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APPROXIMATION THEORY FOR LINEAR-QUADRATIC-GAUSSIAN
OPTIMAL CONTROL OF FLEXIBLE STRUCTURES*

J. S. GIBSONT AND A. ADAMIANT

Abstract. This paper presents approximation theory for the linear-quadratic-Gaussian optimal control
problem for flexible structures whose distributed models have bounded input and output operators. The
main purpose of the theory is to guide the design of finite-dimensional compensators that approximate
closely the optimal compensator, which is infinite-dimensional. Design of the optimal compensator separates
into an optimal linear-quadratic control problem and a dual optimal state estimation problem; the solution
to each problem lies in the solution to an infinite-dimensional Riccati operator equation. The approximation
scheme in the paper approximates the infinite-dimensional LQG problem with a sequence of finite-
dimensional LQG problems defined for a sequence of finite-dimensional, usually finite-element or modal,
approximations of the distributed model of the structure. Two Riccati matrix equations determine the
solution to each approximating problem.

The finite-dimensional equations for numerical approximation are developed, including formulas for
converting matrix control and estimator gains to their functional representation to allow comparison of
gains based on different orders of approximation. Convergence of the approximating control and estimator
gains and of the corresponding finite-dimensional compensators is studied. Also, convergence and stability
of the closed-loop systems produced with the finite-dimensional compensators are discussed. The convergence
theory is based on the convergence of the solutions of the finite-dimensional Riccati equations to the solutions
of the infinite-dimensional Riccati equations. A numerical example with a flexible beam, a rotating rigid
body, and a lumped mass is given.

Key words. linear-quadratic-Gaussian optimal control, approximation theory, flexible structures,
distributed systems

1. Introduction. The first question that must be answered when designing a control-
ler for a flexible structure is whether a finite-dimensional model is sufficient as a basis
for a controller that will produce the required performance, or is a distributed model
necessary? While some structures can be modeled well by a fixed number of dominant
modes, there are structures whose flexible character can be captured sufficiently for
precise control only by a distributed model. Still others—perhaps most of the aerospace
structures of the future—can be modeled sufficiently for control purposes by some
finite-dimensional approximation, but an adequate approximation may be impossible
to determine before design of the controller, or compensator. This paper deals with
structures that are flexible enough to require a distributed model in the design of an
optimal LQG compensator.

The linear-quadratic-Gaussian optimal control problem for distributed, or infinite-
dimensional, systems is a generalization to Hilbert space of the LQG problem for
finite-dimensional systems. The solution to the infinite-dimensional problem yields an
infinite-dimensional state-estimator-based compensator, which is optimal in the context
of this paper. By a separation principle [B1], [C4], the problem reduces to a determinis-
tic linear-quadratic optimal control problem an an optimal estimation, or filtering,
problem with Gaussian white noise. The solutions to both the control and filtering
problems involve Riccati operator equations, which are generalizations of the Riccati
matrix equations in the finite-dimensional case. Current results on the infinite-
dimensional LQG problem are most complete for problems where the input and
measurement operators are bounded, as this paper requires throughout. This bounded-
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ness also permits the strongest approximation results here. For related control problems
with unbounded input and measurement, see [C3], [C5], [C6], [D2], [12], [I3],
[L1]-[L4].

Our primary objective in this paper is to approximate the optimal infinite-
dimensional LQG compensator for a distributed model of a flexible structure with
finite-dimensional compensators based on approximations to the structure, and to have
these finite-dimensional compensators produce near optimal performance of the closed-
loop system. We discuss how the gains that determine the finite-dimensional com-
pensators converge to the gains that determine the infinite-dimensional compensator,
and we examine the sense in which the finite-dimensional compensators converge to
the infinite-dimensional compensator. With this analysis, we can predict the perform-
ance of the closed-loop system consisting of the distributed plant and a finite-
dimensional compensator that approximates the infinite-dimensional compensator.

Our design philosophy is to let the convergence of the finite-dimensional com-
pensators indicate the order of the compensator that is required to produce the desired
performance of the structure. The two main factors that govern rate of convergence
are the desired performance (e.g., fast response) and the structural damping. We should
note that any one of our compensators whose order is not sufficient to approximate
the infinite-dimensional compensator closely will not, in general, be the optimal
compensator of that fixed order, i.e., the optimal fixed-order compensator that would
be constructed with the design philosophy in [B7], [B8]. But as we increase the order
of approximation to obtain convergence, our finite-dimensional compensators become
essentially identical to the compensator that is optimal over compensators of all
orders.

An important question, of course, is how large a finite-dimensional compensator
we must use to approximate the infinite-dimensional compensator. In [G6]-[G8], and
[M1], we have found that our complete design strategy yields compensators of reason-
able size for distributed models of complex space structures. This strategy in general
requires two steps to obtain an implementable compensator that is essentially identical
to the optimal infinite-dimensional compensator: the first step determines the optimal
compensator by letting the finite-dimensional compensators converge to it, the second
step reduces the order of a large (converged) approximation to the optimal com-
pensator. The first step, which involves control theory and approximation theory for
distributed systems, is the subject of this paper. For the second step, a simple modal
truncation of the large compensator sometimes is sufficient, but there are more sophisti-
cated methods in finite-dimensional control theory for order reduction. For example
[G9], [M1], we have found that balanced realizations [M2] work well for reducing
large compensators.

The approximation theory in this paper follows from the application of approxima-
tion results in [B6], [G3], [G4] to a sequence of finite-dimensional optimal LQG
problems based on a Ritz-Galerkin approximation of the flexible structure. For the
optimal linear-quadratic control problem, the approximation theory here is a substantial
improvement over that in [G1] because here we allow rigid-body modes, more general
structural damping (including damping in the boundary), and much more general
finite-element approximations. These generalizations are necessary to accommodate
common features of complex space structures and the most useful finite-element
schemes. For example, we write the equations for constructing the approximating
control and estimator gains and finite-dimensional compensators in terms of matrices
that are built directly from typical mass, stiffness and damping matrices for flexible
structures, along with actuator influence matrices and measurement matrices.
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For the estimator problem, this paper presents some of the first rigorous approxima-
tion theory. (We have used less complete versions of the results in previous research
[G7]-[G9], [M1].) We note also [I1] that as in the finite-dimensional case, the
infinite-dimensional optimal estimation problem is the dual of the infinite-dimensional
optimal control problem, and the solutions to both problems have the same structure.
Because we exploit this duality to obtain the approximation theory for the estimation
problem from the approximation theory for the optimal control problem, the analysis
in this paper is almost entirely deterministic. We discuss the stochastic interpretation
of the estimation problem and the approximating state estimators briefly, but we are
concerned mainly with deterministic questions about the structure and convergence
of approximations to an infinite-dimensional compensator and the performance—
especially stability—of the closed-loop systems produced by the approximating com-
pensators.

The paper has two main parts, which correspond roughly to the separation of the
optimal LQG problem into an optimal linear-quadratic regulator problem and an
optimal state estimation problem. The first half, §§ 2-6, deal with the control system
and the optimal regulator problem. Sections 7-10 treat the state estimator and the
compensator that is formed by applying the control law of the first half of the paper
to the output of the estimator.

While this paper is primarily theoretical, we present a detailed numerical example
in §§ 6 and 10. The structure in this example consists of an Euler-Bernoulli beam
attached to a rotating rigid hub on one end and to a lumped mass on the other end.
We emphasize the fact that we do not solve, or even write down, the coupled partial
and ordinary differential equations of motion. For both the definition and numerical
solution of the problem, only the kinetic and strain energy functionals and a dissipation
functional for the damping are required. In § 6, we show the approximating functional
control gains obtained by using a standard finite-element approximation of the beam,
and we discuss the effect on convergence of structural damping and of the ratio of
state weighting to control weighting in the performance index. As suggested by a
theorem in § 5, the functional gains do not converge when no structural damping is
modeled.

In § 10, we complete the compensator design for the example. Assuming that
white noise corrupts the single measurement and that distributed white noise disturbs
the structure, we compute the gains for the finite-dimensional estimators and show the
functional estimator gains. As in the control problem, the functional gains do not
converge when no damping is modeled. We apply the control laws computed in § 6
to the output of the estimators in § 10 to construct the finite-dimensional compensators,
and we show the frequency response of these compensators. As predicted by § 9.3, the
frequency response of the nth compensator converges to the frequency response of
the optimal infinite-dimensional compensator as n increases. In § 10.3, we discuss the
structure and dimension of the finite-dimensional compensator that should be imple-
mented.

2. The control system. We consider the system
(2.1) X(t)+ Dox(t)+ Aox(t) = Byu(t), t>0

where x(t) is in a real Hilbert space H and u(t) is in R™ for some finite m. The linear
stiffness operator A, is densely defined and self-adjoint with compact resolvent and
has at most a finite number of negative eigenvalues. We will postpone discussion of the
damping operator D, momentarily, except to say that it is symmetric and nonnegative.
The input operator By is a linear operator from R™ to H, and hence is bounded.
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By natural modes, we will mean the eigenvectors ¢; of the eigenvalue problem
(2’2) /\j¢j = AOd)j'

From our hypotheses on A,, we know that these eigenvalues form an infinitely
increasing sequence of real numbers of which all but a finite number are positive. Also,
the corresponding eigenvectors are complete in H and satisfy

(2-3) <¢i9 ¢j>H = <A0¢i9 ¢j>H =0, i 7]
For A;>0, w; =V/A; is a natural frequency.
Remark 2.1. Our analysis includes the system

(2.1 MyX(t)+ Dox(t)+ Aox(t) = Byu(t), t>0

where the mass operator M, is a self-adjoint, bounded, and coercive linear operator
on a real Hilbert space H,. The operators A,, By, and D, in (2.1') have the same
properties with respect to H,, that the corresponding operators in (2.1) have with respect
to H. To include (2.1') in our analysis, we need only take H to be H, with the
norm-equivalent inner product (-, -}y =(M, -, *),, and multiply (2.1') on the left by
M. In H, the operator M;'A, is self-adjoint with compact resolvent, and M'D, is
symmetric and nonnegative. With no loss of generality then, we will refer henceforth
only to (2.1) and assume that the H-inner product accounts for the mass distribution.

2.1. The energy spaces and the first-order form of the system.

2.1.1. The elastic-strain-energy space V and total-energy space E. We choose a
bounded, self-adjoint linear operator A, on H such that A0= Ayt A, is coercive; i.e.,
there exists p >0 for which

(2.4) (Aox, )y = pllx||%,  xeD(A,)=D(A,).

In applications such as our example in § 6, it is natural to select for A, an operator
whose null space is the orthogonal complement (in H) of the eigenspace of A,
corresponding to nonpositive eigenvalues. Obviously, any A, that makes A, coercive
must be positive definite on the nonpositive eigenspace of A,.

With A, chosen, we define the Hilbert space V to be the completion of D(A,)
with respect to the inner product (v,, v,)y = (on, , Uy, U; and v,€ D(A,). Note that
V=D(AY?) and (v, v,)y = (AY?v,, AYv,) . (Since A, is a bounded operator on H,
different choices of A, yield V’s with equivalent norms, thus containing the same
elements.)

In the usual way, we will use the imbedding

VcH=H'cV

where the injections from V into H and from H into V' are continuous with dense
ranges. We denote by Ay the Riesz map from V onto its dual V'. Then A, is the
restriction of Ay to D(A,) in the sense that

(2.5) (Avw)o=(v, Ago)u,  v,€ D(Ay), vEV.

Now we define the fotal energy space E = V x H, noting that when A, is coercive
and x(t) is the solution to (2.1), then |(x(¢), X(¢))|| is twice the total energy (kinetic
plus potential) in the system. We want to write (2.1) as a first-order evolution equation
on E. To do this, we must determine the semigroup generator for the open-loop system.
We will derive this generator by constructing its inverse explicitly. This approach seems
mathematically efficient, and we will need the inverse of the generator for the approxi-
mation scheme. First, we must state our precise hypotheses on damping and discuss
its representation.
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2.1.2. The damping functional and operator. Actually, we do not require an operator
D, defined from some subset of H into H. Rather, we assume only that there exists
a damping functional

(26) do(vl N Uz): VxXxV->R

such that d, is bilinear, symmetric, continuous (on V x V), and nonnegative. Under
these hypotheses, there is a unique bounded linear operator A, from V into V' such
that

(2.7) do(v, v) = (A o))y, v, ve V.

The operator Dy =(Ay'Ap) is then a bounded linear operator from V to V, and Dy
is self-adjoint (on V) because d, is symmetric. Also

(2.8) do(v, v,) =(v, Dyv,)y =(Dyv, 1))y, v, veV.

Remark 2.2. We chose to begin our description of the control system model with
(2.1) because its form is familiar in the context of flexible structures. In applications
such as the example in § 6, however, it is easier to begin with a strain-energy functional
from which the correct strain-energy inner product for V is obvious. The stiffness
operator is then defined in terms of the Riesz map for V (see [S3] for this approach).
Either way, the only thing that needs to be computed in applications is the V-inner
product; an explicit Ay need not be written down.

2.1.3. The semigroup generator. We define A 'e L(E, E) by
- -D, —-A;'
2. Al= v 0].
(29) [

This operator is clearly one-to-one, and its range is dense, since V is dense in H and
D(A,) is dense in V. Now, we take

(2.10) A=(AH

Direct calculation of the inner product shows

o] [o]\ _
(2.11) <A [h],[hDE— do(h, h),

so that A is dissipative with dense domain. Also, since D(A“)=E, A is maximal
dissipative by [G1, Thm. 2.1]. Therefore, A generates a Cy-contraction semigroup on E.
Finally, the open-loop semigroup generator is

0 0 -
A O], D(4)=D(4)

where A, is the bounded linear operator chosen to make A, coercive. With

(2.12) A:A+[

(2.13) B=[§0]EL(R'",E),

the first-order form of (2.1) is
(2.14) Z(t)= Az(t)+ Bu(t), t>0

where z =(x, X)€ E.

We should note that Showalter [S3, Chap. VI] elegantly derives a semigroup
generator for a class of second-order systems that includes the flexible-structure model
here. The presentation here is most useful for our approximation theory because of
the explicit construction of the inverse of the semigroup generator.
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In many structural applications, the open-loop semigroup is analytic. Showalter
obtains an analytic semigroup when the damping functional is V-coercive, for example,
when there exists a damping operator D, that is both Aj,-bounded and as strong as
Ay. Such a damping operator results from the Kelvin-Voigt viscoelastic material model.
Chen and Russell [C1] have shown that the semigroup is analytic for a class of damping
operators involving A%, and recently Chang and Lasiecka [C6] have shown that the
semigroup is analytic if coAf = Dy= c; A} for some w such that 3=u =1 and ¢, and
¢, positive and finite. If the damping operator is bounded relative to A for u <1,
then A has compact resolvent.

Finally, we can guarantee that the open-loop semigroup generator is a spectral
operator (i.e., its eigenvectors are complete in E) only for a damping operator that is
alinear combination of an H-bounded operator and a fractional power of A,. However,
nowhere do we use or assume anything about the eigenvectors of either the open-loop
or the closed-loop semigroup generator. The natural modes—of undamped free vibra-
tion—in (2.2) are always complete in both H and V.

_2.2. The adjoint of 1‘;.~ Since Dy is self-adjoint on V, direct calculation shows that
A™* (i.e., the adjoint of A™' with respect to the E-inner product) is

- . [-Dv Aa‘]
1 AT*= .
(2.15) [—I 0

Then A*=(A*)"'. Having A* explicitly facilitates proving strong convergence for
approximating adjoint semigroups.

2.3. Exponential stability. The following theorem states that, if there are no rigid-
body modes and if the damping is coercive (basically, all structural components have
positive damping), then the open-loop system is uniformly exponentially stable. That
the decay rate given depends only on the lower bound for the stiffness operator and
the upper and lower bounds for the damping functional is essential for convergence
results for the approximating optimal control problems of subsequent sections. The
theorem is a generalization of Theorem 6.1 of [G1] to allow more general damping,
but the proof is entirely different and much nicer. The current proof uses an explicit
Lyapunov functional for the homogeneous part of the system in (2.14). Recall that
T(-) is the open-loop semigroup, with generator A, and E is the total energy space
VX H.

THEOREM 2.3. Suppose that A, and d, are H-coercive. Let p be the positive constant
in (2.4), and let 5, and 5, be positive constants such that

(2.16) SollvllF: = do(v, v) = 84 ]v]|7, veV.
Then

) e frgl].
(2.17) ||T(t)||=(1+\/;+ 3 ) exp | —t 60+\/;+81 R 1=0.
Proof. For y>max {1/vp,2/8,}, define Qe L(E) as

[Gr+aviAR)  AGY
Q_[ I yI ]

(2.18)

Since Dy, is self-adjoint and nonnegative on V, Q is self-adjoint and coercive on E. It
is shown in [G6] that (QAz, z)r = — | z||% and that (2.17) holds. 0
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3. The optimal control problem. Section 3.1 presents some preliminary definitions
and results for the optimal linear-quadratic regulator problem on an arbitrary real
Hilbert space. These results are generic in the sense that the Hilbert space E is not
necessarily the energy space of § 2, and the operators A, B, etc., do not necessarily
represent an abstract flexible structure as in § 2. In the second half of the paper, having
such generic results will allow us to obtain the approximation theory for the infinite-
dimensional state estimator from the analogous results for the control problem. Section
3.2 gives some important implications of the general results for the case where the
control system is that defined in § 2. The proofs of the new results in this section (those
after Theorem 3.3) are technical and sometimes tedious. They are given in [G6].

3.1. The generic optimal regulator problem. Let a linear operator A generate a
C,-semigroup T(t) on a real Hilbert space E, and suppose Be L(R™, E), Qe L(E, E),
and Re L(R™), with Q nonnegative and self-adjoint and R positive definite and
symmetric. The optimal control problem on E is to choose the control u € L,(0,0; R™)
to minimize the cost functional

(3.1) J(2(0), u) = J (Qz(1), z(1))p +(Ru(t), u(1)) g) dt

where the state z(t) is given by

t
(3.2) z(t) = T(t)z(0)+I T(t—n)Bu(n) dn, t=0.
0
DEeFINITION 3.1. A function u € L,(0, co; U) is an admissible control for the initial
state z, or simply an admissible control for z, if J(z, u) is finite; i.e., if the state z(t)
corresponding to the control u(t) and the initial condition z(0) =z is in L,(0, co; E).
DEFINITION 3.2. Let the operators A, B, Q, and R be as defined above. An operator
II in L(E) is a solution of the Riccati algebraic equation if IT maps the domain of A
into the domain of A* and satisfies the Riccati algebraic equation

(3.3) A*TI+TIA—TIBR ' B*T1+ Q =0.

THEOREM 3.3 (Theorems 4.6 and 4.11 of [G4]). There exists a nonnegative self-
adjoint solution of the Riccati algebraic equation if and only if, for each z € E, there is
an admissible control for the initial state z. If Tl is the minimal nonnegative self-adjoint
solution of (3.3), then the unique control u( - ) that minimizes J(z, u) and the corresponding
optimal trajectory z(-) are given by

(3.4) u(t)=—R'B*TIz(1)

and

(3.5) z(t)=S(t)z

where S(t) is the semigroup generated by A— BR™'B*II. Also,
(3.6) J(z,u)=mvin J(z,v) =1z, z)g.

If, for each initial state and admissible control,
(3.7) lim [|z(2)[| =0,
1—>00
then there exists at most one nonnegative self-adjoint solution of (3.3). If Q is coercive,

then (3.7) holds for each initial state and admissible control and S(t) is uniformly
exponentially stable.
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We will refer to T(t) as the open-loop semigroup and to S(t) as the optimal
closed-loop semigroup.

To prepare for the convergence analysis in §§ 5 and 9, we now present some
estimates for the decay rate of the closed-loop system in the optimal control problem.

THEOREM 3.4. Suppose that the open-loop semigroup T(-) satisfies

(3.8) | T()|| =M, e, t=0,

for positive constants M, and a,, that 11 is the minimal nonnegative self-adjoint solution
to (3.3), and that S(t) is the optimal closed-loop semigroup in Theorem 3.3. If there exists
a constant M, such that, for each z € E,

(39) j 1S(0z]1 di = My((TTz 202 + [12]1)

0
and a constant M|, such that
(3.10) (T = Mg,

then there exist positive constants M, and «,, which are functions of M,, M, M,, and
a, only, such that

(3.11) IS(H|= M, e, t=0.

LEMMA 3.5. Suppose there exist positive constants M and « such that
(3.12) IT()||=Me™™, t=0.
If z(0) € E, he L,(0,00; E), and z(t) = T(t)z(0)+ [, T(t—s)h(s) ds, then

2

0 M M
. NO|I? dt = | —=|z(0)||+— ||k .
6.1 1o as| g+ M

LeMMA 3.6. Suppose that E is finite-dimensional and that the pair (Q, A) is observ-
able (in the usual finite-dimensional sense). Then there exists a constant M, which is a
function of A, B, and Q only, such that

(314 1o azm( [ oo, o+ o a)
where z(t) is given by (3.2).

The next theorem says, among other things, that if the open-loop control system
decouples into a finite-dimensional part that is stabilizable (in the usual finite-
dimensional sense) and an infinite-dimensional part that is uniformly exponentially
stable, then the entire system is uniformly exponentially stabilizable, so that (3.3) has
a nonnegative self-adjoint solution.

THeEOREM 3.7. Suppose that there exists a finite-dimensional subspace E,< D(A)
such that E, and Ej reduce A (and T(t)), and write

All 0 Bll Qll QIZ
3.15) A= [ ] , B= [ , =
( O A22 BZI Q Q;k2 QZZ
where A, and A,, are the restrictions of A to E, and D(A) < Eg , respectively. Similarly,
T, (1) 0
3.16 T t)=[ ! ]
(3:16) D=0 1.0
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Also, suppose that the pair (A,,, By,) is stabilizable and that there exist positive constants
M7, af, and B such that

(3.17) [T =M e, =0
and
(3.18) max {|| B|, || Q[} = B.

(i) Then there exists F € L(E, R™) such that A— BF generates a uniformly exponen-
tially stable semigroup on E. Also, (3.3) has a nonnegative self-adjoint solution, and the
minimal such solution satisfies (3.10) with M a function of A,,, B,;, R, M|, a!, and B
only.

(ii) If Q,»=0 and the pair (Q,,, A,;) is observable, then there exists a unique
nonnegative self-adjoint solution 11 to (3.3), and there exist positive constants M, and
a,—which depend on A,,, By, Q,,, R, M, o\, and B only—such that the optimal
closed-loop semigroup satisfies

(3.19) 1S(O||= M, e, t=0.

Remark 3.8. When we say in Theorem 3.4 that M, and «, are functions of
M,, My, M,, o, only, we mean, for example, that for two optimal control problems
on different spaces E, with different operators A, B, etc., if the same constants
M,, My, M,, and a, work in (3.8)-(3.10) for both problems, then the same constants
M, and a, will work in (3.11) for both problems. Similarly, in Theorem 3.7(ii), as long
as Ey, Ay, By, Qy1, R, M|, af, and B remain the same, the same M, and «, will work
in (3.19) even if Ey, A,,, B,,, and Q,, change.

3.2. Application to optimal control of flexible structures. For the rest of this section,
Ay, Ay, A, T(t), By, and B are the operators defined in §2.1, and E =V X H is the
energy space defined there.

Remark 3.9. Theorem 3.7 is useful mainly when all but a finite number of modes
have coercive damping in the open-loop system and the damped and undamped parts
of the open-loop system remain orthogonal. This is the case, for example, with modal
damping. The next theorem does not require orthogonality of the damped and un-
damped parts of the system, but it does require an independent actuator for each
undamped mode. The situation of Theorem 3.10 is typical in aerospace structures: any
elastic component should have some structural damping, but rigid-body modes are
common,; for a structure to be controllable, an actuator is required for each rigid-body
mode.

THEOREM 3.10. (i) Suppose that A, = B,B¥ and that Ay= A,+ A, and dy=d,+ A,
are H-coercive, so that there exist positive constants p, y, and 3 such that, for all ve 'V,

(3.20) o[V Zpllvll%,
(3.21) plloll = do(o, v) = y[o]%,
and

(3.22) max {|| Bo|, [|Q1l, [ R|I} = B.

(The V-continuity of d, implies the second inequality in (3.21).) Then (3.3) has a minimal
nonnegative self-adjoint solution I1, which satisfies (3.10) with M| a function of p, v,
and B only.

(i) Suppose also that

(3.23) (Qz, 2y =z p||z| 3, ze E.
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Then the optimal closed-loop semigroup satisfies
(3.24) IS(0)]| =M, e, t=0

where M, and a, are positive constants depending on p, y, and 3 only.
Now we will consider the structure of the optimal control law in more detail.
Since IT€ L(E, E) and E = V x H, we can write

11, Hl]

2 II=
(3.25) [Hi" I,

where Tloe L(V, V), Il € L(H, V), II,e L(H, H), and II, and II, are nonnegative and
self-adjoint. With z = (x, X), as in § 2, (3.4) becomes

(3.26) u(t)=—R'B¥II§x(t)+ILx(1)].

Since Bye L(R™, H), we must have vectors b;€ H, 1 =i=m, such that

m

(3.27) Byu=Y bu; foru=[uu, - u,] €R™.

Also, for he H,
(3.28) Bg<h = [<b17 hy by, hyp - - - (b, h)H]Tv

Since IT§x(¢) and I1,%x(t) are elements of H, we see from (3.26) and (3.28) that the
components of the optimal control have the feedback form

(3.29) u;(t)=—f, x(t))y —<&i, (), i=1,---,m

where f;e V and g;€ H are given by
(3.30) fi= Z (R—l)ijnlbjy 8= Z (R_l)inija i=1,---,m
j=1 j=1

We call f; and g; functional gains.

4. The approximation scheme.

4.1. Approximation of the open-loop system.

Hypothesis 4.1. There exists a sequence of finite-dimensional subspaces V, of V
such that the sequence of orthogonal projections Py, converges V-strongly to the
identity where Py, is the V-projection onto V,. Also, each V, is the span of n linearly
independent vectors e;.

Since it should cause no confusion, we will omit the subscript n and write just
e;, keeping in mind that the basis vectors may change from one V, to another, as in
most finite-element schemes. Also, we will refer to the Hilbert space E, =V, X V,,
which has the same inner product as E =V x H.

For n=1, we approximate x(t) by

(4.1 x(0= % &g

where £(t) = (&,(1), &(), - - -, £.(1)) T satisfies
(4.2) M"E(1)+D"é(1)+ K"&(t) = Byu(t),
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and the mass matrix M", damping matrix D", stifiness matrix K", and actuator
influence matrix Bj are given by

M"=[(e, e)ul,  D"=[d(e, )],
(4.3) K"=[(A)%e;, Ai*eyn]=[(ei, ¢)v]=[(Asei, ),

By =[(e;, bj)u]l.

Of course, (4.2) can be written as

(4.2") n=A"n+B"u
where
(4.4) n=[&", 71"
and
0 I 0
4. "= B" = .
( 5) A [_M—nKn _M—HDH]’ [M—HB(Y)':I

(Note. Throughout this paper, we use the superscript n in the designation of matrices
in the nth approximating system and control problem such as A", B", M", etc. Hence
the superscript n indicates the order of approximation—it never indicates a power of
the matrix. By M ", we denote the inverse of the mass matrix M".

In the designation of a linear operator in the nth approximation, we use the
subscript n. For example, A, and B, are the operators whose matrix representations
are A" and B", respectively.)

For convergence analysis, it is useful to note that (4.1) and (4.2) or (4.2") are
equivalent to

(4.6) Z,(t) = A,z (1) + B,u(t)

where z, =(x,, X,)€ E,,, and A, € L(E,) and B,e L(R™, E,) are the operators whose
matrix representations are given in (4.5). Also, for any real A,

v, ] [hn
47 -] ]

is equivalent to

(4.8) (A’M"+AD"+K")a'=(AM"+D"B'+ M"B>

and

(4.9) a’=Aa'—pB'

if

(4.10) vi=Y ale and hi=Y Ble, j=1,2.
i=1 i=1

Next, we will prepare to invoke the Trotter-Kato semigroup approximation
theorem to show how (4.2), (4.2'), and (4.6) approximate (2.1) and (2.14). First, we
will treat the case in which A, is coercive (no rigid-body modes), so that A, =0 and
A, = Ay; the general case is a straightforward extension. For A, coercive, the open-loop
semigroup generator A is maximal dissipative. Also, for each n, A, is dissipative on
E,. The main idea here is to project (A —A)~"' onto V,, in a certain inner product and
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observe that the result is exactly (A —A,)”", where A, is the operator on E, in (4.6)
and (4.7). Of course, we need only do this for real A > 0.
For real A >0 then, define an inner product on V by

(4.11) (M =A%, T Ade( -, )+ (-, v
Under the hypotheses in § 2 on d, (-, ), is norm-equivalent to (-, -),. For n=1, let

P,()) be the projection of V onto V, in the inner product (-, -),. Now let h,, h,e H
and note that

(4.12) (A—A)[Zz] =[:z]

is equivalent to

2w Bl

With A™' from (2.10), (4.13) is equivalent to

(4.14) (I+ADy+A2A N0 = (MAG + Dy )h' + Ay ' h?
and

(4.15) va=Av'—h'.

If

(4.16) vl=P,(M)v' and vi=P, (1)

it follows from (4.11) and (4.14) that
(e, vayr =A% e;, ApAy' vy + A (e;, Dy0')y +{(e;, ')y
@1 =(e;, (AAy'+ Dy)h'+ A5 h?)y,
and from (4.15) that
(4.18) (€, v30x = (e, 070, = A(e;, ')y — (e, h'),.

Now, for h'=hle V,, h®*=h2eV,, and v}, v5, h! and h? written as in (4.10), (4.17)
and (4.18) yield (4.8) and (4.9) again.
This shows that

P,(A) 0 ] . .
4.19 A—A =(A—A4,),
(4.19) [ o poy A e =(-4)
which yields
P,(x) 0 ] - -
4.20 A—A) Py, =(A—A,) Pg,
(4.20) [ o poy A Pa=-A) P
where Py, is the E-projection of E onto E,. The projection P, can be written
PV" O
4.21 Pp, =
( ) " [ 0 PHn]

where Py, is the V-projection onto V,, as before, and Py, is the H-projection onto
V.. Since the V-norm is stronger than the H-norm and the norm induced by the A-inner
product is equivalent to the V-norm, it follows from Hypothesis 4.1 that (A —A,,) "' Py,
converges E-strongly to (A —A) ' as n—>0o0. Now, with A, extended to E, as, say
n(Pg,— I), the Trotter-Kato Theorem [K1, Thm. 2.16, p. 504] yields the following.
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THEOREM 4.2. For A, coercive, let T,(-) be the (contraction) semigroup generated
on E, by A,. Then, for each t=0, T,(t)Pg, converges strongly to T(t), uniformly in t
for t in bounded intervals.

In the general case, when A, is not coercive, the open-loop generator A is obtained
from the dissipative A by the bounded perturbation in (2.12) so that [G3, Thm. 6.6]
yields the following generalization of Theorem 4.2.

CoROLLARY 4.3. Let T,(-) be the semigroup generated on E, by A,.. Then, for each
t=0, T,(t) Pg, converges strongly to T(t), uniformly in t for t in bounded intervals.

THEOREM 4.4. When A has compact resolvent, (A — A,) ' Py, converges in L(E) to
(A=A

Proof. This follows from (4.20) and a standard result that the projections of a
compact linear operator onto a sequence of subspaces converge in norm if the projec-
tions converge strongly to the identity, as do Pg, and P,(A). 0

That the adjoint semigroups also converge strongly follows from an argument
entirely analogous to the proof of Theorem 4.2. In particular, equations such as
(4.11)-(4.17) are used to show that

[P,,()\) 0

(4.22) o P

]()\ *A*)_IPEn‘;()l_Aﬁ)_IPEm
In showing this, A™* is used as A~' was used previously. Also, care must be taken to
calculate A¥ with respect to the E-inner product. The results is Theorem 4.5.
THEOREM 4.5. Let T,(-) be the sequence of semigroups in Corollary 4.3. Then, for
each t=0, T*(t)Pg, converges strongly to T*(t), uniformly in t for t in bounded
intervals.
Finally, for the approximation to the actuator influence operator Be L(R™, E),
recall B,€ L(R™, E,), the operator whose matrix representation is the matrix B" in
(4.5). From (4.3), it follows that

(4.23) B, = Pg,B.
Since B has finite rank m, B, and B} converge in norm to B and B*, respectively.

4.2. The approximating optimal control problems. The nth optimal control problem
is as follows. Given z,(0) = (x,(0), x,(0)) € E,, choose u € L,(0,0; R™) to minimize

(4.24) Ju(2,(0), u) = J ((Qnza(1), 2, (1)) g +(Ru(1), u(t))rm) dt,
0

where Q, = PE,,Q[E,,. We assume the following hypothesis.

Hypothesis 4.6. For each n=1 and z,(0) € E,,, there exists an admissible control
(Definition 3.1) for (4.6) and (4.24).

A sufficient condition for Hypothesis 4.6 is that, for each n, the system (A,, B,)
be stabilizable.

By Theorem 3.3, the optimal control u,(¢) has the feedback form

(4.25) u,(t)=—R 'B¥1,z,(t)

where I1,, is a linear operator on E,,, I1, is nonnegative and self-adjoint, and II,, satisfies
the Riccati equation

(4.26) A, +M,A,-1,B,R™'BI,+Q,=0.

As a result of Hypothesis 4.6, (4.26) has at least one nonnegative, self-adjoint solution.
The minimal such solution is the correct II,, here. If the system (A,,, Q,) is observable,
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then IT,, is the unique nonnegative, self-adjoint solution to (4.26) and is positive definite.
If we write II,, as

I—I:On I—Ilnil
4.27 Im, = >
( ) |:H>lkn HZn
then (4.25) becomes
(4.28) u, (1) = —R7'BF[IIT,x, (1) +T1,,%, (1)].

