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INVITED EXPOSITORY ARTICLE

This paper is another in the continuing series of expository papers that were invited by the editors. These
papers undergo the same refereeing procedure as do research papers submitted directly by the authors, although
the refereeing guidelines are modified to suit the largely expository nature of the paper. Due to the rapid recent
technical development of a number of areas in control and optimization, many of the seminal papers are quite
specialized and are readily accessible to a limited group of experts only. Moreover, the original motivations and
practical importance of the ideas are sometimes difficult to find in the mathematical development. The purpose
of these papers is to bring the ideas, techniques, and applications of a few selected areas to the attention of a
wider audience, so that their basic importance can be more easily and widely appreciated.

CONTROLLABILITY OF NONLINEAR DISCRETE-TIME SYSTEMS:
A LIE-ALGEBRAIC APPROACH*

BRONISLAW JAKUBCZYKt AND EDUARDO D. SONTAG#

Abstract. This paper presents a geometric study of controllability for discrete-time nonlinear systems.
Various accessibility properties are characterized in terms of Lie algebras of vector fields. Some of the results
obtained are parallel to analogous ones in continuous-time, but in many respects the theory is substantially
different and many new phenomena appear.
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1. Introduction. This paper deals with questions of controllability for discrete-time
nonlinear systems

(1) x(1+1) = f(x(1), u(1))

for which the control variables u and state variables x take continuous values. Systems
of the type (1) but with discrete-valued states and controls have long been studied in
automata and sequential machine theory, but the continuous case has only recently
become the subject of serious investigation as far as controllability properties are
concerned. Our objective here is to survey a number of known results and to present
new characterizations involving geometric ideas.

The study of controllability questions for the better known continuous-time
analogue of (1), the differential equation

(2) x(1) = ¢ (x(1), u(1)),

has been the subject of a concentrated research effort, as documented, for instance,
in the survey papers [2] and [7], the text [8], and the exposition [35]. It is known, for
instance, that the set accessible from any given state x°, that is to say, the set of points
reachable from x°, contains a smooth submanifold of the state space and is in turn
contained in a submanifold of the same dimension. Thus, for instance, the cusp in
Fig. 1 cannot be an accessible set for any system of the type (2). More interestingly
perhaps, this dimension can be computed from the rank of certain matrices formed
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F1G. 1. Impossible reachable set.

by taking iterated Jacobians of the various vector fields ¢ (-, u) evaluated at the state
x°. These Lie-theoretic characterizations are “direct” in that they do not involve
integration of the differential equation, and they are closely related to more classical
geometric material related to Frobenious’ theorem.

(Certain technical hypotheses are of course required for the validity of the above
and other assertions that we will make here; for purposes of providing an informal
introduction we shall not make them precise yet; however, as a general rule, real-
analyticity of f and ¢ and the assumption that states and controls take values in
Euclidean space R" and R™, respectively, are more than sufficient.)

Discrete control systems (1) are of interest for various reasons. Of course in many
areas difference equation models are more natural than differential equations, but our
interest has been motivated more by the problem of modeling physical systems under
digital control via sampling. Recall that sampling is the process under which the state
of a continuous time system is measured at discrete instants, and control actions are
taken also at discrete instants. Figure 2 illustrates a typical approach to computer
control. A discrete-time algorithm observes the state (or more generally, the outputs)

Continuous-time physical

/ system

u(t) X (t)
D/A Algorithm |« A/D

Computer
F1G. 2. Digital control configuration.



DISCRETE-TIME CONTROL 3

of a physical system, through an analogue-to-digital converter. Typically this observa-
tion is made at periodic time instants §, 28, - - - . On the basis of this observation the
controller decides upon a control value u to be applied during the next period of
length 8. This value is converted to analogue form and is held constant during that
next period. So the controls applied to the physical system are restricted to be 5-sampled
controls, constant on intervals [kS, (k+1)8] (Fig. 3). The main point here is that, as
far as the control algorithm is concerned, the physical system is a discrete-time system
described by an equation of type (1), where f(x, u) is the solution of the differential
equation (2) at the end of an interval of length § assuming that the initial state was x
and control was held constantly equal to wu.

u

4

F1G. 3. 9-sampled control.

This description of sampling is oversimplified in many respects. For instance,
analogue/digital conversion involves a quantization of the values of x into a discrete
number of steps. Constant controls values may be smoothed out by a filter before
being applied to the system. Multirate strategies, in which the sampling period is varied
in a fixed set, may also be used. And the time involved in the algorithm actually
computing the value of the control is sometimes nontrivial and must be included in
the model as well. But even without these complications, the study of discrete-time
control systems appears naturally.

Another area in which results from discrete-time nonlinear control theory are of
importance is in the study of Markovian systems (1). There, the variables u(t) are
random, and together with the transitions f they characterize the probabilistic behavior
of the process x(-). Accessibility conditions play a central role in establishing the
existence and smoothness properties of equilibrium distributions; see for instance [15]
and [16].

Yet another source of discrete-time control systems, related to but different from
sampling, arises when numerically approximating the solution of a system (2). For
instance, a Euler approximation with stepsize h gives the recursion

x(t+1)=x(t)+ he(x(1), u(t)).

These motivations notwithstanding, discrete-time systems have been studied much
less than their continuous counterparts, and it has long been felt that their properties
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may diverge considerably from those of the latter. Regarding control and observation
problems, the paper [26] and the monograph [27] considered various aspects of
discrete-time systems defined by polynomial evolution equations. However, the general
theory remained, until recently, much weaker than that possible in the more classical
continuous time case, for which a large body of knowledge, as described above, is
now available.

One of the main difficulties in the general discrete-time case is due to the possible
noninvertibility of the one-step transition maps

x> f(x, u),

which means that semigroups tend to appear where groups would appear in the
continuous case, so less algebraic structure is available. Accessible sets with singularities
such as the curve in Fig. 1 can then easily appear.

An important observation, however, is that—due to the time-reversibility of finite-
dimensional differential equations—for those discrete-time systems that arise through
sampling these transition maps, obtained by integrating (2) over an interval of length
8 with control =u, are invertible. More precisely, each of these maps is a diffeomor-
phism (possibly not everywhere defined) of the state space. This is analogous to the
situation in classical dynamical system theory, where one studies time-one diffeomor-
phisms and Poincaré maps associated to differential equations. Invertible discrete-time
systems are often also obtained in numerical schemes for discretizing continuous-time
models, if mesh sizes are chosen small enough.

In this paper we shall restrict our attention to invertible systems, for which the
maps f(-, u) are assumed to be diffeomorphisms. For such systems we derive several
characterizations of accessibility and we study the geometric structure of accessible
sets. As an example, we provide a theorem that shows that, at least from equilibrium
states, a picture such as that in Fig. 1 can never hold for these sets. (Precise statements
of results are given later.) As with continuous-time systems, we also give Lie-theoretic
characterizations of accessibility. These characterizations have the advantage that they
do not require the computation of arbitrary iterates of the transition map, save for
those iterates corresponding to just one value of the control value set.

The basic fact that underlies our approach is that one has an analogue for difference
equations of the infinitesimal information obtained in the continuous-time case by
taking derivatives with respect to time. One uses here derivations with respect to control
values. This idea can be traced back to the paper [9], the first to deal in detail with
general invertible discrete nonlinear control systems, although in the context of reali-
zation theory rather than controllability problems. For the latter, and for the source
of the closest related material to that presented here, the credit goes to Fliess and
Normand-Cyrot ([3],[25]), who originally proposed the definition in this manner of
Lie algebras associated to discrete-time systems. This is analogous to associating a Lie
algebra action to any given Lie group action. Other work along those lines was carried
out in [11], [32], [17], [29], and related papers. A particularly important line of work
is that pursued in [18], [20], [22], as well as by other authors (see, e.g., [5]), who have
shown how to frame a large number of problems of control design (decoupling,
noninteracting control, immersion, and so forth) in this geometric formalism; we shall
not deal with such questions in this paper, however. For other recent references on
geometric discrete-time control, see, for instance, the following papers as well as
references given there: [1], [6], [10], [12], [14], [19], [24], [28].

We close this introduction with the precise statement of a simplified version of
one of our main results to illustrate the nature of our contribution. Assume that the
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system (1) is analytic, in the sense that f is analytic, and invertible, meaning that each
of the maps

Ju=fC L u) R >R
is a global diffeomorphism of R" for each control value u; for simplicity assume further
that the control values are arbitrary real numbers, u e U:=R.

Denote by f¢ the kth power of f, with respect to composition, and define the
following vector fields depending on u:

Xi=5n  fitefua(),
Xi0 = fe S,

and more generally for each integer k and for o ==, fif =f., fu =fu.",

(Acufx::><x)=ai Fo o futof o fi(x),
Vly=0

v

where —o=—, + if o=+, —, respectively. These vector fields were introduced in
[11], [17], [20], and [21].

In analogy with standard continuous time notions of accessibility, we call the
system (1) forward accessible from the state x°eR" if its attainable set from x° has a
nonempty interior. Similarly, we say that (1) is backward accessible from x° it its
backward attainable set from x°, the set of points controllable to x°, has a nonempty
interior. Finally, we say that the system is forward-backward accessible or transitive
from x° if its orbit through this state (the smallest positive and negative-invariant set
containing x°) has a nonempty interior. The orbit turns out to be a submanifold, so
forward-backward accessibility is equivalent to this orbit being an open subset of the
state space.

By an equilibrium state x° we mean one that satisfies f(x°, 0) =0. Part (c) of the
following theorem had already been stated in [11] (see also Theorem 7 in [20]) but
parts (a) and (b) are totally new. The theorem is a specialization to analytic systems
and equilibrium states of much more general results to be discussed later.

THEOREM 1. The following statements hold for any analytic system (1) and equili-
brium state x°:

(a) System (1) is forward accessible from x° if and only if

dim Lie {Adg§ X ;|k=0, u e U}(x°) = n.
(b) System (1) is backward accessible from x° if and only if
dim Lie {Adg X, |k=0, ucU}(x°)=n.
(c) System (1) is forward-backward accessible from x° if and only if
dim Lie {Ad§ X%|keZ,ucU, o =+}(x°)=n.

It is an easy corollary of this theorem that all three conditions (forward, backward,
and forward-backward accessibility) coincide for analytic systems and equilibrium
initial states. This gives a generalization of the well-known Chow Theorem in the
continuous-time theory. More generally, the dimension of the corresponding (forward,
etc.) accessible sets are given by the dimensions of the above subspaces, from which
it follows that the (forward) accessible set is an open subset of a manifold (the orbit);
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therefore, the cusp in Fig. 1 cannot be a forward accessible set. Later we give an
example for which this cusp appears as the union of three orbits, corresponding to
the origin and each of the two smooth branches.

Note that the conditions in Theorem 1 involve iterated compositions of transitions
corresponding to only one control—arbitrarily taken as the zero control. The “naive”
conditions that one can give based on the implicit function theorem for the above
accessibility properties, reviewed below, would involve compositions of all transition
mappings, as well as, for backward and forward-backward accessibility of their (pos-
sibly hard to compute) inverses. Moreover, in the particular case when the system has,
for instance, the form

x(t+1)=x(t)+g(x(1), u(t))

with g(x,0)=0, the “Ad’s” become all the identity and no compositions at all need
be computed.

In this paper, we present an exposition, including complete proofs, of the known
transitivity (positive and negative-time accessibility) facts, as well as of new results
for the substantially different (positive-time) forward accessibility problem. We also
clarify the relationship between a large number of forward and/or backward controlla-
bility notions. Another topic studied is the role played by various continuous time
systems derived mathematically from the original discrete time model, and we show
how to view the more classical results for continuous-time systems as a particular case
(essentially when “time”” is thought of as a control) of our theory. Finally, we provide
an application of our accessibility characterizations to the sampled control of con-
tinuous systems; the resulting explicit eigenvalue condition, which generalizes the
classical (linear system) sampling theorem, illustrates the power of the techniques
developed. An illustrative example is included towards the end of the paper, which
ends with a brief description of the alternative approach due to Normand-Cyrot.

2. Basic definitions. We start by introducing basic notation and definitions. As
stated previously, time takes integer values, t € Z. We introduce the following notations
for the effect of shift operators:

xt()=x(t+1) and x (t)=x(t—1).
In this way we can write equation (1) in the more compact form, with f*=f
x*t=f"(x, u), x(t)eX, u(t)eU.

The state set X is a connected differentiable manifold of dimension n. To simplify the
notation we first assume that the control is scalar, meaning that U is a subset of R
contained in the closure of its interior,

Ucclosint U,

such that 0 U. Later we show how to generalize everything to the case where U is a
subset of a more general manifold.

The system is of class C* if the manifold X is of class C* Hausdorff, second
countable, and the function f:XxU- X is of class C¥, meaning, to be precise, that
there exists a C* extension of f to an open neighborhood of Xx U in XxR. When
k =0 we say simply smooth; for k = w, analytic.

Associated to each such system there is a family of maps

fo=fC u)i X=X, uell.
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DEeFINITION 2.1. The system (1) is invertible if for each u in an open neighborhood
of U the map f, is a global diffeomorphism of X.

Invertibility can be weakened in various ways. For instance, many results can be
obtained under the assumption of local invertibility at x, meaning that for each ueU
f.. is a local diffeomorphism at x, i.e., rank (9f,/3x)(x) = n, or the assumption that this
holds for every state, local invertibility of the system. The paper [10] shows how a
condition called submersibility is in fact enough to define many of the concepts that
we use in this paper.

To any invertible system one can associate an inverse or reversed-time system with
equations

(3) x =f(x u),

where f(x, u) =f,'(x). By the implicit mapping theorem, this is again of class C*,
and its inverse is the original system.

Unless otherwise stated, every system appearing in this paper will be assumed to be
invertible. Furthermore, until § 6, controls are scalar.

The maps f, and their inverses f,' can be considered as “‘one step forward maps”
(respectively, ““one step backward maps”’). If we apply a sequence of controls uy, - - -, uy
then we obtain the composition of these maps denoted by

(4) S =Ju 00 S
Allowing backward as well as forward steps we obtain a larger family of maps
(%) ey =S oo L,

where each of ¢, - - -, g, takes a value *1.

We shall denote by Ay (x) the set of points attainable from x in k forward steps,
and by A (x) the set of points attainable from x in any nonnegative number of forward
steps. Replacing forward steps by backward steps we obtain other sets, A, (x) and
A" (x), which consist of points controllable to x in k steps, and controllable to x in
any nonnegative number of steps, respectively. Finally, the set of points attainable
from x in any number of positive and negative steps is called the orbit of x and is
denoted by A(x).

DEeFINITION 2.2. The system (1) is forward (backward) accessible from x if its
attainable set A*(x) (respectively, A™(x)) has a nonempty interior. It is called transitive
from x (or forward-backward accessible from x) if its orbit A(x) has a nonempty interior
(and so it is necessarily open).

Finally, the system is forward (backward) accessible if it is forward (backward)
accessible from any x € X, and it is called transitive if it is transitive from any x € X.

Observe that there is a straightforward criterion for accessibility of the discrete

time system, based on the rank of the following map. For each fixed state x and integer
k define

(,Ik,x(u) :=fuk~~~ul(x)a

where u= (u,, - - -, u;) takes values in the kth Cartesian product U*. Notice that the
attainable set A (x) is by definition equal to the image of this map. The following
proposition says that this set is of nonempty interior if and only if the linearization
along some trajectory starting from x is controllable.
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ProrosiTiION 2.3. Let (1) be smooth. For any fixed x and k, the interior of the
attainable set Ai(x) is nonempty if and only if

sup {ranki Ui (u),ue lUk} =n
du -’

and thus

J
sup {ranka— Y (u),ue U~ k= 1} =n
u

is necessary and sufficient for forward accessibility of system (1) from x.

Proof. If there is a point u at which the rank of the map ¢, , is equal to n, we
may assume without loss of generality that u is in the interior of U, because of the
hypothesis that U< clos int U. It then follows from the implicit function theorem that
the image of this map has a nonempty interior. Thus, the attainable set A;(x) has a
nonempty interior. (Only that the system is of class C' is used for this implication.)

Conversely, if the rank of the map ;. is less than n at each u U, then every
element of A;(x) is a critical value of ¢, as a map defined on an open subset of R*.
It follows by Sard’s theorem that the image of U under this map is of empty interior
and is of measure zero under the measure induced by any Riemann metric on X (the
Euclidean metric in R"). Therefore, the attainable set Af(x) must have an empty
interior and it is even of measure zero.

The second statement follows from the first because a countable union of sets of
measure zero again has measure zero. 0

ReMARK 2.4. Since the orbit A(x) is the (countable) union of the images of the
maps (5) we can use an analogous argument to give a criterion for transitivity from
x, using the maps (5) rather than (4) to define a family of maps playing the role of
the i, ’s.

The above proposition and remark might appear to give satisfactory criteria for
forward accessibility and transitivity. Unfortunately, this is not the case. Although for
simple systems they may be used to decide whether a given system is forward accessible
or not, for more complicated sytems explicitly computing the functions i, , may be
highly nontrivial, since composition is hard to deal with computationally. As an
example, consider for instance the problem of obtaining a general formula for the nth
composition of the quadratic function g(x) = ax’>+ bx + ¢ with itself or that of comput-
ing the function ¢, if f(x, u) = g(x)+ xu. The problem becomes even more serious
in the case of deciding the transitivity of the system, as this requires also finding the
inverse maps f,' needed for computing the composed maps (5). One approach here
is to develop a calculus for these compositions, as in the work of Monaco and
Normand-Cyrot; see the last section. But in any case, even for classes such as that of
bilinear systems, Proposition 2.3 doesn’t seem to provide much useful information
regarding accessibility properties.

