations that we have performed are adapted; therefore q,n,
is also adapted.

It remains now to show that q,n,(q) converges vaguely to q. We check the
convergence for functions f, g, where f is continuous with support in [0, T] and g is
continuous on A. Their moduli of continuity are denoted by wy and Wg. If T is bounded
by n,

f(t)g(a) dtq(t, da)- ft f(t)g(a) dtOn’)(q)(da)
O,T]xA O,T]xA

(A1) =I[O, T] A
f( t)g(a) dt q( t, da)-f[o,e] f(t)g(fl(n, 6))dt

f f(t)g(a(t)) dt.
e,T]

The modulus of this quantity is bounded by

2e[lfl][[gll+ f f(t)(k f g(a)q(t, da)-g(ak)q(t, Bk))dt
0,T]

(A2)
+ g(ak)(I f(t)q(t, Bk) dt-lt f(t) dt)

e,T] )TLk
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The second term in this expression is bounded by tOg(1/n)llfll. The quantity inside
the absolute value in the third term is equal to

e,T] ,k- g(ak)(I f(t){q(t, Bk)--qk(t)} dt)k e,T]

(A3) +k g(ak) f(tj) frj {qk(t)--yj,k(t)} dt

--k g(ak) f,, {f(t)-f(t)} dt

{f( t) f( tj)}qk( t) dt.

The absolute value of the two last terms is bounded by
We now compute the first term of (A3). An easy calculation gives

r

q(s, Bk) ds dtf( t) q( t, Bk) --r 1
f(s)q(s, Bk) ds dt(A4) f(t)q(t, Bk)--

t--

+ dt q(s, Bk)(f(s)--f(t)) ds.

We denote the first term of the right-hand side of (A4) by Ck and the second by C
By Fubini’s theorem, the absolute value of C is bounded by wy(6) q(s, Bk) ds and
the absolute value of k g(ak)C is bounded by T]g[[wy(6). We can write C in the
following form:

f(s)q(s, B) 1
T- s

ds + f(s)q(s, B)
s + 6 e

ds

g(a)C is bounded by Ilgll llfll 2 . We have proved that the first term of (A3) is
bounded by Ilgll (211fll a +

We now compute the second term of (A3):

g(ak) f(t) fr (qk(t)--y,k(t)) dt

j

Integration by pas yields

fr 1
C=g(a)f(t) (t+-t)(q(t,B)-q(t-,B))dt

f(t) (t+- t) g(a)(q(t,B)-q(t-,B)) dr.



EXISTENCE OF AN OPTIMAL FILTER 1059

Hence

(A5) IC31 <
We gather together the different results (A1)-(A5):

Iq(fg)-(",’(q)(fg)l<=l[gll {2Twf (21--g)+ 2e Ilf II + 26 I[f II

/To,(a)/211/ll2- /[Ifll,o

It remains to set 8 1/n and . "’/" to get the expected result.
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Abstract. The identification of an infinite-dimensional unknown parameter for stochastic diffusion
equations is considered. After sufficient conditions for the existence of the maximum likelihood estimate
are shown, the consistency property of the maximum likelihood estimate is also investigated.

Key words, stochastic diffusion equation, maximum likelihood estimate, consistent estimate, Kalman
filter in Hilbert space
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1. Introduction. The maximum likelihood (ML) estimate of an unknown param-
eter for infinite-dimensional stochastic systems was initiated by Balakrishnan [6].
Sufficient conditions for the strong consistency of the unknown constant parameter
have been derived for abstract stochastic systems by Bagchi and Borkar [5] and for
hyperbolic systems by Aihara and Bagchi [2]. For an infinite-dimensional unknown
parameter case, some interesting results are given for perfect observation data by using
the method of sieves in [4].

In order to clarify our interests, we shall not consider the most general situation.
The stochastic heat diffusion equation with an unknown diffusion coefficient is con-
sidered as the system model. If the identification problem for the heat diffusion
coefficient is explored, we can easily treat the estimation of the other coefficients, for
example, convection and/or heat generation coefficients. Furthermore it is possible to
consider the general class of stochastic parabolic equations (e.g., population dispersal
and biological systems as shown in [7-]) by using the same argument presented here.

In this paper, the ML estimation problem for an unknown infinite-dimensional
parameter, that is, a coefficient of a stochastic diffusion equation (as shown in (1.3)),
is considered under noisy partial observations. After showing some conditions for the
existence of the optimal ML estimate, we derive the consistency property for the ML
estimate.

We set G as the bounded open domain in R with the regular boundary F and
T ]0, (I[. Define

(1.1) V--- H(G) c H-- L2(G) c V’---

where the injection of V H is compact (see, e.g., [1, Thm. 6.2, p. 144]) and we will
denote by].lthe norm in H.

Consider the following diffusion operator"

(1.2) A(a)(V; V’)

and

(1.3) (A(a)q" q2)= I a(x)O$’ Oq2
dx,

i= G OXi Oxi
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where a is a function with values in R and

(C-l) 0< a =<a(x)=<fl Vx 6 (,

(C-2) a C2(G).

In the sequel, from (C-2), we find that the region of operator A(a), which is restricted
to H, defines an unbounded operator which is still denoted by A(a) with the domain
@(a)={0 V, A(a)4,H}=H(G)HZ(G). (1, , ) is a complete probability
space and {if,} is an increasing family of the sub tr-algebra of . Let w be an H-valued
Brownian motion process with the incremental covariance Q(H; H), where
(., denotes the class of trace operators.

Consider the following stochastic diffusion equation with the m-dimensional
observation mechanism:

(u(t), 4,)+ (A(a)u(s),

y(t)= f’ Bu(s)ds+v(t),
3o

v,/, K

where (.,.) and (.,.) denote the inner product in H and the duality product on
V V’, respectively, and v is an m-dimensional standard Brownian motion process
independent of w and B (H; R").

THEOREM 1.1 [8, Thm. 5:1, p. 189], [20, Thm. 2.1, p. 48], [15]. Under (C-1)-(C-3)
Uo E L2(: H), there exists a unique solution of 1 such that

(1.4) u L-(fl; C( T; H) 1"3 L2( T; V)).

PROPOSITION 1.1 [10], [22, Thm. 1.4, Chap. 3], [18, Thm. 5.5, Chap. 5]. Under
(C-l) and (C-2), -A generates strongly continuous, contraction semigroup T, such that

To=;

IT,lCe-’ll= 3c>o, a>o

(1.5)

LEMMA 1.1. If we choose the initial condition Uo as

Uo=IT_dw(r),
the auto-correlation A s) becomes

(1.6) A(t-s)=E{u(t)(u(s), .)}=

with

(1.7)

where 2(X; Y) denotes the Hilbert-Schmidt class of operators from X into Y, and

I" Ie2(x; r) the Hilbert-Schmidt norm.
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Proof. From the results of Jerome 13, Thm. 3.2, p. 114], noting that the injection
V H is compact, we find that there exist discrete eigenvalues {hi} and their eigenfunc-
tions {ei} which are orthonormal in H with values in V such that

(Aei, )= hi(e,, dp) ’Vdp V,
(1.8)

0<t<h--<h2<=
Hence, the contraction semigroup T, can be rewritten by

(1.9) Tt e-’, el(el, ).
i=1

Furthermore, from [11, p. 50], the incremental covariance Q E’I(H; H) is also
represented by

(1.10a) Q qijei ej,
i,j

with

(1.lOb) E qi <.
i,j

Noting that u(t) can be explicitly, represented by

u(t)= Ttuo+ Tt_sdw(s),

from (1.5) and (1.9), we have

(1.11) u(t)= Y’, e-",(’-ei(ei, dw(s)).

Then .it follows that

A(t-s)= qije-x’(t-’)-;t(’-’) dT"ei(ej, .)
id

E q e-,(’-’-(-t e,(e, .).

It is easy to show that

From (C-1), noting that lel Const. Ai, it follows that

(qo)
i,j=l

Consequently, from (1.10b), using the fact that (qi)( qi)< (see [11, p. 50]),
we get

IA(r)l:(,; )drConst. E (/T7)2<m’a,-aid=

2. Asymptotic behavior of system and filtering equations. The admissible set of an
unknown parameter is denoted by 19, i.e., a (R) implies that a satisfies (C-l) and (C-2)
and 19 is a closed, bounded subset of HI(G). Replacing aby a in El, the corresponding
solution is denoted by u(t, a).
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LEMMA 2.1. The following estimates can be derived: there exists C (independent of
a, b and tf > 0 such that

(2.1) sup
(-oo, t.r

(2.2) sup

E{lu(t, a)l=} C Va ,
E{lu(t a)l]/}-<_ C /aE

Proof From (1.11), by using Proposition 1.1, we have

E{lu(t a)12} e-’X,(t-s)-xJ(t-S)qijds
i,j=

(2.4)
qij <-- _Const.,

j=

where from (1.8) we use the fact that 0< c _<-Ai, for all i_-> 1. Furthermore, by using
the estimate lel---Const, a and (1.10b), we also have

E{[u(t, a)[2v} f) e-(;’+;’.,)(’-S)qi(ei, e)vds
i,j=

(2.5)
(Aitj)l/2. C

id
E qij ;i 7; Const.

ia
E qij N Const.

On the other hand, (1.11) can be represented by

(u(t’ a)’ dP)+Io (A(a)u(s, a), fb) ds=(w(t), gp)VtE(-oo, tf

Hence, we have

(u(t,a)-u(t,b), 49)+f (A(a)u(s,a)-A(b)u(s,b), th) ds 0

It follows that

lu(t, a)-u(t, b)12+2 f (A(a)(u(s, a)-u(s, b)), u(s, a)-u(s, b))ds

=-2 f(A(a- b)u(s, b), u(s, a)-u(s, b)) ds.

From (C-l), noting that (A(a)qb, b) >- and using Schwartz’s inequality, we have

[.(t, a)--u(t, b)12+2a f’ lu(s, a)--u(s, b)lg ds

(2.6)
ds

<= a f lu(s, a)- u(s, b)lv ds+
a

l"(s’ b)lv ds.
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Furthermore, from Poincar6’s inequality in 18, Chap. 3, Lemma 3.3 ], i.e., a g’l -> 51b 12,
by Gronwall’s inequality, (2.6) becomes

(2.7)

E{t_,t.r]sup lu(t, a)-u(t, b)12} <=

_-< Const. [a bl.
b)[. ds }
(by using (2.2))

From now on, we assume that the initial condition Uo is given by (1.5). Denoting
E{u(t, a)l,} by a(t, a) from [19, Cor. 2.13, p. 924], we have

(2.8) (t(t, a), b)+ (A(a)a(s, a), oh) ds= (P(a)B* dz(s; a), qb) Vb

where z is defined by

(2.9) z(t; a) =y()- Ba(s, a) ds

and z(t; a) becomes a so-called innovation process, if a a (true value). Fuhermore,
from [25, Thm. 1, p. 252] we find that P(a) is a unique solution of the algebraic Riccati
equation:

-(A(a)P(a)O, :)-(A*(a)$,, P(a)Oa)+(QO,, )
(2.10)

-(P(a)B*BP(a)I, 02)=0 V01 02
LEMMA 2.2 [16, Thm. 6.1, p. 171]. efollowing estimates can be derived"

(2.11a) P(a)e,(H; V) (V’; H),

(2.1b) P(a)= P*(a)O.

LEMMA 2.3. ere exists a constant C independent of a and b such that

(2.12) IP(a)l(,;.) + IP(a)l:(..) <
(2.13) [(P(a)-P(b))B*I(R.,.H) C{a-bl2.

Proof From (2.10), it is easy to derive the following estimate:

(IP(a) e,.v)+[P(a)B*BP(a), P(a)][Q, P(a)],

where [., denotes the Hilbert-Schmidt inner product. From the fact that

[P(a)B*BP(a), P(a)] g 0,

For a > 0, C (a) > 0, we have

2(H" V) H

2

Hence, (2.12) can be derived. Denoting P by P(a)-P(b), it follows that

-(A(a)P,, )-(A*(a),, P)-(PS*SP,, )

(2.14) -((PS*SP(b)+ P(b)S*SP),, )

=(A(a-b)P(b),, 9+(A*(a-b),, P(b)9 V,,
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By using the same procedure mentioned above, we have

e2(H;v) + [PeB*BPe, Pe] + [P(b)B*BPe + PeB*BP( b), Pe]
(2.)

Note that the third and rough terms of the left-hand side of (2.15) are positive; then
from (2.12), (2.15) becomes

IP(a)- P(b)} .(n;u) < C, IP(a)-
(.6)

cl b[.
LEMMA 2.4. We need the following condition:

(C-4)

Fora, beO,

(2.17)

Be(V’;R’).

sup E{IB
tT

where C is independent of tf, a, and b.
Proof Denoting g,(t) by t(t, a)-t(t, b), we have

(.(t), 4))+ {{A(a)(s), 4}+{A(a-b)(s, b), }} ds

(2.18) ((P(a)-P(b))B* dy(s), )- ((P(a)-P(b))B*B(s, b), 0) ds

(e(a*(s,

From [25, Thm. 1, p. 252], we find that -(A(a)+ P(a)B*B) generates the exponential
stable semigroup such that

(A(a)+P(a)B*B),, o=I,
dt

Thus, (a)g A(a)+ P(a)B*B has a square root l/(a) with its domain V (see Kato
14, p. 282]). Hence, by using the mutual commutability of/, -1/, and ,, we obtain

(2.20)

For convenience of discussions, we use the norm I’ I-/1 in this proof. Hence
from (C-4), we can derive the following estimate"

I(a(a b)(s, b), _B*)I

(2.21) =la-blla(s,

A typical example is shown in 4.
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(from (2.20) and IBI/(a)I(H.R,,’=IBI(V,;R’,<--_ C, i.e., (C-4))

e-a(t-s)<M,la-bl[a(s, b)lv
On the other hand, from (2.18), it follows that

(t)=- r,_sA(a-b)a(s, b) ds+ T_,(P(a)-P(b))B* dy(s)

f,_,(P(a)-P(b))B*Ba(s, b) ds.

By using the Schwartz inequality, we have for C > 0 (independent of a, b and a)

+ 3E B,_(P(a)- P(b))B*Bu(s, a)lR,,, ds

+3 N,_(P(a)-(b))*I(-;,- ds

 (io(. + ,_,(e(a-e(b*a(, b,,, (from (.9

e-’(’-( +lu(s, a)l+la(s, b)l) ds

From (2.21) and (2.13) in Lemma 2.3, for d>0, the right-hand side of (2.22) becomes

dla-b + e-’(’-({la(s,

{lu(s, a)}+ {a(s, b)l}) ds}+

N--a-b 1+ sup

+ {lu(s,

Hence, from (2.1) and (2.2) in Lemma 2.1, it follows that

el(l,,,}
where we use the following relation"

3. The identification problem. The cylindrical measure y induced by y is
absolutely continuous with respect to induced by the Brownian motion process v.
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Then, from Liptser and Shiryaev 17, Thm. 7.13, p. 261], the Radon-Nikodym derivative
is given by

(3.1)
dlzy a) 1

d/z--- exp (B(t, a))* dy(t)-- (B(t, a))*B(t, a) dt

The identification problem is to determine the unknown function a so as to maximize
the following log-likelihood functional:

(3.2) L(t, y, a) In dlz(a)
d/x

with respect to a O.
From now on, conditions (C-1)-(C-4) are assumed.
THEOREM 3.1. There exists at least one optimal ML estimate t. (R) such that

(3.3) L(t, y, t.)>- L(tf, y, a)

Proof. Let a be a minimizing sequence, that is, -L(t, y, a)-. info -L(t, y, a).
Hence, a (R), i.e., 19 is a closed bounded subset of H(G) and we have

(3.4) Const.

By using the compactness method, from (3.4), we can extract a subsequence still
denoted by a such that

(3.5) a --> d

Then from Lemma 2.4 and (3.5) we get

(3.6) Ba( t, a --> Ba( t, t$)

strongly in H.

strongly in L2(f; Rm) I t.

Furthermore, extracting the subsequence of a n, i.e., =1 la n’- d]2< and using the
Borel-Cantelli lemma, we also have

(3.7)

Hence,

B(t, a")--> B(t, d) stronglyin R Vt a.s.

" at fo’ IBa(t, t)lZR at a.s.irn IBt(t, a")[

and subtracting a subsequence of t(t, an’), we get

lim (B(t, an’)) * dy(t)= (B(t, ))* dy(t)

These ,imply that

aoSo

lim L(ty, y, a n’) -L( q, y, )

-< lim inf -L(ty, y, a

inf L( tf, y, a).

Then d is an optimal ML estimate.
In order to show the consistency property for the ML estimate tf, we must

show that

(3.8) g(t, a)=- (Ba(s, a))*dv(s)
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is uniformly continuous in a on O, uniformly in [1, c) almost surely. By using the
results of Strait [21, Thm. 3, p. 168], we can extend the techniques used by Bagchi
and Borkar [5, Lemma 3.2, p. 212], [9] to the infinite-dimensional unknown parameter
case. Then the above statement can be clearly proved in Theorem 3.2.

LEMMA 3.1. For N >- 1 and a, b (R), we have

(3.9) E{ N+I
N

(g(N+ 1, a)-g(N+ 1, b)) 4} K
s, (N+ 1)

where K is a constant independent of N, a, and b.
Proofi Noting that (t) is Gaussian, from Lemma 2.4, it follows that

E{IB((s a)- fi(s, b))l,,,, } <= C(E{l(s a)- fi(s, b)l})=
_-<Const. Ja-bl4 Vs->0.

Hence, from Lemma 4.12 in Liptser and Shiryaev [17, p. 125], we have

N+I
N

(g(N+l, a)-g(N+l, b))
4 }R

E IB(u(s, a)- u(s, b))14 dsN+I) 1
<=36

N (N+I)

and then (3.9) can be derived. [3

THEOREM 3.2.

(3.10) lim sup g(t, a) 0 a.s.
teo aO

Proof The Hilbert space H L2(G) is separable and then the unknown parameter
a can be represented by

a(x) ai4,i(x) for bi, orthonormal basis in H,
i=1

and furthermore, in order to support a O, i.e., a C2(G), we need the regularity of
4’. However, noting that only the H-norm appears in the right-hand side of (2.17) and
(3.9), for the convenience of discussion, without loss of generality, it is sufficient to
assume from (3.4) that

(3.11) bi e HI(G) and 2 aidpi(x) <= Const.
i=1 HI(G)

in order to support that O is compact in H. Then, the admissible parameter class O
is represented as O12 which is compact in ll from (3.11), i.e., O12 implies that

(i) a E a,dpi,
i=1

ti (a,, a:,.. ") 12, [til/ <= Const.,

2 < Const.(ii) ai [0, ci] sup Icil <- c, y C
i=l

We denote all binary rational numbers (the form of 1/2) in [0, c] by D and then D
is dense in [0, c]. Hence, in the sequel, ai is assumed to be a binary rational number
in D. Now, we prepare the sequence mi(rh) such that

m,(th) rfi + i, rfi => 1,
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and then

We introduce

and

2-m’(r) 2-,.
i=1

a(j) ), 2%{),

(3.13) d(j) 2ml(rh + m2(th)+/,2 m(m)+l’ 2 m2(rh)

_
2

where a 0 or 1 and j(i) O, 1, 2, , 2 m(’’)c 1 for each i. It is a routine procedure
to show that

P{ max sup Ig(t, lk(j) g(t, t(j))[R1 2_, 1}O<--j(i)2mil’) c--1 t[1,cx) 2r- 1
for every

(3.14)

where

and

_--< P Y max sup Ig(t, {ak(j)}i) g(t, {a(j)},)l’ >= 2-r
i=10<-j(i)<--_2mi(’) e--1 te[1,oo)

{ak(j)}i=(a,,a2, j(i) k.

2 ’’’() +
a

mr)+l, ai+l,
1=12

{a(j)}i=(a,,a2,. j(i)
,2mi(h), ai+l,

=< P max sup ]g(t, {ak(j)}i) g(’, {a(j)},)l,’--> 2 -m’(rh)r
i=1 O<=j(i)<=2’"i(’r’)c--1 [1,oo)

<---- E 2m’(mcP sup Ig(t, {a(j)})-g(t, {a(j)},)lR, g2-m’{}r
i=1 te[1,oo)

=< c E 2m’(’)P sup [g(t, {aq(j)}i) g(t, {aq_l(j)}i)[R >-- 2 -mi(rh)r
i=1 =1 t [1,o)

( k, )from 2 -m’()r 2 -m’(’h)r 2-qr" ((2 1) v 1)
q=l

C i=,E 2m’(n) ?=, P ,tl,oo)sup [g(t, {aq(j)},) g(t, {aq-l(j)},)[,

2-m;(rh)r 2-qr" ((2r- 1)v 1)}
_--< c

i=1

y 2";(’h) 71N=I P! t[N,N+I]SUp ]g(t, {aq(j)}i) g(t, {aq_l(j)}i)] R,

>--2 -m’(t)r 2 -q. ((2r- 1)v 1)}.

Noting that 2-’r/(2r- 1) =Yi= 2 ,,(,)r, the right-hand side of (3.14) is evaluated as
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From Lemma 3.1 we also have,

E{(N+ 1)4 } K 1

N4 ]g(N+ l {a,(j)})-g(N+ l {a_(j)})],, =< 24(mi(m)+q) (N + 1)2"
Hence, by using the Kolmogorov-Doob inequality in [12, p. 28], it follows that

P{ sup lg(’, {aq(j)}i)--g(’, {aq-,(j)}i)[a, >=2-m’(’>(’/2>-q(I/2)}
t[N,N+I]

(N + 1)422mi(r)+2q(3.15) <--_E{Ig(N+ 1, {aq(j)}i)-g(N+ 1, {a_(j)},)[,} N4

K 1
24(m’(r)+q) (N+ 1 )2

22m’(rh)+2q"

From (3.15), choosing r=1/2 in (3.14), we have

P{ max sup Ig(t, k(j)) g(t, (j))[a’---->2 -’/2}O<--j(i)<=2mi(’r’)c--1 1,oo)
for every

C 23m() 22q"
24mi()+4q" (N+ 1i=1 q=l N=I

2 2 2 2= q= u=,

NC2-.
Hence,

P{ U / max sup
rhv {.O<=j(i)2 ’’)i(’’) c--1 t[1,eo)

for every

_-<C Y 2 -’.

Furthermore, noting that

k, al 1IG(J)- (J)l,2 --< 2 2..,m>+, --<i=1 /=1 2

and that D is dense in [0, c], we find that for any e > 0 and any 6 > 0, there exists
(, e) such that

Le12 t[1,)

--b121/2
Hence, we have

f
(3.16) P] lim sup sup [g(t, d)-g(t,/)[a, =0} 1.

From the well-known fact that

limg(t, ti)=O a.s. Va(R)l
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and by using, the uniform continuity of g(t, d) with respect to d--i.e., (3.16) permits
us to commute supa and lim, operationsuand noting that. Of is compact in 12, (3.10)
can be derived.

Now, we shall state the consistency property for the maximum likelihood estimate
8,j.. By using a technique similar to the one proposed by Tugnait [23, Thm. 1, p. 655]
and Bagchi and Borkar [5, Thm. 3.1, p. 212], [9], we can derive the following main
theorem.

THEOREM 3.3. Let be the set ofmeasure zero outside ofwhich Theorem 3.2 holds.
For each o

_ , letting .1 be the maximum likelihood estimate ofa, we have thefollowing
strong consistency property:

f" ]B(a(t, )-u(t, a) o)(3.17) lim
1

’s ts 30 a"r )i2 dt=tr[B*P(a B].

Proof From (3.1), we have

{- fo’(B(u(t,a)-(t,a)))*B(u(t,a)-(t,a))dtdtxy a 1

d/z
=exp

J"’.1
o)(Bu(t, a )*Bu(t, a) at+ " (Ba(t, a))* dr(t)+2 o

By using the measure transformation technique, we obtain

dt.y a dt.y a /dl.y ao)
dtzy(aO) av’/ did,

and then we find that for each o M, the ML estimate d,j. satisfies

dla,y at,. >(3.18) dy(aO)--1.
Hence, we need to evaluate supao {dtxy(a)/dla,y(a)}, i.e.,

supdy(a’/dy(a,} { lsupexp (ty, a)+ I(ty, a)
o t" ’d’ d, o 2

sup exp (B(a(t, a)- a(t, a)))* dr(t)

where

I(tf, a)= (B(u(t, a)-(t, a)))*B(u(t, a)-a(t, a)) dt

and

’i
(B(u(t, a)-a(t, a)))*B(u(t, a -a(t, a)) dr.I( tf a) o)

From Theorem 3.2, we have

(3.19) a)-(t, a)))* dv(t)=Olim sup
1

tt.- aeO f aoSo
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Furthermore, from (1.7) in Lemma 1.1, and the Gaussian property of u and t, processes
u and t become stationary ergodic as stated in [24, Prop. 6.1, p. 68] and then

lim
1

I(ty, a) lim
1 f

ts_,00 tf t-,00 tf ao
(B(u(t, a)-a(t, a)))*B(u(t, a)-a(t, a)) dt

(3.20)
=tr[B*P(a)B].

It is well known that the Kalman filter is the minimum mean square error state estimate
in the case where the unknown parameter is matched to the true one. Hence

(3.21) -E {sup I( ty,

where

a)} >-tr[B*P(tf, a)B]

P( tf, a) E{(u( ty, a) a( tf, a) )( u( ty, a) ( ty, a), )}.
The stationary and ergodic property implies that

1
lim sup-yI(ty, a)>-tr[B*P(a)B].
tf.O0 aO

Consequently we have

dtxy(a) }(3.22) lim
1

In sup o)
<- 0.

,_.00 ty ao dtxy( a
Now, let t.r be the maximum likelihood estimate, and then from (3.18) we have

lI(tf, t,) +
1 fo7-- -I(tf, a)/ (B((t, tj.)-(t, a)))* dv(t)O

and from (3.22)

Hence,

lim
l

{t tf aq I ty, a)}=>0.
9 tf

lim
1 Io,._,00 (B(a(t, q)-a(t, a)))* dr(t) >- lim

1 o)tf_00f(I(tf, atf)--i(tf, a )>=0.

From (3.19), we have

lim 1
,.-.00 2tf

(I(tf, q)-I(tf, a))=0.

This implies (3.17). [3

4. Conclusions. It is very easy to obtain the same result of consistency property
for the more general elliptic operator than for A(a) in (1.3), hyperbolic systems, and
systems with an unknown boundary region. In such general cases, it should be noted
that we need the smoothness property for the unknown coefficients, such as (C-2),
and/or for the boundary region, in order to support the existence of the optimal ML
estimate. An important example of the operator B which satisfies (C-4) is given by

B(.)=[ b(x)(. dx e R’,
G

where we assume that

in order to support (C-4).

b H(G)
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The derivation of the necessary conditions for the optimal ML estimate is also
important for deriving the numerical algorithm. Regarding this problem, some results
have been derived for the boundary parameter identification by Aihara, Sunahara, and
Ishikawa [3], using the stochastic backward integral.

Acknowledgments. The authors express their thanks to Professor Arunabha Bagchi
at Twente University of Technology, Enschede, the Netherlands for many fruitful
discussions on 3 of this paper.
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REPLACEMENT WITH NONCONSTANT OPERATING COST*

R. F. ANDERSONt

Abstract. The long-run average cost problem is considered in the case of a nondecreasing Markov wear
process with failure determined by a random threshold. The method of analysis is first, to consider the
discounted problem, and then, to let the discount factor go to zero. Simple conditions are given to specify
when the do-nothing policy is optimal and when it is not.

Key words, optimal replacement, long-run average cost, optimal stopping, reliability

AMS(MOS) subject classifications, primary 90B25, 62L15’ secondary 93E20, 60G40

1. Introduction. Assume that we have a machine that is subjected to deterioration
and failure with use. Possible states of the machine will be taken to be x, O-< x < o,
where the state x- 0 will be considered a new machine and deteriorated states will be
taken as x > O. Use ofthe machine is described by a wear process X," >= O, a nondecreas-
ing right-continuous Markov process with left limits. Here X, is considered the state
of the machine at time subject to the Markovian wear process that is causing the
deterioration. Failure of the machine occurs at time tr inf {t: X,-> Y}, where Y is a
positive random variable independent of X,’t >-O. Models of this type have been
considered by many authors under the name of shock or wear processes with a random
threshold failure. (See Abdel-Hameed [1], [2], Drosen [5], Esary, Marshall, and
Proschan [7], Taylor 12], Zuckerman [13].)

We are interested in studying the long-run average optimal replacement problem.
A new machine is placed into operation and is subjected to deterioration. At each
moment, in time before failure we have the option of replacing the current machine
by a new one at cost c(x). If the machine fails before a decision to replace it has been
made, we must immediately replace it by a new one at cost Co. Letf(x) be the operating
cost that is taken to be wear-state dependent. Let - be an X," t_-> 0 stopping time and
r be as above. Under the replacement policy % the long-run average cost is given by

Eo[o f(X,) dt+ c(X,)I<) + CoI>_]
J(7")

Eo[ r ^ r]
We seek a policy " that minimizes the cost J(r). Let

A inf J(’r).

The usual method of analysis consists of first solving the parameterized family of
stopping problems

x in,f Eo (f(X,) A dt + c(X,)I(,< + coI(,e

and then determining a A so that x 0. Work in this direction has been done under
the assumption f(x)--k and various distributional assumptions on Y. (See Abdel-
Hameed [1], [2], Drosen [5], Taylor [12], and Zuckerman [13].)
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Our method consists of first studying the discounted problem and then letting the
discount factor go to zero. (See Robin [9], 10] for previous work using this technique.)
What allows this method to succeed is that the uncontrolled process, that is,
consists of letting the machine operate until failure, replacing it by a new one, and
letting it operate until failure, etc., can be viewed as a Markov process, which we call
the replaced process. This Markov process has an invariant measure depending on the
distribution of Y. What is of some interest is that the usual assumption of an exponential
rate of convergence to the invariant measure is not required.

In 2 we establish notation and assumptions and deal with the discounted version
of the replacement problem. Section 3 is devoted to the study of the replaced process.
Section 4 contains the main technical result for letting the discount go to zero. In 5
we show that the value function of the discounted replacement problem suitably
normalized converges to the value function of the long-run average cost problem. Also
simple conditions are given that separate when the do-nothing policy, that is, r

is optimal from when it is not.

2. Notation, assumption, and study of the discounted replacement problem. Let
12=D(R+, R+) be the space, of right continuous functions with left limits. Here
R+=[0,). Let X,(w)=w(t) for wf, --, =r(X" 0_-<s<= t), -o= o, and ,,
be the respective universally completed r-fields. Let (I; o%,, X,: t_>-0; P,,: x R+) be
a homogeneous, nondecreasing, nonnegative Markov process with associatedsemi-
group. T,: t=>0 defined on C,(R+), the space of bounded real-valued continuous
functions defined on R+ with norm taken to be supremum norm. We assume

(2.1) T,: t_->.0 is Feller, that is, for f Cb(R+), Ttf C,(R+) and Ttff in
supremum norm as 0.

Let A denote the infinitesimal generator of T,: t_-> 0 and DA its domain. Assume also
that

(2.2) Xt’t>=O is quasi-left continuous, that is, if rn’n-> 1 is a sequence of
stopping times with rn ’ r, then X,,,-* X almost surely Px on the set (r <
(see Dynkin [6a, p. 103]).

Let Y be a positive random variable independent of X,’t>=O with a continuous
distribution function G(y). Let G(y) 1 G(y). Define

o- inf { t: X, >= Y}
and let H(t) Po(cr <= t) Po(X, -> Y). Assume

(2.3) G(0)-0 and Eo[cr]<

Let

(2.4) f, c Cb(R+), f, c >= O, Co> 0 a constant.

Let Xk",. => 0 and Yk, k_-> 1 be independent copies of X," t=> 0 and Y. Define
cr inf {t" X>, Y}. Suppose r" k > 1 are stopping times with respect to ," > 0,
the universal completion of o-(X" 0_-< s _-< t). Assume for all n, k=>, cr ^ r o almost
surely Po. We use the notation )= (rl, r2,’" ") and refer to as replacement times.
Define for c > 0

=2j=l
.tf(X) dt+%^%(c(Xnr,,)I(r,,<.)+CoI(r,,>__.)))].
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Here it is assumed that Po(Xko =0)= 1 for all k => 1. Let

V inf ().

We seek to find the optimal policy so that

V i(),
and we refer to this as the optimal replacement problem.

Let } (’,, z,. .) be any replacement sequence and define }’ = (-, ’3," ").
>Ir is a replacement sequence and

> 1)

Define

I(,) Eo 7(Xt) dt +’(V+ c(X,)I(,<) + CoI(,))

It is an easy argument to show that

V inf I (r).

Remark 2.1. The usual discretization argument will show that for any stopping
time r with respect to " 0 on the set (z <)

Po( rl) Po(X

and

On the set (-=

Po((r > l) Po(X < YI) ((x).

Po(o’-<’l) 1 and Po((r> ’[)=0.
The following identities can then be easily established:

Eo ,f(Xt) dt Eo ,’O(Xt)f(X,) dt

Eo[ c(X)I(<)]= Eo[c(X)G(X)],

Eo[e’I(,)] Eo ’G(X,)+ ’a() dt

Define for x 0

]
We see from Remark 2.1 that J(r)= I(r) and so g =inf, J(r).
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THEOREM 2.1. Suppose c(0)>0 and (2.1)-(2.4) are satisfied. Let V(x) be the
maximal solution of the problem

he Cb(R+), h(x)<-h(O)+(x)c(x)+coG(x),

h(x)<-’Th(x)+ f’T(f+a(h(O)+co)G)(x) ds;

then

(2.6) V(x) inf J(r)

(2.9)

and if

(2.7) .=inf{t=>0: V(X,) V"(O)+t(X,)c(Xt)+coG(X,)}
then V(x) J(?). Moreover V(0) V =int-/’() and if =(, 2,’" "), where

is defined by (2.7) with X replacing X, then

(2.8) v=f().

Proo For b > 0 and r a stopping time define

J(r) x ’(d(X)f(X,) + (b+ co)G(X)) dt

]+ "’(b + G(X,)c(X,)+ coG(X,))

V(x)=inf J(r).

Under our assumption it follows from Robin 10] or Bensoussan [3] that Vb(X) Cb(R+)
and is the maximal solution of

(2.10)
h Cb(R+), h(x) <= b + (x)c(x) + coG(x),

h(x)<-_’Th(x)+ ’T(f+a(b+co)G)(x) ds.

Moreover if

?b inf{t Vb(X,)=b+a(Xt)c(X,)+coG(Xt)},
then

b(2.11) Vb(X)= Jx(rb).

Since for 0 < bo < bl, Jb(r) _--< jb,(r) for any stopping time r,

(2.12) Vbo(X) <- Vb,(X), 0< bo< bl.
Moreover for any bo, bl->-0

jbo(r) Jb(r) E aO’(bo-b)G(X,) dt+.’(bo-b)

and therefore

(2.13) Vbo(X) Vb,(X)[<=2(bo-bl).
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We show the existence of a b so that V6(0)= b. To this end we first show there is
a bo> 0 so that Vbo(O)< bo. Recall that o-= inf {t’X, >= Y},. Now

H(t) =- Po(o’<= t)= Po(Xt >= Y)= Eo[G(Xt)]

and so

(a) Eo[] Eo a .atG(Xt) dt

Since H is not a point mass at 0, /(a)< 1. Define

Zo Eo ’(f(X,)(X,)+ aCoG(X,)) dt

For b > 0, V(0) Zo+ bH(a). Select bo> 0 large enough so that Zo+ boll(a) < bo. By
construct then 0 b Vo(0) < bo, and by (2.12) we have inductively 0 b V_,(0)
V_(0) b_, k 1. Define lim+o b b. From (2.13)

V (x) V(x)] 2]b b]

and so

b lim V (0) Vg(0).
k

Now from (2.9) and (2.10)

V(x)=in,f Ex ,’(d(X,)f(X,)+o(V(O)+co)G(X)) dt

+ (v(o) + G(X,)c(X,)+ CoO(X))

and V(x) is the maximal solution of

h C(R+), h(x)a V(O)+(x)c(x)+coG(x),
(2.5)

ioh(x o’h(x + r,(6f+( V(O + coa(x s.

Note that (2.15) is different from (2.5); this is the main point remaining.
Let r be any stopping time. By (2.14) and Remark 2.1

v(o o e(x, + e’( v(o + ,<c(X, +co,

Therefore for any inspection sequence

[io
m=2 j=l

Since, r, r almost surely Po, V(0) (). Note that if h(x) is any solution
of (2.5) the same argument shows h(0) l(r).
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Let "k inf { t: V6(X) Vs(O) + (Xk k)c(X, )+ coG(X)}. Since 7’k is optimal for
V and by Remark 2.1,

k
k(2.17) Vs(0)=Eo OY(X) dt+O(Vs(Ol+c(X)I(<)+CoI())

By assumption c(0) > 0, and so V(0) < V(0) + c(0). Hence for e > 0 there is a 8 > 0
so that if 0 =< x =< 8

V(x)+ 6 < V"(0) + G(x)c(x)+ coG(x).

This implies "k > Pk./2 inf {t: X => 6/2}. Since Xt" >- 0 is right-continuous, ’k./_> 0
almost surely Po and therefore "k > 0 almost surely Po. Since o’k is not a point mass
at 0, Eo[’k ^ o’k] # 0 and so k->, "k ^ (rk= almost surely Po and (., z2,...) is
an inspection sequence.

Because at each stage (2.17) is an equality when the -k’s.are used and since
(’1, ’2 is an inspection sequence, we see that V(0) >Io(r), and therefore

V VtT(0). Hence for any solution h(x) of (2.5) h(0)-< V(0) and if . is optimal for
V, standard arguments show

h(x)<=Ex .’’(Xt)f(X,) dt+.’;(h(O)+(X)c(X;)+CoG(X)) <- V(x).

Hence V(x) is the maximal solution of (2.5).

3. The replaced process. Let Xk" ykt>--0 and be as in 2. As before O’k--
inf{t: xk>t yk}. Assume Po(Xo=0 for all k)= and define (to=0. Let Tk--jk=O
and define

Z, X,_r_, on the set Tk- =< <

We refer to Z," t>=0 as the replaced process. Let H(t)= P((r<=t), H(k)(t) the k-fold
convolution of H(t) and R(t)=Y.o H(k)(t). It is standard from renewal theory (see
Feller [8]) that (2.3) implies R(t)<. From Remark 2.1 for Bc R/ Borel,

Po(Zt B) , Po( Tk_, < t, Xk k < yk)Tk_ B, Xt_ Tk_
k=l

=, Eo[J(X-)In(X-)]H(k-’)(ds)

p,_(O, dz)G(z)R(ds)
B

where p,(0, dz)= Po(Xt dz).
Define Y, by defining for y > x

P( Y_-< y)= P( Y<= y Y> x)=
O(y)-G(x)

=G,(y).

Let Yx have distribution Gx(y) and be independent of the other yk’s and the Xk’s.
We use the notation Px to stand for the convention Px(X x, Xko O, k >- 2s) 1. Define

Crx=inf{t’X>-Y} and H(t)=P((rx<-_t).
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By a slight modification of Remark 2.1,

Px(Z, e B)= Ex[IB(X)O(Xt)]+ 2 Eo[IB(Xt_s)O(X,_,)]Hx * H(k-2)(ds)
k--2

(3.1t
t(y)

/p(x, dy) (X) p_(O, dy)G(y)H g(ds)

where pt(x, dy)=P(X,dy). A direct calculation will show that the transition
probabilities for Z: >-0 satisfy the Chapman-Kolmogorov equations and therefore
Z: _-> 0 is Markov.

Remark 3.1. From (3.1) we see

E[(X,)]
G(x) - Eo[G(X,_s)]Hx * R(ds)

and therefore

Eo[G(Xt_)]H * R(ds)=
x[(x,)- (x)]

G(x)
=Ex[x(X)].

Forf Cb(R+) define Stf(z)= E[f(Zt)] and so (3.1) gives the identity

1
(3.2) S,f(x) .’="x’ot Tt(Gf)(x)+ T,_Gf(O)Hx R(ds).

Suppose

(3.3) G DA and AG(x)/G(x) is bounded and continuous.

Since Tt" => 0 is Feller, it is easily seen, from (3.2) and the fact that Hx(t) is weakly
continuous in x, that iffe Cb(R/) then S,fe Cb(R/). To show that St" =>0 is strongly
continuous, note that by Remark 3.1 and (3.2),

T,(Gf)(x)
IS,f(x) f(x)[ <-

(x) f(x) + [IfllTtGx(x).

Now

T(Gf)(x) Tt( Gf)(x) G(x) Tf(x)
f(x) - Ttf(x) f(x)

O(x) O(x)

and

Tt( Gf)(x) G(x) Ttf(x)
G(x)

Moreover by Dynkin’s formula

1 IoT,G,(x) (x) T(AG)(x) ds <-_ T (x) ds <--t

Hence
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(3.4)

Remark 3.2. Let A be the infinitesimal generator of St" >-O. From (3.1),

1 T,(Gf)(x)-G(x)f(x)
Af(x) im O(x)

/i_,mo
1 Io Tt_(Gf)(O)H * R(ds).

Now by Remark 3.1,

Tt_s(Gf)(O)Hx * R(ds)= Eo[G(Xt_s)(f(Xt_.)-f(O))]Hx * R(ds)

+f(O)E[G(Xt)].

If Gf DA and A(Gf)(x)/G(x) is bounded and continuous then

1 TtGf(x)-Gf(x) .AGf(x)
G(x) G(x)

lfo ( [Af] af(x)

llo’ [Af(X)((X)1)] ds+ ? O(x) O(x-

sup L + 7 x[G(x)] as
Ost

oS:e, II + 117 I1 11
Also - Eo[G(X,_s)(f(Xt_)-f(O))]H * R(ds)

1
sup ITf(O)-f(O)I-E[G(X,)]O<_s<_t

and

1 AG(x)
x[(x,)]-

1 AG(x))d(x)
ds

_-< sup Ts + 2.
O<_s<=t

Therefore if Gf DA and AGf(x)/G(x) is bounded and continuous then

AG(x)Af(x)=AGf(x) +f(O)O(x) O(x)
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Moreover, a simple check of the above will show that iff D,, then Gf DA and
AGf/G is continuous and bounded.

THEOREM 3.1. Suppose (2.1) and (2.2) hold and

(3.5) E[o’] E[_G(x,)] dt < oo for all x.
G(x)

Then Zt" >= 0 has a unique invariant probability measure II given by

H(A)
Eo[Jo a(X,) dt] Eo[o A(X,)G(X,) dt]

Eo[tr] Eo[J t(X,) dt]

Proof. Remark 2.1 shows the two versions of II are identical. Recall the convention
Px(X=x, Xko=O, k->2)=l. Let fCb(R/). Since trk" k=>l and jkf(x,k)dt: k>=l
are independent and, respectively, identically distributional for k _>-2 with means

Ex[trk] Eo G(Xt) dt k>_2

and

Ex f(Xt) at Eo f(X,)G(X,) dt k >-_2

we have by the Strong Law of Large Numbers

lim,_,o -t Jo f(Z) ds= lim 1In Ek= k ds

1/nEk=O’k
Eo[f(X,)d(X,) dt]

a.s. exEo[J’o d(X,) dt]

for all x. Hence H is an invariant measure.
If I’I is any other invariant measure, for f Cb(R/)

io io Iolof()I(d) E[f(Z)]I(d) lim
1 [f(z)]fi(d) ds

iof(z)ri(az)i(az) f(z)r(az).

Remark 3.3. In the article by Robin [9] it is required that

IPx(Z, r)- rI(r)l_-< Cl ’, 1> 0

and as a consequence

[[stf f f(z)l-I(dz)[[ <= C2 . 2’, 62>0.

For our case, it can be proved using renewal theory that lim_ Stf(x) f(z)H(dZ)
pointwise, but we will not .have in general an exponential rate of convergence.

For what follows we impose the conditions

(3.6) Px(Xt<)=l /tandx, limt_,Xt=oo almost surely Px

(3.7) Ex[crx]
Ex[ (X) dt]

((x)
_-< C independent of x.
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Remark3.4. Let fCb(R+). The main point of (3.7) is to insure that
Ex[o fid(X,)f(X,) dt]/t(x) is continuous and bounded. Clearly

E[Jo t(X,)f(X.,) dt] -<- fll Ex x <- C fll,
G(x)

and continuity follows from the Feller property and the fact that

[I ]Ex G(X,) dt <= CEx[G(XT)].
T

Let fe Cb(R/) and for a > 0 let us(x) be the unique solution of .u- au, -f.
It is standard that

Define

us(z) ."SEz[f(Z,)] dt.

f= f(z)II(dz).

THEOREM 3.2. Under the assumption (2.1), (2.2), (3.3), (3.6), and (3.7), we have
the following"

(i) lima_o au (x) f uniformly in x;
(ii) Let v,(x)=u(x)-u(O); then lim,_o v(x)=v(x) uniformly on compact

sets where

v(x)
E,[ (f(Xt)-f)(Xt) dt]

G(x)

and moreover v(x) is the unique solution of
-Av f f with v(O) O.

Proof. From (3.1)

io ’’T,(f)(x) dt+ P.’ T, (f)(O)Hx * R(ds) dt.u(x) (x)
By (3.7)

and so

Next

1 P.’T,(f)(x) dt
d(x)

lim a Tt( f)(x) dt 0
o dx uniformly in x.

ot Tt_s(f)(O)H R(ds) dr= ."’T,(f)(O) dt x(a)/(a)

where , and/ are the Laplace transforms of H, and R, respectively. Since

R(a)
1-H(a)

where H(a)= Eo[,r]
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and

1
lim -(a)= Eo[o’] Eo d(X,) dt

to prove (i) we must still show limo H(a)= 1 uniformly in x. Now

(x)-Ex[o a ’(G(X)-G(x)) dt]
1-Hx(a)

ax[x]aC
a(x)

and we have uniform convergence in x. To show (ii), first note

u(o o ’d(x,lf(x,l (.
Therefore

us(x)- us(O)= O(x) Ex ’O(Xt)f(Xt) dt

+ Eo at(xt)f(Xt) dt Hx(a,)- 1

1 -H(ce)"
It is enough to considerf O. Now as a 0

1 [fo ] 1

(x) [fo-(xE t(Xt)f(Xt) dt E G(Xt)f() dt

with the limit being bounded and continuous by Remark 3.4. Also

lim o ’(X,)f(X,) dt
,o 1-(a) =f

and

1-I?tx(a) Ec[I .’tO(Xt) dt] E:[Jf t(Xt) dt]
d(x) ,(x)

Hence uniformly on compact sets lim_o us(x)-u,(O)= v(x).
Since v(0)=0, to show -Av=f-f, by Remark 3.2 it is enough to prove that

Gv DA and -AGv G(f-f). To this end we have, by the Markov property,

G(x)v(x) E, G(X)(f(Xs) f) ds + G(Xt)v(X)

Therefore

T,Gv(x)- Gv(x) + (x)(f(x)-f)

l for<--- [ITs((f-f) (f-f)II as --> 0 as --> 0.

Last, for uniquene.ss, suppose vl and v2 are two solutions of-Au =f-f, u(O) -O.
Let w vl- v2. Then Aw 0 and since w(0)= 0 it follows that AGw 0. By Dynkin’s
formula then G(x)w(x)=E[G(X,)w(X,)] for all and by (3.6), G(x)w(x)=
lim,_. E[G(X,)w(X,)]=O for all x and so w(x) =0 for all x.
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Remark 3.5. It is well known that a necessary condition that -v=f have a
solution is for o f(z)II(dz) =0. By the argument just used in the last part of the proof
of Theorem 3.2, it can be proved that o f(z)II(dz)= 0 is also a sufficient condition.
Moreover any two solutions of Av -f must differ by a constant.

4. Asymptotics of a stopping problem. Assume that

(4.1) f, ald’ Cb(R+) withf=>fl>0and =>0.

Let G(x) be as before. For a > 0 and r a stopping time define

(4.2) J(r) Ex .’tJ(Xt)f(Xt) dt +

and let

(4.3) J,(-) E, G(Xt)f(X,) at + G(X)(X)

Under the assumption (2.2), (3.6), and (3.7) it is consistent to define G(X)(X)=0
on the set (r oo) and note that under (4.1) limt_.oo J(" ^ t) J(r) < oo for any stopping
time -. Define

(4.4) u(x)=inf J,(’) and u(x)=inf J,(’).

We wish to establish the following generalization of Theorem 3.1 of Robin [9]
(see also [9, Remark 3.3].

THEOREM 4.1. Under (2.1)-(2.3), (3.6), (3.7), and (4.1) we have the following"
(i) u is the maximal element of the set offunctions

h Cb(R+), h(x) <- t(x)(x),
(4.5)

h(x) <-_ Tth(x) + T,( Gf)(x) as.

(ii) -=inf{t: u(Xt) (x,)(Xt)} is optimal, that is

u(x) J().

(iii) us " u uniformly on compact sets.
The proof will follow after a series of lemmas.
Remark 4.1. The difference between our Theorem 4.1 and Robin’s Theorem 3.1

of [9] is the presence of G(x) in our case. In Robin’s result, which also assumes (4.1),
for , optimal, it must be that Ex[’] <. For our case, since lim_. Jx(-^ t)= J(r)
we have

(4.6) u(x)=inf{J(r)" Ex[-] > c},

but it may happen that for - optimal, Ex[,]
At this stage in the proof it is necessary to introduce the penalized problem and

establish properties of it. Let

’Yt" t-->_ 0 be nonanticipating with respect to t" _-> 0 with 0 <= ’)/t 1.

For e > 0 define

[Io (- 1
J(y) E O,/I;,as G(Xt)f(Xt)+-ytC(Xt)(Xt) at

E
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and let

u(x)=inf J(y).

Remark 4.2. We claim that

u(x)=inf J.(y): ytdt=o a.s. Px

Suppose P,(o yt dt < co)> 0 and let t$ > 0. It is enough to show there is a 3;t" _-> 0 so
that o "t dt and

J()J()+.

From (3.7) we have

J(T)Ex G(X,) dt Ilfll+-II*ll
E

and hence there is a To so that if T To

e1/ ; ". a(X,g(X,)+-,d(X,)*(X,) t < /.

Since (3.6) implies that lim,[G(X,)]=0, we can find a T so that if r T,
x[a(x).(x)] < /21-1t. Select re ro Vrl and define

/ ,, N T,
1, t>

It then is a simple matter of checking to see that

Define

and

Let

J’"(),)=E .,/Iv.d (t(Xt)vl_.f(Xt)+1%(Xt)(Xt) dt

J’()’) Ex , l/ I ,ds G(Xt)f(Xt)+-%(X,)(Xt) dt
E

u,,(x)=inf Jx’"(y) and u,,(x)=inf J,"(y).

Section 3.3 of [9] establishes that u,, Cb(R+). See either [3] or [10] to find that
u,(x) Cb(R+).

LEMMA 4.2. (i) u,,(x)$ u(x).
(ii) u,,,(x)$ u(x).
(iii) u x is the unique nonnegative solution in C R+) of

(4.7) u(x)= Ttu(x)+ Ts f-l(u-*)+ (x) ds
E
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and if
1, u(X,) >- G(X,)e(X,),

u(X,) < O(X,)e(X,),

then

(4.8) u(x) J(’).

Proof. For (i), note that if %= 1, J’"()</nllfll+llll<.
If, on the other hand, for Px(J y, dt<)> O, then (4.1) implies

and therefore

J’"(Y) >=-fl Ex ,’/ vsds dt

(4.9) u.,(x)=inf J,’"(T)" y, dt= a.s. P,

Since, if Px(o Y, dt= c)= 1 then J’"(T)$ J(Y) as n , it follows from Remark 4.2
and (4.9) that u,,(x) u(x).

For (ii) observe that for all y," tO, J’(y)J(y) as a-0, and so u.,(x)
increases to a function ff(x) as a -0, where (x) u(x). By taking y, 1 we obtain
the inequality

a(x)u(x)d(X)Ex ’/’ f(X,)+ dt
E

and so

(4.10) lim (x) O.

From [3] or [10] the standard results yield the identity

e Ttu.,(x)+ T df--(u-G)+ (x) ds,
and so

( )a(x)= r,a(x)+ 7"s df-l(a-O.)+ (x) as.

For any %" t_-> 0 integration by parts yields that

(4.11) P.’/;v.dsa(X,)+ .l/I,,,,d, G(X)f(X)+-%a(X)

-!(a- d.l+(X)) ds

is a martingale. Letting

a(X,) < G(X,),I,(X,),
t(X,) >= G(X)(X,)

in (4.11) and after taking expectations, letting t, and using (3.6) and (4.10) we
obtain t(x)= J,(3) and so t(x)= u(x).
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Parts (i) and (ii) show that u(x) Cb(R+) and (4.8) have been established, so
what is left of (iii) is the uniqueness of nonnegative solutions of (4.7). If w(x) Cb(R+)
and is a nonnegative solution of (4.7), then (4.11) is valid for w(x) and so w(x) <-_ J,(y)
for and yt" =>0. Also since (4.10) is valid for w(x) and if

o, (x, < a(x,(x,,_, w(x,) => a(x),(x,)

we obtain w(x)= J() and so w(x)= u(x).
Remark 4.3. Let

J,(-) E, G(Xt) f(X) dt +

and u,(x)=infJx(’); then u,(x) Cb(R+) and u,(x)$u(x). To see this note that for
the case u,(x), Theorem 3.1 of [9] applies and so u, Cb(R+). Note that for any
stopping time -with Ex[-] <c, J(’)$Jx(’) and therefore u,(x), and un(x)>-u(x).
For e>0 choose " so that O<=Jx()-u(x)<e. Since lim_,oJx(’At)=J() and
lim,_ J,(r ^ t)= Jx(r ^ t), we can select to and no large enough so that [J"o(r ^ t)-
Jx(r)[<e. Hence U,o(X)-U(X)<2e and u,(x)$u(x).

Remark 4.4. Observe that Lemma 4.2 is valid when G(x)(x) is replaced by

(4. ,I (x)= c(x,),I,(X,l

since

(x) (x)llll.
LEMSA 4.3. U(X), U(X) as e O.
Proof An argument due to Menaldi (see [3] or [4]) shows that for a >0, u,,$

as a 0. Lemma 4.2 then yields the fact that u as e 0.
Define r =inf{t" u(X) G(X,)(X)}. Lemma 4.2(iii) implies

u(x)= E u(X,,,)+ G(X)f(X) ds

On (r =), u(Xt)< G(X,)(Xt) for all and so lim,ou(Xt)=O. On (r <)
because of (2.2)

lim u(X,) u(X) G(X)(X,).

Hence we can conclude that

(4.13) u(x)-2x(-)u(x).

Let xlt(x) be as in (4.12). Define w.(x) and w(x) by substituting t in place
of G in the definitions of u and u. The same argument that was used to establish
(4.13) shows w.(x) >= wt3(x).

Suppose E,,[ -] < oo and define

{0, t<’r,
Yt 1, t>=".
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Now for the t problem

J’a(y’)-J(z)= Ex /(’-’ d(Xt)f(Xt)+lxltl3(Xt) dt-W(X,)

Since e D, it follows that

E

is a maingale with respect to % ,+. Hence by taking expectations and letting
m, we obtain

-[(x.)] e/’ o(x..,- (x.+,) t

N e1/(’-’) A*,(Xt)-!*(Xt) dt
E

Therefore

J’t3(y)- Jx(’) Ex P.1/(t-)(J(Xt)f(Xt)-Aattg(Xt))dt

--< IIf-at II.
For the same reason as in (4.6), wry(x) inf {J(r)" Exit] <} and so w(x)

w,(x) w(x)+ ellf-A II. Therefore
w, w(x).

It is a standard fact from semigroup theory that

Moreover since

IIw nil I1 dll and IIw, ull I1 11
it follows that u(x)$u(x) as e 0.

LZMMA 4.4. U U.

Proo Let

w,o (x) if ’(X)f(X) dt +

and w....(x) be analogously defined. Then as before

Letting w, and we be as in the proof of Lemma 4.3,

By Remark 4.4 and Lemma 4.2 w.... w, as e 0 and therefore w,(x) we (x) as
0,

Now

Iu(x (xl ,(x u(xl + ,(x (xl + (x

211" d*ll + w,(x) wo (x)l.
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Letting a-0, we have that fl- yields lims_o us(x)=u(x). It is then clear that
us(x)u(x) since for all stopping times z, J(z)Jx(z).

Proof of Theorem 4.1. From Lemmas 4.2 and 4.4 we have u(x)$u(x) and
us(x)u(x). Hence u Cb(R/) and us- u uniformly on compact sets.

Since we know from the general theory (see [3] or [10]) that us(x) is the maximal
solution of the problem

and

h Cb(R+),

h(x) <- .StTth(x + .SSTs( tf)(x) as,

it follows by letting a 0 that u(x) is a solution of (4.5). It is also standard that if h
is any solution of (4.5), h(x)<-_Jx(z) for any stopping time z and therefore h(x)<= u(x).
What is left to show is that

" =inf{t" u(Xt) G(Xt)(X)};

then u(x) Jx(’).
To this end let B {x" u(x) G(x)(x)}. If x B, then z-= 0 and there is nothing

to prove. If x B, find 3 > 0 so that

u(x)+<G(x)(x).

Define for R>0, zR=inf{t’[X--x[>--_R} and z=inf{t’u(Xt)+3>=t(X,)(Xt)}.
Since u Cb(R+), Lemma 4.3 yields that u(x)o u(x) uniformly on compact sets.
Choose e,R SO that if 0 < e < e,R

sup lug(y)- u(y)l < 3/2.
[x-yl<R

Thus for [0, ’ ^ ’R)

u(X,) < u(X,)+_
2 <-O(x,)(x,)--.

So from Lemma 4.2(iii),

u(x) Ex u(X.^.,)+ G(Xt)f(Xt) dt

Letting e - 0, we obtain

(4.14) u(x) u(X,,+ a(X,g(

Since 0 N u(x) G(x)(x), lim u(x) 0 and so by (3.6) lim, u(X) 0. Moreover
by (2.2), we can then let R in (4.14) to obtain

u(x) G u(x, + G(X,)f(X,)

Last, we note that . This is so because 4 as 0, and by (2.2), X, X
on (4<m) as 0. Thus u(X)G(X)(X) on (4<m). Since 4N, we have 4=
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on (? < oo) because of the definition of "f. Since ? <= ,, in general, ,7 on (,7 o). Hence

u(x) lim u(X,) + G()f(X) dt
o

u(X)+ G(X,g(X,) de

which finishes the argument.. Te lg-r erge es rMe. Let V (x) be the value function for the
Discounted Replacement Problem of Theorem 2.1. Recall that

V(x)=ifx (d(X,)f(X,)+(V(O)+co)G(X,)) dt

(5.

Let

r(x)
AG(x)
G(x)

Since X," t_-> 0 and G(x) are both nondecreasing, it follows that r(x)>= O.
Define

(5.e)
Eo[J J(Xt)(f(Xt)+ cor(Xt)) dt]

Eo[S d(Xt) dt]

Remark 5.1. By Dynkin’s formula

O= Eo G(X,)- AG(X,) ds

By (3.6) we obtain, letting o0,

1 Eo G(Xt)r(Xt) dt

Hence (5.2) has the form

Eo[Io ((Xt)f(Xt) dt]+ Co(5.3) Ix Eo[So J(Xt) dt]

Remark 5.2. We claim

(5.4) 0< A lim aVe(O) <= Ix.

First recall that

H( t) Po(o’- t)= Po(Xt >- Y)= Eo[ G(X,)]

where r inf {t: X, >= Y). Hence

/-(a) Eo[,] Eo ,"’G(X,) dt
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From (5.1), letting r -= c, we obtain

0<= V(O)<-Eo .’(Xt)f(X,) dt +(V’(O)+co)I2I(a)

and so

(5.5) o-v(o) <

Since

(5.4) follows from (5.5).
Remark 5.3. Define

o(X)

Eo[’o P.’(X)f(X) at]+ Coil(a)
(1-H(a))/a

and let

1-H(a)
Eo[o’] Eo G(Xt) dt

E,[J (X)(f(X) + cor(Xt) ix dt]
G(x)

p=supixo(X) and Ixp(x)=ixo(X)-p.

Now Ixp(x) -<0, and since Ixo(0) =0, t9 => 0. By Theorem 3.2, Ix(x) is the unique solution
of

-,IX, (x) =f(x) + cor(x) tx

with Ix,(O)=-p. Also

A( GIxo)(x)AIxp x
G(x)

Therefore we have both

(5.6)

and

AG(x) A(GIxp)(X)
-i- Ixp(O) ((x-- ((x) -pr(x).

"’r(X,)Ix(Xt)+ s(t(Xs)(f(Xs)+ cor(Xs)

-( + pr(X)))+ G(X)(X)) ds

(5.7) G(Xt)Ixp(Xt)+ G(X)(f(Xs)+cor(X)-(ix+pr(X))) ds

are martingales.
Remark 5.4. By Dynkin’s formula

P."’G(X,) P.’’( O(X)r(X) aO(Xs)) ds

and

are both martingales.
Define

(5.8)

G(Xt)- G(X)r(X) ds

v (x) v" (x) v (o).
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From the identity

(1 ’) V (0) a p.t dt V (0)

we see from (5.1) that

(x) in,f E O’((X,)(I(X)-oV(O))+acoG(X))
(5.9)

+ (G(X)c(X) + coG(X))

Let h be as in (5.4) and

(5.10) V(x) ifE G(X,)(f(X,) dt + G(X,)c(X,) + coG(X,)

Suppose

(5.11) +pr(x)-h >0.

Remark 5.5. Since p0 and r(x)0, (5.10) is implied by

(5.2) ->o.
LEMMA 5.1. Let a, 0 so that

lim a,V,,(O)=

Undertheassumption (2.1)-(2.4), (3.3), (3.6), (3.7), (5.11), andc(O) > 0 andf(x) > O.
(i) lim, V,(x)= V(x) uniformly on compact sets.

Moreover V(x) is the maximal solution of
h C(R+), h(x)O(x)c(x)+coG(x),

(5.3)
h(x r,h(x + rs(6(f-a s.

(ii) V(0) 0.
(iii) =inf{t" V(X,)= G(X,)c(X,)+coG(X,)} is optimal, that is,

V(x)= 6(x,(f(x, + 6(Xlc(X + co6(x

oo Define (x) V(x)-G(x)o(x)-coG(x) and w(x)= V(x)-
G(x)o(x)-coG(x). From (5.9) and Remarks 5.3 and 5.4,

w(x) if 0d(X)( +Or()- V(0)) dt

From Remarks 5.3 and 5.4,

(5.14) w(x)=ifE a(x,)(+or(x,)-) dt+G(X,)(c(X,)-o(X,))

Note that (2.2) and (3.6) are required when is not finite almost surely P in (5.14).
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Next define

#(x)=in,fE ’(X,)(t+pr(X)-A) dt+O’(X,)(c(X,)-xo(X,))

Now

By (3.7), E[o O(X)dt] C independent of x and so lim. -(x)-w.(x)=0
uniformly in x. From (5.10) and the facts p0 and c(x)-(x)0, we obtain from
Theorem 4.1 that limo (x) w(x) uniformly on compact sets. Hence

and therefore lim. V,,(x)= V(x) uniformly on compact sets.
Theorem 4.1 also yields that w(x) is the maximal solution of

h(x r,h(x +

From Remarks 5.3 and 5.4 we conclude that V(x) is the maximal solution of (5.13)
which finishes the proof of (i).

By (5.8), (0)=0, and hence (0)=0 showing (ii). Theorem 4.1 implies
inf{t: w(X,)= G(X)(c(X)-o())} is optimal for (5.14) and therefore optimal for
V(x) since w(x) + G(x)o(x) + coG(x) V(x).
To 5.2. Under the assumptions of Lemma 5.1, we have the following:
(i) limo
(ii) limo V(x)- v(o)= g(x) uniformly on compact sets where V(x) is given

by (5.10) and satisfies (5.13).
(iii) V(0) 0 and letting inf { t" X, Y}

(5.15)

(iv) Id;=inf{t V(K)=O(K)r(K)+CoO(K)} then

(5.16)
Eo[ ]

Proo We first prove (iii) and (iv). By Lemma 5.1, V(0)=0, and if is any
stopping time

(5.17)

and so

O<=Eo G(Xt)(f(Xt)-h) dt+G(X)c(X)+CoG(X)

(5.18)
Eo[j’/ (Xt)f(Xt) dt + (X.)c(X) + coG(X)]

Eo[j’, (Xt) dt]

Since , is optimal we will have equality in (5.17) and (5.18) when - is used. From
Remark 2.1 we see that (5.17) and (5.18) have forms (5.15) and (5.16).
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For (i) and (ii), let a’,0 with lim,_ a’, V;(0)= . By repeating the argument
Vfor Lemma 5.1 we see that lim,o ;,(x) 9(x), where ] is substituted for A in the

definition of 9(x). By pas (iii) and (iv) we must have A . Hence limo aV (0) A
and limo V(x) V(x) uniformly on compact sets.

Remark 5.6. The do-nothing policy is to take r . The cost of the do-nothing
policy is then

Eo[Jo (Xt)f(Xt) dt]+ Co
Eo[jo (X,) dt]

Therefore the do-nothing policy is optimal if and only if
THEOREM 5.3. Suppose X,: >= 0 has the property that for any open set U c R+, U

not containing a neighborhood of the origin, and if’t inf { t: Xt U}, then Po( ’t < c).
Under the assumptions of Theorem 5.2 ifA < tx then {x: c(x) </Zo(X)} . Moreover if
r(x) >- > 0 and {x: c(x) < o(X)} # then A < tx.

Proof Suppose A </x and let . be optimal. From Remark 5.6 Po(’ <) > 0. Since

[ioO= V(O) Eo G(Xt)(f(X)+cor(X)-A) dt+G(Xs)c(Xs)

and also

0=/Xo(0) Eo ((X)/zo(X) + ((X,)(f(X,)+ cor(Xt)-p,) dt

we obtain

0<Eo G(Xt)(Iz-A) dt Eo[G(X)(t.o(X)-c(X))].

Hence {x: c(x) </Xo(X)} .
Suppose r(x)->_/3 > 0 and {x: c(x) < Zo(X)} # . Note that p > 0 in this case.

Choose 3>0 so that U={x:c(x)+6<o(X)} and since o(0)=0, U does
not contain a neighborhood of the origin. Letting r=inf{t: X, U}, we have
Po(0 < r <)= 1. Theorem 5.2 then applies and

OEo G(Xt)(-&) dt+G(X,)(c(X,)-o(X,))

Therefore 0< 6Eo[G(Xu)]<-_ Eo[ (Xt)(/x-A) at], and so
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AN EVASION GAME WITH BARRIERS*

V. J. BASTONt AND F. A. BOSTOCKt

Abstract. This paper considers the following two-person zero-sum multistage game. An evader starts
at some given point As in the ordered set of points Ao, AI,..., A, and at discrete intervals of time

1, 2, chooses to move to one of the points adjacent to him or stay where he is. A gunner with a single
bullet may at each of the same discrete intervals of time either fire the bullet at any of the points Ar or hold
his fire. The gunner always hits the point at which he aims and the bullet takes one unit of time to reach
its target. The payoff to the gunner is if he hits the evader,/ (where I/l < 1) if he fires and misses, and
0 if he never fires. It is shown that, whatever point As the evader starts at, the value of the game is (1 +/.,)/2.

Key words, two-person game, zero-sum game, time lag system, recursive matrix game

AMS(MOS) subject classifications. 90D05, 90D20

1. Introduction. Let Ar denote the point (r, 0) of the x-axis, where r is any integer,
and consider the following multistage zero sum game. An evader starts at some given
point As and at discrete intervals of time 1, 2,... chooses to move to one of the
points adjacent to him or to stay where he is. A gunner with a single bullet may at
each of the same discrete intervals of time either fire the bullet at any one of the points
Ar or hold his fire. It is assumed that the gunner always hits the point at which he
aims and that the bullet takes one unit of time to reach its target. The payoff to the
gunner is 1 if he hits the evader,/ (where < 1) if he fires and misses, and zero if
he never fires. The solution of this game is of course very easy. If k --> -1/2 suppose that,
as soon as the game starts with the evader at the point As, the gunner employs the
strategy whereby he fires at the points As-l, As, As+l each with probability . Then
clearly the gunner’s expectation is at least (1+2/)/3; if / <-1/2 the gunner never
fires and has an expectation of zero. This shows the value of the game is at least
max {0, (1 + 2/)/3}. On the other hand, if the evader employs the strategy whereby at
each interval of time he chooses to move to the right, to stay where he is, and to move
to the left with equal probability, then clearly the gunner’s expectation will be at most
max {0, (1 + 2/)/3}. Thus the value of the game is max {0, (1 +2/)/3} and is indepen-
dent of the starting point As. In his paper [6] Lee has considered a variation of this
trivial game (with j bullets and/. 0) in which one of the points, say Ao, is designated
as a safe point, that is, if the evader at some time reaches this point then the game is
deemed to end. The payoff to the gunner in Lee’s game is the number of times he hits
the evader.

In this paper we will consider the game which, instead of having a safe point, has
two barriers, say at the points Ao and As, and the gunner has one bullet. The game
starts at one of the points Ao, A1, , As and all of the future play takes place only
on these points. So if the evader at some time arrives at a barrier, then at the next
time interval, instead of having the usual three choices he has now only two, namely
staying where he is or moving to the single permitted adjacent point. Note that if any
game starts with the evader actually at a barrier, then there are obvious strategies for
the players which show the value of such a game to be (1 +/)/2. The game with
barriers is in marked contrast to the game with a safe point; in the latter there is a

* Received by the editors March 18, 1987; accepted for publication (in revised form) November 20, 1987.

" Faculty of Mathematical Sciences, University of Southampton, Southampton, SO9 5NH, United
Kingdom.
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point to which the evader is essentially attracted, while in the former there are points
to be avoided. This fundamental difference in the games is forcefully reflected in the
nature of optimal strategies for the gunner. With a safe point, as Lee shows, there is
an optimal strategy for the gunner where he does not need the option to hold his fire;
in contrast, as we will see, in the game with two barriers he needs very much to avail
himself of this option.

We will solve our game with barriers by modeling it as a recursive matrix game.
The theory of recursive games is not that straightforward and the interested reader
may wish to consult [3] and [7], or at an elementary level [8]. We will have occasion
to use a result which as far as we can determine is not readily available in the literature;
mainly for this reason, but also for the sake of completeness, we will outline the
relevant details of the general theory in 2. This will essentially follow Everett [3],
who does not permit the player to use a strategy which depends on the past history
of the game.

The problem can also be modeled as a stochastic game with absorbing states and
a long-run average reward criterion; such games have aroused considerable interest
and there is now an extensive body of literature on them [1], [2], [4], [5], [9]. In this
approach the players can use strategies which depend on the past history of the game,
whereas in our model they cannot. This could be a serious objection to our model, as
Blackwell and Ferguson [2] and Thuijsman and Vrieze [9] have constructed history-
remembering strategies for the Big Match and the Bad Match, respectively, which are
better than any history-forgetting strategy. However, Orkin [7] has shown that, for
recursive matrix games, stationary optimal, or e-optimal strategies (which always exist)
remain so when the strategy spaces of the players are enlarged to include history
remembering ones (see our comments just after Lemma 1). This enables a recursive
matrix game to be regarded as a special case of a stochastic game, and implies that
any stationary optimal (e-optimal) strategy resulting from the recursive matrix game
formulation remains optimal (e-optimal) in the stochastic game formulation.

2. Recursive matrix games. A recursive matrix game F consists of a finite number
F1, F2," ", F, of so-called game components. Each game component Fr is essentially
a matrix game but with the difference that the entries of the matrix need not be numbers
but may be probabilities of playing other game components. The two players P1 and
P2 start with one of the game components at time t--1. They choose a row and a
column, respectively. If the corresponding entry is a number, then that number is the
payoff and play terminates. If the entry is not a number, a game component F, is
chosen according to the given probabilities and the players then play Fr at time 2.
Should a number turn up at this stage, that number is the payoff and play terminates;
otherwise play continues in the obvious manner. In the event of an infinite play the
payoff is defined to be zero. A strategy X for P1 in F is defined as a sequence
X =X1, X-, X’..., where each term X is a sequence Xt, Xt,, with the
significance that X is a mixed strategy to be used at time in the game component
Ft. Note that X covers all possible starts at 1. If, for a particular r, Xtr is independent
of t, X is said to be stationary in the rth component, and a strategy which is stationary
in all components is simply described as stationary. A strategy Y for P2 is defined
similarly.

Now suppose the players use the strategies X and Y. Let q, denote the conditional
probability when in F of going to Ij under X, Y, and denote the matrix (q,) by
Qt(X, Y). Let E(X, Y) be the contribution to the expectation at time conditional
upon being in Fi, and denote the corresponding vector by E’(X, Y). At 1 play
starts in F; let E’)(X, Y) denote P’s expectation up to and including time t, and
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denote the corresponding vector by E’)(X, Y). It is then clear that

(1) E’)(X, y)=,l(jj=o ),_[I Qi(X, Y) EJ+I(x, Y)

where Q(X, Y) denotes the unit matrix I of order n. As t- oo it is not difficult to see
that E’)(X, Y) converges to, say, E(X, Y), and because a zero payoff is assigned to
an unending play, this limit is the expectation which results when the players use the
strategies X and Y. For each real n-vector W=(wl,..., wn) let Fr(W) denote the
real matrix obtained by substituting wi for each game component F which occurs in
the matrix for Ft. Regarded as an ordinary matrix game, the value of Fr(W) is denoted
by val Fr and the value map V from real n-vectors to real n-vectors is defined by
taking the rth component of V(W) as val Ft. We let E(X, Y; W) signify the expectation
pertaining to the use of the strategies X and Y in the ordinary matrix game Fi(W),
and we denote the corresponding vector by E t(X, Y; W).

Now suppose that X and W are such that for all Y and t, E’(X, Y; W) >- W.
Then since clearly E(X, Y; W)= E t(X, Y)+ Q’(X, Y)W, it follows that, for all Y
and t, E’(X, Y)>-(I-Q’(X, Y))W. It is then an easy deduction from 1 that, for all
Y and t,

E(’(X, Y)>-W-(,=,I Q’(X, Y)

This result essentially proves the following lemma.
LEMMA 1. In the recursive matrix game F (F1,"" ", Fn) suppose X is a strategy

for P1 and W is an n-vector satisfying the following:
(i) For all strategies Yfor P2 and for all t, Et(X, Y; W) >- W;
(ii) For all strategies Yfor P2, I-Ii= Q(X, Y)-o as t-oo;

then for all strategies Yfor P2, E(X, Y)>-_ W.
We observe that if W is an n-vector which satisfies V(W)>_- W and *X is the

stationary strategy for P1 where, for all t, *X is defined as an optimal strategy for
player one in the ordinary matrix game F(W), then condition (i) of Lemma 1 would
clearly be satisfied. Since *X is stationary, the conclusion of Lemma 1 regarding *X
is valid when the strategy space for P is augmented by the set of history remembering
strategies (see Orkin [7]). Later in our investigation of the game with barriers we will
consider a particular strategy *X which we will also see satisfies condition (ii).

3. The double barrier game. We take barriers at the points Ao and An (N _-> 2)
and let Fr (r--0, 1,’’ ", N) represent the game where the evader starts at the point
Ar. It has already been remarked that the games Fo and FNeach have the value
(1 +/x)/2. Also by symmetry we note that the value of Fr is equal to the value of FN-r
for r 1, 2, , [N/2], where Ix] denotes the integer part of x. Although the analysis
for N odd and N even turns out to be generally the same, there are some differences
which we feel merit a separate treatment of thecases. We find it convenient to treat
N even in detail, this being the somewhat harder case, and at the end indicate the
variations to be encountered when N is odd. It also turns out that a solution of the
game Fr for I/xl < may be deducedfrom the single case/z 0.

In view of the above remarks, we let N 2M, and regardthe problem in terms
of the recursive matrix game F= (F,F,... ,FM), where

1 0 0-
1 0

0 1

F ]7’2
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1 0 0

00 1 0

0 1

F,._ Fr Fr+

for r=2,3, , M-l,

1 0 0

0 1 0
F4= 0 0 1

FM-1 FM FM-1
In Fr the columns 1, 2, and 3, respectively, represent the pure strategies for the evader
in which he moves to the points At-l, At, At+l; the first three rows, respectively,
represent the pure strategies for the gunner in which he fires at the points At-l, At, Ar/l;
the fourth row represents that of not firing. Let Wo denote the zero M-vector and for
k 1, 2,. define Wk (wkl, ", wk) by Wk V(Wk-1), that is, Wk is the kth iterate
of the zero vector under the value map V. Since all the number entries in all the game
component matrices are nonnegative, and because the value of an ordinary matrix
game is an increasing function of its entries it is easy to see by induction that the
sequence Wk is increasing. We will see that each sequence wkr converges to the value
of the game where the players are considered to start in Fr. The next three lemmas
enable-us to find the limits of the sequences w kr and to find optimal or e-optimal
strategies for the players.

LEMMA 2. Let a, b, c be real numbers satisfying 1/2 <- a, b, c <- 1/2, a >- b, and a >- c. Then
the value of the two-person zero-sum matrix game

1 0 0

0 0

a b

is given by v a/(1 + 2a b c).
Proof. Consider strategies X, Y for players one and two given by X=

(0, a b, a c, 1)/D and Y (1 b c, a, a)/D, where D + 2a b c. It is easy to
verify that, using X, player one’s expectation against each of columns 1, 2, and 3 is
precisely v; also when player two uses Y player one’s expectation against rows two,
three, and four is precisely v and against row one is (1 b c)/D <= a/D v. Thus the
value of the matrix game is v and the lemma is proved.

LEMMA 3. We have the following"
(i) For r 1,. ., M; k > 1, 1/2 < W

k < 1/2
k(ii) Forr=l,...,M-1, k>=l, wr=

(iii) For r 1, M, k > 2, W
k k-1 k-1 k-1 k-1 k-1r=w-l/D where Dr =l+2Wr_--Wr

k-i
Wr+l, and for all k > 2 we define w-=1/2 and wk-lM+ w-l_.

Proof. The strategies (1, 1, 1, 0)/3 for player one and (1, 1, 1)/3 for player two
kshow that for r 1,..., M w , and also show that the assumption -w < 1/2 for

r= 1,..., M implies 1/2-< wk+<1/2 for r= 1,.-., M. This proves (i).
Sincewr 1/2forr 1, ,Mwehavewlr > wr/l for r 1, M- 1. Assume as

induction hypothesis that wk > k
Wr+ for r 1, , M- 1 and for all k -> 1 define w 1/2

and W+l wt- k
1. By (i) above, all of the conditions of Lemma 2 with a wr-1,
kb= wkr and c= Wr+l are seen to hold concerning the component game Ft. Thus

wk+l k kwr_/Dr so that (iii) holds at k+ 1.
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We now establish (ii) at k+ 1; this will complete the proof of the lemma. For
r- 1, , M- 1 we have

_k+l k k k
+1 (Wr-/Dr)- (w/D+l)

{wk 1(1 k k k k
Wr+l Wr+2) Wrk(1 W,. Wr+l)}/Dk kOr+l

From (i), the definitions of Wo
k and wkM+I, and the induction hypothesis, it follows

that k k k > kDrDr+l > 0, kl)r_ Wr, and 0< 1-14)k k < 1-- 14)k k
Wr+l r+l Wr+2 for r

.k+ > k+l. this concludes the proof of the lemma.1,...,M-1. Thus wr
k kLEMMA 4. For r 0, 1, , M- 1 and k >- M, wr >

Proof Recall in the proof of Lemma 3 that for r 1,. , M- 1,
k+, k+,= {wk_ (1 W

k k k k kWr --Wr+l r+, Wr+2) Wr(1-- Wr-- Wr+,)}/DkDk
r+l

k k < 14
k k Thus if k kwhere DkrOrk+l 0 and 0 < 1- wr wr+ r+l wr+2. wr-1 > wr then

k+lwk+l>r Wr+l However, by Lemma 3(i) and the definition of Wok, we have wok> Wk for
all k->_ 1. This clearly proves the lemma.

Since the sequence Wk is increasing and is bounded above (by Lemma 3(i)), each
ksequence wr, k 1, 2, converges, say to wr. From Lemma 3 we immediately deduce

that

(a) 1/2>--Wl>--W2>--’’’>--WM>=1/2;
(b) For r= 1,. ., M Wr Wr-i/(1 + 2Wr-1-- Wr-- Wr+l),

whence wr+= l+2Wr---Wr--(Wr_/Wr), where Wo=1/2 and WM+I= WM_I.
It follows easily from (b) that if wr_ wr 1/2 then wr+l =1/2. Thus it follows from

(a) that if for some r= 1,... ,.M, wr=1/2 then, for all r= 1,..., M, wr=.
The next lemma shows, perhaps rather surprisingly, that wr is independent of r.
LEMMA 5. For each r= 1,..., M, Wr =-.
Proof As we have just seen, for r= 1,. , M, wr Wr-i/(1 + 2Wr-a- Wr-- Wr+),

where Wo=1/2 and WM+ WM-. Thus, if we use r= M, WM W_/(1 + WM--- W),
whence (WM_ WM)(WM 1) 0. Therefore, WM-1 W since WM <---- 1/2. Using r M 1,
wM-1 w_:/(1 + 2wa_2- WM-- WM) WM-2/(1 + 2W_--2W4_), whence (WM-z--
W_I)(2W_- 1)= 0. If WM-1 =1/2 then the result follows by our observations immedi-
ately preceding the theorem, so we may assume that WM_= WM_. Using r=
M 2, wM-2 wM-3/(1 + 2wM-3 w_2 WM-) WM-3/(1 + 2W_3 2WM_z), whence
(WM_ WM_Z)(2WM_2- 1)=0. AS before we must have WM-3 WM-2. Continuing in
this manner as far as r= 1, we see that Wo w, whence wa =1/2 and the theorem is
proved. [3

At this point we consider briefly the situation when N 2M + 1 is odd, that is,
with barriers at the points Ao and A2M+. The only variation in the definition of the
recursive game F (F, F2,..., FM) is that now

1 0 0

0 0

0 0 1

F_ I’M I’M
this has the effect that w+a is defined as w. Lemma 2 of course still stands. Lemma
3 holds so long as we now define, in (iii), k-1 W-I,WM+ and the proof holds with only
very minor changes concerning the game component FM. Both the statement and the
proof of Lemma 4 are unchanged. The statement of Lemma 5 remains true, the proof
being somewhat easier, since for r M we have WM WM-/(1 + 2WM-1 WM WM+I)
W-l/(1 +2wM_- 2WM), and there is no exceptional first step in the inductive process
such as we encountered when N(=2M) was even.
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The following theorem solves the double barrier game when Ix 0.
THEOREM. In the double barrier game with tx 0 the value is 1/2, independent of the

point at which the game starts.

Proof. We do not need the theory of recursive games to see a strategy for the
evader which will hold the gunner’s expectation down to 1/2. He may when at a point
Ar at time simply choose two of his alternatives, each with equal probability 1/2. If
the evader so wishes, it is obviously possible to choose a strategy of this kind which
is stationary.

The situation for the gunner is far more complex. Unless the game starts at a

barrier, the gunner must be satisfied with a strategy, which, although stationary, is
only e-optimal. Given e > 0 we look to the recursive game; by Lemma 5 choose k so
that k _-> M and, for r 1, , M, 1/2- Wkr < e. In the matrix game Fr( Wk) let Xr be the
optimal strategy for player one which is used in the proof of Lemma 3, namely

k k k k k(0, Wrk__l Wr Wr_ Wr+l 1)/(1 + 2wk
r--1 Wr Wr+l),

and define the stationary strategy *X for P1 by taking *Xtr=X for all t. Since
V(Wk) >- Wk, condition (i) in Lemma 1 regarding *X and Wk is satisfied. By Lemma

k k4 2wrk_l W--W+I>0 SO that there exists a<l such that, for all r=l,...,M,
1/(l+2wk k k

-1- wr w+l) ---< a. Thus for all strategies Y for P2 and for all each matrix
Qt(*X, Y) clearly has each of its row sums at most a. It is an easy exercise to see that
this implies that condition (ii) of Lemma 1 is also satisfied. Now define a stationary
strategy X(e) for the gunner as follows. Suppose the evader is at A (at time t); then
we have the following:

(a) For r 1,. ., M the gunner uses the strategy Xr.
(b) For r M + 1, , N- 1 the gunner uses the strategy stemming from XN-r.
(C) For r 0 and N, when the evader is at a barrier the gunner fires at the two

possible positions for the evader at time + 1 each with probability
By Lemma 1, and the remarks following it regarding history remembering

strategies, it is clear that when the gunner uses X(e), then irrespective of what the
evader does, his expectation is at least 1/2- e. This concludes the proof ofthe theorem. [3

The following two notes will be of use when we next show how we may deduce
a solution of Our game with IIxl < 1 from that with Ix 0.

Note 1. If we wish we may interpret the gunner’s expectation (with Ix -0) as the
probability of his hitting the evader; thus the use of X(e) ensures that the gunner hits
the evader with probability at least -e.

Note 2. In the proof of the theorem we see that, when the gunner uses X(e), the
probability that he has not fired by time n is at most a" which has limit zero as n .

We now prove that for IIxl< the value of our game is (1 +ix)/2 no matter where
the game starts. It is clear the evader has no difficulty in holding down the gunner’s
expectation to (1 + Ix)/2. Suppose the gunner uses the strategy X(e). Let the evader
adopt a strategy Y and let the game start at the point As, which we may suppose is
not Ao or AN. Let Hn( Y, s), M,( Y, s), and B,( Y, s), respectively, be the probabilities
that up to time n the gunner has hit the evader, fired and missed, or not fired. If
E, (Y, s) denotes the accumulated expectation up to n, then E, Hn + IxM,. Since
H, + M, + B, 1 we have M, <= 1 H, so that, when /x -< 0, E, => H + Ix (1 Hn)
(1-Ix)H, + Ix. By Note 1 the gunner hits the evader with probability at least 1/2-e, so
we may choose nl so that, for all n_->n, H,>-1/2-2e, whence E,->
(1/2-2e)(1-ix)+ix=(l+ix)/2-2e(1-ix), and it follows that X(e) is 2e(1-ix)-
optimal when Ix-<0. On the other hand, assume that Ix=>0. We have E,=
H, + (1 H, B,)Ix (1 Ix) H, + (1 B,) Ix, and since, by Note 2, B, 0, we may
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choose n2 so that, for all n => n2, 1 B, => 1 e. Let n max {n, n2} then, for all n _-> n3,
E,,>=(1/2-2e)(1-1x)+(1-e)=(l+iz)/2-e(2-) and it follows that X(e) is
e (2 /x )-optimal. This concludes the extension of our solution to the range I1 < 1.

4. General remarks. When the gunner hasj bullets there are two obvious generaliz-
ations of the game; the gunner may try to maximize the number of hits (payoff one
for each hit, /z for each miss) or he may maximize his chances of a single hit. The
value of the former game is clearly (1 +/z)j/2; that of the latter is 1-[(1 +/x)/2]j.

An interesting generalization of the game is to play it on a finite tree. An intuitive
appreciation of the gunner’s technique in the double barrier game leads us to conjecture
that with one bullet the value would again be (1 +/z)/2, but this does not seem easy
to prove.

Another game of significance is that with a single barrier; in this game there is a
barrier only at the point A0, and all of the play takes place only on the points
Ao, A,. .. This game has an infinite number of game components, and in general
it is an Open question whether or not such games always have a solution (see [7]).
However, it is of interest to observe that our Lemma 1 essentially remains valid. We
have been able to solve the single barrier game with one bullet, but the solution with
j bullets eludes us.

A referee has drawn our attention to the (discrete) Rabbit and Hunter Game [1],
which has a number of features in common with ours. The hunter (gunner) has an
unlimited supply of bullets and the payoff is given by the time to a hit. In another
version the payoff is the probability of a hit when the hunter has only a limited time
T to fire, but still has an unlimited supply of bullets. In both versions, the hunter
would clearly choose to fire at each stage and, in this respect, the games differ
fundamentally from ours.
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CONTROLLABILITY IS HARDER TO DECIDE THAN ACCESSIBILITY*
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Abstract. This article compares the difficulties of deciding controllability and accessibility. These are
standard properties of control systems, but complete algebraic characterizations of controllability have
proved elusive. The article shows in particular that, for subsystems of bilinear systems, accessibility can be
decided in polynomial time, but controllability is NP-hard.
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1. Introduction. One of the most important and basic outstanding problems in
control theory is that of finding necessary and sufficient conditions for deciding when
a continuous-time analytic nonlinear system is (locally or globally) controllable. The
goal is to provide some sort of generalization of the classical Kalman controllability
rank condition. An early success of this line of research was achieved with the
characterization of the accessibility property: there is a Lie-algebraic rank condition for
deciding if it is possible to reach an open set from a given initial state. When this
accessibility rank condition does not hold, all trajectories must remain in a lower-
dimensional submanifold of the state space. See for instance [HK], [Sul], or [I] for
a discussion of this and related results. It is known that local controllability can also
be in principle checked in terms of linear relations between Lie brackets of the vector
fields defining the sytem Su 1 ], and recent research has succeeded in isolating a number
of necessary as well as a number of sufficient explicit conditions for controllability.
The literature regarding this question is very large; see, for instance, [Su2] and the
references therein. No complete characterization is .yet available, however.

The purpose of this note is to point out that, whatever necessary and sufficient
conditions are eventually found, these are likely to be rather hard to check. One way
to quantify this difficulty is in terms of complexity of computation. There has been
previous work dealing with difficulty of computation in the context of control and
system theory. For instance, So 1 showed the undecidability ofthe realization problem,
and more recently [PT] (and references therein) dealt with the study of complexity of
decentralized control problems, while [S02] characterized the complexity of decision
problems for an algebra used to study piecewise linear control systems. For more in
the spirit of this paper, see [BW].

We shall show that the existence of easily verifiable conditions for controllability--
local or global, and even several "small-time" variants--would imply solutions to
problems known to be hard. The relative difficulty of controllability vis-a-vis the already
understood accessibility problem is clarified in the case of the class of systems that
can appear as subsystems of bilinear ones. This is a large class of nonlinear systems,
including, for instance, all minimal realizations of finite Volterra series, and of course
all linear systems. In the context of this class, we can make the precise statement that
the accessibility question can be decided in polynomial time, while controllability is

* Received by the editors August 3, 1987; accepted for publication (in revised form) November 20,
1987. This research was supported in part by U.S. Air Force grant 0247.

" Department of Mathematics, Rutgers University, New Brunswick, New Jersey 08903. Electronic Mail
address: sontag@math.rutgers.edu.
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(at least) NP-hard. Recall that NP-hard problems are widely believed to be intractable,
and one ofthe main open problems in theoretical computer science is that ofestablishing
rigorously this intractability, the famous "P NP" question [GJ], [PSI. It could be
argued that, by proving that controllability is NP-hard, we are not in fact establishing
precisely that this is harder than accessibility, only that it is true provided the above
open question in computer science is resolved. This is, however, the standard way in
which we "prove" that a problem is hard in combinatorics, operations research,
theoretical computer science, or in a control-theoretic framework [PT]. In any case,
we conjecture that, even for the class of bilinear subsystems, it must be possible to
establish exponential-time lower bounds, as has been done in the area of decision
methods for logical theories and certain problems in language theory (see, e.g., [AHU,
Chap. 11 ]). We have not yet been able to prove this stronger fact, however.

2. A few lreliminaries. The systems we shall deal with have equations

(t)=f(x(t), u(t)),

where the state x(t) is in a differentiable manifold M for each t, and the control values
u(t) (ul(t),’’’, u,,(t)) belong to a Euclidean space A at each time t. We assume
that the dynamics f are real analytic. Generalizations to more arbitrary control value
sets and to nonanalytic systems could be made, but since our purpose is mainly to
provide negative results, we shall make these results stronger by restricting to even
simpler kinds of systems below.

Given any fixed state Xo .Rn, we can pose several types of problems relative to

Xo: reachability from Xo, controllability to Xo, controllability in any fixed time T. We
may also consider the property of complete controllability, being able to find controls
that transfer any desired state to any other state. We use the notation

A’(x)
for the set of states that can be reached from x in time exactly T; when T is negative,
we mean states from which x can be reached in time -T. We may take any reasonable
family of controls" all measurable locally essentially bounded controls or piecewise
continuous controls; the results will be the same. The union of all the sets At(x) over
all nonnegative T is denoted

A+(x);
this is the set of states reachable from x. Similarly,

A-(x)
is the union over T_-<0, the set of states controllable to x. With this notation, for
instance, controllability from Xo means that A+(xo)= M, controllability to Xo means
that A-(xo)= M, and local reachability in small time means for each T>0, Xo is
in the interior of the union of the sets A (Xo), 0 =< e _-< T.

Two issues which must be clarified are the meanings of the words "given" (a
system, and possibly also an initial state Xo) and "decide" (if the system is controllable
from Xo, reachable, etc.). In its weakest sense, given could be taken to mean "given a
recursive description" of the system, that is, we should provide a computable real
function f, as well as a computable vector Xo if a fixed initial state is of interest. (See
[A] for a discussion of computable analysis, as well as [K] for an alternative viewpoint.)
Decide should mean provide a computer algorithm which, when presented as an input
with the description off (and Xo), will answer "yes" or "no" after a finite number of
steps. At this level, controllability is undecidable for trivial reasons, even for linear
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systems. For example, the one-dimensional system

:= bu

is controllable if and only if b is nonzero. But it is impossible to decide if a "given"
real number is zero or not (see [A, Thm. 6.1]). We obviously want to avoid such logical
traps, which have to do with the fact that a recursive description of the dynamics is
not necessarily in what we would intuitively call "explicit form." For linear systems,
the simplest way to get around this difficulty is to restrict ourselves to systems with
rational coefficients, explicitly given in some notation, for instance, in binary. More
generally, we could look, for instance, at a class like that of systems with polynomial
or rational functions f, again requiring rational coefficients.

In order to avoid such trivial counterexamples, and to give a stronger negative
result, we shall restrict ourselves to bilinear subsystems. These are systems with a
finite-dimensional Lie algebra, specified as follows. Given are integers N, m, and l,
and m + 2 matrices

A, G1," Gin, B

over the rational numbers. Each of A, G1," ", Gm is square of size N x N, and B is
of size N x m. Also given is a set of polynomials with rational coefficients

Oi(xl," XN), i= 1,’’’,

with b(O)- 0 and such that the Jacobian of (bl, , bl)’ (prime indicates transpose)
has constant rank, say equal to N-n. Further, we assume that the n-dimensional
manifold M, where all the b simultaneously vanish, is invariant for the differential
equation

(2.1) 2 A + Y uiGi x q- Bu,
i=1

no matter what the control u(.) is. The latter can be expressed algebraically by the
requirement that the Lie derivatives

(2.2) Lxc,

vanish identically on M, for each vector field X of the type (A + aG)x + Ba, a ".
Then to the data

(2.3) (A, G,,. , Gr,, B, th,,""", tb,)

we associate the system whose state space is

M= {x Ivi, 6,(x)=0}
and whose dynamics are given by the restriction of (2.1). We shall call a system of
this type a bilinear subsystem.

The above definition is meant to capture the idea of a system whose dynamics
can be embedded algebraically into a bilinear system. This is a rich enough class of
systems for the purposes of this note, and in fact includes many subclasses of interest.
For instance, bilinear systems result when we take all the 4 -= 0 (so n N, M v),
and in particular linear systems result when also all the G are zero. Further, minimal
realizations of finite Volterra series are always of this type [Cr].

In order to express difficulty of computation, we associate to each as in (2.3)
a size. This is the total number of bits needed in order to store the data (2.3). We
assume a fixed data structure for the matrices, say that they are listed by row, and that
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each entry is listed as a quotient of integers by giving sign, and the numerator and
denominator in binary. Similarly, each ofthe polynomials di may be given by specifying
(again in binary) all coefficients in a fixed order. We denote by

size E
the resulting integer. When we say that a certain property can be decided in polynomial
time for such systems, we mean that there is a (fixed) polynomial P and an algorithm
which, when given the data (2.3), will answer correctly in time at most

P(size E)

whether this property holds or not. The precise definition of "algorithm" is not very
critical in this context; it may be, for instance, a multitape Turing machine as in [AHU],
or one of several types of abstract computer models. For this and other related notions,
we refer the reader to the standard literature in complexity theory, which we shall not
repeat here.

Remark 2.1. A somewhat subtle point: note that when presented with a bilinear
subsystem we assume that the Jacobians have constant rank and that the derivatives
(2.2) vanish on M, and we shall only be interested in answering questions related to
controllability. Checking the consistency of the data, for instance, via the Tarski-
Seidenberg theory, could require a large computational effort, and we do not wish to
make the problem even harder due to such reasons; we want to show that controllability
is hard to check even if the data is reliable.

3. Accessibility. As an illustration ofthe terminology, we now restate in complexity
terms the simplicity of the controllability problem for linear systems. Consider the
following property:

The linear system (A, B) is controllable.

The classical condition is that the rank of the n x nm Kalman block matrix

(3.1) (B, AB, AEB, ,An-IB)

must equal the dimension n of the state space. Without loss of generality, we may
assume that A and B are integer matrices; if they are not, we can multiply by a common
denominator, which increases the total size of the data at most polynomially and does
not affect controllability. Whether the rank of the Kalman matrix is n can be checked
by Gaussian elimination, which (see, e.g., [PS, Proof of Thm. 8.2]) requires a number
of algebraic operations and is polynomial in n, m, and the size of the integers appearing
in the composite matrix (3.1). The size of these integers is, in turn, polynomial in the
size of the original data; more generally, the size in binary of each entry of a product
matrix

A=AI"’" Ak
is bounded by a polynomial in k and in the size of the integer matrices Ai.

The analogue of the above for nonlinear systems will be obtained, as may be
expected, for the accessibility problem. It turns out indeed that accessibility can be
also decided in polynomial time for the class of bilinear subsystems, as we shall prove
next.

In general, a system E is said to be accessible from the state Xo if and only if the
reachable set from Xo has full dimension, that is, if

(3.2) int A+(x0) # .
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For bilinear subsystems (2.3), we shall take Xo := 0 and say only that E is accessible.
Note that the state space is M, so in (3.2) we mean, of course, the interior with respect
to M. When : is linear in particular, accessibility is equivalent to controllability, but
these concepts are in general different.

Assume now a given bilinear subsystem E. Consider the m + 1 affine vector fields

and

Xo(x) := Ax

Xi(x) := Gix + bi

for each 1,..., m, where bi denotes the ith column of B. The set of all affine
vector fields on Rv is a Lie algebra of dimension

k:= N2q N,

with multiplication

lAx + b, Cx + d] := (CA- AC)x + Cb Ad).

Let wi, i_-> 1, be the sequence of linear subspaces of 4 defined as follows"

1 := span {Xo, X1,. .,
and inductively,

i+.1 := 97i +span {[Xi, X]li =0, , m, X e t’i}.

Let be the union of all the . It follows from the definition that if i/ for
some integer i, then also . By dimensionality we then conclude that

:= 2.

For any subspace L____ 4, denote

L(0) := {b[Ax + b L for some A}.

This is the tangent space at the state Xo 0, corresponding to the distribution L. With
this notation, we can state the (by now) classical characterization of accessibility (see,
e.g., [I, Thm. 6.15]).

PROPOSITION 3.1. The system E is accessible if and only ifok(O) has dimension n.
Note that the rank at the origin of the Jacobian matrix of (, , ) is N- n;

this Jacobian can be computed in polynomial time, and its rank can be obtained again
by Gaussian elimination. Thus n can be computed in this form, and it is only necessary
to find the dimension of k(0). We now show how to compute a basis of k in
polynomial time.

First of all, the problem is not changed by multiplying all the matrices in the
description of E by the product of all the denominators of all the entries. This increases
the size of E at most polynomially, so we assume from now on that A, G,. .,
B are matrices of integers.

We shall represent elements X Ax + b of M as vectors of size k, listing first the
entries of A in some fixed order and then those of b. For any such element, we let
/x(X) denote the maximum of the absolute values of its entries. Also, we take/2 to
be the largest of the values of the/z (X), 0, , m, for the generators of 1. Directly
frorn the definition of matrix product, we obtain the formula

/x ([X, Y]) _-< 2S/z (X)/x(Y)
for any X, Y e



CONTROLLABILITY AND ACCESSIBILITY

Next we show how to build in polynomial time, for each i= 1,. ., k, a basis

{Y,,’’’,

(note that ni _-< k) of 9i such that

/,(Y) (2N/2)’

for any j 1,. ., hi. The case 1 is clear by definition: start with the Xi and use
Gaussian elimination to take a subset which forms a basis. By induction, it is necessary
to consider now all Lie products

(3.3) [X, Yt]

for j =0,..-, m and l-1,..., n. There are at most k2 of these. Each of them has
entries of largest magnitude

/z([X, Y/])-< 2N/z(X)(2N/2)’-<_ (2N/2) ’+1.

Let B be the matrix that lists all these generators (3.3). Each entry of B, expressed in
binary, has length at most equal to

+ 1 log (2N/2

(plus a bit for the sign). Since we may assume that / 1 =< k N / N, this quantity is
bounded by a polynomial

a + bN + cN2 log/2,

which is in turn bounded by an expression of order O(M3), where M is the total size
of the original data (A, G,. ., G,, B). Thus Gaussian elimination can be performed
in polynomial time to select a subset of (3.3) which forms a basis. Note that it is
essential that this elimination be performed at each step to the algorithm: otherwise
we end up with an exponential number, (m + 1)k, of generators for the space . After
at most k steps we have a basis for k --, and hence also by evaluation at zero and
one last elimination step, we can determine the dimension of (0). This establishes
the following fact.

THEOREM 1. For bilinear subsystems, the accessibility property can be decided in
polynomial time.

Remark 3.2. We set the convention that Xo 0 only for notational simplicity. It
is equivalent to studying accessibility (and later controllability) from an equilibrium
state. The results in the case of more general Xo are entirely analogous, with accessibility
as well as strong (fixed-time) accessibility both verifiable in polynomial time.

Remark 3.3. Another property that is sometimes of interest is that of span teachabil-
ity, meaning that the linear span of the states reachable from the origin should be the
entire space. This can also be checked in polynomial time, by an argument like the
one above. In fact, the accessibility property is basically the same as a span-reachability
property at the Lie algebra level.

4. A controllability remark. In this section we shall restrict our attention to systems
of the following very special type" . w:f( z),

(4.1) Az + bu,,
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These are systems with state space

M =RxRxR
of dimension k + 2, and states partitioned as x (y, z, w), with the block of variables
z evolving as a linear system of dimension k. The control value set is RE, and we
assume that the single-input system (A, b) is controllable. We shall show that for
systems (4.1), several variants of the notion of controllability are all equivalent to the
indefiniteness of the mapping f: Rk

-’ R.
DEFINITION 4.1. The mapping f is definite if and only if f(z)>=O for all z or

f(z) <-_ 0 for all z. Otherwise, it is indefinite.
This allows us to reduce the problem of deciding if a polynomial is definite to a

controllability question, and we conclude that controllability is at least as hard to
decide as definiteness. Further, systems of the special form (4.1) with f polynomial
can be rewritten as bilinear subsystems, and this rewriting can be done in polynomial
time, relative to any class of polynomials f of fixed degree. Together with the NP-
hardness of the problem of deciding definiteness (next section), the desired negative
result will follow.

It is clear that indefiniteness is necessary for any type of controllability: iff where
definite, say f(z)>-0 for all z, then

whenever x (y, z, w)e A+(xo), for each Xo- (yo, Zo, Wo)e M. Thus it is impossible in
that case for any Xo to be in the interior of A+(xo) or of A-(xo).

Assume then that f is indefinite. We show now that, for each 8 > 0, and for each
two states Xo and , there is a control u(. which steers Xo into in time 48. We build
u in five steps.

Step 1. Apply the control Ul ---0, UE(t)=-- -Wo/8 on the interval [0, 8]. There results
a state of the form Xl (Yl, Zl, 0).

Now consider the number

y* := fi s2f(e(S-)A) ds.
0

Either (a) Yl Y* or (b) Yl # Y*. Assume first that (b) holds. We know by indefiniteness
off that there exists some vector z2 such that

sign f(z2) sign (y* Yl).

Pick any such z2. By continuity of the exponential, there is some 0 < e < 8 such that

(4.2) sign f(esAz2) sign (y* Yl) for all s [0, .e ].

Finally, pick any solution a of the equation

a 2 $2f(esAz2) ds+ (e--s)2f(esAz2) ds =y*-yx.
dO e/2

There is some such a because of (4.2). In case (a), make an arbitrary choice, say

z2 Zl,let 0< e < be also arbitrary, and let a := 0.
Step 2. Apply a control with u20, on the interval [0, -el, that takes x into

the state x2 (Yl, z2, 0). A suitable Ul(" exists because of the assumed controllability
of the pair (A, b).

For simplicity, we write (y, z, w) instead of, more accurately, (y, z’, w)’.
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Step 3. Apply a control on the interval [0, e] as follows. The U component is
identically zero, and

a if < e/2,
u2(t) ::

-a if t>=e/2.
There results the state x3 (y*, eAz2, 0); the total time elapsed is 26.

Step 4. On the interval [0, 6], let u20 and let ul(" be a control steering eAz2
into e-A. Again such a control exists by the controllability of the linear system (A, b).
The resulting state is x4 (y*, e-SAg, 0).

Step 5. Finally, in one last interval of length 6, use ul 0 and u2--- /& The result
is the desired state g.

We can summarize the discussion above.
PROPOSITION 4.2. Let , be a system as in (4.1), and pick any fixed Xo M. The

following properties are then equivalent:
(i) A(x)= Mfor each x M (complete controllability);
(ii) A r(x) Mfor each T and each x M;
(iii) Xo int A+(xo);
(iv) Xo int A-(xo);
(v) f is indefinite.

It follows that other intermediate properties are also equivalent to the above, for
instance local small-time teachability from x0:

Xo. int U At(xo) for each e > O,
t=O

as well as local controllability to Xo in small time. Thus checking either of these
properties is equivalent to checking the indefiniteness of f.

For accessibility, it is sufficient only thatf not be identically zero, which illustrates
in this particular case the gap between the two concepts. Note that, even for the very
simple case in whichf is a homogeneous quadratic form, checking definiteness already
requires some computational effort.

5. Deciding definiteness. The previous section shows how, at least for some sys-
tems, controllability is no easier to check than definiteness of a map. This latter property
can be checked for polynomials via decision methods for real closed fields (see, e.g.,
[Co]) in doubly-exponential time; however, it is not clear if there are faster algorithms.
We remark here that the problem is NP-hard, and we do this by polynomial time
reduction of the classical NP-complete problem, 3-SAT, to the definiteness question.
Thus deciding definiteness is at least as hard as any problem in NP. The remark is
not at all surprising, but it is the best lower bound that we have been able to obtain
until now.

Recall the definition of the 3-SAT problem [GJ, p. 48]. A clause c(x, y, z) in the
three (distinct) variables x, y, z is an expression of the type

(5.1) (l(X) v b2(y) v (3(Z),
where each "literal" 4i is of the form

4i(a) a

or

4,(a) 1-a

and the binary variables x, y, z can take values in {0, }. We interpret the values 1 and
0 as "true" and "false," respectively. For any assignment (x*, y*, z*) of values {0, 1}
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to x, y, z, we say that c(x*, y*, z*) is true if at least one of bl(x*), t2(y*) or
is 1, and false otherwise. Equivalently, c(x*, y*, z*) is true if and only if the real
polynomial

(X, y, Z):m II(X)2 -]- (2(y)2 + i3(2’)2

does not vanish at (x*, y*, z*). A set

= {c,(t,,,, t.2, t,,3), i= 1,’’’, L}
of L clauses in the variables (h,’" ", t,), with each tiae{tl,..., t}, is satisfiable if
and only ifthere is some binary assignment t* (tl*,. , t,*) to the variables (tl,. , t,)
such that the clauses c(t*) become all simultaneously true. The 3-SAT problem is that
of finding an algorithm for checking satisfiability. It was the first problem to be shown
to be NP-complete, in the sense that if there were such an algorithm, which would
run in time polynomial in L, then every other problem in the wide class NP, which
includes many, if not most, combinatorial problems of interest, would also be decidable
in polynomial time. It is a long-standing conjecture ("P NP") in theoretical computer
science, widely believed to be true, that indeed none of these problems can be solved
in polynomial time.

It is easy to reduce 3-SAT to the problem of deciding if a polynomial has any
real zeros, and hence to establish that the latter problem is NP-hard. We first show
how to do that, and then modify the construction to deal with the definiteness problem
instead. Let be as above. Consider first the polynomial

(5.2) 0(t) 0(t,,’’ ", t,) t(1- t,) 2.
i=1

Denote by B, the set of binary n-vectors, {t=(t,..., t.)] for all i, 6{0, 1}}, and
note that B, is the set of zeros of 0. Now let u (u,. ., u,) be L new variables, and
introduce

L

(5.3) 6(t, u):= E (uii(t)-l)2+O(t)
i=1

If 4,(t*, u*)=0 then the last term in the sum vanishes, so t* is binary, while the
vanishing of the other terms implies that i(t*)# 0 for all i. Conversely, if t* B, is
such that all tTi(t*)# 0, there is some vector u* such that q,(t*, u*)=0. We conclude
that 6e is satisfiable if and only if q, has a real zero.

We next modify , in order to reduce to definiteness instead. Now let
L

2 )2(5.4) ,(t, u):= Z (2u,tTi(t) u, 1 + 0(t).
i=1

It is again true that 5 is satisfiable if q, has a real zero. This is because an expression
of the type 2ut-u2-1 is strictly negative unless t # 0. Conversely, assume that 5 is
satisfiable, and let t* B, be such that all ti(t*) # 0. Consider each 2utT(t*) u2- 1 0
as an equation on u R. Writing this as

u2+l
i(t*)-

2u

and using the fact that, since t* e B, and tT(t*) # 0, (t*) { 1, 2, 3}, and that

u2+l
a (0, ) [1, o)"u-

2u

is onto, we conclude that (5.4) has a zero.
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We show below that when Se is not satisfiable, not only is $ always positive, but
in fact it is bounded away from zero. Note that, in general, it is false that a positive
polynomial must be bounded below by a positive constant, as evidenced by the example
x2+ (1- xy)2, so some care is required. Moreover, we need an explicit value for this
lower bound, which in our case will turn out to be 1/4n2.

Assume then that Sf is not satisfiable. Pick any element t* Bn. There is some
clause ci(t*) which is false. Relabeling variables if necessary, we may assume that ci
involves the polynomials t)l(tl), t2(t2), 3(t3). Since these all vanish at t*, we conclude
that

j( t)2= q t)2

for j 1, 2, 3. In particular, using Euclidean norm, it holds that

(5.5)

for each t". Now consider any fixed element (t, u)"+L. Either (1) lit*-tll)--<-1/2
for some t* B,, or (2) the distance from to B, is at least 1/v. If there is any t*
as in (1), pick a clause c as above. Then, for this fixed i, using (5.5),

2u,)(t)u2+1
1

so

2 2 2u i(t) 1 >ui+l 1
12u,,(t)-u,-ll=(u,+l) u2+ 1 2-2"

Hence, if(t, u)>-_->-1/4n 2. Suppose that (2) holds instead. Then necessarily

1
t)(1 t)

4n2

for at least one j, and therefore again p(t, u) 1/4n2. Indeed, if this were not the case,
then it would hold for each j 1,. ., n that either

1 1
(5.6)

Choose t* B, with t =0 if the first case in (5.6) holds, and 1 otherwise. Then this
paaicular t* would satisfy that lit*-t]]=, contradicting case (2).

The conclusion from the above discussion is that is satisfiable if and only if
there is some pair (t, u) such that

f(t, u):=4n2(t, u)-I <0.

On the other hand, since f ceainly admits positive values, for instance

f((2, 2,..., 2), u) 16n3-1

for any u, it follows that f is indefinite if and only if it takes any negative values, that
is, if and only if is satisfiable. The construction, including expandingf into a standard
polynomial form, can be done in polynomial time, and we summarize.

LEMMA 5.1. For each set of L clauses in n variables, there is a polynomial f of
degree 6 in n + L variables, whose coecients are integers ofmagnitude less than or equal
to cLn, such that is satisfiable if and only iff is indefinite. e polynomial f can be
obtained in polynomial time from
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6. A reduction to bilinear subsystems. The idea behind the construction to be given
in this section is basically a classical one in the field of bilinear systems, and can be
traced at least as far back as the paper [B]. The point of giving the details is to keep
track of the computational effort required and of the size of the numbers appearing.

LEMMh 6.1. Let be a system of the form
(6.1) o (), =P+ Ou,

where is a polynomial of degree d in the r variables (1, :2, ", r) with integer
coefficients and with (0)= O, P is an integer matrix of dimensions r x r, and Q is an
integer matrix of dimensions r x m. Assume that the coefficients of , P, Q are all of
magnitude bounded by p. Then there is a bilinear system

Eb (A, G1," , G,,, B, 1,’’’, )

with N=(r+d), l= N-r-1, each coefficient of the matrices A, G1,’", G,, B of
magnitude less than or equal to dpr, and the polynomials qbi of degree less than or equal
to d and with each coefficient equal to 0, l, or -1, such that each ofthefollowing properties
holds for the system if and only if it holds for the system Eb:

(a) 0e int A+(0),
(b) 0e int A-(0),
(c) A+(x) Mfor all x M.
Further, the system ,b can be constructed in polynomial timefrom the data , P, Q.
Proof. Note that N is the number of possible monomials of degree less than or

equal to d in the variables sc :1," "’, :r. We shall use multi-indices a (al, ", a)
with weight lal := Y a _--< d, and

to denote these monomials. The coordinates of vectors in RN will be denoted
as r/s, for such indices a, ordered lexicographically. In particular, we let ei:--
(0, 0,..., 0, 1, 0,..., 0) (1 in ith position), and write Tie just as r/i. For each of the
N- r- 1 indices a with weight 2, we introduce the polynomial in N variables

(n):=n-nT,...nT.

Note that the Jacobian matrix of the ’s has constant rank N- r- 1. The idea of the
construction is to introduce a variable for each monomial in (the r/,’s) in such a
manner that the equation for :0 becomes linear:

,)o E ’,n,,

where ()=Yt q’t:t, and to introduce a differential equation for each of the
monomials :", thought of now as new variables r/. Note that if so( is a solution of

= P+ Qu

and if [a[ > 0, then

where the coefficients a, are obtained as follows. Let P (Pij), Q (qj); with this
notation,

(6.3) a n ceiPij
i,j
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the sum over all those indices 1 _-< i, j <_- r for which fl + ei-- a -t- ej, and for each j,

(6.4) g’J= E aiqij,

the sum over all those indices 1 =<i=< r for which/ + ei a. We also denote, for the
case a (0, , 0), each/3, and each j 1,. , m, a t := qt and g’J :- 0. Finally, let
A and G, j= 1,..., m be the matrices (a) and (g’J) respectively, and let B be the
block matrix

tt(2,0

where the first block is a row of size 1 x m and the last one is of size N- r- 1 by m.
Since there are at most r terms in each of (6.3) and (6.4), the claimed estimates

for the magnitudes of the entries of these matrices do indeed hold. Further, the
constructions can be clearly carried out in polynomial time.

Given any vector x (Xo, , Xr) Rr+l, let h(x) Rrq be defined as follows"
h(o....,o)(X) := Xo, and

h(x):=xT"" "x7
for ]a[ > 0. Note that h is a ditteomorphism N---M, and h(0)=0. Now assume that
x(. (Xo("), x(. ),. ., x(. )) solves (6.1) with respect to a given control u(. ). It
follows by construction that rt(t):= h((t)) satisfies

( t) (A + E ui( t)Gi)q( t) + Bu( t).

Therefore x(0) can be steered into x(T) if and only if h(x(O)) can be steered into
h(x(T)), and this establishes properties (a)-(c). [3

7. Controllability is NP-harfl. We are only left to put together all the pieces from
the previous sections. Assume that 0 is any set of L clauses. Note that it can involve
at most n <_-3L variables. By Lemma 5.1 we may build in polynomial time an integer
polynomial f of degree 6 in n + L variables, with coefficients of magnitude bounded
by cL, such that f is indefinite if and only if ow is satisfiable. For this f, we now
consider the system (4.1), where (A, b) is a cascade of integrators

1 Z2, 2-" Z3," k igl

and k-n / L. By Proposition 4.2, the system is controllable, in either of the senses
there, if and only if ow is satisfiable. We now apply Lemma 6.1, with r k + 1, m 2,

XI$(:l,""’, :k+l):-- :+lf(:,""", :r),

and P, Q found from A, b plus the last equation i,- u2. Note that d 8, and that we
may take p cL3. We thus obtain, in polynomial time, the bilinear subsystem Eb in
Lemma 6.1. Listing all entries of A,..., 4i results in a size of order at most
N2 log (rp), which is bounded by a polynomial in L. A polynomial time decision
method for controllability of Eb would thus imply one for 3-SAT. Thus our problem
is at least as hard as that one.

THEOREM 2. Each of the following decision problems is NP-hard, for bilinear
subsystems:

(a) 0 e int A+(0) (local reachability at 0).
(b) 0 e int A-(0) (local controllability at 0).
(c) A+(x)= Mfor all x M (complete controllability).
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As remarked earlier, many other questions, such as local small-time reachability,
are shown to be NP-hard by the same argument. As directions for further research,
we suggest looking for a similar result using only single-input systems--the proof above
shows that it is hard to decide controllability if at least two controls are allowednand
also for the case of controls constrained to compact sets. Alternatively, it would be
interesting to establish better lower bounds for the problem studied here.
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GLOBAL (f,g)-INVARIANCE OF NONLINEAR SYSTEMS*
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Abstract. Consider a nonlinear system -f(x)+j=1 gj(x)u and a nonsingular involutive distribution
A defined on a state space M which is a C manifold. The authors investigate the existence of nonlinear
feedback (a,/3) such that [f+ ga, A] A and [g/3, A] c A, i.e., (f, g)-invariance. A geometric interpretation
of weak (f, g)-invariance, i.e., If, A], [G, A]c A + G is given in terms of a transverse GL(q, R)-structure to
the codimension q foliation 5 defined by A. This interpretation allows a simplified proof of the Quaker
Lemma--proved by other means in [15], [16], and [21]--and helps to somewhat clarify the global picture.
As an application the case M S is considered in detail. The introduction contains a discussion of the
relation of this work to other studies of global (f, g)-invariance and to relevant foliation theory literature.
Resolution of this problem is important for extension of results using the concept of (A, B)-invariant
subspaces to nonlinear systems.

Key words. (f, g)-invariance, nonlinear disturbance decoupling, normal bundle of a foliation, basic
connections, transverse e-structures, local absolute parallelism along leaves
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1. Introduction. Consider the linear system
(1.1) =Ax+Bu, xRn, uRm.

A subspace V of R is said to be (A, B)-invariant if AVc V+ , where denotes
the column span of B. It is well known (see, e.g., [20], [30]) that V is (A, B)-invariant
if and only if there exists a matrix F such that (A + BF)Vc V. This has been called
the Quaker Lemma [4], a terminology which we will adopt here. In linear system
theory, (A, B)-invariance plays a crucial role in many important problems such as
disturbance localization and decoupling (see 1 ], [20], [30]). In the basic papers 12],
[15], [21], [22], and especially the seminal paper of Isidori et al. [14], the above
concept was extended to the nonlinear setting as follows.

Consider the affine nonlinear system,

(1.2) =f(x) + Z
i=1

where x M, a smooth manifold, the ui’s are input functions from a suitable function
space (generally measurable R-valued functions defined on closed intervals of the
form [0, T]), and f, gz, , g,, are smooth vector fields on M with g, , g,, linearly
independent everywhere. The following definitions were taken from [3], 14], and [15]
although the terminology is changed slightly.

DEFINITION 1.1. Let U be an open subset of M. A pair of smooth functions
(a,/3), where a" U R and fl" U-+ GL(m, R) are called feedback functions on U.
When U M we refer to feedback functions as global feedback. If
and/3- (flu), 1 <-i,j <-m, are feedback functions on U, then the new system obtained
by feedback,

(1.3) = f+ 2 g,a, + flijgj v,=f(x)+ 2 viff,,(x),
i=1 i=1 j=l i=1
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is said to be feedback equivalent or feedback related to (1.2).
Remark 1.2. We use the following shorter notation: g denotes (gl,’", g,,,), ga

denotes Y=I giai, gt denotes (Y" flijgj), 1 < m, and u-(u,.., u,,), etc. Then
j=l

the feedback law can be obtained from u a + vfl with v/3 (Vl, , vm)/3.
DEFINITION 1.3. Let G denote the distribution spanned by gl, gm. A distribu-

tion A on M is said to be weakly (f, g)-invariant at x M, if there exists a neighborhood
U of x such that on U,

(1.4) [f, A]c A+ G,

(1.5) [G, A]c A+G.

A is (globally) weakly (f, g)-invariant if A is weakly (f, g)-invariant at x for all

DEFINITION 1.4. A distribution A on M is (f, g)-invariant at x M if there exists
a neighborhood U of x, and smooth feedback functions (,/3) on U such that

(1.6) [f+ ga, A] c A,

(1.7) [gfl, A] c A.

Similarly, A is (globally) (f, g)-invariant if there exists a global feedback (a,/3) such
that (1.6) and (1.7) are satisfied.

In the particular case, when A is a flat distribution on R" (i.e., A is spanned by
a finite set of constant vectors of R") and the system under consideration is linear
(1.1), then all three notions of (f, g)-invariance defined above reduce to the notion of
(A, B)-invariance. In particular no distinction between weak (f, g)-invariance and
global (f, g)-invariance is necessary. However the nonlinear situation is much more
difficult. First, the distribution A may give rise to a far more complicated foliation than
parallel planes. Second, we must distinguish between local and global properties for
even though (f, g)-invariance implies weak (f, g)-invariance, the reverse implication
need not be true. The following does hold, however.

LEMMA 1.5 (Quaker Lemma [3], [14]-[16], [21]). If A is involutive and nonsingular
in a neighborhood ofx and ifG +AA has constant dimension around x, then A is weakly
(f, g)-invariant at x if and only if A is (f g)-invariant at x.

This lemma is a powerful tool that can be used to study the local behavior of
nonlinear systems. It has been used in various nonlinear problems such as disturbance
localization, decoupling, etc. (see [15]). However, for studying global properties of
nonlinear systems we need global (f, g)-invariance. It is well known that (f, g)-
invariance at every x M does not necessarily imply global (f, g)-invariance (see 3
of Byrnes [4], which is closely related to this paper, or Example 5.6 below). In the
literature, the proofs of Lemma 1.5 make use of direct arguments using existence
theorems for the differential equations involved (see, for instance, [16, pp. 126-134],
which gives a very careful proof based on that found in [15]).

Our main purpose here is to apply fairly standard foliation theory and vector
bundle machinery, especially the related notions of parallelism along leaves and
transverse structures to foliations. These notions were introduced in the very beginning
of foliation theory by Reeb [33] and Ehresmann [34] and have been studied by Reinhart
[24], Pasternak [35], and especially (for our purposes) by Conlon [7] and his students.
For a complete discussion of transverse structures see Godbillon [31, Chap. III].

This approach stems from our observation that the conditions [f, A] A + G and
[G, A] A + G, G span {gl," g,,} for weak (f, g)-invariance can be interpreted
geometrically as a statement that G defines a transverse GL(q, R)-structure to the
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foliation defined by A, or, equivalently, that a subspace of the normal bundle to
the foliation is parallel along the leaves. This is Lemma 3.1. We have proved this
lemma using a Bott basic connection associated to , although it is quite unnecessary
to do so. However, this connection is a useful tool in studying transverse structures
(see Conlon [7]). This connection was also used in the papers of Krener [18] and of
Byrnes and Krener [3], but in a quite different and more fundamental way, namely,
to study characteristic classes of A following the idea of the Bott Vanishing Theorem
in order to find characteristic classes whose vanishing was necessary for A to be
(f, g)-invariant.

To the best of our knowledge it has not been previously recognized that weak
(f, g)-invariance is equivalent to a transverse structure, although it is implicit, of course,
in the geometry. We use this fact extensively in what follows and also in the paper
[32] written at the same time. Among the consequences is what seems to us a simpler
and more intuitive proof of the Quaker Lemma (1.5). It avoids any overt use of partial
differential equations and seems better adapted to globalization questions.

As we have mentioned, the problem of uncovering global obstructions to global
(f, g)-invariance has been studied in Byrnes and Krener [3] and Byrnes [4], [5] (and
in Krener [18] discussed above). In [4] and [5] Byrnes discusses a vector bundle
denoted V over the leaf space M (or M/A) and goes on to define a cohomology
class / and to indicate the definition of a second class */8. These ingredients are
combined into Theorem (3.1) of [4], which asserts a necessary and sufficient condition
for (f, g)-invariance of A. No proof of the theorem is given and no formal definition
of V is provided. The latter is discussed in terms of an example in which several very
special features are present: foremost, the fact that the distribution spanned by
{g,..., g,} and the distribution A intersect only along the zero section. In both [4]
and [5] the reader is referred for all proofs to a paper of Byrnes and Krener entitled
"Global Methods for Nonlinear Geometric Control Theory I." To the best of our
knowledge this paper has not appeared. When it does, it will no doubt clarify the
overlap between some sections of [4] and [5] and this paper.

