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ON DIFFERENTIAL EVASION GAMES*

JIONGMIN YONGt

Abstract. The notions of evadability and strict evadability are defined for a nonlinear differential game
with general closed convex terminal set. Sufficient conditions for strict evadability and evadability and a
necessary condition for evadability are proved. The results are strengthened for the linear cases, including
the heretofore untreated case in which the terminal set is an (n -~ 1)-dimensional subspace.
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1. Introduction. The problem of differential evasion games was first formulated
and discussed by Pontryagin and Mis€enko [17]. Since then, this problem has been
studied extensively by many authors in various investigations [2]-[6], [8]-[18], [20]
and [22]-[25].

The purpose of this paper is to complement, in some aspects, the known results
about differential evasion games. We now state the evasion problem and some known
results.

Suppose the differential game is governed by the following system:

Z =f(t, Z, U, U),
Z(O) =2y

where zeR", ue USR?, ve VSRY, teR"=[0,0), f:R"XR"x U x V->R" is a given
map and z, is the initial state. In the game, u is the pursuit control and v is the evasion
control. The sets U and V are compact. Suppose that we are also given a subset M
of R". The game is terminated if, at some time #,<co, the trajectory z(-) of (1.1),
corresponding to a pair of controls u(-) and v(-), satisfies

(1.2) 2(ty) e M.

Naturally, the set M is called the terminal set of the game. The goal of the pursuer is
to terminate the game by choosing a suitable control u(-), while the goal of the evader
is to prevent the game from terminating by choosing a proper control v(-).

We denote

(1.1)

U ={u:[0,0)-> Ulu(-) is measurable},
V' ={v:[0,00)-> V|v(*) is measurable}.

By admissible controls u( ) and v(-) we always mean that u(-)e % and v(:) € 7. Any
u(-)e A is called a pursuit control and v(:) € ¥ an evasion control.

In an evasion game, the evader is regarded as the “primary” player, i.e., the evader
has some advantages in choosing his controls. The pursuer chooses his control u(-)e %
at the start of the game. The evader, on the other hand, chooses the values of his
control as the game evolves and can use {z(s), u(s)|0=s=1t} when he chooses the
value v(t) of the evasion control v(:)€ ¥ at time t. We denote ¥ to be the set of all
such evasion controls.

We now give some definitions.
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DEFINITION 1.1. Game (1.1) with terminal set M is said to be evadable if, for
any zo£ M and any given pursuit control u(-)€ %, there exists an evasion control
v(-) € ¥ such that

(1.3) d(M, z(1))>0 Vt=0.

Here, z(-) is the corresponding trajectory of (1.1) resulting from u(-) and v(-), and
d(-,-) is the Euclidean distance in R".

DEFINITION 1.2. Game (1.1) with terminal set M is said to be strictly evadable
if, for any z, & M, there exists a 8(z,) > 0 such that for any u(-)e€ U we can find v(-) € a
so that the corresponding trajectory z(-) of (1.1) satisfies

d(M,z(1))=6(zy)>0 Vi=0.

In [2]-[6], [9]-[18], [20] and [22]-[25], the terminal set M was assumed to be a
linear subspace of R" with dim M =n —2. For various forms of f(t, z, u, v) in (1.1),
some sufficient conditions for evadability of the game were established in [2], [3],
[9]-[18], [20] and [22]-[25]. Some sufficient conditions for strict evadability of the
game were given in [4]-[6], where the strict evadability was called the possibility of
l-escape. In [8], a strict evadability result was given for the game governed by (1.1)
with f(1, z, u, v) = f(z, u, v) and having the terminal set M not a linear subspace, but
with some unpleasant restrictions.

In this paper, we generalize the results of [8] by relaxing the restrictions on M.
We get some sufficient conditions for the strict evadability and evadability of game
(1.1) with general closed terminal set M by using a Lyapunov type method. It turns
out that in some cases, our sufficient condition for evadability is very close to a necessary
condition for the evadability of the game. As consequences of our main results, we
get some conditions for the (strict) evadability of the game (1.1) with f linear in z and
with the terminal set M an (n —1)-dimensional subspace of R". This case has not been
discussed heretofore.

For 0=a<b =+, we denote

U[a, b]={u restricted to [a, b]luec U}.

By u(-)e U[a, b], we emphasize the control is restricted to the specified interval [a, b].
Similarly, we can define ¥[a, b], ‘V[a b], etc. Also, in the following, when u(-), v(-)
are given, z(-) always means the trajectory corresponding to u(:) and o(-).

2. Sufficient conditions for strict evadability and evadability. In this section we are
going to prove the main results of this paper. Let us start with some general assumptions.

(A1)  f(t,z,u,v)is continuousin (¢, z, u, v) e R* xR" x U x V. There existsa K >0
such that

(2.1) I£(t, 2, u, 0) = f(1, Z, u, )| = K ||z — Z]|

for all z, ZeR" and (f, u, v)eR* X UX V. U< R”, V< R? are compact.
(A2) McR"is closed.
(A2") M cR"is convex and closed.
Remark 2.1. From (Al) we have

(2.2) (2, f(1, 2, u, v)) = K (1) (1+]|z[*)
for all (¢, z, u, v)eR"xR" x U x V, where
(2.3) K, (t)= K+ ,max [[f(t 0, u, v)| € Li,c[0, )

and (-, ) is the usual inner product in R".
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We denote, for 0= 5 < § =+00, that
(2.4) TS(M)2{zeR"|s<d(M, z) <8}.
THEOREM 2.2. Suppose game (1.1) and terminal set M are given and (Al) and
(A2) hold. Let V(-):R">R" be a continuous function with the following properties:
(1) There exist strictly increasing functions (- ), B(-):R* >R™, witha(0) = B(0) =0
such that
(2.5) a(d(M,z))=V(z)=B(d(M,z)) VzeR"
(2) There exists a >0 such that (8/3z) V(z) exists in Ty(M), and
0
(2.6) inf inf max inf (— V(z), f(t, z, u, v)) =0.
1Z0 ueU veV zeTg(M) ¥4

Then the game is strictly evadable.
Proof. Suppose zo£ M and u(-)e U[0,0). By Filippov’'s lemma and (2.6), we
can find 9(-)e Y70, ) such that

J o

(2.7) inf inf (—— V(z), f(t, z, u(t), v(t))) =0.
(=0 ze TYM) \OZ

We claim that by using such an evasion control we have

(2.8) dM, z(1)ZB 'oa(rd(M,z))2n,>0 Vt=0

where B! is the inverse function of 8 and & A d (M, z,) =min {8, d(M, z,)}. In fact, if
(2.8) is not true, then there exist 0= ¢, <, such that

(2.9) d(M, z(t;)) <m;,

(2.10) 0<d(M, z(t)) <8, te(ty,t,],
(2.11) d(M, z(t,)) =8 rd(M, z,).

Here we should know that since a(s) = B(s), for any s R",
(2.12) m=B"oa(6rd(M,z))=8nrd(M,z,)=8.

Thus, for t € (t,, t,], we have
(2.13) Ly = (L Ve, 16,20, u0,50)) 20

Integrating on (t,, t,], we get
(2.14) B(d(M, z(1,))) = V(z(t)) = V(z(t))) = a(8 A d(M, zo)).

This contradicts (2.9). Hence (2.8) holds and our theorem follows. [

Roughly speaking, the geometric meaning of (2.6) is that whenever the state z of
the game gets close to the terminal set M, the evader has enough power to force the
velocity of the state towards the direction of leaving M, so that he can prevent the
state from getting too close to the terminal set. In other words, (2.6) means that the
evader is more (at least not less) powerful than the pursuer when the state is near M.

We note that (2.6) allows us to find, via (2.7), a successful evasion control 9(-)
which only depends on u(-). However, (2.6) seems very restrictive. Thus, we now try
to relax it, but in order to do so, we need a little bit more about V().

THEOREM 2.3. Suppose game (1.1) and terminal set M are given satisfying (Al)
and (A2). Let V(+):R">R" be a continuous function satisfying (1) given in Theorem
2.2 and the following:
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(2') There exist constants 8, 8,, ¢>0, and a continuous function w(-,-):(0, §]x
R* > R™ with the property that for all s € (0, 8], w(s, -) is strictly increasing with w(s, 0) =0
such that (3/3z) V(z) exists for all ze T{(M), and

d
(2.15) o V(z)[[=c VzeTi{(M),
z
9 J a a
(2.16) “— V(z)—— V()| =w(s,||z—Z|) Vz Ze TA(M),
0z 0z
. 0
(2.17) inf inf minmax (—- V(z), f(t, z, u, v)) = §,.
t=0 zeTg(M) uelU veV 0z

Then the game is strictly evadable.

Remark 2.4. We note that, in general, the left-hand side of (2.17) is greater than
or equal to that of (2.6). Therefore, in general, Theorems 2.2 and 2.3 do not contain
each other. However, if we have

(2.18) f(t, z,u, v)=h(t, z)+g(t, u,v),

then the left-hand sides of (2.6) and (2.17) are equal and then Theorem 2.3 is a trivial
consequence of Theorem 2.2. Now, in the general case, the difficulty of proving Theorem
2.3 is that we cannot define an evasion control similar to that in the proof of Theorem
2.2, since if we did so, we would get a control of form v(¢, z) which is only measurable
in z. Then we would meet some trouble in getting the existence of the trajectory z(-)
of (1.1). That is why we need more conditions on V(-) and we need “=8§,” in (2.17).

Proof of Theorem 2.3. Suppose u(-)e U[0, o) is given and 0< d(M, z,) <. We
claim that there exist T*=1 and 9(-)e 910, T*] such that

(2‘19) d(M’ z(t))znoéﬂ"1°a<g/\d(M, zO))a te[oa T*L

(2.20) d(M, z(T*)) = 5.

To prove our claim, we first prove the following.
LeEMMA 2.5. There exist

2(B(8) —a(8/2nd(M, z))))

0<t*=T2
o
and 3(-) e V10, t*] such that
(2.21) d(M, z(t)) = n,, te[0, t*],

(2.22) d(M, z(t*))= 8.

Note here that, in general, we cannot assure t*=1.
To prove this lemma, by (2.2), we can let F = 8/2 such that

(2.23) [£(t, z(t), u(r), v(t))|=F,  te[0, T+2]
for all possible u(-)e U, v(-)€ ¥, and corresponding trajectory z(-) of (1.1) starting

from z,. Also, we let f be such that

8 A
(2.24) w(s, FOF+cKFt==" Ve[, 1], se[%,S].
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We then define Ty=1A(no/2F), whicp only depends on T and z,. Now, since
0<d(M, z,) < 8, we can choose O(:)€ ¥ such that

(2.25) ((;iz V(zo), f(1, 2o, u(t), 6(1?))) = 0, t=0.

Then for the resulting z(-) we set
(2.26) 0,=inf {t € [0, T]|d(M, z(t)) = &}

and let t, = Ty A 6,. Thus, we have

(2.27) 5>d(M, z(1))> d(M, zo)—F;—}(;é%, tef0, 1,).

Hence, for t€[0, t,), by using (1.1), (2.1), (2.15), (2.16), and (2.23)-(2.25), we have

d 9 .
P V(z(1))= (b; V(z(1)), f(t, z(1), u(t), v(t)))
(2.28) gao—w(l;ﬁ, ||z(t)—zo||>F—cK lz(t) = zo||

)
=5, — w(@, Ft) F—cKFt==2,
2 2
Integrating over [0, t), t=t,, we get

a,2(0) 287 (V) 287 (Vi +21)
(2.29)

)
éB“(a(d(M, zo))+?0 t) > 0.
If d(M, z(t,)) = 8, by taking t*=1t,, we are done. Otherwise, we have ¢, = T,. Then,

repeating the above argument replacing z, by z(T,), we can get O(-)e ‘17[ T,, ©) such
that

(2.30) (58; V(z(TY). f(t 2(Ty), u(t), 6(:))) =5, (=T,
Then we define

(231) 6,=inf{te[T,, T]|d(M, 2(1))= 6},

(2.32) ty=To+ Ty (6,— Ty).

For te[T,, t,) we have that

6>d(M, z(1))>d(M, z2(To)) - F(t,— To)

(2.33)
Mo _ Mo
= po— Fo2 =2
=TT F 2
Thus, as in (2.28) and (2.29) we have that
d )
(234) 2 VE=T, relTo,b),

(235) d(M, Z(t))é”flo, te[T03 t2)‘
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By induction, we have for some i=1, 0< ;< T, either

(2.36) 5>d(M, z(t)) = n,, tel0, t,_,),
(2.37) d(M, z(t)) = no, teltig, 1),
(2.38) d(M, z(t;))= 6

(in this case, we take t* = t; and the proof is finished) or for all i=1, 0<t, < T, (2.36),
(2.37) hold and

(2.39) 8>d(M, z(1,)) = n,.
In this case, we know that f, =iT,. Thus, we have

(2.40) 8>d(M,z(t))=n,,  te[0,T),
(2.41) 4 V(z(t))>?° tef0, T).
Then we have

d(M, z(T))zB“‘(V(z(T)));Bﬂ(V(ZO)+§2_0 T)

8
%B_‘(a(d(M, 20)) +B(8) —«a (EA d(M, Zo))) =
Thus, we only need to take t* = T. The lemma is proved.

Now, we go back to the proof of the theorem. It is clear thatif t,€ [0, T+2—68/2F],
with d(M, z(t,)) = §, then by taking 9(-)= v,€ V, we have

é 8
2.42 M. =2 +2
( ) d( ’Z(t) 2’ tel:tO, tO 2F]

Now, since 0<d(M, z,) <8, by Lemma 2.5 we have r¥€[0, T] and 4(-)e V70, t¥]
such that

(2.43) d(M, z()=n,,  te[0, 1],

(2.44) d(M, z(tF)) = 6.

If tf = 1, we are done. Otherwise, we let §(¢) = v, for te[t¥, r,], where (noting (2.42))
(2.45) Tl=inf{te[t5",l]ld(M,z(t))§6}>t(’,"+%

By Lemma 2.5 again, we have t¥e[r,,7,+T] and ()¢ ‘77[71 , t¥] such that
(2.46) d(M, z(1)) = n,, tel[r, tf],

(2.47) d(M, z(tF)) = 8.

By induction, we can define 7, if ¥, <1. We say that for some k=1+[2F/8], tf=1
If not, then for k=1+[2F/6] we have

F) ké
(2.48) 1>tfzn=tf 1+EF_ -§z3‘+ﬁzl,
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which is a contradiction. Hence we have proved our claim. For the case d(M, z,) = §,
we can prove the same claim. Then our theorem easily follows. [

If we relax (2.17), then we get the following result for evadability.

THEOREM 2.6. Suppose all the assumptions of Theorem 2.3 hold except that (2.17)
is replaced by the following:

(2.49) inf min max (—8— V(z), f(t, z, u, v)) >0 Vi=0.
zeTY(M) ueU veV 9z
Then the game is evadable.

The proof is contained in the proof of Theorem 2.3. However, we should note
that in the present case we do not have Lemma 2.5 (actually, we do not have (2.22)).
Thus, we can only get the evadability.

The author does not know whether “>0" in (2.49) can be replaced by “=0". In
our arguments, condition “>0” is crucial.

Now, let us consider the case that the terminal set M is convex and closed. Then,
for any x € 9M = the boundary of M,

(2.50) N(x)2{neR"||n|=1, n is an outer normal of M at x} # .
Also, we have that for any zeR"\ M, there exists a unique x € 9M such that
(2.51) d(M, z)=|z—-x|.

Thus, we get a map x:R"\M - 3dM. Now, let us define

(2.52) V(z)=d(M, 2)=|z-x(2)].

Then we can prove the following (see [19]).
LemMA 2.7. (3/3z) V(z) exists in R"\M and

z—x(z)
Iz = x(2)||
Thus, (2.15) holds with ¢ =1 and (2.16) holds with w(s, y) =3v/s. Also, since f
satisfies (2.1), we can replace f(t, z, u, v), z € TO(M) in (2.17) and (2.49) by f(¢, x, u, v),
x €dM. Thus, we get the following.

COROLLARY 2.8. Suppose (A1) and (A2') hold.
(i) The game is evadable if

(2.54) inf inf min max(n, flt,x,u,v))>0 Vi=0.

x€dM neN(x) ueU veV

(2.53) 9 yizy= e N(x(2)).
0z

(ii) The game is strictly evadable if there exists a §,> 0 such that
(2.55) inf inf inf min max(n,f(t X, U, 0))=8,.

t=0 xedM meN(x) ueU veV

Remark 2.9. The method we used in this section is very close to that used in
general stability theory, namely the Lyapunov method (see [1], [21], for example).
The difference is that in evasion games we want to keep the state away from the
terminal set M, while in stabilizing a system to a closed set M we hope to obtain the
result that the state approaches to M as ¢ - co. This shows that the Lyapunov method
should give a closer relation between the stability theory and the differential pursuit
games in which we want to bring the state to the terminal set M in finite time. Also,
it is clear that the reachability of control systems should be closely related to pursuit
games. We will discuss these in a forthcoming paper.
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3. Necessary conditions for evadability. In this section we will give some necessary
conditions for the evadability of our differential game.

For a given convex and closed subset M of R", we know that for any x €M,
N(x) is a compact set. Thus, N can be regarded as a map from M to the space

(3.1) H4{Cc<cR"|C is compact}.
Let us set
1
(3.2) pu(A, B)"E{Tea} d(a, B)+max d(A, b)},

which is a standard Hausdorff metric. Then (H, py) is known to be a complete metric
space. We say that N is continuous at some point x,€dM, if N:9M - (H, py) is
continuous at Xx,.

We now state our theorem.

THEOREM 3.1. Suppose game (1.1) and terminal set M are given and (Al) and
(A2') hold. Suppose that the game is evadable and N is continuous at x,€ dM. Then
(3.3) sup min max (7, f(0, xo, u, v)) =0.

neN(xg) uelU veV

Proof. We prove our result by contradiction. Suppose (3.3) does not hold. By the
continuity of N at x,, and f in (¢, z, u, v), we have the existence of an £¢>0 and a
8> 0 such that

(3'4) ("I,f(t, Z, Up, U))<"“E

for all te[0, 8], ze O(x,, 8) 2{zeR"|||z—x,|| <8}, n€ N(x(z)), ve V and for some
element u,e U. Now, let F,>1 be such that

(3'5) ”f(t, Z, Uy, v)II§F0,
for all ze O(x,, 8), ve V and t€[0, §]. Set
)
. to=r—
(3 6) 0 2F07
|8
3.7) a =min {4_1’ eto}.

Then we claim that for z, = x,+ an,, with 1, being a fixed element in N(x,) and
any v(-) € ¥, there exists t* € [0, t,] such that the trajectory z(-) of (1.1) corresponding
to u(t)=u, and v(-) satisfies

(3.8) d(M, z(t*))=0.

If the claim were not true, i.e., if there exists a v(-)e€ ¥ such that
(3.9) d(M, z(t))>0 VtelO, t],
then

z(t) —x(z(1))
lz(£) = x(z(2))]|
is well defined for t€ [0, t,]. By (3.5), (3.6) and (3.7) we have

12(t) = xoll = 1|2(£) = zol| + || 20 = Xol

(3.10) 0(z(t))= € N(x(z(t))

(3.11) 35
=Ftyta=7<5
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for all t€[0, t,]. Then, since t,<§, it follows from (3.4) that
d
(3.12) E(d(M’ z(1))) = (6(z(1)), f(t, (1), uo, v(1))) < —e.

Integrating (3.12), we get
(3.13) d(M, z(t))=d(M, z,) — &t, te [0, t,).
Thus, at t = t,, we have

d(M, z(t))) = d(M, z,) — et
(3.14)

=a_£t0§0,

which contradicts (3.9). Thus our claim is true. The claim, however, contradicts the
evadability of the game; hence (3.3) holds. O

We now let M be a convex and closed set of R" with dim M =n-1, i.e., M is
contained in some (n —1)-dimensional hyperplane and has at least one interior point
with respect to that hyperplane. Let n €eR", ||n| =1. We set

(3.15) p(m)={n}£{zeR"|(n, 2)=0}.
Then we can assume that

(3.16) M < yo+p(n)

for some y,€ M and neR", ||| =1. Note that in this case
(3.17) M =/M.

We denote all the interior points of M with respect to y,+ p(n) by Int,,_; M. Then for
any xy€ Int, \Mc oM,

(3.18) N(xo) ={xn}.

COROLLARY 3.2. Suppose that game (1.1) is given, (A1) holds and the terminal set
is an (n —1)-dimensional convex and closed subset in R" satisfying (3.16). Suppose that
the game is evadable. Then for any x,€ Int,_ M,

(3.19) 52111}1 max (£m, f(0, xo, u, v)) = 0.

The proof is obvious.

Remark 3.3. It is clear that in both Theorem 3.1 and Corollary 3.2 we only need
the continuity of f(¢, z, u, v) at {0} xaM x U x V.

The following result gives a necessary condition for the evadability of the game
where f is linear in z and the terminal set M is an (n—1)-dimensional convex and
closed set.

COROLLARY 3.4. Suppose that in (1.1)

(3.20) f(t, z,u,v)=A(t)z+g(t, u, v)

with A(-), g(-,-,-) continuous. The terminal set M is an (n—1)-dimensional convex
and closed set in R" satisfying (3.16) and containing an (n —1)-dimensional cone. Suppose
that the game is evadable, then

(3.21) A(0)*n=An

for some A eR.