Also, from a purely theoretical point of view, Proposition 2.3 is of little interest.
This is because it gives too limited an insight into the geometry of our systems and it
provides an even more limited tool for their study. The maps appearing in the criteria
do not have much algebraic and geometric structure.

The main aim of the next section is to introduce a sort of “infinitesimal description”
of the discrete-time system. This is done by introducing certain vector fields associated
to it. By doing so we immediately get a powerful tool and a rich algebraic and geometric
structure based on the Lie product of vector fields. In particular, the accessibility
properties of the system can be studied using natural Lie algebras of vector fields
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associated to the system. The idea of introducing vector fields corresponding to
infinitesimal perturbations of control values is a natural generalization of the concept
of actions of Lie groups, and it was originally proposed in the context of nonlinear
control in [3]. These vector fields also find natural applications in the study of
controllability properties and the feedback linearizability of sampled systems

([29], [12]).

3. Vector fields associated to the system. We associate the following four families
of vector fields to our discrete time system (1), one vector field for each ueU:

Xi0=an] it funnlo)
Xi0=| oSk,
Vi =2l fatefil,
Vi =] fuene 7).

The partial derivatives here are well defined in the interior of U; therefore, they are
also uniquely defined on the boundary of U because of continuity. The geometric

f f
X" x
u u + du u + du
Y +
X
X" Y
Fi1G. 4 (a) F1G. 4 (¢)

u + du

X

u

Fi1G. 4 (b) FI;. 4 (d)
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meaning of these vector fields is illustrated by Fig. 4, and the interrelations between
them are explained in the next proposition. These vector fields were also introduced
in [17], [20], and [21], using somewhat different terminology. The last section will
explain the relation between the different notations.

The special case in which the function f happens to correspond to the flow of a
vector field Z, that is, f(x, u)=exp (uZ), will be important later when discussing
continuous time systems within our framework. In that case all of the above vector
fields are in fact independent of u, and they provide the same information about the
system. This is because by the semigroup property of flows it holds that f, ., =f, ° f, =
foofu,sothat X7 =—X,=Z=-Y, =Y. These equalities help us to understand why
the continuous time theory is considerably simpler than the discrete one.

Note that applying these definitions to the inverse system (3) instead of system
(1) gives the same vector fields except that the pluses are changed for minuses and
vice versa.

Given a vector field Y and a control value u, we can define another vector field
from Y by applying a change of coordinates given by the diffeomorphism f,,

(Ad, Y)(x) = (df,(x) " Y (fu(x)).

Here df, stands for the differential of f, with respect to x. Using the diffeomorphisms
(4), we may also define

(Ad -y Y)(X) = (df sy, (X)) 7Y (i (X)),
and, applying the even more general family of diffeomorphisms (5),
(6) (Ad i Y)(x) = (df i) Y (f ().
Clearly, the operators ““Ad” so defined are linear operators acting on vector fields Y,
and we have that

(7) AdjEl Y=Ady - - - Ady Y.
(Note the reversal of indices.) We will use the abbreviated notation Ad§ Y for Ady..., Y

with u =0 repeated k-times, if k>0, and for Ady!;™'Y, if k<0. Additionally,
Ad} Y = Y. With this notation we have that

(Adﬁ.‘X:)(x>=ai Fa o f i o fureo f5(x)
Ulv=0

v

(see Fig. 5) and, more generally,

(Ady.u X5)(x) ==
ov

Fueu®F g © Fugro® Fupa(X)-
=0

v

Since our system is assumed to be invertible, we could apply all definitions to the
inverse system (3) instead of (1). Then all the pluses in the superscripts change for
minuses and Ad,, changes for Ad,", and vice versa. Therefore, we will have the following
fact, which we shall use repeatedly.

REVERSION PRINCIPLE. Any general property of systems of the type (1) that can be
expressed in terms of the above defined vector fields is preserved if we change the pluses
in the superscripts for the minuses and each Ad, for Ad,", and vice versa.

Remark 3.1. Some of the above defined vector fields can be equivalently defined
as follows:

X () = (df, (x)) " é%fu(x),

(Adyeuy X ) (%) = (Af v, 00) T X i (frgor (X))
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Fi1G. 5. Ad} X7,

Since the inverses f,' do not appear, the right-hand sides now make sense for locally
invertible systems. Those of our results that can be stated exclusively in terms of the
above vector fields will also hold for locally invertible systems. Furthermore, criteria
stated in their terms can be checked without computing the inverse of any diffeomor-
phism; only matrix inversions are required. For instance, take the system with X =R, U =
[—=1,1], and equations

xt=x*+2x+usinx

Since for each fixed value of u the right-hand side is strictly increasing, this is an
invertible system. We obtain here that

sin x

XHx)=——7—"——
() 3x%+2+u cos x

in the natural coordinates.

The basic interrelations between the vector fields X5, X, , Y+, Y, are given by
the following proposition.

ProposITION 3.2. The following equalities hold for each u € U.

(a) Xt=-Y!, X.=-Y,.

(b) Xi=-Ad,X,, Y.=-Ad,Y,.

Proof. To prove (a), we differentiate with respect to u the equality

fu'efulx)=x
and we get
Yi(x)+X5(x)=0.

The second equality in (a) follows from the first by the reversion principle.
On the other hand, differentiating with respect to v the equality

f;;l °ﬂ4+u(x) =f;1 of;4+v of;l of;‘(x)

we get X, =Ad, Y, which together with (a) gives (b). The proof of the last equality
now follows by the reversion principle. 0
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Later in the paper it will be very useful to have a formula for the derivative with
respect to u of a vector field Y transformed by the diffeomorphism f,. It was noted
in [25], [11], [17], [18] that this derivative can be easily expressed via the above
introduced vector fields and the Lie bracket; in fact, the next two propositions appear
as the first steps in the proof of Theorem 3 on page 26 of [17] and of Lemma 3 in [18].

Here and further we shall use the standard notation [ Y, Z] for the Lie bracket of
the vector fields Y and Z which, in R", is given by [ Y, Z]=0Z/ox Y —8Y/9xZ. We
also denote ad Z(Y)=[Z, Y] and the kth iteration of the operator ad Z, ad* Z(Y) =
ad Z---ad Z(Y). The flow of the vector field Y is denoted by exp (tY).

ProrosiTiON 3.3. The following equalities hold for any vector field Z and any u € U:

% Ad, Z = ad X*(Ad, Z)

and

E)
™ Ad;' Z=ad X, (Ad;"' Z).

Proof. 1t is enough to prove each of the equalities locally, so we shall assume that
we are in R". We have that

[¢] [S)
2 Ad, Z="

- St eexp (12) 2 fulx)

t=0 8“

0

ot

(a% EI)%-of;‘oexp(tZ)oﬂ(x)

d
+_
ot

d(f 7 o exp (1Z) o £,)(x) (df(x)) ! ::;fu(x)

=0Y3/9x)(x) Ad, Z(x)+ (3Ad, Z/3x)(x) X} (x)

where we use the equality X" =—-Y".

The second equality follows from the first by the reversion principle, replacing f,
by fi.'. O

In the next proposition and in the rest of the paper we shall use the following
notational convention. Given a family of vector fields {Y,|a € A}, we denote by
Lie {Y,|a € A} the Lie algebra generated by this family of vector fields and by
Lie {Y,|a € A}(x) the subspace of the tangent space at x generated by the vector fields
in this Lie algebra.

ProrosITION 3.4. For analytic systems and connected U,

Ad§ X (x)e Lie {Ads™" X, |ueU}(x)
and
Ady* X, (x)eLie {Ady* " X }ueUNx)

for each x e X, each ucU, and each integer k.

In the proof of this proposition we shall use the following lemma. This lemma is
in fact about identities on free Lie algebras; we give a somewhat informal statement
to avoid having to introduce considerably more machinery.
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LEmMA 3.5. For any r =0 there are coefficients a,,- - ,a,cR and b,,- -+, b, eR
independent of x and u such that

a" d 3"

Ad, (——,X;)=Z a;Y; where Y,»eLie{X:,——XI,~~, ,X:}zM,'f',
u u ou

A . _ 8 - " .

Ad, | — X3 ) =2 bZ where Z cLie{X,,— X, -, —X.(=M;".
u u u

Moreover, these coefficients, as well as the expressions of each Z; and Y; in terms of
the generators of the corresponding Lie algebra of vector fields, are independent of
the particular system.

Proof. From Proposition 3.2 it follows that the assertions are true for r = 0. Assume
that the first of them is true for r = k. From Proposition 3.3 it follows that
) ak k ak+1

d
Adu——kX;:—adX: Ad,— X, +tAd,— X..
u ou u u

(8)

In general for parametrized vector fields A,, B, we have that
d d d
—[AM9 Bu]:l:_Aiu Bu]+[Aua_Bu]'
u du u

Thus it follows from the induction assumption that the left side term in (8) is a linear
combination of elements in M**"* and so is the first term on the right. Therefore, the
second element on the right is a linear combination of elements in M k+L.* and the
assertion is true for r=k+1.

The second part of the proposition follows from the first and the reversion
principle. O

Proof of Proposition 3.4. In the proof we shall use the following corollary to the
Taylor formula for an analytic, vector valued function g defined on a connected set
U containing the origin: span {g(u)|u € U} =span {g'”(0)|i = 0}. We have

r

d
span {Ad§ X}, ueU}(x)=Adg span {8

ur

X3, réO}(x)
=0

=Lie {Ad§"" X |ueU}(x).

Here the inclusion follows from Lemma 3.5 (apply Ad, to both sides of the second
equation and then evaluate at u =0); the first and the third equality follow from
Taylor’s formula.

The second assertion of the proposition is a consequence of the first and the
reversion principle. O

Note that it is not claimed in Proposition 3.4 that, for instance, X is in the Lie
algebra generated by the vector fields Ad, X,,. The statement pertains only to the
equality of the associated distributions, that is, of the tangent spaces at each point.

r

x-

u

< Adk (Ado Lie { 9

ou"

4. Acessibility criteria. To state our criteria we shall need the following families
of vector fields:

F+ :{Aduk“-ul X:olkéo, uO, Y uke lU}a
I ={Ad; ' X |k=0,up, -+, ueU},

F={Adx uXulk=z0,up, -, uelU, e, +, g =%1,0==}
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As previously, for a family of vector fields A, we denote by Lie {A} the Lie algebra
of vector fields generated by A, by A(x) the linear space spanned by the vectors at x
given by the vector fields in A, and by Lie {A}(x) the linear space of tangent vectors
at x given by the vector fields in the Lie algebra.

The following theorem gives criteria for accessibility of smooth systems. It will
be one of the main results of this paper.

THEOREM 2. The following properties hold for any smooth system (1).

(a) The system is forward accessible if and only if any of the following two equivalent
conditions hold:

dimI'"(x)=n VxeX, or dimLie{l'"}(x)=n VxeX.

(b) The system is backward accessible if and only if any of the following two equivalent
conditions hold :

dimI' (x)=n VxeX, or dimLie{I'"'}(x)=n VxeX.

(c) The system is transitive if and only if any of the following two equivalent conditions
hold:

dimI'(x)=n VxeX, or dimLie{l'}{x)=n VxeX.
To state a stronger version of our result, valid for analytic systems, we need the
following Lie algebras of vector fields:
L =Lie {Ad§ X |k=0,ucl},
L =Lie {Ad}§ X, |k=0,uecl},
L=Lie{Ad§ X%lkeZ, ucl,ocec{+, —-}}.
The following inclusions are evident:
L*cLiel'', L cLiel', LcLiel.

In terms of this data, we now state another one of our main results. As remarked
earlier, the transitivity case had been stated before ([11],[20]). Even for that case,
however, we believe that this paper contains the first complete proof.

THEOREM 3. The following properties hold for any analytic system (1) with con-
nected U:

(a) The system is forward accessible if and only if
dim L*(x)=n for any xeX.
(b) The system is backward accessible if and only if
dim L (x)=n forany xeX.
(¢) The system is transitive if and only if
dim L(x)=n for any xeX.

Remark 4.1. As a consequence of Proposition 3.4, if we were to take in the
definition of the Lie algebra L only o = +, or alternatively, only o = —, a smaller set
of vector fields may result, but the conclusions in the theorem would hold equally well.

There is a pointwise version of the above results. An equilibrium point x,€X is
one such that f(x,,0)=0.

THEOREM 4. The following properties hold, if U is connected :

(a) A smooth system (1) is transitive from x if and only if dim I'(x) = n (equivalently,
dim Lie {I'}(x) = n). An analytic system (1) is transitive from x if and only if dim L(x) = n.



DISCRETE-TIME CONTROL 15

(b) An analytic system (1) is forward (respectively, backward) accessible from an
equilibrium point x, if and only if dim L*(x,) = n (respectively, dim L™ (x,) = n).

The proofs of all these results are given later after we develop some further theory.

The second part of Theorem 4 will be strengthened as a consequence of the
following proposition.

ProrosITION 4.2. If the system is analytic, U is connected, and x, is an equilibrium
point, then

L+(x0) = L™ (x0) = L(x,).

Proof. Since L"(x,)< L(x,), it is enough to show that L*(x,) has the same
dimension as L(x,) to conclude that they are equal. Pick a basis of the latter and
assume that the elements in the basis involve vector fields of the form Ad& X7, with
the possible k bounded below by the integer k*. (Recall Remark 4.1 to the effect that
we may always assume that o = + in the definition of L.) Applying the operator

Ad;

to these vector fields, we obtain vector fields in L*. As x, is an equilibrium point, the
operator Ad,*" preserves the tangent space at x, and we obtain a set of linearly
independent vectors in L*(x,), as desired. The argument for L™ follows by the reversion
principle. 0

The above theorem and proposition immediately imply the following corollary.

COROLLARY 4.3. Assume that the system is analytic, U is connected, and x, is an
equilibrium point. Then forward accessibility from x,, backward accessibility from x,, and
transitivity from x, are all equivalent properties.

We will prove the above theorems by splitting them into (somewhat stronger)
sufficiency and necessity results.

Define the following families of vector fields:

3 3

Xol=—X3, Xo'=—X,.
u u

THEOREM 5. The following statements hold for any smooth system (1).

(a) If
9) dim Lie {I"'}(x)=n forall xeX,

then the system is forward accessible.
(b) If x, is an equilibrium point and if

(10) dim Lie {Adg X¢"'|k=0,i=0}(x,) = n,

then the system is forward accessible from x,.

(c) The same statements hold for backward accessibility if we replace I'* for I'™ and
X5 for X,

Proof. (a) Let us fix an x € X. Let p and of, - - -, v be such that the rank of the
Jacobian of the map

(11) (vl, T, vp)'_)f;:,;“v.(x)

is maximal (over all p=0 and v,,- - -, v,€U) at vf, - -, v¥. Because Uc closint U,
we may assume that these are in the interior of U. Let W be a neighborhood of
(v¥, -+, v}) on which this rank is maximal and such that the image S of W under
the above map is a submanifold. Since S< A™(x), it is enough to show that the
dimension of S is equal to n, from which it will follow that S is an open subset of X.
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We now prove that each vector field of the type Ad,,...., X, is tangent to S. It
will follow then that all the Lie brackets of these vector fields are tangent to the
submanifold S. This, together with assumption (9), will imply that S is of dimension n.

Assume that the vector

p=(Ady,., X, )(¥)

is not tangent to S at y =f, ..., (x), for some u,, - - -, w4, (for convenience we denote
ug by uy; now) and some (v, - - -, v,) € W. Again, we may assume that these are all
in the interior of U. Thus

_9
H# av

) ™o Ll v ® fua )

v

is not tangent to S and therefore also

a

f;lk+|+v of;kmu, of;:,,mvl = (d.f;xk+1~~~ul)(y)/-”
av

v=0

is not tangent to the submanifold f,  ..,,(S). But this means that the rank of the
Jacobian map of the mapping

(Ula s Up, Uy, uk+1)_>f;4k+|~~~u,v,,mvl(x)

is at least dim S+ 1 for this sequence v,, - * *, ,, Uy, * * *, U4, contradicting maximal-
ity of the rank. It follows that the vector field Ad,,..., X, must indeed be tangent
to S.

(b) The idea of this part of the proof is the same as in part (a) except that now
the rank assumption is made at one point only. Thus, we have to construct the manifold
S in a neighborhood of x, so that n linearly independent vector fields in the Lie algebra
(10) are linearly independent in this neighborhood and tangent to this manifold.

Let V be a coordinate neighborhood of x, such that there are n vector fields in
the Lie algebra (10) which are linearly independent on V. Suppose that these vector
fields involve only k = k*. Let V,  V denote the open ball of radius & centered at x,.
Fix & so that Vs;< V and denote by r, the supremum of the possible ranks of those
maps (11) with p=1 and x = x, for which all the points of the trajectory

Xi =f;.>,-~-vl(x0), i= 15 Y

lie in V.. Note that r, is nondecreasing with &. Let r=inf{r,|0<e <5} and let
e*:=sup {e|r=r.}. Note that £*>0. Take 0 < o < £* such that all trajectories starting
from V, stay in V,« for the next k*+1 steps, under the constant control u =0. Let the
corresponding supremum of ranks defining r, = r be achieved at p and (vf, - - -, v}).

We define our manifold S as previously, where W is a neighborhood of
(v¥, - - -, v}) such that all trajectories corresponding to controls in W lie in V,. By
an analogous argument as for (a) we see that the vector fields Ad,,...,, X ID are tangent
to S, provided that k = k™ and uy, - - -, u, are close enough to zero so that our trajectory
does not leave V,«, and so the rank cannot increase over r (cf. the definition of o).
Taking u; =- - - = u, =0 and the derivative (9/du,)" at u* we conclude that the vector
fields Ad& X are tangent to S. Therefore, their Lie brackets must be tangent to S,
also. Because of our choice of the neighborhoods, there are n linearly independent
vector fields among those Lie brackets and so S is an open subset of X.