We conclude this section by listing notation and assumptions used in the sequel.
(1.8) Notation

M is a smooth manifold of dimension n;
A is an involutive (n-q)-plane distribution;
E is the subbundle of T(M) corresponding to A;

is the foliation of codimension q defined by A (or E);
Q is the "normal bundle" of E, formally Q is the vector bundle T(M)/E;
G is the distribution spanned by g,..., g,, and also the vector sub-

bundle of T(M) it determines.

(1.9) Assumptions
(i) We assume throughout that the vector fieldsf and gl, ",gm are globally

defined and smooth, i.e., C2 at least, and that gl, , g, are independent
at every x M. Thus G is a nonsingular distribution, i.e., of constant
dimension. Of course, unlike A it is not assumed to be involutive.

(ii) It is further assumed throughout that A is globally weakly (f, g)-invariant,
as in Definition 1.3.

2. The normal bundle to a foliation. We will assume that the concept of a (smooth)
vector bundle on a manifold M is known to the reader (see [2], [13], [24], and [25]).
The simplest examples are the tangent bundle T(M) and any nonsingular distribution
E ofdimension p, which of course, at each point x determines a p-dimensional subspace
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Ex of Tx(M) and thus a p-dimensional subbundle. The subbundle E determines a
quotient bundle Q= T(M)/E, having Tx(M)/Ex as the fiber over x, a vector space of
dimension q n-p attached to x. There is no canonical way to identify Q with a
subbundle of T(M), but if a Riemannian metric is chosen on M, then at each point
Qx has a natural identification with E +/-x. If E determines an involutive distribution A
on M, then a very special situation arises. Through each x M there is a p-dimensional
maximal connected integral manifold L, the leaf of the foliation A, which has Ex as
its tangent bundle at x. If Q is identified with E +/- via a Riemannian metric on M, then
it is indeed a normal bundle to each immersed submanifold L in the usual sense.
A C section tr of a vector bundle E over M is a C mapping tr" M E such that

7r. tr idM. In particular, a section of T(M) is a vector field on M. The zero section

maps x M to O, the zero vector of Ex. In general, sections which are nowhere zero
may not exist. Let m dim E. If m sections exist which are everywhere independent,
then E M x R and is said to be trivial If M is contractible to a point (e.g., M Rn),
then every vector bundle over M is trivial. (Remark on notation" Whenever X iS a
section of E we will usually simply write X E.)

It was observed as soon as foliations were defined that there is a natural way,
associated with the foliation, to "parallel translate" vectors of the bundle Q along a
leaf. Let (U, b) be a "Frobenius" chart on M relative to the foliation, i.e., we assume
that b(U)= C the unit cube in R" and that the intersection of any leaf L with U
maps to points in C" whose first q coordinates are constant. If tr" C"- Cq maps
(x, x") onto (x,... ), then tr’ch: U-* cqc Rq is a submersion (i.e., has
rank q "at every point~ of t.,’q). If x 6 U and L’x is the connected component.through
x of L,f’)U, then b(L’)=y, a single point of C q. Moreover, E, =ker(b,) and
(&,) "Q - Ty(Rq) is a vector sp.ace is_omorphism. If X X, + Ex Q,, then for any
y L’x we define Xy uniquely by (c,)y(Xy) (b,).xX.. M is covered by an atlas { U,, th,}
of such neighborhoods. If U, f-) U # th, then b.b is constant on a component of
L f-) U Ut for any leaf L. Hence this parallelism is the same for (U,, b) as for
(Ut, b) and can be extended from neighborhood to neighborhood along any con-

Xtinuous curve s(t), a < < b, lying on a leaf L. If x, are on the same leaf L, then
parallel translation from x to x depends only on the homotopy class of the curve
s(t) from x to x. Thus if L is simply connected, the parallelism along leaves is
absolute and the bundle Q restricted to L is trivial, having a basis of (parallel) frames.

The basic connection V defined by Bott is closely related" first identify Q with a
subbundle Q’ of T(M), say by use of a Riemannian metric. A vector field Y on M
then decomposes uniquely into Y- Ye + Yo’, vector fields (sections) with values in
E, Q’, respectively. A connection V on Q’ is called basic if for X a vector field with
values in E (tangent to leaves) and Y a vector field with values in Q’, we have
VxY [X, Y]o,. Such connections are easily shown to exist and to define a connection
in Q which is independent of the choice of Q’ (see [2]). Thus if Y is a section in Q
then define VxY= VxY’, where Y’ is the unique vector field in Q’c T(M) which
projects onto Y at each point x by the natural projection T(M) T,(M)/E, i.e.,
Yx Y’+ E,. We see that Y is parallel if and only ifVxY’=[X, Y’]o, 0, i.e., [X, Y’]
is tangent to the leaf, in other words [A, y’] A, where A is the involutive distribution
coinciding with E. This parallelism, and that described above without the use of
connections, are equivalent.

Comparison at this point of this latter condition on Y’, with the condition that a
vector field Y’ leaves an involutive distribution A invariant, as found in [3], [6], and
[16], makes it clear that these are essentially the same concept. Precisely, A is Y’-
invariant if and only if Y Y’/ E is parallel along leaves. This was noted but not
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really used in [5]. In [6] this idea was used to discuss the relation of accessibility and
strong (exact time) accessibility. The advantage of using Q and parallelism along leaves
is that it allows immediate use of standard tools from foliation theory.

Remark 2.1. An easy consequence of these definitions is the following. Let Y be
a vector field on M, i.e., Y F(T(M)), and let Y be its projection into Q. The Y is
parallel (with respect to any basic connection) if and only if Y, A] c A.

3. Global weak (f, g)-invariance. We have assumed that on M there is a nonsin-
gular involutive distribution A(=E) which is globally weakly (f, g)oinvariant (with
respect to the system (1.2)); 0% denotes the corresponding foliation. We will interpret
this in the light of the previous section. Given any vector field on M, we denote its
projection into Q by placing a bar over it. Thus f, 1,"" ", m are the projections of
f, gl,..., g,, into Q. Conversely, a section Y in Q determines at each x e M only an
equivalence class Ex + Yx Ax + Y in T(M). Let G (A + G)/A denote the subbundle
of Q spanned by 1,"" ", ,, and let V be a basic connection, which defines parallel
transport in Q along curves lying on leaves of 0%.

LEMMA 3.1. Given any x M and curve s( t), 0 <- <- 1, s(O) x on L,o, the leaf
of 0% through x, then the unique parallel vectors i(s(t)), i= 1,..., m, in Q such that
i(x)=i(x) lie in (s(t)) for 0_-<t_-<l, and dim(() is constant on L,o. Hence
dim ((3 A) is invariant on leaves of 0%.

Remark 3.2. We should interpret this lemma as saying that G is invariant under
parallel translation along the leaves, i.e., if (U, 4) is a Frobenius chart and , is

followed by projection to R q, then at every point x of a component of any leaf L
intersected with U, (G + A) projects to the same subspace of Tg(x)(Rq). Equivalently,
G defines a parallel subbundle of the restriction of Q to L. If the foliation 0% is regular,
i.e., N-M/0% is a C manifold, and if r" M N denotes the natural projection,
then r(x) r(y) implies r,(G+A)x= ’,(G+A)y.

ProofofLemma 3.1. It is sufficient to prove that the lemma holds in a neighborhood
of any point p on the leaf L through x. Let U be a simply connected neighborhood
ofp in L and suppose rank (gp,..., gp)= d. Let (,’’’,d) be sections of Q[ U
such that they are parallel and span {Zp,..., Zdp}=span (gp,..., gp). (Such sec-
tions exist since U is simply connected and thus parallel transport relative to V is
absolute on U.) Extend ,..., d to a parallel frame field (,..., q) of Q Iu. Let
g, =E=I Y,j for l<-i<=m, where )’ijGC(U). Note that /ij(p)=O for j> d.

Without loss of generality, we may assume that the image of the curve s lies
entirely in U. Let [0, 1 and take covariant derivatives ofg along s. Since DZ/dc O,
we have

(3.1)
dt j=l j=-I

On the other hand, by definition of D/dt,

7(t)gis(t ).dt

Let X be a vector field in U such that Xs(,) g(t) and such that X A, i.e., X is
tangent to the leaaves of if, then V(,)(gis(,))= Vx(,)(i(,)). By the definition of V,

Vxg, [X, g,]o, IX, g,] mod A.

Since [X, g] A + G we see that

Vxg Oi, for some smooth Oik’S on U.
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Therefore,

v,d,= o, y .
k=l j=l

Hence, restricting to s(t) for 0_-< t_-< 1, we have

(3.2)
dt y’j O,k Ykj, 1 < i, j < q.

=1

Let r=[yi,’’ ", ymj] r and 0 [0i],,. Then

d

dt 0, j= l, q,

a system of linear equations. Now r(s(0)) 0 for j> d and thus r(s(t)) 0 for j> d,
showing that Z(s(t)),j= 1,..., d span G for 0 -< -< 1. Also (r,(s(0)), , rd(S(O)))
are linearly independent. Thus (rl(s(t)),..., ra(s(t))) are linearly independent for all

in the domain of definition. Therefore rank (,..., gin)= d at all points on s.
Constancy of the dimension of G on Lxo follows at once since any two points of
can be joined by a smooth curve.

Remark 3.3. We can interpret the above lemma as saying that weak (f, g)-
invariance is equivalent to the statement "G is parallel along leaves" Now suppose
that A is globally (f, g)-invariant. For the sake of explanation we will assume that
[gi, A] c A and [f, A] c A, .i.e., that suitable feedback has been applied. In terms of a
basic connection, this says that Vxg 0 Vxf for all X 6 A (where overbar indicates
equivalence classes). In other words gi and f are parallel along leaves. This is a stronger
statement than saying that G is invariant under parallel transport along leaves.

4. Smooth versus continuous feedback. In geometric control theory it is typical to
assume that all vector fields, foliations, etc. are smooth. However in certain situations
such as disturbance decoupling, we can relax the smoothness conditions. For example,
consider the following disturbance decoupling problem:

(4.1) 2=f(x)+ gi(x)ui+p(x)w, y= h(x),
i=1

where (Ul,’’ ", u,) are the inputs, y is the output and w is a disturbance. It is well
known that if (i) there exists a nonsingular distribution A such that pc A, (ii) (f, g)
are smooth, and (iii) A is globally (f,g)-invariant, and (iv) A cker dh, then the
disturbance w does not affect the output. Below we relax (ii) (i.e., smoothness of (f, g)).

Let x M and let (U, b) be a Frobenius chart around x. Let (xl,..., x,,_q) be
the coordinates tangential to leaves and (y,..., yq) the coordinates transverse to

n--qleaves, then f= Yi--1 hi(x, y)O/Oxi + Y=I tx(x, y)O/Oy. We say that f is smooth along
leaves in U if hi(., y) and/z(., y) are smooth (similarly for the &’s). It is easy to see
that this definition does not depend on the particular choice of (U, b), and hence we
can define the notion of smoothness along leaves in M. For the remainder of the
section we assume that f, g are continuous vector fields with uniquely determined flows
and are smooth along leaves of . By considering the local coordinate expressions,
we see that IX, gi] and IX, fl, etc. still make sense for all X A. Thus, even in this
situation we can define the notion of weak (f, g)-invariance and (f, g)-invariance.

LEMMA 4.1. Suppose that A is globally (f, g)-invariant and p A c ker dh. Then the
disturbance w does not affect the output y h (x).

Proof. The same proof is valid as in the case when (f, g) are smooth (see 15]).
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Because ofthis we will examine the existence ofboth smooth (a, fl) and continuous
(a,/3) in our search for feedback functions to render A globally (f, g)-invariant. In
the continuous case we will assume that (f, g) are continuous and smooth along leaves.
But unless otherwise mentioned we are considering the smooth case.

5. Global (f, g)-invariance when G CI A {0}. In addition to our fixed assumption
that gl,"" ", gm are everywhere independent we now suppose they are independent
mod A, i.e., that G A 0 at all points.

Our reasons for paying attention to this special case are the following:
(i) In the single input case, if dim G and dim G tq A are constant, then either

GcA or G+A/A-G=span{g}. In the first case A is obviously globally (f,g)-
invariant. In the second case G satisfies our assumption.

(ii) As we will see in the next section, under a suitable hypothesis the general
case can be reduced to this case.

In view of our assumption G is isomorphic to the subbundle G of Q. By Lemma
3.1, G is invariant under parallel transport along leaves.

Our first result is under the hypothesis that M; is a smooth but not necessarily
Hausdorff manifold. In particular, when the foliation arises as (i) the connected
components of the level sets of a submersion or (ii) cosets of a closed subgroup of a
Lie group, our results are applicable. Let " M--->M be the projection map. We
can assign a subspace_ of Tr(p)(M/;) tO each pM by (’Ir(p)):{’tr,pX[X ap}.
Invariance of G under parallel transport along leaves implies that G(r(p)) does not
depend on the choice of p on a leaf of . In this case, this is exactly the meaning of
Lemma 3.1. Since r is a submersion and since local cross sections to always exist,
it follows that is a smooth distribution on M. Let denote the corresponding
subbundle of T(M/;).

PROPOSITION 5.1. If G is trivial and if there exists a complementary subbundle H
to in T(M/), then A is globally (f, g)-invariant.

Proof. Let (Y1,. ", Y,) be a smooth frame field of . Let p e M be arbitrary.
Since Af’) G {0}, it follows that 7r.p" Gp -> T(p)(M/;) is one-to-one with image equal
to /(p). Hence we can define smooth, parallel frame fields (g,..., g) on t in Q
by setting ,[p =(Tr.p)-l(Y(p)) and corresponding smooth frame fields (g,..., g’)
in Gc T(M). This determines a smooth fl" M-> GL(m, R) such that (g,..., g’)=
(gl," ", g,,)fl. By Remark 2.1, [g, A]c A. Noting that Q- r*T(M/;), (Tr* denotes
pull back by 7r), we can pull back H by zr to define a complementary subbundle H
to G in Q. At this point we note that if a Riemannian metric is chosen on M then, as
before, we can identify Q with a subbundle Q’ of T(M). Q’ can be chosen to contain
G" let Q’ G + (G+ A)+/-. Then Q’ G+ H an orthogonal decomposition with G/
under the projection of T(M)->Q. Now f can be written as f=fa+f+fn with
fa A;f G and j H. But by construction H is invariant under parallel transport
along leaves. Hence [fn, A] c A + H. Thus if [f, A] c A + G we must have [f/, A] c A.
Writef =Y-Oig and set a fl[01," ,Ore] , then [f+ ag, A]c A. This defines (a, fl)
as required.

PROPOSITION 5.2. Suppose that M is a Hausdorff manifold. Then A is globally
(j g)-invariant if and only if is trivial. In particular when M is compact global
(f, g)-invariance implies that the Euler characteristic ofM is zero.

Proof Sufficiency. M has a Riemannian metric in this case. Let / +/- be
the desired complementary bundle and use Proposition 5.1.

Necessity. Let (a,/3) be feedback rendering A globally , g)-invariant. Let
(1,"" ", ,) := (gl,"" ", g,)fl. Then gi, the projection of i into Q, is parallel along
leaves. Hence (gl,..., g,) can be pushed forward by 7r to define a smooth frame



1126 DAYAWANSA, CHENG, BOOTHBY, AND TARN

field of t. Hence t is trivial. The last remark follows at once since triviality of (
implies the existence of a nowhere zero vector field on M and thus vanishing Euler
characteristic (see [11]) if M is compact.

COROLLARY 5.3. Suppose that dim G =q =codim and that M/ is a smooth
(not necessarily Hausdorff) manifold. Then A is globally (f, g)-invariant if and only if
M is parallelizable.

Proof Sufficiency follows from Proposition 5.1. A repetition of the necessity
argument of Proposition 5.2 completes the proof.

Example 5.4. Let M U(2)/0(2). Then (det)2: M S is a smooth fiber bundle
[3]. Let A be the foliation with fibers as leaves f A and g an arbitrary transverse
vector field to A. This system satisfies the hypotheses of Corollary 5.3, and hence A is
globally (f, g)-invariant.

Alternative construction. Let to be a nowhere zero, closed one form on S. Let
7 (det2) *to. Now 7 is closed, nowhere zero and A ker 7- Define/3 by/3 1/7(g).
Now if X A, then 0 dq(X, fig) [X, fig]. Therefore [fig, A] A. Write f=f+f
withfA A andf G. Find a byf -ag. Clearly [f+ ag, A] A. Hence (a,/3) satisfy
the requirements.

Remark 5.5. This example was presented in [3], but it was concluded that A is
not globally (f, g)-invariant. Our results are also at variance with the converse part of
Proposition 2.3 of [3]. More precisely we believe that what is required for global
(f, g)-invariance in this situation is the parallelizability of M and not the triviality
of r:M-M, as was stated there.

Example 5.6. Let M S0(n + 1), and consider o(n) as a subalgebra of so(n + 1).
Let A be the distribution generated by o(n). Suppose there exists a transverse vector
field g to A such that [g, A] = A +span {g}. (Note that according to our theory existence
of such g implies and is implied by the existence of a one-dimensional distribution
on S-SO(n+1) Hence n cannot be even.) Let f be such that A is globally
weakly (f, g)-invariant. Then in view of Proposition 5.2, A is globally (f, g)-invariant.
More generally, in the single input case if M is Hausdorff and if g is transverse to
A, then global weak (f, g)-invariance and global (f, g)-invariance are equivalent.

Example 5.7. Let M and A be as in Example 5.6. Suppose that g,..., g, are
everywhere linearly independent vector fields such that G A--{0}. (This situation
occurs, for example, when g, , g, are elements of o(n / 1) which span a subspace
complementary to o(n).) Letf be arbitrary. Then A is globally weakly (f, g)-invariant.
However, M/-S"; hence (by Corollary 5.3) A is globally (f, g)-invariant if and
only if n 1, 3 or 7, since these are the only dimensions for which S" is parallelizable.

PROPOSITION 5.8. Suppose that codim A 1 and g is transverse to A. Let f be
arbitrary. Then A is globally (f, g)-invariant if and only if there exists a nowhere zero
closed one form to such that A ker to.

Proof Sufficiency. Let fl=l/to(g). Define c by f+ag=0modA. Clearly
If+ ag, A] A, [fig, A] = A by the alternative argument of Example 5.4.

Necessity. Let (a,/3) be feedback as required. Define a one form to by to(/3g)= 1
and ker to A. Then for all X A, dto(X, fig) X(to(flg))- fig(to(X)) to([X, fig])
0; hence dto O.

COROLLARY 5.9. Assume M is compact, codim A- 1, and f, g are vector fields
satisfying the assumption of (5.8), i.e., span {g} A =0 and g is nowhere zero. If A is
globally (f, g)-invariant, then Madmits the structure ofafiber bundle over S1. In particular
M is not simply connected.

Proof Tischler [29] proved that any compact manifold admitting a nowhere zero,
closed one form, fibers over S1.
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Example 5.10. Let M T2 and let A be the one-dimensional foliation on T2 given
by the Kronecker flow; thus the leaves (integral curves) are all dense in M. Let g be
a transverse vector field to A and let f be arbitrary. It is well known that Kronecker
flow is determined by a closed one form. Hence by Proposition 5.8, A is globally
(f, g)-invariant. Note that in this case the foliation is not regular since the leaves are
dense on T2.

PROPOSITION 5.11. Suppose that M is compact and A is of codimension 1. If A is
globally (f, g)-invariant withfeedback (a, which is continuous transverse to the leaves,
then A does not have limit cycles.

Proof. Suppose that is continuous, transverse to the leaves, and is such that
if(x) has unique solutions for all initial conditions. Since [, A] c A, it follows that

leaves the foliation invariant. Hence A does not have limit cycles (see [11], [17],
[28] for details).

In the case when M is compact and dim G q --codim A, global (f, g)-invariance
is equivalent to saying that the normal bundle Q admits a trivialization by parallel
sections. Conlon [7] describes this situation by saying that admits a transverse
e-structure. Among other things he proves that all leaves of @ are difteomorphic and
the foliation does not have limit cycles. Moreover if admits a closed leaf, then there
is a fiber bundle p" M N, where N is parallelizable and ff is the foliation of M by
fibers of p. The reader is referred to [7] for many other interesting details.

6. Global (f, g)-invariance when A separates controls and dim (G + A/A) is con-
stant. In view of the assumption that (gl,’’’, gm) are linearly independent and
dim (G+ A/A) is constant, Krener’s definition [19] of "A separates controls" reduces
to Definition 6.1 below.

DEFINITION 6.1. A separates controls if there exists feedback (0,/31) and 0_-< d _-< m
such that span(l,. ",ffd) f’) A={0} and span(d+l,. ",,) C A, where
(1,""", ,)= (g,,""" ,gm),.

Throughout this section, we assume that A separates controls. This assumption is
equivalent to dim ( ffl A) is constant (possibly zero) and both (G A) and G+ A/A
are trivial bundles. In particular this holds when dim ( f &) is constant and M is
contractible.

If +/- separates controls, then we may identify (G+ A/A) with span {,..., a}.
We will denote (,..., a) by and span{,...,a} by (.

LEMMA 6.2. A is globally (f, g)-invariant if is globally (f, )-invariant.
Proof. Let (a, fl_) be feedback which renders A, globally (f, ) invariant. Then

set

and a =fl

Clearly (a, fl) makes A globally (f, g)-invariant.
Remark 6.3. In view of Lemma 6.2, all of our results in 6 yield sufficient

conditions for global (f, g)-invariance when G is replaced by G, which satisfies

PROPOSITION 6.4 (Global Quaker Lemma). Let A be weakly (f, g)-invariant on M
and separate controls. Suppose that either of the following conditions holds:

(i) There exists a smooth manifold N, which is transverse to the leaves of and
intersects each leaf exactly once.

(ii) M, is a Hausdorffmanifold and the subbundle ofM obtained by pushing
forward (G+ A/A) is trivial. Then A is globally (f g)-invariant.
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Proof It suffices to show that A is globally (f, ff)-invariant. We will first reduce
(i) to (ii). Let i:N- M be the inclusion. Since N is transverse to it follows that
T(N)=i*Q. Moreover i*( is a trivial subbundle of T(N). Since : ={r,vY Y
t, p M} is isomorphic to i*( and since M; is diffeomorphic to N, (i) implies (ii).
Sufficiency of (ii) for global (f, )-invariance follows at once from Proposition 5.2.

COROLLARY 6.5. A is (f, ,)-invariant on all cubical Frobenius charts on M.
Proof The proof follows at once from Proposition 6.4.
Remark. This appears to supply a proof, independent of Theorem 3.1 of [4] for

Corollary (3.4) of that theoremmat least if we interpret the chart U, referred to in its
hypothesis, to be a "Frobenius" chart. Our Corollary 6.5 and (i) of Proposition 6.4
are also results obtained independently in the Ph.D. dissertation of Cheng [8].

7. Global (f, g)-invariance on Sa. In this section we give a rather detailed descrip-
tion of global (f, g)-invariance on S3. Reasons for our choice of S are twofold. First,
many rotational problems have SO(3) as the state space. Since S3 is the simply
connected covering of SO(3), these problems can be lifted to S3. Second, topological
properties of foliations on S are better understood than on many other manifolds. It
is well known that any codimension 1 foliation on S has a Reeb component (see 11],
[23], etc.). We show below that a Reeb component presents a formidable obstruction
to global (f, g)-invariance.

The inspiration for this section came from Example (3.1) of Byrnes [5] as follows.
On SU(2) take {X, Y, Z} as the standard basis of SU(2), the Lie algebra of left invariant
vector fields on SU(2) (i.e., X, Y, and Z are the infinitesimal rotations around the x, y,
and z axes, respectively). Take A span {X},f= 0, gl Y, g2 Z. The key observation
made by Byrnes is that Novikov’s Theorem on the existence of a Reeb component of
codimension 1 foliation on SU(2) and the Poincar6-Bendixson Theorem together
imply that A is not globally (f, g) invariant. Here we carry this idea further.

Throughout we assume that [G, A]c G+A, dim G=constant and that G=
G+A/G has constant, nonzero rank. Unless otherwise specified G may be a nontrivial
bundle. With these assumptions fixed we now consider the possibilities.

(i) Codim A 1; dim G= 1, 2, or 3. We claim that A is not globally (3’; g)-
invariant. For other cases, there exists a vector field W such that W, the equivalence
class of W in Q is nonzero at a point p on the total leaf of a Reeb component and
such that W, A] c A. By continuity W is nonzero on a neighborhood ofp. But W, A] c A

implies that W is parallel along leaves and thus W is nonzero on a saturated neighbor-
hood of p. But this and completeness of W imply that the toral leaf is stable (i.e., all
leaves in the vicinity of a toral leaf are toral leaves themselves). But the toral leaf of
a Reeb component is known to be an isolated toral leaf.

(ii) Codim A 2; dim G 2; G 0 A {0}. We claim that A is not globally (f, g)-
invariant. This is a direct consequence of Corollary A of [7, p. 80], which states that
on any compact manifold with finite fundamental group there does not exist a foliation
of codimension less than or equal to 2 which admits a trivialization of the normal
bundle respecting the parallelism along leaves.

(iii) Codim A 2; dim G= 1 or 2; dim G= 1. We claim that A is not globally
(f, g)-invariant. For other cases, let ff denote the codim 1 foliation generated by A + G.
Let L be the toral leaf of a Reeb component of . Since S is simply connected, the
line bundle E defined by A is orientable, and hence there exists a vector field X such
that A--span {X}. We show below that this leads to a contradiction.

Let 1L denote the foliation of A on L. 1L cannot have limit cycles. Otherwise,
for the same reason as in (i), the limiting closed leaves are stable, which is a contradic-
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tion. Hence there exists a homeomorphism 4" L--> L which maps 1 L, onto a foliation
on L, induced by parallel lines in R2 under the identification L= R2/Z (see [11, p. 63]).
Without any loss of generality we may assume that 4 induces the identity homomorph-
ism at the fundamental group level. Let denote the image foliation. We consider
two possible cases as shown in Figs. 1 and 2.

Suppose that a "crosswise band to L" (call this ) is transverse to . Let
C b-. C. Now C generates trivial holonomy on , and hence by radial projection
C can be pushed inward to construct closed curves on planar leaves in the Reeb
component. Let L be a planar leaf in the Reeb component. Then the procedure above
determines an infinite number of closed curves {Cn}7__ in L, and there are closed
curves arbitrarily close to C in the Reeb component. Hence by continuity there exists
n such that X is transverse to C,. But now the Poincar6-Bendixson Theorem states
that X has an equilibrium point in L contrary to our assumption of nonsingularity
of X.

Case 1 exhausts all possibilities except for the one in which itself consists of
"crosswise bands." In this case pick C as the lengthwise band. Let C b-1. . Once
again push C radially inward. Instead of closed curves we now get infinite curves. Let
L1 be a planar leaf of the Reeb component and let { C,}_1 be the collection of curves
produced on L1 as above. By continuity, close enough to L the curves C, are transverse
to ,/L1. Moreover, since all X trajectories on L are closed curves on L inducing
trivial holonomy, then by continuity, X trajectories on L1 close enough to L, are either
closed curves or intersect C, twice for some n. But by the Poincar6-Bendixson Theorem
either possibility implies the existence of a singular point of X on L1, which is again
a contradiction.

(iv) Codim A 2, dim G 3. We do not have a general theory for this situation.
However the following example shows that global (f, g)-invariance is possible.

Let 7r" S S2 be the Hopf fibration and let o% be the foliation with fibers of r
as leaves. Let X be a nowhere zero vector field tangential to ft. Since X is in the

Leaves of

FIG. 1. Illustration of Case I" is a crosswise band.

Leeves of 7

FIG. 2. Illustration of Case II: ? is a lengthwise band.
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direction of a vector field in the Lie algebra of the Lie group S3, we can find vector
fields Y, Y2 such that (X, Y, Y2) are linearly independent everywhere. Now identify
the normal bundle Q to with span { Y1, Y2}. Pick three vector fields Z, Z2, Z3 on
S2 such that at each point on S2, two of the vector fields are linearly independent.
Using 7r, pull back Z1, Z2, Z3 to define sections ff, 2, if3 of Q (and hence vector fields
on S3)o Let i== y0Y. Now the subbundle H of T(S3) spanned by W1--
yllX + 3"2 Y + 3"31 Y2 and W2 3"2X + 3"22 Y1 + 3"32 Y2 is a two-dimensional subbundle
of S3. Pick a complementary one-dimensional subbundle and then, using simple
connectedness of S3, pick a nowhere zero vector field W3 such that span { W, W2, W3}
T(S3). Let W3 3"3X + 3’23 Y + 3’33 Y2" NOW set gi i + 3"3X; 1, 2, 3. By construc-
tion gl, g2, and g3 are linearly independent and [gi, A] c A.

Remark. This example shows that when ff is the foliation as described above and
g, g2, g3 are linearly independent (arbitrary) vector fields and f is arbitrary, then A
is globally (f, g)-invariant.

8. Applications. This section includes some results which describe the global
behavior of nonlinear systems using the global Quaker Lemma (Proposition 6.4). For
the sake of convenience, we will consider nonlinear systems defined over R n.

8.1. Cascade decomposition problem with global coordinates.
DEFINrrON 8.1. The following is termed the cascade decomposition problem with

global coordinates" Find a"M R and "M GL(m, R)(a, smooth) and a
ditteomorphism T" R" R", such that after using feedback control u a (x) +/3 (x) v,
and state space transformation T, the new system has the form

Z’ fl(’, ) + y. , z-)
(8.1)

;2 L(Z2) -’- " g2i(Z2)Vi,

PROPOSITION .2. The cascade ecompoition problem ith global coorinate is
solvable if tere exists a nonsingular involutive istribution wic is globally weakly
(f, g)-invariant and suc tat G is nonsingular, ang there exists a Frobenius cart
(, T) it () .

Proof. The proof is immediate rom Proposition 6..

8.2. Global parallel decomposition problem.
DEFINITION 8.3. Let I:=(I1,’’" ,Ik) be a partition of {1,..., m} and J:=

(J1,"" ,Jk) be a partition of {1,..., n}. Let x {x Is J}. The following is termed
the global parallel decomposition problem with associated partitions I and J. Find
a’M- R" and fl" M- GL(m, R)(a, fl smooth) and a ditteomorphism T" R" - R"
such that by using the feedback control law u ce + fly, the system in new coordinates
becomes

e’=f’(z’)+
j

(8.2)

J=f(z)+ Z #()v.
j lk

DF.INTON 8.4. Let A1, , A be a set of simultaneously integrable distributions
with A A T(R"). A coordinate chart (V, T) is called a Frobenius chart with
respect to A ., if in these coordinates Aj sp {O/Ox, Is Jj}.
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PROPOSITION 8.5. The global parallel decomposition problem is solvable ifthefollow-
ing hold:

(i) There exist distributions A1,"" ,Ak which are simultaneously integrable,
globally weakly (f, g)-invariant and Ai (3 G has constant rank.

(ii) There exists a Frobenius chart (R n, T) with respect to A1,’", Ak such that
T(R")=R.

(iii) G- GAI@Gf’IA2@ @GAk.

Proof. Since R is contractible and since Air3 G has constant rank, we can
find separating feedback (0, 1) such that =(1,"’, ,):= gill has the property
that span{lj II}=GAI. Denote A’:=je, A),i=l,...,k,’={lj I} and
8i: span {gj [j Ii}.

By (i) it follows easily that A is globally weakly (f, )-invariant. Hence by
Proposition 6.4, there exist a and/3 making A globally (f, g)-invariant. We set

/ =/31 .. =
0 a

Now we can see easily that T as in (ii) and (a, ) above satisfy the requirements.

8.3. Glolal output 8ecoupliag problem. Consider the system (1.2) with M R
and with output functions y (Yl,’", Yr)= h(x). Let (yl,’’’,yk) be a partition of
the outputs.

DEFINITION 8.6. The following problem is termed the output decoupling problem
with global coordinates: Find feedback u a + fly with a, fl as usual and a diffeomorph-
ism T" Rn- R such that in T-coordinates the closed-loop system state equation has
the form (8.2) and the output equation has the form yi= yi(zi), 1, 2,. ., k.

PROPOSITION 8.7. The output decoupling problem with global coordinates is solvable
if (i)-(iii) of Proposition 8.5 are satisfied and

AiC f3 ker dh, i= 1,..., k.
ji

Proof. The proof follows at once from Proposition 8.5.
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EXIT TIME PROBLEMS IN OPTIMAL CONTROL AND
VANISHING VISCOSITY METHOD*

G. BARLESf AND B. PERTHAMEt

Abstract. The authors study the connections between deterministic exit time control problems and
possibly discontinuous viscosity solutions of a first-order Hamilton-Jacobi (HJ) equation up to the boundary.
This equation admits a maximum and a minimum solution that are the value functions associated to stopping
time problems on the boundary. When these solutions are equal, they can be obtained through the vanishing
viscosity method. Finally, when the HJ equation has a continuous solution, it is proved to be the value
function for the first exit time of the domain. It is also the vanishing viscosity limit arising, in particular,
in some large deviations problems.

R6sum6. Les auteurs 6tudient les liens entre les problmes de contr61e d6terministe avec temps de sortie
et les solutions de viscosit6, g6n6ralement discontinues, d’une 6quation d’Hamilton-Jacobi du premier ordre
pos6e jusqu’au bord. Cette 6quation admet une solution maximale et une minimale qui sont des fonctions
valeur de problmes de temps d’arr?t sur le bord. Quand ces solutions sont 6gales, elles peuvent tre obtenues
grace b, la m6thode de viscosit 6vanescente. Enfin, quand l’quation de Hamilton-Jacobi a une solution

continue, on d6couvre que celfi est la fonction valeur pour le premier temps de sortie de l’ouvert. C’est aussi
la limite par viscosit6 6vanescente qui apparat, en particulier, dans certains problmes de grandes d6viations.

Key words, deterministic optimal control, exit time, Hamilton-Jacobi equations, viscosity solutions,
vanishing viscosity, large deviations

Mots-cl6. contr61e optimal d6terministe, temps de sortie, 6quations de Hamilton-Jacobi, solutions de
viscosit6, viscosit6 6vanescente, grandes d6viations

AMS(MOS) subject classifications, primary 35F30, 49C20; secondary 35B25

Introduction. In this work, we are interested in a systematic understanding of the
relations between Hamilton-Jacobi (HJ) equations and value functions that can be
considered in deterministic exit time control problems, even (and mainly) when these
functions are discontinuous. As a consequence of this study, we obtain that no
uniqueness holds for discontinuous solutions to the HJ equation under consideration,
since the control problem leads naturally to very different value functions solving it.
Thus the question is, what happens in the vanishing viscosity method? Does it converge
(as it can be thought intuitively) to the value function for the first exit time of the
domain? We answer this question only for two cases: when the value functions are
not too different, and when the HJ equation admits a continuous solution. Then we
obtain a uniqueness result which allows us to conclude, even for Hamiltonians more
general than the one appearing in optimal control theory (nonconvex Hamiltonians).
As a byproduct of this result, we can simplify the proof (and weaken the assumptions)
of convergence theorems of Wentzell-Freidlin type [29] following the new approach,
initiated in Evans and Ishii [10], to the method of Fleming [11], [12].

This work is based on the notion of viscosity solutions introduced by Crandall
and Lions [7] (see also Crandall, Evans, and Lions [8] or Lions [22]) and extended
to different forms of boundary conditions by Lions [23], Perthame and Sanders [25],
Soner [27], and Capuzzo-Dolcetta and Lions [6]. This notion has also been extended
to discontinuous solutions by Ishii [16], [17] and Barles and Perthame [4].
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This paper is organized as follows. Section I is devoted to the study of the exit
time problem and its relation to an HJ equation. In II we prove a new comparison
result between a continuous and a discontinuous solution and we apply it to some
vanishing viscosity problem. Finally, the Appendix is devoted to a technical result on
the two-sided obstacle problem. Sections I and II are nearly independent, although

I shows the pathology of discontinuous solutions.

I. Exit time problems in optimal control. In this section we consider a system, the
state of which is given by the solution of

(1) dy,(t)+b(y,(t), v(t)) at=o, y,(0) x ,
or, in the case of relaxed controls, by

(1’) dx(t)+[f b(x(t), v(t)) dtzt] dt=O,
v

x(0)=xea,

and the basic cost functions are

J(x, v, 0)= f(y,(s), v(s)) e-s ds+q(y,(O)) e-
and

](x, I, O)= f(,(s), v) e-as dtzs ds + q()3,(0)) e-.
v

f is a bounded domain in N, b are given functions, A > 0, 0 is a nonnegative
number, and q is a given function on the complementary set of . v(. ) L(E+, V),
/xs L([+, P(V)) are, respectively, the control and the relaxed control; V is a compact
metric space and P(V) is the set of probability measures on V. We assume that

(2)
Forth=f, b, (l <- <- N), bC(ENxV),

I1(’, v)llv’,-< c (independent of v)

6(., v)

(so that (1) and (1’) have a unique solution).

(3) e BUC (fc

(BUC denotes the set of bounded uniformly continuous fqnctions).
Since we are interested in the exit time problem of 12, let us denote

(4)

(5) inf {t -->0, y,(t):

(and ", z are defined by (4) or (5) using 33,). In particular we will use the following
three value functions:

(6) u+(x) Inf [Sup {J(x, v, 0); ’<=O<=,yx(O)Ol}], x(,
v(- ) L(I+; V)

(7) u_(x) Inf {.(x, ix, 0); "- 0 =< ’, )x(0)
u(x) Inf {J(x, v, ’); v(- L(/, V)} for x e 1,

u(x) lim inf u(y) for x
yx, yt

(8)

The reason we introduce a different value for u on Of is that u_ is lower semicontinuous
(l.s.c.) on l) and u+ is upper semicontinuous (u.s.c.) on l), but u has no such property
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and this definition will simplify the notation. Let us mention that u_ has been studied
by Quadrat [26] and that this type of value function has already been studied by Ishii
16] and the authors [4]. These works show the connections between the above control
problems and the following HJ equation:

H(x, u, Du)= 0 in f,

(9) Min {H(x, u, Du); u 0} =< 0 on 012,

Max {H(x, u, Du); u q} ->_ 0 on 012,

where

(10) H(x, t, p)=sup {b(x, v).p+ At-f(x, v)}.
V

(13) -eAu + H(x, u, Due) =0 in 12, u]o p;

then

u_(x) lim inf u: (y) in 12.
yx, e-O

Equation (12) holds, in particular, if u_=tp on 0f. This is a compatibility condition
close to that of Lions [22]. Finally, we notice that u has a remarkable regularity property"

(14) [(u,)*]. u. in 1).

Our conclusion is that such a property could be a criterion for uniqueness, as can be
seen from the uniqueness theorem of II, but that a general result is still lacking.

Of course, these equations have to be understood in the viscosity sense of the following
definition.

DEFINITION. A u.s.c, function u (on f) is called a viscosity subsolution (or simply
a subsolution) of (9) if for any b e C() and any Xoel such that Maxc (u-&)=
(u- )(Xo),

H(xo, U(Xo), D&(xo)) <=O ifxo12,

Min (H(xo, U(Xo), Dck(Xo)), U(Xo)-O(Xo))<=O ifxoeO12.
We refer to the references in the Introduction for the motivation of this definition

and for variants and properties of viscosity solutions. Let us note only that a super-
solution may be defined in a similar fashion for 1.s.c. functions. A function u is said
to be a solution if u* is a subsolution and u, is a supersolution, where

u*(x) lim sup u(y),

(11)
y,y-x

u.(x) lim inf u(y).y, y-

Our main results are the following. First, we prove that u_, u/, u are viscosity
solutions of (9) and an example shows that they may be very different. Thus, no general
uniqueness result holds for solutions that are discontinuous on the boundary (see
however 16], [4]). Since u/ (respectively, u_) is the maximum (respectively, minimum)
solution of (9), if we assume

(12) (u+), u_ in 12,

then the solution is, in some sense, unique and it can be recovered by vanishing
viscosity. Let u satisfy
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The section is divided into three smaller sections. In the first we study u+ and u_.

The second is devoted to the properties of u, and the last gives examples which show
that our results are nearly optimal and that u and u_ can be very different.

1.1. Prolerties of u+ anti u_. In this section, we characterize u+ and u_ as the
maximal and minimal solutions of (9). We also prove the "regularity" property
(u+),-u, and that the vanishing viscosity method converges to u in the case when
u, u_. To do so, we need the following assumptions"

(15) 2 is a bounded open set satisfying fl

We assume that satisfies (3) and we define

q=C inl, q=q inl,
Oz -C in -, -/2 q in fl,

where C is large enough (C _-> sup Ifl/; + sup
We have the following theorem.
TIaEOREM 1.1. Under assumptions (2), (3), (15), let v be defined in 1, and let us

denote by the extension ofv by q outside (. Then v is a viscosity subsolution (respectively,
supersolution) of (9) if and only if is a viscosity subsolution (respectively, super-
solution) of
(16) Max (u-O,, Min (u-d/z, H(x, u, Du))) =0 in N.

The definition of solutions of (1.6) and its main properties are given in the Appendix.
In particular, (16) admits a maximal subsolution t and a minimal supersolution _u
(explicit formulas are given for _u and t) and and _u are solutions of (16). Thus, we
have the following corollary.

COROLLARY 1.2. U+= tlC and u_ u_la are, respectively, the maximal subsolution
and the minimal supersolution of (9), and u+ and u_ are solutions of (9). u+ is u.s.c.
and u_ is l.s.c, in

The following theorem shows that u + and u are not very different.
THEOREM 1.3. Under assumptions (2), (3), (15), we have

(u+).=u. in

COROLLARY 1.4. If U_ U. in 12, then there exists a unique l.s.c. (in 1)) viscosity
solution of (9) satisfying (14). This is the case, for example, if u_ =q on

COROLLARY 1.5. Assume that (13) has a solution u C2(1) (3 C(1)) for e small
enough. Then

u_(x) <- lim inf u(y) =<lim sup u(y) <= u+(x),
e-O, yx e-O, y-x

and thefunction defined above by the lim inf (respectively, the lim sup) is a supersolution
(respectively, subsolution) of (9) and if u_ u, in 1

u_(x) lim inf u (y) in 1.
e0, y-

Most of these results are mere adaptations of the method of [4] and Proposition
A.1 in the Appendix and we will skip the proofs. Theorem 1.1 is an easy consequence
ofthe definition of viscosity solutions. Corollary 1.2 can be proved without any difficulty
using the Appendix. The only new point is Theorem 1.3, which we prove below. Then,
Corollary 1.4 and 1.5 are clear. Let us mention that Corollary 1.5 is a consequence of
the stability results of [16] and [4], which show that limsup_o.y_xu(y) and
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lim inf__.O,y_x u (y) are, respectively, viscosity sub- and supersolutions of (9), together
with Corollary 1.2.

Proofof Theorem 1.3. Since u/=> u in f, it is clear that (u/), > u, and it remains
to prove the other inequality. We will need the following lemma.

LEMMA 1.6. Let x be a point of f, v(. a control, - the exit time from of the
trajectory associated to x and v(. ). There exists a sequence xn f- x such that

lim inf u+(x,) <- J(x, v, z).

First, we prove Theorem 1.3 by using Lemma 1.6.
Let x . Then there exists a sequence x,- x such that

Now, we take v,(. such that

lim u(x,,) u,(x).

1
u(x.)+->-_(x.,v.,-.),

n

-, being the exit time from f of the trajectory Yx. associated to v, (.). By Lemma 1.6,
there exists xP, x, such that

J(x,, v,, ’,)>-u+(xP,)
1

P

Therefore, by a diagonal procedure

u.(x) =li.rn u(x,,) >- lirn.inf (u/(x)--2n) _-> (u+).(x)

and the result is proved.
Next, we prove Lemma 1.6.
Proof ofLemma 1.6. We treat only the case when z < oo. If - +oo, then u+(x) _-<

J(x, v(. ), ’) and we are done. We are going to build a sequence x converging to x
such that the trajectory Yx. associated to v and x,, satisfies

r-1/n<-- -,,<-- ,<-- -,
where -, is the first exit time of yx. from f and ?, from 11. nce the map Y" z Yz(’)
is an homeomorphism from a neighborhood of x onto some neighborhood of yx(z),
and since 11 satisfies (15) for e small enough, the set A Y-l(B(yx(-))f’l fiC)--where
B(yx(’)) is the ball of center yx(z) and of radius e--is not empty and is open, and
x A. Let us remark that for z A, the exit time of yz from 1 is less than . Now,
since Inf {d (Yx (s), 0f), 0 -<_ s <- - 1 / n } > 0 and since z Yz (s) is uniformly Lipschitz
in z for 0-< s-< -, there exists rt > 0 such that for Iz- x <= r/, we have

(i) yz(s)l) forO<=s<-’-l/n,

(ii) [yz(s) y,(s)l <- 1In.
Therefore, if we take x, B,(x)f-)A, we have

(iii) ’-l/n<-.<-<-_r

and

u+(x,) <=Sup {J(x,, v, 0),
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But using the Lipschitz properties for b andf and the continuity of o we easily deduce

u+(x,)<-J(x, v, ’) + a(n),

where a(n) 0 when n , and the lemma is proved.

1.2. Some lroperties of u. In this section, we study some properties of the function
u defined by (8). Let us begin by commenting on the value of u on 0. If we define
ff by

(x)=u(x), xa,
(x)=(x), xeoa,

then it is easy to check that a* (respectively, a.) is a viscosity subsolution (respectively,
supersolution) of (9) if and only if u* (respectively, u.) is. We are going to prove that
u and u. are solutions of (9) and some regularity property of u. Finally, let us note
that Ishii [16] has already proved that a is a viscosity solution of (9).

THEOREM 1.7. Assume (2), (3), (15); then u and u, are viscosity solutions of (9).
Moreover, u, satisfies
(14) [(u,)*], u, in

Remark 1.8. It is known that the functions satisfying (14) are continuous almost
everywhere in the Baire sense; this justifies the term regularity. Let us mention that
+u satisfies (14) since it is u.s.c. The new point here is that u, is a viscosity solution

with our definition of u on 00. In general, this would be wrong for u_ as we will see
in the next section.

Proof of Theorem 1.7. Let us first show the regularity property. Since u
and u/ is u.s.c., we have

u, <_- (u,)* _-< u + in fi;
therefore, since u, is 1.s.c.

< (u+), intl.u,_-< [(u,)*],
But, using Theorem 1.3, we have

(u+), u, intl.

Thus (14) is proved. To prove that u is a solution of (9), we give a more direct proof
than that of Ishii [16]. We prove only that u is a supersolution on 0f. The other
properties may be obtained by the same method. Let x be a point of 011 and x, a
sequence of points of such that x, x and u(x)- u,(x). Using the Dynamic
Programming Principle (cf. Fleming and Rishel [13], Lions [22], Ishii [16]), we know
that

u (x,) I.f) f(y,.(t),v(t))e-dt+q(y,.(’))e-’"
0

+ u(y.(T)) e-.
If u,(x) (x), we have nothing to prove. In the other case, we choose T such that

(17) Tllfl]+p(]lb[[T)[(x)-u,(x)]/2,
where p is the modulus of continuity of . Now, we choose v,(. such that

u(x.)+l/n f(y,,(t),v.(t))e-a’dt+(y,,(r.))e-’,,l..=ri

+ U(yx,,(r)) e-"<,,,.
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It is easy to check that for n large enough, -, > T, and using the compactness of relaxed
controls (cf. [5], [28]) we get

u,(x)>= f(,c(t), v) e-xt dtxtdt+u,()c(T)) e-,
where is defined by (1’). We have used the fact that

y,, T) fix( T)

and lim inf, u(y. (T)) u,((T)) by definition. So, we finally obtain that, for T small
enough,

u,(x) e Inf f(fi(t), v) e- d, dt + u,((T)) e-r

This is a superoptimality principle of dynamic programming (cf. Lions and Souganidis
[24]) and when it is used, classical arguments lead to the result. Therefore, we skip
the end of the proof.

We can use the same kind of ideas to prove that (u,)* is a subsolution of (9).
Again we consider only the case of a point x
such that x x and u,(x) (u,)*(x). For any control v(. and y e we have, for
some modulus of continuity

u,(x.)-o.(lx.-zl) u(z) f(y(s), v(s)) e- ds
0

+ (y()) e-" l(r+ u(y(T)) e-r. l(r<.

As before, we must consider the case when (u,)*(x) > (x) and we choose T such that

(17’) Tlfll 2

Then, for n large enough and -x small enough (depending on n), we easily obtain
r < r(y), and thus

u,(x.)-o(Ix.-l) f(yz(S), V(S)) e-" ds+u(y;(r)) e-"T.

Since the range of a small neighbourhood of x by the application z y(T) is a
neighbourhood of y. (T), we may choose a sequence zp such that zp x as p and
u(y. (T)) u,(yx (T)). This gives

u,(x f(y(s), v(s) e-" s + u,(x( r) e-",

and, letting n go to infinity, we obtain

(u,*(x f((s, v(s e-"" as+(u,*((rl e-".

And since this holds for any control v(. we have proved a suboptimality of dynamic
programming. This is enough to conclude that (u,)* is a subsolution by classical
arguments.

1.3. ele. The aim of this section is to describe a situation where u_ is
very different from u. For (9), it is the only real nonuniqueness feature, since (u+), u,
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in f. We shall make some comments concerning the connections between the boundary
values, the boundary conditions in (9), and the nonuniqueness feature for (9). Let us
describe our example. With our notation, we take the following:

12 {(x, y) [-1,112/x < 0 or y < 0},

f-= O, A =0 (but is not relevant for our example),

b(x,v)=-v whereveV={(Vl v)e/v1A’/922< 1, /3>0, /)2<0}.

Finally, we take o 0 on Oft, except on [0, 1] {0}, on which we define o by

q(x, y) -4x(1- x).

It is now easy to compute u/, u, and u_, and we obtain
/u u=0 in f

and

if y<0,
u_(x,y)= 1 if x-<1/2, y->0,

if x>1/2, y=0.

Of course, u and u_ are viscosity solutions of (3) in 1. However, we can remark that
the values of u_ on [0, 1] x {0} are very different from the behavior of u_ on [0, 1]
I-e, 0[. This remark leads to two comments.

(i) It does not seem possible to use the idea of Soner [27] (and used for this
type of problem by Ishii [16]) to prove uniqueness results for (9) with functions such
as u_ since the behavior at the boundary is completely different from the behavior of
the interior points; this will motivate the uniqueness result of II.

(ii) If we define the 1.s.c. and u.s.c, envelopes of u_ in the same way as for u in
(8), we must consider the function to defined by

-1 ifx<=O, y>=O,
to (x, y)

0 otherwise.

to(x) lim infyn, y__,, u_(y), and it is easy to check that to is not a viscosity supersolution
at the point (0, 0). So, for u_, the boundary values play an essential role for the viscosity
solution property. This is a striking difference from u. It seems that u_ is a singular
solution and that the "good" solutions are those which have the regularity property (14).

Remark 1.9. In this example, u_ has the regularity property (14) in 1). But this is
not the case in general. (In the above example replace b by/ defined by/(x, v) (1, 0).)

Remark !.10. In this example, u. is the maximum continuous viscosity subsolution
of (9). It is easy to construct examples in which the supremum of the continuous
subsolution is u_, and u. is different from u_ at some points of 12. Finally, let us point
out that Theorem II.1 below may be applied to this example and provides a uniqueness
theorem for u.

II. Uniqueness and vanishing viscosity method for HJ equations. In this section,
we prove an extension of the uniqueness result of Ishii 16] and we apply it to simplify
the proof and weaken the assumptions for asymptotic theorems of large deviations type.

II.1. A uniqueness result. We prove the uniqueness result for a general HJ equation
for which we need the following assumptions:

(18) H(x, t,p) is uniformly continuous in p for x12,



EXIT TIME PROBLEMS 1141

(19)

(20)

There exists a continuous nondecreasing function m" (0, oo) --> [0, oo) such that
m(0) 0 and [H(x, t, p)- H(y, t, P)I <= m([x -y[(1 + Ip[));

::ly _> O, Vx 1), p e N s, s <= t, H(x, t, p) H(x, s, p) > y( s).

Moreover, we need an assumption for the bounded set fl, which is a classical assumption
introduced by Soner [27]"

(21) There exists a continuous function r/ defined on a neighborhood of OFt with
values in Ns and a constant b > 0 such that B(x + tq(x), bt)c for x e 1),
0<t<b.

THEOREM II.1. Assume (18)-(21), and either y>0 in (20) and a =0, or y=0 and
a > O. Let v, an l.s.c. (in ) function, be a supersolution of (9). Let w C(,) satisfy (in
the viscosity sense)

(22)
H(x, w, Dw) <- -a in Ft,

Min (w-G H(x, w, Dw)+ a) <-O on OFt.

Finally, assume that

(23) Vx e 012 if w(x) > o(x) then lim inf v(y) v(x).
yx, ye

Then w<=v in Ft.
Remark 11.2. Of course, the same result holds for a continuous supersolution and

a u.s.c, subsolution. It is also possible to weaken slightly the assumption of continuity
of the subsolution by assuming that it is continuous only at the points of 012. But when
we deal with solutions this is of no use, since a solution that is continuous at the points
of OFt is continuous on Ft. Indeed, let w be a solution that is continuous at the points
of OFt, choose two continuous functions w, w2 such that

W W W2 in Ft,

W W2 W on

and extend w, wl, w2 in Ns such that

W, Wl, W2 t BUC(NN), W-- W W2 in Ftc

(BUC denotes the space of uniformly bounded continuous functions). It is easy to
check that w is a solution of

(24) u+inf{-wl; sup (H(x, u, Du)-u,-w2)} =0 inns,
and the unique solution of (24) belongs to BUC (Rs) (cf. [9], [2]). Therefore, w is
continuous in Ft.

Thus, the main difference between Theorem II.1 and Theorem 2.1 of [16] is that
w is not assumed to satisfy w _-< q on OFt.

Proofof Theorem II.1. The proof is based on the idea of Soner [27] and is almost
the same as that of Ishii [16]. So, we just indicate the adaptation required for this
proofand we treat the case y > 0, a =0. We are interested in M Maxxn (w(x)- v(x)),
which is achieved, say, at . The only new argument is used when e OFt, w() > (0(),
and v()-> q(:). It is contained in the proof of the following lemma.
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LEMMA 11.3. Let nl satisfy (as in (23)), . :, v(xn)v() as n-o and let
en and zn be defined by

e. Inf { => 0, . tr/() f},

z ,().

Then e. 0 and if q,..is defined by

q.(x, y)= w(x)-v(y)-
2

And so

[X, .g[ O, O, v(yn) v(). l-1

Proof ofLemma 11.3. Using (21), it is not difficult to check that e. 0. Therefore,
for n large enough, e. =< b. First, it is easy to check that

[y. x. =< C. e,,.

d/.(x., y,,) <= (w(x.)- w(y.)) + (w(y.)- v(y,,))

which gives

(25) q,.(x., y.) <= Ow( C" e.) + M,
where pw is the modulus of continuity of w. Moreover,

since (x., y.) is a maximum point of .. We obtain

.(x,,, y.) >- w(z,,) v(.)- [z. l2.

But z.--> and v(.)--> v(), so there exists a(n)-->O such that

(26) q,.(x., y.) >- M- a(n).

From (25) and (26), we deduce that q,.(x., y.)--> M. Moreover, since [l is bounded,
we can consider subsequencesmstill denoted by x., y.msuch that x., y. --> z l). Hence

2

M<limsup,.(x.,y.)<w(z)= lim inf v(y.) lim inf r/()x"-Y" _]z_l2.

The right-hand side is estimated by

w(z)-v(z)<-M.

From the above we deduce the following:

(i) z--- ,
(ii) lim inf v(y.)= v(),

2

(iii) lim inf
x. y.

() =0.

Since (i)-(iii) are true for ever), converging subsequence, the proof is complete.
Using this lemma, we easily conclude the proof, as in Ishii [16]. E]

then, denoting (x., y.) a maximum point of d/,,, we have
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11.2. A general case of uniqueness. In this section we consider the case when H
satisfies the assumption

(27) VR > O, H(x, t, p) +oe as [pl - +oo, uniformly for x 1), Itl R.

Our purpose is to show that Theorem II.1 applies to getting a general uniqueness
theorem. Indeed, we will prove that any subsolution is continuous in 12. We refer to
Ishii [16] for other continuity criteria.

THEOREM II.4. Under assumptions (18)-(21) and (27), any bounded u.s.c. (in f)
subsolution v of (9) is uniformly Lipschitz continuous in 12 and satisfies v <- on 012.

Proof of Theorem II.4. The proof of this theorem uses classical arguments and
we only sketch it. First, we prove that v -< on 0f. Take a sequence of smooth functions, on R N, + 2/n _-> p. _-> + 1/n on 0f, and define for A > 0,

w(x) ,d(x, oa)+ .(x).

On E,={x/d(x, OlI)>=a}, w(x) is continuous and satisfies, for a proper choice of
a, A,

(28)
H(x, u, Du)>= 1/ n in E,
u>-q+l/n on 01),
u>- v+ l/n onOE,\012.

Indeed, for any C e C1(1)) and any minimum point Xol) of w-C, we have, for
Yo 012, d (xo, 012) [Xo- u0l,

(Xo)- (x) _-> W(Xo)- w(x)

e -[Xo- xl" D. I1o + ; (d(xo, Oa)- d(x, On))

----> -Ixo xl" Dtp. II/ A ([Xo- yo]- Ix yo[)

->-Ixo-xl" IIDlloo+AIx-xol,
choosing x e [Xo, Yo], and thus D(xo) >- A -[IDo. 11. Now, we choose a (depending
upon h) such that ah- I1011oo-> max v+ 1 so that the third inequality of (28) holds
and w remains bounded. Then we choose h such that (27), the bound on w and the
estimate on D(xo), implies the first equation of (28). Finally, the condition w -> p + 1/n
on 012 is clear enough. Thus, we may apply Theorem II.1 to compare v and w (notice
that (21) is not needed on OE,/OI), since on this part of the boundary we have a pure
Dirichlet condition). Therefore, we obtain v(x)<-_ <-_ 2/n + q(x) on 012 and we have
proved that v(x) _-< (x) on 012.

Now, we prove that v is uniformly Lipschitz continuous in 12. We introduce v
defined by

y E

(This operation is called sup-convolution and is studied in Lasry and Lions [20].) v
is Lipschitzian, is nondecreasing to v, and satisfies, for any strict open subset of fl and
e small enough,

H(x, v, Dv) <-_ C (independent of e).

Since v remains uniformly bounded, (27) gives a uniform bound on Dv and Theorem
11.4 is proved.

Remark 11.5. With the notation of Theorem 11.4, setting v(x)
lim SUpyef,y._>x v(y), we define a Lipschitzian function on 1) and v is still a subsolution.
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11.3. Application to large deviations problems. Assumption (27) is naturally
satisfied when we look at the asymptotic behavior for exponentially small probabilities
and expectations associated with processes with small diffusion term. We refer the
reader to Evans and Ishii [10], Fleming and Souganidis [14], or Bardi [1] for the
motivations and the main results obtained recently from the method initiated by Fleming
[11], [12].

In order to illustrate how the theory above may simplify the approach to these
problems, we have, for e small enough, a solution u C(12) C() of

(29) -eai(x)
02ue + H(x, u, Du)=0, u[o, q,
Ox Ox

where aij(x) is a positive symmetric continuous matrix.
(Here we assume that u exists. Generally, it is explicitly given by the logarithmic

transformation of a "cost function." Above, it is possible to assume that u C(f) is
a viscosity solution of (29) in the sense of Lions [21]).

In the context of large deviations the following Hamiltonian is relevant:

(30) H(x, p)= p’. a(x).p+ b(x).p.

Generally, the question of studying the behavior of u is performed as follows
(see [10])"

(1) Uniform bounds in L are proved on u
(2) Uniform bounds on the first derivatives of u are proved;
(3) Then, it is possible to pass to the limit in (29);
(4) Identify the limit of u by a uniqueness theorem for (9).
We remark that step (2) may be hard to establish (and either wrong if, as below,

a boundary layer appears in (29) and a part of the boundary condition is lost). The
following proposition shows that this step is not necessary to obtain uniform conver-
gence of u inside f. Therefore, it simplifies the program described above, weakens
the assumptions on H, and makes the program applicable to more general situations.

PROPOSITION 11.6. Let u be a viscosity solution of (29) in C(fi) satisfying Ilu ll -< c
(independent of e) and assume that H satisfies (18)-(21).

Then the functions
a(x) lim sup u(y),

y x, O
_u (x) lim inf u (y),

y-x,e-O

are, respectively, viscosity sub- and supersolutions of (9).
(ii) If (27) holds, then (x)= lim SUpyfLy_ (y) is a Lipschitzian subsolution of

(9) and <= o on Of.
(iii) Assume (27). Then, assume y > 0 in (20), or that H(x, t, p) is convex in p and

that (9) admits a strict subsolution in the sense of (31) below; then u_ ft in 12 and u
converges uniformly on every compact subset of f to (or u_ ). [3

(By a strict subsolution we mean a function w C1(), such that, for all ,
(31) H(x, t, Dw) -< -a < 0 in f).

Proof of Proposition 11.6. Much of this proposition is an adaptation of the above
results and classical ones. Item (i) is proved in 16] and is an adaptation of the stability
result of [4]. Item (ii) is nothing but Theorem 11.4 and Remark 11.5. Item (iii) is an
adaptation to discontinuous solutions of a result of Kruskov 19], Crandall and Lions
[7], Lions [22], Ishii [15], Lasry and Lions [20], and Barles [3]. Let us just recall the
proof of [15] (we consider the case y=0 only). Let 0 (0, 1) and set uo O+(1-O)w.



EXIT TIME PROBLEMS 1145

Thanks to the convexity of H in p and to (31), we get

H(x, uo, Duo)<= -(1-O)a<O inIl.

Since this still holds if we replace w by w-M we get also

Min (u0 p, H(x, Uo, Duo)) <= -(1 O) a on 0fl.

Thus, we may apply Theorem II.1 and obtain

Uo <- u_,

and we conclude the uniqueness statement by letting 0 go to 1. Finally, we have obtained

lim sup u(y) lim inf u(y) tx f,
e-->O,y--> O,y-->

and this implies the uniform convergence of u on every compact subset of fl. I3

Remark II.7. For the particular Hamiltonian given by (30), the existence of a
strict subsolution is known to hold if

Vx(s) e 0,, x( e Ho([0, oo); Nu) I:(s)- b(x(s))l2 dx

Proposition 11.6 may be applied to this example as soon as b and a are continuous
(and a is uniformly positive). Indeed, it is well known that (18)-(20) must hold only
for bounded p since (27) gives the Lipschitz continuity of the subsolutions.

Appendix. On the two-sided obstacle problem. In this Appendix, we consider the
problem

(16) Max(u-O,Min(u-q,2, H(x,u, Du)))=0 inn

for discontinuous obstacles 61, 4’2. We prove that it has a maximum subsolution and
a minimum supersolution which are solutions. These results have been used in I,
since the exit time problem is a particular case of (16).

Let us recall what we mean by a solution of (16).
DEFINITION. A u.s.c, u on N is called a viscosity subsolution of (16) if, for any

4 C() and any point Xo such that Max (u-4)= (u-4)(Xo), then

H*(xo, U(Xo), D6(xo)) <- O.

The definition of supersolutions or solutions is obtained as usual (see I).
In the following, H is given by (10) with b and f satisfying (2).
To state our result, we need the following assumption:

(32) 4’1 and 4’2 are bounded and satisfy (z*). z., (z.)* z* (where z q or q’2).

PROPOSITION A.1. Under assumptions (2), (32) the functions ft and _u defined by

Inf S f(y (t), v(t)) e-’ dta(x)
(.,o oUp .,o

,* (y(O e-"o,<o+ 4,* (y(O e-"oo,],+

01^02
_u(x) Sup Inf f(x(t), v(t)) e-’ dt

02 (,01) d 0

+ l,(fix(O1)) e-X’l{o,<02}+ ,2,()3x(02)) e-l ]{02 01}
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(where y, and x are, respectively, defined by (1) and (1’) in iv) are, respectively, the
maximum viscosity subsolution and solution of (16) and the minimum viscosity supersol-
ution and solution of (16).

Proof of Proposition A.1. Since the arguments are routine adaptations of the
arguments of [4], we only sketch the proof for ft. Let (p’), and (0), be two
nonincreasing sequences of functions of BUC(RN) such that

* Inf 0’, 2" Inf p.

Let v be a bounded u.s.c, viscosity subsolution of (16). By classical results (see [2],
[7]-[9], [22]), we know that there exists a unique bounded and continuous solution
u" of

(33) Max [(u 07), Min ((u-6),H(x, u, Ou))]=O inN.
Moreover, since (33) satisfies Isaac’s condition [24], u" is given by

Inf SoUP f(Yx(t), v(t)) e-’u (x)
((.),Ol) o

+ ((0)) e-,(o,(o:)+O(.(o:)) e-: ]{o2o}

Let us only note that, in this paicular case, u belongs to BUC(Ru) and that we could
inve the Sup and Inf in the above formula. Moreover, the comparison results for
viscosity sub- and supersolution give

(34) v u "+ u" in u,
since v is still a subsolution of (33). So, it is enough to identify the function

w Inf u’.

It is clear enough that

To prove the other inequality we denote by

01"02
Jn(V, 01, 02)-- f(yx(t), v(t)) e-Xt+ O(yx(01)) e-11/01<o2

dO

+ h(yx(02)) e-21o2<_o
and by J(v, 01, 02) the same expression, where p’ and 0 are replaced by * and 2".
We have

w(x)= Inf InfSup J’(v, 01, 02).
(/),01) 02

jF/So, it is enough to compute lim, sup02 (v, 01, 02) V, 01 being fixed with 01 < +ec. Let
0 be a maximum point of J’(v, 01, 02); we may assume that 0 -< 01 + 1 and therefore
we can take a subsequence, still denoted by 0, which converges to 02:

InfSupJ’(v, 0, 0:)= lim J’(v, 0, O)limsupJ’(v, 0, O)
0

O 02
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and it is easy to see that the right-hand side of the inequality is exactly J(v, 01, 02).
Finally

w(x) <-_ Inf Sup J(x, 01, 02)= t/(x)
(v,01) 02

which is the result we want. Let us just note that this proof shows that t/is u.s.c, and
it is easy to check that

t/(x) lim sup un(y),

(t).(x) liminf u"(y).
y

So, by the stability result of [4], we conclude that is the viscosity solution of (16).
Moreover, by (34), we see that is the maximum viscosity subsolution of (6). Assump-
tion (32) is used to identify the limits of the Hamiltonians and to ensure and are
solutions,of the same Hamiltonian. The proof is complete.

REFERENCES

M. BARDI, An asymptotic formula for the Green’s function of an elliptic operator, Ann. Scuola Norm.
Sup. Pisa, to appear.

[2] G. BARLES, Existence results for first-order Hamilton-Jacobi equations, Ann. Inst. H. Poincar6, Anal.
Non Lin6aire, (1984), pp. 325-340.

[3] , An approach of deterministic unbounded control problems and offirst-order Hamilton-Jacobi
equations with gradient constraints, manuscript.

[4] G. BARLES AND B. PERTHAME, Discontinuous solutions ofdeterministic optimal stopping time problems,
Math. Methods Numer. Anal., to appear.

[5] I. CAPUZZO-DOLCETTA AND H. ISHII, Approximate solutions of the Bellman equations ofdeterministic
control theory, Appl. Math. Optim., 11 (1984), pp. 161-181.

[6] I. CAPUZZO-DOLCETTA AND P. L. LIONS, Hamilton-Jacobi equations and state constraint problems,
to appear.

[7] M. G. CRANDALL AND P. L. LIONS, Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer.
Math. Soc., 277 (1983), pp. 1-42.

[8] M. G. CRANDALL, L. C. EVANS, AND P. L. LIONS, Some properties of viscosity solutions ofHamilton-
Jacobi equations, Trans. Amer. Math. Soc., 282 (1984), pp. 487-502.

[9] M. G. CRANDALL, H. ISHI, AND P. L. LIONS, Uniqueness of viscosity solutions revisited, J. Math.
Soc. Japan, 39 (1987).

10] L.C. EVANS AND H. ISHII, A PDE approach to some asymptotic problems concerning random differential
equations with small noise intensities, Ann. Inst. H. Poincar6, 2 (1985), pp. 1-20.

[11] W. H. FLEMING, Logarithmic transformations and stochastic control, in Advances in Filtering and
Stochastic Control, W. F. Fleming and L. G. Gorostiza, eds., Springer-Verlag, Berlin, New York,
1983.

[12] , A stochastic control approach to some large deviations problems, Lecture Notes in Math. 1119,
Springer-Verlag, Berlin, New York, 1984.

[13] W. H. FLEMING AND R. W. RISHEL, Deterministic and stochastic optimal control, Lecture Notes in
Math. 1119, Springer-Verlag, Berlin, New York, 1975.

[14] W. H. FLEMING AND P. E. SOUGANIDIS, A P.D.E. approach to asymptotic estimates for optimal exit

probabilities, Ann. Scuola Norm. Sup. Pisa, 1986.
15] H. ISHI, A simple, direct proof of uniqueness for solutions of the Hamilton-Jacobi equations of eikonal

type, manuscript.
[16] , A boundary value problem of the Dirichlet type for Hamilton-Jacobi equations, manuscript.
[17], Perron’s method for Hamilton-Jacobi equations, Duke Math. J., to appear.
[18] S. KAMIN, Elliptic perturbation for linear and nonlinear equations with a singular point, to appear.
[19] S. N. KRUSKOV, Generalized solutions of the Hamilton-Jacobi equations of eikonal type. I, Math.

USSR-Sb., 27 (1975), pp. 406-446.
[20] J. M. LASRY AND P. L. LIONS, A remark on regularization in Hilbert spaces, Israel J. Math., 55 (1986),

pp. 257-266.



1148 G. BARLES AND B. PERTHAME

[21] P. L. LIONS, Optimal control of diffusion processes and Hamilton-Jacobi equations. Part II: viscosity
solutions and uniqueness, Comm. Partial Differential Equations, 8 (1983), pp. 1229-1276.

[22] ., Generalized Solutions of Hamilton-Jacobi Equations, Pitman, Boston, 1982.
[23] ., Neumann type boundary conditions for Hamilton-Jacobi equations, Duke Math. J., 52 (1985),

pp. 793-820.
[24] P. L. LIONS AND P. E. SOUGANIDIS, Differential games, optimal control and directional derivatives of

viscosity solutions of Bellman’s and Isaac’s equations, SIAM J. Control and Optim., 23 (1985), pp.
566-583.

[25] B. PERTHAME AND R. SANDERS, The Neumann problemfor nonlinear second order singularperturbation
problems, SIAM J. Math. Anal., 19 (1988), pp. 295-311.

[26] J. P. QUADRAT, Thse d’6tat, Universit6 Paris IX-Dauphine, 1981.
[27] H. M. SONER, Optimal control problems with state space constraints, SIAM J. Control and Optim., 24

(1986), pp. 552-561.
[28] J. WARGA, Optimal Control ofDifferential and Functional Equations, Academic Press, New York, 1972.

[29] A. D. WENTZELL AND M. I. FREIDLIN, Random Perturbations ofDynamical Systems, Springer-Verlag,
New York, 1984.



SIAM J. CONTROL AND OPTIMIZATION
Voi. 26, No. 5, September 1988

1988 Society for Industrial and Applied Mathematics

010

DIFFERENTIAL GEOMETRIC METHODS IN
HYBRID PARAMETRIZATION OF LINEAR DYNAMICAL SYSTEMS*

B. K. GHOSHf AND W. P. DAYAWANSAt

Abstract. This paper introduces a non-Euclidean parametrization of linear dynamical systems both in
the open loop and in the closed loop. In particular, the various parametrizations introduced have a bundle
structure which appears to be of relevance in system identification. Furthermore a quotient topology is
obtained on the space of all systems and compared with the well-known graph topology. The article describes
many desirable features of the quotient topology. Applications of vector bundle and fiber bundle theory in
parametrization of control systems in the closed loop introduced in this paper are new.

Key words, vector bundle, parametrization, characteristic class

AMS(MOS) subject classifications. 14, 30, 93

1. Introduction. In feedback control system design, there has been recent interest
in considering collections of linear multi-input multi-output dynamical systems, rather
than fixed ones, and recursive schemes to update the parameters of compensators in
order to satisfy specific sets of design constraints (e.g., sensitivity minimization, stabiliz-
ation, etc.) in the closed loop. As has already been noted in the literature [1]-[3], the
collection of plants might arise as a result of parameter variation or of our ignorance
about the true value of a set of parameters and wherein only a bound on the parameters
is known. Likewise the compensator parameters might have to be updated or adjusted
in view of more recent information about the plant parameters or as a result of a
change in the design requirements.

As a first step in the design of a compensator, it is important to select a suitable
parametrized space for systems. Understanding the topology of this space is important
since the convergence of algorithms may depend on it. Brockett [27] has studied the
space of single-input single-output systems of McMillan degree n (called Rat (n)) and
has paved the way for interesting research work by many others. In addition to this,
we are clearly interested in obtaining a suitable parametrization of a class of plants
and compensators for which recursive adjustment of the parameters is feasible. At the
very least, we are interested in both off-line and on-line variations of the parameters
of the plant-compensator pair in the closed loop that achieve robust stability. In this
paper, we initiate such a program and parametrize plants and compensators that are
robustly stable in the closed loop. An advantage of our parametrization is that the
McMillan degrees ofthe family of plants and compensators considered are not assumed
to be fixed. This is a very desirable feature, since it is extremely difficult to estimate
the McMillan degree in parameter identification. As a special case, we parametrize
the space of strictly proper multi-input multi-output systems and show that the associ-
ated space is graded (i.e., there is a sequence of subsets l-ll c 2c c 1 c such
that LI= l’li is the given space) and each of the graded spaces (i.e., fl,’s) is diffeomor-
phic to a Euclidean space. This property is particularly desirable in system iden-
tification, as has already been argued in [4], if the identification algorithm is defined
by a locally and globally convergent vector field. This fact is justified due to the
following theorem of Milnor (see Appendix I and [5]): "If a manifold admits a locally
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and globally asymptotically stable vector field then it is diffeomorphic to a Euclidean
space." Thus a non-Euclidean space does not admit a globally convergent vector field.
On the other hand, because of the Euclidean structure of the graded spaces, it may
now be possible to globally generalize many known parameter identification algorithms
described in [10], where.the associated parameter space is assumed to be Euclidean.

In general however, i.e., when the plants and the compensators are not necessarily
strictly proper, we show that the proposed graded space is not Euclidean. However,
it has the structure of a vector bundle [6], [7]. A vector bundle has the desirable feature
that its fibers are isomorphic to a Euclidean space. Thus a point on the fiber may be
identified via globally convergent identification schemes defined on a Euclidean space.
Identifying points on the non-Euclidean base space may be difficult in general.
However, in our parametrization the base space is sufficiently lower-dimensional
compared to the dimension of the total space. Existence of separate identification
algorithms on the base space and on the fibers is currently under study.

The main results of this paper are now described. In 3 we introduce the notion
of a lag and parametrize the space of p x rn strictly proper systems of lag-< n. In 4
we study the vector bundle structure of the space of p x m proper or improper systems
of lag-< n. In 5 we parametrize plant-compensator pairs of lag_-< n and _-< q, respec-
tively, that are stable in the closed loop and show that the parametrized space has the
structure of a vector bundle. In 6, we construct a fiber bundle of the space of proper
or improper systems with unbounded lag and describe a quotient topology on the
space of systems. This topology is compared with the well-known graph topology [8]
and many desirable features of the proposed topology are described. Finally, in 7
we parametrize plant-compensator pairs of lag-< n and _-< q, respectively, that are not
necessarily stable in the closed loop and show that such a space has the structure of
a fiber bundle.

In this paper we introduce the application of non-Euclidean geometry in para-
metrization problems and therefore cover some of the work of Byrnes [11], [12],
Delchamps [13], and Helmke [14], [15]. The main point of this paper, however, is
that, via a suitable over-parametrization, the parameter space we obtain is endowed
with the structure of either a vector bundle or a fiber bundle. The base of the bundle
so obtained is generally not a Euclidean space. Thus we might consider a set of charts
which cover the base. This would agree with some of the works of Hazewinkel [16]
on the numerical aspect of the parametrization problem as a consequence of "chart
changes."

Here we assume that the reader is familiar with the "characteristic class" theory
at the level of [7]. For a good introduction of this subject and its relevance to system
theory we refer the reader to [13].

2. Notation.
LSn,p" Space of p m strictly proper systems of lag n.

LPn,p" Space of p m proper systems of lag n.

Ll)7,,p" A parametrization of the set of p rn strictly proper systems of lag_-< n.
LH 7,,p" A parametrization of the set of p rn proper systems of lag <_- n.
LgI"’q A parametrization of the set of p x rn strictly proper systems of lag < nrn, p

that can be stabilized by a compensator of lag_-< q.
LH"’q A parametrization of the set of p x rn proper systems of lag < n that canrn, p

be stabilized by a compensator of lag-< q.
LFBq,p: A parametrization of p x rn systems G(s) of lag_-< n and rn p com-

pensators K (s) of lag_<- q such that the closed-loop system G(s)[I +
K(s)G(s)]- is proper and stable.
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LF,p:

The real line.
The n-dimensional real projective space.
The complex plane.
The complex plane together with the point at infinity.
The open interior of the unit disc.
C -Ds.
A parametrization of p x rn proper or improper autoregression moving
average (ARMA) systems having a lag of at most n.
The space of ARMA systems in L that can be stabilized by an m x pm,p

ARMA system in Lq
p,

A parametrization of p x rn proper or improper ARMA systems having
an arbitrary large lag.
A quotient space of all p x m ARMA systems.
The ring of rational functions with poles in D
Set of invertible elements in H.
A p x m matrix with elements in H.
A parametrization of m-input p-output feedback control systems ofplants
of lag <_- n and compensators of lag_-< q.

3. A parametrization of the space of p x m strictly proper systems of lag <- n. In
this section we consider the space LSn,p of p x m strictly proper systems of lag n. The
notion of "lag" rather than the notion of "McMillan degree" is frequently considered
in economics and statistics in the modeling of autoregressive moving average (ARMA)
systems. In particular, we refer to Deistler and Hannan [9] and consider the following
difference equation:

(3.1) Doy(t)+Dly(t-1)+" .+Dny(t-n)=Nou(t)+NlU(t-1)+. .+Nu(t-n)
where y(t) is the output p vector, u(t) is the input m vector, and where Di, Ni for
=0,..., n are, respectively, p xp and p x m real matrices. The above difference

equation, (3.1), can be represented in the frequency domain as follows:

D(z)y(z) S(z)u(z)(3.2)
where

(3.3)
D(z) Doz" + D1z’- +" + D,,,

N(z) Noz" + N,z"- + + N..
Let us now consider the following definitions.

DEFINITION 3.1. The pair D(z), N(z) is coprime if

(3.4) rank [D(z), N(z)] p

for all z C C U {}.
DEFINITION 3.2. The difference equation (3.1) is said to represent an ARMA

model if D(z), N(z) are coprime.
DEFINITION 3.3. An ARMA model (3.1) is said to be proper if Do is nonsingular.

Otherwise it is called improper.

DEFINITION 3.4. An ARMA model (3.1) is said to be strictly proper if Do is
nonsingular and No 0.

Let us now describe the space LSn,p as follows"

(3.5) LS,p a--{(Do, ",D,,No," ",N,)" Do=I, No=OandD(z),N(z)arecoprime}.

From (3.5), we clearly have the following proposition which we state without proof.
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PROPOSITION 3.5. LSn,p is an open and dense subset of Rrip(re+p).
We now describe the following parametrization problem originally considered in

an earlier paper [4].
Problem 3.6. Assume that Do-I, No-0. Parametrize the set of points sc--a

(D1," ", Dn, N1," ", Nn) in Rnp(m-t-p) with the property that there exists a neighbor-
hood N(sc) of sc in ffp(m+p) such that N(sc) f’)LS,,p is simultaneously stabilizable by
a dynamic compensator.

Throughout this paper, we shall assume that the region of stability is )s, the open
interior of the unit disc. Elementary arguments would show that the set of points s,
satisfying the property described in Problem 3.6, give rise to the space Lf,,p defined
as follows"

(3.6)
m,p-{(Do, D1,..., D, No, N1,’’’, N): Do=/, No=0

and rank [D(z), N(z)]=p for all z in [Du}.

Clearly the space L’n,p parametrizes the set of ARMA systems with lag_-< n. In this
parametrization, however, a given system is represented in a nonunique way. To see
why (3.6) indeed describes the set of points defined in Problem 3.6 let Nc(z)Dc(z) -1

be the transfer function of a dynamic compensator. The return difference polynomial
is given by det [D(z)Dc(z)+ N(z)N(z)]. Thus if there exists a point : in nP("+P) for
which rank [D(z)N(z)]<p for some Zo in Du, then every neighbor N(sc) of sc would
have a point sc’ in LS,,p with the property that if D(z)-N’(z) is the corresponding
transfer function, then det[D’(z)D(z)+ N’(z)Nc(z)] vanishes arbitrary close to To.
Thus :’ Lf,,p. The sufficiency condition, on the other hand, is clear.

We now generalize the spaces LS and LE" and consider proper systems ofm, p m, p

lag n and lag-<_ n, respectively, as follows:

(3.7) LPm,p a- {(Do," ", D,, No,’’ ", N,): Do I and D(z), N(z) are coprime},

LII,,p a-{(Do, Dn, No,’’’, N,): Do I and rank (D(z), N(z))=p
(3.8)

for all z in ID,}.

We shall say more about the spaces LP and LII" in subsequent sections. Presentlym,p m,p

however we need the space Ll-I,p in order to define the stabilizability problem.
In order to study the stabilizability properties of a control system we now propose

n,qto restrict the space Lf m,n P and consider the space L’m,p of ARMA systems in L-m,p

that can be stabilized by an m p proper ARMA system of lag_-< q in LIIpq,,. Likewise
we consider the space LII n,q

m,p of proper ARMA systems in LII,,,p that can be stabilized
by a compensator in LIIpq,,. The main result of this section is a generalization of
Theorem 2.3 in [4] described as follows.

THEOREM 3.7. The space Ln’q
,,,p is diffeomorphic to ffnP("+P) for all q- 0,...,

Remark 3.8. Using a different argument we shall show subsequently that LH m, p

is diffeomorphic to ffnp(m/p)/mp for all q 0, , oo. It may be noted however that for
q o, the spaces L"’ LE" and LH’ LH, are identical.m, p, m, p re, p, p

Proof of Theorem 3.7. Consider the map

(3.9) ck np(m+p) X -") Rnp(m+p),

(3.10) dp(D1, D,, N, N,, t)=(e-’D, e-’tD,, e-tN1, e-’’Nn).

The map th defines a flow on np(m+p). Let X be the corresponding vector field. Clearly
X has a unique equilibrium point at the origin of E"P’+P). Moreover it may be seen
that X restricts to a globally asymptotically stable vector field on LfV’’q Therefore
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by Milnor’s Theorem (see Appendix I) it follows that L- n’q is diffeomorphic torn,/9

Rnp(m+P). [-]

In view of Remark 3.8, we have the following corollary.
COROLLARY 3.9. The space L-,p is diffeomorphic to Rnp(m+p).
Remark 3.10. Note that for a parameter identification algorithm defined by a

locally and globally convergent vector field, the associated space must be diffeomorphic
to a Euclidean space. As a consequence of Theorem 3.7 it may now be possible to
generalize many known parameter identification algorithms to Lf n,q

,,p (see [10]), where
the associated space is assumed to be Euclidean. On the basis of a referee’s comment,
however, we remark that parameter identification algorithms may not be necessarily
defined by a locally and globally convergent vector field. Thus the exact correspondence
between the existence of convergent on-line identification algorithms and the structure
of the associated parameter space is not entirely clear and is a subject of future
investigation.

The main result of this section is to obtain a parametrization of the space of
strictly proper systems. In particular we show that the parameter space is diffeomorphic
to a Euclidean space.

4. A vector bundle of the space of p x m systems of lag <- n. In this section, we
generalize the notion of a strictly proper and a proper ARMA system and consider
the space tn,p of ARMA systems with m inputs and p outputs having a lag of at most
n described as follows"

L,,p={[Do,’’’, D,, No,’", N,] Grass (p, (n+l)(p+m))"
(4.1)

rank (D(z), N(z))--p for all z

where [Do,..., D, No,’’’, Nn] denotes the subspace spanned by the rows of the
matrix (Do,’’’, Nn). We will use this notation throughout the paper. Note that
left-multiplying (3.1) by a nonsingular p p matrix does not change the corresponding
input-output relationship. Thus we may view the ARMA system (3.1) as a subset of
a Grassmannian.

Of course the space L consists ofARMA systems that are not necessarily properm,p

since the matrix Do can be singular and in fact can be zero. The improper ARMA
systems may be viewed as "infinite objects" that are of interest in the study of system
degeneration and high gain compensation (see 12], 17]). Some of the infinite points
in Lm,p are the well-known generalized dynamical systems [18] and may be viewed in
L",,,,p as limits of regular systems.

As noted in our earlier paper [4], Z,p is an over-parametrization of the space of
p m ARMA systems of lag-< n. In fact we have the following definition.

DEFINITION 4.1. Two points [D,...,DI., N,...,N1,] and [D,...,D2,,,
N,..., N2] in L,p are said to be equivalent if there exist matrices K(z) and K2(z)
such that

(4.2) K2(z)O2(z) K,(z)Ol(Z),

(4.3) K(z)Na(Z) K,(z)N(z)

and where det K(z) and det Ka(z) vanish in D and where

’z-,(4.4) D,(z) D Ni(z) Njz -2, i= 1, 2.
=o =o

In view of Definition 4.1 we can define the quotient space Ln,p/---" and a quotient
topology on such a space. We shall describe these in detail in 6.
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In order to study the properties of L,,p we begin with the following preliminary
result.

LEMMA 4.2. L,p is an open subset of Grass (p, (m+p)(n+ 1)).
Proof. Let A- [Do,’’’, Dn, No,’’", Nn] be a point in L,p. Since A is of full

row rank, there exists a p x p submatrix of A which can be scaled to identity. Assume
without loss of generality that A can be written as

(4.5) A _a [I, D,..., D,, No, , N,J.

The argument will be similar for any other structure of A. Since A L it follows thatm,p

(4.6) rank [D(z), N(z)] p

for all z,. Let (z),..., (z) be the set of principal minors of the matrix
[D(z), N(z)]. It follows that O(z), , O,(z) do not have a common zero in ,. Let

be a neighborhood of D,..., D,, No,"" ", N, in (m+p)n+m. For suciently
small, corresponding to there exists a neighborhood N of A in Grass (p, (m +p) x
(n + 1)) such that N L,p.

By analogous arguments we state and prove the subsequent results of this section
n,qfor the space Lm, p defined as follows.

n,qDEFINITION 4.3 Let Lm, p be the space of ARMA systems in L" that can be
stabilized by an m x p ARMA system in L,. The following trivial result is now stated
without proof.

n,qLEMMA 4.4. Lm, p is an open subset of Grass (p, (m +p)(n + 1)) for all q O, , .
Note 4.5. "’Lm,p is clearly identical to the space L

n,qIn the subsequent part of this section, we show that L,p is a vector bundle. As
n,qwe have argued in 1, it is this property of tm, p which is of great importance in

parameter identification. Thus the parameter identification problem can now be broken
up into two distinct pas. The first involves identifying a point on the base; the second
involves identifying the corresponding point on the fiber.

,qWe would now detail the structure of tin, p as a vector bundle. Let us remind the
reader at this point that if

(4.7) [Do D No N,] L"’q
m, p

then

(4.8) [Do, No]e Grass (p,m +p).

This is because

(4.9) rank [Do, No] =rank [D(), N()] =p.

Hence we have a well-defined map
n,q(4.10) O" Lm, p Grass (P, m+p),

(4.1) ([Oo,..., D, No,’’’, N])= [Do, No].

Since for an arbitrary element [Do, No] Grass (p, m +p), the corresponding point
[Do,0,’"., 0, No,0,’" .,0] is an element in L,p and 0([Do, 0,...,0, No,’’’,0])=
[Do, No], it follows that 6 is a surjection. Furthermore it is clear that 6 is a smooth
mapping. The main result in this section is the following theorem.

THEOREM 4.6.
n,qO" Lm, p Grass (p, m +p)

can be endowed with the structure of a smooth vector bundle for every q O, 1,..., .
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The proof of Theorem 4.6 is lengthy and will therefore be broken up into several
lemmas.

LEMMA 4.7. For every [Do, No] Grass (p, re+p), 0-1([Do, No]) is an embedded

submanifotd of "’qLm, p which is diffeomorphic to (m+p)np.
ri, qProof Since Lm, p is an open subset of Grass (p, (m+p)(n+ 1)) it follows that q

is a submersion. Hence -l([Do, No]) is an embedded submanifold of L,qp of
dimension ,(m+p)(np). Let us now consider the local flow

Lm, p X [0, 00) -- Lm, p

(4.13) () ([D(z), N(z)], t)= D(e’z), N(e’z)].
n,qWe leave it to the reader to verify that () is indeed a local flow on L,,,p, i.e., to verify

the smoothness, the semigroup property, and the fact that () ([D(z), N(z)], t) L;,qp
for all (-e, ) for some e > 0 which depends on [D(z), N(z)]. Let Y denote the

,qvector field on E,,p generated by this local flow. The key observation is that () preserves
the fiber q-([Do, No]) for all [Do, No] Grass (p, re+p). Thus the vector field Y is
tangential to the fibers of the submersion 0. Moreover when restricted to the fiber
0-1([Do, No]), Y has a unique equilibrium point [z"Do, z"No] which is a local and
global attractor. Thus by Milnor’s theorem (Appendix I) it follows that each fiber is
diffeomorphic to (m+p)np. [’-]

Remark 4.8. In order to prove Theorem 4.6 we need to do some more work. In
fact we need to show that the diffeomorphisms of Lemma 4.7 can be chosen in such
a way that when we endow the fibers q-([Do, No]) with vector space structures by
using our diffeomorphisms, local triviality of the bundle follows.

Let us now describe the following vector bundle. Denote by E the subset of
Grass (p, (m+p)(n+ 1)) defined by

(4.14) Z{[Do,’" ",D,,No,’" .,N,]’[Do, No]Grass(p,m+p)}.

Let us define

(4.15) Grass (p, m + p),

(4.16) r([D(z), N(z)])= [Do, No].

Clearly r is a smooth submersion. Moreover each fiber r-([Do, No]) has a natural
vector space structure obtained by defining

(4.17)
[Do, D1,’’’, D, No, N,, , N,] +[Do, D,,..., D,, No, N,,..., N,]

[Do, D,+D1,. ", D, +D, No, Nl+ N,,. ., N +N],

A[Do, D1,’’’, D,, No, N,, , N]
(4.18)

[Do, AD, ADn, No, AN, ,AN.].

Clearly Z is a vector bundle under the above vector space operations on fibers.
We now proceed to put a smooth Riemannian metric on the vector bundle Z. In

order to do this, when we write an element [Do, No] in Grass (p, m +p), we shall
assume that the representative matrix [Do, No] has orthonormal rows. Hence, if
[Do, No] [Do, No], then there exists an orthogonal matrix g such that

(4.19) gDo o, gNo I[o.
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Now if [Do, D1," ", Dn, No, N1," ", Nn] E , let us denote the columns of Di as Do,
j 1,. ., p and the columns of Ni as No, j 1,. ., m. Define a Riemannian metric
on the vector bundle E by specifying

([Do, D1,’’’, D,, No,’’’, N,], [Do,/51,""" /Sn, No,
(4.20)

i=lj=l j=l

where Do. Do and No.No denote the usual dot product in Rp. Note that, as a
consequence of the restriction on [Do, No] to having orthonormal rows, it follows
that the definition of the metric does not depend on the representative element.

Let S. denote the sphere bundle [23] over Grass (p, rn +p) consisting of vectors
in E of magnitude equal to 1/. We now prove the following.

rt,qLEMMA 4.9. For tz sufficiently large, S. Lm.p and the flow ( is transverse to S..
Proof Let W be the space of p x (rn + p) matrices with the property that

(4.21) Q E W iff QQ I.

Elementary arguments show that W is a compact subset in Rp(m+p). Hence there exists
e > 0 such that if R is a p x m +p matrix with columns having magnitude <e then
R + Q has rank p for all Q w. Thus for/z large enough we see that if

[Do, D1,’’’, D., No, N1, Nn] S
then the matrix

1 1 1 1 1
(4.22) 1D1+ D+’" "+ D,, -NI+-sNz+"" "+ N,,

z 7 7 ’z z 7
has columns whose magnitude are less than e for all z Du and for all representative
elements. Hence it follows that

(4.23)
1 1 1 ]Do+-D1 +" "+mD, No+-N1 +" "+ Nn
Z Z Z 7

has rank p for all z D This shows that for large I, S.
_

Ln,p.
We now show that for a given q, there exists/z large enough such that S c_ L.,p.

Notice that since [Do, No] is of rank p there exist matrices De, Nc such that

(4.24) DoD + NoN Ip
where D is invertible. In other words there exists a compensator ND- which stabilizes
the plant D-INo Moreover for/z large enough the plant

(4.25) Do+-D1 +" + D,, No+- N1 +" +-- N.
Z 7 Z Z

is stabilizable by the compensator NcD- 1. It now follows by the compactness of S.
rl,qthat for large i, S. tm,p. Moreover S. is an embedded submanifold of E, and hence

n,q n,qof Lm,p since Lm.p --open E.
TO show that the flow () is transverse to S. let us define

(4.26) [D(z), N(z)] [Do, D1,’" ", D., No, N,,..., N.] E S
where we still assume that [Do, No] has orthonormal rows. It follows that

(4.27)
()([D(z), N(z), t)=[D(e’z), N(e’z)]

[Do, e-’D1,’’’, e-"’Dn, No, e-’N1,’’’ ,e-"’N.].
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Hence

(4.28)

p

IID(e’z), N(e’z)ll< E Do" Do+ Y’, No" No
j-----1 i=1 j=l i=1

1
--liD(s), N(s)ll=- )_.

Thus if > 0 then

1
(4.29) IIO ([D(s), N(s)], t)ll <-

thus proving the assertion. U
Finally, before we prove Theorem 4.6, we need the following technical result from

the literature which we state without proof (see [28, p. 85]).
LEMMA 4.10. Suppose that M is a paracompact C manifold and X is a smooth

vector field. Then there exist a nowhere zero smooth function fsuch thatfX is a complete
vector field.

We now prove Theorem 4.6.
n,qProof of Theorem 4.6. Let Y be the vector field on Lm, p which has been defined
n,qearlier and let f be a strictly positive smooth function on Lm,p such thatfY is complete.

Let/ be large enough such that Y is transversal to S. Clearly fY is transversal to

S also. Moreover fY restricts to a vector field on -l([Do, No]) for each [Do, No]
Grass (p, m +p). Since fY is transverse to S for large / and since fY is globally
attracting to [Do, No], it follows that [Do, No] is the unique globally asymptotically
stable equilibrium point on 0-1([Do, No]) of the vector field fY. Let us now define
the map

(4.30)

(4.31)

n,qt" E Lm, p,

()= ifGrass(p,m+p)

tflog ( 1 ),,t1 11  11 11
It is easy to check that

(4.32) (1) is a diffeomorphism;
(2) the diagram

(4.33)

n,q, Lm, p

id

Grass (p, m +p) Grass (p, m +p)

commutes.
We now use to endow a vector space structure on each fiber of

n,q(4.34) " Lm,p- Grass (p, m+p).
n,qThus we have Lm,p as a vector bundle isomorphic to E. [3

n,qRemark 4.11. The vector bundle structure endowed on Lm, p is independent of the
choice of the function f up to bundle isomorphism.

An important corollary of Theorem 4.6 is described as follows.
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COROLLARY 4.12. LI-I n’q
m,v is isomorphic to

Proof Consider the subspace B of Grass (p, m +p) defined as follows"

(4.35) B __a {[ Do, No] Grass (p, m + p)" Do I}.

It is clear that B is a chart of Grass (p, m +p) and is diffeomorphic to mp. We now
consider the pullback of the vector bundle (4.34) as follows:

Grass (p, m +p)

where f is the inclusion of B in Grass (p, m +p). Of course, since B is contractible to
n,q (m+p)npa point, the vector bundle f*q :f*L,,,p B is trivial [23] Thus f*Lm,pBx

Finally from the definition of LII ’’q,,,,p in 3, it is clear that f*Lm,p"’q and LIIm,p"’q are
identical. Thus LI-ln’qm, p mp X (m+p)mp. [’-]

We now proceed to describe the structure of the vector bundle Lm,p

Grass (p, m +p). Define a canonical vector bundle ,)/p(rn+p) over Grass (p, m +p) as
follows. Let

(4.36) E E(Tp(m+P))

be the set of all pairs

(p plane in m+p, vector in that p-plane).

This is to be topologized as a subset of Grass (p, m +p) x ’+v. The projection map
7rl" E- Grass (p, m+p) is defined by zrl(X, x)= X and the vector space structure in
the fiber over X is defined by

t,(X, x,) q- t2(X x2) (X,. tlx q- t2x2).

n,qThe main result on the structure of Lm, p is described as follows.
THEOREM 4.13. The vector bundle

n,q(4.37) d/" Lm, p Grass (p, m +p)

is isomorphic to (m +p)n Whitney sums of canonical vector bundles ,/p(m+p).

(4.38) n,q +p ,)/p m+p,( )(R)...(R) ( ).

Proof Let us consider E as defined in (4.14), together with the map 7r given by
(4.15), (4.16). In view of the proof of Theorem 4.6, it suffices to show that this map

(4.39) Grass (p, m +p)

has the structure of a vector bundle which is isomorphic to n (m +p) copies of canonical
vector bundle yP(Nm+P).

We now proceed to prove the above claim. Recall from (4.17), (4.18) that 7r has
the structure of, a vector bundle.

Let Do denote the jth column of Di and let No denote the jth column of Ni.
Restrict the representative elements [Do, D1," ", No, N1," ", Nn] to have the
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property that the rows of [Do, No] are orthonormal. Let us now define the map tr as
follows"

(4.40)

. TP’’ .O)yP(n(m+p) copies)

id

Grass (p, m +p) Grass (p, m +p)

O’’E --) ’)/P( ( ’)/P,

r[DoD, D,,NoNI Nn

Dij(Oo, No)s, E O2j(Oo, No)S, ", E Onj(Do, No)
j=l j=l j=l

where (Do, No) denotes the jth row of the matrix (Do, No) considered as a vector in
"+P. We need to check, however, that is well defined; i.e., if K is an orthogonal
p x p matrix then

r([KDo, KD,, KD,,, KNo, KN,,])
(4.41)

o’([Do, D1," ", D,, No," ", Nn]).
The above fact, however, follows at once since

(4.42) (KDo, KNo)rKV=(Do, No)TKTKV=(Do, No)TV.
The rest of the proof that tr is a diffeomorphism and the diagram commutes is clear
and is omitted.

When p 1, the vector bundle (4.37) reduces to a vector bundle over a projective
space. In this situation, it is possible in many cases to decide whether or not the bundle
(4.37) is trivial.

Let us assume p 1 and write

(4.43) rn + 2rt and n 2qtl

where t, tl are odd. We now have the following interesting corollaries.
COROLLARY 4.14. 2 r’ < ==> L,q is nontrivial.
COROLLARY 4.15 n,q n,q n,qLI,1, L3,, L7,1 are trivial vector bundles.

1,q l,qCOROLLARY 4.16. LlS,1, L)q,1, L63,1 are nontrivial vector bundles
Before we state and prove the corollaries above, we need certain notions from

the theory of "characteristic classes," for which we refer to [7]. We would like to
summarize some of the main ideas here as follows

Let Hi(B, G) denote the ith singular cohomology group of B with coefficients in
(3. We have the following important result

FACT 4.17. The group Hi(Pn; Z/2) is cyclic of order two for 0_-<i_-< n and is
zero for higher values of i. Furthermore, if a denotes the nonzero element of
H([P"; Z/2), then each Hi(P"; Z/2) is generated by the /-fold cap product a i.

Thus H*([P"; Z/2) can be described as the algebra with unit over Z/2 having
one generator a and one relation a "+ =0. Moreover the total Stiefel-Whitney class
of the canonical line-bundle yl(m+) over P" is given by

(4.44) W(’)/l(m+l)) 1 + a.

FACT 4.18. Let m+ 1--2rt, n--2qtl, where t, are odd. Then

(4.45) 2 rl < (1 + a) n(m+l) 1

where am+ 0.
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Proof. Assume 2q < t. Clearly we have

(4.46)
(1 + a) "(’+1) (1 + a2r+"’) ’q

1 + ttla2"+"’+ (higher-order terms).

Since 2r+q < m + 1, it follows that

(1 + a) "("+1) # 1.

Conversely, let 2 r’ --> t. It follows that

(1 + a)"(’+l) (1 + a2"+rl) ’tl 1. V1

We now proceed to prove the corollaries.
ProofofCorollary 4.14. The Stiefel-Whitney class w(L,q) is given by (1 + a)

which is not equal to 1 from Fact 4.18. Hence w( "qL;;;,) is a nontrivial vector bundle.
Proof of Corollary 4.15. Let rn {1, 3, 7}. We have

(4.47) w(L,q) (1 + a) "(’+) 1.

Let n 1; then

L,q y(’+’)0)" .03 y(R’+l)(m + copies).

By a theorem due to Stiefel [19], rn + 1 Whitney sums of y(R’+) are a trivial vector
bundle if m 1, 3, 7. Thus L,q is a trivial vector bundle. Moreover L;,q is an n-fold
Whitney sum of trivial vector bundles and is therefore trivial. [3

Proof of Corollary 4.16. From Theorem 4.13 we may conclude that if rn 15, 31,
1,q63,. ., Lm, is not trivial. This follows from a theorem due to Bott and Milnor [20],

Kervaire [21], and Adams [22] that rn + 1 Whitney sums of y([W"+1) are nontrivial if
rn=15, 31, 63,.... [3

Example 4.19. Assume p 2, rn 3. In this example we show that L is nontrivial
if n is not a multiple of 8.

First of all, note that L2q is isomorphic to 5n Whitney sums of canonical vector
bundles y2(5). In fact, it follows from [7, Problem 7-B, p. 87] that H*(G2(s)) over
Z/2 is generated by the Stiefel-Whitney classes w, w2 of y2(5) and the dual classes
if1, ff2, if3 subject only to the n + k defining relations

(4.48) (1 -+- W q- W2)(1 q- 11 -+- 12-+- t’3)-- 1.

The restriction (4.48) defines the relation

(4.49) w2w31 =0
and

4(4.50) w+ w, + WzW2 O.

The total Stiefel-Whitney class of y2(Rs) is given by 1 + w + w2. Hence

(4.51 w(L’:) 1 + Wl + w2)5".
It can be checked easily that the minimum positive integer such that (1 + w + w2) 1
is given by j 8, i.e.,

(4.52) (1 + w + w2)8= 1.

Thus if n is not a multiple of 8,

(4.53) (1 + w + w2) s" 1

so that L2q is nontrivial if n is not a multiple of 8.
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n,qTo summarize, in this section we show that the space Lm,p, of p x m proper or
improper ARMA systems of lag <_- n that can be stabilized by an m x p ARMA system
of lag_-< q, has the structure of a vector bundle over Grass (p, m +p) for all n 0, 1,
q--0, 1,.... The vector bundle above is isomorphic to an n(m +p)-fold Whitney sum
of canonical vector bundle /P over Grass (p, m + p). Finally the vector bundles Lm,n’ql
are trivial for m- 1, 3, 7.

5. A parametrization of stable feedback control systems. In this section we para-
metrize the space of p m ARMA systems G(z) of lag -< n, and m x p ARMA systems
K(z) of lag_-< q, such that the closed-loop system G(z)[I + K(z)G(z)]-1 is stable. Of
course in the above definition G(z) is assumed to represent the plant, K (z) is assumed
to represent the compensator, and the region of stability is assumed to be Ds, the open
interior of the unit disc.

Thus we define the space

(5.1)
LFB,,q a,,p={([Do,’’’, Dn, S0,’’’, S,],[Lo,..., Lq, Mo,’’’,Mq])L,p

Lpq,,,] the pair of plants D(z)-lN(z) and L(z)-lM(z) is a stable pair}.
In (5.1) we define D(z), N(z) as in (3.3) and define

L(z) Lozq q- L1 zq-1 q’- q- Lq,
M(z) Mozq q- MI2q-1 -I-. -t- Mq.

In order to justify the need to consider the space LFBq,p let us consider the
following. In system design problems wherein we are designing a compensator for an
unknown plant, frequently we assume an initial value of the plant and its stabilizing
compensator. Subsequently both the plant and the compensator parameters are updated
and the design objective is to ensure that the plant parameters converge to its true
value. In this technique of identifying the parameters of a closed loop system, we
define a recursive algorithm on the space LFBq,p. Likewise, in adaptive control
problems we are frequently interested in updating the parameters of an unknown plant
and compensator in real time, with the added hypothesis that if the adaptive algorithm
is switched off, the corresponding plant-compensator pair is stable. Thus we are
interested in adaptively updating points on LFB’q

m,p in real time.
The main result we now show in this section is described as follows.
MAIN THEOREM 5.1 LFB’q has the structure of a vector bundle over the basern, p

space Grass (p, m +p).
The ideas behind the proof of the main theorem can be most easily explained by

considering the following preliminary lemmas. First, however, we must set up the
following notation.

Define W to be

(5.2) Wa-{(A,B)Grass(p,m+p)xGrass(m,m+p)lAB="/P}.
Let denote the projection

(5.3) ,,p L",.,p Grass (p, m +p)
as in (4.34). We now state and prove the following lemmas.

LEMMA 5.2. The map

(5.4) fb’LFBq,pGrass (p, m +p) x Grass (m, m +p)

defined by

(5.5) b([D(z), N(z)], [L(z), M(z)]) (d/,,p[D(z), N(z)], ppq,,[L(z), M(z)])
has W as its image and dp is a submersion onto W.
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Proof Suppose that ([D(z) N(z)] [L(z), M(z)]) is in LFB"’q....p. It now follows that

[z-’D(z) z-’N(z)](5.6)
z_qM(2 z_qt(z

has full rank for all z [D.. In particular, since oo0. it follows that the matrix

(5.7) Do
Mo Lo

has full rank. This shows that im (4)--- W. Since for each pair ([Do No], [Lo M0])
W, the corresponding closed loop system is stable, it now follows that im (4)= W.
Finally since LFB "’qm,p is an open subset of L’,,,p x L,, and since

(5 8) Jn,p X i[tqp, Lnm, p Lqp, - Grass (p, m +p) x Grass (m, m +p)

is a submersion, it follows that (5.4) is also a submersion.
LEMMA 5.3. The map (5.4) has the structure ofafiber bundle withfibers diffeomorphic

to (m+p)(np+mq).

Proof Consider the local flow

(5.9) @n,q n,q n,q
m,p. LFBm, p X [0, eO) - LFBm,p

defined by

(5,10) n,q,,,p(([O(z), N(z)], [L(z), M(z)]); t)([D(e’z), N(e’z)], [L(e’z), M(e’z)]).

It is easy to check that the above local flow is well defined and smooth. Clearly, for
each (A, B)e W, the fiber b-(A, B) of the submersion (5.4) at (A, B) is invariant
under the flow ()"’q,,,p.. Moreover, restricted to b-l(A, B), this flow has exactly one
equilibrium point which is globally and locally attracting. Since b is a submersion, it
follows that b-(A, B) is a smooth Hausdortt manifold of dimension (m +p)(mq + np).
Thus using Milnor’s theorem [5] we conclude that b-l(A, B) is diffeomorphic to
(m+p)(np+mq).

The proof of local triviality of LFBq,p is similar to the proof sketched in the
r,qTheorem 4.6. Let X,R be the vector field generated by the local flow ()"’q and let gm, p

be a nowhere zero C function on LFB"’q,,, such that the vector field Y& gXT,q is
complete. Let us define ;,.n as the space defined by (4.14) and consider thevector
bundle

(5.11) O,,p" Z,,p- Grass (p, re+p)

defined via equations (4.15), (4.16). Endow a Riemannian metric on this vector space
via (4.20). Similarly consider the vector bundle

(5.12) qOp;m" -qp, " Grass (m, rn + p)

and let

(5.13) Grass (p, m +p) x Grass (m, m +p)

denote the Cartesian product of the two vector bundles (5.11) and (5.12). Endow the
vector bundle in (5.13) with the Cartesian product of the metrics on E,,p and qp,
Let S, denote the sphere bundle over Grass (p, m +p)x Grass (rn, m +p) consisting
of vectors of of magnitude /x. If U is an open subset of Grass (p, rn+p)x
Grass (m, rn +p), we will denote the restrictions of E and S, to U by El U and S,I U,
respectively.
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Now let (A, B) be in W, and let U be a relatively compact open neighborhood
of (A, B) in W. It follows easily that for/x sufficiently small SIU c LFBn,q

m,p" Moreover
the vector field xn’qm,p (and hence the vector field Y also) is transverse to SIU. Now
by an argument analogous to that used in the proof of Theorem 4.6, we conclude that
LFB,q,,p[U is a trivial fiber bundle with fibers ditteomorphic to x (m+p)(np+mq). This
proves that local triviality of

(5.14) d" LFB"’q
rn, p --) W.

Hence LFB’’q is a fiber bundle over W with fibers ditteomorphic to (m+p)(np+mq) [-]
rn, p

The above argument is not powerful enough to show that LFB’q is a vectorm,p

bundle. Before proceeding to prove this stronger result, we need to set up some notation.
If A Grass (p, m + p), we will denote the orthogonal projection of A in m+p by

AI. Let

(5.15) BW -{(A,B) WIAGrass(p,m+p),B=Al}.
Let

(5.16) i" BW W

be the inclusion map. We now consider the pullback of the fiber bundle (5.14) via the
diagram

i*LFB",q,,p LFB’’q
m, p

BW W
to obtain the locally trivial fiber bundle

(5.18) i* ch i*LFB n’qm,p--> BW.

We now have the following two lemmas.
LEMMA 5.4. i*LFB’’q

,,p can be endowed with the structure of a vector bundle.
Proof Let I; and S, be as in the proof of Lemma 5.3. Since BW is a compact

subset of W, it follows that there exists a/x small enough such that S,]BW is contained
in i*LFB"’q

,,,p. Now by constructing a transverse and complete flow and using the
argument in the proof of Theorem 4.6, we conclude that i*LFB’q,,,p can be endowed
with the structure of a vector bundle which is isomorphic to i*Z.

LEMMA 5.5. Let us consider the map

(5.19) p: W-> BW

defined by

(5.20) p(a,B)=(a, al);
then W can be endowed with the structure of a vector bundle over BW.

Proof It is clearthat p W--> BWisasubmersion. Identify BWwithGrass (p, m +p)
via the mapping

(5.21) (a, al)--> a.
Let us put coordinates on BW by using standard coordinate charts on Grass (p, m +p),
i.e., let il,’",ip be integers such that l<_-il<i2<...<ip<-m+p. If V is in
Grass (p, m + p), denote by V(q""i,,) the subspace in NP obtained by projecting V along
the il,..., ip coordinate directions. Let

(5.22) u(i,,...,ip) a= { V Grass (p, m +p)[ V(q""i)= IRP).
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For each V in U(i,"’"i, find the unique basis of V consisting of vectors {vl," ", Vp}
with the property that

(5.23) V % + E xjkek
k{il,’",ip}

where {el," ", era+p} is the standard basis of Rm/p. Now let us define a map

(5.24) b(i’"",): U il’’’’’ip) --) Rmp

by

(5.25) V--(Xjk; 1 <=j <-- p; k . {il, ", ip}.

We can easily see that (u(q""ip), b(q"",) is a coordinate chart of Grass (p, re+p).
Such charts will be referred to as standard charts.

Let us consider a standard chart (U(q"",,, b(q""i,,). Let (A, B) W be such that
A U(q"",,. With respect to this chart we can identify B with a unique element of
R’P in the following way.

Let (vl,"" ", Vp) be the unique basis associated with A as described above. Let
jl,’’’,jm be integers such that l<-jl<j2<’’’<jr,,<-m+p and {i,...,ip,
jl,. , j,,} {1, 2,. , m +p}. Now begin with the basis {v, v2," , Vp, ej, ,. , e,,,}
and use the Gram-Schmidt procedure to define an orthonormal basis {u,. , u,,/p}.
Now B can be written uniquely as span {z,..., z,}, where

P

(5.26) zi Up+i q- yikUk.
k=l

Now identify B with the matrix [Yk]. Let

(5.27) " p-l(u(i’""p)) u(q"", x [’P

be the map

(5.28) (A, B)-(A, [Y,k])

where [Yk] is constructed as above. It is easily seen that (5.27) is a local trivialization
of the map p" W- BW defined in (5.19), (5.20).

Finally, if A belongs to two standard coordinate neighborhoods, U(q"", and
U(,’’i, and if and are the local trivializations constructed as in (5.27), then the
map

(5.29) th" (-llaxl [mp mp

is easily seen to be a linear map.
Thus p" W BW has the structure of a vector bundle. [3

We now prove a theorem which may be considered as a generalization of Lemma
5.2.

(5.30)

THEOREM 5.6. The map dp defined in (5.4) has the structure of a vector bundle.
Proof Refer to the following diagram"

LFB,

W BW

y Lemma 5.3 we know that b" LFB’’q
,.,p - W is a fiber bundle with fibers diffeomorphic

to R(,,,+p)(,w+qm). By Lemma 5.5 we know that p" W- BW is a homotopy equivalence.
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Finally by Lemma 5.4 we know that i* ok" i*LFBq,p BW is a vector bundle. It therefore
follows from the homotopy property of vector bundles, that b" LFBn’q

,,,p W is a vector
bundle (see [23, p. 57]). [-1

Finally we sketch the proof of Main Theorem 5.1.
ProofofMain Theorem 5.1. From the Lemma 5.5 and Theorem 5.6 it follows that

LFBn’q has the structure of a vector bundle over W and W has the structure of am,p

vector bundle over BW. It therefore follows from [24] that LFB"’q
m,p is a vector bundle

over BW. Finally, since BW can be identified with Grass (p, m +p), it follows that

(5.31) p" ok" LFB’’q
,,,p Grass (p, m +p)

has the structure of a vector bundle.
The following corollary is immediate from the proof of the Main Theorem 5.1.
COROILARV 5.7. The vector bundle LFBq,p over BW is a Whitney sum of the two

vector bundles (5.18) and (5.19).
The proof of Corollary 5.7 follows immediately from [24] and is omitted.
In general, the structure of the vector bundle (5.31) is not known. The following

theorem summarizes a partial result in this direction.
THEOREM 5.8. Assume that min (m, p)= 1. The vector bundle (5.31) is trivial if

and only if max (m, p)= 1, 3, or 7.
Before we sketch the proof of Theorem 5.8 we state and prove the following lemma.
LEMMA 5.9. Assume that min (m, p) 1. The vector bundle p" W- BWis isomorphic

to the tangent bundle of the projective space l)max(m’p).

Proof Assume that p 1 without loss of generality. The vector bundle p" W- BW
is therefore defined on the base space [’. Let r be the tangent bundle over P’. We
now consider the following diagram"

DP W

It is well known (see [7, p. 44]) that the tangent manifold D[ can be identified with
the set of all pairs

(5.32) {(x, v), (-x, -v): x, v E rn+l, X.X 1, x.v 0}.

Similarly the space W can be identified with the set of all pairs

(5.33) {(x, v), (-x, -v): x, v ’+, x.x 1, x.v > 0}.

The spaces W or D" are endowed with the vector space structure in the following
way. Let [x, v] denote the pair (x, v), (-x,-v); then

(5.34) a[x,

We therefore consider an isomorphism between the spaces DEP" and W via

(5.35) (x, v)(x, x + v).

This completes the proof.
We shall now prove Theorem 5.8.
Proof of Theorem 5.8. Consider the vector bundle (5.18). In Lemma 5.4 we have

shown that this vector bundle is isomorphic to i’5;, where 5; is described in (5.13) and
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the inclusion map is given by (5.16). Let us now include W in Grass (p, m+p)x
Grass (m, m +p) via the inclusion map a. We now have the following diagram:

n,q qi*LFB E’q LFB,p Lm,p Lp,m, p

B W W Grass (p, m +p) x Grass (m, m +p)

where the vector bundle

(5.36) i*LFBn,qm,pBW

is a pullback of the vector bundle

(5.37) L,p x L,m Grass (p, m +p) x Grass (m, m + p).

From Corollaries 4.14-4.16 we know that the vector bundle (5.36) is trivial if
min (m, p)= 1, 3, or 7. It therefore follows that the vector bundle (5.18) is trivial if
min (m, p)= 1, 3, or 7. Finally from Theorem 5.8 it follows that the vector bundle
(5.19) is trivial if and only if min (m, p) 1, 3, or 7. Thus in view of Corollary 5.7 we
have the proof.

6. A fiber bundle of the space of proper systems with unbounded lag: quotient
topology. The various spaces that we have considered so far in this paper assume that
the ARMA systems are of bounded lag. This assumption enabled us to parametrize
spaces that are finite-dimensional vector bundles. Frequently, however, it is unreason-
able to assume under the presence of high frequency parasitics, that the family of
systems under consideration is of bounded lag. In this section we now parametrize
the space L,p of all p m ARMA systems of arbitrary large lag.

Let E denote the vector space consisting of those infinite sequences

(6.1) X=(Xl,X2, X3, ")

of real numbers for which all but a finite number of xi are zero. For fixed k, the
subspace consisting of all

(6.2) X (Xl, X2," Xk, O, O, 0," ")

will be identified with the coordinate space k. Thus lc 2c’’" with union
DEFINiTiON 6.1. The infinite Grassmann manifold

(6.3) G, Grass n, oe)

is the set of all n-dimensional linear subspaces of , topologized as the direct limit
of the sequence

(6.4) Grass (n, n) c Grass (n, n + 1) c.

In other words, a subset of Gn is open if and only if its intersection with Grass (n, n + k)
is open as a subset of Grass (n, n + k) for each k => n. The following assertion is rather
trivial to check and its proof is omitted.
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PROPOSITION 6.2 If Grass (p, (m+p)(n+ 1)) is included in Grass (p, (re+p)
(n + 2)) as follows:

(6.5)
[Do, D1 ,’’’, D,, No, N1, , N,]-> [Do, D,..., D,, 0, No, N1, , N,, 0],

we have

Grass (p, (m + p)(n + 1)) c Grass (p, (m + p)(n + 2)) c c Grass (p, o)
(6.6) U U U

L" c l,n+l c cm,p m,p tm, p

where L is defined to be the direct limit of the sequencem, p

(6.7) Ln,p c l,n+l
.-’m, 19

One of the results that we would now like to state and prove in this section is
about the structure of L,p.

THEOREM 6.3. Lm,p can be endowed with the structure of a fiber bundle over the
base Grass (p, m +p) and with fibers homeomorphic to .

Proof We know from the Theorem 4.6 that L,p can be endowed with the structure
of a vector bundle over Grass (p, m +p) with fibers isomorphic to np[m+p]. Consider
a trivializing cha U of Grass (p, m +p). Let , be the bundle map

L Grass (p, m +p).(6.8)

It follows that OI(u) is isomorphic to Ux"v+v. It is easy to check the validity
of the following diagram:

L c it.n+l C C Lm,p *--’m,p m,p

(6.9) U U U
-11]/-1(U) cE I//,+,(U) cz {//xl(U)
-1where (U) has been included in q,+(U) by including R rip(re+p) within (,+)=(m+p)

via the construction of’R. It follows that the space q,L(U) obtained by considering
the direct limit of 0L(U) q-(U).., is homeomorphic to U.

By considering various trivializing charts Us which cover the base Grass (p, m + p),
it follows that Lm,p can be endowed with the structure of a fiber bundle over
Grass (p, m + p). [3

We now define an equivalence relation on L Lm,p as follows" Let to1, w2 ,,p.

Then to---w2 if and only if both to and w2 correspond to equivalent ARMA systems
in the sense of Definition 41. Consider the quotient space Lm,p/ --A Cm,p together with
the natural map

(6.10) O’L Lm,p
-)

m,p

which sends a point in Lm,p to its equivalence class. We now endow /m,p with the
quotient topology..

The space L,p so constructed is a hybrid topology on the space of all ARMA
systems. We now compare the space Lm, p with the well-known graph topology [8] on
the space of all systems. Let Pm,p be the space of all multi-input multi-output ARMA
systems endowed with the graph topology. We now consider the map

(6 11) 4’" Lrn, p "--) /)rn, p
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which sends a point in L,p to the corresponding ARMA system in Pm,p. Finally we
consider the map p which makes the diagram

Ltn, p Pm,p

m, p

commute. We now state and prove the following interesting results.
THEOREM 6.4. 4 is a continuous function.
Proof. Clearly it is enough to show that

(6.13) b’Lm,p " Pm,p
is continuous for all n. Let/ be a point in P.p with the coprime factorization given
by/-/, where/,/e are matrices with elements in H, the ring of stable and proper
rational functions. Define an open neighborhood N,.(/,/) of/ in P,.p as follows:

N,,(/,/e) {p P,,,,p" p p-p, p and p are coprime,
(6.14)

The norm in (6.14) denotes the H norm.
Let po be a point in L such thatm, p

(6.15) b+(po) =/.
We would now show that there exists an open neighborhood N(po) ofpo in L suchtn, p

that

(6.16) ch(N(po)) C N,,(fi, /2).

Let

(6.17) po=[DoD1 DnNo’’’ N,]

so that/ may be written as

(6.18) [/)oZ" + E3,z"-’ +.’. +/)n]-’[2QoZ" +/rlZ"-’ + + ft,].
The coprime representation// of/ may be written as

(6.19) / A(z)[(6ozn +...+ 6n)I]-l[ff)o
(6.20) fi2=A(z)[(6ozn+" "+6n)I]-[oz"+" "+fin]
where A(z)HppdetA(z)J and 6oZ"+’’’+6n is a Hurwitz polynomial of
degree n.

Since Po Grass (p, (n + 1)(m +p)), without loss of generality assume that Do is
nonsingular. In particular assume that Do L For/x sufficiently small, we define N, (po)
of Po in Ln,p as follows:

(6.21) N(po)={I,O,, ",D,,No,’’’,N,]’E(d-]k--dok)+,(Ok--nik)2<tz }

where dok is the ijth entry of Dk and do is the ijth entry of Dk. We define 0k and

nOk similarly.
For any p N,(po), a coprime factorization of b(po) is given by PPl, where

(6.22) Pl A(z)[(toZ" +... + 6n)I]-[Iz" + DlZn- + -4r D,],

(6.23) P2 A(z)[(6ozn +’’" + 6n)I]-’[Nozn + NlZn- + + Nn].
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We now compute

(6.24)

and

(6.25)

IIp- I1 Ila(z) IIll[(oZ +"" + ;,)I]-1[(D1-/31)zn- +"" + (Dn

p=-=ll IlzX(z)llll[(oz +"" + t,)I]-[(No o)zn +"" + (N-)I1.
For/x sufficiently small, it is clear that

(6.26) IIp-tll

implying that

(6.27) c.(N po)

Our next result is the following.
THEOREM 6.5. Let, 1 2, be a sequence ofpoints in en thefollowing

two conditions are equivalent:
(1) e sequence {, i= 1, 2,... be a sequence ofpoints in Lm,p. en
(2) (a) e sequence {(), i= 1, 2,...} converges in P,p.

(b) ere exists n suciently large such that the lag of ()n for all
i= 1,2,....

Before we prove Theorem 6.5, we state the following interesting corollary.
COROLLARY 6.6. ff is not a continuous function.
The proof of Corollary 6.6 is trivial and relies on the existence of a sequence ,

i= 1,2,. of plants which converges in P,p and is such that lag () <lag (+) for
i= 1,2,....

Remark 6.7. The graph topology and the hybrid topology introduced in this paper
are not identical. However, if we define P,p to be the set of all p x m systems in P,p
of lag n, then it follows from Theorem 6.5 that L,p is hmeomorphic to P,p, where
Lm,p’n (L",p). In general a set S is open in m,p if S L",p is open in Lm,p for all n.
This propey is unfortunately not true for the graph topology.

Proofofeorem 6.5. (2 1) Let ff, 2, "be a sequence of plants in P,p which
converges to o in P,p. Let n be such that deg ff n for i= 1, 2,. .. It follows that
deg (fro) n; otherwise there exists an open neighborhood U ofo in P,p which does
not contain any fi. Let i= 2,... be the sequence in such that ()=p,m,p

i= 1, 2,... and let o be the point in L,p such that 0(o)= fro. Let us write to
be the equivalence class of

(6.28) [D,o, D,,,..., D,,, N,o, N,,’", N,]

so that ff may be written as

(6.29) D,oz +.." + D,, ]- NoZ +’’’ + N, ].