10 JIONGMIN YONG

Proof. Without loss of generality, we assume that
(3.22) Yo+ K(n)=Mc yotp(n)

where K(7n) is a cone in p(n) and y,e M.
We suppose that the game is evadable and that for all A eR

(3.23) A(0)*n # An.

We show that this leads to a contradiction. We claim that if (3.23) holds, then there
exists a z € Int,,_; K(7) such that

(3.24) (n, A(0)z) #0.

If (3.24) were not true, then for all ze€ Int,_, K(7)

(3.25) (A(0)*n, z) = (n, A(0)z) = 0.
Since dim K(n)=n—1, (3.25) implies that for all ze p(n)
(3.26) (A(0)*n, z)=0.

Thus, we get

(3.27) A(0)*nep(n)" =span{n},

which contradicts (3.23). Hence there is a z€ K(7), satisfying (3.24). Since K(n) is
a cone, Bz € K(n) for all B>0, by (3.22)

(3.28) Yo+ BzeM, B>0.

Without loss of generality, we assume that

(3.29) (n, A(0)z)>0.

Then we set

(330) B={l(m Ao+ max  [g(0,u v)[+1}/(n, A0)z).
We get

min max (—n, f(0, yo+ Bz, u, v))

uelU veV

(3.31)
= (=7, AO)B2)+I(m, Ayl + max (g0, u,v)] =1,
which contradicts (3.19) and hence the corollary is proved. g

Notice that when A(t)= A, then the above corollary says that the evadability of
the game implies that n is an eigenvector of A*. Also, we can see that (3.3) is very
close to (2.54), especially in the case that f(¢, z, u, v) =f(z, u, v).

4. Sharper necessary conditions for evadability. In this section we will give a much
stronger result than Corollary 3.4 when the terminal set M is of form y,+ p(n).
We consider the following:

z=A(t)z+g(t,u,v),
z(0) = z,.

(4.1)



ON DIFFERENTIAL EVASION GAMES 11

We assume that A(f) is an (n X n) matrix-valued locally integrable function, and that
g(+,+,)e L*([0, t,]x U x V) for all t,>0. The terminal set is

(4.2) M =yo+p(n).

Our main theorem of this section is the following.
THEOREM 4.1. If game (4.1) with terminal set (4.2) is evadable, then there exists a
real-valued locally integrable function A(t) such that

(4.3) A *n=A(t)n ae

To prove this theorem we need a lemma. We let ®(¢) be the fundamental matrix
of

(4.4) Z=A(1)z,

satisfying ®(0) =L
LEmMMA 4.2. Let n €R", || m|| =1 have the property that for all z, e R" such that

(4.5) (m, z)>0,
we have
(4.6) (n, ®(1)z,) =0, t=0.
Then there exists a real-valued locally integrable function A(t) such that
(4.7) ¢(t)*n=exp(J’ A7) dT) n, t=0,
. 0
(4.8) A *n=A(t)y ae
Proof. We claim that under our hypothesis we have that for all x € p(n)={n}*
4.9) (m, ®(t)x) =0, t=0.
If not, then there exist an x, € {n}* and a t,> 0 such that
(4.10) (m, ®(15)x,) #0.
Without loss of generality, we assume that
(4.11) (n, ®(ty)x,)=—-56<0.
If we take
(4.12) Z1=X,+¢en
where
(4.13) 0<e= —8—,
1+(n, ®(t)n)
then we have
(4.14) (m,z,)=¢>0,
(4.15) (n, ©(ty)z,) =e(m, P(ty)n) —6=—e<0,

which contradicts (4.6). Thus our claim is true.
It follows from (4.9) that

(4.16) ®()*nep(n) - =span{n}, 1=0.
Thus, there exists a real-valued function a(t) such that
(4.17) d(t)*n=a(t)n, t=0.
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Since ®(¢)* is invertible for all ¢, we get that a(¢) # 0 for all t=0. Hence, noting that
(m, m)=1>0, we have by (4.6)

a(t)=(n, ®(t)n)>0, =0,
(4.18)

a(0)=1.

From (4.18), it is clear that a(t) is absolutely continuous. Now, for any t,> 0, let

(4.19) 8o= min a(t)>0.

te[0,4;]

On [8,, ) we have

1 1
(4.20) |(log s)’| =;§-6—<oo,

0

and so, log s satisfies a Lipschitz condition on [8,, ©). Hence, log a(¢) is absolutely
continuous on [0, ;] for all ¢,> 0. Thus, there exists a real-valued, locally integrable
function A(t) such that (note a(0)=1)

t

(4.21) log a(t)=J’ A(7) dr, t=0.

Hence, we get (4.7) by combining (4.17) and (4.21).
To obtain (4.8), we consider the following:

D()* A (D] =r(O)2()*n

= A(?) exp (I' A7) dT) n

0

(4.22) = [exp (Jl A7) dr) "I] ’ a.e.

=[®(t)*n]
=®(1)*A(t)*n ae.
But ®(1)* is invertible, so (4.8) holds. 0O

Remark 4.3. Infact, (4.7) and (4.8) are equivalent. We have seen that (4.7) implies
(4.8). Now, if (4.8) holds, we consider the following initial value problem:

z=A(t)z a.e.,
z(0)=n.

Then, exp (J, A(7) dr)n and ®(t)*n are solutions of (4.23). By uniqueness we get (4.7).

Now, we can prove Theorem 4.1.

Proof of Theorem 4.1. By Lemma 4.2, it is enough to show that for any z,€R",
with (7, z,) >0, we have (4.6).

We prove this by contradiction. Suppose there exist a z, e R” and a #,>0 such
that (n, z;) >0 and

(4.24) (m, ®(15)z,) <0.

(4.23)

Then we take

(4.25) Zo= Yo+ az,
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where a >0 is as yet undetermined. Then we have
(4.26) d(M, z) =|(n, 20— yo)| = a(n, z,) >0,

i.e., zo# M. Also, for any u( ) and o(-), admissible,

1,

(m, 2(10) = yo) = (m, ¢(10)20+J "0 (1) (r) g(r, u(r), v(r)) dr o)

0

(4.27) =a(n, ®(t)z,)+ (0, D(to)yo—yo
+ Jﬂo D(1)P(7) ' g(7, u(r), v(r)) dr).

Note that the second term is bounded. Hence, if we take a large enough and notice
(4.24), we will have

(4.28) (m, z(2) —yo) =0.

When we compare this with (4.26) and note that z(¢) is continuous, we see that
there exists a t* € (0, t,] such that

(4.29) d(M, z(1%)) =|(n, z(t*) = yo)| =0,

which contradicts the evadability of the game. [
CoroLLARY 4.4. If A(t)= A, and the game is evadable, then

(4.30) A*n=An
Jor some A €R.

5. Sufficient conditions for systems linear in the state. In this section we consider
a differential game which is governed by (4.1). We assume that A(¢) is an (nXxn)
matrix-valued locally integrable function, and that g(¢, u, v) is in L™([0, t;]x U X V)
for all ¢, >0 and Borel measurable in u, continuous in v. The terminal set M is given
by

(5.1) M=y,+Q

where Q is a linear subspace of R"” with dim Q <n. It is clear from (5.1) that
(5.2) M =oM.

Also, for all xe M

(5.3) N(@x)={neQ*|Inll=1}

Let

(5.4) Bi(0)={neR"||n]|=1}

and let 7:R" > Q" be the orthogonal projection. Then we have the following theorem.
THEOREM 5.1. Suppose that game (4.1) is given, A(t), g(t, u, v) are continuous, and

(5.5) |A(r)| =K, t=0.

The terminal set M is given by (5.1). We assume that

(5.6) A()Qc Q, t=0,

and that there exists a §,> 0 such that

(5.7) SomB1(0)c N [7wA(t)y,+mg(t, u, V)], t=0.

uelU

Then the game is strictly evadable.
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Proof. Itis clear that under our assumptions, (A1) and (A2’) hold. Thus, it suffices
to prove that (2.55) holds.
For any t=0, x€edM = M, and any n € N(x), it follows from (5.7) that

(5.8) Son € 8omBi(0)= N [7A(t)yo+ mg(t, u, V)], t=0.

uelU

Thus, for each u € U, there exists a ve V such that (¢ fixed)

(5.9) S8om = wA(t)yo+ mwg(t, u, v).

From the definition of 7, we have 7*n = 7. Hence, we get that
8o=(n, A(t)yo+g(t, u,v))

(5.10)
=(mn, A(t)yo)+rpeavx (m, g(t, u, v)).

Since x —y,€ Q (see (5.1)), it follows from (5.6) that

(5.11) (n, A(0)yo) = (m, A()x),  t=0, me N(x).
Thus, (5.10) implies
(5.12) do=max (n, A(1)x+g(1, u, v)),

for all t=0, x€edM, ue U and ne N(x). Thus (2.55) holds and our theorem is
proved. 0O

We note that (5.6) means that Q is an invariant subspace of A(¢) for all t=0. In
the case dim Q = n —1, we have seen in the last section that this condition is necessary
for the evadability of the game.

COROLLARY 5.2. Suppose A(t)= A, g(t, u, v)=g(u, v), and the terminal set M is
an invariant subspace of A. Suppose further that there exists a 8,> 0, such that
(5.13) SomBi(0)c N 7g(u, V)

uelU
where m:R" > M* is the orthogonal projection. Then the game is strictly evadable.

The proof is immediate.

Now, if dim Q = n —1, our strict evadability results can be strengthened. We assume
in the following that A(¢) and g(t, u, v) are not necessarily continuous but satisfy the
assumptions that were made at the beginning of this section. By Theorem 4.1, in our
case, (4.3) is a necessary condition for evadability and thus it is necessary for strict
evadability. We have the following.

THEOREM 5.3. Suppose game (4.1) is given, the terminal set M is given by (4.2),
and (4.3) holds. Let

(5.14) p+(t) = min max (£7, g(t, u, v)) ~[A(1)[d(M,0),  1=0.

Suppose one of the following holds:
(i) If lim,_. j:) A(71) dr> —00, then

(5.15) w()z=0 ae.
(ii) If lim, .o [y A(7) dr = —c0, then (5.15) holds and
(5.16) lim . (1)>0,
t+7 o
(5.17) J A(s)ds|=w(r), t=0, w(-)eLlJ[0,00).

Then the game is strictly evadable.
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Remark 5.4. In the case of Theorem 5.3, if we denote f(t,z u v)=
A(t)z+g(t, u, v), then (5.15) is the same as the following:
. . . -
(5.18) Xlelng n;g{x) min rglea‘g( (n, f(t,x,u,v))=0 ae.
It is clear that (5.18) is weaker than (2.54) and (2.55). Also, (5.18) is closer to the

necessary condition (3.3) than are (2.54) and (2.55).
Proof of Theorem 5.3. Let zo& M, u(-) € U[0, ) be given. We note that

(5.19) d(M,z)=|(n, z—y,)| VzeR"
Without loss of generality, we assume that

(5.20) d(M, zy) =(m, zo— yo)-

Then, by Filippov’s lemma, we can find 4(-)e 77[0, 00) such that
(5.21) (n, g(t, u(1), 5(1)) = |A()]|d (M, 0) = p.(1) a.e.

Under this evasion control, we have (note (5.15))
d(M, z(1)) =|(n, z(t) = yo)|

t

=|(n, <1><t>zo+f D(1)D(r) 'g(r, u(r), (7)) dr— o)

0

= ((77, D(1)(2o—yo))

(5.22) + J (n, @()D(7) '[A(7)yo+g(7, u(r), 5(7))]) dr

exp (Jﬂ A(s) ds) d(M, z,)

0

+J exp (J A(s) dS> [(n, g(7, u(7), 5(7)) + A(7)(n, yo)] d7

0 T

Zexp (J’t A(s) ds) d(M, zo)+J' exp (J' A(s) ds) wi(7) dr.

0 0 T

Casek (i). Since lim,_ j(') A(s) ds> —oo, there exists §,> 0 such that

(5.23) exp (J' A(s) ds) =6, t=0.

0

Thus, from (5.22), we get

t

(5.24) d(M, z(t)) = exp <J A(s) ds) d(M, z))=6,d(M,z,) Vt=0.

0

This gives the strict evadability.
Cask (ii). By (5.16) and (5.17) we have t,>0 and 8,> 0 such that

(525) /.L+(t)§60 a.c. tzto

Then we set

(5.26) 6A=OLI'1in exp <J A(s) ds) > 0.

=21, o
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Then, for t<[0,2¢,], we have by (5.15), (5.22) and (5.26)

t

(5.27) d(M, z(1)) = exp <J A(s) ds) d(M, z,)=8d (M, z,) > 0,

0

and for t €[2t,, ) we have by (5.15), (5.17), (5.22) and (5.25)

d(M, z(t))=exp (J’t A(s) ds) d(M, zo)+Jt exp (Jl A(s) ds) 8, dr

0 T

'1—10 t
=6, exp (I A(s) ds) dr

JO
(5.28) .
0 —

= 60 e win) dr
JO
Pto

=5 | e dr>o0.
JO

Hence, we complete the proof. [

Remark 5.5. If A(t)= A as in Theorem 5.3, then A(¢#)= A is an eigenvalue of A*
(hence of A). In this situation, Case (i) corresponds to A =0 and Case (ii) corresponds
to A <O.

6. A linear autonomous case. In this section we discuss a differential game of the
following form:

Z=Az+ Bu+ Cbv,

6.1
( ) Z(O)=ZO’

where A, B and C are matrices of suitable sizes, zeR", ue U<R”, ve V<R’ The
terminal set M is a subspace of R" with dim M <n and AM < M. We will give a strict
evadability result which is stronger, in some sense, than Corollary 5.2.

Let us first give the following.

DEFINITION 6.1. Let 8 >0, U< R?, V< R?be given. (C, V) is said to be §-superior
to (B, U) if there exists Vo< R? such that

(6.2) Vo+ 8B (0)c V,
(6.3) BU c —-CV,,
where

B{(0) ={veR!||v]=1}.

The following proposition gives us some intuitive geometric meaning of the above
definition.
ProPosITION 6.2. Let U = B§(0), V= B{(0), and > 1, be such that

(6.4) uB(B(0)) = C(B{(0)).

Then, (C, B{(0)) is 5-superior to (B, B{(0)) with §=1—(1/u).
Proof. Take V,=(1-8)Bj(0)=-V,, where §=1—(1/u). Then it is clear that
(6.2) holds and

B(B’{(O))gi— C(BI(0) = C((1 - 8)BI(0)) = —CV,. 0
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Roughly speaking, (C, V) is 8-superior to (B, U) for some &> 0 if the evader is
more powerful than the pursuer. We will see that more clearly from the following.

LEMMA 6.3. Suppose 6 >0 and (C, V) is 8-superior to (B, U), then forany u(-)e U
there exists a v,(-) € ¥ with values in V, such that

(6.5) Bu(t)+ Cv,(t)=0 a.e.,

where Vj is as in Definition 6.1.

Proof. The result follows from (6.3) and Filippov’s lemma. [

Remark 6.4. As a consequence of the above lemma, we have that for any u(-)e U
and measurable w( ) with values in §BY(0), there exists a 9(-)e ¥ such that

(6.6) Bu(t)+co(t)=cw(t) a.e.

This gives the superiority of the evader to the pursuer.
Before stating and proving the main result of this section, let us give another lemma.
LEMMA 6.5. Suppose a, beR, b# 0 and

- (00 ()

Then for t,, teR

t

t
(al+bK)7 g _aI—-bK (al+bK)7
e r=—F—5e€
0 a’+b

to

The proof is straightforward.

We now give our main theorem of this section.

THEOREM 6.6. Suppose the terminal set M is invariant under A, and dim M <n.
Suppose that [(A¥|p2)*, (C*|p+)*] is completely controllable and that ((C*|p2)*, V) is
8-superior to ((B¥|p)*, U) for some 8> 0. Then the game with terminal set M is strictly
evadable.

Remark 6.7. In the statement of the theorem, [(A*|p1)*, (C*|p+)*] is regarded
as a system in M* not in R".

Proof. By choosing suitable orthonormal basis for M*@® M, we have the rep-
resentations of A, B, C as follows:

A 0 (B e
(6:8) A=<A3 A4)’ B'(Bz)’ C’(cz)'

Then the conditions stated in Theorem 6.6 are the following: [A,, C,] is completely
controllable; (C,, V) is §-superior to (B,, U). Let us denote, according to the decom-
position of R",

(6.9) z= (Zl), Zo= (Zlo) .
22 220

By applying 7:R" > M", the orthogonal projection to (6.1), we get
Z,=A,z,+ Byu+ Cv,

(6.10)
2;(0) = zyo,

and we know that

(6.11) d(M, z(1)) = || wz(t)| = || z.(D) |-
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Now, we assume that the initial state z & M, i.e., z,,# 0, and also that the pursuer’s
control u(-)e U is given. Then by Lemma 6.3 and Remark 6.4, we may choose the
evasion control as in (6.6), and so

(6.12) Byu(t)+ C,0(t) = C,w(t)
with w(t)e 8B7(0) being arbitrary. Then (6.10) becomes
2 ()= Az, (1) + Cyw(1),
2,(0) = zy,.
Then we have from (6.11) and (6.13) that
d(M, z(1)) = |z,(0) |

(6.13)

(6.14)

t
ez 0+ J e Cw(r) dr

0

Now, let us discuss the different cases.

Case 1. o(A,)NR# ), where o(A,) is the spectrum of A,.

Since a(A,)=a(A¥), we can assume that there exists an 7, with ||n,|| =1 such
that for some A, €R

(6.15) A¥ni=Am,.
Since [A,, C,] is completely controllable, we have
(6.16) Cin,#0 or n{C;#0

where 1| stands for the transpose of the column vector 7,.
Now, we set

8Ctn, .
sgn (01 20) “C*l"l 1” if 71 2,0#0,
1M
(6.17) w(t)= -
:knl if 77’11.21():0.
| CEmll

Then from (6.14), (6.15) and (6.17), we have that

t
|171Tzl(t)|= e)"t"'IlTZlo'*’J’ eA'(t_T)");rclw(T) dr
0

(6.18) !
=e'\"|"71T210|+(J‘ e’ d7>6“C>1k"71”'
0

Since z,0# 0, there exists a >0 such that for all admissible controls u(-) and v(-)

[E21Y]
2 b

(6.19) d(M, 2(1)) = || z,(1) || te [0, 6].

For t= 0, from (6.18), we have

d(M, z(1)) = 9] z,(1)| = (J eM’ dT) |C¥mll
(6.20) 0

2]
= (J et d’l’) 8)|C¥ny|>o0.

0

Hence, we have the strict evadability of the game in this case.
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Case 2. o(A)NR=.

Note that in this case, dim M*=2.

Let atibeo(A¥)=0(A,), where a, beR and b> 0, then there exist real vectors
a and B in M* such that

(6.21) A¥(a+iB)=(a—bi)(a+iB).
From this we can see that @ and B are linearly independent and

A¥a =aa+ b,

(6.22)
A¥B=—ba+aB,
ie.,
a -b
(6.23) Af(a, B)=(a, B)( )
b a

We define L,=span {a, 8} < M™". It is clear that A¥L,< L,; hence, we have
(6.24) A Ly< L;.

Now, by choosing a suitable basis for M* = L,@® L;, we have

Ay, O C
Alz(*o *>, Cl=(*0>’
V4 :<Z: Zyo= Z{O

1 Z% s 10 Z%o H

where * stands for entries which will not concern us and

(6.25)

b
(6.26) A= < a ) — al + bK.
-b a

Here, K is given by (6.7).

Since [A;, C,] is completely controllable, and A,L; < Lj, we know that [A,, C,]
is also completely controllable. Hence, in particular, we have C;# 0 and then there
exists wye 8B3(0) such that

(6.27) @2 Cowy #0.
By applying the orthogonal projection P,  to (6.13) we get
£1(1) = Agzy (1) + Cow (1),

(6.28)
21(0) = z1,.
Thus,
(6.29) d(M, z(1)) = ||z,(t) | Z || Pryz: (1) || = [EHG]

t
eAO'z}O-l—J e I Cow(r) dr
0

Now, we consider two subcases.
(1) z}p#0.
(i) For a=0, we take

(6.30) w(t)=0, t=0.
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Then for all t=0 we have that
d(M, z(1) 2 ||zi(1)]| = | ™ " 21|
= ™| " z)o|| = e[| z10]| 2 [|210] > 0.
(ii) For a <0, then, we know that
(6.32) lim e* e"*'z},=0,

t—>00

(6.31)

and e’ " is a rotation on the plane L, which sweeps all possible angles as ¢ varies
from 0 to co. Thus, there exists t,> 0 such that

—al +bK
. at, bKlo 1 =6 8 a
(6.33) e e’z = 00y = § atb
for some 8,¢€ (0, 1). Since det (—al +bK)=a’*+b>>0, we have ¢ #0. Now, we take
0, 0=t1<t,,
(6.34) w(t)= { SoWo, to=t<00

where w, is as in (6.27). Then, for 0=t < t,, we have
(6:35) d(M, (D) Z[2\(1)]| = | * "}
| = e 230 >0,

and for t=t,, by Lemma 6.5 and (6.33), we have

t
e(al+bK)lz:0+J' e(al+bK)(t—r)80‘P d’T

o

d(M, z(t)=

t—t,

= e(al+bK)lz}0+‘[ e(al+bK)60(P dT
0

al - bK
a*+b?
= " e(al+bl()(t—to)[eato ebktozio_sow]_'_ 60(//”
= 8ol || = e“l|z30] > 0.
Hence, the game is strictly evadable in this subcase.
(2) z10=0.
Since d(M, z) =||z}o|| >0, there exists a 8¢ (0,27/b) such that (6.19) holds for

te[0, 6] if we take w(t)= w, where w, is as above. On the other hand, by choosing
such an evasion control, we have

(6.36) - e(al+bK)IZ{0+[e(al+bK)(t—t0)__I] 8o

6
z1(0) = J e@IHPRIO=D Oy dr

0

0
(6.37) =J et dr o
0
I-bK
= [elal*tK0 _ 17 %W @ #0.