Statement (c) follows from (a) and (b) and the reversion principle. 0

The above proof, part (a), gives a somewhat stronger result, actually, which we
state below for further use.
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CorOLLARY 4.4. If ye X is a point forward reachable from x with maximal rank
(in the sense of the ranks of maps (11)), then the condition dim Lie {T"}(y) = n implies
that the system (1) is forward accessible from x.

We are now ready to establish a converse to Theorem 5.

THEOREM 6. (a) If system (1) is of class C' and forward accessible from x, then

dim I (x)=n.
(b) If system (1) is analytic, forward accessible from x, and U is connected, then
dim L*(x) =n.

(c) Analogous results hold for backward accessibility with ", L* replaced by ", L™.

Remark 4.5. The case when U is a nonconnected subset of R can also be treated.
Assume that U is a disjoint union of connected subsets of R, each of which is in the
closure of its interior. Then (b) also holds but we have to choose a subset U, < U which
has at least one point in each of these sets. Then

L"=Lie{Ad,,.., Xsk=0,uclU, u,, -, u. Uy}

must be used in this case as the definition of L.

Proof of Theorem 6. (a) If the system is accessible, then it follows from Proposition
2.3 that, for some k=1 the rank of the map ¢, is equal to n at some point. This
means that the following vectors span an n-dimensional space, for some sequence
Uy, U

d .
Efuk‘.‘,,l(x), i=1,--- k

Hence, also the vectors

(A ()) ! ifuku.u,(x)

which can be equivalently written as

d _ -
o u,1_|~~~u| ofu,-l of;q+v o.f;,»_lmul(x) = Adu,‘*,mulx:;,

v v=0
i=1,---,k span an n-dimensional space and statement (a) follows.

(b) The proof will be based on a reduction to continuous time systems, as done
in [29] for the transitivity problem. A different proof, not involving such a reduction,
is provided in a later section. If our system is accessible from x, then it follows from
Proposition 2.3 that there exists a k such that the rank of the map

(uy, - w) = ey (%)

is equal to n at some point (u¥, -, u¥), and so its image contains an open set V.
Then W =f,*(V) is also open and x € W. We will show that W is contained in the
orbit through x of the Lie algebra L* (cf. [34]), which we denote by Orb,+ (x). This
will imply that the orbit is of dimension n and from a theorem of Nagano ([23], [34])
it will follow that dim L*(x) = n.

Let y € W. We will show that y € Orb,;+ (x) by showing the equivalent fact: x e
Orb;+ (y). We have that

x=fuo o fu o fe()=81ue o (),
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where

g =fo "oy o fo.
Denote y, =y, and

yi—lzgi,ui(yi), i:k"”,l'

We have that y,=x. It is enough to show that y;,_,€Orb,+ (y;), fori=1, -, k.
Denote

y(u)=fo"" o fute folyr).
Then, for u€[0, u;], v is a curve in X joining y; with y; ,; its tangent vector at u is

9

3
— (u)=
auy() v,

Ofa”' ofurvefuofo ((y(u)=Ady™" Yi(y(u)).
As y(0) =y; and U is connected, it follows that y;_, = y(u;) belongs to the orbit through
y: of the family of vector fields Ad{ 'Y}, ueU. Since Y =—X, it then follows that
yi—1 belongs to the orbit through y; of the family Ad{ ' X}, ueU. a
Remark 4.6. If U is not connected, then the result still holds with the modified
definition of the Lie algebra L" as given in the remark following Theorem 6. The
necessary modifications in the above proof are as follows. We choose elements

vy, -+, U € Ug so that v; belongs to the same connected component of U as u?. Then
we define

W=f,lo o fi1(V).
Then we have that

X = 81" ° gk,uk(y)a 8y, =fz_z,~l_l-~~vl of;,-l of;J; of;),-,lmvl-

Finally, we take the curve

Y =fo o o i S (1),

with u in the interval joining u; and v;. Differentiation with respect to u now gives
the vector fields in the modified Lie algebra L* as defined in the remark following
Theorem 6.

To obtain criteria for transitivity using Theorems 5 and 6, we may apply the
following trick which reduces the transitivity problem to the forward accessibility
problem.

Define U* as the disjoint union of two copies of U denoted by U and U™. Consider
a system

(12) x'=f*(xu), x()eX, u(t)eU*=U"wU”

where f*(x, u)=f(x,u) if ueU" and f*(x,u)=f (x, u)=£,"(x) if ueU~. As the
control set U™ has two components, we define its Lie algebra of our new system L*
using the definition in Remark 4.6 with Uy={0", 07}, where 0" U™ and 0" U™ are
two copies of 0 U. Of course, there is no difficulty in embedding the new control set
again in the reals. The following proposition is then clear.

PrROPOSITION 4.7. (a) The Lie algebra L" of the system (12) is equal to the Lie
algebra L of the original system (1).
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(b) The family of vector fields T for system (12) is equal to the family T defined
by system (1).

(c) The forward accessible set of system (12) is equal to the orbit of system (1).

We may now complete the proofs of all the theorems in this section.

Proof of Theorem 2. Statement (a) follows immediately from Theorems 5 and 6,
part (a). Statement (b) follows analogously from part (c) of these theorems. Finally,
statement (c) is the consequence of statement (a) via the above reduction of the
transitivity problem to the forward accessibility problem and Proposition 4.7. 0

Proof of Theorem 3. Statement (a) follows from Theorem 5 (a) and the inclusion
L" < Lie {T'} (sufficiency), and from Theorem 6(b). Statement (b) follows analogously
from statements (c) of these theorems. Finally, statement (c) is the consequence of
statement (a) via the above reduction trick and Proposition 4.7. 0

Proof of Theorem 4. (a) In the smooth case the “if”” part follows from Corollary
4.4 by the above reduction procedure and Proposition 4.7 as, for system (12) the point
x is attainable from itself with full rank. The analytic case follows from the smooth
case by the inclusion L(x) < Lie {T'}(x).

The ““only if” part follows from Theorem 6 and Proposition 4.7 via the above
reduction.

(b) The “only if” part is the consequence of Theorem 6. To prove the “if” part
suppose that there are n linearly independent vectors in L*(x,). Each of them can be
taken in the form

(13) ad (Adg§t X;7) - - - ad (Adgr— X.)(Adg X7 )(Xo).

If we take the partial derivatives of these vectors with respect to u,, - - -, u, at zero,
we obtain vectors which appear in the Lie algebra in (10). From the Taylor formula
it follows then that the rank condition in (10) is also satisfied and Theorem 5 implies
the result. 0

5. Nonaccessible systems. In this section we will briefly discuss nonaccessible and,
more generally, nontransitive systems. The following “orbit theorem” is crucial in
understanding such systems. The theorem has a long history starting with results of
Chow, Nagano [23], Sussmann [34], and Stefan [33] in the continuous time case. In
the discrete time case, analogous results to those in continuous time were provided in
[9], [32], [11], and [29], the latter containing also a proof of a more abstract result
dealing with a general notion of action on manifolds. These papers should be consulted
for details of the proof, which we omit.

THEOREM 7. Any orbit A(x) of the smooth system (1) is an immersed submanifold
of X with at most countably many connected components, whose tangent space is given by

T,A(y)=T(y)

at each y € A(x). In the analytic case we have that

T,A(y)=L(y)

holds also.

As the attainable set from x lies in the orbit from x, there is no chance for forward
or backward accessibility from x if there is no transitivity from x (that is, the orbit is
not of full dimension). In this case it is reasonable to ask whether the attainable set
has a nonempty interior in the orbit. In the case of analytic continuous time systems
the answer is always positive, as proved by Sussmann and Jurdjevic [36]. The following
theorem generalizes this result to discrete time systems.
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THEOREM 8. If x, is an equilibrium point of an analytic system (1), then each of
the attainable sets A*(x,) and A”(x,) has a nonempty interior in the orbit A(x,).

Proof. If we restrict our system to the orbit then the problem reduces to proving
that the system is forward (backward) accessible from x,, if it is transitive from x,.
But this follows immediately from Theorem 4 and Proposition 4.2. 0

Remark 5.1. The above theorem provides an analogue of what is sometimes called
the positive form of Chow’s lemma for continuous time systems. In fact, the proof is
related to that of the continuous time case. However, there is an interesting subtlety
that appears here. Contrary to the continuous situation, it is not true now that the
assumption that x, is an equilibrium state can be relaxed. In the paper [29, Remark
9.15], an example is given of an analytic system on X =R, with U=R, and a state x e X
such that A(x)=2X, but the system is not forward accessible from this x. In fact, the
system in question arises from the sampling of a continuous time system.

We now give the basic outline of how such an example arises. A real-analytic
function of one variable

g(x)
is first constructed, with the property that

lg'(x)|=1 for all xeR

and whose zeros are exactly at the nonnegative integers 0,1,2, - - - . Now the system
is given by equations

x"=1+x+ug(x)
with
U=(-1,1)

as control value set. Observe that this system is indeed invertible, since for each fixed

u the right-hand side is a strictly increasing function of x. Furthermore, for each x the
set

{x,1+x,2+x,~ ' }

is included in A™(x). When x is a nonnegative integer, this is precisely A*(x), while
for any other x one can reach an open set in one step, and hence A*(x) is of dimension
1. Since each nonnegative integer x can be reached from, say, —1, it follows that
A(x)= A(—1) has dimension 1, so by connectedness, the orbit through each point is all
of X=R, even though A*(0), A"(1), - - - are discrete.

These remarks probably mean that the notion of transitivity is in the discrete time
case too weak to be of interest.

The following families of vector fields will help us to better understand the geometry
of the attainable sets A*(x) and A™(x) and, in particular, to estimate their dimensions.
Define

P={Ad{ X} |0=i=k—-1,uecl}, L;=Lie Ay,
and
Ar={Ad;' X, |0=si=k-1,ueclU}, Li=LieAy.

For any family of vector fields A, let Orb, (x) denote the orbit of this family
passing through x. This orbit has a natural structure of immersed second countable
submanifold ([34], [33]). Further, the orbit of Lie A coincides with the orbit of A.
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ProrosITION 5.2. For any smooth system with connected control set U we have that
k(x) = Orby; (y), forany ye Ai(x),

and
Ai(x)=Orby; (y), for any ye Ar(x).

Proof. 1t is enough to prove the first inclusion as the second will follow from the
reversion principle. It is also enough to show this inclusion for any particular y in
Aj(x), since for any other y this will be implied by the general equality Orb, (y) =
Orb, (z) for any z € Orb,(y). Our argument will be similar to that used in the proof
of Theorem 6(b). Take

y=fo(x)

and

2= fuern () =fur o0 fu o f 5 ().

We have to show that z e Orb,; (y). The point z can be written in a different way as

Z= G 0 8w (¥)s
where
gu=So "o fucfTT,  i=1,-- k
Taking zo=y, z;=g;,(zi_y), i=1,- -,k it is enough to show that z; € Orb,; (z;_;).

Consider the curve vy;(u)=g;,(z;_,), which joins z,_, with z; when u€[0, u;]. The
tangent vectors to this curve are given by

] d k=i o 1o fi=k(n
a—u‘yl(u)=£ 0 fu+v fu fO (%(u))

v=0
= Ad:)_k Y. (yi(u))= _Ad{)_k X (vi(u)).
As —k+1=i-k=0, it follows that the above curve lies in the orbit of the family A,

and the proof is complete. O

From the above proposition we immediately conclude the following necessary
conditions for accessibility.

COROLLARY 5.3. If an analytic system with connected U is forward accessible from
X, then
dim L (y)=n for any ye A"(x).
Similarly, if it is backward accessible from x, then
dim L*(y)=n for any ye A™(x).
Proof. The first statement follows directly from the first inclusion in Proposition

5.2 and the inclusions

U Ai(x)=A%(x), Orb,; (x)<Orb,-(x).
k>0

The second statement follows analogously. o

We now turn to yet another reason why our Lie algebras of vector fields emerge
in studying controllability properties of discrete time systems. We will consider our
system in another (time-dependent) system of coordinates. This is basically the same
as the “local” dynamics defined in the references [18] and [20] in the context of
invariant distributions for nonlinear discrete-time systems.
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Consider the usual system x(t+1)=f(x(t), u(t)) and introduce the time-depen-
dent change of variables

x(t) =fo(z(1)),

where f is the tth power of f; (in the sense of composition). In the new coordinates
our system becomes time-dependent and takes the form

(14) z(1+1) = g(1, z(1), u(1)),

where

gt z,u) =15 o fu o fo(2).

What is simpler about the new system is that it has the “doing nothing” option, as
g(t,-,0)=id. As a consequence, if the control set U is connected then so are the
attainable sets of system (14): A*(x), A™(x), and A(x). In that case the next point on
the trajectory, z(¢+1), can be connected with the previous one, z(t), by the smooth
curve y(u) =g(t, z(t), u), where u € [0, u(¢)] if u(¢t)>0and ue[u(z),0]if u(r)<0. As

9y/ou(u)=29ag/ou(t, z(t), u)

“ S S £ S5 (@)

ad v=0
=Ady" Y, (y(u)),

we see that the point z(¢) lies in the orbit through z(z+1) of the family of vector fields
Ady™' Y., ueU. Since Y, =—X,, it follows by induction that for t=—1 any point
z(t) on a trajectory of system (14) starting from z(0) lies in the orbit through z(0) of
the family of vector fields A, , where k = —t and so also in the orbit through z(0) of
the Lie algebra L, . By the reversion principle, or by the above argument applied for
t>0, it also follows that any point z(¢) of any trajectory of system (14) starting from
z(0) lies in the orbit through z(0) of the family of vector fields A}, with k=1t, and so
also in the orbit through z(0) of the Lie algebra Lj.

Because of our change of coordinates x(t) =f¢(z(t)) it follows that a point x(t)
on any trajectory of the original system (1) starting from x,, lies in the image under
the map f§ of the orbit Orb,t (x,) if t = k>0 (respectively, the image of Orb,; (x,),
if t<0, k=—t). Thus, we have the following proposition.

ProprosITION 5.4. If the control set U is connected then, for any k>0, we have the
inclusions

©(x) = f§(Orbyr (x)) =f6(Orb,1 (x))
and
A (x) = f5(0rb,; (x)) = f5“(Orb,; (x)).

The orbits of discrete time systems can be expressed via the orbits of the Lie algebra L
according to the formula

A(x)= U f5(Orb, (x)).
keZ

Proof. The first two inclusions follow from the argument above. It also follows
from the above consideration that the vector fields in L are tangent to the orbit A(x)
(cf. Theorem 7). Thus, Orb, (x) = A(x). As the maps f§ preserve the orbit A(x) and
the family of vector fields L, it follows that the inclusion “>” holds. On the other
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hand, the computation preceding the proposition also shows that any two points which
can be joined by a (forward or backward) step of the discrete time system can also
be joined by a trajectory of a continuous time system

X=nh(x,u), where h(x,u)=Ad§ X} (x)

and a (forward or backward) jump by f,. It is well known that each trajectory of a
continuous time system lies in a single orbit of this system. It follows then that any
trajectory of the above system lies in an orbit of the family of vector fields L, and so
the inclusion “=” follows. 0

The relation between the inclusions in Propositions 5.2 and 5.4 can be further
clarified by the following relation between the Lie algebras Ly and Lg.

ProprosITION 5.5. For an analytic system the distributions spanned by the Lie
algebras L and Ly are related by the change of coordinates given by the diffeomorphism
1§, ie.,

(AdE L) (x)=Li(x), and (Ady* L})(x)=L;(x) VxeX.

Proof. Since the operator Ad, is a homomorphism of the Lie algebra of vector
fields, it follows that

Ad§ Ly =Lie {Ad) X, |1=i=k}.

From Proposition 3.4 it follows that
(Ad} X;)(x)eLie {Ady ' X§lueUNx) Vx.

Thus, all the vector fields Ad) X, i=1,- -,k are tangent to the orbit of the Lie
algebra Ly and so
(15) (Ad§ L) (x)= Li(x) VxeX.
The reversion principle and the above inclusion yield

(Ady* L) (x)= L (x) VxeX.

Applying the operator Adg to both sides of the above inclusion gives the converse
inclusion to (15) and proves the first equality in the proposition.
The second equality follows from the first and the reversion principle. 0

6. Nonscalar controls. All our previous results can be extended, without difficul-
ties, to the case of multidimensional controls. The basic modification needed is that,
whenever derivatives with respect to u are used in the scalar control case, partial
derivatives with respect to the components of u should be used in the multicontrol case.

We assume that the control set U is a subset of R™ and satisfies the assumption
Uc closint U. Additionally, we assume that any two points in the same connected
component of U can be joined by a smooth curve lying entirely in int U (except of
endpoints, possibly). We denote u=(u',---,u™) and v=(v", -+, ™).

The vector fields X, defined at the beginning of § 3 should now be redefined as
follows:

J -
X:,i(x)=8vi fu1°ﬂ4+v(x)a
=0

v

one for each i=1, - - -, m. Analogously, we define X,;, Y, and Y.
The Lie algebras I'", T~ and I are now defined as

I ={Ady.u, X dkZ0,1=i=m, ug, - - -, u €U},
I ={Ad, ' X k=0,1=i=m,up, -+, u €U},

F={Ad 0 X0 lk=0,1=i=mu, -+, uelU, e, -, g==x1,0=x}
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We also redefine the Lie algebras L™, L™, and L as follows. We choose a subset
Uy, < U which has at least one point in each connected component of U. In particular,
if the set U is connected and 0€ U we can take U, ={0}. We define

L"=Lie{Ad,, .., Xilk=0,1=i=mucU, u,y, -, u €U,
L™ =Lie{Ad; ' X |k=0,1=i=muecU, uy, -, u €U},
L=Lie{Ad;x 2 Xuilkz0,1=i=mucU,uy, -, ucly, &, +,e=%1,0==%}

THEOREM 9. With the above definitions of the Lie algebras I'*, T, ', L*, L™, and
L, all the theorems stated in the preceding two sections remain true.