A coprime factorization of fi may be written as ffl/, where

(6.30) 1 [D,oz" +’’ "+ D,,]/z",

(6.31

By assumption, there exists a coprime factorization ffOl/ffo2 of rio in P,p, where

(6.32) A1 A(z)[Dooz" +’’ "+ Do,]/z",

(6.33)
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such that

(6.34) Lt

(6.35) Lt II/,2 -/o2 0

where we assume that A(z) HpP, det A(z) J. Writing A(z)= A(z)-1 A(z), where
A, A2 are matrices with polynomial entries such that det A(z) and det A2(z are strictly
Hurwitz polynomials. We may therefore conclude that in the space of polynomials of
degree n / d (for some d) with matrix coefficients, the polynomials

(6.36) A2(z)[Noz +...+ N]

converge to the polynomial

(6.37) Al(Z)[ Nooz +’’" + No,]

and the polynomials

(6.38) A(z)[D,oz +... +
converge to the polynomial

(6.39) h(z)[Nooz" +...+ No,]

as ic. It therefore follows that in ,,,p, the equivalence class of points which
correspond to the function

(6.40) Doz" +’’" +D]-[Noz" +’’" +
converges to the function

(6.41) [Dooz" +’’ "+ Do,]-l[Noozn +’’ "+ No,,].

Thus o3 converges to 03o in L,,,,p as
(1 ==> 2) Since b is continuous and L,,,p has quotient topology, it follows that

q is continuous. Thus 1 => 2(a). Finally, in order to show that 1 => 2(b), let p,
1, 2, be a sequence of plants in P,,,p with the property that.lag p+ > lag pi and

lag p 1, 1, 2, 3,. .. It now follows from the proof of Theorem 3.4 in [4] that
qL(p), i= 1, 2,... does not converge in L,,,p. This is because if there exists 03o in
L,,,p such that {qL(p)} converges to 03o, define q(a3o)=Po. Let U be an open
neighborhood of Po in P,,,,p which does not contain p. Define

(6.42) S, & i]t:l(U1) 0 1m,p
and

(6.43) Va a_ q(S).

Note that V does not contain {p}. Assume that U, Si, V are defined where V does
not contain the above sequence {pi, i- 1, 2,...} in P,,,p and where

(6.44) S, (Ui)
Define U+ to be an open neighborhood of V which does not contain p,..., p+.
Define

(6.45) S+a Ixl(Ui+I) 0 --.-’m,p

and

(6.46) V+ a-A d/(S,+).
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It is clear that

(6.47) S S+I Vi 1, 2,

Define

(6.48) S= t.J S.
i=1

It may be concluded that S is an open neighborhood of 030 which does not contain
the sequence {qL(p)}. l-1

7. Some further remarks on the parametrization of feedback control systems. Con-
tinuing our earlier discussion in 5, in this section we once again address the problem
of parametrizing feedback control systems. However we do not assume that the closed
loop system is stable. In particular we consider the space of p x rn ARMA systems
G(z) of lag_-< n and rn xp ARMA systems K(z) of lag <- q and parametrize in the
product space Ln,p Lqp,,,, those pairs of plant/compensator that corresponds to a
closed loop system in l,n+q

--’m, p

Stated more precisely, let us consider the product space

(7.1) L,,pXL,,,
of plant/compensator pairs G(z), K(z), where G(z)L,,p, K(z)[qp,.,. Suppose that
G(z) defines the input-output system

(7.2) Dp(z)y= Np(z)u

and K(z) defines the input-output system

(7.3) )c(z)= lc(z)u
where

(7.4) )- lc ND-I.
Here we assume that the pairs (Dp, Np), (D, N) and (Dc, Nc) are coprime. We may
define the space LF4q,p as follows"

l..n+q(7.5) LF4q,p a {[Dp, Np], [;, JQc] L,,,p x Lpq,m: [DpD + NpN NpN] ._.,,p }.

Note that multiplying [Dp, Np] by a nonsingular matrix to the left and [De, Nc]
by a nonsingular matrix to the right does not change the condition in (7.5). Thus (7.5)
is well defined.

The space LFq,p parametrizes plant/compensator pairs that define an ARMA
system in the closed loop, and is clearly of interest in control system design. Further-
more, in off-line identification of parameters in Ln,p X L,m, the closed-loop stability
of the intermediate parameter values of the plant/compensator pair is not required
(as opposed to an onpline identification problem and adaptive control). Thus whereas
the space LFBq,p considered in 5 is of importance in on-line recursive algorithms,
the space LF,p appears to be of. importance in off-line recursive identification
problems.

Remark 7.1. As an example of a plant-compensator pair that does not belong to
LFq,p consider the pair

1 2z/3
(7.6)

z+l’ 5
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Define

(7.7)

and note that

(7.8)

(7.9)

which vanishes at z c.

z+l =-1 /c =-5 Nc
2z+3

DpDc + NpN 7z + 8 / z2),

N.N (z + 3)/(z)

The main result that we show in this section is described below.
0,0Main Theorem 7.2. LF,p is a fiber bundle over Lm,p.

Before we proceed to prove the Main Theorem it may be worthwhile to study the
structure of L1,1’.

Example 7.3. In this example we assume that m =p 1, n =q 0, and describe
0,0 0,0LI,. Clearly, L, is a subset of L,I x L, described by

(7.10) {[a, b], [c, d]: [ac+ bd, bd] RP1}.
Equivalently, L is described by

(7.11) RP’ xP’-{([0, 1], [1, 0]), ([1, 0], [0, 1])}.

Thus, L is homeomorphic to a torus with two distinct points removed.
Remark 7.4. In view of Example 7.3 it appears that the structure of LF’ isrrl, p

more complicated in comparison with the structure of o oLFB,p. Recall from 5 that
00LFN.p is unknown.
ProofofMain Theorem 7.3. The proof ofthis theorem is analogous to the technique

of transverse and complete flow argument used in the proof of Theorem 4.6. Therefore
0,0we sketch only the main points here. First note that L,,p is a manifold since it is an

open subset of Grass (m, m +p) x Grass (p, m +p). Consider the map

(7.12) d/" LFq,p LF’m,p
given by

(7.13) O([Dp(z), Np(z)], [/c(Z), (z)])= ([Dp(O), Np(), [/(c), (c)]).
Consider the local flow

(7.14)

defined by

("’qm, p LFq,p x [0, oo) - LFq,p

(q.p(([Dp(z), Np(z)], [/c(z), ]Q(z)]), t)
(7.15)

([Dp(e’z), Np(e’z)], [/c(e’z), (e’z)]).
0,0It is easily seen that the above flow is well defined and smooth. Moreover if Z LF,,,,p,

the fiber ff-l(z) ofthe submersion (7.12) is invariant under the above flow. By argument
similar to the proof of Lemma 5.3, p-I(Z) is diiteomorphic to (np+qm)(m+p). The proof
of the local triviality of LFq,p is similar to the proof sketched in Lemma 5.3 and
Theorem 4.6. [3

8. Conclusion. To conclude, in this paper we have studied the problem of para-
metrizing linear dynamical systems, both in the open loop and in the closed loop.
Although we have restricted our attention to discrete-time ARMA systems, consider-
ation of state-space, continuous-time systems would be analogous. The main result of
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this paper is that the various parametrizations obtained have a bundle structure, which
we believe would be particularly useful in system identification defined by a locally
and globally convergent vector field wherein the structure of the fibers, ditteomorphic
to a Euclidean space, would be exploited.

Appendix I. Milnor’s theorem.
THEOREM. Let M be an n-dimensional manifold. Suppose that M admits a vector

field X with a unique locally and globally attracting singularity. Then M is diffeomorphic
to R’.

Remark. Among the geometric control theory community this is known as Milnor’s
theorem. (Perhaps this name is due to Chris Byrnes.) This is essentially contained in
[5] and can be proved using several methods. We sketch a proof based on [5].

The following lemma is easy (see [5], [25], or [26] for a stronger version). In what
follows, Dk is the closed disk of radius k in R n.

LEMMA 1. Let N be an n-dimensional oriented manifold, and let f ,fE" D1- N be
orientation-preserving embeddings into the interior ofN. Then there exists a diffeomorphism
h" N- N such that h. f =f2.

LEMMA 2 [5]. Let N be an n-dimensional manifold such that each compact subset
is contained in an open set diffeomorphic to . Then N is diffeomorphic to

Proof. We can easily construct a sequence W1 c W2
N and Wk is diffeomorphic to Ok. Say gk’Ok --> Wk is a diffeomorphism. We are now
going to define a new sequence of diffeomorphismsfk" Ok - Wk by induction. Setf g.

Now suppose that f,... ,fk have already been defined. Orient Wk+ and modify
gk+l if necessary such that

Ok
fk ik Jk gk

Wk Wk+ and Dk Dk+ Wk+
are orientation-preserving, where ik,jk are inclusions. By Lemma 1, find a diffeomorph-
ism hk+l" Wk+I- Wk+I such that hk" gk’jk- ik" fk and define fk+l- hk+ gk+l. Then
fk/l Dk--fk, and hence pass to the direct limit to obtain the diffeomorphism
lim_. fk - N.

Proof of the theorem. By Lemma 4.10, without loss of generality we assume that
X is complete. Let U be a neighborhood of p which is diffeomorphic to ". Define
Uk bX_k(U), k 1, 2," ". Then each Uk is diffeomorphic to n, and M U k= Uk.
Hence by Lemma 2, M is also diffeomorphic to ".
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EQUIVALENCE BETWEEN OPEN-LOOP AND CLOSED-LOOP INVARIANCE
FOR INFINITE-DIMENSIONAL SYSTEMS: A FREQUENCY DOMAIN

APPROACH*

HANS ZWART

Abstract. In this paper the relation between various system invariance concepts is considered, and it
is proved that open- and closed-loop invariance are equivalent concepts. Using this equivalence the author
investigates the existence of the largest closed-loop invariant subspace, and derives necessary and sufficient
conditions such that the largest open-loop invariant subspace is equal to the largest closed-loop invariant
subspace. If this equality holds, then the solvability of the disturbance decoupling problem (DDP) is
equivalent to the solvability of a meromorphic matrix equation.

Key words, infinite-dimensional linear systems, controlled invariance, disturbance decoupling problem

AMS(MOS) subject classification. 93C25

1. Introduction. The theory of controlled invariance of a subspace has been
investigated in detail in the case that the state space is finite-dimensional (see, e.g.,
[1], [9], [17], [19]). For the case where the state space is infinite-dimensional, while
there have been some preliminary investigations in [2]-[4], [14], 16], and [22], many
questions remain unanswered. In this paper we shall investigate this invariance for
infinite-dimensional systems. We shall consider the following controlled sytem:

(1.1) =Ax+Bu, xX, u U,

where X and U are Banach spaces, A is a generator of a Co-semigroup, T(t), and
furthermore we impose the conditions:

(C1)

(C2)

B is a bounded linear operator with Im B finite-dimensional.

For all A-bounded (see Appendix A for definition) feedback laws F, A + BF
generates a Co-semigroup, TF(t), with the domain of A+ BF equal to the
domain of A; D(A).

Let us remark that (C2) does not always hold, even if (C1) holds; for a counterexample
see, e.g., Lasiecka and Triggiani [13]. However, if A generates an analytic semigroup,
then (C2) holds if (C1) holds (see, e.g., Zabczyk [20]). The use of A-bounded feedback
operators is naturally motivated by the geometric properties of invariance, as can be
seen from Theorems 4.4 and 4.2. However they do necessitate the extra condition (C2)
on (A, B). Ifwe restrict ourselves to bounded feedback laws, then A+ BF generates auto-
matically a Co-semigroup and we can still give a version ofan equivalence theorem (4.6).

For the system (1.1) we shall discuss various kinds of system invariance in 2,
and we shall pay laarticular attention to frequency invariance in 3. This concept of
system invariance was introduced by Hautus [9] for finite dimensions, and it turns out
that this concept plays a key role in infinite dimensions. In 4 the relation between
the different invariance concepts is investigated, and there we show that, for closed

* Received by the editors February 17, 1987; accepted for publication (in revised form) November 30,
1987. This reasearch was supported by the Netherlands Organization for the Advancement of Pure Scientific
Research.

" Department of Mathematics, University of Groningen, P.O. Box 800, 9700 AV Groningen, the
Netherlands.

1175



1176 HANS ZWART

subspaces, open- and closed-loop invariance are equivalent. Furthermore we prove
that, for these subspaces, closed-loop invariance is equivalent to frequency invariance.
Using this last equivalence we shall define the largest frequency invariant subspace
contained in a given subspace, and show that the largest closed-loop invariant subspace
in a given subspace need not necessarily exist. However, we shall give sufficient
conditions such that this subspace exists and is equal to the largest frequency invariant
subspace. If this equality holds, then we can give a frequency domain solution of the
disturbance decoupling problem ( 5).

Notation.
X
V
K
U
A
B
’(v)
(v)

F*(K)
(K)

A general Banach space.
A subspace of X.
A closed subspace of X.
The input space, which is assumed to be finite-dimensional.
A generator of a Co-semigroup on X.
A bounded linear operator from U to X.
ImB V.
A subspace of the image of B, im B, with the properties that o(V) V
f0 and jo(V) / (V) Im B (see (3.2)).
The largest closed-loop invariant.subspace contained in K.
The largest frequency invariant subspace contained in K.
The convolution product.

2. Invariance concepts. The theory of system invariance entails many definitions.
Here we shall summarize some of them and give some important properties. We shall
start with the strongest.

Throughout this paper we consider system (1.1) under the standing assumptions
(C1) and (C2).

DEFINITION 2.1. A subspace V of X is called closed-loop invariant if there exists
an A-bounded feedback law F such that

(2.1) TF(t) V V

for all in [0,
Remark. Under condition (C2) the semigroup TF(t) is well defined.
LEMMA 2.2. Assume that a closed linear subspace Vc X is TF,(t)-invariant for a

certain A-bounded operator F1. Then V is TF2( t)-invariantfor an A-bounded operator F2
if and only if Im B(FI F2)IVCDA) V.

Proof. See Appendix B for the proof. [3

Remark. Lemma 2.2 is a generalization of Lemma 4 in Curtain [3].
COROLLARY 2.3. Let be any subspace of Im B such that v + (im B (3 V) Im B.

If a closed subspace V is closed-loop invariant, then there exists an A-boundedfeedback
law F such that V is TF( t)-invariant and Im BF]vtqD(A) 0.

Proof. Assume that V is T#(t)-invariant; then from the facts that the range of F
is finite-dimensional and F is A-bounded, BF can be written as [11, pp. 195, 245]
E/q=l bi((A-A)" ,f/"-E/PI__q+I b,((A-A)" ,f), where A is an arbitrary element of the
resolvent set of A, spani-,...,q {bi} 3 and span=q+l....,p, {bi} Im B (3 V. Defining
F= (((A- A). ,f))=l, we- obtain that Im B(F- )[VnDA)
Thus Lemma 2.2 concludes the assertion.

Before we can introduce the concept of open-loop invariance we need to define
our input space.
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DEFINITION 2.4. C-I([0, o()); U) is the space of all distributional derivatives of
continuous functions that are exponentially bounded and vanish at zero.

So u(.) is an element of C-1([0, ); U) if o u(s)ds C([0, ); U), there are
constants a and M in subject to

u (s) ds <= Me’, for all -> O, and lim u (s) ds O.
t,o

Remark. By C([0, ); U) we mean the space of all functions from [0, c) to U
which are continuous at all points in [0, ); the functions need not be bounded on
[0, o).

DEFINITION 2.5. A subspace V c X is said to be open-loop invariant if for every
Xoe V there exists a u(. )e C-1([0, oo); U) such that the solution of (1.1) remains in
V (see the following remark).

Remark. By the solution of (1.1) for u(.) C-([0, oo); U) we mean the mild
solution:

x( t) T( t)Xo + { T( t)B * u( t)}
where denotes the convolution product. So 2(t):= 11[o,)* x(. )=Jo x(s)ds satisfies
in the usual sense the following equation:

(2.2) (t)= T(t-s) xo+B u(cr) dtr as.

Furthermore x(t) will remain in V if (t) remains in V.
It may seem more natural to define open-loop invariance as the existence of an

input u(t)e oc([0, ); U) such that the solution of (1.1) remains in V; however,
open-loop invariance should be a stronger concept than cloSed-loop invariance. There-
fore we must allow distributional inputs ofthe form FTF(t)Xo, where F is an A-bounded
operator.

The input map FTv(t)Xo is not defined for all ->_ 0 and all Xo X, but from Curtain
and Pritchard [5] we have that F(’o TF(s)Xo ds) is; it is even a continuous function
with lim,+o F(’o TF(S)Xods)=O and F(’o TF(S)xods) is exponentially bounded. So
FTF(t)Xo is an element C-([0, );, U), and this motivates our choice ofthe input space.

If we were to omit the condition lim,+o o u(s) ds 0, then the Dirac distribution
would be an element of our input space. For finite-dimensional X this reduces to the
concept of asymptotic invariance (Stern [18]) which is stronger than closed-loop
invariance. Since the aim of this paper is to generalize the known results for finite-
dimensional systems, this is undesirable.

The condition that for open-loop invariance the input u(. satisfies I’o u(s) ds] <=
Met for some M and c in can be omitted if the state space is finite-dimensional.
Thus we could hope that in the general case this condition can also be omitted. However
a general proof for this assertion is at this moment still missing, and we shall need
this condition in order to prove our main result; the equivalence between open- and
closed-loop invariance for closed linear subspaces.

Let us remark that our definition of open-loop invariance is stronger than that
given by Schmidt and Stern [16] in which they used the term "holdability subspace."
However, it will be a direct consequence of Theorem 4.4 that the two definitions are
equivalent for the case that A is a bounded operator. Thus if the state space X is
finite-dimensional, then our concept of open-loop invariance is equivalent to the
concept of controlled invariance, as defined by Basile and Marro [1].

DEFINITION 2.6. A subspace V of X is called (A, B) invariant if

(2.3) A(Vf-ID(A))c V+Im B.
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DEFINITION 2.7. A subspace V of X is called feedback invariant if there exists
an A-bounded feedback law F such that

(2.4) (A + BF)( V CI D(A)) V.

Remark. Let be any subspace of Im B such that + (Ira B f’) V) =Im B. Then
by a proof similar to that in Corollary 2.3, it can be shown that if a subspace is feedback
invariant, it is also feedback invariant for an A-bounded feedback satisfying
Im BFIvcD(A)

If X is finite-dimensional, then it is known that all these concepts are equivalent
(Basile and Marro [1] and Wonham [19]). It is the aim of this paper to show that the
same holds for infinite-dimensional systems that satisfy conditions (C1) and (C2). We
shall show that for closed linear subspaces equivalence holds between open- and
closed-loop invariance and between (A, B)- and feedback invariance. There is in
general no equivalence between (A, B)- and closed-loop invariance even if we impose
the extra condition that VCI D(A) is dense in V, as shown in Schmidt and Stern [16].
Furthermore we shall show that equivalence between open- and closed-loop invariance
is lost if the subspace is not closed. Before we can prove these assertions we need a
fifth concept of invariance which we shall investigate more deeply.

3. Frequency iavariaace. In Hautus [9] the concept of frequency invariance
appeared for the first time. Only the finite-dimensional case was discussed there. In
this section we shall discuss this concept for infinite-dimensional systems.

The next definition willgeneralize the concept ofthe space of all rational functions.
DEFINITION 3.1. Let Y be a subspace, not necessarily closed, of a Banach space

Z. A function f(s) from C to Z is an element of Y(s) iff(s) is meromorphic on some
right half-plane of C and f(so) is an element of Y for all So in this right half-plane
and So is not a pole off(s). By Y/(s) we shall denote all functions in Y(s) that are
strictly proper, i.e.,

Y+(s)={f Y(s),limf(s)=O).
real

DEFINITION 3.2. If xoX, (’) D(A)(s) and to(.)e U/(s), then the expression

(3.1) Xo- (s- A)(s)- Bto(s)
is called a (:, to)-representation of Xo.

We remark that every Xo in X has a (, to -representation: take sO(s)=(s-A)-lxo
and to(s) 0.

The (, to)-representation was introduced by Hautus [9], and it has the following
important property.

LEMMA 3.3. If(s), to(s) is a (, to)-representation ofx, then (s) D(A)/(s) and
lims_, s(s) x.

Proof. By the fact that A generates a Co-semigroup we have that lim_,a
s(s-A)-x x for all x in X. By the (, to)-representation

x=(s-A)(s)-Bto(s) or s(s)=s(s-A)-x-s(s-A)-lBto(s).
Thus

lim s(s) lim s(s A)-lx lim s(s A)-lBto(s) x +0,
sR sl s

since s(s-A)-B is from the Hille-Yosida Theorem uniformly bounded on [r, ) and
lim.a (s) =0.
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With this (, to -representation we can introduce the concept of frequency
invariance.

DEFINITION 3.4. Let V be a subspace, not necessarily closed, of X. V is said to
be frequency invariant if every Xo in V has a (:, to)-representation with :(. )e V+(s).

Lemmas 3.5 and 3.6 will imply that the (:, to)-representation is unique if Im B
V-{0). First we must introduce some notation.

Let V be a subspace of X. By G(V) and 1(V) we shall denote subspaces of X
such that

Im B (V) 31( V),

(3.2) o(V) fq V= {0},

(V) c V.

We remark that (3.2) is possible, since Im B is finite-dimensional (condition (C1)).
So G(V) is a subspace contained in Im B which has zero intersection with V

and is of maximal dimension, and I(V) is Im B fq V. Throughout this section we
shall fix G(V) so ifX is a Hilbert space, then we can take G(V) Im B (Im B fq V)-.
If there cannot be any doubt about V, then we shall simply use G and gl.

LEMMA 3.5. If a subspace V ofX is frequency invariant, then every element of V
has a (, o)-representation with (. V+(s) and Bo(. :+(s).

If in addition we assume that every element of V has a (, o)-representation such
that lims_,oo.sa so(s) exists, then it also has a (, o)-representation with (. ) V/(s),
Bw( G+(s) and lims_,s so (s) exists.

Proofi See Appendix B. For the proof. [3

LEMMA 3.6. Ifa subspace V ofX is frequency invariant and Im B V Im B V,
then every x in V has a unique (, co)-representation with Bo(.) in +(s) and (.) in
V+(s).

Proofi Let bl,"’, bp be a basis for G. Then by the Hahn-Banach Theorem and
the fact that Im B f3 V Im B f3 V, there exist functionals {f e X’, 1,..., p} such
that (f, bj) 80 and f[ 0.

Let x be an arbitrary element of V; then by Lemma 3.5 it has a (s, o)-representation
with Bo(. contained in +(s). Thus x can be written as

P

(3.3) x (s A)(s) Y biwi(s), ( e V+(s).
i=1

Equation (3.3) implies

P

(3.4) (s-A)-lx (s)- (s-A)-lboi(s).
i=1

Calculating (f, (’s- A)-lx); i= 1,’’., p gives

(3.5)

P

(fi, (s-A)-lx)=(f, (s))- (fi, (s-A)-lb)o(s)
i=1

P
y (f, (s-A)-lb))o)(s)
i=1

since sO(s) is in V.

If we premultiply (3.5) by s we obtain

(3.6)
P

(f/, s(s-A)-lx) Z (f/, s(s-A)-lbj)toj(s)
j=l
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Or in matrix notation

((fl, s(s-A)-lx)] (oal(s))(3.7)
\(fp, s(s A)-’x)] -S(s)

,%(s)
where So.(s)=(f,s(s-A)-Ib). Note that S(s) and (f,s(s-A)-x) are analytic on
the resolvent set of A, and since lim,_.o s(s A)-ly y for all y in X we have that
lim,,_. S(s) := $(oo) (f, b2) 2. So S(oo) is nonsingular. Then by the continuity
of S(s) in plus infinity there exists an interval [g, 0o) such that S(s) is invertible on
that interval.

S(s) is an analytic function on the resolvent set of A, and so is certainly on a
right half-plane. From (3.7) we get on this right half-plane

s(s-A)-Ix)
wp(s)] \(fp, s(s a)-’x)]"

The right-hand side of (3.8) depends only on x (for fixed A and B) and it is a
meromorphic function. So the only possible choice for oai(s) is the ith row of the
right-hand side of (3.8). By (3.4) we have only one choice for :(s); that is,

(s-A)-x+(s-A)- ( bjoa2(s)).
j=l

COrOLLARY 3.7. If V is frequency invariant and Im B (q V Im B (-1 V, then every
x in Vhas a unique (, oa) representation with ( ) V/(s), Boa( )G+(s) and there exists
an interval Is", oo), which is independent of x, such that (s) and oa(s) are continuous on
this interval

Proof Choose oa(s) to be the right-hand side of (3.8) and

(s)=(s-A)-lx+(s-A)- ( bjoaj(s)).
j=l

These functions are meromorphic on the resolvent of A and by the proof of Lemma
3.6 continuous on an interval of the form [g, oo).

COROLLARY 3.8. If V is frequency invariant and Im B f3 V Im B f’) V, then there
exists an R such that (s- A)-3 9 {0} for all s larger than s.

Proof With the same notation as in the proof of Lemma 3.6, we have that
S(s) := ((f, s(s-A)-bj)) is nonsingular on an interval [, ). On this interval we have
that (s-A)- 9={0}, since otherwise there would exist a vector u0 and a

So such that Z (so-a)-bu) is contained in and so

j=l j=lS(so)u

(,So(so-A)-’b,u)] (fp, so (so-A)-’b,u
.j=l

S0

,2 (o A-
j=l

Thus det (S(so))=0, providing the contradiction. [3

Let us remark that (3.8) implies that if X is finite-dimensional, and so A is a
matrix, then oai(s) is a rational function, and with the last line of the proof of



OPEN-LOOP AND CLOSED-LOOP INVARIANCE EQUIVALENCE 1181

Lemma 3.6, (s) is also a rational function. So ifX is finite-dimensional, then Definition
3.1 is the same as if we were to restrict ourselves to strictly proper rational functions,
as in Hautus [9].

Before we can prove the equivalence between frequency and closed-loop invari-
ance, we need some properties of the set of all possible values of (s) for x in V.

DEFINITION 3.9. If V is a frequency invariant subspace, then s, consists of all
1 VD(A) such that there exists an x in V with a (, w)-representation: x-
(s-A)(s)-Bto(s), (.) V/(s), to(.) U/(s), such that (Sl)- 1.

LEMMA 3.10. If V is a closed subspace that is frequency-invariant and Im B f’) V-
0, then we have that there exists a real such that for any Sl, s2 >- s, the equalities

x=(s-A)-Bw,
(3.9)

x (s A):2- Bto2, x, :, and so2 in V,
imply that 1 2.

Proof. Since V is a closed subspace of X and Im B f’) V= {0}, this lemma is a
simple corollary of Corollary 3.8.

LEMMA 3.11. Let V be a closed-frequency invariant subspace with Im B V= {0};
then

’--,$2

for all sl, s2 , oo) (see Lemma 3.10).
Proof Let ( be an element of ..s,; then there exists an x in V with

X = (S,- A) Boo(s,),
(3.10) X (S,- S2 + S2 A) Bw (Sl)

(S2 Sl)I -- X (S2 A)I- Bto (Sl).

(s2- s) + x is an element of V, and thus it has a (, to) representation. So there exists
a pair (, o3) such that

(3.11) (s2- s1)l + x (s- A)(s)- Bt3(s).
Relations (3.10) and (3.11) with Lemma 3.10 imply that (s2) . So .., ... By
symmetry we conclude that -s," .."

LEMMA 3.12. Let V be a closed-frequency invariant subspace with Im B V) V {0};
then .. := .. is closed in the graph norm of A, where is as defined in Lemma 3.10.

Proof Let , be a sequence in such that :,- y and A, z. Since A is a closed
operator, we have that y6 D(A) and Ay= z. Let {b,..., bp} be a basis for Im B;
then since Im B V) V= {0} and V is a closed subspace, there exist f X’ such that
fly-0 and (f, b)= tj. Since , is an element of , there exist x, in V and to, in U
such that

p

(3.12) x (-A) Bw (-A)
j=l

Since x, V, we have that

0 (f, x,) (f, (- a), Bton) --(fi, an)-(f, bi)tni

:= (f, a,)= -to,,.

So to, converges as n o, i= 1,..., p. Thus to, converges to, say, to e U, and since
x, (-A),- Boo, we have that x, converges to x. Since V is closed we have that
x V and so there exist (s) and to(s) such that

x=(-a)()-Bw().
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By definition x is also equal to (- A)y Bto. From Lemma 3.10 we have that y
and thus y ...

4. Equivalence. In the theory of system invariant subspaces, the equivalence
between closed-loop and open-loop invariance is of great importance. This equivalence
tells us that if we can find an input such that the trajectory stays in a subspace, then
we can also find a feedback law such that the trajectory stays in this subspace. In
Wonham [19] this equivalence was proved in the case that the state space is finite-
dimensional. If the state space is infinite-dimensional, then the equivalence was proved
by Schmidt and Stern 16], provided that A is bounded. However, the interesting case
in infinite dimensions is when A is unbounded but generates a Co-semigroup; this is
the focus of this section. We formulate and prove this equivalence under the conditions
(C1) and (C2). Furthermore we shall prove that closed-loop invariance is equal to
frequency invariance for closed linear subspaces.

We start by investigating the relaton between (A, B) and feedback invariance, for
which we need the following important lemma.

LEMMA 4.1. If V1 c D(A) is a linear subspace, closed with respect to the graph norm

ofA, and V2 c X is a closed linear subspace with

(4.1) AVI V2+ Im B,

then there exists an A-bounded feedback law F such that

(4.2) (A + BF) V, V2.

Proof If X is finite-dimensional, then the proof can be found in Basile and Marro
[1] and Wonham [19]. We refer the reader to Appendix B for the general proof; this
proof is an adaptation of the proof given by Pandolfi [14].

THEOREM 4.2. If V is a closed subspace ofX, then (A, B) andfeedback invariance
are equivalent.

Proof This an easy corollary of Lemma 4.1, since if V is a closed subspace and
A is a closed operator, then V D(A) is closed with respect to the graph norm of A.

Before we formulate our main equivalence theorem, we shall summarize the
relation between frequency and closed-loop invariance if B-= 0.

THEOREM 4.3. Let Ct := {s CIRe (s) >/3} be the largest right half-plane of C that
is contained in the resolvent set of A. Since A generates a Co-semigroup such a subset
exists. Then the following four concepts of invariance are equivalent provided that V is a
closed linear subspace:

(a) T(t)V Vfor all tin [0, ).
(b) There exists an s in C3 such that (s-A)-1V V.
(c) For all s in C, (s-A)-V V.
(d) For all s in C3, (s A)( V f’) D(A)) V.
Proof. For the equivalence among (a), (b), and (c) see Pazy [15, p. 121], and for

the equivalence between (a) and (d) see Kurtz [12].
THEOREM 4.4. Let V be a closed linear subspace ofX; then the following concepts

of invariance are equivalent:
a V is closed-loop invariant.
(b) V is open-loop invariant.
(c) V is frequency invariant.
(d) There exists an So such that for all s larger than So

(4.3) (s-A)(VD(A))+= V+,
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where G is a subspace of Im B which has zero intersection with V and has maximal
dimension under this restriction.

It will be shown in the proof of the theorem that (4.3) is independent of the
particular choice of G.

Let us remark that there is in general no equivalence between (a) and (d) if we
use Im B instead of G in (4.3). As a counterexample we can take

V= Im B=span {b} with b D(A);

then (s-A)(VfqD(A))+ImB=ImB=V+ImB, for all sC. However, if V=
span {b} were closed-loop invariant, then b would be an eigenvector of TF(t) and thus
an element of D(A + BF) D(A), providing the contradiction.

Presently it is unknown to the author whether (a) and (d), with o replaced by
Im B, are equivalent ifwe assume in (d) the extra (and natural) condition that V f-) D(A)
is dense in V.

Relation (4.3) can be seen as a generalization of (A, B) invariance, and since in
(4.3) only A, B, and V occur, we see (d) as the geometric reason for using A-bounded
feedback laws instead of bounded feedback laws. If we impose stronger conditions
on the input functions in Theorem 4.4 (b) and (c), then we have closed-loop invariance
with bounded feedback laws as shall be shown in Theorem 4.6.

If X is finite-dimensional, then the equivalence between these concepts is known
(see for (a) :> (b), e.g., Basile and Marro [1], for (a) :> (c) Hautus [9], and for (a): (d)
Schumacher [17]). Since we have equivalence between these invariance concepts we
introduce a new concept that we shall use if a subspace satisfies (a), (b), (c), or (d)
of Theorem 4.4.

DEFINITION 4.5. A closed linear subspace V of X is called controlled invariant
if it satisfies (a), (b), (c) or, equivalently, (d) of Theorem 4.4.

THEOREM 4.6. Let V be a closed linear subspace ofX; then the following concepts
of invariance are equivalent"

(a) V is closed-loop invariant for a bounded feedback law.
(b) For every Xo in V there exists a u(. C([0, ); U) with Ilu(t)ll--< Meat; >- 0

for some M and a, such that the mild solution of the following equation remains in V:

(4.4) :( t) Ax( t) + Bu( t), x(O) Xo.

(c) V is frequency invariant such that lims_.,sa sto (s) exists.
Remark. Theorem 4.6 is still valid if we do not impose condition (C2).
We shall prove Theorem 4.4 by showing (a) =C, (b) (c) => (a) and (a)c:>(d).
Proof of Theorem 4.4. (a)=>(b). Let F be the feedback such that TF(t)Vc V.

Define (t) o TF(s)Xo ds and a(t) F o TF(s)Xo ds. From Curtain and Pritchard [5]
we have that to TF(s)Xo ds D(A + BF)= D(A) for all t->0, and

(4.5) (A + BF) TF(S)Xo ds TF( t)Xo-- Xo.

Thus

(t) Xo+ A:(t) + Ba(t),

(o) =o
and so :(t) satisfies (2.2). Furthermore

lim (t) lim F T(s)xo ds lim F(A A BF)-(A A- BF) Te(s)xo ds,
t,o t,o t,o
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where A is an element ofthe resolvent set ofA + BF. From Lemma A10, F(A A- BF)-1

is a bounded operator; thus with (4.5) we have

lim F T(s)xo ds F( A BF)-1 lim (A A BF) TF(s)xo ds O.
t$O t,O

With a similar argument it can be proved that (t) C([O, ); U) and I(t)[ -Meat.
Defining x(t)- TF(t)Xo and u(t) to be the distributional derivative of (t) gives the
desired result.

(b)==>(c). Let .(t) and /(t) denote, respectively, ][o,)* x(’)=toX(S)ds and
]to,o) * u(t), where denotes the convolution product and ]0,) is the unit step in zero.
From the definition of open-loop invariance we have that II(t)ll =< Met, so we may
take the Laplace transform of (2.2), which gives

(4.6) w()(s) =1 (s_A)_lxo+(s_A)_IB.()(s),
S

where () denotes the Laplace transform of .
If we define (s)= s()(s) and to(s)= s(a)(s), then since (t) and a(t) are

exponentially bounded, :(. and to(. are analytic on some right half-plane of C and
(4.6) implies that

(4.7) Xo (s A)((s) Bto(s).

With the definition of the Laplace transform we have that (s) V, for s sufficiently
large, and with Theorem 8.6-1 of Zemanian [21] we have that lims_,to(s)=
limt+o a(t)=0, and Lemma 3.3 with (4.7) implies that V is frequency-invariant.

(c)==>(a). Since V is a closed subspace, we see, by Corollary 3.7, that we may
restrict our input operator B to/, such that G(V) o(V) and I(V) Im/ f’l V=
{0} (see (3.2)); then V is also frequency-invariant for the system (A, B). So we may
assume without loss of generality that Im B (’l V {0}. For all x in V we have

(4.8) x (s A)(s) Bto(s).

If s is larger than g (see Lemma 3.10 and Definition 3.9), then (4.8) implies that

(4.9) AE = V+ Im B.

From Lemma 3.11 and Lemma 3.12 we have that E ... So (4.9) implies that

(4.10) A., V+ Im B... is closed in the graph norm of A, and so from Lemma 4.1 we have the existence of
an A-bounded F such that

(A + BF)E c V.

By rearranging (4.8) we have

x (s- A)(s)- Bto(s) (s- A- BF)(s)- B(to(s)- F(s)).

Thus B(to(s)-F(s)) V, and so by the assumption made in the beginning of this
proof to(s)= F:(s), and

(4.11) x=(s-A-BF)(s), s>=.
So (s-A- BF)-x :(s) c V, for all x in V, and Theorem 4.3 concludes this proof.
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(a)=:>(d). Let F be an A-bounded feedback law such that V is TF(t)-invariant.
By Corollary 2.3 we may assume that Im BFlvnoa)C G. Since V is closed-loop
invariant there exists, by Theorem 4.3(d), a real such that

(4.12) (s-A-BF)(VfqD(A+BF))= V

for all s _>- s". Since D(A + BF) D(A) and Im BF[vnD(A c 3, (4.12) implies (4.3).
(d)(a). Suppose that (d) of Theorem 4.4 holds; then this implies that

(4.13) A(VfqD(A))c V+= V+Xm B.

Since V is closed we may apply Theorem 4.2 to conclude that there exists an A-bounded
feedback law F such that

(4.14) (A + BF)( V fq D(A)) V

and from the remark made on Definition 2.7 we may assume that Im BF]VnD(A) 3,
or Im BFIvcD(A)("I V {0}. Let s be an element of R, larger than So (see (4.3)) such
that [s, c) is in the resolvent set of A + BF. Then by (4.3) every x in V can be written
as

(4.15) x=(s-A)v+Bu

for some v Vf’)D(A) and Bu 3. We rewrite (4.15) as

x (s A BF)v + Bu + BFv
or Bu+BFv=x-(s-A-BF)v. So from (4.14) we see that Bu+BFv is an element
of V, but this is only possible if Bu + Bi:’ 0. Since Im BFIvfqD(A) c 3 and Bu Y3,
thus we have

(4.16) x=(s-A-BF)v.

By premultipling (4.16) with (s-A-BF)-1 we Obtain (s-A-BF)-IVc V, and
together with Theorem 4.3 we conclude that V is TF(t)-invariant.

Proofof Theorem 4.6. (a)(b). Let F be the feedback law such that TF(t) Vc V.
Defining x(t) as TF(t)Xo and u(t) as FTF(t)Xo, then Theorem 2.31 of Curtain and
Pritchard [5] gives the desired result.

(b)==>(c). Define (. as the Laplace transform of x(t) and w(.) as the Laplace
transform of u(t). Then :(. ), w(. is a (:, w) representation of x0, with :(s) V, and
the Theorem 8.6-1 of Zemanian [21] we have that lims_.sw(s)=lim,+o u(t)=u(O),
and Lemma 3.3 implies that lims_, (s)= 0.

(c)==>(a). From Theorem 4.4 we have the existence of an A-bounded feedback
operator, F, such that (s-A-BF)- Vc V and Im BF[vD(A) G, where 3 is the
subspace of ImB as defined in (3.2). If we define for Xo V(s):=(s-A-BF)-Xo
and w(s) := F(s-A-BF)-Xo, then (s), w(s) is a (:, w) representation with Boo(s)
+(V). Thus from Lemmas 3.5 and 3.6 we have that lims_,sR sw(s) exists, and so
for ev,ery x in V lims_..sR sF(s-A-BF)-x exists. Let x denote~ the limit value;
then F is a linear operator defined on V and on D(A)f3 V, F is equal to F. By the
Uniform Boundedness Theorem we have that F, and with that F, is a bounded operator
on V. The Hahn-Banach Theorem gives that F can be extended as a bounded operator
to the whole of X. Lemma 2.2 concludes the proof.

5. Disturbance decoupling problem. In this section we shall consider the distur-
bance decoupling problem (DDP)"

Given the system

(5.1) :(t) Ax( t) + Bu( t) + Eq( t), z( t) Dx( t),
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where A and B are the same as in (1.1) and E and D are bounded linear operators
from, respectively, Q to X and X to Z, find an A-bounded feedback law such that,
in the closed-loop system, z(. does not depend on q(. ).

The next theorem gives the link between closed-loop invariance and DDP. By
r*(K) we shall denote the largest closed-loop invariant subspace contained in K,
where K is a closed linear subspace of X.

THEOREM 5.1. If r*(Ker D) exists, then DDP is solvable if and only if
(5.2) *(Ker D) Im E.

Proof. See Curtain [2] for the proof, r-1
In Curtain [2] the question of sufficient conditions for the existence of *(K) is

posed. We shall show that *(K) need not always exist. Note that if *(K) exists,
then it must be closed, since TF(t)Vc V implies that TF(t)Vc V.

Keeping the equivalence between closed-loop and frequency invariance in mind
we define the natural candidate for T’*(K).

DEFNrrON 5.2. Let s.(K) be the subset of X which contains all x X with a
(:, o)-representation with (.) in K/(s) (see Definitions 3.1 and 3.2).

The next lemma will show that .(K) is the supremal frequency invariant subspace
in the closed subspace K.

LEMMA 5.3. (a) Every frequency invariant subspace contained in K is contained in
(K).

(b) Every closed-loop invariant subspace contained in K is contained in 7/’(K).
(c) (K) c K.
(d) F(K) is the supremal frequency invariant subspace, contained in K.
Proof (a) The proof is obvious with the definition of (K) and the definition

of frequency invariance.
(b) The proof is obvious with Theorem 4.4.
(c) Let (:(s), o(s)) be a (:, o) representation of x in (K); then :(s) e K and

with Lemma 3.3 and the fact that K is closed we conclude that x lim_, s(s) is
an element of K.

(d) Let x be an element of .(K), so that there exist strictly proper meromorphic
functions (s) and o(s) such that :(s) is in K and

(5.3) x=(s-A)(s)-Bw(s) forRe(s)>Cx

(see Definition 3.1). Let be an arbitrary, but fixed, point of C with Re (g) > c,,; then
by using (5.3) we get

(5.4)
0 (s A)(s) + (- A)(-:()) Boo(s)+ Bo()

(s A)((s) ()) + (s )() B(w(s) o()).
So if s # , then (5.4) implies that

S--S

Define I(S)-"(((S)--(,))/(--S)) if s# and -:’() if s=. Define o(s)=
((o(s) o())/(- s)) if s # and -o’(g) if s g. It is not hard to show that (:1, o)
is a strictly proper (:, o) representation of : :(g). Since :(s) is the K, (s) is in K.
Thus by the definition of (K), :() is in o//.(K). Since was an arbitrary element,
we may conclude that (K) is frequency invariant. By (c) we obtain (K)c K,
and (a) implies that .(K) is the largest frequency invariant subspace with this
property.
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With this lemma we can easily prove the next theorem.
THEOREM 5.4. Let K be a closed subspace of X. If l/’.(K) is closed, then t/’*(K)

exists and is equal to t/’.(K).
Proof. If //v.(K) is closed, then by Lemma 5.3(d) and Theorem 4.4 we conclude

that Fx(K) closed-loop invariant. Furthermore, from Lemma 5.3(a) and (c), it must
be the largest with this property. So Y’*(K) exists and is equal to //’x(K).

The question which now arises is under what conditions (K) is closed. It turns
out that this condition can be formulated in terms of Im B and (K), as in the next
lemma.

LEMMA 5.5. tfx(g is closed if and only if l/’.(K fq Im B o//,.(K) f) Im B.
Proof. (Only if.) The proof is obvious.
(If) //’x(K) is frequency invariant and //’v.(K) (’11m B //’x(K) (’11m B. So, by

Lemma 3.6, we obtain that every x in //’.(K) has a unique (:, to)-representation with

Bto(s) Ep b,to,(s),i=1

toi(s) given by (3.9) and (s) (s A)-lx+(s- A)-I(Ei=lp bto(s))(bi; i= 1, ...,p is
a basis for G; the subspace of Im B that is defined in (3.2). So G has a zero intersection
with //’(K) and is of maximal dimension under this restriction.)

We shall recall (3.9). Let f, i-1,...,p be those elements of X’ such that
fl() 0 and (f, bj)= 80, S(s) is a p, p matrix with S(s)ij=(fi, s(s-A)-lb, and

(5.6)
tOp,S) \{f, s(s- A)-’x}/"

Let x be an element of //x(K); then there exists a sequence {x} in x(K) which
converges to x. x. is an element of //’x(K), so it has a (:, to) representation with

where p is the dimension of Im B. With the above we may choose

top+l(S) top,(S) 0 and

as in (5.6) with x replaced by x. With this choice it can easily be seen that if x
converges to x, then to’(s) converges, and

to(s):= lim to(s) =0 if i>p, and

tOp S)

is the right-hand side of (5.6). From (5.6) it is easily seen that tO(s) is meromorphic
on a right half-plane and

tlira tO(s) S(oo)- =0 since x e .(K).
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Define (s)=(s-A)-lx-(s-A)-lBw(s); then (s) is meromorphic, (s) is strictly
proper, x (s-A)(s)-Bw(s), and (s) is the limit of

,,(s) (s A)-lx,, -(s A)-lBw,,(s),

as n--> oo, thus it is in K.
So x has a (:, w) representation, with so( in K+(s); thus x is in .(K). [3

Remark. There exist innumerable examples such that V f3 Im B V [3 Im B, for
V not closed.

From this lemma we can deduce two corollaries.
LEMMA 5.6. Let V1 and V2 be closed, controlled invariant subspaces of X. If

V1 + V2) Im B V1 + V2) (q Im B, then Vi--- V2 is controlled invarianr

Proof Consider o//..( V1 + V2); then by Lemma 5.3(b), V1 c //x( V1 + V2) and V2 c
F’x( V + V2). So by the linearity of x( V + V2), V1 + V2 is contained in x( V1 + V2).
By Lemma 5.3(c), o//.( V1 + V2)= V1 + V2; thus

(Vl+ v)= v,+ v.
Uy.(V, + V2) f3 Im B V,+ V2fqImB=(VI+ V2) fq Im B

= T’x(V + V2) fq Im B = Ux(V1 + V2) f] Im B.

So by Lemma 5.5, Ux(Vl+ V2) is closed; thus it is equal to V + V2. By Theorem 5.4
we have that V1 + V2 is controlled invariant. F]

LEMMA 5.7. (a) Let V,, n >= 1 be a nest of closed, linear, and controlled-inoariant
subspaces. Then V:= U._ V is controlled invariant if (Un V,)f-llm B=
(U,__> V,) fq Im B.

(b) Consider the same nest V,. Let B be one-dimensional and suppose there exists
a closed subspace K such that V, c K and (T(t)llm B) is not contained in K. Then
V := U ,>-1 V, is controlled invariant if and only if Im B b V.

Proof (a) Let V be U,__>I V,; then V, is closed-loop invariant and contained in
V for all n; thus by Lemma 5.3(b), V, is contained in 7/x(V). Since { V,} is a nest, we
have U,__>I V,c F’x(V). By definition of Wx(V) we have that //x(V)c V=
U,_>_,. V,, U,__>l V, c Ux(V)c V. Thus Ux(V)= V.

Vllm Bc T’x(V)Im Bc T’x(V)Im B= VImB.

So F’x(V) Im B Wx(V) Im B, and by Lemma 5.6 and Theorem 5.4, T’x(V) V
and it is controlled-invariant. [3

(b) (If) See (a).
(Only if) Suppose V is controlled invariant and b V; then V is also T(t)

invariant. Furthermore since K is closed we have that V K. (T(t)lIm B) is the smallest
T(t) invariant subspace containing Im B=span {b}. So (T(t)]Im B)c Vc K.<-- [3

The condition in Lemma 5.5 is not easy to check, and it is not obvious that it is
fulfilled even if A is a bounded operator. The next lemma will show that if A is a
bounded operator, then Ux(K) is closed.

LEMMA 5.8. If A is a bounded linear operator, then W*(K) exists and it is equal
to T’x(K).

Proof First, suppose that the following holds:

(5.7) A(Wx(K)) c //x(K) + Im B.
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Then with Schmidt and Stern [16], Vx(K) is closed-loop invariant. So with Lemma
5.3, 7/’(K)- *(K); however, V*(K)c //’(K), and so x(K)- Vx(K). Thus it
remains to prove (5.7).

Let x be an element of (K); then there exist (.) K+(s) and to(.) U+(s)
such that

x (s A)(s) Bto(s).

With Lemma 3.3 we have that x lims_,sR s(s). By rearranging (5.8), we have

As(s) s2(s)- sx- Bsto(s).

From Lemma 5.3(c) it follows that As(s) Uy.(K)+Im Bc Uy.(K)+Im B. Since A
is a bounded operator and s(s) x as s o, we have that Ax F.(K)+ Im B. Thus

Av.(K,)c (K)+ Im B.

Since A is a bounded operator and V.(K)+ Im B is a closed subspace we have proved
(5.7). f-i

The next lemma will give sufficient conditions for Theorem 5.4, which are easy
to verify. These conditions first occur in a slightly stronger form in Curtain [2], where
the aim was to give sufficient conditions for the existence of *(K) for bounded
feedback laws.

LEMMA 5.9. Let Ker D be the kernel of a bounded linear operator D. Then
(Ker D) is closed if either of the following conditions holds.

(a) There exists a q in {0} such that DA has a bounded extension from X to
Z (denoted by DAi) for O<=i<-q, DAiB=Ofor O<-i<q, and DAqBu#Ofor all u#O
in U.

(b) D(s-A)-IB=O for all s in [, c) for some in R.
Proof (a) Suppose that x U.(Ker D) and condition (a) holds. From Lemma 3.3

we have that x lims_,,R s(s) if

(5.9) x (s A)(s) Bto(s).

Using the fact that to(s) is strictly proper, Lemma 3.3, and (5.9), we obtain

(5.10) lim A(s) 0.

If we premultiply (5.9) by D we get, since (s) Ker D and DB=0,

(5.11) Dx D(s-A)(s)- DBto(s) sD(s)- DA(s)- DBto(s) -DA(s).

Using the fact that A(s) is strictly proper and D is a bounded operator, we get Dx 0
and DA(s)=0. By induction itis easy to prove that DAix =0 and DA/I(s)=0 for
0 <_- < q. Yet we shall consider q:

DAqx DAq(s-A)(s) DAqBto(s)

(5.12) sDaq(s) Daq(a(s))- DaqBto(s)

O- Daq(a(s)) DAq Bto(s).

Using the properness of A(s) and to(s), we get that DAqx 0 for all x in (Ker D).
With the fact that DA" is a bounded operator, we obtain that DAqx--O for all
x (Ker D). From the last line of (a) we obtain that Im B fq (Ker D)= {0}. So
Im B fq (Ker D)= Im B f’) y.(Ker D), and by Lemma 5.5 //’(Ker D) is closed.
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(b) In the case that D(s-A)-B=O, //’.(Ker D) is equal to the subset in X of
all x in Ker D with D(s A)-lx 0. This follows since for x in (Ker D), (s A)-lx
(s)-(s-A)-Bto(s), holds and thus

D(s-A)-x= D(s)-D(s-A)-’Bto(s)=O-O=O.
Suppose D(s-A)-x=O; then x=(s-A)(s-A)-x-BO is a strictly proper (:, to)
representation with :(s)= (s-A)-lx in Ker D. So Im B c .(Ker D), which implies
that //’(Ker D) is closed by Lemma 5.5.

Let us remark that condition (a) in Lemma 5.9 is weaker, even if the input and
output space are one-dimensional, than the condition that the transfer function D(s-
A)-B has only finitely many zeros in plus infinity, as can be seen from the next example.

Let X be a Hilbert space and A a generator of a Co-semigroup on X. Assume
furthermore that b, d e X with b D(A), d D(A*) (the domain of the adjoint of A),
(d, b)x=0 and (d, Ab), O. Then (d, A.)x does not have a bounded extension from X
to C, but the multiplicity of the zeros in plus infinity of the transfer function
(d, (s-A)-lb) is 1.

Using the characterization of (Ker D) given in Lemma 5.3 and Theorem 5.4
we derive the following equivalent statements for the solvability of DDP.

THEOREM 5.10. Assume that //’(Ker D) is closed; then the following statements
are equivalent"

(a) DDP is solvable.
(b) Im E c v.(Ker D).
(c) For every q in Q there exists an to(. in U+(s) (see Definition 3.1) such that

(5.13) D(s-A)-IEq -D(s-A)-lBto(s).

(d) There exists a U(s) in (L(Q, U))+(s) such that

(5.14) D(s-A)-BU(s)= D(s-A)-E.
(e) There exists a U(s) in (L(Q, U))+(s) and X(s) in (L(Q,X))+(s) such that

(5.15) I s -v(s)

Proof. This follows trivially from Theorems 5.1 and 5.4 and Definitions 5.2
and 3.2.

Remark. Theorem 5.10 is the same as Theorems 3.4 and 3.6 in Hautus [9] for the
finite-dimensional case.

We see from this theorem that, under an extra condition on the system, the
solvability of DDP is equivalent to the solvability of a meromorphic matrix equation.
We can easily show that the solvability of (5.14) is always a necessary condition for
the solvability of DDP. However, it can be seen from Lemma 5.11(b) that it is not
sufficient; of course in this case //’(Ker D) will not be closed.

We shall conclude this section with some negative results on the existence of
//’*(K) and closedness of v.(K).

LEMMA 5.11. (a) //’*(K) need no_.__t exist.
(b) If *(K) exists, then v.(K) need no__t be closed.
Proof (a) See Pandolfi [14] for a counterexample for delay equations, or see

Appendix B for a counterexample for partial differential equations. In the counter-
example of Pandolfi the codimension of K is finite.

(b) Here we shall give only a sketch of the proof; for a precise proof we refer
the reader to Appendix B.
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Consider the system

:( t) Xl( 1) + x( t),

(5.16)
2(t) x3(t) + x2(t),

3(t)=u(t)+q(t-1/2),

y(t)=Xl(t).

The transfer function from input to output is

(5.17) gl(s)

and from disturbance to output it is

(5.18) g2(s)

s(s-e-S)(s+l)

--s/2e

s(s-e-S)(s+l)"

The usual realization of (5.16) over the state space ,/2 does not satisfy the conditions
of (5.1). Therefore we shall construct another realization of (5.17) and (5.18) using
the results of Curtain and Zwart [6].

From Curtain and Zwart [6] we have that (5.16) has a spectral realization
(A, B, D, E) with .state space 12, such that (A, B) is approximately controllable, (D, A)
is initially observable, ImBc D(A), gl(S)-D(s-A)-lB, and g2(s)-D(s-A)-E.
Since g(s) has no zeros, we may conclude from Zwart [22] that V*(Ker D)= {0}.
Thus DDP is not solvable; however, there exists a strictly proper function U(s) such
that g(s)U(s) g2(s), U(s) e-/2. So by Theorem 5.10, V.(Ker D) cannot be closed
in X 12. [q

Notice that we do not say anything about the more usual state space , which
might be different.

Remark. Even if we make //’.(Ker D) smaller by assuming the extra condition

M(n-1)tIIo(")(s)ll _-<
)._,

s > a for some M and a,

7/’(Ker D) still need not necessarily be closed, as can be seen from the same counter-
example (see Appendix B).

6. Conclusions. In this paper we have shown that, for the system (1.1) under the
extra conditions (C1) and (C2), there is equivalence between open- and closed-loop
invariance and the concept of frequency invariance for closed subspaces. Using this
last concept we define the largest frequency-invariant subspace contained in a given
closed subspace, and as a corollary of the equivalence theorem we have that this largest
frequency-invariant subspace is closed-loop invariant if and only if it is closed. Unfortu-
nately this subspace need not necessarily be closed, even if the largest closed-loop
invariant subspace exists. This motivates the following (still) open problem: under
what conditions does the transfer function f(s) have a realization (D, A, B) such that
f(s)= D(s-A)-B, (C1) and (C2) hold, and the largest frequeney-invariant subspace
in Ker D is closed?

Furthermore we have shown that, under the condition that Vz(Ker D) is a closed
subspace, the solvability of the disturbance decoupling problem is equivalent to the
solvability of a meromorphic matrix equation, and if (Ker D) is not closed, then
this equivalence does not necessarily hold.
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The results as presented in this paper are of a more general nature than those in
Zwart [22]; this was restricted to a subclass of spectral systems. In that paper necessary
and sufficient conditions were given for the existence of the largest closed-loop (with
bounded feedback law) invariant subspace in a closed subspace. These conditions
were given in terms of the zeros of the transfer function; however, it was shown there
that not only were the zeros in infinity important for the existence of //’*(Ker D), but
the position of the finite zeros with respect to the poles of the system determined the
existence of F*(Ker D) (compare this with Lemma 5.9(a)).

We remark here without proof that theorems similar to those given in 5 hold if
we were to define 7/’(K) as in Definition 5.2 with the extra condition that
lim_.sn sto(s) exists and //’*(K) is the largest closed-loop invariant subspace in K
with a bounded feedback law (compare Theorems 4.4 and 4.6). Furthermore none of
the results mentioned in this paper would change if we were to replace the definition
of Y+(s) (Definition 3.1) by Y+(s) {f:R YIf is continuous on a interval (r, o) and
lims_,f(s) =0} or if we were to replace the definition of open-loop invariance,
Definition 2.5, by the existence of a distribution u(. with values in U and its support
contained in [0, ) such that lim,+o{llo,)* u}(t)=0, for some M and a in R,
I{to,oo)* u}(t)l<--Me’ almost everywhere on [0, 00) and the mild solution of (2.2)
remains in V. Omitting the condition that I{llto, u}(t)l <= Me’ on [0, oo) for some M
and a would give a more natural definition of open-loop invariance. However except
for the case that the input space is one-dimensional we do not have a proof that this
definition is equivalent to our present definition of open-loop invariance. Since the
aim of this paper is to prove equivalence between open- and closed-loop invariance,
we have not used this definition.

Theorem 5.4 concerning the existence of the largest closed-loop invariant subspace
is very similar to Theorem 5.4 of Hautus 10], where controlled invariance is considered
for systems over rings. As in systems over rings we have that the sum of two controlled-
invariant subspaces need not necessarily be controlled-invariant.

Appendix A: A-bounded operators.
DEFINITION A1. Let A be a closed linear operator on a Banach space X with the

resolvent set of A p(A) . A linear operator Q from X to a Banach space Z is
A-bounded if D(Q) D(A) and there are constants a, b such that

IIQxllz = allxll + bllmxllx for all x in D(A).

LEMMA A2. Let A be a closed linear operator with p(A) . For a linear operator
Q from X to Z the following three properties are equivalent"

(a) Q is A-bounded.
(b) There exists a A in p(A) such that Q(A-A)-1 is in L(X, Z).
(c) The operator : is in L( W, Z), where W= {(x, Ax); x O(A)}, ]](x, Ax)llv

Ilxllx / ]lax[Ix and :((x, ax))= Qx.
Proof (a)c=>(b). See Kato [11, p. 245] for the proof.
(c)<=>(a). See Kato [11, Remark 1.4, p. 191] for the proof.
DEFINITION A3. Let A be a closed linear operator with p(A) . A linear operator

Q from X to Z is A-compact if D(Q)m D(A) and if for any sequence {u,}c D(A)
with both {u,} and {Au,} bounded, {Qu,} contains a convergent subsequence.

LEMMA A4. Suppose that A is a closed linear operator with p(A) . A linear
operator Q from x to Z is A-compact if and only if Q(A- A)- is a compact operator
from X to Zfor some A p(A).



OPEN-LOOP AND CLOSED-LOOP INVARIANCE EQUIVALENCE 1193

Proof See Kato [11, Remark IV.I.12] for the proof.
COROLLARY A5. Let A be the same as in Definition A1. An A-bounded operator

Q with finite-dimensional range is A-compact.
DEFINITION A6. Let A be a closed linear operator on a Banach space X with

p(A) . The A-bound of an A-bounded operator Q is

inf{b [0, )Ithere exists an a [0, c) such that

IIQxll - allxll / bllAxl[ for all x in O(A)}.
LEMMA A7. Let A be the same as in Definition A1. If Q is an A-bounded operator

with finite-dimensional range, then the A-bound of Q is zero.

Proof See Kato [11, p. 195] for the proof. U
LEMMA A8. Suppose A is a closed linear operator with p(A) , and let Q be an

A-bounded operator. If 0 p(a) and QA-[I < 1, then 0 is an element ofp(a + Q) and
(A + Q)-I is given by

(A1) (A+Q)-I=A-I , ((-Q)(A-1)) k.
k=O

Remark. Equation (A1) is known as the second von Neuman series.
COROLLARY A9. If A generates a Co-semigroup T( t), then there are constants M

and a such that T(t)[[ <-_ MeSt. Let Q be an A-bounded operator with A-bound bo, such
that bo+ Mbo < 1. Let V be a closed linear subspace such that T(t)Vc V and Q(
D(A)) V. Then there exists a Ao in such that for all A, A _-> Ao, (A -A-Q)-I exists
and (A-A-Q)-Ivc V.

Proof For all A>a we have that A p(A) and II(A-A)-ll<=M/(s-). Q has
A-bound bo with bo+ Mbo< 1. By the definition of the A-bound there exists a pair
(a, b) such that ]1Qx <-- a x / b Ax and b + Mb < 1.

Q(A A)-lxl] <_- all(A A)-’xll + bl[(h A)-’Ax[I <= all(A A)- Ilxll + b Ilxll
+ blAI II(A A)-’ Ilxll--< ((aM/(A a))+ b + (bl;tlM/(A ))) Ilxll.

So for h sufficiently large we have that Q(-X + A)-’ < 1. With Lemma A8 this implies
that 0 p((-h +A)+Q) and (h-A-Q)-=(h-A)-Ek=O ((Q)((A-A)-)) k By the
assumptions we have that (Q)((A A)-) Vc V, so (h A- Q)-I V c V.

LEMMA A10. If Q1 and Q2 are A-bounded operators with the A-bound of Q1, bl
less than 1, then Q2 is also (A + Q1)-bounded. D(A + Q1) := D(A).

Proof. Since Q is A-bounded with A-bound less than 1, there are constants (a, b)
such that IIQxll<-_allxll+bllmxll for all x in D(A). If xD(A), then Ilmxll--
II(a + Q)x- Qxll <- II(a + Q)xll + Qxll or

(A2)
Since b is less than 1 we obtain from (A2)

1
(A3) Ilmxll =l-b {ll(A+ Q)xll + allxll},

Q2 is A-bounded, so there are constants (a2, b2) such that

b2iiQxll<=allxll+bzllaxl :3 az[iXll + {ll(a+Q)xll+allxll}
1-b

ab2 b2
az+l-b/ Ilxll+l-b

Therefore Q2 is A+ Ql-bounded. [3
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Appendix B: Proofs.

Proof ofLemma 2.2. (If) V is TF,(t) invariant if and only if (s-A-BF)-IVc V
(Theorem 4.3), i= 1,2. By Lemma A8 there exists a real in the resolvent set of
(A + BF1) and of (A + BF2) such that [s, ) is contained in the resolvent set of (A + BF1)
and of (A + BF2), and

(B1) (s-A-BF)-’=(s-A-BF)-I E ((BF-BF)(s-A-BF)-)k

k=0

for all s in [, o). From (B1) it is easy to see that (s-A-BF2)- Vc V for all s-> g.
So by Theorem 4.3, TF2(t)Vc V.

Remark. (C2) was used in (B1), that is, D(A)= D(A+ BFi).
(Only if) It is not hard to show that if a closed subspace V is TF,(t)-invariant,

then (A+BFi)(Vf’ID(A+BF))c V, i= 1,2. Let V be TF,(t)-invariant; then

(B2a) (A + BF)( V f’l D(A + BF1)) c V,

(B2b) (A + BF2)( V CI D(A + BE2)) V.

By simply subtracting (B2a) and (B2b) and using the fact that D(A+BF)=
D(A+ BF2) D(A), we see that Im B(F F_)lvno(a V. l-]

Proof of Lemma 3.5. We shall give the proof of both assertions in one. Let - be
zero or 1, depending on the problem we are dealing with, and assume that every x in
V has a (:, to) representation with lims_o.sR sto(s) exists.

Let hi"" bp be a basis for O(v), the subspace of Im B defined by (3.2), and let
bp+l’"bp be a basis for (V):= ImB V. Then, since V is a subspace, bl...bp
is a basis for Im B.

Since V is frequency invariant and (V) c V, we have that there exist pairs
(i(s), toi(s)) such that i(" ) V/(s), toi(" ) U/(s) and

(B3) b,=(s-A)(s)-Bto,(s), i=p+l,... ,Pl.

If we write

’’,.(s)
,o,(s)

then (B3) becomes

Pl
(B4) b,=(s-A)sC(s) , b)to)(s), i=p+l,"’,pl.

j=l

We can write (B4) in matrix notation, and obtain

(B5)

where Qi( s -toi( s ),

p

Ri(s) (s A),i(s)- E bjtoij(s).
j=l
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Since toi(" is in U/(s), Q(s) is a meromorphic function and lims_.sR Q(s)=0.
By rearranging (B5) we have

p, -(I-Q(s))-lR(s)

(B6) =(I-Q(s))-l(s-A) -(I-Q(s))-1

=(s-A)(I-Q(s))-
p,)S) j=l \ top,j(s)

by simple linear algebra.
This last formula implies that each bi, p + 1-< i-< Pk’ has a (:, to) representation

with i(.) in V/(s) and Ba3i(.) in G+(V), if we take i(s) to be the ith row of

(I- Q(s))-’
#l}s)

and B(. to be the ith row of

=, ,(s) ]"
Furthermore since

Q(c)=o, then lim s(a3(s)=lim s(toi’l(s))..,o,,s
s

and by assumption this limit exists.
So we have proved the assertion of Lemma 3.5 for all elements in Im B f) V

(V). Let x be an arbitrary element of V; then there exists a pair (sO(s), to(s)),
(. ) V+(s) and to(. )e U+(s) such that

x (s A)(s) Bto(s)
P Pl

(s- A)(s)- E bitoi(s) E bitoi(s)
i=1 i=p+l

P, P(B7)
(s- A)(s)- , ((s- Al:,(s)- B,(s)lto,(s)- , b,to,(s)

i=p+l i=1

Pl ) P P

=(s-A) sO(s) 2 i(s)to(s)- , (nti(s))toi(s)-2 bitoi(s);
i=p+l i=p+l i=1

(s), (s) V+(s) and Ba3,(. )6 +(s); G=span {bl,""", bp}.
Thus x has a (, to) representation with (s) sO(s) "--i=p+l i(S)to(S)

Btf(s) Yi=p+lP (Bti(s))toi(s)-YiP=l bitoi(s). +(s) and lims_.,sR s’tS(s) exists.

Proof of Lemma 4.1. Define XA to be the graph of A, with the graph norm
[l(x, AX)IIA- IIxll / IIAxll, where II" is the norm of X. A is a bounded operator from
XA to X, and V1 is by definition closed in XA.
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If Vl V1, then there exist v2 V2 and u U such that Ao1-" l)2" Bu, and u and
v2 are uniquely determined if we assume that u [Ker B] +/- (the annihilator of Ker B)
and Bu o(V2).

Let F be defined by FVl =-u, for all Vl V1. The operator F is linear, since u is
uniquely determined. We shall show that F is a closed operator in XA. Let us assume
that (v’, Fv’) converges to (vl,-u); thus v]’- v and Av’ Av. We must prove that
Fv =-u; this is obvious since

w" := Av’ Bu" Av’ + BFv" converges to AVl Bu =: w

and vl V since V is closed, and Bu o(V2) since o(V2) is closed.
Thus F is a closed operator from the whole V1, with induced norm of [[. [[a, to

U. By the Closed Graph Theorem, F is a bounded operator on V, norm ][. [[A- By
the Hahn-Banach Theorem and the fact that, since Im B is finite-dimensional, F has
finite-dimensional range, F has a bounded extension on XA. By Lemma A2, F is
A-bounded on X.

ProofofLemma 5.11. (a) The next example will show that V*(K) need not exist.
Example. Let X be L2(0, 1) and A be the "heat operator," A d2/dZ2 with domain,

D(A) {x 6 L2(0, 1)[x" 6 L2(0, 1); x(0) x(1) 0},

B:=b(z)={O’
sin 2rz,

z[0,],
z6[1/2, 1],

K {x L2(0, 1)Ix(z)=0; a.e. on [0, 1/2]}.

Notice that K DIm B. So (K)= {0}, and with Lemma 3.6 we may conclude that, if
K is frequency invariant, then every x in K has an unique (, to) representation with
Bto(s)=-O, which means that (s-A)-K c K. But this last inclusion would imply by
Theorem 4.3 that A-b A- 1[1/2,1](Z)7/"2 sin (rz) is an element of K. However,

f
A-l(1E/2,l(z)r2 sin (rz))= -z,

-z + 1-sin (rz),
[0,k]
z6[1/2,1]

is not in K.

So K cannot be frequency- (or equivalently closed-loop) invariant. Define for n > 1

0
e,(z)= (1/4r2n(_l),(n2_l)){sin2rnz+ n(-1)" sin2rz},

z[0,],
z[1/2,1],

and/x,, in C by/x, =-4yr2n 2.
Then (1) spani=..., {ei} is closed-loop invariant for all n
(2) span/ {e} is K.
Proof of (1). By a simple calculation we can show that (A-lx,)e,=b. So

(s-a)e,=-b+(s-lx,,)e, or e,=(s-a(e,/s-lx,))-b(1/(lx,,-s)). Thus span{e,}
is closed-loop invariant. By Lemma 5.6 we have that spani=..., {ei} is closed-
loop invariant for all n

Proof of (2). If x K, then

0 on [0,],
X--

x’ on [1/2, 1]

with x’ L2(1/2, 1). So x’(z) =Y,__I (x’(z), 2 sin (2rnz))L(/2,1)2 sin (2nrz) and IIx’ll=
2,00__ ](x’(z),Zsin (2nz))i2(1/2,1)1<oo. Let x_l_e, for all n> l:=>(x, e,)(o,=0
(x’, sin 2rnz + n(-1)" sin 2rz)/(/2, =0. So

(B8) (x’, sin 2"/rrtz)2(/2,1 -n(-1)"(x’ sin 2rz)(/2,1) V n > 1,
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(B9) oo > IIx’ll = I<x’, sin 2rnz)L2(1/2,1)l2 Y n2](x ’, sin 27rz)L2(i/2,)l2.
=2 =2

Formula (B9) implies that (x’,sin27rz)=0, and again with (B9) we have that
(x’,sin27rnz)L2l/2,)=O, for all n in /{0}, so x’=0. Thus x-0 is the only vector in
K perpendicular on all e,, so spani/l} {ei} is K.

If V*(K) were to exist, then it would necessarily be closed and contained in K,
and by (1) it would have to contain spani=2..., {ei}, for all n. This together with
(2) would imply that Y’*(K) equals K. This contradicts the fact that K is not closed-loop
invariant. Thus *(K) cannot exist in this example. [3

Proof of Lemma 5.11(b). Consider the system (5.16) with transfer function g(s)
and g2(s). From Theorem 2.5 of Curtain and Zwart [6] we have that

1 -1 1
(B10) g(s) =./El Z;(1 + Z;)2(S Z)

++
s (l+e)(s+l)

jE "+" -[-(Bll) g2(s)=.= x/z(l+z)2(s_z s (1 +e)(s+ 1)

where z is the jth zero of s-e-. With relations (B10) and (Bll) we can make the
following realization of (5.16): X 12, A Y-;:l A(.,f)f, where f is jth orthogonal
basis vector of 12, A1 0, A2 -1 and A+2 z, j => 1. For the domain of A we take all
elements x of 12 such that Ej=I [/j(" ,fj}[2< (x). Furthermore we define

1
B bf b=l, j=l,2, b+2 l + z 7 4

1
d+2

1o=<.,a>, a=E 4, a,=-, d -(l+e), zj(l + zj) 1/4’j=l

E =lE a;f, a, 1, a2 x/, a;+2 (1 + z;)7/4"

Since Izl is O(j) we have that B, D, and E are bounded linear operators and B D(A).
This realization satisfies (C1), and the conditions of Zwart [22]. We do not know

if it satisfies (C2), therefore we cannot apply standard arguments. Of course we can
define frequency invariance. Let V be a closed frequency invariant subspace in Ker D;
we shall show that V {0}. First we remark that B V, since otherwise, by Lemma
3.5, every x in V can be written as x=(s-A)(s)-O. This in particular (s-A)-B
Vc Ker D, or D(s-A)-IB=O, providing the contradiction.

So every x in V can be written as

(B12) x (s A)(s) + Bto(s)

with o(s)=(j s(s-A)-lx)/(f, s(s-A)-IB}, where fX’ such that (f, B)= 1 and
fly 0 (as in the proof of Lemma 3.6). Let h be an element of the resolvent set of A,
p(A). We shall prove that (h A)( V fq D(A)) is closed-loop invariant with a bounded
feedback law for the system (A, (h -A)B) and is contained in Ker D(A -A)-1. Then
we are done, since the transfer function D(A -A)-I(s-A)-I(A -A)B= D(s-A)-IB
gl(s) has no zeros, and so by Theorem 6.1 of Zwart [22], (h-A)(Vfq D(A))= {0}.
Thus V--{0}, and since V is an arbitrary controlled invariant subspace in Ker D we
have that the largest controlled invariant subspace in Ker D is {0}.
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Thus it remains to show that (A-A)(V D(A)) is closed-loop invariant with a
bounded feedback law. Let (A-A)x be an element of (A-A)(Vf D(A)), and since
B D(A) we have from (B12) that

(a13) (A -A)x=(s-A)((A A)(s)/ (A -A)Bto(s)

with (s) and to(s) the same as in (B12). We shall show that lims_ sto(s) exists. Let
us first remark that since x Vt D(A) we have that

(f, s(s-A)-lx=(f, (s-A/A)(s-A)-lx)=(f, A(s-A)-lx=(f, (s-A)-lAx.

So

(f (s A)-lx) (f (s A)-IAx)
im sto s irn s ,, s-(-s - -) irn s

f s s A B
s s s

(f s(s- A)-IAx) (f Ax)
irn (f s(s-a)-’B) (f B)

-(f’ ax).
s

Since A is an element of the resolvent set of A and V is a closed subspace we have
that (A-A)(Vf D(A)) is a closed subspace too, and Theorem 4.6 gives the desired
result. D

Acknowledgment. I thank Ruth Curtain for her careful reading of this manuscript
and for her valuable suggestions.
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EFFECTIVENESS AND ROBUSTNESS WITH RESPECT TO TIME DELAYS
OF BOUNDARY FEEDBACK STABILIZATION IN

ONE-DIMENSIONAL VISCOELASTICITY*

KENNETH B. HANNSGEN?, YURIKO RENARDY?, AND ROBERT L. WHEELER?

Abstract. The damping effect of a boundary feedback mechanism on torsional vibrations of a
homogeneous viscoelastic rod is examined. A characteristic equation is derived for the oscillatory modes,
and the solutions of this equation are studied by analytic and numerical methods, as functions of the
feedback gain parameter and of a parameter for feedback delay. Results are compared to recent studies of
elastic materials, where a feedback delay can cause exponential instability; here this phenomenon depends
significantly on the short-time behavior of the viscoelastic memory kernel. Finally, an existence result is
given, showing that the behavior of a weak solution corresponds in the expected way to the location of the
characteristic roots.

Key words, boundary stabilization, viscoelasticity, time delays
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1. Introduction. We examine the damping effect of a boundary feedback
mechanism on torsional vibrations of a homogeneous viscoelastic rod of uniform
circular cross section. In the purely elastic case it is known [15] that this mechanism
can force uniform exponential decay, but that time delays, which are inherent to
physical feedback mechanisms, can introduce exponentially growing vibrations. When
viscoelastic stress-strain laws are involved, exponential decay can occur even with
fixed or free ends, but the decay can be slow in the low-frequency oscillating modes.
We investigate whether boundary feedback can improve the rate of decay in these
modes and under what conditions delays in the feedback can lead to unbounded
vibrations. Analogous problems have been investigated for a variety of elastic bodies
and structures [9]-[12], [14], [23]-[26], [28]; for the viscoelastic case, we have chosen
a physical model that leads to the simplest equations of this type.

Specifically, we consider a homogeneous viscoelastic rod of length L and uniform
circular cross section of radius R. For the constitutive law relating cross-sectional shear
stress tr and shear strain y at a point p in the rod, we use a linear Boltzmann model
of the rate type [4] (see [29]):

(1.1) o-(p, t)= Gy(p, t)+ g(’)y(p, t-7") d’.

The equilibrium stress modulus G is a positive constant (that is, the material is a
solid), and g(t) is completely monotonic and integrable on (0, ) with 0 < g(O+)-<_ .

We remark that complete monotonicity is a physically reasonable assumption that
is satisfied by our examples. As noted below, some of our results (e.g., on the presence
or absence of characteristic values in the right half-plane due to time delays) hold
when g is merely positive, nonincreasing, and convex, with -g’ convex. By holding
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throughout to the stronger hypothesis, we lose little generality overall and avoid
repetitious statements of various lemmas for slightly different hypotheses on g.

Observe that if the strain history 3’ satisfies suitable decay conditions as -,
then an integration by parts allows us to rewrite (1.1) as

(1.2) tr(p, t)= G3"(p, t)+- g(r)3"(p, t-’) d’+ g’(’)3"(p, t-’) d’,

where the last integral on the right side of (1.2) is determined by the strain history for
< 0. Terms that arise from this contribution to the stress can be incorporated into a

nonhomogeneous term. We do this throughout and make any required hypotheses
directly of the resulting nonhomogeneous terms. As noted in 5, our hypotheses on
those nonhomogeneous terms have reasonable interpretations in terms of the original
history value problem.

For 0 <- y <-_ L, O(y, t) denotes the angular displacement of the cross section at y
from the equilibrium position. We assume that the angular displacement is known for
t-< 0, and we allow an initial jump in the angular velocity at 0, that is,

(1.3) 0 (y, t) Oo(y, t) <= 0), Ot (y, 0+) 01 (y)

for 0 -<y_-< L. Then the constitutive law (1.2) together with a balance of angular
momentum yields (compare [22, p. 42] for an elastic rod)

(1.4) O0,(y, t)= GOyy(y, t)+--t g(’)Oyy(y, t-r) dr + B(y, t),

0<y < L, > 0, where p is the mass density of the rod, (Tr/2)R4, and B(y, t)
consists of a distributed applied torque together with the contribution from the initial
history. We assume that the left end of the rod is fixed, i.e.,

(1.5) 0(0, t) O, -c < <.
At the end y L we feed back a torque of the form

(1.6) ’(L, t)=-t<H(t-e)Ot(L, t-e), tO,

where K => 0 is the feedback gain, e-> 0 is a time delay in the feedback mechanism,
and H denotes the Heaviside step function. We consider both the case where there is
a concentrated tip mass at y L with moment of inertia I,, > 0 about the axis of the
rod, and the case where no such tip mass is present, i.e., Im =0. This leads to the
balance law

(1.7)
ImOtt(L, t)+ GOy(L, t)+--t g(r)Oy(L, t--7") dr

=b(t)-:H(t-e)Ot(L, t-e), 0-< t<,

where b(t) consists of any other applied torque at y L together with the contribution
that arises from the initial history.

We normalize the length and radius of the rod by introducing the variables

E Gp-1L-2, a(t) g( t)p-1L-,
k -1/9-1L-1,

(1.8) u(x, t)= O(Lx, t), Uo(X, t)= Oo(Lx, t), Ul(X Ol(tx),

F(x, t)= B(Lx, t)-lp-1 (O<_--x<_ 1),
f(t)=b(t)-Ip-lL-.
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Then (1.3)-(1.5) and (1.7) become

(1.9) utt(x,t)--Euxx(X,t)+- a(a’)Uxx(X,t-a’)dr+F(x,t), 0<x<l, t>0,

(1.10) u(x, O)= Uo(X), ut(x, 0+) ul(x), O<-x <- 1,

(1.11) u(0, t)-0, 0_-<t<,

ota fo’Iutt(1, t)+ Eu,(1, t)+T’; a(’)Ux(1, t-’)
(1.12)

=f(t)-kH(t-e)ut(1, t-e), t>-O.

We remark that E and a(t) have dimension -2, I is dimensionless, and k has
dimension -1.

Let A(t) E + a(t) denote the (normalized) linear stress relaxation modulus. As
mentioned above, we assume throughout that

(1.13) A(t) E + a(t) with E > 0 and a(t) completely monotonic, a L(0, o),
and 0 < a(0+) .

If we expect to achieve exponential decay, we must assume that a(t) decays exponen-
tially as t-, so we also require that

(1.14) en’a(t) L(O, o) for some r/> 0.

(In the analysis, the lack of hypothesis (1.14) manifests itself in a branch cut along
the negative real axis that extends all the way up to the origin.)

Some important special cases follow.
(i) a(t)--O (excluded by (1.13)). This is the elastic case, and (1.9)-(1.12) (with

I =0) reduces to the feedback stabilization problem for the one-dimensional wave
equation which was included in [15].

(ii) A(0+) < oo. Then

Ey(p, t)+ a(’)y(p, t-’) d’= A(O+)y(p, t)+ a’(r)y(p, t-r) dr.

This is linear viscoelasticity of the Boltzmann type [4]. In what follows the cases
A’(0+) >-oo and A’(0+) =-oo will be distinguished.

(iii) A( t) E + y e-t, O<a<l, >0
r(1-,)

(F the gamma function.) This is a fractional derivative model modified by an exponen-
tial decay factor. Fractional derivative models have been used successfully to fit
experimental complex modulus data for some real materials [1]-[3], [30].

In 2 we derive a characteristic equation for (1.9)-(1.12), solutions of which give
the complex frequencies of asymptotic eigenvibrations. In 2 we also examine the
possible destabilizing effect of time delays in (1.12). The effectiveness of (1.12), when
e 0, in stabilizing high-frequency vibrations (possibly a consideration when A’(0+) >
-c) is discussed in 3. In the case where there is no concentrated tip mass, i.e., I- 0
in (1.12), we present analytic and numerical results showing the following.

(i) When e -0, all roots of the characteristic equation for (1.9)-(1.12) are in the
left half-plane and bounded away from the imaginary axis so that solutions should
decay exponentially. (This is justified in 5.)



BOUNDARY FEEDBACK STABILIZATION IN VISCOELASTICITY 1203

(ii) In the free-end and fixed-end cases (k =0, k o, respectively) with e =0,
low-frequency modes decay slowly, but rates of decay can be improved by choosing
k appropriately. Detailed numerical examples illustrating this are presented in 4.

(iii) For sufficiently small positive e, the absence or presence of resonance (with
unbounded solutions) depends on the growth of A(t) as 0+.

We also analyze the effect of a concentrated tip mass and show the following:
(iv) When I > 0 in (1.12), variation of k improves the decay rate for low-frequency

modes, but does not affect the high-frequency modes. (In the case of regular kernels,
i.e., A’(0/) >-oo, with e =0, this result is in agreement with a recent result due to
Desch and Miller [16] concerning exponential stabilization of abstract linear
integroditterential equations in Hilbert space. Namely, in this situation (1.9)-(1.12)
can be formulated in a semigroup setting, and since I > 0, the operator (1.12) is a finite
rank operator. Thus, by 16] the essential growth rate of the resolvent operator for the
abstract integroditterential equation cannot be changed by (1.12). See also Gibson
[17].) Moreover, when I >0, sufficiently small feedback delays (e >0) do not lead to
unbounded solutions.

As mentioned above, we present detailed numerical examples illustrating the
effectiveness of (1.12) (when e =0) in stabilizing low-frequency modes, both when
I > 0 and I 0. These numerical examples are discussed in 4.

In 5 we present theorems that guarantee the existence (in a weak sense) of the
solutions to (1.9)-(1.12) discussed above. We also justify a Green’s function representa-
tion which shows that the roots of the characteristic equation do determine the
asymptotic decay of u(x, t) as 00.

Finally, we postpone until 6 the rather technical proofs of two lemmas.

2. The characteristic equation: robustness with respect to time delays. In this section
we derive a Green’s formula for the formal Laplace transform of the solution of
(1.9)-(1.12), and we study how the location of the poles of this Green’s formula is
attected by time delays in (1.12). The interpretation of these results in terms of the
existence of a solution and its asymptotic decay appears in 5.

We consider an integrated version of (1.9)-(1.12), namely,

(2.1) .ut(x, t)= A(t-r)U,x(X, ’) dz+ Fo(x, t),

(2.2) u(x, o)= Uo(X),
(2.3) u(O, t) =0,

(2.4) Iu,(1, t)+ A(t-z)ux(1, z) dz=fo(t)-kH(t-e)[u(1, t-e)-uo(1)]

on {0<x < 1, 0 <- <c}. Here A satisfies (1.13) and (1.14),/, k, and e are nonnegative
constants, and

Fo(x, t)= F(x, z) d’+Ul(X), fo(t) f(r) dr+ IUl(1).

Assume that Fo(x, t) and f0(t) are exponentially bounded as t- 00. Then taking
formal Laplace transforms in (2.1)-(2.4) we obtain (for Re s sufficiently large)

(2.5) ,(s)Ux(X, s)-sU(x,s)=-[o(X,S)+Uo(X)],
(2.6)

(2.7)

u(o, s)-O,

I[sU(1, s)- Uo(1)] + ,(s)Ux(1, s) -k e-S[ U(1, s)-u(1)] +



1204 K. HANNSGEN, Y. RENARDY, AND R. L. WHEELER

where U stands for the Laplace transform a. Proceeding formally, let

(.8) (s) (s,(s))/,
where we use the principal square root, i.e., larg zl/21 < 7r/2 when larg zl < 7r (see (2.15)
below for justification), and define

(2.9) /3(s) a(s)/,(s),

(2.10) A(s) [Is + k e-s] sinh fl(s) + a(s) cosh fl(s).

Let s be such that A(s) is defined and A(s) 0. Then the general solution of (2.5)-(2.6)
is given by

U(x, s)= C(s) sinh (s)x-
a(s)

sinh fl(s)(x- y)[uo(y)+ Fo(s, y)] dy,

and using the boundary condition (2.7) we see that the constant C(s) is determined by

A(s)C(s) (ke-S)+I Uo(1)+fo(s)
S

+ {a-l(s)(k,e + Is) sinh fl(s)(1-y) + cosh fl(s)(1-y)}
o

[uo(y) + Fo(y, s)] dy.

Thus, for such s (2.5)-(2.7) has the unique solution

(2.11)

U(.x, s)=A(s) G(x, y, s)[uo(y)+ o(Y, s)] dy

sinh fl(s)x[(ke- )+I Uo(1)+fo(s)+
a(s) s

where the Green’s function is defined by

G(x, y, s)= -sinh (s)x[a-l(s)(k e- + Is) sinh/3(s)(1-y)

(2.12) + cosh/3(s)(1 -y)] for0-<x<y_-< 1,

G(x, y, s)= G(y, x, s) for0-<_y <x-< 1.

We remark that s,(s) E as s0 in Re s_->0 since a LI(0, ). Thus, A(0)=
E1/2>0 and (sinh (s))/s is continuous at s=0; hence, the expression in (2.11) is
continuous at s 0 whenever s (y, s) and sfo(s) are.

We assume that fo(s) and Fo(x, s) are analytic functions of s in an appropriate
right half-plane that satisfy suitable decay conditions as s in this half-plane. Then
U(x, s) is meromorphic in a half-plane with poles at the zeros of A(s). In 5, we use
an argument based on Plancherel’s theorem to obtain an exponentially weighted
L2-estimate for the solution u(x, t) of (2.1)-(2.4) that depends on the location of these
poles. Conversely, if A(so) 0 with Re So >/x, then we can pick Fo, fo, and Uo so that
(2.1)-(2.4) does not have a solution with e-’u( t) L(+; L(0, 1)). For the rest of
this section as well as in 3 and 4, we study the location ofthe zeros ofthe characteristic
function A(s).
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Recall that if (1.13) holds, then Bernstein’s theorem yields a nondecreasing function
/z on [0, c) with 0=/x(0) </x(0/) E </x(c) A(0/) <= cx and/x(x) =/x(x-) for 0<
x < c, such that

A( t) e-xt dlz(x) > 0).

Note that jo dlx(x)/x < since a e LI(0, c), and also observe that

(2.13) dl(x) A(0+), x dtz(x) -A’(0/),

where A’(0/) =- and A(0/) =o are both allowed in (2.13). Since a e LI(0, c) the
Laplace transform A(s) exists for s tr + it, o- => 0, s # 0, and it follows from the theory
of Laplace and Stieltjes transforms [32, Chap. 8] that/(s) can be continued analytically
to the slit plane C\(-, 0] by the formula

(2.14) A(s)= fo dlx(x)
S+X

where the integral converges uniformly on compact subsets of C\(-c, 0]. (Since/x is
real, ,(g) fl(s); this observation may be used without mention in the sequel.) Clearly
A(tr) > 0 when t > 0, and by (2.14),

(2.15) Im(sA(s))= (o.+x)+zdx(x)eO when r e 0.

If, in addition, (1.14) holds for some r >0, then x(x)-- E on (0, r] and (s) in (2.8)
is defined and analytic in a slit plane C\(-oe, s*], where s*< 0 is defined by

(2.16) s*A(s*) E + s*(s*)=0.
The transform ,(s) has a simple pole at s 0, and the functions/3(s) and A(s) defined
in (2.9) and (2.10) are analytic on C\(-, s*] and/3(0) =0, A(0)= E 1/2.

In order to study the question of when the equation

(2.17) A(s) =0

has solutions in a right half-plane, it is necessary to have estimates that are uniform
as s--> in a right half-plane. To obtain such estimates it is convenient to recall the
following result due to Lindel6f (see [8, p. 2]). Fix ro and suppose that there exists
an R > 0 so that the function h(s) is analytic in G {Re s > O’o, Is[ > R}, and so that
h is bounded and continuous in the closure G. If h(tro+ ir)- A as It] c, then h(s)- A
as s uniformly in {Re s -> O’o}.

Our first lemma is an elementary result.
LEMMA 2.1. Assume that (1.13) holds and let 0 >- O’o>-c be given. Then
(i)

(2.18) s(s)->A(O+) ass-->,

(2.19) a(s)/s-*O ass-o,
and the convergence in (2.18) and (2.19) is uniform in {Re s >_- tro}. The right-hand side
of (2.18) is infinity when A(0+) =.)

(ii) If A’(0+) > -o, then

(2.20) sZ(s) sA(O+) A’(0+) -> 0 as s -->

uniformly in {Re s _-> O-o}.
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Proofi Assume that A(0+) < oo. Then

[ (fro+
(or+ i’)A(cr+ i’)=

.o (Cro+ i’)+x
d(x)- A(0/)

as zl - oo by Lebesgue’s dominated convergence theorem and (2.13). Since s(s) is
analytic and bounded in {Re s => fro, Isl->- 21rol}, Lindel6f’s theorem yields (2.18) when
A(0/) < oo. Similarly, if A’(0/) > -oo, then

SX
s2A(s)- sA(O/) dtx(x)s+x

is analytic and bounded in {Re s>-o’o, Isl>_-21ol). Moreover, setting s=tro+ ir in
this expression and letting Irl-oo, we see by dominated convergence and (2.13) that
(fro+ ir)2,’(O’o +iz)-(tro+ir)A(0+)A’(0+) as Izl-,c; hence, (2.20) follows by
Lindel/Sf’s theorem.

To prove (2.18) when A(0/)= oo, let s Oo+ ir and note that

foIs,i(s)f>=llllm,(s) (ro/X)/ d(x)

>-- d/x (x) > dp.(x)ooX2q- "r2 -- ,0

as Ir[- oo. Thus, since 1/s*(s) is analytic and bounded in {Re s => fro, Isl_-> 21o1, (2.18)
is proved when A(0/) oo.

Finally, rewriting (2.14) as

A(=Io+x "(x
s+x 1 +x

and recalling that o (di (x)/x) < oe, we see that A(s) 0 as s oo uniformly in Re s >_- oo
by the dominated convergence theorem, and, in particular, (2.19) holds by the definition
of a.

As an easy consequence of Lemma 2.1 we get the following lemma.
LEMMA 2.2. Assume that (1.13) holds and tha A’(0+) > -oo. Thenfor any o’o>

(2.21) exp (-2(s))/ C exp (-2sA(O+)-’/)- 1

as s - oe uniformly in Re s >- o’o, where

(2.22) C exp (A’(O+)/A(O+)3/2).
Proof. By (2.20) and a Taylor approximation to the square root,

s(sa(o/-- sa(o/-/-a’(0/(A(0//- - 0

as s- oo uniformly in Re s >-o’o. Also, using (2.18) and (2.20) we easily see that

A(s-- s(0/- +’(0/(0/-- 0

as s - oo uniformly in Re s ->_ o’o. Thus, since fl(s) (s)/(s),
(s s(0/-/+’(0/((0//- -, 0

as s- oo uniformly in Re s-> oo, and (2.21) is proved.
The proof of the next lemma is somewhat technical and it is postponed until 6.
LEMMa 2.3. Assume that (1.13) holds and chat A’(0+) -oo. Thenfor any o’o> -oo,

(2.23) exp (-2t(s))0 ass

uniformly in Re s -> o’o.
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We remark that Lemmas 2.1-2.3 all hold when tro- 0 with complete monotonicity
in (1.13) weakened to a is positive, nonincreasing, and convex, with -a’ convex on
(0, oo). (The proofs are sketched in [20].) In particular, as we noted in the Introduction,
our results on the presence or absence of solutions of (2.17) in {Re s >-0} due to time
delays in (2.4) all hold, with complete monotonicity replaced by this weaker assumption
on a.

For the rest of this section we study robustness with respect to time delays, and
investigate the question of when (2.17) has solutions in {Re s->0}. We will see that
the behavior of" the stress relaxation modulus A(t) near =0, and the presence (I>0)
or absence (I 0) of a concentrated tip mass, are of" primary importance in this regard.

From (2.14) we write

r+x
dtx(x)-i

r
(2.24) A(s)=- t(’)- i$(’)=

(tr+ x)E+ .E dtZ(x),

and, in particular, we obtain

()> 0(_-> 0, eu, s 0), g,() > 0(,_-> 0, 0).

By these two inequalities we see that

(2.25) larg a(s)l < ,r/4 when Re s => 0, s 0,

and that/3(s) defined by (2.9) is the same as (s)=(s/{(s))/ (principal branch)
when Re s >= 0. (We caution the reader that this formula for fl(s) need not be valid
when Re s < 0.) In particular,

(2.26) [arg fl(s)l < ,r/2 when Re s -> 0, s # 0.

Finally, recall that s =0 never satisfies (2.17) since A(0)= E /2.
As an elementary consequence of (2.25) and (2.26) we obtain the following

proposition.
PROPOSITION 2.1. Let (1.13) hold.
(i) If k O, then (2.17) has no solution in {Re s _-> 0}.
(ii) If k > 0 and I, e are nonnegative, then (2.17) has no solution in {r >= O,

0--<lzl< 7r/2e}. In particular, (2.17) has no solution in {Re s_>-0} when e =0.

Proof. Rewrite (2.17) as

Is+ ke-* + a(s)
(2.17’) exp (-2fl(s))

Is + k e- a(s)"

By (2.26), [exp (-2/3(s)) < 1 when Re s _-> 0, s 0. If k 0, then (2.25) implies that the
modulus of the right-hand side of (2.17’) is greater than or equal to 1, so (2.17’) cannot
hold when Re s=>0, s0, and part (i) is proved. If k>0 and Izl<Tr/2e, then
[arg k e-[ < 7r/2, so by (2.25) the modulus of the right-hand side of (2.17’) is greater
than 1, and (2.17’) cannot hold. lq

Proposition 2.1 shows that for a given e > 0, we can always be assured that (2.17)
has no eigensolutions below the frequency r/2e. On the other hand, for any I _>- 0, by
rewriting (2.17) as

(2.17") ke -(a(s) coth fl(s)+ Is),

we see that any So with Re So> 0 is a solution for some e, k: choose So, pick e > 0
to make the arguments of (2.17") agree, and then choose k> 0 so that the moduli
match. Thus, any robustness result must impose restrictions on the sizes of k and e.
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The asymptotic behavior estimates in Lemmas 2.1-2.3, coupled with Proposition 2.1
for low frequencies, enables us to provide necessary restrictions on k and e.

For the case where there is no tip mass we obtain the following theorem.
THEOREM 2.1. Assume that (1.13) holds and that I =0. Then
(i) If A’(0+) =- and 0< K <A(0+) 1/2, then there exists eo co(K)>0 such

that (2.17) has no solution in {Re s_->0} whenever O<- e <-_eo and O<-_k<- K.
(ii) If A’(O+) -o and k > A(0+), then for each e > 0 (2.17) has infinitely many

solutions in {Re s > 0}.
(iii) Let A’(0+)>- and define C by (2.22). IfK <A(O+)I/(1-C)/(1 +C), then

there exists eo- co(K) 0 so that the conclusion ofpart (i) holds.
(iv) Let A’(0+)>- and define C by (2.22). If

(2.27) k > A(0+)l/2(1 C)/(1 + C),

then there exists a dense open set

_
(0, c) so that for each e @, (2.17) has infinitely

many solutions in {Re s > 0}.
We observe that A(O+)/ is the speed of propagation of shear disturbances in the

scaled problem (1.9)-(1.12) [21], [27], while C defined by (2.22) is the height that a
unit jump discontinuity in shear velocity has after it has propagated a distance 2 in a
semi-infinite medium of the scaled material (C =0 when A’(0+) =-oo) [21, p. 241],
[27]. Thus, in the original unscaled problem (1.3)-(1.5) and (1.7), the critical feedback
gain in (1.7) in the case when g’(0+) >-oo is

p I/C’

where (r/2)R4p is the moment of inertia about its axis of a segment of the rod of
length one, ((G+ g(O+))/p)/ is the speed of propagation of shear disturbances in the
material, and C=exp(p/Lg’(O+)/(G+g(O+))3/ is the height of a unit jump
discontinuity in shear velocity after it has propagated a distance 2L in a semi-infinite
medium of this material.

We also remark that parts (iii) and (iv) of Theorem 2.1 are exactly analogous to
the results due to Datko, Lagnese, and Polis [15] for the damped wave equation

ut, + 2bu, + b2
lg Euxx (0 <= x <= 1, b, E > O)

with boundary conditions

u(0, t)=0, Eux(1, t)=-ku,(1, t-e).

Proof of Theorem 2.1. (i) Fix K <A(0+)/2. By (2.18) and (2.23) there exist
M M(K) < 1 and Zo zo(K) > 0 such that for 0 =< k _-< K, e => 0,

[e-Zt(s)[ < M and
k e + a(s)

> M
ke--a(s)

when s o-+ iz with r => 0 and rl => to, so (2.17’) with I =0 has no solution when
r => 0, I’1 => to. Now let eo eo(K) r/2to(K) and combine the above with Proposition
2.1 to get that (2.17’) (I-0) has no solution in Res>=0 when O<=k<=K, O<=e<=eo.

(ii) Fix k > A(O+)/ and e > 0, and define ro> 0 by k exp (-eO’o)= A(0+) 1/. The
numbers z ro+(2n+ 1)’i/e (n =0, 1,2,...) are solutions of

ke-S+A(O+)1/
h(S)=ke-S_A(O+)l/2=O.
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Now a Rouch6’s theorem argument using (2.18) and (2.23), and the fact that h(s) is
periodic with period 27ri/e, show that (2.17’) with I-0 has a sequence of solutions
sn with sn z - 0 (n co), and the proof of part (ii) is complete.

(iii) For 0 _-< k -< K, Re s _-> 0,

kA(O+)_l/2 C exp (-2sA(O+)-/2) 1 1 + C
< KA(O+)-/2<1

C exp (-2sA(O+)-/2) + 1 1 C

by hypothesis. Combining this with Lemma 2.2 and (2.18), we can find %= ’o(K)> 0
so that

Ika-(s) tanh fl(s) < (tr >= O, I’[ >= ’o, k <= K),
so (2.17") (with I =0) has no solutions for tr>-0, Irl-> -o. Then, as in the proof of part
(i), let co(K)= 7r/2’o(K).

(iv) In this case the argument in [15] works virtually unchanged. Fix e > 0. Note
that s with Re s>0 is a solution of (2.17’) (with I =0) if and only if it is a zero of

H(s, e) [q(s)+ k e-] + exp (-2(s))[a(s)- k e-].

By Lemma 2.2 and (2.18),

H(s, e)-A/2(O+)G(s, e)-0 as soo

uniformly in Re s _-> 0, where G(s, e)is defined by

G(s, e)= 1 + C exp (-2sA(O+)-I/2)+ kA(O+)-/2 e-S[1- C exp (-2sA(O+)-/2)].
Since G(s, e) is bounded and uniformly almost periodic in vertical strips, the argument
used to prove Lemma 2.3 in [13] shows that if G(so, e)-0 for some So Cro+ izo with
tro> 0, then H(s, e) has an infinite number of zeros s, in any vertical strip {IRe s-
tro[ < 6}, 6>0. Since (2.27) holds, Lemma 2 of [15] implies that there is a dense open
set _(0, oo) so that when e, G(so(e), e)=0 for some So=So(e) with tro> 0, and
the proof of part (iv) is complete.

We remark that for some values of A(0+) and A’(0+), and some k satisfying (2.27),
there exists e > 0 so that G(s, e) defined above has no zero in {Re s > 0}. An example
of this is sketched in [20]. In particular, when the hypotheses of part (iv) hold, we
do not know if it is true that for each e >0, (2.17) has a solution in {Re s >0}, or
if this is only true for e in a dense open set c_ (0, oo). We suspect that the latter
alternative holds.

When a tip mass is present (I > 0), the Is terms dominate the right-hand side of
(2.17’) when Is[ is large, and in contrast to Theorem 2.1, we obtain the following theorem.

THEOREM 2.2. Assume that (1.13) holds and that I > O. Then for each K > O, there
exists eo co(K) > 0 such that (2.17) has no solution in {Re s => 0} whenever 0<= e <= eo
and 0<= k<-_ K.

Proof Using (2.19), and Lemma 2.2 when A’(0+)>- or Lemma 2.3 when
A’(0+) =-, we can find M M(K)< 1 and ’o ’o(K)>0 such that the left-hand
side of (2.17’) has modulus <M and the right-hand side of (2.17’) has modulus >M
whenever tr_->0 and I’1_-> ’o, O<-k <--K, and 0_-< e. Now let eo co(K)= 7r/2’o(K) and
use Proposition 2.1 as in the proof of Theorem 2.1(i) to complete the proof of
Theorem 2.2.

In particular, we emphasize that even though the presence of a tip mass makes
the feedback mechanism (2.4) with e 0 ineffective for exponential stabilization of
high-frequency vibrations (possibly desirable when A’(0+) >-o; see 3 and 4), the
presence of a tip mass precludes the extreme sensitivity to time delays exhibited in
parts (ii) and (iv) of Theorem 2.1.
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3. Effectiveness of boundary feedback: high frequencies. We now examine the
influence of the boundary feedback (2.4) with e =0 on the eigensolutions of (2.17).
We assume throughout that assumptions (1.13) and (1.14) hold. Three model examples
satisfying these hypotheses are the following:

(I) A(t) E + y e-St(E, y, ( > 0); standard linear solid model.
(II) A(t)= E +(y/F(1-a))t e-t(O<a < 1, E, y, (5 > 0), F gamma function;

a modified "fractional derivative model" with exponential decay as t-> oo.
(III) A(t)= E +(y/F(1 -a)) , r- e- dr(0< a < 1, E, y, ( > 0); an intermedi-

ate model with A(0+) < oo and A’(0+) =-oo.
(For all three examples, (1.14) holds with any /< (%)
Throughout 3 and 4 we assume that e 0. Recall (Proposition 2.1) that in this

case (2.17) has no solution in {Re s =>0}. Since A(s) is analytic in C\(-oo, s*], where
s* is defined by (2.16), A(s) cannot have a sequence of zeros with a finite limit point
in C\(-oo, s*]. It follows from the asymptotic estimates in Theorems 3.1 and 3.2 that
for each k->0, (2.17) has no solution in {Re s->_-d} for some d d(k)>0.

In this section we examine the influence of the feedback (2.4) (e =0) on the
high-frequency eigensolutions of (2.17). Detailed numerical calculations for specific
stress relaxation moduli of the forms (I)-(III) that show how the low- to moderate-
frequency solutions of (2.17) depend on the feedback gain k are presented in 4.

THEOREM 3.1. Assume that (1.13) holds and that A’(0/) -o. Let k >=0 and e =0.
Then given ro> -, there exists Zo ro(cro) > 0 so that (2.17) has no solutions in cr >= O’o,

It[ >= to. Moreover, ro is independent of k when I O.
Thus, when A’(0/) -o, solutions s, of (2.17) (e =0) always satisfy Re s,-as IIm sl o, and the corresponding vibrations decay at increasingly high exponential

rates. The asymptotic location ofthese solutions for specific cases ofour model examples
(II) and (III) is discussed in 4.

Proof. By Lemma 2.3, we can find rl zl(ro) > 0 so that [exp (-2fl (s))[ < 1/2
whenever or-> cro, [r[ ->_ z. By definition (2.10)

2A(s)=(Is+k+a(s)) e(S)-(Is+k-a(s)) e-(s).

If I =0, we observe that Re a(s)> 0 for s E C\(-c, 0] by (2.8), and obtain

(3.1)
exp (,8(s))

a(s)
_-< 2 Ik + (s)l- Ik- ()1

<- 4lk + c (s)l-’ 4la (s)l-
when o- >= cro, It[ => 7" In particular, A(s) 0 in cr => O’o, [rl -> ro "rl.

When I>0, Is is the dominant term of Is+ k+a(s) by (2.19). Thus, by possibly
increasing ro(O’o),

(3.2)
exp (/3(s))

a(s)
4(Ilsl)-’

when r_-> ro, [zl-> Zo, and Theorem 3.1 is proved. ]

When A’(0+) >-oo we proceed as follows. Define

1 whenI>0,
N= (k_A(O+)l/2)(k+A(O+)/2)_ when I 0,

and define G(s) by

(3.3) G(s) C-’ exp (2sA(O+)-’/2) N,
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where C is given by (2.22). Let

Is + k- a(s)
F(s) exp (2/3 (s))

Is + k + a(s)"
By (2.18), (2.19), and Lemma 2.2, for each tro> -(3.4) F(s)- G(s) 0 as s

uniformly in Re s -> tro. By considering moduli, we see that as IIm sl--> o, zeros of F(s)
must approach the vertical line Re s tr., where

(3.5)

A’(0+)
2--+3 when I >0,

2L A(0+)
+ A(0+)1/2 log

k-A(O+)1/2

k+A(O+)/2
when I 0, k # A(0+) 1/2.

In the case where I 0 and k A(0+)1/2, then for each O’o> -o we can find ro(Cro) > 0
such that F(s) has no zeros in Re s _-> ro, [z[ _-> Zo. Moreover, except in the case where
I =0 and k A(0/)/2, an argument, using Rouch6’s theorem shows that F(s) has a
sequence of zeros s, satisfying s, z, 0 as In[- , where z, are the zeros of the limit
function G(s) defined in (3.3) and ordered so that [Im z,] increases as In[ increases.
Thus we have proved Theorem 3.2.

THEOREM 3.2. Assume that (1.13) holds and that A’(0+) > -. Let k >-0 and e =0.
(i) IfI + [k- A(0+)l/2[ > 0, define tr, by (3.5). Then given tro> - and d > O, there

exists Zo ro(tro, d) > 0 such that all solutions s tr + ir of (2.17) in tr >- tro, [z[ >- Zo lie
in the strip [tr-tr, l<_-d. Moreover, (2.17) has a sequence of solutions s,, satisfying
sn-z,-0 as [n[- , where z, are the zeros of G(s) defined in (3.3) and ordered so that
IXm z,I increases as In[ increases.

(ii) If 1-0 and k A(0+)/2, then given tro>-, there exists ro ro(tro) > 0 so
that (2.17) has no solutions in tr >-O’o, If[----> to.

In 4 we discuss in more detail the asymptotic location of the high-frequency
eigensolutions for the model example (I).

Note that when I > 0, the boundary feedback is ineffective at moving the high-
frequency eigensolutions of (2.17). From a mechanical point of view, this is to be
expected since rapidly oscillating torques have little effect on the concentrated moment
of inertia at x 1. Also, as we noted in the Introduction, Theorem 3.2 with I > 0 agrees
with the recent abstract result of Desch and Miller 16] stating that the essential growth
rate of the resolvent operator of certain linear integrodifferential equations in Hilbert
space cannot be changed by compact perturbations. The related fact that an infinite-
dimensional system of linear ordinary differential equations without damping cannot
be exponentially stabilized by compact linear feedback is due to Gibson [17].

4. Numerical investigation of eigenvalues. In 4.1, the numerical methods we use
to locate eigenvalues are described. The general picture of the dependence of low
modes on the parameters is rather similar for all three models mentioned in 3: the
standard linear solid (I), the fractional derivative model (II), and the intermediate
model (III). We have chosen the first of these for a detailed discussion ( 4.2). Our
discussion of the latter two models is less exhaustive ( 4.3).

In 4.2.1, the eigenvalues of the standard linear solid model are classified. Their
salient features are outlined and illustrated with specific numerical results obtained in
a situation where the parameters are O(1). Since we use a spectral method, such a
choice of parameters has the best chance of catching all the different types of,modes.
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If parameters were of very different sizes, then our desired eigenvalues would reflect
that, and more spectral modes would be necessary for their resolution.

In 4.2.2 and 4.2.3, we highlight the effectiveness of the feedback parameter k
in damping the system. This is best illustrated by numerical results that Concern a
nearly elastic situation rather than a situation with O(1) parameters. In addition, the
parameters are chosen so that the asymptotic formula for highly oscillatory modes
places these well away from the imaginary axis. We note that in the elastic case, there
are modes on the imaginary axis at k 0. In our nearly elastic situation, several of the
least stable modes at k 0 are close to the imaginary axis. A small addition of k is
shown to have a relatively large stabilizing effect on these modes. The effectiveness of
small k decreases as the moment of inertia increases. This is consistent with the
expectation that it takes more friction to stop a heavier object.

In 4.2.3, the optimal value of k is discussed. This topic is complicated by the
fact that, although the least stable mode at k 0 is the lowest complex conjugate pair,
a higher mode may become the least stable one as k is increased. For large k, a mode
on the negative real axis becomes the least stable one. in order to find the optimal
value of k, we compute all relevant eigenvalues for the nearly elastic situation and
note the least stable one for each k. This yields that for zero moment of inertia the
optimal k is slightly less than the value at which low modes "loop up" (see, e.g., Fig.
1 in 4.2.1). For nonzero moment of inertia, the optimal k is larger due to the fact
that high modes lag behind low modes in their response to k. It is interesting that a
large portion of the attainable stabilization is achieved while k is relatively s-mall. The
stabilization settles down somewhat for moderate k and then worsens at large k. Thus,
the order of magnitude of stabilization achieved by the optimal k is also achieved in
a wide interval of k.

4.1. Numerical schemes.
4.1.1. Chebyshev-- method. We let u(x, t)= eStU(x) in the history value version

of (1.9)-(1.12) (see (1.1)) with no external torques and e =0, and obtain

(4.1) s2U(x) E + s a() e d Uxx(x) =0, 0<x < 1,

(4.) sU()+sU()+ + s a(-) e U()=0,

(4.3) U(0) =0,

(4.4) a(t) e-’ for the standard linear solid,

(4.5) a(t)=(/r(l-))t e-’

for the fractional derivative model modified by an exponential "factor,

r- e-" d for the intermediate model.(4. a()=r( )

The Chebyshev-r method [18] is useful if (4.1)-(4.3) can be transformed into a
matrix eigenvalue problem: determinant (-(s))=0, where s can be retrieved
from 1(s). This applies to the standard linear solid (4.4) and the two models (4.5) and
(4.6), where the exponent is a rational number. There is a limit to the size of an
eigenvalue that can be approximated well with this method. This limit is set by the
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storage capacity ofthe computer, since more Chebyshev modes are required to approxi-
mate an eigenfunction belonging to an eigenvalue of a larger magnitude, and by the
accuracy available, since the matrix eigenvalue problem tends to become rather ill
conditioned when a large number of modes is used. We use Newton’s scheme for the
highly oscillatory modes, as well as other modes for which we already have an idea
of where to look, e.g., in the various limits of the parameters. On the other hand, it is
virtually impossible to obtain a general picture of where all eigenvalues are with
Newton’s scheme, whereas the Chebyshev-r method yields a complete picture of the
location of low to moderate modes. The convergence rate of the latter for isolated
eigenvalues of C-eigenfunctions is of infinite order [18]. Our computations were
done on a VAX 11/785 computer.

In (4.1)-(4.3), we let U(x)=j=oujT(z), where z=2x-1 and T(z) is the
Chebyshev polynomial ofdegreej. For the standard linear solid, the equations transform
to A*o+A*ls+A*s2+A*3s3=O, where

-EUx,,(x) -( 3, + E) Uxx(X)
A*o ESUx(1) A*= (,+E)U,(1)+kU(1)

U(0) 0

A*= (I+k)U(1) and A3*= I 1)
0

When we use the orthogonality of T(z), this equation is transformed into (Ao+ AIS+
A2s2+ A3s3)_t/ 0, where _u is the vector of coefficients uj and Ai is an N+ 1 square
matrix with the first N-1 rows devoted to the differential equation. Finally, the
eigenvalue problem reduces to determinant (_A-s_B)= 0, where

0 0 Ao -1 0 0

_A= 1 0 -A1 and _B= 0 -1 0

0 1 A2 0 0 -A3

where _A and _B are 3(N+ 1) square matrices.
For the fractional derivative model modified by an exponential factor (4.5), we

investigate in detail the case a 21- for which (4.1)-(4.3) transform to Ao* + AI*A + A*A 2 +
A3*A + As*A 0, where

A =x/s+ , vUxx(X) 1Ao* -),tU,(1)
u(0)

2U(x)-EU(x)
A* (I- k)U(1)+ EU(1)

0

-vUx(X)
A2* yUx(1)

0

A*3 (k-2I)U(1)
0

and
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In a manner analogous to the case of the standard linear solid, we obtain det (_A-
h (s)_B) O, where

0 0 0 0 Ao -1 0 0 0 0

1 0 0 0 ’A1 0 -1 0 0 0

_A 0 1 0 0 A2 and _B 0 0 -1 0 0

0 0 1 0 -0A3 00 0 0 -1 0a0 0 0 1 0 0 0 ---5

where _A and _B are 5(N + 1) square matrices. After calculating A (s), we discard those
whose real parts are negative since they are not on the branch of interest. We then
retrieve the eigenvalues s A 2_ 6. This type of procedure can in principle be used for
both models (4.5) and (4.6), provided the exponent a is a rational number.

4.1.2. Newton scheme. A Newton scheme, based on the characteristic equation

e2s)(Is+a(s)+k)-Is+a(s)-k=O, fl(s)=s/a(s),

(4.7) E + for the standard linear solid,

a (s) E +
(s + 6 1- for the fractional derivative model,

E
(s,+ 6)1-" + 61- for the intermediate model

is a cost-effective means of tracking specific eigenvalues when an initial guess is
available. Initial guesses are obtained by computing eigenvalues with the Chebyshev--
method for a particular parameter set, or with various limiting cases such as the
asymptotics for large imaginary part, the case I k =0, or the case IIs+k large
compared with la(s)l. The latter two cases are governed by

(4.8) sE+c,ot2(s)=O, n 1,2, ,
where c, (2n- 1)27/’2/4 and n277"2, respectively. These are cubic equations for the
standard linear solid:

(4.9) S -1
t- $26 -Jr- c,(E + y)s + c,E6 0

and quintic equations in A x/s / 6 for the other two models with exponent a 1/2.
4.2. Standard linear solid model.
4.2.1. Location of eigenvalues. The general picture of the location of eigenvalues

must first be obtained in order to keep a tab on the candidates for the least stable
mode. At first sight, the picture for the case of zero moment of inertia appears to be
quite different from the case of nonzero moment of inertia. However, the picture
changes continuously from one case to the other, and it is of interest to present that
transformation. We illustrate the main features with numerical results for the situation

E=T=6=I.
For zero moment of inertia, we separate the eigenvalues into four classes below.

Candidates for the least stable mode belong to Class 1 for low to moderate k and
Class 4 for moderate to large k. Classes 2 and 3 are subject to bounds that prevent
them from approaching the origin.

Class 1. These are the complex conjugate modes. Those with positive imaginary
parts are included in Fig. 1 (I 0, E y 6 1). At k 0 and at k oo, these satisfy
(4.9). The third root of this equation is discussed under Class 2. The index n in (4.9)
is used to index these modes. The modes at k 0 and are interlaced in the complex
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E=7=6=l, I=0, " =-0.5

18.0

lmag(s)

k=2
_

9.0
k 1.45...--

class 1
k=1.4 = 1.2 =0

el el
0.0

4.0 real(s) 2.0

FIG. I. 1:0, E T: I, k to , s*:-0.5. All classes @ eienvale are displayed. Comple
conjugates at 0 are circled and at are denoted by qare. Arro indicate variatio ith k.

plane as shown in Fig. 1: the circles denote k 0 and the squares k c. We do not
use this notation for modes on the real axis because some lie close together and
therefore the figure would lose clarity. The arrows show the trends as k increases.
Modes travel away from the imaginary axis as k increases, loop up (around k v/E + Y
in the nearly elastic case), and then travel the other way as k oo. Highly oscillatory
modes have the asymptotic behavior

-y /E + y
log(4.10) s2(E+y) + 2

for kv/E+y, and if k=v/E+y

-y x/E +y
(4.11) s -----+. log

2(E+ y) 2

Here, n is the index used in (4.9).

k-/E+ y
k+/E+ y - nTri#E + y, n -> oo

y6
4"rrn(E + y)3/2

+ nri/E + y.

The low eigenvalues at k 0 and in Fig. 1 are lined up almost vertically" this
need not be the case if the parameters are chosen differently. In fact, when parameters
are close to the elastic case, the lowest mode is very close to the imaginary axis and
higher modes swing gradually toward the asymptote. The asymptotic formulas apply
when the imaginary part of s is much larger than 6. In Fig. 1, 6 is not large. Thus, the
approach to the asymptote is fast. Even the low modes behave according to (4.10).
On the other hand, a nearly elastic situation such as the one in 4.2.2 has a large 6,
so the asymptote is approached extremely slowly with n.

At k 0, the first mode in Fig. 1 is the least stable by a small margin. In the nearly
elastic case, this margin is large. When k is increased, a higher mode can become the
least stable one. That is, a picture of these modes at a fixed nonzero k can show a
gradual swing of real parts toward zero as the index n increases, followed by a gradual
swing of higher modes in the opposite direction toward the asymptote. We did not
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encounter any situation numerically where there was more than one such swing as n
increased. Reasons for having one swing are discussed in 4.2.2.

Class 2. The characteristic equation (4.7) has an essential singularity at the value
s* defined in (2.16), where a(s*) =0. In this example, s* -E6/(E + 3"). We comment
that only those modes with Re s > s* affect the exponential decay rate of the solution
u(x, t) of (2.1)-(2.4) as described in 5 below, since u is recovered from its Laplace
transform by an inversion integral along a vertical line Re s =/z, where /x > s*. The
location of roots to the characteristic equation in the half-plane {Re s =< s*} is discussed
here only for the sake of completeness.

In the interval (-6, s*), there are eigenvalues clustering toward s*. At k 0 and, these are the countable number of real roots of the cubic equation (4.9). These
modes move to the right as k increases. Newton’s scheme does not track these modes
well because (obviously) it can converge to any member ofthe cluster. The Chebyshev--
method resolves the modes furthest away from s* well, and it takes more and more
Chebyshev modes to converge to members closer to s*. In Fig. 1, s*=-0.5 and the
cluster stays very close to this.

Class 3. On the negative real axis, an eigenvalue travels in from- for k > x/E + 3’
and approaches -6 as k-> . This mode is absent when k =< v/E + 3’. This mode enters
the picture in Fig. 1 when k is approximately 1.6 and is already close to -6 when k 100.

Class 4. An eigenvalue pops out on the right of the cluster point s* when k > 0
and travels toward the origin as k . This mode is absent at k 0. This mode is
inversely proportional to k as k--> . Thus, there exists a value of k beyond which the
use of k does more harm than good. For example, when k is larger than about 3 in
Fig. !, the Class 4 mode becomes less stable than the system is at k 0.

As noted earlier, only those modes belonging to Classes 1 or 4 affect the exponential
decay rate of the solution to (2.1)-(2.4) as describedin 5.

For nonzero moment ofinertia, the only modes present at k 0 are those analogous
to Classes 1 (complex conjugates) and 2 (cluster). A mode corresponding to Class 4
pops out of the essential singularity s* for k >-Is* and travels toward the origin. The
dependence of these modes on k is quite different from the case of zero moment of
inertia. As k az, there are modes corresponding.to all four classes. Candidates for
the least stable mode are again the complex conjugates for low k and the mode that
adopts the Class 4 behavior for large k. The moment of inertia destabilizes the complex
conjugates and their asymptote loses its dependence on k at the leading order:

s---+cr in/E+y asno,
2(E + 3’)

where the moment of inertia appears at O(n -1) and the feedback parameter k at O(n-2).
We present the overall picture of eigenvalues at large moment of inertia I and

show how this changes as I 0. We again illustrate the main features with numerical
results for the case E 3’ 6 1. For sufficiently large I, the complex conjugates loop
down rather than up as k increases from zero. The first mode loops down to the
negative real axis as shown in Fig. 2 (I 10, E 3’ 6 1). This pair (the "dropper")
then becomes two real eigenvalues. One travels toward the origin as k az, just like a
Class 4 eigenvalue. The other travels toward the essential singularity s*. Meanwhile,
when k >-Is*, one eigenvalue (the "popper") corresponding to Class 4 pops out of
s* and travels right. The upper diagram in Fig. 2 displays the details around s*. The
popper emerges for k > 5 and meets one of the droppers at k 5.11. The two modes
then become complex conjugates to hop over s* and all members of the cluster
(Class 2) except the one closest to -6. Note that there is a relatively large gap between
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0.4

(
-2.0

real(s)

imag(s)

0.2

0.0

FIG. 2. I 10, E T 8 1, k 0 to 20, s* -0.5. The journey of the lowest complex conjugate mode
and modes on the real axis.

this member and the rest of the cluster at k 0. They land on the axis at k 5.27 and
become two reals. One travels right as the last member of the cluster. As k- c, this
cluster behaves just like Class 2. The other eigenvalue heads in the direction of-8
and at k 5.5 and meets the remaining member of the original cluster, and both become
complex conjugates to jump over -8. It takes a considerable amount of k to complete
this jump. They land on the axis at k between 17 and 18, and then become two reals.
One travels toward -8 as k- o as a Class 3 mode. The other goes out to - as k- o.
this mode goes out of the picture altogether as I- 0, and the manner in which it does
so will be explained.

The picture of the higher modes at large moment of inertia is exemplified in Fig.
3 (I =0.4, E =T= 8 1). As ko, the nth mode, n =2, 3, 4,..., approaches the
limit of the (n-1)th mode of the case I =0. As is evident from the characteristic
equation (4.7), higher modes vary less with k and they lag behind low modes in their
response to k. This is reflected in Fig. 3. At any one mode, the variation with k is less
the larger the moment of inertia.

When I is decreased from the valuein Fig. 2, the trajectory of the lowest complex
conjugate pair over s* gets closer to the two adjacent trajectories over the axis.
Eventually, these merge. For example, at I- 8, E =T- 8 1, the dropper lands on
the axis to the left of-8 without landing on the right. There are two valleys on its
trajectory before it lands: one to the right of s* and a shallower valley to the left. As
I decreases further, the valleys become less pronounced. Thus, in Fig. 3 (I 0.4, E
y-8 1) no valleys are visible on the trajectory of the dropper. The dropper lands
on the axis to the left of-8 at about k 2.8, and becomes two real eigenvalues. One
behaves like Class 3 as k oo. The other travels to -c. The popper emerges from s*
for k > -Is* 0.2. As k oo, this eigenvalue behaves like the Class 4 mode. The looping
down of the higher modes remains qualitatively the same as at larger I.
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I=0.4, E=,,/=6 1

4.0

k=0

popper
2.0 /’

k 2.8 cluster
real(s)

15.0

imag(s)

0.0

FIG. 3. I 0.4, E T 1, k 0 to , s*= -0.5. The complex conjugates at k 0 are circled and at

k are denoted by squares.

When the moment of inertia is decreased further, the dropper’s trajectory rises
slightly and kisses the trajectory of the mode above it. At that point, the multiplicity
of the eigenvalue is two. This is shown in the schematic drawings of Fig. 4, where I
decreases from I*+ to I*-. A specific example is the transition from I I*+ 0.4
in Fig. 3 to I I*- 0.01 in Fig. 5. With successive exchanges as in Fig. 4, the dropping
branch propagates upward and the sense of the loops changes from downward to
upward. Figure 6 shows the fifth mode dropping at I 0.001. The value of k at which
the dropping branch reaches the real axis appears to decrease to /E + 3’ and the
junction on the real axis moves out to -c as I--> 0.