Then, subcase (1) applies. O

Remark 6.8, From the proof of Theorem 6.6, we see that we only need the condition
that there exists a subspace M cR”, with dim M,<n, M<M,, AM,< M,, and
[A*|M3)*, (C*|M§)*] is completely controllable and ((C*|Mg)*, V) is 8-superior to
((B*|Mg)*, U) for some &> 0.



ON DIFFERENTIAL EVASION GAMES 21

Remark 6.9. The condition that ((C*|M*)*, V) is 8-superior to ((B*|M*)*, U),
which we imposed in Theorem 6.6, does not imply condition (5.13), which we imposed
in Corollary 5.2. We will illustrate this point by showing an example in the next section.

7. An example. We present an example in this section.
Consider two objects in R®, one pursuing the other. Suppose the pursuer is x and
the evader is y and that they are subject to the following systems:

X=p,

(7.1)
p=A¢x+ Byp+ Ciu,
y=g,

(7.2)

q = Aoy + Boq + sz.
The pursuer wants to “softly” catch the evader; namely, the terminal set M is
(7.3) M={x=y,p=q}

The problem models an aerial dogfight in which the evader does not want the
pursuer to “get on his tail.” The evader is willing to risk a collision, presumably secure
in the belief that the pursuer would not be suicidal.

Now, let us formulate the problem into a standard one. We set

lex_y, Z=p—4q,

z3=x+y, z4=p+tgq.

(7.4)

Then, (7.1) and (7.2) become

0o I 0 0 0 0
Ao B, 0 0 C -C

(7.5) z= 00 00 o I z+ 01 u-+ 02 v=Az+Bu+Cv
0 0 A, B C, G,

and the terminal set is

(7.6) M ={(0,0, z3, z,)| 23, z,€ R*}.
It is clear that

(7.7) AMcM

and (5.13) does not hold for any §,. However, we have the following proposition.
ProrosiTiON 7.1. Suppose

(3 5)()]

is completely controllable and (C,, V) is 8-superior to (—C;, U). Then “soft” capture
can be avoided.
The proof is immediate from Theorem 6.6.
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OPTIMAL PERIODIC CONTROL FOR THE TWO-PHASE
STEFAN PROBLEM*

AVNER FRIEDMANTY, SHAOYUN HUANG: AND JIONGMIN YONGT

Abstract. Consider the two-phase Stefan problem in a domain {(x, t); xe D, 0< <} with the heat
flux across a part I'; of 9D being a control function k(x, t) periodic in t of period o, and N,=k=N,,
fo I, k(x, )= M, where Ny, N,, M are given positive constants. The solution u(x, t) behaves asymptotically
as a periodic function #(x, t). We wish to maximize Ig ID p(x)ii(x, t) where p is a given positive function.
It is proved that any optimal control k, has the form

k(. 1) = {N2 Tf0< 1< o(x),
N, ife(x)<t<o

where ¢(x) is a smooth function.

Key words. two-phase Stefan problems, optimal control, periodic solutions, bang-bang principle

AMS(MOS) subject classifications. 35K85, 35R35, 49A22, 49A29, 49A36
Introduction. Consider the two-phase Stefan problem for the temperature u:

a
(0.1) a—t(u+H(u))—Au=0 in Dx{0<t<oo}
with
u
(0.2) 8—=k(x,t) forxel;,, 0<t<oo (k<0),
v
u
(0.3) ;=—g(x,t) forxel',, 0<t<oo (g>0)
or
(0.2") u=k(x,t) forxel,, 0<t<oo,
(0.3") u=-g(x;t) forxerl,, 0<t<o
where I' NI, =, I'UTI',=4D and
(0.4) u(x,0)=uy(x) forxe D;

here H(u) is the Heaviside function. It is well known (for the Dirichlet boundary
conditions (0.2), (0.3")) that the above problem has a unique global solution [2], [4],
[5], [9]. It was recently proved by DiBenedetto and Friedman [3] that if k and g are
periodic in ¢ with period o, then there exists a o-periodic solution #(x, t), independent
of ug(x), such that

(0.5) sup |u(x, t)—i(x, t)|>0 if t—>oc0.

xeD
We now consider k as a control function in a class

o
(0.6) oA, = {k; N,=k=N,, J j k(x, t)= M, k(x, t+0) = k(x, t)},
o JD
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¥ Beijing University, Beijing, People’s Republic of China. Present address: Department of Mathematics,
University of Minnesota, Minneapolis, Minnesota 55455.
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24 A. FRIEDMAN, S. HUANG AND J. YONG

and introduce a functional

(0.7) J(k)=JUJ p(x)d(x, t) dxdt
D

0
and the optimization problem
(0.8) J (ko) = max J(k), koe A,.

In this paper we analyze the structure of the optimal controls k,. We prove that

N, ifmo<t<mo+e¢(x),

(0.9) kolx, 1) = {N1 ifmoe+e(x)<t<(m+1)o,

for m=0,1,2, - -,where ¢(x) is a smooth function. This result is established not
only for the Dirichlet data (0.2'), (0.3’) but also for other data, such as (0.2), (0.3") (in
which case one must impose restrictions on N;, N, in order to ensure that the free
boundary does not meet the fixed boundary 4D at any time.

The control problem is motivated by the following situation which occurs in a
frozen body of sea water: An object D, (a pipeline, for instance) is placed in the frozen
water and its boundary I'; is heated, causing the ice to melt in the vicinity of D,. The
temperature of the ice varies with the climate and is thus a periodic function (either
on a scale of one year or on a scale of one day). It is therefore natural to choose for
the flux k on T, as a periodic control. The functional (0.7), to be maximized, represents
the amount of heat in both the water and ice regions with a weight function p. Since
one is usually interested in raising the amount of heat in the melted ice rather than in
raising it in the ice, one may choose p(x) to decrease away from D,.

In § 1 we briefly establish the asymptotic behavior for the system (0.1), (0.2),
(0.3"), (0.4), thereby extending the results of [3] to the case when (0.2) is replaced by
(0.2). In § 2 we consider an intermediate control problem for (0.1), (0.2), (0.3"), (0.4)
with

J(k) = L JD p(x)u(x, t);

here k and g are not assumed to be periodic in t. We establish a bang-bang principle
similar to (0.9) for any maximizer k.

For the one-phase Stefan problem a bang-bang principle was established (in [6],
[8]) for the functional J(k) representing the volume of ice that has melted by time T.
At the end of § 2 we show that such a principle is false for the two-phase Stefan problem.

The analysis of § 2 is used in § 3 where the assertion (0.9) is established. Finally,
in § 4 we extend the results of § 3 to the Stefan problem where the boundary condition
on I'; is either of the form (0.2) or (0.2') and the boundary condition on I'; is either
of the form (0.3) or (0.3'). Here, the fact that the Dirichlet data in (0.2) are in L™, but
not continuous in general, requires some approximating procedure.

1. Existence and uniqueness of periodic solutions (under the condition (0.2),
(0.3"). Let T'; and T', be C*™* closed hypersurfaces in R™ such that T, lies in the
interior of the set enclosed by I',. Denote by D the domain bounded by I'}, I';, and
set Dr=Dx{0<t<T}, T+=T;x{0<t<T} for any T=o0.

We are given a function g(x, t) satisfying

w1 g€ L*(Dy), D,g and D,g belong to L(D,,),

0<c¢=g=c, <o (¢, ¢, are constants);
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a function h(x) satisfying

(1.2) he C%D), h=-g onT,x{0};
and a function k(x, t) satisfying
(1.3) 0<N;=k(x,t)=N,<o onTl,(N,;, N,are constants).

The two-phase Stefan problem for the temperature u is formally written in the form
i)
o (u+H(u))-Au=0 in 9'(Dy),

Ll
(1.4) —'f=k onl o,
av
u=-g onl,,
u(x,0)=h(x) ifxeD
where » is the outward normal to D and H is the Heaviside function. More precisely,
by a solution of (1.4) we mean a weak solution in the following sense.
For any 0 < T <0 there is a pair (u, £) with ¢ = H(u) such that

(1.5) ue L*((0, T); L*(D)) N L*((0, T); H'(D)),
(1.6) u=-g onl,,
(1.7) I J‘ [—(u+ &)@, +Vu- Vel dxdt=J

0

T
j ko det+j (h+ &) e(x,0) dx
r, D

0
for every ¢ € V. Here &, is a given initial data with &< H(h) and
V={ee H(D;),p=00nT,%(0,T),¢p=00nt=T}.

In order to construct a solution of (1.5)-(1.7) we follow the procedure in [3] and
introduce, for any £ >0,

1 if s> ¢,
H.(s)={s/e if0<s=eg,
0 if s=0.
Define
h(x) if h(x)>e¢eorh(x)<O,
(1.8) he(X)={
e&, if0=h(x)=e
Then
(1.9) Hs(h£)=§0'

Consider the e-approximate problems
J
o (u,+H,(u,))—Au,=0 in Dy,

ou,

(1.10) P

=k onl g,

usz_g on FZ,T,

u,=h, on D x{0}.



26 A. FRIEDMAN, S. HUANG AND J. YONG

Existence for (1.10) can be established by a fixed point argument using standard
parabolic estimates. Uniqueness follows from the following more general stability
result.

LEMMA 1.1. Suppose i, is a solution of (1.10) corresponding to data Ig, g EE. If
g=gonT,y, then

J' (4, —u.+H.(d.)— H.(u.)]"
(1.11) D

t

éj [ﬁs—he+Hs<ﬁg)—HE(hE>]*+j
D

0

j [k—k]*.

Proof. We take the difference of the parabolic equations for i, and u,, multiply
by H, (i, —u,) and integrate over D,. After an integration by parts, we let A >0, and
(1.11) follows.

Take any small positive constant §, and denote by V,(x) the solution of

A VO = 0 il‘l D,
(1.12) V0:60 Onrl,
VO =—C On Fz,
¢, is as in (1.1). By the maximum principle,
aV,
(1.13) 8—02 N,>0 onI', (N, constant).
14

We shall henceforth assume that k(x, t) satisfies (1.3) with N, as in (1.13); N, is
an arbitrary constant.
Denote by V,(x) the solution of

AV,=0 inD,
av,
(1.14) —!=N, onl,,
v

Vi=—c¢;, onl,.
By the maximum principle
(1.15) Vo(x)< Vi(x) in D.

From Lemma 1.1 we obtain the following.
LEMMA 1.2. There holds

J‘ [VO—— U, +HE(V0)_HE(uE)]+§J [VO_he+HE(VO)_H£(he)]+7
Dx{t} D

J [ue - V1+Hs(us)_HE(Vl)]+§J [hE - V1+H5(h£)_HE(Vl)]+'
Dx{t} D

Using the same method as in [3] we can deduce the following estimates for the
solution of (1.10).
LeMmMA 1.3. There holds

”us ” LD = G

(116) ”VuE”LZ(DT)é C(T),
Sull  =c(T dist (E aDy))
ot Lz(E)

for any compact set E < D x (0, T); the constants C are independent of e.
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It follows that the family {u,} is precompact in L*( D) and that, for a subsequence
e->0,
u,>u in L*(Dy)and a.e.in Dy,
(1.17) Vu,->Vu weaklyin L*(D;),
H.(u.)~> ¢ weaklyin L*(Dy).

Using Lemma 1.2 and arguing as in [3] we can establish the following theorem.
THEOREM 1.4. If

(1.18) Vo(x) = h(x) = Vi(x),
(1.19) H(Vy)=¢,=H(V))

in D, then there exists a solution (u, &) of (1.5)-(1.7) and
(1.20) Vo(x)=u(x, t)= Vi(x),
(1.21) H(Vy)=é(x, )=H(V))
in Dy.

Uniqueness of the solution follows from the more general stability result.
THEOREM 1.5. Let (1, ¢) be a solution of (1.5)-(1.7) for data k, g, h, &, satisfying
the same conditions as k, g, h, & above. Then

JI [u—af+(&=&)(u-a)]

T T
éCJ J Ik—k|+CJ J- Ig—§|+CI |h—h+&— &l
o Jr, o Jr, D

where C is a positive constant independent of the data and of T; C depends on N,, N,,
¢y, €.

The proof is similar to the proof given in [4] (see also [3], [5]) for Dirichlet data.
The fact that C is independent of T will be of crucial importance in the sequel.

We next consider the periodic case

(1.22)

1.23) kix,t+o)=k(x,t) onI,x(0,0),
(1. g(x, t+o)=g(x,t) onI,x(0,0)

for some o> 0.

LeEMMA 1.6. If (1.23) holds then there exists a function Ife with Vo(x) = ﬁg(x) = Vi(x)
in D such that the corresponding solution i, of the e-approximating problems (1.10) is
periodic in t of period o.

The proof which is similar to the proof of [3, Theorem 7.1] uses the Schauder
fixed point theorem.

Taking a convergent subsequence of the i.’s, we obtam the following theorem

THEOREM 1.7. If (1.23) holds then there exists a function h and a selection §0 c H(h)
with, Vo(x) = h(x)< Vi(x), H(V0)<§0 H(V,) in D such that there exists a solution
(4, §) of (1.5)-(1.7), with h= h §0—§0, u = il, which is periodic in t of period o, and

VO(x) § u(x, t) é Vl(x),
H(Vo)=£(x, ) = H(V,)

in Dy; the function 1 is uniquely determined by k, g.
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The last assertion (about uniqueness) follows from Theorem 1.5. Indeed, if (ﬁ, u)
is another periodic solution then (1.22) implies that

ij ld(x, t) —i(x, t)]* dx dt <.

0
Since, however, @ —# is periodic in t of period a, it follows that & — i =0.
2. Optimal control in finite time. We now consider k to be a control variable

belonging to the set

T
a¢={keL°°(I‘1x(0, ), NlékéNz,J '[ k=M}
r,

1]
with N;, N, as in § 1; we assume that
(2.1) N, T meas (I')) < M < N,T meas (I'y),
for otherwise the set & is empty or reduces to one element. Consider the Stefan problem
(1.5)-(1.7) written in the form
9 .
5; B(u)—Au=0 in @'(Dy),

(2.2) u,=k onl,q,
u=-g onl,,
B(u)=pB(h) ont=0
where B(u)=u+ H{u), and set
K ={(k, u); k € o, u is the unique solution of (2.2) corresponding to k}.
Let p(x) be a given function satisfying
(23) pis piecewise continuous in D,
p=0 in D, p>0 onl,.

We introduce the functional

T
2.4) J(k)=J J p(x)u(x, t) dxdt
0 D
and consider the following maximization problem.
Problem (F). Find k, such that
J(ko) =max J(k), ko€ .

THEOREM 2.1. There exists a solution of Problem (F).
Proof. Let (k,,, u,,) € K; be a maximizing sequence. From the estimates in § 1 (cf.
Lemma 1.3) it follows that, for a subsequence,

k., >k, weakly,
u, > u, weaklyin H'(D7)and a.e.in Dr.

It is now easily seen that (k,, u,) € K and that k, is a maximizer.
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We shall henceforth consider a particular maximizer k, and proceed to study its
structure. For this purpose we set B.(u)=u+ H.(u) and again consider the e-
approximating problems

F)
— —Au=0 inD
atBe(u) u in D,

(2.5) u,=k onl r,
u=-g onl,r,
u=h ont=0.
We define
7={(k, u); k€ &, u is the unique solution of (2.5) corresponding to k},
and (as in [1], [6]) introduce the functional

T T
Je(k)=J J p(x)u(x, t) dxdt—%j J (k= ko)* dS dt
0o JD ry

0
for any (k,u)e K.
Problem (F,). Find (k., u.)e K% such that

J.(k)= BAX J. (k).

Similarly to Theorem 2.1 one can prove that there exists a solution (k,, u.) of
problem (F,).
Lemma 2.2. If (k,, u,) € K% is a maximizer of problem (F.) then, as € >0,

(26) k. -k, inL*T,x(0, T)),
2.7 u, > u, weaklyinL*((0, T); H'(D)) and a.e. in Dr.
Proof. For a subsequence,
k. >k weaklyin LT, % (0, T)),
u, > 1 weaklyin L*((0, T); H'(D)) and a.e. in Dy

and (lz, 1;) € K5. It suffices to show that k = ko, for then, by uniqueness, also 4 = u,.
Let (ko, u¥)e K%. By the estimates (1.16) of § 1,

(2.9) u* >4, weaklyin L*((0, T); H'(D))and a.e. in Dr

where (k,, 4,) € K+ and i, = u, by uniqueness. We have

(2.8)

J(ko)Z J(K) = J pi  (by maximality of k)

Dr
1 1
=lim [J Pue—‘j (ks—ko)z""'J' (ks_ko)z] (by (2.8))
£=0 Dr 2 Iyt 2 Tyr
1
=liminf J,(k,) +=lim sup J (k, = ko)?
-0 2 -0 Tyr

.. 1.
= ln&lonf J. (ko) + > lln;l sup J

ry,

(k. —ko)* (by maximality of k,)
=lim pu*+llim sup (k. — ko)?
o . € 2 e0 ryr € 0

1
= J (ko) += lim supJ (k. — ko)?
2 -0 Ty

1
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by (2.9) and d,=u,. It follows that (2.6) holds.

We now proceed to analyze any solution (k,, u,) € K7 of Problem (F,). Let I be
a function such that k, + 6/ € o for all small enough 6 >0, and let (k. + 8/, u, ) K7.
Then we have

0=J.(k.+8)—J (k)

T 82 T
ZJ p(ue,é_ue)_sj J (ks—kO)I__J J’ 12~
Dr o Jr, 2 Jo Jr,

For fixed ¢ one can establish by standard parabolic estimates that

(2.10)

us,8 — U
o

=C asé->0,

L*((0,T); H'(D))

and, in fact,

ue,& -

5 e, z, weaklyin L*((0, T); H'(D)) and a.e. in Dy

(2.11)
where z, is the solution of

0

5 (B:(u.)z,)—Az,=0 in Dr,
0

(2.12) T 2= l on l—‘1 Ts

v ’

zz=0 onl,,

zz=0 ont=0.

Denote by Q, the solution of the parabolic problem

9Qe
ot

B;(ue) +AQ£=p in DT,

<]
(2.13) —Q.=0 onl,
v

Qezo OnFZ,Ta
Q.=0 ont=T.
Then
a !
0=4[ [—(BE(uE)ZF)_AZE]QE
b, Lot

T

'—_J ﬁ;(ue)zsos _J ﬁ,E(uE)ZEQE,I_J ZEAQE

0

- JVO J' b [ZE,VQe - ZEQe,u]

=—J pzs—J J 1Q, by (2.12), (2.13).
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Using this and (2.10), (2.11), we find that

. 1
02111181_)8(}1])'5 [Je(k. +81) = J.(k.)]

ZJ’ PZE_J (ke_kO)l=J' l(_Qe_ke+k0),
Dy Uy r ryr

ie.,
(2.14) J (Q, +k, — ko)l =0.
'y

From this relation and from (2.6) we can deduce, precisely as in [6], that for any small
n >0 there is a set X, in I'; + of measure smaller than n such that

{NZ On(Q£<A€_n}m{F1,T\zn}a
Nl On{Q£>)\e+n}n{Fl,T\zn}7

if € is small enough; A, is some constant and X, is independent of &.
We shall analyze Q, as € > 0. Observe first that, by comparison,

(2.16) 0=Q.=0
where Q is the solution of
AQ=p inD,

Q,=0 onl,, Q=0 onT,.

Denote by I'? the intersection of D with 8-neighborhood of I',. By comparison, (1.20)
holds also for u =u,. Hence, by (1.12), (1.14) there holds

Be(u)=1 inV,=T7x(0, T)

for some & >0 independent of k, &. From this and from (2.16), (2.13) it follows that,
for a sequence £ -0,

(2.17) Q,~> Q uniformlyin Vj,

and

(2.15) k.=

Q+AQ=p inV;,
Q.=0 onl,
Q=0 inV;,
Q=0 ont=T

Next, by differentiation with respect to ¢ of (2.13) we see that the function { = Q,,
satisfies

(2.18)

Be(u)f+AL+BI(u)u.,£ =0 in Dy,

£,=0 onl,

{=0 onl,,

{(x, T)=0 ifxeD (since Q,=0, Q.(x, T)=0).
By the maximum principle it follows that {=0 in Dr, i.e.,
(2.19) Q..=z0 inDr.
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(Actually, since B7(u) is not bounded, one should define B, (u) from the outset slightly
differently, so that it is in C>.) From (2.19), (2.17) it follows that

(2.20) Q,=0 inV;.
We claim that
(2.21) Q,>0 onl;x(0,T).

Indeed, otherwise we conclude from (2.20) that Q, takes local minimum zero at a point
(xo, to) on T'; % (0, T). Since (by (2.18))

(Q):+AQ,=0 inV;
and
Qt,v(x()a tO) = 0’

this is a contradiction to the strong maximum principle for Q,.
We can now state the main result of this section.
THEOREM 2.3. For any maximizer ko of Problem (F) there exists a function ¢(x)
in C“*/*(T",) such that
N, if0<t<e(x),
N, ife(x)<t<T

Proof. From (2.15) and (2.17) it follows that there exists a A =0 such that

k_{N2 if Q(x, 1) <A,
TN, ifQ(x, t)>A.