The feedback law (4.28) can be written in functional-feedback form, just as in
§ 3. We have

(429) un(t):[uln(t)uZn(t) e umn(t)]T
where
(430) uin(t)z—<ﬁnaxn(t)>V_<gin>xn(t)>H7 lélémy
and
(4.31a) fin=Y (RTH,IL,,Pu,b, 1=i=m,
j=1
(4.31b) g,‘nz Z (R—l)inZnPHnbj, léiém.
j=1

iz
Of course, f, and g, are the nth approximations to the functional gains f; and g; in
(3.30).

For numerical solution of the nth problem, we need the matrix representations
of these equations. We begin with the following Grammian matrices:

(4.32) K"=[e;, e)v]1=K"+[(A,e;, €)u]
and
(4.33) w"= K O"].

) M

(Note. The matrix W™ " will be the inverse of W".)
Now recall Q, = Pg,Q|g,. Since Q= Q*e L(E) and E = V x H, we can write

[ Qo Ql]
QT Q,

where Qo= Qf e L(V), Q,€ L(H, V), and Q,= Q% € L(H). Straightforward calculation
shows that

(4.34) Q=

(4.35) Q' =w"Q"
where Q" is the matrix representation of Q, and Q~" is the nonnegative, symmetric matrix
<, _[ Q5 OF
(4.36) Q"= [ ~n ~
Qs
with

(4.37) Qi =[e:, Quedv], Qi=[le;, Quepv]l, 0% =[(e:, Qreyn].

Also, recall that A, and B, are the operators whose matrix representations are given
by (4.5), and note that the matrix representations of A* and B* are W "(A")"W"
and (B")TW", respectively.
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With the matrix representation of IT,, denoted by I1", the Riccati operator equation
(4.26) is equivalent to the Riccati matrix equation

(4.38) WA TW'TI"+IT"A"-TI"B"R (B "W"L"+ Q" =0.

While II,, is self-adjoint, II" in general is not symmetric, but the matrix

~

(4.39) fi"=wrn”

is symmetric and nonnegative, and positive definite if IT, is. Premultiplying (4.38) by
W", we obtain

(4.40) (AMTI"+11"A"-T1"B"R '(B") 1"+ Q" =0,

which is the Riccati matrix equation to be solved numerically.

Now we need one more set of matrix equations for the numerical solution of the
nth optimal control problem. Since the functional gains f;, and g;, are elements of V,,
they can be written as

(441) f;'n= Z B[/‘e[ and gin: Z Bjiej, l: 17 T, m
Jj=1 Jj=1

where B, B% € R". Partitioning IT" as in (4.27) and working out the matrix representa-
tion of (4.31), we obtain

I:'gf. lgfz '3/;,.]
Bgl Bgz Bgm

See [G6] for a derivation of (4.42) that is more natural in terms of finite-dimensional
control theory.

(4.42) =W 1"B"R™".

5. Convergence. As in §3, §5.1 will state some results for the optimal linear
regulator problem involving generic linear operators A, B, Q, etc., on an arbitrary real
Hilbert space E, and § 5.2 will expand on these results for the particular class of control
problems treated in this paper. The proofs of the results in this section are given in [G6].

5.1. Generic approximation results. Let the Hilbert space E and the linear
operators A, T(-), B, Q, and R be as in § 3. Suppose that there is a sequence of
finite-dimensional subspaces E,, with the projection of E onto E, denoted by Pg,,
such that Pg, converges strongly to the identity as n - 00, and suppose that there exist
sequences of operators A, € L(E,), B, L(R™ E,), Q,= Q¥e L(E,), Q, =0, such that
we have the following strong convergence. For all ze E and t=0,

(5.1) exp (A1) Pg,z> T(t)z and exp (Akt)Pg,z—> T*(t)z
as n - oo, uniformly in ¢ for ¢ in bounded intervals; for each ue R™,
(5.2) B,u- Bu;

for each z€ E,

(5.3) QuPenz > Qz.

THEOREM 5.1. Suppose that for each n there is a nonnegative, self-adjoint linear
operator 1, on E, that satisfies the Riccati algebraic equation

(5.4) A*1,+11,A,—11,B,R "B, + Q, =0.
If there exist positive constants M and B, independent of n, such that

(5.5) lexp ([A, — B,R 'BiI,]t)||=Me ™, =0,
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and if ||IL,,| is bounded uniformly in n, then the Riccati algebraic equation (3.3) has a
nonnegative self-adjoint solution 11, and, for each z € E,

(5.6) ,Pe,z->Tlz
and
(5.7) exp ([A, — B,R™'B¥I1,]t) Pg,z~> S(t)z

uniformly in t=0, where S(-) is the semigroup generated by A— BR™'B*II. If there
exists a positive constant 8, independent of n, such that

(5.8) Q. =5,

then ||I1,| being bounded uniformly in n guarantees the existence of positive constants
M and B for which (5.5) holds for all n.

THEOREM 5.2. The strong convergence in (5.6) implies uniform norm convergence
of the optimal feedback laws:

(5.9) | BETL, Py, — B*TI|| >0 asn-co.

THEOREM 5.3. Assume the hypotheses of Theorem 5.1 but do not assume (5.5) or
(5.8). If |11,,|| is bounded uniformly in n, then the Riccati algebraic equation (3.3) has
a nonnegative self-adjoint solution 11 and, for each z € E, 11,Pg,z converges weakly to
Iz

5.2. Convergence of the approximating optimal control problems of § 4.2. For the
rest of this section, A, A,, A, T(t), By, and B are the operators defined in § 2. The
operators A,, B,, Q,, and II, are the operators in the approximation scheme of § 4.
Also, ITe L(E,, E,) is the minimal nonnegative, self-adjoint solution of the Riccati
operator equation (4.26). According to Corollary 4.3 and Theorem 4.5, the Ritz-
Galerkin approximation scheme presented in § 4.1 converges as required in (5.1); (5.2)
and (5.3) follow from (4.23) and the definition Q, = P, Q|, in § 4.2. Also, Hypothesis
4.6 guarantees for each n the existence of the required solution of the Riccati equation
(5.4) in Theorem 5.1.

Since II, is nonnegative and self-adjoint, its eigenvalues, which are also the
eigenvalues of its matrix representation, are real and nonnegative, and its norm is
equal to its maximum eigenvalue.

THEOREM 5.4. If Q is E-coercive and dy=0 (i.e., there is no open-loop damping),
then there is no nonnegative self-adjoint solution of the Riccati operator equation (3.3), and

(5.10) T, || > asn-co.

THEOREM 5.5. Suppose that A, and dy( -, ) are both H-coercive. Then there exist
positive constants M, and «,, independent of n, such that

(5.11) exp[A ]| =M, e ', t=0.
P

THEOREM 5.6. Suppose that A, has an invariant subspace V, that is also invariant
under the damping map Dy, that E,= V,X V, is a stabilizable subspace for the control
system, and that the restrictions of A, and dy(-, ) to Vi are both H-coercive. Also,
suppose that V,, has finite dimension n, and that, for each n = n, in the approximation
scheme, the first n, e;’s span V, and the rest are orthogonal to V, in both V and H.

(i) Then (3.3) has a nonnegative self-adjoint solution I1, and for each n = n,, (5.4)
has a nonnegative self-adjoint solution 11,.. Also, 1, is bounded uniformly in n, so that
I1,, converges to I1 weakly, as in Theorem 5.3.
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(ii) If E, and E; (the E-orthogonal complement of E,) are invariant under Q, and
if the part of the open-loop system on E, is observable with the measurement Qz, then
(5.5)-(5.7) hold as in Theorem 5.1.

Remark 5.7. In applications, the subspace V, in Theorem 5.6 usually contains
rigid-body modes. The theorem includes the case where both A, and d, are H-coercive
on all of V (no rigid-body modes and all modes damped). In this case, Vj is the trivial
subspace.

Remark 5.8. Otherwise, for applications to flexible structures, Theorem 5.6 usually
requires two things: first, modal damping must be modeled for the structure, so that
the natural modes remain uncoupled in the open-loop system; second, the natural
mode shapes must be used for the basis functions in the approximating optimal control
problems. Although these requirements may seem restrictive from a mathematical
standpoint, such modeling and approximation predominate in engineering practice.
Also, we get our strongest convergence results under these conditions. For applications
where the basis vectors are not the natural mode shapes, the following theorem is
useful.

THEOREM 5.9. Suppose that Ay+ ByB¢ and d,+ B,B§ are H-coercive. Then (3.3)
has a nonnegative solution I, for each n (5.4) has a nonnegative self-adjoint solution
I1,, and |1, | is bounded uniformly in n. Hence, Theorem 5.3 applies. Furthermore, if
Q is E-coercive, then (5.5)-(5.8) hold in Theorem 5.1.

THeOREM 5.10. If (5.6) holds for each z € E, then

(5.12) Ifin=fillv >0, lgn—gillu>0 asn-oo
where f; and g; are the functional gains in (3.32), and f,, and g, are the approximating
functional gains in (4.31) and (4.41).

Note that (5.9) and (5.12) are equivalent.

6. Example.

6.1. The control system. One end of the uniform Euler-Bernoulli beam in Fig. 6.1
and Table 6.1 is attached rigidly (cantilevered) to a rigid hub (disc), which is free to
rotate about its center, point 0, which is fixed. Also, a point mass m, is attached to
the other end of the beam. The control is a torque u applied to the disc, and all motion
is in the plane.

The angle 6 represents the rotation of the disc (the rigid-body mode), w(s, s) is
the elastic deflection of the beam from the rigid-body position, and w,(#) is the
displacement of m, from the rigid-body position. For technical reasons, we do not yet
impose the condition w,(t) = w(t, I); more will be said on this later.

F1G. 6.1. Control system.
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TABLE 6.1
Structural data.

r = hub radius 10in
| =beam length 100 in
I,=hub moment of inertia about axis
perpendicular to page through 0 100 slug in?
m;, =beam mass per unit length .01 slug/in
m, = tip mass 1slug
EI = product of elastic modulus and
second moment of cross section for beam 13,333 slug in’/sec?
fundamental frequency of undamped structure 9672 rad/sec

The control problem is to stabilize rigid-body motions and linear (small) transverse
elastic vibrations about the state § =0 and w =0. Our linear model assumes not only
that the elastic deflection of the beam is linear but also that the axial inertial force
produced by the rigid-body angular velocity has negligible effect on the bending stiffness
of the beam. The rigid-body angle need not be small.

For this example, it is a straightforward exercise to derive the three coupled
differential equations of motion in 6, w, and w,, and they do have the form (2.1').
However, to emphasize the fact that we do not use the explicit partial differential
equations, we will not w-ite these equations here. Rather, we will write only what is
normally needed in applications: the kinetic and strain-energy functionals, the damping
functional, and the actuator influence operator.

Remark 2.1 applies to this example, and to most examples with complex structures.
The generalized displacement vector is

(6.1) x=(6,w,w,)e Hy=R x L,(0,])x R.
The kinetic energy in the system is
(6.2) Kinetic Energy = 5(x, X);

where H is H, with the inner product

1

(x, &y =my J [w+(r+s)01[w+(r+s)8] ds+ 1,00 + m,[w, + (r+1)6]
(6.3) ’ .
Wy (r+ 1]

As in most applications, we need not write the mass operator explicitly, but there exists
a unique self-adjoint linear operator M, on H, such that

(6.4) (X, Xy = (MoXx, 55)1—10-
It is easy to see that M, is bounded and coercive. Hence H, and H have equivalent
norms. The input operator for (2.1') (which maps R to H,) is
(6.5) B,=(1,0,0).
Remark 2.2 also applies here. The only strain energy is in the beam and is given
by
(6.6) Strain Energy =3a(x, x)
with

i

(6.7) a(x,X)=EI j w'w" ds

0
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where (+)"=0%(+)/ds*(+). To make a(-, ) into an inner product, we must account for
rigid-body rotation. Thus we set

(6.8) (x, £)y = a(x, )+ 06

and define

(6.9) V={x=(6, ¢, $(1)): ¢ € H*(0,1), $(0) = ¢'(0) = 0}.
Also, we have

(6.10) (x, X)y = a(x, X) +(ByBix, X)y,

so that A, = B,B¥. But we need neither A, nor A, explicitly. We need only (6.7) and
(6.8), along with (6.3), to compute the required inner products.

We assume that the beam has Voigt-Kelvin viscoelastic damping [C2], so that
the damping operator in (2.1) is

(6.11) D, = cyA,
where ¢, is a constant. This means that the damping functional is
(6.12) dy(x, X) = cpa(x, X), x,XxeV.

6.2. The optimal control problem. We take Q=1 in the performance index in
(3.1). This means that the state weighting term (Qz, z)g is twice the total energy in the
structure plus the square of the rigid-body rotation. Since there is one input, the control
weighting R is a scalar.

According to (3.31), the optimal control has the feedback form

(6.13) u(t)=—(fx(t)y —(& X(t)Hu

where x(t) has the form (6.1), and

(6.14)  f=(ay, ¢y, B))=R 'T|Bye, g=(a,, ¢y, Bg) =R 'T,By€ H.
Note that B, = ¢,(I) is not used in the control law—recall (6.7) and (6.8).

6.3. Approximation. Our approximation of the distributed model of the structure
is based on a finite-element approximation of the beam that uses Hermite cubic splines
as basis functions [S1], [S4]. Because the basis vectors ¢; in the approximation scheme
in § 4 must be in the space V defined in (6.9), we write them as

(6.15) e,=(1,0,0), ¢=(0,¢;, ¢;(1)), j=2,3,--"

where the ¢,’s are the cubic splines. When we use n, elements to approximate the
beam, there are 2n, linearly independent splines. Thus, with the rigid-body mode, the
order of approximation is n =2n,+1.

For the numerical solution to the optimal control problem, we have only to plug
into the formulas of § 4. The matrices in (4.3) are calculated according to (6.3), (6.7),
and (6.8), with B, given by (6.5). The matrices A” and B" are given by (4.5) and, since
Q = I, the matrix (}" is the W" in (4.33). With these matrices, we solve the Riccati
equation (4.40) and use (4.41) and (4.45) to compute the approximations to the
functional gains, which are

(6~16) fn:(a_f'n, ¢t'n5Bfn), gn=(agna d)gn,Bgn)'

For convergence, we satisfy all the hypotheses of Theorem 5.9. In particular, since
Q is the identity on E, it is coercive. Theorem 5.9 implies that the solutions to the
finite-dimensional Riccati equations converge as in Theorem 5.1 and that the functional
control gains converge as in Theorem 5.10.
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6.4. Numerical results. Figures 6.2(a) and 6.2(b) show the computed functional
gain kernels ¢}, and ¢,, for the damping coefficient c,=10"*, the control weighting
R =.05,and n,=4, 6, 8, and 10 beam elements. Table 6.2 lists the corresponding scalar
components of the gains. We have plotted ¢}, because the second derivative appears
in the strain-energy inner product in (6.7) and (6.8) and ¢, converges in H*(0, I).
Note that, since the Hermite cubic splines have discontinuous second derivatives at
the nodes, the approximations to ¢; are discontinuous at the nodes. Although
H’-convergence guarantees only L,-convergence for ¢/, it can be shown that ¢,
converges uniformly on [0, /] for this problem.

Tables 6.2 and 6.3 omit B, to emphasize the fact that it does not appear in the
feedback law and the fact that the convergence of B, is not an independent piece of
information about the convergence of the control gains; since ¢.,,(0) = ¢5,(0) =0, the
convergence of ¢, implies the convergence of B, = ¢y, (). On the other hand, although
Ben = ¢ga(1) for each n, the H-norm convergence of g, does not enforce this condition
in the limit, as the V-norm convergence of f, enforces B, = ¢,(I). Hence, as far as we
can tell from our results in §§ 3 and 5, By, is an independent indicator of the convergence
of the control gains, as well as being used in the control law in (6.13). However, the
behavior of ¢,, in Fig. 6.2(b) suggests that g, converges in V. Stronger results on the
continuity of ¢, and the convergence of ¢,,(!) should follow from a theorem stating
that, because the open-loop semigroup generator A is analytic, the solution to the
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FIG. 6.2(a). Functional control gain component ¢7,. Damping coefficient c,= 10™*; control weighting
R =.0S; number of elements n, =4, 6, 8, 10.

F1G. 6.2(b). Functional control gain component ¢,,. Damping coefficient c,= 107%; control weighting
R =.05; number of elements n, =4, 6, 8, 10.

TABLE 6.2
Scalar components of functional control gains. Damping coefficient ¢, = 10"*; control weight R = .05.

ne Ay Qgp Bgn

4 4.4721 1.2440 —133.87
6 4.4721 1.2973 —139.69
8 4.4721 1.3106 —141.15
10 4.4721 1.3141 —141.54
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infinite-dimensional Riccati equation maps all of E into D(A*). The fact that ¢},(I)
converges to zero in Fig. 6.2(a) also suggests such a theorem, but we have not
proved it.

With the state weighting Q fixed, the two factors that determine the rate of
convergence are ¢, and R. Although we have used splines to approximate the beam,
the relation between the convergence rate and ¢, and R probably can be interpreted
best in terms of the number of natural modes of the structure that the optimal
infinite-dimensional controller really controls. Strictly speaking, the controller controls
all modes, but the functional gains lie essentially in the span of some finite number
of modes. This would be the number of modes required for convergence of the gains
if we used the natural modes as the basis vectors in the approximation. The rest of
the modes are practically (but not exactly) orthogonal to the functional gains, so that
the optimal feedback law essentially ignores them. In general, the lighter the damping,
the more modes that will be controlled for given Q and R; the cheaper the control,
the more modes that will be controlled for given Q and ¢,. The question of the
convergence of the finite-element approximation to the functional gains then becomes
a question of how many modes the optimal control really wants and how many elements
it takes to approximate those modes.

Numerical experience with optimal control of flexible structures has shown this
modal interpretation of the convergence of the approximating control laws to be very
useful, and that it is difficult to improve on the natural modes as basis vectors for the
approximation scheme (see [G5]). However, whether the natural modes are always or
almost always the best basis vectors is an open question. We use the cubic splines here
to demonstrate that a standard finite-element approximation works quite well. Also,
to use the natural modes as basis vectors here, we first would have to compute them
using a finite-element approximation—as in most real problems—and we do not know
in advance which or how many modes are needed. On the other hand, if the most
important natural modes are determined from experiment, then modal approximation
should be best.

Figures 6.3(a) and 6.3(b) and Table 6.3 represent attempts to compute an optimal
control law for the structure when R =.05 but ¢,= 0. Since Q is the identity operator
in E and hence coercive, Theorem 5.4 says that no optimal control law exists and that
the norm of the solution to the finite-dimensional Riccati equation grows without
bound as the number of elements increases. This is reflected in the nonconvergence
of ag,, ¢g,, and By, , although ay, converges and the convergence of ¢7, is unclear.

TABLE 6.3
Scalar components of functional control gains. Zero damping; control weighting R = .05.

n, ag, g, Ben

2 4.4721 1.0516 —112.23
3 4.4721 1.3061 —140.18
4 4.4721 1.4758 —159.11
5 4.4721 1.5996 —172.64
8 4.4721 1.8407 —199.39

In applications where the structural damping is not known, except that it is very
light, it is tempting and not uncommon engineering practice to assume zero damping
in the design of a control law for the first few modes, while trusting whatever damping
is in the higher modes to take care of them. However, if high performance requirements
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F1G. 6.3(a). Functional control gain component ¢, . Zero damping; control weighting R =.05; number
of elements n,=2, 3, 4, 5, 8.

FI1G. 6.3(b). Functional control gain component ¢, . Zero damping; control weighting R =.05; number
of elements n, =2, 3, 4, 5, 8.

(large Q) or coupling between modes in the closed-loop system necessitate a control
law based on a more accurate approximation of the structure, Theorem 5.4 and the
current example warn that the higher-order control laws are likely to be meaningless
and rather strange if no damping is modeled.

We should note that we have seen similar problems [G10] where II, remains
bounded and the gains converge for zero damping but finite-rank Q. In such cases,
Theorem 5.3 says that an optimal control law exists for the distributed model of the
structure and that the finite-dimensional control laws converge to an optimal infinite-
dimensional control law. Also, Balakrishnan [B2] has shown that an infinite-
dimensional optimal control law exists for no damping when Q = BB*.

7. The optimal infinite-dimensional estimator, compensator, and closed-loop system.
7.1. The generic problem. Let A, T(t), and B be as in § 3.1, with E an arbitrary
real Hilbert space. The differential equation corresponding to (3.2) is, of course,

(7.1) Z(t) = Az(t)+ Bu(t), t>0.
We assume that we have a p-dimensional measurement vector y(t) given by
(7.2) y(t) = Cou(t)+ Cz(t)

where Cye L(R™, R”) and C eAL(E, R?”) for some positive integer p.
DeriNITION 7.1. For any Fe L(R", E), the system

(7.3) 2(6)=A2(1)+ Bu(1)+ F[ y(1) — Cou(1) - C3(1)], >0,

will be called an observAer, or estimator (we use the terms interchangeably) for the
system (7.1)-(7.2). Let S(t) be the semigroup generated by A— FC. The observer in
(7.3) is strongly (uniformly exponentially) stable if §(t) is strongly (uniformly exponen-
tially) stable.

To justify this definition, we write

(7.4) e(t)=z(t)—2(1)
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and, with (7.1)-(7.3), obtain
(7.5) e(t)=S(0)e(0), t=0.

Of course, an observer, or estimator, is necessary because the full state z(¢) will
not be available for direct feedback, and the feedback control must be based on an
estimate of z(7). When, as in this paper, the desired control law has the form

(7.6) u(t) =—Fz(t)

for some Fe L(E, R™), the observer in (7.3) can be used to construct Z(¢) from the
measurement in (7.2) and then the control law in (7.6) can be applied to Z(t). The
control applied to the system is then

(7.7) u(t) =—F2(1),
and the resulting closed-loop system is
0
(7.8) [jg;] = (1) [EEO;] t=0

where S,(?) is the semigroup generated on E X E by the operator

A —BF
(7.9) Ao = [ﬁc [A—BF - ﬁC]] , D(A..) = D(A)x D(A).

With the estimator error e(t) defined by (7.4), it is easy to show that (7.8) is
equivalent to (7.5) and

(7.10) z(t)=(A— BF)z(t)+ BFe(t), t>0

where (A — BF) generates a semigroup S(f) on E. Also, it is easy to prove the following.
THEOREM 7.2. Suppose that there exist positive constants M,, M, a,, and a, such
that

(7.11) IS(H|=M, e, |S()|=M,e ', 1=0.

Then, for each real a;<min{a,, a,}, there exists a constant M, such that
(7.12) Sl )| = Ms e ', t=0.

Also,

(7.13) 0(Aww) = 0(A—BF)Ua(A-FC)

where 0(Aww) is the spectrum of A -
The observer in (7.3) and the control law in (7.7) constitute a compensator for
the control system in (7.1) and (7.2). The transfer function of this compensator is

(7.14) ®(s)=-F(sI-[A—BF+F(C,F-C)])'F,

which is an m x p matrix function of the complex variable s. When E has infinite
dimension, the compensator transfer function is irrational, except in degenerate, usually
unimportant cases.

The foregoing definitions of this section and Theorem 7.2 are straightforward
generalizations to infinite dimensions of observer-controller results in finite dimensions.
Balas [B3] and Schumacher [S2] have used similar extensions.

Now suppose that F is chosen as

A A

(7.15) F=TIC*R™’



24 J. S. GIBSON AND A. ADAMIAN

where TTe L(E, E) is the minimal nonnegative self-adjoint solution to the Riccati
equation

(7.16) ATT+TIA*-TIC*R'CTi+ O =0,

with éeL(E E) nonnegative and self-adjoint and ReL(R”, R") symmetric and
posmve definite. Theorem 3.3 (with A, B, Q,RII,and S(t) replaced by A*, C* Q R 1I,
and S*(t)) gives sufficient conditions for 11 to exist and for the semlgroup S*(t)—and
equivalently its adjoint, the S(t) generated by A— IC*R'C—to be uniformly
exponentially stable.

DEeFINITION 7.3. When the control gain operator is

(7.17) F=R'B*I,

with IT the solution to the Riccati equation (3.3) and the observer gain operator is
given by (7.15) and (7.16), we will call the compensator consisting of the observer in
(7.3) and the control law in (7.7) the optimal infinite-dimensional compensator, and
(7.8) the optimal closed-loop system. (See Fig. 7.1.)

Az + Bu

Ne
"

<
[

= Cou + Cz

Control System

7= [A-BF-E(COF-C)]E + Fy

u=-Fz

Optimal Infinite Dimensional Compensator

Fi1G. 7.1. Optimal closed-loop system.

Remark 7.4. The infinite-dimensional observer defined by (7.3), (7.15), and (7.16)
is the optimal estimator for the stochastic version of (7.1) and (7.2) when (7.1) is
disturbed by a stationary Gaussian white noise process with zero mean and covariance
operator é and the measurement in (7.2) is contaminated by similar noise with
covariance R. For infinite-dimensional stochastic estimation and control, see [B1],
[C4]. When the state weighting operator Q in (3.1) is trace class, the optimal infinite-
dimensional compensator minimizes the time-average of the expected steady-state
value of the integrand in (3.1). Existing theory for stochastic control of infinite-
dimensional systems requires trace-class Q, but we have a well-defined compensator
for any bounded nonnegative self-adjoint Q and Q, as long as the solutions to the
Riccati equations exist. As the next two sections show (without assuming trace-class
Q) the infinite-dimensional compensator is the limit of a sequence of finite-dimensional
compensators, each of which can be interpreted as an optimal LQG compensator for
a finite-dimensional model of the structure. Therefore, we do not require trace-class
Q in our definition of the optimal compensator, even though this compensator solves
a precise optimization problem only when Q is trace class.
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This paper is concerned primarily with how the finite-dimensional compensators
converge to the infinite-dimensional compensator, and the analysis of this convergence
requires only the theory of infinite-dimensional Riccati equations for deterministic
optimal control problems and the corresponding approximation theory. While the
stochastic interpretation of the infinite-dimensional compensator and, in § 8.2, of the
finite-dimensional estimators should be motivational, nothing in the rest of the paper
depends on a stochastic formulation. We assume that the operators Q, R, é, and R
are determined by some design criteria. In many engineering applications, deterministic
criteria such as the stability margin and robustness of the closed-loop system, rather
than a stochastic performance index and an assumed noise model, govern the choice
of Q,R, O, and R.

7.2. Application to structures. For the rest of the paper, E =V x H as in § 2, and
A and B are the operators defined there.
The measurement operator C in (7.2) now must have the form

(7.18) C=[C, (]

where C,e L(V, R”) and C,e L(H, R"). Hence, if we denote by (C(x, x)); the ith
component to the p-vector C(x, x), for (x, x) € E, then there must exist ¢;;€ V and
¢; € H such that

(7.19) (C(x, %)) =(Cyi, X)y +(Csi, Xy,  i=1,"++,p.
Also, the estimator gain operator F is given by

(7.20) Fy= él (fir 83

1

fory=[y,y,- - y,,]Te R?”, where the functional estimator gainsﬁ and g; are elements
of V and H, respectively.
For the optimal estimator gains, we can partition II as

. [1d, I‘L]
721 H= A A
721 [n;k fi,
and use (7.15) and (7.19) to get

p A A

(7.22a) fi= ¥ (R); (e, +11,cy)),
j=1
14 A A A
(7.22b) g&=X (R—l)ij(nikclj_‘_nzoy)a i=1,2,---,p.
j=1
Now let us partition é as in (4.34):
(7.23) é:[?i Q‘].
Qf O

In the optimal control problem, we almost always have a nonzero Q, because this
operator penalizes the generalized displacement. For the results in this paper, éo can
be nonzero in the observer problem, and, as in the control problem, some of the
strongest convergence results for finitg-dimensional approximations can be proved
only for coercive O However, if the observer is to be thought of as an optimal filter,
then é should be the covariance operator of the noise that disturbs (2.1). In this case,
(jo*—-O and é,zO.
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8. Approximation of the infinite-dimensional estimator.

8.1. The approximating finite-dimensional estimators. Here, the scheme for the
approximation of the flexible structure is that in § 4.

Hypothesis 8.1. There exists a sequence C, € L(E,, R”) such that

(8.1) |C,Pe,—Cl|>0 asn—oo
and a sequence én e L(E,), O*= én =0, such that
(8.2) é,,PE,, -> é strongly as n - 0,

Hypothesis 8.2. For each n, the system (A¥, C¥) is stabilizable. In particular, any
unstable modes of the system (C,, A,) are observable.
The nth observer, or nth estimator, is

(8.3) 2, =A%, +Bu+F,(y—Cou—C,3,)

where the estimator gain ﬁ,, is

(8.4) F,=11,C*R™",

and 11, is the nonnegative self-adjoint solution to the Riccati operator equation
(8.5) A M1, +11,A4%-11,C5R7'C, 11, + Q, =0.

Hypothesis 8.2 implies that such a solution exists and is unique.
On-line computations will be based on the equivalent differential equation

(8.6) B=A"H+B"u+F"(y—Cou—C"#)

where 7(t)e R*", A" and B" are the matrix representations of the operators A, and
B,, as in § 4, and C" is the matrix representation of C,. The 2n X p gain matrix F" is

(8.7) Fr=f1"w"(C""R™

where W" is the 2n X 2n Grammian matrix in (4.33) and " satisfies

(8.8) ATI"+TT"W (A TW"+"W (C")TR™'C"T1"+ Q" =0,

with @" the matrix representation of é,,. The relationship between %, = (X,,, £,) and
7 is, of course,

(8.9) &(0=1 &0
and
(8.10) 7A=[€TET]".

It is straightforward to show that (8.7) is the matrix representation of (8.4) and that
the 2n X 2n Riccati matrix equation (8.8) is the matrix representation of (8.5), with "
the matrix representation of 1,.
In (4.39), we defined the symmetric matrix [1"= W"II" and then obtained the

Riccati equation (4.40) to solve for " We proceed in a similar fashion here, but with

an 1nterestmg difference. Since 1'[ and Q,, are nonnegative self—adjomt operators on
E, and 11" and Q" are their matrix representations, the matrices W™" and W" Q
are nonnegative and symmetric. Hence, the matrices

(8.11) n=fa"wn
and

(8.12) O"=0"w
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are nonnegative and symmetric. Substitution of (8.11) and (8.12) into (8.7) and (8.8)
yields

(8.13) Fr=11"(C")TR™
and
(8.14) Anﬁn+ﬁn(An)T_ﬁn(cn)TR‘—lcnﬁn_i_On=0,

the Riccati matrix equation to be solved numerically in the nth approximation to the
infinite-dimensional estimator. In view of the relationship between (8.5) and (8.8) and
the relationship between (8.8) and (8.14), we see that Hypothesis 8.1 guarantees the
existence of a unique nonnegative symmetric solution to (8.14).

To see the relationship between the matrices in (8.14) and the operators in (8.5)
more clearly—and the difference between the current approximation scheme and, that
used in § 4.2 for the control problem—suppose that we take Q,, = PE,,Q| En- Let Q be
defined as in (4.36) and (4.37) w1th Qo, Q1 and Q, replaced by Q,, Q, , and Qz Then

(8.15) Q w- Q w.

For example, if Q in the control problem and Q in the estlmatgr problem are both
equal to the identity, then the Q" in (4.35)-(4.42) is W" and Q"= W™". This may
seem suspicious, but § 8.2 should demonstrate that we are solving the appropriate
estimator problem here.

The only thing missing now for numerical implementation of the nth estimator
is to give C", the matrix representation of C,, explicitly. We write

(8.16) C"=[C] C3]

where the p x n matrices C| and C3 are, respectively, the matrix representations of
the approximations to the operators C; and C, in (7.18). We can cover virtually all
applications by assuming C, = C|g,, in which case the ith column of C7 is the p-vector
equal to C,e;, and the ith column of C7 is the p-vector equal to C,e;.

8.2. Stochastic interpretation of the approximating estimators. Using only the deter-
ministic setting above, we will proceed subsequently to analyze the finite-dimensional
estimators and the compensators based on them. Nonetheless, we should consider
momentarily the sequence of finite-dimensional stochastic estimation problems whose
solutions are given by the equations of the preceding section.

First, recall how the covariance operator of a Hilbert space-valued random variable
is defined. The covariance operator of an E-valued random variable w is the operator
Q for which

(8.17) expected value {{z, w)g{Z, )} =(Qz, 2)E, z, Z€ E.
(See [B1], LC4].)

With F, given by (8.4) and (8.5), (8.3) is the Kalman-Bucy filter for the system
(8.18) iy =Auz,+ Bu+w,,
(8.19) y=Cou+ C,z,+ wq
where w,(t) is an E,-valued white noise process with covariance operator Q,, and
wo(t) is an R”-valued white noise process with covariance operator (matrix) R. Next,
careful inspection will show that the filter defined by (8.6), (8.13), and (8.14) is the
matrix representation of the filter defined by (8.3), (8.4), and (8.5).

With z, and 7 related as in (4.1) and (4.4), (8.18) and (8.19) are equivalent to
the system

(8.20) n=A"n+B"u+v,
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(8.21) y=Cou+C"n+w,

where »(t) is the R*"-valued noise process related to w,(t) by
(8.22) w,(t)= b (vi(t)ei, visa(t)e).
i=1

Certainly, a Kalman-Bucy filter for (8.20) and (8.21) has the form (8.6) with the filter
gain given by (8.13) and (8.14). This particular filter is the matrlx representation of
the filter defined by (8.3), (8.4), and (8.5) if and only if the matrix Q defined by (8. 12)
is the covariance of the process v(t). Since Q is the matrix representatlon of Q,,,
straightforward calculation using (8.12) and (8.17) shows that the Q in (8.12) is
indeed the correct covariance matrix.