The proof of the multicontrol versions are completely analogous to the scalar
case. The main modifications needed are the replacement of derivatives with respect
to u by partial derivatives with respect to the components of u, and the replacement
of parameterizations of curves by u with parameterizations by components of u. We
leave the details to the reader.

7. From discrete time to continuous time systems. In this section we have two goals.
The first is the description of one manner in which the study of continuous time systems
can be reduced to that of discrete time systems. The second is the development of a
technique, based on expansions of the previously defined families of vector fields,
which gives added power to the use of these vector fields and their associated Lie
algebras. As an illustration of the use of this technique, we provide a short proof of
part (b) of Theorem 6 which is independent of Nagano’s theorem and of the orbit
theorem. In this manner, not only does the discrete time theory become independent
of continuous time techniques, but in fact it becomes itself a basis for the accessibility
theory for the latter, via the reduction also described here.

To show how continuous-time systems can be viewed as a special case of discrete
time systems, we consider a continuous-time system of the form

(16) x=h(x, v),

where x(t) € X and v(¢) € V is the control. We assume that the controls are piecewise
constant (this assumption does not affect the controllability properties of the system
we are studying). For the convenience of having all the maps defined everywhere we
assume that our system is complete. We introduce the discrete-time system

17) xt=f(x,u), x()eX, u(t)eU=R,xV, R,=[0,0),

where u = (¢, v) and f(x, u) =exp (th(-, v))(x). In this way, going forward by time ¢
with a constant control v for the continuous-time system corresponds to a forward
step using the control u = (¢, v) for the discrete time system. Analogously, going
backward by time —t with the control v corresponds to a backward step with u = (¢, v).
This implies that the forward (respectively, backward) attainable sets as well as the
orbits of both systems (16) and (17) coincide. Thus both systems have identical
controllability properties.

It is convenient to endow V with the discrete topology. The set U=R, X V can
be viewed then as the disjoint union of copies of R,. We compute the Lie algebras
L*, L, and L corresponding to system (17) according to the remark following Theorem
6. We choose the subset Uy = {(0, v)|]ve V} < U. Then f, =id and we can easily compute
that

Xi=h(-,v)=-X, foru=(t ).

Strictly speaking, the present set U is not an allowable control set, since it is not
a subset of R™. However, the arguments in previous sections can be repeated as long
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as we use in the definition of X and X, only differentiation with respect to ¢ but not
differentiation with respect to v. Finally, we obtain

L*=L =L=Lie{h(-,v)lve V}.

Our aim now is to prove a discrete time version of the well-known Baker-
Campbell-Hausdorff expansion formula for a vector field Y transformed by the flow
of a vector field Z:

1
Ad, Y=Y —ad“Z(Y).
K=o k!
This is classical when Ad, corresponds to f, =exp (uZ), for which X, =Z=-X,.
Assume now that f is of the general form f'=f(x, u); we wish to generalize the above
formula.

LemMMA 7.1. For analytic f and Y we have the following expansions, for u sufficiently
close to zero,

o0 u [y Vg1

Ad, Y=Y J J J ad X% - -ad X! Ad, Y do, - - - dv,,
k=0Jo Jo 0
© L Y Ur—1

Ad]'Y=7Y I J J ad X, ---ad X, Ady' Ydu,---do,,
k=0 Jo 0 0

where the series converge pointwise at each x € X.
If fand Y are of class C*™ only, then we have the formula

i

k u v, v,
(18) Ad;'Y=Y J' J J ad X3 -+ -ad X, Ad;' Y do,- - - do + Ry,
i=0

i 0 0 0

where

u (v v
Rk:JJ I ad X, ---ad X, Ady, Ydoe, - do,.

Vk+1 Vk+1
0 JO 0

(Note the subscript “0”” in Adg' Y in each of the above formulas except for the
one for the reminder term R;.)

In order to prove the above lemma we shall first prove the following estimate.
Below we shall denote by |#] the absolute value of 4, if ¢ is a scalar, and the “max”
norm ld’l =max {ld’ll’ IS I¢n|}9 if d’ is a vector (l’:(‘-!/l’ T ‘-//n)

LEMMA 7.2. Let x be a point in R". If Yy, - - -, Yy are real analytic vector fields on
a subset of R" containing x that have complex analytic continuations (denoted by the
same letters) to the closed polydisc D= D, ,={zeC"||z,—x,|=r,- - -, |z, — X,| =}, then

(19) lad Yy - - - ad Yy(Y))(x)|=sup | Yi(2)| - - - sup | Yi(2)|(2/r) K"
zeD zeD
Proof. Before we prove the estimate in the lemma, we shall derive the following
estimate. Let ¢ be a real analytic function which has a complex analytic extension to

the polydisc D. Then the iterated derivative of ¢ along the vector fields Y, -, Y,
can be estimated by

(20) Y- - Yig(x)[=sup |¢(z)lsup | Yi(2)] - - - sup | Yi(2)[(Kk/r)"

To prove this estimate we use a method of Sussmann [34] (proof of Lemma 4.2) which
reduces the problem to Cauchy inequalities. Consider the complex analytic vector
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fields z,Y,, - - -, 2, Y, defined on D, where z,, - - -, z; are complex parameters in the
unit disc {z||z| =1}. Let exp (zY;) denote the flow of zY; in C". Then

¢ oexp (Hz Y1) - - oexp (hzi Yi)(x)
is a well-defined analytic function on the unit polydisc |z,|=1, - -, |z |=1, if
(21) |tl|§r(k Sup|Y(z)|zeD)~1’ i=1,' ) "k

(as the concatenation of the trajectories of z,Y;, - - -, z, Y, starting from x does not
leave D if t,, - - -, t, satisfy the above inequalities). From the Cauchy inequality we
obtain then that the iterated derivative at the origin of this function with respect to
Zy, -,z is estimated by the supremum of this function on the unit polydisc. This
gives the inequality

[(tY5) - - (11Y1)¢(x)‘§5ug |¢(2)].

If we take the maximal values of ¢,, - - -, #, in the inequalities (21), the above gives (20).
The estimate in (20) gives the inequalities

(22) Vi Yagilx)|=sup|YVi(2)] - - sug|Yk(z)|k"r*"“,

for ¢;=x; and i,, - -, i, any permutation of 1, - -, k. These inequalities imply the
estimate in (19) as the left-hand side of this estimate can be replaced by the components
of the vector field given by ad Y- - - ad Y;¢; and each such component consists of
2% terms of the form as in (22) (this follows from the definition of the Lie bracket
as a commutator). 0

Proof of Lemma 7.1. Integration of the first equation in Proposition 3.3 between
0 and u gives

u

Ad, Y =Ad, Y+J ad X (Ad, Y) dv.

0

Replacing Ad, Y on the right by this expression yields

0

ad X7 (Ad, V) dv+ j j ad X,, ad,, (Ad,, Y) dv, dv,.
0 0

Repeating such a replacing k times gives the ““+* case of formula (18). The “—"" case
follows by the reversion principle.

To prove the first formula of the lemma we shall now use the estimate in Lemma
7.2. Our families of vector fields, X, and Ad,, Y, are analytic with respect to x and u.
Let us fix an x € X. Then, there exist an r>0 and a u, such that both families have
complex analytic extensions to the complex polydisc D in C", with the (real) center
at x and radius r, for all u€[0, uy]. Denote

C= sup |X.(2), D= sup |Ad, Y(2)|.

ze D,ue[0,up] ze D,uel0,upy]

Lemma 7.2 gives the following estimate for R, (x) with, if u [0, uy],

R (x)| = (2/ 1) (k+ 1)K C*'D j J e j “dug,y - - do,
0 0 0
3 . (k+1)k+l
= CDuy(2Cuy/r) _—(k+1)! .
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From Stirling’s formula,

lim 27k)' ek (k)" =1,
k-0
it follows then that R,(x) tends to zero as k tends to infinity. This implies that the
first series in the lemma converges.
The second formula follows from the first by the reversion principle. 0
Both expansions in Lemma 7.1 can be combined to obtain a more general
expansion. In order to have a compact expression for this expansion we introduce the
following notation. Define the following linear operators acting on vector fields Y or,
more generally, on smooth families of vector fields Y., depending on ueU:

) u v, v,
adIZ"Y(.):=J I I ad X7 ---ad X7 Y, du- - - do,,

0 Jo 0

and ad I Z’OY(.)= Y,, where o is either + or —. With this notation, formula (18) in
Lemma 7.1 takes the form

k .
Ad:' Y=Y ad I} Ad;' Y+ad I5% AdD) Y.
i=0
Finally, using analogous techniques as above, one can also establish the for-
ward/backward version of the above.

Lemma 7.3. Iffand the vector field Y are analytic, then the following expansion holds:

AdE oY= Y ad I Adg - --ad I Adg Y,

;=0 =0

where o; is the sign of €;, j =1, - - -, k, and the series converges pointwise for small enough
u’s.

From this we can draw the following conclusions.

CoOROLLARY 7.4. If the system is analytic and U is connected, then

L'(x)=T"(x), L (x)=I"(x), L(x)=T(x),

for any xeX.

Again, the result is valid also in the nonconnected case provided that one modifies
the definitions of the Lie algebras as explained in Remark 4.5.

Because of Corollary 7.4, part (b) is equivalent to part (a) in Theorem 6. This
provides the promised direct proof of part (b) of Theorem 6.

8. Sampling. In this section, we explain briefly how some of our results can be
applied to the sampling problem. More details are given in the conference paper [31].
For other related facts about sampling, the reader should consult [19] and [21].

When a continuous-time system is digitally controlled, decisions are often restricted
to be taken at fixed times 0, §, 26, - - - ; 8> 0 is the sampling time. Under what is often
called zeroth-order hold sampled control, the resulting situation can be modeled
through the constraint that the inputs applied be constant on intervals of length 8. It
is thus of interest to characterize the preservation of basic system properties when the
controls are so restricted. For controllability, this problem motivated the results in the
classical paper of Kalman, Ho, and Narendra [13]. This studied the case of linear
systems and established that controllability when sampling at intervals of length & is
preserved if (A —pu) is not of the form 2kmwi for any pair of distinct eigenvalues of
the A matrix. The dual version of this result, for observability, is basically the classical
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Nyquist-Shannon sampling theorem from digital signal processing, and is often sum-
marized by the statement that controllability (or observability) is preserved provided
that one samples at more than twice the natural frequencies of the system. We sketch
here how a similar result can be obtained for certain nonlinear systems, using the
accessibility conditions given above. This is an improvement over the result in [30],
where only the case of bilinear systems was treated, and more importantly, where only
transitivity conditions were obtained.
Let 3, denote the class of all continuous time systems X of the type

(23) Xx=Fx+ g: u;gi(x),

where F is an n by n matrix and the coordinates of all the g; are polynomials of degree
at most d. For instance, io is the class of all linear systems (the g;’s are constant
vectors), while 3, is the class of bilinear systems. Here x(¢) e R” and u;(¢) € R for each
t; n is the dimension of the system, m the number of independent controls. We shall
study controllability properties of (23) from the initial state x,=0. Nonequilibrium
initial states can also be studied, but we restrict ourselves to the equilibrium case,
always reducible to x,=0, for simplicity. We let f(x) = Fx be the linear vector field
corresponding to the matrix F.

We shall say that the natural frequencies of the system (23) are the imaginary parts
of the eigenvalues of F, and let (2, 0), or just (), be the set of these numbers (counted
with multiplicities). Note that since F is real, —w € ) whenever w €. For each
nonnegative integer j we denote by 4; the set of all linear combinations
(24)

Piw;
1

I s

1
ki
with k any nonzero integer, w,, - - -, w, the natural frequencies, and the p;’s non-

negative integers satisfying

pi=2j+2.

1

I ™M =

Note that if A is the largest of the w; (equivalently, the largest absolute value of these),
each element of 4, is in magnitude bounded by (2j+2)A.

Denote the set of states of the continuous time system = that can be reached from
0 in time T >0, using arbitrary (measurable locally integrable) controls u(-) by A”.
We shall say that the system (23) is (forward) accessible from 0 if A has nonempty
interior for some T > 0. Let w > 0 be any real number. We shall say that X is w-accessible
from 0, or accessible under sampling at frequency w from 0, if the set of states AL
reachable from 0 in time T using controls sampled at that frequency has a nonempty
interior. A control u( -) defined on an interval [0, T] is said to be sampled at frequency
o (in radians/sec) if and only if T is an integer multiple of § =27/ w, say T = r§, and
there are vectors

Uy, "5 U

such that u(t)=uv; on the interval [(i—1)8,i8). Thus accessibility under sampling
corresponds to forward accessibility for a discrete time system derived from the
corresponding = and w. With this definition it is clear that w-accessibility for even a
single w implies accessibility. The following theorem from [31] provides a converse
to this fact. The corollary is immediate from the theorem and the discussion given
above about the largest frequency A.
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THEOREM 10. Assume that S €3, is accessible Sfrom 0. If o >0 is not in 9B, for any
J=d, then X is also w-accessible.

CoROLLARY 8.1. Accessibility is preserved under sampling for systems in 3. provided
that the sampling frequency be larger than 2d +2 times the largest natural frequency of
the system.

The reader is referred to [31] for the details of the reduction of the above theorem
to the results given earlier in this paper. However, we wish to at least sketch this
reduction here. For each fixed 8§, the vector fields X can be explicitly described using
a Lie expansion formula ([4], see also [25], and especially [19], [21]):

X;,»=i e—5fe5(f+Eg,~)(x).
T 0€|e=0
(We will be interested here only on the case u =0.) Under suitable assumptions, which
are satisfied for the class of systems considered here, this can also be written as

05(ad f)(g:),

where as earlier ad f is the operator ad f(h) =[f, h] and for each fixed real number §,
65 is the entire function

8z
e”—1
05(2):: .

Finally, one also has a formal expression, for each fixed §,
Ado = e8 adf.
This expression can be made rigorous when acting on polynomial vector fields such

as those that appear in the classes $.. Thus the Lie algebra L*, for each fixed §,
contains the Lie algebra L* generated by the vector fields

{6s(ad f)(g1), - -, 05(ad f)(&m), e’ adfes(adf)(gl), T, e’ adfea(adf)(gm), T,

e 95(ad f)(g1), "+ + €™ " 05(ad £)(gm), "+ *},
which equals the span of the vector fields

{gla. ' "gm’[f;gl]" : "[f;gm],' ' .,adkf(gl),' ' ',adkf(gm)a’. '}

when & is as in Theorem 10 (see [31] for details). It follows that L* coincides with
the strong accessibility Lie algebra associated to the original continuous time system,
which has full rank at the origin due to the accessibility assumption. Then Theorem
4 gives the desired result.

9. An example. Consider the following invertible polynomial system with X =R>.
xt=x(2+1)°
(25) yr=y(’+1)°
zt=z+u,
where we are using the superscript + to denote time shift, and we denote coordinates

as (x, y, z). Calculating, we obtain that X = —2z(z*+1)7'Z - X, and X, = (0,0, —1)’,
where Z is the vector field

2x

3y}
0
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for each u € R. Since the basic vector fields X and X turn out to be independent of
u in this example, we drop the subscripts u from now on. Further,

—8xz(z*+1)7!
(26) Ady Xt =| —12y2(2+ 1) |=2X"+ X",
1

from which it follows that
span {X ", Ady X "} =span {X*, X }.
The identity Ady X~ =—X" (cf. Proposition 3.2(b)) implies that
Ad; X" =2Ady X'~ X espan{X*, X},

so the linear span of the set of all generators of L™, {Ad§ X, k= 0}, coincides with
the span of X" and X . Similarly, applying Ad," to both sides of (26),

Adg' X =XT-2Ad;' X=X +2X",
so the span of the {Ad§ X, k =0}, the generators of L™, is again the same. Finally,
X', X 1=201-2)(*+1)2Z,

from which it follows that {X~, X*,[ X", X"]} and {X~, Z} span the same C*
submodule of vector fields. The latter set is involutive, and we conclude that, for this
example,

L*=L =L

Thus the orbits have dimension 2 through each point except at those points with
x =y =0, where Z vanishes, and there the dimension is 1. The tangent spaces are given
by the vectors 9/9z and 2x3/3x+3yd/dy. The forward and backward accessible sets
contain open subsets of each orbit, by the equality of these Lie algebras.

Of course, in this very simple example one can analyze the system directly. The
initial states (x,, yo, zo) With xo=y,=0 are such that the only possible directions of
movement are those in which z changes, as is clear from the equations (25), consistently
with the above conclusion about tangent spaces. The points where exactly one of x,
or y, is nonzero are also easy to analyze. Take now a point with both x, and y, nonzero.
Consider the set C consisting of all points (x, y, z) with

yox® =xy*.

This is the cross product of a cusp with a line. The forward accessible set consists of
all (x, y, z) in C with sign y =sign y, for which |x|=|x,| and |y| = |y.|. The backward
accessible has both these inequalities reversed, and the orbit consists of the branch of
C with just sign y =sign y,. Note how each such set C, an algebraic variety, can be
stratified into three submanifolds, which turn out to be its singular set (the orbit of
(0, 0,0)), the orbit of (x,, ¥o, z0), and the orbit of the “conjugate” point (xq, —yo, Zo)-
See Fig. 6 for a picture of a typical cross-section with constant z.