(2.22) ko(x, 1) = {

From (2.21) we see that the surface
{(x, ) el x(0, T); Q(x, t)=A}

is given by t = @(x) with ¢ in C"*/? (since Q is in C"*/?).
Notice that ¢ is in C™*/?if T, is in C*™; in particular, ¢ € C* if ;€ C*™.
Remark 2.1. Denote by V(T) the measure of the ice that has melted by time T
and set Jo(k) = V(T). Consider the problem of maximizing Jo(k) over k € &. For the
one-phase Stefan problems it was proved in [6], [8], that any maximizer k, has the
form (2.22). We wish to show that this bang-bang principle is false for the two-phase
Stefan problem. Consider the one-dimensional Stefan problem

?_Ba_(t“l_uxx=0 (0<x<1,0<t<T),
u 0, t)=—k(t) (0<t<T),
u(l, t)=-1% (0<t<T),
u(x, 0) = Vy(x) (0<x<1)
where
Vo(x)=—3+(1-x),
T
d={keL"°(0,T),1§k(¢)§2,J kdt=T+1}.
0
If

Vi(x)=31+(1-2x)
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then, by comparison,
Vo(x)=u(x, t)= Vi(x) 0<x<1,0<t<T)
and thus the global solution u exists for any k. Set

k(t)—{l if0=t=T-1,
BT 2 ifT-1<t<o,

2 ifo=st=s1,
1 iflst<oo,

ka(t) = {
and denote by u; the solution corresponding to k;. Then u,(x, t) = Vo(x) if 0<t<T—1
and, consequently, by comparison,
U, T)>V,3)+e=¢>0
for some ¢ independent of T. It follows that
u,3+8, T)=0 forsome §>0,
where 8 is independent of T. On the other hand, by asymptotic stability (cf. [4])
u(x, t)-> Vo(x) ift»>o0
and, in particular,
u,(3+6, T)<0
if T is large enough. It follows that
Jo(kz) < Jo(ky),

and thus the bang-bang principle (2.22) does not hold for the maximizer of the
functional Jy(k).

3. Periodic optimal control. In this section we consider the case of periodic
boundary conditions with period o. Thus we assume that

(3.1 glx, t+o)=g(x,1t)
and take the control set

(3.2) .szio={N,§k§N2,k(x,t+a')=k(x,t),J'aJ k=M}

0

where N,, N, are as before, and
3.3) N,o meas (I';) < M < N,o meas (I')).

For any k € &, consider the Stefan problem
S}
o B(u)—Au=0 in2'(Dy),

3.4) u,=k onl,
u=-g onl,,
B(u)=p(h) ont=0
and set
P={(k,u); ke oA,, uis the unique solution of (3.4) corresponding to k}.

From § 1 we have, for any (k, u) € P,

3.5) J J lu(x, t)—i(x, t)]’=C <o, C independent of k,
D

0
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where i is the unique periodic solution of
3 .,
53(“)“A“=0 in 2'(Dy)

(3.6) u,=k onl .,
u=-g onl,,
u(x, t+ao)=u(x,t).
In this section we work with the functional
3.7) J(k) =J' J p(x)id(x, t) dx dt.
0 D

From (3.5) we get

(m+1)o (m+1)o 1/2
J J |u—ﬁ|§(|D|0)”2{J J |u—ﬁ|2} >0 ifm->o
mo D mo D

and, consequently,
ie.,

It follows that for any (k, u) € A,

[eg l mo
(3.8) J(k)= J J' pii = lim — J J pu.
o Jp m=>0m Jo D

Problem (P). Maximize J(k) over ke &,.
The existence of a maximizer can be proved as in § 2, using the form (3.7) of J(k)
and the fact that

(3.9) Il ro,)=C

where C is a constant independent of k.
Lemma 3.1. Suppose (k,,, u,,) and (k, u) belong to P, and

k, >k weak starin L(T, ),
u,~>u ae.inD,.
Then
. 1 mo
(3.10) lim -—J J p(u, —u)=0.
m->co m 0 D

Proof. Let ii,,, i be the periodic solutions corresponding to k,, and k, respectively.
Using the a priori estimate (3.9) we deduce that for any subsequence of {u,,} there is
a sub-subsequence, which we still denote by u,,, for which

d,>u inL*(D,)
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and 4 is a periodic solution of (3.6) corresponding to k. By uniqueness # = éi. Using
(3.5) we get

1 Lo 1 Lo 1 .\
=C lim {—J |u,,,—u,,,|+—f |um—ul+—~J |u—u|}
m->c | m Jp mJp mJp

mo ma mo

1 1/2
éClim{—(J |u,,,—ﬁm|2> m‘/2+J |a,, — 4
m>® \M\Jp,,, b

1 1/2
+—<J |ﬁ—u|2> ml/z}
m\Jp,,

=C limJ |, — 1] =0,
D,

m—>o0

which proves (3.10).
Consider now a pair (k, uy) € P where k; is a solution of Problem (P). In order
to analyze k,, we introduce, for any positive integer m, the penalized functional

(3.11) u(:«);ﬂo Lpu—%j J (k= ko)?

for (k, u)e P.
Problem (P,,). Maximize J,,(k) over ke &,
The existence of a solution can be established as before.
LemmMA 3.2. Suppose (k,,, u,,) € P, k,, a solution of Problem (P,,). Then, as m - o,

(3.12) kn—>ko inL*(T;x(0,0)).

Proof. For any subsequence of (k,,, u,,) there is a sub-subsequence, which we
denote again by (k,,, u,,), for which

(3.13) k, >k weak starin LT ),
(3.14) u,~>u ae.,

and (IE, i) € P. Further, by Lemma 3.1,

o 1 mo
J(ko)éJ(k)=lim—J J’ pu
m=>0m Jo D

1 (™ . 1
='Liggo[1m(km)+~n;L JDp(u—um)+5Jrl (km—ko)z]

o

1
= 1lim inf J,, (ko) +lim sup > J (K, — ky)?

Lo

= J(ko)+1lim sup % J (ki — ko)?,

o

and (3.12) follows.
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In order to analyze the maximizers (k,,, u,,) we introduce the e-approximating
parabolic problems:

%BE(u)—Au =0 in Dy,

(3.15) u,=0 onl .,
u=-g onl,,
u=h ont=0.
Set
P;, ={(k, u); ke oA,, uis the unique solution of (3.15) corresponding to k}.
For any (k, u) € P, consider the functional

(316)  Jk)=- J Jp(x)u(x,t)—%r J [k = k) + (k — ko)?].

0

Problem (P,,). Maximize J,,(k) over ke «,,.
LEMMA 3.3. Suppose (k:,, u;,) € P;, where k;, is a solution of Problem (P;,). Then,
as e->0,

(3.17) ki, >k, inL*T,x(0,0)).
Proof. We may suppose that
k& -k, weaklyin LT, o),
u,~>u, ae.inD,,.
Then (Em, i,,) € P if we extend 1, into a solution of (3.4). Let (k,,, i.,) € P;,. Then

i;,~>u, a.e.ase->0.

mao

We now have a sequence of inequalities

~ 1 1 o
Jm(km)zjm(km)‘_——‘l‘ P';m_"J‘ (km_"k())2
m Dmu 2 rI,o

1 1
—>_—1im—J pus, ——lim infj (k&= ko)?
Dy 2 =0

e->0m Fl_a

(since k;, > k,, weak starin L™(T', ,))
1 1
=1 = o | kn-k 2]
im sup [ - J‘Dm pum=3 L ( 0)
1
=lim sup [Jf,,(kf,,)+-J (kf,,—km)2:|
&0 2 e

. pre 1.
= llr:l_)lonf.lm(km)+2 llTjgxp J

ry,

=liminf | — = K = ko) += 1 m= mz]
12‘1_)1011 [mJVO J.Dpu 2JF|,W( " 0) 2 ln;:l—>s(}lp J;La (k k )

1 (™ 1
=— m — k,, — k, 2410
m Jo J'D U 2 Jrl‘(,( o mgj‘}lp Jr

1 (e
=J,(k,)+=lim supj j (k, —k2)%,
2 e->0 r,

0

(k& —k,n)* (by maximality of k;,)

(kp = kyn)?

1,

from which (3.17) follows.
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Consider Problem (P;,) and suppose (k;,, u;,) € P;, where ki, is a maximizer. Let
I be any function such that k;, + 8l € s, for any small 8§ >0, and denote by u&’ the
solution of (3.15) corresponding to k&, + 8L Then J&,(u,) —J5,(u5°) =0, and, proceed-
ing as in § 2, we derive the analogue of (2.14):
1 m
(3.18) —J J (Qn+2k;, —ky,—koy)l=0,
mJjo Jr,
where Q3, is the solution of the parabolic problem
BU(un) Qi +AQh=p in Dy,
Q,..=0 onT;x(0, mo),

(3.19)
Q=0 onl,x(0, mo),
Q,.=0 ont=mo.
Let
l m-—1
(3.20) PL(xt)=— % Qu(x, t+jo).
m j—o

Since k;, and k,,, k, are periodic, (3.18) can be written in the form

(3.21) I J (P, +2k;,— k,,— ko) =0.
o Jr,
As in § 2 we have
Q0=0Q5%=0 inD,,

with the same function Q, and Q;,,=0. It follows that

(3.22) Q=P;,=0 inD,,

(3.23) P,.=0 inD,.

Also,
4]

(3.24) 5P5,,+AP$,,=p in V;=T?x(0, 0),
a

(3.25) 5—Pf,,=0 onT, x(0, o).
14

Using Lemmas 3.2, 3.3 and (3.21)-(3.25) we can proceed to establish, as in § 2,
that there exist sequences of {m} and {e,,} such that

(3.26) P;»— P uniformly in Vj, P=0,
(3.27) P+AP=p inV,,

(3.28) P,=0 onl,,,

and

(3.29) P,>0 onl,,.

Further,

(3.30) k0={N2 on{P<A}INT,,,

N, on{P>A}NT,,
for some A =0. Finally, from (3.29), (3.30) we conclude the following theorem.
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THEOREM 3.4. Ifk, is a maximizer of Problem (P), then there exists a C"*/? function
¢(x) defined on I'| such that

N, ifmo<t<mo+e(x),

. k =
(3:31) ol 1) {N1 ifmo+o(x) <1< (m+1)o
form=0,1,2,---,and xel;.

4. Optimal control for Dirichlet data. In this section we extend the results of
§§ 1-3 to other boundary conditions. We begin with

u=k onI;x(0,T),
(4.1)
u=-g onl,x(0,T)
(instead of (0.2), (0.3")) and assume that I, C*** and
ke L™(I'; x (0, ), 0<B,=k=B,<00,
(4.2) ge L™(I',x (0, )), 0<c=g=c, <o,
he C°(D).

Since g and k are not assumed to be Lipschitz continuous, one cannot expect Vu to
be in L*((0, T); H'(D)). We shall therefore employ the following concept of a weak
solution.

A pair (u, £) is called.a weak solution of the two-phase Stefan problem correspond-
ing to the boundary data (4.1) and the initial data u=h, £{,< H(h) if ue L™(Dy) and

T

T T
J J [(u+§)<p,+uA<p]dxdt=J' J kﬁdedt—J j 22€ 4s dt
0 D 0 T ov 0 I, ov

1

(4.3)
—J (h+&)e(x,0)dx VeV

where
V={¢e C(Dy); Dy, D3¢, D,pc C(D;),o=00nt=Tand ondD x (0, T)}.
Let Vy(x) and V,(x) be the solutions of
AV,=0 inD,
(4.4) Vo=B, onl,,

V()=~Cz on 1—‘2,

and
AV,=0 inD,
(4.5) Vi=B, onl,,
Vi=-c¢, onl,.

THEOREM 4.1. Assume that
Vo(x)=h(x)= Vi(x) inD,
H(Vy)=¢é=H(V,) inD.
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Then there exists a unique solution u of the two-phase Stefan problem (4.3), and
Vo(x) = u(x, t) = Vi(x),
H(Vy)=€&(x, )= H(V,).

(4.6)

Proof. Let ¥, be smooth functions (say in C') in Dy such that their restrictions
kn = \Pmlr,,T’ 8m = —‘I’mh‘”,
satisfy (4.2) and
kn.—->k, gn—>g weakstarin L*(0Dx(0, T)),
hy=¥,|.—o=>h uniformlyin D.

By [4] there exists a solution (u,,, £&,) corresponding to V¥,,, and it satisfies (4.6).
Set

D? ={xe D, dist (x,0D) > 6},
D5=D’x(0, T).
In view of (4.6), for some & > 0 there holds

Oty .
;“t—— Au,, =0 in(D\D*)x (0, T).

But then, by parabolic interior estimates,

|| D% x5, 71y = C

where C is a constant independent of m. Considering u,, as a solution of the two-phase
Stefan problem in D7’, we can apply gradient estimates from [3] and diagonalization
in order to conclude that, for a subsequence,

u,->u inL*(Dy),
&n—> & weakstarin L¥(Dy).

Taking m - o in the identities (4.3) for (u,,, &, ) we find that (u, £) is a weak solution.
Finally, uniqueness is proved as in [4], [5].

The stability estimate (1.22) was established in [4] (see also [3]) for smooth data,
say Dirichlet-Lipschitz data. Thus it holds, in particular, for (u,,, £,,). The proof shows
that the constant C is independent of m. Hence, by approximation, (1.22) remains
true for solutions of (4.3) with data in the class (4.2).

Similarly, for smooth periodic Dirichlet data k,,,, g, there exists a periodic solution
and, upon taking m - 00, we obtain a periodic solution (i, £) when the periodic data
(k, g) are in the class (4.2). By the stability estimate, the periodic solution is uniquely
determined by k and g.

To extend the results of § 2 we introduce

T
&‘e={keL°°(r,><(o, T)), ngngz,I I k=M}
0 I,

with any N,> N;>0 and M as in (2.1), and the class of solutions

IZT ={(k,u); ke .ﬁ, u is the unique solution of (4.3) corresponding to k}.



40 A. FRIEDMAN, S. HUANG AND J. YONG

Consider the functional

J(k)=[ Jp(x)u(x,t)dxdt (p>0)

0

for (k,u)e I%T.A ) .
Problem (F). Maximize J(k) over ke .szAi
Let (k,, u,) be a solution of Problem (F) and introduce the functional

. T 1 (7
Je(k)=J J Pu—EJ J (k—ko)?,
o Jp 0o Jr,

with (k,u)e 12;, i.e., u is the solution of
d .
aﬂs(u)—Au=0 in Dy,

(4.7) u=k onI,;x(0,T),
u=—g onl,x(0,T),
u=h ont=0.

We also introduce Problem (lA:E) of maximizing fe(k) over I&?.
We prpceed as in § 2 to derive the optimality condition for a solution (k,, u.) of
Problem (F,):

T
(4.8) J j (Q.., +k—ko)=0.
-

0 Jry
Here
Be(u.)Q.+AQ.=p inDr,
Q.=0 onsDx(0,T)andont=T.
We easily deduce that O = Q. =0 where
Aé=p in D, é=0 ondD,
and Q.,=0. Hence, for a sequence £ >0, Q. > Q uniformly in V?>=TI?x (0, T) and
Q,+AQ=p inV?
Q=0 onI,x(0,T),
Q,=0.
The strong maximum principle can now be applied to Q,; we conclude that Q,>0 in
V? and
(4.9) Q>0 onl\x(0, 7).

This inequality, together with (4.8) and the uniform convergence Q,,~ Q, on I', X
(0, T), yields the following.
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THEOREM 4.2. If k, is a maximizer of Problem () then there exists a C"*'? function
¢(x) defined on T'; such that on ', x (0, T):

N, ifo<t<e(x),

(4.10) k(x, t)z{N, ifo(x)<t<T

The results of § 3 can now also be extended in the obvious way.

Remark. Using the approximation procedure of k, g by smooth functions k,,, g,
as in the present section, we can extend the results of §§ 1-3 to the case where
g€ L*(D,) and 0= ¢, = g=c, =00 (instead of g satisfying (1.1)). Finally, the results
of this paper extend to the case of a Neumann condition on I', x (0, T).
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CONTROL OF FREE BOUNDARY PROBLEMS
WITH HYSTERESIS*

AVNER FRIEDMANt AND KARL-HEINZ HOFFMANN¢

Abstract. We consider the problem of controlling the free boundary of the two-phase Stefan problem
by means of boundary hysteresis control based on the Preisach model. It is proved that for each control u
there is a corresponding solution of the Stefan problem and that there exists an optimal control.

Key words. Stefan problem, hysteresis, optimal control, control variable, Preisach model
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Introduction. In this paper we are concerned with free boundary problems with
a control variable whose structure involves a hysteresis law. In fact we choose the
Preisach model for hysteresis [19]; thus the control variable is a measure u defined
on the space of pairs (p;, p,) with p, <p,. The fact that the hysteresis law is discon-
tinuous causes some technical difficulties. We establish the existence of a unique
solution u to the free boundary problem for any given u, and then proceed to prove
the existence of an optimal control. For definiteness we shall consider in detail only
the two-phase Stefan problem. Other problems, some with free boundary and others
with fixed boundary, can be treated by the same methods as briefly mentioned in § 5.

We note that the Preisach model is often used by physicists [3], [6], [17]; for
other hysteresis models see Hornung [11]. The two-phase Stefan problem with hysteresis
was treated by Hoffmann and Sprekels [10] for a simple situation of a thermostat
control (cf. also Jager [12] for a related reaction diffusion problem).

A systematic mathematical treatment of hysteresis has been carried out by Kra-
snosel’skii, Pokrovskii and co-workers (see [13]-[15] and the references therein). More
recently Visintin [22]-[25] has studied several physical models with hysteresis. In [23]
he proved that the hysteresis functional is a continuous mapping, a fact which will be
very useful in this work.

In § 1 we describe the hysteresis model for the Stefan problem and then briefly
outline the structure and main results of this paper.

1. The Stefan problem. Consider the one-dimensional Stefan problem:
(1.1) u=u, if0<x<s(t), t>0 orifs(t)<x<a, >0,
(1.2) u(0,t)=1vy(t) ift>0, y(z)continuous, 0<y,=y(t)=y,<0,

u(x,0)=uy(x) if0<x<a, whereuy(x)>0 forO0<x<s,,

(1.3)
uy(x) <0 for sp<x<a,
(1.4) uc(a, t)+u(a, t)=g(t) fort>0, g(1)=0,
(1.5) u(s(t),t)=0 fort>0, s(0)=s,, 0<s,<a,
(1.6) $(t)=—ul(s(t), )+us(s(t),t) fort>0

where u;(s(1), t)=u.(s(t)F0, t); uy(x) is assumed (for simplicity) to be continuously
differentiable for 0= x = s, and for so=x =a and uy(s,£0)=0.
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1986. This work was partially supported by National Science Foundation grants DMS-8420896 and DMS-
8501397.

t Purdue University, Center for Applied Mathematics, West Lafayette, Indiana 47907. Present address:
Department of Mathematics, University of Minnesota, Minneapolis, Minnesota 55755.
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This problem has a unique solution (u, s) for any ge L, [0, ], provided s(t)
does not intersect x =a. Furthermore, the free boundary x =s(t) is in C*(0,0) N
C[0, «].

For any 0<p, <p,<a set p =(p;, p,) and define

_1 ifsipz,
Mo(s)={0 ifp,<s<p,,
0 ifs<p,
and
-1 ifs=p,,
M(s)=4-1 ifp,<s<p,,
0 if s=p,.

Given any continuous function s(t), t=0, set s,=s(0). If p, <s,<p, we define the
hysteresis law based on M as follows: Set t, =0 and M, (s(0)) = M(s,). For ke NU {0}
define

t _{inkaH if T\ # O,
T 4o if T, =0

where

p, if k+1even,

T =1te(t,); s(t)= .
ko {e(koo) s() {p2 if k+1odd

and

ifte[t, try)and k+1 odd,
if te[ty, ter1) and k+1 even.

M,,(s(t)>={(il

The hysteresis law based on M}, is defined in a similar way:
Set t,=0 and M,(s(0)) = M ,(so) and define

{inf Toon ifTp # 0,
+00 if Tk+1 =

L1 =

where

py if k+1odd,
Tiiy=13te (te,0); s(t)=
e {e(k’ ) {p2 if k+1even

and

if te[t, tes,) and k+1 even,

M <s<z>>—{°
’ " |-1 ifte[n, tis,) and k+1 odd.

In the case s, = p, or s,= p, we have M?,(so) =M, (s,) and M, (s(1)) is defined as
follows:

Set 1,=0, M, (s(0)) = M(so) = M},(s,). In case p, = s,

p, ifk+1o0dd,
Tiri=1te(t,); s(t)= .
. { € (t, 20); (1) {pz if k+1 even,
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tc+1 is defined as before, and

if te[t, tery) and k+1 odd,
if te[t, t,r;) and k+1 even.

0
M,,(sm):{_1
In case so= p,,

py if k+1o0dd,
Tiii=3te(t,0); s(t)=
k+1 { e( ks )’ S( ) {p2 ifk+1 even,

t..+, is defined as before, and

if te[t, t,+1) and k+1 even,
if te[ty, tes1) and k+1 odd.