4.2.2. Effectiveness of small k. In this section, we focus on a situation where, at
k 0, the least stable mode is extremely lightly damped compared with the asymptotic

2

2

I=I’+ I=I" I=I’-
FIG. 4. Branches and 2 represent thefirst two complex conjugate modes. Arrows on the branches indicate

the direction of variation as k increases. Circles denote positions at k 0 and the square at k . At I I*,
branch meets branch 2.
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I=0.01, E=7=8=1

k=0k 1.2_._.._.<_.___0

k-- 1.6

k=l.2 k=0

.5 k=0

k 1.542 popper
> 0.0

"----’- 4.0 /"o.o8.0 k 1.543 cluster
real(s)

12.0

lmag(s)

6.0

FIG. 5. I 0.01, E 3’ B 1, s*=-0.5. The second branch drops down. The first branch loops up with
k. Higher branches loop down with k. Complex conjugates at k 0 are denoted by circles, and at k o by squares.

behavior of high modes. This occurs, e.g., when the parameters are close to the elastic
case. We present numerical evidence to show that a small k can be very effective in
damping the system when the moment of inertia is zero, and this effectiveness decreases
as the moment of inertia increases. Moreover, since the least stable mode at k 0 is
less stable the larger the I, the end product after the addition of a small k is that the
situation at a higher I is still less stable than at a lower L A better decay rate for the
larger I may be achieved by using a larger k, as we show in 4.2.3. This is in fact
consistent with the expectation that it takes more frictional force to stop a heavier object.

As an example of a nearly elastic situation, we take E 1, y=0.01, 5 1000.
Several of the Class 1 modes for I k 0 are listed in Table 1. These are the complex
conjugate roots of (4.9). Here, many low modes have real parts that are much smaller
than the asymptotic limit -4.95 of highly oscillatory modes. Due to the size of 3, the
asymptote is achieved extremely slowly" the thousandth mode is still ten percent away.
The approach to the asymptote at I k 0 is monotonic with n. For our parameters,
the low complex conjugates are the least stable modes for small k and no other mode
enters into our discussion.

For zero moment of inertia, Fig. 7 shows the dramatic shift in the first several
modes as a response to a small value of the feedback gain parameter k. At k 0.01
and 0.1, their real parts become O(k). For example, at k 0.01, low modes are lined
up at approximately Re s -0.01 and higher modes curve back toward the asymptote.
When k 0.1, the low modes have shifted to Re s =-0.1. The modes still approach
the asymptote Re s=-4.96 in a monotonic way. When k=0.1, there is an O(104)
stabilization for the worst mode of the system.
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2t

k 1.455

1.0 10.0

E=,/=6=1, I=0.001, " =-0.5
28.0

k= 1.42

14.0

k 1.43

k 1.43

Imag(s)

./ k 1.453

rel(i)

0.0

FIG. 6. I 0.001, E T 1, s* =-0.5, k 0 to oo. The first four branches loop up, the fifth branch
drops down and higher branches loop down with k. Complex conjugates at k 0 are denoted by circles and at

k oo by squares.

TABLE
Standard linear solid model.

k=0, E 1, 2’=.01, 1000, I =0.

Index n Complex conjugates

-.125E-4+ 1.57i
2 -.lllE-3 +4.71i
3 -.309E 3 + 7.85
10 -.445E-2 +29.9i
50 -.118+ 156i
100 -.445 + 313i
200 -1.41 + 628i
300 -2.35 +943i
600 -3.88+ 1891i
900 -4.41 + 2838i

The inclusion of moment of inertia is displayed in Figs. 8-10 for I 0.1, 1.0, and
10.0, respectively. It is evident from these figures that, for our values of k, the addition
of the moment of inertia shifts these eigenvalues down and to the right toward the
origin, and decreases the effect of k on the modes.

Figure 8 (I =0.1) is drawn to the same scale as Fig. 7 (I =0) and illustrates the
addition of a small amount of L In Fig. 8, the situation at k 0 is, of course, similar
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FIG. 7. I =0, E 1, T =0.01, 3 1000. The complex conjugate modes are stabilized much as k increases

from 0 to 0.1. Other modes are out of this picture for this interval of k.

to that in Fig. 7. The worst mode at k-0 is again the lowest with real part O(10-5).
However, the picture for k 0 is obviously different from that for I 0. Higher modes
change little as k varies from 0 to 0.1. On the other hand, low modes are affected as
dramatically as the case I-0. We remark that at k =0.1, intermediate modes swing
back toward the imaginary axis and higher ones swing away toward the asymptote.
Thus, the location of the worst mode moves around as k varies. After an extensive
search, we find that the eleventh mode is the least stable at k 0.1 with s -.014 + 34.8i,
and a few neighboring modes have comparable real parts. Therefore, at I--0.1, the
feedback parameter k has stabilized the worst decay rate by O(103).

At first glance, we may become concerned that there may be other swing-backs
of higher modes toward the imaginary axis. This does not occur for our parameters.
This is because la(s)l is almost a constant if Isl is sufciently large, and for our
parameters, this holds even at moderate Isl. In addition, when Ilsl is much larger than
the constant la(s)l, the characteristic equation becomes e2(S) 1, regardless of k. The
real parts of the roots of this cubic equation ((4.9) with c, /127/"2) approach the
asymptote as a monotonic function of n. Thus, the swing-back in Fig. 8 occurs at
modes where isi is only moderately large; then the eigenvalues swing back to approach
the solutions of the cubic equation.

In Fig. 9, the low modes are less stable than those of Figs. 7 (I =0) and 8 (I =0.1).
At I= 1.0, the worst mode at k-0 is the first at s--.37E-5+0.86i. At k=0.01, it
is the third at s--.44E-3+6.4i. At k-0.1, it is the fifth at s--.14E-2+12.6i.
Thus, there is an O(102) improvement. In the scale of Fig. 10, only the first mode
appears to vary but there is also much stabilization of the second mode. Here, the
worst mode at k 0 is the first at s--.SE-6 +/- 0.31i. At k- 0.01, it is the second at
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FG. 8. I =0.1, E 1, T=0.01, 1000. The figure shows the stabilization of the complex conjugate
modes as k is increased from 0 to 0.1. Other modes are out of this picture for this interval of k.

s=-.6E-4+3.2i. At k =0.1, it is again the second at s 15E-3 +3.2i. The overall
stabilization is slightly worse than at I 1.0 but is still O(102).

4.2.3. The optimal choice for k. We search for an optimal choice for k in the
nearly elastic situation discussed in the previous section. A number of questions arise,
such as: by what order of magnitude does an optimal k stabilize the system? Is this
magnitude sensitive to small changes in kg. Is it possible to choose k so that all modes
are stabilized to the same level as the highly oscillatory modes? We investigate these
questions .with reference to the parameters E 1, 3’ .01, / 1000. We show that if
the moment of inertiais zero, it is possible to choose k so that the system is almost
as stabilized as the high modes are at k=0. For nonzero moment of inertia, the
maximum amount of stabilization is not as great and the optimal k may be larger. For
both I 0 and I 0, the magnitude of improvement achieved with the optimal k is
not very sensitive to changes in k. The complex conjugate modes of Class 1 and the
popper of Class 4 enter into our discussion.

At I 0, E 1, 3’ 0.01, 8 1000, the dependence of low modes on k is qualita-
tively similar to Fig. 1, but with the lowest Class 1 modes being markedly closer to
the imaginary axis at k 0 and . For k.> 0, the Class 4 mode pops out of the essential
singularity s* =-990.099. ., which is quite a distance away from the Class 1 modes.
The low Class modes loop up at about Re s =-6. The popper travels toward the
origin as k increases, first slowly and then speeding up when k is about 1. When k is
slightly larger than 1, the popper is close to the real parts of the low Class modes;
then, for large k, it is inversely proportional to k.
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FIG. 9. I 1.0, E 1, T =0.01, 1000. The stabilization of the complex conjugate modes is displayed
for k varying between 0 and 0.1. Other modes are out of this picture for this interval of k.

Since the asymptote for the high modes is maximally stabilized at k x/E + y, we
may guess that this value of k is optimal. However, when k has reached x/E + y 1.005,
the low modes have rounded their loops and are on their way back to the imaginary
axis. (In situations that are not nearly elastic, it is possible that low modes round their
loops at larger k and that x/E + 3’ is not a guideline.) When k is slightly less than
x/E + y, the low modes appear to be as much damped as possible, and the high modes
even more. There is a slight swing of intermediate modes toward the imaginary axis.
The maximum amount of damping possible for each mode is different and accounts
for the swing-back. Table 2 lists eigenvalues for k 1, which is close to optimal. There
is a swing-back around the 50th to 100th modes. The worst mode is around the 70th
with real part around -4, which is comparable to the asymptote for high modes at
k 0. Referring to Table 1 for k 0, the optimal k improves the worst mode by O(105).
This order of magnitude in improvement can be achieved as long as the worst modes
are pushed back to Re s -1.0. In this sense, a wide interval of k, e.g., 0.7 to 1.3,
achieves the same magnitude of improvement over the situation with zero k.

As an example of the situation with moment of inertia, we consider I 0.1, E 1,
y .01, 8 1000. At k =0, the worst mode is the first complex conjugate mode with
s 1E-4+ 1.4i. The complex conjugates loop down as k c, as in Figs. 2 and 3.
At k 1.23, the lowest complex conjugate mode drops to the real axis at Re s =-2,
which is quite far from the cluster point s*. This behavior is reminiscent of Fig. 2.
One eigenvalue travels toward s* and will meet the popper. The other travels toward
the origin and becomes the least stable mode for k> 13. For reasons that have been
discussed in 4.2.2, the lowest modes are affected first by the variation in k and higher
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FIG. 10. I 10.0, E 1, 3’- 0.01, t- 1000. The stabilization of the complex conjugate modes is displayed
for k varying from 0 to 0.1. Other modes are out of this picture for this interval of k.

TABLE 2
Standard linear solid model.

k= 1, E 1, ),=.01, 8 1000, I =0.

n Complex conjugates

-5.53 + 2.90i
2 -5.41 + 5.87i
3 -5.28 + 8.90i
10 -473 +30.69i
50 -4.05 + 156i
100 -4.05 + 313i
200 -4.74+628i
300 -5.55 + 944i
600 -6.96 + 1891
900 -7.46 + 2839i

modes require larger k in order to move. Due to this lag, one of the higher modes is
the least stable for most of k [0, 13].

At k- 1.2, low complex conjugates start looping back toward the imaginary axis,
but unlike the case in which I 0, this does not indicate the optimal k. A search shows
that k of about 8 is optimal. At k 8, the worst mode is the 27th complex conjugate
pair with s -.94E- 1 + 78.6i. The improvement over the case of zero k is then O(104).
However, an improvement of O(103) is gained for any k between 0.1 and 100, i.e.,
once the worst mode has been pushed to Re s O(0.01), the magnitude ofimprovement



BOUNDARY FEEDBACK STABILIZATION IN VISCOELASTICITY 1225

is rather insensitive to k. For larger I, we find that the modes move around less, so
that we expect the worst modes at larger I to be worse than at lower L Thus, we expect
the overall improvement achieved by an optimal k to diminish as I increases.

4.3. The fractional derivative model and the intermediate model,. We begin with the
fractional derivative model modified by an exponential factor (4.5), and end this section
with a brief discussion of the intermediate model (4.6). Our results are based on
computations for c 1/2 in (4.5) and (4.6). For both models, the types of eigenvalues
that arise and their journeys through the complex plane as parameters are varied are
found to. be reminiscent of the standard linear solid model.

For the fractional derivative model, our results concern the case a =1/2, E 1,
3’ .01, 8 5. These parameters were chosen for the same reasons as those stated at
the beginning of 4 to justify the choice used in 4.2.2 and 4.2.3: at k 0, the system
is close to criticality. For zero moment of inertia, the general picture of the eigenvalues
as k varies from 0 to c is analogous to Fig. 1, but the Class 3 mode is absent. At k 0,
there are modes corresponding to Classes 1, 2, and 4. The difference from the standard
linear solid, apart from the asymptotics, is that there is now a branch cut along (-o, -8)
and no eigenvalues stay on that portion of the axis. The Class 2 cluster lies in (-8, s*),
where s* is the essential singularity (l-x/1 +48y2/E2)E2/2y2. For k>-Is*, a Class
4 mode pops out of s*.

At small k, low complex conjugate modes are the least damped. The first several
modes are listed in Table 3. The asymptotic formula for highly oscillatory modes is

sn [Tr2(2n 1)23,/4]/3( 1
+i as n-c

2

Observe that the highly oscillatory modes exhibit frequency proportional or "structural"
damping. This behavior is approached slowly if parameters are nearly elastic, and fast
if parameters are all moderate. Thus, for our parameters, even Slo.ooo 18300. + 51500i
is not yet close to this formula. As k increases, a higher mode may be the least stable
mode. For k > 1, the Class 4 popper becomes the least stable mode. Since the situation
of interest is nearly elastic, and the modes are qualitatively similar to those of the
standard linear solid, the search for an optimal k focuses on the low to moderate
complex conjugates and the popper. We find that k close to one (i.e., slightly less than
v/E + 3’) is again optimal and the worst mode recedes to real part -2.6, an improvement
of O(103). The effect of k on the worst modes is shown in Table 3.

For nonzero moment of inertia, the overall journey of the modes is similar to the
standard linear solid except that the branch cut (-o,-8) is free of eigenvalues. For

TABLE 3
Fractional derivative model, a 1/2, E 1, 3’ .01, 5, I 0.

Table of real parts of low complex conjugate modes.
These are the least stable modes for k <-1.

k =0 k =0.01 k =0.1 k 1.0

-.53E -2 -.15E -.11 -2.67
2 -.4E -.5E -.14 -2.62
3 -.9E- -.1 -.19 -2.58
4 -.15 -.16 -.25 -2.58
5 -.21 -.22 -.31 -2.59
6 -.28 -.29 -.38 -2.62
7 -.36 -.37 -.46 -2.66
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example, computations at I 0.1 reveal the overall picture to be analogous to Fig. 3
(I 0.4, E =3’ 8 1 for the standard linear solid) for modes higher than the first.
The first branch drops to the negative real axis to the right of s* as in Fig. 2. The main
difference is that after the eigenvalues jump over s* and -8, they travel out, moving
away from the real axis. For large negative real part, these complex conjugates have
Re s -k/I as k oo with nonzero imaginary parts. Figure 11 displays the effectiveness
of k, both small and large, on the least stable modes. Here, I 0.1 and k 0, 0.1 and
1.0. This figure is analogous to Fig. 8 (I=0.1, E 1, y=0.01, 8= 1000, k=0, 0.01,
0.1) for the standard linear solid. The modes on the real axis are out of this picture
for our values of k. The worst mode at k 0 is -.004 + 1.4i and this is stabilized 20-fold
with k 0.1. After the first several modes, however, the effectiveness of small k wears
off and higher modes are close to the roots of e2o(s)= 1, regardless of k. Just as in
Figs. 8-10, increasing the moment of inertia results in a decrease in the effect of k,
but the order of magnitude of improvement does not drop drastically. At I 10, there
is still a 20-fold improvement in the worst decay rate. In Fig. 11, the first two modes
at k 1 are out of the picture while intermediate modes display the same type of
swing-back as in Fig. 8 for k 0.1. After the modes have swung back, they approach
the roots of e2/(s)-- 1.

We search for an optimal k for the case I- 0.1. At k 0, the least stable mode
is the lowest, but just as with the standard linear solid, when k is nonzero, the lowest
is not always the least stable. Just as in Fig. 2, the lowest conjugate pair drops to the
axis to the right of s*. The,junction occurs at k 1.23. One mode travels toward s*

I=0.1, E=I, -=0.01, 6=5

r,k 0.1
Ek= 1.0

32.0

16.0

imag(s)

0.0
-0.8 0.4

real(s)
FIG. 11. Fractional derivative model with t 1/2, I 0.1, E 1, y 0.01, 5. The stabilization of the

complex conjugate modes is displayed for k varying from 0 to 1. Other modes are out of this picture for this
inverval of k.
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and meets the popper. The other travels toward the origin. Meanwhile, one of the
higher modes is the worst mode. The optimal k is close to k 1.8, where the worst
mode is -.55 + 13i. For k larger than about 2, one of the complex conjugates that
dropped to the real axis becomes the least stable mode, approaching the origin as
k--> a3. The optimal k yields an O(102) improvement in stabilization. This is an order
of magnitude less than the improvement at I 0. These magnitudes of improvement
are attainable in a wide interval of k around the optimal value.

For the intermediate model, the main features are similar to the fractional derivative
model already presented. For example, at zero moment of inertia, there are modes
corresponding to Classes 1, 2, and 4 of the standard linear solid, and Class 3 is absent
because there is a branch cut at (-,-3). The asymptotic behavior of high modes is
different from the other models:

Im s, 7rnx/E + T/x/ as n -> o and Re Sn --T"rrEn2 sin -/(2Im s,x/Im s,).

Thus,

The Class 4 mode pops out of the essential singularity s* =-3+ yEt/(Ex/d-y)2 for
k> -Is*.

5. Existence and exponential decay. In this section we verify that our boundary
stabilization problem has a solution (in a weak sense), whose rate of decay as t-->

corresponds in the expected way to the location of the solutions of the characteristic
equation (2.17) studied in 3 and 4. We consider the problem (2.1)-(2.4), and we
assume k, e, I _-> 0, and

(5.1) Uoe AC[O, 1] with Uo(0)=0.

We assume that the stress relaxation modulus A(t) satisfies (1.13) and (1.14).
In this section, H denotes the Hilbert space L2(0, 1) with norm I1" II; boldface

denotes an element or operator in H. We assume that -> Fo(t) Fo(’, t) e Lo(+ H)
foe Loc(+), and the Laplace transforms

fo(s) e-’fo(t) dt and ’.(s) e-’F.(t) dt

converge for Re s > 0. Moreover,

(5.2) sfo(s) and $Fo(s) have analytic extensions to {Re s >-r/} that are bounded
in each half-plane {Re $ > -r/’},

If, for example, Fo(x, t)= Ul(X)+0 F(x, r)dr, where Ul and F arise from an initial
jump in ut and a memory term, respectively, as in 1, then Ul e H and

(x’ t) dx < M <3 (t <0),[Ux(1, t)l + Uxx2

together with (1.13), (1.14), will ensure that Fo satisfies our requirements.
Let H2fq Hc H, and let L" H be the operator d2/dx2. The adjoint of

L is L*: H- 9" H-2. We let x denote the identity function (x(x) x) in H.
Define R(t) H H by letting w(t) R(t)Wo be the solution of

w’(t) A( r)Lw(r) dr, w(0) =Wo
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for Wo. It is known [6] that, under our hypotheses on A(t), R(t). extends to a
bounded operator on H, and its operator norm satisfies

(5.3) [IR(t)ll -< 1 (0_< < oo), [IR(t)ll at < o.

Furthermore,

(5.4) fi(s) (s)-(/32(s)I L)-.
Define U(x,s) by (2.11), (2.12), for each s such that A(s) 0 and 0-<_x<_-l. Let

@(s)- U(1, s). By the elementary theory of boundary value problems, U is uniquely
determined as the solution of

(5.5)
U,,x(X, s) )- U(x, s)= -[Uo(X) + o(X, s)]/,(s)
U(., s)-x(s) .

To show that U is indeed the transform of a weak solution of (2.1)-(2.4), we shall
show that U(., s) belongs to a Hardy space 2({Re s>/z}, H) with values in H.
The next result gives the required estimates.

LEMMA 5.1. (i) Under the general assumptions of this section, suppose A(s)0
(Re s _->/x _->0). When I O, e > O, and A(0+) < c, assume in addition that

Q
(5.7) Iu(x,s)l  (Re s >/x, 0--<x-< 1),

l+lsl
where Q is a constant that depends on I, k, Ix, and e, as well as on Uo, fo, and Fo.

(ii) If e=0, then (5.7) holds for /x<0, provided that A(s)#0 in some larger
half-plane {Re s >=/Xl},/Xl < Ix.

Clearly, (5.7) implies U(., s) 2({Re s >/x}, H), and 2({Re s >/x}).
The proof of Lemma 5.1 involves estimates such as those employed in locating

the zeros of A; this proof appears in 6. From Lemma 5.1 we can deduce our result
on existence and asymptotic decay.

THEOREM 5.1. Under the conditions of Lemma 5.1, there exist functions u and
with t-> e-tZtu(t) L2(+, H), t--> e-tcp(t) L2(+), such that fi(s)= U(., s) and .
Moreover, u is the unique solution in Lo(+, H) of

(5.8) u(t)= B(t-’)L*[u(r)-xq(r)] d’+ Fo(r) dr+uo

(B( t) o A(’) dr), and we have the representation

(.5.9) u(t) R(t)Uo+ R(t ’)Fo(’) dr+xp(t)-z(t),

where z is defined by its transform
(5.10) .(s)- s@(s)[R(" )x]^(s).

Remarks. Equation (5.8) is a weak, integrated form of (2.1)-(2.3), with the right
boundary condition u(1, t)= p(t) in place of (2.4).

C 0/fA(0+) -c). Then

(a.e.),

(5.6) k < A(0+) 1/
1 C
I+C
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Representation (5.9) can be used to define the weak solution u when, instead of
(5.7), we have only Yg-. This would happen in certain cases where (5.1) is weakened
to Uo L2(O, 1)AC[xo, 1], with 0<Xo < 1, so that the integration by parts estimate
of (6.15) in 6 works only near x 1.

Stronger hypotheses yield other representations and additional smoothness for u
and . If, for example, A(t)= E + Tt-1/2 e -at, then fl(s).--$3/4(S->00), and R’(t)L
LI(R+, H) (, > 0) [7], and u can be represented as

u(t)=R(t)Uo+ R(t- ’)Fo(z) d’- R’(t- ’)xq(’) d’.

If, in addition, Fo=0, fo=O, and Uo is in C[0, 1] with vanishing derivatives of order
0, 1, ,j- 1 at x =0, 1, then we can improve theestimate of Lemma 5.1 by continuing
to integrate byparts as in (6.15) and get

Q

Q
(zlsl / Is[1/4)-l(s -->

By y(2 theory, can then have derivatives in L2(R/). See [21], [27] for a systematic
examination of regularity in related problems.

When Ix -> 0, complete monotonicity can be replaced in Theorem 5.1 by the weaker
conditions mentioned (for g) in 1. When k=0 and in the fixed-end case (k=),
the problem is self-adjoint, and stronger results can be obtained directly through
separation of variables, as in [19].

Finally, if A(so) 0 with Re So > 0, and if we take Uo(1) 0, Fo 0, fo 0,

G(1, y, so)uo(y) dy=- sinh fl(so)yuo(y) dyO,

we see from (2.11) that q is unbounded at so, and a solution with u(1,.)e L(N+)
cannot exist.

Proof of Theorem 5.1. By elementary o theory, the existence of and q in the
appropriate L spaces, with transforms U and , respectively, is an immediate con-
sequence of (5.7). Let v(t) denote the right-hand side of (5.9). By (5.3) and (5.7),
relation (5.10) defines e Lo(N+, H}. Moreover, the second term of has the transform
(s)’o(S) in ’2({Re s > 0}, H), so it belongs to Loc(+, H); the same is clearly true
for the other terms of v, and, indeed, --> e-’otv(t) L2(R+, H), with Ixo max {Ix, 0}.
By evaluating Fourier coefficients with respect to the basis {sin nTrx},__l in H and
taking transforms, we see that v is the unique solution of (5.8). Finally, taking transforms
in (5.9) and using (5.4), we see that

"(s)-x(s) (L-fll)-l[xsdP(s)-’o(S)-Uo]/.3,(s).
Thus (s)-x(s) @ and

Sx- *(s)(x)=-(Fo(x,s)+uo(x))/(s) a.e.,

and we are back to (5.5), which determines U uniquely. This proves that (s) U(., s)
fi(s) (Re s > Ixo), and the proof is complete.
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6. Proofs of Lemmas 2.3 and 5.1.
Proof of Lemma 2.3. Fix ro < 0. By (2.8), (2.9), and (2.24),

(6.1) 2(s) slY(s) rq -r+ i(rq + cry)

b2+ q,2 (s=cr+ir).

Here to simplify notation we have written A(s)= o(r)-iq(r)=o- iq,. We begin by
showing that there exists ro ro(cro)> 0 such that

(6.2) Im/3(s)>0 for r_->to, 0>r_>-ro.

By (6.1) and (2.24), (6.2) also holds whenever r> 0 and tr =>0. Once (6.2) is proved,
we note that, since/3(g) =/3(s), the formula fl(s) (s/.(s)) 1/2 (principal square root)
is valid whenever Re s-> tro and Isl => R for some sufficiently large R. In particular,
exp (-2/3(s)) is bounded and analytic for Re s -> tro, Isl -> R, so by Lindel6f’s theorem
and/3 (g) =/3 (s), it suffices to prove that

(6.3) Re/3(ro+ir)-+oo as r+oo.

Returning to the proof of (6.2), note that by (2.24)

r2(x + 2or)
(ro + cq,) (+x),_+ d(x)

_fo-2,, 2r2o f,-2 r2(x+2cr)dtz(x)
(+x)+ d,(x)+ )-2 (o’+x +

when ro -< cr =< 0, r_>--2Cro. By the dominated convergence theorem the first integral
on the right-hand side of this inequality tends to 2or 5-2 dlz(x), as r-> oo. The second
integral is bounded from below by

2-1 (X + 2or) d/x(x) -_> 4-’ xdtx(x)-+oo
2o- 4o-

as r-oo by (2.13). Thus,

(6.4) r(rb + tr@) -+ oo as r -+ oo uniformly for tro _<- tr =< 0.

In particular, (6.2) is proved.
We now turn to the proof of (6.3). In order to simplify notation, we drop the

subscript and show that (6.3) holds for a fixed tr =tro < 0. We begin by showing that

(6.5) crqo-(r) -+ 0 and rq,o-(r) - A(0+) as r- oo.

To verify the first limit in (6.5), write

or(or+x)(1 +x) dtz(x)
rqo-(r)= (or+x)2+ r2 l+x

Since

(6.6) a(O) fo dtx(x)
X

the dominated convergence theorem shows that rq(r)- 0 as r-+ oo and the first part
of (6.5) is proved.
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If A(0+)<, it follows from (2.24), (2.13), and the dominated convergence
theorem that zq(z) A(0/) as r c. If A(0/) o, then by (2.24) and (2.13)

%(-)_-> as z--> ,
and the second part of (6.5) is proved.

Writing 2(s)=p,(r)ei()=p(r)ei()(s=o’+iz), we have by (6.1), (6.2), and
(6.5) that

p(r) [s/,(s)l, tan 0(r)

with 0(r) (rr/2, rr) for all large positive z.
For r such that rb+o’q,_>-r@-crr>0, rr/2<O(r)<-3rr/4, and Refl(o’+i’r)>=

Is/A(s)l/ cos 3zr/8 c(r- ).
For the more difficult case where z is such that

(6.7) 0 < r4, + rO < zq, r,

we use the identity 2cos2 0/2 1 + cos 0 and the estimate

(1 + x2) -1/2 <- 1 (x2/4)(Ixl < 1)

to get

(6.8) Re/3(0-+ it)>=

If A(0+) <, note that (6.8) implies

Re/3(tr + ir) >- 8-/2ls,3,(s)l-/

then use (6.4), (6.5), and s(s) A(0+) (zaz) to conclude that (6.3) (O’o= tr) holds
in this case.

Finally, consider the case where A(0/)=cx. Since (6.7) is assumed to hold,
b(z) =< 2q(r) for all sufficiently large r. Combining this with (6.5) and (6.8), we can
find a constant M > 0 so that

(’/’1//) 1/2
(6.9) Re fl(o’+ ir) >= M

’rq’2
(’rb + o’@)

for all large r. Note that

(o.+x))_+., d(x)->(2-)- cl(x),

and since A(0+) =o, it follows from (2.13) that

" a(x)(6.10) q,(r)=<2 (cr+x)2+r2
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for all large r. Also, by (6.6) and the inequality due to Schwarz,

(o.+x)+ . d,(x)

x[(o.+x)_+.qd,(x) (,+x)+.d,(x)

X
-< a(o)

(o- + x) + r
do(x).

Finally, the technique used to prove (6.4) can also be used to show that

rvb + cr >-_ 2-1 rx

(+ x) + . d(x)

for all large r. Now, combining this inequality with (6.9)-(6.11) and using (6.5), we
obtain

M
Re fl(cr+ it) > 88(0) (rd/"(r))’/2- as

and the proof of (6.3) is complete. As we noted earlier, Lemma 2.3 is proved.
Proof of Lemma 5.1. We claim first that

1 O[e-[
(6.12) i(s)ilsl+l (Re s> ).

(Throughout this proof,. Q denotes some constant as in the statement of Lemma 5.1.)
Since A(s)# 0 for Re s g , we are concerned only with Re s g and s] large. Write

( Is+ke-*-a)(6.13) 2A(s) eO[Is + k e + ] 1 e- Is + k e + a

First suppose that e =0, so that can be negative. By (2.15) and (2.16), > s*
and Re > 0 (Re s ). When A’(0+) -, (6.12) is immediate from (3.1), (3.2), and
(2.19). When A’(0+) > -, an infinite sequence of zeros of A is asymptotic to the line
Re s . of (3.5), so > ., except in the special case I 0, k A(0+)1/, where
is undefined. Hence, by (3.4) and (2.21), the last factor on the right in (6.13) is bounded
away from zero for Re s and [sl large. Using (2.18) and Re a >0, we get (6.12).

Now suppose e > 0, so that 0. When I > 0 or A(0+) , (6.12) is evident from
(6.13), together with (2.18), (2.19), and Lemma 2.3.

If, on the other hand, A(0+) < and I 0, we have

[(6.4) 2a(s) e’(1 + e-:) 1+
1 +]

When A’(0+) -m, we have e--0 and - A(0+) 1/2 as Isl (Lemmas 2.1 and
2.3), and (5.6) yields (6.12). When A’(0+) >-m, Lemmas 2.1 and 2.2 and (5.6) give us

limsu l + e- A(O+)/ 1+
Res

and (6.12) follows from (6.14). This establishes (6.12) in all cases.
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Now consider U(x, s) in (2.11). Since (5.2) holds and/3(s) E-1/2s+ o(s) (s 0),
U is analytic and locally bounded in {Re s =>/z }, uniformly in {0 _-< x =< 1 }. Observe next
that

(6.15) G(x, y, S)uo(y) dy Gl(x, 1, s)u0(1)- G,(x, y, s)u(y) dy,
o

where Gl(x, y, s)=YG(x, ’, s) d’=O[(e/)(Is/+l)](lsl-c, Res=>/x, uni-
formly in 0-<x, y=< 1). By (6.12) and (5.2), and since ceil s, we get (5.7). This proves
Lemma 5.1. [3

Acknowledgment. We thank Professor John A. Burns for helpful suggestions
concerning the subject of this paper.
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THE STANDARD DECOMPOSED SYSTEM AND NONINTERACTING
FEEDBACK CONTROL OF NONLINEAR SYSTEMS*

IN JOONG HAY

Abstract. Conditions for achieving noninteraction in nonlinear multivariable systems via the decomposi-
tion of state space are well established. The main contribution of this paper is to fully characterize the class
of decomposing control laws. The characterization corresponds to a family of simple control laws which
are applied to a standard decomposed system (SDS). The SDS is similar to the decomposed system of
Isidori, Krener, GorioGiorgi, and Monaco, but has a finer structure. The finer structure parallels the one
used by Gilbert for linear systems. A weaker form of noninteraction, based on input-output behavior, is
decoupling. Some connections between decomposition and decoupling are also established. An example
illustrating the importance of the results is given.

Key words, nonlinear systems, standard decomposed system, noninteracting control, decomposition,
decomposability, decomposing control law, decoupling, decoupling control law

AMS(MOS) subject classification. 93B10

1. Introduction. Consider a nonlinear system of the following form"

(1.1) 2(t) F(x, u) a__ Xo(x) + Y, Xi(x)bli, y(t) H(x),
i=1

where Xi, 1,. ., rn are v,ector fields on an n-dimensional manifold X; H’X-> R
is the output map of the system; and ui(t) R, yi(t) R are the ith components of
u(t) R", y(t) R’, respectively. Decomposition (which is called noninteracting con-
trol in [8]) concerns the dynamic structure of systems in state space. Roughly speaking,
the system (1.1) is decomposed if in an appropriate system of coordinates, it appears
as a system having m independent subsystems such that for the ith subsystem, the
input and output are ui, Yi, respectively. Consider the following class of control laws"

(1.2) u K(x, ) a_ a(x)+ fi(x),

where a "X --> R" and 3"X -> R’m. The system (1.1) is decomposable if there is a
control law (1.2) such that the feedback system:

(1.3) 2= F(x, a(x)+ (x)a), y= H(x)

is decomposed. The corresponding control law is called a decomposing control law.
Conditions for (feedback) decomposition of nonlinear systems have been studied

by many authors. See, e.g., 8]-[ 11 ], 13 ], 17]. The most common theoretical framework
is some generalization of the geometric approach introduced by Wonham and Morse
[12], [22] for linear systems.. Here instead we emphasize decomposition structure and
attack the previously neglected problem of fully characterizing the class of decomposing
control laws. Characterizing the whole class of decomposing control laws has important
practical implications because the use of subclasses may lead to undesirable closed-loop
behavior such as instability. As will be seen, the class of decomposing control laws
can be characterized by simple control laws applied to a standard decomposed system
(SDS). The SDS is similar to the decomposed system of Isidori et al. [8] but has a
finer structure. The structure parallels the one used by Gilbert [4] for linear systems.

* Received by the editors March 12, 1986; accepted for publication October 28, 1986. This research
was supported by Air Force Office of Scientific Research grant F 49620-82-C-0089.

t Department of Control and Instrumentation Engineering, Seoul National University, Seoul, Korea.
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A form of noninteracting weaker than decomposition is decoupling [2], [3], [5],
[9], [14]-[16], [18]. Essentially, the system (1.1) is decoupled if for each 1,. , m, ui
affects only Yi. Note that decoupling concerns only the input-output map of systems,
whereas decomposition concerns both the input-output map and the dynamic structure
of systems in state space. Thus, decomposition may be more interesting from an
engineering viewpoint. As part of our presentation we will establish some connections
between the two concepts of noninteraction.

The paper is organized as follows. In this section, we introduce notation and some
basic differential geometric tools used in later sections. Precise definitions ofdecomposi-
tion and decomposability are given. In 2, necessary and sufficient conditions for a
system to be decomposed and for a system to be decomposable are discussed. Section
3 contains the definition of the SDS and our main result: a characterization of the
whole class of decomposing control laws. We also examine the relationship between
the class of decomposing control laws and the class of the closed-loop decomposed
systems. In 4, an example is presented, which illustrates the application and sig-
nificance of our results. Section 5 contains concluding remarks.

Let Mi, denote the set of integers {i, i+ 1,... ,j}. We denote by {F, H,X} the
abstract system (1.1) defined on a manifold X. At each p X, there exists a chart or
coordinate neighborhood U, b) such that in the coordinates z b (x), the system (1.1)
is described by

(1.4) (t)-f(z(t), u(t))=fo(Z(t)) + E fi(z(t))ui(t), y(t)= h(z(t)),
i=1

where the functions f/" b(U)- R n, Mo, are determined by, respectively, the local
representation of the vector fields Xi in the chart. We denote this local representation
by {f, h, U}. We denote by hi, Hi the ith components of h, H, respectively. To simplify
our definitions and proofs, all systems and control laws considered in this paper are
assumed to be at least smooth (C). (See [5] for the precise definitions of smoothness
and real analyticity of systems and control laws.) All control laws considered in this
paper are assumed to be nonsingular; fl(x) is nonsingular, x X.

Let T be a C-mapping from an n-dimensional smooth manifold X into an
m-dimensional smooth manifold . A smooth function from into R is T-related
on g to a smooth function b from X into R if b(p) T(p), p X, where denotes
the function composition. For a smooth vector field Y on X, Yp denotes the tangent
vector at p X assigned by Y. A smooth vector field I on is T-related on X to a
smooth vector field Y on X if Irp) yp(O T), p X for all C-functions from

into R. The Lie bracket oftwo vector fields Y, Z on X is denoted by Y, Z] YZ ZY.
The following definition concerns state transformation between systems.
DEFINIXON 1.1. Suppose for two systems {F, H,X}, {/5,/,}, there exists a

C-iffeomorphism T’X-/ such that (i) i is T-related on X to X1, i Mo,,, and
(ii) Hi is T-related on X to Hi, MI,,. Then, {/5,/, } is T-related on X to {F, H, X}.

Definitions similar to Definition 1.1 are found in the prior literature including [20].
Next, we introduce a general relation between systems, which takes into account

both state and input-feedback transformations. Let T, a, fl be mappings from X into, Rm, and Rrem, respectively, such that fl(x) is nonsingular, x g. Define a mapping
J’XXRmxxR by

(1.5) J(x, u) [ T(x) I (x, u) x R.
--[j(X)]--ll(X) -]’- [](X)]--lu

We often write J { T, a,/3}. Let {F, H, X}a’ denote the feedback system of {F, H, X}
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corresponding to a control law u a(x) + (x). In other words, {F, H, ,}a,fl stands
for the feedback system {/, H, g}, where/(x, u)=/(x, a(x)+ (x)).

DEFINITION 1.2. Suppsehere exists a C-diffeomorphism J" g x R x R
defined by (1.5) such that {F, H, } is T-related on X to the system {F, H, X}’. Then,
{, ,} is J-feedback related on X to {F, H, X}.

Similar definitions appear in the prior literature, including [7], [10].
Now, we define decomposition and decomposability. The definitions are similar

to those in [8].
DEFINITION 1.3. {F, H,X} is decomposed at XoX if there exist: (a) an open

neighborhood E of Xo; (b) an open subset of R"; (c) a C-diffeomorphism T" E
m+l(d) integers 1, M.m and s+ 0 satisfying n = s; and (e) a system {, ,

which is T-related on E to {F, H, E} such that its coordinate representation {f, h,
has the form

i i + gi i i, i hi i ), Ml,m,
(1.6)

;+, f+() + 2 b()a,
j=l

whereg(t)R iM andg a(g +) IfE x in the above state-,+1

mnt, {F, H, X} is dcomposd on X.
DEFINITION 1.4. {F, H, X} is dcomposbl t o X it xists control 1
(x) +x) such tt {F, H, X}’ is dcomposd t Xo. {F, H, X} is dcomposbl

on X itr ists control 1 )+(x) suc tt {, H, X}=’ is decomposed
on X.

Similar trminolog riss in th prcis dfinition o dcoupling E], Eg]. It should
b clr rom dfinitions o decomposition nd dcoupling that dcomposd sstm
is lws decoupld. As ill b discussed ltr in 2, th convrs statement is not
ncssril true.

Lt Z be smoot vctor fild on X. Th codistribution of distribution on
X is Z-invrint on X i orn smoot function rom X into R, d on X ls
implies dZ on X. Lt , i, b smoot unctions rom X into R. Th

independent, p X. T first drivtiv o smooth unction " R R t x is dnotd
b D(). Foc i ,,, dnots t st {=j ,,, # i}. For,, lt

o,, nd i},

Dr EX,, EX, E"" EX,]"" "]]] i =0. Dfin {, H, X}) s th smllst
sublgbr containing ({, H, X}). Note that is Xo-invrint nd X-invrint on
X. Th idntit mp rom X onto X is dnotd b L

2. Conditions for decomposition an4 decomposability. To stt our rsults vrit
o ssumptions bond smoothness nd th nonsingulrit o control ls r ndd.
To simpli t presentation list them together

A.1) T sstm {, H, X} stisfis te controllability mn condition on X ([19]);

(A.3) Tr xist nonngtiv integers d, i, such tt th following -ro
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vector conditions are satisfied:

(2.1) [x1XkoHi(x) X,,,XkoHi(x)] O, x X, k Mo,d,-1) applies when d > O,

(2.2) D* (x) [XlXdo’Hi(x) XmXdo’H,(x)] O, x X.

The following theorem concerns necessary and sufficient conditions for local
decomposition.

THEOREM 2.1. The system {F, H, X} is decomposed at Xo6 X if and only if there
exist an open neighborhood E of Xo and m involutive distributions A* on E which has
dimension r < n such that on E,

(i) dH (A/*) - c A-, Ml,m;
(ii) (A *) +/- is Xo-invariant and Xi-invariant, MI.,;
(iii) (A/*) +/-, i6 MI.,, are mutually disjoint.
Theorem 2.1 is implied by Theorem 5.1 in [8]. Note that it is not easy to check

for the existence of A*, i Ml,m satisfying conditions specified in Theorem 2.1. This
motivates the following result.

THEOREM 2.2. Suppose that {F, H, X} satisfies (A.1) and (A.2). Then {F, H, X} is

decomposed at each Xo X if and only if

(2.3) dHi AL({F, H, X}) on X, MI.,,,.

Apart from giving an easily verified condition for local decomposition, this result
has other important implications. In [2], [5], [9], it was shown that (2.3) is a necessary
and sufficient condition for decoupling of real analytic systems. From this and Theorem
2.1, we see that the conditions for decomposition are more complex than those for
decoupling. Moreover, for real analytic systems satisfying the hypotheses of Theorem
2.2, the concepts of decomposition and decoupling are (at least locally) equivalent. It
appears that this observation has not been made before. Proofs of Theorem 2.2 were
obtained independently by Ha [6] and Nijmeijer [15].

We now turn to the question of when a system is decomposable by a control law.
When (A.3) is satisfied, let D*(x) and A*(x) denote, respectively, the (m x m) and
(m x 1) matrices of functions defined by

(2.4) D*(x) = A*(x) =
D(x) X(od’"+l)H,,(x)

THEOREM 2.3. Suppose {F, H,X} satisfies (A.3). Then {F, H,X} is decomposable
at each Xo X if and only if

(2.5) D*(x) is nonsingular at each x X.

Furthermore, u D*(x)]- A*(x)) decomposes { F, H, X} at each x X. That is, for
a(x) =-[D*(x)]-IA*(x) and fl(x) - [D*(x)]-, the system {F, H, X}’t is decomposed
at each x X.

In [5], [6], [9], [18], it is shown that (2.5) is a necessary and sufficient condition
for a smooth system to be decouplable on g. Hence, Theorem 2.3 has the important
implication that under assumption (A.3), decouplability and decomposability are
locally equivalent.

The sufficiency of Theorem 2.3 was shown in [2], [6], [9]. We believe that the
necessity of Theorem 2.3 is new. Since some details of the proofs are essential in the
development of 3, we give the brief proofs.
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LEMMA 2.1. Suppose that {F, H, X} satisfies (A.3). Let {, 121, ,} be J-feedback
related on X to { F, H, X} by J T, a, }. Let Xi, Mo,, be vector fields corresponding
to {, 121, ;}. Similarly, let , b*, ,* be determined by (2.1), (2.2), and (2.4) by replacing
the Xi by the X. Then"

(i) {/3,/, )} satisfies (A.3) with d d, M,.m
(ii) /*(T(x)) D*(x)(x), *( T(x)) A*(x) + P*(x)a(x), x X;
(iii) XoHi( T(x)) XoHi(x), x X, k Mo,a,.
LEMMA 2.2. Suppose that a system {F, H, X} satisfies (A.3) and (2.5). Then, dXoH,

k Mo,d,, Ml,m are linearly independent on X.
In [16], Lemma 2.1 is shown for the case when T is the identity map and X R’.

Lemma 2.2 appears in [6] and [9].
PROOF OF THEOREM 2.3. Suppose there exists a, fl such that {F, H,X}’ is

decomposed at each Xo 6 X. Let {F, H, X} __a {F, H, X}’. Then, by Theorem 2.1,

(2.6) dHi
By the definition of the Lie bracket and A, this implies

(2.7) fjdo’Hi(x 0 on X, j Mi, 6 M,,.
By Lemma 2.1(i) and the definition of {d, e MI,,}, (2.7) implies

(2.8) Ai(x) A 2i2doiHi(x) 0, X X, M1,

On the other hand, by Lemma 2.1(ii), (2.7), and (2.8),

(2.9) D*(x)(x) diag Ai(x), x X.

Then, (2.5) is a direct consequence of (2.8), (2.9), and the nonsingularity assumption
of control laws.

Next, assume (2.5). Let {/3, H, X} __a {F, H, X}"’ with a(x) __a _[D.(x)]-A.(x)
and (x) a-[D*(x)] -1. By Lemma 2.1, direct computation shows

20kIIi(x) XkoHi(x), k Mo.d,,
(2.10)

,.(d.+l)Ho’ (x) =0,

/ ifj and k di,
(2.11 XXo H/(x)

0 otherwise.

On the other hand, by Lemma 2.1(iii) and Lemma 2.2, dJoH, k Mo,d,, i M,m are
linearly independent on X. Let T,
(T,,..., T,di+), iMl,m. Let p a---= (di+l) and p+a-n-p. Fix XoX. Because
dffoHi, k Mo,d,, i MI, are linearly independent on X, it is possible to choose a

pC -mapping T,+I:X -> R such that T (T1, , T,, T,+l) has rank n at Xo. Then,
it can be shown that there exist an open neighborhood E of Xo and a system {,/-),
with T(E), g d + 1, e MI,,, S+l P,+I meet the requirement of Definition 1.3.
In particular, its coordinate representation {f, h, } has the form (1.6) such that for
each M,,,
(2.12) f/(i) Aii, gi(i)-- Bi, hi(i)-- Cii,

where

(2.13) fi,__a [_di Bi A- C,A[1 0..-0],
0
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and Ia, is the di by di identity matrix. Since {F, H, 2’} is decomposed at each
XoC2",{F,H, 2"} is decomposable at each XoC2" by the control law u=
[D*(x)]-I(/ a*(x)).

Because of its importance in our subsequent developments, we henceforth reserve
the notation {F*, H, 2"} for the system {F, H, 2"}’ with a(x) & -[D*(x)]-lA*(x) and
fl(x)A[D*(x)]-. It is well known [2], [3], [5], [9], [16], [18] that {F*,H, 2"} is
decoupled on 2". In other words, the control law u [D*(x)]- (- A*(x)) is a "global"
decoupling control law. Note, however, that it is not necessarily a global decomposing
control law.

3. Characterization of decomposing control laws. We begin this section by discuss-
ing an obvious class of decom,posing control laws. Let {F, H, 2"} be a system which
satisfies (A.3) and (2.5). Let {F, H, 2"} & {F*, H, 2"}. In the proof of Theorem 2.3, we
have shown that at each Xo6 2", there exist" (a) an open neighborhood E of Xo; (b) a
mapping T on E; and (c) {F, H, T(E)} which is T-related on E to {F, H, E} such
that the coordinated representation {f, h, T(E)} has the form in (1.6) with the special
structure (2.12). Now, suppose we choose the following control law for (F, H, T(E)}"
(3.1) 5, ,(371a’), 37,)+
where , b are arbitrary C-functions of their arguments and ,91a)(t) is the dth
derivative of 37(t). Then the resulting closed-loop system retains the decomposed
structure. Choosing the control law (3.1) for {F, H, T(E)} corresponds to choosing for
the original system {F, H, 2"} a control law of the form u ce(x)+ fl(x)Kt, where

(3.2)

(3.3)
where

(3.4)
(3.5)

a(x) [D*(x)] -1 A*(x)
r/miX)

fl(x) [D*(x)]-1 diag A(x),

q,(x) 4,,(H,(x), XoH,(x), Xo’Hi(x)),
,,(x) - 6,(H,(x), XoH,(x), Xo,H,(x)).

It is convenient to formalize the class (3.2)-(3.5).
DEFINITION 3.1. S({F, H,X}) is the class of control laws u=oz(x)+[3(x)a

satisfying (3.2)-(3.5), where i, @ are arbitrary C-functions of their arguments.
From the above arguments, it is clear that a control law in S({F, H, 2"}) decom-

poses { F, H, 2"} at each xo e 2". However, we can find a more general class ofdecomposing
control laws. It is necessary to introduce a more detailed structure for {f, h, $} than
the one in (1.6) and (2.12).

DEFiNiTION 3.2. Let be an open connected subset of R". A system {F, H, } is
a standard decomposed system (SDS) if its coordinate representation {f, h, } has the
following properties:

(1) There exist nonnegative integers di, e M,, and /5, e M1,,+1, satisfying
m+l

n Y.i= p,/5,,+1 => 0, and/5 _>- d + 1, c M,m so that {f, h, ,} has the form

(3.6)
37 &/(2,) (:fi, M,,,,,

(3.7)
i=l
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where: i(t) E Rp’, M1,,+1; g-a-- (1, , ,+1) R"; di, /i, -i are, respectively,
di + 1) x i, di + 1) x 1, 1 x/i matrices such that

0 0

ti A- Ia, "0, i A.- (i & [1 0’’’0],
0 0

(2) Let ,, a__ [,. ] __a (,,.. ", g,,+) ,. Each subsystem {, i, ,}, Ma,m, in
(3.6) satisfies the controllability rank condition on

(3) dim A-({, , ,}) Pi on , M,,.
Remark 3.1. The SDS in Definition 3.2 is a nonlinear version of the system

introduced by Gilbert [4]. When {F, H,,} is a linear system, it can be shown that
property (3) is equivalent to condition (iv) in Definition 6 of [4]. It is worth noting
that properties (2) and (3) together imply that the SDS {F, H,,} satisfies (A.1).

Now, we are ready to state the following result.
THEOREM 3.1. Suppose that a system {F, H, X} satisfies (A.1), (A.3), and (2.5).

Further, assume that {F*, H, X} satisfies (A.2). Then, at each Xo X, there exist" (a) an
open neighborhood E ofxo; (b) an open connected subset of R; (c) a C-diffeomorphism
T" E -; and (d) a system {F, H, }, which is T-related on E to {F*, H, E} and is an

ASDS with di di, i =Pi, M,m, and ,,+ =P,,+I-Y’.= Pi, where the Pi and di appear
in A.2 and A.3 ).

For the proof of Theorem 3.1, we need the following lemmas.
LEMMA 3.1. Suppose that {F, I2I, } is J-feedback related on X to {F, H, X} by

J= {ce,/3, T}. Then, if {F, H, X} satisfies (A.1) on X, {/5, , )} satisfies (A.1) on T(X).
LEMMA 3.2. Suppose that {F, H, X} satisfies (A.1) and (A.2). Then, at each point

Xo X, there exist (,= Pi) C-functions ,,j MI, p,, M,,,from an open neighborhood
, of Xo into R such that

(i) di,j, j M,pi,
6 M,,, are linearly independent on ,;

(ii) d:,, A-({F, H, X}) on ,, j M,p,, M,,,.
Lemma 3.1 seems to be well known. The proof of Lemma 3.2 is omitted because

of limited space. It can be found in [6].
Proofof Theorem 3.1. Let {, H, X} __a {F*, H, X}- By given hypotheses and Lemma

3.1, {F, H,X} satisfies (A.1). Fix XoEX. Then, by Lemma 3.2, there exist an open
neighborhood , of Xo and (g= pg) C -functions bg, ,--) R, j M,p,, M,m such
that on u,

(3.8) ddpi,2, j M,pi M,,, are linearly independent,

(3.9) ddpi,2 AiL({, H, X}), j Ml,p,, M,,.

As was shown in the proof of Theorem 2.3, {F, H, X}, is decomposed at Xo. Therefore,
by (i) of Theorem 2.1, there exists an open neighborhood g c u of x0 such that

(3.10) dH A-({/5, H, X}) on , 6 M,,,.

Since A- is ’o-invariant on X, this implies

(3.11) df(koH A-({5, H, X}) on , k Mo,d, M1,

This, (3.11), and Lemma 2.2 show

(3.12) p >- di + 1, MI,,.
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Next, we show that there exist an open neighborhood Wc 9 of Xo and a basis of
{({/3, H, X}) on W which contains ^kdXoHi, k mo,d,. By (3.8), (3.9), and (3.11), for
each i Ml,m, there exist an open neighborhood V c of Xo and a C-function
from an appropriate subset of Rp, into R, j Ml,(a,+l) such that

(3.13) Ti,j(x)

By Lemma 2.1(iii), Lemma 2.2, and (3.8), Dti,j(qbi,l(Xo),’’" Di, pi(Xo)), j e Ml,(d,+l)
are linearly independent (1 x Pi) row vectors. Now, for each MI,,,, let ri a= Pi di 1
and choose r(1 x p) row vectors r/i, such that DOi,(qbi,l(Xo)," , qbi, p,(Xo)),j Ml,(d,+l)
and rl,, j M,r, are linearly independent. Let

(3.14) AEi & (qi,, ", qi,p,), Ti,(d,+i+j) rli,jEi, j M,r,, M1,

Then, by the construction of Ti,.i, j

(3.15) dT,(Xo), j M,p,, M1, are linearly independent,

(3.16) dT,j A-({/6, H, X}) on V, j Ml,p,, MI,,,.
A > choose a C-mappingLet V a V1 71"’" 71V,. and P,.+I n- p. Ifp,+i=!

from V into Rp,,,+I such that T has rank n at Xo, where

(3.17) T a= (T,. ., T,,,, T,,,+I), Ti a__ (T,,,. ., T,p,), M1,

Then, by the Local Inverse Function Theorem 1], there exists an open neighborhood
W= V of Xo such that

(3.18)

(3.19)

T is a C-diffeomorphism on W,

{dT,(p),j M,p,} is a basis of (A-)p({, H, X}), P W.

Now, using (3.18) and (3.19), we show property (1) of Definition 3.2. Since A-
is Xo-invariant and X-invariant on X, (3.19) implies that

(3.20) d)oT,, d’T, A-({/6, H, X}) on W, j M,,p,, M1,

Then, (3.19) and (3.20) with the Constant Mapping Theorem [21, p. 18] imply that
there exist an open connected neighborhood E = W of Xo and C-functions ,, /,j
from appropriate subsets of Rp, into R,j M,r,, M,,, such that

(3.21)
XoT,(,,,++)(x) O,,( T,(x)),

X,T,,(,++(x) ;/,,(T/(x)), xE.

On the other hand, by (3.18), there exist C-functions f,,+,, ,, Ml,m,j M,p,,,+l
defined on appropriate subsets of R such that

(3.22) XoTm+l,j(x)= fm+l,j(T(x)), XiT.,+!.(x)=bi.j(T(x)) x E.

Let a= T(E). Let : & (g,,. "’, g,., g.,+) __a (T(x),..., T,,,+l(x)). Let 0-]
(0,1," ", 01,r,), /--a (A1,"" ", Y,r;), ieMl,m. Let f.,+,=(fm+,l,’’’,f,.+,,p,,,+), b=
(hi,i,’", bi.p.,+l), i M,.,. Define vector fields X, i Mo,,. by

(3.23) Xo(g) ---a E "i,(j+l) -]" Z Oi,(j_di_l)(,i)
O

"-]" Z fm+l,j(’),
i=1 j=l O.i,j j=d+2 j=l O.m+l,j
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(3.24)
Oi,(di+l) j=di+2 O’ij j=l O’m+l,j

(3.25) /-, (if) & :,.1, i6Ml.,

where i,j is the jth component of 3i. Let {F, H, $} be the system constructed as above.
By (2.10), (2.11), and (3.21)-(3.25), the coordinate representation {f, h, ,} of {F, H, }
has the form indicated in (1) of Definition 3.2, where d, di, i MI.,,+.

Let be a C-vector field in Ai({, , $}). Then, using (3.23) and (3.24), we
can show that if Yj-] Pi

__
y,(" )O/Og, is a local representation of / on g,

(3.26)

By Lemma 3.1, {F, H,,} must satisfy (A.1). Thus, (3.26) implies property (2) of
Definition 3.2. Property (3) follows from the fact that by (3.18), (A;)p({F, H, E}) and
(A,)Tp)({F, H, }) are isomorphic at each p E.

Next, we state a converse result.
TrEOREM 3.2. Suppose that at each Xo X, there exist" (a) an open neighborhood

E of Xo; (b) an open connected subset of R n; and (c) an SDS {F, H, g} which is

J-feedback related on E to {F, H, E} by J {T, a, }. Then the following properties
hold"

(i) {F, H, X} satisfies (2.5), (A.1), and (A.3) with d, d,, 6 Ml,rn"
(ii) { F*, H, X} satisfies (A.2) with p, if,, MI.,,;
(iii) a(x) -[D*(x)]-A*(x) and/3(x) [D*(x)]-.
Proof By Remark 3.1, {F, H, } satisfies (A.1). By Lemma 3.1, this implies that

{F, H, X} satisfies (A.1). Direct computation shows that {F, H, } satisfies (A.3) with
d d,, Ml.m, D*(x) I,,, and A*(x) 0. By this, Lemma 2.1, and the nonsingularity
assumption of control laws, we see that {F, H, X} satisfies (2.5), (A.3) with

M,,,, and furthermore (iii). Since {F, H, ,} is J-feedback related on E to {F, H, E}
by J={T, a,/3}, (iii) implies that {F, H, } is T-related on E to {F*, H,X}. Con-
sequently, (Ai)q({F* H, X}) and (A)rp)({F, H, }) are isomorphic at each q E. This
implies (ii).

Now, we introduce another class of control laws.
DEFINITION 3.3. S({F, H,X}) is the class of control laws u=a(x)+(x)

satisfying (3.2), (3.3), and

(3.27) dr/,, d,, A{({F*, H, X}) on X.

By Lemma 2.1(iii) and (3.11), the smooth functions r/,, A, in (3.4) and (3.5) satisfy
(3.27). Thus,

(3.28) Sc S.
In general, S is a proper subset of S. See the discussion which appears later in
Remark 3.2. Knowledge of a more general class of decomposing control laws allows
more flexibility in choosing a decomposing control law. This will be illustrated in 4.

The following result shows that S is the whole class of local decomposing control
laws for a special class of smooth systems.

THEOREM 3.3. Suppose that {F, H, X} satisfies the hypothesesfor Theorem 3.1. Then
a control law u a(x)+fl(x) decomposes {F, H, X} at each Xo X if and only if it
belongs to S ({F, H, X}).
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Proof. Suppose a control law u=a(x)+(x)a decomposes {F, H,X} at each

Xo e X. Let {/, H, X} __a {F, H, X}’t. Let 3i, Mo, be vector fields corresponding to
{F, H, g}. Then, by (i) of Theorem 2.1 and the definition of the Lie bracket,

XjXi,Xi2 XiHi 0 on X,
(3.29)

iq {0, i}, q Ml,k, k Mo,oo, j Mi, Ml,m.

Let i, i Mo,,, be vector fields corresponding to {F*, H, X}- Define C-mappings
l X --> R ", z X -* R by

(3.30) q(x) a= D*(x)a(x) + A*(x), z(x) a= D*(x)B(x).
Then, through the same arguments used for the proof of the necessity of Theorem 3.1
in [5], it can be shown that (3.29) implies

(3.31) ’i, 0 on X, # j,

L2i,i" irti .ifi2i, fi2i" iri, =0 on X,
(3.32)

iq {O, i}, q Ml,,, k Mo,oo, j Mi, M,,,,
where ri,j is the (i,j)th component of r. By the definitions of Ai and the Lie bracket,
this implies that the control law u a(x) +/3(x)a must belong to Soo({F, H, X})-

Next, suppose that a control law u a(x)+/3(x)a belongs to Soo({F, H, X}). Fix

Xo X- Then, by Theorem 3.1, there exist an open neighborhood E of Xo and a mapping
T" E--> R such that {F, H, 2}, which is J-feedback related on E to {F, H, E} by
J { T, -(D*)-IA*, (D*)-l}, is a standard decomposed system with T(E), i di,

Ml,,,, and/i =Pi, M,,,. The mapping T constructed by (3.13), (3.14), and (3.17)
satisfies (3.18) and (3.19) on E. This with (3.27) implies that there exist an open
neighborhood U c E of Xo and Coo-functions )i, Xi, defined on appropriate subsets
of Rp’, Ml,,, such that

(3.33) T]i(x) i( Ti(x)), li(x) Xi( Ti(x)), x U.

Let &(), , ,,) and ?--a diag i. Let Ja-{T, o, I,} and Ja--{I, rl, diag hi}. Then,
{F, H, U}"’ is J3-feedback related on T(U) to {/,/, T( U)} by J3 __a j j-l. Direct
computation shows that J j-(l= { T-, , ?}. The form of the standard decomposed
system, the form of , ?, and Definition 1.3 imply {F, H, X}’ is decomposed at Xo.

If {F, H, X} is an SDS, we might expect intuitively from its special structure that
its decomposing control laws are of the form ai h(i)+ i(i)tT, M.. The next
theorem states that this is really the case.

DEFINITION 3.4. Let {F, H, } be an SDS. Soo({F, H, }) is the class of control
laws = ff()+/3()a satisfying

(3.34) 6() /() diag Xi(i)
()

where i, i are Coo-functions from hTi into R, M,m.
Torz 3.4. The control law ()+() decomposes an SDS {F, H, } on, if and only if it belongs to S({F, H, }).
The sufficiency of Theorem 3.4 is obvious. The proof for the necessity of Theorem

3.4 is omitted because of limited space. It can be found in [6]. Property (3) of the SDS
is essential in obtaining Theorem 3.4. As might be expected, there is a one-to-one
correspondence between control laws in Soo(F, H, X) and control laws in oo(i, , ).



STANDARD DECOMPOSED SYSTEM AND FEEDBACK CONTROL 1245

THEOREM 3.5. Suppose that {F, H, X} satisfies the hypotheses of Theorem 3.1. Let
Xo X. Let E, T, {F, H, } be the open neighborhood of Xo, the mapping, and the SDS
given by Theorem 3.1. Then, there exists an open neighborhood U c E of Xo such that"

(i) For every u a(x)+ fl(x) in Soo({F, H, U}), there exists a unique control law
ff()+() in oo({,/, T(U)}) such that {1, ISI, T( U)} a’ is T-related on U to

{F, H, U}’3. Conversely, for every ti= c(:)+/(:)t in oo({/,/-, T(U)}), there exists
a unique control law u a(x)+(x) in Soo({F, H, U}) such that {F, H, U}J3 is T-I-
related on T(U) to {, ISI, T( U)} ’’.

(ii) Let u=a(x)+fl(x)u", tT=ff()+fl(2)ff be control laws in Soo({F, H, U}),
Soo({F, H, T(U)}), respectively. Suppose they are in the one-to-one correspondence
described in ). Then,

(3.35) a(x)=[D*(x)]-{a(T(x))-A*(x)}, 13(x)=[D*(x)]-(T(x)).
(iii) In particular, when T is a Coo-diffeomorphism on X and X is connected, (i) and

(ii) hold with U X.

(F, H, U)
=(’’

(F, H, U}’

{,/, T( U)}
={1’ ’;} {,/, T( U)}a’

SDS

FIG. 3.1. A schematic description of Theorem 3.5, where u a(x)+ fl(x), u 6z()+ ()ff are control
laws in S({F, H, U}), S({F, H, T(U)}), respectively.

Proof First consider (i). Suppose u=a(x)+(x)a belongs to Soo({F, H, U}).
Then, following the second part of the proof for Theorem 3.3 leads to the fact that
there exist an open neighborhood Uc E of Xo and Coo-functions i, i, defined on
appropriate subsets of Rp’, i Ml,m such that (3.33) holds. Note that given T and U,
the and i are unique. Define c--a(l, ..., ,,) and /g--adiag. Then u=
if(E) +/g(:)a belongs to qoo({, , T(U)}). Furthermore, {/, , T( U)} a.t is T-related
on U to {F, H, U}’. Next, consider the converse statement. Suppose that u=
c(g) +/3(ff)ff belongs to Soo({F, H, T(U)}). Define a,/3 by (3.35). Then, by (3.19), it
follows that u a(x)+ (x)a b_elongs to Soo({F, H, U}). Clearly, {F, H, U}’ is T--related on U to {/, , T(u)} a’.

Part (ii) has been shown implicitly above. Part (iii) follows, since the given
hypotheses imply that (3.18) and (3.19) hold on X and T(X) is connected.

Remark 3.2. Suppose that (A.3), (2.5), and n == (d+ 1) are satisfied. Then, it
can be shown that the hypotheses of Theorem 3.5 are satisfied with pi di + 1, MI,
and T G, where G _a (G, , G,,), G ___a (G., , Gi.d,+l), and G,j a__ X(o-)H. It
follows from part (ii) ofTheorem 3.5 that, at least locally, Soo({F, H, X}) S({F, H, X})-
When G is a Coo-ditteomorphism on g and 2’ is connected, (iii) confirms that
Soo({F, H, g}) S({F, H, g}). Note that for this case, we do not need to solve the
partial differential equations given by (3.27) to characterize Soo({F, H, 2’}). If G is not
a Coo-diffeomorphism, Soo({F, H, X}) S({F, H, X}) is not necessarily true. This is
shown through Example 4.2 in [5].

Remark 3.3. If, in Definition 3.3, C is replaced by C (real analytic), the
definition of S is obtained. In [5], we showed that S is the whole class of real
analytic control laws which decouple a real analytic system {F, H, X} on X. Therefore,
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under real analyticity and the hypotheses of Theorem 3.1, the whole class of decompos-
ing control laws and the whole class of decoupling control laws are locally identical.

4. Aa examlfle. In this section, we present an example which illustrates the
significance of the results developed in the previous sections. The example is also used
in [5] for the discussion of decoupling. For this example, Se ({ H, X)) is a proper
subset of S((F, H, X)). While there is no control law in S((F, H, X) which decom-
poses (F, H, X) on X with Bounded Input-Bounded State (BIBS) stability, there are
many control laws in S((F, H,X) which decomposes (F, H,X) on X with BIBS
stability.

Let us consider a smooth system (F, H, R3 with m- 2 and

0
(4.1) Xo(x) A. (X2 _it_ XlX3 Ox2’

(4.2) X,(x) ---+
Ox

l + x x3)
0

OX2 OX3

(4.3) Xz(x) __a 0_._+ 0

OXl
1 x3) --,Ox2

(4.4) Hi(x) Xl, H2(x -- x -1I- x

(4.5)

Direct computation shows that (A.3) is satisfied with

dl--d2--0, D*(x)=[10 11]’ A*(x)=0.

Thus, by Theorem 2.3, {F, H, R3} is decomposable at each x e R3. Actually, {F, H, R3}
is decomposable on R since the open set E defined in the proof for the sufficiency
of Theorem 2.3 can be chosen to be R3.

Let Xi, ie Mo,2 be the vector fields corresponding to the decomposed system
{F*, H, R3}. Then, by (4.5), we have

0
(4.6) ’o(X) (X2 "It- XlX3)

Ox2’

(4.7) 21(X 0
+(1 + x x3)
OXl

o o
OX OX

0 0
(4.8) 2:z(x) -x -I-

OX2 OX

From (4.6)-(4.8), it can be easily shown that

(4.9) AI({F*, H, R3})= span {},
(4.10) A({F*, H, g3})= span {.’, [o, ’]}
and that (A.2) is satisfied with p 2, p 1. Consequently, all hypotheses of Theorem
3.5 are satisfied.

Define C-functions T,i, j M,pi, M,2 by

(4.11) T,,(x) a__ Hi(x), T,2(x) X2 + XlX3, T2,1(x -- H2(x).
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Let T--a (T1,1, T1,2, T2,1). Then, we can easily show that T is a Coo-diffeomorphism
from R onto R3 and {dT,j(q),j MI,p,} is a basis of (Ai)q({F*, H, R3}), q R, 6 M1,2.
Let {/,/-), R3} be an SDS whose coordinate representation is

0 1

" /i fii 1,1,
1,23 1,2 1

(4.12)

Then we can check that the above T and {, , R3} with E R are those described
in Theorems 3.1 and 3.5.

By (3.35) and (4.5), S({, , g3})is given by

2(X1 + X3

(4.14) (X)=[I(XI’X2+XIX3) -2(XI+X3) ]
o (x+x3 J

where bi, 0, iM.2 are arbitrary C-functions of their arguments such that
(Zl, z2) 0, (z, z2) R2 and P2(z3) 0, z3 R. On the other hand, by Definition 3.1

and (4.5), S({F, H, R3}) is given by

(4.15) a,(x) [(x 2(x’ + x3) ]l2(X -- X3)
0

where ,, ,, e M. are arbitrary Coo-functions of their arguments such that i(z) 0,
z e R, e M.e. From (4.13)-(4.16), we see that Soo({F, H, R3}) S({F, H, R3}) but
S({F, H, R3})c S({F, H, R3}).

By Theorem 3.4, oo({,/, R3}) is given by

(4.13)’ 6(if) 62(.,2)

(4.14)’ #(.) [ ff, (Xl,1, Xl,2) 0 ]0 (&)

where b, qi, iM, are arbitrary C-functions of their arguments such that
I(X, ) 0, (, X2) R2 and q2(g3) 0, 3 R. As is indicated by Theorem 3.5, there
is a one-to-one correspondence between the control laws of Soo({F, H, R3}) in (4.13)
and (4.14) and those of ({P,/-, R3}) in (4.13)’ and (4.14)’.

Using the SDS, it is easy to see how to choose control laws which decompose
{F, H, R3} in a stable way. Suppose we want to decompose {F, H, R3} on R with BIBS
st.ab.ility. First, consider ti= ff(X)+/3(X)ff where c,/3 sa_tisfy (4.13)’ and (4.14)’. Let
{f, h, R3} be the coordinate representation of{/, , R3} a’. Then, {f,/, R3} is described
by

[’,’l =[ II(I,I 1,2) ] [ I/I(I,I 21,2)I/.i i i,
(4.17) x,,2_l )1,2 + (I (#l,l,)1,2)

+
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Note that {fl, h, R2}, {j,/2, R} in (4.12) are controllable linear systems. Therefore,
there are many choices of 4S1,4S2 so that {, , R3}a’ is decomposed on R with BIBS
stability. For such a control law a=c(g)+/3(g), choose a control law u=

a(x)+(x) by (3.35). Then, {/,/_]r, R3}a, is T-related on R to {F, H, R3}’. Recall
that T is a C-diffeomorphism on R3. Furthermore, by a special form of T in (4.11),
it follows that for any constant b, {x R3" IT(x)] -< b} is bounded. These observations
imply that {F, H, R3}’t is decomposed on R with BIBS stability. Thus, we have shown
that there are many control laws u a(x) +/3(x) in S({F, H, X}) which decompose
{F, H, R3} on R in a stable way.

Similarly, using a control law in S({F, H, R3}) causes (4.17) to be replaced by

(4.17)’
Yl Xl,1,

From (4.17)’, we see that there is no 41 and 1 such that for every bounded al, )1,2
is bounded. By the special structure of T in (4.11), this implies that there is no control
law in S({F, H, R3}), which decomposes {F, H, R3} on R in a stable way.

5. Conclusion. In this paper, we have presented a complete characterization of
decomposing control laws for a general class of smooth nonlinear systems. The two
concepts, decoupling and decomposition are not globally equivalent for nonlinear
systems. Some conditions under which the two concepts are at least locally equivalent
are found.

We would like to emphasize the practical importance of a standard decomposed
system. For the design of decomposed control systems, it may be more convenient to
deal with the standard decomposed system instead of the original system. This advan-
tage comes from the simplicity of the results for standard decomposed systems.
Specifically, the class of decomposing control laws for the standard decomposed system
is given by (3.34) (see Theorem 3.4) and for each decomposing control law in this
class the decomposing control law for the original system can be obtained through the
J-feedback relation (see Theorem 3.5). In general, the J-feedback relation which
transforms the original system into the standard decomposed system requires the
solutions of a set offirst-order partial differential equations except for the case described
in Remark 3.2. However, in some applications the J-feedback relation may be found
by inspection or rather simple manipulation of the dynamic equations for the original
system. This is the case for the robotic manipulators discussed in [6].

The results in this paper can be extended to more general class of nonlinear
systems: (i) systems in which F(x, u) is not affine in u; (ii) systems in which the Yi(t)
are vectors instead of scalars. Decoupling conditions for the above more general cases,
obtained by Fliess [3] and Nijmeijer [15], are useful for the extension because under
their assumptions, the two concepts of decoupling and decomposition are locally
equivalent. However, characterization of the whole class of decomposing control laws
for the general cases becomes less explicit and more complex.

Acknowledgment. This paper contains some of the results in the author’s Ph.D.
dissertation. The author thanks Professor E. G. Gilbert for his sincere and excellent
guide during the author’s doctoral study and preparation of this paper.
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NOTE ON BOUNDARY STABILIZATION OF WAVE EQUATIONS*

JOHN E. LAGNESE’t

Abstract. An energy decay rate is obtained for solutions of wave type equations in a bounded region
in R" whose boundary consists partly of a nontrapping reflecting surface and partly of an energy absorbing
surface. Unlike most previous results on this subject, the results presented here are potentially valid for
regions having connected boundaries.

Key words, wave equations, boundary stabilization, exponential stability
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Let fl be a bounded, open, connected set in R" (n_->2) and let F denote its
boundary. Assume that F is piecewise smooth and consists of two parts, Fo and F1,
with F1 and relatively open in F, and Fo either empty or having a nonempty interior.
We set Eo Fox (0, o), E1 F1 x (0, o). Let k be an L(F1) function satisfying k(x) >= 0
almost everywhere on F1. Consider the problem

(1) w"-Aw =0 in l x (0, ),

(2a) Ow_ kw’ on
Ou

(2b) w=0 onEo,

(3) w(0)=w, w’(0)=w ini)

where ’-- d!dt and u is the unit normal of F pointing towards the exterior of
Associated with each solution of (1.1) is its total energy at time t:

E (t) (w’2 + IV wlz) dx.

A simple calculation shows that

E’( t) f kw’2 dF <= 0;
di"1

hence E(t) is nonincreasing. The question of interest is the following. Under what
conditions is it true that there is an exponential decay rate for E (t), i.e.,

(4) E(t)<-_ Ce-’’E(O), t>-O

for some positive to ?
The first person to establish (4) for solutions of (1)-(3) was Chen [1], under the

following assumptions: k(x)>= ko>0 on F1, and there is a point XoR" such that

(5) (x Xo)" --< 0, x ro,
(6) (X-Xo)" - T>0, XEF1.
Chen slightly relaxed (5) and (6) in a later paper [2]. The most general result to date
in terms of the assumed geometrical conditions on F appears in [6]. There it is proved

* Received by the editors April 13, 1987; accepted for publication (in revised form) November 25, 1987.
This research was supported by the Air Force Office of Scientific Research under grant AFOSR-86-0162.

? Department of Mathematics, Georgetown University, Washington, D.C. 20057.

1250



NOTE ON BOUNDARY STABILIZATION OF WAVE EQUATIONS 1251

that (4) is valid provided there exists a vector field h(x)=[hl(X),’’’, h,(x)]
such that

(7) h. v=<0 onFo,

(8) h.v_->y>0 onF1,

(9) The matrix (Ohi/Oxj + Ohj/Oxi) is positive definite on 12.

This last result has subsequently been re-proved by Lasiecka and Triggiani [8] and
Triggiani [10] using methods different from those in [6]. In all of the papers cited, the
estimate (4) was obtained from estimates on o E(t) dt by employing a result of Datko
[3] (later extended by Pazy [9]).

An important observation is that when F is smooth, conditions (5) and (6)
(respectively, (7) and (8)) together force Fofq F1 =. Thus if Fo , the above results
cannot apply to regions 12 having a connected boundary. However, in a recent paper
[5], Kormornik and Zuazua succeeded in relaxing Chen’s condition (6) to

(10) (X-Xo)" v>=O on

thus in principle allowing for regions with smooth connected boundaries (see
Remark 3), but at the expense of replacing the boundary condition (2a) by

(11)
Ow

((X-Xo)" v)w’ on
Ov

In addition, the proof in [5] gives, in a simple and natural way, explicit estimates of
the constants C and w in (4) in terms of the geometry of 12, more specifically, in terms
of the constants/Zo and/Xl which appear in (16), (17) below.

Remark 1. The proofs in [1], [2], [6], [8], [10] implicitly contain estimates of
since we may estimate w in terms of the constant K satisfying

orE(t)

dt<=KE(O).

However, except in the case of (5), (6). K contains other constants whose explicit
values (in terms of 12 and the vector field h) seem difficult to determine.

Remark 2. If Fofq F , the proof of Komornik and Zuazua is restricted to
dimension n 2. The reason is that their proof requires more regularity than solutions
of (1), (2b), (3), (11) will generally possess, regardless of the smoothness of the initial
data. (Such regularity is available if Fofq F .) However, when n 2, the regularity
requirement may be weakened by using a certain a priori estimate recently obtained
by Grisvard [4]. Grisvard’s proof is very technical, and the presence of the factor
(X-Xo)" u(x) in the boundary condition (11) is crucial to the proof.

The purpose of this paper is to extend the result of [5] in two ways: first, by
replacing the specific vector field x-Xo in (5) and (10) by a general vector field h(x)
satisfying (7), (9), and

(12) h. u_->0 onF;

second, by replacing the boundary condition (11) by

(13) Ow_ k*(h. v)w’ on
0v

where k* L(F) satisfies k* _-> ko> 0 on F. Note that if h. v _-> 3’ > 0 on F1, boundary
condition (2a) may be written as (13) with k* k/(h. ). Hence, in this situation, we
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recover (a sharpened form of) the main result of [6] (see the theorem below). The
decay rate to that will be obtained depends on (among other parameters of the problem)
the gain k*. If k* is the constant function ko and h is a radial field x-Xo, it will be
seen that there is a unique value of k0 which maximizes w. Furthermore, the optimal
ko can be expressed explicitly in terms of computable parameters.

The formal statements of the two results to be proved are as follows.
THEOREM. Let w be a regular solution to (1), (2b), and (13). Then there is a positive

constant to such that

E(s) ds<=--E(O),

E(s) ds<= e-" E(s) ds,

COROLLARY. Under the hypotheses of the theorem,

1
E(t)<-e e-"E(O), >--.

Remark 3. The geometric conditions (7), (9), and (12) admit a much larger class
of configurations (f, Fo, FI) than do conditions (5) and (10) considered in [5]. But as
in [5], we are faced with the problem of lack of (proven) regularity of solutions when
Fof’l F1 # . It may be the case that by extending Grisvard’s estimate to the present
situation, the regularity assumption can be weakened, at least if n 2. But that has
not been proved at this time.

Remark 4. As in [5], we will obtain an "explicit" estimate of to. However, as in
[6], [8], [10], this estimate will contain a constant which cannot be easily determined
in terms of and the vector field h, unless h is a radial field.

Remark 5. The theorem and corollary may be extended to generalized wave
equations with time-independent coefficients as in [6] but under the weaker condition
(12) and also to linear elastodynamic systems (cf. [6, p. 167], [7]). We omit the details.

Proof of the corollary. Since E (t) is nonincreasing, for every - > 0

e E7"E(t+r) < E(s) ds<-_ -" (0)
to

or

(14) E(t+’)<= e E(O), r>0.

The first factor on the right has its minimum at -=1 and for this value of r (14)
becomes

E ( +) <- e. e-O’t+/’)E(O),

Proof of the theorem. We assume that Fo # , since there are simple examples
which show that the theorem is false if Fo--.

Define the matrix H- (Ohi/Oxj +Ohj/Oxi). By assumption we have

(15) Hsc.sc>-holscl2, [", xf, ho>0.
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Since multiplication of h by a positive constant leaves Fo and F1 invariant, we may
(and do) assume that ho 1 in (15).

Define constants o and 1 by

(16) fr v2 dx<=l f ’vl- dx’

(17) fsa
o2 dx <= tZ fsa

V l)
2 dx

for all v H(O) such that v =0 on Fo. For e > 0 and fixed, define

F(t)=E(t)+ep(t)

where

We note that

p(t)- 2(w’, h" Vw) + ((hxi- 1)w, w’).

Ip(t)lCoE(t);

hence

(18) (1-eCo)E(t)<=F(t)<=(1 + eCo)E(t)

where Co depends on h and z. We will show that for e sufficiently small,

(19) F’( t) <- -eE t) + Ce w2 dx

where C depends on h,/o, and
Remark 6. In what follows we will use the notation pa=Oq/Ox. The standard

summation convention for repeated indices will also be used throughout. Since some
of the calculations which follow are similar to those in [6], not all details will be
provided. The interested reader is referred to [6] for a more leisurely derivation of
some of the estimates below.

We have

(20) p’(t)=2(w",h" Vw)+2(w’,h" Vw’)+((h,j-1)w’, w’)+((hj,j-1)w, w").

From (1), (2) we have

(21) (w", v)+ (Vw, Vv)+ b(w’, v)
Ow
vdF=O Vv H(f)
oOP

where

f
b(w’, v)= | k*(h" u)w’vdr.

dl

We use (21) to calculate (w", h. Vw) and ((h,-1)w, w") in (20). We have

I Owh(22) (w",h. Vw)=-(Vw, V(h. Vw))-b(w’,h. Vw)+ .VwdF.
o O

A direct calculation gives

(23) (Vw, V(h. Vw))= h,w,,w,dx- h,lVwl=dx. .h" lVwl=at.
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Similarly,

(24) ((hj,j-1)w, w")--ff (hj,j-1)lVw]2 dx- fa hj,ijww,idx-b(w’ (hj,j-1)w).

We also have

(25) (w’, h. Vw’) = (h. ,)w’ dr-- hj,jw ’z dx.

Use of (22)-(25) in (20) gives

p’(t)=-2Iahi,w,,w,jdx+IalVwl2dx-law’2dx-lahj,ijww,idx

(26) (h. )lVwl2 dr+2 Oh. Vwdr+ (h. v)w’ dr
F "o OP

-2b(w’, h Vw)- b(w’, (hj,j- 1)w).

The integrals over Fo, viz.,

(27) 2
OW

h Vw dF- h ulVwl2 dF= h v
Op

We also have the estimates

f k*(h v)w’(h. Vw)Ib(w, h. .. dF

dF=<O.

(28) _--<- h. lh. Vw[z dr+ h. u)w dr
2 "1 2a

_-<- h. vlX7w[ dF+-kC1 (h. v)w’ dF

for an appropriate a, where k sup {k*(x)Ix e F},

(29) Ib(w’, (h-l)w)lk (h. u)w dr+-o IVwl2 tiN,
2

(30) h,,ww,, ax ax+
where C1, C2, and C3 depend on h only and where 6 > 0 will be chosen below. Use
of (27)-(30) and (15) (recall that ho 1) in (26) yields

o’(t)- (w’2+lVwl=)dx+(o+l) IVw[=dx

+[k(C1+C2 ] IF +c3f w2dX"2 ]
+1 (h v)w’: dF

2

Choosing 1/(o+ 1) we obtain

(31) p’(t)N-E(t)+(kCa+l)fr (h’v)w’dF+C, fawdx
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where C4=C1"t-C2/(2t), C5=C3/(2t). Since k*=>ko>0 on El, we obtain from (31)

F’(t)=E’(t)+ep’(t)=-Ii k*(h. v)w’2 dF+ep’(t)
"1

(32) <--eE(t)+eC, fa w2 dx+[e(kMC4+ 1)-ko] Ir (h. v)w ’:z dF

<-_-eE(t)+ eC5 fa W2 dx

provided

e(kMC4+ 1) <_- ko.
This establishes (19).

Let/3 > 0 and consider

e-(s-’)F’(s) ds=-F(t)+ e

(33)

-(s-t)Fe(s) dS

<=-e e-(s-’)E(s) ds+ eC5 e-(’-’[w(., s)l as.

From (18), F (s) _-> 0 provided

eCo<-_ l.

From Theorem 2 of [6], we have the estimate

(34) e-(’-’lw(’, s)l ds <- C’hE(t)+ rl e-(’-E(s) ds

where r/> 0 is arbitrary and Cn* is a constant independent of/3. Therefore (33), (34)
imply

(35) e e-(’-’ E(s) ds<-F(t)+eCs C*nE(t)+r e-(-’E(s) ds

where e =min (I/C0, ko/C4). Choosing r= 1/qCs (q> 1) in (35) gives the estimate

(3
(q-

e--e t)E(s) ds<- Fe(t)+ eCsC*/qE(t)<-_ (l + eKq)E(t)
q

where Kq=Co+CsC*I/q does not depend on ft. Define tOq=(q-1)e/q(l+eKq) and
let/3- 0 in (36) to obtain

(37) E(s) ds<---E(t), t>-O, q> l.
(.Oq

The conclusions of the theorem with o o2 e/2(1 + eKe) (for example) follow easily
from (37).

Remark 7. Since o e/2(1 + eKe) increases monotonically to 1/2K as e -oe, the
maximum decay rate will be achieved when the largest admissible value of e is selected,
that is,

e=min
kMC4 +1’
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for a given gain k*(x). Let us assume that k*(x)= ko, and consider the problem

max {to(ko) ko> 0}.

In general, it will be very difficult to determine that value of ko which maximizes to(ko)
(assuming that such a value exists) since the constants C* (and therefore K2) depend
on ko in an unknown way. However, suppose that h(x) x- Xo. Then the constant C3
in (30) is zero; hence C5=0, and by retracing the steps following (32) ((34) is no
longer needed) we find that

1 +eCo"
Therefore,

max{to(k)lk>O}=maxmin[ko>O koc4k+ 1’

min max
ko>O k20f4 nt- 1

It is easy to see that the function k k/(k2C4+ 1) has a unique maximum which occurs
at the value k 1/v/-4. Therefore

max{o(ko)lko>O}=min 2d-4’ Co
this value being achieved when

1 1 1

ko- if2N--’Co
1 1 1

ko 2c4[ Co (C 4C4)/2] if2 c"
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STABILIZATION OF AN UNCERTAIN LINEAR SYSTEM IN WHICH
UNCERTAIN PARAMETERS ENTER INTO THE INPUT MATRIX*

IAN R. PETERSEN’

Abstract. This paper presents a procedure for stabilizing a class of uncertain linear systems. The
uncertain systems under consideration are described by state equations in which the input matrix depends
on a matrix of uncertain parameters. This matrix of uncertain parameters may be time-varying; however, it
is constrained by a bound on its induced norm.

The stabilization procedure presented involves the repeated solution of an algebraic Riccati equation.
When a positive definite solution to this Riccati equation is obtained, this solution is used to construct a
stabilizing linear control law. Another important result contained in this paper can be stated roughly as
follows: For the class of uncertain systems under consideration, if a system can be stabilized via nonlinear
control, then it is also possible to stabilize the system via linear control.

Key words, uncertain systems, Riccati equations, stabilization, state feedback

AMS(MOS) subject classification. 93015

1. Introduction. A problem of recurring interest in recent years concerns the
stabilization via state feedback of uncertain linear systems containing unknown but
bounded, time-varying, uncertain parameters (see, e.g., [1]-[6]). This paper considers
uncertain linear systems in which the uncertain parameters enter only into the "input
matrix" (see also [7]). The uncertain parameters are in the form of an uncertain matrix
F(t) contained in a set of the form (F: F’F<=I}. As in [1]-[6], the approach taken
in this paper relies on the use of quadratic Lyapunov functions. This leads us to
consider a notion of quadratic stabilizability. The main result ofthis paper is a necessary
and sufficient condition for a given uncertain linear system to be quadratically
stabilizable.

The procedure presented for constructing the stabilizing control law involves the
repeated solution of an algebraic Riccati equation. When a positive-definite solution
to the Riccati equation is obtained, this solution is then used to construct a stabilizing
linear feedback control law. The fact that the stabilization procedure generates a linear
control law leads to an important corollary. This corollary can be stated roughly as
follows: If an uncertain system (in the class under consideration) is quadratically
stabilizable via nonlinear control, then it is also stabilizable via linear control.

2. Systems and definitions. The uncertain linear systems considered in this paper
are described by state equations of the form

(y.) ( t) Ax( t) + (B + OF( t)E)u( t),

F(t)’F(t)<=I

where x l is the state, u(t) " is the control input, and F(t) Pq is a matrix of
uncertain parameters. It is assumed that the elements of F(. are Lebesgue measurable
functions such that I-F(t)’F(t) is positive semidefinite for all t-> 0. Furthermore, it
is assumed that the q rn matrix E is of full rank.

* Received by the editors May 4, 1987; accepted for publication (in revised form) October 23, 1987.
This work was supported by the Australian Research Grants Scheme.

Department of Electrical Engineering, Australian Defence Force Academy, Canberra ACT 2600,
Australia.
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We will be concerned with stabilizing uncertain systems of the form () using
state feedback control. In particular, the stability of the resulting closed-loop system
will be established using a quadratic Lyapunov function. Hence, we introduce the
following definition (see also [3]).

DEFINITION 2.1. The uncertain linear system () is said to be quadratically
stabilizable if there exists a continuous feedback control p(. ):N"- N" with p(0)= 0,
an n x n positive-definite symmetric matrix P, and a constant c > 0 such that the
following condition holds: Given any admissible uncertainty F(.), the Lyapunov
derivative corresponding to the closed-loop system

2( t) Ax( t) + (B + DF( t)E)p(x( t))

satisfies the inequality

L(x, t):= x’[a’P + PA]x + 2x’P(B + DF( t)E)p(x)
(2.1)

_<_- 11xll

for all nonzero x " and -> 0. In this inequality, ]]. denotes the standard Euclidean
norm.

If (2.1) is satisfied, it is straightforward to verify that the corresponding closed-loop
system is uniformly and asymptotically stable (see, e.g., [8]).

Remark. In the definition above, we have allowed for the use of the nonlinear
control u(t)=p(x(t)). However, it will be shown in the sequel that for any system of
the form (Z), attention can be limited to the use of linear control.

Notation. The following notation will be used in the sequel. Given any symmetric
k x k matrices M and N, the notation M > N denotes the fact that M- N is positive
definite. Similarly, M-> N denotes the fact that M- N is positive semidefinite. Also,
Amin[M] denotes the minimum eigenvalue of the matrix M. Throughout the paper,
Ilxll will refer to the Euclidean norm of a vector x.

We now present a condition which is necessary and sufficient for the quadratic
stabilizability of the system (.). In order to state this condition, we first define an
(m-q) x m matrix as follows: Let be any full rank (m-q)x m matrix such that

(2.2) {xN’: x=0}={xN": x=E’rl for some ’/ q},

Condition 1. Let Q e N"" be a given positive definite symmetric weighting matrix
and let N(’-q)" be a full rank matrix satisfying (2.2). Then the system (Z) is said
to satisfy Condition 1 if there exists an e > 0 such that the Riccati equation

(2.3)
1

A’P + PA-PBE’(EE’)-2EB’P PB’B’P+ PDD’P + eQ 0

has a positive definite solution P.
We will now show that the success or failure of this condition is independent of

the choice of the matrices Q and @.
THEOREM 2.1. Suppose there exist a positive definite matrix Q Nn,, a full rank

matrix N(m-q), satisfying (2.2), and a constant e > 0 such that the Riccati equation
(2.3) has a positive definite solution. Then given any positive definite weighting matrix

t [" and any full-rank matrix (m-q)m satisfying (2.2), there exists a constant

If m q, we let =0.
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e*> 0 such that the Riccati equation

(2.4) A’P+PA-PBE’(EE’)-2EB’P -1 PB’B’P+PDD’P+=O
has a positive definite solution for all (0 ].

Proof. If (2.3) has a positive definite solution P, then the positive definite matrix
S P- satisfies the Riccati equation

1
B’(2.5) -AS-SA’-eSQS+BE’(EE’)-2EB’+-B’ DD’ 0.

We now choose the constant e*>0 such that e*(< eQ and ’b/e*>=’/e. Hence,
by Lemma 1 of [9] and the results of [10], it follows that the Riccati equation

1
-AS- SA’- SQS+ BE’(EE’)-aEB +- B’B’- DD’= 0

has a maximal symmetric solution S+ for all ? (0, e*]. Furthermore, from the main
result of [11], it follows that S+-> S> 0. However, the positive definite matrix P+=
(S+)- must satisfy the Riccati equation (2.4). This is the required result.

3. The main result.
THEOREM 3.1. Condition 1 is a necessary and sufficient condition for the uncertain

system (,) to be quadratically stabilizable. Furthermore, if Condition 1 is satisfied, then
the linear control law

{1 (i)tfi)q_E,(EEt)_2E}BtPx(t)(3.1) u(t) 2-;
is a suitable stabilizing control law.

In proving this theorem, the following lemma will be used. This lemma is a
corollary of a theorem first proved by P. Fins|er in 1937 (see [16]).

LEMMA 3.1 (see Appendix A for proof). Let M and V be given symmetric matrices
and let W be a matrix such that

(3.2) x’Mx < 0

for all nonzero vectors x such that x’ Vx <= 0 and Wx O. Then there exist constants o > 0
and A > 0 such that

M-rV-AW’W<O.

ProofofTheorem 3.1. (Sufficiency.) Suppose that the system (Z) satisfies Condition
1 and let P be the positive-definite solution to the Riccati equation (2.3). The required
state feedback control law is then constructed according to (3.1). This leads to the
closed-loop uncertain system

:2(t)=ax(t)-(B+DF(t)E){I-e,dp’dp+E’(EE t)-2E } BtPx(t)
F(t)’F(t)<-I.

Let F(. be any admissible uncertainty. It follows that the Lyapunov derivative
corresponding to this closed-loop system and the Lyapunov function V(x)= x’Px is
given by

{ 1Bdp’dPB’P-BE’(EE’)-2EB’P-DF(t)(EE’)-IEB’P}X(t)"L(x, t)= 2x’P A-2--



1260 |AN R. PETERSEN

In order to establish an upper bound for this Lyapunov derivative, we first establish
the following claim.

CLAIM 1. Given any matrix F Rpxq such that F’F <-I, then

-2x’PDF(EE’)-EB’Px <-_ x’PDD’Px + x’PBE’(EE’)-EEB’Px.
To establish this claim, we observe that for any x

0<= IlO’Px + F(EE’)-EB’Pxll
x’PDD’Px + 2x’PDF(EE’)-EB’Px + x’PBE’(EE’)-F’F(EE’)-IEB’Px

<- x’PDD’Px + 2x’DF(EE’)-EB’Px + x’PBE’(EE’)-2EB’Px,
and hence the claim follows.

Applying this claim to the above expression for the closed-loop Lyapunov deriva-
tive, we obtain the following upper bound"

L(x, t)<=x’lA’P+ PA--1 PB’B’P
k E

-2PBE’(EE’)--EB’P+ PDD’P + PBE’(EE’)-EB’PIx
x’IA’P + PA -1 PBdp’dpB’P- PBE’(EE’)-2EB’P+ PDD’PIx

k

for all x " and => 0. Furthermore, by the Riccati equation (2.3), it follows that

L(x, t) <= -ex’Qx
<- -eAmin[Q]llxll z

for all x" and =>0. That is, (2.1) is satisfied with a eAmin[Q]>0. Hence the
system (E) is quadratically stabilizable.

(Necessity.) Suppose the system () is quadratically stabilizable. It follows that
there exist a control law p(.)’"--> ’, a positive definite matrix P, and a constant
a > 0 such that the following condition holds"

(3.3) x’[A’P + PA]x + 2x’P(B + DFE)p(x) + ce Ilxll =_-< 0
for all x R" and all F Pq such that F’F <-_ I. We now define a set N c " as follows
(see also 3 ])"

N:={x"" (B+DFE)’Px=O for some matrix F: F’F<=I}.

It follows from (3.3) that

x’[A’P + PA]x < 0

for all nonzero x N. We now derive an alternate expression for the set N.
CLAIM 2. N {x 1’" x’PBE’(EE’)-2EB’Px-x’PDD’Px<=O; B’Px =0}.
In order to establish this claim, we first let x N be given. It follows that there

exists a matrix F such that F’F <= I and

(3.4) B’Px -E’F’D’Px.

Hence, EB’Px--EE’F’D’Px and therefore

x’PBE’(EE’)-2EB’Px x’PDFF’D’Px
<- x’PDD’Px.
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Furthermore, it follows from (3.4) that

B’Px -bE’F’Dx O.

Thus x {xRn" x’PBE’(EE’)-2EB’Px-x’PDD’Px<-_O; dB’Px =0}.
Conversely, let x 1 be given such that

B’Px =0(3.5)

and

(3.6) x’PBE’(EE’)-2EB’Px <- x’PDD’Px.

It follows from (3.5) and the definition of that B’Px {x ";x E’r/ for some
r/lq}. Thus, there exists an r/Iq such that B’Px= E’r/. Hence, using (3.6), we
conclude that

x’PDD’Px > r/’EE’(EE’)-2EE’ r/

That is,

(3.7)

We now consider two cases.

D’Px II.

Case 1. D’Px 0. In this case, it follows from (3.7) that r/= 0, and hence B’Px 0.
Thus, given F 0, it follows that x N.

Case 2. D’Px O. In this case, let

x’PDD’PX"
Since this matrix is of rank 1, it follows that the induced norm of F is

Eli
D’Px IIn I1, _< 1

that is, F’F <= L Furthermore

(B + DFE)’Px B’Px-
E ’r/x’PDD’Px
x’PDD’Px

B’Px E’r/

Hence, x N. This completes the proof of the claim.
Using the above claim, we now conclude that

x’[A’P + PA]x < 0

for all nonzero x eN" such that x’PBE’(EE’)-ZEB’Px-x’PDD’Px<-O and B’Px =0.
It now follows from Lemma 3.1 that there exist constants o-> 0 and A > 0 such that

A’P + PA o-PBE’(EE’)-ZEB’P + crPDD’P- APBd’rbB’P < O.

We now define Q to be the positive definite matrix

( := A[-A’P- PA + o’PBE’(EE’)-EB’P o’PDD’P + APB’B’P].
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Letting e tr/A, it follows that the positive-definite matrix/5 := trP satisfies the Riccati
equation

A’+A+ ’BE’(EE’)-ZEB’ + DD’-1 B’bB’+ eO =0.

Thus, Condition is satisfied. This completes the proof of the theorem.
Nonlinear versus linear control. An interesting corollary to the theorem above

concerns the utility of nonlinear control in the stabilization of uncertain systems of
the form (5:). A quadratically stabilizable system (5:) is said to be quadratically
stabilizable via linear control if the control law p(. in Definition 2.1 is linear. By this
definition, Corollary 3.1 follows directly from Theorem 3.1.

COROLLARY 3.1. Ifan uncertain system of theform (Y) is quadratically stabilizable
(via nonlinear control) then it will also be quadratically stabilizable via linear control.

Remark. This corollary generalizes the main result of [7] to the case of multi-input
uncertain systems. As in [7],.the proof of our main result relies on the form of the
uncertainty bounding set {F: F’F <-_ 1} and on the fact that uncertainty enters only into
the B matrix. For general uncertain systems in which these conditions do not hold,
this corollary is not true (see [14]).

Observation. In light of Theorems 2.1 and 3.1, we can now state a procedure for
testing if the system (E) is quadratically stabilizable. First, the positive definite weighting
matrix Q and the full rank matrix (satisfying (2.2)) are chosen. It follows from
Theorem 2.1 that these choices can be arbitrary. For successively smaller values of
e > 0, we then attempt to find a positive definite solution to the Riccati equation (2.3).
In practice, the existence of such a solution would be determined by applying a standard
algorithm such as that given in [15].

If a positive definite solution to (2.3) is found for some e > 0, then the required
stabilizing state feedback can be constructed as in (3.1). If no positive definite solution
to (2.3) is found, it then follows that the system (,) is not quadratically stabilizable.

4. Numerical example. Consider the uncertain system

(t) [-10]x(t)+Iaf(t) ] u(t), [f(t)l =< 1.
0

For any a > O, this system is an uncertain system of form () where the matrices A,
B, D, and E are defined as follows:

A=[-10] B [01] D=[] E=I
0 1

We will apply the method described above to determine the range of values of a for
which this sytem is quadratically stabilizable.

In order to apply our method, we first choose the matrices Q and . For this
example, we can let Q I and 0. Using these matrices, we now determine if the
corresponding Riccati equation (2.3) has a positive definite solution. Indeed, for any
a > 0, we obtain the following positive definite solution to (2.3):

P=[(1-’/1-ea2)/a20 l+x/l+e0
provided e < 1/a 2. Thus, we conclude that this system is quadratically stabilizable for
all a > 0. Furthermore, the required feedback control law is

u(t)=-[O l+x/l+e]x(t).
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5. Conclusions. The main result ofthis paper is a necessary and sufficient condition
for the quadratic stabilizability of uncertain systems of form (E). For this class of
uncertain systems, the uncertain parameters enter only into the input matrix. Thus,
the results of this paper complement the results of[5] in which the uncertain parameters
enter only into the system matrix.

Appendix A: Proof of Lemma 3.1.
ProofofLemma 3.1. Let O be a matrix whose columns form a set of basis vectors

for {x Rn: Wx =0} and suppose that condition (3.2) holds. It follows that

(A1) s’O’MO< 0

for all nonzero ( such that ’O’VO_<-O. We now consider a number of cases.
Case 1. There exists an a => 0 such that O’M(R) aO’VO. In this case, suppose

is given such that (’O’VO:<=O. If is nonzero, it follows from (A1) that

0> s’O’MO a’O’VOs,
which leads to a contradiction. Thus, =0. Hence, ’O’VO> 0 for all nonzero . It
now follows that there exists a o-> 0 such that O’[M- rV]O < O, i.e.,

x’[M o’V]x < 0

for all nonzero x such that Wx 0. We now use Finsler’s Theorem (in this instance,
a special case of Finsler’s Theorem will suffice; see [12] and [13]) to conclude that
there exists a A > 0 such that M trV- W’W< O.

Case 2. There exists an a < 0 such that (R)’M(R) a(R)’V(R). In this case, suppose
: is given such that :’(R)’V(R) 0. If is nonzero, it follows from (A1) that

0> ’(R)’M(R) a’(R)’V(R) O,

which leads to a contradiction. Thus, : 0. Hence

(A2) ’O’VO# 0

for all nonzero .
CLAIM. O’VO is sign definite.
In order to establish this claim, we observe that the function

f() := ’O’ VOW:
is continuous. Thus, if f(:) changes sign on the set {: IIll 1}, there exists a point
:* such that I1:*11-- 1 and f(s*) -0. This contradicts (A2). Hence (R)’V(R) must be sign
definite.

We now consider two subcases.
Case 2(a). (R)’VO is positive definite. In this case, the proof ofthe theorem proceeds

as in Case 1 above.
Case 2(b). (R)’V(R) is negative definite. In this case, it follows from (A1) that

x’Mx < 0

for all nonzero x such that Wx =0. As in Case 1, we now use Finsler’s Theorem to
conclude that there exists a > 0 such that M-AW’W< 0. Furthermore, using a
continuity argument, it follows that there exists a tr > 0 such that M trV- W’W< O.
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Case 3. (R)’MO is not a scalar multiple of O’VO. In this case, it follows from (A1)
and Finsler’s Theorem (see [12]) that there exists a constant tr such that

(A3) O’MO- rO’VO < O.

We now consider two subcases.
Case 3(a). o-< 0. In this case, it follows from (A3) that, given any nonzero such

that :’O’V(R)sC> 0, then sc’O’M(R): < 0. This result, combined with (A1), shows that the
matrix O’MO is negative definite. The proof now proceeds as in Case 2(b).

Case 3(b). tr > 0. In this case, we have

x’(M trV)x < O

for all nonzero x such that Wx =0. Using Finsler’s Theorem as in Case 1, it now
follows that there exists a constant A > 0 such that M o-V- A W’W< 0. This completes
the proof of the lemma. [-I
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ON THE STABILIZATION OF UNCERTAIN LINEAR SYSTEMS
VIA BOUND INVARIANT LYAPUNOV FUNCTIONS*

KEMIN ZHOU" AND PRAMOD P. KHARGONEKAR:

Abstract. This paper considers the problem of stabilizing a class of systems with an arbitrarily large
uncertainty bounding set. In particular, the stabilization of linear uncertain systems via a bound-invariant
Lyapunov function is examined. Necessary and sufficient conditions for the existence of a bound invariant
Lyapunov function are derived for systems with block structured uncertainty and a class of systems with
scalar linear uncertainty.

Key words, quadratic stabilizability, bound invariant Lyapunov function, block structured uncertainty,
linear uncertainty, constrained Lyapunov problem, robust control, Lyapunov stability, feedback stabilization,
state-feedback
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1. Introduction. In this paper, we are concerned with the problem of robust
stabilization of uncertain systems described by differential equations which contain
time-varying uncertain parameters. One popular approach to this problem today is the
so-called "quadratic stabilization" approach. It involves constructing a suitable quad-
ratic Lyapunov function for the closed-loop system. In Barmish [2], necessary and
sufficient conditions for quadratic stabilizability are given. However, these conditions
are rather difficult to check in general. Some sufficient conditions which are easy to
check are given by various authors, see, for example, Hollot and Barmish [6], Leitmann
[7], [8], Noldus [10], Petersen [11], Petersen and Hollot [14], Thorp and Barmish
[15], Willems and Willems [16], and Zhou and Khargonekar [17]. Necessary and
sufficient conditions are obtained for systems with unstructured uncertainties by
Petersen [12], [13] and Zhou and Khargonekar [18].

In a recent paper of Hollot [5], an interesting concept called a bound-invariant
Lyapunov function (BILF) is introduced to study the class of stabilizable uncertain
systems (see also Meilakhs [9]). Roughly, a system is said to be stabilizable via a BILF
if the system is stabilizable via a quadratic Lyapunov function which is independent
of the uncertainty bounding set. Indeed, systems satisfying the so-called "matching
condition" (in, e.g., Petersen [11]) admit BILFs. Necessary and sufficient conditions
are given for the stabilizability via BILF (see 2 for more details) for systems with
rank one linear uncertainties and these conditions are very easy to check. It is our
desire to generalize this technique to more general classes of uncertain systems. We
first derive necessary and sufficient conditions for the existence of BILFs for the class
of systems with block structured uncertainties. We indicate that the problem can be
reduced to a constrained Lyapunov problem (CLP) introduced by Galimidi and
Barmish [3]. Thus, our results yield constructive techniques for obtaining stabilizing
controllers. Moreover, we give a procedure to deal with systems with scalar linear
uncertainties. Necessary and sufficient conditions are also obtained for stabilizability
via BILFs for a subclass of systems with scalar linear uncertainties.
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2. Dynamical system, assumptions, and definitions. Consider the uncertain dynami-
cal system described by the differential equation

(2.1) dx_ [A + AA(q( t))]x + Bu, > 0
dt

where x(t) " is the state, u(t)" is the control, and q(t) is the model uncertainty
which is restricted to the prescribed bounding set Q in . The following standard
assumptions are understood:

(A1) The matrix AA is a continuous matrix function of q.

(A2) The uncertainty q(. ):[0, )--> Q is Lebesgue measurable.

(A3) The bounding set Q is a compact set in .
(A4) The nominal system (A, B) is stabilizable.

(A5) rn < n and B has full column rank.

We will consider the stabilization of such systems by state feedback using Lyapunov
stability theory. In particular, we consider the case where the Lyapunov function is a
quadratic Lyapunov function. This leads to the notion of quadratic stabilizability (see
Barmish [2]).

DEFINITION 2.2. System (2.1) is said to be quadratically stabilizable (via linear
control) if there exists an rn x n real constant matrix K, an n x n positive definite
symmetric matrix P, and a constant a > 0 such that, for any admissible uncertainties
q(t), the closed-loop system with state feedback u(t)= Kx(t) and Lyapunov function
V(x) x’Px has the following property:

dV
(2.3) L(x, t):=-=xT[(A+AA(q(t)))rP+P(A+AA(q(t)))]x+ZxrPBKx<-a[[xl[ 2

for all x E" and -> 0.
As is well known, if the inequality above holds, it is standard that the closed-loop

system is uniformly asymptotically stable at the equilibrium point x- 0, for any given
admissible uncertainties q(t).

DEFINITION 2.4. Let (R) be any n x (n m) left unitary matrix whose columns form
a set of basis vectors for the linear space

(B’):={x6": Bx 0}.

Thus, B(R)=0 and @(R)= L
The following result is from Barmish [2].
LEMMA 2.5. The system (2.1) is quadratically stabilizable if and only if there exists

a positive definite symmetric matrix S (S := P-) such that

(2.6) (R)[(A+AA(q))S+S(A+AA(q))r]O<O

for all q Q. Furthermore, ifthe inequality above holds, then V(x) x’S-x is a quadratic
Lyapunov function for the closed-loop system and the control law can be taken as

K := -TBTS-1

where y > 0 is some sufficiently large scalar.
Most of the previous research is concerned with the construction of a positive

definite symmetric matrix S > 0 such that (2.6) holds for a given uncertainty bounding
set Q. However, for those systems with uncertainties satisfying the so-called "matching



STABILIZATION OF: UNCERTAIN LINEAR SYSTEMS 1267

condition," we can construct a positive definite symmetric matrix S independent of
the size of the bounding set Q. To see that, suppose AA(q)= BM(q) for some
continuous matrix function M(q); then (R)rAA(q)=(R)rBM(q)=0 and (2.6) is reduced
to 19(AS + SA)19 < 0, which is independent of the bounding set Q. Hence S can be
chosen independent of the uncertainty bounding set. A particular choice of S can be
easily obtained using standard linear system theory. This has motivated us to ask what
class of systems admits a quadratic Lyapunov function which is independent of the
uncertainty bounding set. We now introduce a notion which is central to this paper.

DEFINITION 2.7. System (2.1) is said to be stabilizable via a (quadratic) bound-
invariant Lyapunov function (BILF) if there exists a positive definite symmetric matrix
P such that the following holds: Given any (arbitrarily large) bounding set, there exists
a state feedback law u(t)= Kx(t) such that

xr[(A + AA(q)+ BK) rP + P(A + AA(q)+ BK)]x < 0

for all nonzero x II and all q e .
Remark 2.8. From the definition of BILF, it is clear that, for the given system

uncertainty structure, (2.1) is quadratically stabilizable via a BILF if and only if there
exists a positive definite symmetric matrix S which is independent of the uncertainty
bounding set such that (2.6) holds. This observation will be used in the following
sections to characterize the uncertain systems which admit BILFs.

Remark 2.9. We would like to remind the readers that although there is a fairly
large class of systems with only state matrix uncertainties which admit BILFs, their
corresponding stabilizing feedback gains typically depend on the bounding set (i.e.,
the scalar ,/ in Lemma 2.5 depends on the bounding set). (See Hollot [4], [5] for
examples.) With this in mind, we should note that if we use the technique in Barmish
1 we may run into some difficulties in this context. Recall that Theorem 3.1 in Barmish

[1] states that a system with uncertain input matrix (and possibly with state matrix
uncertainties as well) is quadratically stabilizable via linear control if and only if a
so-called "augmented system" is quadratically stabilizable. This new augmented system
is of higher dimension; however, its input matrix is constant independent of uncertain-
ties. Now we might consider applying the BILF technique in this paper and in Hollot
[5] to this new system. If this new system admits a BILF, then it follows that the
original system with input matrix uncertainties (and possibly with state matrix uncer-
tainties) can be stabilized by a constant state feedback independent of the uncertainty
bounding set! Clearly, this would be possible only for a limited class of uncertainties.
Thus, we can conclude that in a large number of cases, the augmented system will not
be stabilizable via BILF. However, it is possible that the original system with input
(and state) matrix uncertainties is not only quadratically stabilizable but also is
quadratically stabilizable via BILF.

3. Bound invariant Lyapunov function for block structured uncertainties. In this
section, we consider BILF for block structured uncertain systems, i.e., the uncertainty
AA can be described as

p

(3.1) AA= 2 D,Fi(t)Ef
i=1

where Di [nxli and Ei [nxki are constant known matrices, and Fi( t) N,ki are any
norm-bounded time-varying Lebesgue measurable matrix functions.

The problem of finding BILF for system (2.1) with uncertainty structure (3.1) can
be stated as follows: find a positive definite symmetric matrix S such that (2.6) holds
for any norm-bounded Fi (t).
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Remark 3.2. The uncertainty structure (3.1) obviously includes rank 1 uncertainties
(k l 1) as a special case; hence the result presented here can be thought of as a
generalization of Hollot’s result for rank one uncertainties [5].

Before we present our result, let us first note the following simple fact.
LEMMA 3.3. Let x Rn, y if

xyr + yxr O and x0;

then y O.
We will not present the proof of this fact here, since it is very easy. This fact will

play a key role in the proof of the results in this section and in the next section.
LEMMA 3.4. Consider system (2.1) satisfying assumptions (A1)-(A5) with the block

structured uncertainty described in (3.1). Then the system is stabilizable via a BILF if
and only if there exists a positive definite symmetric matrix S such that

(i) IBr(AS+SAr)O<O;
(ii) OrD,=0, or ESO=O, i= 1,2," .,p.
Proof (Sufficiency.) Suppose there exists a positive definite symmetric matrix S

such that (i) and (ii) hold for i= 1, 2,..., p. Then it is clear that

0 A+ D,F,(t)E S+S A+ E D,F,(t)E O=Or(AS+SAr)O<0
i=1 i=1

where F(t) are arbitrarily bounded matrix functions. Hence using Lemma 2.5 we
conclude that the syste is stabilizable via a BILF.

(Necessity.) Now suppose system (2.1) with (3.1) is stabilizable via a BILF. It
follows from Lemma 2.5 and the definition of BILF that there exists a positive definite
symmetric matrix S such that the following holds:

(3.5 + ( s+s a+ D,,(I <0
i=1 i=1

for any arbitrarily bounded matrix functions (t). Let (t)= 0, i= 1, 2,..., p; then
(3.5) reduces to (i). Now we only need to show that (ii) must also be true. Suppose
OrD 0 for some i; we need to show SO 0. To do that, let us choose a special
class of uncertainties. Let F(t) r(t)uv be such that u e N, v e N, and rDu O,
and let r(t) be any arbitrarily bounded measurable scalar function. Then an argument
such as that in Hollot [5, p. 165] shows that

This implies rSNv 0 from Lemma 3.3. Since v is arbitrary, we get OrS 0. This
proves the necessity.

Condition (ii) can be written in a more compact form. To do that, let Zo denote
the index set

o= {i: OrD e 0}.

DEFINITION 3.6. Let be any n x k matrix whose columns form a set of basis
vectors for the linear space

o span {columns of N, e o}, k dim No.

Now condition (ii) can be written as

(ii)’ ESO O.



STABILIZATION OF UNCERTAIN LINEAR SYSTEMS 1269

Hence system (2.1) with uncertainties (3.1) is stabilizable via a BILF if and only if
there exists a positive definite symmetric matrix S such that (i) and (ii)’ hold. The
necessary and sufficient conditions for the existence of such a matrix are first given
by Hollot in his thesis [4] and a recent paper [5], but in a slightly ditterent formulation.

We would like to point out here that the existence of a solution S> 0 to (i) and
(ii) is equivalent to the existence of a solution to the so-called Constrained Lyapunov
Problem (CLP) formulated by Galimidi and Barmish [3]. This can be seen by noticing
that the columns of 19 form a set of basis vectors of(Br). Hence (ii)’ can be rewritten
as.

(ii)" ETs---BT

for some matrix f ".
The issue of the existence of an S > 0 and such that (i) and (ii)" hold is exactly

the CLP.
Remark 3.7. It is easy to see from condition (ii)" that it is necessary to have

rank (E)=<rank (B) (i.e., k=< m) for the stabilizability of the system via BILF. It is
also easy to see that the existence of a BILF does not depend on the choice of the
matrix E.

Now we can state one of the main results of this paper.
THEOREM 3.8. Consider system (2.1) with the block structured uncertainties described

in (3.1). Let E be an n x k matrix given by the Definition 3.6 and if m > k then let be
any m x m k) orthonormal matrix satisfying

E TBalt 0, I TI)" I
and define

A, := OTAO-OTABBTE(ETBBTE)-ETO, B, := OTAB.
Then the system is stabilizable via a BILF ifand only ifE TB is right-invertible and either

of the following is true"
(a) k m and A, is a stability matrix;
(b) k < m and the pair (A,, B,) is stabilizable.
Proof. Using Lemma 3.4 we can obtain conditions (i) and (ii) (or (i) and (ii)’);

then the result follows from the result of Hollot [4], [5] or Galimidi and
Barmish [3].

If the system is stabilizable via a BILF, then the following algorithm can be used
to construct a positive definite symmetric matrix S satisfying conditions (i) and (ii) in
Lemma 3.4.

ALGORITHM FOR COMPUTING S.
(1) Choose K, such that

A, + B,K,
is asymptotically stable. (Take K, 0 if A, is stable.)

(2) Choose any positive definite symmetric matrix F such that,F+ FT < o.
(3) Define G as

G := [K,- BTE(ETBBTE)-’ETO]F.
(4) Choose any positive definite symmetric matrix H such that

E:=[ FG GT]H
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is positive definite. For example, H 81 such that

t > ’max(GTG)/’min(F).

(5) A solution of S is now given by

S= [O B]E BT
4. Systems with scalar linear uncertainties. We consider system (2.1) with scalar

linear uncertainties in this section. We show that some conditions similar to the ones
in the previous section give the necessary and sufficient conditions for quadratic
stabilizability via BILF for a class of high-rank scalar linear uncertainties.

To be specific, let us assume that the system uncertainty AA is described as follows:

p

(4.1) AA qi(t)Ai,
i:l

where A; are constant matrices (not necessarily rank one), and q;(t) are in a compact
set.

Define the following index sets:

Z {i: rank (OrA,) 1}, 7/2= {i: rank (OrA,) > 1}.

Clearly, rank (OrAl)= 1 does not mean rank (A)= 1, for example,

Let dg and e be any vectors such that

0TA die f
Let D; and E be any matrices such that

rank Di rank Ei rank (O rAi

for i67/.

and OrA DiE r for 7/2.

The following two linear vector spaces are subspaces of

span { ei, 7/ }, H2 span {columns of E;, e g2}.

Remark 4.2. The decomposition of OrA; as d;ef or DE f is not unique. However,
it is clear that the linear spaces H and H2 do not depend on the specific decompositions.

Let H denote the linear space spanned by H1 and 2, i.e., 1 is the smallest linear
vector space containing H and H2. Note that a set of basis of H can be chosen from
the vectors e, i7/1, and the columns of E, i Z2.

DEFINITION 4.3. Let E be any n x k matrix whose columns form a set of basis
vectors for the linear space and k =dim (H).

LEMMA 4.4. System (2.1) with scalar linear uncertainties (4.1) is stabilizable via a
BILF if there exists a positive definite symmetric matrix S such that

(i) (R) r(AS + SA)0 < 0;
(ii) ErS(R)=O.

Furthermore if HI (i.e.,
_
2), then (i) and (ii) are also necessary for the system

to be stabilizable via BILF.
Remark 4.5. The second part of this lemma can also be stated as follows: if all

the columns of E can be chosen from e, i7/1, then (i) and (ii) are necessary and
sufficient for the system to be stabilizable via a BILF.
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Proof of Lemma 4.4. Recall (see Hollot [4], [5]) that system (2.1) with scalar
linear uncertainties (4.1) is stabilizable via a BILF if and only if there exists a positive
definite symmetric matrix S such that

OT(AS+SAT)O<O and OT(AS+SA.T, )o=O, i=l,2,...,p.

(Sufficiency.) We consider three different cases:
(a) i7/(_J7: from the definitions of T/ and 7, we know O’A =0.
(b) i7/: from the definition of E, there exists a such that e= E:. Hence

0T(AiS -+- SA)O d,eTiSO + 0 TSe,d d,E TSO + 0TSEid T O.

(C) ;Ee: similar to (b), there exists aHng(; such that E= EIIi. Hence

OT(A,S + SAT)o D,ESO+ OTSE,Dr D,IIESO+ OSEII,D O.

Cases (a), (b), and (c) together show that OT(AS+SAT)o =0 for all i= 1, 2,...,p.
This proves the sufficiency.

Now assume H; we show that (i) and (ii) are also necessary. Since OT(AS +
SATi)o 0 for all i= 1, 2,...,p, it follows that

OT(A,S+SAf)O=O, i.,
or

defSO + 0TSe,d T 0, 7/.

Since d # 0, 2, using Lemma 3.3 we conclude that

efSO =0, iZ.

Clearly E TSO=0, because the columns of E are a set of basis vectors of
,(=).

Now we summarize our results in the following theorem. (The proof is exactly
the same as for Theorem 3.8.)

THEOREM 4.6. Consider system (2.1) with the scalar linear uncertainties described
in (4.1). Then the system is stabilizable via a BILF if (and only if, in ease H =, i.e.,

_H2), E 7B is right invertible, and either of the following is true:
(a) k m and A, is a stability matrix;
(b) k < m and the pair (A,, B,) is stabilizable,

where A, and B, are defined exactly as in Theorem 3.8.
Example 4.7. Consider system (2.1) with uncertainty (4.1); here

0 1 0 0 0 0 0 0 1 1 0 0

Al__
0 0 0 0

A2--
0 0 0 1

A3
0 0 0 1

B=
0 0

1 0 0 0 0 0 0 0 1 0 1
0 1 0 0 1 1 0 0 0

Then

1 0

OrAl=
0 0 0

OTA3__[0 1 1]0 0 0
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rank (OTA,) rank (OA2) 1, and rank (OTA3) 2,

0 0 0 0

IH]l=span i ! -[Hl2=span !
0 0

E= O’ ETB=
0

1

Since 11 _]2, the conditions given in Theorem 4.6 are necessary and sufficient for
such a system to be stabilizable via a BILF.

For illustration, let us take

then we can compute

0 1 0 0

1 0 1 0

0 0 1 2

0 0 0 3

I JA,=
0

-1 -1

which is stable. Since m k 2, we claim that the system is stabilizable via a BILF.
To obtain a positive definite symmetric matrix S satisfying Lemma 4.4, we use

the algorithm in 3. Since A, is stable, we can let K, 0. Hence A A,. An F can
be obtained by solving ,F+ F,r= -L Hence

2 and GF-
_1/2

Now choose 6 2> Amax(G’G)/Amin(F) 1.82 and H 6L Then

:=[G
A solution of S can now be obtained: - 0

-1 2 0

0 0 2
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SMOOTH OPTIMIZATION METHODS FOR MINIMAX PROBLEMS*

R. A. POLYAKt

Abstract. The classical discrete minimax problem is considered. It is transformed into an equivalent
problem by a monotone transformation of the initial functions. It was found that the classical Lagrangian
of the equivalent problem has a number of important properties both in primal and dual spaces in convex
as well as in nonconvex cases.

In particular, the classical Lagrangian of the equivalent problem, being as smooth as the initial functions,
has the main advantages of augmented Lagrangians. This makes it possible to construct a multiplier method
for the minimax problem and a general method for the simultaneous solution of the primal and the dual
problems.

These methods are based on the theory of methods of smooth optimization and preserve the main
advantages of the latter for nonsmooth minimax problems.

Key words, minimax problem, monotone transformation, multiplier method, smooth optimization, dual
problems

AMS(MOS) subject classification. 90C20

1. Introduction. A growing interest in problems of nonsmooth optimization and,
in particular, in minimax problems is due to the special role these problems have in
modern optimization theory (see, for example, 1-11], [24], [25]). Of the large number
of papers that have appeared recently on this subject (see [10], [15], [16], [25], [26],
[35]) the research summarized in [35] plays an important role. In it methods of
generalized gradient and their variants are studied and developed. However, the rate
of convergence of these methods is not high. Even in the case of ellipsoid methods
([18], [23], [35]) that have polynomial complexity applied to linear minimax problems
(see [10] for a proof), the rate of convergence is estimated (see [35]) by the ratio
qn 1-(2n:) -1 (n is the space dimension), i.e., qn- as n . In these methods the
properties of convexity and smoothness of functions that appear in the minimax
problem cannot essentially be used for acceleration of convergencesince the gradient
of F(x) max {f(x)]i 1, m} is not smooth, not to mention the absence of higher-order
smoothness even when f(x), i- 1, m are sufficiently smooth.

Therefore our goal is to construct methods for solving minimax problems that
will preserve the convergence rate of smooth optimization methods (assuming some
properties of smoothness and convexity off(x), 1, m) without substantially increas-
ing the number of computations needed at each step.

This is achieved by application of a monotone transformation to initial functions
and subsequent use of the classical Lagrangian of the equivalent problem.

In this paper it is established that the classical Lagrangian of the equivalent
problem shares all the advantages of augmented Lagrangians (see [7], 19], [29], [34])
in both convex and nonconvex cases. Moreover, it has the same order of smoothness
as f(x).

It allows us to use all means of smooth optimization techniques for the solution
of minimax problems, including methods of Newtonian and quasi-Newtonian type.

* Received by the editors August 7, 1985; accepted for publication (in revised form) December 22, 1987.
? c/o Dr. Claude Lemarechal, Institut Nationale de Recherche en Informatique et Automatique,

Domaine de Voluceau, Rocquencourt, Le Chesnay, France.
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In addition, smoothness properties of the Lagrangian on the initial space give a
deeper insight into convexity and smoothness properties of the dual function that can
be used for construction of a method for simultaneous solution of the primal and the
dual problem. The rate of convergence of the dual problem is defined by the product
of the primal and dual spaces.

The main results of the paper were obtained in 1980 and 1981 and announced in
[30] and [31]. In 1983 we learned from [3] about the possibility of developing the
multiplier method for the minimax problem using the function

Q.(g(x), p,)= c-’ log (Y/xi exp (cgi(x))).

However, our main results are not presented in [3], or in the subsequent papers [4]-[6].
It seems impossible to obtain these results by a direct reformulation ofthe minimax

problem as a constrained optimization problem, and still preserve,the initial condition.
Besides, the corresponding class of augmented Lagrangians P, as was mentioned

in ([3, p. 309]), had been in,sufficiently investigated.
The class of functions P was first carefully studied in convex as well as nonconvex

cases in [33]. In particular, using a monotone transformation and ordinary Lagrangian
for the equivalent problem it was possible to essentially improve the barrier and the
center methods.