The finite-dimensional observers can be interpreted now as a sequence of filters
designed for the sequence of finite-dimensional approximations to the flexible structure,
with the nth approximate system disturbed by the noise process w, (t), whose covariance
operator is én. By Hypothesis 8.1, these covariance operators converge to the operator
Q of § 7. If we have a reliable model of a stationary, zero-mean Gaussian disturbance
for the structure, then we can take the covariance operator for this disturbance to be
Q and think of the infinite-dimensional observer as the optimal estimator. But this
interpretation is not necessary for the rest of our analysis.

8.3. The approximating functional estimator gains. The nth estimator gain operator

in (8.4) has the same form as the infinite-dimensional estimator gain in (7.15) and
(7.20). We have

(8.23) Fy= i (fin> &)

fory=[yy2" - ¥l Te R” where the functional estimator gains f,,, and g, are elements
of V,=H,. The matrix F” in (8.7) and (8.13) is the matrix representation of E,.
Therefore, if we write

A

5ogho ... gl
(8.24) F”=[B A B]

Bgl Bgz [ Bgm

where the columns B”, %€ R", then

(8.25) ﬁ,.:—zlﬁ,.ffe,, i=1,,p,  fu= zﬁg.e i=1,---.p.

For convergence analysis, it is useful to note from ﬁn and &, are also given by
equations corresponding to (7.22). With the measurement operator C written as in
(7.19) and C, = C|g, we have

A

(8.26a) ﬁn = (R_l)ij(ﬁOnPVncij+ﬁ1nPHnCZj)’

I
=

(8.26b) Sn= z (R™Y),;(T1%, Py, c;+ 115, Pyacy))

where the IAL,,’s are the blocks of II,,, as in (7.21).

8.4. Convergence. Now we will indicate the sense in which the finite-dimensional
estimators/observers approximate the infinite-dimensional estimator in § 7. The proofs
of the convergence results in this section are given in [G6].
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Tueorewm 8.3. (i) If |f1,| is bounded uniformly in n, then the Riccati algebraic
equation (7.16) has a nonnegative self-adjoint solution 11 and 11, Pg, converges weakly
to II.

(ii) If there exist positive constants M and B, independent of n, such that

(8.27) lexp ([A, —TL,CXR'C,Jt)|=Me™®, =0,

then 11, || is bounded uniformly in n, 1'[ Pra converges strongly to 11, and exp ([A, —
,C¥*R™'C,]t) Psn converges strongly toS(t), the semigroup generated by A — [IC*R- 'C,
the convergence uniform in t = 0.

(iii) If Q, is bounded away from zero uniformly in n, then |{1,|| being bounded
uniformly in n guarantees the existence of positive constants M and B for which (8.27)
holds for all n.

THEOREM 8.4. If é is E-coercive and d,= 0, then there is no nonnegative self-adjoint
solution of the Riccati operator equation (7.16), and

(8.28) |f1,||>c asn-co.

Our purpose for bothering to state this dual result to Theorem 5.4 is to point out
the following question. Can Theorem 8.4 be modified to include the case where Q has
the form (7.23) with QO— 0, Q1 0, and Qz coercive on H?

Next, we have the dual result to Theorem 5.6.

THEOREM 8.5. Suppose that A, has an invariant subspace V, that is also invariant
under the damping map Dy, that Ey= V,X V, is an observable subspace, and that the
restrictions of Ag and dy( -, -) to Vg are both H-coercive. Also, suppose that V, has finite
dimension n, and that, for each n = n, in the approximation scheme, the first n, e;’s span
V, and the rest are orthogonal to V, in both V and H.

(i) Then (7.16) has nonnegative solution 11, and |11, is bounded uniformly in n,
so that f[,,PE,, converges to 1 weakly.

(ii) If E, and E; (the E-orthogonal complement of E,) are invariant under é, and
if the Ey-part of the system (A, é) is controllable, then the hypothesis of Theorem 8.3(ii)
holds.

THEOREM 8.6. If f[,,PE,, converges strongly to fI, then

(8.29) I fu—Fillv=>0 and |gwm—gllu—0, asn->o

where f, and g; are the functional estimator gains in (7.20) and f,-,, and g, are the
approximating functional gains in (8.25).

9. The finite-dimensional compensators and realizable closed-loop systems.

9.1. Closing the loop. The nth compensator consists of the nth approximation to
the optimal control law in § 4, applied to the output of the nth estimator/observer in
§ 8, i.e., the feedback control

9.1) u,=—-F,z,
where
(9.2) F,=R'B*II,

(recall (4.25)) and Z,(¢) is the solution to (8.3). Equivalently, this compensator can be
written as

(9.3) u,=—F"#
where
(9.4) F"=R'B"Tf1"
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and the 2n-vector 7 (¢) is the solution to (8.6). On-line computations will be based on
the latter representation, and the block diagram in Fig. 9.1 shows the realizable
closed-loop system that results from the nth compensator. We will refer to this system
as the nth closed-loop system.

This closed-loop system is equivalent to

t 0
©-5) ; IR ; )
where S, ,.(t) is the semigroup on E X E,, generated by
A - BF, ~
(9'6) Aoon—l:ﬁnc [An_BnFn_ﬁnCn]]s D(Aoon)_D(A)XEn'

Note that A., has compact resolvent if and only if A does.

9.2. Convergence of the closed-loop systems. Now we will consider the sense in
which the nth closed-loop system approximates the optimal closed-loop system in § 7
(Definition 7.3). Recall from §§ 4.1 and 8.1 how the approximating open-loop semi-
groups T,(-) and their adjoints converge strongly and how the input operators B,,
the measurement operators C,, and their respective adjoints converge in norm. See
[G6] for the proofs of the results in this section.

Hypothesis 9.1. As n- o0,

9.7) ||F,,PE,, - F|| -0,
(9.8) IE, - F|>o.

RAemark 9.2. Of course, we are interested primarily in the case where the gains F
and F are the optimal LQG gains in (7.15) and (7.17) and F, and I:“,, are the
corresponding approximations in §§ 4 and 8 (i.e., (9.2) and (8.4)). However, for the
analysis of this section, we need only Hypothesis 9.1 for some Fe L(E, R™), Fe
L(R?, E) and approximating sequences F, and 1:",,. Any such gain operators will yield
closed-loop semigroup generators A, in (7.9) and A, in (9.6).

We denote the projection of E X E onto E X E, by Pgg,. From the strong conver-
gence of the open-loop semigroups and the uniform norm convergence of the control
and estimator gains, we have Theorem 9.3.

Az + Bu

Ne
[}

<
"

Cou + Cz

Control System

n = [A"-B"F" + F'n(Can-C") In + My

A le—
u, = -F™M

nth Compensator

F1G. 9.1. nth closed-loop system.
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THEOREM 9.3. For t =0, S, (t) Ppg, converges strongly to S..(t), and the conver-
gence is uniform in t for t in bounded intervals.

We should expect at least Theorem 9.3, but we need more. We should require,
for example, that if S,.(t) is uniformly exponentially stable, then S.,(t) must be also
for n sufficiently large. Although numerical results for numerous examples with various
kinds of damping and approximations suggest that this is usually true, we have been
unable to prove it in general. We do have the following important case.

THEOREM 9.4. (i) Suppose that the basis vectors of the approximation scheme are
the natural modes of undamped free vibration and that the structural damping does not
couple the modes. Then || Sx,(t) — Sww(t)|ixr, | converges to zero uniformly in bounded
t-intervals.

(ii) If, additionally, S...(t) is uniformly exponentially stable, then S, (t) is uniformly
exponentially stable for n sufficiently large.

9.3. Convergence of the compensator transfer functions. The transfer function of
the nth compensator (shown in the bottom block of Fig. 9.1) is

(9~9) (D,,(S) = —Fn(SI_[An _BnFn+ﬁn(COFn - Cn)])_lﬁn’

which is an m X p matrix function of the complex variable s for each n, as is the similar
transfer function ®(s) in (7.14) for the infinite-dimensional compensator. We continue
to assume Hypothesis 9.1. The proofs of the following results are given in [G6]. We
will denote the resolvent set of [A— BF + ﬁ(COF—- C)] by p(lA— BF + I:"(COF— ).

THEOREM 9.5. There exists a real number a, such that, if Re (s)>a,, then s¢
p([A, —B,,F,,+13,,(C0F,, —C,))) for all n, and ®,(s) converges to ®(s), uniformly in
compact subsets of such s.

This result leaves much to be desired. For example, it does not guarantee that
any subset of the imaginary axis will lie in p([A,— B,F,+ I:",,(COF,, -C,)]) for
sufficiently large n, even if all of the imaginary axis lies in p([A— BF + ﬁ(COF— ).
As with the convergence of the closed-loop systems, we can get more for certain
important cases.

Remark 9.6. If the open-loop semigroup T(-) (whose generator is A) is an analytic
semigroup, then there exist real numbers a, § and M, with 6§ and M positive, such
that p([A— BF + F(C,F — C)]) contains the sector {s:|arg (s—a)|</2+ 6}, and for
each s in this sector,

(9.10) |(sI =[A—BF+ F(C,F—C)])|=M/|s—al.

THEOREM 9.7. (i) If the basis vectors of the approximation scheme are the natural
modes of undamped free vibration and the structural damping does not couple the modes,
then each s in p([A—BF+F(C,F—C)]) is in p([A, - B,F,+ F,(CyF,—C,)]) for
n sufficiently large and ®,(s) converges to ®(s) as n->0, uniformly in compact
subsets p([A— BF + F(C,F — C)]).

(ii) If, additionally, T(-) is an analytic semigroup, then ®,(s) converges to ®(s)
uniformly in the sector described in Remark 9.6.

THEOREM 9.8. IfAA has compact resolvent, then ®,(s) converges to ®(s) for each
s€p(lA— BF+ F(CyF — C)]), uniformly in compact subsets.

10. Closing the loop in the example. As in Definition 7.3, the optimal closed-loop
system is formed with the optimal infinite-dimensional compensator, which consists
of the optimal control law for the distributed model of the structure applied to the
output of an optimal infinite-dimensional state estimator. This optimal control law is
the limit of the approximating finite-dimensional control laws in § 6. In this section,
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we first approximate the infinite-dimensional estimator, as in § 8, and then apply the
approximating control laws in § 6 to the approximating finite-dimensional estimators
to produce a sequence of finite-dimensional compensators that approximate the optimal
compensator.

10.1. The estimator problem. We assume that the only measurement is the rigid-
body angle 6 and that this measurement has zero-mean Gaussian white noise with
variance R = 10"*. We model the process noise as a zero-mean Gaussian white disturb-
ance that has a component distributed uniformly over the beam, as well as two
concentrated components that exert a force on the tip mass and a moment on the hub.
For this disturbance, the covariance operator O has the form (7.23) with OO =0, é, =0,
and éz =1

We construct the approximating estimators as in § 8.1. The gain for the nth
estimator is given by (8.13) with the solution to the Riccati matrix equation (8.14).
For the rigid-body measurement, the matrix C" is

(10.1) C"=[1 0 0 0 ---].
According to (8.15), the matrix é" is
X 0 0
10.2 "
(10.2) Q [0 Mn],

since W" is the matrix in (4.33). (As always, M ™" is the inverse of the mass matrix.)
Recall from § 6.3 that n =2n,+1 where n, is the number of elements.

Our only use for the functional estimator gains is to measure the convergence of
the finite-dimensional estimators to the optimal infinite-dimensional estimator. To see
the convergence of the approximating estimator gains, we compute the approximating
functional estimator gains as in § 8.3. As do the functional control gains, the functional
estimator gains have the form

(103) F=(ar, ¢, B, E=(ay by By),
and the corresponding approximations have the form
(10.4) Fo= (s bons Ban)s  &u = (gn ban Ben)-

Remark 10.1. We cannot guarantee as much about convergence for the
approximating estimators as we could for the approximating control problems in § 6.
Since the damping in this example does not couple the natural modes, and the rigid-body
mode is observable, we would have part (i) of Theorem 8.5 if we were using the natural
mode shapes as basis vectors. Therefore, we know at least that a solution to the
infinite-dimensional Riccati equation (7.16) exists and that the infinite-dimensional
estimator that we want to approximate exists. The numerical results indicate that the
solutions to the finite-dimensional Riccati equations are bounded in n and that the
functional estimator gains converge in norm. The rigid-body mode prevents our
guaranteeing a priori all the convergence that we want. If a torsional spring and damper
were attached to the hub in the current example, we would have coercive stiffness and
damping, and Theorem 8.5(ii) would guarantee that the solutions to the finite-
dimensional Riccati equations converge strongly and that the functional estimator
gains converge in norm for the basis vectors used here.

For damping coefficient ¢,=10"* Figs. 10.1(a) and 10.1(b) show ¢7, and ¢,
and Table 10.1 lists the scalars ay,, a,,, and B,,. Since ¢;,(0) = ¢},(0) =0, the conver-
gence of ¢7, implies the convergence of B;, = ¢,(1); as in the control problem, B, is



LQG OPTIMAL

69
2

To.00  1b.oo  2b.00  sb.oo  wb.oo  sb.oo  b.00

F1G. 10.1(a). Functional estimator gain component ¢, . Damping ¢, = 10™*; estimator R =10"*

of elements n, =4, 6, 8, 10.

400 eb.oo  sb.oo  1bo.

-0.00

CONTROL

33

*10'
-]U6.30 -125.40 -104.50 -83.0  -§2.70  -41.80  -20.80

167.20

.00

1hoo 2b.oo  sb.oo  wh.oo  sb.oo  eb.oo  7b.00

#b.00

95,00

10,00

, number

>

FI1G. 10.1(b). Functional estimator gain component ¢,,,. Damping C,= 107%; estimator R =10"*; number

of elements n, =4, 6, 8, 10.

TABLE 10.1
Scalar components of functional estimator gains. Damping coefficient ¢,=10"*; estimator R =107".

n, Ay Aoy Ben

4 5.3195 14.149 —1495.7
6 5.3567 14.347 —-1517.5
8 5.3611 14.371 -1520.1
10 5.3623 14.377 —1520.8

not an independent piece of information about the estimator gains while, as far as our
results go, B, is. We maintain analogy with the control problem and list only B,, in
Table 10.1.

10.2. Approximation of the optimal compensator. Finally, for the damping c,=
10~*, R = .05 in the control problem and R =10"*in the estimator problem, we construct
the finite-dimensional compensator in Fig. 9.1; i.e., for each n =2n,+1, we apply the
n.th control law represented by the functional gains in Fig. 6.2 and Table 6.2 to the
output of the n,th estimator represented by the functional gains in Fig. 10.1 and Table
10.1. As the number of elements increases, the transfer function in (9.9) of the
finite-dimensional compensator converges to the transfer function in (7.14) of the
optimal infinite-dimensional compensator, as described in § 9.3. Theorem 9.5 and
Remark 9.6 apply. Figure 10.2 shows the frequency response (bode plots) of the
finite-dimensional compensators for 4, 6, 8, and 10 elements. The phase plot is for 10
elements only. These plots indicate that the finite-dimensional compensator for eight
or more elements is virtually identical to the optimal infinite-dimensional compensator,
as predicted by the functional gain convergence in Figs. 6.2 and 10.1

10.3. Comments on the structure and dimension of the implementable com-
pensators. Although this paper does not address the problem of obtaining the lowest-
order compensator that closely approximates the infinite-dimensional compensator,
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FI1G. 10.2. Frequency response (bode plot) of compensators. Damping c,=10"*; control R = .05, estimator

R =10"*; number of elements n,=4, 6, 8, 10.

we should note that the compensators based on eight and ten elements here are
unnecessarily large because the finite-element scheme that we chose is not nearly the
most efficient in terms of the dimension required for convergence. (The dimension of
the first-order differential equation in the compensator is 2(2n,+1).) We used cubic
Hermite splines here to demonstrate that the finite-element scheme most often used
to approximate beams in other engineering applications can be used in approximating
the optimal compensator. In [G5], we compare the present scheme with one using
cubic B-splines and one using the natural mode shapes as basis vectors. The natural
mode shapes yield the fastest converging compensators, but the B-splines are almost
as good. The only advantages of the Hermite splines result from the fact that the coding
to build the basic matrices (mass, stiffness, etc.) is simpler than for B-splines and the
fact that, before the Riccati equations based on, say, 10 natural modes are solved, a
much larger finite-element approximation of the structure must be used to get the 10
modes accurately.

To understand the redundancy in the large finite-dimensional compensators here,
it helps to consider the structure of the optimal compensator. It is based on an
infinite-dimensional state estimator that has a representation of each of the structure’s
modes. In the present example, the optimal compensator estimates and controls the
first six modes significantly, the next three modes slightly, and virtually ignores the
rest. This observation is based on the projections of the functional gains onto the
natural modes and on comparison of the open-loop and closed-loop eigenvalues. (See
[G5] for more detail, including the spectrum of the closed-loop system—which is
stable—obtained with the ten-element compensator here.) The infinite-dimensional
compensator then has an infinite number of modes that contribute nothing to the
input-output map of the compensator. These inactive modes are just copies of all the
open-loop modes past the first nine. They can be truncated from the compensator
without affecting the closed-loop system response significantly. The number of active
modes in the compensator—i.e., the modes that contribute to the input-output map—
depends on the structural damping and the Q’s and R’s in the LQG problem statement.
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(See the discussion in § 6.4 about the effect of damping and control weighting on
performance.)

The compensator computed here based on 10 elements has 21 modes (although
we did not do the computations in modal coordinates). Nine of these compensator
modes are virtually identical to the nine active modes in the infinite-dimensional
compensator, and the 12 inactive modes are approximations to the tenth through
twenty-first open-loop modes of the structure. The inactive modes result from the large
number of elements needed to approximate the active compensator modes accurately.
Now that we essentially have the optimal compensator in the ten-element compensator,
we could truncate the 12 inactive modes and implement a compensator with nine
modes. And we probably could reduce the compensator even further using an order
reduction method such as balanced realizations.

11. Conclusions. For the deterministic linear-quadratic optimal regulator problem
for a flexible structure with bounded input operator (the B, in (2.1)), the approximation
theory in §§ 4 and 5 is reasonably complete. The most important extensions should be
to the corresponding (very difficult) problem with unbounded input operator, for which
there exists little approximation theory. Because of the different kinds of boundary
input operators, stiffness operators and structural damping, all of which must be
considered in detail when B, is unbounded, it seems unlikely that the approximation
theory for the unbounded-input case can be made as complete as the theory here.

The convergence results in § 8 for the estimation problem are less complete than
those for the control problem because rigid-body modes present more technical difficul-
ties for the proofs in the estimator case. However, our analysis and numerical experience
suggest that the difficulties only make the proofs harder and that the convergence in
the estimation problem is identical to the convergence in the control problem, and
that controllable and observable rigid-body modes make no qualitative difference in
either problem.

Where we would most like to have substantial improvement over the results of
this paper is in § 9.2, which considers how the approximating closed-loop systems
obtained by controlling the distributed model of the structure with the finite-
dimensional compensators converge to the optimal closed-loop system, obtained with
the infinite-dimensional compensator. Theorem 9.4 gives us what we want for problems
where the damping does not couple the natural modes of free vibration, and where
the natural mode shapes are the basis vectors for the approximation scheme. In
particular, this theorem says that, if the optimal closed-loop system is uniformly
exponentially stable, then so are the approximating closed-loop systems for sufficiently
large order of approximation. We have verified numerically the stability of the
approximating closed-loop systems for the example in §§ 6 and 10 where the basis
vectors are not the modes. This example and others have made us suspect that Theorem
9.4 is true when the basis vectors satisfy Hypothesis 4.1 only and when the damping
couples the modes. The methods in [11] should be useful in completing the analysis.

Another possible approach to analyzing the convergence of the approximating
closed-loop systems to the optimal closed-loop system is to use the input-output
description in frequency domain. Results such as those in § 9.3 are useful for this,
although for the closed-loop stability we want, we probably need the transfer functions
of the finite-dimensional compensators to converge more uniformly on the compensator
resolvent set than we have proved here. In our example, Fig. 10.2 indicates that these
transfer functions converge uniformly on the imaginary axis, but we have no theorem
that guarantees this.
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Appendix. Errata for [G1]. In the first paragraph of the proof of Theorem 2.1 on
page 689 of [G1], the first sentence should be:

If a dissipative operator is invertible, its inverse is dissipative.

At the beginning of the fifth line of the same paragraph, the expression (ax+ y) should
be deleted the first time it occurs. The next-to-last sentence of the paragraph should be:

Hence, if a densely defined maximal dissipative operator has dense range, its
inverse is maximal dissipative.

The theorem is correct as stated.

_In the current paper, we use Theorem 2.1 of [G1] to conclude that the operator
A defined in § 2 is maximal dissipative (see (2.10)-(2.12)).
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SUFFICIENT CONDITIONS FOR DYNAMIC STATE FEEDBACK
LINEARIZATION*

B. CHARLETY, J. LEVINEf, AND R. MARINO%

Abstract. Sufficient conditions are given for the existence of a dynamic state feedback compensator for
a multi-input nonlinear system such that the closed loop system is transformable into a linear controllable
one by an extended state space change of coordinates. An example shows that the conditions are not
necessary. Necessary conditions are also given which are shown to be sufficient when the number of states
minus the number of controls is equal to one. Several examples illustrate how the sufficient conditions
obtained lead to the design of the dynamic compensator.

Key words. nonlinear systems, feedback linearization, dynamic compensator

AMS(MOS) subject classifications. 93B10, 93C10, 53A55

1. Introduction. We address the problem of transforming a nonlinear control
system

(1) i=f(2)+ ¥ g(Du(=f(z)+G(2)u  zeR", ueR”

with f(0) =0 and rank G(0) = m into a linear controllable system
(2) Xx=Ax+Bv xeR", veR™

with n'=n, m'=z m.
Since 1973 [16] this problem has been studied using increasingly more general
transformations. State space diffeomorphisms

(3) x=¢(z), ¢(0)=0, xeR", zeR"
were the first transformations to be studied in [16]. State feedback transformations
(4) u=a(z)+pv veR™

with «(0) =0 and B a nonsingular m X m constant matrix were then introduced by
Brockett [3] and later generalized in [15] and [11] by

(5) u=a(z)+B(z)v veR™

where the nonsingular matrix 8 was allowed to depend on the state as well. The study
of the above transformations led to complete characterizations of those systems (1)
transformable into (2) by (3) ([16], [24]), which are called state linearizable, and of
those systems transformable into (2) by (3) and (5) ([15], [11]), which are called static
feedback linearizable. Adaptive feedback linearization and its robustness versus
unmodeled dynamics are studied in [25]. For those systems that are not static feedback
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linearizable, the problem of partial feedback linearization was posed in [17], namely,
the transformation of (1) by (3) and (5) into a partially linear and controllable system

xV=Ax"+ By xVeRr?
(6) x@ = ,y(x(l), x(2))+ 8(x(1)’ x(Z))v x®Pernr
where (A, B) is a controllable pair. This problem was solved in [17], [18] where the
dimension and the construction of the largest feedback linearizable subsystem are
given for any system (1).
Partial feedback linearization is related to input-output decoupling. Given m
outputs

(7) yi=h(z) 1=j=m

the input-output decoupling problem is to determine a transformation (3), (5) that
takes the system (1), (7) into

x"=Ax"+ Bo xVeRr?
(8) *@ = Y(X(l), x(Z))+ 5(x(1)’ x(Z))v xPern?
y=Cx"

with (A, B, C) in prime canonical form [19], namely, A=block diag[A,, -, A,],
B= block diag[B,,---,B,], C= block diag[C,,---,C,], with, for every
i=1,,p,

0 1 0
‘ 0 :

A= 0 . , B=|:] C=( 0 1)
1 0
1

Necessary and sufficient conditions are available for this problem (see [13]). For linear
systems it is known that those conditions can be weakened if one allows for a dynamic
compensator [20]. This motivated the introduction of a nonlinear dynamic state
feedback transformation [23]

©) w=a(z,w)+B(z,w)v weR
9
u=a(z,w)+B(z,w)v veR"™
with «(0,0)=0, a(0,0) =0. The dynamic state feedback (9) is a generalization of the
static state feedback (5).
Necessary and sufficient conditions for input-output decoupling via transforma-
tions (9) and extended state space diffeomorphism

(10) x=op(z, w) xeR"t4

were obtained in [7], [8], and [21]. In [12] and [14] sufficient conditions are given to
achieve both input-output decoupling and full linearization, that is, x® =0 in (6), via
transformations (9), (10).

In [4] and [5] the problem of transforming the system (1) into (2) via transforma-
tions (9) and (10), which will be called the dynamic feedback linearization problem,
is studied: it is shown that single input systems (1) that are dynamically feedback
linearizable are also statically feedback linearizable; two very special classes of dynami-
cally feedback linearizable multi-input systems are given in [4]. A different approach
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is taken by [9]: transformations (9) are considered, but the closed-loop system is no
longer required to be linear and controllable in some new coordinates of the extended
space (z, w): the only requirement is the existence of a w-dependent state space change
of coordinates

(11) x=¢(z, w), ¢(0,0)=0, zeR", xeR"

in which the system is linear and controllable from v. While this is a less restrictive
notion of dynamic feedback linearization, the stability properties of the dynamic
compensator (9) remain to be analyzed. This analysis, which could be quite difficult,
is not needed with our notion of dynamic feedback linearization.

In this paper we present fairly general sufficient conditions for a system (1) to be
dynamic feedback linearizable by a special class of dynamic compensators (prolonga-
tions) and extended space diffeomorphism (10). Compensators are restricted to be of
the following form (u™ = (d*u/dt*), w=(u,, -, u{*’, - Uy, -, ulkn))):

uy v
(12) - |=alz,w)+B(z, w)

u(”‘l"’m) U’

with ; =0, 1=i=mu=3%", u;, «(0,0)=0, B(z w) of full rank m (m'Zm) in V,, a
neighborhood of the origin in R"**, which can be realized as

Wl=wl,  1SiSm-1, 1Sj=m >

wl, = a;(z, w)+ IZ Bz, wv (1) = vj(t) 1=j=m, ;>0
-1

(13)

Uu.

=w,  1=j=m, w>0

u; = a;(z, w)+12 Bz, w)u (1) =vj(t) 1=j=m, u;=0.
=1

In § 4 sufficient conditions are obtained that require the involutivity of certain distribu-
tions defined on the original state space. The distributions are computed on the basis
of the given vector fields f, g,,' - -, &, and on a set of integers w,," - -, u, that
characterize the linearizing dynamic compensator (13). The sufficient conditions are
helpful in determining the structure of the dynamic compensator on the basis of the
Lie algebraic structure of the system. When u, =+ * - = u,,, = 0 and m’ = m, the conditions
coincide with the necessary and sufficient conditions for static feedback linearization.
We show by examples that the conditions are not necessary. However, they are general
enough to apply for a detailed nonlinear model of rigid body dynamics that is not
static feedback linearizable but is shown to be dynamically feedback linearizable.

In § 3 we show that the controllability of the linear approximation of system (1)
at the origin is a necessary condition for dynamic feedback linearization; as a corollary
of the main result of § 4, it turns out that it is also sufficient when m=n—1 in (1).

2. Basic results and definitions. In this section, we consider a general dynamic
compensator of the form
w=a(z, w)+ B(z, w)v weR?
(14) ,
u=a(z, w)+B(z, wv veR™, m'z=m.

System (1) controlled by (14), which is called the extended system, becomes

(15) Z=f(z)+ G(2)a(z, w)+ G(z)B(z, w)v
w=a(z, w)+ B(z, w)v
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and is written as
(16) i=f(D+GEv=7(+ Y &)
i=1
where Z=(z, w) is the extended state and
(17) j;:<f(2)+ G(z)a(z, W)), G~=<G(Z)B(z, W))'
a(z, w) B(z, w)
If ;= o;(2) +Z:';1 B,.i(2)v;, 1 =j=m, are viewed as m outputs for system (16), we can
define the corresponding differential output rank (see [1], [10]). Denoting by u‘*’ the
kth time derivative of u considered as an output for system (16), we define the sequence
of subspaces Eqy< E,c---< E, ., by:
E.=sp{dz du, - - -, du™}.
The differential output rank d°(u) is defined by:
d’(u)=dim E,,,—dim E,,_,.

In the single input case (m = 1), itis proved in [ 1] that the computation of the differential
output rank reduces to the computation of the classical rank of the decoupling matrix
(see, for example, [13]).

In this case, the characteristic index v is defined by:

v=0 if B;(2)#0 for some i, 1=i=m'

(18)
v=min{r|Ls L7 'a(Z)#0 for some i, 1=i=m'}."
Let
. Bi(2) if v=0
1 S, =
(19) i(2) {Lg,,L;'la(z") if ¥>0.

When v is finite, the 1 X m’ matrix
(20) D(2)=(8,(2)," -+, 8w(2))

is called the decoupling matrix of the compensator (14) for system (1) with m=1. In
this case, d’(u)=rank D.

DeriNITION 2.1. A dynamic compensator (14) is said to be regular for system (1)
if the corresponding differential output rank d°(u) is equal to m in V;,, a neighborhood
of the origin in R"*%

Note that the static state feedback (5), with B(z) nonsingular, or the dynamic
compensator (13) with 8(Z) nonsingular, are nonsingular compensators according to
the above definition.

DEFINITION 2.2. A system (1) is said to be locally static feedback linearizable if
there exists a feedback transformation (5), (3), in a neighborhood of z=0, which
transforms system (1) into system (2) with n'=n, m'=m.

DerFINITION 2.3. A system (1) is said to be locally dynamic feedback linearizable
if there exists a regular dynamic compensator (14) and an extended space diffeomorph-
ism (10) defined in a neighborhood of (z, w) = (0, 0) which transform system (1) into
system (2) with n'=n+ ¢, and such that ¢(0, 0) = (0, 0).

MW If £ is a smooth vector field and « a smooth function, the Lie derivative of a with respect to f is

defined, in local coordinates, by La =Y _| f,(da/ox;). We also not L}a =« and Lja = L,(L; ') for all
k=1.
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We now recall from [15] and [11] basic definitions and results. Define the
distributions
%= splg;, 1=j=m}
@ 9 =spladjg,0=1=i,1=j=m},? i>0,
which enjoy the recursion properties
(22) b1 =% +ad; ' G,= G +adY,

where ad;%4 = sp{ad,; Y, Y € 4}. By definition 4= 4, <--- =4 =---.

We recall that a distribution ¥ is involutive if and only if, given any pair of vector
fields g, and g, in ¥, their Lie bracket [g,, g,] belongs to 4.

THeOREM 2.1. System (1) is locally static feedback linearizable if and only if, in
U,, a neighborhood of the origin in R":

(i) %, is an involutive distribution of constant rank for every i =0,

(ii) rank 9,_, =n.

The distributions %; are invariant under change of coordinates (3), and under the
assumption (i), they are invariant under state feedback transformations (5).

Let mo=rank %,, m;=rank 4, —rank %,_,,i>1, in U,. The m indices (since
mo=m),

ki=card {i|m;zj}, 1=j=m,

are uniquely associated with a system (1) satisfying (i) and (ii): they are invariant
under a state-space change of coordinates (3) and state feedback transformations (5).
They are called controllability indices.

It has been shown in [5] that dynamic feedback linearizability implies static
feedback linearizability when m’'=m =1. We now generalize this result for arbitrary
mzm=1.

THEOREM 2.2. The following statements are equivalent:

(i) System (1) with m =1 is locally static feedback linearizable.

(ii) System (1) with m =1 is locally dynamic feedback linearizable.

Proof. The proof is an easy generalization of the main result in [5]; (i)=>(ii) is
obvious.

(ii)=(i). By assumption (ii) there exists a linearizing compensator (9) for system
(1) with m =1 and characteristic index ». We first establish a relationship between the
distributions %, defined by (21) for system (1) and the distributions @,» defined for
system (16) with m =1 obtained by using the linearizing compensator:

Go=splgi, 1=sk=m’}

(23) . . ‘
% =%_,+splad; g, 1=sk=m'}
CLAIM.
ad}§j=(g> ifi<v
(24) i—v
ad} § = ("/"adf £ X’"‘) if iz,

where X;; € 4,_,_, and y; = (—1)"85;, 8; being defined by (19).

@) We denote by ad g =[f, g] the Lie bracket of the smooth vector fields f and g. In local coordinates,

[£gl=X)_ 2", fi(38i/9x;) — &;(0fi/9x;))(3/x;). We also note adfg=g and adf g=[f ad} ™" g] for all
k=1.
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Proof of the claim. The proof is by induction on i. For i =0 we have

o ng>
gj_( b

with 8;=1v; and Xj,=0if v=0and 8;=0if vr=1.
We assume that the claim holds true for an integer i: we shall prove it for i+ 1.
We consider two cases: izv;i<wv. If iz,

i1 a [(f(2)+a(z, w)g(z)) (%(Z, w) ad}”g+)<j,,~)]

ad =
s & a(z,w) *

_ (')’j ad}H_V g+-Xj,i+1>

ES

2

where

i—v ~ i—v 6X‘,i
Xiin=Lf X1+ alg, X1+ (Lyy;) ad; " g —(Laajga)g + ay;adg ady " g+ a»; a.

Since Xj;€ %_,_, and y; =(-1)"8;, X, can be written as

)(j,i(zy w) =§ o(z, W)rk,j,i(z),

with Iy ;; € 9,_,_,, thus

0X;; R
Sa=Y (Lao'k)rk,j,i €%_,,
ow k
and X;,;., belongs to ¥,_, .
If i <, by assumption

so
adi' g = (—(Ladigja)g)
Since
Lad;:g”ja={0 A A %fl:< r—1
- (-1)'Lg Ly if i=v—1
then

0
(*) ifi=sv-2
7= Yi&
( ’ ) ifi=v—1.
%
The claim is proved.