We shall denote by M,(s(t), M) the hysteresis law M,(s(t)) based on M (i=
0,1).
Set

(1.7) Q={(ps,p2); n<p1<p<a—n}

where 7 is a fixed small positive number, 0 <7 <a/2. Denote by M(Q) the set of all
nonnegative measures u on () satisfying the following:
(i) m is absolutely continuous with respect to the Lebesgue measure dp = dp,dp-;

(ii) Jo du(p)=1.

Denote by M,(Q) the set of all u in M(Q) satisfying the following:

(iii) w(A)=C |4 dp,dp, for any Lebesgue measurable sets A; C is a positive
constant depending on wu.

The hysteresis functional corresponding to w is defined by

M, (s(1)) = {(_’_1

(1.8) M“(s(’))=L M,(s(1), ML) du(p)  (i=0,1);

i will be fixed throughout the paper. This functional was first introduced by
Preisach [19].

In thermostat control problems it is natural to assume some hysteresis effects. In
this paper we shall be interested in controlling the free boundary of the Stefan problem
(1.1)-(1.6) when g(t) is a control variable whose form is given by the hysteresis law

(1.9) g()=M,(s(1)), neM(Q);

thus the actual control variable is the measure pu.
We recall the following results due to Visintin [23]: For any u € M(Q),

(1.10) if se C[0, T] then M, (s(¢)) is also in C[0, T,

if 5, s, € C[0, T] and max |s,(t)—s(t)|>0as n- oo,

0=t=T

(1.11) '

then Jnax_ IM,, (5,(1)) — M, (5(1))| >0 as n—>co;

=1=

if further w € M,(Q), then
(1.12) OréléxT|M#(s,,(t))-M#(s(t))|§CorgnlagT |5, (1) = s(2)]
where C is a constant depending only on max |s(1)|.

In § 2 we shall prove that the Stefan problem (1.1)-(1.9) has a solution for any
m € M(Q) and that the solution is unique if w e M;(Q).



CONTROL OF FREE BOUNDARY PROBLEMS 45

In § 3 we introduce the functional

(1.13) J(p) = max. |S(lf)—<f(lf)|+J'Q h(p) du(p)

where o(t) is a given continuous function and h(p) is a given nonnegative continuous
function. We establish the existence of a control uy€ M(Q) satisfying:

J(mo)= inf J(u);
peMQ)
here 1\71(9) is a suitable admissible class of controls contained in M(().

In § 4 we study the asymptotic behavior of solutions of (1.1)-(1.9) as t -0, when
(1.2) is replaced by u, (0, t) =0. In § S we briefly mention several other problems with
hysteresis (both with free boundary and with fixed boundary) for which the methods
of the present paper can be applied.

2. Existence and uniqueness for (1.1)-(1.9). In general a global solution of (1.1)-
(1.9) may not exist for all ¢> 0 since x = s(#) may cross x = a in finite time; this can
be seen by considering already a stationary solution of the form C — Ix and comparing
with the case where s(0)=a —m, g(¢)=—1. In order to avoid this situation we assume
that

(2.1) max {y,, max uy(x)} <.

Then u(x) = 6a — 0'x is a stationary solution of (1.1)-(1.6) when s(0) = 6a/ 6’ (if 6 < 0’)
and it majorizes the boundary data and the initial conditions of u(x, t,), if s(t,) =a—m,
provided 6’'<1 and 1— 6 is sufficiently small.

THEOREM 2.1. Assume that (2.1) holds. Then for any u € M(Q) there exists a
solution of (1.1)-(1.9).

Proof. Take any small § >0 and define

g()=0 if0<r<é.
Let (u, s) denote the corresponding solution of (1.1)-(1.6) in {0 <t < 8}. Next define

gs(t) =M, (s(1-8))

for 6 < t <24. Since gs(t) is known in this interval, we can solve (1.1)-(1.6) for § <t <28
with this g; and with the initial values (u(x, 8), s(8)) obtained in the first step.

We continue by defining g;(¢) for 26 <t <38 as before in terms of the function
s(t) obtained in the second step, and solve (1.1)-(1.6) in 26 <t <34. Continuing in
this way we obtain a unique solution of (1.1)-(1.6) with g =g;(¢); we designate this
solution by (us, s5).

We claim that there exist positive constants 7,, n' such that, for any & sufficiently
small, there holds

(2.2) No=ss(t)=a—n',

that is, the free boundary stays uniformly away from {x =0} and {x=a} (and, con-
sequently, the solution (us, s5) exists for all 1> 0).

To prove (2.2) we begin by observing that, by the maximum principle, u; =0 in
{s5(t)<x<a,0<t<T}forany T >0 for which0<s;(t)<aif0<t<T,i.e., us cannot
take positive maximum on {x = a}. Also, by (1.4), us; cannot take negative minimum
smaller than min g5 on {x = a}, for at a point of minimum, on {x = a}, dus/9x <O0. It
follows that —co=u, =0 on {x = a}, where ¢y=max, = =, |Uo(x)|+1, and by (1.4),

=c¢ if0=st=T, ¢, =cot 1.

(23) ‘8—‘1- us(a, 1)
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Since u5(0, t)=y,>0 we can use a comparison theorem [9, p. 691] to compare
us; with a stationary solution of the Stefan problem (i.e., with a linear function u(x)
satisfying u(0) =y for some small y<1y,, u(a)=—c,). We then deduce that

ss(1)=Zne>0 if0<t<T

where 71, depends only on v, a, ¢,. But then we can apply parabolic estimates for the
heat equation in {0 <x < n,,0<t< T} and obtain:

(24) ‘aix " (% 0, t)
where C is a constant independent of T. We may take C> ¢, and C > sup |ug(x)|.
In one of the proofs of global existence for the Stefan problem (due to L. S. Jiang;
see [8, p. 118]) we show that u;, in {0<x<s;(t), 0<t< T} does not take negative
minimum smaller than —C on the free boundary and u;, in {s;(t) <x<a,0<t<T}
also does not take negative minimum smaller than —C on the free boundary. Hence

Us(s5(1)£0)=—-C if0<t<T.

=C (0<t<T)

Since the functions on the left-hand side are actually negative, we deduce that
|usx(55(1) £0)| = C
and, from (1.6),

(2.5) =C ifo<t<T;

d
zsa(t)

C is independent of 8, T.

We can now proceed to establish the right-hand inequality in (2.2). Suppose
x = s5(t) intersects x = a — n' for the first time at t = T. Then there exists a f, such that
0<t,<T,

a—-n=s5(ty) <ss(t)<ss(T)=a—-n" ifty<t<T.

In view of (2.5), T—1t,>2c(n—n') for some ¢> 0 independent of 8. Then g5(t)=—1
if t,2+86<t<T and

d

x us(a, t)tus(a, t)=—1 ifty+6<t<T.
Again using comparison with a stationary solution introduced following (2.1) we
deduce that

ss(t)=a—-2n" forty+6<t<T

provided n'is sufficiently small (and provided & is small enough (dependingon ¢, 1, '),
which is a contradiction to the assumption that s;(T)=a— 7'

Having proved (2.2) we deduce that (us, s5) exists for all t>0. From (2.5) it
follows that for a sequence § =8, 0

(2.6) 55,(t)—>s(t) uniformly in 0=¢t=T

for any T <co. Clearly also

2.7) 55,(t—8,)=>s(t) uniformly in 8, <t<T
and further, by (1.11),

(2.8) M, (s5,(t)) > M,(s(t)) uniformly in0=¢t=T
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Representing u;, by means of the Green and Robin functions (in {u;, >0} and
{us, <0}, respectively) in terms of s, and the boundary values M, (s(t—4,)) on x=a
(cf.[7],[21]), taking n - o0 and using (2.6)-(2.8), we deduce that (u, s) forms a solution
of (1.1)-(1.6) with g(t) given by (1.8), (1.9).

THEOREM 2.2. If uw € M,(Q) then the solution of (1.1)-(1.9) is unique.

Proof. We represent u by the Green and Robin functions in {u > 0} and {u <0},
respectively, differentiate in x and let x> s(¢) (cf. [7]). We then obtain a pair of
Volterra-type integral equations for

vi() =u(s()=0,1),  vy(t)=us(1)+0,1)
having the form
vy =1I,(vy, ), vy = I)(v,, 5)+ I(s)
where I,, I, are Volterra-type operators and
I(s)= J R(s(t), t, )M, (s(7)) dr.

0
Here

$(1) = vy(1) = v:(1)

and R is a smooth kernel (so long as s(t) <a).
By (1.12),

[max M, (s(7))— M, (5(1))|= Comax |s(7)—5(7)]
=r=t =7=t
for any two continuous functions, where C is a constant depending only on max |s|.

Using this fact and the standard estimates of [7], we deduce that the mapping
(v1, v;) > (0, D), given by

o, =I,(v,, s), 0= I)(v,, )+ 1(s)

is a contraction in C[0, o] provided o is sufficiently small. This proves uniqueness for
0<t<o. Proceeding step by step we derive uniqueness for all ¢>0.

Remark 2.1. Theorem 2.1 extends to models where the measure w(p) is supported
on a line segment

I={(p1, p1+80), m<pi<a—8,—m}

for some 8,>0, n,> 0 and is absolutely continuous with respect to dp,; if further

J dIL(Pl)éCJ dp,

for any measurable subset o of /, then Theorem 2.2 is also valid.
Remark 2.2. Theorems 2.1, 2.2 and Remark 2.1 extend to the case where (1.2) is
replaced by

—u,(0, 1) +Au(0, 1) = y(¢)
where A =0, y(t)> 0, or when (1.4) is replaced by
u(a, t)=g(t) or wucla,t)=g(t).

Without any restriction on A, y, u,, the free boundary may hit the boundary {x = 0}.
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3. Existence of optimal control. We shall now restrict u to belong to a subset of
M(Q) given by

(3.1) K={#; du(p) =f(p) dp, Lf'”(ﬂ dpéc}

where 8 and C are some positive constants; the condition (2.1) is assumed throughout
this section.

Let o(t) be a given continuous function for 0=t =0 and let h(p) be a prescribed
nonnegative continuous function on . Consider the cost functional

(3.2) J(f, S)=OQI§XT|S(I)—U(0I+L h(p)f(p) dp

for any fe K, where T is a fixed positive number. Here (u, s) is any solution of
(1.1)-(1.9) corresponding to du =fdp. Since we may not have uniqueness (unless
u € M,(Q)), there may be more than one pair (u, s). We introduce the set of costs

(3.3) J[1={J(, s); (u, s) solution of (1.1)-(1.9) with du =fdp}.

Using (1.11) it is easy to see that the set of solutions (u, s) corresponding to a given
u is compact in the uniform topology for 0=t=T,0=x = a; hence there exists a
solution (u,, so) such that

(3.4) J(f, so) =inf {J(f, s); J(f, s) e JLfT}-
Set

(3.5) J(f)=J(f, s0)

and consider the minimization problem: Find f;€ K such that
(3.6) J(fo) = min J(f).

THEOREM 3.1. Problem (3.6) has a solution.
Proof. Let (f,, s., u,) be a minimizing sequence. By taking a subsequence we may
assume that

S,=>So uniformlyint, 0=t=T,
3.7) u,> u, uniformlyin(x,t), 0=x=a, 0=t=T,
f.~>fo weakly in L'(Q).

Suppose we can prove that, for any continuous function ¢(t),

InEj ¢ (1) dt{J [M,(s.(1), M) f,(p)
(3.8) 0 @
— M, (so(1), M})fo(p)] dp}—’Oifn—)OO (i=0,1).

Then we represent u, by means of the Green and Robin functions and, using (3.7),
(3.8), we find that the same integral representation holds for u, and the corresponding
S0, fo. This means that (ug,s,) forms a solution of (1.1)-(1.6) with g given by
M, (s0(1)), du = fo dp. Since, as easily seen from (3.2),

J(f;la S")—>J(ﬂ), sO)a

it follows that f;, and the corresponding solution (u,, s,) form a solution of the optimal
control problem (3.6). Thus it remains to prove (3.8).
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From the proof of (1.11) we see that the convergence of the M, (s, (7)) to M(s(¢))
is uniform not only in ¢ but also in w provided w is in the class K; in particular,

max_ M, (s.()) =M, (s(t))|>0 ifn->co
==
when du, = f, dp. Therefore the proof of (3.8) is reduced to proving that

(3.9) i"ELU M, (5o(1)) (1) dt][fn(P)—fo(P)] dp—>0 asn-oo.

0

To prove (3.9) set
tlf(p)=L M, (so(1))$(1) dt,  dpo=fo dp.

Let
B, ={(p1, ) €2;0<p,—p, <&}
Given any £ >0 we can choose ¢, sufficiently small so that
(3.10) pn(Be) + po( Be,) < 5

here we used the fact that u, € K.
Now, by Sard’s lemma, the set

S* ={s*; there exists a t€[0, T] such that sy(¢) = s* and s{(t) =0}
has Lebesgue measure zero. Set
S, ={s; there exists a t€[0, T] such that s,(¢) =s and |s(¢)| <1/k}, keN.

It is easily seen that

Since Z£(S*)=0 (where £(A)=Lebesgue measure of A), it follows that £(S,)~ 0 if
k> co. Setting

S, ={(py, p»); either p, is in Sy or p, is in S},
we conclude that also uq(S,)~> 0 if k>0 and, consequently,
(3.11) po(Si) <e

for some sufficiently large k, say k= k.
Similarly, if k= k,,

(3.12) p,,,(§k)< e for all n
Let Y. = Q\(B.,U S,) and take any p=(p,, p,)€Y... Consider an interval t,<t<t,
such that so(t;) = p, So(t:) = p1, p1 <So(t) <p, if t; <t<t,. Then

1
so(t) < =y if |t —t,| < 8,

1 .
s6(t)<—ﬁ if [t —1| <8
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for some & > 0 independent of ¢, t,. It follows that if p' = (p1, p}) where

! i I i
i Pll<2k, lp5 P2|<2k

then {x = so(t)} crosses {s,=p}} at time ¢ = 1, where
|t~i_ ti| <2k|P$"Pi|,
and p{ <so(t) <p5for f, <t< t~2. Similar consideration holds in case sy(#,) = p;, so(t,) =

P2, p1<so(t) <p, if ty<t<t,.
Summing over the finite number (=2N) of such pairs (¢,, t;) we find that

T
J IM,(56(1), ML) — M,(54(t), M\,)| dt =4 Nkl|p'— p|.
0

Consequently,

(3.13) [¢(p) —¥(p")|=4CNklp'—p| ifpel,
where C =max |¢|. Recalling (3.10)-(3.12) we see that for any & >0

(3.14) |I~,.|§C8+|JE ¥(p)f(p) dp—L ¥(p)folp) dp|.

By (3.13), ¢(p) is continuous on ¥,. Since f, - f, weakly in L', it follows that the
difference of the integrals on the right-hand side of (3.14) converge to zero as n - .
Consequently,

lim sup I,=Ce.
Since ¢ can be taken arbitrarily small, (3.9) follows.

Remark 3.1. Theorem 3.1 extends to the model described in Remark 2.1 provided
du=f(p,) dp, and K ={f; [ [f(p))]""°= C} for some 6 >0, C > 0. Theorem 3.1 also
extends to the boundary conditions given in Remark 2.2.

Remark 3.2. If we replace K by K N M,(Q) then (u, s) is uniquely determined
by f and J[ f] consists of one number.

4. Asymptotic behavior as t—00. In this section we return to problem (1.1)-(1.8)
with (1.2) replaced by

(1.2") u(0,1)=0 ift>0.

Assuming that (u, s) is a solution for all 1> 0 (with 0<s(¢) <1, i.e., the free boundary
does not hit the fixed boundary in finite time), we shall study the asymptotic behavior
of the free boundary as ¢ - co.

LeMMA 4.1. There holds

(4.1) J |M,, (s(1))| dt <co.
0
Proof. By comparison we have
(4.2) u(x, t)= A cos e g A
2a
(4.3) u (x,t)= Bx

where A and B are positive constants.
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Integrating u, = u,, over 0<x <s(t),0<t<T and over s(1) <x<a,0<t<T and
adding, we easily obtain, after using (1.2'), (1.3), (1.5), (1.6), (4.2), (4.3) and the fact
that 0<s(t) <a,

T a a

u(x, T) dx—J uy(x) dx;

0

u.(a,t) dt= J

0

(4.4) —s(T)+s0+J

0

it follows that

(4.5) I u.(a,t)ydt=0(1) as T-oo

0

Next we integrate
XU, = XUy,

over 0<x <s(t),0<t<T and, after integration by parts, obtain

(4.6) J' s(ui(s(1), t) dt=0(Q).
Similarly
T T T
4.7) a J u.(a,t) dt—J su,(s(t), t) dt—J‘ u(a, t) dt=0(1).

Using (4.5) and
T

T
J [s(Dux(s(0), 1) = s(Du(s(1), ] dt = —J s(1)s(t) dt

0

= =2 (H(T) = 57(0)

=0(1),
we get, from (4.6), (4.7) and (4.5),
T
(4.8) J [uc(a, t)+u(a,t)]dt=0(1) as T~ o,
0
which is the assertion (4.1).
THEOREM 4.2. There holds that
(4.9) lim s(t) exists.

Proof. Let v be a solution of the heat equation in {0<x < a, t > 0} satisfying
v,(0,1)=0 ifr>0, v(x,0)=—B if0<x<a,

ve(a, t)+v(a, t)=M,(s(t)) ift>0.
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Representing v by means of the fundamental solution associated with the same
boundary conditions as for v and using (4.8), we can deduce that
max |v(x, t)]>0 ift>0 foranyO0<a'<a.
O=x=a’
Since u~ =v if B is large enough, the same is then true for u~. Recalling also (4.2),
we obtain

 max lu(x, t)| >0 ift->00 forany 0<a’'<a.
=x=a’

In view of (4.3) we then also have
(4.10) J- lu(x, T)|dx~>0 if T~ oco.
0
Next we write

(4.11) J u.(a,t) dt*-:J M, (s(1)) dt—J u(a,t) dt.

0

By Lemma 4.1,
T
;im J M, (s(1)) dt exists.
—00 0

Since L,T u(a, t) dt is a monotone function of T, it then follows from (4.5), (4.11) that
this monotone function has a finite limit as T - c0. Consequently, the left-hand side
of (4.11) has a limit as T - co. Using this fact and (4.10) with T - oo, the assertion
(4.9) follows from (4.4).

Remark 4.1. If u,(0,t)=0 is replaced by u.(0,t)=—v, y>0, then numerical
results suggest that the free boundary is asymptotically periodic.

5. Other control problems with hysteresis.
5.1. The Muscat problem. Consider the Muscat problem of two immiscible fluids
in a one-dimensional porous medium:

au,, if0<x<s(t), 0<t<T,,
(1) u'={bu,€,c ifs(t)<x<1, 0<t<T,,
(5.2) u(0,t)=g,(t) ifo<t<T,,
(5.3) u(l, ) =g,(t) ifo<t<T,,
(5.9) u(x,0)=uy(x) ifo<x<i,
(5.5) u(s(t)—0,t)=u(s(t)+0,1) if0<t<T,,
(5.6) au,(s(t)—0,t)=bu,(s(t)+0,t)=—-5s(t) if0<t<T,,
(5.7) | 5(0) =50,

where g,, g, S, are given as well as the positive constants a, b.

We recall [1], [4], [5] that for any g,, g, in C%'[0, Ty] and uye C*'[0,1] there
exists a unique classical solution for all t< T, with s(t)e C*(0, T)N C°[0, T) and
either T= T, or else T < T, and s(t)->0 or s(¢)—>1 as t > T. The function u represents
the pressure in the fluids.
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Since the above model may represent, for instance, water and oil, it is natural to
attempt to control the location of the free boundary. Taking

(5-8) g(1) = J L M, (s(7), M}) du(p) dr

0
we see that, if a solution exists,
—-1=gi(t)=0,
ie., g, C*'[0, T].
We can now proceed analogously to §§ 2 and 3 and establish the existence and

uniqueness of a solution of (5.1)-(5.8), as well as the existence of an optimal control
for the problem (3.1), (3.2), (3.6) associated with (5.1)-(5.8).

5.2. One-phase Stefan problem in n-dimension. Consider the one-phase Stefan
problem in an n-dimensional domain [9] and denote the temperature by 6. As usual,
we introduce the associated variational inequality for u, where u, = 6. Since 0 is a
continuous function in (x, t) (see [2]), for any fixed point x, the function u(x,, t) is
continuously differentiable in t.

Now form the hysteresis function

N

(5.9) (Mu)(1)= % L M, (u(x;, 1), M) du;(p)

j=1
where u = (u1, " -+, un), 4 € M(Q) and x; are fixed points; each M, (u(x;, t), M}) is
defined precisely as M, (s(t), M;,) in § 1.
We can apply the methods of § 2 and thus establish the existence of a solution to
the variational inequality of the Stefan problem for u, under the boundary condition

ou
—tu=M,u
v

on the fixed boundary of the water region. We can also easily establish the existence
of an optimal control u = (u,, - - -, un) With u; € K for the functional

(5.10) Jmax |u(x, 1) = U(x, )]+ _; J oi(p) dui(p)

where U, o; are given, 0;=0, and D is a prescribed set.
Similar results can be established for the hysteresis law whereby u(x;, t) in (5.9)
is replaced by the following function of ¢:

(5.11) ﬁj(t):—:J u’(x, t) dS,

L
where I'; is a surface contained in the set {u(x, 0) > 0}.