Thus in this example both the forward-accessible set and the orbit from each point
are open subsets of an irreducible algebraic variety. More generally, similar behavior
may be expected when dealing with invertible polynomial systems and equilibrium
initial states. We conjecture that the orbit is an open subset of the quasi-reachable set
in the sense of [26] and [27]. This is an algebraic variety, and it can be computed
explicitly, via Jacobians of the n-step transition map. Note that polynomial invertible
systems may exhibit highly nonlinear behavior, such as in the case x"=x>+x+u,
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Orbit of (xvY,)
(x olyo)

>

X

} Orbit of (x ,-vy,)

F1G. 6. Forward and backward accessible sets in example (x,, yo,> 0).

where the inverse of the transition mapping is not even rational. We plan to study
such systems in greater depth in the future.

10. An alternative formalism. We now briefly describe the formalism due to
Monaco and Normand-Cyrot; the thesis [25] and the papers [17]-[22], as well as the
references given there, should be consulted for details.

Their approach is based on the introduction of certain operators and the formal
relations that these satisfy. As a first step, one writes the system equations as

xt=x+f(x,u)

so that the new “f” is our f(x, u) —x. Thus now f indicates what the increment is,
rather than the new state, making things more analogous to differential equations.
(This is similar to the introduction of the forward difference operator in numerical
analysis.)

For simplicity we shall assume again that inputs are scalar, and also that X =R".
Thus we may identify functions F:R"»>R" (in particular, the functions F=f(-, u))
with vector fields, in the usual coordinate system for R",

n d
F=7Y F(-)—.
i:L-:l ( )axi

We will work purely formally, since the intent is merely to point out the relations
with the alternative notations in the papers mentioned above. Formally then, one
introduces the operators on smooth functions

L®k;= s F, (- E .
P X R RO

i 9x;,

and the complete series
1 ok
AF =1+ Z - LF .
k=1 k!

Now one can obtain similar series for compositions and inverses of the dynamics map.
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Further, the vector fields that we use can be expressed then as

9 -
Xu(x)=— Apurn) ® Af(%,u)(ld)lx,
v v=0
_ 9 o
Xu(x)z_ Af(~,u+v)°Af(~,u)(Id),xa
v v=0
+ 0 -1
Yu(x) =T Af(',u) ° Af(-,u+v)(ld)!)0
v v=0
- ad -1
Yu (x) = Af(~,u) ° Af(~,u+v)(ld)|X9
ov v=0
o 9 o o A-
Ad’(; X(x)= :9—0_ A;(~,0)Af(~,u+v) ° Af(~,u)Af(’f,0)(Id)|x,
v=0

and many properties of these vector fields can be obtained from the corresponding
expansions.

The reader is directed to the above references for details on how these expansions
can be very useful in studying, among others, problems of disturbance decoupling,
sampling, Volterra expansions, linearization, and realization.
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A CONSTRAINED LEAST SQUARES REGULARIZATION METHOD FOR
NONLINEAR ILL-POSED PROBLEMS*

CURTIS R. VOGELT

Abstract. This paper deals with a method for solving ill-posed, nonlinear Hilbert space operator
equations F(x)=y. Regularization is obtained by solving a constrained least squares regularization problem

min ||[F(x)—y||* subjectto J(x)= B>

B serves as a regularization parameter, and J(x) is a quadratic penalty functional. To robustly and efficiently
solve this regularization problem, we apply a trust region method. At each iteration, the quadratic penalty
constraint is retained, a Gauss-Newton approximation to the objective functional is taken, and we add a
quadratic trust region constraint. The resulting quadratic subproblem is then reformulated as a nonlinear
complementarity problem and solved using Newton’s method.

This paper applies methods to find approximate solutions to a severely ill-posed nonlinear first kind
integral equation arising in geophysics. The method of Generalized Cross Validation (GCV) is used to pick
the regularization parameter when random error is present in the discrete data.

Key words. inverse problems, ill-posed problems, regularization, constrained optimization

AMS(MOS) subject classifications. 45G, 49, 65

1. Introduction. In this paper we introduce a constrained least squares regulariz-
ation method for solving nonlinear ill-posed problems in a Hilbert space setting. Unless
otherwise indicated, ““||-||”” refers to the appropriate Hilbert space norm. Consider the
operator equation

(1.1) F(x)=y,

where the operator F is nonlinear and maps a separable Hilbert space X into a
separable Hilbert space Y. Problem (1.1) is well-posed provided: (i) for any ye€ Y,
there exists a solution x € X for which F(x) = y; (ii) the solution x is unique; (iii) the
solution x depends continuously on the data y. Otherwise, the problem is ill-posed.
Examples of ill-posed nonlinear problems include inverse (i.e., parameter estimation)
problems for differential equations [1], [6], inverse scattering [7], and nonlinear
Fredholm first kind integral equations [10], in which case F is an integral operator of
the form

b
(1.2) F(x)(t)=j k(t, 7, x(7)) dn, ast=sbh xeX
and k is nonlinear in x.

To obtain reasonable approximate solutions, we apply regularization. Regulariz-
ation methods replace the ill-posed problem with a stabilized problem whose solution
depends on a parameter, referred to as the regularization parameter. These methods
should have the following features:

1. The regularized problem is well-posed in the sense that a solution exists. (For

nonlinear problems, uniqueness and continuous dependence usually cannot be
guaranteed.)

* Received by the editors October 20, 1986; accepted for publication March 24, 1989.
T Department of Mathematical Sciences, Montana State University, Bozeman, Montana 59717. This
research was partially supported by the National Science Foundation grant DMS-86-02000.
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2. One has a ‘“‘reasonable” means of choosing the regularization parameter,
especially when error is present in the data.

3. As the error in the data tends to zero, regularized solutions should converge
to the solution of the unperturbed problem, provided the regularization parameter is
picked correctly.

Perhaps the most widely used regularization method is the method of Tikhonov
Regularization [13] (also known as Regularized Output Least Squares [3], and in
statistical circles as the Penalized Likelihood Method [10], [7]) in which one solves
the unconstrained minimization problem

(1.3) min {[| F(x) = y||*+ aJ (x)}.

Here a >0 is the regularization parameter, and J(x) is a penalty functional whose
purpose is to stabilize the minimization and provide a priori information about the
solution.

In this paper we consider an alternative approach in which regularization is
obtained by solving the constrained least squares regularization problem

(1.4) min |F(x)—y|*> subjectto J(x)= B>

For this method, B is the regularization parameter.

In § 2 we examine the well-posedness of the regularized problem (1.4). We also
examine convergence of solutions of (1.4) to a solution of (1.1) as error in the data
tends to zero when B is chosen appropriately. In addition, we discuss stability of
regularized solutions.

In § 3 we present a nonlinear ill-posed model problem of the form (1.1), (1.2) arising
in geophysics. We also discuss the choice of the spaces X and Y for this particular
problem, and we show that the assumptions required in § 2 hold for our model problem.

In § 4 we consider the numerical solution of the regularized problem (1.4) when
J(x) is a quadratic functional using a trust region method. At each iteration we apply
a Gauss-Newton approximation to the object functional f(x)=|F(x)—y|? thus
obtaining a quadratic approximation to f We retain the quadratic regularization
constraint and impose an additional quadratic trust region constraint, where the trust
region parameter is chosen to decrease the objective function. The resulting quadratic
minimization subproblem is diagonalized using the singular value decomposition and
then reformulated as a (quadratic) nonlinear complementarity problem. This dual
problem in two variables (the Lagrange multipliers for the primal problem) is then
solved using Newton’s method. The resulting algorithm is robust and quite efficient.

Finally in § 5, we present some numerical results for our algorithm applied to the
model problem of §3. In this section, we also discuss the practical choice of the
regularization parameter 8 when error is present in the discrete data. We apply the
method of Generalized Cross Validation to an example where random error is added
to the data.

2. Existence and characterization of regularized solutions. The results of the first
two theorems below have been obtained by Seidman and Vogel [11] under somewhat
more general conditions. We will verify that the assumptions used below are actually

satisfied for our model problem in § 3. We first consider existence of regularized
solutions.

To simplify notation, we define the objective functional in (1.4),

f)=F(x)-yl?



36 CURTIS R. VOGEL

and the constraint set
Sp={xe X:J(x)=B%.

THEOREM 2.1. Let F: X > Y be weakly continuous, and let the penalty functional
J:X > R U{0} be weakly lower semicontinuous. Suppose that for each y=0, {xe
X: ||x|| = y}N Sg is weakly compact. Also, suppose f(x) and the penalty functional J(x)
are jointly coercive, i.e.,

Jlim_[£x)+J(x)] =,
Then problem (1.4) has a solution.

Proof. Let {x,} be a minimizing sequence for (1.4). Then by joint coercivity, there
exists ¥ =0 such that |x,|| = y. By the weak compactness assumption, we can extract
a subsequence {x;;)} that converges weakly to some x,, . By weak lower semicontinuity
of J, J(x,) =lim inf J (x,(;,) = B°. By weak continuity of F and the lower semicontinuity
of the Y-norm,

| F(xy)—y|>=liminf | F(xc(;)) — y|?
=inf{|| F(x)—y|* x e Sg}. 0

To obtain a convergence result for perturbed data, we need to assume local
uniqueness of the solution to the unperturbed problem (1.1). We also make assumptions
concerning solutions to (1.4) with perturbations to the data y and the operator F:

(A1) Let ye Y and let X be the unique solution to F(x)=y in the region Sg,
where B%:= J(X).

(A2) Let y, >y (strong convergence in Y) and F,— F in the sense that if x,
converges weakly to x,, then F(x,)- F(x,).

(A3) Let B, >0 and x; be chosen so that

| Fe(x) =y ||? = inf {|| Fi(x) — yi|*: T (x) = B3}, J(x) =B,

and suppose lim 8, = B. (Note that such an x, exists by Theorem 2.1.)
(A4) Suppose J and fi(x):= || Fi(x) — yi||* satisfy the coercivity condition
"li"m ixzf [fi(x)+JT(x)]=c0.

(AS) If B} > J(x), there exists a sequence {x;} for which J(x;) = 87 and x; converges
weakly to x.

(A6) If x, converges weakly to x, and J(x;)-> J(x,), then x, converges strongly
to Xy .

THEOREM 2.2. Under assumptions (A1)-(A6), x; converges strongly to X.

Proof. By the coercivity assumption (A4), {x} is bounded, so we can extract a
subsequence {x,)} converging weakly to some x,. Since 8%;,> B> =J(X), by assump-
tion (A5) we can choose a sequence {X;} such that J(%;) = B3, ;) and X; converges weakly
to X. Then by the lower semicontinuity of the Y-norm,

I F () = 7| = lim inf || Fi(xi(j)) = yiy |
=lim inf {|| F(;)(x) =y ll: J(x) = Bicp} by (A3)
=lim || Fi( (%) =yl by (AS)
=lim [[| Fu((%) = FE) |+ |y — 7111
By assumption (A2), the last right-hand side goes to 0, so x, solves F(x)=y.
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By the weak lower semicontinuity of J, J(x,) =lim inf J(x,;) =lim B, = B°. By
the uniqueness assumption (Al), x, = X. Moreover, since the above argument can be
repeated for any subsequence, x; itself converges weakly to X. We next show that
J(x) - B2 The theorem will then follow from assumption (A6).

By assumption (A3), lim sup J(x,) = B°. Now suppose lim inf J(x,) <B°. Then
there exists & < and a subsequence xx(;, With J(xx(;)) = a’. As was done above, we
can extract a further subsequence converging to some X for which F(X)=j and
J(£)=a®<pB% But this contradicts the uniqueness assumption (Al). Hence,
liminf J(x;) =limsup J(x;)=B°=J(%). DO

Remark 2.3. Assumptions (A5) and (A6) hold for many commonly used penalty
functionals. For instance, if J(x) = ||x||*>, (A6) is the Afimov-Stekin condition. Assump-
tion (AS) holds if the constraint sets Sg, are closed and convex, in which case we may
take x; for which ||x; — x| =inf {|lu —x||: ue Sg }.

Remark 2.4. Assuming existence but not local uniqueness of solutions to F(x) = 7,
the above proof shows only the existence of a subsequence which converges weakly
to a solution of F(x)=j.

We next look at a characterization of regularized solutions. We assume that F is
twice continuously differentiable with derivatives denoted by F'(x) and F"(x), respec-
tively. Let the superscript “T”’ denote Hilbert space adjoint. We will also assume a
quadratic form for the penalty functional,

(2.1) J(x) =(Bx, x),

where B is a bounded, self-adjoint positive definite linear operator on X. Recall that
f(x)=|F(x)—yl|* In addition, we define the constraint functional

c(x)=J(x)- B>~

THEOREM 2.5. If x is a solution to (1.4) and B >0, then there exists A € R such that

(2.2) f(x)+Ac'(x)=0,
(2.3) c(x)=0,A=0,
(2.4) Ac(x)=0.

Proof. See Luenberger [8, p. 249]. The left-hand side of (2.2) is half the gradient
of the Lagrangian

L,(x)=f(x)+ Ac(x).

To see that a solution x to (1.4) is a regular point for c(x), take h = —3x. At such a
solution, ¢(x)=0, and

c(x)+{c'(x), hy=J(x)—B>*—J(x)=—-B*<0. 0

In general, solutions to (1.4) need not be locally unique. The following theorem
provides conditions for local uniqueness and continuous dependence of local solutions
with respect to perturbations in the data y.

THEOREM 2.6. Let fo(x) = | F(x)— yo||> and suppose x, is a solution to

mi)lg fo(x) subjecttoc(x)=0.

Suppose also that for some a >0, the Hessian of the Lagrangian,
% (%0) = f5 (x0) + Ac"(X0) = 2[ F"(x0) " (F(x0) = yo) + F'(Xo) "F'(x) + AB],
satisfies

(2.5) (LY(x0)s, sy=2a/||s||> whenever A{c'(x,), s)=0.
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Then there exists & >0, >0, r>0 such that (1.4) has a solution x which is locally
unique in some neighborhood | x —x,| < & whenever |y — y,|| <r, and

(2.6) lIx = xoll = &vTy = yoll-

Proof. Since F is twice continuously differentiable, so is f, and
(2.7) Jo(Xo+ 5) = fo(x0) = (f'(x0), 8)+2(f"(x0)s, )+ o(||s*).
If ¢(x,) =0 and c(x,+s) =0, then since ¢(x) is quadratic,

0= c(xo+5) — c(xo) =(c'(x0), 5) +3(c"(x)s, s).

Thus

Jo(xo+ 8) = foX0) = (L} (x0), 8) +3(L5 (xo)s, s)+ o(||s[?).
By Theorem 2.5, L} (xo) = fo(xo) +Ac'(x,) =0, and by (2.5),

Jo(xo+5) = fo(xo) = a||s||2+o(||s||2),

Thus there exists § >0 and @, 0< & = «, such that
(2.8) Joxo+5) = fo(x0) Z &||s®

whenever ||s|| <8. If ¢(xo) <0, then f'(x,) =0, A =0, and (2.8) follows directly from
(2.7) and (2.5). Equation (2.6) now follows from Theorems 4 and 6 in the paper by
Alt [2] with 8 =2 and y playing the role of w. 0

Remark 2.7. We will observe in § 5 that as 8 becomes large, A becomes small,
and problem (1.4) becomes unstable. To explain this behavior, suppose || F"(x,)|| = M,
F'(x,) is compact, and X is infinite-dimensional. We can then choose a sequence {s;}
such that ||s || =1, (¢'(x,), si) =0, and s, converges weakly to 0. Then

(LA (X0)Sk» Sy =2[ M| F(x0) — yol + ||F'(x0)sk||2+ AlBI|,
and since F'(x,) is compact,
lim sup (L5 (xo) Sk, si) = 2[ M || F(x) — yo| + A || B|| 1.
Consequently, any constant « for which (2.5) holds must satisfy
a = M||F(xo) = yol| + A|| B|.

Then if || F(x,) —yol| and A are very small, « is also very small. In Alt’s proof [2], the
Lipschitz constant & in (2.6) is inversely proportional to & = . In this case, the Lipschitz
constant & is very large. This is an indication that problem (1.4) is highly unstable.

3. A model problem. In this section we illustrate the results of § 2 with an example.
Consider the nonlinear Fredholm first kind integral equation

_ . (t—7)°+H?
(31) y(t)"F(x)(t)'_ J; IOg [(t_T)z_l_(H_x(T))z] de

where H is a positive parameter. This equation occurs in inverse gravimetry (see [13,
p. 15]). The solution x(7), a = 7= b, represents the vertical deviation from constant
depth H in the location of the boundary of an object buried beneath the surface of
the earth. The geometry is shown in Fig. 1. The data y(t), a =t = b, represents gravity
measurements at the surface of the earth. In practice, observations of y(t) are available
at discrete points, but derivatives of y are not available. Thus we take Y = L*(a, b).
We assume the solution vanishes outside the interval [a, b] and is ‘“smooth” in the

b
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Fi1G. 1. Geometry of the gravitational inverse problem. z = H — x,,.. is plotted against .

sense that [”x'(7)>dr is bounded. We take X = HJ(a, b)={x(r),a=<r=b:x is
absolutely continuous; x'e L*(a, b); x(a) = x(b) = 0} with inner product

3.2) (x, u)== I x'(r)u'(7) dr, x,ueX,

a

and induced norm

(3.3) Ix] =/ J x'(r)*dr, xeX

Remark 3.1. Prilepko [9] has shown that if (3.1) has a solution, the solution is
unique provided we make the restriction H — x(7) > 0. On the other hand, the fact that
the right-hand side of (3.1) is analytic as a function of ¢ implies that the range of F
is a subset of the analytic functions which is in turn a (dense) proper subset of
Y = L?(a, b). Thus a solution x will not exist for arbitrary ye Y.