We now show, by contradiction, that the distributions % must be involutive.
Suppose that the distributions %, are not all involutive i, 0=i=n—1. Let k<n be the
smallest integer such that %, is not involutive; then for some j, 0==k—1,

(25) [ad) g ad) g]€ %..

ad
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Let [ be such that vy, # 0; according to the claim
Yi ad"} gt Xl,j+v> (7/ ad} 4 +Xl,k+u>]

* *

(26) [ad}™ g, ad™ §]= [(

where X+, €9 =%, and X3+, € G, = %-,: it follows from (25) and (26) that
‘.éH,, is not involutive and this contradicts the assumption (ii). We established that ¥;
is involutive for every i,0=i=n—1. We remark that the claim implies that %, =
Tw(%.,) where = is the projection (x, w) ¥ x. To eliminate the input redundancies
we can make a suitable choice of basis and decompose @, in the following way:

-~

(gl/+i = El® E,
where T7 induces a bijection from E; to ¢, and F; = @Vﬁ Nker T7. Thus we have
rank @H,« =rank ¥, +rank F,.

Since the functions X — rank %.(7 (X)) and X ~ rank F;(X) are lower semicontinuous
and since @i has constant rank, F; and % also have constant rank.

Let 9, = o % and %, =", % we have Tr(%,) = 9,. Assumption (ii) implies
that 9, = TR""% so we have ¥,=TR", but since 4,=%, ,, (zeR"), we have
rank §,_, = n. a

3. A necessary condition. We give an easy necessary condition for nonlinear system
dynamic linearization.

THeoOREM 3.1. If system (1) is locally dynamic feedback linearizable, then its linear
approximation at the origin Z=V_f(0)z+ G(0)u2 Fz+ Gu is controllable, i.e.,
rank (G, FG, -+, F" 'G)=n.

Proof. According to the assumptions, there exists a dynamic compensator (9) and
an extended state diffeomorphism x = ¢(z, w) that transform the extended system into
a linear controllable one (2). Consider the extended system:

z=f(z)+G(z)a(z, w)+ G(z)B(z, w)v
(27)

w=a(z, w)+ B(z, w)ov.
It follows that the linear approximation of (27)
(28) 2= (V_f)(0)z+ G(0)(V,a)(0,0)z+ G(0)(V,,a)(0,0)w+ G(0)B(0,0)v
w=(V,a)(0,0)z+(V,a)0,0)w+ B(0,0)v

is equivalent, up to a linear change of coordinates to a linear controllable system and
thus is controllable. A straightforward computation then shows that the controllability
of (28) implies that the linear approximation of (1) is controllable, i.e., it satisfies the
Kalman criterion. 0
This condition is obviously not sufficient, as is shown by the following example:
X=X+ X3,
(29) x2 = X3,
x3 = Uu.
The linear approximation at the origin of this system is
010 0
Xx={0 0 1]x+{0|u,
00 0 1
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which is controllable. However, according to Theorem 2.1, the single input system (29)
is not static feedback linearizable and, according to Theorem 2.2, it is not dynamic
feedback linearizable.

4. Sufficient conditions. In this section we investigate the structure of the distribu-
tion ¥, for the following extended system, given by system (1) along with a dynamic
compensator (12) or (13)

i=f(2)+ ¥ wig(za)+ ¥ vj(t)g(z)

=1 Jomj=0
(30) wi=wl, 1sj=m, w>1, 1sisyu;—1
wio=v,  1=j=m, w=1,
which can be written as
(31) E=f(5)+ ¥ &(Dv)(1),
j=1
where
E=(z,wi, Wi 1=Sj=muw=1)=(z,w)
=1
f=r+ wigit ¥ X Wit
(32) Joji=1 Jpi=2 i=1 ad i
& if /'L.i=0
g=4_9 if =1
owi, M

The distributions %, for system (31) are defined in the extended space (z, w) as
(33) "é,«=sp{ad} g,0=I=i1=sj=m}.

We now define on the original state space a set of distributions that depend on the
indices {u,, -+, w} and that play a crucial role in this paper:
Ao=splgw, 1=k=m, u, =0}

(34)
A=A tadA +splg, 1sk=m, u =i+1}.

By definition, Ayc A= ---<A;<---. The following lemma gives conditions under
which the set of distributions &, in the extended state space is clearly related to the
set of distributions A; in the original state space.

LEMMA 4.1. If for all i, i=0 and for all j, 1 =j=m, such that u; =1

[g, A l= A

then, for i=0

~ d
(35) G = A, SP{aw_,

M

,u,jil}-l-”--i-sp{ ‘/,szi-l-l}.

J
oWy —i

Proof. Let us compute @0

@Ozsp{gl,' te ,ém}

= sp{gi| px :0}+SP{ ;
w,
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We now proceed by induction in the computation of the distributions & by
showing that if

By definition of A, we have:

~ d
Go= A+ sP{awj

M

(é,«:A,«stp{aw{Li = 1}+- . ‘+sp{aw{ﬁ4 ,usz-l}
then, under the assumption of Lemma 4.1 we have
@H,:A,-Hstp{ 5 ,u,jél}+- . -+sp{+ Mj§i+2},
owl, Wl iy

which can be shown by computing
?;,'4_1 = (‘éi +ad] (é,'.
We have
adj G = splad; X; X e @)
= sp{adf Y+ ¥ wiad, Y;Ye A,} +spi{gi|uj=it+1}

JomiE1

9 d
+5 — =1+ -4+5 —_— i=Zit2;.
p{awij . } p{aWLj—i—l H }

Consider [g;, A,;] for those j such that u;=1; by the assumptions of the lemma we
have [g;, A;]< A4, for all j such that u;=1. According to the definition of A,,, we
have proved that the lemma holds true for i+ 1. Since the induction has been proved
for i =0, the lemma holds true for every i =0. O

THEOREM 4.2. If for a set of integers {p,,* * * , i}, OS U1 =+ = U, 0 =D re ) i
the distributions, up to input reordering,

Ao = sp{gi; mi =0}
Ay =A;+adA +splg; me=i+1}, i=0
are such that in U,, a neighborhood of the origin

(i) A; is involutive and of constant rank for 0=i=n+u,, —1;
(ii) rank A, _,=n;
(iii) [g;, Ail= Aiyy for all j,1=j=m, such that u; =1 and all i,0<i<n+u, —1;
then the system (1) is locally dynamic feedback linearizable by a dynamic compensator
(12) with indices w,, ..., u, and a local diffeomorphism in V,, a neighborhood of the
origin in the extended state space R""".

Proof. According to Lemma 4.1, assumption (iii) guarantees that (35) holds for
every i=0. Since A; only depends on z, being defined on the original state space, it
follows from (35) and assumption (i) that the distributions & are involutive and of
constant rank for every i =0.

By assumption (ii), equality (35) for i=n+u,, —1 implies that rank @,,wm_, =
n+ u and thus rank @,,w_, =n+u. We can then apply Theorem 2.1 to the extended
system (30), which guarantees the existence of an extended state feedback

v'=a(z, w)+B(z, w)v
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with «(0,0)=0, B(z, w) nonsingular m X m matrix, and of an extended space
diffeomorphism

x=¢(z,w), ¢(0,0)=0 zeR"*

transforming the system (30) into a linear controllable one in x-coordinates. In con-
clusion we have proved that there exist a dynamic state feedback compensator (12)
with indices u,, - - - u,,, and an extended space diffeomorphism (10) transforming the
system (1) into a linear and controllable one of dimension n+ w. 0

CoROLLARY 4.3. Consider system (1) with m = n—1. The following statements are
equivalent:

(i) System (1) is locally dynamic feedback linearizable.

(ii) The linear approximation of system (1) at the origin is controllable.

Proof. (i)=(ii) follows from Theorem 3.1.

(ii)=>(i). Since the linear approximation of system (1) is controllable, there exists
a vector field g; such that ad,g; does not belong to ¥,; furthermore ¥, = TR". There
are two cases. Either %, is involutive and therefore, since 4, = TR", according to
Theorem 2.1, system (1) is static feedback linearizable. In the opposite case, we set
pme=11if k#i and u, =0, we have

® A,=sp{g;} which is of rank 1 and involutive.

® A =%,+splad,g;}=TR" since n=m+1.
The assumptions of Theorem 4.2 are met and system (1) is dynamic feedback
linearizable. O

Remark 1. Corollary 4.3 agrees with the sufficient conditions obtained in [5].
Corollary 4.3 is false if m < n —1 in system (1), as shown by (29) (single-input system).
A multi-input counterexample is given by the following system

X, =X, + x2
X =X;
X3=1u,
X4= U,

Its linear approximation at the origin is controllable; nevertheless, it can be easily seen
that the system is a dynamic extension of (29) by setting m’' =2, w, = x,, w, = u,, and
u = u, with the notations of (14). Since (29) is not dynamic feedback linearizable by
virtue of Theorem 2.2, it is also true for any dynamic extension of (29) (by contradic-
tion), which proves that our multi-input system is not dynamic feedback linearizable.

Remark 2. Conditions (i) and (iii) of Theorem 4.2 have some redundancy. In fact
the involutivity of A;,, and the inclusion A; < A, imply

[gj, A ]e Ay
and therefore

[g, A=A
for all j,1=j=m, such that u; =i+1. Hence only the conditions
[g,Al= Ay

for all i =0 and for all j, 1 =j = m, such that w; > i+1 are not contained in assumption
@i).

Remark 3. The conditions of Theorem 4.2 are invariant under state space
diffeomorphism (3), but they are not invariant under feedback transformations (5).
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Remark 4. If u;=0,1=i=m, then A; = % for every j= 0. Since condition (i) of
Theorem 4.2 requires that the distributions A; = % be involutive, condition (iii) of
Theorem 4.2 is always satisfied (in fact [g;, A;]= A;, 1 =j = m, in this case). Conditions
(i) and (ii) of Theorem 4.2 coincide then with the necessary and sufficient conditions
of Theorem 2.1. Theorem 4.2 can be viewed as a generalization of Theorem 2.1.

Remark 5. For those systems for which Theorem 4.2 applies, we can compute the
controllability indices of system (30) from (35) on the basis of the distributions A;. Let

1y =rank G, =m
i, =rank 4. —rank §,_,
=rank A; —rank A;_, +card {j|u;Zi+1;1=j=m},
then
l€j=card{i|rﬁ,»§j}, 1=j=m,

is such that Z;":] Izj =n+ u. Up to an input renumbering, we can then associate to any
vector field g; an index k; — u, so that

rank {g;, - - - ,adfi"‘i" gsl=j=m}=n

System (30) can be transformed into a linear controllable system with controllability
indices (lgl, BRI k,) as follows:
1. Determine m functions ¢,(z), - -+, ¢,,(z) such that:
(i) The m x m matrix

D(x)=((dg;, adb 1 gy

is nonsingular;
(ii) (d¢;,ad} g)=0, for every j, 1=j=m, and every A,0S A <k, —u,;— 1.
2. The extended state space diffeomorphism is given by

e(zw)=(p1, , Lp ' er, - @m, 5 L )

with f and g; being given by (30) and (32).
3. The extended state feedback transformation is (up to the former input renum-
bering)
Lflsl§01(2, W)
v'(t)=a(z, w)+B(z, w)v(t)=D"" +o(t)
L (z, w)
with
D~_;(z, w) = LﬁiL";:i_'@,(z, w).
Remark 6. The sufficient conditions of Theorem 4.2 may be helpful in finding the
structure of a dynamic compensator if it exists. We sketch the analysis in a particular
case.

Assume that Ay=sp{g;, -, gm-1} is an involutive subdistribution of %,. We
assume that for each i =0, we have

G =%4+1({ad} g,,0=k=1i})

where I({ad} g,,,0Sk=i}) is the Lie ideal of the Lie algebra ¥ generated by
{ad} g,,, 0= k = i}. These conditions mean that the noninvolutivity of the distributions
%, is due to brackets involving g,,.
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This specific Lie algebra structure of the distributions %, and ¥, leads to the
construction of a dynamic compensator of type (12) with u,=---=u,,_, =0 and
M #0. It remains to choose the value of u,,. The following procedure gives bounds
on the length of the chain of integrators.

We define the following distributions and indices

A,‘+1 = Ai +adj A,'
ip=inf {i| 4 # 4}
p =sup {0, {io— k|[adj gn, adp Al Z 4, 0= k= io}}

r=sup {i|A; involutive and ad, A,_, < A;}.

Let w;=-+ = w,,—; =0. Assume that u = r. Then let us choose w,, and the distributions
A; as follows:

prHl=u,=r+1

A=A, Vi=u,—1
(36)

AMm = Aum + Sp{gm}

A,«+1=A,»+ade,« VlZMm

According to the definition of the distributions A; and of the index r, to Theorem 4.2
and to Remark 2, if A,; is involutive for all i = u,, then system (1) is dynamic feedback
linearizable by the dynamic compensator (12) defined with w,=---=pu,,_,=0 and
L given by (36).

If w,, is chosen less than or equal to u, A; cannot be involutive:

A, =Y adf Ag+splad} g,.,0=k=iy—u,},
k=0

ad('}?_“ g~ < A, which implies, according to the definition of u, that A, = ¥4 is not
involutive.
On the contrary, if the index w,, is chosen strictly greater than r+ 1, then

A=A

and according to the definition of r, A, is not involutive. Therefore, the only possible
choiceis ut1=u, =r+1.

5. Examples.
Example 1. This example illustrates how the sufficient conditions of Theorem 4.2
can lead to the construction of a linearizing dynamic compensator. Consider the system

x1=X2,
Xy = Uy,
X3 = Uy,

X4 = X3 = X3Uy;
that is,

X =f(x)+ug(x)+ ug:(x)
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with
d d
=X, —t+Xx37—,
S 2 94X, ? 0X4
o8
&1 8x2 3 ax4’
_9
&2 9x;
Easy computations give
d
ad =—,
&1 g2 ax4
d
ad,g,=——,
182 x4
0
ad,g,=——.
781 9x,y

The system is not feedback linearizable since %, is not involutive and, therefore,
condition (i) of Theorem 2.1 fails, whereas condition (ii) is satisfied, i.e., rank ¥, =4.
Analyzing the Lie algebraic structure of the system we have that sp{g,, g,, ad,g,} is
involutive and of constant rank 3 whereas sp{g,, g,, ad;g,} is not involutive. According
to Remark 6, this leads us to choose u, =1 and u,=0, so that we have

Ao = sp{g.},
A, =sp{g., adrg2, g1},
A, =sp{g,, g1, 2ad, 81, &}
The conditions of Theorem 4.2 are satisfied. The controllability indices are (3, 2) and
rank {g,,ad,g,, g,, ad;g.} = 4.
The dynamic compensator is then
du, ,
a vy, U, = v5.
Following the procedure outlined in Remark 5, the extended space change of coordin-
ates is obtained solving
dee(A)t, de,e (Ag)"
with
<<d<P1 ;adgy) (de, ad} gz))
(des, g1) (dey, ad,g,)
nonsingular; a solution is ¢, = x,, ¢, = x,. The diffeomorphism is then
@ =(¢1, Ly, Lio1, @2, Lyga) = (x1, Xa, Uy, Xa, X3 = X314)

and the extended state feedback transformation is

()= %) ()
vh -x; 1—u, v,)"
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The dynamic compensation has a singularity at #, = 1 where there is a loss of controlla-
bility.
Example 2. This example shows that condition (iii) of Theorem 4.2 is not necessary.
Consider the system

Xy = X+ X3y,
x'2:x3+x1u2,

X3= u1+X2U2,

X4=Uy;
ie.,
X =f(x)+ug:(x) + ug:(x)

with

d 0 d 0 d d d

f=x2;9;+x3a—x2’ g1=—é—x—3, g2=x38—x]+x,a—x2+x23;3+5;:.

We can compute

adg2g1=—aixl, adf;zgl:aixza ad§2g1=—aixs;

that is, rank 4,=4, and

ad

0 0
adygy=—-—, ad}glz_“, ad;go=—x —+x3—.
3%

90X, 90X, ! 0x,

Since ¥, is not involutive, the system is not static feedback linearizable, however,
rank 9%, =4 and the linear approximation at the origin is controllable. If we set u, =0
and u, =3, the extended system

x1=x2+X3W1,
X, =Xx3tx,W;,

.x':s = U; +X2W1,

X4= Wy,
W= W,
Wy = W3,
e !
W3 =10,

turns out to be static feedback linearizable; in fact,
~ d d
go - sp{—’ _—}
aws’ 9X3
o - d J d
ow, 00X, 90X,

~ - 0 [e] d ¢]
94, = ‘gl+sp{—, (1—wy)—+wi—+w, —}
3W1 6x1 axZ a)C3
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When wi+w,—15#0 (i.e., when u, satisfies 4, # 1 —u3;) we have

~ ~ d d

G,=G,+ sp{axl s axz}.
Thus rank @2 =6 and, again when wi}+w,—1# 0, we have @3 = TR’. Hence the distribu-
tions % satisfy the conditions of Theorem 2.1 as long as w;+ w,— 15 0. On the other
hand, Ay = sp{8/9x3}, A, = sp{(8/9x3), (8/3x,)} and condition (iii) of Theorem 4.2 fails
since ad,, g, is not contained in A;; note that formula (35) does not hold for i=1.

This example illustrates the role of condition (iii): although not necessary, it allows
us to check the involutivities and constant rank condition for the distributions Eé,- on
the basis of the distributions A; defined on the original state space.

Example 3. Theorem 6.5 of [12, p. 136] was the first general result where dynamic
feedback linearization was achieved. The present example shows that the sufficient
conditions obtained in Theorem 4.2 and Corollary 4.3 are different than those given
in [12], which we now recall. The notations are those of [12]. Define the codistributions
Q,,k=0:

Q= sp{dh} = sp{dh,, - - -, dh,},
Doy =+ LN G +3 L, (N G),

Recall that if w =} ; w; dx; is a smooth 1-form and y =Y, y;(3/9x;) is a smooth vector

field, we have
dw’ \" ay
Lw=|— +w—.
L (8x 7) ax

Recall also that A* =(Q*)" is the largest (f, g)-invariant distribution contained
in Kerdh=Qyj.

In [12] the following result is proved.

Assume that:

(A1) A*={0},
(A2) Z L, (Q:N %)< Qy for every k=0.

Then the system is locally dynamic feedback linearizable.
Consider the system, which was suggested to us by Respondek:

X1 = Uy,

X =x3t @(xX)uy,

(37) xi’y:ula
yl = hl(x)7
V2= hy(x),

with ¢(0)=0, (3¢/dx;)(x) # 0, for all xeR’, and h,, h, two generic output functions.
The linear approximation at the origin is controllable and Corollary 4.3 applies. Thus,
h,, h, can be constructed according to Remark 5.
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Let us prove that there cannot exist two analytic output functions h,, h, for the
system (37) such that the sufficient conditions of [12] are satisfied.

We have
0
= x —_—
f=x; o
and
LI R
gl axl (4 8x2’ gZ ax3 .

Thus 9 = sp{(¢, —1, 0)}. Since ¥, is one-dimensional, two cases can arise:
® 45 NQ,=0, which implies that Q* = Q, and thus A* is one-dimensional, A* # 0.
Thus (A1) is violated.
® 4 NQ=% and we have L,(¢,—1,0)=(¢(3¢/0x,), —(3¢/dx,),
—(3¢/8x3)), L, (¢, —1,0) = ((3¢/3x3),0,0). It results that, if (3¢/ax;)#0,
Qo+, L, (QoN 95) = T*R® # Q,, which proves that (A2) is violated.
The claim is proved.

Example 4 (rigid body dynamics). We consider a general model of rigid body
dynamics that includes the case of aircraft dynamics [5]. Our general purpose here is
to show that Theorem 4.2 applies to important classes of mechanical systems rather
than deal with specific applications of aircraft control.

Let (x, y, z) be the coordinates of the center of mass in an absolute frame with
the vertical z-axis oriented downward, (u, v, w) the velocity components in a relative
frame linked to the rigid body, (p, ¢, r) the components of the kinetic moment in the
relative frame, (®,®, V) the roll, pitch, and yaw angles, respectively. Let &=
(x,y,z u,v,w,® 0, ¥)" be the state vector.

We consider p, g, r, and p (p is the thrust) as control variables. The equations of
motion are

x=u cos ¥ cos O+ v(cos ¥ sin O sin ® —sin ¥ cos O)
+ w(cos ¥ sin © cos @ +sin ¥ sin P),

y=usin ¥ cos O+ v(sin ¥ sin O sin ®+cos ¥ cos O)
+ w(sin ¥ sin © cos ® —cos ¥V sin D),

Z=-—usin @+ v cos O sin ®+ w cos O cos D,

X N/
(38) u=-—gsin ®+rv—qw+ﬁ+—p,
m m

Y
13=gcos®sinq)—ru+pw+—’£1—§),

Z
w=gcos®cos¢+qu—pv+%,

& = p+1tgB®(q sin @+ r cos P),
O=gcos®—rsind,

qgsin®+rcosd
cos O

\if:

B
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where (X,(€) +Jp, Y(§), Z(£)) are the components of the force vector excepting gravity.
The model is of the type

(39) E=1(&)+pgi(&)+qg,(&) +rgs (&) + pga(€)

with f, g,, g., g3, and g, obtained from (38).

The reader can compute the Lie brackets ad, g; with 1=1i, j=4 and check that,
independently of the type of functions that X,(¢), Y(£), and Z(£) may be in specific
cases,

® sp{g,, g, g3} is involutive;

® G,=spl{g., g, &3, g4} is not involutive, rank 4, =4,

® Gy=Y,+splad, g,, ad, g3}

=sp{(3/9u), (8/dv), (a/aw) (8/0®), (3/30), (3/9¥)}, rank 4, = 6;

® 4§ =%Y,+ad, G+ %, = TR’, rank 9, =7 and rank ¢, =9.

Since ¥, is not involutive, the system is not feedback linearizable. However, it is clear
from the Lie bracket configuration that all the noninvolutivities are caused by g, and,
according to Remark 6, if we choose u; = u,= ;=0 and u,=1, we have

Ao=sp{gi, g2, &}
A= Ao’l‘adf A+ Sp{g4} =go
A,=A+ad A = TR

Therefore, the sufficient conditions of Theorem 4.2 are satisfied, which leads to the
compensator

p:véh
pP=1,

(40)
q=1,,

Define the functions
V=X,
V2=,
Y3=2z,
Ya=p,
and the extended space diffeomorphism
(&p)—§
where
€=, Livi, Livi, ya, Liya, Lya, vs, Livs, Liys, ya) -
The dynamic compensator (40) together with extended state feedback

= D_I(U,-Do),
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where
L.X LY
D(‘)=fcos ¥ cos ®+——(cos ¥ sin O sin ® —sin ¥ cos P)
m
Lz
+#(cos V¥ sin O cos ® +sin ¥ sin &),
L. X, LY
D}= 1m %sin ¥ cos ®+‘—r:1—(sin V¥ sin O sin ® + cos ¥ cos P)
LZ
+—rfn—-(sin W sin @ cos @ —cos V¥ sin ®),
L./ X LY L.Z
D =""%in @+ cos © sin ® +—-= cos O cos P,
m m m
Dj=0,
and

Y Z
D! =—(cos ¥ sin ® cos ®) ——(cos ¥ sin O sin ®) + ¢},
m m

X+ J V4
D?= —O—F’(cos\lf sin O cos @ +sin ¥ sin ®) +— cos ¥ cos O + &7,
m m

Xot+

J Y
Df=Tp(cos\If sin O sin ® —sin ¥ cos ®) —— cos ¥ cos O + &3,
m

J
D}=-—cos ¥ cos O,

m
, Y . . Z, . . . 1
D2=;(sm\1fs1n®cos<I>—cos\Ifs1n<I>)—;(sm\Ifsm®smd>+cos\Ifcos<I>)+ez,

XotJp
Di=-=

zZ
(sin ¥ sin ® cos ® —cos ¥ sin t1>)+;sin\1fcos O+ej,
X0+ Ji Y
D§=—Om—l-)(sin\lfsin®sin¢>+cos\I’cos <I>)—;sin‘Ifcos O+e3,

J
D3=—sin ¥ cos O,
m

cos O
Di= (=Y cos®+ Zsin®)+ ¢},
m
Xot+J V4
D=2 pcos@cos<l>+;n—sin®+a§,

Xot+J Y
D§=—( R pcos@)sin<b+—sin®)+e§,
m m

J .
D}=—s5in 0,
m

55
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and D)= D3=D;=0 and D}=1, with

) L, X LY
el =cos ¥ cos @ —5—="+ (cos V¥ sin @ sin ® —sin ¥ cos D) frln
. . . L, Z .
+(cos ¥ sin O cos ® +sin ¥ sin P) m 1=i=3,
. L, X LY
eb=sin ¥ cos @ —2—"+ (sin V¥ sin O sin ® + cos ¥ cos ®) —=
o Lz ‘
+ (sin ¥ sin O cos ® —cos V¥ sin ®) ”" 1=i=3,
. L, X, . LY L, Z
e5=sin ® é;'no+cos(%)smcl> B —+ cos O cos P —= 1=i=3

makes the closed loop system linear and controllable:

d’y,
E);:U;’ 1=i=3
)}4=U:t-

6. Conclusions. We have studied the problem of dynamic feedback linearization
(Definition 2.1 and Definition 2.3) for nonlinear systems (1). Theorem 2.2 shows that
for single input systems the set of dynamic feedback linearizable systems coincides
with the set of static feedback linearizable systems. Theorem 3.1 shows that the
controllability of the linear approximation at the origin is a necessary condition for
dynamic feedback linearization, which is also sufficient when m=n—1 in (1); this
means that mild conditions identify dynamic feedback linearizable systems when the
number of states minus the number of controls is equal to one. This is no longer true
ifm<n-—1.

Theorem 4.2 gives sufficient conditions for dynamic feedback linearization via
special types of dynamic compensators (prolongations). The conditions are not
necessary (Example 2) but are more general than existing sufficient conditions (Example
3) and include the known necessary and sufficient conditions for static feedback
linearization. A contrived example (Example 1) and a model of complex dynamical
system, namely the dynamics of a rigid body (Example 4), show how the sufficient
conditions of Theorem 4.2 lead to the explicit determination of the linearizing dynamic
compensator.

The challenging problem of finding necessary and sufficient conditions for dynamic
feedback linearization remains open however. We have solved the problem only when
m = n—1 and we have established that it is a multi-input phenomenon; in the general
case we have obtained constructive sufficient (but not necessary) conditions and
necessary conditions.
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QUADRATIC APPROXIMATIONS IN CONVEX NONDIFFERENTIABLE
OPTIMIZATION*

MANLIO GAUDIOSOt AND MARIA FLAVIA MONACOTY

Abstract. An implementable descent method for the unconstrained minimization of convex nonsmooth
functions of several variables is described. The algorithm is characterized by the use of a set of quadratic
approximations of the objective function in order to compute the search direction. The resulting direction
finding subproblem is shown to be equivalent to a structured parametric quadratic programming problem.
The convergence of the algorithm to the minimum is proved, and numerical experience is reported.

Key words. nondifferentiable optimization, bundle methods
AMS(MOS) subject classifications. 90C25, 65K05

1. Introduction. The research in the area of the numerical methods for non-
differentiable optimization is presently stimulated both by the relevant results that are
being obtained in the field of nonsmooth analysis as well as by the practical need of
algorithms performing better than those currently available.

The above motivations concurrently stimulate the research for numerical methods
no longer exclusively based on piecewise linear approximations of the functions to be
minimized.

In particular, the results presented in [7], [24] provide an extension to the convex
nondifferentiable functions of the concept of second order derivative, through the
definition of second subdifferential; on the other hand, parallel to the historical
development of the numerical methods for the unconstrained minimization of smooth
functions, ‘“Newton type’” methods are expected to replace “‘gradient type” methods
[17].

This paper describes an implementable descent method for the unconstrained
minimization of convex (not necessarily smooth) functions of several variables which
takes advantage of the information available on the curvature of the objective function
along certain directions. The algorithm is related to the family of bundle methods [12],
[16], [5], the substantial difference being in the direction-finding step.

In fact, generalizing the approach presented in [6], the search direction is obtained
by minimizing the directional derivative on a compact set which approximates the
level set of the objective function. The approximation consists of a set of quadratic
constraints generated on the basis of the “bundle” of information available.

The paper is organized as follows. In § 2 the approach is described with emphasis
on the definition of the auxiliary problem to be solved at each step of the algorithm
in order to find a search direction. Section 3 is devoted to the analysis of the auxiliary
problem and to its reduction to a parametric quadratic program. The overall algorithm
is stated in § 4. Finally the results of numerical experiments are reported in § 5.

The basic background of the paper is convex analysis, for which the fundamental
reference is Rockafellar’s book [20]. General references for the numerical methods
are [1], [9], and [26]; in particular the bundle methods, which are strictly related to
our approach, are surveyed in [14].

Standard notations are adopted throughout the paper. The symbol | - || denotes
the euclidean norm. In the sequel, given a set A of the n-dimensional euclidean space,

* Received by the editors June 13, 1988; accepted for publication (in revised form) April 11, 1990.
+ Dipartimento di Sistemi, Universita della Calabria 87036 Rende (CS), Italy.
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we denote the convex hull of A as conv (A) and the vector of minimum norm in A
(i.e., the nearest point to the origin) as Nr (A).

2. Preliminaries. Let f be a proper convex function defined on the n-dimensional
euclidean space R". Our aim is to devise a descent method for the unconstrained
minimization of f. Since the core of our approach is the determination of a search
direction (possibly a descent one), we focus on this problem.

We assume that, in some iterative procedure, at a given current point x € R", the
following information is available: a subgradient vector of f at x, g€ df(x); a set of
previously generated points x;, i€ F such that f(x;)> f(x), and the corresponding
subgradients g; € 3f(x;), i€ F.

We look for a search direction d* obtained as a solution of a problem of the type

mdinf’(x,d) h(d)=0,

where f'(x, d) is the directional derivative of f at x along d and h(d) is some reasonable
model of f(x+d)—f(x). In other words, the feasible region is an approximation of
the level set of f at the point x, i.e., of the set

S(x)={d|f(x+d)=f(x)}.

The approach is motivated by a simple interpretation of Newton’s direction in
the convex quadratic case. In fact, if this is the case, a scalar multiple of Newton’s
direction is obtainable as a solution of

min f'(x, d).
des(x)f( ,d)

The approach has been utilized in [6] in connection with piecewise linear approxi-
mations of f, giving rise to a variant of the bundle type methods.

In this paper we will define the function h(d) through explicit consideration of
the curvature of £ To this aim some basic concepts are in order. Let «; and «a}, i€ F
be defined as follows:

o =f(x)-f(x)-gl(x—x) ieF
ol =f(x)~f(x)-g"(x~x) icF

The value «; represents the difference between f(x) and the value at x of the
linearization obtained starting from x;, i€ F. Symmetrically, «; is the difference
between the actual value of f and the linearization based on x, both evaluated at x;. By
convexity both «; and «/, i€ F are nonnegative.

From the definitions, letting d; = x —x;, i € F, it follows that
ai+a;=(g_gi)rdi ieF

and, if in addition f is quadratic, say f(x) =3x"Qx+ b"x, we have that o, = o} =3d | Qd,.
The meaning of «; and «] is pictorially described in Fig. 1.
Letting d =y —x, y € R", we define a set of convex quadratic functions h;(d), i€ F
in the following way:

hi(d):% ide+(gi+Bidi)Td_—"-9i ieF
where

,3i=(g_gi)Tdi/|ldi||2 and ﬁi=%|ai_a;|'
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The functions h;(d) are the basic elements for constructing the desired approxima-
tion of the level set. We note that the gradient of h;(d) evaluated at d = —d; is g; and
the directional derivative of h;(d), evaluated at d =0, along the direction d; is equal
to g'd..

This means that h;(d) interpolates the first order properties of the function f at
the points x; and x, in the latter case solely along the direction d;.

As far as the values of the functions are concerned, it is easy to verify that

hi(0) = -1,

S(x;) = f(x) if 9 =3(c;—a))
S(x)—f(x)—(aj—a;) if 2%(04_“:‘)-

Note that h,(d) is a convex quadratic function whose curvature is completely
defined by the value B; obtained from information on f along d;; its gradient at the
point d =0, g;+ B;d;, can be considered as the gradient of the original function f at
x;, “transferred in a quadratic fashion” to the point x.

We define the sets S;, i€ F as

hi<—di)={

S, ={d|h,(d)=0}.

Each set S; is consistent with the level set S(x) in the sense that S; N S(x) # & (in fact
at least d =0 is in the intersection).
We define the function h(d) as follows:

h(d) =max h;(d)

and, therefore, the approximation adopted for the level set is

S'=N S;={dlh(d)=0, ieF}.

ie F
In conclusion, in order to find a search direction from the current point x, we solve
mdinf’(x, d) hi(d) :%Bide +(gi+ Bidi)Td -9,=0, iekF

If the information available on the subdifferential at x is solely g, the objective
function is the inner product g’d. More in general, if a set of e-subgradients g;,
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gi€d.f(x), ie C of f at x are available, the directional derivative is replaced by the
e-directional derivative, i.e., the objective function becomes

min max g'd
d geconv(I'¢)

where I' - is defined as

I'e={glieC}.
Consequently the problem may be rewritten as
(P) min v v=gld ieC h(d)=0 ieF

d,v

Before discussing the properties of (P) we just note that its feasible region is
nonempty and convex.

3. The search direction finding subproblem. In this section we discuss some proper-
ties of problem (P). In the sequel we assume B; >0, i € F and, for simplicity of notation,
we define g} =g,+B;d;, i€ F.

The following proposition summarizes the properties of (P).

ProPOSITION 1. Let S’ be the set of directions d feasible for (P) and let (d*, v*)
be the optimal solution. Then

(a) S’ has nonempty interior unless it reduces to {0};

(b) v*=0;

(c) if 8;>0 for all i€ F then v*=0 if and only if 0€ conv (I'¢);

(d) if the set I={ie F|9;=0} is nonempty, then v*=0 is equivalent to Oe
conv (I« UT;) where T, ={gllie I}.