5.3. Controlling air pollution. Consider the time-dependent two-space dimen-
sional air pollution model: Find ¢ = c(x, z, t) such that

(5.12) ¢, = uc,+we, + (kyey) + (kye,),— Ec in (0, a)x (0, h) x (0, T)

with the boundary conditions

(5.13) c(0,z,t)=c(a,z t)=0,
3 h
¥4

ac(x,0,t)
v — =

(5.15) k Py

Q(x)



54 A. FRIEDMAN AND K.-H. HOFFMANN

and initial condition

(5.16) c(x, z,0) = ¢o(x, z).
Here
c= concentration of pollutant,
(u, w)= wind velocity, u and w are positive,
H= horizontal diffusivity,
ky = vertical diffusivity,

= rate of chemical decay constant
= quantity of pollution emitted from the ground.

Let G={(x,2),0<x<a,0<z<h} and let G’ be a subset of G. Let

s(t)= J (e(x, z, 1))* dx dz.
o

We wish to control the amount of pollution emitted from the ground by replacing the
boundary condition (5.15) by

(5.17) ky 22200 _ M, (1)
0z
where
(5.18) M, (1)= L M, (s(t), M}) du(p);

here Q={p=(py, p,); 0<p, <p,< A} for some large constant A. The existence of an
optimal control can be established by the methods of §§ 2 and 3. For references on
pollution models see [18], [20].

5.4. Identification problem. Consider the inverse problem associated with

dx
(5.19) E=f(x,y, 1),  x(0)=x,
where
(5.20) y(t)=I M, (x(1), M}) du(p);
Q

that is, we wish to discover the measure w from measurements of x(¢). If we denote
by x,(t) a solution of (5.19), (5.20), then the methods of §§ 2 and 3 show that

(5.21) M~ u weakly implies x, (t)~ x,(¢) uniformly;

the u,, are assumed to belong to a class K, as in (3.1).

In order to identify the hysteresis law u, we first select a large number of measures
w; and compute their corresponding solution x;(¢) (not necessarily unique, unless the
w; belong to M,({})). Next we make measurements and obtain a function x(¢). We
compare x(t) with the functions x;(¢) and denote by i, the index for which x;,(¢) is
nearest to x(¢), in the uniform sense, say. We now identify the unknown measure u
with the measure u,. The justification for this method of approximation is based on
the result (5.21). For physical background on identification problems in flows in porous
media, see Maulem [16].
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IDENTIFICATION OF MINIMAL ORDER STATE SPACE MODELS
FROM STOCHASTIC INPUT-OUTPUT DATA*

Y. BARAMYT AND B. PORATY

Abstract. This paper discusses the problem of identifying a minimal order state space representation
of a multivariable linear time invariant system from Gaussian stationary input-output measurements. A
procedure for identifying the system’s order is proposed, based on an approximate probability distribution
of the squared singular values of the Hankel matrix built from the sample cross-covariances. The approximate
distribution converges to the true one as the number of measurements becomes large. The order determination
procedure also identifies sets of linearly independent rows and linearly independent columns of the Hankel
correlation matrix which form a basis for a minimal order representation of the system.

Key words. system identification, stochastic realization

AMS(MOS) subject classifications. 93B, 93E

1. Introduction. The minimal order representation of the relationship between the
input and the output of a finite dimensional linear system has been of interest since
the pioneering work of Gilbert [1] and of Kalman [2]. The construction of such
representations from a finite dimensional Hankel matrix of impulse responses was
proposed by Ho and Kalman [3], Rissanen [4] and Silverman [5], among others. In
the case where the input is a stochastic process, the impulse response function is
naturally replaced by the cross-correlation function between the input and the output.
Akaike [6] gave probabilistic and geometric interpretations to the role played by the
Hankel correlation matrix when the input is a white noise process.

When the cross-correlation function between the input and the output of the
system under consideration is not given, one is faced with an identification problem.
When the exact, unknown correlations are replaced by their estimates from measure-
ment data, the finite structure of the Hankel correlation matrix is normally lost due
to the inaccuracies associated with finite samples. A major consequence is that the
minimal representation order cannot be determined exactly from any finite dimensional
Hankel matrix of sample correlations. In the past, direct identification of the order
from a Hankel matrix of sample correlations has been essentially given up due to the
complexity of the probability distributions involved [7] and other, indirect methods
have been proposed by Chow [7], [8] and Woodside [9]. An approximation technique,
based on canonical variates analysis of truncated data records has been suggested by
Larimore [10]. Order estimation criteria have been suggested by Akaike [11] and by
Fine and Hwang [12], whose method was shown to produce consistent estimates.

In this paper we propose a solution to the problem of identifying the minimal
order and a minimal order representation for the relationship between the input and
the output of a linear system from stochastic measurement data. For the sake of
completeness, we first derive a generalized representation following, essentially,
Akaike’s steps [6]. We then obtain explicit terms for the representation, which define
the model to be identified. The key to this model is a maximal set of linearly independent
rows and linearly independent columns of the Hankel correlation matrix, which defines
both the order and a basis for the representation. The crucial problem is then to identify
a maximal set of linearly independent rows and linearly independent columns of the

* Received by the editors June 5, 1985; accepted for publication (in revised form) January 12, 1987.
T Department of Electrical Engineering, Technion, Israel Institute of Technology, Haifa 32000, Israel.
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Hankel matrix from measurement data. We propose a procedure which performs this
task by sequentially testing the ranks of submatrices of the Hankel matrix. We then
derive an approximate distribution for the rank test statistics and show how it can be
calculated from measurement data.

2. Minimal order system representation. Let u, € R? be an uncorrelated Gaussian
input of a system and let y, € R™ be the system’s output. Suppose that u, and y, are
jointly Gaussian and stationary with a cross-correlation function given by

(2.1) Ry = E{yau,_i}

where E denotes the expectation operation. We assume that there exist a positive
integer P and a set of positive scalars a,, - -, ap_;, ao=1, such that for any k= P
P-1

(22) a,'Rk_i =0.
=0

1

It is well known that when u,, is the input and y, is the output of a finite dimensional
linear system, they satisfy a relationship of the type (2.2) where the a;’s are the system’s
characteristic polynomial coefficients. In the context of system identification u, may
represent a known, synthetically generated “pseudo-random” sequence.

Itis desired to find a minimal order representation for the input-output relationship
between u, and y,. Let us denote by U, =(u,_,, u,_»,--*,uq)" the vector of past
inputs and by Y, =(y., yai1, "+, ¥an_1)  the vector of n-step future outputs. The
space Y,|U, of mean square projection of Y, on U, is spanned by
R(m[E{U,U,"}1"'U,, where

Rl R2 [ Rn
(2.3) R(m)=|"7 ™ o
Rn Rn-H e R2n—l

It follows from (2.2) that the rows beyond the Pth block row of R(n) are linearly
dependent on the previous ones. This implies that Y;|U, is spanned by
R(P,m)[E{U,(U,)"}17'U,, where

R, R, Ce R,

R, R, --- R
(2‘4) R(P,n)= '2 3 n+1

Rp Rpyy ' Rpipny

Suppose that R(P, n) has p linearly independent rows and let x,, denote the vector
whose elements are the Euclidean inner products between some maximal set of linearly
independent rows of R(P, n) and [E{U, U, "}]"'U,. Then x, is a vector of minimal
dimension which spans Y,|U,. It follows that there exist matrices A,, B,, C, and D,
such that
(2.5) Xp+1 = ApX, + Buu,, ¥Yn=Cyx,+ D,u,.

Let U,(P)=(ul_,,up_, +--,ur_p)" denotethe P-step pastof u, andlet Y, (P) =
D yr, o, yr p_)T denote the P-step future of y,. Let us denote

R, R, Ce Rp
R R “ e R
R=R(P)=E{Y,(P)U,(P)"}=|"" 7 o

Rp Rpiy "+ Ropy
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Since the columns beyond the Pth block column of R(P, n) are linearly dependent
on the previous ones, R is of rank p. Since we have

E{E{Y,(P)|U}U,(P)"}=E{Y,(P)U,(P)"}

and since x, consists of elements of E{Y(P)|U,}, there exists a p-dimensional vector
w, of elements of U, (P), such that the matrix E{x,w,} is of full rank. By simple
operations on (2.5) one obtains

(2.6a) A, = E{x, 10 E{x,0}]7",
(2.6b) B, = E{x,e1tn )L E{uun}]™",
(2.6¢) Co= E{y,0, ) E{x0,}]7",
(2.6d) D, = E{yu }{ E{uus}]"".

This is, essentially, Akaike’s representation [6]. We note that the term D,u, is missing
in Akaike’s representation due to inclusion of u, in U,,. Here we have chosen to obtain
the form (2.5) which is often encountered in stochastic system estimation and control.
We proceed to obtain explicit expressions for the matrices A,, B,, C, and D,.
Let W denote the submatrix of R which consists of the intersection between the first
maximal set of linearly independent rows and an equal number of the first linearly
independent columns of R, i.e., the elements of R which belong to both sets. Let

R, R; “*+ Rpy

. R R -»+ R
S = '3 4 P+2
Rpyy Rpyz -+ Ryp

and denote by U the matrix obtained by intersecting the rows and the columns of S
having the same indices as the rows and the columns of W in R. Then, by the arguments
leading to (2.6), we obtain

(2.7a) A,=A=UW™",

Denote by V the matrix which consists of the intersection between the first g columns
of R with its first p linearly independent rows; then

(2.7b) B,=B=V[cov (u,)] "

Let Z denote the matrix which consists of the intersection of the first block row of R
with the columns of W. Then

(2.7¢) C,=C=2ZW™,
Finally,
(2.7d) D, =D =Ry[cov (u,)]™".

A minimal order representation for the input-output relationship between u, and y,
is then given by

Xn+1 = Ax, + Bu,, Yn = Cx, + Du,
where A, B, C and D are given by (2.7a-d). We note that due to the finite initial input
time, n =0, imposed in the definition of U,,, the state x,,, as defined above is nonstation-

ary. Passing to initialization in the remote past, x,, becomes stationary, with I1= E{x,x [}
satisfying

I1=AIIA"+ B cov (u,)B™.
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We have seen that the key to the construction of a minimal order representation
for the input-output relationship between the processes u, and y, from their cross-
correlation function is the construction of the matrix W, i.e., the selection of maximal
sets of linearly independent rows and linearly independent columns of the matrix R.
The following procedure, based on a technique for partial realization from impulse
responses suggested in [13], selects a maximal set of linearly independent columns of
R. Modifying the technique so as to select linearly independent rows of R instead of
linearly independent columns is straightforward. Define

R, R, Tt Ryp
1§=R(2P)= Rz R; “ Rapig i
Ryp Ropyy '+ Rypy

Set j=0 and i=1. Check the rank of the matrix H;; composed of the upper left
(2P —j)x (jm + i) submatrix of R.If H;, is rank deficient, delete the (km + i)th columns,
k=j,j+1,---, P from R and repeat the rank check for the new H;,. If H;; has a full
rank and i <m, set i =i+ 1 and repeat the rank check. If i=m, set j=j+1 and i=1.
This procedure is continued until rank H;; = P or until j = Pm. The rank p of R is the
rank of the final H;;. A maximal set of the first linearly independent columns of R is
obtained by taking the first p elements of the columns of H;;.

It can be seen that the above procedure guarantees that each tested matrix has,
at most, rank deficiency of order one, i.e.,

(2.8) rank H;,; =z (jm+i—1)

(clearly, rank H;; =jm+i). This property is consistent with the statistical inference

method discussed in the following section.

3. Statistical inference. We now turn to the problem of finding a minimal order
representation for a vector valued process, when the correlations R; are not given.
Instead, we assume that estimates R; are available. Specifically, we take R; to be the
sample covariances. A natural approach to this problem is substituting the values of
R; instead of R; in the representation derived in § 2. The problem is, however, that
the minimal order is unknown and R is likely to be of full rank for any P due to the
stochastic nature of the problem. The decision on the order and on the linear indepen-
dence of rows and of columns of R, which form the basis for the minimal representation,
must be treated, then, by statistical means. Following the procedures suggested in the
preceding section, the order and a maximal set of linearly independent rows and
linearly independent columns will be selected simultaneously by performing sequential
tests on the ranks of the matrices H;. In the sequel we derive an approximate distribution
for such tests.

Let H represent the matrix H; which is to be checked for having a full rank in
the procedure described in the previous section. Let us denote by A, =A(H), i=
1,2, - -, the eigenvalues of H"H (or the squared singular values of H) in descending
order. Suppose that the smaller dimension of H is k (i.e., that H has k singular values).
Clearly, H has a full rank if and only if A, is nonzero. A test on H having a full rank
can then be formulated as a test on A, having a nonzero value. Since our derivation
of the test distribution will require the assumption that A;_, is nonzero when testing
Ay, and since this assumption is consistent with our rank checking procedure, we shall
make it implicitly when necessary.
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Let r denote a vector of the distinct scalar elements of R(P) arranged in some
order. Let 7 denote an estimate of r and denote by i;= A, (H) i=1, , k the
elgenvalues of H H where the latter is obtained from H H by substltutmg in it the
values R instead of R;. The second order Taylor series expansion of A« about r is

(3.1) Ae=N+fTF+37TFF
where
A oA
r=r-—r, f=57k
and
PN
T T

where r; is the ith element of r. As is well known (e.g., [13, p.228, Thm. 14]) the
sample covariance R, is asymptotically normally distributed with mean R; and covari-
ance inversely proportional to the number of measurements 7. Therefore, the com-
ponents of 7 are asymptotically of the order of 1/v/T. This justifies the second-order
Taylor series approximation given above for large enough 7. We note that under the
tested hypothesis we have A, =0. Since H"H =0, A, =0 is a global minimum. Hence,
we have f=0, so (3.1) assumes the form

(3.2) Ao = 3FTFF
The vector 7 is asymptotically distributed as a normal random vector. Let us
denote by = the covariance of 7 and by ® the matrix of eigenvectors of £'/>FX'/? then
0"y’ F3'?@=L
where L is a diagonal matrix whose elements are denoted by «;, i=1, - - -, n, where
n is the dimension of r. Defining
z=03"?F

we can see that z is asymptotically distributed as a normal vector with mean zero and
variance I,,.
The quadratic form (3.2) can now be written as

2
i“i

>
M s
Q
)

where z7, i=1, - - -, n are independent chi-squared random variables with one degree
of freedom. The characteristic function of A, is obtained as (e.g. [14])

®(w) =[] (1-2igw) ">
j=1

The distribution of A, can be found by integrating ®(w). Several integration and
approximation techniques can be found in, e.g., [14]-[16]. Given a confidence level
(i.e., an acceptable probability of making the right decision) the resulting distribution
defines a statistical test on the rank of the matrix H. A sequence of such tests, performed
in the order of the procedure described in § 2 will provide estimates of the minimal
order and maximal sets of linearly independent rows and linearly independent columns
of R. The statistical properties of the rank test sequence remain a subject for further
research.
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It follows from the above derivation that statistical inference on the order and
the linearly independent rows of R requires knowledge of F and X. These are derived
in the following section and in the Appendix as functions of the theoretical correlations
R;. In practice, however, the values of R; are unknown and will be replaced by estimates
ﬁ,-. Once maximal sets of linearly independent rows and linearly independent columns
of R have been estimated, an estimate of the representation presented in § 2 may be
obtained by substituting the estimated correlations in the corresponding matrices of
(2.7).

4. Deriving the matrix F appearing in the rank test statistics. We now seek the
second derivative of the eigenvalues of the matrix H H with respect to the vector r,
as defined in the previous section. Let

(4.1) H"H=QAQ"

be the eigenvalue/eigenvector decomposition of the symmetric matrix H"H. The
diagonal elements of A will be denoted by {A,, A,, - - -, A,}, while the columns of Q
will be denoted by {q,, q2," - -, g,.}. All the eigenvalues are assumed to be distinct.
Let r;, r; denote any two components of the vector r (which may be identical or distinct).
We wish to compute

{a/\, 8 A

1<l<k}
ar; " or; ar

In particular, we are interested in these derivatives for I = k, in the special case where
Ac=0 and {A,,A,, -, A} are nonzero. As we will see, the computation of the
second derivatives requires the computation of the derivatives

{aq’ 1<l<k}
or;

4.1. The first derivative of the eigenvalues of H"H. Let us denote for convenience
M(A)=AI—-H"H = Q[ -A]Q".
By the definition of the eigenvalues we have
det (M(A))]5=1,=0

Differentiation yields

a——det(M(A D) =tr {adj (M(/\l)) (/\ )}

=tr {adj (M(A,))(Z—/:_'I—%HTH>} =0

where tr{ } denotes the trace of a matrix, and adj( ) denotes the adjugate matrix.
Hence we get for the first derivative,

A, _tr{adj (M (A,))(8/9r)H "H}

ar; tr {adj (M(A,))}

(4.2)



62 Y. BARAM AND B. PORAT

4.2. The first derivative of the eigenvectors of H"H. We have

M(A))q,=0.
Hence,
oM () oq
—q+tM(A)—=0
ar; q ( I)ari s
or
] OM(A;)
(4.3) M(/\l)_ql= _——I_‘It-
Bri 8r,~

This equation cannot be solved directly because M(A;) is singular. Therefore we
proceed as follows. Note that by (4.3) and by the symmetry of M(A,),

] AM(A;)
(4.4) aTM() 2= T2 2 g =,
ar; 8r,~
Also, since q; is a unit vector,
[¢]
(4.5) q/ q:=1; hence, q,Ta—f’:O.
Consider (4.3) after premultiplying by Q™ :
(A — Ay T
) 0
/\1 _I\lAl T&q, TaM(/\,)
4.6 A= _oT—"L .
(4.6) 0 o= @
0 . )
- /\I_/\k-

By (4.4), the Ith equation in (4.6) is an identity 0 =0. On the other hand, by (4.5) we
can replace the zero on the main diagonal of the matrix in the left-hand side of (4.6)
by one and still get an equality. Hence, (4.6) has a unique solution

[ A=A, 1

oq A=Ay T(a)\, o - )
47 2 _ A2 HTH )q.
(4.7) ar, Q , Q ar, ! "ar, Q@

i A= Ay

4.3. An expression for adj (M). In order to compute the second derivatives of the
eigenvalues, we will need an explicit expression foradj (M (A;)). Since M (A,) is singular,
it is meaningless to use adj (M(A;)) =det (M(A))[M(A,)]™", and we will have to use
a limiting process. For all A # A, A,, - - -, A, we have

M7'A)=QAI—-A)"'QT, detM(A)= ﬁ (A=A,).
Hence,
adj (M(1))=Q¥Q"

where ¥ is a diagonal matrix whose Ith diagonal entry is ], ., (A —A,,).
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Now let A approach A;, and use the fact that adj (M(A)) is a continuous function
of A. Clearly, all the entries of ¥ go to zero, except for the Ith one that goes to
1,21 (A1 = A,,). Therefore we get

(4.8) adj (M(/\I))=[ I1 (AI_’\m)]qlq;r-
m#=l
Since all the eigenvalues of H"H were assumed to be distinct, adj (M (A;)) is a matrix
of rank 1. We also see from (4.8) that
tr [adj {M(x)}]= 1] 1 (A =An)#0,

m#
i.e., the denominator in (4.2) is nonzero.
4.4. The second derivatives of the eigenvalues. Differentiation of (4.2) with respect
to r; yields
A tr{(3adj (M(A))/ar,)(8/9r) H H +adj (M(A))(3%/ar; 9r,) H "H}
or; or, [tr {adj (M(A)}]
_tr{aadj (M(A)/9n;} - tr{adj (M(A))(3/or,) H "H}
[tr {adj (M (A))})? ’
In order to use this formula, we only need an expression for the first derivative of
adj (M(A;)). Using (4.8) we get

9adj (M(A 3 3 aqr
(4.10) L2 M) ’”=[— m (A,—A,,,)]q,qﬁ[ I (A,—Am)][iqﬁq,—"’].
arj arj m#=l m#l ar] arj

The right-hand side of (4.10) can be computed from the previous expressions. Hence
we have all the formulas needed to compute the second derivatives. We just mention
that the derivatives of H"H are easy to compute, because the entries are just the
various components of r. We have

(4.9)

d oHT oH
(4.11) —H™H=—H+H™—,
ar,‘ ari ari
(4.12) T pyryy M 0H oH T oH
' ar; ar; ar; dr;  ar or

The matrices dH/dr; and dH/Jr; are constant matrices, consisting of 1’s and 0’s only.

5. Conclusion. This paper has presented a method for identifying a minimal order
linear system from input-output data. The crucial problem is identifying the minimal
order. By identifying maximal sets of linearly independent rows and linearly indepen-
dent columns of a finite dimensional Hankel matrix, both the minimal order and a
basis for the representation are identified. A statistical inference technique, based on
sequential tests on the ranks of submatrices of the Hankel matrix of sample correlations
and on an approximate distribution for the rank test statistics has been derived. The
approximate distribution converges to the true one as the number of observations
becomes large. The proposed method seems to close a gap between the minimal
realization problem and the problem of system identification from input-output
measurement data.

Appendix. The covariance of the normal vector  appearing in the quadratic form. It
was shown in § 3 that in order to specify the test statistics distribution, the value of
3 =cov (7) is needed. We have

E{#T}=E{ft"}—rr".
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Since the vector r is constructed from elements of the correlations R;, i=1,2,- - -,
the value of rr” can be immediately obtained in terms of cross products RiR;, i, j =
1,2, -+ . We next derive expressions for the second moments of the entries of Ii, and
R, from which E{##7} is immediately obtainable.