The following lemma shows that F is weakly continuous. Since closed balls
{x € X: ||x|| = B} are weakly compact, this implies that F is a compact operator. This
also shows that the range of F is a proper subset of Y. In addition, the inverse image
under F of (noncompact) neighborhoods N.(y)={zeY:|z—y||=r}, r>0, is
unbounded. Hence, we do not have continuous dependence of solutions x on the
data y.

LEmMA 3.2. If X=Hya,b), Y=L%(a,b), F:X->Y is given in (1.2), and
dk/ox(t, 7, x) is continuous in all its arguments, then F is weakly continuous.

Proof. Suppose {x,} converges weakly to x in H'(a, b). Then there exists y>0
such that y = ||x, ||« = sup {|x,(7)|: a = 7= b}, and by the mean value theorem,

b

*|xa(7) = x(7)| dr

|F(xn)(t)—F(x)(t)|§I

a

j—,,'f(t, 7, (1))

=(b-a)Clx, x|,
where n(7) lies between x,(7) and x(7) and
C =max {ok/on(t, 7, m)|: a=t, 7<b,|n|=y}.
Consequently,

|F(x,)— F(x)||=(b—a)**C|x, — X||o-
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The lemma follows from the fact that weak convergence in H'(a, b) implies strong
convergence in Cla, b]. 0

COROLLARY 3.3. Let X = Hi(a, b), Y =L*a, b). For F: X > Y given in (3.1) and
B sufficiently small, problem (1.4) has a solution.

Proof. Let
_ (t—7)’+H?
(3.4) k(t, T’x)—IOg [(t_T)2+(H_x)2]‘
Then
ok _ 2(H —x)
(3.5) a_x(taT’x)_(t_T)2+(H_x)2’

If B is sufficiently small, then H — x(7) > 0 for each 7€ [a, b}, and 9k/dx is continuous.
Thus by Lemma 3.2, F is weakly continuous, and by Theorem 2.1, (1.4) has a
solution. 0

Remark 3.4. In practice, problem (1.4) must be solved numerically. Let P, denote
a projection of X onto an n-dimensional subspace X,,, and suppose P! - Iy (pointwise
convergence to the identity in X). Similarly, let Q,, denote a projection of Y onto an
m-dimensional subspace Y,, with Q,,-> I, and suppose the Q,’s are uniformly
bounded. Define

(3.6) Frn(x) = QuF (P,x).

Since F is weakly continuous, each F,,, is weakly continuous and by Theorem 2.1 we
can find a solution x,,, to each problem

min | Fpun(x) = ym||>  subject to J(x) = Bun-

Suppose x,,, converges weakly to some x,. For each u e X
PXomn = Xy ] = [(Xpans Py th = )|+ (X = X, 10)]
= | X | (P = L) e+ X — %, )],
so P,x,., converges weakly to x,. Then by weak continuity of F,
| Foun Xn) = F ()| = 1 Qo | 1 F(PoXonn) = F(x,) || + | (Qm — D F ()| > 0.

This shows F,,, converges to F in the sense of assumption (A2) in § 2.
Remark 3.5. The operator F in (3.1) is twice (Frechet) differentiable. The first
derivative F'(x): X - Y is given by
® ok
a_x(t’ 7, x(7))u(7) dr, ast=b,xucX,

(3.7) [F'(x)ul(1) =I

a

where the kernel 0k/9x(t, 7, x) is defined in (3.5). F'(x) is compact, since its kernel is
square integrable. The second derivative F"(x): X X X - Y is given by

(3.8) [F"(x)(u, v)](t)=J

a

b 52
a_ﬁ(t’ n,x(T)u(r)o(r)dr, a=t=b x uveX.

4. Numerical solution of the regularized problem. To numerically solve (1.4), we
obtain a finite-dimensional problem by choosing linearly independent basis functions

{¢;}-1= X = Hy(a, b) and taking approximations

(a.1) #n)=Y %), x=[x, -, %] eR"
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We also approximate the norm in Y = L*(a, b) by a discrete sum

(42) =3 £ yr trela sl

To put this approximation in the context of the projection operator Q,, of Remark
3.4, we might define

m m b
Quy=Y Ui, V=% J' i ()y(t) dt iy,
i=1 i=1dJa
where each ¢; is a nonnegative “averaging function” whose support consists of disjoint
subintervals of [a, b]. By the smoothness of y = F(x) (see Remark 3.1), we can apply
the mean value theorem for integrals to obtain

(@i, yy=y(t;) I gi(t) dt

for some point ¢; in the ith subinterval. By scaling the ¢,’s appropriately and by their
orthogonality, we obtain the right-hand side of (4.2) by taking || Q... _
Thus the integral operator F in (3.1) gives rise to an operator F,,,: R" > R™:

b
(4.3) [Foun(x)];= J k(t;, 7, x(7)), 1I=i=m
Similarly the derivative operator F'(x) in (3.5), (3.7) yields an m X n matrix:
b

(4.4) [Finn(X)]i,:I

a

k
g—x(ti, 7, X(7));(7) dr, 1si=sml1=j=n

From (2.1) and (4.1), the constraint J(X)= B yields x"Bx = B>, where B is the
symmetric, positive definite matrix with entries

b

d
(4.5) [Blj = (Bg;, i) = j i [(Bg;)(m)]dr, 1=jk=n

Without loss of generality we may assume B = I. Otherwise, we can compute a Choleski
factorization B= R"R, R nonsingular, and consider the change of variables £ = Rx.
Hence we take as our (finite-dimensional) penalty functional

J(x)=||x|>=x"x.

Remark 4.1. If B is not strictly positive definite, one may apply a similar change
of variables and consider the penalty functional J(x) = || Px||?, where P is the orthogonal
projection onto the orthogonal complement of the null space of B. Computational
details appear in the paper by Elden [5].

The resulting finite-dimensional analogue of problem (1.4) is then

(4.6) min || F,,, (x) —y|I> subjectto J(x):=|x|*=p>

We implemented several constrained optimization codes from the widely available
Numerical Algorithms Group (NAG) software library to solve (4.6). We found both
the Augmented Lagrangian code and the Sequential Quadratic Programming code in
the NAG library to be unreliable for our model problem (3.1) for moderately large
values of the parameter H (e.g., H =0.1). We suspect that this lack of robustness is
due to deficiencies in the line search phase of these algorithms. The line searches rely
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on merit functions which try to balance the often conflicting requirements of reducing
the objective function and maintaining the constraint. Solutions to highly ill-condi-
tioned problems appear to be very sensitive to parameters which determine this balance.

Trust region methods have long been popular for unconstrained optimization
problems

(4.7) min f(x)

where f:R"-> R is “smooth.” See Dennis and Schnabel [4] for a discussion of
convergence theory and numerical implementation. In their simplest form, trust region
methods generate a new approximation x4, = x; +s from the current approximation

x, as follows: One takes a quadratic approximation Q(s) to f(x,+s) and then solves
the subproblem

(4.8) min Q(s) subjectto ||s||*= 6%,

where 5, > 0. If the solution s decreases the objective functional, i.e., if f(x, +s) < f(x¢),
one sets X;+, = X; + s and proceeds. Otherwise, one decreases the trust region parameter
8, and resolves (4.8) until either f(x, +s) < f(x;) or §, =0, in which case the iteration
is terminated.

To robustly solve the constrained problem (4.6), we consider the trust region
iteration

xk+1:xk+sks k=031".'

where s, solves the quadratic subproblem

(4.9) min Q(s) = |As —b|?, where A= F,.(x.), b=y—F,.(x),
subject to

](xk+s)_132] _ [(xk+S)T(xk+S)‘Bz] -
(4.10) [ J(s)—-82 | sTs — 6% =0.

At each iteration, the trust region parameter §, > 0 is chosen so the objective function
(4.11) f(x) = || Fpa(x) = y|?

is reduced. Note that Q in (4.9) is the usual Gauss-Newton approximation to f, which
is obtained from the Taylor expansion F,,,(x;+5) = F,,,(3.) + Fla(x)s +O(|s|).

The constraint region in (4.10) is convex and is nonempty provided J(x,) = B>
If A= F,,,.(x;) has full column rank, then Q(s) is strictly convex, and subproblem
(4.9), (4.10) has a unique solution. The following theorem shows that when &, is small,
our trust region method behaves like a projected gradient method. We will use “V”
to indicate derivative with respect to x.

THEOREM 4.2. Suppose B*>0, x; #0, J(x) = B> and Vf(x,)#0, but x, does not
satisfy the first-order necessary conditions (2.2)-(2.4). Let s solve the quadratic subproblem
(4.9), (4.10). Then

S
—5-—" g5 8.0,

sl lal

where

(4.12) d=-Vf(x), if Vf(a)"VI(x)>0 orif J(x)<pB>
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Otherwise, Vf(x)"VJI (%) =0, J(x) = B> and

Vf(xi) VI (xi)
1V G2
Note that (4.12) gives the negative gradient, or ‘“‘steepest descent” direction for the
objective function f. Equation (4.13) gives the projected gradient direction, which is the

orthogonal projection of —Vf(x,) onto the tangent subspace {seX:VJ(x) s =0}
Proof. To simplify notation, define Vf:=Vf(x,)=—2ATb and VJ = VJ(x,) = 2x,.
First-order necessary conditions for a solution to (4.9), (4.10) give
s=[ATA+(A+u)I]"(A™D - Ax;)
=3[ATA+ (A + ) IT7(=Vf-2aV)),

where A= 0, u=0, J(x,+s)=B% J(s)= 6%, and A[J(x+s)— B> 1+ u[J(s)—8%]=0.
Note that 8, >0&J(s)=|s||*>0& u >0, Similarly, a straightforward calculation
shows that

(4.13) d=-Vf(x)+ VJ(x).

x+s=[ATA+ (A +p)IT'[AT(Ax, + b) + ux, ],

so that A > 00& J(x+5) = ||x,+ s[> > 0. But then the constraint J(x,+s)= 8> would
become inactive, and A =0. This contradiction shows that A must remain bounded.
Thus for small 8%,

-Vf—-AvJ 1
(4.14) s= WAV, o(—z).
2p w
Since Vf=—2ATb, the objective functional for the quadratic subproblem (4.9), (4.10)
can then be expressed as

(4.15) o(s)=—I¥/1 ;"Vf VI, o( 1 )+||b||2.

2
m
Similarly, VJ =2x, and J(x,+s) = J(x)+2x7 s+ J(s) yields
—VfTVI—A|VJ|? 1
LYWL o1,
© ©
If VFTVJ >0 or J(x;) < B> we see from (4.16) that the constraint becomes inactive
for u sufficiently large, in which case the complementarity condition forces A =0. We

then obtain (4.12) from (4.14) as 8, - 0. On the other hand, if Vf TVJ =0 and J(x;) = B2,
(4.16) gives

-VrTvs (1)
4.17 AzZ—————+0\—).
(417) war O\

To minimize (4.15), we take equality in (4.17). Then as 8, >0, A > —(VfTVI/||VJ|?),
and we obtain (4.13) from (4.14). 0

The following corollary shows that for §, sufficiently small, the objective function
f is decreased.

COROLLARY 4.3. Suppose the conditions of Theorem 4.2 hold. Then for s the solution
to (4.9), (4.10) and &, sufficiently small, f(x,+s) <f(x;).
Proof. Since f is twice continuously differentiable,
S+ s)=F(x) +Vf(x)s+O(|Is|?).
Hence, it suffices to show that there exists y > 0 for which

(4.18) Vi(x)s=—vlsl

(4.16) J(x+s)—B*=

)+J(xk)—32§0.
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whenever §; is sufficiently small. By Theorem 4.2 we have that as §, - 0, either

N

Vf(xk) "sné_nvf(xk)llza
or else
T_S§ 2 Wf(xk)TVJ(xk)|2
V/f(xi > k 2
A T A A TTeNT

In this second case, by Schwartz’s inequality,
V(%) TVI (x| = IVFCe) VT (ki)

with equality if and only if Vf(x,)=AVJ(x,). Since we have assumed the first-order
necessary conditions (2.2)-(2.4) do not hold, Schwartz’s inequality is strict. In either
case,

. T S
;:%Vf(xk) s <0.
Equation (4.18) follows from the continuity of the solution s with respect to J. 0
This trust region approach gives decrease in the objective function outside the
region of convergence of the Gauss-Newton method. Once we are inside this region
of convergence, we take the Gauss-Newton step, the trust region constraint J(s) = 8}
becomes inactive, and we obtain the following result. Note that

V2f(x)=2[F'(x)"F'(x)+ N(x)],
where
N(x)=F"(x)"(F(x)=y).

THEOREM 4.4. Define c(x)=J(x)—B”>=|x|>— B>, let x,, be a solution to (4.6)
with corresponding Lagrange multiplier A, and suppose the second-order sufficient con-
dition

(4.19) sTIVf(x) + A, Ve(x, )]s = e|s||>  whenever A, Vc(x,) s =0

holds for some a > 0. Assume each 8, has been chosen so the trust region constraint
J(s) = 8y is inactive. If N(x,,.) is sufficiently small and x, is sufficiently close to x,,, then
iteration (4.9), (4.10) converges to x,. If N(x,)=0, the rate of convergence is locally
g-quadratic. Otherwise, the rate is linear.

Proof. 1f A, =0, the standard analysis for the unconstrained Gauss-Newton
method applies. See for example, Theorem 10.2.1 and Corollary 10.2.2 of Dennis and
Schnabel [4]. Otherwise, x,, and A, >0 are locally unique solutions to

Vi(x)+AVe(x)=0,
c(x)=0.

(4.20)

For x, and x..,=x,+ s sufficiently close to x, and s the solution to (4.9), (4.10),
c(x;) = c(x, +s)=0, and first-order necessary conditions give

VQ(s)+ Aws1Ve(x +5)=0,

c(x,+5)=0.
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Since VQ(s)=Vf(x)+2ATAs and 0=c(x)=c(x+s)=c(x)+Ve(x) s +3s7V2es,
where V¢ =21, setting A,, = A+ A\ above gives

[2ATA+AkV20 Vc(xk)][ s ]_[Vf(xk)+Ach(xk)
Ve(x)T 0 AA] c(xy)

The theorem follows from standard analysis of quasi-Newton methods for solving
(4.20). As in the unconstrained case, if N(x,)=0, we obtain local quadratic conver-
gence. If 0< (|| N(x,)|/a) <1, where a is the coercivity constant in (4.19), we obtain
linear convergence. 0

Remark 4.5. The quantity (|| N(x,)|/a) in the above proof governs the rate of
local (linear) convergence when N(x,) # 0. By an argument similar to that in Remark
2.7, we see that for large values of A (which correspond to small values of the
regularization parameter B) « is large. As A decreases, one would expect a to also
decrease. In this case, one observes much slower convergence of iteration (4.9), (4.10).

Solution to the quadratic subproblem. To solve subproblem (4.9), (4.10) in a
numerically stable manner and to reduce the computational cost, we first diagonalize
it using an approach similar to that of Elden [5]. We will also use the diagonal entries
to determine a reasonable choice for the regularization parameter in § 5. We assume
A = F'(x;) has full column rank. Let A have the singular value decomposition

A=UDVT,

| +owrtst+istp

where U and V are orthogonal matrices and D = diag {d;} has the (positive) singular
values d; of A as its diagonal entries. Subproblem (4.9), (4.10) is then equivalent to

(4.21) min || D§ - b|?
subject to
£+ 8]* - B
(4.22) [ n =0,
1811 - 8%
where

§=VTs, £=V'x, b=U"b

Our approach to solving (4.21), (4.22) follows ideas outlined in Pang’s paper [12,
p. 65]. First-order necessary conditions for the solution § are
DT[D§ - b1+ A (R +8)+us=0,
I£+811P=p%  lIsI*=sx,
(4.23) ¢
AZ0, w=0,
ALIE+ 312 = B2+ wLl ]I - 8%1=0.

From this we obtain

(4.24) §R)=[D™D+A+p)IT (Db -A%),
o K P Hf+s‘(i)llz-ﬁz]< STarTy
(4.25) A.—[M]=o, ¢(x): [ 10— 82 =0, ATe(x)=0.

Thus the Lagrange multipliers A, u are solutions to the nonlinear (quadratic) com-
plementarity problem (4.25). Once these have been obtained, § is computed from
(4.24), and s = V5 is the solution to subproblem (4.9), (4.10).
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We solve the quadratic complementflrit)_z problem (4.25) using the following
Newton iteration: For k=0, 1,---, let A=A,,; solve the linear complementarity
problem

(4.26) 1z0,
(4.27) E(Ar)+VEA )X — i) =0,

For a summary of convergence results of iteration (4.26)-(4.28) as well as a review of
relevant literature, we refer the reader to Pang [12]. Note that this iteration is locally
quadratically convergent. To obtain global convergence to a solution of (4.25), we
added a line search. Define

h(X):=min (X, €(})),

(componentwise minimum) and observe that A solves (4.25) if and only if (1) =0.
Given a solution A to (4.26)-(4.28) for which ||h(X)|, = || h(X)];, we define the Newton
step

A= X - Xk,
and obtain a solution 7y, to the one-dimensional minimization problem

min_ [[h(Xe+yA)l.
0=y<1

We then take
/-\k+1 = Xk + ')'*A
as the new estimate for the solution to (4.25).
5. Numerical results. We applied our constrained least squares regularization
method to the model problem of § 3. All computations were performed on a Zenith
(IBM-compatible) AT Personal Computer. F is the nonlinear integral operator in (3.1)

witha=0,b=1,and H =0.2. We took approximate solutions x from the n-dimensional
subspace of H¢(0, 1) spanned by piecewise linear functions

T;Tj, if=r=s7,
(5.1) (1)= I CELEL
0, otherwise,
where 7,=jh, h=1/(n+1),j=1,- -, n=25. The integrals (4.3), (4.4) were computed

numerically. We took as our true solution a linear combination of two Gaussians,
Xerue(7) = €y €xp (d,(7 +P1)2) +coexp (dy(7 “Pz)z) te3Tt+cy,

where ¢, = —0.1, ¢, = —-0.075, d, = —40, d, = ~60, p, = 0.4, p, = 0.67, and c;, ¢, are chosen
so that x(0) = x(1) =0. H — x,,,.(7) is plotted in Fig. 1. We took data points y; = y(t,) + &;,
ti=i/(m+1), i=1,---,m=30. The ¢ simulate measurement errors and are
pseudorandom and normally distributed with mean 0 and variance o> chosen so that
the noise to signal ration was 0.2 percent, i.e.,

o

———=.002.
| Fon ()
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We took as our (infinite-dimensional) penalty functional

1
J(x)=|x||*= J x'(7)* dr.
0

Figure 2 is a semilog plot of the singular values of the derivative A= F},,(x) at
the initial guess x,(7)=0. The exponential decay rate of the singular values gives a
quantitative indication of the server ill-posedness of the problem.