Some other approaches to solving discrete minimax problems based on the replace-
ment of F(x) by sequences of smooth functions are considered in [2], [8], [16], [32].

2. Monotone transformation of the minimax problem. In this section we introduce
a ,monotone transformation of f(x), i--1, rn and study properties of the classical
Lagrangian of the equivalent problem.

We suppose thatf(x) C, i= 1, m" R - R and consider the following problem"

(1) x* Argmin {F(x)]x R"}.

The existence of x* is guaranteed by, for example, the following condition"

(2) There exists c > 0 such that f {x" F(x)_-< e} is compact.

Let (t)" R- R be a strictly convex and increasing function. Then functions
f(x, k) k-.(kf(x)), where k > 0 define a minimax problem equivalent to the original
one, i.e.,

x*Argmin{maxfi(x’k)lxRn}"
For k>0, consider on RxS,,, S,,={u’ui=l, ui---0, i=l,m} the ordinary
Lagrangian function

A(x, u, k)= k-’ u,(kf(x)).
i=1

It appears that A(x, u, k) has a number of advantages over the Lagrangian L(x, u)== uigi(x) of the initial problem. For definiteness we shall take q(t)=exp t, so that

A(x, u, k)= k-’ ui exp (kf(x)).
i-=1

We observe that M(x, k)=i= exp (kf(x)) was already considered by Motzkin in
1952 [22].
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The results that follow will show that the relation between A(x, u, k) and M(x, k)
is the same as between augmented Lagrangians and penalty functions, despite the fact
that A(x, u, k) is an ordinary Lagrangian for an equivalent problem.

In what follows we suppose that there exists a Kuhn-Tucker point z* (x*, u*):

(3)
L’(z*) Y u*i f[(x*) O,

E u*,= , u*,>-o.
i-----1

u*i (F(x*) f(x*)) =0,

Let f(x) (f(x),.. ,f,,(x)), I* ={i" F* F(x*)=f(x*)} ={1,..., r}, f(x)
(f(x),... ,fr(x)) be a vector of active functions, let f’(x)= J(f(x)) be its Jacobi
matrix and let f’(x)=J(f(x)). Set e=(1,. , 1)e R", ’=(1, , 1)e R r. Sometimes
we shall use the condition

(4) Rank (f’(X*),--.T) r, u* > O, i=, r,

which together with the condition

(5) (Lx(z*)y, y) _-> A Ilyl[ 2, A >0 Vy: f’(x*)y =0

is a second-order sufficient condition in the minimax problems.
Set S(x*, e)= {x: IIx-x*ll <- ), S(u*, ) {u s. Ilu- u*ll--< ), and S(z*, e)=

S(x*, e)x S(u*, e). Sometimes we shall also use the condition

(6) Ilf[’(x)-f[’(y)ll <- Lllx- yl[ V(x, y)e S(x*, e) x S(x*, e).

We shall use the following version of the well-known theorem of Debreu [1].
PROPOSITION 1. Let A AT" R R ’, B" R R r,

U diag ui" R -’> R , u (u, , u) > O.
(7)

Bx O:=>(Ax, x) >-_ Ilxl, A > o.
Then for any y < A there exists a ko > 0 such that for k >= ko
(8) ((a / kn n)x, x) >- llxll Vx R.

The proof is similar to that of Debreu’s Theorem.
The following theorem describes the properties of A(x, u, k).
THEOREM 1. Assume that conditions (3)-(5) are satisfied and f C2. Then there

exist e > O, ko > O, and a convex neighborhood V( ko, e) of x* (dependent on ko and e)
such that for k >- ko and for all u S(u*, e) the following hold:

(1) There exists =- xk u int V( ko, e) such that

A’(,u,k)=O.

(2) A(’, u, k) is strongly convex in V(ko, e) so that

argmin A(x, u, k).
V(ko,e)

(3) For and =- k(U) (tl ,’" ", t.)" ti- Ui exp (kf(:)) ( Ui exp (kf()))-,
i= 1, m the following estimates hold"

(9) II-x*ll<-ck-’llu-u*ll, Ila-u*ll<-ck-’llu-u*ll,
where c is independent of k.

(4) If f(x), i= 1, m are convex there exists : argmin {A(x, u, k)[x R n} and
(2)-(3) are true for and .
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Proof For (x, u) S(z*, e) and R we consider the functions

u exp (" Il-’f(x))(2 u.i exp (1 I-’(x)))-’, 0,,(x, u, )=
0, =0.

If e > 0 is small, enough, then the definition is correct, because Y uj exp (Jx[-’f./(x))> 0.
The functions Ui(x, u, x)= Oi(" ), i> raresmoothonS(z*, e) x R and UI,,, (x, u, 0)=
0, > r. In fact, there is a o- > 0: F* -f(x*) > tr, > r, u*i >= tr, <= r. Choose an e > 0
such that If(x)-f(x*)] =< 6, [ui- u*] =< 6, for all (x, u) S(z*, e), 6 < cr(2m) -t. Then
for x 0 we have

E Ui exp

uj exp(lul-’fx(x))+ 2 uj exp
j=l j=r+l

>-(-)r exp (ll-’(F*-))-(m- r) exp

-> 2-’(o’- 6)r exp (I,,l-’(F*- )).
For i> r we have

0< exp (l,l-’f/(x))(Y uj exp (ll-’(x)))-’
_<- exp (Ixl-’( F* tr + 6))[2-’(o-
2(o’-6)-’r-’ exp (-Ixl-’(tr- 2)).

Therefore there exists c > 0 independent of x and such that O(x, u, x) -< c exp (-cll-’),
x 0, so (. is continuous in S(z*, e) (-e, e), i> r. Further,

t)l,<(. )= I-I-’ t),(. )(f[(x)-Y (. )f;(x)),
]iui(" (1 i(" )) exp (I-I-’f,(x))(E u; exp (I-I-’(x)))-’,
01,,(. )= -t)i(. exp (11-’(x))(2 ,+ exp (ll-’(x)))-’, j /,

t?s:,( .)= -(11)-’ )ri(" )(f/(x)--2 j( )fj(x)).

Therefore, takinginto account the estimate for Oi(" ), we obtain for the full derivative
Ui,<, (Uix()"; Ui,(’); Ui(’A’ )) that there is a c> 0 independent., of x such that
01(’)11 --< clx1-2 exp (-clxl). Therefore /;(x, u, 0) exists and U;(x, u, 0)= 0, so

Ul(x, u, x) is continuous. Set p(x, u, x)= Ys=,+, (. )fj(x); then p(x, u, ) is smooth
on S(z*, e) R and p(x, u, 0) =0, p’(x, u, 0) =0. Let l* (u*, ., u*), and S(li*, e)
{u (u,, , u,): Ilu- a*ll-<- }. On S(x*, e) x S(a*, e) x (-e, e) x S(u*, e) x (-e, e)
we consider the map (x, tT, t, u, x)" R"+’+"+2 R"+’+ defined by (x, tT, t, u, )
(E,=,a x)+p(x, u,g)’, f(x)-F*+t-x ln auT
Yi=r+ .(x, u, x)- 1). Since f(x*)= F* i=, r, E u* Yi=, u* f[(x*)=0,
p(x*, u*, 0,)= 0, Yi__+;(x*, u*, 0)= 0 we have (x*, *, 0, u*, 0)= 0. Then setting
y’(x*) =f,/() we get

2a, I"a,(x*, tT*, 0, u*, 0)= f’ 0

0

The matrix ,<a, is nonsingular. Indeed, set w (y, v, z), y R", v R, r 6 R. Then
xa, W 0 implies Ly+f’rv O, f’y+r O, (, v) O. Taking the inner product of

the second equality with 17" and taking into account the Kuhn-Tucker relations, we
obtain (i=, u*f[(x*), y)+ z=0, so z=0. It implies f’y=O. Taking the inner product
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at the first equality and y we obtain (L’xy, y)+(f’y, v) =0, so y =0 by (5) and f’rv =0,
(v, ’) =0. The last equalities together with (4) give v =0. Since ’a,w =0 implies w =0
the matrix a, is nonsingular in a neighborhood of (x*, fi*, 0, u*, 0) Since f(x) C2,
the implicit function theorem (see [20]) sugg.ests that in this neighborhood there exists
a unique smooth vector function (x(u, ), U(u, u), t(u, ))"

(I,(x(u,
such that

2i=, .i(x( u, ), u, x)f;(x(u, ))=0,
(x(u, ), u, )= u exp ([g[-f(x, u, ))(2 uj exp ([n[-%(x(u, ))))-, i= 1, m.

For 0 equality (P(.) 0 is equivalent to A’(x, u, k) 0, k -. Differentiating
the map (P(.) with respect to u, we obtain (P’,(.) x w(. )+’u(" =0, where w(.
(x,(u; ), u,(u; ), t,(u; )), i.e., w( -P’-x, (")q’, (.). Since x, is a nonsingular
matrix and f(x) C2, there are e > 0 and c > 0, c > 0 that ar independent of and
such that the matrix cPt( is nonsingular in S(u* e) (-e, e) and ’-
]]cp’,(. )]] c2x,. Therefore there exists c > 0 not dependent on and such that ]]w(.
cn. Since P(x*, *, O, u*, ) =0 for all n(]n] < e) we have x(u*, ) x*, (u*, ) u*,
SO

IIx( ,  )-x*ll  *11,
Setting k=z-l>0; =--Xk(U)X(U,Z); and =--k(U)=((U,X),i(X,U,g), i=
r/ 1, m), we obtain the estimates (9).

Finally, the strong convexity of A(x, u, k) in x in the neighborhood of
follows from f(x) C2 and the relation

A(x", u, k)= u exp (kf(.))f[’() + k . u exp kf())f’ir()f[()
(2 Ui exp (kf())(LJx(.)+ k Y af[r()f[()))

if we take into account Proposition and estimate (9) for k > 0 sufficiently large. Due
to strong convexity A(x, u, k) in x, the necessary condition A’x(:, u, k)= 0 is sufficient
for to be a minimizer. Observe that we have not assumed that f(x) are convex. If
so, the condition A’(, u, k) 0, u => 0, k > 0, together with the positive definiteness of
matrix A,(, u, k), gives (4), and the proof of Theorem 1 is complete.

The local results (1)-(3) of Theorem are valid under weaker conditions than
(4)-(5) despite the fact that these are the standard second-order sufficient condition
for the minimax problem. Consider an example.

Put I*={1,2,3,4}; f(x,x2)=f(’)=(Xl--1)2/X2; f2(’)= (X/ 1)2/X22; f3(’)
x+(x2-1)2; f4(" )= x+(xz+ 1)2. In this case condition (4) is not satisfied and the set
Y: f’(x*)y 0 consists of a single point y 0, which makes (5) meaningless. However,
(1)-(3) of Theorem 1 remain true if we take I ={1,2} or I.= {3, 4} as I*.

In the first case, conditions similar to (4), (5) are satisfied for z* =(x*; u*)=
(0;0;1/2;1/2;0;0), and in the second case they are satisfied for z*=(x*; u*)=
(0; 0; 0; 0;

Moreover, the results of Theorem 1 remain true if we replace the convex functions
f(.) and f2(’) by the nonconvex functions jT(.)=_(x,_l)2+x; jTz(.)=
-(x + 1)2+x22. This shows that (1)-(3) of Theorem hold not only without convexity
of f(x), i= 1, r, but with conditions similar to (4)-(5) satisfied for any minimal set
II*.

The set I I* is called minimal if

min {11Yii uif[(x*)" il Ui-- l’ uiO’ iG I} =[[ il u* f[(x*) =0
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and

Y, ui=l, ui>-O,iI\j)>O
il\j

for all j 6 L
It is easy to show that there is a one-to-one correspondence between minimal sets

and vertices of the Kuhn-Yucker polyhedron Q(x*) ={u St: Yi= uf[(x*) =0}.
Moreover, for any minimal set/, the vectors (f[(x*),-1) are linearly independent and
u*>0, i L Thus, condition (4) is always satisfied for the minimal set. Therefore
(1)-(3) of Theorem 1 remain true if, instead of (4), (5), we assume that

(5’) (L2(z*)y,y)>-,Xllyll 2, A>0 Vy:f[(x*)y=O, i6I,

where u* are vertices of the Kuhn-Tucker polyhdron, which correspond to L

3. Multiplier method. Theorem 1 allows us to realize the method of multipliers"

xs+= argmin exp (-kF(xS))A(x, u s, k),

(10)
us+l= (u/s+= u/s exp (kf(xs+))( u exp (kfj(xS+))-, i= 1, m).

Under the conditions of Theorem we obtain the estimate

(11) IIxs x*[I-< ck-s, lu s u*l{ <- ck-s

with c > 0 independent of k.
In order to realize the method (10), if f(x) are convex it is enough to know

u S(u*, e); iff(x) are nonconvex we must know z S(z*, e).
The next lemmas allow us to obtain z S(z*, e). The second difficulty, which we

must overcome in order to realize (10), is to change the infinite procedure of smooth
optimization to find xs to a finite one and preserve the estimates above.

Let /x->0, U(x, u, k) (u,(x, u, k) u exp (kf(x)) (Y Ui exp (kf(x)))-,
PROPOSITION 2. If the conditions of Theorem 1 are satisfied, there exist k0> 0 and

c > 0 independent of k such that for all k >- ko and

Ilexp (-kF(x))A’(Y, u, k) -< /xk-’ U(), u, k)- ull, a- g(, u, k)

the following estimate holds:

I1-x*ll--< c(a / )k-1 u

The proof is as in Theorem 5 of [29].
Proposition 2 allows us, in principle, to overcome the second difficulty. Indeed,

if k > 0 is large enough and f(x) C then it is sufficient, beginning from some step
So, to make only one step of the Newton or quasi-Newton method of smooth optimiz-
ation (see [27], [28]) to obtain s= (ysgts) which satisfies (11). The next lemmas allow
us to obtain z S(z*, e).

4. Lemmas. Let f(x) C, X*: {x: F(x)= F’I, d(x,x*)=min {IIx-YlIlY
If (2) is satisfied then F*>-oe. Set N(x, k)=(M(x, k)) /k; F*k

In infxR" N(x, k); Xk* {xlln N(x, k)- F*}.
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(12)

(13)

(14)

LEMMA 1. If (2) is satisfied then

F* _-< Fk* ----< k-1 In m + F*,

X*k, if k>(C-F*)-lnm,

lim lim {d(x, X*)lx Xk*} 0.
k->o

Proof. We have

(15) exp(F(x))<=N(x,k)<-_m /k exp (F(x))

Let x* X*. Then

exp (F*k)=xinfR, N(X, k)<-_N(x*, k)<- m /k exp (F(x*))=exp (k- In re+F*).

The latter implies Fk* ----< k- In m + F*. For e > 0 and x {x" N(x, k) <- infx N(x, k) + e}
we have exp (F*)-< exp (F(x))<= N(x, k)-< infx N(x, k)+ e _-<exp (Fk*) + e. Since e >0
is arbitrary, F*-< Fk*. Therefore (12) is proved.

Set

k {X: F(x) <- k- In tn + F*},

lk {X: N(x, k) <= m’/ exp (F*)}.

The following inclusions hold: X* l)k Ilk 1). Indeed, consider x* X*. Then
N(x*, k) <- m /k exp (F*), i.e., x* e Ilk. If x e lk then exp (F(x)) <- N(x, k) <=
m/g exp(F*). So F(x)<=k-lnm+F*, i.e., xelIk. Finally, k>(C-F*)-lnm
implies that F(x) <= k- In rn + F* _-< C for x l"k. So fk 1"1 in view of (2).

Let d(k)= max {d(x,X*)[xelIk}. It is obvious that d(k)O as koe. Therefore
flk X* in the Hausdortt metric. The inclusion X*
and is bounded. Therefore the continuity of N(x, k) implies (13). Also Xk* l)k implies
Xk* C lIk. Therefore, taking into account that d(k)O, we obtain (14).

COROLLARY. Let

x(k) argmin {m(x, k)lx R"},

u(k)=(u(k)=exp (kf(x(k))(Y exp (kf(x(k)))-1, i= 1, m), z(k)=(x(k), u(k)).

IfX* x* and condition (4) holds, i.e., z* (x*, u*) is unique, then limk_. z(k) z*.
Since M’x(x(k),k)=exp(kf(x(k)))f[(x(k))=O, we have .u(k)f[(x(k))=O,
{x(k)} f, {u(k)} c S,,. Therefore, for all {z(k)}" limk,_,o z(k) , we have ftf[(Y)
O, (ti(F(:)-f(:))=O; i.e., if=z*. Taking into account that z* is unique we get
limk_oo z(k) z*.

Remark. Lemma 1 and some facts stated in [32] allow us to attach global character
to the local results of Theorem 1 if we can obtain x(k) for sufficiently large k > 0.

The estimate of distance between x(k)e X*k and x* is related to uniqueness
conditions for z*= (x*, u*).

LEMMA 2. Suppose f(x) C, i= 1, m, and conditions (2)-(5) are satisfied. Then
there exist ko > 0 and c > 0 which do not depend on k >- ko and are such thatfor all k >= ko
we have the following"

(1) The estimates

(16)

are true.
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(2) The function M(x, k) is strongly convex in x in a neighborhood of x(k).
Proof. It follows from Lemma that x(k) exists if ko> (c-F*)- In m. Consider

the following functions in a neighborhood of x* and for

V(x, )=
exp (ll-f(x)) exp ([]-(x)) O,

j=l

0, x=0.

If i> r, then there is a c>0 independent of n such that E(& n)c exp (-cJn-) for
all (x, ) S(x*, e) x (-e, e). Therefore E(x, n) is continuous in this neighborhood
(x*, 0). We have V(x, n)l] ]( Vx(. ), V(. )) [n[-’ E(" )(f[(x)- (.)f](x)),
-(]n])-’ E(" )(Z(x)- (. )(x))]] c[n-] exp(-cn]-’). Setting V[(x, 0)=0, i> r;
p(x, n) Lr+ E(" )f(x), we see that E(x, ) is smooth as well as p(x, x), and
p(&0)=0, p’(x, 0)=0, for all (x, n) S(x*, e) x (-e, e). Now consider the map
(x,v,t,):(Li=lvif[(x)WR(x,); f(x)-F*+t-ulnvi, i=l,r; i=lVi +
=+t (x, )- 1)" R"+r+2 R++ Taking into account the Kuhn-Tucker relations
and the equalities f(x*)= F*, i= 1, r, p(x*, 0)=0, p’(x*, 0)=0, we conclude that
(x*, *, 0, 0)=0 and ’, =’a,, so ’, is a nonsingular matrix. Therefore the

implicit function theorem gives us the following: if e >0 is small enough, then
there is a unique smooth vector-function y(u)=(x(u), v(u), t(u))y(.)"

(x(.), v(’), t(.),.)(.)0; that is, i= (.)f(x(.))+p(x(.), .) =0, f(x(.))-
F*+t(.)-xln (.)=0, i=l,r and = (.)+=+ (x(.),.)=l, v(0)=*
t(0) =0. Furthermore, from (.)=0 we get ,(.)y’(.)+(.)=0. Taking into
account that , ’a, (x) C2, we obtain , (")11 c,, then IIL(. )l c, and
moreover c and c2 are independent of u. Therefore ][y’(. )11 c for c c "c2; that is,
Ilx’()ll c, IIv’()ll c. Using the inequalities and setting k= x-, we obtain (16).

Now we prove the strong convexity M(x, k) in a neighborhood of x(k).
Let U* diag u:R R, U(k)=diag u(k) R R. Then tx,

vT(E exp ((x))f’(x)+E exp ((x)f (x)f (x))) so that

M(x(k),k)=M(.,k)

(k exp (kZ(.))). ( u,(k)f;’ (.)+ k u,(k)f;( )f;(. ))

k exp (k(.))(L(. )+ kf’( )U(k)f’(. )).

Using estimate (16), Proposition l, and the fact that C2, we have, for k > 0 large
enough, (Mx(., ), ) kM(x*, k)((Lx(*)+ kf’(x*)e*f’(x*)), )
T> 0, for all R therefore M(x, k) is strongly convex in a neighborhood of x(k).

Lemma 1 and 2 show that (10) can be realized with the estimate z z* ck-,
staing, for example, from u= (m-, , m-) S if obtaining x(k), u(k) is possible
for suciently large k > 0. Convexity (x), i m is sucient for this.

The rate of convergence can be improved by increasing k. But when k increases,
the function A(x, u, k) becomes ill-conditioned in x, which makes it more dicult to
search for the minimum of A(x, u, k). Therefore we cannot succeed in obtaining rapidly
convergent processes using only A(x, u, k). It appears that such processes can be
obtained by applying impoant properties of the problem dual to (1). We shall now
study these properties.

5. Dual problem. When proving Theorem 1 we found that there exists

Xk U argmin A(x, u, k)
V*



1282 R.A. POLYAK

where

V*=
R when all the functions f are convex

V(ko, e) if not

if k is sufficiently large and (3)-(5) are satisfied. Therefore we have a function
qk(u)=a(xk(u),u,k) defined on S(u*,e). For uS,\S(u*,e) we set qk(U)=
inL, A(x, u, k). In the neighborhood S(u*, e), smoothness properties of k(U) are
determined by the corresponding properties of f(x), i= 1, m. In particular,

q’ku(U) A’x(Xk(U), U, k)X’k(U)+ A’(Xk(U), U, k)

A’,,(Xk(U), u, k)

k-’(exp (kf(x(u))),..., exp (kf,(x(u)))),

since A’,,(x(u), u, k)= 0. Furthermore, (Ju,(u)= Ax(x(u), u, k)X’k(U)= A",(. )X’k(" ).
In order to determine X’k(U) we shall differentiate A’(xk(u), u, k)=-0 with respect

to u. We obtain a(.)X’k(u)+a,(.)=O. Therefore X’k(U)=(A,(.))-’A’,(.) and
q,u(u) -A(. )(A(. ))-A,(. ). These formulas give the relation between smooth-
ness properties of q(u) and corresponding properties off(x), i= 1, m. In particular,
the continuity off,’-’(x) implies the continuity of 0,,(u) and (6) implies that q,u(u)
satisfies a Lipschitz condition. Consider the problem dual to (1)"

(17) g argmax {q(u)] u S., }.

The following theorem holds.
THEOREM 2. Let the conditions (3)-(5) be satisfied and f(x) 6 C2, i= 1, m:
(1) Then there exists ko> 0 such that for k >= ko the solution of the dual problem

(17) exists and the strict form of sufficient optimality condition is satisfied for (17).
(2) There exists e > 0 such that for k >-_ ko the function A(x, u, k) is strongly convex

in x S(x*, e), concave in u, and has a unique saddle point on S(x*, e)x S,,, that is,

(18) A(x, u*, k) >= A(x*, u*, k) qk(U*) >= A(x*, u, k).

(3) Iff (x), 1, m are convex, then (18) holds on R" x S,,, and if instead of (5)
we assume strong convexity one off (x), I* then conditions (1)-(3) holdfor all k > O.

Proof (1) Since A(x,u,k) is strongly convex in x, there exists Xk(U)=
argminx, v. a(x, u, k) and q,(u) k-l(exp (kf(xk(u)),’’’, exp (kfm(Xk(U)))) for
all u S(u*, e). Moreover, Xk(U* =X*, q,(u*) k-l(exp kF*, ., exp kF*;
exp kfr+l(x*),"’, exp kfm(x*)). Consider the Lagrangian of (17):

L( u, A qk (U) + E AiUi + Ao(Y Ui 1 ).

Setting Ao*=-k- exp kF* and A* k-(exp kF*-exp kf(x*)), we obtain that the
Kuhn-Tucker relations for the problem (17) are satisfied at (x*, A*)"

k-1 exp (kf(x*))+ h* + ho* =0,

5g’,(u*,A*)=0, A*_->0, u*=>0, A*u*=0, E u*=l.
The function qk(U) is concave no matter whether f(x) are convex or not, so u

is a solution of (17).
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Let ei=(0,0,...,0,1,0,...,0), e=(1,...,1)R’. Since F*>f(x*), i=

r+l,m, then A*>0, i=r+l,m. The gradients of active constraints in (17),
er+,’’’, e,,, e are linearly independent, i.e., for (17) the conditions of form (4) are
satisfied. We shall now show that the conditions of form (5) are also satisfied for (17).
They have the following form:

(19) (ei, v)=0, i=r+l,m, (e,v)=Oimplies-(q,u(u*)v,v)>=tx[[v[[ 2, /x>0.

Since u,(u*)=-A",x(A,)A, at x=x* and u=u* we have (-q,,(u*)v, v)=
(A";AJuv, A,v). There (19) is equivalent to the condition

(e,,v)=0, i=r+l,m, (e,v)-Oimplieslla2vll>-lvl[, z>0,

V 0, r + 1, m, vi 0 implies
i=1

But the last condition is equivalent to the condition

i=1 i=1
/x>O,

which is equivalent to (4), so the condition of type (5) for the dual problem (17) has
been proved.

Therefore, for (17), the second-order sufficient conditions in a strict form (see,
for example, [28, p. 47]) are satisfied if these conditions are satisfied for (1).

(2) The strong convexity of A(x, u, k) in x S(x*, e) for all u S(u*, e) follows
from Theorem 1 and the fact that f(x) C2 if k is large enough.

In particular, Ax(x*, u*,k) is a positive definite matrix, so together with
A’(x*, u*, k) =0 it gives the left inequality (18) and uniqueness of x*. Since A(x, u, k)
is a linear function of u, the function qk(u) is concave in u no matter whether or not
f(x), i= 1, rn are convex and the uniqueness of u* is a consequence of (4). The
right-hand side of (18) follows from A(x*, u, k) <= k- exp (kF*), for all u S,,.

(3) The left inequality in (18) follows from the convexity A(x, u*, k) on x and
(3); the right one follows from A(x*, u, k) <= k- exp (kF*), for all u S,,. The unique-
ness ofx* follows from the strong convexity of A(x, u*, k) on x, and the uniqueness
of u* follows from (4).

COROLLARY. The restriction of the cost function qk(U) to the manifold of active
constraints of the dual problem (17) is a strongly concave function, i.e., the restrictions

of qk(U) to the manifold{u=(ul,...,Um)>=O:ui--O, i=r+l,m,’=lui=l} are

strongly concave.
We shall consider this problem in more detail: Set

k(U) min k- ui exp (kf(x))= min Ar(x, u, k)
V* V*

VuS(u*,e),

(/,/:, E) {U (Ul, Ur) O" Ilu u*ll < , u* (u,*, ,
={u (ui," u,.)" Z ui 1}.

Let the matrix P" R R be the orthogonal projector into 52 of the vectors u S(u*, e)
and let qk(u)= ,,(Pu) be the restriction of the function q(u) to 52. Then q,u(u)=
PA’r,.,(" is the gradient of the restriction q(u) to 2. The Hessian of the restriction
qS(u) to 52 is defined by

k(u) (. )= P’uu(" )P= -PA,",,x(" )(Ax(" ))-’Ax,(" )P.
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In order for --Hk,_,(’) to be positive definite it is sufficient (see [21]) that the matrix
A’x(" be positive definite and A,,u(’) be nonsingular on . The first property was
proved in Theorem 1. Since k(U) is considered in a small neighbourhood of u*, we
have ui > 0, 1, r. Furthermore,

A,(.) (i__l uiexp(kf(Xk(U)))T(u,k),
-’f[ 7T(u, k)= (u,u, (x(u)), ", ,u f’(x(u)))

so that for sufficiently large k we obtain T(u*,k)(f(x*),... ,f’(X*))=f’T(x*).
Therefore the nonsingularity of the operator Ax,(’) on 52 is a consequence of con-
dition (4).

Remark 1. Let I be any minimal set, and let u* be a vertex of the Kuhn-Tucker
polyhedron corresponding to I"

S,(u*, e)= {u" ,, ui=l, u>-O, I, ui =O, I, ,,u- u*,, <- e}.
Then the strong concavity property for qk(U)=minxv* k-i u exp (kf(x)) on
S(u*, e) still holds if we replace (5) by (5’).

Remark 2. The results ofTheorems 1 and 2 are not true for the classical Lagrangian
function L(x, u) corresponding to the original problem (1), since (4)-(5) do not ensure
in general that L(x, u) is convex in x and argminx v. L(x) may not exist or may not
coincide with x*.

Finally, note that qk(U) is concave, and that if conditions (4)-(6) are satisfied,
then qk (U) is strongly concave on . in a neighbourhood of u* with its Hessian satisfying
a Lipschitz condition. These properties are used to find an approximation for the
Lagrange multipliers. Consider this problem in more detail.

As a result of one step of (10) for sufficiently large k we can obtain u S(u*, e)
and isolate the set of active constraints I*. After that, the search for u* is reduced to
the determination of u*= (u*,..., uv*)
(20) u* argmax {k(U)IU (U*, ) f’) }.

Every method of smooth optimization of k(U) on determines some relaxation
operator R’(u*,e)f’lE-(u*,e)f’lE, i.s., k(RU)>k(U) and RSu-u*, for
all u S(u*, e)f-)E. In particular, the gradient method has its relaxation operator
defined by

(21) Ru u + tPA’r,( ), > O,

and the relaxation operator corresponding to the Newton method is

(22) Ru=u+
where : is the normal solution of the system

Hk(U)= -PA’r,,,(" ).

The properties of these operators are determined by the properties of the corresponding
methods of smooth optimization. The convergence rates of the approximation of u*,

I* and, consequently, x* are determined not only by the rate of convergence of the
corresponding method of smooth optimization but also by the estimate from (9) because
the optimization of k(U) on 52 is always accompanied by a step of (10).
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Under the conditions of Theorem 1 the matrix Hk(U) is continuous and has a neg-
ative spectrum. Therefore for the operator (22) we obtain a sequence {us/= RuS}=o
such that [[us+- u*ll-<- qsllu s u*ll, qs o. If condition (6) is satisfied then there exists
;t > o. Ilu s/’- u*ll-< A us u*ll =. The use of Newtonian and quasi-Newtonian methods
allows us to obtain relaxation operators with corresponding properties of convergence.
This makes it possible to formulate the following general method, which we shall
consider for the convex f(x), i= 1, m"

Let u- (m-, ..., rn-) R and let k>0 be large enough. Assume that zs=
(xs, u s) has already been found. Then define zs+= (xS+; uS+)
(23) xs+ argmin {At(x, Ru s, k)lx R’},

S+I

(24)
where as (ts, .., Ors) Ru s.

Let operator R have one of the following properties:

(1) IIRu u*ll--< qlu u*ll, q < 1,

(2) IIRu-u*ll<-q(u)llu-u*ll, q(u)-O as u- u*,

(3) IIRu u*ll--< A Ilu u*ll =.
If f(x), i= 1-1- is convex, (3)-(6) are satisfied, and k is large enough, then for the
sequences {zS}s=o generated by method (23), (24), using relaxation operators with
properties (1)-(3) we obtain the following estimation"

(1) lies *11-<- (cqk-l)S
s

2oo ]]zS-z*]]<=(ck-’)s H qiqs -0 as S-;
i=l

2s(3) zs Z*ll (cAk-’)2S-lqo qo < 1.

The last estimates follow directly from the properties of operators R and the inequalities

C

IIx/’-x*llllRuS-u*ll, Ilu/’-u*ll-llRu-u*ll
which follow from Theorem 1.
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GALERKIN APPROXIMATION FOR OPTIMAL LINEAR FILTERING OF
INFINITE-DIMENSIONAL LINEAR SYSTEMS*

A. GERMANI?, L. JETTO:, AND M. PICCIONI

Abstract. In this paper an implementable approximation of the infinite-dimensional Kalman filter is
proposed for linear distributed systems corrupted by white noise. It relies on a Galerkin-type treatment of
both the Riccati and the filter equation, and it is shown to converge to the best linear estimate of the state
for each sample path of the noise. A basic tool is the study of the Riccati equation on the Hilbert space of
Hilbert-Schmidt (HS) operators on the state space. Numerical results are given for a case concerning
delay-differential equations.

Key words, infinite-dimensional systems, Galerkin approximation, linear filtering
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1. Introduction. The theory of filtering for linear systems evolving in Hilbert spaces
is well established, both for systems described by cylinder finitely additive Gaussian
measures [1] and for those described by It6 stochastic differential equations [5], [7].

We refer to the former approach because it also allows us to deal with disturbances
on the output which are actually "white," whereas a Hilbert-valued Wiener process
with identity covariance does not correspond to a probability measure [1]. On the
other hand, when the disturbance on the output has nuclear covariance, the two
approaches can be shown-to be equivalent by the same arguments as in the finite-
dimensional case [8]. The evolution of the best linear estimate of the state is described
by a linear system driven by the observation process through a gain operator. Such an
operator is obtained by solving an infinite-dimensional Riccati equation [6], which as
usual does not depend on the observations and yields the covariance of the estimation
error. Formally, the situation is entirely analogous to the classical finite-dimensional
Kalman filter, but the filter cannot be instrumented because of the infinite-
dimensionality.

The idea can be conceptually divided into two steps. First, the original system is
replaced by a finite-dimensional one whose state variable approximates the projection
of the true state on a given finite-dimensional subspace. A fictitious finite-dimensional
output is introduced and the corresponding Kalman filter is derived. Second, such
fictitious output is replaced by a suitable finite-rank transformation ofthe actual output,
yielding a finite-dimensional system whose solution is shown to converge to the best
linear filter when the approximating subspace "converges" to the whole space.

The main tool for proving such a result consists of a smoothness property of the
solution of the infinite-dimensional Riccati equation. In fact, the solution of such an
equation is a continuous function with values in the Hilbert space of Hilbert-Schmidt
(HS) operators on the state space. This is because the noise affecting the state equation
is supposed to have a nuclear covariance operator, which is almost unavoidable even
in the finitely additive approach [1]. For this reason the convergence of the solution
of the approximate Riccati equation can be established with the unique assumption
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that the approximate semigroups converge in the Trotter-Kato sense. We do not need
any assumption of the behaviour of the adjoint semigroups. Lemmas and 3 clarify
such a situation. This makes such a class of approximation schemes much more tractable
than for the dual problem of optimal control [3], [9], [11]-[13]. In the latter case the
convergence of both the semigroups and their adjoints must be guaranteed. For this
reason, the choice of approximating subspaces becomes quite delicate when the domain
of the infinitesimal generator of the semigroup governing the system and the domain
of its adjoint have a nondense intersection, which happens, for example, general
hereditary systems. In this case the choice of approximating subspaces appears to be
a nontrivial issue because the simplest way of projecting the evolution on a subspace
does not work [12], [13]. We must mention that, in [12], such a problem is solved for
some approximation scheme for hereditary systems, and the trace-norm convergence
of the solutions of the resulting Riccati equations are obtained.

The paper is organized as follows. The discussion of the Riccati equation in the
space of HS operators is given in 2. In 3 these results and the assumption about
the convergence of the approximate semigroups allow us to prove the convergence of
the filter for each sample path of the noise. We also outline how such a result can be
extended to an infinite interval under a suitable stability condition. Section 4 is devoted
to the discussion of an example concerning hereditary systems with approximating
subspaces generated by first-order splines.

2. The Riccati equation in the space of Hilbert-Schmidt operators. Let H be a real
separable Hilbert space. An HS operator S on H is a bounded linear operator such that

E Se, <
i=1

where {ei} is an orthonormal basis. The space N(H) of all HS operators on H is a
Hilbert space with the inner product

[S, U]HS: Y (Se,, Uei),
i=1

which is independent of the basis {e} [1]. The space of self-adjoint HS operators is
a subspace of A’(H), which will be denoted by Ws(H). The cone of nonnegative
definite operators in Ws(H) will be denoted by W(H). We will omit the reference to
the space H when this is clear from the context.

We need to recall that W is a (left and right) ideal of the space (H) of linear
bounded operators on H, such that

IlSell.s--< IlS[[.sllel[, s.N’, L6 3?(8);

furthermore,

(2.1) IISll s: IIs*ll s, s
We denote by C(0, T; N) the closed cone in C(0, T; s) of :g-valued con-

tinuous functions.
In this section we will prove there exists a unique solution in C(0, T;) for the

following Riccati equation:

(2.2) P(t): T(t)eoT*(t)+ T(t-s)[A-P(s),p(s)]T*(t-s) ds

where the following hold:
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(a) { T(t)} is a strongly continuous semigroup of operators on H;
(b) A and Po are in and Z is nonnegative definite (not necessarily Hilbert-

Schmidt).
First we need to prove a lemma that clarifies the strong smoothness action of HS

operators. Such a lemma will be used repeatedly in the sequel.
LEMMA 1. Let {G,,(t), E [0, T]} be a sequence ofstrongly continuous.(H)-valued

functions, strongly convergent to {G(t), E[0, T]}, uniformly on [0, T]. Let 77 be a
compact subset in .3/’. Then IIG( t)N- G( t)NII.s converges to zero, uniformly with
respect to N Y(, [0, T].

Proof By definition

IlG,(t)N-G(t)Nlls Y I[(G,(t)-G(t))Nell.
i-----1

Since by hypothesis {G,,(t)} is strongly bounded, by the uniform boundedness
principle there exists a constant M such that

IIO(t)ll/llG(t)ll<--_M/2, t[o, T], m= 1,2,....

On the other hand, for any e > 0 there exists a finite covering of Y{ with open
spheres Sj of radius x/e/4M centered in N./, j= 1,..., ,.

Let us define an integer a such that

E2
sup E Nje, <

j=l,"’,’ i=n+l 8M

so that

sup E IINe, ll<= sup sup L IlNe,
N.7.{" i=+1 j=l,..., NSj i=+1

_-< 2 sup sup N Nj .s / 2 sup E Nje,
j=l,"-,, NS.i j=l,.’-,, i=t+l

2 2
E E

-< - 2 sup E Nje, <
-4M j=l...., i=+1 =2M2"

Furthermore, note that for any ei, the linear function &i from to H that maps N
into Nei is continuous, so that &(Y{’) is compact in H. By consequence the set
y{* U i= cbi(Y{) is compact and

sup IIu-t)ull=sup 2 IIt)-tUe,ll+ sup 2 IlUe,
NYf N,f i=1 NZf i=+1

2

sup ]l(o(t) o(t))xll +--.
xX. 2

Now the linear operator from H to C(0, T; H), which maps x into [G(.)-
G(.)]x, converges pointwise to zero; therefore it converges uniformly on compact
subsets of H [14] so that there exists such that for m

sup sup IIG(t)N-O(t)NII.e.
t[0,T] N,7{

COROLLARY 1. Under the hypotheses of Lemma 1, for each N { let JN.,, be a
sequence converging to N, uniformly in {. en IlG(t)J,-G(t)Nll.s converges to
zero uniformly with respect to N {, [0, T].
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Proof It suffices to note that

which goes to zero by Lemma 1.
For each t-> 0, let us define the linear bounded operator on A;s by

(2.3) T(t)X T( t)XT*( t), X6s.
It is immediately apparent that this constitutes an algebraic semigroup. We need to
show that is also strongly continuous. Since we also deal with time-varying perturba-
tions of { T(t)} we state such a result for mild evolution operators [7].

THEOREM 1. Let { U( t, s), 0 <- s <- <- T} be a mild evolution operator on H and let

(2.4) St( t, s)X U( t, s)XU*( t, s), X Vs.
Then {St t, s ), 0 <= s <- <- T} is a mild evolution operator on s.

Proof. We need only show the following:
(a) (., s) is strongly continuous in Is, T];
(b) b(t, .) is strongly continuous in [0, t].
For (a), denote by C a bound for the norm of all operators U(t, s)

I[(e(t / h, s)- t(t, s))X[lHs U(t+ h, s)XU*(t+ h, s)- U(t, s)XU*(t, s)ll.s

--< IIu(t / h, s)XU*( / h, s)

U(t + h, s)XU*(t, s)ll.s
+ U(t + h,

--< 2CIl(U(t+ h,

which goes to zero for h-0 in view of Lemma 1. In a similar way (b) is easily
proved.

Note that the evolution operators bt(t, s) leave the cone of nonnegative definite
operators invariant.

When we use definition (2.3), we can rewrite (2.2) as a nonlinear mild equation
on Xs"

(2.5) P(t):T(t)Po+ r(t-s)[A-P(s),P(s)] ds.

For proving the existence of the solution we will use the Picard sequence, as
suggested in [1]. First we need to prove some lemmas. For any De C(0, T; ) and
x H the mild equation in H,

z(t)= T(t-s)x- T(t-u)D(u)z(u) du,

has a unique continuous solution U(t, s)x which defines a mild evolution operator
on H [7].

Moreover, given D continuous in the HS norm, we can apply Lemma 1 to show that

(2.6) U(t,s)= T(t-s)- T(t-u)O(u)U(u,s) du

where the integral is Riemann on the space of HS operators (note that the integrand
is continuous in 0=<s=< u-< t=< T). Obviously, U(t, s) is also the unique solution of
such an equation.
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A uniform bound on the norm of U(t, s), which depends on D only through its
sup-norm, can be found by using Gronwall’s inequality.

LEMMA 2. The equation in Vs,

(2.7) X(t) r(t)Xo+ r(t-s)[F(s)-X(s)D*(s)-D(s)X(s)] ds,

with F(. ) C(O, T; s), D(" ) C(O, T; ), Xo Ns has the unique continuous solution

(.al x( e(, 0Xo+ se(, s(s ds

where U(t, s) is given by (6). Moreover such a solution is in C(O, T; -) provided
Xo e - and F C(0, T; -).

Proof. The proof is accomplished by showing that (2.8) satisfies (2.7). By linearity
it suffices to consider the case in which the forcing term F(s) is identically zero. Then

X(t)= 5fu(t, O)Xo g(t, O)Xog*(t, O)

T(t)- T(t-s)D(s)U(s,O) ds

Xo r*(t)- U*(u,O)D*(u)r*(t-u) du

=r(Xor*(t- r(t-sD(s)U(s, OXor*(sr*(-s es

+ T(t-s)D(s)U(s, 0)Xo U*(u, O)D*(u)r*(-u) duds

+ r(-s)D(s)U(s, 0)Xo U*(u, O)D*(u)r*(-u) duds

r*(s)- U*(u,O)D*(u)r*(s-u) du r*(-s) ds

r(-u) r(u)- r(u-s)D(s)U(s,O)ds

XoU*(u, O)D*(u)r*(-u) du=

r(t-s)D(s)X(s)r*(t-s) ds- r(t-s)X(s)D*(s)r*(-s) ds

where in the last line (2.6) is used so that the desired equation, (2.7), is obtained
with F 0.

Uniqueness is achieved by using the usual Gronwall argument.
The nonnegative definiteness property follows from the invariance of with

respect to the action of
The previous lemma explains the relationship between the effects of perturbations

on semigroups T defined on H, and the corresponding r induced on s, respectively.
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THEOREM 2. The Riccati equation (2.5) has a unique solution in C(0, T; ).
Proof Let us define inductively the sequence {P,} in C(0, T; ) by means of

the equations

Po(t)= T(t)Po,

(2.9) P,+,(t)= T(t)Po+ T(t--s)

[A+P,(s),P,(s)-P,+,(s)XP,(s)-P,(s)ZP,,+,(s)]ds, n=0,1,...

which is of the type (2.7) with Xo Po, F(s) A + P,(s),P,(s), D(s) P,(s), so that
it has a unique solution P,+ in C(0, T; W). By setting Q,(t)= P,( t) P,+( t), we
obtain from (2.9), for n 1, 2, ,

Q.(= (-sl(_,(sl.O_l(St-O(sle(sl-e(slO(s ds

which is again of type (2.7) and whose solution is

(.o Q(= s,,(, s(Q_(s(L_,(sl ds

where

U,(t,s)= T(t-s)- T(t-u)P(u),U,(u,s) du.

From (2.10) we obtain Q,(.) C(0, T; ). It is an easy consequence, given
P,+l (t)I1.--< P, (t)II.s--<’" <-- P, (t)II.s, that the P, (.)’s lie in a bounded subset of
C(0, T; A;). In consequence there exists a constant K such that

II%,,(t,s)ll<-_g, O<-s<-t<-_T, n--I,2,...;

furthermore, by (2.10), there exists a constant H such that

IIQ,,(t)IIHs=<H IIQ,,-,(s)II ds<=n"llQollo,;s)--,
n!

By consequence {P,,} is Cauchy in C(O, T;, .N’s), since

n+m-1 HiT
IIP.+.,-P.ll(o,T;)--< IIO, llo,-;)--<llOoll Y

i:n i:n i!

which goes to zero with n, uniformly with respect to m.
Let P lim, P, and let n go to infinity in (2.9); thus we obtain that P is a solution

of the Riccati equation (2.5).
As for the uniqueness, note that any solution Q of (2.4) in C(0, T; ) satisfies

II()lls -<- ()Po+ (-x)Ads <-
HS

so that its sup-norm is bounded. Now let E(t)= P(t)-O(t). Then

(= (-sl[Q(sQ(s-P(se(s] ds

(-s((sQ(s+e(s.(s ds
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from which, for some constant M,

IIE(t)IIHs--< M IIE(s)IIHs ds.

This in turn implies that E(t)= O, given E(0)= 0.

3. The approximate finite-dimensional filter. In this section we will consider an
arbitrary linear infinite-dimensional system on the Hilbert space H, in the interval [0, T]

(3.1) 2(t) Ax( t) + Boo(t), x(O) Xo,

(3.2) y(t) Cx( t) + Gw( t)

where the following hold:
(a) A is the infinitesimal generator of a strongly continuous semigroup { T(t)} on

H, such that T( t)ll <-_ e’;
(b) w L(0, T; H). H is the Hilbert space where the noise takes values;
(c) B:H- H, C :H- Ho (where Ho is the Hilbert observation space), and

G H - Ho are bounded linear operators, with B Hilbert-Schmidt, such that GB* 0,
GG* IHo"

The precise meaning of (3.1) is

io(3.3) x(t) T(t)Xo+ T(t-s)Boo(s) ds.

If L2(0, T; H,) is equipped with the standard Gauss cylinder measure (which
corresponds to model w as a white noise process) and Xo is a Gaussian random variable
with mean vector mo and nuclear covariance operator Po, we can define the best linear
estimate (t) of x(t) given {y(s); 0-<s-< t} and prove that it evolves according to the
following equations 1]:

( t) A( t) + P( t)C*(y( t) C( t)),
(3.4)

9(0) m0

where P(t) is the unique self-adjoint, nonnegative definite, strongly continuous solution
of the following Riccati equation [6]:

(3.5)

P(t)x= T(t)PoT*(t)x+ T(t-s)(BB*-P(s)CC*P(s))T*(t-s)xds, x H.

Actually in [1] only the case of fixed initial state is considered, but obviously it
is possible to also deal with random initial conditions. Of course, (3.4) must be
presented as

(3.6) (t)= r(t)mo+ r(t-s)P(s)C*(y(s)-C(s)) ds

and the unique solution of the Riccati equation (2.2) in C(0, T; 3c) with A BB*,
E C*C will also solve the "strong" version (3.5). Therefore from now on we will
refer only to the Riccati equation in C(0, T;

The system (3.5), (3.6), which we can accurately call an infinite-dimensional
Kalman filter, cannot be implemented directly because of the infinite dimensionality
of both the filter and the Riccati equation.



1294 A. GERMANI, L. JETTO, AND M. PICCIONI

We now introduce the proposed approximation. For each n let IIn be a linear
mapping of H onto a finite-dimensional Hilbert space Vn, such that II.*H converges
strongly to the identity and [N(1-I.)]- c D(A) for each n. Then rl.Arl.* is a bounded
operator which generates the semigroup T.(t)=exp (H.AH.*t) on V.. Since IIn.[[--< M
for each n, for some M, it is easily obtained that there exists /=> 3’ such that

(3.7) IlT.(t)ll <-e’.

For practical applications II. will be a projection onto a subspace of H contained
in the domain of A. However, considering V. as a Hilbert space by itself allows us to
make the proofs clearer.

We suppose that for each x H

(3.8) lim sup IlII.T(t)x- T.(t)II.x =0.
t[0,T]

Necessary and sufficient conditions for (3.8) to hold can be deduced from the
general Trotter-Kato Theorem [15].

The mapping II." H--> V. induces the following mapping on operators"

The following lemma ensures that the same type of convergence is obtained for the
following sequence {-,,(t)} of strongly continuous semigroups"

(3.9) r,,(t)X= r.(t)XT*(t), XWs(V.).

LEMMA 3. Under hypothesis (3.8), we have that

lim sup
t[O,T]

for any X Ws(H).
Proof By applying Lemma 1, we have that

sup T.( t)II.XII* T*. t) II.T( t)XT*( t)II*. II.s
t[O,T]

<= sup ]]T(t)IIXII* r*(t)- T(t)IIXT*(t)II*llus
t[0,T]

+ sup IlT.(t)H.XT*(t)II*-II.T(t)XT*(t)II*ll.s
t[0, T]

_<-2M(ev 1) sup
t[O,T]

which proves the lemma.
For each n we will now consider the equation on C(O, T; (V.))"

IoPt"l(t) T.(t)II.PoH*T*(t)+ T.(t-s)
(3.10)

[H.BB*H*n-Pt"(s)HnC*CH*.ptn(s)]T*n(t-s) as,
which can be rewritten as

P[n](t)= T,.(t).(Po)+ T,.(t--s)
(3.11)

(n(BB*)-P[n](s)n(C*C)p[n](s)) ds.
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THEOREM 3. Let P( t) be the solution of the Riccati equation C(O, T; -(H))"

(3.12) P(t)=T(t)Po+ T(t-s)[BB*-P(s)C*CP(s)] ds.

Then if (3.8) holds,

lim sup IlPt’(t)--.P(t)l]Hs=O.
t[0,T]

(3.13)

Proof. Let A BB*, , C*C. By a direct computation

IlPt’]( t) -C.P( t)llHS<=

+ [l.(t-s).A-.((t-s)A)lls ds

+ ]ltT. (t- s)(Pt"(s)C,.(,)P[’(s))

--,.(T(t-- s)(P(s),P(s)))IIHs ds.

The first two terms on the right-hand side are bounded by a constant e’, > 0 which
goes to zero as n goes to infinity by Lemma 3. For the latter term note that, given
[]r.(t)]] uniformly bounded both in n and t, by using the same kind of estimate as
in the uniqueness proof of Theorem 2, it also results that Pt"( t) .s is uniformly
bounded. Moreover,

+ IIl-I.(t- s)P(s)H*.rI.EP(s)H*.- 1-I.(t

Cl pr,,](s) rt.P(s)rt .* IIHS + c n.*l-I.P(s) P(s

+ cll.(t- s)C.P(s) .(T(t-- s)P(s))IIHS
for suitable constants C1, C2, and C3. By Lemma 1 the third term on the right-hand
side is bounded by a constant e > 0 which goes to zero as n goes to infinity, because
{P(s), s [0, T]} is a compact set in Vs. Now let e, e’ + e",T, so that by (3.13)

IIPt"a(t)-II.P(t)l-I*.llHS<=e.+(Cl+C=) IlPt"(s)-H.P(s)n*.ll.sds

which yields the theorem by Gronwall’s inequality. [q

Now the approximate solution Pt" of the Riccati equation (3.10) is used as a
gain operator in an approximate filter equation. For each n let Q, be a linear finite-rank
operator on Ho, such that Q*C converges strongly to C. The filter equation (3.4) is
replaced by

t.(t) n.An.*t"a(t) + pt.a( t)II,,C*(Q.y(t) crI.*:["](t)),
(3.14)

’(0) IImo
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with P’ given by (3.10), which is equivalent to the mild equation

(3.15) ’(t)= T.(t)H.mo+ T.(t-s)P’(s)II.C*(Q.y(s)-Cl-I*’(s)). ds.

Next let U(t, s) be the mild evolution operator corresponding to T(t) by applying
(3.6) with D(s) P(s)C*C and let U.(t, s) be the analogous one obtained with respect
to T.(t) by letting D.(s)= P"](s)H.C*CH*..

Then (3.6) and (3.15) have the following solutions:

(3.16) .(t) U(t, 0)too+ U(t, s)P(s)C*y(s) ds,

(3.17) )(t)= g(,0)nmo+ U(, s)e(s)nC*O(s) ds.

Note that

IIn,,D(s)n*. D.(s)ll. -< IIn.P(s)C*Cn*. -IInP(s)II*.n,,c*cn*. llns
+ IlIInP(s)II*nII.C*CII*- P[n](s)IInC*CII*nllHS

-< Cl (II n*II, I)P(s)IIHS + C2IIPr’(s)- ,-nP(S)]]HS
which goes to zero by (3.13) and Corollary 1. Before proving the final theorem we
need the following lemma.

LEMMA 4. We have
lim sup IIU,(t,s)II,x-I-I,U(t,s)xll=O VxH.

Proof Let U(t, s)x= z(t; s) and Un(t, S)X= Znl(t; S). Then

z[nl(t; s)= Tn(t-s)x- Tn(t-u)Dn(u)z’l(u; s) du,

z(t; s)= T(-s)x- T(-u)D(u)z(u; s) du.

Since

IlTn(t-u)Dn(u)z[nl(u; s)-IInT(t-u)D(u)z(u; s)II
--< Tn( t- tl)Un(U)Z[n](u; S)-- Tn(t- u)Dn(u)iInZ(U; S)]
+ T(t- u)D.(u)IIz(u; s)- T(t- u)rlD(u)ll*IInZ(U; s)[I

+[[Tn(t-u)HnD(u)H*,Hnz(U; s)- Tn(t-u)HnU(u)z(u; s)ll

+lIT(t-u)HU(u)z(u; s)-IInT(t-u)D(u)z(u; s)ll
from which, by arguing as in Theorem 3, we obtain

Ilz’a(t; s)-H.z(t; s)ll<-n+ g Ilz’a<u; s)-Hnz(U; s)ll du

for some constants K _-> 0 and n--> 0 (which goes to zero as n goes to infinity). The
strong uniform convergence in 0_-<s-< t<- T is then proved by Gronwall’s
inequality.

Now the final result can be obtained.
THEOREM 4. For each y L2(0, T; Ho) and uniformly on bounded subsets, the

sequence H* nl, n being the solution of (3.17), converges to the solution of (3.16)
in C(O, T; H), provided (3.8) is assumed.
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Proof. From (3.16) and (3.17) we have

I[t"(t)-II.(t)l[--< U.(t, O)I-[.mo-I-[.U(t, O)moll
(3.18)

+ Un(t, s)P"(s)II.c*o.-II.U(t, s)P(s)c*lIHslly(s)ll ds.

By Lemma 3 the first term is bounded by a constant o-n which goes to zero as n
goes to infinity. Moreover,

u.<t, s)p[n](s)HnC*Qn -H.U(t, s)P(s)C*llHs
=< un(t, s)pn](s)II,,C*O,, U,,(t, s)II.P(s)C*llHS
/ u.(t, )n.P()c*-n.u(t, s)P(s)C*llHS

<- c,(llP"(s)II.C*Q.
+ IIn.P(s)n*.n.c*o. -H.P(s)C*Q.IIH
+ IIn.p(s)C*O.- n.P()c* H)

/ c=ll un(t, s)n.P(s)-n.u(t, s)P(s)IIHS
<- c(llP’(s)- rI.P(s)n.* H/ (n.*n. )P(s) H/ II(Q*. C C)P(s)IIH

+ V.(t, s)n.P(s)-n.v(t, )P(s)IIH)
can be bounded uniformly in 0_<-s _-< _-< T by a constant
goes to infinity by Theorem 3, Lemma 4, the hypotheses on II, and Q,, and the
compactness of {P(s), O<- s<= T} in s(H). By substituting in (3.18) and using the
Schwartz inequality, we have that

sup
te[0,T]

Moreover, since IIn.*n.(t) (t)ll goes to zro uniformly on [0, y] and on bounded
subsets of y’s by application of n.*n. to both sides of (3.26), and IIn.*ll aM, the
theorem is proved.

Now let us write the proposed approximate filter (3.10)-(3.15) coordinate-wise.
By simplicity of notation we suppose V, to be n-dimensional. Let us choose a basis
{Vl""" v,} in V; this induces an isomorphism

i=1

and a corresponding isomorphism , between the algebra/, of operators on V, and
the algebra Mn of matrices of order n, defined by

n,(S)

where W,)ia (vi, v.) and (S)i,j (Svj, vi). The two isomorphisms are related by

n.(s).(x) .(Sx), x v., s ..
Since V, is finite-dimensional, (3.10) is rewritten in differential form as

(3.19)
[n](t) Anp[n]( t) + p[n](t)A,. + An p[n](t),np[n](t),

p[n](o)= p[on]

where An HnAH*n An H.BB*H*n, Xn HnCC*Hn,* P[on] HnPoH*n.
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Note that A,* H,A*H,, which is not, in general, defined on the whole V,. By
applying r/, to both sides we obtain the following matrix equation;

(3.20)
t-(0) -.

To express the Iter coordinate-wise let us choose a basis {, , ,,} in range
Q,, so that another isomorphism can be defined between Z, and R". ’ v(,,..., ,,)’

and the corresponding between the linear transformation of Z, into V, and the
(n x m,)-matrices, defined by

n’, (F)= W’
where (F). (F@, v,), i= 1,. ., n,j 1,. ., m,. We have that (F)(z) ,(Fz),
zZ,, F(Z,, V,). Now let ,(t)=(Q,y(t)) and F, =H,C*; then by applying, to the filter equation and differentiating, we get the approximate Kalman filter for

"(t) WS’[(,- fit"](t),)Y](t) + t"(t)WS,,(t)],
(3.21)

;"(0) (n.mo).

In view of Theorem 4, the required approximation for (t) is

i=1

We conclude by observing that in the case of R-valued observations we can
choose Q, to be the identity, eventually with n. In this case the proposed filter (3.20),
(3.21) reduces, for each m L(0, T; H,), to the standard Kalman filter for the finite-
dimensional system

t-(t) H,AHxt"(t) + H,Bm(t), xt"(0) H,Xo,

yt,(t) CHxt"](t) + G(t)
which is recognized to be an approximation of the original system (3.1), (3.2), provided
that the unavailable measurement yt- is replaced by the actual measurement y.

A major problem remains the extension of the previous results to the steady-state
filter. Theorem 5 gives an answer, under a rather restrictive stability condition.

The steady-state covariance operator P for the system (3.1)-(3.2) satisfies the
algebraic Riccati equation in (H) [1]

(3.22) A*P+PA PEP-A

in the sense that the left-hand side has a bounded extension equal to that of the
right-hand side. Such an operator will be approximated by means of the solution of
the following algebraic Riccati equation in ( V,)"

(3.23) (H"AH)*P+
THEOREM 5. Assume that H, is a projection on the finite-dimensional subspace V,

in D(A) converging strongly to the identity in H, such that (3.8) holds and

(3.24) IIT(t)lle-’
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where

(3.25) to > Ilfll IIBII.
Then (3.22) and (3.23) have a unique nonnegative self-adjoint solution and as n

(3.26) P IPrt Hs - 0.

Proof. Since T satisfies (3.24), (3.22) has a unique solution which satisfies [12]"

(3.27) Px= r(s)[A- PP]T*(s)x ds

so that

(3.28)

which implies, by (3.24),

Poo<= T(s)AT*(s) ds

(3.29) 11P .s (2)-’11A .s.

Equation (3.24) is equivalent to toI-A being dissipative; by taking projections, we
obtain the same for { T, (t)}, n 1, 2,... so that (3.23) has a unique solution, and we
also establish the bounds (3.28) and (3.29) for pl.

Moreover, by duality with optimal control on an infinite interval [12], we obtain
that if P(t; O) is the solution to (3.5) corresponding to the initial covariance 0-> P,

(3.30) O<-P-P(t; O)<-Z(t)OZ*(t)
where Z(t) is the closed-loop semigroup of operators on H generated by A-P,
with the bound
(3.31) IlZ(t)]] -< e(-’+llr’llllPll)t<= e-(’-IIr’llllAII/2’)t<= e-’

where tr>O by our assumption on to. Moreover, from (3.30), (3.31), by choosing

o= r(s)A r*(s) s,

we get

_--< e-2Crt --2trt(3.32) IIP-P(t)ll.s II011.s <_-(2,0)- IIAII.s e

An analogous bound is established for the solution Pt"(t) of (3.10) with respect
to the approximate semigroups and perturbations by using

o T,,(s)II,,AII,,T*,(s) ds.

Now we have

IIP- .ell--< IIP- P"(t; 0.)ll.s
(3.33)

+ IIPt’(t; O,)-,(P(t; o))ll.s+ liP(t; 0)- Pil.s
so that the first and the last term can be made arbitrarily small uniformly in n by
choosing sufficiently large. The problem is therefore reduced to a bounded interval.
But

IIPt’(t; o)-.(P(t; o))l]s<=llpt’(t; o)-Pt(t; (0))lls

(3.34)
+ IlPt-(t; .(o))-(P(t; 0))lIHs.
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The latter term goes to zero as n by Theorem 3; the same result is obtained
for the former once it is shown that IIo-.(o)11.-.o, as n-,.

For this we observe that for any e > 0 there exists L such that

(3.35) IIo.--.(O)IIHs+ II-,,(s)(.A)-(()A)IIH

which can be made smaller than e/2 by choosing n large enough according to
Lemma 3.

We do not know whether the previous result can be extended, at least to the
simply stable case. This is because it seems difficult to establish a uniform bound like
(3.31) on the closed-loop semigroups in our generality (some cases are trivial, e.g.,
E I). The problem still remains difficult with reference to specific classes of systems
and approximation schemes, as 12] shows in the case of averaging splines for hereditary
systems.

4. Numerical results. This last section is devoted to the numerical study of the
following example.

Let us consider the hereditary system

I(4.1) z(t) Aiz(t-hi)+ Aol(s)z(t+s) ds+Bowl(t), t6[0, T],
j=0

(4.2)
z(O) Zo, z(s) z.(s), -1 < s < O,

y(t) Coz(t) + Goto2(t), 6 [0, T]

where z(t)RN, Aj, j=l,’..,d are NN matrices, 0=ho<.’.<ha=l, Ao is a
N N matrix of functions in L2(-r, 0), Bo, Co, and Go are matrices of dimensions
N p, q N, and q x r, respectively, whereas to1 and to2 are assumed to be standard
RP- and Rr-valued white noises, respectively. For any (Zo, Zl)M2=
R N x L2(-r, 0; R N) there exists a unique absolutely continuous function z such that
(4.1) holds almost everywhere 11], whose evolution can be described in the following
way. Let us first define the operator A on M by

(4.3)

Then A is the generator of a strongly continuous semigroup {T(t)} on M and the
solution z(t) of (4.1) is given by the first component of

(4.4) x(t)= T(t)Xo+ T(t-s)Bw(s) ds, t[0, T]

where

no 0

O’
w (w,, oo)’ LZ(O, T; R s,+), x=(zo, z,).

We can write (4.2) in a similar form"

(4.5) y(t) Cx( t) + Gto( t), [0, T]

with C [Co 0], G [0 Go]. It is clear that we can suppose that GoGf-- I without
loss of generality and that B is Hilbert-Schmidt, having finite-dimensional range.
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Therefore we have a system of the type described in 3, and given the mean vector
and the covariance operator of the initial state Xo, the best linear estimate of x(t)
(whose first component is the best linear estimate of z(t) defined in (4.1)) can be
obtained by the infinite-dimensional Kalman filter.

As far as approximations are concerned, we note that estimate (3.7) holds for
T(t)}, provided the following equivalent scalar product [., is defined on M [2], [4]"

[(Zo, z,), (Wo, w,)]0 zrwo+ z[(s)w,(s)g(s) ds,

1, -1 s < --hal-l,

g(s)
2, -ha-, <- s < --hd-2,

d, -h<-s<=O.
We suppose that, for each n, IIn is the corresponding orthogonal projection on

the subspace Vn generated by the following piecewise linear splines for i= 1,..., N"

i,o t) [--r/n,0]( t) +--

i,.(t) --l[--mr/n,--(m--,)r/nl(t){m-- 1 +(nx)/r}l[_(,+,)/n,_,r/,](t)
{m+l+(nx)/r}ei, re=l,...,2n-l,

., (t)= --l_,._,+r/nl(t){n 1 +(nx)/r}e

where e, 1,. , N, is the canonical basis of R N and we are using the identification
of H’ (- 1, 0; R u with D(A). For such a scheme the convergence condition (3.8) holds
[2] so that the approximation theorems in 3 are valid.

Moreover, we remark that, in general, piecewise linear splines will not be in D(A*)
and this will cause the problems addressed in the Introduction, as far as approximations
of optimal controls are concerned. In 13] these linear splines are modified to overcome
these problems.

To implement the approximate filter we need to compute the matrix representation
of the ope.rators with respect to the spline basis above. (For the elements of the matrices~
W, and A, we refer to [2].) Furthermore, we note that the form of the matrices An,;,,, ’, (where in the latter the natural basis {O./} is taken on the output space R q) does

(n)}not depend on n. In fact, if the spline basis {v,t is ordered with respect to i, for each
value of in increasing order, such matrices have the form

n---[BoB( :] ICrCo 0J n ICil0 0 0

In our numerical example we have considered the problem of estimating the
position and velocity of an oscillator with retarded damping and restoring forces. The
system is described by the equation

Y(t) + 16x(t) + 2(t 0.2) 10x(t -0.2) 0.01 to’(t)
with initial conditions

x(s)=l, 2(s)=O, -0.2=<s-<O

and the output is given by

y(t) x(t) + 0.3to2(t)
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where to(t) and w2(t) are independent standard Gaussian white noises. The previous
equation can be rewritten as the following first-order system:

( t) Aox( t) + Alx( -0.2) + Boto (t)
with

x(t)
Ao-

0 1
A Bx(t)--

(t) -16 0 10 0.01

The system dynamics were simulated according to the scheme

x(kA) eaoax((k 1)A)+ (eAaAlx((k 1)A -0.2) + AlX(kA -0.2)) + Zk,

y(kA) x(kA)+O.3wZk
where A 0.01, k 1, 2, , 240, and {Zk}, {W,} are independent zero mean Gaussian

A T A’r dr and 1, respectively, which have beensequences with covariances o a toto e

generated using the NAG FORTRAN subroutine G05DDF.
The filter was initialized with complete information about the state, i.e., mo (1, _0),

Po=0, sothat " =8 and/3o"=02( ) (the zero matrix of order 2(n + l)) for n 3,c( i,l)

5 (n + 1 is the number of splines for each state dimension).
The state estimate .n(t) and its error covariance matrix/5n(t) were numerically

computed by integrating (3.20) and (3.21) by means ofthe NAG FORTRAN subroutine
D02EAF which uses a variable-order, variable-step Gear method. The whole numerical
example was carried out on a CDC 7600 computer.

To evaluate the filter performance we have computed the following error statistics:

2 1 240

y [x(kA)-"1(kA)],Op 240 k--I

r=_1 2o [(kA)_,l(kA)]
240 =

FiG. 1. Computer-produced plot. Noisy position of the oscillator.
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" I"’ I’"’% O0 0.33 O.04"’l"100 1.2| 1.60 1.03
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’l’ ’l
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FIG. 2. Computer-produced plots. Diagrams showing the real (continuous line) and the estimated (dashed
line) position and velocity obtained considering N 4 splines. The signal-to-noise ratio improvement for the

position is 5.12 db, the residual variance for the velocity is 0.34.

and the signal-to-noise ratio improvement:

(variance of observation noise)/0.09r# 10 logio 10 logio\ o.2t,/-O’p

The results of the simulation are reported in Figs. 1-3.
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FIG. 3. Computer-produced plots. Diagrams showing the real (continuous line) and the estimated (dashed
line) position and velocity obtained considering N 6 splines. The signal-to noise ratio improvement for the
position is 7.01 db, the residual variance for the velocity is 0.13.
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ON THE OPTIMAL DESIGN OF STRUCTURES SUBJECTED TO PERIODIC
BASE EXCITATIONS*

F. E. UDWADIA, F. MANTELS, AND M. DRYJA

Abstract. This paper considers the optimal apportionment ofthe stiffness of a building structure modeled
as an undamped shear beam when subjected to a periodic base excitation of frequency to. A suitable "cost"
associated with the stiffness distribution is minimized subject to constraints on the lowest natural vibration
frequency of the system, the base shear generated by the periodic excitations, and the given lower-bound
stiffness distribution. Closed form solutions for such constrained optimization problems are generally very
difficult to obtain; numerical techniques suffer from a host of problems. The paper uses Farkas’s Theorem
to investigate the underlying structure of the optimization problem and obtains closed-form solutions in
several cases of engineering importance.

Key words, optimal design, continuous system, stiffness distribution, frequency and base shear con-
straints, closed-form solutions, Farkas’s theorem

AMS(MOS) subject classification. 49

Introduction. In the field of earthquake engineering we often model tall building
structures by one-dimensional shear of bending beams. Such beams are assumed to
be fixed at one end (ground level) and free at the other. The effect of strong earthquake
ground shaking is then modeled by a suitable base excitation of the system. In most
structural systems, the mass distribution of the structure with height is reasonably well
prescribed by the building codes and depends on the use to which the structure will
be put. The structural designer is then left with the problem of apportioning the stiffness
of the structure as a function of height, so that the system is safe, not only under the
static gravity loading created by the assumed mass distribution throughout the structure,
but also under the dynamic loads induced by the base excitations from earthquake
ground shaking that the structure is likely to experience during its useful life. In the
design for earthquake safety, a critical parameter that the analyst must consider is the
shear force induced at the base of the structure by the ground shaking. Most building
codes around the world require this base shear to be calculated and within safe limits
for any particular structural configuration on which the designer settles.

In this paper we broach this problem of optimally distributing the stiffness (with
height) of a structure so that the base shear generated is less than some fixed value
Fo. We assume that the base motion is harmonic with frequency o and amplitude Ao,
and that the system is required to have its lowest fundamental frequency Oo, to be
greater than the base excitation frequency o. This prevents resonance. In addition, we
take the stiffness distribution to be constrained from below, by the continuous function
k(x). This function is presumably obtained by considering the safety requirements
pertinent to the structure under the static loading condition.

The optimal design of structures subjected to harmonic excitations was first studied
by Icerman [1] when he considered a "response constraint" in the form of the virtual
work of the load amplitude on the displacement amplitude at its point of application.

* Received by the editors December 30, 1985; accepted for publication (in revised form) November 15,
1987. This work was funded in part by the Rocket Propulsion Laboratory, Edwards Air Force Base, California,
and in part by Design, Analysis, and Software, Inc., Pasadena, California.

" University of Southern California, Los Angeles, California 90089-1114.
University of California, Irvine, California 92717.
University of Southern California, Los Angeles, California 90089.
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Plaut [2] and Huang [3] extended the minimum-weight design to structures subjected
to periodic excitations by using constraints on the prescribed deflections at a specified
point of the structure. Johnson and Rizzi [4] studied a cantilever bar excited by a
harmonic tip force and subject to a maximum allowable stress constraint. They discret-
ized the bar into finite elements, and used variational methods to obtain numerical
solutions to their problem. They show that the global minimum of the objective function
may be difficult to obtain. In a previous study, Johnson [5] used a displacement
constraint to obtain the optimal weight design, again numerically. Recently, Ivanova
[6] has used the variational method with constraints on the stiffness to obtain the
gradient of the objective function with respect to the weight distribution. This method,
which is most commonly used in such problems, leads to a nonlinear programming
problem that needs to be worked out numerically. Here, we study a different variety
of optimium design problems where the mass distribution is given a priori, and a
suitably defined "cost" associated with the stiffness distribution must be minimized.
Constraints are imposed on the values of the base shear, the natural vibration frequency
of the system, and on the stiffness distribution of the system. Such optimization
problems, as indicated above, have been attacked in the past by the use of variational
calculus, which in turn transforms the problem to one involving nonlinear programming.
Numerical results are then obtained by one of several standard computational pro-
cedures. Often the nature of the constraints make the problem notoriously difficult to
solve numerically and lead to numerical results which may, at best, be uncertain.
Comparing the characteristics of the problem addressed in this paper and our method
of approach with some of the work done in the past, we note the following.

(1) The number of constraints that we deal with here are more than those
considered by, for example, Ivanova. We obtain closed-form solutions rather than
expressions for the gradients which then require numerical computations, in general.

(2) .The variational calculus method is difficult to implement when there are
frequency constraints. Even if it were to be implemented in an approximate manner,
the resulting equations for the adjoint variables, in our problem, would lead to a
nonconstant coefficient, nonlinear differential boundary value problem. At each step
in the optimization process, these adjoint variables would have to be numerically
solved for, to obtain the gradient of the objective function. This gradient would then
be used in the numerical minimization scheme. The stiffness distribution would need
to be discretized. The handling of the nonlinear constraints would lead to a difficult
numerical optimization problem, whose results may leave us yet unsatisfied because
of the vulnerability of the computational method to local minima. Besides, such
numerical procedures seldom provide insight (unless we have large computing budgets)
into the basic structure of the optimization problem.

(3) We expose the structure of the optimization problem in this paper through
the use of the Farkas Theorem, which yields closed-form solutions for the global
optimum under most situations of engineering interest. Consequently, no numerical
schemes are involved, and we do not discretize the stiffness distribution to obtain the
minimum cost. The search is carried out in function space. The method does not
require us to solve either the nonconstant coefficient differential boundary value
problem characterizing the dynamic response of the system, or the nonlinear adjoint
equation.

No doubt the approximation of assuming the base excitation as harmonic may
be unrealistic in the seismic environment. We use it here, following common engineering
practice, realizing that the ground excitations are perhaps best modeled by a nonstation-
ary stochastic process [7]. Though the problem statement in this paper has been
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motivated by an application from the field of aseismic design of structures, it is equally
applicable to the design of cantilever beams subjected to harmonic base excitations.
The results of this work will find wide application in the area of mechanical, nuclear,
and aerospace engineering. An area of particular interest may be the design of machine
foundations.

1. Problem definition. Consider a structure whose relative response u(x, t) is
modeled by the following differential problem"

p(x)u. (k(x)ux)x p(x)iig(t), x E (0, 1), -cx3 < <

(1.1) u(O, t) =0,

with

k(x)u(x, t)l=o- 0

Ug(t)=Aocostot, -<t<, Ao>0, to>0.

The end x 0 (is assumed fixed while the end x 1, is assumed stress-free. The positive
function k(x) represents the distribution of the shear stiffness along the height of the
structure, and//g(t) represents the periodic base excitation (see Fig. 1).

x

Inertial
u(x,t)

Frame

u (t)
/

FIG.

Given the function p(x) C[O, 1] with p(x) >- po> O, our aim is to find a function
k(x) C[O, 1] such that the cost of penalty defined by

(1.2) J(k)= g2(x)k(x) dx

is minimized, subject to the following three constraints:

(1.3a) The lowest natural frequency of the system, too, which depends on the choice
of k(x), is greater than to, the given forcing frequency. This condition prevents
the system from undergoing resonance.

(1.3b) The base shear induced by the excitation, us(t), is less than or equal to a
fixed value, Fo. This constraint is relevant to design procedures followed in
assessing the safety of the soil-structural system.
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(1.3c) k(x)>-k(x)>-_e>O, where k(x) is a prescribed function belonging to
C110, 1] and e is a positive number. This lower bound on the stiffness
distribution comes about from static design conditions.

The function g2(x) is a weighting function and J(k) provides the cost of choosing
a given stiffness distribution k(x). The function g2(x) is often a monotone increasing
function; it is increasingly more expensive, from a construction standpoint, to add
stiffness at higher and higher levels in a structure. The condition that the end, x 1,
is stressfree would imply that there is no need to provide stiffness at that location, and
therefore it appears appropriate not to penalize the stiffness at x 1. We therefore
define the positive function g(x) C[0, 1] such that g(x)> O, x [0, 1) and g(1)= 0.

The continuity requirements on p(x) and k(x) are imposed on physical grounds
and could be relaxed.

It would be worthwhile at this point to express the constraints (1.3) in a more
formal fashion. Let /-) be a Sobolev space of the form /-):={re H(0, 1) v(0)=0}.
Then the lowest natural frequency can be expressed as

(1.4) too(k)= Min [ (kz’’ zx) ]
and constraint (1.3a) can be written as

(1.3’a) to(k) > to.
We are thus restricted to considering those designs k(x) which satisfy (1.3’a).

The shear force induced at the base by the base excitation, for a given design
k(x) is given by Newton’s Law as

Io’L(t) p(u,, + iig) dx

where u(x, t) is the solution of (1.1) corresponding to the chosen function k(x). For
the steady-state response of the system, defined by

(1.Sa) u(x, t)= U(x) cos tot,

and the steady-state base shear force, defined by

(1.Sb) L(t) F cos tot,

we get

(1.6) F to(p, U) + M,to2Ao
where M, - p(x) dx, is the total mass of the structure and (p, U) pUdx.

If the constraint (1.3b) is to be satisfied, we are further restricted to those functions
k(x) for which

(1.3’b) IF( U(k))I <- Fo
for some given fixed value of Fo. We note that the shear force F depends on the
solution U(x) of (1.1), which in turn depends on the choice of k(x). From here on
we shall denote the dependence of U(x) on the choice of k(x) by U(k). Let us
introduce the set Y{" of functions k(x) >= k(x) C(0, 1) such that the constraints (1.3’a)
and (1.3’b) are satisfied by each element of the set. The optimization problem may
now be stated as follows:

Find/(x) Y{ such that

(1.7) J(fc)=min J(k).
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We next provide three useful results pertinent to the steady-state response of the shear
beam system. In the interest of brevity the results have been provided without proof.
They can be derived using [8]. Physical interpretation of the results will be provided
as we go along.

LEMMA 1. Consider the shear beam problem represented by the differential problem
(1.1). Let k(x) be such that the lowest fundamental natural ibration frequency of the
system too is greater than the givenfrequency ofthe base excitation to. Then the steady-state
response U(x) defined by relation (1.Sa) is such that U(x) 0 for x [0, 1).

Lemma implies the following" Consider a shear beam which is subjected to a
base excitation whose frequency, to, is less than the lowest natural frequency ofvibration
of the beam. Then there is no point in the interior of the beam at which the stresses,
induced by the steady-state vibratory response of the beam to this base excitation, are
zero.

LEMMA 2. Consider the steady-state response of the system described by (1.1). Then
as long as theforcingfrequency to is less than too, where too is the lowest naturalfrequency
of the system, the inner product (p, U) is always positive.

This result implies that the base shear force F defined in relation (1.6) is always
positive. We note that the shear force induced at the base is a consequence of (a) the
rigid body motion induced in the entire beam, given by the term M,Aoto2; and (b) the
vibratory response of the beam, given by to:(p, U). We have thus shown that as long
as the base excitation frequency to is less than the lowest fundamental vibration
frequency of the system, these two contributions are always in phase and augment
each other. Further, the base shear is always in phase with the base displacement.

Thus if condition (1.3’a) is satisfied, then condition (1.3’b) can be restated as

(1.8) IF(U(k)) F(U(k)) oJM,Ao+ oJ(p, U) -< Fo.
LEMMA 3. Consider the system represented by (1.1). If the forcing frequency of the

base excitation oJ too, then the steady-state response function U(x) is a strictly positive
monotone increasing function in (0, 1).

2. Inequality constraints.
LEMMA 4. Let k(x) be a candidate design which satisfies condition (1.3’a). Let

u(x, t)= U(x) cos tot be the solution of (1.1) for this candidate design. Then for any
function W(x) H(0, 1), we have

(2.1) (kWx, Wx)-to2(pW, W)-2Aoto2(p, W)+Aoto2(p, U)=O.

Moreover, the equality holds for W(x)= U(x).
Proof. Since u U(x)cos oJt is a solution of (1.1) we have

(2.2) (k(x)Ux(x))+(Ao+U)poo=O, U(0)=0, U(1)=0.
Then U(x) H(O, 1). Let W U+ V. Inserting U W- V in (2.2) we get

(2.3) (k(x)Wx(x))x+(Ao+ W)pto=(k(x)Vx(x))x+topV.
Multiplying by W(x) in the L(0, 1) sense and integrating by parts, we get

(2.4) (k(x)W, W,,)-to2(pW, W)-Aoto(p, W)=(kV, Wx)-to(pV, W).

Denoting the right-hand side of (2.4) by P we can restate it, using W-- U+ V, as

P= P+P
where

P,=(kV, Vx)-to(pV, V),

P (kVx, Ux) to=(p V, U).
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Noting that V(x) H(0, 1), P1 --> 0 because of (1.3’a) and (1.4). Also taking the inner
product of (2.2) with V(x) we get

(2.5) (kU,, V)-w2(pU, V)=Aow2(p, V).

Thus, P2=Aow2(p, V)=Aow(p, W)-Aow2(p, U). Relation (2.4) now yields the
result. The equality, which holds for W(x)= U(x), is obvious when (2.2) is multiplied
by U(x)in L2(0, 1).

LEMMA 5. Let k(x) be such that it satisfies conditions (1.3’a) and (1.8), i.e.,

and

F( U(k)) <= Fo.
Then for any W H(0, 1 ),

(2.6) (kWx, W,)-w(pW, W)-2Aowe(p, W)+AoFo-MweA>=O.

Proof. When we use (1.6) and (1.8) in (2.1), the result follows.
LEMMA 6. If (2.6) is satisfiedfor all We/-(0, 1) with F(k)<=Fo, then k(x) is such

that

o) o) 2-- m(2.7)

where

Ao[Fo- F(k)]
(2.8) A

(pV, V)
where V is the eigenfunction corresponding to the lowest eigenvalue 0020 of

(k(x)V,,(x))x+Ap(x)V(x)=O, x(0, 1),
(2.9)

V(O)= V,,(1) O.

Proof. Let W= U+ V where U(x) is the solution of

(k(x)U(x))x+(Ao+ U(x))poo2--O, XG(0, 1),

U(0) =0, U(1) =0

for the chosen k(x). Then by (2.6), and using (1.6), we get

k( Ux q- Wx ), Ux q- Vx oo2(pU q- p V, U q- V) 2Aow2(p, U + V)
(2.10)

+ Aow(p, U)+ Ao[Fo- F(k)]>= O.

Since U is the solution of (1.12) we have

(kU, Ux+ V)-Ao(p, U+ V)to2-to2(pU, U+ V)=0.

Using this in (2.10) and again noting that U is a solution of (2.2) we get

(kV, V)-w(pV, V)>=-Ao[Fo-F(k)].

Thus

(kVV,,) Ao[Fo- F(k)]
(p V, V)

-> to
(p V, V)

for all V/Q(0, 1).

Choosing V to be the eigenfunction corresponding to A too for (2.9) we get
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COROLLARY 1. If (2.6) is satisfied for all We/-)(0, 1) with F(k)= Fo, then k(x)
must be such that Wo>= to 2.

Proof. Since k(x) is such that Fo F(k), A=0.
THEOREM 1. Let k(x) belong to the set YL If an optimal design k(x) exists such

that it minimizes J( k) as defined in (1.7), then fc(x) must satisfy the following relations"

(2.11a) U, k,(x) U,) + Aoa(k) >= O,

(2.11b) k, + c(x)- k(x) >= O,

(2.11c) (g2(x), k,(x)) >= 0
where k,(x)= k(x)-fc(x), O(x) is the solution of (2.2) corresponding to fc(x), and
a(k)& Fo-F(k)>=O.

Proof. The second and third inequalities follow directly from relation (1.2) and
condition (1.3c). We prove the first inequality as follows" Since U(x) H(O, 1), let
W(x) U(x) in (2.6). Thus

(2.12) (k/,//)- w2(p/,/)-2Aow(p, I)+AoFo-MeoA>=O.
Since (x) is the solution of (2.2) for k(x) =/(x), by taking the inner product of (2.2)
with (x), we get

(2.13) (/-x, /-x)- to2(P/-, O)-2Aooo2(P, II)+AoF()-MwZA =0.

When we subtract (2.13) from (2.12) the result follows.
In order to find the optimal stiffness distribution /(x), we shall use the Farkas

Theorem (see [9]). We begin by establis,,hing the following nomenclature.,, In what
follows we shall assume that an element k(x) Y( exists such that J(k) is a minimum.

3. Nomenclature and the Farkas Theorem. Let V and V2 be two Hilbert spaces
and let V* and V2* be their corresponding duals. For x V, f V/*, let f(x)=(flx)i
denote the duality pairing bilinear form on V* x V, i= 1, 2. Let A be a linear bounded
operator from V to V2, and denote by A* its transpose. Then (A*flx)
for any f2 V* and any xl V1.

Let M be a cone in V. We define the positive polar cone of M as

(3.1) M+={f6 V*: (flx,),>=O for all xM}.

Note that in [9] the set M+ is denoted -M-. Using these definitions, the Farkas
Theorem states the following [9].

Let V and V2 be Hilbert spaces and let A be a bounded linear operator from V
to V2. Let P be a closed convex cone in V. Then, the following two statements are
equivalent:

(3.2a) For all f2 V*, A*f_ P+ implies (f2[x2)2 -> 0,

(3.2b) :lx P such that Ax x2 for given X2
g

Figure 2 presents the "geometry of the Farkas Theorem." We note that the closed
convex cone P is in the space V and thus its positive polar cone P/ belongs to the
space V*. A(P) is a cone in the space V2. If we can show that A(P) is a closed set
in V2, then the Farkas Theorem states that (3.2a) and (3.2b) are equivalent assertions.

This means that an element x2 in V2 is in A(P), i.e., x2 is in the range of the
restriction of A to P, if and only if, for arbitrary bounded linear functionals f2 acting
on V2, we have f2(x2)= (f2]x2)2 >- 0 whenever the functional A’f2 is in P+ of V*. In
turn, A’f2 is in P/ when the image of P under A’f2 is a subset of [0, c).
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A:V1 ----V
2

Space of

linear bounded
Space of

linear bounded
functionals on V1 functionals on V

P is a closed Convex Cone in V A(P) is a closed cone in V
2

(Vfg. e V ), (A f2 E P+ f2 (x2) >- 0) (3 x E P Ax x for given x e V2)

FIG. 2. Geometry of Farkas’ theorem.

In order to use the theorem we shall need to define the spaces V1 and V2
appropriately, and also the operator A. We specify a set P in V and an element x2
We then prove several assertions, stating the following: P is a closed convex cone in

V1 (Lemma 7); A is a bounded linear operator (Lemma 8); A(P) is a closed cone in

V2 (Lemma 9); A*f2 P+ V* (Lemma 10); f2(x2)>-O (Lemma 11); and finally we
apply Farkas’s result (in Theorem 2).

DEFiNiTIONS OF V AND V2. Let V--R x Hi(0, 1) and define the inner product
and linear space operations for x (’o, u(x)), y (/Xo,/z(x)) in V1 by

x +y, (,o+ tZo, ,(x) +/x(x)),

(3.3) ax, (aUo, au(x)),

(x, y)l ’oo+ ,(x,(x) dx+ ,’(x’(x) dx.

It is clear that 1/ is a Hilbert space. Let I/2 be the Hilbert space L2(0, 2).
DEFiNiTiON OF P. Let

(3.4) P={x (’o, u(x)) gl: uo-->0 and Vxe (0, 1), u(x)>_-0}.

LEMMA 7. P is a closed convex cone in

Proof. The proof is straightforward and is therefore omitted.
FUNCTION AND OPERATOR DEFINITION. Consider the functions kl(x), (x),

and g2(x) C[0, 1). We extend these functions as follows:

kl(X), Ox < 1,
(3.5) Kl(X)

1, 1-<x_<-2,
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(3.6) ?12(x)x Aoa(fc), 1 <=x<-2,

/gZ(x), 0 _-< x < 1,(3.7) G(x)
0, -<x-<2.

Define the function D(x, ) on the rectangle [0, 2] x[0, 1] as

(3.8) D(x,)=6(-x)+[c(x-1)-k(x-1)]H(x-1)a(-(x-1))
where 8 is the Dirac delta distribution, and H is the unit-step function defined by

(3.9) H(x-1)={0, 0=<x<l’
1, l<-x=<2.

Let A" V V2 be defined by the relation

(3.10) Ax, A(vo, v(x))= 2(x) Vo+ D(x, )v() d= x2

LEMMA 8. The operator A defined by (3.10) is a bounded linear operator from V
to

Proof Using (3.8) we can expand (3.10) to read

[" f)2(x)’o + ’(x), x [0, 1),
(3.11) Ax,=Aoa(k),o+" u(1) + [/(0)- k(0)],(0), x= 1,

(Aoa()Uo+[(x-1)-k(x-1)]u(x-1), xe (1,2].

It is clear that Ax L2[0, 2] and the linearity of A can be easily shown. We show that
it is bounded.

Let x (Uo, (x)) V such that

(3 12) IIx, 2 u+ u2(x) dx+ u’2(x) dx < 1V

Using (3 11), Ilx2ll]2 IlAx, 2
L2o,21 can be written as follows:

IlX2ll /2 /2 { ^4 dxUx(x)+[a(fc)Ao]2}

(3.13) + {1 + [/(x)- k(x)]Z}Z(x) dx
o

+2’o [U,,(x)+a(k)Ao(k(x)-k(x))],(x) dx.

Since O(x), /(x), k(x)eC[O, 1), a(/)AeR, inequality (3.12) implies that
supllx, ll< IIAxllv2 <oe and therefore a is bounded.

LEMMA 9. If P is the closed convex cone defined by (3.4) in V1, then A(P) is a
closed cone in V2.

Proof If x2eA(P)c_ V2, then there is an x (,o, ,,(x))ePc_ V1 such that Axe=
x2. If we note the definition of the operator A, it is obvious that A(P) is a cone. Since
A is a continuous operator, A(P) is closed.
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Let f2 be a bounded linear functional on V2 L2[0, 2] whose action on the elements
of V2 can be expressed by the Riesz Representation Theorem as

(3.14) f(,) (,,

where K(x) is defined in (3.5).
LEMMA 10. Let relations (2.11a) and (2.11b) be satisfied. Let A*" V*2 V* be the

transpose operator ofA, and let P+ be the positive polar cone ofP. Then A’f2 P+ V*
where f2 is given by (3.14).

Proof Let xl=(Uo,,(x))6P. We have u(sc)_->0 for any :(0, 1). By (3.5) and
(3.6), (2.11a) and (2.11b) become, respectively,

(3.15)

and

l(,(x)Ox(x) ax >- O

(3.16) D(x, )K,(x) dx>-O for any see[O, 1].

Multiplying both sides of (3.16) by u() and integrating from =0 to s= 1, we get

(x D(x,( ax e O.

Noting that (A*fx} {flAx}=f(Ax)=(Ax, K(x))v and using the linearity of
the inner product, we get

(3.17) {A*flXl}l o gl(x)(x) dx+ g(x) (x, )() d dx.
o

Using (3.15) and (3.16) and remembering that x
because (A*flxO O.

LMMA 11. e relation (2.11c) can be expressed as (flx}O, where x= G(x)
is defined in (3.7).

Proo Because f

(3.18) {flx}={x, g(x)}v={a(x), ,(X)}v l(X)g(x) dx.

Hence we have the result.

4. Te fil esg (x).
ToM 2. If relations (2.11a) and (2.11b) imply relation (2.11c), then

UoO(x) + u(x)= gZ(x), x 6 [0, 1)(4.1)

and

(4.2) uoAoa(/) + u(x)[fc(x)-k(x)]=O, x6(0, 1].

Proof By Lemmas 7-11, we see that the Farkas Theorem is applicable. Thus there
exists an x P such that

Axl x2

where x2 G(x), the operator A is defined in relation (3.11), and the equality holds
in the L2 sense. Noting that u(x),/(x), k(x), and x(x) are continuous in [0, 1], the
result follows pointwise in the respective regions.



1316 F.E. UDWADIA, F. MANTEL, AND M. DRYJA

THEOREM 3. When the optimal design is such that the base shear constraint is
binding, i.e., Fo F(k), then we have the following:

(1) If Uo O, (x) k(x), x [0, 1 ];
(4.3)

(2) If vo>O, and/(x) > k(x), x6[0, 1], then

(4.4) ^2 g2(x)
U,,=, x [0, 1).

Po

Proof (1) If Uo 0, (4.1) gives

(x)=g(x),

Equation (4.2), for a(k) =0, gives

fc(x)= k(x),

x (0, 1).

x (0, 1).

the result follows from the assumed continuity of/(x) and k(x) in [0, 1].
(2) When we use (4.2), u(x)=0, x (0, 1). Then relation (4.1) gives

,’_ g2(x)Ux x6[0, 1).
1/0

COROLLARY 2. If the set B {x:/(x)-k(x) > 0} is dense in [0, 1], then relation
(4.4) is valid.

Proof For each x e B, by (4.2), u(x)=0. But u(x) is continuous in [0, 1], and
since B is dense in [0, 1], u(x)=0 on [0, 1]. Hence we have the result.

In particular, if the optimal stiffness k coincides with the lower bound k at only
a finite number of points, then B is dense in [0, 1] and relation (4.4) holds.

THEOREM 4. When the shearforce constraint is binding and relation (4.4) is valid,
the optimal stiffness distribution is given by

f to2p(x) j’ g() da xoAow Jx p(x) dx
(4.5) k(x) =’ + xe[O, 1)

g(x) g(x)

where

o P(Y)[I g(x) dx] dy

Fo w 2M,Ao
Proof Using (2.2), we have

[ to2p(x) U(x) dx Aoto 2 Ix p(x) dx
k(x) =’ +

Wx(x) V(x)

Since a(/)=0, = Fo (8, U)+Ao.
But by Lemma 3 and (4.4), U(x)= (g(x)/) dx. Using this in the expression

for F, we get the result.
THEOREM 5. Ifa(k) > O, tken ifan optimal solution exists satisfying tke constraints,

it must be (x)=}(x) for x [0, 1].
Proo If (k)>0 then by (4.2), po=0. Then (4.1) yields

(x)=g(x)>O,

and so, by (4.2),

&x)=k(x), xe[0,1].

From the continuity of (x) and k(x) in [0, 1], the result follows.
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It should be noted that when the shear force constraint is binding, conditions

(1.2) and (1.3) are equivalent to conditions (2.11). However, when the shear force
F(k) < Fo, while conditions (1.2) and (1.3) imply (2.11), conditions (2.11) do not imply
(1.3’a) as shown in Lemma 6. The set, Y’, of elements k(x) that satisfy (2.11) with
a(k) > 0 is such that :7

_
YL Thus we need to check that the solution /(x)= k(x)

obtained in Theorem 5 satisfies condition (1.3’a). If it does not, no solution to our
constrained optimization problem exists, since :7

_
YL

5. Physical interpretation of the results. The results obtained in Theorems 2-5 can
best be described by the flowchart shown in Fig. 3. The novelty of this paper’s suggested
approach to solving our constrained optimization problem lies in obtaining, in closed
form, the optimal stiffness distribution without ever having to solve the nonconstant
coefficient partial differential equation in (1.1). The penalty paid for this is that we do
not obtain the optimal solution for all possible situations. However, we shall show
that, from a practical standpoint, those situations for which we do not obtain the
stiffness distributions in closed form, hardly ever occur.

The optimization problem is related to two constraints" (a) the base shear constraint
and (b) the stiffness distribution constraint. They are the following:

(5.1) a(k)-- Fo-F(k)>-O,

a’() 0 YES, a(?nng.() NO (x(), 0

L A L Solution Exist

by I-’_ ’-I by

Thm. [YES NO0>0 Thm’5 L NO
Pa[t 1,,, I’

3tiffn2)Dl k(X’stribution,

uy

Part2 v(x)0by(4.2)

I by Cor.

v g-(x)

by Thm. 4 ,
Explicit Expression

for Stiffness Distribution

FIG. 3. Design flowchart.
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(5.2) h(x)=fc(x)-k(x)>-O for all xe[0, 1].

The solution xl of the operator equation Axl x2 is in the cone P of the space
V1. That means the following:

(5.3) Uo _-> 0,

(5.4) u(x)>=O for all x[0, 1).

Inequalities (5.1) and (5.3) can be satisfied either by equality (base shear binding)
or by strict inequality. Relation (5.2) can be satisfied in different ways. We have here
a nonnegative continuous function defined on [0, 1]. Its graph is a subset of the band
[0, 1] x[0, oo) of R2. We describe the different possibilities in Fig. 4. The different
possible cases are as follows:

(5.2a) h(x)=-O on [0, 1],

(5.2b) h(x)>O on [0, 1],

(5.2c) h(x) > 0 on a set dense in [0, 1],

(5.2d) h(x) =0 on a proper subinterval of [0, 1].

Case (5.2c) includes the possibility that the equation h(x)=0 has finitely many
solutions in [0, 1].

The flowchart shows that the only case in which we cannot explicitly obtain k(x),
although the optimization problem may have a solution, is the case (5.2d). However,
from a practical point of view, the probability that the optimal stiffness distribution
will coincide with its lower bound on a proper subinterval of [0, 1] is extremely small.

(a)

h(x)

X

Y I (b)

X

(c) (d)

h(x) h(x)

’
FIG. 4. Graph of h(x) fc(x)- k(x).

X



OPTIMAL DESIGN OF STRUCTURES 1319

Therefore this case is very unlikely to occur. This, in turn, means that whenever a
solution to the optimization problem exists, in most cases we succeed in finding the
solution in closed form.

Now we describe Fig. 3 in detail.
Case 1. Base shear not binding. In this case we have to check whether the solution

to (2.11) satisfies (1.3). If not, then the optimization problem is ill-posed and has no
solution. Otherwise, Theorem 5 proves that we are in situation (5.2a), which means
that the optimal stiffness distribution is the same as the lower bound k(x) for all x.

This describes the right branch of the flowchart. Next we describe the left branch
of the flowchart.

Case 2. Base shear binding. For the next branching, we ask whether (5.3) is
satisfied by equality. If so, then Theorem 3(1) shows that we are again in situation
(5.2a). Otherwise, we ask if (5.2b) happens. If so, then by Theorem 3(2) we obtain

^2explicitly Ux(x), and then Theorem 4 gives us the optimal stiffness distribution in
closed form. If (5.2b) is not the case, we ask whether (5.2c) occurs. (Let us emphasize
again that, from a practical point of view, the subcase of importance here is the situation
where graph h(x) hits the x-axis at a finite number of points). If so, then (5.4) is
satisfied by identity; by Corollary 2, we again get ](x) explicitly; and Theorem 4
gives us the optimal stiffness distribution in closed form.

However, if (5.2c) is not the case, but h(x) is equal to zero on a subinterval of
[0, 1], then we cannot find k(x) in closed form on [0, 1]. Thus we only know k(x) on
the subinterval where it is equal to k. As mentioned, this is unlikely to happen in
real-life situations.

As a final comment, we observe that whenever the optimization problem has a
solution, in most cases, that solution is obtained, in closed form, via the Farkas
Theorem, and this does not require the explicit solution ofthe differential problem (1.1).

6. Numerical example. The results of the previous section can be illustrated for
the case when the shear force constraint is taken to be binding with g(x)= 1, p(x)- 1,
to 1, Fo 2, Ao 1, and k(x)=0. We then obtain

x x
(6.1) Vo=- and k(x) l

4 2 2

Using the same parameters with g(x)= + x,. we get

4
and k(x)=( 2 x2 x3)/(6.2) u0= x -----6-- (1 +x).

The results (6.1) and (6.2) are indicated in the Fig. 5, along with the result for
g(x)=(1-x/2).

7. Cnelsins nnd discussion. This paper attempts to study the structure of the
optimal design problem for a building structure subjected to harmonic base excitation.
The aim is to find a stiffness distribution which minimizes a suitable cost function
subject to constraints on the base shear, the lowest fundamental frequency, and a lower
bound function for the stiffness distribution. The Farkas Theorem is used to study the
underlying structure of the optimization problem. It is shown that when the base shear
constraint is nonbinding, the optimal stiffness, if it exists, is given by its lower bound,
k(x). The Farkas Theorem is also used to find the optimal stiffness when the shear
force constraint is binding and /(x)> k(x) for all x in [0, 1] except perhaps at a
discrete set of points. The closed-form solution of the optimal mode shape U(x) is
first obtained and then /(x). The global optimum is thus analytically determined.
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These analytical solutions become all the more useful when it is realized that computa-
tional nonlinear programming methods for obtaining the optimal solution for such
problems are fraught with numerical difficulties, even when the number of unknowns
(the values of k(x) at a discrete set of points) is small.

This paper gives only simplistic modeling of a tall building structure subjected to
ground shaking. However, such models are used commonly in the design and analysis
of buildings in seismic areas, and therefore the results obtained here are of practical
interest to the designer. It is anticipated that the results will find use in other application
areas, such as the optimal design of space structures and the design of machine
foundations.
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GLOBAL OUTPUT TRACKING FOR NONLINEAR SYSTEMS*
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Abstract. The well-known local results on output tracking makes it possible to control the state so that
the output follows some desired path Ya over some time interval to, to + e). These results have been extended
to give global tracking, so that the output follows Ya over a given interval [to, t], for a class of systems
that are sufficiently "observable." An example is presented to illustrate how these results can be used to
steer the state of the system from a given initial state to a desired final state.

Key words, nonlinear systems, output tracking, singularities

AMS(MOS) subject classification. 93B05

1. Introduction. The problem of controlling a system so that its output follows
some desired path was first solved by Brockett and Mesarovic [1] in 1965 for time-
invariant linear control systems. These results have been generalized to include affine
nonlinear control system models provided the state trajectories avoid "singular states"
(cf. [2]-[7]). For linear systems there are no singular states, but for many nonlinear
systems the set of singular states Ms forms a codimension-one submanifold of the state
space. If the initial state Xo is not a singular state, then the output can be made to
follow a desired path for some time interval over which the state trajectory avoids M..
Thus, for nonlinear systems, output tracking results are generally local in nature. In
[10] the local tracking problem is solved under the assumption that Xo Ms but that
the state never returns to Ms. The purpose of this paper is to identify a class of outputs
for which global output tracking results can be obtained. These are output functions
with "observability" properties that permit us to accommodate transversals of the
singular set by use of the available output data.

In 2, the main results, Theorems 2.2 and 2.3, are derived and two examples are
presented. The use of these global tracking results in controlling a system to transfer
the states from X(to) to x(t) is illustrated.

2. Tracking through singular points. Consider the single-input affine nonlinear
system model

(t) =f(x(t)) + u( t)g(x( t)), X( to) Xo M,
(2.1)

y(t)=h(x(t))

where M is a connected C manifold, f and g are C vector fields on M, and h is a
C function of M. The controls u to, ) R are continuous. For each such admissible
u, let x(t, u, Xo) denote the corresponding solution to the differential equation (2.1)
and y(t, u, Xo) denote the resulting output. As in [2]-[7] the relative order a of (2.1)
is defined as the least nonnegative integer k such that gfk-h 0 on M. We take a

if gfkh 0 for all k >- 0. If x M is such that gf-ih(x) 0, then x is called a singular
point for output tracking, and the set of all singular points is called the singular set

Ms={xMlgf-lh(x)=O}.

Generically Ms is a codimension-one submanifold of M (cf. [11, Cor. 4.12]).
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In the conventional approach to output tracking, to steer the state so that the
output y follows some desired path Yd we solve for u as a function of y and its
derivatives. Computing derivatives of y we have (since a is the system relative order)

y(t)=h(x(t)),

yl)(t) dhx,)(t)

dhx(,)f(x) + u(t) dhx(,)g(x(t))

=fh(x(t)),

y(2)( t) fZh(x( t)),

y(-’)( t) f-’ h(x( t)),

y’)( t) fh(x( t)) + u( t)gf-1 h(x( t))

where gf- h (.) O. When we set

y-(t) (y(t), y()(t),’’ ", y(-l)(t)),

h-(x) (h(x),fh(x),"" ,f-h(x)),

a(x) =fh(x),

b(x)=gf-lh(x),

it follows that attainable output paths are constrained by y-(t)= h-(x(t)), and that a
necessary condition for Yd to be a (C) output of (2.1) is that y(to)= h-(Xo). Ifxo M.
(a reasonable assumption since M. will be of measure zero in M) then this condition
is also (locally) sufficient (cf. [2]-[7]). In fact, since y()(t)=a(x(t))+u(t)b(x(t)),
the required control is simply

(2.2) Ud( t, X)
ya’ )(t) a(x)

b(x)

Thus if u(t) ud(t, x(t)) it follows that y(t, u, Xo) ya(t). For linear systems
b(x(t)) is constant, and thus M. is empty and y(t, U, Xo)=yd(t) for all t>--to. For
nonlinear systems Ms is usually not empty, and the control scheme (2.2) can break
down when x(t) approaches Ms (i.e., when b(x(t)) approaches zero). The nonlinear
results therefore are local, i.e., given Yd there exists ey,, >0 such that y(t, u, Xo)= yd(t)
for to<= < to+ eyd. Since trajectories are not allowed to approach Ms and generically
M. "divides the state space in half," this seriously limits the applications of the current
theory.

To develop a practical global theory for nonlinear output tracking, the state
trajectory must be allowed to pass through the singular set. This means that we must
identify those paths Yd for which the control Ud described by (2.2) is well-behaved at
those times when the state enters Ms and the denominator b(x) vanishes. In particular,
if we set u(t) Ud(t, x(t)) SO that y(t) yd(t) and x(t) x(t, u, Xo) approaches the
singular set at time ts (i.e., b(x(ts))=0), then the tracking control is given by

’)(t) a(x(t))
for < ts,

b(x(t))

and thus an evident necessary condition for u to be well defined at time ts is that
yd)(t.) a(X(ts)). Thus, in order to make tracking practical, we must identify, in terms



GLOBAL OUTPUT TRACKING FOR NONLINEAR SYSTEMS 1323

of Yd, those times t. when b(x(t,.))=O (i.e., x(t.) M.), as well as the corresponding
constraint value a(x(t.)) so that yd(t.,.)= a(x(t.)) translates into a restriction on the
allowable desired paths That is, in order to be able to determine this from the available
observations, we want to ensure that there exist functions ao, bo" R" R such that

(2.3) a(x) ao(h-(x)) and b(x) bo(h(x)).

This means that along trajectories t- x(t) of (2.1)

a(x(t)) ao(y-(t)) and b(x(t))= bo(y(t)).

Condition (2.3) has implications for y(t) at times t. when x(t.) M.,. For example,

y)( t.) a(x( t.)) + u( ()b(x( t.))

ao(y(t.))+ u(t.). 0

so that y)(()= ao(y-(t.)), and similar restrictions are placed on higher-order deriva-
tives of y at time t.. To describe the extent of these restrictions some notation will be
introduced.

If x(t) is any solution to (2.1) then set

bl(X(t), u(t))=(d/dt)b(x(t))=fb(x(t))+u(t)gb(x(t)),

and similarly we can define bg(x(t), u(t), utah(t), uk-)(t))=(dk/dtk)b(x(t)). As
in [10] the degree of singularity of a state x M, fl(x), is defined to be the least integer
k such that (r,..., rk) bk(x, r,..., rk) is not the zero function. Thus for x M.,
fl(x) =0, and for x M,.,/3(x) > 0. If fl(x)=, then (in the real analytic case) the
input-output map defined by (2.1) will be trivial (cf. [10]). To save accounting assume
/3(x) =/3< for all x M..

y)( t) a(x( t)) + u( t)b(x( t)),

d d
y+l)(t) -- a(x(t))+u(t)-d b(x(t)l+fi(tlb(x(t)),

d dy(+)( t) - a(x( t)) + u( t) - b(x( t)) +... + u(t)(t)b(x(t))

and from the definition of/3 it follows that at any time t. when x(t.,.) M, we have

y)(t.)=a(x(()),

dy+)( t) =-d a(x( t.))

(2.4)

d-Y+-’)( t) d- a(x( t.)),

d dy+t)(()

_
a(x(())+u(()- b(x(t.,.)).

The following lemma simplifies notation when condition (2.3) holds.

Thus
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LEMMA 2.1. Consider the system (2.1) and suppose that condition (2.3) holds. Then
there exist functions ak, bk" R + - R such that

d k d k

dt k a(x(t))= ak(y+k(t)),
dt k b(x(t))= bk(y"+-----k(t))

for k =0, 1," ", ft. In particular, ao(y and bo(y are the functions described in (2.3)
and

ak+l(rl, r+, r,++)= (dak)r,,...,r+k)(r2, r+k+),

bk+(r, r,+k+)= (dbk)(rl,...,r+k)(r2, r+k+).

Proof From (2.3) a(x(t))=ao(y-(t)) so that (d/dt)a(x(t))=(dao)y-,)
((d/dt)y-(t)) (daoyt)(yl)(t), .., y)(t)) al(y+--l(t)) by definition of
al. Continuing, we have (d2/dt)a(x(t))-=(d/dt)al(y"+--2(t))=(dal)y+(t)
(y), y),’’ ", y/))= az(y"/(t)) from the definition of a2. Similar relations hold
for b, bz. The rest of the proof follows from these observations.

Thus for systems that satisfy condition (2.3), Lemma 2.1 yields functions
ak, bk" R "+k--> R with (dk/dtk)a(x(t)) ak(y+----k(t)) and (dk/dtk)b(x(t))
bk(y+----k(t)) (assuming ao, bo are k-times ditterentiable at y-(t)).

THEOREM 2.2. Consider system (2.1) and suppose (2.3) holds. A necessary condition
for a C function Yd to be tracked by the output (using an input that is (fl- 2) times
differentiable) is that

y( to) h (Xo)

and for each time t when bo(y(a/d)(t.))=O (i.e., x(t)

yd+k(() ak (y-(t)) for k O, 1,..., fl 1.

Proof Suppose that Yd is a C function that can be tracked by the output y of
(2.1) using a (/3- 2) times differentiable control u. When we use Lemma 2.1 and (2.4),
it follows that at each time t

dyd+)( t) =- a(x( t))
t:

ak (y+_k(t,))

for k 0, 1,. ",/3 1. At time to,

y( to) h(xo) yd( to)

y(to) fh(xo) yd)(to),

y<-l)(t0) __f-I h(xo) ya"-)( to),

so that y(to) h-(Xo) and the proof is complete.
Theorem 2.2 comes close to identifying those functions Yd that can be tracked by

the output of a nonlinear system for which the "observability condition" (2.3) holds.
By slightly reducing the set of outputs Yd described in Theorem 2.2 we can find a
continuous control Ud that results in y =-Yd. From the definition of/3,

d3b
(x(t))=b3(x(t), u(t),. u-l)(t))

dt
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and is nonzero (for "most" controls u). From Lemma 2.1

db(x(t))
dt bt (y+--( t)).

A further restriction is placed on Yd" at each time t, when bo(y(t.))=0, we
require that bt(y--(t,)) 0 (which will be the case for "most" y-(t,)). This assump-
tion amounts to the condition that the singular set be traversed with the minimum
possible degree of tangency.

THEOREM 2.3. Consider the system (2.1) and suppose (2.3) holds. A sufficient
condition for a C function Yd to be tracked by the output is that

y( to) h (Xo)

and for each time tL such that bo(y(t.)) 0

ya+k)(t.) ak(y-(tL)) for k O, 1,’’ ", 1,

and b(y+-( t. )) O.
Proof Let y(t) denote the output corresponding to a control u. If bo(x(t.))=0,

then from (2.4) and Lemma 2.1,

y+)( (.) at(y+--( ()) + u( t.)bt(y+--( t))

and if bt (y--(t)) 0 then

u( ts
y(,+t t, at (y+-(

bt3(y+__( ts))

This motivates the following control scheme. Suppose that Yd satisfies the requirements
of Theorem 2.3. Define the control Ud as follows:

yd")( t) a(x)
when bo(y( O,

ud(t,x)= b(x)
r(t,) when bo((y(t.)) 0

where r(t) (ya"+t3(t.) at(y-(ts)))/bt(y+--(ts)). Since y-(to) h-(Xo)= y(to) it
suffices to verify that ud(t,x(t)) is continuous and y(t)=ya(t) for all t=> to to
complete the proof. If t t (i.e., b(x(t))S0) then

y")(t) a(x(t))+ Ud(t, x(t))b(x(t))

a)( t) a(x( t))
=a(x(t))+" b(x(t))

b(x(t))

ya")(t),

and so it suffices to show that ua(t, x(t)) is continuous when ( (i.e., b(x(t))=
bo(y-(t)) =0). Assume y= ya for to <- < t. (this is the case, since the known sufficient
conditions for local tracking are satisfied by ya cf. [10]).

Set L lim,_.,.7 ((y])(t)-a(x(t)))/b(x(t))). Now b(x(t))-->O and since ya)(t)
ao(y(t)), l’H6pital’s rule may be invoked in an attempt to evaluate the limit

yd+ )( t)- a(y3-( t)
L lim

,-,7 b,(Y-( t))
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Once again, since yd+)(t.) a(y+-t(t.)) by hypothesis and b(y-(t.))=O if/3> 1,
the limit is indeterminate, so l’H6pital’s rule is successively applied. These steps are
repeated until we finally obtain the determinate limit

L
yV+t)(t.)- at(y+--+(t))

r(t.).
bt (y-( tL

Hence by l’H6pital’s rule we find that

yV)(t)-a(x(t))
lim r(t.).
,-,7 b(x(t))

Thus Ud is continuous and the proof is complete.
COROLLARY 1. Suppose that Yd E C(R satisfies the hypothesis of Theorem 2.3 so

that at each time t. when bo(y( tL))= 0 we can choose r( t.) so that

yd+)( t.) at(y--t( t,)) + r( t.)b(y-( t)).

Then the output y of system (2.1) can be controlled so that y =-Yd by using

f r(t) for each time ts when bo(y(t)) O,

Ud(t’x)=y(d‘)(t)-a(x) when t t.[. b(x)

In open-loop form

r(t.) for each time when bo(y(t.)) O,
u,(t)=ua(t,x(t))= yd)(t)--ao(y(t))

whent t.bo(y(t))

Proof The proof follows directly from the proof of Theorem 2.3.
Example 2.1. Consider the system model

(t) X,( t)X:( t) + X( t)u( t),

2(t)=x,(t),

y(t)=x2(t)

where M R--- {(0, 0)} (since the system cannot be steered to the origin from any
nonzero initial state). Here

y=x2,. Xl,

y=x,x+xu,
so that a 2, a(x)= xxz, b(x)= x, and M is {xz 0}. Also

a(x(t)) y(t)y(t) ao(y(t), f(t)) ao(y-(t))

with ao(r, r) r rz and

b(x(t)) y(t) bo(y(t), y(t)) bo(y"-(t))
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with bo(r,r2)=r2. To determine /3 notice that (d/dt)b(x(t))=2x2(t)x(t), which
vanishes on M., and (d2/dt2)b(x(t))=2x(t)+2x(t)x(t)+2x3(t)u(t), which is not
identically zero on M,., so/3 2. Following the algorithm in Lemma 2.1, we have

al(rl, r2, r3)=(dao)r,.r2)(r2, r3)=[r2r,] l r2l r2+ r, r3,
L Jr3

a2(r,, r2, r3, r4)= (dal)(r,,r2,r3)(r2, r3, r4)= [r32r2r,]

bl(r, r2, r3): (dbo)(r,,r2)(r2, r3)= 2rrz,
Ir211.3

I"4

3r2r3 + rr4,

and when Yd (t.) O,

fa(t.,) 0, a(t.)=y2a(t.).
Note that f(ts)=x(ts)O as y(t.)=x(t)=O and that the origin is not in the

state space (it is not in leaf of the distribution generated by the vector fields f and g
containing _Xo). Thus a further necessary condition is 3a(t.) 0.

From Theorem 2.3 this condition is sufficient for Ya to appear as an output using
a continuous control, provided that b,(y+-(t.)) b2(y](t.)) 23,] (t.,.) + 2ya(t.)f(t.)
23(t.) 0. From the above this is expected. Thus the singular set M.--{x2 =0} can
be crossed by the state trajectory, provided that when ya (t.,) 0 we ensure that fa (t.) 0
and ia(t) ),](t.) # 0 (when the state approaches M. the local theory breaks down).

When we take to=0, Xo=(0,2) as the necessary condition from Theorem 2.2,
namely

yd(0) 2, )d(0) 0

and fa(t.)=O, jTd(t.) p(t.) whenever ya(t.)=O, it is sufficient to track Yd (Theorem
2.3) provided 9d(t)O. Thus, to transfer the output from y(0)=2 to y(2)=-2 we
could use yd(t)=2--t, which can be locally tracked on [0,2] using Ud(t,X)=
(fd( t) XX2)/X2 --(2+ XX2)/X (cf. [2]-[7]). Here ya(t,,)=0 when t. v/ and in this
case we can solve for x and x: explicitly when u ua, i.e., xxz- ((2 + xxz)/x)x
-2 so that x(t)=-2t, and 2 x so that x2(t)=-tz+ 2. Thus

-2- (-2t)(-t2+2) 4t-2t3-2
Ud(t,x(t))= (-t2+2) (2- tz)

and lim,_., Ua(t, x(t)) -0.

b(r,, r2, r3, r4) (db),,,r3)(r, r3, r4) 2r+ 2rr3.
Suppose that the initial state is X(to)= (Xo, X2o). From Theorem 2.2 a necessary

condition for ya to appear as an output function is

y(to)
Yd (to) J X,o

and for each time t, when bo(y(t.))=y(t.)=O

rid(t.) ao(y(t.)) Yd( t.)yd (t.),

(t.) a(y( t.)) ( t.) + Yd( t.)d( t.).

Thus a necessary condition for Yd to appear as the output when X(to)= (Xo, X2o)
(and u differentiable) is

y (to) Xo, y (to) X,o
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0

Yd 2--t2 and Ud blows up when
approaches t

To transfer y from +2 to -2 using Theorem 2.3, decide on a time ts for Yd to
vanish and ensure that at this time the additional conditions rid(t)= 0 and Yd(t)=
f,](ts) 0 hold. If we want t 1, for example, then guess

and require

yd(t)=a+b(t--1)+-..(t--1 + (t--1
4!

(t-- 1)4+ (t--l)

and, in addition, at time t. 1

we obtain

ya(O) 2, .f,a(O) 0

yd(ts):yd(1):a:O,

d(t,)=d(1)=c=O,

’a( t) d a( t.) b2,

yd(2) --2

Yd(t) (--8"449)(t 1) + (11"899)(t 1 )3 + (--5.449)(t 1) 5.

One application of output tracking is controlling a system to move the state from

Xo at time to to xl at time tl. For linear systems the variation of constants formula lets
us find the required control. For nonlinear systems, results tend to be qualitative and
there is no explicit input-output relationship available. To transfer states using output
tracking, one possible method is to find an output function h(x) such that x-. h-(x)
distinguishes between states. Then condition (2.3) is automatically satisfied and the
corollary to Theorem 2.3 can be used to generate u. That is, we look for a path yd(t)
such that y(to)= h-(Xo) and y(t)= h-(xl). Theorem 2.3 enables us to choose Yd SO

that Ud is well defined on all of [to, tl]. Of course, as in the Lyapunov theory, there
is no easy way to choose a suitable h(x).

Example 2.2. Consider the system model

:,( t) x( t)x2( t)u( t),

2(t) Xl(t) + X2(t)U(t)

where x M {(x, x2)]x > 0}, i.e., the system has the accessibility property (cf. [8]).
We want a as large as possible so that h-(x) separates states. We are led to try

y h(x)= x, e -x2

so that

_X21 e-X2, fi -XSl e-X2_ X21X2 e-X2u,
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and thus a(x)=-x31 e -x2, b(x)=-xx2 e-x2, a 2, and Ms {x2 0}. Here lJ(x(t))O
so that/3 and

[ x, e -x2 ]h-(x)= -x e-J
so that x- h-(x) is one to one on M.

To find ao, bo in condition (2.3), simply solve for xl, x2 in terms of h-(x). Since
2y= h(x)= x e-x2 and =fh(x) -x e-x,

it follows that

a(x) ao(y, )= (:92/y) and b(x) bo(y, 3))= -ln (-y2/9).
Using Lemma 2.1, we have that b(y,p,)=(y-2p2)/(y:9). Thus x(ts)e Ms if and
only if bo(y(ts),29(ts))=-ln(-y2(ts)/.P(ts))=0, i.e., f(ts)+y2(ts)=O. Set z(t)=
29( t) + y2( t). Then x(t) M. if and only if z(ts) =0.

A necessary condition for Ya to be tracked by the output y of this system when
X(to) (Xlo, Xo) is

yd( to) h(xo)= Xo e-%,
2fia( to) fh(xo) -Xo e-’ --XloYd( lO)

and for each time ts such that Z(ts)=fa(ts)+y2d(ts)=O, a(t,)=ao(Ya(ts),.fa(t.))=
.9d(t)/ya(ts). When we use Theorem 2.3, a sufficient condition for y =-Ya is that

(2.5)
Ya( to) Xo e-‘ (>0),

fd tO) --XloYd tO)
and for each time t such that Z(ts)=,fd(t.)+yd(ts)=O

fia( ts) =.92d( t,)/yd( ts),
and bl(y](ts))=--yd(ts)O. Of course this last restriction is to be expected since
y(t)>0 for all t.

Thus to transfer the state from X(to) (Xo, Xo) to x(t) (xl, x) we need only
choose yd that satisfies the above sufficient condition and also has yd(t)= h(x(fi))--
Xll e-x’ > 0 and fd(tl) -xllYci(t).

In particular, if Zd rid + y2d then Zd(to) --XoYd(to)+ yd(tO)= yd(to)[yd(to)--Xo]
and Zd(t)=yd(tl)[Yd(q)--X ]. Here yd(to)>O, yd(tl)>O, and yd(to)--Xlo
Xo e-x Xo Xo( e-x 1) so that

Zd(to)= yd(to)Xo(e-’-) and Zd(q)= yd(t)Xll(e-2’-- l).
Thus

positive for x2>O,

Zd (t) is 0 for X2i 0 for O, 1,
negative for xz < O.

and times ts when za (ts) O(x(ts) Ms) correspond to times when x(ts) O. Also

,a( ts) a( ts) + 2ya( t)fia( ts)

_d(ts) + 2yd(t.,.)(_y2a(ts))
yd(t)

y(ts) 2y(ts)
_y(ts) O.

y(t)

Since y =- Yd until time ts, Yd O, and d (ts) < O.
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In conclusion, a trajectory that crosses M. at time tL has Zd decreasing, so that if
Zd(to)>O we can control the system to make Zd(tl)<O, but if zd(to)<O then Zd(t)<O
for all >= to. This means that for initial states with x2-coordinate negative the system
can be steered to any final state in M. If the initial x2 coordinate is positive, then we
can only steer the states to other states with positive x2-coordinate.
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REALIZATION AND CANONICITY FOR IMPLICIT SYSTEMS*

JOSI GRIMM

Abstract. This paper studies realization theory and canonicity conditions for implicit systems. Here an
implicit system is any system defined by an input-output finite-dimensional, linear, time-invariant relation,
in discrete or continuous time (they are also called "generalized" or "descriptor" systems in the literature).

The familiar definitions of canonicity and minimality are extended to such systems, and a so-called
"reduced form" proves that, as for classical systems, minimality and canonicity are two equivalent concepts.
We replace the notion of transfer function by a notion of external form, and prove that minimal realization
can always be achieved.

Key words, implicit systems, canonicity, minimality, transfer function, realization

AMS(MOS) subject classification. 93B

1. Introduction. What we give, in this paper, is a generalization to implicit systems
ofthe (linear time-invariant) state-space theory, that is, to define canonicity, minimality,
equivalence, and strong equivalence for implicit systems, in such a way that two
canonical equivalent systems are strongly equivalent, and that a system is canonical
if and only if it is minimal.

This work extends, and (we hope) improves upon, earlier work concerning so-
called "singular" systems [5], or "generalized" systems [13], or "descriptor" systems
[10]. The improvement is in two directions.

On the one hand, our definition of canonicity, although strongly related to that
of [5] or [13], seems to be more appropriate. An indication of this is that it allows us
to derive the fundamental theorem that canonicity is equivalent to minimality, and
that the minimal realization is unique (up to strong equivalence). Other remarks in
this direction will be given later.

On the other hand, our work holds for singular implicit systems, i.e., those whose
pencil zE- F is singular, e.g., not square. This is nice on mathematical grounds, but
also from a control-theoretic perspective.

It is well known that such systems may not have a solution for every input function
u. However, phenomena exist whose "natural" models exhibit this (bad) property, be
it in economics, where the number of variables and equations do not always agree, or
in the physical sciences.

Another point is that when the solution exists, it is not generally unique. There
is no way around this if the number of equations provided by the "physics" of the
phenomenon, for instance, for econometric reasoning, is not large enough, and inves-
tigating the possible solutions may then be of interest. But note, anyway, that this is
not such a new situation in control theory. As a matter of fact, a stochastic system is
a system whose state history is not uniquely defined by the control function. Adding
an extra "noise" variable to account for this nonunicity must be considered only as a
clever device, which might also be used for implicit systems as shown in [2].

As a last instance, observe that a (multivariable) PID controller induces an implicit
system and we must know what happens if it turns out to be (close to) singular.

Received by the editors November 13, 1985" accepted for publication (in revised form) January 4, 1988.
t lnstitut National de Recherche en Informatique et Automatique, Avenue Emile Hugues, Sophia-

Antipolis, 06560 Valbonne, France.
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We shall not worry here about the smoothness of inputs or outputs. It should be
clear that our input-output relations will be completely determined by their effect on
C pairs whose growth is exponentially bounded. Hence, the reader can always assume
smoothness if he or she wishes. However, for discussion of difficulties that may arise
when dealing with more general inputs, we refer the reader to [3], [4].