Let the sample covariances {13,} be defined by

(A1) R=—— Y yul.

The (i, j)th entry of ﬁ, will be denoted by Ié,,, The sample covariances thus defined
are clearly unbiased, i.e.,

T
) E{yt,iut~—l,j} =Ry;.

A 1
E{R”ij} - T‘“l t=1+1

The second moments of the sample covariances are computed as follows.

A A 1 T 1 T
R Ry gn = < T—1 z yt,iut—l,j)< T—k X ys,gus—k,h)
t

=1+1 s=k+1

1 T T
P — U1 Vs oWs—k b+
(T__ k)(T_ l) t};.ﬂ s=zk:+1 yl, t l,jy 4 k,h

Since {u} and {y} are jointly Gaussian, we have

1 T T
T—R(T=]). Z’ﬂ % 1{15 (vt E{ys gs—ion}
=141 s=k+

+ E’{yt,iys,g}E{ut—I,jus*k,h} + E{yt,ius—k,h}E{ut—l,jys,g}}'

E{Iél,ijék,hg} =

Hence,

1 T T
Z Z {E{yl—s,iyO,g}E{ul—l—s+k,ju0,k}

B R r—— L
cov {Ryjj> Rigi} (T—I)(T—k) 21 s=%+1

(A2)
+ E{yt—s+k,iu0,h}E{ut~1+s,jy0,g}}'

Note that, since {u,} is uncorrelated, we have
(A.3) E{u;_pis_r jUon} =0, t—I1+s—k#0.

In practice, the expectations appearing in (A.2) are unknown; hence we approximate
them by

T
A4 E{ymiVo.i}=— Viemis
(A.da) mvoit =~ ,=§+1 ViiVi-m,j
1 T
(A.4b) E{ym,.-uo,j} zm l=§+l Yi,ilht—m,j»
17
(Adc) E{uo,iuo,j}z_ > U, iUy j.
T /2
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THE MINIMAL DELAY DECOUPLING PROBLEM:
FEEDBACK IMPLEMENTATION WITH STABILITY*

J. M. DIONt anp C. COMMAULTY

Abstract. In this paper we solve the minimal delay decoupling problem of linear multivariable systems.
We look for feedback implementable solutions which moreover guarantee closed loop stability. We prove
that dynamic state feedback decoupling with stability is achievable if the number of independent inputs is
large enough to compensate the intrinsic ‘“‘nondecouplability” of the system. We introduce new feedback
invariants characterizing the minimal number of infinite and unstable zeros of the decoupled system.

Key words. linear multivariable systems, decoupling, transfer matrix approach
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1. Introduction. In this paper we solve the minimal delay decoupling problem of
linear multivariable systems. When possible we look for feedback implementable
solutions which moreover guarantee closed loop stability. We focus our attention on
decoupling compensators achieving the minimal McMillan degree of the decoupled
system. Most of our results are expressed in terms of new feedback invariants which
may be useful for solving other control problems.

The decoupling problem has received a great deal of attention during the last
years. For authoritative references representing important steps in the development of
this theory, see [1]-[4]. Let us recall briefly the main results in this field:

—Falb and Wolovich [1] solved the decoupling problem for square systems by
static state feedback, u = Fx+ Gv, G nonsingular.

—Morse and Wonham [2], [3] solved the decoupling problem in more general
cases by adding auxiliary integrators (““Extended Decoupling Problem’’) in a geometric
framework. The decoupling condition by a static state feedback control law on the
extended system turns out to be the same as the decoupling condition by pure
precompensation u = G(s)v. Furthermore, for square systems, a minimal stabilizing
solution is provided in the sense that it requires the least possible order of dynamic
compensation.

—Hautus and Heymann [4] have shown that in the square case the decoupling
conditions are the same by static feedback, u = Fx + Gv, G nonsingular, and by dynamic
state feedback u = F(s)x + Gv, G nonsingular. They have shown that this was not the
case for nonsquare systems when G was no longer restricted to being nonsingular. An
extension for systems defined over unique factorization domains is given in Datta and
Hautus [5].

Discussions on the various types of decoupling compensators may be found in
Hautus and Heymann [4] and Willems [6]. In our approach the exogeneous input v
does not enter the system directly; v is assumed to be measurable and is used by the
designer in order to steer the exogeneous output. A more general setup is considered
in Willems [6]. Notice that in the particular case of row by row decoupling the
admissibility conditions of output controllability preservation are identical in [3]
and [4].

* Received by the editors January 20, 1986; accepted for publication (in revised form) January 20, 1987.
t Laboratoire d’Automatique de Grenoble, Ecole Nationale Supérieure d’Ingénieurs Electriciens de
Grenoble, Institut Nationale Polytechnique de Grenoble, B.P. 46, 38402 Saint Martin D’Heres, France.
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In the transfer matrix framework of [4] we examine in this paper the row by row
decoupling problem for not necessarily injective systems. We are interested in obtaining
the minimal delay and the minimal McMillan degree of the decoupled system. When
possible we look for feedback implementable solutions which moreover guarantee
closed loop stability. In effect, as will be shown further, the feedback solutions require
that less dynamics be added than the equivalent precompensations.

Our contributions are as follows:

—We solve the problem of dynamic state feedback decoupling for noninjective
systems which was left open in [4]. The decoupling control law does not contain input
dynamics as in [3].

—The proposed solution achieves the minimal delay decoupling, i.e., the simplest
infinite structure for the decoupled system is achieved. This corresponds to the minimum
number of delays in the discrete time formulation.

—The proposed solution gives the minimal McMillan degree of the decoupled
system which incidentally means that the decoupled system possesses the minimal
number of unstable zeros.

—When state feedback decoupling is not possible, decoupling is achievable by
dynamic precompensation with stability for full row rank transfer matrices. We also
give in this case the minimum number of unstable and infinite zeros of the decoupled
system.

This paper is organized as follows. In § 2 the decoupling problem is formulated
and some notations and preliminaries are given. We notice that in this formulation
the decoupling by precompensation is quite trivial. Some results concerning the feed-
back impiementation of bicausal precompensators are recalled. For proper rational
matrices we recall the notion of Hermite form and introduce the infinite column rank.

Section 3 is devoted to the state feedback decoupling problem. First we show that
feedback solutions are advantageous because they need less auxiliary integrators than
the equivalent precompensations. Then we solve the dynamic state feedback decoupling
problem. This problem turns out to have a solution if the number of independent
inputs is large enough to compensate the intrinsic ‘““nondecouplability”’ of the system.
We then introduce feedback invariants which are useful for characterizing the minimal
delay decoupled system. When feedback decoupling solutions exist we show that
minimal delay decoupling can be achieved by feedback.

In § 4 we study the state feedback decoupling problem with stability. In the first
part of this section we briefly recall some mathematical tools concerning factorizations
of transfer functions over the P.I.D. of proper rational stable functions. Then as an
intermediate result we characterize all the precompensators which are feedback
implementable with closed loop stability. We prove that decoupling is achievable with
stability if and only if it is achievable without stability considerations. Other feedback
invariants characterizing the simplest infinite and unstable structure for the decoupled
system are introduced. When feedback decoupling solutions exist we exhibit such a
feedback solution. Some concluding remarks end the paper.

2. Preliminaries and problem statement.
A. Problem setting. Let R(s) be the field of rational functions.

_n(s)
S =5 RE)
is said to be proper (resp. strictly proper) if deg (d(s)) = deg (n(s)) (resp. deg (d(s)) >
deg (n(s)) where deg (n(s)) denotes the polynomial degree of n(s).
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Denote R,(s) the ring of proper rational functions and R;™™(s) the set of proper
rational p X m transfer matrices.

The units (inversible elements) of the ring R,"™(s) are called bicausal matrices
and are characterized by the property that B(s) is a bicausal matrix if and only if

det (lim B(s)) # 0.
§—>00
Throughout this paper we will consider matrices and vector spaces over the real
or over the rational functions. Notions such as independence, rank, span, etc. should
be understood in their usual sense over the basic field.
The system of transfer matrix T(s) € R)*™(s) is said to be decoupled if there exist
nonzero positive integers m, - - - m, satisfying

p
Y mi=m
i=1

such that T(s) has the following diagonal form:
Ty.(s) 0
T(s)= . = diag (Ty\(s) -+ Typ(s))
0 T,,(s)

with
Tii(s)eR;xm‘(s), Tij(s)z(), P#].

This means that each input block defined above influences only one output. If we
want this influence to be effective the T;;(s) must be nonnull for each i. In this case
the system is called nondegenerate.

A system T(s) is said to be decouplable if there exists a proper compensator C(s)
such that T(s)C(s) is decoupled. Notice that, at this point, C(s)=0 is a decoupling
compensator. In order to avoid such trivialities we will require the compensated system
to be as “output controllable” as the initial system. We will say that C(s) is admissible
ifrank T(s)C(s)=rank T(s). This admissibility condition is equivalent to the preserva-
tion of the C* controlled output trajectories. This condition which is also called
functional output controllability preservation was introduced in [7].

The decoupling problem above defined is always solvable for surjective systems
(rank T(s)=p). A solution is given by C(s)=(1/s*)T*(s), where T*(s) is a right
inverse of T(s) and k is some integer sufficiently large to ensure that C(s) is proper.

In this paper we will focus our attention on decoupling compensators which are
feedback implementable. This type of solution is highly desirable from a practical
point of view as shown in § 3. In order to do this we need some complements about
feedback compensators.

B. Precompensators and feedback. Let T(s) be a p X m strictly proper rational
transfer matrix and (A, B, C) be a realization of T(s), i.e.,
X = Ax+ Bu, xeR", ueR"™
y=2Cx, YER?,
with T(s)=C(sI—A)™'B.
In the following we will restrict our attention to p X m strictly proper transfer

matrices T(s) with null static kernel, i.e., a minimal basis of Ker (T(s)) contains no
constant vector.
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There is no serious restriction in considering only transfer matrices with zero static
kernel, since this can always be achieved by eliminating the nonindependent inputs.

In the state space framework and for a strictly proper transfer matrix T(s) the
following can be proved: T(s) possesses a null static kernel if and only if B is injective
in any realization (A, B, C) of T(s).

We consider the effect of a dynamic state feedback defined by u = F(s)x+ Gv
where F(s) is a m x n proper rational transfer matrix and G is a square full rank
constant matrix.

The closed-loop transfer matrix is then:

Tro(s)=C(sI— A— BF(s))"'BG
=T(s)(I-F(s)(sI-A)"'B)"'G
=T(s)B(s)

where B(s) is easily seen to be a bicausal matrix.

The converse problem was studied in [8] and [9]. More precisely we will use the
following theorem from [9], which is reformulated below using a more traditional
terminology.

THeoREM 1. Let T(s) be a px m strictly proper rational matrix with null static
kernel and let (A, B, C) be a realization of T(s). Let C(s) be an m X m proper rational
compensator. There exists a m X n proper rational matrix F(s) and a square full rank
constant matrix G such that

T(s)C(s)= C(sI — A— BF(s))'BG

if and only if C(s) is bicausal.

The effect of a bicausal precompensator is then equivalent to the effect of a
dynamic state feedback with nonsingular input transformation G. This is true in any
realization and in particular in a minimal one. It is shown in [8] that the effect of a
bicausal precompensator is also equivalent to the effect of a static state feedback, but
when acting on a possibly nonminimal realization of T(s).

A bicausal compensator is clearly admissible in the sense defined above. The
decoupling problem with such compensators has been solved in [4].

As seen on the following example it is too restrictive to impose the invertibility
of the G matrix; it may be possible to decouple by reducing the number of inputs.

Consider the following:
520 s_l]
T(s)= .
(s) [ 0 s? s

It can be proven that T(s) cannot be decoupled by a bicausal precompensator, while
the constant admissible compensator

G =

S O =
S = O

works perfectly. It appears that relaxing this invertibility condition extends significantly
the class of decouplable systems.

For this reason, in the following, we will consider the effect of dynamic state
feedback defined by u = F(s)x+ Gv where F(s) is an m X n proper rational matrix
and G is an m X I constant matrix. The equivalent precompensator is equal to B(s)G
where B(s)is bicausal. The problemto besolved in this paperis the row by row decoupling
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problem by this kind of compensator. For practical reasons we are looking for non-
degenerate solutions; this imposes that the system under consideration be full row
rank (surjective). We now state without proof a simple proposition which will allow
us to restrict the set of input transformations G.

ProposiTION 1. With the above notations, the system of p X m surjective strictly
proper transfer T(s) is decouplable by an admissible dynamic state feedback if and only
if the system is decouplable by an admissible dynamic state feedback where G is a m X p
full rank constant matrix.

In the following the use of Proposition 1 will allow us to restrict our attention to
such compensators.

C. Hermite form and rank at infinity. In the sequel we will need Hermite forms
over the ring of proper rational functions. More precisely we have the following
theorem.

THEOREM 2 [10]. Let T(s) be a p x m surjective proper rational matrix. T(s) can
be factorized in T(s)= H(s)B(s) where B(s) is a bicausal matrix (unit of the ring
R7™™(s)) and H(s)=[H(s), 0] where

1/7™ 0
H(s)= .
h; 1/ ="
where 7 = s+ a is an arbitrary polynomial of degree one and
hy=vy/=",
n; <n; with n;, n; positive integers and vy is a polynomial.

H (s) is called the - Hermite form of T(s) over the ring of proper rational functions.
H(s) is uniquely determined by T(s) and .

Let us call I,(s)= H '(s) the m-interactor of T(s). Notice that this definition
coincides with the definition of the interactor I(s) givenin[11] where 7 = s; for further
details see [12].

Since the bicausal matrix possesses neither poles nor zeros at infinity, H(s) (or
I,(s)) contains all the information about the behaviour at infinity of T(s). A related
and useful notion is the notion of rank at infinity.

DEFINITION 1. Let T(s) be a p X m rational matrix. Denote T;(s) as the ith column
of T(s). Define the integers r; such that: lim,,. T;(s)s™ " =t;, where t; is a nonnull
constant vector when T;(s) is nonnull.

The column rank at infinity of T(s) is defined as the rank (over the real field) of
the matrix To=[t,, -, t,.].

It appears that if r; is negative when T;(s) is nonnull, then —r; is the infinite zero
order of T;(s); otherwise r; is the infinite pole order of T;(s).

The above notion corresponds with the intuitive rank notion. We have to be careful
in using this concept because, for example, the row rank at infinity may be different
from the column rank at infinity. This can be seen in the following example:

520 0
T(s)=[ 0 s2 0

has infinite column rank equal to one, and infinite row rank equal to three.

3. Dynamic state feedback decoupling. This section is subdivided into three parts.
In the first we stress the fact that feedback decoupling compensators are simpler, in
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the sense that they need less auxiliary dynamics, than equivalent decoupling precom-
pensators. Necessary and sufficient conditions for dynamic state feedback decoupling
are given in part two. In part three we characterize the minimal McMillan degree
achievable for the decoupled system. The result can also be stated in terms of the
simplest infinite structure achievable or in the discrete time framework by the minimum
number of delays for the decoupled system.

3.1. Why feedback implementation? Consider first the following illustrative

example:
st s
T(s)= .
(s) [S—l 255" s 242573

It can be shown that the system whose transfer matrix is T(s) is decouplable neither
by a constant admissible compensator nor by a dynamic state feedback u = F(s)x + Gv,
G nonsingular.

There exists an admissible decoupling precompensator C(s) of McMillan
degree 2.

257! =2s57!
C(s)=| -1 2+s!
0 -1

then
T(s)C(s) = [SO S‘L]-

Consider the following minimal realization % = (A, B, C) of T(s):
X =Ax+ Bu, y=Cx

with
00 1 -1 1 00
001 O 0 0 0 1 000
A= B= = .
000 1| 01 1) ¢ [1 1 0 0]
00 0 0 0 0 1
The precompensator is implementable by static state feedback u = Fx + Gv with
00 -2 0 0 o0
F=({0 0 0 -1]|, G=|-1 2|

00 0 O 0 -1

We can verify that
C(sI—A—-BF)"'BG = [so Sl
s

In this case the complexity (McMillan degree) of the feedback decoupling com-
pensator is smaller than the complexity of any admissible decoupling precompensator.
We will show that this result is general.

ProPOsITION 2. Consider the system of p X m strictly proper transfer matrix T(s)
with null static kernel and (A, B, C) a minimal realization of T(s). Let C(s) be a feedback
implementable (by static or dynamic state feedback) precompensator; then the feedback
implementation of C(s), F(s), has McMillan degree less than or equal to that of C(s).



72 J. M. DION AND C. COMMAULT

Proof. From Proposition 1, C(s) is a piece of a bicausal matrix, that is to say that
there exists a m X (m — p) constant matrix C, such that:

B(s)=[C(s), C;] is bicausal.

B(s) can be written as B(s)=(I—R(s)) 'G, with R(s) strictly proper and G,
nonsingular.
Choose F(s)= R(s)B'(sI —A) where B’ is a left inverse of B and

1
G= Gl[ O] where G is an m X p constant matrix.

Notice that F(s) is proper since R(s) is strictly proper. Furthermore the effect of
the feedback compensator u = F(s)x + Gv is equivalent to the effect of C(s) because

(I=F(s)(sI—A)"'B)'G=(I—-R(s)B'(sI-A)(s —A)"'B)"'G = C(s).

On the other hand, B(s) and C(s) have the same McMillan degree 8. A bicausal
matrix possesses the same number of finite poles and zeros; then B~ '(s) and R(s) =
I — G,B7'(s) have McMillan degree 6.

From the expression of F(s) we conclude that F(s) has a McMillan degree lower
than or equal to 8. 0O

As we have shown above, feedback implementation leads to simpler controllers,
other than the well-known nice properties of feedback controllers.

3.2. State feedback decoupling. In this section we give a necessary and sufficient
condition for admissible dynamic state feedback decoupling. It turns out that the
problem is solvable if the number of inputs is sufficiently large in order to compensate
the rank deficiency at infinity of the transfer matrix interactor. The result is expressed
in the following way.

THEOREM 3. The system whose transfer matrix T(s) is a p X m strictly proper rational
surjective transfer matrix with null static kernel, is decouplable by an admissible dynamic
state feedback on a minimal realization of T(s) if and only if

m=2p—k

where k is the column rank at infinity of I(s), the interactor of T(s).

Proof. Consider first the sufficiency. The proof is constructive. We will build an
admissible dynamic state feedback implementable decoupling compensator. By using
Proposition 1 this compensator is of the form C(s) = B(s)G where B(s) is a bicausal
matrix and G is a m X p full rank constant matrix. As noted before C(s) is a “‘piece”
of bicausal matrix characterized by

lim C(s) = G,
C, being a full column rank matrix. C(s) is a full column rank at infinity matrix,
moreover the infinite zero orders of the columns are all equal to zero.

From Theorem 2, T(s) can be factorized as follows:

T(s)=[H(s),0]1B(s)=[I (), 0]B(s)

where B(s) is a bicausal matrix and I(s) is the interactor of T(s). Consider the
compensator

Il(s):l

C(s)= B_l(s)[ X
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where I,(s) = I(s) diag (s™",- - -, s~ '»), the r;’s being chosen as in Definition 1 such that
lim Il(s) = IO

and I, has no null column. By definition I, has a real rank k. X is an (m—p)xp
constant matrix such that
N
X

has a full column rank. This is always possible from the assumption m=2p — k. For
this select k independent rows in I,, choose for the p —k first rows of X such that
with the k’s preceeding they form a p X p invertible matrix.

The above compensator C(s) is such that

C(s)=Cy+C(s)

!
C0=BOII:XO],

B(s)= B,+ B(s),
lim C(s)=0, lim B(s)=0.

§->00

where

By construction C, is a full column rank constant matrix, and C(s) is then a piece
of a bicausal matrix. C, being full column rank, there exists a full column rank constant
matrix Q, such that (Cy, Q) is an invertible matrix. Define B,(s) = (C(s), Qo), B;(s)
is a bicausal matrix.

Since

C(s)= Bl<s>[ﬂ

and using Theorem 1 the precompensator C(s) is implementable by dynamic state
feedback on a minimal realization of T(s).
Furthermore,
T(s)C(s)=diag (s, ---,s 7).

It follows that C(s) is an admissible decoupling compensator.
Consider now the necessity. Suppose that the problem is solvable by Proposition
1 there exists an admissible decoupling compensator C(s); dynamic state feedback
implementable such that:
T(s)C(s)=diag (d(s) - - - d,(s)) = D(s)
where d;(s) are proper nonnull rational functions.
From Theorem 2 we have
T(s)C(s)=[1"(s),0]B(s)C(s)= D(s).
It follows that
[1,,0]B(s)C(s)=1I(s)D(s)
where I, is the p X p identity matrix.
Denote
Vi(s)

Vz(s)] = B(s)C(s),

V(s)-——[
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where V,(s) is a p X p proper rational matrix and V,(s) is an (m — p) X p proper rational
matrix. V(s) is a piece of a bicausal matrix; its column rank at infinity is equal to p.
Moreover V (s) = I(s)D(s) is not altered by a right multiplication with a nonsin-
gular diagonal matrix.
V(s) is then such that

. 1 Vi(s) Y]
i vt )] -

where V, is a constant matrix of real rank k and V is a constant matrix of real rank p.
It is then clear that V, must have at least p — k rows, so m —p = p — k, which ends
the proof. [I
Remark. When m =2p —1 for any surjective system, decoupling is always achiev-
able, because k is at least 1. Furthermore, as shown on the following example, in some
cases we need effectively 2p—1 independent inputs for dynamic state feedback
decoupling.