We solved a sequence of finite-dimensional problems (4.6) with increasing B €
{2, .25, .275, .3, .35, .4,.5,} using the trust region algorithm of the previous section.
Resulting approximate solutions x; are shown in Fig. 3 for 8 = .2 (dashed line), B = .275
(solid line), and B =.5 (dotted line). The true solution satisfies J(X,e) = (.277)* and
is represented by +’s. The constraint J(x)=< 8> was active in each case.

Figure 4 is a semilog plot of the corresponding Lagrange multipliers A = A(B).
From Remark 2.7, we would expect the regularization problem (4.6) to become highly
ill-conditioned for larger values of B. Also, by Remark 4.5, we would expect the rate
of convergence of iteration (4.9), (4.10) to slow considerably in the presence of noisy
data. We have observed both these phenomena in our numerical experiments.

10t

100 + 4
107t °

10-2} B

ith singular value
-
=)
7
-
T
°
'

index i

FiG. 2. Semilog plot of singular values of discrete derivative operator in decreasing order of magnitude.

0.12

true and approximate solutions

-0.02 " " " S " " P

tau

FiG. 3. Approximate solutions —xg, for B =.2 (dashed line), B =.275 (solid line), and B =.5 (dotted
line). The +’s represent the negative true solution, —x, .-
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F1G. 4. Semilog plot of the Lagrange multipliers A versus the regularization parameter f3.

Figure 5 gives the error indicators as a function of the regularization parameter
B. The curves represent, from top to bottom, (i) the “‘solution error”

(5.2) e(B) = J(xg = Xirue) = | X — x|

(ii) the generalized cross validation functional V(B), defined in (5.5) below; and (iii)
the weighted objective functional obtained from (4.11) and (4.3),

(53) Sy = o § Fan(x)(0) =2 T

The fact that the solution error e(B8) increases for large 8 while the objective functional
f(xg) continues to decrease is another consequence of the ill-posedness of this problem.

Remark 5.1. The practical choice of a regularization parameter for a given error-
contaminated data set is a difficult matter. Many methods require prior knowledge of
the magnitude of the error and/or the norm of the true solution. A statistical technique
known as the method of Generalized Cross Validation (GCV) requires only that the
error be random in the sense that

(5.4) E(g)=0; E(&;) = a8

10-2} T, o

10-3F

10-4f

error indicators

1075},

to-ef N

10-7 L x 1
0.2 0.25 0.3 0.35 0.4 0.45 0.5

beta

F1G. 5. Semilog plot of error indicators: Solution error e(B) (represented by *’s); GCV function V(B)
(represented by 0’s); and scaled objective functional f(xz)/ m (represented by x’s).
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GCYV has been successfully applied to a variety of regularization methods including

Tikhonov Regularization (see [15], [10]) and Truncated Singular Value Decomposition
(See [14]). For the regularization problem (4.6), the GCV functional is given by

1
——n;f(xﬁ)

V(B) = 25
{; Trace [I,, —A(ATA+AI)“AT]}
(5.5)

1
;f(x/s)

(1 EERE
{E[("’“")“ z d%+A]}

where A = A(B) is the Lagrange multiplier for problem (4.6) and the d,’s are the singular
values of the derivative A= F,,(xz). In Fig. 5 we see that although V is very flat, the
minimum of V(B) coincides with the minimum of the solution error e(). At least for
this particular example, the minimizer of V(8) provides a very reasonable choice for
the regularization parameter.
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THE SENSITIVITY OF THE ALGEBRAIC AND DIFFERENTIAL
RICCATI EQUATIONS*
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Abstract. In this paper it is shown that the ideas developed by Byers in [Proc. Summer Research
Conference, AMS Vol. 47, Contemporary Math., American Mathematical Society, Providence, RI, 1984, pp.
35-49] on the sensitivity of the algebraic Riccati equation can be sharpened and extended to norms other
than the Frobenius norm. This extension is crucial from an interpretive point of view because use of the
spectral norm allows an identification between the condition number of the algebraic Riccati equation and
the damping properties of the closed-loop dynamical system. Moreover, this approach has the pleasant
feature that it carries over to a completely parallel theory for the sensitivity of the differential Riccati
equation, an area that has not been considered previously.

Key words. Riccati equation, condition number, closed-loop damping
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1. Introduction. Algebraic and differential Riccati equations arise in the problem
of optimal control of linear time-invariant systems of the form

x(t) = Ax(t)+ Bu(t), x(0) = x,,
y(t) = Cx(t).

Here AcR"™", BeR"™™, C eR**"; x, u, and y are the state, input, and output vectors,
respectively. For a given symmetric positive semidefinite matrix P, and a terminal time
t;, the goal of optimal control is to find the input u = u(¢) that minimizes the cost
functional

(1.1)

t

(1.2) J(u, Py, t,)= J ‘ xT(O)CTCx () +uT(Hu(t) dt+x7(t,) Pyx(1,).

0

In this case, the input function, u, , which minimizes the cost functional, is [16]
(1.3) u, (t)=—B"P(1)x(t) for0=t=t,.

In (1.3), P is the solution to the differential Riccati equation

(1.4) P(t)=—G—-A"P(t)-P(t)A+P(t)FP(t), P(1,)=P,

where F=BB" and G= C”"C. If u, in (1.3) is used in (1.1), we obtain the closed-loop
system

(1.5) X(t)=(A—-FP(t))x(t), x(0)=x,, 0=t=1t,.

A related procedure involves letting ¢, go to infinity in (1.2). If (G, A) is detectable
and (A, F) is stabilizable, then the algebraic Riccati equation

(1.6) 0=G+A"X+XA-XFX

* Received by the editors January 21, 1987; accepted for publication (in revised form) April 24, 1989.
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has a unique symmetric positive semidefinite solution, X [4]. Moreover, as ;> in
(1.2), the initial matrix P(0) in (1.4) converges to X, independently of the terminal
matrix P, so long as P,= P =0. The resulting closed-loop system,

(1.7) X(t)=(A-FX)x(t), x(0) = x,,

is stable in the sense that the eigenvalues of A— FX have negative real part.

This paper has two objectives. The first is to study the sensitivity of the solutions
to (1.4) and (1.6) to perturbations in the coefficient matrices A, F, and G. Good upper
and lower sensitivity bounds for the algebraic Riccati equation were obtained by Byers
in [2]. We will show that these results can be sharpened and extended to the differential
Riccati equation.

Our second objective is to point out a very strong relationship between the
sensitivity of the Riccati equations (1.4), (1.6) and the damping of the closed-loop
systems (1.5), (1.7). We define the damping D of the closed-loop system (1.7) as

=<} 1/2
(1.8) D= max |x|,,= max [I lx()]|? dt:l
llxoll =1 llxoll =1 0
where | - || denotes the 2-norm, ||v||*> = =v}. The maximum in (1.8) is taken over solutions
to (1.7). A similar definition of damping applies to (1.5).
For the algebraic Riccati equation, the connection between sensitivity and damping
relies on the identity

J’°° x(e)|)? dt = waT(t)x(t) dt

0 0

o0
.
= j xq eAct efclx, dt
0

(1.9)

o0

T

=xq J‘ ect et dt x,
0

= xg Hx,.

In (1.9), Ac denotes the closed-loop matrix A— FX and the matrix H satisfies
Q(H)=—1I with

(1.10) AZ)=ALZ+ ZA..

This identity shows that damping is related to the closed-loop Lyapunov operator ().
Moreover, we show that D*>=||H|| = ||Q™"||, for the induced operator 2-norm

- e~ ()|
1.11 Q7= —
(1.11) IOl = max =
When coupled with a slightly more general definition of damping, these results clearly
show the connection between the dynamical behavior of the closed-loop system and
the sensitivity of the associated Riccati equation. This complements the results of [9],
in which the sensitivity of the solution to the Lyapunov equation A"X +XA=-W,
for A stable, was shown to be related to the damping behavior of the dynamical system
X = Ax.
The outline of the paper is as follows. In § 2, we develop sensitivity and damping
results for the algebraic Riccati equation. Section 3 extends these results to the

differential Riccati equation. Section 4 is devoted to numerical tests of the bounds in
§§ 2 and 3.
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2. Sensitivity of the algebraic Riccati equation. We will assume throughout this
paper that F and G are positive semidefinite matrices with (A, F) stabilizable and
(G, A) detectable. Let X = X (A, F, G) denote the unique positive semidefinite sym-
metric solution to (1.6). Our goal is to investigate the variation in X with respect to
changes in A, F, and G. More precisely, let A, 1:", and G be matrices that are near A,
F, and G with respect to the matrix 2-norm. (Except for Theorem 2.1, all the results
in this paper are for the two-norm.) Define AA = A-A AF=F-F, and AG=G-G.
We assume that F and G are of the form BB” and &€ for some B and G, so we
will require F and G to be symmetric and positive semidefinite. For [[AA|, [AF|, and
|AG| sufficiently small, (A F ¥) is stabilizable and (G, A) is detectable; hence the
perturbed solution X = X(A, F, G) is well defined. Let AX = X — X.

To relate |AX || to |AA||, |AF], and ||AG]||, we adopt the condition theory of Rice
[19]. For suﬂicwntly small 6 >0, define K; = K;(A, F, G) by

ngsup |AA|=8]|Al, |AF|| =8| F|, |AG| =5||Gll, F and &

Gl
o) aIx1

symmetric positive semideﬁnite}.

Taking the limit as 8 goes to zero, we obtain the asymptotic condition number
(2.2) K = lim K;.

50"

It is worth mentioning that this limit exists in an extended sense because Kj is
nonincreasing as 8 goes to zero. Moreover, this limit is finite as we will see below.

We can obtain bounds on K by substituting A, I:", C~;, and X into (1.6). After some
rearrangement, we find

23) ATAX +AXA-=-AG-AATX — XAA+ XAFX
' ~(AA—AFX)TAX —AX(AA—AFX)+AX(F+AF)AX

where A- = A— FX is the closed-loop matrix. The left-hand side of (2.3) has the form
Q(AX), where Q is defined by (1.10). Since A is stable, ( is invertible [17] and

(2.4) QO N(Z)= —J e Z eAc! dt,
0
We may rewrite (2.3) as
AX=-Q ' (AG+AATX+XAA—-XAFX)
-0 ((AA-AFX)"AX +AX(AA—-AFX)—-AX(F+AF)AX).

The first term on the right-hand side of (2.5) determines the norm of AX for AA, AG,
and AF small, and is in fact the Fréchet derivative of the mapping (A, F, G) - X. For
the purposes of estimation and interpretation, it is convenient to break up this term
into the sum of three linear operators (using the notation of Byers in [2]):

(26) —-Q (AG+AATX+XAA-XAFX)=-Q"'(AG)-0O(AA)+II(AF)
where
(2.7) 0Z)=0"Y(Z"X+XZ), TII(Z)=Q'(XZX).

In general, the operator ® determines the sensitivity of X with respect to uncer-
tainty in the state matrix A (e.g., modeling errors in the open-loop dynamics). Similarly,

(2.5)
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IT and Q' determine the sensitivity of X with respect to uncertainty in F (actuator
errors) and G (sensors errors), respectively.

It is worth emphasizing that throughout this paper we are concerned only with
the effects of ‘“‘small” perturbations, i.e., we are dealing with a first-order sensitivity
analysis.

Associated with (2.6) is the Byers approximate condition number

_lejiGl+lellAl -+ Fl

2.8 Ky
28) IX]

The motivation for using this condition number is that if & is small and |AA| =8| A||,
IAG| =8[Gll, [AF| = 8] F]|, then

[8X]_|-07'(AG) - @A) +TIAF)]|
51X] 51X

-1
o] IIAGII+II®II)ﬂAAII+IIHII IAF]_ o
1)

Using a result from Stewart [20], Byers [2] was able to show that, for the Frobenius
norm, K is a very good approximation to K.

THEOREM 2.1 (Byers [2]). Define K and Ky by (2.2) and (2.8) for the Frobenius
norm. Then (1/9)Kz =K =4K;.

Proof. See [2] for the proof. 0

Remark. From (2.7), |©]=2[Q7"||| X || and |TT[|= 7" X |[*. This leads to the
“conservative” Byers condition number Kcp:

_le™|

. =K
(2 9) KB CB = ”X"

(IGlI+21ALIX+IFIIX ).

However, this simpler condition number is generally too conservative and is often
several orders of magnitude larger than Ky (see [2]).

The next theorem shows that, for the matrix 2-norm, K is within a factor of 3
of K.

THEOREM 2.2. Define K and Kz by (2.2) and (2.8) for the matrix 2-norm. Then
IKp=K=Kj,.

Proof. See Appendix 1 for the proof. 0

These theorems show that Kj is entirely satisfactory as an estimator of K, especially
in view of the fact that for most numerical purposes we only need to estimate K to
within a factor of 10. However, the question arises as to what Kz means in terms of
the original problem. While a geometric interpretation of ill-conditioning is difficult
for the Frobenius norm, as noted in [2], it is rather easy for the spectral norm: X is
sensitive to perturbations if the closed-loop system (1.7) is poorly damped with respect
to the weighting matrices I, X, or X>.

We define the damping of (1.7) with respect to X, for k=0, 1,2 by

0 1/2
(2.10) D, = “mﬁtx 1) £, x = ”mﬁlx1 [J xT (1) X*x(1) dt] .
x 0

We will show that Di=|Q7"||, D= |II||, and 2D3=|®| = D,D,; thus establishing
the intimate relationship between sensitivity and damping.
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As a step in this direction, let H, be the solution to the closed-loop Lyapunov
equations,

(2.11) AZH,+ HA: =—-X*

for k=0, 1, 2. Since A is stable [17], H, =I;° At Xk et gy,

LEMMA 2.3. Let x satisfy the closed-loop differential equation (1.7). Then xJ Hyx,=
1%, and [ = maxyuy- x|, - = Di.

Proof. Since x(t) = e”c'xo, ||x|2, x* =[5 xq e X* eAc'xy dt = xT Hixo. I || %] =
1 then xgq Hixo = || Hy ||, because H, is symmetric and positive definite. Thus D3 = || H||.
Moreover, if we let x, be a unit eigenvector of H, corresponding to A..(Hy) = | Hi|,

then we obtain equality: Dy =||H,||. O

The connection between damping and sensitivity relies on the observation that
(2.12) H,=-Q7'(I), 2H,=-6(I), H,=-TI(I).

THEOREM 2.4. Define ), 0, T, and H, by (1.10), (2.7), and (2.11). Then
(2.13) 19741 = Il Holl,
(2.14) T} = || L,
and
(2.15) 2|l Hy | = 1O = 2[| Hol| ?| Ho ]| 2.

Proof. See Appendix 1 for the proof. 0
COROLLARY 2.5.

(2.16) D=0, Di=|m||, 2Di=|@|=D,D,.

Proof. The proof is immediate from Lemma 2.3 and Theorem 2.4. O

Remark. These results are novel in that they provide an exact expression (in two
different forms!) for sep (M, —M")=min ((|M"Z+ZM|)/||Z|), where M is any
stable matrix in R"*" [20]. This is because sep (M, —M ") =min (|Q(2)|/|Z]) =
min (]| Y||/[|Q7(Y)|) =1/[Q7"||, where Q(Z)= M "Z + ZM. From the preceding argu-
ments, sep (M, -M ") =1/| H||, where M"H+ HM = —1I; and sep (M, -M")=1/D?,
where D = max,, -, ||x||., for solutions to X = Mx, x(0)=x,. This is important in
another respect because it means that the damping measure, D = D(M) is nicely stable:
Stewart has shown [20, Thm. 4.6] that

sep (M,—MT")—2|E||=sep(M+E,—~(M+E)T)=sep (M, —M)+2||E|.

Thus, D(M)/v1+2||E||D*(M)=D(M+E)= D(M)/J1-2||E||D*(M), where we
assume that E is small enough that M + E is stable and 2| E||D*(M) <1.

From Theorem 2.4 we see that large norms for H,, H,, and H,, which are indicative
of poor damping in the closed-loop dynamical system, mean that Kj is large. Con-
sequently, X will be sensitive to small perturbations in A, F, and G. Conversely, if
the norms of H,, H,, and H, are not large then the problem is well-conditioned. A
mixture of large and small norms among the H, indicates selective sensitivity. For
example, if the closed-loop dynamic system (1.7) is poorly damped with respect to the
identity as a weighting matrix but not with respect to X or X7, so that | Hy| is large
relative to ||H,| and | H,||, then we can expect that X is more sensitive to variations
in the sensor matrix G than in the open loop matrix A or the controller matrix F.
Examples showing selective sensitivity are given in § 4.
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Although Theorem 2.4 gives exact values for |Q 7| and |II|| in terms of || Hy| and
|| H,||, the upper and lower bounds on ||®| in (2.15) are not very useful unless

(2.17) 1 H, |l = || Ho |2 Ha )| 2.