The remark above also allows us to use Laplace transforms in a purely formal
manner, as has become customary in system theory. That is, a rational relation between
Laplace transforms is understood to hold in some open subset of the complex plane
where all functions involved are defined.

A basic knowledge of classical state-space theory (see, e.g., [8]) is assumed.

2. Definitions. In the sequel we shall denote by lower-case letters (e.g., u) time-
dependent vectors and matrices, by uppercase boldface letters (e.g., U) their Laplace
transform, by script letters (e.g., Y() rational functions of z (the Laplace variable), and
by uppercase letters (e.g., H) constant matrices.

We shall denote by "system" any functional relation between a function u(t)
(called the input) with values in R" and a function y(t) (called the output) with values
in R p. Some systems may be defined by linear differential or recurrent equations
involving an auxiliary function x(t) with values in R" (the state), and we call such
systems "implicit systems in internal form," or internal systems. On the other hand,
some other systems may be defined by rational relations linking the Laplace transforms
of u and y, and we call them "implicit systems in external form" or external systems.
The precise definition of implicit systems will be given later.

For the sake of simplicity, we shall consider only continuous time systems (those
defined by differential equations), but everything applies as well to discrete time systems
(those defined by recurrent equations).

Two systems are said to be equivalent if they define the same input-output relation.
In accordance with the introduction, this means that two systems are equivalent.if they
possess the same respective sets of input-output pairs (u, y) which are smooth, whose
growth is exponentially bounded, and which satisfy the equations of the system.

Note that the following definition is the classical definition of an implicit system
in the literature [2], [5], [9], [10], [13], [14], [16].

DEFINITION 1. An implicit system in internal form is one given by the following
equations"

E2 Fx + Gu,
(1)

y Hx + Ju

where the state x lies in R", E, and F have r rows (i.e., there are r differential equations,
and r need not be equal to n) and all the matrices are constant. The matrix E will be
called the kinetic matrix of the system.

DEFINITION 2. An implicit system in external form is one given by the following
equations:

U =0,
()

y- ’’U Im w
where ’’, w, are rational matrices, and U and Y are the Laplace transforms of the
input u and the output y.

Note that ordinary systems are those for which the kinetic matrix E is regular
(Definition 1), or 0, 0, and " proper (Definition 2).

To begin with, let us list equivalent definitions.
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DEFINITION la. An implicit system in internal form is a system where the input
u and the output y are related by linear time-invariant differential equations involving
an auxiliary variable x.

DEFINITION 2a. An implicit system in external form is a system where the Laplace
transforms of the input u and the output y are related by a linear relation over the
field of rational fractions of the Laplace variable.

As we shall see, all these definitions define the same objects. We first show the
equivalence of Definitions 2 and 2a.

Consider a system as in Definition 2a. The system is

where s is rational. Let s (N ) and be a regular rational matrix such that

=() and is surjective. Write N =(). Since
such that =-YL Hence (3) is equivalent to

(Y- YdU) 0,

U =0.

Taking such that Ker Im we get the form of Definition 2. On the other hand,
if we take such that Ker Im in Definition 2, this yields

We now prove the equivalence of Definition 1 and Definition l a. According to
Definition l a, a system is described by

(4) Ax(+ By(+ Cu(=O
i=o i=o

where the superscript (i) stands for differentiation. By adding zero matrices, we may
assume that j k I.

We introduce the vector w whose components are x, x
u, u(, u(. For 0N iNj, let H be the matrix such that y(= Hw, G such that
u(= Gw, and such that x(= w. The following relations, which are valid for
0 iNj- 1, can be summarized as D0w’= Dw"

Let D (AF + BH + CG) Then (4) is equivalent toi=0

D) w"

We get (1) by letting

F= G= H Ho, J=0

--Go//
and by renaming w as x. Conversely it is trivial that Definition 1 is a special case of
Definition 1 a.
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We now prove that Definition 2a is not less general than Definition 1. Using the
Laplace transform, (1) may be converted into

(zE F)X GU,
Y HX+ JU.

This equation is of the form (vu)+ CX=0. If is such that Ker @ Im and
M , it is equivalent to d(vu) 0.

To prove that Definition 2 is, in fact, equivalent to Definition 1 will require some
more work, i.e., realization theory, which is the main objective of this paper. For the
moment, we content ourselves by introducing the following definition.

DEFINITION 3. An internal system equivalent to an external system is called a
realization of the external system.

Note. Contrary to the classical case, the matrices Yf, , d/in Definition 2 or the
matrix M in Definition 2a are not uniquely determined by the input-output relation.
If we exclude the two cases where (3) can be written as U or Y U, there is
no natural way of associating to an external representation a well-defined matrix
that could be considered a transfer function. This explains why we do not define
transfer functions, but only external forms.

DEFINITION 4. An implicit system in internal form (Definition 1) is called minimal
if the size of the system, which is by definition the size of its kinetic matrix E, is
minimal (among systems having the same input-output relation), that is, both the
number of rows and columns of E are minimal. An implicit system in internal form
as given by (1) is called canonical if the following relations hold:

(CA1) F Ker E Im E,

(CA2) V(A, tx) C x C (h, tx) (0, O) [AE H-txF)\ injective,

(CA3) V(h,/x)eCxC (h, /x (0, 0) (AE-IxF G) surjective.

Note. Contrary to the classical case, it is not clear that a given system is always
equivalent to some minimal one, or even that minimal systems exist at all, so we shall
have to prove the existence of both minimal and canonical systems.

At the end of the paper we shall return to the above definitions, whose meaning
should then become clear to the reader. Note that (CA2) and (CA3) are dual to each
other. A moment’s consideration will convince the reader that (CA1) is self-dual. Note
also that if the kinetic matrix is regular, these are the classical canonicity conditions.

Our main objective is to prove that "minimal" and "canonical" are equivalent
notions. To achieve this, we shall need a special type of system, called "reduced,"
which constitutes the main technical tool in our theory. In the following two definitions,
we assume that there exist two regular constant matrices S and T such that

y=T
y

tl2 Y2
Such matrices are called input (respectively, output) partition matrices.

DEFINITION 5a. An internal system is said to be in internal reduced form if there
exist input and output partition matrices such that its equations are:

1 Fx + KX2 + Gu2,
0 Lxt + u,

(5a)
y Hx + Ju2,

Y2 X2,
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where

((/) F) is cmpletely bservable I in the classical sense"

(F, (G K)) is completely reachable

When U and Y are the Laplace transforms of u and y, and u, u2, y, Y2 are
defined via some input and output partition matrices, we shall often consider a
relation such as

and, when referencing (5b), the condition ", , 5 are strictly proper rational matrices,
is proper rational," will be called condition (R). We can now state the following

definition.
DEFINITION 5b. An external system is said to be in external reducedform if there

exist input and output partition matrices such that its equations are of the form (5b)
and condition (R) holds.

When referencing (5b), Y will always mean the matrix ( ) and this matrix will
be called the pseudotransferfunction ofthe reduced system. Note that the pseudotransfer
function depends on the system (via S and T) and not only on the input-output
relation; also, it is not defined for every system, but only for reduced ones.

Most of the subsequent Work is devoted to bringing a system into reduced form,
because once this is achieved, classical state-space theory can be applied directly. For
instance, the following proposition is obvious.

PROPOSITION 1. A system in internal reduced form is equivalent to a system in
external reduced form via the following formula:

000)(6)

where the right-hand side is a (classical) minimalfactorization of the left-hand side,, and
the input and output partition matrices are the same.

It is easy to see that an internal reduced system as in Definition 5a is canonical
since (CA1) is clearly satisfied, while (CA2) and (CA3) are equivalent to the reachability
and observability conditions required in the definition.

Note that a classical system Fx + Gu, y Hx + Ju is reduced if and only if it
is canonical (in the classical sense) and that a system defined by Y= YgU, where
Yg=H(zI-F)-IG+J, is also reduced in external form. In the two cases, the input
and output partition matrices are the trivial ones, i.e., u u2 and y yl.

DEFINITION 6 (Rosenbrock [11]). For an internal system as given by Definition
1, we define the system matrix as

We say that two internal systems are strongly equivalent, if their system matrices
are related by

V M

where U and V are constant regular matrices, N, and M are constant.
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If the subscripts 1 and 2 refer to the first and second system, respectively, this
last equation can be written as

E2 UEl V, J2 J1 NG1 + HIM- NFM,

F2 UF V, ElM =0,

G2 U(G1 + F1M), NE 0,

H2- (Hi- NF) V.

PROPOSITION 2. TWO strongly equivalent internal systems are equivalent. Strong
equivalence does not change the canonicity or the minimality of an internal system.

Proof. Adopt the notation of Definition 6 and consider the first system:

EII FlXl + G1 u,

y Hx +J u.

Let x V-(x- Mu). Writing x in terms of x and u, we obtain

E Vg F, Vx +(01 + FiM)u EMfi,

y (H- NF) Vx +( + HIM NG1- NFM)u + N(Gu + F1Mu + Fl Vx).

Add the first equation multiplied by -N to the second, and then multiply the first
equation on the left by U., Because of ElM- 0 and NE- 0 we get

E2, F2x d- G2u,

y H2x + J2u.

This is the second system. Hence strong equivalence does not change the input-output
relation. Note that strong equivalence is a generalization of the notion of change of
basis in the state-space for classical systems.

Since strong equivalence does not change the size of the kinetic matrix, it is
obvious that minimality is preserved. It is clear that condition (CA1) is preserved. Let
us prove that (CA2) is also preserved. Suppose that the first system is canonical. We
have to prove that

H NFI ]
x 0 implies x 0.

In fact we need only show that NFx 0. If x 0 we deduce it from N(AE F)x 0
and NE 0. If x 0, since Ex 0, by (CA1) there exists y such that Fx lY and
NFx Nly =0. The proof of (CA3) is similar.

We have used (CA1) to prove that (CA2) and (CA3) are preserved by strong
equivalence. Later, we shall see the real importance of this condition.

The difference between implicit and ordinary systems lies in (5a) and (5b): part
of the input and part of the output (namely u2 and Y2) may be chosen freely, and the
remainder (u and Yl) is determined by a proper rational transformation (in the
frequency domain), that is, by state-space equations. It is well known that implicit
systems may not have a solution if the input is not chosen in a set of admissible
inputs" (that is, the set Ker of Definition 2), and that if the input is admissible there
may be many solutions" in fact, each solution is the sum of a particular solution
depending on the input, and an arbitrary element of a certain space (Im of Definition
2) which does not depend on the input.
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One way to state this is to say that u and Y2 are natural inputs for the system,
while ul and Yl are natural outputs. Going further, we could merge u and y into a
single variable w, split it in two parts, wl and w2, define w2 as the input and wl as the
output of the system, and never talk about u and y. Such a theory is developed in
[18]. The forthcoming proof of Theorem 2 is essentially that of the corresponding
result in [18], but it is a bit more complicated since we have to keep track of our
variables u and y.

Comparing classical work on implicit systems, we find that Definitions 5a and b
give a completely different, and as far as we know, new point of view. A case of interest
is when the system is regular, that is, Y YgU, where Y( is rational but not necessarily
proper. This case was studied by several authors including those previously mentioned:
the general approach was to consider the polynomial and the strictly proper parts of, and study them separately.

Our goal is to establish the following theorem, whose proof will require several
steps and is carried out in the next three sections.

THEOREM 1. Each implicit system (internal or external) is equivalent to a minimal
one (unique up to strong equivalence). Moreover an internal system is minimal if and
only if it is canonical.

3. Realization. The main objective ofthis section is to prove the following theorem.
THEOREM 2. Each implicit system is equivalent to one in reduced form.
Because of Proposition 1 we have only to prove that, given an implicit system in

external form, there exists an equivalent system which is in external reduced form.
We consider a system under external form, written as (v) =0, where s is a

rational matrix. Let be a regular matrix such that 4 (oO), where o is surjective.
The system is then equivalent to o()=0. Let q(z) be a common denominator of the
entries of o such that q(z)edo is a polynomial matrix. There exists a polynomial
regular matrix such that 2 s is row reduced. Let O be the degree of the ith
row of s2 and Y’(z)= diag (z-S,). Then 3 9s2 is proper with surjective constant
term, and the system is equivalent to 3(v) 0.

We may therefore suppose that the matrix is proper with surjective constant term.
Write =( ) according to the partition (v). Let (Bo Co) be the constant

term of ( ). There exist regular constant matrices P and T such that PCoT ( ).
Write PBo (B2). Since (Bo Co) is surjective, the matrix (, ) is surjective, hence
B is surjective. Therefore there exists a regular matrix S such that B2S (I 0). Let
BS--(B B4). We now partition y and u by T-y (’) and S-u (). The system
is then equivalent to

U1

(PYdS PUT) U2
0o

Y
Y2

Note that (PY3S PCT) is of the form

( @1 3
I5 6 7 8

which is proper and has constant term

( B3I B4 I 00)"0 0



1338 JOS GRIMM

The matrix (5 ) is therefore regular and, in fact, bicausal. Premultiply our system
by the inverse of this matrix. We get

U1
0- I Y1

Y2
that is,

Note that the matrix ( ) is proper and has constant term (L ). This proves the
theorem.

We now examine the extent to which such a form is unique. Suppose that we
have two such forms"

UI

0 -t I Y 0 -t I

Y2
with

u=S y=T
.,V2 U2 2

We know that T and T, S and S are regular. Write

then

=0

’- T A3 A4 B3 B4

J1 B B2 0 0 U1
2 B3 B4 0 0 U

l 0 0 A A Y
2 0 0 A3 A4 Y2

It follows that the two matrices

(-- 0_-)I and (I0 --0_Ihave the same kernel.
The latter matrix is computed to be

B1- ’B3 B2- B4
-OB -OB4

B1 B2 0

o
0 A
0 A3

0

0

A2
A4

-A
A A

Write

W1
Y Y2
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The first system becomes (I -)(v) 0. Also write

(BI-B3-a3 (B2-B4-a4l _OB A1- A3,]
c: LB4 A-A4]

The second system is then (l )() 0. Hence W is equivalent to W+
Wz 0. This implies

(7) 2 -.
Hence W 2 is equivalent to ,(W,-)=0, and hence is injective. Since
( 2) ( ) is surjective, we also have that is surjective. This establishes
a first result, namely, Proposition 3a.

Pooswo 3a. Two equivalent systems of the form (5b) satisfy (7), where is
regular.

Assume now that condition (R) holds for both systems. The matrices ,, , and
are proper. Equating the constant terms in (7) yields

where J and are the constant terms of and . We deduce B 0 and A 0. Since
( I) is regular, and A =0, the matrix A is surjective. In the same manner B is
also surjective. The constant term of , which is (-J3 ,) is therefore surjective. But

is square; hence A and B .are regular and is bicausal. From the fact that A
is regular and A is zero we deduce that A4 is also regular. In the same fashion, B4 is
regular. We summarize this as Proposition 3b.

PROPOSITION 3b. Two equivalen systems of cheform (5b) satisfying condition (R)
also satisfy A 0, B 0, A, A4, B, B4 regular.

4. Mfio. The aim of this section is to provide us with an algorithm to
obtain a reduced internal system from a given internal one without increasing any
dimension of the kinetic matrix.

THEOREM 3. Given an implicit sysCem in internal form , it can be brought under
reduced form, by means of two types of operations" (a) strong equivalence operations;
(b) equivalence operations that decrease the number of rows or columns of the kinetic
matrix.

Moreover, ifthe system is canonical, only strong equivalence operations are necessary.
The proof of this theorem is an algorithm. We leave it to the reader to check that

every operation we perform is of type (a) or (b).
We start from

2 Fx + Gu,

y Hx + Ju.

Step I. There exist two regular matrices P and Q such that PQ ( )..Putting
Q x, the system is equivalent to

PQ PFQ+ PGu,

Let

y HQ:+ Ju.

PFO =(FL 4)’ PG=( G’)G2 HQ=(H, H2), :=(X,)x2
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(with a slight ambiguity of notation in that we used F again). The system is then

:i Fx + Kx2 -F G U,

(8) 0= Lx + Mx+ Gu,

y Hx + HzXz + Ju.

In the sequel, when dealing with a similar situation, we shall simply say "By
change of variable we may suppose E (o o) and it will be understood that G, G2,
H, H2 are partitions of the new G and H with respect to the new form of E.

Each time we perform such manipulations, there are some particular cases, when
some variables or some equations are missing.

For example, here there are four special cases:
(a) E is 0.
(b) E is injective, not surjective: we may write E -().
(c) E is surjective, not injective" we may write E (I 0).
(d) E is invertible: we may write E I.
We will not consider these special cases which can be covered by easy modifications

and are left to the reader. (Anyway, our proof is complete if we expect to work with
matrices with zero rows or columns.)

Step II. For a system defined by (8), condition (CA1) is equivalent to M =0. In
this step we make M vanish, if it is not already zero. By change of variable we may
suppose M ( o). The system is

: Fx +Kx+ K2X22 q- G

0-- LX q- X21 -[- G21 u,

0-- L2x + G22u,

y Hx+ Hx2 + H22X22 -t-

We compute x from the second equation, and substitute in the others. We get

2, (F- KLI)X, + Kzx22 + G,- K1Gz)u,

0 L2X1 + G22u,

y= (H1- H2,L1)x, + H22xz2+(J- H2,Gz,)u.

The system is now under form (8) with M 0. Note that the number of rows and
columns of the kinetic matrix has decreased by rank M.

Step III. We now introduce an output partition matrix T as in Definitions 5a and
b, to get a form which is closer to the reduced form than (8).

There exist regular matrices T and P such that T-IHzp--( o). By change of
variables we may therefore assume that the system is

’1 Fx + KIX21 q- K2x22 + G111,

0 Lx nt- a2tl,

y Hx + JI 1t,

Y2 H2x + X2 + J2u,
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When we rename H12xl + x21 + J2u as x, Hl as H, F-KH2 as F, GI- KJ2 as G,
J as J, and x22 as x3, we get

: Fx + Kix2 + gx3 + G u,

0 Lx + Gu,
(9) y2= X2,

y Hx + Ju,

Y

Note that the size of y is the rank of the matrix H in (8).
Step IV. The observability condition (CA2) for a system such as (9) is" (a) ((), F)

is completely observable; (b) there is no x3 in the system.
In this step we achieve (a). Suppose ((),F) is not observable. Put it into

nonobservable characteristic form. The system is

2 Fx + Ft:x2 + K ix2 + K21x + GI U,

12 F22x12 + Kl2X2 + Kz2X3 + G12u,

0 LX2+ G2u,

Y2 x2,

y Hx2+ J,

Y
Lwhere ((,), F) is observable.

The variable x enters only in the first equation, and is not needed to compute
the output. Moreover, this equation always has a solution for any value of the other
variables. Hence removing it does not change the set of admissible inputs (a point that
must be checked before dropping an equation in an implicit system). We therefore
remove it from the system. Now (a) holds.

Step V. The purpose of this step is to suppress x3 in (9). We may assume K 0;
otherwise we are done.

Let x3 x3 and 2 Xl- K3. We obtain

F + Kx2+ FK23+ Gu,

0 L + LK23+ G2u,

Y2 x2

y H+ HK23 + J,

We have to consider three cases:
(1) LK O. Here the system is of the form (8) with M 0. We continue the

algorithm with Step II, hence decreasing the size of the kinetic matrix.
(2) LK=O, HK O. Here the system is of the form (8) with M =0 and H

T( ). We continue the algorithm with Step III, so that the size of y is increased
by the rank of HK, which is nonzero.
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(3) LK O, HK2 0. Here the system is exactly as before Step V, with Ks replaced
by FK2. We again execute Step V.

We now show that the procedure explained so far eventually ends. Indeed, (1)
can be performed only a finite number of times, since it decreases the number of rows
and columns of the kinetic matrix, while (2) and (3) leave it unchanged. So, eventually,
we meet only (2) and (3). But (2) cannot be performed an infinite number of times,
since it increases the size of Y2 (which is bounded by that of y), while (3) leaves it
unchanged. Thus, eventually, we meet only (3).

Suppose we have processed (3) of Step V, p times consecutively. For n <p we
had LF"Ka=O and HF"Ka=O. But ((L), F) is observable. Hence LFnK2=O, and
HF"K2 0 for all n < (size F) implies K2 0. Since we have assumed K2 0, we get
p =< (size F). Thus (3) cannot be executed an infinite number of times. This shows that
the procedure terminates in a finite number of steps. We have obtained

Fxl + KlXa + G U,

0 Lx q- aau,

Y2 X2

Yl Hx + Ju.

Step VI. We introduce here an input partition matrix as follows. Consider two
regular matrices P and S such that PGS (o o) and write S-u (,"). This leads to

2 Fx + Kxa+ a3u + au2,

0 LXl nt" l,I

0 L2x

Y2 X2

y HX +Ju + Jzua.

Using the second equation, we may assume 63 0 and J1---0. We proceed then with
the dual of Step IV to make (F, (K G)) completely reachable, and then perform the
dual of Step V, replacing 0= L2x by its derivative 0= LaFx + LaKx2+ LaGua, and
consider, as in Step V, three cases" LaK 0, L2K 0 and LaG 0, and LaK LaG 0,
and conclude in the same manner.

If the resulting system satisfies (CA2), we are through. Otherwise we go back to
Step IV. This decreases the size of the kinetic matrix and proves that the algorithm
terminates.

If the original system is canonical, Steps II, IV, or V need never be performed,
and only strong equivalence transformations are needed, thanks to Proposition 2. This
proves the last assertion. Note that if the original system is minimal, operations of
type (b) cannot be used in the algorithm, so that we have the following corollary.

COROLLARY. A minimal system is canonical.

5. Proof of the main theorem. We first prove the following theorem.
THEOREM 4. Two equivalent and reduced internal systems are strongly equivalent.
Let E and E be two reduced internal systems. From Proposition 1, we get their

reduced external form. We adopt the notation of Proposition 3. Let T, T, S, and .S be
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their input-output partition matrices, A -l T, B q- S. By Proposition 3b, we know
that

A=(A1 0) B=(B1 0)A3 m4 B3 B4
with A, A4, B, and B4 regular.

Now perform the strong equivalence transformation defined by

U I, N O, V= ,A_IA3H A_I M
-A2 A3J

S-

on E. The effect of the above is to put the system under a reduced form where the
new output partition matrix is T. Denote with a hat the matrices of this new system,
and perform on it the strong equivalence defined by

(I OB’B3) N=(0-./B-IB3)V=I, M=0, U=
0 Bl 0 0

The effect of the above is to produce a system under reduced form where the new
input partition matrix is S.

This leads us to a new system 5;, strongly equivalent to 5;, having the same
input-output partition matrices as E. We can use Proposition 3a, and since the matrices
A and B are now the identity, (7) is just

=, -, =, =,
that is

Equating the constant terms yields J J. Because of the canonicity conditions, there
exists a regular matrix P such that

/- p-l, (i( )=P(K G).

Hence replacing x by Px (i.e., using the strong equivalence defined by U V-l (oP ),
M N 0), we have brought E into E, thus proving that the two systems are strongly
equivalent.

The proof of Theorem 1 is now easy.
By Theorem 3 and its corollary, we know that a minimal system is canonical and

strongly equivalent to a reduced system. By Theorem 4, we deduce that two equivalent
and minimal systems are strongly equivalent. Since by Theorem 2 each system is
equivalent to an internal reduced one, we need only prove that a canonical system is
minimal.

For this purpose, consider a canonical system 5; and an equivalent system 5;1. By
Theorem 3 we can bring them both into reduced form and call the result E and El.

By Theorem 4, E and El are of the same size (since they are strongly equivalent).
By Theorem 3, 5; and 5; are of the same size (since 5; is canonical), and El is not of
greater size than 5;1, so that E is not of greater size than E. This shows that 5; is
minimal, thereby achieving the proof.

In the course of the above we have established a result that is worth stating
separately as Proposition 4.
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PROPOSITION 4. Given an implicit system in the form

Y1 \U2/’
y=T u=S

Y2 u2

the size of Yg depends only on the input-output relation.
Better yet, if the system is reduced (condition R), the sizes of ul, u2, yl, Y2 are

uniquely determined.
The first assertion is true because the matrix c of Proposition 3a is square. The

second is true because in Proposition 3b, A, A4 are square.

6. Concluding remarks.
6.1. Normal form. In the previous literature dealing with regular systems [4], [5],

[9], [10], [13], [15], [16], another form has been introduced to handle implicit systems.
This form, closely related to the Kronecker form of the pair E, F, has been extended
to the general case in [6], where it has been called normal form, and goes as follows:

Fx + Px4+ G

N xz+ Gu,

Ax3 + By + Pzx4+ P3x + G3u,

4 Cx4+

0 Ox4+ul,

y Hx +Hx+ H3x3 + H4x4 + Juz,

where

u--S U
yz U2

v is an arbitrary function, and N is nilpotent with no Jordan blocks of size one.
Moreover (A, B) and (N, G2) are completely reachable as well as (( Pfl), (,)), while

F(D, C) and (H2, N) are completely observable as well as ((H H2), (p3 )). This
form is easily seen to be canonical, and hence minimal.

It is clear that the notion of pseudotransfer function can also be defined for normal
systems. If, for instance, we let

-D(zI-C)-G4,

O,

zI-F

(H, H3 H4) -P3
0

5= Ha(zI-A)-’B,

0 -P tzI-A
0 zl-C

-l

G3 +H2(zN-I)-’G2+J,
G4

then (Sb) holds.
The normal form in [6] plays the same technical role that the reduced form does

in the present paper, and allows us to prove our main theorem, thanks to the fact that
any system admits an equivalent normal form.
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We have introduced the normal form here because of the following fact. When
dealing with implicit systems, we can bring the system in explicit form, such as (5b).
From a system theoretic viewpoint, it is then reasonable to try to minimize the size of
u, and maximize the size of Yl. By Proposition 4, these two operations are equivalent,
and the result is Proposition 5.

PROPOSITION 5. If we want gE to be proper, reduced systems give minimal size

for u l. In the general case, normal systems give minimal size for u.
Proof. Let E, Y_, be described by (5b). Assume first that E is normal; hence 0.

By Proposition 3a, cg is invertible. Hence B-B3 is surjective; hence the number
of its columns (i.e., the size of u) is at least equal to its number of rows (i.e., the
size of ).

Now assume Y_, is reduced, and that gg is proper. If P0 denotes the constant term
Bof g, equating constant terms in (7) yields BPo -B2. Since (B3 g4) is invertible, it

follows that B1 is surjective. We conclude as before.

6.2. Feedback. Feedback for implicit systems is not yet well understood. For
example, it is easy to see that pole-placement can be achieved. Indeed, if the system
under reduced form, since (F, (K G)) is completely reachable, there exist two matrices
Ct and C2 such that F F-GC- KC2 has preassigned poles.

Consider u + Lx, 52 gl2 + ClXl, and 2 x2 + C2Xl. Then the system is

up to the output equations. However, we cannot say that we control the system even
if F is stable, because g_ can do anything.

6.3. Inversion of systems. The reduced form is almost symmetric in u and y. Almost,
because is supposed to be strictly proper, and proper.

Suppose that is strictly proper. Then interchanging u and y gives immediately,
without any computation, the inverse system. When is not strictly proper, this is a
little more complicated.

In fact, implicit systems provide the natural framework for the study of invertibility
of systems (see [7]).

Related to feedback and inversion of systems is the problem of optimal control;
these can be solved within this framework, despite the nonunicity of the state (cf. 17]).

6.4. Parameterization. Despite the fact that we cannot associate to an implicit
system a well-defined matrix characterizing the input-output relation, the existence
of pseudo-transfer function for reduced systems and its properties allows us to
parameterize implicit systems, in the following way.

Given the sizes of the input and the output, by Proposition 4, the sizes of u, u2,

y, and Y2 are uniquely defined. The proof of Theorem 4 shows that the size of F is
also uniquely determined, and so is the size of x, which can be considered as the real
state of the system. The set of all implicit systems having a given size for u, yl, and
x is thus stable under equivalence, and, on the quotient space, a C manifold structure
can be defined, the only difficulty being to take into account the matrices S and T. As
a result, the number of parameters to consider is the number of entries of the matrices
A and B2 in Proposition 3b. The other matrices (F, K, G, L, H, J) are handled as in
the classical theory (see [1’]). This is another indication that the present approach is
convenient for handling parameterization problems for implicit systems.
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6.5. Interpretation of the canonicity conditions. The condition (CA1) says that the
system has no nondynamic variables (in the sense of [13]). Indeed, if the system has
nondynamic variables, it can be written in the following form:

E2 Fx + Gu + Kx
0 x + G u,

Clearly (CA1) is not satisfied. Conversely, if (CA1) is not satisfied, Step II of the
algorithm extracts the nondynamic variables (x2 + Lx) and suppresses them.

Now suppose that (CA1) holds. Execute Steps I-III of the algorithm. In fact,
Step II is unnecessary because of (CA1). Hence, all we need is strong equivalence.

We obtain the following:

Fx + Kx2 + KaX + Gu,
0 Lx + G2u,

(*)
Y2 X2,

y Hx + Ju.

If we suppose that u 0 and y 0 we get

21 Fx + K2X3,

0-- Lx1,

0=X2,

0-- Hx

If (CA2) holds, then there is no x3, and (x, x) is the state (because we did not execute
Step II). From the observability of ((,), F), we can deduce x =0. Hence the system
is "observable" according to the classical definitions.

,),Conversely, if the system is observable, clearly (( F) has to be an observable
pair. Also, this implies that there is no x3 in the system. Indeed, for instance, suppose
that x3 0 on [0, T[ and x3(T) 0. Then (**) is satisfied on [0, T] but x3 is not zero,
and the system would not be observable.

In the same manner, (CA3) is equivalent to the "reachability" of the system.

7. Conclusion. If we had defined canonicity only by (CA2) and (CA3), we would
have run into serious difficulties. Consider for instance the system

0=x+u, y=x.

This strange system would be canonical, but upon introducing x x + u (strong
equivalence transformation), the system becomes

x =0, y -u

In fact, (CA2) and (CA3) are equivalent to observability and controllability as
defined by Cobb [5]. But in [5], nothing is said about minimality, and the above
transformation is forbidden anyway.

If we had defined minimality by minimizing the rank of the kinetic matrix, we
would also have encountered difficulties. The associated canonicity conditions are
rather involved already in the regular case (see Verghese, Levy, and Kailath [13]), and
their generalization seems to be delicate.
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In this paper, we approach the problem by changing both the canonicity definition
of [5] (adding the condition (CA1)), and the minimality condition of [13] (replacing
the minimality of the rank of the kinetic matrix by the minimality of the number of
both rows and columns ofthe kinetic matrix). This allows us to establish the equivalence
between our two notions of canonicity and minimality in an enlarged setting.

The following facts, which are easy to prove, show the differences between these
frameworks:

(1) A "Cobb canonical" system is "Verghese equivalent" to a canonical system.
(2) A "Verghese minimal" system is "Verghese equivalent" to a minimal system.
(3) A minimal system is "Verghese minimal."
(4) A canonical system is "Cobb canonical."
(5) A "Cobb canonical" system is "Verghese minimal."
(6) A "Verghese minimal" system is NOT always "Cobb canonical."
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ENERGY DECAY PROBLEMS IN THE DESIGN OF A POINT STABILIZER
FOR COUPLED STRING VIBRATING SYSTEMS*

KANG-SHENG LIU"

Abstract. This paper solves completely the following problem posed by Chen, Coleman, and West
[SIAM J. Appl. Math., 47, pp. 751-780]: When can we achieve the desirable uniform exponential decay
property of the vibration energy for two coupled vibrating strings with a stabilizer or damper installed at
the coupling point? An approach using abstract semigroups is shown. The paper proves the following: For
the cases when the stabilizers are "symmetrically placed," the system’s energy does not decay to zero with
respect to time for some initial states. For all the other cases, if the proportion of the wave speeds on the
two vibrating strings c2/ci is a rational number, applying the formula of the growth order of a C0-semigroup
on a Hilbcrt space, derived by Huang [2], proves that the semigroup satisfies the Spectrum-Determined
Growth Assumption, so the uniform exponentia, decay property depends completely on the representative
form of the ratio c2/ct. Finally, the paper proves that if c2/ct is an irrational number, then the energy does
not decay uniformly exponentially.

Key words, wave equation, exponential decay, strong decay, Co-semigroup, spectrum-determined growth
assumption
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1. Introduction. Chen, Coleman, and West [1] studied the following coupled
vibrating string system with a damper installed at the coupling point"

m,y,,- Tly,,x =0, x (0, 1),
(1.1)

m2y,,-T2yxx=O, x (1, 2),
where m,, T,, m2, T are positive constant numbers,

(1.2)

(.3)

(1.4)

or

(1.4)’

y(0, t) 0 or yx(0, t) 0,

y(2, t)=0 or yx(2, t)=0,

TlYx(1-, t)- T2y,(1 +, t) and

y,(1-, t)-y,(1 +, t)=-K1Tly,(1-, t),

y(1-, t)=y(1 +, t) and

Tly,,(1-, t)- T2y,,(1 +, t)=-Ky,(1, t),

t>0,

t>0,

KI>0,

K2 > 0, > 0.

Condition (1.4), or (1.4)’, is prescribed at the coupling point, where a damper stabilizer
is installed. In [1], the authors have also illustrated possible mechanical designs for
those dampers satisfying the condition (1.4) or (1.4)’.
The system (1.1)-(1.4) or (1.4)’ yields a total of six different combinations:

(Case I)
(Case II)

(Case III)
(Case IV)
(Case V)
(Case VI)

(1.1)+(1.2), +(1.3), + (1.4),

(1.1) + (1.2), + (1.3)2 + (1.4),
(1.1) + (1.2)2 + (1.3)2 + (1.4),
(1.1)+(1.2)1 +(1.3)1 + (1.4)’,
(1.1) + (1.2), + (1.3)2 + (1.4)’,
(1.1) + (1.2)2 + (1.3)2 + 1.4)’.

* Received by the editors June 3, 1987; accepted for publication (in revised form) November 30, 1987.

" Department of Basic Sciences, Southwestern Petroleum Institute, Nanchong, Sichuan, People’s Repub-
lic of China.
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The system’s energy at time is

fo’1 121(1.5) E(t)- 5(m,y,+ Ty2x) dx+ -(m2y2,/ TEy) dx.

We say that the energy E(t) satisfies the uniform exponential decay property if there
exist positive constant numbers/x and M such that

(1.6) E( t) <- M e-’E(O) for all t>0.

The energy E(t) is said to decay strongly if

(1.7) E(t)-O as t-/ for all initial states E(0)</.

In this paper we consider the following problem posed by Chen, Coleman, and
West [1]: When can we achieve the desirable uniform exponential decay property
(1.6)? Can we formulate some general sufficient conditions involving m, T, m:, T2,
and K, K2 only?

The answers to the above depend on the wave speeds

c, =v/L/rn,, c2=dT2/m.
Under the assumption c c2 Chen, Coleman, and West [1] used the method of

characteristics to prove that (Case II) and (Case V) have the property (1.6) and that
for any of the other four cases the energy E(t) does not decay strongly. They also
discussed the case when c2/c is a rational number. However, for all cases except Case
(I, c/c2= 2), no clear answers to the above problem were given in [1]. In the present
paper we study this problem for general wavespeeds c and c2, and solve it completely.

2. Co-semigroups for an equivalent hyperbolic system. For x (0, 1) we set

w,(x, t) 1/2x/[-c,y,(x, t) + y,(X, t)],

w2(x, t) 1/2x/2[-cy,(2- x, t) + y,(2- x, t)],
w3(x, t)=1/2x/[c,y(x, t)+ y,(x, t)],

w(x, t)=1/2v/-2[C2yx(2-x, t)+ y,(2-x, t)],
w(x, t)= (w,(x, t), w2(x, t), W3(X, t), w4(x, t))’.

Then (1.1) becomes

(2.1)

o-: w(x, t) diag (-c,, -cz, c,, c2) 7- w(x, t)
Ot Ox

0
=-Aw(x,t), 0<x<l, t>0,

Ox

an equivalent hyperbolic system. In (2.1), A represents the matrix with diagonal entries
as indicated. After straightforward calculations, we get from (1.2)-(1.4)’ the following
boundary conditions"

B{oJ)w(O, t) O,

(2.2)
B’=(Io O1
B2=(lo O1 0

-1

0

j= 1,2,3,

)D for (1.2), + (1.3),,

_01)D for (1.2) + (1.3)2,

_)D for (1.2)2/ (1.3)2,
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where

B?)w(1, t) O, j 1, 2,

B],)=(1-Klal -1 l+K, al -1)D for(1.4),
-al -a2 al a2

B]2) ( -1 1 -1)D for (1.4)’,
al-g2 a2 -al-K2 -a2

TI T2 -1/2
al=--, a2 =-, D=diag(m-1/2, m1/2, ml m/2).

C C2

From (1.5) we have

(2.4) E(t)- . Iwj(x, t)l= dx-[Iw(" t)ll L2[(0,1); C4]
j=l

Obviously, the underlying Hilbert space is -= L2[(0, 1); C4]. We define in

d
(2.5) --ax (,) {wE Hi[(0, l); C4] Bow(O)=O, BlW(1) 0},

where "Bo, B" is any of the combinations from (2.2) and (2.3), and the space
H[(0, 1); C4] is the Sobolev space of order 1. Thus we have the following theorem.

TzozM 2.1. is dissipative and densely defined in .
Proof Obviously () is dense in . For we N() we have

Re (w, w) Re A, dx

1o d
(,. )dx=l= (Aw(1)’. w(1)-Aw(O)’, w(0)).

By (2.2) we can get Aw(O)’. w(0)=0. From (2.3) we have

-l/(
NW(1)’’ w(1)=Ne

[m w,+w3)--m w+w4)](3--,)(1) (for
[(-+(4-]m;/(,+(l (for

Kmllw(1)+ w3(1)l0’’

To2.2. Let ()(e()) denote che (point) spectrum set of, p() denote
the resolvent set of. en we have the following:

(a) ()=()={ eC: ()det D, =0}, where

Da
Bl eAA-

(b) For A p(),f we have

R(a; )f (x )-f
(2.6)

e(-’-’A-f(r) dr

(c) R(A A) is compact.
Proof We solve the resolvent equation

(2.7) (A -,’)w =f, A E C, fE is arbitrary, w ().
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In fact, (2.7)1 yields componentwise

w(x) exa-’(w(O) e-’-’A-f(z) dz).

When we observe that

that is,

Bow(O) O and Bl w(1) Bi eaA-’ w(O) e-A-’A-f(z) d" O,

e(’-)A-’A-’f( r) dr,Dw(0) n,
(a) and (b) hold. From the familiar compact imbedding theorem, the compactness of
R(A; ) follows from the fact that there exists a constant CA > 0 such that

IIR(A; )fll-’t,o, 1);C4] -(- CA JJfJl.
Combining Theorem 2.1 and Theorem 2.2, we have the following theorem.
THEOREM 2.3. M generates a Co-semigroup of contractions S(t) on Y(., (see

[3, Lumer-Philips Theorem]). Moreover, for arbitrary initial condition w(., 0)=fo Y(,
the hyperbolic system (2.1)+(2.2)+(2.3) has a unique mild solution w(., t)= S(t)fo in
Y(. Iffo (M), w(., t) S(t)fo is the strong solution of this system.

For the future, we calculate, respectively, the following:

(Case I)

(Case II)

(Case III)

(2.8)

(Case IV)
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(Case V)

(Case VI)

where z e/q, Z2 ex/%.

3. The spectrum,determined growth assumption. Let L generate a Co-semigroup
e ’/ on a Hilbert space. Then two related important data are

tro(L) sup {Re h’ h 6 o-(L)},

too(L) inf {to" Ile’L]l _- M e’’ for some M and all > 0}.

Generally, we have that go(L)=< too(L) and that e tL is exponentially stable if and only
if too(L)< 0.(of. [4]). We say that the semigroup e ’L satisfies the Spectrum-Determined
Growth Assumption if too(L)= go(L) (cf. [9]). Huang [2] shows in a counterexample
that the identity too(L)= go(L) is false even if L has a compact resolvent. In the very
same paper [2] Huang gives an extremely useful formula for too(L)"

(3.1) too(L) =inf{6" 6> cro(L) and sup ]]R(A; L)II < +}.
Re

This formula was first used to prove that an open question posed by Pritchard and
Zabczyk [4] has a completely affirmative answer (cf. [5]). The formula has also been
applied to the study of exponential stability for several linear systems in Hilbert spaces
(cf. [6], [7]).

Now we show our result in the present section.
THEOREM 3.1. Let c2/c be a rational number. Then the semigroup S(t) satisfies

the Spectrum-Determined Growth Assumption.
To prove Theorem 3.1 we need the following lemma.
LEMMA 3.1, Let C2/C p q, where p, q are positive integers. Let q " C, (to)=

(e i’/q, ei’/"2). Then q() is a compact set in C.
Proof For r , we use I (r) to denote the integer satisfying 0 =< r ! (r) < 1. Then

we have

ei’/q exp (iP-cl) exp (iP [e -2"trI (’2 t’Trpcl’ ) ])
ei’/’=exp (iq-) =exp (iq --2rI(2rpc.)

Since O<=to/pc-27rI(to/27rpc)<2, we have that

(e ;,,/q, e "’,,/’) - (y,, y) e C2
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implies

(el%/’’, ei’%/’2) (e ip’, e iq’) ,o(ptoc) (y, Y2)

k
for some {nk} and to satisfying w,/pc-2rI(oo,/27rpcl)-- to. This means o(I) is
closed in C2. Therefore o() is compact in C2 because o()c Sx S1, where S1=

Proof of Theorem 3.1. From (3.1) and Theorem 2.3 we only need to prove that

(3.2) sup IIR(A;  )11 <+ for e (ro(M), 1).

eaXA-’ II.zc4) < C, B, ,.O,(C4)

(3.3) ea(’-)A-’A-’I("r) d’llc4-< C[l/ll,

e *’a-’A-f(r) dr N G fl[,
C

for fe , x el0, 1] and Re h el6, 1]. Fuahermore, from (2.8) we have that for
=r+iw, re[, 1],

I()1 det
B e"-’ G(r, ()),

where p(.) is the same as in Lemma 3.1 and G(.,.) is some continuous function
defined on [, 1] x (N). Therefore, by Lemma 3.1 we obtain that there exists (, 1)e, x N such that

Using Theorem 2.2(a) we have (r +i) 0. It follows that there exists a constant
C such that

(3.4) IloZ’ll,(c4)=[a(A)l-’llDl[(c) C for Re A el6, 1],

where D is the adjoint matrix of D.
Combining (2.6), (3.3), and (3.4), we see that (3.2) holds and the proof is complete.

4, Stability and instability results, A Co-semigroup e ’L on Banach space X is
strongly asymptotically stable if and only if [[e’fll 0 as + for any f in X. if
Ile’ ll M for some M and all t0, the condition Ile’ fll 0 as for any f in
(L) implies the above. Concerning strong asymptotic stability, we present the follow-
ing theorem of Huang [8].

THEOREM 4.1. Let e ’L be a uniformly bounded Co-semigroup on a Banach space,
and let Re h < 0 for all h g(L). en e ’L is strongly asymptotically stable. Conversely,
let e’L be strongly asymptotically stable. en e’L iS uniformly bounded, Re h 0 for all
A (L), and the imaginary axis contains neither point nor residual spectrum of L.

Since 3(0)= 4(0)= 0, from Theorem 2.2(a) and the above results we obtain the
following theorem.

6ReAI

In fact, there exists a constant number C such that
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THEOREM 4.2. For (Case Ill) and (Case IV), the strong decay property (1.7) does
not hold for any positive numbers ml, m2, TI, T2, and KI,

It is well known that for (Case III) and (Case IV) the stabilizers are "symmetri-
cally placed--Tyx(0, t)=O= T2yx(2, t), Ty,(1-, t)- T2y,(1 +, t); y(0, t)=O-y(2, t),
y(1-, t)= y(1 +, t)." So, symmetry should be avoided in the design of a point stabilizer
(cf. also 1]).

THEOREM 4.3. Let c2/ c p/ q be a rational number, where p and q are relatively
prime positive integers. Then the system’s energy E( t) does not decay strongly if the
following condition holds, respectively:

(Case I) p=lmod(2) and q=lmod(2),

(CaselI) p=lmod(2) and q=Omod(2),

(CaseV) p=Omod(2) and q=lmod(2),

(CaseVI) p=lmod(2) and q=lmod(2).

Conversely, if the pair "p, q" is not of the form shown above for each respective case,
then the energy E(t) satisfies the uniform exponential decay property (1.6).

Proof From (2.8) we have

(4.1) A(A) e-a(/C,+/e2) P(eX/m,),
where P(. is some polynomial. Therefore, from Theorem 2.2(a) we get the distribution
of the spectrumof

(4.2) cr(,ff)={pc[lnlul+i(2nTr+argu)]: uO,P(u)=O,n=O,+l,+2,...}.

Since the contraction semigroup S(t) satisfies the Spectrum-Determined Growth
Assumption, from (4.2) and (4.1) we have that S(t) is exponentially stable if and only
if

(4.3) A(iw)O forall tol.

Solving the simple trigonometric equations from (2.8) we obtain

(4.4)

has solutions iff
C2 4m+ 1

C 4n+ 1

A2(iw) 0 has solutions iff
c 4m + 1

cl 4n+2

As(iw) 0 has solutions iff c2 4m+2
C 4n + 1

A6(iw) 0 has solutions iff
c2 4m+ 1

c 4n+ 1

where m, n are some integers. The proof is complete.
THEOREM 4.4. Let c2/ c be an irrational number. Then for Cases I, II, V, and VI

the strong decay property (1.7) holds, but the uniform exponential decay property (1.6)
does not hold.

To prove Theorem 4.4 we first prove the following lemma.
LEMMA 4.1. Let c2/c .be an irrational number. Then we have

(4.5) inf {IA(iw)l:

where A(. is the same as in Theorem 2.2(a).
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Proof. We let o(.), I(. ), S be the same as in Lemma 3.1 and its proof.
Observing gl(i, i) g2(i, 1) g3(1, 1) g4( 1, 1 gs( 1, i) g6( i, i) 0 from (2.8), it

is sufficient to prove that o() is dense in Sx S. For every t2 [0, 27r] and n ;g, the
set of all integers, we have

q(c2(t2+ 2nTr)) (eid’2 e’2t"d-’("d)],
where d c2/c is an irrational number. So it is also sufficient to prove that {x(n) nd
I(nd): n7/} is dense in [0, 1]. In fact, the map x(.) is one to one from Z into [0, 1].
For (a, b) c [0,1], we set X={x(1),x(2),...x(N), x(N+l)}, where N is some
positive integer satisfying 1/N<b-a. Then there exist x(n),x(n_)X such that
O<x(n:)-x(n)<l/N, and so there exists 0<KT] such that K(x(n)-x(n))
(a, b), that is, K(n2-nl)d-K[I(n2d)-I(nd)]=x(K(n:-n))(a, b)c(O, 1). The
proof is complete.

Proof of Theorem 4.4. The strong decay property (1.7) follows from (4.4) and
Theorem 4.1. Now we prove that the semigroup S(t) is not exponentially stable for
Cases I, II, V, and VI. In fact, we need to prove only

(4.6) sup {llR(i,o; 4)f[lx. w e,fe Yt’, [[fl[e 1}= +c,
for Cases I, II, V, and VI.

For Case I we set

B,) eXA_, A,(A )-’D* A,(A )-’(dt)(A )),

fa(r)=(O, O, O, e-a(1-)/":) ’,

V(X) eaxA-’D2 ex(-’)A- - (r) dr= (v(x) )’,B)
where D (d(1)()) is the adjoint matrix of D,. Calculating, we have

B)

k, 1, 2, 3, 4,

d()rx13\,t X/m2a2 (ea/%+e_a/c2),

1d(),’x (ea/,’

and so we have

242v’(X)= c/mmm
Therefore, for io, o)e N we can obtain

A,(A)-’ e-a/’,-

(4.7) IIv(x)ll -> Iv,(x)l dx
cex/mlm2m2

Ioile,  A-’ d ll __<max

Combining (2.6), (4.7), and (4.5), we have (4.6).
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For Cases II, V, and VI the proof is similar. Here we give only the results of our
calculations:

a(’-)A-’A-’f (’r) dr= (c2v2)-’(0, O, -1, -a)’,

d2)(A) _d.S) ,./(6) a2
13 13 (/) t13 (/) V/--m2

ea/’ e-a/’),

d(2)/x (s) d(6)14 k,t)---d14 (,)--14 (/) x/lm2
(ea/C2 + e-a/c2).

Remark 1. For Case (c cz) and Case I (c/c_ 2), the above results are consistent
with those in 1].

Remark 2. The original idea is from the answer to Question 190 in 11 ], according
to which we prove that x(n) is dense in [0, 1] in Lemma 4.1. Then, it is known that it
is also a special case of Example 2.1 in [10, p. 8].
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A MIXED-STRATEGY MINIMAX THEOREM WITHOUT COMPACTNESS*

STEVE ALPERN? AND SHMUEL GAL$

Abstract. Minimax theorems for infinite games generally require that both players choose their pure
strategies from compact sets and have semicontinuity requirements in both variables. This paper proves the
following theorem. Let X be a compact Hausdortt space and let Y, A) be a measurable space. Let f: X x Y
be a measurable function which is bounded below and lower semicontinuous on X for all fixed y in Y. Let
M be any convex set of probability measures (mixed strategies) on (Y, A). Then

min supfff(x,y) dtxdp=sup min If(x,y) dlxdp,
pteB(X) peM pM eB(X)

where B(X) denotes the regular Borel probability measures on X.

Key words, minimax theorem, zero-sum two-person game, mixed strategy

AMS(MOS) subject classification. 90D05

1. Introduction. In this paper we establish a new mixed-strategy minimax theorem
for a two-person zero-sum game given in the normal form f:X Y-> R. This is
interpreted in the usual way, so that if the minimizer picks a pure strategy x in X and
the maximizer picks a pure strategy y in Y then the payoff (to the maximizer) is f(x, y).
We will assume that the pure strategy space X is a compact Hausdorff space, and that
the mixed strategies available to the minimizer are the regular Borel probability
measures on X, collectively denoted by B(X). Our approach is asymmetric in that we
do not assume that the maximizer’s pure strategies are necessarily topologized. In this
case it is well known that there is a certain arbitrariness about the appropriate definition
of the maximizer’s mixed strategies. We will initially take a general approach and
merely assume that the maximizer may choose any mixed strategy in a given set M of
probability measures on Y. We will assume that M is a convex set of measures on a
common r-algebra A, and for interpretive reasons we may assume that M contains
all point masses. If f is a real (Borel x A) measurable function on X x Y which is
bounded below, we define the usual mixed extension off, F: B(X)x M- R, by the
integral

where the equivalence of the various forms followsfrom Fubini’s Theorem. Using a
pure strategy minimax theorem of Kneser [K], we prove the following mixed-strategy
result.

THEOREM 1. Let X be a compact Hausdorff space and let (Y, A) be a measurable
space. Let f: X Y-> R be a measurable function which is bounded below and lower
semicontinuous in x for all fixed y. Let M be any convex set ofprobability measures on
(Y, A). Then

min sup F(/x, p) sup rain F(/z, p).
gB(X) pM peM txB(X)

By specializing the mixed strategies M available to the maximizer, we obtain
corollaries to Theorem 1 which extend known results. For example, if we take Y to

* Received bythe editors December 16, 1987; accepted for publication (in revised form) January 19, 1988.
? Department of Mathematics, London School of Economics, University of London, London WC2A

2AE, U.K.
IBM Israel Scientific Center, Technion City, Haifa 32000, Israel.
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be a topological space with A its Borel algebra and M B(Y), we obtain the following
generalization of Glicksberg’s Theorem [G1] (without compactness of Y or lower
semicontinuity in y).

COROLLARY 1. Let X and Y be topological spaces, with X compact Hausdorff. Let
f: X x Y-> R be a measurablefunction which is bounded below and lower semicontinuous
in x for all fixed y. Then

min sup F(/z, p) sup min F(/z, p).
tzB(X) pB(Y) pB(Y) tzB(X)

If we take the or-algebra of Theorem 1 to be the power set of Y and M to be all
convex combinations of point masses, then we obtain the following generalization of
the theorem of Peck and Dulmadge [PD] (with their assumption of continuity reduced
to semicontinuity). The lower bound forf (required for Fubini’s Theorem) is no longer
needed.

COROLLARY 2. Let X be a compact Hausdorff space and Y be any set. Then for
any real function f on X x Y which is lower semicontinuous on Xfor every fixed y in Y,
we have

min sup F(/z, p) sup min F(/z, p),
IB(X) pM pM la.B(X)

where M is the set offinite mixtures p E l<_k<_n PkYk with <=k<=, Pk--1, Pk > 0 and Yk
in Y, k= l, n, and

F(/, p) Z
lk--n

Pk IX f(x, Yk) dl(X).

In [G1, Appendix 1], Theorem 1 was established for a class of payoff functions
given by the "time required for capture" for certain search games. The existence of a
more general result implicit in [G1, Appendix 1] was observed in [A], where it was
shown how this result could be used to establish a conjectured minimax for a search
game of Baston and Bostock [BB].

The present paper is organized as follows. In 2 we give some background material
on the weak star (weak*) topology on B(X) and on lower semicontinuous (l.s.c.)
functions. These will be combined with Kneser’s Theorem in 3 to give a proof of
Theorem 1. In 4 we will consider some examples.

2. The weak star topology and semicontinuous functions. Let C(X) be the Banach
space of continuous real functions on a compact Hausdorff space X, and let C*(X)
denote its conjugate space (see JR]). The weak* topology on C*(X) is given by the
sequential convergence gi-> g in C*(X) if and only if gi(h)-> g(h) for all h in C(X).
The Riesz Representation Theorem identifies the Borel probability measures B(X)
with a closed convex subset of the unit sphere in C*(X) by the formula t_(h)=
h(x) dl(x). Since the unit ball of C*(X) is compact in the weak* topology (Aloaglu

Theorem), so is B(X). Recall that a real function 0 on a topological space Z is lower
semicontinuous if zi-> z implies lim 0(z)-> 0(z), or equivalently, if {z" 0(z)> r} is
open for all real r.

LEMMA 1. Suppose thatfor every y in a measure space Y, A, p) the map by" X -> R
is lower semicontinuous on the topological space X, and that for all x in X, dpy(X) is

measurable with respect to (Y, A, p). Then the mean dpp’X-> R defined by A,
py(x) dp(y) is also lower semicontinuous.
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Proof. Assume that xi- x in X. Then

lim Cp(x,)= lirn I Cy(X,) dp(y)

-> f lirn Cy(X,) dp(y)

>-- f Cy(X) dp(y)

by Fatou’s Lemma

since Cy is 1.s.c.

.(x).

LEMMA 2. If is a lower semicontinuous positive function on a compact Hausdorff
space X, then thefunction ’ defined by ’(ix Ix(C) qb(x) dix is lower semicontinuous
on B(X) with respect to the weak* topology.

Proof Assume that Ixi Ix in the weak* topology on B(X). Fix any real r and
define V Vr {X: (X) > r}. Since is lower semicontinuous, the set V must be open.
Given any e > 0, the regularity of Ix ensures that we can find a closed subset D of V,
with. IX(V-D)< e. By Urysohn’s Lemma there exists a function g in C(X) such that
g equals 1 on D, zero on the complement of V, and is between zero and 1 on all of
X. It follows that g dix => Ix V)- e. But the weak* convergence of the Ix to Ix implies
that Ixi(V) _>- g dixi g dix >_- z(V) e. Since e was arbitrary, we have lim Ixi(Vr) >-

IX(Vr). Since is positive we may compute its expected value by the formula
[.o IX(Vr) dr= [.o (x) dix [G1, p. 13]. Combining the above results, we obtain

li_.m ’(IX,)= lirn (x) d/x,

lim Ixi(Vr) dr

-> lirn Ix(Vr) dr by Fatou’s Lemma

>- Ix(Vr) dr

I (x) d

6’().

3. Proof of Theorem 1. Our mixed-strategy minimax theorem, Theorem 1, relies
mainly on the following pure strategy minimax theorem of Kneser [K]. Kneser’s
Theorem has been generalized by Fan [F], Sion [S], Peck and Dulmadge [PD], and
Terkelson [T], but the original result is the simplest and is sufficient for our needs.
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KNESER’S THEOREM. Let K and L be convex subsets of linear spaces and let
F" K x L--> R be linear. Suppose that K is compact for some topology for which F(l, p)
is lower semicontinuous in i for all fixed p in L. Then

min sup F(/z, p) sup min F(/z, p).
IK pL pL

Proof of Theorem 1. Without loss of generality we may assume that f is positive.
Let F: K x L-> R be the mixed extension off: X x Y-> R, with K B(X) and L- M.
Take as the topology on B(X) the weak* topology it inherits as a subset of C*(X).
As noted above, B(X) is compact, so all we need to apply Kneser’s Theorem is the
lower semicontinuity of the functions &,(/.)= F(, p), p in M, with respect to the
weak* topology. According to the hypotheses of Theorem 1 the positive functions
by(X), y in Y, defined by &y(X)=f(x, y), are lower semicontinuous in x. Hence for
any p in M, Lemma 1 ensures that their mean &,, defined by &,(x)= f(x, y) dp(y),
is lower semicontinuous on the compact Hausdorff space X. It now follows from
Lemma 2 that the conjugate map d, on B(X) is also lower semicontinuous.

4. Examples. Theorem was originally established by Gal to prove that the
"Princess and Monster Game" has a value. In that game the Princess and Monster,
respectively, pick continuous paths y(t) and x(t) for in [0, oo), in a compact path-
connected search space S. The Monster has a speed restriction [x(t)- x(t2)[--< v[t- t2[.
The payofff(x, y) to the maximizing Princess is the first time T for which Ix(t) -y(t) <_- r,
a given capture radius. The demonstration that the payoff function f and the relevant
path spaces X and Y satisfy the hypotheses of Theorem 1 can be found in [G1,
Appendix 1]. Theorem 1 can also be used to show .that the following high-low search
game of Baston and Bostock [BB] has a value: The maximizing Hider picks a point
y in the open interval Y-(0, 1). Without knowing y the Searcher makes a sequence
of guesses g, g2,’ ". Each guess is made with the knowledge of whether the previous
guesses were less than, equal to, or greater than y. The payoff is the sum of the errors
[g,-y], from to o. The set of pure search strategies X (that is, the rules for
picking the guesses g,) can be identified with the (compact) Hilbert cube and the
payoff can be shown to be lower semicontinuous [A].

In this section we give a simpler application of Theorem 1, which is related to
the well-known sequential search methods for approximating the maximum of a
unimodal function [Ki], [G2], [GM]. In those problems there is an unknown function
h, defined on [0, 1], drawn from the set of continuous unimodal functions Y (this
means that for some number m, h is strictly increasing on [0, m) and strictly decreasing
on (m, 1]). The searcher picks successive points x, x2," at which to evaluate the
function h, always waiting until the previous point has been evaluated before picking
the next one. These points must all be at least a distance e apart, where e is a given
"resolution." Depending on the ordering of the evaluations of the previous points, the
searcher can infer a new "interval ofuncertainty" for the point m where h is maximized.
For example, if x <x2, then the uncertainty interval is, respectively, (x, 1], [0, x2),
or (x, x2), depending on whether h(x) < h(x2), h(x) > h(x), or h(Xl) h(x). Kiefer
[Ki] showed that when the payoff is the length of the uncertainty interval after a
specified number N of guesses, then a "Fibonacci search" is the minimax pure search
strategy.

Consider now the simple case where the searcher is given only N 2 searches
(points to evalute), treated as a game against Nature. That is, the maximizing Nature
picks a unimodal function y y(t) in Y, and the minimizing searcher picks two search
points x and xz. Since no relevant information about the maximum of y is obtained
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from the single evaluation y(x), the second guess does not have to be considered as
a function of this evaluation. By symmetry considerations we may also assume xl < x2.
Thus the pure strategy set of the searcher is the set X {(xl, x2): O<=x <=x + e<-_x2}.
The length f(x, y) of the uncertainty interval corresponding to a function y and search
strategy x (x, x_) is

-x if y(x,) < y(x2),
f(x, y) x2 ify(xl) 3> y(xz),

x2- x ify(x) y(xz).

Clearly X is compact. For any fixed continuous function y in Y, f is continuous
on the two open sets where y is greater at x2 or greater at x. Since the value off on
the set where the two evaluations are equal is x2-x, which is less than or equal to
the minimum of 1 -xl and x2, it follows that f is lower semicontinuous on X for any
fixed y. Hence Theorem 1 establishes that the game has a value and the searcher has
an optimal mixed strategy. Unlike the two examples given in the first paragraph, the
optimal strategies for this game can be computed. The value is 1/2+ e/2 and we leave
the determination of the optimal strategies to the reader (the searcher has an optimal
strategy which is pure).

Another application of Theorem 1 is to the problem of getting safely, by a
continuous trajectory y, from a given point A to a given point B, while avoiding k
"mines" x,..., Xk placed by an opponent in a compact set D which separates A
from B. The trajectory y is constrained to lie within some set $ in R n, which contains
A, B, and D. With possible further restrictions, the set of allowable trajectories is called
Y. The other pure strategy set X is the compact product of k copies of D. Given an
allowable trajectory y in Y and mine placements x=(x,... ,Xk) in X= Dk, the
payoff f(x, y) is +1 if the maximizer y successfully reaches B by always keeping a
distance greater than a given danger radius r from any of the points xi. Otherwise,
f(x, y) is -1. The payoff function is lower semicontinuous in x for any fixed trajectory
y, so Theorem 1 applies regardless of any further restrictions (turning radius, speed)
that may be placed on trajectories. See [GO] for details.
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CANONICAL FORMS FOR A CLASS OF
DISTRIBUTED PARAMETER CONTROL SYSTEMS*

RICHARD REBARBERt

Abstract. A class of linear distributed parameter control systems with scalar control is considered in
which the uncontrolled system is governed by a holomorphic semigroup. A canonical form is constructed
for these systems, and is used to help construct feedback controls solving an eigenvalue specification problem.
Explicit formulas for the feedback element and the closed-loop eigenvectors are obtained in terms of the
original eigenvectors and the basis which is biorthogonal to the eigenvectors. This will be applied to an
eigenvalue specification problem for a structurally damped beam. These feedback controls are given by
infinite series, which cannot be computed in practice, so the canonical form is used to analyze the effect of
truncated series on the distributed system.

The canonical form is a functional equation with an associated canonical state space equation that is
equivalent to it. The development in this paper is primarily done in the frequency domain, and hinges on
an infinite-dimensional generalization of the characteristic polynomial, which is a meromorphic function.

Key words, distributed parameter systems, canonical form, spectral determination, feedback control,
frequency domain, holomorphic semigroups, elastic beam, structural damping, control spillover

AMS(MOS) subject classifications. 93C20, 93B60, 93B55, 93B10

1. Introduction. In this paper we discuss the construction and use of a control
canonical form for a class of distributed parameter systems. The canonical form is a
functional equation with an associated equivalent canonical state space equation. The
canonical form is used by mapping the original state space equation to the canonical
state space equation, and analyzing this system by using the functional equation. This
makes it easier to determine the evolution of the controlled system, We use the control
canonical form to help construct feedback controls solving an eigenvalue specification
problem. Although the feedback control is given by an infinite series, it can lead to a
usable control scheme by truncating the series to get a finite-dimensional control. We
illustrate this numerically in the case of a structurally damped vibrating beam. We
also use the canonical form to analyze the effect of the finite-dimensional control on
the distributed system. This analysis is in the same spirit as the analysis of the effect
of control spillover into higher-order modes (Balas [1]).

The systems we consider are of the form

(1.1) .( t) Az( t) + bu( t), z(O) Zo,

where z(t) H, a Hilbert space, u(t) is a scalar control, and b is a one-dimensional
admissible input element (see Definition 1.1 and [5]). We assume that A has a Riesz
basis of eigenvectors {qk}k, i.e., every z H can be written as k Zkqk, and there
exists m, M > 0 such that

(1.2) m -< levi M
kl

where II" is the norm on H. Let {Ak}k, be the associated eigenvalues.
Let the dual of H be represented by Hilbert space H’ (which can, of course, be

chosen to be H), and let (-, .) be an inner product on H’(R) H. Let {qk}kl be the Riesz
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1987. This research was supported in part by Air Force Office of Scientific Research grant AFOSR-86-0079.

" Department of Mathematics, University of Nebraska, Lincoln, Nebraska 68588.
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basis of H’ that is biorthogonal to {qk }k I, i.e., { Sk, %) .i, k, where , k is the Kronecker
delta.

In this paper we are interested in the case where the eigenvalues lie between two
curves of the form

(1.3) Fa := {a + ix e+/-i’lx e (0, oo)},

where r [0, /2). If g e (0, /2), A generates a semigroup that is holomorphic on

(1.4) fi:= {ze Cllarg (z)l< }
and strongly continuous on . The semigroup generated by A is given by

(1.5) S(t)(I Xkk) k’ Xk eXktk"

We now give an outline of this paper. In 1.1 we discuss a model for a structurally
damped vibrating beam with a class of boundary values, based on a general model
for linear elastic systems by Chen and Russell [2]. We discuss a specific example with
one end hinged, the other sliding, and a control force that approximates a single-point
accuator in the center of the beam. We then state the main eigenvalue specification
results of the paper, and apply them to the specific example. In 1.2, motivation for
the canonical form is given, using the familiar finite-dimensional canonical form as a
point of reference. We briefly present an infinite-dimensional example (Russell 11]),
which is more straightforward than ours, but has many of the same features. In 2,
the development of the canonical form is carried out in detail. We first define the
canonical state space equation, then the canonical functional equation, and finally
show their equivalence. In 3, we prove the eigenvalue specification results stated in

1.1. We also analyze the effects of the related finite-dimensional control scheme on
the distributed system.

1.1. Examples. Systems of this sort arise from models for structural damping of
vibrating systems. Structural damping occurs when the rates of damping of the normal
modes of vibration are proportional to the oscillation frequencies’ of the modes. The
following model for structural damping in linear elastic systems is given in Chen and
Russell [2]. Suppose that a conservative elastic system is represented by

+Bw=0,

where w e X, a Hilbert space, and B is a positive, self-adjoint operator on X with
domain (B). Then the equation

(1.6) #+2TB/+Bw=O, 0<T<I
displays structural damping, since the eigenvalues of the associated first-order operator

(1.7) A _2TB/
lie on Fo (given by (1.3)) for some e[0, /2), and the associated eigenvectors form
a Riesz basis of the appropriate space.

Structurally damped beam. The Euler-Bernoulli equation

(x, t)+(EI/p)’"’(x, t)=f(x)u(t),

where the dot denotes dierentiation with respect to time and the prime denotes
differentiation with respect to the position x [0, L], is an approximate mathematical
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model for a long slender beam, where w(x, t) is the lateral deflection of the beam,
f(x)u(t) is the external distributed transverse force and fe L2[0, L]. We assume that
the flexural rigidity EI and the density p of the beam are constant. For our purposes,
the easiest boundary conditions to deal with are of the following form:

(1.8)
oW(0, t) //oW’(0, t) 0,

aoW"(0, t) 4- floW’"(0, t) 0,

a,w(L,t)+fl,w’(L,t)=O, a+O,
a,w"(L, t)+fl,w’"(L, t)=O, al+fl0.

For instance, when 1-0 the right end is sliding, and when/31-0, the right end is
hinged.

Without loss of generality, we will assume that L 1. Let

X- L2[0, 1],

B X-> X w-, (EI/p)w"’,

(B)= {we H4[0, 1]laow(O)+ow’(O)=O a,w(1)+ fllW’(1):O,

OZoW"(O)4- floW’"(O)--O; OlW"(1)4- fllW’"(1)=O}.

Then B has a set of eigenvectors {(I)k}kZ that form a Riesz basis for X, and associated
real nonnegative eigenvalues {trk}kZ/, which are O(k4). With this choice of (B),
B/2 is given by the differential operafor B1/2w =-(EI/p)/2w" and

@(B/2)={we H[0, 1]laow(O)+ow’(O)=O, aw(1)+/31w’(1) =0}.

For other boundary conditions, B1/ is not a differential operator.
Using (1.6) to model structural damping in the beam leads to

(1.9) fb(x, t)-23,(EI/p)l/2vb"4-(EI/p)w"’(x, t)-f(x)u(t),

with the boundary conditions (1.7) and initial conditions

(1.10) w(x, O)= Wo, (x, O)= Wl

where Woe (B/2) and wl e X. Numerical tests in [17] imply that (1.9) might be a
model for a structurally damped beam with other boundary conditions as well. The
damping term -2y(EI/p)/b can be interpreted as a lateral force on the beam
negatively proportional to the rate of bending [14].

To put this in a state space setting, let

Y:= (B1/2), H:=

where H has the norm I1[, z]ll:= IIz, , to,,] / Ilzll , to,. Let

(1.11) z(t)=[w(t),b(t)], Zo=[Wo, Wl] , b=[O,f(.)]7,
so Zo and b are in H, and (1.8), (1.9), and (1.10) can be written in the form (1.1),
where A is given by (1.7). A has domain (A)=(B)@ Y, and A generates a
holomorphic semigroup on H. To see this, it is sufficient to note that A has eigenvectors

1 [ o’l/2(k] e+in(1.12) 0+/-k :=
e+/-ink j,

(-3/+/-x/1 3,2), k e Z+

with associated eigenvalues ’+/-k--(O’+/-k) 1/2 e +in, which lie on Fo given by (1.3) with
cr =7- r/2. These eigenvectors are easily seen to form a Riesz basis for H. For the
remainder of this section, let I be the index set Z+ (.J Z-, so A generates the semigroup
given by (1.5).
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For our purposes, it is convenient to think of the dual of H as being

H’:= Y’cX,
where

Y’:= (BI/2)’= {kX Xkk keI

The inner product for [Zl, z2] T H’ and [Yl, Y2] T e H is

(1.13) ([z,,z2]r,[yl,y2]r): (B-’/2zl(x)B1/2yl(x)+z2(x)yz(x)) dx.

It is easy to see that

1 [-(+ io’,
(1.14) /+/-k :=

x/ sin
keZ+

is a Riesz basis for H’, and that (0k, Pe)= 6j.e, so {ffk}k is the dual basis to {0k}kx.
When Zoe (A), S(t)Zo is in H for all e and is the classical solution of

(1.15) .(t) Az(t), z(O) Zo.

If Zo is in H, then z(t)= S(t)Zo is in H and is the solution of (1.15) in a generalized
sense, but (1.15) is no longer an equation in H. A can be extended to

(1.16)

where A’ is the adjoint of A when the inner product (1.13) is used, and := (A’)’.
In this context @(A’) is the domain of A’ in H’, so (A’)= X(9 Y, and

=X@ Y’= X@(B-’/2).
Therefore (1.15) can be interpreted as an equation in , and S(t)Zo is the solution of
this equation.

If b is in :, it can be written as// for some/ in H, so b can be expanded as

(1.17) b bk(Pk where bk --(k, b),= Ak(k, ).
kl

We can now give the definition of an admissible input element that we will be
using in this paper. This is a slight modification of the definition in [5].

DEFINITION 1.1. If b is an element of , then b is admissible on go {xeilx>O}
if the family of operators B(t):L2[o]-H defined by

(B(t)u, y) [ (b, S(t- s)’y)u(s) ds for every y @(A’)
0,t]

(where [0, t] is the straight line segment from zero to t) is a strongly continuous family
of bounded operators for all go. b is an "admissible input element" if b is admissible
on g0 for 0 [-o-, tr].

It is shown in I-5] that if b is an admissible input element, then z(t) S(t)Zo+ B(t)u
is a generalized solution of (1.1) for f, where (1.1) is an equation in and z(t)
is in H. If Zo =0 and b is given by (1.17), then

and b is an admissible input element if the coefficients of (k are square summable
whenever u L[g0] for 0 [-o-, tr]. It is easily seen from standard perturbation results
(e.g., [6]) that bounded input elements are also admissible.
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We can frequently write the control system in the form (1.1) with an admissible
input element when the control input is not distributed across the spatial extent of the
beam, but is concentrated at a finite number of interior or boundary points (e.g., [5],
[10]). Sometimes we can even solve an eigenvalue specification problem if the input
element is not even admissible [10].

We now consider the following specific control system, which describes a struc-
turally damped beam with a hinged left end and a sliding right end"

#(x, t)- "(x, t)+ w’"’(x, t)=f(x)u(t),
(1.18)

w(0) w’(1) w"(0) w’"(1) 0.

We take f(x) to approximate a single point actuator at x=.5, i.e., f(x)= 1/(2e) for
Ix]< e, andf(x)= 0 for Ix] > e. For this system (I)k(X) sin ((--r/2 + rk)x), tr= r/6,
and 7 2r/3, so the eigenvalues of A are

(1.19) Z+k (-r/2+ 7rk)2 e+i2/3,

and the eigenvectors {qk}k and the dual vectors {k}k are given by (cf. (1.12), (1.14))

(1.20) q+/-k(X) := [(1/(-r/2+’k)) sin ((--r/2+ rk)x)]e+i2=/3 sin ((-r/2 + rk)s)

(1.21) d/+k(X):=(Zx/-)[ -(+i(-r/z+’k)) e-’+i2/3) sin ((-’n’/z+rk)x) ]+i sin ((--r/2 + rk)x)

for k Z+.
The input element coefficients (1.17) are in this case

b+/- {b, 0+} (2//) + sin ((--/2 + rk)s)f(s) ds

(1.22)
+ix//3(-1)k) sin (e(-r/2 + rk))/(e(-r/2 + ’k)),

where r(k)=0 if k is 1 mod 4 or 2 mod 4, and o-(k)= 1 if k is 3 mod 4 or 4 mod 4.
Note that as e goes to zero, this goes to

(1.23) b+/-g x//3 +/- i(--1)k),

which is what we would get if f were the Dirac delta distribution at x .5.
We now consider the eigenvalue specification problem for the system (1.1), state

our results (which are proved in 3), and apply them to the specific problem.
Eigenvalue specification problem. Given a set of complex numbers {ak}kl, can a

feedback control h*" H- be found such that the closed-loop operator A+ bh* has
eigenvalues {ak }k I"

If the feedback element h* is bounded, it can be represented by an element h H’
via h*z (h, z); and any element of h of H’ has an associated bounded functional h*.
In [15], Sun considers systems that include those we are considering in this paper. He
proves as a necessary and sufficient condition that there exists a bounded functional
h*’HR such that A+bh* has eigenvalues at {Ok}k is

(1.24)
kl

This answers the existence question completely, at least as long as we only consider
bounded input and feedback elements. Unfortunately, this rules out many interesting
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cases, including boundary control. In 10] it is shown that (1.24)is sufficient when b
is only admissible for the systems under consideration in this paper. Another drawback
of Sun’s result is that the eigenvectors of the closed-loop operator are not explicitly
demonstrated, although they can be found by solving an infinite-dimensional linear
system of equations.

The restriction to bounded feedback elements means that we cannot move the
eigenvalues uniformly away from the original values. In this paper we will use the
following definition of an admissible feedback element, which depends on b.

DEFINITION 1.2. Suppose h*’H- is linear and possibly unbounded with
domain (h*), and b is admissible. For all z H we can compute ,z / bh*z as an
element of . Let

(1.25) (A+ bh*) := {z (h*) ]Az + bh*z H}

and for z @(A + bh*),

(1.26) (A + bh*)z := z + bh*z.

h* is admissible if A + bh* generates a holomorphic semigroup.
We will address the following problem: Find a linear functional h* such that

A+ bh* has eigenvalues at {ak}k1, compute the resulting feedback control u(t) in
terms of the initial state, and find the closed-loop eigenvectors {Xk}k. This is solved
by the following theorem, which is proved in 3. The solution depends on the
construction of meromorphic functions called cardinalfunctions, which are an infinite-
dimensional generalization of characteristic polynomials. Cardinal functions are
defined in 2.2, and a class of cardinal functions are constructed in [8]. We will give
a cardinal function for the specific control system described above. The use of the
cardinal function is central to the development of the canonical form for (1.1).

THEOREM 1.3. Assume {Ak}kn is the zero set of a cardinal function p. Suppose
{Ogk}k is the zero set of a cardinal function q with the same poles as p. Let

(1.27) Xk=(1/p’(Ak)bk) , [p(ak)bj/(ak--Aj)]%,
jel

(1.28) h - bip’(A/) Y’. q(Ak)/[q’(a2)(Ak--a2)bkp’(Ak)]d/k
kl

(1.29) h*= 2 P(a2)h2/biP’(A).
jI

Suppose either one of the two following conditions holds:
(1) b satisfies

(1.30) m < bk < M for all k L

(2) {ak}kt satisfies (1.24), and b is a bounded input element, so that {bk}kt {2"
Then A + bh* has eigenvalues at {ak}k and a Riesz basis of eigenvectors {Xk}k.

Furthermore, {hj}jn is a Riesz basis for H’ and (Xk, h)= 6,k. If the initial state Zo is

given by kl ZkOk, the control u(t)= h*z(t) is given by

(1.31) u(t)=
jl kl

If condition (1) holds, A + bh* is interpreted as in (1.25) and (1.26). If condition
(2) holds, the feedback element h* is bounded. [2

Remark 1. If (Ak}kl is the zero set of any of the cardinal functions constructed
in [8], then there is a cardinal function q with the same poles, and zeros at {ak}kl,
if (1.24) holds along with conditions 1 or 2 in Theorem 1.3.
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Remark 2. When {ik}k is the eigenvalue set associated with the structurally
damped beam model (1.8)-(1.10), there is a cardinal function p with zeros at {Ak}k.

Remark 3. Other eigenvalue specification results of this sort can be found in 10].
We can apply these results to the specific beam example (1.18). In this case Ak is

given by (1.19) and bk is given by (1.22). If we let/Xk Ak- 10, it is shown in [8] that

(1.32) p(A)= H (A Ak)/(A tXk)
kel

is a cardinal function. It is a consequence of results in [8] that if

(1.33) k Ak--flk where {k}k ,
then

(1.34) q(A)= H
kl

is a cardinal function. In this example, we will realize the closed-loop eigenvalues

a=-8/k2.
Then {ak}k satisfies (1.24) when bk is given by (1.22).

It is possible to approximate p(a;), q(Ak), p’(Ak), and q’(a;) numerically, which
we did for j and k 1, 2, , 9. Letting

p,()= H (-x)/(-),

we approximate p(s) by p(), where was chosen as that (pl()/pl-()) 1 < .005.
Then the feedback element is given by h*=s cs + cs_s, where s is given by (1.21)

9and { s}s= is (by (1.28) and (1.29))

{28.98-15.84i, 2.10- 2.03i, -0.46+ 1.41 i, -0.17 + 0.97i, 0.08

-0.75 i, 0.05 0.65i, -1.67 + 38.24i, -1.87 + 56.15i, 9.15- 93.5i}.

If h* is written as [h(s), h2(s)], then the control is given by

u(t)={h*, (t)}(cf. (1.13))= h(x)w"(x, t)+ h(x)w(x, t) dx,

where w(x, ) solves (1.18) and

(x /h (xl 0* 2 a sin ((k-/2)x),
j>o

h(x) 10* 2 b sin ((k-/2)x),
j>o

with the coecients given approximately by

a 9{ }= {-.7625, -.0654, .0256, .0145,-.0102,-.0084, .4749, .6857, -1.2627},

{b}]=, {-.3658,-.0468, .0326, .0224,-.0173,-.0149, .8831, 1.2968,-2.1593}.

If we know the initial states woe (B/) and w e X, we can compute the control
u(t) using (1.31). As an example, we take

o(x) (cos (x 1, (x x.

Expanding these gives

wo(x) 2 sin ((k-/2)x)/[(.5+ k)(-1.5+ k)(-.5+ k)],
>o

Wl(X)= 2 sin ((k-/2)x)(-1)+/(k-/2).
k>0
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Then we can write Zo=[Wo, w] as Y.k> Zkk + Zk(k, where (k is given by (1.20) and
{Zk}-_ is approximately {-1.481+.5241i, 2.6657+ 1.5023i, 1.0578+.6240i, .6911+
.3923i, .5193+.3039i, .4177+.2384i, .3500+.2041i, .3016+.1726i, .2650+.1542i,
.2365+.1356i}. In this case (1.31) gives

zitu(t)= E (fe"/+fe") E Re(fe
j>0 j>0

{f}--l {-1.4810-.5241 i, 2.6657 + 1.5023i, 1.0578 + .6240i, .6911 +.3923i, .5193

+ .3039i, .4177 + .2384i, .3500+ .2041 i, .3016 + .1726i, .2650+ .1542i}.

If we use f(x)= (x-.5), where 8 is the Dirac delta function and the external
force is a point accuator at x .5, then we can go through the same procedure, but
the closed-loop eigenvalues will not have to satisfy (1.24), since the input element
coefficients (1.23) satisfy (1.30). In this case we can let Ck be the zero set of any cardinal
function with poles at {/Xk}k . For instance, we can realize any closed-loop eigenvectors
{Ol,k}k such that ak Ak- k, where {k}kl is a bounded sequence, since q(h) given
by (1.34) is still a cardinal function in this case.

Since it is not possible to compute the infinite series for u(t), an obvious question
arises regarding the properties of the control

(1.35) u,,m(t)= Z [ZkP(aj)q(Ak)]/[q’(aj)(Ak--aj)bkp’(Ak)] e"/,
I,, k I,.

where I, := {+/-klk 1, 2,..., n}. We are interested in the ettect of using u,,,(t) as the
control in (1.1); in particular, does the control add energy to the higher-order modes
of the system? As an illustration of the usefulness of the canonical form, we will
analyze the effect of this control scheme, and obtain the following result.

THEOREM 1.4. Suppose z(t) solves (1.1) with u U,,m, and suppose (1.1) satisfies
either of the conditions in Theorem 1.3. Then there exists M, independent of Zo H and

II such that

IIz(t)ll MC(t)llzoll where C(t) sup {le’l,
Furthermore, suppose we fix e. Then, for a given Zo, there exists M and N large enough
that for n >= N and m >- M, and for

IIz(t)ll M, C,(t)II zoll + c=(t),

for some M1 independent of and Zo, and C(t)=sup{]e%tl}jt,,,C2(t)=
sup {le’l},.

To illustrate this, consider the specific example (1.18) with the damping term
ff"(x, t) removed, so that tr is zero instead of /6 and everything else is the same.
Then the uncontrolled system is conservative. Suppose our goal is to increase the
stability of the system. If we assume that f(x) (x -.5), we can construct the control
given by (1.35) using ak Ak- 8, since condition (1) of Theorem 1.3 holds. Theorem
1.4 says that, given e, we can find n and m, depending on Zo, large enough so that for
t [0, ),

IIw"(" t)ll 2 Ce-8’( :)to,a+llw(’,t)llto,a Ilwoll=+llwll +
for some C independent of and Zo.

This approach to the eigenvalue specification problem retains the distributive
nature of the system until the last step, where (1.35) is computed. This is somewhat
different from the more typical method of using a reduced-order model and then
analyzing the effect of the control spillover (e.g., 1 ]). However, Theorem 1.4 is in the
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spirit of the ,analysis of control spillover in 1], in the sense that we analyze the effect
of a finite-dimensional control scheme on all the modes of an infinite-dimensional
system.

1.2. Control canonical forms. We consider a control canonical form to be a scalar
functional equation and an associated canonical state space equation. These two
equations are equivalent in the sense that we can recover the solution of one from the
solution of the other. To use the canonical form, we map the original system to the
canonical state space equation, and then use the scalar equation to analyze the
properties of the solution. Canonical forms relevant to this discussion have been used
to study control in distributed parameter systems by Russell [11], [13], Ho [4], Clarke
and Williamson [3], and Teglas [16]. In [4], [11], [13], [16] the cardinal functions are
entire, while in this paper we allow meromorphic cardinal functions, which allows us
to construct canonical forms for a larger class of distributed parameter systems. This
involves a frequency domain (i.e., Laplace transform) approach which proves to be
rather general. To motivate this work, we will first discuss the familiar finite-dimensional
canonical form to get an idea of the machinery that we need, and then discuss an
infinite-dimensional example done by Russell [11] which will indicate the approach
we will take.

Finite-dimensional canonicalform. Let the characteristic polynomial of the system
be normalized so that p(z) al + azz + a3z2 +" + anzn-1 q- z n. When the controllability
matrix (A"-lb, An-Zb, Ab, b) is nonsingular, there exists a nonsingular matrix T
such that x Ty brings the original system to the canonical state space equation. If
Y=[Y,,Y2,’",Y,]r, then

yi( t) Yi+,( t), i= 1, 2,’" ", n 1,
(1.36)

,9n( t) -(alyl( t) + + an-lYn-( t) + anyn( t)) + u( t).

This can be written as

(1.37) p(D)y,(t)= u(t).

We can study this equation using the Laplace transform. Let (y)(z) be the Laplace
transform of y. It is well known that

(1.38) (p(D)y(t)) p(z)(y)(z) +f(z),

where f is an n- 1-degree polynomial determined by p and the initial conditions.
We will rewrite this slightly to indicate the way we will generalize these notions.

For y C-[0, T], define the functional (rt, y) := p(D)y(s)l.=o. Then (1.37) becomes

(1.39) (r/ y)(t):= (rt, y(t +. ))= u(t).

Note that the Fourier transform of r/, oft/, is

(1.40) ffr/(z) := (r/, eZ)=p(z).

Our goal will be to develop the following:
(1) A function p(z) for distributed parameter systems that parallels the role of

the characteristic polynomial in finite-dimensional systems.
(2) A functional 7, satisfying (1.40), for which (1.39) makes sense and can be

solved for a class of controls u.
(3) A Laplace.transform theory, for which there is an analogue to (1.38).
(4) A state space equation that is equivalent to the functional equation.
(5) A way of recovering the solution of the state space equation from the solution

of the functional equation, analogous to (1.36).
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An infinite-dimensional example. The most straightforward example of an infinite-
dimensional canonical form of this type is the hyperbolic case discussed by Russell
in [11], [12].

We assume that the eigenvalues are of the form {2rji+ e + a}jz, where {e}z
is a square summable sequence and a C. It is well known that {e&}z is a Riesz
basis for L2[ 1, 1 ]. This space will serve as the canonical state space, and the canonical
state space equation in L2[ -1, 1] is

:( t) Ox( t) + u( t).

Here D is a "differentiation" operator in the sense that D(kz Xk e) kZ XkAk e.
The domain of D, (D), is the subspace of Hi[-1, 1] that contains all elements of
the form ,kZ Xk e" for which {XkAk}kZ is square summable. The canonical input
element/ does not belong to L2[-1, 1], but it is an admissible input element.

The canonical functional equation is of the form (1.39), where the "generating
functional" / is an element of the dual space of H[-1, 1]. (D) has the alternate
characterization as all x in H[-1, 1] such that (,/, x)--0. For these systems (1.39) is
a zero-order neutral equation. The convolution operator can also be defined in the
frequency domain by using the functions p, which is related to /by (1.40). To solve
this functional equation, we can use the two-sided Laplace transform theory developed
in Russell 12]. It can be shown that the solution of the canonical state space equation
is x(t)= y(t +. for all real t, where y solves y u.

In general, it is not possible to find a useful state space that has {e’}k as a
Riesz basis. In the general approach, the canonical state space E will be a space of
equivalence classes of a space X, where the equivalence class containing x is denoted
by {x}. E will have {{e’}}kl as a Riesz basis. We can put the canonical form above
into this framework as follows. Let X := {xle-Ollx LZ(-cx3, o), for all p > a}. We
then write x---x2 if x x2 in L2[-1, 1]. In this way we can think of the canonical
state space as being the space of all equivalence classes of X.

More generally, we start with spaces X and Y, and a bilinear form (.,.) defined
on Y(R) X. Then we say that x x if(y, x) (y, x) for all y Y. In the above hyperbolic
case, X is X, Yis L2[-1 1], and (y,x) is

_
x(t)y(t) dt. This approach, which is

introduced in Russell [11], is the one we will use.

2. Canonical form.
2.1. A Laplace transform. The canonical state space and functional equation are

constructed in the frequency domain, so we need to use a Laplace transform relevant
to holomorphic semigroups, described in Rebarber [7]. We summarize the needed
results here, starting with some definitions.

DEFINITION 2.1. Let a be real and 0 [0, 7r/2), and let

F0:= F UF2 o
,,o ,,o:={a+ixe Ix[O,o)}U{a-ixe-ilx[O,o)},

oriented counterclockwise; we write h > Fa, when h is to the right of F, in the
complex plane, and h < F, when h is to the left of F,. Most of the time we think
of r as being fixed, so we let

We also let

go := {x ei lx > O}, fl,o := {h h > ra,o},
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DEFINITION 2.2. X is defined as the space of all functionsf that are holomorphic
in , have L boundary values on e and ’_, and satisfy, for some C C(p,f)> O,

(2.1) [[e-fllL2reoj<-C forall O[-tr, cr]andp>a.

X" will be the domain of the Laplace transform.
DEFINITION 2.3. " is defined as the space of all functions that are holomorphic

in ,, such that for all p> a and 0e (-g, g) there exists m(p, ), M(p, O, ), and
e(p, 0, ), all positive, such that

(2.2) ztr,.l N m for r > p,

(2.3) I(A)I m for A o,
(2.4) I(A)IMIAI for

will be the range of the Laplace transform. We can put norms on these spaces.
ForfX andp>a, let

II/llo := le-7(t)] Idtl

For , and p > a, let

We are now ready to define the Laplace transform and its inverse.
DEFINITION 2.4. Let

S,o := {a + : e-’ Re (:) > 0}.

For A S,,o, with 0 [-tr, tr], and f Xa, let

of(A ):= feo e-X’f(t) dt.

It is shown in [7] that {of}lol<=r is a set of analytic continuations, so. we can
define f(A) for any A l)a, which is just [_J iol__< S,o, by

f(h := of(h for h Sa,o.

DEFINITION 2.5. For p > a, fl, and 0 , let

(1)fr
gC/,(a):= e (a) dO.

It is shown in [7] that ’g’ is independent of p.
THEOREM 2.6 [7]. Let p > a. IfX has norm Ilfll, and ve has norm II011,, then

is an isomorphism between X and , and ,-1= g{.

Theorem 2.6 will allow us to translate results between the frequency domain and
the time domain. In the remainder of the paper, we will freely do this.

2.2. Canonical state space. The canonical state space will be a space of equivalence
classes.
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DEFINITION 2.7. Let Ma’b be the set of all functions in a that are holomorphic
in {h > Fa} U {h < Fb) and for which, for all p < b and 0 [(r, 7r/2], there exists m(p, q,),
M(p, 0, 0), and e(p, 0, if), all positive, such that

Oil m for all r < p,

10 A)t m for

Let X’b :=-M’b.
We will choose a and b above so that {Ak)k lies between F and Fb.
A cardinalfunction is our infinite-dimensional generalization of the characteristic

polynomial. From the discussion following the description of the finite-dimensional
canonical form in 1.2 we can determine some propeies we would like a cardinal
function to have. The functional equation associated with the canonical form will be
of the form (1.39), and we would like the generalization of (1.38) to be

+
where M’d for some c and d, and depends linearly on the initial condition. If
(t,.) solves (1.1), w want to be able to recover z(t,.) from the solution y of the
functional equation, so the Laplace transforms of the solutions of (t)= Az(t) and

y 0 should have the same poles. Since

y(A) (p(A)/p(A) and )= E
kel

p should have zeros at {Ak}ke 1. We would like the solution to the functional equation
to be in Xa’b whenever u is in X’b. Therefore, we want the map

p M,,b
_) Ma,b o-) /p

to be bounded. We want r/ y to be in X" whenever y is in X’b, so we also want the
map

p-l Ma,b . Ma’b -p
to be bounded. This implies that p should be bounded below for A > Fa and A < Fb,
and bounded above for A > F. It is easy to see that, in general, there is no entire
function with this property with zeros at the sets {Ak}k1 we are considering (see
Definition 2.8, condition (6) below). Hence we have to consider functions with poles
to the left of Fb. Since we want y to be in M’’b whenever u is zero, we want o to have
the same poles as p. Other restrictions on p arise from more careful consideration of
the map P. A precise definition of a cardinal function follows.

DEFINITION 2.8. Let p be a meromorphic function with zero set {Ak}k and pole
set {P,k}kl. Assume that all of the Ak’S and /k’S are distinct, and that I Z+U Z-.
Then p is a cardinal function if

(1) There exist real constants d, c, and ml, with d < c, such that Ip(A)l<= ml for
all h {h > Fc} U {h < I’d}.

(2) There exist real constants a, b, and m2, with a > b > c, such that [p(h)[ _-> m2 > 0
for all h {h > F} U {h < Fb}.

(3) There exists m3 such that all k L
(4) There exist paths {Aj}z between F and Fb such that

(a) There exists m4, independent of j, such that ]p(h)[-> m4> 0 for h A;
(b) {length (A)}jz is bounded;
(c) (infA. Im (h)) -.j-oo oo and (supA. Im (h)) -j-,-oo -o0.
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(5) There are paths {j}z between F,. and Fd such that
(a) There exists ms>0, independent of j, such that Ip(A)l_-< m for A
(b) {length (Aj)}z is bounded;
(c) (inf., Im (h)) -_. and (sup7., Im (h)) _._ -c.

(6) inf{Im (e-"(hk--hk_)), Im (e(h_k--h_k+))}k>,=: >0, Im (hk)=>0 for
k>0, and Im (hk)--<0 for k<0.

(7) inf{Im (e-(tXk--tZk_)), Im (e(tZ_k--tZ_k/,))}k>,=: g>0, Im (tZk)_-->0 for
k > 0, and Im (tZk) =< 0 for k < 0.

Remark 1. Conditions (1) and (2) imply that {hk}k lies between F, and Fb, and
{tXk}k lies between F,. and Fd. The spacing conditions (6) and (7) are essential for
much of our subsequent work. Two classes of cardinal functions are constructed in
[8]. In one class the zeros and poles are spaced asymptotically linearly, and in the
other class theygrow like k for a > 1.

Remark 2It is a consequence of conditions (1) and (2), proved in [10], that
there exists M such that [p’(Ak)[, [p’(lZk)/(p(lzk))2l<--M3 for all k I.

For ease of notation, let

ek:=exp(hk), :=exp(/k), rk:= 1/(’--hk), vk:= 1/(’--/zk).

We will need some results from [7] regarding spanning properties of {ek}kel in Xa.
DEFINrrION 2.9. Let {ak}kl be a set of complex numbers between Fa and Fb. Let

X{ak} := { k,2 xk exp (ak)

’I’{} := { ,E x(.- )-’
and define the operator

P" (Ak} -+ (/Xk} q’ -+ p@.

THEOREM 2.10 [7]. Let {ak}k1 be the zero set or the pole set of a cardinalfunction
and let r> a. Then X{ak} is a Hilbert space with norm . , and {exp (ak’)kt} is a
Riesz basis for X{ak}. {ak} is a Hilbert space with norm [1. , and ((.-)-}, is a
Riesz basis for {ak}.

Furthermore, P is a Hilbert space isomorphism between {A} and {k}..
Let

pk(A):= p(A)/p’(A)(A ak).

Since {rk}k is a Riesz basis for {Ak} and P is an isomorphism, {Prk}k is a Riesz
basis for {k}. Using condition (3) in Definition 2.8 and Remark 2 following Definition
2.8, {Pk}k is a Riesz basis for {k}. If we define

gk := -Pk,

then {gg}k is a Riesz basis for X{k}.
We are now ready to define our equivalence classes in the way suggested at the

end of 1.2. Let

X:=X’b, Y:= X{k}, M := M’b,

(I) := I’/’{/.,l,k}, X, :-- X{Ak} 1.t/’ :--- xt/’{/k}.
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We now define a bilinear form (.,.) on M(R). Using this the dual of q will be
represented as , and the dual of as . Let -Fo denote Fo oriented in the opposite
direction. For q q, M, and p (c, b),

which is easily seen to be independent of p (c, b). Forf X and g Y, define

(g, f):= (..’g, f).

We can define equivalence relations on M and X: for , X M, write ff "X if
(, s) (, X) for every . For f g X, write f-- g if (h, f) (h, g) for every h Y.
Let E be the set of equivalence classes of X with respect to this equivalence relation.
We denote an element of E containing x by {x}. Let be the equivalence classes of
M. For y Y and {x} E, let (y, {x}):= (y, x). For and {} , let (, {}):= (, ).

We now show that {Pk}kl is the Riesz basis of which is dual to {’k}kl, which
is a Riesz basis of:

(p(A )I[p’(Ak)(A As)(A A<)]} dA, c<r<b.

Because of the conditions on the cardinal function p, this is just the sum of the residues
of the integrand to the left of Ft. Hence

and so

(2.6) (gk, ej)=

For ff M, define

* := sup

and Ilxll,*, := IIxll,*. It is clear that E is a Hilbert space with the norm II{x)ll, ,,
because is a Hilbert space. We would like to replace this norm with a more convenient
one. For this we need the three following lemmas. The first follows immediately from
the Dominated Convergence Theorem.

LEMMA 2.11. Let dl=k Xk’k and =k YkPk . en
E
kl

The next two lemmas show that E is isomorphic to X.
LEMMA 2.12. For any x X,

x’x,:= E (g,x)e.

Proof. By Lemma 2.11 and (2.6), if y Y and Y=k1Ykgk,

(y, Xl)= Yk (gk, X)= (y, X).
kl

Thus we can represent every {x} e E as {x}, where X X
LEMMA 2.13. For every O and p > c, there exists mo, Mo > 0 such that

< II@II*<M.II@IIm.ll@ll.= .=
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Proof. Pick re (c, b). By H61der’s inequality,

,II * II,II sup

Using properties of elements in c found in [7], we can show that II,II,-0()II,II,
which shows the first inequality in the lemma. Let ff kl kPk. Then, using Theorem
2.10, there exists co and Co such that

this finishes the proof of the lemma.
We see from these lemmas that the map

T"X E x {X}
is a Hilbe space isomorphism. The dual of E can be represented by Y, and {{e}}
is a Riesz basis for E, with dual basis {g}. Lemma 2.13 and Theorem 2.10 show
that we can put the following more convenient norm on E. Let x xe, and define

:=

Z3. Teeelseseeefi. The semigroup generator for the canonical
form will be a ’differentiation" operator D on , which is defined on an appropriate
subspace of differentiable, elements of N. The eigenvectors of D will be {{e}}. Let

:= {fe x" If is absolutely continuous on and f’ e X"},
and let " :=2.

Let {I} and F > > Fb. Iffe X, then, if we differentiate by parts, f is of
the form

(.7 (a=(x+(l/(-, xeC,
where x =f(0) and (-f+f’). Let

:= l(xo+ /( lxoe C,

and let := -. Let be the set of all equivalence classes of with respect to
the relation , and let be the set of equivalence classes of .
La 2.14. Let Ol()=(Xl+l())/(--ff) ad 2()=(X2+2())/(--),

here ,, . If , then x x and .
roo Suppose that /(.-)c/(.-) for some eM and ceC. Then

(,/(.-)}=(,c/(.-)} for all keI, which means that c/(-)=
()/(-). However, if c is not zero then this is impossible, since it is shown in
[71 that 2, I(1 <.

Since , ( )/( ) (x x)/( ). The above observations imply
that x- x=0. Therefore (()-())/(-)=0 for all k e I. This implies that
(, )=,) for all k e I. Since {}, is a Riesz basis for
Cooa 2.15. Iff f, and f, f e , then fl f.
Proo By (2.7) and Lemma 2.14, we see that (-f+fl)(-f+f), so

f[ f.
This corollary allows us to define differentiation on as D{f} := {f’}. If we restrict

D to
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then D is the infinitesimal generator of the strongly continuous semigroup

It is of interest to us to characterize how the semigroup behaves in the frequency
domain, since the equivalence of the canonical state space equation and the canonical
functional equation is shown in the frequency domain. Let r> a and p < b, and let

Fr.a := F U -Fo. Forf L2[Fr,o], define

( 1 )I [f()/(-)]d,Tr’f)(A ):=

for A F and A < Fo. We will restrict attention to how T,o behaves on functions in

:={e"OlOW1, t}O{qOlq is a cardinal function and O M}.

For such functions it is easy to see that (T,of)(A) is independent of r and p, as long
as z is to the left of both F and Fo or to the right of both F and Fo. Thus, we can
unambiguously define Tf(A) Tr,of)(A) for any A > F or A <F by the appropriate
choice of r > a and p < b. Next we show T is a projection into M.

LEMMA 2.16. Tf M wheneverf
Proo Forr>a,p<bandh>Frorh<Fb.

(2.9)
:= F,(A)+F2(A)+F3(A)+F4(A)

(cf. Definition 2.1). We can use the Carleson measure theorem [5], as in [7], to show
that there exists C(r, p) such that llFI] C for i= 1, 2, 3, or 4 and s> r or s <p
whenever fL2[F]. Hence llTfll is bounded for s>r or s<p. Using HSlder’s
inequality and (2.9), we see that

]F,(A)l(1/)llfll [dt/(A -ie’t-p)[2

The term in brackets is a uniformly bounded function of A in {A <Fn}U{A > F}
whenever s > r and < p. For A < Fn,o or A > F., where 0 (, /2) and (0, ),
the term in brackets is o(Ixl- ), Similar estimates can be made for F2, F3, and F4,
showing that Tf

We can use this projection to characterize the action of the semigroup in the
frequency domain.

THEOREM 2.17. Let (h, t):= T(et)(h for M. If- y, then-(h, t)
y(t+.).

Proo Let s > r > a, p < b, and . Then

f, ea I [e’()/(A-)] ddA- eC’() (A- ff)] dA dff

-()
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By the properties of the space xtra found in [7], we can show that
(1/2ri) . e(t/)O(sr dsr is equal to the sum of the residues of its integrand to the left
of Fp, which is zero. Hence

t))(z)=(1/2zri) f e(’+)(") d=y(t+z).-1((.,

If x X, S(t){x(t)}- {x(t+. )}, so this theorem shows that

{S(t){x}}- {T(ea(x))}.

This will be helpful when we show the equivalence of the canonical state space equation
and the canonical functional equation.

The canonical input element will be

/:= E (1/p’(hk)){ek}.
k!

LEMMA 2.18. / is an admissible input element, as defined in Definition 1.1.
Proof. The coefficients (1/p’(hk)) are bounded because of condition (3) in

Definition 2.8. Using this, and the restrictions on {hk}kl given by condition (6)in
Definition 2.8, we can use the Carleson Measure Theorem as in [5] to show that b is
an admissible input element. [-1

The canonical state space equation is then

(2.10) {.(t)} D{x(t)} + bu(t), {x(0)} {Xo}.

2.4. The canonical functional equation. We will start this section by defining a
class of functionals on X that are represented by cardinal functions in the frequency
domain. Fix a : {hk}k between Fb and F, and let C be a small circle around a, not
surrounding any hg, oriented counterclockwise. Then, for p(e, b) and (h)=
(x + q(,x))/(h c) M, define

(2.11) (p,):=(l){f_,.o[p(h)(A)/(h_a)ldh+Ic[p(h)x/(h_a)]dh}.
It is easy to see that (p, ) is independent of p e (c, b). In the remainder of this section
assume that p e (c, b).

LEMMA 2.19. If and X f4 and X, then (p, J) (p, X).
Proof Let (A)=(x+t(h))/(A-a) and X(A)=(y+2(A))/(h-a). By Lemma

2.14, x=y and ---2. Let p(h)=(p(h)-p(a))/(h-a). It is readily seen that pe.
Hence

(P’ d/)-(P’X)=(ll2zri) I [p(A)+p(a)l(A-a)]((A)-f((A)) dA

[p()/(a- )](q,(;)-(;))

by the equivalence of and . Because of the decay properties of and ,, the last
integral is equal to the sum of the residues of the integrand to the right of Fp. Since
the integrand has no poles to the right of Fp, this is zero, proving the lemma. D

We can now define (p, {$}) :- (p, ) unambiguously for {} . For x. and
{x}/ let

(2.12) (/, x):= (p, x), (,/, {x}):= (n, x).
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The cardinal function p is seen to be the Fourier transform of r/ in the sense that
ofrt(A):=(rt, e)=p(A) whenever Fb<A<Fa" This is because ((e))(sr)
(r-A)-I (1 + q(’))/(sr- a), where q(sr)= (A- a)/(’-A), so

(q, ea)=(1/27ri){I_ [p()()/(-ce)] d+ Ic [p()/(-a)] d},
which we find by calculating residues to be p(A)-p(a)+p(a)=p(A). If q is a cardinal
function, o%-q is defined as the functional/z such that (, x):= (q, x) for x e .

In analogy to the two-sided transform theory developed in Russell [12], we can
characterize @(D) in terms of the "generating functional" r/.

THZOREM 2.20. (D) {{x} e/](r/, {x}) 0}.
Because this result is not used in the rest of this paper, and because the proof is

quite lengthy, we will refer the reader to the author’s thesis [9] for the proof.
Remark. If the poles {/z} are fixed, then the space E is fixed. For every cardinal

function with poles at {/z} there is an associated differentiation operator D with
(D) given by (2.8). For this cardinal function there is also a generating functional
defined by (2.12). Theorem 2.20 shows that the associated operator and functional are
very closely related.

An interesting fact that comes from the proof of Theorem 2.20 is that every {x} e E
can be expanded as

(2.13) {x}=yo{e}+ E yk{ek},
kI

for some sequence {Yk}k such that Yk ]YkAk]2<" Hence

(/, {x})= yop(a).

Equation (2.13) is a generalization of the fact that a Riesz basis of exponentials of
L2[-1,1] can be made into a Riesz basis of H[-1, 1] by appending another
exponential 12].

Our next step is to define a convolution related to a cardinal function p. In 2.3,
we defined a projection T into M on a class of functions that includes functions
of the form qq where q is a cardinal function and 0 M. We will use this projection.
to define our convolution. Let

P * 0 := T(p),

and for y X, let

n , y= -l(p * ..y).

We can show that this c.orresponds to a usual notion of convolution when y is
ditterentiable, i.e., when y. 6 X.

LEMMA 2.21. IfyX and tf, then (rl * y)(t)=(q,y(t+.)).
This is another result that will not be used in the sequel and has a somewhat

lengthy proof, so the reader will again be referred to the author’s thesis [9] for the proof.
The canonical functional.equation will be

(2.14) (r/* y)(t) u(t), y Xo,

which we wish to solve for x0, u, and y in X. The result in Lemma (2.21) could be
used to help solve this when Xo X, but we get more information by solving (2.14) in
the frequency domain.
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We need to develop some machinery to help solve this functional equation in the
frequency domain before we can show the equivalence of the canonical functional
equation and the canonical state space equation. This next result is an infinite-
dimensional generalization of (1.38).

THEOREM 2.22. For y q M, (rl * y) p#/ + X, where X
Proof For q e M, p e (c, b), and A e fa, let

R(ptp)(A):= (1/2ri) I_ [q(sr)P(’)/(A-sr)] dsr"

It is easy to see that this is independent of p as long as A > Fp, which defines R(pq)
unambiguously for A fc. Using the properties of q M and of the cardinal function
p, we see that R(pq)(A) is equal to the sum of the residues of qp/(A-.) to the left
of F.. Thus

R(pq)(A)= Y [(t.tk)p2(k)/p’(lZk)]Vk
kl

Using condition (3) in Definition 2.8 and results in [7], we see that R(pd/)
Let r > a and c < p < b. Since pq a, it is easy to show that

(1/27ri) f [d/()p()/(h-)]d=dp(h)p(h) forh>Fr.

Then, using r/*y w-(T(pq))

(2.15) (/ x)(X)- f [,(’)p(r)/(Z_ )] dr-f [(’)p(’)/(X- ’)] d"

pq(X R(pd/)(X ).

Since the three functions above are all holomorphic in any region not intersecting
{Fb <A <Fa}LJ{k}k, we can extend (2.15) to any such region. Since R(pq),
(2.15)proves the theorem.

Theorem 2.22 will help us in solving the canonical functional equation as follows"
if q =-R(pq), r/ y u implies that pq + q u, which means that

(2.16) q X + (ulp), X l,

where X q/P 1 by Theorem 2.10.
LEMMA 2.23. Any d/ of the form (2.16) solves p q u.
Proof. Let PX dp. If A > Fr or A < Fp, then

(p @)(Z)=(l/2ri) f d+(ll2ri) f [(’)/(X-’)] asr.
I;p

The second integral can be seen to be the sum of the residues of its integrand between
Fr and Fo, which is zero. The first integral is the sum of the residues of its integrand
in the region {A > 1-’r} U {A < 1-’o} which yields u(A), proving the lemma, l-I

We see that to solve (2.14), we let y -q, where q is given by (2.16), and we
choose X to satisfy the "initial condition" y--- Xo. This is very easy to do, because
of the following result.

LEMMA 2.24. For q M, blp---O.
Proof (Pk, q/p)=(1/27ri)_r,[d/(A)/p’(Ak)(A--Ak)] dA. It is easily seen that this

is the sum of the residues of the integrand to the left of Fo, which is zero. Since this
is true for every k I, and {Pk}kl is a Riesz basis for
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Thus, if we want (X + u/p)--. Xo, we simply choose X" WXo, so

(2.17) X E (Pk, Yo)’k.
kl

To summarize, we get the following result.
THEOREM 2.25. The solution of the canonicalfunctional equation (2.14) is given by

y -, where X +u/p and X is given by (2.17).

2.5. Equivalence of state space and functional equations. We are now ready to show
the equivalence of the canonical state space equation and the canonical functional
equation, using the frequency domain structure developed above.

THEOREM 2.26. If {x(t)} solves (2.10), and y solves (2.14), then {x(t)} {y(t +-)}.
Proof Let Xo Y’.k Xk{ek}. By the variation of parameters formula,

(2.18) {x(t)} , {ek}(xkeXk’+(1/p’(Ak))I
t’’ eXk’-)u(s)ds)"

Let r> a and p<b. From Theorem 2.25, y=(u/p)+x=(u/p)+E
By Theorem 2.17,

(y(t+.))=(1/2i) f [eC’y(ff)/(X-C)]

=(1/2i) f [eC’x()/(A-)] d
di

1’

=:X(A,t)+(A,t).

X(A, t) is easily seen to be the sum of the residues of the integrand between Fr and
Fo, which is x e’. (A, t)E Y(t)z, where

(2.9) y(t) (p, (., t)).

Hence {y(t+.)}=t (xe’+y(t)){e}. Comparing this with (2.18), we see
that the theorem is true if the following claim is true.

CLaiM 2.27. y(t)=(1/p’(A)) to., eat-)u(s) ds.
Proof of Claim 2.27. Let < p. Then, from (2.19),

yg(t) (-l ) f_i.= [P(A)/P’(Ak)(A-Ak)] fI
For I So (cf. Definition 2.4),

(y(t))()= 2ip’() e [u() e’/(-1)] ddt
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On the other hand, using a result in [7],

(2.21) (1/p’(Ak)) e’-)u(s) ds =u(A)/[p’(Ak)(A-A,)].
[o,t]

Comparing (2.20) with (2.21), we see that Claim 2.27 is true, which completes the
theorem.

Hence, the functional equation is equivalent to the state space equation. Further-
more, it gives us information about the evolution of the solution of the state space
equation which we did not previously have. In the next section, we apply these results
to the solution of an eigenvalue specification problem, and use the canonical form to
analyze the effect of a finite-dimensional control scheme on the distributed parameter
system.

3. Application to control.
3.1. Application to spectral determination. In this section we will consider the

eigenvalue specification problem discussed in 1.
In [11], Russell uses a canonical form for a class of hyperbolic systems to show

that Sun’s condition (1.24) is sufficient for solving the eigenvalue specification problem.
We will do the same for the systems under consideration in this paper. We will also
consider a case where the input element is not bounded but is admissible. One of the
benefits of a canonical form approach is that we obtain formulas for the feedback
element and the closed-loop eigenvectors and dual basis.

We will first prove the result for the canonical state space equation.
THEOREM 3.1. If {Olk}k is the zero set ofa cardinalfunction q with poles at {[kll,k}kl,

the pole set ofp, then there exists a feedback element d* such that D/ d* (interpreted
as in (1.25) and (1.26)) has eigenvalues at {ak}k1 and eigenvectors {{ek’}}k1 which

form a Riesz basis for E. If
(3.1) lag Akl2 < OO,

kl

then d*x (d, x) for some d Y.
Proof Let qk(A):= q(A)/[q’(cek)(A--Cek)], and g := -lqk. Since q is a cardinal

function, we can go through the same procedure with q as we did with p. Hence
{{ek’}}k1 is a Riesz basis for E, {{(’--Cek)-}}k1 is a Riesz basis for , {qk}k_l is a
Riesz basis for , and {g}k1 is a Riesz basis for Y. {g}k is dual to {{e’}}kl,
and {qk}k1 is dual to {{(’--Cek)-l}}k. Let p -lq.

Let u(t)= (/, y)(t), where y solves

(3.2) / y 0, y Xo

and let {x(t)} := {y(t + )}. By Theorem 2.26, {x(t)} solves

(3.3) {(t)} =/{x(t)}, {x(0)} {Xo},

where D is the differentiation operator on

(/) { //’{e’’}’
kl k.,

y also satisfies (2.14), so {x(t)} also satisfies

(3.4) {(t)} D{x(t)} +/u(t), {x(0)} {Xo}.

We now show that u(t) is of the form d*{x(t)}.
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Since y solves (3.3), y(t)=k (g, XO)e"k’. Hence

u(t) (g, Xo)P(ak) -k’e
kI

(3.6) {x(t)}= E (g, Xo)P(ak) e"k’{e’k’}.
kl

Note that {p(ak)}k# is a bounded sequence, by condition (1) of Definition 2.8. Let
d* be the input element represented by

(3.7) d:= E P(ak)g
kl

in the sense that, for {x} E,

d*{x} := Y’. p(ak)(g, {X})
kI

and let (d*)= {Eke, Xk{e’}lYk, IP(ak)Xk[ < }" Then (3.6) and (3.5)imply that

u(t)=d*{x(t)},
so .(3.4) becomes

(3.8) {(t)}=(D+d*){x(t)}, {x(0)} {Xo}.

Using (3.3) and (3.8), it is easy to show that D+ bd * has eigenvalues {ak}k# and
associated eigenvectors {e"}k, which form a Riesz basis for E, and that D+/d* is
in fact 3. If [kl Ip()l<, then d is an element of Y. Therefore the theorem is
true once we prove the following result.

LEMMA 3.2. If {ak}k, satisfies (3.1), then Ykl lP(ak)[2<
Proof Let rl > 0 be such that every hk is at least a distance of rl from Fc, and let

0 < r2 < r. Let Ck be a circle of radius r centered at hk. For k large enough, ak belongs
to a circle of radius r2 centered at hk. For such k,

’P(Crk)--P(Ak)I=(-) fC [P()/(ak--)] d-- fC [p()/(Ak-)] d

I-<1 Ip()l(,x-C)(<-)lldcl.

Sino I<-el> .,-. and I- el-", whnv, C C, nd p i uniformly bounded
on Ck, we see that the term in brackets is uniformly bounded. Therefore,

(3.9) Ip()l =< 0(1)1 1.
When we compare this with (3.1), the proofs of Lemma 3.2 and Theorem 3.1 are
completed.

We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. To translate the result to the original state space equation

(1.1), we need a mapping between H and E, which takes (2.10) to (1.1). Let

To E - H {ek } qk

T E - E {ek} {ek}p’(Ak)bk

and let T ToT, so T-AT D.
First suppose condition (1) of Definition 2.8 holds, so T is an isomorphism between

E and H. T can be extended to an isomorphism between @(A’)’ and (D’)’ and
b Tb", where b and / are admissible input elements. The transformation {x(t)}
T-z(t) then takes the original state space equation (1.1) to the canonical state space
equation (2.10).
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Let h*=,k p(ak)(T-l)*g (T-1)*d, where d* is given by (3.7). Then

(3.10) T-l(A+bh*)T= D+d*.
This implies that A+bh* has the same eigenvalues as D+fd*, and that {T{ek’}}k
is a Riesz basis for H.

Now suppose condition (2) of Definition 2.8 holds. T is not an isomorphism, but
we would still like to claim that A+ bh* has the same eigenvalues as D+ bd*. We
follow an argument given by Russell in [11].

The element d given by (3.7) is an element of Y, because (1.24) implies (3.1), so
it can be written as d---2kl dtcgk, where 2kl Idol <. We need more information
about the coecients {dk}k.

LEMMA 3.3. If x=k Xkgk =kl Ykg, then there exists M(x) such that ]Xk--
y] < MIA 1 for all k I.

Proo For p (c, b),
Ix-yl I(x, ek)--(x, e)l

=(1/2) [ x(h)((h-h)-’-(h-a)-) dA

(1/2)llxllolA-l I1/(A-A)(A-)I=I dAI
The term in brackets is uniformly bounded for all k I, so the lemma is true.

From (1.24) and (3.9) we see that k ]P(ak)/bk]<, SO Lemma 3.3 implies
that E, Ida bl <. Since

h (T-)*d (d/p’(X)b),
kl

this implies that h H.
Let

T E -+ E {ek}- {e’}p’(ak)bk,
SO T*3" Y- Y" g gp’(Ak)bk. Using Lemma 3.3 and (3.9), we can use an argument
found in 11] to show that T1Tf is an isomorphism of E. Since To is an isomorphism,

T4:= ToT T is an isomorphism between E and H. It is easy to see that rfl(o+
bd*)T3=D+f)d*. Combining this with (3.10), we see r-l(A+bh*)T4=D+f)d *.
Therefore A + bh* has eigenvalues at {Ok}k and a Riesz basis of eigenvectors {Xk}k,
where Xk T4{e}. The dual basis to {Xk}k is given by {h}k, where h (r-2)*g.
This conclusion is also true if condition (1) of Definition 2.8, instead of condition (2),
holds, since T4 is clearly an isomorphism in this case.

We can write Xk in terms of the original eigenvectors {qk}k, and h and h in
terms of the original dual basis { I/klk Recall that { ek’} (g, ek’){ e}.

For p (c, b),

(g, e"’) (p, ("- Ok)-1)

(2qri) -1 f p(a )/[p’(Aj)(a aj)(a Ok)]dA

p(ak)/p’(Xj)(ak Aj).
Hence

Xk=(1/p’(Ak)bk) Y’, [p(ak)b/(ak--A)]%.
jl

Furthermore, g ,
k (g., ek)gk. Since
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(1)I q(A )/[q’(ai)(A aj)(A Ak)] dA(g, ek): i -r,,

q(Ak)/q’(aj)(Zk aj),

h bjp’(Aj) E q(Ak)/[q’(aj)(Zk--,aj)bkp’(Ak)]k.
kl

The feedback element is

h*= Y p(a.i)h/bjp’(Aj)= E p(a) E q(Ak)/[q’(%)(Ak--a)bkp’(Ak)]q’k.
j! jl kl

From (3.5) we can see that

u(t)= Y [Xkp(j)q(Ak)/[q’(%)(Ak--a)] e",’.
jl kl

Since ZO--EkI Zk(k and x0 T-’z0, we see that Xk--Zk/(bkp’(Ak)), SO u(t) can be
written as in (1.31). This completes the proof of the lemma.

3.2. Analysis of truncated control using the canonical form. In this section we will
use the canonical form to study the effect of the truncated control (1.35).

Proofof Theorem 1.4. First assume that b satisfies (1.30), so T is an isomorphism.
Assume z(t) satisfies (1.1) so {x(t)}= T-z(t) solves (2.10). By the results in 2,
{x(t)} {y(t +" )}, where y solves (2.14). Using the control U,,m, we can solve for y
by using Theorem 2.25, so y=x+u,,,,/p, where X=k Xk/(A--Ak).

To simplify u,,,/p, we first compute its residues, which are at {Ak}k1 and {aj} ,,"

Res (a) lim p(cej)q(Ak)Xk(A ai)/[q’(i)(Ak i)(A aj)p(A)],
A-)i k I,,, .j I.

which is equal to zero if lil _-> n, and is equal to

(3.11) , q(A)Xk/[q’(a,)(Ak--a,)]= , q,(AR)XR=:y,
k k

if i I,. It is easily seen that (q, ek)= q(Ak), SO

y,{e"}= Y. (q,,ek)xk{e"}= , (q,, xkek){e"}= xk{ek}.
!. I. k lm k lm k lm

Hence there exists M such that

(3.12) lyil <= g ]Xkl 2.
I. k I,.

To compute the residue of U,,m/p at A, we see that

Res (Ai) p(a)q(Ak)Xk/[q’(o(i)p’(A,)(Ak--a)(A--
I,, k Im

I. k I,, k I,,,

I,,

Ak."where Xo k ,,, x e Then

xi + Res (Ai) Pi, Xo) + Res (Ai)

(3.13)
jG j I,,

--(Pi, (qj, Xo--X) e."l+ci,
jl
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where ci (pi, lJl>, (qJ, x’) e"J). The first term on the right side is just the ith coefficient
of Xo-X, which is x, if lil> m and zero if i Ira. Hence Res (A,)= c, if Ii1> m, and
Res (A) c- x if I,. We can note thatk Ck{ek} lJl>, (qJ’ x’){e’V), so

(3.14) E M 2 I<qj, x >l

Putting the computation of these residues together, we get

..y(A)=X(A)+u/p(A)= ., yk/(A--Ok)+ E Xk/(A--Ak)+ E Ck/(A--Ak).
k l,, Ikl>m k

Then

{x(t)} E Yk e"’{e’} + E x eh’e + Y c e’ek,
ke I,, [kl>m ke

SO

(3.15) z(t) E ykp’(Ak)bk ek’Xk + E Xkp’(Ak)bk ek’k + ., Ckp’(Ak)bk e’’qk.
k I,, Ikl> k

Since {’k}k and {d/k}k, are both Riesz basis of H, there exists M independent of
Zo e H and e f such that

(3.16)
kl,, kel,, Ikl>m Ikl>m

+sup leXkt]2(klkl
]Ckp’(Ak)bk[2)"

The first part of the theorem clearly follows from (3.16), (3.12), and (3.14). Now
pick e > 0. Since {Zk}k is in g2, the second term in parenthesis on the right side of
(3.16) can be made less than e/2 for large enough m. The third term in parentheses
is bounded by (3.14), which can be made less than e/2 for large enough n. This
completes the proof of the theorem when (1.30) is satisfied.

Now suppose b is a bounded input element and (1.24) holds. Referring to (3.11),
Y,,, lYP’(A)bI-- Y,,, lY,,,, Xkqj(Ak)P’(Aj)bjl" Since T T]-1 is an isomorphism, and

Xkp’(Ak)bk{ek}) 2j, (2k,,,, Xkqj(Ak)p’(Aj)bj){e"./}, we see that there
exists M such that

(3.17) , lYjP’(Ay)bI=M E IxP’(A)bI--M E Iz l=,
I,, k I,,, k I,,,

It can be shown that Zj, cjp’(Aj)b,{ej}= T1T;I(ZIjI>, (qj, T3xg’){e./}), so there exists
M such that

(3.18) E Icp’(;t)bl M Y’. I(qj, T3x)l.
jel

We can note that T3x’ T3 T-(1T (k ,,, Zk), and T3T Tff is an isomorphism, so
there exists C independent of m and n such that

(3.19) E I(qj, T3xg)! C.

Referring to (3.16), we use (3.17)-(3.19) to prove the theorem in the same way
when b is a bounded input element and (1.24) holds. 1-1



CANONICAL FORMS FOR DISTRIBUTED PARAMETER SYSTEM 1387

REFERENCES

[1] M. BALAS, Modal control of certain flexible dynamic systems, SIAM J. Control Optim., 16 (1978),
pp. 450-462.

[2] G. CHEN AND D. L. RUSSELL, A mathematical modelfor linear elastic systems with structural damping,
Quart. Appl. Math., 34 (1982), pp. 433-454.

[3] B.M.N. CLARKE AND D. WILLIAMSON, Control canonicalforms and eigenvalue assignment byfeedback
for a class of linear hyperbolic systems, SIAM J. Control Optim., 19 (1981), pp. 711-729.

[4] L. F. Ho, Controllability and spectral assignability of a class of hyperbolic control systems with retarded
control canonical forms, Ph.D. thesis, University of Wisconsin, Madison, WI, 1981.

[-5] L. F. Ho AND D. L. RUSSELL, Admissible input elements for systems in Hilbert space and a Carleson
measure criterion, SIAM J. Control Optim., 21 (1983), pp. 614-639.

[6] T. KATO, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, New York, 1976.
[7] R. REBARBER, A Laplace transform relevant to holomorphic semigroups, Proc. Roy. Soc. Edinburgh

Sect. A, 105 (1987), pp. 243-258.
[8] , A class of meromorphic functions used for spectral determination, to appear.
[9], Control of holomorphic semigroups generated by a class of spectral operators, Ph.D. thesis,

University of Wisconsin, Madison, WI, 1984.
10], Spectral assignability for distributed parameter systems with unbounded scalar control, SIAM J.

Control Optim., 27 (1989), to appear.
11] D. L. RUSSELL, Closed loop eigenvalue specification for infinite dimensional systems: Augmented and

deficient hyperbolic cases, Tech. Summary Report 2021, Math. Research Center, University of
Wisconsin, Madison, WI, 1979.

12] .-, Uniform bases of exponentials, neutral groups, and a transform theory for H’"[a, bl, Tech.
Summary Report 2149, Math. Research Center, University of Wisconsin, Madison, WI, 1980.