[ 57! 0 0 572 0
T(s)=| 0 sT0 s 0
B B T D B
[ 57! 0 0 00
= 0 s 0 00
_-s‘1 —s! 5720 0
[1 0 0 s 0
010 s2 0
0 01 0 s '=[I"(s)0]B(s)
000 1 0
000 0 1
where
s 0 O
I(s)={0 s 0
S2 S2 S2

and B(s) is bicausal.

In this case the column rank at infinity k of I(s) is one, then the five inputs are
necessary for decoupling.

At this point we note that dynamic decoupling is actually related to the column
rank at infinity of I(s), and not to the row rank at infinity of the transfer matrix, which
could have been reasonably conjectured from existing literature [14]. In the previous
example, the row rank at infinity of T(s) is two while k is one.

3.3. Minimal delay decoupling. In this section we will focus our attention on the
minimal McMillan degree achievable for the decoupled system. As will be seen further
what we minimize in fact is the infinite zero order of each entry of the decoupled
system. In the discrete time framework this corresponds to the appealing minimal
delay decoupling problem. The dual problem using a post compensator is studied in
[13]. The minimal delays will be characterized in terms of new feedback invariants.
Furthermore we prove that when they exist, feedback solutions lead to the same minimal
delays as precompensation.
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We focus our attention on the integers r; given by Definition 1 and appearing in
the proof of Theorem 3.

DEFINITION 2. Let T(s) be a p X m surjective proper rational matrix and I(s) its
interactor. Denote I;(s) the ith column of I(s). Let r; be the integer such that

lim I;(s)s" "=t where t; is a nonnull constant vector.
§=>00

The integers r,, - - -, r, are called the decoupling invariants of T(s). y=Y"_, r is
called the decoupling degree of T(s).

Notice that the decoupling invariants of T(s) are invariant under the right
multiplication of T(s) by bicausal matrices, hence they are invariant under dynamic
state feedback, with nonsingular input transformation.

Furthermore I(s) (resp. the #r-interactor I,.(s)) is a polynomial matrix. It follows
that r; is the maximal polynomial degree or the infinite pole order of the ith column
of I(s) (resp. I,.(s)).

It will be shown in the following theorem that the r;’s are closely related with the
“simplest”” decoupled system achievable by admissible compensation.

As in Proposition 1 it can be proven easily that concerning McMillan degree
minimality there is no loss of generality in considering m X p full rank precompensators.
Then the decoupled system will be diagonal.

THEOREM 4. Consider a system whose transfer matrix T(s) is a p X m strictly proper
rational surjective transfer matrix with null static kernel.

(i) The system is always decouplable by an admissible proper precompensator. The
minimal McMillan degree achievable for the decoupled system is vy the decoupling degree
of T(s). In this case the ith diagonal entry of the decoupled system has McMillan degree
r.

(ii) If'the system is decouplable by an admissible dynamic state feedback compensator
on a minimal realization of T(s), the minimal McMillan degree achievable for the
decoupled system is vy the decoupling degree of T(s). In this case the ith diagonal entry
of the decoupled system has McMillan degree r,.

Proof. Let us first prove (i). Build a precompensator satisfying the requirements
of Theorem 4. Let T(s) be factorized as in Theorem 2:

T(s)=[I""(s),0]B(s).
Consider
C'(s)=1I(s)diag (s ", ---,s 7).
Choose the admissible proper precompensator
C'(s)]
C'(s)
where C"(s) is any (m —p) x p transfer matrix. We have
T(s)C(s)=diag(s ", ---,s ™).

C(s) is then a decoupling compensator with the required properties. Show now
that r; is the minimal possible McMillan degree of the ith entry of the decoupled system.
Let C(s) be a proper admissible decoupling compensator. We have

T(s)C(s) = D(s) =diag (d(s), - - -, d,(s))
where the d;(s)’s are scalar rational functions. Factorize T(s) as in Theorem 2:
' T(s)=[1""(s), 0]B(s).

C(s)=B"(s)|:
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We have
[I,0]B(s)C(s)=I(s)D(s).
Denote

[C’(s)

Cu(s)] =B(s)C(s) where C'(s)e RYP(s).

It follows that
C'(s)=1(s)D(s).

Denote I,(s) as the ith column of I(s).

C'(s) is a proper transfer matrix, as is I(s)D(s). Then I;(s)d;(s) is proper. It
follows that d;(s) possesses an infinite zero of order at least r; and that d;(s) has a
McMillan degree larger than or equal to r;. vy is then the minimal possible McMillan
degree.

Consider now (ii). When conditions of Theorem 3 are fulfilled, the constructive
part of the proof provides us with a decoupled system of McMillan degree v, the ith
entry having McMillan degree r,.

Since dynamic state feedback compensators are implementable by precompensa-
tion the minimality here comes from (i). 0O

In order to illustrate the above theorem let us consider the following example:

572 0 s"s]
T(s)= .
(s) [—s_' 570
The system of transfer matrix T(s) is trivially decouplable by the precompensator

0 0
Cl(s)= O 1 s
1 0

in this case

roce=|" ]

s? 0]
I(s)= ;
(S) [s4 S3 bl
then r,=4, r,=3, y=17.

When we use C,(s) the McMillan degree of the decoupled system is 8. From (i)
of Theorem 4 there exists an admissible proper decoupling precompensator C,(s)
leading to the minimal McMillan degree y =7. Following the proof of (i) we get:

70 st0
C(s)=]1 1 1], T(s)Cy(s)= [0 s“3:|'
0 0

The interactor of T(s) is
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The system of transfer matrix T(s) is decouplable by an admissible dynamic state
feedback compensator on a minimal realization of T(s) since

m=3z=2p—-k=4-1 (see Theorem 3).

Then from (ii) of Theorem 4 there exists an admissible precompensator Cs(s),
dynamic state feedback implementable, leading to the minimal McMillan degree of
the decoupled system. Following the proof of (ii) we get:

Il(s):l

Cy(s) = BMI(S)[ X

(1 0 —s3][s? 0
=0 1 -s! 1 1
00 1 0 1
Zs_2 ~S_3:
=1 1-s57"!
L. 1 -

and

reew=" %]

of minimal McMillan degree.

4. Dynamic state feedback decoupling with stability. In this section we will consider
the dynamic state feedback decoupling as before but with the requirement of closed
loop stability. As in § 3 the problem will be solvable if the number of inputs is large
enough. Surprisingly the decoupling condition is exactly the same as before (without
stability considerations).

We introduce other feedback invariants called ‘“stable decoupling invariants”
which are the counterpart with stability of the r;’s defined in § 3.

We prove that the minimal delay decoupling problem has the same solution as
without stability. But in this case the minimal McMillan degree of the decoupled
system is generally larger. Minimizing the McMillan degree amounts to minimizing
both the infinite and the unstable structure. In other words the proposed solution leads
to a decoupled system having the least possible number of delays and unstable zeros.
This is very important in practice.

We will present first some mathematical preliminaries and characterize all the
precompensators that are feedback implementable with closed loop stability.

4.1. Preliminaries. As in the case of polynomials we can build on R,(s), Smith
forms, Hermite forms, and left and right coprime factorizations. This results from the
existence on this ring of a “degree.” R(s) is a Euclidean domain, defining the degree
8 of f(s) € R,;(s) as follows: 8(f(s)) = d,(f(s))+d,(f(s)) where d,(f(s)) is the infinite
zero order of f(s) and d,(f(s)) is the number of unstable zeros of f(s) counted with
their multiplicity [15], [16], [17].

The stability domain under consideration is any region in the complex plane
symmetrically located with respect to the real axis and including at least one point of
the real axis.

Recall now the Hermite form over R,(s), the ring of proper rational stable
functions.
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THEOREM 5 [10], [15]. Let T(s) be a p x m surjective proper stable rational matrix.
T(s) can be factorized in T(s)_= H(s)B(s) where B(s) is a bicausal and bistable matrix
(unit of R,,(s)) and H(s)=[H(s), 0] where

hii(s) 0
Hs)=[ . -, :
hu(s) Tt hpp(s)

Furthermore the degree of h;(s) is lower than the degree of h;(s) for j<i. H(s) is
called a Hermite form of T(s) over R,(s).

H(s) is nonunique, it is defined up to units of R, (s). Uniqueness of H(s) may
be obtained by adding some conditions (see [10]).

Consider the following example [10]:

1 1

+1 s+2
T(s)= s s
1 1

s+3 s+5

Choose the stability domain as the open left half plane.
The Hermite form of T(s) over R,(s) is

1

- 0

aa
s+(a—1)/2 s—1

2 3
ks ks

H(s)=

where 7 = s+a is any stable polynomial.

Notice that the unstable zero of H(s) is the unstable zero of T(s) (located at
s=1) and that H(s) possesses two infinite zeros of order 1 and 2 as T(s).

DEFINITION 3. Let T(s) be a (pxm) surjective proper rational stable matrix.
Consider H(s) =[I-7(s.), 0] a Hermite form of T(s) over R, (s). The rational matrix
I,(s)= H7'(s) is called a generalized interactor of T(s) over R, (s).

If one considers H(s) the Hermite form of T(s) over R, (s) we will speak of the
generalized interactor of T(s).

We will present now a complement to Theorem 1 incorporating stability require-
ments.

THEOREM 6. Let T(s) be a p xm strictly proper stable rational matrix with null
static kernel and let (A, B, C) be a stable realization of T(s). Let C(s) be an m X m proper
rational compensator dynamic state feedback implementable (u = F(s)x+ Gv, G nonsin-
gular) on the realization (A, B, C). Then the considered feedback system is stable if and
only if C(s) is stable.

Proof. Necessity. C(s) hasto be abicausal compensator from Theorem 1. Suppose
C(s) is unstable. Then either T(s)C(s) is unstable contradicting the external stability,
or unstable pole zero cancellations occur and internal stability fails.

Sufficiency. Suppose C(s) bicausal and stable. By Theorem 1, C(s) is implement-
able by dynamic state feedback. There exist F(s) and G such that

T(s)C(s)=C(sI —A—BF(s))"'BG.

Now prove the closed loop stability.
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We have the following diagram.

— G 33— (I-A)'B c —

1— F(s)

We have closed loop stability if the following transfer matrix is stable (see [16]).

[ (I-Z(s)F(s))™"  Z(s)(I=F(s)Z(s)™
F(s)I-Z(s)F(s))""  (I=-F(s)Z(s))"!
By hypothesis Z(s), (I —F(s)Z(s))™" and Z(s)(I—F(s)Z(s))™" are stable, where
(I — F(s)Z(s))™" is the bicausal stable precompensator and Z(s)(I — F(s)Z(s))™" is
the closed loop transfer matrix.

Since det (I — Z(s)F(s)) =det (I — F(s)Z(s)) and (I — F(s)Z(s)) ' is stable, then
(I-Z(s)F(s))™"is stable.

It remains to prove that F(s)(I —(sI —A) 'BF(s))”" is stable. Let N(s)D™'(s)
be a right coprime factorization of —F(s).

(I+(sI—A)"'BF(s)) '=((sI —A)+ BF(s)) '(sI — A)
= D(s)((sI —A)D(s)+ BN(s)) '(sI — A).

We prove now that D(s) and (sI —A)D(s)+ BN(s) are right coprime. Since N(s)
and D(s) are right coprime there exist U(s) and V(s) polynomial matrices of appropri-
ate dimensions such that U(s)N(s)+ V(s)D(s) = I Choose U(s) an n X n polynomial
matrix such that U(s)B = U(s); this is always possible since B is full column rank.

Choose V(s)=V(s)— U(s)(sI —A). V(s) is an nxn polynomial matrix. U(s)
and V(s) satisfy

U(s)((sI—A)D(s)+ BN (s))+ V(s)D(s)= U(s)N(s)+ V(s)D(s)=1I,;
then (sI —A)D(s)+ BN(s) and D(s) are right coprime. Then D(s)((sI —A)D(s)+
BN (s))™!is stable, also. From the right coprimeness of D(s) and (sI — A) D(s)+ BN(s)
we deduce the stability of ((sI—A)D(s)+BN(s))™'. It follows that F(s)(I—
(sI—A) 'BF(s)) = N(s)((sI —A)D(s)+ BN(s)) '(sI — A) is stable. 0O
Consider now the stable dynamic state feedback decoupling problem.

] where Z(s)=(sI —A)"'B.

4.2. Dynamic state feedback decoupling with stability. We will now solve the
dynamic state feedback decoupling with stability. The theorem will be stated for stable
systems for clarity of exposition. There is no loss of generality in making this assumption.
In fact, when the system transfer matrix is not stable, we will use a static state feedback
on a minimal realization of T(s) which assigns all the closed loop poles to stable
locations. Denote T,(s) the closed loop transfer matrix, T(s) and T,(s) are feedback
equivalent on a minimal realization of T(s) without unstable pole zero cancellations.
It follows that T(s) is decouplable with stability if and only if T;(s) is. Let us state
first the counterpart of Theorem 1 for stabilizing compensators.

THEOREM 7. The system whose transfer matrix T(s) is a (p x m) strictly proper
stable surjective transfer matrix with null static kernel is decouplable with stability by an
admissible dynamic state feedback implementable on a minimal realization of T(s) if and
only if

m=z=2p—k

where k is the infinite column rank of I(s) the interactor of T(s) over R,(s).
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Proof. Necessity. By Theorem 3 if m <2p — k decoupling is not possible, a fortiori
stable decoupling is not possible.

Sufficiency. Consider the sufficiency proof of Theorem 3. A decoupling precom-
pensator C(s) is constructed:

1
C(s)= B,(s)[o] where B,(s) is bicausal.

Let B,(s) be a diagonal bicausal matrix such that B,(s)B,(s) is stable. Choose
B,(s)=diag (b,(s), - - -, b..(s)), where the unstable zeros of b,(s) are the unstable poles
of the ith column of B,(s).

Then B,(s)B,(s) is bicausal and stable.

Q(s) = B|<s>Bz<s>[é]

is a stable admissible decoupling compensator which is implementable by dynamic
state feedback with stability on a minimal realization of T(s) by Theorem 6. [

Remark that the number of necessary inputs for decoupling is the same as in
Theorem 3 (without stability). As will be seen later the minimal McMillan degree of
the decoupled system with stability is in general larger than in the former case (without
stability consideration).

As before we will focus our interest on the minimal McMillan degree achievable
by feedback. Let us define first some useful invariants.

DEFINITION 4. Let T(s) be a (p X m) surjective proper stable rational matrix and
I, (s) its generalized interactor. Decompose I,(s) as follows:

L(s) = L(s) diag (h\(s) - - - h,(s))

where h;(s) is a rational function such that the ith column of I,(s) possesses neither
poles nor zeros in unstable and infinite locations.

Denote g; the number of infinite and unstable zeros of h;'(s) counted with their
multiplicity, i.e., the degree of h;'(s) over R,.(s). The integers g, - - - g, are called the
stable decoupling invariants of T(s). uw=Y"_, q; is called the stable decoupling degree
of T(s).

Notice that for a fixed i, h;(s) is nonunique but defines a unique g;. Moreover the
stable decoupling invariants of T(s) are invariant under the right multiplication of
T(s) by bicausal and bistable matrices.

As shown in the following theorem the g;’s are closely related with the “simplest”
decoupled system achievable by stable admissible compensation.

THEOREM 8. Consider a system whose transfer matrix T(s) is a (px m) strictly
proper stable rational surjective transfer matrix with null static kernel,

(i) The system is always decouplable by an admissible proper precompensator with
stability. The minimal McMillan degree achievable for the decoupled system is u the stable
decoupling degree of T(s). In this case the ith diagonal entry of the decoupled system has
McMillan degree q;.

(ii) Ifthe system is decouplable by an admissible dynamic state feedback compensator
with stability on a minimal realization of T(s), the minimal McMillan degree achievable
Jor the decoupled system is u the stable decoupling degree of T(s). In this case the ith
diagonal entry of the decoupled system has McMillan degree q;.

The proof follows the same lines as that of Theorem 4 replacing the interactor by
the generalized interactor, r; by g; and bicausal matrices by bicausal and bistable ones.
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The h;'(s) of Definition 4 now plays the same role as the s " of Theorem 4.
h;'(s) possesses an infinite zero of order r; and g; —r; unstable zeros. 0

This theorem says that minimal delay decoupling is possible with the same number

of input-output delays as without stability considerations. Furthermore the decoupled
system possesses the minimal possible number (u — y) of unstable zeros.

5. Concluding remarks. (i) The decoupling invariants r; and ¢; can be character-
ized by other approaches. In particular the r,’s are defined geometrically, via the notion
of essentiality and via the infinite structure of some matrices deduced from the system
transfer matrix in [18].

These decoupling invariants r; (resp. ¢;) are not related with the triangular form
of the interactor (resp. the generalized interactor). Any R(s) p X p full rank rational
matrix such that T(s) =[R(s), 0]B(s) with B(s) bicausal (resp. bicausal and bistable)
would do as well. For example, as proven in [19], r; is the infinite pole order of the
ith column of R7'(s).

(ii) When the column rank at infinity k is not equal to p this reflects the nonidentity
between the infinite zero orders of the rows of T(s) and the infinite zero orders of
T(s). In this case the control law u = Fx+ Gv, G singular, allows us to increase the
infinite structure by decreasing R* the largest controllability subspace of ker C. When
R* is “sufficiently large™ static state feedback decoupling is possible [20]. In this paper
we are mainly concerned with dynamic feedback decoupling; therefore only dim (BN
R*) has to be large enough (Zp — k), since R* can be arbitrarily extended by dynamic
state feedback.

As an illustration consider the following matrix:

s?2 0 s
T(s)= [_s—l §73 _sA2:|'

Since the two rows are dependent at infinity this system is not decouplable by
static state feedback with regular G, but this system is decouplable by dynamic state
feedback (see Theorem 3).

This system is no more decouplable by static state feedback with singular G. In
fact dim R*=1 in a minimal realization of T(s) which is not sufficient to meet the
condition of [20].

In [21] the dynamic state feedback decoupling problem restricting F(s) to being
stable is studied. This problem turns out to be solvable if m=2p — k, where k; is the
infinite and unstable column rank of I (s). k is generally smaller than k. A necessary
condition for static state feedback with stability is then dim (BN R*)=p —k,.

Possible extensions of the results presented here are: Block decoupling or output
feedback decoupling as in [22].

Acknowledgment. The authors acknowledge a reviewer for providing them with a
better formulation of Theorem 6.
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EXACT MODELING OF A FINITE TIME SERIES*

CHRISTIAAN HEUY

Abstract. The problem of modeling a finite time series by means of a linear shift invariant system will
be considered. To analyze this problem the concepts of complexity of a model and corroboration of a model
by data are introduced. Various properties of data modeling procedures are defined. These properties are
investigated for the partial realization procedure. An alternative procedure will be described which takes
into account the concept of corroboration. It turns out that this procedure has many desirable properties.

Key words. data modeling, identification, modeling procedures, corroboration, finite time systems,
partial realization theory
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1. Introduction. The problem considered here is an aspect of the problem of
modeling dynamical phenomena and can be described as follows.

Suppose one wants to model a dynamical phenomenon. Here the following will
be assumed. First, the describing variables of the phenomenon have been identified.
Second, observations of these variables over a finite time interval are available. Finally,
a class of models has been specified. This class reflects a priori assiumptions concerning
the phenomenon, e.g., based upon theoretical considerations concerning the
phenomenon or inspired by mathematical convenience.

The problem now consists in identifying (a) model(s) in the specified class to
describe the phenomenon in a way which is optimal in some sense, taking into account
the observations.

This problem is formalized as follows. Assume at every time instance the observa-
tion consists of an element in the set W. Let T denote the time set of observation,
which is assumed to be finite. So the data consist of an element of W', i.e., a finite
time series in W. Let M denote the specified class of models. The problem is to construct
data modeling PROCEDURES to assign models to data, i.e., procedures

P:W'52M
Moreover, one wants to construct procedures which are satisfactory or even optimal
in some sense.

Clearly this problem is an important topic of scientific research in, e.g., statistics,
econometrics and systems theory and includes problems as structure identification,
estimation and data analysis.

In this paper a very special case of the data modeling problem will be investigated.
This will lead to the formulation of some interesting concepts.

The central issue is the EXACT modeling of a FINITE time series of ONE variable
by means of a (deterministic) AUTOREGRESSIVE model.

It is evident that the case of a multivariable time series and APPROXIMATE
modeling are of more practical importance. Nonetheless, the case considered here is
of interest in its own right and, moreover, it will lead to questions and concepts which
are crucial also in the multivariable case and approximate modeling.

An outline of the paper is as follows. In § 2 we define the model class of (finite
time) linear shift invariant systems and discuss some properties of this class and
representation of systems by means of autoregressive equations.

* Received by the editors July 23, 1986; accepted for publication (in revised form) February 23, 1987.
+ Econometrics Institute, University of Groningen, 9700 AV Groningen, The Netherlands.
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In § 3 we formulate the modeling problem analyzed in this paper, i.e., modeling
a finite time series by means of an autoregressive model. The concept of data modeling
procedure is defined.

The concepts of simplicity and corroboration are introduced in § 4. These concepts
play a crucial role and reflect the idea that on the one hand one wants the model to
be as simple as possible, but that on the other hand one only wants to accept simplicity
if there is some evidence for it in the data.
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