Proof. (a) S'is the intersection of the closed balls S;, i€ F

Si={d||d+gl/B:|’=ri}, where ri=|gl/B:lI’+29:/B:.

S’ is nonempty since each S; contains the origin. The property follows from convexity
of S’ and from strict convexity of the euclidean space;

(b) consequence of feasibility of (d, v) = (0, 0);

(c) the condition ;>0 for all i € F implies that S” has nonempty interior (in fact
Oeint S’). Since Q(P), the feasible region of (P), is the epigraph of the convex function
max;. g/ d, d € S', it follows from Lemma 7.3 in [20, p. 54] that Q(P) has nonempty
interior, and consequently, that Slater’s constraint qualification holds for (P); thus,
(P) being a convex program, Kuhn-Tucker conditions are both necessary and sufficient
for optimality.

The Kuhn-Tucker conditions for (P) are:

(2) wiz0 ieC

(3) m=0 ieF

(4) Ec'ui:l

(5) mi(h(d))=0  ieF
(6) wi(v—gld)=0 ieC.

If v* =0, the direction d =0 attains the optimal value. Since 0 int S’, from (5)
the multipliers 7; must be identically zero, hence the “only if”” part follows from (1).
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The ““if”* part follows by noting that 0 conv (I'-) implies that the Kuhn-Tucker
conditions are satisfied by letting d =0, v =0, 7, =0, for all ie F.

(d) We note first that v* = 0 if and only if the following system of linear inequalities
has no feasible solution d:

gld<o0 ieC
g'd<0 el

From Gordan’s theorem of the alternatives [ 18] we have that infeasibility of the above
system of linear inequalities is equivalent to feasibility of the system

Y migit _Z’ mgi=0

ieC
(7)

©; =0, 7, =0 and not all the u; and the =; equal to 0
which in turn is equivalent to 0€ conv (I'c UT;). O

The meaning of v* = 0 is different in (¢) and (d). In particular, under the hypothesis
of (¢), v*=0 indicates that an approximate optimality condition is verified at the
current point x. Under the hypothesis of (d), v*=0 may either indicate that the
approximate optimality condition is verified or that the model of the level set is
inadequate. More precisely, the approximation of the level set may be inherently
contradictory (S'={0}) or it may not fit with the local descent properties of f (empty
intersection of S’ and the set of the descent directions at x).

Our approach to the solution of (P) is based on the solution of its dual:

T
max( ¥ ,u,«g,«) d+ Y mh(d)
ie F

wmd \jeC
Y gt X mg§+( Y w,ﬁ,)d=o
ieC ieF ieF

Y omi=1

ieC

,U«,é() IGC, 7T,—>__—0 ieF.

(D)

It is easy to verify that problem (D) is always feasible. Moreover, corresponding
to the feasible triplets (u, 7, d) for which 7 # 0, it is possible to express d as function
of w and 7. (We note in passing that feasible triplets (u, 0, d) exist if and only if
0econv (I'x)).

Thus we eliminate d by putting

d= _ZieC pigitYicr 77,‘8:‘.
Licr miBi

Consequently (D) becomes

. l ”ZieC migitYicr 7"':'85”2

min 2 ) + erF Y
wi =0 ieC

m=0 ieF

X =1

ieC
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Defining the matrices G and G’ whose columns are, respectively, the vectors g;,
ie C,and g/, i€ F and, also, the vectors u, 7, B, 9, e’ =(1,1, 1, - -, 1) of appropriate
dimension, the above problem may be rewritten in compact form as follows:

1|Gu+G'n|*+7" (38" + B8 )
nz T
2 B m
(FD) e'u=1
n=0, 7=0.

Hence (FD) is a fractional programming problem, the numerator being a quadratic
function and the denominator linear. Moreover, numerator and denominator are,
respectively, convex and nonnegative on the feasible region.

In order to approach problem (FD), we define the following parametric quadratic
programming problem in the nonnegative scalar parameter p

min 3(|Gu + G'7|*+ 7" (3BT + B3 )mw)—pB T w

(QP(p)) u=1 w20 w20

ProposITION 2. For positive values of the parameter p, the following statements are
equivalent:

(a) (QP(p)) is unbounded from below:

(b) there exists a solution m=0, = #0 to the system of linear equations

G'm=0, 3Tm=0.

Proof. The implication (b) implies (a) follows immediately by noting that, by
hypothesis, 8 >0 and that conv (I'-) is bounded.

To prove (a) implies (b) we note first that, because the norm of Gu is bounded
on the feasible region, for all feasible u the following holds:

J(IGu+G'r|P+ 7" (BT +BS ) m)—pB
= 3(G [P+ 7T (987 + B9 )m)+ min gl (G'm) +H|ull*~pp "

where u = Nr (I').
Defining g() as the function on the right-hand side of the above inequality, we
have that

q(w)=rgig qi()

where, for all i€ C, ¢;(w) is the quadratic function
gi(m)=3(|G'w|*+ 7" (98" + B )m)+g! (G'm)+3|u||*~pB .

From the unboundedness assumption, it follows that q(7) must be necessarily
unbounded on the feasible region. Moreover, since the cardinality of ' is finite, at
least one of the functions g;(7) must be unbounded from below. On the other hand,
if (b) is not verified, all the quadratics g;(7) have finite minimum since the hessian
matrix is strictly copositive [19]. Hence the proof follows. O

Proposition 2 indicates how to proceed to solve (FD). In fact, by solving (QP(p))
for any choice of the parameter p >0, two possible outcomes may result:

(a) unbounded solution,;

(b) finite minimum.
Case (a) may occur if and only if S’ = {0}, which in general indicates inconsistency of
the level set approximation. Whenever case (b) occur we may infer that problem
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(QP(p)) has finite minimum for all the values of the nonnegative parameter p and,
hence, that the function

F(p)=min3(|Gu+G'w|*+ax (9" +B8")m)—pB'm

(QP(p)) eTu=1 w=0, 7=0

is well defined for p=0.

Further insight may be gained by determining F(0). In fact different conclusions
about (P) may be drawn according to F(0)=0 or F(0)>0. We observe first that
F(0) =0 with the corresponding = =0 imply 0 conv (I'c); otherwise F(0)=0 and
7 # 0 imply the existence of a feasible solution to (7).

The implications of the case F(0)> 0 are analyzed in the following proposition.

ProrosiTioN 3. If F(0)>0 then:

(a) 0gconv (I'¢);

(b) the system (7) has no solution.

Moreover there exists a positive p* such that F(p*) =0 and the corresponding 7(p*) # 0.

Proof. (a) and (b) follow immediately from the definition of F(0). Recalling the
Kuhn-Tucker conditions for (QP(p)):

G'Gu+G'"G'm—0oez=0
G Gu+(G'"G'+I9B"+BI )r—pB=0
(8) w (G'Gu+G'G'mr—0e)=0
7' [G"Gu+ (G "G+ 98" +BdT)m—pBl=0
e'u=1 w=0, 7=0

where o is the multiplier (unconstrained in sign) of the constraint e ’u =1, we have,
from (8) and from boundedness of conv (I'), that, for sufficiently large values of p,
the optimal pair (u, 7) cannot be of the type (u, 0). Moreover, it is easy to show that
F(p) is continuous and lim,_., F(p)=—c0. Hence, since F(0)>0, we conclude that
a solution p* to the equation F(p)=0 exists. Finally we note that, corresponding to
the optimal pair (u(p*), w(p*)), itis w(p*) # 0 (otherwise the same pair should have
been optimal for p =0, determining F(0) =0, which contradicts the hypothesis). 0

As it will be explained in detail in the next section, the case F(0)=0 suggests
either stopping or resetting in a possible descent procedure. On the other hand, assuming
F(0)>0, we have the equivalence of solving the nonlinear equation F(p)=0 and
solving the fractional programming problem (FD) (see[8], [21] for a complete treatment
of the parametric approach to fractional programming).

In fact, taking into account that 7(p*)#0, it is easy to show that the couple
(n(p™), w(p*)) is optimal for (FD). Moreover since F(p) is a concave, strictly decreas-
ing function, the solution p* is unique and the standard numerical methods for
fractional programming apply to our case.

4. The algorithm. In this section we introduce a model descent algorithm charac-
terized by the use of a search direction obtained through solution of problem (P). In
the sequel, for the sake of simplicity of notation, we describe one iteration of the
method that we define as the “‘main step.” We assume that at x, the current estimate
of the minimum, the following information is available:

— An approximation of the e-subdifferential of f at x, for a given € >0, i.e., a bundle
I'c of subgradients of f evaluated at points “sufficiently close” to x. The bundle
is assumed to contain at least g, a subgradient of f at x; in fact it reduces to the
singleton after a successful line search (see step 3 below).
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— The points x;, i€ F (considered “far” from x), the scalar parameters B3;, 3; i€ F
and the related bundle of subgradients I' ={g;|i € F}.
The meaning of points “close” and “‘far’’ deserves explanation. We consider close
to x any point y such that, for the given £ >0, each subgradient at y belongs to the
e-subdifferential of f at x. This is certainly true for all y satisfying

ly—x=¢

where t'=¢/2K and K is any upper bound on the norm of the subgradient (see [6]).
In our approach we consider ““far from x’* all points previously obtained in the descent
procedure. Whenever F = (J, as is the case either at the beginning of the algorithm or
after a reset (see Step 1 and Step 2 below), the search direction is obtained by letting

d*=—Nr (conv (I'c)).
Moreover, in this case, v* is set to the value —||d*|*.

Main step. The positive parameters t', ro.., 1, My, My, 0<m,<m,; <1 are given.

STEP 1. Define the current parametric quadratic programming (QP(p)) and solve
for p=0.

Case (a) F(0)=0 and #*=0: Stop (Optimality).

Case (b) F(0)=0 and #*#0: Exit from main step (Reset F).

Case (¢) F(0)>0: Go to Step 2 (Finding a search direction).

STeEP 2. Select a positive p and solve (QP(p)).

Case (a) Solution unbounded: Exit from main step (Reset F).

Case (b) Solvethe nonlinear equation F( p) = 0to obtain p* and the corresponding
optimal pair (u*, 7*); set

o Gu Gl
Bm*
If ||d*|| > rmax, then scale d* by putting d* = r,,., (d*/]|d*|)); set
v¥* = =3B || d*|)> — 9T m*.

If |0*| < n then exit from main step (Reset F) else go to Step 3.
Step 3. Perform a line search along d* finding t >0 and g* € 9f(x + td*) such that

9) g Td* = mv*
and either

(10) Case (a) f(x+1td*)—f(x) = m,tv*

or

(11) Case (b) t|d*|| =t

In Case (a) update the estimate of the minimum putting x*=x+1td* set =T Ul
and calculate the new vectors 8 and &. Moreover set I'c ={g*} and iterate the main
step. In Case (b) set '« =I'c U{g"*} and return to Step 1.

Before stating the convergence properties of the algorithm, we briefly comment
on the various steps.

We note first that, whenever Case (a) at Step 1 occurs, 0 conv (I'-); hence the
calculations are stopped because the current x is e-optimal.
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Case (b) at Step 1 indicates that no feasible descent direction exists, i.e., that
possibly the local model (represented by I'-) and the global one (represented by I'r)
are incongruent. Thus we cancel the information provided by the points Xx;, i € F, and
exit from the main step. Possible satisfaction of the e-optimality condition at the
current point will be detected at the restart.

Coming to Step 2 we note that, according to Proposition 2, occurrence of Case
(a) implies that I" = does not provide useful information in order to determine a search
direction and that, on the other hand, the &-optimality condition 0 € conv (I'-) is not
satisfied. Hence we reset F by letting F = . The scaling of d* is to prevent the search
direction from becoming arbitrarily large in norm: it has the same effect of introducing
a safeguarding ball constraint in problem (P). On the other hand, the reset based on
the value of |v*| is aimed to avoid shrinking phenomena of the feasible region of (P)
that may occur even at points far from the minimum.

As for the line search (Step 3), the algorithm does not differ significantly from
the usual line searches procedures in bundle methods [26]. Here we remark that success
or failure of the line search (Case (a) and Case (b), respectively), apart from the actual
modification of the current estimate of the minimum, results in different strategies for
updating the bundle of information. In particular in Case (a), since a “serious step”
is performed, all the information related to x is kept and the set F is updated, whereas,
in Case (b) (null step), the e-subdifferential at x is enriched by the gradient g”.

The convergence of the algorithm is based on the following two propositions.

ProrosiTION 4. If at any point x the algorithm generates a sequence {d¥} of
nondescent directions, then the corresponding sequence {v§} converges to zero.

Proof. Suppose that a sequence of search directions has been generated and no
significant descent steps have been obtained along any of them (Case (b) of the line
search). Since at most only one reset may occur, it is sufficient to consider only the
sequences {vi}, {d¥} generated after the reset. As a consequence of (9) and being
m, <1, the sequence {v}} is monotonically increasing. Moreover it is bounded from
above by zero and hence it is convergent, say to v’. To prove that v’ =0, we note first
that {||d¥||} is bounded. Thus consider two convergent subsequences {d}}, {v}}, he H
and let s be the successor of h in the subsequences. Assuming that g* is the subgradient
evaluated along d, the following hold:

+T 3% * +T g% *
g dizmyj, g di=vf,
hence
+T * * * *
g (ds_dh)évs_mlvh'

Passing to the limit, we have (1—m,)v'=0 and, since v'=0, we conclude
that v’ =0, 0

Proposition 4 ensures that the procedure may not remain blocked for infinitely
many iterations at a point not satisfying the g-optimality criterion. On the other hand,
the following proposition guarantees that after a finite number of successful line
searches the e-optimality condition is satisfied if the objective function is bounded
from below.

ProrosiTioN 5. If the function f is bounded from below and has finite minimum,
for any choice of the starting point x, the algorithm terminates in a finite number of steps
at a point satisfying the e-optimality criterion.

Proof. Assume that the algorithm generates an infinite subsequence {d¥}, ke K
of directions corresponding to successful line searches. Thus we may write

S+ 16d¥) = f(x) = myt o keK
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with
% '
tldi||>t.

Since f is bounded from below, we have that {f,0}}, k€ K must converge to zero,
which contradicts |vf|> n and t, > t'/ 7., . Hence after a finite number of descent steps
the algorithm cannot generate further descent directions and, as a consequence of
Proposition 4, the current point satisfies the e-optimality condition. 0

5. Numerical experiments. We report briefly on some numerical experiments per-
formed coding our algorithm in FORTRAN 77 (double precision) on an IBM PC.

Before discussing the results we wish to emphasize that the algorithm previously
described may in fact be considered as a model algorithm, for a number of decisions
may be made differently at various steps, giving rise possibly to quite distinct
implementations of the basic idea. In particular, the proximity threshold ¢’ has to be
properly decided; it is necessary to specify the resetting strategy (partial resetting could
be taken into consideration as well), to define appropriate maximum sizes for both I'
and I'g, to set the tolerance parameters for F(0) =0 and F(p)=0 etc.

The equation F(p)=0 has been solved via Newton’s method and the quadratic
programming problem solved by the Harwell Subroutine Library code VE02AD.

The line search has been implemented by adopting a slightly modified version of
Lemarechal’s subroutine MLIS4.

We have considered the following standard test functions; their complete
definitions may be found in the quoted references.

1. MAXQUAD [15].

f(x)= max {x"TAx—bTx}

n=10, f(x*)=-0.841408, x,=(1,1,---,1), f(x,)=5337.

[\

. SHOR [25].

f(x)= max {b.- ) (x; = aij)2}~

Jj=1
n=5, f(x*)=22.60016, xJ=(0,0,0,0,1), f(x,)=280.
3. ROSEN-SUZUKI [2].

flx)= max {fi(x)}, fi(x) quadratic

n=4, f(x*)=-44, x;=(0,0,0,0), f(x,)=0.
4. CHARALAMBOUS-CONN [2].

f(x)=max {x]+x3,(2—x,)>+(2=x,)%, 2e "2}

n=2, f(x*)=195222, xI=(1.0,-0.1), f(xo)=5.4l.
5. CHARALAMBOUS-CONN [2].

f(x)=max {x]+x3, (2—x,)°+(2—x,)%, 2e M4}

n=2, f(x*)=20, xi=(2,2), f(x,) =20.
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6. DEMYANOV-MALOZEMOV [3].
f(x)=max {5x,+ X5, =5x,+ X5, X3+ x5+ 4x,}
n=2, f(x*)=-3, xq=(1,1), f(x,)=6.

7. MAXQ [22].
_ 2
J(x)= max x;

n=20, f(x*)=0, xJ=(1,2--,10,-11,-12,+ -+, =20), f(xo) =400.
8. EQUILIBRIUM [15]. It is a set of three problems (n =35, 8, 10) of the form:

f(x)=lmax fi(x) subjectto Y x;i=1 x;=0, i=1,---,n

=i=n i=1

f(x*)=0,  xq=01/n1/n,--,1/n)

n=5, f(x,)=2022; n=38, f(xy)=9.78; n=10, f(x,)=26097.

The above test problems are widely adopted in the literature and numerical results
may be found, for example, in [2], [4], [9], [10], [11], [13], [22], [23], [25], [27].

In our experiments we have noted some degree of insensitivity to the choice of
the tolerance parameter in the solution of F(p)=0, (which has been set to 10~°),
whereas the tolerance parameter on the condition F(0) =0 seems to have a stronger
impact on the performance of the algorithm; in fact it not only dictates the accuracy
of the solution but also influences the frequency of the resets (Cases (a) and (b) at
Step 1 of the algorithm). We have adopted values ranging between 10~ * and 107°.

Since the test problems are all of finite minimax type, we have set the maximum
size of the bundle I'~ to the number of functions to be maximized. We have noted
that a too large size of I'r increases the computational overhead with no apparent
improvementin the overall performance (in general very few of the quadratic constraints
are active at the solution of the auxiliary problem). Thus we have set the maximum
size of I' equal to that of I'¢.

Our results are summarized in Table 1 where we report, for each test problem,
the total number of iterations (both descent and nondescent ones), the number of
function and gradient evaluations, and the function value at the stop.

On the limited number of problems tackled, the results seem comparable with
those available in the literature. They demonstrate that the use of nonuniform ball
constraints in the auxiliary problem is viable. On the other hand, substantial improve-
ment in the performance would be expected by devising more sophisticated answers

TABLE 1
Test

problem Iterations f/g eval. f(x) f(x*)

1 40 65 ~0.84140 —0.841408
2 29 59 22.60016 22.600162
3 24 53 —43.99999 —44

4 11 21 1.95222 1.952224
5 8 19 2.00000 2

6 20 41 —3.00000 -3

7 86 135 0.00000 0

8 (n=35) 23 79 0.00001 0

8 (n=38) 36 106 0.00006 0

8 (n=10) 38 120 0.00040 0
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to a number of open questions (e.g., more judicious management of the exchange of
information between the bundles I' - and T').

6. Conclusions. We have described a model algorithm for minimizing a convex
function based on the construction of suitable quadratic constraints. It may be inter-
preted as a bundle method embedding an automatic technique for bounding the norm
of the stepsize.

The numerical experience on some standard test problems, which shows feasibility
of the basic ideas underlying the approach, suggests that further research efforts should
be made in order to make the proposal more competitive.

Acknowledgment. We are indebted to K. Kiwiel for suggesting some corrections
to a preliminary version of the paper.
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AN INVERSE CONVOLUTION METHOD FOR REGULAR PARABOLIC
EQUATIONS*

D. S. GILLIAMfY, B. A. MAIR#, aAND C. F. MARTIN§

Abstract. In this paper, the problem of determining an unknown boundary control of a parabolic
distributed parameter system, evolving over finite or infinite time, from incomplete, approximate interior
temperature measurements is investigated.

First, an exact solution is obtained for square integrable boundary controls associated with a general
class of parabolic equations on a finite spatial interval under the assumption that the interior temperature
is known for all times.

Then, it is shown that this exact solution can be used to develop a stable algorithm for the numerical
solution of this problem, without the introduction of standard regularization techniques. This algorithm
assumes only knowledge of a finite, discrete set of approximate temperature readings.

One advantage of this inversion process is the availability of a priori error bounds based on the
measurement errors and frequency of sampling that are obtained in this paper. Another useful feature is
that it encompasses boundary controls which are arbitrary linear combinations of surface temperature
and flux.

Numerical results are presented.

Key words. eigenvalue, Sturm-Liouville, convolution, Green function, iterate, spline, ill-posed, inverse
heat conduction
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1. Introduction. There has been considerable interest in the control, observation,
and stabilization of parabolic distributed parameter systems via point sensors and
actuators [8], [9]. The present work is concerned with the related question of whether
or not point observation uniquely determines the boundary control for a class of
parabolic boundary value problems. More precisely, the problem can be stated as
follows: From incomplete data obtained by observing the system at a given point in the
spatial domain over a finite time interval, uniquely reconstruct the boundary control for
this time interval within a specified class. Varying forms of this type of problem can be
found in the literature under the general heading of inverse heat conduction problems
[1], [4]1, [6], [7], [18], [20]. The problem is often recovering the temperature and/or
heat flux at the boundary from data sampled in the interior of the domain. Numerous
applications of physical importance can be cast in this general setting but as is well
known, such problems are ill-posed.

The technique considered here for recovering unknown surface data is based on
an extension of the method developed in [12] for a very special class of problems.
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The present method is to first compute the transfer function between the observation
and control and then use a product representation for the transfer function to obtain
a sequence of approximates to the control using a convolution method. It is shown
that the iterates {f,} converge in the sense of L*(0, ) assuming that the sampled data
derives from an L? control. The analysis is carried out for parabolic equations in one
spatial dimension for general, regular, self-adjoint Sturm-Liouville spatial operators
acting in the Hilbert state space of functions square integrable in a finite interval [ a, b];
however, this technique can be extended to higher-dimensional rectangular bodies by
using results in [13].

In addition to investigating theoretical aspects of this inverse heat conduction
problem, this paper shows that the exact solution obtained in Theorem 2.1 can be used
to develop a numerical solution to this problem. An important consideration here is
the behavior of the inversion process in the presence of finite, noisy data. Due to the
ill-posedness of this problem, the iterates obtained by using approximate data, instead
of the true temperature readings, may not converge to the unknown boundary
control.

Despite this unpredictable behavior of these approximations for large iterations,
this paper shows how to obtain a suitable iteration level depending on the noise
measurement error and frequency of measurements. Error bounds are also given for
this iteration level. This problem of choosing an appropriate iteration level is similar
to optimal selection problems that occur in standard regularization techniques (cf. [7],
[17], [18], [20], [22]).

In § 2 we describe the basic model and state the main result. Section 3 contains
a discussion of the solution of the direct problem and a useful representation for the
solution of this problem as a convolution integral with kernel K(x, t). In § 4 we obtain
an infinite product representation for the Fourier transform of K (x, t) (i.e., the system
transfer function). This is in part carried out by introducing an associated Sturm-
Liouville system whose spectrum corresponds to the transmission zeros of the transfer
function as described in [5]. In what follows, considerable use is made of a knowledge
of the properties of these transmission zeros and their relation to the eigenvalues of
the original system. Also in § 4, we prove the main result stated in § 2 under the
restriction that the eigenvalues and transmission zeros lie in the left half-plane, and
in § 5 we remove these restrictions using a state feedback argument to shift the spectrum
into the left half-plane.

We now briefly describe the inversion scheme developed in § 6. Assume that
finitely many temperature readings {v,} are taken at the interior spatial point x, and
at equispaced time points {#.} in the finite interval [0, T], with error bounded above
by ¢ and time step size h. Let v be an approximation to the true temperature u at x,
formed by interpolating the points {(#, v,)} (e.g., by a polynomial spline). Now, by
inserting v for u in the exact solution {f,} obtained in Theorem 2.1, we obtain a
sequence of iterates {g,}. As mentioned above, {g,} may be badly behaved for large
n. However, we show that there is an integer N (h, €) such that {gn(.)} converges to
the true boundary control in L*[0, T] as h and &-0+. In addition, a method of
obtaining the value of N(h, ¢) is given, with the corresponding error estimates.

Finally, § 7 contains results of numerical experiments that demonstrate the
appropriateness of the choice of N(h, ¢) and the numerical feasibility of this inversion
process.

2. Notation and statement of the main result. In what follows we consider spatial
and boundary operators L, B,, B, given by:
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(Lv)(x)=*?—)[(p(x)v’(x))’ g(x)v(x)], a<x<b

(2.1) B,(v) = hyv(a) —k,v'(a)
B,(v) = h,v(b) + k,v'(b)

where prime denotes differentiation with respect to x, pe C'[a, b]; q, w € C[a, b], p
and w are strictly positive on [q, b]; h,, k,, h,, and k, are nonnegative constants such
that h,+k,#0 and h,+ k,#0.

The present paper is concerned with the problem of determining f(¢), assuming:

Lu=u,, a<x<hb, t>0
Byu(-, t)=f(1), t>0
Bou(-,t)=0, t>0
u(x,0)=0, a<x<b,

(2.2)

and we are able to observe the temperature values
{u(x,, t): t>0}

for a fixed x,€ (a, b). Furthermore, we assume that f e L*(0, o). In general, additional
conditions on f are necessary to guarantee the existence of a unique solution to the
direct problem of finding u(x, t) given f(¢) in (2.2). However, here we are interested
in the inverse problem of determining f assuming that u(x, t) exists and that we know
some of its values. One very important feature of the present method is that it can be
used to recover data which is only square-integrable on finite subintervals. The reason
for this is that the method only requires knowledge of the solution over a time interval
(0, T) to recover the unknown data for the interval (0, T). Therefore, even though the
results below are stated for square-integrable boundary data on (0, ), much more
general data can be considered on any finite subinterval.

Throughout this paper a central role is played by the following Sturm-Liouville
systems:

(2.3) (L—pn)¥n =0, x€[xo,b],  $u(x)=0, By, =0,
(2.4) (L-A)e,=0, x€la,bl, Bip,=0, Byp,=0,
and the function w:[a, b]xC - C which satisfies

(L=A)w(x,A)=0, a<x<b

w(b,A)=k,, w'(b,A)=—h,
For notational convenience, we define

b—a
b — Xy

(2.5)

(2.6)

Then from standard estimates for eigenvalues of regular Sturm-Liouville systems

(cf. [3]),

2.7) lim £2=A2>1.

n->00

Hence, there exist « =1 and integer m =1 such that

(2.8) 1<—/{—<aA2 foralln=m.

Throughout this paper, a and m are considered fixed constants.



74 D. S. GILLIAM, B. A. MAIR, AND C. F. MARTIN

In the particular case when the spatial operator L is of the form k(d’/dx?) for
some constant k, and k, = k, =0, then (u,/A,) = A® for all n, so we can take a =m =1.

With the notation from (2.1)-(2.8), we can state the main result of the paper.

THEOREM 2.1. Assume u and f satisfy system (2.2), xo€(a, b) is chosen so that
w(xo, 0) # 0, and the values {u(x,, t): t > 0} are known. Also, assume that the eigenvalues
{tnto=1, {An}tn=1 Of the systems are strictly negative. Then the sequence f, given by

h,w(a, 0) - klw’(a9 0)
W(XO, 0)

ﬁ.(t)=§:"fn~1(t)—un(l—q—:>

converges to f in L*(0, ). If in addition f' € L*(0, ), then | f,—f|.=(C/n)|f|., for
all n=m, where C is a constant (independent of n, f).

In § 5, we use the result of Theorem 2.1 combined with state feedback to analyze
the more general case of nonnegative eigenvalues. Also, conditions are given that
ensure that w(x,, 0) # 0 holds for all x,€ (a, b). In general, the set of points for which
w(xo,0) =0 is a finite set.

The numerical implementation of this scheme involves the calculation of certain
parameters (such as eigenvalues) of the system, which might not be known exactly.
Even if u(x,, t) is known exactly, the inherent ill-posedness of the problem may lead
to magnification of any errors due to approximating these parameters. However, it is
shown in [14] that this inversion scheme is stable under the approximation of eigen-
values.

In § 6 we show how to compensate for its instability under noisy data by the
choice of an appropriate level of iteration. Furthermore, if w(-,0) is not known in
closed form, the values w(a,0), w'(a,0) and w(x,,0) may be obtained either by a
series solution of the initial value problem (2.5) or by the numerical solution of the
two-dimensional linear system of ordinary differential equations,

v (q o )W W=,

Sfo(t) =

u(xo, t)

j exp (o (1 =5))fn-1(s) ds

0

where
B w(x) )
Wix)= (p(x)W’(X) '

3. The direct problem. We now describe the well-known solution of the direct
problem in terms of a convolution of the control f with the inverse transform of the
system transfer function, denoted by K(x, t). Although many of the following results
appear in a variety of sources, they are briefly repeated here for completeness and
notational convenience.

From the classical theory of ordinary differential equations, we can find a function
v:[a, b]xC - C such that

3.1) (L=M)ov(x,A)=0, a<x<b
v(a, A=k, v'(a,A)=h
and the functions
A= ov(x, A), A= w(x, A)

are entire functions of A of order =3 (cf. [15]).
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Let
W(v, w)(x, A)=0v(x, \)w'(x, A)—v'(x, A)w(x, A)

be the Wronskian of v, w. Then, by a result of Abel (cf. [15]), p(x) W(v, w)(x, A) is
independent of x € [a, b]; hence, we define

(3.2) W(A)=p(x)W(v, w)(x, A).

Therefore, W is an entire function of A of order =3.
Now, consider the regular Sturm-Liouville eigenvalue problem in (2.4). This system
has countably many distinct eigenvalues {A,: n=1,2, - - -} such that

c 'A3</\2<A1

and lim,,_. A, = —c0 with corresponding eigenfunctions {¢,} which form a complete
orthonormal basis for L2[a, b].

In this section (and the succeeding one) we assume that A, <0. In this case, the
Green’s function for the above system,

v(x, A)w(y, A)

e Wr) , a=x<y
ERVHT 0 ) wix A) .

satisfies the following conditions.
1. The map
(x,y)€la,b]x[a,b]>g(x, y,A)

is continuous for each A €C.
2. For each ye[a, b], A€C,

(L")‘)g(',y,)‘):8('”Y), Blg(')y)A)=BZg(',y,/\)=0'
3. For each x, y, the function,
A= g(x, y,A)

is analytic on C except for simple poles at each eigenvalue A,,.
4. The function g is represented by

_ T en®)e.(y)
g(x’yaA)_‘ néo A_/\n s

ifA#A,.
Now, for each x, y € [a, b], define,

-y 2 (X))@, (y) e, t>0
Gx, y: 1) = L en(X)en(y)
0, t=0.

Then it is easily seen that for each x, y, the following conditions hold.
5. The function

t— G(x,y,t)e L'(R).
6. The Fourier transform of G(x, y, -) is given by
(33) G(x,y,6)=g(x,y; i), &R
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7. For each y,
(L=ig)G(-, 7, 6)=58(-~y).
8. For each y,

(L—%)GOL%0=50—yWU)

B,G(-,y,t)=0=B,G(-, y,t).
9. G(x,y,t) is the fundamental solution for the parabolic equation
Lu =§i; on[a, b]x (0, 0)
(cf. [11], [15]) satisfying
(3.4) |G(x,y, t)|=Ct"? exp(——a(xt—_y)z>, t>0

and

_ 2
§Ct‘3/2exp<—a(x—ty)—), t>0

(3.5) ’2—6(3@ », 1)
X

for strictly positive constants C, a.
From [22], the solution of the direct problem defined by the system (2.2) is
given by:

u(x, t) ::fi,(_a_)_ j’%G(x, ¥, t—s)]y=af(s) ds, ifh,#0

u(x, 1) =—2(@) J G(x, a, t—s)f(s) ds, if k,#0.

kl 0
Hence, if we define, for each xe[a, b], t >0,
- d
—_’;'—(fl—)g—G(xny, t)]y=a’ lfhl;'éo
Kx,n={ ™ %
—p(a)

———G(x,a,t), ifk #0,
k,
we have the following result.
THEOREM 3.1. If fe L*(0, ), the function u(x, t)= K (x, -) * f(t), is a solution of
the direct problem defined by (2.2) and this u is the unique solution of (2.2) if f is
continuous on (0, c0) with limit 0 at t =0.

4. Proof of the main result. In this section, we use the above representation for
the solution of the direct problem to solve the inverse problem of determining f in (2.2).

Before turning to the proof of the main result, it is necessary to obtain an infinite
product expansion for the Fourier transform of the function - K(x,, t) for any
xo€ (a, b) for which w(x,,0)#0 in terms of the eigenvalues for two regular Sturm-
Liouville problems.

Throughout this section, x, denotes a fixed point in (a, b), and A, <0.

THEOREM 4.1. The Fourier transform,

Rixp, &)= —pla) ")

= —W(XO, l‘f)/ W(U, W)(a’ lf), ge R.
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Proof. First, consider h, #0. For all ¢t >0,

ﬂ i G( X0, y, t)|y=a-

K(-an t)_ h ay
1

By (3.5),
_ _ 2
|K (x0, t)|=Ct ' *exp (M), t>0.