13 Functional equations as control canonical forms for distributed parameter control systems and a
state space theory for certain differential equations of infinite order, in Volterra and Functional
Differential Equations, K. B. Hannsgen, T. L. Herdman, H. W. Stech, R. L. Wheeler, eds., Marcel
Dekker, New York, 1974.

[14] Mathematical models for the elastic beam and their control-theoretic implications, Semigroup
Theory and Applications, H. Brezis, M. G. Crandall, and S. F. Kappel, eds., Longman, New York,
1985.

[15] S.-H. SUN, On spectrum distribution of completely controllable linear systems (L. F. Ho, trans.) SIAM
J. Control Optim., 19 (1981), pp. 730-743.

16] R. TEGLAS, On the control canonical structure ofa class ofscalar input systems, SIAM J. Control Optim.,
22 (1984), pp. 552-569.

17] S.-F. C. Yu, Computing the eigenvalues for a damped Euler-Bernoulli beam equation with the Chebyshev
spectral method, M.Sc. thesis, Pennsylvania State University, University Park, PA, 1985.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 26, No. 6, November 1988

1988 Society for Industrial and Applied Mathematics
011

OPTIMALITY CONDITIONS FOR QUASI-DIFFERENTIABLE PROGRAMS
WITH APPLICATION TO TWO-LEVEL OPTIMIZATION*

YO ISHIZUKA-

Abstract. As an extension of the quasi-differentiability of Demyanov et al. (V. F. Demyanov and
A. M. Rubinov, Soviet Math. Dokl., 21 (1980), pp. 14-17; V. F. Demyanov and N. L. Polyakova, U.S.S.R.
Comput. Math. and Math. Phys., 20 (1981), pp. 34-43), this paper introduces a new class of quasi-
differentiable functions whose directional derivatives are given by a positively homogeneous function.
Optimality conditions for quasi-ditterentiable programs are obtained by use of the generalized Farkas
theorem. As an application an optimality condition is derived for an optimization problem with two-level
structure.

Key words, optimality conditions, directional derivatives, quasi-differentiable programs, the generalized
Farkas theorem, two-level optimization
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1. Introduction. The notion of quasi-differentiability was introduced by
Pshenichnyi [7]. A quasi-ditterentiable function in the sense of Pshenichnyi is a function
whose directional derivative f’(x; s) is represented by

(1.1) f’(x; s) max (y, s),

where F is a compact set of R and (.,.) denotes the inner product in R n.
In optimization problems, however, we often have to deal with functions not in

the class of Pshenichnyi. For example, even if a function f is quasi-differentiable, -f
is not necessarily so. Thus, a composite function of quasi-differentiable functions may
not be quasi-differentiable.

So, Demyanov and Ruvinov and Demyanov and Polyakova [2] have extended
Pshenichnyi’s quasi-differentiability to functions with directional derivatives such as

f’(x; s) max (y, s)+ min (A, s),
TI" AA

where F and A are compact sets, and they have investigated quasi-differential calculus
and optimality conditions for quasi-differentiable optimization problems. Recently,
Shapiro [9] has refined these optimality conditions.

Meanwhile, it has been shown that the directional derivative of an optimal-value
function fone of the most typical and important nondifferentiable functions appear-
ing in optimization problemsis represented by (see [3], [6])

f’(x; s)=max min <y,s),
aA yl’(a)

where F(.) is a set-valued map defined on a set A. Thus, an optimal-value function
does not belong in general to the class presented in 1], [2]. To deal with optimization
problems including such functions, we need to consider the class of functions that
admit directional derivatives with a form such as

(1.2) f’(x; s)=max min (% s)+min max (A, s).
aA yl’(a) bB hA(b)
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The aim of this paper is to derive optimality conditions for the problem with objective
and constraint functions that are in such a class. To achieve that, we also introduce
the generalized Farkas theorem for a system of inequalities of positively homogeneous
functions such as (1.2). As an application, we consider an optimization problem with
two-level structure.

In 2 we mention notation and preliminary results including the generalized
Farkas theorem. In 3, as a new class of quasi-differentiable functions, we introduce
the class of directionally differentiable functions mentioned above, and derive optimal-
ity conditions for the quasi-differentiable optimization problem. In 4 we formulate
a two-level optimization problem [10], [11], and show its optimality condition.

2. Preliminaries. In the sequel, co D and cl D stand for convex hull and closure
of D R", respectively.

For a set-valued map F:A- 2R’’ on a set A into the power set of R", we denote
by [IaAI(a) the Cartesian product of the family @={F(a)c R"[aA}, i.e.,
HacA F(a) is the set of all selection functions of :

1-I F(a)={y:A-*R"ly(a)F(a)VaA}.
aA

We shall also make use of the following notation

r(A)-= u r(a), y(A) -= U y(a),
aA aA

o-[@]-= { y(A)c R" ")/(" F(a)}.
We note that tiara F(a) and o-[@] are not empty under the Axiom of Choice.

We denote by 3*(.ID) the supporting function of a set Dc R ", and by 6,(s D)
we denote -*(-slD), i.e.,

a*(s D)- sup (d, s), 8,(s D) -= inf (d, s).
dD dD

The directional derivative of a function f" R" --> R at x R in the direction s R
is defined as

f’(x; s)= lim a-{f(x + as)-f(x)}.

We say that f is directionally differentiable at x if f’(x; s) exists for any s R ".
PROPOSITION 2.1. Let D be a nonempty set of R". Then

a*(slD)->_0 VsR"C:>0clcoD.

Proof This is an immediate consequence of Theorems 13.1 and 32.2 of [8].
PROPOSITION 2.2. Let F:A-> 2 n’’ be a set-valued map such that F(a) is nonempty

and compact at every a A. Then, for any s R", we have

(2.1) sup 6,(s IF(a)) min 6*(sly(A)).
A Y(" )| I,,A l’(a

Proof Let s U be arbitrarily fixed. Define

a =sup a,(s IF(a)), /3 inf
aA 3/( )]-]aa l’(a)

Let us consider a function (. ) HaA F(a) such that

((a), s)=6,(s[F(a)) ratA.
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Then we have

a sup ((a), s)= 6*(s /(A))
aA

(2.2)

Now, if we suppose that a >/3, then there exists (. 1-IaA F(a) such that

a > 6*(s (A))= sup ((a), s)
aA

>=sup6.(slF(a))
aA

This is a contradiction. Thus we have c =/3. Furthermore, from (2.2) there exists
/(’)I-Ia F(a) satisfying a 6*(slC/(A))=/3. Hence (2.1) holds, l-1

Let us consider the following positively homogeneous functions h defined on Rn"

(2.3) h,(s)- sup .(s[F,(a,))+ inf 6*(s[A(b)), i{0}LJ I,
A bi Bi

where Fi" Ai --> 2 R’’, Ai" Bi --> 2 R’’, and I is a finite index set. In order to derive optimality
conditions for quasi-ditterentiable optimization problems, we generalize the ordinary
Farkas theorem to make it valid for a system of inequalities described by positively
homogeneous functions (2.3). The results obtained here are extensions of those in [5],
in which simpler functions such as

h,(s) sup 6.(sJF,(a,))
aiAi

are considered.
For functions hi, let us assume the following.
Assumption 2.1. Fi(ai) and A(b) are nonempty and compact sets of R" at any

ai Ai and bi Bi, {0} LI L
We make an assumption that corresponds to a constraint qualification for quasi-

differentiable optimization problems (see Assumption 3.2 in 3).
Assumption 2.2. For any y(. I-I,,A, F(a) and b B, /, it holds that

0 cl co U {v,(A,)+ A,(b,)}.
i!

Moreover, we shall need the following assumption.
Assumption 2.3. For any sR, the infimums infb,B, 6*(slAi(bi)), iI, are

attained, i.e.,

(2.4) inf 6*(slA,(b,))= min 6*(slA,(b,)) i6 I.
b B bi B

The generalized Farkas theorem is stated as follows.
LZMMA 2.1. Let Assumptions 2.1 and 2.2 be satisfied. If there is no s R with

(2.5) ho(s)<0, h,(s)<=O, i1,

then, for arbitrarily fixed %(. NaiAi [’i(ai) and bi Bi, {0} U/, there exist scalars
txi, 6 I, satisfying

(2.6) Oclco[yo(Ao)+Ao(bo)+
il tzi{3/i(Ai)+Ai(bi)}] [Lli:O’ i6I,

and furthermore, the converse is true provided that Assumption 2.3 is satisfied.
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_Proof Let us choose arbitrarily fixed /i(" HaiA Fi(ai) and bi Bi, {0} U/,
and define a set

[ -]Z L.J cl co /o(Ao)+Ao(bo)+ E tzi{i(Ai)+Ai(bi)}
/xi _--> 0, i
il

Suppose, to show a contradiction, that there is no s R" satisfying (2.5), and that
0Z. Under Assumption 2.2, it can be shown that Z is closed and convex (see
Proposition A in the Appendix of [5]). Then we can apply the separation theorem to
find g R" and a satisfying (z, g)< a < 0 for all z Z. Hence

(2.7)

(;/o(ao)+ao, g}+ E Iut,i(’)li(ai)l-ai,) <Og<O VaieAi VaieA,(bi), i{O}UL
i1

Letting/xi 0, i I, we have

0> sup (’o(ao), g)+ max (ho, g)
aoa a hoC Ao(/o)

->_ sup a,(elro(ao))+ inf a*(glAo(bo))
ao Ao bo Bo

ho(g).

Meanwhile, if we suppose that there exist j e/, aj e Ai, and je A(/) such that
(/j(aj) + hj, g)> 0, then, by letting & be large enough, we can show a contradiction in
(2.7). Therefore

(’7/i(ai)+hi, g}<--O VaieAi VaiA,(bi), i/,

and hence we have

O_>- sup (5’i(ai), g)+ max_ (hi, g)
aiA AicAi(bi)

-->-- hi(g), I.

This, together with ho(g) < 0, is a contradiction. Therefore it must hold that 0 Z. Now,
let us assume that (2.5) holds, and that, for arbitrarily fixed Yi(" ) l-Ia,A, Fi(ai) and
bi Bi, {0} U I, there exist/xi, I, satisfying (2.6). Suppose that there exists g R
satisfying (2.5). Then, from Proposition 2.2 and Assumption 2.3, we can find /i(’)
HaiAi Fi(ai) and bie Bi, i{O}U I such that

a*(gl "Po(Ao))+ a*(g Ao(/7o)) < 0,
(2.8)

3*(gl/i(Ai))+6*(g[Ai())<=O, iI.

For these /i(" and bi, there exist scalars/2i _>- 0, I such that

Oeclco %(Ao)+Ao(bo)+ 2 g,{/(A)+A(b)}
iI

From Proposition 2.1, this is equivalent to the following condition:

6*(s /o(ao)+Ao(b"o)+ il I3"i{/i(ai)-I-Ai(b-i)}) >-0 VsR",

which contradicts (2.8). [3
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Finally, we present the following proposition.
PROPOSITION 2.3. Define the sets

S=- {s gn h,(s) <=0, 6 I},

SO=- {s g Ihi(s)<0, i6 I}.

Under Assumptions 2.1-2.3, if hi, I, are continuous on R, then it holds that cl SO= S.
Proof From Proposition.2.1, Assumption 2.2 holds if and only if, for every fixed

%(.)l-la, cA, F(a) and bB, iI,,there exists sR such that 6*(sl%(A)+
A(b)) < 0, I. Since 6*(sl %(A)+ A(b)) h,(s), S is not empty. Since S S and
S is closed (because h are continuous), it is obvious that cl S = S. Thus we have only
to show S cl S. For arbitrarily fixed g S, consider functions (. ,A, F(a)
and elements b B, I such that

(,(a,), g) 6,(g F,(a))

6*(g[A,()) inf *(gA,(b,)), i I.
b B

Note that the compactness of F(a) and Assumption 2.3 ensure the existence of such
Pi(" and bi. Then we have

and, for these p(.)and b, there exists sR" satisfying 8*(slp(a)+ai())<O,
L Denoting g+ Os by s(O), we have

hi(s(O))= sup 6,(s(O)lF(a))+ inf 6*(s(O)lAi(b))
A bi Bi

*(s(O),(A,))+ *(s(O)I A,())
6*(gl i(Ai))+ 06*(sl (A))
+ *(1A()) + 0*(s A,())

6*(g (A)+A,())+ 06*(sl (A,)+ Ai())
<0 0>0.

This shows, s(0) S for all 0 > 0. Since for every e > 0 there exists 0 > 0 such that
s(O)B(g; e), we have SB(g; e)#, where B(g; e)={sg]lls-g[l<e}. There-
fore g cl S, and then S

3. Quasi-differentiable optimization problem. As mentioned in 1, we extend the
quasi-differentiability in the sense of Demyanov et al. to a more general case as follows.

DEFINITION 3.1. Let f" R" R be directionally differentiable at x R", and let
f’(x; be continuous on R". We say f is quasi-differentiable at x if there exists a pair
of families (,f(x), *f(x)) such that

,f(x) {D,f(x; a) = R" a A(x)},

*f(x) {D*f(x; b) = R"lb B(x)},

f’(x; s)= max 6,(slD,)+ min 6*(slD*) VsR",
D, ,.f(x) D* *f(x)

where A(x) and B(x) are index sets, D,f(x;.) and D*f(x;.) are set-valued maps
such that D,f(x; a), a A(x), and D*f(x; b), b B(x), are nonempty and compact
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sets. Since such a pair is not uniquely determined, we denote by f(x) the set of those
pairs of families that generate the same directional derivative f’(x; s).

The following proposition is obvious.
PROPOSITION 3.1. Let f, i= 1, 2, be quasi-differentiable at , R n, and

(,f(.), *f(.)) 6 f(.), i: 1, 2;

then f +f2 and af (a is a scalar) are quasi-differentiable at 2, and we have

(,f(:) + ,f2(.), *f,(:)+ *f2())e (f +/2)(:),

(.f,(z), *f,(z))z (f,)(,) if >-o,

(,2*f(,), ,.f,(,)) 2(,f)(z) if < o.
More generally, the following proposition holds.
PROPOSITION 3.2. Let f, j 1,..., N be quasi-differentiable at R", f(x)=-

(f (x), ., fu (x)), and F R -> R . If F is continuously differentiable, and if
(.f(), *f(.)) f(:g), j 1, , N,

then the composite function F f is quasi-differentiable at 2, and it holds that

(,, o%*) (Fof)(),

Proof Since

where

we have

N

(Fof)’(; s)= E VhF(f())f($; s)
j=l

Then the conclusion follows from Proposition 3.1. [3

Now, let us consider the following minimization problem with inequality con-
straints:

(MP) minf0(x) subject to f(x) <= O, 1,. , I.

For families @, 2 of sets in R", we define +2-{D+D2c R"lDiE)i,i=l,2 and
{oD R" D i}.
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At a point R n, we define the following sets"

I---{i=1,..., ll() =0},

S-= {s R [f;(; s) _-< 0, I},

SO-- {s R [f[(g; s) < 0, I}.

Then we can easily obtain the following optimality condition described by the direc-
tional derivatives.

PROPOSITION 3.3. Assume thatfunctionsf, O, 1,. , are directionally differen-
tiable at g, f[(:; are continuous on R, and that the constraint qualification cl S= S
is satisfied. If g is an optimal solution of (MP) then there is no s R" with

f(g;s)<0, f[(;s)<-O, iI.

Let us assume the following:
Assumption 3.1. Functions f, 0, 1,. ., are quasi-ditterentiable at ;.
Assumption 3.2 (Constraint qualification). Given (,f(:), *f(:)) fif(;), we

have

0clco U {D,+D*} VD,o’[,f()] VD**f(:), iI.
il

We are now in a position to show the optimality condition for the quasi-differen-
tiable optimization problem.,

THEOREM 3.1. Let Assumptions 3.1 and 3.2 be satisfied. Ifg is an optimal solution
of (MP) then, for arbitrarily fixed D, o’[,f(g)] and D*i *f(g), i=0, 1,..., l,
there exist scalars Ix, 1," ", satisfying

0clco {D,o+Do*+
i=, /z,(D,+D*)},

(3.1)
/x,f(:)=0, /x,=>0, i-- 1,..., I.

Proof From the quasi-differentiability off and Propositions 2.3 and 3.3, there is
no s R" satisfying

max 6,(slD,o)+ min 6*(s Do*) <0
D,o,fo(2) D*fo()

max 6,(slD,,)+ min 3*(s D*)-< 0, iI.
D,i ,Ji (2) D ,6"*ft(.

It follows from Assumption 3.2 and Lemma 2.1 that, for arbitrarily fixed D,
tr[,f(:)] and D* *f(), i I, there exist scalars/z _-> 0, i/, such that

0cl co {D,o+ Do*+ i, I(D,+D*)}.
Therefore, letting/x 0, /, we have (3.1).

Example 3.1. Consider the following unconstrained minimization problem:

(3.2) min f(x)=- (+21)2

xR

whose minimum solution is 0. Clearly, f is continuous and positively homogeneous
on R2. Therefore f is directionally differentiable at - 0, and it holds that

f’(; s)=f(s)=(+)2 Vs g2.
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Sincef’(; s) (i.e.,f(s)) is not locally Lipschitz near every point in {s R21ss2=O}\{O}
(see Fig. 3.1), there does not exist a quasi-differential of,f in the sense of Demyanov
et al. at 0. But an easy calculation shows that f’(; s) is represented as

f’(X; s)=f(s)=min }s,l+ -Is2[

min max (a, s),
bB AA(b)

where

B=--{bR’lO<b<l},

A(b) -=
b’ b’ bl-b

Thus f is quasi-differentiable at 0, and we have

1-b b’l-b

(,f(X), @*f(X))e f(),
where

,f(X) -= {{0}}, *f(X) {A(b) c R2IbB}.
Noting that tr[@,f(2)] {{0}} and 0 co A(b) for every b B, we can confirm that the
following necessary condition given in Theorem 3.1 for problem (3.2):

0 cl co {D, + D*} V(D., D*) e (tr[,f()], @*f(X))
holds at :--0.

4. Two-level optimization problem. In this section we consider a minimization
problem whose objective and constraint functions include optimal-value functions.

S2

FG. 3.1. Directional derivative off in Example 3.1. f’(" s)=c (c= 1,2,3, =0).



1396 YO ISHIZUKA

At the lower level, N subsystems choose the optimal decision vectors yi R"
j 1,. ., N, minimizing their performance indexes fj under given parameter x
from the center. While, at the upper level, the center decides parameter values to be
assigned to the subsystems so as to optimize the central objective, which appraises the
values of subsystems’ performances. Such a two-level optimization problem (TOP) is
formulated as follows [10], [11]:
(TOP) min Fo(x, v(x)) subject to F(x, v(x))<= O, i= 1,. ., l,

vj(x)=min fj(x, yy) subjectto gj,(x, yy)<-O, i=l,...,p j= I, N,
Y

where v(x)= (v(x),. ., vN(x)). Shimizu and Ishizuka 10] derived optimality condi-
tions for (TOP) by assuming the linear independence constraint qualification for
lower-level problems. Under the linear independence constraint qualification, optimal-
value functions v are quasi-ditierentiable in the sense of Pshenichnyi; therefore
functions aei(x) Fi(x, v(x)) belong to the class of Demyanov et al. provided Fi C.
In this section we shall assume the Slater constraint qualification and convexity to the
lower-level problems under which/3 are no longer quasi-ditterentiable in the sense of
Demyanov et al.

Let us define the following:

L(x, yj, uj)--(x, y.i)+ Y’. ujigji(X, yj),
i=1

Sy(x)=- {y Rm.,lg,(x, y)<-O, i= 1,... p},
P(x) =-{y S(x) If./(x, y)= vj(x)},
Ky(x, y)---- {u RP.,lVy.,Lj(x, y, u)=0, ug,(x, y)=O, u>--O, i= 1,... p},
K(x)-- Kj(x, P(x)),
I=- {i 1,’’’, llF,(x, v(x)) 0},

and, for some neighborhood N() of , let us assume the following.
Assumption 4.1. fj and gj are continuously differentiable on N(g) R%.
Assumption 4.2. Sj() is not empty, and Sj(. is uniformly bounded at g, i.e.,

there is a neighborhood N’() of such that Sj(N’()) is bounded, j 1,..., N.
Assumption 4.3. There exist points y. R" .,j 1 N, satisfying gj(2, y) < O,

j=l,’’ .,N.
Assumption 4.4. Functions fj(,. and g(, are convex in y R ".,j 1,.. ,N.
Assumption 4.5. F, 0, 1,. ., are continuously differentiable on N() x R
PROPOSITION 4.1. Under Assumptions 4.1-4.3, Pj(g) and K(g) are nonempty and

compact sets, j 1,. , N.
Proof See Theorem 3.7 in [4].
PROPOSiTiON 4.2. Under Assumptions 4.1-4.4, v, j 1,..., N, are quasi-differen-

tiable at , vj’(; are continuous on R", and we have

v.(; s) rain max (VxLj(x, y*. u), s)
Y.]P.i() u*.ie Kj(g)

Proof This is an immediate consequence of Theorem 12 in [3]. 13

Let us define the following:

jT, =_ {j 1,’’ ", NIVo.,F,(X, v(2)) < 0},
J--{j= 1,’’’, NIV.,F,(, v(z)) >_- 0},

,(, YJ, UJ) -= V.,F, VxL.i( yj, uj),
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where Vo.,F Vo.,F/(, v()).
PROPOSITION 4.3. Under Assumptions 4.1-4.5, Fi(x)=- Fi(x, v(x)), i=O, 1,..., l,

are quasi-differentiable at , and we have

(.tr,), .,()),)
where

.i(.) { Zji(, y Kj()) y*. Pj(), j

where VxE VF(, v()).
Proof For functions hk" R" R such that hk(X) Xk, k 1, , n, it holds that

({{0}}, {{ek}}) hk(X) VX R", k 1,’" ", n,

where ek R and eki O, k, ekk 1. From Proposition 4.2, we have

(.(), *()) (), j= 1,..., N,

where

,v()--- {{0}},

*Vi(X) =- {VxL(:, y* y* P()}.j, K()) c gl.,
Since l(x)= F(h(x), v(x)), this proposition follows from Proposition 3.2.

Since

o’[.F,(.f)]=" { i(,, u(y)) u"() Kj(),j.,
we obtain the following optimality condition for (TOP).

Assumption 4.6. For any functions u." () Kj(),j J?, and points yj (),
j J, L it holds that

0 cl co ,t {VxFi + U ,(,yf, u(y.f))+j ,(, y, Kj())}.
JJ7 YePj()

THEOREM 4.1. Let Assumptions 4.1-4.6 be satisfied. If is an optimal solution of
(TOP) then, for arbitrarilyfixedfunctions u () Kj(),j J andpointsy ()
j J, i= 0, 1,. ., l, there exist scalars , i= 1,..., l, satisfying

0elco[VFo+ E o(,y,u(yT))
L jJyPj)

i=1 JJ7 y.()

jeJ

.(, v()) O, 0, l, L

Proof This theorem follows from Theorem 3.1 and Proposition 4.3.
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The following corollary is an immediate consequence of Theorem 4.1.
COROLLARY 4.1. Under the same assumptions as in Theorem 4.1, if.g is an optimal

solution of (TOP) then, for arbitrarily fixed points u Kj(g), j jT, and yj P(g),
j J-, i= 0,..., l, there exist scalars i, 1,..., satisfying

O co [V,,Fo +JCJ;E Zo(), P./(g), U.o) +j. Z-o(), Yo, K()))

]zif/( v(’)) 0, /J,i0, i= 1,..., L
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Abstract. In this paper a discrete-time multivariable tuning Pl-controller (proportional controller plus
integral controller) is designed for a stable distributed parameter system with an unbounded input and
output operator. First, the systems with discrete-time controls and observations are analyzed. Next, it is
shown that the integral feedback matrix has the same form as that in the case of continuous-time controls,
and it can be determined by steady-state information only. Moreover, it is shown that continuous-time
set-point tracking is realized as the result of discrete-time set-point tracking. The theory is applied to the
system governed by a second-order evolution equation with a first-order damping term. It is shown that the
integral feedback matrix is independent of the damping operator. Last, the theory is applied to a heat
equation and an Euler-Bernoulli beam equation.

Key words, distributed parameter system, flexible structure, digital Pl-controller, unbounded control
and observation
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1. Introduction. From the practical point of view, the purpose of control is not
always to find an optimal control, but to find, on the basis of measurements, a control
that stabilizes and regulates the system so that it behaves in a robust way against both
external and internal perturbations. In addition, the controller should be tuned with
minimum information about the process, for example, measuring only step responses.

A solution to this control problem in finite-dimensional theory has been given by
Davison, who introduced multivariable robust PI-controller (proportional controller
plus integral controller) theory. The tuning of the analogue controller for an unknown
system has beenpartly solved in [2], where an algorithm is presented to tune the
controller’s integral part. The tuning of the proportional part seems still to be an open
problem and some preliminary results have been reported in [8], [10], and [11]. In
[10] and [11], digital robust PI-controller theories also have been investigated. For
infinite-dimensional stable systems, Pohjolainen has given a solution of the continuous-
time control problem [9].

In this paper the theory of a digital multivariable Pt-controller is presented for
an exponentially stable distributed parameter system with boundary or pointwise
controls and observations. The theory is applied to flexible structures, that is, systems
governed by second-order evolution equations with damping terms.

2. System description and problem formulation. Let us consider the system
described by a,first-order evolution equation on a complex Banach space X"

g( t) Ax( t) + Bu( t) + Ew, x(O) Xo X,

(1) y( t) Cx( t), > O,

e(t)=y(t)--yd,

where x(t) is the system state, u(t) Ep is the control input, and u(t) is assumed to
be H61der continuous, where Ep is a p-dimensional complex Euclidean space. The
error e(t) is the difference between the constant reference signal Yd and the output
y(t) E r, and we E q is an unknown constant disturbance. The operator A is the
generator of an exponentially stable semigroup U(t) on X such that U(t)l <= M e-’’

Received by the editors March 3, 1986; accepted for publication (in revised form) November 25, 1987.
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for constants M->__ 1, to >0. For the present we assume that B is a bounded linear
operator from Ep to X (we denote B L(Ep, X)) and E L(E q, X), C L(X, Er).
When the operator A generates an analytic semigroup, we can take the operator C
such that D(C) D(A) and C is A-bounded [9].

A multivariable PI-controller for (1) has the form

(2) u( t) Pe( t) + Kz( t), .( t) e( t),

where the constant matrices P and K are the gains of the proportional part and the
integral part of the controller, respectively. The basic role of the integral part is to
change the system steady state, so that as soon as the new steady state is achieved,
the regulation y(t)--> Ya will also occur. The purpose of the proportional part is to
speed up the system response, if possible.

Another useful feature is robustness, defined by Davison as follows.
DEFINITION OF ROBUSTNESS. Given the system (1), suppose that there exists a

multivariable PI-controller (2) that regulates the system (1). Let the plant parameters
A, B, and C be perturbed so that the closed-loop system remains stable. Ifthe regulation
still occurs in the presence of such perturbations, the controller (2) is said to be a
robust multivariable PI-controller.

Without exact knowledge of the parameters A, B, C, and E, for the system (1)
we consider the following problem.

Problem 1. It is desired to find a robust multivariable Pi-controller (2) for the
system (1) so that output regulation will occur for all constant reference signals Ya
and all constant disturbances w, and for all bounded linear operators E such as
E L(E q, X).

The basic solution for Problem has been obtained by Pohjolainen [9] in the
case where A generates an exponentially stable analytic semigroup. He has constructed
a robust multivariable integral-controller such that

(3) u(t)=eKz(t),

where e is a positive tuning parameter and the integral-feedback matrix K is given by

K =(CA-’B)
()

(CA-’B) T[( CA-IB)(CA-1B) T]-,.

He also shows that there exists e*> 0 so that the closed-loop system is exponentially
stable if e in (3) satisfies 0< e < e*.

Remark 1. CA-B =-G(0), where G(s) is the transfer function matrix of the
system (1). The value G(0) is experimentally determined on the basis of step responses
[23, [9].

3. Analysis of discrete-time control systems. For the system (1), assume that the
control u(t) are constant vectors on each sampling period [kT, (k + 1)T), that is,

(5) u(t)=Uk, kT<-t<(k+l)T, k=0,1,"’.

where T is a sampling period. Then the system (1) has the unique mild solution such
that x C([0, t]; X) for any finite time tl[1]. Since U(t) is a strongly continuous
semigroup on X, the system state Xk x(kT) are given at each sampling times as follows:

(6) Xk+,=U(T)Xk + U(T-t)(Buk+Ew)dt, k=0, 1," ’’.
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(A2)

Then

(a)

(b)

(c)

(d)

WR(B)X,

B L(Ep, W),

U(t)L(W,X), t>0,

IIU(t)Wllx<-_g(t)llwllw for all we W with gLl(0,1)[1].

IIBuIIx U( T- t)Bu dt
x

-<_ g(T-t)llBIl,,’, )11 u ,, dt
o

DIGITAL PI-CONTROLLER FOR DISTRIBUTED SYSTEMS

Thus we have the discrete-time system on X"

Xk+l U( T)Xk "F BuUk + WU, XO X,

(7) Yk Cxk,

ek Yk Yd Zk+ Zk ek

where BuUk U(T- t)BUk dt, Wu U(T- t)Ew dt, Yk y(kT).
Since A is exponentially stable, U(T) is also stable, that is, the spectral radius

r(U(T)) of U(T) is strictly less than 1 and the condition

(8) U( T)kll U(kT)II <- M(exp (-toT)) k

holds.
We shall investigate the system state Xk and the operator Bu. Since for B L(EP, X)

and u Ep,

Buu U T t)Bu dt

U(T- t)AA-Bu dt
o

(9) AU(T-t)A-’Budt
o

(r-l-ud

we have By e L(, D(A)) and we also have wv e D(A). Here we assume the existence
of a Banach space Y( D(A)), dense in X, such that [1, Chap. 8]

(A1) U(t)xeY forxeX, t>0.

Then Xk+e Y, k=O, 1,.... Thus we can take the output operator C such that
C e L( E) and may treat boundary or pointwise outputs.

In order to investigate Bu when B" Ep X is unbounded, we assume the existence
of a Banach space W, with X dense in W, such that
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Thus we obtain that Bu L(E p, X). We can apply the same discussion to the operator
E. From this we can also treat boundary or pointwise inputs and disturbances. Even
if the input operator B is unbounded for the continuous-time case, Bu may be bounded
for the discrete-time case.

Next consider the case where U(t) is an analytic semigroup. Since from (9) we
have Bt; L(Ep, D(A)) and Wu D(A) for B L(Ep, X) and E L(E r, X), it follows
from (7) that Xk+ D(A), k =0, 1,’" ". Thus we can take the operator C such that
CA- is bounded on X. We can treat boundary or pointwise outputs.

Moreover, in order to obtain a more precise estimation, we-shall use the fractional
powers (-A) v, 0< y< 1, which are well defined, since A generates an exponentially
stable analytic semigroup [13]. For this we assume the existence of an operator G
such that for uEp, GuD((-A)-v). The existence of such an operator G is
investigated in the cases of boundary and pointwise inputs [3], [14]. Then G is the
Green mapping of a related boundary value problem, and

T

Bcu (-A) U( T- t)Ou dt

(10) rr

Jo (-A)U(T- t)(-A)l-rGu at

holds. From this we have

u (-’-(-u(7"-(-l-’au
(11)

(-A)V-[I- U(T)](-A)’-Gu
since (-A) v-I L(X) and U(t)(-A)I-VGu D(-A) for0< y< 1. It follows from (11)
that Bu L(Ep, D((-A)-v)). Moreover, if Wu D((-A)-v), we have that Xk+
D((-A)-v), k=0,1,’’’ and we can take the operator C such that C
L(D((-A)I-v), Er). Thus we can treat boundary or pointwise inputs and outputs.

Last, consider a more special class of the operator A. Let V and H be complex
Hilbert spaces such that V, H, and V’ (the dual space of V) satisfy the inclusion
relation V c H c V’ with each space dense in the following with continuous injection.
Let A be in L( V, V’), satisfying the coercive condition, that is,

(12) Re(-Ax, x) >- all.xllv, c>0, x V.

Then the operator A generates an exponentially stable analytic semigroup U(t) on H
and V’, respectively 12].

In this case, for B L(Ep, V’), E L(E q, V’) and Xo H, there exists a unique
solution x of the system (1) with discrete-time inputs (5) and x e L2(0, tl; V)c
C([0, t]; H) for any finite tl [7]. We can treat boundary or pointwise inputs and
disturbances, since we can take B and E such that B L(Ep, V’) and E L(E q, V’) [7].

Moreover we shall investigate the system state Xg. Define

(13) Ok A-I(Buk + Ew)
and then Vk V for Bug / Ew V’ [12]. Now xv(t)= x(t)+ Vk satisfies

dxv( t) dx( t)
dt dt

(14) Ax( t) + Bug + Ew
Ax(t) + Avg

=Axo(t)
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on the interval (kT, (k + 1)T). Hence we have

x((k+ 1)r)= U(T)(Xk +Vk).

Since Xk+VkH, xv((k+l)T)D(A)c V. As Vk is also in V, Xk+1=Xv((k+I)T)--Vk
is in V. From this we also obtain that U(T) L(H, V), By L(Ep, V) and wv V for
B L(Ep, V’) and E L(E q, V’). Thus we can take the operator C whose domain is
V. Therefore we can also treat boundary or pointwise outputs [7].

Remark 2. If-A is a self-adjoint, positive-definite operator on X with compact
resolvent, then there exist a sequence {An, b,; n 1,2,’’ "} of eigenvalues and the
corresponding orthonormal eigenvectors such that

OAIA2"
and

-Ab. A.b., n 1, 2,. ..
In this case we obtain the fractional,powers of-A:

(-a) "vx E (A.)r(x, .)ck,,, x D((-a)’v),
rl=l

((-’ x (’l(x, 4,1< oo

for real %
For example, we can consider Y in (A1) and D((-A)/) as V, and W in (A2)

as V’.

4. Solution of Problem 1 by discrete-time controls. In this section we shall solve
Problem 1 using only discrete-time input-output data.

First we consider the following problem for the discrete-time system (7).
PROBLEM 2. Find a robust multivariable PI-controller for the discrete-time system

(7) so that output regulation occurs, that is, Yk Yd as k o for all constant reference
signals Yd and for all constant disturbances w.

We obtain from (7)

Xk+ Xk 0 U Xk Xk-j Bt
For this system we consider a linear feedback control law

(16) Uk aeKek + eKZk,

that is,

Uk Uk-, aeK(ek ek-,)+ eK(Zk Zk-,)
(17)

aeKC(xk --Xk-)+ eKek_,

where K is the p x r integral-feedback matrix, which is also the proportional one, and
a, e are positive tuning parameters. The resultant closed-loop system becomes

xk+ x 0 U BvK BvKC x x_
(

=(Uo+eB)( e_, )Xk Xk

on the extended state space Xe E’X X.
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Now the following theorem gives the solution to Problem 2.
THEOREM 1. Assume that rank[C(/-U(T))-Bv]=r. Then there is a positive

number e*, dependent of K, and a regulating control of the form (16) for all p x r mat-
rices K satisfying r{C[I- U(T)]-IBvK}c C- andfor all e (0, e*). A good selection
of K is

(19) K--[C(I-U(T))-Bv] diag {p,.." ,Pr}, p,>0.

Proof. To prove the theorem, we proceed as in the proof of Theorem 3.4 in [9].
The stability of the closed-loop system (18) can be seen from the behavior of the

spectrum of Uo on the unit circle, because the rest of the system remains in the unit
circle and stable for sufficiently small values of e.

Since the spectrum of Uo is separated into two parts such that o-(Uo) or( U(T)) w
{ 1 }, we can take a positively-oriented closed curve F, surrounding an open set containing
the point z 1 and enclosing or( U(T)) in its exterior. Then the spectrum decomposition
assumption holds for the perturbed operator Uo/ eBK as far as

(20)

where R(A; U(T)) [&I- U(T)]- is the resolvent. The proection, corresponding to
the decomposition, is given by

(21) P(e)=2rr--- R(A; Uo+eBK) dZ.

For the values of e satisfying (20) and h F, the resolvent can be expressed as a
converging Neumann series

R(A; Uo+eBr)=g(h; Uo)[I+eBR(A; Uo)]-(22)
R(A; Uo) E e"[BKR(A; Uo)]".

n=O

Since the series converges uniformly for h F and the terms depend continuously on
h, we can integrate it termwise to have the corresponding series for P(e). This gives

P(e)= R(A; Uo) E e"[BKR(A; Uo)]nd,.

(3 =2 e" (a. uo[(a, uo]a

y e"p(’),

where pC,)= 1/2ri ,, R(A; Uo)[BKR(A; Uo)]"dA e L(Xe).
The series is convergent for e satisfying (20) so that P(e) is analytic near e =0.

The range of P(e) is isomorphic with the eigenspace P(O)X, of Uo for the eigenvalues
at the point z 1 [4]. Perturbations of the eigenvalues inside the closed curve F may
now be computed as the nonzero eigenvalues of a finite-dimensional operator P(e)-
Uo+ eBK 1)P(e) [4]. We can represent this operator as follows:

P( e )( Uo + eBl,: I) P( e (Uo+ eBK I) P( e

-2ri .(U+eBK-I)R(A; Uo+eB) dA

-,ri (a-)(a; go+e, a
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because (Uo+eB,-I)R(A;Uo+eB<)=I+(A-1)R(A; Uo+eBK) and the corre-
sponding integral of I on F is zero by the Cauchy integral theorem. If we apply (22)
as in the previous formula, we shall have a uniformly convergent power series with
continuous elements for all e satisfying (20):

(24) Uo+ eBK I)P(e)
n=0

where U’)= 1/2"n’i . ( 1)R(A; Uo)[BKR(A; Uo)]"dA L(X) for all n. Let us com-
pute the first term in the series:

UO) 1

=2 .(A-1)R(A; Uo) dA

1 r 1 A-I aA
-i J,. (-) (x; U(T))

(25)

=0.

The integrals are zero because all the operators are analytic inside F and continuous
in F.

The second term becomes

U) 127ri I- (A- 1)R(A’, Uo)BKR(A’, Uo) dA

IA 1. CR(A" U(T))BtK
1

CR(A" U(T))BuKCR(A" U(T))
dA

1
A-1(26) -2ri

[C[I- U(T)]-iBUKo C[I- U(T)]-iBuKC[I-o U(T)]-’ ]
In this term the integrals of analytic operators disappear and the remaining integrals
are computed by using Cauchy integral formula. Thus

(27) Uo+ eBK 1)P(e) Y’.. e"U(’).

The perturbation of the eigenvalues for small e is dominated by the first term
eU1). The eigenvalues of Utl) in the invariant subspace R(P(0)) are those of
C[I- U(T)]-BtK by (26). Thus the perturbed eigenvalues of (Uo+ eBK)P(e) are
approximately A- 1 + eAi, where Aie o(C[I- U(T)]-BtK) for sufficiently small
values of e. If we select K such that o-(C[I- U( T)]-BuK) C-, which is permissible
because rank (C[ I U( T)]-1Bu) r, the eigenvalues of Uo + eBK will go into the unit
circle. If we take

K -C{[I- U(T)]-’Bu}* diag {p, ,..., p,.}, pi>O(i=l," .,r),
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then A 1 epi(i 1," , r) and they will depart with the derivatives 0A (O)/Oe -pi.

This implies that we can design the derivatives by choosing the parameters p,. , Pr.
In this sense the K given by (19) is a good selection.

Since all the eigenvalues of Uo+ eBK are in the unit circle, the feedback system
(18) becomes stable. Thus we have proved the theorem.

We can show that the condition rank {C[I- U(T)]-Bv} r is a necessary condi-
tion for the existence of a stabilizing control of the form (17).

The system (15) is stabilizable with bounded state feedback if and only if the
modes corresponding to the eigenvalues at the point z 1 are controllable. This is
possible if and only if

(28) rank P( Uo- I)P, P
Bu

r,

where P is the projector corresponding to the part of the system at the point z 1.
The projector is given by

P=2"rr--il I,R(A’U)dA=(. C[I-U(T)]-’)O
where F is the circle surrounding the point z 1. Thus we have

0 U(T)] Burank(P(uo_i)p,p(Bu))=rank(O,(C[i
--l

=rank {C[I- U(T)]-’Bu}= r,

which proves the necessity.
Remark 3. In (19), C[I-U(T)]-Bu=(1), where t(z)is the pulse transfer

function of the system (7).
Since A generates an exponentially stable semigroup, there exists the inverse

A- L(X, D(A)). For x X

U( t)xdt U(t)AA-x dt

=[U(t)-I]A-’x
holds. Thus we have

C[I- U(T)]-IBuu C[I- U(T)]-’ U(t)Budt

C[I- U(T)]-’[ U(T)- I]A-’ Bu -CA-’ Bu,

if CA-B is well defined. Here, for Bu given by (10), we must replace -CA-B by
CO, but the results are same. When we select K as (19), we obtain

K -[C(I- U(T))-’Bu] diag {p,... ,pr}
(29)

CA-!B)* .diag {p, , p},

which is the same as the feedback matrix K in (4) for the continuous-time case.
Basic knowledge for tuning the /-controller is given by the matrix CA-B. This

matrix can be measured from the process with the aid of the following algorithm.

ALGORITHM 1. Select the input Uk such that IIk U [0, 0, 1, 0, , 0] 7- Ep

for all k. Measure the output Yik. Iterate for i= 1,..., p.
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In this case we have

k-I

Yik CXk CUk T)xo+ C U (T)BuU,
=0

cUk(T)xo+ Oil U(T)][I- U(T)]-’Buu,

(30) CUk( T)xo+ C[I Uk( T)][I U(T)]-’[ U( T)- I]A-’Bu,
CU( T)xo+ C[ U(T)A-Bu- A-Bu,]CA-Bu

as k , since (8) holds. On the limit the measured vector ykWill be the ith column
of the matrix -CA- B. Thus if we select the inputs as Uk U, 1, , p and measure
the corresponding steady-state outputs y, we can determine the matrix -CA-B
[y, y,..., yp]. This implies that the integral feedback matrix K can be determined
only by steady-state information.

Next let us investigate the response between sampling periods. For 0 m 1

Xk.=x(kT+mT)

(3) g(mr)x + u(mr- t)(Bu +) dt

U(mr)x. + u(t)(Bu. +) dt.

Putting x*= lim x, u*= lim u, we have from (7)

(32)

(33)

From (32) we obtain

x* U( T)x* + Buu* + Wu

U( T)x* + U(t)(Bu* + Ew) dt,

y* Cx* Yd.

U(T)- I]x* +[ U(T)- I]A-’(Bu* + Ew)= O.

Since Null[ U(T)- I] {0}, we have

(34) x* + A-l(Bu* + Ew) O.

Using this, we obtain from (31)

lim Xk, U(mr)x* + U(t)(Bu* + Ew) dt
k

(35) U(mT)x* /[ U(mT)- I]A-l(Bu* + Ew)

-’X*

and

(36) lim y(kT+ mT)= lim Cx(kT+ mT)= Cx* =Yd,

which shows continuous-time output regulation. This is also shown in the case in
which Bu and Wu are given, such as (10).
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The continuous-time closed-loop system is stable, if the corresponding discrete-
time one (18) is stable [5].

We have obtained the following theorem, which gives the solution of Problem 1.
THEOREM 2. For Problem 1, there is a positive number e*, dependent on K, and a

robust discrete-time stabilizing control of the form (16) for all p r matrices K satisfying
o’(CA-IBK)c C+ and for all e (0<e <e*), if and only if rank (CA-1B)= r. A good
selection of K is

(37) K (CA-’ B)* diag {Pl ,’’’, Pr}, Pi > O.

5. Flexible structures. In this section the theory is applied to flexible structures,
that is, the generalized oscillating systems with damping.

Consider the following oscillating system on a Hilbert space H"

(38) " + 2srA Az + Bu + Ew, y Cz,
where -A and A are self-adjoint operators with

(39)
(-az, z)>= a][z][ a > O, z D(A)

(A, ) >= bllll 2, 6 D(A) D(A)
for some real number b. Moreover B Ep - H, C E q -. H, C H - E r, and " is a positive
constant.

Second-order systems of the type (38) are useful in applications. Since is
well defined and D() is a Hilbert space with the graph norm [13], we can write
the system (38) as a first-order system on a Hilbert space X D(x/-z-----) H:

(40)

d 0 0

D(A):D(A)xD(A)

generates a strongly continuous semigroup U(t) on X, and for b > 0, U(t) is exponen-
tially stable. Thus when A I, A =-x/-2A, and A =-A, the operators / generates
exponentially stable semigroups U(t). Here we considered A to be a fourth-order
differential operator.

Moreover, we can show that for A -x/-2A and A -A, the operators generate
analytic semigroups. These A have the bounded inverses A-1. Introducing a new
variable v such as v + 2rAz, we can reduce (38) to the first-order equation on H H"

(41) d---
\- AA_

The operator/,

AA-I

,i

AA-’ -2rA---

_AA-1

1
AA_

D(,)= D(AA-1) x D(A)

A=
A -2srA

By Theorem 2.14 in [1] it is seen that A
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can be viewed as

1- AA-1 0 -2- AA-’
a" + =/o+/e.

1AA_ -2 _IAA_
2" 2C

Since for A x/-L-- and A -A, AA- and -A are generators of analytic semigroups,
o generates an analytic semigroup on H x H [6]. Moreover the operator AA- is
relatively bounded with respect to A. Thus the operator generates an analytic
semigroup on H x H [6]. Then the Cauchy problem for the system

(42) +2A Az

has a unique solution for Zo D(A) and o D(A). Furthermore for Zo D(A) and
o H, there exists a unique analytic weak solution in a sector that contains the positive
real axis [6]. This implies that the operator A also generates analytic semigroups U(t)
on X for A - and A =-A, respectively.

Remark 4. When the operator -A has a compact resolvent, we can easily seek
(), the spectrum of . In the cases of A -A and A =-A, () are contained
in sectors S(w, )={ Clarg (-fl)< /2+w, fl }, where /2> >0, fl R.
This implies that U(t) is an analytic semigroup.

Next, for the system (40), we consider the feedback matrix K. If the operator
equation

I

has a solution such that G A-B, G =0, we have

[C 0]
A -2A

=CA-B.

This is independent of the damping term 2A of (38) and, moreover, is independent
of the form of the damping operator A. The feedback matrix K is still

(43) K =(CA-B) diag {p,... ,p}

for the second-order system (38). Here we can also use the corresponding Green
mapping G in place of-A-B.

Remark 5. In the case where A generates an exponentially stable analytic semi-
group, although A is not self-adjoint as in Remark 2, fractional powers of-A are
expressed in terms of eigenvalues I, eigenvectors , and the corresponding eigenvec-
tors 0 of-A*, such that (, 0)x ,

(-A)vx E h (x, b,)d,,
n--I

x6D((-A)r),

2 1.12l(x, .)12 <

for all real-1 < y < 1.

6. Examples. In this section, we shall give simple examples to illustrate our theory.
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Example 6.1. Let us consider the following heating system:

x,(t, *7)= x,,(t, *7)+ 6(*7-0.1)[u(t) + w]+ 6(,/- 0.9)u2(t), 0< .7 < 1,

x(t, O) x(t, 1)=0,
(44)

O.3) k=0,1Yk- x(kT, 0.7)]’

where w is an unknown constant. For this system we take H L2(0, 1) and Au An;
A is the Laplacian with the Dirichlet conditions at x 0 and x- 1.

For the pointwise controls u, and u, the operator B is B --[6(*7 0.1), 6(*7 -0.9)].
Thus we can take V H(0, 1) { v L2(0, 1) such that dv/d*7 L(0, 1) and v(0)
v(1)-- 0}. Then V’= H-t(0, 1) [7], and Be L(E, H-(O, 1)). The constant disturbance
is w6(.7 -0.1) V’.

In this case we have

dv( v() dq >-a + v(v) dv(-Av, v)=
d*7 d*7

where a qr2/(1 + r2), since v2(.7) dr/< 1/ r2 o v2 (.7) d*7. Thus A e L( V, V’) and A
generates an exponentially stable analytic semigroup U(t) such that U(t)[I-<e
Moreover, since x(kT,. ) V= H(O, 1) C(0, 1) from Sobolev’s Embedding Theorem
[13], the pointwise observation yk has a meaning and CA-B is well defined.

Let us determine the matrix CA-B. Putting A-B [g(*7), h(*7)], we have

(45)
g,,(*7) 6(*7- 0.1), g(0) g(1)=0,
h,,(*7) ti(*7-0.9), h(0) h(1)-0.

Solve (45). We can determine g(*7) from the conditions

-a*7, 0 .7 =< 0.1,
g(*7)=

b(*7-1),

g(r/)lo.- g(V)]o.,+,

The solution g(*7) of (45) becomes

-0.9,
g(*7)-

0.1( 1),

Similarly, we have

0.1_-<.7_-<1,

g, (.7)[o.1+ g, (.7)[o.- 1.

-0.1.7, 0=<*7_-<0.9,
h(*7)

0.9(,7- 1), 0.9_-< *7 _-< 1.

Thus we obtain the matrix CA-B as

\g(0.7) h(0.7) -0.03-0.07]"

A suitable selection for the feedback matrix K is

g (CA-’ B)-’ diag {p,, p}

7.5 -17.5 p P" p2 > 0.

From Remark 2 it follows that for y>, BveL(E,D((-A)-’)) and C
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Thus, using the feedback matrix K determined above, we can design a discrete-time
PI-controller for the system (44) with unbounded input and output operators. From
a practical point of view, the matrix (CA-1B)- must be experimentally determined
by Algorithm 1.

Example 6.2. Let us consider the transverse vibrations of a simply supported
Euler-Bernoulli beam described by the following partial differential equation:

’(t, r/) 2’nn(t r/)-- -znnnn(t, 1)+ 6(, -0.1)[Ul(t) + w]+ 6(r/- 0.9)u2(t),
0<r/<l,

(46)
z(t, o)= z(t, )= z,,,,(t, 0)= z,.,(t, 1)=0,

where a damping constant " is 0 < " < 1.
The basic space H for z(t,. is L2(0, 1), and the operator A is defined as

Av
(47)

D(A) {v6 H4(0, 1): v(0)= v(1)= vnn(0)= vn,(1 =0}.

To describe the system in first-order form, we take the space X to be H(0, 1) L2(0, 1),
where Ho2(0, 1) {v H2(0, 1)" v(0) v(1) 0} and x/-z----v v,, with D(x/-2-)
H(0, 1). Then the operator ,

a=- (0A -2sr’I) D(,)=D(A)xD(x-A)

generates an exponentially stable analytic semigroup U(t) on X. It is easily seen that
A has eigenvalues

A,=(nr)2(-sr+ix/1-sr2), ,, n=l,2,...

and eigenvectors

4
i sin (nrr)]’ 4 X sin (tarry)

and A* has the same eigenvalues and eigenvectors"

-A sin (n’r)]’ -X sin (nrr)

Note from Remark 5 that the input operator for the first-order system correspond-
ing to (40) is in L(E /((--z)/4-e)) for any small e >0 in the discrete-time case
although the input operator is unbounded for the continuous-time case.

Our observations are the slopes at the ends of the beam"

(48) Yk Cz kT, ).
-z,(kT, 1)

This operator C is bounded on X Ho(0, 1) x L(0, 1), since H(0, 1) C1(0, 1) by
Sobolev’s Embedding Theorem.

Let us determine the matrix CG. Setting the Green mapping G=[g(r/), h(r/)],
we have

(49)

d4g(n)
dr/4

d4h(r/)
dr/4

(’0 -0.1), g(0) g(1 g"(0) g"( 0,

(’q- 0.9), h(0) h(1)= h"(0)= h"(1)=0,
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since B [8(r/-0.1), 8(r/-0.9)]. We can obtain the solutions

0.171 r/, 0=< r/=<0.1,
g(r/)

-0.1(r/- 1)3+0.099(r/- 1), 0.1 =< r/<- 1,

0.1 r/3 0.099r/, 0 <= r/---_ 0.9,
h(r/) =

_0.9(r/_ 1)3 + 0.171 (r/_ 1), 0.9 <= r/=1,
Thus we have the matrix CG:

CG=(-g,(O) -h,(O) =(0.171 0.099)g,(1) h,(1)] \0.099 0.171

A suitable feedback matrix K for the system (46) is

K=(-0.171 -0.099-(1 0)-0.099 -0.171] P2
p,p2>0.

The numerical results for (46) are shown in Figs. 1 and 2 and Table 1.

0 0.5 1.0
q

FIG. 2. The steady state z.().
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TABLE
First eight eigenvalues of the open-loop system and the closed.loop system.

Open-loop system Closed-loop system

0.99683
0.99674

0.98541 +j0.97081 x 10-1 0.98690 +j0.96969 x 10-1

0.88808 +j0.36796 0.88940 +j0.36784
0.58030 +/- j0.70745 0.58045 +/- j0.70743

The values of the parameters are

’=0.1, w= 5.0, z(0, r/) (0, r/)=0,

0.5)Yd T 0.01,
0.3

e 0.02, a 0, P P2 1.

In Fig. 1 we give the response of the outputs y(t)= z,(t, 0), y2(t)=-zn(t, 1). In Fig.
2 we give the steady state Zs(7)=lim,..z(t, q). In Table 1, the first eight eigenvalues
of Uo (the open-loop system) and Uo+ ebb: (the corresponding closed-loop system),
respectively, are given.

These numerical results show the efficiency of the theory. In this numerical
simulation we cannot find the effectiveness of tuning the proportional parameter

We can also consider the boundary controls

z,(t,O)=u,(t)+w, z,, t, 1) u2(t).

For this case the input operator is also bounded in the discrete-time case.

7. Conclusions. In this paper we investigated a digital multivariable PI-controller
that regulates the outputs for an exponentially stable distributed parameter system
with an unbounded input and an unbounded output operator. First we analyzed the
systems with discrete-time controls and observations. We showed that the input operator
Bt may be bounded in the case of discrete-time controls, even if the input operator
B is unbounded in the case of continuous-time controls.

Next we showed that the integral feedback matrix K given by (19) has the same
form as that given by (4) in the case of continuous-time controls. Since CA-B -(1)
(the value at z 1 of the pulse transfer function matrix (z) of the system), we can
determine K experimentally only by steady-state information, without exact knowledge
of the system parameters A, B, C, and E. Moreover, we showed that continu0us-time
set-point tracking can be realized as the result of discrete-time set-point tracking.

We also applied the theory to the generalized oscillating system described by a
second-order evolution equation with a first-order damping term. We showed that the
integral feedback matrix K given by (37) is independent of the damping term. Thus
we can determine K independent of the form of the damping operator A.

To illustrate the theory we applied it to a heating system and a vibration beam
system. Moreover, we gave the numerical results for the beam example and demon-
strated the efficiency of the theory.

Last, we discussed the robustness of the proposed controller. Suppose that the
operator A is perturbed so that it remains a generator of an exponentially stable
semigroup U’(t) on X, and the operators B and C are perturbed so that they remain
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bounded operators such as B’ L(Ep, X) and C’ L(X, Er), respectively. When the
operator A’ generates an analytic semigroup, suppose that the operator C is perturbed
so that it remains an A’-bounded operator C’ such that D(C’) D(A’). Then we can
easily see that the proposed controller (37) will regulate the outputs and stabilize the
closed-loop system, if o’(C’(A’)-IB’K)c C+ and rank[C’(A’)-lB’] r. In this case
the proposed controller has the robustness so that asymptotic regulation, in the presence
of disturbance, occurs independently of perturbations in the plant’s parameters of the
system.
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Abstract. This paper studies matrix fractional representation for impulse responses of a certain class
of infinite-dimensional linear systems which contains, in particular, delay-differential systems. Such impulse
responses are called pseudo-rational in this paper. This fractional representation is effectively used to derive
concrete function space models from the abstract shift realizations. Given a fractional representation Q- P,
a standard observable realization, analogous to Fuhrmann realizations for finite-dimensional systems, is
associated to it. A new notion of coprimeness called approximate left coprimeness is introduced, and it is
shown that the standard observable realization associated to the representation Q-l, p is canonical if and
only if Q and P are approximately left coprime. Some examples are discussed to illustrate the relationships
among various coprimeness concepts that have appeared in the literature.

Key words, pseudo-rational impulse responses, delay-differential systems, matrix fractional representa-
tion, shift realization, canonical realization, approximate left coprimeness
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1. Introduction. Consider an impulse response matrix A(t) whose Laplace trans-
form is not necessarily rational. For each input u(t), this impulse response induces
the output

(1.1) y(t) A( ’)u(7") dz

under the hypothesis that the initial state is zero. Following the general framework
given in [6], [18], let us assume that the present time is zero and that we observe
outputs after time zero corresponding to inputs applied before time zero. In this case,
(1.1) takes the form

y(t) I A( ’)u(’) dr.

This correspondence fA U(" )--> y(" is called the input/output map associated with the
impulse response matrix A. One of the central observations in abstract realization theory
[6] is that we can obtain the canonical state space by separating the time-axis as above
and considering the "sections" of the input/output pair at zero, that is, taking the
equivalence classes obtained by identifying the inputs that induce the same outputs
(see [6] for details).

To put it more precisely, let II be the space of inputs having compact support in
(-, 0] (that is, each input should be applied only for a finite time period). Let F
denote the space of outputs observed on [0, ). (Their precise definitions will be given
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this research was done while the author was at the Center for Mathematical System Theory, University of
Florida, Gainesville, Florida.

" Department of Applied Systems Science, Faculty of Engineering, Kyoto University, Kyoto 606, Japan.
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in 2.) To obtain the canonical realization according to the above program, we need
only to take either the quotient space l)/ker fA or, equivalently, the subspace imfa in
F as the state space, and consider the following commutative diagram:

,.q .r,
F

ft/kerf imfa
Here p and j denote the canonical projection and embedding, respectively. The
free-state transition is naturally induced from the left shift semigroup either in fl or
in F, and the suitable input/state and state/output correspondences are induced from
p and j. Let us call a realization obtained as above a shift realization.

This realization framework was first introduced for discrete-time linear systems
of Kalman (see, e.g., [6]), and has been used as a basis for a number of algorithms
(e.g., [6], [13]). It also gives rise to a concrete state space representation, once a
representation (e.g., a fractional representation for the transfer matrix) for fa is given
and the finite-dimensionality of l/kerfa is guaranteed [5], [6].

Analogous approaches for continuous-time systems have been pursued by a
number of authors [4], [7], [9], 18]. However, although most natural from the abstract
point of view, a concrete representation for shift realizations, naturally associated with
the theory of differential equations, has not been obtained when the finite-dimension-
ality is not guaranteed.

The present paper attacks this problem by introducing a fractional representation
for impulse response matrices. After fixing the basic realization framework, we shall
introduce in 2 a particular type of fractional representations for impulse response
matrices. Roughly speaking, they consist of Schwartz distributions having compact
support contained in (-o, 0]. We say that an impulse response matrix A is pseudo-
rational if it can be written as A Q- I[o, ) for matrices with such entries. The precise
definition will be introduced in 2. It is seen that this class contains the class of
delay-differential systems, retarded or neutral. We then associate to such a representa-
tion an observable realization (denoted E) similar to the Fuhrmann observable
realization [5] in the finite-dimensional case. It turns out that this observable realization
is relatively easy to compute, and brings out a familiar function space model, such as
an M2 model for delay-differential systems. A computational procedure for obtaining
a concrete realization is illustrated in Example 3.8.

The question of finding the canonical realization then turns out to be that of
determining when this realization E is canonical. Our main result is the following"
The system E is canonical if and only if the pair of matrices Q and P are approximately
left coprime (the meaning will be clarified below). This result clarifies the relationship
between function space reachability and coprimeness conditions in the class of pseudo-
rational impulse responses. In 5 we shall also discuss various coprimeness properties,
using examples to illustrate their relationships to canonicity and nonequivalence of
various coprimeness notions.

1.1. Notation and convention. Throughout the paper k denotes a fixed field, either
R or C. Every function or distribution is assumed to be k-valued. Every vector space
is over k. For a vector space V (or a ring, algebra being appropriate to the context),
Vp is its p-fold product, and Vp’ denotes the set of p x rn matrices having entries in
V. If V is a topological space, Vp and Vp" carry the standard product topology. For
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a vector x, x " denotes its transpose. As usual, (s) denotes the (two-sided) Laplace
transform of x.
The following spaces of distributions will be extensively used in the sequel. As usual,

@(R) denotes the space of C-functions on (-oe, oo) with compact support; its dual
space @’(R) is the space of all distributions on (-co, oo). We set g’(R-) as the space
of distributions having compact support in (-oe, 0]; the Dirac distribution 8 at the
origin, its derivative 8’, the Dirac distribution 8_a(a > 0) at point -a, etc., are examples
of elements in g’(R-). Let @_(R) (often abbreviated as _) denote the space of
distributions having support bounded on the left. Clearly g"(R-) is a subspace of _.
For a@’+, l(a) denotes the greatest lower bound of its support, i.e., /(a):=
inf{t supp a} ([9]). (For more details see, e.g., [9], [19].) In the sequel, we shall treat
@,/ as a convolution algebra. We now introduce a space of distributions on the half-line
[0, ce). Let @[0, oe) be the space of infinitely ditterentiable functions on (-oe, oe) with
compact support contained in [0, oe); its topology is defined in the standard way, as
in [15]. The dual space of @[0, oe) is denoted by ’[0,

The truncation operator zr" g,- g’lto.) is then generalized to the space @’+ of
distributions as follows:

(1.3) (7ra, g,):= (a, g), a , g [0, oo).

This gives a well-defined element 7ra ’[0, o), because we may regard g, as an
element of (R). It is easy to see that 7r is continuous with respect to the strong dual
topologies of @ and @’[0, ) [14, Chap. 4].

2. Preliminaries: input/output maps and iseudo-rationality. Before introducing the
notion of pseudo-rational impulse responses, let us first review the realization
framework developed in [18]. Let Col0, ) be the space of continuous functions on
(-, oo) with compact support in [0, ). The dual space of Col0, ) is denoted by
M[0, ), and regarded as a space of (Radon) measures on [0, oo). Let A be a p x m
matrix whose entries ai belong to M[0, ). Our (constant, linear, and continuous-time)
input/output map fA associated with the impulse response A is specified as

(2.1) fA(tO):= Tr(A*oo)

where to is an L2-input with bounded support contained in (-ce, 0] 7r is the truncation
7r4, := q’[to.), and * denotes convolution. (Note that (2.1) is precisely the same as (1.2).)

Let us specify the input and output function spaces precisely. Let
LI__ L2[-n,O]. Under suitable identifications, fl is regarded as consisting of L2-

functions having compact support contained in (-oe, 0]. Its m-fold product fl is our
space of m-inputs. Now let F be the space Loc[0, oo) of all locally square-integrable
functions on [0, o0). Its p-fold product I"p is our space of p-outputs. Fp is a Fr6chet
space with respect to the following seminorms:

4, Ilto,o3:= dt a > O.

Our input/output map fa then gives a continuous linear correspondence: D,’- Ip,
which commutes with left shift operators o-,, t, defined as follows [18]"

to(s+ t), s<=t,
(,,o)(s) :=

0, s>t, w’,
(2.2)

(t,3/)(s) := T(s + t), ’ Fp.
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It is well known that the realization offa is completely specified by the following
commutative diagram [6], [13], [18]:

Here X is the state space equipped with a semigroup (t) governing the free-state
transition, g gives the correspondence: inputs given on (-oo, 0] -- states at time zero,
and h gives the correspondence: states at time 0 output functions on [0, oo). Since
there is a one-to-one correspondence between realizations and commutative diagrams
as above, we shall speak about system properties in terms of the triple (X, g, h) [18].

DEFINITIONS 2.3. The system (X, g, h) is said to be quasi-reachable if g has dense
image; topologically observable if h is an injective topological isomorphism into IP;
canonical if it is both quasi-reachable and topologically observable; and topologically
observable in bounded time T> 0 if hr X h(X)lto,r is continuously invertible, where
h(X)[to.r is equipped with the subspace topology induced from (L2[0, T])p.

The following theorem is known for the existence and uniqueness of canonical
realizations 18].

THEOREM 2.4. Let fa be an input/output map. Its canonical realization is unique
up to isomorphism and is given by the triple (im fA, fA, j), where imfA is the closure of
the image offA in [’P, j:im fA Fp is the canonical inclusion, and imfa is equipped with
the left shift operators as the semigroup for free-state transition.

Although this canonical realization is certainly topologically observable, it is not
necessarily topologically observable in bounded time. This means that a long time
period, depending on each state, may be required to determine whether the initial state
is close to zero. This is undesirable, and the notion of topological observability in
bounded time is introduced to avoid this difficulty. However, not all input/output
maps admit a realization that is topologically observable in bounded time, and this is
one reason why it is difficult to obtain a concrete representation for the canonical state
space imfa. The notion of T-bounded (or simply bounded) input/output maps (or
impulse responses) is therefore introduced; this requires that the canonical realization
be topologically observable in bounded time for some T> 0[20]. Then the canonical
state space im fa is topologically isomorphic to im fA[t0.rl, which is determined by the
free output data on thefinite interval [0, T]. Hence the canonical realization is expected
to have a much simpler structure in this case. In order to give a condition for
T-boundedness, we now introduce the concept of pseudo-rationality as follows.

DEFINITION 2.5. Let A be an impulse response matrix. A (or its associated
input/output map fa) is said to be pseudo-rational if A can be written in the form
A= 7r(Q-l,P) for some pxp and pxm matrices Q and P with entries in g’(R-)
such that

(det Q)- exists in _, supp Q-1 c [0, oo), and ord (det Q)-I= -ord (det Q),
where ord a denotes the order of distribution a [15].

Remark 2.6. In many cases in which Q-1 and A are functions, we can write simply
A Q-i, p, without the truncation zr.



PSEUDO-RATIONAL INPUT/OUTPUT MAPS 1419

Example 2.7. As is well known [8], the impulse response of a delay-differential
system (retarded or neutral) with constant coefficients can be expressed as the fraction
of polynomials in distributions of type 6’, 6-a, (ai > 0). Therefore, this class of impulse
responses are pseudo-rational. It is also easy to see that the impulse responses of
systems containing distributed delays are pseudo-rational. Another example is an
impulse response that has bounded support.

The notion of pseudo-rationality is related to T-boundedness as follows.
THEOREM 2.8. Let A zr(Q-* P) be a pseudo-rational impulse response matrix.

Then A is T-bounded for any T greater than -/(det Q).
For the proof, see [20]. This theorem means that, for a pseudo-rational impulse

response, we can take, as a canonical state space, imfAItO.T], which is a Hilbert space,
rather than im fA, which is primarily only a Fr6chet space. Therefore, it is natural to
expect that computation of the canonical realization is easier for a pseudo-rational
impulse response. Indeed, the following result holds.

THEOREM 2.9. Let A 7r(Q-*P) be pseudo-rational. Then the canonical state

space im fA is a closed subspace of

xQ:={’)/EFP; 7r(Q* y) 0}

where 7r( Q * 3/)= 0 must be understood in the sense of distributions.
To make the discussion on X precise, we need to define the convolution of

a E ’(R-) and/3 ’[0, o). This is given in the Appendix.
To prove Theorem 2.9, we need the following lemma.
LEMMA 2.10. X is a closed subspace of Fp.
Proof. Suppose that xnX and xn->x in Fp. Then r(Q*xn)->er(Q*x) in

@’[0, oo) by the continuity of zr and by the separate continuity of convolution [15].
Thus 7r(Q * x)= 0, and hence x belongs to X

Proof of Theorem 2.9. Take any to fl". Then we have

rr Q *fA to 7r Q * 7r A * to rr Q * 7r Tr Q * P * to

rr(Q*Tr(Q-’*P*to)) (by Lemma A3)

zr(Q* Q-! * P* to) (by Lemma A3)

=Tr(P*to)=0 (by Lemma A2)

because supp P to c (-, 0]. Therefore, imfA X, which readily implies im fA X
in view of Lemma 2.10.

3. Topologically observable realization Eo. Using the space X introduced in the
preceding section, we give a topologically observable realization ofthe impulse response
matrix A, and exploit some of the basic properties of such realizations.

THEOREM 3.1. Let A 7r(Q- * P) Fp" be pseudo-rational. Then the system EQ

given by the following formulas is a topologically observable realization of A:
X is the state space., (restricted to X) is the semigroup of the input-free state evolution.
F := d/ dt (is the infinitesimal generator of ,).
D(F) := (Hoc[0, c))P n XQ, (Hoc[0, )) is the subspace of Loc[O, c) consisting of

those elements having a derivative belonging to Loc[0, ).
G := k -X u-A( )u.
Hx := x(O) for x (C[O, ))P c XO.
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The system equation is

(3.2) dx= Fx + Gu( t),
dt

(3.3) y Hx.

Proof Since X is closed under ,, &, constitutes a semigroup in X. That
is a well-defined system can be shown as in [18]. The system is clearly topologically
observable. Thus we need only to prove that is a realization of A.

For sufficiently smooth u, we have

x(t) ,x(O) + ,_,Gu(’) dr.

If an input u e" is applied under the assumption that the initial state is zero before
the application of the input, then we have

x(O)(r/) j’ _A(n)u(r) dr.

Note here that x(0) is a function of rt >-0 as an element of X. The zero initial-state
response of this system is then given by

y(t) nx( t) H6-,x(O)

’fi’_A(rl)u(r) d’rl,,=o

fo A( r/+ ’)u(’)

I A(t-r)u(r) dr= 7r(A*u).

This shows that the impulse response of this system is A, and hence E is a realization
of A. 13

Remark 3.4. The topologically observable realization ’ can be defined even
when A r’p 18].

The following proposition is obtained by a minor modification of Theorem 2.8.
PROPOSITION 3.5. Let Q be a p x p matrix satisfying the conditions of pseudo-

rationality. Let 7rT :I"p (L2[0, T])P 0-> 01tO, T] be the truncation mapping. Then for any
T>-/(det Q),

(3.6) 7r-lx X --> 7rT-(X Q)
is a topological isomorphism, where the space 7rT(X) is endowed with the subspace
topology induced from (L[O, T])p.

This shows that the system E is topologically observable in bounded time T. In
particular, the state space X is isomorphic to a Hilbert space.

We then have the following corollary.
COROLLARY 3.7. (i) The semigroup 6-, in X has at most exponential growth.
(ii) Every x(z) Xt) is Laplace transformable as a function of z.

Proof The proof of (i) is immediate from the standard semigroup theory, since
X is isomorphic to a Hilbert space.

(ii) Take any T> 0 satisfying the condition of Proposition 3.5. We have

II,xlIt0,T] C exp (#t)llxllto, T,
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This readily implies that the Laplace transform of x(-) is absolutely convergent for
Re s>fl.

We close this section by indicating how to compute the realization Eo in terms
of an example. (For a more general discussion, see [21].)

Example 3.8. Consider the following transfer function

(3.9) W(s) :=
),

:=e
s(sz- 1

which admits the fractional representation

0 s
=: Q(s)-l P(s).

Let us exhibit X. First notice that a smooth pair (71, 72)r F2 belongs to X if
and only if

(3.11) Y’l(t+ l)-yl(t)-y2(t)=O, y’(t)=O for t>=O.

This implies that y2(t)= y2(0)= constant, and

(3. ,( y(+ {,,(,-+ ,(,-l r, <_- t_-<2,

and similarly for >_-2. Then the values of yl(t) and y_(t) are completely determined
once y1(1), y:(0) and yllto, l]. are known. Taking the closure of all such (yl, y:)r in F2,
we see that

(3.13) XQ R2 L2[0, 1].

Note that/(det Q) -1, and hence X must be completely determined by the function
values on [0, T] for any T> 1. The isomorphism (3.13) reflects this fact. Let us now
indicate how to obtain the differential equation description in the space R: L2[0, 1].
This procedure is not as trivial as it may appear, since R:x L:[0, 1] is not endowed
with a natural left shift semigroup, and we must induce the transition semigroup of
XQ to R: L2[0, 1] via (3.13). This can be done by a repeated application of (3.12).
To compute the infinitesimal generator F of the free transition in R2x L:[0, 1], we
must shift 2’1 (t) by e, compute the differences

{,.y,-y,}le, {(y,)(1) (y,)( 1)}/e,

and then take the limits as e- 0 (see Fig. 1).
Transforming D(F) defined in Theorem 3.1 via (3.13), we see that the domain of

F is given by

D(F) {(xl, x2, z) RZx L2[0, 1]; z HI[0, 1], xl z(1)}

where x, x2, z denote y(1), 3,2(0), and Yllto.3, respectively.
This leads us to the following functional differential equation description of the

observable realization

(3.14) d-- x2 0 + 1 u, y [z(0), x2] r.
z (O/O0)z(O) o

As we shall see in 5, this system is canonical. The standard M:-realization, which
requires a delay part also for x2, hence is redundant and noncanonical. This situation
is clearly shown in Fig. 2.
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FIG. 1. State transition in R x L2[0, 1].
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FIG. 2. Redundant M2-realization.
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4. Reachability and coprimeness. In the previous section, we have introduced a
topologically observable realization EQ for a pseudo-rational impulse response A
7r(Q-l* P). The realization is, by construction, always topologically observable in
bounded time, and hence its state space is topologically isomorphic to Hilbert space.
Furthermore, it contains the canonical realization as a closed subsystem by Theorem
2.9. Our next objective is to give a condition for EQ to be quasi-reachable (and hence
canonical). We shall prove that Eo is quasi-reachable if and only if Q and P are
approximately left coprime (the meaning of which will be clarified below).

DEFINITIONS 4.1. Let Q and P be p p and p m matrices with entrie in ’(R-),
respectively. The pair (Q, P) is said to be approximately left coprime if there exist matrix
sequences R, and S. with ’(R-)-entires such that

(4.2) Q,R+P,S,-->Ip in ’(R-).
(Q, P) is said to be spectrally left coprime if ((A),/3(A )] has full rank for every A e C.
Let L be a subalgebra of ’(R-). (Q, P) is said to be left coprime over L (or L-left
coprime) if we have the following:

(a) The entries of Q and P belong to L;
(b) There exist matrices R and S over L such that Q, R + P, S Ip.
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It is simply said to be left coprime when L ’(R-).
A typical example of L is the polynomial ring k[8’, 6a,,’’ ", 8a,.] (ai <0). This

corresponds to the ring-theoretic approach to delay-differential systems. Approximate
left coprimeness implies spectral left coprimeness, but not the converse (Example
(5.10)).

Let us start by proving the following lemma.
LEMMA 4.3. Let be an element in (@’+)P such that r(Q* rrp)=0. Then there

exists a sequence g’n X such that g’n --> rq,. Furthermore, such q’n can be taken to be
C on [0, ).

Proof Let p. be a sequence of C-functions with compact support such that (i)
suppp, c(-c,0]; (ii) p.-.6 in @’(R) [15]. Then b.:=p..g, converges to g,, and
hence /,. := rb. --> rq, 15]. Clearly q,. belongs to C[0, ). Then,

r(Q*g,.)= r(Q*rr4,,)= r(Q*4.) (by Lemma A.3)
"n’(Q*p,, *)= r(p,, ,Q*d/)
r(p. * r(Q * q,)) (by Lemma A.3)

--0,

so that , X. [-1

We can now state and prove the main result of this section.
THEOgEM 4.4. The system E is quasi-reachable (i.e., im fA X, and is hence

canonical) if and only if the pair (Q, P) is approximately left coprime in the fractional
representation A zr(Q- * P).

Proof (Necessity.) Let us first consider the case in which Q- belongs to Fvv.
-’) r(Q* Q-’Let Q- denote the ith column of Q-. We have r(Q * rQi r(e6) 0

(e--the ith unit vector of k’), so that rQ- belongs to XQ for every i. Since zQ is
quasi-reachable, there exists a sequence s ." such that fA(sin) r(Q-l* P*s).- Putting S. := (sconverges to rQi .,. , s".), we have

(4.5) r(Q-l* P* S.) --> rrQ-’.
Since r(Q-* P* S.) Fpp, we can extend it to (-, oo) by setting it to be zero on
(-, 0). Denote the extension by .. Also, since Q-le Fpp, it is zero on (-, 0).
Then we have Q- lim._o .. Define R. := . Q- P. S.. Since . Q-1. p. S.
on [0, ), supp R. is contained in (-oo, 0]. Furthermore, supp R. is compact because
supp Q-. P.S. is bounded on the left. Therefore, each element of Rn belongs to
’(R-). Thus, we have

Q-’ lim . lim (Q-’ P. S. + R.).

Multiply Q from the left to both sides to obtain

Ip lim (Q. R. + P. S.).

When Q- does not belong to Fp, we need only to approximate it by a sequence
in X by Lemma 4.3 and then apply the above argument. This proves the necessity.

(Sufficiency.) Conversely, suppose that (Q, P) is approximately left coprime, i.e.,
Q. R. + P. Sn --> 6Ip for suitable R and S.. Take any x X with C-entries. Then
there exists an extension (C(-c, ))m such that (i) try x, and (ii) supp is
bounded on the left. Now put w. := S. Q . Since (C(-, ))’, w. belongs to
(C(-, ))" and its support is bounded on the left. Moreover,

rw. r(S. * Q *) rr(S. * r(Q )) (by Lemma (A.3)

(s. r(O, ))= (S., (0" x)) =0.
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Thus by Lemma A2, wn belongs to D". Then we have

Q-’,P,w.+R.,Q,=Q-,P,S.,Q,:+R,,Q,y
Q-’ ,(P, S, + Q, R,), Q, Y--> Y.

Therefore,

x rY lim {r(Q-’*P*w.)+r(Rn*Q*Y)}

lim {r(Q-’*P*w.)+r(R.*r(Q*r))}

lim r(Q-’* P*w.)= lim fa(w.).

This shows that x im fa.
It remains only to prove that XQ c (C[0, o))P is dense in XQ. According to

Lemma 4.3, for every x in XQ, there exists a sequence xn in XQ c (C[O, oo))p such
that xn converges to x in the sense of distributions. Furthermore, this sequence converges
to x also with respect to the topology of Fp [15, 6.4]. Thus XQ (C[0, oo))p is dense
in X Q. [3

Since the canonical state space im fA should not depend on a particular representa-
tion A r(Q-* P), we may pose the question: "When are two spaces X, and X2
equal?" The following theorem answers this question.

THEOREM 4.6. Let Q and Q2 be matrices with entries in ’(R-) that are invertible
over @’+. Then XO, c XQ2 if and only if Q2 D. QI for some D ’(R-))pp. In
particular, X Q, X if and only if Q2 D. Q for some unimodular matrix D (i.e.,
det D d6, where d is a nonzero constant).

Proof Suppose X, c XO. Using Lemma 4.3, approximate the columns of rQ-by elements in X,c(C[O, c))p, so that we have - -Q-(, xQ1. It follows
that r(Q2*n) 0, and hence r(Q2* Q-) 0 by the continuity of w and convolution.
Therefore, D:= Q2*Q-( G(c’(R-))PP by Lemma A2. Thus Q2-- D*Q.

Conversely, suppose Q2--D, Q1, and take any x XQ,. Then

r(Q2,x)=r(D,Q,*x)=r(D*r(Q,*x)) (by Lemma A3)

Hence x belongs to XQ:.
Therefore, XQ, XQ: if and only if Q: D, Q and Q C, Q2 for some C,

D (’(R-))PP. This implies that C D D, C 6Ip, that is, C and D are invertible
over ’(R-). Hence det C and det D are invertible over ’(R-). Here we quote from
Schwartz 15, 6.10] the fact that the support of a fundamental solution of (det D) v 6
is not bounded unless det D is a constant multiple of a Dirac point mass 6,. Since
det D belongs to ’(R-), a is not positive. But if a were negative, the inverse 61"- 6_

would not belon to "(R-), so a must be zero. Thus det D d6. Conversely, if D is
thus, X Q, XQ clearly follows. 13

5. Some examples. In this section we discuss various coprimeness conditions in
terms of delay-differential systems.

The following example shows that left coprimeness over ’(R-) does not
necessarily imply left coprimeness over a subalgebra L even if Q and P have entries
in L.

Example 5.1. Let us take the same example as Example 3.8:

(5.2) W=(sz-lO -1)-’(1) =: z=e"
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Let us first see that ( and/3 are not left coprime as polynomial matrices over R[s, z].
Indeed, observe that

rank [0(s, zi), fi(sl, zi)] 1 <2

for si =-1, Z "--1, which would be impossible if the pair were left coprime over
R[s, z]. Now note that Zl -1 is impossible if we return to the original interpretation
z e’, so that this choice (Sl, Zl) is meaningless when we consider (Q, P) as a pair
over g’(R-).

However, the pair (Q, P) is left coprime over g"(R-). To show this, let us solve
the following equation over g’(R-) (written in terms of Laplace transforms):

(5.3) ( se"

A solution is given by

(5.4)

1)(: db).q_(1)[u v]--(; ).

C :-- (se"-l)a-1
s+l

(se- 1)b+ 1

s+l

-s(se-l)a+s
/ :----- SO,

s+l

1-s(se"-1)b
v := 1 sd

s+l

where a and b are constants satisfying

(5.5) ((se-l)a-1)[.:_,:O, ((se’-l)b+l)l.=_l=O.
In view of (5.5), c, d, u, and v are entire functions of s. According to the Paley-Wiener
Theorem and Proposition A6 (see the Appendix), a, b, c, d, u, and v are Laplace
transforms of elements of ’(R-). Therefore,

:= :=[u v]
C

give rise to a solution to Q, R + P, S 8/, and (Q, P) is left coprime over ’(R-).
Hence the realization E (and hence system (3.14)) is canonical by Theorem 4.4.
Example 5.6. In Manitius [11, Ex. 5.1], the following example is discussed"

W(s) := [1/se",", 1/se"2"] r (0< hi <

Though the standard Me-space to be associated with this transfer matrix is
(L2[0, h2]) 2, it is clearly redundant. It is asserted in [11] that the right state space is
R2x L2[0, hi] x Le[0, h2]. This space can easily be obtained by computing X for the
obvious choice of a factorization W(s)-O(s)-lfi(s).

In the above examples, the canonical systems are still not very far from the
Me-models. The next example is more striking in that it is realizable by an Me-model
but its canonical realization is not expressible as a finite linear combination of delays
and integrators.

Example 5.7. Let W(s) be the following transfer function"

e.-1 ( 1- e-
i.e., zero-order hold element)(5.8) W(s)= se. s
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The impulse response A(t) is

1, 0-<t<=l,
A(t)=

O, t>l.

Let q:= t__ and p := 6_-& Clearly A q- *p and A is realizable by an M2-model
as in Fig. 3. But q and p are not approximately coprime since (s) and/3(s) have a
common zero s 0. The correct (coprime) fractional representation is

W(s)={(e"-l)/s}/e",

which yields a new fractional representation A 6_, a, where

1, -1_<- t-<0,
a(t)= L-l[(e’- 1)/s]

0 otherwise.

The pair (6_,a) is coprime over ’(R-) since e. l+((e-l)/s) (-s)=l. The
canonical realization Eq, induced by this factorization is given by the following func-
tional differential equation:

(5.9)

d 0
x,( O) -- x,( O) + u(t),d---

y(t) x,(0), x,(. X q’ L2[0, 1 ].

The model (5.9) contains a distributed input term, and does not fall into the scope of
M-models. Observe also that this canonical realization is clearly internally stable with
decay rate faster than any exponentials, whereas the M2-realization corresponding to
Fig. 3 is not even BIBO stable (observation due to E. W. Kamen [22], [23]).

X

FIG. 3. Noncanonical realization for (1 e-")/s.

In the next example, we show that spectral left coprimeness does not imply
approximate left coprimeness.

Example 5.10. Consider the transfer function matrix given by

-."W(s)=
e

The pair (0, P) is easily seen to be spectrally left coprime. But it is not approximately
left coprime. To see this, let x := 0 and y := an arbitrary nonzero function in L-[0, 1].
Then we have

[x, y] * Q 6-1* y, 6’-, *y], [x, y] * P O.
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Suppose that there exist sequences Rn and Sn of matrices over g’(R-) szh that
Q,R.+P,S.-6L Since supp(6_,y) and supp(6",y) are both contained in
(-co, 0], it follows that

[x, y] rx, "try]

lim {[x, y], (Q, R. + P, S.)}

-lim {[ .y, 6’_,y]* R.} 0.

This is absurd, so (Q, P) is not approximately left coprime.
This example (and the realization Zo) corresponds to the following retarded

delay-differential equation:

(5.11)
dt x -1 0 x 0 x( -1)

According to a necessary and sufficient condition for Mz-quasi-reachability by Manitius
12], this system is not quasi-reachable. This also shows that (Q, P) is not approximately

left coprime in view of Theorem 4.4.
Let us now examine this example from the viewpoint of systems over rings. Rewrite

(5.11) as follows"

+ u(t) =: F()x + G()u,(5.12)
dt x2 -1 x2 0

where is the formal unit-time delay operator: (gx)( t) := x( t-1). This system is
reachable in the sense of systems over rings, because [G(), F()G()] generates
(R[])2. This indicates that there is a good deal of discrepancy between these two
approaches to delay-differential systems. Observe also that matrices sI-F(g) and
G(s) even satisfy the following Bezout identity over R[s, ]"

+ [l+s+,s-s+]=
1 0

Thus left coprimeness (Bezout property) over R[s, ] does not necessarily imply left
coprimeness over ’(R-). The converse is also false as the following easy example
shows.

Example 5.13. Let

W(s)-- := e-’.
se -1 s-

While (se"-1, 1) is clearly coprime, (, s- ) is not coprime over R[s, ].

6. Celig rers. In this paper we have given a concrete function space
representation of shift realizations for the class of pseudo-rational input/output maps,
by using the matrix fractional representation over ’(R-). Kamen [9] seems to have
been the first to consider the fractional representation over ’(R-). Under a coprimeness
condition, he successfully derived a characterization of the kernel of an input/output
map, However, since his input and output spaces are spaces of distributions, his result
does not lead to the familiar function space models as presented here. His result was
later extended to the multivariable delay-differential systems by Denham and,Yamashita

[2], but without an explicit coprimeness conditionthis is somewhat mysterious in
view of the results in 4 and in [9].
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A number of coprimeness notions have appeared in the literature: Callier and
Desoer [1], Desoer and Vidyasagar [3], Vidyasagar, Schneider, and Francis [17], and
others have studied various coprimeness notions over the ring of stable transfer
functions for the study of input/output stability and feedback stabilizability. Neither
our framework nor theirs properly contains the other. While their approaches are
focused on the input/output analysis and synthesis, ours is more appropriate for
realization. Khargonekar [10] studied left coprimeness over a commutative ring and
derived its relationship to Fuhrmann realizations over a commutative ring. The
difference between the present approach based on the convolution algebra ’(R-) and
the polynomial ring approach is as discussed in 5.

Appendix. We give a precise definition of the convolution of a ’(R-) and
/ ’[0, ).

It is easy to see that the inclusion mapping j: 9[0, c),--> (R) is not only an
injection but also a topological homomorphism. Hence its adjoint, namely rr, is clearly
surjective by the Hahn-Banach Theorem. Now take any a ’(R-) and fl 9’[0, c).
then there exists an extension/3 @’(R) (actually it can be taken in _(R)) such that
r(fl) ft. We define the convolution rr(a*fl) 9’[0, c) by

(A1) rr(a */3) := (a */3,).

To show that this formula is well defined, let us prove the following lemma.
LEMMA A2. zra 0 if and only if supp a (-c, 0].
Proof Suppose ra 0. This means (a, q,) 0 for every q in

(-o, 0]. Conversely, suppose that supp a is contained in (-, 0]. By definition,
(a, q)=0 for every q@(R) with support contained in (0, ). By continuity of
distributions, (a, )= 0 for every p 9[0, c), that is, ra 0.

Now suppose that r(/l)- zr(fl2). We need to show that r(a*/31) r(a * f12).
Since r(/31-/3)=0, supp(/J-fl2) is contained in (-,0], and hence so is
supp (a (/3- f12)). Now the lemma above implies that r(a * (fl -/32)) 0, and hence
(a*fl) r(a*flz). Thus (A1)is well defined.

In particular, we have the following lemma.
LEMMA A3. r(a * zrfl) r(a * fl), a ’(R-), fl @.
Proof The proof is obvious since/3 itself is an extension of rfl.

Paley-Wiener Theorem for Laplace transforms of distributions. The following
version ofthe Paley-Wiener-Schwartz Theorem for Laplace transforms can be obtained
via a minor modification of the one used for Fourier transforms 15], 16], and is often
useful for checking if a given impulse response is pseudo-rational.

THEOREM A4. A distribution a has compact support contained in [-a, 0] /f and
only if its (two-sided) Laplace transform 3(s) is an entirefunction satisfying thefollowing
estimate for some C > 0 and an integer m >= 0:

(A.5)
I(s)lC(l+lsl) exp(a. Res) forRes>-O,

C(l+lsl) forRes<O.
The proof is obtained from the standard form for Fourier transforms [15], [16]

by replacing the Fourier variable : by is and then shifting the result by multiplying
the transform by exp (-as so that the resulting distribution has support contained
in [-a/2, a/Z].

An important consequence of this theorem is that it is closed under a finitely
many-zero cancellation. Denote by PWS(a, m, C) the class of entire functions satisfying
estimate (A5). We have the following proposition.
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PROPOSITION A6. Let aPWS(a,m, C1). Suppose that a(A)=0. Then /3:=
/ (s belongs to PWS(a, m, C2) for some C2.

Proof Clearly/3 is an entire function. If Is-A _-> 1, we have

I (s)l -< +lsl) exp (a. Re s) for Re s=>O,

-< C(1 + Isl)" for Re s <0.

On the other hand, if ]s- A =< 1,

]/(s)l_-< M,

because/3 is continuous on the disc Is- 1 <= 1. Putting C2 := max {C, M} completes
the proof. [3
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FEEDBACK CONTROLLED DIFFERENTIAL INCLUSIONS AND
STABILIZATION OF UNCERTAIN DYNAMICAL SYSTEMS*

D. P. GOODALLI AND E. P. RYAN.

Abstract. Deterministic design of stabilizing feedback controls for a class of uncertain dynamical systems
is considered. Adopting a problem formulation based on differential inclusions (to encompass all possible
realizations of uncertainty), the authors describe a class of generalized feedback controls (with practical
analogues in the form of discontinuous feedbacks) that guarantees global uniform ultimate boundedness.
Moreover, under a matched uncertainty hypothesis, this class of controls guarantees global uniform
asymptotic stability of the zero state and ultimate attainment of prescribed model behaviour.

Key words, uncertain dynamical systems, differential inclusions, stability, nonlinear feedback
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1. Introduction. Consider a controlled dynamical System of the form

.(t)=H(t,x(t),u(t)), x(t) 6", u(t) 6’.

If (1) corresponds to a mathematical model of a "real world" process then, almost
surely, some approximation, imprecision, or uncertainty will have been introduced
during the modeling procedure; the function H is, at best, a "reasonable" representation
of the true controlled vector field. If (1) is deemed to be a satisfactory model, then
the theories of classical and controlled differential equations may provide the appropri-
ate framework for analysis and control design. Note, however, that if control synthesis
is an objective, then discontinuous feedback (u(t) D(t, x(t))) is a natural candidate
in many problems of stabilization and optimization, in which case the associated
differential equation ((t)= H( t, x( t)), H(t,x):= H(t,.x, D(t,x))), modeling the
feedback controlled system, fails to satisfy the requisite hypotheses of the classical
theory. Returning to the basic modeling problem, in many cases the determination of
an acceptably accurate model of form (1) is impossible, i.e., uncertainty may be an
intrinsic feature. For example, it may only be possible to determine a model structure
that is specified up to a collection of parameters, the values of which are unknown
(but possibly restricted to known sets); furthermore, realistic processes are frequently
subject to extraneous disturbances (again possibly with known bounds). In cases for
which such "randomness" in the model admits a statistical characterization, stochastic
control theory may be appropriate. On the other hand, if structural properties and
bounds relating to the uncertainty are known, then a deterministic treatment may be
feasible.

Deterministic control of uncertain dynamical systems has been the focus of much
research in recent years (see, e.g., [2], [3], [5]-[10], [13], and references therein) and
is the subject of this paper. In particular, the difficulties, alluded to above, associated
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with modeling uncertainty and discontinuous feedback are addressed. The approach
is in the spirit of [13] but with a fundamental distinction: in [13], functional properties
of the uncertain system are assumed that ensure, for any (bounded measurable) control
u(. and any admissible realization of uncertainty, the classical (Carath6odory) concept
of solution of the underlying differential equation is adequate; in the present paper,
the uncertain system is more generally defined via a differential inclusion, the right-hand
side of which takes the form of a known multifunction, or set-valued map, (t, x, u)
Yg(t, x, u), so that (t, x(t), u(t)) is the set of all candidate velocities .(t) of the
uncertain system at time t. Within this general class of systems, attention will be
restricted to a subclass (essentially comprised of perturbed linear systems) for which
Yg( t, x, u)--Ax + Bu + ud( t, x, u ), where c is a compact-valued multifunction with a
specific structure made precise in 3.

2. Preliminaries. Before describing the class of uncertain systems to be considered
and the associated problem of stabilization by feedback to be studied, some notation
and general properties of multifunctions are introduced [1], [4].

Let Y1 and Y2 be Hausdorff topological spaces. A multifunction ’Y1 Y2,
y-- (y)c y2, is a mapping of Y into the subsets of Y:. (with nonempty values)
is said to be upper semicontinuous at y Y if, for each open set 2 (Y), there
exists a neighbourhood of y such that ()c a. is said to be upper semi-
continuous (u.s.c.) if it is u.s.c, at each Yi .

If, as in the present paper, Y1 and Y2 are real Banach spaces and ’Y-- Y2
has compact values, then the above definition of u.s.c, of at y Y is equivalent to
the following: for each e>0, there exists 6>0 such that (y)c (Y)+er2, for
all y y + 6r,, where z denotes the open unit ball in Banach space Z (with closure
z).

The following properties will be invoked later.
PROPOSITION 1. Let K Y be compact. If " Y Y is upper semicontinuous

with compact values, then (K) Ye is compact.
PROPOSITION 2. Let " Y :2; y and " Y Y3 have nonempty values. Define

the composition z y
__

Y3 by y-->(2 0)(y) 0/J2(0-tO/l(y)) :-- [,.j ve,V,(y) 0/o/2(/9). If
and O are upper semicontinuous, then o is upper semicontinuous.
PROPOSiTiON 3. Iff Y --+ ff is continuous and gt. Y Yz is upper semicontinuous

with compact values, then fo y_, y2 y _>f y O y is upper semicontinuous with
compact values.

Here, multifunctions on X U, [ x X, or U will be considered, with X := "and U := " (1 rn _-__ n) throughout. The Euclidean inner product (on X or U as
appropriate) and the induced norm are denoted by (,) and ]], respectively. For a
linear map L, IILII =[max r(LrL)] ’/, where cr denotes spectrum and no distinction
is made between a map L and its matrix representation.

For a compact subset K of X or U, sO(K):= max {llvll" v K} and sc():= 0.
For subspace S = X, Hs denotes the orthogonal projector onto S. Finally, for x X
and S c X, ((x, S)) := {(x, s)" s S} .

3. The system. The system to be considered is of the form

(2) 0(t) ’( t, x(t), u(t))

where Y(’[ X x U X is a known multifunction with nonempty values. For a given
function (control) u" I- U, defined on some interval I , x" I- X is deemed a

For ye Y and S, S2 Y, y+S:={y+s" seSt} Sl--S2:---{Slq-S sIS S2 S2}.
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solution or trajectory of (2) if it is absolutely continuous and satisfies (2) almost
everywhere on L To ensure existence of solutions, conditions of upper semicontinuity,
and convexity and compactness of its values, will be imposed on Y(; moreover, to
ensure feedback stabilizability (in a sense to be defined), the allowable class of
multifunctions must be further restricted. The requisite hypotheses are contained in
assumptions (A1) (below) and (A2) (to be introduced later).

(A1) There exists a controllable pair (A, B)R xRn’, with B of full rank m -< n,
such that the multifunction (t, x, u) (t, x, u) := (t, x, u) Ax Bu has the
following property. There exist multifunctions r’ x X ker Br, c,, . x
X U and a continuous function/3" [0, Ko], Ko < 1, such that we have the
following:

(i) 1-IkerBr(t,x, U)-- r(t,x) for all (t,x, u);
(ii) Him (t, x, u) B[m (t, X) +/3 (t) ,. (U) for all (t, x, u), where 3,." u

(iii) 3r and ,, are upper semicontinuous with convex and compact values.

Remarks. (i) In the terminology of [2], [3], [13], the multifunctions ,, and
may be interpreted as modeling the matched uncertainty in the system, while r models
residual uncertainty.

(ii) A simple example of a class of matched uncertain systems that can be
embedded into the more general class considered here is typified by the following:

(t)=Ax(t)+B[u(t)+g(t,x(t), u(t))]

where g is an unknown function with

IIg(t,x, u)[l<--4(t,x)+(t)llull for all (t,x, u)

and where the bounding functions q’[ " -- R+ := [0, ) and/3 " [0, o], o < 1,
are known and continuous.

The fundamental problem to be studied is that of stabilization by feedback, viz.
determine a (time-dependent) feedback strategy t, x) o%( t, x) such that, loosely
speaking, all trajectories of (2), with u(t) if(t, x(t)), exhibit "stable" behaviour. Here,
the class of admissible feedbacks is taken to be the class of upper semicontinuous
multifunctions ’[ X U with nonempty, convex, and compact values, henceforth
referred to as generalized feedbacks.

Remark. In the present paper, the proposed generalized feedbacks are singleton-
valued except on a set F. of Lebesgue measure zero in X. The set F. may be
identified as a switching surface of control discontinuities.

4. Stabilization by generalized feedback: problem formulation. The basic stabiliz-
ation problem may now be stated as follows. Determine a generalized feedback
such that the feedback-controlled differential inclusion

(3a) 2(t) :(t, x(t)),

(3b) :( t, x) := Ax + Cr( t, x) + B( t, x) + B[ ,,( t, x) + fl( t)( c,. )( t, x)]

exhibits a compact set (positively invariant and containing the origin) that is globally
uniformly asymptotically stable (g.u.a.s.) in the following sense.

DEFINITION 1. Compact S X is a g.u.a.s, set for system (3) if the following hold"
(i) Existence and continuation of solutions. For each (to, x)6[ X, there exists

a (local) solution x" [to, ’)--* X with X(to)=X, and every such solution can be
extended into a solution on [to, ).
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(ii) Uniform boundedness of solutions. For each 6 > 0, there exists d(6)> 0 such
that x(t) d(6)Y3x, for all. on every solution x" [to, oc) --- X with X(to) 6Y3x.

(iii) Uniform stability of S. For each 6>0, there exists D(6)>0 such that x(t)
S + 6x, for all on every solution x" to, oe) -- X with X(to) S + D(

(iv) Uniform attractivity of S. For each 6 > 0 and e > 0, there exists T(6, e)>-_ 0
such that x(t) S + ex, for all _-> to + T(6, e) on every solution x" to, oe) -- X with
X( to) S +

Remarks. (i) Ideally, a generalized feedback is sought that renders S={0}
g.u.a.s.; it will be shown (by construction) that such a feedback exists if cgr----{0} (i.e.,
in the absence of residual uncertainty). If 3r {0}, then, in essence, is sought such
that (3) exhibits a g.u.a.s, compact set S (containing the origin) with acceptably small
diameter.

(ii) If compact S is a g.u.a.s, set for (3), then (3) is globally unformly ultimately
bounded (in the sense of [5]) within every open set containing S.

5. Proposed generalized feedback. In this section, a generalized feedback is
constructed which, in the absence of residual uncertainty (i.e., system (3) with 3 {0}),
renders the zero state of (3) g.u.a.s. The approach is akin to that of [13] and draws
on concepts from (a) variable structure systems theory [14][ and (b) Lyapunov-based
theory [5]. In particular, the concept of an invariant (n- m)-dimensional subspace
W= X is adopted from variable structure systems theory. More specifically, a set
A={A,..., &,,_,}=C- (the open left half complex plane) of (n-m) ideal model
eigenvalues is selected that implicitly determines W= X. The feedback is then designed
(via Lyapunov based analysis) to ensure the following" (i) W is invariant under .
and the flow on W (in the absence of residual uncertainty) is equivalent to that of a
linear system (the ideal model) with prescribed spectrum A; (ii) W is globally finite-time
attractive in the sense that W is ultimately attained on every solution of (3). Thus, in
the context of Definition 1, the proposed feedback guarantees in the absence of
residual uncertainty that {0} is a g.u.a.s, set. It is important to note that, in addition
to asymptotic stability, the .proposed feedback * ensures that the flow (in the absence
of residual uncertainty) exhibits other desired features, namely that all trajectories
x(.) of (3) ultimately coincide with a trajectory of a linear system with prescribed
spectrum A; more precisely, with L 6 "-’)" and M*,-m) defined as in 5.1,
x(t) M*w(t) for all sufficiently large, where w(.) satisfies the linear equation
v9 (LAM*)w, with spectrum cr(L1AM*) A. If residual uncertainty is present (i.e.,
if {0}) then, under assumption (A2) below, invariance and global finite-time
attractivity of W are preserved. However, ideal model motion on W cannot be
guaranteed; instead, g.u.a.s, of a calculable compact set S W only is assured, the
diameter of which is determined by bounds on the values of .

5.1. The subspace W. Let LE--’" be such that ker L =im B. Define L2:--
(B’B)-Br and L:= [’] with inverse L-= R=[R B], then

LAR=
LAR LABJ’ LB=

I

Let A={A,I,’.’,I._m}CC- be the ideal model spectrum. Noting that
(LAR, LAB) is a controllable pair (since, by (A1), (A, B) is controllable), there
exists MNrex(n--m) such that

cr( L,AR, + L,ABM) cr( L,AM*) A,

where, for notational convenience, M* := R + BM. The (n m)-dimensional subspace
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Wc X is now defined as

(4) W := ker M, M := L2- ML.
Suppose initially that there is no uncertainty in the system (i.e., suppose that 3r --= {0},,, = {0} and/3 0). Clearly, if F mn is such that (i) cr(A + BF) C-, and (ii) W
is (A + BF)-invariant, then asymptotic stability of the origin and ideal model motion
on W is assured under the feedback u(t)= Fx(t). One such F is the following:

(5) F := CM MA with r(C) c C-

(in which case it is readily verified that (i) r(A+ BF)=r(LAM*)U or(C) C-, and
(ii) for each x W, M(A+ BF)x M(A- BMA)x 0).

Remark. Clearly, there is considerable scope for judicious choice of the operators
M and C. For example, it may be desirable to attempt to maximize the stability radius
[11]-[12] of LAM* LAR + LABM over the set of matrices M m,,-m) that
assign the spectrum A to LAM*.

In the ensuing section, the linear feedback operator F is augmented by an
appropriate multifunction to yield a generalized feedback that preserves the property
of asymptotic stability of the origin in the presence of matched uncertainty.

5.2. The multifunction ’. Let P "-")("-’) and P2 "" denote the unique
positive-definite symmetric solutions of the Lyapunov equations

(6)

and

(7)

PLAM* + LAM*)rp + I 0

(8)

and

(9)

PzC + CP2 + I O.

Define multifunctions "X -- n--m and 2" X U by

x- ,(x) := {v "-"" (v, PLx)>=O}

x--3z(x):= {u U" (u, P2Mx)>=O}.

The final assumption on the residual uncertainty is now imposed.

(A2) (LJr(t,x) G(x))<-[[L,xl]+2[[f4x[[+3 for all (t,x), where ,2, and
3 are nonnegative constants with

Define multifunction ’U U as

which is clearly upper semicontinuous ((u) is the generalized gradient [4] of ]. ]" U
+ at u).

The proposed feedback is now given by the multifunction

(lla) (t,x)(t,x):= Fx-p(t,x)(P2Mx)

where F is given by (5) and p is any continuous functional on x X satisfying

o(t, x) ,o(t, x):: ( (t)) -’
(llb)

[(t)]]Fxll + (((t, x)-
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where y> 0 is a design parameter. Note that the continuity of p and the upper
semicontinuity of @ ensure (by Proposition 3) that 0% is upper semicontinuous and
clearly takes convex and compact values; thus, qualifies as a generalized feedback.
Note further that o% is singleton-valued except on the set F [ x W.

Remark. The intersection (cg,,(t, x)- MLCgr(t, x))f’l 2(x) is adopted in (llb) in
order to economize on control gain by exploiting the possible occurrence of "stability
enhancing" uncertainties.

6. Stability properties of the feedback system.
6.1. Existence, continuation, and uniform boundedness of solutions. For each

(to, x) [ x X, the existence of at least one local solution x :[ to, ’) X with X(to) x
will first be established. To this end, the following lemma (essentially Theorem 3 of
[1, Chap. 2]) will be invoked.

LEMMA 1. IfY( is upper semicontinuous with convex and compact values, then, for
each (to, X), there exists a local solution x:[to, ’)-- X of (3) with X(to)=X.

Thus, it suffices to show that :, given by (3) and (11), satisfies the hypotheses
of the lemma. Since /3. and o% are upper semicontinuous with compact values, it
follows (by Propositions and 2) that (t, x) --/3(t)(c o)(t, x) is also upper semicon-
tinuous with compact values; thus, is the sum of upper semicontinuous multifunc-
lions with compact values, and hence is itself upper semicontinuous with compact
values. Since/3. is convex valued and (t, x) is either a singleton or a closed ball
(of radius p(t, x)), it follows that (t, x) --/3(t)( 3,. o)(t, x) is convex valued; thus,
is the sum of convex-valued multifunctions, and hence is itself convex valued. For
each (to, x), the existence of a local solution x to, ’) -- X with X(to) x now follows
by Lemma 1.

To establish that every such solution can be extended into a solution on [t0,
consider the behaviour, along local solutions, of the .function V’X + given by

(12) x-> V(x):=1/2 x,[LT /Q]Q; /Q x

where Q := P’ 0
o P2] and r is a positive real number (to be specified).

Along each (local) solution x :[to, -) X

"(/(x(t))(t,x(t))=,(t,x(t))+z(t,x(t)) a.e.(13a)

where

(13b)

(13c)

,(t, x):= ((L,Yg( t, x), P,L,x))c ,
2( t, x):= ((MY(:( t, x), P2Mx))= .

Thus, if it can be shown that there exists s + such that

(14) (t, x) [0, ) V(t,x)6[to,)x(Xksx),

then it follows that every solution x’[to, r) X with X(to)= x evolves within the
compact set

{x’V(x)Nmax{V(x), [L r]O s}],
and hence can be continued indefinitely. The property of uniform boundedness of
solutions readily follows. It remains to establish the existence of sN+ such that (14)
holds. Now, using (6), we have, t, x) ll L,x [[2 + L,ABx, P, L,x) + (( L, r( t, X), P, L,x)),
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whence, in view of (A2),

max Lea(t, x)=<-1/2(1-2,,,IIP, II)IIL,xlIZ/(IIP, L,ABII /,,=IIPII)IIL,xll IIxll
/ IIP,[I IIt,xll.

Using (7), we have

z(t, x) fiE- 1/211x =- (t, x)llP2xll /<<(t, x)- ML cr(t, x)

+ (t)( c,.o )(t, x), PMx))],

whence, in view of (1 lb),

max 2( t, x) <= -1/211x =.
Combining the above, we obtain

(15a) max (t, x)N-([ IILlxll ] [llLxll])+t311Pll [ILlXllx E xll
where

1-2,IIP, -(llP1e ABII+’IIP, II)](15b) E:= -(IIP, L,ABII + 2Jl P, II) "By virtue of (A2) and when we choose " such that

> (I-2,IIP, II)-’[IIPIL,ABll / 2llP111],
the first term on the right-hand side of (15a) is a negative definite quadratic form in
x, which clearly ensures the existence of s+ such that (14) holds. Note that, if

3 0, then s 0 suffices.
The analysis above is summarized in the following lemma and corollary.
LEMMA 2. Thefeedback-controlled differential inclusion system (3) and (11) exhibits

the properties of (i) existence and continuation ofsolutions, and (ii) uniform boundedness
of solutions.

COROLLARY. If t3 =0, then the zero state is a globally uniformly asymptotically
stable equilibrium of system (3) and (11).

6.2. Positive invariance and finite-time attractivity of W. To establish that every
solution of the feedback controlled differential inclusion attains the subspace W in
finite time and thereafter remains in W, the behaviour of the function V2" X /,
X I--- V2(x ;= 1/2(x, I/ITp21/Ix), along solutions is considered.

LEMMA 3. For each (to, x) x X, the subspace W is attained in finite time"

t.r < ,/-l[2ll e;’ V2(x)] 1/2.

Proof Along every solution x’[to, oo) X with X(to)= x the following holds
almost everywhere"

r2(x(t)) -y P2/rx(t)ll
(16)

=< -,[211P;’ I1-’ V2(x(/))]1/2,
which, on integration, ensures that V2(x(tr+ to))=0 (:>x(t.r+ to)e W) for some tt.<
-’[211PY’llV=(x)] ’/., moreover, V2(x(t))=OC:x(t)e W, for all >= t.r+ to, i.e., the
subspace W is positively Yg-invariant. [3

Remark. Note that the upper bound on the time required to attain W is inversely
proportional to the controller parameter y > 0.
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6.3. Motion in W. In view ofthe :-invariance of W, Mx(. 0 on every solution
x’[to, )--* X of the feedback system with X(to)=x W. Thus, motion in W is
governed by

(17a) rb(t) LAM*w(t)+ L,r(t, M*w(t)), w(t)n-’,
(17b) W(to) L,x
in the sense that x(-)" [to, o) W, x(to)= xe W, is a trajectory of the feedback
controlled system (3) and (11) if and only if x(-)=M*w(.), where
w(. )" to, c) -- Rn-m solves the initial value problem (17).

In the absence of residual uncertainty, i.e., for r -={0}, (17a) reduces to the
asymptotically stable linear ideal model equation

(18) (t)=L,aM*w(t), tr(L,AM*)=AcC-;
Lemma 4 immediately follows.

LEMMA 4. Let r {0}. Then, for each (to, x) x W, the feedback-controlled
differential inclusion, given by (3) and (11), admits a unique solution x’[ to, ) W,
with X( to)= x, given by

x(. )= M* exp [LAM*(.-to)]Lx
where tr( LiAM*) A c C-.

If residual uncertainty is present, i.e., if % N {0}, then uniqueness of solutions and
ideal model motion in W cannot be guaranteed. However, the feedback-controlled
system has an attractive compact set S (the diameter of which is proportional to the
parameter K3), quantified in the following lemma and corollary.

LEMMA 5. Define V’N"-" --, +, w--1/2(w, Pw). Then

(19) Z:= {w" V,(w)<=1/2r21lPlll}, r:= 2K3[1--Z,IIP,[I]-’IIP,!
is a globally uniformly asymptotically stable set for system (17).

Proof When we invoke (A2) the following holds along every solution w(-) of (17)"
f/,(w(t))<= -1/2[1-2,llP, II]llw(t)ll2/ 311P,[I llw(t)[[ a.e.

from which the required result may be deduced by standard arguments. 1-1
COROLLARY. S := {x X" Lx E} fq W is a uniformly attractive set for motion in

W of the feedback controlled system (3) and (11).
Proof An immediate consequence of the above lemma and the positive -invariance of W. 13
Finally, for (to, x) W, let Ax(. denote the deviation of a trajectory x(. of

the feedback system (with X(to)= x) from ideal model motion. Specifically,

(20a) Ax(t) M*y( t), >= to
where

(20b) y(t) := Lx(t)-exp [LAM*(t- to)]Lx.
Noting that y(.) solves the initial value problem

(21)
( t) LAM*y( t) + L r( t, x( t)),

y(to) =0,
and again invoking (A2), we have

(22) f’,(y(t))<---1/2lly(t)]l2+ IIP, tly(t)ll[,,llt,x(t)ll/.] a.e.

Moreover, since Lx(.) solves (17),

(23) (/,(t,x(t))<-_-1/2[-2,[lP, II]llt,x(t)ll=/llP, IIIIt,x(t)ll a.e.
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Combining (22) and (23), we readily deduce the following bound on the deviation
ax(-).

LEMMA 6.

[lax(t)l]--< 211 M*
where

L,xC_Z,
(LIx) :=

rllP,
6.4. Summary of main results. For matched uncertainty, the following result is a

direct consequence of Lemmas 2-4.
THEOREM 1. If c {0}, then the generalized feedback ,. given by (11), renders

the zero state of the differential inclusion system (3) globally uniformly asymptotically
stable. Moreover, the dynamic behaviour of the feedback-controlled system ultimately
corresponds to that of the ideal model in the sense that x(t)=M*w(t) for all >-

to+ IIP ll] every solution x(.) with ]ll4X(to)]] <- , where w(.) is a
solution of the linear ideal model LAM*w with prescribed spectrum (LAM*)=

In the general case (i.e., in the presence of unmatched uncertainty), the following
is a direct consequence of Lemmas 2, 3, and 5 (and the corollary).

THZOM 2. e generalized feedback , given by (11), renders the compact set
S {x X" Lx } W, with E given by (19), globally uniformly asymptotically stable.

Remark. Note that, if the unmatched uncertainty parameter 3 is zero, then S {0}.
7. Example. Consider the controlled nonlinear uncertain system

’(t)+z(t)-(t)[1-2(t)][1-4(t)]-[1-b]u(t)=O, z(t), u(t)

where 0 <=/x -< and -z-- z are unknown parameters (assumed here to be constant
for notational convenience). For example, for/x --3, the phase portrait of the uncon-
trolled system is depicted in Fig. 1 (unstable equilibrium, two limit cyclesmone stable
and one unstable).

FIG. 1. Phase portrait of uncontrolled system (tz 1/2).
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When we write x=[xl x2]r=[z ]r, it is readily verified that (A1) holds with

A=
-1 0

qar={0}’

,. (t, x)= (/zx2(1 x2)(1 -x): 0 -<_/z _--<} It,

When we adopt the ideal model spectrum A {-1}, the subspace W is given by

W {x" x + x2 0}.

When we select C =-1, the linear feedback operator F in (5) becomes F [0 -2]. P1
and P2 are now determined as P 1/2 P2. The associated multifunction 2 is

X I’-’) 2(X) ,
(-oo, 0],

X + X2 :> 0,
X " X2 0,

Xl q’- X2 < 0.

Hence, the function (t,x)-((.,(t,x)-LMr(t, x)) f) 2(x)), in (lib), reduces to
the function

fF(X2), X " X2 " O,
X’] [f(x2)[, X + X2 O,

(]f-(x2)], x+x2<O

where f+ and f- denote the positive and negative parts of the function f:x2---
1/2Xz(1-- Xz)(1-- X’.).

For a design parameter value y 0.1, Fig. 2 depicts a typical family of trajectories
of the feedback-controlled system, wherein the attractivity of the subspace W is clearly
evident.

FIG. 2. lnvariant subspace W and typical trajectories of the feedback controlled system.
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Abstract. It is shown that the adjoints of a spline-based approximation scheme for delay equations do
not converge strongly.
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1. Introduction. The primary goal of this paper is to illustrate, by a simple problem,
the necessity of conducting a careful analysis of numerical schemes (developed for
open-loop simulation) when these schemes are to be applied to an optimization-based
control design problem. We feel that many distributed parameter control systems
(viscoelastic structures, fluid flow control, etc.) are such that "standard finite ele-
ment/finite difference" schemes might lead to numerical difficulties in certain control
design methods, if care is not taken to ensure that these approximation schemes have
convergence properties essential for the intended application.

We shall concentrate on a nonconvergence result for an optimal control problem
governed by a delay differential equation. Although we feel that the technical details
required to provenonconvergence are interesting, we hope that this proof is not viewed
as the major contribution Ofthe paper. Indeed, we hope that the reader will be motivated
to think about similar problems for more complex distributed parameter systems.

During the past 15 years, considerable attention has been devoted to the construc-
tion of finite-dimensional approximations of distributed parameter systems. Much of
this work is based on algorithms first developed primarily for simulation. However, it
is not clear that finite-dimensional models developed for (open-loop) simulations will
also be suitable for certain optimization-based control design techniques. Moreover,
there may be several reasons that a numerical scheme developed specifically for
simulation does not perform well when applied to a control design problem.

In this paper, we concentrate on the use of the so-called spline scheme developed
by Banks and Kappel [2] as an approximation method for calculating optimal feedback
gains for control systems governed by functional differential equations. This problem
is simple enough to be addressed in a short paper and yet it still illustrates how a

specific numerical scheme, when combined with a particular control design approach,
can lead to numerical difficulties.

Received by the editors August 24, 1987; accepted for publication (in revised form) March 6, 1988.
This research was partly supported by National Aeronautics and Space Administration contract NASI-18107
while the authors were in residence at the Institute for Computer Applications in Science and Engineering,
NASA Langley Research Center, Hampton, Virginia 23665.

? Interdisciplinary Center for Applied Mathematics, Department of Mathematics, Virginia Polytechnic
Institute and State University, Blacksburg, Virginia 24061. This work was supported in part by Air Force
Office of Scientific Research grant AFOSR-85-0287, SDIO under contract F49620-87-C-008 and by the

Defense Advanced Research Projects Agency under contract F49620-87-C-0116.
$ Center for Control Sciences, Division of Applied Mathematics, Brown University, Providence, Rhode

Island 02912. This work was supported in part by Air Force Office of Scientific Research contract F-49620-86-
C-011, by National Aeronautics and Space Administration grant NAG-I-517, and by National Science

Foundation grant UINT-8521208.
Institute for Computer Applications in Science and Engineering, NASA Langley Research Center,

Hampton, Virginia 23665.

1442



ON NONCONVERGENCE OF ADJOINT SEMIGROUPS 1443

To motivate the reader, and to describe the main technical contribution of the
paper, we first review some known results.

Let H and U be real Hilbert spaces and S(t):H--> H denote a Co-semigroup of
bounded linear operators with generator A. We assume that B U- H, W: H -* H, and
R" U--> U are bounded linear operators with W and R being self-adjoint and nonnega-
tive and R satisfying R >-_ mI > 0. The (LQ) optimal control problem is to minimize

(1.1) J(u) [(Wz(s), z(s))+(Ru(s), u(s))] ds,

where z(t) is defined by

(1.2) z(t)= S(t)Zo+ S(t-s)Bu(s) ds

for 0_-< < T and given Zo H. If T- +c, then we have the linear quadratic regulator
problem.

Now assume that there exists a sequence of C0-semigroups SN(t) on H and
positive constants M,./3 such that

(1.3) IISN(t)[I<-_Me’, t>--O, N>-I,

(1.4) SN (t) - S(t) strongly as N

and the convergence in (1.4) is uniform in on bounded intervals. Denote by AN

the generator of SN(t), and also assume the existence of bounded linear operators
B N U H, WN :H H with WN self-adjoint and WN _-> 0 satisfying

(1.5) IIBN-B[I-O, WN W stronglyas N-+.

Note that the assumption of uniform convergence (1.5) is stronger than required by
Gibson (see [4, p. 113]). It is well known that the optimal control (if it exists) is given
by state feedback

(1.6) u*(t) -R-1 B*II(t)z*(t),
where the bounded self-adjoint operator H(. satisfies the Riccati (integral) equation

(1.7) II(t)z= S*(s-t)[W-II(s)BR-’B*ll(s)]S(s-t) ds.

Let 1-IN(t) be the solution to the "approximating" Riccati equation

(1.8) Hu(t)z SN*(s-t)[WN-IIN(s)BNR-’BN*IIN(s)]SN(s-t) ds

and observe that (1.8) would determine the suboptimal gains if we used the approximat-
ing system (A N, B N) with weights Ws.

The following theorem is a direct consequence of Gibson’s more general results
[4, Thms. 6.1, 6.2].

THEOREM 1.1. If conditions (1.1)-(1.5) hold, then for 0 <- t<-_ T, HN(t) converges
weakly to H(t) and the convergence is uniform on [0, T]. If, in addition,

1.9). S N. (t) -. S* (t) strongly,

then II N(t) converges strongly to H(t) and the convergence is uniform for [0, T].
COROLLARY 1.2. Let K(,t)= R-B*II(t) and KN(t)=R-1BN*IIN(t) denote the

feedback gain operators. Assume that U (i.e., is finite-dimensional). If Hs (t)
converges strongly to II( t), then as N

(1.10) K
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We emphasize the point that if the control space is. finite-dimensional, then uniform
convergence is assured, provided the numerical scheme is stable and consistent and
(1.9) holds. If we are concerned only with simulation, then stability and consistency
are sufficient for most numerical problems. Moreover, it can be shown that many
standard numerical schemes developed for simulation of self-adjoint partial differential
equations do satisfy (1.9). Therefore, it is not surprising that until Gibson "needed"
(1.9) to establish the uniform convergence of optimal gain operators, the question of
whether a numerical scheme satisfied (1.9) received little attention. Indeed, even after
Gibson published his result, it was still not obvious that condition (1.9) was anything
more than a technical assumption needed in Gibson’s proof.

In [3], Banks, Rosen, and Ito apply a convergent spline-based scheme to an
optimal control problem governed by a delay differential equation. The numerical
results in [3] seemed to show that KS(t) did not converge uniformly to K(t), and
these numerical results have often been used as evidence that (1.9) did not hold for
this particular scheme. Moreover, several new schemeghave since been generated
specifically to ensure that (1.3), (1.4), and (1.9) are valid. Still, it was not known
whether condition (1.9) held for the spline scheme used in [3]. We shall provide a
proof that (1.9) fails for this scheme. We also show that this spline scheme is stable
and consistent to A* on a dense subset of D(A*).

2. Spline approximations of hereditary systems. Consider the delay differential
equation

(2.1)

with initial data

(t)=Ao’x(t)+Ax(t-r)+ A(s)x(t+s) ds

(2.4)

by

the domain

where x(t)R and the elements of A(.) are square-integrable on [-r, 0]. It is well
known (e.g., [1]) that for r/R and 4 L2( -r, 0; n) there exists a unique solution
of (2.1), (2.2) x:[-r, +)-->n such that x Wl’2(0, T;) for all T>0. If we define
the solution map S(t), => 0 on the product space Z ["x L(-r, 0; I") by

(2.3) S(t)(l, b(’))=(x(t),x(t+ ")),

where x is the solution to (2.1), (2.2), then {S(t)},o is a strongly continuous semigroup
(i.e., a Co-semigroup) on Z. The infinitesimal generator A is the operator defined on

D(A) {(r/, b(.)) zlb(.) W":(-r, 0; R"), b(0) r/}

(2.5) A(r/, b(.))= Aorl+A,dp(-r)+ A(s)qb(s) ds, c(.)

The adjoint operator A* generates the adjoint semigroup $*(t) and it is easy to show
that (see [4], [7])

(2.6) D(A*) {(s, ) Z[q W’2(-r, 0; "), p(-r) A(sc}

and, for (, g,) D(A*),

(2.7) A*(, tp)=(q,(O)+A,[Ar(.)-(b(.)]).

(2.2) x(0) r/, x(s) c(s), -r<= s <0,
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As in [2], we define the linear spline-based approximation for S(t). Let {BN}=o
denote the usual linear B-splines defined on the interval [-r, 0] by

(2.8)

NN(s-ri+,),
BiN(s) N(z,N_,_ S)

0 otherwise,

where z/N ir/ N, 0,1, N, N
rn/l -r, and-_Nl=0. For each N= l, 2, let

Zn denote the linear subspace of Z defined by

(2.9) ZN= zEZ z= 2 ak(B(O),B(’)),akER"
k=0

and let PU denote the orthogonal projection of Z onto Z u. This subspace can be
identified with "+) by the prolongation N ""+)Z defined by

(2.10) ia= ao, 2 aB(.

where a (ag, a ,. , a)r e N(+. The space N ( + is normed with the induced
inner product

(2.11) {a,b}=arQb,

where a, ben(+ and Q is defined by

I 0 0 I I 0]
(2.12) QN 0 0 0 r I I .".+ "" I kI

o 0

The adjoint operator ]*" Z "(+’) is given by

(2.13)

where (s)B(s) ds. Moreover, it is easy to show that

(2.14)

and, for z, w e Zn,

N ], n I the identity on R n(N+ 1),
in[in]*=pn,

(z, W)z ([in]*z, [in]*w)n.

In order to construct the standard Galerkin approximation of A, we note that
ZN

_
D(A) and define AN by AN PnAPn. Observe that AN (and hence [AN]*) is

continuous and although PnZ D(A), pn does not map all of Z into D(A*). It is
shown in [2] that

(2.16) AN in[QS]-’Hn[in]*,
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where

(2.17) HN

AN ANN I --I
0 0 I 0 ""

0

0 0 0 I

and
o

AoN Ao+ A(s)BoN(s) ds,

A A(s)B(s) ds, 1 <- k<-_ N- 1,

I
If SN(t) denotes the Co-semigroup generated by AN, then it is shown in [2] that for
each z Z,

(2.18) IIS N t)z S( t)z]] - 0,

where the convergence is uniform in on bounded intervals. The convergence (2.18)
was established by proving that the Galerkin approximations AN satisfy the Trotter-
Kato Theorem [6], and hence provide a stable and consistent approximation scheme
for A. We shall prove thfit the convergence statement above does not hold for the
sequence of adjoint semigroups [SN]*(t). Moreover, this convergence fails even though
the adjoint operators [AN]* are stable and consistent to A* on a dense subset of Z
(i.e., there is a dense set C c_ D(A*) c__ Z such that [AN]*z--> A*z for all z C).