The next lemma shows that this approximate equality must hold whenever X is
moderately well-conditioned with respect to inversion.
LEMMA 2.6. Assume that X >0 and let K(X)=|X| || X7"||. Then

[IIHoll || Ha||
K(X)

Proof. By (2.15) we need only show | Ho|| | Ha|| = K(X)| H,||>. Let v be any unit
vector in R". Then,

1/2
| =iz

o

v"Hyv= J vT e X eActvdt = A in( X) J vT et eActydt = A (X)) v Hoo.

0 0

This gives || Hy|| Z A min(X)|| Holl = || Holl/ | X ")l Similarly,

v"Hyv= J 0T eMXX T X eAc'odt 2 A (X )0 H,w.

0

This gives | H, || Z Amin(X )| Hall = | H2|l/ | X ||. Thus || Hy||*2 || Hol| | H2|l/ K (X).

For all but one of the problems that we tested the approximate equality (2.17)
was true to within about 15 percent—even for some problems with K(X) large.
However, the following example shows that || Ho|"/?| H,||'/* can be very much larger
than | H,|.

Example 1. Let

0 A 0 1 0
- a0 ) ae[] e[t

Then

1 V1+2A
IHol =vA/8, [Hi|=1, [|H|=v(9/8)A.

For example, if A =10° then 1= | H,| = || H,|"/?|| H,||"/>=6124.

Fortunately, there is a simple procedure that can be used to estimate ||®| accurately
even when | H,| « || Ho|'?|| H,| /. To motivate this method, we briefly consider the
related problem of finding the Frobenius norms of O, ®, and II.

Let Vec M denote the vector formed by stacking the columns of a matrix M and
define the Kronecker product of two matrices M and N by (see [7])

X=[\/1+2A/A 1 ]

(2.19) M®N=[M;N].

The Frobenius norm of M is equal to the 2-norm of Vec M:
(2.20) M| =|[Vec M.

Also

(2.21) Vec (MZN)=(NT® M) Vec Z
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Apply the Vec operator to the equation AL H + HAc = Q, to obtain

(2.22) (AZ®T+I®AL) Vec H = Vec Q.
This may be rewritten as
(2.23) Vec H=(ALQI+I®AL) ™' Vec Q.
Since H=0Q""(Q), we get
10 = ma 1@l Vee H

(2.24) 1ol "0l T Vee Q|

=|(AZ®I+I®AL)|.

Note in (2.24) that ||Q™'|| » denotes the operator norm on Q™' induced by the Frobenius
matrix norm, and is not the same as the Frobenius norm of the associated Kronecker
representation of Q~'. From (2.24) we see that we could evaluate | Q7| - by constructing
(AL®I+I®Ac)"" and taking its 2-norm (see [8] or [2]). However, because AL®
I+T1® AL is of order n?, this is usually not a practical procedure. Instead, we use the
fact that if M=AL®I+I®AL then |[M || =ol2((M)"M™).

Thus ||[M ™| can be estimated by the inverse power method [5]. That is, given
v=Vec(Q) #0, solve for @ and o in

Mo =v, Mo =a.

Unless v is poorly chosen, |[M™'|=V]o[/]v]. By recycling repeatedly with v
reset to o, this estimate converges to | M ~'|—unless the initial v is orthogonal to the
eigenspace E, of (M")"'M ' corresponding to A =||M ™| (see [5]).

An equivalent version of this method avoids the use of Kronecker forms: given
Q #0, solve for H and H in

(2.25) ATH+HA:=Q,
(2.26) AcH + HAL=H.

Then |Q 7| =V]H[+/[|Q] r and recycling with Q reset to H improves the estimate
[3].

The Frobenius norm of ® can be found in a similar way. Suppose that @(Q) = H,
that is, ACH + HAc = Q"X + XQ. Apply the Vec operator to get

(ALRI+TI®AL) Vec H=(I®X) Vec Q+(X®I) Vec Q.

The components of Vec Q7 are just a permutation of the components of Vec Q:

(2.27) Vec Q" = U Vec Q

where U is a permutation matrix [7] with U” = U. Then

(2.28) Vec H=(ALQI+IRALH'IR®X+(XR®I)U) Vec Q
and

(2.29) 1Ol =(Ac®T+IRAL ' I®X +(X®I)U)|.
The same type of argument gives

(2.30) I - = |(Ac® T+ I®AD) (X ®X).

To estimate ||@|r, the inverse power method takes the following form. Given
Q#0, set Q= Q"X + X0, solve (2.25), (2.26), and let W=2XH. Then O] =
VI|W|£/|Ollr, and we can recycle with Q set equal to W. To estimate ||II|, set
Q= X~Q~X, solve (2.25), (2.26), and let Z = XHX to get ||TI|| ¢ ’=“«/||Z||F/ | Q|| r; recycle
with O = Z.
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These results can be related to the 2-norms of Q~', @, and II by exploiting the
well-known inequality [18]
(2.31) IM]|=[Mllr=vn M|,

for any n X n matrix M. If L is either of the operators Q~', @, or II, then

LI _ILQlr L@
2.32 = =
232 7ol = el =V el
and
.3) yjnye=vmin.

This means that if Q maximizes the 2-norm ratio |L(Q)||/|Q]|, then Q will nearly
maximize the Frobenius norm ratio | L(Q)||¢/||Q|lr, and vice versa. For example, by
Theorem 2.4, [ '(Q)||/||Q|l is maximized by Q=1 so Q7| =[Q" (D) s/ [1]lr=
| Holl /. Similarly, |TLp = [TX(D)]| o/ 1]l7 = | Hall /v, If better estimates are
required then the inverse power method can be used, starting with Q (or Q) equal to
the identity.

This also suggests a means of estimating the 2-norm of ® when |H,|<«
|| Hol|'/|| H2||'/?: Use the inverse power method to find Q #0 such that |0(Q)| /| Ql ¢
is nearly maximized. Then ||®(Q)||/| Q|| provides a good estimate for ||©).

We found that for all the problems we tested, one cycle of the inverse power
method, starting with Q = I, gave excellent estimates for ||@|. More specifically, set
Q=2X, solve (2.25), (2.26), and let W =2XH. Define

w
(2.34) H®"= @(——).
1 W]

Then |H{"||=|/@]| and || H{"|| gives a lower bound on |O|:
lewl_ el
Wi el
If we apply this procedure to Example 1, then we find

VA72=|H"| = 0| =VTHTH[=v31/2.

Thus ||H{"|| is within v3 of |®|| for this problem.

The preceding suggests that we define upper and lower condition estimates for
the 2-norm as

1= = =le].

_ [ Holl I Gl + 201 Holl | Ha[l1 | Al + || Ha| g

(2.35) Ky X

(2.36) K, = 1 Hell G+ IH A+ I
I

By Theorem 2.4,

(2.37) K. =Kyz=K,.

By Theorem 2.2,

(2.38) Kok=xk,
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Numerical tests on a large class of problems (see § 4) show that K; and K, are
usually very close. If desired, more refined results can be obtained by replacing the
term | H{"|| in (2.36) with the norms of higher inverse power cycle iterates.

We conclude this section by giving a lower bound on || Hy| in terms of the stability
radius of the closed-loop matrix. For any matrix M € R™*™, the stability radius of M
is the norm of the smallest perturbation AM, which makes M + AM unstable (see [11],
[14], [21]):

(2.39) p(M)=min {|AM||M+AM has an eigenvalue A with Re (1)=0}.
LeEMMA 2.7. Let AZHy+ HyAc = —1. Then

(2.40) =
Ty = 1l
Proof. See [9] for the proof. 0
From this lemma we see that if the closed-loop matrix A— FX can be made
unstable by a small perturbation, then || Hy| will be large and the problem of finding

X is ill-conditioned. This complements a study by Kenney and Laub [14] in Wthh it
is shown that for companion systems

0 1 - 0 0
41 A= -], B=|'|, c=1
(2.41) et ol
a a, --- a, 1

where a; does not grow faster than ¢" for some constant ¢> 1, we have that p,(A—
BB”X) decays to zero exponentially fast as n increases. We can thus expect that X
is very sensitive to small changes in A, B, and C for companion form systems of high
dimension.

3. Sensitivity of the differential Riccati equation. We now turn to the sensitivity
of the solution to the differential Riccati equation, which although important has
apparently not been treated in the literature.

For convenience, we transform the Riccati problem (1.4) with terminal condition
into an initial value Riccati problem. Let X (¢) = P(¢,—t); then for 0=t=1¢,

(3.1) X(t)=G+AX()+X(1)A-X(t)FX(1), X(0)=P,=X,.

Under this transformation, P(t) = X (t, —t) and the closed-loop dynamical system (1.5)
becomes

(3.2) X(t)=(A-FX(t;—-1)x(t), x(0)=x,, 0=t=t,.

As in the algebraic case, it is convenient to define the damping of the closed-loop
dynamical system (3.2) with respect to the weighting matrices X* for k=0, 1, 2:

t, 1/2
(3.3)  Di(t)= max |x|lio.,x* = max U xT ()X (t,—1)x(1) dt]
where the maximum is taken over solutions, x to (3.2).
To avoid confusion, we will use a ““+”’ subscript or superscript to denote quantities

related to the algebraic Riccati equation (e.g., X, for the solution to (1.6), K3 for
(2.8), etc.).
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Let Xo,=XJ =0 be a perturbation of X, and set AX,= X,— X,. Let A, F, and &
be perturbations of A, F, and G with AA=A—A, AF=F~F, and AG=G-G. As
in § 2, we assume that F and G are symmetric and positive definite. Let X=X(1)
denote the solution to (3.1) for A, F, G and X, and set

(3.4) AX(t)EX(t)—X(t).
For 0=t=t,, define the differential Riccati condition numbers

IIAX(t)ll}

K(t)E!si_{ré K;(1).

Here the supremum is taken over the set |AW| =8| W| with W=A, F, G, and X,
such that F+AF and G+AG are symmetric and positive semidefinite. We assume
throughout that || X (#)|| > 0; obvious modifications in terms of absolute rather than
relative condition numbers apply to the case where || X (¢)| is very small or zero.

Bounds on K(t) can be found by expanding (3.1) for the perturbed matrices. For
X =X(1), let Ac = A— FX and define

(3.6) M,=AG+AATX + XAA— XAFX,

(3.7) M,=(AA—AFX)TAX +AX(AA—AFX)—AX(F+AF)AX.
Using fi, F, C?, and X in (3.1), we obtain

(3.8) AX=ATAX +AXAc+M,+M,, AX(0)=AX, 0=t=t,.
To find the analogue of Q7" in (2.4), let ® satisfy

(3.9) d()=D()A(t), PO)=1 0=t=1,.
Define
(3.10) QN(2Z)= —Jt OT(H)D T (5)Z(s)P ' (s)P(t) ds

for any continuous matrix function Z = Z(s), s€[0, t].
By variation of parameters [6], AX in (3.8) can be written as

(3.11) AX () =PT()AX,P(t)-Q; (AG) - 0,(AA)+11,(AF)+ Q' (M,)
where
(3.12) 0.(2)=0(Z"X+X2Z), IM,(2)=0;'(XZX).

Since the first-order terms in (3.11) depend on the constant matrices AA, AF, AG,
and AX,, we define the restricted operator norm, ||R| =max (||R(Z)|/||Z|) for R=
Q;', 0, or TI, with Z restricted to nonzero constant matrices in R™*".

From (3.11),

IAX (O = 1OOIPIAXo] + 19| 1AG] +[©: | [AA] + [T, | |AF|
+[ 1 el atagiaal+ 18R IX1AX],
0

+(IFI+IAFDIAX ]
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where | - ||, denotes the max norm, || Z||, = max,=,=, | Z(s)| for any continuous matrix
function Z. This inequality suggests that we define the Byers-type approximate condition
number

IO PIXoll + QM IGI+ IO Al + T IF]
X
We then have the analogue of Theorem 2.2.

THeEOREM 3.1. For 0=t=t,, let K(t), Kg(t) be defined by (3.5) and (3.13), and
assume that X (t) satisfies (3.1) with | X (t)||# 0. Then
Kp(t)

(3.14) —T§K(t)§KB(t).

(3.13) Kg(t)=

Proof. See Appendix 2 for the proof. 0

This theorem shows that Kz(t) gives a reasonable estimate of K (¢). The connection
between conditioning and damping is established by using the analogues of H in
(2.16): let H, = H,(t) be the solution to

(3.15) H.=A{H.+HAc+X* H.(0)=0, k=0,1,2.
Lemma 3.2. Let x, Dy, and H, satisfy (3.2), (3.3), and (3.15), respectively. Then
'l
(3.16) xo Hi(1)%0 = | x| L,g0,07,x* = I xT(O)X" (1, —t)x(t) dt
0
and
(3'17) ”Hk(tl)" =Di(t1) fork=0, 19 2'
Proof. Use the fact that x(t) =® (¢, — t)®(t,)x, and
(3.18) H(t)= j OT()D ()X (s)D (5)D(1) ds, 0=st=t,
0
where ® satisfies (3.9). Now proceed as in the proof of Lemma 2.3. 0
From (3.18),
(3.19) Q7'(I)=~Hy(t), 0,(I)=-2H(t), TI,(I)=~Hy(t)

sothat | Ho(t)| = |Q7l, 2| H ()| = ||©.]|, and || Hx(¢)|| = ||T1, || This suggests the follow-
ing analogues of Theorem 2.4.
THEOREM 3.3. For Hy, Q' 6,, and 11, as in (3.15), (3.10), and (3.12), respectively,

(3.20) 107 = 1Ho(0),
(3.21) (L]l = | Ha(0) |,
(3.22) 2| Hy(0)]| =10, ]| = 2] Ho(0) || Ha( 1) || .

Proof. The proof is similar to the proof of Theorem 2.4. a

Because of the parallels between the algebraic and differential problems, the
remarks following Theorem 2.4 also apply to Theorem 3.3 with only slight modifications,
the main difference arising from the presence of the term ||®(#)|*|| X,| in (3.13). This
term represents the main contribution to the error for ¢t small because H,(0) =0, but
as we will see, |®(t)||>0 as ¢t >0 so that its influence is less important for large &.
The norm of ®(t) can be interpreted as a damping measure for the linear dynamical
system (3.9) rather than (3.2).
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For X,=X{ 20, lim,. X(t)=X,, (see [4]) and lim,.. X (¢) =0. In this case,
the differential relation (1.4) for X tends to the algebraic relation (1.6). Thus, it is
natural to ask how the sensitivity estimates for the differential problem compare with
those of the algebraic problem as t— 0. The next two lemmas show that the two
sensitivity estimates are asymptotically equal, under the assumption that ||Hy(t)|| is
uniformly bounded for 0=t <co.

LEMMA 3.4. Let X = X(t) satisfy (3.1) with Xo= X =0. Let ® satisfy (3.9). Then
lim, o ®(1) =0.

Proof. See Appendix 2 for the proof. 0

LeEMMaA 3.5. Let Q7', ©, 1, and H, be given by (2.4), (2.7), and (2.11). Let Q;",

0., I1,, and H,(t) be defined by (3.10), (3.12), and (3.15). If ||H(?)| is uniformly
bounded over 0=t <0, then

(3.23) }il‘g Hk(t)sz.

Moreover, for any constant matrix Z,

(3.24) lim 0'(2)=07'(2),
(3.25) lim®,(2)=0(2),
and

(3.26) !1210 n,(z)=11(2).

Consequently, lim,, ., Kg(t)=K3%.

Proof. See Appendix 2 for the proof. 0

Remark. Since Ac(t) > AE, which is stable, the assumption that ||Ho(t)|| is uni-
formly bounded for t=0 seems reasonable; however, it is not clear how restrictive
this assumption really is.

Just as in the algebraic problem, the possibility exists for |H,(#)|«
| Ho()||/?|| Ha() |2, in which case (3.22) does not provide much information about
[|®,]|. In general this was not found to be a problem, but for Example 1 (2.18) of § 2,
the gap increased with A. For example, if A =10® and X, = I, then ||H,(107%)| =0.724,
whereas

| Ho(10™4)||"/2|| Hy(10~%)|| /2 = 2432.0.

This problem can be handled as in § 2 by using the Kronecker forms associated
with the Frobenius norm of @,. For a given constant matrix Z,

(3.27) 0,(2)= —Jt OT()D T (s)(ZTX(5)+ X(s)Z)D '(s)D(t) ds.

Using the Vec operator, we obtain
(3.28) Vec (0,(Z)) = L(t) Vec (Z)

where

(3.29) L(t)=-®T(1)@d(1) Jt (@ T($)@P T(5)) (IR X (s)+(X(s)®I)U) ds.
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(The permutation matrix U is symmetric [7] and satisfies U Vec (Z7) = Vec (Z).) From
(3.28),

”® Dlr_ [Vec ®,(2)]| |L(¢) Vec Z||
= max = max =|L()]|-
I1Zll [Vec Z| [Vec Z||

Thus the 2-norm of L(t) is equal to the Frobenius norm (restricted to constant Z) of
®,. Moreover, from (3.29)

(3.31) L=(AIQI+I®ADL+I®X+(XRI)U, L(0)=0.

We could integrate (3.31) to obtain L(¢) and then find ||L(?)| to get ||®,| . In this
case, an estimate of the 2-norm of @, can be found by using the singular vector v of
L(t) corresponding to o ., (L(2)). Let V =Unvec (v), thatis Vec (V) = v, then | L(¢)| =
| L(t)v]/||v| implies that |®,| = ||®,(V)| /| V| ¢ Thus by (2.32), we get the 2-norm
estimate ||®,] =0, (V)||/|V|. In fact, by (2.33) we have [|®,(V)|/|VI