Hence, t — K(x,, t) is in L”(0,00), for all p=1. Forany é{cRand a=y=a+e¢e <x,,
where £ >0,

C t1/4 B
= Gy o)

=Ct ' (xg—a—e) "

—i&t

0G
. (an ya t) e
ay

and

o0
J t73/* dt < 00,

1
Hence,
“ oG ;
J — (x0, 3, 1) e dt
A
is uniformly convergent for y €[a, a + ¢]. This implies that,

J K(x,,t) e ™ dt =L(a)<ij‘ G(xp,y,t) e ™ dt)
1 h, 9y 1

y=a
Now,

1 _ 1
J K(x,t) e dt= p(tﬂ(ijr G(x,,y,t) e ™ dt)
0 h, 0y Jo

y=a

That is,

G( O’ y’ f)ly a

(xO’ ya lg)ly as by (3 3)

_—p(a) v'(a, i&)w(x,, i)
h, W(i¢)
W( Xo, 1 f)
—-pla) ———— Wie) ’
For k, #0, K(x,, t)=—p(a)G(x,, a, t)/k,. By (3.4), t = K(x,, t) is in L”(0, c©),
for all p=1. Hence

by (3.1).

p( )G(x09a g)

= _’;f“) g(xo, a, i), by (3.3)

—p(a) v(a, i&)w(x,, if)
k, W(ig)

- _ (a) W(xo, lg)
PO wiig)

by (3.1).
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THEOREM 4.2. If w(x,,0) #0, then,

w (%o, 0) ey (1= (i&/ pa))
hyw(a, 0)—k;w'(a,0) TT,_, (1= (ig/A,))
Proof. w(x,, z)=0 if and only if

(L-2)w(x,z)=0, x €[xo, b]

Ie(xo’ g) =

w(x,,z)=0
h,w(b, z)+ k,w'(b, z) =0,
which holds if and only if there exists n=1, 2, 3, - - - such that z= w,. Notice that
-W(v, w)(a, z) =-v(a, z)w'(a, z) +v'(a, z)w(a, z)
=hyw(a, z) —kw'(a, z).
Thus, —W(v, w)(a, z) =0 if and only if
(L—-2z)w(x, z)=0, x€[a, b]
hw(a, z)—kw'(a,z)=0
hyw(b, z)+ k,w'(b, 2) =0

which is true if and only if there exists n=1, 2, - - - such that z=A,,.
The result follows from Hille [15], since

z—> w(xg, 2)
and
z> W(v, w)(a, z)
are entire functions of order =%, w(x,, 0)# 0 and A, <O for all n. In fact, for all ze C,

w(xo, 2) = w(xo, 0) 1 (1—i)

n=1 n

hyw(a, z)—k,w'(a, z) =(hyw(a, 0)—k,w'(a, 0)) ]o_o[ (1 —Ai)

n=1 n

Proof of Theorem 2.1 By Theorems 3.1 and 4.2,

hyw(a, 0)—kw'(a,0) [1,_, (1+ia,f) .
3 . u('xO’ g)’
W(anO) Hn=1 (1+lbn§)
where a,=-1/A,>0 and b,=-1/u,>0. By (2.8), a,> b, for all n=m. Standard
estimates (cf. [3]) give a,=0(n?), hence ¥} a,< and ¥ _,,,a,=C/N for all
N = m where C is a constant.
The result follows from an easy modification of Theorem 3.1 in [12].

f(e)=

5. The general case. In this section, it is shown that it can be assumed that the
eigenvalues of the operator L on the interval [a, b], with respect to the classical
homogeneous radiation boundary conditions (2.1), all lie in the left half-plane. As has
been the case thus far, we assume that the system parameters are all known so that,
in particular, all the eigenvalues are known. If finitely many of these happen to be
nonnegative, we show that by using state feedback, it is possible to reconstruct the
original unknown boundary input f by a modification of our main result.
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If the eigenvalues for the systems (2.3), (2.4) are all strictly negative, define n = 0.

If not, choose 1 > 0 such that for every u, A satisfying (2.3), (2.4), respectively, we have
u<n and A<

Then the systems:
Lu=u, a<x<hb, t>0

Byu(-, t)=f(1), t>0

(5.1)
Bou(-,1)=0, t>0
u(x,0)=0, a<x<b
and
(L-n)U=U,, a<x<b, >0
(5.2) B\ U(-,t)=e "f(1), t>0

B,U(-,1)=0, t>0
U(x,0)=0, a<x<b

are equivalent if U(x, t)=e "u(x, t).
Also note that if w, satisfies

((L=m)=A)w,(x,A)=0, a<x<b
W'q(ba /\)=k29 W:](ba /\):_hZ

then w,(x, A) =w(x,n+A).
Let {watn—, and {A,}5, be as defined earlier in (2.3), (2.4).
Now, for > A, and w(x,, ) # 0, define for >0 the sequence f,/(t) by:

(5.3)

h,w(a, n) —k,w'(a, n)

(n _
0 )(t)— W(xo,”’l) U(x09t)
£ (1) =Hn = f‘”’.(r)—mn—n)( ((’; n;)eXp((/»Ln—n)t)*ff.’i)n(t)~

Then, {f{"’} converges to f” = e "f(t) in L*(0,00) and if (f"") € L*(0, ©), then

1
£ =f )= 0(-) as n - o,
n

In order to apply the inversion process it is required that
w(x09 77) = W.,,(XO, 0) # O'

It is therefore of interest to know exactly what restriction this places on the choice of
Xo. The following remark indicates that under a variety of conditions, there is no
restriction on the choice of x,, or, at most one point must be omitted. In general, the
set of x, that must be excluded is a finite set. We note the following special cases.

1. If g in (2.1) is identically zero, then w(x,, n) # 0 for all x,€ (a, b).

2. If q is strictly positive, then

w(xo, 77) (xo,ﬂ) 0
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for at most one x,€[a, b] (cf. [15, p. 437]). Hence, in this case if h, or k;, or h, or k,
is zero, then w(x,, ) # 0, for all x,€ (a, b). Also, if q is strictly postive and h, and k,
are not zero (or h; and k; are not zero), then w(x,, n) =0 for at most one x,€ (a, b).

6. The inversion scheme. Here we describe and analyze a technique for the numeri-
cal implementation of the inversion scheme obtained in § 4. Numerical evidence of
the success of this method in dealing with both surface temperature and heat flux is
presented in the next section. An interesting and very useful feature of this technique,
which is obtained here, is the availability of an estimate on an appropriate iteration
level which depends on the accuracy of the available temperature readings. The method
described here assumes only the knowledge of a finite, discrete set of approximate
values of the temperature at an interior point Xx,.

Throughout this section we assume that the system (2.2) is being observed for a
finite time T, so the boundary control f is defined only on [0, T]. We extend f to all
of R by defining it to be zero oft [0, T]. Let x, be fixed in (a, b) such that w(x,, 0) # 0,
and u,, A, <0. Denote the true temperature u(x,, t) by u(#).

Now assume that the temperature is observed at a discrete set of times
{t;, t, -, tm}, where t, =kh, h>0is fixed, and t,, = T.

Let v, be the approximate temperature reading at time ¢, k=1, 2,- - -, M, with
measurement error given by

(6.1) log —u(t)|=e, fork=1,2,- -, M.

For notational convenience, let ¢,=0, v,=0.

Due to the accumulation of round-off errors, it is more efficient to replace the
iterative generation of the sequence {f,} of approximations to the boundary control f
by the following formula:

(62) wo=a(1 ’f‘){ (1+ T Y exXP (ual) » u(t)}
where
Am h,w(a,0)—k,w'(a,0)

W(x0,0) ’

N N
')/N,n:kl_[ (Mn—)\k)/kl—[ (o — Mi), n=1,---,N.
=1 =1

k#n

This result is easily obtained by a partial fraction decomposition of the Fourier
or Laplace transform of fy.

Now the first step in this numerical procedure is to generate an approximation,
v, to the true temperature u, such that

(63) U(tk)z'l)k, k=0, 1,2,' . ',M.

In the numerical examples presented here, v was chosen to be the cubic spline with
the ““not-a-knot” condition (cf. [10]). However, higher degree polynomial splines may
also be used. Since v, is only approximately equal to u(#), to analyze the error between
u and v, we introduce an intermediate function o.

LEMMA 6.1. For each 8, 0 <8 < h, there exists o€ €°(R) such that:

(a) o(ty)=v, for k=0,1,--- M.

(b) o(t)=0 for t=0 and o(t)=u(t) for t=T+§/2.

(©) |lo—ul,<T"?.
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d) [le"™||w=C.(e/8"+|f|2), for all n=1,2,---, where C, is a constant
(independent of 8, h, ¢).
Proof. Choose ¥ e €*(R) such that
(i) 0=W¥(t)=1, for all teR,
(ii) ¥(t)=0, for all [t|{=1and n=0,1,2,- - -,
(ifi) [¥]o=¥(0)=1.
For each k=1, 2, -+, M, define,

Jk=(tk_6/27 tk+5/2)9

and

2
\I,k(t)=\1,<g(t_tk))7 forte.’k.
Let o=Y1" (v —u(t)) ¥, +u.
Then, by the disjointness of {J,: k=1,2,---, M},
(o —u(t )W (t)+u(t), iftel,

M
o)=Y u(r), ifte U J,.

k=1
From Theorem 3.1 and [14], we have that,
u=K(xo,)*f,

where

1I€<xo,§)|§Cexp{—(’“L2—~‘f) ‘%’}

for all £€R, for some constant C.
Hence the Sobolev embedding theorem implies u € €*(R) and Young’s inequality
gives

= 1 K xo, NS -

It then follows that o€ $°(R) and ||u"|= C. | f]l,-
(a) and (b) of Lemma 6.1 are easily verified.

M

H‘T—“ng > J (v —u(t))*Wi(1) dt

5
=e*M3 | V|3<e’T.

If te J, then

o (0] = o = u(B)| [ (O] +]u™ (1)

2 n
gg(g) 0]+ Colf ]

€
=c.(Z+I1k),
I 12 U2 o [ (0] = (1= €,
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This completes the proof.

Consequently, v is an interpolant of the points (f, o(t.)) on the graph of the €~
function o, hence, depending on the other imposed conditions on v, we may have an
estimate of the form:

(6.4) lo—oll.= G, lw'”[lh”

for some integer p and constant C,> 0.

Throughout the remainder of this paper, C denotes a constant which is not
necessarily the same at each occurrence, and p is a fixed constant.

THEOREM 6.1. If v satisfies (6.4) then

lo—ul,=C(e+h"| fll).
Proof. By choosing n=p and 6§ = h/2 in Lemma 6.1(d) and using (6.4), we obtain
lo—al,=C(e+h"|f]2).

The result follows from the triangle inequality and Lemma 6.1(c).

The strategy for the numerical implementation of Theorem 2.1 is to compute
approximations to f by using the formula (6.2) where v is inserted for the unknown
function u. These approximations will be denoted gn. So,

(6.5) gN(t)=A( 11 %){ (1) + Zl YNon €XP (nt) * v(t)}-

n=1p =

Since v is “‘close” to u, gy is “close” to fy for each N, however, due to the
ill-posed nature of the problem, {gn} usually will not converge to f. It will now be
shown how to overcome this difficulty by choosing an appropriate level of iteration.

LEMMA 6.2. Let r>0, s>0. If

h=exp (—(2aA?—1)"*V/r)
and
e =exp (—(2aA?—1)"+V/s),
then there exist positive integers N,(h), M,(¢), and N, (h, ¢) such that

r log log (zl/h)—lé N,(h)érIOg log (21/h)’
log 2QaA”—1) log 2aA"—1)

and, if ¢ >0,
sloglog (1/¢) sloglog(1/¢)
log (2aA®*—1) log 2aA’~1)’
N, ;(h, &) =min (N,(h), M,(¢)),
and, N, ;(h,0)= N,(h), and

1=M,(¢e)=

2aA’+1\""
lgn, ne—fll=C (m) {n”(log 1/h)"[| f]l.+ e(log 1/€)?}

1 fnnery = f -

Proof. By using the recurrence relations satisfied by {f,} and {g,}, Young’s
inequality, and (2.7), it can be shown that

2aA’+1

m—1
2(1A2—1) (zaAz“l)n”D—uIIZ’ forn_z_m,

lg. sl
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(cf. [16]). Hence, by Theorem 6.1,

2aA*+1

) Car eI+ =11

H&—fkéC(

Now, by the assumptions on h and ¢,

rloglog (1/h)
log 2aA*—1)

m=

and

sloglog(l/e)_

1.
log 2aA’—1)

m=

So we can choose N,(h), M () and N, (h, €) as in the statement of the lemma, and
N(h, €) = m. The result follows by noting that
2aA*—1)N") <min {(log 1/h)", (log 1/€)}.

Now, as g, h approach zero, there must exist r, s such that h, €, r, s satisfy the
conditions in Lemma 6.2. In the following, we assume such r, s are fixed and let h, ¢
tend to zero.

Let H' denote the Sobolev space {fe L*: f'e L’} and ||| the norm on H'.

THEOREM 6.2. Let h, € and N, (h, €) be as in Lemma 6.2. Then,

lim =f, inL
Jim 8w, (e f,

Furthermore, for all f in any given ball, {f€e H': || f || ;1= D},

lgn, ey =S ll= O(h"(log 1/h)" + e(log 1/£)°*)

1 1
o +
<log log1/h loglog l/s)

1 1
=0 + .
(log log1/h loglog 1/8)

Proof. The first assertion follows from Lemma 6.2 and from the first assertion in
Theorem 2.1.
For the second assertion, note that,

1 1 1 1 1
= + =0 + .
N, (h,e) N,(h) M(e) (loglogl/h loglogl/s>

The proof then follows from Lemma 6.2 and Theorem 2.1.

Now, the conditions on on ¢, h, r, s in Lemma 6.2 only require r and s to be
bounded below. Hence, for given € and h, N, (h, ¢) may be chosen arbitrarily large.
However, Theorem 6.2 indicates that the error between gy, (n.) and f may become
unbounded as r, s > 0. To make an appropriate choice for r, s it seems reasonable to
require that the error be minimized.
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From the proof of Lemma 6.2 and Theorem 6.2, this leads to the problem of
minimizing

log 2aA’—1)

H(r)= C,(A)h*(log 1/h) + . subj
(r) (A)h"(log 1/ h) rlog log 1/ subject to
log 2aA®>—1)
=ry=(m+1)—————>; and
rer=(m+1) loglog1/h ° an
log (2aA>—1
E(s)=C,(A)e(log 1/8)5+M subject to

sloglog1/e”’
log 2aA>—1)

=§0= +1 h
s=s5o=(m+1) loglog /e where
2aA*+ 1\
A=Al———
Cn(4) (2aA2—1)

By elementary calculations, the minimum of H occurs either at r, or at r, for
which H'(r;) =0 and ry= r,. By using the equation H'(r,) =0 and the inequality r, = r,
it can be seen that the minimum of H occurs at a point in the interval

(6.6) [r0, {h"C,,(A)(m+1)*log 2aA’>—1)loglog1/h}'].

A similar analysis for E(r) shows that the minimum of E occurs at a point in the
interval

(6.7) [S0,{eC(A)(m~+1)*log (2aA’—1) loglog 1/} 7'].

The determination of the exact location of these minima requires the solution of
a highly nonlinear equation which cannot be solved exactly. However, by using the
bounds in (6.6), (6.7) and the convexity of the functions H and E, it is readily shown
that the Newton-Raphson technique (applied to the location of the zeros of H' and
E') enables us to numerically determine the location of these minima to any desired
degree of accuracy.

Using these approximate values of r and s in Lemma 6.2, we obtain an approximate
level of iteration which guarantees the stability of the inversion process. In the numerical
results presented later, these iteration levels are referred to as recommended iterates.

This demonstrates the feasibility of the proposed inversion process given only
finite, discrete, noisy temperature readings.

We conclude this section by examining the problem of the computation of the
convolutions appearing in the inversion scheme. To overcome this, it is suggested that
the approximation v be chosen to be a polynomial spline of some degree g. Then the
convolutions can be calculated exactly as follows.

q .
o(t)=Y Cy(t—t), fortelt, ti],
j=1

i=0,1,2,---,M—1, where C; are known.

k-1

exp (o) * 0(0)]=i = X J " exp (ualt = 5)0(s) ds

i=

i

k—1 P
= ZO exp (u.h(k=1)) ¥ Cyl,;,
i= Jj=1
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where

1 —exp (—u.h)
Inl =
Mon
h j
In(j-H) = _:“— €Xp (_/“‘nh)+#— Inj~

Finally, this inversion scheme can be extended to deal with higher-dimensional
rectangular bodies. For example, consider the following system on a two-dimensional
rectangle.

02_u °u Ju

+—=—, 0<x<a, 0<y<b, >0
ax? ay> ot a y
u(x7y70)=0, Oéxéa, Oéyéb
u(x,0,1)=u(x,b,t)=0, 0=x=aq, =0

u(a,y,1)=0, 0=y=b, =0
u,y, )=f(»1, 0=y=b  t=0.

Then, the following integral representation theorem is well known (cf. [13]):

t

b
u(xayy t)=J ¢a(xat_s)J Gb(y7 t, ‘f’ s)f(‘f’ S) dgds7

0
where ¢, and G, are Green’s functions for corresponding one-dimensional problems.

In [13], it was shown that for each fixed x,€ (0, a), the values of u(x,, y, t) for
y€e(0, b), t>0, uniquely determine the boundary function £ Due to the form of the
kernel appearing in the above integral representation, Theorem 2.1 extends naturally
to a technique for recovering the Fourier coefficients

b

Fu(t)= J (W) (3, 1) dy,

0

thus determining f by f(y, 1) =Y. fou()th (¥).

7. Numerical results. In this section, we present the results of numerical tests of
the inversion scheme described in § 6 for surface temperature and flux, boundary
conditions in the cases when the boundary function is the characteristic function of
[0.25, 0.5] and sin (27t). The system is observed at discrete, equispaced points over
the interval [0, T], T=1 or T =2. Our results demonstrate the appropriateness of the
choice of the so-called recommended iterates, for an oscillatory boundary control which
lies in the Sobolev space H'. The effectiveness of this method is also demonstrated
for the characteristic function boundary control, although our mathematical analysis
does not seem to cover this case.

In all the results presented here, the following values are fixed.

a:(), b=7T, x0:0.1, h2:1, k2=0,
and

d2

dx*
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As it is not possible to obtain exact solutions to these direct problems for the
finite rod, the data was generated by using a series solution and taking enough terms
to guarantee an accuracy of 10™* at each sampling point

(xo, tic)-
Then random noise was added to these approximate values with standard deviation
the magnitude of std. dev. as indicated in each figure below. The quantity error indicated
in each diagram is the L*(0, T) error between the indicated iterate and the true boundary
function.
In all the figures below, the approximation produced by the inversion scheme is
in solid line and the true boundary function appears as a dotted graph.

ITERATE=11 ERROR=0.03402 STD. DEV.=0.01
1.5

0.5

TEMPERATURE

0.5

-1 P

0 02 04 06 08 1 12 14 16 1.8 2
TIME
F1G. 1. Sine surface temperature, 11 iterates.

ITERATE =4 ERROR = 0.2415 ITERATE =6 ERROR =0.1405
) STD.DEV. =0.01 s STD.DEV. =0.01
0.8 /) M '
o 0.4
=
20
—0.4
-0.8 \
16932706 1 14 18 2
TIME TIME
F1G. 2. Sine heat flux with time step size 0.01.
ITERATE =15 ERROR =0.09697 ITERATE = 13 ERROR = 0.09793
STD.DEV.=0 STD.DEV.=0.01.
1.2 1.2 ¢
g 1 21
2 08 208
S 06 S o6
& 04 0.4
2 02 = 0.2
m
=0 = 0
-0.2 -0.2
001 03 05 07 091 001 03 05 07 091
TIME TIME

F1G. 3. Discontinuous surface temperature.
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ITERATE =15 ERROR = 0.09598 ITERATE =5 ERROR =0.1775

12 STD.DEV.=0 12 STD.DEV.=0.01
1 1
9 0.8 v 0.8
5 0.6 3 0.6
T 0.4 0.4
0.2! 0.2
0 0
-0.2 -0.2

0 0.1 03 05 07 091 001 03 05 07 091
TIME TIME

Fi1G. 4. Discontinuous surface heat flux.

Example 7.1. In this case, h, =1, k; =0, f(t) =sin (27t) on [0, 2] and time step
size, h =0.04. The inversion scheme produced Table 1 and Fig. 1.

We now present a result for the recovery of flux (Table 2, Fig. 2).

Example 7.2. Here, h, =0, k, =1, f(t) asin Example 7.1 and time step size, h = 0.01.

The next two examples (see Figs. 3, 4) present data on the recovery of f in the
case when

1 <1

f(t)={

0, otherwise.

Although the analysis in the paper does not provide explicit error bounds for this case,
the numerical results are surprisingly good. In both examples the time step size is 0.01.

These numerical results compare favorably with those in [7], [18]. In this regard,
it is important to note that the problem was analyzed in [7], [18], for a semi-infinite
rod, whereas our results are valid for a rod of finite length.

TABLE 1. Data for Fig. 1.

Recommended iterate =11
Predicted error =0.2000

Iterate 9 11 15 17 19 21

Error 0.0406  0.0340  0.0288  0.0295  0.0321 0.0365

TABLE 2. Data for Fig. 2.

Recommended iterate =4
Predicted error = 1.0900

Iterate 3 4 6 8 10 12

Error 0.3482  0.2415 0.1405 0.1140  0.1420  0.2120
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INITIAL BOUNDARY VALUE PROBLEMS AND OPTIMAL CONTROL
FOR NONAUTONOMOUS PARABOLIC SYSTEMS*

P. ACQUISTAPACE,t F. FLANDOLL#$ AND B. TERRENI§

Abstract. A large class of linear nonautonomous parabolic systems in bounded domains is considered,
with control acting on the boundary through Dirichlet or Neumann conditions, from the point of view of
semigroup theory. The results from [ Rend. Sem. Mat. Univ. Padova, 78 (1987), pp. 47-107], [ On fundamental
solutions for abstract parabolic equations, Lecture Notes in Math., Vol. 1223, Springer-Verlag, Berlin,
Heidelberg, 1986, pp.1-11] on abstract homogeneous parabolic Cauchy problems allow operators with
varying domains and Holder continuous coefficients to be handled. A representation formula for solutions
corresponding to square integrable control functions is derived and used to solve a linear-quadratic regulator
problem over finite time horizon, by a direct study of the associated integral Riccati equation.

Key words. optimal control, parabolic systems, boundary control, Riccati equation

AMS(MOS) subject classifications. 49A22, 49B22, 34H05, 35K50

1. Introduction. During the last two decades relevant progress has been made in
the theory of boundary control of partial differential equations. In the case of equations
of parabolic type, both variational and semigroup methods have been successfully
applied (see, for instance, [L2], [DS], [S1], [S2], [Fa]l, [B1], [La], [LT1], [LT2], [F1],
[F2]). Most of these (and other) papers deal with autonomous parabolic equations.
Only [L2] and [DS] present results on the boundary control in the nonautonomous
case, by variational techniques.

This paper concerns nonautonomous systems of parabolic type, from the point
of view of semigroup theory. Our first purpose is to develop a suitable approach to
nonhomogeneous initial boundary value problems based on the theory of evolution
operators, in view of its application to boundary control problems.

Section 2 is devoted to this basic question. As in the autonomous case we are able
to deal with control functions which are only square integrable in time and space. In
particular our main goal is to derive a representation formula for solutions, similar to
the classical one (see [B2], [La], [LT1]), which will prove to be very useful in the
treatment of control problems.

Section 2 is organized as follows. Section 2.1 contains a detailed analysis of two
concrete systems of equations of parabolic type with nonhomogeneous Dirichlet or
Neumann boundary conditions, which motivate the abstract model to be introduced
afterwards. In §§2.2 and 2.3 we study an abstract homogeneous nonautonomous
parabolic Cauchy problem by the methods of [AT1], [AT2], which allow us to handle
operators with variable domains and whose coefficients are just Holder continuous in
time. In § 2.4, by using the properties of the Dirichlet and Neumann maps, we obtain
an abstract formulation of the concrete nonhomogeneous problems analyzed in § 2.1.
Finally, in § 2.5 we derive the representation formula for solutions of the abstract
version of nonhomogeneous initial boundary value problems; this formula is meaning-
ful for nonregular boundary data and will be considered as the state equation for the
control problems of § 3.

* Received by the editors November 28, 1988; accepted for publication (in revised form) November
17, 1989.
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The second part of the paper, namely § 3, deals with the linear-quadratic regulator
(L-Q-R) problem, over finite time horizon, for an abstract evolution equation which
includes the concrete models discussed in § 2. Here we follow the approach of [F2],
based on a direct solution of the Riccati equation arising in the L-Q-R problem.
However our assumptions on the final state cost operator P (see (3.13) below) are
weaker than those imposed in [F2], and suggested by the more general results of [ DI1].
We are able to solve directly the basic integral Riccati equation under general assump-
tions, much weaker and more natural for the applications than those imposed in [DS],
where the Riccati equation was deduced from the optimality system (see Remark
2.3(iii) below). It turns out that our approach in the more general setting of non-
autonomous problems still allows us to employ standard techniques of control theory.
This fact lets us hope that many other results on boundary control problems, such as,
e.g., infinite horizon optimal control [F2], [LT3], [DI2], [D], and the control of
stochastic systems [F2], [1], can also be extended to the nonautonomous framework.

We conclude this section by listing some notation.

If X is a Banach space and a <b we set:

L?(a, b; X):= space of strongly measurable functions f:]a, b[>X such

that |2 | f(t)||% dt<o (1=p<oo; obvious modifications for p=o0);
C*([a, b], X)=space of functions f:[a, b]-> X which are k times con-
tinuously differentiable (k eN);

C*"?([a, b], X) = space of functions f€ C*([a, b], X) such that f* is 9-Holder

continuous (keN, 010, 1[).
If X, Y are Banach spaces, we set:

Z(X, Y):=space of bounded linear operators T: X > Y;

F(X)=2L(X, X);

C,([a, b], £(X, Y)) = space of operator-valued functions T(-):[a, b]> L(X, Y)

which are strongly continuous, i.e., T(-)xe C°[a, b], Y) for each xe X.
If H is a Hilbert space, we set:
2(H):=space of self-adjoint operators T € £(H);
3"(H)=space of self-adjoint operators Te ¥(H) which are positive, i.e.,
(Tx|x)y =0 for each xe H.
If H is a Hilbert space and T is a linear operator in H, we set:

Dy = domain of T;

o(T):= spectrum of T;

p(T)=resolvent set of T;

T*:= adjoint operator of T (whenever it exists).

Finally, if m e N* and Q is a bounded open set of R", we shall use the following spaces
of C™-valued functions:

[CK@1", [C (D))", [L"(Q)]" (keN, 9 €10,1[, pe[1, x]),
whose definitions are clear, and the usual Sobolev spaces

[W>P(@)]", [W*(9Q)]"(pe[1, [, ¥ €R),

[Wo P ()]"(pell, of, & €]1/p, ).

2. Nonautonomous parabolic systems.

2.1. Two classical examples. We consider in this section two particular types of
parabolic initial boundary value problems, namely, two parabolic systems with Dirichlet
and Neumann conditions, respectively. We think of them as prototypes of the class
of problems which are covered by the general theory of this section.

Let Q be a bounded open set of R”, with boundary 6Q of class C°. Fix T >0 and
let {A;(t,x)}-1...n a set of N X N complex-valued matrices defined in [0, T1xQ,
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fulfilling the following hypotheses:
(2.1) (regularity)
Ay e CTM([0, T LCU@IY) N e ([0, T, [C' (W™,
(2.2) (strong ellipticity)
Re }, (Asj(ta x) ”Ijlns)o:"’

sji=1

v

4 Z |77s|2 an,"‘,’flnGCN, V(I,X)E[O, T]XQ (V>0)
s=1
Under the above assumptions we consider the following problems:

D,y(t,x)—i D,[Ay(t,x) - Dyy(t,x)]+y(,x)=0 in[0, T]xQ,

(2.3) y(t,x)=u(t,x) in[0, T]xdQ,
¥(0, x) = yo(x) inQ;

Dy(1,x)— ¥ Dy[Ay(1,x) - Dy(t,x)]+y(1,x)=0 in[0, T]x,

sji=1

24) Y Ay(t,x) Dy(t, x)n(x)=u(t,x) in[0, T]x3Q,

si=1
y(O,x):yO(x) inﬁ,

where y,, u are prescribed data on the parabolic boundary of [0, T]x ). Here v(x)
is the unit outward normal vector at x € 9{}. It is well known that if u, y, are sufficiently
smooth and fulfill suitable compatibility conditions at €} at ¢ =0, then problems (2.3),
(2.4) possess a unique solution; in addition we want to prove a representation formula
for such solutions which will allow us to generalize the concept of solution to the case
of less regular data u, y,.

Concerning existence and uniqueness, we will invoke the results of Theorem 4.7
of [AT3]; to this purpose we just need that problems (2.3), (2.4) obey the requirements
given there, namely, we need that the operator {Z:;:l D,(A(t, x) - D;)}, with boundary
conditions of Dirichlet or of conormal derivative type, satisfies the ellipticity assump-
tions of [ADN] and [GG]. This is in fact true, as pointed out in Remark 2.3(i) below.
Hence we can state the following propositions.

PropPOSITION 2.1. Under assumptions (2.1), (2.2), let y,e [ W>*(Q)]", and
let u be the trace on [0, T]1xoQ of a function Ue C*([0, T],[W"(Q)]1V)N
C* V[0, T1,[L*(Q)]Y); assume moreover that

(2.5) i A(0, x) - Dyo(x)vo(x)=u(0,x) a.e ondQ.
sji=1

Then problem (2.4) has a unique solution y such that

(2.6) yeCl([0, T1, [L*(MIY) N C([0, TL, [ W2 ()]Y).

PropPosITION 2.2. Under assumptions (2.1), (2.2) let y,e[W**(Q)]", and
let u be the trace on [0, T1XdQ of a function Ue C*([0, T],[ W>*(Q)]1V)N
C*([0, T1,[L*(Q)]Y); assume moreover that

(2.7) Yo(x)=u(0, x) a.e. on ).
Then problem (2.3) has a unique solution y such that (2.6) holds.
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Proof. The proofs of Propositions 2.1, 2.2 follow by Theorem 4.7 of [AT3] with
minor modifications (since the operators considered there are not in divergence
form). O

Remark 2.3. (i) If we confine ourselves to problem (2.3), we may replace
hypothesis (2.2) by the weaker one

(28) Re X (Ay(Lx)&& nln)ev=viellal® VEER", VneC™ V(Lx)e[0, TIxQ;
sie

then the operator {Z;zl D,(A,(t, x) - D;)}, with Dirichlet boundary conditions, still
satisfies the ellipticity assumptions of [ADN] and [GG], as pointed out in [Am,
pp. 659-660]. On the other hand, we are not able to prove the same assertion in the
case of problem (2.4); that is, in order that the above operator, endowed with boundary
conditions of conormal derivative type, satisfies the ellipticity assumptions of [ADN]
and [GG], we need the stronger hypothesis (2.2) (this can be seen by adapting the
argument of [ADN, p. 44]).

(ii) Adding lower order terms in problem (2.3), or (2.4), does not alter the
situation: indeed, the change of unknown v:= e’y (for a suitable w €R) leads to a
new problem where the new differential operators still enjoy the properties stated in
Proposition 2.4 below; in particular, the abstract hypothesis (2.29) is preserved.

(iii) In (2.1) it is assumed that the coeflicients of the differential operators satisfy
suitable Holder conditions with respect to time. Such a requirement is necessary in
order to fulfill the abstract assumption (2.29)(ii) below, which in turn allows us to
construct the evolution operator for the abstract problem (2.28), with its regularity
properties (3.4). If the coeflicients are just bounded and measurable in ¢, then we can
get some results for the concrete problems (2.3), (2.4) (see [LM1]), i.e., for the state
equation; however the subsequent step, namely the study of the Riccati equation,
seems very difficult and needs stronger hypotheses (see [ DS]).

Existence and uniqueness of the solution of problems (2.3) and (2.4) is now
guaranteed, at least for smooth data y,, u. Our next goal is to establish a representation
formula for the solution, which should possess the following features:

(i) It reduces to known representation formulas whenever they hold: see, e.g.,

[Te] for the autonomous versions of (2.3)-(2.4), [AT1] and [AT2] in the case
of homogeneous boundary conditions, [B2] and [La] within the context of
control theory;

(i) It yields “weak” solutions, in some sense, when the data are less smooth;

(iii) It is handy from the point of view of control theory.

In order to construct such a formula, we need to reformulate problems (2.3), (2.4) in
an abstract form, and to establish some properties of the evolution operators of the
new problem. This will be the object of the next section.

2.2. The abstract formulation of initial boundary value problems. Consider again
the situation of § 2.1, under assumptions (2.1), (2.2). If we define, for each 1[0, T],
the differential operators

(2.9) sl(t,x, D)oi= Y DJAy(4,x) Dpl-v  xe,

sji=1

(2.10) Bov = V)50,

(2.11) B(t,x, D)=y Ay(t, x)v(x)  Dp, x€9Q),

sj=1
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then we can introduce the following linear operators:

Dy ={v e [W(Q)]V: Boo =0} =[ W>*(Q) N W ()],
AO(t)v = ‘Qf(t, s D)U,

(2.12)

Dy ={ve[W(Q)]": B.(1,-, D)v=0},
A(Dv=d(t,, D)y,

(2.13)

where t€[0, T].

The main properties of the operators Ay(t), A,(t) are listed in the following
proposition.