3. Convergence of the adjoint generators. We shall follow the approach given in
[5] and consider the n(N + 1) n matrix

N QN --1,+=[ (0.-.0, I) .
N .n NDefine the operators 6+ -Z by

+x=(x(O),x(.)),

where

6( [SON( )I, BIN( )I, BNN( )I] N
T+X.

It follows that for all (rt, )= z e Z and x

[[iN],SN QN N S rQN S+X] [i ]*PNz=[y+X] [i ]*Z

xr[B(-r)I, B(--r)I][iN]*z,

and (2.14), (2.15)imply

(3.1) (g+x, Z)z x[N (-r)],
Nwhere PNz pN (*h ) (N (0), N (.)) Z N. Furthermore, if Ami denotes the smal-

Nlest eigenvalue of QN, then (r/6N) <= Amin and it follows from (2.11) that
N(3.2) I1 / ]l<=(6N/r) /2 forall N.

We also need the following representation.
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LEMMA 3.1. The operators [AN]*. Z ZN are given by

[AN]*(, b)= PN(oN(O)+AoN(o),[AT(’)d/N(o)--(bN(’)])
+ +S(ArON (0)- 0 N (-- r)),

where pN(, )= (qN(0), sS(.)).
Proof Assume that z=(/,&) and w=(,0) belong to Z and let PNz=

( N (0), & S (.)) and pNw (qS (0), O N (")) denote the orthogonal projections of z
and w, respectively. The identity (3.1) implies that

((O N (0)+AON (0), [AT(. )bs (0)-- CN (.)]), pNz)z + (t$+N(AI oN (0)-- oN (--r)), Z)z

[qu(0)]r[N(0)] + [qtN(0)]rAo[N(0)] (qN(s), N(s)) ds

+ [N(o)]r A(s)ON(s) ds+[O(O)]rA[d(-r)]-[oN(-r)]r[(-r)].

When we integrate by parts, the boundary terms cancel with the first and last term in
the sum. Therefore, it follows that if [A]* is defined as above, then

([A N]*W, Z) (pNw, ApNz) (w, ANz)
and this completes the proof.

It should be noted that [AN]*w pNA*pNw if and only if Ar$N (0) qN (--r) =0,
i.e., if and only if pNw e D(A*). Also, if

D=D(A)D(A*),

C {(:, 6) e Dlq e C2(-r, 0; [n)},

then D and C are dense in Z. Moreover, we have the following convergence result.
LEMMA 3.2. If C and D are defined as above, then
(a) [AN]*w -) A’w for all we C;
(b) For all h e, (AI-A*)D is not dense in Z.
Proof Let w e C

_
D(A) 71D(A*). Note that w (q(0), q(-)), where q(-r)

A(q,(0) and pNw=(d/N(o), S(’))e D(A). It follows from (2.7) and Lemma 3.1 that

[[[AN]*w-A*w[[ <_ [[pNA*w-A*wl[
+ I[(q N (0)+ AON (0), [AT(. )qN (0)--bN( )])

--(q(0) + moq(0), [mo( )q(0)- (" )3)11
+ Y[ATg,’ (o)- g,’ (- r)]

F? + Fy + V.
Since w (q(0), q(. ))e C D(A)f3 D(A*), and q(. )e C2(-r, 0; n), it follows from
standard estimates on interpolating splines that (see [2, Eqs. (4.1)-(4.3)])

IN (0)- (0) _<-- O(1/N2),
IN(s)-qt(s)l<= O(1/N), -r<--s<--O,

’( )-( )11 -< o(1/N).

The first term FN- 0, since w e D(A*) and PNz Z for all z e Z. The second term is
estimated by

FzS __< iq N (0) + Ao-rq N (0) g(0) Aoq,(0)I + IIA(" )(,/," (0) ,/,(0))II + ,j’’ (") &(" )11
--< ( + IAol + ilA(" [I)l,/’’ (o) ,/,(o)I + o(1/N).
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Therefore, FN - 0 as N- oo. Applying (3.2), we estimate the last term by

F3N <- (6N/ r)t/21a d/(O)- qN (-r)l
<--_ (6N/r)’/2(la, Iq N (0) I//(0)I-I-I q,(- r) q N (- r)l),

and hence F0, which establishes part (a) of the lemma.
Turning to part (b), we let w (q(0), q) D, :, x R" and A . A straightforward

calculation yields

((, eX’x), [AI- A*](O(0), (. )))

--d/r(O)[(A-1)I-A]’+d/r(O)[I-e-XrA fre r(s) ds]x.
If (A 1) tr(Ao) and ear r(A +_ e(X+r)SAr(s) ds), then there exist : S0 and x0
such that

((, e’x), [AI- A*]((0), if(. ))) 0.

If (A- 1) tr(Ao), let x 0 and define sc by

:= -[(, 1)I-Ao]- I-e-"rA, e"’Ar(s) ds x,

or if e"(A+I e("+Ar(s) ds), let 0 and define x by

x=- I-e-A -Ie’Ar(s) as [(A 1)I Ao].

In any case, there always exists an element z (, (. ))= (, eX’x) O, such that

(z, (xI A*)w) 0

for all w (O(0), q(.)) e D. Consequently, (AI-A*)D is not dense in Z.
Since II[sNI*(t)II--[IS’(t)ll<-e’ for some to independent of N (see [2]), the

existence of a set E c_c_ D(A*) and a h eN such that (AI-A*)E is dense in Z and
[AN]*w A*w for w e E would imply strong convergence of the semigroups [sN]*(t)
to S*(t) ([6, Thin. 4.5, Ill]). Although [AS]*w A*w on the dense set C, (hI-A*)C
is not dense in Z. We shall establish that there does not exist a set E c_ D(A*) with
the specified properties. In fact, we shall show that [S]*(t) does not converge strongly
to S*(t).

4. Calculation of Prv([AI]*)-IPV. In this section, we present several technical
lemmas that will be needed in 5. The proof of Lemma 4.1 is straightforward and
hence is omitted. Lemma 4.3 can be found in [4] and [7].

LEMMA 4.1. The operator [AN]* can be decomposed as

(4.1) [AN]*--- iN[QN]-[HN]T[iN]*.

LEMMA 4.2. Assume HN is invertible. If z (r/, b(. )) e Z, then pN ([AN].)-pNz
exists and

(4.2)

where a is the solution of

pN([AN]*)-’pNz= ia N,

(4.3) [HN]Ta N
n+6o
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Proof Consider the equation Aw*= PNz for wZN. By Lemma 4.1 and from
(2.14), we have

iN(QN)-IHNriN*w= iNiN*z.

Multiplying with N* and from (2.13) and (2.14), we have

HNriN*w

The lemma now follows from the fact that w pNw
LEMMA 4.3. If A Ao+A + A(s) ds, then O p(A*) ifand only if A is invertible

and (, (.))= (A*)-(, (.)) D(A*) is given by

(4.4) [r]-, n + (s) ds

(4.5 (s= + (0 0 - (0la0.

Consider (4.3). It follows from (2.17) that (4.3) is equivalent to the system

(4.6) (a+,-a_,)+[A]ra=, 1NkNN-1,

(4.7) -(a+ a_)+[A]ra

(4.a (a+ +[] n+.
A straightforward induction argument yields

.(4.9) a=a-2 ([A_l]ra-_) if

(4.10) a+=a-2 2 ([Alra-) if2k+lNN.
il

Thus it follows from (4.7) that

(4.11) -(a-a)+ [AI
=l

Moreover, (4.8) and (4.11) imply that

k=O j=O

where

Y [A]" Ao+A + A(s) ds Ar
k=0

If we assume that 0 p(A*), then by Lemma 4.3 it follows that A7 is invertible and

(4.12) ao A-r r/+ b(s) ds
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Observe that (4.12) implies that ao is independent of N. By (4.4) it follows that ao s
where (sc, g,(. ))= [A*]-’(r/, (. )). Equation (4.8) yields the identity

N

(4.13) a -ao + 2 Y ([aff]rao ),

and hence it now follows from (4.10) that

N k

a+=-a+2 ([a]a-&)-2 ([a]ra-&)
k=l i=1

(4.14)
N k

=-ag+2 E ([A.]ag-.)+2 E ([A-,]a--,).
j=2k+l i=1

Note that for k N-

and similarly,

Igl 16(s}l ds, I1 I{,)1 ds.

Therefore, (4.9) and (4.10).imply that

lal I"1(1 + 21A,I) + 2(11All <lal + 6 ),

respectively. The identity (4.12) yields the estimate

lal la-1(1 +)11(, 6("

and (4.13) leads to the bound

Combining these estimates, we have for 0 k N

where M 0 is independent of N. An application of Lemma 4.2 yields the estimate

Ile[A*]-’ell ia (el + r)MIIzll
for all z Z We summarize these results in the following theorem.

THZORZM 4.4. If O p(A), then

e[A*]-’p(n, 6(’)) ia,

where a =col ([ag]L [a]..., [a]) is given by

a - + (s) s

and for 0<=2k=< N
k

a2 a 2 E ([ raoA2,_,] 4/_,),
i=1
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while for 1 <-2k + <- N
N k

a+, -ao +2 ([A]Tao- b.)+2 ([A_,]Ta-- _,).
j=2k+l i=1

Moreover, IPn[An*]-’P ]](z) is uniformly bounded in N.
Let Pw denote the "averaging" orthogonal projection on Z defined by

enw(n,O(’))= n, (s) as x
=1

where X denotes the characteristic function for the interval I (see [1] for details).
Cooennv 4.5. ere exists a constant K 0 (independent of N) such that for

all z Z

z

Proof A direct application of Theorem 4.4 yields the identities

1
2(a+’+a)= 2 ([a]-), 02kN-1

=2k+

1
2(a-’+a)= 2 ([a]-), 22kN.

i=2k

On the other hand, since (, $(. ))= [A*]-(, (. )), Lemma 4.3 implies that

=a=-r + (s) ds

(s= a+ a(o o - (o o.

Therefore, if s (r + ,)/2, then

I(a+, + a)12-

’+’ (+,(s) 1)(a(s)-O(s))as
+

" Ie(s)lds Il+ I(s) ds(r/N)
.+, +,

and similarly,

-(s)

It follows that

<= r/-fN) ]a(s)[ ds [[+ [4,(s)[ ds
T2k T2k

PVEia- S
, E
j=l

Since q Wl’2(-r, 0; n) and

(O(s)=AT(s)--&(s)=AT(s)A-T 7+ &(O) dO -&(s),
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there exists a constant/ such that

L

This estimate, combined with the previous inequality, establishes the prooff
Now we provide proof that the approximating adjoint semigroups constructed

above do not converge strongly to the adjoint semigroup generated by A*.

5. Nostto convergence. Let A, A*, AN, and A* be defined by (2.4), (2.5), and
(2.6), (2.7), (2.16), and (4.1), respectively. The corresponding semigroups will be
denoted by S(t), S*(t), S (t), and S*(t). Recall that for z Z (see [2])
(5.) <A, )= <Ae,e)llnzll11,
where =(1 +21Aol+lA,}+21lAll)/2 and for t0

(5.2) Ils (t)ll z e’ s*( t)ll e’.
The following result is a special case of Theorem 4.2 of [6, Chap. 3].

THEOREM 5.1. efollowing are equivalent:

(a) For every z Z and with Re A >

(AI-A*)-z(AI-A*)-z asN.

(b) For every z Z and 0

S*( t)z S*( t)z as N +,
the convergence being uniform in on bounded intervals.

We shall also need the following technical lemmas.
LMMA 5.2. Suppose condition (b) of eorem 5.1 holds, p(A*), and P

(AI-A*)-Pll is uniformly bounded in Y en for every z Z

(-A’)-’ez (-A*)-’z.

Proo From Theorem 5.1, for o> and z Z

P(Aol-A*)-Pz(AoI-A*)-z asN.

Note that for z Z

n(I A*)-’Pz-P(oI- A*)-’Pz
(o-A)n(I- A*)-’P (oI- A*)-’nz,

and similarly,

(AI- A*)-’(I + (A Zo)(AoI A*)-’) (AoI A*)-’.
Hence, if w= z+(Z-Ao)(AoI-A*)-z, then

pN (XI- AN*)-’ pNw- (XI- A*)- w

(ho- A)PN (hi AV*) -’ pN ((hoI ArV*) -l PNz ()to/-- A*)-’z)
+ p(AoI-A*)-’pNz-(hoI-A*)-’z.

This implies that for all z Z

P(hi- Ar*)-’Prw (hi- A*)-’w.
But since I +(A-ho)(hoI-A*)- is onto, the above statement holds for all w Z.

We turn now to a special case where Ao Ao+ aI, a ,(s)=-O, -r < s<0, z
o+A, and denote by ,.,N* and *(t),,r*( t) the corresponding infinitesimal
generators and semigroups.
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LEMMA 5.3. If statement (b) of Theorem 5.1 holds for sN*(t), then it holds for
N*(t).

Proof. Note that

,*=A*+E and ,N.=
where E’Z- Z is the bounded linear operator defined by

E(7, (-)) (a7, -At(. )*7).
It follows from (5.2)that [[N*( o;,t)[[ =< e where t5 to + Consequently, if
h > tS, then

(5.3) (AI-N*)-’=(AI-AN*)-’+(AI-AN*)-’PNEpN(AI-N*)-1,
(5.4) (AI-*)-=(AI-A*)-+(AI-A*)-E(AI-*)-.

Theorem 5.1 implies that for all z Z

(AI- AN*)-z --> (AI- A*)- z,

and, since the ranks of E and E* are finite, it follows that

It now follows from (5.3)-(5.4) that

(hI--N*)-’z - (hi *)-’z
for all z Z, and this completes the proof.

By Lemma 5.3, without.loss of generality, we can assume that A(.)-0 and
A-Ao+A is invertible in what follows. We will show that there exists an element
zZ such that PN(AN*)-PNz does not converge to (A*)-z. First we consider the
case when A is not the identity. From Lemma 4.3, if (, p(. ))= [A*]-(7, 0), where
0 / ", then

=A-T7 and O(s)--As, -r<-s<=O.

Applying Theorem 4.4, we obtain

PN[AN*]-PN (7, 0)= iNa N,
where

ak SO, 0_--< 2k_--< N,
a+, =-+2Asc, 0__<2k+l__<N.

For illustration, we have Fig. 1 for the case N 4 and n 1, where the solid line stands
for (A*)-(?,0) and the dashed line for iNa N. Since a-A(=Ar-a+
:-A: e " (independent of N), it is easy to show that

2N 2

(5.5) IIpN(AN*)-’P(w’O)-(A*)-’(r’O)IIz=2N
o Ser ds=r le 12 #0.

\

\ .k. .!
/

,..t .\

-r

FiG.

Ar:

0
-:+2As
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Next we consider the case A L Let b(s) x # 0 (constant vector in R"). Then, from
Lemma 4.3 (, q(. ))= (A*)-t(0, b(. )) is given by

(5.6) =rA-x and $(s)=-(s+r)x, -r<=s<=O.

And, from Theorem 4.4, pm(AN*)-tPm(O, ok(" ))= ima m, where

(5.7) a so+ E x= +- rx, 0=<2k=< N,
odd

<=j2k

-rx+2 x=- rx, 0 <2k<N.
N N

2j2k

NSince (a + a+)/2 O((r + r2+)/2) and (a_, + a)/2 O((r-N + r)/2), it
follows from (5.6) and (5.7) that

(5.8)
P(A*)-’P (0, &(. )) (A*)-’(0, &(. ))11

r/2N 2
2N IRNsxl ds Ixl 0.

d0

Now we may state the main theorem.
THEOREM 5.4. ere exiscs an elemen Z and > 0 such that

S*()z does not converge to S*(t) z.

Proo If for every z e Z and t>0, S*(t)z converges to S*(t)z, then it follows
from Theorem 4.4 and Lemma 5.2 that for every z Z, P(A*)-Pz (A*)-lz, where
by Lemma 5.3 we can assume that A(. 0 and Ao+ A1 is invertible. This contradicts
the facts (5.5) and (5.8).

Remarks. The proof of Theorem 5.4 in essence indicates why the numerical
computations in [3] exhibit a zigzag" behavior. The theorem does not provide a
description of the set of elements z for which S*(t)z converges to S*(t)a In general,
we conjecture that the only element z for which S*(t)z converges to S*(t)z uniformly
on bounded c-intervals is the zero element.
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Abstract. For the class of inhomogeneous Markov processes arising from simulated annealing, it is
shown that lim,_P(X,=i)/exp(-u(i)/T(t)) exists and is positive for each state i, where T(t) is the
temperature and u(i) is the energy level at (assuming that mini u(i) =0). The method used is to consider
the Forward equations associated with such processes.
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0. Introduction. Let S {1, 2,..., N} be a finite set and let u be a real-valued
function defined on S. For a positive function P (called transition) defined on S x S,
we have a continuous-time in.homogeneous Markov process Xt with state space S and
transition rate as follows:

P(i,j) exp[-(u(j)-u(i))+/T(t)] forj i,
(0.1) Q,.i(t) y.. Qik(t) for j i,

where T(t) is a positive function converging to zero as t-. Markov processes of
this type naturally arise from simulated annealing problems, where u is called the
energy function and T is the temperature. The reader is referred to [3] and [5] for the
motivation and applications. Under some mild conditions on P, u(.), and T, it is
proved in [5] that lim,_ P(X, B(S))= 1, where B(S)= {i S: u(i)=minicsu(j)} is
the bottom of S. Without loss of generality, we assume that u is integer-valued and
u(i) =O for B(S). In this paper, we shall study the rate of convergence of P(X, i)
and show that lim,_ P(X, i)/exp (-u(i)/T(t)) exists and is positive for each S
under slightly stronger conditions on T(t) than [5]. Our method is to consider the
Forward equations associated with X,, i.e.,

F’(t) Qr(t) F(t),

where Q( t)=( Qij( t)) is defined in (0.1) and F( t)=(F( t); i S)r=(P(X, i); i S)’.
Note that for each [0, oo),

(0.2) E Fi( t) 1.
icS

In particular, we have the following trivial estimate"

(0.3) Fi(t) O(1) for each S.

In order to describe our results more precisely, we begin with some necessary
definitions. A state j is reachable from if there are states i0 i, i,..., i,,-j such
that P(ik, ik+)> 0 for each k =0,..., m-1. Moreover, we say thatj is reachable from
at height h if U(ik)<= h for each k =0,. ., m. A state is called a local minimum if

it is not a global minimum (i.e., i B(S)), and no state j with u(j)< u(i) can be
reached from at height u(i). Let h(i,j) be the smallest number h such that j can be
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reached from at height u(i)+ h. By convention, we let h(i, i)=0. The depth d(i) of
a state is defined as follows:

[" min h(i,
Ji:"/<"i

j), B(S),
d(i)

ImXs h(i,j), e B(S).

Note that d(i)= 0 if is not a local or global minimum.
There are two constants associated with the depths of states in S:

d,= max d(i), dv=max d(i).
ieS\B(S) iS

Obviously, 0 <- d, <= dr.
Roughly speaking, dH is the minimal amount of energy required for any local

minimum state to reach B(S) and dv is the minimal energy required for any minimum
(global or local) to reach a state (other than itself) in B(S). The constant d, was first
introduced in Hajek [5] in treating simulated annealing problems and played an
essential role there, while d.v was introduced in Ventcel [9] in studying the asymptotic
behavior of the second eigenvalue of the transition rate matrix Q(t) and assumes the
present form due to a theorem in [1]. Gidas [4] related dv to the simulated annealing
problems.

Let h (t) exp (- 1/T(t)). Obviously, lim,_.o h (t) 0. We make the following
conditions on the transition P and h.

(A1)

(A2)

(A3)

(A3’)

(A4)

(A4’)

Irreducibility. isreachable from j for any two states and j in S;
Weak reversibility. If is reachable from j at height h, j is also reachable from
at height h;

h (t) dt=oo;dv

oXAdn(t)

dt =o;

A’(t)/A(t)=o(Ad"(t)) as t->c;

A,(t)/A(t)=fo(Ad"(t)) ifdu>0 as t-->c,
unrestricted if dH O.

Note that.(A3’), (A4’) are weaker than (A3) and (A4), respectively.
The main result of this paper, which will be proved in 3, can now be stated as

follows.
THEOREM 0.1. Let X, be an annealing process satisfying (A1)-(A4). Then there

exist positive constants i such that lim,_,o P(X, i)/h (g)(t) fl holds for each S.
As a consequence, we have

(i) P(XtB(S))= l+O(h(t)), where a=min,(s)u(i);
(0.4)

(ii) in(s) fl 1 and {fli: B(S)} is the limit distribution of X, on B(S).
It will be apparent from the proof that the constants/3 are independent of the

initial distribution of Xo and can be obtained through solving systems of linear
equations.

Condition (A3) implies that X, can "communicate" between any two states in
B(S). If we are interested only in the rate of convergence of X, to B(S), then, as will
be shown in 3, (A3) can be replaced by (A3’), which guarantees that Xt can "escape"
from any local minimum state to reach B(S).
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COROLLARY 0.2. Let Xt be as in Theorem 0.1. Then (0.4) holds if (A3) is replaced
by the weaker condition (A.3’).

If we are interested in showing that P(X, B(S)) converges to 1, then (A4) can
be replaced by (A4’). This will be proved in 4.

COROLLARY 0.3. Assume (A1), (A2), (A3’), and (A4’) hold. Then

(0.5) P(Xt B(S))= + o(1).
A remarkable theorem in [5] asserts that if X, satisfies (A1), (A2), and (A3’) then

(0.5) holds. An extra regularity condition on A (such as (A4’)) is needed for our proof
because we must solve linear differential equations. In the most interesting case, where
T(t) c/(ln t), i.e., A (t) -/, it is easy to check that (A3’) holds if and only if c => dH,
and thus (A3’) implies (A4’). Thus we have the following result.

COROLLARY 0.4. Assume (A1), (A2) hold and A t) -/" with c > O. Then we have
(i) Theorem O. 1 holds if c >= dv and c > dH
(ii) Equation (0.5) holds if and only if c >= d,.
Note that the "only if" part of Corollary 0.4(ii) is proved in [5]. Theorem 0.1 has

been obtained in [2] for the special case dn =0. This is not an interesting example
because S has a local minimum state if and only if

(0.6) d,>0.

The method used to prove Theorem 0.1 is technically complicated but conceptually
simple. To make it clear, we give an example in 5.

A generalized Ventcel-Freidlin’s cycle method, which is different from our
approach, was used in [6] to treat similar problems.

We shall adopt the following definitions and notation in the rest of the paper:

Fi= Fi(t)= P(X= i),

FA (F,.; A) " is a column vector,

F’A=(FI(t); iA) r,
(0.7) Pi(A)= , P(i,j),

jA

Pi.L Pi({j S: j and u(j) <- u(i)}),

P(A,B)=(P(i,j); iA,jB) is an IAIIBI matrix,

QA--(qA(i,j); i,jA)T is a matrix of order IAI,
where qA(i, i) =--P.L and qA(i,j)--P(i,j) if ij.

DEFINITION 0.1..A cup C at level E is a collection of states in S such that any
two states in C can be reached from each other at height E, and any state that can be
reached from some state in C at height E is in C.

The maximum Me, minimum me, rim R(C), and bottom B(C) of a cup C are
defined as follows:

Mc max u(i), mc min u(i),
iC iC

R(C) {i C: u(i) Mc}, B(C) {i C: u(i) mc}.
4c ifDEFINITION 0.2. A cup C is said to be in order {ri},c

(i) ri<=r+<=ri+l for each mc<=i<=Mc-1;
(ii) F O(A r,) if s C and u(s) i;
(iii) F. O(ArM) for any state s with u(s)> Me.

M. if r + for eachThe cup C is said to be in strictly increasing order {r},,,. ri/
mc<-_i<=Mc-1.



1458 TZUU-SHUH CHIANG AND YUNSHYONG CHOW

Since u(.) is assumed integer-valued, throughout this paper we require that all
be integers. Note that ri can be negative.

4,. is said to have a strictly increasing topDEFN’rON 0.3. A cup C in order
from level k if r/ r + 1 for i-> k. Moreover, k is called a bottleneck of C if rk rk-.

DEFNIXON 0.4. An n x n matrix A (a,..j) is called a transition rate matrix if
(i) The column sums of A are nonpositive, i.e., g= a,..j =<0 for each j.
(ii) a,..i-> 0 for all iS j and a,-< 0 for each i.

1. Some preliminary estimates. The basic idea behind our approach is first, to
show that the cup S is in strictly increasing order { ri}os with ro 0 and then, to establish
the exact order estimate for each state.

Since the cup S is obviously in order {r}s, where r =0 for each i, we thus want
to improve our estimate level by level starting from R (S). In this section we shall show
that this improvement can continue until we hit the highest level where there is a local
minimum. We first prove a few technical lemmas that will be used repeatedly throughout
the paper.

LEMMA 1.1. Letf( t) be a complexfunction and a a complex number with Re a > 0.
Suppose

f’(t)=-f(t)" AF(t)d-O(AF(t)) (O(AF(t)), respectively),

where E >= 0 and F is a real number. Then

(1.0) f(t) 0(A F- E (t)) o (A F- (t)), respectively)

(i) 0_-< E < dH an4 (A3’), (A4’) hold, or if
(ii) E d, and (A3’), (A4) hold.

Furthermore, A e(t) dt is a necessary condition for (1.0) to be true.

Proof We consider only the O(A F (t)) case. The other case can be treated similarly.
Let h (t) exp [’a a. A (s) ds]. A simple computation shows (f(t)h (t))’

h(t) O(A(t)). Thus f(t)=[f(a)+’, h(s) O(AZ(s)) ds]/h(t).
Suppose it is already known that

(1.1) lim Ih(s)A(s)ds=limA-(t)lh()l=.

Since ]h(t)] =exp [’ (Re a). A (s) ds], by L’Hfpital’s rule and (A4) (or (A4’),

ilf(t)l/A.-(t)O Ih(s)lA(s) ds/(AF-(t)lh(t)l)

O(li {hlh(t)lAF(t)/[AF(t)lh(t)l((Re )
+ (F- )’(t)/A +’(

=O(1/(Rea)).

Note that this can also be shown using integration by parts. It remains to verify (1.1).
By (A4) (or (A4’), [log(AZ(t)lh(t)])]’=(F.A’(t)/A(t))+(Rea).A(t)

(Re a). Ae(t). Since E =<dH, it follows from (A3’) that limAF(t)lh(t)l=c. Formula
(1.1) can then be proved easily.

If A E (t) dt < then h() is finite, and thus

limf(t) f(a)+ h(s) 0( (s)) ds h(ee) 0.

This completes the proof.
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With a similar technique we can prove Lemma 1.2.
LEMMA 1.2. Let f, a be given as in Lemma 1.1. Suppose

f’( t) -af( t) A E t) + o(A t)).

Then f(t)-- o(1) if
(i) 0 <- E <- dh and (A3’) holds, or if
(ii) 0 <= E <= dv and A3 holds.
Proof,We need only to note that ’,lh(s)lA(s)ds=(Rea)-([h(t)l-1) and

lim ]h(t)l .
The next lemma is essentially a simple consequence of the Perron’Frobenius

Theorem [8] and we omit its proof.
LEMMA 1.3. Let A (aj) be a transition rate matrix oforder m. IfA- (bo) exists,

then we have the following:
(i) All the eigenvalues ofA have negative real parts.
(ii) bii -<- (mini ai)- and b, <= bi <= 0 for all i, j.
(iii) b0 <0 if and only if i.is reachable from j, i.e., there exist io i, i,..., ik =j

such that a,,.i,,+, > 0 for each 0 <= n < k.
On the other hand, ifA is noninvertible but irreducible, then we have the following:

(iv) Zero is an eigenvalue with multiplicity 1 and all other eigenvalues of A have
negative real parts.

(v)
__

a,.-i 0 for each <=j <= m.
(vi) For anyproper subset B of {1, 2,. , m}, theprincipal minor An (a0; i,j B)

is an invertible transition rate matrix.
The following result shows that the trivial estimate (0.3) can be improved from

the highest level down until we hit a local minimum.
THEOREM 1.4. Besides (A1), (A2), and (A3’), assume: (i) Formulae (0.6) and

(A4’) hold" or (ii) d, =0 and (A4) holds. Let C be a cup in order {r} MC Let El be the
highest energy level with a local minimum in C. If there exists an integer h > 0 such that
F.(t) O(Ai’(t)) for any state s with u(s) > Mc, then the cup C is in order {}4,. where

r for <= El and min El + rz,, h) for
Proof It is enough to show that if r,._ r. h-1 then we have a better

estimate F.(t) O(,(t)) for each s R(C). Otherwise we can find a subcup C’___ C
with rc,_ r,.,<rta,,/ and improve the estimate for each state in R(C’). This
procedure can be repeated over and over until we get the desired estimate.

The Forward equation of a state R(C) is

FI =-P.F- P(i,J)A"i)-"(’)F+ Z P(J,
.j:u(.j)> u( i) ,jc R( C

.i

(1.2) + P(j, i)F.i + P(j, i)A()-(-i)F
.j: (.1) M .j: u(.j)< u(i)

I + 12 k- 13 + 14 + I.
Obviously, Iz= O(, ). I4 is of order O(ZI’) because each F./ with u(j)> Mc is. I5 is
also of order O(,) because C is a cup in order {r}M (see Definition 0.2) and
ra4,.- h 1. In view of (0.7) the Forward equations of states in R(C) take the following
matrix form"

(1.3) F’c)= Ocl Fc)+ O(A).
Since Qc)is an invertible transition rate matrix, all the eigenvalues of QRc)

have negative real parts by Lemma 1.3. Let a be an eigenvalue of Qc and v be a
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left eigenvector corresponding to a. We have from (1.3)

(v" FRC))’=V F’RC)=a(V Fnc))+o(Ah).
Thus v" Fnc)=O(A) by Lemma 1.1. If w is a vector such that w. Qnc)=aw+v,
then similarly

(w. FRtc))’=a(w FRC))+V" FRtc)+O(A h)
Ce(W" FR(c)d-O()kh).

Therefore, w. F(c)= O(Z h) by Lemma 1.1 again. Applying Jordan’s Decomposition
Theorem to QR(C), we thus have a basis {vl, v2,’", VlR(C)I} of (IR(C)I such that

v.i. FRtc)= O(A h) for each j<=IR(C)I. Hence FR(C)=(Fi; i R(C))r= o(zh). This
completes the proof. [3

Remark. It is clear from the proof of Theorem 1.4 that, by first changing the error
term to o(1) and then applying Lemma 1.2, Fi=o(1) holds for iB(S) under the
condition d, =0. This verifies (0.5) for the case dH =0.

2. Merging. In this section we shall show (see Theorem 2.1) that a cup in strictly
increasing order can be "viewed" as a "single" state in some sense.

Unless otherwise specified, we assume throughout this section that (0.6), (A3’), and
(A4’) hold.

THEOREM 2.1 Let C be a cup in strictly increasing order {r} 4c such thatmc

(2.1) F. O(Ar’c+1) for any state s with u(s) > Me.
Then for any two states i, j in C, there exists a positive constant O(i,j) such that

(2.2) FA MC-"’) O(i,j)FAMc-")+A ArMc,
where

O(A) if mc >O or
A=

o(1) if me =ro=0
mc 0, ro < 0, and (A4) holds,
and (A3), (A4) hold, whether d, > 0 or not.

Remark. As explained in the beginning of 1, our aim is to show that S is in
strictly increasing order {}os with ?o 0. We do not expect ro to be positive in the
case mc =0, i.e., where C contains a global minimum state. This is why we only
consider the case r0 <- 0 if mc 0 in Theorem 2.1.

We need some preliminary results before we can prove Theorem 2.1.
LEMMA 2.2. Let C be a cup as in Theorem 2.1 (whether mc 0 or not). Then

(2.3) F’=O(A%c+l) for each iB(C).

Moreover, if B( C) is connected in the sense that for any two states i, j in B(C), can
reach j through states in B(C) only, then there exist positive constants O(i,j) such that
F, O( i,j)F.i + O(A’"c+).

Remark. Lemma 2.2 is valid if dn 0 and (A4) holds.
Proof. Without loss of generality, we assume that B(C) is connected. Otherwise,

we can consider each connected component of B(C) separately. Then by (A2), B(C)
is irreducible, i.e., any two states in B(C) can reach each other through states in B(C)
only. The Forward equation of a state i B(C) is

F =-Pi.IF,- E P(i,J)A"i)-"(i)Fi + E P(.J, i)F.i
,i: u(j)> u(i) .je B{ C

+ Y’. P(.h i)F./
j:u(j)>u(i)

-P,,.F, + E P( i)F + O(Ar,,,+’).
.i B(C)
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Or, in matrix form,

(2.4) F’(c) QB(c) FB(c) + O(A’,,,c+l).
Since QBc) is an irreducible transition rate matrix, it follows from Lemma 1.3 that all
the eigenvalues of Qac) have negative real parts except zero, which is an eigenvalue
with multiplicity 1 and e (1, 1,. ., 1) as its left eigenvector. By (2.4),

(2.5) e. F’cc o(Ar’"’+l).
Using the same technique as in the proof of Theorem 1.4, we can obtain a basis
{v=e, v2,"’, vlcc)I} such that for each 2 <=j <= [B( C)], vj. Fc) O(Ar",c+). Then,
in view of (2.4), we have vj. F’c)= O(Ar’"c+) for 2---j =< IB(C)]. These, together with
(2.5), imply (2.3). For the remaining part, we fix a state io B(C) and let A B(C)\{io}.
The following linear equation can be obtained from (2.4) and (2.3)’

Qa" FA=-(P(io, i); ieA) r" Fio’Of’O(lrmc+l)
By Lemma 1.3(vi), Q, the inverse of QA, exists. Moreover, by Lemma 1.3(ii),

all the entries of (_Ql) are n6nnegative and the diagonal elements are positive. Since

(2.6) FA (--Q’) (P(io, i); iA)r" nioOvO(tr’"c+l),
it is now clear that there exist constants 0(i, io) >- 0 such that Fi 0(i, io)F+ O(a %-+),
and by Lemma 1.3(iii), 0(i, io) > 0 if P(io, i) > 0. This completes the proof because io
is arbitrary and B(C) is connected.

LEMMA 2.3. Let C be a cup as in Theorem 2.1 (whether mc 0 or not). Then

(2.7) F O(ari+l) if s C and u(s) i.

Proof. Obviously, any subcup C’ of C is also in strictly increasing order. Lemma
2.2 shows that (2.7) holds for s B(C’). By mathematical induction, it is enough to
check that (2.7) holds for s R(C) under the assumption that

(2.8) Formula (2.7) holds for any sA=C\R(C).

Since 12 and I4 in (1.2) are O(hM+), the Forward equations of states in R(C)
take the following matrix form (see (0.7) for notation):

(2.9) F’c)=QR{c) FR{c)+H(t)+O(A+’),
where H(t)= P(A, R(C))r. (a-)F;j e A).

By Lemma 1.3(vi) and (i), QRc)is an invertible transition rate matrix and all its
eigenvalues have negative real parts. Let v be a left eigenvector corresponding to the
eigenvalue a of QR{C). Then we have, from (2.9),

+1
v," F’R(C)=a[V FR(C)+a-’V," H]+O(hrc ).

-Mc+u(i)Since C is in strictly increasing order, F./= O( ,,.,) O( By using (0.6),
(A4’), and (2.8) it is easy to check that

+1(2.10) U’= O(a ).

Then, with f= v’Fc)+ a-v H, we have
+1(2.11) f’= af+ O(Ar’c ).

Therefore, f= O(ac+) by Lemma 1.1, and then f’= O(a+) in view of (2.11).
Now, using the definition of f and (2.10), we obtain

(2.12) v,. Fc O(a’c+’).
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Let v2 be a vector such that v2. QRc,)=av+vl. From (2.9),

v2" F’(c)=a[v2 FR(c)+a-’vz" H+o-lVl

By using the same argument and (2.12) we have V2" F(c)--O(ArMc+). By Jordan’s
Decomposition Theorem we can continue this process and finally obtain a basis

{vl,’", via(c) I} of CIc)l such that (2.12) holds with v replaced by vk, k<-IR(C)].
Hence (2.7) holds for s R(C) and the proof is completed.

Since QRC) is invertible, we immediately obtain the following result from (2.9)
and Lemma 2.3.

COROLLARY 2.4. Let C be a cup as in Theorem 2.1 and let A= C\R(C). Then

FR(C) --Q-Rc) P(A, R( C)) T" (A Mc-u(J)Fj; j G A) T -- O(IrMC+I),Remark. If dH =0 and (A4) holds, then the conclusions in Lemma 2.3 and
Corollary 2.4 hold, with the error terms there replaced by o(A ri) and O(AM-), respec-
tively, because in this case the right-hand side of (2.10) is o(A"M,) instead of O(A

We now prove Theorem 2.1 by an induction argument. Let C be as in Theorem
2.1 and let A C\R(C). We decompose A into a disjoint union of subcups with height

-’UN Cm,, where C,nCC is aMc- 1 indexed by their depths, i.e., A U,,=1 ,"’1 ,,
subcup with height Mc- 1 and its bottom has energy level Mc- m. If A 4, then
C B(C) is connected by Definition 0.1 and Theorem 2.1 follows from Lemma 2.2
and the remark after it. This sets up the induction procedure. Thus it is enough to

show that (2.2) holds, given that

(2.13) Equation (2.2) holds for every subcup Gin,

Note that any Cm, is also in strictly increasing order and (2.13) means that for any
two states i, j in C,,,,, there exists 0(i,j)> 0 such that

where A is o(1) or O(A), depending on whether or not Cm,, is in Case (iii). By
multiplying the previous equation by A and using Mc, Mc- 1, we obtain

(2.14)

We shall use this form henceforth.
Under the assumptions in Theorem 2.1 and (2.13) we can improve Lemma 2.3.
LEMMA 2.5. For any subcup C,,,, of C,

2
Cm, { O(IrMC+1) if mC >0, oF mC =0, ro<0 and (A4) hold,

F o(A -c) if me=to=O, (A3), and (A4) hold, whether or not d.>0.

Proof Let b,,,, be a fixed state in B(C.,,.). We shall adopt the following notation.
For m=l,2,...,Mc-mc,

I(m)= {(m, 1), (m, 2),..., (m, N,)},

J(m)= U I(k)
k<m

{(1, 1),..., (1, N,), (2, 1),..., (2, N2),"’, (m- 1, 1),..., (m- 1, N,_,)},
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L(m)- I(k)
km

-{(m/ 1, 1),..-, (m/ 1, N,,+l),’’’, (Me-me, 1),..., (Me-me, N4_,)},
(2.15)

C., {b.." (k, n) e S(m)} {b,." k < m},

Cm..

w., 2 O(i,b..)
ie B(C,,,,,,)

q.... (j)=[ O(i,b.)P(i,j)]w.,
i Cm,

q,...(B)= 2 q.(J) for any set B.
.je B

c 1 because u(.) is assumed o be ineer-Case (i). 0. Then ,,,
") for i C.valued. Since C is in sricfly increasin order, rc, F O(A

Under (.13) i is easy o check ha for any subcup C,, and j

AgFb,,,=Wk,,AFg,,+O(Ar( Z P(i,j) AMr-"(i)F,
Ck,

q..(j)F. + O(-+’),
and then . O(ir) for any subcup C

By using the Forward equations for states in C. (see (0.7) for notation),

i

(.lS) E P,(R(C))-"’F, + E (C,.+O(+)
i Cg,,, . R( C

=-q,(R(CF,.+ E C,.+O .
jcR(C)

Thus, from (2.17) we have

(2.19) F,, o(Ar) for any subcup Ck,.

Assume temporarily that

(2.20) The lemma is true for all k m- 1.

Then we have the following equation:

[ OR(C) Os( ,(R(C))[FR(].P((m)) Q(R(C))
(2.21)

O O
where Q(c is a IR(C)IxlR(C)I matrix defined in (0.7), O and O are zero matrices
of proper size, P(c(J(m)) is a matrix of order IJ(m)xle(c)l with (P(G.); (k,
J(m)) r as its ith column, O((R(C))is a IJ(m)lxlJ(m)l diagonal matrix with
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qk.. (R (C)), (k, n) J(rn) as its diagonal elements, and for D I(rn), J(rn) or L(rn ),
Qo(R(C)) is a matrix of order IR(C)I[D[ with (qk,.(i); (k,n)D) as its ith row,
and Go=(hk(t)Fk..(t); (k, n) D)r is a column vector of length ID[. Indeed, the first
IR(C)I equations are the Forward equations for states in R(C) and follow from Lemma
2.3 and (2.9). Note that the summation over A in H(t) of (2.9) is decomposed into
many subsummations, each of which sums over a subcup Ck,., and is then transformed
to a single term by using (2.16). The remaining [J(m)[ equations follow from (2.18)
and (2.20).

Call the first constant matrix in (2.21) Qm. It is clear from the definition of a cup
that QM--.,c/ is an irreducible transition rate matrix with all its column sums equal
to zero. Since m <= Mc- mc, Qm is an invertible transition rate matrix by Lemma
1.3(vi) and thus

(2.22) [FR(c,] _Q.,
O, QL("’(R(C))] [ G’("] +GL(.)

This equation means that functions FR(C) and A kFk,. for subcups Ck.. with k < m can
be expressed in terms of those corresponding functions for deeper subcups, i.e., h kFk..
with k => m.

Observe that ]Cm[ [Jm[ and for j Cm, 1 <- n <- Nm,

(2.23) 8(c.,) =0.

By first adding (Ps(C,.); j C,.) Gs<,.)0 to the second term on the right-hand side
of (2.18) and then substituting (2.2) into (2.18), we have

+ O(Xr,,.,.+,)F’"’" -q"""(R( C))AmF"’" + (P( C""); J E R( C) U C’)

-qm.,,(R(C))A"’F.,.,, +(pi(c.,,.);j R(C)U C.,). (-Q’)

Q,(,,,)(R(C))
G,(,,,)+

QL(.,)(R(C))
Gr(.,) +o(Ar"’c ).

O 02

Hence the Forward equations of F..,,, where n 1,. , N,, have the following matrix
form:

(2.24)

F’ T +1,.,. n < N,.) P,.. G,(.)+ R,.. G.()+ O(Ar’c

P.,. (h "F...; n _-< N,.) r + R,. (A kFk..; n <= Nk, k > m) T

+1+o(a% ),

where P,. is an Nm X N,. matrix that on the diagonal, Pm (n, n)
-q...(R(C))+(P(Cm,.); jeR(C)UC,.). (-Qm)-1. (q,.,.(j); jeR(C)UC,.)r; and
off the diagonal, P,. (l, n) (p/(c.,,); j e R(C) U Cm)" (-Q.)-. (q.,,. (j); j e R(C) U
Cm) r. Note that q,,.(j) =0 forje Cm. We claim that

(2.25) P, is a transition rate matrix;

(2.26) Pm is invertible unless m Mc- mc, in which case Pm is irreducible and
all its column sums are zero.
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Indeed, the nth column sum of P., is

N

" P,.,,(l, n)=-q.,,,,(R(C))+ Y,,,. (q,.,.,,(j);j R(C)t.J C,,,) r,
I=1

where Y,. =(y,; iE R(C)UJ.,)=(Pi(U,=,, C,..k); jE R(C)U C,.)" (-Q.,)-’. Since

(2.27)

(P.i(LJ’=", Cm.k);j6 R(C)U C,,)

all Yi =< by Lemma 1.3(ii). Therefore,

0 .o
=-/,

(2.28)

N

Y P,,,(I,n)<-_-q,,,,(R(C))+(1," ", I) (q,..,,(j);jR(C)UC,,,) r
/=1

-q,,.,,(R(C))+ q,,.,,(R(C))=0.

This verifies (2.25).
It is clear from (2.15) that, for j R(C), the condition qm,n(j)>O means that

(some state in) subcup C.,,. can reach j in one step. Write _Q21 (r/0). Then by using
Lemma 1.3 (iii),

(2.29) P,,(I, n)=z.,j,k= Pj(Cm,i)rljkqm,n(k)>O if and only if C,,.t can be reached
from C,.n through R(C) and subcups of less depth, i.e., Ckj with k < m.

Suppose P., is not invertible. By the Perron-Frobenius Theorem there exists a
nonzero vector Z,. (zi; 1 =<i=< N.,) such that all zi>-0 and Z,.. P., =0. Let D=
{ R(C) LJ J(m): y 1 } and D { i" _-< -< N., and z -> z./ for all j -<_ N,. }. Assume
n D. By computing the nth component of Zm" P,,,, we have the following"

(i) l D if P,,,(l, n)>0;
(ii) Equality holds in (2.28);
(iii) .If q.,,,,(i) > 0 then R(C) f’] D, and moreover, by comparing the ith com-

ponent on both sides of the equation

(2.30) P ],.J, C,.t ;j6 R(C)U C, Y,,. (-Q,,)

and noting that

P, C,,,,, =P,.L.-P(i,R(C)\{i})-P, U Ck., -P, U U Ck.I
k<m k>m /=!

we can easily show the following"
(iv) P,(U k>., U , Ck,,) 0;
(V) je D if P(i,j)>O and je R(C);
(vi) (k, l) e D if P(Ck.I) > 0 and (k, l) e J(m). Then by comparing the (k,/)th

component on both sides of (2.30), j e D if qk,t(j) > O.
We can conclude from the conditions above that if e R(C) can be reached from

C,... through R(C) and subcups of depth -<_m, then (iv) holds, i.e., any subcup.of
depth greater than rn cannot be reached from in one step. Since by Definition 0.1
subcups Ck, of C can be reached from each other within C, a contradiction follows
unless there is no subcup of depth greater than m. In that case it is clear from (2.29)
that P,. is irreducible. It remains to show that when m Mc rnc all the column sums
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of P,, are zero. Let wi, =< <IR(C) C,[, be the ith column vector of the first matrix
in (2.27). By changing the multiplication order of those two matrices in (2.27) we have

(2.31) Y,, 1) w 0 for all i.

Observe that when rn Mc- mc all wi have components’ sum equal to zero Since
Y,, is unique by (2.27), it follows from (2.31) and the observation above that when
m Mc me, Y,, (1, 1, 1, , 1), and thus all the column sums of P,, are zero. This
completes the proof of (2.26). In particular,

(2.32) P, is the scalar zero if rn Mc- mc and N,, 1.

Let Vl be a left eigenvector corresponding to an eigenvalue a of P,, with Re a < 0.
From (2.24),

(2.33) v,. (F’,,; n<=N,,)r=ahm[Vl (F,,,,; n<- N,,) r +ffI(t)]+O(hrM-+’),
where 121(t) a-’ v, R,, (h k-’Fk.,; n <= Nk, k > m) r

Since mc => implies that any state in B(C) must climb at least a height of
Mc mc + to get to some lower state, we have rn + 1 =< Mc rnc + <= dH. In view
of (A4’) and (2.17),

(2.34) Ak-m(A’/A)Fk.,, O(A%’+’),

and then from (2.19),

(2.35)
’(t) a-’ v, R,,. (A k-"[(k-- m)(A’/A)F., + F,,,]; n <= Nk, k > m)

+1=o(% ).

Let f be the sum inside the square bracket of (2.33). From (2.33) and (2.35),

(2.36) f’= ah’f+ O(hr’,-+l).

Then by Lemma 1.1, (2.36), and (2.35), bothf’ and vl" (F’,,.n; n--< N,) r are O(h%+t).
If v2 is a vector such that v2" P, -av2 + Vl, then, using the same technique as in the
proof of Lemma 2.3, we obtain v (F’.n; n _-< N,)r O(hr,,,+t). If zero is an eigen-
value of Pro, then by (2.26), m- Mc- me, and the corresponding left eigenvector is
e--(1,..., 1). Since in this case the second term on the right-hand side of (2.24)
disappears, e. (F’m,.; n<-Nm)W=O(hr’+l). Thus in either case we have a basis
{vt," ", v,,,} of C ’’’ such that vi. (F’,; n <- N)r O(h’,-+l) for each i. Hence,

(2.37) F’,, O(%-+l) for each n -< N
under condition (2.20). This condition is unnecessary, in fact. When m 1, J(1)--
and there are only IR(C)I equations in (2.21). The previous argument shows that (2.37)
holds for m 1. This sets up, in some sense, the induction procedure. Therefore, (2.37)
holds for all m <= Mc- me. This completes the proof for Case (i).

Case (ii). mc =0, ro < 0, and (A4) holds. That is, C contains a global minimum
state but is not yet in the order we want. Since every step in Case (i) works well for
m < d, we need only to consider the case that m >- d,. Note that the definition of d,
implies that there is no subcup Ck. with d, < k < Me. When m Me, the second term
on the right-hand side of (2.24) disappears. The first term is O(A %./1), because by (0.3),

(2.38) a MCFMc, 0(/. Mc)= O(IrMc-r) O(IrMc+I),

Hence, (2.37) holds for rn Me. In the case m d,, applying (2.38) to (2.24), we have

(2.39)
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Since Pal,_, is an invertible transition rate matrix by (2.25) and (2.26), (2.37) still holds
for m dH by Lemma 1.1(ii) and the same argument as before. Note that this is the
only place we need (A4). If rM,.+ <=dH then Ad’Fd,.,, O(Ad’)= o(ArM+l) by (0.3),
and thus (2.37) holds for m do. Therefore, for any subcup

+ + < do, r0 < 0 and (A3’), (A4’) hold.(2.40) F,,., O(hrM, if rM,.

If ru,. do, (2.40) may no longer hold. However, we have

(2.41) Fa,.,, o(1) if ra4,. do, ro < 0 and (A3’), (A4’) hold.

In particular, Fi o(1) for i B(Ca,.n). Then, as in the proof of Theorem 1.4,

(2.42) Fi o(, a.) for any R(C).

Condition (2.41) can be shown by the same technique if we first replace the error term
in (2.39) by o(, a’-’) and then apply Lemma 1.2(i). Conditions (2.41) and (2.42) will
be used in the proof of Corollary 0.3. Note that (2.41) and (2.42) hold with (2.1)
replaced by

(2.1’) F o(A d.) for any state s with u(s)> Mc.
Case (iii). mc ro=0 and (A3), (A4) hold. First we consider the case do >0.

With O(A r,,.+l) replaced by o(,c), the same argument in Case (i) works for m =< d,.
In particular, we have

(2.24’) (F’ T,,.,,;n<-N,,,) =P,,’(, F,,.n;n<--_N,,)T+R,,’GL(,,)+o( ),m<-mc.

Note that when rn Mc the term R,, "GL(,,, in (2.24’) disappears. If Nu -> 2, i.e., if
there are at least two subcups of depth Me, then dv >= Me. Now apply Lemma 1.2(ii)
and repeat the same argument in Case (i). If N4 1, then F, is already of the
desired order by (2.32) and (2.24’).

In case dH 0 it is clear from the remarks after Lemma 2.2 and Corollary 2.4 that
all formulas hold with O(,--+l) replaced by o(c). Thus the same argument for
do > 0 works as well now.

This completes the proof of the lemma.
We can now prove (2.2) in C under assumption (2.13). Remeber that A=

C\R(C)--U Me-me I,.JNn’=" Cm. Let h= Mc-mc From (2.24) (or (2.24’)) and Lemmarn=!

2.5, we have

P,, (A "F,.,,; n <= N,,) T A Ar"’,
where A o(1) or O(A), depending on whether C is in Case (iii) or not. By (2.25),
(2.26), and Lemma 1.3(iv), Ph is an irreducible matrix of rank Nh- 1. Thus

(2.43)

where 0(n, l) > 0 by the same argument as in the proof of Lemma 2.2. Note that if we
let 0(1, 1) 1, then (2.43) automatically holds for the case N, 1. For k < h, we have
from (2.24) (or (2.24’))

(2.44) (h kFk,n; n < Nk) T _p-1. Rk (A"F ,;,,,, n

It obviously follows from (2.43), (2.44), and (2.14) that (2.2) holds for any two states
in A. For the states in R(C), (2.2) is now an easy consequence of Corollary 2.4. The
theorem is thus proved by induction.

3. Proof of Theorem 0.1 and Corollary 0.2. In this section we shall show that
under (A3’) and (A4) the cup S is of strictly increasing order {r}o- with ro=0 (note
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that ms 0 is assumed for brevity), and then, as a consequence, we establish our main
result. First we need a lemma.

LEMMA 3.1. Assume that (A1), (A2), (A3’), and (A4) hold. Let C be a cup in order
{ri},,,,.Mc with a bottleneck at k. If F.. o(hr’c+) for any s with u(s) > Mc, then C is a
cup in order { fi}M with a bottleneck at k + where r for k and k rk + 1.

C

Proof. Case 1. dH > 0. Let s S with u(s) k. Obviously, all we need to show is
that F=o(Ar+). As in 2, decompose C=R(C)UA=R(C)U(U= U,z’
where h Mc- mc and C,, is a subcup with height Mc- and bottom energy
Mc- m. If s is not a local minimum, then the lemma follows from applying Theorem
1.4 to some subcup of C having s in its rim. Let s Ca,, be a local minimum. Certainly
d < h. Without loss of generality we assume that s B(Cd,,). Otherwise, replace C by
Cd,, and sta the same procedure over. Note that now k Mc- d. Obviously C is in

Mc where r’strictly increasing order {r}m, r for > k and rk_=rk-iforl<i<k-mc.
In case mc 0, we haver r0-1 < 0 (see the remark after Theorem 2.1). Thus Theorem
2.1 is applicable with A O(A) in (2.2). From (2.44), we have

(3.1) (AdFd,n;nNd)T=-P’Rd’(AmFm,,;nNm, m>d)WO(Arc+).

Since k is a bottleneck of C, rM- rM m + holds for m > Mc k d. By assump-
tion Fb O(A ). Now, by (2.16),

(3.2) AF,=(1/w,)AFb +O(A,-+)=O(A+) for m>d.

Thus, by (3.1) and (3.2),

F E F,. O(x+’-) O(X+’).
Cd,

Case 2. d, 0. Since C has no local minimum in this case, it is already treated
in Case 1.

This completes the proof.
We are now ready to prove Theorem 0.1 and Corollary 0.2. Assume (A3’) holds.

Obviously, S is in order {r}s, where all r’ 0. By successive applications of Lemma
3.1, we then have S in strictly increasing order {r} with ro 0. (This proves Corollary
0.2. If (A3) also holds, then by Theorem 2.1 (Case (iii)), (2.2) is true with C S and
A o(1). Note that rM Ms. In view of (0.2), Theorem 0.1 follows from a simple
computation.

4. Proof of Corollary 0.3.
Case (i). dH --0. See the remark after the proof of Theorem 1.4.
Case (ii). d,>0. It is enough to show that F=o(1) for any i:B(S). Let

D={iS:d(i)=dn, i.e., state has the maximum depth} and let D=
{i D: u(i) >-_ u(j) for allj D}. In view of (2.40), Lemma 3.1 can be applied repeatedly
to improve the trivial estimate (0.3) until we hit a state in D; that is, if u(D)= k
then S is in order {ri}o with r (i- k)/, or in strictly increasing order {r}o’4.., with
ri= i- k. Note that Ms- k > d,.

As in 2, decompose S R(S) 12 A R(S) U (U 4s t_J N,,, C, n), where C, is am=l ,n

subcup with height Ms- 1 and bottom energy Ms- m. Without loss of generality we
may assume Ms k dH, i.e., each state in D is in the bottom of some Cd,,n. Otherwise,
replace S by cups at level k + dH (see Definition 0.1). Thus

(4.1) Z F+ Z ZF,,,,n=O(A)=o(1).
i R(S) m<d



ON THE CONVERGENCE RATE OF ANNEALING PROCESSES 1469

Since r4c dH and r < 0, we have from (2.41) and (2.42),

(4.2) ., F <-., Fa,.,, o(1),
iDl

(4.3) Fi=o(A d’) for any with u(i)>=k+dn.

Note that (4.1)-(4.3) hold under (2.1’).
From (4.1) and (4.2), it remains to consider C4s,,. Take C- Ca4s,,, for example.

Since (2.1’) holds for C by (4.3), the previous argument can be repeated, by appealing
to Lemma 3.1 and Theorem 1.4, to treat states in D2-{iD\D,: u(i)>-u(j) for all
j D\D,}, and so on. Thus we can obtain., Fi o(1), Z F, O(A)= o(1).

ieD iDUB(S)

This completes the proof. F1

5. An example. In Fig. 1, S {1, 2, 3, , 9} and B(S) {1, 9}. It is easy to check
that d(5)= d(7)= 1, d(3)=2, and d(1)= d(9)=4. Hence do-2 and dv=4.

0 S
2 3 4 5 6 7 8 9

FIG.

Step 1. By applying Theorem 1.4 to S, (0.3) can be improved from the top level
to the highest local minimum state five, i.e.,

F6 O(A2), F2, F4=O(A).

Similarly, by applying Theorem 1.4 to the cup C, {7, 8, 9}, we find that

F8= O(a).

Step 2. Write F5 O(A), F3 O(A-’), and F O(A-2) so that cup C2
{1, 2, 3, 4, 5} is in strictly increasing order. By applying Theorem 2.1 to C2, we have
Fs" A 0(5, 1 F A + O(A 2). Since F O(1), we immediately get F5 O(A ). By using
Lemma 3.1 twice we have

(5.1) F5, F8 O(a), F2, F4-- O(A2), F6- O(a3).
Step 3. Write F3 O(a) and F O(a-). Repeating the same procedure in Step

2 we can improve (5.1) to

(5.2) F3 O(a), F5 O(A2), F2, F4 O(A3).
Step 4. Cup C {7, 8, 9} can be treated by the same way to yield

(5.3) F7 O(a), F8 O(a2).
Then Lemma 3.1 can be used to show that

(5.4) F6 O(/ 4).
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Step 5. Equations (5.2)-(5.4) demonstrate that cup S is in the desired strictly
increasing order. Theorem 0.1 then follows from Theorem 2.1.
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HIGHER-ORDER CONDITIONS FOR CONICAL CONTROLLABILITY*

J. WARGA?

Abstract. Let Q be a convex subset of a linear space, Q, a topological vector space, C
convex with a nonempty interior, qQ, q=(q,qe):Q->l’", and qe(q)C. Also, let :=
{u //Iq2(u) C}. This framework can be used to model many optimization problems including control
problems with unilateral (state inequality) constraints. Sufficient conditions are derived for q(sg) to cover
the interior of a convex set containing q(q) and an open neighborhood of a point q()+ w for wR’".
These sufficient conditions can be used to provide information about the attainable sets of control problems
and, in some cases, to show that q() contains a neighborhood of q(). Several illustrative examples are
also discussed.

Key words, controllability, conical controllability, sufficient conditions, inclusion restrictions, equality
restrictions, attainable sets

AMS(MOS) subject classifications. 49B27, 49E15, 49E30

1. Introduction. Let be a real vector space, Q a convex subset of , Q, and
q: Q ". We wish to study the controllability of the function l at q which, in its
simplest form, concerns the image ql(Q) in the vicinity of ql(q). Typical of such
problems is the investigation of the attainable set of a control system

.(t) :f(t, x(t), u(t)) a.e. in [0, 1], x(0) 0,

where the control functions u are selected from a convex set Q, ql(U)= x(u)(1), and
x(t) x(u)(t) is the absolutely continuous solution of the system. In more sophisti-

cated versions of the problem, we study the set q() in the vicinity of ql(q), where

/ is an "abundant" subset of Q, q2:Q ---> ’, ’ is a topological vector space, C is a
convex subset of Y with a nonempty interior, and q2(q) C. Such problems are
exemplified by unilateral control systems in which the restriction qz(U) C models a
state inclusion restriction such as x(t) A for all [0, 1], Q may represent the set of
relaxed controls, and 07/ a set of original controls closed under finite measurable
concatenations.

If the set q() covers a nhd (a set containing an open neighborhood) of q(q)
then we say that q is controllable at q (with respect to given q/, P2, and C). The
problem of controllability is closely related to that of optimization, say, of minimizing
pll on the set

l(U)=0 fori=2,...,m},

where ql ((1,""", (n). Clearly, if ql is controllable at q, then q is ruled out as a
candidate for a restricted minimum. We refer the reader to [4, pp. 715, 716] for some
further comments on the relation of higher-order sufficient conditions for controllability
to necessary conditions for optimality, and on the role that the presence of Lagrange
coefficients plays in the former. We should also mention Bernstein’s paper [1], which
has influenced our recent work in this area.

* Received by the editors September 30, 1987; accepted for publication (in revised form) February 29,
1988. This research was partially supported by National Science Foundation grant DMS-8619002.

? Department of Mathematics, Northeastern University, Boston, Massachusetts 02115.
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In [4] we formulated some sufficient higher-order conditions for controllability.
In the present paper we shall use similar arguments to establish sufficient conditions
for conical controllability, that is, for q() to cover the interior of a convex set
containing q(t]) and some nhd of a point q()+ w. If these sufficient conditions
apply to w (-e, 0, , 0) for some e > 0, then this alone rules out t] as a candidate
for minimum. If these sufficient conditions apply to w yz for all z " with Izl 1
and some corresponding 7z > 0 then this implies that q is "nearly" controllable at t]
(and we shall provide a simple example in which controllability at t] can be established
in this manner while the results of [4] are inapplicable). However, even when conical
controllability does not imply controllability, it may still shed some light on the structure
of q() and, in particular, of the attainable sets in unilateral control problems in the
vicinity of a point determined by an extremal.

The present pth-order controllability theorem (as well as those of [4]) can also
be viewed as a form of a stability theorem under perturbations. In particular, it provides
criteria for functions on restricted domains with polynomial components (pth order
Taylor approximations) to cover certain conical nhds even when perturbed by arbitrary
higher-order terms (the size of the nhds obviously depends on the perturbations).

Our main results are presented in 2. Section 3 contains some examples, and 4
contains the proofs.

2. Sufficient conditions for conical controllability. Let

( :--" (01, (02),

-:={(01,’’’, 0)"[0--->0, 0-<-1},
j=l

Y:= {yt,’’’,yk} Q-C1.

We shall say that o has a pth order Taylor approximation at t with respect to Y if
the function

(2.0.1) 0-q(0; Y) := q( 0) := q t]+ E Ojyj "-k--> x
j=l

is continuous and admits a pth-order Taylor approximation at zero, i.e., there exists,
for each n 1, , p, an n-linear symmetric operator ")(0) (k), ,,, X Y such that

limlOI -p (0)- qt(O)+O(’)(O)O+...+--q(P)(O)OP =0 asOO, Oe-k\{O}.
P

Condition 2.1.1. Let P c N and " P- Q. We shall say that satisfies Condition
2.1.1 if, for every choice ofp P, there exists a sequence (u,(p)) in 0// such that

lim q(u,(p))= q((p)) uniformly for p e P

and

p-q((p)) and p-q(u,(p)) are continuous for each n= 1,2,. ..
We shall say that Y:= {y,..., yk}c Q-g1 satisfies Condition 2.1.1 if the function

k

O- gt + 20y:k-Q
j=

satisfies Condition 2.1.1.
Remark. We observe that Y {y,. , Yk} satisfies Condition 2.1.1 in the follow-

ing three cases of particular interest"
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(a) Q is the set of relaxed controls (with its weak norm topology), o// is any set
of ordinary controls that is closed under finite measurable concatenations [3, Thm.
IV. 3.9, p. 285], and q is continuous.

(b) 0 and q has a pth-order Taylor approximation at t] with respect to Y.
(Then we can choose u,(0) c(0) c + Oy.)

(c) Q is a convex subset of a Banach space with a nonempty interior QO, 0//= QO,
and c is continuous. (Then for any n {1, 2,... } we can determine

such that

and y.. Q-gtc -gt

1 1
It]" t]l <-, lY -Y.il <- forj 1, , k.

n n

Condition 2.1.1 is then satisfied by

k

u,(0) c" + Y
j--

DEFINITION 2.1.2. We shall say that ql is w-conically controllable at gt (with respect
to , P2, and C, which are assumed given) if wR and there exist yo>0 and nhds
G, G of zero in , such that

(2.1.2.1) ,()+y(w+G.){,(u)lu,z(u)+yGzcc} Vy(O, yo].

We shall write for C- Cz(), B(x, r), respectively, (x, r) for the open, respec-
tively, closed ball of center x and radius r, and A, respectively, OA for the interior,
respectively, boundary, of A. Our general higher-order sufficient conditions for conical
controllability are stated in Theorem 2.2 below (itself a generalization of [4, Thm. 2.2,
p. 717]) from which we also derive more specific first- and second-order conditions.

THEOREM 2.2. Let H c be open, a > O, p {1, 2, }, H, w N, and let
the functions f" := (f ,f)" H N x Y be continuous. Assume that"

(a) f"(x) {0} x qfor n l, , p , x H;
(b) f"() e {w} x CO;
(c) ere exists a function (x, ) (x, a)" H x[0, a] Q satisfying Condition

2.1.1 and such that

a"f"(x)+aPd(#(x,))=(q)+ (x,)
=1

where limo+ d (x, ) 0 uniformly for x H, and either
(d) ff is continuously differentiable and the set {Of()/Ox IJ 1,. ., k} spans ,

Or

(d’) there exist a nhd V of 0 in and a continuous a:= (a,..., a)" VH
such that the function 0 ff(a 0))" V f(a(V)) is a homeomorphism and a (0) .

en is w-conically controllable at q.
Cogoeagv 2.3 [4, Thm. 2.2, p. 717]. Ifthere exists H satisfying the assumptions

of eorem 2.2 for w O, then there exist nhds G, Gz of 0 in , Y such that

,() + = {,(u) u e , (u) += c}.

Proof This follows directly from Theorem 2.2 if we set y To in relation (2.1.2.1)
and replace yoGt, ToG2 with G, G.

We next observe that conical controllability sometimes implies controllability.
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THEOREM 2.4. Assume thatfor each z " with Izl 1 there exist Yz > 0 and qz Q
such that (qz) q(q) and 1 is w-conically controllable at qz for w= yzZ. Then there
exists a nhd G1 of 0 in " such that

(2.4.1) ,(q) + G, = {,(u) u o, (u) c}U {,(q)}.

In particular, if q then ql is controllable.
Proof This is a direct consequence of the compactness of 0B(0, 1) in
Remark. Relation (2.4.1) cannot be improved upon by eliminating the singlet

{1(q)} from its right side. This is shown by Example 5 in 3. Example 3 shows that
Theorem 2.4 is sometimes applicable in situations when Corollary 2.3 (which is
equivalent to [4, Thm. 2.2, p. 717]) does not hold.

As an application of Theorem 2.2 we obtain the first- and second-order conditions
below. In a similar manner we can derive a generalization and a slight simplification
of the third-order conditions of Theorem 2.5 of [4, p. 718]. (This can be obtained by
replacing the right side of relation (d) in Theorem 2.5 of [4] by {w} x o and the right
side of the last display of that theorem by f(a(O), b(O), c(O).)

We define the function 6 as in (2.0.1) and denote by e,..., ek the columns of
the unit k x k matrix.

THEOREM 2.5 (First-order conditions). Let Y := {yi 1,..., k}
". Assume that Y satisfies Condition 2.1.1, q has a first-order Taylor approximation at
gt with respect to Y, and

(a) O’(O) Y, e, e {w} x C;
(b) the set {’(0)eili 1, 2,. ., k} spans
Then q is w-conically controllable at .
THEOREM 2.6 (Second-order conditions). Let

I:= {1, 2,..., i,}, J:= {i,+ 1,..’, k},

Y:= {y,]i 1,..., k} Q-q,

and assume that Y satisfies Condition 2.1.1, q has a second-order Taylor approximation
at g:l with respect to Y, and, for all I and j J,

(a) 6’(O)e, {0} x C,
)(b) 0"(0)(,c, e, + 2q’(0) Y.jcj e.j {w} x t,

and either
(c) the vectors

O’(O) (i ei)e., ,’(O)eiforsI,jJ

span m, or
(c’) there exists a nhd V of 0 in " and continuous ai, b" V- (0, oo) such that

the function

0:=(0,,..., 0,,) -* q,’(0) +26’(0) Y b.,(O)e
.jJ

is a homeomorphism and ai(O)= b.(O)= for and j.
Then 1 is w-conically controllable at q.

3. Examples. In all the examples below we shall assume that = C =[ and
o2(q) 0 for q Q. This enables us to neglect the restriction o2(q) C, which is then
automatically satisfied for all q Q, as are the other restrictions in Theorems 2.2-2.6
in the space . For simplicity of notation we shall write o for o.
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The first two examples deal with control problems, Example 1 involving only
original (i.e., ordinary) controls while Example 2 involves both original and relaxed
controls.

Example 1. Let Q be the set of all Lebesgue measurable functions u :[0, 1]
[-1,1], =Q, and h:E2E be bounded and C2, with h(0)>0. Let t]=0Q, and
let q QE2 be defined by q(u)=x(u)(1), where t x(u)(t)=x(t)=(xl,x:)(t) is the
absolutely continuous solution of the differential equation

l Xh(x), z= u a.e. in[0,1],

x(0) (0, 0).

(It is easy to see that t] is an extremal of this control problem.)
We verify that, for y,zQ=Q-Ft, the function a-tr(a):=q(ay+aZz) for

sufficiently small ]a] is C and we have

q(cey + a :z) af’ + 1/2c 2fz + ce o(1) ceq’(0)e, + 1/2a2[ q"(0)e + 2q’(0)e2] + a2o(1)
where

Thus, setting

f=(fl,f)=d’o’/da’l,:o and (0,, O2)=q(O,y+Oz).

we have

fl, O, f= V(1).

f 2h(O) Y(s)] ds,

Y(t) := y(s) ds,

f= 2 z(s) ds,

I’(0)el=f 1, I"(0)el=(f,0), O’(0)e2 0, z(s) ds.

The assumptions of Theorem 2.6 will be satisfied for a point w (w,)N if
we can choose corresponding y, z e Q such that

I01 I’ll I01Y(1) 0, Y(s)] dS-2h(O), z(s) ds=
2
w

and the vectors

span 2. We can do this when

0 < wl < h(0)/6, 0 < ]w2l < 2

by letting

and choosing

)7(t)=
If frO--<-t<1/2’

(t)=l for t[O, 1]
-1 for= t=

y [6wl/ h(O)]’/2.9,



1476 j. WARGA

Example 2. We define 0, as in Example 1, as the set of all Lebesgue measurable
functions u’[0, 1]->[-1, 1], but Q as the corresponding set of relaxed controls (i.e.,
measurable functions q" [0, 1 -> rpm ([- 1, 1]), where rpm ([- 1, 1]) is the set of Radon
probability measures on [-1, 1] with the weak-star topology of C([-1, 1])*; see [3,
Chap. IV]). We assume given a bounded Ca function h’Ra->R with h(0)>0, let
q(t):-1/261+1/26_1, where 6r is the Dirac measure at r, and define o" Q->Ra by q(q)
x(q)(1), where t-> x(q)(t)-x(t)=(xl,x2)(t) is the absolutely continuous solution of
the differential equation

21-x[h(x)/ 1- r2q(t)(dr)], 2= rq(t)(dr) a.e.

x(0) (0, 0).
(Again, we observe that q is an extremal of this relaxed control problem.)

The arguments of Example 1 will apply to this problem, with f, q, q" satisfying
the same formulas in which y(t), z(t), Y(t) are replaced by

ry(t)(dr), rz(t)(dr), ds ry(s)(dr)

for y, z Q-q, and with y(t), (t) now defined by

61-q=1/261-1/26-1
(t)=l-t=1/261-1/26_l for all t.

for0_-< <1/2,
)7(t)

t-i- t 1/26-1--1/26 for 1/2 <_-- --< 1,

These arguments thus show, using Theorem 2.6 and Remark (a) following Condition
2.1.1, that q is w-conically.controllable at q for

0 < W < h(0)/6, 0 < Iw=l < 2.

(This implies that, for each such w, there exist yo> 0 and a nhd G1 of O in R2 such
that y(w + G1) o (//) for 0 < y -<_ Yo, where 0//is the set of ordinary control functions.)

In the remaining Examples 3-6 we consider Q for some positive integer
s, o g / o(IqlP), where the components gl, ",g, of g are homogeneous polynomials
of degree p, q 0, and (x, a) ax for x H.

Example 3 (An application of Theorem 2.4). Let o-//= Q C be the complex plane
identified with [2, p{2,3,... }, and g(z)=(1/p!)zp. Then (O(OIX)=oI.PxP/olPo(1),
where o(1)-> 0 as a -> 0+ uniformly for all x in a bounded set and, in the notation of
Theorem 2.2, f" =0 for n <p, fP(x)=xp. We set H B(0, 2) C and, for an arbitrary
w C with Iwl 1, we choose 9 Xw H such that XPw w. Then, for x xl + ixa, we have

Ofv(2) ofP(g)pp-I ipp-1
0X 0X2

det (fP)’(X) p2[X[2p-2 # O.

It follows, by Theorems 2.2 and 2.4, that t# is an open mapping at O.
On the other hand, to be applicable the results of [4, Thin. 2.2] (the simplified

version of which is Corollary 2.3 above) would require the existence of a continuous
mapping 0 -> a(0) of a nhd of O in C that maps O into O and such that 0-> a(0)P is
a homeomorphism. I am indebted to Terence J. Gaffney [2] for providing a short
demonstration, based on homology arguments, that such a mapping cannot exist.

Example 4 (w-conical controllability "nearly everywhere"). Let 0//= Q =2= C,
p=8, and g’C->C be defined by g(xl,Xa)-g(xl/iX2)--(1/8!)(X2/ix22)4. For
any wC there exists =+i1 such that g()=w. Furthermore, (ax)=
a8f8(x) + a80(1) (where f8 g) and

Of8(x)ofZ(x) 8(x21+ ix)3x, 8(xaZ+ ix2)3ix2
OXl OX2
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hence det (f8)’(x)= 64XlX2(X4+ X)3. Thus the vectors ofS(x)/Oxj span N2 if and only
if xlx2 O, and Theorem 2.2 shows that o is w-conically controllable at O if w=
(wl, w2)=(x+ix)4 for xx2O, i.e., if w [0, oo)+0i.

In fact, this result is the best possible because x --> q(Xl, x2) (x + ix2)4-(x + ix2)
is not an open mapping. (Its image does not contain a set of the form {(Wl, w)lh(w,) <
w2 < 0, w > 0}, where limw,_.o+ h(Wl) 0.)

For 1/= Q [0, 00)2 c 2 C, p 4, and g(x, x2) (x + ix2)4, the conclusions are
similar.

Example 5 (Counterexample related to Theorem 2.4). This example is intended
to show that relation (2.4.1) cannot be improved by deleting the set {q()} on the
right side of the inclusion.

Let Q=[0,1]2clI2=C, //=Q\{(0,0)}, p=5, and q(x)=g(x)=(1/5!)x5. We
observe that g(Q) contains an nhd of O and, since o//= Qo, Condition 2.1.1 is satisfied.
We have q(ax)=aSxS; hence fS(x)=x and (as in Example 3) det (f)’(x)-251xl8.
We set H (0, 1)2c Q. For an arbitrary w C with ]w 1/2 we can choose a fifth root

Xw of w such that g H. Since det (fs),(g) 0, the assumptions of Theorem 2.2
and of Theorem 2.4 are satisfied. Therefore there exists a nhd G of O in C such that
G q(//) LJ q(0). Since x 0 only for x 0, o(//) does not contain G.

Example 6. This example demonstrates that the type of situation described in
Example 4 may occur even for quadratic mappings.

Let H B(0, 1),

0//=Q=R3, p=2,

g,(x)=x-

We can easily verify that

and

m=3, g=(g,g2, g3), X=(XI,X2, X3),

g2(x) x2(x, + x), g3(x) X2X

g(3) {w (Wl, w, w3) 12w2+ Wl > O} (.J {(0, O, 0)}

det g’(x) 2Xz[(X + x2)2 + x3Z].

Thus, by Theorem 2.2, o is w-conically controllable at O for all w such that 2w2 + w > 0
and (w2, w3) (0, 0).

We observe that 3’(1, 0, 0)e Interior g([3) for 3’ > 0 but g(x) 3’(1, 0, 0) implies
det g’(x) 0. Thus it remains an open question whether the open interval (0, 3’) x {(0, 0)}
is contained in q(N3) for all q(x) g(x) + o(Ixl=) and some corresponding 3’ 3’ > 0.

4. Proofs.
LEMMA 4.1. Let V be a nhd of 0 in ’, w e Nm, > 0 and, for n 1, 2, ,

g (g,, g2)" V-" x Lr,

e (e,, e2)" Vx[0, a,]-->mx%,

h"=(hT,h)" V x [0, a]-->" x Lr.

Assume that g" V-->gI(V) is a homeomorphism, that g, e(., a) and h"(., a) are
continuous for each a and n, and that

g(O){w}xC, lim e(x,a)=O uniformlyforxm V,
O+

Va > 0 lim h" (x, a) 0 uniformlyfor x V.
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Then there exist ao(0,1og2], nhds Vt, G1, G2 of O in [", ’, , and a-
N(a)" (0, ao] -* { 1, 2,. } such that, for all a (0, ao],

w+ G, c {gl(x) + e,(x, a)+ hy()(x, a)lx V},

gz(x)+ez(x, a)+hz()(x, a)+G2 c o ’q’x V.
Proof Let r, s > 0, and a nhd G2 of O in be such that

B(O,r)= V, g(B(O,r))+G2+G2+G2cC, B(w,s)= g,(B(O,r)).

Let ao 6 (0, min (a, log 2)] be sufficiently small so that

[el(x,a)l<=s, e2(x,a)G2 VxGV, a (0, ao].

Finally, for each a [0, ao], let N(a) be sufficiently large so that

IhlN()(x, a)l <1 h2()(--sS, X, a)e G2 Vxe g.

Next we choose an arbitrary u e N’ with [u[ <_-s. The equation

(1) g,(x)+ e(x, a)+ h()(x, a)= u+ w

is equivalent to

(2) x= g-(’(u+ w-e,(x, a)-h()(x, a)).

Since the right-hand side of (2) is a continuous function of x mapping B(0, r) into
itself, there exists a fixed point 2 e B(0, r) that must clearly satisfy (1). Thus

w-+-G,: 9(w1/2s)c {gl(x)+el(X, a)+h()(x, a)lx9(O,r)} Va(0, ao].

Furthermore, for each x B(0, r) and a e (0, ao], we have

g2(x) + e2(x, ) + hN()(x, a) + G2 g2(x) + G+ G2+ G2 d.
Thus the lemma holds with V B(0, r). [3

Proof of Theorem 2.2. We shall first assume that assumption (d) holds. Let
e, , e,, be a base in Nm. By assumption (d), there exist numbers a, for/x 1, , m,
j 1,. ., k such that

t, ofp()
e, ., aj.

Oxj

Let

x:= (x,,... ,x), 0 := (0,,..., 0),

ai(O) := )j +2 a,jO,, a(O) := (al, a,)(O),

and let be a sufficiently small nhd of O in W so that a(0) e H for 0 e . We set

g(O):=(gl,gz)(O):=fP(a(O)) 0 /

and observe that

Og,(O) t, ofv(g)
an/ e..O0, j= Oxj

Thus the matrix g(0) is invertible and, by the inverse function theorem, 0- g(O) is
a homeomorphism of some nhd V of O in N" onto g(V). This shows that assumption
(d) implies (d’) so that we may assume in all cases that (d’) is valid.
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Condition 2.1.1 implies that, for all (0, a) V(0, c1], there exists a sequence
(u, (0, a)) in R such that

lim o(u,(O, c))= 0((a(0), c)) uniformly for all (0, u) Vx(0,

and (0, )(u,(O, )) and (0, a)((a(O), )) are continuous for each n. For
(0, ) Vx (0, a], we set

g(O):=fP(a(O)),

h"(O, ):=p-P[(u,(O, a))-((a(0), ))],

e(0, ) := (e,, e2)(0, a):=ptd(a(O), a),

and observe that g, e, and h" satisfy the assumptions of Lemma 4.1. It follows that
there exist

o (0, log 2], N(): (0, o]{1, 2, 3,... },

and nhds V, G, G2 of O in , m, y such that, for all (0, o],

(1) w+G {g(0)+ el(0, a)+h()(O, a)[O V},

(2) gz(O)+ez(O,a)+h)(O,a)+G2 V06V1.
Relation (2) yields

p]a -p 2(UN(a)(O, a))-- 2( a"f(a(O))+ G2 VOG V.

Since

ea"< 1<1= and f(a(O)) Vn=l, .,p-l,

it follows that
p

(3) (u(o,))+c vo v,, (O,o].

Relation (1) and assumption (a) imply that

1
,(O)+ "(w+a,)= {l(U(o, ))loe v} Ve(0,o]

which, together with (3), yields

l() + y(w+ G)c {,(u) u e , 2(u) + yGz= C}

for all y(0, %], where yo=(1/p)a.
Proofofeorem 2.5. This follows directly from Theorem 2.2 for p 1 by choosing

for H an open bounded nhd of the point (1, 1,. ., 1) in (0, )k and setting

k

(x,)=+a 2 xy forx=(xl,’’’,Xk)H.

Proofofeorem 2.6. For H we choose an open bounded nhd of
Nk. Then, for a sufficiently small a > 0 and a e [0, a],

4(x,):=q+ x,y + 2 xy e Q
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and

(4(x, ))= (4)+ E x,q,’(o)e,
il

+2 c 2 X,Xs4,"(O)ees + 2 xfl,’(O)e + d(x, )
jEJ

where lim_,o+ d (x, a)- 0 uniformly for x H. Then the assumptions of Theorem 2.6
imply those of Theorem 2.2, whence our conclusion follows. [q
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1. Introduction. This paper provides a characterization of the set 4(x; 0//) of
points reachable from x along trajectories of the linear control system

(1) =Ax+Bu, x(t)Rn, u(t)R"

with controls u in the set of admissible controls taken here to be either the set V
of rearrangements (in the componentwise sense of Definition 1 below) of a prescribed
function v’[0, ts]--> ’, or the weak closure V of . Without loss of generality, ts 1
will be assumed and I will denote the underlying time interval [0, 1]. Throughout,
1 <=p < and L’(I) will denote the space of p-integrable ’-valued functions on I
(Lp(I) =- Lp(I)); q will be taken to be the conjugate exponent of p, and (., .) will
denote the usual bilinear form on L’(I)x L’(I).

DEFINrroN 1. Functions y, z L’(I) are (componentwise) rearrangements of
one another if

/(y-[a, ))=/(z-[a, c)) Va [, i= 1, 2,’’’, m

where Yi, zi Lp(I) denote the ith components of the [m-valued functions y and z,
respectively, and/ denotes Lebesgue measure on .

For example, suppose that system (1) is controlled via a scalar "on-off" device
with prescribed total "on-time" -< 1. In this case the set of admissible controls may
be interpreted as the set of rearrangements of the piecewise constant function

t_>{ 1, O----<t--<’,
O, -< t=< 1.

In the general context, let v L(1) be a prescribed function and let W (with weak
closure o//,) denote the set of rearrangements of v. For a//= o//, or V, the reachable set
is defined as

,(x; //) := (exp A)[x+L(ll)]={(exp A)[x+L(u)]lu6

* Received by the editors October 5, 1987; accepted for publication (in revised form) March 14, 1988.
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where the compact linear operator L" L’(I)E is given by

L’u-- (exp-At)Bu(t)

We summarize the main results (which are reminiscent of results in linear time-
optimal control [1]) as follows. First, it will be shown that s(x; )= s(x; ), and
more generally that T() T() for any bounded linear map T" Lp (I) Nn. It is
then deduced from known properties of that (x; ) is convex and compact. This
latter result is somewhat surprising (although a parallel may be drawn with the
conventional bang-bang principle [1]), for it shows that the convex set s(x; ) is a
translation of a linear image of the (generically) nonconvex set . Next, a necessary
and sufficient condition (maximum principle) for a control u* e to be extremal (that
is, to generate a trajectory endpoint x*=(expA)[x+L(u*)] in the boundary
0s(x; ) of the reachable set) will be established. Under an assumption of normality
of the pair (A, B), it will be shown that (x; F’) is relatively strictly convex, and that
every control in generating a relative boundary point of sg(x; ) must belong to. Finally, existence of optimal rearrangements is deduced for a class of Mayer-type
control problems. Some other aspects of the control of a linear system by a set of
rearrangements have been considered by Tahraoui [11].

Our results are readily derived using the general theory of rearrangements and
maximization of linear functionals developed in [2]-[7]. For convenience, specific
aspects of this theory of particular relevance in the present context are reiterated below.
The proofs, for the case m 1, may be found in [2]-[7]; the cases m-> 2 follow easily.
In particular, Lemma follows from the results on doubly stochastic operators in [2],
[7] and a direct proof is given in [3]. Lemma 2 appears in [3], [4]. Lemma 3 summarises
results from [5]-[7]; some parts were only proved for p 1, but the general case is
easily deduced.

LEMMa 1. Let v=(vl, v,)e Lp (I), and let denote the set of (component-
wise) rearrangements ofv. Then the weakclosure c L’(I) ofis convex, so =conv

Remark. It should be noted that, with the exception of the case of a constant
function v, the set is not convex.

LEMMa 2. Let v, , and be as in Lemma 1, and let g= (g,. ., g,) e Lq
(i) If there exist increasing functions q ., q, such that v* :=

(ql gl, ", (m gm) o]/, then v* is the unique maximizer of the linearfunctional (g,
relative to .

(ii) If every level set of each function gl,"’, gm has zero measure, then such
increasing functions q, p, exist.

If u is a real measurable function on I, we denote by u the (essentially unique)
increasing rearrangement of u.

LEMMA 3. Let m 1, let v, and be as in Lemma 1, and let

{ IO fO fol fol /kV:= wL(I) w> v 0<s<l" w= v

Then t/V is a weakly compact convex subset of Lp(1), and the set of extreme points of
is V. Consequently kV .

We now prove two further lemmas. Lemma 5 is a refinement of Lemma 3. The
most significant change in the proof is the use of Lyapunov’s Theorem; in addition to
this, we have adopted an approach that clarifies the proof and avoids doubly stochastic
operators.
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LEMMA 4. Let 0 < s <= 1; then u- o u* defines a continuous convexfunctional on

Lp(I).
Proof Let f be the increasing function

-1, O=< < s,
f(t)=

O, s<=t<=l.

Let . be the set of all rearrangements off on/, and let X" Lq(I) -> be the characteristic
function of , that is,

x(u)={0, ue,
o, u.

The conjugate convex function q of X is given by

(2) (w) := sup {(w, u)-x(u)lu Lq(I)} sup {(w,

for we Lp(I). Then is convex [9, pp. 17-19], and from (2) it follows that

I(w)-.(y)l<-_llw-yllpllfll. Vw, yLp(I),
so q is continuous. It is shown in [3, 5] that

*f*(u)= u VuLp(I).

Since f* =f for u Ln(I) we now have

*f(u)= u u

L 5. Let v, , and be as in Lemma 1, let g,...,g,L(I), let
a a, , and let

= w (w, w)’e r(

;o ,Osl,i=l,...,n; w=

= w Lp I) wgi , l, n

(so = L2(I) if n =0). en is a weakly compact convex subset of L2(I), the set of
excreme points of is , and c0nv ).

Proo First we show that every extreme point of lies in ,. Suppose
initially that m 1. Let w e , and define continuous convex functions F, G on
I by

F(s) := G(s) := v

Then F(s) G(s) for all se I, and w if and only ifF G. Therefore, we shall
suppose F(s)> G(s) for some s, and show that w is not an extreme point of
Let S denote the open set of points s e I for which F(s) > G(s), and consider a maximal
open interval (so, Sl) c S, so

(3 (So a(So,

(4 (s, a-(s,,

(5) F(s)>G(s) ifso<s<s.
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Since F and G are convex and F-> G, it follows from (3), (4) that the subdifferentials
obey

(6) OF(so) c OG(so) if So> 0,

(7) 0F(Sl) c 0G(sl) if sl < 1.

Let 1o and Ii denote the one-sided limits 1o v*(so+) and 11 v*(sl-). By (5) and the
convexity of F, G we have, for So < s < sl,

1o-< G(s)- G(So))/(s- So) < (F(s)- F(so))/(s- So)-< w(s),

Ii - (G(s)- G(s))/(sl- s) > (F(sl)- F(s))/(sl- s)-- w(s).

Thus

(s)

From (6), (7) we also have

(9)

(10)

lo G w(s)(l ifso(s(sl.

w (So -) -< 1o if So > 0,

W*(Sl+)--ll ifsl(1.

By (8) and the definitions of lo and II we can choose, in the following order, numbers
7.0, 7., a, b, e, O’o, r, satisfying

(11)
SO(O’0( 7"0(

lo-< v(tro) < a < a + e < w(7"o)

Let X= w-(a+e, b-e), so/x(X)_> 7"- 7.o> 0. By Lyapunov’s Theorem [8, 16.1.i] we
can partition X into two sets 51, X2 of equal measure, such that

(12) I. g=fv, g, j=l,...,n.

Let

l
sXl,

u(s)= 1, s6X2,
sI\X.

From (12) we have w + sou for all positive :. Next we show that w + sou o/g,, provided
: > 0 is sufficiently small; hence w 1/2(w + :u) + 1/2(w u) is a nonextreme point of

Since/x (El) =/z (X2) we have

fo(13) (w+sCu) w= v.

Write to =/.(w-l(-, a]) and tl (w-l(-, b]), so by (9)-(11),

So -< to-< tl -< sl.

Now suppose 0<:< e. Then (w+u)-l(a, b)= w-l(a, b), and (w+u)(s)= w(s) for
all s I\w-l(a, b). Therefore, (w + u)*(s) w(s) if 0< s < to or tl < s < 1; from this
and from (13) we obtain

fo(14) (w+:u)*= w*>- v* if0-<s-<to or tl-<s<-l.
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If to<S < ro, then (w+u)(s)> a>v(s). Together with (14) this yields

fo’o w + (w + :u) > if to --< s _-< o"o(15) (w+u) v
to

If < s < t, then (w u)(s) < b < v(s). Together with (14) this yields

Io ;o J’" Io"w (wu) > ifsq.(16) (wu) v

If o s , then by Lemma 4

fo ;o fo fo (u) + (u) -(2);

hence

(17) (w+u)>= v ifro=<S=<r,

provided that lx(E1)<--6:=min{F(t)-G(t)lCro<=t<=rl}. It follows from (13)-(17)
that w+u c 7/Y, provided 0<<min {e,

We have now shown that all extreme points of o/ d lie in f3 if rn 1. The
generalisation to m _-> 2 is deduced as follows. For 1,..., m, let i be the set of
rearrangements of vi on/, let

u -> v 0<s<l; u= )i

and, for j=l,...,n, let g.=(glj,’",g,,j). Consider an extreme point w=
(wl,"’, w,) of fq and, for i= 1,..., m, write

ugo wgij, j= 1,. ., n

then w is an extreme point of Wi f’l cgi, so W N i by the case rn 1. Hence
w 0//" f’l cgl) . x o//.,, fq cg,,) c U fq . Thus all extreme points of W I"1 lie in o//. f’l .

We now suppose that p 1, and show that o/# is a weakly compact convex set,
and that Ufq cg= 0/4/, fq =conv (//’f3 ). It is immediate from Lemma 4 that w/g. is
closed and convex; hence is weakly closed. If w (wl,"’, w,,)6 7g" then, for
i=l,. ..,m and0<s<1/2,

v? <= w? <- sw? <=2s w? <=2s
1/2 /2

v? >- w?>-_sw? >-_2s
1--s 1--s dO

from which it follows that

lim w: 0 lim w?
sO sO

uniformly over w c W. Therefore

lim flM w( )I>= M
Iw(s)l as- o
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uniformly over w 7/V; hence 7/" is weakly compact in L(I). By the Krein-Mil’man
Theorem we now have 7 c conv (7/" fq ), and since 7/" c we obtain 7V fq

conv ( ). Taking L(I) gives con9 , and then Lemma 1 yields .
Now suppose that 1 < p <. Then, by the case already considered, conv

in L(I); since Ilull Ilvll for all u , and I1" L(I) is a lower-semicontinuous
convex functional, it follows that Ilwll  Ilvll for all w . From this and Lemma 4
it follows that is a closed bounded convex set in Lp (I). We can now apply the
Krein-Mil’man Theorem as above to deduce that =conv ( ) and .

To complete the proof it will suffice to show that every element of is an extreme
point of . Let w (w,. , w) and let h (tan- w,. , tan- w) L, (I). It
follows from Lemma 2 that w is the unique maximizer relative to of the linear
functional (h, .); thus w is an extreme point of .

2. The reachable set and extremal controls. Throughout, v is some function in
Lp (I), p <, is the set of (componentwise) rearrangements of v on I, and
is the weak closure of .

THEORE 1. Let T" L.( I) be a bounded linear operator. en T() T( ).
Proof Functions g,..., g, L(I) can be chosen such that

Tu Ugl, ugn

for all u L(I). Consider y (y,...,y,) T(). Then

T-y w Lp I wg y, l, n

It follows from Lemma 5 that T-y =conv( T-.F); hence T-l .
Therefore y c r(). Hence r() r().

COROllARY 1. M(X; )= M(X0; ) for the reachable sets of system (1).
Since is weakly compact and convex we deduce the following corollary.
COROllARY 2. M(X0; ) is compact and convex.
Henceforth, 0M(x; ), 0M(x; ), and oeM(xO; ) will denote the boundary,

relative boundary, and set ofextreme points, respectively, of M(x; ). A control u* 6

is said to be extremal if x* := (exp A)[x+ L(u*)] belongs to the set 0M(x; ); u*
is said to be strongly extremal if x* belongs to the set 0M(x; ). The following
theorem characterizes the set of extremal controls for (1).

THEOREM 2. U* is extremal if and only if there exists a nontrivial solution
I of the adjoint equation =-AB such that u* maximizes the linearfunctional

B, relative to .
Proof Let u* generate the endpoint x*:=(exp A)[x+L(u*)] M(x; ).

Observe that the solutions of the adjoint equation are precisely those functions
expressible by

" t(exp-A(t 1))B(1)

and that for such a function , and for any u ,
(18) (nn, u-u*)= n()(exp A)[L(u)-(u*)]= n(1)(x.-x*)

where x, (exp A)[x+ L(u)] M(x; ) is the endpoint generated by u.
Now, by convexity, x* 0M(x; ) if and only if

(x-x*)<__O VxesC(x; )
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for some nonzero " Nn (more particularly, sr belongs to the outward normal cone to
,if(x; 77") at x*) and, from (18), this occurs if and only if

(Br7, u u *) <-_ O /u 77"

for some nontrivial function 7 that is a solution of the adjoint equation (with

" 7(1)). 71
COaOLLAR 3. For x*60(xO; 7/’), let N.(,o;)(x*) denote the normal cone to

(x; ) at x*. lfu* " is extremal, generating endpoint x* 0,if(x; ), then, for each

" e N.(x"; ..)(x*)\{0}, u* maximizes (relative to ) the functional (BTq, with q" t->
(exp-aT(t- 1))r

We now address the question of whether a strongly extremal control u* o//, is in
fact a rearrangement. First recall the concept of a normal system [1]" the pair (A, B)
is normal if

rank [b ab. an-’bj] n, j= 1,2,..., m

where bJ denotes the jth column of B nxm.
Corollary 1 shows that every point of (x; ) is generated by a set of controls

that includes a rearrangement of v. For relative boundary points of the reachable set
of a normal system, more is shown by the following theorem.

THEOREM 3. Let (A, B) be a normalpair. Then (x; ) is relatively strictly convex
(that is, (x; ) has no line segments in its relative boundary 0(x; )), every
strongly extremal control u* t/" is a rearrangement, and distinct strongly extremal controls
generate distinct trajectory endpoints.

Proof For notational convenience, we write (x; ). Relative strict con-
vexity is obvious if dim 0 and in this case org , SO there are no strongly extremal
controls. Suppose now that dim >_- 1 (in which case 0(x; ) ), and consider
a control u* generating trajectory x(. with endpoint x* 0. We first show that

’* .(x*) (the normal cone to at x*) can be chosen such that A’* 0. This is
trivial if rank A n, so suppose that rank A < n. The assumption of normality then
ensures that Ab,...,A"-b are n-1 linearly independent vectors in imA, so
rank A n 1. Further,

x* x+ A x + B u*,

and, since Io u* has the same value for all u* , it follows that s is contained in a
translation of the subspace im A. Thus, dim sg -< n 1, and so dim .(x*) _-> 2. Since
null AT= 1, we can choose ’*e .(x*)\ker A r, and ’* has the required properties.

By Corollary 3, u* maximizes the functional {BTr, .} relative to , with
exp (-AT(t-1))"*. To apply Lemma 2, we will establish that every level set of each
function .(. ):= bfr(. has zero measure. Noting that flj is an analytic function and
therefore either assumes each value for only finitely many e [0, 1] or is constant on
[0, 1], we need only show that each t is nonconstant. We seek a contradiction and
suppose that is constant. Repeated differentiation at 1 yields bf(AT)’* 0 for
all integers k-> 1. If rank A n- 1 then, by normality, Abe, , An-b span the
(n- 1)-dimensional subspace im A. Hence, ’*e ker A r, contrary to the choice of ’*.
If rank A n then, by the Cayley-Hamilton Theorem, I (the identity on Nn) can be
expressed as a linear combination of A,..-, An; hence bf’*=0= b.irAr*
b.](Ar)n-l"*, and, since ’* 0, this contradicts the assumption of normality. Now
Lemma 2 shows that u* and that u* is the unique maximizer of (Brr, "} relative
to . It follows that no other control in o//. generates the same endpoint x*, and that
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no other boundary point of M has outward normal ’*, so X*Oe Hence, M is
relatively strictly convex.

Example. Consider a controlled harmonic oscillator defined via the normal pair

-2"n" 1

Let x= O, let the prescribed function v" I-> E be given by

zr, O_-< t_--<,
v(t)=

O, 1/2<t <-1

and let denote the set of rearrangements of v. By Corollary 1, M(0; V)= s4(0; )
and, by Theorems 2 and 3, u* is extremal if and only if, for some scalars K1, K2
(not both zero),

whence

(l cos 2=t + 2 sin 2zrt)(u*( t)- u( t)) dt >=O Vue ,
zr, 1 cos 2 zrt + 2 sin 2rt -> 0,

u*(t)
0, otherwise.

Thus, by simple calculation, the boundary of the reachable set is given by

sin 2s J’
Hence, the reachable set (0; ) is the closed ball of unit radius in 2.

Lemma 3 can be used to determine as follows. The set

={w L,(I)[0w almost everywhere and o w=}
is closed and convex, and ; hence . To show that , consider w .
Since w 0 almost everywhere, for 0 < s

w>O==

and since w N almost everywhere, for < s < 1

ffO ffOl ff. () frO= - -(l-s)= s-

Moreover,

0

W-- V

and it follows immediately from Lemma 3 that w . Thus .
3. Some observations on optimal control problems of Mayer type. The theory of

rearrangements has implications for the following Mayer-type optimal control problem

" maximize f(x(1)) subject to (1) with x(O)= x (prescribed) and u (the weak
closure of the set of (componentwise) rearrangements of prescribed function v
L;(I)).
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COROLLARY 4. Let f: Nn _. be convex. Then there exists a maximizer u* for the
functional u-f((exp A)[x+L(u)]) relative to (that is, a solution of the Mayer
problem ), such that (exp A)[x+ L(u*)] is an extreme point of s4(x; fr) and u* is

a rearrangement.
Proof By continuity, f attains a maximum relative to compact s4 := s4(x; ).

Since s4 is the convex hull of its extreme points, it follows from Theorem 32.2 of [10]
that convex f is maximized relative to s4 at some point x* e 0es4. By Corollary 1 there
exists u* with x* (exp A)[x+ L(u*)].

The following is an immediate consequence of Corollary 1.
COROLLARY 5. Let f:

that maximizes the functional u-f((exp A)[x+ L(u)]) relative to
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A NEW EXAMPLE OF THE LAVRENTIEV PHENOMENON*

ARTHUR C. HEINRICHER AND VICTOR J. MIZEL$

Abstract. This paper describes a new exaznple of a calculus of variations problem with the
Lavrentiev phenomenon, a problem with different value functions for different classes of admissible
trajectories. Such problems provide examples of nonuniqueness for Hamilton-Jacobi equations since
each value function is a solution. The authors describe these solutions and the corresponding optimal
trajectories and focus on how a standard proof of optimality is adapted for these examples.

Key words. Lavrentiev phenomenon, Bolza problems, value functions, Hamilton-Jacobi equa-
tions

AMS(MOS) subject classification. 49A05

1. Introduction. This note discusses certain calculus of variations problems
that require the exact specification of the class of admissible trajectories. Often,
this specification is not critical. Either there is a natural admissible class such as
Lipschitz or C functions containing any and all minimizers or, barring this, each
minimizer can be approximated by a sequence of elements from such a class, with
costs approximating the cost of the minimizer. This approximation property fails
for the examples we describe; there is a positive gap between the optimal costs for
different admissible classes, even though one class is dense in the other.

Lavrentiev [17] gave the first example of such a problem, where the cost of te
absolutely continuous minimizer could not be approximated by "smooth" trajectories.
Cesari [7] describes a simpler example due to Mania [21], where the gap is between
the cost of the absolutely continuous minimizer and the cost achievable by trajec-
tories with bounded derivative. Ball and Mizel [2],[3] gave the first description of a
fully regular problem exhibiting the Lavrentiev phenomenon. Angell [1] gives con-
ditions sufficient to preclude this Lavrentiev phenomenon. (See also Cesari [7] and
Loewen [20].)

The problems we describe are different from the known examples of the Lavreno
tiev phenomenon because the gap between the minimum values can be demonstrated
by explicitly exhibiting the minimizers for the different classes. All other examples
demonstrate the Lavrentiev gap without actually exhibiting the different minimizers.
(The proofs show that all trajectories in the smaller admissible class must cross a cer-
tain region and pay a penalty for this crossing; a minimizer for the smaller admissible
class need not exist.) We explicitly solve the Harnilton-Jacobi equation and determine
the value functions for the different admissible classes. These value functions provide
formulae for the optimal trajectories.

The Hamilton-Jacobi (HJ) equation is a standard tool for studying optimal con-
trol or calculus of variations problems. The usual "verification theorem" (see, for
example, the text by Fleming and Rishel [11]) states that the solution for the (HJ)
equation is the value function for the optimization problem. The value function de-
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fines the optimal control, which gives an equation for the optimal trajectory. But
"Lavrentiev type" problems have different value functions for different admissible
classes and so the associated (HJ) equation should have at least two solutions. We
will focus on how the standard verification theorem arguments are adjusted to handle
this nonuniqueness.

The problem of nonuniqueness for (HJ) equations is particularly interesting in
light of recent studies of generalized solutions by Crandall and Lions [9] (see also
Crandall, Evans, and Lions [10] and Lions [19]). Though the value function may be
just one of many generalized solutions for the (HJ) equation, it is the unique vis-
cosity solution. But in examples exhibiting the Lavrentiev phenomenon, there are
two different value functions and both should provide solutions in the viscosity sense.
The examples described here violate two crucial hypotheses required for the unique-
ness theorems: First, the terminal cost for the optimization problem is discontinuous.
Second, the Hamiltonian is discontinuous and unbounded along a certain curve in
the state-time plane. Barles and Perthame [4] have considered stopping problems
with discontinuous cost and provide a definition of viscosity solutions for such prob-
lems as well as uniqueness and stability results. Ishii [15] has considered problems
with discontinuous, but bounded Hamiltonians and obtained existence of (possibly
discontinuous) viscosity solutions.

We begin by giving a complete formulation of the problem, the cost function
and its properties. The minimizers and pseudo-minimizers are described in the next
section. We then outline the proof of optimality. The method of proof is "standard"
and we try to focus on what adjustments must be made because of the Lavrentiev
phenomenon. We conclude by discussing some variants of the problem and some
extensions to more general problems exhibiting the Lavrentiev phenomenon.

2. Problem formulation. Consider a calculus of variations problem of the
Bolza type. There is a running cost up to a fixed final time T and a terminal
cost, which is a (discontinuous) function of the final state. For each initial time
s < T and each initial position y E , the cost incurred by an admissible trajectory

is  iven by

where the terminal cost is

(N is a positive constant.)

e(t, x(t))](t)ladt + g(x(T)),

N, x > 0,N(x) 0, x_<0.

The admissible trajectories are chosen from

jp .p(8, y) IX WI’p(8, T) x(8) Yl"
If the admissible classes are very different, then the form of the (HJ) equation may be different

for each problem. This is the case .for the impulse control problems of Bensoussan and Lions [6],
where the (HJ) equation is replaced by a quasi-variational inequality, or when the admissible controls
are allowed to push in only one direction, as in the work of Barron and Jensen [5]. In the examples
we describe, the form of the (HJ) equation is the same for the two admissible classes.

2 We use the symbol := to indicate an equality in which the left-hand side is defined by the
right-hand side.
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The cases p- 1 and p- 2 are the most important for our discussion.
The following assumptions will be enforced throughout the paper,

Basic assumptions.

(A1)

(A2)

(1)

(A3)

o>2.

e(., .)" (-oc, T] - + is continuous and satisfies the following
homogeneity property:3

e(/r + T, x/x) -/(a/2)-ie(r + T, x), r < O, x E +.

r {(t,x)’e(t,x)- O} :/: O.

We refer to F as the "free zone" since no running cost is incurred while the
trajectory remains in this set. The homogeneity property (A2) implies that F has
specific structure. If e(to, xo)" 0, then e(t, x) 0 for all (t, x) such that x/x/’T
xo/v/T- to. To see this, take 1/(T- t) and o 1/(T- to) in (1) to obtain

T-t
e(t, x) (T to ) e(to, xo).

Hence, F consists of "half parabolas" x cv/T- t.
To simplify the discussion, we will focus on the case when the free zone consists

of a single curve:

F {(t,x)’x pov/T-t,t < T},
where Po > 0.

We also require that e(., satisfy the following condition.

(A4) For each pl > Po, there is a constant - "(pl) > 0 such that

inf {e(T 1, p) p >_ Pl } -- ’"
Before proceeding, we note two reductions, which simplify the discussion. First

of all, if there is a time to < T such that x(to) <_ O, then there is an obvious trajectory
attaining zero cost on the remaining interval:

x(t) x(to), to _< _< T.

In particular, if the initial position y is not positive, then the obvious minimizer is

x(t) =_ y. In all the discussion that follows, we will consider only y > 0.
Notice also that this problem reduces to a fixed-endpoint Lagrange problem when

N +cx. In this case, any finite cost trajectory must have x(T) <_ 0, and so we could
consider, without loss, the admissible class

jc {X WI’I(8, T) x(8) y, x(V) 0}.
3 Think of -r as the "time to go."
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We now state two consequences of the homogeneity property (A2). The first is
a scale invariance property for the cost function. It is this property that makes the
problem (and the Hamilton-Jacobi eqUation) explicitly solvable.

LEMMA 2.1. If s < T, y > 0 and x(.) E Jl (8, y), then

J(s, y; x) J(T 1, p; ),

where

p := y/x/’T- s,

and (.) Jl (T- 1, p) is defined by

x (T-s)(t-T)+T t T-1, T.x(t)
v/T- s

In particular,

inf { J (s, y; x) x Jl(8y)}- inf{J(T- 1, p; x); x ql (T -1, p)}
where p := y/x/’T- s.

The proof of this lemma is simply a change of variables in the cost integral. The
lemma says that the cost can always be computed by first shifting the initial data to
(T- 1, p), and that the value function

U*(s,y) := inf{J(s,y;x); x 1(s,y)}
is a function only of the ratio p y/v/T- s.

The homogeneity property also implies that there is a positive lower bound for
J(s, y; x) when (s, y) is above the free zone.

LEMMA 2.2. Let y px/’T-s with p > Po. There is a constant 5
5 (p Po > 0 such that

J(s, y; x) >_ 5 .for all x (s, y).

Proof. The only interesting case is x(T) 0, so let x(.) 1(s,y) satisfy this
condition. By Lemma 2.1 we may assume that s- T- 1 and y- p.

Define p := (p + po)/2 and let

T(x) "--inf{t T- 1" x(t) p}.
Since x(T) 0, v < T and we have

[T2(X)((p) T- ](t)]adt,
JT--1
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where /is given by assumption (A4). It is not ditficult to compute the minimum for
the last integral and show that

Ik(t)ladt >_ 2(p- Po) 4(a 1)

a-1

So, defining

6(p,, Po)"-- 2y(p) pz -Po 4(o- 1)

we have the desired lower bound.

3. Minimizers and pseudo-minimizers. The absolute minimizer in Nl(s, y)
is not an element of WI,P(s, T) for p _> 2. So, if we restrict the problem to trajectories
in 2, this absolute minimizer is no longer admissible. In fact, there is a new minimizer
providing a strictly larger cost. Following Ball and Mizel [3], we refer to these higher
cost minimizers as pseudo-minimizers.

The minimizer and the pseudo-minimizer differ in that the first takes advantage
of the free zone while the second ignores it completely.

The absolute minimizer is given by the expression

T-tY T"s
o/(2 (o- 1))

y A Po x/’T- t,

V pox/’T- t, (1)
POx/T- s < y < PN - 8,

O <_ y

_
pov/T- s.

(The constant p() > Po is determined below.) This defines the unique minimizer in

1(s, y), up to the arbitrary choice available when y- p()v/T- s.
The pseudo-minimizer is identical to the absolute minimizer between the free zone

and the critical curve (y p()v/T- s, with p) determined below) but it does not
(cannot) take advantage of the free zone. In fact, since the curve F is not an element
of W1,2 (T- e, T) for any e > 0, "following F to x 0" is not an admissible trajectory.
One pseudo-minimizer is given by

Y,

(4) x()(t)
T-t

Y T-s O <_ < 4T-

The minimizer in 2(s, y) is not unique. In fact, since motion along F is free, it is
possible to construct an infinite family of pseudo-minimizers by allowing the trajectory
to follow F for some interval before exiting to follow another pseudo-minimizer to
x- 0 at the final time.

Notice that

X(1)( ;8, y) WI’p(8, T) for 1 _< p < 2,
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while

x(2)( ;8, y) EWI’p(8, T) for 1_p(2--

The following theorem summarizes our result.

THEOREM 3.1. Let s < T, y > O, and let J(s,y; .) be defined as above, satis-
fying conditions (A1)-(A4). Then x(i)( ;s,y) is a minimizer in the admissible class
.di(s, y) and x(2)( ;s,y) is a minimizer in the admissible class A2(s,y). Moreover, for
(s, y) such that 0 < y < p() v/T s, this problem exhibits the Lavrentiev phenomenon:

inf(J(s,y;x);xE .l(8, y)) inf(J(s,y;x);x fl2(s,y)).
For (s, y) such that s < T and y , there is no Lavrentiev gap beyond (s, y):

inf(J(s, y;x); x 2(s, y)) --inf{J(s, y;x); x o(s, y)).
The final statement is proved by constructing a minimizing sequence of trajecto-

ries in WI,(s,T). We obtain such a sequence by taking x()(.) and replacing the
trajectory over a final interval IT- e, T] with a line segment. It is easy to show that
the costs for these approximating trajectories converge to J(s, y; x(2)) as e - 0.

Example. Take T 0, c 6 and e(t, x) (x + t). Also, for definiteness, fix
the initial condition at (-1, 1) and take N +oc. Then we consider the problem of
minimizing

(x2(t) + t)21k(t)16dt

over the admissible trajectories

J :--" {X E W1’1(-1, 0)" x{-1) 1, x(0) 0}.
The formulae for X(1)(") and x(2)(.) given above reduce to

x(1)(t) x/, -1 _< _< 0,

x(2)(t) (-t) 3/5, -l<_t<_O.

Notice that

J(x(1)) 0 while

4. On proving optimality. Two different solutions to the Hamilton-Jacobi
equation provide the minimizers described above. These two solutions for the (HJ)
equation are the value functions when different classes of admissible trajectories are
considered for the problem. For the classical verification theory, see the text of Flem-
ing and Rishel [11]. Clarke and Vinter [8] present local optimality conditions under
weaker conditions on solutions to the (HJ) equation. We describe below how the
classical verification theorem arguments nust be adjusted for our examples.
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Assume that U(., .) is a continuously differentiable, nonnegative function satisfy-
ing the following conditions:

(A)

(B)

(c)

Us(s, y) + OUy(s, y) + f(s, y, 9) > 0 for all 9 E , s < T, y E .
t- U(t,x(t)) e Wtlo’lc (s, T) for any admissible trajectory x(.).

limsupU(t,x(t)) <_ (x(T)) for any admissible trajectory x(.).
t-.T-

Conditions (A), (B), and (C) are sufficient to prove that U(s, y) is a lower bound
for the cost starting at (s, y) given by

I(s, y; x) T f(t, x(t), ic(t))dt + (x(T)).

To see this, let x(.) be an admissible trajectory and let s < 5 < T. It follows from
(A) and (B)that

5

x(5)) U(s, y) [Us(t, x(t)) + (t) Uy(t, x(t))]U(5, dt

> I(t,(t),(t))dt,

and hence

5

U(s,y) <_ f(t,x(t),ic(t))dt + U(5, x(5))

I(s, y; x) f(t, x(t), ic(t))dt

+ U(5, x(5)) (x(T)).

Taking the upper limit as 5 T- and using (C), we obtain

Since x(.) was arbitrary, we have the desired result.
Once we know that U(., .) provides a lower bound for the optimal cost, any

admissible trajectory x*(.) attaining that lower bound must be optimal. If U(., .)
solves the (HJ) equation, not just the inequality (A), then U(., .) provides a method
of determining x*(.).

For each (s, y), let 9*(s, y) provide equality in (A). Define a trajectory x*(.) by

*(t;s,y)=9*(t,x*(t;s,y)), x*(s;s,y)=y.

Equality holds throughout (5) with (t,x*(t),ic*(t)) in place of (s,y,O). If condition
(C) holds with equality and "lim" in place of "limsup" (and x* (.) provides finite cost),
then we may pass to the limit in (5) and conclude that
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This proof extends to our problem, except for the fact that (C) does not hold
for arbitrary admissible trajectories. (In fact, (C) would require that the terminal
cost be upper semicontinuous, while N(’) is lowersemicontinuous.) We will present
two solutions for the Hamilton-Jacobi equation in the next section that satisfy condi-
tions (A) and (B). Condition (C) will hold only when the admissible trajectories are
carefully matched to the solution in question (cf. Lemma 4.1).

4.1. Hamilton-Jacobi equation; value functions. We now exhibit two so-
lutions for the Hamilton-Jacobi equation and show that each satisfies a version of
condition (C). These solutions are used to construct the minimizers described in 3.

The Hamilton-Jacobi (HJ) equation associated with our minimization problem
takes the form

(6) Us(s, y) + inf [Uy(s, y) + e(s, y)l[ 0,

which implies the inequality (A). We seek a solution (in some appropriate sense of
the word) satisfying

(7) lim U(t, x) pN(X), x .
The scale invariance property (Lemma 2.1) implies that the optimal cost starting

at (s, y) is a function only of the ratio p y/x/T- s. Hence it is reasonable to look
for solutions of the form

U(s, y) h(y/x/T- s) h(p).

With this restriction, (6) reduces to the following ordinary differential equation:

(8) (1/2)p h’(p) + inf Oh’(p) + e(T 1,p)l91a] 0.

The boundary condition (7) requires

(9) h(0) 0, lim h(p) N.

One function satisfying (8), with h(0) 0 and h(+oc) +oc, is given by

p

(10) h(p) := (2ca) 1-a rla-le(T- 1,

where

c := (a- 1)a-/(-1).

This function is continuously differentiable and it satisfies (8) even at p po since
0.

Two functions satisfying (8) as well as the boundary conditions (9) can be con-

structed by combining constant solutions with shifts of the function h(.). Define p()
by

h(p()) h(po) + N,
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and set

(11)

0, 0_<p_<po,

po < p _<

N, p() < p.

(More simply, hi (p) 0 V [h(p) h(po)] A N.) This function is smooth across p Po
(since h’ (Po) 0) but there is a jump in the first derivative across p p() (both the
right- and left-hand derivatives satisfy (8)).

For a second solution, define p(N2) by h(p()) N and set

(12) .=

N, < p

(i.e., h2(p)= h(p) A N).
We have obtained two solutions for (6)"

U(1)(8, y) :- hl(y/x/T- s) <_ h2(y//T s) =: U(2)(s,y).

Condition (C) fails to hold for the larger solution U(2)

that follows F on a final interval IT- e, T] provides
For example, any trajectory

U()(t,x(t)) h2(po) > 0 N(x(T)), E IT e,T],

and so (C) fails to hold. But (C) does hold for U(2) when we restrict the admissible
class to . For solution U(1), (C) once again fails to hold for some x(.) E 1. In
this case, however, all of the trajectories for which (C) fails must incur infinite cost
and therefore do not impede the proof of the verification theorem. These results are
summarized in the following lemma.

LEMMA 4.1. If x(.) q2, then

(C2) lim U(2)(t,x(t)) N(X(T)).
t---T-

If X(.) A1 and J(s,y; x) < +oc, then

(C1) lim U(1) (t, x(t)) N(x(T)).
t-*T-

Proof. The only difficulty lies in the case x(T) 0, so consider only such trajec-
tories.

If x(-) A and x(T) 0, then

x(t)
--*0 astT-.

Hence

lim U(2) (t, x(t))
t-,T-

lim h2(x(t)/v/T- t)
t-*T-

h(O) O.
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This proves (C2).
Next, let x(.) E A1 be given such that x(T) 0 and assume that (C1) fails to

hold. Then there is a constant t such that

limsup U(1)(t,x(t)) > > 0 N(x(T)).

We may choose an increasing sequence {t, } converging to T such that

:= _> v/T-
where p > Po is defined by

Consider now

tn
J(s,y;x) e(t,x(t))l(t)ladt + g(x(T))

+ e(t,x(t))lic(t)ladt.

The final term is just J(tn,Xn;x), and by Lemma 2.2, we have a positive lower bound
for this term:

J(tn,xn;x) >_ 5(P,Po) > 0 for all n.

But this implies that the running cost incurred by x(.) must be infinite and this
completes the proof. [3

With Lemma 4.1 in hand, we have half of the proof for Theorem 3.1; we can show
that U()( ., .) and U(2)( ., .) are lower bounds for the optimal cost in the appropriate
admissible classes. Since these functions satisfy the (HJ) equation (and not just the
inequality (A)), they provide a differential equation for the optimal trajectories.

The minimizing 0 in (8) (what we called *(s,y) in the last section) defines a
control policy, one for each of the solutions hi(.) and h2(.). The control associated
with the larger solution h2(.) is

(13) v()(t,x)
0,

O X

2(a-l) T- t’ 0<x < p() s/T- t,

p() v/T- < x.

The pseudo-minimizer, x(2)(. s, y), solves the differential equation

(14) (t,

When we consider the smaller of the similarity solutions, we obtain a different
control policy:

(15) v()(t,x)

O, 0 < x < pos/T- t,

Ol X

2(c- 1) T-t’ Pox/T < x < p() x/’T t,

O, p() x/’T < x.
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The absolute minimizer x(1) (-) solves the differential equation

(t) v(1)(t,x(t)), x(s) y.

Notice that the control policies are not defined for all values of (t, x). The first

control v (2) (., .) is not defined for x p()v/T- t. Here, we could choose the limiting
value from either side without affecting the cost of the trajectory. (Recall that along
this curve the cost of getting to x 0 is exactly equal to the terminal cost.)

The second control is not defined for x p()v/T- or x pox/T- t. The first
curve is handled exactly as for the the previous control; the choice does not affect the
cost. The second curve is the free zone F and we define

This choice provides x(1)(t) E F after the first intersection. We only remark that the
specification of v()( ., .) on F is not really necessary; the control as defined will not
allow the trajectory to leave F after they intersect.

We conclude this section by discussing the problem with a more general free zone.
As a first extension, let F consist of finitely many curves. For 0 < po < P < p2 <

< Pn, define

F. ": {(t, x) x px/’T- t, < T},
so that

n

F=UFj.

j=O

Following the arguments for F Fo, one absolute minimizer in is defined exactly
as x()( ;s,y), with Pn taking the place of Po. This trajectory achieves zero cost for
the largest set of initial data (s, y), (all (s, y) below the top parabola Fn).

One minimizer in 2 is exactly x(2)(. ;s, y), as defined in (4), which ignores all
of the free zone curves. Once again, since movement along the free zone incurs no
cost, and the cost is constant along the free zone curves, an infinite family of pseudo-
minimizers is obtained from x(2) (.) by allowing the trajectory to "stick" to F for some
interval before exiting to follow another pseudo-minimizer to x 0 at the final time.

The construction that provided hi(.) and h(.) now provides a family of 2n so-
lutions for the (HJ) equation. At each of p 0, Po, P,"’, pn-1, we have the option
of following the constant solution or the increasing similarity solution (given in (10)).
(If N, the terminal cost, is small, some of these may be truncated.) All are C since
h’(p) vanishes at p p., for each j.

The smallest of these solutions is the value function when the admissible class
is . The largest of these solutions (the one with no constant segments before the
last) is the value function for . Only the solutions with a single switch from the
constant (zero) solution to the increasing solution can reflect costs associated with

continuous trajectories. For example, for N such that h(po) < N, let p(N’1) be defined



A NEW EXAMPLE OF THE LAVRENTIEV PHENOMENON 1501

by h(fl(’1)) N -- h(fll) h(flo) and set

(16) ho,l(p) :--

h(p), 0 <_ p <_ Po,

h(po), po < p < p,

h(p) h(pl) + h(po), Pl < P

_
P(N0’1)

p(N0,1) < p.

This would define a cost constant on the strip

PoT- _< x _< Pl V’T- t,

which could only be attained by jumping from F1 to Fo.
5. Remarks and extensions. We conclude by discussing some extensions and

variations of the problem described in this paper.
If we alter the terminal cost at x 0 to obtain an upper semicontinuous function,

the Lavrentiev phenomenon vanishes. This is the case since condition (C) is now
satisfied by both solutions U(1)(., .) and U(2)(., .) (for arbitrary x(.)E .,qi(s, y)).

Define

{ N, x_>O,N(X)’-- O, x<O,

and let J*(s,y; .) denote the new cost function. The upper semicontinuity of v(’)
implies condition (C), and we have

U(1)(8,y) < U(2)(s,y) <_ inf{J*(s,y;x); x(.) qi(s,y)}.
This is only possible if the smaller solution is not attainable (or approximable) by
trajectories in ql (8, y). The larger solution U() (s, y) is approximable, though not
attained, by trajectories in q (s, y) In fact, a minimizing sequence of Lipshitz approx-
imations can be constructed using the pseudo-minimizer x(2)(.) perturbed so as to
have x(T) < 0. It follows that U(2) (s, y) is the value function for this problem.

It is possible to adapt the techniques discussed in [3] to show that the Lavrentiev
phenomenon persists for a large class of perturbed problems. For example, the cost
function

J(s,y;x) := [e(t,x(t))lk(t)la +eg(c(t))]dt + 9N(x(T))

will continue to exhibit the phenomenon for smooth, nonnegative functions g(.) (saris-
fying certain growth conditions at infinity) as long as e > 0 is sufficiently small. (This
work will appear in [14].) This is important for two reasons. First, these perturbations
provide a fully regular problem exhibiting the Lavrentiev phenomenon. Second, since
the Hamiltonian is now C, this demonstrates that the nonuniqueness of solutions to
the (HJ) equation is not simply a consequence of the discontinuity in the Hamiltonian.
The key factor is the discontinuity in the final data. (Recall the remarks concerning
viscosity solutions in the Introduction.)
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The Lavrentiev phenomenon can be demonstrated for a larger class of Bolza
problems, where the variational integrand satisfies a more general homogeneity prop-
erty [14]. In particular, it is possible to consider cost functions of the form

(17) J(s,y;x) f(t,x(t),(t))dt +(x(T)),

where the integrand satisfies the homogeneity property

(18) f(At + T,Ax,A’-lu) A-l f(t + T,x,u), > 0

for some - E (0, 1), for _< 0, x E , u . For this class of problems, it is no longer
possible to explicitly exhibit the value functions, but the Lavrentiev phenomenon can
be verified using "field theory" arguments and a theorem of E. Noether concerning
invariant variational problems. (For this see, for example, [22].)

As a final extension, we note that the problem discussed in this paper extends
to an example of a stochastic control problem exhibiting the Lavrentiev phenomenon.
(These results were announce in [13].) The stochastic problem is obtained by adding
a "white noise" perturbation to the equation of state. The admissible trajectories are
now stochastic processes

x(t) y + u(t)dt +a dw(t), s T,

where w (w(t)’t s) is a standard Brownian motion and T0 is the exit time

TO 70(X) := inf{t >s" x(t) 0} A T.

(Notice that the process is absorbed when it reaches x- 0.) The cost function takes
the form

J(s, y; x) E e(t, x(t))lu(t)ladt + g(X(70))

The Lavrentiev gap is no longer between the costs for integrable and square
integrable control processes, but between the cost for what have been called singular
and absolutely continuous control policies. (See, for example, [16] and [18].)
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