ProPOSITION 2.4. Under assumptions (2.1), (2.2) we have for r =0, 1:

(i) Foreachte[0, T], A,(t) is the infinitesimal generator of an analytic semigroup

in [L2(Q)1%;

(ii) for each t€[0, T1, D4, is dense in [L*(Q)]";

(iii) the family {A,(t)},cro,r7 satisfies Hypothesis 11 of [AT1], ie., there exists
So€ lm/2, 7] such that

A (DA =A(D] TA() T = A7) " Weqrzon™

(2.14) |t —7|**V/?
R

A

Yt 7€[0, T],

provided X belongs to the sector Sy, '={z € C: |arg z| < 9}
Proof. (i) Itis well known (see [Am], [ GG]) that the resolvent set of the operators
A,(t) contains the sector

Sy, tw={zeC: |arg (z—w)| < I}

for suitable J,€ ]7/2, m] and w € R; we want to show here that we can choose w =0
and that

(2.15) 1A = A(D1 M #qr2on™ = VA €S,

_<c
1+]|A|
Suppose first r=0. Fix te€[0, T] and let A €C be such that either ReA>0 or
(M/v)|Re A|=3|]Im A|. For ve [ W>*(Q)N W2 (Q)]" set

f(x)=2Av(x)—(t, x, D)v, xe).
Multiplying by v (with respect to the inner product of [L*(2)]") and integrating by

parts, we get

(1+21) J |o]? dx+J‘ i (A,;(1, x) - D(x)| Dyo(x))cn dx
Q Q si=1

(2.16)
=J (f(x)|g(x))cn dx.
Q

By taking the real part, we obtain by (2.2)

(2.17) (1+ReA) J

Q

[of dx+ I Dol dx = 1l czean - 10z
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on the other hand, by taking the imaginary part in (2.16),

[Tm A| L [o* dx = || fllr2an™ - ol + M J' | Do dx,
Q
where

(2.18) M=73 sup |Ay(1x)

si=1 [0,TIxQ

Hence by (2.17)

M M
Tm Al L o] dx = (1 +7> I ez - ollezan™ +—=IRe Al J |Dol* dx.
Q

Consequently, if (M/v)|Re A|=3|Im A| we deduce that

M
(2.19) [Tm A J [v]? dx§2(1+7) (Al ezen™ * lolliezan™s
Q

whereas if (M/v) Re A >3|Im A| (2.17) yields

(2.20) (1+Red) J ol dx = || fll; 2on™ - lolli2an™-
Q
Combining (2.19) and (2.20) we get the estimate

¢ _
ol 2~ = Tt Al N [Av=st(t, -, D)vll12~ VYA ES,,,

where
2M M
¥y = m —arctg —, c=2(1+—>V1+(V/2M)2+1;
14 14

since we already know that p(A(?)) is not empty, the desired estimate (2.15) for r =0
follows from the above inequality by standard arguments.

The case r=1 is completely analogous and we find the same constants ¥, and c.

The proof of part (ii) is obvious in both cases r=0, 1.

(iii) Consider the case r=0. Fix fe[L*(Q)]", and set v:=[A\(7)]"'f w=
[A—Ay(t)] '[A — Ao(7)]v; then we must estimate

v=w=Ay()[A —Ao(t)] '[A(t) " = Ao(7)'1f.

The function v —w solves the problem

A(U—W)—&f(t, ) D)(U—W)= i Ds([Asj(ta ')_Asj(T, ')] . Djv) in Qa

sji=1
v—we[ W2(Q)N Wi Q)1
Multiplying by v—w (in [L*(©2)]"), an integration by parts yields

(1+A)J |v—w|2dx+J’ i (A(t, x) - Di(v—w)|Dy(v—w))cn~dx
Q Q

sji=1

=—J i ([Asj(t, x)_Asj(T, X)] : l)jles(U_w))CNdxa
Q

si=1
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which implies

(1+ReA)J lo—w|* dx+—= J |D(v—w)|* dx

(2.21) 1
é—J z 'Asj(t’.)—Asj(T’.)IZIDUIde’
21/ Q si=1
1 n
IImAIJ Iv—ledxéij Y A, )= Ay(r, )P | Dol dx
(2.22) “ avt
1
+(M+—)J |D(v—w)|* dx.
2/ Ja
If we set
n At x)— A,
(223) N = Z sup Sup| s;( ,X) S](T, x)l

at+1/2 ’
si=1 0=7r<(=T xeQ [t—7|

then by (2.22) and (2.21) we easily get

1 1
[Im A| J lv—w|* dx= NZI:—+<M+—> 1/_2] |t — 7> J’ | Do|* dx
Q 2 2 Q

2 1
+—(M +—) |Re A| f |v—wl|* dx.
14 2 Q

Hence if (2/v)(M +3)|Re A|=3|Im A|

2M +1
(2.24) |Im)\|j |v—wl|? dx§N2[1+ 5 ]|t—r|2"‘+1J‘ | Dv|? dx,
Q v Q
whereas if (2/v)(M +3) Re A > 3{Im A|
NZ
(2.25) Re A J lo—w|? dxé—lt—ﬂz"‘“J | Dv|? dx.
Q 2v Q
Recalling that, by (2.17),
1
J’ | Dv|® dxé—f |f)? dx,
Q Via

we conclude that

N*( 2M+1

A J lo—w|? x<——(1+ )f+[u/(4M+2)] |t — 72! J |f]? dx,
Q

and (2.14) follows for r =0, with

4M +2 2M +1\'? v\
do= 7 —arct = Nv “/2<1+ ) 1+( ) )
o= marcg v ¢ v? 4M +2

Concerning the case r = 1, we proceed similarly and we find that v — w now solves the
problem

Ao—w)— (s, D)(v—w)= ¥ D,([Ay(t,-) = Ay(7,-)]- Dp) inQ,

sji=1

Y Ay(t, vy Dyv-w)= ¥ [Ay(r,)—Ay(t,)]r.- Dp onaQ;

sji=1 si=1
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arguing as above, and taking into account the boundary conditions, we obtain the
result with the same constants 9, and c. The proof of Proposition 2.4 is complete. 0
Remark 2.5. The estimates (2.15) and (2.14) do not need that A belongs to
ce([o, T1,[C'(@I™M).
Consider now the operators A,(t)*, i.e., the adjoint operators of A,(t)(te
[0, T],r=0,1). It is easy to verify that they are defined by

D= [ W (Q) N WP Q)1

@2 A(ayry=30E - Dy = L DA4,() Dyl

sj=

DA,(I)* = {ye[Wz’z(Q)]N: %l(ta Ty D)y = Z tAsj(t’ ')VS : l)jy 20}9
sj=1
(2.27) '
Al(t)*y = &{(t, T D)ya

where ‘A,; is the matrix whose elements are the conjugates of the elements of the
transposed ‘A,; of A;. Consequently, it is clear that the following result holds.
ProrosITION 2.6. All statements of Proposition 2.4 are true if A,(t) is replaced by
A, (1)*
The results of Propositions 2.4 and 2.6 allow us to apply to the operators
{A,()}icro.115 {A(1)*} 1cpo, ) the abstract theory of [AT1], [AT2], and [Ac] concerning
linear nonautonomous parabolic Cauchy problems of the following kind:

w'(t)-Au()=£(1),  tel0,T],

2.28
( ) u(0)=x,

where fe C([0, T], E), x € E (E being a general Banach space) and {A(#)},[o,r; fulfills
(2.15) and (2.14). In the next section we will recall some facts concerning a problem
such as (2.28).

2.3. The study of the abstract problem. We now consider problem (2.28), but we
restrict our considerations to the case of a Hilbert space H, which is enough for our
successive applications. We assume that:

(2.29) {A()} 10,17 1s a family of closed linear operators in H, such that:

i) A=A o= VreS,, Vtelo,T],

M
Y
B B B B t“‘S a+1/2
(i) A —AD] TAGD) "~ A(s) ’]nm)éB'—m'm—

VAeS,, Vi,sel0,T],
where d,€ ]7/2, w] and a, M, B> 0.

In particular, A(t) generates an analytic semigroup e*4t"

a Dunford integral:

which can be represented as

(2.30) e = (27i) 7! J e A —A(N)] " dA,

r
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I being a smooth path contained in S,, and joining +00 e~ to +0 e, & € ]7/2, I[.
Moreover, the fractional powers [—A(?)]” are well defined and we have the representa-
tions

(2.31) [-A(D)]7 = (2mi)™ J‘,(—A)_’[A~A(1)]_' dr,  v>0,

(2.32) [—A(1)]” e = 2mi) ! j (=A) Y e [A—A(1)] " ar
-
where I" < S, joins +00e™* to +00 €™ leaving 0 on its right-hand side. We also recall
the well-known continuous inclusions
Dagy(y+&,0) S D sy Y < Day(y, )
Vyel0o,1[, Vee]0,1—y[, Vte[0, T];

here D4(7y, p), 1=p =00, is the real interpolation space (Da(y, H),-, introduced
in [LP], which can be characterized in the following way:

(2.34) Day(y,p)={xe H: £> £77||[ " —1]x| ;s € L7 (0, 0; d£/ £)}.

We need the following lemma.
LemMaA 2.7. Under assumption (2.29) we have for each t, s€ [0, T]:

() "["A(t)]_a “[_A(S)]%)”:f(m
S{c(ﬂ,a)lt—sl““/2 if9>3,

T e(9, @, )|t —s|7TP Woel0,29] ifde]o,];

(i) =AM ey = (97" VE>0;

(i) [[-AN]" e~ [~A()]” e yary

=c(9, a)|t—s|*"V2EPTV2 YESQ.
Proof. (i) An easy check shows that
[A=A(D)] ' =[A=A()] ' =-A()[A - A(D]'[A() ' = A(s) A(s)[A = A(s)] 7

hence by (2.31) and (2.29) we get

_ -9 _r_ -9 - o M T B|t“sla+l/2](7
O e P W e I e L

(2.33)

Voe[0,1],

which easily leads to the result.
Parts (ii) and (iii) follow similarly by (2.32) and (2.29). 0
We are ready to state the main result concerning problem (2.28).
ProrosITION 2.8. Under assumption (2.29), the evolution operator U(t, s)e€
Z(H, Dx(,), associated to problem (2.28), exists and possesses the following properties:
(i) (t,s)> U(t,s)e C(A, L(H))NC,(A, £(H)), where A:={(t,s)€[0,T]: s<
t}, and

U(t,t)=1, U, 7)U(7,s)=U(t,s) Vre[st];
(ii) (¢, 8)=>A(t)U(t,s)e C(A, X(H)) and

A(t)U(t,s)=aitU(t,s), IA U, $)] s = Mi(i—5)"' VO=s=(=T;
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(iii) If s€[0, t[ and x € Da(y, then 3/asU(t, s)x = —U(t, s)A(s)x in the following
sense:
R Ut s+h)—U(t,s)]x=>-U(t, s)A(s)x inH ash-0,,
R MUt s+h)—U(t, s)]A(s+h) 'A(s)x>—U(t,s)A(s)x inH ash->0_;
(iv) If vy, B[O, 1], then (t,s)>[—A()]"U(t, s)[—A(s)] P e C(A, £(H)) and
I=AMNTU, )—AS)]T P e =Ml(t—5)P 7 +1] VO=s=t=T;

(V) If 0sy=B=1, then (t,5)>[-A(t)]"U(t, s)[-A(s)] e C(A, L(H)).

Proof. Parts (i)-(iii) are proved in Theorem 3.2 of [Ac] (recall that the domains
D, are dense in H here), with the exception of the assertion (¢, s)-> U(t,s)€
C,(A, #(H)). In order to show this property, we first recall that by the density of
domains and by Lemma 1.9(i) of [AT1] we have

(2.35) li_)lg{]x—n[n—A(T)]—leH:O Vxe H, Vre[0, T],
[A(s)[n—A(s)]" = A(T)[n~ A(T)] || oy = Bn'?| 7 — 5] F1/2

VneN*, Vr,se[0, T].
Now let (7, ) €9A, x € H; then we have (see [Ac, formula (2.6)]):

(2.36)

t

U(t,s)x —x=[e"" 94 x —x] +J Z(r,s)xdr

s

=[e" Y —1{[x—n[n—A(7)] 'x]
+[n[n—A(n)]"'=n[n—A(s)]"'Ix}
+ J - e nA(s)[n—A(s)] ' = nA(r)[n—A(r)] 'Ix do

0

t

+ Jt_s e nA(r)[n—A(r)] 'x do-+J Z(r,s)xdr,

0 s

hence by (2.36) and Lemma 2.2(i) of [Ac] we easily obtain
1U(t, $)x =x||u=c(M, B, @) {(1+n(t—s))|x —n[n—A(r)]"'x||u
HIx [+ n(t=s))n'?r—s|* "2+ (1 - 5)"1}.
By (2.35) there exists v, € N* such that
Ix = v.[v. = A(D)] x|y <2e[e(M, B, @)] 7'
choosing n = v, and §, >0 such that
(M, B, a)[(1+v.8,)36°[c(M, B, )]+ ||x[| s (1 + 2.8, ) vy 282 + || x[| ndZ] < &,
we immediately get
U, s)x—x||p=e if|t—7|+]|7—s|<8..
Note that, in particular, the above proof shows that
(2.37) (t,5)> """V e C/(B, L(H)).
Let us prove (iv). We write
(AU, )[-A()]? =-[-AM]'TAMN U (1, )I[-A(s)];
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since each operator in the right-hand side is in C(A, £(H)), we get that the left-hand
side also belongs to C(A, £(H)). In order to prove the estimate, we remark that if
x € H,thent—> U(t, s)[—A(s)] Pxis the classical solution [AT1, Def. 1.6] of the problem

u'(t)—A(t)u(t)=0, tels, T],
u(0) =[-A(s)] "x,

and consequently [AT1, Thm. 6.3(i)] t>[A(t) U(t, s)][—A(s)] Px solves the integral
equation

(2.39) v(1)—[Qw](t) = A(1) e V4 [-A(s)] Px,  te[s, T,
where the integral operator Q, is defined [Ac, (2.1)-(2.2)] by

(2.38)

(2.40) [st](z)::J"A(t)ze“*’)f‘“)[A(t)‘l—A(T)'l]u(f)dr, tels, T].

s

Hence we can write
[—AMI U1, $)[-A(s)] Px
=—[-AMO] '[Q[AM U, )I[-A(s)]x)1(1)
—[-AD] "M~ A(s)] Px

t

241) = —J [~A(D]! e “AOLA() T~ A(r) A U(r, 5)[~A(s)] Pxdr
—[[-A)]7 "™ —[-A(5)]” I [-A(5)]Px

_ [_A(s)]v—B e('_S)A(S)x,

and by Lemma 2.7 we readily obtain the result.
Finally, we prove (v). By (2.41) it is enough to show that if (¢, s) > (7, 7) in A and
x € H, then

I(=A)I P &40~ [~ A1) )x]1 > 0.
If B = v this follows by (2.37); otherwise we can write
([=A()] P &4~ [~AD] )
- J [~A()]* e Ox dg+[[-A()] - [~AM] P]x
0

which by Lemma 2.7 implies the result. 0
Assume now that the adjoint operator A(t)* of A(t) also satisfies (2.29), i.e.,

242) @ NA-AD*T o= VAeS,, Vielo,T],

M
1+|A]
(i) A A —AD* T LA T = [AG)*T W 2
|t__s|a+1/2
Al
Then Proposition 2.8 also holds for A(1)*.

The next result concerns the adjoint operator U(t, s)* of the evolution operator
U(t, s) relative to A(t).

=B VAeS,, Visel0,T].
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ProrosITiON 2.9. Under assumptions (2.29), (2.42) let U(t, s) be the evolution
operator of problem (2.28). Then:

(1) U(t, s)*e L(H, Dasy), for all se[0, t[;

(ii) For each ¢ € H, s> U(t, s)*¢ solves the problem

d
(2.43) 2 U)o =—A()* UL 5)*e,  sel0.dl,

Ut t)*e =¢.
Proof. First of all, we show that the solution of (2.43) exists. Fix #,€ ]0, T] and set
(2.44) V(ty; t, s) = the evolution operator relative to B(t):= A(t,—1)*, 1[0, t,].

This means that

d
(2.45) E V(ty; t,8)o=A(to— )*V(ty; t, 5) e, tels, tol,

V(to; s, 8) = @.
Set W(t,s):=V(t;t—s,0), s€[0, t]. Then, applying Proposition 2.8 to problem (2.45),
we get W(t, s)e £(H, Day+) and

Ed— W(t, s)p=— [i V(t; T, 0)4>] =—[A(t—7)*"V(t; ,0)p],——s
) dT T=1—5§

=—-A(s)*W(1, s)e, se[o, ¢,
W(t, t)e=V(1;0,0)¢ = ¢,
i.e., W(t, s) solves (2.43). The proof will be complete by showing that
(2.46) V(t;t—s5,0)=W(t,s)=U(t,s)*.

Indeed for re s, t[ we have
d
d—(W(t, NelU(r, )x)u
r

=—(A(r)*W(, e |U(r,s)e)u +(W(t, r)e| A U(r, s)¢)y =0,
so that (W(t, r)e|U(r, s)x)y = const. for all re[s,t]. As r>t" and r->s" we get
(QD‘U(",S)X)H:(W(I, r)‘plx)H V(P,XEH,

ie., W(t,s)=U(t, s)* a
COROLLARY 2.10. Under assumptions (2.29), (2.42) we have for vy, B €[0, 1]:

I=AG)*TU (1, $)*T=A)*] | s = Myp[ (1 —5)P 7 +1] VOSs<i=T.
Proof. We have by (2.44) and (2.46)
[—A()*1"U(t, $)* [-A()*]1 =[[-B(7)]"V(t; 7,0)[-B(0)] #1,_.—s;

hence the result follows by applying Proposition 2.8 to problem (2.45). a
CoROLLARY 2.11. Under assumptions (2.29), (2.42) let B, y<[0,1]. Then for
0=s<t=T the closed linear operator

[—AMTPU(L, )[-A(s)]”
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possesses an extension [—A(t)]PU(t, s)[—A(s)]” € L(H), which satisfies
=AM PUW, s)[—AS)] | 2y =M p[(t—5)P Y +1] VO=s<t=T
Proof. As

[[-A) T =[[-A()]*]" Vye[o,1],
if x€ D{_4(5);» and ¢ € H we have
(AT PU(, )[-A)Vx| @) n = (x|[-A()*1 U (1, )* [~ A(1)*] Po) n,
and by Corollary 2.10
(A PU(, )= A x| )l = Myl (t =)+ 1]lIx [ @l 5

choosing y:=[—A()]PU(4, s)[—A(s)]’x and ¢ = y/||y| u, by the density of D_ ()
in H we get the result. O

The study of the abstract problem (2.28) (which concerns homogeneous boundary
conditions) is complete. In the next section we will introduce nonhomogeneous
boundary data in the abstract framework.

2.4. The Dirichlet and Neumann maps. Let us go back to problems (2.3), (2.4):
we will examine the regularity properties of the Dirichlet and Neumann maps Gy(t),
G,(t) which are defined by (see (2.9)-(2.11)):

A(t,-,D)u=0 inQ,
. = Gy(t
(2.47) “ ol )g@{%ou =g on 3¢},
A(t, -, D)u=0 inQ,
2.4 = 1)ge
(2.48) u=Gng {%l(t,',D)u=g on 9€).

ProPoSITION 2.12. Let Ay(t), A,(t) be defined by (2.12), (2.13), respectively. If
r=0,1 the operator G,(t) is well defined from [L*(3Q)]" into D;_ 1y, for each
8 €10, a,[, where ay'=% and a,'=3. Moreover,

t>[-A(D]°G.(1) € L(0, T; L[ L*(O)IY, [LX()]Y)) VI €10, a,l.

Proof. This result was pointed out in [La] assuming 8Q € C*; here we give an
independent proof.
Let us start with the case r=0. Fix te[0, T], let g €[ W"/*%(3Q)]", and consider
the variational problem corresponding to (2.9), (2.10):
A(t, -, D)uy=0 in Q,
(2.49)
Up=g on (),

which means

n

(2.50) SEI L [(Ay(t,x) - Djug| Dsp)cn + (to| @)cN1 dx =0 Ve e[CT(Q)]T,

u,— Ge[Wer(Q)17,
where G is an element of [ W"*(Q)]" whose trace on 9Q) is g, and such that

(2.51) gllt w220y~ = coll Gl wrn™ = eill gl wh22aan™ -
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By Poincaré inequality and Lax-Milgram theorem, problem (2.50) is uniquely solvable:
we denote its solution u, by Sy(7)g, and we easily get the estimate

(2.52) ||So(t)g||[w"2(n)]"’ =c(M, v, co, C1)||g||[w‘/2'2(am]"’ Vgel Wl/z’z(aﬂ)]N,

where M=Y"_, [ Ayl coriict@n™-
Note that if ge[ W¥*?(9Q)]", then by (2.1) and the classical results of [ADN]
we have S,(t) e[ W>*(Q)]" and

(2.53) [1So() gl w22~ = cliglliw22ean™ Vg e [WY>2(6Q)]™.
We want now to estimate Sy(¢) in a lower norm. For g e [ W"/>*(3Q)]" set uy'= So(t)g
and let ¢ be the variational solution of

n

> J [(‘Asj(ta x) - Ds‘ple‘P)o:N +(‘/’|‘P)c”] dx = J; (“0|‘P)0Ndx
Q

si=1

(2.54) Vee[CT(Q)]7,
=0 ondQ;

as uoe [W(Q)I]N < [L*(Q)]Y, we have ¢ e[ W2 (Q)1Y N[ W§*(Q)]V, and

(2.55) - % D(ASG ) D) +i=uy aein®;

in addition
(2.56) 41l wo22@an™ = el wa2™ = elluoll 12y~ -

By density we may choose ¢ = in (2.50); an integration by parts yields

J (uo‘d’_zn: Dj[lASJ(t,x)‘Dsl/’]> NdX=—J (uo

sji=1

Z tAsj(ta X) : DS‘/’”]) dO',
cN

sj=1

and by (2.55) (since uy=g on 4{})

(2.57) J |u0|2dx=—J (g

Now, as 3Q € C?, the function d(x), i.e., the distance of x € Q from 89, is of class C?
in a neighbourhood of Q) and Dd(x) = —v(x) on 9Q) (see [GT, Appendix]); moreover
we can clearly modify d(x) inside Q in order to get d € C*(Q). Hence by (2.57) and
(2.56) it follows that

Y 'Ag(t x) - Ds(r[”/j) do.
CN

sj=1

luollZizian™ = K8, “Ay(t, X) + Dahw;d w2200~ w220y 1™
=llgllw 220~ 1Ay - Dby, w220,
= cllglliw 22000~ Ay - DDAl wiaan™
= (M, D)|gllyw220an [1¥ 1l w22~
= cllglliw 2200 | uoll 2™
that is,
(2.58) I1So(Dgllizn™ = cllglliw 2200y~ Vg e[ WX (90)]™N.

We now interpolate between (2.58) and (2.52), using Theorems 7.7 and 9.4 of [LM]:
the proof of such theorems requires 3Q € C™, but it can be readily adapted to our case.
The result of interpolation is the estimate

(2.59) [1So(D)glltw22@an™ = cllgllizean™ Yegel W (60)]7,
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which shows that the linear operator Sy(¢) may be boundedly extended to an operator
Go(t) e L(LL*)IN, [WY*2(Q)]V) defined by (compare with (2.47))

Go(1):[L*(0M)]Y > [ W2 ()]",
Go(1)g=So(t)g VYge[W"'>*(6Q)]".

We now turn to the case r=1. Fix t€[0, T], let g e[ W/>?(9Q)]", and consider the
problem corresponding to (2.9), (2.11):

A(t,x, D)u;=0 inQ,

B.(t,x, D)u,=g on,
which, by [ADN], has a unique solution u,:= S,(t)g € [ W>*(Q)]", such that
(2.62) I1S:(Dglliwo2an™ = cllgliw22eayy  Yge[W22(60)]™.

Multiply by u, in [L*(Q)]" in (2.61) and integrate by parts: the result is

(2.60)

(2.61)

v J | Du, | dx+J |u,|? dxéj [(Ay(t, x) + Djuy| Dguy)e™ + (uy | uy)en] dx
Q Q Q

= J (gl Up)eNdo = Kg, “1>[W“/2'2(am]"’,[ w'/z'z(am]"’|
20

=clglliw22@an™llull w2y,

which implies

(2.63) IS:(D)gll w2~ = cllglliw22@ay™  Vge[ W22 (a)]™.
Interpolation between (2.63) and (2.62) (see the remark after (2.58)) yields
(2.64) [1S:(0)gll w22~ = cllgllizean™ Ve e[ W2 (6],

i.e., S, may be boundedly extended to an operator G,(t) € L([L*(6Q)1", [ W¥**(Q)1V)
defined by (compare with (2.48)):

(2.65) G\(1):[L*(0)]Y > [ W2 ()17,
Gi(g=S:(1g Yge[W'**(M)]".
Now we recall that by Theorem 3.1 of [L1] we have for r=0, 1 (see (2.34)):
(2.66) Di_4,01? = Da,(n(9,2) V9€]0,1][,
(2.67) Di_a,(y*? = Da,yx(9,2) V9€]0,1[.

On the other hand, the real interpolation spaces Dy (9, 2) and Dy (+(9, 2) can be
characterized in the following way:

DAO(t)(ﬂ, 2) = DAo(z)*(a, 2)
[W2(Q)1Y if 9€]0,4,
{u e[WY(Q)1V: J' d(x) u(x)] dx < OO} if9=4%,
Q

[Wo™ (1Y if 9 ez, 10\{3},
[Bo* (1Y if 9=13;

(2.68)



104 ACQUISTAPACE, FLANDOLI, AND TERRENI

(2.69)
([W*2 (@)Y if 970,30\ {3},
[B(Q)]Y if9=3,
Dy, (9, 2) =4 {ue[W”z’z(Q)]sz d(x)! i Ag(t,x) - Du(x)D, d(x) dx<oo}
Q sj=1
ifo=3,
{ue[W??(Q)IV: B,(t,-, D)u=00ndQ} ifdel}, 1[;
(2.70)
([W>>2 )1V if 9€10,30\{3},
[B(Q)]Y if o =3,
n 2
D, (9, 2) < {ue[W3/2’2(Q)]N:J d(x)7'| ¥ ‘Ay(t,x) - Du(x)D;d(x) dx<oo}
Q si=1
if9=2,
{ue[W?2(Q)IV: B,(t, -, D)u=00n3Q} if deli, 1[.

Here [B"*(Q)]" is the Besov-Nikol’skij space. A proof of the results (2.68)-(2.70) is
in Theorem 7.5 of [Gr] (see also [Tr, Thm. 4.3.3]) in the case N =1 and dQ e C*, but
the same argument works in our situation.

The above results (namely, (2.66)-(2.69) together with (2.60), (2.65)) show that

Go(1) e L([L*(30)]17, Di_ayny?) YV3€10,4l,

G,(1) e LL*)]Y, Dicayny?) V9€10,3;
the norms of Gy(t), G,(t) are bounded independently of ¢ €[0, T] in view of (2.59),
(2.64).

On the other hand, if we set
1
F.(t)=[~A.(1)]° exp <; Ar(t)) G,(1),

we have F, e C([0, T], L([L*(6Q)]1", [L*(2)]")) by Lemma 2.7(ii); in addition, choos-
ing p€]0, a, — I (with ag=13, @, =3) we see that

I (1) = [= AT’ G| s r200)1™ 207

1/n
J [—A()]"77 exp (¢A.(1)) df'

(2.71)

=

LaLion”
[
=AM G (Dl 2ean™irzan™) =5

so that F,(t)>[—A,(t)1°G,(t) in L([L*(6Q)1", [L*(Q)]V) as n- o, uniformly with
respect to t; thus [—A,(-)]°G,(+) is a continuous function. This shows that
(272)  [-Al()]°Go(+) e C([0, T1, L(LL*(GMTY, [LA()]Y)) VIe]0,il,
(273)  [-A()I’Gi(+) e C([0, T], (LMY, [LA()]Y)) VIe]o,il,
and, in particular, the proof is complete. g
We are ready to write a representation formula for (regular) solutions of problems

(2.3), (2.4), which depends just on low-order norms, and hence can be extended to
the case of less smooth data. This construction will be performed in the next section.

2.5. The representation formula. Consider again problems (2.3), (2.4) with smooth
data: our representation formula for their solution is provided by the following
proposition.
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PrOPOSITION 2.13. Assume (2.1), (2.2), let y,e[W* Q)N and uce
c([0, T], [ W =(@)I1V)N C*"*(0, T1, [LX(Q)]Y) (r=0 or r=1), and suppose
moreover that the compatibility conditions (2.7) or (2.5) hold. Then the solution of problem
(2.3), or (2.4), is given by

t

y(t, )= U1, 0)Y0+J [[—A()*1' UL, $)*1*[—A(5)]°G,(s)u(s, ) ds,

0

(2.74)
te[0,T] (9€]0, a,[).

Proof. By Proposition 2.2 or 2.1 we know that problems (2.3) or (2.4) have a
unique solution

ye C([0, T, [ W>*(@)1™) N C([0, T1, [L*()]Y).
Consider the function y — G,(t)u: by (2.47), (2.48), (2.53), and (2.62) we get (see (2.9))
y(t, ) =G ()u(t,-) € Da, vy,
A (Dly(t,-) = G (n)u(t, - )] = (1, -, D)y(s,-).

Next, denoting by U,(t, s) the evolution operator associated to {A,(#)}co,7, We have
by Corollary 2.10

(2.75)

I[=A () T UL, )| 2 r2onm =M, (t—5)"" Vyel0,1[, VO=s<t=T,
and consequently
(276) [-A()*TUAL ) T | wqrzan™ =M, (t=5)"" Vyel0,1[, VO=s<t=T
Now fix t€[0, T], let z€ D4 (,y+, and define
(2.77) h(s)=(y(s, ) Ut 8)* 2) 2y, sel0,1[.
By Proposition 2.9 and (2.75) we may compute
h'(s)=(D,y(s, )| U1, 5)*2) = (y(s, ) = G,(s)u(s, )| A, ()* U (1, 5)*z)
—(G(s)u(s, )| A(s)* U1, 5)*z)
=(A(s, -, D)y(s, )| U,(t, 5)*2)
(A (s, )= Gu(s)u(s, I U(t, 5)*2) = (G,(s)u(s, - ) | A ()* U,(1, 5)*2)
=—=(G.(s)u(s, )| A ()*U,(1, 5)*2).
On the other hand, by (2.72), (2.73) we may write for & €10, a,[ (with ag=3, a;=3%)
h(s)=([=A()]°G,(s)u(s, )| [-A(s)*1' " U(1, $)*2)
=([[-A.()*1 U1, ) T [-A()]°Go(s)u(s, - )| 2),  s€]0, 1,
and h’e L*(0, t). Hence by integrating in 0, [ we get

(8 ) 2z = (U(6,0)y0( ) [ 2) 112

= (J [[—A()*T UL, $)* T~ A()] G (5)u(s, *) dS|Z> ,

0 (L2

and finally by density we deduce (2.74). O
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Remark 2.14. (i) The representation formula (2.74) makes sense for any y,€
[L*(Q)]N and ue[L*(]0, T[ x8Q)]", since by Proposition 2.2(i), (2.76), and (2.72),
(2.73) we have

t
78 Iyte Mianr Zef I+ | (1=9) s, Wiz s},
0

which implies

T21?
(2.79) 9120, exan™ = €4 Tlyollfzan™ +—3 lullfzqo. rixean™ | -
9

(ii) We may rewrite formula (2.74) in a shorter, although improper, form, namely

t
(2.80) y(1)=U.(, O)yo—j U.(1,5)A,(s)G.(s)u(s)ds,  1€[0,T],

0
where the integrand is to be understood as in (2.74). In the foregoing section we will
study an abstract version of (2.80) (see (3.1) below) within the context of control theory.

3. The L-Q-R problem over finite-time horizon.

3.1. State problem and cost functional. This section concerns the classical linear-
quadratic regulator (L-Q-R) problem, over finite horizon [0, T, for a class of abstract
evolution equations corresponding to nonautonomous parabolic systems with boundary
control. As we have shown in § 2, an equation of the form

t
3.1) y(t)=U(q, O)yO_J U(t, s)A(s)G(s)u(s) ds, tel0, T,

0
is appropriate to cover a wide class of concrete problems. In § 2 we derived in two
concrete examples equation (2.80), which is an equation of the form (3.1), under
hypotheses (2.1) and (2.2) (or, from the abstract point of view, (2.29) and (2.42)).
Such assumptions will not be directly needed in most part of the next results on control
problems; thus, in order to identify those properties which are really relevant from
the control point of view, and to point out both analogies and novelties of the
nonautonomous case with respect to the autonomous one (treated, e.g., in [B1], [La],
[LT1], [LT2], [F1], [F2]), we will hereafter impose explicitly only assumptions (3.2)-
(3.5) listed below.

Let H, U two separable (for simplicity) complex Hilbert spaces. In (3.1) we shall

take yoe H and ue L*(0, T; U). Here is our list of hypotheses:

(3.2) {A(#)}:cr0,11 s a family of closed linear operators in H with (dense) domains
D,,, such that A(t) generates an analytic semigroup in H and 0e€ p(A(?)).

(3.3) {U(t, s)}o=s=:=1 is the (strongly continuous) evolution operator in H associ-
ated to {A(?)},c[0,r7; in particular,

NUt, )|l o) = My, for all (£, s) € A, where A:={(t, s) € [0, TT*: s <t}.

(3.4) The operator-valued function (¢, s) > U(t, s)* belongs to C,([0, T], £(H));
moreover, for each n€[0,1] and (1, s) €A, U(t, s)* € L(H, Di_ac5)+), the
map (1, s)>[—A(s)*]"U(t, s)* is strongly measurable and satisfies

I=AS)*T"U (@, $)* T=A* T |l = My [(1=5)*77+1]
V(t,s)ed, Vn,unel0,1]
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(3.5) {G ()} icro,r71s a family of operators in £(U, H) such thatthere exists a € 0, 1]
with the following properties: G(t) € L(U, D;_a(,y««) for each t€[0, T] and
the map t->[—A(#)]*G(t) belongs to L™(0, T; (U, H)).

Remark 3.1. (i) The above assumptions can be relaxed in various directions, with
minor consequences on the subsequent results. So, for instance, (3.4) is needed only
for n =1—a: in this case we would obtain slightly weaker regularity results for the
Riccati equation. However, the applications discussed in § 2 do not motivate a further
level of generality.

(ii) Condition (3.4) with u >0 is not necessary to give sense to equation (3.1):
just a much weaker version of it is needed in order to define the L-Q-R problem (3.10)
below. However it will be used in (more or less) this generality as a technical tool in
the study of the Riccati equation. Except for (3.4) with u > 0, all the other assumptions
are the natural (and minimal, in a sense) ones in order to give a meaning to equation
(3.1) and problem (3.10).

(iii) In the examples of § 2, we have under assumptions (2.1), (2.2):

H=[L*(Q)]", U=[L*(0)]";

{A(1)}, defined by (2.12) or (2.13), fulfills (3.2) by Proposition 2.4;

The existence of {U(¢, s)} with the properties (3.3) is guaranteed by Proposition
2.8(i);

Conditions (3.4) for {U(t, s)*} are proved in Corollary 2.10;

{G (1)}, defined by (2.47) or (2.48), satisfies (3.5) in view of Proposition 2.12.

As at the end of § 2, we agree that the formal notation U(t, s)A(s)G(s) stands for
[[—A(s)*]' “U(t, s)*1*[— A(s)]*G(s), which is well defined as an element of £(U, H)
for each (¢, s)€ A, by (3.4)-(3.5). More precisely we have Lemma 3.2.

LemMMA 3.2. The operator-valued function

(3.6) U(t,5)A()G(s) = [[-A()* ] “U(t, s)* T [-A(s)]°G(s), 0=s<t=T,

is strongly measurable with respect to s € [0, t[ for each fixed t€ 10, T], and strongly
continuous with respect to te s, T] for each fixed s € [0, T[. Moreover,

(3.7) Ut $)A(S) G($) | i = c(t =) V{1, 5) €A,

Proof. The first assertion follows directly by (3.4), (3.5). Concerning the second
one, let s€[0, T[ and ty,€ |s, T] be fixed: it is easy to verify that if te](s+1,)/2, T]
we have

U(t, s)A(s)G(s) = U(t, (s + 1)/ 2)LU((s + 1)/ 2, s) A(s) G(5)];

but 1> U(t, (s+1,)/2) is strongly continuous, whereas the bounded operator U((s+
to)/2, s)A(s)G(s) does not depend on ¢, so that U(¢, s)A(s)G(s) is strongly continuous
at t =t,. Finally, the estimate (3.7) follows by (3.4) and (3.5). a

The next lemma gives a precise interpretation of the function (3.1).

LeEmMA 3.3. (i) Ifue L*(0, T; U), then (3.1) defines a functiony € L*(0, T; H) and
(3.8) 10l 20,70 = elllyoll 1 + 1]l 20,703

(ii) Ifue L*(0, T; U) for some p>1/a, then ye C([0, T], H) and
(3.9) 191l cco 1.0 = elllpollu + lull 2o, 7500}

Proof. Part (i) is an easy consequence of (3.3), (3.7) and Young’s inequality.
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(ii) If p>1/a, by (3.7) we have for 0=r<t=T
t (p—1)/p
é[J C(t__s)—(1~a)p/(p—1) ds] ”u”LP(r,T;U)
p—1

ap—1

which, together with (3.30), implies in particular (3.9). Moreover, if t,€]0, T] and
£ >0, we have for small §>0

J' U(t, s)A(s)G(s)u(s) ds

H

=c

(t=n)*"""ull o109,

=e¢ Vte[t,—38, t,+6].
H

J' U(t, s)A(s)G(s)u(s) ds
tg—38

Therefore by (3.3) we get for |t — 1| = 5:

ly(6) = y(to) || 1
= U(t,0)yo— U(to, 0)yollu

1g—8

+ "[U(t, to—8)—Ul(ty, ty—95)] J U(ty— 8, s)A(s)G(s)u(s) ds

0

H

+ “ J’ U(t, s)A(s)G(s)u(s) ds

+ " J Ulto, s)A(s)G(s)u(s) ds

H
= “ U(t,0)y,— Ul(t,, O)yOHH +(2M,+2)e,

and the result follows by the strong continuity of ¢t U(t, 0). The case t,=0 is even
simpler. a

We can now define the optimal control problem which is the object of our study
in this section. We shall consider the following L-Q-R problem:

(3.10) Minimize

J(u)= J (M) y(D)]y()n +(N(Ou()|u(t)) ] dt+(Pry(T)|y(T))

over all controls u € L*(0, T; U) subject to the state equation (3.1).
Here we assume:
(3.11) M(t)e="(H), for all te[0, T] and M e L0, T; £(H));

(3.12) N(t)eZ"(U) with N(t)=v>0, for all te[0, T]
and N e C,([0, T], £(U));

(3.13) Pre3"(H), and there exists Be](G—a),3]N[0,4] such that P;e
<(H, D[«A(T)*JZB)-

Remark 3.4. Dueto Lemma 3.3 of [F1], assumption (3.13) implies that the operator
[-A(T)*1P*P;[-A(T)]? (£ €10, B]) can be extended to an operator L, € £(H).

Note that y, given by (3.1), is not continuous in general, but only in L*(0, T; H):
hence the term (P;y(T)|y(T))y is not well defined a priori for all controls ue
L*(0, T; U), but only for controls in a dense subspace of L*(0, T; U), by Lemma
3.3(ii). However, the regularity property (3.13), along with (3.4), yields Lemma 3.5.

LeEmMMA 3.5. The mapping u-(Pry(T)|y(T))y, defined (for instance) from
C([0, T], U) into R, is locally uniformly continuous with respect to the topology of
L*(0, T; U), and hence it can be extended to L*(0, T; U).
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Proof. Let L, be the bounded extension to H of the operator
[—A(T)*]P *P;[-A(T)]? ¢ (see Remark 3.4). If ue C([0, T], U), choosing £ € 10, 8 —
(3—a)[ we have by (3.1), (3.3), (3.4), and (3.5)

(Pry(T)|y(T))u
=L [-A(D) 1" y(D) | %

<1 IE-ATI# (T 0ol

+J I[-A®)*T“U(T, s)*[-A(T)*]1* " T [~ A()1*G(s)u(s) | dS}

0

=efinli+| [ - puuas]

= c{|lyollf +(T+ T2 2 lu| T2, 1,09

Hence if u,, u,e C([0, T], U) and y,, y, are the corresponding functions (3.1) with
initial state y, we have

|(Pryi(T) [y1(T)) 1t = (Prys(T) [y T)) i
=[IL =AD"y Dl + I L2 AT) ™y Dl ]
LAY P (T =y D]
= c{llyoll s + il om0+ uall 2ol — w2l 220,150y O

Remark 3.6. The initial state y, can be taken in a space larger than H with-
out changing the main results of this and subsequent sections. More precisely, we
need to fulfill two essential requirements, namely (1°) ye L*(0, T; H), and (2°)
[—A(T)] Py(T)is well defined; in order to get them, it is sufficient that [—A(0)] °yoe H
for some §¢€]0,3[, i.e., that y, belongs to the dual of D|_,(+ with respect to H
(indeed [—A(0)]® can be extended to an isomorphism between the dual of D|_ A
and H). In this case the condition y € L*(0, T; H) is satisfied because of (3.4) (with
u =0), since we have

(U(1,0)y,]x) 1 = ([=A(0)] °o| [-A(0)*]°U (1, 0)*x)
= ||[—A(O)]”5y0||HM50t“5 ”x”H VxeH,

ie., |U(t0)yolln =ct™® 8€]0,3[; on the other hand, [—A(T)] ?y(T) is well defined
(even if 8 €[3, 1[) by (3.4), since

[—~A(T)] PU(T, 0)yo=[[-A0)*I"U(T, 0)*[-A(T)*] " T*[- A(0)] *y.

3.2. The Riccati equation. The main step in the solution of problem (3.10) is the
direct study of the associated Riccati equation, which takes the form

P(t)=U(T, t)*P;U(T, t)+IT U(s, t)*
(314 -[M(s)=P(s)A(s)G(s)N(s)'G(s)*A(s)*P(s)]U(s, t) ds.
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The nonlinear term in (3.14) is not well defined in the present form. For this reason
we consider the following version of (3.14):

T

P(t)=U(T, t)*P;U(T, t)+J U(s, t)*

t

(3.15)

[M(s)=[[~A(s)*]' " “P(s)]*K (s)[-A(s)*]'"“P(s)]U(s, 1) ds,
where
(3.16) K(s)=[-A(s)]*G(s)N(s)'[[-A(s)]"G(s)]*.

By (3.5) and (3.12) we have
(3.17) K(-)eL™(0, T; " (H)).

Note that the integration in (3.15) is performed in the strong sense.

ProposITION 3.7 (local solution). There exist an interval [T,, T] and a unique
function Pe C,([T,, T], 2(H)) such that:

(i) [—A(-)*1'"*P(-) is well defined and strongly measurable from [T,, T]
into Y(H),

i) [[-A@ T PO oy = e(T— 1) "8, for all 1€[T,, I,

(iii) P(-) solves (3.15) in [T,, T].

Proof. For any T, [0, T[ denote by B,(T,, T) the Banach space of all strongly
measurable functions Q:[T,, T[ » £(H) such that

QI B, (T, T) "™ TSUPT (T=)"|Q()|| s(rr) <0,
<t<

=t=

where y=(1—a—-2B)v0. For Qe B,(T,, T), define
L7, (Q)(t)=[-A(t)*]'"*U(T, )* PrU(T, 1)

+J [=A)*]' ™ “U(s, )*[M(s) =~ Q(s)*K (s)Q(s)]U(s, ) ds,
te[T,, T].

Let us show that I'y, maps B,(T,, T) into itself. By (3.4), (3.13), (3.3), (3.11), and
(3.17) we get

IT7(Q)(O)| crr)
= MIAa,ZB[l +(T_ t)2B+a—1]”[“A( T)*]ZBPTIISL’(H)“ U(T, t)”i’(H)
T
Mo | =0 M
t
K ()| 2oy (T =) 27| Q% 1, n N U (s, D)l 2aa) ds
Sc[(T-0)7"+H(T-0)*"+H(T-0)*"|Ql3r,,m] Vie[To, T[;
this shows that I'1,(Q) € B,(T,, T) and
(3.18) T Q) B (T, )= ¢t (T — To)* 77| Q||§37(T0,T).
Next, we show that I'7, is a contradiction in the ball

By(TO’ T’ P):z{Qe BV(TO, T) ”Q“BV(TO,T)ép}
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for a suitable p > 0. Indeed if Q,, Q,€ B,(T,, T; p) we have as before:
IT7,(Q) (1) =T ,(Q) ()| 2(rry

=c I (s =D QU) N 2y + | Qa() | e[ Qu(8) = Qal$) || ey ds

=c(T-1)*""p|Qi~Qll s, 11y, Vte[To, T,
which implies
(3.19) IT7(Q1) =T (Q)l 5,10,y = co(T = 1)* Q1 — Qall 5,1, 1) -

By (3.18) and (3.19) we see that it is possible to choose a (large) p >0 and a T, [0, T[
(close to T), such that I';, maps B,(To, T; p) into itself and is a contraction in
B,(T,, T; p). Thus we get a unique solution of the equation

Q=I7(Q) in[T,, T[.

Hence P:=[-A(-)*]*"'Q(-) is the unique operator-valued function that satisfies
(i)-(iii). The property Pe C,([ Ty, T], L(H)) follows by (3.15), whereas the property
P(t)eX(H) is a consequence of the fact that P(-)* is also in C,([ Ty, T], £(H)) and
satisfies (i)-(iii), so that P(¢)*= P(t) in [T,, T]. ]

Remark 3.8. Since [—A(T,)]" *P(T,)e #(H), for each Beli—a (1—a)/
2[ N[0, (1 —a)/2[ the operator [—A(T,)*1°P(Ty)[—A(T,)]? is continuous with respect
to the topology of H (see [F1, Lemma 3.3]).

The result of Proposition 3.7 justifies the following definition:

DEeFINITION 3.9. Let J be an interval in [0, T] such that T € J. We say that P is
a solution of (3.15) in J if:

(i) Pe C,(J,=(H)), [-A(-)*]'"*P(-) is well defined and strongly measurable
from J into £(H),

(ii) For each 7€ J\{T} there exists a constant c¢(7) such that

II=A®)*1' PO g = c(r)(T—1t)"" Vie[r, T,
where y=(1—a—-28)v0,

(iii) P(-) satisfies (3.15) in J.

We must prove the existence and uniqueness of a global solution, i.e., a solution
in [0, T, of (3.15). The proof will be based on an a priori bound; to this purpose we
introduce an evolution operator which will be related to the optimal trajectories of
problem (3.10).

LemMMA 3.10. Let P be a solution of (3.15) in J. Consider the integral equation

(1, s)x = U(1, S)X+Jt [[=A)* U, r)*T*K(r)

(3.20) [[=A(P)*1P(r)*®(r, s)x dr,  tel,

where x € H. Then there exists a unique operator-valued function ®:A; > ¥(H), with
A, ={(t,s) e J* t> s}, such that ®(t, s)x is a solution in C([s, T, H) of (3.20) for each
x € H and s € J. Moreover, ® is a strongly continuous evolution operator.

Proof. Fix seJ. If ®(-, s)xe C([s, T], H), then

[-AC)*TP()®(-, s)xe L (s, T; H)

for some p>1/a (by Definition 3.9(ii)); thus (3.16), (3.5), (3.12), and Lemma 3.3(i)
imply that the right-hand side of (3.20) is in C([s, T], H). Therefore it is standard to
apply the contraction principle to (3.20), in order to get existence of a unique solution
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of (3.20) in C([s, T], H), denoted by ®( -, s)x. The proof that ® is a strongly continuous
evolution operator is classical. a
Using the evolution operator @ it is possible to rewrite the Riccati equation (3.15)
in two alternative integral forms as follows.
LEMMA 3.11. If P is a solution of (3.15) in J and T € J, then for each te JN[0, T]
T
P(1)=O(T, )* P(T)®(T, 1)+ J D(s, 1)*

t

(3.21) . [M(s)+[[_A(s)*]l—ap(s)]*K(s)[—A(s)*]l_aP(S)](b(S, t) ds,

T

P(t)=U(T, t)*P(T)®(T, t)+J U(o, t)*M(o)®(o, t) do.

t

(3.22)

Proof. The proof is classical (see, e.g., [Gi], [LT1]). 0

We are now able to prove the following a priori bound, which is the key point in
showing global existence.

LEMMA 3.12. There exists ¢>0 with the following property: if P is a solution of
(3.15) in some interval J, then

(3.23) IL=AM*1 POl e =e(T—1)"" VieJ\{T},

where y=(1—a —28)v0.

Proof. Of course (3.23) is obvious if te JN[T,, T[, with T, given by Proposition
3.7. Thus we may confine ourselves to consider the interval J N[0, T,].

Our first step consists in showing that there exists ¢> 0, independent of P and J,
such that

(3.24) NP gmy=c Vteld.
Indeed, choose T=T in Lemma 3.11: by (3.21) we have
(3.25) P(t)=0 VielJ,

moreover, by (3.15) we get
T

(P(t)x‘x)Héllplr/ZU(T,t)x”%-l_‘_J IM(5)"2U(s, )x||% ds
=c|x|i; VxeH, Vtel,

with ¢ independent of P and J. Thus (3.24) follows by (3.25). Next, by (3.22) we
deduce for s, te JN[0, Ty], s=t:

(AT “P()D(L, 5) =[-A)*]"“U(To, )* P(T)P(Ts, 5)
(3.26) +J [-A*T " U(o, )*M(0)®(a, 5) do

= Il(ta S)+Iz(t, S),

where T, is taken as in Proposition 3.7. By (3.21) and (3.24) we obtain a first estimate:

J KL= AW PR, )x |y di=cllxl)3 VxeH,

(3.27) VseJ N[O, T,

with ¢ independent of se JN[0, T,] and x e H.
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The proof now proceeds in the following manner. Starting from (3.27), we will
apply a bootstrap process in order to get more and more summability for the function
[—A()*]'"“P(-)®(-, s)x in the interval JN[s, T,], where s JN[0, Ty]. Our final
goal is the estimate

(3.28) [[—A)*]'" *P()®(t, s)x||u=c|x|n V¥YxeH, Vs teJN[0,T,], s=t,

with ¢ independent of x, P, s, ¢, and J: choosing in (3.28) s = ¢, (3.23) will follow, thus
completing the proof of Lemma 3.12.
The bootstrap procedure works as follows. Let p €[2, oo[ be given, and set

1
4 ifpe[2,—],
1—ap a

1
+00 ifp=—.
a

Po-

Clearly, if a€[3,1] we have 1/a =2 so that p,=+c whatever be p. If otherwise
a€]0,3[, then
ap’ = 4a

Tl-ap 1-2a

1
(3.29) Po—DP >0 Vpe[Z, —].
04
Assuming the truth of the estimate (¢ independent of x, P, s, J)

(3‘30) ”[_A(‘)*]loap(.)(b("s)x” LP(S,TO;H)gcux”H VxEHa VSGJn[O, TO]’

we will prove the same estimate with p replaced by p,. This argument starts with p =2,
in which case we assume (3.27) instead of (3.30), and stops after a finite number of
iterations (by virtue of (3.29)), the final estimate being (3.28). Suppose that (3.30)
holds for a certain p =2: by (3.26) it is enough to show that

(3.31) ”Il(‘,S)||L”0(S,T0;H)§C||x||n,
(3.32) I112(+ 5 ) Lrogs, 1.1y = €l x| -

Concerning (3.31), by (3.27), using (3.3), (3.4), and (3.17) we get

TD
[ 100 o<1 a

éc{||x||‘,’3+J 0[ (t—r)"‘_‘||[—A(r)*]'"“P(r)<I>(r,s)x||Hdr] 0dt}

and a Young-type estimate [HLP, Thm. 383], along with our assumption (3.30), yields

”T[)
|®(t, s)x|| 5 dt=cl||x| %,

Js

with ¢ independent of P and J (with obvious modifications if p,=0c0). The bound
(3.31) now follows by (3.4) and (3.11), applying the simplest version of Young’s
inequality.

Let us verify (3.32). First we observe that for any n €[0, 1] and £ € ]0, 1 — n[ the
operator [—A(T,)*]'"" *P(T,)[—A(T,)]” can be uniquely extended to a bounded



114 ACQUISTAPACE, FLANDOLI, AND TERRENI

linear operator in H. Indeed, by (3.15) and (3.13) we have for each x € D_ (1,
[—A(T)*]' " " P(To)[—A(Ty)]"x
=[[-A(To)*1' " U(T, To)*[-A(T)*1 >’ [~ A(T)*I** Pr]

T

[[-A(T)*T"U(T, To)*]*x+j [-A(T)*1" " " U(s, To)*

“[M(s)=[[-A()*]“P(s)1*K (s)[-A(s)*]'“P(s)]
[[—A(T)*1"U(s, To)*]*x ds,
and hence by (3.4), (3.13), (3.11), and Proposition 3.7
I~ A(T)*1" " P(T) [~ A(To)"x 1

T

= c{[l +(T—To)* " [1+(T - To)‘"]+f (s—To)* (T—-s)? ds} x| &

To
=c|x|x

(with ¢ independent of x, P, J). Moreover, if n>1/p—a we have by (3.20), (3.3),
(3.4), (3.17), and (3.30)

T, (p=1)/p
I[=A(To)] "®(To, s)x||u =cl|lx||u+c [J (Ty—r)e 1mp/(p=1) dr]

s

: ”[‘A(')]IAQP(’)‘@(', s)x|| LP(0, Ty H) = c”x”H
(¢ independent of x, P, s, J). Therefore we can rewrite I,(¢, s) as
L(t,5) =[[-A()*]"“U(To, t)*[-A(To)*]" ']
[[=A(T)*1 " " P(To)[-A(To)1" [~ A(To)] " ®(Ts, 5)]1;
hence if we take n€]1/p—a, 1/p[ and € €10, 1/p[ we see using (3.4) that

J L= AT U(To, 0T~ A(T)* 17 x| % dt

TO
écj (To— )% d|| x| % = cl| x| %,
s

since (n +¢&~a)p,<1. Thus we immediately obtain (3.32). Hence we get (3.30) with
p replaced by p,; consequently (3.28) follows, and the proof of Lemma 3.12 is
complete. 0

We can now prove the main result of this section.

THEOREM 3.13 (global solution). There exists a unique solution P of equation (3.15)
in [0, T]. Moreover, it has the following properties:

(i) P(t)=0 for each t€[0, T,

(ii) P satisfies the integral Riccati equations (3.21) and (3.22);

(iii) P satisfies the bounds (3.24) in [0, T] and (3.23) in [0, T[;

(iv) Foreachn €[0, 1[, the linear operator [—A(t)*]"P(t), t € [0, T[, is well defined,
strongly measurable in t, and equibounded on compact subsets of [0, T[.

Proof. Let T, be given by Proposition 3.7. For each T,€[0, Ty[, consider the
Banach space L™(T,, T,; #(H)) and the balls

B(T,, To; p) ={Qe L™(Ty, To; L(H)): | Ql t=ct,, 1y: (1) = P}, p>0.
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Define the mapping I'r, r, on L™(T,, Ty; £(H)) by
Tr, 1 (Q)(1)=[[-A@)*]" “U(T,, )*[-A(To)*1* ' [—A(To)*1' " *P(T,) U(To, t)]

TO
+ J [—A)*]'™“U(s, )*[M(s) = Q(s)*K(s)Q(s)]U((s, 1) ds,
te [Tl ) TO[’
I, 7,(Q)(Ty) =[—A( To)*]lgap( T).
As in the proof of Proposition 3.7, we have
llFTl,To(Q)ll L(Ty, To; £(H) = Cl”[“‘A(To)*]l_aP(To)||:£(H)+ C
(3.33) +e(To— T) | QI i>(r, . 1ys 2k »
VQe LOO( TI’ TO; °%(H))’
”FTI,TO(QI)_FTI,TO(QZ)” L®(Ty, Ty, £(H))

Scyp(To— Ty)” ”Ql - Qz” o1, To;2(Hy) VQi, Q€ L™(T,, T,; £(H));
here ¢,, - - -, ¢, are constants independent of T;, T,. Using the a priori bound (3.23),
by (3.33) and (3.34) we see that we can select p >0 and T, € ]0, Ty[ such that:
(a) Ty,— T, and p are independent of Ty;
(b) T'r, 1, is a contraction which maps B(T,, Ty; p) into itself. Thus there exists
a unique solution Q of the equation

Q=TI (Q)

in the space L™(Ty, Ty; £(H)), and this procedure can be repeated in the interval
[T,—(Ty— T,), T,], and so on, with constant step. As in the proof of Proposition 3.7,
we conclude that there exists a unique solution P of (3.15) in [0, T].

Finally, property (i) follows by (3.25), and similarly properties (ii) and (iii) are
proved in Lemmas 3.11 and 3.12. As to (iv), it is sufficient to use (3.4), (3.11) and the
last assertion of Lemma 3.10 in equation (3.22) with T=T. 0

(3.34)

3.3. Synthesis. The results of the preceding section lead to the following theorem.
THEOREM 3.14. Let y,€ H be given. Then:

(i) There exists a unique optimal control diye L*(0, T; U) for problem (3.10);

(ii) Denoting by P(-) the solution of the Riccati equation (3.15), we have

(3.35) J (i) = (P(0)yo| yo) 5

(iii) If o L*(0, T; H) is the optimal trajectory, i.e., the solution of the state equation
(3.1) corresponding to 1iy( ), we have the feedback formula for d,(-):

(3.36) Oo(1) = N(1) ' G()*A()*P() Yo(1),  1€[0, T[;
(iv) The optimal trajectory y,(-) is expressed by

where ®(t, s) is defined by the integral equation (3.20) with J =[0, T];,
(v) The optimal pair (i, y,) is characterized by the following optimality system:
Yo(t)=U(1,0) Yo—f U(t, 5)A(s)G(s) Uy(s) ds,
0
(338) (1) = N(1)"'G(1)*A(1)*p(1), te[o, TI,
T

p()=U(T, t)*Prﬁo(T)+I U(s, )*M(s)o(s) ds.

t
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In (3.36) and (3.38) we have set
(3.39) G()*A(1)* = ~[[-A()]"G() ] [-A()*]'™";

as both operators P(t), U(r, t)* (with r> ¢) have their range contained in Dj_ ()=
for each 5 €[0, 1[, both (3.36) and (3.38) are meaningful.
Proof. Recalling (3.39), set

(3.40) do(t) = N()"G()*A(t)*P(1)®(1,0) Yy,;

note that ii,e L*(0, T; U) because of (3.23) (since 2(1—a —28)<1) and Lemma 3.10
(with J=[0, T]). Now let j,(-) be the function (3.1) corresponding to #,(:). Then
Joe L*(0, T; H) by Lemma 3.3(i). Moreover, comparing (3.1) with (3.20), and taking
into account (3.16), we see that (3.37) holds. Consequently (3.40) implies (3.36). In
addition, evaluating P(0) Y, by means of (3.21) with T = T, we easily check that (3.35)
also holds. Next, setting p(t):= P(?) Yo(t), (3.40) and (3.37) immediately yield

Uo(1) = N()'G(1)*A(1)*p(1);

on the other hand, by (3.37) and (3.22) with T= T we obtain the last equation in
(3.38), so that the pair (#,, y,) satisfies (3.38).

In order to conclude the proof of the theorem, it is sufficient to show that:

(a) If (i, J,) is a solution of the system (3.38) in L*(0, T; U) x L*(0, T; H), then
U, is an optimal control;

(b) The optimal control is unique.
From the equality

(21‘21)_(22|Zz)=(Zl_Zz|21_22)"'2 Re (Zzlzl_zz),

which holds true for any inner product, we derive for each ue L*(0, T; U), denoting
by y(-) the corresponding function (3.1)

(3‘41) J(u)_"(ﬁo)zll(u, ﬁ0)+12(u’ ﬁO)y
where J(-) is the cost functional appearing in (3.10) and
I (u, d,) = J {(M(D)y(1)— Yo(D1]y() = Yo(t))
+(N(@)[u(r) = do()]| u(t) = do(1)) } dt
+(Prly(T) = Yo(T)y(T) = Yo T)) s,
Iy(u, ;) '=2 Re J {(M(0) Yo() | y(1) = Yo(0)) s + (N (8)dio(1) [u(8) — io(t)) 1} dt
+2Re (P Yo(T)|y(T) = Yo(T)) .

Now, using (3.1) and integrating by parts,

L(u, il)) =2 Re JT {-j ' (M (1) Yo()| U(1, $)A(5) G(s)[u(s) = ilo(5)]) s dt

0

+(N(S)ﬁo(s)l“(s)_ao(s))u

— (P Yo(T)| U(T, 5)A(s) G(s)[u(s) - ﬁo(S)])H} ds,



BOUNDARY CONTROL FOR PARABOLIC SYSTEMS 117

and by the last two identities in (3.38) we easily get

T

L(u, i) =2 Re J (=G(s)*A(s)*p(s) + N(s)ilo(s)|u(s) — tho(s)) u ds = 0.

0
On the other hand, clearly, I,(u, il,) =0, so that (3.41) yields
J(w)=J(ii,) VYuelL*0,T;U),

i.e., @i, is an optimal control. This proves (a).
Finally, if & is another optimal control, the equality J(#,) = J(&) implies

Il(a, ﬁO) =09

and by the uniform coerciveness of N(t) (see (3.12)) we obtain @ = #i,. This proves
(b). The proof of Theorem 3.14 is complete. 0
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APPLICATIONS OF A SPLITTING ALGORITHM TO DECOMPOSITION
IN CONVEX PROGRAMMING AND VARIATIONAL INEQUALITIES*

PAUL TSENGTY

Abstract. Recently Han and Lou proposed a highly parallelizable decomposition algorithm for minimiz-
ing a strongly convex cost over the intersection of closed convex sets. It is shown that their algorithm is in
fact a special case of a splitting algorithm analyzed by Gabay for finding a zero of the sum of two maximal
monotone operators. Gabay’s convergence analysis for the splitting algorithm is sharpened, and new
applications of this algorithm to variational inequalities, convex programming, and the solution of linear
complementarity problems are proposed. For convex programs with a certain separable structure, a multiplier
method that is closely related to the alternating direction method of multipliers of Gabay-Mercier and of
Glowinski-Marrocco, but which uses both ordinary and augmented Lagrangians, is obtained.

Key words. maximal monotone operator, augmented Lagrangian, alternating minimization

AMS(MOS) subject classifications. 49, 90

1. Introduction. One of the most important applications of convex duality theory
is in decomposition algorithms for solving problems with special structure. A canonical
example is the following separable convex programming problem

minimize  f(x)+g(z)
(1.1) subject to Ax-+ Bz=0b,

where f: R" > (—00,00] and g: R™ - (—00, 0] are given convex functions, A is a given
r X n matrix, B is a given r X m matrix, and b is a given vector in ®". In our notation,
all vectors are column vectors and ®* denotes the k-dimensional Euclidean space.

By attaching a Lagrange multiplier vector pe ®" to the constraints in (1.1), the
problem (1.1) can be decomposed into two independent problems involving, respec-
tively, x and z. One algorithm based on this dual approach, proposed by Uzawa [61]
and others, operates by successively minimizing the Lagrangian function

L(x, z, p) = f(x) + g(z) +(p, b— Ax — Bz),
with respect to x and z (with p fixed) and then updating the multipliers by the iteration
p=p+c(b—Ax— Bz),

where ¢ is a positive stepsize and (-, -) denotes the usual Euclidean inner product.
(We assume for the sake of discussion that the minimum above is attained.) It can be
shown that this algorithm is convergent if both f and g are strongly convex and c is
chosen to be sufficiently small. (In this case the dual functional defined by q(p)=
min, , L(x, z, p) is differentiable and this algorithm can be viewed as a gradient method
for maximizing gq.)

Unfortunately, for many problems of interest, the function f may be strongly
convex but not g. This is particularly the case when a problem is transformed in a way
to bring about a structure that is favorable for decomposition (see § 4 for an example).
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A solution to this difficulty is suggested by a recent work of Han and Lou. In [28]
they proposed a decomposition algorithm for minimizing a strongly convex function
over the intersection of a finite collection of closed convex sets. It can be shown, by
introducing auxiliary variables, that this convex program is a special case of (1.1) (see
§ 4). Moreover, it can be shown that their algorithm is similar to the dual gradient
method above, except for the key difference that the Lagrangian function is
replaced by an augmented Lagrangian function when the minimization is taken with
respect to z.

The above discussion suggests the following generalization of the Han and Lou
algorithm for solving the general problem (1.1). (The main interest here is in problems
where f is strongly convex and separable but g is not strongly convex.) At each iteration
of this algorithm, the ordinary Lagrangian L(x, z, p) is first minimized with respect to
x (with z and p held fixed), and then the augmented Lagrangian

L.(x,z, p)=L(x, z, p)+ c|Ax+ Bz — b||*/2

is minimized with respect to z (with x and p held fixed), where |-|| denotes the norm
induced by (-, -), i.e., ||x|| =v{x, x). Finally, the multipliers are updated according to
the usual augmented Lagrangian iteration

p=p+c(b—Ax— Bz),

and the process is repeated. This algorithm, which for ease of reference will be called
the alternating minimization algorithm, has the nice feature that, if B has full column
rank, then both minimizations involve strongly convex objective functions. Moreover,
if f is separable (in addition to being strongly convex), then the first minimization is
also separable—a feature that makes this algorithm particularly suitable for problems
where f is separable and g is such that the minimization of the augmented Lagrangian
with respect to z is easily carried out.

The above approach of introducing a form of regularization to induce positive
curvature in the objective functions is not new. It was first employed in the alternating
direction method of multipliers, proposed by Gabay and Mercier [20], Glowinski and
Marrocco [25] and extended by Gabay [17] (also see [4], [13], [14], [16], [18], [22],
[23], [58] for related works), which is another multiplier method that alternates between
minimization with respect to x and minimization with respect to z. The only difference
between this algorithm and the one above (i.e., the alternating minimization algorithm)
is that, at each iteration, x is updated by minimizing the augmented Lagrangian rather
than the ordinary Lagrangian as in the above algorithm. The quadratic term of the
augmented Lagrangian adversely affects the decomposition of the minimization with
respect to x based on separability properties of f, and this is an advantage for the
above algorithm. On the other hand, in contrast with the alternating direction method
of multipliers, the penalty parameter ¢ in the above algorithm must be chosen from a
restricted range (as will be seen later), usually through trial and error.

It turns out that the alternating minimization algorithm is itself a dual application
of an algorithm, suggested by Lions and Mercier and Passty and studied extensively
by Gabay, for finding a zero of the sum of two maximal monotone operators. (Such
operators have been studied extensively owing to their role in convex analysis and in
solving certain partial differential equations. Finding a zero of the sum of these operators
is a fundamental problem (see for example [5], [11], [12], [34], [50], [57]).) Let 9 be
a real Hilbert space and let I1: % > # and ¥:3 - J# be two maximal monotone
operators such that II™" is in addition strongly monotone. We associate with IT and ¥
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the following problem:
(1.2) Find p* € % satisfying 0 II( p*) + ¥(p*).

Lions and Mercier [34] and, independently, Passty [ 51] suggested the following splitting
iteration for solving (1.2), whereby a forward Euler step for II is alternated with a
backward Euler step for ¥, i.e.,

(1.3) p=[I+c¥] '[I-cI]p,

with ¢ being some positive stepsize. Passty showed that, under certain assumptions,
the weighted average of the iterates generated by (1.3), weighted by the respective
stepsizes, converges to a solution of (1.2). (Interestingly, Passty’s result does not require
IT7! to be strongly monotone.) The first “‘practical” convergence result was given by
Gabay [19] (also see [17, Chap. 6]), who showed that the iterates converge weakly to
a solution of (1.2) if ¢ is fixed and is strictly less than twice the modulus of II"'. Gabay
also gave sufficient conditions for the strong convergence of the iterates and discussed
applications of the splitting iteration to decomposition in convex programming and
variational inequalities. However, Gabay’s applications were to the original problem
(giving rise to methods such as that of Bruck [6] and of Goldstein [26]) rather than
to the dual. Finally, we remark that Lemaire [32] recently gave a detailed convergence
analysis for (1.3) when ¥ is the subdifferential of a closed convex function and IT is
in addition strongly monotone.

The purpose of this paper is twofold: (1) to show that the alternating minimization
algorithm (and hence the algorithm of Han and Lou) is a<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>